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AformalproofoftheFeit-ThompsonTheorem

G.Gonthieretal,September2012,usingtheCoqproofassis-

tant,proved

TheOddOrdertheorem

Theoremstripped_Odd_OrderTmuloneinv

(G:T→ Type)(n:natural):

group_axiomsTmuloneinv→

groupTmuloneinvG→

finite_of_orderTGn→

oddn→ solvable_groupTmuloneinvG.
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AformalproofoftheFeit-ThompsonTheorem

Inductivesolvable_groupTmuloneinv(G:T

→ Type):=

|TrivialGroupSolvable

(G_trivial:∀ x,equivalent(Gx)(equal

Txone))

|AbelianExtensionSolvable(H:T→ Type)

(H_solvable:solvable_groupTmuloneinv

H)

(G_on_H_abelian:abelian_factorTmuloneinv

GH).



Pete r Koepke : Na tu ra lness in Form a l M a them atics , N ovosib irsk , 12 Novem ber 2013

AformalproofoftheFeit-ThompsonTheorem

-H.BenderandG.Glauberman.LocalanalysisoftheOdd

OrderTheorem

-T.Peterfalvi.CharactertheoryfortheOddOrderTheorem

-preliminariesfromgrouptheory,algebra,linearalgebra,...

-sets,finitesequences,...

-logicalpreliminaries
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TheGodel

È

completenesstheorem

Everylogicallytruemathematical statementhasaformal

derivation.
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PrincipiaMathematica
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TheGodel

È

completenesstheorem

Everylogicallytruemathematical statementhasaformal

derivation.

Everytruemathematicalstatementhasaformalderivation

withinsome(foundational)axiomsystem.

Everymathematicalproofcanbereplacedbyaformalderiva-

tion.

Mathematicscanbeinprinciplebecarriedoutcompletely

formal(Formalmathematics).
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Proofstylesandgranularities

-Feit-Thompson,journalarticle:250p.

-Bender-Glauberman,T.Peterfalvi,monographs:360p.

-Coqformalizationofthesebooks:47000lines(ofcode)

-(formalizationofmathematicsinCoqsofar:170000lines)

-Godel

È

completeness:completederivationinsomeformal

system:????lines
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Reading/understanding/checkingproofs

-Mathematicalinputlanguage

-(Internalrepresentation)

-Successivelyreducingstatementsintheprooftoprevious

statements

-byinsightandreasoning

-and/orbyproofsearchinaformalsystem/automaticthe-

oremproving/ATP
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Formalproofs-derivations

N.Bourbaki:

Ifformalizedmathematicswereassimpleasthegameof

chess,thenonceourchosenformalizedlanguagehadbeen

describedtherewouldremainonlythetaskofwritingoutour

proofsinthislanguage,[...]Butthematterisfarfrombeingas

simpleasthat,andnogreatexperienceisnecessarytoper-

ceivethatsuchaprojectisabsolutelyunrealizable:thetiniest

proofatthebeginningsoftheTheoryofSetswouldalready

requireseveralhundredsofsignsforitscompleteformaliza-

tion.[...]formalizedmathematicscannotinpracticebewritten

downinfull,[...]Weshallthereforeveryquicklyabandonfor-

malizedmathematics,[...]
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Computer-supportedformalproofs

J.McCarthy,1962:

Checkingmathematicalproofsispotentiallyoneofthemost

interestingandusefulapplicationsofautomaticcomputers....

Proofstobecheckedbycomputermaybebrieferandeasierto

writethantheinformalproofsacceptabletomathematicians.

Thisisbecausethecomputercanbeaskedtodomuchmore

worktocheckeachstepthanahumaniswillingtodo,andthis

permitslongerandfewersteps.
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Formalmathematics/automaticproofchecking

-Mathematicalinputlanguage

-Internalrepresentation

-Successivelyreducingstatementsintheprooftoprevious

statements

-byinsightandreasoning

-and/orbyproofsearchinaformalsystem/automaticthe-

oremproving/ATP
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Examplesofformalmathematicssystems

− Automath,deBruijn,~1967

− Mizar,Trybulec,~1973

− Isabelle/Isar,Paulson,Nipkow,Wenzel,~2002

− Coq

− HOLLight,Harrison

− manyothersystems
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Whydoesformalmathematicsnotcatchon?

FreekWiedijk,2007:

Theotherreasonthattherehasnotbeenmuch

progressonthevisionfromtheQEDmanifestois

thatcurrentlyformalizedmathematicsdoesnot

resemblerealmathematicsatall.Formalproofs

looklikecomputerprogramsourcecode.
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Mathematicalstatements

``1divideseveryinteger.''�``Fidochaseseverycat.''
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Linguisticanalysis

``Fidochaseseverycat.''

S:all(Y,cat(Y),chases(fido,Y))

NP:fido

|

|

Fido

VP:all(Y,cat(Y),chases(X,Y))

V:chases(X,Y)

|

chases

NP:all(Y,cat(Y),...)

D:all(...,...,...)

every

N:cat(Y)

cat.

∀Y (cat(Y )→ chases(fido, Y )).
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Linguisticanalysis

``1divideseveryinteger.''

S:all(Y,integer(Y),divides(1,Y))

NP:1

|

|

1

VP:all(Y,integer(Y),divides(X,Y))

V:divides(X,Y)

|

divides

NP:all(Y,integer(Y),...)

D:all(...,...,...)

every

N:integer(Y)

integer.

∀Y (integer(Y )→ 1|Y ).
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TheLanguageofMathematics

-MohanGanesalingam:TheLanguageofMathematics,



Pete r Koepke : Na tu ra lness in Form a l M a them atics , N ovosib irsk , 12 Novem ber 2013

TheNaprocheproject:Naturallanguageproofchecking

− modelsnatural languageproofsusingcomputer-sup-

portedmethodsofformallinguisticsandformallogic

− jointworkwithBernhardSchroder

È

,UniversityofDuis-

burg-Essen:www.naproche.net

− developmentofamathematicalauthoringsystemwitha

L

A

T

E

X-qualitygraphicalinterface

− employingstrongATPsto``bridgelogicalgaps''
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PhDthesisofMarcosCramer:

E.Landau,GrundlagenderAnalysis,1930

Theorem30:Forall x, y, z , x∗(y + z) = (x∗
y) + (x∗z).

Proof:Fixx, y.x∗(y + 1) = x∗y ′= x∗y + x =
(x∗y) + (x∗1).

Nowsupposex∗(y + z) = (x∗y) + (x∗z).

Thenx∗(y+ z ′) = x∗((y+ z)′) = (x∗(y+ z)) +
x = ((x∗y) + (x∗z)) + x = (x∗y) + ((x∗z) +
x) = (x∗y) + (x∗z ′).

Thusbyinduction,forall z,x∗(y + z) = (x∗
y) + (x∗z).Qed.
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Sophisticatedlinguisticissues:

N.Bourbaki,Algebra:

InanymonoidE thesetofinvertibleelements

withthestructureinducedbythatonE isa

group.Inparticular,thesetofbijectivemappings

ofasetF ontoitself(orsetofpermutationsofF)

isagroupunderthelaw(f , g)� f ◦ g,calledthe

symmetricgroupofthesetF anddenotedby

SF .
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ComplexityofDerivationSearchinLargeSearchSpace

Thesis

Premises
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DerivationIndicationReducesSearchSpace

-indicatingproofstepsbyexplicitlygivingintermediatestate-

ments(assumptions,claims)

-substitutioninstances,casedistinctions,...

-references:bystatement/lemma/theorem...,byfactfromthe

literature

-proof/derivationmethods:proofbycontradiction,contraposi-

tion,algebraicmanipulation,induction,area-specificmethods

-proofsimilartosomeotherproof:``bysymmetry``;``applythe

argument...tothesituation...``
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DerivationSearchwithATPslikeinMizar,Naproche,...

Thesis

Premises
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Reasoning

-Mathematiciansattempttouse``natural''or``canonical''proof

steps

-familiarfromundergraduatemathematics:unfoldingdefini-

tions,dealingwithuniversalquantifiersbyconsideringnew

variables,...

-observingmathematicalconventions
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TheGanesalingam-GowersProject

- http://gowers.wordpress.com/2013/04/14/answers-results-of-

polls-and-a-brief-description-of-the-program/

-MohanGanesalingamandTimothyGowers

-automaticallygeneratingcanonicalnaturallanguageproofs

-testedfor``naturality``
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TheGanesalingam-GowersProject

Problem2.LetX andY bemetricspaces,letf : X → Y be

continuous,andletU beanopensubsetofY .Thenf−1(U ) is

anopensubsetofX.

Solution2(a)Letxbeanelementoff−1(U ).Thenf (x) ∈ U.

Therefore,sinceU isopen,thereexistsη > 0 suchthatu ∈ U

wheneverd(f (x), u) < η .Wewouldliketofindδ > 0 s.t.y ∈
f−1(U ) wheneverd(x, y) < δ .But y ∈ f−1(U ) ifandonlyif

f (y) ∈ U .Weknowthatf (y) ∈ U wheneverd(f (x), f (y)) < η .

Sincef iscontinuous,thereexistsθ > 0 suchthatd(f (x),
f (y))< ηwheneverd(x, y)<θ.Therefore,settingδ= θ,weare

done.
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TheGanesalingam-GowersProject:Reasoning

-``Ourmainprioritywhenwritingtheprogramwasthatthe

stepsittookshouldbeonesthatahumanwouldnaturallytake.

...theprogramshouldnotdosillythings.``

-workonthenaturalmathematicalstatements

-rewritingdefinitions

-``peelingoff``existentialquantifiers

-deleting``usedup``hypothesis

-...
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CanOneRadicallyPrunetheLocalSearchesbyRea-

soning?

Thesis

Premises
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AndreiPaskevich'SystemofAutomaticDeduction(SAD)

-startedbyVictorGlushkovasEvidenceAlgorithm,continued

withAlexanderLyaletskiandKonstantinVerchinine

-simplephrasestructuregrammar

-ForTheL:FormulaTheoryLanguage,acombinationofcon-

trolledEnglishwithmathematicalnotation

-hasreasonerandATP

-http://nevidal.org/sad.en.html
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OriginalSADinput

TheoremMain.

Forallnonzeronaturalnumbersn,m,pifp*(m*m)=(n*n)

thenpiscompound.

Proofbyinduction.Letn,m,pbenonzeronaturalnumbers.

Assumethatp*(m*m)=(n*n).Assumethatpisprime.

Hencepdividesn*nandpdividesn.Takeq=n/p.

Thenm*m=p*(q*q).Indeedp*(m*m)=p*(p*(q*q)).

m<n.Indeedn<=m=>n*n<=m*m.

Hencepiscompound.

qed.
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CombiningSADwithnaturallanguage

Theorem 1. (Fuerstenberg) Let S = {Arseq(0, r) |r is prime}. Then S is

infinite.

Proof. We have −
⋃

S = {1, −1}, indeed n belongs to
⋃

S iff n has a prime
divisor.

Assume that S is finite. Then
⋃

S is closed and −
⋃

S is open. Take p such
that ArSeq(1, p)⊆−

⋃
S.

Claim. ArSeq(1, p) has an element that does not belong to {1,−1}.
Proof . 1 + p and 1 − p are elements of ArSeq(1, p). 1 + p � 1 ∧ 1 − p � 1. 1 +
p� −1∨ 1− p� −1. qed .

Contradiction. �
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CombiningSADwithnaturallanguageandL

A

T

E

X-macros

Theorem 2. The set of prime numbers is infinite.

Proof. Let A be a finite set of prime numbers. Take a function p

and a number r such that p lists A in r steps. ran p ⊆ N
+.∏

i=1

r
pi ∈N

+ . Take n =
∏

i=1

r
pi + 1. n is nontrivial. Take a prime

divisor q of n .

Let us show that q is not an element of A. Assume the contrary.
Take j such that (1 6 j 6 r and q = pj ). pj divides

∏
i=1

r
pi (by

MultProd). Then q divides 1 (by DivMin). Contradiction. qed.

Hence A is not the set of prime numbers. �
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Generalissues

− Therearenatural(lylooking)proofsthatarefullyformal

withrespecttotheNaprochesystem

− thisdefinesa``fortifiedformalism'', usinglinguistic

methodsandcomputerimplementations,whichallows

somenaturalproofswhicharefullyformal

− cana``fortifiedformalism''helptomediatebetween

the``twostreams''inthephilosophyofmathematics(for-

malistic/naturalistic)?
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Outlook

− Combinebestpracticesfromlinguisticsandvarious

formalmathematicssystemstoobtainnaturalnessand

power

− willthisachieveacceptancebymathematicalpraction-

eers?

− JeremyAvigad:Onapersonalnote,Iamentirelycon-

vincedthatformalverificationofmathematicswilleven-

tuallybecomecommonplace.

− Whatwouldbetheimplicationsofawidespreaduseof

formalmathematicsforthemethodology,practice,and

philosophyofmathematics?
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Thankyou!


