Ňăńìæěćáłĺě çâěŋĺï Ŋőćőáĺąĺàáł (2005) Šěğĺáë ďőłńăďőć

On Engel elements in groups

V. V. Bludov

The Engel condition as natural generalization of nilpotency is very attractive for a long time and for many group-theorists. Hereby, a different types of Engel elements are studied: bounded and unbounded, left and right Engel elements. We will consider unbounded left Engel elements and we will call them Engel elements for short. Here we use definitions of Gruenberg [3] (see also [4, 5]). B.I. Plotkin calls such elements by nil-elements [6, 7], and he uses a term ”Engel” for bounded Engel elements.

In particular cases, the set of all Engel elements constitutes a subgroup and moreover the Hirsh-Plotkin radical (see [5, 6]). Examples of Engel but not locally nilpotent groups are constructed by E.S. Golod [1] (see also [4, 6]). So, in general case, the set of all Engel elements may be not the Hirsh-Plotkin radical. There are analogies between Burnside problem on locally finiteness of periodical groups (or groups of finite exponent) and the problem on locally nilpotence of Engel groups (or boundary Engel groups). In this connection, a question: ”will the set of all periodical elements of a group be a subgroup?” has a sufficiently simple negative answer. At the same time, an analog of this question for Engel elements:

Does the set of all Engel elements constitute a subgroup?

— a question raised by B.I. Plotkin [6, 7] was open up to now. We give a negative answer to this question:

Theorem. There exist groups in which a product of Engel elements is not necessarily an Engel element.

For the proof we construct a non-Engel group generated by Engel elements. In particular, we show a non-Engel element which is a product of two Engel elements. Our example is based on infinite 2-group of constructed by R.I. Grigorchuk [2] Note that Plotkin’s question applied to bounded Engel elements is still open.

We also note that our example is a periodical 2-group, so this question is open for torsion-free group (and for groups without elements of order two). It is also interesting to study this question for totally ordered and right ordered groups.

Śŕĺáőł ńĺâěàăâãàë

[1] E.S. Golod, Some problems of Burnside type, Proc. International Congress Math. Moscow 1968, 284{289 (in Russian).

Supported by RFBR, project No 03-01-00320.

26 őłâïąàï 2005

2 V. V. BLUDOV

[2] R.I. Grigorchuk, On Burnside’s problem on periodical groups, Functional analysis and applications, 1980, 14, No 1, 53{54 (in Russian).

[3] K.W. Gruenberg, Two theorems on Engel groups, Proc. Cambr. Phil. Soc. 49 (1953), 377{380. [4] M.I. Kargapolov and Yu.I. Merzlykov, Fundamentals of the Group Theory, Nauka, Moscow, 1996 (in Russian).

[5] A.G. Kurosh, The Theory of Groups, Nauka, Moscow, 1967 (in Russian). [6] B.I. Plotkin, Groups of Automorphisms of Algebraic Systems, translated from the Russian by K. A. Hirsh, Wolters-NoordHo¸, Groningen, 1972.

[7] B.I. Plotkin, Notes on Engel groups and Engel elements in groups. Some generalization, Proc.

of Ural State University. 2005, No 36, (Mathematics and mechanicsŕ. No 7), 153{166.

Irkutsk State University E-mail: bludov@math.isu.ru