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Differential operators on graphs often appear in mathematics, mechalmysics, geophysics, physical chemistry,
biology, electronics, nanoscale technology (for more details see, donghe, [1] ,[2]). Scattering problem on graphs
are of great importance for application. Inverse scattering probleneimweagstigated, e.g., in: [3],[4], [5], [6]

We are interested mostly in inverse scattering problems on graphs, contayalag.

We denote by a graph, consisting of the “semi-infinite string= {0 < x; < o} and the “loop"k = {0 < xp < 211},
which are joint at the poinfx; = 0} = {x2 = 0} = {x2 = 211}, which we call later the “vertex” of graph. The space
Lo (I") consists of functiong (x) that are defined and square integrable on “semi-infinite stiyregid “loop” k and
we definel|f|2, - = [ T2, + 1| flIZ, 0

. . La(y) .
Let us define differential equation

I(y) = A%y(x), xeT. 1)
where
I(y) = —y'(X) +a(x)y(x), xeT.

Here differentiation with respect to variabteés understood as differentiation with respect to variahlevhenx € y
and as differentiation with respect to variabie whenx € k. (Differentiation is not defined at verte; = 0} =
{x2 =0} = {x = 2m}).
The following boundary condition at vertex of graphis called Kirchhoff boundary condition : functioiix) is
continuous at the vertex:
y(x1 = 0) =y(xz = 0) = y(xz = 2m) (2)

and sum of outgoing derivatives of functigfx) at the vertex of graph is equal to zero, i.e., derivatives with respect
to local variables satisfy the equation

Y(x1=0+0)+Y(xx=0+0)-y(xp=2m-0)=0 (3)

We suppose later on that functigix) is real valued(1+x;)q(x) € L1(0,00) andq(x) € LZ.(T"). Under such
conditions operatol,which acts or” asl(y): Ly = I(y), with domain of definition

DL = {y e W¥(yUK) : y satisfies boundary conditi¢®) — (3)}, 4)

is self adjoint operator in the spate(I).

As result, eigenvalues of operatoare real.

Let us mention now, that eigenvalues of operdt@an be devided in two types: “proper” and “improper” eigen-
values.

Definition 1. Eigenvalue\? is called a “proper eigenvalue” of operatqrif equationl (y) = A%y posseses nontrivial
solutiony(A, x) € L?(I"), satisfying boundary conditions (2)—(3), such that it is nontrivial @mignfinite stringy:

Y(T,%1) #0, X1 €Y. (5)

Otherwise eigenvalue of problem (1)—(3) is called “improper eigenvalues
OperatorL posesses only finite number of proper eigenvali®g)?, ..., (iAn)?, which are all simple and strictly
negative: O< A1 < Az < ... < Aq.



Let us stress here, that operatotan have infinitely many improper eigenvalues, for example, in thegta$e=
0, x€ I, any pointt, = (2n)2, n=1,2,... is a “improper eigenvalue” of operathr

There exists unique functid®A), which is defined and continuous for any r&a¥ 0, bounded in any neighbour-
hood of pointA = 0 and such that there exists solution to equation (1), satisfying boundadjtions (2)—(3), which
coincides on “string*y with function

OGN, X1) = &(—A,x1) —S(A)e(A,x1), X1 €. (6)

Heree(), xq) is the Jost solution of equatidty) = A%y on the semiaxig, which can be represented (see ([7])) for
anyA, such thatdi > 0, in the form

e\, x1) = &M+ / K (xa,t)eMdt, 7)
X1
whereK (x3,t) € W (0 < x; <t < o) and

1
Kbax) =3 | q(t)dt. (8)
X1
Definition 2. We call functionS(A) the “scattering function”.
Let us denote

m; = [EGA ) I (©)

whereE(iAj,X) is eigenfunction of operatdr, corresponding to proper eigenval(izj)?, normalized by initial con-
dition E(iAj,0) = €(iA},0), i.e E(iAj,x1) = €(iAj,X1), X1 € V.

Definition 3. We callm;, j =1,...,nthe “weight numbers” of problem (1)-(3).

Problem.We investigate the problem of reconstruction of poterg{a) by the means of “scattering and spectral
data”{S(A),A € O, Aj, m;, j=1,...,n}.

We denote |
F(x) = kzlmfe*W + Fs(x), (10)
Fs(x) = %T [ Z(so(x) — 50N, (11)

HereSy(A) is scattering function of problem (1)—(3) witlix) =0, x T, i.e.

_ 2SINATT— i COSATT
~ 2SINATI+ i COSATT

S(A) (12)

Main Theorem Let us suppose|(x) > 0, x € K Then for any fixedxk € y the kernelK(x,t) of transformation
operator (7) satisfies an equation

F(x+t)+K(x,t)+/ K(xy)F({t+y)dy=0, 0<x<t < co. (13)
X

It can be shown, that this equation is uniquely solvable and we can tegcingotentialg(x1), X1 € y
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