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We consider ill-posed problem Au = f, where A is a linear bounded operator between two Hilbert spaces.
For solving this equation we use conjugate gradient method applied to the normal equation A*Au = A*f or
to the equation AA*w = f with u = A*w (see [4,7,11]). The corresponding methods are called CGLS and
CGME, respectively. Both algorithms start with fixing the starting values ug = 0, 7 = f, v_1 = 0. Method
CGLS also takes p_1; = oo and computes for every n =0,1,2,...

Pn = A*Tru On = ”pn”2/”pn—1H27 Un =7Tn +0pUn-1, Qqn= A%y,

Sn = AQn s ﬁn = Hpn”2/H3nH2 y Uptl = Up + ﬁnQn, Tn+l1 =Tn — ﬁnsn .

(1)

In CGME method one takes r_; = co and computes for every n =0,1,2,...

On = HTTL||2/||TVL—1||2 y Up=Tp+0pUn_1, Gn= AV,

ﬁn = HTTL||2/||an2 y  Uptl = Up + ﬁnQna Tnel = Tn — ﬁnAQn .

(2)

In iterative method CGLS the kth iterate uj minimizes the discrepancy ||f — Aul| among all u from the
Krylov subspace span{ A* f, A*AA*f, ..., (A*A)*~1A* f1 (as in the projection method of least squares), the
kth iterate uy in method CGME minimizes the error ||u, — || with u in the same Krylov subspace (as in
the projection method of minimal error, see [12]). Here u, is the solution of equation Au = f, nearest to
the initial approximation wug.

In practice often instead of the exact data f only an approximation fs is given (containing, for example,
measurement errors). In ill-posed problems with noisy data for preventing unbounded magnification of the
data error, the iterations should be stopped after a certain number n of steps. If the exact noise level §
with || f5 — f|| < 0 is given, the proper choice of n = n(d) guarantees the convergence u, sy — us as § — 0,
where u,, is an approximation found after n iterations. For many iteration methods this convergence is
guaranteed by choice of n by the discrepancy principle: n = np is the first index for which ||r,| < C9,
where r, = f — Au, and C' > 1 is a constant (see [7,11] for CGLS and [13] for other methods). For the
CGME the convergence is guaranteed by the following rule of Hanke [7]: stop at the first index n = npy for

which dpg == [ ||7‘Z-||_2]_1/ ? < 0§ with fixed C' > 1. The monotone error rule (ME rule, see [4]) chooses
i=0

nye in both methods as the first index n satisfying

(rn + Tn+1,Un) <5 (3)

D= T S

The ME rule can be formulated also for other iterative methods (see [6]), in all methods it has the property

[ — wsl] < |Jup—1 — usl| form=1,2, ..., nypg. (4)



For the CGLS method in [1] a rule similar to ME rule was proposed and convergence ||u, —us|| — 0 (§ — 0)
was stated but corresponding stopping index is smaller than n;p, hence due to (4) the ME rule is preferable.

We experimented numerically also with rule, which chooses in CGLS method npp as the first n = 1, 2,
..., for which ||r, 11 — || < C6'5, using the value C = 1.2.

In many applications the noise level ¢ is given approximately: it holds || fs — f||/d < C for § — 0, where
C is an unknown constant. In this case convergence w5y — us (0 — 0) for iterative methods of Landweber
and Lardy is guaranteed by stopping iterations by the following rule [5].

Rule R. Let 0 < s < 1/2. Find N as the first n for which ¢(n) = \/n||A*r,|| < bd with constant b large
enough. Find the stopping index np as the location of the global minimum of the function t(n) = n®(|r,||
on the interval [1, N].

In iterative method CGLS we find the stopping index ngr by an analogue of Rule R with s € [0,1] and
by replacing the functions ¢(n) and t(n) by functions /4,11 [|A*r,|| and ~; 1 [|7x]], respectively. Here v, is
found iteratively as follows: starting with k_; = 0, 79 = 0, compute Kk, = 1 4+ opkn_1, Yn+1 = Yn + Onky for
every n =0, 1, 2, ... In numerical experiments we used b = 0.1 and s = 1/30.

If there is no information about the noise level ¢, then no rule can guarantee the convergence w5y — .
(6 — 0), see [2]. Nevertheless, iterations may be stopped e.g. by heuristic rules from [3,4,7,8,10]. In Hanke-
Raus rule [8] the stopping index n = nypg is found as a location of the global minimum of the function
V1 |7n]|- In literature much attention is paid to L-curve rule [9]: the points (||r,|[, ||un|), n =0, ...,
Nmax, are plot on xy-plane and the corner point of this L-shaped curve is found. The maximum number of
iterations nmax should be fixed earlier. We used an analogue of the algorithm from [3] with 7, = 200, where
all triangles are considered with fixed first vertice (||7o]|, ||uo||) and with fixed last vertice (||rm,.. |l [|[%nmall)s
and where the middle vertices are (||r1|[, [[u1]]), - -y (|7nmax—111s |¥nmax—11|). For ng, the index of the middle
vertice with minimal angle is taken. Note that in [10] modification of L-curve rule was proposed using
instead of ny some neighbouring local minimizer nyys of ||u, — u,—1||. Due to oscillatory behaviour of the
function ||u,, — u,—1|| difference between ny, and nzy was small in our numerical experiments.

Let us consider rules which minimize some function as Hanke-Raus rule does. For the CGME method
we used rule RM as an analogue of rule R: at first NV was found as global minimizer of the function
VIn—2 - dpr(n — 3) (we noticed that global minimizer of the function \/¥,71 - dpy(n) was in most cases
smaller than nqp (the optimal n)), and after that ngas was found as the minimizer of ||, || on interval [1, N].

For the CGME method a good choice of n is also the global minimizer npj; of the discrepancy function
Irnll. In CGME method we used also npgnas as the global minimizer of the function n®dpg(n) with
s =0.9.

In numerical experiments we noticed that the maximums of ||u,, — u,—1|| were close to error ||u, —u.||. It
motivated us to choose ngpg as global minimizer of some function approximating maximums of ||w, —u,—1||.
We minimized the function

S

2n 200

b(n) = inui—ui_luww(n,n/ ;wm,z’)] - = ()

Large exponents 16 in 1(n) emphasize maximums of |Ju; — u;_1||. The function 1 (n)'6 is weighted average
of |Ju; —wu;—1]|'%, i = 1, 2, ..., 2n, where the terms with i close to n have larger weights w(n,i). Note
that functions /7,41 [|7a|| in CGLS method, \/¥,71-dpg(n) in CGME method, and ¢ (n) in both methods
predict well not only location of ngps but also the behaviour of ||u,, — u|| for all n.

Besides of minimization of some function one may use the observation that several monotone functions
attain certain level (“plateau”) around nep and after that do not change much. Among these functions, the

n

most useful were dpg(n) and [Z HuZH_z] 12 We choosed nprp and nggp as the first n for which these
i=0

functions decreased in next 10 steps no more than 1.5 and 1.2 times, respectively.

We made numerical experiments with these rules [4], taking for supposable noise level the values § = 10~
with ¢ = 1, ..., 6 and using instead of the exact data f randomly perturbed data with actual noise level



|l fs — fll = dé where the values of d were 1 and 100. In case of exactly given noise level (d = 1) in method
CGLS all 4 rules D (with C' = 1), ME, R, DD that use the noise level hold first 4 places. In contrast to this
situation, in method CGME both rules ME and DH (with C' = 1.2) that use noise level were surprisingly
outperformed by rules RM, DHP not using noise level.

Numerical results ordered the rules starting from the best ones as following: for CGLS in case d = 1 the
order was D, ME, R, DD, SDS, HR, SHP, L., and in case d = 100 R, HR, SDS, SHP, DD, L. For the second
method CGME the order was RM, DHP, DH, ME, DHNM, SDS, HR, L in case d = 1, and DHP, DM, RM,
HR, DHNM, SDS, L in case d = 100. Note thad rules D, DH, and ME do not suit for the case of inexact
noise level (in case d = 100 they did not stop within ny,,x = 200 iterations).

The rules RM and DM differ only in interval for minimization of |7, ||: the intervals are [1, N] and [1, 00),
respectively. In most cases the results for these rules coincided but additional work done in RM for finding
N was justified in some problems.

For d = 1 the rule R gave the stopping index ng near the end of the search interval [1, N]|, for d = 100
the index npg lied at the beginning of this interval.
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