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Ìû ðàññìàòðèâàåì çàäà÷ó îá îïðåäåëåíèè âìåñòå ñ ðåøåíèåì îäíîãî èëè íåñêîëüêèõ êîýôôèöèåí-
òîâ â ïàðàáîëè÷åñêîì óðàâíåíèè âèäà

r(x, t)
∂u

∂t
− L0u = a(x, t, u,∇u) (x, t) ∈ Q = G× (0, T ), (1)

ãäå L0 � ýëëèïòè÷åñêèé îïåðàòîð. Óðàâíåíèå (1) äîïîëíÿåòñÿ íà÷àëüíî-êðàåâûìè óñëîâèÿìè:

u|t=0 = u0(x), u|S = ϕ(x, t), S = Γ× (0, T ), Γ = ∂G. (2)

Ïóñòü x′ = (x1, x2, . . . , xm), x′′ = (xm+1, xm+2, . . . , xn) (0 ≤ m ≤ n − 1), Si = {(x, t) ∈ Q : x′′ =
x′′i }, i = 1, 2, . . . , s, ãäå {x′′i } � íàáîð ôèêñèðîâàííûõ ðàçëè÷íûõ òî÷åê â Rn−m. Â êà÷åñòâå óñëîâèé
ïåðåîïðåäåëåíèÿ äëÿ íàõîæäåíèÿ âìåñòå ñ ðåøåíèåì îäíîãî èëè íåñêîëüêèõ êîýôôèöèåíòîâ óðàâíåíèÿ
(1), êîòîðûå çàâèñÿò îò ïåðåìåííûõ x′, t, ìû ðàññìàòðèâàåì óñëîâèÿ íà ñåìåéñòâå ïëîñêîñòåé âèäà

u|Si = ϕi(x′, t), i = 1, 2, . . . , s, (3)

uxkir
|Si = ϕir(x′, t), m < kir ≤ n ∀r = 1, 2, . . . , si, si ≤ n−m, i = 1, 2, . . . , s. (4)

Â ÷àñòíîñòè âîçìîæíî, ÷òî si = 0, ýòî ïî îïðåäåëåíèþ îçíà÷àåò, ÷òî äîïîëíèòåëüíûå óñëîâèÿ (4)
íà Si îòñóòñòâóþò. Òàêèå îáðàòíûå çàäà÷è âîçíèêàþò ïðè îïèñàíèè ïðîöåñîâ òåïëîìàññîïåðåíîñà,
äèôôóçèîííûõ ïðîöåññîâ, ïðîöåññîâ ðàñïðîñòðàíåíèÿ ïðèìåñåé è ò.ï. (ñì. [1-5]). Áëèçêèå ðåçóëüòàòû
èìåþòñÿ â ðàáîòàõ Þ.Å. Àíèêîíîâà, Þ.ß. Áåëîâà, Ì. Èâàí÷îâà è ðÿäà äðóãèõ àâòîðîâ (ñì., íàïðèìåð,
[1-10]).

Â êà÷åñòâå îñíîâíûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ ðàññìàòðèâàåì ïàðàáîëè÷åñêèå ïðîñòðàíñòâà
Ãåëüäåðà Cα,α/2(Q) (ñì. îïðåäåëåíèÿ, íàïðèìåð, â [11]). Ðàññìîòðèì ôóíêöèþ a(x, t, u, p), ãäå (x, t) ∈
Q è (u, p) ∈ UR = (−R, R)n+1, (u ∈ (−R, R), p ∈ (−R, R)n). Ïîëîæèì QR = Q × UR. Îïðåäåëèì
òàêæå ïðîñòðàíñòâî Cβ,γ,δ(QR), ãäå ïàðàìåòðû β, γ, δ îòâå÷àþò ãëàäêîñòè ïî ïåðåìåííûì x, t, (u, p),
ñîîòâåòñòâåííî. Èìååì äëÿ β, γ, δ ∈ (0, 1), ÷òî

< v >β,γ,δ=< v >β,0,0 + < v >0,γ,0 + < v >0,0,δ, ‖v‖
Cβ,γ,δ(QR)

= ‖v‖
C(QR)

+ < v >β,γ,δ,

ãäå ïîëóíîðìû < v >0,0,δ, < v >β,0,0, < v >0,γ,0 îïðåäåëåíû ñòàíäàðòíûì îáðàçîì, â ÷àñòíîñòè,

< v >0,0,δ= sup
(u1,p1),(u2 p2)∈UR,(x,t)∈Q

|a(x, t, u1, p1)− a(x, t, u2, p2)|/(|u1 − u2|2 + |p1 − p2|2)δ/2.

Ïîëîæèì s0 =
∑s

i=1 si + s. C÷èòàåì, ÷òî îïåðàòîð L0 è ôóíêöèÿ a(x, t, u, p) èìåþò ñëåäóþùóþ ñòðóê-
òóðó:

L0u =
s′1∑

i=k+1

qi(x′, t)Liu + Ls′1+1u, Liu =
∑

|α|≤2

ai
α(x, t)Dαu(x, t),
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a(x, t, u, p) =
k∑

i=1

qi(x′, t)ai(x, t, u, p) + a0(x, t, u, p),

ãäå s′1 = s0, åñëè êîýôôèöèåíò r(x, t) â óðàâíåíèè èçâåñòåí (â ýòîì ñëó÷àå ïîëàãàåì, ÷òî r(x, t) ≡ 1)
è s′1 = s0 − 1, åñëè êîýôôèöèåíò r íåèçâåñòåí (â ýòîì ñëó÷àå ïðåäïîëàãàåì, ÷òî îí íå çàâèñèò îò
ïåðåìåííîé x′′, ïîëîæèì r(x′, t) = qs0(x

′, t)).
Ñôîðìóëèðóåì èññëåäóåìóþ çàäà÷ó.
Çàäà÷à I. Íàéòè êîýôôèöèåíòû qi(x′, t) (i = 1, 2, . . . , s0) è ðåøåíèå u óðàâíåíèÿ (1), óäîâëåòâîðÿ-

þùåå íà÷àëüíî-êðàåâûì óñëîâèÿì (2) è óñëîâèÿì ïåðåîïðåäåëåíèÿ (3), (4).
Ïðèâåäåì óñëîâèÿ íà äàííûå çàäà÷è. Îáëàñòü G è åå ãðàíèöà ìîãóò áûòü êàê êîíå÷íûìè, òàê

è áåñêîíå÷íûìè. Äàëåå ôèêñèðóåì α ∈ (0, 1). Ïðåäïîëàãàåòñÿ, ÷òî â êàæäîé òî÷êå x0 ∈ Γ ãðàíèöà
èìååò êàñàòåëüíóþ ïëîñêîñòü, è, áîëåå òîãî, ñóùåñòâóåò ÷èñëî d > 0 òàêîå, ÷òî â ëîêàëüíîé ñèñòåìå
êîîðäèíàò, ïîëó÷åííîé ïóòåì ïîâîðîòà è ïåðåíîñà íà÷àëà êîîðäèíàò èç èñõîäíîé òàêèì îáðàçîì, ÷òî
îñü yn íàïðàâëåíà ïî íîðìàëè ê Γ â x0, óðàâíåíèå Γ èìååò âèä yn = ω(y′), ãäå y′ = (y1, . . . , yn−1) è
ω ∈ C2+α(Bd) (Bd = {y′ : |y′| < d}). Ïðè÷åì íîðìû âñåõ ôóíêöèé ω â C2+α(Bd) îãðàíè÷åíû îäíîé è
òîé æå ïîñòîÿííîé. Â ýòîì ñëó÷àå ìû ãîâîðèì (ñì. [11]), ÷òî

(A) Γ ∈ C2+α.
Ïóñòü {xi} � íàáîð òî÷åê èç (3), (4), Uδi = {x′′ ∈ Rn−m : |x′′ − x′′i | < δ} (i = 1, . . . , s).
Ïðåäïîëàãàåì, ÷òî
(B) Ñóùåñòâóåò ïîñòîÿííàÿ δ0 > 0 è îáëàñòü Ω ⊂ Rm c ãðàíèöåé êëàññà C2+α òàêèå, ÷òî

G ⊂ Ω× Rn−m, Ω× Uδ0i ⊂ G ∀i.

Ëåãêî óâèäåòü, ÷òî äàííûõ (3), (4) âîîáùå ãîâîðÿ íå õâàòàåò äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ, â
ñëó÷àå åñëè óñëîâèå (B) íàðóøåíî.

Ïîëîæèì Gδi = Ω × Uδi, Qτ = G × (0, τ), Qδi = Gδi × (0, T ), Qδiτ = Gδi × (0, τ), QR
δi = Qδi × UR,

Γδi = ∂Ω×Uδi, Sδi = Γδi×(0, T ), Γ0 = ∂Ω, S0 = Γ0×(0, T ), Q0
τ = Ω×(0, τ), ∇x′′ = ( ∂

∂xm+1
, ∂

∂xm+2
, . . . , ∂

∂xn
).

(C) Äëÿ âñåõ δ < δ0

ai
β ∈ Cα,α/2(Q), ∇x′′a

i
β ∈ Cα,α/2(Qδj), (i = k + 1, . . . , s′1 + 1, j = 1, 2, . . . , s, 0 ≤ |β| ≤ 2);

u0 ∈ C2+α(G), ∇x′′u0 ∈ C2+α(Gδi), i = 1, . . . , s;

∀R > 0 ai(x, t, u, p) ∈ Cα,α/2,α(QR), ∇x′′ai ∈ Cα,α/2,α(QR
δj) (i = 0, . . . , k, j = 1, 2, . . . , s)

è ñóùåñòâóþò íåïðåðûâíûå ïðîèçâîäíûå aiu, aipr òàêèå, ÷òî

∀R > 0 aiu, aipr ∈ Cα,α/2,α(QR), i = 0, . . . , k, r = 1, . . . , n;

ϕ ∈ C2+α,1+α/2(S), ∇x′′ϕ ∈ C2+α,1+α/2(Sδi), i = 1, . . . , s;

(D) äëÿ âñåõ δ < δ0 è j = 1, 2, . . . , s

∂2

∂xh∂xrjp

ai
β ∈ Cα,α/2(Qδj), (h ≥ m + 1, i = k + 1, . . . , s′1 + 1, p = 1, . . . , sj , 0 ≤ |α| ≤ 2);

∂2

∂xh∂xrjp

u0 ∈ C2+α(Gδj), p = 1, . . . , sj , h = m + 1, . . . , n;

∀R > 0
∂2

∂xh∂xrjp

ai ∈ Cα,α/2,α(QR
δj) (h = m + 1, . . . , n, p = 1, . . . , sj)

è ñóùåñòâóþò íåïðåðûâíûå ïðîèçâîäíûå aiuu, aiphpr , aiphu, axhu, axhpr òàêèå, ÷òî

∀R > 0 aiuu, aiprph
, aiupr , axlu, axlpr ∈ Cα,α/2,α(QR

δj), i = 0, . . . , k, h, r = 1, . . . , n, l = m + 1, . . . , n;
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∂2

∂xh∂xrjp

ϕ ∈ C2+α,1+α/2(Sδj), p = 1, . . . , sj , h = m + 1, . . . , n, i = 0, 1, . . . , k.

Ïðèâåäåì óñëîâèÿ êîððåêòíîñòè ðàññìàòðèâàåìûõ çàäà÷. Ïóñòü ôóíêöèè u, qi(x′, t) òàêîâû, ÷òî
âûïîëíåíî óðàâíåíèå (1). Ïîëîæèì â (1) t = 0, x′′ = x′′i . Èñïîëüçóÿ íà÷àëüíûå è êðàåâûå óñëîâèÿ è
óñëîâèÿ ïåðåîïðåäåëåíèÿ (3) ïîëó÷èì ïðè s′1 = s0 − 1, ÷òî

qs0(x
′, 0)ϕit(x′, 0)−

s0−1∑

p=k+1

qp(x′, 0)Lpu0(x′, x′′i , 0)− Ls0u0(x′, x′′i , 0)−

−
k∑

p=1

qp(x′, 0)ap(x, 0, u0,∇u0)|x′′=x′′i − a0(x, 0, u0,∇u0)|x′′=x′′i = 0, i = 1, 2, . . . , s, (5)

è ïðè s′1 = s0, ÷òî

ϕit(x′, 0)−
s0∑

p=k+1

qp(x′, 0)Lpu0(x′, x′′i , 0)− Ls0+1u0(x′, x′′i , 0)−

−
k∑

p=1

qp(x′, 0)ap(x, 0, u0,∇u0)|x′′=x′′i − a0(x, 0, u0,∇u0)|x′′=x′′i = 0, i = 1, 2, . . . , s. (6)

Èñïîëüçóÿ òàêæå óñëîâèÿ ïåðåîïðåäåëåíèÿ (4), ïîëó÷èì ïðè s′1 = s0 − 1, ÷òî

qs2(x
′, 0)ϕilt(x′, 0)−

s0−1∑

p=k+1

qp(x′, 0)(Lpu0)xril
|x′′=x′′i − (Ls0u0)xril

|x′′=x′′i −

−
k∑

p=1

qp(x′, 0)(ap(x, 0, u0,∇u0))xril
|x′′=x′′i − (a0(x, 0, u0,∇u0))xril

|x′′=x′′i = 0 (7)

(i = 1, 2, . . . , s, l = 1, . . . si, x′ ∈ Ω) è ïðè s′1 = s0, ÷òî

ϕilt(x′, 0)−
s0∑

p=k+1

qp(x′, 0)(Lpu0)xril
|x′′=x′′i − (Ls0+1u0)xril

|x′′=x′′i

−
k∑

p=1

qp(x′, 0)(ap(x, 0, u0,∇u0))xril
|x′′=x′′i − (a0(x, 0, u0,∇u0))xril

|x′′=x′′i = 0 (8)

(i = 1, 2, . . . , s, l = 1 . . . , si,, x′ ∈ Ω), ãäå Lpxril
� îïåðàòîð Lp, âñå êîýôôèöèåíòû êîòîðîãî ïðîäèô-

ôåðåíöèðîâàíû ïî ïåðåìåííîé xril
. Î÷åâèäíî, ÷òî ðàçðåøèìîñòü ñèñòåì (5), (7) (èëè ñîîòâåòñòâåííî

(6), (8)) ïðè x′ ∈ Ω îòíîñèòåëüíî âåëè÷èí qp(x′, 0) = q0p(x′), p = 1, . . . , s2, åñòü íåîáõîäèìîå óñëîâèå
ðàçðåøèìîñòè èñõîäíîé îáðàòíîé çàäà÷è. Ñèñòåìû (5), (7) (èëè ñîîòâåòñòâåííî (6), (8)) ìîæíî òàêæå
çàïèñàòü â âèäå

A(x′)~q = ~g, ~q = (q01, q02, . . . , qs2), (9)

ãäå A � ñîîòâåòñòâóþùàÿ ìàòðèöà. Ðåøåíèå ñèñòåìû (9) äîëæíî ñóùåñòâîâàòü. Åñòåñòâåííî ïîòðåáî-
âàòü, ÷òî

(E) ∃m0,M0 > 0 : m0 ≤ |det A(x′)| ≤ M0, ∀x′ ∈ Ω;

åñëè s′1 = s0 − 1, òî ∃m1,M1 > 0 : m1 ≤ q0s2(x
′) ≤ M1, ∀x′ ∈ Ω;
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∃m2,M2 > 0 : m2|ξ|2 ≤
s′1+1∑

p=k+1

q0p

∑

|β|=2

ap
βξα ≤ M2|ξ|2, ∀ξ ∈ Rn, ∀x ∈ Q.

ãäå ôóíêöèè q0p(x′) � ðåøåíèå ñèñòåìû (9).
Íàì îñòàëîñü çàïèñàòü óñëîâèÿ ñîãëàñîâàíèÿ. Ïóñòü

B0u =
s′1∑

i=k+1

q0i(x′)Liu + Ls′1+1u, a0(x, t, u, p) =
k∑

i=1

q0i(x′)ai(x, t, u, p) + a0(x, t, u, p).

Óñëîâèå (Å) ãàðàíòèðóåò ýëëèïòè÷íîñòü îïåðàòîðà B0.

(F) ϕ(x, 0) = u0|Γ, ϕi(x′, t)|S0 = ϕ(x′, x′′i , t)|S0 , ϕi(x′, 0) = u0(x′, x′′i ), i = 1, 2, . . . , s;

ϕil(x′, t)|S0 =
∂

∂xril

ϕ(x′, x′′i , t)|S0 , ϕil(x′, 0) = u0xril
(x′, x′′i ), (i = 1, 2, . . . , s, l = 1, . . . , si),

ϕt(x, 0) = B0u0|Γ + a0(x, t, u0,∇u0)|Γ;

ϕtxl
(x, 0)|Γδ0i

=
∂

∂xl
(B0u0 + a0(x, t, u0,∇u0))|Γδ0i

, l = m + 1, . . . , n, i = 1, . . . , s;

(G) äëÿ âñåõ j = 1 . . . , s

ϕtxlxrjp
(x, 0)|Γδ0j

=
∂2

∂xl∂xrjp

(B0u0 + a0(x, t, u0,∇u0))|Γδ0j
, l = m + 1, . . . , n, p = 1, . . . , sj .

Ïðèâåäåì îñíîâíîé ðåçóëüòàò.
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (A)-(G). Òîãäà äëÿ íåêîòîðîãî ÷èñëà 0 < t∗ ≤ T íà ïðîìå-

æóòêå [0, t∗] ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u(x, t), q1(x′, t), . . . , qs0(x
′, t) çàäà÷è I òàêîå, ÷òî

u ∈ C2+α,1+α/2(Qt∗), ∇x′′u ∈ C2+α,1+α/2(Qδ1it∗),
∂2u

∂xl∂xrip

∈ C2+α,1+α/2(Qδ1it∗),

∀δ1 < δ0, i = 1, 2, . . . , s, p = 1, . . . , si, l = m + 1 . . . , n,

qi ∈ Cα,α/2(Q0
t∗), i = 1, 2, . . . , s0.
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