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Mausnsuesckme urerus 2011 Ilnenapupre mokmiamer

IIpencraBienue nu 06paboTka 3HAHUN B KOMIOBIOTEPHBIX CUCTEMax O0ydYeHU s
ciaensiero Tumna

C. H. BACUJILEB

K umcny BaXHENININX METONOB MHTEIUIEKTYAJIN3AINN KOMIBIOTEPHBIX O0yYaIOIIX CUCTEM
U MHIUBUILYaIM3anun (aJaITUBHON epCoHndUKanum) yuebHOTO MPOoLecca MPUHIATO OTHO-
CATHb METONbI KOHTPOJIS W TOMMIEPXKKN BBICTPAUBAHUS OOYYIAa€MbIM IMTPABUILHBIX DPEIIeHUH
y4eOHBIX 3a1ad C pearmpoBaHUEM CHCTEMBI CBOMMH KOMMEHTAPUSMHU U IIOACKa3KaMHU Ha
nmecTBUs 00ydaeMOro ¢ y4eToM ero 0COGeHHOCTel (yPOBHS MOATOTOBKU M MOTHUBAIIMOHHO-
BOJIEBLIX XaPAKTEPUCTHUK). YMEHUE OTCIEKUBATEH MPABUILHOCTH XOMa PEIIEHUsT B JIUTEPa-
Type IPUINCHLIBAETCS TaK HA3bIBAEMBIM ciensimmM o0y uatormm cuctemaM (Trace Modelling
Tutoring Systems). Bosaukaromme mpo6ieMbl aJIropuTMIUECKON HEPA3PEIIMMOCTH 00X0-
IISITCST MCIIOJIB30BAHNEM SBPUCTUK U CYKEHUEM pa3HooOpasust yueOHbIX 3amanuii. [Ipu sTom
JIOTUYecKne U ajredpamydeckue 3amadn oOpa3yloT TakKou Bun y4ueOHBIX 3a1aHUl, KOTOPBII
IIO3BOJISIET BBISIBUTH YPOBEHBb 00yUaeMOro yKe Ha PaHHEM 3HTalle B3amMOMEUCTBUS C HUM.

PaspaboTunmkammu Hambosgee NTPOABUHYTHIX WHTEIUIEKTYAJIbHBIX OOyUAIOIINX CHCTEM
(MOC) mpenupuHUMAOTCs MONBITKA PA3BUTHS U PEATU3AIMNA METOIOB aBTOMATHYECKOIO
MONCKa PEIIeHnil 3anad (HampuMep, 3amad Ha JoKa3aTeabcTBo) mis Hanerenus VUOC cmo-
COOHOCTBIO BepUDUKAIINN IIOCTIEIOBATEIBHOCTUA NENCTBUN 00ydIaeMOro, aBTOMATUYECKOT'O
CHHTEe3a MPABUWIBHBIX PEIIeHNN, BBISABIEHNUS HEIOJIHOTHI YCIIOBUN 3309l 1 (OPMUPOBAHUS
ycaoBuil paspermumoctu. Oprasmsarms ageKBATHON MOMOIINA 00yIaeMOMY, ITIOMUMO DPeIrie-
uust B MOC npobiieMbl yueTa TeKyIero ypoBHsl 3HAHUN, YMEHN, HABBIKOB I MOTUBAITIOHHO-
BOJIEBBIX XapaKTepPUCTUK 0o0ydaeMoro, mpenmnojaraeT TakKKe BBISBIIEHHE U UCIOJIb30BaHUE
B NOC mpenmourenuit 06y1aeMOro B TUIOBBIX 3a[a9aX BBIOOPA, BOZHUKAIOIIIX IO XOIY
y4eOHOTO IIpolecca.

B noxnanme mpemitararoTcsi MalllmHHO- U TUAJIOTOBO-OPUEHTUPOBAHHLIE METYKTUBHO- a0-
NYKTUBHBIE METONBI IPeACTaBIIeHNs 1 00pabOTKNI 3HAHUN C Pa3BUTON TUNU3AINEN ITepeMeH-
HBIX U OTDaHUYEHUEM sI3BIKA B IyXe TEOPUU MHOTOOCHOBHBIX MOMEJIEN, Y -ITPOT PAMMUPOBAHMS
I NCYUCJIEHNN IO3UTUBHO-00PA30BaAHHBIX (OPMYII, & TaKyKe MeTOIbI BBISIBIIEHUS MHOT'OKPU-
TePUAIBHBIX IPEAIOUYTEHNN 1 IPYTUX XapPaKTEePUCTUK NUHAMIYECKOU Momenn o0ydaeMoro.
O6cyxnarorces apxutekTypa MOC 1 BOIpOoCh MHTEIIEKTYAIN3Au HHTepdeiica, BKII0Yast
aBTOMATU3AINIO CUHTE3a KOHTEKCTHO-3aBUCUMBIX CIIEHAPUEB NHAJIOTA.

U1y PAH, Mockesa
E-mail: vassilyev_sn@mail.ru



Mausnsuesckme urerus 2011 Ilnenapupre mokmiamer

Hapa,Z[OKCbI BbI‘{I/ICJ'II/ITeJ'IbHOfI MaTeMaTUKN N Cl'IeKTpaJ'IbeIe HOpreTI:I
MaTpuIl
C. K. TT'onyHOB

Peub uner o HEOOXOOUMOCTH YTOYHEHUS WM CMEHBI KJIACCUYECKUX IMOHSTUN IIPU WUC-
MIOJTE30BAHNN KOMTBIOTEPHBIX BBIUUCIIEHUN, €CIIN KeIaTeIbHO UMETh TapaHTUI0 TOYHOCTH
pe3yabTaTa.

HAnemumym mamemamuru um. C. JI. Coboaesa CO PAH, Hosocubupck
E-mail: godunov@math.nsc.ru
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BoruuciaumMmocTs Ha CTPYKTYypax M TOIIOJIOTNMYEeCKHUX IITPpOCTpaHCTBax

O. B. Kynuuos, M. B. KOPOBUHA

B OOKJIaOe IIOCJaCeOOBAaTEC/IbHO IIPOBOOUTCA CPDaBHCHUE KOHHeHHHfI BbIYUC/IMMOCTHI Ha CTPYK-
Typax (He 00s3aTeIbHO CIYETHBIX) U TOMOJIOrTYecKuX T1(H-IIpOCTPAHCTBAX CO CUETHOM 6a3011,
AKIIEeHT OeJIacTCid Ha BBCACHHOM aBTOpPaMHI ITIOHATUI E—TOHOHOFHI/I.

Hapsny c¢ obireit Teopuein 1 pa3simuIHbIMI AHAJTOTUSIMUI C KITACCUIECKON TeOpUel BhIUU-
CIIMMOCTH Ha HATYPAJIbHBIX UHMCIaX METAITBHO PACCMOTPEH U CHeNU(GUIECKAN I TaHHON
06s1acT! BOIPOC O CTPYKTYPUPYEMOCTHU €CTECTBEHHBIX 3(PGEKTUBHO MEPEUUCIUMBIX IMIPO-
CTPaHCTB.

WM CO PAH, Hosocubupck u Ynusepcumem Manuecmepa, Manuecmep (Beauxobpumanus); UCHU CO

PAH, Hosocubupck
E-mail: kud@math.nsc.ru
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I'pacdbl, B KOTOPBIX OKPECTHOCTU BepIINH — rpadbl 63 TpeyrojibHUKOB
A. A. MAXHEB

Mg paccMaTpuBaeM HEOPUEHTUPOBAHHBIE rpadbl 6e3 meTesb U KpaTHbIX pebep. Ecmn
a,b — Bepmmuer rpada I', To yepes d(a, b) obo3HauaeTCS paccTosiHIE MEXIY a U b, a uepes
I';(a) — monrpad rpada I', MHIYIUPOBAHHBI MHOXKECTBOM BEPIINH, KOTOPBIE HAXOIATCS
B I' Ha paccrosuum i ot Bepumubl a. [logrpad I'(a) = I'i(a) HA3BIBAETCA OKPECTHOCTHIO
BEPIIIHEI @ 1 0603HaUaeTcsa depes [a], ecmm rpad I dpukcmposan. Yepes a' obosHawaeTcs
nonrpad, sBIISIOMMACS mapoM paguyca 1 ¢ mearpom a. s mogrpada A nycrs X;(A) —
MHOXKECTBO Bcex Bepiud u3 [ — A, cMeXHBIX TOYHO ¢ ¢ BepriuHaMmu u3 A.

Ipad I' maseiBaercst peeyagpuvim 2pagom cmenewu k, ecau [a] comepxkut TOuHO K
BepruH mis jao6oit Bepruabl o w3 . I'pad I' maswiBaeTcst pebepro pe2yaapuvim epagom
¢ napamempamny (v, k, X), eciu I' comepkuT v BEPIIUH, SBISETCS PErYJISIPHLIM CTEIeHn k,
un kaxmoe pebpo I' mexur B A\ Tpeyrombaukax. ['pad [' HasbIBaeTCs 6noane pe2yiapHbim
epagom ¢ napamempamu (v, k, A, 1), eciu I' pebepro peryispen u noarpad [a]N[b] conepxur
 BepiuH B ciaydae d(a,b) = 2. Brnonne peryssipublil rpad muamerpa 2 HA3BIBAETCS CUALHO
pe2YAIPHbIM 2Papom.

CuibHO perysspHbie Tpadbl 6€3 TPEeyroJIbHIKOB OOBIYHO pas3dbuBatoT Ha 4 ceMencTBa:

(I) mecBsi3ubie rpadsr (mapamerp p pased (), a IMEHHO KOKJIMKI U JIECTHUYHBIE IDadbl
(o6BenuHeHNsT M30TMPOBAHHBIX pebep),

(II) monuble mBYMOIBHBIE rpadsl (mapamerp p paseH k u v = 2k),

(IIT) rpadsr Mypa (mapamerp p pasen 1),

(IV) rpader ¢ 1 < p < k.

Ecnu perymnsapusiii rpad crenenu k u nuamerpa d UMeEET U BEPIIWH, TO BBITOJHIETCS
mepaseHcTBO v < 1+ k + k(k — 1) + ... + k(k — 1)1, T'padbl, 118 KOTOPLIX MOCTUTAETCSA
PABEHCTBO B HTOW OIeHKe, HasbiBatoTcs rpadamu Mypa. OHE UMEIOT HEYETHBIT OOXBAT
2d+ 1. UuTepecuo, uro rpadsl Mypa SBIAIOTCS S5KCTPEMAIBHBIMI 1 OTHOCUTETBHO HIKHE
IPAHUIBI I YUCIa BEPIINH. Eciau perynspHbiil rpad cTeneHu k U HEUYETHOrO 06XBaTa ¢
MMEeT v BEpIINH, TO BBIMOJHACTCS HepaBeHcTBo v > 1+ k4 k(k —1) + ...+ k(k —1)l9=3)/2,
I'padsl, mIst KOTOPLIX TOCTUTAETCSA PABEHCTBO, OKasbiBaloTCs rpadamvu Mypa.

[Ipocretimmit mpumep rpada Mypa nocrasmsier (2d+ 1)-yromsuuk. B 1973 r. IHamepemt
[1] mokasasm, uro rpad Mypa crenenu k > 2 wuMeer muamerp 2, T€M CAMBIM OH SIBJISIETCSI
CUTBHO perymapHbiM ¢ mapamerpamu (k2 + 1,k,0,1), tme k = 7% + r + 1. Ilo ycmosuto
nenounciaensoctu 2r + 1 menmur (r + 2)(r + 3) u 2r + 1 gemur 15. Orcioma r = 1,2 wimn
7, ak =3,7um 57. Ilna k = 3 u 7 cyuiecTByIOT ennHCTBeHHbIE rpadel Mypa — 310
rpad Ilerepcena u rpad Xodpmana-Cunrirona. CyrecrBoBanue rpada Mypa cremenu 57
Henm3BecTHO, omHako Armbaxep [2] mokaszas, uTo 5TOT rpad He MOXKeT GbITH rpadoM paHra
3. TlosTomy cmibHO peryispubiil Tpad ¢ mapamerpamu (3250,57,0,1) maseiBaroT rpadom
Ambaxepa.

WN3BecTHO cyrecTBOBaHME TOUHO ueThIpex rpados u3 kiacca (IV). Oro rpad Kiebrma c
napamerpavu (16,5,0,2), rpad [eBupua ¢ napamerpamu (56,10,0,2), rpad Xurmena-Cumca
¢ mapamerpamu (100,22,0,6) u rpad Matbe ¢ mapamerpamu (77,16,0,4).

Takum ob6pa3zomM, BTOpoe cOOCTBEHHOE 3HaUeHUE JTI0O00T0 M3BECTHOTO CHUJIBHO PEryJIsap-
HOTO Tpada 6e3 TPEYyroIbHUKOB He GOJIbIIe 2.

I[Iyctes ' — cBsasubIl Tpad, B KOTOPOM OKPECTHOCTU BEPIIWH — CUJIBHO PEryIISpHBIE
rpadsl 0e3 TPeyroJbHUKOB ¢ (PUKCHPOBAHHBIME ITapaMeTPaMU.

Cayuait, korma okpecTHocTE BepiuH — rpader Tumna (1), ouens ciaoxen. B wactHoCcTH,
nmaMeTp rpada MoxeT ObITh CKOJIb YT'OMHO OOIBIIIIM.

12



Mausnsuesckme urerus 2011 Ilnenapupre mokmiamer

Cayuait, korma okpectHocTu BepinuH — rpadsr Tuma (II), T.e. rpadsr, nzomopdHbe
Koxn, n > 2, naubosee npoct. B sTom ciyuae I' mzomopden Ksxy,.

Paccmorpum ciyuail, korma okpectaocTu Bepind — rpadsl Tuna (I11). Jlokansao msTu-
yroJbHBI Tpad m3oMopden rpady nkocasapa. JlokambHO meTepceHOBCKUE rpad n3omMopden
rpady T(7), rpady Kouses-Cvura umu rpady Hopo.

HewussecTHo cymectBoBanume rpadoB, B KOTOPBIX OKPECTHOCTU BEPIIMH M30MOP(HBI
rpady Xobmana-Cunriarona wim rpady Ambaxepa.

Teopewmal (laspmwmok A., Maxues A. [3]). IIyems I' — ducmanyuonno pezyaaprbii
epag, 8 Komopom okpecmmocmu epuur, uzomopdrvy epady Xogmara-Cuneamona. Toeda

duamemp I' pasen 3 u I' umeem maccus nepeceuenuti {50,42, 1;
1,2,50} wau {50,42,9;1,2,42}.

K coxanenuro, rpadbl 13 3aK/II0YCHNS TEOPEMBI 1 He ABIISIOTCS BEPIITHHO CUMMETPUY-
ueivu (aBpmtiok A., ['o Boubbuns, Maxues A. [4]).

Pacemorpum ciyuaii, korna okpectaocTu Bepiud — rpader tuna (IV). Eciun okpectro-
CTU CWJIBHO peryJssipHbl ¢ napamerpamu (16,5,0,2), To BBumy npemmoxenus 5 u3 (Maxues
A., Manyuwnx . [5]) T' — eOMHCTBEHHBIN AUCTAHIMOHHO PETYJSPHBIA rpad € MaCCHBOM
nepeceuennit {16,10,1;1,5,16}.

Teopewma?2 (lMaspumok A., Maxues A., [lagyuux I1. [6]). Iycms I’ — ducmanyuonno
pe2yagapubili 2pagd, 8 KOMopom oKkpecmuocmu eepuiur uzomopduvt 2pagdy esupmuya. Tozda
BBINOANIEMCA 00HO U3 CACOYOUUT YMEEPHCIEHUT:

(1) I' — cuavno peeyagpuwrii epad ¢ napamempamu (162,56, 10,24) uau (372, 56,
10,8);

(2) T' — anwmunodaavroe 3-wakpvimue CUAbHO DPE2YAIPHO20 2PaPa ¢ NaAPALMEMPAMU
(162,56,10,24), umerwwee wmaccus mnepeceuenuti {56,45,16,1;1,8,45 56} u cnexmp
{561, 1472, 21407 _4252, —1621}.

HewussecTHO cyiriecTBOBaHIE CUIIHLHO peryiisipaoro rpada ¢ napamerpavu (162,56,
10,24), 3aT0 U3BECTHO CyIllleCTBOBaHUE rpada n3 MyHKTa (2) 3aKJIIOUEHMs] TeOPEMBI 2 — 5TO
rpad Coiruepa.

T eopew a3 (Kapmnanosa M., Maxues A., [lagyuux II. [7]). Dycmv T' — enoane
pe2yaapublli 2pad, 6 KOMOpom 0KPECmHOCTU 8epulun udomopduvl epady Xuemena-Cumca.
Tozda svinoangemcs 00HO U3 CACIYOUWUT YMBePHCIEHUT:

(1) duamemp I pasen 2 u I' umeem napamemper (486,100, 22, 20);

(2) duamemp T' pasen 3, p = 25, ks =2, v = 411 u I' ne g6agzemes anmunodasvrvim
epagom, uau j1 = 28 u aubo

(1) k3 = 2 u ecau I" g6agemesa awmunodadonvim epagom, mo aHmMuUNoIaibHoe Uacmuoe
epaga I' — cuavno peeyagpuviii epad ¢ napamempamu (126,100, 78,84);
(17) k3 =5 u v = 381.

Teopewmad (Maxues A., Tagyunx I1. [8]). IIycmv T' — enoane peeyagprviii epad,
8 KOMOPOM OKpecmHocmu eepuwuk uzomopdmuvt epapy Mamve. Toeda duamemp I' pasen 3
U BLINOAHIEMCT 00HO U3 CACOYUWUT YMBeEPHCIEHUT:

(1) p=14, v =1+ 77+ 330 + 6 = 414, I's(u) g84gemca 6-Koxaurol;

(2) p=15, v =14+77+308+ks, I's(u) g6agemca 06bedunenuem U304UP06AHHLIT KAUK
u ks € {4, 10},

(3) p=120,v=1477+231+ks, I's(u) g6agemca 06bedunenuem u304up06aHHLIL KAUK
u ks € {6, 12},’

(4) p=21,v=14774+220+ k3 u k3 € {2,8}.
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Pabora BoIOTHEHA TTPU GUHAHCOBOH MOAMEPKKE MPOrPAMMBI OTIICICHAS MaTeMaTHIe-

ckux Hayk PAH (mpoekt 09-T-1-1004) u nmporpamm coBMecTHBIX uccienosanumit ¥ pO PAH
¢ CO PAH (mpoext 09-C-1-1007) u ¢ HAH Benapycu (mpoekt 09-C-1-1009).
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Hnemumym mamemamuru v mexanurxu YpO PAH, Examepunbype
E-mail: makhnev@imm.uran.ru
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Teopust monesienn o6oraileHHBIX GyJIeBbIX ajreop

. E. ITAIIbYYHOB

B nmoxnane 6ynyT mM3I0XKeHBI Pe3ybTATHI IO T€OPETUKO-MOIETEHBIM U aJITOPUTMUIIe-
CKIM CBOICTBaM OyJIeBBIX ajreOp C BBIOEJIEHHBIMU HOeajlaMU, HopajarebpamMu U aBTOMOD-
puzmamn.

WccnenyroTcst BOPOCHD 37IEMEHTAPHON SKBUBAJEHTHOCTHU OOOTAIIEHHBIX OYJIEBBIX aJl-
rebp, CYETHOU KATEerOPUIHOCTU, KOHEUYHON AKCHOMAaTH3UPYEMOCTH W Pa3PEIIMMOCTUA MUX
arleMeHTapHbIX Teopuil. [lomHOCTHIO ommcaHbl aBTOMOPOU3MEI OYIEBBIX aiaredp, KOTOpbIE
OIHO3HAYHO BOCCTAHABIINBAIOTCS 10 ofajareOpe HEIOOBUXKHBIX 3JIEMEHTOB aBTOMODP(DU3MA;
MTOJTHOCTBIO OIUCAHBI MOAAATreOphbl HETOMBIKHBIX 3JIEMEHTOB Takux aBTOMOpdu3MoB. Hc-
CIIEeNyIOTCS TOIYyTPYHIIIBI 3JIeMEeHTaPHBIX THUIIOB 00OTaIlleHHBIX OYJIeBLIX aaredp.

UM CO PAH, Hosocubupck
E-mail: palch@math.nsc.ru
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AnropurTMmnueckas Teopusi pa3pelinMbIX TPy

B. A. POMAHLKOB

B nmokmane maeTrcs 0630p ODOCTMXKEHUH aJIrOPUTMUAYECKOTO XapaKTepa B TEOPUU pa3pe-
IIAMBIX TPYII. 3aTPATUBAIOTCS KJIACCUIECKUE PE3yIbTaThl CYIIECTBOBAHUS AJITOPUTMOB,
BOIIPOCHI UX CJIOKHOCTHU U MPOOJIEMBI MPAKTUYIECKON peasm3anuu. lIpuBonsTcs HOBBIE pe-
3YyABTATHI U MPEACTABISIOTCS HOBBIE METONBI UX IOJIYyUYEHWS. B TOM UKCiIe OCBEIIal0TCs
umen, TPUIIeane u3 KomuboTep-caiac. (Ob6palaeTcs BHUMAaHIE Ha HEKOTOPBIE CTapble
pe3yIbTaThl, IpuoOpeTaloIIe HOBOe 3HAUEHNE B CBETE BO3MOYXKHOU MPAKTUYECKON peasin3a-
LU.

Owmcrutll 2ocynusepcumem, Omck
E-mail: romankov48@mail .ru

16



Mausnsuesckme urerus 2011 Ilnenapupre mokmiamer

On the strongly bounded Turing degrees of the computably enumerable sets

K. AMBOS-SPIES

Recently two variants of strongly bounded Turing reductions (sbT-reductions for short)
have been introduced. An identity bounded Turing reduction (ibT-reduction for short) is
a Turing reduction where no oracle query is greater than the input while a computable
Lipschitz reduction (cl-reduction for short) is a Turing reduction where the oracle queries
on input x are bounded by z + ¢ for some constant c.

Though ibT-reductions occur quite frequently when dealing with computably enumer-
able (c.e.) sets (see e.g. the permitting method or splitting theorems) a systematic study
of the sbT-degrees was initiated only quite recently when these reducibilities started to
play a role in the analysis of algorithmic randomness. The structures of the c.e. degrees
induced by the sbT-reducibilities greatly differ from the degree structures induced by the
classical reducibilities like Turing, weak-truth-table, truth-table or many-one reducibility.
For instance, there are no complete c.e. sets under the sbT-reducibilities.

In our talk we will discuss some recent work on the structures of the c.e. ibT- and
cl-degrees. In particular we will show that the partial orderings of c.e. ibT- and cl-degrees
are not elementarily equivalent (Ambos-Spies, Bodewig, Fan, Kriling) and we will address
the embedding problem, i.e., the question which finite lattices can be embedded into these
degree structures.

University of Heidelberg
E-mail: ambos@math.uni-heidelberg.de
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Local Turing degree theory: Open questions and current trends

M. M. ARSLANOV

In my talk I will consider most important open questions in the local degree theory
structures (special attention will be given to the degree structures belonging to the finite
levels of the Ershov difference hierarchy) and survey current status of these problems.

Kazan (Volga Regison) Federal University, Kazan
E-mail: Marat.Arslanov@ksu.ru
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The distance function on a computable graph

W. CALVERT, J. CHUBB, R. MILLER

We consider the degree of undecidability of the distance function on a graph. This task
leads us to adapt the definitions of several truth-table reducibilities so that they apply to
functions as well as to sets, and we prove assorted theorems about the new reducibilities.
We also consider the more general problem of functions which can be approximated by
nonincreasing computable functions. We show that the spectrum of the distance function
can consist of an arbitrary single btt-degree which is of this form, or of all such btt-degrees
at once, or of the bT-degrees of exactly those functions approximable in this way in at most
n steps.

Southern Illinois University, USA; Institute of Mathematical Sciences, Carbondale, USA; Chennai, India
E-mail: wcalvert@siu.edu
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Strongly computable models of small theories

A. N. GAVRYUSHKIN

We address the following question. What models of a small theory can be presented
effectively? We describe one classification of types of isomorphisms of structures with small
theories. According to this classification, we introduce a notion of spectra of decidable
(computable, automatic) models of small theories, and provide several results concerning
the spectra. Particularly, this classification is important for the study of structures with
Ehrenfeucht theories.

Irkutsk State Unversity
E-mail: gavryushkin@gmail.com
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Element orders in covers of finite simple groups

M. A. GRECHKOSEEVA

A cover of a finite group G is any finite group having G as a quotient and a cover
is proper if it is not isomorphic to G. The talk is concerned with the following question:
Given a finite simple group G, is it possible to construct a proper cover of G having the
same element orders as G7 The answer is negative for sporadic and alternating groups, so
we focus on the groups of Lie type.

Sobolev Institute of Mathematics, Novosibirsk (Russia)
E-mail: grechkoseeva@gmail.com
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AY-isomorphisms of effective equivalence structures

V. HARIZANOV

We study computable, computably enumerable, and co-computably enumerable equiv-
alence structures and their isomorphisms. Every computably categorical equivalence struc-
ture A is relatively computably categorical, that is, A has a computably enumerable Scott
family of existential formulas. Relatively AS categorical equivalence structures are char-
acterized as those with finitely many infinite classes or with bounded character. Kach
and Turetsky showed that not all AJ categorical equivalence structures are relatively A9
categorical.

While every computably enumerable equivalence structure with infinitely many infinite
classes is isomorphic to a computable structure, there are computably enumerable equiv-
alence structures that are not isomorphic to computable ones. If computably enumerable
equivalence structures A and B are isomorphic to a computable structure that is relatively
AY categorical, then A and B are AY isomorphic. On the other hand, for every computable
relatively AJ categorical equivalence structure that is not computably categorical, there is
an isomorphic co-computably enumerable structure that is not AY isomorphic to any com-
putably enumerable structure. This is joint work with W. Calvert, D. Cenzer, A. Morozov,
and J. Remmel.

George Washington University, Washington D.C. (USA)
E-mail: harizanvOgwu.edu
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Betting, imprecise probabilities and Lukasiewicz logic

K. KEIMEL

In his foundation of probability theory, Bruno de Finetti devised a betting scheme where
a bookmaker offers bets on the outcome of events occurring in the future. He introduced a
criterion for coherent bookmaking, and showed that coherent betting odds are given by some
probability distribution. While de Finetti dealt with yes-no events and boolean propositional
logic, Mundici generalized the theory to the continuous spectrum events formalized within
Lukasiewicz logic.

Both de Finetti and Mundici assume that the bookmaker/bettor roles can be inter-
changed. In this paper we deal with a more realistic situation, dropping the reversibility
assumption. Working in the framework of Lukasiewicz logic, we introduce a coherence
criterion for non-reversible bookmaking. Our main tool is given by ’imprecise probabilities’,
which are formulated in terms either of compact convex sets of probabilities or equivalently
in terms of suitable sublinear functionals. Our main result is a Theorem which states that
our coherence criterion arises from imprecise probabilities just as de Finetti’s criterion arises
from probabilities.

Throughout, we will work with MV-algebras. They play the same role for Lukasiewicz
logic as Boolean algebras play for classical logic. Unital abelian lattice-ordered groups will
provide an intermediate structure: while being categorically equivalent to MV-algebras,
they are more akin to the Banach space C'(X). Functional analytic methods are used for
the proof of our main result.

Technische Universitdt Darmstadt (Germany)
E-masl: keimel@mathematik.tu-darmstadt.de
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Frobenius groups of automorphisms with fixed-point-free kernels

E. I. KHUKHRO

Suppose that a finite group G admits a Frobenius group of automorphisms F'H with
kernel F' and complement H such that Cg(F) = 1. Then G is soluble by a theorem
of V.V.Belyaev and B. Hartley (using CFSG). By Clifford’s theorem, every F'H-invariant
abelian section V of G is a direct sum of |H| subgroups freely permuted by H, so that
Cy(H) is the “diagonal”, and V' is “|H| times Cy (H)”. Hence it is natural to expect many
parameters of G to be close to the same parameters of Co(H) (possibly, depending on |H]).
We discuss several recent results in this direction.

In [1] it is shown that the order and the sectional rank of G are bounded in terms of
|H| and the same parameters of Cg(H). In [2] it is proved that if (|G|, |H|) = 1, then the
Fitting height of G is equal to the Fitting height of C(H). Even without the coprimeness
condition, if C(H) is nilpotent, then G is nilpotent [1]. The proofs of these results are
based on Clifford’s theorem.

Lie ring methods are used in [1] to prove that if F'H is metacyclic and Cg(H) is nilpo-
tent, then the nilpotency class of G is bounded in terms of H and the class of Cq(H); earlier
the special case of double Frobenius groups was settled in [3], which gave an affirmative
solution of V.D.Mazurov’s problem 17.72(a) in Kourovka Notebook. Examples show that
in this result the condition of FFH being metacyclic is essential. It is conjectured that the
dependence on |H| here is essential; but so far it is only known [4] that the nilpotency class
of G can be greater than that of Cq(H).

It is also proved in [1] that if FFH is metacyclic, then the exponent of G is bounded in
terms of |F'H| and the exponent of Cg(H). It is conjectured that here the metacyclicity
condition can be dropped, but so far only the case of FH = Ay has been settled in [5]. It
is also unclear whether the dependence on |F'| or |H| is essential; probably, the dependence

on |F| can be dropped. There are only examples [4] with exponent of G being greater than
that of Co(H).

REFERENCES

[1] Khukhro E. I., Makarenko N.Yu., Shumyatsky P. Frobenius groups of automorphisms and their fixed
points. submitted, 2010; http://arxiv.org/abs/1010.0343

[2] Khukhro E. I. Nilpotent height of groups admitting Frobenius groups of automorphisms. Algebra i
Logika 49 (2010), 819-833; English transl. in Algebra Logic, 2010, 49, 551-560.

[3] Makarenko N. Yu., Shumyatsky P. Frobenius groups as groups of automorphisms. Proc. Amer. Math.
Soc. 138 (2010), 3425-3436.

[4] Antonov V. A., Chekanov S. G. On a conjecture of V. D. Mazurov. Sib. Elektron. Mat. Izv. 5 (2008),
8-13 (Russian).

[5] Shumyatsky P. On the exponent of a finite group with an automorphism group of order twelve. J.
Algebra 331 (2011) 482-489.
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Integer parts and floor functions

J. F. KNIGHT

I will describe joint work with Paola D’Aquino, Sergei Starchenko, Karen Lange, and Salma
Kuhlmann, on integer parts for real closed fields, and on exponential integer parts for
exponential real closed fields.

An “integer part” for a real closed field is a discrete ordered subring that provides
values for a “floor function”, as the ring of integers does for the reals. For a real closed
field with an exponential function 2%, an “exponential integer part” respects the exponential
function. We look at these things from the point of view of computability. For Ressayre’s
construction of an exponential integer part for an exponential real closed field, we give an
example of arithmetical input on which the construction is not completed within the least
admissible set.

University of Notre Dame, USA
E-mail: knight.1@nd.edu
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Writing out “best” unifiers in modal and temporal logics. Consequences for
problem of admissibility

V. V. RYBAKOV

The talk will cover outputs of resent authors’ research on unification problem and
problem of admissibility of inference rules in modal and temporal logics. In particular, we
solved the unification problem for linear temporal logic LTL. For any given formula A we
find explicit way to write out the a final set of “best” unifiers for A (if A is unifiable).
Moreover, we show any unifiable in LTL formula has a most general unifier (thus, LTL
enjoys unitary unification), though we also show that there are unifiable in LTL formulas
which are not projective. This, in particular, solves admissibility problem for LTL. Also, we
show that a light modification of earlier authors’ results about decidability of admissibility
problem for modal logics S4, K4, Grz and Godel-Lob provability logic GL, gives immediately
an algorithm for writing out “best” unifiers. In fact it is sufficient to modify only the base
(first) step in inductive constructions of obstacles for not admissible rules offered earlier (to
use whole flat models, but not their filtered versions; it needs, in each case, at most, 10
lines long modernization, and all works). An advantage of all this approach (concerning
LTL and other logics) is the fact that we even do not need algorithms — we just write out
formulas (via an inductive procedure) explicitly.

Manchester Metropolitan University, Manchester (UK)
E-mail: v.rybakov@mmu.ac.uk
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Positive equivalence relations and reducibility

A. SORBI

We review some of the literature concerning positive (or, computably enumerable)
equivalence relations on the set of natural numbers, with emphasys on the notion of re-
ducibility, which one obtains by generalizing to equivalence relations the familiar notions
of many-one reducibility on sets, or on disjoint pairs of sets. Particular attention is given
to the set of universal positive equivalence relations, and to classifying some index sets that
naturally arise in this context.

Siena University, Siena (Italy)
E-mail: sorbi@unisi.it
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O mucTaHIMOHHO PEryJIsipHbBIX pacKpacKaX MHOTOMEPHBIX KBAaJIpaTHBIX
penieToK

C. B. ABryctuHoBu4, A. FO. BACUIIBEBA

Pasbuenue Bepiiua nmpou3BosbHOro rpada G Ha mommuoxectsa Vo, Vi, ..., V) Ha3bBa-
eTCsl COBEpLIEHHON k-packpackor 5Toro rpada, ecim s Ipou3BoibHLIX 4,5 € {0,1,...,k}
CYIIIECTBYeT TaKoe UHCJIO (v, UTO jrobas BepImHa u3 V; mMeeT POBHO «;; cocedeir u3 V.
Marpmny A = («;;) OymeM Ha3bIBATH MaTPHIEN MapaMeTPOB HAHHON COBEPIIEHHON Dac-
kpacku. Cosepirennast packpacka Vp, Vi, ...,V Ha3bBaeTCs OUCTAHIIMOHHO DErYJISIPHOH,
eciI MaTpUIla ee IMapaMeTpPOB TPUAMATrOHA/IbHA. Takas pacKpacKa sIBIISIETCS MUCTAHIIN-
OHHOIl OTHOCHTEILHO MHOXKECTBA BepliumH Vj (B 9TOM CiIyuae MHOXKECTBO V() Ha3bIBAETCsI
IIOJIHOCTBIO peryaapHbIM komoM). OOGbeKTOM HaIllero uccienoBanus ssisercs rpad G(Z™)
T- MEPHOI KBAaJIPATHOU PEIICTKH.

Hasosem packpacky ¢ = ¢(z1,...,2T,) OpocTpancTBa Z" pemynmupyeMoil, eciu OHa
MOXKeT OBITH CBeIeHa K OIHOMEDHOI, T.e. IJIs IPOU3BOIILHOTO (T, Xa, ..., Ty) € Z"

o(r1, T2, ..., xn) = @1 (0121 + dox2 + ... + dpxy) ,

rme p; — HekoTopas k-packpacka Z' um 01,0s,...,0, € {0,1,—1} — mpom3BOIBLHEIE KOH-
cTaHTBL. Pemymupyemble pacKpackm W WX IapaMeTpbl HETPYIHO BBINNACATH, OHU OymoyT
00pa3oBBEIBATH TPU CEPUU C PACTYIIMM KOJIMYECTBOM I1BeTOB. Hepemyrupyemble packpacku
He TOMITAI0TCS CTOJIb IPOCTOMY onmcanuio. llokaszaHa

Teopema. FEcau ¢ — Hepemynupyemas AUCTAHIIMOHHO peryJispHas k-packpacka n-
MepHOI KBaApaTHOH perrerku, To k < 2n + 1, npudeMm 5Ta OleHKa AOCTHXKUMA.

PaGora Beimosnsena npu yactuunoi punancoBoi noaaepxkke PODU (momep mpoekta 10-
01-00424-a), a Takxe PIUII | Hayunsle n HayJIHO-TIENANOTTYIECKUE KAIPHI NHHOBAIIMOHHOM
Poccunj, wa 2009-2013 rr. (roc. kourpaxT Ne 02.740.11.0362).

CIIUCOK JIUTEPATYPHI

[1] Aerycrunosuu C. B., Bacunbesa A. IO., Cepreesa U. B. IlucTaHunoHHO peryisipHbIE pacKpacku Gec-
KOHEUHOI MPsAMOYTOJILHON perieTku. JIucKpeTHBIN aHaan3 u ucciaemoBanue omeparmit. 2011. T.18, Ne3.

C. 3-10.

Hrnemumym mamemamuru um. C.JI.Cob6oaesa CO PAH, Hosocubupck
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AnropurTMmueckue npo6ijieMbl AJis 2-CTYII€HHO HUWILINOTEHTHBIX M R-rpynn

M. I". AMATJIOBE/M, B. H. PEMECIIEHHUKOB

[Iycts R — OpOM3BOILHOE acCONMMATHBHOE KOJbIO ¢ enmammieir. C IMOMOIIBIO 3TOTO
KOJIbIIA MOXKHO OIIpeleINTh TPHU KaTeropuum R-rpymn ciemyrommM obpaszoM. [ 3Toro
o6oratum rpynmnoBoit ssbik L, = {-, 7!, e} Takum o6pazom: Ly, U{fo(z)|a € R}, rie fo(x)
— yHapHas omepanus, obo3Hauaemas depes fo(x) = % mua scex w3 G. Muoxecrso G
OymeM Ha3BIBATE AUHJOH060t R-TPYTITION, e/ Ha HeM OMpeIe/IeHBl OTIePAIal -, &, e, fq (1)
U BBITIOJTHEHBI AKCUOMBI:

(1) aKCHOMBI TDYIIIIBL;
(2) gt =g,9° = e, =e,9° = (9°)7, (K" 'gh)* = h™'g°h.
B pa6ore [1] A.T'.Mscuukos u B.H.Pemecnennukos BBenu HOByio kareropuio M R-
TPy, DOOABIISLS eIle OLHY AKCHOMY:

(MR) :Vg,h € G [g,h] =1 — (gh)* = g*h°.

glcHo, uro Bce R-Momysu Han konbuoM R ynosmerBopsitoT akcuome (M R).

B pa6ore [2] BBemeHO onpeneserne HUIbIOTEHTHOrO M R-MHOrooGpasus.

Il HUIBIOTEHTHEIX IPynn u GuHOMHAIBHBIX Kosen B [3] d.Xomn BBesl KaTeropmo
R-rpymm, koTopas oTyimdaeTcs oT Kareropun M R-rpymir.

B pabGore [4] ycraHOBIeHA CTPYKTypa CBOGOMHON 2-CTYIEHHO HuiIbnorTeHTHON M R-
IPYNIBLI paHra 2 IjIs ciIydas, KOrga Kojablo [? ecTh KOJIBLO IOJIMHOMOB OT OIHOW Ie-
PEMEHHON ¢ palMOHAJIbHBIMI KOd(ddunuenTamu. C HOMOIIBIO 5TOH TEOPEMbI IOJIYUCHBI
pe3yIbTaThl 00 AArOPUTMHUYECKON Pa3pEelINMOCTH U HEPa3PEIIIMOCTU Psna IPoOJIeM I
M R-rpynm cTymeHr HWIBIIOTEHTHOCTHU 2, KOTOPbIE MPUHIUIINAIBHO OTINIAIOTCI OT COOT-
BETCTBYIOIIINX PE3YJ/IbTATOB MOJIS XOJJIOBBIX 2—CTyHeHHO HIMNJIBIIOTCHTHBIX R-prHH.

CIIUCOK JIUTEPATYPHI

[1] Mscuukos A. I'., Pemecnennukos B. H. Crenennsie rpynmnet I. OCHOBBI TeOpUM u TEH30pPHBIE HOMOIIHE-
uus. Cub. matem. xxypuaa 35 (1994), Ne5, 1106-1118.

[2] Amaglobeli M., Bokelavadze T. Abelian and nilpotent varieties of power groups. Georgian Mathematical
Journal, 18 (2011), N 3, 415-430.

[3] Hall P. Nilpotent groups. Canad. Math. Congress. Edmonton, 1957.

[4] Amarno6enun M. I'., Pemecniennukos B. H. Ceobonubie 2-cTyneHHo HuiIbNOTeHTHBIE R-rpynmst. okt
PAH, 2011 (upuHsTa K medari).

Owmcrutll puauaa Uncmumyma mamemamury um. C.JI. Coboaesa CO PAH, Owmck, Poccusa; Touauccrui
2ocydapcmeennvill ynusepcumem um. Ue. casarvweuau, To6uaucu, I'py3us
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O moMmHUMOHaxX MeTabeJIeBbhIX I'DPYIIIT

A. 1. Bynkun

Tomuanon dom’y! (H) monrpynmnsr H rpynmsl A B KBasuMHOroo6pasmu M — 5T0 MHO-
JKECTBO BCEX 2JeMEHTOB a € A, o6pa3bl KOTOPBIX PABHBI IJIsI BCEX Hap TOMOMOPGU3MOB,
coBnanarormx Ha H, n3 A B kaxnyiwo rpynmy u3 M, T.e.

domY'(H) ={ac A|VYM e MVf,g: A— M, ecmu f |g=g |z, 10 af = a?}.

3nech, kak o6braHO, depes f,g : A — M ob6o3nadensl roMoMopdu3Mbl Tpynnsl A B rpymmy
M, uepes f |y — orpauuuenue f Ha H.

Hecmoxuo 3ameTuTb, 4TO domf(—) SIBIISIETCSI OIIEPATOPOM 3aMBIKAHUS HA PeIleTKe
HOATPYIII JAHHO IPYNbl A, B TOM CMBICJI€, UTO OH SKCTEHCUBHBIN (IIOMUHUOH MO PYIIIIbL
H conepxut H), MIeMOOTEHTHBI ([IOMUHIOH JOMUHUOHA TOATPYIIILl H paBeH NOMUHUOHY
H) u msoronnsit (eciu H C B, to momuumon H comepxutcs B nommuuoue B). B pe-
3yJIbTaTe BO3ZHUKAET IOHATHE 3aMKHYTOW nmonrpynnsl. ['pynna H HazpBaeTcs abCOIIOTHO
3aMKHYTOHI B Kjacce M, eciu myis mobon rpynnst A m3 M u3 kaxmnoro Braouenuss H < A
caenyer, aro dom’y' (H) = H.

Hamnpasnenue wmcciemoBaHuil, nMpeicTaBIeHHOE B TAHHOU paboOTe, CBI3aHO C HAXOXKIIEe-
HIEeM Bcex rpynn H, 3aMKHYTBIX B JTI000H MeTabesIeBOl rpyIime, comepxkaiiein H B KaduecTBe
IO PYIIITHL.

O6osmauenus: gr(a, H) — rpymnma, mopoxnennas H u smementom a, A? — kmacc
MeTabeIeBbIX TPYIIIL.

Teopema 1. CymrecTByer cBobOaHAs abeeBa rpyIla KOHEYHOIO PAHra, KOTOpas He
ABJIgeTCS aOCOIFOTHO 3aMKHYTOH B KJjlacce MeTabeeBbIX IPYIIIL.

Teopema 2. Ilycres G = gr(a,H), roe H uzoMophHA anguTUBHON TPYIIIE PAIHO-
HaabHBIX wnces. Ilpemmomoxmy, aro HopMaabHOoe 3ambikamme M = HE monrpymmsr H B
rpymnme G — abeseBa rpynmna 6e3 kpyderus. Torma domél2 (H)=H.

Teopema 3. Ilycrs G = gp(a, H), rne H — kBasunukandeckas p-rpynmna. IIpenmomno-
JKIM, 97O HOpMasabHoe 3aMmbikarne M = HC mogrpymmsr H B rpymme G ABIA€TCS IPAMBIM
mpomssenernmem rpym uga H u (a) "M = (1). Torza domé2 (H)=H.

Teopema 4. Ilycres G = gr(A, H), rne H — kBasunukiamdeckas p-rpymma, A —
abenesa rpymma. Ilpemmomoxum, ITo HOpMaabHoe 3ambikarme M = HC mogrpymmsr H
B rpynne G saBiageTcs mpsaMbIM npousBenerueM moarpynn Buga H® (a € A). Ilycrs eme
M # G'. Torza dom? (H) = H.

Pa6ora Boimomnaena mpu nognepxkke ABIIII ” PassuTue HaydHOro MOTEHIMAIIA BBICIIIEH
mkostbl” (Mepornpustue 1).

Aamatickut 2ocynusepcumem, Bapraya
E-mail: budkin@math.asu.ru
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O umaciencrBeHHO G—TIePeCTAHOBOYHBIX MOATPYIIAX UCKIIIOUYATEIbHBIX TPy
JINEBCKOI'O THUIA

II. B. BbIUKOB

Bce rpynmer, paccMoTpeHHBIE B 9TOI paboTe, SBIISIIOTCS KOHeYHbIMU. [IpuBenem cremy-
IOLITIIEe OIIpeNesIEHNs.

Onpenenenne 1. Ilycre G — xoneunas rpynna u L < G. Iloarpynna L HassiBaeTcs
G—1niepecranoBouHOMN, ecau s Beskon moarpynnbl H < G mammercs smement g € G Takoi,
gyro LHY = HIL.

Onpenenenue 2. Ilycte G — xoneunas rpynna u L < (. Iloarpynna L Ha3piBaercs
HacaencrBeHHO (G—1epecTaHOBOYHOM, eciu miis Beskon moarpymmnsr 1 < G rakor, uro L <
T, monrpynmna L sBrsercs T'-mepecTaHOBOYHON MOATPYIIIOH.

B Koypogckoit rerpamu [1, mpo6mema 17.112] A.H. Cku6oit u B.H. ToTsH0BbIM 6bLTI
[IOCTABJIEHBI CJIEAYIOIIE OBA BOIIPOCA:

Kakue koneunsre mpocToie HeabeneBbl rpynnsl G 061am1a10T

(a) HeTPUBHAILHOI (G—TI€PECTAHOBOUHON MOATPYIIION?

(6) HETPUBUAIILHOI HACJIEACTBEHHO (G—IIePECTAHOBOYHOI TOATDPYIIIION !

B pa6ore [2] B.H. TiorsuoseiM u I1.B. BLIUKOBBIM OBIIIO MOIYUEHO PEIEHUE TaAHHON
mpobiieMbl B Kjacce cropanudeckux rpymnmn. (Criemyroras TeopeMa sIBIISIETCS PeIIeHreM
TAaHHOHM MPOOJIEMBI ISl MCKITIOUUTEIBLHBIX T'DYII JIMeBCKoro Tuna. JllokaszaH cremyrormit
pe3ybTaT.

Teopema. Ilycte G — KOHeYHas HCKJIIOUUTEIbHAS TPYII JIHEBCKOro tuma. Tlorma
rpynna G He IMeeT HeTPUBUAIBLHON COOCTBEHHON HAC/IeACTBeHHO (G—IIepecTaHOBOYHON MOI-
TDYIIIEL.

CIMCOK JINTEPATYPHI

[1] Koyposckas Terpans (Hepemenusie Bonpocer Teopun rpymnm). 17—e uzn. Hosocubupcek: Wu-T maTema-
Tuku, 2010.

[2] Borukos II. B., Tiorsnos B.H. O macnencrserno G—epecTaHOBOUHBIX MOAIPYNIIAX CIIOPALUIECKUX
rpynn. BectHuk nosnonkoro yuuneepcurera. 2008. Ne 3. C. 23—29.
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32



Mausnsuesckme urerus 2011 Teopus rpyna

O mpencraBiieHUsIX M-TPYIIIT

C. B. BarakcuH, A. B. 3EHKOB

Hanomuum, aTo m-2pynnoti Ha3bBaeTCs anrebpamyueckas cucrema (G CUTHATYPBL M =
(,e,7L VLA, L), e (G-, e,7t V, A) aBagercs (-rpymnmoit 1 0MHOMECTHAS OTIePAINS , eCTh
aBTOMOpPGU3M BTOpOro mopsanka rpymmsl (G, -, e,~ 1) w anTumsomopdmsm pemerxn (G, V, A),
T.e. U1 JOOBIX X,y € (G BEPHBI COOTHOWICHUS (LY )« = Tuls, (Tx)x = T, (TVY)s = Ty, (TA
Y)s« = Ty V Y. Bynem 3anuceiBats m-rpynny G ¢ GUKCHPOBAHHBIM aBTOMOPMU3MOM , Kak
napy (G,« ). Illyctb A— HEKOTOPOE JMHEIHO YIOPAMOYEHHOE MHOXKECTBO U (— PEBEPCUBHLIN
aBromMopdusM 2-ro mopsanka A, o ectb ((Na)a = A u A < XN & (N)a > (N)a, Aut(A)
— rpymma BceX MOPsOKOBBIX momcTaHoBoK A. I'pymma Aut(A) moxker GBITH mpeBpalieHa
B M-TPYIIy 10 TPABWIY ¢, = aga st Besikoro g € Aut(A). IlpencrasienueM m-rpymmnsl
(G,+ ) TOPAMKOBBIMU TIONCTAHOBKAMU JIMHENHO YIOPSIOYEHHOTO MHOXKECTBA A HA3BLIBAETCS
l-romomopdusm v : G — Aut(A) rakoit, aro ((9)«)v = a(g)va nna mo6oro g € G. Bynem
ero samuceiBaTh B Bune B Bune ((G)v, A a). Eciu v ectb m3omopdusm, TO mpencTaBiieHne
Ha3bIBaETCA Mmounbim u Torma numeMm (G, A, a).

Teopema 1. Ilycrs (G,. )— m-rpynma u V— ee cupsmisiomas (-mogrpynna. Tormga
CYIIECTBYET JIMHEHHO YIOPAIOYEHHOE MHOXKECTBO, onpedeademoe V, Takoe, 4TO TpyIIa
OIMYCKAeT M-TPAH3UTUBHOE MPEACTABICHUE MOACTAHOBKAMHI 3>TOro MHOXKecTBa. O6paTHO.
Ins Besxoro m-rpansurusHoro npercrasiaerus ((G)v,A,a) mHammercs cupsvisomas (-
noarpynna V, onpenessroras A.

Teopema 2.IIpoussonsaas m-rpynna (G, ) JOIyCKaeT TOYHOE M-TPAH3UTUBHOE MIPEL-
CTaBJIeHUE TOTAa U TOJBKO TOTAA, KOTAa OHA COMEPKUT IPEACTABJIAIONLYIO {-HOArPYIIILY.

Canencrsue 1.[oanpsamo Hepasnoxumas m-rpynna (G, ) HOMycKaeT TOYHOE M-TPaH-
3UTUBHOE ITIPEICTABJIEHIE.

CanencrBue 2.Bcikoe MHOroobpasmue m-rpyI IOpOXAAeTC M-TPYIIIAMA, OILY CKa0-
[UMH TOYHOE M-TPAH3UTUBHOE TIPECTABIICHHE.

CIUCOK JIUTEPATYPHI
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[2] Kopytov V. M., Medvedev N. Ya. The theory of lattice-ordered groups. Dordrecht, Boston, London:
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O cBs3u COBEpPIIIEHHBIX 2-PAaCKPACOK C KPATHBLIMU COBEPIIEHHBIMU KOIaMU B
runepkybe

K. B. BOPOBLEB

[TonmuOXecTBO BepimH rpada Ha3bIBA€TCS COBEPIIIEHHON PACKPACKOW, €CIN IIBETOBOM
HabOp cocemell JTIOO0W BEPIIMHBI 3aBUCUT TOJBKO OT ee IBera. llomMHOXecTBO BepInH
rpada Ha3bIBaeTCs k-KPATHBIM COBEPIIIEHHBIM KOJIOM PAJIIYCa 1", €CJIN IS KAXKIOW BEPIITUHBI
1rap pajgmyca r ¢ IMeHTPOM B 3TOU BEPIIWHE CONEPXKUT B TOUYHOCTH Kk KOMOBBIX BepImuH. B
IaHHON paboTe MOIydYeH KpUTepuil, KOTOPHIM IO IapaMeTpaM COBEPILIEHHOU 2-pacKpacKu
IIBOMYHOTO N-Ky0Oa OompenenseT, SBIsSeTCs 1N OHa KPATHBIM COBEPIIEHHBIM KOIOM 331aHHOTO
panmyca 7 > 1 HEKOTOPOW KPaTHOCTH.

B pabote dopmymupyeTcs ciiemyomias

a b
Teopema. Cosepuennad packpacka ¢ napamempam g ) "eagemcs xpammnpim co-
gepuLeHHbIM Kodom paduyca r moz2da u moavko moezda, xKo2da nosurom Kpasuykra P,n(% —
o o C i:T n
1,n—1) =0, npu amom kpammocmv Koda k = e Y ico (Z)

Pa6ora Bbimonuena npu nonmepikke rpanTta Ilpesunenta Poccuiickoit Peneparm mis
mostonsix yaensix (MK-1700.2011.1).

Hrnemumym mamemamuru um. C. JI. Co6oaesa CO PAH, Hosocubupck
E-masl: konstantin.vorobev@gmail.com
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Pemerkn (I)OpMa]'_I]'/Ifl 1 KjaccoB PuUTTUHra KOHEUHBIX rpyIimn

H. H. BOPOBBLEB

Bce paccmarpuBaeMble Tpynnbl KOHEUHBL. MBI nCIOMB3yeM TE€PMUHOIOTUIO, TPUHATYIO
B [1, 2, 3]

N3yuaroTcs cBoiicTBa PEIIETOK YACTUIHO KOMITO3UIIMOHHBIX (POPMAIN U YaCTUITHO JIO-
KaJbHBIX KiTaccoB PurTuHTa. B wacTHOCTH, HAWlIEHBI cepun ajlrebpandecKux, MOMLYISIPHBIX
1 OUCTPUOYTUBHBIX PEIIETOK.

CIIUCOK JIUTEPATYPHI
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O rpyIiiie rnepecCcrTaHOBOYHBIX aBTOMOpq)I/I3MOB INKJINYECKOI'0O Koaa XsMMuHra

E. B. 'orkyHOB, E. B. COTHUKOBA

lycte F)' — BeKTOpHOE NPOCTPAHCTBO pasMepHOCTH 1 Hax moneMm [amya Fy = GF (q).
Kodom nmuubl n HasbiBaeTCs Ipom3BonbHOE momvuoxectso ¢ C F'. Konm masbiBaercs
AUHETHbIM, €CTTT OH 00pa3yeT JUHEWHOe MOAIPOCTPAHCTBO B F q”. B xauectBe meTpuku Ge-
percs paccmosnue Xommuwnea. Cosepuiennbim HA3BIBACTCS KO, MTOCTUTAMOIINAN T'DAHUIIBI
Xommunra, cM. [1]. JIMHEHHBIA COBEPIICHHBIN KO COUHCTBEHEH C TOYHOCTHIO IO M30Me-
Tpun F' m maspiBaercs xkomom Xommuura Hy. Ecinm juHeRHBIT KOI BMECTE € KaXKIbIM

KOIOBBIM BEKTOPOM ¢ = (Cg,C1,...,Cp_1) COOEPXKUT BEKTOP (C1,...,Cn_1,Co), TO OH Ha-
3BIBACTCS yukauueckum. Ipynna nepecmarnosounvls asmomopdusmos xona C' COCTOUT U3
BCEX IIEPECTAHOBOK T € S,, KOTOpLIE, NEMCTBYS IO NPABWIY CT = (coﬂ,clﬂ, e Cln—1)r) s

[epeBoIsT Kom caM B cebst, To ectb PAut(C) = {wr € S, | Crm = C}.
qm

B [2] mokazano, uTo eciim Kom X5MMUHTA M, DMHBL N = “MeeT ITPOBEPOYHYIO

—1
MaTpHUIy B KaHoHmdeckom sume, To PAut(Hy) = UT,,(¢). Tam xe moxazano, uTo mis
[IUKJIMIECKUX KOMOB X9MMEHIA 9TO HEBEPHO. BO3HWKaET BOIPOC, KAKOBO CTPOCHUE TPYIIIILL

IIepecTaHOBOYHBIX aBTOMOP(PU3MOB IIMKINIECKOI0 KOMa XOMMUHTa Ipu ¢ > 2.
m

-1
Y TBepxknenue. /g 1r0060ro NuKINIecKoro koga XsMMUHIA OIAHBL N = qq_l , rae

m > 2, ¢ > 2, BepHO

Zom A Zn < PAUt(H2) (1)

[Tomubil Tepebop mOKa3bIBAET, YTO I KOIOB 7—[2, ’Hg u ?—[é?’ B (1) umeer MecTo M30MOp-
dusm. [lomydeHHbIE pE3yIbTATH O3BOISIOT CHOPMYIUPOBATEH TATIOTE3Y IS ITUKIUICCKOTO
m_

Koma X5MMUHTa O TOM, 9TO IPHU HEAbIX m = 2, ¢ >2un = <

-1
PAUt(HY) = Zyy A Zy.

Wccnenosanume BhITONMHEHO Tpu moanepxkke Poccutickoro douma ¢yHIaMEeHTAIbHBIX UC-
cienoBanauit (mpoekTsl Ne 10-01-00424 u Ne 10-01-00616), a Takxke DI «Hayunbie n nayaao-
HearormuecKne Kaapbl HHOBAIMOHHOM Poccums wa 2009-2013 rr. (HOMep roc. KOHTpakTa

02.740.11.0429).

1
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O MOOYJIAX HaO I'PYIIIOBBIMU KOJIBIIAMHM JIOKQJIBHO KOHEYHBIX I'DYIIII

O. IO. ITAIIKOBA

Cnaboe ycioBre MUHUMAJILHOCTHA U CJIa00€ YCIOBIUE MAaKCUMAIBHOCTH SIBIISTFOTCS BaXK-
HBIMU yCJIOBUSIMU KOHEUHOCTH B Teopuu rpymn. Ciaboe yciaoBue MUHIMAILHOCTH OBLIO BBE-
neno B paccmorpenue .M. 3aiuessim [1], a ciaboe ycnoBue makcumanibHocTn — P.Bspom
[2]. Iycts G — rpymnma, M — HekoTOpOEe cemeiicTBO noarpyun rpyunst G. [oBopsT, 4To
rpymnna G yooBIETBOPSET CIa00OMYy YCIOBUI MUHUMAJILHOCTHU miis M-monrpynm, eciaun M
VIOBIETBOPSET CJIAOOMY YCJIOBUIO MUHUMAJILHOCTU, T.€., €CIIM IJIS JIEI000r0 yOBIBAIOIIETO
psna nmonrpyna Go > Gy > --- > G, > Gupy1 > --- u3 MHOXKecTBa M CyItie-
cTByeT HaTypasbHoe uncio m € N, rakoe, uro uanexc |Gy, : G41| KOHEUEH WIIs KaXkKIOTO
n > m. I'pynna G ymosieTBopsieT ci1aboMy yCIOBUIO MAKCAUMAJIBHOCTH [Tt M—TIOArpy,
ecit M ymoBieTBOpsieT ci1aboMy yCIOBUIO MaKCUMAILHOCTH, T.€., €CIN IJIs JII060TO BO3pa-
crafortero psana moarpynn Gop < G; < - < G, < Gpy1 < --- U3 MHOXKECTBa
M cyectByer HaTypasbHoe uncio m € N, Takoe, uro unnekc |Gy, @ Gp41| KoHeUeH muist
KaxXIoro N > M.

[Iyctse A — RG—wmonynb, takoir, uro R — KOMMyTaTUBHOE KOIBIO C EIWHUIIEH,
A/C4(G) ue sBusercs aprunossiM R—monynem, Cg(A) = 1, G — rpynna. Paccmarpusa-
ercs cucrema £,,,4(G) Becex monrpynn H < G, nysa kotopeix dakrop-monyiu A/C4(H) ue
ABIIAIOTCS apTUHOBBIME R—Momysisivu. AsTop msyuaer RG—monyns A, Takoit, ato £,44(G)
VIOBIETBOPSAET JIMOO C/IabOMy YCIOBUIO MUHUMAJIBLHOCTU KaK YIIOPSAIOYEHHOE MHOXKECTBO,
au60 caboMy YCIOBUIO MAaKCUMAJILHOCTU KAaK YHOPSOOUYeHHOEe MHOXKecTBO. Ecmu £,44(G)
YIOBIETBOPSIET CIaGOMY YCIOBUIO MUHUMAIBLHOCTU KaK YIOPSIOUYEHHOE MHOXKECTBO, Oy meM
roBopuTh, uro rpynmna G ymoBierBopsieT yeioBui0 Wiin_ned. Ecim ke £,,q4(G) ymo-
BJIETBOpsIET CJIa00OMY YCIOBUI MaKCUMAJILHOCTU KaK YIOPSAIOYEHHOE MHOXKECTBO, Oymem
rOBOPUTH, YTO rpynna G ynoBiaeTBOpsieT yCiIoBUIO Wiar—nad- depes AD(G) o6osuaumm
MHOXKECTBO BCEX 37IeMeHTOB & € (7, Takux, uro dakTop-monynb A/Cy((z)) sBusercs apTu-
HOBbIM R—Momynem. Ormerum, uro AD(G) — sHOpMmasibHas noarpymnma rpynmsl G. Yepes
G& 0603HAUNM pa3pelnMblil pe3umayasl rpynnsl (G — mepecedeHne BCeX HOPMAaJIbHBIX TO]I-
rpynn K rpynnst G, mis koTopeix dakrop-rpymnmna G/ K paspemmunma.

OcHOBHBIMU pe3yIbTaTaMi PAOOTHI ABJISIOTCS CIELYIOIINE TEOPEMBI.

Teopema 1. Ilycte A — RG—monynp, R — koMmMMyTaTuBHOE KOJIBIIO C €HUHUIIEH,
Ca(A) =1, A/C4(G) me aBasercs apruaOoBbiM R—Monynem. Ipennonoxnm, aro rpymnma G
JIOKQJIbHO KOHEYHA U YIOBIETBOpsAeT b0 ycaoBui0 W in _nad, 60 yciaoBur0 W ae—nad-
Torna mu6o rpynna G yepuukoBckas, oo G = AD(G).

Teopema 2. Ilycte A — RG-wmomyns, G — mepumommyeckas JOKaJIbHO pa3per-
mas rpymnna, R — mnenexkuumnoBo xosbno, A/CA(G) He sBasercs aprurHoBbiM R—Momytem.
IIpennomoxum, uro rpynma G ymoaerBopser aub0 ycaoBurO Wo,in_nad, JTHOO YCIOBHIO
Winaz—nad- Torma paxrop-rpynna G/Ge paspermma.

CIIUCOK JIUTEPATYPHI
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Bynessl perreTku KpaTHO {21-paCCiIOEHHBIX T-3aMKHYTBIX (opMarnuii T-rpymnn

E. H. IIEMUHA

Anmurusnas rpynma G ¢ HysjeBbM sjeMeHTOM () HA3BIBAETCSI MYJIbTUONEpATOpHON T-
IPYIIION ¢ CUCTEMOI MyJbTHonepaTopos 1’ (umu, koporko, T-rpymmoit), eciou B G 3amana
ele HeKOTOpasi CUCTeMa N-apHBIX ajredpamdeckux omepainuii T mpu HEKOTOPBIX 7, YIIO-
BIIETBOPSAIONIMX yCJI0BUIO 1 > 0, mpuuyeM myisg Beex ¢ € T MOMKHO BBIMOIHATHCSA YCIOBUE
t(0,...,0) =0, rme ciesa snement 0 cTout n pas, eciau onepanus t n-apua (cm. [1, ra. VI,
c. 356)).

Ncnonb3yembie 0603HAUEHUS U ONPEIETIeHNs MOXKHO HaiTu B paborax [2, 3, 4]. Ilycrs
9 — KJacc BCEX MYyJIbTUONEPATOPHBLIX T-TPYII, yAOBIETBOPAIOINIMX YCIOBUSIM MUHAMAIb-
HOCTU U MakcuUMaJbHOCTU s T-momrpymm. Bee paccmarpuBaembie T-rpymibl TPUHAI-
nexat kiaccy 9. Ilycrs J; — kmacce Bcex mpocThix IN-rpymm, (23 — HEIyCTO! MOIKIIace
kinacca J1, Q) = J31\Q1 u K(G) — xmacc Beex mpocThix IN-rpymi, U30MOPOHBIX KOMIIO-
surmoHHbIM (akTopaMm T-rpynusl G. Ecmun K(G) C Qi, to G HasbBaeTcs (2-rpynmoii.
O6osmaumv Mg, — xmace seex -rpymr, npuxamrexammx I u Og, (G) = Go,, . Dynx-
s f: QU {Q)} — {dopmaunm T-rpynn} maswBaercs QqF-byskumei; byHKIus @:
J1 — {memyctsie dopmanuun Purrtunra T-rpynn} waseiBaercs F R-pyukuueit. Popmarimst
NMF(f,o) =(GeM: G/Oq,(G) € f(Q) u G/Gyay € f(A) nas Bcex A € Q1 N R(G))
Ha3bBaeTcs )j-pacciioeHHol popmanuein T-rpynm ¢ 21-CIlyTHUKOM [ U HAIPABIIEHUEM
(mampasiieHue @ Ha3bIBaeTCs r-HanpasienuneM, ecin M 4 p(A) = p(A) mst moboro A € Jy).
Yepes 71 F¥ o603Ha9aETCA MHOKECTBO BCEX N-KPATHO {)]-PACCIIOEHHBIX T-3aMKHYTHIX -
dopmanmit, L, ope(§) ects perrerka Beex TF -nondopmarmit M-popmanmu § € TQEY,
rae n € No 1 ¢ — IPOU3BOJILHOE HAIIPABIICHUE.

Ounpenenenune. (4] Bysesoil pererkoil HA3BIBAETCS NUCTPUOYTUBHAS PEIIETKA C IO
IOJTHEHU M.

Teopema. Ilyctes § € T FY, roe ¢ — r-manpasienue, takoe 94to p(A) C M4 M4
st sioboro A € J1. Torma ciaemyrornme yCaoBUS PaBHOCUIBHBL:

(1) petrerka L, g, pe (§) Oyesa;

(2) § = ®ierdi, rae {Fi|i € I} — Habop Bcex aromoB pemerkn L o pe(F);

(3) B § momonHseM KaKmbli s7eMeHT perreTkd L. g pe (§).

CIUCOK JIATEPATYPLI

Ckopusikos JI. A. O6ias anrebpa. T. 2. M.: Hayka, 1991. 480 c.
Cku6a A. H. Anre6pa dopmanuii. Mu.: Bemapyckas nasyka, 1997. 240 c.
Ievuna E. H., Pemerku kpaTHo 21-pacCiioeHHBIX T-3aMKHYTBHIX (OpMAIUNl MYyJIbTUONEPATOPHBIX T -

W=
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O rpynnax IllyHkoBa, HaCBIIIEHHBIX NPSIMbIMUA IPONU3BENEHUSIMU T'PYIIIT

A. A ITyx, A. A. [IINENKUH

[Tycts G — rpynma, R — MHOXKeECTBO Tpymi. bymeMm roBoputTh, uTo rpynna G Hacbi-
wena rpynmnamu u3 R, ecau gobas KoneuHas monrpynna u3 G COOepkKUTCS B MOATPYIIE
rpynmsl G, m30MOPGHON HEKOTOPOU rpymme u3 R.

[Iycts K — komeunas monrpymnma rpymnnsl G. O6o3maunm uepes R(K) MHOXKeCTBO
BCeX MOArpymn rpymnmbl (G, KoTopble comepxkaT K u m30MOPGHBI IPYIIIaM W3 MHOXKECTBA
R, B wacTHOCTH, R(€) — MHOKECTBO BCEX MOArPYNI IPymnbl (G, M30MOPGHBIX TPYIIIIaM 13

MHOXkeCTBa .

HamomunMm, uro rpynma G masweBaercs rpynmoit llyakosa, eciu mjis o060t KOHEU-
Hoit monrpynusl H C G B daxrop-rpynne Ng(H)/H mobble nBa CONPSIKEHHBIX JIEMEHTA
IIPOCTOrO MOPSIIKA MOPOKIAIOT KOHEUHYIO TPYIIILY.

[Iycts 91 — HEKOTOPOE MHOXKECTBO HEM30MOP(MHBIX NUKINYECKUX TPYIIl HEYETHOIO
nopsinka, a 9 — HEKOTOpoe MHOKeCTBO Hem3oMopdHbIX rpymi Lo (2™). Tlomoxum, aro

R={XxY|XeMmy enh

TakuM 06pa3zoM MHOXKECTBO R cOCTOMT M3 HAOOPa KOHEUHBLIX I'PYII, KaXKIBI U3 KOTOPBIX
ABIISIETCA TPAMBIM MTpOU3BeNeHneM nByX rpymnn X u Y, mpm uyem rpynma X Oepercs w3
MHOXkecTBa I, a rpynna Y - u3 MHOXKecTBa 1.

Panee B pa6ore [1] 6bu10 mokasano, uTo GecKOHe4YHas mepuommdeckas rpymma [ys-
KOB&, HACBIIIICHHAS PAMBIMI TPOU3BEICHUSMI JIMHEHHBIX TPYTIIT HAL JIOKAJILHO KOHEIHBIME
MOJIAMU XapPAKTEPUCTUKK 2 Ha IUKINYECKNE TPYIILI, JIOKAJILHO KOHeYHa. MBbl mosTydnin
CITEMYIONINI Pe3yJIbTAT:

Teopewma. I'pynna llyakosa G, HacbIllleHHAass TpyNImaMu W3 MHOXeCTBa R, obiia-
naer nepuonmieckorn dactoio T(G), mzomopdron L x V, rome L ~ Lo(Q), mias HEKOTOPOro
JIOKAJILHO KOHEUHOrO 1oJIs () XapakTepuCTUKHA OBa, a V — JIOKaJbHO HNUKJIMYECKas TPYIIIa
6e3 MHBOJIIOIHIL.

CIMCOK JIUTEPATYPHI
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O T'pyIIrax yHUTPEYIT'OJIbHBIX aBTOMOpq)I/I3MOB OTHOCUTEJILHO CBOOOMHBIX rpyIin

C. IO. Ero®EEB, B. A. POMAHBKOB

st 1506070 MOOKUTEIBHOTO nciia 1 0003HaunM depes F;, ¢cBOGOMHYIO MDYy paHra
n ¢ 6asucom X, = {x1,...,2,}. Has moboro mHOroo6pasus rpynm C uepes C(F),) o6o3Ha-
qUM BepOASIbHYIO MOATPYIILY TPYNIbL F,, COCTOSIIYIO U3 BCEX TOXKIECTB OT N IePEMEHHBIX
X1, ..., Tp, BHIIOJIHEHHBIX HA MHOTO0Opasuu C.

[Iycts F,,(C) = F, /C(F,) — ommnocumeavno c60600nasg TPYIIa PAHTa 1. MHOMOOOpa-
susi C. Baszucom rpynuer F,,(C) MbI Ha3pIBa€M TaKOe MOOMHOXECTBO Yy, = {y1,...,Yn}, ITO
BCsIKOe OTOOpaxkeHue ero B rpymnmy G MHOroo6pasus C OQHO3HAYHO MPOMOIIKAETCS OO TO-
momopdusma rpynnst F,(C) B rpynny G. Ywumpeyzoavrvim a8momop@Puamom TPYIIIIbL
G, = F,(C) oraocurensro 6asuca Y,,, Ha3bIBAETCs JH000M aBTOMOPOU3M ¢, 3amaBaeMblil
oTOOpaxKeHueM BUOA @ : Y1 — Y1,Y; — Wy I & = 2,...n, ooe u; = Ui(Y1, ..y Yi—1)
IPOM3BOJILHLIN dyieMeHT rpynnbl (;_1. Bece yHuTpeyronbusie aBromopdusmer rpymmsl G,
o6pasytor noarpyuny U, = UT AutG,,, KOTOPYIO MbI HA3BIBAEM 2PYNnotl YHUMPEY2oibHblL
asmomopduazmos rpynnst Gy, .

B pabore mano ommcanume CTPYKTYPLI T'PYIIILl YHUTPEYTOJbHBIX aBTOMOpdusMos U,
OTHOCUTEIBHO CBOOOMHOIN rpymnmbl (7, KOHEUYHOrO PAHTa 7 IPOU3BOJIBLHONO MHOTOOGDA3USI
rpynn C, mosBosisiioiriee BBeCTU 5hGEKTUBHOE MOHSATHE HOPMAILHON (DOPMBI 5JIEMEHTA U
npefcTaBuTh rpyuny U, depe3 MOPOXKIAIOIINE DJIEMEHTHI U OMPEAeSIAIONINe COOTHOIIEHS.
Cnyuan n = 1,2 oueBumnsl: rpynma U; TpuBmasibHa, rpynna Us mukiandeckas. [lpm n > 3
IOKA3aHO CJIEYIOIIIee.

Teopema 1. Ilycts GG,, oTHOCHTEIBHO CBOGOMHAS TDYIIa PAaHra N > 3 MPOU3BOJIb-
voro muoroobpasus rpymna C. Torma ecau rpynmna G,,_1 HuabnorenTHa, To u rpymmna U,
HuibnoTeHTHa. Ilouyrn HuibmoreHTHOCTH rpymubl (G, 1 BIEYET CYLLECTBOBAHHE TOYHOI
MaTpUYIHON npencraBuMocT rpynbl U, Ham KOIbIOM HebIX duces Z.

Teopewma 2. Ilycts (G,, oTHOCHTEIBEHO CBOGOOHAS TPYIIIA PAHTA N > 3 IIPOU3BOJIBEHOTO
HETPUBHAJILHOIO MHOroobpasus C rpymm OTJIMYHOTO OT MHOroobpasus Bcex rpymim. Torna,
ecin rpynna Gp,_y1 He modyru HuabmoreHTHa, To rpymma U, = UTAutG, yHEHTpEyroms-
HBIX aBTOMOp@u3MOB rpymnsl (G,, He HOIMyCKaeT TOYHOTO MPENCTABJICHUS MATPULAMU HAL
IOJIEM.

Otu yTBepKIEeHUs MONOTHSIOT u3BecTHbIe pesynbratol A.FO. Ombmanckoro [1], mo-
Ka3aBIIIero, YTO MOJIHASA TpyIna aBToMopdhusMoB AutG,, OTHOCUTEIBHO CBOOOMHON T'PYIIIHI
G, cOGCTBEHHOrO MHOrOOOpa3us IpPenCTaBIMa MATPUINAMEI TOTOA ¥ TOJIBKO TO[A, KOTIa
G, TOUTHU HUJIBIIOTEHTA.

CIIUCOK JIUTEPATYPHI

[1] Olshanskii A. Yu. Linear Automorphism Groups of Relatively Free Groups. Turk. J. Math. 2007. V. 31.
P. 105-111.

Owmcruti 2oc. ynusepcumem um. P.M. Jocmoesckozo, kagdedpa ungopmayuornnubrr cucmem, Omck
E-mail: stepan.erofeev@gmail.com; romankov48@mail.ru
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Teopema bspa-Cyn3yku u cBsa3aHHas C HEell TeopeMa eINHCTBEHHOCTHU

B. 1. 3EHKOB

[Tycts G — koHeuHas rpymnma, p — MPOCTOE UUCTIO U & — HEKOTOPHI p-3ieMeHT u3 G.
[Tpu sTUx TpeanoIoXKeHusIX XOPOIIIO U3BECTEH Cienyoluii pe3yabTaT bapa-Cyn3yku.

Teopema 1. Eciu noarpynna (x,x9) ABII€TCA p-rpymIHon ajis Jr060ro SJIeMeHTa | U3
G, To x € O,(G).

NnmeeTcst HECKOIBKO MOKA3aTeIbCTB 9TOM TeopeMbl, Hanpumep, B [1], [2, Teopema 39.6],
[3, Teopema 3.8.2], [4, Teopema 2.12], [5, Teopema 1.1], [6, Teopema II1.6.15].

Mgt mpeniaraemM HOBOe MOKa3aTelbCcTBO TeopeMbl bapa-Cym3yku, KoTopoe, BO-IePBHIX,
KOPOY€e MMEIOIINXCSI MPSIMBIX [TOKA3aTEeIbCTB 5TON TEOPEMBI, & BO-BTOPBIX, HAeT U0 II0-
Ka3aTeJIbCTBA CIIEAYIONIE TeOPEMbI eIMHCTBEHHOCTH.

Teopema 2. Ilycte G —koneuHnas rpynna u N — HumbnoreHTHas moarpynmna u3 G.
Ecmu N < F(M) mns mobor makcumassHoi mogrpynnbl M u3 G comepxkareit N, To 1160
N < F(G), mu6o N nexuT B €qUHCTBEHHON MakcuMasbHOI moarpymnme u3 G.

CIUCOK JINTEPATYPHI

[1] Alperin J., Lyons R. On conjugacy classes of p-elements. J. Algebra. 1971. V. 19. P. 536-537.
[2] Aschbacher M. Finite group theory. Cambridge: Cambridge University Press, 1986.

[3] Gorenstein D. Finite Groups. New York: Harper and Row, 1968.

[4] TIsaacs I. Finite Group Theory. Providence, RI: Amer. Math. Soc., 2008.

(5]

(6]

6

laren T. Hekoropsie Bonpockr Teopunu rpymnn. K Teopun koneunsrx rpymm. M.: Mup, 1979.
Huppert B. Endliche Gruppen I. Berlin: Springer-Verlag, 1967.

Hrnemumym mamemamuru u mexanuky YpO PAH, Examepunbype
E-mail: zenkov@imm.uran.ru

41



Mausnsuesckme urerus 2011 Teopus rpyna

O pacnmo3zHaBaeMOCTHU KOHEYHBLIX MPOCTHIX YeThIPEIIPUMAaPHLIX I'PYHN 110 Tpady
HPOCTBIX YUCEI

A. C. KOHOPATBHLEB, 1. B. XPAMIIOB

[Iycte G — xoneunas rpymmna. O6o3Haunm uepe3 w(G) cnexkmp rpynnsl G, T. €. MHO-
KECTBO BCEX TOPSIIKOB ee 3y1eMeHToB. MHuoxecTBo w((G) onpemnernser epad npocmuix wuces
(epag I'pronbepea — Kezeas) GK(G) rpynnst G, B KOTOPOM BEPIIMHAME CILyKaT MPOCTHIE
MEIUTENN TOpAnka rpynmnsl G 1 OBe pasiIndHbIe BEPIINHBLL P U ¢ COCOUHEHBI PeOPOM TOrIa
U TOJILKO Torma, Korma pq € w(G). I'pynna G masbBaercs pacnosuasaemot (o cuekTpy),
€C/IM OHA OIpPENesIsIeTCss CBOUM CIIEKTPOM C TOYHOCTBIO M0 m3omopdusma. C yxke yCcTosB-
IIMMCS HAIIPABJIEHIEM KCCIIEIOBAHUI PACIIO3HABAEMOCTH KOHEUHBIX TPYIII IO CIEKTPY (CM.
0630p B.Il. Masyposa [1]) TecHO CBsI3aHO HAIIpABJIEHUE UCCIENOBAHUII PACIO3HABAEMOCTH
KOHEUHBIX TPy 10 rpady OpocThix unceil. ['pynna G Ha3BIBAETCS PACNO3HABAEMOT NO
epady npocmumx wucea, ecnu s aro6on koueunoi rpymmnsl H pasenctso ['(H) = ['(G)
rpados Bieuer uzomopbusm H = G rpynn. 3peck non pasercrsoMm rpados I'(H) u I'(G)
[OHIMAETCS COBITAICHNE MX MHOXKECTB BEPIIMH U MHOXKECTB pebep COOTBEeTCTBEHHO. YICHO,
YTO U3 PACIO3HABAEMOCTH KOHEUHOI I'PYIILI 10 rpady MPOCTHIX YUCEs CIIEAYET e PacIo-
3HABAEMOCTD IO CIIEKTPY.

B [2] mokazamo, uTO s06as KOHEUHAs YeThLIPENpUMApHAs MPOCTas TPYIa, KPOMe
rpymnsl A1g, pacmosHaBaeMa 10 MOPAOKY U Ipady IPOCTBIX YMCET.

B mammoin paboTe MCCIEMyIOTCA YETHIPENPUMAPHBLIE KOHEYHBIC TPYIIEI ¢ HECBI3HBIM
rpadoM MPOCTHIX uncel. B gacTHOCTH, MOKa3aHa CIIeMyIOIas

Teopema. KOHEUHASI YETBIPEIIPUMAPHASI TIPOCTASI TPYIIIA C HECBSI3HBIM T'PA-
®OM IIPOCTBIX UMCEJ PACIO3HABAEMA IIO BDTOMY I'PA®Y TOI'IA U TOJIBKO, KOI'IA
OHA U30MOP®HA OIHOV U3 CIENYIOWMX I'PYNI: Ag, L3(4), Si(7), G2(3) nnn Lo(q),
roE |7(¢*> — 1) = 3 U MMBO ¢ — TPOCTOE YUCJIO, JINBO ¢ = 3™ U m — MPOCTOE
HEYETHOE YUCIIO.

PaGora Beimonaena npu ¢unancoBoit nommepxkke PODPU (mpoext 10-1-00342), mpo-
rpamvbl OTnenenns matematundeckux Hayk PAH (mpoext 09-T-1-1004) m mporpamm co-
BMecTHbIX uccienoBaruii YpO PAH ¢ CO PAH (mpoekt 09-C-1-1007) u HAH Benapycu
(mpoexT 09-C-1-1009).

CIUCOK JIATEPATYPLI
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K Bomnpocy II. KamepoHa 0 IpuMUTUBHBIX I'PYIINaX [MOJACTAHOBOK CO
cTabuiam3aTopoM OBYX TOUYEK, HOPMAaJILHBIM B cTAabMIM3aTope OAHOW W3 HUX

A. B. KOHBITUH

I1. Kameporom 6b11 chopMmyupoBan ciemytommit Bonpoc (em. [1] u [5, Bompoc 9.69]).
[Iycrs G — npuMuTUBHAS TPYIINa TOACTAHOBOK Ha KOHeUHOM MHOXKecTBe X, x € X,y € X'\
{z} m G, melicrByer perymsapuo Ha opbute G, (y) (T.e. manynupyer Ha G4 (y) PEryIApHYIO
IPYNIy IOACTAHOBOK). BepHo mm, 9To 9T0 meiictBue TouHoe, T.e. 4TO |G| = |G4(y)|?
OTmMeTnM, YTO BONIPOC O TOUYHOCTH NENCTBUs cTabunn3zaropa (G, HA PeryispHOi momopbure
G (y) m3yuancs u panee (cm. [2, 3, 4]).

MoxkHO mokasaTh, 4TO PEryispHOCTH meiicTBus rpynnsl G, Ha G, (y) SKBUBaIEHTHA
ceoiictBy Gy, < G, a paBencrso |G| = |G, (y)| mpu ycnosun G, < G, 5KBHBaJIEHTHO
paserctBy G, = 1. Taxum obpasom, sompoc II. Kamepona skBuBajeHTEH BOIPOCY O
BBITIOTHEHUY 7151 TIPOM3BOJILHON MTPUMUATUBHON T'PYIIIBI TOACTAHOBOK (G HA KOHEYHOM MHO-
x)ecTtBe X CIEOYIONIEr0 CBONCTBA!

(Pr) ecmz € X, y € X\ {z}, 0 G5, I G, Brever G, = 1.

OueBumno, Bonpoc II. Kamepona 5KBUBajieHTEH TakKe BOIPOCY O BBLIMOJHEHUN IJIsI
IPOM3BOJILHOM KOHEUHOU rpymnsl (G CIIEMyIOero CBONCTBa:

(Pr*) ecnu My u My — pasiudsble CONPSKEHHBIE MAKCUMAJIbHBIE TOAIPYIIIEL TPYIIIIHL
G, o My N My < My Breger M; N My < G.

[Iycts G — npuMmTHBHAS TPYIMIa MOACTAHOBOK HA KOHEYHOM MHOXKecTBe X. Panee
6bI0 mOKazaHo, uTo eciau rpymnma G umeer (B kinaccudukanuun O’Hona — Ckorra) Tum I,
tun [1I(a), Tun I(c) wmun G umeer Tun II u moxons G #e m3omopden rpymmam 2FEg(q),
Es(q), E7(q), Es(q), To mns rpynusl G Bemomnuasercs csoiicrso (Pr). Kpome Toro, moxa-
3am0, 4TO ecym rpymma G mveer tum 11I(b) n mokoms G me m3omopden rpymmanm 2FEg(q),
Es(q), E7(q), Es(q), To mus rpynnst G Bomonusiercs: csoiictBo (Pr). B wacrrOCTH, mits
TAKUX NPUMUTUBHBLIX TPy moacTaHoBok G orser Ha Bompoc 1. Kamepona momoxurernes.
[penmonoxum, aTo rpymma (¢ ABISETCS MOYTH IIPOCTOM MOKoaeM, m3oMopdabM 2FEg(q),
E¢(q), E7(q) wm Eg(q). B mHacrosieit paboTe paccMaTpUBAETCs CIIydail, Korna mis © € X
I HEKOTOpOro mpocroro r Bummomnssercs O, (G,) # 1.

PaGora Beimonuena npu durancosoit nonnep:xkke PODU (nmpoek 10-01-00349-a).
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O mopoxkagarIimx 3jIeMeHTaX NPOU3BEeNEHUN I'PYyNIII

A. ®. KPACHUKOB

[Iycts F = ('*IAi) * G — cBOGOMIHOE TIPOM3BENEHNe HeTPpUBUAIIbHLIX rpymn A; (1 € 1)
1€

u cBobomuo# rpymner G ¢ 6azont {g,|j € J} (He mckmoUaeTcs CIydail, KOraa MHOKITEIN
A; mwmu muOX)uTENns G oTcyTCTBYIOT), N— HOpMasibHas noarpynmna B F Takas, ato N N
A; =1 G €l), hy,...,h, — osnementst uz F, H = rp (hy,...,h,). O6o3Haumm uepes
Z(F') uenouncienHoe rpymmnoBoe koiblo rpymunsl F. Yepes Dy (k € I U J) obo3Haunm
npomssonubie Dokca xombua Z(F) — nuddepeHInpoBaHus, OTHOZHAYHO ONpPEIesIsieMbe
YCIIOBUSIMIE:

ecmu a; € A; (1 € I)to D;(a;) = a; — 1, Dg(a;) =0, upu k # i.

Teopema. Dmemernt v n3 F' npuragnexur H|[N, N| rorma u tonbko rorga, korna B Z(H)
HAROAYTCA Uy, . . ., Uy TAKHAE, ITO

Dk(v) = ZDk(hl)ul mod N, ke IUJ.
=1

B Teopeme Henb3s 0TKA3aThCSA OT YCIIOBUS Uf, . . . , Uy — dJ1eMeHTsl u3 Z(H).

IIpumep. Illycts F' — cBobomHas rpymma ¢ 6a30i g1, g2, N — HOpMaJIbHOe 3aMbIKaHUe B F'
sgmemeHTa ¢1, H — moarpymnma B F, mopoxnenHnas siaemeHToM ¢gy. Ilomaraem v = 192, h =
g1, u=go2, I ={1, 2}. Bynem umers

Dy(v) = Di(h)u mod N, k € I,

HO syeMeHT v He npuHagiexut H[N, N|.

Cnencrsue. Ilycts V — mMHOXKecTBO 371eMeHTOB rpynnbl F' u obpa3 V' mpu ecrecTBeHHOM
romomopgusme F — F/[N, N| nopoxnaer F/|[N, N|. O6pa3spr smemenToB hy, ..., h, nopu
ecrectBeHHOM romomopgusme F' — F/[N, N| mopoxnatror F'/[N, N| Toraa n Toibko Toraa,
korga mjig jaroboro v u3 V. cucrema cpaBHEHUIT

Dy(v) = ZDk(hl)l“l mod N, ke ITUJ
=1
umeer perrerne B Z(F).
[Topoxnarorne siaemenTsl rpynnsl F//[N, N| 6 onucanst B [2] s cioyuas, korna F'—

cBoGonHas rpymmna u B [1] mus ciyuas, korna F = *IAi.
i€

CIUCOK JIUTEPATYPHI
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O mopoxknaronmx sjieMeHTax cymm anrebp Jlu

A. ®. KPACHUKOB

Bce anre6psl 6ymyT paccCMaTpUBAIOTCS HA OLHAM U TEM K€ II0JIeM IIPOM3BOJILHON Xa-

paktepuctuku. Ilycrs F = (Y."A;) * G — cBobonnas nuesa cymma anre6p Ju A; (i € )
iel

u cBobomuoil rebper JIu G ¢ 6asoit {g;|j € J} (He uckmouaercs ciydail, KOrna ciraraeMble
A; wnu cnaraemoe G orcyrerByior), N— unean B F' takoit, uto NNA; =0 (i € I), U(F)
— yHEUBepcabHas obepThiBatolias airebpa mis F, Ny — wumean, nopoxuneHusiii N B
U(F), hi,...,h, — snementst uz F, H = (hy,...,h,). Yepes Dy (k € I U J) obo3ua-
quM mpousBonnbie Pokca anre6pbl F' — muddepeHnnpoBatus, OQHO3HAUHO ONpPeIesIieMble
YCIIOBUSAMIU:

ecmn a; € A; (i € I), To D;(a;) = a;, Di(a;) =0, upu k # i.

Teopema. Onement v npunammexur H + [N, N| torma m tombko torga, korga B U(H)
HAROAYTCA U1, . . ., Uy TAKHAE, ITO

n
Dy (v) = ZDk(hl)Ul mod Ny, ke TU.J.
1=1
B Teopeme Henb3s 0TKa3aThCSA OT YCIOBUS Uq, . . . , Uy — d7eMeHTsl u3 U(H ).
IIpumep. Ilycte F' — cBobonuas amarebpa Jlu c 6a3oit g1, g2, N — wmmean B F', mopo-
JKIeHHBIH 3JeMeHTOM (1, H — momanrebpa B F, mopoxmennas smemenToMm gi. Ilomaraem
v=1[91,92], h=g1, u=g2, I ={1, 2}. Bynem umers

Dy (v) = Di(h)u mod Ny, k € I,

HO s7eMeHT v He npuHamgnexnt H + [N, N].

CnenctBue. Ilycte V — mHOXecTBO di1emeHToB u3 I m obpa3 V mpm ecrecrBeHHOM
romomoppusme F — F/[N, N| mopoxnaer F/[N,N|. O6pasbr smemenToB hy,...,h, opu
ecrectBeHHOM romomopgusme F' — F /[N, N| nopoxnator F /[N, N| Torga u Toisko Torza,
Korga Jjisa Jroboro sjaeMeHTa v € V. cucreMa CpaBHEHHUIL

n
Dy(v) = ZDk(hl)xl mod Ny, ke IUJ,
=1
nmeer petrerne B U(F).
B cayuae, korma F' — cBobonnas anrebpa Jlu KOHEUHOTO paHTa, MOPOKIAIOITIE ITEMEHTHI
anre6pst F'/[N, N| 6buin onucanst B [1].

COUCOK JIUTEPATYPBI
[1] YMupbaer Y. Y. YacTHBIE TPOU3BOMHBIE U SHIOMOPOU3MBI HEKOTOPBIX OTHOCUTEILHO CBOGOMIHBIX aJl-
re6p JIu. Cub. marem. x., 34, Ne 6 (1993), 179-188.
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O mepecedyeHUU CONPAKEHHBIX HUJIBIIOTEHTHBIX IMOATPYIII CUMMETPUYECKON
rpymnnbl

P. K. KyPMA3OB

B 2002 romy E.I1.Bnosun Buéc B «Koyposckyio Terpanbs [1] cremyrommit Bonpoc (mpo-
6mema 15.40):

IIpo6nema. Ilycmv N — nuabnomewmuad nodepynna Koweunol mpocmot epynnvt G.
Bepno au, wmo cywecmeyem nodepynna Ny, conpaxrcénnas ¢ N, dag komopoii NNNy =17

Hauuaas nmpobiema cBsizana co npobitemont 17.40, Buecéunont E.II.Boosursim B «Koypos-
ckyio Terpanb» B 2010 romy.

IIpo6nema. Iycmv N — Huavnomewmuag nodepynna xkoneunot epynnvi G. Bceeeda au
cywecmeytom maxue T,y € G, wmo NN NN NY < F(G)?

Bseném cienytorue o6o3nauenns. CumBomamu Sym,, n Alt,, 6ynem 0603HaAUYNTE CHMMe-
TPUYECKYIO U 3HAKOIEPEMEHHYIO IDYIILY CTEIeHU 7 COOTBETCTBEHHO, a CUMBOJIOM Sym({2)
6ymeM 0003HAUATH CUMMETPUYECKYIO TPYIILY MHOXKecTBa ).

Omnpenenenne. [Iycmv G — nodepynna epynnevr Sym(S2). Acummempuueckum pasbuenuem
A epynnvt G nasvieaemcs pazbuenue muoxcecmsa ) marxoe, wmo moabko eJuHUYA 2PYNNbl
G cmabuausupyem A. Ilpyeumu caosamu pasbuenue @ = Ay U ... U Ar naszwieaemcs
ACUMMEMPUYECKUM, €CAU U3 Mo20 uymo A; - g = A; dag a06020 i caedyem, umo g = e.

Hamu OOKa3aHa CJlIeoyoolnad TeopeMa.

Teopema 1. IIycmv H — wnusvnomewmuag nodepynna 2pynnet Sym, u n = 5. Tozada
cywecmeyom maxue x,y € Sym,, umo H N H* N HY = 1. Boaee mozo, ecau (|H|,n) #
(128, 8), mo cywecmsyem maxot x € Sym, , wmo H N H* = 1.

n’

B xagecTBe mpoCcTOTO CIEOCTBUS MOTyJYaeTCs TeopeMa, NAoIas MOJI0KATEILHBII OTBET
Ha nipobitemy 15.40 mas HUTBIOTEHTHBIX MOATPYIIT TPOCTHIX 3HAKOTEPEMEHHBIX TPYIIII.

Teopema 2. IIycmv H — nusvnomewmuas mnodepynna epynnvt Alt, uw n > 5. Tozada
cyweecmeyem x € Alt, maxot, wmo H N H* = 1.

[Ipu uccnenoBaruu npobiemst [1, mpobirema 17.40] BosHUKaeT HEOGXOMUMOCTH PACCMA-
TpuBaTh momcTaHoBouHoe ciuierenne G ! N, rome N — HUILIIOTEHTHAS NOArPYNIa TPYIIIEI
Sym,,. IIpu 5TOM BaxKHYyI0 POJIb UI'PAET CIEHYIOUINNA Pe3yIbTaT.

Teopema 3. ITycmv N — nusbnomenwmuad nodepynna 2pynnvt Sym,,. Tozda cywecmeyem
acummempuueckoe pazbuenue Ay L Ay LU Az ={1,...,n}.

CIIUCOK JIUTEPATYPHI
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O peryJsipHOCTU CUJIOBCKUX P -MOArpyNN CUMILIEKTUYECKNX U OPTOTOHAJILHBIX
rpynno Han KoJbuoMm Z/p™7Z

H. B. Manbues, C. I'. KOJIECHUKOB

B 1982 romy Bepdpur nocrasun ciemyromii Borpoc [1, sBonpoc 8.3]: mis kakux m, n, p
CUJIOBCKAs p-TIOATPYTHa OOIIEeN JIMHENHON I'PYHIIBI CTENEHN 7i Hall KOJIBIIOM KJIACCOB BbIUe-
TOB LeJBIX Yuces Z/p™7 1no p-upuMapHOMy MOmyio perysspua? Hamomuanm, uro KoHed-
Has p-rpynna (G HaseiBaeTcst peryispHoil (noustue Bemeno ®. Xommom B [2]), ecnu muist
001X a, b € G u mI60r0 HATYPAIBLHOTO N CYIIIECTBYET HATYPAJIbHOE YUCIIO Kk U DJIEMEHTHI
c1,...,cx € (a,b,) Taxme, uro (ab)?" = apnbpnc’fn o cin

OTser Ha mocrasieHHblil Bepdpuiem Bomnpoc mis ciaydas m = 1 6but momyuen B [3],
a B [4] u [5] mas Bcex ciydaes, 3a MCKIIIOYEHHEM Clemyonmx: m,n > 2 u 2n—1 < p <
min{nm,n?}. MeTone!, paspaGoTaHHLIC B TUX CTAThAX, GBI WCTOML30BAHBEI B [b| Tpm
U3y YEeHNN aHAJIOTUIHOTO BOIIPOCA MJIst CUIIOBCKUX p-nioarpyni rpymn Hlesaste nan Z/p™Z.
B uactaOCTH, OBLIA MOKA3aHA PErYJISIPHOCTH CUJIOBCKON P -TIOATPYIIIBI CUMILIEK TUIECKOM
rpynmet Spa, (Z/p™7Z), xorma 2n? +n < p, m oproronambroit rpymmst O (Z/p™Z), xorma
2n? —n < p.

B nmpomomxenune >TuxX nccieqoBaHUN NOKA3aHBI IBE TEOPEMHBI.

Teopema 1. CumoBckas p -moArpyINa CUMIIJIEK TUYECKON TPYIIEL SPay, (Z/p™7Z) Hepe-
rymasgpHa npu jgrobom m 2> 1, ecnur p < 2n, n npu jgr0boMm m > 2, korga p < 4n.

Teopema 2. Cuosckas p-moarpymnma oproroHamsroi rpymer O (Z,/p™Z) mepery-
JspHa npu jgrobom m = 1, ecnmu p < 2n — 2, u opu jgrobom m > 2, korga p < 4n — 4.

Pabora BemosHena npu ¢uHaHCcOBOU mommepxkke Poccuiickoro gouna GyHIaMEHTATh-
HbIX uccerenosanuin (rpaat 09-01-00717).
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KouHeuHble TPyNObI C XOJJIOBBIMIA MaKCUMAJIbBHBIMU MOATPYIIIAMU U WX
IMIOPO2KIAEMOCTH IIAapPOU COIIPSXKEHHBIX 3JIEMEHTOB

H. B. MacioBa, II. O. PEBuH

Hanmomuum, uto monrpynna H xomeunoit rpynnbl (G HA3BIBACTCS T0.4.40601, €CIIN €€
nopsinok |H| u uanekc |G : H| B3auMHO IPOCTHL.

B cBs3u ¢ Bompocom B. C. Monaxosa [1, mpo6iiema 17.92] u3ygyarorcs KOHEUHbIE TDYIIIIH,
B KOTOPBIX BCE MaKCHMaJbHBIE TIOATPYIIIBI SBILSIIOTCS XOIUIOBBIMU. [loTydYeHbl pe3yibTaTh
O CTpOeHUN Takux rpynn. HeoXumaHHBIM OKA3bIBAETCs MPUMEHEHHE TUX PEe3yIbLTATOB
Kk wuccienosanuio sonpoca 1. Mlymsuxoro [1, mpobmema 17.125]: BepHOo a1 9TO B 1H060M
KOHEYHOI rpytme (G COmEePKUTCS Tapa COMPSKEHHBIX 5JIEMEHTOB a u b Takux, uro 7m(G) =
w({a,b))? 3mech m(G) — MHOXKECTBO IPOCTHIX AeTUTENElN MopsanKa rpymmsl G.

Pa6ora Brmonuaena npu nommep:xkke Poccuiickoro donna GyHIaMEHTAIBHBIX UCCIIEIO-
Banuil (komel mpoekTos 11-01-00456, 10-01-00391, 10-01-90007 u 10-01-00324), ABIII Po-
cobpasoBanus «Pa3BuTme HaydHOrO MOTEHIMANA BbICIIEN mKOIbL> (mpoexT 2.1.1.10726),
DIIIT «Hayunbre nu HayuHO-IEmarornyueckue Kagpbl nHHOBaImoHHOW Poccums nHa 2009-2013
rr. (roc. kouTpakThl 02.740.11.5191 u 14.740.11.0346), Cosera no rpanram IlpesunenTa
P® nmns mommep:xkku Bemymx Hayuabix 1mkoi (mpoexkT HII-3669.2010.1), mporpamm co-
BMecTHBIX ucciaenosanuit YpO PAH ¢ CO PAH (upoekT 09-C-1-1007) u ¢ HAH Bemnapycu
(mpoekT 09-C-1-1009), PernonanbHoro o6IiecTBEHHOTO (GOHIA CONEHCTBUS OTEYUCCTBEHHOI
Hayke (rpant «Jlyumme acmupantsr PAH - 2010») u nporpamver OMH PAH (mpoext 09-
T-1-1004).
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I'pynnel ¢ cujIbHO pPeryJsipHLIMUA U NUCTAHINOHHO-PEryJIsIPHBIMU rpadamMu
Konn

N. T. MYXAMETbSIHOB
MbI paccMaTpuBaeM TOIBKO KoHeunbie rpymmnel G, B = b U (b~1), b — mexoTopsiit
knacc conpsikénnoctu u3 G, I'(G, M) — rpad Kosnu rpynnst G oraocurensuo M C G.

B [1] mocrasnen cnemyrommit Bonpoc: Ilycre A = (G x G)A(7), rne G — HeabeseBa
mpocras rpymma, u T € A — muBomOnms, HOpMasmsyomas G X G tak, uro (g1,92)" =
(92,91) oz g; € G. IIycts I' — rpag ¢ maOXKEeCcTBOM Bepuiua G, Ha KoTOpoM A meiicTByeT
o mpaBmty g\9192) = g7 gg, m g™ = g7, m B KOTOpOM T UM Y CMexHBI, Korma y'x € CUC !
IS HEKOTOpOro ¢ukcupoBanuoro knacca C conpsxéunoctu n3 G. Ilokazats, uro A He
HECTBYET MUCTAHIUOHHO-TpaH3uTUBHO Ha I.

N3BecTHO, UTO €cim Tpymma OeficTBYeT HAa KOHEYHOM Tpade AUCTAHIMOHHO-TPAH3U-
TUBHO, TO Tpad nucrannuonuo-peryssipet ([1], Jlemma 4.1.9). Takxke, oueBUIHO, BBEIEH-
uolit Boime rpad I' asigercsa rpadom Ko T'(G,C U C~1). B cBasu ¢ atum MoxHO chop-
MYJIUPOBATH CIIEAYIOILYI0 6osiee OOIIyIo TIPobIeMy:

Knaccupumuposars naper (G,b), rakune, uro I'(G, B) nucTaHIHOHHO-pEryIspeH.

Takx kax NUCTAHIMOHHO-PErYJIAPHBIN T'pad muaMerpa 2 CHUILHO-PETYIISAPEH, TO UMEeT
CMBICIT PACCMOTPETH nBe IpobiieMbl 0 Kiaccubukamuu takux nap: 1) korma I'(G, B) —
cuwIbHO peryispHbll; 2) korma I'(G, B) — IUCTAHIMOHHO-PErysSpHBIN muameTpa d > 3.
Hamu paccmarpeno oba ciaydas U JOKA3aHbI CIEAYIOIINE TeOPEMBbI:

Teopema 1. Ecmau I'(G, B) — cuibHO perysspHBIH rpad, TO OH UMEeT BAJIEHTHOCTH
k = |B| n umeeT MeCTO OFHO U3 CIIEAYIOIINX CIIyIAEB:

1) G = PX(Q — rpymnna ®pobenuyca c smeMeHTapHbIM abeIeBbIM 1apoM P HexkoToporo
mopsnka p*, B = P — {e}. IIpu strom I'(G, B) ~ nK,o — HecBS3HbII rpag ¢ N MOJIHBEIMI
KOMITOHEeHTaMu cBs3HocTH, n = |Q| = (p* —1)/t, t € {1,2}.

2) G = K X\ (b) — rpynna ®pobernyca c sapom K nHeuérHOro mopsnka k, b — uHBO-
morust. IIpu stom I'(G, B) ~ Koy« — HDOJHBIH ABYIOJbHBIL Fpagd.

3) G = K(b), K<G, |K| =k/2, |(b)| = 4, Cg(b) = (b) u mubo (b) — cunoBckas
2-moarpynna rpynnsl G u K — xommoBa norpymnna B G, 6o cumoBckas 2-moarpymnma ()
rpymnnsr G — (0606wméanast) kBarepauonas, G = H N\ ), rome H — HOpMajbHAs XOIIOBA
noarpynna rpyunst G. Ipu stom T'(G, B) ~ Koy

4) G = K XN (b) — rpynma ®pobenuyca ¢ sgpoMm mopsaka k/2 u mODOIHUTEIHHBIM
muoxuTeneM (b) mopsaka 3. Ilpu stom I'(G, B) ~ Ksyxy,, rae k1 = k/2.

Teopema 2. Ecau I'(G, B) — aucrannumorHO-peryapHbl auamerpa d > 3, to G —
mukandeckas rpynna u I'(G, B) — MHOroyronbHUK.

CIUCOK JIATEPATYPEI
[1] Brouwer A. E., Cogen A. M., Neumaier A. Distance-regular graphs. Berlin: Springer-Verlag, 1989, 494 p.
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O 1eHTpasIbHOM siip€e T'PYIIIbI

H. . TIABIIIOK

B anrebpe cy1iecTByeT psimi CHCTEM aKCUOM BBIIEIISIIOIINX a0CTPAKTHBIN OOBEKT - TPYIIILY
G. Cpenu akcmoM, XapakTepPU3yOIIIX OCHOBHBIE CBONCTBA OMHAPHON ONepaIny Ha MHOXKe-
CTBe 3JIEMEHTOB Ipynibl (G, UMEeTCs aKCHMOMa, TAPAHTUPYIOIIAS PA3PEINMOCTh YPaBHEHU
axr = b,ya = b Ha snemenTax (G, T.e. TapaHTUPYETCS NUCTUHHOCTH BBICKA3BIBATEITHHON
dhopMbI mi1s seMeHToB u3 G

((Va,b e G) (R(ax =b) # 02 AR (ya =10) # ©)).

Takoit monxom cremyeT MCTOPUUECKON TPAMUIINN PA3BUTHS ajreOdPBI CBSI3aHHOW C pe-
IICHUSIMU ypaBHEHU. B MpuBENeHHBIX MATEMATUIECKIX BBIPAXKEHUSX MCIOIB30BAHO OTHO-
mreHre ' =" SKBUBAJIEHTHOCTHU 35ieMeHTOB rpynmnsl G. [lo 5Toit mpuunHe BhIpakeHuUe THIA
axr = b B MaTeMaTuke mMeHyOTCS ypaBHeHusMu. Ha smemenTax anrebpamdecKux CUCTEM
3aIaI0TCS U IPYTHUe OTHOIIEHUs SKBUBAJIEHTHOCTHU, KOTOPBIE 0000IIIAI0T OTHOIIIEHE DABEH-
crBa. Hanpumep, oraomenne ” 1 =" nenTpasibHOil 9KBuBasieHTHOCTH [1] 1 oTHOIIEHNE Vo ="
conpsixennoct [2]. Bosee riry6okoe nccienoBanue CBOMCTB anre6pandeckux 00bEKTOB BO3-
MOYKHO ITOCPEICTBOM CPABHEHUI CBONCTB IPYIIOBBIX OTHOIIIEHUN 1 BO B3aUMOICHCTBUN UX B
npuioxenusx.B mpenmaraemoit paboTe TOMUHUPYET UIesl - PACCMOTPETH PEIIeHUs ypaBHe-
HUS ra = b IuIb Ha KJTacce MeHTPAIbHO-9KBUBAJICHTHBIX 3JIEMEHTOB. MHOXKECTBO peIleHuin
TAKOr0 YPaBHEHUs HA3BAHO IEHTPAJIBHBIM SIPOM dJIeMeHTa a B rpytme (.

Onpenenenne. IlemTpanbHbIM sapoM sjaeMmeHTa o B rpymme G Ha30BEM MHOXKECTBO
Z(a) smementoB h € G rpynmner G, yIOBIETBOPSIOIINX TPYIIIIOBOMY paBeHCTBY ha = b, rme

a 1 b - 5]IeMEeHTBI KJIacca ' HeHTPAIbHO-9KBUBAJICHTHEIX SJIEMEHTOB, T.€.
Z (a) = {h/ha —b, a,b elaz}.
Jlemma. B rpynne G BepHa opmya
(‘v’a, b elaz) (a1 = b) & (C(a) = C(b) & (Z(a) = Z(b))).
Teopema. I'pynna G Torma m ToabKO TOrga abeneBa, KOrga B HEH IMEHTPAIbHOE SIPO

KaXX10I'0 HETPUBHUAJIBHOI'O 3JIEMEHTa COBIIagaeT C Fp‘YHHOI;'I G.

CIUCOK JIATEPATYPLI
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O npo6iieme paBeHCTBA CJIOB B CBOOOIHBIX OepHCANIOBBLIX MOJIyTpynax

C TOXOmecTBoMm 12 = 13

A. H. IITIOTIEHKO

HamomauMm, aTo cBOOOOHON G€pHCANOOBON MOIYTPYIIION HA3BIBAETCS MOJIYTPYIIIa, CBO-
GomHas B MHOroo6pasum var{z” = x"7™} nag HEeKOTOpHIX (QUKCHpOBaHHBIX 71,1 > 1.
Cobomnas GepcHaiioBa MOMYyTPyHIa paHra k um ToxkmecTsoM x" = x"T™ obGo3HauaeTcs
yepes B(n,m, k). OnHoil u3 BaxHeimmx mpobiaeM s noiayrpynnsl B(n,m, k) ssisercs
pobiieMa PaBEHCTBA CJIOB.

[Ipu k = 1 monyrpyunst B(n,m, 1) cyTh He YTO UHOE, KAK KOHEYHBIE IUKIIMICCKIE TOITY-
TPYIIIBL, TPO6IeMa PaBEHCTBA CJIOB ISl KOTOPBIX TPUBHAJILHBIM 00pa3zoM paspernnma. [la-
nee monaraeM k > 1. Braromapst pa6oram I'puna u Puca [1], Kanypexa u Ilomaka [2] u op.,
npobiieMa paBeHCTBa CJIOB IJIsl ciiy4das n = 1 OblTa CBemeHA K COOTBETCTBYIOIIEH pobieme
111 CBOOOMHBIX GEPHCAMMOBBIX TPYHI (TPYIII, CBOOOMHBEIX B MHOTOOOpasuu var{z” = 1}).
B cepun pa6or [3, 4, 5, 6, 7| npobiema paBeHCTBa CJIOB ObLIa PellIeHa It cirydast n > 3.

st mosmyrpynn B(2, m, k) BOIpoc 0 paspemnmMocTu IpobIieMbl PABEHCTBA CIIOB OCTa-
eTCsl OTKPBITBIM. DTOT BOIIPOC GBI CIIENUATIBLHO OTMeYeH BK030BcKuM B [8] mitst momyrpymm
B(2,1, k). Hamu ycranoBieH ciaemyromuil pe3yabrar B qaHHoM Hanpasienuu ([9)):

Teopema. IIpobmema paBeHcTBa ciaoB mis moayrpynnsl B(2,1, k) opu k > 2 paspe-
IIIIMa TOrZa U TOJBKO TOrAa, KO Aa MpobiieMa paBeHCTBA CIIOB PA3PEIInMa OJIS IOy T DY B
B(2,1,2).
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IlenTpounsl ajire6panyecknx rpymnil.

K. H. IIOHOMAPEB

Darxmop - mopPuamonm rpyunsl G HA3BIBAIOT NPOU3BOILHOE oTOOpaxkenue ¢ : G — G,
IIsL KOTOPOTO TIPH JIOOBIX dIeMeHTax ¢, h € (G BBIIOIIHEHB! CICAYIOIINE 1Ba CBONCTBA.

1. g¥h = ghv.

2. Ecau [g, h] € (,(G), To 0 Momymio (,(G) BemonuseTcs paBeHcTBO: (gh)? = g¥h¥.

Ha muOx)ecTBe dakTop-mopdusmos $(G) rpynnsr G onpenennM Omepariy CI0KeHUs 1
YMHOXKeHUs, [T 06X ¢, 1) € ® u mpoussosbHOTO g € G Momaraem g¥ ¥ = g% . g% Taxxe
g¥ Y = (gw)w'

B paGore [1] 6o ycraHoBIeHO, 9TO MHOXKeCTBO P((G) ¢ yKasaHHBIMU OIEPAIUSMU
obpa3yeT accoImaTUBHOE KOJIBIIO C eNUHUICH. Dbl BBISBIEHBI MHOTTE CTPYKTYPHBIE CBOM-
CTBa HTOro Kojbla. B crarse [2] nenrpounom rpynnsl G GbUIO Ha3BaHO GOJee IIXPOKOE
KOJIBIIO OTOOPAXKEHUIT, IJisi KOTOPBIX BBIIOJIHAETCS IEPBOE CBOWCTBO U3 OIpeneseHus hax-
TOp - MOPGU3MA, & BTOPOE CBOMCTBO U3 5TOTO OLPEIESICHIs] IIPEATIOIATA€TCsl BHIIOIHEHHBIM
TOJIBKO IJII KOMMYTHUPYIOIINX 3JIeMEHTOB ¢, h. bBbIIo mokazaHo, 9TO 3TU 0TOOpaKEHUS
OTHOCHTEJILHO BBENEHHBIX BBIIIE Ollepanuil 06pasyioT acCOMMATUBHOE KOJIBLO C eNUHUIEN

T(G).

Teopewma. Ilycre G — rpymma TOYeK paCIIEIIMON aareOpamdeckOr TPYIIIBI HaI IT0-
JIeM HyJIEBOH XapaKTePUCTHUKHW. lorma HeHTPOHum TaKOW I'PYHIbI 0bpa3oBaH eé (akTop -
Mopdusmamu, Bemogasercs paseacrso (G) = I'(G).
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I'pynmnbi, HacCHIIIIEHHBIE IPSIMbIMUA TPONU3BENEHUSIMU KOHEUYHBIX ITPOCTBIX
HeabeJIeBbIX I'PDYHIL

N. B. Caponax, A. A. IIINENKUH

[TousTHE HACBIIIIEHHOCTHU TPYIIIBL 33/IaHHBIM MHOKECTBOM T'PYIII MOSIBUIIOCH B 1993 romy
B paborax A.K. Illnenkuna [1].

I'pynma G HacellIieHa rpynmaMu u3 MHOXKeCTBa rpymi N, eciam arobas KOHEUHAs MOL-
rpyomna n3 G comepKuTCs B MOATrPYIITe, H30MOPGHON HEKOTOPOH rpyiie u3 .

B nacrosiimee BpeMst CI0XKUIACH CIEMYIOIIas TEPMUHOIOT S 1 0603HAUEHUS CBSI3aHHBIE C
YCIIOBUEM HACBIIEHHOCTH. HachIaoime MHOXECTBO — 3TO MHOXKeCTBO Il U3 onpeneseHuns
HaceleHHocTH. ['pynma GG HacwimenHa rpynmnoir M — 5To ciydail KOra HACBIIAIOIITe
MHOX)ecTBO M = {M} — cocTOUT U3 OMHOI TPYIIIBL.

B pabore [2] mokazaHo, UTO mepmomMYecKas TPYIIA, HACBIIEHHAS OIHOU TPYIIION,
SIBIISIFOIIIETCS] TIPSIMBIM TIPOU3BEICHIEM KOHEUHBIX MPOCTHIX HeabeeBbIX T'PYII, KOHEUYHA,
[IPU yCJIOBUM, YTO IEHTPAIN3ATOP CHIIOBCKON 2 — MOATPYIIIIBI KaXKIOTO MHOXKUTEJS IIPSIMOTO
IIPOM3BENEHNS HE CONEPKUT HIIEMEHTOB HEUETHOTO MOPSIIKA.

B pa6ote [3] mokasano, 94TO mepuommUeckas rpyIa, HACHIIIEHHAS IPSIMBIMU TPOU3Be-
MEHUSIMU JIMHEHHBIX TPYII PA3MEPHOCTU 2, TPU YCIOBUU, UTO YUCIIO MPSIMBIX MHOXKUTEIEH
3JIEMEHTOB HACBIIIAIOIIEr0 MHOXKECTBA PABHO 2, JTOKAJIbHO KOHEUHA.

Hamu ipomomkeno nsydeHmne rpyIii, HACHIIIEHHBIX TPIMBIM ITPOU3BeIeHINEM Pa3ITIHbIX
rpynn. Ilycrs muoxectBo 9 = {M} cocrour m3 ommoit rpymmer M = My X ... x M; X

. X M,, (n — uKcupoBaHHO), SBIIOIIEICS NPSMbIM IpousBeneHueM rpymnn M; € R u
R = {Lgi (p?")]i = 1,2,...,m}. Uepes L§(p") obosmauaercs rpymma L3(p"), ecmn § = + m
rpymma Us(p™), ecimn § = —.

HokazaH CIeIyIOIi Pe3yIbTaT.

Teopewma. Ilycrs mepuonumueckas rpynna G mHacermera rpymmoi M. Torna G ~ M.
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CTpoeHune CUIIOBCKUX MOATrPYIN B HeKOTOpbIX rpynnax lllyHkoBa

B. 1. CEHALIOB

N3yuaercs crpoenne cunoBckux 2-noarpynn B rpynmnax llyHKoBa ¢ ycimoBueM: HOpMa-
U3aTOop 000N HETPUBUAJIBLHOU KOHEYHOU MOATPYHIBI 00adaeT MOUYTH CIOMHO KOHEUYHOMN
TIEPUOINIECKON TaCTHIO.

Panee aBropom ycranosieno [1], uyro B rpynmax IllynkoBa ¢ Takum yciaoBueMm Gecko-
HeYHas CUJIOBCKAas 2-TIOATPYNIA SBIISETCS PACIIIPEHNEM KBA3UIUKIIMIECKON 2-TPYIITHI TPU
IIOMOIIIX OOpAaIfaioIero aBToMopdu3Ma.

Teopema. Ilycre G — rpynma IllyrkoBa ¢ KOHEYHOH CHIOBCKOH 2-IOATPYIIION S.
Ecmu B G HOpMasm3aTop 0001 HETPUBHUAJBHON KOHEYHOH IOATPYIIBI 00IamaeT IMOYTH
CJTOTHO KOHEYHOW ITePHOAUIECKON YacThio, TO Jjubo rpymma (G obmamaer mOYTH CJIOHHO
KOHEYHOH IePpUOANIECKON YacCThIO, JIHOO IepecedeHre S CO CIOHHO KOHEYHBIM DaaUuKaJIOM
IeHTPAJIN3aToOpa HeHTPAIHLHON UHBOJIIONUU U3 S SBISETCS NUKIMIECKUM UIu 0OO0OILIEHHON
rPYIION KBATEPHUOHOB, JINOO rpymma S MOXeT ObITH OMHOIO U3 CJIELYIOIIUX THUIIOB:

1) rpynma nusnpa;

2) nostyamsApanbHas TPYNIIa;

3) 2-rpynna Cynsykn nopsaoka 64;

4) abemeBa rpymma tuma (2™,2™), m > 1;

5)8=(b)1(t), cne b =t =1,m > 2.

HamomuauM ompeneneHus nCnoab3yeMbIX TEPMUHOB

Omnpenenenne. ['pynna vaszeiBaeTcs epynnot [llynrxosa, ecinu njst 000 €€ KOHETHOM
noarpyunsl H B dakrop-rpynne Ng(H)/H mo6ble nBa CONPSKEHHLIX 3JIEMEHTAa IIPOCTOTO
MIOPSIKA MOPOKAAIOT KOHEUHYIO IONTPYIILY.

Onpenenenue. Eciu MHOXeCTBO 37IEMEHTOB KOHEYHOTO MTOPSIIKA B TPYIIIIE COCTABIISIET
MOATPYIITY, TO €€ HA3BIBAIOT Nepuoduueckoti 4acmpio STON TPYIIIHL.

Omnpenenenune. ['pynmna HA3BIBACTCS CA0UHO KOHEUHOT, €CITM MHOXKECTBO €€ BJIEMEHTOB
TI000T0 MaHHOTO MOPSAKAa KOHEYHO.

Onpenenenune. MakcumanabHas HOpMaIbHAS CIIONHO KOHEUHASI TTOATPYIINA TPOU3BOIIh-
HOUl TPYIIIBI HA3BIBAETCS €€ CAOUHO KOHEUHIM PAOUKAAOM.

Pa6ora Boimomaena npu nogmepxkke rpanTos PODU 09-01-00395, 10-01-00509 u rpanTa
Cubupckoro denepaibHOr0 yHUBepcUTEeTa (IPOEKT — HIMTHOE MATEMATHIECKOe 06pa30Ba-

uue B COY).
CIOUCOK NUTEPATYPBI

[1] Cenamor B. . O cTpoenun cusioBCKUX MOATPYII B HEKOTOPLIX rpynnax III[yHKOBa 1 0 mOUYTH CIIOWHO
KOHEUHBIX rpynmnax. Anrebpa u ee mpuitoxkenus: Tpynsl MexmyHapomHoil anrebpandeckoit KondepeH-
nuu, nocssierHon 80-metuio co mus poxnenus A.UM.Kocrpukuna. Hampunk: Kab6.-Bank. yu-t, 2010.
C. 149-153.
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O mpob6ieme onucaHus 60bIINX abesjIeBbIX MOATPYIH YHUIIOTEHTHBIX
HOArPYNII KOHEYHbIX I'PYHII JIKeBa TUIAa

I'. C. CYIEUMAHOBA

B xoneunoit rpymme 11 1106010 TEOPEeTUKO-TPYIIOBOTO ¢BOCcTBa P Beskyio P-monrpym-
Iy HAUBBICIIIETO MOPSOKA HA3BIBAIOT Oosbioi P-moarpynmoi. [lycrs G — rpymnma nmesa
Tuna Han KoHewHbM mosieM K. Ee makcumanbHas yaunoreHTHas nonrpynmna U [8] ssis-
eTcst cwitoBcKoit. Bompoc omucanus 6omnbiux abeneBbix noarpynn B U usyden B 70-80-¢
IT. IJIs KJIACCUYECKUX TUIOB, & IJIsd UCKIIOUUTEIbHBIX TUIOB 3TO IpoOseMa, 3amucaHHas
B 0630pe A.C. Koumparsesa [2, IIpo6nema (1.6)]. Topsamku 60bmmx abesIeBbIX TOATPYIIIT
B U ykaszan E.Il. Bnosun [1], passusas meron A.M. Manbnesa [5]. OueHku mopsaxos B
[5], [1] mo3BossOT OKA3aTh, YTO mepeuncicHusie B (3], [4], [6], HAPsOY ¢ MaKCHMaIbHBIMIY,
BCce OoJbIlie HOpMaJjbHBIE abenneBbl moArpynnsl B U ecTb, B TOYHOCTHU, BCE HOPMAJILHBIE
6onbIrme abesneBbl moArpynns: B U.

Asrop u B.M. JleBuyk [4], uccienys Bompoc onucanus G0ibnx abeIeBbIX TOATPYII B
U ¢ TounocTbio 10 (G-COMPSKEHHOCTH, YCTAHOBUIN, YTO B rpymme U KIacCHIecKoro THUIMa
mobas Gombirast abermeBa moarpymmna (G-compsiKeHa ¢ HOpMajbHOU moarpymmont B U. B
HACTOSIIIIEN PAbOTe MEPEUNUCIIIIOTCS KIACCHl (G-COMPSIKEHHBIX OOIBIINX a0eIeBBIX TOATPYIIIT
rpynnet U uckmiounTtensuoro tuna. s rpynn U tuna F)y pe3ynbTarThl OmyO/IMKOBAHBL B
(6] u [7].

CIUCOK JIATEPATYPLI
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MauspsneBckue grerns 2011
O rpynmne ¢ HeTPUBUAJIBHLIM KJIACCOM HEHTPAJIN3aTOPHO-COIPIXKEHHBIX

3JIEMEHTOB

JI. I. TEHSIEBA
B craTbe [1] BHECEHO HA paccMOTpeHUE Psfl TEOPETUKO-TPYIIOBLIX mpobieMm. B mpen-

JaraeMoi 3aMeTKe aHOHCHPOBAHO PeIlleHre OMHON U3 HUX.
Ounpenenenne 1. (Ilasmok U.W.) Daement = rpynnsr G neHTpaaIn3aTopHO-CPABHUM
¢ snemenToM y rpymnsl (G, oTHOCUTENBHO seMeHTa a € G (r® = y), ecau BBIIOTHIETCS
paBeHcTBO a” = a¥ , T.e. BIEMEHTHI X,y HEeHTPAIN3aTOPHO-CPABHUMBI OTHOCHTEILHO 3JI6-
= ay>) 5

MEHTa G, eCJII BEPHa (OPMYIIa
(Va,z,y € G) ((m“ = y) o (a®

”

def
rae CUMBOJI < O3HAYaeT ~TOXKIECTBEHHO II0 ONpPEIeJICHU0 .
COTIPST:KEHHOCTH 3JIEMEHTOB @ u b rpynmel G BBOIUTCS

bunapuoe otHomenune 7. =

dopmyon
def
(Va,b € G) ((ac =) Y (A ed) (e = b))) ,
rme cuMBOJI 37 - KBAaHTOP CYILIECTBOBAHMUS.
Ha 6a3e sTux moHsTHU BBeIeM HOBOE ITOHSATHUE MEHTPAIN3aTOPHON COMPSIXKEHHOCTH DJjTe-
MEHTOB TPYIIIHI.

Omnpenenenne 2. (I[Tasmox U.W.) Daemenrter x u y rpynnsr G HeHTPAIN3aTOPHO CPAB-
mauMmbl B rpynme G oTHOcuTeabHO siaeMeHTa a € G (x 4= y), €CJIN CYIECTBYET 3JIEMEHT
h € G Takoii, uTo BepHO cpaBHeHme x" ¢ = vy, T.e. III HEHTPATIU3ATOPHON COIPSKCHHOCTIH
T 7 Y TpebyeTcs BBIIOJIHEHUE Ha 3JIEMEHTAaX T'PYIIIbI CAETYIOIIEN (hOpMYJIbI

def
a — h a —
= y) S (Fzeq)(ah*= y))) .

(Va, 2,y € G) (28 =
Teopema. Ecmwm rpymnma G obmamaerT KIacCOM LEHTPAIA3ATOPHO COMPS2KEHHBIX 3JI6-

MEHTOB, OTHOCUTE/IbBHO HECCAUHUYIHOI'O 3JIEMEHTAa, COAEepKAaIlllIM HGfITp&JIbHBIfI 3JIEMEHT, TO

CIUCOK JIATEPATYPEI
[1] Pavlyuk In. I., Pirozkova Y. N., Pavlyuk I. I. About the classes of centralizedly conjugate elements of

OHa O6ﬂaﬂa6T HeTpuBUuaJIbHBIM abejieBbIM HOpMAaJIbHBIM AEJINTEJIEM.
group. Model theory and algebra. France-Kazakhstan conference—Astana. 2005. P. 55-58.
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O nepuonunueckon yactu B rpymne Illynkosa

K. A. dununmnos

Ipynna G nacvrwena epynnamu u3 muoxcecmsa 2pynn M, ecauw 400ag KOHeuHad noo-
epynna uz G codepacumes 6 nodepynne, uzomopPrnoti nexkomopoti 2pynne uz IMM[2].

B [1] uzyuanucey nepuomuueckne TPyIInsl, HACHIIEHHbBIE EHTPATBHBIMI PACIITIPEHUSIMI
IPYIIBI TOPSAAKA BA — Zo TIPU TMOMOINM JIMHEHHBIX TPYIIT PA3MEPHOCTH IBa HAIl KOHEU-
HeIME oM. OCOGEHHO MHTEPECHBIM OKa3aJICs CITydail, KOTIa BCe KOHCIHBIE TIOJIS MMEITH
xapakTepucTuky 2. B macTosieir paboTe MpOmOIKEHBI UCCIEAOBAHNS B CIydae KOra BCe
KOHEUHBIE TOJIs UMEIOT xapakTepuctuky 3. Hamomuum omnpenesnenue rpynmsr HlyHKoBA.
I'pynna nasvieaemca epynnot Ilynkosa, ecau 6 Ka#cIom €€ CEUeHuy no KoHweunot noo-
epynne, BKANUGT COUHUUNYIO, A00AT NAPA CONPINCEHHDIT IAEMEHMOE NPOCMO20 NOPAIKG
nOPOHCAGEM KOHEUHYW NOJePYnny.

[IycTs I, — IpsAMoe TIPON3BEICHAe N SK3eMILIAPOB IPYIIEL Zs . ¢ = 3F — duxcmposammoe
YHCIIO0.

Teopema. Beckomeunas rpymma Illyakxosa GG, HachIIIeHHAas TPyNHIaMHA U3 MHOXKECTBA
R = {Ls(q) x I,|n = 1,2,...} , obamaer nepuOAUIECKON JACTHIO, KOTOPAs JIOKATIHHO KO-
meuna u uzomopdua L3(q) X I , rme I - 6eckonednas rpynmna nepuona 2..

Pa6ora monnepxkana PPDPU (mpoext 10-01-00509-a), PODPU (mpoext 09-01-00717-a),
ABIII ”PasButue HaydHOro moTeHImata Beicieil mkonsl” (mpoext 2.1.1/3023).
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Mbie monrpynnbl. C6. Te3. 3-i1 MexnyHap. Koud. mo anrebpe. Kpacuosipck, 1993. C. 369.

Kpacroapcerut 2ocydapecmeennvitl azpaprvit ynusepcumem, Kpacrnoapcer
E-mail: filippov_kostya@mail.ru

57



Mausnsuesckme urenus 2011 Teopus rpynmn

Oco6ennocTu B rpadax Kanu abesreBbIX U HOUYTH ITUKJINYECKNX T'PYIIIT

II. I'". XPAMIIOB

I'pad Konu mpowm3BombHOW I'PYNIBI OTHOCUTEIBLHO JIFOOON CHCTEMBI €€ MOPOKIAIOIITIX
€CTECTBEHHBIM 00pa3oM MOXKHO pacCMaTpuUBaTh KaK MeTPUUYECKOe IPOCTPAHCTBO C OTMe-
YEeHHON TOYKOU — €OUWHUYIHBIM DJIEMEHTOM, B KOTOPOM KaxKlioe peOpo mMeeT eIMHUYHYIO
muay. [Ipm 5ToM B HUX OOBIYHBIM 0OOPA30M OMPENEIISIOTCS TOHITUS KOHEYHBIX 1 Oec-
KOHEUHBLIX Teonesmueckux jmHuil. Ocobernoctsio B rpade Komu (mo-mpyromy, Tymmkowm,
WM, B AHTJIOA3BIYHON juTeparype, dead end) HasbIBaeTCsS TAKOW BIIEMEHT TPYIIILI, Yepes
KOTOPBII He IPOXONUT HUKAKOU OECKOHEUHBIN I'eONe3WYEecKUN JIyd C HAavYaJIoM B eIUHUIE
rpynnsl.  JlaHHOE MOHSITHE OYEBUIHBIM 0OPA30M 3aBUCUT OT BBIOOPA CUCTEMBI TOPOXKIAIO-
X TPYNIBLI U HE SBJISIETCS €€ KBa’UM30METPUIECKIM MHBAPUAHTOM, TAKUM, KaK (QyHKITASI
I»Ha, CKOPOCTH pocTa U Opyrue, TeM He MeHee, OHO TECHO CBS3aHO C €€ CTPYKTYPOI.

WNuTepec x 5T0l TeMaTrKe BO3HUK B cepenute 90-bIX TOOOB IIPOIIIIOTO CTOJIETUS IIPU U3~
YUEHIN TUIEePOOIMIecKnX Tpynm. lorga ObUIN yCTAHOBJIEHBI HEKOTOPBIE XapaKTEePUCTUKI
9TUX OCOOEHHOCTEN OJIs1 KOHEYHOIIOPOXKIEHHBIX TUMEPOOINIECKNX TPYII, Takme, KakK KO-
HeuHas riybuna u mupusa (Boromomsckuit, 1997), cyiecTBoBaHNe TPy ¢ GECKOHETHBIM
KOJINIEeCTBOM OCOOEHHOCTEN B KilaccaX IUIepOOIMYeCKNX U CBOOOMHBIX HUJIIIBIOTEHTHBIX
rpynn (Boronmonsckuit, Xpammos, 1997) u mocTaBieHs! psii MHTEPECHBIX BOIIPOCOB. B masb-
HenreM, orBevas Ha omud u3 Hux, B.C. ['y6a B 2005 romy mokasast cyiecTBOBaHUEe 0COOEH-
HOCTEl TIPOM3BOJILHON IIAPUHBI B CBOOOMIHBIX pa3peIInMbIX Tpynnax. VccimemoBanus Ha 5Ty
TeMy DOCTATOYHO PEryJIsIpHO MOSIBIISIOTCS B 3apyOe:KHOU IeyaTu, HallpUMep, UCCIeNOBaHIe
XapakKTepuCcTuK ocobenHocTel rpadoB Kanu mupoknx kiaccos rpyni B paborax I. Kmupn,
T. Paiu, 2004, 2007, T. Paiutu, A. Yopimonna, 2005, «rpynnsl GoHAPIIMKAS> U TPYIIILI
Towmmncona (. Tabak, 2005, III. Knupu, T. Paitnu, 2005, K. Bioguc, 2009).

Kak yxe 6p110 cKkazano, ocobeHHOCTH B rpadax Komm He aBisioTcs KBasumn3omeTpuie-
CKIM MHBapUaHTaMU I'PYII, IIOATOMY MHOI'O€ 3aBHCUT OT BBIOOPA CUCTEMBI TOPOXKIAIOIINX.
B cBs3u ¢ 5TIM BO3HEHKaeT BOIIPOC O €CTECTBEHHBIX KJIAcCaX I'PYII, B KOTOPBIX OCHOBHBIE
XapaKTEPUCTUKN STUX OCOOEHHOCTEN BCE-TAKM SIBIISIOTCS WHBADUAHTAMU T'PYII, HE 3aBUCS-
MU OT BBIOOPA CUCTEMBI TTOPOXKIAIOIITNX.

Teopema 1. I'pap Ksau mpou3BOJIBHON HOUTH HUKIUIECKOH T'DYIIIBI B JTIOOOH KO-
HEYHOI CHCTeMe IOPOXKMAIOIINX CONEPKHUT KOHeYHoe dncjio ocobernocrteiri. Teopema 2.
I'pa¢p Ksau mpou3BOJIBHON KOHEUYHOIIOPOXKAEHHOH abesIeBOI TPYMIIbI B JTFOOOH KOHEUHOH CU-
cTeMe MOPOKAAIOIIIX COAEPKUT KOHEUHOE UHCJIO OCOOEHHOCTEN, NpUIéM TJIyOWHa HX He
IPEBOCXOANT €OUHUIIEL.

[Tocmenauit pe3ynbTaT SBISETCSI, B HEKOTOPOM CMBICJIE, TPENETbHBIM: IIOCTPOEH ecTe-
CTBeHHBIN TpuMep rpada Ksmm koHeuHOro pacimpenust CBOOOIHON abeIeBol IPYIIIbI PAHTa,
IBa OTHOCUTEIHHO HEKOTOPOU CUCTEMBL I3 TPEX TMOPOXKIAIONINX, 00IaIaI0NInil O€CKOHETHBIM
MHOXKECTBOM OCOOCHHOCTEI.

Hacrosras pabora nognepxana rpanTom mnpoekta HII-3669.2010.1 u rpanTom ABIIII
«PasBuTme HayvIHOrO mOTEHNMAIA MKOIBD> (IpoekT 2.1.1.1072).
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OG6Go6uiennsie dyukiuu Beccens (OB®) ¢ Touku 3peHus anre6psr JIn

M. II. XPumnryH

W3yuenue pasimnuHbIX ClIeNNaIbHBIX (YHKIIUNA OCHOBBIBACTCS HA TEOPUN aHATUTUICCKIX
(DYHKINA, HO MHOTHUE TOJIe3HbIe GOPMYJILI U PAa3/IMYHLIE CBOMCTBA CIENUAILHBIX (DYHKITIIT
MOXHO BBIBECTH, He OOpAaIllasch K aHAJIMTUYECKUM METOMAM, & UCIOJb30BaTh airebpy Jlu
HEKOTOPBIX Ipynil JIu, MPUMBIKAIOIIMX K 9TUM CHeUaIbHBIM GyHKIuIM (HAIIpUMED, Pasiio-
KEHU B pAObl, BCAKNE TEOPEMBI CJIO2KCHUI, yMHO}KeHI/IH OJII HUX U T.I[.). I/I3 O9TUX BBIBEIOECH-
HBIX (DOPMYJI MOXKHO HAXOOUTH U APyrue (GOpMyIIbl, KOTOPbIE aHAJUTUYCCKUME METOMAMEI
OBLIO OBI MOy YNTH TPYIHO U HE OUYEBUIHO.

B mamnom mokmame pacemorpum OPb Buna:

Uiy = 3 /mr €C\ (—o0,0; vEC (1)
v(z,m) = , Z —00,0]; v ,

— ET[(m — 1)k + v+ 1]
rre I'(z) — ramma-dynxmms Ditepa, C' — TPOCTPAHCTBO KOMILICKCHBIX umcen’ (cm. [1],

ctp. 278, dopmyna (3)). Pymxmuu (1) yooBIETBOPSIOT OOBIKHOBEHHOMY HUMGbEPCHINATIL-
HOMY YPaBHEHHUIO M-TO IOPsOKa CHenuajbHOro Buma. Ha OCHOBaHMU pPEKYPPEHTHBIX CO-
OTHOLIEHUN IjIs HUX cTpomM anrebpy JIm. OOmmit 371eMeHT COOTBETCTBYIOLIEH TI'DYIIIIBI
JIn peficTByeT Ha (QyHKIMIO OBYMS CIOCOOAMH; C OOHON CTOPOHBI, OH MEHSET apryMeHT
byHKUUW; ¢ APYroil CTOPOHBI, OH 06pa3yeT GECKOHEUHY cyMMy (GYyHKIUN (C HEeM3MEHHBIM
APTYMEHTOM) C U3MeHeHHbIMU uHaekcaMu. CpaBHUBAS STH PE3yJIbTATHI, HOIYYaeM «TeO-
PEMBI CIIOXKEHUS» Il 5TUX (QyHKNWN, He npuberas B HOKA3aTEIbCTBAX K AHAJIMTHYECKIM
MetomaM. V3 aTux TeopeMm Takxke mosiydaeM npyrue cBoicta OPb.
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IlonsipHoe pa3jioxkeHue JIMHENHBIX OIIEPaTOPOB B IMpocTpaHcTBe MMHKOBCKOIO

B. A. YUyprPKun

Teopema 1. Ilonaproe pasmoxernme A = QS, Q* = Q~', S* = S, ana mumeriroro
omeparopa A B mpocrparcTBe MUHKOBCKOrO CyIIECTBYET TOrAa W TOJIBKO TOra, KOTOA
paspermo ypasaerme X2 = A*A, X* = X, u s ero perernus S BBEIIOIHEHO PaBEHCTBO

Ker S = Ker A.

Teopema 2. IIycte A — HOpOM3BOJIBHBIN JIMHEHHBI ONEPATOp B mpocTpaHcTBe Mun-
kxoBckoro RV~ Torma mpocTpaHCcTBO pasmaraercs B OPTOrOHAJBHYIO IIPAMYIO CYMMY
monnpocrpaactB M u E, unsapuanmmubiz oTHOCHTEIbHO A* A, rme

e [ — eBK/IMIOBO IPOCTPAHCTBO OTHOCHTEIBHO CYKEHUS JIOPEHIIEBA CKAJISIPHOTO IIPO-
u3BeneHus, I/ mmeeT opTOHOPMUPOBAHHBIH 0Aa3UC, COCTOSIINI U3 COOCTBEHHBIX BEKTOPOB
omepaTopa A*A ¢ BerecTBeHHBIME COOCTBEHHBIMU 3HAYEHUSIMU, U3 KOTOPBIX OTPHUIATEb-
HBIM MOXKET OBITH TOJIBKO OIHO;

e M — mpoctpancTBo MuHKOBCKOTO pasMepHOCTH 1, 2 myim 3 OTHOCUTEIBHO CY2KEHUS
JIOPEHIIEBA CKAJISIDHOT'O IPOU3BENEHMSI, BO3MOXKHBIN KAHOHUYECKHUI BU MaTPHUIIBI OIIEPATOPA
A*A u cooTBeTCTByIOIIee YCIIOBUE Pa3peIIuMoCTd ypaBHeHms X2 = A*A, X* = X, nns
cyxenns A*A va M mawno B cienmyrorien Tabmaume

dim M | Crnekxrp | Bo3m. kanon. Bug A*A B o6 M | Yci. cym. VA*A B M
a) 1 CcR (A, eR A>=0
6) 2 Z R (g _g ),a,ﬁER,6>O 1pu Bcex «, 3
A+l F1
B) 2 CR <i1 )\]H),AGR A>0
A1 0
r) 3 CR -1 A 1 |,A>0 A>0
0 1 X

Ypasrernme X? = A*A, X* = X, paspelmmo A JIMHEHHOTO omepaTopa A IpocTpaH-
crBa Murkosckoro RV~ B roM u Tonpko ToM ciydae, Korma 60 ypaBHEHHE Pa3PEIIIMO
s cyxenus A*A wa mommpoctpancTtBax M wu E, mubo mpu ycaoBum, ato A < 0 — 2-
KDATHBII KOPEHb XapaKTEePUCTUIECKOrO MOJMHOMa omepaTopa A*A B ciaydae a), mubo npu
OOHOBPEMEHHOM BBIIMOJIHEHUH CaenyoImx yciaoBuii: A = ( — KOpeHb KpaTHOCTH > 3,
HIDKHee paclipesiesieHne 3HaKOB Opu 1 B ciiydae B).

Pa6ora Boimonuena npu dunancoBon nonnepxkke Cosera mo rpantam [Ipesunenta PP
IUIs TOOAEpXKKYU Bemyrmx HaydHbix kot (mpoext HIIL.3669.2010.1), a Takxke mpu momn-

nepxkke ABIII Pocob6pasosanns «Pas3suTne HayIHOTO MOTEHIMAA BBICIIEN HIKOJIBE> (TIPO-
ext 2.1.1.10726).

HAnemumym mamemamuru um. C. JI. Coboaesa CO PAH u Hosocubupckut 2ocydapcmeennbil yHusepcu-
mem, Hosocubupck
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O6 a6CcoII0THO 3aMKHYTBIX I'PyHNIIaX B KBAa3MMHOTI000pa3msaxX HUJILIMOTEHTHBIX
CTYII€EHU He BBIIIEe NBYX T'PYIII

C. A. IIIaxoBA

Oupenenuwm, ciemys (1], nomurnOH domé/‘ (H) monrpynnst H rpynnet G B KBA3UMHOTO-

obpasum rpynmn M Kak MHOXKECTBO 3JIeMeHTOB ¢ € (G Takux, 4TO MJI JIIOOBIX OBYX TOMO-
MopdusmMoB p, 1) : G — M € M, copnanatomx Ha H, BepHo ¢(g) = 9(g). U3 onpenenenus
novmanona BEITekaet, uto H C dom¥'(H). Ecrm domd'(H) = H s mo6oit Tpymmsr
G u3 M, comepxarieii H B kadecTBe monrpynmnsl, To rpymnna H Ha3bsBaeTCs abCOIIOTHO
3aMKHYTOI B KBazuMHOroobOpasum M. ['pynmbl, abCOTIOTHO 3aMKHYTBIE B MHOTOOOPa3UIX
2-CTYNEeHHO HUJIBIIOTEHTHBIX IPYIII, U3ydaauch B [2, 3, 4|, a B KBa3sUMHOrooOpasmsx Me-
rabeneBbix rpynn B [5]. B HacTosieir pabore HaYaTO MCCIEIOBaHUE TPYII, abCOITIOTHO
3aMKHYTBIX B KBA3UMHOT'000PA3USIX 2-CTYIEHHO HUJIBIOTEHTHBIX T'DYIIIL.

ITycTs p — mpoctoe, r, s — HaTypajbHbIe uucia, Hp,s, Hy, H,, — rpynnel, umemomnme B
MHOT000pa3ny HUJIBIIOTEHTHBIX CTYIEHN HUILIIOTEHTHOCTH HE BBIIIE ABYX TPYII CIETyIO-
IITHE TTPEICTABICHUS:

HPTS = (.T,y || xpr = yps = [x,y]p = 1)7
Hyr = (@.y |27 = [a.9)? = 1),

_ p_

Hp - (x7y || [x7y - 1)
Bamernm, uro rpymnsl H,,, panee paccmarpusanuck B [6]. Ilycrs H o6Go3navaer omHy u3
rpynn H,,., H,. Ilokazaza ciemyiolias TeopeMa.

Teopewma. I'pynna H,,., abcomorHO 3aMkHyTa B qH,,; — KBasuMHOr0oobpasmu, 1IOpo-
sKmeHHOM rpymnmnoi H,,.s. JIrobas momHas rpynna u3 KBasuMHoroobpasusd qH, r.e. rpymna,
B KOTOPOI U3 KaXIOT'O 3JIEMEHTA N3BJIEKAETCS KOPEHb IIPOU3BOJILHOH CTEHmEHU, aOCOTIOTHO
3amMkHyTa B ¢H. I'pynma H He gBiiseTcss abCcOMIOTHO 3aMKHYTOH B qH.
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HpOI/I3BOI[Haﬂ T=-OJINHaA N IeHTPaJIbHbIE IIepecedeHns T-XO0JIJIOBBIX IIOAT PYIIII

O. A. IIIOLIPKO

PaccmaTpuBaioTcss TOTBKO KOHEUHBIE I'Pynnbl. Bce mcmonb3yeMble MOHATUS W 0003HA-
YEHUs COOTBETCTBYIOT, IPUHATHIM B [1].
[Tycts G — m-paspemmmas rpymnma. Torma ora obamaeT cyOHOPMAILHBIM PSIIOM,

G:G0>G1>...>Gn:E,

dakTop-rpynnsr G;/Gii1 KOTOPOro SIBISIOTCS OO 7 -TPYIIIAME, JH00 AGETICBEIMU 7T~
rpynnaMu. Hammenbimee amcsio aGeneBbix m-GakTOPOB CPENM BCEX TAKUX CyOHOPMAbHBIX
psanoB rpynnsl G HA30BEM NPOU3BOMHON 7-IyinHON rpynnsl G u 0603HaunM uepes [2(G).

B macTositeit 3aMeTKe Moy 9€HbI OIEHKY TPOU3BOIHON TT-IJINHBL 7T-Pa3PEIINMON TPYIIIEL
B 3aBUCUMOCTU OT CTPOEHUS [EHTPAIbHBLIX MEPEeCeUYeHUll T-XOJUIOBLIX moArpymm. Harmo-
MHUIM, TIOf MEHTPAIbLHLIM [I€PECEUEHNEeM 7T-XOJJIOBBIX MOATPYIII MOHUMAETCS MEepPecedeHne
IBYX Pa3INYHBIX 7T-XOJJIOBBIX IMOATPYIII, COMEPKAIIEe IIEHTP OMHOU U3 HUX.

Teopema. Eciau B m-paspemmmori rpynmne G HeHTpaJIbHBIE T-XOJJIOBBIE II€PECEUCHUS
abesebl b0 sBisrorcs rpynnamu vunra, To 12(G) < d(Gr) + 1.

CnencrBue 1. Eciu B w-paspemmmoi rpymnme G ieHTpaJIbHBIE T-XOJIOBEIE IEpecede-
HUA UMEIOT €UHIUYHOE IEPECEUEHNEe ¢ KOMMYTAHTOM KaXKIOW T -XOJJIOBOW IOATPYIIIEI, TO
I7(G) = d(Gr).

CnencrBue 2. Ilycts G — 7m-paspemmMas IpyIna ¢ META6eJIeBBIMEA EHTPATLHBIMI
m-xostoBbivu nepecedeHuamu. Torma [2(G) < 3.

CnencrBue 3. Ilycts G — w-paspermumas rpymnmna ¢ 6uabeeBbIMU [[eHTPAIbHBIMI
m-xostoBbIME nepecedeHusamu. Torma [12(G) < 3.
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Splitting automorphisms of free periodic groups

V. S. ATABEKYAN

Automorphism ¢ of G is called splitting automorphism of period n, if ¢" = 1 and
gg“og“o2 e g‘PTL?1 =1 for any element g € G. If ¢ is splitting automorphism of period n of
the group G, then it means exactly that for any g € G in the holomorph Hol(G) of G the
relation (¢ ¢g)™ = 1 is hold. It is easy to verify that each inner automorphism of the periodic
group of period n is its splitting automorphism of period n. However, the converse is not
true. Known theorem of O. Kegel [1] state that any finite group having a nontrivial splitting
automorphism of prime period is nilpotent. E. Khukhro [2] proved that any solvable group
having a nontrivial splitting automorphism of prime period is nilpotent also.

In Kourovka Notebook S.V. Ivanov posed the question: Let n is sufficiently large odd
number and m > 1. Is it true that any splitting automorphism of period n of the free
Burnside group B(m,n) is inner (see [4], question 11.36. b))?

By definition, a free Burnside group B(m,n) of period n and rank m has the following
presentation

B(m,n) = (a1, ag,....am | X" =1),

where X ranges over all words in {AT!, o', ..., aE!}. A detailed review of studies of free
g 1 2 m

Burnside groups can be found in [3]. We have proved

Theorem. Let ¢ be splitting automorphism of period n of the free Burnside group
B(m,n), where n > 1003 is an arbitrary odd number. Then, if the order of the automor-
phism ¢ is prime, then ¢ is inner automorphism.

From this, in particular, follows the positive answer to the question Ivanov for all prime
n > 997.

Corollary. For any prime n > 997 and m > 1 each splitting automorphism of period
n of B(m,n) is inner automorphism.
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Semiproportional irreducible characters of groups Sp4(q) for even g

V. A. BELONOGOV

The characters ¢ and 1) of a group G are called semiproportional if they are not proportional
and there exists a subset M of GG such that the restrictions of ¢ and 1 on M, as well as their
restrictions on G\ M, are proportional. This notion arose in investigation of D-blocks (see
[1, 2]): different irreducible characters ¢ and 1 of a finite group G are semiproportional if
and only if {¢, 1} is a D-block of G for some normal subset D of G.

In a number of papers (see, for example, [3, 4]), the author investigated the presence
of pairs of semiproportional irreducible characters in finite groups of certain classes. For
groups of Lie type, considered by the author, an interesting connection between the presence
or absence of a such pair in a group and the parity of characteristic of the defining field of
the group is revealed. For instance, in the quasi-simple groups La(q), SL2(q), Ls(q), SL3(q),
Us(q), and SU3(q) there are no such pairs for even ¢, but they exist for odd ¢, except for
the groups Lo (5), La(7), and La(9) (which are isomorphic to the groups Lo(4), L3(2), and
PSp4(2)’, respectively). We state

Conjecture. Finite simple groups of Lie type, defined over a field of characteristic p,
generally,

have no pairs of semiproportional irreducible characters for p = 2 and

have pairs of semiproportional irreducible characters for p > 2.

Now the following further conformation of this conjecture is obtained.

Theorem. The finite simple groups Sps(q) for even q (¢ > 4) have no pairs of
semiproportional irreducible characters.

Note that the non-simple group Sps(2) ~ S has exactly five (unordered) pairs of
semiproportional irreducible characters. (By [4, Theorem 1] irreducible characters ¢ and 1)
of group S, (n > 1) are semiproportional if and only if they are conjugate, i.e. 1 = p& # ¢,
where ¢ is the linear character of S,, with the kernel A,,.)
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On perfect 2-colorings of Johnson graphs J(n, 3)

A. L. GAVRILYUK, S. V. GORYAINOV

The Johnson graph J(n,m) is a graph whose vertices are all binary vectors of length n
and weight m and in which any two vectors are adjacent if and only if they differ by exactly
two coordinates. The adjacency matrix of the Johnson graph J(n,m) has exactly m + 1
distinct eigenvalues 0 = (m — k)(n —m — k) — k, where k =0,...,m.

A perfect coloring (an equitable partition) of a graph I' into ¢ colors (in what follows, a
t-coloring) is a partition of the vertex set of I into ¢ classes (colors) C1, ..., Cy such that, for
all i,5 € {1,...,t}, any vertex from the class C; is adjacent to the same number of vertices,
namely, ¢;; vertices, from the class C;. The matrix C' = (¢;;)i j=1,...+ is called the quotient
matriz of the t-coloring. Note that in case of ¢ = 2 the numbers ¢11 + ¢12 and ¢11 — ¢21
are the eigenvalues of the adjacency matrix of I'. We do not distinguish between colorings
obtained by renaming the colors (i.e., by equal permutations of rows and columns of the
matrix C').

The perfect 2-colorings of Johnson graphs J(n,m) with small n and J(n,2) were de-
scribed in [1, 2, 3, 4]. In particular, in [4] the existence of a perfect 2-coloring of J(9, 3)
10 8
8 10

with quotient matrix ) was left as an open case. We are able to give more

general answer.

Theorem 1. If n is odd, then the Johnson graph J(n,3) has no 2-colorings with
quotient matrix C' such that c11 — co1 = 0s.

In case of even n the analog of Theorem 1 does not hold in general: several constructions
of the perfect 2-colorings of J(2m, 3) with quotient matrix C' such that ¢y — c2; = 62 were
proposed in [4]. Moreover, for n = 6 and 10, there exist the perfect 2-colorings of J(n, 3)
12
9 12

Theorem 2. Forn € {14, 18,22}, the Johnson graph J(n,3) has no 2-colorings with a
symmetric quotient matrix C' such that c11 — co1 = 0.

. . . . 4 .
with symmetric quotient matrices ( 5 i ) and ( ), respectively, see [2, 4].
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On the outer automorphisms of periodic products of groups

A. L. GEVORGYAN

Automorphism ¢ of the group G is called normal automorphism if the equality p(H) =
H holds for any normal subgroup H of G. Obviously, every inner automorphism of any
group is a normal automorphism, but the converse is false.

A. Lubotzky in [1] proved that every normal automorphism of noncyclic absolutely free
group is inner. A similar statement was proved at different times for different interesting
classes of groups. According the main result of [3], for any odd number n > 1003 every
normal automorphism of the free Burnside group B(m,n) of rank m > 1 and period n is an
inner automorphism.

M. Neshchadim in [2] proved that every normal automorphism of the free product of
nontrivial groups is inner.

We have shown that the result of [2] can not be extended to n-periodic product of
groups introduced by Adyan in [4] (see also [5]).

Theorem. Let G be a group without involutions and has an automorphism of order 2.
Then if for some odd number n > 665 the group G coincides with its subgroup G™, then

n-periodic product G ¥ G has an outer normal automorphism.

In terms of n-periodic products the mentioned above result of work [3] can be reformu-
lated in the following way: for any odd number n > 1003 every normal automorphism of
n-periodic product B(mq,n)* B(ms,n) of free periodic groups of B(my,n) and B(ma,n) of
ranks of my, mo > 1 is inner automorphism.

The Theorem implies

Corollary. For any odd number n > 665 and for any coprime to n an odd number k

the n-periodic product B(my, k)% B(ms, k) has an outer normal automorphism.
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Automorphisms of finite p-groups with a partition

E. I. KHUKHRO

A finite p-group P has a (proper) partition if and only if it has a proper subgroup
outside of which all elements have order p, that is, P # H,(P) :== (g € P | g? # 1).

Theorem 1. Suppose that a finite p-group P with a partition admits a soluble group
of automorphisms A of coprime order such that the fixed-point subgroup Cp(A) is soluble
of derived length d. Then P has a maximal subgroup that is nilpotent of class bounded in
terms of p, d, and |A|.

The proof is based on a similar result of the author and Shumyatsky [1] for the case
where P has exponent p and on the trick of “elimination of automorphisms by nilpotency”,
which was used earlier by the author [2], in particular, for studying finite p-groups with a
partition.

Theorem 2. If a finite p-group P with a partition admits a group of automorphisms
A that acts faithfully on P/H,(P), then the exponent of P is bounded in terms of the
exponent of Cp(A).

The proof of this result is based on the author’s positive solution of the analogue of
Restricted Burnside Problem for finite p-groups with a partition [3].

Corollary. Suppose that a finite group G admits a Frobenius group of automorphisms
FH with kernel F' = (p) of prime order p such that ¢ is a splitting automorphism, that is,

zx¥r? a9 =1 for all © c .

(a) If Cq(H) is soluble of derived length d, then G is nilpotent of (p, d)-bounded class.
(b) The exponent of G is bounded in terms of p and the exponent of Ce(H).

In the Corollary, the group G is nilpotent by the Kegel-Thompson—-Hughes theorem,
and the p’-part of G, where ¢ is fixed-point-free, is nilpotent of p-bounded class by Higman’s
theorem. Theorems 1 and 2 are applied with P = P;(p) and A = H, where P; is the Sylow
p-subgroup of G.
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The two-square lemma and the connecting morphism in preabelian categories

YaA. A. KoryLov

In 1989 Fay, Hardie, and Hilton [1] proposed a new proof of the Snake Lemma, one of
the most important assertions of homological algebra, in an abelian category. Their proof is
based on the so-called Two-Square Lemma, which makes it possible to construct a conecting
morphism in the Snake Lemma. Later Generalov [2] extended an important special case of
this lemma to preabelian categories.

We prove a generalization of the Two-Square Lemma for preabelian categories and also
establish the equivalence up to sign of two definitions of a connecting morphism of the
Snake Lemma.

Partially supported by the Russian Foundation for Basic Research (Grant 09-01-00142-a), the
State Maintenance Program for the Leading Scientific Schools and Junior Scientists of the Russian
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Criteria of P-nilpotency of finite groups

V. A. KovaLyova, A. N. SKIBA

Throughout this paper, all groups considered are finite.

Let A be a subgroup of a group G, K < H < G. Then we say that A covers the pair
(K,H) it AH = AK; A avoids (K,H)if ANH =ANK.

Definition. Let A be a subgroup of a group GG. We say that:

(1) A is quasipermutable in G if A either covers or avoids every maximal pair (K, H)
of G.

(2) A is weakly quasipermutable in G if G has a subgroup 7 and a quasipermutable
subgroup C' such that G = AT and TN A< C < A.

Theorem. Let G be a group and p a prime dividing |G| such that (|G|,p—1) = 1. Then
G is p-nilpotent if and only if for Sylow p-subgroup P of G either all maximal subgroups of
P or all cyclic subgroup of P with prime order and order 4 (if P is a non-abelian 2-group)
are weakly quasipermutable in G.

A subgroup H of a group G is said to be c-normal in G [1] if there is a normal subgroup
N of G such that G=HN and HN N < Hg.

Corollary 1 (See Guo [2], Wang [3]). Let G be a group, p the smallest prime dividing
|G| and P a Sylow subgroup of G. If the maximal subgroups of P are c-normal in G, then
G is p-nilpotent.

Corollary 2 (See Radaman, Azzat Mohamed and Heliel [4]). Let G be a group, p the
smallest prime dividing |G| and P a Sylow subgroup of G. If the cyclic subgroups of P of
prime order or order 4 are c-normal in GG, then G is p-nilpotent.
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Groups from normalized propelinear perfect codes

I. MocGILNYKH, F. I. SOLOV’EVA, J. BORGES, J. RIFA

A binary code of length n is a collection of binary vectors of length n. A linear binary code
of length n is a set of binary vectors of length n that forms an additive group (isomorphic
to F! for some | < n) with traditional addition via module 2. In some cases, symmetric
structure of a code naturally defines a group operation, which is different from the addition
of vectors via module 2. For example, a Z-linear code of length n is a code such that its

Gray map image forms a subgroup of < ZZ/ 2, + > with the addition of vectors via module
4. In general this code is not linear.

In this work we find new groups on perfect transitive codes of length 15 using propelin-
earity property. A code C' is called propelinear if for each x € C' there exists a coordinate
permutation 7, such that:

(i) x + 7,(C) = C; (ii) if x + 7, (y) = 2, then 7, = 7, o7, for any y € C.

Note that the property (i) is equivalent to transitivity of C. We can define a binary
operation on codewords of C: x xy = x + m,(y). The code C with the fixed permutation
set Il = {m, : € C} is a group under the operation x, called propelinear structure. A
propelinear structure is called normalized if w, = 7, implies that x +y belongs to the kernel
of C. Recall that the kernel of a code is the set {zx € C: x + C = C}.

The classification of propelinear structures remains to be open even if we consider codes
with special properties, e.g. perfect. Until this result was obtained all propelinear structures
on perfect codes had been known to be abelian [1].

Theorem 1. Any transitive perfect code from Malyugin’s classification [3] admits a
normalized propelinear structure, which is not abelian.

The result was obtained by studying Malyugin’s transitive perfect codes from the switch-
ing class of Hamming code [3] with the help of MAGMA package. It is known that Vasil’ev
construction preserves propelinearity of a code [2], so we get a new class of propelinear
structures on perfect codes for any admissible length n > 15.

Theorem 2. For anyn = 2™, m > 4 there exists a perfect code of length n that admits
a normalized propelinear structure, which is not abelian.

The work is supported by the Grant of the President of the Russian Federation for
Young Russian Researchers (project no. MK-1700.2011.1) and by the Grants RFBR 09-01-
00244, 10-01-00616-a.
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Semigroup domains

A. N. SHEVLYAKOV

Let A be an algebraic structure over the language L. An equation over A is an atomic
formula of L. A set Y C A" is called algebraic if there exists a system of equations S with
the solution Y. The union of two algebraic sets is not necessary algebraic. An algebraic
structure A is called an equational domain if the union of any algebraic sets Y71, Ys C A™ is
algebraic. In [1] it was proven that an algebraic structure A is an equational domain iff the
set {(z1,x2, T3, x4)|T1 = T3 Or T3 = T4} is algebraic over A.

We study the semigroups in the standard language L = {-} and prove

Theorem. Any semigroup in the language L = {-} is not an equational domain.

The obtained result corresponds to

Theorem [1]. Any group in the standard language L = {-,71 1} is not an equational
domain.
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O JInHEeNHO MUHUMAJIbLHLIX KOJIbITIax 1 a.nreﬁpax

E. P. BACAJIOB

[IycTs mano 6eckoreuroe Koubuo (R;+,-,0). Yepes End(R) 0603HATNM KOJIBIO SHIIO-
MOPGU3MOB aJAUTUBHON I'PYIIIEI 3TOTO KOJbIa. Kombiio R Ha30BeM AUHEUHO MUHUMAADHDIM
(COKPAILIEHHO [-MUHUMAAbHBLM), €CITU TI000M HEeHYyIeBOIl dieMeHT noakoibia End(R), mopo-
XKIEHHOTO OTOOpaXKEHUSIMI BUMIA T —> AT, T — Ta, a € R, 1 TOXIECTBEHHBIM 0TOOPaXKEeHIEM
T — T, IMeeT KOHEYHOE SIAPO U SIBISETCS CIOPBEKINEN, T.e. OTOOpaKeHneM <Ha>.

Koo (R;+,-,0) HA3BIBACTCI MPUBUGALHBIM, €CIIU YMHOKEHAE HA HEM TPUBHUAJILHO:
a-b =0 nnsa mobbIX 51eMeHTOB a,b € R. VI3yueHne TpPUBHAIBHBIX [-MUHUMAJIBHBIX KOJIEI]
CBOAWMTCS K U3YUEHUIO CHJIBHO MUHUMAJIBHBIX abesieBbIX rpynm 1], mosToMmy B masbHeIem
[IOT KOJIBIIOM ITOHMMAEM HETPUBUAIHLHOE KOJIBIIO.

Onement A\ € End(R) Ha3z0BeM cKaAIPOM, €CU IJis JTIOOBIX X,y € R BBINTOIHAETCS
PaBEHCTBO

Mz-y)=-y=x-\y.

IIpenmnoxenue 1. Ckaaipbl |-MIHIMAIBEHOTO KOJIbIIA SBJISETCS 00Pa3yiOT IMOJIE.

Ilpennoxeune 2. Eciu [-MuHEMAJIBEHOE KOJIBIO UMEET GECKOHEUHOE IOJIE CKAJISIPOB,
TO OHO CaMO SBJIAE€TCS MOJIEM, DACIIHPSIOIIAM II0JI€ CKaJISIPOB.

ITpenmnoxenune 3. Ckaaipsl |-MIHIMAIBEHOIO KOJIbIIA OMPEOETIIMBI Hal KOJIBIIOM.

Takum 06pa3oM, MbI IPUXOAUM K CJEAYIONIEMY €CTECTBEHHOMY OOOOIIIEHUIO MTOHATH
JTMHETHON MUHUMAJIBHOCTHU IS ajireop.

[Iycrts A = (A;+, -, F) — 6Geckoneunas anrebpa Ham nonem F. Asnrebpy 2 Hazo-
BEM AUHETHO MUHUMAALHBIM, ECITH JTFOO0E HEHYJIeBOE JTUHETHOe Tpeobpa3oBaHue U3 ajareopbl
yMHOXKeHu T (2) mMeeT KOHEUHOE SIAPO U SIBJISIETCS OTOOPAIKEHUEM KHA».

[lerTpoun HETPUBUAIBLHON JIMHENHO MUHUMAIBLHON ajarebphbl SBJISETCS IMOJIEM, PACIIIN-
psromm moste F'. Takoil xe pe3ysbTaT BepeH miist IPOCTHIX aiure6p [2].

Teopema. OsemenTsr eHTponna ¢ HETPUBUAILHON, JIMHETHO MUHAMAJIBHOH AJIre€O0phI
A = (A;+, -, F) onpenemumbl HAIL 5TON aarebpPOH, U BBIIOJIHIETCS POBHO OHA U3 CIIELYIO-
X BO3MOXKHOCTEIL:

(1) uerrpoun ® 6eckoneuen u A — Geckoneunoe nose, pacuupsioree nose F, u A = P;

(2) menrpoun ® xomeuen m A — 6eCKOHEUHOMEDHAS, JIMHEHHO MUHUMAJIBHASI aJIrebpa
Ham .
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O GoraTbix ceMencTBax GOpMYyJI U THUIIOB, TeOpPEMaX PACIINPEHUs U MOABHEMA,
MHTEPIPETUPYEMOCTH U ONPENEJINMOCTHI B ajIreOpandyeckKnx cucTreMax

A. A. BUKEHTHLEB

Hoxknam TOCBAIIIEH Nepexocy meopem 0 602ambir cemeticmear, MTOKA3ZAHHBIX DaHee B
CTabUJILHOM CJIydae WM C YCJIOBUAMHU CTaOUIILHOCTHU® Ha cayuati 6ozamozo cemeticmea
munos (uau @gopmya) ¢ napamempamu O4g MeEOPull ¢ X —KOMNAKMHOIMY (HACHIULEHHLMU,
00HOPOOHBIMY) MOOEAIMU U CEOUCTNBOM X —0MOICAUMOCTNY HOBIL IAEMEHMOB, PEAAU3YIO-
WUT munvl (Had MaAbLMU TOOMHONCECTNEAMY) U3 602aMO20 CEMEUCMBa, O0M IAEMEHMOE
Menbwel MOOeAU U HAAUNUL peasudayuli 6 Ooavwel (¢ 6oeambim cemelicmeom) modeu
BNOAKE ONPEICAUMBIT (CTMAOUALHBIT) MUNOE UAU HAAUUUEM YNOPIIOUEHHO HEPABAUUUMBLE
IAEMEHMOB.

OCHOBHBIMU MHCTPYMEHTAMU TOKA3ATEIbCTB SIBIISIIOTCS TEOPEMBI THUIIA KOMIAKTHOCTH
MansueBa—EpioBa, pa3Buras TeXHUKa COBPEMEHHOW TeOMETPUUECKON, TOIOJIOTUIECKON,
KOHCTPYKTUBHOII 1 cemMaHTuueckoit Teopun crabuiabHocTu (Ilenax, Jlaxmam, Bannsuw,
[Myasa, [Mummain, Xpymosckuii, Hesenbckuit, 3unsbep, [lamorun, [leperstokun, Epumbe-
ToB, Kynaitbeprenos, Cymnomnaros, bainkanos, Bepbosckuit, Kymnmemos, Mycradpun T.I'.,
Owmapos AWM. u MEHOTUX APYTUX) U HAIUUUS ([1aKe JIOKAIBLHOIO) HYKHBIX KOMIAKTHBIX ([1JIs
HOAXOMSIIINX MOIITHOCTEH 3¢) MOIEIIeNl TEOPUU CO CBOMCTBAMMU »—OTHEIUMOCTY HAIl PeasIn3a-
[USIMU CEMECTBa CTAOMIBLHBIX (OIPeIeINMbIX) TUIIOB. PaccMOTPEHBI BOIIPOCHI PA3IMIHBIX
BUJIOB MHTEPIPETUPYEMOCTU (ONPEIETMMOCTH) arebpandecKnx CUCTeM (BKIIIoUas KIIACCU-
YecKue TOJIs) B HACIENCTBEHHO KOHEUHBIX HAACTPONKAX, & TAKKE O MOIIHOCTSX OIMpPEIeIIn-
MBIX TOAMHOXKeCTB. VHTepec K 5TUM BONPOCAM U TAKUM MOIEISIM UMeeT U MPUKITAIHON
XapakTep B IOHUCKe Haubosiee MHGDOPMATUBHBIX (CUIBHO OIPOBEPKUMBIX) (HOPMYI 1/miun
TUTIOB, 32KOHOMEPHOCTE I KJIACTEPU3AINY, U [IJI PAHKUPOBAHUS TAKUM 0Opa30M IMpe]l-
CTABJIEHHBIX 3HAHUI SCIIEPTOB C IMOMOIIBIO MPUBJIEUCHUS YHOPSMOUECHHBIX U M3MEPUMBIX
anrebpamvecKnx CUCTEM, KaK U IJIsl BBEIEHUs PACCTOSHUIT (METPUK) HA KJIacCax DKBUBA-
JIEHTHBIX (HOPMYJI (THUIIOB) C IMOMOIIBIO M3MEPUMBIX MONKIACCOB KOHEUHO M3MEPUMBIX (Me-
TPUYECKUX ) MOIeIIeil Teopuu, HeOOXOMUMBIX sl AJITOPUTMOB PACIIO3HABAHUS 06PA30B, MO~
MCKa 3aKOHOMEPHOCTEN,00HAPY KEHUSI PEIKNX COOBITUN U KJIACTEPU3AINH ¢ TTIOMOIITHI0 TAKUX
dopmyi (Tunmos). PaGora Boimonsaena npu durancoBoi nognepxkke PODPU, npoextor Ne 10—
01-00113a, 11-07-00346a, u xadenpsr MU MM® HI'Y.
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K PACCTOsSHHUSIM B MHOTT'O3HAQUYHBIX BBICKA3bIBAHMUAX W JOCTOBEPHOCTIAM

A. A. BUKEHTHEB, P. A. BUKEHTLEB

B macTositiee BpeMst MosIBIISIeTCst GOIIBIION HHTEPEC K MOCTPOCHUIO PEIIAOIIX (DyHKIUIT
Ha OCHOBE aHA/IN3a 9KCIEPTHON NH(GOPMAINN, 3aIaHHON B BUIE BEPOSITHOCTHBIX JIOTTIECKIX
BBICKA3BIBAHUI OT 5KCIEPTOB, COIVIACOBAHUIO BBICKasblBaHUil [1-6]. Bmeck Gymem 3ammchbl-
BATh BBICKA3BIBAHWS DKCIEPTOB B Bume GopMmys n—3Ha4uHoil (n > 2) moruku. Ha sxauenus
HCTUHHOCTU TAKWX (GOPMYJI MOKHO CMOTDETb KaK Ha cTerneHu ux ommbounoctu. C momo-
II[BI0 N—3HAYHON TEOPHUN MOMETIe HANIEHO HapaMeTPUIECKOe OIPEIe/IeHIe ATl PACCTOSTHII
MeXIy Takumu GopMmyIaMu u Mep mHbOpMAaTHBHOCTEH (HemocToBepHOCTeir). IlokaszaHb
CBOICTBA 3TUX MOHITHIN, BAJKHBIE Ui AHAJIN3A BBICKA3BIBAHWUN U PEIICHUs 3a0ad PacIo-
3HABAHUS. 3HAUEHNE UCTUHHOCTY HA MOJMETH MOMKET CIIyKUTb U CTENeHbI0 JOCTOBEPHOCTH
5TON YacTu peasm3anuu (HOPMYJIbl B MOLEIN s3bIKa 1-TO mopsmka. PaccrosHumeM Mexiy
dopmymamu ¢ u 1, S(¢p) U S(yp) C S(X), B muoxkecTBe Momerneit P(S(X)) HazoBem

n—1 n—1
> ‘MOdS(E) (cb% A 101)‘ + > )MOdS(E) (¢1 A lﬂ%))

k=1 k=1
pS(E)(QS? w) = ] .

Teopewma. s mt06b1x 1 1 GOPMYT ¢, ) BBIIOIHIETCS CJIEIYIOLIIEE:

1) 0 < pss)(9,%) <15 psm) (9,0) = pss) (¥, 9);
2) psx)(¢, ) =0 ¢ =;

(
( — —

(3) ps)(,9) =14 U U (Mod(@)_, U Mod(s) ) = P(S()).
(

I=1 k=1 nt nt
4) ps)(d:0) < psis)(d, x) + pss) (X, ©);
(5) Ecmm ¢! = ¢?, 10 pg(s) (0", 0) = psisy(6%,9).
PesynbraTsl UCIONL3YIOTCA B aHAIU3e 3HAHUN 1 KjacTepusanuu. PaboTa BBIIOIHEHA
npu nonaepxkke rpanta PODU, npoektsr 10-01-00113a, 11-07-00346a.
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CBOﬁOI[HI:Ie MeamaJibHbl€e KOMMYTaTHBHbBIE aJ'Il"eﬁpr (¢ OI[HOI71 onepaunef/i

C. C. IABUIOB

M3yuarores KOMMYTaTUBHBIE MeqUallbHble aiare6psl (1] ¢ omuoit onepanueir. Beomurces
MIOHSITHE N-apPHOTO IIOJIyTepMa, C IIOMOIIIBI0O KOTOPOT'O HIPENCTABISIOTCS 3JI€MEHTHI abCco-
JIOTHO CBOOOMHOTO M-apHOro rpymnmnonna. C MCIomb30BaHMEM MAHHOW KOHCTPYKINN TOKa-
3BIBAETCS PA3PENINMOCTD YKBAIIMOHAJIBLHON TEOPUM KOMMYTATUBHBIX MEINAILHBIX 71-aPHBIX
IPYOIIOUOOB, & UMEHHO, TPUBOAUTCS aJITOPUTM, C TTOMOIIIBLI0 KOTOPOI'O PeNIaeTCs BOIPOC O
BBIIIOJIHUMOCTH TOXKIOECTBA U = ¥ B MHOTI'000pa3nM KOMMYTATUBHBIX MEIUAIBHBIX N-aPHBIX
rpynnonnoB. llamee, mcrnonab3ys TPUBEOEHHBIN AJITOPUTM, ONUCHIBAETCS CTPOEHUE CBOOO]I-
HOT'O KOMMYTATUBHOTO MEIUAIBHOTO N-apHOro rpymnmouna. llokasbiBaeTcs, YTO KOMMYTa-
TUBHBIII MEIUAIILHBIN N-apHbIi rpynnonsn ()(A) nMeer BBITYKIIOe JIMHENHOE MPEICTABICHUE,
T.e. CYIIECTBYeT KOMMYTAaTUBHBIA MoHOUA S(+4) Takoit, uro Q) C S u

Az, .hzn) = fz1) + .o+ fln)
IUISL BCEX T, ..., T, € @ THe f aBTOMOp®U3M MoHOUMA S(+).
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KoceMaHTNYHOCTD MO3UTUBHBIX MTOHCOHOBCKIX TeOp]'/Ifl

A. P. EMIIKEEB

B mannoM Te3mce MBI IpecTaBuM HEKOTOPBIE cBoiicTBa A — PM Teopuit OTHOCHTETHHO
kocemanTuaHocTu. Momenu A u B vasbiBaioTcs A -PM 5KBUBAIEHTHBIMUI,ECITH TSI JTIO00M
A -PM Teopun T Bepuo, uto A |=T < B |= T, m 5T0oT daxT o6o3HauaeTcs qepes A =5,, B.
Hee A -PM teopun T u Ty massBatorcs A -PM xocemanTUIHbIMEI 17 Dd% v I, ecnu oHI
IMEIOT OOIIIYI0 CeMaHTUYECKYI0 MOMEb B ciiydae,korma 17 m T, WOHCOHOBCKUE Teopuu, a
B CiIydae, KOrga OHI He MOHCOHOBCKUE, €CJIN OHU MMEIOT OOIIyI0 YHUBEPCAJIbHYIO 00/IaCTh.
Momerm A u B ommoii curaaTypsr Hasesaiores A -PM xocemantuwansivu A <5, B, ecmm
st mo6oit A -PM teopun T rtaxoi,uto A | Ti,maitnercs A -PM teopus Ty, A -PM
koceManTuunas ¢ T Takas, uro B = Ts. U nao6opor. s mobsix moneneit A u B BepHBI
cremytormme nvmmkammm: A = B = A =5,, B = A, B.

PacemorpuM ¢BsI3b 9TUX MOHATHIA ¢ HeHTpaabubiMu Tunamu A -PM Teopuii.

Hannm HeobxomuMble 0003HAUEHUs CBsI3aHHBIE C O0OTAIlleHNeM CUTHATYDPBI PacCMaTpU-
BaeMON MO3UTUBHON MOHCOHOBCKOW TEOPUN.

[Tyctes T-nipousBombaas A — PM-teopus B si3bike curHaTypbl o. Ilycts C-cemanTu-
vyeckast Mogenb Teopun 1. A C C. Ilycts op(A) = o U{cyla € A} UT, rne I' = {P} U {c}.
PacemoTpum cremytontyto Teopmo T M (A) = Thys (Cya)aea U{P(cqla € A)}U{P(c)}U
{"P C 7}, rme {"P C 7} ecTb 6ECKOHEUHOE MHOXKECTBO IPEIJIOKEHUN, KOTOPOEe TOBOPUT,
YTO MHTEpIpeTalus CuMBOiIa PP ecTh MO3UTUBHO HK3UCTEHINAILHO 3aMKHYTas MOIMOMIENb
B CUTHATYpE 0. JTa Teopus He 00s3aTeTbHO MOJTHAS.

Pacemorpum Bee monosuenus neatpa 1™ teopuu T' B HOBOI curHatype or, rae I' = {c}.
B cuny A — PM-uwoctu teopun 1™, cyiiecTByeT eé IEHTP W MbI 0003HAaUMM ero kax 71°.
[Ipu orpanuvenuu T no curuaTypsl o, Teopus 1'¢ CTAHOBUTCS MOJHBIM TUIOM. DTOT TUI
MBI Ha30BEM HEHTPAIbHBIM TUIOM Teopuu 1.

[Mycte m <w

Teopema 1. Ilyctes Ty m To A -PM teopun, KoTOpBIE Y, 1-IOJHBIE, COBEPIICH-
HBIE HOHCOHOBCKme. Torma ecam oum A -PM cunraxcmyecku momobusr, To oHu A -PM
KOCEMaHTUYIHBI MEXKIY COOOH.

Teopema 2. Ilycte Ty u Ty iiomconoBckme A -PM teopun. Ecmu T} monensHa
coBmectHa ¢ 15, To T NIAD v 1o

Bce Heob6xonmMble HEOIpeneIeHHbIe B TAHHOM Te31Ce ONPEeeIeHns] MOXKHO HaiTu B [1].
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CTpoeHne KOMMYTATUBHBLIX YHAPHBIX ajirebp, pelieTka KOHIPY3HIIUN KOTOPBIX
SIBJISI€TCS 1I€NbIO

A. B. KAPTAIIOBA

Hanomumm, urto ymapuas amrebpa A = (A,()) HaspIBaeTCA KOMMYMAMUEHOU, €CIII
f(g(a)) = g(f(a)) nna Beex f,g € Qmac A

Bynem rosoputs, uro amrebpa A = (A’, Q') nonyuena us anre6pst 2 npucoequHeHnEM
neriu e, ecmu A = A"\ {e} u Q C ', npudem BBINOIHEHBI CIIELYIONINE yCIOBUS:
1) anmre6pa 2 asnsercs nonanrebpon pemykra (A’ Q) anrebper 2A';
2) (Vf e )(f(e) = e);
3) (Vf € X\ Q)(F(A) = {e}).

[IycTs K1 — kiace Komukmuecknx yHapabix anre6p ([1]), a Ko — kmace anrebp, kaxmas
13 KOTOPBIX TOJIydaeTCs U3 HeKOTOPOU aireOpsl Kitacca Ky mpucoenunenueM metiau. depes
K3 0603HAUNM KJIACC KOMMYTATUBHBIX YHAPHBIX aiare6p (A, (1), kaxkmas u3 KOTOPBIX UMeeT
[eTIII0 e, 1 OUHAPHOEe OTHOIIEHNEe <, 3aIaHHOE TI0 MPABUITY

(Vo,y € A)(z <y & (y) C (1)),

SIBJIIETCS OTHOIIIEHNEM JIMHENHOTO TOpsiAKa Ha A, mpudeM i JTFO60U HETOXKIeCTBEHHOMN
omepartun [ € Q' pemykt (A, f) ceasen u |f~1({a})] < 1 npu Beex a € A\ {e} ((v)
0603HaUAET OAIre6py, IMOPOKICHHYIO SJIEMEHTOM ).

Teopema 1. PerreTka KOHIDYSHIUI KOMMYTaTHBHOH yHapHOI ajarebpnl 2 sBaseTcs
[EbI0 TOTAa U TOJbKO Torga, koraa 2 € K; mis mexkoroporo i € {1,2,3}.

OnpsomopoxneHHyoo yHapHyio anrebpy (A, f) ¢ mopoXmaromm 5JIeMeHTOM @ U OIpe-
nensonmam  cootHoteruem [ (a) = f"T™(a), rme n > 0, m > 0 o6oznaunm uwepes CT.
Anrebpa C0, masbiBaercs yuxaom daunvt m. OGbeIMHEHNE TOCTENOBATETLHOCTH YHAPHBIX
anre6p CO C CL C ... o6osmamm wepes C°.

[Iycts L1 — KilacC KOMMYTATUBHBIX yHapHBIX anrebp A = (A, Q), mis kaxmon u3
KOTODPBIX CylIecTBYIOT omeparust f € () u mpoctoe umcsio p takme, 9To penykT (A, f)
apnsercs mukiaoM mmuebl p¥, roe k € Ngo. Uepes Lo 0603HAUNM KJIacC KOMMYTATHBHBIX
VHAPHBIX airebp, KaXKmas 13 KOTOPBIX MOJIyYaeTCs MPUCOCANHEHUEM IeTIN K HEKOTOPOR
anmrebpe kmacca L£q. Yepes L3 Gymem 0603HAYATH KIIACC TAKUX KOMMYTATUBHBIX yYHAPHBIX
anre6p A = (A, Q) ¢ merneit e, aro s Hekoropoi onepanuu f € ) penykr (A, f) asasercs
au6o ynapom C7°, mubo ynapoum Buna C7', roe n € N, u nys mo6oil onepanuu g € () nmu6o
g(A) = {e}, mubo g = f*, rme s € Np.

Teopema 2. Ilycts 2l — koMMyTaTHBHas YHapHAas aarebpa ¢ KOHEYHBIM YHCJIOM OIepa-
nuii. Torma perrerka C'on2l sBgeTcs menpo B TOM U TOJIBKO B TOM ciy4dae, korga A € L;
s Hekoroporo i € {1,2,3}.

CIUCOK JIATEPATYPLI
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Heckonbko 3aMeYaHUil O TOIIOJIOTUM 3apUCCKOTO HA TOIIOJIOTUYECKUX
anrebpamvecKmux cucTeMax

M. B. KoToB
[Iycrs A = (A, L) — mpousBosibHas ajrebpamdeckasl CHCTeMa HEKOTOPOro s3bika L,
X — KOHEUHBI Habop mepeMeHHBbIX. Jliobas aTomapHas dopMmyna s3blka L OT mepeMeH-

HBIX X HA3BIBAETCS yYpasrenuem. JIro60e MHOKECTBO YPABHEHUN OT IMEPEMEHHBIX X s3bIKa L
HasbIBaeTCa cucmemotl ypasrenut. Touka a € A™ HasbIBaeTCs peweruem ypaBHEHUs S(X)
s3pika L wam A, ecmn A |= s(a). Touxa a € A™ Ha3BIBAETCS pewenuem CUCTEMBI ypaB-
Hermit S(x) Hanm A, ecim ToUKa a SBISETCS PEIICHWEM KaXXIOIO YPABHEHUS CHCTEMBI S.
MHOX)eCTBO BCeX pelleHnil CUCTeMbl ypaBHeHull S(X) Ha3blBaeTCs adzebpauseckum Ham A
MHO)ecTBOM 1 obosHauaeTcst V 4(S). CoBokymHOCTh Beex anrebpamueckux Hazm A MHO-
xecTtB Y C A" ob6o3HaumM A 4 .

Tonosozuet 3apuccko20 34, Ha3bIBAETCS TOMOJIOIUS, HIPen0a30il 3aMKHYTBHIX MHO-
KECTB KOTOPOIL SIBIISIETCST COBOKYIHOCTD A 4, [1].

[IpencTaBiasgioT UHTEPEC CIIEAYIONINE BOIPOCH.

Bomnpoc 1. [Ins kakux Tomonoruueckux anrebpamaeckux cucrem A = (AT, L) Tomo-
JIOTUsI 3aPUCCKOTO 3 4, COBIANAET C Tomosiorueir T"7

Bormpoc 2. Ilng xakux aarebpamdeckux cucteM A U KaKUX MENbIX MOJI0XKUTEILHBIX 71
TOIOJIOTHST 3aPUCCKOTO 3 4 5, SBISETCS XaycnopboBoit?

Bompoc 3. Ilis xakux anrebpanmdeckux cucteM A Tomosorus 3apuccKoro 3 4,1 COBIa-
maet ¢ Tomosiorueir Mapkosa 9% 47

Brimm OOKa3aHbBI OBE CJICOYIOIINEe TeOPEMBI, KOTOPBIC ITO3BOJ/IAIOT B HEKOTOPBIX CIIy4dasdaX
OTB€YaTh Ha 5TU U OpPpyTrue Onu3Kue BOIIDOCHI.

Teopema 1. Ilycte A = (A,%,L) — romomormyeckas anarebpamdeckas CHCTEMA,
T — xaycmopdoBa TOHOJIOrHUs, N — IIOJOXKHTeNbHOe nenoe dnciao. Ay, = CI(T") To-
rga u TOJIBKO TOrAa, Korga HanmaéTcs Takas 6a3a B Tomosorum T, 4TO Ag JIFOOOH TOUYKH
a € A" u mgr060ro comepkailero TO4YKy a MHOXxKecTBa X u3 ‘B HalméTcs ajarebpamdecKoe
MHOXKeCTBO Y , He comepxaliiee TOUKy a 1 copepxkaree MHOxecTtBo A" \ X.

Teopema 2. IIycres A = (A, T, L) — Tomosiorudeckas ajirebpamdeckas cucTeMa, T —
xaycaop@oBa TOHOJIOTHA, N — HOJIOXHUTEIBHOE LeI0€ IUCI0. 3 A, = T Torga U TOJIBKO
Torma, Korzga Hammérca Takas 6aza B rTomosorumm X", uyro miag Jjrobor Ttoukm a € A"
u J1F000ro comepXkallero TOYKy a MHOXecTBa X u3 ‘B HalmérTcs 3aMKHYTO€ B TOIIOJIOTHH
Bapucckoro 3 4., MHOXKecTBO Y , He comepakalijee TOUKY a I comepxkartee MHOxkecTBO A™\ X.
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SKSI{ICTGHHHOHaJ'IBHO 3aMKHYTbI€ 1 MaKCMMaJIbHbIE€ MOO€EJIN B MO3UTUBHOU
JIOr'Ke

A. M. KyHIOXXunH

Mg ncnosb3yeM MOHSTHS TO3UTUBHON JIOTUKY, BBeneHHbIe B paboTe b. Ilyaza u V. ben
dlxosa [1]. PaccmoTpum curaaTypy Y ¢ OTHOIIIEHHEM DABEHCTBA, IPU 5TOM 06pa3yeM O6bIu-
HbIe (OPMYJIBI IEPBOTO MOPSIIKA, UCIOIB3Y sl OTICPAIINN OTPUIIAHUS, KOHBIOHKIINN, T3 bIOHK-
U7, KBAHTOPBI BCEOOIITHOCTU U CyIIecTBOBaHUS. Ilo3umuenbie aK3uCmeHyuonatbmbie Hop-
MYabl 06pa3yroTcs 6e3 onepanuyu OTPULAHUS U KBAHTOpPa BceoOITHOCTH. Kcam cyimiecTByeT
romoMopdu3M u3 monenun A B Momenb B, TO MbI TOBOPUM, YTO B sIBIIsieTCst npodoaxrcenuem
A, a A ectb nauaso B. 3amerum, uro mpu job6oMm romomopdmsme h 1 A — B, mpo-
U3BOJIbHASL SK3UCTEHIUAIbHAS O3UTUBHAs dopmysna JYe(T,Y), BLIIOIHAIOIIAILCS HA KOD-
Texke @ € A B momenu A, GymeT TakXKe BBINOIHATLCS Ha ero obpase h(a) B momenu B.
Msr roBopum, 9T0 roMomMopdusm h : A — B SABISETCS noepyrHcenuem, eCu BBITOTHIETCS
obpatHoe: @ u h(@) yHOBIETBOPAIOT ONHUM ¥ TEM K€ MO3UTUBHBIM 5K3UCTEHIMOHAIIBHBIM
dopmymnam. IIpu sTom momens A nozumuero ax3uCMERYUOHAALHO-3aMKHYMa B Monenn B.
[Mycts 3aman xmace C' Y-ctpykTyp. Msr roBopum, uro momens A kmacca C' no3umusho
IKBUCMERYUOHAAbHO-3amKHyma B Kitacce C' (s KpaTKocTu 6ymaeM TOBOPUTh, YTO MOMIEIb
A sBisgeTcs pec-MOeNbio), ecim 060 romoMopdusm u3 A B mob6yio Momens kiacca C
SIBIISIETCS IOTpYyKeHneM. V3y4asi MOHSITHIE TO3UTUBHON SK3UCTEHIIMOHAIBHON 3aMKHY TOCTH,
aBTOP BBEJI CIEOYIONIEEe TOHSITHE, KOTOPOE TECHO CBSI3AHO C MOHSITHUEM PEC-MOMEIIN, a TaKKe
TIOKa3aJl PSII TEOPEM.

Onpenenenne. Monens A knacca C HazoBeMm h-MakcHMaJIBHOM, eciau 000 TOMO-
MopusMm 3 Mogean A B IPOU3BOIBHEIN aeMeHT Kiacca C SBISeTCsS n30MOPQHBIM BIIOXKE-
HUEM.

Teopema 1. Ecau xmacc C' saBiasgercs KOHEYHO h-yHHUBEPCAIEHO AKCHOMAaTHU3UDYEMbIM
B IPEOUKATHOHW CHTHATYPE, TO IIOOKJIACC BCEX €ro h-MakcmMaJbHBIX MOLESIEH SIBJISE€TCS
akcmoMaTu3upyeMmbiM. Ilpumdem, ecim ero curHaTypa ) KOHEYHA, TO BO3MOXKHO IIOCTPOUTH
KOHEUYHBII HAOOD aKCHOM, OIIPEMESISIOIINNI MOAKIACC h-MaKCIMAaJIbHBIX MOIEIEH.

Teopema 2. Ecau B npenukatHoi curHatype kiacc C' saBiagercs koHedHO h-yHUBED-
CaJIbHO aKCHOMATHU3UPYEMBIM, TO IOOKJIACC BCEX €0 Pec-MONEJIeH SIBJITETCS aKCHOMAaTH3H-
DYEMBIM.

Teopema 3. Ilycre kmacc C' sBisgercs h-yHuUBepCAJIbHO akKCHOMATU3UPYEMBIM KJIAC-
coMm. Torma MHOXKeCTBO pec-MOIeJIel ero moakaacca h-MakKCUMAaJIbHBIX MOJEJIEH COBIAgaeT
€ MHOXK€CTBOM pec-momeest camoro kiacca C.
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BJ'IEMGHTapHO 3aMKHYTbI€e MOAeJI1 NHAYKTMUBHBIX aKCUOMAaTU3NPYyEeMbIX
KJIaCCOB.

A. T. HYPTA3UH

HamomumM, 9TO manHasi MOJIEIb Ha3bIBACTCS SK3UCTEHIINAIBLHO 3aMKHYTOI B HEKOTOPOM
akcrmoMaTu3upyemom kiacce C', ecimum oHa M30MOPGHHO COMEPKUTCS B HEKOTOPBIX MOIEITSIX
73 HTOTO KJIACCa W BCE HTU BKJIIOUCHUS COXPAHSIIOT HUCTUHHOCTH YHUBEPCAJIBHBIX (DOPMYII.
Takxe XOpOIIIO M3BECTHO, YTO, €CIIUM PACCMaTPUBAEMbBIN KJIacC UHIYKTUBEH, TO JIOOYIO
MOJIEJIb U3 3TOTr0 KJacCa MOYXKHO PACIIUPUTH HO HEKOTOPO! 3K3UCTEHIMAJIBLHO 3aMKHYTOM,
KOTOpas caMa TaKxXe NPUHAMICKUT K HeMmy. [lo aHamorum ¢ TpUBEOEHHBIM ITOHSTUEM
Ha30BEM JaHHYFO MOAEIb Ha3bIBA€M 3JIEMEHTAPHO 3aMKHYTOIH B AKCHOMATHU3UPYEMOM KJIACCe
C, ecm eé m3oMop@pHOE BKIIOYEHNE B IIPOU3BOJILHYIO MOAEE U3 3TOr0 KJIACCa Ha CAaMOM IIeJIe
sJIEMEHTapHO. XapaKTepu3alus TaKUX MOl U UX CYIIIECTBOBAHUE B JIIOOOW COBMECTHOM
MHIYKTUBHON TEOPUU OMMUCHIBAIOTCS CJIEAYIOITUM YTBEPXKICHUEM.

Teopema. 1. Jlrobass coBMecTHass WHAYKTUBHAS TEOPHUS SABJSETCSI TEOPUEH MOAKIACCA,
BCeX 9JIEMEHTapHO 3aMKHYTBIX B HEIl MOZAEJIEH.

2. Monens A »sjeMeHTaApHO 3aMKHYTa B UHIYKTHBHOW Teopuum 1', ecium W TOJIBKO
eciu B Hel Jobas gopmysa  p(Z), HCTHUHHAS HA IIPOU3BOJIBHOM KODPTEXe G SBIIAETCS
cJIeACTBUEM HEKOTOPOH BBITOJTHUMOI Ha 3TOM K€ KOPTeXe 3K3UCTEHINAIEHON (pOPMYJIBI OT
TOro ke Habopa CBOOOMHBIX MEPEMEHHBIX.

3. JIrobas Monmenb sj1eMeHTapHO 3aMKHYTa B COBMECTHOH HHIYKTHUBHOH TEODPUH, €CJIU U
TOJIBKO €CJIH OHAa SIBISIETCS €6 (hOPCUHT-MOIEBIO.

/1 MHOYKTUBHBIX TEOPUI OCHOBOIIOIaraoIien asiasercs Teopema Jlocs — Cyirko, Ko-
TOpasi TOBOPUT, UTO WHAYKTUBHBIMU aKCUOMATU3UPYEMBIMU KJIACCAMU SIBIISTIOTCS B TOTHO-
ctu Vi—akcuomarusupyembie Kiaacchl [2]. Takike sIBISIICH KpUTEpPHUEM, CIIeIyolee yTBep-
XKIIEHNE TOKA3bIBAaeT, UTO B MOJIHBIX WHAYKTUBHBIX TEOPUAX IS JTIOOOTO MOJIOKUTETHHOTO
HATYPAJIbHOIO YKUCJIa N SK3UCTEHIHUAJIbHBIE OKPECTHOCTU 00pPa3yioT 0a3uc CTOYHOBCKOTO
npocrpancTBa n—runoB — S, (71).

Teopema. /lamnas mosHas Teopus 1 HHOYKTHBHA, €CIM U TOJIBKO €CJIU B HEH jr0bas
BoImOIHUMAs GopMmyna p(T) SBALETCS CI€ACTBHEM HEKOTOPOW BBIIOJIHUMOI 9K3UCTEHIIH-
aJIbHON (hOPMYJIBI OT TOrO XKe Habopa IepeMEeHHBIX.
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O606111eHHO cTabuIbHbIE a6€eIeBbI I'PYHIILI

E. A. TTanroTud

Ucnonb3yeMble majiee MOHSATUS MOXKHO Haiitu B crarbax [1] u [2]. Ioustue (P, s)-
cTabuIbHOCTH moTydaeTcs u3 (P, a)-cTabuIbHOCTH 3aMEHON anre6paniecKoil 3aMKHY TOCTH
HA CEPBAHTHOCTb.

Teopema 1. JIrobas nomras reopus T abeseBbrx rpynn sasisercs (P,s)-crabuibHoil.

Tak xax mrobast anrebpamvecKn 3aMKHYTasl TOATPYIIa abeIeBON TPYIITLI O6e3 KPYyJIeHUs
ABJIIETCs CEPBAHTHOM, TO U3 TeopeMbl 1 BeITekaer Teopema M.A.Pycaneesa [2] o (P, a)-
crabunbHOCTH abesleBBIX Ipynil 6e3 kpydeHus. V3 5Toil TeOpeMBl HOIyIaeTCs TakXkKe pe-
synbrar T.A.HypmaraGerosa [3] o (P, e)-cTabmibHOCTH JIIO60M MOTHON Teopun abeIeBbIX
IPYIIIL

Crenyroriast TeopeMa omuceiBaeT Bee (P, a)-cTabuinbHble abeleBbl IPYIIIHL.

Teopema 2. s abenepoii rpymmnsr A ee Teopus T = Th(A) rorma m Tonbko Torna
He spisercs (P,a)-crabunpHoll, korga rpymnma A ymoBIeTBOPSET OZHOMY M3 CIIELYIOIX
Y CJIOBUI:

(1) mns HekoToporo mpocroro p moarpynma A[p| N pA rpynmsr A 6eckoneuna;

(2) mns HekoToporo npocroro p noarpynma Alp| rpynmer A 6eckoHeuHA U ee IIMesIeB-
ckui nHBapuaHT Y,(A) paBeH w.

Pabora Beimosnena npu ¢unancoBont nonaepxkke PODU, opoekt N 09-01-00336-a.
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yJ'II:TpaKJ'IOHbI Ha 2-X 3JIeMEHTHOM MHOXKeCTBe

B. 1. IIAHTEJIEEB

[Tycts A — KOHEUYHOE MHOXKECTBO, N-MECTHOU yabTpadyHKIMeil Ha MHOX)ecTBe A Ha-
3bIBaeTCs orobpaxkenue f : A" — 24 \ {9}, a n-mecTHOI yacTUUHON yIbTpadyHKIUEH HA
MHOXKecTBe A HaspBaeTcs oTobpaxernne f : A" — 24, ®ymkuns ! (1, ..., 1,) = {z;}, 1 <
1 < 1 Ha3BIBAETCS IMPOEKITIEN.

Cynepnosutust f(f1,..., frn) ¢ BHemHell ynbTpadyHKumein f u BHyTpeHHUMHI [1, ...,
fm, 3ABUCSIIIIME OT N MEPEMEHHBIX ONpenessieT yiabTpadyHKuuo h(zy, ..., T,) CIeLyOIIM
ob6paszoM:

&, ecnu cyttectsyet i € {1,...,m} Takoe, 4To
filar, ..., an) = &;

h(al,...,an): ﬂ f(b17"'7bm)7 €Cli mf(bh?bm) 7é®7

biefi(ar,...,an)
U f(b1,...,by,), unaue .

L bi€fi(ar,...,an)

(HacTuuHBIM) yIBTPAKIOHOM HA3LIBAETCS MHOMKECTBO (YACTUYHBIX) YIbTpadyHKIUI,
comepIKalliee Bce MPOEKINN U 3aMKHYTOEe OTHOCUTEIFHO cymneprno3uiuu. MakcnMmaabHBIM
HA3BIBAETCSI COOCTBEHHBIN (YACTUYHBIN) YILTPAKIIOH TAKOH, YTO €IUHCTBEHHBIM, CONEPKA-
UM ero COOCTBEHHBIM (YACTUYHBIM) YIIbTPAKIIOHOM, SIBIISIETCSI OH CAM.

Ha 2-x smeMeHTHOM MHOXKECTBE YHCJI0O MAKCUMAaJbHBIX yIbTPAKIOHOB paBHO 11.

Cpenu 9aCTUYHBIX YIBTPAKIOHOB MaKCUMAJIBHBIMU OYIyT, HAITPUMED, CIIEIYIOIIIE:

K, = {f(‘r17 ---,xn> | f(07 70) S {{0}7 @}}7

Ko = {f(21,na) | F(1,.001) € {1}, 2}}.

B mokxname mpuBOOSATCS MpUMEpPhl MaKCUMAJIbHBIX YACTUYHBIX VIIBTPAKIIOHOB, OIHUCHI-
BaroTCs pparMeHTHI U3 PEIIETKN BCEX YIBTPAKIIOHOB U PEIIETKN BCEX YACTUIHBIX YIIbTPa-
KJIOHOB Ha 2-X 3JIEMEHTHOM MHOXKECTBE, & TaKKe IPUBOMSATCS IPUMEPHI ITOTHBIX MHOXKECTB
yIbTpadyHKIININ.

BCT'AO, Uprxymex
E-mail: v_panteleyev@mail.ru
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MyapTHonepanu u CynepKJIOHbBI

H. A. TIEPSI3EB

Anrebpanveckuil TOAXOM K U3YIE€HUIO (DYHKIIMOHAIBHBIX CUCTEM BIIEPBBIE OBLIT IPEIIIO-
xen AU Manbuessim [1].

Orobpaxkenue u3 A" B B(A) HasbiBaeTCst n-MeCTHON MyabTuronepanueil Ha A, rone B(A)
— MHOXKeCTBO Bcex moaMHoxkecTB A. Uepes Py u My obGo3HauaeM, COOTBETCTBEHHO, MHO-
JKeCTBa, BCEX OIEpAaIiil 1 BCeX MyJIbTuorneparmii Ha A.

1 1

Ecnu mst mio6bIX 971EMEHTOB Gy, ..., Ay, - - ., AL, . . ., a1, 13 A BBIIOTHIETCS

fx(glai,...,at),....g(at,....a™)) Cgx(faj,...,a}),..., f(a},, ...,a")),
TO TOBOPUM, UTO I f U g BEPHO MOAYMOHCIECME0 NEPECTNAKOBOUHOCTU, & TAK Ke, I4TO f
CMabuAbHA OMHOCUMEALHO (, & § HOPMAALHA OMHOCUMEALHO f.
Ecmun g € My, 1o S(g9) = {f|f € Pa u f crabunbpHa OTHOCUTEIBHO ¢} HA3LIBACTCS
cmabuAU3AMOPOM g.
Ecmu f € Pa, o N(f) = {g|g9g € M4 u g HOpMHAIBHA OTHOCUTENBLHO f} HA3LIBAETCSI
HopMasu3amopom f.

Ecmu R C My, o S(R) = () S(9) — cmabuauzamop muO)eCcTBa R.
geER
Ecmu K C Py, to N(P) = () N(f) — nopmaauzamop muox)ecTBa K.
feK
Bambikarnem [Mamya MHOXKecTBa omepanuit /X m MHOXKecTBa MyJsbTuonepanuit R Ha-

3piBaeTcs, coorBeTcTBeHHO, S(N(K)) u N(S(R)). CranmapTHBIM 06pa30M ONPEIENsIeTCsI
anre6panveckoe 3aMbIKaHIe MHOXeCTBa onepaunuil K B KJIOHAX U MHOXKECTBA MYJIbTHOIE-
pamuit R B cynepkionax [2].
Teopema. Aszebpauueckue 3ambikanud cosnadaom ¢ 3amvikanuiny Iasya:
o) [K] = S(N(K)); 6) (R) = N(S(R)).

Taxum o6pasom, orobpaxenus S(x) u N(z) onpemessoT COBEPIIEHHYIO CBsA3b | aiya
MexkIy KioHamu u cyrnepkioHamu [3]. Crabmim3aTop MHOXECTBA OIEPAIMI HA3BIBAIOT
yewmpaauzamopom. IIpu 5TOM BMECTO MOy TOXKIECTBA EPECTAHOBOYHOCTH IIOJIyIaeM TO-
KIECTBO HepecTaHOBOUHOUTH. OTMETHM, YTO HEHTPAIN3ATOD OIPENEIieT Ha MHOXKECTBE
KJIOHOB IBOICTBEHHOE cebe COOTBETCTBHE | 'ailya, KOTOpOe He SIBIIIeTCs COBepIIeHHbIM [1].

Pa6ora Boimonuena npu nogmep:xkke PODU, mpoext Ne(09-01-00476.
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HesBHO 3kBUBaJICHTHDLIC YHuUBeEpCaJIbHBbIE anreﬁpbl

A. T. ITuuyc

Ncxons 3 onpenenenns HesIBHBIX OIEPAIii Ha ICEBAOMHOr000pasnaX MOJIyTPYyIIl B pa-
6ore [1], eCTECTBEHHO ONpEeTIeHne HEesIBHOM OMepaluy Ha MPOU3BOILHON YHUBEPCAIILHOMI
anrebpe A = (A; o) kak dyuxmun f(xq,...,T,) ONPEIETIEHHON HA MHOXeCTBe A, oTHOCH-
TEILHO KOTOPOU 3aMKHYTHI MOAAreOpbl arebpsl 2 U KOTOpas KOMMYTUPYET C JIIOOBLIME
BHYTpeHHIMU ToMoMopdu3mamu anre6pst A (romomopdusmamu nomaiarebp anre6per A Ha
ee XKe MoIAIIreOpsl).

Isist TIOOBIX DIIEMEHTOB A1, . . . , Ay, € 2| Yepe3 @ 0603HAYNM KOPTeX (a1, . . ., dy), & depe3
DX (zy,...,2,) 0603HAMIM TO3UTHBHYIO YACTDH MMATDAMMBI ATreOPEI (a1, . . ., Gp)e TAKYIO,
9TO

+
(a1,...,an)9 = DX(a1,...,ay).

3meck (ay, ..., a,)y momanrebpa aare6psbl A MOPOKIEHHAS MHOXKECTBOM {1, . .., dy}.

[IycTn b4 — COBOKYITHOCTH TUTIOB n3oMopdu3Ma anrebp
({a1,...,Gn), a1, ..., an) (a5I€6D (a1, ..., ay )9 CUTHATYPHI 0, OGOTAIIEHHBIX KOHCTAHTAMIU
ai,...,0,) IJS JTOOBIX a1, . .., G, € 2.

Hom oo-nosumusno-ycaosuvim mepmom ty(z1,...,T,) s amrebper A GymeMm masee

IIOHUMATBh CXEMY:

to(@1, s T0) = & (@ 3Ty (&Dg(ml, ) = (@ e, @) (1, mn)>

rae ¢ — IPOU3BOJIbLHOE OTOOpaKeHHe MHOXKecTBa 1y B COBOKYHHOCTBH 1T TEpMOB CHI-

HATYDBEI 0 OT THEPEMEHHBIX T1,...,Ty, €CIH TP 3TOM Iy mobbx ((@)y, a), ((b)a, b) € Ty
IMeeT MeCTO:

(*) 2 = & DX (by, ..., by) — @({(@a, @) (b1, ..., bn) = p({((B)ar, b)) (b1, ..., by).

HamomunM, 9410 00-K6a3umoxcdecmsom Ha3bIBaeTCsa aobas HopMyia BAIA
1 2
‘v’xl,...,mn(&iejti(xl,...,:vn) =t (x1,...,zn) 2> p(x1,...,2p) = q(ml,...,xn)>,

rne ti, 15, p, ¢ — TepMBI CUTHATYDHI 0.

J[1060#1 CO-TIOBUTUBHO-YCIOBHBIN TepM ty,(Z1,...,%,) Aast anreOoper A = (A;0) ecre-
CTBEHHBLIM 00pa30M OIpeNesdeT Ha MHOXKECTBE A n-MECTHYIO 00-Nno3umueHo-ycaio8Ho mep-
MAALHYIO PYHKYUIO t% (T1,...,2p):

IS JTHO0BIX G, . .., 4y € A, ecrin A = &Dg(al, ety Qy), TO

to(ar,...,an) = o({(b)a, b)) (ar,. .., an).

OueBunHBIM 06pa30M JTI06asT 0O-TTO3UTUBHO-YCIIOBHO TepMaJsbHAs QYHKIIS 7T aIreOpbl
2l aBiseTcst HessBHON omeparimern Ha anarebpe . CrTonb xe oueBUOHO U oOpaTHOE: Jr0das
HesIBHAsI orepariusi Ha ajaredpe 2 sBIIsSETCsS 0O-TO3UTUBHO-YCIOBHO TEPMAIHLHON (QyHKITHEH
mitst anrebpor 2.

Ise o-anre6pet A = (A;0), B = (B;0) HAB0BEM CUHMAKCUUECKY HEIBHO IKEUBALEHM-
HbIMU, €CITU JTIOOOT OO-TIO3UTUBHO-YCIOBHBIN TepM s aiareopsl 2 SABIseTCss TAKOBBIM U IS
anrebpsl B u 06paTHOE 1, KPOME TOTO, IBa OO-TIO3UTUBHO-YCIOBHBIX I ajareOpsl 2 TepMma
OIpenesIioT Ha 2l OMHYy M Ty XKe HEeSBHYIO OIEPAIMI0 TOrOa W TOJIBKO TOrMa, KOrIa OHU
OTPeNeNsioT ONHY U Ty XKe HEesSBHYIO Ollepalliio U Ha ajrebpe ‘B.

Teopema 1. Cnenyrorme ycaoBus gt aarebp A = (A; o), B = (B; 0) paBHOCUIbHBL:
(a) amrebper 2, B cHHTAKCHYECKU HEIBHO SKBHUBAJICHTHEI,

(6) co-KBasm’KBaMOHAJIBHEBIE Teopun aarebp A u B coBmamaror,
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(B) amrebpsr 2 u B reoMeTpuIecKN SKBUBAJICHTHEL
(r) mob6as KOHEYHO MOPOXKAEHHAs monairebpa amrebper 2 M30MOPGHO BIOKUMA B HEKOTO-
PYIO IPSAMYIO CTENeHb aiare6psr B u Ha060POT.

(17]
(18]

[19]
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CuéTHbIe MOIeJIN MOJIHBIX TEOPUIl OMMHOMECTHBIX IIPEAUKATOB C MOACTAHOBKOI
OT'PAaHMYEHHOI'0O IMopsakKa

P. A. IIonKkoOB
B mokmame paccmarpuBatorcs teopunm 1 curmarypet . = (P, Pi, ..., Pk,...), rme
Py, ..., P, ... — OOHOMECTHBIC TIPEIUKATHBIE CUMBOJIBI, C PA3HBIM UNCIIOM HETJIABHBIX TU-

TOB.

BzanMocBs3b CUéTHBEIX Momenell 6ymeM IPOCIeXUBATEH C IOMOIIBIO CIEyIoIero 0606-
ieHns npennopsinka Pymua — Keficiepa Ha Tumax msomopdusma cuéTHBIX Mopeseir: Pac-
cmoTpuM MHOXxecTBO {M | M E T, M| = w} Tunos msomopdusma CIETHBIX MOOEIEH TeO-
pun T’ ¢ 3amaHHBIM Ha HEM PedIIeKCHBHBIM, TPAaH3UTUBHEIM oTHomeHmeMm <: M; < M, &
FD(M;) € FD(M,), u o6o3raunm noiydenHyio cuctemy depes CM(T).

Oynkmus [ : S1(@) — w+ 1 HasbBaeTcs GyHKIUE pACTIDENCTCHI THCAa DEATH3AITTIT
tunos. Ecmu tun p(z) € S'(P) raasHbiil, TO ero umcio peamm3anuii OMUHAKOBO B JTIO-
GOl CISTHON MOIEIIN, €CIM HerJIaBHbIA, TO f (p (%)) MOXKET IPOU3BOIILHO BAPBUPOBATHCS B
npenenax ot 0 mo w. Yepes M(f) obo3naunm MOmenhb, PeATN3YIOILYI0 HerJIaBHbIE TUILL B
cooTBeTCTBUU ¢ QyHKIMER f.

Teopema 1. Ilycts f m g — QyHKOUE pacupemesieHUs UHCIa DeajIu3aluil THIIOB
mozeseit M(f) u N(g) paccmarpusaemont reopun 1. Torma IM(f) ~ N(g) ecaum u TOIBKO
ecn f = g.

Bynem maswiBaTh Tunst p(z) u q(x) cBsasamHbIME moxcraHoBkon F | ecnu cymecrByer
Takoe 4ucio m, 94ro MHOXxecTBO p(z) U q(y) U {F™(x) =y} coBmecTHO. Peammsarnus He-
KOTOPOI'0 THUIA BIIEYST pean3aluio THUIA, CBS3AHHOTO ¢ HUM. BBemenwe momcraHoBKu F
COXPaHSIET MAJIOCTh U W-KATErOPUIHOCTb.

Teopema 2. Ilycte 1y um I — cuérHBIE TEOPUU OMHOMECTHBIX NMPEAUKATOB C IO-
CTAHOBKOH OrpaHUYIEeHHOro nopsaka, rorga coorHomernue CM (17) ~ CM (1) paBHOCHIBHO
OLHOMY W3 CJIEHYIOILIUX VCIOBUIL:

1.Teopun Ty nm T, mmeror ommHaxoBoe, He Oojee 4eM CUETHOE, MAKCHMAJIBHOE UHCIIO
[TOIIAPHO HECBS3aHHBIX HEIVIABHBIX THIIOB;

2. Teopuu T n 5 nMerOT KOHTUHYAJIBHOE UUCJIO TUIIOB U IPOCTYIO MOIEJIb;

3.Teopun Ty u Ts uMeOT KOHTHHYAJIBHOE YUCIO TUIOB U HE UMEIOT IIPOCTOH MOJEJIH.

Ycranosieno, uTo cuekTpasiabHas Gyskiust [ (71, w) Teopuit 7' OMHOMECTHBIX IPEAUKATOB
C TMOACTAHOBKOI OIPAHUYEHHOTO MOPSAIKA IPUHIMAET CIIEAYIOIe 3HAUCHUS:

1. I(T,w) = 1 < HermaBHLIX 1-TUNOB HET;

2. I(T,w) = w < KOHEYHOE YNCIIO HETJIABHBIX 1-TUIIOB;

3. I(T,w) = 2% < cuéTHOE Iu00 KOHTUHYAIBHOE JIICIIO HETVIABHBIX 1-THIIOB.

HI'TY, Hosocubupck
E-mail: r-popkov@yandex.ru
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PeunieTkn KOHIrpy3HIIUN IIOJINTOHOB

II. O. IITAXOB

B [2] usyueno cTpoenne yHAPOB ¢ MOMYJIAPHBIMEA U AUCTPUGY TUBHBIMI PEIIeTKAMU KOH-
rpysunuit. B [3] onucansr yHapHbie anre6pbl, PEreTKn CaabblX KOHIPYSHIUNA KOTOPBIX MO-
IyJIIPHBL U QUCTPUOYTUBHBEL. B mamHOI paboTe paccMaTpPUBAIOTCS MOUTOHBI, SIBIISIOIINECS
10 OTIIPEIEICHIIO YHAPHBIME AJIre0paMu, ¢ MOLYISIPHBIMA U OUCTPUOY TUBHBIMI PEIIeTKAMI
KOHT' DY SHITU.

HanmoMHUIM HEKOTOPBIE ONpeesIeHrsl, KOTOPble MOXKHO HaiTu B [1].

[Iycts S — monoun. JleBbim S-noaueonom (wim, mpocTo, noaueonom) sA HazbiBaeTCs
MHOXKeCTBO A, Ha KOTOPOM OIIpefesIeHO HeficTBre MOHOuma S, IpUYeM enuHuia S nei-
cTByeT Ha A TOXIECTBEHHO. OJIEMEHTHI a,b € A Ha3BIBAIOTCS C6A3AHHBIMU B IIOJIATOHE
sA, ecam cymecTByIoT n € w,¢; € A (0 < i < n)usjt; € 5 (1 <j<n) Takne, 9To
a = co,b = ¢y, 8;¢i—1 = tic; nma moboro i,1 < i < n. Iomuron gA Ha3BIBAETCS C6A3HBIM,
ecu JIIOObIe NTBA 3JIEMEHTA B HEM CBs3aHbL. HambOIbIINA 10 BKITIOUEHUIO CBSI3HBIA IOJIIO-
JIUTOH TIOJINTOHA gA Ha3BIBAETCS KOMNOHENMOU ceég3nocmu nomurona sA. Kowepysnyued
momroHa g A Ha3BIBAETCS OTHOIIICHIE SKBUBAJIEHTHOCTY HA MHOXKECTBE A yCTONYINBOE OTHO-
CUTEJIBHO MEeWCTBUS 3JIEMEHTOB MOHOUIA. 3aMETHUM, YTO COBOKYITHOCTBH BCEX KOHTDYIHIIUI
nosurona g A o6pasyeT PEeeTKy OTHOCUTEIBHO OMEPAIIUN TEPECeUCHIS] U B3I TS HANMEHb-
1€l KOHTPYSHIIAN, COMEPKAIIECH MaHHBIE KOHI'DYDSHIIMN. Ty PeuieTky OymeM 0603HAUATH
Con(sA).

Kourpysamuio 6 nomurona gA Ha30BeM CK803HOU KOHePYIHYUel, €CIU CYIIeCTBYIOT
nonuronsl gB u gC, anementst by, by € B u ¢1,cy € C, Takue 4TO

SA = SB|—|507 <bl762> ¢ 97 <Cl762> ¢ 97 <b1,C1> € 97 <62762> €.

Teopema 1. Pewemrxa xouepysnyui Con(sA) noauzona A modysgprna mozda u
Moavko mo20a, k0204 6bINOAHANMCI CACIYIOULUE YCAOBUL:

1) 6 noauzone sA nem uembiper NONAPHO HENEPECEKAIOUULCA NOONOAUZOHOB;

2) pewemku KOH2PYIHUYUT, KOMNOHEHM CEAZHOCTU NOAU2OHA §A MOYAIPHBL;

3) 6 pewemre xonepysnyut Con(gsA) noaueona gA nem ck603HLIL KOH2PYIHUUT.

Teopema 2. Pewemxa wonepysnyuti Con(sA) noaueona sA ducmpubymuena moeda
U MOALKO M0o20a, K020a 6LINOARTIOMC CACOYOULUE YCAOBUL:

1) 8 noauzone gA nem mpexr nonapHo HENEPECEKANUULCT NOONOAU2OHOE;

2) pewemku KOH2PYIHYUT KOMNOHEHM CEAZHOCTIU NOAU2OHG A ducmpubymuenbl;

3) 6 pewemre xonepysnyut Con(gsA) noaueona gA nem ck603HLIL KOHPYIHUUT.
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O IIPMMHUTHUBHO CBJA3HBIX KJIaCCaX pPeryJjisipHbIX IIOJIMTOHOB

A. A. CTEIIAHOBA

B mammoit paboTe maeTcst HEKOTOPOe HEOOXOMIMMOE YCIIOBIE MPUMUTUBHOMN CBSI3aHHOCTU
AKCHOMATU3UPYEMOTO KJIACCA PETYIISIPHBIX S-TTOJUTOHOB.

Hanomuum mekoTopsie onpenernenus. Jlessim S-nomuronom gA (mmm, mpocto, S-momu-
TOHOM) HA3BIBAETCS MHOXKECTBO A, Ha KOTOPOM OIIPENeNIeHO HeNCTBUEe MOHOUAA S, MpUIeM
enuuuita S mencTByeT Ha A TOX)mectBenno. Eciu mis mo6oro a € A cymecTByeT roMOMOp-
busm ¢ : gSa — ¢S Takoii, uro @(a)a = a, TO S-mONUTOH g A HAZLIBAETCS PErYIISIPHBIM.
3amerum, YTO OOBEMUHEHNE BCEX PETYJISPHBIX MOMAIOJIUTOHOB S-TIOIUToHa g5 TaKXKe sBIIs-
eTCsI PEryJIsIPHBIM TOMMOIUTOHOM, KOTOPBIN 0003HAaUMM uepe3 gR. AxcmomMaTum3mpyembrit
KJIaCC ajre0p HA3bIBAETCS MPUMUTUBHO CBSI3aHHBIM, €CJIU TEOPUS TOTO KJIACCA TTPUMUATUBHO
CBsI3aHA.

B [1] npusemeno onucanue MOHOUIOB S, It KOTOPBIX KJIACC PETYJISPHBIX S-TIOJUTOHOB
akcmomaTusupyeMm. B [2] BBemeHO MOHsITHE NPUMUTHUBHO CBSI3HOU Teopuu. [IpuMuTuHBHO
CBSI3HBIE TEOPHUM S-TIOJIUTOHOB paccMOTpeHbl B [3]. B aToit paboTe mokaszaHo, 94TO KIacc BCeX
S-TIOTUTOHOB TPUMUTUBHO HOPMAJIEH TOTIA U TOJBKO TOra, KOrma S sBJIsleTCs T'PYIIIOn.
W3BecTHO Takke, 4TO [jIsd KOMMYTATUBHOIO MOHOUIA S, KJIACC PErYJISPHBIX S-TOJIUTOHOB
HAIlT KOTOPBIM AKCHOMATHU3UPYEM, STOT KJIACC SBISETCS MPUMUTUBHO CBS3HBIM B TOM U
TOJIBKO TOM CiIydae, Korma R — rpymnma.

Teopema. Ilycts ki1acc peryiasipHbIX S-TOIUTOHOB aKCHOMATHU3UPYEM U IIPUMUATUBHO
ces3an.  Torma momyrpymnma R SBseTcss mpsSMOYroJbHOU cBsi3kou rpymm fSf, rme f —
UOEMIIOTEHT MOIyrpynnsl R.
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O6 omHOM MHOrOoO6pa3uy KBAa3UTPYIIII C MOJTHOU CUCTEMOUN TOXKIECTB

JI. B. ITABYHUH

Cpenu muOrOOOpasuilt kBa3urpymni V', B KOTOPBIX MOJIOKUTEIBHO PEIIaeTCs mpobaeMa
PaBEHCTBa CJIOB MJIs BCEX KOHEYHO OIPEMEEeHHBIX KBAa3sUTPyNI w3 V', MOXKHO BBIOEIATH
MHOT000pa3usi, 0ob6/Iamaoue MOJTHBIMI CUCTEeMaMU TOXOECTB. K uwmciy momoOHBIX MHO-
roobpas3uii OTHOCUTCsI MHOrooOpasue V( BceX KBa3UTPYII, a Takxke Bce R-MHOTOOOpasms
KBAa3UT'PYIIII.

[TomeBIE cUCTEMBI TOXOECTB 3a0AI0T OTHOIIEHNE PEIYKIINU TEPMOB, yIOBIETBOPSIIOIIEE
YCIIOBUIO (JIOKAJILHOTO) CJIMSIHUS U KOHEYHON 3aBEPIIAEMOCTH, 1 MOT'YT OBITH IOy YEHBI U3
NCXOOHBIX CUCTEM IIPU IIOMOIIN aJrOPUTMa KHYTa—BeHJII/IK(Ia KpI/ITI/I‘IGCKOfI IIapHI. B MHOTI'O-
obpa3usax ajaredp, ompenenseMbIX KOHETHBIMU TOJTHBIMI CUCTEMaMU TOXKIIECTB, Pa3peImma
npobiieMa TOXKIECTBEHHBIX COOTHOIIIEHNU.

B [1] paccmarpuBaercs MHOr0OOpasme KBAa3UTPYMO Vi, OIpemesseMoe CUCTEMOU To-
XKIECTB X

(zy)/y =, (x/y)y = =, y\(yz) = =,
y(y\r) =, (z(yx))y = .
D10 MHOrooOpasme obamaer, Kak mokasaHo B [1], ciaemyonmmMu nByMs CBONCTBAMU:
1) cucrema Y 5KBUBaJIEHTHA KOHEUHON IMOJHOM cucTeMOl n3 15 ToxkmecTs Y1
2) s Kax IO KOHEYHO OMPEIEeSIEHHON KBa3UrPy el () 13 V] MOIOKUTEIHHO PEIIaeTCst
pobiieMa PaBEHCTBA CJIOB.
Teopewma 1. s mrob0i KOHEYHO ONIpenesIeHHON kBa3urpymsr () u3 Vy ee syiemeHTAp-
Has teopus Th(Q) paspemmma.
[Tycts Ky — kiacc Bcex KOHEUIHBIX rpadoB, K| — KJacc BCeX KOHEUHO OMPENeICHHBIX
KBa3urpymm u3 V7.
Teopema 2. Kmacc Ky oTHOCUTE/IFHO 3/IEMEHTAPHO ompeneuM B Kaacce K.
Canencreue 1. Osemenrapras teopus Th(K;) kmacca Ki HaciencTBeHHO Hepaspe-
IIIMa.
CnencrBue 2. Omemenrtapras teopus Th(Vy) mHOroobpasus Vi HacmencTBeHHO He-
pasperinma.
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K mpo6neme B. II. Benoycosa

A. X. TABAPOB

B.II.BemoycoeeiM B [1] mocTasiena 3amada: Kako6bl K6a3u2Pynnbl Ul AYNbl, 6 KO-
MOPYIT 8CE KOHSPYIHUUYU A8ATIOMCA HOpMmasvubimu? (IIpobaema 20, c.221). B komeunoi
KBA3UTPYIIE KaxkKaas KOHIPYSHINs HOpMasibHa. CyIIeCTBYIOT KIIACChl KBA3UTPYIIIL U JIYTl, B
KOTOPBIX KaxkK/1as KOHIPYSHIIUS HOPMaJIbHA, HanpuMmep J P-kBasurpynnsl, T'S-KBa3urpy bl
(B wactrocTu, kBasurpynns! [ reitnepa u C'H-xBasurpynmner). B.A. [lepbakosbiv B [2] Hail-
NEeHBbI HEOOXOMMMBIE U NOCTATOUYHLIE YCIOBUSA HOPMAJILHOCTH KOHTPYSHIIMKA KBA3UTPYIIILI B
TEPMUHAX MOATPYII MyIbTUIUIMKATUBHON TPYIINbI KBasupynnbl. B pabore [3] mokaszano,
YTO B JIMHENHON KBasurpymme (@), -): Ty = pr + ¢ + Yy, roe aBTOMOPGUIMBL © U Y
UMEOT KOHEUHBIE MOPSIKHU, BCSIKas KOHTPYSHIUS SBIIeTCS HOpMaibHOU. Ksasurpymma
(Q,-) HasbBaeTCs aunelinol caesa (cnpasa) Ham rpymmoit ((Q),+), ecim OHA WMEET BUI
xy = pr+c+ Py (xy = ax+c+1y), roe B (COOTBETCTBEHHO (v) - MOACTAHOBKA MHOXKECTBA
Q, ¢ € Aut(Q,+) (¢ € Aut(Q,+)). Jluneitmas cieBa U clpaBa KBa3uTPYIIa HA3LIBA-
eTcst aunelinot xkeazuepynnot [4]. B macrosmem mokmame mis kiacca KBasurpymn bosa,
M30TOMHBIX Tpynnam peiireHa mpobiema B.Il.Bemoycona.

Ksasurpynma (Q, -) Ha3biBaeTcs 4e60t (npasot) xeasuepynnotl HBoaa, eciu B Hell BbI-
nomnHsieTcs ToxkmectBo: x(y - xt) = RN -yx) -t ((tz-y)x =t- L;ml (zy - x)) mns mobbix
x,y,t € Q, rme re, = x, fpx =2, Lyx =axr, Ry,r = ra, mma Bcex a,x € Q. JleBas u
npasast KBasurpymna boma zaseiBaercs keasuepynnot Boaa [1].

Teopema. Crenmyroiue yTBepKICHUS 5KBUBAJICHTHEL:

1)(Q, ) - meBas (mpaBas) kBasurpynna Bosa, nzoronHas rpymie;

2)(Q, ) - mpaBas (mepas) muHeltHAS KBa3Urpymnna ¢ yciaosuem @2 = (% =¢).

Knace xBasurpynn Bosta, n3oTonuasix rpynmaM HazoBeM kitaccom BG-kgazuepynn.

CnencrBue 1. Jlrwbas BG-kBasurpymnmna sBISeTCS JUHEHHOH KBAa3UTDYIIIOH C yCJIO-
Buem @2 = 1)? = ¢.

CnencrBue 2. Bcesakas kourpysunus BG-kBa3surpymnmnel sSBISeTCS HOPMAJBLHOU KOH-
I'DYSHITHEN.
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prl’[l’IO]'/II[I:I C IIPUMMUTUBHO HOPMAJIBHBIMMA TE€OPpUAMMN

H. B. TPUKAIIIHASY

B [1] maerca xapakTepusanus abeseBbIX MOTYTPYIIN, KOHEIHBIX KBAZUTPYII U TPYTIIOU-
1oB ¢ equHMIeH. V3BeCTHO, YTO IPUMUTUBHO HOPMAJIbHBIE aireOphl, T.e. ajare0pbl, MOTHbIE
Teopur KOTOPBIX MPUMUTUBHO HOPMAaJTbHBI, abesieBbl. B manHOI paboTe OMUChIBAETCS CTPO-
eHMe TPUMUTUBHO HOPMAJILHBIX KBASUTPYIII U TPYIIOUIOB C eINHUIIEN.

Crnenyromme onpenernenust MoxkHO Haiitu B [2]. ITycrs A — anrebpa s3sika L. Popmysta
BUA

dxq ... Elxn(CI)() VANRAN q)k>,
roe ¢, (i < k) — atomapubie GOpMyIIbL s3bIKa L, Ha3bIBaeTCs TpuMUTUBHON. 11t hopmy bt
O(7,7) a3pika L u xopTexa a € A, ymHA KOTOPOTO COBNANAET C IJIMHOM KOPTEXa ¥, depes
®(A, @) obo3maumm muOKecTBO {b € A | A = ®(b,@)}. Anre6pa A Ha3EIBAETCS TPUMETHBHO
HOPMAJILHOM, €CJIH I JII0601 TpuMUTUBHON GopmMy sl (T, y) s3bika L u m06bIX KOpTeKel
@,b € A, IIMHBI KOTOPLIX COBNAMAET C IJIMHON KopTexa ¥, MHOKecTBa (A, @) m ®(A,D)
OO0 COBIANAIOT, INOO0 HE IIePeCceKaroTCsl.
[Iycts (A;-) — kBasurpynma, a € A. Beenem o6o3uauenus (cm. [3]):

Ry(x)=x-a, Ly(x)=a-z, v+y=R, (z) L;'(y).

glcno, uro R, (x) n L,(x) — mepecranosku MHOX)ecTBa A, (A; +) — KBa3sUIPyIIa ¢ HEHTPAIIb-
HBIM BJIEMEHTOM @ - @ U paBeHCTBa 7,(x) +a = R, 1(z), l,(x) + a = L, (z) onpenensior
[IePECTAHOBKY 7' (2) u [, (z) MHOXecTBa A.

Teopema 1. Ilycrs (A,-) — kBasurpymma, a € A. Kpasurpymnma (A,-) npuMuTuBHO
HOpMaJIbHa TOTZa U TOJBKO Torga, korga (A, +) — abemeBa rpymma U IEPeCTAHOBKH T4 ()
u l,(x) aBastorcs aBromopgusmamvu (A, +).

Teopema 2. I'pynmouz c enmuuneri (A;-) IPUMUTHBHO HOPMAaJIeH TOTAA U TOJIBKO
torga, korga (A,-) — abemeBa anrebpa u mys arbbix a,b € A ypaBHeHme a - © = b mmeer
petrerne B (A;-).
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Ideals in distributive posets

Ts. BATUEVA

Let (P, <) be a poset and let ¢ be an algebraic closure operator on P such that the
map p — ¢(p), p € P, is an order embedding of (P, <) into the lattice C(P, ¢) of ¢-closed
subsets of P. A subset I C P is an p-ideal, if I = I' N P for some I' € Id(C(P,¢)). Let
Id(P, ) denote the (complete algebraic) lattice of ¢-ideals of (P, <) ordered with respect to
inclusion. It is straightforward to see that I € Id(P, ) iff ¢(I) = I. An ideal I € Id(P, p)
is prime, if | N | y C I implies that either x € I or y € I for all z,y € P. The next
statement generalizes a classic result on distributive lattices and fixes a wrong statement
from [5].

Theorem 1. [1] Let (P, <) be a poset and let ¢ be an algebraic closure operator on P
such that the lattice 1d(P, ) is distributive. For any I € Id(P,¢) and any down-directed
subset D C P with I N D = &, there is a prime ideal Q € Id(P,¢) such that I C @ and
Q N D = @. In particular, any -ideal of (P, <) is an intersection of prime ideals.

Let n > 0, let (P,<) be a poset, and let ¢ be an algebraic closure operator on P.
The poset (P, <) is n-normal with respect to p, if any prime ideal in Id(P, ¢) contains at
most n minimal prime ideals. For n > 0, an ideal I € Id(P, ) is called n-prime, if for all
xg,...,Tn € P,z € I for some k < n whenever | x;N | x; C I for all ¢ < j < n. Therefore,
prime ideals are just 1-prime ideals.

We put O(Q) = J{z | z € P\Q}. The following theorem has been proved for lattices
in [3, Theorem 3.4]. A similar statement has been also proved for finite posets in [4,
Theorem 2.5].

Theorem 2. [1] Let (P, <) be a meet semilattice with zero and let ¢ be an algebraic
closure operator on P such that the lattice Id(P, ) is distributive. The following conditions
are equivalent for a fixed n > 0:

(1) (P, <) is n-normal with respect to ;

(2) Qo V...V Q, = P for any distinct minimal prime ideals Qq, . .., @, of P;
(3) O(Q) is an n-prime ideal for any prime ideal Q) € Id(P, ¢);

rxo V...Vx, = or any xg, ..., Tn € P such that x; Nx; =0 for all 1 < 7 < n.
4) xg + =P f P such th ;=0foralli<j
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Some corollaries of the extended criterion for bunarity

B. SH. KULPESHOV

Let L be a countable first-order language. Everywhere in this paper we consider L-
structures and assume that L contains a binary relation symbol < that is interpreted as
a linear ordering in these structures. A complete theory T is binary if any formula is
equivalent to a boolean combination of formulas in at most two free variables. A subset A
of M is convez if for any a,b € A and ¢ € M whenever a < ¢ < b we have ¢ € A.

This paper concerns the notion of weak o-minimality originally studied by D. Mac-
pherson, D. Marker and C. Steinhorn in [1]. A weakly o-minimal structure is a linearly
ordered structure M = (M,=,<,...) such that any definable (with parameters) subset of
M is a finite union of convex sets in M. Real closed fields with a proper convex valuation
ring provide an important example of weakly o-minimal structures.

Let T be a weakly o-minimal theory, M be a sufficiently saturated model of T, and let
¢(x) be an arbitrary M-definable formula with one free variable.

The convexity rank of the formula ¢(x) (RC(¢(x))) is defined as follows:
1) RC(¢(x)) > 1 if ¢(M) is infinite.
2) RC(¢(x)) > av+ 1 if there is a parametrically definable equivalence relation E(z,y) such
that there are b;, 7 € w which satisfy the following:
e For every i, j € w, whenever ¢ # j then M = —E(b;, b;)
e Foreveryicw RC(E(xz,b;))> «and E(M,b;) is a convex subset of ¢(M)

Let p € S1(A) be non-algebraic. We say p is binary over A if for every n < w and for
every by < by < ... <by, by <by <...<b, €p(M)such that tp((b;,b;)/A) = tp((b;,b’;)/A)
for all 1 < i < j < n we have tp(b/A) = tp(b'/A). If p € S;(0) is non-algebraic and p is
binary over (), we say p is binary.

The following theorem is an extended criterion for binarity of Ng—categorical weakly
o-minimal theories.

Theorem [2]| Let T' be an Wy—categorical weakly o-minimal theory. Then the following
conditions are equivalent:

(1) T is binary

(2) T has finite convexity rank

(3) Every non-algebraic type p € S1(() is binary.

Here we discuss some corollaries of the criterion for binarity.
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Hyperalternative Semigroups

Yu. M. MovsisyaNn, T. A. HAKOBYAN
Let us recall that hyperidentities are the second order formulae of the following type:

VXl,...,XmVCL’l,...,CL’n (wl :CUQ), (*)
where wy and ws are the words (terms) in the alphabet of the functional variables X, ..., X,
and the objective variables x1,...,x,. However, the hyperidentities are usually presented

without universal quantifiers, i.e. w3 = ws. A hyperidentity wi = ws is said to be satisfied
in an algebra (Q; %) if the equality remains true when any functional variable X; is replaced
by any operation of the same arity from 3 and any objective variable z; is replaced by any
element of @ [1].

Let Q(:) be a semigroup. The following function is called a binary polynomial (term
function) of the given semigroup Q(+):

flz,y) =27"25% ... 20",
where n € N, €1,¢9,...,64, €N, 21,20,...,2, € {z,y} and z; # z;11.
The set of all binary polynomials of the given semigroup Q(-) is denoted by QZQJ ol

We say that in the semigroup Q(-) the hyperidentity (x) is polynomially satisfied, if in

the binary algebra (Q, Qfml> this hyperidentity is satisfied. In paper [2] it is proved that

the class of semigroups polynomially satisfying the hyperidentity of associativity
X(z,X(y,2)) = X(X(2,y),2)

forms a finite—base variety (and a base containing about 1000 identities is presented there).
In paper [3] the base of this variety containing four identities is presented (also see [4,
5, 6]). In this talk we present a more general result, namely we characterize semigroups
polynomially satisfying one of the following hyperidentities of alternativity:

X(z, X(z,2)) = X(X(z,2), 2),

X(z, X(y,y)) = X(X(2,9),y).
Such semigroups are called hyperalternative (or superalternative).
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Faithful representation and equational theory of regular algebras and their
projection lattices

M. V. SEMENOVA

This work is joint with Christian Herrmann, Micheale Susan Roddy, and Martin Ziegler.

The talk is intended to present some structural results on existence varieties of (von
Neumann) regular algebras and their projection lattices. Among these results are a Birkhoff-
type theorem as well as some decidability results.

M. V. Semenova was supported by the Presidential Grant Council of Russian Federa-
tion, Doctors of Sciences Support grant no. MD-2587.2010.1 and Scientific Schools Support
grant no. NSh-3669.2010.1, by the Jozef Mianowski Fund and the Fund for Polish Science.
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A reduction theorem for prevarieties

M. SEMENOVA, A. ZAMOJSKA-DZIENIO

An abstract class of algebraic systems of a given signature is a (finitary) prevariety, if it
is closed under taking substructures and (finite) Cartesian products. A finitary prevariety
consisting of finite members of some class is called a pseudo-quasivariety.

V. A. Gorbunov proved a so-called reduction theorem for pseudo-quasivarieties. More
specifically, he has proved that the prevariety lattice of any pseudo-quasivariety of a signa-
ture with finitely many relation symbols is an inverse limit of finite lower bounded lattices.
In this talk, we provide a more general setting for that reduction theorem proving it for pre-
varieties and finitary prevarieties without putting any restriction on signature. Gorbunov’s
reduction theorem follows then as a corollary.

We prove that the lattice of subprevarieties of a prevariety is isomorphic to an inverse
limit of complete subsemilattice lattices of semilattices endowed with a distributive binary
relation, while the lattice of finitary subprevarieties of a finitary prevariety is isomorphic to
an inverse limit of subsemilattice lattices of semilattices endowed with a distributive binary
relation.
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On Morley ranks of theories with limit models over types

S. V. SUDOPLATOV

Recall [1] (originally [2, 3]) that a countable model 9t of a (complete) theory T is limit
(over a type p € S(T)) if it is not prime over tuples and 9 = |J M(a,), where (M(ay,))new

new
is an elementary chain of prime models over tuples a,, (and M = p(a,)), n € w.

Theorem. If a theory 1" has a limit model over a type then, for the theory T, its
Morley rank is infinite, MR (z ~ z) > w.

The estimation in Theorem is exact: theories of free directed pseudoplanes with ordered
colorings [1] (originally [4, 5]) as well as their w-stable modifications [6] with limit models
over types have the Morley rank w.

For the proof of Theorem we use

Proposition. Let p(Z) be a complete type of small theory T. The following conditions
are equivalent:

(1) there exists a limit model over p;

(2) the isolating relation I, on a set of realizations of p in a (any) model M = T,
realizing p, is non-symmetric;

(3) the semi-isolating relation SI,, on a set of realizations of p in a (any) model M =T,
realizing p, is non-symmetric and, in this case, there exist realizations @ and b of p in O
such that the type tp(b/a) is principal and b doesn’t semi-isolate @.

The work is supported by RFBR grant No. 09-01-00336-a, and by the Council for
Grants (under RF President) and State Aid of Fundamental Science Schools via project
NSh-3669.2010.1.
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HeTpI/IBI/IaJ'II)HOCTI: OJIsI S9KCIIOHEHIINAJIBHOT'O BpeMEHN 1N ci1abast CBOIUMOCTD

K. Amboc-IIInuc, T. 1. BAKUBAEB

O6b19HO, YTOOBI MOKA3aTh, UYTO MHOXKECTBO HE BBIUMCINMO 38 ITOJIMHOMHUAILHOE BPEMs, TIO-
Ka3bIBAIOT, YTO OHO IOJIHOE WU CJIOXKHOE IS KJjlacca, COMEPKAIIEro HEBBIYUCINMBIE 33
nmoImHOMUAIbHOE BpeMs 3amaun. B 1995 romy JlroTm mpensmoxwni HeKoTOpoe 0600IIeHME
JIAHHOTO TTOAIXOMa, IPEICTABUB HOBYIO, CIa0YIO MOTHOTY, KOTOPas BCE €Ille TMTOKA3bIBaeT He-
BBIYUCIUMOCTD 38 MOJMHOMUAJIBHOE BpeMsi. B To Bpems kak MHOXecTBO A HasbIBaeTCs
cimoxuBIM i knacca C, eciu Bce MHOXKecTBa u3 kiacca C cBOOATCS KO MHOXKeCTBY A,
JIroTI mpemIoXmia Ha3bBaTh MHOXKECTBO A €1ab0 CIIOXKHBIM, €C/IN 3HAYNTEIbHAs YaCTh
kiacca C cBogurcs ko MuHOX)ecTBYy A. Eciu, x Tomy xe, A € C, ToO MHOXECTBO Ha3BIBAETCS
cabo momEeIM. Il SKCIOHEHIMATBHOTO Kitacca caoxuoctn E = DTIME(2!") JToTm dop-
MaJIN30BaJI 3Ty UIIEI0, TPEICTABUB HEKOTOPYIO MEPY IJIs 3TOT0 KJjlacca, U Ha3BaJI MOIKJIACC
E mesmauunTenbHBIM, €ciii Mepa 3TOT0 Hmoakiacca B F paBHa HYyITIO.

Mg penicTaBiisieM U UCCIeIyeM HOBOE TIOHSITHE Ci1aboil MOTHOTHI, KOTOPOE Ha3hIBAETCS
HETPUBUAIIBLHOCTBIO. DTO MOHATHE SIBIISIETCsS 0000IIeHneM citaboil TMOJTHOTHL 10 JIoTIty, u
B TO K€ BpEeMs HAMHOTO IIPOIIE I MOHuMaHusI. Kpome TOro, HETPUBUAIBHOCTH MOXKET
OLITH PACCMOTPEHA KaK caMoe 00OOIIIeHHOe MOHITUE cIaboit mOMHOTHL njis E.

B mamnOM mokiame MbI IPENCTABIISIEM HETPUBUAIBHOCTH OTHOCUTEILHO CITA00W CBOMU-
moctu (tt,k-tt,b-tt,T").

Tetideavbepackut ynusepcumem, Ietideavbepe, I'epmanusg; KazHY um. aav-Papabu, Aamamo, Kazax-

cman
E-mail: timurbakibayev@gmail. com
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O koHCTpyKTUBH3UPYeMOCTH GysieBoil ajnre6ps! B(w) ¢ BbIAEIEHHBIM
aBTOMOPPU3IMOM

H. A. BAXKEHOB, P. P. TYXBATYJUINHA

HManuas paboTa ABIAETCA TPOMOIKeHneM paboThl [1], B KOTOPO OBIIO HAYATO UCCIIENOBA-
HIIEe aBTOYCTONUNBOCTU Oyi1eBoil anre6per B (w), 060raieH o aBTOMOPHOU3MOM.

[IycTs A* = (A, ) — cuernHas GyseBa anrebpa ¢ BblIeIeHHBIM aBTOMOpdu3MoM. [lox-
MHOxkKeCTBO B HocuTens 2 6yneM Ha3bIBATH aTOMHOH OPOUTOMH, €CIIU CYIIeCTBYeT b, sBIIs-
orteecst aromoM A, takoe, uto B = {p"(b),o "(b) | n € w}. Xapakrepom A* Gymem
HA3BIBATH CJIEMYIOIIee MHOXKECTBO:

X)) = [, k) | n, k>0 &

3>k HOMAPHO Pa3IMYHBIX ATOMHBIX OpOUT MorHoCcTH 1 B 2A™ }.

IIpenmoxenne. Ilycte B* = (B, ) u € = (€ 1) — GyneBsr aarebpsl ¢ BBLIE-
JIEHHBIME aBTOMOpdusMamu, Takue, 9ro B = € = B(w), B* comepxur [ 6ECKOHEUHBIX
aToMHBIX opbuT, €* comepxkutT vy 6eCKOHEUHBIX aTOMHBIX opbur. Torma B* = €* Torma u
To/IBKO TOorga, korga X(B*) = x(€*) u = ~.

Teopema. Ilycts B* = (B, ) — OyneBa amrebpa ¢ BBILETEHHBIM aBTOMOD()U3MOM,
takas, 4ro B = B(w). Torma B* mmeer BbIYHCIHMOE NPENCTABICHHE TOTHA U TOJBKO
TOraa, KOrAa BBIIOJHEHO OMHO U3 CJAEHYIOIINX yCAOBUIL:

(1) x(*B*) — romeuHOE MHOXKECTBO,
(2) cymecrByer Beraumcaumas GyHrnus f:w X w — w \ {0}, rakas, gro:
(a) (Va)(f(z,0)=1),
(b) (Vz)(Vs)(f(x,s) memar f(x,s+1)),
(¢) mms moboro x cymecrsyer limg f(x, s),
(d) (vn)(Ix(B*) N ({n} x w)| = {a [ limg f(z, s) = n}).

Muoxectso K C (w )\ {0})? 6ymem HasbBaTh XapakTepoM, ecim s moberx n u k > 0,
u3 toro, uro (n,k+ 1) € K, cnenyer To, uro (n,k) € K. Oupenenum ciemyroiime KiIacchl
MHOXKECTB:

X = {K Cw?| K — xapakTep},
X. ={K € X | cymecrByer Bbruuciumas OyiieBa anrebpa ¢ BbIIEIEHHBIM
aBToMOpdu3MoM B = (B, ), Takas, aro B = B(w) u x(B*) = K}.
Cnencrsue.
(1) X, c XNxy,
(2) X.NX¥=XnxY,
(3) mms mroboii He B.1. m—crenenn a, aN (X \ X,.) # I,
(4) mns mo6oit X9 m-crenenu a, a N X, # 2.

Pa6ora Bummonuena npu nonnep:xkke Cosera no rpartam IIpesunenta P® (mpoext HIII-

3606.2010.1) u PODPU (rpant 11-01-00236).
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CrexTpbl IpenejbHO MOHOTOHHOCTHU Eg-MﬂomeCTB

. I. Kanumyinud, M. X. ®ANZPAXMAHOB

IMokmam MOCBAIIEH U3yYEeHUIO KJIACCOB THIOPUHIOBBIX CTEIEHE, OTHOCATEIBLHO KOTOPBIX
IpeelbHO MOHOTOHHO 3a[JaHHOE Y.9-MHOXKECTBO. Takme KIIacChl HA3BIBAIOTCS CIIEKTPAMU
IpeIeIbHO MOHOTOHHOCTH. Y CTAHOBJICHO, YTO HETPUBHUAILHEIC CIIEKTPLI HE MOTYT COIep-
xaThb HemycThx [1V-kmaccos. Takxke MOKa3aHO, UTO KaXKIBIA TAKOW CHEKTD CONEPKUT BCe
G H,-crenennu, a nMeHHO, Takue ThOpuHroBble crenenn h, uro (0’ Uh) = h', u comepxur
HEKOTOPYIO HU3KYIO CTeleHb. KpoMe TOro, MojIydeHo TMOTHOE ONMCAHNE MHOKECTB, CIIEK TP
KOTOPBIX NUMEIOT HANMEHBIINI CKAYOK.

Kazanckut, (Ilpusoascerut) gedepasvrviti ynusepcumem, Kazanb
FE-mail: marat.faizrahmanov@ksu.ru
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O cTemneHsAX aBTOMAaTHBIX NMPeo6pa30BaHUM k—IIOJIHBIX ITOCJIEIOBATEIILHOCTEN

H. H. KOPHEEBA

Bynem paccmarpuBaTh 6€CKOHEUHBIE TOCIEOOBATEILHOCTH HA KOHEYHBIM aihaBUTOM X..
[MocenoBaTeILHOCTL & HasbiBaeTcs mosHou [1], ecmu mus mo6oro k € N kaxnbrii 6510k
IUINHBI k U3 CHMBOJIOB aJiaBUTa X, BCTPEYAETCS B IOC/IEOOBATEILHOCTH X. BbramciammMast
IIOCJIEIOBATEILHOCTh & Ha3bIBaeTCs dPOEKTUBHO IOTHOMN, €CIN KaXKIbIH OJIOK MJINHBI k 13
CUMBOJIOB ajipaBUTa . BCTPEUAECTCS B MTOCTEIOBATEILHOCTH & HA HAYATHHOM OTPE3Ke JIJTUHBI
f(k) mns mexkoropoit Berancimmoit dyukmuu f (f @ N — N).

IIycts ¢ : X* — X* — mekotopslii MopdusMm. IlocimenoBaTebHOCTD, MOTYUYCHHYO 13
[IOJTHOM TTOCJIEOBATENBHOCTH € MOMOIIBIO k—paBHOMepHOro Mopdusma [3], 6ymem Ha3bIBATH
k—mommaont. OueBMOHO, UTO KaXmasi k—IIOJTHAsI MTOCIeNOBATEILHOCTD SBJISIETCS k1m—IIOTHOM
mitst mroboro m € N.

Crenenb aBTOMATHBIX MPeOOPA30BAHUN, COMEPKAIIYIO IMOHYIO MTOCIEHOBATEIHLHOCTD,
HasbiBaeTcs monHON [2]. Cremenb, comepkaIyo k—IIONHYIO MOCIIENOBATEILHOCTD, HA30-
BeM k-mosHoui. [lpum ompeneseHunm cTemneHell aBTOMATHBIX TPEOOPA30BAHUN MCIIOIB3YETCS
CBOAMMOCTb, OIpeesisieMast IPU MOMOII KOHEUYHBIX aBToMaToB Mumu (cm. [1]).

CropaBenyiuBel CIIemyIOIne CBORCTBA OJist jro6oro k > 1:

1) Ham Kaxmoit k—IOHON CTENeHbIO CYIIECTBYET MOJIHAS CTEIEHb;

2) mom Kax oIl MOJTHOM CTEMEeHbIO CYIIeCTBYET K—IOIHAS CTElleHb, KOTOPAas He SBIIETCS
n—nonaon (upu n # 0 (mod k)).

Teopema. Monamuueckas reopus MT (N, <, x) k—mosHOI mocaenoBaTeIbHOCTH T pas-
permMa Torna U TOJIBKO TOr[a, KOIAa T MOydaeTcs U3 3(GeKTUBHO IIOJTHOH IIOCTIENOBAa-
TeJIbHOCTHU TIPU MOMOIIN k—paBHOMEDHOTO MOP(pHU3MA.

Onpenenenuss MOHAIMYECKON TeOpUH GECKOHEYHON MOC/IENOBATEILHOCTI MOXKHO HANTH,
HanpuMmep, B [3].

Pabora BrmomHena npu ¢uHaHCcOBOU monnep:xkke Poccuiickoro donna dyHIaMeHTaTb-
HBIX nccnenoBanmil (mpoekT 10-01-00399-a).
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Ci10XHOCTB PacCIIO3HaBaHUs Teopuu KOHECUYHOI CUCTEMbI

. B. JIATKuH

Ha Masnbuesckux urenusx 2010 roma aBTopoM GbIIN AHOHCUPOBAHBI IBE TEOPEMBI (CM. Te-
3uckl Ha caiite http://math.nsc.ru/conference/malmeet/10/abstracts.pdf). Asrtop
BBIHYKIEH NIPU3HATH, UTO IEepBas U3 HUX CKOpPee BCEro He BEPHA B TAKOU CHILHOU GHOpPMY-
mupoBke (mist Besskoro k> 0), a BepHa jumiub npu k= 1, TO XKe caMoe MOXKHO CKa3aTb
7 O TOW YaCTU TeOpeMbl 2, rae GopMyaupyeTcss pe3yabTaT 00 OTHOCUTEIBHON CIIOKHOCTH
pacnosuaBanus Teopun 1Th(B) GyneBbix anre6p.

Tem HEe MeHee, Ta YaCTb TEOPEMHBI 2, B KOTOPOU IIPUBOAUTCS HIDKHSS OIlEHKa abCOITIOT-
HOIl CJIOXKHOCTH pacmo3HaBanus Tteopun Th(B) He TOIBLKO 0CTaéTCs B Cuile, HO U MOMKET
OBITH 06001ITIeHA MO CIIeAyIOIIen

Teopema. Ilycrs B curaarype anrebpamdeckoi cucreMbl 20 uMeeTcss CHMBOJI OTHOIIIE-
HUS 5KBUBAJEHTHOCTH (B YaCTHOCTH, 5TO MOXKET ObITH CUMBOJI DABEHCTBA), a caMa CUCTEMa
2l cocTouT M3 KOHEYHOIO YHUCJIa SJIEMEHTOB, M3 KOTOPBIX IO KPaWHEH Mepe OBA He SKBH-
BasleHTHEL. Torma, mis BCsSKOro Hamepérn 3amaHHOro € > (0 M moaxonmsier KOHCTAHTEL F,
3aBHCALLEH OT KOAUPOBKH mMeeM: (abcomrorHas) cioxHocts ACS(ThR) pacnoszaBarms
reopur Th(A) — me mensmre exp(2, E - |X|°) npn §=(3 +¢) L.

HpyruMu cioBamu, Ui BCSKON HeTePMUHMPOBAHHON MainuHbl Thiopunara P, permaio-
el 3amady o npuHamIexkHocT Gopmyi K Teopun Th(2l), cyiecrByer GeCKOHEUHO MHOTO
dopmyT ¢, Ha KoTOopeix P paGoraer He Mmemee, uem exp(2, F - |cp|’) maros, rme E —
KOHCTAHTAa, 3aBUCSIIAS OT KOOUPOBKK GOPMYJI U IPOrpPaMM MAallnH THIOPUHIA CHMBOIAMIE
pabouero andasura marmael P, cD — ko o6bexkTa D, a |D| — ero mauHa.

BKI'TY
E-mail: 1lativan@yandex.ru
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TeopeTuko-nopsinkoBas xapakTepusanus (0)-HenpepbIBHBIX QYHKIMA U UX
CBOIICTBA

A. A. JIanEnkun

B [1] 6bu10 mpemoxeno nousTue (6)-HenpepbIBHOCTH M1 (DYHKIWMIN, NEHCTBYIONMX Ha OU-
MTOJTHBIX YACTUYHO YIOPSMOYEHHBIX MHOXKecTBaxX. Vcmomnb3yst meTon MakeiiHa Moo THeHT st
YACTUYHO YIOPSIOUYEHHBIX MHOXKECTB IO IOJIHBIX PEIeTOK, MOKA3BIBAETCS, UTO TO IOHSI-
Tre (f)-HenpepbIBHOCTH MOXKHO CIIELYIONMM 06pa3oM PAaCIpOCTPAHUTE Ha KIIACC QyHKINUI,
MENCTBYIONINX HA MPOU3BOJIbHBIX YACTUYHO YIOPSIOYECHHBIX MHOXKeCTBax. [list Kaxkmoi
dyukmn f: Ag — Ap, rme Ag u Ay - 9aCTUYHO yHIOPSIIOYEHHBIE MHOXKECTBA, €CTECTBEHHBIM
obpazoM ormpenenseTcs OMHAPHOE OTHOIIIEHNTE f C Aypx Ay, Takoe, 94TO fC ?, rme Ay m Ay
SBITSIIOTCsE TonosiHeHusiMu Makwueiita Ag n A; cooTBeTCTBEHHO; TOTHa GYHKIUS f B TOM U
TOJILKO TOM Cilydae cumTaeTcs (0)-HempepsIBHOM, eCITH, BO-IEePBBIX, GHHAPHOE OTHOLICHHE |
ABJISETCS (QyHKIIMOHAIBHEIM 1, BO-BTODEIX, [ (6)-HempeprBHA Kak (GyHKIMS, NeACTBYIONIAS
113 TIOJIHOM pertteTkn Ay B MONHYIO perreTky Aj.

Hecmorps ma 1O, uTo mist dyukuuit Buna f: R — R norsrue (0)-HenpepbIBHOCTH SKBU-
BaJICHTHO OOBITHOMY TOHSITHUIO HEMEPBIBHOCTY (HYHKITUN B €BKJIUIOBON TOMOJIOTUHN, B OOIIIEM
Cilydyae HEeMOCPEINCTBEHHOE TIPUMEHEHNe TOHSITUs (f)-HempepeIBHOCTU GYHKIIMNA OKA3BIBACTCS
3aTPYIHUTENLHBIM aXe 71 yCTAHOBIIEHUs 6a30BBIX CBONCTB (0)-HeNpepbIBHBIX (YHKIIUIL.
st TOro, 9To6BI TPEOMOIETh STO MPEMSITCTBUE, CTPOUTCS TEOPETUKO-TIOPSIIKOBAs XapaK-
Tepusamys Kiacca Bcex (6)-HempepbIBHBIX (DYHKIMI € TOMOIIBI0 OPUTMHAIBLHOTO MTOHATHSI
KOHYyCa, MpemjaraeMoro aBTopoM. Wcmomb3ys 5Ty XapakTepusaluio, yIOaeTCs MTPOCTO 1
KOPOTKO YCTAHOBUTH CJIEAYIOIINE CBOUCTBA (f)-HEIpPepBIBHBIX (yHKITHIL:

- kacc Beex (0 )-HempepeIBHBIX (QYHKIUI 3aMKHYT OTHOCUTEJIHHO OMEPAIIUH KOMIIO3UIIUI
GyHKIUI;

- ecsir 6uHapHas pyukmus f: Agx Ay — A, rme Ay, A1 1 A - 9acTHYHO yIIOpsIOYEHHBIE
MHOXKecTBa, (0)-HempepbIBHA IO KaXIOMy HX CBOHX apryMEHTOB, TO OHa sisercs (0)-
HENIPEePBIBHON Kak (yHKIU, nericTBytomas n3 Agx A1 B A;

- O Kaxkmon moyHomn pemerku L “omepanma” ammmmxarmmm op: [L — L]gyxL —L,
rae [L — L)) - 9acTHYHO yHOpSOOYEHHOE MHOXKECTBO BCeX ({))-HempephIBHBIX yHAPHBIX
omepaumnii Ha L, sBisercs (0)-HenpepbIBHOIL

B saksrouerne oTMeTHM, UTO yKa3aHHbBIE CBOMCTBA (f)-HEIPEPBIBHBIX GyHKINI UTPAIOT
BaXKHYIO POJIb C TOYKM 3PEHUS 0OeCIevueHrnsT BO3MOXKHOCTY TpuUMeHeHns MeTona Koimanca
IUIST TIOCTPOEHNUST HETPUBUAJIBLHBIX MOJE/Iell HeTUNMM3NPOBAHHON Teopuu A Ha 6a3e MOHSTUS
(0)-mempepsIBHOCTH (DYHKIINN.

CIIUCOK JIUTEPATYPHI
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TeMaTHYecKrne MaIlnHbl u cucTeMbl, 4: 10-22; 2008.

Kuescruti Hayuonaavrovil yrusepcumem umeny Tapaca [lesuenxo, Kues (Yrkpauwna)
E-mail: foraal@mail.ru

105



Mausnsuesckme urerus 2011 Teopust BEIYUCINIMOCTH

I'nmaBHbIe HyMepanuu B uepapxuu EpiioBa

C. C. OcounueB, C. KO. IIoo3oproB

B pa6oTe paccMaTpUBAIOTCS BBIYUCIUMbBIC HYMEPAIUN CEMefcTB Y, |-MHOXKECTB, a — K-
HIEBCKOE O003HAUEHNEe KOHCTPYKTUBHOTO opaumHaia. l[locTpoeHbl pasnudHbie TpUMeEphI
KOHEUHBIX CeMeHCTB BBIUUCIUMO MePednCMbIX MHOYKECTB, OOIaIafoNmX TIaBHOH Y, -
BBIUUCIIIMON HyMeparuen. Takxe B paboTe aHOHCHPYETCS

Teopema. Ilycts F — cemeitcTBO AY-MHOKECTB U A HEKOTOPOTO HAIPABICHHOTO
BbIYICaIUMOro moxcemericta G C F BBIUUCINMO IMEPEUHCIUMBIX MHOXKECTB O0BEIUHEHTE
UG me npunanmexnr F. Torma mmsa mro6oit AY-BeramcaumMort Hymepamuu v ceMeiicTsa JF
CYILIECTBY€eT BBIYUCIUMAS HyMepanus (3 ceMerictBa G Takas, 4To [ &L .

Hosocubupcxuti I'ocydapcmeennbiti Ynusepcumem; Uncmumym Mamemamurxu CO PAH, Hosocubupck
E-mail: ospichev@gmail.com; podz@math.nsc.ru
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T'enepuuyeckas ciioxuocThb IlecaTou nmpobiiembr 'mian6epTa

A. H. PLIBAJIOB

Hecstas npobnema ['mimpbepTa B COBpeMEeHHOW (DOPMYIUPOBKE 3BYUUT CIELYIONINM OOpa-
30M: HAWTU aJITOPUTM, KOTOPBIA IO JIFOO0OMY OUOMDAHTOBOMY yPABHEHUIO OMPENEIIseT, pas3-
permmMo i OHO B 1esbix unciax. B 1970 romy FO.B.MatusceBud, ocHOBBIBasCh Ha paboTax
M. II»Buca, [x.Pobuncon u X.[laTHema, mokas3aj, ITO TAKOTO aJrOPUTMa HE CYIIIECTBYET.

A. Mscuaukos, . Kamosuu, B. [llynn u B. Hlnunspaitrom B 2003 romy mpemmoxuim
TeHEePUYIECKU TTOAXO0MA K aJrOPUTMIYECKM mpobiiemaM. B paMkax 3Toro moaxoma ajaroput-
MUIYecKas mpobiieMa PacCMaTPUBAETCS He [JIsl BCErO0 MHOXKECTBA BXOMOB (B Xy/IIIIEM CIIyJae),
a IIJIS MHOXKEeCTBA TOYTHU BCEX BXOIOB.

[IycTs I — MHOXKECTBO BCEX BXOMOB, & [, — MHOXKECTBO BXOZIOB pasmepa n. s moboro
monMHOXKecTBa S C [ onpenenuM CIeIyONIYIO TOCIEO0BATEILHOCTD

|S NI,
pu(8) = 2,
5V =1

Acwmmomuuecnmi NAOTMHOCTBIO S Ha30BEM CJIG,HYIOLHI/IfI npenest (GCJII/I OH CyH.IeCTByeT)
p(S) = lim pa(S).
n— oo

MuoxecTBo S HasbiBaeTCs 2enepuueckum, ecmu p(S) = 1 u cmpoeo 2enepuueckum, ecin
[OCIIEIOBATEIBLHOCTD Py, (S) SKCIOHEHIMAIBHO GLICTPO CXOMUTCA K 1, T.e. CYIIECTBYIOT
koucTaHThl 0 < 0 < 1 u C' > 0 rakue, uro 1 — p,,(S) < Co™ mis Beex n.

Jlro6oe mrodaHTOBO ypaBHEHHE MOXKHO HPENCTaBUThL B Bume P(z1,...,T,) = 0, rme
P — vuorOousneH ¢ nenbiMu KoadduimenTamMu. byneM mpencTaBiIsiTb MHOTOYJIEHBI € TTOMO-
IIIBI0 TAK HA3BIBAEMBIX apudmeTrmueckux cxeM. Apugpmemuueckas crema OT TEPEMEHHBIX
ZT1,...,Ty COCTOUT M3 KOHEYHOT'O YHUCIIA IIPOMEXYTOUHBIX IMEPEMEHHBIX Tyyil,-- -, Lmtn
U [PUCBAUBAHUI (ONHO NPUCBAWBAHUE [JI KAaXION MIPOMEXKYTOUHOU IEPEMEHHON) BUIA
xr; = x; *x T, voe j,k < i umx € {+,—, x}, mubo Buma x; = x; + 1 wm z; = x; — 1, roe
j < 1. llepemennsie x1, ..., T, HA3BIBAIOTCI BXOIHBIMU ITEPEMEHHBIMU CXEMBbI, a TMOCJICIHSIS
MIPOMEXYTOUYHAsI TTepEeMEHHAasT — BBIXOMHON MEPEMEHHON cXeMbl. Pa3mep cXeMbl — 5TO Un-
cio mpucBamBaHuil. JIrob6ast Takas cxeMa eCTEeCTBEHHBIM 0OpPa30M MPENCTABIISIET MHOTOYJIEH
OT BXOOHBIX IIEePEMEHHBIX, 1, Ha0OOPOT, JII000M MHOTOYJIEH C IeJIbIMI KO3(hUImeHTaMu
MOKHO 33/1aTh MOIXOIAIICH apudMeTUIECKON cXeMOoi. bymeM oToXnecTBIsATh: TuohaHTOBO
ypasaerue P(zy,...,%,;,) = 0 ¢ upeacrasieHneM MHOTOWIEHA P ¢ MOMOIIBIO HEKOTOPOIL
apudMeTUIeCKOU CXEMBI.

Teopema. He cymiecTByeT pa3pelInMoro CTporo reHepUiecKOro MHOXKECTBa MUO(aH-
TOBBIX ypaBHEHHH, Ha KoTopoM llecstas nmpobmema I'unbbepra paspernnMa.

=1,2,3,...

Omcrutl puavan Ancmumyma Mamemamuru CO PAH, Omck
E-mail: alexander.rybalov@gmail . com

107



Mausnsuesckme urerus 2011 Teopust BEIYUCINIMOCTH

wW=-B.II. CJTy‘IEifIHI:Ie ,Z[efICTBI/ITEJ'IBHI:Ie qunucJia

P. P. ®dATTAXOB

Omaum u3 Hauboslee M3YUYEHHBIX MOHATUN CIYyYalHON MOCIeNOBATEILHOCTH, B YACTHOCTH,
CILyYAHOTO MEeMCTBUTENBLHONO YHCIa (II.9.), SBIISETCA CaydaiHocTh 1o Maprun-JIédy.
Takke TOAPOOGHO U3yYa UCh CBOWCTBA . 9., YIAOBIETBOPSIOIMX GOJIee CUIBLHBIM OIpeIe-
JeHUSAM ciydaiHocTH — ciaabo 2-ciywaiiHocTu u ciydaiinoctu mo Jemyty. B [1] mamo
OIpeJieIeHre M M3YYeHbl CBONCTBA PA3HOCTHOW CIIYYAMHOCTU, KOTOPOE TO3BOJISIET OIpere-
JUTH COOCTBEHHBIN MOMKJIACC CIIydailHbiX 10 Maprtun-JIédy . u., apisgiomieecs Takxke Hemo-
CPEICTBEHHBIM PACIIMPEHUEM KITACCOB C/1ab0 2-CIIydaiibix U CilydaiHbix mo emyTy uuncert.
CooTrBeTcTBYyIOIIIE OIPEAeIcHNs U 0003HAYCHNST MOXKHO HaiTH B [1].

B ompenenenun TecTOB I PA3HOCTHON CIIyYAHOCTU BMECTO B. II. MHOXKECTB KOHEUHBIX
OUHAPHBIX CTPOK UCIOJB3YIOTCS 2-B.II. MHOXKecTBa. Ilpm o6o6IeHnr Ha Ciydail n-B.II.
TecToB (n > 2) OKa3bIBAETCS, YTO [I.Y., YIOBIETBOPSIOIINE BCEM 2-B.I. TECTAM, TAK¥Ke
MPOXOMAT BCE N-B. . TECTHL

B marmeit paGore 1o aHamoruu ¢ [1] onmpenensoTces w-B.I. TECTHI U BBIICHIETCS COOTHO-
IIIeHNe BO3HUKAIOIIIErO KJIacCa w-B.II. CIIyYalHBIX YUCENI ¢ KJIACCOM CIIydaiHbix mo HemyTy
uncesn. Tecrom IlemyTa HazeiBaeTcs mocaenoBaTembHOCTb { Wi ficw, Toe f — w-B.11. QyHK-
st 1 A([Wp(y] ) < 27° monst moGoro 4.

Omnpenenenne. Ilycrs {R;}jc, — HyMepamus BceX w-B.II. MHOXKECTB U3 [2]. w-
B.IL TECTOM HA30BeM IIOCIENOBATEIBHOCTH {Viticw, rme Vi = [Ry;)]™ (3mece Ryy — w-
B.II. Oecripe(uKCHOE MHOXKECTBO KOHEYHBIX OMHAPHBIX CTPOK, [ — BbIUUCIAMAS (HYyHKIUA),
AV, < 27" qg Beex i.

IleiicrBurensaOe ynciao A € 2% — w-B.II.  CAYyYaWHO, €CJIM 1A JIFOOOro W-B.II. TeCTa
{Vitiew A &N V5.

O603naunM yepes w R MHOXECTBO BCEX W-B.II. CIIyYallHBLIX I.4., 8 TaKXKe IpuMeM 060-
suauenne u3 (1], rme wepes Dif fR u Demuth 0603HAUEHBI MHOXKECTBA BCEX PA3HOCTHO-
CIIyUallHBIX U CIIyYallHbIX 110 JleMyTy dumcesn, COOTBETCTBEHHO.

Teopema. Jlrobomy recty Ilemyra {Wy(;) }icw coorBercTByer w-B.a. TecT {Vi}icw
raxod, aro [Wy |~ = V; ama moboro i.

CnencrBue 1. JIro6oe w-B.1I. CJIydamHOe YUCIIO SBIAETCS CIIyYaliHBIM 110 IlemyTy, T. €.
BepHO caenyroiee Bkiaodernne w R C Demuth. Bepro nu o6paTHOe BKIIIOUEHHE OCTAETCSI
OTKPBITBIM BOIIPOCOM.

CnencrBue 2. wR # Dif fR.

CnencrBue 3. TroopuHroBas CTemeHb OO0 wW-B.I. CJIYYAHHOTO HEHICTBUTEIBLHOTO
qrcia ABIIeTCd 000OIIeHHO HU3KOIL.

CIUCOK JINTEPATYPHI
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The theory of lists and »-definability

A. A. GAVRYUSHKINA

In the classical first order logic, domains of structures are not necessarily ordered. But
the order property is quite usual for objects in Computer Science. In 1985 S.S. Goncharov,
Yu. L. Ershov, and D.I. Sviridenko suggested a theory of lists. They considered two-sorted
structures (lists algebras) consisting of a basic set S and a set of lists Ig (lists are ordered
collections of elements from SUIg) with natural relations and operations such as membership
relation, head and tail operations etc., and provided a minimal set of axioms which are
needed to construct a computability theory over such structures.

In the recent work of A. A. Malyh and A. V. Mantsivoda, the lists theory was successfully
used for logical formalization of iterators which are classical objects of Computer Science.
However, the lists theory has not been widely developed and it needs to be more investigated
for further work in this direction.

Here we present some research in this area. In particular, we have proved that recur-
sively definable functions are -definable in the lists algebras.

Irkutsk State University, Irkutsk (Russia)
E-mail: gavryushkina@gmail.com
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On Boolean algebras of w-regular languages

A. S. KoNnovAaLov, V. L. SELIVANOV

Boolean algebras (BA’s) are of principal importance for several branches of logic and com-
putation theory. Accordingly, characterization of naturally arising BA’s attracts attention
of many researchers (several examples may be found in [2, 3, 4, 1]).

In automata theory, people consider many classes of languages which form BA’s. In this
work we characterize some of these BA’s up to isomorphism. If B is a BA and « an ordinal,
let F,(B) be the a-th iterated Frechet ideal of B [1], B(®) = B/F,(B) and B’ = B("). For
a finite alphabet ¥, let Ry (resp. Ayx) denote the BA of all w-regular (resp. all w-regular
aperiodic) languages over ¥.. A typical result of this paper looks as follows:

Theorem. 1. For any ¥ with at least two symbols, Ry, is an atomic BA such that Rf,
is a countably infinite atomless BA.

2. For any alphabet ¥ with at least two symbols, Fy(Ax) C Fi(Ax) C -+, A(Zn) is an

atomic BA for each n < «, and A(Ew) is a countable atomless BA.

From well-known facts [1] it follows that assertions 1 — 2 characterize the corresponding
BA’s up to isomorphism.

The analogous results for regular languages were obtained earlier in collaboration with
V. L. Selivanov [5].
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Positive numberings in the Ershov hierarchy

M. MUSTAFA

There are families of c. e. sets which have computable positive numberings but not Fried-
berg numberings [1],[2] as well as families which have minimal numberings but no positive
numberings [3]. There are also many structural conditions for a family of c. e. sets to have
computable positive numbering.

Question 17 of [4] asks whether, for any n > 1, families of ¥ 1 sets with positive
numberings have also decidable numberings. We show in fact that this is not so for every
level (finite or infinite) of the Ershov hierarchy, so at each level of the Ershov hierarchy
there are infinite families without Friedberg numberings, but with positive numberings.
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Degree spectra and conservative extensions of abstract structures

A. A. Soskova, I. N. Soskov, S. V. VATEV

The degree spectrum of an abstract structure is a measure of its complexity. We
consider a relation between abstract structures 2l and B, possibly with different signatures
and || C |98, called conservative extension. We give a characterization of this relation in
terms of definability by computable ¥, formulae on these structures. We show that this
relation provides a finer complexity measure than the one given by degree spectra. As an
application, we receive that the n-th jump of a structure and its Marker’s extension are
conservative extensions of the original structure. We present a jump inversion theorem for
abstract structures. We prove that for every natural numbers n and k and each complex
enough structure 2, there is a structure B, such that the definable by computable 3,
formulae sets on 2 are exactly the definable by computable ¥ formulae on ‘B.

Supported by BNSF Grant No. D002-258/18.12.08.
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Complexity for probability logic with quantifiers over propositions

S. O. SPERANSKI

We generalize the standard language for reasoning about probabilities proposed in [1] by
allowing meta-variables in propositions under the probability sign together with quantifiers
bounding these variables. Since, for a fixed probability structure (cf. [1] for the definition),
each propositional formula can be viewed as a Bernulli random variable, our treatment may
be interpreted as quantification over such entities.

Let Prop and X be infinite computable collections of propositional symbols and param-
eters (or variables), respectively. Assume the logical connectives are A and —. Propositional
formulas are introduced in the usual way. Analogously parametric propositional formulas
are built up from Prop U X using logical connectives.

Let us denote by QPL the generalized language that we’ll be interested in. The
notion of QPL-term is defined by induction: (1) for a parametric propositional formula
¢, the expression p(p) is a QPL-term; (2) if f(x1,...,x,) is a polynomial with rational
coefficients and t1, ..., t, are QPL-terms, then the expression f (¢1,...,t,) is a QPL-term.
For any two QPL-terms t; and to, t; < to is a QPL-atom. Next the set of QPL-formulas
is the smallest set Forgp, containing all QP L-atoms, subject to the constraint: if & and ¥
are in Forop, and « is in X, then =®, & A U, Vo ® and Ja ® are in Forgps. The related
notions (e.g., V- and 3-formulas) are introduced by analogy with the well-known definitions
for the first-order logic.

The semantics of quantifier-free QP L-sentences is provided in [1]. It can be easily
extended to all QPL-sentences if we treat quantifiers V and 3 (semantically) as infinite
conjunctions and disjunctions ranging over all propositional formulas.

Notice, the validity problem for quantifier-free QP L-sentences is known to be decidable
[1]. However, our first theorem establishes, in particular, the undecidability of the validity
problem for the JV-fragment of QPL.

Theorem 1. The validity problem for 3V-sentences in QPL is undecidable, though it is
decidable for VY3-sentences in QPL.

Moreover, the complexity for the general validity problem is not arithmetical.

Theorem 2. The validity problem for QP L-sentences is H:ll—complete.
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Functions limitwise monotonic relative the Kleene’s system of ordinal
notations

M. V. ZuBkov, A. N. FROLOV

Let O be a set of constructive ordinals and let O be a Kleene’s system of ordinal
notations.

Definition. A function F' : w — O is called X-limitwise monotonic relative the
Kleene’s system of ordinal notations O if there is X-computable function f :w X w — w
such that

— for all x € w there is finite limit lim f(x, s);

X S§—> 00
- lim |f(z, o = F(a);

— (Vs ew)[f(z, s) <o flz, s+ 1)].

Previous definition expanded the class of limitwise monotonic functions.

Let Sy and F, = FE are successors and block relations on a linear order £. Let a > 0 be
an ordinal. If a = B+ 1, then F*(x, y) < Fz/ps([x]z/ps, Y] rpe), there [T] 2 ps, [yl pe
are factorclasses of x and y by Fg If v is limit ordinal then F*(z, y) < (38 < o)[F?(z, v)].

The following theorem generalized theorem proved in [1].

Theorem. Let L be a linear order such that L= %" (E(q)* + 14 G(q)) there E, G :
qeQ
QO — O and let be U an unary predicate marked elements of liner orders which corresponds

identity element in the following formula »_ (E(q)* + 14 G(q)). Also, we suppose that
qeQ
functions E and G bounded by a constructive ordinal . The following conditions are

equivalents:

1) £ has AY copy with AY relations Sz and Fi (8 < ) and predicate U is AY.

2) L has AY copy with AY relations Fg (8 < «), and predicate U is AY.

3) Functions E and G are ()-limitwise monotonic relative the Kleene’s system of ordinal
notations;

4) E(q) = liminf|e(q, s)|o, G(q) = liminf|g(q,s)|o for all ¢ € Q and computable

§—00 §—00

functions e, g : Q X W — w.

5) L has a computable copy with Fg € I (B < a) and computable predicate U.
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H]'/IJ'II)-paI[I/IKaJ'IbI KoJIelg :-)H,Z[OMOp(I)I/I3MOB BIIOJIHE PA3JIOKMMBIX abeJjieBBIX T'pYIIII

A. B. BYIAHOB

B Teopun xomner sumoMopdu3MoB abeIeBbIX TPYIIT U3YUa0TCsI COOTHOIIEHUS] MEXKIY CBOM-
CTBaMU TAHHOW abesIeBOY I'PYIIILI U CBONCTBAMU €€ KOJIbIa s3HIoMopdu3MoB. [Ipn nzyuennn
CTPOEHUsI KOJIbIIa SHIOMOPGU3MOB T'DYHIILI, 00JIaIaIoniell NaHHbIM HAaOOPOM CBOWUCTB, BO3-
HUKAeT 3a/ada OMUCAHUS €r0 PAMUKAJIOB, MPEXKIE BCETO €r0 HUIb-PANNKAIa U PAIUKAIIA
I:xxekobcona. IIpobmemy ommcanmst smeMeHTOB m3 panukasia J[:KekoOGcoHa KOabIa 3HOO-
MOPGU3MOB TpuMapHOi abeneBoil rpymmsl noctasui [upe [4]. Pamukan IxexoGcona u
HIWIb-PAIUKAII KOJIell SHIoMopdusMoB rpynn 6e3 kpydenus usydan Kpeutos [1].  O630p
Pe3yIbTaTOB, MOIYYEHHBIX B TAHHOM HAIIPABJIEHUN, CONEPXKUTCS B MOHOrpadun [2].

PesynbpraToM mpoBeneHHOTO MCCIEHOBAHUS SIBIISICTCS ONMUCAHNIE IEPBUYHOTO PAIUKATIA,
panukasia JleBUIIKOTO 1 HUIb-pagrKaIa KOIbla SHIOMOPGU3MOB BIOIHE PA3I0KUMON abe-
JIeBOU TPyInbl 6e3 KpydeHus. Perrennbie 3aqadu BXOOSAT B IpObIeMbl, cHOPMYIUPOBAHHBIE
B [3].

Beemem psin o6o3uauennit. Yepes t(A) Gymnem 0603HaAYATH TUI OLHOPOIHON I'PYIIILI 63
kpyuenust A. Ilycte G — Bnosme pasnoxumast abeseBa rpymma 6e3 kpydeHus. 3abukcu-
pyeM ee pa3/okKeHue B IPAMyIo cymmy rpymn paxra 1: G = @, ; A;. UssecTro, uTo B 3T0M
CUTyaIuu KoJbio sanoMopdusmoB E(G) rpynmst G n30MOPGHO KoIbily R BCeX CXOMSIIIMXCS
no cronbram I X I maTpur [a;;] ¢ smementamu «;; € Hom(A;, A;). O6osnauum v(R) MHO-
KECTBO TaKUX MATpHI & = [ay;] € R, aro ecmu t(A4;) = t(A4,), o a;; = 0 u cymecTByer
HATypaJbHOE UHCIO0 N = Nn(() TaKoe, YTO €CIU DJIEMEHTBI O, j,, Miyjys - - -y Oy j,, OTIIITHBI
or myms u t(A;) < t(Aj,), t(Ai,) < t(A),), . t(Ai, ) < t(Aj), To k < n. Cymmy Beex
HIIBIIOTEHTHBIX uaeastoB Konbia K obosnaunm No(K), P(K) — ero nepBudHbIl paguka,
L(K) — ero pamukasn Jlesuikoro u N (K) — ero uunb-panukain. OCHOBHBIM Pe3yiIbTaTOM
SIBIISIETCST CIIEMYIOIasi TeopeMa.

Teopema. Bo ssedennvir sviwe obosnauenusr v(R) = No(R) = P(R) = L(R) =
N(R).
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OﬁpaT]'/IMI:Ie QJIEMEHTHBI B KOJIbITaX BbIYE€TOB KBaApPAaTHUYHBIX moJiemn

A. C. KPuBOBA

B [1] 6bu1a mokaszaHa BaXKHOCTH U3yUeHUs] OOPATUMBIX 3JIEMEHTOB KOJIEI[ BBIYETOB KOJIEI]
EeJIBIX TOMIOJEN KPYTOBBIX TOJel (3TU MOMAIIOJISI HA3BIBAIOTCS TaKXkKe a0eIeBBIMU TOJISIMIN ).
Baxknefimm KiaccoM TakKUX TOJEN SBIMIOTCS KBAOPATUYHBIE IIOJIs, Ui KOTOPBIX B [2]
HaNIeHBI YKCIIOHEHTHI MYJIbTUINIMKATUBHBIX T'PYIIT KOJIEIl BEIUETOB KOJICII IEIbIX.

B nmamnO# paboTe MpOMOIKEHO U3ydeHne OOpATUMOCTH DJIEMEHTOB KOJIEI BHIUETOB II0
IPOCTOMY HATYPAIBLHOMY MOIYJIIO KOJIEIl IEeJIbIX KBAIAPATUUIHBIX mojein. OTMmerum, UTO B
cwity pe3yabTaToB u3 [1] 5To mosBosgeT nomyyaeT nHGOPMAINIO 06 06PATUMOCTHI SJIEMEHTOB
KOJIEI] BBIYETOB TI0 JTI0O0MY HATYPATbHOMY MOIYJTIO.

Teopema 1. Ilycrs p, ¢ — npoctsie yuciaa. Obosaaunm A = I /q*] — KombI0 BEIYETOB
kosbna I mo momysmo ¢%, roe I — KOJIBIIO HEIBIX KBAAPATHYHOIO MOJISA Q(\/ﬁ)

Torma

(1) Ecmm p = q, TO KOAMIECTBO 06PATUMBIX 3JIEMEHTOB = > — q** 1,

(2) Ecmm (%) = 1, To KOIMIeCTBO 06PATHUMEIX 3JeMEHTOB = > — 2¢2*~ 1 4 ¢?*—2.

(3) Ecin (%) = —1, To KOJIMYeCTBO O6PATHMBIX 3JIEMEHTOB = 2% — ¢** 2.
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HaCJ'IeI[CTBEHHO YHUCThbIe aCcConmaTUBHbIE KOMMYTAaTMUBHBIE anreﬁpm Hamqo
JedJeKNMHIOBbIMNM KOJIbIIaMMN

JI. M. MAPTBLIHOB

Nsyuaercs BBemennoe B [l| mOHATHE WMCTOTHI IS ACCONMATUBHBIX aire6p. Ilpusemem
HeoOXonuMmble onpenesenus. Ilycts R — mpoum3BoibHOE HEMeKWHOOBO KOIbIO. Ilom mo-
nyneM OyeM TMOHUMATH JIEBBI YHUTAPHBIA R-MOmymnb, a mom aarebpoir — acCOIuaTuB-
Hyto R-anrebpy, mom mmeasoM ajreOpbl WM KOJbIlAa — MOBYCTOPOHHUN umeasa. bymnem
UCIIONIB30BAThL cllemyloiume obo3HaueHus:: L — pemreTka Bcex MHOroobpaswmit anrebp; P
— aroM pemetkun L; P — makcuMasbHBIA npeas Koibla R; Zp — anrebpa ¢ HyJIE€BBIM
YMHOXKEHIEM, MOJIyUeHHas U3 MomyJist R/ P 3amaHueM HyJIeBOrO YMHOXeHus; Zp = varZp;
Fp = R/P; Fp = varFp. Hanomuum, uro atomer permerkn L ucuepnbiBaroTcss MHOroo6pa-
3usMU Buna Zp miis jgwoboro P u Fp s Bcex P xomeunoro manekca B R . IlocpencTBoMm
P(A) obosuauaercs P—-sepbasn anre6psr A. [lomanre6pa S anre6psr A HassiBaeTcst wucmot,
ecmn P(S) = P(A) NS mna mo6oro P.  Anrebpa Ha3bIBAETCS HACACOCMEEHHO UUCTNOU
(HP—asnre6poit), eciu mobast ee monaarebpa sABIISETCS TUCTOI.

Anrebpy ¢ HyJIE€BBIM YMHOXKEHIEM HA30BEM 3.4eMERMAPHOT abeae60ti, eciu OHa JIubO HY-
JeBast, IubO SBJISETCS MPIMON cyMMoil ajarebp Buma Zp. Anrebpy A yclIoBUMCS HA3BIBATH
crenuaJIbHOM, eClIU OHa OO0 HyJieBas, 100 robas ee OMHOMOPOXKIEHHAS TooaIrebpa sBIIs-
eTCs TIPSMON CyMMOIT KOHEUHOrO umncia moseit Fy (1 = 1,2, ..., 8), SBISIONIXCS KOHEUHBIMU
PACIIPEHNSIMI COOTBETCTBEHHO IIPOCTHIX mojiedl Tuna Fp,, mpu stom Py, Ps, ..., Py — 1mo-
IIAPHO pPa3INYHbIe MAKCUMaJIbHbIE UIEAJTbl U BCIKUN pa3, Koraa uneaa P; mMeeT KOHEUHBIN
UHIEKC, CIpaBemyuB n3omopdusm F; = Fp, .

OCHOBHBIM Pe3yIbTATOM PabOTHI SBIIIETCS

Teopema. 1) Anrebpa, coBmagaroiias co CBOUM KBaapaToM, sBiasercs HP-amrebpor
TOorzma M TOJIBKO TOrga, KOIQa OHA CIEINAJIbHA.

2) Hunpanrebpa ssisercs HP-amarebpori Torna u TOJBKO TOrAa, KOTAa OHA €CTh HJie-
MeHTapHas abejeBa aareopa.

3) Kommyrarusras anrebpa ssisercs HP—anrebport Torna u TOJBKO TOrAa, KOTAAa OHA
ecTh IOpsMasi CyMMa 3JIEMEHTapHOH abesreBon aarebpsl U CIENuaaIbHOH aareOpEhl.
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O sHrumaHe cTpaHHOU cynepasre6ps: Jlu

B. A. CTykomnuda

XOpOIII0 U3BECTHO KAK BaxKHA 71 TIPUJIOKEHUIT B HDU3MKe KOHCTPYKIIUS THIMAHA U €r0 KBAH-
TOBOrO my0Oilst, Kak B Cilydae mpocThix anre6p Ju (cm. [1]), Tax u B ciiygae cymepasre6p
JIu (cm. [2]). 3mecs MBI paccMaTpuBaeM, Tak Ha3bIBAEMbIil, ’CKPYUeHHbIN” SHIUAH, KOTO-
PBIl BBOAMM KAK KBAHTOBAHWUE CKPYUEHHON ajreGpbl MOJIMHOMUAIBLHLIX TOKOB HA MPOCTOM
npumepe. VMeHHO, paccMaTpUBaeTCs SHTHMAH CTPaHHON cynepasiebpsl Jlu Tuma Q2 (cMm.
[3]).

[Iycts sl(n,n), kax obbruno, cymepasrebpa Jlu marpur pasmepa 2n X 2n ¢ Hyie-
BbIM CymepceienoM. Mbr 6ymeM MCIoIb30BaTh MHOXKECTBO Henbix uncen I = {—n,—n +
1,---,—=1,1,---,n} Bmecro {1,2,---2n} mis "Hymepauum CTPOK U CTOJOIOB MATPUIl U3
sl(n,n). Iycrs Takxke g = A(n—1,n—1) — cynepanre6pa Jlu, momyuaemas dhakTopusarmein
cynepairebpst sl(n,n) no mearpy. Paccmorpum aBroMopdusm 2-ro mopsmnka o g — g,
OIpEeNeIEHHBIN Ha MATPUIHBIX enuHnnax F;; = (8; ;)i jer (0;,; — cumson Kponekepa) dop-
mynoit: o(Eyj) = E_; _; (em. [3]). Ilycts ¢/ = Ker(o — (—1)7E), g = ¢g" @ g'. IIponomxum
asToMopdusM o mo apTomopdusma & : g((u™1)) — g((u™?)) mopamoBckEx psAMOB CO 3HATE-
HusME B g TIo dopmyte: o (- ul) = o(x)(—u)’. Paccmorpum ciremytortyio Tpoitky Maruma
(e [1], [3]) (B, Pr,Pa): (¥ = a((w )7, PB1 = g[u]”, P2 = (u'g([u"]])?). Onperne-
auM GmnmHeiHyo GopMmy < -, - > Ha P mo dopmyne: < f,g >= res(f(u),g(u))du, roe
res(>p_ . ar-u¥):=a_q, (-,-) — nuaBapuanTHas OummHeiiHas dopma B g. OmmireMm KBaH-
rToBaHue (medopmanumio B Kiaacce cymnepasre6p Xomda) (cm. [1], [3]) sToit Tpoiiku Manuna
B ciiygae n=2. OTMeTHUM, 9TO CIEMUAIIN3AINIO TIOJIyYAIOIErocs 00bEKTa B TOUKe OOIIEro
TIOJIOXKEHUST MBI HA3BIBAEM CKPYUEHHBIM SHIMAHOM, a & ero (hakTop IO IEHTPY eCTECTBEHHO
HA3BaTh SHIUAHOM CTPaHHON cynepasrebpur Jlu QQo. Cremyromas Teopema sABIISIETCS OCHOB-
HBIM PE3yJIbTATOM 3aMETKU.

Teopema 1. duruan Y (Q2) usomopden accormaTusHOll cynepanrebpe Xomda ¢ emu-
uureir Ham C, TOPOXKIEHHON 0OPa3yoImMu fzm, K, o, &5 m € Z,, ynoaeTsopsionmmM
CJIEMYIOIIEN CUCTEME OMPENESIAIONINX COOTHOIIEHMIA:

[ﬁma ﬁn] - 0; [kma ;Ln] - 0; ﬁm—kn - [$+ CE‘_];

m n
[, w5,) = (235, &) = kmyors [T, T opi1) = [x?mp@j‘,m] =0;
i1, 2] = [, o) + (e +ml )i e, &) = [ 250) + (ady’ +r%fhk>
[xk:+17xl | = [xk 7~Tz+1] + (xk; xl + @ mk) [km—Fval | =k mvml—i—Q] + (k mxz +xz km),

+ + + :t ~t &+ ~+ + ~+
[mk-i-l’xl | =[x}, l—|—1] + (mk xz + 2y ), [ka—i—l’xl ] — [ka—Dxl—q—Q] =0

Ora pabora BoInosHeHa npu nomaep:xkke PODOU, rpant 09-01-00671-a, a Takxe demne-
pasbHON 1esieBoll mporpaMMbl « Hayurbie 1 HaydHO- TTemarormvyeckue Kaapbl MHHOBAIIMOH-
Holt Poccums B pamkax meponpustust 1.2.2 (rockonrpakT HOMep 111116).
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IIpoekTUBHBIN IIEHTP U KOMMYTAHT abeJIeBbIX I'PYIIN

A. P. YExyoB
Bce rpynner npegnosnaratorcs abeneBbiMu. Hamomumm, uto ecnmm R — xombuo u a,b € R,
TO sneMeHT [a,b] = ab — ba HasbBaeTcs Kommymamopom diementos a u b; IdR = {w €

R|7? = m}. Hanee E(A) — xombro sumomopdusmos rpymmer A, a Pr(A) = Id (E(A)).
Ecmn A — p-rpymma, a € A n o(a) = p*, o e(a) = k.

IIpoexmusnvim yewmpom (Kparko, P-yewmpom) rpynmsl A Ha30BEM CIIEAYIOLIYIO ee
nonrpynny PZ(A) = {a € A|[{,n]a = 0 nnsa Beex £, € Pr(A)}. Homrpyumy P(A) =
([, ] Al p, 1 € Pr(A)) HazoBeM npoexmusnbim Kommymanmom (KpaTko, P-xommymarnmon)
rpymnmsr A.

Teopema. Ilycts A = B @ D, rae D = t(D) & Dy — HeHyseBas menumas 9acTb
rpymnsl A u B # 0. Torma P(A) coBuazaer ¢ O4HON U3 CJICAYIOIUX HOATDYIIIL:

1) eciim B — menmepmonmyeckas rpynna uau r(Dy) > 1, ro P(A) = P(B) & D;

2) ectm B — mepmonmdueckas rpymma u Dy = 0, to P(A) = P(B)® (@ D,) @

pell

(@ Dyfp™)), pre = {p € PIr(D,) > 1}, K = {p € PIr(Dy) = 1 B, # 0},
P
my, = sup{e(b)|b € B,};
3) eciim B — mepuonmueckas rpymna u r(Dy) = 1, o P(A) = P(B) @ t(D).
1. Eciiu A — meorpanunyennas cenapabenbHas p-rpynma, To PZ(A) =0u P(A) = A.
2. Ilycts A — cenapabenbHas rpynmna 6e3 kpyderns, (2(A) — MHOXeCTBO THUIIOB BCEX
ee psMBIX ciaaraeMerx panra 1. Torma PZ(A) = > A(t), rome C(A) — MHOXKeCTBO Bcex
teC(A)
rakux Tunos t € Q(A), aro r(A(t)) = 1, t.e. PZ(A) coBuamaeT ¢ CyMMOIl BCEX BIIOJIHE
MHBAPUAHTHBIX IIPAMBIX cilaraeMbix padra 1 rpymmet A. A P(A) coBnamaer ¢ cyMMOil Tex
OPSMBIX ciaraeMbix A; panra 1, 1y KOTOPBIX B JOIOIHUTEILHOM IIPAMOM CIIAraeMOM €CTh
npsiMoe craraeMoe panra 1 tuma < t(A4;).

Tomcrutll 2ocydapcmaeenmnviii yrnusepcumem, Tomck
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On embedding of dendriform algebras into Rota—Baxter algebras

V. Yu. GUBAREV, P. S. KOLESNIKOV

Rota—Baxter identity defining Rota—Baxter operator was introduced by Glen Baxter
in 1960 in fluctuation theory. By definition, a Rota—Baxter operator R of weight A on an
algebra A is a linear map on A such that

R(z)R(y) = R(zR(y) + R(x)y + AR(zy)), x,y € A,

where A is a scalar from the base field.

For the present time, numerous connections of Rota—Baxter operators with other
areas of mathematics are found. The latter include quantum field theory, Young—Baxter
equations, operads, Hopf algebras, number theory etc.

Dendriform dialgebras were defined by J.-L. Loday in 1999 in his study of algebraic
K-theory. Moreover they occur to be Koszul-dual to dialgebras. In 2001, J.-L. Loday
and M. Ronco introduced a generalization of dialgebras—trialgebras and dual to them
dendriform trialgebras.

M. Aguiar in 2000 [1] found that an associative algebra with a Rota—Baxter operator R
of weight zero relative to operations a < b = aR(b), a = b = R(a)b is a dendriform dialgebra.
In 2002, K. Ebrahimi-Fard generalized this fact to the case of Rota—Baxter algebras of
arbitrary weight, obtaining both dendriform dialgebra and dendriform trialgebra.

The natural question: Whether an arbitrary dendriform di- or trialgebra can be em-
bedded into its universal enveloping Rota—Baxter algebra was solved positively in 2007 by
K. Ebrahimi-Fard and L. Guo [2] for free dendriform algebras only.

To solve the problem for any dendriform dialgebra (or trialgebra), C. Bai, L. Guo
and K. Ni introduced in 2010 a notion of O-operators, a generalization of Rota—Baxter
operators, and proved that every dendriform di- or trialgebra can be explicitely obtained
from an algebra with an O-operator.

In 2010, Y. Chen and Q. Mo proved that any dendriform dialgebra over a field of
characteristic 0 can be embedded into an appropriate Rota—Baxter algebra of weight
zero [3] using the Grébner—Shirshov bases technique for Rota—Baxter algebras.

In a recent work [4] the results of Aguiar and Ebrahimi-Fard were extended to the case
of arbitrary operad of Rota—Baxter algebras and dendriform dialgebras and trialgebras.

In the present work, we solve the following problem. Given a binary operad Pyay
governing a variety Var of (2-algebras ({2 is a set of binary operations), we define what is a
di- or tri-Var-dendriform algebra and construct a Rota—Baxter (2-algebra from the variety
Var such that the initial dendriform di- or trialgebra embeds into this Rota—Baxter algebra
in the sense of Aguiar and Ebrahimi-Fard (for trialgebras, we demand A # 0).

The idea of this construction is the following. Suppose (A, <,>,-) is an (associative)
dendriform trialgebra. Then the direct sum of two isomorphic copies of A, the space
A =A@ A, endowed with a binary operation

axb=a<b+a-=b+a-b, axb=(a>b), dxb=(a=<b), dxxb=(a-b)

for a,b € A, is an associative algebra. Moreover, the map R(a’) = a, R(a) = —a is a
Rota—Baxter operator of weight 1 on A. The embedding of A into A is given by a — d’,
a € A
Theorem. A is a tri-Var-dendriform algebra if and only if A belongs to Var.
Corollary 1.[c.f.[3]] Every di-Var-dendriform algebra embeds into its universal en-
veloping Rota—Baxter Var-algebra of weight A = 0.
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Corollary 2. Every tri-Var-dendriform algebra embeds into its universal enveloping
Rota—Baxter Var-algebra of weight A # 0.

The work is supported by the Federal Target Grant “Scientific and educational staff of
innovation Russia” for 2009-2013 (contracts 02.740.11.5191, 02.740.11.0429, 14.740.11.0346).
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On connection of zero-divisor graphs of algebras

I. M. IsAEv, A. S. KUZMINA
Let R be a ®-algebra for some associative commutative ring ® with identity element.
The zero-divisor graph I'(R) of an algebra R is the graph whose vertices are all nonzero
zero-divisors of R, and two distinct vertices = and y are joined by an edge iff zy = 0 or
yxr = 0.

In [1], it was proved that the zero-divisor graph of any associative commutative ring
with identity is connected. In [2, 3], connection of the zero-divisor graph of an arbitrary
associative ring was shown.

In the present thesis, some results related to connection of zero-divisor graphs of algebras
have been proved.

Theorem 1. Let R be a ®-algebra such that (ab)c = 0 iff a(bc) = 0 for any a,b,c € R.
Then I'(R) is connected.

Corollary. The zero-divisor graph of an associative ring is connected.

Theorem 2. Let R be an alternative ®-algebra. Then I'(R) is connected.
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On finite basis property of T—ideals in a certain variety of right alternative
metabelian algebras.

A. Kuz’MIN

Let F be a field of characteristic char (F) # 2. An algebra A over F is called right
alternative metabelian if A satisfies the identities (z,y, z) = —(z, 2z,y), (xy)(zt) = 0, where
(z,y,2) = (zy)z — x(yz) is the associator of the elements x,y, z.

Recall that the variety 90t of algebras is said to have the Specht property (or to be
Spechtian) if each T—ideal of free M—algebra is finitely based.

The basic results concerning the Specht property problem for varieties of right alterna-
tive metabelian algebras can be found in references [1-5].

We consider the variety 9t of right alternative metabelian algebras over F satisfying
the identities (zoy)oz = 0, [(m, Yz, 1), t} = 0, where zoy = xy + yx and [z, y] = xy — yx are
the Jordan product and the commutator, respectively.

Let A be the free 9-algebra; f € A be a homogeneous polynomial of degree d; (f)T
be T—ideal generated by f. We denote by A (f) the minimal non-negative integer such that

(NHTN(A) A — 0 and put A (f) = oo if such an integer does not exist.

The main result of the paper is the following

Theorem. T-ideal (f1, fo,..., fn,-- .)T of free M—algebra is finitely based if and only
if there exists a number n such that A (f,) > 2.

The Theorem has a number of corollaries.

Let V be a subvariety of all algebras A € 21 such that for any natural n each n—generated
subalgebra of A is nilpotent of step not more than n + 2.

Corollary 1. The variety V is an almost Spechtian variety of topological rank 4.

Corollary 2. The variety V is the unique almost Spechtian subvariety of 9.

Corollary 3. The Grassmann Ml-algebra of rank 2 generates the infinitely based
subvariety of 9 defined by the following system of identities:

(.T, (y17 ey (yn—17 (?Jm%?h) 7yn—|—1) PRI 7y2n—1) ,.T) =0 (’I’L € N)
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On varieties of rings in which isomorphic zero-divisor graphs of finite rings
give isomorhic rings

A. S. KuzMmINA, YU. N. MALTSEV

The zero-divisor graph I'(R) of an associative ring R is the graph whose vertices are all
nonzero zero-divisors of R, and two distinct vertices x and y are joined by an edge iff
xy =0 or yzr =0 [1].

It is interesting the following problem: to describe all varieties of associative rings
such that for any finite rings R, S from them an isomorphism of I'(R) and I'(S) implies an
isomorphism of the rings R and S. In this thesis, we study such varieties.

Let T'(9) be an ideal of identities of a vatiety 9t. For a prime number p let Ny, be a
ring with p elements and with trivial multiplication.

Main results of this thesis are two following theorems.

Theorem 1. Let 9 be a variety of associative rings such that Z, € 9 for some prime
number p. If T'(R) 2 T'(S) implies R = S for any finite rings R, S € 9 then any subdirectly
irreducible finite ring A € 9 satisfies one of following conditions:

(1) A=7,;

(2) A is a nilpotent ring and ¢*>A = (0) for some prime number q.

Theorem 2. Let 9t be a variety of associative rings such that Zo € M. If I'(R) =2 T'(S)
implies R = S for any finite rings R,S € 91 then any subdirectly irreducible finite ring
A € M of order 2" (t > 0) satisfies one of following conditions:

(1) A= ZQ;

(2) A is a nilpotent commutative ring and 2z = 0, 22 = 0 for all x € A.

Theorem 3. Let MM be a variety of associative rings such that xzy + f(z,y) € T(IM)
where f(x,y) is a sum of monomials of degree > 3. Then I'(R) = I'(S) implies R = S for
any finite rings R, S € M if and only if M C var Ny, V ...V var Ng,, Vvar Z, where
P, P1, .., Ps are prime numbers and (p;,p) # (3,2) for i < s.
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Mausnsuesckme urerus 2011 Amrebpo-goruueckue MeTOIBI

O mpoBepke CBOGOAHOCTU KOHEUYHO MOPOKIEHHBIX IMOJIyT'PYHIII PEryJIPHbIX
SI3BIKOB

C. A. Aeoonun

PacemoTpuM KOHEUHO TOPOXKIEHHYIO MOTYTPYIITY PErYJIPHBIX S3BIKOB OTHOCUTETHHO KOH-
KaTeHalun. 3a0ada IIPOBEPKM CBOOOMHOCTH COCTOUT B OTBHLICKAHUN AJICOPUTMa, KOTOPLIN
10 3aaHHOMY KOHeuHOMy MHOXKecTBY E = {F1,..., F,} perysapHbIX sS3bIKOB OIIpEIeNser,
CYIIECTBYIOT JI MEXIy djieMeHTaMu K HeTpuBUAIbHBIE COOTHOIICHUS.

SI3p1k L Ha3BIBaeTCs npocmbim, eciiu ypaBuernue L = XY mMeeT TOIBKO TPUBUAIBHBIE
pelenns, K0dom, €ciii OH CBOOOMIHO IMOpOXkKmaeT moiayrpymnmny L*, u npedurcubim xodom,
€CclI OH He COMEePXKUT COOCTBEHHBIX HMpedUKCOB CBOUX CJIOB. M3BecTHO, UTO mpeduKcHBIE
KOIBI TIOPOXKIAIOT CBOOOMHYIO TOIYTPYIILY SI3BIKOB OTHOCUTEIBHO KOHKaTeHaluu. [I[pocTore
A3BIKT MOTYT yIIOBJICTBOPATH HETPUBUAILHEIM COOTHOIICHUSM, HarpuMep, {e+a?}{e+a} =
{e+a}3. IlBa Koma yHOBIETBOPSIOT HETPUBUATLHOMY COOTHOIICHUIO TOTIA U TOIBLKO TOT/IA,
KOrna OHM KOMMyTHpyIoT [2]. B cimyuae, xorma n = 1 3amaua m3BeTHa Kak c601Ucmeo
KoHeunotl cmeneny perysspHoro sspika [1]. B obiem ciiyuae Hem3BeCTHO, CyIIECTBYeT
U AJITOPUTM TPOBEPKHU TOTO, UTO 3aJaHHOE MHOXKECTBO SI3BIKOB MOPOXKIAET CBOOOIHYIO
mosIyrpynmy. B mokmame paccMaTpuUBAeTCs YACTHBIA CIIydail 3amadvn, KOTOa DJIeMEHTAMMI
MHOXKeCTBa E IBISIOTCS KOHEUHBIE S3BIKIL.
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E-CHG]’.I]’/I(I)]’/IKa]'_I]'/I]'/I peaJIbHOT'O BpeMeHH, peaJindyeMbi€e CMEIIIaHHBbIM
BbIYHNCJINTEJIEM

B. H. I'nymkoBA

Wcronbsyem mitst criennuKanun CUCTEM PeajbHOrO BPEMEHU TEOPUIO U3 MePapXU3upo-
BaHHBIX Ag— (opmyd [1] ¢ orpaHIYEHHBIMU KBAHTOPAME HAI CIIMCKAMME, 33IAHHBIMI TIPO-
u3BosbHON KC-rpamvatukoin G = (S, V, P). IlpaBuna u3 P uepapXusupyioT IPOCTPAHCTBO
OEeNCTBUN, WX COCTOSHUN W MMEIOT BUII:

S — {Act}t; Act — R, | | Ry Ry — Sty - St S, € V1 <i <k, 1<j<n.

3necs V — MHOXKECTBO HETEPMUHAJILHBIX CUMBOJIOB; RR;- MMeHa MeiicTBUil (IPeInKATOB CUT-
HaTypsl Teopun). [IpaBuna mys cocrosumit St onpenensoTes cruenudukoit R;, B HUX Beerna
BXOOuT "BpeMst’ t, KOTOpPOe MOXET IPUHUMATH NUCKPETHBIE 3HAUCHUS U3 MHOXKECTBA HATY-
PaILHBIX YNCesI Wi ~UHTepBajbHble” (<>) ¢ BKJIIOUEHIEM KOHIIOB cermeHTa. [lo mpasmiam
(G MOXHO TIOCTPOUTH T'pad 3aBUCUMOCTU IEACTBUN AHAJIOTUIHO rpadam, KOHCTPYUPYEMbBIM
npu Bepudukaruu cuctem meronoMm “model checking”. OcuoBy Teopun cocrassor AgT—
dopMy Bl BUIA:

(Vz1€t1) ... (Vem€tm) (Y1 < 21) ... (Yp < 2p)o(T, ) — (T, 1),

rae ¢ (¢) KOHBIOHKIMSI aTOMHBIX GOPMYJI BUOA p, T = To (r, [ = T) Win UX OTPULAHUIL;
p, T, f— npenukaTHble U HYHKINOHAIBHBIA CUMBOJIBL, T, T1, To— TEPMBL. 31€Chb Yj, z; € (Z,1),
1 < j < p; <, €= orHOmeHUA "jeBee” W MPUHAMICKHOCTU 3JEMEHTA, CIHCKY WX €ro
TPaH3UTUBHOE 3aMBIKAHUE.

B mpenmkatbl, 3aBucsIie OoT BpeMEHW, BXOOUT [OBa BUIIa BPEMEHU: MTUCKPETHOE N—
I1ar BBIYKCICHUs MO Tpady u ’peanabHOE” BpeMs - MJIUTEILHOCTH MEHCTBUS HA MAHHOM
mare BuIUKMC/IeHus. Ilpu orpaHmveHun Ha N MO AIUKIXIHON, HETEPOBOM, KOHMIIOEHTHON
TEOPUU MOYKHO TMOCTPOUTH MOJIEIb, B KOTOPOW MMOMYyCKAIOTCs TepMbl copTa ~Bpems . I[lpu
MOJIETMPOBAHUN TTAPAJIIEIBHBIX IIPOIIECCOB B CUCTEMAaX PEAJBHOIO BpeMeHH abCTparmpy-
IOTCSI OT OTHOCUTEIBHBIX CKOPOCTEN BBITOJIHEHUS IIPOIECCOB, MMOPTOMY € MEPEMEHHOU t He
BCET1a MOXKHO CBsI3aTh KOHKPETHOE 3HAUECHUE, B TAKUX CIIydasX BPeMs MPEICTABISIETCS TU-
MU3UPOBAHHON TepeMeHHON. [[0CKObKY B Teopuu pas3perraeTcs UCIOIb30BaTh BCTPOCHHBIE
apudMeTUIYeCKne OIMeparuy, TO JIOTHIECKUT MHTEPIPETATOP HOIKEH TOIMYyCKATh BBIYUCTIE-
HISI TPU HETIOJTHOCTBIO 3aJIlaHHBIX BXOMHBIX 3HAUYEHUSIX, KAK B KOHIIEIIINN CMEIIaHHBIX BbI-
qncieHnit. Ha mocTpoeHHON MOmenn 3a MOJTMHOMUAIBHOE BPEMSI MOXKHO MTPOBEPUTH JTO0YIO
AoT— dopmyny B orimume oT Gopmyn TCTL-moruk, mpoBepka KOTOPBIX OCHOBBIBAETCSI
Ha IIOCTPOEHUN BPEMEHHBIX PETMOHOB U 30H, UUCIIO KOTOPBIX PACTET 3KCIOHEHINAIIEHO OT
KOJIMIECTBA JACOB.
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BekTopHBII ajiropuTM 00yUYeHUsI HEMPOHHOU CeTU

B. II. Jospruuia, A. B. EPEMUH

HecmoTpss HA MHOXKECTBO MCCIEIOBAHUI ITOCBSIIEHHBIX pa3pabOTKe aIrOPUTMOB 00-
YUEHUS MHOT'OCJIOMHBIX HEWPOHHBIX ceTel, mpobiiema 3(PGeKTUBHOrO O0yUeHUs OCTaeTCs
aKTyaJIbHOU.

PaccmoTrpuM MHOTOCTONHYIO HEHPOHHYIO CETh MPSIMOTO PACIpPOCTPAHEHUs, Y KOTOPON
Ha, BBIXOIIe UMeeTcsl 6oJiee OTHOTO HepOHa. BBIXOMHOW CUTHAT TAaKOW CETU MOYXKHO PaCCMO-
TPeTh KaK HEKOTOPBIN BeKTOP. OuIubKy BBIXOMHOTO BEKTOPA B 9TOM CJIyvae MOXKHO pa3buTh
Ha [BE€ COCTABJILIONINE: OTKJIOHEHWE IIOJIYYEHHOI'O BEKTOpa OT KejJaeMOro pe3yiabTaTa Ha
HEKOTOPBIN YTOJI,a TaK XkKe OMMOKY OTJIMINS IJIMHBI OXKIIAeMOTr'0 U Oy I€EHHOT'O BBIXOIHBIX
BEKTOPOB.

[IpencraBnseMbIii HaMu TTOAXOM MPEAIIOAraeT KOPPEKTUPOBKY BECOBBIX KO3(durmeH-
TOB CETU HAIIPABJIEHHYIO Ha KOMIIJIEKCHYIO MUHUMU3AINIO OIINOKM BCET'0 BBIXOOHOI'O BEK-
Topa B nBa srana: (1) oTkiIoHeHwe no myuHe u (2) OTKIIOHEHUE 0 yrity. Popmybl Koppek-
TUPOBKHI BECOBBIX KO(POUIIMEHTOB II0 KaXKIOMY N3 5TAIlOB MOJJIYyYalOTCs IO MEeTONY T'palu-
€HTHOI'O CIIyCKa.

Kax mokazanu mpenBapuTenbHBbIE UCHBITAHUS, ONUCAHHBIA aJTOPUTM B Psle CIIyJaeB
naeT 6oJiee BBICOKME Pe3yIbTaThl CKOPOCTU CXOOUMOCTH IIpoliecca 00y UeHNs IO CPABHEHUIO C
AJITOPUTMOM OOpPATHOTO PAcCHpOCTpaHeHus OmuOKu. [ ucnobITanmii MCIOIb30BaIach MOJI-
HOCBSI3HASI CETb IPSIMOTO PACIPOCTPAHEHUs CUTHAJIA GUKCUPOBAHHON CTPYKTYPHI (3-6-6-3).
O6yuenne TpOBOAUIOCH OO MOMEHTA MOCTUXKEHUS KaXKIHIM U3 BBIXOIOB CETHU 3apaHee 3a-
naHHOU TOuHOCTHU. I[lepBOHAUATLHBIE 3HAUEHNST BECOBBIX KOX(DPUIIMEHTOB YCTAHABINBAINCH
B MaJtble 3HaUeHNsI. OnucanHas ceTh 00ydaIach aJrOPUTMOM 0OPATHOTO PACIPOCTPAHEHUS
OIMMOKN U aJTOPUTMOM, OTMEUYEHHBIM BBIIIE, Ha ONUHAKOBBIX HabOpax MaHHBIX. Pe3yib-
TaThl IPOBEPOK MOKA3aJIN, YTO BO MHOTUX TECTOBBIX CUTYAIUSIX PACCMOTPEHHBIN aJIrOPUTM
o0yJaeT ceTh 3a MeHbIIIee KOJIMIeCTBO UTePAInil.

Ananusupys S5KCrepuMeHTaIbHBIE PE3yIbTATHI IO KOJTUIECTBY UTEPAIII BHITOITHIEMBIX
U1 IDOCTMXKEHMS MOMEHTa HAaCTPOMKU BECOBBIX KO3(DOUIIMEHTOB € 3alaHHON TOYHOCTHIO,
ObLiTa 3aMedeHa OOJIbIIasl CKOPOCTH CXOOMMOCTH BEKTOPHOI'O ajITOPATMa B CPABHEHUH C aJl-
rOpUTMOM OOPATHOTO pACIpOCTpaHeHus OmmOKn. B 3aBuCMMOCTE OT BBIOPAHHOW CKOPOCTU
00yUIeHNsI pa3HUIA B CKOPOCTU CXOOUMOCTU MOXKET Pa3indaThCs OT HECKOJIBKUX IIPOIIEHTOB
10 HECKOJIBKUX NECSATKOB U HaXKe COTEH IPOIECHTOB.

TaxkmMm 0o6pazoM, MOXKHO cHejlaTh BBIBOI, UTO IIOJIyUYeHHBIE Pe3yIbTATHI CBUIOETETb-
CTBYIOT O I1€JIeCOOOPA3HOCTU HCHOJIB30BAHUS HAHHOTO aJIlOpUTMa OOyYeHUS HEWPOHHBINX
ceTell ¢ HeCKOIbKUMU BBIXOMHBIMU HEHPOHAMIU.

IO20-3anadnwiti 2cocydapmaeennviti ynusepcumem, Kypcex
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Libretto: s3bIk mporpaMMupoBaHMs KakK CPeACTBO JIOTUYECKOTO OO BEKTHOTO
MoOOeJINPOBAaHU A

A. A. Masbix, A. B. MAHIIUBOIA

Hamu paspabateiBaercs Libretto - si3pik, KOTOPBI OPUEHTUPOBAH HA JIOTUIECKOE O0b-
€KTHOEe MOJIEJIUPOBAHNE, CUCTEMA TUIOB KOTOPOTO MMEET JIOTUYECKYIO WHTEPIPETAINIO B
pamkax meckpunrussoil oruku OODL [1, 2]. Cam Libretto crpourcs Ha snemeHTax Crm-
COUHBIX HancTpoek B cmbiciie Teopun GES [3], 3a cyer uwero mpemncraBieHue CKaspHBIX
7 BEKTOPHBIX 3HAYEHUN SBIISIETCS OMHOPOMHBIM. IIpomemypHo 6a3oBoll KOHCTpPyKImen Li-
bretto sBrsiercs ureparop, paboraroiuii Ha cruckax. Libretto opuenTupoBan Ha mHTErpa-
o GOPMaAJIBLHOTO TPENCTABIECHNS W 00pabOTKM 3HAHUM CO CPEemO MacCOBOUW pa3paboTKu’
ITO. Libretto — s3pixk OOII, HO ¢ GoraTbiMu GYHKIIMOHAIBHBIMEI BO3MOXKHOCTsIMU. Libretto
BBICTPOEH KakK rubkas ¢hopMalibHasl CUCTEMAa, KOTOpas MOXKeT OBITH JIETKO aJalTUPOBAHA
IOl KOHKPETHBIE ITpeIMeTHBIE 00JIACTH U BBICTYIIATH KaK CPEICTBO Pa3pabOTKNU IIpeqMeTHO-
OPUEHTUPOBAHHBIX SI3BIKOB.

B Libretto ucnomb3yercss KOHIENIUs €OUHOTO OOBEKTHOTO MPOCTPAHCTBA W CHUCTEMA,
r;100aJTbHOTO MMEHOBAHUS, BHYTPHU KOTOPOW MOTYT CYIIECTBOBATH KOHKDETHBIE peaji3a-
K, oTobpaxKamolme OObEeKTH B PA3IMUHbIE CUCTEMBI (B JIOTWMYECKUE DJIEMEHTHI, B 0a3bl
TTAHHBIX, KOMIWINPOBATHCS B UCXOMHBIE KOOBI HA PA3INYHBIX S3BIKAX ITPOTPAMMUPOBAHUS
u r.1.). B Libretto 3amoxensr MexaHn3Mbl (HOPMUPOBAHUS PACIPENETIEHHBIX Cpel 06MeHa
O6mbmmoTekaMn m OOBEKTHBIMI MOIEIIMU. TakKe peaan30BaHa MOMOIEPXKKA TPAH3AKIINT, 1
AKTOPHOW MOMEIN MapaslIeTbHBIX BBIYNCIECHUN.

Hamu 6vuma paspaborana skcmepuMenTaiibHas Bepcust Libretto 0.9. Ha ee 6a3e cTpo-
WINCh MOIENIN 1Mo 03epy baiikani, dopMaan3oBaHHBIC CIEIUDUKAIINU, CUCTEMBI METAaOIN-
CaHUU MYJIbTUMEIUNHBIX PECYPCOB, MPUIOXKEHUS B BEO-ITPOTPAMMUPOBAHUN, TOTPYXKEHUE
permsinnonabix bIl m np. PaspabaTwiBaeTrcs crnemmbukanms m JIOTHYIECKas ceMaHTUKa Li-
bretto 1.0 (ma ocuose [3]) u cooTBeTCTBYONMIT KOMIMWIATOP. [IIaHUDYETCS UCIOMB30BAHTE
Libretto B xauecTBe mmaTdopmbl oIt 00IaYHBIX BeIUncaeHuin ypoas PaaS. 3a cuer DSL-
Bo3MoOxkHOCTeN Libretto mMoxeT OBITH UCIOSB30BAH KaK CPEICTBO Pa3pabOTKU MAacCIITabu-
PYEMBIX CUCTEM: ONUH U TOT YK€ UCXOMHBIA MPOTPAMMHBIN KOI MOXKET TPAHCIUPOBATHCS
KaK [UIs UCIOJIHeHUsI Ha CTOpoHe cepBepa (Hampumep, B JVM wmmm LLVM), Ttak u ms
UCIIOJTHEHMsI HA CTOPOHE KimeHTa (B JavaScript).
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OG6 o6111en1 sA3bIKe MMPOrpaMMUPOBAHUS OCHOBAHHON HA Teopuu 0603HAUYEHU

X. M. Pyxag, JI. M. Tusvya

Kak m3BeCTHO Teopus COKPAIAIONINX CUMBOJIOB U3JI0XkKeHHas B [1] maeT BO3MOXKHOCTH Cy-
IIIECTBEHHO IMOBLICUTDH JIOTUYECKYI0 CTPOrOCTH MATEMATUYECKUX TEKCTOB. A 5TO ABJISeTCs
HEOOXOMUMBIM yCIIOBAEM IS CO3MaHUS aBTOMATUIECKUX YCTPONCTB, OPUEHTUPOBAHHBIX Ha,
00paboTKy MaTeMaTndecKux TeKCTOB. Co3maHme TaKUX aBTOMATHYECKUX YCTPOUCTB SIBIIS-
eTCsI 9aCThIO NMPOBJIEMBI UCKYCCTBEHHOrO mHTeueKkTa [2]. Camo coboil HampammBaeTCst
cosmanme ObIIeil TeOPUK MPOU3BOAHBIX OMEPATOPOB (TEOPUIO COKPAIIIAIOIINX CUMBOJIOB) MIJIsI
SI3BIKOB TTPOTPAMMUPOBAHUS C TTOMOITIBIO Te€X K€ MEeTOJIOB, KOTOPbIE TPUMEHSIOTCS IS CO-
smanust Teopuu o6osnaueruit [3]. Cosmanue Taxkoil Teopuu Gyner o3HAYATH CO3MAHIE TAKOM
OOI1Iell TeOpU! S3BIKOB IPOTPAMMUPOBAHUS, B KOTOPOU OYAYyT MOKa3yeMbl OOIue 3aKOHBI,
YCTaHABIUBAIOIINE CBSI3b MEXKIY MAITUHHBIMUA S3BIKAMUA U SI3BIKAMU ITPOTrPAaMMUPOBAHUSI.
st mocTu:KeHuWsT yKa3aHHBIX Iiejiell Tpebyercs ciaenyioiree: M3yunTs Hamnbosiee BaXKHBIE
A3BIKU TIPOTPAMMUpPOBaHUs. V3yunTh cokparraoolime CUMBOIIBI (OMepATOPhI) DTHUX S3bIKOB
7 Ha OCHOBE OT'PDAHWYEHUS MPABWI X BBEIEHUS BBECTU PAIMOHAJBHOE MOHSTHUE COKPAIIlaio-
1ero cuMBosa(onepaTopa) s s3bIKOB IPOrPAMMUPOBAHES ¥ PA3BUTH TEOPUIO COKPAIIIAIO-
[[IIX CUMBOJIOB VISl ICKYCCTBEHHBIX S13BIKOB (IS SI3BIKOB IIporpaMMupoBasust). OT HOHATHS
COKPAIIAIOIIEro CUMBOJIa TpedyeTcs, YTOObI, C OMHOU CTOPOHBI, OHO OBIJIO HACTOJBKO 0O0-
UM, 9TO €ro 00BbeM comep:kajl ObI BCe OIepaTOPbI M3BECTHBIX MCKYCCTBEHHBIX SI3BIKOB, a
C IPYTrOi CTOPOHBI, YCJIOBUS OTPAHWYIMUBAIONINE TPABUJIA BBEOEHUS COKPAIIAIONINX CUMBO-
70B (OmepaTopoB sI3BIKOB IIPOrPAMMUPOBAHUS) OBLIN HACTOIBKO CHIIBHBIME, YTOOBI GBLIO
BO3MOXKHBIM YCTAHOBUTH T€ HYXKHBIE OOIIEe CBOWCTBA, KOTOPHIE MPUMEHSIOT TPOTrPaMMU-
CTHI TIpu cocTaBiieHnn mporpamm. CosmaHre Takow Teopun PaKTUIECKN O3HAUALT CO3MAHUE
o0I11ell Teopun MPOTPAMMUPOBAHUSI. DTO HACT MPOTPAMMUCTAM BO3MOXHOCTH COCTaBIISATH
HaJIeXKHbIE TTPOrPAMMBI, HE HYXKIAIOIIIECs B MPOBEPKE C TMOMOIIBIO OT/Iagku. Kpome Toro,
co3aHue TaKoW 00Ileil TeOpuu MIPOTrPaMMUPOBAHUS JacT BO3MOXKHOCTB BHIPAOOTATH PEKO-
MEHOAIIN O TOM, B KaKOM HAIIPABIEHUN MOJIXKHA PAa3BUBATHLCSI BBIUMCIUTEIbHAS TEXHUKA,
KakKmne aBTOMAaTUYeCKNe yCTPOUCTBA CJIEAyeT CO3MaBATh C MeIbio 00pabOTKM MaTeMaTude-
CKIX TEKCTOB, KAKIM CJIEIyeT ObITH MAIITMHHBIM SI3BIKAM U T.]I.
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O6 snmeMeHTapHBIX CBOMCTBAaX rurneprpapuyeckmx aBToMaTOB

E. B. XBOPOCTYXUHA

B macrosieir pa6oTe o runeprpaguueckuM aBTOMATOM MOHUMAETCsI MOJIyTPYIIIIOBOM aB-
Tomar 6e3 BeIxomHbIX curHasos (1] A = (X, S,0), MHOXKeCcTBO cocTosHU KoTOoporo X Ha-
IesIeHo Takol cTpykTypoit runeprpada [2] H = (X, L), 9o npu g1060M BXOIHOM CUTHAJIE
s € S dysrums mepexomoB g sABisgeTcs sHmoMopdusmoMm rumeprpada H. Hampumep,
st moboro rumeprpada H amrebpamueckas cuctema A = (H,EndH,d) ¢ dysxmuei
d(p,x) = p(x) (rme (p,z) € EndH x X) sBrisercst runeprpadguueckuM aBTOMATOM, KOTO-
pelit 0603HauaeTcss Atm(H ) 1 Ha3BIBAETCS YHUBEPCAIBHBIM TUIIEPTPAGIIECKAM ABTOMATOM.

luneprpad H = (X, L) HasbiBaeTcst 5bGEKTUBHBIM, eciiu JI06ast €ro BepIIMHA TPTHA-
JIEXKUT HEKOTOPOMY ero pebpy. s marypanbHOro uncia p runeprpad H OyneM Ha3bIBATH
runeprpadoM ¢ p-OmpeneIuMbIMI pedpaMu, eciii B KaKIOM pebpe 3Toro runeprpada Haii-
mercs Mo KpaiHeil mepe p + 1 BepmmHAa U, ¢ APYrOll CTOPOHBI, JIOOLIE P BEPIIUH 3TOTO
runeprpada npuHALIEKAT He 60jee, yeM omHOMYy ero pebpy. Hampumep, mpoekTuBHbIE
IJIOCKOCTU 1 adUHHBIE IIJIOCKOCTU C YUCJIOM TOUYeK 00jiee deThIpeX SIBIISIIOTCS d(PPeKTuB-
HBIME TuneprpadaMm ¢ 2-0IpeneTuMbIMA peOpaM.

Hanomunwm [3], uTo anrebpanueckue cuctemsl A, B GUKCUPOBAHHON CUTHATYPHI §) HA3LI-
BaIOTCsI JIEMEHTAPHO SKBUBAJIEHTHBIMIU, eCiu Kaxnas popmyita ® curuarypsr ), ncrunnas
Ha OMHOW W3 3aaHHBIX ajiredpamdyeckux §)-cucrteM, UCTUHHA U Ha IPYTOM.

C momortibio [4] ucciemyeTcs: B3anMOCBSI3b 5JIeMEHTAPHBIX CBONCTB YHUBEPCAJIbHBIX T~
neprpaduyeckux aBTOMATOB C 3JIEMEHTAPHBIMU CBOMCTBAMIU TIOIYTPYIII UX BXOIHBIX CHUT-
HAJIOB.

Teopema. Ilycts H, Hi — s3¢ppexTuBHbIE rureprpadsl ¢ p—OnpeneuMbIMu pebpaMu 1
Atm(H) = A, Atm(H,) = Ay — yHEBepcaibHbIe TUIEprpapuIecKue aBTOMATHI Hall TUIIED-
rpagavu H, Hy coorBercrBerno. Torma momyrpynmer Inp(A), Inp(A1) BXogHBIX curaaaoB
9TUX ABTOMATOB 3JIEMEHTAPHO SKBHUBAJEHTHBI B TOM U TOJIBKO TOM CJIyYae, €CJIH 5JIEMEH-
TapHO SKBHUBAJIEHTHBI aBTOMAaThl A m Aj.
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Anreﬁpantlec:[{ne MOOeJIn HEKOTOPLBLIX CHMHXPOHHBIX II€pEeKJIIoYaTeJIbHbIX CXEeM

A. 0. ddmua

2-Meprag nepexiouametbrad cTema — n’ Kpyaosblr m-no3utuoHHbIT TTepeKTodaTeset
B y3JIaX ITOCKOW peréTku n X n. [Ipu moBopoTe omHOTO mepekIodaTess TakK XKe IOBOpain-
BaIOTCsI BCE, PACIIOIIOXKEHHBIE C HIM B OHOW TOpU30HTA N 1 ogHOI BepTukanu. Cocmosnue
CXEeMbI — MATPUIIA COCTOSHUN BCEX €€ MepeKsIJaTeei. 3amada ynpasienusd Cremot: u3
TAHHOTO COCTOSHUS TOJIYYUTh HYXKXKHOE BO3HENCTBUIME Ha mepekiodarenn. Cxema ynpas-
ATEME, €CITU U3 JII0OOTO UCXOMHOTO COCTOSHUS MOYXKHO TOJIYIUTh J1000€e Tpebyemoe.

AHAIOTUYHO OTPEnessieTCs 3-MepHad CTema: M-TIO3UIMNOHHBIE KPYTOBBIE TIEPEKITI0aTe-
JIX PACTIONIATAIOTCS B y371aX KyOUIecKon peréTK n X n X n. CHHXPOHM3ANNs 0 BEPTUKAJIN,
TOPU3OHTAIN U (PPOHTAJIIN.

[Tpr xakmx COOTHOIIEHUSIX MEXIY M U N yYKa3aHHBbIE BBIIIE cXeMbl yrpasiseMbr! Kak
HANTU HYXHYIO IOCJIEIOBATEILHOCTh BO3MOEUCTBUN HA CXEMy OJIs MOJIyUeHus TpedbyeMoro
COCTOSIHUSI U3 UCXOIHOTO?

Teopema 1. 2-Mepnas cxema ympapiasgeMa T. U T.T., KOLa M B3aHMHO IPOCTO C
gyncaamu n— 1 u 2n — 1. 3-mepHas cxema ynpasiasgeMa T. U T.T., KOTga 1. > 2 I M B3aUMHO
npocto ¢ yucaamMu n — 2, n — 1 n 3n — 2.

9IBHOE OTBICKAHUE YIIPABISIONINX BO3OCHCTBUAN OCHOBAHO HA OOPAIIIEHNN JIMHEHHBIX OTIe-
pPaTOpPOB CIIENNAILHOTO BUIA.

s 2-meproit cxembl F'(X) = —X + UX + XU nma monyne Mat,[Z,,] kBagpaTHBIX
MaTPUIl TOPSIOKA N HAM KOJBIOM BBIYETOB Z,, rone U — matpuna u3 enuaun. s 3-
meproit cxeMbl F'(X) =V o X+ XoV — X xV —2X. 3mecs o u X — @ponmaavro-no-
CA0THOE U 8EPMUKAALHO-NLOCAOUHOE TIPON3BENEHNS KyOMIEeCKIX MaTPUIl COOTBETCTBEHHO, V'
— KyOmueckas maTpuna u3 equauil. OmnepaTop OENCTBYeT Ha MOMYJIe KyOMIECKUX MaTPUIL
HaO KOIBIOM Ziyy, .

Teopema 2 [2-MepHas cxema]. B ycrosuum ynpasnsemocts nmpu m = 2 F~1(X) =
F(x);mpum >2 F Y X)=(=1+n"+n") X+ (n +n" —n'n")F(X)—n'n"F?(X), rae n’
un' — obpatuere k n — 1 m 2n — 1 coorBeTCcTBEHHO B KOJIBIE ZM.

Teopema 3 [3-mepnas cxemal|. B ycmosmm ynpasmaemoctu F~1(X) = agX +
a1 F(X) + aaF*(X) + a3F3(X), roe xospduumeHTsl a; SBHO BEIUUCISIOTCA Yepe3 o0paT-
HBIe KN — 2, n — 1, 3n — 2, 2 B KOABIE Ly, .
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A formalization of the Codd’s relational algebra in logic SHOZN (D)

A. A. GAVRYUSHKINA, [.LA. KAZAKOV

A relational database format is one of the most popular data formats. There is a large
amount of information from various knowledge domains, which has been stored in databases.
The important issue is incorporating information from databases into knowledge manage-
ment systems. This problem is not trivial due to differences in basic formalisms. The most
popular method of solving this problem is a hybrid approach. However, this method is
overcomplicated and involves complex calculations, and this makes it practically insignif-
icant. There is the same problem in the theory of programming since the object-oriented
datatype systems of programming languages also do not work perfectly with relational
database models. The modern methods in the programming theory rely on embedding the
relational structures in more refined and developed object structures. I.A Kazakov and
A.V. Mantsivoda proposed the usage of object description logics as the formal structures,
in which the conception of a database could be logically formalized and embedded.

In this work we develop this idea and define the basic operations of the Codd’s relational
algebra on the object theories of databases.
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Axcuomarusanus D L-noruk, obsanatommx [ PD.

A. B. KAPIIEHKO

NuTepnonamumonnoe cBoiicTBO Kpeira B KIaCCMYECKON JIOTUKE UMEET PSIl SKBUBAJICHTHBIX
dbopmyupoBok.  IjIsi MOOAIBHBIX JIOTUK HaHHBIE (DOPMYJIUPOBKM CTAHOBATCS HE DKBU-
BAJICHTHLIMU, B 3TON CBsA3M CHOPMYIUPOBAHO HECKOJIBKO BAPUAHTOB MHTEPIOJISINOHHOTO
cBoricTBa. ChopMynupyem mHTEpecyIoIee HaC.

Jloruka L obmapgaer dedyxmusnbim UHMEPNOAIYUOHHbIM ce80oticmeom [PD, eciiu BBITION-
HEHO ycsoBue: 1yt obbix dopmyt A(p, q), B(p,r) us ycnosus A(p,q) Fr B(p,r) cienyer
cymectBoBanue dopmyinsl C(p), Takoit, auto A(p,q) Fr C(p) u C(p) k1 B(p,r).

B pa6ore [1] nokazana paspemmnmocts I PD nan morukoil Hepasenctsa D L.

Yepes V7" 0603HAUYNM KOHEUHYIO MONAJIBHYIO airebpy ¢ (n + m) aToMamu aq, ..., ay,
bi,..., by, TakuMHI, YTO I JIIOOOTO aTOMA X:

Oz = 1, x=a; nngwuekoroporo 1 <1 < n;
| @, x=0b; s Hekoroporo 1 < j < m.
Comocrasum kaxaomy siiementy x u3 AtV = {ay,...,an,b1,. .., by} HEpeMeHHYTO P, .

CaolicTBaMM, aHAJIOTMYHBIMEI CBONCTBAM XapaKTEPUCTUIECKUX (HOpPMYJI, obmamaoT (op-
Myt 6(V,"), onpeneneHHble CIeAYONmM 06pa3oM:

ry TEALV

& xe{m&g,an} Hopale xe{b&,bm} 20z ﬁpx))) - O)

Teopema. Crenyrorue pacmmuperus DL u TOonbk0 oHE 00/1a0ar0T MEeIyKTHBHBIM HH-
TEePHOISIIIIOHHBIM CBOIUCTBOM:

(1) (For)' = DL+ 60(V); For = (For) +0(Vy);

(2) (LVY) = DL + 9(V2) + 0V +0(Vy); LVP = (L) +6(Vy);

(3) (LVE) = DL +6(V}') +0(Vy); LV§ = (LVO> +0(Vy);

(4) (LV}') = DL+ 9(V£) +0(Vy) +0(Ve)); LV = (LV') + 0(Vy);

(5) (LVR) = DL+ 6(Vy) +0(V]") +0(Vy), LVy = (LVR) +0(Vy);

(6) (LVG) = DL+ 0(Vy) +0(V); LVG = (LV§) +6(Vy);

(7) (LV{H) = DL+ 0(V2) + 9(1/03) +0(VQ) + 0(Vy); LVt = (LVg)' + 0(Vy);
(8) (S5) = DL+ 0(VZ)+0(V}!); S5 = (S5) + 0(Vy).
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HoBas koHcTaHTa B CyIEepUHTYUIIMOHUCTCKOM jioruke L3

A. K. KOIIEEBA

[Iycts F'm — MHOX)ecTBO (GOpMYJT CTAaHOAPTHOIO MPOIO3ULINOHAIIBHOTO S3bIKA.
Cornacuo JI.JI. Makcumosoint, jgorukoii L3 [2] Ha3BIBA€TCS CyNEPUHTYUIMOHUCTCKAL

noruka, xapakrtepusyemas kiaccom F = {F,, | m € w} mxan suna . IIycts r —
KOpEeHb, {mq,...,my,} — "cpemuuit ciot” u ¢ — BEPIIUHA STOI IITKAJILL.

Cnemyst . T1. CkBoprioBy [1], Haz0BeM p-10ruKoi MHOKeCTBO L (GOPMYII PACIITUPEHHOTO
A3BIKA, BKITIOUatoIee Int 1 3aMKHYTOEe OTHOCUTEIHHO PABIIT MOodUs pONens u moJACTAHOBKN.

p-Jloruka L Ha3bIBaeTCsI KOHCEPBATHUBHBIM paciumuperueM joruku L, eciu L C L n mjs
1T KJIacca J9ucThIX GopMyst BeimosiHeno F'm N L = L.

p-Jloruka £ maseiBaercs noawvim no I1.C. Hosukosy pacwuperuem moruku L, ecou L
KOHCepBaTuBHA Hal L u miis mo6oit dopmyinst A € F'm(p), He npunamiexarteit L, @-1oruka
L + A mexkoncepBaTuBHa Ham L.

[Ton mpo6memort HoBukoBa mms L3 moHuMaeTcs: onmMcanme KJiacca Beex MOMHBIX 1o Ho-
BUKOBY paciiupenuil (momosnenn) L3.

MomnenaMu p-JIOTUK ABIAIOTCA T.H. (O-ULKAAbL, T.€. Kbl ¢ BHIIEJIEHHBIM KOHYCOM, B
KOTOPOM OTIPEIeSIEHHBIM 06Pa30M MHTEPIPETUPYETCsT KOHCTAHTA.

Ha xaxmoit mkase F,, € F 3amaem KOHCTaHTY  1IECTHIO CIOcObaMU:

Fl=(F,, @) — "¢ aurne”;

F2=(F,, F,) — "¢ Be3ne”;

F3 = (F,,{t}) — "¢ B Bepumne”;
Fi = (F,,F,\ {r}) — "¢ Besne, kxpome Koprs";
F2 = (F,,{mi,t}) — 7 poBHO B OIHOI TOUKe CpENHEro cios”;
FS = (Fy,{m1,...,mu_1,t}) — 7 Besne B cpemueM cjioe, KPOMe OIHON TOUKM” .

Hycrs F¥ ={F*k |n=1,2,...} (k=1,2,3,4,5,6).

Teopema. CymectByer poBHO 6 nomsbix mo HoBukoBy pacimupenuii moruku L3. Oxnn
onpenensatorcs kmaccamu p-mkan FF (k=1,2,3,4,5,6).

OrmeTuM, 9TO aHAJOTMYHAS TPOGIEMa MU CYyNEePUHTYUIIUOHUCTCKON jjoruku L2 pac-
cmaTpuBaercs B pabore A. Il dmuna [3].
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Brenraue MmonajibHOCTH B OoIIpenessionmx dopmMmyiiax

C. 1. MAPIIAEB

B pa6ote uccienoBamuch GoOpMyIIbI C BHEITHUMEI MOOATHLHOCTIME ~ Heobxonumo” . Iloka-
3aHO, UTO OJIs GOPMYJI C BHEITHIMU MOIAIBHOCTSIMEI ~HEOOXOANMO” U MO3UTUBHBIM BXOXKIIE-
HIIEM BBIZIEJICHHON TMEPEMEHHON WX HAMMEHBIIINE HETOIBUXKHBIC TOUKUA TAKXKE OIMPEIETIMbI
C COXpAaHEHUEM MO3UTUBHOCTU TAPAMETPOB C MOMOIIBI0 (GOPMYJI C BHEITHUMU MOMAJIBHO-
cTsaMu HeoOXoauMo” B pedreKCUBHX U UPPEe(IEKCUBHBIX MOIEISIX CO CIAOBIM yCTIOBUEM
KOHOWHAITLHOCTH BO3pacTaonIuX I1emneit. st 5Toro ncnoab3oBaHa OpurmHaIbHas anrebpa-
mIecKask KOHCTPYKIIUS OIPOBEpraoimx KoHburypanunit, pazpadborannas C.M.Mapnaessim.
DTOo moOATBEPKIAET BAXKHOCTH BHEITHUX MOMajbHOCTed. Takum o6pa3oM, MOXKHO CKa3aTh,
YTO BHEIITHIE MOMAJIBHOCTU COXPAHSIOTCS MPHU ITEPEXOe K OMPenesIsirormM GopMyiamMm. DTo
O3HAYAEeT, UYTO B MOMAIIBHBIX JIOTHKAX IJIsl ONPENeINMOCTH HAMMEHBIINX HETOIBIKHBIX TO-
Y€K BHEIHIE MOMAJIBHCTU WI'PAIOT PEIIAOIIYI0 POJIb ODTO CTABUT 3a/1avy WCCIIEIOBAHUS
CBOMCTB GOPMYJI, COXPAHSIOIINXCS IIPU IIEPEXOIIe K ONPENeIonmM hopMyIaM,
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He3aBucumbizi 6a3uc JONyCTUMBIX IIPABUJI BBIBOAA NPEeATAOINYHBIX JIOTUK
PT2, PT'3 n nx paciimpeHnn

B. B. PumaAukun

loBopumM, uTo soruka L sSBIs€TCs TAOIMYHON, €CIM CYyIIeCTBYeT KOHEUHBIN (peiM (uiu
anrebpa) F' raxoit, uro L = L(F'). U noruka L npenrabiudnas, eciyn OHA He TabINIHA, HO
BCE ee paclIupeHns TaOJInIHBIE.

W3BecTHO, uTO Ham JOTUKOM S4 CyIIeCTBYeT TOYHO H MOMAIBHBIX TPEATAOIMIHBIX JTO-
ruk P11 — PT5. U3Bectno Takxe, uro jgoruku P11, PT4, PT5 umeroT KOHEUHBIN Oa3uc
s [IIIB (Teopema 4.3.33 [1]), u cirlemoBaTesIbHO MMEIOT HE3ABUCUMBIN 6A3UC, HO JIOTUKM
PT2, PT3 ue umeror koHeunoro 6a3uca mis [I1B.

HamomuauwMm, uro nmoruku P12, PT3 onpenenstoTcs: CIeIYIONIIM 00pa30M:

PT2:= L({F | F — xoHEUHBII KOPHEBOII W.y.M. TJIyOuHBI He Gostee 2})

PT3 := L({F | F — xoueunbIit KOpHEBO# 4.y.M. Tirybunbl < 3 &Im € FVz € F(x <m)}).

Hns Bcex uucen n > 1, 1 <1,7 < n; n € N, onpenesium GOPMYJIbL:

7Ti3:pi/\/\_‘pj; Ap = /\ Omi;

V) 1<i<n
Apr =00 N (i —=~09)]: B:=qVv-0q.
1<i<n

Ompenenum Takx)e I HATYPAJIbHBIX N > | MOCIENOBATEIFHOCTE IPABUI BBIBOIA!

_ O(An A=A AB))
R, = oA, in=2,3,....

Teopema 1. IlpaBuma {R,, n € N}, obpasyrorT He3aBUCHMBIH 6Aa3UC JOILYCTUMbIX
npaBui1 BeiBoga jgoruku PT3 (PT2).

PaccmorpuMm Takxke Tabnumunele paciumpenus jgoruk P13 mw PT2. B stom cioydae Jo-
TUKW TOPOXKIAIOTCSI KOHEUYHBIMU (PpefiMaMy HEKOTOPOW KOHEYHOW IITUPWHHI t.

Teopema 2. IlpaBuna {R,, 1 < n < t}, o6pa3yroT KOHEUHBIH, a 3HAYAT U HE3ABU-
CcuMBIH, 0a37C AOIMYyCTUMBIX IIPABUJI BBIBOAA IPOU3BOJILHOH TAOJIMIHON JIOTUKU ITUDUHEIL 1,
pacmmpstrortert PT'3 unn PT2.
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A note on the cut rule

A. V. LYALETSKI

Classical and intuitionistic modal logics in the form of sequent calculi from [1] are considered.
An attention is drawn to the following tautology rule being an admissible rule in the sequent
logics containing the cut rule:
2, TTI—A0O
Y I—AO
where T is a tautology (i.e. a deducible formula) in a logic under consideration.

The following connection of the cut rule with the using of a simplest tautologies of the
form A D A is observed.

When inferring “from top to bottom”, the application of the cut rule:

r-A0 X AII-A
3,0 II—-A0
is equivalent to the application of, firstly, the implication rule:
r-A0 X AII-A
N,ADA T II—A,0
and, after this, the tautology rule for A O A.

This observation leads to the following result.

Theorem. If SC is one of the usual sequent calculi and SC* denotes the calculus
obtained by means of replacement of the cut rule with the tautology rule for A O A, then
the calculi SC' and SC* are coextensive. Moreover, the cut rule can be eliminated in SC' if
and only if the tautology rule for A D A can be eliminated in SC*.

Therefore, on the base of the cut-elimination theorem for Gentzen’s calculi LK and L.J,
we obtain that the tautology rule can be eliminated in LK™ and LJ*. On the same reasons,
all the modal calculi from [1] admitting the cut elimination have the same property.

If we consider the calculus GS5 from [1] being the sequent form of the known logic S5,
then GS5* can serve as an example of a calculus containing the non-eliminable tautology
rule. Taking into account the lemma 5 from [1], we obtain that for inferring all the true
formulas in S5, the tautology rule for U-p D -p must be used in the cut-free calculus
GS5. That is, application of the tautology rule for A D A in the cut-free calculus GS5
essentially improves its deductive capabilities.

In this connection, it seems to be interesting to investigate the influence of various T’
from the tautology rule differed from A D A on the deductive power of logics not admitting
the cut elimination.
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Weak interpolation and negative equivalence in extensions of minimal logic.

L. L. MAKSIMOVA

We consider the family of J-logics, i.e. of extensions of the Johansson minimal logic J. Two
J-logics L and L' are negatively equivalent [2] if for any formula A

LF-A — L'+ —A.

There is a duality between the families of J-logics and of varieties of Johansson algebras
(J-algebras) [2]. We say that a J-algebra is centralif L # T and = < L for any = # T. For
a J-logic L define the center A(L) as the class of all central algebras validating L.

Theorem 1. Two J-logics are negatively equivalent iff they have the same center.

In [1] we have proved that WIP is decidable over the minimal logic. In that paper a
list SL of the eight J-logics was presented which plays a key role in the proof of decidability
of WIP. We call them etalon logics. In particular, the logics Gl = J + (A Vv =A), Cl =
Gl + (L — A), and the set For of all formulas are etalon logics.

All etalon logics are generated by their centers, finitely axiomatizable, and finitely
approximable [1].

Proposition 2. For each etalon logic Ly there is an algorithm which, given a finite set
Az of axiom schemes, decides if the logic J + Ax is negatively equivalent to L.

Theorem 3. A J-logic has WIP iff it is negatively equivalent to one of the etalon
logics.
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