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Abstracts

On the finite closure property for fusions of generic classes

S. V. Sudoplatov

E. Hrushovski [1] has defined a mechanism of fusion of two generic theories
to get a strongly minimal theory having a structure with fields of two different
characteristics. His technics has received recently an essential development in the
connection with questions of existence of fusions of generic structures having various
given properties [2]-[7]. Considered in [8] combinations and colorings of countable
homogeneous models as well as Ehrenfeucht generic structures [9] can be interpreted
as special cases of fusions.

As the saturation of generic models is caused by formula definability of oper-
ation of self-sufficient closures A for each finite set A, there is a natural question
about possibility of construction of fusions of generic theories, having formula defin-
able operations of self-sufficient closures, with the condition of formula definability
of resulting operation of self-sufficient closures. We shall offer a sufficient condition
of existence of such fusions.

Further we shall use the terminology from [10].

Let (T; <) be a generic class. We say that (T; <) has the finite closure property
if any model of (T; <)-generic theory has finite closures.

Let (To; <o), (T1; <1) and (Tsg; <2) be generic classes of languages Yo, X1 and
35 accordingly, Yo = 31 NXa, <o = <1 N <a. A fusion of the classes (T1;<;) and
(T9; <2) over the class (To; <o) is a generic class (Ts; <3) of language 37 UXs such
that (Ts3;<3) [ ¥ = (T4; <), @ = 1,2. Thus a (Ts; <3)-generic model (theory) is
called a fusion of (T1;<1)-generic and (Ts; <2)-generic models (theories).

We denote fusions of (T1;<;) and (Tsg; <2) over (To; <o) by

(T1:<1) Frrgico) (To; <2).

A fusion of (Ty;<1)-generic model M (theory T7) and of (Ts; <s2)-generic
model My (theory T») over a (Ty; <p)-generic model My (theory Tp) is denoted by
My Fp, Mo (Th Fr, Tz). We may assume that My is an elementary submodel of
My | ¥ and of My [ g, and M1, My are elementary submodels of M3 [ 31 and
Ms | 39 accordingly. Thus, M; < (leMOMQ) [ 31 and My < (leMOMQ) I
Y.

Denote by Cl; operations of self-sufficient closures in the models M;, i = 1, 2, 3.
It is obvious, that for any finite set A C M3 we have Cls(A) O |J A,, where
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Ag = A, A1 = Cli(Cla(A4y)). Moreover, if Clz(A) is finite then the sequence of
sets A,,, n € w, is stabilized since some n.

We say that the operation Cls is generated by operations Cl; and Cly, if

Cls(A) = |J A, for any finite set A C Mj. Further we consider a closure op-
new
eration Cls, generated by operations Cl; and Cls.

Let (T2; <2) be a self-sufficient class having the uniform ¢t-amalgamation prop-
erty and such that there exists an equivalence relation E on the universe of (T3; <3)-
generic model Maj, satisfying the following conditions for any finite set A C M3,
where M3 = ®(A) for some type ®(A) € Ts:

1) CLi(4) = U Cli(AN E(a));

a€EA
2)ifBC |J FE(a)and Clo(B)C |J E(a), then Cly(B) = B;
a€Clz(A) a€Cly(A)
3) there is a finite number m4 of E-classes Fi,..., E,,,, such that m4 is

described by some formula from ®(A), and Clz(A) C U4 E;.
i=1

Then we say that (Cly,Cly) is an E-stepped speci;l system of closures, or an
ESS-system.

THEOREM. Let (T1; <1)F(1,;<0) (T2; <2) be a generic class, (Cly, Cly) be an
ESS-system, and (T;;<;), i = 1,2, be classes having the finite closure property.
Then the class (T1;<1) F(ryi<o) (T2; <2) has the finite closure property.

Using theorem the author constructed fusions with ESS-systems realizing struc-
tural properties of stable Ehrenfeucht theories.

The theorem is naturally spreadable for n-stepped special systems
(Cly,...,Cl,) of closures.
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