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�ãáâì u, v | á«®¢   ¤  «ä ¢¨â®¬ �. �«®¢® u  §ë¢ ¥âáï ¯®¤á«®¢®¬, ¨«¨

ä ªâ®à®¬, á«®¢  v, ¥á«¨ v = sut ¤«ï ¥ª®â®àëå á«®¢ s ¨ t (¢®§¬®¦®, ¯ãáâëå).
� ªâ®àë¬ § ¬ëª ¨¥¬ ï§ëª  L  §ë¢ ¥âáï ï§ëª Fac(L) ¢á¥å ¯®¤á«®¢ á«®¢
¨§ L. �§ëª L  §ë¢ ¥âáï ä ªâ®àë¬, ¥á«¨ ¥á«¨ L =Fac(L).

� ¯®¬¨¬, çâ® ª®ª â¥ æ¨ï ï§ëª®¢ ®¯à¥¤¥«ï¥âáï ¥áâ¥áâ¢¥ë¬ ®¡à §®¬:

XY = {xy|x ∈ X, y ∈ Y }. � ¤ ®© à ¡®â¥ ¯à®¤®«¦¥® ¨áá«¥¤®¢ ¨¥ ¬®®¨-

¤  ä ªâ®àëå ï§ëª®¢ ¯® ª®ª â¥ æ¨¨. � ¬¥â¨¬, çâ® à®«ì ¥¤¨¨æë ¢ íâ®¬

¬®®¨¤¥ ¨£à ¥â ï§ëª {λ}, £¤¥ λ | ¯ãáâ®¥ á«®¢®.

� §®¢¥¬ ä ªâ®àë© ï§ëª L ¥à §«®¦¨¬ë¬, ¥á«¨ à ¢¥áâ¢® L = XY ¤«ï

ä ªâ®àëå X ¨ Y ¢«¥ç¥â §  á®¡®© L = X ¨«¨ L = Y . �à¨¬¥à ¬¨ ¥à §«®¦¨-

¬ëå ï§ëª®¢ ï¢«ïîâáï,  ¯à¨¬¥à, ï§ëª �∗ ¤«ï ¢áïª®£® ¯®¤ «ä ¢¨â  � ⊆ �,

ï§ëª {λ, a} ¤«ï ¢áïª®£® a ∈ � ¨«¨ ï§ëª ¯®¤á«®¢ ¢áïª®£® à¥ªãàà¥â®£® ¡¥á-

ª®¥ç®£® á«®¢ .

� §«®¦¥¨¥ L = L1 · · ·Lk, £¤¥ L, L1 . . . , Lk | ä ªâ®àë¥ ï§ëª¨, ¯à¨ç¥¬

L �= {λ},  §ë¢ ¥âáï ¬¨¨¬ «ìë¬, ¥á«¨ ¤«ï ¢á¥å i = 1, . . . , k ï§ëª Li ¥¯ãáâ,

¨ L �= L1 · · ·L′
i · · ·Lk ¨ ¤«ï ª ª®£® ¯®¤¬®¦¥áâ¢  L′

i � Li. � ®¨ç¥áª¨¬

 §ë¢ ¥âáï ¬¨¨¬ «ì®¥ à §«®¦¥¨¥   ¥à §«®¦¨¬ë¥ á®¬®¦¨â¥«¨.

� [1] ¡ë«¨ ¤®ª § ë áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ª ®¨ç¥áª®£® à §-

«®¦¥¨ï ¢áïª®£® ä ªâ®à®£® ï§ëª . � [2] ¤®ª § ®, çâ® á®¬®¦¨â¥«¨ ª ®-

¨ç¥áª®£® à §«®¦¥¨ï à¥£ã«ïà®£® ä ªâ®à®£® ï§ëª  à¥£ã«ïàë.

�¡®§ ç¨¬ ç¥à¥§ C(X) ª ®¨ç¥áª®¥ à §«®¦¥¨¥ ä ªâ®à®£® ï§ëª  X. �

¤ ®© à ¡®â¥ ¨áá«¥¤ã¥âáï á«¥¤ãîé¨© ¢®¯à®á: ¯ãáâì  ¬ ¤ ë ä ªâ®àë¥

ï§ëª¨ A ¨ B ¨ ¨å ª ®¨ç¥áª¨¥ à §«®¦¥¨ï C(A) ¨ C(B). � ª ¢ë£«ï¤¨â

C(AB)?
�â¢¥â   íâ®â ¢®¯à®á ¬®¦¥â ¡ëâì ¢¥áì¬  ¤ «¥ª ®â ¯®á«¥¤®¢ â¥«ì® ¢ë¯¨-

á ëå ª ®¨ç¥áª¨å à §«®¦¥¨© ï§ëª®¢ A ¨ B. �ãáâì,  ¯à¨¬¥à, A = a∗,  
B = (a∗+ b∗)3 (£¤¥ + ®¡®§ ç ¥â ®¡ê¥¤¨¥¨¥). �¡  íâ¨ ï§ëª  ¤ ë ¢ ª ®¨-

ç¥áª¨å à §«®¦¥¨ïå, ®¤ ª® C(AB) = a∗b∗a∗b∗.
�â®¡ë áä®à¬ã«¨à®¢ âì ®á®¢®© à¥§ã«ìâ â, ®¯à¥¤¥«¨¬ ¯®¤ «ä ¢¨âë � =

{a ∈ �|Aa ⊆ A} ¨ � = {a ∈ �|aB ⊆ B}. �â ¨å ¢§ ¨¬®®â®è¥¨© § ¢¨á¨â ¢¨¤

ª ®¨ç¥áª®£® à §«®¦¥¨ï C(AB).

�¥®à¥¬  1. �ãáâì A ¨ B | ä ªâ®àë¥ ï§ëª¨, ¯à¨ç¥¬ C(A) = A1 · · ·Ak

¨ C(B) = B1 · · ·Bm. �®£¤  ¢¥à® á«¥¤ãîé¥¥:
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1. �á«¨ �\� �= ∅ ¨ �\� �= ∅, â® C(AB) = C(A)C(B).
2. �á«¨ � = � ¨ Ak �= �∗

, B1 �= �∗
, â® C(AB) = C(A)C(B).

3. �á«¨ � = � ¨ Ak = �∗
, â® C(AB) = A1 · · ·Ak−1C(B). �¨¬¬¥âà¨ç®,

¥á«¨ � = � ¨ B1 = �∗
, â® C(AB) = C(A)B2 · · ·Bm.

4. �á«¨ � � �, â® C(AB) = C(A′)C(B), £¤¥ A′ =Fac(A\A�). �¨¬¬¥âà¨ç-
®, ¥á«¨ � � �, â® C(AB) = C(A)C(B′), £¤¥ B′ =Fac(B\�B).

� á«ãç ¥ 4 ¢¨¤ ª ®¨ç¥áª¨å à §«®¦¥¨© ï§ëª®¢ A′ ¨ B′ ¬®¦¥â ¡ëâì

ãâ®ç¥ ¢ â¥à¬¨ å C(A) ¨ C(B) á®®â¢¥âáâ¢¥®.
�«¥¤áâ¢¨¥ 1. �ãáâì A, B | ä ªâ®àë¥ ï§ëª¨. �®£¤  C(AB) «¨¡®  -

ç¨ ¥âáï á C(A), «¨¡® ª®ç ¥âáï   C(B).
�à¨¬¥àë. �á«¨ A = {a, b}∗ ¨ B = {a, c}∗, â® � = {a, b}, � = {a, c}, ¨
C(AB) = {a, b}∗ · {a, c}∗.

�á«¨ A =Fac{a, ab}∗ ¨ B =Fac{a, ac}∗, â® � = � = {a}, ¨ C(AB) =

Fac{a, ab}∗Fac{a, ac}∗.
�á«¨ A = a∗ ¨ B =Fac{a, ab}∗, â® � = � = {a} ¨ AB = B.
�á«¨ A = a∗b∗ ¨ B = b∗a∗, â® C(AB) = a∗b∗a∗, ¨ §¤¥áì ¥ ¢ ¦®, ª ª®¥

¨¬¥® ¨§ ¢å®¦¤¥¨© ï§ëª  b∗ ¡ë«® ã¤ «¥®.
�ãáâì A = (a∗b∗)k + (b∗a∗)k; â®£¤  C(A) = (a∗ + b∗)2k, â® ¥áâì A1 = · · · =

A2k = (a∗ + b∗) (§¤¥áì + ®¡®§ ç ¥â ®¡ê¥¤¨¥¨¥). �®ª â¥ æ¨ï á B = a∗

¤ ¥â A′ = (a∗b∗)k ¨ C(AB) = (a∗ · b∗)k · a∗.

�®«ãç¥ë¥ à¥§ã«ìâ âë ¤ îâ  ¤¥¦¤ã   à¥è¥¨¥ ¯à®¡«¥¬ë ª®¬¬ãâ æ¨¨

¤«ï ä ªâ®àëå ï§ëª®¢. � áá¬®âà¨¬ ãà ¢¥¨¥

XY = Y X.

�á«¨X ¨ Y |á«®¢ , â®X = Zn ¨ Y = Zm ¤«ï ¥ª®â®à®£® á«®¢  Z. �á«¨ X ¨ Y
| ï§ëª¨ ®¡é¥£® ¢¨¤ , à¥è¥¨¥ ¬®¦¥â ¡ëâì ¥áà ¢¥® ¡®«¥¥ á«®¦ë¬: â ª,

�. �ãæ [4]  è¥« ¯à¨¬¥à ª®¥ç®£® ï§ëª  X, ¤«ï ª®â®à®£® ¬ ªá¨¬ «ìë©

ï§ëª Y , ª®¬¬ãâ¨àãîé¨© á ¨¬, ¥ ï¢«ï¥âáï ¤ ¦¥ à¥ªãàá¨¢® ¯¥à¥ç¨á«¨¬ë¬.

�¥¬ ¥ ¬¥¥¥, ¤«ï ¥ª®â®àëå ã§ª¨å á¥¬¥©áâ¢ ï§ëª®¢ | ¢ ç áâ®áâ¨, ¤«ï ª®¤®¢

[3] | à¥è¥¨¥ ¯à®¡«¥¬ë ª®¬¬ãâ¨à®¢ ¨ï ¢ë£«ï¤¨â ¯®çâ¨ â ª ¦¥ ¯à®áâ®, ª ª

¤«ï á«®¢.

�«ï ä ªâ®àëå ï§ëª®¢ íâ® ¥ â ª: ª®¬¬ãâ¨àãîé¨¥ ä ªâ®àë¥ ï§ëª¨ X
¨ Y ¥ ®¡ï§ ë ¡ëâì áâ¥¯¥ï¬¨ ®¤®£® ¨ â®£® ¦¥ ï§ëª  Z. �à¨¬¥à®¬ â®¬ã

á«ã¦ â ï§ëª¨ A = a∗b∗a∗ ¨ B = (a∗ + b∗)2, ¤ îé¨¥ AB = BA = a∗b∗a∗b∗a∗.
�â®â ¯à¨¬¥à ¡ë«  ©¤¥ á ¯®¬®éìî â¥®à¥¬ë 1, ª®â®à ï ¤ ¥â ¥ª®â®àë© è á

à¥è¨âì ¯à®¡«¥¬ã ª®¬¬ãâ æ¨¨ ä ªâ®àëå ï§ëª®¢: ¢¥¤ì ª ®¨ç¥áª¨¥ à §«®-

¦¥¨ï ï§ëª®¢ ¬®¦® áà ¢¨¢ âì ª ª á«®¢  ¨ ¯à¨¬¥ïâì ª ¨¬ ª« áá¨ç¥áª¨¥

â¥å¨ª¨ à ¡®âë á® á«®¢ ¬¨1.
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