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Ðàáîòà ïåðâîãî àâòîðà áûëà ïîääåðæàíà ÔÍ ÌÎ è Í ÐÊ (ãðàíò ÏÔÈ 5)

Ëèíåéíàÿ ðåëàêñàöèîííàÿ ôèëüòðàöèÿ â îãðàíè÷åííîé îáëàñòè Ω ∈ R3 ñ ãðàíèöåé ∂Ω â ìîìåíò
âðåìåíè t ∈ [0, T ] îïèñûâàåòñÿ çàêîíîì ñîõðàíåíèÿ èìïóëüñà ñèë ñîïðîòèâëåíèÿ, ëèíåàðèçîâàííûì
çàêîíîì ñîõðàíåíèÿ ìàññû æèäêîñòè, ñîîòíîøåíèÿìè äëÿ èìïóëüñà ñèë ñîïðîòèâëåíèÿ è ìàññû æèäêîñòè,
òî åñòü ñëåäóþùåé çàìêíóòîé ñèñòåìîé óðàâíåíèé

d
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∫
Ω

~J dΩ−
∫
∂Ω

p~n d(∂Ω) = 0, (1)
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∫
Ω

m ρdΩ + ρ0

∫
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Wn d(∂Ω) = 0, (2)

~J = −F (0) ~W (x, t)−
∞∫
0

dF (t′)
dt′

· ~W (x, t− t′)dt′, (3)

m ρ−m0 ρ0 = Φ(0)
(
p− p0

)
+

∞∫
0

dΦ(t′)
dt′

·
(
p− p0

)
(x, t− t′)dt′, (4)

ãäå ~J � ïëîòíîñòü èìïóëüñà ñèë ñîïðîòèâëåíèÿ, p � äàâëåíèå, ~n � âíåøíÿÿ íîðìàëü ê ïîâåðõíîñòè
∂Ω, m � ïîðèñòîñòü, ρ � ïëîòíîñòü æèäêîñòè, ρ0 � ïëîòíîñòü æèäêîñòè â íåâîçìóùåííûõ ïëàñòîâûõ
óñëîâèÿõ, Wn � ïðîåêöèÿ ñêîðîñòè ôèëüòðàöèè íà íîðìàëü ~n, m0 � ïîðèñòîñòü â íåâîçìóùåííûõ
ïëàñòîâûõ óñëîâèÿõ, ~W � âåêòîð ñêîðîñòè ôèëüòðàöèè, p0 � íà÷àëüíîå äàâëåíèå, F (t) è Φ(t) � ÿäðà
ðåëàêñàöèè çàêîíà ôèëüòðàöèè è ìàññû æèäêîñòè ñîîòâåòñòâåííî. Èç (1) � (4) èñêëþ÷àÿ ~J , m ρ è

äëÿ ÿäåð ðåëàêñàöèè F (t) =
µ

κ
(t + τ) η(t), Φ(t) = ρ0 β η(t) ïîëó÷àåì çàìêíóòóþ ñèñòåìó óðàâíåíèé

îòíîñèòåëüíî äàâëåíèÿ p è âåêòîð ñêîðîñòè ôèëüòðàöèè ~W , òî åñòü ìîäåëü ôèëüòðàöèè ñ ïîñòîÿííîé
ñêîðîñòüþ ðàñïðîñòðàíåíèÿ âîçìóùåíèé

χ4p(x, t) =
∂p(x, t)

∂t
+ τ

∂2p(x, t)
∂t2

, (5)

−κ

µ
grad p(x, t) = ~W (x, t) + τ

∂ ~W (x, t)
∂t

, (6)

ãäå µ � âÿçêîñòü æèäêîñòè, κ � êîýôôèöèåíò ïðîíèöàåìîñòè, t � âðåìÿ, τ � ìîìåíò âðåìåíè, β �
êîýôôèöèåíò óïðóãîåìêîñòè ïëàñòà, η(t) � ôóíêöèÿ Õåâèñàéäà, η(t) = 1 ïðè t > 0, η(t) = 1/2 ïðè

t = 0, η(t) = 0 ïðè t < 0, χ =
κ

µβ
� êîýôôèöèåíò ïüåçîïðîâîäíîñòè ïëàñòà. [1]
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Ðàññìîòðèì óðàâíåíèå (5). Äëÿ äàâëåíèÿ p(x, t) ïîñòàâèì ñìåøàííóþ çàäà÷ó íà ãðàíèöå ∂Ω

a(x, t) p(x, t) + b(x, t)
∂p(x, t)

∂~n
= p0(x, t), x ∈ ∂Ω, (7)

ãäå a(x, t), b(x, t), p0(x, t) � çàäàííûå íà ãðàíèöå ∂Ω ôóíêöèè. Îïðåäåëèì íà÷àëüíûå äàííûå

p(x, t) = 0 ïðè t = 0, x ∈ Ω (8)

∂p(x, t)
∂t

= 0 ïðè t = 0, x ∈ Ω. (9)

Çàäà÷ó (5), (7) � (9) äèñêðåòèçèðóåì òîëüêî ïî âðåìåíè t ∈ [0, T ] íåÿâíîé ñõåìîé, tj = 4t · j,
j = 0, 1, . . . , j0, 4t = T/j0 > 0, 4t � øàã ïî t. Òîãäà ïîëó÷èì ñëåäóþùóþ çàäà÷ó íà âðåìåííîì ñëîå
j + 1

4pj+1(x)− c pj+1(x) = f j(x), x ∈ Ω, (10)

ãäå c =
4t + 2τ

2(4t)2
> 0, f j(x) = − tτ

2(4t)2
· pj(x) +

4t + 2τ

2(4t)2
· pj−1. À èç (8) è (9) ñîîòâåòñòâåííî ïîëó÷èì

p0(x) = 0, x ∈ Ω, (11)

p1(x) = 0, x ∈ Ω. (12)

Ãðàíè÷íîå óñëîâèå (7) ïðèìåò âèä

aj+1(x) pj+1(x) + bj+1(x)
(
∇ · d(∂Ω)

)
pj+1(x) = pj+1

0 (x), x ∈ ∂Ω, (13)

Àëãîðèòì "áëóæäàíèÿ ïî ñôåðàì". Ðàññìîòðèì çàäà÷ó (10) � (13) äëÿ âðåìåííîãî ñëîÿ j + 1.
Öåïü Ìàðêîâà ñòðîèòñÿ "áëóæäàíèÿìè ïî ñôåðàì"êàê â ñëó÷àå ðåøåíèÿ çàäà÷è Äèðèõëå. Íî ïðè
äîñòèæåíèè "÷àñòèöû" ∂Ω�ãðàíèöû îáëàñòè Ω, "÷àñòèöà" ïîãëîùàåòñÿ èëè îòðàæàåòñÿ ñ îäèíàêîâîé
âåðîÿòíîñòüþ, ðàâíîé 1/2. Ïðè ïîãëîùåíèè "÷àñòèöû" ê ñ÷åò÷èêó ñóììèðóåòñÿ "âåñ" ãðàíè÷íîãî óçëà,

ðàâíûé
p0(x)
a(x)

, à ïðè îòðàæåíèè "÷àñòèöû" ê ñ÷åò÷èêó ñóììèðóåòñÿ "âåñ" ãðàíè÷íîãî óçëà, ðàâíûé

p0(x)
b(x)

. Âî âíóòðåííèõ óçëàõ ó÷èòûâàåòñÿ "âåñ" âíóòðåííåãî óçëà. Öåïü îáðûâàåòñÿ, åñëè "÷àñòèöà"

ïîãëîùàåòñÿ. ε�ñìåùåííóþ îöåíêó ðåøåíèÿ pε(x) çàäà÷è (10) � (13) äëÿ ôèêñèðîâàííîãî âðåìåííîãî
ñëîÿ j +1 â òî÷êå x ïîëó÷àåì îñðåäíåíèåì ñëó÷àéíîé âåëè÷èíû ξ, ïîñòðîåííîé âäîëü òðàåêòîðèè öåïè

ñëó÷àéíîé äëèíû N , òî åñòü pε(x) =
1
M

M∑
i=1

ξi. [2], [3].

Àëãîðèòì "áëóæäàíèÿ ïî ðåøåòêàì". Çàäà÷ó (10) � (13) àïïðîêñèìèðóåì ìåòîäîì êîíå÷íûõ
ðàçíîñòåé ïî x ñ ïîãðåøíîñòüþ O(h2), ãäå h � øàã ïî x. Àïïðîêñèìàöèþ îáëàñòè Ω îáîçíà÷èì ÷åðåç
ωh, ãðàíèöû ∂Ω � ÷åðåç γh. Òîãäà èç (10), îïóñêàÿ íîìåð ñëîÿ ïî âðåìåíè j, j + 1, ïîëó÷èì

p(xi) =
1

2 + c h2
· p(xi + ei h) +

1
2 + c h2

· p(xi − ei h)− h2

2 + c h2
· f(xi), xi ∈ ωh, (14)

ãäå ei � åäèíè÷íûé âåêòîð îñè xi. Çàìåòèì, ÷òî 0 <
2

2 + c h2
≤ 1 è

2
2 + c h2

→ 1 ïðè h → 0. Îòñþäà

ñëåäóåò, ÷òî α(xi, yi, τ, 4t, h) =
1

2 + c h2
ÿâëÿåòñÿ ïåðåõîäíîé âåðîÿòíîñòüþ ìàðêîâñêîé öåïè.

Ñ âåðîÿòíîñòüþ 1/3 ðàçûãðûâàåòñÿ êîîðäèíàòíàÿ îñü. Çàòåì ñ âåðîÿòíîñòüþ α èç óçëà xi "÷àñòèöà"
ïåðåìåùàåòñÿ ïî íàïðàâëåíèþ −ei èëè +ei â îäèí èç ñîñåäíèõ óçëîâ xi±ei h. Â óçëàõ ó÷èòûâàåòñÿ "âåñ"

óçëà, ïðîïîðöèîíàëüíûé âåëè÷èíå
h2

2 + c h2
·f(xi). È òàê äàëåå, ïîêà "÷àñòèöà" íå äîñòèãíåò äèñêðåòíîé

ãðàíèöû γh. Íà ãðàíèöå γh "÷àñòèöà" ñ âåðîÿòíîñòüþ 1/2 ëèáî ïîãëîùàåòñÿ, ëèáî îòðàæàåòñÿ. Ïðè
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ïîãëîùåíèè öåïü îáðûâàåòñÿ, è ê ñ÷åò÷èêó ñóììèðóåòñÿ "âåñ" ïîãëîùàþùåãî ãðàíè÷íîãî óçëà �
p0(xi)
b(xi)

, à ïðè îòðàæåíèè �
p0(xi)
a(xi)

. Òàêèì îáðàçîì âäîëü äèñêðåòíîé öåïè Ìàðêîâà ñëó÷àéíîé äëèíû Nh

îïðåäåëÿåòñÿ ñëó÷àéíàÿ âåëè÷èíà ξh
Nh
. Îöåíêà ðåøåíèÿ ph(xi) îïðåäåëÿåòñÿ èç ñîîòíîøåíèÿ ph(xi) =

1
M

M∑
i=1

(
ξh
Nh

)
i
, ãäå M � êîëè÷åñòâî òðàåêòîðèè öåïè, èñõîäÿùèõ èç óçëà xi. [4], [5].

Âåðîÿòíîñòíî�ðàçíîñòíûé ìåòîä. Ïóñòü p0(x) � äåéñòâèòåëüíàÿ îãðàíè÷åííàÿ íåïðåðûâíàÿ
ôóíêöèÿ íà ∂Ω. ×åðåç γR

h îáîçíà÷èì ìíîæåñòâî "îòðàæàþùèõ" ãðàíè÷íûõ óçëîâ, à ÷åðåç γA
h � ìíîæåñòâî

"ïîãëîùàþùèõ" ãðàíè÷íûõ óçëîâ. α òàêæå äàåò ïåðåõîäíûå âåðîÿòíîñòè öåïè ξh
i â ωh. Öåïü îáðûâàåòñÿ

ïðè ïåðâîì ñîïðèêîñíîâåíèè ñ γA
h . Òîãäà E

{
ξh
i+1 − ξh

i |ξh
i = yi ∈ γR

h

}
= υ(y) h

|υ(y)| . Ýòî ïîêàçûâàåò, ÷òî

"÷àñòèöà" îòðàæàåòñÿ îò ãðàíè÷íîãî óçëà γR
h â íàïðàâëåíèè υ(y), ãäå υ(y) � íàïðàâëåíèå ïîïàäàíèÿ

âî âíóòðåííèé óçåë. Îïðåäåëèì Ah
n =

n∏
i=0

exp
(
− c(ξh

i ) · δthi · Iωh
(ξh

i )
)
, Ch

n =
n∏

i=0
exp

(
− b(ξh

i ) · dφh
i

)
,

Dh
n = Ah

n · Ch
n . Çäåñü δthi � ïàðàìåòð ïðîöåññà ξh

i ; dφh = h
|υ(x)| , dφh

i = dφ(ξh
i ) · IγR

h
(ξh

i ). Äëÿ ñëó÷àéíîé

öåïè äëèíû Nh = min{n : ξh
n ∈ γA

h } ïîëó÷èì åäèíñòâåííîå äèñêðåòíîå ïðèáëèæåíèå ðåøåíèÿ çàäà÷è
íà âðåìåííîì ñëîå j + 1

ph(xi) = E
{ Nh−1∑

i=0

Dh
i · f(ξh

i ) · δthi · Iωh
(ξh

i ) + Dh
Nh−1 · a(ξh

Nh
) +

Nh−1∑
i=0

Dh
i · p0(ξh

i ) · dφh
i

}
.

[6], [7], [8].
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