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MeTO,I[bI Teopum MOI[EJ'IGfI B TeOopu: KoJiel: 3JIeMeHTapHas 3KBUBAJIEHTHOCTD;
OpPTOIr'OHAJIbHAs IIOJIHOTA

E. . bByHuHA, A. B. MUXAJIEB

Hoxsam mocssiren pa3BuTuio uneit u pesyiabraroB A. V. MasnbiieBa, CBI3aHHBIX C TIPU-
MeHEeHIEM MeTOIOB TEOPUU MOJEJIEN B ajredpe.

1) Bompocs! siieMeHTapHO S9KBUBAIEHTHOCTU PA3INYHBIX aJirebpandecKux cucTeM (Ha-
npuMep, Tpymm, kKoser) Obuin Bruepsble u3yuenbl A. V. Mambuesbim B 1961 romy. Omn
nokasaji, uTo nBe juHenHbX rpynnsl G(n, K) u G(m, L), rne G = GL, PGL,SL, PSL,
K, L — momns, 3jieMeHTapHO SKBUBAJIEHTHBI TOTOA U TOJIBKO TOTHA, KOTaa m = n u mois K
u L s1eMeHTapHO SKBUBAJIECHTHHI.

Ota Tteopema A. V. MasblieBa mHUIIMMPOBaJIa, aKTUBHO PA3BUBAOIIEECS HOBOE HAIIPA-
BiIeHUE “DJeMeHTapHas SKBUBAJIEHTHOCTDH MPOU3BOMHBIX ajrebpandeckux cTpykTyp” . Teo-
peMebl, aHajgoruvgHbe Teopeme MastbiieBa, ObIIN TOKA3AHbBL IS IMHEMHBIX TPYIII HA TeJIaMu
7 aCCOIMATUBHBIMU KOJIBIIAMMY, [IJIS JIUHENHBIX YHUTAPHBIX TPYIIT HAI TeIaMU U KOJIBIIAMI,
mis rpynn [lleBasnie Ham mOMsSIMU W JIOKAJIBHBIMEU KOJBIIAMU, JIS TOJIYT'PYII HEOTPUIIA-
TEeJILHBIX OOPATUMBIX MaTPUIl HAM YIOPSIOYEHHBIMI aCCONMATUBHBIMU KOJIBIIAME, IJIS 00-
OOIIIEHHBIX KOJIEIl UHIIUIEHTHOCTH HAM TeJIaMU, MJIS IeJI0UNCIeHHBIX TPYIIOBBIX KOJIeI Hal
abeIeBbIMU P-TPYIIIaMU.

B HEKOTOpBIX cydasx djIeMeHTapHAas SKBUBAJIEHTHOCTH IMPOU3BOMHBIX CTPYKTYP PaB-
HOCHJIbHA, SKBUBAJICHTHOCTHU MCXOMHBIX B JIOTUKE GOJIBIIEro MOPSAKa (BTOPOro MOPSIKA MIIH
HEKOTOPOTr'0 YCEUEeHHOI'O BapUAaHTA JIOTWKU BTOPOTO MOPsinka). ABTOpaMu HOKa3aHBI TAKOTO
poma TeopeMbl IJIsl KOJIel SHOOMOPGU3MOB U TPYII aBTOMOPGU3MOB abeIeBbIX p-TPYII,
KaTEeropuii MOMyJIeil HAL ACCONMMATUBHBIMU KOJIbIIAMU, KOJIEN SHIOMOPOU3MOB U TPYII aB-
TOMOPGU3MOB CBOOOMHBIX MOMYyJIEl OECKOHEYHOT'O PaHTa Hall aCCOUMATUBHBIMU KOJIBIIAMM,
U OPYyTUX MONOOHBIX ajaredpamdecKux CTPYKTYDP.

2) Hon mecomuenubiM BiusHueMm pabor A. U. Mambuesa mo Teopum momerneit 6biia
cozmana Teopus beifimapa — MuxangeBa opTOrOHaJIBHON MOJHOTHI HA OCHOBE PACCMOTpe-
HUSI TIOJTYTIEPBUYHBIX KOJIEI] KaK OYJIEBBIX MTPOU3BEIEHUI MEPBUYHBIX KOJiell. Bropas 4acThb
MOKJIala TIOCBSIIIEHA PA3BUTHUIO U OOOOIIIEHUIO TEOPUU OPTOTOHAJIBHON MOJTHOTHI.

Mocxrosckuti 2ocydapcmeennviit ynusepcumem um. M.B. Jlomonocosa, Mockea
E-mail: helenbunina@yandex.ru
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PasBurtue nnen A. 1. MasibiieBa B T€OPUU BLIYUCINMBIX MOIeJIen

C. C. I’'OHUAPOB

B nokmname obcyxmarorcst mpobieMbl nHUIMUPOBaHHbIe B paborax A. V. Mambiesa mo
HCCIEIOBAHUIO IIPOOJIEM CYILIECTBOBAHUS BBIUNCINMBIX MOMEJIeN, CyIIeCTBOBAHUS BBIUNCIIN-
MBIX OPeNCTAaBIEHUN [JIs1 PA3IMIHBIX ajJrebpandecKux CTPYKTYP W BOIPOCHI aBTOYCTON-
YUBOCTHU U AJTOPUTMUYECKON Pa3MEPHOCTHU ajredpanvdecKuX CUCTEM U HOBBIE Pe3yIbTaThl
B OTUX HAPABJIEHUsX. A TakXe CBSI3U TEOPUU BBIYUCIUMBIX HYMEDAIN U BBITUCIUMBIX
HyMepaluil s PA3INYHBIX UepapXuil ¢ IpobjieMaMy TeOPUHN BBIUUCIUMBIX MOIETIEH.

CIUCOK JIUTEPATYPHI
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Hosocubupcruiti 2ocydapemeennbil yrusepcumem, Uncmumym mamemamuru CO PAH, Hosocubupck
E-mail: gonchar@math.nsc.ru
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ITo AJopore oT JIOTUKM’ K aﬂreﬁpe

1O. JI. ErpuioB

B moxmane obcyxnaercs BnustHue ciaemytonmx Tpex crareir A. VI. MasnbieBa Ha pasBu-
THUE UCCIIENOBAHUN B MUPOBOUN MaTeMaTHKe:

I. Untersuchungen aus dem Gebiete der mathematischen Logik. — Mar. ¢6., 1936, T. 1,
Ne 3, 323-335.

II. O6 ommOM 0O0IIIEM MeTOme TOJTYUYEHUs JIOKAJIBHBIX TEOPEM TEOPUHU TPYMI. — Y UeH.
san. MBanosckoro men. mu-ta, 1941, T. 1, Ne 1, 3-9.
II1. O mepaspermmocTu d1eMeHTapHBIX TEOPUN HEKOTOPLIX mojteir. — Cub. MaT. XKypH.,

1960, 7. 1, Ne 1, 71-77.

Hnemumym mamemamuru CO PAH, Hosocubupck
E-mail: ershov@math.nsc.ru
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IIpenenbuble anrebpanyeckue CUCTEMBI U ajarebpo-reoMeTpuydeckasi TpaHuIia

B. H. PEMECJIEHHUKOB

dukcupyem anrebpanueckyio cucrtemy (amrebpy) A sseika L (6e3 mpemumkaTos). B
cratbe [1] mokaszana ciemyromas Tak HasbIBaeMas OOBEIUHSIONIAS TEOPEMA.

Teopema. Ilycts L — s3b1k 6€3 npeankaToB, A u C — aarebpanmdeckue CUCTEMBI I3bIKa
L, npuuém A HéTepoBa 1m0 6GeckospdunueHTHBIM ypaBHeHUsIM, & C KOHEYHO IMOPOXKIEHA.
Torma caenmyrorme cBocTBa ajarebpamdeckorn cucteMbl C DaBHOCHUJIBHBL:

(1) C — xoopamHaTHAas anrebpamdeckas CHCTEMa HEIPUBOAUMOTO AIre6pamdecKoro
MHOXKecTBa Hax A mis cucreMbl 6€CKO3((UIINEHTHBIX Y PaBHEHUI;

Thy(A) C Thy(C), o ects C € Ucl(A);

Ths(A) D Tha(C);

airebpamdeckas cucrema C BIIOXKHUMA B YJIBTPACTEIEHb aJreOpamIeckOil CUCTEMBbI
A;

anrebpamdeckas cucrema C QUCKPUMUHUPYETCS aIrebpamdeckorn cucreMon A;

C — mpenenpHas Hag A aarebpamdeckasi CHCTEMA;

C — anrebpandeckas cucTeMa, ompeneaseMas IOJIHBIM aTOMaPHBIM TUIOM TEOPUN

Thy(A) sa3p1K2 L.

O6osunaunm uepes U = Ucl(A) yuusepcanbroe 3ambikanue A4 u uepes U, — KOHEUHO
opoXkA€HHYI0 JacTh U.

A~~~
=~ W N
— — —

A~~~
~ O Ot
~— — —

Kaxk nokasano B [1], Bce KoopauHATHBIE AIre6pbl HEIPUBOIUMBIX AJIreOpanvIecKux MHO-
XKecTB Ham A, ompenesieMbIMU CHCTEMAMU YpaBHEHUN 6e3 KOd(hOUIMEHTOB, COMEPKATCSI
B U,. Bonee Toro, ecium anre6bpa A HETEpOBa MO ypaBHEHUSIM, TO B CHJIy MPUBEISHHOM
TeopeMbl BepHO U obpaTHOe BKIIoueHme. [losTomMy mpobiiema kitaccuuKaiuyu HEPUBOIN-
MBIX aJIre0pandecKuX MHOXKeCTB Hal A 5KkBuBajieHTHA mpobseme Kiaccubukanuu aarebp u3
kiacca U,,.

[MousiTie mpemenbHON aareOpsl (4 UX HECKOIBKO) — 9TO MOHSTUS, BO3HUKIIINE TIPU 13-
yuaerun ajirebp u3 U, TonmomorudyeckuMu MeTtomaMu. Mbr maéM Tpu OCHOBHBIX OIIPENeTeHUS
npenenbHoit anrebpor misa A. W B kaxxnom u3 oTux onpenesienuit anrebpot u3 U, 1 TOJIBKO
oun OynyT npemerbHbIME. (C MOMOIIBIO OMHON M3 TPEX MPEMIOKEHHBIX TOOIOTMIECKUX
KOHCTPYKIUH 6yIeT BBeIeHa ajarebpo-reoMeTpudeckast rpanuma s A u, o onpeneseHuro,
5TO B6yImeT CceMerCcTBO TOMOJIOrMIecKuX mpocTpancTs AGB,, mis Bcex menbix amcen n > 1.

CHOUCOK JIUMTEPATYPBI

[1] Daniyarova E., Miasnikov A., Remeslennikov V. Unification theorems in algebraic geometry. Algebra
and Discrete Mathematics, 1 (2008).
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Burnside problem on periodic groups and related topics

S. I. ADIAN
The Burnside problem. Fix m > 2 and consider the group

B(m,n) = (a,...,am | X" =1)
with the identity X™ = 1. Is the group B(m,n) always finite?

In the monograph “History of combinatorial group theory” (Springer-Verlag, 1982),
Prof. Wilhelm Magnus characterized the Burnside problem as follows:

Very much like Fermat’s Last Theorem in number theory, Burnside’s
problem has acted as a catalyst for research in group theory. The fasci-
nation exerted by a problem with an extremely simple formulation which
then turns out to be extremely difficult has something irresistible about it
to the mind of the mathematician.

A negative solution of the Burnside problem on periodic groups was given in joint works
by P. S. Novikov and S. I. Adian published in “Izvestiya AN SSSR”, 1968, vol.32. The
infiniteness of free periodic groups B(m,n) was proved for all exponents n = kl with odd
k > 4381 and m > 1 generators.

For a solution of the Burnside problem Novikov and Adian created a new method based
on a classification of periodic words and a corresponding system of defining relations for the
group B(m,n) by simultaneous induction on a natural parameter « called rank. Later in
the monograph “The Burnside problem and identities in groups” (Nauka, 1975) the result
was improved for any odd k& > 665.

Investigations of periodic groups and solutions of many other old complicated prob-
lems in the group theory on the base of various modifications of the created method were
continued during the last 40 years by S. I. Adian, his students and successors.

A survey of these results and some historical details will be given in the talk.

Steklov Mathematical Institute, Moscow
E-mail: sia@mi.ras.ru
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Models-theoretic aspects of the non-computable universe

M. ARSLANOV

Main focus of my talk will the n-c.e. Turing degrees (the degree theoretic counterpart
of the finite levels of the Ershov hierarchy). These degree structures has been closely
investigated for almost forty years. Much research has been centered on the comparison
between the structures of the m-c.e. and n-c.e. degrees for 1 < m < n, and various
similarities and differences have been found. Nevertheless, the most principal questions on
the interior arrangement of these degree structures remain unanswered. The main open
questions in this list are the following:

e Definability of the various levels of the n-c.e. hierarchy, both relatively and within
wider local structures; more specifically, questions related to the definability of the
relations of ‘computably enumerable’ and ‘computably enumerable in’;

e Decidability of the restricted fragments of theories of these structures;

e Model theoretic similarities and differences between n-c.e. degree structures for
n > 2.

In my talk I will give a survey of the current status of these questions and discuss a
number of related open questions.

General questions of definability and the role of splitting and nonsplitting, and also the
description of new relationships between information content and degree theoretic structure
also will be considered.

Kazan State University, Department of Mathematics, Kremlevskaja 18, Kazan 420008, Russia
E-mail: Marat.Arslanov@ksu.ru
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Turing computable embeddings

J. F. KNIGHT

There are approaches from different branches of logic, letting us compare classes of
countable structures and to say that one is more difficult to classify, up to isomorphism. One
model theoretic approach involves cardinality, up to isomorphism. For example, Q-vector
spaces are easier to classify, up to isomorphism, than undirected graphs, because there are
only countably many non-isomorphic Q-vector spaces, while there are 28° non-isomorphic
graphs. Friedman and Stanley [1] developed an approach that involves Borel embeddings
and “Borel cardinality”. This approach let them say that classification is strictly simpler
for fields of characteristic 0 and finite transcendence degree, and for Abelian p-groups, than
for graphs, even though each of these classes has 2% non-isomorphic structures.

Borel cardinality does not allow us to distinguish among classes with just Ny non-
isomorphic structures. In [2], there is a related approach, involving Turing computable
embeddings and “effective cardinality”. This approach lets us make some distinctions. For
example, the effective cardinality for number fields is strictly smaller than that for Q-vector
spaces. We can make further distinctions. For a completion T" of PA, Mod(T') has maximal
Borel cardinality, but it does not have maximal effective cardinality.

Results in [3] suggest a uniform way of looking for non-embeddability results. To locate a
given class in relation to others, we consider the form of the sentences that distinguish among
non-isomorphic members. In particular, we may re-work in this way the result of Friedman
and Stanley showing non-embeddability of graphs in Abelian p-groups [4]. We say that a
class K has “Ulm type” if non-isomorphic members of K can be distinguished by infinitary
sentences lying in the thinnest admissible set that contains the ordinals computable from
the structures.
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Recent applications of proof theory to core mathematics

U. KOHLENBACH

In recent years specially designed forms and novel extensions of functional interpreta-
tions have been used to establish general logical metatheorems ([3, 4, 1]) that guarantee the
extractability of highly uniform effective bounds from large classes of proofs in nonlinear
analysis, metric fixed point theory, ergodic theory and topological dynamics. ‘Uniform’
here means that the bounds do not depend on parameters from abstract metric, hyperbolic,
normed or Hilbert spaces as long as local metric bounds are given whereas no compactness
is assumed. For such strong uniformity results to hold it is crucial that the underlying
abstract spaces are not assumed to be separable.

The approach has led to numerous applications with new (both qualitative as well as quan-
titative) results in the above mentioned areas of mathematics. In particular, one obtains
explicit uniform versions of so-called metastability results in the sense of T. Tao.

We will report on recent new applications to fixed point theory ([6]) and ergodic theory
(7).

Most recently, it has been shown that proofs in nonseparable Hilbert space theory that are
heavily based on weak compactness arguments are covered as well ([5]). As an example we
will report on an analysis of a proof due to F. Browder ([2]) which might well serve as a
model for the treatment of many other uses of weak compactness.

REFERENCES

[1] Briseid E. M. Logical aspects of of rates of convergence in metric spaces. To appear in: J. Symbolic
Logic.

[2] Browder F. E. Convergence of approximants to fixed points of nonexpansive nonlinear mappings in
Banach spaces. Arch. Rational Mech. Anal., 24 (1967), 82-90.

[3] Gerhardy P., Kohlenbach U. General logical metatheorems for functional analysis. Trans. Amer. Math.
Soc., 360 (2008), 2615-2660.

[4] Kohlenbach U. Applied Proof Theory: Proof Interpretations and their Use in Mathematics. Springer
Monographs in Mathematics. Springer Heidelberg-Berlin, 2008.

[5] Kohlenbach U. On the logical analysis of proofs based on nonseparable Hilbert space theory. To appear
in: Festschrift for Grigori Mints.

[6] Kohlenbach U., Leugtean L. Asymptotically nonexpansive mappings in uniformly convex hyperbolic
spaces. To appear in: J. European Math. Soc.

[7] Kohlenbach U., Leustean L. A quantitative mean ergodic theorem for uniformly convex Banach spaces.
To appear in: Ergodic Theory and Dynamical Systems.

Dept. of Mathematics, Technische Universitit Darmstadt, Darmstadt (Germany)
E-mail: kohlenbach@mathematik.tu-darmstadt.de

19



MausnsueBckme urerus 2009 IlnenapHpre moktampr

Algebraic approach to non-classical logics

L. L. MAKSIMOVA

Study of non-classical logics in Novosibirsk started in 60-th due to initiative and by
supervision of A. I. Maltsev. His interest to this area was stimulated by the existence of an
adequate algebraic semantics for the most known non-classical logics.

In the present paper inter-connections of syntactic properties of non-classical logics and
categorial properties of appropriate classes of algebras are investigated. We consider such
fundamental properties as the interpolation property, the Beth definability property, joint
consistency property and their variants. In the case of modal, superintuitionistic and related
logics the mentioned properties of logics proved to be equivalent to appropriate variants
of the amalgamation property or epimorphism surjectivity [1, 3]. It allows to solve, for
instance, interpolation problem for some important classes of logical calculi and, at the
same time, amalgamation problem for varieties. In particular, the following problems are

decidable:

e (Craig’s interpolation property and deductive interpolation property for superintu-
itionistic and positive calculi and for modal calculi over the modal S4 logic,

e amalgamation and super-amalgamation properties for subvarieties of Heyting al-
gebras, implicative lattices and closure algebras,

e projective Beth property and restricted interpolation property over the intuition-
istic logic and over the Grzegorczyk logic,

e strong epimorphisms surjectivity for subvarieties of Heyting algebras, implicative
lattices and of Grzegorczyk algebras,

e weak interpolation property over the modal K4 logic [2],

e weak amalgamation property for varieties of transitive modal algebras.
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Automorphism spectra of computable structures

A. S. MoRrozov

This is a joint work together with Valentina Harizanov (George Washington Univer-
sity, Washington DC) and Russell Miller (CUNY, New York). We define and study the
automorphism spectra of computable structures, prove their general properties, and prove
that certain sets of Turing degrees can be realized as automorphism spectra, while certain
others cannot.
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Computations and functionals of finite types

D. NORMANN

The Church—Turing Thesis suggests that there is an absolute concept of computability
for (partial) functions taking natural numbers or words in a finite alphabet as arguments.

If we extend the idea of computations to arguments from other domains, the picture is
not so clear. In particular, if we want to study computations relative to functionals of finite
types, there seems to be a freedom both in which functionals we want to consider as inputs
and in which principles of computation we may permit.

In this talk, I will give a survey of elements of the history of computable functionals of
finite types with an emphasis on the diversity both in approaches and in the applicability
of the theory.

Towards the end, I will discuss some recent results on partial, sequential functionals
obtained jointly with V. Sazonov.

The University of Oslo, Oslo (Norway)
E-mail: dnormann@math.uio.no
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Isotyped algebras

B. PLOTKIN

Let a variety of algebras © be fixed. For every finite set of variables X we consider
the free in © algebra W (X) and a special algebra of first order formulas ®(X). The precise
definition of ®(X) is given in terms of algebraic logic. Each ultrafilter 7" in ®(X) is called
X-type. A type T is called an X-type of the algebra H in O if it can be presented as a
logical kernel of a point in the affine space HX. For every algebra H € O consider all
X-types of the algebra H. The set of such types is denoted by S*(H).

Definition. Algebras H, and Hs are called isotyped if for every X we have

SX(H,) = S*(H,).

In the talk we consider a geometric approach to this model-theoretic notion. This
approach leads to new results and various problems.

Hebrew University, Jerusalem
E-mail: plotkin@macs.biu.ac.il
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Algebraic geometry over solvable groups

N. S. ROMANOVSKIT

Algebraic geometry over groups is a new theory which was recently used in solving
well-known Tarski problems. As in the classical case one can define the Zariski topology
on affine space G™ for any group G. This topology is good (noetherian) if and only if
the group G is equationally noetherian, i.e., any system of equations over xq,...,x, is
equivalent to some finite subsystem. For example, free groups are equationally noetherian.
We describe a wide class of solvable groups, so-called rigid groups, which contains free
solvable groups, and study algebraic geometry over such groups. We prove that any rigid
group is equationally noetherian and develop the dimension (Krull) theory over rigid groups.
Furthermore, we introduce divisible rigid groups and describe the coordinate groups of their
irreducible algebraic sets. Some results are joint with Kanta Gupta and Alexei Miasnikov.
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Mixing modality and probability

D. S. ScorT

Orlov first [1928] and Godel later [1933] pointed out the connection between the Lewis
System S4 and Intuitionistic Logic. McKinsey and Tarski gave an algebraic formulation
and proved completeness theorems for propositional systems using as models topological
spaces with the interior operator corresponding to the necessitation modality. FEarlier,
Tarski and Stone had each shown that the lattice of open subsets of a topological space
models intuitionistic propositional logic. Expanding on a suggestion of Mostowski about
interpreting quantifiers, Rasiowa and Sikorski used the topological models to model many
first-order logics.

After the advent of Solovey’ s recasting of Cohen’ s independence proofs as using
Boolean-valued models, topological models for modal higher- order logic were studied
by Gallin and others. For Boolean-valued logic, the complete Boolean algebra M =
Meas([0,1])/Null of measurable subsets of the unit interval modulo sets of measure zero
gives every proposition a probability. Perhaps not as well known is the observation that the
measure algebra also carries a nontrivial S4 modality defined with the aid of the sublattice
Open(]0,1])/Null of open sets modulo null sets. This sublattice is closed under arbitrary
joins and finite meets in the measure algebra, but it is not the whole of the measure algebra.
By working by analogy to the construction of Boolean-valued models for ZF, we can con-
struct over M a model for a modal ZF (MZF) where membership and equality predicates
have interesting and natural modal properties. In such a universe the real numbers corre-
spond to random variables, and — following a suggestion of Alex Simpson (Edinburgh) —
there is also an well motivated modeling of random reals.

A modal set theory, however, requires a reexamination of comprehension principles,
and much work remains to be done to organize methods of proof to take account of the
new distinctions encountered. It is also possible to recast well known theorems of Ergodic
Theory as principles about this modal universe, and the question to be considered is whether
the new perspective can lead to some new results.

Carnegie Mellon University and University of California, Berkeley
E-mail: dana.scott@cs.cmu.edu
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Embedding lattices into derived lattices

M. SEMENOVA

The problem of embedding algebras into algebras possessing certain properties is a
classical one in universal algebra. Due to a well-known result of A. I. Maltsev, the class
of semigroups embeddable into groups forms a quasivariety, and that quasivariety is not
finitely based.

In the talk, I shall consider classes of lattices which are embeddable into certain derived
lattices. Most often, those classes of lattices turn to be quasivarieties. However, sometimes,
they are varieties, and sometimes, they are even not first-order. I shall also mention some
open problems and related topics.
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The omega-enumeration degrees

I. Soskov

The semi-lattice of the omega enumeration degrees is an extension of the enumeration
degrees based on a certain reducibility on sequences of sets of natural numbers. In the talk
we shall discuss some features of the omega enumeration degrees concerning the properties
of the jump operation, the group of the automorphisms and the local theory. We will
argue that studying the omega enumeration degrees could give us a powerful tool for better
understanding the classical structures of the enumeration and Turing degrees.

Sofia University
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Distributions of countable models of small theories

S. V. SUDOPLATOV

It is known [1] that any countable model of a small theory T is either prime over a
tuple or limit. Therefore the number I(7T,w) of countable models of T' can be represented
as the sum of the number I,(T,w) of prime models over tuples and the number [;(T) of
limit models.

A theory T is p-categorical (accordingly I-categorical, p-Ehrenfeucht, I-Ehrenfeucht) if
I,(T,w) =1 (accordingly [;(T) =1, 1 < [,(T,w) <w, 1 < [[(T) < w).

Obviously that the p-categoricity of 1" is equivalent to the countable categoricity, its
p-Ehrenfeuchtness means that the system RK(7) of Rudin—Keisler preorder (see [1]) is
finite, and the p-Ehrenfeuchtness and the condition 1 < [;(T) < w are satisfied iff 1 <
I(T,w) < w, i.e. T is an Ehrenfeucht theory. Using the following theorem, generalizing
the characterization [2] of p-Ehrenfeucht theories to the class of all small theories, we
characterize the classes of [-categorical and [-Ehrenfeucht theories.

Theorem 1. Any small theory T satisfies the following conditions:

(1) the system RK(T') is upward directed and has the least element M (the isomorphism
type of prime model of T'), IL(ﬁO) =0;

(2) if q is a <gk-sequence of nonprincipal types q,, n € w, such that each type q of
T is related by ¢ <rk qn for some n, then there exists a limit model over q; in particular,
I;(T) > 1 and the countable saturated model is limit over q if q exists;

(3) if q is a <pk-sequence of types q,, n € w, and (M, )necw is an elementary chain
such that any co-finite subchain doesn’t consist of pairwise isomorphic models, then there
exists a limit model over q;

(4) if ' = (q},)new is a subsequence of <gk-sequence q, then any limit model over q is
limit over q';

(5) if @ = (¢n)new and @' = (¢),)new are <gk-sequences of types such that for some
k,m € w, since some n, any types qi, and q;n+n are connected by My, =~ Mq;n%, then
any model M is limit over q iff M is limit over q';

Moreover the following decomposition formula is true:

I(T,w) = [RK(T)| + ) _ ILg,
qeQ
where ILg € w U {w, w1, 2%} is the number of limit models related to the <rk-sequence q
and not related to extensions and restrictions of q that used for the calculation of all limit
models, and the family Q of <ggk-sequences of types represents all <gg-sequences, over
which limit models exist.

The following Theorem generalizes Theorem 1 in [2] for arbitrary Rudin—LKeisler pre-
orders and correspondent distribution functions for numbers of limit models, where values
of functions belong to w U {w, 2¢}.

Theorem 2. Let (X, <) be a finite or countable upward directed preordered set with
a least element xg, [ : Y — wU{w,2%} be a function with the set Y of all <q-sequences,
i.e. of sequences in X \ {z¢}, forming all <-chains, and satisfying the following conditions:

(1) f(y) > 1, if for any x € X there exists some x’ from the sequence y such that x < z’;

(2) f(y) > 1, if any co-finite subsequence of y doesn’t contain of pairwise equal elements;

(3) fly) < f(y"), if y' is a subsequence of y;

(4) fly) = f), if y = (Yn)new and ¥y = (y,,)new are sequences such that there exist
some k,m € w for which yy1n = Y, since some n.
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Then there exists a small theory T and an isomorphism g : (X, <) = RK(T) such
that any value f(y) is equal to the number of limit models over a <gk-sequence (qn)ncw;
correspondent the <gp-sequence y = (Yn)ncw, Where g(y,) is the isomorphism type of the
model My, ,n € w.

Constructions in [3] allow to represent stable structures for the proof of Theorem 2.

The work is supported by RFBR grant No. 09-01-00336-a and by the Council for
Grants (under RF President) and State Aid of Fundamental Science Schools via project
NSh-344.2008.1.
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Constraints, graphs, algebra, logic, and complexity

M. Y. VARDI

A large class of problems in AI and other areas of computer science can be viewed as
constraint-satisfaction problems. This includes problems in database query optimization,
machine vision, belief maintenance, scheduling, temporal reasoning, type reconstruction,
graph theory, and satisfiability. All of these problems can be recast as questions regard-
ing the existence of homomorphisms between two directed graphs. It is well-known that
the constraint-satisfaction problem is NP-complete. This motivated an extensive research
program into identify tractable cases of constraint satisfaction.

This research proceeds along two major lines. The first line of research focuses on
non-uniform constraint satisfaction, where the target graph is fixed. The goal is to identify
those target graphs that give rise to a tractable constraint-satisfaction problem. The second
line of research focuses on identifying large classes of source graphs for which constraint-
satisfaction is tractable. We show in how tools from graph theory, universal algebra, logic,
and complexity theory, shed light on the tractability of constraint satisfaction [1].

Work supported in part by NSF grants CCR-0311326, CCF-0613889, ANI-0216467, and
CCF-0728882.
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Computing bounds from (arithmetical) proofs

S. S. WAINER

This survey talk will be about the function a + 2%, its various generalizations to higher
number classes, their natural role in providing ordinal analyses for a range of theories be-
tween “polynomial-time arithmetic” and IT}-CAg, and their direct connections with associ-
ated combinatorial independence results such as Friedman’s miniaturized Kruskal theorems.
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Computable separation in topology

K. WEIHRAUCH

We study computable separation axioms for computable topological spaces. A com-
putable topological space is a 4-tuple X = (X, 7, 5, v) such that (X, 7) is a topological Ty-
space and v :C ¥* — [ is a notation of a base 8 of 7 such that dom(v) is recursive and for
some r.e. set S C (dom(v))3, v(u) Nv(v) = Y{v(w) | (u,v,w) € S} for all u,v € dom(v).
Let 0 be the standard representation of the points, let # be the inner representation of
the open sets and let v~ be the outer representation of the closed sets. We introduce 13
computable versions of the topological separation axioms Ty to T5. Examples:

CTy : The multi-function tq is (4, d, v)-computable where ¢y maps every (z,y) € X? such
that « # y to some U € 3 such that (z € U and y € U) or (x ¢ U and y € U).

CT] : There is an r.e. set H C ¥* x ¥* such that (Vz,y, = # y)(3(u,v) € H)(x € v(u)Ay €
v(v)) and for all (u,v) € H, v(u) Nv(v) =0 or 3x)v(u) = {z} Cv(v).

SCTj: There are an r.e. set R C dom(v) x dom(v) and a computable function r :C
¥* x ¥* — ¥ such that for all w € dom(v), v(w) = U{r(v) | (u,w) € R} and for all
(u,w) € R, v(u) C ¥~ o r(u,w) C v(w).

The relations between these axioms are clarified completely. We have the following
equivalences: SCTy < CTy <= CT{, CT; <= CT]} < CTy <= CT} (that is,
computable 77 = computable T5) and CT3 <= CTj.

The remaining relations are summarized in the picture below. “A — B” means
A = B, “A /— B” means that we have constructed a computable topological space for
which A A =B, and A 7£> B” means that we have constructed a computable topological
space for which (AAC)A—=B. D means that the space is discrete, hence topologically trivial.

WCT;3 Ts

T, To D
Ta CTa \\\\

SCT3<—|— CTS -~ SCTQ«—O— CT2 -~ CTO <—|—WCTO
Ty D D D

Further positive and negative results follow by transitivity of implication.

University of Hagen, Hagen, Germany
E-mail: klaus.weihrauch@fernuni-hagen.de
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On model theory, noncommutative geometry and physics

B. ZILBER

In recent developments in the theory of Zariski structures it has been established that
many quantum algebras can be represented as co-ordinate rings of Zariski geometries. We
note that, on the other hand, the corresponding Zariski geometries can be approximated (in
a certain model-theoretic sense) by Zariski structures of a finitary type, where Dirac calculus
has a well-defined meaning. We use this to give a mathematically rigorous calculation of
the Feynman propagator in a few simple cases.

Mathematical Institute, University of Oxford
E-mail: zilber@maths.ox.ac.uk
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06 u3omopodusme rpados Kaiin, mopoKIeHHBIX TPAHCIIO3UIIASIMU

C. B. ABryctunoBud, II. I'. XPAMIIOB

[Tycts G — koHeuHast rpymnma, S — HEKOTOPOe TOIMHOXKECTBO €€ HJIEMEHTOB, U MyCTh
Cay(G, S) — rpad Komu rpynnsr G OTHOCHTENIBHO MHOKECTBA TOPOXKIANmX S. Ecm Bes-
kuit aBTomopdusm rpada Cay(G, S) ssusercs aBromopdusMoMm rpynns! (G, TO TOBOPSIT,YTO
S obnamaer csoictBoMm C1 (Cayley isomorphism). Taxxe, mycts ' — npoussosbabLil Tpad
Ha MHOXxecTBe BepumH V = {1,2,...,n}, oboznaunm uepe3 T'(I") MHOKeCTBO TpaHCIO3U-
wit, coorBeTcTByOMMX pebpam rpada I'. Muoxectso T'(I') mopoxkmaeT HEKOTOPYIO IPyIITY
H u oupenenser rpad Komu Cay(H,T(I')). Jlerko nousts, uro uzomopdusm rpados [ u
I'" Breuer msomopdusm rpados Cay(H,T(I')) u Cay(H,T(I")). Bepro u o6parHoe.

Teopema. Ilycres I' mw IV — nBa mpomsBoibHEIX rpaga Ha n BepmmHax. Ecam rpag
Cay(H,T(T)) uzomoppen rpagpy Cay(H,T(I")), To rpadper T' u T uzomopdHbL.

CnencrBue. Beskoe mHOX)ecTBO TpaHcmosuruii obnanaer CIl-cBoiicTBOM.

3amMeTnM, 94TO HE BCIKOE MHOXKECTBO WHBOJIIONNI MOPOXKIAET TPYIILY, B KOTOPON OHO
6ymer obmamats Cl-cBoiicTBOM. DTO, B WacTHOCTH, ciemyeT u3 mpumepa B. Alspach u
L. Nowitz [1], mokazaBimux, uTO syeMeHTapHas abeieBa TPyMna Hopsnka 64 He sBisieTcs
Cl-rpynmoit. Tem He MeHee, eCTb OCHOBAHUS MOJIATATh, UTO CIIPABENJINBA CIEMYIOIIAs

I'mniore3a. Ilpom3BosibHOE MHOKECTBO MHBOJIIOINN,TOPOXKIAOIINX CIMMETPIUIECKYIO
rpynmy S, WII 3HaKOImepeMeHHyto rpynmny A,,, ymosmerBopsieT cBoiicTBy Cl.

Pa6ora BeImo/IHEHA TpU rOCYIapCTBEHHON MOMAEPXKKe BemyImmx HaydHBIX ITKOJ Poc-
cun WUI-344.2008.1 u ABIII PocobpasoBanus ”Pa3sutue morenmmania Boiciein mkossr”,
npoekT 2.1.1.419, u dunancosoit nognepxke PODPU (npoext 07-01-00248-a).

CIMCOK JIUTEPATYPHI
[1] Alspach B., Nowitz L. A. Elementary proofs that ZZ% and Zg’ are Cl-groups. European Journal of
Combinatorics, 20 (1999), N. 7, 607-617.

UM CO PAH, Hosocubupck
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O6 omHOM cnenmasibHOM JioKajibHOM Kiiacce Illynka

JI. TI. ABOAIKOBA, C. ®. KAMOPHUKOB

PaccMaTprBaroTCs TOIBKO KOHEUHBIE Pa3pellnMble TPYIIILL, UCIOIL3YIOTCS OMpeeste-
Hust 1 obosHauenus u3 [1, 2|. HamomuuMm, uro ecnmu H — momrpynma rpynmnst G, T0 dax-
toprpynna H/Coreg(H) nasbBaeTcss kodpaxropom nonrpynnsl H B rpymnme G.

B mamuoit paboTe mpenjaraeTcs OOIIMI MOAXOM K PEIICHUIO 3a/1a9l O CTPOCHUN T'PYIIITHI
G, y X0TOpoi KOPaKTOPHI BCEX MAKCUMAJIBHLIX MOATDPYII IPUHAMLIEKAT 3aIaHHOMY TOMO-
mopdy X. B ocroBe monxoma sexut unes gokaabHoro kiacca Illlynka, nzmoxennas B [1].

Hanomuum erne, uto kmaaccom IllyHka Ha3bIBAETCA TPUMUTUBHO 3aMKHYTBI TOMOMOP.
Canenys [1], paccmoTpuM QyHKIIIO

h : P — {kmaccer rpynm},

KOTOpAasl CTABUT B COOTBETCTBUE KAXKIOMY IIPOCTOMY UHCIIY P HEKOTODPBIN (BO3MOXKHO, IIy-
croit) kiacc rpyna h(p). Ilycrs $ — kmacc Bcex Takux rpynn (G, KOTOPBIE YIOBIETBOPSIOT
crepyiomemy yenosuio (*): Autq(H/K) € h(p) mns mo6oro HedpaTTUHUEBA TJIABHOTO
dakropa H/K rpynner G u npocroro uncna p, nemsiero |H/K|. IIposepka mokasbiBaer,
uro ) — knacc Hlyuka. On HaseiBaercs kaaccom IlyHka, JTOKAIbHO ONPEOEIeHHBIM (QyHK-
nuert h, n obosnauaercs depe3s LC(h). Pynkums h #HaseiBaeTcs JokKaabHOH, ecau h(p) —
romoMopd mist 060ro npocroro unciaa p. Ecmm § = LC(h) miis HEKOTOPOIl JIOKAIBHOM
byukum h, TO §) HA3LIBAETCS JIOKAJBHBIM KiaaccoM IIlyHKa.

[Mycts X — memycTont knacc rpymnn. Pyukimio h 6ymeMm Ha3pBaTh X-TOCTOSHHON, €CIIn
h(p) = X mns m060ro MPOCTOro Ymcsia p.

Teopema 1. Ilyctes X — Hemyctoit romomopp u h — X-mocrosunas ¢yuaknus. Torma
CIIPABEIJIUBEI CIIEAYIOIINE Y TBEPKICHUI:

1) B TOM U TOJIBKO B TOM CJIydae KOMaKTOPbI BCEX MAKCUMAJBHBIX IOATDYIII IDYIIIIbI
G npunanmexar X, korna G € LC(h);

2) LC(h) = MN[X];

3) B ToM 1 TosbkO B ToM ciaydae LC(h) = NX, korga X — dopmarus.

Teopewma 2. Ilycre X — memycroint kinacc Illyaka. Ecim H — X-npoekTop rpymnmsr G,
to G € N[X| Torna u Tonsko Torpa, korna G = HCq(L/K) mms m:060ro JOMOIHAEMOTO
riaBHOro ¢axropa H/K rpymmer G.

COuCOK JIUTEPATYPBI

[1] Doerk K., Hawkes T. Finite soluble groups. Berlin-New York: Walter de Gruyter, 1992.
[2] Illemerkor JI. A. ®opmanuu koneunsrx rpymm. M.: Hayka, 1978.

YO «Topeaoso-akoHomuueckut, ynusepcumem nompebumeabckot xkoonepayuus, I'omenb
E-mail: 1yudmila.avdashkova@gmail.ru

YO DIIB «Mearcdynapodnbili uncmumym mpyodosbiT U COUUAALHLIL omHoweHnut», I'omenb
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Uncna Xurmana rpynn PSLy(27)

P. 2K. Anees, B. C. HACBIIIOBA

[Iycts G — xomeunas rpyuna, U(I(Z(QG))) — rpyuna equsur (06paTHMBIX SJI€MEH-
TOB) KOJIBIIA [EJIBIX [IEHTPA PAIMOHAIIBHOM IpynnoBoil anrebpsr QG rpynnst G, U (Z(ZG)) —
IpyIIa HeHTPAIbHBIX eIUHUI [EeIOUNCIEHHOr0 IPynmnoBoro kombla ZG rpymnmet G. Co-
riacHo Teopeme 4 m3 [1] cymecTByer Takoe maTypamsHoe wncio [, uro ul € U(Z(ZG))
st mo6oit enuaniel v € U(1(Z(QG))). Hauvenbiee HaTypaibHOe | ¢ TAKAM CBOWCTBOM
HA3BIBAETCS YUCIOM Xurmana rpynusl G u obosnavaercs Hig(G).

Omnpenenum [(x) mas x € Irr(G) xak HamMeHbIlee YUCIO | CO CBOWCTBOM, UTO IS
mo6oit enuanier u € U(I(Q(x))) Bbmonasiercs

uy (uh) € U(Z(ZQ)).

B [2] mokaszano, uro Hig(PSL2(16)) = 240. PasBurtmem 5T0ro pesysiabraTa CILyKUT
CIIenyoLas

Teopema. Ilycrs g x € Irr(PSLy(2")) uucno l(x) ompenereHo Takxke, Kak OIpene-
JIeHo BpImIe. Toraa:

(1) ecmr Q(x1) = Q(cos 2%, To l(x1) memur

a(g—=1)(q—2)
q—1 4
Mepcenna n nenur

, ecnmu ¢— 1 — mpocToe IuciIo

2
Q(q - 1) (p¢>(q—1) - 1),

2ena-P penig)

ecmm q — 1 = Hpeﬂ'(q—l)pip mr(g—1)| =2
2) ecar Q(6,) = Q(cos 2%), To 1(0,) memur |PSLy(2")|, ecmr ¢+ 1 — mpocroe qmcito
( =), ; q p

Pepma nwin q + 1 =9, u geut

|PSLy(27)]

I et Sl I (p¢(q+1) —1),
2 Hpeﬂ(qul)p

peET(q+1)

ecmn g + 1 = Hpeﬂ'(q-i—l)pip ur(g+1)| =2
(3) Hig(PSLy(2")) = HOK (I(x1),1(61)).
st rpynmsr PS Lo (32) umeem criemyrornee:
(1) U(x1) memur 7440;
(2) 1(01) memmr 31-16- (320 —1) - (1120 — 1);
(3) Hig(PSL»(32)) = 900240.
CINUCOK JIATEPATYPEI

[1] Higman G. The units of group rings. Proc. London Math. Soc(2), 46 (1940), 231-248.
[2] Amees P. K. Onmcanve rpynnbl HEHTPATBHBIX €IUHUIL EJIOYUCIIEHHOTO TPYIIOBOTO KOJIBIA TPYIIILL
PSL2(16). Pen. Cub. Mat. x. Hen. BUHUTU, Ne 3170-B99 27.10.99, 67 c.
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O OEHTPaAJIbHBbIX €eAMHUAIIaX IMEeJIOYNCJIEHHOI'O I'PYIIIIOBOI'O KOJIbIIa A14

P. 2K. AneeB, A. A. [IIABAPIINHA

Panee rpynnb! neHTPaIIBHBIX €OUHUAIL IEJIOUNCIIEHHBIX TDYIIOBBIX KOJIEIl 3HAKOIIEePEMEH-
HBIX Tpynn A,, mis n < 7 6butn onucanubl B pabore [1]. B paGore [2] ®eppas marmmen, 9To
PaHT 7, TPYIILI HEHTPAIBHBIX €IUHUIL [IEeJIOUNCTEHHBIX TPYIIIOBBIX KOJIEI] 3HAKOTIEPEMEHHOT
rpynusl A,, pases 0 Torma u Tosnbko Torna, kornan € {1,2,3,4,7,8,9,12}. B pa6ore [3] no-
Ka3aHO, YTO PAHT 7, PaBeH | Torma u ToIbKO Toraa, kornan € {5,6,10,11,13,16,17,21,25}.
B pabore [4] MOMHOCTBIO ONMUCHIBAIOTCS TPYINBI MEHTPATBHBIX EIUHUI IeT0UNCIEHHBIX
I'PYIIOBBIX KOJIEI 3HAKOTIEPEMEHHBIX TPYII B ciyuasx korma n € {10,11,13,16,17,21, 25}.
B cosokynHocTu ¢ [1] Takum 06pas’oM MOIYYEHO IMOJHOE ONUCAHWE TPYII HEeHTPATbHBIX
eMUHUIL TIeJIOUNCIIEHHBIX T'PYIIOBBIX KOJIEIl 3HAKOTIEPEMEHHBIX T'PYIN UMeronmx paur 1. B
paboTe MOeT UCCIeNOBAHIE CAaMOT'O IEePBOTO Ciydas, KOrma panr > 1, a umeHHo n = 14,
B 9TOM CJIydae PAHT T'PYIIbI IEHTPAIbHBIX E€IMHUI] IeTOYNCIEHHOTO T'PYIIOBOTO KOJIbIA
rpynmsl A14 paBeH 3. A MMEHHO MBI IOCTPOUM IOATPYIITY KOHEYHOT'O WHIEKCA B T'PYIIIEe
[EeHTpaIbHBIX enuuaull oyt Ai4. Bormee Touno, mokasana cremyroras

Teopewma [ 'pynna nenrpanbabrx equaul U(Z(ZA14)) uMeeT caemyroyo DOArPYIILY:
(20 (1 + w13)13830) ¢ (1157(19 + 8ws3) 27720 X (usg(ws)30240)
MHIEKCA, JEJIAIIETO
43680 - 27720 - 30240 = 2% - 3. 5% . 73 . 11 - 13.

3neck uyg — JIOKaJIbHAsI eqUHAIIA, COOTBETCTBYIOIIASI XapakTepy rpynnbl A1, cremenn 4752,

Us7 — JIOKaJIbHAs EOUHUIA, COOTBETCTBYIOIIAs XapakTepy rpymnmbl Ay cremerm 29952,

Usg — JIOKAJbHAS €OUHUIA, COOTBETCTBYIOIIAs Xxapakrtepy rpymmbl Aiy cremenm 34320,
_ 14413 _ 1++/33 _ 1+V6

Wiz = —5 , W33 = —5 , W5 = —5 .
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yHI/IBepcaJ'II:HbIe TEeOpUNN HUJIBIIOTEHTHBIX I'PDYIIII

M. I'. AMATJIOBEIN

[Iycrs G rpynna. O6o3uaunm cumBosniom Thy(G) — yauBepcanbuyio Teopuio G u uepes
U(G) — yuusepcaibpHOe 3aMblKanune (G: MHOXkecTBO Beex rpymnn H takux, aro Thy(H) 2O
Thy(G). Ecmu G — muabsnoTenTHas rpymma 6e3 kpydenus, To uepes GU o6o3maumm e
MAJIBIIEBCKOE TIOTOJTHEHIIE.

Teopema. Ilycrts G — KOHEUHO-IOPOXKAEHHAS HUJIBIIOTEHTHAS IPyIIa 6e3 KpyJeHMUs.

Toraa Thy(G) = Thy(GQ) B crenyrommx caygasx:
o (G — cBOOGOOHAS HUIBIIOTEHTHAS T'PYIIIA;
e G =UT,(Z) — yuurpeyronpHas rpymnmna MaTpUL HAI KOJBIOM Z;
e G — ABYCTYIEHHO HUJIBIIOTEHTHAS T'DYIIIA.

[Iycts G1 1 G2 — nBE KOHEUHO-TIOPOXKIEHHBIE ABYCTYIIEHHO HIILIIOTeHTHBIE (Q-rpymsL,
rakue, uro dimgG1/Z(G1) = dimgG2/Z(G3), u mycTb T — (QUKCHPOBAHHLIA H30MOPGI3M
vexny Gy = G1/Z(G1) u Gy = Go/Z(Gy), m H — nonrpymma G x Ga, cocTosamas mu3
nap (g1, g2) Takux, ato 7(g1) = g2. O603uaunm H uwepes D, (G1 x G2), u GymeMm Ha3BIBATH
eé KBasuamaroHaJibHOU monrpymnmnon G; X Go orHOCcmTenbHO 7. Torma BepeH CIlemyroLImil
pesyabrar: eciiu G u Gy ssisiorcs CTi-rpynmavu, to D (G X G3) Takxke sBISIeTCs
CT;-rpynnott.

Hamomuum, uto mo onpenenenuto rpymnmna G asisercs CTi-rpynmoit, eciu mis g060r0
x ¢ Z(G) m mobbIxX y, z Takux, uro [x,y| = [z, 2] = 1 crenyer, uro [y, z] = 1.

Touauckutd ynusepcumem, To6uaucuy
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Moszauku n3 BBIIMIYKJIBIX IIATUNYTOJIBHUKOB

O. I'. BATUHA

HazoBeMm MO3aMKOI MOKPBITHE IJIOCKOCTH IOMAPHO KOHIPYSHTHBIMU IISTUYTOTHLHUKAMEI
6e3 3a30poB u HajoxeHui. COOTBETCTBYIOIINI MHOTOYTOJbHUK HA3BIBAETCS IJINTKON MO-
sauku. Hambosee cIoxKHOUW OKa3aach 3a/1ada HAXOXKIEHUS MATUYTOJBHBIX ININTOK. BBIIO
HAMIEHO 14 TUIOB TAKMX MSTHYTOJIBLHUKOB [1], HO HET MOKA3aTeIbCTBA MOJIHOTHL MMEIOIIe-
rOCST TIEPEUHSI.

Mmuoit paccMaTpuBaeTcs 3amada KIaCCU(PUKAINYN BBIMYKJIBIX MATUYTOJLHUKOB, MOKPbI-
BaIOIIUX IJIOCKOCTH pebpo K pebpy. Pamee anajmormunas 3amada Oblja peIieHa s paBHO-
CTOPOHHUX MSATUYTOJILHUKOB [2]. Mo3anka Ha3bIBaeTCs MO3auKOil pebpo K pebpy, eciu It
TIOOBIX [IBYX €€ IUINTOK BBIMOJHAETCSA OHO U3 CIEAYIONX YCIOBUN: 1) MIMTKA HE UMEIOT
00X TOYEK; 2) IJIUTKU UMEIOT POBHO ONHY OOIIYIO BEPIIUHY; 3) IJIMTKU UMEOT POBHO
onmHOo of111ee pedpo.

[Mycts 2,21, X2, X3, x4 — yriasl nstuyronbauka, Cy = x4x9, C1 = xor1, Co = 1129,
C3 = xox3, C4y = r3x4 — IJIUHBI CTOPOH TATUYTOJIHLHUKA.

Teopema. II9THyrogpHUK, MOKPBIBAIOIINI MJIOCKOCTH pebpo K pebpy, OTHOCUTCI K
OOHOMY U3 CJIEAYIOIINX THUIIOB!

1) To+T1 = 1800,00 = CQ njim Cg = 04.

2) xTo + Lo = 1800,01 = Cg, Co = CQ.

3) Trog = X9 = 900,00 = 01,02 = Cg.

4) To = 21}0 == 1200,00 == 01,02 == 03.

5) 1+ X3 = 180°,x0 = 2.@3,0() = 01 = 02,03 = 04.

6) xo + 233'3 = 3600,562 + 233'1 = 3600, Co = Cl = CQ = Cg.

7) xr1 + 233'0 = 3600,562 + 233'3 = 3600, Co = Cl = CQ = Cg.

8) 1 + 2x4 = 360°, 2o 4+ 223 = 360°, Co=C1 =Cy =0(45.

BanenTHOCTBIO BEPHINMHBL IISITUYTOJIBHIKA HA3BIBAETCS UUCIIO CXOMSIIINXCS B HEW IATU-
yronbHukoB. Ilycrs (ag,...,04) — HAGOp BAJIEHTHOCTEHl BCEX BEPIIUH IATHYTOILHUKA,
YIIOPSIOYEHHBIX II0 BO3PACTAHUIO.

IIpensnoxenune. B jro60ii pebpo Kk pebpy OATHYTOJbHOW MO3aumKe HAHIeTCsI XOTS ObI
OnoVH MNATHYTOJIBHUK, OJISI KOTOPOro HAaOOp BAaJEHTHOCTEHN BEPIINH MOXKET OBITH OOHUM U3

crenyromux: (3,3,3,3,3), (3,3,3,3,4), (3,3,3,3,5), (3,3,3,3,6), (3,3,3,4,4).

IokazaTenbCTBO TEOPEMBI OCHOBAHO HA 3TOM MPEMJIOKEHUN U BKITFOUAET B c€0s TOTHBIN
nepebop, KOTOPHIN OBLJI TPOBENIEH CHAUAIa C TOMOIITBI0 KOMIIBIOTEPAa, & 3aTeM OOIBLIITUHCTBO
BBIUNCJIEHNN ObLIN NIPOBENEHBI BPYUIHYIO.

CHOuCOK JIMTEPATYPBI
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I'pynna yHUTpPEyTroJIbHBIX aBTOMOP@MU3MOB KOJIbIIA MHOTOYJIEHOB

B. I bapoakoB, M. B. HEmAIum

[Mycts K, = Klz1,...,T;] — KOIBIO MHOIOUIEHOB OT MEPEMEHHBIX I7, ..., T, HAI
nosteM K HyneBol XapakTepucTuku. B paboTe m3ydaeTcss CTPOEHUE HEKOTOPBIX MOATPYIII
rpynner Aut K, aBromopdu3mMoB Kosbia K,,.

s kaxporo umunekca i € {1,...,n} u muorownena f = f(z1,...,Z4...,2,) € K,
SAEMEHMAPHLLM AETMOMOPPHUIMOM ; ¢ Ha3BIBaeTCI aBToMOpdu3M m3 Aut K, , meficTBy Ot
Ha TIeEPEMEHHBIE T1, ..., Ty IO MPABUIIY:

. oz + f, ecm k=1,
ip (k) = { Tk, ecim  k # 1.

I'pynna yrumpeyeosbnbix a6momop@Hu3mos ONPEneTsieTcs CIeMYIONmM 00pa3oM:

Up=1p(pislli=1,...n, f=f(Tit1,....,xn) € Ky).

OueBumHo, 9TO

G’i =TIp (Qp’hf || f = f(m’i-l-l? 7:1:n) € Kn) ’ L= ]-7 ey T,
— mnonrpynna U,. Bomee Toro, GG; abeneBa m m3omopdHa ANTUTUBHON TPYIIE KOJIBIA
Klzit1,hxy),i=1,....n—1,a G, ~ K.
CTpoeHne rpymnnbl yHUTPEYTOIBHBIX aBTOMOP(PU3MOB TPOSICHSIET

Teopema 1. I'pynma U, pacmamaeTcs B OOTynpsMoe IPOU3BeneHne abeIeBbIX I'DYIIIL:
Up=(..(Gi NG2) N ..) NGy

W3 sToit Teopembl, B wacTHOCTH, ciemyeT, uTo U, — pa3pemmmas Tpymnna CTyIeHH 1
(oror dakT Takxke ycraHosieH B pabore: Pomanbkos B. A., Yupkos U. B., Illesemun M.
A.; CM2K, 45 (2004), N. 5, 1184-1188). C mpyroit CTOpPOHBI, HETPYIHO IIPOBEPUTH, UTO
rpynmna U, He HUJIBIOTEHTHA IIpu n > 2.

Cremyroliiee pemytokeHne CBsI3aHO ¢ m3BecTHBIM Bompocom M. WM. Kapramosmosa o xkoMm-
MYTaTOPHOW IIUPUHE PA3PEITUMbIX T'DYIIII.

’
Ilpenmnoxxxenne. Besakuit aireMeHT n3 KoMMyTaHTa U, ABII€TCI KOMMYTaTODOM.

Takxe U3ydaroTcst AByIOpOXKIeHHbIe oarpynnsl rpynmnsl Aut K,,. Cuopasemimusa

Teopema 2. /[ig pukCUPOBAHHBIX PA3IMYHBIX UHIAEKCOB i,j € {1,...,n} u musa pukcu-
— ~.P1 D o 41 q;
POBaHHBIX HEHYJIEBBIX MOHOMOB \; = Qi « ...  &;' - ... xhr Aj = oy’ -y’ - -l

oy, o5 € K, mmeer mMecTo msoMoppusm
V| Zx7, ecmm ¢G>1lup; > 1,
P (C‘Di’x“c‘pj’kﬂ - { 7 X 7., wuHaue. z ’
Pa6ora Beimonsena npu dunancosoit nonnepxkke PODU (mpoekt Ne09-01-004224).

Hruecmumym mamemamuru um. C. JI. Coboaesa CO PAH
E-mail: bardakov@math.nsc.ru

Hosocubupcruii 2ocydapcmeennvili ynusepcumem, Hosocubupck
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O ﬂByMepHOﬁ rpyIiiine MaTpuln C HeCTaHOdAPTHBIM IIPpOMU3BeAEeHNUEM

B. I'. bApoAkoB, A. A. CUMOHOB

s nByx kBanparabix Marpunl A = (a;;) u B = (b;;) crenenu n nan nonem P ompene-
JIeHBI Orepanuy cjaoxkeHus u ymaoxenus: A- B = C, A+ B = D, rae siieMeHTbl MAaTPUII
C = (¢ij) 1 D = (d;j) oupenensiroTcst CIeLyonmM 06pa3oM:

mn
cij = aibrj, dij = aij + bij.
k=1

MuoxectBo M,,(P) Bcex KBaApaTHBIX MATPUIl CTEIeHN N Hamg mojieM P ofpasyeT KOJblo
OTHOCUTEJILHO 5TUX oneparnuil. MHOXeCTBO 06paTUMBIX 5JIEMEHTOB 3TOTO KOJIbIla 06pasyeT
oburyio mureitnyio rpynny GL,(P). T'. T'. MuxainuueHko [3] onpenenust apyryio onepamnuro
ymuoxenust matpuii: A © B = (| roe
n—1
Cij = Z(aik — Qin)(bkj — bnj) + @in + bp;.
k=1
Herpymuo y6emuThest, 9TO Tak OmpenesieHHas Omepaius YMHOKEHU aCCOINATUBHA. Bo3Hu-
Karolas npu 5ToM airebpandeckas cucrema (M, (P); ®, +) HAXOOUT NPUMEHEHUs] B T€OPUH
dusuueckux cTpykTyp [1, 2]. Jlerko samernTs, uTo 5Ta aarebpandeckas CucTeMa yxke He Oy-
IeT KOJIbIIOM (He BBINOJIHAETCS QUCTPUGYTUBHOCTD). BO3HUKAET eCTeCTBEHHBIN BOIPOC 00
omucannu rpynisl Gy, (P) o6paTuMbx 351eMeHTOB ajrebpandeckoit cucreMsl (M, (P); ®, +).
B mpenmnaraemoit pa6ore rpynna G, (P) usyuaercs B ciiydae n = 2.
Omnpenemum MHOXKeCTBO abdUHHBIX MPEOOPA30BAHUI BEKTOPHOI'O MPOCTPAHCTBA V =
P? 1o mpasuuy:

(301, 302) = ((0411 —CE21)901 - (CE11 — Q21 — 1)332, (0421 —CE22)901 - (0412 — Q22 — 1)$2) + (a21, a22)7

roe «;; € P. Jlerko 3aMeTuTs, ITO Ipeobpa3oBaHre OOPATUMO TOTIa U TOILKO TOTIa, KOTOa
Q11— Q21 # Q13— Qigo. OTHOCHTENTBHO OITEpAINU KOMITO3UIINY MHOYXKECTBO TaKUX O0PATIMBIX
npeo6pasoBanuit o6pasyer rpymumy A fo(P). IIpeobpaszoBanuio MOXHO CONOCTABUTE APy

(( Q11 — Q21 12 = 22 > ; (%1,@22)) € My(P) x V.

1+0621—0611 1+Ck22—0&12
OCHOBHBIM Pe3ysIbTATOM PabOTHI SBIISIETCS

Teopema 1. I'pymma G5(P) usomopgra rpymme Afo(P) u nzomopdusm onpenesrsercs

IIPaBUJIOM
ailz ai2 ai; — az1 ajz2 — a2 (a21 a22)
b b *
az1 a2 1+az1 —air 1+ ag —an
Takum 06pa3om, MbI MOKeM u3y4daTh rpymmy A fo(P), SIBIASIOILYIOCS TOATPYIIION TPYIITEL

adduHHBIX Tpeobpa3oBaHMil BEKTOPHOrO mpocTpancTBa V. CrpaBemimnBa

Teopema 2. (1) I'pymma Afo(P) pacmamaercs B momympsamvoe mpomssemerme P? N H,
rae

a b
H:{(l—a 1_b)|a,bEP,a—b7éO}§GL2(P).
(2) I'pynma Afs(P) paspemmma cryneHu 3.

W3 31011 TEOpEMEBI JIETKO MOIydaeTcs

Canencrsue. I'pynna Afy(P) BrnaneBaercs B rpynmy GL3(P).
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O HEKOTOPBLIX IMapaX HEeIIPpUWBOAMMBIX XapaKTepOB CUMMETPUYECKNX I'PYIIII

B. A. BEIOoHOTOB

Panee aBTopom Obliia BbICKa3aHa TUIIOTE3a: 3HAKOMepeMeHHas rpymmna A, mpum mobom
HATYPAILHOM 1 HE UMEET IMOJIYIPONOPIUOHATBHBIX HEMPUBOMUMBIX XapakTepos. B [1 (I)]
(TaMm ke cM. 0603HAYEHNS) BBIABUHYTA CIIEAYIOIIas 6oiee obIas

Tunoresa A. Ilycts o, 3 € P(n), € € {1,—~1} n x* nomynponoprmonamsro x° Ha SE.
Torzma ¢ TOYHOCTHIO 4O HEPEMEHBI MECT (v U (3 BEPHO OLHO U3 CJICAYIOLAX Y TBEDKICHUI:
(1) e = 1 u BBITOTIHEHO OLHO U3 YCIOBUI:
(la) a ="2*.()+(3) m B=2F.()+(0%,2,1), rme k€ NU{0};
(16) a =" 2. (1) + (3) m B=2%.(1)+ (0%,1,2), rme k € NU{0};
(2) e = —1 m BeIIOIHEHO OHHO U3 ycjoBuil (Besme k, m wessre):
(2a) a =" 3. A+ (4) w B="38A;+(0%,2,2), rne k>0wm [ > 1;
(26) a =" 3*.35+ (4) w B="38%,+(0%,3,1), rae k>0wum [ >0;
(2B) @ =" 3¥2.5,+ (4) m B="3825,+(0%,1,3), rae k>0m 1> 0.
OueBUIHO, TOKA3ATEIHCTBO MUIOTE3bl A MHIYKIUEN [0 YUCILy 7 JOCTATOYHO IIPOBECTU
B MIPEIIIONIOKEHNN, UTO BHIIOIHEHO CIIEMYTOIIee

YcmoBue A. IlycTb n — HATypabHOE YKMCIIO TAKOE, YTO MPHU JII00OM 1 < 1 U3 TOrOo,
9TO YeTBEPKa (1, €, @, (3) yOOBIETBOPSET YCIOBIIO TunoTessl A Ha Mecte (n, €, a, ) cremyer,
YTO OHA YIOBIETBOPSET U 3aKJIIOUEHUIO HTOM TUIoTessl Ha MecTe (n, &, «, [3).

Urorom pabor [1 (I-1II)] sBasercs crnemyrorast

Teopema A3. Ilycts o, 3 € P(n), e € {1,—1}, x® momynponopmmonamsro X° wa S u
BrmonHeHo yenosue A. Ipenmonoxm, aro h$y = hY,. Torgae = (—1)"1 m mapa (a't, 1)
yaoBeTBOpseT oqHOMY u3 yciaoBuli (20) u (2B) 3akmrouenns runoressl A Ha mecre (o, (3, €).

B macrositiee Bpemst aBTOPOM IOKasaHa TeopeMa A4, KOTOpas MOJLydIaeTCs U3 TeOPEMBL
A3 3amenoll BoIpaxkeHus ~omHoMy u3 ycmoBuil (26) u (28)” BeIpaxkenuweM ycioBuio (2B)”.

Pa6ora Beimonuena npu durancosoit nognepxkke PODPU (nmpoext 07-01-00148), PODM-
BP®®U (mpoext Ne08-01-90006), mporpammbl oTmeseHus: MareMarndeckux Hayk PAH
(mpoekt O1-2) u mporpamm coBmectHbix uccienoBaruit YpO PAH ¢ CO PAH (mpoekt
C1-2) u HAH Benopycu (npoext CB).

CIUCOK JIUTEPATYPHI

[1] Benonoros B. A. O HenpuBoOMMBIX XapakTepax TPYHIBL Sy, MOIYyIPONOPIMOHAILHLIX Ha A, Wi Ha
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58-68; N. 4, 12-30.
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I'unep6onmnueckue rpynmbl, OTAEINMOCTb OTHOCUTEIBHO COIIPSIXKEHHOCTH
u npocTpaHcTBo I'puddurca

O. B. Boronojabckumn

WNnes perrerms aaropuTMUYecKUX BOIPOCOB B I'PYHIAX € MOMOIIBIO AIITPOKCIMAIIII
CPYII TOATPYIIIaMi KOHEYHOro mHmekca BocxomuT K A. M. MambreBy. Cnemyroras Teo-
peMa MOTHUBHPOBaHA, ¢ OMHOW CTOPOHBI, padoramu P. ®. Cruba [7] u Ix. JI. Haitep [3],
B KOTODPBIX IOKa3aHO, YTO JIOOBble OBA HE COIPSKEHHBIX 3JIEMEHTa B IMOYTH CBOOOMHON
rpynmne MOryT OBITH OTHEJIE€HBI OTHOCUTEILHO CONPSIKEHHOCTH, a C IPYTOH CTOPOHBI pabo-
ot @. I'pronesanbna u I1. Cerana [4] o ToM, 4T0 106bIe IBE HE CONMPSKEHHBIE MOATPY b
MOYUTH TOJUIAKIIMIECKON TPYIIBI MOTYT OBITH OTIEJIEHBI OTHOCUTEHFHO COMPSKEHHOCT.

Teopema 1 (O. B. Boromonsckuit, ®. I'pronesansn). Ilycte G — moutu cBobogHAS
rpynma, opeacTtaBuMas B BuAe (GyHOAMEHTAJBLHONW TPYIIIB KOHEYHOI'O AE€PEBa KOHEYHBIX
rpynn. Torma mrobble ABe ee KOHEYHO MOPOXKICHHBIE HE CONPSAKEHHBIC MOATPYIIIE OTIE-
JIIMBI OTHOCATE/IHHO CONPSIKEHHOCTH.

OunomopdusM ¢ rpynnbl G HA3BIBAETCS NOMOUEUHO BHYMPEHHUM, eCI ©(g) COIPSKEH
¢ g nng xKaxnoro g € (. CylecTBYIOT I'DYHIIBI, HOIyCKAIOIIe IOTOYEYHO BHYTPEHHUE,
HO He BHyTpeHHHe aBTOMOpGu3MEbL. TakoBbI, HaIpuMep, Bce CBOOOMHBIE HUIBLIOTEHTHHIE
IPpYHIBL KjIacca ¢ 2> 3.

Teopema 2 (O. B. Borononsckuit, 3. Beurypa). IIycte H — cBo6onHAas OT KpydJeHUS
d-rumepbosmdeckas TPyIa OTHOCUTEIBHO KOHEUHOrO Mopoxkaarorero Muoxectsa S. Cy-
mectByer BeraucanMas koHcranta C = C(0,4S) Takas, uTo eciu ¢ 5HIOMOPGU3M TDYIIIIBI
H wu smement p(g) compskeH ¢ g oad Kaxnporo g u3 mapa paamyca C, TO ¢ SBISETCS
BHYTPEHHUM aBTOMODQU3ZMOM.

N3 mHexoTopoit H6osiee obIIIENT TEOPEMBI MbI BBIBOIIIM

Canencrsue 3 (O. B. Borononbckuit, 3. Benrypa). Eciu H cBob6onuas oT kpydeHUs u
oTHeauMasi OTHOCHTEIBHO CONPSKEHHOCTH rurepbonnyeckas rpymma, To Out(H) ¢urnrHO
AaIlllIPDOKCHIMUPYeEMa.

Teopema 2 chopMmyaupoBana HaAMU B [1], TOIHOE HOKA3aTEIBCTBO MOXKHO IIOCMOTPETH
B [2]; cm. Taxxe [6, 5].
CHOUCOK JINTEPATYPBI
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O nmosryMHOr0o0o6pa3usiX HUJIBIIOTEHTHBIX I'PYIII

A. 1. Bynkun

Ksasuroxnecrsa Buna (Vrq)...(Va,)(ti(z1...,2,) =1 — ta(z1...,2,) = 1) Ha3BIBA-
I0TCs oIy TOXAecTBamu. KBasumuoroobpasue, KOTOpOe MOXKHO 3a1aTh HEKOTOPOIl CHCTe-
MOII ITOJIy TOXKIECTB, HA3BIBAETCS HOIlyMHOroo6pasueM. B gacTHOCTH, BCIKOe MHOroOGpasue
IPYII SBJISIETCS IOJIyMHOI000Opa3neM.

Teopema 1. IIycts N' — MHOroobpasme rpyi, 3agaHHOE TOXKIECTBAMA
(V) (Vy) (V2) ([, y, 2] = 1), (V) (2?" = 1), (V) (V) ([, y]" = 1)(s = 2),

roe p — mpoctoe umcao. Torma MHOXKECTBO mOJyMHOroobpasmi, comepxkammxcsa B N,
CYETHO.

Teopema 2. Ilycte M — MHOroo6pasue rpymi, 3aqaHHOE TOXKAECTBAMUI
(¥2)(¥) (¥2) ([, 9. 2] = 1), (Va) () [z, 9] = 1),

rae p — npoctoe gucao. Torma MHOXKECTBO HOJIyMHOTroo6pasuii, conepxarmxcs B N, mmeet
MOIITHOCTH KOHTHUHYYMA.

Pa6ora Boimonuena mpu nommepxkke ABIII ”Pa3suTue HayuHOTrO moTeHInaga BHICIIEH
mikosel” (Meponpusitue 1).

Aamatickuti 2ocynusepcumem, Bapraya
E-mail: budkin@math.asu.ru
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Kouneunas 2-rpynna AsnbnepuHa ¢ BTOPBIM KOMMYTaHTOM IIPOU3BOJILHOTO
nopsAanaka

B. M. BEPETEHHUKOB

Mer HasbiBaeM rpynnoit AjbliepuHa IPYIINY, B KOTOPOI JI00as 2-IOPOXKAEHHAs IMIOM-
IpynIa IMeeT HUKINIECKUN KoMMyTaHT. HemerabeneBBIX KOHEUHBIX P-IPYIN AJblepuHa
IpU HEYETHOM p HE CYILIECTBYeT, Kak mokasaHo B [1]. B paGorax [2] u [3] mocTpoens
[IpUMEPHI KOHEUHBIX 2-TPYII AJIbIIEpIHA ¢ BTOPBIM KOMMYTAHTOM IOPSAKa 2 1 4.

B macrosiem COOOIIEHNN yTBEPKAACTCS, ITO IJIS JIFOGOrO HATYPAJIBLHOTO M CyILLle-
CTByeT KOHeuHas 2-rpymnia AJbIepuHa ¢ BTOPEIM KOMMYTAHTOM, H30MOP(HEIM Zom .

Teopema. Ilycte m — mpousBosbHOE HaTypasabHOe umcao u G — rpymma, 3amaHHas
006pa3yOIIIMHI U OIPEOEISIOILIUMI COOTHOIICHUSIMU

G = (r,f, g, h,a,bclt? =1,

f2m+2 _ gzm+2 =1, fig*ht = 17,

[a,0] = f,[b,c] = g,[c,a] = b, [f, 9] = [g.h] = [h, f] = 7,

[fc] = g?h?172, [g,a] = B2 f2772, [h,b] = f2g°T 72,

a?=0b%>=c*=1,[r,a]=[r,b] = [r,c] =1).

Torma |G| = 23m19 |G"| = 2™, G"” = (7) u G — rpynma Amsmepuna.

CIUCOK JIATEPATYPEI
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KBa3I/IKpI/ICTaJ'IJ'IOI‘pa(1)III‘IECKIIIe T'PYIIIIBI B IICEBAOEBKJ/INOOBBIX IIPDOCTPAHCTBaAX

P. M. I'apunioB, B. A. UyPKuH

Kpucmaanoepaguueckas rpynna (COKpaIleHHO, K. TDYIIA) B €BKIUIOBOM IIPOCTDAH-
CTBE SIBJISIETCS TOATPYIIOW T'PYIIbl IBUXKEHUHN, BCEe TPAHCILSINU KOTOPOUW 0obpasyeT pe-
IIeTKYy, T. €. CBOOOMHYIO abeseBy T'PYIILY, MOPOXKIAeMyIo 6a3lCOM €BKJIUIOBA TPOCTPAH-
crBa. Keasuxpucmaanoepaguueckas rpynna (COKpaIlleHHO, KK. TPYIIa) — IOATPYIIIa
IPYOIBI OIBMKEHNUN, BCE TPAHCISIINN KOTOPOU 00pa3yloT KBa3WpeNIeTKy, T.e. CBOOOIHYIO
abesleBy TONTPYIIY KOHEYHOTO PAHTa, COMEPKAIIYI0 PeIreTKy. PakTopusys MO peleTke,
[IOJTYy YUM JIMHEAHYIO “TPYIIILY MOBOPOTOB” K. T'PYIILI. AHAJIOIMYHO OIS KK. TPYIIIL.

C. II. Houxkos u A. II. Becenos [1] mpemiokuiu ncmonb30BaTh KK. TPYIIILL TP KIIACCH-
dbukamm KBa3UKPUCTAIIOB — HOBOI'O COCTOSIHUS BEIIIECTBA, OTKPBITOTO B BOCBMUIECITHIE
roasl. Oka3aaoch, B 9aCTHOCTH, YTO KK. TPYIINA IIPU JEACTBUN HA CBOEH KBA3UPEIIIETKE CO-
NPSIKEHUEM COXPAaHSeT MOAXOMSIIYI0 HEBBIPOXKICHHYIO CUMMETPUIHYO OUINHETHYIO GopMy
paHra, paBHOTO PAHTY KBa3UPEIIETKH, T. €. OHA M30MOp(dHA K. TPYIIIE B Nce800e8KAUIOE0OM
IPOCTPAHCTBE GOJIBIIENl pa3MepHOCTH (ONpeneseHns K. TPYIN U KK. TPYII C eBKIAIOBA
citydast mepeHocsiTes 6e3 m3Mmenennit). Taxum o6pa3oM, BO3HUKAET 3a1aua KIIACCUDUKAIIIN
o Tumy m3oMopduszMa I K. TPYII B ICEBIOEBKIUIOBLIX IPOCTPAHCTBAX U UX TPOEKITUN
Ha TOIXOMAIIIEe NHBAPUAHTHBIE TOAIPOCTPaHCTBa. i1 perreHust He0OXOIUMO Pa3BUTh TEO-
pUIO K. TPYII U, BO3MOXHO, KK. TPYII B IICEBIOEBKINIOBLIX IPOCTPAHCTBAX, B YaCTHOCTH,
B IpOCTpaHCTBax MUHKOBCKOrO, mMesl B KaueCTBE OPUEHTHUPA YCIEIIHYI TEOPUI0 TaKUX
I'PYII B €BKJIMIOBLIX MpOCTpaHcTBax. Hauasno 6bI0 momoxeHo B pabore [2].

OcHoBa st k1accuukann KPUCTATIIOTPAPUIECKUX TPYII B €BKJIUIOBBIX MIPOCTPAH-
CcTBax — mU3BecTHas Teopema bubepbaxa o ToM, 4TO mpu abCTPAKTHBIX M30MOpGU3MaxX K.
TPYII PElIeTKHN IepexoasT B peireTku. HazoBeM 3TO CBOMCTBOM YKECTKOCTHU PEIIETOK B K.
rpynmnax. P. M. Tapunos [2] mokasas, 9To pemeTrku K. Tpymn B mpocTpaHcTBax MuHKOB-
CKOT'O KEeCTKUe.

Teopema 1. Ecam pa3MepHOCTP MaKCHMAaJIFHOTO H30TPOIHOTO MOAIPOCTPAHCTBA B
IICEBOAOEBKJINAOBOM IIPDOCTPAHCTBE HE IIPEBOCXOANT ABYX, TO PEIIETKUI JIFOOBIX KpucrTaJiiao-
rpaguieckux rpyni B TaKOM IPOCTPaHCTBe — xkecTkue. Fcim xe sTa pa3MepHOCTE O0JIbIIIE
IOBYX, TO B IICEBIOEBKINIOBOM IMPOCTPAHCTBE BCErAa CYIIECTBYIOT KPHUCTAJIIOr papuIecKue
TDYHOIIBI C HEXKECTKOU PENIeTKOM.

CaenctBue. Ecim rpynma moBOpoTOB K. I'DYIIIBI HE COOEPXKUT HOPMAJIEHOH CBOOOI-
HOI abejieBON MOATPYHIIBI paHTa OOJIbIIIE NBYX, TO PEIIETKa B TAKOH K. T'DYIIIE SBIISETCS
JKEeCTKOI.

WNuTepecHo pa3BuTh TEOPUIO KK. TPYII B IICEBIOEBKIIMIOBLIX IIPOCTPAHCTBAX. J3MIECh
OBININ TOJIYYEHB! CIIeAyIOINe Pe3yIbTaTh.

Teopema 2. Ilycts G = G(I',Z) — kBasukpucramiorpapuieckas Ipynna B IPO-
crpauctBe RP'Y ¢ kBasupermrerkon / panra N u rpymnmoi moBopoToB I'. IIpenmomoxum, aTo
B IIPOCTPAHCTBE HE CYIIECTBYET HEHYJICBBIX U30TPOIHBIX IIOAIPOCTPAHCTB, NHBAPUAHTHBIX
otHOcuTesibHO rpynnel I'. Torma neiictBue rpynner I Ha kBa3upereTke / CONPSXKEHHEM
COXpaHsIeT HeKOTOPYIO HEBBIPOXKACHHYIO CAMMETPIYHYI0 OUINHEHHYIO (QOPMY Ha RN o 7N,

[TocTpoensr mprMepsl KK. TPYII, OKA3BIBAIOLINE, YTO YCAOBUE HA 2PYNNY NO60pO-
moe I' 6 meopeme 2 na naockocmu Munkosckozo cywecmeenno. OTciona ciemyer, ITO
He BCSKAas KK. TpYyIa B IpocTpaHcTBe MUHKOBCKOTO SIBISIETCSI TPOEKIMER MOMXOMSIIIEi
K. TPYIIBI B IICEBOOEBKINIOBOM MPOCTpPAHCTBe. Kpome TOro, mpuMepsl MOKAa3bIBAIOT, UTO
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CYIIIECTBYIOT KK. TPYIIbI B IPOCTPAHCTBaX MUHKOBCKOrO, 0o0Jamarolime Heduckpemmot
2pynnot no6opomos.

Teopema 3. Ilycts maTpuma A mMeeT pa3audHbIe COOCTBEHHBIE UHCJIA, SIBIISIOLLIIECS
KopHsaMu Henpuonumoro Hazg Q maoroutena p(\) € Z[M] co crapmmy kosppuumerToMm 1 n
magmuM kospgunuentom +1. Torma cyiecTByeT JuIIb KOHEYHOE UHCIO MHBAPUAHTHBIX
OTHOCHUTEJILHO MUKInIecKou rpymnbl I = (A) MUHUMAIBHBIX KBA3UPEUIETOK C TOYHOCTHIO
0 YMHOXKEHUS CJIeBa Ha HEocObeHHbIe vyieMeHThl (Q-murHerinon 0600uky rpymmbr 1.

CIMCOK JIUTEPATYPEI
[1] JTe Twm Kyox Txanr, Ilmynunxun C. A., Canoe B. A. T'eomerpus xBasumkpucramios. Y MH, 48 (1993),
Boeimn. 1., 41-102.

[2] Tapunmos P. M. I'pymnnbr opaamenToB Ha mrockoctu Munkosckoro. Anrebpa u noruka, 42 (2003), N. 6,
655—-682.

Hnemumym 2udpodunamuru um. M. A. Jlaspenmovesa CO PAH, 2. Hosocubupck
E-mail: R.M.Garipov@mail.ru

HAnemumym mamemamuru um. C. JI. Coboaesa CO PAH, 2. Hosocubupck
E-mail: churkin@math.nsc.ru
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O kxBa3zuMmHOroo6pasum, HIOPOKAEHHOM TI'PYIIION KBATEPHUOHOB

C. C. I'moToB

Yepes Ly (M) yemoBumMcst 0603HAYATH PEIIETKY KBA3KMMHOIOOOPA3UI, COMEPKALINXCS B
KBa3uMHOroobpasuu M, gepes ¢R — KBa3zuMHOroobpasue, OPOKIEHHOE KJIacCoM Ipym R.
Ecmu xnace R = {G} comepxur nuib oy rpymmy G, To BMecTo ¢R muieMm npocto ¢G.

IIycts M — mpomsBoibHOE KBa3sUMHOTIOOOpasme IPYyNI. Kcim MHOXKECTBO BCeX CO0-
CTBEHHBLIX MOIKBA3MMHOr000pasuii B M, 9acTUYHO YIOPSIOUYCHHOE IO BKJIIOYCHIIO, IMEeT
MaKCUMAJIbHBIE 5JIEMEHTBI, TO 3T MAaKCUMAJILHBIE 3JIEMEHTHI HA3LIBAIOTCA MAKCAMATLHLIME
KBa3uMHOroo6pasusmu B pemterke L,(M).

Paccmorpum rpynmy kBaTepumoros K = rp(a,b | a* = 1,a? = v?, b~ tab = a).

Teopema. MakcumanbHOe KBasuMHOroobpasue B perterke L,(qK) He mopoxmaercs
KOHEYHON T'DYIIION.

Pa6ora Boimonuena mpu nommepxkke ABIIII ”Pa3suTre HaydHOTO MOTEHIINAIA BBICIIEN
mkonsl” (Meponpusitue 1).

Aamatickutt 2ocydapcmeennbitli yrnusepcumem, Bapraya
E-mail: GlotovSS@mail.ru
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I'pynnsr aBTOMOP)U3MOB TOUEUYHBIX KPUCTAJLIIOrpad@UIeCKUX IPyIIn

E. B. I'PAUEB

Onpenenenue 1. Toueunotd epynnoti Ha3bIBaeTCs Takas rpynna (G OpTOTOHAIBHBIX
npeobpasoBaHmil IpocTpaHcTBa 3, miIa KOTOpOoil CyIecTByeT HeMOOBUAKHAS TOUKA.

Onpenesnenne 2. Toueunas rpynna G HaA3BIBAETCS KPUCMAAL0ZDAPUUECKOU, €CTIn
G(Z3) = Z3.

JI1o0as ToueuHas KpucTasiorpaduieckas Ipylna MOXKeT OBITH IpefcTaBIeHAa MaTpU-
namu u3 GL3(Z). CytecTByer 32 pasiMyHBIX TOUEUHBIX KPUCTAIIOrPAGIIECKAX TPYIIILL.
Bce onn xoneunbie, 6051ee TOTO MOPSIOOK JTFOOOI TAaKOW TPYMIIbI AeauT 48.

Hamnee mon TOUeYHON KpuCTAIIOrpaduiecKoll rpynmnoi OyaeM HOHUMATh KOHKPETHYIO
MaTPUYHYIO TPYIILY, B3ATYIO U3 MEXIyHAPOOHON KPUCTAIOrpadUIecKOl TaOINIIbL.

Omnpenenenne 3. Asromopdusm ¢ HazoBeMm conpgeatowum, eciu g € GL3(Z)
o(x) = grg~! maa mro6oro snemenTa x rpynme G.

Bce conpsiratorime aBromopdusmel rpymnsl G obpasyior noarpymmny Sop(G) B rpymme

Aut(G).

Bameuanue. ['pynner Aut(G) u Int(G) He 3aBUCSAT OT KOHKPETHOTO MATPUIHOTO
npezcrasieHus rpynnsl G, Torna kak rpymmna Sop(G) 3aBUCHT OT BBIGPAHHOI'O MATPUIHOTO
[PECTABIICHNS.

15t Bcex 32 TOUEUHBIX KPUCTAILIOr padudeckux rpymn omucans! rpynnsl Aut(G), Int(G)
u Sop(G). Pesynaprars! npencraBieHsl B TabIIUIeE.

Haiinensr marpuunsle npeacrasienus rpynn Sop(G) mis BceX TOYEUHBIX KPHCTAJLIO-
rpaduyYecKux TPyIIL.

Hosocubupcrut, 2ocydapcmeennbiti mexnuveckut ynusepcumem, Hosocubupck
E-mail: grachev@che.nsk.su
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O6 omHOM KJiacce MOMOyJiell Hall IPYHIIOBBIMEU KOJILIIAMU, OJIM3KUX K aPTUHOBBIM

O. IO. TAKOBA

UccnemoBanue Momyielt HAl TPYIIIOBBIMU KOJIBIIAME SIBIISIETCSI BAXKHBIM HAIlPABIIEHIEM
B coBpeMeHHON airebpe. B sToMm HampasieHun OGBLIO MOIYYEHO MHOTO MHTEPECHBIX PEe3yIlh-
TATOB. APTUHOBBI MOMY/IM HAM T'PYIIOBBIMU KOJBIIAME MPEICTABIISIOT COOOW IITUPOKUI
KJIACC MOMYJIeN HaJl TPYIIOBBIMU KOJbIamMu. HamoMHIM, ITO MOMYJIb HA3BIBAETCSI AP TUHO-
BBIM, €CJT YACTUIHO YIOPSIMTOYEHHOE MHOXKECTBO IMMOAMOJIYJIEN 9TOT0 MOMIY IS Y OOBI€TBOPSIET
ycmoBui0 MuHUMaabHOCTH. ClIemyeT OTMETUTDb, YTO peIleHne psmaa mpobiaeM aiarebpbl Tpe-
OyeT mccaenoBaHUs HEKOTOPBIX CHEMUPUICCKIX apTUHOBBIX MOMIYJIEH. APTUHOBBI MOIYJIN
HAJ TPYIIOBBIMUA KOJIBIIAMU C PA3IMYHBIMUA OTPAHUYEHUSIMU HA TPYIIILI MCCIIEIOBAINCH B
[2]. EcrecTBeHHO BO3HHMKAET BOIPOC 06 M3YUEHUN MOIMYJIEH HAI TPYNIOBBLIMU KOJIBLIAMH,
KOTOpPBIE HE SIBJISIOTCSI aDTUHOBBIMU, HO OJIM3KU K aPTUHOBBIM B HEKOTOPOM CMBICIIE.

[Tycte A — OG-monynb, rne O - nenekuHIOBO KOjbiio, G — rpynmna. Eem H < G,
to dakrop-monyins A/C4(H) Ha3bBaeTCs KOLEHTPAIM3ATOPOM MOArpyHIbl H B Momyie
A. B nmambmeitinem B pabore paccmarpusaercs OG-monyns A, takoit, uro Cg(A) = 1, n
KoreHTpam3aTop rpynnsl G B Mmomyite A He sBisercs apTuHOBBIM (O-MOIMIyJIEM.

[loBopsiT, uro rpynna G umeer xoueunsiit O-panr ro(G) = r, eciu G obnagaeT KOHEU-
HBIM CyOHOPMAJIBHBIM PSIIOM, ¥ KOTOPOT'O B TOYHOCTHU 7° (HAaKTOPOB — OGECKOHEUHbIE ITUKIIU-
JecKme, a OCTaJlbHbIe PAaKTOPBI — mepuonudeckne. (-paHr He 3aBUCAT OT BBIOOpA psima U
SIBJISIETCST UNCIIOBBIM MHBapuUaHTOM. llycTh Temeps p - mpoctoe uucio. ['pymma G mmeer
KOHEUHBIN CEKI[MOHHBIN p-paHr 7,(G) = r, ecinn Kaxnas sjeMeHTapHas abeleBa p-CEKIII
rpynnel G KOHEYHA, U €€ TOPSOOK He MPEBOCXOMUT YuCiaa p’, U CyIIeCTBYeT dJIEMEHTap-
Has abeneBa p-cexuns U/V rakas, aro |U/V| = p”. B manbreitmem cumsomom 71, (G) = 7
0003HAYAETCS CEeKIMOHHBIN p-panr rpynmel G B CiIydae, KOrOa P - MPOCTOe 9nuciio, u O-panr
rpynnet G B ciaydae, korna p = 0.

OcHOBHBIMU pe3yIbTaTaMu PAOOTHI SIBIISIIOTCS CIIEIYIOIINE TEOPEMBI.

Teopema 1. IIycts A — OG-monyns, G — paspemmnmvas rpynna, u padr 17,(G) Gec-
KoHedeH a1 HekoToporo p > 0. Ilpeamosoxxum, ITO OIS KaXKAOH COOCTBEHHON IOATPYIIIIBI
M, rakoit, uro panr r,(M) Geckoneden, xomerrpaamsarop M B A sABIsgeTCs apTHHOBBIM
O-momynem. Torma rpynma G obmamaer psgom xHOpMmasabHbix nogrpyna H < N < G ra-
kuM, uro moarpynna H u ¢axrop-rpynna N/H wvunbnorentHsl, a gaxtop-rpynmna G /N
m3oMopHa KBasunukandeckoi rpymnmne Cye M4 HEKOTOPOro IIPOCTOI'O YHCTIA (.

Teopema 2. IIycte A — OG-monmyns, G — paspemmnmas rpymmna, u pasr r,(G) bec-
koHeueH Ay HekoTroporo p > (0. Ilpenmosoxum, 94To M1 KaXKaow cOOCTBEHHON IOAT DY
M, rakor, uro panr r,(M) beckoneden, xonenrpammzarop M B A ABasercs apTHHOBBIM
O-monynem. Torma rpynma G pasperunMa.

OTMeTuM, YTO aHAJIOTUYHBIE yTBEPXKIEHWUS UMEIOT MECTO B CjIydae, KOrda PacCMa-
TpuBaeMmasi rpymnmna (G uMmeeT GECKOHEUHBIN abesieB CEKIMOHHBIA PAHT, WX OeCKOHEUIHBIN
CIIEIINAIBHBIN PAHT.

CIIUCOK JIUTEPATYPHI

[1] Dashkova O. Yu., Dixon M. R., Kurdachenko L. A. Linear groups with rank restrictions on the subgroups
of infinite central dimension. Journal of Pure and Applied Algebra, 208 (2007), N 3, 785-795.

[2] Kurdachenko L. A.; Otal J., Subbotin I. Ya. Artinian modules over group rings. Basel, Boston, Berlin:
Birkhauser, 2007.

Kuescrutl nayuonasbmrbit ynusepcumem umenu Tapaca Illesuenro, Kuea
E-mail: odashkova@yandex.ru

52



MausnsueBckme urerus 2009 Teopus rpynmn

Iloarpynnsl koHeUYHOrO MHAEeKca B rpynnax baymciiara — CosuTepa
®. A. IyOoKkuH
[Iycts p, ¢ — B3amMHO TpOCTBIe Iesble uncia (mumeM p | ¢), He paBHbIE HYJIIO.

I'pynner Baymcnara — Comurepa BS(p, ) 3anai0Tcst OBYyMsI ITOPOXK TAIOIIAME HJIEMEHTAMI
@, t U OTHUM OIPENeIONIM COOTHOIIeHneM ¢~ 'aPt = a?. Be3 moTepu OBGIIHOCTH MOXKHO
CUNTATH P HATYDPAJBHBIM, & ¢ HeIbIM 1 D > |q|.

[ycts a,(G) obosHavaer umcno moarpynn mHmekca n B rpymme G, a ay(G) gwmcmo
HOpMaJIbHLIX moarpynm. ['exsman [1] mokasas, aro

a(BS(p,q) = 3. L (1)

ln, lLlpg
Henasuo Barron [2] nokasan dopmyty
n=Ilm,
Up™—q™

Pesynbrarsl, nonydyeHnHble B TaHHON paboTe, UCIOIL3YIOT TOIBKO (hopmyiry (1). Pop-
MyJa (2) MOIydYaeTcs: KaK CIIeCTBHE TeOpeMbl 1.

Teopema 1. Mmuoxectso moarpynn naaexca n B rpymme BS(p,q) = (a, t || t71aPt =
a?) coBmagaeT ¢ MHOXKeCTBOM moarpym H,, .., TOPOXKACHHEIX ABYMS S/IeMEHT MM a mt™a®,

rgen =Im, l,m €N, L pg, s=0,1,...,1 — 1. Bce nonrpynnsr H, . pasmmIabL
Teopema 2. Iloarpynmst Hy ,, n3oMopgHEL rpyniie
Hy= (Ao, ..., Ap1, T | T"AST = AL _ | AT =AY | i=0,....m—2)
apu Bcex s = 0,1,...,l — 1 u monapaO HEM30MOPMHBI IPU PA3TUIHBIX M.

Teopema 3. Yucmao K1accoB CONPSKEHHBIX HMOATPYNI HHAEKca n B rpymnme BS(p,q)

3amaeTcss (hopMyJIONn
1
n > w(k)-ls- HOH(s,p™ — q™).

klms=n,
l1lpgq

3neck p — ¢yuknus Mébuyca.
Pa6ora soimonuena npu dunancosoin nommep:xkke ABIIII Pocobpasosanus ”Passurue
HAYYHOTO TOTEHINAJIA BBICIIEH MIKOIbI , mpoekT 2.1.1.419.

CIUCOK JIUTEPATYPHI

[1] Gelman E. Subgroup growth of Baumslag-Solitar groups. J. Group Theory, 8 (2005), N. 6, 801-806.
[2] Button J. O. A formula for the normal subgroup growth of Baumslag—Solitar groups. J. Group Theory,
11 (2008), N. 6, 879-884.

Hosocubupckui 2oc. yn-m, ya. Ilupozosa, 2, e. Hosocubupck, 630090, POCCHUA
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Pa3spernnmas rpynmna, nsocnekrpasibHas rpymme Sy (3)

A. B. 3ABAPHUIIVH

MHOKeCTBO MOPSIIKOB 5JIEMEHTOB KOHEUYHOI rpymnbl G o6o3Hauaercs depes w(G) u
HasbIBaeTCs eé cnexmpom. Korneunste rpymnsl G u H uzocnexmpanavhor, ecnu w(G) = w(H).

B pa6ore [1] 66110 mokazaHo, 4To eciau HeabeseBa mpocTas rpymnma (G M30CIeKTpabHa
paspermoit rpyrmme, To G 2 L3(3), Us(3), S4(3), A1g. CyiiecTBoBanue pas3pernMbIx TPyIIIL,
n3ocnekTpaabHbix rpynnaM L3 (3) u Us(3) mokasano B [2, 3|. U3 [4] caemyer, uro He cyiie-
CTByeT pas3permMOil T'PYIIbLI, U30CHeKTpaabHoil rpymnme Ajg. Taxum obpaszom, mpobieMa
OCTaBAJIACh OTKPBITON TOIBKO miist Tpynnbl Sy (3). ['maBHBIM pe3yIbTaTOM HACTOSIIEH pa-
GOTHI SIBJIIETCS CIIEAYIOIIEe YTBEPKICHNUE.

Teopema 1. CymiecTByer KOHeUHAs paspemmMas TPYIIA, U30CTIEKTPAIBHASL IPOCTOM
rpymme Sy(3).

Paspemmmas rpymnma n3 Teopembl 1 mocTpoeHa Kak rpynmna matpur 17 X 17 Ham moem
73 TPEX DIIEMEHTOB. DTa IPYIIIa UMeeT MOPSIOK

5648 590 729 620 = 22 . 3%4 . 5

1, TI0 BCEl BUAMMOCTH, SIBJISIETCS HAUMEHBIIIEN pacCMaTPUBAEMON TPYIIOR. XOTs MPenIo-
JKEHHOE NOKAa3aTelIbCTBO HE 3aBUCUT OT KOMIBIOTEDPHBIX BBIUMCJIEHUN, IIEPBOE CBUIETEIb
CTBO B IIOJIb3y CYIIECTBOBAHUSI TAKOW I'PYNIBI OBLJIO IMOJJYyYeHO C KUCIOJIB30BAHUEM IIaKeTa
koMmmbioTepHON anrebper GAP.

B kadecTBe citencTBuUs U3 TeOpeMbl 1 TOIydaeTCs CIedyIolee YTBEePKIeHNe.

CnencrBue 1. Koneunas npocras HeabeneBa rpymnma (G M30CIEKTPaabHA, PA3PEILIIMOT
rpymme Torga u Toiabko torga, korma G =2 L3(3),Us(3),.54(3).

Pabora Bomonraena npu nonnepxkke PODOU, rpant 08-01-00322; coBera mo rpanTam
[TpesunenTa P® mist monmep:xkku Bemymx HaydHbix mikoil (mpoekt HII-344.2008.1); Pouna
ComnetictBust OreuectBennont Hayke (rpant ot 2009 r.); ABIII Muno6pasosanus Poccun
«Pa3BuTue Hay9YHOrO MOTEHIMAIIA BBICIIEN IIKOIbE» (mpoexT 2.1.1/419).

CIUCOK JIUTEPATYPHI
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[2] Masypor B. II. PacnosnaBanue KOHEUHBIX MPOCTHIX TPyNn §4(g) TO mopsimkam ux sneMeHToB. Anre6pa
u noruka, 41 (2002), N. 2, 166-198.

[3] Bunoebesa M. P. PacmosnaBanue KOHEUHBIX TDYTII TIO CBOWCTBAM MHOXKECTBA IMOPSIIKOB 3JIEMEHTOB.
Hucc. ... xkannunara ¢us.-mat. Hayk. Exarepunbypr, 2003.

[4] Crapomeros A. M. HepaspemmumocTs KOHEUHBIX TDYII, W30CIEKTPAIBHBIX 3HAKOIEPEMEHHOI IDyIIIe
crenenu 10. Cubupckue seKTpoHHBIE MaT. u3Bectus, 5 (2008), 20—-24.

HAnemumym mamemamuru um. C.JI.Coboaesa CO PAH, Hosocubupck
E-mail: zav@math.nsc.ru

54



MausnsueBckme urerus 2009 Teopus rpynmn

O nepeceueHUsAX CUIIOBCKUX 2-moArpyni B rpymme Aut(Qg (3))

B. 1. 3EHKOB

[Iycts G — KOHEUHAs TPYINA C €QUHIIHBIM Pa3pPEIInMbIM pagukamioM, P — dukcupo-
BaHHas cuiioBcKas 2-monrpymma u3 G. Torma (em. [1]) PY N P* N P = 1 miasd HEKOTOPBIX
snemeHToB u u z u3 (G. B To ke Bpems PP N P # 1 gns mo6oro sneMmenTa x u3 rpynnsl G
B ciayuae, Hanpumep, G = Aut(Ly(7)). Ilns usyuenus aHaJIOrMYHON CUTyaruu B OOLIEM
citygae pacemorpum MHOX)ecTBo X = {PY | PYN P = 1,9 € G}. Torna nonrpymnmna P neii-
cTByeT compsikeHusamu Ha MHOXKecTBe X. IlycTh lo(G) o6o3HaTaeT IHCIO OPOUT IPU STOM
neiicreun. Eciau rpynna G npocta, 1o l3(G) > 0 (em. [2]). Omuaxo l2(G) = 0, nanpumep,
st moutu npocroit rpynnel G = Aut(Lo(p)), rme p — npocroe unciio Mepcenna, XoTs
l2(La(p)) > 0 u |Aut(La(p)) : Inn(La(p))| = 2.

B [1] 6b110 mOKa3aHo, 9T0 Bonpoc onucanus rpynnsl G ¢ yemosueM [y (Aut(G)) = 0 co-
ouTCcs K onucanumio KoMnoHeHT K rpymnel G rakmx, ato lo(Aut(K)) < 2. U3 Teopewm 4.1,
5.1, 6.1 u memmer 3.12 u3 [1] ciemyeT, 9TO [IIS IOJIHOTO OLMCAHWS TAKIX KOMIOHEHT K ocra-
JI0Ch PaccMOTpeTh KoMnoHeHTsl K rpynmel GG, nzomopduse rpynnam [esasute Ham momem
HOPSIKA P, TIe p — mpocToe uucio Pepma nmm Mepcerna, uin Haz moseM nopsanka 32. [Ipu-
MepaM#l TAKuX KOMIOHEHT citykaT K o~ Lo(5) wiu Lo (9), mpuuem lo(Aut(Lo(5)) 1 Z2) =0
u l2(Aut(L2(9))) = 0, xors la(Aut(L2(5))) > 0 u lo(Gy) > 0 mns Inn(L2(9)) < G <
Aut(L2(9)). B [3] npomomxaercs nauaroe B [1] u [2] usydenue, npuuem B padore (3] mo-
kazaHo, uTo [o(Aut(Us(3))) = lo(Aut(PSp4(3))) = 1, a l3(Aut(Ls(3))) > 3. Do o3mauaer
(CM. [1]), q9T0 lg(Aut(Ug(?))) ! ZQ) = lg(Aut(PSp4(3)) ! ZQ) = 0, a lg(Aut(Lg(?))) ! ZQ) Z 3.
Bompoc o ancmax lo(Aut(L4(3))) u lo(Aut(Us(3))) moka OTKpBIT.

B mamno# pabore moxazaHa

Teopema. Ecan G = Aut(27(3)), o l2(G) > 0.

PaGora Bemmonnena npu dunancoBoit nognepxkke POPDPU (mpoekt 07-01-00148), mpo-
rpammbl OTnenmenns matemarudeckux Hayk PAH m mporpaMM COBMECTHBIX MCCIIEIOBAHUIT

¥YpO PAH ¢ CO PAH u HAH Benapycu.
CHOUCOK JIUTEPATYPBI
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q)J'IaI‘-TpaH3I/ITI/IBHOCTI: JIMHEMHBIX T'PYIIII, oIIpeneJIeHHbIX Hald IMIOAKOJIBIIOM
TEeJla

C. A. 310BuH

[Iycte K — moste unmu Teno. EcTecTBeHHOE melicTBUE MPOEKTUBHOUN JIMHEWHOW TPYIIIHI
PGL,+1(K) na npoektuHoM mupocrpanctBe PG(n, K) sBisiercst (iar-TpaH3UTUBHBIM,
T. €. I JTIOOBIX OBYX MAKCUMAaJIbHBIX (PJIaroB — HEYIJIOTHSIEMBIX IIETell BIIOYXKEHHBIX
MOANIPOCTPAHCTB — CYIIECTBYET 3JIEMEHT TPYIIIbI, MMEePEeBOMSININN OonuH ¢GJiar B OPYTOM.
drar-TpaH3UTUBHOCTE COXPAHIETCS, €CIIM paccMaTpuBaTh He BCio rpynmy PGL, 1 (K), a
HEKOTOpbIe ee moarpymmbl. Takosa, Hampumep, rpynna PSO,.1(R), dmar-tpansutusHast
Ha PG(n,R) man nmomem BerecrBennbix uucenn R. KavecrBenno mpyrum mpumepom diiar-
TpaH3UTUBHO noarpymnst ciayxut PSL,(Z) < PGL,(Q), 3anaxaas Hal HOIKOILIOM BCEX
IeJIBIX Yucen Z moss pannoHaIbHbIX uncen Q. Bosuukaer ectecTBenHas 3amada o6 omu-
caHUU BceX (Iar-TpaH3UTUBHBIX HOArpynn H NpoekTuBHOW juHeirHOW rpynmbl. OTMe-
THM, 49TO 3Ta MpobjeMa SKBUBAJIEHTHA 3amade 00 OTBICKAHUN BceX (PaKTOpU3aluil BUOA
PGL,+1(K)=H - PTy,41(K), rne PT,,41(K) — nmpoekTuBHas TpeyroibHas rpymma. s
KOHeYHOro mojs K 3amaua pemreHa B [2] miis MOATPYII HOJTHOW MPOEKTUBHON JIMHENHOM
rpynnsl, u gaxe mis nonrpynn rpynn lesamme [3]. s ciaydas 6eCKOHEYHOTO OIS
Wi Tejla 3a/1ada He pellleHa 0 CUX [op u 3amucasa B Bompoce 11.70(B) u3 [1], B wacTu
(6) KOTOPOro Tak:Ke CIPAIINBAETCS: KakKue CBONCTBA momkoibla R m3 K obecneunBaioT
dnar-rpansurusaocts PG L, 1 (R) Ha npoektuBHoM npocrparcrse PG(n, K)? Peuenne
MIOCIIEIHETO BOMPOCA [JIs CITydast 1mosteit anoucuposaso B [4] u [5]. Tlomuoe pemrenue Bompoca
11.70(6) mms Bcex Tes maeT CiIemyrorrast

Teopema. Ilycrs R — nogkomnsuo tena K. Ioarpynna PG L, 1 (R) neiictByer ¢mar-
TPAH3UTHBHO Ha HpOoeKTUBHOM mpocrparcTBe PG(n, K) Torma m tomsko toraga, xkorma R
sABIseTCs (JIEBBIM U NIPABBIM) KOJIBIIOM Be3y, MHOXecTBa JIEBBIX U HIPABBIX YACTHBIX KOTO-
poro coBmamarmT ¢ K.

Pa6ora nonnepxana PODPU, rpaut Ne 09-01-00717.
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O CyILIeCTBOBaHMM XOJIJIOBBIX IIOAI'PYIIII

B. H. Kugaruna, B. C. MOHAXOB

Onaum u3 GyHIAMEHTAIbHBIX Pe3yIbTaTOB Teopuu rpynn ssiseTcs Teopema [llypa —
[accenszaysza: ecian B KOHEUHOM I'DyIIIe IMEETCS HOPMAaJIbHAas T-XOJIIOBa IMOATDYIIA, TO B
rpymnime CymecTByeT W T -XOJIJIOBa MOATPYIHA. Y CJIOBUE HOPMAJILHOCTH 7T-XOJJIOBOM IIOMI-
IPYIIOBLL B OTOI TeopeMe OTOPOCUTHL HEMb3sl, T.€. MJis CYIIeCTBOBAHUS T -XOJUIOBOU IIOI-
TPYIIBI HEIOCTATOYHO TOJBKO CYIIIECTBOBAHUS T-XOJIJIOBON moarpynmnbl. Hampumep, B jio-
6oit mepasperumoii rpymmne G HeT p’-XOIIOBON MOATPYILI I HEKOTOPOTO MPOCTOTO P,
B TO BpeMsl KaK P-XOJUIOBA MOArPYNIA (= CHJIOBCKas P-IMIOArPYIa) mMeeTcs. HamoMHmM,
UTO KOHEYHAs HEHWIBIOTEHTHAs TPYIIa, Yy KOTOPOU BCe COOCTBEHHBIE MOATPYIITHI HUJIb-
MOTEeHTHBI, Ha3bIBaeTcs rpynmoi [munra. Be3 ucnonb3oBanus knaccubukanmm KOHEUHBIX
IIPOCTHIX I'PYII HOKa3aHa CIIedyIollias TeopeMa.

Teopema. Ilycrs H — m-xomnoBa noarpynna rpynnsl G u G = HK nams HekoToporn
noarpynnel K. Torma copaBeamuBbI CIEIYOIIAE Y TBEPKICHUA.

1. Ecnu nns xaxnoro p € w(H) noarpynmna H mepecTaHOBOYHA €O BCEMU P-3aMKHY THIMU
pd-monrpynnamvu Illmunra ns K, To B rpynne G cymecTByeT 7' -X0JI0Ba OATPYIIIA.

2. Eciun H HumbmoTeHTHa W mepecTaHOBOYHa co Bcemu noarpymnmamvu Illmunra n3 K,
TO J1F0OBIE ABE T -XOJIJIOBBI MMOATPYIIIEI CONPSXKEHEL.

Y croBue HWIBIIOTEHTHOCTU MOATrPYyNnbl [ Heab3st 0cIaduTh OO CBEPXPA3PEIINMOCTH.
Hanpumep, B rpynne PSL(2,11) = ([Z11]Z5) A4 {5, 11}-xonnosa nonrpynna H = [Z11]Z5
cBepxpaspemmMa, mnepectaHoBouna ¢ nonrpymnmoit Hlvmnra K = Ay, wo PSL(2,11) me
apiserca Cs q11y-rpymnoit. Kpome toro, rpynna G moxer He ObiTh D/-rpynmoti. Ilpu-
MepoM ciayxkutT rpynma PSL(2,5) = Z5 A, ¢ xomtosoit nonrpynmnoit H = Z5 u mOArpy o
K = A,

B 1962 rony Uto u Cen [1] nokasanu aunsnorenTHocTs H/Hg npn ycaoBun, 9To mom-
rpynmna H mepecTaHOBOYHA CO BCeMU Tonrpynmnamm koHewnou rpynnsl G. 3mecs Hg —
HambosbInas HopMasibHas B (G moarpymmna, comepxkariascs B H. Bromne ecTecTBeHHO BO3-
HUKaeT CJIeAYIOIINI BOIIPOC.

Bounpoc. Byner au H/Hg mHumemorenTHa, eciau moarpynma H mepectanoBouna co
Bcemu nmoarpynnamu Ilvunra rpyonoer G7

[TomoXuTenbHbIN OTBET M3BECTEH B ABYX CIydasx: Korma H XosmoBa (9TO MOKa3bIBa-
ercst nerko) u H makcumasbHa, cM. [2], ciencrsue 2, c. 750.
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M,-rpynnel ¢ py4ykamu IopsiakKa Tpu

C. H. KosynuH, B. I. CEHAImOB, B. II. IIIYHKOB

M,,-rpynner ¢ pydkamu IOpsAKa, OTJIMYHOTO OT IBYX, B IpylIe 0e3 MHBOJIIOLII 13-
yuaanucs B paborax B. II. Ilynkosa [2], [3]. M,-rpynnsl ¢ pyukamu HOpsaka 2 H3ydai
B. O. I'omep [1]. B [4] momyuen mpmsHax HempoCTOTHI Mp-IPyNIBI ¢ PYUKOH HOPSIKA,
OTJMYHOTO OT TPEX.

I'pymma G maseBaercs My-2pynnot, ecian 11t ee 6eCKOHEYHOR HOPMAJILHOM IIOJTHOM abe-
JIEBOI P-TIOATPYTIEL B ¢ yCI0BIeM MUHUMAJILHOCTH U 5JIEMEHTA ¢ MOPSAIKA P BBIIOTHAIOTCS
CITEIMYIOIINE yCITOBHUSL:

a) JoKaIbHO KoHeunble p-nionrpyuisl u3 Cg(a)B/B KoHeuHb;
6) eciu HEKOTOpast mosHast abesesa p-noarpynna C rpynnsl G CONEPKUTCS B MHOXKECTBE

Ugea(a, a’), ro C < B.

Honrpymnnst B, (a) HA3BIBAIOTCSI COOTBETCTBEHHO SIAPOM U pyukoit M-rpynmnst G.

Pyuka naspiBaercs p-koneunoil, eciu B Cg(a) JOKAIbHO KOHEUHBIE P-TIOATPYIIIBI KO-
HEUHBI.

Ompenenenne M-rpynmnst 66110 BBemerno B. I1. lynkosbiv B 1983 r. B pabote [2].

Teopema. Ilycte G — rpymnma, B — eé b6eckoneunas mosiHas abejieBa 3-IIOATPYIIIIA
C yCJIOBHEM MUHUMAJIBLHOCTH, VIOBIETBOPSIIOIINAE YCIOBUAM:

1) H = N¢(B) sBusercs Ms-rpynnont ¢ sapom B u 3-koHEYHO# pydKon (a);

2) mns mpomssombHOro dmementa g € G\ H¥ momrpynmer Buma {(a,a¥) xomedHBI I
DPAa3PEIIuMBIL;

3) |Ca(a) : HN Cg(a)] < oo w HN Cg(a) conepxur Bce 3'-31€MEHTH KOHEYHOI'O
mopsinka n3 Ca(a);

4) ecrn () — xoHeuHas (a)-mHBapuaHTHAs q-togrpynna uz H ¢ ycaosuem QNCq(a) # 1,
10 N (Q) < H (¢ — mpocroe uucio, oramdHoe oT 3);

5) B G Bce kKoHeunble (a)-uUHBapUAHTHBIE 3'-IIOATDYIIIBI PA3PEIIAMBI.

Torma B<G.

Pa6ora Boimomaena npu nopmep:xkke rpanta PODPU 09-01-00395 u rpanTa Cubupckoro
dbenepasnbHOro yHuHBepcuTeTa (IPOEKT — SIUTHOE MaTeMaTudeckoe obpasosanue B CDY).
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IIBa n 3-mOpoXKZIeHHbIE PAIlMOHAJIbHBIE 2-T'PYIIIIbI

C. I'. KOJIECHUKOB

B 1976 romy R. Gow [1] mokasas, 4To MOPSIMOK KOHEUHOU Pa3PEIIMMONl T'PYIIIIHI, ¥ KO-
TOPON BCe 3HAUEHUS BCEX KOMIIEKCHBIX HEIIPUBOIMMBIX XapaKTepPOB JIEXKAT B IIOJI€ PAIINO-
HAJIBHBIX Yncesl (II03Ke Takue IPYIIIBI CTAIN HA3bIBATH PAIMOHAIBHBIME WiIn (Q-rpyrinamu)
MOXKET MEeJIUThCS TOJBKO Ha TPU MPOCTBHIX 4Yncia: 2, 3 U 5. DTOT HEOXKUIAHHBIA PEe3yITh-
TaT MOCTYKUIT TOITIKOM K Oojiee meTajJbHOMY UCCIENOBAHUIO PAIMOHAIBHBIX T'PyId. Bbiio
ITOCTABJIEHO HECKOJIBKO BOIIPOCOB U BBICKA3AHO DSl TUIOTE3 O CTPOCHUN (J-TPYII U UX CU-
noBckux 2-nonrpynn. B uwactaocTu, B [2] A. Xaiikun-3anupaiin nmoctasmit sonpoc 16.102:
KOHEYHO JIM YUCIIO N-MOPOXKAEHHBIX DPAIMOHAIBHBIX 2-rpynil (KpaTKo n-(QQ-2-Tpymir) mnpu
bukcupoBaHHOM N7

ABTOpOoM KiTaccuGUIIPOBAHBI ¢ TOYHOCTHIO 10 M30MOP(U3Ma, PAIMOHAIIBHBIE 2-TPYIIIbI,
MIOPOXKIEHHBIE IBYMS WM TPEMs djleMeHTaMu. bosee TOUHO, MOKa3aHBI

Teopema 1. CyrecTByer ToJIBKO 3 HEM30MOPQHBIX 2-IMOPOKAEHHBIX PAIMOHAIBHBIX
2-rpynmer: Zo X Zs, OU3APAJIbHAS U KBATEPHUOHHAS T'DYIIIBI IOpsaka 8.

Teopema 2. CymrecTByeT TOJIBKO 25 HEM30MOPGHBIX 3-TIOPOKAEHHBIX PAIIOHAIBHBIX
2-rpynn u srfobas U3 HUX pasioxkuMa B npomusseneHue K N (z), raoe

K:<m7y|mn:17 ym::I:l, [x7y2j|:f7 [x7y]:g>7 n7m7l€{27478}7
f,g crosa ot 22, y?, (zy)?, |2| < 4w 2% € Z(K), npmaém, x° = 23 uw y* = y>.

OTMeruM, 9TO MOPAMOK MaKCUMAaJbHON 3-(Q-2-rpynnsl paBeH 256. Ilockonbky [3, cTp.
70] cmerenwe G = H ! Zy Gynmer Q-rpynnoi, eciu H — Q-rpynmna, npuaéM, MUHAMAIb-
HOE YICIIO MOPOXKOAIux rpynnsl G Ha enuHuUIly Oosblite, ueM y H, TO CyIIecTBYIOT n-
HOPOXKIEHHBIE (1 > 3) pAMOHAIIbHBIE 2-TPYIIILL TOPSAKA 60IIbIIIe IN60 PABHOTO 22" +2" -1,
B uactrOCTH, cymiecTByeT 4-Q-2-rpymma mopsaka 217

Cremytortie BOIIPOCHI €CTECTBEHHBIM 00pa30M BO3HUKAIOT, KaK 0000IIIeHE CBOWCTB IBa,
7 3-TIOPOXKIEHHBIX PAIIMOHAIBHBIX 2-TDYIIIL.

Bonpoc 1. OrpaHudenbl I TOPSOKU 3JIEMEHTOB U CTYIEHb HUIBIOTEHTHOCTU M-
MTOPOKIEHHON PAIMOHAIBHON 2-TPYyIIbl guciaoMm 27

3aMeTnM, UYTO pPaIMOHAJILHOCTH 3HAYEHUS MTPOU3BOJIBHOINO KOMILJIEKCHOTO HEIPUBOIN-
MOTO XapakTepa X I'pymmbl (G Ha 5JIEMEHTe ¢ PABHOCHIILHO TOMY, YTO ¢ COUPSIKEH C gF,
ecmm {g) = (g*). B cBaA31 ¢ 3TUM, BO3MOXKHO, WHTEPECHLIM GyIeT ¥ CIIeIy oIt

Bonpoc 2. Komeuna mu n-mopoxnéunas rpynmna (G 9€THOrO mepuoma, B KOTOPOW
KasKIIBIH 37TeMeHT ¢ compsxen ¢ g~ ecmm (g) = (g*)?
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KOJ'IBI_Ia Ha BEKTOPHBIX abeJjieBbIX rpyIimnax

E. 1. KOMIIAHIIEBA

Abenesa rpynna (G Ha3BIBAETCS MOIYIPOCTON, €CIN OHA SBISIETCS ANMUTUBHON T'DYII-
IIOM HEKOTOPOTr'O IIOJIYIIPOCTOI'0 acCONMaTUBHOTO Koibla. IIpobrema mccmemoBaHms mOIy-
npocThIX rpynn copmynupoBasa B [1]. B Hacrosmeit pabore mOIy4eHO omucaHue MOILy-
IPOCTBIX IPYIII B KJIACCE BEKTOPHBIX abesieBbIX rpymm [2].

[Iycts G = [] R; — Bexropnas rpynmna, R; — rpymnmns! 6e3 KpyueHus paHra 1, KoTopble

iel
€ TOYHOCTBIO OO m30MopdusMa onpenessorcs ceoumu tunamu t(R;). O6oznaunm:

Iia={i€l|t(R;) HEMIEMIOTEHTHBI THUI},

Ip={iel|t(R;) wuneMonoTeHTHbIN TUI ¢ GECKOHEYHBIM UYNCIIOM HyJIel },

Io={i€l|t(R;) wuOeMIOTEHTHBI TUI ¢ KOHEYHBIM UUCIIOM HyJIeil},

{0(]{?) = {’L el | t(Rz) > t(Rk)}, kel,
I(k)={ieI|t(Ry) =t(Rp)}, kel

Bynewm rosoputs, uro muoxectso I’ C I ynosieTBopsieT yciaoBuio (d), eciu CyiecTByeT
cucrema {J; | i € I'} GeCKOHEUHBIX TIOMAPHO HETEPECEKAIOIMXCsT MHOXKeCTB J; C [o(i).
MssecTHo [2], 9TO mpOM3BOSbHAS BEKTOpHAS TPYIIA MNPEACTABAMA B BUIE IIPIMON
CYMMBI PEIyIUPOBAHHON U HEJMMON BEKTOPHBIX T'DYIIIL.
Teopema. Ilycte G = A® D, rne A = || R, — peayuupoBaHHas BEKTOpHas IPYNIIa,
icl
I — nmemsmepumoe MuOXKeCTBO [2], D — menumas Bextopras rpymma panra (D). ITycts

0, r(D) xoreuer (B Tom uncie r(D)=0)

r(D), r(D) beckoreues,

Im'd(l/> = {Z - Im’d | |I(2>| > l/}.
I'pynma G mosrynmpocra Torma u TOJIBKO TOTAa, KOTAA
(1) ool < v
(2) I,;a(v) ymoBnerBopser ycmosuro (d).
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O pacno3HaBaeMOCTH IO CHEKTPY HNPOCTHIX rpynn D, (3) A/l He4eTHOro
HIPOCTOr'0 YUCIIA P

A. C. KOHOPATHLEB

[Ilycte G — xomeunas rpymma. O6osmaunm uepe3 w(G) cnexkmp rpynmsr G, T. e.
MHOXKECTBO BCEX IOPSIKOB ee 3y1eMeHTOB. MuoxecTBo w(G) onpenenser epad npocmpir
wucea (epag I'pronbepea — Keeeas) GK(G) rpynubt G, B KOTOPOM BEPIIMHAMU CJLYKAT
IPOCTBIE NETUTEIN TOPSaKa IPYHbl G U ABe pa3inyHble BEPIINHBI P U ¢ COEIUHEHBI peGPOM
TOrZa U TOJILKO Torma, korna pg € w((G). O6o3HaAUMM UNCIIO KOMIOHEHT CBSI3HOCTHU rpada
GK(G) gepes s(G).

O6111ee cTpOeHMe KOHEUHBIX TPYIII C HECBSI3HBIM IPA(OM MPOCTHIX YHCETT TAeTCs Teope-
Mot ['pronbepra — Kerens (cm. [1]). Koneunsre mpocTbie HeabesreBbl IPYIIIBI ¢ HECBSI3HBIM
rpadoM IPOCTBIX YUCENT OMUCAHBL B |1, 2].

PesyabTaThl 0 KOHEUHBIX TPYIIax ¢ HeCBs3HbIM rpadoM ['proubepra — Kerens maiim
GOJIBINIOE TIPUMEHEHNE B MCCIENOBAHUSIX PACIO3HABAEMOCTH KOHEUHBIX T'DYII 10 CIIEKTPY
(cm., manpumep, o630p B. II. Masyposa [3]). Koneunas rpynna G Ha3bIBA€TCS pacno3nasa-
emot (110 CIIEKTPY ), eciu AyIs J000il KorewHol rpynnsl H ¢ ycrnosueM w(H ) = w(G) umeem
H>=G.

B nanmoit paboTe IpoooKaeTCs N3y YeHrne Paciio3HaBaeMOCTI KOHEUHBIX TPOCTHIX TPYIII
nureBa Tumna ¢ HecBs3HbIM rpadoMm ['pronbepra — Keremns. Ilokazana ciemyrorias

Teopema. Ilycts G — KOHeYHAas TPyHIIA C TAKUM K€ CIIEKTPOM, KaK y IIPOCTOM T'DYIIIIBI
D,+1(3), roe p — HeuerHOe mpocroe uucio. Torna rpynma G mzomopgua Dy (3) mam Bs3(3)
opu p =3 u Dypi1(3) mpu p > 3.

B ciyuae p = 3 Teopema Gblta mokasaHa paHee paHee B [4].

Pa6ora Beimonuena npu dunancosoi nonnepxke PODPU (mpoext 07-01-00148), PODM-
BP®®U (mpoekt 08-01-90006), mporpammer OTmenenus maremarndeckux Hayk PAH u
nporpamm coBMecTHBIX uccienoBanuit YpO PAH ¢ CO PAH u HAH Benapycn.
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IIpuMuTuBHBIE NapabojinyecKue IIOACTAHOBOYHBIE ITPEICTABIIEHUS KOHEUYHBIX
OPTOTOHAJIBHBIX I'PYNI HEYETHOI pa3dMepHOCTU

B. B. KOPABJIEBA

Panee aBTOpOM BBIUNCIIEHBI PaHTH, CTEIEHU, MOACTENEeHN U ABOWHLIE CTAOW/IN3aTOPbI
IPUMUTHUBHBIX TapabOIMIeCKIX MOACTAHOBOYHBLIX IPEICTABICHUN I BCEX KOHEUHBIX IIPO-
CTBIX MCKTIOYNTETBHBIX TPYTI /HeBa Tuma u Kiaccudeckux rpymm A;(q), Ci(q) u 2A;(q),
a Takxke ompenerneHsl panru s rpynn Bi(q) uw Di(q). B mamuoit paGore ompenensioTcs
mapaMeTphbl MPUMUTUBHLIX MAapabOIUIECKuX MOACTAHOBOYHBIX IIPEICTABICHUN KOHEUHBIX
OPTOTOHAJILHBIX IPYIII HEYETHON Pa3sMEPHOCTH.

[Iyctes V' — BekTOpHOE MPOCTPAHCTBO HEUETHOW PA3MEPHOCTHU | HA KOHEUHBIM IIOJIEM
MOPSANKa ¢ HEYETHON XapaKTepucTuku u F — wnesvipoocdennad xkeadpamuunag dbopMa Ha
V. TlommpocTpaHcTBO, Ha KOTOpOM orpanudenue ¢opMbl F ecTb HyseBas dhopma, Ha3bl-
BaeTcs uzomponmuvim orHocutensao F. Ilonrpymnma O(V) rpynmbl BceX HEBBIPOKIEHHBIX
JUHENHBIX Tpeobpa3oBaHUl TPOCTPAHCTBA V', COCTOSIIAs U3 BJIEMEHTOB (Y, IS KOTOPBIX
F(x?) = F(x) upu Bcex x u3 V, Ha3bIBaeTCS 0pMO20HaAbHOU epynnoti mpocTpaHcTBa V.
Onementsl u3 O(V'), uMmerolme paBHBIN eQUHUIE ONPEHEIUTEIb, 06PA3YIOT CREYUAIbHYIO
opmozonaavuyto epynny SO(V). Ilpu meuernom ¢ rpymma SO(V) umeer eqUHCTBEHHYIO
HOATPYIIYy WHIOEKca 2, KoTopyo obosuaunm uepe3 (V). Ilycts G = Q(V) u W — wuso-
TPOITHOE TOMIIPOCTPAHCTBO TpOocTpaHcTBa V oTHOocuTenbHO F'. W3BecTHO, UTO CcTabMiIn-
3aTop Gy mommpocTpaHcTBa W sBiseTcss mapaboImyecKoil MaKCUMAJILHOU MTOATPYIIION B
rpynie (G, mpuueM Bce mapaboimyecKue MaKCUMAaJIbHbIE TIOArPYNNbl B G Tak MOy JaloTCs.

Teopema. Ilycte G = Q(V) u W — m3orponroe orHOCHTensHO F' mommpocrpancTBO
pasmepraoctu k B V. Torna BV HammyTcs n30TpomHbIe OTHOCUTEIRHO F' moampocTpaHCTBa
Wi k—i—j,; pasmepaoctn k, tme 0 < i < k, 0<i+j <k, 0<j<[l/2]| -k mpu2k > [l/2] n
0<j<kmopu2k< [l/2], gyro Gy N GWz = Ci,k—i—j,j: Li,k—z’—j,j; rge | Ci,k—i—j,j |=
gD U=k =i+ (i+5+1)/2=3% T,

k—i—7,j

Zﬁk_l_]h? -

27 1
a2 (SLia). (g = 1) % SLy(a)- (= 1) x SLicinj(@)- (4= 1) X G )2

n noarpynna (G mzoMopdHa CTabUIN3aTOPY M30TPOIHOIO IOAIPOCTPAHCTBA Pa3MepPHOCTH

J B Q-2r(q).

CanenctBue. Ilycte W — m30TpornHOE MOAIPOCTPAHCTBO OTHOCUTENIBHO F' paszmepHO-
cru k B V. Panr nogcranopounoro npeacrasierns rpynnsl G = (V') Ha JIeBBIX CMEXKHBIX
KJIaccax 1o mapabomdeckon MakcuMasnbHon nogrpyne Gy pased ([1/2] —k+1)(3k—[1/2]+
2)/2 mpu 2k > [1/2] u (k+ 1)(k + 2)/2 nopu 2k < [1/2].

Pa6ora seimonsena npu nomnepxkke PODPU (npoext 07-01-00148).

Yeagbunckut 2ocydapcmeennbitt ynusepcumem, Heagbumck
E-mail: vvk@csu.ru
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O rpynnax F/[N, N|

A. ®. KPACHUKOB

I[Iycte F' — cBobomuasi rpymnmna c¢ 0a3zoil xi,...,T,, N — HOpMajJbHas IOATPYIIa
rpymner F, F(.) — ¢-ii 9IeH HIXKHETO MEeHTPAJIbHOrO psana rpynubt F, N (k) — k-it xoM-
MmyTaHT rpynnbl N, r € F', R — HOpMa/lbHOe 3aMbIKaHue 7 B rpytmme F'.

Onpenenum UTEPUPOBAHHBIN HIKHUN IEHTPAILHBIN Ps Ipynnbl ' ¢ HabopoM KitaccoB
(Clv SRR Cl)? HoJjaras F(cl,...,cl) = (F(cl,...,cl,1)>(cl)-

[Iycte M — mopMasibHaAs moarpynma rpynnsl F. bymem roBopuTh, 4TO oOpasbl 31e-
MEHTOB X9, . . ., Ly TP €CTECTBEHHOM ToMoMOopdusme F — F'/RM ¢BOGOMHBL OT T, €CIIN [JIst
7I060T0 CJI0Ba U OT X2,...,L, U3 v € RM cnenyer v € M.

Teopema. Ilycts F/N — paspeummas rpynna 6e3 kpydeaus, n > 2,7 € N, r & [N, N|,
k — mpousBosbHOE HaTypasabHOoe dncao. Ob6pas3bl 3JIEMEHTOB X2, . . ., Ly IPH €CTECTBEHHOM
romomoppusme F — F/R[N,N] cBobogusr oT 1 TOorza u TOJIBKO TOLAA, KOrAa 06pa3bl
9JIEMEHTOB I3, . . ., T, OPH eCTeCTBeHHOM romMoMopdusme ' — F /RN (%) cBo6omms OT T

CnencrBue. Ilycte F/N — cBobomHas B HEKOTODPOM DPAa3PELINMOM MHOT00Opa3uu
rpynm u ymopspoumBaeMas rpymma ¢ 6aszon xiN,...,x,N, n > 2 r € N, r ¢ [N, N],
k — mpousBosbHOE HaTypasabHOe dnucao. O6pa3bl 3JIEMEHTOB X2, . . ., Ly IPH €CTECTBEHHOM
romomopgusme F' — F/RN (k) cBOGOIHBI OT T TOrAA M TOJIBKO TOLAA, KOTHA SIEMEHT T He
conpsker o Momyito [N, N| Hu ¢ KaKuM CIIOBOM OT X, . . ., Ty

Cnencrsue. Ilycte N = Fi, .y, n>2,r € N, r ¢ [N,N], k — npousporsroe
HaTypaabHoe ynucao. O6pa3bl 3JIEMEHTOB X, . . . , Ly, IPU €CTECTBEHHOM roMoMoppusme F' —
F/RN (%) ropoxmaroT cBOGOLHYO MOMHHAIBIOTEHTHYO IDYIIILY C TEM XkKe HabOPOM KJIACCOB,
uro n y rpymmer F/N*) | rorma u Tomsko Torma, Korma saeMeHT T He CONPSIKEH II0 MO IO
[N, N] HU ¢ KAKIM CIIOBOM OT I3, . . ., Ty.

Canencrsue ([1]). IIycte N — wien psga xkomMMmyTaHTOB rpynmbl F', n > 2, k —
[Ipou3BOJIbHOE HaTypasjbHoe guciao, r € N, r ¢ [N, N|. O6pa3ser 51eMeHTOB T3, ..., T, OPU
ecrecrBeHHOM romomopdusme F — F/RN (%) opoxmaroT cBOGOMHYIO Pa3PEIIIMYyO IDYIIILY
TOII ke crymeHu, 9ro u F'//N (k) rorma m TomBKO TOrmA, KOIIa SJIEMEHT T HE CONPSIKEH IO
vozyimio [N, N| HUI ¢ KaKuM CIIOBOM OT X3, . . ., Ty,

CIUCOK JIATEPATYPLI
[1] Pomanosckuit H. C. Teopema 0 cBobone it TPyl C OLHUM OIPENESISIONINM COOTHOILIEHNEM B MHOIO-

00pasnsiX paspelnMblX 1 HUJIBIOTEHTHBIX IPYII OaHHBIX cTymeHei. Mar. ¢6., 89 (131) (1972), 93-99.

2.0mck
E-mazil: phomsk@mail.ru
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CpaBHuTesnbHbIN aHann3 6epucailnoBeix rpyun By(2,5) u B(2,5)

A. A. Kysuenos, A. K. HInEDKuH

[Iycrs B(2,5) — nBynopoxnenHas 6epHcaiimoBa rpynna nepuomna 5, a By(2,5) — maxk-
CUMaJIbHASL YHUBEPCAIIbHAS KOHEUHAs [BYTIOPOXKIEHHASI TPYIIIIA TOTO XKe meproaa (IopsmIokK
nocnenueit pasen 5°1). Bompoc 0 coBmameHMW yKazaHHLIX TPYII Ha CETOMHSAITHEN TEHDL
ABJISETCS OTKPBITHIM.

Bynem cunrars, uro obpasyiommue rpynn By(2,5) u B(2,5) sanucanb B ogHOM asida-
sure {1,2}. Ilpu mosnementHoM cpaBrenuu rpymnsl B(2,5) ¢ rpynmoit By(2,5) no anro-
puTMy u3 [1] GBIIO BBIABIEHO CIIEMYyIOLIEe.

Teopema 1. Ilycts v, w — ABa ci0Ba B aadasure obpasyrommux {1, 2}, 4auHb KOTOPBIX
< 29. Torma v = w — coorHomeHne B rpymme By(2,5) Torma m ToapkKO TOrma, KOrnga
v = w — coorHoIIeHne B rpynme B(2,5).

Onnako mmuaa 30 sBUIACH CBOEOOPA3HON «TOYKON DacXOoxkmeHusr» rpymn B(2,5) u
By(2,5). Tax ma mmuue 30 B By(2,5) umerorcss 2 coorHowenus, Ha mauae 31 — 10, Ha
mmuae 32 — 47, u va mmae 33 — 69, mOKa3aTh CIPaBeJIMBOCTL KOTOPBHIX B B(2,5) mo
anroputmy u3 [1], Ipu mpUMeHEeHUN COOTHOIIEHNU, MJINHBI JIEBOW U MPABON YACTU KOTOPBIX
< 33, me ymaercsa. B Tabnune 1 mpuBeneHbl HEKOTOPBIE COOTHOIIEHUs] YKA3AHHOTO BUIA.

Tabmnuma 1

122121121221121212211212212112 = 212121122112212121122112212121
1221122121211221122121212222111 = 2121122121121221121212211212212
12211222121111211222212222121112 = 21211112121221122112112121112111
121211211121121211211122121221112 = 211122121221112112121121112112121

[TosTomy mmeeT mecTo
Teopema 2. Ecau B rpynne B(2,5) He BbIIONHIETCS XOTS GBI OLHO COOTHOILIEHUE U3
rabmuner 1, To Torga rpymnma B(2,5) 6eckoHedHa.

CIIUCOK JIUTEPATYPHI

[1] Kysumenos A. A., Hlnénkua A. K. CpapauTenbubii ananus Gepucaunosbrx rpynn B(2,5) u Bg(2,5).
Tpynet UacturyTra matematukn u mexanuku Y pO PAH, 15 (2009), N. 2, 125-132.

Kpacl’AY, Kpacrnoapck
E-mail: alex_kuznetsov80@mail.ru
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O ki1accax J-_[eBI/I, IIOPOXKIOEHHDBbIX HUJIBIIOTEHTHBIMMA I'DYIIIIaMHA

B. B. JIOOENIINKOBA

I mpom3BoIBHOTO Kitacca R rpynm obo3uaumMm depe3 L(R) kmacc Becex rpynn G, B
KOTODBIX HOpPMasIbHOe 3aMbIKanue (2)¢ moboro smementa x u3 G npuaamtexur R. Kmace

L(R) rpynn maseiBaercs kmaccom Jleu, nopoxmenabiv R. N, — MHOroo6pasume HUIBIO-
TEHTHBIX T'PYII CTYIEHU He BbIie ¢, K — KBa3smMHOrooGpasme, MOPOKIEHHOE KITaCCOM
rpymm K.

BadpukcupyeM mpocToe "uciio p, p # 2. Bymem paccmarpuBaTh kBasumuOroobpasme N
3amanHoe B No ClleAyrommM G6eCKOHEeUHBIM MHOXKECTBOM (DOPMYT:

(V) (Vy)([z,y]" = 1), (1)
(Vo)(Vy)(2” =1 — [z, y] = 1), (2)
(Vx)(z?=1—-2=1), (3)
(Vz)(a? =1 —aP = 1), (4)

rae ¢ npoberaeT MHOXKECTBO IPOCTBIX YUCEN, OTINYHBIX OT P.
Yepes M oboznaumm kBasuMHOroo6pasue, 3anasaemoe B N3 kpasuroxmecrsamu (3), (4)
u opmymamMu
(V) (W) (e, y, 2P = 1), (5)
(V2)(Vy) (2P =1 — [, y,2] = 1), (6)
n n
(Vz)(Va1) ... (Vo) (@ = [ [z, @i — [l 20, 2] = 1), (7)
i=1 i=1
rae g npoberaeT MHOXKECTBO IIPOCTBIX UHCEN, OTIMYHBIX OT p, £; € {—1;1},i=1,...,n, 9
nn HpO6eFaIOT MHOXKECTBO HAaTYPaJIbHBIX YUCET.

Teopema. IIycts K — mpomsponpHeIT kiaacc rpynn uz N, comepxaruit HeabeneBy
rpyamy. Ilpeamomoxum, 4To BO BCAKOI rpymie u3 K meHTpaan3aTop Jr000ro HeeJUHIIHOTO
9JIEMEHTa, He IPHUHAIIEXAIIero ILEeHTPY 3TOH T'PYIIBI, SIBISeTCsI abeleBOH HOATDYIIIOHN.

Torma L(gK) = M.

Pa6ora Boimonuena mpu nommepxkke ABIIII ”Pa3suTre HaydHOTrO MOTEHIINAIA BBICIIEN
kostel” (Mepompusitue 1).

Aamatickut 2ocydapcmeennbitli yrnusepcumem, Bapraya
E-mail: victoria0504@mail .ru
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O T-KBAa3MHOPMAJIBHBIX IIOATPYIIIIaX KOHEYHbIX T'PDYIIII

B. O. JIVKbgdHEHKO, A. H. CKUBA

B mamHOM COOOIIIEHUN pAacCMaTPUBAIOTCS TOIBKO KOHeuHble rpymmbl. [logrpynma H
rpynust G HasbBaeTcs 7(G)-kBasunopmanbHoil B G (1], eciu H mepecTaHOBOYHA CO BCEMU
cumoBckuMu toarpynmnamu u3 G. B Hamem coobiiiennu Mbl aHAIM3UPYEM CIIeayornme 0600-
iennst (G )-KBAa3UHOPMAJILHOCTIL.

Onpepnenenne. Ilycts H — nonrpynma rpynnst G. Bynem rosoputs, 4To:

(1) H T-xsa3unopmasvra 6 G, ecu H mepecTaHOBOUYHA CO BCEMU CHJIOBCKUMIU TIOATPYTI-
namu @ Tpymmer G raxuvu, uro (|Q|, [H|) =1 u (|H|,|Q%|) # 1;

(2) H caabo T-keaszunopmasvra 6 G, ecau rpynna G COTEPKUT TAKYIO CyOHOPMAIILHYTO
moarpynmny 1, autro HI' = GuTNH < H.g, rne H;g — noarpymnma, mMOpPOXIeHHAS BCEMUI
monrpynmamu u3 H, KoTopble T-KBa3smHOPMAJILHEL B G.

Kitace Bcex cBepxpaspermMbix rpynn Oymnem obo3naduaTh depes3 L. Hamomuum, urto -
runepreHTpoM rpynnsl (G Ha3bIBaeTCsl HAMOOIbINAs HOpMaJIbHas noarpynna u3 (G, B KOTO-
poit Bce G-riaBHble hakTOpbl HUKINYHLL [2, ¢. 389]. B pabore [3] 651710 BBEIEHO ClIeAyIOIIIee
0000IIIeHIe 9TOTO MOHITUs: HAMOOIIBINAs HOPMaJIbHAS MOATPYHIIa rpynnsl (G, B KOTOPON BCe
HedpaTTUHNEBH G-TJIaBHBIE (GAKTOPBI IUKINYHBL, Ha3biBaeTcs UP-2unepyenmpom rpymmbt
G u oboznauaercs Zya(G).

WccnenoBanuss MHOTUX aBTOPOB CBSI3aHO C aHAJIM30M ciemyforero Bompoca: Ilycrs X
— KJIacC TPYII, COOEPXKAIIHNI BCE CBepXpaspeIlnMple Ipynnel, F — Takas HOpMajbHAas
moarpynmna rpynnel G, uro G/E € X. Ilpu kakux ycaopusx Ha E rpynna G npunamiexuat
X7 (em. [4, cexmust 5]). Muorme pesyibTaThl B IAHHOM HAMPABIEHUN MOYXKHO YCHUIIUTD,
nokazas, uto F < Zye(G) (em. [3]). Cremyromas TeopeMa ONOIHSIET yTBEPKICHUE
TeopeMsl 1.5 paborsr [3].

Teopema. Ilycts E — mHOpManpHas moarpynma rpymnbl G uw P — cmioBckas p-
moarpynna u3 E, rme p — HauMeHbIIHWIT IPOCTOH meautesns nopsaka |E|. Ipemnmosoxnm,
uTOo cymecTByeT Takxoe umcao p*, uro 1 < pF < |P| m xaxmas noarpynna n3 P mopsamka
p¥ m xkaxnmas muxmmyeckas monrpynma m3 P mopsamka 4 (ecmm p* = 2 mw P — Heabenesa
rpymma), He HMeroIas cBepxpaspermumoro qobasnenus B G, ci1abo T-kBasuHOpMasbHa B G.
TOI‘,ZIa E/Op/(E> S Zu@(G/Op/(E».

CIUCOK JIATEPATYPEI

1] Kegel O. H. Sylow-Gruppen and Subnormalteiler endlicher Gruppen. Math. Z.; 78 (1962), 205-221.
D

(1]

[2] Doerk K., Hawkes T. Finite Soluble Groups. Berlin — New York: Walter de Gruyter, 1992.

[3] Shemetkov L. A., Skiba A. N. On the X®-hypercentre of finite groups. J. Algebra (in press).

[4] Skiba A. N. On weakly S-permutable subgroups of finite groups. J. Algebra, 315 (2007), 192—-2009.

Iomeavcruti 2ocynusepcumem um. P. Cropunwvy, ['omens
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Koneunsie rpynmnsl ¢ S-KBa3mMHOPMAJIbHBIMI TPETHUMU MaKCUMAaJIbLHBIMU
noarpynmnamMmu

FO. B. JIvueHko, A. H. Ckuba

Bce paccmarpuBaeMble B COOOLIEHNN TPYIILI KOHEYHEL B paGore [1] Arpasasem 6bLI0
IOKA3aHO, ITO IPYIIIA SBIICTCS CBEPXPA3PEIINMON, €CIIN KayKIas ee BTOPast MaKCUMAJIbHAS
noarpymna S-xksasuHopMaibHa (noarpynna H rpynnst G HasbBaeTCs S-KBA3HHOPMAJIBLHOI
win S-nepecTaHoBo4IHOR B G, ecin H mepecTaHOBOUHA CO BCEMU CUIIOBCKUMIU IO DY IIIAMIE
rpynnsl ). OKas3aaoch, 4TO B HEHWJILIIOTEHTHON rpymmne G B TOM U TOJIBKO B TOM CIIydae
KaXaas 2-MaKCUMaJlbHas IOArPYINa S-KBasuHOpMabHA, Korma (G sBISeTCs CBepXpaspe-
mmmoit rpynnoit MIvunra (cm. [2, Teopema 2.1]). Ilenpio DaHHOrO COOOIICHUS SIBIISIETCSE
U3y UeHNe IPYIII, ¥ KOTOPBIX BCe TPETHHU MAKCUMAJIbHbIE MOATPYIIEL S-KBA3NHOPMAJIbHBL.

Onpenenenune. I'pymnnor Bemororosa 6ymeM Ha3blBATH BCAKYIO HEHUJIBIOTEHTHYIO
paspernMyo IPYIILy, He ABIoILyfocs rpynmnon IlIvunra, HO conepkallyro TOIbKO HUIIb-
IIOTEHTHBIE 2-MAaKCHMAaJIbHBIE OATPYIIIEL.

Hanomunm, aro Ms(q) = (a,b | a?” = b1 =1,a> = a1+qﬁ72), rome S >3mpup=2mn
£ > 2 npu HEYETHOM pP.

Teopema. B ToM 1 TOIBKO B TOM CJIydae Kaxkaas 3-MaKCUMAJIbHASL HOATPYIIIA TPYIIIIEI
G sBnsercs S-kBasuHopMmasibHON B (G, korma rpynmna G ymbo HunbnoTeHTHa, jmbo |G| =
pqPrY (a+ B+~ < 3), mbo G uzomoppra SL(2,3), 6o G — cBepxpaspermmMas TPYIIa
IIImunra, mubo G — cBepxpaspemmmvas rpynna Besonorosa 0qHOro U3 CACAYIOIIAX THIIOB:

(1) G = [P]Q, rzme |P| = p,|Q| = ¢° (8 > 3); rpynma Q aubo abemesa, 6o m3oMopdHA
rpyIme KBaTePHIOHOB nopsnka 8, mubo momoppua rpymme Mg(q); Co(P) = Qp_2(Q);

(2) G = [P]Q, rme P — nmukmamveckas rpymma mopaaka p2, obe rpymmsr ®(P)Q u G /®(P)
spastorcs rpymmavu [lvunta u MakcuMmaiabHas noarpynna u3 () copnagaer ¢ Z(G);

(3) G =[Py, x P2]Q, rge |P1| = |P2| = p, P\Q — rpynna Iluuara u rpynmna Po@) au6o
HUJIBIIOTEHTHA, MO0 Takxke ABigeTcsa rpymmou ImunTa;

(4) G = ([P]Q)R, rme P u R — mMuHEMAaIBHBIC HOpMaJIbHBIE oATpyHnbl rpymmsl G,
|P| =p, |R| =r, Q — uukmmyeckas rpymna u F(G) = PR®(Q).

CINUCOK JIATEPATYPEI
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O mepecedyeHUsX CUIIOBCKUX 2-TIOATPYIIN B I'pyniie aBTOMOPGU3IMOB I'PyHIIbI

Us(3)

A. . MAKocun

[Iyctes G — KOHeuUHAs TPYMNA ¢ OUHIYHBIM Pa3pPEIUMbBIM pagukaiaom, P — Guxcupo-
BaHHAas CHIIOBCKas 2-noarpynmna u3 G. Pacemorpum muoxkectBo X = {P9 | PN P9 =1,g9 €
G}. O6osnaunm gepes lo(G) ducmo opbuT npu HefNCTBUYN IPYNILL P CONPSIKEHUSIMUA HA MHO-
xkecrBe X. B pabore [1] yrBepxknmaercs, uro eciiu G = Aut(Uy(3)), To l2(G) > 0. AsTopy
YOAIOCh yCTAHOBUTH, ITO lo(G) = 8 misa G = Aut(U4(3)), u yka3aTs sBHO IpencTaBUTEIel
opour.

Pa6ora Beimonsena npu duaancosoit noanepxkke PODU (rpant 09-01-00395).

CHOUCOK JIUTEPATYPBI
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MakcumanbHbIC IIOAT PYIIIIBI HEYETHOI'O NHAEKCAa B KOHEYHBbIX I'DYyIIIIax C
IIPOCTBIM CHUMIIJIEKTNYECKNM IIOKOJIEM

H. B. MAcoOBA

M. JIu6exom u 91. Cakciom B [1] u HesaBucumo B. KantopoMm B [2] miis KOHEUHBIX TPy
C TIPOCTBIM KJIACCUYIECKUM ITOKOJIEM TIPUBENIEHBI TUIIBI TOATPYII, KOTOPBIE MOT'YT SIBISTHCS B
HIX MaKCUMAJIBHBIMEU TOATPYIIAMI HEUYeTHOTO nHAeKca. OmHAKO He BCSIKas MOATPYIIIa 13
MPUBEIEHHOTO CIIACKA B HENCTBUTEIBHOCTH SIBIISIETCS MAKCUMAJIBHOW MOATPYIIION HEUeT-
HOT'O MHIEKCA COOTBeTCTBYyIoIel rpynnbl. llomHas knaccmpukanms MakKCUMabHBIX IIOII-
TPYII HEYETHOIO MHIIEKCA KOHEYHBIX ITPOCTHIX KJIACCHYECKUX T'PYII MOJyYeHa aBTOPOM B
[3]. Temepsr MBI paccMATPUBAEM KOHEUHBIE T'DYIIBI C IPOCTHIM KJIACCHYECKUM I[OKOJIEM.
Beuny pesynbrara I1. Kneitnmana [4, Teopema 1.2.2] MOXHO cUnTaTh, YTO CTENEHb [IOKOJIS
IPYIIBI He MeHbIle 13.

[IycTb M — MHOXKECTBO BCEX TIOCIEOBATENBHOCTEN (Lo, X1, . .., Ty, .- .), THe x; € {0, 1}
st Beex i. Bmemem ma M mopsimok >, cumtas 1 > 0, a mus u = (ug, U1, ..., Un,...),
v = (Vg,V1,...,Vn,...) U3 M momaras w > v TOrZa U TOJIBKO TOLNA, KOTOA U; > U; IJIs
Bcex ¢. IlycTh 9 — QyHKIMS, cTaBAIIAs B COOTBETCTBUE KAXKIOMY HATYPAIBLHOMY UHUCITY S
IOCIIEIOBATEILHOCTD (S(), S1yc-uySky-- ) n3 M Takyioo, 9TO SkSk_1 ...S0 — 3aIUCh YUCIA S
B IIBOMYHOW CHUCTEMe CUucieHus u s, = 0 mis Bcex n > k.

Teopema [Tycmv G — xoneunas epynna, L — ee yorxoav, L = PSp,(q) npu n > 13
u V. — ecmecmeennviti npoekmuenbiti modyav dasg epynnwvt L. Ilodepynna H epynnvt G
ABAIEMCI MAKCUMAALHOT NM0J2PYNNOoT Hewemmno20 urndexca mozda u moabko mozda, Kko2da
H = Ng(P) u aubo q uemno v P — napaboauvueckad marxcumasvrag nodepynna 6 L, aubo
q HEUEMHO U BLINOARAEMCA 00HO U3 CACOYIOWUT YMBEEPHCIEHU:

(1) P = Nr(PSpn(qo)), 20e ¢ =g ut — npocmoe neuemmoe wucao;

(2) P — cmabuauzamop 6 L nesbiposcdenno2o noodnpocmpancmed pasmeprocmuy m <
n/2 npocmpancmea V- u p(n) > (m);

(3) P — cmabuauzamop 6 L opmozonaavnozo pasioxcenus V = P V; 6 npamyro cymmy
uzomempuunble nodnpocmpancms V; pazmepnocmu m u m = 2% > 2.

Pa6ora Beimonsena npu dunancoBoi nonnepxkke PODPU (mpoekt 07-01-00148).
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O6 ocHOBaHUAX ajire6pamYecKoyl reoMeTpuu Hal IIPOKOHEYHBLIMU I'PyHIIaMu

C. I'. MEJEIIEBA

B paborax [1, 2] u3/103K€eHBI OCHOBBI aJIre6panIecKoil TeOMETPUN HAl TPYTIIAMU U IPY-
ruMu ajreOpamdecKuMuy cucrteMamu. Mpel paccMaTpuBaeM CIydall MPOKOHEYHBIX T'DYIII,
KOTOpBIE IO ONPENEeNICHUIO SBIAIOTCSA NPOCKTUBHBIMU IIpedeslaMi KOHEUHBIX IPYII C CO-
oTBeTCTBYyIOIIEeN Tomosorueii. Ha 3ToT ciyuail cranmapTHBIE ONpenesleHns OYKBAJIBHO He
IIePEHOCATCS.

JI71s1 TPOKOHEUHBIX I'PYIII MBI OIIpefesIseM IOHSITUS YPaBHEHUs, aareOpamdecKoro MHO-
JKeCTBa, TOIOJIOTUHN 3apUCCKOr0, KOOPOUMHATHOW I'PYIIIEI, HAXOIUM IIPEICTaB/IeHIe KOOPIU-
HaTHOHI I'PYHIIBI B BUZIEe IIPOEKTUBHOIO IIpeesa KOOPAMHATHBIX IPYII KOHEYHBIX IPYIII.

Anrebpamueckas reomeTpus Hall (IPOKOHEUHO) rpynnoit G sSBISETCS TOCTATOUYHO XO-
pollleil JINIIb B TOM CJIydae, eCjid 5Ta IPYINa HeTepoBa IO YPaBHEHUSAM, T. €. OJI1 BCSIKOTO
7 IPOW3BOJIbHAS CHCTeMa ypaBHEHUN OT Z1i,...,T, Hanx (G nomkHa OLITH SKBUBAJIEHTHA
HEKOTOPOW CBOEW KOHEUHOW TOIICUCTEME.

[Tycts mpokoneunas rpynna G sBiaseTcss OOPATHBIM MIPEIEIOM @Gi KOHEYHBIX I'DYIII
G;. O6osnaunm gepes m(G) = Um(G;) MHOXKECTBO IPOCTHIX AEIUTENEN MOPSIKOB I'DYIIIL
G;. Hamu nokasanbr

Teopema 1. Eciu muoxecTBO 7((G) 6eckoHeuHO, TO HpokoHeuHas rpymmna (G He HeTe-
POBa MO ypaBHEHUSIM OT OIHOW HMEPEMEHHOI.

Teopema 2. Ecau npokoneunas rpynma G abesreBa n MuoxecTBo T((G) KOHEUHO, TO
rpymnmna G HeTepoBa Mo yPaBHEHUSM.

Ctpoum nBa mpuMepa HE HETEPOBBIX 110 YPABHEHUSM IIPO-P-TPYIII.
OnpenenseM MOHSTHE JTMHEHHON IPO-P-TPYIIIBL U TOKA3BIBAEM

Teopema 3. JlunetiHass mIpo-p-rpymnmna HETEPOBA IO YPABHEHUSIM.

CIIUCOK JIUTEPATYPHI
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OrpaHunyeHuss MOAYJISPHBIX IPEACTABICHAN CHEIAAIbLHBIX JIMHENHBbIX TPy Ha
moArpynmnel Tuma A; X A;

A. A. OCUHOBCKAY

[Tycts K — anrebpaumvecku 3aMKHYTOe T0jIe XapakTepuctuku p > 0, G — omHOCBsI3HAL
anrebpamueckast rpynmna tuna A, wan K, wy,...,w, — dyHIaMeHTaIbHBIE Beca rpynmsl G,
¢ — HENPUBOAUMOE TPEeNCTaBIeHre IPYHIbl (G CO CTAPIINM BECOM W = G1W1 + . .. + GpWn-
MmuoxecTBo BecoB rpymmbl H Tuma A; X A; MOXHO OTOXIECTBUTH C MHOXKECTBOM ITap
IeJIBIX YUCETT TIPU MOMOIIN OTOOPAXKEHUS 1w +Tows — (1, T2); MHOKECTBO TOMUHAHTHBIX
BECOB - C MHOYXKECTBOM IIap HEOTPUIATEIbHBIX LeNIbIX uncesl. Mer npennosaraem, aro H —
MOACUCTEMHAS MOArPyIa rpynmbtl G, T. €. YTO KOPHU MOArpyInkl H 06pas3yioT momcucremy
B cucTeMe KopHell rpynmsl G. Bynem o6osnadaTrs cumsosiom [77(¢|H) MHOXKeCTBO cTapiinx
BECOB KOMIIO3UIIMOHHBIX (DaKTOPOB OT'PAHUYEHUs IPENCTaBIeHus ¢ Ha noarpynmy H.

Teopema. Ilyctbn > 6 mwa; + a;+1 < p ot Bcex 1 < i <n — 1. Torna

Irr(plw) ={0 < zy,20 < a,21 +22 < a+as+...+ay}.

BameruM, uTO MHOXKECTBO [7r7(¢|w) cOBmAmAET € COOTBETCTBYIOLIMM MHOXKECTBOM B
xapakrepuctuke 0 [1].

CIMCOK JIUTEPATYPHI

[1] ?Kenesnas T. M. O6 orpannyeHnsIX HEMPUBOAUMBIX MPENCTABIEHUN anrebpandeckux rpymn Tuna A,
B xapakTepuctuke 0 Ha nmonrpynnsl Tuna A; X Aj. Tp. Un-ta maremaruku, 15 (2007), N 1, 56-67.
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E-mail: anna@im.bas-net.by
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CBo6omHas moJIyrpymnna rpynnbl aBTOMOp@uU3MoOB cBO60IHOU GepHcalmoBOu
rPyIbI

A. C. IIAIIEBAHSAH
Hamu moxazana
Teopema. /lig jgroboro HeweTrHoro n > 665 u mira jgroboro yeraoro n = 16k > 8000
rpymma aBromMopdusmoB Aut(B(m,n)) cBobomHoi GepHcarimopor rpymnmsl B(m,n) paxra
m > 2 comepKuT DOAIIOJIYTPYIITY, N30MOPGHYIO CBOOOMHOH MOJIYyTPYIIIIE PAHTa 2.
CnencrBue 1. Dakrop-rpymnma

Aut(B(2, n)>/[nt(B(2, n))

6eckoneuna, rae Int(B(2,n)) — rpynma BHyTpeHHUX aBTOMOP(U3MOB rpynusl B(2,n).

Epesancrut IN'ocydapcmeennvili Ynusepcumem, Epesan
E-mail: apahlevanyan@ysu.am
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O penleTke KBa3smMHOroo6pas3uil pa3peinMbIX rpynn 6e3 KkpyJdeHus

A. JI. TTonymu#a

Kak o6brano, ¢R — KBa3suMHOTOOOpasue, MOpokIeHHoe Kiaccom R rpymnn (nmumem G,
eciu R = {G}, Ly(M) — perrerka KBa3suMHOr00Opa3uil, CONEPKAIIMKCSI B KBA3UMHOIO-
obpasun M.

BaduKcupyeM IpocToe YuciIo p, p # 2, n = p?> —p. ByneMm paccMaTpUBaTE CICIYIONLYIO
TPYIIIY:

G =gp(zo, ..., Tn-1,y | [xi,zj] =1(i,7=0,...,n—1),
1. .—1 —1 )

:':CO ':Cp ...:L'n_p

Teopema. Pemerka L,(qG) sBasercs cnenyrotueii neneto: £,q7Z,qG,, qG, roe

xé’:xi+1(i:O,...,n—2),xZ_1
Gp :gp(lo,...,lp_2,2| [ll,lj] = 1, (2,] :0,...,p—2),
(ll)z = li_|_1, (2 = 0, N VA 3), (lp_2>z = loll c 'lp_Q).

Pa6ora Boimonuena mpu nommepxkke ABIIII ”Pa3suTue HaydHOTrO MOTEHIINAIA BBICIIE
mkonsl” (Meponpusitue 1).

Aamatickut 2ocydapcmeennbitli yrnusepcumem, Bapraya
E-mail: hvostovich@gmail.com
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HeHTpOI/I,Z[bI HMJIBIIOTEHTHBIX I'PYIIII 6e3 Kpy4deHus

K. H. IIOHOMAPEB
B psane crarent ([1, 2]) 071 Kjacca T'Pynn ObUIO ONpeneeHO NBa Pa3IUYIHBIX HOHSITUS,
OJINBKUX K OIIEpaTOPy HEHTPONOa B KJ/IaCCE€ HCAaCCOIUATUBHBIX KOJICII. ,HOKaSBIBaeM qTO OJId
HUMJIBIIOTEHTHBIX prHH HE€ NMMEIOIIINX prquI/ISI o6a OTU IIOHATNUIA COBIIQOAIOT.
CIInCOK JIUTEPATYPHI

[1] Honomapés K. H. ®axTop-MopdusMbl HUIBIOTEHTHBIX rpynn. Cub. mat. xypH., 32 (1991), N. 3, 119-
125.

[2] Lioutikov S., Myasnikov A. Centroid of groups. J. Group Theory, 3 (2000), N. 2, 177-197.
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O6 omuou rumote3e Ilaccenxay3a

A. M. ITonoBa
IIycte G — xonewnas rpymnma, Z(G — HelOYnCcIeHHOe TPYIIIOBOEe KOJbIo, h = Yagzg €
ZG, e(h) = Xay.
Onpepnenenue. Asromopdusm 0 € AutZ G HazpIBaeTCS HOPMAIU30BAHHBIM, eciin Vh €
ZGle(h) = e(0(h))] (nmm, ato skBuBasenTHo, eciu £(0(g)) = 1 Vg € G).

IN'umoresa [laccerxaysa cOCTOUT B CIEMYIOIIIEM.
(Aut). IIycrs 0 € AutZG — HOpMamm3oBaHHBI aBToMopdusMm. Torma cymrecTByer
enquania « € QG u aBromoppusm o € AutG takme, 4T0

0(g9) = a"'a(g)a, Vg€ G.

IIycts T1(G),...,Ts(G) — BCce HEeIKBUBAIEHTHBIE HENPUBOAWMBIE nperncraBieHus G
CTemeHed ny, ..., ns coorsercrserno, D(G) = diag(Ti(G),...,Ts(G)). MoxHo moKa3aTs,

uro ZG = Z[D(G)).
Mexmy pasnmuaabiMu kireTkamu kKosbla Z[D(G)] Bo3HEKAIOT 0TOOGpaKeHusI
ij Z a,Ti(g) «— Z ayT5(g), a4 € Z.
9eG geG
Eciu f1;; #e sBisercs m3oMOpU3MOM, TO i- U j-s KJIIETKU DACKIICUBAIOTCS, TO €CTh
CYILIECTBYIOT TaKWe IeJble MOIOKUTENbHbIEe Jncia m; u mj, 4to B Z[D(G)] nexar xombna
BUIA
O; = {diag(0,...,0,m; Z[T;(G)],0,...,0)} mu
O, = {diag(0,...,0,m; Z[T;(G)],0,...,0)}.

SIBJISETCS MUHUMAJLHBIM YHCJIOM C TAKIM CBOMCTBOM.

G

IIpu sTom m; = 6]
nl . .

Ecmm xe p;; aBisgeTcs n30MOpOU3MOM, TO i-1 U j-s1 KIeTKH He pacKienBaioTcsa. Taxum

o6paszom, kombio Z[D(G)] MOXKHO cOCTaBUTL U3 GIOKOB, COCTOSMIINX U3 HE PACKIEUBAIO-

IMIXCA KJIETOK.

JIemma 1. Ilycre Q(§) — mammeHnsiiee mose takoe, uro 1;(G) C (Q(&)),, u uu-
nekxc Illypa xapakxtepa X; paBed 1. 'Torma mrobor aBTOMOp(U3M OJIOKa, COMEPKAIIETO
T;(G), aBasercs npousBeneHneM aBToMopdusma moid (Q(§) Ha compskeHme MaTpULEH u3

G Ln, (Q(8))-

JIemma 2. Ilycre Q(§) ymonerBopser ycmoBusm jevmbl 1. Torma mms maroo60ro
T € AutQ(&) maiigerca o € AutG, KOTOpbLI m3MeHseT Tabauly XapakTepoB rpymmsl G,
coorBercTByOIIYyIO npeacrasaenuto D(G), TouHO Tak xe, Kak 9TO HEJIAeT T.

Teopema. Ilycrte G — koHeuHas rpynma u ajs jaoboro Hempusomumoro zHang C xa-
pakTepa x mHmekc Illypa sToro xapakrtepa paer 1. Torma mmas rpymmer G cripaBemyimBa
runore3a Ilaccerxaysa.

HI'TY, Hosocubupck
E-mail: algebra@nstu.ru
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O m-teopemax Bapa — Cyn3ykm
II. O. PEBuH

Hamee mpemnmosiaraeTcs, 4ToO p — HEKOTOPOE MPOCTOe UYNCIIO, a T — HEKOTOPOe MHOXKe-
cTBO TpOCThIX uncen. s koneunoit rpynmer G uepe3 O, (G) obo3HaYeH ee T-pATUKAIT —
HaMOOJIBINIAsE HOPMAJILHAS T-TIOATPYIIIIA.

NsBecTtras teopema bopa — Cymsykm yTBepkKOaeT, UTO €CIIM DJIEMEHT T KOHEYHON
rpynnsl G TakoB, uTO noarpynna (x, x9) sBisieTcs p-rpyHnoil nis ao6oro siaeMerTa g € G,
10 2 € O,(G). 3aMeHUTH B 9TOH TeOPeMe UUCIO P IPOU3BOIBLHEIM MHOKECTBOM 7T IPOCTHIX
qmces1, BOOOIIe TOBOPs, Heb3sa. Hampumep, o0ble OBe TPAHCIO3UINNA B CUMMETPUIECKON
rpymmne S,, mopoxnaioT {2, 3}-nmoarpymmy, #Ho O3 31(S,) = 1 mpu n > 5.

Ckaxem, uTo mist koHeuHOU rpynmel G cnpasedausa w-meopema bapa — Cydsyku u
oymem nucatb G € BS,, ecim Kaxnbiil syieMeHT x € (G, MOPOXKTAIOIINI BMECTE C JIIOOBIM
COIPSIKEHHBIM C HUM 5JIEMEHTOM HEKOTOpyIo m-rpymmy, comepxkurcs B O (G). Cremys
X. Bumannry u . Xomty, ckaxeMm miis KOHeUHOU rpynmnbl (G cnpasediusa mw-meopema
Cusnosa, n 6ymem nmcars G € D, ecim mo6ble OBe MaKCUMaJIbHBIE T-OArpPynnel B G
conpsikeHbl. MHOrue n3BeCTHBIE TOKa3aTeIbLCTBa TeopeMbl bopa — Cynsyku nCIoIb3yIOT B
Ka4eCTBEe OMHOTO U3 KJIFOUEBBIX MHCTPYMeHTOB Teopemy Custosa. IlosTomy npemncraBisercs
€CTEeCTBEHHOU

I'mnore3a. D, = BS,, T. e. eciu mis KOHEYHOI T'PYIIBI CIPABEIINBA T-TEOpeMa
CusoBa, TO 11 Hee crpaBemiuBa m-Teopema bopa — Cynsyku.

Teopema 1. Eciau (Inn(S), z) € BS; gt mro6oii Heabeneport npocroi rpymmst S € Dy
u jmoboro saementa x € Aut(S) mpocroro mopsaka p € w, o D = BS;.

OTa Teopema maeT HANEXKIY MOATBEPAUTE C IIOMOIIBIO KIACCU(DUKAIIN KOHEUHBIX PO~
CTBIX TPYIII WK ONPOBEPTrHYTH runore3y D, = BS,, Tem Gosee, aTo Bce mpocThIe TPYIIIIH,
MPUHAIIEKAIE KIacCy Dy, N3BECTHBL. B KadecTBe MPOMEXYTOUYHOTO Pe3yIbTaTa OTMe-
TUM CJIEYIOIIYI0 TeopeMy, YacTHBIM CllydaeM KOTOpOoil mpu m = {p} Gymer Kiaccumdaeckas
Teopema bopa — Cym3yxku.

Teopema 2. Ecyu 100601 KOMIIO3UIIMOHHBIN (hakTOp KOHEeYHOU rpynnbl (G aubo sIBJIs-
eTcs T-Ipynmnoi, aubo uMeeT MOPANOK, AeIAIIuics He Oosee, 4yeM Ha OLHO IIPOCTOE YHCIIO
3z 7, o G € BS,..

lN'unmoresa D, = BS, momTeepxkmeHa Takx)e MpU HEKOTOPBIX OTPAHUYEHUSX HA MHOMKE-
CTBO T.

Teopema 3. Ecau 2,3 € w, To D, = BS;.

Pa6ora monnmepxkana POPPU (npoext 08-01-00322), Coserom mo rpantam IlpesumenTta
P® (mpoext HII-344.2008.1) u ABIII Muno6paszosauus Poccun «Passurue maydHoro mo-
TeHIuaJsa BhICIIel KOsk (mpoekT 2.1.1/419).

Hnemumym mamemamuru um. C.JI.Coboaesa CO PAH, Hosocubupckut 2ocydapcmesenmnbit

yrnusepcumem, Hosocubupck
E-mail: revin@math.nsc.ru
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METOI[ ImoabeMa B TeOopun 94aCTNYHO KOMMYTAaTMUBHBIX HUJIBIIOTEHTHBIX I'DYIIII

B. H. PEMECJIEHHUKOB, A. B. TPENEP

B reopuu rpymnn aBToMOpdU3MOB CBOOOIHBIX IPYIII OIPENEIISIIOIINMI SIBIIIIOTCS TAaK Ha-
3piBaeMble 7 pick up lemmas” (siemmer 0 mogbéme). PakTUUecK, 5TO METOI TOKA3ATEIILCTBA
OCHOBHBIX Pe3yJIbTATOB B ATOH Teopuu. B moksanme OyneT M3I0XKEH MeTOI HOKA3aTeIbCTB
HECKOJIBKUX PE3YJ/IbTAaTOB B TEOPUU YaCTUYIHO KOMMYTATUBHBIX NBYCTYII€HHO HUJIBIIOTEHT-
HBIX TPYVIIII. CyTI) 9TOro MeToma COCTOUT B BBIIOCJICHUU B rpa,(pe KOMMYTaTUBHOCTHI T
rpynnsl Gr cnenuansHoro noarpada IV masee, MO IPENIOIOKEHUIO MATEMATHYECKON MH-
IyKINA7, HeOOXOOUMOE yTBEPKICHIE CINTACTCS BEPHBIM IJjIs Ipynnsl G/, U 3aTeM HYXKHOE
YTBEpKIEHNe MOKA3BIBAETCS I Beell rpynmbl Gp.

Meton Oynmer nmpomsIIIOCTPUPOBAH HA NPUMeEpE TOKa3aTeIbCTBA TEOPEMBI O CTPYKTYpE
I'PYIIBLI ABTOMOPGU3MOB YaCTUIHO KOMMYTATUBHON ABYCTYIIEHHO HUIBIOTEHTHON IDYIIIILL.

O® UM COPAH, Omck
E-mail: remesl@ofim.oscsbras.ru, treyer_sas@rambler.ru
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O6 omHOM KpuUTEpuHU P-pa3peuInMOCTH

M. B. CenbkuH, P. B. boronuu

PaccmarpuBatorest koneunble rpynnbl. OQHO W3 KJIACCHYECKUX HAIIPABIIEHUN B HCCIIE-
NOBAHUM KOHEYHBIX IPYII CBA3AHO C 3amadell O CBONCTBAX IIE€PECEUEHUN 3a[QaHHBIX Mak-
CUMAJIBHBIX TOATPYII W UCCIENOBAHUM BIWSHUSA STUX CBOICTB HA CTPOEHWE TPYNIBL. B
HACTOSIIIEE BPEMs K HUCCIIENOBAHUIO TEPECETCHNI MAKCUMAJIBHBIX MOATPYII W U3yIEHUIO
CBOWICTB KJIACCOB T'PYIII, BCE Yallle, TOAXONAT C MO3UINA TEOPUA MOATPYIIOBLIX (hyHKTOPOB
(cm. monorpaduu [1], [2], [3]).

Teopema. Ilycte © — abHOpMAJIBLHO HOJHBIE M-PyHKTOp W p > 2. Torma mmbo
@y (G) = ®y(G), mbo G sBrseTCs p-pa3peruMoli TPYIIIOH.

B ciyuae, korna ©(G)\{G} coBmamaer ¢ MHOXKeCTBOM BCeX aGHOPMAIILHBIX MAKCIMAIIb-
HBIX [OATPYIII s J1f0601 rpynmsl (G, 13 TeOPEMbI BBITEKAeT COOTBETCTBYIOIIUN PEe3yIIbTAT
Mlnbika u3 [4].

CIUCOK JIUTEPATYPLI
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O cBepxpanukanibHOou dopmarnuu u popmarnusax lllemeTkoBa

B. H. CEMEHUYK, C. A. MOKEEBA, O. A. MOKEEBA

PaccvaTpuBatoTcst TObKO KOHEUHBIE TPYHNbL. VCOIb3y0TCs cTaHOapTHLIE OMpeesie-
Hust 1 0603HaUeHMs [1].

B Koyposckoit Terpanu [2] JI. A. lllemeTkos nmocTaBui mpobiieMy 0 KI1acCuOUKAI Ha-
CBIIIIEHHBIX (HhOpMAINil, MUHUMAJIBHBIE HE §-TPYINbl KOTOPBIX aubo rpynns! [Mmunra, mu6o
TPYHIBI IPOCTOTO MOpsaKa. B HacTosiee Bpems Takue ¢GOpMallMu Ha3bIBAIOTCS (hOpMAaIIn-
svu IllemerkoBa.

Hanomuum, uto MuHmMagbHON He §-rpymmoi dopmanuu § (KPpETHYECKOH TDYIIION)
Ha3bIBAETCs TPYIIIa He TPUHAMJIEKAIIAS §, BCe COOCTBEHHBIE MMOATPYIITHEI KOTOPOU TPUHAI-
nexat §. MuHOx)ecTBO Takux rpymnn o6o3HadaioT uepes M(F).

dopmanust § HA3BIBAETCS CBEPXPAAUKAJILHON, €CIIA OHA YIOBIETBODPSET CJIEMyIOIIIM
TpeOOBAHUIM:

1) § — HOpMAIBLHO HACIIENCTBEHHAs (HOPMAIINS;

2) mobas rpynna G = AB, rne A u B — J-cyGHOpMasibHble §-nonrpynnsl u3 G,
MIPUHAIIEKUT §.

B nmammo#t Teopeme mosTydeHbl HOBBIE XapakTePU3AINN CBEPXPANINKAILHBIX (HopMaIuil u
dopmanuit [TlemeTkosa.

Teopema. Ilyctp § — HacencTBeHHas HachIllleHHas ¢opmanus. Torma caemyrorime
YTBEPKIOEHUS 5KBUBAJICHTHBL:

1) § — ¢popmanus IlemerkoBa;

2) ¢opmanus § comepxkur grobyio rpynny G = AB, rme A u B — §-mocTmxuMbre
§-moarpynmer u3 G u M(F) C &;

3) § — cBepxpanukanbHas Gopmanus u M(F) C S;

4) ¢popmanus § takoBa, uro M(F) C & u mus mroboit rpynnsl G u s JT0OBIX ee
IepecTaHOBOYHBIX §-cyOHOpMaabHbIX oarpynn H u K monrpynnma H K §-cybHOpMaJbHa B
G;

5) @opmanms § rakosa, uro M(F) C & wu mus mobor rpynmnbl G u s JIIOOBIX ee
1mepecTaHOBOYHBIX §-moctmkuMbix moarpynn H n K moarpymnma H K §-nocrmxkuma B G;

6) popmanus § umeer Bug § = ﬂ(i’j)el GG, m M(F) C 6.

CIUCOK JIATEPATYPLI
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O6 omHOM 06006III€eHNN MEeTaraMuJIbTOHOBBIX I'DYIIIT

H. H. CEMKO, O. A. SIPOBA4

[Iycre G — rpynma. O6o3uauuM 1epe3 Lyon—norm (G) CEMECTBO BCEX HEHOPMAIIb-
Helx moarpynn (. V3ydenuwe BausHUS ceMeNCTBA Ly on—norm (G) HA CTPYKTYDPY TDYIIIbI
G 6buto HauyaTo ouenb maBHOo. Tak I'. M. Pomamuc u H. ®. Cecexun B paGorax [1]-
[3] HAUAIM U3yUATH TPYNIBI, B KOTOPBIX CEMEUCTBO Liyon—norm(G) cocTonT u3 abereBbix
noarpymi. Takwe Tpynnbl ObUIM HA3BAHBI UMU MEeTAraMUIbTOHOBLIMEU. KOHEUHbIE MeTara-
MUJIBTOHOBBI I'PYIIIEL N3ydasnchk B paborax [4]-[5]. Tlomroe onmcanne MeTaraMmibTOHOBBIX
rpynn 6ew10 moiayueno B pabore H. ®. Kysemnoro u H. H. Cemxko [6]. EcrecTBennbiM
MPOIOIKEHNEM TAKUX UCCIEIOBAHUI ABIIAETCS PACCMOTPEHNE CUTYAIN, KOTIA MOATPY b
ceMerictBa Lyon—norm (G) TpUHAIIEXKAT K KIIACCY TPYII, KOTOPBIA SIBISETCS €CTEeCTBEH-
HBIM pACIIUpeHneM Kiacca abeseBbix rpymm. Tak B paborax [7]-[8] paccmarpuBamuch
IPYIIBI, B KOTOPBIX IOATPYIIIBL CeMENCTBA Ly on—norm (G) IMEIOT KOHEUHBI KOMMYTAHT
wiu seisiorcs F'C-rpynnavu. B macTosieit paboTe mpomoIKalTCs UCCIeI0BAHNS B TaH-
HOM HampasiieHuu. [lOCKONIbKY ecTecTBEHHBIM OGOOIIEHNEM KOHEUHBLIX TPYIII SBIISIOTCS
YEPHUKOBCKUE TPYIIIIbI, TO €CTECTBEHHBIM PACIIUPEHNEM TPYIIT ¢ KOHEYHBIM KOMMYTAHTOM
ABIISIIOTCSL TPYIILI ¢ YEPHUKOBCKUM KOMMYTAHTOM. B HacTosieill paboTe HAYMHAETCI W3-
yUeHue TPYII, B KOTOPBIX BCSKas MOATPYIIA JIMO0 HOPMAJIbHA, 60 MMEET UePHUKOBCKUN
KOMMYTAHT.

Teopema 1. Ilycre G — JIOKaJIBHO MOYTH paspeIIumMasi TPYIIIa, BCSIKAs IOATDYIIIA
KOTOPOW WM HOPMAaJIbHA, W HMEEeT UYEPHUKOBCKHU KOMMYTAHT. 'Torma mMeIT MecTO
CJIEIYTOILINE Y TBEPKICHUS:

(1) Besikast koHeUHO TOpOKAEHHAS noArpynna rpynibl G 6ygeT KOHeYHOR Hal LEHTPOM,
B vactHoctu, G — jiokasipHO F'C-rpymnma.

(2) Kommvyranr rpynmnst G 6yner JIOKAIbHO KOHEUHON MOATPYIIIOH, B YACTHOCTH, €CJIH
G He mMmeeT KpydeHUs, TO OHa abeseBa.

Teopema 2. Ilycts G — JIOKaJbHO CTyIeHYaTas IPYIa, BCAKas HOArPYIIIa KOTOPOH
I HOpMaJIbHA, WA UMeET YePHUKOBCKUI KOMMYyTaHT. IIpennonoxum, uro G He ABiIgeTCs
JIOKAJIbHO HOYTH paspermMort. Torma mMerT MeCTO CJCHYIOIINe Y TBEPKICHIA:

(1) G Brmarogaer B cebs TaKyl HOPMAaJIbHYIO JIOKAJIbHO KOHEUHYIO moarpynmy 1, 4ro
G /T — menepuonmyueckas abeyieBa rpyna.

(2) T HE MMeeT KOHEUHOI CHCTEMBI MTOPOXKAIOIIAX SJIEMEHTOB.

(3) Beskas coberBenHas moarpynna T uMeeT YepHUKOBCKHI KOMMYTAHT.
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OI[Ha XapakTepu3anusa 'pPYIIIn C I1o4YTun CJIOVTHO KOHCYHOU nepnonnqecxoﬁ
JacCcTbIO

B. 1. CEHALIOB

Cob6ctBennas monrpymnmna H rpynmbl (G HA3BIBAETCS CUAbHO 8.40%CeHHot, ecau H co-
IEepKUT dIeMeHT nopsnka 2 (uneoaoyuto) u st moboro snementa g € G\ H monrpymnma
H N HY me comepXuT UHBOIIOINIA.

Panee aBTOpOM OBLIA yCTAHOBIIEHA TMOYTHU CJIOWHAs KOHEYHOCTH rpymnbl [llyrKoBa €
CHUJIBHO BJIOXKEHHOU MOAIPYHIION IIPU YCJIOBUU IIOYTH CJIOMHON KOHEYHOCTHU BCEX COOCTBEH-
HBIX monrpynn [1] u mpu ycimosuu nepuonmunocTu rpynnsl [2]. B pabore asropa [3] pac-
CMATPUBAJICS CIyYall CMEIIaHHBIX T'PYIIN, W YCJIOBHUE MOYTHU CIOMHOW KOHEUYHOCTU HaKJIa-
IIBIBAJIOCH TOJIBKO Ha MEPUOINYECKNEe YACTU HOPMAJIN3aTOPOB KOHEUYHBIX HETPUBUAITBHBIX
noarpynm. Ilpm sToMm nmokaszamo, uro mpm TakoMm ycioBum B rpynne [llymkoa ¢ cuibHO
BJIOXKEHHOUW TOATPYINON, 00JamaroIleil YePHUKOBCKOU TOUYTU CJIOMHO KOHEYHOU MEPUOIN-
YEeCKOW JaCTBhIO, 3JIEMEHTHI KOHEUHBIX MOPSOKOB COCTABIISIOT MOYTH CIOMHO KOHEYHYIO TIe-
PUOOUYIECKYIO TTOATPYIITY. 3HOeCh YIAeTCs OTKA3aThCs OT OrPAHUYEHUS] UePHUKOBOCTHU IIJTSI
IEPpUOANYIECKON YaCTHU CUJILHO BJIOXKEHHOU MNOArPYHIBI, & MMEHHO, IOKa3aTh CJIEOYIOLIYIO
TeopeMmy.

Teopewma. Ilycrs rpynma Illyaxosa G conepkuT CUILHO BIOXKEHHYO IOATPYIIITY, 00J1a-
HAFOIIYI0 ITOYTHU CJIOMHO KOHEYHON MEPUOANIECKON YacThio. Ecmu B G HOpMaan3aTop JIF060H
HETPUBHUAJBHOI KOHEYHOI HOATPYHIHBI 0o0/IagaeT HOYTH CJIOMHO KOHEUHOH IMEePUOLUIECKON
gacThio, TO cama rpynna G obnagaeT mOYTH CJIOHHO KOHEYHOU MEPUOAUIECKOH JacCTHIO.

HanomuuwMm, urto epynnot Illynkosa naszeiBaeTcs: Takas rpynmna (G, B KOTOPOW OJIs JIIO-
Goit ee komeunoil moarpynnsl K B dakrTop-rpynne Ng(K)/K mobble nBa CONPSIKEHHBIX
9JIEMEHTA MPOCTOTO TOPSIKA MOPOKIAIOT KOHEUHYIO TTOATPYIIILY.

Pa6ora Boimomaena npu nopnep:xkke rpaata PODU 09-01-00395 u rpanta Cubupckoro
dbenepaabHOro yHUBEpcUTETa (IPOEKT — SJINTHOE MaTeMaTmdeckoe obpasoBanue B CDY).
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O TouHO ABAaXK/bl TPAH3UTHUBHBIX I'PDYIIIIax

A. 1. CosyToB, E. B. AHTOCSK

['pynma G momcTaHOBOK MHOXKECTBaA {2 HA3BIBAETCS MOUHO 08aHCIbL MPAH3UMUEHOU,
ecu IS JTIOOBIX 9JIEMEHTOB « # [3, 7 # § u3 ) HalmeTcss TOYHO OOHA IOINCTAHOBKA
g € G mepeBopsmast « By u B O, T.e. a9 = v u 9 = 9. XopoIro m3BeCTHO, UTO
TOYHO MBAXKIBI TPAH3UTUBHAS TPYIIIA COMEPKUT OMUH KJIACC COMPSKEHHBIX WHBOJIIOMIN, 1
KaXK[1asl MHBOJIIONNS JTMOO CONIEPKUTCS B CTAOMIIN3aTOPE TOUKH, JIUOO SBIIETCS PETYIISPHON
IIOOCTAHOBKOM.

Teopewma 1. Ilycte G — TOYHO ABaxkabl TpaH3uTUBHAs rpynma Ha ), o € , H = G,
COEPXKUT MHBOJIIOLMIO j, b — CTPOro BelecTBEeHHbIT OTHOCUTEIBHO j sieMeHT u3 G\ G,
A = Cg(b) V.= Ng(A). Torma: (1) moarpymma A MHBEPTUDYETCS HHBOJIIOLHEN j
u cwibHO m3oimpoBaHa B (G; (2) moarpynma V' mericTByeT TOYHO OBaXKABI TPAH3UTHBHO
Ha opbure A = o, mpm srom A — abemeBa perymapHas HOpMaJbHAs IOATPYIHa BV,
T =V NGy — crabummsarop Touku u V = ANT; (3) ecnu | (e T*| > 2, 7o G =V (u
Q=A).

Teopema 2. IlycTs B TOYHO OBaXkabI TPaH3UTUBHOH rpymnme (G ecTh JIOKAJIbHO KOHEU-
Has MOATPYIa, COMePKaIlas PErYISIPHYIO IMOACTAHOBKY U MEPECEKAOIIAsICI C HEKOTODBIM
CcTabuIN3aTOPOM II0 HOPMAJIBHON B HEM HOATDYIIIE COCTOSAIIEN Oojee yeM nM3 ABYX 3JIEMEH-
toB. Torma rpymma G obiagaeT peryJsspHON abegeBOH HOPMAJIBLHON MOAT PYIIIOLN.

reH

TeopeMbl moOmycKalT SKBUBAJIEHTHLIE (DOPMYJINPOBKU HA SI3bIKE MOYTUOOIACTER U IIO-
grunosen [1]. PaGora mognepxana Poccuiickum hornoM GyHIaMEHTAIBHBIX UCCIEIOBAHUI
(xom mpoekTa 09-01-00395).

CInCOK JIUTEPATYPHI
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O f-sokaJIbHBIX HOATPYIIAX B IPyNNax C WHBOJIIOIUSIMU

A. 1. Co3yToB, M. B. 9lTHUEHKO

Wccnemyercs BOIPOC O CyIIeCTBOBAHUM B Tpymie f-mokanbHbix nmoarpyn [1-3]. Ilycrs
G — npomsBonbHas rpynmna. Jliobas eé Geckoneunas moarpynna H ¢ HeTPUBHAIBHBIM JI0-
KaJIbHO KOHEUHBIM DAIUKAJIOM Ha3bIBaeTCs f-aokaavnot. 1o HlyHkoBy cMermannas rpymmna
G obnamaeT nepuoduueckol wacmplo, eCl BCE e DJIEMEHTHI KOHEYHOI'O IOPSIKA COCTa-
BIAIOT monrpymnmy. Tax, ecim MHOXECTBO 5JIEMEHTOB KOHEYHOrO Mopsiaka B rpymme G
KOHEUYHO, TO BBUY U3BeCTHON jeMMmbl Tunmana rpynna G o6ramaeT KOHEYHON MEPUOLU-
YeCKOl JacThio. ECiu HeeAMHWYHBI 5/1eMeHT a B rpynie (G OPOXKAAeT MOYTU C KAXKIBIM
5IIEMEHTOM, COIPSKEHHBIM C HEeAUHUYHBIM 5JIEMEHTOM b, KOHEUHYIO MOATPYIIY, TO MBI
ropopuM, 4To B rpyumne G BeIIoIHIETCs (a,b)-ycaosue kKoneunocmu [4], mpu 5TOM 551€MeHT
a Ha3BIBaeM 0006wenno Koneunbim. 1lycts G — GeckoHeuHasl IPYINa ¢ MHBOIOWUSIMUA a, b
u B G BEMOMHAETCA (a,b)-ycmosue KomeunocTu. Ecm a ¢ bY u G comepxuT GecKoHETHO
MHOTO 5JIEMEHTOB KOHEYHOTO HOPSIAKA, TO WHBOJIOUUAU G U b MPUHAINJIEKAT f-JIOKAJIBHBIM
HOATPYIIIAM, CONEPKAIIMM GECKOHEYHO MHOIO DJIEMEHTOB KOHeuHOro mopsaka ([1], Teo-
pema 1). Kax moxasan B. II. Illyuxos [5], mpu a € b¢ Teopema 1 u3 [1] mesepra. Ciryuait,
korza |al - |b| = 8 B [2] 6bu1 BbLIEIEH B OOBEKT OTAEIBHOIO UCCIIENOBAHMS.

Teopema 1. Ilycte G — b6eckomeunas rpymma, a u b — sjgementer u3 G, oqua u3
KOTODBIX MHBOJIFOLUS, BTOPOH — 5J1eMeHT nopsinka 4 u B G Bemomnasercs (a, b)-yciaoBue ko-
rHeunoctu. Torma qubo G obtagaer KOHEUHON IEPUOAMIECKON YacThIo, 6o a u b npuHam-
Jgexar f-JT0KaJIbHBIM MOATPYIIAaM, COAepKAIIIM OECKOHEUHO MHOI'O 5JIEMEHTOB KOHEUHOI'O
mopsaKa.

Korpa B rpymnme Bce 3jIeMEHTBI MPOCTHIX MOPSIKOB OOOOIIIEHHO KOHEYHBI U 3TO CBON-
CTBO HACJIEAyeTCsl BCEMU ee CEeUeHUSIMU II0 MePUOANYEeCKNM HOPMAaJIbHBIM IOATPYIIIIaM, OHA,
Ha3bIBAETCs 0006wennot epynnot lllynkosa.

Teopema 2. O6061eHHO KOHeuHas rpynna Ilyakosa gub6o obnanaeT KOHEUHON IIepH-
OOUYIeCKOH Y9acCThIO, JIHOO conepknuT OECKOHEYHYIO JIOKAJIbHO KOHEUHYIO IMOATDYIILY.

Pa6ora nognepxkana Poccuiickum hoHIOM GyHIAMEHTAIBHBIX UCCIENOBAHMUI (KO IPO-
exta 09-01-00395).
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Bep6asnbHble mOATPYNNBI TPYHN TPEYTOJILHBIX U YHUTPEYTOJILHBIX MaTPUIl HAL
OJIEM IIPOU3BOJILHOU XapaKTEePUCTUKM

IO. B. CocHOBCKUI

B pa6Gore [1] 6bum onucanbl BepOasbHBIE MOATPYIIBI IPYIN BEPXHUX TPEYTOIbHBIX
T, (K), Bepxuux yuurpeyronsusix UT, (K), 6eckoneunomepHbix Tpeyronbabix 1'(K) u Gec-
KOHEYHOMEPHBIX yHUTpeyroiabHbix UT(K) MaTpui Hal TPOM3BOIBLHBIM IIOJIEM XapaKTe-
puctuku 0. Oxaszanocs, yro Bepbambuble nonrpynnsl rpymn UT, (K) u UT(K) cosna-
MAIOT C WIEHAMU UX HUXKHUX EHTPAJIBHBIX PIIOB — C IPYNIAMU YHUTPEYTOIbHBIX MaTPUI
UIT(K) m UT™(K) ¢ (m — 1)-off HymeBOll OUAroHA/IbIO BBIIIE IJIABHOI. Y Bepbasb-
HBIX MOArPYNI TPpynn Tpeyroiabubix Marpuil 1p, (K) u T(K) HeckoIbKo GOIbIIe BO3MOXKHO-
creit. OHu 16O COBHANAIOT € BEPOAILHBIME MOATPYIIAMI COOTBETCTBYIOIINX TPYIII yHIU-
TPEYTOIBHBIX MATPUIL, JUOO SIBIIAIOTCS MPOU3BENEHUSME OMHON U3 BepOAJIbHBIX TOATPYIII
Vs (D (K)), Vi (D(K)) rpynn guaroHaJdbHBIX MATPUIl U BCEI IPYIIBI COOTBETCTBYOIINX
YHUTPEYTOJbHBIX MaTpHIl. 3mech depes Vs (G) o603HaueHa BepbasibHAS MOATPYIINA, TOPO-
KIEeHHAs 3HAYCHUSIME CI0Ba ° Ha sjieMeHTax rpymnnsl (G, mom rpynmnaMu 6eCKOHETHOMEPHBIX
TPEYTOJIbHBIX, YHUTPEYTOIBHBIX U MUATOHAJIBHBIX MaTpull B [1] MOHUMAIOTCS TpsiMble mpe-
nemss: T(K) = T (To(K), ), UT(K) = (U Ta(K), ), D) = lim(Dy(K), ), 2
gyepes ,, 0003HaUeHO BiioxkeHune MaTpull u3 rpyuust 1, (K) B rpynmny T,,41(K) myrem npu-
nuceiBarus K MaTpune u3 1, (K) causy crpoku (0,...,0,1) u coupaBa Takoro xe cTosoIma.
ITo moBomy ommcaHWs HUKHUX MEHTPAIbHLIX panoB rpynmsl UT, (K) (cM., mampumep, [2],
yupaxsuernue 16.1.2).

B mameit pabore onucanbl BepO6alibHbIE TIOATPYIIIIBI TPYII TPEYTOIbHBIX, YHUTPEYTOIlb-
HBIX, GuHEHTApHO Tpeyronbubix FT(K) n dunurapuo yaurpeyronsusix FUT(K) marpur
HAJl TOJIAMU TIPOU3BOILHON XapakTepucTuku. OnucaHume oCTaeTCs MOUYTU TAKUM XKe, Kak
U Ui CIydas TOJIell HYJIeBOW XapaKTepUCTUKM, ¢ HeOOIBIINMI YTOUHEHUSIMU IJIs TPYIII
T,(K) u FT(K). HosicauM, aTo nox GUHUTAPHO TPEYTOIBLHON MbI IOHUMAEM GECKOHEUHYIO
BEPXHIOI TPEYTOIbHYI0 MATPUILY, CTPOKKM U CTOJIOIBI KOTOPO#l 3aHyMEPOBAHBI HATYPAIIb-
HBIME YUCIAMI ¥ KOMIIOHEHTHI KOTOPOI OTJIMYHLI OT KOMIIOHEHT €IMHUIHON MaTPUIILI JIUIIIH
B KOHEYHOM YUCJIe MECT.

Teopema 1. Ilycts K — mpou3BoJibHOE 1OJIE, & N — MPOU3BOJBHOE HATYPAJIbHOE UH-
cio, 6osbiaee 1. Torma Bcskas BepbasbHAS HOATPYINA I'DYIIbI BEDXHUX YHUTPEYTOJIbHBIX
varpur UT, (K) coBnagaer ¢ OQHIM U3 WIEHOB HUXKHETO HEHTPAJIBHOI'O PSIa STOH T'DYIIIBL.

Teopema 2. Ilycte K — mpousBoJibHOE 1ojie. Torma Bcskas BepOaJabHas MOATPYIIIA
rpynnsl ¢puaETApHO yHHUTpeyroabHbix Marpury FUT(K) coBmamaer ¢ ooHEM W3 WIEHOB
HIDKHErO IEeHTPAJIBHOTO PsAa 3TOH T'DYIIIHL

Teopema 3. Ilyctp K — mpom3BoJsibHOE MOJIe, a N — MIPOHU3BOJBLHOE HATYPAaJIbHOE
qrcso, 6osbinee 1. Torna Bcskas BepOaJ/ibHAs MOATPYHIIA TPYIIBI BEPXHUX TPEYTOIBHBIX
varpur T, (K) mubo coBmamaer ¢ omgHON U3 BepOAJIbHBIX HOATPYIII DYl BEDXHUX YHIH-
rpeyroapusrx Marpur UT, (K), mubo copnamaer c npouspenerneMm Vs (D, (K)) - UT,(K),
rme s — HEKOTOpOe HATYPAJIbHOE UHCJIO, He OeJIIeecs Ha ¢ — 1 B cydae KOHEYHOI'O OIS
K u3 q simemeHTOB.

Teopema 4. Ilycte K — mpousBoiibHOE 1ojie. Torma Bcskas BepOaJabHas MOATPYIIIIA
rpynmnsl puaEITapHO Tpeyroasubix MaTpul F'T(K) mubo coBnamaer ¢ oqHON 13 BepOaJIbHBIX
IOArpYHII TPyNIbl puHUTapHO yHUTPEyroapusx Marpur FUT(K), mubo coBnanaer ¢ mpo-
m3penenneM Vs (FD(K))- FUT(K), roe s — HEKOTOpOe HATYPaIbHOE YUCJIO0, He LEJIAILeecs
Ha ¢ — 1 B cayyae korneuHoro moys K u3 q s/1eMeHTOB.

85



MausnsueBckme urerus 2009 Teopus rpynmn

Kpome Toro B [1] mis momeit xapakrepuctuku () HOKA3BIBAIOCH DABEHCTBO EIMHUIE
IIUPUHBL BePOAIBHBIX MOArpynn rpynn yHuTpeyronbasix matpur UT, (K) u UT(K) or-
HOCHUTENIbHO €CTECTBEHHOTO MHOXKECTBA MOPOKIAIOIINX — KOMMYTATOPOB [L1, T2, . . ., Loy
Beca m. B mokazarenbCTBe JIEMMBI D, MPEAIIECTBOBABIIEN MOKA3aTEILCTBY TOTO yTBED-
XKIEHUs, UCIOIb30BaIachk o6paTumMocTb MaTpuubl B —1, vo B u3 UT,,(K) u marpuna B — 1
HeoOpaTuMa. HecMOTpst Ha 5Ty MOIPENIHOCTH B HOKA3aTEeILCTBE, CAMO yTBEPKICHUE O
IIIIPUHE OKA3BIBAETCS CIPABEIJIMBBIM [IJIs TOJIEll JTF000I XapaKTePUCTUK.

Teopema 5. Ilycte K — mpowm3BosbHOe o€, a m,N — IPOU3BOJILHBIE HATYPAaJIb-
HBIe 4HuCaa, npudeM n > 2 u n > m. Torma mmpunaa epbaneusrx noarpymnm UT)" (k)
u FUT™(K) OTHOCHTEIBEHO MHOXECTBA IMOPOXKIAIIINX — KOMMYTATOPOB [T1, T2, . . ., L]
Beca m — paBHa e€IUHUIIE.

CIMCOK JIUTEPATYPEI
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O rpyIiimnax OorpaHn4YeHHBbIX IIOACTAaHOBOK MHO2KECTB IIeJIbIX 1 HaTypPaJIbHBIX
qunceJl

H. M. CyukoB, H. I'. CYYKOBA

[ToncTaHOBKa ¢ YMCIOBOIO MHOXKecTBa M HasbIBaeTCs OTPAHMYCHHON, eCim
w(g) = max |a — af| < .
aeM

ITycts F — rpymnma BceX OrpaHMYEHHBIX MOACTAHOBOK MHOXKECTBA IeNbIX umcen, H — eé
MOATPYIINA, MOPOXKISHHAS DJIEMEHTaMHU KOHEYHBIX IMOPSOKOB. PaHee OLIIO yCTAHOBIIEHO,
uyro H (axTopusyeTcs OByMs JIOKAJIBHO KOHEUHBIMU TOATDPYIIAMEU U B Hed M30MOPQHO
BIIOXKUMBI JTI00ast CIETHAsA CBOOOMHAS I'PYIIIIa, HEKOTOPHIE TEPUONNYIECKIE He JIOKAJIBHO KO-
HeuHble rpynns [1, 2.

Nzyuatorcs cxomersa u pasiamaus rpynnbl F' u rpynmsl G BCcex OrpaHUYeHHBIX MOICTAa-
HOBOK MHOXKECTBA HATYPAJIBLHBIX UHCEL.

Teopema 1. I'pynmser F' u G He SBIAOTCS M30MOPQHBIMIA.

Teopema 2. G = AB, rne A, B — J0KaJIbHO KOHEYHBIE ITOATPYIIIIHL.

Teopema 3. G=(g| g€ G, w(g) =1).

Yka3aHHbBIE TTOPOKIAIOIINE DIIEMEHTBI TPYINEI (G SIBISIOTCS WHBOJTIOIIASIMI.

Teopema 4. F = (f | fe F, w(f)=1).

Kpome uuBOMIONNT B DAHHBIX TOPOXKIAOIINX COMEPKATCSI OBA DIEMEHTa OECKOHEUHOTO
MTOPSIIKA.

Pa6ora Bruimonuena npu ¢unancosoit nomaep:xkke PODU, rpart Ne 09-01-00395.
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yHI/IBepcaJ'IBHaﬂ 9KBHMBAJIEHTHOCTBb 1 CTPpOEHMNE acconmumaTopa KOMMYyTaHTa
JaCTN4YHO KOMMYTaTUBHBIX abejieBbIX rpyii

E. . TUMOLIEHKO

Hee rpynnet G u H HaA3LIBAIOTCS YHUBEPCAJIbHO SKBUBAJEHTHBIMU, €CIIM UX YHUBEP-
CaJIbHBIE TEOPUU COBIAIAOT.

[Iycrs I' koneunstit mpocToit rpad Ha MHOXKecTBe BepimH X = {x1,...,z,}. YacruuHo
KOMMYyTaTHUBHas MeTaberneBa rpynmna St 3alaHa IPenICcTaBIeHIEM

SF = <$1,...,In | [xi,xj] =1 (mi,xj) EF>

B MHOT000pa3uu MeTabeIeBbIX TPYIIIL.

Buibpocum u3 rpada [' Bce kpaiiHue BepIInHBI 1 UHIUAECHTHBIE UM pebpa. [lomyueHHbIiI
rpad Oymem obo3HauaTh ['*.

Teopema 1. Ilycts I'y u I's mepeBbs Ha mHOXecTBax BepmmH X = {T1,...,Tp, } 1
Y = {y1,...,Yn,} coorBercTBEeHHO, N1 > 2, no > 2. I'pymnbr Sp, um Sr, YHHBEPCAIBLHO
SKBHBAJIEHTHBI TOTZa U TOJIBKO TOrga, koraa rpagsr I'7 n I'5 m3omopdHBL

CnencrBue. Ilycts Sr, u Sr, 9acTHYHO KOMMYTaTHUBHbBIE MeTabeIeBbI TPYIIIIEL, OIpe-
mensrorme rpagel koToperx 'y u Iy sBisgtoTcss koHeuHbIMU mepeBbsiMu. Torma Bompoc o6
VHUBEPCAJTbHON 3KBUBAJEHTHOCTU STHX T'DYIII DEIIAeTCS aJrOPUTMUIECKT U DABHOCHIIEH
Borpocy 06 m3oMopu3Me AepebeB.

Mycrs A = ZzE', ..., zF']. Amaynarop smementa ¢ € Sh o6osmaunm Ann(c). ITo
OTIPeNeIeHUIO

Ann(c) = {a € A|c* = 1}.

Teopema 2 ycTaHaBIBAET, UTO IJIsL JIFOOOrO 3IEMEHTa ¢ U3 KOMMyTaHTa S[ hakTop-
KombIo A/Ann(c) He COMEPKUT HUIBIOTEHTHBIX SIEMEHTOB.

Teopema 2. Eciu ajis HEKOTOPOrO 9JIEMEHTa ¢ U3 KOMMYTaHTa S{. 9aCTUIHO KOMMY-
TATUBHOH MeTabesIeBOH rpymmsl ST, HEKOTOPOIrO 3JIeMEeHTa (v M3 KOoJIbla A M HEKOTOPOro
LeJIOro 4mcia m > 2 IMeeT MeCTO paBeHCTBO ¢ =1, To ¢® = 1.

[Tycts M mekoTopsiilt Momy b Ham Koibilom A. IIpocroit umean P konblia A Ha3bIBaeTCS
aCCOIMUPOBAHHBIM ¢ MomyjieM M, eciiu cyiiecTByeT djieMeHT x € M, aHHyIITOp KOTOPOTO
Ann(x) coBnamaer ¢ umeanom P.

MHOX)eCcTBO MOeaaoB, acCCOIMUUPOBAHHBIX ¢ MomysieM M, Ha3bIiBaeTcs accomumaTopom M
u o6oszuauaercs As(M).

Teopema 3. Ilycrs I' rpad ma muoxectBe Bepuma X = {xy,..,z,}, n > 2, Sp
YaCTUYHO KOMMYTATHUBHAs MeTabejeBa rpymmna, A KOJIBIO JIOPAHOBBIX MHOTOYIEHOB OT
IIepeMeHHbIX T1,...,~Ly. Ecam npocroi nmean P npuHamiexxuT accooumaTopy KOMMYTaHTA
As(S[), To HalimyTcs BEpIIMHBL T;,, . ..,T; , TaKue 9TO umgeaa P HOpoxmeH siemeHTaMu
1—w2;,...,1—®;, nmm aBaigercsa HydeBbIM HOEAJIOM.

HI'ACY(Cubcmpun), Hosocubupcr
E-mail: etim@sibstrin.ru
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(I)aKTOpI/I3aI_II/II/I KOHEYHBIX I'PDYIIII XOJIJIOBBIMU IIOATPYIIIIaMNn

T. B. TuxoHeHko, B. H. TIOTSIHOB

B pa6orax [1, 2] paccmaTpuBamuch GaxTOPU3AIMI TPOCTHIX HEAOEIEBBIX TPYIII IBYMs IO
CPYIIIAMI B3aMMHO TPOCTHIX MOPSIKOB. KCTECTBEHHO paccMOTpETh 60siee OOIIyO 3a0a1y O
(paKTOpI/ISaHI/II/I IIPOCTEBIX HeabeJIeBbIX TPYIII XOJIJIOBBIMU IIOATPYIIIIaAMMN.

HokazaHa ciemyomas

Teopema. Ilycte G = AB — koHeuHas mpocras HeabegeBa rpymma, rome A m B
cobctBeHHBIe X0/U10BEI moarpynnbl rpynnbl G. Torma G sBiasercs mpocToi HeabeaeBoit
rPYHIIoN OmHOro m3 ciaemyformx TumoB: A,, rme 5 < r — mpocroe uwmcio; Myi; Mas;
PSLo(7); PSLy(11); PSLo(29); PSLy(59); PSL2(q), rme q # 1(mod4), q ¢ {7,11,29,59};
PSL5(2); PSL,(q), rme 1 < r — meuerHOe mpocroe uucio, (r,q — 1) = 1.

OTmMmeTuM, 9TO MJIs BCSIKOW IPOCTON HeabeIeBON T'PYIIBI U3 CIUCKA T€OPEMbI, HAIeHbI
BCe X0JIOBHI akTopm3anuu. OTciona momsyJdaeM

CnencrBue. Ilycte G = AB — mpocras meabemeBa rpymma, rae A m B XOmI0BbI
noarpynnel rpymnsl G. Torma A m B 0O@HOBPEMEHHO HE MOTYT UMETh JETHBIE MOPSIKI.

CIIUCOK JIUTEPATYPHI
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Teopema 06 onrpenessoIINX CUMIIJIEKCAX

A. A. TOBOIKUH

OCHOBHBIE OIpENeseHns, OTHOCAIINECS K TEOPUHU N-YIOPAMOUEHHBIX are0panmdecKux
CTPYKTYP, U3JI0XKeHsl B [1, 2.

Omnpenenenue 1. Ilycts 3amama ciopbexnus ¢ : ST — {—1,0,1}, rme |S| > n + 1.

Ecnu s kaxxnoro A C S, |A| < 2n + 1, cymecrByer nabexims (peammsanust) ¢ : A — R”
Takas, 9T0 IJI BCEX L1, ..., Tpt1 € A" BBIIOIHEHO

C(wl; .. -;xn-i-l) = nn(¢(m1>; cee (b(xn-l-l))?

TO ( HA30BEM (QYHKIIMEN N-MEPHOTO MOPSIKa HAa MHOXKECTBe S.

Omnpenesnterne 2. Ilycts (S, () — n-ymopsmouennoe muoxkectso, A € Skt Ecmm
cymrectByeT Takoe B € S"F wro pumommserca ((A, B) # 0, To A HazoBéM k-cumnaexcom
n-ynopgdouennozo muoxcecmsa (S, ).

Ounpenenenue 3. [lycrs A — k-cummuiekc n-ynopsinouernnoro maoxectsa (S, ¢). Muo-
KECTBO
pa={xecS: (A8 1z)=0}

Ha30BeM k-MepHOH INIOCKOCTBHIO, OOPa30BAHHON CUMILIEKCOM A.

Teopema 1 (xkpurepmit mpunamiexsocTu wiockoctu). Ilycrs (A; B) saBmgercs n-
cuMIIIeKcoM n-ymopsmodeHHoro muoxectsa (S,(), |B| = n —k, x € S. Torma x npu-
HAJJIEXKUT MJIOCKOCTHU () A €CJIH U TOJIBKO €CJId OIS Bcex © = 1,...,n — k BBIIIOJTHEHO

xX

s [ B)=o.
(4]

rme f[f] B ectb BekTOp B, B KOTOPOM -1 KOODAWHATA 3aMEHITCS Ha I.

JIemma 2. Ilycte (A; B) saBasercs n-CHUMILUIEKCOM N-YHOPALOYEHHOTO MHOXKECTBA
(S,(), * — mnpousBosbHEIT s7aeMeHT S, Qyukuus ¢ peammsyer (A;B;x) B R™. Torma
ycmoBus x € pA 1 G(T) € Ty(A) FIKBHBATCHTHBL.

JIemma 3. Ilycrs (A; B) — cmmmiekc n-ymopsmodeHHOro MHoxecrsa (S, (), Toraa
paNpp=0.

Teopema 4 (06 onpenenstoux cumiuiekcax). Ilycts A, B — k-cuMImiekcer n-ymnops-
nouernoro MaOoXKectBa (S, (), npuuém B C pa. Torma pa = pp.

CHOUCOK JIMTEPATYPBI
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JlokasibHO JIMeBBI cTabUINM3aTOPhI BepUINH rpadoB

B. 1. TPO®UMOB

TecHo cBsa3aHHasl ¢ 3ama9ell BEITAJIKUBAHUS B TEOPUU KOHEUHBLIX T'PYIIN 3a1a4a BOCCTAa-
HOBJICHUsI CTa0MIM3aTOpa BEpIINHBI rpada Mo ero HelCTBUIO Ha OKPECTHOCTH COCTOUT (B
obiiem Buze) B crepyiomeM. [lycts R — 3amanHas DPyIna MOACTAHOBOK HA KOHEUHOM MHO-
wectse. [Ipenmnonoxum, 9To cBs3ubil rpad [' momyckaer BepIINHHO-TPAH3UTUBHYIO TDYIIILY
aBTOMOP(GU3MOB GG CO CIIEMyIOIIMM CBONCTBOM: s BepinuHbl x rpada I ee crabuimmszaTop
G, B rpynme G KOHEYEH M MHOYIUPYeT HA MHOXKECTBE CMEXHBIX ¢ & BepimH rpada I
IPyYIILy, TOACTAHOBOYHO m3oMopduyio R. Kakosa mpu 5TOM IPEmnookeHnn MOXKeT ObIThH
rpynna G, (kak aGcrpakTHas rpymnmna)?

;i Teopunm KOHEUHBIX TPYII HAMOOJBIINI WHTEPeC MPENCTABILeT CIydail, KOorma
rpynmna R comepXuT HOPMAaIbHYIO MOATPYHIYy L, KOTOpas SBIISIeTCs TPYIIION MTPUCOeIN-
HEHHOT'O JIMeBa TUIIA, NeMCTBYIOIIEH Ha KJIacce MaKCUMAJIbHBIX MapaboIndecKuX TOATPYIIIL.
Hawaso uccnenoBanus nocmenteit mpobieMbl BOCXOOUT K [1, 2], rae 6bLT paccMOTPEeH CITy Jail
rpynner L = PSLy(2). K magaxy 90-x romos IpoOILIOro BeKa C UCIOIL30BAHUEM METOIA
aMaJbraM U pe3yiabTaToB 00 F F-Monynsax ObLIM PacCMOTPEHBI Bce ciydam, Korma L oT-
mumana oT rpynnsl PSL,(q), n > 3, meiicTByOIIell eCTeCTBEHHBIM 00pa30M HA MHOXKECTBE
M-MEpHBIX (MOXHO cuuTaTh, uTo 1 < m < %) DOONPOCTPAHCTB N-MEPHOTO BEKTOPHOI'O
npocTpaHcTBa Hax Fy. PaccMoTpenne okasaBIerocs: TEXHIUECKN HAMOOsIee CIIOXKHBIM CITy-
vas, korma L ects rpynma PSL,(q), meficTByomas eCTeCTBeHHBIM 00pa30M Ha, MHOXKECTBE
1-MepHBIX TOAIPOCTPAHCTB N-MEPHOIO BEKTOPHOTO IIPOCTPAHCTBA Hax [, OBLIO 3aBepIIeHO
B cepun paboT aBropa (cM. [3] B KauecTBe «IIyTeBOMUTEII» 1O OTOi cepun). PaccMoTpenue
ciyygast, korna L ects rpynma PSL,(q), n > 3, mneficTByolas eCTeCTBEHHBIM 00pa3oM Ha
MHOXKECTBE M-MepHbIX, 2 < m < §, MOAIPOCTPAHCTB N-MEPHOIO BEKTOPHOT'O IIPOCTPAHCTBA,
wan F,, u (n,m) # (5,2), 6ew10 3aseprueno B [4]. Hakowern, ciyuait, xorna L ects rpynma
PSLs(q), neiicTByrolasi eCTECTBEHHBIM 00Pa30M HA MHOYKECTBE 2-MEPHBIX TOAIPOCTPAHCTB
5-MEpHOr0 BEKTOPHOI'O IIPOCTPAHCTBA HaL F, B HACTOsIIee BpeMs pPaccMOTpeH B [5, 6].
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O mpou3BOOHON NJIMHE KOHEYHOW I'PYIIIbI C 3aJaHHBIMU CUJIOBCKUMMU
noarpynmnamMm

A. A. TPO®PUMYK

Bce paccmaTpuBaembie rpynnsl mpeamnoiaraoTes koHeunbsiMu. CorstacHo Teopeme [lac-
cenxaysa [1, Teopema IV.2.11] KOMMyTaHT IPYIIbI ¢ IUKIMIECKUMA CUTIOBCKUMMU TIOATDYII-
IIaMU SIBJISIETCSI HUKJINYECKON XOJIJIOBOH MOAT PYIIION, (haKTOP-IPYHIIa 10 KOTOPOU TaKkKe IIN-
KJnJeckas. bunukimueckonn HasbBaioT rpynny G = AB, pakTopu3yeMyo MUKITIeCKIMEI
monrpynmamvu A u B. VHBaApUAHTHI KOHEYHBIX PA3PEIIUMBbIX TPYIIT ¢ OUIIUKINIECKUME CU-
JIOBCKUMMU TIOATPYIIIAME HOIy4YeHbl B pabore [2]. B wacTHOCTH, MpOU3BOMHAS IIMHA TAKUX
rpynn He npesbimaeTr 6. W3 Teopemsr Xomna n Xurmena [1, Teopema VI.14.16] cnemyer,
YTO IPOM3BOMHAS IJINHA PA3PEIINMON I'PYIILI ¢ a0eJIeBBIMU CUJIOBCKIMI IIOATDYIIIIAMEI He
MIPEBBIIIAET YKUCIIa PA3INIHBIX MPOCTHIX HEJIUTEIEN ee TMOPSOKA.

B [3] B. C. MoraxoBbIM MOy YeHa OIIeHKa TPOU3BOMAHON MiInHbI (hakTop-rpymnsl G /P (G)
B 3aBUCUMOCTH OT TOPSIKOB CMJIOBCKUX moarpynmn rpynnsl (. B wacTHOCTH, eciiu mOpsmoK
paspelInMoil TPYINbl He meauTcs Ha (n + 1)-e CcTemeHu MpOCTBIX YHCeN, TO MPOM3BOLHASL
nmHa dakTop-rpynnsl G/®(G) ue npesbiaer 3+n. 3neck ¢(G) — noarpynna PparTusu
rpynmnet G.

B macTosimeit 3ameTke yCTAHOBIEHO, UTO ISl OIEHKU MPOU3BOMHON MJIMHBI TOCTATOYHO
paccMaTpUBaTh MOPSIKN CHJIOBCKUX IIOATDYII He BCeil TPYIIbI, KAk 5TO CHeIaHo B [3], a
TonbKO ee nonrpynnsl @urTuara. Ias GopMyIMpPOBKE OCHOBHOT'O pe3ysIbTaTa BBEIEM Cle-
mytorme obo3HaveHus: S,(G) = logy(|Gpl), s(G) = mazx{s,(G) | p € 7*(G)}. Bmecs G —
rpymma, (G, — ee cunoBckas p-moarpymnma, m*(G) — MHOXKECTBO BCeX IPOCTBIX HUHCEI
u3 7(G), s KOTOPBIX CHJIOBCKas p-noarpynna B G Hebuuumkinaeckas. llokasaHa ciemyio-
11ast TeopeMa.

Teopema. Ilycts G — paspemmmvas rpynna. Ecau 7 (F) # 0, o d(G) < p(s(F)) +
maz{d(F,) | p € n(F)}. Ecmu *(F) # 0, ro d(G) < 6.

3mecs F' — nonrpynna @urruara rpynnst G, d(G) — npousBogHAS IIIMHA PA3PEIINMOI
rpynusl G. Yepes p(n) o6o3HaUaETCS MAKCUMYM IIPOU3BOMHBIX [IJIMH BIIOJHE IIPUBOIIMBIX
paspermMbix noarpynn rpyunst GL(n, P), rome P — moste.

CIIUCOK JIUTEPATYPHI

[1] Huppert B. Endliche Gruppen I. Berlin, Heidelberg, New York: Springer, 1990.

[2] Monaxoe B. C., I'puborckas E. E. O MakcuMaabHBIX U CHIIOBCKUX MOATPYIITAX KOHEYHBIX PA3PEIINMbIX
rpymnn. Marewm. 3amerkn, 70 (2001), N. 4, 603-612.

[3] Monaxoes B. C. O6 unmekcax MaKCUMAJIBHBIX HOAIPYII KOHEUYHBIX DPa3pelIrMbIX Ipymn. Ajrebpa u

normka, 43 (2004), N. 4, 411-424.

Iry um. @. Cropuwst, I'omeanb
E-mail: trofim08@yandex.ru
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V-rpynmna ¢ HUJIbIIOTEHTHON KOHEYHOU IMOATPYIIION

I". A. TPOSIKOBA

['pynny G mazoem V-rpymnmoit, eciu miist 1000# ee KOHEUHOM monrpynnsl K B dpaxTop-
rpymme Ng(K)/K, |a| = p, |b] = q (p, ¢ — npoctoie uncna) noarpynmet (b~ tab, a), (a=1ba,b)
KOHEUHBI [1].

Teopema. Ecau B nepmonmueckorni V-rpynme G 1r0bas KOHedHas MOATPYIIIa HUIBIO-
rerntHa, To G/Z(G) pasmaraercs B mpsMoe NPOU3BEHNEHUE CUIOBCKUX TIOATDYIIL.

['pymmnsl, Gurypupyomme B 5TOI TeopeMe, He NCUEPIBIBAIOTCS IPSIMBIMU [IPON3BEICHN-
MU CHIIOBCKUX moarpymir. CyIecTByeT HepacllelyIieMoe PACIINPEHNE KOHEUHOHN IDYIIIbL
COCTABHOIO NOPSIAKA € MOMOIBI0 p-rpynnsl HoBukoBa — Ansua (p me memut n) [2]. Ta-
Kasl Ipymnia sBjsteTcst V-rpynnoit, dakrop-rpynna G/Z(G) KOTOPOil pa3naracTcs B IPSIMOE
IIpOM3BefeHNe CUIIOBCKUX nonrpynm. Pamee [1] sTa Teopema Oblia HOKas3aHa TOJIBKO LS
citydast 6e3 MHBOJIONNUIL.

CHOuCOK JIUTEPATYPBI

[1] Tposixkoea I'. A. K Teopum 4epHMKOBCKEMX I'pPymIl. BeCKOHEUHbIE IPYTIBI U TPUMBIKAIOIIAE AJreGpamde-
ckue cTpykTypbl. AH Ykpaunsr, Mu-T matemaruku, 1994, 290-311.
[2] Ansa C. U. IIpo6bnema Bepucaiina n Toxnecrsa B rpynnax. M.: Hayka, 1975.

Kagedpa anzebpor u 2eomempuu Twiel'Y, 2. Kvizvia
E-mail: afanasy@tyva.ru
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Kanonunuyeckoe pa3itoxkeHue JIOKAJILHON abejieBou rpynnebl 6e3 KpydeHus

B. X. ®APYKIINH

PaccmaTrpuBaroTcs p-okaiTbHBIE abesleBbl IPYIIIEI Oe3 KPYIeHUs.

Onpenenenue. Hepaznoxumas rpymnmna S HasbBaeTcs 2pynnot pacwendenud mis G,
ecmu G ® S sSIBIISIETCS TPSIMOU CYMMOU TeJTUMOM T'PYIIBI U CBOOOMHON S-TPYIIIH.

Teopema 1. Bcskas p-ynokansHas rpynmna G 6e3 KpydeHHS KOHEYHOIO DAHTa HUMEET
€OUHCTBEHHYIO C TOYHOCTBIO OO H30MOp(U3Ma T'DYIIy paciiemaeHus S MHHUMAJIBHOTO
panra p-paura 1.

Teopema 2. Ecau S — rpynma paciienieHuss MUHAMAJIBHOTO KOHEYHOIO DAHIa U P-
panra 1 mig (G, TO OHa ABIAETCA CUIBHO HEPA3IOKUMON, CAIEHO OMHOPOIHON M30MOPQPHOMI
anOUTUBHON I'DYHOIE ee KOJbIa 3HAOMODP(MU3MOB, ajarebpa KBa3mW3HIOMODPOU3MOB KOTODOH
SIBJII€TCSI KOHEYHBIM paciupernueM 1ot Q.

Ecnu rpynma G S-paciienisiemasi, To OyneM Ha3bIBATH €€ Tak:xkKe R-paciiensiseMon, rie
R — anre6pa xBa3msHIOMOPGU3MOB TPYIIIEL S.

Beskomy kommosunmnonnoMy psmy rpynnbl [amgya mons R, peaan30BaHHOMY B IIOJIE p-
AMMIECKUX UNCEJI, COOTBETCTBYET PsIl MOJIei

Q=RyCRyC...CR,=R,

KOTOPOMY, B CBOIO O4Yepenb, OMHO3HAYHO COOTBETCTBYET Pl KaTeropuil R;-pacIiensseMbIx
IPYII ¢ KBa3suroMmoMopdu3sMaMu B KadecTBe MOPHU3MOB

KoCIKyC...CK,,.

B oTHOCHTETBHON TOMOIOIUYIECKON ajrebpe B KaxXmoun Karteropun K; CyIIeCTBYIOT He-
Pa3I0XKNMBbIE OTHOCUTEIHHO MPOEKTUBHBIE U WHBEKTUBHBIE OOBEKTHI MBOWCTBEHHBIE MIPYT
IpYyTy B CMBICITE ApHOIBIA.

Teopema 3. Bcskas p-TokaabHas rpymmna 6e3 KpydeHHs KOHEUHOTO PaHTa IMEET pPas-

JIO2KEHUe
G=GydG1D...0 G, G G,,

rme

1. G, He comepKuT MPAMBIX CIATAEMBIX, SBJISIOILUXCSI WHBHEK TUBHBIMU HUJIA IIPOEK THB-
HbIME B KaTeropun KC; (i=1, ..., m);

2. G; = P; @ J;, rme P; — mpsimMas cymMMa NMpOeKTUBHBIX rpynn kareropun K;, a J; —
mpsaMas CyMMa MHBEKTUBHBIX Ipynn kareropuu KC; (i=1, ..., m);

3. Go = Py® Jy, rne Py — makcumajbHOEe CBOOOIHOE IIpsAMOe cjaraemoe, a Jy —
MakCHMaJbHASI JeJIUMas IOATrPYIIIA.

3aMeTuM, 4TO BBIIEIEHNE TPSIMBIM C/IaraeMbIM IeJIUMON MOATPYIIEL Jj OOIIIEN3BECTHO.
Brimenenne npsveiv ciaraembim Py pacemorperno A. V. MasbiieBeIM B XOPOIIIO U3BECTHOMN
craTtbe «AGeseBBl TPYIBI KOHEYHOTO paHra 6e3 kpydeHusss, 1938 r.

Mockosckuit nedazoz2uueckuti 2ocydapcemeennbiti yrnusepcumem, Mockea
E-mail: fvkh@mail.ru
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Teopema MasibneBa 06 aGesieBbIX Ipymiax

A. A. domuH

A. . ManbieB B cBOell KAHIUIATCKON MUCCEPTAIAN OMUCAJT abeIeBbl TPYIIbL 6€3 KPy-
YeHNs] KOHEYHOT'O paHra IPHU IIOMOIIN MaTPHUIl CIeNUabHOrO Buma. 1eopema MasbieBa
HEJIABHO TOIyYMIIa cliemyfoiriee paspuTue. s Kaxmonr ymopsimoOYeHHOW Tapbl MaTPHIL
ompenesnseTcs rpynna MopduU3MOB W3 OMHOW MaTpPUIBI B IPyryko. Takum obpaszom, co-
BepIlleHHbIE B TepMuHOIOrnu MajbiieBa MaTpuilbl 00pa3yoT KATeropuio. DTa KATeropus
SIBIISIETCSI MBOMCTBEHHON KaTeropum abesieBbIX I'Pynn 0e3 KpydeHus KOHEYHOI'O PaHra ¢ KBa-
suromoMopdmzmamu. IIpu sToMm, coorBeTcTBrEe MasbleBa Mexmay IpynnaMyu U MaTpPUIIAMI
coBIIaaeT ¢ GYHKTOPOM OBONCTBEHHOCTH.

OnuoBpemento ¢ ManbueBbiM u He3aBucumo oT Hero [l. I>ppu momyunit onurcamnume TOro
)Ke Kjacca abesIeBbIX T'PYHI IIPU ITOMOIIM MaTpWIl, BBEIEHHBLIX paHee Kyporem mis Tak
Ha3bIBAEMBIX P-IIPUMUTHUBHLIX I'DYIIIL.

Hawm mpencrasisiercst 601ee ecTecTBeHHBIM 000011IeHTE TeopeMbl Kyporita Ha ¢hakTOPHO
IeJTUMbIe TPYIIbI, KAKOBBIMU, B YaCTHOCTH, SIBJISIOTCS P-IIPUMUTUBHBIE Tpynnbl Kypora.
D710 06001IIeHIEe OKA3BIBAETCS HSKBUBAJIEHTHOCTBIO MEXKIY YIIOMSHYTOW BBIIIIE KATEeropue
COBepIIIeHHBIX MaTpull ManbieBa u kaTeropruei cMemanHbIX (GaKTOPHO IETMMBIX TPYII C
KBa3UTOMOMODP(DU3IMaMIU.

Kowmmosurust nBo#icTBeHHOCTHU, KOTOpas MOJIydaeTcs m3 TeopeMbl MaJsblieBa, U 5KBU-
BaJICHTHOCTH, obobIatoreir Teopemy Kypora, coBmamaer ¢ MIBONCTBEHHOCTHIO, BBEIEHHON
Y. Yukneccom u aBTopoMm B 1998 r.

Mockosckuit nedazoz2uueckuti 2ocydapcemeennbiti yrnusepcumem, Mockea
E-mail: alexander.fomin@mail.ru
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A6HOpMasibHBIE (PYHKTOPHI HAa YHUBEPCAJIBHBLIX ajirebpax

A. 1. XOOAJIEBUY

PaccmaTpuBatoTcst anrebpbl n3 GUKCHPOBAHHOTO MAaJjIbIIEBCKOTO MHOroobpasus. M-
MOJIB3YIOTCSL ONpeesienns u 060o3HaveHns u3 [1].

Onpepnenenne. Ilycte © — oTobpaxkenue, KOTOpPOe CTABAT B COOTBETCTBUE KAaXKIOM
anre6pe A HekoTOpoe MHOXKeCTBO O(A) eé MakCHUMAIBHBIX mOmainrebp u camy anrebpy A,
npuaem O(AT) = (O(A))/, rne f — mpomssombabIit w3oMopdusM anmre6pur A u (O(A))) =
{M/|M € ©(A)}. Torna © Gymem Ha3LIBATH M-(QYHKTOPOM.

m-pyHKTOp © HA30BEM PEryJIISIPHBIM, €C/I It JTI0601 aaredbpsl A u 0601 KOHTDYIH-
1 « Ha A BBITOTHSAIOTCS YCIIOBUS:

1) m3 M € O(A) Bcerna cienyer aM /o € O(A/w);

2) us M/ € ©(A/a) cienyer M € ©(A).

[Iycts X — memycront knacc anrebp. Torma, cormacHo [1], MakcumambHas mMOmAITe-
6pa M amnre6bpol A HasbBaercs X-abuopMmasnbhou, eciiu A/My & X, My — waubonbiuast
koHrpysHIus uva A takas, utro MaM = M.

Teopewma. Ilycts § — Hemycrtas ¢opmanus, © — orobpaxkeHne, KOTOPOE CTABUT B CO-
oTBeTCcTBHE Kaxnon aiarebpe A muoxectBo O(A) Becex eé §-abHOPMATBLHBIX MAKCHMAJIBHBIX
nogaarebp u camy aarebpy A. Torma © sBiisercs peryJsspHBIM M-(yHKTOPOM.

B wactHOCTH, OTCIONA CIIEIyeT AHAJIOTUMYHBIA Pe3yJIbTaT Il rpymi [2].

CIIUCOK JIUTEPATYPHI

[1] ITemerxos JI. A., Cxu6a A. H. Popmanun anrebpanueckux cucreM. M.: Hayxka, 1989.
[2] Cenpkunr M. B. MakcumanbHble IOATPYNINBL B TEOPUX KIIACCOB KOHEUHBIX rpynm. Munck: Bemn. masyxka,

1997.

YO ’I'TY um. @. Cropunvr”, 2.['omeqdp
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O Pa3penmmmmMoCT I'PYIIIL C OFpaHI/IquHOﬁ I[J'II’IHOﬁ oerno4deKk meHTpajin3daTopoB

E. N. XyxXpro

MaxcumasnpHasl IJIMHA IET0YeK BIIOKEHHBIX IIEHTPAIN3aTOPOB HA3BIBAETCS C-Pa3Mep-
HOCTBIO TPYNIbI (MM BBICOTON PELIeTKN [IEeHTPan3aTopoB). JloKasbBAeTCs, UTO eCiu
KOHEYHAas pa3pelmMasi TPYyIIa UMeeT C-Pa3MepPHOCTDb Kk, TO €€ CTYIEHb Pa3perrmMocTu k-
orparnueHa (T. e. orpaHmdyeHa B TepMmuHax k). JlokasaTenbcTBO OCHOBAHO Ha TeOpeMax
Trna Xosta — Xurmasa u TeopeMe ToMIICOHA O IEHTPAIN3aToOpe aBTOMOPGU3Ma IPOCTOrO
MOPSIIKA.

B kadecTBe OmHOrO CHEOCTBUS TMOIYyYIAETCS, YTO MEPUOANYIECKAs JIOKATHLHO DPa3peln-
Masl TPYHIa KOHEYHOW c-pa3MepHOCTH Kk paspemnimMa k-OTDAHUYEHHOW CTYIEHW, & PAaHT
ee (haKTOP-TPYIIBLI O JIOKATBHO-HIIbIOTeHTHOMY pamukainy (Ilmorkuna — Xwupia) k-
OTDAHIYEH.

B xauecTBe pyroro ciiencTBUs MOIYyYAeTCs, 9TO KBa3U-( KOHEUHAS PA3PEIINMast) TPYIIIa
KOHEYHON C-Pa3MepHOCTH k pa3pelnmMa k-orpanuydenHoi crynenu. [lo onpenenenuto rpymnma
ABIIAETCs KBa3W-(KOHEUHON DPa3PEIINMOil), eCIl OHA 5JIEMEHTAPHO S5KBUBAJIEHTHA YIIbTDA-
MPOU3BENEHNIO KOHEUHBIX Pa3PEIINMbIX TPYIII.

HAnemumym mamemamuru um. C. JI. Coboaesa CO PAH, Hosocubupck
E-mazl: khukhro@yahoo.co.uk
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Kocnen KOJIbIla IICEBAOPAIINOHAJIBHBIX YMCeJI

A. B. ITAPEB
Yepes Z,, 6ynem 0603HaUATh KOJIBIO HEIbIX p-aaudeckux umcesn. Ecmum M — mommuo-
x)ectBo rpynmsl G, To yepe3 (M), Gymem 0603HAYATH CEPBAHTHYIO O0OIOYKY MHOXKECTBA
M, cocrosiryio u3 Bcex Takux g € G, uro ng € (M) npu wekoropom n € N. Paccmorpum

IIOOKOJIBIIO
R=(1, Pz,).c[] 2z
peP peEP

B KOJIbIle YHUBEPCAJIbHBIX uncen Z = || Z,,, KOTOPOE Ha3bIBACTCS KOJIBIIOM IICEBIOPAII-

OHaJIBHBIX YHCeJI.

peP

Omnpenenenne. AGenesa rpynmna (G Ha3bIBAeTCS (HAKTOPHO HETUMOM, €CIIA OHA He
COMEPKUT HEHYJIEBBIX NEUMBIX MEPUOAUIECKUX TOATPYII, HO COMNEPKUT CBOGOMHYIO MOI-
rpyniy F koHeuHoro panra, takyio uro G/F — nemumas nmepuogumdeckas TPYTIIA.

Penymuposannas dakropuo mnemumas rpymnmna G BKIAOBIBAETCA B CBOE Z-aIMIecKoe Io-
nomuenne G, ABIAIOLIECH Z—MoHyHeM, a 3HauuT, 1 R-momynem. Torma mis mpou3BOIBLHON
dakTopuo memumon rpynnsl G onpenenum R-monyns R(G) = divG @ (G) g, KOTOPBIl Ha-
3BIBAETCsl IICEBAOPAIIMOHAIBHOI 060/I04UKO Tpynibl (.

[TocnenoBarensrOCTS (Kp)pe p, COCTOSIIAS U3 LEIbIX HEOTPUIATEIBHEIX UUCEN U CIMBO-
JIOB 00, Ha3bIBAETCsI KOXapakTePUCTHKOH d1eMenTa g € (G, ecnu k, — HanMeHbIIIee TaKOe,
aro pFrg € (), ey P"G. Bynem mucars (k) = cochar(g).

Paccmorpum muo)ecrBo K (H) = N ker p. ®axroprpymna G/Kqg(H) Hasbl-

peHom (G, H)
BaioT kociaeqom rpynnsl H B G. Hac unrepecyer ciyuait, korna G — GakTOPHO memmMast
rpynmna, a H = R — KOJIbIIO TICEBOOPAIIMOHAIBHBIX UUCE]T.

Teopewma 1. Ilycte G — ¢akTOpHO AemMas Tpymia, TOTAa

1. Kg(R) ={g € G | cochar(g) He comepX(uT CUMBOJIOB OC};

Kc(R) — cepBanTHas BronHe mHBapuaHTHas noarpymnna B G;

(Kg(R))r = Kg(R), 1. e. Kg(R) aBngerca R-momynem;

G/Kg(R) — penyuupoBaHHas (akTOPHO meauMasi rpymmna 6e3 KpyJeHUs;
Ka(R)/H(G) = div(G/H(G));

Kg(R) =G < G/t(G) — memumas rpymnma;

7. Kg(R) =t(G) & G/t(G) — pemyumpoBaHHas rpymma.

SO N

Teopema 2. /lig ¢paKkTOpHO meTuMON I'PYIIOBI CI€LYIOIINe Y CIOBUS PABHOCUIBHBL:

1. G/t(G) — mouru memmmas rpymnma;
2. R(G) = Kg(R) @ K, rne K — koHeuHas mpsmas CyMMa MOLyJeil Buma Ly,
BO3MO2KHO II0 PA3JIHIHBIM IIPOCTHIM D;

3. G=Kg(R)® H, rne H — nouru nenumas rpymnma 6e3 KpyJeHHs.

Mocxrosckuti nedazocuueckut 20cydapcmeennbill ynusepcumem, Mockea
E-mail: an-tsarev@yandex.ru
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O raMuabTOHOBOU pa3jiokuMocTu rpadoB Kaiim 6eCKOHEeYHON ITUKIINYECKON
TPYNIIBI

O. A. YUyEHIEBA

[Mycts aq,...,a; — B3amMHO TPOCTBIE HATYpaiibHble uucaa. (O603HaUUM Uepe3
C(ay,...,a) rpad, BepITHAME KOTOPOIO SIBJIIOTCS IeJible YNCIa U IOBE BEPIIUHBL T, Y
CMEXHBI, €CJIN | — Y| = a; Wit HeKOTOPOro i. Dtor rpad ssusercs rpadom Komu rpynmer
Z OTHOCHUTEJIBHO MOPOXKIAIIEro MHOXKeCTBa {tay, ..., tag}.

Perynapueiit rpad crenenu 2k Ha3BIBAETCS TaMUIBTOHOBO PA3IOKUMBIM, €CIIM MHO-
JKECTBO ero pebep MOXKHO pasbuTh Ha k raMUIBTOHOBBIX IUKJIOB (B ciiydyae GECKOHETHOTO
rpada — Ha k IByCTOPOHHNUX MaMUILTOHOBBIX Ierneil). M3BecTHO, 4TO [y KOHEUHBIX aberte-
BBIX I'pynn Bce rpadbl Kann crenenn 4 raMuibTOHOBO pa3ioXKuMEL. B ciydae 6eCKOHETHBIX
abeseBbIX TPy 5TO He Tak: Hampumep, rpad C(1,2) Hepasmoxum.

Teopema. Eciamm,n — B3aUMHO IPOCThIe HeYeTHBIE Ynciaa, To rpagp C(m,n) rammib-
TOHOBO PAa3JIOXKIIM.

Canencrsue. Ecnu ay,...,a,,b1,...,b, — pasnuunsre HeuerHble uncia u (a;,b;) = 1,
to rpager C(ay,...,an,b1,...,0,) uC(1,ay,...,an,b1,...,b,) raMIIIBTOHOBO Pa3JI0XKUMBI.

OTMGTI/IM, YTO Pa3JIOKCHUA, IIOJIYyYECHHBIEC B TeopeMe, CUMMETPUYHBI: CYIIIECCTBYET aB-

TomMopdusM rpada (COBUT), TEPEBOMSIINI ONHY MaMUILTOHOBY Iellb B Ipyryoo. Bompoc o
CYIIIECTBOBAHUN HECUMMETPUYIHBIX I'aMIIbTOHOBBIX Pa3JIOKEHUN OTKPLIT.

KemI'Y, Kemeposo
E-mail: simran@ngs.ru
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O cylirecTBOBaHUM peHIETKU JOMUHUOHOB B KBAa3MMHOTroo6pa3usax abesieBbIX
rpyunn

C. A. [IIaAxoBA

Coraacuo [1], nomuanoroM nopanrebpsr H yHUBEPCATBLHON alre6pbl A B OTHON KaTe-
ropun M (A € M), o6osnauaembiv dom’y' (H), HASHIBAETCS MHOXKECTBO SIEMEHTOB a € A
rakux, 9To p(a) = ¥(a) mus mobeix Mopduzmos ¢, : A — M(M € M), coBnagarommumx
Ha H.

A. . Bynkun, ucciiemyss TOMUHIOHBI B KBAa3UMHOI0OOPa3usaX yHUBEPCAJILHBIX ajarebp

[2], pacnpocTpanu 5T0 mOHATHE Ha ciaydail A ¢ M u BBel B pacCMOTDPEHEE MHOXKECTBO
L(A, H,M) = {dom’\ (H) | N € Ly(M)},

rne L,(M) — perrerka nomksa3uMHOroo6pasuit kBasuMHoroobpasus M. B [2] 6e10 moka-
3aHO, YTO IIPH ONIPEEJIHHbIX yCIoBusaX MHO)ecTBO L(A, H, M) o6pasyer pemerky oTHOCH-
TEJIbHO TEOPETUKO-MHOYXKECTBEHHOIO BKITIOUEHUs U ¢hOPMYITUPOBAH BOIIPOC: CYIIIECTBYET JIN
Takoe KBa3suMHOToobpasue M yHUBEPCATIBLHLIX ajrebp, 4To i HEKOTOpLIX ajrebp A u H
muO)ecTBO L(A, H, M) He 06pasyer peIeTKy OTHOCUTEIBHO TeOPETUKO-MHOKECTBEHHOTO
BKJTFOUEHUSI !

N3yuenune sToit mpobieMbl TPUMEHUTEIBHO K KBAa3UMHOI00Opa3msM abesieBbIX TPYIIT
[IOKA3aJ10, YTO CPEOU HUX TaKUX KBa3UMHOTOOOpPasuil HET, a BEPEH CIIEMYIOIINl Pe3yIbTaT.

Teopema. /[ mpou3BOJIBHOrO KBa3umMHOroobpasus M abeneBbIX rpyi, rpymmbl A
u ee noarpynnsr H muoxecrso L(A, H, M) obpasyer peleTky OTHOCUTEIHHO TE€OPETUKO-
MHOXKECTBEHHOI'O BKJIFOUEHIHS.

CIIUCOK JIUTEPATYPHI
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O IIOJIYIIPAMBIX IIPOM3BEACHUAX I'PDYIIII C MHTEPIIOJIAIINMOHHBIM yCJIOBUEM

E. E. IInpPmioBA

[Iycts G — wacTuuHO ymopsnodeHHas rpynmna (po-rpymma). Gt = {z € G|e < z}.
[oBopsT, uTo po-rpynmna G SBAsSETCS TPYINONR ¢ WHTEPIOJISIINOHHBIM YCIOBAEM, €CITH IS
JTOOBIX 3JIEMEHTOB a1, A2, b1, by Tpynmer G CIpaBeIIMBOCTE HEPABEHCTB a1, Ay < b1, by BiTe-
JeT CyIIeCTBOBaHUE djieMeHTa ¢ € (G, IJIsl KOTOPOrO BEPHBI HEPABEHCTBA 41, ds < ¢ < by, bs.

Teopema 1. Ilycrs {G;|i € I} — cemerictBo po-rpymm, n G — mexkapToBO Ipom3Be-
nerne po-rpynn G; (cm. [2]). Ecmu G; — rpynma ¢ mHTEPHOISIUOHHBIM YCIOBUEM IIJIS
kazxmoro i € I, To G sBJsgeTCS TPYMIIOi ¢ HHTEPIOIAIMOHHBIM YCIOBUEM.

HampasienHyto rpymiry ¢ MHTEPIOISIIINOHHBIM yCIIOBIEM HA3BIBAIOT rpymnoit Pucca (cwm.

3])-
[Iycts rpynna GA ssasercs nomynpsmMbiM npousseneruneM A u G (em. [1]), rme G —
HampaBieHHas rpymma, A — po-rpymma, ¢ 'Atg C AT nna Bcex g € G, n

P={gac GAlmu6o gec G"\{e}, mbo g=e um ac AT}

Teopema 2. I'pynna GA sBasgeTcs po-rpymnmon ¢ MOJ0XKUTEIbHBIM KOHycoM P, A —
BhITyKaas noarpynna rpymnsl GA, u GNP = GT.

Teopema 3. Eciu GA — noaynpsmoe npouseneane A u G, A u G aBagrorcs rpyn-
mavm Pucca, m g~ 1At g C AT mma Bcex g € GT, To GA — rpynma Pucca.

Iycts A 1 B — Tmpom3BosbHBIE FPyIHbI, A = I1,c BAb — IEKapTOBO MPOU3BEIICHUE

rpymn A rme A® = A nna kaxmoro b € B. Ilomynpsmoe mpoussenenne BA HasbBaeTcs
nekapToBbiM crutererueM (AWrB) rpynn A u B (cm. [1]).

Teopema 4. Ilycte A mw B — rpymmsr Pucca. Ecmm b='Atb C AT ana xaxmoro b €
BT, To nexapToBo cunererme AW rB aBigeTcs rpynmoi ¢ HHTEPIOIAIHOHHBIM Y CIAOBUEM.
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Isotyped representations of groups

E. V. ALapova, A. A. GVARAMIYA, B. I. PLOTKIN

Let K be a commutative and associative ring with unit and let (V, G) be a representation
of a group GG in a K-module V. We consider such representations from the point of view of
some logic. In particular, we consider various logical invariants of the representations and
relations between different representations which defined by such invariants. One of the
basic relations is the relation of isotypeness. Here we use a concept of a type from the Model
Theory. If two representations are isotyped then they are elementary equivalent. We also
consider a concept of logically Noetherian representations. If two representations (V1,G1)
and (Va, Gy) are logically Noetherian and elementary equivalent then they are isotyped.

In the Model Theory the concept of homogeneous algebra plays a very important role.
We apply this concept to representations of groups and connect it with the idea of the
type of the representation. It is known [1], [2] that every group can be embedded into a
homogeneous one, and that every homogeneous group is logically perfect. We have the
similar problem for representations of groups: is it true that every representation can be
embedded to a homogeneous one? Note, that if a representation can be embedded to a
homogeneous one then it is embedded to the logically perfect representation.

This work adjoins the paper [2], where the similar problems are considered for one-sorted
algebras.
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Automorphisms and monomorphisms of free Burnside groups

V. S. ATABEKYAN

Let B,, be the variety of all groups, that satisfy the identity 2’ = 1. The free group
of rank m in this variety is denoted by B(m,n) and called free Burnside group of period n
and rank m.

Theorem 1. Let n > 1003 be arbitrary odd number and ¢ be an automorphism of
group B(m,n), such that ¢(N) = N for any maximal normal subgroup N < B(m,n), for

which B(m, ”)/ v is non-abelian group. Then ¢ is inner automorphism.

Corollary 1.1. For any odd n > 1003 every normal automorphism of free Burnside
group B(m,n) of rank m > 2 (finite or infinite) is inner automorphism.

The similar results about normal automorphisms for other classes of groups have
been proved by M. Jarden, A. Lubotzky, A. S.-T. Lue, N. Romanovskii, V. Roman’kov,
G. Endimioni, M. Neschadim, O. Bogopolski, E. Kudryavtseva, H.Zieschang, E. Cherepanov,
A. Minasyan, and D. Osin.

Theorem 2. For any odd n > 1039 there exist words u(z,y),v(z,y) over the group
alphabet {x,y}, such that if a,b are two elements, generating non-cyclic subgroup of group
B(m,n), then for some p the elements u(aP,b),v(aP,b) freely generate subgroup that is
isomorphic to the free Burnside group B(2,n) (moreover, p = 2% and 0 < k <9).

Corollary 2.1. There exists a monomorphism ¢ : B(2,n) — B(2,n), such that for any
endomorphism ¢ : B(2,n) — B(2,n) with non-cyclic image, there exists an automorphism
T : B(2,n) — B(2,n) for which ¢ o T o ¢ is monomorphism.

Corollary 2.2. For any odd n > 1039 free Burnside groups B(m,n) are uniformly
non-amenable.
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Groups with minimal conditions
N. CHERNIKOV

The author plans to give a detailed survey of results relating to the important direction
of investigations in the theory of groups defined by minimal conditions. Note, for example,
the following ”united” author’s theorem belonging to this direction.

Remind that nonabelian groups with proper abelian subgroups are called Miller—
Moreno.

Theorem. Let G be a binary finite group. Then the following statements are equiva-
lent:

(i) G is Chernikov.

(ii) G is Artinian.

(iii) G satisfies the weak minimal condition on subgroups.

(iv) G satisfies the weak maximal condition on subgroups.

(v) G satisfies the minimal condition on abelian subgroups.

Further, in the case when G is nonabelian, the statement (i) is equivalent to each of
the following statements:

(vi) G satisfies the minimal, or even if the weak minimal, condition on nonabelian
subgroups.

(vii) G satisfies the minimal, or even if the weak minimal, condition on nonabelian
metabelian subgroups.

(viii) G satisfies the weak maximal condition on nonabelian subgroups.

(ix) G satisfies the weak maximal condition on nonabelian metabelian subgroups.

(x) Any nonabelian metabelian subgroup H = AAB of G, where A is a direct product
of some finite elementary abelian minimal normal subgroups M of H and B is a finite p-
subgroup for some primer p, and also either B = (b) and [bP, A] = 1 or B is Miller—Moreno
and [B,A] = 1, satisfies the weak minimal or weak maximal condition on nonabelian
subgroups LAB such that L is a direct product of some M.

(xi) Any above subgroup H is finite.
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Evaluation of the multiple combinatorial sums in a problem of enumeration of
D-invariant ideals of a ring R, (K, J)

G. P. ECOrRYCHEV, M. N. DAVLETSHIN
Let K be a local ring with principal maximum ideal J which is nilpotent of step s.
Following [3], authors solve a problem of determination of number Q(n,s) of D-invariant
ideals of the ring R, (K, J) for all n x n matrices over an associative ring K with elements
from an ideal J of K on and above the main diagonal (see also [4]). The solution of this
combinatorial problem has been shown by us to a series of problems of enumeration of
number of ways of various type on a rectangular lattice [1]. It has led us to necessity of an

evaluation of the several complicated sums with binomial of coefficients (Z), n=0,1,...,
k=0,1,...,n, including the following multiple sum Sﬁn_l)(i —-1,5)=
r—1 ki 2r—ki1—ko—2
i - s k1 —ko+1 _
i—1\ (j—1i\ (n—] s ~ 1 2 2s—2r+k1+ko+2 +
Tzz:l{kgo kgz:o S:T§2_1 ( k1 )( s )( ko )(2rfsfk17k272) s—1r+ kl + 2( s—r+ko+1 )
r—1 k 2r—k1—ko—2
1D D DI U TG0 T I R S e S
k1=0ko=0 s=r—ko—1 ' ° 2T s—r+ky+2 T
By difficult calculations of this expression we used the idea of integral representation of
combinatorial sums (the method of coefficients, [2]).

Theorem. The following identity is valid:

~ Mm—2 4,2 2
Sﬁ/”u—lg):?”4+wn—n(n )——( n)—(70,n>2,T>Lizlwuﬂuj>i—L
n—1 n\n—2

The spent evaluations have allowed to discover number €2(n, s) of D-invariant ideals of
ring R, (K,J) as the sum of degrees of 2 and binomial of coefficients of certain type. A
series of similar problems is considered in [1].
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Algebraic and semialgebraic problems in geometric tomography

V. P. GOLUBYATNIKOV, Y. N. YOMDIN

Let Vy, Vi, Vo C E™ be convex compact bodies in an Euclidean space E™ (real, complex
etc). Denote by V;(P*) orthogonal projection of the body V; onto k-dimensional plane
Pk C E™. Let d(A, B) be the Hausdorff metric.

Fix some k < n. Let G, H C ISO(E*) be subgroups of groups of isometries of corre-
sponding Euclidean space E*. Denote by g(P*) € G, h(P*) € H elements of these groups
as continuous functions of the argument P*.

We study an algebraic problem concerning the Minkowski sum. Let

Vi(P) = h(P*)(Va(P¥)) + g(P¥) (Vo (P¥)), 1)
for all planes P* C E™. How different can the bodies Vi, Vo be?

We start from the case when Vj is a ball B(O,r), H = ISO™(R?) preserves orientation
of R? and G is a group of parallel translations in E*:

Theorem 1. If h(P?) is a single-valued function then (1) implies that the bodies Vi
and Vo + B(O,r) are either parallel translates or centrally symmetric each other.

Similar results can be obtained in the complex spaces for k > 2 as well, see [1]. Note
that if H = G consists of linear conformal automorphisms of R? and Vi, Vs, are centrally
symmetric, then V3 and V5 + B(O, r) need not be affine equivalent ([2]).

These considerations are connected with the semialgebraic approximation problems and
with complexity theory in the case when r = ¢ is sufficiently small, (see [1], [3]): Let

d (Vi (P¥), Va(PY)) = min d(Vi(P"), h(Va(P"))) <e. (2)

for all planes P* C E™. How close can these bodies be?

Theorem 2. If projections of Vi,V C R? onto any 2-dimensional plane do not have
SO(2)-symmetries and ¢ is sufficiently small, then (2) implies that V; and Vs can be done
9 .¢l/3_close either by a parallel translation, or by a central symmetry.

This theorem can be generalized to higher-dimensional spaces as well.

The work was partially supported by Leading Scientific Schools grant 8526.2006.1, by
ADS-Program of Development of Scientific Potential of Higher School, grant 2.1.1/3707,
and by Joseph Meyerhoff visiting professorship at the Weizmann Institute of Science.
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On solubility of groups with bounded centralizer chains

E. I. KHUKHRO

The c-dimension of a group (or the height of its centralizer lattice) is defined as the
maximum length of nested chains of centralizers. It is proved that if a finite soluble group
has c-dimension k, then its derived length is bounded in terms of k (for short, k-bounded).
The proof is based on the Hall—Higman type theorems and Thompson’s theorem on the
centralizer of an automorphism of prime order.

One corollary is that a periodic locally soluble group of finite c-dimension k is soluble of
k-bounded derived length and the rank of its quotient by the Hirsch—Plotkin radical (i. e.,
locally nilpotent radical) is k-bounded.

Another corollary is that a quasi-(finite soluble) group of finite c-dimension k is soluble of
k-bounded derived length. By definition a group is quasi-(finite soluble) if it is elementarily
equivalent to an ultraproduct of finite soluble groups.
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Mal’cev’s theorem and sub-Riemannian geometry

S. V. SELIVANOVA, S. K. VODOP’YANOV

Sub-Riemannian geometry (see e.g. [1] and references therein) models physical pro-
cesses, in which it is possible to move only along several “horizontal” directions, and nat-
urally arises in many applications. Motivated by metrical questions of sub-Riemannian
geometry, we study a slightly more general object — a topological (in particular, quasimet-
ric) space X on which a dilation structure is given (dilations are one-parametric families of
contractive homeomorphisms defined in a neighborhood of each point z € X). Axioms of a
dilation structure allow to define in a neighborhood of each point x € X a local topological
group D”. The study of algebraic properties of spaces with dilations turns out to be closely
related to the celebrated H5 problem, which is solved for global groups e.g. in [2]. Gener-
alizing results of [2] to local groups (where product is a partial function) is nontrivial, but

in our case this difficulty may be overcome by means of the following well-known theorem
due to A. I. Mal’cev.

Theorem 1 [3]. A local topological group G is locally isomorphic to a topological
group G if and only if the global associativity property in a neighborhood of identity U C G
holds, i.e. for each n-tuple of elements a1, as ..., a, € U, whenever there exist two different
ways of introducing parentheses so that all intermediate products are defined, the resulting
products are equal.

Using Theorem 1 and properties of dilations we show that the local group D¥ is locally
isomorphic to a contractible topological group and then apply known results regarding
contractible groups [4]. From the metrical point of view, these considerations combined
with results from [5] imply

Theorem 2 [6]. The tangent cone to a (quasi)metric space with a dilation structure is
a Lie group, the Lie algebra of which is graded and nilpotent.

The notion of the tangent cone to a metric space was introduced by M. Gromov. It
generalizes the notion of the tangent space to a smooth manifold, in the sense that the
tangent cone is the first order approximation to the original space.
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(2, k)-Generation of matrix groups

C. TAMBURINI

It is well known that all finite simple groups can be generated by two elements. This
important result was proved by Miller (1901) for the alternating groups, Steinberg (1962) for
the groups of Lie type and Aschbacher—Guralnick (1984) for the sporadic groups. Actually
there is great abundance of generating pairs: indeed two randomly chosen elements of a
finite simple group G generate G with probability — 1 as |G| — oo, as shown in papers of
Kantor—Lubotzky (1990) and Liebeck and Shalev (1995). This allows various modifications
of the 2-generation problem, which was addressed by many authors. In particular the
constructive approach received a lot of attention, in view of the applications.

Let us recall that a group is said to be (n, k)-generated (respectively (n, k, £)-generated)
if it can be generated by a pair of elements of respective orders n and k (whose product has
order /). Significative instances of these classes of groups are the (2, 3)-generated groups,
i.e. the epimorphic images of PSLy(Z) whose order is infinite or divisible by 6, and the
(2,3, 7)-generated groups which, in the finite case, are also called Hurwitz groups.

After a brief survey of the main results in this area, I will describe some more recent
ones, due to M. Vsemirnov, A. Zalesskii and myself, in the more general context of matrix
groups over finitely generated rings. In particular I will illustrate the methods and the
relevance of a formula of L. Scott for this kind of problems.
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Endomorphisms of rectangular relations

Y. V. ZHUCHOK

Let (X)) be a symmetric semigroup of all transformations of set X and p C X x X. The
transformation ¢ € (X)) is called endomorphism of relation p if for all a,b € X condition
(a;b) € p implies (ap;bp) € p. The set of all endomorphisms of relation p is a semigroup
relative to ordinary operation of transformations’ composition. The semigroup is called an
endomorphisms’ semigroup of relation p and denoted as E,(X).

For binary relation p on a set X we put c¢(p) = Domp U Imp. If f: A — B is an
arbitrary mapping, Y C A, then through f|y we designate the restriction of mapping f on
the subset Y and by Map(A; B) the set of all maps from A into B.

A binary relation p on a set X is called a rectangular if (a;b) € p, (¢;d) € p implies
(a;d) € p for all a,b,c,d € X . Let Rec(X) be a set of all rectangular relations on a set X.
We have the next

Lemma. The transformation f € (X)) is endomorphism of relation p € Rec(X) if and
only if or ¢(p) = X and one of the next conditions is hold:

(1) Domp = Imp;

(”) Domp n Imp = (2)7 f |DompE %(Domp), f ‘ImpE %(Imp);

(ii1) Domp C Imp, f |pompE€ S(Domp), [ | rmp\ DompE€ Map(Imp\ Domp; X);

(iv) Imp C Domp, f [1mp€ S(Imp), f | Domp\1mpE Map(Domp \ Imp; X);

(U f ‘ImpﬁDompE %(Imp N Domp), f ‘Domp\lmpE Map(Domp \ Impa DO?TL,O),

f |Imp\DompE Map<1m:0 \ Domp; Imp)a

or c(p) # X, [ leo)€ Ep(clp)) and [ |x\c(p)€ Map(X \ ¢(p); X).

Here the semigroup which is isomorphic to semigroup of all endomorphisms of an
arbitrary rectangular relation is constructed. Regularity, definability, idempotents and
other properties of the semigroup of endomorphisms of a rectangular relation are described
also. Study of different properties of endomorphisms’ semigroups of other types of binary
relations can be seen for example in [1-3].
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0606111euubIe SV -kKoIbIa
A. H. ABLI3OB

Bce kosnbla mpeanonaraTcs acCOMUATUBHLIMEU U C €QUHUIIEN, & MOMIYJIU — YHUTAP-
uuivu. Momyns M masbiBaercs [o-modyaem, €Clu KaXKIbII €10 HEMAJIBIN MOAMOMYJIb COIEP-
XKUT HEHyJIeBoe TpsMoe citaraeMoe momyis M. Kombiio R Ha3kIBaeTCS 0000UeHHbIM CNPABQ
(caesa) SV -koavyom, ecnum Kaxnwlil npasblil (eBblil) R-momynb sBiasercs [p-MOmyseM.
Ecnu man xombiiom R KaxKOblil IPaBbIll U JIEBBI R-MOMynb sBisieTcst [p-MOMyJieM, TO Ha30-
BeM KOJIbIo R o6o6wennvim SV -xoabryom.

C momoItpo TpaHCHUHUTHON WHIYKIUK [JIs KaXXIOrO0 OPOUHAJIA (@ B IPOU3BOIBLHOM
kosbiie R onpenenum unean I, (R). Hpun o = 0 monoxum I, (R) = 0. Ecim o = 6+ 1,
10 Ig41(R)/I13(R) — cymMMa BCeX IPOCTHIX MHBEKTUBHBIX IIOAMOYJIEH IIPABOTO R-MOIy L
R/Is(R). Korma o — mpemenshoe opaunaibHOe uucio, nmomoxuM I, (R) = |J Ig(R).

f<a

9lcHO, WTO [JIT HEKOTOPOrO OPAMHAIBLHOIO YHC/IA T UMEIT MecTo paBeHcTBa [, (R) =
I;+1(R). Hanee uepes I(R) 6Gymem obo3nauars uneart I, (R).

B pa6ote [1, ctp. 735] 6bu1 mpuBemen npuMep Kodbia R, HAl KOTOPBIM KAXIbI TIpa-
BBII MOIyJb sBiIsieTCst [p-MOmyseM, HO cpenu JIeBBIX R-momyiiell HaiimeTcs He [g-MOIYJIb.
Cnenyrorias Teopema onucbiBaeT o6o0Iennse SV -KosbIia.

Teopewma. g konpna R craenyrorye ycI0BUsS PaBHOCUIBHBL:

(1) R — o6obrerroe SV -kobLo;

(2) R — obobiennoe crnpasa SV -Kombpmo, y KOTOPOIO KaXXOBIH IIEPBUYHBIN 00pa3
apTHUHOB;

(3) R — oGobierHoe cupasa SV -KombLo, y KOTOPOro KaXKIbIil IPUMUTHBHBIN 06pa3
apTHUHOB;

(4) R — mosyapTHHOBO KOJIBLO, y KOTOPOI'O KaXXAbIH IPUMUTHBHBII 06pa3 apTHHOB,
R/I(R) — aprunoso nomymentoe xoasio u J2(R/I(R)) = 0.
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[1] A6rmos A. H. CnaGo perynspHbIe KOJbIIA HAII HOpMaabHbIME Kosblamu. Cub. mar. xypH., 49 (2008),
N. 4, 721-738.

2. Kazanv
E-mail: aabyzov@ksu.ru
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O pemnreToyHoM m3oMop@du3Me IMOIyKOJIel] HEIIPEPBIBHBIX (PYHKIINNT

E. M. BEutomoB, B. B. CunoproB

[ycts X — IpoM3BONBHOE TOMOIOrIYecKoe TpocTpancTBo, CF (X)) — momykomsuo Beex
HENIPEPLIBHBIX HEOTPHUIATEIbHBIX (DYHKIN Ha X € MOTOYEUHBIMU ONEPALUSIMYI CIIOKEHISI
n ymuoxenns, A(CT (X)) — pemerka BceBo3MOKHBIX momanre6p momykombna C 1 (X) or-
nocurensHo Brimouenns u A;(C1 (X)) — ee mompemerka, cocrosimas m3 Beex IOMAIredp
¢ 1. Iloganre6poii B momykonsue CT (X)) Ha3BIBAETCS €T0 MOMIOLYKOIIBIO, BBLIEPKABAIOIIEE
YMHOXK€EHIE HA KOHCTAHTBL.

Teopema 1. /ly1g 06X TOMOTOTTIECKUX TIPOCTPAHCTB X U Y 5KBUBAJIEHTHBI CJIEMY-
FOLLIE Y TBEPKICHUSL:

1) pemrerkn A(CT (X)) m A(CH(Y)) mzomopdrsr;

2) pemmerku A1 (CT (X)) u A1 (CT(Y)) uzomopdHsr;

3) momykomsma Ct(X) u CT(Y') msomopgmer.

[ockonbky momanrebpa KoHcTaHT RT ompemensieTcst pemeTouHBIM CBONCTBOM B pe-
merke A(CT (X)), To 1) = 2). I'aBHBIM B TeopeMme SBISETCS NOKA3ATETBCTBO TOTO, YTO
pemerounbii m3omophuzm A1 (CT (X)) = A;(CT(Y)) Bueuer romeomopimsm X ~ Y B
CIy9ae XbIOUTTOBCKUX TTPocTpaHcTB X u Y. IIpum 5TOM MCXOMHBIM MOMEHTOM CITy2KHT:

Jlemma. Onmonopoxnennsie mogaare6per B A1(CT (X)) — sTo B TouHOCTH \/-HEpas-
JTOXKIMBIE KOMITaKTHBIE 1eMeHThI peretkn A1 (CT(X)).

[Ipo6iema pererounoro usoMmopdusma s koser, C'(X) Bcex HEPEPHIBHBIX NENCTBU-
TenbHO3HAUHBIX GyHKIMi HAa X u perrerok A(C(X)) pewena B [1] apyrumu meronamu. Ona
nostoxkuTenbHo pemmaercs n must pernerku A (C(X)) Beex nomanre6p ¢ 1 xombia C'(X):

Teopema 2. /lisg mr0b6b1x TOmoorudeckux npocTpaHcTB X u Y m30MOpGU3M perreTox

A1(C(X)) m A1(C(Y)) Breger mzomopdusm komer C(X) u C(Y).

Bamerum, uto nomykomnbia CT (X) (u komsuna C(X)) onpenensoTes Takke pereTKaMu
CBOMX MIEaJioB (2| U pereTkaMu KOHTPYSHIMR [3].

CIUCOK JIUTEPATYPHI

[1] Beuromos E. M. Pemerka monanre6p Koser HENPEPLIBHLIX (DYHKUNUN U XBIOUTTOBCKHUE IIPOCTPAHCTBA.
Maremaruueckue 3amerku, 62 (1997), N. 5, 687-693.

[2] Bapankuua B. ., Beuromos E. M., Cemenosa U. A. Tlomykomnblla HENPEPLIBHBIX HEOTPUIATETBLHBIX
DYHKIUI: OeIMMOCTD, Uneasbl, KOHrpysuiun. PyHnaMeHTaIbHAsA U IpUKIagHas MaTemaruka, 4 (2008),
N. 2, 493-510.

[3] Cemenosa M. A. OnpenensieMOCTb XbIOUTTOBCKUX IPOCTPAHCTB X PEIIETKON KOHI'DYYHIUI IIOILyKOJIel
HEINIPEPBIBHBIX HEOTPUIIATENbHBIX QyHKINHE HA X . BecTHUK BATCKOr0O rocy 1apcTBEHHOIO I'yMaHUTaPHOT'O
yHuBepcutera, 1 (1999), 20-23.

Bamcxut 2ocydapcmeennbil 2ymanumaprbili yrusepcumem, Kupoe
E-mail: vecht@mail.ru
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He3aBucumasi cucTemMa TOXKIECTB IJII MHOT006pa3us MOHOJIEMOGHUIIEBLIX ajire6p

A. T. 'ATHOB

[Tycts K — mpoum3sBosibHOE mosie XapakTepuctuku # 2. Kak ussectro, amarebpoit Jlei6-
HUIA Ha3biBaeTcs anrebpa L = (L, ) vam nonem K, yIOBIETBOPSIOMIAS TOXKIECTBY

Vo, y,x € L) 2(yz) = (2y)z — (z2)y.
Beenewm cnemytoriiee

Omnpenenenne. Anrebpy A = (A,-) man nomem K Ha30BeM MOHOJIEHOHUIIEBON aJire-
O6poii, ecu BCsKas ee OMHOMOPOXKIEHHas monairebpa sBiisieTcs anredbpoi Jleibuura.

OueBumno, ximacc W Bcex MOHOIEMOHUIIEBBIX aJredbp Haml GUKCUPOBAHHBIM 1mojeM K
SBIIIETCS MHOTOOOpa3meM ajreop.
[Iycts © — mpousBoibHBI deMeHT anrebposr A. Yepes z" (n € N = {1,2,...})
0603HAYNM JIEBOHOPMUPOBaHHOe npoussenerune r' = (... ((z-x)-x)...)x.
N Y

Vv
n pa3s

Teopema. Ilycte K — 6eckoneurnoe mosie xapakrepuctuku # 2, W — mHOroobpasme
MOHOJIENOHUIIEBRIX ajarebp Ham mosieM K. HezaBucumas cucTeMa TOXKIECTB MHOI00ODa3ms
W ectb 6eckoHEUYHOE MHOXKECTBO TOXKIECTB

Vee A)z-2" =0, ne N\{1}={2,3,...,}.

Hruemumym mamemamuru um. C. JI. Coboaesa CO PAH, Hosocubupck
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Anre6psl JIn, nEOAyIupoBaHHbIe HEHYJIEBBIM Nud@depeHIInpoBaHNEM

A. T. I'enH, A. H. EroroB

B 1990 romy ua IV Bcecorosmoit mikoste o amre6bpam JIu A. U. Koctpukuu B cBOEM m0-
KJlaze 0OpaTuiI BHUMAHNE CIIyIIaTelell Ha KOHCTPYKIINIO, ITO3BOJISIOILYIO MTOIyYaTh ajaredpy
JIr m3 acconmaTMBHO-KOMMYTATUBHON aJIreOphl ¢ IIOMOIIBIO0 HETPUBHAILHOTO auddepeHn-
poBaHust 5Tou anreOpol. OmnuiieM 5Ty KOHCTPYKIINIO.

[Tycte A — accommaTuBHO-KOMMYyTaTHUBHAs ajarebpa Ham noieM F', D — ee HeHyjeBOe
nuddepentnmposarme. Uepez AP) obosmaumm mumeitnyio aareGpy Hal TeM XkKe HOIEM, B
KOTOPOW oIeparinss yMHOXKEHUST 3aMeHeHa OmIepalmeir o, ompenenseMoin ¢GopMyion a o b =
D(a)b — aD(b). Jlerko ybemuThcst, IT0 OTHOCHTEIHHO omeparmu o aarebpa AP) ssasercs
anrebpoit Jlu. Bynem roBoputh, 4To 5Ta anrebpa mHoynrpoBaHa nuddepennupoBanreM D.

IlepBble pe3ynbTaTHl HCCIEOOBAHUS aareOp, MOIYyYaeMbIX ITOCPEICTBOM TAKOW KOHCT-
pyKuuu, ObLIH aHOHCUPOBAHBI B (1], omHAKO, pa3sBepHYTON MyOIUKAIIMNA HE TOCIENOBAJIO.
CaMmu ke pe3yabTaThl OTHOCIINCH K ajrebpaMm Ham moseMm xapaktepuctuku 0. B macTos-
el paboTe UCCIIemyIOTCs aarebphbl MPOCTONR XapakTepuCcTukKu. B kadyecTBe 6a30BOI ajire-
6pel A BeIOpaHO KOHEUHOE HecemapabenbHOe pacimupenue mosis F. Kax wssectHo, mis Ta-
KOT'O PACIINPEHNs BCerOa CYIIeCTBYeT HeHyJieBoe nuddepeHIInpoBaHne, KOTOPOe SBIISIETCS
HyJIeBbIM Ha F' (oTMeTmM, 4TO miist cenapabesbHOIO PACIIMPEHUs HEeHYIeBOro nuddepeH-
[UPOBAHUS HE CYIIECTByeT). B sToMm ciiyyae A MOXKHO paccMaTpuUBAThL KaK KOHEYHOMED-
HYIO aCCOIMATUBHO-KOMMYTATUBHYIO ajreOpy Hang nosjeM F' ¢ HemyseBbIM nuddepeHnnpo-
BaHmeM D.

Teopema. Ilycte A — koHeuYHOe HecemapabesbHOe paciuupeHue 1ojas F mpocrort
HedeTHOH xapakTepuctukn. Torma amrebpa AP) sprsercs mpocroii amre6poit JIn.

CIUCOK JIUTEPATYPHI

[1] Tenn A. I'., Trorun A. H. O6 anrebpax Jlu, nomyuaeMbIx u3 acCOLUATUBHO-KOMMY TATUBHBIX aJIre6p ¢ mo-

motpio nuddepennuposanust, Anrebpa u ananus: Tes. noki. MexnyHaponHoi konpepenunu (Kasans),
KI'Y, 1994.

Ypaavckuti 2ocydapemeenmnvitl ynusepcumem, Examepunbype
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HunvmnoredTHOCTL U pPa3pemmMoCTb ﬁOpHaHOBbIX ,uma.nr‘eﬁp

B. IO. I'YBAPEB

Anrebper JleitGuuma 6ot BBemensr 2K-JI. Jlomeem B mauase 90-x TOmoB mpu m3yde-
HUM TPYII KOTOMOJIOTHW anre6p JIu u ABIAIOTCS HEKOMMYTATUBHBIM OOOOIIIEHIEM ajIreop
JIu: ymuO)eHme [,| B 5TOM MHOroo6pasum anre6p ymooBIeTBOpseT TOXKIECTBY [z, [y, z]] =
[z, 9], 2] + [y, [z, 2]]. AcconmaruBHble mUaIreGpEl — BEKTOPHBIE IIPOCTPAHCTBA C ABYMS
ACCONMATUBHBIMU OMIIMHERHBIMU OMepanusaMu -, —, yIOBI€TBOPSIOIINMI TOXKIECTBAM

rd(ykFz)=2c4(y-2), (zdy)kFz=(rykrz zF(ydz2)=(xFy) -z

OTHOCHTENBHO onepamuu [z,y] = x F y —y - = ssismores anrebpamu Jleibuumna. 2K.-
JI. Jlomeit u T. Tupamsumu (1993) mokaszanu, uro BepHO M ob6paTHOe: robas aarebpa
JlefitbHuIa BKITAOBIBAETCS B HEKOTOPYIO ACCONMATUBHYIO nuanrebpy. B pasuble rombr 6bLIn
TaKe BBEIEHBI MHOT00Opa3uss KOMMYTATUBHBIX U AJIbTEPHATUBHBIX TUAITEOD.

O6muit moaxon ompeneeHust O MPOU3BOILHOIO MHOT000pasus Var OOBIIHBIX aaredp
mHOrO0O6pasust Var nuanre6p 6wt nomyuen 1. Komecaukosbiv (2008). B wacraOCTH, Kitace
nuanrebp JIu coBmamaeT ¢ kimaccom anrebp Jleitbuura.

MopnaHoBsl muaareGphl, KOTOPEIE MBI HasBaeM LJ-amreGpamu (Leibniz—Jordan), siBis-
I0OTCSI HEKOMMY TaTUBHBIM 0000IIIEHIEM HOPIAHOBBIX aJIirebp U ONPENeIsIoTCs CIeMy FOIIIMEI
TOXKIECTBAMU:

[561,562]33'3 = 07 (SE%,SIZ’Q,SIZ’:},) = 2(':6175627561373)7 513'1(.36%33'2) = l’%(l’lxg).

B mamsoit pabore m3ydasach B3aMMOCBSI3b MEXMY HUJIBIIOTEHTHOCTBIO U PA3PEIINMO-
cteio LJ-anmrebp. bruma mokazana

Teopema. Bcskas paspermMas KOHEUHOIIOpOxneHHas LJ-anrebpa HUIBIIOTEHTHA.

B xauecTBe ciencTBUil yCTAHOBIIEHBI HUJIBIIOTEHTHOCTE KOHEUYHOMepHOU LJ-Humb-anre6-
PBL U CYIIIECTBOBAHUE JIOKAIIBHO HUJIBIIOTEHTHOTO pamumkasia B Kiacce LJ-amrebp.

Takxxe aBTOpPOM OB IIOCTPOEH AHAJIOr IUPCOBCKOTO pasioxeHus s LJ-amrebp c
UIIEMIIOTEHTOM.

Pa6ora Boimonuena mpu ¢unamncoBont nommepxkke Cosera mo rpantam [Ipesumenta PP
[0 MOMIEPIKKEe Bemylnux HaydHbix mkoil (kom mpoekTta HIII-344.2008.1) u nmpoekTa Peme-
pPaJIBHOTO areHTCTBAa 1o obpa3oBanuio «llogmepxkka HAYIHOrO TOTEHIINAIIA BBICIIIEN IITKOIBI>
(rpanT 2.1.1.419).

Hosocubupcruti 2ocydapemeennbiti yrnusepcumem, Hosocubupck
E-mail: vsevolodgu@mail.ru
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Koucrpykuus KanTopa — Kexepa — Twutca nyis nopgaHoBbiX nuajrebp

B. FO. I'yeAPEB, II. C. KOJIECHUKOB

[TouaTtue anrebpwr JleitOHuma sBIseTcs Hambolee M3yUYEeHHBIM HEKOMMYTATUBHBIM 00-
obienneM anre6p Jlu: 510 MHOrooGpasume amrebp ¢ yMHOXKEHUEM [, -], ONpemeseHHoe TO-
xmectBoM [z, [y, z]] — [y, [z, 2z]] = [[z,y], 2]. Anamoramum accoumaTWBHBIX 06GEPTHIBAIOIINX
s anrebp JleitOHUa SBIISIOTCS accoluaTuBHbIE nuaaredbpol, BBemenubie 7K.-JI. Jlomeem
B 1993. D1u anrebpandeckne CUCTEMBI IPEICTABIISIOT COOOI JTUHENHBIE TTPOCTPAHCTBA C ac-
COIMATUBHBIME OuInHeHbIME oneparmsivu (- F +), (- = ), yIOBIETBOPSIOIIE TOXKIECTBAM

rdlykFz)=cd(ydz), (edy)Fz=(@rFyktz zkydz)=(xFy) -z

AcconmatusHas nuanre6bpa A, paccMarpuBaeMasi OTHOCUTEIBHO onepanui [a, b] = a - b—b
a, a,b € A, asnsercs anredpoit Jleitbuuna, u, kak nmokaszano 2K.-JI1. Jloneem u T. Iluparsumn
(1993), mobGas anrebpa JlefbHUIIA BKIIAABIBAETCS B HEKOTOPYIO ACCOIMUATUBHYIO qUAITe0DY .
Hpyrue muOr0o0Gpasus muaiare6p (KOMMyTaTUBHBIE U aJbTEPHATUBHBIE AUAITeOpPbI) TaKkKe
BBOIW/INCH B PACCMOTPEHUE B CBSI3U C UX IPUIOXKEHUIMU K ajirebpam JlentbHura.

OO61mi ToaX0 I, MO3BOJIAIOMINIA IJIs JTF060r0 MHOrooOpasus Var oObIYHBEIX ajareop ompe-
menuTh MHOrooOpasue Var nuanre6p, 6uut npemnoxen [1. Konecaukoseiv (2008) u A. TToxkwu-
naeseiM (2009). B wacraOCTH, KiTace nuasre6p Jlu coBmamaer ¢ kimaccom anre6p JleitbHuma.

Muoroobpa3ne HOpPOAaHOBBIX OUaJredp, KOTOpPOE eCTeCTBEHHO Ha3BaTh KJjaccoM LJ-
anre6p (Leibniz — Jordan), siBisercs, cieqoBaTebHO, HEKOMMY TATUBHBIM HAIMHOT000Da~
3ueM [JIs KJ1acca HOPIaHOBLIX ajirebp. DTo MHOr0oOpasue OmpeneseHo TPEeMsT TOXKIeCTBAME:

[x120)w3 =0, (2%, 20, 23) = 2(21, 2, 2123), o1(2320) = 27 (2172).
B uwacTHOCTH, acconuaTuBHas muajaredbpa OTHOCUTEILHO HOBON onepanuu ab =a k- b+b - a
sBisiercs: LJ-anrebpoii.

Hamu moctpoen mHekoMmmyTaTuBHBIN aHagor KKT-koHCTpykimum, MO3BOJISIONINN BITO-
xkuThb LJ-anrebpy B anredpy Jleitbuuiia, n m3yd4eHbl OCHOBHBIE CBOMICTBA 3TON KOHCTPYKIIUN.

PaGora BbimosmHena npu yacTudHON GunaHcoBON mnommepxkke PODPU (mpoekt 09-01-
00157), Cosera no rpanram Ilpesunenra P® no nonmep:kke Bemynx HayIHBIX KO (IIPO-
ext HIII-344.2008.1) u mpoekra PemepanbHoro arenrcrsa no obpasosanmio “Ilommepxka
HAyJYHOT'O ITOTeHIAaa Beiciieil mkonsl’ (rpast 2.1.1.419).

Hosocubupcruii 2ocydapcmeennvili ynusepcumem, Hosocubupck
E-mazl: vsevolodgu®@mail .ru

Hnemumym mamemamuru CO PAH, Hosocubupck
E-mail: pavelsk@math.nsc.ru
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O6 06006111eHHO >KOPAAHOBON HOPMAaJILHOU (pOpME BTOPOrO pOAa MaTPUIILI
JINHEHOT 0 mpeo6Gpa30BaHMUs HAM MIPOU3BOJILHBIM II0JIEM

C. I'. JanansiH

B yuebnuke «OcuoBbl nuHenHO#M anrebpor> A. M. Manbuesa [1] menkum mpudrom us3-
nmaraetcs obobirienue Teopembl K. 2Kopmana o cyiiecTBOBaHUY U € IUHCTBEHHOCTH HOPMAJTh-
HOI (DOPMBI MaTPUIILI IMHEHHOTO TPeobpa30BaHUsl, OIIPEIETICHHOTO HA JTI0OBIM moamnoiem K
oJ1st KoMmIytekcHbIX uucesn C. B mpuMedyanun ykasbIBaeTCsI, YTO 3TO 0O0OIIIEHNE BEPHO IS
7060r0 coBepirieHHOTO ToJst K. Q606wennoti #opdanosoti mampuyet HaA3bIBACTCS MPSIMAs
cymma J = J; @ -+ @& J,; 00OOIIEHHBIX KOPOAHOBBIX KJIETOK Jj. Y Kaxkmon ob6ob6wennot
#copdan060t Kaemku Jy MO TIABHON AUATOHAIIN CTOST CONPOBOXKIAOIIME MATPUIBL [Py (1)]
HEIIPUBOAUMBIX HOTMHOMOB Py (1), HEIOCPEINCTBEHHO BBIIE W [IpaBee HUX — ENUHUIHbLIE
MaTpunsl K, a Bce ocTambHBIE MecTa 3allOIHEHBI HyJsIMu. Ha3zoBeM Takme KJIeTKH U WX
IIpSIMBbIE CYMMBI, COOTBETCTBEHHO, OOOOIIEHHBIMU YKOPOAHOBBLIMU KJI€TKAMWI W MATPUAIIAMMI
IIEPBOTO POIA.

B [2] mokassiBaercs, uTo Teopema Masbuesa BepHa 171 J1I060r0 cenapabeabHoro moist K.
Kak moka3biBaeT HECIOXHBIN IPUMeD, B cilydae HecermapabenbHOro noist K sta TeopeMma,
BOOOIIIe TOBOps, mepecTaeT ObITH BepHOUW. (OmHaxo HEOOIBIIOE W3MEHEHUE B MTOCTPOCHUN
00OOOIIIEHHBIX KOPOAHOBLIX KJIETOK U MaTPUIILI ITO3BOJISIET BOCCTAHOBUTDL CIIPABEIIMBOCTH
TeOpeMbI PU MPOU3BOJIBLHOM TojIe K@ HAOO TOJBKO B KOHCTPYKIUU OOOOIIIEHHBIX YKOPIIa-
HOBBIX KJIETOK U MATPHIbI enuHnuHyo MaTpuiny E 3amennts marpuneit F (ecrecTBeHHO,
TOTO XK€ TOPSIIKA), B JIEBOM HIDKHEM YTIIy KOTOPOIl CTOUT €QUHUIEA, & BCE OCTAIIbHBIE DIle-
MeHTBl — Hyau. B [3] cooTBeTcTByOMMIT Pe3yabTaT BHIBOAUTCS u3 Teopembl 2Kopmana
[epexoIoM K ajrebpandeckoMy 3aMblkaHuio moiis K, a B [4] maercs ero mpsiMoe reoMeTpu-
JecKoe MOKa3aTelIbCTBO, OCHOBAHHOE HA IOCTPOEHNU COOTBETCTBYIOIIETO Oas3uca.

CIUCOK JIUTEPATYPHI
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[2] Hamamnsua C. I'. O6001IeHHbL ) KOPAAHOB HOPMAJILHBIN BUL MATPULBL C CENAPAGeIbHBIMYU HEIIPUBOLUMbIMI
IENUTENsIMI  XapaKTepucTudeckoro Muorounesa. Bectuuk PA(C)I'Y, dus-mat. m ecrect. Haykwm, 1,
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IIpocThie nopoaHoBEI cynepanrebpbl, Bo3HUKAawIe n3 nuddepeHnnaabHO
OPOCTBIX ajirebp

B. H. 2KEjasisuH

[Tycts F — mone xapakTepuctuku He 2 u ' — accormaTuBHas KOMMYTaTUBHAS aarebpa
¢ HeHyJIeBBIM nuddepenmupoBanuem D. M3omopduyio komuio nmpocTpancTsa [' ¢ oTobpaxe-
HIEeM m30MOphHU3Ma @ — @ 0603HAUNM uyepe3 L. PaccMOTPUM HpSAMYIO CyMMy IIPOCTPAHCTB
J(T', D) =T +T u onpenermu wa J (T, D) ymHOXKerme () MO TpaBmTaM:

a-b=ab, a-b=ab, @-b=ab, = D(a)b— aD(b),

a-b
roe a,b € I' u ab — npoussenenune B I'. Torma J(I', D) — itopmanoBa cymnepairebpa c
vyeTHON wacThio ' u Hewernoi I. Cymepasre6pa J (', D) mpocTta Torma u TOJILKO TOrna,
korna anrebpa I' — D-mpocta [1].

[Iycts F' — mone xapaktepuctuku (. Paccmorpum anrebpy nommuomos Flz,y] oT
IBYX TEpeMeHHbIX =, %Y. llomoxum D = 2y3% — xa% u f(z,y) = 2?> +y* — 1. Torma D —
nuddeperuposanne anrebpst Flx,y| u D(f(z,y)) = 0. Ilycts I' = Flz,y]/f(z,y)F|x, y].
Huddepennmpoanue D nanynupyet nuddepeHnnpoBanue aaredpsl ', KoTopoe MBI Takxke
obozuaunM uepe3 D. OToxmecTBUM 00pa3bl 3JIEMEHTOB T U Y IPU KAHOHUIECKOM T'OMOMOD-
dusme Flz,y] — T ¢ onementamu x u y.

Teopema. Paccmorpum B I' momanrebpy A, mopoxmenmyro smementamu 1,42 xy u
A-momyms M = zA + yA. IHomoxmv A = {Dyy, D13, Das}, toe Dy = (1 — y*)D, Dy =
xyD, Doy = y?D. Torma mommpocrparctso J(A,A) = A+ M — noacynmepanrebpa B
J(T', D), u ymHOX)€HIE HedyeTHBIX s1eMeHTOB B J(A, A) 3amaercs popmyramu

W'EZD11<CL)I)—OJD11<()), y_a'%:DQQ(CL)b—CLD22<b),
7a - yb = (14 y*)ab + D12(a)b — aDy2(b).

Cymepanare6pa J(A,A) mpocra mw M He ABIgeTCS OMHOMOPOKTEHHBIM A-MOmymeM, T.e.
J(A, A) mHemzomoppua cymepasrebpe J(L'y, Dy).

PaccmarpuBaemble cynepasirebpsl u3ydaanucs B (2, 3].
Pa6ora mogmep:xxana PODPU 09-01-00157, rparr CO PAH, Passurue HAy9IHOTO MOTEH-
IraIa BhICIIeN KOsl (mpoekT 2.1.1.419)
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06 u3omMopdu3Me KOHEUHBIX JIOKAJIBHBIX KOJIEI] XapaKTEePUCTHUKN p°, PaImKa
I>keko6coHa KOTOPBIX NMeeT MHAEKC HUJIBIIOTEHTHOCTHU YeThIpe

E. B. 2KyPABIJIEB

PaccmaTpuBaeMblil 3mechk pe3yabTaT SBISEeTCS IPONOIKEHIEeM NCCIeOBAHIN, HaYaThIX
B paborax [l, 2] u mocBsIeH HEOOXOMUMBIM U HOCTATOYHBIM YCIOBUSM CYIIECTBOBAHIUSI
n3oMOpdU3Ma MEXKOY OBYMS IPON3BOJIBHBIMUI KOJIBIIAMI YKA3aHHOI'O THUIIA.

Ecmm A = (a;;) — marpuma Ham moinem F, a o — aBromopdusm mosst F, To B
nanbHefiem cumsosioM A Gymem o6o3Hauarh Marpuny (o(a;)). Ilycts A mw B — wma-
Tpunbl Ham mojieM F pasMepHOCTEr m X n m m X k COOTBETCTBEHHO, W Ql1,...,CQL, €
Aut(F), n, m, k € N. O6osnaumm uepes [A, Bl(a,, . a,) MATPUIY = (Cij)mxk, TO€
Cij = aﬂb‘f‘; + aigbgj + ...+ amb%, 1= I,—m, j = l,k‘

PaccmoTpuM cutyanuio, korma p € J(R)3.
[lycts R = R(A, B,C, D, 0,0, 7) n R = R(A", B',C", D', 0, 0%, 7;,) mBa KombIta KOH-
crpykimu B (¢ onurakoBbivMu mHBapuanTamu, cM. [1]).

Teopema. R = R’ torma m TOIBKO TOrma, KOrAga CyIIECTBYIOT HEBBIPOXKIEHHBIE
maTpunsl P = (Dij)s;xsis BB = (Tij)syxsss T = (tij)(ss+1)x(ss+1)s HEKOTOPBIE MaTPHIIEI
Q = (¢ij)soxsi> S = (5ij)(ss+1)xs, H aBTOMOPGU3M p Koabna Ry, Taxme, 4T0

S2
PTIAL, Plior, oy = Y oAl k=155,
v=1

So S3
PY[By, Plio},.on ) + PT[Chy Qo o0, ) + QT IDY Plioy, 01, =) s AL+t B,
v=1 v=0

S3 Ss3
T
PTICL Rlo..ory = D twCly RTID'y Pligory = > tw(DL)?, k=053
v=0 v=0
%, ecmm pji # 0; 0 = 07, ecmm qj; # 0; 0; = idp, ecmn so; # 0; 0; = 0}, ecmm 15; # 0;

/ . . . _ /
0; = 7}, ecn sj; #0; 7, =idp, ecu toy; # 0; 7, = T}, €CIH j; £ 0.

nHo;, =0

IoxazaTembCTBO MaHHON TeopeMel, a Takwke ocTasumecs cutyanuu p € J(R)\J(R)? u
p € J(R)?\J(R)3 mompo6HO u3moxeHbl B pabore [2].
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O cTpykType akTOpPOB 10 AENCTBUIO aJirebpanyeckKux Cymneprpyn

A. H. 3yBKOB

B paborax Mauwna — BoponoBa — IlemkoBa m mp. cTpomnnch (GakTOpbl ITPOCTHIX
CyIeprpymil [0 AefCTBUI0 TapaboImuecKuX CyIePIOATPYNI (HAI MOJISIMU HYJIEBOI Xapak-
repuctukn). CooTBeTCTBYOIIMIT (HAKTOP CTPOUIICS UUCTO MEOMETPUUECKIMU CPEICTBAMI,
KakK cynepMHOroobpasme ¢iaros. B ciydae mpom3BOIBHBIX CYHEPIPYNII OO CUX IIOP He-
u3BecTHO, Gynmer s daktop G/H, rne G u H anre6Gpamdeckue Cyneprpymmbl, XOTs Obl
cynmepcxemoit (B cmbiciie I'porennuka). Wssectubr npumeps, korna G/H He IPOEKTUBHO
(Mauuu, R. Fioresi). B mpemmaraemom moxsame o6CyKIatoTCsl TOAXOOBI K DTOIN mpobrieme
(HAI TOJIAMU IPOM3BOILHON XapakKTePUCTUKN) U HENaBHUE Pe3yIbTaThl aBTopa. VMeHHO:

1) Ecnu xapakrepuctuka ocHOBOro moiis > 0 u meuerna, torna G/H cynepcxema.

2) Ecniu H wopmasnbha B G, Torma G/ H adbdunnas cynepcxema.

3) Eciiu X adpdunnas cynepcxema u KoHeuHasi cymneprpymnmna G neitcrsyer Ha X, Torma
X/G adbdunnas cynepcxema.

4) Ecnu yetHas wacts H penykTuBHa M XapakTepucTuKa nosst > (0 u HedeTHa, Torma
G/H abdunHas cymepcxeMa.

B xmaccuueckoir Teopun anrebpamueckux rpymnn npobiaeMa onucaHus noarpymnn H, Ta-
kux, uro G/H addunnas cxema, xoporro u3sectHa (Grosshans, Cline — Parshall — Scott).
Takwe moarpynnsl HOCAT HasBaHue 0603puMbIx (observable). IlymxT 4) maer wacTHYIHBIN
orBeT Ha mpobiemy, nocrasiennyio J. Brundan. Wmenno, we 6ymer nmu G/H addunuoil
cynepcxemoit, ecit Heyen, penykTusaa? Ipyrumnm cmoBamu, He 6yneT nmu H ¢ penyKTUBHOI
YeTHON JacThIO Bcerma obo3puma’

Owmcruti 2ocydapcemeennbill nedazo2uueckut YHUBepCumem
E-mail: a.zubkov@yahoo.com
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0-CynepnuddepeHimpoBauns IPOCTbIX KOHEYHOMEPHbIX cynepasre6p Jlu

N. b. KAUrorponoBn

B [1] 6bun pacemoTpensr antunudbdepenimuposanus anre6p Jlu, T. e. Takue JIUHENHBIE
orobpazkenus ji anre6per, 1To p(ry) = —(u(x)y +2p(y)), 1 ObLIO MOKA3AHO OTCYTCTBHE He-
HYJIEBBIX aHTHAU(DGEPEHITNPOBAHUI Ha IIEHTPAJbHBIX MPOCTHIX anrebpax JIu pazmeprocTu
> 4 mpum HEKOTOPBIX OTPAHUYEHUSX Ha OCHOBHOe mojie. llomstume §-muddepeHnupoBaHms
asre6pel, T. €. TAKOTO JIMHEIHOrO 0ToOpaxkeHus ¢ anre6psl, 94To ¢(zy) = d(p(x)y + o (y)),
rme 0 — HEKOTOPbBI (GUKCHPOBAHHBIN 3JIEMEHT OCHOBHOTO IOJIS, SIBJISETCS €CTECTBEHHBIM
060011IeHrEeM TTOHATHUS aHTUAN(GOEPEHINPOBAHNS U OOBIKHOBEHHOTO NuddOepEeHInPOBAHUS 1
IIPOKO m3y4dasock B paborax B. T. @ununmosa. OH paccMaTpuBasl MEPBUUHBIE areGPhI
JIm Ha;m acconmaTWBHO-KOMMYTATHUBHBIM KOJbloM ¢ c enuHuien u % (2, 3]. B. T. ®u-
JIITIIOB OOKa3aJjl, YTO Jobas mepBuuHas P-anrebpa JIum ¢ HEBBIPOXKIEHHOW CHMMeTpHUe-
CKOIl MHBAPUAHTHON OWJIMHENHON (GOPMONl He MMeeT HEHYJIEBOro O-muddepeHImpoBaHus,
econ 6 # —1,0, %, 1. Taxxke oH maj omucaHue %—nmq)(pepeHquOBaHHﬁ [IPOU3BOJILHON IIE€p-
BuuHOil P-anredper Jlu A (% € ®) ¢ HEBBIPOKIEHHOW CUMMETPUYECKON WHBAPUAHTHON
oununennon dopmoi. MM mokasamo, urTo jmHEHOe oTOOpaxenme ¢: A — A sBusgercs
%—L[I/Ifb(pepeHHI/IpOBaHI/IeM Torma u ToibkKo torma, korma ¢ € I'(A), roe I'(A) — wenTpoun
anrebper A. Otciona cienyet, 9To eciiu A — meHTpasbHas mpocTas ajaredbpa Jlu Ham morem
XapaKTEePUCTUKN P # 2,3 ¢ HEeBLIPOKIEHHON CHUMMETPUUECKON MHBAPUAHTHON OUINHENHON
dopmoir, To mr0dOoe %-HI/I(I)(bepeHHI/IpOBaHI/Ie ¢ umeer Bun ¢(x) = ax, a € &. B pabore [3]
OH MOKa3aJi, uTo jobas nepBuunas P-amrebpa Jlu A (% € @) ¢ menyneBbiM anTUAUDDEPEH-
[UPOBAHUEM YIOBIeTBOPsieT Tox)aecTBy [(yz)(tx)]z + [(yz)(zz)]t = 0 u saBasercs 3-mMepHOI
[EHTPAJILHON [IPOCTON aIreGpONl Ha IOJIeM YaCTHBIX HeHTpa Zp(A) cBoell aare6Gpel mpa-
Boix ymuoxenuit R(A). Taxxe B sToll pabore ObUI MOCTPOEH IPUMED HETPUBUAJILHOIO
%—III/I(l)(l)GpGHHI/IpOBaHI/IH (¢ ¢ T(A)) mna anrebper Burra Wi. B nanbreiimem B. T. ®unun-
OB onucast d-auddePEeHITTPOBAHNS IEPBUYHBIX AJTbTEPHATUBHBIX 1 HEJIMEBBIX MAJIbIIEBCKUAX
$-anrebp ¢ HEKOTOPBIMU OIPAHUYEHUAMEI Ha KOJblo omepaTopos ®. On mokasamn [4], arto
ayreOphBl U3 5TUX KJIACCOB HE MMEIOT HEeHYJIeBOro J-nuddepennupoBanus, eciau § # 0, %, 1.

[Ton TpuBMabHEIMEU OTOOpPAXKEHUSIMEU MBI OyIEeM MOHUMATH HYJIEBble OTOOPAKEHUS, a
rakxke 0-(cymep)muddepennuposanus, 1-(cynep)nubdepeHunpoBanus u %—(Cynep)mxlq)(pe—
PEHIIUPOBAHUSI, SBJIAIOIINECS diIeMeHTaMu enTpouna. [lom cynmepanre6poit A Mbl TOHEMaeM
Zo-rpamyupoBaHHyIo anrebpy, T. e. cautaeM, 9to A = Ao @ Ay 1 A;A; C Aifjmod2)-

B pa6ore [5] . B. Kaitroponos onucasn d-nuddepeHmpoBanns MOy IPOCTHIX KOHEU-
HOMEPHBIX HOPHOAHOBLIX ajredp Hall ajareOpamvecKyd 3aMKHYTBHIM IIOJIEM XapaKTePUCTUKN
OTJIMYIHON OT 2 M TPOCTHIX KOHEYHOMEDHBIX HOPHAHOBBLIX cymlepaareOp Hanm anrebpande-
CKI 3aMKHYTbIM mojieM xapakTepuctuku (. Pa6ora [6] mocssiena onucanuio §-mudde-
PEHIIMPOBAHUI Kjaccuieckux cymepaireop Jlu. B panpmeiiiiem uM ObLIH OTMUCAHBL 0-
nuddepeHnnpoBaHAs KapTaHOBCKUX cymnepairebp Jlu. B sTtux paborax ObLIO MOKa3aHO
OTCYTCTBUE HETPUBUAIBHBIX 0-nuddepeHnnpoOBaHIi Ha JaHHAX KJIACCax ajiredp u cymepadi-
redp.

OnzopomsbIil s51eMeHT ¢ cyneprpocrpancTsa End(A) sunomopdusmos A — A HasbiBa-
ercs §-cynepmuddepertmposanmem, ecmm ¢(zy) = §(d(x)y 4+ (—1)P@4e9(@) 10 (y)).

B macrostiimieit pabore paccMaTpuBatoTes d-cynepandGepeHnpoBaHus Ha TPOCTHIX KO-
HEYHOMEPHBIX MOPIAHOBBIX U JIMEBBLIX Cyllepajiredpax Hal ajareOpandecKl 3aMKHYTBIM IIO0-

JIeM XapaKTePUCTUKN HyJb. B pe3ynbTaTe, nMeeM CIIENYIONIYI0 TEOPEMY.
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Teopema. Ilycts ¢ — d-cymepaupgepeHnupoBanme IPOCTOH KOHEYHOMEDHOR HOpIa-
HOBOII cyTiepaJireopsl unu cynepaareopsl JIu Hamg aarebpamdeckKu 3aMKHY THIM IIOJIEM Xapak-
TEepPUCTUKU HyJib. Torma ¢ TpUBHAJIBHO.

Pa6ora Bemonnena npu nommepxkke ABIIII Poco6paszosanus ”Pa3suTne HaydHOTO MO-
TeHrmasa Boicieil mkonbl” (mpoexT 2.1.1.419), rpanra PODU 09-01-00157-A, rpanra HII-
344.2008.1, warerparmumonnoro npoekta CO PAH Ne97, rpanrta mopun r. HoBocubupcka mis
MOJIOIBIX yUIEHBIX.
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Pemerounnie XapakKTepuCTHUKN 3JIEMEHTOB aCCOI_II/IaTI/IBHOI?I aJ'Il"eﬁpr

C. C. KOPOBKOB

[Iycte A — accoumartuBHas anrebpa wanm moiem F u L(A) — pererka ee momaare6p.
Pemaercs Bompoc: MoxkuO 5 1o cBoiicTBaMm perretku L(A) onpemenuTs Hamumume B all-
rebpe A »IeMEeHTOB ¢ 3aaHHBIME CBoiicTBaMu! PaccMaTpuBaroTCs CIemyollme CBOMCTBA
3JIEMCHTOB: aJIFe6paI/ILIHOCTI), noOeMIIOTEHTHOCTh, HUJIBIIOTECHTHOCTb.

Jlerko Bumersb, uTO Hammume B anrebpe A anrebpamvuecKux 3JIEMEHTOB DPABHOCIIIHHO
cyecrBoBaumio B L(A) aromos. CnenoBarensHo, A — anrebpanyeckas anrebpa TOrma u
TOIBKO TOrna, Korna L(A) — aToMHAas peleTka.

Hamuuwe B pemerke L(A) aToma Biieder cyiiecTBoBaHue B caMoll anrebpe A mmemmo-
TEHTHOI'O WU HUJIBIIOTEHTHOro sjieMeHTa. OMHAKO, €Ciii aTOM €IUHCTBEHEH, TO Hellb3s
C YBEPEHHOCTBHIO yTBEPXKIATh KaKOW HMMEHHO 3JIEMEeHT COoIep:XKuT anrebpa. Ecmm uwmcmo
aTOMOB 0OJIbIIIe OIHOI'O, TO CUTyamus HposicHsercs. OnpenenauM TpHU THUIIA PELIETOK C
IIOMOIIIBIO CIIEYIONTNX THArPAMM:

(I1F]+1)

(I) (II) (I1I)

Teopema 1. Ecun pemerka nonanredbp L(A) conepxur unear tuna (I) wmm runa (1I)
opu F' # GF(2), To B anrebpe A cyliecTByeT HEHYJIEBOH HIEMIIOTEHTHBIN 3j1eMeHT. Eciu
L(A) conepxnr unean runa (1) win tuna (111) npu F' # GF(2), To B anrebpe A cyiiecTByer
HEHYJIeBOM HUJIBIOTCHTHBII 3/ICMEHT.

Teopema 2. Ilycts B pemerke momanrebp L(A) comepxurcs smemeHT B BBICOTBI M
(n € N), yIOBIeTBOPSIOIINI yCIOBUIM:

1) B mokpeiBaeT B TOYHOCTHU OLUH JIEMEHT;

2) nurepnai [0, B] conepxkur 6ojiee OGHOIO aTOMA.
Tornma anrebpa A comepKuUT HEHYJIEBOI HUJIBIIOTEHTHBIN 5JIEMEHT UHIOCKCA HUIBIIOTEHTHOC-
T n + 1.

Teopewma 3. Ilyctsb pemerka momaarebp L(A) ymoBaeTBopseT omqHOMY U3 CJIEHLYIOLIIX
YCJIOBUI:

1) B L(A) comepxurcs nmeast, sSIBISIOINIICS EIbIO IJIMHBL 3;

2) B L(A) comepxurcs 571eMeHT KOHEYHON BBICOTHI, MOKPBIBAIOIIUI B TOYHOCTHU HBA
2JIEMEHTA.

Torma B anrebpe A comep:KuTcs HEHYJI€BOH UAEMIIOTEHTHBIN 3JIEMEHT.

Haiinensr mocTaTovnble yCaoBUs, HaKIaAbIBaeMble Ha perieTky nomaure6p L(A), mosso-
JISIFOIIINE CHEIaTh BBIBOI O CYIIIECTBOBAHUUN OPTOTOHAJILHBIX MUIIEMIIOTEHTOB U MaTPUUIHBIX
enuuuil B ajirebpe A.

Ypaavcruii 2ocydapemeennbili nedazo2uueckut yrusepcumem, Examepunbype
E-mail: kors@mail.ur.ru
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O 6eckoHeYHO 6a3MpPyeMbIX MHOT006pa3musax IIPaBOAJILTEPHATUABHBIX
MeTabesieBbIX ajiredp

A. M. Ky3bMuH

Anrebpa A Ham moseM XapakTEepPUCTUKU, OTJIUYHON OT IBYX, HA3BIBAETCS NPAEOUAb-
mepramueroti memabeaesoti, eciim B A crpaBemyInBLI TOXKIECTBA

(.CE,y,Z) = —(:c,z,y) n (.CEy)(Zt) = 07
roe (x,y,2) = (zy)z — x(yz) — accoyuamop 57I€MeHTOB T, Y, 2.
OcHOBHBIE pe3yIbTATHI, CBSI3aHHBIE C TPOOIEMON KOHEUYHOU 0a3upyeMOCTHU IMIPABOAITH-
TEPHATHUBHBIX MeTabeneBbIx anrebp, MOXKHO HaiTu B paborax [1-6].
[Tycts 91 — mHOrOOOpasme mpaBOAIbTEPHATUBHBIX MeTa0eIeBBIX aiareOp Ham IIOJIEM
XapaKTEPUCTUKN, He PABHOU 2, ¢ TOXKIEeCTBaMU

(roy)oz=0 mu [(x,yz,x),t] =0,

rue roy = xy+yz u [x,y] = ry—yxr — Gopdanoso npouzsedenue u KOMMYMaAMOop SIEMEHTOB
2,1 COOTBETCTBEHHO.

OcHoBHas TeopeMa pabOTHI yCTaHABINBAET HEOOXOAUMOE U IOCTATOYHOE YCIIOBHE IIITIeX-
TOBOCTHU COOCTBEHHOTO momMHOroobpasus B 9. W3 mokazaTenbcTBa OCHOBHOW TEOPEMBI
BBIBOIISITCSI CJIEAYIOITNE Y TBEPXKICHUS.

Teopema 1. M-anrebpa I'paccmana paHra 2 mopoxmgaeT 6eCKOHEYHO 6a3upyeMoe MHO-
roobpasmue, BbIgesieHHOE B 9 cHCTEeMOH TOXKIEeCTB

(x7 <y17 RS (yn_17 (ynax7yn> 7yn+1)7 . -aﬁUQn—1>733) =0 (TL S N)

Teopema 2. Ilycts 9, — moamuoroobpasue aarebp A B 9N Takmx, 4T0 BCIKaT -
o0

mopoxnenHas nogajiarebpa B A HunbrnorenTHa crynenn, He Beime n+2. Torma N = (| M,
n=1

SIBJIT€TCSI MOYTH IIIIEXTOBBIM MHOI00bOpa3ueM Tomojgorudeckoro paura 4. Kpome Toro, N —
eOMHCTBEHHOE MOYTHU INIIEXTOBO MoAMHOroobpasue B IN.
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HOIII-,[[GJ'II/IMOCTB IIPpsAMBIX CyYMM KOHEYHOI'O 4YHCJIa PAallMOHAJIBHBIX I'DYIIII

E. H. KypMAHOBA, A. M. CEBEJIbIVUH

B macToseir paboTe paccMaTpuBaeTcs NOHITHE H 0mM-IeInMOCTH PAITNMOHATBHBIX T'DYIII
U IPSMBIX CYMM KOHEYHOI'O YWC/Ia PAIlMOHAJBHBIX I'PYHIL, IPeACcTaBIeHre KOJIblla SHIOMOD-
hU3MOB TIPSMON CyMMBI KOHEYHOT'O YHUCJIA PAIMOHAJIBHBIX T'PYII KOJIBIIOM PAIlIOHAIIEHBIX
MaTPUII.

Omnpenesienne. YIOPSIOUEHHYIO Hapy paruoHanbHbIX rpynm (A, B) naszosem Hom-

p(x)

nemumvoint, ecmu 7(A) < 7(B) m —— € Z nua moboro ¢ € Hom(A, B) u nmst mo6oro
x
0+#xeA.

Omnpenenenne. Paccmorpum mpsimble cymmer A = @ | A;, B = 7L, B; KOHEIHOro
YECIIa PALUOHAIBHEIX IPYNI ¢ cucTeMaMu npoekmuit {7m;} u {f;} coorsercrBerno. Ilycrs
0#z € Aup € Hom(A, B), 6ymeMm roBoputs, 4T0 () nemurcs Ha x, ecian 0;om;(z) € z;Z
st moberx ¢ =1,...,n,7=1,...,m.

Omnpenenenne. Ynopsnouennyio mapy rpymi (A, B),rme A = ©}_ A;, B = @ B; —
IpsIMbIe CYMMBI KOHEYHOTO IHCIIa PALNOHAIBHBIX TPYIIL, HazoBeM H om-nenumoit, eciu ()
nenurTcs Ha x s soboro ¢ € Hom(A, B) u nns mo6oro 0 # x € A.

— o A B—am B.
OueBunzo, uTo ynopspodennas napa rpyun (A, B), rme A = & A;, B = ®7, B;
IpsAMBIE CyMMBI KOHEYHOI'O YKCIIa PAIMOHAILHBIX TPYII, aBiigerca Hom-nenuMoin Torma u
TOJIBKO TOTIa, KOUAa ymopsimodeHHble mapel rpynm (A;, Bj) — Hom-memuMer 0iist I00bIX

1=1,...,n,5=1,...,m.
[Iycts A = @' ; A, — mpsMas cyMMa KOHEYHOI'O YHC/Ia PAllOHAIBHBIX Ipymi. Ilosmo-
_ wij(ai) . A A . .
xum H;j = {———= € Q:p;; € Hom(A;, A;)},i,j € {1,...,n}, roe a; — HanMeHbIINI
a;
HeJIbI TOSTOKUTENNbHBIN d7eMeHT A;. Torma xombuo suamomopdusmos E(A) rpymmer A
M30MOPGHO KOJIbIly PAIlMOHAILHLIX MaTpun E = (H;;). Ias paccMaTpuBaeMoro mpencra-

BJICHUA KOJICIT SHHOMOP(I)I/I’S.MOB nMeeT MeCTO Ciaenyroiiasa

Teopema. Ilycte A = & 1A, u B = @}, B; — npaMele cyMMbl KOHEYHOTO IH-
CJ1a panMOHAJIBHBIX TDYHI, U ymopsgodeHHas napa rpymm (A, B) — Hom-gemuva. Torna
E(A) = E(B) B TOM I TOJIBKO TOM ciIy4ae, korga A; = A;, B; = B, misg mobeixi = 1,...,n,
j=1...,m.

Huaicezopodckuti 2cocydapemeennbiti nedazo2uveckuti ynusepcumem, Huxenuti Hosz2opod
E-mail: kurm-elena@yandex.ru, sebeldinam@rambler.ru
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HOJ'IyKOJ'IbI_Ia HeIIpepbIBHBIX q)YHKI_II/Iﬁ CO 3HAQYEHUAMMNU B €eAMUHNYIHOM OTpeEe3Ke

E. H. JIYBATUHA

[Iycte I = [0,1] — eQuHUYHBII YUCIOBOI OTPE30K, PACCMATPUBAEMBIN KAK KOMIAKTHOE
TOIOJIOTUYECKOe aIAUTUBHO-UOEMIIOTEHTHOE IOJIYKOJIBIIO C OIepalUsMU CJIOXKEHUs max 1
YMHOXKEHHUS - B OOBIYHOU TOIIOJIOTHM.

O6osuaunm yepe3 C(X, I) mOIYKOIBIO BCEX HEMPEPHIBHBIX (DYHKINI, 3aJaHHBIX Ha TO-
MIOJIOTUYIECKOM TpOCTpancTBe X u mpuHmMaromux 3HadeHus B I . OHO KOMMyTaTHBHO,
aIIUTUBHO-UIEMIIOTEHTHO U UMeeT eQUHCTBEHHBIN OOpaTUMBIN 3j1eMeHT 1. 3amMeTum, 4To
1st 106070 X' CYIIeCTBYeT TAKOW KOMIAKT (KOMIAKTHOE XaycaopdoBO MPOCTPAHCTBO) ) |
uyro nonykonbua C(X, I) u C(), I) kanoHwaecku n3oMopdhHLIL.

Teopema 1. /[ 1:0661X KOMIAKTOB X U ) 5KBUBAJIEHTHBI CIEAYIOIINE YCIOBUL:
1) monykonsna C(X, I) u C(Y, I) uzomopdHbIL;
2) myuabrumaukarusabie noayrpynnsl C(X, I) u C(), I) usomopgusr;
3) pemerkn C(X, I) u C(), I) nzomopgHbr;
4) npocrparctBa X u ) roMeoMOp(pHEL.

B nmokazarenbcTBe TeopeMmbl 1 MCIIOIB3yeTCs CIEOYIOMIAs JIeMMa, U3 Hee YKe BBITEKaeT
U3BECTHBIN PE3YJILTAT O CTPOSHUN MYJIbTUILUINKATUBHBIX U30MOpGU3MOB [1].

JIemma. IIycte X — kommakt u« : C(X, I) — I — MyJbTUININKATUBHBIN SIIMOPQH3M.
Torma cymectBytor takme Touyka © € X m umciao r > 0, uro of) = f(x)" mms Bcex
fec(x,I).

Ecmu f € C(X, 1), To Z(f) = f~1(0) — myme-muoxecTBo HA X 1 Z°(f) — ero Buy-
rperrocTh. s roukn z € X momoxum: M, = {f € C(X,I) : f(x) =0}, N, = {f €
CX,D): f(x)# 1}, 0, ={feCXx,D:zeZ°(f)yuE,={fecCX,I):2e€Z°1-f)}

Teopema 2. [l gro6oro komMrnakTa X cOpaBenIuBbl Y TBEPKICHUA:

1) mrobor mpocrou mmeasn nosmykonsna C(X,I) comepxur O, #is €qUHCTBEHHOH TOYKH
r e X;

2) mexay npocteivu ugeagamu P C @ momykomnsua C(X, I) HeT Apyrux OpOCTBHIX HOEAJIOB
< P =M, u@Q = N, mji1 eqTuHCTBEHHO! TOYKHA T € X ;

3) mrobort maxcuMaIbHbIE uaeas noaykonsna C (X, I) conepxur N, u cogepxurcs BC(X, 1)\
FE.,. nnsg enurCcTBEHHOI TOYKHT € X

4) Bce naeansr O,,x € X, npoctsl < X ectb F-npocrpancTBo [2];

5) Bce uneansl N,z € X, MakcUMaJIbHBL < X — KOHEYHOE IPOCTPAHCTBO.

CIIUCOK JIUTEPATYPHI
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Anropurmsbl peajsin3anuy paHrOB CACTEM 3JIEMEHTOB CBOGOMHBIX
HeacCoIMaTUBHBIX ajaredp.

A. A. Muxanes, A. B. Muxanes, A. A. UEDOBCKUM

PaccmaTpuBatoTcst cBOGOMHBIE HEACCOIIMATUBHBIE aJIreOpbI, CBOOOIHBIE KOMMY TATUBHBIE
HEaCCOIIMATUBHBIE areOphl U CBOOOIHBIE AaHTUKOMMY TATUBHBIE HEACCOINATUBHBIE aareOphI
KOHEYHOI'O PAHTa HaJ IIOJIEM.

PaHrom cucreMbl 3JIEMEHTOB a1, . .., 4, CBOGOmHON amre6psl F(X) ¢ mHOXKecTBOM X
CBOGOMHBIX 06pasyonmx rank(ay, . .., a,;,) HA3BIBAETCS HANMEHbIIIee BO3MOXKHOE UHCIIO CBO-
6omHbIX OOpasyomx u3 X, OT KOTOPBIX 3aBUCSIT dIeMeHTHl ¢(ay),...,o(am), toe ¢ —
asroMopdusm anrebper F(X). TlocTpoeHbl u peasm30BaHbl yIIydIlleHHBIE AJTOPUTMBI BbI-
YNCJIEHUS] PAHTA CHCTEMBI DJIEMEHTOB a1, ..., 0y, & TaK XK€ aJrOPUTMBI IIOCTPOEHUS Ta-
Koro aBroMopdusma ¢ anre6bpst F(X), uro smementsr ¢(aq),. .., (G,,) 3aBUCAT UL OT
rank(ay, ..., Q) CBOGOOHBEIX 0OPA3YIOMINX U3 MHOXECTBA X .

[TocTpoenHbIE AMTOPUTMBI IPUMEHSIOTCSI /TSI UCCIEMOBAHNS TPUMUTUBHBIX CUCTEM HJIe-
MeHTOB. CucreMa 5/1eMEHTOB a7, . . . , Gy, CBOOOIHOM anreOpsl F'(X ) HA3bIBACTCS IPUMUTUB-
HOM, eCcjI; 5Ta CHUCTeMa SBIISIETCS IOIMHOXKECTBOM HEKOTOPOI'O MHOXKEeCTBa Y CBOOOIHBIX
obpasyrornx anrebpel F(X), F(Y) = F(X). IlocrpoeHbl m peanmn30BaHbI yiIydIlI€HHBIE
AJITOPUTMBI PACIIO3HABAHUS IPUMUTUBHBIX CUCTEM 3JIEMEHTOB, & TAKKe aJITOPUTMBI [IOTOJI-
HEHUs IPUMUTUBHBIX CACTEM 3JIEMEHTOB OO MHOXKECTB CBOOOIHBIX obpasyrormx. llocTpo-
€HHbIE aJITOPUTMBI HCIOJIB3YIOT CBOOOMHOE muddepeHInaibHOe NUCINCTIEHNe B CBOOOIHBIX
anarebpax.

B kauecTBe s3pIKa peasm3anuu 3TUX aJIropuTMOB OblT BeIOpaH s13bik C+-+. Boina co-
3naHa OMOIMOTEKa KJIaCCOB — PA3IMYHBLIX 3JIEMEHTOB PAaCCMaTPHUBAEMBIX aareOp, YHUBED-
CaIbHOM O0EPTHIBAIOIIEN aJareOphl, a TakKe MaTeMaTHUeCKre Olepalud B 5TUX ajredpax.
Boimn mcnonb3oBaHbl pasnudHbIe CTPYKTYPBI OAHHBIX, B TOM YHCJe OUHAPHBIE I€PEBb,
YTO TMO3BOJIMJIO JIETKO MPOU3BOMUTH MATEMATHYECKUE OMEPAINU B COOTBETCTBYIOIINX ajl-
rebpamvueckux CTpykTypax. Hampumep, ymHOXeHUe u cBoOomHOe nuddepeHImpoBaHre B
CBOOOIHBIX HEACCOINATUBHBLIX arebpax, BEIUUCIIEHNE JIMHEHHBIX (YHKIINOHAJIOB C PAa3jInd-
HBIMI BECAMU 3JIEMEHTOB PACCMATPUBAEMBIX aIredp.

[TpuBenenuble pe3yIbTATHI IPOMOIKAIOT UCCIEOOBATHCS B CBOOOMHBIX HEACCOIMATHIB-
HBIX ajredpax.
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O cBomcTBax 6eckOHEeUYHO GaM3KNX K 0a3e 3JIeMEHTOB

I'. T". [IecTOB, E. A. ®OMUHA

OCHOBHBIE ONIPEETIEHNsI, OTHOCSIINECS K TeOPUU ABYMEPHO YIOPSIOYEHHbBIX MO, 13-
70XKeHbl B [1].

o o
Teopema 1. Dmnement a € P* (a € —P") sBiugercs 6eckoneuno 6iuskuM k 6aze Py,
€CJII U TOJIBKO €CJIH

VnVp € Py(p>a)= (p—a)" € — pe ((p—a)" Ef(’)“).

Teopema 2. Ilycte P — maBymMepHO ymopsmodeHHOe 1ojie. MHoxecTBo 6€CKOHEYHO
6om3kux K 6ase »iaeMeHTOB B ects mommosie momsa P.

Omnpenenenne. [[ByMepHO yIIOPSMOUEHHOE ITOJI€ HABBIBACTCI OECKOHEUHO Y3KUM, €CITH
KaXXIOBIA €ro dJIeMeHT 100 OeCKOHeYHO OIM30K K 6aze, JImOO SBISIETCS 3JIEMEHTOM Oa3sbl.
KoucTpykunn 6ecKOHEUHO y3KUX IOJIell IPUBEIeHbl B [2, 3.

ITpumep. Iome Q(7) momyckaer cTpyKTypy GECKOHEUHO Y3KOro OIS, rae 6a3a ecThb
moste (), m seMeHT 7 OeCKOHEUYHO O/IM30K K Gase.

[Iycts (K, K") ecTb GECKOHEYHO y3KOe NBYMEPHO yrmopsimodeHHoe nose. OGo3Haumm
yepes K mpaBblil KOHyC 3TOro mojsi. M3BecTHo [4], 9TO mpaBblil KOHYC GECKOHEYHO y3-
Koro mojist K ecTh MOTOXUTENbHBIN KOHYC 3Toro noisa. Crnemosarensuo, K 3amaér B K
nuHeiHbH mopanok. O6o3maumMm ero uwepes <. Urax, x < y < yr~ ! € K. Jluneiinerit
nopsAnok <, 3amaHublil B moste K, mopoxnaer B none L = K (i) cTaHmapTHBIA OBYMEPHBIN
TIOPSIIOK 7).

O6o3Ha9YIM BEpPXHUN KOHYC 5TOTO IBYMEpPHOro mopsmka depe3 LY. Wcmomb3ys cram-
MapTHBIA OBYMEPHBIN MOpsnok L“ B mome L m 3amaHHBIA OBYMEPHBIN MOpPsSmok K“ B mose
K, onpenenum GyHKIMIO ABYMepHOro nopsinka ((x,y, z) B mose L.

o
[ycTs x,y,z € L, 37eMenTs x, Yy, 2 omapHo pazmuuanl. Bemm (z — z)(y — x) ™t € LY,
o
wm (2 —z)(y — 2)~! € K%, To nonaraem: ((z,y,z) = 1.
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O cTpykType dakTOopu3aluil JUHENHbIX OOLIKHOBEHHBLIX NuddepeHInaaIbHbIX
oIIepaTopoB

A. B. Ilyprrun

W3yuatorcs dakTopusamuum B KOJIbIlE JIMHEHHBIX OOBIKHOBEHHBIX NuddepeHInaTbHbIX
oneparopos (JIOHO) ¢ kosdbdunmenramm u3 mosst paruoHaIbHBIX GyHKIm Q(x), [1]-[3].
Cumposiom P Gymem 0603HAYATE JIMHEHHBIN OOBIKHOBEHHBIN AudPepeHIInaIbHBI OmepaTop
P = D"+ fi(x)D" ' + ...+ fu(x), D = d/dx, tne fs(z) mpumammexar momo Q(x).
BBenem oTHOIIIEHME YACTUYIHOTO MOPSIOKA HA MHOXKECTBE BCEX MPABBIX MEIUTENEH ITPOU3-
BospHOTO JIOHO P cremyrommmm obpaszom: mycTh Py u P, — HEKOTOpBIe TpaBble OEsIu-
Tenu omneparopa P, Oymem roBoputThk, uTo P; < Ps, ecnu omepatop Pj sIBIsSeTCS TpaBbIM
nenuTerieM oneparopa Pp. HacTruHO ynopsimoueHHOe MHOXKECTBO IIPABBIX IEIUTeNIeN IPo-
m3BobHOrO JIOIIO P sBiseTcss pPeIeTKol ¢ OMepAIUsSIMU B3ITHUS TOYHON HIUKHEN TI'paHn
inf{Py, P,} = rGCD(P;, P») u Tounoit Bepxueit rpauu sup{P;, Po} = rLCM(P;, P»), rne
rGCD(P;, P») o603HaUaeT OIepaTop, sBISAIOIIMANCS IPABBIM HAMOOIBIINAM OOLINM IeJIITe-
JIeM HeHyJIeBBIX omepaTropoB P u Py, a TLCM(P;, Py) — omepaTop, SBISIOIIMNACT WX IIpa-
BBIM HauMeHbIIMM oOImmM KpaTHbIM. Ilycts P = Ppo Pyo...Pjo Py 0Piyso0...0 P
— HeKOoTopas (HaKTOpU3aIUs JTMHENHOTO OOBLIKHOBEHHOTO MUMGEPEHIINAILHOTO OTepaTopa
P ua menpusonumsbie muoxurenu P;. s moboro i € {1,..., k} obozaaunm cumsonom (F;)
crenytommi onepatop: (P;) = P;oP;y10P;150...0 Py — UMEHHO OH U SIBIIIETCS 5JIEMEHTOM
peIIeTKN IPaBbIX OeInTesell OIepaTopa.

Teopema 1. s JIOHO P caenyrorme yciaoBus 5kBuBajaeHTHBL: (1) pelreTka mpaBbIX
nemurenert JIOO P nuctpubyrusHa; (2) Bce pakTOphI omtepaTropa P HemapameTpu30BaHBL

Teopema 2. Ilycte L — mnpou3BonbHAs KOHEUYHAs OUCTPUOYTUBHAS PEIIETKa BBICOTHI
n. Torma cyiecTByeT JIMHEHHBIN OOBIKHOBEHHBIN AupdepeHInaabHbIi onepaTop P nopsoka
n (He 06s3aTEIBHO €AMHCTBEHHBIN) ¢ KO3hdunueHTaMu n3 nupGepeHnuaaTbHOro Mo pa-
nquoHaIbHbIX QyHKImi ()(x) Takoi, uyro pemrerka Lp ero mpaBeIx meamTesiell m30MOpPHA

L.
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MN3oTonbr nepBuunbix (—1,1)-anre6p

C. B. ITYENIVHIEB
B mpennaraemoit paboTe M3y4aroTCs IPUCOENUHEHHbBIE KOMMYTATOPHBIE U WOPIAHOBBI
anareOpbl M30TOMOB TEPBUYHBIX cTporo (—1,1)-amrebp. [Hoka3aHo, 9TO KOMMYTATOpPHAs
amre6pa (A(®)~ msoroma A crporo (—1,1)-amre6psl A yOOBIETBOPSET TOXKIECTBAM

[z,y,y,2] = 0 u [0, %1,....,26] = 0. B wactmocTm, amrebpa (A(®))~ apmsercs GurapHO
JUeBOit, (HEM3BECTHO, ABJIAETCs U oHA ajarebpoit Mambiesa). OCHOBHOM pe3ysibTaT O KOM-
MYTATOPHBIX TOXKIECTBAX:  CUCTNEMA TMONCIECN8 [T1,XTo, Ta, X3, ..., Tn] = 0 (n = 2,...,5)

pazauvuma ma uzomonar nepsuuntir (—1,1)-aseebp.

B [1] E. . 3enpMaHoB m0Ka3ail 3HAMEHUTYIO TE€OPEMY O CTPOEHUU MEePBUYHBIX HEBBI-
POKIEHHBIX NOPOAHOBBIX anre6p. B [2] 6bu1o moKa3aHO CylecTBOBaHUE HMEPBUYHBIX BBIPO-
KIIEHHBIX HOPIAHOBBIX alIre6p, Takue ajredpbl HOIyYalnch KaK IPUCOENUHEHHbIE K Iep-
BUYHBIM cTporo (—1,1)-anrebpam (ykasaHHble B [2] mepBUYHBIE BBIPOKIEHHBIE HOPIAHOBLL
are6pbl MMEIOT OMHU U Te Ke HaGOPBI TOXKIECTB).

It fiopIAHOBBIX arebp MOy YeHbl PesyabTaTer: 6cakut uzomon A cmpozo (—1,1)-
anzebpor A ydosaemeopgem tiopdanosim moscdecmean: {[x,y]*}* = ({[z,y]*}, z,y)T =0,
2de {|x,y|*} - tiopdanos xeadpam xommymamopa [1]; ecau A - nepeuunas neaccoyuamuenas
(-1,1)-anzebpa, mo moncdecmeo ({|a,b)*},x,2)" = 0 evinoangemcs 6 npucoedunennot
aneebpe AT = 0, no me evinoangemcs ¢ uzomone (AT)) rme ¢ = 1+ ¢g, o - a.rm.
anrebpbl A MOCTATOUHO BBICOKOTO HOPSIIKA.

OcHOBHBIE pe3ynbTaThl PabOTHI SABJSLIOTCS aHAJIOTaMU TeopeMbl u3 [3] 06 m3oTOmax
[EPBUYHBIX AJIbTEPHATUBHBIX aJreop
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Anre6paunueckas Teopus ITHK-pekoMmGuuamnmin

C. P. CBEPUKOB

HNHK-pekoMmbunariuu obecreunBa0T XpaHeHne, epenady TeHeTUuIecKoin nHpopMaln u
peau3anuo reHeTUIECKOW MPOTPaMMbl Pa3BUTUSA U (QYHKIIMOHUPOBAHUS YKUBBIX OPTaHU3-
MoB. Anrebpamueckas dopmanmzanus [THK-pekombunanus npencrapiasercs B BUOE JIUHEN-
Horo mpocrtpancTa F'(R) mam nonem F, rme R — GeckoHeuHast CBOOGOMHAS MOJIyTPYIIIA,
nopoxnennas muoxectsoMm {A, G, C, T}, snece A — anmennn, G — ryanun, C' — nuTo3un
u T — TumMuH.

HNHK-pekombunamun (o6men yuactkamu JTHK) onpenensitor va F/(R) KOMMYyTaTUBHYIO
HEACCOLMATUBHYIO N-apHyIo omepauuio u mnpespainaior F'(R) B n-apuyio anrebpy J,, rmoe
n — uamcyo ydactkoB JHHK, ygacTBytommux B peKkoMOMHAITAIX.

Anre6por u3 muOroobpasust Var(.J,), mMOpoXmeHHOTO .J,, HA3BLIBAIOTCS A.42€0DAMU -
apwvix [THK-pexombumrayul.

Bunapubie pekombuaanum (KpOCCHHTOBED), BIEPBBIE ONUCAHHBIE B KJIACCHYECKON pa-
6ore Tomaca Xanra Moprana (1916) [1], onpemernsior komMmyTaTuBHy0 ainrebpy Moprana
Jy.  Oxkasanocs (M. Bpemuep [4] (2005)), uro J; — cumenmanbHas fopmaHoBa ayre6pa.
C momorsio kommbiorepa M. Bpemuep [4] mamen Toxnectso f anrebper Jo crenenn 4 u
TOKA3aJI, YTO BCe TOXKIecTBa Jo cremennm < 6 SBISIOTCS CIEOCTBUAMEU TOXmecTBa f. B
pabore aBTopa [5| mOCTpoeHBI CTPYKTypa u mpencrasierus anre6p THK-pekombGunanuit
mitst n = 2. OKa3alioch, YTO BCe TOXKIECTBA aireOpsl Jo ABISIOTCS ciencTBusMu f, aiarebpa
Jo sBIIsieTcs opaaHoBoil anrebpoit bepaireitna, Bece anre6pst u3 Var(Js) sBIISIFOTCS CIIeIn-
ATbHBIMU TOpaaHoBbIMEU ajirebpamu. llocTpoensbr 6a3uc m Tabiauiia YMHOXKEHUs CBOOOMHOM
anre6pel MHOroo6pasust Var(J;) u ee yHUBEPCATIBHOM aCCOUUATUBHON 06ePTHIBAIOIIEIL.

B macTosmeir pabore nmoctpoena anredpandeckas teopus [THK-pexkombunanmii njs mro-
6oro n > 2. Ilna anrebpamueckont popmasm3ariuu n-apubix HHK-pekombunamumit 6uta uc-
IOJIB30BaHa umest GopManm3anuu ajaredbpbl HAOIIOOAEMbIX BEJINUNH B KBAHTOBOW MeXaHUKe,
KOTOpYIO BIIepBbIe ocymiecTm Ilackams Mopman B kmaccmrdaeckoit padore [3] B 1933 r.

B pa6ore mocTpoeno muoroobpasue S anrebp cpammsanus (S-splicing), KoTopbie Mo-
nemupyoT yactuuable ¢pparMenTsl [IHK-pekombunamuit. s n > 3 3T0 HeacconuaTUBHBIE
n-apuble aare6pol. OKazaioch, UTO eciau Ha TPOU3BOJILHON anrebpe B € S BBecTu HOBYIO
N-apHYI0 CHUMMETPU30BAHHYIO OIEPAINIO YMHOXKEHUs ((POpMAaIn3arust I;Iop,uaHa,), TO TIOJTY-
wennas anre6pa BT ¢ sToit onepanueit ssisieTcs anre6poit n-apubix JTHK-pekoMGuHAImil,
T.e. B ¢ Var(J,). Hokaszamo u obpatroe. st mHOroo6pasus n-apueix amre6p ITHK-
peKOMOUWHAIINI BepeH aHaJor Kiaccumueckonn TeopeMmbl [lyamkape — Bupkropda — Burra
mist anreop Jlu. Jliobas anre6pa ITHK-pexkombunamuit m3oMopdHO BKJIAOBIBAETCS B aJire-
6py B™), rme B — mexoropas amre6pa m3 S, T. e. Bce amre6psr m3 Var(J,) sSBIsOTCS
S-cnenuaabHBIMIA.

B pa6ore mocTpoenst 6a3uckl ¢cBo6oaHON n-apHoit anrebpsr JTHK-pexom6unarmin D R[ X
u cBoGOnHO airebpsl cpammsanus S[X].

[MocTpoen Gasuc Toxkmects MHOroo6pasust Var(J,). OH cocTouT U3 OMHOrO M-apHOrO
ToXmecTBa crernenu 3n — 2. Halimenwsr onpenenstomnme Toxmectsa S. Halimen J-xpurepuit
s anrebpot S[X |, amanor kmaccuueckoro kpurepus lmexta u Bebepa, ompenemnstormii
JINEBOCTH JIIOOOTO MHOTOYJIEHA M3 CBOOOMHOW aCCOIMMATUBHON airedbphl. J-KpUTepuil KOH-
CTPYKTHUBHO OIPEIEIISeT, SIBISIeTCsI JIU IPOU3BOIILHBIN MHOrOousIeH S[X | siemMerTOoM aireGphl
DR[X].

B zakmroueHume oTMeTuUM, YTO UCCIEIOBAHUS TOXOECTB n-apHbIX airedp ITHK-pekomOu-
HAIUH, TIOCTPOEHIE YHUBEPCAIIBHBIX 00BheKTOB B MHOT000pa3un ainredp ITHK-pexombunaruii,
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SIBJISIIOTCST UYPE3BBIYATHO BaXKHBIMU IJISI TEOPETUYIECKON T'eHETUKU, MaTeMaTUIeCcKOn OuoIo-
ruu u JHK-mporpamMupoBanus. 9Tu TOXaeCcTBA U OOBEKTHI OMPENEIISIOT YHUBEPCAIIbHBIE
3akoHomepHocTu JIHK-pekoMOuHaIuii u 0aroT BO3MOXKHOCTH IJIS TOCTPOEHUST 3PDEK TUBHBIX
FeHeTUYECKNX aJITOPUTMOB.

OCHOBHBIM MATEMATHYECKNM WHCTPYMEHTOM B TOCTPOEHUN ajre0pamvecKoll Teopun
ITHK-pekoMOMHAIIII SBISETCS TEOPUs arebpandecKux CUCTeM [5], OMHUM U3 CO3maTeste
koTopon seisercs A. V. Masbues.
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Anrebpa JIu xococUMMETPUYHBIX 3JIEMEHTOB PaHra 2 U €e IpUMEHEHU s
B TeOpuU MOPAAHOBHIX ajirebp

C. P. CBEPUKOB

Iokazano, 94To anredpa JIn KOCOCHMMETPUIHBIX 37IEMEHTOB CBOOOIHON acCONMUAaTUBHON
anreOpbl PaHra 2 OTHOCUTETHHO CTAHNAPTHOU WHBOIONUU TOPOXKIAETCI Kak F-MOmyib
areMeHTaMu BUna |a, b], [a,b]?, roe a, b — fiopmanoBbr MHOrOUTEHE!, F' — TOTe XapaKTepu-
crukn (0. C ucmosb30BaHmEM 5TOTO pe3ysIbTaTa TOKA3aHBI IBE TEOPEMBI IJI NOPIAHOBBIX
anre6p. Ilycrs () : Ass[z,y,z] — J[x,y,2] — xpurepnit nopmanosoctu [lupriosa —
Kona [1], roe Ass[z,y, 2|, J[x,y, z] — cBoGOnHBIE acconuaTUBHASL U OPAAHOBA AJIreOphI OT
MOPOXKMTAIOIIAX T, Y, 2.

Teopema 1. Anrebpa Jlu rioprnarossix auhdepennupoBanuii aarebpst J [z, y| mopoxmna-
ercs Kak XapakTepucTudeckuii F-momyns nyms pupdepenunpopanusmu Dy, 1 S, p, roe
2Dy = (2-a)-b—(2-b)-a — crammapTHOEe nuddepennuposanne J(x,y|, 25, = [z, [a, b]]),
a,be Jx,yl.

Teopema 2. Bce HOpHaHOBBI S-TOXIOECTBa aiarebper J|x,y, z| ABIAOTCA cIeACTBUIMU
s-toxmectsa Illectakosa (2]

([2%, [, y°) = 2([2, [z, 9)°]) - 2.
CInCOK JIUTEPATYPHI
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KoMno3unmonHoe cTpoeHne MHOT006pa3uil aJibTePHATUBHBIX aJire6p m ajareGp
Mansesa

C. P. CBEPUKOB

[oBopsiT, uTo MHOrOOGpasue M saBmseTcs KomMnosuyuel mnoeoobpasut Ny u No (umn
npoussedenuem 6 cmvicae Maavyesa), ecnu s mo6oro A € 9 cymectsyer unean B C A
rakoit, uro A/B € My, B € My. Komnosurus MHOroo6pasuit 3amuceiBaercst Tak: MM =
My o Ny. Ormernm, aTo B obtiem ciryaae Iy o Ny # Ny o Ny. IlepBble mpuMepsl KOMIIO-
3UIIMOHHOTO pasjoxkenus MHOroobpasumst Mal amre6p Masmbiesa u muoroobpasust Alt amb-
TePHATUBHBLIX aire6p Obutn mocTpoeHsl B paborax B. T. @umunmosa [1, 2]. Uccnenosanust
KOMTO3UInOHHOTO cTpoerus: Mal u Alt onmpenesnsatoT HOBBIE MOMXOMBI K PEIITEHUIO TPOOIEMbI
A. . Manbuesa o crnemuajabHOCTH MHOroobpasus Mal.

B mammoit paboTe MOCTPOEH 3JIEMEHT MUHUMAJILHON CTEMEHU U3 aCCOUMATUBHOTO SIIPa

cobomuoit anre6pur Alt: k = [z,[x,y]?] € U, rme [v,y] = ry — yz — xommyTaTop
x,y € Alt[X], U = U(Alt[X]) — acconmarusroe sinpo, Alt[X] — cBoGonuas ambrepHa-
TuBHas ajrebpa oT nopoxpamomwmx X = {x1,...,Zy,,...}. Onement k onpenenser B Alt] X]

HEU3BECTHBIEC paHee TOKIOeCTBa:

[.’L’, [m,y]Q](a, b, C) = (a7b7 C)['x7 [x7y]2] =0,

[z, [z,y], [z,9],2](a, b,¢) = (a, b, ¢)[z, [z,y], [z, y],2] = 0,
rne (a,b,c) = (ab)e — a(bc) — accommarop a,b,c € AW[X], [z, [z,y], [z, y],2] =
[z, [, y]], [z, y]], z]. C momoibio semenTa k mokazaHbI TEOPEMbI O KOMIIO3UIIMOHHOM CTPO-
ennu Muoroobpasuit Mal u Alt. Ilycts Ass — mHOroo6pasme acconmaTuBHbIX aarebp, K —
MHOT006pa3ue adbTepHATUBHLIX aare6p, MOPOKIEHHBIX TOXKIECTBOM |x, [r,y]?] = 0, L —
MHOrooOpasue anare6p Jlu, M — muOroobpasue anre6p MasbleBa, TOPOKIEHHBIX TOXKIIE-
cTBOM [z, [2,9], [, y], 2] = 0.

Teopema 1 Alt = Asso K = K o Ass.

Teopema 2. Mal=Lo M = M o L.
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O cooTBeTCTBUU IIPaBBIX HOYTHOOJIACTEN TOYHO NBAXKALI TPAH3UTUBHBIM
rpynnam

A. A. CuUMOHOB

Iiist onmcanust mouno d8axcdvt mpanaumuenbiz 2pynn B [1] BBemeHO MOHATHE NOYMU-
obaacmu, Kax anrebpamdeckoil cucrembl (Bi,0, -, 4,7), HO IO MOCIEOHErO BPEMEHU HE W3-
BECTHO HU OMHOT'O TPUMEPA MOUYTUOOIACTHU, KOTOpas He Obuta ObI moutumnosieMm. lIpemma-
raeTcs OCIabUTh AKCHMOMBI TIOUTHOOIACTH, OCTABUB TOIBKO HEOOXOMUMBIE IJIsI TIOCTPOSHMUSI
TOYHO MBAXKIBI TPAH3UTUBHBIX rpymnm. OupemesuM mpaByo modTuobIacTh Kak ajirebpan-
yeckyto cucremy (By,0,v,-,+, —, h,T) ¢ oneparusmu:

(+):Bx By — B, (—):BxBy—B, (():BxBy— B, rne B=BU{l} n
’U:Bl—>B1, h:B1><B1—>Bl, TIB1><B1—>Bl,
1T KOTOPBIX BBIMIOJTHEHBI AKCUOMBI
Al. Vxe B)Vy € By) (v —y) +y = x;
A2. Vxe B)Vy € By) (v +vy) —y = x;
A3. (Vx € By) x—x =0;
A4. (By,-,€) — rpynmna ¢ HeNTPAIBLHBIM 3JIEMEHTOM € € Bi;
A5. (Vx € B)(Vy,z € B1)(3 h(y, 2) € B1) (v +y)z = zh(y, 2) + yz;
A6. Ve B)Vy,z€ B1: y+2#0)(3r(y,2) € B1) (x+y)+z=2ar(y,z) + (y + 2);
A7. Vx € B)(Vz € B1)(Fv(z) € By) (x4 (0 —2)) + 2 = zv(2).

Beeném obosnauenus L(x) = 0 — x, torna uz Al cienyer L(z) +x = 0. T.o. orobpa-

x)euwne L : By — By onpenesnseT JIeBbIlll OOPATHBI B TPABON JIyIIE.

Jlemma. B mpaBoit moYTHOOIACTH BBIITOTHEHO:
(Vx € By) 0z = 0;
h(z,y) = EL(z)L(zy), rze B(z) = o;
r(y,z) = (L(2) —y) ' L(y + 2);
r—z=axv1(2)+ L(2);
v(z) = EL?(2)z, rne EL — cynepnosumus npeobpasosaruit L u E.

Gk =

Ipynna T5(B) npeobpaszoBaHus MHOXKeCTBa B TOUHO ABAXKIBI TPAH3UTHUBHA, €CIIU JIS
npousBonbHLIX map (r1,72) # (y1,42) € B2\ {(z,2) | € B} naiinércs eanHCTBEHHbI
sntemeHT g € T5(B), mis koroporo cupasemiuso ¢(x1) = y1, g(x2) = ya.

Teopema. Amrebpamueckue cucremser (By,0,v, -+, —, h,T) 1 TOYHO ABAXKIBI TPaH3U-
tuBHBIe rpynnel 15 (B) panuoHaJIbHO 5KBUBAICHTHEL.

[ousiTue payuonatbrot sxkeusasenmmuocmu Beeneno MasbuessiM [2].
[TpuBenéM HECKOIBLKO MIPUMEPOB MPABBIX MOUTHOOIacTel, Ham TestoM K:
l.2dy=—wza 4y, v0y=—xa+ay, r(y,2) = —a"t, v(z) =a2 hly,z)=
2 w@y=aP+y, 2Oy=ay -y, r(y,2) = 2z +9) yz + 1), hly, )
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AG6commroTHBIE Uneasibl abesIeBON I'PYIIIIbI

T. T. T. ®AaMm

Hacrosmias pabora mocBsIleHa M3yYeHWIO abCOIOTHBIX HOeaOB a0eIeBOW T'DYIIIHL.
[Ton abcomoTHBIM HMmeasoM rpynmnbl (G TOHIMAETCS €e MOATPYIIa, SBIISIOIASIC NIeaI0M B
T000M KOJTBITE, AIIUTUBHAS IPYIIa KOToporo coBnanaet ¢ GG. WccnenoBanuio abcomMIOTHBIX
HIeaJIOB TPYINbI HOCBsIIeHa pabora [1]. ScHo, uro mobas BHONIHE XapaKTepUCTUIECKas!
NOATpyNIa abejIeBOU I'PYIIIBL ABJIeTCs ee abCOMIOTHBIM UIealIoM, OOHAKO OOpaTHOE yTBep-
x)neHre He BepHO. Kiacc abenneBbIX TPy, B KOTOPHIX JIFOO0N aOCOTIOTHBIN MOeaI SIBIISIETCS
BITOJTHE XapaKTEPUCTUIECKON MOATpyHnon obo3HaunM depes K.

AbeneBy rpynmy HazoBeM Al-TPYNNON, eciu OHA OOMYCKAET KOJBIEBYIO CTPYKTYDY, B
KOTOPOU JTI0001 mmeas sIBIIsIeTCst abCOMIOTHBIM. [Ipobiema omucanus Al-rpynmsr chopmy-
nupoBaHa B [2, mpobiema 93].

B macTosment paboTe mosydueH KPUTEPUN NPUHAMIIEKHOCTH PEIYIIMPOBAHHOW BIIOJTHE
TPAH3UTUBHON MEPUOanYIecKon abeneBoit rpynnsl kiaaccy K, a Takxke omucanbl Al-rpymnmsr
B KJIacCe PeNyIUPOBAHHBIX NEPUOANIECKNX abesIeBBhIX I'PYIIIL.

Teopewma 1. Ilycte G — pexyuumpoBaHHAasS mepuoamIecKas abeyieBa p-rpymnmna. Torma
1) G npunamgmexur knaccy K rorma m tonpko Torma, korma jirobas ee p-KOMIIOHEHTa IIPU-
Hammexut kiaccy K.
2) G sBisgercs Al-rpynmoit Torga u TOJIBKO TOTa, KOTaa Jrbas ee p-KOMIIOHEHTA, SBIISEeTCS
Al-rpymomor.

Teopema 2. Ilycte G — penyumpoBaHHas BIOJIHE TPAH3UTHBHAas abejeBa p-rpyMIIa.
Torna G € K Torma u Toapko TOrna, Kormga ee IepBas yabMOBCKas moarpymma G muxm-
Jeckas.

Teopema 3. Ilycts G — pemyuumpoBanHas abeneBa p-rpynma. Ilycte B = Y (e;) —
icl
ee p-6asucHas nonrpymna u B = Y. (e;). Torma G ssnsercs Al-rpynmor Tormga u
o(e;)>pm
tosibko Torna, korna |G/B| < |B}| npu Bcex n € N.
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Ko.m;ua HpOCTOﬁ XapakKTepuCTUKN C KOMMYTaTHUBHBIM (I)aKTOpKOJ'IbI_IOM I10
JIOKQJIbPHO HMWJIBIIOTEHTHOMY paAHKaJly, B KOTOPBbIX IIOAOKOJIbIIa MOHOI'€HHBbIX
IIOOKOJIEl MOHOI'€HHBbI

II. A. ®rEnnMAH, . JI. XMEJIbHULIKAN

AccommaTuBHBIE KOJIBIA, B KOTOPBIX MTOIKOJIBIIA JTFOO0TO MOHOTEHHOT'O MOIKOJIBIIA MO-
HOTEHHBI, HA3BaHbI aBTOpamu A-koibrnamu. Paszmumunbie kiacchl A-koster ObIIn M3y dYeHbI
UMK B psifie npensinymmx pabor. B wacraocTu, B [1] momyueno omucanue A-kosrer mpocToi
XapakTepucTuKu 6e3 HUIBIOTEHTHBIX 3JIEMEHTOB, OTJIIMYHBIX OT HYJIsd, B [2] U3y4eHBl KOM-
MyTaTuBHbIE A-KONibIla MpocTOl XapakTepucTuku. (OGOOIIEHIeM 5TUX KJIACCOB SIBIISIETCS
kjacc A-KoJterr co CBOMCTBOM, yKa3aHHBIM B 3arjiaBun. JlokazaHa ciemyrorast

Teopema. Kombrmo K mpocToil XapakTepUCTUKH P SBJIAETCSI A-KOJIBIIOM ¢ KOMMYTa-
TUBHBIM (haKTOPKOJIBLOM IO JIOKAJIBHO HUIBIOTEHTHOMY pamukany R(K) rorma m Tomapko
torna, korna K/R(K) ects A-Kkosbro 6€3 HUIBIOTEHTHBIX 5JIEMEHTOB, OTIIMYHBIX OT HYJIA,
u g moboro a € K pamuxan R((a)). msomoppen xompmy (r), rae r® = 0.
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IIpumenenus kosient JIum ¢ KOHEYHOU IMUKJIMYECKOU T'paayupPOBKOM

E. . XyxXpo
[Iycrs L = @?:_01 L; Bciony nanee — (Z/nZ)-rpamyupoBannoe kosbio (amre6pa) Jlu,
rne L; — amgmuTuBHBIE DOATPYHIEL (IOLIPOCTPAHCTBA) Takue, 9ro [L;, L;] C Lt (modn)-

Teopembr Xurmsua, Kocrpukuna n Kpeknuna yTteepxknaior, uto eciu Lg = 0, To L pas-
peIMo ([JIs IPOCTOrO N HUWIBIMOTEHTHO) N-OUPAHMYEHHON (T.€. OrPAHUYEHHON B TepMu-
Hax n) crynenu. Orciona 1o xKe ciemyer mius kKombua Jlu M ¢ perymspubeiM (T.e. 6e3
HETPUBUAJILHBIX HEMOMBIKHBIX TOYEK) aBTOMOPGU3MOM (o MOPSIKA 71: MPUCOCIUHUB IPU-
MUTUBHBI KOPEHb N-1 CTENeHU U3 eNuHUIbI w, noixydaeMm M = Mg+ My +---+ M,,_1, roe
M; ={z € M | p(z) = w'a}, npuaem [M;, M;] € M;ij (moan) 1 Mo = 0 (10, 9T0 B 0011IEM
cilydae CyMMa He SIBISIETCS TIPSIMOI, HecyinecTBeHHO). OTcioma JIerko ciemyer aHaIorud-
HOE YTBEPKIEHNE O (JIOKAJIbHO) HUJILIIOTEHTHBIX I'PYIHAX C PEryJIIPHBIM aBTOMOP(OU3MOM
npocToro nopsaka. OmHAKO OTKPBIT BOIPOC 00 aHaore TeopeMbl KpekHuHa M1 TaKUX XKe
CPYIII C PEryISPHBIM aBTOMOP(MOU3MOM MPOU3BOILHOIO KOHETHOT'O MTOPSIIKA.

Tewm ue Menee, Teopema KpekHnHa, yCIeNIHO TPUMEHSITACH K KOHEUHBIM P-TPYIIIIAM C aB-
ToMOpMI3MOM TIOpanKa p¥ 1 K mpo-p-rpymmaM TaHHOTO KOK/Iacca B paboTax 3eIbMaHOBa —
[[TameBa, MenBenena, Xalikuua-3anupaitia, Xyxpo, [llamzesa.

Maxkapernko u Xyxpo mokasamu, uro eciu dim Ly = r (wmm |Lg| = r), To L comep-
KUT PaspelInMblil (I TPOCTOr0 N HUJIBIIOTEHTHBIN) Waeas N-OrPAHNYEHHON CTYIEeHH I
(n, r)-OrpaHUYeHHON KOPA3MEPHOCTH. XyXpO MPUMEHUJI 5TOT Pe3yabTaT K KoiblaMm Jlu u
MIEPUOAUIECKUM HUJIBIIOTEHTHBIM T'DYIIaM C «IIOUYTU PETryISPHBIMS> aBTOMOP(PU3MOM IMIPO-
croro nopsinka n; MenBenes cHsT yCIOBr€e MEPUOAUIHOCTHU IJIs TPYIII.

[IycTs cpenu koMmOHEHT rpamyupoBku L; ToiabKo d Henynenble. llameB u Xyxpo moka-
3anu, uTo ecsit Lo = 0, To L paspemnmo ([iist mpocTOro n HUJIBIOTEHTHO) d-OrpaHIYeHHOMN
CTyIEHU. OTU Pe3yIbTaThl IPUMEHSIINCH I TPYII OIPAHUYIEHHOTO PAHTa ¢ MOYTHU Pery-
TIpHBIME aBTOMOpdm3Mamu. B paborax Maxapenko, Xyxpo, lllymsmkoro ycmosue Lo = 0
3ameneno Ha dim Lg = r (wmm |Lg| = r): Torma L comep:KuT paspermMblil (s IpocToro n
HIIBIIOTEHTHBIN) unean d-orpaHudyeHHON cTyneHu u (d, r)-OrpaHnYeHHON KOPa3MEePHOCTH.
OTu pesynbpTaThl NPUMEHSIINCH s 0000IeHus Teopembl Jxkekobcona o6 amrebpax Jlu
C HWIBIOTEHTHON ajrebpoil nuddepeHupoBaHul Ha CIydail «HOoUTH Oe3 HeTPUBUAIBHBIX
KOHCTAHT>.

IIycts ms mekoroporo m mpu k # 0 mmeem |{i | [Lg, L;] # 0} < m, T.e. kaxnmas
koMmmioHeHTa Ly npu k # 0 KxoMMyTHpyeT €O BCeMU KOMIIOHEHTaMu, KpoMme He Ooiee uem
M KOMIIOHEHT. XyxXpo mokasai, 4ro eciau Lo = 0, To L paspemmmo (ms mpocToro n
HIUIBIIOTEHTHO) 1M-OTPAHUYEHHON cTymenu, a eciu dim Lo = r (wm |Lg| = 7), To L co-
IEPKUT PA3PEIInMbIil (1711 TPOCTOrO 1N HUIBIMOTEHTHBIN) UIEAIT M-OTPAHNIEHHON CTYTIEHI
u (N, r)-OrpaHUIEHHON KOPA3MEPHOCTH. DTHU Pe3yJIbTAThl IPUMEHSIICH K HUIBIOTEHTHBIM
rpynnaMm ¢ @pobeHnycoBbIMEI TPYIIIAMEI aBTOMOP(I3MOB.

HAnemumym mamemamuru um. C. JI. Coboaesa CO PAH, Hosocubupck
E-mazl: khukhro@yahoo.co.uk
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IlenTpanu3aTopbl TPeXMEPHBIX NPOCTHIX noganrebp Jlu B yHuBepcajibHONI
o6epThIBAIOIIIE CEMUMEPHOU npocTon ajyire6pbel ManbieBa

K. A. IITEMOHAEB

Xoporro m3BecTHa mpobitema, Bocxomsinas K A. V. MasbueBy, 0 BIIOXeHUU areOphbI
MasbiieBa B KOMMYTATOPHYIO ajareOpy HEKOTOPOW aJIbTepHATUBHON ajareOpbl. B cBs3m ¢
9TOI TPOOIEMOl yHUBEpCaJIbHbIE 00epThIBaoIe ajareOpbl MasiblleBa BHaUaje Pa3BUBa-
JINCH B KJIacCe aJlbTepHATUBHBIX anre6p [1]. Omuako, kak mokas3aHo B [2], 0606IIEHHbI alb-
TEePHATHUBHBIN LIEHTDP IIPOU3BOJILHON ajareOpsl saBiseTcs aaredpont ManabieBa oTHOCHTETHEHO
omeparuu KOMMyTupoBauus. B [3] mokaszano, uro mobas amrebpa Masnbuesa sBisieTcst
nonaaredpoit KOMMYTATOPHON arebpsl 0000IIIEHHOIO aJIbTEPHATUBHOT'O IIEHTPA HEKOTOPON
HeacconnaTuBHON ajarebpsl. Cpemn 3TUX HEACCOUMATUBHBIX 00ePTHIBAOIIMX ajire6p Masib-
IIeBa, Kak U B cirydae aarebp Jlum, cymiecTByeT yHUBepcasibHass oOepTHIBaIOIIas ajrebpa.
Nx cBoiicTBa G6IM3KM K CBONCTBAM yHUBEPCAIBbHBIX oOepThIBatoux aaredp JIlu. Hampumep,
B [4] ycTaHOBIIEHO, YTO LEHTP YHUBEPCAJIBHON 00EPTHIBAIOIIEN MOIYIPOCTON KOHEUHOMED-
HOH airebper MasrblieBa Haz MosIeM XapaKTEPUCTUKN HOJIb SBIISIETCS KOJIBIIOM MHOT'OYJIEHOB
OT KOHEYHOT'O YHCJIa IePEMEHHBIX.

B nammoil paboTe MCCIENIOBAINCH IEHTPAIN3ATOPHI IPOCTHIX TPEXMEPHBIX IOOAIreop
JIu B yHUBepcasIbHOI 06epTHIBAIOIIIEN IIPOCTON ceMuMepHON anrebpe MasplieBa Ham moieM
HyJ1eBoOil xapakTepucTuku. OCHOBHBIM Pe3yIbTaTOM PabOTHI SBIISIETCS

Teopema. IlerTpanusaTop TpexMepHOH HpOCToi momaiareOpbl JIu B yHUBEpCAJIBHON
00epTHIBAOIIIEl CeMUMEPHOH MPOCTON HejueBon anrebpel MasibiieBa HaI MOIEM XapakTe-
PUCTUKYU HOJIb SIBJISIETCS KOJIBIIOM MHOI'OUJIEHOB OT OBYX IT€PEMEHHBIX.

Pabora monnepxana PODPU 09-01-00157 u rparTom «Pa3BuTne HayIHOrO MOTEHIIAATIA
BBICIIIEH MIKOMIBD (mpoekT 2.1.1.419).
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Prime spectrum and primitive Leavitt path algebras

G. ARANDA PINO

Leavitt path algebras of row-finite graphs have been recently introduced in [1] and [2].
They have become a subject of significant interest, both for algebraists and for analysts
working in C*-algebras. The Cuntz—Krieger algebras C*(FE) (the C*-algebra counterpart
of these Leavitt path algebras) are described in [5].

For a field K, the algebras L (F) are natural generalizations of the algebras investi-
gated by Leavitt in [4], and are a specific type of path K-algebras associated to a graph F
(modulo certain relations). The family of algebras which can be realized as the Leavitt path
algebras of a graph includes matrix rings M, (K) for n € NU {oco} (where M, (K) denotes
matrices of countable size with only a finite number of nonzero entries), the Toeplitz alge-
bra, the Laurent polynomial ring K|z, 27!, and the classical Leavitt algebras L(1,n) for
n > 2 (the latter being universal algebras without the Invariant Basis Number condition).

In this work we determine the prime and primitive Leavitt path algebras. The main
inspiration springs out of the complete description of the primitive spectrum of a graph C*-
algebra C*(F) carried out by Hong and Szymaniski in [3]. Concretely, in [3, Corollary 2.12],
the authors found a bijection between the set Prim(C*(FE)) of primitive ideals of C*(E)
and some sets involving maximal tails and points of the torus T. We give the algebraic
version of this by exhibiting a bijection between the set of prime ideals of Ly (F), and the
set formed by the disjoint union of the maximal tails of the graph M(E) and the cartesian
product of maximal tails for which every cycle has an exit M, (FE) and the nonzero prime
ideals of the Laurent polynomial ring Spec(K [z, z71])*.

In addition, the primitive Leavitt path algebras are characterized. Concretely, L (F)
is left primitive if and only if L (FE) is right primitive if and only if every cycle in the graph
E has an exit and E° € M(E).
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On some identities of a ternary quaternion algebra

P. D. BEITES, A. P. NicoLAS, A. P. POZHIDAEV, P. SARAIVA

We describe the degrees 1 and 2 identities of a simple 4-dimensional ternary algebra A.
This triple system is said to be a ternary quaternion algebra because it appears analogously
to the quaternions from the Lie algebra sl,. Based on A, we construct some ternary
enveloping algebras for ternary Filippov algebras.

Supported by FCT (Foundation for Science and Technology of the Portuguese Ministry
of Science, Technology and Higher Education), grant reference SFRH/BD/37907/2007; by
State Aid of Leading Scientific Schools (project NSh-344.2008.1) and by ADTP “Devel-
opment of the Scientific Potential of Higher School” of the Russian Federal Agency for
Education (grant 2.1.1.419); by CMUC (Centre for Mathematics, University of Coimbra).

REFERENCES

[1] Bremner M., Hentzel 1. Identities for generalized Lie and Jordan products on totally associative triple
systems, Journal of Algebra, 231 (2000), N. 1, 387—405.

[2] Bremner M. R., Peresi L. A. Classification of trilinear operations. Communications in Algebra, 35 (2007),
N. 9, 2032-2959.

[3] Filippov V. T. n—Lie Algebras. Siberian Mathematical Journal, 26 (1985), N. 6, 879-891 (translation of
Sib. Mat. Zh., 26 (1985), N. 6, 126-140).

[4] Pojidaev A. P. Enveloping algebras of Filippov algebras. Communications in Algebra, 31 (2003), N. 2,
883-900.

Department of Mathematics and Centre of Mathematics, University of Beira Interior, Covilha, Portugal
E-mazl: pbeites@mat.ubi.pt

Department of Mathematics, Statistics and Computing, University of Cantabria, Santander, Spain
E-mail: alejandro.p.nicolas@unican.es

Sobolev Institute of Mathematics and Novosibirsk State University, Novosibirsk, Russia

E-mail: app@math.nsc.ru

Faculty of Economics and Centre for Mathematics, University of Coimbra, Coimbra, Portugal

E-mail: psaraiva@fe.uc.pt

142



Manbnesckue urerus 2009 Teopus koJjerr

The construction of a finitely presented infinite nilsemigroup

A. BELov, I. IVANOV-POGODAEV

The talk is devoted to the old question posted by L. N. Shevrin and M. V. Sapir in
«Sverdlovskaya tetrad», Vol. 3, 1989:

3.61. b) Is there exists a finitely presented infinite nilsemigroup?

The answer is «yes». The main idea of the construction uses the geometric properties
of nonperiodic mosaics on the plane. The elements of the semigroup are presented by paths
in the special metric space.

The connections between nil-objects and nilpotent objects are always interesting. This
construction presents the first known finitely presented nil-object that is not nilpotent. Our
joint paper A. Belov, I. Ivanov-Pogodaev «The construction of a finitely presented infinite
nilsemigroup» will be presented soon.

Moscow Institute of Open Education, Bar-Ilan University, Moscow State University
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Groebner—Shirshov bases and embedding of algebras

L. A. Bokut’, Y. CHEN

It is a joint talk with Yongshang Chen, Xueming Deng, Yu Li, Cihua Liu, Qiuhui Mo,
Jianjun Qiu, Xia Zhang, Xiangui Zhao, Chanyan Zhong.
We give Grobner—Shirshov bases technique for the following classes of algebras:

—

Associative 2-algebras;

Vinberg—Koszul—Gerstenhaber right-symmetric (pre-Lie) algebras;
Associative differential algebras;

Associative A-differential algebras;

Associative Rota—Baxter algebras;

Associative S-act algebras, where S is a semigroup;

Dialgebras;

Lie algebras over a commutative algebra;

Braid groups in Adyan—Thurston generators;

Free inverse semigroups.

CORXN A LN

—_

As an applications we proved some known theorems of PBW-types and some known
and new results on embedding of algebras into 2-generated (2-generated simple) algebras.
Supported by RFBR 01-09-00157, 1.SS-344.2008.1 and SB RAS Integration grant No.
2009.97 (Russia) and by the NNSF of China (No.10771077) and the NSF of Guangdong
province (No.06025062).
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On p-Schreier varieties of semimodules

S. N. IL’IN, Y. KATsov

As is well known, by the classical Nielsen-Schreier theorem every subgroup of a free
group is itself free. This result stimulated a strong interest in establishing the analogs of
the Nielsen-Schreier theorem in different varieties of algebras. Thus, there appeared so-
called Schreier varieties of algebras — varieties whose all subalgebras of free algebras are
themselves free. However, in homological algebra, projective algebras — algebras which are
retracts of free algebras — play a very important role. Therefore, combining the concepts of
free and projective algebra, one naturally comes up with the concept of a p-Schreier variety
— a variety whose all projective algebras are free.

In this talk, considering p-Schreier varieties in a context of semimodules over semirings,
implicitly studied in [1]-[3] we present the following results.

Theorem 1. The category of right semimodules over a division semiring R is a Schreier
variety iff R is a division ring.

The next theorem, having been of interest in its own rights, particularly solves Problem
1 left open in [3].

Theorem 2. The categories of right semimodules over additively w-regular proper (i.e.,
they are not rings) semirings are not p-Schreier varieties.

Finally, in contrast to Theorem 2, we obtain the following interesting and important
result.

Theorem 3. The categories of right semimodules over cancellative division semirings
are p-Schreier varieties.
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Applications of Lie rings with finite cyclic grading

E. I. KHUKHRO

Let L = @?:_01 L; be a (Z/nZ)-graded Lie ring (algebra), where the L; are additive
subgroups (subspaces) satisfying [Li, L;] € L;1j (modn). Theorems of Higman, Kostrikin,
and Kreknin assert that if Lo = 0, then L is soluble (for n prime, nilpotent) of n-bounded
(i.e. bounded in terms of n) derived length (class). Hence the same follows for a Lie
ring M with a regular (i.e. without nontrivial fixed points) automorphism ¢ of order n:
after adjoining a primitive nth root of unity w we obtain M = Mg+ My + -+ + M,
for M; = {& € M | p(z) = w'a}, where [M;, M;] € M;;(moan) and My = 0 (the fact
that the sum is not direct in general is inessential). A similar assertion easily follows for
(locally) nilpotent groups with a regular automorphism of prime order. But there is an open
problem whether an analogue of Kreknin’s theorem holds for such groups with a regular
automorphism of arbitrary finite order.

Nevertheless, Kreknin’s theorem was successfully applied to finite p-groups with an
automorphism of order p¥ and to pro-p-groups of given coclass in the papers of Jaikin-
Zapirain, Khukhro, Medvedev, Shalev, Shalev—Zel’'manov.

Makarenko and Khukhro proved that if dim Ly = r (or |Lg| = r), then L contains a
soluble (for n prime, nilpotent) ideal of n-bounded derived length (nilpotency class) and of
(n,r)-bounded codimension. Khukhro applied this result to Lie rings and periodic nilpotent
groups with an “almost regular” automorphism of prime order n; Medvedev lifted the
periodicity condition for groups.

Suppose that there are only d nonzero components among the grading components L;.
Shalev and Khukhro proved that is Ly = 0, then L is soluble (for n prime, nilpotent) of
d-bounded derived length (class). These results were applied to groups of bounded rank
with almost regular automorphisms. In the works of Makarenko, Khukhro, Shumyatsky
the condition Ly = 0 was replaced by dim Ly = r (or |Lg| = r): then L contains a soluble
(for n prime, nilpotent) ideal of d-bounded derived length (class) and of (d,r)-bounded
codimension. There results were applied to generalize Jacobson’s theorem on Lie algebras
with a nilpotent algebra of derivations to the case of “almost without nontrivial constants”.

Suppose that for some m for k # 0 we have |{i | [Lg,L;] # 0}| < m, i.e. each
component Ly for k # 0 commutes with all but at most m components. Khukhro proved
that if Ly = 0, then L is soluble (for n prime, nilpotent) of m-bounded derived length
(class), and if dim Ly = r (or |Lo| = r), then L contains a soluble (for n prime, nilpotent)
ideal of m-bounded derived length (class) and of (n,r)-bounded codimension. These results
were applied to nilpotent groups with Frobenius groups of automorphisms.
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On finite non-nilpotent rings with planar zero-divisor graphs

A. S. Kuz’MINA

The zero-divisor graph I'(R) of an associative ring R is the graph whose vertices are all
nonzero (one-sided and two-sided) zero-divisors of R, and two distinct vertices x and y are
joined by an edge iff zy = 0 or yx = 0.

Finite commutative decomposable rings with unity whose zero-divisors graph are planar
were studied in [1]. In [2], all finite commutative local rings with unity whose zero-divisor
graphs are planar were discribed.

In [3], all nilpotent finite rings with planar zero-divisor graphs were described. In the
present thesis, we describe all non-nilpotent finite rings with planar zero-divisor graphs. So
the results of this thesis and the paper [3] give us the complete list of finite rings with planar
zero-divisor graphs. There are 57 types of such rings.

REFERENCES
[1] Akbari S., Maimani H. R., Yassemi S. When zero-divisor graph is planar or a complete r-partite graph.
Journal of Algebra, 270 (2003), 169-180.
[2] Belshoff R., Chapman J. Planar zero-divisor graphs. Journal of Algebra, 316 (2007), 471-480.
[3] Kuz'mina A. S., Maltsev Yu. N. Nilpotent Finite Rings with Planar Zero-Divisor Graphs. Asian-
European Journal of Mathematics, 1(4) (2008), 565-574.

Altai State Pedagogical Academy
E-mail: akuzminal@yandex.ru

147



Manbnesckue urerus 2009 Teopus koJjerr

The structural and model theory questions of nilpotent matrix groups and
associated rings

V. M. LEVCHUK

The Malcev’s papers [1]-[3] raised suggest several important leads for further research.
We consider development of these trends by different authors. It is partially reflected in
[4] and [5]. The work is supported by the Russian Foundation for Basic Research (grant
09—01—00717).
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On identities in infinite rings with some combinatorial conditions on infinite
subsets

Yu. N. MAL’TSEV

The following main result is proved.

Theorem. Let R be an infinite associative ring and for any infinite subsets A1, As, ..., A,
of R

A1Ag . Ay = As)As(2) -+ An)

where o is a fixed permutation such that (1) # 1 and A1 As ... A, = {ajas ... an;a; € A;}.
Then R satisfies the identity x1%2...Tn = To(1)To(2) - - - Lo (n)-

This result extends the theorem of H. Bell and A. Klein that an infinite ring R must be
commutative if XY =Y X for all infinite subsets X and Y [1].
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Classification of finite dimensional structurable superalgebras over an
algebraically closed field of characteristic 0

A. P. PozHIDAEV, I. P. SHESTAKOV

Classification of simple finite dimensional structurable algebras was obtained by I. Kan-
tor, B. Allison, and O. Smirnov. We consider the superalgebra case. Recall that a superal-
gebra A with a superinvolution ~ is called structurable if

[Tz7 Vm:y] = VTz(x)vy - (_1)mzvx’T2(y)’

where T, (2) = 2z + (=1)"z(x — T), Vo u(2) = (29)z + (—1)"¥*(zy)x — (—1)**TV*(2T)y.

We describe the simple Lie superalgebras arising from the simple unital finite dimen-
sional structurable superalgebras of characteristic 0 and construct four series of the unital
simple structurable superalgebras of Cartan type. We give a classification of simple finite
dimensional structurable superalgebras of Cartan type over an algebraically closed field F'
of characteristic 0. Together with the Faulkner theorem on the classification of classical
such superalgebras, it gives a classification of the simple finite dimensional structurable
superalgebras over F'.
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Anre6pamyeckme COOTHOLIEHUSI HAL MHOI'OOCHOBHBIME aJirebpandyecKuMu
cucTeMaMu U MX UCHOJIb30BaHUE B Kpunrorpadpun

B. II. AHOCOB

A. . Mansues [1] Bmepsble HaYa PACCMATPUBATH MHOTOOCHOBHBIE aireOpbl M MO-
nenu. Anrebpamyeckue MOMIEN, OCHOBAHHBIE HA MHOTOOCHOBHBIX JIre0PaAnIecKnX CUCTEMAX
(MAC) okasbiBatoTCsl yOOOHBIME ISl M3YUYEHUs PSOA CBONCTB KPUITOrPAbUIECKUX aJIro-
putMmoB [3]. B cBs3u ¢ ucnonb3oBarmeM B KpuUnTorpaGmuueckux ajaropuTMax mpeodpasoBa-
HIl U TPEQUKATOB, 3aBUCSIINX OT KJII0Ya, IPEACTABIIIET IPUKIIATHON MHTEPEC pa3paboTKa
BOIIPOCOB, CBSI3aHHBIX C perrreHneM cucteM ypaBuenuin Hanm MAC, B 4mciio HEM3BECTHBIX
KOTOPBIX MOT'YT BXOOUTH HE TOJIBKO 3JIEMEHTHI OCHOBHBIX MHOXKECTB, HO U OIEPATOPHI U
npeaukaTsl. B [2] mpum mepeneceHMnm pesyibTATOB, CBA3aHHBIX C Pa3PEIIMMOCTBIO yPaB-
HEHUN, C IIOJIell Ha O0Ilme KJIacChl YHUBEPCAJBHBIX ajaredp, pacCMaTpPUBAJINACH CUCTEMBI
anrebpamvIecKx YpPaBHEHUN C IPEIMETHBIMU [TEPEMEHHBIMU HaM TPOU3BOILHON OMHOOCHOB-
HOIl YHUBEpCAJIbHOI ajaredpoir A m3 HeKoToporo Muoroobpasus. Ha ocHOBe MCHOIB30BaHMS
romomopduzmos MAC [4], [6] mpu KOTOPBIX MOTYT OTOXKIECTBIATHCI KAK JIEMEHTHI OCHOB-
HBIX MHOXKECTB, TaK U OIEePATOPHI U IPENUKATHI, IPEIIOKEHHBIN OIXOI PA3BUBAECTCS IS
cucTeM ajnreOpamdecKux COOTHOIIEHWH , B YHCJIO HEM3BECTHBIX KOTOPBIX MOI'YT BXOINTH
Kak MpeaMeTHbIe, TaK U CUTHATYpPHBIe mepeMmennbe, Han MAC n3 HEKOTOPOro CBEPXIIpe]I-
muoroobpasus [3], [5].

Myctes X = {X;}ie; — mpemverabie mepemennsie u U = US| JUP — curmaryprwie
(byHKIIMOHAIILHBIE U [IPEIUKATHBIE) IepeMeHHbIME. Ecnu anrebpamueckas cucrema A mpu-
HAIJIEXKUT CBEpXIpenMuoroobpasuo K, To cymecrsyer nomuaoMuaibias MAC Ak [X, U]
3].

[Ipou3BONIBHLI 57IeMEHT ¢ HEKOTOPOro OCHOBHOrO MHOXKecTBa A [X, U] MoxkHO mpen-
craButh B Bume cioa t(Uy,...,Up,x1,...,2,), toe Uy, ..., Uy, x1,..., T, — GyHKIHO-
HaJIbHBIE U IIpeIMeTHBIe nepemeHHble. IlycTs =;,% € I COOTBETCTBEHHO paBEHCTBa Ha
Si,i € 1. AnrebpamueckuMu COOTHOIIEHUSIME Hal A ¢ IpeoMeTHBIMU U CUTHATYPHBIMU
nepeMenabiMu X, U Ha3biBaeM (HOpMasIbHbIE BHIPAXKEHUS BUIA

p(t (UL, ..., UL Jxt .. .zl ),...,tl(Uf,...,Ufm,mll,...,acﬁ”)),

m? ?"ny

rme p € {Ef@, =;,1 € I}, a seMenTbl OCHOBHBIX MHOXeCTB Ak [X, U], BXOmsAIme B COOTHO-
IIIEHNsI, COTJIACOBAHBI C TUIIAMU KCIIOJIB3YEeMBbIX IIPEIUKATOB.

Cucremotnt £ anredpandecKux COOTHOIIIEHU HA3BIBAEM CEMENCTBO aJIre0pamIecKux CO-
OTHOIIIEHNU, NHAECKCUPOBAHHOE TIPOM3BOIBHBIM MHOXKECTBOM UHIEKCOB L.

Ilo anmre6pamdeckomy coorromermio Hanm MAC A = (M,Y) n romomopdusmy ¢ =
By = {9, }ier, ) MAC A 8 MAC A’ onmHO3HAYHO CTPOHMTCS anrebpamdecKoe COOTHOIITe-
uve Han MAC A’ = (M',Y), ynosiaeTBopsioliee yCIOBUIO: €CIH S1, ..., S, S| € S, | =
1,...,n,Wi,...,Wn, (p)— pemenne anrebpanyeckoro coorromenus van MAC A = (M, X)),
TO @i, (51)s -y @i, (Sn), Y(w1), ..., (W), (Y(p))— pelrerne anrebGpamdeckoro COOTHOLIE-
uust Hang MAC A’ = (M’ 3).

[Tocnennee yTBep:KIeHUe MO3BOJAET MPEIIOKUTH METOMNLI PEIIEHNI CUCTEM ajirebpan-
9eCcKIX COOTHOIIIEHUH, NCIIOTB3YIONIne TOMOMOP(HBIE 06pa3bl 1 TOMOMOP(MHBIE TTPOOOPA3HI.

B cBs13u ¢ momyuyeHumeM OIEHOK CJI0XKHOCTHU mX peasjm3anuu mis koHedHbrx MAC, mpu-
BOOATCA OOIIME aJrOPUTMBI IIOUCKA TOMOMOPGU3MOB KOHEYHOU MHOT'OOCHOBHON aJirebpan-
YEeCKOU CUCTEMBI U OIEHKU CIOXKHOCTHU UX peajm3anun [4].
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TO}KHECTBa " JIMHCNHOCTL KBAa3UTrpylIliin

I'. b. BEngBCKAd, A. B. MuxajeB, A. X. TABAPOB

BaxHOCTH M3y4yeHus TOXIECTB B anrebpax ykazano A. M. Mansuesbim B [1]. IHokman
MIOCBSIIIIEH TTpobeMe XapaKTepu3alny JTUHEHHBIX KBA3UT'PYIII M HEKOTOPHIX UX O0O0OIIeHU]
ToxnectBamu. JIuHeltHbIe KBa3urpynns! Brepsbie BBenenbl B. II. bemoycosbim B 1967 romoy
B CBSI3U C WCCJIEIOBAHUEM YDABHOBEIIEHHBIX TOXIECTB B KBasurpynmax [2]. B mambmeii-
mem ['. B. Bensasckoir m A. X. TaGapoBbIM BBEIEHBI U MCCIIEIOBAHBI PA3INYHBIE OO0OIIIEHMST
JIMHENHBIX KBa3UTPYII — IOJIYJINHENHbIE, aJIUHENHbIE, OMHOCTOPOHHNUE JIUHENHBbIE, KBA3U-
I'PYIIBI CMEIMIAHHOTO TUTA JTUHeHHOCTH u T.1. (cM. [3, 4]). Kax ussecTHO, TEOPUS TOXKIECTB
B aJire0pax mMeeT IBa B3AMMOCBS3aHHBIX ACIEKTa: TOXKIecTBa u ajredbpa. CooTBETCTBEHHO
5TOMY WMEIOTCS IBe 3amadn: 1) OmucaThb anre6pbl ¢ TOXKIECTBAME; 2) ONUCATH TOXKIIE-
cTBa B anrebpax. Ilas kiacca IUHEWMHBIX, aJIMHETHBIX, CMEIIaHHbIX JTMHENHBIX KBAa3UTPYIIIL,
OOHOCTOPOHHUX JIMHEWHBIX U AJIMHENHBIX KBA3UT Py, T-KBa3urpymnm u OIM3KUX K HAM KBa-
3UTPYIII PellleHa BTOpas 3allada, a MMEHHO, OIMCAHBI TOXIECTBA (CHCTEMa TOXKIECTB),
XapaKTepU3yIlne BCe BBINIEHA3BAHHBIE KJTACCHI KBA3uUrpymil. Kpome TOro, HalmeHBI TO-
XKIOECTBA C TOJICTAHOBKAMU, BBITIOJIHEHIE KOTOPBIX B KBa3UT'PYIIAX BJEYET JIMHENHOCTH
i OOOOIIEHHYIO JIMHENHOCTD YKa3aHHBIX TUIIOB.

CIIUCOK JIUTEPATYPHI

Mambues A. U. Anre6panueckue cuctembl. M.: Hayxka, 1970.

Benoycos B. II. YpaBHOBelIeHHbIE TOXKAECTBA B KBasurpymnmnax. Mar. c6opuuk, 70 (1966), N. 1, 55-97.
Bemasckas I'. B., Tabapos A. X. XapakTepucTruka JIMHENHBIX 1 AJUHENHBIX KBAasurpymn. uckpeTHas
mareMaTtuka, 4 (1992), Bem. 2, 142-147.

[4] Tabapos A. X. 'omoMOpU3MBEL U SHOOMOP(U3MBL JIMHENHBIX U aJMHENHBIX KBasurpynm. uckperHas
maremaTuka, 19 (2007), Boim. 2, 67-73.

W=

Hrnemumym mamemamuru u ungopmamuru AH Moadosvl, Kuwunes

E-mail: gbell@rambler.ru

Mocxrosckutl 2ocydapcmeennbviti ynusepcumem um. M. B. Jlomonocosa, Mockea
E-mail: aamikhalev@mail .ru

Tadocurcruti Hayuonasbrbil yrusepcumem, lywanbe

E-mazl: tabarov63@rambler.ru

154



Manbnesckue urerus 2009 YHuBepcaabHas ajarebpa

HesaBucumbie cucTeMbl 3JICMEHTOB B YHaApPHBIX a.r[r‘eﬁpax " X IIPpUJIO2KEHU A

B. K. KAPTAIIIOB

[Iycts A = (A, Q) — npoussonbHas yHapuas anrebpa curHarypsl (). Ilus mo6oro
aemenTa a € A uwepe3 (a) obosHauaeTcs momairebpa anre6pbl A, MOPOKIEHHAS DTUM
9JIEMEHTOM. DJIeMEeHTHI a,b € A GymeMm Ha3bIBATH IK6UBAAEHMHbIMY U TTUCATHL a ~ b, eciau
(a) = (b). Kacc sKBUBAJIEHTHOCTH ~ C IOPOXKIAOIIMM 5JIEMEHTOM ( HA3BIBAETCS CAOEM
DJIEMEHTA, @.

OneMeHTHI a,b € A Ha3LIBAIOTCSA HE3ABUCUMbIMU, €CITN KAXKIBIA U3 HUX He MPUHAIIIE-
KUT momajirebpe, mopoxmennoin npyruMm. Hemycroe mommuoxkectBo X C A HasbiBaeTCs
HE3A8UCUMIM, ECTTH OHO JTUOO OTHOIJIEMEHTHO, JTMOO JTI00bIE NBa €r0 3JIEMEHTa HEe3aBUCUMEIL.

B pa6ore [1] mokazano, uyTo eciu yHapHAas aarebpa uMeeT XOTs Obl OLHY HE3aBUCHMYIO
cucTeMY MOPOXKIAIOIINX, TO JIFOObIE IBE €€ HE3aBUCHUMBIE CHUCTEMBI ITOPOXKMAIOIINX UMEIOT
OMMHAKOBYIO MOII[HOCTb.

B [1] HEe3aBUCUMBIE CHUCTEMBI MOPOXKOAIOIINX TPUMEHSIIINCH TaKXKe I HaXOXKIEHUS
YCJIOBUI, IPU KOTOPBIX YHapHas ajirebpa 2 obramaeT OOQHUM U3 CIEOYOIINX CBOUCTB:

1. EndA = Auti,
2. cporicrBo Xomnda (Kaxmelil SnusHIoMophu3M anre6psl 2 SBiseTcss aBTOMOpPGhI3-
MOM).
B uactrocTn, B [1] mokasaHo, 9To 1064k KOHEYHO IOPOXKIEHHAS KOMMY TATUBHAS YHAD-
Has ajrebpa obnagaer corcrBoM Xomnga (Teopema 2).
Hacrosias pabora sBisieTcs mpomoiikenuem [1].

Teopema 1. Eciu kaXknplii ¢TI0 KOHEYHO ITOPOXKIEHHOHW YHAPHOH aJareOphl KOHEUEH,
TO OHa obsagaeT cBOHCTBOM XoIda.

[Iycrs By o3HauaeT MHOrooGpasme yHapHbIX aiarebp (A, f,g), ompeneseHHOe TOXKIe-
crBoM fg(z) = .

YHapHas anrebpa Ha3BIBAETCS CUAbHO C6A3HOTU, €CIIN OHA MOPOXKIACTCS JIFOOBIM CBOUM
5JIEMEHTOM.

Teopema 2. [l 10607 cHIIBHO CBsA3HOH aarebpsl 2 MHOroobpasus B 1 crpaBenianBo
paBercTBo Endd = Aut2l.

3mech Takke MOCTPOEHBI MPUMEPHI, MOKA3BIBAIOIINE, YTO KaXKI0e W3 YCJIOBUI B (HOp-
MYJIIPOBKE TeopeMbl 2 u3 [1] sBisieTcst CylecTBeHHBIM. B 9acTHOCTHU, HANIEHBI IPUMepHI
OIHOIIOPOXKIEHHBIX aaredp MHOTooOpas3us Bi 1, OJIs KOTOPBIX CBOMCTBO Xomda He BBIIOJI-
HSETCSL.
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AsTUMHOTOOGpAa3Us yHAPOB

A. B. KAPTAIIIOBA

Anmumoscdecmeon ([1], [2]) HasBIBaETCS TpEMIIOKEHNE CIEMYIONIETO BUIA
(Vz)(mar () V —an(Z) V...V —an(T)),

raoe «;(Z) — aromHas Gopmysa (HUKCUPOBAHHON CUTHATYDPLI O Ui JIIO00OTO 4ucia i €
{1,2,...,m}.

Anmumno20006pasuem Ha3LIBACTCS BCAKUIA KITACC 0-CUCTEM, ONPENEIIeMBbI HEKOTOPLIM
(BO3MOXKHO, IYCTBIM) MHOXECTBOM aHTUTOXKIECTB.

Hacrosiee coobiienne sBiseTcs mpomnoKenneM paboTsl [3]. 3mech n3yuaores anHTuM-
HOrooOpa3usl YHAPOB, T. €. ajlrebp ¢ OMHOU YHAPHOU OIlepallen.

[Iycte K 03HAYaET MHOXKECTBO BCEX KOHEUHBLIX HEIYCTHIX IIOIAMHOXKECTB MHOXKECTBA
IEJTBIX TIOJIOKUTENbHBIX YICEeNT 1

q={(A,B) e KxK|(Vb)b € B= (Ja)(a € A&al|b)}.
g xaxnoro nomMuoxecrsa X C K momoxum
C(X)={A € K|(IB)(B € X&AqB)}.

Herpynuo mpoBeputh, uTo oTob6paxkenue C' sIBISIETCS OMEPATOPOM 3aMbIKAHUS Ha MHO-
xecTBe K.

[Tycts £ — perreTka, TOydYeHHAs] U3 PEIIETKU, MBOWCTBEHHOW K PEIIeTKE BCEX 3a-
MKHYTBIX TOIMHOXeCTB omepaTopa (', MpucoequHEeHeM BHEITHIM 00pa30M HAUMEHbLIIIErO
SJIEMEHTA.

Teopema 1. Perrerka Bcex aHTUMHOI00Opa3uil yHAPOB m3oMop@Ha perrneTke L.

CanencrBue. PerreTtka BceX aHTHMHOT00OOpa3uil YHAPOB SIBIAETCS OUCTPUOYTUBHOM
KoaJrebpanmdeckKol perieTKOH, IUMeeT POBHO OAUH ATOM U POBHO OIOUH KOATOM.

Teopema 2. CyirecTByeT KOHTUHYYM aHTHMHOIOOOpa3Ui YHApPOB, UMEIOIIINX He3a-
BHCHUMBIN 0a3UC aHTUTOXKIECTB, U KOHTHUHYYM aHTHUMHOIooOpasuil yHapOB, HE HMEFOIINX
He3aBUCUMOro 6a3mca aHTUTOXKIECTB.

Teopema 3. Kowneunsrii yHap 2 ummeer He3aBUCUMBIH 0a3UC aHTHUTOXKIECTB TOTOa I
TOJIBKO TOTZa, KOr[a 3TOT YHap COOEPKHUT XOTsS ObI OMUH OTHO3JTEMEHTHBIH MUK B sToM
caydae aHTHMHOroobpasue, MOpOXKmeHHOe yHapoMm 2, coBmamaeT C KJIacCOM BCEX YHAPOB
(T. e. ompenenseTcs MyCTHIM MHOXECTBOM aHTUTOXKIECTB).
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MuHnMajbLHO IIOJIHBIC KOMMYTaTUBHBbIEC HUJIBIIOJIYT DYIIIIBI

O. B. KHI3EB

B [1] mist Tpon3BOIBHBIX YHUBEPCAIBHBIX arebp craBuTces 3anada (mpobiaema 10): oxa-
PAKMEPU30BAMH MUHUMAALHBLE NLOAHBIE AA2€OPbL JAHH020 MHO2000pa3ud. 3mech coobIa-
eTCsI pEeIlleHre STON 3aJa9u I KOMMYTATUBHBIX HUJIBIIOIYTPYIIIL.

HamomuuMm mexkoTopwie ompenenenus. Ilycte V — MHOroobpasme Bcex TOIYTPYII C
BoinesieHHbM HysteM; L(V) — pemerka monvuoroo6pasuit maoroo6pasus V, X € L(V),
A € V. B pampreiiiieM mop CJIOBOM <«IOJYTPYIIa® MOHUMAETCs ajarebpa m3 MHOrooOpa-
sus V. EnuncrBenubsiM kiaccom X —Bepbanbuoit KoHrpysHumu p(X, A) wa nomyrpynme A
(p(X, A) — HammeHbIas u3 KOHIPYSHUUN Ha A, HAKTOP-IOIYTPYNILL O KOTOPBIM IIPU-
HaIexKaT X ), SBISIONIMMCS MOMIOIYTPYIIION momyrpynnsl A, 6ymeT Ki1ace, Comep KAl
Hysb. O603HauaoT ero uepe3 X (A) u HasepiBaroT X—66ep6a.40m TOTYTPYIIbL A.

[Momyrpynmy A Ha3bIBaIOT No4koU, eciiu paBeHCTBO X (A) = A mMmeeT MeCcTO st II060T0
aroma X u3 peuerku L(V). Ecnu momsas momyrpynna He nMeeT cOGCTBEHHBIX, OTIIMIHBIX
OT HYJISI, IOJTHBIX ITOAIIOIYTPYIIL, TO €€ Ha3bIBAIOT MUHUMAALHO NOAHOU Oy T PYIIIION.

OneMeHT a mOMyrpynnbl A Ha3bIBAIOT HUJIBJIEMEHTOM, €CJIN HAWIEeTCs HATypPaIbHOEe
qnciio n takoe, uTo a’ = 0. Ilomyrpynmy, y KOTOpOi#l Bce 37IEMEHTHI CYyTh HIIBIIEMEHTHI,
HA3BIBAIOT HUAbNOAY2PYNNOU.

Nmeet mecTo cremytormas

Teopema. Cpenum HeTpUBHAIBHBIX KOMMYTATHUBHBIX HUJIBIIOJIYTPYIII MUHAMAJIBHO
IIOJTHBIX HET.
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O IIPOCTBHBIX IIO YHUCTOTE MMepnoAnNYEeCKIX IIOJIYyI'PDYIIIIaX C HYJIEM

O. B. Kuaz3es, T. KO. ®uHK

[TousTHE YUCTOTHI U HEKOTOPHIE POICTBEHHBIE TOHSATHS, BO3HUKIIIE B TEOPUH abeIeBbIX
I'PYII, MOTYT ObITH ONPEIEeSIeHBl, KaK OTMEYeHO B [1], I IPOU3BOIBHBIX YHUBEPCATLHBIX
asreOp. 9TO 0OCTOSATENBCTBO MAeT HOBBIM MOMXOM K U3YYEHUIO CTPOSHUS ajiredp m3 pasHbIX
KiaccoB. B [1] HaMeueHBI BO3MOXHBIE MEPCIEKTUBBI AAJIBHENIINX UCCIEIOBAHUI B DTOM
HampasiileHnn. B wactHOCTH, opMmynupyercs npobiema (cum. [1], mpobiema 22): onucamp
aa2ebpvl danH020 MHO2000DA3UL, HE UMEOUUE HEMPUBUGALHLIT Yucmuir nodaszebp. Hac
OyIeT UHTEePeCcOBAThH PeIleHne 3TON 3aladu B KJIAcCe MOIYTPYII C HyJIeM.

HamomuuMm mekoTopwie ompenenenus. Ilycte V — MHOroobpasme BcexX TOIYTPYII C
BoinesienabiM HysteM; L(V) — pemerka monmMuoroo6pasuii Mmaoroo6pasus V, X € L(V),
A € V. B pampreiiiieM mof CJIOBOM <«IOJYyTPYINas MOHUMAETCs ajrebpa m3 MHOrooOpa-
sus V. EnuncrBenubsiM kiaccom X —Bepbanbuoit KoHrpysHumu p(X, A) wa nomyrpynme A
(p(X, A) — HammenbIas u3 KOHIPYSHUu Ha A, HAKTOP-IOIYTPYNILl O KOTOPBIM IIPU-
HaIexKaT X ), SBISIOINIMMCS MOMNOIYTPYIIINON momyrpynnsl A, 6ymeT Ki1ace, ComepKaIiluii
Hyab. O6osnauaroT ero uepe3 X(A) u maspBaorT X—6epbasom nomyrpymmst A.

[Mognonyrpynmny B nomyrpynnsl A HasbBaooT wucmot B A, ecniu pasencrso X (B) =
X(A) N B sumomnusercs mis moboro aroma X u3 pemerkn L(V). Ecan momyrpymnma ze
nMeeT COOCTBEHHBIX, OTJIMIHBIX OT HYJIsI, YACTHIX MTOMIIOIYTPYII, TO €€ HA3BIBAIOT NPOCmot
N0 YUCmMome MOJIyTPYIHON.

OnieMeHT @ TONyrpynnbl A HA3bIBAIOT HUJIBYIEMEHTOM, €CJIN HAWIEeTCs HATYPaIIbHOEe
qUCI0 N Takoe, uTo a’ = 0.

Nmeet mecTo cremytormas

Teopema. Ecmum A — mpocras 1mo umcTtoTe MepuogMYecKas IOJYTPYIIIa C HyJIEeM,
B KOTODOHW MHOXKECTBO HUJIB3JIEMEHTOB HEe SBJIAETCS MONIOIyTPYIIIOH, TO OHA SIBJISETCS
romomopdHEEIM 06pazom moayrpymmsl B = (a,b | aba = a,bab = b,a™ = b* = 0), rme
n, k> 2.

CIUCOK JIUTEPATYPLI
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CpaBHeHUE KJIaCCOB HETEPOBBLIX IO YPABHEHUsM, Cj1ab0 HETEPOBBIX IIO
YPaBHEHUSIM M (,-KOMIIAKTHBIX ajIre0panmdecKnux CUCTEM

M. B. KoToB

B pa6orax O. FO. Hanusposoit, A. I'. Msacuukosa, B. H. PemeciennukoBa mo yHuBep-
CaJIbHON aJIreOpamvecKkoil TeOMeTpPUN BBeNEHBI KJIACcChl HETEPOBBIX II0 YPaBHEHUSIM, CJ1abo
HETEPOBBIX IO YPABHEHUSIM U (|,,-KOMIIAKTHBIX aJIre0palmdecKux cucTeM, obo3HauaeMbre N,
N’ 1 Q COOTBETCTBEHHO.

IIyctes £ — s3bIK 6€3 IpenuKaTHBIX CHMBOJIOB; A — anrebpamdeckas CUCTeMa sI3BIKa
L ¢ socurenem A; x, |x| = n, — Habop mepemenusix. Ilon ypaswewusmu B s3pike L OT
IIepEMEHHBIX X MBI ITOHIMAaeM aToMapHble (GopMysbl s3blka L OT mepeMeHHBIX X. Jlroboe
MHOYKECTBO yDaBHEHHI B si3bIKe L OT NEPEMEHHBIX X Ha3BIBAETCS CUCMEMOU YpasHeHUul B
A3bIKe £ OT MEPEMEHHBIX X.

HaGop a € A™ naspiBaeTCs pewenuem CUCTEMBI YpaBHeHuit S(X) s3bIka L, eCiiu Ipu nH-
TepIpeTalun IePeMeHHbIX X 3/IeMEeHTaMI U3 a Kaxaas dopMysia n3 S IPpUHIMAET NCTUHHOEe
3HAUCHHE.

Cucremer ypaBaeHnit S1(x) u S2(x) si3pika L HA3BIBAIOTCS IKEUEAAECHIMHbIMY HAL aJl-
rebpandeckon cucteMon A, ecim MHOXKecTBa Bcex pernenuit u3 A" misa cucrem S; um So
COBIANAIOT. Y paBHEHME $(X) HA3BIBACTCS Caedcmeuem cucTeMsbl S(X) Hax A, ecnu Kaxmoe
perttenne cucteMbl S 3 A" ABJISETCS peleHneM ypPaBHEHUS S.

Anrebpanueckas cucrema A s3bika L HA3BIBAETCS HEMEPOBOU NO YPABHEHUIM, €CIIN
IJIsL 7IF000TO IIEeIOr0 MOJIOKUTEIHLHOTO IUCiIa N U JII0O0N CUCTEeMBl ypaBHEHUi S(X) s3bIKa
L, |x| = n, naiinércs eé koneuHas nomcucrema Sg, dSKBUBaAJIEHTHas cucteme S Ham A.

Anrebpanueckas cucrema A s3pika L HA3BIBACTCS €400 HEMEPOBOT NO YPABHEHUIM,
ecay IuIst JIF00Or0 IIEeI0r0 MOJIOKUTEIBHONO UHCIa 1 U JI0OO0N CHCTEeMBI ypaBHEHUR S(X)
s3pika L, |X| = n, Ha@OéTCs KoHeuHas cucteMa So(x) s3bka L, SKBHBAJIEHTHAs CHCTeMe S
Han A.

Anrebpanueckas cucrema A s3bika L Ha3BIBAETCS (,-KOMNAKMHKHOY, €CIIN O7Is JII060T0
IEJIOT0 TIOJIOKUTEIILHOIO IHUCIIa M, 0001 cucTeMbl ypasHeHuil S(x) s3bika L, |x| = n, n
ar000ro ciencTBus s cucteMbl S Ham A HAROETCS KOHEUHAS MOACHCTEMA S) CHCTEMBI S
Takas, 9TO § €CTb CIIEICTBUE CUCTEeMBI Sy Han A.

W3 onpenenenui ciemyetT, 9TO

N=NNQ.
Mgt cTpoum mpuMepbl anrebpandecKux CUCTEM, KOTOPbIE MOKA3BIBAIOT, ITO

N¢CN un NgQ

Owmckuti 2ocydapcmeennwvill ynusepcumem um. . M. Hocmoesckozo
E-mail: matvej.kotov@gmail.com
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O PacCIIo3HaBaeMOCTU A3BbIKOB IIPOM3BOJIBHBIX CJIOB

B. A. MOTYAHOB

B cBs3u ¢ mImpokuM mpuMeHeHreM B KOMIIBIOTEPHBIX HAYKaX SI3BIKOB, COMEPKAIINX KaK
KOHEYHBIe, TaK M OECKOHEUHBLIE B JIIOOYIO CTOPOHY CJIOBA, €CTECTBEHHO BO3HUKAET 3a0ada
06001IIeHNsT Ha TaKue s3BIKU KIIACCHIECKON Teopun (GopMaIbHBIX S3BIKOB [1].

Kak moxasbiBator uccienoBanus [2, 3|, TeOpeTUKO-MOLEIbHBIE METONbI HECTAHIAPT-
HOT'O aHAJIN3a IIO3BOJISIOT €CTECTBEHHO IE€PEHOCUTH OCHOBHBIE MOHSTHS KJIACCUYIECKOU Teo-
pun GOPMAIIBHBIX SI3BIKOB Ha SI3BIKM IIPOW3BOJILHBIX CJIOB, COMEpXKaIlle KaK KOHEYHbIe, TaK
u GecKOHEeUHbIe B JIIOOYI0 CTOPOHY ciioBa. Tak, B pabore [2| Ha sI3BIKM TPOU3BOIBHBIX CIIOB
IIepEHeCEeHO0 MOHSATHE PACIIO3HABAEMOI'0 aBTOMATOM DyImm s3bIKa KOHEYHBIX CJIOB U ONNICAH
kiacc Recp(A) Takux s3pikoB Han andasuroMm A. B mocnmenyrormeit padore [3] Ha s3bIKE
IIPOU3BOJIBHBIX CJIOB IEPEHECEHO MOHSTUE PACIO3HABAEMOT'O MOJIYTPYIIION SI3bIKA KOHEYUHBIX
cioB u onuca kiace Recg(A) Takux s3pikoB Han andasurom A. I[IpoBemenubie mcciieno-
BAaHWS IIOKA3bIBAIOT, YTO B OTJINYNE OT PABHOCUIBLHOCTU MOHSTHUI PACIIO3HABAEMBIX S3BIKOB
KOHEUHBIX CJIOB aBToMaTaMmu u nosyrpymnmnaMu [1] kimace Recg(A) sHaunTensHo mupe Kiiacca
Recp(A).

[Tosxe B paGore [4] 6bu10 BBemeno mousaTue 0606IeHHOrO apromara Miomtepa [1] u
mokasaHo, 4To kiacc Recps(A) pacrmo3sHaBaeMbIX TAKMME ABTOMATAMIE SI3LIKOB IIPOM3BOIIb-
HBIX CJIOB comepxkuT Kiacc Recg(A). C momorsio MoguduKanum TeOpeTUKO-MOIEIBHOTO
HOAXONA K sI3bIKaM, pa3paboTanHoro bymmm [5] mist sS3bIKOB KOHEUHBIX CJIOB U SI3BIKOB Gec-
KOHEYHO BIIPABO CJIOB, IIOJIyYeH CIIEMYIOITNN pe3yIbTaT.

Teopema. Bce mHO)ecTBa coB u3 kiacca Recys(A) onuceiBarorcs popMmymamu sI3bIKa
L MOHamMYeCKOH JIOTUKU 2-TO TOPSOKa U, C OPYTOH CTOPOHBI, BCE OIPEMEJISIOIIIECS (op-
MyJIaMu s3bIKa L MHOXECTBa IMPOM3BOJIBHBIX CJIOB HAJ ajIhaBUTOM A NPUHAIIEXKAT KIACCY
Recg(A).
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O nucTpuGyTUBHOCTU peHIeTKN KOHTPYSHIIUN MOJIyTPYIINbI JIMHEMHBIX
OTHOIILICHUN

M. . HAyMuK

IIycts V' — BekTOpHOE mpocTpaHcTBO Han TeiaoMm F. HamoMHUM, 9TO JIUHEHHBIM OT-
HOIIIEHIEM Ha V' Ha3BIBAETCs MOANPOCTPAHCTBO mpocrpancTBa V @ V. MuHoxecTBO BCex
JMHENHBIX OTHOIIEHWN Ha V ¢ omepanmell YMHOXEHUs SIBJISETCs IOJIyTPYIIION, KOTOpas
obosuauaercs LR(V).

Kourpysunun #a nonyrpymnmne LR(V) onucanst B [1].

Ucnonb3yst onucanume kourpysuuuit Ha LR(V'), Hamu mokasama ciemyroras

Teopema. Pemerka kourpysuuuii Ha LR(V') aBisercs moapemeTkoi pereTkn Beex
6unapubrx orHomreruii Ha LR(V'). B wacTHOCTH, OHA ABIAETCS AUCTPUOY TUBHON PEIIETKOLL.

Ora Teopema sgBisgeTCS MpomoiKenueM passutus unen A. V. Mambuesa, [2, 3.
CIMCOK JIUTEPATYPEI
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SHI/II‘pyHHbI, pelieTKa IMoA3IINTPYIIIlI KOTOPHBIX IIOJJIyMOOYJISIDHA BHU3

A. 9. OBCIHHUKOB

[Momyrpynma S Ha3LIBAETCS 2NUPYnnoti, €CIM HEKOTOPas CTEIeHb JII000ro 3jIeMeHTa S
COIEPXKUTCA B HEKOTOPOR ee momrpymme. Ha smurpymmy MOXKHO CMOTPETh Kak Ha yHap-
HYIO [IOJIYTPYIILY, T. €. MOJyTPYIIY C AOIOJIHUTEILHOM yHApHOI onepanueit (cMm. [1] u [2]).
N3yuenue cBs3ell MeXIy SIUTPYNIAMEA KAK TAKOBHIMU (T. €. He 00S3aTEIbHO MEePUOInTIe-
CKUMU TIOJYTPYIIIAMA WK TPYNHIAME) U WX PEeIleTKAMI MOMSIUTPYII HAYAIOCH B paboTe
[3]. TlepBBle MOMyYeHHBIE B TOM HAIPABIEHAN PE3yJILTATHI 0003DEBAIOTCS B cTaThe [4].

Hamomuum, uto permerka L Ha3BIBACTCA NOAYMOOYAIPHOT 6MU3, €CIU IJIs JIFOOBIX
x,y € Lus xVy > x crenyer y = x Ay. IIBOICTBEHHO ONpPEmENSeTCs PEleTKa, MOy MO-
mynapHas Beepx. CTPyKTypa SIUTPYIII ¢ TIOTyMOMLYJISPHON BBEPX PEIIETKON MOMSTIATPYIIIT
onmucana B [3]. 3amaua ommcaHus SMUTPYII, UMEMOINMX [IOIYyMOMYJSIPHYIO BHU3 DEIIETKY
nompnurpyni, ynoMsuyTa B [4]. Tloayrpynms! ¢ mOIyMOMYISPHON BHU3 perieTkoin (06bru-
HBIX) TOAIOIYTPYII U3y9eHbl B paboTe [5]; coOOImaeMblil pe3yIbTaT [l SIUTPYIIT UMEeT
CXOOHYIO GOPMYJINPOBKY.

durypupyroime HIKe MOHATHS TEOPUH MOJYTPYII CYATAIOTCS M3BECTHBIMU. depes
(X)) obozHAUAETCS TOMAIUTPYTINA JAHHON SIUTPYTIIIEL, TOPOXKIEHHAS €€ TIONMHOXKECTBOM X .

Teopema. Perrerka mogsmurpymn sIurpy sl S MOJIyMOLYIIPHA BHI3 TOTAA U TOJIBKO
TOrAa, KOrAa BBIIOJIHAIOTCS CJICHYIOIINE YCIOBHS:

1) Kaxnmpll TIaBHBIE (GAKTOP SHUTPYIIEl S €CTh IOJIYTPYINa OZHOTO U3 CIIEHYIOILIX
THUIIOB:

la) momyrpymnma ¢ HyJIEBBIM YMHOXKEHUEM,

1b) rpymnna ¢ mosyMoLyJISpHON BHU3 PELIeTKOH HOATPYIH (BO3MOXKHO, ¢ IPHCOEIUHEH-
HBIM HYJIEM),

1c) cuHrymsapHas mosyrpymnma (BO3MOXKHO, C IIPUCOCAUHEHHBIM HYJIEM),

1d) 5-smementHas momyrpynmna Bpaunra Bs;

2) mg mobeix € € Eg, a € S u3 {ea,ae} N (H\{e}) # 0 caenyer e € (a));

3) mns mrobbIx a, b, x € S U3 TOro, YTO T HE NPUHALIEKUT HETPUBHAJILHOH IOATDYIIIE,
ab ¢ J, mx = zab [z = abx| caenyer, uro mmbo x € (a,b)), mbo x = xa [x = bzx].

CIUCOK JIUTEPATYPEI
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G., Springer, 2005, 331-380.
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O kJj1acce KOHEUYHBIX IIOJIYI'PYIIII KOOOB aMMHOKMCJIOT

H. FO. OouH1IOBA

B paGore [1] BBeneHO IOHATHE IOIYIPYNI KOLOB AMIHOKUCIOT. DT IOJLYTPYIIILL IPE/-
CTABIISIIOT CYIIeCTBEHHbI uHTepec ¢ Touku 3penns THK-manomexanumku (cM., HampuMep,
[2]). B [1] ormeuero, uTO mpy HAIMYUK XOTSI OBI OMHOIO COKPAIIAIOIIErO COOTHOIICHILS
IOJIYTPYIIIla KOOOB aMHUHOKHUCJ/IOT SABJISICTCS KoHeuHo. B c¢Bsa3u ¢ sTum npencTraB/IsdeTCAa
€CTECTBEHHBIM BOIIPOC O HETPUBHAJIBLHOCTH KJiacca K MOIyrpynn KOJLOB AMHHOKUCIIOT C CO-
KPAILIAIOLIIMI COOTHOIICHUSIMY, OTBET Ha KOTODBIN HaeT CIeMyIoLee Y TBEPKICHUE.

Teopema. B kiacce k cyirectByer mo kpaiiHerr Mepe ABe HEM30MOP@HBIE MOy T DY
KOIOB aMHUHOKHUCJIOT.

[Tomyueno onucanme MUHUMAIBLHON mOMyrpynns! Kitacca k. Ilokazano, uTo eciu mosy-
rpynnel P u P, B KOIpenCcTaBIeHNN WMEIT €OUHCTBEHHOE COKPAIIAIOIIee COOTHOIIIEHUE
XYU = XY u XYV = XY, coOTBETCTBEHHO, TO 3THU MOy Py T30MOP(HHI.

CHOUCOK JIUTEPATYPBI
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mpobIeMbl MaTEMATUKNA, MEXAHUKU U WX TPUIIOXKEHUN’ , MOCBsIeHHas 70-JeTUI0 CO MHSI POXKIEHUsI
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CynepKJIOHBI U KJIOHBI

H. A. TIEPSI3EB

AnreGpamueckuil OAXOM K U3yYeHUIO (HyHKIIMOHATBHBIX CUCTEM BIEpPBLIE OLLT MPEIIo-
wken A. M. Manbuesbiv [1]. Cpenu anre6p dyHKuuil HauboIIbIee PACIPOCTPAHEHNE MOy~
YU KJIOHBI — aJIre0phl OMepalnil 3aMKHY ThIe OTHOCUTEIHHO CYTIEPIO3UIINY U COMEPKAIIIIE
cenekTopHble oneparmu [2]. OnpeneneHHyo HuKe anrebpy HA30BEM CYNEPKIOHOM [3].

[IycTs B(A) — MHOXeCcTBO Bcex monMHOxecTB A, B ToMm uncie &. Orobpaxenne u3 A"
B B(A) HasbBaercst n-mMecTHON MysbTuonepanueit Ha A (Gymem momyckars ciydait n = 0).
s MHOXKeCTBa BCexX MyJbTHOnepanuil Ha A ncnonssyem o6osznauenne H 4.

Anrebpy R = (K;*,(,7,A, p,e, ) Ttuna (2,1,1,1,1,0,0), rne K C H 4, HA30BeM cy-
neprAonoMm HaIl A, rie omeparuy OmpenessoTCs CIeLyIOIIM 06pa30oM:

(fxg)(a1,...,an+tm—1) = {a| cymecrsyer ag € g(ay, ..., Gy,) TAKOM, ITO
a € flag, @maty- -y Qman—1)} mpur n > 1,
(fxg)(ar,...,am) = f, ecmu g(ay,...,amy) #0u
(fxg)(ar,...,am) =0, ecnu g(ay,...,a,) =0 opu n = 0;

(CF) (13- Gn) = [(@2, s my 1) mpuc > Lt (Cf) =  put 1 < 1
(Tf>(a17 A an) = f(a27a17a37 "'7an) opu n > lu (Tf> = f opu n < 1)
(Af)(ay,...,an-1) = fla1,a1,a2,...,;ap—1) mpr N > 1,
(Af)={ala€ f(a)} upun=1u (Af)= f upu n = 0;
(Nf)(ab ) an) = {CL|a1 € f(CL, az; ..., an)} npu n > 1

(nf) = f mpu n = 0;
e =e, rme ej(ay, az) = {a1 };
@ =o, roe o) = 9.

MorttHOCTE MHOXKECTBa A Ha3BIBAETCS PAH20M CYIEPKJIOHA.

B nmokname 6ymyT mpencTaBiieHBI pe3yJbTATHI 10 KUCCIEOOBAHUIO CYMEpPKIIOHOB. BBo-
OUTCs KJIaCC HpeHCTaBHeHI/Iﬁ MyanmonepauHﬁ CIIeIIIaJIBHBIMI (I)OpMaMI/I, Ha3BaHHBIMU CTAaH-
MapTHRIMEA (hopMaMu. Y CTAHOBJIEHO, YTO PEHIeTKa IMOICYIEPKIOHOB U PEIIeTKa MOIKIOHOB
OMHOT'O PaHTa SIBJISIOTCS aHTUU30MOphHBIME. [loyden kpuTepuit O MOPOXKMAIOIINX MHO-
JKeCTB HaMOOJIBIIIETO CYTIEPKIIOHA PAHTA 2 U YCTAHOBIIEHO, ITO JTI000€ TTIOPOKIAOIIIee MHOXKe-
CTBO TS DTOTO CYIEPKIIOHA COMEPXKUT Oa3nc, cocTosAmi ¢ He 6oitee yeM 4-X MyJIbTHOIIpe-
pamuit. JlokazaHo, 9YTO CYNEepKJIOH, MOPOXKIEHHBI BCEMU YHAPHBIMU MYJIbTHUOMIEPAIINSIMA,
SIBIISIETCS MAaKCUMAJITBHBIM CYTIEPKIOHOM.
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Teopema Tumna teopemsnl JleBeureinma — Ckosema — Tapckoro asis
reoMeTpUYeCKN SKBUBAJIEHTHBIX ajireGp

A. T. ITunyc

[louaTuitablll anmapaT IS ajldredOpandeckoll reOMeTPUN YHUBEPCAJIbHBIX ajaredp Ipo-
U3BOJILHBIX MHOroo6pasuii paspaboran B cepun pabor B. U. Ilmorkuna (cm., Kk mpumepy,
[1]). OnmHuM W3 UEHTPAIBHBIX MOHATHUIl DTOM TEOPUU SBJSETCS IOHITUE NeOMEeTPHYECKH
SKBUBAJICHTHBIX aJIreop.

B oToii cBsI3u mpencTaBiseT WHTEpeC CIEOVIONINN aHAJoOr TeopeMbl JleBenreiima —
Cxomema — Tapckoro.

Teopema. /lis mroboro muOroobpasus V ajrebp He 60see 4eM CUETHOH CHTHATYDHI,
JF060I HeomHOMeMeHTHOI V -amre6psr A u moboro xapmumana k > 280 cymecrByer V-
amrebpa MoOIIHOCTH k, reOMeTpUYeCKH SKBUBajeHTHas aireope A. Orpammuernume k > 280
30€CH CYIIIECTBEHHO.

COuCOK JIUTEPATYPBI
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CBo6GoHBIE YACTUYHO KOMMYTATUBHbIE HUJIBIIOTEHTHHIE MTOJIYT'PYIIILI C
myiaHapHbiMu rpadavu Kanon

II. B. ConoMATUH

I'padsr Kamm, npencrasinstornize coboit OMHOMePHbIE KOMILIEKCH Ko, nrpaioT BaxXHYIO
pOITb B KOMOWMHATOPHOW TeOopuu T'pynm. 1ak, HAIIPUMED, €CIU MTPEICTABIIEHUE TPYIITHI
IMeeT TJIAHAPHBIA KOMILIeKC K»aiam, To mpobiieMa paBEHCTBA CJIOB ATOTO IIPENCTAaBIIEHUS
paspemmmmva [1]. Bomee Toro, n3BecTHO OnmcaHNe KOHEUHBIX TPYIII, MOIYCKAIOIINX ILIOCKUE
rpader Komu [2]. Hamumume momoGHBIX CBOMCTB M BBI3LIBAET OCOOBLI MHTEpeC K Trpadam,
OTpaXkarluM CTPYKTYpy monyrpyni. B [3] u psamge npyrux paboT HaMu yxke M3ydasach
IJTAHAPHOCTH TpadoB Kamu [yt HEKOTOPBIX KIJIACCOB MOJTYTPYIIIL.

Hanmomunwm, uro ecnun nan rpad I' ¢ maoxkectBom Bepmua VI' = {ay, ..., a;}, 7O MOXKHO
OIPENENThL CBOOOMHYIO YACTUIHO KOMMYTATUBHYIO Oy Tpyy [4], kak momyrpymnmy S(T),
3a[IAHHYI0 MHOXKECTBOM { a1, ..., 4 } OGPA3YIOIINX SIIEMEHTOB U MHOXKECTBOM OIPEIEIISIOIINX

COOTHOIICHNH BUOA A;Q; = G;; IJIs TeX U TOJIBKO TeX @; U 4, KOTOPBIE COCIMHEHEl PeOPOM
B rpade I'. CBOGOMHON YACTUYHO KOMMYTATUBHON N-HUJIBIIOTEHTHON MOJIyTPYIIION, OMpe-
nensiemoit rpadom I', Mbl HasbBaeM daxrop-nonyrpymnmy Puca S(I')/S™; 6ynem o603HaYaThH
eé uepe3 S;'(I'), rmen >1ut > 1.

«IlepeBoM>» U3 MPOCTHIX UKJIIOB HA3BIBAEM CBSI3HBIN I'pad), 6710KaMu KOTOPOTO SIBIISIOTCS
MIPOCTHIE UKJTBI WJTH MOCTHI.

Teopema. Iloxyrpynna S}'(I') nonyckaer nnanapubii rpad Ksin, ecian u Toabko ecian
BBIIIOJIHEHO XOTs OBI OOHO U3 CIEAYIOIIUX YCIOBUIL:

1) I' — mycrori rpag;

2) cBsa3HBIME KoMIOHeHTaMmu rpada [\ saBisrorcs mapocodyeTaHus HIu H30JHPOBAHHBIE
BEPIINHEL, a N < D;

3) cBs3upIMU KOoMIOHeHTaMu rpaga [ aBisroTcs nenu uaum m301UpOBAHHBIE BEPILIIHEL,
an <4,

4) cBsasabIME KOoMImoHeHTaMu rpaga ' aBisiorcs ”mepeBbs” M3 MPOCTHIX MUKJIOB HJIN
HM30/IMPOBAHHBIE BEPIIUHEI, a N < 3;

5) I' — mroboii rpad, an < 2, qubo n > 2 ut < 2.
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KpauToBbil ny6/ib sHTMaHa cynepajre6psl JIu

B. A. CTyKOIIuH

PaccmarpuBaeTcst kBaHTOBBIN Ay6iib sHrnana cynepairebpet Jlu tuna A(n,n). B Ha-
CTOSIIIIee BPEMsI, BBUIY BO3MOXKHBIX IIPUJIOKEHMIT B KBAaHTOBOI Teopuu cynepctpyH (AdS/CET
runoTesa, cM., Hanpumep, [1]), crama akTyaabHOI 3amava BBIYUCIEHUS YHUBEPCAIBHON R-
MaTpuibl KBaHTOBOro ny6is DY (A(n,n)) saruana cynepanre6pst Jlu A(n,n). Ilpu srom
OCOGEHHO BaXKHBIM SIBIISIETCsI CiIydail ciaydait n = 4. B pa6ore [2] Gbu1 onmcan KBaHTOBBIMN
ny6ms DY (A(m,n)) n nomydena siBHass GOpMysia I YHUBEPCAIBHON R-MaTpUILI KBaH-
toBoro my6isst DY (A(m,n)). 3mecs MBI paccMarpuBaeM 3Ty (HOPMYILy B YACTHOM CIIydae
m = n. Huxe Mbl GyneM ucmnonb30BaTh 0603HAUEHNS U3 [3], B IPEINOIOKEHUE, YTO M = N.

Nmeet mecTo cremytormas

Teopema. Yuupepcanpras R-marpuna nybmns DY (A(n,n)) moxer 6bITH mpencra-
BJIeHa B cienyromien gaxTopu3oBaHHOn ¢opme: R = Ry RyR_, rne R, € Yj RY Ry €
Y0+ ®Y,,R_€ YT ® Y, m ompenenarorcsa cremyrommmu popMyIaMu

R: = [Tpez. exp(~(~1)Pa(B)es @ e_s),
R_ = [Tpez_ exp(—(~1)*@a(B)es @ e_g),

1y, -
Ro = ITos0exp 327 51 Dz ((0F () )k ® ja(T~2) (65 (v + (0 + 5)U(9)))—k—1
Ormerum, uTo 3Ta Gdopmysna Obula, O CyIIECTBY, UCIOIb30BaHa B pabore [5] mis
BBIYUCJICHUS S-MATPUILI HEJINHEIHON CATMa-MOMEIN B KBAHTOBOW TEOPUHU CYIEPCTPYH, a
Takxke B pabore [6].
Hanuaas pabora nonnepxkana rpanTom PODU, mpoekt 09-01-00671-a.
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Pa3peummocTs mpo6sieMbl paBEHCTBA CJIOB B CBOOOAHBIX ajIre6pax HEKOTOPBIX
MHOT000pa3uil JINHEMHBIX KBAa3UTPYIIIT

A. X. TABAPOB

Hok a1 MOCBSIIIIEH PEIIeHNIO AJITOPUTMUAIECKON TPOOIEMbI PABEHCTBA CJIOB B CBOOOMHBIX
anrebpax MHOrooOpasuit T-KBa3urpyI, MenuajbHBIX KBA3UTPYIII U SIBIISIETCS MTPOMOJIKE-
uueMm pabor [1,2]. Cormacuo B.Il.Benoycosy [3] kBasurpynmna (@, -), Ha3bIBaeTCs Aunetinotl
nad rpymnoit (Q,+), ecnu oHa mMeeT BuIm: xy = px + ¢+ Yy, roe ¢, € Aut(Q,+), ¢ -
dukcupoBaHHBIT d1eMeHT u3 (). T-KBa3urpynmer - 5T0 KBAa3UTPYIIILL, JIUHENHbIE HAL aberte-
BOIl rpymnmoii. KBasurpymnma Ha3eBATCS MeAUAAbHOTU, €CITU B HEW BBIMOIHIETCS TOXKIECTBO
xy - uwv = zu - yv. MenuanbHble KBa3UTPYIIIbI, TaKXKe JIMHEHHBI Ha abelleBON T'PYIIION,
npuyeM o) = 1 [3]. CyuecTByioT MHOr006pasus KBA3UIPYIII € PA3PEIIIMON IIPOGIIEMOIt
paBeHcTBa ¢10B. K HUM OTHOCATCs, B 9acTHOCTH, Bee R-muoroobpasus [4]. Bmecte ¢ Tem,
kak nokaszaii A.Ml.MasbieB, 9TO CyIIeCTBYIOT MHOIOOOpa3us KBA3UTPYIII C HEPA3PEIITNMOM
IpOGJIEMONT PABEHCTBA CIIOB B CBOOOMHBIX KBAa3UIDYIIAX [5].

Teopema 1. B mHOroobpasum Bcex T-kBasurpymi pasperinma OpobaeMa pPaBEHCTBa
CJTOB HJ1s CBOOOIHBIX ajreop.

[To amamorum ¢ mOKa3aTEILCTBOM TeOPEMBI 1 MOXKeT ObITH IOKA3aHa

Teopema 2. B mHOroobpasmum BcexX MenHaIbHBIX KBAa3UTDYII pa3periuMa MIpodiieMma
PpaBeHCTBa CJIOB OJII CBOOOOHBIX aJreop.

[Tpu moxazaTenbcTBE OCHOBHOW TEOPEMBI UCIIOIB3YIOTCSI METOMbI U U, pa3paboTaH-
Hele B pabore [4].
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O6 ymopsimo4YeHHbLIX JIyIIax

B. U. Yprcy

A6cTpakTHas myma L Ha3BIBAETCS YIOPSOOUYEHHON, €CITH MEXIY €€ DJIeMEHTAMU yCTa-
HOBJIEHO OTHOIIIEHNE IIOPSINKa, HOJUNHEHHOE OOBIYHBIM TPeOOBAHUSIM:

(i) mas mobBbIX 97€eMeHTOB a,b,c € L BEpHO OMHO W TOIBKO OLHO U3 COOTHOIIEHUIT
a<b,a=bb<a;
(ii) ecmm a < bu b < ¢, T0 a < ¢
(iii) ecmm a < b, To ac < bc u ca < cb.

[Ipu m3yueHUU CBOWCTB YMOPSMOYEHHBIX JIYI €CTECTBEHHO BCTAET BOIPOC: Kakue ab-
CTPAKTHBIE JIYIIBI MOXKHO YIOPSIOYNTL! DTOT BOIPOC PEIIAeTCs B 3TOI paboTe, rie cpemun
IIPOYEro yKa3aHbI Ha SI3bIKe aOCTPAKTHBIX TEOPUH JIYII HEOOXOOUMBIE U NOCTATOYHBIE YCIIO-
BUS OIS YIIOPSOOYNBAEMOCTU abCTPAKTHON JIynbl. PaccMaTpuBaroTCs TakxKe YIOPSIOUeH-
Hble IIpsMBIE IIPOU3BEICHUS U NOKA3bIBAETCs, YTO JIIOObIe IBa PA3JIOKEHUS YIOPSOOUYCHHOU
Jymbl 0018 0at0T W30MOPGHBIME YIIOTHEHUAMEI. OQTMEeTHM, YTO aHAJIOTUYHBIE PE3YIIbTATHI
11t abCTpakTHBIX TPy 6buin mokasansl A. V. Manbuessim B [1].
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O6 oTHOCUTEIILHO 3JIEMEHTAPHON OIIPpeNeJIMMOCTH KJjlacca runeprpados
B KJIacce BceX MOJIyTrpynn

E. B. XBOPOCTYXUHA

[Ton runeprpadom monmmaercs cucrtema Buma H = (X, L), rne X — nemycroe MHO-
XKecTBO 1 L — ceMellCTBO IPOM3BOJILHBIX IOAMHOXKECTB X. OJIEMEHTBI MHOXKECTBa X
Ha3BbIBAIOTCSI BEPIIMHAMEI U DJIEMEHTHI MHOXeCcTBa [ Ha3bIBaroTCs pebpamu rureprpada.
luneprpad H = (X, L) naseiBaercs 5hGEKTUBHBIM, eCin JI06asi ero BepIlnHa IPUHALIIIe-
JKUT HEKOTOpoMy ero pebpy. s marypanmbHOro umcia p runeprpad H Oynem Ha3bIBATH
runeprpadoM ¢ p-onpeneaInMbIMEI pebpaMu, eciau B KaxXIoM pebpe 3Toro rumneprpada Hai-
IeTcs 1o KpalHen Mepe p + 1 BepmmHa U, ¢ APYTOll CTOPOHBI, JTIOOBIE P BEPIIINH 3TOTO T'U-
neprpada IpuHaIIeKaT He 6ojiee, ueM omHOMY ero pebpy. Hampumep, mpoek TUBHBIE TIJIOC-
KocTu u addUHHBIE TIIIOCKOCTH C YUCIOM TOUYEK 0ojIee deThIPeX SIBIISIOTCS 3DPeK TUBHBIMUI
runeprpadbaMu ¢ 2-omnpeneauMbiMu pebpamu. Dumomopdusmom runeprpadha H = (X, L)
HA3BIBAETCSI Takoe mpeobpasoBanue ¢ MHoxectsa X, uro (VI € L)(3' € L)(e(l) C I).

C momorsio [1] mokasaHa OTHOCHTEIBLHO dIEMEHTapHAs ONPENeIMMOCTD Kitacca shdex-
TUBHBIX TUNEPrpadoB C pP-ONpeneTuMbIMu pebpaMu B KJIaCcCe MOy PYIIIL.

Teopema. CymectBytor takue popmyisr C(x), L(z), Eqv(z;y), Ins(z;y) curma-
TYPBI SI3bIKa SJIEMEHTApHON Teopuu moiayrpymn Ls (3mech m mamee T = (x1,...,%p), § =
(Y1, p), U= (Y., y;) ), uT0 10601 5(eK TUBHBIN rumeprpag ¢ p-OnpeneTnMbIMI
pebpamu H = (X, L) u ero momyrpymnmna sanomoppusmos S = EndH ynosmerBopsior cire-
IYIOIIAM YCJIOBUSAM:

1) mmoxecrsa X = {x € S:C(z)} mw L={x € SP:L(%)} me mycrsr;

2) ¢opmyna Eqv(Z; ) 3amaeT oTHOIeHUe sKBUBaIeHTHOCTHE Bqv Ha L;

3) ¢opmyma Ins(x;y) 3amaeT Takoe GEHApHOE OTHOIICHWE INS MEXITy 37I€MEHTAMI
muoxects X u L, uto (z,z) € Ins A 2 =g(Eqv) = (,7) € Ins;

4) runeprpagp H = (X, L, €) n3somopher nByXCOPTHON aarebpamdeckort cucreme H =
(X, L/Eqv, [i ) ¢ 6urapaem oTHOmernmem i C X X L /Eqv, koropoe mngsx € X, Y € L/Eqv
onmpenemnsercs mo ¢gopmyne: (x,Y) € <= (x,Z) € Ins, npw m06bIx T € Y;

5) mst mrobort opmyser W osseika L addexTuBHO cTpouTcs Takas GopMyia U g3bIKA

Ls, uro ¥ B TOM I TOJBKO TOM CJydae HCTHHHA Ha rumeprpage H, ecam ¢opmymra VU
HCTHHHA Ha NOoIyrpyimne senomMopgusmos End H, t.e. BommomHsercs ycinosue: H =V <—
EndH = V.
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O BioxeHuu rpagos B 1'S-KkBa3urpynnbl

JI. B. ITABYHVH

I'pynmoun (Q,-) maseBaercs 1'S-kBasurpymnmnoil (TOTAIbHO CHMMETPHIECKON KBa3u-
rpymnmnoi), eciu B (), -) BBIIOIHSIIOTCS TOXIECTBA

xy =y,  x(zy) =y.

[Iycte Ky — kmacc Bcex KOHeUHBIX rpadoB, K1 — KIacc BceX KOHEUHO ONpPENeIeHHBIX TO-
TaJIBHO CUMMETPUIECKUX KBa3UT Py, V — MHOroobpa3ue BceX TOTATHLHO CUMMETPUIECKIX
KBa3UT'PYIIIL,

Teopema. Kiacc Ky oTHOCHTE/IRHO d/IEMEHTApPHO ompeneuM B Kiaacce K.

Canencrsue 1. Osemenrapras teopus Th(K7) kmacca K, HaciencTBeHHO Hepaspe-
IIIIMA.

CunencrBue 2. Dinemenrapuas teopus Th(V') muHOroobpasus V HaciaemcTBeHHO Hepas-
permMa.
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O6 snurpynmnax, penieToYHo n30MopdHLIX BIOJIHE 0-TPOCTHIM HOJIYyTPyHnIaM

JI. H. IIEBPUH

N3yuenme pa3zHOOOpA3’HBIX CBs3ell MeXIy IMOJIYTPYHIaMU U pPelleTKaMHU WX IOMIIOIY-
TPYII BemeTcst yKe 6ostee moimyBeka. OCHOBHBIE MOCTUXKEHUS B 9TON OOJIACTH 110 CEPeIMHbI
1990-x romos oTpaxenbl B MoHOrpaduu [1]. Ilomyrpynmnbl HEKOTOPBIX BAXKHBIX THUIIOB Ha-
neJjieHbl NOIOTHUTEILHON YHApPHON OIlepallell, WX HA3BIBAIOT YHAPHBIMU MOJIYTDPYHIHaMMU.
TakoBbI, B 9aCTHOCTH, UHBEPCHBIE TOJIYT'PYIIIBI C OMEpAIleil B3ITUs MHBEPCHOTO JIEMEHTA
U SIUCPYIIEL ¢ OMepanueil B3sITUs ICeBIOOOPATHOrO sieMeHTa (00a YKa3aHHBIX THUIIA Pac-
IIUPSIIOT CBOWMCTBO MOJYTPYIIBl ObITH Trpymnmoit). Mmes paccMaTpuBaTh SHUTPYIIIBL KAK
YHapHBIE MOIYTPYIIIBL OblIa ONpenessolieil ais paboTsl [2]; cM. Takke 0630PHYI0 CTATHIO
[3].

s yHAPHOW MOIYyTPYHIBI HAPSOY C PEIIeTKON MONIOIYI'PYII €CTEeCTBEHHO pacCMa-
TPUBATH PEIIETKY €€ MONCUCTEM, T. €. MOMMIOIYTIPYIIl, 3aMKHYTHIX OTHOCUTEIBHO TaHHON
yHapHOI ontepannu. [IpuMeHUTENTHHO K MHBEPCHBIM MOJIYT'PYIIIIaM COOTBETCTBYIOIIINE UCCITe-
nosanus BenyTcs ¢ 1960-X TOmOB, OHM MOCTATOYHO MOITHO OoTpazkeHs! B [1]. Ilpumenurensao
XKe K SHUCPYIIaM TakKue UCCIeIOBAHUS HAYAJIUCH JINIIb HemaBHO paboroit [4]. O630p mep-
BBIX TIPOIBUKEHUI B DTOM HAIPABJIEHUN NaH B CTaThe [5|; K yHOMUHAEMBIM TaMm OCHOB-
HBIM pesyibraram u3 [4] mobGaBieHbl HEKOTOPBIE COBCEM HENABHUE PE3yJIbTAThl aBTOPA, a
TaKXe HECKOIbKIX KUTANCKUX MaTeMaTuKOB. [IpmBomuMbIN HIKe pe3ysibTaT U pe3yibTaT
A. 4. OcsaaaukoBa, COOOIIAEMBI B HACTOSIIEM COOPHUKE, MPEICTABIISIOT IaJlbHENIIne
raru B o0CyXKIaeMOM HaIlpaBJIEHUN.

HamomuuMm, uTo nBe anrebpamdeckue CUCTEMBI C M30MOPGHBIMI PEIIeTKAMUI TONCUCTEM
HA3BIBAIOTCS PeWemouno u3omopdnvimu. Bromuae 0-mpocTble MOTYTPYIIEI MPEICTABISIOT
cobOM OoMH U3 BaKHEUIuX TUnoB smurpynm. Cremyroias TeopeMa maeT OTBET Ha ecTe-
CTBEHHBIN BOIIPOC O PEHIETOYHO M30MOPGHBIX 00pa3ax TaKWX SIUTPYIII.

Teopema. FEcau Brmosaae (-mpoctass mogayrpymnma S obamaeT AeIdTeIIMU HYJISI, TO
JIF06ast pereToYHo n3oMopHas S snurpynmna cama 6ymer BrosHe (0-mpocTort; ecyi xe S 6e3
nmenuTesIell HyJid, TO (Kak HeTPYOHO yOenuThCS) 5TO He 0013aTeIbHO TaK.
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Anreb6pamueckas xapakTepu3anus MHOIoo6pa3muil YaCTUYHBIX ajirebp

M. C. IIEPEMET

N3BecTHO, uTO QopMaIbHOE PABEHCTBO TEPMOB MMeET HEOOHO3HAUHYK) HHTEPIIpeTa-
[0, €CJI B KAYeCTBE MOIENBHBIX OOBEKTOB PACCMATPUBAIOTCS alreOpbl ¢ YaCTUIHBIMUI
onepanusaMu. B HacTosiee BpeMs B uTepaType (CM., HampuMep, [3]) 3akpenuincs deTsipe
BapHaHTa: CUJIBHOE PaBEHCTBO, paBeHCTBO Kimam, paBeHCTBO OBaHCa U ci1aboe PaBEHCTBO
(cusibHOE PAaBEHCTBO B [3| HA3BIBAETCSI HK3UCTEHINATIBHBIM ).

EcTecTBenHo, BO3HUKAET BOIPOC, KAK MOXKHO OXapaKTEePU30BATH KJIACCHI UYACTUIHBIX
anrebp, KOTOPBIE MOYXKHO 33aTh TOXKIECTBAMU OTHOCUTEIILHO TOT'O WJIM WHOT'O TMOHSTUS Pa-
BeHCTBa. 71 CHIIBHOrO paBeHCTBa Takas XapakTepusaius Obuta naxa B [3]. Pesymbrar
okaszajics BrosHe aHasiornden HSP-teopeme Bupkroda. Iis ciraboro paBeHcTBa XapakTe-
pusanust MEHOr0o6pasuit mosmyuena B [1]. Il pasencrsa Kimau ogun 9acTHBI CTydai GbLT
paccMoTpeH B [2].

MpeI BBOOUM HOBBIH ormmepaTop, obo3HaunM ero R, meiicTBre KOTOpPOro, B O0MINX UepTax,
crenyiotee. Ilycrs A, B;(i € I) — uwactuunsie anre6pol. Torma A € R(B; | i € I), ecniu A
MOXKeT OBITH IOJIyU€HA KaK OIMUCAHO HIXKE.

[Iycts B — MHOXeCTBO BCeX HEIMyCTBIX YACTUUHBIX QyHKIWMR b : [ — Uie ; Bi Taknx,
aro b(i) € B;, ecau b(i) oupemenmeno. Ilycres B — wactumunas anrebpa Ha MHOXECTBE
B, B xoTopoit Ha 1T060M HaOOpEe apryMEHTOB OCHOBHBIE OIEPAINU MOKOOPIWHATHO IJIs
BCEX KOODIWHAT, TAe 5TO BO3MOXHO. llycTh ¢ — OGuHapHOE OTHOIIIEHHE Ha B, cocTosiiee
u3 Bcex map (a,b) takux, uro a(i) = b(i), ecnmu a(i) u b(i) ounpemenmensl. PaccmoTpum
npousBosibHOe X C B Takoe, 4ToO ¢-s mpoekius X coBmamaeT ¢ B; nis Bcex ¢ € I. Ucnomb3ys
€, MBI 3aMbIKaeM X [0 HEKOTOPOro MHOXKecTBa X °, MHOyHIUpYyeM Ha HEM C MOMOIIbo B
JacTUIHY0 anrebpy X°, u dakTopuzyeMm X° 1Mo TPaH3UTUBHOMY 3aMBIKAHUIO OTHOIIICHIS
e | X¢, momyuas A.

Mgt nokaseiBaeM, 9To ciaabble MHOroobpasus — 5T1o B Tounoctu kinaccel Buna H. RS, (K),
rne K — nHexoTopsril kitacc yacTuuHbix anrebp, a H, u S,, — omeparops! B3siTHs c1abbix
monaaredbp u 3aMKHYTBHIX TOMOMOPMHBIX 00Pa30B, COOTBETCTBEHHO. JTO YTOUHSIET Pe3yIib-
rar u3 [1]. Kpome Toro, Mbl mokasbeiBaeM, 9TO U B CIIydae PABEHCTBA DJBAHCA WU PABEHCTBA
Knuau coorBeTcTByOIIIIE MHOTO0OPA3Us UMEIOT AHAJIOTMIHYIO XapaKTePU3alnio.
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Koneuno 6a3upyemMoe MHOroo6pasme 4acTUYHLIX ajire6p, B KOTOpPOM
roMoMop®hu3MbI 13 KOHEYHBIX ajire6p He BBIYUCIINMBbI

M. C. IIIEPEMET

PesynbraTer 0 xapakTepusamuu KJIacCOB MOMIPSIMO HEPA3TOKUMBIX ajarebp sSBIISIOTCS
KPACUBBIM U KJIACCUYIECKNM (PPArMEHTOM TEOPUU MHOr00Opasmil MOHBIX aJirebp, MO3TOMY
€CTECTBEHHO MCKATh BO3MOXKHOCTBH OOOOIIECHNS STUX Pe3yJIbTATOB Ha YACTUYHBIN CIIydail.

B pa6ore [1] II. Bypmaiicrep 060CHOBAT pACCMOTPEHUE B CIIyUYae YaCTUYHBIX ajirebp Ta-
KOT'O BapUaHTa MOANpPAMBIX pasnoxennit A — [[,.; B;, rne or npoekrmit A — B; TpeGyercs
HE CIOPBEKTUBHOCTB, a JIUAIIL SITUMOP(PHOCTD, T. €. YTOOBI 00pa3bl A OB TOPOXK TAIOIITIIMEI
MHOXKECTBAMU [IJIsI COMHOKUTEIEN.

B [2] MBI ycTaHOBMIIN, YTO B OTHOIIEHNN aIreGpaNIecKuX CBOWCTB KIIACCa HEPA3IIOKIU-
MBIX aJIre0p yCJIOBUE SMUMOPGOHOCTY MPOEKINN SBIISIETCST “XOPOInM” , a yCIIOBUE CIOPHEK-
tuBHOCTH — “mmoxum”. C OPYroil CTOPOHBI, HETPYIHO BUIETH, UTO MJIS JTIOO0I0 KOHETHO
6asupyemoro MuOroobpasus dactuunbix aiarebp K paspermmva cremyromtas 3amada: — 0ad
cropvexmuenoz2o 2omomoppuszma A — B, 2de A € K, sviacnums, eepro au, umo B € K;
P 5TOM Pa3pelIMMOCTh AHAJIOTUYHON 3amaun ajs sumMmopdusmos A — B, rme A € K,
BOOOIIIE TOBOPSI, HUOTKYIA HE CIIEdyeT.

W, meiticTBUTENBEHO, MBI YKa3blBaeM MHOTroOOpasme JacTUUYHBIX ajarebp V, 3amaBaemoe
KOHEUHBIM YUCJIOM TOXKIIECTB OTHOCUTEIBHO paBeHCTBa KyumHU, B KOTOPOM MOMOGHAs IPO-
67eMa HepaspelinMma; a UMEHHO, MbI IpeabsBisieM ceMeincTBo A, € V (n € w) u s1eMeHTs
fn = fA(a), g» = g*(a), hy, = h*"(a) (koTOpBIE BCerma ONpemeNeHbl U He 3ABUCAT OT
BbIGOpa a € A) CO CHAemyIOIIMM CBONCTBOM: HE CYW,ECMBYEM AA20PUMMA, TLO360ATIOULE20
no abomy n € w nposepumsv, cyuecmseyem au 8 V. 2omomoppusm ¢ : A — B marot, wmo
@(fn) = ¢(gn) # o(hn).

Takum 06pa3oM, pasIudHble BApUAHTHI OO0OIIEHUs TIOHATHUS TOAMPSIMOTO PA3JIOKEHIIST
Ha CJIyYall YaCTUIHBIX aredp HACIEMYIOT JINIIh CBOU PA3INYHbIE YACTH “XOPOIIUX~ CBOWCTB
9TOrO MOHATHUSI, UMEIOIINXCS IS TTOJTHBIX ajarebp; B YaCTHOCTH, CDABHEHUE STUX BAPUAHTOB
MexKy coOOU SABJIseTCs B OOIIEeM CiIydae HEBO3MOXKHBIM.
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Semisimple Hopf algebras

V. A. ARTAMONOV

Let H be a finite dimensional semisimple Hopf algebra over an algebraically closed field
k. It is assumed that char k is coprime with the dimension of H. We shall assume that in
each dimension d > 1 there exist at most irreducible H-modules of dimension d.

Under these assumptions it is an explicit form of the counit and the antipode in H.

Suppose that there exists only one irreducible H-module of dimension > 1 and its
dimension is equal to n. The order of the group G of group-like elements of the dual Hopf
algebra H* is a divisor of n? [1]. If the order of G is equal to n? then G is an Abelian
group which is a direct product G = A x A of two copiers of an Abelian group A. In this
case there is given a classification of H up to an isomorphism in terms of faithful projective
irreducible representations of G of degree n [2]. If n > 2 then H is not self-dual [2].

Research is partially supported by grants RFFI 09-01-00059.
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CSPs of bounded width and checking for the affine type

A. BuLaTOV

Bounded width is an important property of Constraint Satisfaction Problems (CSPs)
that has been intensively studied for a number of years. The bounded width conjecture,
recently confirmed by Barto and Kozik, states that the CSP parametrized by a relational
structure A is of bounded width if and only if the corresponding algebra Alg(A) (provided
it is idempotent) generates a variety omitting the unary and affine types. In this talk we
consider the complexity of the problem: Given a relational structure A, decide if algebra
Alg(A) generates a variety omitting the unary and affine types. It is known that if we are
given the algebra Alg(A) itself, and if it is idempotent, then the problem can be solved in
polynomial time. However, when input is just a relational structure, the problem is not
known to be in NP or coNP. We show that if there is a uniform polynomial time algorithm
solving problems of bounded width then omitting the unary and affine types can be checked
in polynomial time. A stronger version of the bounded width conjecture, would provide
such an algorithm.
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Equational theory of nilpotent A-loops

A. V. CovaLscHl, V. I. URsu
Algebra L = (L,-, /,\) of (2,2,2) type, where identities

(@-y)/y=y\y-2)=y-(y\z) = (z/y) -y =z,x/x=y\y
hold true is called a loop. The internal substitutions Ly, = LyLy L, L R,y =R R R L
T, = R.L;*! of loop L are defined as follows:

Ly = LxLyLy_,}c, Ry, = RnyR;}U, T, =R,L;",

where z -y =yL, =zL, (v,y € L).

Loop L is called an A-loop is all its internal substitutions are automorphisms [1].

In [2] it is proved that the identities of nilpotent Moufang loops have a finite basis. This
paper extends this result to cover also the nilpotent A-loops.

Lemma 1. A nilpotent and finitely generated A-loop satisfies the maximality condition.
Corollary 2. A nilpotent and finitely generated A-loop is finitely represented.
Lemma 3. A nilpotent and finitely generated A-loop is residually finite.

Theorem 4. The equational theory of a nilpotent A-loop have a finite basis.

Corollary 5. The quasiequational and equational theories of any variety of nilpotent
A-loops are resoluble.
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Bounded Boolean products of pseudo MV-algebras

A. DVURECENSKI1J, M. HYCKO

Algebraic contruction of Boolean powers and bounded Boolean powers were investigated
for orthomodular posets by Pték ([5]), for orthoalgebras by Foulis and Pték ([4]) and for
difference posets by Dvurecenskij and Pulmannova ([1]). We extend definition of bounded
Boolean power for pseudo MV-algebras. We show that bounded Boolean power of a finite
Boolean algebra and a pseudo MV-algebras is isomorphic to their free product. There is
a topological construction of bounded Boolean powers for arbitrary universal algebras ([2],
[3]). We show that the algebraic construction is dual to the topological one.
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Ternary polynomials of idempotent algebras

YU. M. MOVSISYAN, J. PASHAZADEH

Let U = (U; F) be an algebra, i.e. a nonempty set U of elements and a class F of
fundamental operations consisted of U-valued functions of several variables running over U.
We called the n-ary operations

e,gn)(xl,xg,...,mn) = (k=1,2,...,n, n=1,2,...)

trivial and considered the class of all polynomial operations of algebra U = (U; F), i.e.
the smallest class of operations on the set U containing trivial operations and closed under
the composition with fundamental operations of algebra. The algebra is idempotent iff
the identity f(x,z,...,x) = x holds for every its polynomial operation f. K. Urbanik
characterized the set of all binary polynomials of an idempotent algebra.

A similar problem on characterization of ternary polynomials of an idempotent algebra
remains open.

Theorem. Suppose that an idempotent algebra has at least one binary and one ternary
polynomial operation depending on every variable, and there exists an integer r > 3 such
that there is not any r-ary polynomial operation depending on every variable . Then the
set of its ternary polynomials form a finite DeMorgan algebra with a fixed element.

We characterized these DeMorgan algebras.
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On congruence lattices of semigroups

A. L. PoprovicH, V. B. REPNITSKII

Recall that an element a of a complete lattice L is called compact if, for any set X C L
with a < '\/ X, there exists a finite subset X’ C X such that a < \/ X’. A complete lattice is
called algebraic if every its element is the join of some compact elements. The well-known
result of G. Gratzer and E. T. Schmidt [1] states that every algebraic lattice is represented
as the congruence lattice of an algebra. At the same time, this is not true if we require
finiteness of similarity type of the corresponding algebra (see [2]). The main theorem of
[3] states that if unit of an algebraic lattice L is compact, then L is represented as the
congruence lattice of some groupoid. The following problem is open: is every distributive
algebraic lattice isomorphic to the congruence lattice of a groupoid and, moreover, of a
semigroup? We proved the following theorem.

Theorem. Every distributive algebraic lattice whose compact elements form a lattice
with unit is isomorphic to the congruence lattice of a suitable semigroup.
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Type decompositions of an effect algebra

S. PULMANNOVA

The paper is based on the joint work with D. Foulis [7, 8|. Effect algebras (EAs) [5], play
a significant role in quantum logic, are featured in the theory of partially ordered abelian
groups, and generalize the classes of orthoalgebras, MV-algebras, orthomodular posets,
orthomodular lattices, modular ortholattices, and boolean algebras. We study centrally
orthocomplete effect algebras (COEAs), i. e., EAs satisfying the condition that every family
of elements that is dominated by an orthogonal family of central elements has a supremum.
For COEAs, we introduce a general notion of decomposition into types, prove that a COEA
factors uniquely as a direct sum of types I, II, and III; and obtain a generalization for
COEAs of Ramsay’s fourfold decomposition of a complete orthomodular lattice. The main
tool are type-determining sets (TD): a subset K of a COEA is TD iff (i) K is closed under
the suprema of arbitray subfamilies of centrally orthogonal elements; (ii) intersections of
elements of K with central elements belong to K. Using TD sets, it is possible to decompose
a COEA into direct summands belonging to any of the above mentioned subclasses.
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Special elements in the lattice of overcommutative semigroup varieties
revisited

V. YUu. SHAPRYNSKII, B. M. VERNIKOV

A semigroup variety is called overcommutative if it contains the variety of all commu-
tative semigroups. The lattice of all overcommutative varieties is denoted by OC. It was
verified in [1] that, for an overcommutative semigroup variety V), the following are equiva-
lent: (i) V is a distributive element of OC; (ii) V is a codistributive element of OC; (iii) V is
a standard element of OC; (iv) V is a costandard element of OC; (v) V is a neutral element
of OC. Besides that, a description of overcommutative varieties with the properties (i)—(v)
was proposed in [1]. In actual fact, the claim that (i)—(v) are equivalent is true but the
description given in [1] is false. Here we formulate a correct description.

Let m and n be positive integers with 2 < m < n. A sequence of positive integers

m
(1,0a,...,0y) is called a partition of n into m parts if > 0; =n and €1 > ly > -+ > L.
i=1
The set of all partitions of n into m parts is denoted by A,, ,,. Let A\ = (¢1,¢2,...,4y,) €
Ay . We define numbers ¢(\), 7(\) and s(A\) by the following way: ¢(A) is the number
of £;’s with ¢; = 1; r(A\) = n — ¢q(\) (in other words, r(\) is the sum of all ¢;’s with
C; > 1); s(A) = max{r(\) — ¢(\) — 4,0}, where § = 0 whenever n = 3, m = 2 and
A = (2,1), and § = 1 otherwise. If k is a non-negative integer then A*) stands for the
following partition of n + k into m + k parts: A*) = (¢, 65, ..., 4, 1,...,1) (in particular,
——

k times
MO = N\). If u = (my,ma,...,ms) € A, s then W, , is the set of all words u with the
following properties: the length of u equals r, u depends on variables z1,xs,...,xs, and
the number of occurrences of x; in u equals m; for all ¢+ = 1,2,...,s. For a partition
A= (l1,la,....0n) € Ay, we denote by Sy the semigroup variety given by all identities
of the form u = v such that u,v € W, ; ., .; \@ for some 0 <i < s(A).

Theorem. An overcommutative semigroup variety ¥V has an arbitrary of the (equiva-
lent) properties (i)—(v) if and only if either VV coincides with the variety of all semigroups or

k
V = A Sy, for some set of partitions {\1, Ao, ..., A}
=1

1=
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New compactification for moduli of stable vector bundles, as a moduli scheme

N. V. TIMOFEEVA

The moduli of Gieseker-stable vector bundles on a projective algebraic surface can be
compactified if we prohibit degeneration of vector bundles into torsion-free coherent sheaves
but allow the surface to degenerate [1, 2, 3]. The notion of (semi)stability for pairs ((S, L), E)
where ((S L) is appropriate polarized projective algebraic scheme and E is vector bundle
on S and functor of moduli for (semi)stable pairs ((S,L), E), will be constructed. We
prove that this functor has a coarse moduli space with connected component to be reduced
projective algebraic scheme M. The new moduli scheme M is not bigger (in birational
sense) then the classical Gieseker — Maruyama moduli scheme.
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Congruences and ideals in pseudo-effect algebras as total algebras

E. VINCEKOVA, S. PULMANNOVA

We study congruences and ideals in pseudo-effect algebras and their counterparts in the
total algebras that arise from the pseudo-effect algebras ([2]). This work is a continuation
of the previous observations and results obtained for effect algebras and their total algebra
versions ([1]), called basic algebras, that we have published recently ([3]).

It is shown that every congruence of the total algebra induces a Riesz congruence in the
corresponding pseudo-effect algebra. Conversely, to every normal Riesz ideal in a pseudo-
effect algebra there is a total algebra, in which the given ideal induces a congruence of
the total algebra. Ideals of total algebras corresponding to lattice ordered pseudo-effect
algebras are characterized, and it is shown that they coincide with normal Riesz ideals in
the pseudo-effect algebras.
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Dimonoids with a commutative operation

A. V. ZHUCHOK

Jean-Louis Loday [1] introduced the notion of a dimonoid. This notion is a standard
tool in the theory of Leibniz algebras. Recall that a set D equipped with two associative
operations < and > satisfying the following axioms:

(r<y)<z=zx<(@y=2), (@-y)<z=zx=Wy=<2), (@<y =z=z>(y>=z)

for all x,y,2z € D is called a dimonoid. If the operations of a dimonoid coincide, then it
becomes a semigroup.

We call a dimonoid (D, <, >) separative (commutative) if both semigroups (D, <) and
(D, >) are separative (commutative). If p is a congruence on the dimonoid (D, <, >) such
that (D, = >-)/,0 is a separative dimonoid, then we say that p is a separative congruence.

Let (D, <, >=) be a dimonoid, a € D, n € N. Denote by a™ the degree n of an element
a concerning the operation <. Define a relation o on the dimonoid (D, <, >) with a
commutative operation < by: acb if and only if there exists positive integer n, n # 1, such
that a < " = b"t1;b < a” = a1,

Theorem. The relation o on the dimonoid (D, <, ) with a commutative operation
< is the least separative congruence and (D, <, >'>/U is a commutative dimonoid.

This result is a generalization of a theorem by Hewitt and Zuckerman [2] about the
description of the least separative congruence on a commutative semigroup.

In addition, we characterize the least separative congruence on a free commutative
dimonoid.
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O knaccudukarum Teopuin 6€3 CBOMCTBA HE3aBUCUMOCTHU

B. B. BEPBOBCKUN

O6Go3uauenne. Ilycts s — wacTuunbiit n-tun, A — MHOX)eCTBO, A — COBOKYIHOCTH
dhopMyT OT N cBOOOOHBIX ITEPEMEHHBIX, HE cUnTas mapaMeTpoB. Torma

SRs(A) = {pe SR(A): pUs is consistent}.

Ecmn A = L, 6ymeMm omyckaTb 5TOT HMHIEKC U IHCATh IpocTo S.. 3aMeTuMm, 4TO S He
obs3aTenbHo TUN Ham A.

Onpenenenne. Ilycte M — mekoropas crpykrypa, A C M. Ilycts A u V —
COBOKYTHOCTHU (GOPMYJII OT 1 TEPEMEHHBIX.

(1) Crpyxrypa M cmabuibra ¢ mounocmuvio do A B (A, V), ecim must mo6oro A C M,
takoro 4To |A| < A\, u mis mo6oro A-tuna p Han M cyiecTByeT camoe GOIbIIee
A V-Tumos Ham A, KOTOpbIE COBMECTHEI C P, TO ecTb |Sg, ,(A)] < A.

(2) Teopus T' cmabuavna ¢ mounocmvio do A B (A, V), eciim Bce ee MOIEIN TAKOBEL.
Nuorma 6ymem nucats, aro 1" (A, V)-cTabunbHa ¢ TOIHOCTHIO 10 A.

(3) Ecmn V = L, To omyckaeM 5TOT 3HaK u mumineM, 9To 1 cTabuiabHa B \ WX -
cTabuibHa C TOYHOCTBIO HO A.

(4) T emabuavna ¢ mounocmyvio do A, eciu cymiecTByeT A\, B KoTopoM 1’ cTabmiIbHA ¢
TogrOCTHIO 10 A. Ilumrem, aro T' cmabuavha ¢ mounocmpio do @, TOAPa3yMeBas,
uro T crabunbHa ¢ TounocThio 10 A = {p}.

(5) T cynepcmabuavrna ¢ mounocmuio do A, eciau cymecTByeT A, Takoir uro 1’ cra-
OuIbHA C TOYHOCTBIO HO A BO BCEX 1 > A.

OueBunuo, ecu T A-ctabuibHa ¢ TOUHOCTBIO 00 A u (A, A)-crabuibHa, TO OHA A-
o A
crabmnbra. Ecmum A cocrour u3 omuoit dopmyisl p(x;y) = (x = y), TO cTabUIBLHOCTD C
TOYHOCTBIO M0 A SKBUBAJIEHTHA CTAOUILHOCTIH.

Teopema 1. Teopus I’ He obamaeT CBONCTBOM HE3aABUCUMOCTH TOTIa U TOJIBKO TOTA,
KOrJa OHa CTAabUIbHA C TOYHOCTBHIO OO HEKOTOpOoro A, mpuyeM Bce ¢GopMybl m3 A He
00/1a0a10T CBOIICTBOM HE3aBUCHUMOCTH.

dopmyna p(T; y) obnamaeT ceoticmeom nopadka enympu muna p(Z), eCiau CyIIeCTBYIOT
nocenoBaTenbHOCTH (d; : 1 < w) u (b; : i < W), Takwme 4TO BCE G; = p W bopmya (a;, b;)
UCTUHHA TOTIA W TOJILKO Torma, Korma i < j. Pdopmymna ¢(z;y) obmamaer ceoticmeom
nopadka 6 nuky A, ecnu cyiecTByeT Takas Momenb M u takoit tun p € Sa(M), uro

©(z;y) obmamaeT CBOMCTBOM HOPsIIKa BHyTpu Tuma p(x).

Teopema 2. Teopus I' crabuibHa ¢ TOYHOCTBHIO OO HEKOTOPOro A TOrma m TOJIBKO
TOornga, KOrga OHa He UMEeET (GOpPMYJIbI, OOJIANAOIEel CBOUCTBOM TOPAAKa B MUKY A.

CnencrBue. 3aBucumas Teopus 1 crabuiibHa ¢ TOYHOCTBIO 4O HEKOTOpPOro A rorma u
TOJIBKO TOrda, KOrZa OHa He mMeeT (GopMyJIbl, 0OIamarolell CBOIICTBOM CTPOI'OrO HMOPSAKA
B Ky A.

HMuemumym npobaem ungopmamury v ynpasaenud, Aamamoy
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I[ByKap,Z[I/IHaJ'IBHbIe TeopeMbl OJIsA CEeMelCTB TUIIOB TEeopun C KOMIIaKTHBIMHA
k‘-OTI[eJ'II/IMI:IMI/I MOO€eJIAsMHN I HAJINYNEM CTabMJILHLIX TUIIOB

A. A. BUKEHTHEB

Hokmam TOCBSIIEH TepeHOocy M OOOOIIEHUI0 MBYKAPAWHAIBHBIX TEOpeM, HOKA3aHHBIX
paHee B CTaOUIILHOM CJIyYae UK C YCIOBUSMEI CTAOMITBHOCTY U IPUBEAEHHBIX B IUCCEPTAIIII
aBTOpa

«Teopun ¢ mokperTueM u GopmyabHable ogMHOXKecTBa», UM CO PAH, Hoocubupck,
1992 r. st cemeiticTB hopMyII, TeOpeM cTaThbl B cOopHUKe, nocBsiienHoMy 90-getuio A. I1.
TaitmanoBa (A two cardinal therems for sets of types in stable theory, Kasaxcram, Amva—
Ara, 2007, c. 67-69), koTopsie Gbutn mosoxkensl B Kasaxcrane u 3arem HoBocubupcke —
Ha exeronueix Mambresckux Yrenusx B 2006 r., Ha citydail 60raTeix (IByKapIUHAIBHBIX )
CEeMENCTB HEMOJHBIX (CTabUIBHBIX) TUMOB C MapaMeTPaMU IJIsl TEOPUN ¢ A-KOMIAKTHBIMIE
MOMIEJISIMU U CBONCTBOM k-OTIOETMMOCTU HOBBIX 3JIEMEHTOB, PEAU3YIONINX TUMBI HOraToro
ceMeficTBa, OT CTApbIX (SIIEMEHTOB B MEHBIIEH MOMENN) Hall MAaJIBIME IIOIMHOXKECTBAMUM
HAJIMUIS Peain3anuil B 60sblieil (B 60raToil mape) MOIEN BIIOJIHE ONPENeINMBIX (CTabuiIb-
HBIX ) THIIOB.

B crabunmpHOM Citydae BCe 5TH YCIJIOBUS BBIMOJIHSIOTCS U MHOTHE W3BECTHBIE TE€OPEMBI
PaCIIPOCTPAHSIIOTCS Ha paccMaTpuBaeMblil ciaydait. Mmes o6obiieHus: cocTouT B paboTe ¢
MAaJIBIMU TUNAMU (MOIIHOCTU MEHBIIe K) B KOMIAKTHBIX MOIEIsIX, BMecTo hopmyi. OCHOB-
HBIMU WHCTPYMEHTAMU TOKA3aTe/ILCTB SBIISIETCS TeopeMa KoMmakTHocTu Anartonus Vsa-
HoBm4a MambieBa, pa3BuTas TEeXHUKA COBPEMEHHOU T'€OMETPUYIECKOHN, TOIOJIOTMYIECKON 1
cemanTuueckoit Teopuu crabmisaoctu (lenax, Jlaxman, Bannsun, [Twuait, Xpymosckuii,
Hepenwsckuit, 3unsbep, [lamorun, [leperstokun, Epumberos, Kynainteprenos, Mycradun
T. T'., Omapos A. Y. u MmHOrEE npyrue) u HaIUUUs (IaKe JIOKAIBHOIO) HYKHBIX KOMIIAKT-
HBIX (7151 TOIXOMSIIINX MOIIIHOCTEN K) MOIEJIEeNl TeOPUE CO CBOMCTBAMU k-OTHeTuMOCTY Hal
peanu3anusMu CTaOWIBHBIX TUIOB. Takue MOOean SIBIASIOTCS 00oOIIeHrneM ciaaboil OTIe-
auMocTu (KOrma K CYeTHO), BBEIEHHBIME 1 UCIIOIB30BAHHBIMU paHee aBTopoM. WHTepec k
NBYKAPAUMHAITBHBIM MOIEIISIM UMEET U MPUKJIAITHON XapaKTep B MOUCKe Hanbosee mHDOpMa-
TUBHBIX (OIPOBEPXKUMBIX) (GOPMYJI /MM TUIOB KaK Ui PAHXKUPOBAHUS TAKUM 00pPa30M
NIPEICTABIIEHHBIX 3HAHWI 3CHEPTOB C MOMOIIBIO IPUBJIEUEHUS CEMAHTUKU aJIreOpamdecKux
CHCTeM, TaK U BBEIEHUs PACCTOSHUI (METPUK) Ha KIIACCaX YKBUBAJICHTHBIX (HOPMYJI C IIO-
MOIITBI0 U3MEPUMBIX TOMKIACCOB M3MEPUMBIX METPUUECKUX MOJIENIEH TeOPUn, HeOOXOIMMbBIX
IJIs. aJITOPUTMOB B pacro3HaBaHuu 06pa3oB. Pabora BhIMONHEHA Tpu (HUHAHCOBOW MOM-
nepxkke PODOU, nmpoextsr Ne(07-01-00331a, 08—07-00136a.

Hnemumym mamemamuru CO PAH, Hosocubupck
E-mail: vikent@math.nsc.ru
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IocTaToUYHbIE YCIOBUS YCTOMYNBOCTHU IIIAPHUPHON KOHCTPYKIINU BJIOXKE€HHOU
B €BKJINOBO IIPOCTPAHCTBO

A. M. I'vypun

I'pad G(V, L), rme V — mHO)KeCcTBO BepinH, [ — MHOXKECTBO pebep, HA3BIBAIOT Wap-
HUpHOl Koncmpyryued, eciu ero pebpa L — CyTb NPSIMOIUHERHbIE OTPE3KU TaAHHON [JINHBL,
COEMUHEHHBIE IPYT ¢ APYTOM IIAPHUPHO B BepinHax V. Bce MHOXKECTBO BO3MOXKHBIX PEaJIn-
sanuit mapuupuon koucrpykunu G(V, L) B eBkimmosoM mpocTpascTBe R Ha30BeM 6.4004ce-
HUAMU TIAPHUPHON KOHCTPYKImu B npocrpancTtBo R™. Ilapuupras koucrpykuus G(V, L)
HA3BIBAETCSI BIIOXKEHHOU YCMOoUuu60, €Ciii BCe BIOXKEHUS ee, B eBKJINIOBO MPOCTPAHCTBO R™,
KOHI'DYSHTHBI MEXKITy COOOI.

[Ipumepwr. I'pad G(V, L), rne V cocrout u3 nsyx Ttouek A; u Ay, a L cocrour u3
orpeska (Aj, As) umeer Bce BioxkeHus B R xourpysuTHble Mexmy coboit. ['pad G(V, L),
roe V' cocrout u3 Tpex touek Ay, Ay u Az, a L cocrout u3 orpe3kos (Aq, As) u (As, As)
TIONIyCKaeT He KOHT'PYDPHTHBIE MEXy cobOil BiIOXKeHus B R"™.

Haitmem yciioBue, rapaHTUpyIOIee KOHIPYSHTHOCTDL BCEX BJIOXKEHUIT NAHHOUN IIAPHUP-
Holt KoucTpykimu rpada G(V, L) B R™.

Luaepammoti Jupurae IpOU3BOIBHON TOUKM A; 13 MHOXKeCTBa V Ha3bIBAETCs 0OJIACTD B
R™, monyueHHass B pe3ysbTaTe MepecevueHus MOIyIPOCTPAHCTB, TPAHUIILI KOTOPBIX Iepece-
KaloT oTpe3kn (A;, A;) B ux cepemuHax opToroHanbHo uM. Ilapsr Touex A; u A; mrapHupHOIt
koucTpykimu G(V, L) Ha3BIBAIOT 2€0MEMPUUECKY COCEOHUMU, €CITU YePe3 CePENHY OTPEe3Ka
(A;, Aj) mpoxonut rumeprpans nuarpammber Jupnxie kakoi-nmubo Touxu u3 V.

I'pad G(V, L) HasbiBatoT dekopayuet mapuupuoit koucrpykuuu G(V, L), ecnu Ly co-
CTOUT JmIib u3 oTpe3koB (A;, A;), rome A; u Aj cyTh reOMeTpPHYECKN COCeIHIE TOUKM u3 V.

Teopema. IIycts G1(V, L) u Go(V, L) — Bioxenus mapuuproi koactpykuun G(V, L)
B €BKJIMIOBO mpocTpaHcTBO R" Takoe, uro rpager nexkopauumii G1(V, L) u Go(V, L1) Kom-
OMHATOPHO S5KBUBAJIEHTHBI, a cooTBeTcTByforme orpe3kn (A;, A;) m3 MHOX)ecTB Ly paBHEI
mexny cobout. Torma Bnoxenus G1(V,L) u Go(V, L) mapraupror koucrpykuuu G(V,L) B
€BKJIIIOBO IIPOCTPAHCTBO R" KOHIDYSHTHBI MEXZTY COOOI.

Duzuro-mernuuneckult UHCNUMYM HU3KUT memnepamyp, npocn. Jlenuwna, 47, Xapovros 61103, Yxpauna
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O nomob6uu neHTpasibHbBIX TUOOB A — PM Teopuit

A. P. EMIKEEB

IMauublil Te3uc orpaxkaeT nHGOPMALUIO 0 HEKOTOPLIX cBoncTBax A — PM teopuii [1] u
UX IIEHTPOB B oboraméuHon curuarype. IIpu aToM B Kitacce Takux Teopuil paccMaTPUBAETCs
mousTre A — PM momobus n HalileHa CBsA3b 9TOrO MOHATHUS ¢ CUHTAKCUIECKUM TOI00meM
B cmbicite [2]. Ilycts T — npoussonbhass A — PM-teopust B si3bike cursaTypsl o. Ilycrsb
C' — cemanTuueckas momens teopun 1) A C C. Ilycrs op(A) = 0 U {cqla € Ay UT, roe
I' = {P} U{c}. PaccmoTpuM CIIemyoryo Teopuio

TEM(A) = ThHa++2(C, a)agea U{P(cqla € A)} U{P(c)}u{"P C"},

rae {"P C 7} ecTb 6eCKOHEUHOE MHOXKECTBO MPEIJIOKEHWIT, KOTOPOe TOBOPUT, UTO MHTEP-
mpeTanus cuMBOJIA P eCThb MO3UTUBHO SK3UCTEHNMAIILHO 3aMKHYTAas MOIMOJENb B CUTHA-
Type 0. OTa Teopus HeOOsS3aTeIbHO TOJHAsA. PaccMoTpuMm Bce momosHeHus: mneHTpa 1™
teopun 1 B HOBOU curnarype or, roe I' = {c¢}. B cuny A — PM-uoctu Teopun T™, cy-
IIIECTBYeT €€ MeHTP U Mbl obo3HaunmM ero kKax 1¢. Ilpm orpanuwuenun 7T'° mo curHaTypsl
o, Teopust 1'° cTAaHOBUTCS TOJHBIM THUIOM. OJTOT TUI MbI HA30BEM IEHTPAJBHBIM THUIOM
teopun T'. Mycrs T' — npomssombras A — PM-reopus, torna ET(T) = U, .o, Bt (T),
rie E;LL m(T) — peleTKa MO3UTUBHBIX HK3UCTEHINAIBHEIX (GOPMYII C 1 CBOOOIHBIMIE IIEpe-
MEHHBIMU U C M-TIepeMeHAMU KBAaHTOPOB.

Onpepnenenne. Ilycrs T3 u Ty — A — PM-teopun. Msr 6Gymem roBopuTh, uTo 1}
u Ty A — PM-cunrakcmaeckn monobHbL, ecimu cymectsyer oueknus [ : ET(T)) — ET(T3)
Takas, 4TO

1) orpammyenme f mo B, (T1) ects momopbmsm pemerox Ef (Ty) n E;f, (Tb),
n,m < w,

2) f<E|Vn+130> = Ean-i—lf((P)? pE E:(T% n < w;

3) fr1 =12) = (11 = 12).

OnuH u3 MOy YeHHBIX Pe3yIbTATOB B PAMKAX BBIIIE YKA3AHHBIX OIPENeJICHNI BBITIIAIUT
CIemyIonmM o0pa3oMm:

Teopema. Ilycre T} u T — ¥, 11-IIOIHEIE, COBEPILEHHBIE HOHCOHOBCKIE A — P M -
teopun. Torma cienyroriue yciaOBUS SKBUBATEHTHBL:

1) Ty u Ty A — PM-cuaTakcudecku 1m0g0OHBL;

2) Tf u T§ cunrakcmdeckn momoGHBI B cMbICIIE [2)].

CHOuCOK JIUTEPATYPBI

[1] Emxkees A. P. Cuernas kareropuanoctb A — PM-teopuit. Becraux KasHY Cepus matemaTuka, me-
xaHuKa, nabopmaruka, 3 (2008).

[2] Mustafin T. G. On similarities of complete theories. Logic Colloquium ’90: proceedings of the Annual
FEuropean Summer Meeting of the Association for Symbolic Logic, held in Helsinki, Finland, July 15-22,
1990.

Kapazandunckuti 2ocydapcmeenmnviti ynusepcumem um. axademura E. A. Byxemosa, Kapazcanda
E-mail: modth1705@mail .ru

190



Manbnesckue urerus 2009 Teopus monmesei

OpTOroHaJILHOCTHL CEMENCTB OGMHAPHBIX TUIOB B CJIa60 O-MUHUMAJIBHBIX
CTPYKTYpPax

b. III. Kynnemos

Hacrosmuit nokiam KacaeTcs MOHATUS CAGO0T 0-MUHUMAALHOCTMU, TIEPBOHAYAIIBHO TILy-
6oko ucciaenosannoro II. Makdepconom, II. Mapkepom u Y. Creitnxoprom B [1]. Berre-
CTBEHHO 3aMKHYTBIE IOJISI ¢ COOCTBEHHBIM BBIYKJIBIM KOJIBIOM HOPMHUPOBAHUS OGECIeYn-
BAIOT BAXKHBII IIpuMep ¢Ia60 O-MUHUMAIILHBIX CTPYKTYDP.

[Mycrs M — cmabo o-MUHUMAJbHAS CTPYKTYpa, p,q € Si(0)) — meanreGpamueckue.
MbI TOBOpHM, YTO THIl P SBISETCA OUHAPHbIM, €CIU I JIOOBIX N < w u by < by <
e <y, by < by <L < b € p(M) maxmx, wro tp((b, ) /0) = tp((b, ;) /0) mma meex
1 <i<j<mn, uo umeem tp(b/0) = tp(t//0). Mol roopum, UTO THUI P HE SBIAETCS
cAa60 0PMO2OHAALHLIM TUILY ¢, €Ciiu cylecTByIoT (-onpemenmmas dopmyna H(z,y), a €
p(M) u (1,082 € q(M) takue uro 1 € H(M,a) u B2 ¢ H(M,«a). Msl roBopum, 4T0
CeMeHCTBO Hearebpamdeckux 1-TUmoB {pi,...,ps} SBISETCS 0PMO2OHAALHIM, €CIIH LS
0601 TOCTIEOBATEIBHOCTH (N, ..., Ng) € w®, My M00bIX KopTexei ai,a; € [p1(M)]™,
esy Gsy 0 € [ps(M)]™s Takux, uro tp(ai/0) = tp(al/0), ..., tp(as/0) = tp(al/0) mer umeem
tp({as,...,as)/0) =tp((@y,...,a.)/0).

IMpumep (cm. mpumvep 3.8 [2]). Hycre M = (QU W, <, E3, P!) — mumeiino yrmo-
pSIOUeHHAsT CTPYKTypa, rae () — MHOXKECTBO DPalUOHAJIBHBIX uncest; W — MHOXKeCTBO
Bcex (Q-mocirenoBarenbHocTell u3 {0,1} ¢ KOHEYHBIM YHMCIIOM HEHYJIEBBIX KOODAUHAT, WUC-
KITIouast ()-11ociieoBaTebHOCTh, COCTOSIIYIO TOIBKO u3 (), yIopsmoueHHoe JIeKCuKorpadu-
geckn; P(M) = Q, ~-P(M) =W u P(M) < -P(M). Hus mob6oro a € P(M) E(a,y1,y2)
ecTh OTHOIIEHUe dKBUBasieHTHOCTH Ha —P (M), onpenesnsemoe ciemyommmM o6pa3oM: st
mo6oro a € P(M), by,by € “P(M) E(a,bi,bs) < b1(q) = b2(q) mns Becex ¢ < a, T. e. g-€
KOODIMHATHI 5JIeMEeHTOB by u by coBmnamaroT mis Beex ¢ < a.

Panee nokazano uto M — Ngp-kaTeropmunas caado o-MIHUMaJIbHAs CTPyKTypa. IlycTs
p1:={P(x)}, p2 := {—=P(x)}. Herpymso mOHATH 9TO THUNBI P U P2 CJIAOO OPTOTOHAIILHEIL,
I HAPYIIAETCs YCJIOBUE OPTOTOHAIBHOCTU CeMeNCTBa {p1,p2} HaZ MyCTHIM MHOXKECTBOM.
3ameTum, YTO TUM p; OMHAPHBINA, & TUI Py HE SBIISIETCS OMHAPHBIM.

Panee B [2] 6buta mokasaHa OpPTOrOHAJIBHOCTH CEMEMCTB THUIOB B No-KATEMOPUYHBIX
c11a60 O-MUHMMAJIBHBIX TEOPHUIX KOHEYHOIO DAHra BBIIYKIOCTH. B HACTOSIEM [OKae
MBI 06CYKIaeM BOIPOC OPTOrOHAIBHOCTU CEMENCTB GHMHAPHBIX TUIOB B IIPOM3BOJILHON Ng-
KaTEeropuyHOu ¢j1ad0 O-MIUHUMAJIBLHOU TEOPUU.
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HereprBHOCTB n TeOpeTUKO-MHOXeEeCTBEHHBbIEe MOOeJ/In Teopumn asMoOma

A. A. JIanEukun

N3uauansro moctpoerroe Asonso Yepuem B 1930-x romax nambna-ucauciienue 6osee 35
JIeT He UMeJI0O HUKAKOM CBOEWl Pa3yMHON CEMaHTUKU B TE€OPETUKO-MHOXKECTBEHHBIX TEpMU-
Hax. Tonbko B kouie 1960-x romos Hauna CKOTT IpemIokKI OrpaHnInThLCS PACCMOTPEHIEM
TaK Ha3bIBAEMBIX TOIOJIOTUIECKIX MOJIEJIel, TOCTPOEHHBIX Ha €ro OlpenejiIeHUN HellpephIB-
HOU (DYHKIWU HAM TOJHBIMU PeIIeTKaMU W MIPUBENIINX K OIPENeIeHHOMY COOTBETCTBUIO
MEKIy CHHTAKCUCOM JISIMOIA-TIOMOOHBIX UCUNCIeHUN u ceMaHTuKon CKOTTA.

Monemu CxorTa ObUIN NPUHATHL 38 ~KAHOHWYECKUE s JISIMOIA-UCUNCTIEHUS; TAKXKe
OBLIN TIOCTPOEHBI NPYyTUe MHTEHCUOHAJIbHBIE MOOEeNIN JIsIMOIa-MONOOHBIX MCYuCIeHnir, Oa-
3UPYIOMINXCST HA KOHCTPYKIUAX, KOTOphle ucmoib3oBai [l. Cxorr. Onmmako, dakTuuecku
OTKPBITBIM OCTAJICS CIIEOYIOIINI BOIIPOC: MOXKHO JIM BBECTU TaKue HMOHSITUS HEIIPEPBIBHON
byHKIUN, KOTOPBIE, C OMHON CTOPOHBI, ONPENEISIOT KIACCHl HeIPEePBhIBHLIX (DYHKINM, OTINY-
HBIE OT KJIACCOB (DYHKIINIA, HePePBIBHBLIX 10 CKOTTY, & C IPYTOil CTOPOHBI, TAK¥Ke TPUBOISIT
K TEOPETUKO-MHOXKECTBEHHBIM MOMEJISIM JIIMOIa-TTOMOOHBIX NCUUCTIEHNN.

B manuOM cOOOIIIeHIT MaeTCss BOBMOXKHOE pellleHne dTo MpobaeMbl Ha 6a3e HOBBIX ITOHSI-
TUI HENPEPLIBHBIX (QYHKIINN HAIl YaCTUYHO YIOPSIOUYEHHBIMUI MHOXKECTBAMU U BBEIEHHBIX
ABTOPOM C IIOMOIIIBIO HOBBIX OMPEIEIEHUsT CXOAMMOCTE HAIPABIEHHOCTEN (HAI YACTUIHO
YIOPSIIOUEHHBIMI MHOXKECTBAMH) € “IOCTATOYHBIM YUCIOM’ MHOUMYMOB U CYyNPEMYMOB.

Wcxonst m3 yCcTAHOBIIEHHBIX CBOWCTB IIPEMEIOB HAIIPABIEHHOCTEH, yIaeTcs naTh ab-
CTPAKTHYIO TEOPETUKO-MHOXKECTBEHHYIO XapaKTepPU3aIllio HOBLIX HOHSITUAN HEeIPEePHIBHOCTH,
UTO CIIyKUAT OCHOBOU M1l IPOBENIEHNSI CPABHUTEILHOTO aHAIN3a COOTBETCTBYIOIINX KJIACCOB
HEIIPEPBIBHBIX (B HOBOM CMBIC/IE) (DYHKIMMI ¢ XOPOIIIO M3BECTHBIMI KIIACCAMU HENPEPLIBHBIX
byHKUU, TAKUMHI, KAK TOIOJIOTMYECKN- U (O)-HeIpepbIBHbIE QYHKINN, a TAKXkKe C KIacCOM
dyHKINA, HemPePBIBHBIX 10 CKOTTY. DTO IPUBOAUT K BO3MOXKHOCTH IOCTPOEHUS, HA OCHOBE
HOBBIX TIOHSTUI HENPEPBIBHOCTH, Teopuil saMbna mo metony Ckorrta — Koiimanca.

IToxa3piBaeTcst, ITO OMHO W3 HOBBIX MOHITUN HETPEPBIBHOCTH (QYHKIWU, PABHO KaK 1
KJIACCUYECKOe TOHSATHE (O)-HeNpPEepbIBHOCTH, He MOxkeT mnpusecTu 1mo meromy Ckorra —
Koitmanca x moctpoenuto nambna-aareOpbl, OTIIMYHON OT BBIPOXKIEHHOM. [Ipyrue ke mo-
HATUS HENPEPBIBHOCTU IPUBONSAT K JIIMOIa-MoOessiM, KOTOpble He M30MOP(MHBI HU OIHOMN
asmbna-monenun CKOTTa, 9TO, B YaCTHOCTH, BJI€UET TO, UYTO TEOPETUKO-MHOXKECTBEHHBIE
MO/ Teopun JisiMOIa He MCUYEPHBIBAIOTCSI C TOYHOCTE OO ajIredpandecKoro m3oMopduzma
assmbna-momesnsmu CkoTTa.

Kuesckutl nayuonasvbmnbit ynusepcumem um. Tapaca Ilesuenrxo, Kues
E-mail: foraal@mail.ru
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Kiacc u MHOXeCcTBO KakK IOHITUS (I)OpMaJ'II:HOﬁ JIOTMKN

B. A. OnnHUOB
[Mycts L — s3b1K, comepkainunii OuHapHbe GYHKINOHAIBHBIE CUMBOJILL f U ¢, 1 MIyCTh
V' — yHuBepcy™m s3vika L.

Omnpenenenune 1. 93bik L Ha3BBaETCs S3BIKOM TEOPHUHU KJIACCOB, & V HA3BIBACTCS
(GopMaIBHBIM KJIACCOM, €CIIN (POPMYJIIBI

(V) (Vy)(V2)[f(z,y) = 2 — = # ], (1)
(Vo) Fy)z #y & g(z,y) =y & (V2)(g(f(z,9),2) = f(z,y) = 2 = f(z,y))] (2)

SIBJIIIOTCSI HEJIOTMYeCKIMH axcuomamu L.

Onpenenenue 2. S3pik L HA3bIBAETCs S3BIKOM TEOPUU MHOXKECTB, a V HA3bIBAeTCS
(opMaTbHBIM MHOXKECTBOM, €CJI XOTs Obl onqHa u3 GOpMYJI

(F2) ) 32)[f(z,y) = 2 & x = y],
(3z)(Vy) [z = ],
(3z)(Vy)[g(x,y) # yl,
(32)(Vy)(F2)[9(f(z,9),2) = f(z,y) & 2 # f(z,y)]

SABJIICTCS HEJIOTMYECKON akcmoMon L.

Teopema 1. Ecau V — ¢opmaapHBIH KIacc, TO V comepkUT He MeHee TPEX UIeHOB;
ecau V' — ¢popMabHOE MHOXKECTBO, TO V COmEpXKUT XOTS ObI OOUH SJIEMEHT.

[IpuMmepsl hoOpMaTIBHBIX MHOXKECTB IIPUBENIEHBI B CIIEMYIOIIEN TeopeMe.

Teopema 2. Ecam T ¢opmanusyer KIaCCUYECKYIO CUCTEMY AKCHOM IJII HATYPAJIb-
HBIX 4mces (HWIM aKCHOMATHYECKyIo cucreMy i noayrpynin), to L(T) — a3k Teopun
MHOXKECTB.

3ameuanune 1. B cayuae nomyrpynno f = g.

[Iycte C — yuuBepcym KanTopa 3a BbIueTOM mycTOro MHOXecTBa. Uimensr C — MHO-
XKecTBa BUIA {a, b, ¢, ...} — MBI HHTEpIpETUPYEM KaK HEYIOPSAOUYeHHbIe aj(haBUThI, COCTO-
AIME U3 TIONMAPHO PA3JIMIHBIX 3HAKOB a, b, ¢, ... IPOU3BOILHOrO Buna. Aspasurer Buma {a}
HA3LIBAIOTCS CHHTIIeTaMu. 3HaK {a, b, ¢, ...} HasbBaeTcs MerasnakoMm andasura {a,b,c,...}.

Teopema 3. Ecau {a,b,c,...} & {a,b,c,...} am1 Bcex anpasuros {a,b,c, ...} u npu 5T0M
f m g cuMBOIM3UPYIOT cuMMETPHYIECKYHo pasHocTh A m obvenquuerne U B C, TO (opMyIb
(1), (2) merurns: B (C; A, U).

3ameuanune 2. Jlesoe {a,b,c,...} B Teopeme 3 moHUMAaeTCss ABTOHUMHO (KaK 3HAK).

Y3k L Teopuu KJIACCOB MOYKHO [ONOJHUTDH ONPENETIEHHBIMUA HEJTOTUIYECKUMU AKCH-
oMaMH, B KOTOPBIX KBAHTOPBI HENCTBYIOT IO OMPENEIEHHBIM ITOIMHOXKeCTBaM (YHKITNM,
oTobpaxkaronmx kiaacc V' B cebs, u koropble uctuuasl B Monenu (C; A, U), mOMOIHEHHOMN
coorBeTcTByoIMI oToOpaxenusmu C — C. [T'unmoresa KOHTHHYyMa B PACIIMPEHHOM
sI3bIKEe OyoeT TeopeMOIl.

Hosoypaavcrutl 2ocydapcmeennbiti mexrnoaso2uueckut unemumym, 2. Hosoypaavexk
E-mail: odintzov@el.ru
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CuibHO abejieBbl T'PYyNHOUIBI

A. A. CTENTAHOBA, H. B. TPUKAIIHAS

B pabote m3yuarorcst cuiabHO aberneBbl rpynnonnbl. HamomaunM, uTo anrebpa Has3bIBa-

ercs abenesoii [1], eciiu must mo6oro Tepma t(x, Y1, - - ., Yp ) U THOOBIX SIIEMEHTOB A, b, ¢1, . . ., Cp,
dy,...,d, anre6pel u3 paBencTsa t(a,cy, ..., c,) = t(a,dy,...,d,) cnenyer t(b,c1,...,cp) =
t(b,dy,...,d,). Aunrebpa HasbBaeTCs CHIbHO abereBoil [1], ecmm mas m0Goro Tepma
t(z,y1,...,Yn) U JTOOBIX DIIEMEHTOB a,b,e,c1,...,Cpn, di,...,d, amre6pbl W3 pPaBEHCTBA
t(a,c1y...,cp) =t(b,dy,...,d,) cnenyer t(e, cy,...,cn) = tle,dy,...,dy). dcHO, 9TO CHIIBHO

abeneBa anrebpa sBiseTcs: aberneBoit. OMHO3IEMEHTHBI T'DYIIION HA3BIBAETCS TPUBUATH-
HBIM.

B [2] onuceiBatoTcst abesieBbl TPYIIONIBL ¢ eAUHUIEH, abeIeBbl KOHEUHbIE KBA3UTDYIIIHI
7 TIOJTyTPYIIIIEL.

HenocpencTBenno u3 omnpeneneHns CUIIBHO abeleBON airedOphl MOIydYaeM CIIemdyIOIne
YTBEPKIECHUS.

YrTBepxkaeHnue 1. He cyinecTByeT HEeTPUBHAJIHLHOTO CUJIFHO abeIeBOIO TDYIIOUIA C
€QMHUITEN.

Y TBepxknenue 2. He cyiiecTByeT HETPUBUAIBHON CUIHHO ab€IeBON KBAa3UI DYIIIEL.

Hanomuum, uro momyrpymnmna (A, -) HazelBaeTCsl IPAMOYTOIBLHON CBsa3Kon (3], ecrm A =
{eix | i € I, € A} mejy-ej, = €, mma mobeix ¢ € I,\,u € A. Tlomyrpymma (A, -)
Ha3bIBAETCS pasmyBaHueM nopmnoiyrpynnsl (B,-) [3], ecau cymecTByer pasbuenue {X, |
a € B} muoxectsa A Takoe, uto a € X, u x-y = a-b mis mobbix a,b € B,z € X,y € X,.

Teopema. Ilomyrpymnma (A,-) sBiagercs cuabHO aberaeBOl ajJreOpoH TOrga U TOJIBKO
toraa, korna (A,-) — pazgyBaHue IPIMOYTOJIBHON CBSI3KH.

Pa6ora mommep:xkana rpanToM Bemylmx HaydHbix mkon PP (rpant HII-2810.2008.1)
u rpanToM Poccuiickoro douna dynnamerTanbubx ucciaenoBanumit (mpoext 09-01-00336-a)

CIUCOK JIATEPATYPEI
[1] Kiss E. W., Valeriote M. A. Abelian algebras and the Hamiltonian property. J. Pure Appl. Algebra,
87 (1993), N 1, 37-49.
[2] Cremanosa A. A., Tpukamnas H. B. A6GeneBrr u raMmibTOHOBLI rpynmnonnbl. OyHmaMeHTaIbHAS U
[IpUKJIaQHAS MaTEMaTUKa, B [IeYaTH.
[3] Knuddopn A., IIpecron I'. Anrebpanueckas teopus nomyrpymnm, T. 1,2, 1972.

JIBI'Y, Baadusocmok
E-mail: trik740@mail.ru
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Naming an indiscernible set

B. S. BArzuanov, J. T. BALDWIN

Let M be a stable structure in a language L and form an L(P) = L*-structure (M, A)
by interpreting a new predicate P as the set A. When is the new structure stable? Many
people have used variants of the Hrushovski construction to find specific examples where the
stability condition is preserved. But another line beginning with Poizat’s work on beautiful
pairs goes in the direction of finding sufficient conditions on A for preservation. In [1], we
considered subsets A of stable theories and introduced the notion of a pair being locally
homogeneous or benign. We concentrate on naming a set of indiscernibles but greatly
relaxing the conditions on M.

Definition

(1) If I is an infinite set of indiscernibles in M such that for some infinite J C M,
IT'UJ is a set of indiscernibles, we say I has infinite codimension (in M); otherwise
I has finite codimension.

(2) The pair (M, A) is small if for every finite sequence 3 € M, every L-type over Af3
is realized in M.

(3) (M, A) is locally saturated if for any b € M, for any L-formula ¢(Z,y,u), any
#(Z,79,b)-type over A is realized in M.

Theorem 1. Suppose (M, ) is L(P) — w-saturated. The following are equivalent.

(1) (M, 1) is locally saturated;
(2) I has infinite codimension;
(3) I is small.

It then follows easily from [2]:

Theorem 2. If M is stable, I is an infinite set of indiscernibles in M with infinite
codimension then (M, I) is stable.

Theorem 3. Let I C M be an indiscernible set and M be stable. Suppose (M,I) is
w-saturated in L(P). The following are equivalent:

(1) I has finite codimension;
(2) For some ¢, a canonically defined equivalence relation E, has less than Ny classes
that do not intersect I.

REFERENCES

[1] Baizhanov B., Baldwin J. Local Homogeneity. The Journal of Symbolic Logic, 69 (2004), N. 4, 1243~
1260.

[2] Baldwin J., Benedikt M. Stability theory, permutations of indiscernibles, and embedded finite models.
Transactions of The American Mathematical Society, 352 (2000), 4937-4969.

Institute of mathematics, informatics and mechanics, Almaty (Kazakhstan)
Department of Mathematics, Statistics and Computer Science
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ABToyCTOﬁqHBbIe 6yJ'IEBbI aJ'Il"66pr B ATOMHO-UIEAJIbHLIX O0OralleHusx

II. E. ATIAEB

Boerancinumast ctpykTypa 20 Ha3bIBA€TCS aBTOYCTONINBON (BBIUUCIMMO KATETOPUIHOI ),
€CJTH ST KAXKIOTO €€ BBIYUCIMMOrO MPenCcTaBIeHns B HANAETCS] BBIYUCIUMBIN N30MOPGU3M
f A — B. B nokmame mpemmaraercs ajgrebpandecKnil KPpUTEPU aBTOYCTONUUBOCTH IS
CTPYKTYD BUIa

A= (A" I,...,In, Aty ..., Atp,),
rae 20* — Oynesa anrebpa, Iy, ..., [\ — NpequKaTsl IUsg HEKOTOPBIX uneasnos B A" u Aty —
IpequKaTHl i MHOXeCTB {z € A* | x/I; — arom anrebper A*/I;}. Bynem HasbBaTh MX
I, ,-anzebpamu. Pamee HekoTOpoe ommcaHme OBLIO HAHIEHO IJIS Psla YaCTHBIX CIIydYacB

I),,-anrebp.
Hna kaxpelx A\, pu € w, rme g < A, OHpelelnM KOHEJHOe ceMedcTBo [y ,-aarebp
A1,...,2,, KOTOpbIE HA30BEM YCMOUUUBHIMU, TAK, ITO BBHIIOITHIETCS CIIEIYOIIAIL

Teopema. Brruncaumas Iy ,-anrebpa aBpTOyCcTORYMBa TOTAa M TOJIBKO TOrAa, KOrAa
OHa M30MOp(HA KOHEYHOMY MPSIMOMY IIPOU3BENEHUIO YCTOHIUBEIX aareop.

Omnpenenenne ycroiunsoil Iy ,-anrebper 2 TpebyeT HECKOIBKIX IPOMEXKYTOYHBIX IIO-
watuit. [lycts o € 2. Oupenenum ero zapaxkmepucmury P, : {1,..., A} — {0,1,2}:

0, ecmm x € Ij,
P.(j) =41, ecmmxe At uj < p,
2, ecmmx & I;, Aty,.

CkaxeMm, ato P, < Py ecu Py (j) < Py(j) nms Bcex j < . DIEMEHT & pa3A0HcuMm, eClil & =
Owm z =x1+...+x,, toe Py, < P, nus Becex ¢ < n. Ecnu P/, P” — nBe xapakTepucTuxu,
To ux cymma P’ + P ompenensiercs tak, uro P’ + P"(j) = min{2, P'(j) + P"(j)}. Yepes
Lp o6ozmauum unean {x1 + ...+ x, | Py, < P}.

I ,-anrebpa 2 ycmotiuusa ecam BepHO CiemyIoliee:
(1) 1 — Hepas3mokuMBI 571eMeHT B U,
(2) ms xKaxkmoit XxapakTepUCTUKN P BEpEeH OIUH U3 CIIyJaeB:

(i) xaxmeiit s7eMeHT XapakTepuctuku P pasmoxum B 2;

(il) KaXKOBI HEHYJIEBON HJIEMEHT XapakTepucTuku P Hepasnoxum B 2A;

(iii) P, =P u 1/Lp — aTom.
(3) ecnu P, () — mBe xapakTepucTuku Takue, 9To P + Q) = @), u 2 comepKuT HEpPas3IoKu-
MbI€ 3JIEMEHTHI XaPaKTEPUCTUKHU P, TO O KaXKIbIM HEPA3IOKUMBIM DJIEMEHTOM XapPaKTe-
puctuku () HANOSTCS HEPA3IOKUMBI DJIEMEHT XapakTepucTukn P.
(4) ecmu P — rakas xapakTepuctuka, 9to P 4+ P = P, TO BEpHO OIHO U3 yCIIOBUIL:

(i) /L p — 6Ge3aTOMHBIIT 5JIEMEHT it JF000Tr0 DIIEMEHTA T XapaKTepucTuku P;

(il) P =Pul/Lp — aTowm.
Kpowme Toro, B mokiame NpuBOOUTCS HEKOTOPas eCTECTBEHHAs KiacCuduKamus TUTIOB U30-
MopduU3Ma YCTONIUBLIX aaredp.

UM CO PAH, HI'Y, Hosocubupck
E-mail: alaev@math.nsc.ru

197



MausnsueBckme urerus 2009 Teopust BEIIuCaInMOCTHI

Hpeneano MOHOTOHHBIE (I)yHKI_II/II/I n 7n-1nmpencTraBJICHUA

M. B. 3yBKOB

Beckoneunoe muoxkectBo A = {ag, ai, as ...} Ha3bBAETCI 1)-NPedcmasumbim, €CIU Cy-
IIIECTBYET BBIUUCIUMBIN JINHENHBIN TOPnoK L Tura

n+a+n+a+nt+a+n+....

Eciu ag < a1 < as..., To A Ha3pBaeTcs n-npedcmasumbim no meybwvisanulo. Ecmaum xe
ag < ay < ag..., To A Ha3BIBAETCS CUAbHO N-npedcmasumbim. DPyHkims I HaszbiBaeTCs
X -npedeavno monomonnoti, eciu cyiectByer X-poranciumas dyakims f(z, s) Takas, 9To
(Vx)(Vs)[f(z, s) < f(z, s+ 1)] u (Va)[F(x) = lim f(x, s)]. K. Xappuc [1] nokasas, aro
MHOYKECTBO SIBIISIETCS 7)-IIPENCTABIMbBIM TOT A 1 TONBKO TOra, KOTOa OHO SBIISETCS MHOXKe-
CTBOM 3HaYeHul HeKOTOPOH (' -TipenennbHo MOHOTOHHOM GyHKIMKM. C IPYTON CTOPOHBL, OH XKe
IIOCTPOMUJI IPUMEDP CUJIBHO 7)-IIPEICTaBUMOIO MHOXKECTBA, KOTOPOe He SBJIseTCs 00IacThIo
3HAYEHNI HMKAKoW BospacTamorenn (/-mpemnelbHO MOHOTOHHON (DYHKIINN, OIMPEIEICHHON Ha
w. B pabore A. Kaua u II. Typerkoro [2] 610 HPEIOKEHO PACCMATPUBATH MCEBIOBO3-
pacTtaorme GyHKIIN — (GYHKIIANW, ONpeIeIeHHbIEe HA MHOXKECTBE PAIlMOHAIIBHBIX YNCENl U
BO3pacTalollye He Ha Bcell 00IacTH OIpenesleHns, a Ha CBOeM HOCHUTeIe.

Teopema 1. Eciu A cuiabHO 1)-IIPEACTABEMOE MHOXKECTBO, TO cyimecTByeT Takas (-
IIpenesIbHO MOHOTOHHAS IICeBHoBo3pacTaomas Gyukmnus H, aro rang(H) =r A.

Takum 06pa3oMm, THIOPUHIOBasl CTEINEHb 7)-PeNCcTaBUMa TOTIOa W TOJIBKO TOrOa, KO-
I8 OHA COMEPKUT MHOXKECTBO, SBJIAIOIIEECS PAHTOM HEKOTOPOil (/-IpenesbHo MOHOTOHHOM
IICeBAOBO3PACTAIONIEN DYHKIINN.

Teopema 2. Kaxnoe tabamuno ceomameecs k 0 MHOXecTBO m-5KBUBAJIEHTHO HEKO-
TOPOMY CHUJIBHO 7)-IIDEACTaBUMOMY MHO2KECTBY.

Teopema 3. MHoxecTBO 1)-IpeacTaBEMO MO HEYOBIBAHUIO TOrAa W TOJBKO TOIAA,
xorga ono AY u n-npeacTasuMo.

CIMCOK JIUTEPATYPHI

[1] Harris K. n-Represetation of Sets and Degrees. Journal of Symbolic Logic, 73 (2008), 1097-1121.
[2] Kach A. M., Turetsky D. Limitwise Monotonic Functions, Sets and Degrees on Computable Domaine.
Journal of Symbolic Logic, npunasTo x meuaTu.
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Co3nanume 6a3bl JaHHBIX IO OOIIEN TEOPUU BLIYMCINMOCTHU

. A. JIABPOB

CoBpemeHHasT TEOPUS BBIUUCIMMOCTH BKJIOUAET B Cce0s HOCTATOYHO OOJIBIIIOE UUCIIO
HaIlpaBJIEHNH KaK 10 abCTPAKTHBIM, TaK W MPUKIAOHBIM acnekTaM. Umciao Hay9IHOUW JIuTe-
parypsl o Teopun Berunciumoctu (MOHOTpaduil U cTareil) HOCTOSHHO pacteT. OpueHTH-
POBATBHCS B 3TOU MaCCe MOBOJIBHO 3aTPYIHUTEITHHO.

B macTosiiee BpeMst CyIIeCTBYIOT pa3/InyIHbIe BAPUAHTHI MTONOOHBIX 6a3, B OCHOBHOM Ha,
MHOCTPAHHBIX si3bIKaX. OTMeTuM HEKOTOpBIE U3 HUX:

e MathSciNet (Beixom Tombko mius wieHoB AMS; poccuiickue ydueHble MOIYT BBIXO-
IIUTH JIAITL Yepe3 HeKOTOpble nHCTUTYThl PAH);

e CiteSeer (muTupoBaHms);

e http://nd.edu/~cholak/computability/bib/bib.html;

e http://www.dblp.uni-trier.de (3mech UMEIOTCS KATAJIOIU KYPHAJIOB) U IP.

Oneako B HUX KpallHe CKYIO OTPaXKeHbI pabOThI, OMyOIMKOBAHHBIE HA PYCCKOM SI3BIKE.
OTcyTCcTBYIOT 1 MHOTTE UHOCTPAHHBIE PAOOTHI.

Hens cozmanms maHHOW 6a3bI COCTOUT B TOM, UTOOBI CHENUAIUCTHI B PA3JIMYHLIX Ha-
MIPABJIEHUSIX TEOPUU BBIUUCIUMOCTH UMEJIN MOCTATOYHO IOJHOE Ha MAHHBI MOMEHT IIPEl-
CTaBJIEHIE O MHOI'0OOpa3ny HAYYHBIX HCCIENOBAHUN B 3TOW HEINPEPBHIBHO PA3BUBAIOIIIENCS
006JIaCTH TEOPUU AJITOPUTMOB.

B macTosiiee Bpemst 6a3a pa3MellieHa Ha calTe
http://ispras.ru/ru/mathbib unu http://ispras.ru/publications.php.

B 6a3y Bxmrouensr 6omee 3200 M3BECTHBIX COCTABUTENIIO HAYYHBIX MOHOTpaduil u cTa-
Tell O TEOPU! PEKYPCUM, CTENEHSIM HEePa3PEelIMMOCTH, JIeMEHTAPHBIM TEOPUSIM, uepap-
XUSIM CJIOXKHOCTEN, OOOOIIIEHHBIM BBIUUCIEHUSIM U UX MIPUIOXKEHUSM. B MeHbIell cTeneHn
yKa3aHbI pabOTHI II0 BEPOSTHOCTHLIM aJIrOPUTMaM, PEBEPCUBHON MaTeMaTHWKe, MOJTIMHOMIU-
ATBHBIM AJITOPUTMAaM, POy OOOOIIEHUN BBIYUCIUMOCTU U TPUIOKEHUSIM B KOHKPETHBIX
MaTeMaTUIeCKUX HampaBiaeHusx. B 6a3e umeercs 6ostee 850 paboT, HAIEUYATAHHBIX HA PYC-
ckoM s3bike, 200 aBTOopoB. A Takxe Gosee 2350 paboT, HAEUYATAHHBIX HA WHOCTPAHHBIX
s3pikax, 600 aBTopoB. ABTOp He BKIOUa] B 6a3y, 3a PEOKUM HUCKIIIOUEHUEM, HeoIryOsiu-
KOBaHHBIE PAbOTHI 1 YacTHBIE coobiienus. [Ipenmomaraercs, aTo B 6a3y 6yIyT BHOCUTBHCS
HeOOXOMUMbIE KOPPEKTHUBBI U MOMOJHEHUs 0 Mepe UX MOCTymieHus. ABTop Oymer mpu-
3HATEJIEH 3a BCe 3aMeUYaHUs U MIPENJIOKEHUs, KOTOPbIe MOXKHO €My COOOIIaTh IO aIapecy:
lavrov@ispras.ru.

ITo 3ampocy momckoBast cucTeMa BBIIAET CIUCOK (GaMUIIMI aBTOPOB, CIIMCOK pabOT KOH-
KPETHOT'O aBTOpa, MECTO U BpeMs omybiumkoBaHus, Homep pedepara B P2K «Maremarukas
win «BeraucanTenbHble HAyKI», HAJIUUNE CCHIJIOK B M3BECTHBIX KHuUrax Pomxkepca X., Ep-
moBa 10. JI., Odifreddi P., Coapa P. U. u I"'onuaposa C. C., Epmosa 0. JI. MaTepecuyro
CTATUCTUKY MOXKHO W3BJIeYb U3 HaHHOU 6a3bpl. Hampmmep, BOT CIHICOK aBTOPOB IO YUCITY
paboT, BKIIIOUEHHBIX B 6a3y (oT 29 pabor):

1. Downey R. G. 144 11. Lerman M. 59 21. Sacks G.E. 36
2. Shore R.A. 103 12. | Apcmanos M.M. | 56 22. Normann D. 32
3. Slaman T.A. 81 13. Nies A. 54 23. Kleene S.C. 32
4. Cooper S.B. 73 14. Lempp S. 52 24. | McLaughlin T. | 31
5. Epmos FO. JIL. 73 15. Remmel J.B. 47 25. | Harrington L.A. | 30
6. Soare R.I. 68 16. Lachlan A.H. 45 26. Simpson S.G. 30
7. | Jockusch C.G.J | 67 17. Herres A.H. 45 27. Knight J.F. 30
8. | Tomuapos C.C. 66 18. Cholak P. 38 28. Banaes C.A. 30
9. | Ambos-Spies K. | 65 19. Sorbi A. 37 29. | Ho6puuma B.II. | 29
10. | CemuBanos B.JI. | 60 20. Chong C.T. 36 30. | Omananze P.III. | 29
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Pa3sperumocTts 6ysieBbix anre6p simeMeHTapHOU xapaktepuctuku (1,0,1)

M. H. JIEOHTHLEBA

Burancaumast 6yneBa amredpa HA3BIBAETCS N-8bIUUCAUMOT, €CITU CYIIIECTBYET aITOPUTM,
OTIPENETIIONINH TI0 KOHEYHON X, -PopMyJsie U HaOOpY 5JIEMEHTOB, UCTUHHA Ju 3Ta GOpMyJIa
Ha maHHoM Habope. CuabHO 8bIUUCAUMAT MONENb — Ta, OJIs KOTOPOW MOMOOHBIN ajJrOpPUTM
CYILIECTBYeT IJIsl BceX (OPMYJT UCUNCIIeHUs TpeaukaToB. bynesa anrebpa paspewuma, ecian
y Heé CyIIeCcTBYeT CUJIBHO BBIUUCINMA M30MOPGHA KOIUS.

s kaxmoit Gyiesoit anrebper 2 o6o3uaunM yepes At(2) MHOXKECTBO aTOMOB, depe3
Atm(2) — nmeanm aTOMHBIX 57eMeHTOB, depe3 Als(2) — nmean Ge3aTOMHBIX 37IEMEHTOB.
Kpowme Toro, 6ynem ncnonbzosars F(2A) = Atm(A)+ Als(A) — unean Epmosa — Tapckoro,
F(21) — unean Pperwe.

[Iycrs A — Boruncinumas GyieBa anrebpa simementapHoin xapakrtepuctuku (1,0,1). To
ectb A/E — nenynesas GezaroMmHuas OyseBa anrebpa. [lycts S — momMuOXKecTBO Habopa
{At, Atm, Als, E}. PaccMoTpuM CIIeIyfolinil BOIPOC: MOXKeM JIM MbI yTBEpKOaTh, 4TO A
paspermMa, ecjan Bce mpequkaThl u3 S BeramcauMbl B A7 Bouto mokasawmo, uro mius S =
{At, Als} orser monoxurensusit, a st S = {At} u S = {Als, Atm, E'} orpunareabHbIil.
Teopemsbr 1 u 3 3aBepiIatoT U3yvueHne JAHHOTO BOIIPOCA.

Teopema 1. IIycts A — Berauciaumast 6yjieBa aarebpa d1eMeHTapHOH XapaK TePUCTUKI
(1,0,1). Ecam At() u Atm(2l) Borumcanmer, To 2 paspemnma.

[Iycts {Ek}rew — mociemoBaTenbHOCTh uneasnoB Epmosa — Tapckoro, a Atmy ()
— umeas aTOMHBIX 551eMeHTOB (axTop-anrebpel A/ Ey. Teopema 1 obobiena Ha cirydait
6yeBbIx anre6p xapakrepuctuku (n,0,1) cremyrommm o6pa3oM.

Teopema 2. Ilyctp A € w, A — BberuuciauMas 6yaeBa ajarebpa 3JI1eMEeHTaAPHOU Xapak-
repuctukn (A + 1, 0, 1). Ecmu A aBasercs (4\ + 1)-Bbramcaumor u opyu 5TOM BBIYHCIIM
nneasr Atmy (1), To A paspemmma.

Teopema 3. CyirecTByer HepasperuMmas BeraucauMas OyseBa aarebpa A siemeHTAp-
Hort xapakTepuctuku (1, 0, 1) ¢ Berancammeivu At(A) u E(2).

[Ipu moKa3aTeTbCTBE TEOPEMBl 3 OBLIO MOMYUEHO CIEYIONiee OMUCAHUE Y. o-BhIUHUCITH-
MbIX OyneBbix anrebp. Ilycrs T = (Atm — F) + Atm, tne Atm — F = {z|Vz < z(z €
FVz¢ Atm)}.

Teopema 4. Crenyrorme yca0BUS 5KBUBAJTCHTHBI:
(a) A aBmgercs N2-Berauciumort 6yeBolt aarebpoit;
(6) A aBmgercs AJ-eramciumort 6yeBort anrebpoit;
(B) cymecTByer BerumciamMas GymeBa ajarebpa € smemenTapHOn xapakTtepuctuku (1,0,1)
rakas, uro € /T = 2.
Hayuuwiit pykoBonurens — a. ¢.-m. H., gouent II. E. Amaes.

Hosocubupcrui I'ocydapcmeennbiii Ynusepcumem, Hogocubupck
E-mail: Margarita.Leontyeva@gmail.com
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O cusbHOUM PMBOAMMOCTHU HAA HEABYKAPAWHAJIBHOU (POPMYJION.

A. T. HypTA3UH

Kaxk cnenyer u3 cunrakcuaeckoro kpurepus M. Ioiipmana [1], HenBykapauHaibHOCTH
ITAHHOW MOJTHOW Teopuu 1’ HaI OMHOMECTHBIM IpeIUKaToOM P Ha caMOM Iejle O3HAYaeT, ITO
B 9TOI TEOPHUU CYIIECTBYIOT «CHUJIBHBIE®», MayKe B KaAKOM TO CMBICIIE «(DOPMYJILHBIES, CBS3U
MEXKJIIy OCHOBHBIM MHOXKECTBOM JIIOO0U MOMEIN TON TEOPUN U €€ OrpaHnYeHneM Ha ITOIMHO-
YKECTBO, BBIIEIIEMON B HEN STUM MPEOUKATOM. B TO ke BpeMs «CujIbHas MPUBOIUMOCTE> 1’
Hall 5TUM IIpeOuKaTOM FapaHTUPYeT, YTO 3Ta CBSI3b «3aMETHBIM 00pa3oM» OTpaxKaeTcs Ha
CTPYKTYPE 3TOTO OrpaHMYeHUs. BrIeckazaHHOe OejlaeT eCTeCTBEHHBIM IIPENIIOI0XKEHNE,
YTO HEKOTOPbIE «PEryJsipHbIe» CBONCTBA orpanumdenus 1'|P B 5TOM CiIydae TapaHTUPYIOT
IpyTHUe «Xopolnmes CBoncTBa camonn Teopunm 1. Cremyomnmi CIUCOK, MO-BUAUMOMY, He
SIBIISIETCSI OKOHYATEIbHBIM.

19, CuérHas KaTeropuwyHocTh orpanudenns T|P BiIe4éT CYETHYIO KATErOPUIHOCTH HC-
xonHON Teopuu T .

20, Ecmn T|P mmeer Tpu CUETHBIE MOZEJIH, TO UHCIO CUYETHBIX MOZETCH HCXOIHOMH
Teopuu ' TakXke KOHEUHO.

30, Ecu T|P mveer cu8THYIO HACHILEHHYIO MOTEIb, TO TaKyio XKe Moaeas uMeeT u 1.

49, Ecrmn T|P crabuiapHa B MOITHOCTH k, TO TaKoOIt e OKA3BIBACTCS U MCXOMHAS TEODHU
T.

It GOPMYIMPOBKY CIIEMYIOIINX OIIEHOYHBIX YTBEPKIEHUI HAIOMHUM, YTO HEIBYKap-
IUHAJIBHOCTH TeOpUHN Hal (HOPMYJION SKBUBAJIEHTHA CYIIIECTBOBAHUIO B DTOU TEOPHUHN <«3a-
MbIKatomeir m — 3 — P-dopMmymnbry, rme m = mi + --- + my u Ojs JIr0b0ro 3jIeMeHTa a
73 IPOM3BOJIBHON Momeaun A Teopuu 1T MOXKHO MOCIIEIOBATEIHHO MOAOMPATH M SIIEMEHTOB
b' u3 mommmoxecTBa P(A), 3aTeMm ny smeMenToB m3 mommHoxkecTBa —P(A) (u 5Tu sie-
MEHTBI 3aBICAT OT KOpTexXa b', HO He 3aBUCAT OT MCXOMHOTO »IeMeHTa a). M Tax k pas.
B cnenyrommmx nByxX cBOMCTBaX IMPENIIONIAraeTcsl CyIIeCTBOBaHIE B Teopun 1’ «3aMBIKAIOIIEN
m — 3 — P-popmyibrs.

5°. Ecmmr T|P ToTameHo TparcmenmenTHa u mmeeT panr Mopmu «, To panr Mopmm
ucxonHou Teopun I’ He IPEBBIIIAET OPAUHAIA .

6°. Ecmu T|P cynepcrabumbua u Deg(T|P) = «, TO BBIIOTHAETCS HEPABEHCTEO
Deg(T|P) < ma.

CIMCOK JIUTEPATYPHI
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HekoToprbie CBOCTBA BHIUMCINMBIX HyMePaluil pa3InYHbBIX KJIACCOB MepapXun
Epmosa

C. C. OCIOu4yEB

B pabore paccMaTpuBalOTCs BBIUUCIUMBIE HyMepanun [3] ceMeicTB MHOXKECTB U3 pas-
MYHLIX Ky1accoB Y1 mepapxmm Epmosa [2].

Mgbr 6yneMm paccMaTpuBaTh 60jiee CHITBHOE ONpPENeSIeHNE BBIUNCIMMBIX HYMEPAIUN ce-
MEWUCTB MHOXKECTB U3 KJIacca E;l nepapxuu Epiiosa.

Ounpenenenne. Hywmepauus {v,}nco HA3BIBAETCS (-BBIYUCIUMOMN, €CIIU MHOKECTBO
{{m,n) | m € v,} npumanmexut xnaccy A, ! mepapxum Epmrosa, Time o — BLIMECIIMBII
OpIVHAL

[Tokazano, 9TO HE CyIIECTBYeT BBIYUCINMON HYMepallll CEMENCTBa BCEX MHOYXKECTB U3
knacca ALl mis m060ro BEIMUCIIMOTO OPIMHATA (.
B pabore anoncupoBana

Teopema. CyrecTByeT MIHIMAIbLHASL HyMEPAIIS CEMEICTBA BCEX MHOMKECTB 13 KIIACCA,
U %, ! mepapxuu Eprrosa.
new
BamernM, aTo B [4] mMOKa3aHO, YTO /I KOHEUHLIX YPOBHel nepapxun Eprmosa X1 moka-
3aHO, ITO ceMeiicTBa BeexX MHOXKECTB W3 Y., | mMeeT maxke MEHIMATLHYIO (DPUIOEPTOBCKYTO
HyMEPAIHIO.

CIIUCOK JIUTEPATYPHI

Apcmanos M. M. Uepapxus Epmosa. Kazanb: Kaszanckuit rocynmapcrsennbiii yuusepcureT, 2007.
Epmos 1O. JI. O6 omuoit nepapxuu muoxects III. Anrebpa u noruka, 9 (1970), N. 1, 34-51.

lNounuapos C. C., Copbu A. OGoOlileHHBIE BBIYUCINMBIE HyMEPAIIUN W HETPUBUAIBLHBIE TOJIYPEIIETKN
Pomxkepca. Anrebpa u noruxa, 36 (1997), N. 6, 621-641.
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sets.
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OTHOIIIEHN ST HA BBLIYMCJINMbBIX JIMHCHBIX InmopsaAgkKax U mepapxmsa EmeBa

A. H. drosoB

IT. Xupridenbar mokasajl, 9To Bce KOHEUHbIe YPOBHE uepapxun EpIoBa peamusyoTces
CIIEKTPOM OTHOIIIEHNS HA BLIYUCIUMOM CTPYKTYype. A UMEHHO, OH IOCTPOWII IJ1d JTII00OTO 1, €
W BBIMUCIUMYTO CTPYKTYPY A 1 otromerne U Taxme, uto DgSp4(U) = ¥1. TlocTpoenmsre
CTPYKTYpa U OTHOIICHUE He SABJIAIOTCS €CTECTBEHHLIMU. BO3HMKAaeT BOIMPOC — IS KAKUX
€CTEeCTBEHHBIX CTPYKTYP M OTHOIICHUI Ha HUX BBITOJIHEHO AHAJIOTMYIHOE CBOMCTBO.

Teopema. CyirecTByeT BBIYHCIUMBIN JIHHEHHBIH IOPSOOK L Takom, 4To o gar060ro
n € w Bemosrero DgSpr(S,) = X1, rae

S() = (Z),'

Son(z,y) = (Fk € {1,....,n})(|(x,y)p| =2k — 1) gman > 1;

Son+1(2,y) = San(z,y) V |(2,y)L| > 20+ 1;

(x,y) ={z|x <p 2z <p y}.

B pabore Takxke n3ydaroTcs pa3IndHbIE CBONCTBA BBEOEHHBIX OTHOIICHUI.

Kazanckui 2ocydapecmeennbili yrnusepcumem, Kasamno
E-mail: Andrey.Frolov@ksu.ru
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Y-omHOpOOHAas ajirebpamyeckasi CUCTEMAa U YHUBEpPCAJIbHbIE PYHKIINNT

A. H. XUCAMUEB

OneuM U3 TPUHIUMIUAIBLHBIX PE3YIHTATOB OOBIYHOW TEOPUU BBIUUCIMMOCTH SIBIISIETCS
CYIIECTBOBAHME YHUBEPCATBHON YaCTUUHO Bhruncaumon dyukmun. Kak mssectno (cm. [1])
B JTFOOOM [OIYCTUMOM MHOYXECTBE CYIIIECTBYET YHUBEPCAJBHBIN Y -TPEINKAT, HO 5TO HE
BepHO miis L-(yukrmit [2]. [osTomy npencrasisier nHTEpeC HAXOXKIEHUE YCIIOBUS HA ajre-
6pamueckyto cuctemy 91 OjIsi CyIIIeCTBOBAHUS YHUBEPCAIIBLHON Y- YHKIINU B HACIEICTBEHHO
KOHEUHOM momyctuMoM MuOXKecTBe HIF () mam 9. B [2, 3-8] mis HEKOTOPBIX KIIACCOB
CUCTEM MaHBbI TAKUe yCJIOBUSI.

B mamHOM COOOIIIEHNE BBEOEHO TMOHSITHE Y -OMHOPOIHOU ajirebpamdeckoit cucTeMbl I
7 TIOJIy9IeHO HEOOXONMMOEe U NOCTATOYHOE YCIJIOBHE MJIS CYLIIECTBOBAHUS YHUBEPCAIHLHOM .-
dyuaxmum B HF(91). DToT KpuTepuil MpuUMeHEeH [JIs OJHOTO KJIACCa MePUOANIECKUX abese-
BBIX TPYIII.

CHOUCOK JIUTEPATYPBI
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LIKOJIa anrebphbl U JIOTUKH).
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O KOHCTPYKTUBHOU HUJIBIIOTEHTHON I'PYyIe, pa3MEPHOCTb KOMMYTAaHTAa
KOTOPOU KOHEYHAa

H. I'. XUCAMUEB

B coobmiennn mosrydyeH KpuTepuil KOHCTPYKTUBU3UPYEMOCTH HUJIBIIOTEHTHOW T'PYIIIIHI
CTyIeHN 2, yKazaHHOI B 3ariasuu. PasmeprocTrio dim(G) abeseBoit rpynmsl 6€3 KpyIeHust
Ha3bIBAETCSI MAKCUMaJIbHOE YUCIIO JIMHENTHO HEe3aBUCUMBIX €€ 3JIeMEeHTOB.

JIemma 1. Ilycts G — HmasnorentHas rpynma 6e3 kpyuenns, 1(G') — wmzomarop
xommyrtanTa, G = G /I(G"). Ecmu pasmeproctu rpymm G u G’ cooTBeTcTBeHHO 6eCKOHETHA,
7 KOHEYHa, TO IS JTI060oro KoHedHOro MuoxkectBa F C (G pasMepHOCTH (haKTOpTrDyHIIBI
C(F)/1(G") mearpanuszaropa C(F') maOX)ecTBa F 1o 1(G') 6eckoneuna.

Teopema 1. Ilycres G — HuapnoreHTHas rpynma 6e3 KpydYeHUs CTYIEHH 2, pasMep-
HOCTB KOMMYTaHTa KOTOPO# KoHeuHa. Torga cymecrByer Hymepauus p rpynisl G, ot Ko-
TOPOI cIpaBenIuBhl ciaenyrorme coricrBa: 1) rpynmna (G, j1) KOHCTPYKTUBHA; 2) H30JISTOD
kommyTanra I(G') Beraucaum B (G, p); 3) cyluecTByer Takas BBIYUCIUMO II€PEUUCTIUMA
cucrema siremenToB {b; | i € I} B (G, ), aro cmexnsre kmaccer {b;1(G')} obpasyror 6aszuc
daxrop-rpynmer G/A.

[Iycts mambl HyMepOBaHHBIE TOJIHBIE abeseBbl Ipynmbl 6e3 kpydenus (A,a) u (B, [),
roe dim(A) = r, r € w, U 2-X MeCTHasI YaCTUYHO BbUucauMas GYHKUUS @, HOMEpa n
takue, uro: 1Y) A B = 0; 2°) B rpynme (B, 3) uMeeTcs BEIMUCIIMO TIePenCINMBIT Ga3uc
{b; | i < 6} mna mexoroporo § < w; 3Y) obmacTh ompeneneHus GYHKIAU @, COMEPKHAT
muOKecTBO {(7,7) |1 < j < d}.

Yepes (H!,7y,) 0603HaAUNM yewmpasvroe pacuupenue rpynnsl A mocpencrsom (B, 3) ¢
OIpeNesIIOMME COOTHOLmIeHusME [b;, b;| = apy, (i, ]), Toe vy, — ecTecTBeHHAs HyMepalI
rpynnst H, onpeneneHHas mo o u [3.

Teopema 2. Ilycts G — HmibnoreHTHas rpymnmna 6e3 Kpy4YeHUs CTYHEHH 2, pasMep-
HOCTH KOMMYTaHTa KOTOPOH KOHe4Ha u paBHa r. I pymnma G KOHCTDYKTHUBH3UDyEeMa TOTIa
M TOJBKO TOTOa, KOTAa OHA HM30MOPGHA BBIYHUCIAMO HNEPEYUCIUMON IIOATPYIIIE TPYIIIbI
(H),~,) Opu HEKOTOPOM M.

['pynma G Ha3bIBaeTCS YnopadoueHno KOHCMPYKMUBU3UPYemol, eClii CYIIECTBYIOT ee
yuopsimounBaHue < u HyMepaius [ Takue, 9To cucreMa (G, -+, <, (1) SIBISIETCS] KOHCTPYKTHB-
HOU YHOPSAOOYEHHON I'DYIIION.

CnencrBue 1. KoncTpykTuBH3UpyeMas HUIBIIOTEHTHas rpymnna 6e3 KpydeHUs CTY-
eHHu 2, pa3MepHOCTH KOMMYTaHTa KOTODPOH KOHEYHA, YIOPIOOYEHHO KOHCTDYKTHUBU3UDY-
eMa.

Teopema 3. g m060ro HATYpPaJIbHOIO IUCIA T CEMEHCTBO BCEX KOHCTDYK THUBHU3UDYE-
MBIX HUJIBIOTEHTHBIX TPy O6e3 KpydYeHus CTyIeH: He bojiee 2, pa3MEePHOCTH KOMMY TaHTOB
KOTODPBIX He 60Jiee T, BEIIUCIIMO.

Bocmouno-Kazaxcmanckut 2ocydapcemeennbiti mernuveckut ynusepcumem um. . Cepurbaesa,

Yemo-Kamenozopcek
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Superlow sets and degrees

M. KH. FATZRAHMANOV

Let J = {aUb: a,b are superlow c.e. degrees}, and let C' be the semilattice of all c.e.
degrees.

Theorem 1. For all superlow c.e. degrees ag, a1, as there are superlow c.e. degrees
bo, b1, ba, such that
aoual UCLQ :b0Ub1 :bOUb2 :b1Ub2.
Corollary 2. J is an upper semilattice.
Theorem 3. There is a c.e. degree a such that for all c.e. degrees by, by, by if
a:bOUb1 :b0Ub2:b1Ub2
then b; is not totally w-c.e. for some i < 3.

Corollary 4. The upper semilattices J and C' are not elementary equivalent.

Theorem 5. For all notation a € O there is a low 2-c.e. set D, such that for all 2-c.e.
sets E and F, if B' € AJ1, F' € A', then D #7 E® F.

Corollary 6. (Independently with M. Yamaleev). The low c.e. degrees and the low
2-c.e. degrees are not elementary equivalent.

Theorem 7. Let v and p be AY-computable numberings of some families of sets. Then
the predicate

Pe,i) < v(e) # pli)

is a X9-predicate.
Corollary 8. The family of all superlow sets has a A '-computable numbering.

Kazan State University, Kazan
E-mail: Marat .Faizrahmanov@ksu.ru
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The effective theory of Borel equivalence relations

E. B. FokiNA, S.-D. FRIEDMAN, A. TORNQUIST

In this talk we discuss the question of effectiveness of some well-known results in
descriptive set theory. The study of Borel equivalence relations under Borel reducibility
has developed into an important area of descriptive set theory. The dichotomies of Silver
[3] and Harrington—Kechris—Louveau [1] show that with respect to Borel reducibility, any
Borel equivalence relation strictly above equality on w is above equality on P(w), the power
set of w, and any Borel equivalence relation strictly above equality on the reals is above
equality modulo finite on P(w).

We discuss the effective content of these and related results by studying Al (hyper-
arithmetical) equivalence relations under A} reducibility. The resulting structure is com-
plex, even for equivalence relations with finitely many equivalence classes. However use of
Kleene’s O as a parameter is sufficient to restore the picture from the noneffective setting.
A key lemma is the existence of two Al sets of reals, neither of which contains the range of
the other under any Al function; the proof of this result applies Barwise compactness to a
deep theorem of Harrington (see [2]) establishing for any recursive ordinal « the existence
of I1? singletons whose a-jumps are Turing incomparable.
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Relations on computable linear orderings and Ershov hierarchy

A. N. FroLOV
D. Hirschfildt showed that any finite level of Ershov hierarchy is realized by a spectrum
of a relation on computable structure. Namely, he constructed for any n € w computable
structure A and relation U such that DgSp4(U) = £, 1. These structure and relation are
not natural. What natural structures and relations satisfy similar property?

Theorem. There exists a computable linear ordering L such that for any n € w we
have DgSpr(S,) = 3,1, where

S() = (Z),'

Son(z,y) = (Fk e {1,....,n})(|(z,y)r| =2k — 1) forn > 1;

SQn-i—l(xvy) = SQn(w7y> N ‘(w7y>L| > 2n + 1;

(x,y) ={z|x <p 2z <p y}
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Structures associated with real closed fields

J. F. KnicHT, K. M. LANGE

A real closed ordered field is a model of T' = Th(R, +,-,0,1, <). We report results on
the effectiveness of structures associated with real closed fields. For z,y € K, we say x ~ vy
if there exist integers m and n such that m|x| > |y| and n|y| > |z|. It is possible to choose a
representative from each equivalence class such that the result is a subgroup G of (K™, ).
Such a subgroup G is called a wvalue group of K. A residue field of K is a subfield of K
containing exactly one representative for each rational cut that is filled in K. Any two
value groups of K and any two residue fields of K are isomorphic. We will present exact
characterizations of the complexity of value groups and residue fields of computable real
closed fields.

An integer part for K is a discrete ordered subring I such that 1 is the first positive
element of I, and for all » € K, there exists ¢ € I such that : < r < ¢+ 1. Mourgues and
Ressayre [1] showed that every real closed ordered field K has an integer part. We explore
how effective it is to locate an integer part of K.
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On definability in the subword order

O. V. KubpiNnov, V. L. SELIVANOV, L. V. YARTSEVA

Starting with classical works of A. Tarski and A. I. Mal’cev, the study of definability in
natural structures became a central issue of logic and computation theory. For computation
theory, the study of structures on words and trees is most relevant [1, 2].

In [3, 4] a complete definability theory was developed for the h-quasiorder of finite
labeled forests and for the structure (Aj; <), where A} is the set of words over the finite
alphabet Ay = {0,...,k— 1}, £ > 1, and < is the infix partial order (u < v iff v = zuy for
some z,y € A;). We use some notation and terminology of these papers.

In this work we start to develop a similar theory for the subword order < on A} defined
as follows: u < v iff v is a subword of v, i.e., u is obtained from v by deleting some symbols.

Theorem. 1. For any k > 1, any element of Aj, is ¥-definable in the AQ’Q]—eXpanSion
of (A}; =) (i.e. in the expansion obtained by adding to the signature {<} the constant

symbols denoting words of lengths 1 or 2).

2. For any k > 1, any automorphism of (A};=<) identical on AE’Q] is the identity

automorphism.

3. For any k > 2, Aut(A}; %) ~ Sy, x Sg where Sy, is the symmetric group on k elements
{0,...,k—1}.

4. For any k > 1, the structure (Aj; <) is definable in (A};=).
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Arithmetical categoricity of ordered abelian groups

A. G. MEL'NIKOV

One of the main topics of computable model theory is the study of isomorphisms between
computable copies of a given structure. A structure A is computably categorical if there is
a computable isomorphism between any two computable copies of A. Goncharov, Remmel,
Solomon, Lempp and others obtained characterisations of computable categoricity in the
classes of Boolean algebras, linear orders, abelian groups, ordered abelian groups and trees
(see e. g. [4], [8] or [3]).

If structure A is not computably categorical, then we may ask if A is AY-categorical,
for a given n (i.e. every pair of computable copies of A has a A”-computable isomorphism
between them). In [6] McCoy studies A-categorical linear orders and Boolean algebras. In
[1] Ash gives a characterization of hyperarithmetical categoricity of ordinals. In [5], for any
given n > 0, a tree is constructed that is A2 | 1-categorical but not AY_categorical. Similar
examples can be constructed in the class abelian p-groups [2]. There are also examples of
AY_categorical torsion-free abelian groups for small n [7].

We study AY-categorical ordered abelian groups. The main result is the following
theorem.

Theorem. For every natural number n > 0 there is an ordered abelian group which is
AY | -categorical but not AY-categorical.

To prove this theorem we introduce a coding technique that transforms linear orders
into ordered abelian groups. Using this technique we also show that the isomorphism
problem for ordered abelian groups is X1 -complete.
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Fine hierarchies via Priestley duality

V. L. SELIVANOV

In most applications of fine hierarchies (see [1] for a survey) their characterizations
in terms of so called alternating trees is of principal importance. Also, in many cases a
suitable version of many-one reducibility exists that fits a given fine hierarchy. Here we
show a surprising result that suitable versions of alternating trees and of m-reducibilities
may be found for any given fine hierarchy, i.e. the methods of alternating trees and m-
reducibilities are quite general, which is of some methodological interest.

The result (which is formulated, because of lack of space, only for the difference hi-
erarchy (DH) which is the simplest and most important version of fine hierarchy; for the
DH the alternating trees are simplified to alternating chains) is naturally described in terms
of Priestley duality [2] that states the dual equivalence between the category of bounded
distributive lattices (with {V, A, 0, 1}-homomorphisms) and the category of Priestley spaces
(with continuous monotone mappings). Recall that a Priestley space (X; <) is a compact
topological space X equipped with a partial order < such that for any =,y € X with x Ly
there is a clopen up-set U with x € U,y ¢ U.

Let X = p(L) be the Priestley space corresponding to a given bounded distributive
lattice L and let £ be the lattice of clopen up-sets in X. Then L and L are canonically
isomorphic, and this isomorphism uniquely extends to an isomorphism between L(n) and
L(n) for each n < w where {L(n)} and {£(n)} are the DH’s over L and L, respectively.

Theorem. 1. For any n < w, L£(n) coincides with the class of clopen subsets of X that
have no 1-alternating <-chain of length n.

2. If the class C = L(n) \ co-L(n) is non-empty then L(n) has a complete set and C is a
degree under the m-reducibility by the continuous monotone functions.

3. If the class C = (L(n+ 1) Nco-L(n+ 1)) \ (L(n)Uco-L(n)) is non-empty and L has
the reduction property then L(n + 1) N co-L(n + 1) has a complete set and C is a degree
under the m-reducibility by the continuous monotone functions.
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Isomorphisms and algorithmic complexity relations over structures with two
binary predicates

J. A. Tussuprov

There are the next basic generalized problems of computable algebraic structures.
1. The problem of Goncharov S. S. and Manasse M. S. — ”"The problem of characteriza-
tion of relative categoricity in hyperarithmetical hierarchies by given levels of complexity
of Scott families” and "The problem of connection of relative categoricity of computable
presentations and abstract presentation”.

2. The problem of Ershov Yu. L. — ”"The problem of finite algorithmitical dimensions in
hyperarithmetical hierarchy”.
3. The problem of Nerode A. — "The problem of connection between relations of bounded

complexity on different computable presentations and definability of relations by formulas
of given complexity”.
4. The problem of Knight J. F. — ”The problem of structures with presentations in just
the degrees of sets X such that A%(X) # A%2”.

We give the results which are connected with decisions of problems 1-4. for some
algebraic structure. Let A structure of signature of two binary predicates.

Theorem 1. For each computable successor ordinal o there is computable structure
A that is A categorical but not relatively A (and without formally ¥° Scott family).

Theorem 2. For each computable successor ordinal o there is computable structure
A that is A% with a relation that is intrinsically X° but not relatively intrinsically 3.

Theorem 3. For each computable successor ordinal « for each finite n there is com-
putable structure A with A% dimension n.

Theorem 4. For each computable successor ordinal o there is computable structure
A with presentations in just the degrees of sets X such that AY(X) # AY. In particular,
for each finite n there is computable structure A with presentations in just the non — low,
degrees.

Supported by the grant Fundamental Sciences — 1.18 ”Spectra of universe theory and
minimal models”.
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Index Sets of Free Groups

J. WALLBAUM

We use computable infinitary logic to investigate how hard it is to distinguish a free
group within the class of all free groups and then within the class of all groups. Let F,
denote the free group of rank n and F,, the free group of countable infinite rank. For a
group G, let I(G) be the set of computable indices of copies of G. We prove the following:

Within the class of free groups, I(Fy) is m-complete 13, I(F,,) for n > 3 is m-complete
d— X9, and I(Fy) is m-complete I19.

Within the class of all groups, I(F,) for n > 2 is m-complete d — %9 while I(F,,) is I13.

We leave open the question of whether I(Fy,) is m-complete I19 or there is a better
description. This is joint work with J. Carson, V. Harizanov, J. Knight, K. Lange, C. Maher,
C. McCoy, A. Morozov, and S. Quinn.
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Splitting properties in 2-c.e. degrees

M. M. YAMALEEV

A Turing degree a is splittable in a class of degrees C avoiding an upper cone of a degree
d if there exist degrees xg, 1 € C such that a = xoUx1, v; < a and d ﬁ x; for i =0,1. The
following theorem presents sufficient conditions for a properly 2-computably enumerable
(2-c.e.) degree to be splittable in Do avoiding the upper cone of another properly 2-c.e.
degree.

Theorem 1. Let a and d be properly 2-c.e. degrees such that 0 < d < a and there are
no c.e. degrees between a and d. Then the degree a is splittable in Dy avoiding the upper
cone of d.

Theorem 1 holds when d is a AY-degree, which does not contain c.e. sets. Theorem 2
states that the well-known bubble (see [1]) can be constructed in low 2-c.e. degrees.

Theorem 2. There exist low noncomputable 2-c.e. degrees b < a such that for any
2-c.e. degree v < a either v < b or b < wv.

As a consequence we obtain the following: the partial orders of m-low c.e. and m-low
2-c.e. degrees are not elementarily equivalent for any m > 1. Also, I will talk about a
link between splitting properties (Theorem 1) and the bubbles and how the link could be
uniformly adapted to higher levels of the Ershov’s hierarchy.
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Undecidability in the 2-quasiorder of labeled forests

A. V. ZHUKOV

By a forest we mean an (at most) countable poset in which every lower cone is a chain.
A k-labeled forest (or just a k-forest) is an object (F'; <,c) consisting of a forest (F'; <) and
a labeling ¢ : P — k (a natural number k > 2 is identified with the set {0,... k-1}). Let
Fi and Fy, be the classes of all finite k-forests and all (at most) countable k-forests without
infinite chains, respectively. N

We study the 2-quasiorder on Fj and Fj which can be defined as follows [1]: (F; <
,¢) <o (F'; <, ) iff there is a monotone function f : (P;<) — (P’;<’) such that for all
z,y € F, c(x) # c(y) implies ¢/ (f(x)) # ¢'(f(y)). The 2-quasiorder is a generalization of the
h-quasiorder for which the undecidability results were proven in [2, 3].

Theorem. For k > 3, the first-order theories of (F, <2) and (j-v"k, <) are hereditary
undecidable.
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HpI/IJ'IO}KeHI/Iﬂ TeOoOpHuU I'PYIIII B eCTEeCTBO3HAHVA 1 B I/IH(I)OpMaI_II/IOHHbIX
TEXHOJIOTUAX: BO3MO2XKHOCTHU 1 OTPaHNYCHUA

I". C. CanoBon

ITo cmoBam A. WM. MasibiieBa Teopust TPYII TPEACTABIISIET COOOM SI3BIK IJIST BHIPAKEHUS
riIyOOKUX 3aKOHOB PUPOIBI U TaeT CPENICTBA s TeXHUIeCKuX BbraucieHnuit. [lemu macTo-
SIIIEro HOKJIaAa — II0Ka3aTh, YTO B IIOCIENHUE NECATUIEeTUs] TeOpus TPy OblIa OMHON
13 CaMBIX BOCTPEOOBAHHBIX €CTECTBO3HAHUEM U TEXHUKOW Pa3/1ejIOB MaTeMATUKN; IIPUBECTHI
HOBBIE€ IIPUJIOKEHUSI TEOPUU T'PYNI; BBIICHUTL OIPAHUYEHUS Ha IPUMEHEHUE TeOpPeTHUKO-
IPYIIOBBIX METOMOB.

Teopus rpynmn mmpoKo IPUMEHSETCS I U3y UeHUs 3aKOHOMEPHOCTEN CUMMETPUN WIIN
IpuOINKEHHON CUMMETPUN.

Ecnu xakoit-munb60o 06beKT minm 3aKOH TPUPOOLI 0OJIaIaeT CUMMETPHUEN, TO CYIIIECTBYET
BIIOJTHE OTIPENeSIEHHAs] TPYIINa OIepaIuil, COXPAHAIOIINX 5Ty CUMMETpUio. A Bce BO3MOXK-
HBbIe COCTOSIHUSI O0OBbEKTa HAXOMITCS B TOYHOM COOTBETCTBUU C MPENCTABICHUSIMU DY
[lepeuncnenne n kaaccuduKalms IPYIN U UX MPENCTABICHUN U3BECTHBI U3 MaTEMATHUKN.

3Has CUMMETPHIO, MOXKHO CIIejIaTh ONpEeIeIEHHbIe 3aK/IIOUEHIS O CBONCTBAX OOBEKTA,
HE BBITIOJTHSIS CJIOKHBIE BBIYUC/IEHUs. ANMapaT TeOpUM TPYIIT CBSI3aH C MPeoOpPa30BAHUSIMEI
CAMMETPUHN MOJIEKYJ U TBEPOBLIX TeJ, C UX MAaTPUUYHBIMU IIPENCTABICHUSMU, XapaKTepaMu
7 KJlacCaMU U C PACCMOTPEHNEM HeIPUBOMIUMBIX MPEICTaBIeHUI.

[IpuMeneHne Teopuu TPy TO3BOIUIIO MCCIETOBATH BBIPOXKIEHUE, PACIIEIJIEHIE Tep-
MOB B KpHUCTaJljle, 30HHbBIE OTUarpaMMBbl.

Ananu3 3aKOHOMEPHOCTEN, COIMYyTCTBYIOIINX HAPYIIEHUIO CAMMETDPUN, ITO3BOJIMI CO-
30aTh KOJMIECTBEHHYIO TEOPUIO CBEPXIIPOBOANMOCTH 1 OCHOBaHUS CTaHIapTHON MOMEIN.

Teopus rpynmn npuMeHsieTCs IPU KOJTOBOM Pa3NeIeHNN CUTHAJIOB B IMTI(POBBIX CICTEMaX
CBSI3U.

K orpanmuenusM Teopum TpyNI OTHOCIT Ciaemyroime obcTosTenbcTBa. (Ona HE 00B-
SICHsIeT TIPOSIBIIEHUN KUBOW MaTepHUU, BPeMEH XKWU3HU YaCTUIl, PA3INYHON MHTEHCUBHOCTU
X B3aUMOIENCTBUSA. DTO HACTOIBKO CUJIbHAS abCTPAKIWs, YTO MHOTUE CYIIIECTBEHHBIE U
KOHKDETHBIE JIETAIIN PEAJIbHOI0 MDA BLIIANAIOT U3 €€ IOJIs 3PEHUs.

Teopust rpynn HempumMeHHMa, €CI CBOUCTBA OOBEKTOB 3aBUCIT OT B3aUMOMENCTBUS
MEXIy JacTsMU 00BbeKTa U OT BUOA HOTEHINAJILHON SHEPruu.

Hanuasi paboTa ObliTa BBITIOIHEHA B CBI3U C HEOOXOMMMOCTBIO M3YUYEHUS] aHAJIOTUN Me-
KOy Teopuen mHGOpPMAIMU W Teopuei rpynm. Pe3ynbTaToM UCCIeIOBaHUsS SBUIOCH OOHA-
pyXeHne TaKOll aHAJIOTHUN.
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K. Godel’s incompleteness theorems and a hitherto unknown non-trivial
formal equivalence of ”true” and ”provable”

V. LOBOVIKOV

According to the incompleteness theorems of Godel, in general, the formal-logical equiv-
alence of ”true” and ”provable” is not true. Nevertheless, in general, terms ”the formal-
logical equivalence” and ”a formal equivalence (equivalence of forms)” are not synonyms.
Consequently, there is a possibility of existence of such a formal equivalence (equivalence
of forms) of "true” and ”provable”, which does not imply (logically) their formal-logical
equivalence. The submitted paper demonstrates (constructs) just such an unusual (hitherto
unknown) formal equivalence (equivalence of forms) of "true” and ”provable”. This result
is obtained within the framework of two-valued algebra of formal axiology. In this algebra
formal-axiological meanings of the words "true” and ”provable” are considered as binary
formal-axiological operations. The evaluation-functional sense of these operations is defined
by tables. A formal-axiological equivalence relation is defined precisely and by means of
the mentioned definitions it is demonstrated that there is the above-mentioned formal-
axiological equivalence between axiological forms of "true” and ”provable”. As, in general,
there is no logical identity between the notions ”axiological forms” and ”logical forms”
(of ”true” and ”provable”), there is no logical contradiction between the above-affirmed
hitherto unknown non-trivial formal-axiological equivalence and the famous incompleteness
theorems of Godel. This result is too elementary from the proper mathematical point of
view as the technical aspect of this submission is basic, but the result is very interesting and
important for illuminating hitherto unknown (ignored on principle) properly philosophical
(axiological) grounds of D. Hilbert’s formalism.
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On Kolmogorov’s analysis of applicability of probability theory

V. M. REZNIKOV

In [1] are given analysis of the conditions for the applicability of mathematics formulated
by Kolmogorov in his book ”The Main Concepts of Probability Theory”. He introduces two
postulates to explicate the connection between mathematics and the world of experience:

A. If, with a large number of repetitions of the set of conditions (n), the event under
study (A) takes place m times, the frequency of ™ will be close to the probability of P(A)
of event A.

B. During an one-time experiment a low-probability event will not occur. It is the
so-called Cournot’s principle.

A is inferred from B on the basis of the Theorem of the Law of Large Numbers [1].
However, condition B is inadequate to Mises’s requirement about the impossibility of singu-
lar probabilities [2]. Besides, the theorem is inadequate for practical use, so requirement A
is not redundant [1].

Under the statistical interpretation of postulates a number of problems disappear: the
problem of differences in the requirements for the convergence of frequencies; the problem
of data choice adequate to the principle of impossibility of the game system; the problem of
dependency of postulates, (as the Theorem of the Law of Large Number is inapplicable in
statistics,) and the problem of non-acceptance of Cournot’s principle.

This research was supported by Integration Project N 47.
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Y cronmunBocTh GOPMYJILHBIX NPEAUKATOB HpU MOP@U3Max HEKOTOPHIX
06006111eHIIT MHOTOOCHOBHBIX aJIre6pamvyecKnX CUCTEM C MPUJIOXKEHUSIMU
B IUHAMUKE CUCTEM

C. H. BAcunbeB, H. B. Haryn

Beonures mousitue o6o6iennon mkainsl crynereir (OIIC), mopoxmaeMbIx o pasHbIM
cxemMaM Ha 6a3e KOHEUHOro HabOpa OCHOBHBIX MHOXKECTB (HOcHTesnedl, Kak Ga3sUCHBIX CTY-
IeHell), omepanusaMy IeKapTOBOro npoussenenus u Oyneana (kax y H. Bypbaku), a Taxxe
omneparnueir 06pa30BaHMUs BCEX CUETHBIX IOCIIEIOBATEILHOCTEN 3JIEMEHTOB HEKOTOPOTO MHO-
xkectBa. Ha crymensx OIIC ompenenstorcst GyHKIINM U OTHOIIIEHUS] TaK HA3bIBAEMON 00-
OOIIIEHHONI MHOIOOCHOBHON ajrebpamndeckoit cucreMmbl kKoneuroro tuma (OMACK). B mpu-
JIOKEHUSIX TAKOe PACIIMpEHNEe CUTHATYPBI SI3bIKa C DTOW MHTepIpeTalueil o0eclieunBaeT,
HaIIpIMEDP, eCTECTBEHHOE MPEeNCTaBIEHNEe MTMHAMIYECKIX CUCTEM C MUCKPETHBIM BPEMEHEM.

st maper OMACK ommOro Twuma, BBIIEJIEHHON CXE€MbI 0Opa30BAHUS CTYIIEHI W COOT-
BETCTBYIOILIUX €il CTyIeHell 3TUX CUCTEM PACCMaTPUBAIOTCA OTOOPaXKEHUI HOCUTEJIEN OIHON
CHCTEMBI B HOCUTEIN BTOPOI (OCHOBHBIE OTOGPAXKEHNUs) 1 BBOIUTCS KAHOHIUECKOE PACIIPO-
crpanenne stux orobpaxenuit (KPO) na paccMaTpuBaeMyio CTYIEHb MEPBOIl CHCTEMBI CO
3HAUEHUSIME B COOTBETCTBYIOLIEN CTymeHun BTOpon cucteMmbl. B mepmmuax KPO (B Tom
YICIIe OCHOBHBIX OTOOPAXKEHMIT) BBOMSITCS aHAJIOIM U3BECTHBIX MOPHU3MOB KIIACCHIECKUX U
OOBITHBIX MHOT'OOCHOBHBIX ajiredpamieckux cucteM. B 060011ieHre n3BeCTHBIX Pe3yIbTaTOB
0 coxXpaHeHnu (yCTOMYMBOCTU) HEKOTOPBIX CBOWCTB aJrebpamvecKux CUCTEeM Ipu MOpGhu3-
Max, pazpaboTaH MeTon GOPMUPOBAHUS YCIOBUN COXPAHEHUS NCTUHHOCTHU PAacCMaTpUBae-
Mmoro dopmynbaoro npenukara (B curaarype OMACK), makmansiBaembrx va KPO.

K Toi#t nunmu unoit dopme OMACK, ¢ yueTom Buma n3ydaeMbIX OUHAMAYECKIX CBONCTB,
CBOAMMBI MucKpeTHO-cobbiTuiHble cucreMbl (JICC), NHTEHCUBHO UCCIIenyeMble B HACTOSIIIEe
BpeMs B IWHAMUKE CUCTEM U MaTeMaTUJecKoul Teopuu ymnpasieHus. llomydensr xpurepun
COXpaHEHUsI HEKOTOPBIX MUHAMIYIECKUX CBONCTB oTHOCUTeNbHO MOopdusmos HHCC. B gact-
HOCTU, N3yYEHbI CBOMCTBA TUIA JOCTIKIMOCTH II€JIEBOI0 MHOXKECTBa IIpH (ha30BBIX OT'DAHU-
YEeHUSIX W WHBapUaHTHOCTH MHOXKecTB oTHOocuTenbHO IICC. C cylecTBeHHBIM UCIOTB30Ba-
urem OIIC Bermonueno npencrasienne B dopme OMACK wuszsectront B Bume IICC momenmu
CeTHU XKeJIE3HOMOPOKHOIO TPAHCIOPTA U M3YUYEHO CBONCTBO CTAOMIM3UPYEMOCTU PEATHHOTO
rpaduka IBIKEHNUS TPAHCIOPTA.

Pa6ora Beimonuaena npu dunancosoi nonmepxke [Ipesunuyma PAH (nporpamva «Ma-
TemaTuaeckas teopus ynpasienuss), CO PAH (unrerparmmonnsiit mpoekt Ned5) u PODU
(mpoexT 08-08-90026-Bes-a).

HAncmumym npobaem ynpasaenud um. B. A. Tpanesnurxoea PAH, Mocksa
E-mail: snv@ipu.ru

Hnecmumym durnamury cucmem u meopuu ynpasaenus CO PAH, Upkymck
E-mail: sapling@icc.ru
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O cTpaTerusx nmomcka BbIBOJA B MCUYNCJIEHAU NO3UTUBHO-OOpPAa30BaHHBIX
dopMyJI ¢ PYHKIIMIOHAJIILHBIMU CUMBOJIaMUI

A. B. aBbIIOB, A. A. JIAPUOHOB

B mokxmnane paccMaTpuBarOTCs BOIPOCHI, CBI3aHHBIE C aBTOMATUIYECKIM ITOUCKOM JIOTU-
YEeCKOr0 BBIBOA B MCUMCIIEHUN TIO3UTUBHO-06pazoBaHHbIX dopmyi (ITO-dpopmyi) ¢ dyHK-
IMOHAJbHBIMEU cuMBonamu — JF. PaccmaTpuBaeMoe UCUUCTICHUE SBIISIETCS PACIIMPEHIEM
ncuncienus J, paspaboranuoro 8 UICTY CO PAH Bacunbesoim C. H. n 2Kepmoseim A. K.
[1], koTOpOE TOyYaeTcs ¢ TTOMOIIBIO BBENEHNS B A3bIK (DYHKIMOHAIILHBIX CUMBOJIOB. YI3BIK
ncuncnennss JF — MOHBIN S3BIK IIEPBOrO MOPIOKa, GOPMYJIIBEI KOTOPOTO HTPEICTABIISIOTCS

" o _ _\ df ,_ _
KaK NePeBbs: KaXKIblil y3e] CyTh MO3UTUBHBIN kBaHTOD VZ: A(Z) = VI (A(Z) — ...) wim

Jz: A(z) 43z (A(Z) & ...) ¢ ycioBueM Ha KBAHTOPHYIO IEDEMEHHYIO B BUIE KOHBIOHK-
U ATOMOB (WM TOXKIECTBEHHO HCTUHHOrO mpenukaTa Irue), a BOOIb BETBEH nepeBa
CTPYKTYPbI GOPMYJIBI TUIOBBIE KBAHTOPHI BCEOOIITHOCTH U CYILECTBOBAHUS depenyioTcs. B
PACIINPEHHOM HCUUCIEHUN BO3HUKAET PsII TPYIHOCTEH IPU aBTOMATUUIECKOM IIOCTPOEHUN
joruueckoro BeiBona. Hecmorps Ha TO, uT0 ucuncnenne JF sgBiseTcs MOIHBIM, IPUMEHEHTE
€IWHCTBEHHOI'0 IIPaBU/Ia BbIBOnA ucunciaeHus K HekoTtopon [10-dopmyne A TpeGyer moucka
IIOZICTAHOBOK, BOOOIIIE FOBOPSI, COOEPIKAIINX 3JIEMEHTEI 5pOPAHOBCKOI'O YHUBEPCYMa, COOT-
BercTByIoIIero gopmyie A. Takum o6pa3oM, HOUCK BLIBOIA HANPSIMYIO CBSI3aH C IepeGopoM
5pOPaHOBCKOT'O YHUBEPCYMa, UTO SIBIISETCS BeCbMa, HEa(DHEKTUBHBIM.

s ycTpaneHUs yKa3aHHBIX TPYIHOCTEH IIpemiaraeTcs HOBBIM CIOCOO IOUCKA ITONCTa-
HOBOK /IS IPUMEHEHNS IIPABUJIa BEIBOAA, & TaKXKe CTPATErNN MOUCKA JIOTHIECKOTI'O BEIBOIA,
obobraromuye cymiecTBytomnme st ucuucienus J. IlpenmoxeHHble CTpaTernu SBIISIOTCS
IIOJIHBIMU U IIO3BOJISIOT M30€XKATh KCIOb30BaHIE HANPIMYIO 5POPAHOBCKOTO YHUBEDPCYMA
II7IsT TIOUCKA BBIBOIA.

PaccmaTpuBaeTcs mporpaMMHas CACTeMa, PEAIM3yIOIas HOBBIE IIONXONBI MJIS IOUCKA
BBIBOIOB B ncuuciennn JF. IIpuBongarcs pe3ynbTaThl KOMIBIOTEPHBIX SKCIEPUMEHTOB Ha
ocuose 3anad u3 6ubanoreku TPTP (Thousands problems for theorem provers) [2] u cpasue-
HIE C CYIIECTBYIOIINMI JIMAUPYIOIIIME IPOTPAMMHBIME CUCTEMAaMU [IJIsI aBTOMATHIECKOIO
ITOKA3aTEIECTBA TEOPEM.

Pa6ora BbINONIHEHA IpH NMONIEPKKE COBMECTHOI'O MHTerparuoHHoro mpoekta Nedd CO

PAH.
CIMCOK JINTEPATYPBI

[1] Bacunwer C. H., 2Kepnos A. K., ®enocos E. A., Penynoe B. E. UnTennekTHoe ynpasieHne nuHaMmyae-
ckumu cuctemamu. M.: dusmaraut, 2000.

[2] Sutcliffe G. The TPTP Problem Library and Associated Infrastructure. The FOF and CNF Parts, v3.5.0.
Journal of Automated Reasoning, 2009, to appear.

Hnemumym dunamuru cucmem v meopuu ynpasaenus CO PAH, Uprkymck
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Onucaume IIPOCTBIX ciaabo TPaH3UTUBHBIX MOOAJIBHBIX a.r[r‘eﬁp

A. B. KAPIIEHKO

B macTtositiee BpeMst pacripocTpaHeH ajarebpandecKuil MOaXon K NCCIETOBAHIIO MOIAITb-
HBIX JIOTWK. B YacTHOCTH, MCCIEMYIOTCS MPOCTHIE, & TaKXKe (PUHUTHO HEpas3IOXKUMbBIE MO-
nanbpHble anre6per. B [1] omucanbr npocteie TpansuTusbie anrebpel. Cremys [2], HazoBem
MomabHyo anrebpy A caabo mpanzumuenot, eciiu Hr = x&Oxr < O0z. Cnabo Tpausu-
tusHas A HaseiBaercs DL-aaeebpoi [3], ecim ona ymosnersopser yenosuo z < 0.

Yepes V7" 0603HAYNM KOHEUHYIO MONAIBHYIO anrebpy ¢ (n + m) aToMaMu aq, ..., ay,
bi,...,b,, TakuMu, 4TO mJIs JIEOOOIO aTOMA, X

Oz = 1, x=a; nnauekoroporo 1 <17 < n;
| -z, z=0b; nmuexoroporo 1 < j < m;

[Tonmyden kpuTepuii IpOCTOTHI CJIA00 TPAH3UTUBHBIX MOMAIBHBIX aJIredp:

Teopema 1. Cmabo TpansuruBHas ajiarebpa A saBiagercs mpocTol TOrAa U TOJIBKO
Torma, KOrna BBITOTHEHO
1, mpu x = 1;
x&UOx =Lz = » 1P ’
0, mpu x # 1.

Teopema 2. Jlob6as KOHEYHO ITOpPOXKIEHHAas (UHUTHO Hepasmoxumas D L-amnrebpa
ABJIAETCS IPOCTON U m30MopHOI anrebpe V"' nia nonxonsaiux n + m > 0.

[Tosryaeno onmcanme CTPYKTYDPHI BiIOKeHUN 1y anrebp V', Il KOHEYHBIX IPOCTBIX
DL-anre6p A u B nmumem A < B eciiu u Tonbko eciu A n3omopdHO BiioxkuMa B 1.

Teopema 3. Ornoirerue < sBISETCI PEQIEKCUBHBIM U TPAH3UTHUBHBIM 3aMBIKAHTEM
OTHOIIIeHU s
m m m m-+1 m m—+2
Vi <V, Vi) <V VR <V
oot m > 0,n > 1.

Wccnenosanue BHIIOMHEHO Tpu noanepxkke Poccuiickoro houna GyHIaMeHTaTbHBIX 1C-
ciiepoBaruit (poext 09-01-00090a).

CINUCOK JIUTEPATYPEI
[1] Kapneuko A. B. Crna6oe MHTEPHOISNUOHHOE CBOWCTBO B pacmmpeHusx jgoruk S4 m K4. Anrebpa u
soruka, 47 (2008), 705-722.
[2] Ocakmua JI. JI. Cnabas TpaH3UTUBHOCTL — pecTUTylus. Jlormueckue uccienosanus. Beimyck 8, Mocksa:
Hayxka, 2001.
[3] de Rijke M. The Modal logic of inequality. The Journal of Symbol Logic, 57 (1992), no. 2, 566—-584.

Hrnemumym mamemamury um. C.JI.Coboaesa, Hosocubupcrk
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O6 skcTpeMabHBIX 3HAUEHUSIX OLHOIrO IapaMeTrpa AJjIisi MaKCUMaJIbHBIX
LITIEPHEPOBbIX ceMencTB (M.iu.c.) Tuna (k,k+1).

B. C. KOUYKAPEB

PaccmarpuBarorces m.am.c. monmuoxects tuna (k,k+ 1), k # 0, k # n — 1, koneanoro
n-57eMeHTHOr0 MHOXKecTBa S = {a1,as,...,a,} [1, 2]. Ecim F m.nc. ykasaHHOTO BHUna,
TO 0003HAYMM Uepe3 1; = p; + ¢;, TAe p; — YUCI0 monMHOkecTB A € F rtakux, uro |A| = k
ua; ¢ A, aq; — aucio nonmuoxkecTB B € F' rakux, uro |B| = k+1 u a; € B. O60o3raunm

Takxke r = max 7; u ' = min 7.
1<i<n 1<i<n
-1
Teopema. [Ins Beex m.u.c., kpome asyx, ' < (", 1) — 2.

—1
Teopewma. /lis Toro, 4Tobber r < (” i ), HEe0OXOOUMO U JOCTATOYHO, ITOOBI 41 TFI0OOTO

i = 1,n cymecrpoBago mHOXKecTBO A Takoe, uto |A| =k, a; ¢ A mw an A am A J{a;} me
npuHamgizexart F'.

Teopema. Tomsko gis k = |5 ] —1 npun > 6 cymecrByror m.ar.c. tuma (| 5] —1,[%])
Takme, 9TO 1 < (ng_il)

Teopema. I[louyTu Bce M.III.C. YIAOBIETBOPSIOT YCIOBUIO ' = (”;1).
CnencrBue. Ynucimo manc. tuma (k,k + 1) (o6osmaunm ¢(n,k)), ymoBrerBopser
HEpaBEHCTBaM

(") < g(n, k) <n- 2(" ).

CIIUCOK JIUTEPATYPHI

[1] Koukapers B. C. CTpykTypHBIE CBOICTBA OIHOIO KJIACCA MAKCUMAJILHBIX LINEPHEPOBBIX CEMENCTB MOL-
MHOXKeCTB. M3BecTus By3oB. MaremaTuka, 2005, Ne7, 37—42.

[2] Kochkarev B. S. Admissible Values of One Parameter for Maximal Sperner Families of Subsets of The
Type (k, k + 1). UsBecTtus By30B. Matemaruxka, 2008, Ne6, 25-28.

Tamapcrut 2ocydapcmeennbili 2ymanumapro-nedazo2uveckut yrnusepcumem, Kazamns
E-mail: bkochkarev@rambler.ru
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CEKBEHI_H/IaJ'IBHbIe (I)OprI TEeopeM 3p6paHOBCKOFO THUIIa OJIsd KJIAQCCNYECKNX N
MHTYUIINOHUCTCKNX MOOAJIBHBIX JIOT'UK

A. B. JISnNEUKIN

B cBoeit pabore [1] 2K. Opb6pan npemmoxun tpu dopmst (A, B u C') pemyKIMOHHON Te-
OPEMBI, HOCSIIEN ero UM, OTHOCSIIIENCS K KJIACCUYIeCKON JIOTUKE U CBOISIIIEN YCTaHOBIIEHIE
BbIBOAUMOCTH (0O1Ie3HaunMocTn) GHopMyssl F' B JIOTMKe MEPBOrO MOPSOKa K YCTaHOBIIE-
HUO BBIBOOUMOCTH (MCTHHHOCTHU) GECKBAHTOPHON (HopMyisl (cTpouMoil mo F'), HO TOIBKO
CPeICTBAMU KJIACCUYECKON MPOMO3UIMoHaibHOl joruku. Popmbl B u C' TpebyoT mpose-
IEeHUs CKYJIeMU3alnn, B TO BpeMs Kak A He ucmonb3yeT ee. [OCKONBKY CKyseMusanus He
ABIISIETCS KOPPEKTHOM Omeparieit 11 MHOTUX JIOTUK, B YACTHOCTH, [JIsl MHTYUIINOHUCTCKOM
JIOTUKWU, U1 HUX OTCYTCTBYET BO3MOXKHOCTBL MOJIyueHUs aHajaoros ¢dopMm B u C' maxe B
YUCTO UHTYUIUOHUCTCKOM cityuae. [losToMy B psme paboT aBTOpa OBIIN UCIIOIB30BAHbI 110~
uaTus gomycrumoctu (admissibility) u coBmectumocTu (compatibility), koTopsre npusenn
K PEeAyKIIMOHHBLIM TeopeMaM 5POPaHOBCKOTO TUIA MO BBIBOAUMOCTU IS KJIACCUYECKOU U
UHTYUIMOHUCTCKON CEKBEHIINAIBHLIX JIOTUK, HE TPEOYIOINM CKYJIEMU3AIUA U OTIAIHBIM
or A (cm., Hanpumep, [2]).

[IpemioxkeHHbIil B [2] MOMXOM PACIPOCTPAHSETCS 3[IECh HA CIIyUall OMPEIeIIEHHBIX KIIac-
CUYECKUX U MHTYUIIMOHUCTCKUX MOMAJIbHBIX CEKBEHIHAJIBHBIX UCUUCICHUH Ge3 TPaBUiia ce-
qeHusl, 00JIaIaroninX CBOMCTBOM HOO(POPMYIBHOCTI U MCHOJIBL3YIOIINX aHAJIOTHW 3pOpaHOB-
ckoro yuusepcyma QH (F') u spbpanosckoro pacimmperus HE(F) mis dopmynst F' npu
npoBeneHnu penykiuu. (PaccmaTpuBaemble MOOAIBHBIE MCUNCITEHUS MOXKHO IIOJIYUIUTh,
manpumep, u3 ucunciaenuit LK u LJ Ge3 ceuenus [3] moGasieHumeM K HUM HEOOXOAMMBIX
CEKBEHIMAIILHBIX MOMAIbHLIX Tpasus Mod.)

Teopema. s 3amkHyTOH opMmysiel F', cexksernmus — F BeiBogmma B LJ+Mod
(LK4+Mod) rormga u Toapko Toraa, korga cymectsytor HE(F) u moncraHoBka o TepMOB
u3 QH(HE(F)) BmecTo Bcex orpunarensHbix mepeMennbix 3 H E(F), rakwe, uro (1), (2)
u (3) ((1) u (2)) mmeror mecTo:

(1) moxkHO mocTpoutsh mepeso BeiBopa 1'r msa cexkpennuu — p(HE(F)) - o B mponosn-
nuoHaapHoM gparmernre ucunciaeans LI+Mod (LK+Mod), rae p(HE(F)) — pesynsrar
omyckanus Bcex kBaHTopoB B HE(F) u n(HE(F)) - 0 — pesynbrat ymaoxenus p(HE(F))
Ha 0;

(2) o sBasgercs momycrumMon moxcranoBkou aiis HE(F');

(3) mepeso T'r sBIIIE€TCS COBMECTUMBIM C O .

CHMCOK JIMTEPATYPBI
[1] Herbrand J. Recherches sur la theorie de la demonstration. Travaux de la Societe des Sciences et de
Lettres de Varsovie, Class III, Sci. Math. et Phys., 33 (1930).
[2] Lyaletski A. Herbrand theorems: the classical and intuitionistic cases. Studies in Logic, Grammar and
Rhetoric, 14(27) (2008), 101-122.
[3] Gentzen G. Untersuchungen uber das Logische Schliessen. Math. Z., 39 (1934), 176-210.
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MOI[EJ'II/I JIOTAYECKHUX CuCTeM MMpPOAYKIIMOHHOI'O TUIIa, OCHOBAHHBbIEC Ha pellieTKax

C. II. MAXOPTOB

Anrebpamueckasl JIoruka IpencrapiseT 3hO(OEKTUBHBIA ammapar OjIs MOMIEIUPOBAHUSI
gorundeckux cucrteM. OOHAKO B CUTYy YHUBEPCAILHOCTU OHA OKA3BIBAETCS HEIOCTATOUHO TIO-
JIE3HOW B PEIEHUN Ps1a BaXKHBIX 3a71a, CBIA3aHHBIX C MIITPOKO MPUMEHSIEMbIMI Ha TTPaKTUKE
cuCcTeMaMu TPOMOYKIIMOHHOTO Tuna. K 3amadaM Takoro pojia OTHOCSITCS BOIIPOCH 00 SKBUBa-
JIEHTHOCTH, KBUBAJEHTHBIX TPe0OPa30BaHMUIX, BEPUPUKAIINN TPOLYKIINOHHBIX U TOMOOHBIX
UM CHCTEM, KOTOPBIE PACCMATPUBAIOTCSI B psme PabOT W PEemIaloTcs JaCTHBIMU METOIaMU.
Ocoboe MecTo 3mech 3aHIMaeT 3a0ava MUHIMN3amuu. B oOiieil MaTeMaTUdecKOl JIOTUKE
MUHUMAaJIbHAsI CHCTEMa aKCHOM Ha3biBaeTcs 6a3mcom. Bompochl cyriiecTBoBaHUsI 6a3MCOB
JIONIYCTUMBIX TIPABUJI IJIsl IITUPOKOTO CIIEKTPa JIOTUK paccMaTpuBaiuck B. B. PribakoBeim u
ero nocaenoBaTenamu. OmIHAKO MPOMYKIIMOHHBIE CUCTEMbI UMEIOT OCOOEHHOCTH, MTPEeIoCTa-
BIISIOIINE MOIOJIHUTEILHLIE BOBMOXKHOCTH B IJIAHE MUHIMUI3AIIIN.

B nmoxname paccMmaTpuBaeTCs Kjacc ajareOpamvecKuxX CTPYKTYP, Ha OCHOBE PEIIeTOK
AIIEKBATHO MOIETUPYIOININX CBOWCTBA MPOMYKIMOHHO-JIOrmYecKknXx cuctemM. (OCHOBHas umes
COCTOUT B MOMNEIMPOBAHUU CBsi3eil (COBOKYIHOCTHU IIPABWII) HOIOJHUTEIHLHBIM OGUHAPHBIM
OTHOIIIEHEM C 3aJIaHHBIMU CBOWcTBaMu. [Ipm sTOM ompemensioniee pPeIIeTKy MCXOITHOE
OTHOIIIEHE YACTUIHOTO MOPSIKA OTPAXKAeT YHUBEPCAITbHBIE TABTOJOTUN U SIBIIIETCS (QUK-
CUPOBAHHLIM. BTOpoe OTHOIIIEHNE MOPOKIAETCS JIOTUIECKUMI CBSI3SIMU KOHKPETHOU IIpe[l-
MEeTHOM 00/IaCT! W MOXKET MOMOBEPTraThCs SKBUBAJIEHTHBIM ITPE0OPA30BAHUIM.

B xaxmoi m3 mpemtoxKeHHBIX MOMENeN ToKa3aHa TeopeMa O CYIIECTBOBAHUU TTPOMYK-
IMIOHHO-JIOTUYIECKOTO 3aMbBIKAHIS OMHAPHOTO OTHOIIEHUWS, UTO ITO3BOJISIET BBECTU ITOHITHE
SKBUBAJIEHTHOrO OTHOIIEHs. [[oKa3zaHbl TeOpeMbI O BOBMOXKHOCTSIX JIOKAJIbHO-9KBIBAJIEHTHBIX
mpeoOpa30BaHNl MCXOMHOTO OTHOIMEHUs. OJTH Pe3yIbTaThl 000CHOBBIBAIOT (POPMAJILHBIE
npeobpa30BaHUs 3HAHUN MPOMYKIMOHHOTO Tuna. l{oka3aHbl TEOPEMBI O CYIIECTBOBAHUN JIO-
TUYEeCKON PEeNYKINN M YKA3aHBI CIIOCOOBI €e TIOCTPOEHUS, ITO MO3BOJIsIeT POPMYITPOBATH U
VCIEITHO PeIaTh 3aladll aBTOMATUYECKON ONTUMU3AINN (POPMaJIbHBIX 3HAHUN. DBBemeHO
HOBO€ TOHSITHE MPOMYKIIMOHHO-JIOTUIECKOTO yPaBHEHUS U OOOCHOBAH METOI €ro peIleHus,
9TO B IPUMEHEHUN K MPOIYKIMOHHBIM CHCTEMAM COOTBETCTBYET IIOJTHOMY OOpATHOMY BBI-
BOMY C MIHUMUBAIINEN MEJIEHHBIX 3aITPOCOB.

Boponesccrutli 2ocyrnusepcumem, Boponedrc
E-mail: sd@expert.vrn.ru
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I'no6anbuo momycrtumsbie npaBusia WCP jioruk.

B. B. PumaAnuxkun

["oBopuM, UTO PABUITO T 2406a.46HO JONYCMUMO 6 A02uKe L, eCITU T MOIYCTUMO BO BCEX
OUHIHTO ANMPOKCUMUPYEMBIX JOTUKAX, paciupsiomux jgoruky L. Habop mpaBun BbIBOIA
R HA3LIBAETCS 0G3UCOM 2400a4bHO DONYCMUMBLE NPasUL Ao2uky L, ecin (1) KayKIoe mpaBuiIo
u3 R rnobanbHo momyctumo B L; (ii) mo60oe ri106aibHo qomycTuMoe B £ IPAaBUIIO BEIBOAUTCSE
3 R BO Bcex GUHUTHO aIIPOKCUMUPYEMBIX JIOTUKAX, PACIIUPSOmX L.

[NoBopuM, uTO QUHUTHO anmpokcuMmpyemas Joruka L, pacIIupsioiias JIoruky 5S4,
nMeeT cAab0e c80UCMB0 Ko-HaKpblmuli, €CIu O JTF0O0r0 KOHEYHOTO KOPHEBOTro L-dpeimMa
JF m mpom3BosbHOW aHTHUIEnu X crycTkoB u3 F, ¢peiiM Fp, TOIyUYeHHBIN noOaBIeHnEM KaK
KODHs OTHO3JIEMEHTHOTO Pe(IIeKCUBHOTO KO-HAKPHITUA KO dpeiimy | J . xr cf, raxxe aBms-
ercs L-dpperimoM. Jlorukum, obnamaroime >TUM CBONCTBOM OymeMm majiee HasbiBaTb WCP-
A02UKAMU.

Teopema. IIpaBumo BEIBOOA " JOIIYCTUMO BO BCeX (pmHUTHO anmnpokcumupyembrx WCP-
JIOTHKAaXx, paciupsrormx S4, Torma u TOIbKO TOrAa, KOTAa T JOILYCTUMO BO BCEX TAOIMIHBIX
WCP-norukax, pacumpsrorux S4.

Hns Bcex uucen n > 1, 1 <1,7 < n; n € N, onpeneaum GOpMYyIbIL:
mioo=pi A\ pj Ani= N\ OmisAnn =00 N (0 — ~09)]:
j#i 1<i<n 1<i<n
B :=qV —={q.
OnpenenuM TakXke MOCIEIOBATEILHOCT TPABUIT BBIBOIA:
A Q- O(A,1 N—(A, ANB
w; R, = ( vl (4 ));n:2,3,....
pA—p O-A,
Teopema. Muoxectso npasui {R,,n € N}, obpasyer 6a3uc mpaBuil BbIBOAA, HOILY-
cTUMBIX BO Bcex (uanTHO ammpokcumupyembrix WCP-jmorukax mam S4.

Rl =

MmuoxecTBo R mpaBmiI BbIBOOA B s3blke Joruku L OylneM Ha3biBaTh KBa3mba3mcoM
IJIsL OOIIyCTUMBIX B L MPpaBUJI BBIBOOA, €CJIN JI000€ MOMyCTUMOE B JIOTUKe L TPABUIIO
BBIBOJIa, BEIBOAUTCS U3 HAHHOTO Habopa mpasui R.

Teopema. Muoxectso npasui {R,, n € N}, obpasyer kBa3uba3uc IpaBui BBIBOAA,
HOIMyCTUMBIX BO BCEX (PMHUTHO AIIIPOKCHMUDPYEMBIX JIOTUKAaX, PACIIAPIIOIIIX S4.

Teopema. IIpobiema ry06aJdbHON MOIyCTHMOCTH IIPOU3BOJILHOTO MpaBmia r B S4
(purnTHO anmpoxcumupyemoit goruke Ly, S4 C Lg) paspernma.

Cubupcruti Pedepaavmnviii Ynusepcumem, Kpacnoapck
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K Bompocy HempoTHBOPEYMBOCTH CEMAHTUYECKOTO BEPOSITHOCTHOI'O
npeacKa3aHus

C. O. CMEPIOB

CHavana OIpeneInM BePOSTHOCTb Ha MHOXKECTBE OCHOBHBIX IIPENJIOKEHUN B COOTBET-
crBun ¢ [1] (kak pacmpenenenue Ha MOAMHOXKECTBAX Kiacca Momeneil 1-oro mopsinka &).
Hamee mo3BosmuM jmrepanaM (HE TOIBKO aTOMaM) yYaCTBOBATHL B KJIACCHYECKIX OOBEK-
TaxX JIOTUYECKOTO IMPOTPAMMUPOBAHUS: IIPaBUiIaxX, (paKTaxX W 3aIIpPOCax; 3/IeCh BEPOSITHOCTH
OCHOBHBIX 5K3EMILISIPOB IIPABUII OIIPEIESICHbl KaK yCIOBHBIE.

Rulel' = {C € Ruley, | m1s mekoropoit ocosHOI § BeposTHOCTE CH ompenernenal;
p(C) = inf {1 (CO) |0 cyrs ocosras nmoncranoska u CH € Rulef }, rme C € Rulef.

[IycTs Data (B) — MHOXECTBO aKTyaJbHBIX (GaKTOB MCCIIEAYEMOIl MOIEIN 1-ro mopsiaka
B. Ortnomenne C; > Co (“6imb 6osee obwum”’) mexny C; = (A; < Bq,....,B,) u
Cy = (Ay < Dy,...,D,,) B Rulel mMeer MecTO B TOM JIMIIb CIydae, KOTOa CYIIECTBYET

rtakas moncranoska 6, uro {Bi6,...,B,0} C {Di,....D,,}, A10 = Ay u C; me ssusercs
BapuanTom Cso. IlpaBmna u3 Ruleﬁ, KOTOpBIE HEJIb3s 0000IIUTEL 0e3 MmoTepu B BEJIUUNHE
YCIIOBHOM BEPOSATHOCTH [t (-), HA3BIBAIOTCS [L-3aKOHAMU; 0OPA3yeMOe UMEU MHOXKECTBO 060-
sgaunm GLawf. Iljst Beskoro ocHoBHOrO smrepana H B pesynbrare cemanmuueckoeo fi-
npedcKa3anud MbI TIOIYJIaeM HAUAYUWUT [1-30AKOH, €CITA CEeMAHTUUIECKOe U-TIPEICKA3AHUEe
H ompeneneno (Bce HEOOXOAMMBIE OIPENEIEHUS SIBISIFOT COGON €CTECTBEHHOE DPACIIMPEHUE
npezncrasieHsbix B [2]). Kaxnomy mammyumemy npasmty C = A < By, ..., B,,, ucnonb3o-
BaHHOMY B IIpefcKa3aHuu HekoToporo H, comocraBum Bce Takue OCHOBHBIE 5K3eMILIsapbl C6,
gro {B10,...,B,0} C Data(B), A = H u {B46,...,B,0} pu-coBmectro (mabop nurepasos
S Ha30BEM [1-COBMECTHBIM, €CITA BEPOSITHOCTHAS Mepa MOIelleil, Ha KOTOPBIX OH peajun3y-
eTCsl, OTJIMYHA OT HYJIsl); COBOKYNHOCTH onucanHbix C (mpoberas mo Bcem nurepasiam H)
0603HAYINM Prdctf’o.

Teopema 1. Ilyctes HexkoTOpbII OCHOBHON aToM H p-mpemcka3piBaeTcsi OCHOBHBIM
0
sx3eMiisIpoM Cpos € Prdctf” mpasmma C; € GLawf (Cpos = Ci16p0s), B TO Bpems Kak
ero orpugarme —H — ¢ momomsio Cpey (Creg = Cobney). Torma MHOXECTBO JMTEPATIOB
110cblIOK Cpos 1 Cpeg HE [1-COBMECTHO.

I'y = {B1 ANeAB, > A|A<=BA...AB, € Prdctﬁ’o} U{A|(A <) € Data(B)}

Teopema 2. IIycts mHOXecTBO Data (8) p-coBmectro. Torma MurmMaIbHAsS Teopus,
conepxarmas ', Torudyecku HEIPOTHUBOPEUIUBA.

CInCOK JIUTEPATYPHI
[1] Halpern J.Y. An Analysis of First-Order Logics of Probability. Artificial Intelligence, 46 (1990), 311—
350.
[2] Vityaev E.E. The logic of prediction. Mathematical Logic in Asia, Proceedings of the 9th Asian Logic
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Scientific, 2006, pp. 263—-276.
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ABTOMAaTHUYECKOE pPacCiiIo3HaBaHHUeE IIPOEKTUBHOI'O cBoiicTBa bera B nmo3smTuBHO
AKCHIOMAaTMU3NPyEeMbIX JIOKAJIBHO TabJIMUHBIX paCcIImpeHnAax MUHIMAJILHON
JIOI'MKN

II. A. [IIPAVIHEP

JI. JI. MakcumoBoit B [1] 661710 MOKa3aHO, 9TO MEUHIMATBHAS JTornKa Moxancoma J mreeT
B TOYHOCTHU CeMb MO3UTHUBHO AKCHOMATHU3UPYEMBIX PACIINPEHUN, 00JIaJaioInX TPOEKTUB-
HbIM cBOCTBOM Bera. [lecTs 3 9TUX JIOTUK SBIISIIOTCS JTOKAIBHO TabmumaHbiMu. [lomyaaem
YTO MIJIST TOTO, YTOOBI TPOBEPUTH, OyIeT JIU MO3UTUBHAS JIOTUKA, IOJTyUeHHas 100aBIeHIeM
HOBOU CX€MBI aKCHOM K TO3UTUBHOMY (GparMeHTy MUHUMAJILHOW JIOTUKU J, JIOKAJIbHO Ta-
OIUYHON JIOTUKOW C MPOEKTUBHBIM CBONCTBOM beTa, HaM IOCTATOYHO BBISICHUTD, OyIET U
OHA COBIANATH C OMHOW M3 BBIIMIEYIIOMSIHYTHIX IIIECTH JIOTUK.

Beenem o6Gosnauenus: Z, = {1,...n} ¢ eCTeCTBEHHLIM JIMHEHHBIM MOPIAKOM; V, =
{0,1,...n} rne ORz mns mo6oro z u ~xRy mna 1 < z,y <n,x # y; Wixn = Ui:l Zin(1,n)Y
{=1} rme —1Rx nmna moboro z; Y, =V, U{-1} rone —1Rz nms mo6oro .

Cremyroltiee TpemIOKEHNE TOIYyIaeTCsl YIIyUIlleHneM OIeHOK, IMPUBEIEHHBIX B paboTe
[2].

IIpennoxenne. Iycrs L = J" +{Ay,..., A}, A= A1 A...\ Ay, A He BEIBomUMA B
JT, popmymna A comepKuT n MepeMeHHBIX, 1 — oblee KOJIMIeCTBO BXOKICHUI «—>» B A 1

I = max(1,r). Torma L nmeer PBP Torna m Toibpk0 TOrga, KOrga MMeEeT MeCTO OHZHO U3
CJIELYIOIINX Y CIIOBUI:

(1) ®opmyna A omposepraercs Ha 7.

(2) Popmyna A mcruHHA Ha 71 M OOPOBEPraeTcs Ha L.

(3) Popmyna A mcrunHa HA Z,,1 U OIpoBepraercs Ha V.

(4) Popmyna A uctunua Ha Zo u ompoBepraerca Ha Zs u Va.
(5) Popmyna A mcturHA Ha V0 (2n, 1) U OIPOBEPraeTcs Ha Z3.
(6) Popmyna A mcrunua Ha Wiy, u onpoBepraercs Ha Ys.

ABTOpOM CcoO3maHa MpOrpaMMa, PeaIM3yIOIIe BBIITEOTNCAHHBIN AJITOPUTM TPOBEPKU
IIPOEKTUBHOTO CBOMCTBA beTa B MO3UTUBHO aKCHOMATH3UPYEMbBIX JIOKATHHO TaOIMIHBIX PAC-
IIMPEHNSIX MIHIMAJIBHON jtorukn Voxancona J.

Pa6ora monnep:xkana rpantom PODPU (Homep rpanTa 09-01-00090-a).
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BI)EMeHHaﬂ JIOTMKA JIMHENHBIX I10 BpeMeHHN IIIKaJI C aKCHOMOW NMHAOAYKIINN

B. ®. IOH

MopanbHast JIOTMKa OTIMYAEeTCs OOJIBIIMM pa3HOOOpa3meM CHUHTAKCHACA U CEMaHTUKM.
OTuM MOXKHO OOBSICHUTH IIINPOKOE TPUMEHEHIE MONAIILHBIX I BDEMEHHBIX JIOTUK, HATIPIMED,
B nHPOPMAIIMOHHBIX TEXHOJIOTUSIX, TEOPUU UCKYCCTBEHHOTO MHTEIIEKTA, MATEMATUIECKON
JUHTBUCTUKE, U K U3YUYEHUIO TeOMEeTPUUIECKUX CTPYKTYp. lIpemMerom Halrero mcciiemoBa-
HUST SIBISETCS TOJTMMOMAJIbHAS JIOTUKA, CBA3aHHAS C JIMHEHMHBIMU BPEMEHHBIMU MOIIEIISIMUI
C MOMEHTAMU BPEMEHU, KOTOPBIE SBISIOTCS KJIACTepaMu COCTOSHUU. Bosee TouHO, B [1]
paccmaTpuBaioTcs dpeimer (e C(i), R) ¢ nuHeitHO ymopsamoueHHbIME R-KmacTepaMu
cocrostamit C'(4), 1 M3y4aeTcst JJOruKa Takux GPEeNMOB B SI3bIKE C BDEMEHHBIMU MOIAIIbHBIMIU
oneparopamu 1, 07 u cnabbivu MmonanbrocTsvu [f ) 0. Tlpw 3amanmn jg0ruku mocpes-
CTBOM MOIeJIENl BaXKHENIIINMHI 3a0adaMU SIBJISIFOTCS BBIOOD MOOAJIBHOTO SI3bIKA 1 IIPoOjIeMa
AKCHOMATU3AINN JaHHON JIOTUKM.

MEbr BBeNU IOMOTHUTEIEHOE OTHOIIEHNE ] MEeXITy 3JIeMeHTaMU COCETHUX KJIACTEPOB I
paccmorpenu Gostee mmpokuit kKiaace dpeiimos Buna (X, R, Ri), KOTOpble HA3BAIN JINHEN-
ueiMu 110 BpeMenu (S C R)Ind-dpeitmamu. Iockonbky crabble MOTATBHOCTU HE SIBIISIFOTCSE
HOPMAJIBHBIMI, TO 3allavda aKCHOMaTH3aIllW CYIIIECTBEHHO yCIIOXkHseTcs. Hamm mokasaso,
9TO ecim MOGABUTDL K A3LIKY BpeMeHHbIe MomasmbHOCcTH (1, (], TO crabble MOmATBHOCTH
OF n O, Bolpaxaroorcsa yepe3 npyrue. 1105TOMY Npu aKCMOMATU3AINEA KJIACCA JTMHENHBIX
no Bpemern (S C R)Ind-ppeifiMOB eCTECTBEHHO BbIODATH BPEMEHHON SI3BIK C UETHIPHMSI
momamsrocTsvu (17, O~ w OF, 07 .

B stom s3wike mocTtpoeno ucuuciernue LInd, comepxaiiiee akcmoMy WHIYKIIAY, TTOJTHOE
OTHOCUTEIBHO JnHenHbIX 1o BpeMeru (S C R)Ind-dpeiimos. [lokazano, 4T0 OHO GUHUTHO
AIIIIPOKCUMUPYEMO U, CIIEIOBATEIBHO, SIBISETCS PA3PEIINMbIM.

Pabora Bemonuena npu ¢puHAHCOBOUW mommepxkke Poccuiickoro donnma ¢yHIaMeHTa b
Hbx uccrenoanuil (mpoekT 09-01-00090-a) u npu nmonmepxkke rparta ABIIIT Muno6paso-
Banus Poccun «Pa3surue HayuHOro morenmmasa Boiciieil mkoabr> (mpoekT 2.1.1/419).
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HoBble KkOHCTAaHTEHI B JIOTUKE HaMMeTa

A. 1. dmua

[Tycts F'm — MHOXeCTBO GOPMYJT IPOMO3UIMOHAIBHOTO S3bIKA CO CTAHIAPTHBIMU CBSI3-
kamu V, A, —, - u kouctauTamMu 0 u 1. CynepumHTYHUIIMOHUCTCKON JIOTMKOHN HAa3bIBAETCS
IPOM3BOJIbHOE TTOAMHOXKecTBO L C F'm, BKifOUarolee MHTYUIUOHUCTCKYIO IIPOIIO3UIUO-
HAJIBHYIO JIOTUKY Int U 3aMKHYTOe OTHOCUTEIBHO HpaBmia modus ponens u MOICTAHOBKIU.
Hampumep, swocukoti lammema HA3BIBAETCS CYNIEPUHTYUINOHICTCKAS JIOTUKA, MOJIYI€HHAI
nobasnerneM K Int cxemsl akcuoM (A — B)V (B — A). XapakTepuCTUIeCKUM 715 JIOT UK
HamMmeTa SIBJIS€TCsI, B YACTHOCTHU, KJIACC KOHEUHBIX JIMHETHO YIOPSIOYEHHBIX IITKAJT (Ierer).

Jlo6aBuM K MPOIO3UINOHAIBLHOMY SI3bIKY KOHEUHBIN HAGOp ® = {¢1,..., @, } Joruue-
cKuxX KOHCTaHT. Pacmmpennsiil kiaace dopmyit o6osHauum yepes F'm(p). Popmynsr uz F'm
HA3BIBAIOTCS UUCTNBIMU.

©-Jlo2ukoti HA3BIBAETCS MHOXKeCTBO L HOPMYIT PACIINPEHHOTO sI3bIKa, BKITIOUaroree Int
7 3aMKHYTOEe OTHOCUTEIBHO IpaBmI modus ponens u noacTaHoBku. p-Jloruka £ HasbiBaeTCs
KOHCEPBAMUBHbIM pacuwupenuem moruku L, ecmu L C L u s BCAKOU uucToit hopmyiasr A
m A € L cienyer A € L. p-Jloruka £ maswBaercs noawvim no I1.C. Hosuxosy pacuwiu-
penuem noruku L, ecniu L xoucepBartusHa Han L u s moboit popmynsr A € Fm(p), ne
npunamiexaein L, p-noruka L + A #ekoucepatusHa Han L. [lom npobaemoti Hosuxrosa
Oasg L moHMMaeTCsl OmmcaHme KJacCa BCEX IOJIHBIX PACIINPEHUN HAHHOW CYIEePUHTYUINO-
HUCTCKOH JIOTUKU B KOHKPETHOM PACIINPEHUN SI3bIKA, B PACCMATPUBAEMOM CJIyUIae C HOBBIM
HAOOPOM JIOTUYECKUX KOHCTAHT.

st omumcanust MOMHBIX paciiupenuit jgoruku Jlammvera mpuMeHsieTcss TOHSITUE KOHE'-
HOII IIeTN ¢ HAPOCTOM OIPeNesIeHHOro Tumna. 1lom TepMuHOM Hapocm MOHUMAETCsT KOHEUHAs
Q-1lenb, B KOTOPOIl BCE TOYKHM UMEIOT pas3Hble IBeTa. llom yeemom TOUKM MOHMMAETCs
MHOYX€ECTBO HOTMOJHUTEILHBIX KOHCTAHT, IPUIUCAHHBIX K 9TON TOuYKe. Takoit HapoCcT mpu-
coequHseTcss ~cBepxy K MPOU3BOIBLHOW KOHEUHOW IIENM, IPKU DTOM IIBET KOPHS HAPOCTAa
nyOGIupyeTcs Ha TOYKU OCHOBBI.

Teopema. CemerictBo mosabrx mo HoBukoBy paciupenuii joruku /lamMvera B sS3bIKe
C HOBBIMU KOHCTAHTAMH KOHEYHO U HAXOOUTCS BO B3AHMHO OLHO3HAYHOM COOTBETCTBHUH C
MHOX€CTBOM ITONAaPHO HEU30MOPGHBIX HAPOCTOB.

Isist onmcanusi HAPOCTOB UCIIOIB3YETCS TIOHATHE YHUBEPCALbHOU P-wkaabl. Hampumep,
IUTSI IBYX JOTIOTHUTEIBHBIX KOHCTAHT OHA COCTOUT 13 4-X KOMIIOHEHT U BBITVISIAUT TaK:

° ®1 ©2 Plg P2
I I P1 P2
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Temporal logics based on Kripke structures with embedded local frames

S. BABENYSHEV, V. RYBAKOV

We introduce a method for studying propositional logics, that are semantically generated
by temporal (with future and past modalities) Kripke structures with embedded local frames.
The embedded frames have their own Kripke relations, possibly quite different from that of
the parent temporal frame. The only restraining condition is that every embedded frame
must reside inside a temporal cluster. We show, that whenever original Kripke structures
satisfy constraints of certain modal logics, then the resulting logic retains the effective
finite model property and decidability of the constituents. Furthermore, this method allows
to add to the language some additional operations (not necessarily Kripke modalities),
able to express higher-level properties of the underlying models, while still preserving the
decidability of the resulting logic. This paper capitalizes on the previous research of one of
the authors [1-5]. The generalization obtained has required a significant technical refining
of the original approach.

This research is supported by Engineering and Physical Sciences Research Council, U.K.
(EP/F014406/1).
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Decidability of logic N*

S. A. DROBYSHEVICH

Logic N* is an extension of logic N, suggested by Dosen [1] to study negations weaker
then that of Johansson’s minimal logic. N is defined in the language £ := {A, V, —, =}, where
— is an intuitionistic implication and — is interpreted as a modal operator of impossibility.
The axiom schemata contains the axioms of positive logic together with the axiom

“pA=qg—=(pVaq)
The rules of inference are modus ponens and the contraposition rule for negation.

Definition. W = (W, <, R,) is an N-frame if: (i) W is a non-empty set; (ii) < is
a partial ordering on W; (iii) R € W? is an accessibility relation for negation verifying
<RCR.
An N-model is an N-frame together with a valuation satisfying the intuitionistic heredity.

Logic N* was first suggested as a logical framework for investigation of well founded

semantics [2] and it is obtained from N by adding the following axioms:
“(p—=p)—q ~(pAg)— Vg

New axioms allow to define Routley style semantics for N*. Routley frame is W =
(W, <, %) where W, < are defined as above and * is anti-monotonic function on W. Routley
model is a Routley frame together with a valuation as for N-models. The new definition for
negation is

TE ) = " F P

Logic N* is complete with respect to the class of Routley frames. Using Routley style
semantics we then prove

Theorem. Logic N* has a finite model property.

We obtain this result by constructing a hybrid tableau calculus based on the tableau
calculus suggested in [3]. From this theorem we infer in a standard way

Corollary. Logic N* is decidable.

This work was supported by Russian Foundation for Basic Research, project RFBR-09-
01-00090-a.
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Comparison of complexities of logical inferences in Hilbert-type system with
complexities of inferences in Martin—Lo6f’s theory of small types

G. MARIKYAN

In [1] and [2] Per Martin-Lof has introduced his Intuitionistic Type Theory (hereafter
MLTT). To characterize a theory it is important to evaluate complexity of its logical
inferences. For this purpose I compare complexity of inferences in a well-known formal
system with complexity of inferences in Martin-Lof’s Theory of Small Types [2] (hereafter
MLTTy).

For comparison I have chosen the Hilbert-type system (hereafter H) defined in [3]. Both
H and M LTT, are formalizations of arithmetic, that is why it is an interesting problem to
compare the complexity of logical inferences in these two formal systems.

In order to compare complexities of inferences I build three methods of complexity
measurements universal for both systems, and I use them to compare the complexities of
logical inferences in them.

L-complexity of an inference is the number of axioms and rules of inference in it.

D-complexity of an inference in M LTTj is the total number of symbols of all assump-
tions and expressions in the inference, plus number of separating symbol “;” in it.

D-complexity of an inference in H and in M LTTj is the total number of symbols of
all expressions in the inference, plus the number of separating symbol “;” in it.

Theorem. S} M 770 (n) < 10n.
Theorem. Sg’MLTTO n) < 28n.

Theorem. SKLTTO’H(n) > 4n.
Theorem. S%LTTO’H(n) > Hn.
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On Topological Presentation of Nelson Lattices

S. P. ODINTSOV

Priestley duality for N3-lattices modelling explosive Nelson’s logic N3 was developed
independently by R. Signoli [1] and A. Sendlewski [4]. The algebraic semantics for para-
consistent Nelson’s logic was only recently developed by the author of this abstract, see [3].
This allows to pose a question on Priestley duality for algebraic models of paraconsistent
Nelson’s logic. Here we suggest a Priestley duality for N4"-lattices [3] modelling a version
N41 of paraconsistent Nelson’s logic with additional intuitionistic negation, i.e. we con-
struct a category of ordered topological spaces dually equivalent to the category .texNELS
of N4+-lattices and their homomorphisms.

Let X = (X, X!, <, 7,9) be a tuple, where X is a set, X! C X, < a partial order on X,
g: X — X, and 7 is a topology on X. Put

X2 i=g(XY), XT:={reX|r<g()}, X ={reX|gl)<a}.
The structure X is said to be a Nelson space if the following conditions are satisfied:

(1) (X,<,7,9)is a De Morgan space, i.e., (X, <,7) is a Priestley space [2] and g is an
order-reversing homeomorphism such that ¢? = idx;

(2) Xtisclosedin 7, X = X'UX?% and X' NX?2=XTNX";

(3) (X1, <Ix1,7 |x1) is a Heyting space, i.e., (U] = {y | y < = for some z € U} is
open for any set U open in X!;

(4) for any x € X! and y € X2, if 2 < y, then z € X+, y € X, and there exists
z € X such that z,g(y) < z < g(z),y;

(5) forany z € X? and v € X!, ifz <y, thenz € X,y € X, and = < g(y).

For Nelson spaces X = (X, X!, <, 7,g)and Y = (Y, Y}, <, 7/, ¢'), amapping f : X — Y
is said to be a Nelson function if 1) f: (X <,7,9) — (Y, <, 7/, ¢’) is a De Morgan function,
i.e., an order preserving continuous mapping such that fog = g’of; 2) f(X1) C Y1, 3) f I x:
is a Heyting function, i.e., for any U open in 7/, f~1(UNY)NnXt = (f~H(UNYH]n XL

Denote by NELS* the category of Nelson spaces and Nelson functions.

Theorem. The categories NELS and NELS™ are dually equivalent.

This work was supported by Russian Foundation for Basic Research, project RFBR-09-
01-00090-a.
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Tableau-like automata-based axiomatization for fix-point propositional modal
calculus

N. V. SHiLoV

We develop sound and complete experimental tableau-like axiomatization for the propo-
sitional p-Calculus of D. Kozen (pC) [1]. This axiomatization is automata decision procedure
augmented by model checking deciding automata as a finite model. A deduction strategy
within the axiomatization consists of a number of stages. These stages are sketched below
along with outlines of the approach.

First we introduce the rewriting rules that eliminate negations outside literals. The
rules preserve tautologies and lead to a so-called simple formulae. Then we study a special
class of automata on infinite words. An automaton in this class accepts an infinite word
as soon as it enters any accepting control state. A (fairness) constraint is a set of input
symbols. An infinite word meets the constraint iff all specified symbols occur finite number
of times at most. The halting (termination) problem with the constraint consists in checking
whether an automaton accepts all infinite words that meet the constraint (if it is the case
than we say that the automaton totally accept the constraint). We prove that the problem
is decidable. We do believe that automata-theoretic approach to decidability can exploit
different variants of automata, not necessary well-known (i.e. Biichi or Rabin) automata.

At the next step we translate simple formulae of uC into automata with fairness con-
straint. Control states of the automata are finite sets of formulae. The main property
of this translation follows: a formula is a tautology iff the automaton totally accepts the
constraint. After that we consider automata as finite labeled transition systems (i.e. Kripke
structures) for pC, and encode the halting problem with constrains by a particular formula
of uC. An automaton totally accepts a constraint iff the formula holds in some initial state
of the corresponding model. In simple words: we interpret halting problem with fairness
constraint as the local model checking problem for some fixed formula of the propositional
p-Calculus.

Finally we adopt sound and complete tableau designed for local model checking for the
pC in finite models [2] and convert it into a tableau-like axiomatization for the propositional
p-Calculus of D. Kozen.
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Borunciaumas jmorumyeckasn cneumbnxaunﬂ InmapaJjijieJIbHbIX CUCTeM

B. H. I'nymkoBA

CemaHTUKa aCHHXPOHHBIX MMaPAJIJIEIBHBIX IPOrPAMM IIPENCTABISIETCS JIOTUIECKON CITe-
nupukanueir u3 Ag-bopmyn [1] ¢ orpaHUYeHHBIME KBAHTOPAMU BCEOOITHOCTH. DOPMYJIBI
UHTEPIPETUPYIOTCS Ha JepeBe pazbopa IPOorpaMMbl, PEICTABICHHOM CIIICKOM, CTPYKTYDY
KOTOPOro oTpaxaer npedukc dopmynst Buna (Vi €ry)...(Vo,€ry,), € — TpaH3UTHBHOE 3a-
MBIKAHIE€ OTHOIIECHIST TPUHAMICXKHOCTU CHUCKY. IS MOCTpOeHus: MOMeNn MCIIOIb3yI0TCS
KBa3uTOXIecTBa (=) — Y (Z), roe ¢ (1) KOHBIOHKINS ATOMHBIX (DOPMYJI WU WX OTPUIA-
Huit Buna p, 7 = 7o (f = 7) ; p, f — npenukaTHLIN 1 QYHKINOHATIBLHBIA CUMBOJIBL T, T1, To —
TEPMBIL.

Crnennduxarms onucbIBaeT MOBENEHIE CUCTEMBI Uepe3 M3MEHEHUEe COCTOSHUI ee Iepe-
MEHHBIX. BBIIessitoTcss MHOTOCOPTHBIE 061acT nHTepnperanun: Var — nepeMeHusle, Ps —
MHOXECTBO BcexX mporieccoB, Op — omepaTopsl u T.O. s omucanus mocienoBaTeIbHOCTH
UCIIOJTHEHUSI OTIEPATOPOB SIBHO UCIOJIB3yEeTCs IEPEMEHHAsT COPTa, “IMUCKPEeTHOE BpeMs ; HYHK-
uust Val : Ps X Var x N — D 3amaeT 3HaUeHUs MePEMEHHBIX MPOIECCa B MOMEHT BpPEMEHU
n B obmactu D. Bpewms sBiaseTcs oOIIMM Jsi BCEX MPOIECCOB MPOTPAMMBI, a IIPU WHTEp-
npeTaruu GopMyI U3MeHsieTcsl Ha 1 TOJIBKO OMHUM IPOIECCOM, TTOITOMY I KOPPEKTHOCTHI
ompeneneHus (QYHKINN U TPEOUKATHI MO3UTUBHO MPOIOIKATCI 1o n. Iis mporpamm c

KOHEYHBIM YUCIIOM COCTOSIHAN MOXKHO TOCTpouTh Momenb Kpunke M = (S, Sp, R.L), S,
Sy — MHOXKEeCTBa BCeX W HAYAJbHBIX cocTosHmit; R C S X S — oTHOIIeHue mepexonos;
L : S — 24P — ¢yukimsa, 3amaiomas s KaxKIOTO COCTOSHES MHOXKECTBO HCTUHHBIX

ATOMHBIX (DOPMYJI. DTa MOMEIb TPEACTABIIIETCs IpadoM, KOJTMIECTBO ~’BXOMHBIX BEPIINH
KOTOPOT'O PaBHO YMCITY aJIbTEPHATUBHBIX HAYAJBHBIX 3HAUEHUN IMepPEeMEeHHBIX. ¥ 3716l rpada
COMepkKaT MOMUMO 3HAUYEHUN MMEPEMEHHBIX METKU aKTUBHBIX OmepaTopoB. WuTepmperaTop
reHepupyeT rpad Opu peanmsalnuy MpaBmiia BbiBoma ~modus ponens”. W3 kaxmonr Bep-
IIIIHBI BBIXOAUT YUCIIO AYT PABHOE KOJIUYECTBY MPOIECCOB. Ilyru cOOTBETCTBYIOT MEPEXOIY
or Bpemeru n K n + 1. HoBas Bepmmsaa reHepupyeTcst TOIBKO B TOM CIydae, €CIu Mpn
[epexoie MOJIyYeHbl HOBBIE 3HAUEHUS MMEPEMEHHBIX U METOK aKTUBHBIX OMEPATOPOB; MHAUE
Iyra IPOBOIUTCS K CTApOMy Y37y rpada, comepxkarieMmy sTu 3HadeHus. [locie 3aBepiienms
MOCTPOeHMsT Tpada TPOCMOTPOM BCEX €r0 BEPIIUH JIETKO MPOBEPUTH CBONCTBO B3aMMHOTO
UCKJTIOUEHUST, YTOOBI yOEMUTHCS B KOPPEKTHOM UCIIOIB30BAHUN PA3IEIIEMBIX PECYPCOB.
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O rpadax cyniecTBEeHHOUN 3aBUCUMOCTU IIPABUJIBHBIX CEMENCTB PYHKIIUNI

B. A. HocoB, A. E. [IAHKPATBHEB

CemeiictBo Gynesbix dyukumin F = {f;}",, fi = fi(z1,...,2,), Ha3BIBaETCI Npa-
6uAbHbIM [1], ecim I MPOM3BONIBHBIX HECOBHANAIOIINX HAGOPOB z' = (21,24,...,2)) 1
2= (24,2, ..., 2!) maitnérca unnexc « € 1,n Taxoit, uTO

2 A2 m fo(Z . 2h) = fa(2] 2.

Hanomuum, ato epagom cywecmeennotli 3asucumocmu [3] cemeiicra dyukumin F =
{fi}r—y, fi = fi(z1,..., 2zn), HA3BIBaeTCst opuenTupoBaHublil rpad Gp = (V, F) Ha MHOXKe-
crBe Bepmmu V = {1,2,...,n} Takoii, uro (i,j) € E ecnmu n Tompko ecan (yHKImM f;
CYILIECTBEHHO 3aBUCUT OT I;.

[Iycrs C — opuentupoBanubii nuuki B oprpade G(V, E). Cmgeusanuem tukiaa C

HA30BEM omeparmio nepexona ot rpada G(V, E) x rpady G¢(VC, EY), nonyyennomy yna-
neunem u3 rpada G(V, E) Bcex pébep, Bxomsammx B 1ukia C, U OTOXKIECTBIIEHHEM BCEX
BepINH, BXooammx B muki1 C'.

Teopema. Ilycts xomeunsri opmenTupoBaHHb rpad G(V,E) 6e3 merens m kpat-
HBIX pE0ep ABJIAeTCS IPaBUILHBIM (peannu3yeTcs B Bude rpapa CyLieCTBeHHOH 3aBUCHMOCTH
HEKOTOPOr0O IPaBUJIBHOIO ceMencTBa ¢yuknuii). Torma mis mo60ro mpocToro HEyKOpain-
Baemoro mukia C € G rpap GC, momydennsni craruparmem mukia C, CONEPKAT KPATHBIE
pebpa.

Teopema. Ilycrs G(V,E) — mpou3BOIBHBIN OPUEHTUPOBAHHBIN rpag 6e3 meresb u
KkpaTHBIX pebep Ha n BepumHax V = {1,2,... n}.

Torna cymecrByer npasuibaeni rpagp G' (V' E') va n' < n + [logy n| Bepmmaax V' =
{1,2,...,n'}, rakoii, uro ero BepumHHbLI noarpad za nogmuoxecrse V C V' copmanaer c
G.

IIpu sTom ams moboro cemerictBa ¢ynknui F = {f;} |, peamusyroriero ucxomHbril

/
rpa¢ G, Haiinércs npaBuibHOe cemerictBo ¢ymknuii F' = {f/}" | peammusyromee rpadp G’
u Takoe, 4TO mjasd kKaxmoro i, 1 < 1 < n, cymecTtByeT HabOp 3HaYEeHUH apryMeHTOB
Tyl .-, Ty, DDA KOTOPBIX f| Kak (yHKOUS OT N apryMeHTOB X1, ...,T, COBIIALAECT C
fi-
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On varieties generated by algebras of relations

D. A. BREDIKHIN

A set of binary relations closed with respect to some collections of operations forms an
algebra which is called an algebra of relations. Any algebra of relations can be considered as
partial ordered by set-theoretical inclusion. Tarski was the first to treat algebras of relations
from the point of view of universal algebra. Now, the theory of algebras of relations is an
essential part of modern algebraic logic.

We shall concentrate our attention on the operations of relation product o, union U,
and two unary operations A, V defined as follows:

Alp) ={(z,2) : Fy,2)(y, 2) € p,  V(p) ={(z,2): Gy)(y,y) € p}-
Note that V(p) is equal to the identical relation if p contains a fixed point, and V(p) is
equal to the empty relation otherwise. For these reasons, the operation V can be considered
as the descriptor of fixed points.

In the investigation of algebras of relations, one of the most important problem is the
study their properties that can be expressed by identities. It leads us to consideration of
varieties generated by classes of algebras of relations.

For any set 2 of operations on relations, denote by R{Q2} (R{2, C}) the class of algebras
(partial ordered algebras) isomorphic to ones whose elements are binary relations and whose
operations are members of Q. Let Var{Q} (Var{Q, C}) be the variety generated by R{Q}
(R{Q, C}).

Theorem 1. An algebra (A, -,*,*) of the type (2,1, 1) belongs to the variety Var{o, A, V}
if and only if it satisfies the identities:

(zy)z = 2(yz), (1) (z7)* =27, (6)
()" = a7, (2) (%) = 2°, (7)
zy* =y'w, (3) (zy)* = (y)*, (8)
(zy")" =27y" (4) (xy*)* = 2%y*, (9)
rxr’ =z, (5) x®(2P)® = x* for any natural number p. (10)

Theorem 2. A partial ordered algebra (A, -,*,*, <) of the type (2,1,1) belongs to the
variety Var{o, A,V,C} if and only if it satisfies the identities (1)—(10) and the identity
xy* <.

Theorem 3. An algebra (A,-,+,%,*) of the type (2,2,1,1) belongs to the variety
Var{o,U, A, V} if and only if it satisfies the identities (1)—(10) and the identities

(x4y)z=x2z+yz, x(y+z)=1xy+ 2z,
r4zy =z, (x4+y) =z"+y", (z+y)°*=2"+y°.

Theorem 4. The varieties Var{o, A, V}, Var{o,A,V,C}, and Var{o,U, A, V} are
not finitely based.
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Fpaq)bl KOPpHEBBbIX CMMIIJIEKCOB BeIlleCTBEHHBbIX MHOI'OYJICHOB

A. B. YUEXOHAICKUX

B cBsa3u ¢ pemermeM NpPUKIAOHBIX 3a0a9 CTPOUTCS CUCTEMA 7 NEUCTBUTEILHBIX KO-
OpPOVMHAT IJIS KOPHE MHOTOWIEHA CTENeHU 1 C IeHNCTBUTENbHBIMU Kodddurmentamu. Ha
MHOKECTBE KOMILIEKCHBIX UHCEN 3a[aéTca MPENNopamoK <, Takoi, urto o U a ! = C? |
CyXKeHUe (v Ha MHOYKECTBO JIEMCTBUTELHBIX UNCENI OKAa3bIBAE€TCs OOBIYHBIM CpaBHEHUEM <,
a (haKTOpP-CECTeMa O OTHONIEHTIO SKBUBATIEHTHOCTH oo~ 1 coBmamaeT ¢ momenbio (R, <).
Tornma cTaHOBUTCS BO3MOXXHBIM IIPENCTABATH MHOXKECTBO KOPHEN, NENCTBUTEILHBIX I KOM-
IJIEKCHBIX, B BUIE KOHEYHON MN-arebpbl, CHAOXKEHHON CEMEACTBOM K00PIUHAMHBIL HYHKYU.
[Tpu sTOM Ha TepeceueHUsX IEMEHTOB MMeeTCs coryiacoBaHue koopnumaaT. Ob6macTtu 3Ha-
YEeHUN KOOPOUHATHBIX (GYHKIUN 0Opa3yroT kopresotl cumnaexc B R™, KOTOpBI 6IM30K K
reoMeTPUIeCKOMY KOMIIJIEKCY, U3ydaeMOMy B KOMOMHATOPHON TOIOJIOTUH.

OTHoIIeHUsT N-MEPHBIX 00JIaCTeN U UX T'PAHUIl B KOPHEBOM CUMILIEKCE TTPENCTABIISIIOTCS
meoprpadom H,,. Ilns HeoprpadoB MOCIeNOBATEIBHBIX MTOPIIKOB YCTAHOBIEHA PEKYPPEHT-
Hasl CBSI3b.

Teopema 1. H,,_1+H,_» = H,, roe 35aK + 03HaYaeT HEIOJIHOE COEQUHEHIE HeOPIPa-
¢oB, mpu KOTOPOM paspe3 Mexkny dactavu H, 1 u H, o cocrout u3z pébep, COeqUHIIOIINX
cOOTBeTCTBEHHbIE BepIIuHbl (a) rpaga H, o u crapmero npenrpaga H), | = H, _o, 1160

I\ 11\/
(6) m3omopgubIx npearpagos (H))"” = (H]!)'.

CnencrBue. C pocToM cTemeHM MHOrO4JIeHa MOIIHOCTH Heoprpada H, pacTér kax
qpcsio PuboHATIN U ACUMITOTUIECKH SKCHOHeHnuaabHo: |H,| ~ 1.618™.

OTHomlenns 061acTell U TPAHUI] BCEX Pa3sMEPHOCTENR OT 1 OO0 1 HpemcTaBiIsioTCsI Op-
rpadom G,,. Bepimubr rpada DOMyCcKarOT MATPUUHYIO KOAUPOBKY, TO3BOJISIOIIYIO YCTAHA-
BJINBATH CMEXKHOCTDH BEPIIUH U O0IIIe TPAHUIIBI CETMEHTOB KOPHEBOTO cuMinTekca. OTcona
BBITEKAET OIEHKa CKOPOCTU POCTA.

Teopema 2. |G, | ~ 2.481".

BuIcTphIfl POCT MOIIHOCTH CHUMINIEKTUUECKUX T'padoB MOOYKIAET PACCMATPUBATH CO-
KPAIIIEHHYIO CUMIIEKTUYECKYIO CTPYKTYpPYy. Bo MHOrmx mpmmepax peam3yloTcs He Bce
COOTHOIIIEHUs MeXIy KOpHIMu. Ba)XHoe 3HAUYeHMe B 3amavax ONTUMU3AIIAN PACIOJIOXKEHUS
KOpHENl MMeIOT TOJbKO (-HAmOOJbIIINE KOPHU U WX TOYHOE PABEHCTBO MJIN (-PaBEHCTBO
(COOTBETCTBEHHO, NPasad WK cAabad HecenmapabeIbHOCTh MHOTOWIEHA ), 3a CUET Uero cTa-
HOBUTCSI BO3MOXKHBIM OOBEIUHSATH IO HECKOJIBKY CEIMEHTOB KOPHEBOTO cuMiiekca. Ils He-
oprpada H,, 5TO IPUBOOUT K YIAJIEHUIO BEPIINH NI CTATUBAHUIO PEOEP, COOTBETCTBYIOIINX
He3HaunMbIM rpanutaM. Cokpairenue oprpada G, TpebyeT Gosiee CII0XKHON WHIYKTUBHON
IIPOIIENYPHI.
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Lambek’s invariants Ker and Im for commutative squares in quasi-Abelian
categories

Ya. A. KoryLov

In [1], Lambek introduced two invariants Ker and Im for commutative squares in the

category of groups and proved that if in the commutative diagram

A — B — (C

s LT | (%)

A — B — ('
of groups and group homomorphisms the rows are exact then ImS = KerI'. Leicht and
Nomura pointed out that this theorem holds for arbitrary Puppe-exact categories (see [2, 3]).
Nomura also considered the case where the rows in (*) are semi-exact, constructed a mor-
phism A : Im S — Ker T and some sequence including A. We aim at finding out if there are
similar results for quasi-abelian categories.

Apart from all abelian categories, the class of quasi-abelian categories (which was first
introduced by Yoneda in 1960 and then rediscovered several times) contains many non-
abelian additive categories. The categories of (Hausdorff or all) topological abelian groups,
torsion-free abelian groups, filtered abelian groups, topological vector spaces, Banach (or
normed) spaces are typical examples of quasi-abelian categories. The main difference be-
tween the quasi-abelian and abelian categories is that the standard diagram lemmas hold in
quasi-abelian categories under some extra conditions which usually amount to the strictness
of these morphisms.

It turns out that the “inverse” to Nomura’s morphism A always exists and A itself is
defined if the vertical morphism A — A’ is strict. We also study the exactness of Nomura’s
sequence when this morphism is a kernel (= strict monomorphism) or a cokernel (= strict
epimorphism).
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Boolean models and simultaneous inequalities

S. S. KUTATELADZE

The Farkas Lemma, also known as the Farkas—Minkowski Lemma, plays a key role
in linear programming and the relevant areas of optimization (cp. [1]). Some rather simple
proof of the lemma is given in [2]. The aim of this talk is to demonstrate how Boolean
models may be applied to simultaneous linear inequalities with operators. This particular
theme is another illustration of the deep and powerful technique of “stratified validity”
which is characteristic of Boolean valued analysis [3].

Assume that X is a real vector space, Y is a Kantorovich space also known as a Dedekind
complete vector lattice or a complete Riesz space. Let B := B(Y') be the base of Y, i. e.,
the complete Boolean algebras of positive projections in Y; and let m(Y’) be the universal
completion of Y. Denote by L(X,Y") the space of linear operators from X to Y. In case X
is furnished with some Y-seminorm on X, by L(m)(X, Y') we mean the space of dominated
operators from X to Y. As usual, {T' <0} :={x € X : Tx <0} for T € L(X,Y).

Theorem 1. Assume that Ay, ..., Ay and B belong to L™ (X,Y).
The following are equivalent:
(1) Given b € B, the operator inequality bBx < 0 is a consequence of the simultaneous
linear operator inequalities bA1x < 0,...,bAnxyz <0, i. e.,
{bB <0} D{bA; <0}n---N{bAy < 0}.

(2) There are positive orthomorphisms ay, . ..,ayn € Orth(m(Y")) such that

N
B =) apAs;
k=1
i. e., B lies in the operator convex conic hull of Ay,..., An.

Theorem 2. Take A and B in L(X,Y). The following are equivalent:
(1) (Jaem(Y)) B=aA;
(2) There is a projection » € B such that
{26B <0} D {xbA < 0};
{=2bB <0} D {—3bA > 0}
for all b € B.
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