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The new approach to the study of 3D vector tomography problems is presented. This approach can be
generalized for the m-tensor tomography of arbitrary rank m.

Let us consider the Cartesian coordinate system Oxzoz3 on the 3D space R? and let x, £ € R3,
with x = (:1:1,:1:2,:1:2) € = (£,&,83)T. The scalar product of vectors x, y € R, with x = (z1, 9, 23)7,
y = (y1,y2,y3)", is denoted by x -y = z1y1 + zay2 + z3y3. By B® = {x: |X| <1} and S?={&: €] =1} we
define the unit ball and the unit sphere in R?, respectively, where |x| and |¢| are the usual Euclidian norms.
We will always denote vectors and vector fields by boldface characters.

Let a vector field a(x) = (a1,a2,a3)” is a vector function supported on the unit ball B*. The problem of
vector tomography consists of reconstructing an unknown vector field when its x-ray transform is given.

Definition. The vectorial (longitudinal) z-ray transform of vector field a(x) is the function [Da](&, @)
defined on the direct product S?> x S? with the formula

[Da](¢,0) := (1)

fggo a(§ +pf)dp if£-62>0,
otherwise.

Here the unit vector 0 is the direction along the integration line, which pass through the some &€ € S2.

We also say that [Da](€, 0) is the vectorial x-ray transform in cone beam parametrization and [Da](&, -)
is sometimes called the cone-beam projection of a.

It is known ([7]) that only the solenoidal (divergence-free) part of the vector field can be reconstructed
from vectorial x-ray transform (1). So we will consider only solenoidal vector fields. A smooth vector field
is called solenoidal or divergence-free if its divergence equals to zero,
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The problem. Our task is to solve the inverse problem [Dal(&,0) = f(&,0), i.e. to find the solenoidal
vector field a if its x-ray transform is given.

We derive implicit inversion formulae for the transform (1) in two steps.

The first step. We proof that each solenoidal vector field a supported on the unit ball B3 can be
represented uniquely as

a(x) = Z [ (@@ + o reate)) 0 x- a )

where CT(L?’/ 2)(-) are the Gegenbauer polynomials of degree n and type 3/2, the unit vector fields e;(¢) and



ex(§) are generated by polar coordinates (¢, 0)

—sinp cos ¢ cos & cos ¢ sinf
1 0 0 . . .

e; = — 93_€ = cosp |, ey = 205 = sinpcosf |, E=1| & | = | sinp sinf
Smb oy 0 —sinf &3 cos

Note, that vectors £, e1(£) and e9(&) form the so called local moving triad, £ -e1(§) =0, £€-e3(€) =0
and hence ugn) (&ei (&) + ugn) (€)ez(€) are the tangential vector fields on the sphere S2, n =0,1,... .
The second step. We evaluate functions ugn) (&) and ugn) (&) in (2) by the known function f(&,8)

€)= 22 [ 0 e @0 (n-€) . er(€)an, ®)
€)= 22 [ n-en@C n©)fm,ea(ean (@)

Some information about the another reconstruction methods for 2D and 3D solenoidal vector fields can
be find in [1, 2, 3, 4, 5, 6, 7, 8].
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