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Abstract. The objective of this paper is to construct divisibility theory

for the R.Thompson group and its application to the decision of decomposition

problem.

1. Ââåäåíèå.

Ìû ïðîäîëæàåì èññëåäîâàíèå òåîðèè äåëèìîñòè â ãðóïïàõ. Ñëåäóÿ
èäåÿì òåîðèè äåëèìîñòè äëÿ ïîëîæèòåëüíûõ Àðòèíîâûõ ïîëóãðóïï [1],
ïîäîáíàÿ òåîðèÿ áûëà ñäåëàíà äëÿ ÷àñòè÷íî êîìóòàòèâíûõ ãðóïï â ñòà-
òüå [2].
Íàñòîÿùàÿ ðàáîòà êàñàåòñÿ ãðóïïû Ð.Òîìïñîíà

F =< x0, x1, x2, ...|x−1
i xkxi = xk+1(k > i) >,

à òàê æå ïîëóãðóïïû ïîëîæèòåëüíûõ ýëåìåíòîâ

F+ =< x0, x1, x2...|xkxi = xixk+1(k > i) > .

Ãðóïïà F âïåðâûå âñòðå÷àåòñÿ â ñòàòüå Ìàêêåíçè è Òîìïñîíà [3]. Ïî-
äðîáíîå èññëåäîâàíèå ýòîé ãðóïïû ïðèâåäåíî â ñòàòüå [4]. Òàì, â ÷àñò-
íîñòè, äîêàçàíî, ÷òî ãðóïïà F èìååò êîíå÷íîå ïðåäñòàâëåíèå:

F '< a, b|[ab−1, a−1ba] = [ab−1, a−2ba2] = 1 > .

Íà ýëåìåíòàõ ïîëóãðóïïû F+ îïðåäåëèì äëèíó l. Äëèíà l(w) ðàâíà
÷èñëó áóêâ â çàïèñè ñëîâà w. Äàäèì îáùèå îïðåäåëåíèÿ äåëèìîñòè.
Îïðåäåëåíèå. Äåëèòåëåì (ëåâûì) ýëåìåíòà w â ïîëóãðóïïå F+ íà-

çûâàåòñÿ òàêîé ýëåìåíò u ∈ F+, äëÿ êîòîðîãî ñóùåñòâóåò ýëåìåíò v ∈
F+, òàêîé ÷òî âûïîëíåíû óñëîâèÿ: w = uv, l(w) = l(u) + l(v).
(Óñëîâèå l(w) = l(u)+ l(v) â çàïèñè ïðîèçâåäåíèÿ ýëåìåíòîâ îáîçíà÷à-

þò ñèìâîëîì ◦, ò.å. ïèøóò w = u ◦ v.) Àíàëîãè÷íî îïðåäåëÿþòñÿ ïðàâûå
äåëèòåëè. Îñíîâíàÿ öåëü äàííîé ðàáîòû - íàéòè ñïîñîáû (àëãîðèòìû)
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íàõîæäåíèÿ äåëèòåëåé ýëåìåíòîâ ïîëóãðóïïû F+, ïðîâåðêè óñëîâèÿ äå-
ëèìîñòè è ðåøåíèå ñâÿçàííûõ ñ ýòèì ïðîáëåì.

2. Òåîðèÿ äåëèìîñòè â ãðóïïå.

2.1. Íîðìàëüíûå ôîðìû. Ëþáîé ýëåìåíò F+ ìîæåò áûòü åäèíñòâåí-
íûì îáðàçîì çàïèñàí â íîðìàëüíîé ôîðìå:

(1) xi0xi1 ...xim ,

ãäå i0 6 i1 6 i2 6 ... 6 ik.
Ìîæíî ðàñøèðèòü ýòó íîðìàëüíóþ ôîðìó íà âñþ ãðóïïó F . Â [4]

äîêàçàíî, ÷òî ëþáîé ýëåìåíò F ìîæåò áûòü îäíîçíà÷íî çàïèñàí â íîð-
ìàëüíîé ôîðìå

xi1 ...ximx−1
jl

...x−1
j1

ãäå i1 ≤ ... ≤ im, j1 ≤ ... ≤ jl, åñëè âñòðå÷àþòñÿ ýëåìåíòû xk è x−1
k ,

òî âñòðå÷àåòñÿ ëèáî xk+1 ëèáî x−1
k+1. Ñîîòâåòñòâóþùèå ïðàâèëà Êíóòà

Áåíäèêñà:

• x−1
i xk −→ xk+1x

−1
i

• x−1
k xi −→ xix

−1
k+1

• xkxi −→ xixk+1

• x−1
i x−1

k −→ x−1
k+1x

−1
i

• xix
−1
i −→ 1

• x−1
i xi −→ 1

• xiwx−1
i −→ w

ãäå i < k, xiw = wxi, w â íîðìàëüíîé ôîðìå.

2.2. Êîñîêîììóòèðîâàíèå. Îïðåäåëèì îïåðàòîð, óâåëè÷èâàþùèé (óìåíü-
øàþùèé) èíäåêñû δk : F → F , ñëåäóþùèì îáðàçîì: δk(xε1

i1
...xεm

im
) =

xε1
i1+k...x

εm
im+k.

Îïðåäåëåíèå. Ñëîâî u ∈ F êîñîêîììóòèðóåò ñ v ∈ F òîãäà è òîëüêî
òîãäà âûïîëíÿåòñÿ îäíî èç óñëîâèé:

• uv = δl(u)(v)u
• uv = δ−l(u)(v)u
• uv = vδl(v)(u)
• uv = vδ−l(v)(u).

2.3. Ïðèìåð íàõîæäåíèÿ ìíîæåñòâà äåëèòåëåé. Ýëåìåíò ãðóïïû
F :

w0 := x0x
−1
4 x−1

1 x−1
1 x−1

0 x−1
0

Ãðàô ýòîãî ýëåìåíòà:
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x0 x−1
1 x−1

1 x−1
0

x−1
4

x−1
0

Ñòàâèì ðåáðî òîãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùèå âåðøèí-
íûå ýëåìåíòû íå êîñîêîììóòèðóþò. Òàêîé ãðàô Γ(w) ìîæíî ïîñòðîèòü
äëÿ ëþáîãî ýëåìåíòà w ãðóïïû F .
Ïðåäëîæåíèå. Äëÿ ëþáîãî ýëåìåíòà w ãðóïïû F è ëþáîé âåðøèíû

v ãðàôà Γ(w), âõîäèò íå áîëåå äâóõ ðåáåð è âûõîäèò íå áîëåå äâóõ ðåáåð.
Äîêàçàòåëüñòâî. Äîñòàòî÷íî ïðîâåðèòü, ÷òî âõîäèò íå áîëåå äâóõ

ðåáåð. Ñïèñîê âîçìîæíûõ ðåáåð:

(1) xi−1 −→ x−1
i

(2) xi+1 −→ x−1
i

(3) x−1
i −→ x−1

i

(4) x−1
i+1 −→ x−1

i

(5) xi−1 −→ xi

(6) xi −→ xi

Èç ýòîãî ñïèñêà ïàðû (1)-(3), (2)-(4) íåñîâìåñòíû. �
Ðåøåòêà äåëèòåëåé äëÿ ýëåìåíòà w0:

�����
PPPPP

�����
PPPPP

�����

�����
PPPPP

�����

�����
PPPPP

�����

�����
PPPPP

1

x0 x−1
3

x0x
−1
1 x0x

−1
4

x0x
−1
1 x−1

1 x0x
−1
4 x−1

1

x0x
−1
1 x−1

1 x−1
0 x0x

−1
4 x−1

1 x−1
1

x0x
−1
4 x−1

1 x−1
1 x−1

0

x0x
−1
4 x−1

1 x−1
1 x−1

0 x−1
0

Çàìå÷àíèå. Â ãðóïïå íå îïðåäåëåíî íàèìåíüøåå îáùåå êðàòíîå.
Ïðèìåð: äëÿ ýëåìåíòîâ x0 è x−1

0 .

3. Ïðèëîæåíèÿ.

Ðàññìîòðèì êðèïòîñèñòåìó, ïðåäëîæåííóþ Øïèëüðàéíîì è Óøàêî-
âûì [6].
Ïðîòîêîë.
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Çàôèêñèðóåì ÷èñëî s = 3..8. ÏóñòüAs � ãðóïïà ïîðîæäåííàÿ {x0x
−1
1 , ..., x0x

−1
s },

Bs � ãðóïïà ïîðîæäåííàÿ {xs+1, ..., x2s}. Ãðóïïû As è Bs êîììóòèðóþò.

(1) Îòêðûòî ÷èñëî s è ñëîâî w ∈ T2s äëèíû m. ×èñëî m ÷åòíîå.
(2) Ïîëüçîâàòåëü A âûáèðàåò äâà ñëîâà a1 ∈ As è b1 ∈ Bs äëèíû m.

Âû÷èñëÿåò íîðìàëüíóþ ôîðìó ñëîâà w1 = a1wb1 è îòïðàâëÿåò
åå ïîëüçîâàòåëþ B. Ïîëüçîâàòåëü B âûáèðàåò äâà ñëîâà b2 ∈ Bs

è a2 ∈ As äëèíû m. Âû÷èñëÿåò íîðìàëüíóþ ôîðìó ñëîâà w2 =
b2wa2 è îòïðàâëÿåò åå ïîëüçîâàòåëþ A.

(3) Ïîëüçîâàòåëü A âû÷èñëÿåò íîðìàëüíóþ ôîðìó a1w2b1. Ïîëüçî-
âàòåëü B âû÷èñëÿåò íîðìàëüíóþ ôîðìó b2w1a2.

(4) Òàê êàê a1b2wa2b1 = b2a1wb1a2 = wkey, òî îáà ïîëüçîâàòåëÿ ïîëó-
÷èëè îáùèé êëþ÷ wkey.

Îáîçíà÷åíèå. Ìàêñèìàëüíûé ëåâûé îáùèé äåëèòåëü, ïðèíàäëåæà-
ùèé ïîäãðóïïå H ãðóïïû F äëÿ ñëîâà w îáîçíà÷èì ÷åðåç lmdH(w).
Óòâåðæäåíèå. Äëÿ ëþáîãî ñëîâà w ∈ F ýëåìåíò lmdBs(w) ñóùå-

ñòâóåò è åäèíñòâåíåí.
Äîêàçàòåëüñòâî. Âûäåëèì èç ñëîâà w ñëåâà ïîñëåäîâàòåëüíî âñå

áóêâåííûå äåëèòåëè, ïðèíàäëåæàùèå ãðóïïå Bs. Ïîëó÷èì ðàçëîæåíèå:
w = wb ◦ u. Ïðåäïîëîæèì w = w′b ◦ u′, ãäå w′b � íåêîòîðûé ýëåìåíò èç
Bs è w′b = wb ◦ v, ò.å., ÷òî wb íå ìàêñèìàëüíûé, òîãäà w = wb ◦ v ◦ u. Â
ýòîì ñëó÷àå èç ñëîâà v ◦ u ìû ìîæåì âûäåëèòü ñëåâà åùå îäíó áóêâó,
ïðèíàäëåæàùóþ Bs. Ïðîòèâîðå÷èå. Òîãäà wb � ýòî èñêîìûé lmdBs(w).
Åäèíñòâåííîñòü äîêàçûâàåòñÿ èíäóêöèåé ïî äëèíå wb.
Â ñëó÷àå ñ ïîäãðóïïîé As ïîäîáíîå äîêàçàòåëüñòâî íå ïðîõîäèò, òàê

êàê ñóùåñòâóþò ñëîâà èç ãðóïïû As, êîòîðûå íåëüçÿ ïðåäñòàâèòü â âèäå
íåñîêðàòèìîãî ïðîèçâåäåíèÿ ïîðîæäàþùèõ As. Â ñëó÷àå, êîãäà äëÿ ïîä-
ãðóïïû H ñóùåñòâóþò ñëîâà, êîòîðûå íåëüçÿ ïðåäñòàâèòü â âèäå íåñî-
êðàòèìîãî ïðîèçâåäåíèÿ ïîðîæäàþùèõ, ñòðîèì ãåíåðè÷åñêèé àëãîðèòì,
âû÷èñëÿþùèé lmdH(w).
Äëÿ óñïåøíîãî âçëîìà äîñòàòî÷íî íàéòè õîòÿ áû îäíî ðàçëîæåíèå w2.
Àòàêà. Âõîä: s, w, w1, w2. Âûõîä: wkey.

(1) Âû÷èñëÿåì b′2 := lmdBs(wb)lmdBs(w)−1. Ïî ýêñïåðèìåíòàëüíûì
äàííûì â 50% ñëó÷àåâ ýëåìåíò a′2 := (b′2w)−1w2 ïðèíàäëåæèò As,
ñëåäîâàòåëüíî wkey := b′2w1a

′
2. Ïðîâåäåíî îêîëî 106 ýêñïåðèìåí-

òîâ äëÿ ðàçíûõ s è m.
(2) Â ýëåìåíò b′2 ìîæåò ïîïàñòü ÷àñòü ñëîâà a2. Â ýòîì ñëó÷àå a′2

ìîæåò íå ïðèíàäëåæàòü As. Âû÷èñëÿåì b′′2, w′′, a′′2, ãäå b′2wa′2 =
b′′2 ◦w′′ ◦ a′′2 � îñòàòêè îò ñîêðàùåíèÿ. Äîáàâëÿåì ê a′′2 ñëåâà ñëîâà
âèäà xi...xi+jx

ε
i+j+1x

−1
i+j ...x

−1
i , ïîêà íå ïîëó÷èì ðàçëîæåíèå. Çäåñü

i, j ïðîáåãàþò çíà÷åíèÿ îò 0 äî s + m. Â ýòîì ñëó÷àå íà 106 ýêñ-
ïåðèìåíòàõ ïîëó÷èëè ðàçëîæåíèå â 100% ñëó÷àåâ.

Ñëåäóåò îòìåòèòü, ÷òî ñóùåñòâóåò áîëåå ïðîñòîå ðåøåíèå çàäà÷è äå-
êîìïîçèöèè äëÿ äàííûõ êîíêðåòíûõ ãðóïï As è Bs, ñì. [7]. Îäíàêî, ñïî-
ñîá, èñïîëüçóþùèé òåîðèþ äåëèìîñòè âîçìîæíî ðàñøèðèòü íà ëþáûå



ÒÅÎÐÈß ÄÅËÈÌÎÑÒÈ Â ÃÐÓÏÏÅ ÒÎÌÏÑÎÍÀ È ÅÅ ÏÐÈËÎÆÅÍÈß. 5

ïîäãðóïïû ãðóïïû Òîìïñîíà, òàê êàê îí íå èñïîëüçóåò îñîáóþ ñòðóêòó-
ðó ýëåìåíòà ïîäãðóïï As è Bs, ïðåäñòàâëåííîãî â âèäå ãîìåîìîðôèçìà
åäèíè÷íîãî îòðåçêà, êàê ýòî äåëàåòñÿ â [7].
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