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From a mathematical point of view the cone-beam tomography problem consists in the reconstruction of the function of three variables from its integrals along a certain family straight lines, located in the three-dimensional space. There are different methods of solution of this problem [1-7]. One of them is the method of Grangeat [5]. In this paper it will be shown that this method is only approximate.
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. Plane in the three-dimensional space can be assigned with normal vector and with distance 
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 from it to the origin of coordinates. In this case 
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 is the scalar product. Thus, for the given function 
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 the Radon transform is a function of three variables. Two variables assign the angles of unit vector, the third variable assigns distance from the plane to the origin of coordinates. Differentiation with respect to 
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 corresponds to differentiation in the direction of vector 
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The inversion formulas of the Radon transform for the spaces of arbitrary dimensionality are given in [3]. At present the two-dimensional and three-dimensional cases are most important for the practical applications.

The inversion formula of the Radon transform for the three-dimensional space takes the form
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     (1)

The geometric sense of formula (1) consists of the following: to calculate the value of function at the assigned point the average value from the second derivative of the Radon transform at this point is calculated. Average value (integral) is calculated in all possible directions (unit vectors).

In the computer X-ray tomography the initial data is the integrals on the straight lines. Let us consider the following scheme of measurements. There is a radiation source, and the data about attenuation of emission are recorded with a certain two-dimensional receiver (film or the matrix of detectors). In this case with obtaining of data we have not a Radon transform, but beam transform. 

Let us assume that the function of three variables 
[image: image13.wmf](

)

,,

fxyz

, point 
[image: image14.wmf](

)

,,

xyz

Ssss

=

 and vector 
[image: image15.wmf](

)

,,

xyz

aaaa

=

r

 are assigned. We will call the beam transform of function 
[image: image16.wmf](

)

,,

fxyz

 the function 


[image: image17.wmf](

)

(

)

(

)

1

0

1

R

,

,

Î

+

=

ò

¥

+

t

dt

t

s

f

S

f

D

a

a

r

r

.
 


(2)

Thus, value 
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 for the fixed pair 
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 along the ray, which emanates from the point 
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 in the direction of vector 
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In the work of Grangeat [5] is proposed the method to derive first-order derivative of the Radon transform for the assigned direction. Using this method it is possible to reduce the problem of beam transform inversion to the three-dimensional Radon transform inversion.

For future reference us will be required a number of determinations and constructions from [5].

Let the source be located at point 
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. It is assumed in [5] that the detector is located in the plane 
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. Usually the origin of coordinates is located inside the object being investigated, and detector behind the object relative to source, but this does not have fundamental value, since, knowing data with one position of detector it is possible to calculate them for another position.

Assume that the vector 
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, passing through the point 
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 and the orthogonal to vector 
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The Grangeat method makes it possible to calculate first-order derivative of the Radon transform for the point 
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, derivative is taken in the direction of vector 
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 the straight line, which lies at the intersection of the plane of detector 
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 perpendicular to vector 
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. In accordance with the Grangeat method let us introduce into the examination straight line 
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, distance from which to the point of source 
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 is minimal. Through 
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Let us introduce the function 
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. Let us introduce also the function 
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 is proportional to the first-order derivative of the Radon transform for the vector 
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 is the vector product.

In our opinion with the proof of this assertion in the work [5] essentially is used the fact that a radius of the source movement is much more than the size of object. In this connection computer simulations were carried out.


Numerical simulations were carried out as follows.

The examined function 
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The vector 
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 of normal to the plane 
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, through which must pass this plane. In this case the length of perpendicular to the plane 
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 радиус круга, образованного в сечениии. Преобразование Радона от функции (3) в точке 
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The derivative of the Radon transform 
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. Let 
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 is the length of perpendicular, put on this plane from the center of sphere, being in a point 
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 passes through the center of circle, formed in the intersection of sphere and this plane (if such is present), consequently
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where 
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 is the radius of circle, formed in the intersection. The Radon transform of the function (3) in a point 
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To calculate 
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 let us write down equation of plane 
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 in the system of coordinates, which origin is placed in the center of sphere: 
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After the derivative of the Radon transform 
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 of the source trajectory was calculated. The circle, which lies at the plane 
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In this case for calculating the coordinates of source 
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 it was taken greater of the roots of system (7).
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   Fig.1: Discrepancy 
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   Fig.2: Values of the derivatives depending on

                   a radius of the source trajectory.


              a radius of the source trajectory.
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 is calculated as integral of cone-beam projection data with the source, which is located in the point 
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, formed by intersection plane 
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 (this is the plane, in which is located the detector). Straight line 
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 in parallel to itself, and value 
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 is calculated with the same way. After this, the derivative 
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 is found by difference formula. Projection data were calculated from the analytical formula as the lengths of the intersection of the corresponding rays with the sphere. Integration along the straight line 
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 was performed numerically.
In figures 1,2 the results of numerical simulation are represented. In fig.1 the dependences of the standardized discrepancy
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on a radius of the source trajectory 
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. In fig.2 the values of derivatives  for the same data are given. Curves 1 and 3 in fig.2 are the dependencies of the value of derivative 
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 on a radius of the source trajectory, while curves 2 and 4 are the dependencies of the value of the derivative of the Radon transform. Since the derivative of the Radon transform does not depend from the distance to the source, 2 and 4 are straight lines. The pair of curves 1 and 2 relates to the plane, passing through the point 
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. It is evident from fig.2 that with an increase in the radius of the source trajectory the derivative 
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 approaches derivative of the Radon transform both for one and for another point (curve 1 approaches straight line 2, and curve 3 approaches straight line 4).
In the Grangeat’s work is assumed that the function is twice differentiable. In connection with this the numerical simulations for the function 
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were carried out The results of simulations for it proved to be analogous to the results, given above.

It follows from the results of simulations that the assertion of work [5] correctly only approximately, moreover the accuracy of approximation is the higher, the greater the radius of source trajectory in the comparison with the dimensions of object.
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