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On the Lepskii principle for choice of the regularization parameter
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We consider an operator equation

Au=f, f eR(A), (1)
where A e L(H,F) is the linear continuous operator between real Hilbert spaces H and F. In general our problem
is ill-posed: the range R(A) may be non-closed, the kernel N(A) may be non-trivial. We suppose that instead of

exact right-hand side f we have only an approximation fzeF, f; — f|| < 0. To get regularized solution U, of

the equation Au = f we consider the regularization methods in the general form (see [15]), using the approximation
u, =(g|—A*Agr(A*A))u0+gr(A*A)A* f. @)
Here U, is the initial approximation, r is the regularization parameter, I is the identity operator and the generating

function g, (/1) satisfies the conditions (3) - (5).

sup\/Igr(;t)(s%;\/F, r>0, 3)
0<i<a
sup A 12 g, (A) <y, r?, r=0, 0<p<p,, (4)
0<Ai<a
sup|g, (A1) <yr, r=o0. (5)
0<Ai<a

Here p,,7,7. and y are positive constants, a = HA*A‘ , 7o <1 and the greatest value of p,, for which the

inequality (4) holds is called the qualification of method.
The following regularization methods are special cases of general method (2).

P1 The Tikhonov method U, = (al + A*A)_1 A" f, . Here
U =0, r=a,g,(A)=(2+r")" p,=Ly=1 . =112, »,=p°(1-p)™".
P2 The iterative variant of the Tikhonov method. Let me N, m>1, u, =u,, € H - initial approximation

and u,, =(al + A"A) (@u, ,, +A"f,) (N=12,.,m). Here

r:oflg(/i):l [ ' Do=my=m, y, =m,y. =2 (1_p m_p.
o A 1+rd > ’ ’ 74P m m

P3  Explicit iteration scheme (the Landweber’s method). Let
u,=u,, —pA"(Au,_, —f,), ue (O,I/HA*A”l n=12,. . Here

1 r g
r=n, gr(l)=;(1—(1—u/1) | S N T =(£} .

L

P4 TImplicit iteration scheme. Let & > 0 be a constant and
u, = (el + A"A) (o, , + A f,) N=12,... Here

1 a Y 1 b

r=n,g.(1)=—[1- , P, =00,y =—, . =——, where b, = sup A7*(1-e*)~0.6382 and
gr( ) ﬂ( (0{+/1j J Po 4 o 4 Ja ’ O</1§oo ( )

7/p = (a p)p

P5  The method of the Cauchy problem: approximation U, solves the Cauchy problem

u'(r)+ A"Au(r)= A f,, u(0)=u,. Here gr(/l):%(l—e”) po=wr=L y.=by, ,=(p/e)".
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The main problem in applying regularization methods is the proper choice of the regularization parameter r in
dependence on the noise level o .

The first prominent a posteriori parameter choice rule is the discrepancy principle, where the regularization
parameter is chosen so that the discrepancy has the same order as the error of right-hand side of the equation (1).

Dicrepancy principle. Let b, b, be the constants such that b, >b, >1. If ||Au0 - f5|| <b,d, then choose

I’(5 ) = 0. In the contrary case choose the parameter I = r(5 ) > 0 for which
bo <|Au, - f,[<b,s.

The drawback of the discrepany principle is that in case U, —U, € R((A"A) P2 the order optimal error estimate

||ur —u,| < consts """V holds only for p <2 P, —1 but not for all p<2p, as by a priori choice r. The following

a posteriori parameter rules give order optimal error estimates forall p<2p,.
The modification of the discrepany principle (MD rule) [3,10]. Let b,, b, be the constants such that
b,>b, >1. If ||BO(AU0 — f5)||Sb25, then choose r(§)=0. In the contrary case choose the parameter
r= r(§) > (0 for which
b <|B,(Au, - f,)<b,5.

Here the operator B, has the form
I, if p,=o

x £ \\1/2 .
(1-AA"g, (AAT) "™, if p, <o

For methods with infinite qualification this rule coincides with the discrepancy principle. For methods with finite

B, =

qualification we apply to the discrepancy the operator B, . Note, that for Tikhonov method (m=1) and its iterative
. 1/2

it holds HBr(Aur,m - fb‘ ]‘ = (Aur,m+1 - fa‘: Aur,m - f&) .

Denote @(r) = \/FHA*Bf (Aur —f5 X‘ and consider the following rule [11-13]

variant U,

Rule R1. Let b, b, be the constants such thath, >b, > %, , , where 7,,, =7,,, for methods p, =c and
}71 /9 = (7/ po/ (24, +2))+1/p° for methods p, <. If ¢(1) <b,5, then choose r(§) =1. In the contrary case choose
the parameter r = r(5 ) >1 for which

(p(l‘)S b,0  foreach I > I’(5) ,

¢(r(5))2 b .
The MD rule and the Rule R1 are weakly quasioptimal rules (see [14]) also. Namely, if the parameter I = r(5 ) is
chosen according to the MD or R1 rule, then it holds the error estimate

<C(b,,b,) inf w(r)+c,o ,

ur(6) — U

where the function l//(r):H(| —A" Agr(A*A) U, —u*x +7/*\/F O is an upper bound of the error of the

. Note that the Rule R1 is weakly quasioptimal even then if Qf € R(A) , f ¢ R(A),

approximate solution ||ur —Uu,

where Q is orthoprojector onto Ri Ai and the equation (1) has only the quasisolution.
In last years the Lepskii principle for a posteriori parameter choice is considered in many papers ([1-2, 6-9]). The
approximations U, are computed for values I, = 57 and r=r,q" with q <1 (i=1,2,...,m+1) and we choose for

the regularization parameter I’(5 ) =, where m is the first index, for which a certain condition is fulfilled. This
condition is in [6,8] (Lepskii principle 1)

u, U, [[>crfr,o ©6)
and in [9] (Lepskii principle 2)
Jjel,.,m: U, —u, H>07*\/E5, 7

where the constant C =4 and the constant y, is determined by inequality (3). In the following we show that the
Lepskii principle is closely related to the Rule R1.
It is easy to show that for methods P1-P5 the following inequalities hold for functions ¢, (/1) :

2



y(1=aq)rB, (AN1- 29, (4) < g, (4)- 94 (1) < 7 (1= q)rB, (A1 - A9, (A1) 0< g <1.

Using these inequalities we can show that from (6) follows that

co(r)é(f:%( —gWa)p.r=r,
—(CV*\/_/V ~)p.
/(7*\/_5)>c

Now, using the results of [12] we can prove the weak quasioptimality of the Lepskii principle 1.
Theorem 1. Let Qf € R(A) . Let || fs— f|| < ¢ and the parameter r(5)=r, be chosen according to the Lepskii

where

Tm1

principle 1 with ¢ > (1-q)y7, , / ( *\/a ) Then for methods P1-P5 it holds the error estimate
<C(c.q) inf y(r)+c,5 .

r(s) ~ U

We see that weak quasioptimality of Lepskii principle holds if we take the constant ¢ in (6) substantially less than
4. For example, if g=1/2, then for Tikhonov method ( q);/yl /s / ( \/_ ) 27 2%, =2 3\/_ /16 and the reasonable

choice of cis 27,,, = 3\/5/8.

On the other hand, to avoid that the lower bound of the constant ¢ goes to zero, if  — 1, then instead of the
condition (6) we recommend the condition

urm _ur,m “ > C]/*(l— Q)\/H5/\/a = Cy*(rm ~ I )5/\/K

with  C> ), / 7«. Note that the Lepskii principle 1 with the sequence of the parameters

L=r_,—Li=12,.,m+1 coincides in the case of the proper choice of the constant ¢ with the discrete variant of

rule R1: we choose the parameter r(8)=r,, for which (D(l'i ) <bs,i<mand o(r,)>bs .

m?

Using inequality (which holds for methods P1-P5)
0,(1)-9, (1)< y(s-r)p,(2N1-49,(2).  O<r<s

we can show that from (7) follows that

Hqum( - f‘?l‘zié

y(n)"
o(r)< (cy*( ) r>r.

Theorem 2. Let f € R(A), =r, be chosen according to the Lepskii

principle 2 with C > ]/(71 )1/2 / 7s . Then for methods P1-P5 it holds the error estimate
©a) inf pl) oo
r=

Urs) —

In the following Table 1 the lower bounds of the constant ¢ for quasioptimality of Lepskii principles are presented.

Table 1.
Method P1 P2 P3 P4 P5
Lepskii 1 1-q3v3 | 1-g+/mm+1)""* | 1-¢ —q l1-qg 1
Ja 8 Ja o @em+2)™ Va v2e | o Vab, | o Ve,
Lepskii 2 2 m—1 (m-1)/2 1 1
(Tj Ve b, Jeb,

One can show, that if in Tikhonov approximation parameter I is choosed by Lepskii principle and we consider
error of Tikhonov approximation as the function of constant ¢, then this error is the increasing function of ¢, if r is

choosed by Lepskii principle 1 with ¢ >2(1—q)/q or by Lepskii principle 2 with ¢>2(1-q™"1)/q.

In case of approximately given error bound S5 the following variant of the Lepskii principle 1 is useful.



Lepskii principle 3. The approximations U, are computed for values ;=1 and ri:roq‘i with <1

(i=1,2,...,m) and we choose for the regularization parameter I’(g ): r, where m is the first index, for which

u. —u, H SCYuqll, 0 .

It can be shown that Lepskii principle 3 is stable parameter choice in this sense that Hur(g) —Uu,

— 0 if only the

ratio || fs— f” / & of the actual error of the right hand-side || fs— f” and the supposed error level S is bounded in

the process 0 — 0.
Note that if the sequence of Tikhonov approximations U, is computed, for approximate solution one can take

instead of as some U, linear combination of n Tikhonov approximations. In case of proper coefficients the resulting

approximation has qualification p, =n (see [5]).
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