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Äëÿ íåêîòîðîãî êëàññà M ãðóïï îáîçíà÷èì ÷åðåç L(M) êëàññ âñåõ ãðóïï G, â êîòîðûõ íîð-
ìàëüíîå çàìûêàíèå (x)G ëþáîãî ýëåìåíòà x èç G ïðèíàäëåæèòM. Êëàññ L(M) áóäåì íàçûâàòü
êëàññîì Ëåâè, ïîðîæäåííûìM.

Ïóñòü Nc � ìíîãîîáðàçèå íèëüïîòåíòíûõ ãðóïï ñòóïåíè ≤ c, Nc,∞ � êâàçèìíîãîîáðàçèå íèëü-
ïîòåíòíûõ ãðóïï áåç êðó÷åíèÿ ñòóïåíè ≤ c, Nc,p � ìíîãîîáðàçèå íèëüïîòåíòíûõ ãðóïï ñòóïå-
íè ≤ c è ýêñïîíåíòû p, Fn(M) � ñâîáîäíàÿ ãðóïïà â êâàçèìíîãîîáðàçèè M ðàíãà n, qK �
êâàçèìíîãîîáðàçèå, ïîðîæäåííîå êëàññîì ãðóïï K.

Ðàññìîòðèì ãðóïïû, èìåþùèå ñëåäóþùèå ïðåäñòàâëåíèÿ â N2: Hp = ãð(x, y | [x, y]p = 1),
Hps = ãð(x, y | [x, y]p = xp

s
= yp

s
= 1), s ∈ N, p � ïðîñòîå ÷èñëî. Íàáîð qHps , qHp, qF2(N2), qH22

p 6= 2, p � ïðîñòîå ÷èñëî, ïðåäñòàâëÿåò ñîáîé ïîëíûé ñïèñîê êâàçèìíîãîîáðàçèé íèëüïîòåíòíûõ
ãðóïï, âñå ñîáñòâåííûå ïîäêâàçèìíîãîîáðàçèÿ êîòîðûõ ñîäåðæàò ëèøü àáåëåâû ãðóïïû. Öåëüþ
ðàáîòû ÿâëÿåòñÿ îïèñàíèå êëàññîâ Ëåâè, ïîðîæäåííûõ ýòèìè êâàçèìíîãîîáðàçèÿìè.

ÎÑÍÎÂÍÛÅ ÐÅÇÓËÜÒÀÒÛ

Îïèñàíèå êëàññà L(qF2(N2))

Òåîðåìà 1. [1] Ïóñòü N � îäíî èç ñëåäóþùèõ êâàçèìíîãîîáðàçèé: N2,∞, N2,p (p � ïðîñòîå,
p 6= 2) è ïóñòü K � ïðîèçâîëüíûé êëàññ ãðóïï èç N , ñîäåðæàùèé íåàáåëåâó ãðóïïó. Ïðåäïîëî-
æèì, ÷òî âî âñÿêîé ãðóïïå èç K öåíòðàëèçàòîð ëþáîãî ýëåìåíòà, íå ïðèíàäëåæàùåãî öåíòðó
ýòîé ãðóïïû, ÿâëÿåòñÿ àáåëåâîé ïîäãðóïïîé. Òîãäà

1) åñëè N = N2,∞, òî L(qK) = N3,∞ è
2) åñëè N = N2,p (p � ïðîñòîå ÷èñëî, p 6= 2), òî L(qK) = N3,p.

Îïèñàíèå êëàññà L(qHp)

Çàôèêñèðóåì ïðîñòîå ÷èñëî p, p 6= 2. Îáîçíà÷èì ÷åðåç N p êâàçèìíîãîîáðàçèå, çàäàííîå â N2

ñëåäóþùèì áåñêîíå÷íûì ìíîæåñòâîì ôîðìóë:

(∀x)(∀y)([x, y]p = 1), (1)

(∀x)(∀y)(xp = 1→ [x, y] = 1), (2)

(∀x)(xq = 1→ x = 1), (3)

(∀x)(xp2 = 1→ xp = 1), (4)

ãäå q ïðîáåãàåò ìíîæåñòâî ïðîñòûõ ÷èñåë, îòëè÷íûõ îò p.
ÏóñòüMp � êâàçèìíîãîîáðàçèå, çàäàâàåìîå â N3 òîæäåñòâàìè (3), (4) è ñëåäóþùèìè ôîðìó-

ëàìè:

(∀x)(∀y)([x, y, x]p = 1), (5) (∀x)(∀y)(xp = 1→ [x, y, x] = 1), (6)

(∀x)(∀x1)...(∀xn)(xpδ =
n∏
i=1

[x, xi]
pεi →

n∏
i=1

[x, xi, x]
εi = 1), (7)

ãäå q ïðîáåãàåò ìíîæåñòâî ïðîñòûõ ÷èñåë, îòëè÷íûõ îò p, εi ∈ {−1; 1}, i = 1, ..., n, δ è n ïðîáåãàþò
ìíîæåñòâî íàòóðàëüíûõ ÷èñåë.

Òåîðåìà 2. Ïóñòü K � ïðîèçâîëüíûé êëàññ ãðóïï èç N p, ñîäåðæàùèé íåàáåëåâó ãðóïïó.
Ïðåäïîëîæèì, ÷òî âî âñÿêîé ãðóïïå èç K öåíòðàëèçàòîð ëþáîãî ýëåìåíòà, íå ïðèíàäëåæàùåãî
öåíòðó ýòîé ãðóïïû, ÿâëÿåòñÿ àáåëåâîé ïîäãðóïïîé. Òîãäà L(qK) =Mp.

Îïèñàíèå êëàññà L(qHps)

Çàôèêñèðóåì ïðîñòîå ÷èñëî p, p 6= 2, è íàòóðàëüíîå ÷èñëî s, s ≥ 2. Îáîçíà÷èì ÷åðåç N ps

êâàçèìíîãîîáðàçèå, çàäàííîå â N2 ñëåäóþùèì áåñêîíå÷íûì ìíîæåñòâîì ôîðìóë:
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(∀x)(∀y)([x, y]p = 1), (8) (∀x)(xps = 1), (9)

(∀x)(∀y1) . . . (∀yn)(∀z1) . . . (∀zn)(∀u)(xp
m

=
n∏
i=1

[yi, zi]→ [x, u] = 1), (10)

(∀x)(∀y1) . . . (∀yn)(∀z1) . . . (∀zn)(xp
m

=
n∏
i=1

[yi, zi]→ xp
m

= 1), (11)

ãäå n � íàòóðàëüíîå ÷èñëî, m = 1, . . . , s− 1.
ÏóñòüMps � êâàçèìíîãîîáðàçèå, çàäàâàåìîå â N3 òîæäåñòâîì (9) è ôîðìóëàìè:

(∀x)(∀y)([x, y, x]p = 1), (12)

(∀x)(∀y1) . . . (∀yn)(∀u)(xp
m

=
n∏
i=1

[x, yi, x]→ [x, u, x] = 1), (13)

(∀x)(∀x1) . . . (∀xn)(∀y1) . . . (∀yn)((xpδ
n∏
i=1

[x, xi]
εi)p

m

=
n∏
i=1

[x, yi, x]→
n∏
i=1

[x, xi, x]
εi = 1), (14)

(∀x)(∀x1) . . . (∀xn)(∀y1) . . . (∀yn)((xpδ
n∏
i=1

[x, xi]
εi)p

m

=
n∏
i=1

[x, yi, x]→
n∏
i=1

[x, yi, x] = 1), (15)

ãäå εi (i = 1, . . . , n), δ è n ïðîáåãàþò ìíîæåñòâî íàòóðàëüíûõ ÷èñåë, m = 1, . . . , s− 1.
Òåîðåìà 3. Ïóñòü K � ïðîèçâîëüíûé êëàññ ãðóïï èç N ps, ñîäåðæàùèé íåàáåëåâó ãðóïïó.

Ïðåäïîëîæèì, ÷òî âî âñÿêîé ãðóïïå èç K öåíòðàëèçàòîð ëþáîãî ýëåìåíòà, íå ïðèíàäëåæàùåãî
öåíòðó ýòîé ãðóïïû, ÿâëÿåòñÿ àáåëåâîé ïîäãðóïïîé. Òîãäà L(qK) =Mps.

Êâàçèìíîãîîáðàçèÿ Ëåâè ýêñïîíåíòû 2n

Çàôèêñèðóåì íàòóðàëüíîå ÷èñëî n, n ≥ 2. Ïóñòü R2n � ìíîãîîáðàçèå ãðóïï, çàäàííîå â N2

ôîðìóëàìè

(∀x)(∀y)([x, y]2 = 1), (16) (∀x)(x2n = 1). (17)

Îáîçíà÷èì ÷åðåç R êâàçèìíîãîîáðàçèå ãðóïï, çàäàííîå â R2n êâàçèòîæäåñòâîì

(∀x)(∀y)(x2n−1

= 1→ [x, y] = 1). (18)

Òåîðåìà 4. Êëàññ L(R) ñîâïàäàåò ñ ìíîãîîáðàçèåì R2n.
Ñëåäñòâèå. Ìíîæåñòâî êâàçèìíîãîîáðàçèé K èç R4 òàêèõ, ÷òî L(K) = R4, êîíòèíóàëüíî.
Òåîðåìà 5. Ñóùåñòâóåò êëàññ K èç R8 òàêîé, ÷òî âî âñÿêîé ãðóïïå èç K öåíòðàëèçàòîð

ëþáîãî ýëåìåíòà, íå ïðèíàäëåæàùåãî öåíòðó ýòîé ãðóïïû,� àáåëåâà ïîäãðóïïà, íî êëàññ L(qK)
íå ÿâëÿåòñÿ íèëüïîòåíòíûì ñòóïåíè ≤ 2.

ÏóñòüM � ìíîãîîáðàçèå ãðóïï, çàäàííîå â N2 òîæäåñòâîì (∀x)(x8 = 1).
Òåîðåìà 6. Ñóùåñòâóåò êëàññ K èç M òàêîé, ÷òî âî âñÿêîé ãðóïïå èç K öåíòðàëèçàòîð

ëþáîãî ýëåìåíòà, íå ïðèíàäëåæàùåãî öåíòðó ýòîé ãðóïïû, � àáåëåâà ïîäãðóïïà, íî êëàññ L(qK)
ñîäåðæèò íèëüïîòåíòíóþ ãðóïïó ñòóïåíè 4.
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