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Example:

Lie Algebras
xy +yxr =0

(zy)z + (yz)x + (22)y = 0

Left-symmetric algebras Leibniz Algebras
(pre-Lie algebras)

()2 — 2(yz) = (yo)z — y(x2) 2(yz) = (vy)z +y(z2)

[A. Bloh, 1965]

E. Vinberg, 1960]
J-L. Koszul, 1961] [J.-L.. Loday, 1993]

M. Gerstenhaber, 1963]

A. Cayley, 1896]



Pre-Lie Algebras Leibniz Algebras

Combinatorics
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Deformation
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... and many others vertex algebras

[D.Burde, 2003] Yang-Baxter
equation



2d-Conformal field theory

V' space of states
T :V — V translation operator
Y : V — glV][[z, 27 ]] state-field correspondence

a+—Y(a,z) g a(n yn—l
nez

+ axioms |[R. Borcherds, 1986], [V. Kac, 1996]

Locality: [Y(a,2),Y (b,w)](z — w)Y =0 for N > 0
T-invariance: [T,Y (a,z)] = 0,Y (a, 2)



Y(a, 2)Y (b, z) = undefined

Y(a,2)Y (b,w) has a singularity in z = w



Y(a, 2)Y (b, z) = undefined

Y(a,2)Y (b,w) has a singularity in z = w

Operator product expansion formula:

" Y (e, w) -
Y(a,2)Y(b,w) = Z (2w + (principal part)

~

= Y(ab:,w)+ (z —w)(...)
Wick product

n=0

Cpn — [a(n)b], n > 0:

Algebraic operations on V
(V, [(0)-]) Leibniz algebra (V,:--:) pre-Lie algebra
[M. Rosellen, 2005]




Classical Yang-Baxter equation (dynamic)

Xlg(u + U)ng(v) — ng(v)X12(U) — X21(U)X13(u + U) =0

A Algebra Xo3=1®X
X:D— A® A meromorphic function Xo1 = X(12) &1 ete.
DcC

If A has nondegenerate symmetric associative bilinear form (-, -)
then

Xu)eA®A <+ P, ():A—= A

X=> 20y <+ PJr)=>(zix)y

CYBE (operator form):



For Lie algebras [A. Belavin, V. Dinfeld, 1982]

[Puto(z), Po(y)] = Po([Pu(2),y]) + Puto(|z, Pu(y)])

[P(x),P(y)] = P([P(z),y] + [z, P(y)]) P :L — Lisa Baxter operator
[M. Semenov-Tian-Shansky, 1983]

rxy=|P(x),y], z,y € L: left-symmetric product
(L, *) pre-Lie algebra



For Lie algebras [A. Belavin, V. Dinfeld, 1982]

[Puto(z), Po(y)] = Po([Pu(2),y]) + Puto(|z, Pu(y)])

[P(x),P(y)] = P([P(z),y] + [z, P(y)]) P :L — Lisa Baxter operator
[M. Semenov-Tian-Shansky, 1983]

rxy=|P(x),y], z,y € L: left-symmetric product
(L, *) pre-Lie algebra

Define z) = Res e’P,(z) € L[\
u=0
Then

X, Yu) = (22, Ylr+p

Conformal Leibniz identity for [x(,)y] given by [zx,y] = Z F[x(n)y]

n>0



Operad:

Collection of linear spaces C(n), n > 1, with

Composition rule C(n) ® C(m1) ® --- @ C(my,) = C(m1 + - +my,)
Symmetric group action S, ~ C(n)

Identity map I € C(1)

Var variety of algebras
Var(X) free algebra in Var generated by X = {x1,x2,...}
Polylinear part of Var(X) is an operad

Var(n) polynomials of degree n in z1,...,x,



Homological algebra,
Geometry, Math.Physics, ...

Operad

Variety of algebras




Homological algebra,

Geometry, Math.Physics, ... Standard n-simplices

Operad Chain complex

Variety of algebras




Free operad: Q= U Q,

F(N) spanned by all planar trees with IV leaves, vertices labelled by f € Q
Order of a vertex =n if f € ),

*

7 o
4o

| | |
i s 7]



Free decorated operad: = (] (),
n>1

F(N) spanned by all decorated planar trees with N leaves

Composition is defined in such a way that: .

(1) Attaching a tree to a non-decorated - \0

[ ]
leave removes decoration g \3

(2) Attaching a tree to a decorated - )

leave preserves decoration / }, ‘{ b @/

2

0]
SN0 N\
)] /*\@([,{
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Replicating an operad

Perm:

r(yz) = (zy)2
(ry)z = (yz)2
dim Perm(n) = n:

ez(-n) = (ajliaﬁn)aﬁz

ComTrias: | Perm &

rly=ylx
(x Ly) Lz=al (yL=2)

(x Ly)z = (2y)z
x(y Lz)=(xy) Lz

dim ComTrias(n) = 2™ — 1:



Replicating an operad

Example:
(C, ) commutative algebra over a field k

e :(C — k homomorphism
e.g., counit of a bialgebra

Then
zy =e(x) -y
rly=x-y

turns C' into a ComTrias-algebra

C' = kI group algebra
e(g)=1,9€l



Replicating an operad

[F. Chapoton, 2001]: Leib = Lie o Perm  (Manin white product of operads
[V. Ginzburg, M. Kapranov, 1994])

[B. Vallette, 2008]: P o Perm = P ® Perm (Hadamard product of operads)
P o ComTrias = P ® ComTrias
for binary quadratic operads

Definition:
di-P = P ® Perm tri-P = P ® ComTrias

[P.K., 2008]

[A. Pozhidaev, 2009] } binary case (di-)

[M. Bremner, R. Felipe, J. Sanchez-Ortega, 2011] - general case (di-)
[V. Gubarev, P.K., 2011] - binary case (tri-)

[J.Pei, C. Bai, L. Guo, X. Ni, 2012] - name of the procedure



Replicating an operad
(general tri-algebra case)

Qs = {fi". f3',.. -}

Q={f1,f2.. . } v(fi') =ng > 1
P-Algebra: i tri-P-Algebra:
(A, Q%) (D, Q%)
f;?ifl®'“®4—>f4
ng
Defining identities ¥ (multi-linear) Defining identities 33 (multi-linear)
C' = ComTrias{zy,x2,...)

fHe1®aq,...,cp®an) = el(f;’) (c1y..ycn)Rf(ar, ..., an)
Identities X3 may be derived explicitly from X

Bremner & Sanchez-Ortega + Gubarev & K.
(Perm instead of ComTrias)



Replicating an operad

Examples

di-Lie = Leib

p(r,y) = —ply,z) = p'(z,y) = —p*(y, x)

xy = pu?(w,y) = Left Leibniz algebra
xy = p'(x,y) = Right Leibniz algebra

di-Com = Perm [F. Chapoton, 2001]

di-As = Dias [J.-L. Loday, T. Pirashvili, 1993]

di-Alt L. Dong, 20095]

di-dJord [M. Bremner, L. Peresi, 2011]

di-JTS [M. Bremner, R. Felipe, J. Sanchez-Ortega, 2011]
di-Mal [M. Bremner, L. Peresi, J. Sanchez-Ortega, 2011]
tri-Com = ComTrias [B. Vallette, 2007]

tri-As = Trias  [J.-L. Loday, M. Ronco, 2004]




Replicating an operad

Theorem

Let v(f) > 2 for all f € Q.
Then for every (di-)tri-P-algebra D there exists canonical

P-algebra D and a (Perm-) ComTrias-algebra C' such that

DcC®D

Remark.
Theorem remains valid for algebras with
derivations or endomorphisms in the language.

Corollary.
dimdi-P(n) = ndim P(n)
dim tri-P(n) = (2" — 1) dim P(n)



Replicating an operad
(PBW-type problems)

w : R — P morphism of operads

functor w : P-algebras — R-algebras

A AW
e.g.,
As — Lie As — Jord
A AT x,y] = 2y — yx A AN ¢y =zy+yx

? Whether every R-algebra L may be embeded into A
for an appropriate P-algebra A?

(Embedding problem)

? IfdimL < 00, whether minimal dim A is finite?
(Ado problem)

? What is the structure of the universal enveloping P-algebra U (L)
of a given R-algebra L7
(Poincaré-Birkhoff-Witt problem)



Replicating an operad
(PBW-type problems)

A morphism w: R — P

induces
wId: RC —-PC

where C = Perm or ComTrias

Hence, we have natural functors
w ® id: di-P-algebras — di-R-algebras
tri-P-algebras — tri-R-algebras



Replicating an operad
(PBW-type problems)

Example:

[:L’,y] — XY —Yyxr

vz, y) = p(z,y) — p? (2, y) | ®e§2) cPerm(2)

Yz, y) @ el? = p(z,y) ®el? — (1 (z,4) © l?

2
vz, y) pt(z,y) ((z,y) @ 502 — 25 4)(12)
I ! |
z Y] Ty Y

zdyl=ocdy—ykx




Replicating an operad The same problems make sense in these settings
(PBW-type problems)




Replicating an operad The same problems make sense in these settings
(PBW-type problems)

(C® A)wed) ~ O @ AW C' € Perm or ComTrias

Corollary.

(1) If the Embedding problem has positive solution for (R, P, w),
then it has positive solution for (di-R,di-P,w ® id)

and (tri-R, tri-P,w ® id);

(2) If the Ado problem has positive solution for (R, P,w),

then it has positive solution for (di-R,di-P,w ® id)

and (tri-R, tri-P,w ® id);

(3) For a (di-)tri-R-algebra L, the universal enveloping
(di-)tri-P-algebra U (L) is isomorphic to the subalgebra of C' ® U (Z)
generated by the image of L. e... C =KkZ



Replicating an operad
(Special identities)

w : R — P morphism of operads

functor w : P-algebras — R-algebras

A AW)

R-algebra L is special if L C A
for some P-algebra A.

SR = operad, governing the variety generated by all special R-algebras

R — SR

Kernel = Special identities



Replicating an operad
(Special identities)

Theorem (V. Gubarev, P.K., V. Voronin)
For any w : R — P, consider
w®id : di-R — di-P
w®id : tri-R — tri-P
Then
Sdi-R = di-SR, Stri-R = tri-S'R.

Corollary.

(1) For di-As — di-Jord: No special identities of degree < 7
M. Bremner, L. Perezi, 2011]

(2) Special identities for di-As — di-JTS
M. Bremner, R. Felipe, J. Sanchez-Ortega, 2011]

(3) Special identities for di-Lie = Leib — di-L'TS
M. Bremner, J. Sanchez-Ortega, 2011]

(4) For di-Alt — di-Mal: No special identities of degree < 7
M. Bremner, L. Perezi, J. Sanchez-Ortega, 2011]



Replicating an operad
(Mal’cev conjugacy)

Levi-Mal’cev Theorem

L Lie algebra (L € di-Lie)
R max solvable ideal
L=SxR,S >~ L/R semisimple Lie algebra

All such S are conjugate by inner automorphisms

J. Mason (2013):
L Leibniz algebra (L € di-Lie)
R max solvable ideal
L=SxR,S>~L/R semisimple Lie algebra

Such S may not be conjugate by inner automorphism



Splitting an operad

Algebra (A, %)

(A, <,>): xxy=x <y+x >y (pre-algebra)

(A, <, =, 1) zxy=ax<y+x>=y+ax Ly (post-algebra)

in a coherent way

[C.Bai, O. Bellier, L. Guo, X. Ni, 2011] =—=> name of the procedure
V. Gubarev, P.K., 2011]

The structures obtained are "dual” to di- and tri-algebras



Splitting an operad
Koszul duality for operads [V. Ginzburg, M. Kapranov, 1994]

P binary quadratic operad

feQ=v(f)=2, P(2)~ Sy space of binary operations
dim P(2)< oo
Defining identites have degree 3

P(3)=Q3)/V
(2(3) = all polylinear terms of degree 3
Ss NV C Q(g)

0V (3) = Q(3)* ~ S;
skew-transpose action:
(07, 2) = (=1)7(p, 27)

VYV c QV(3) dual subspace

P(3) =QY(3)/VV

P’ Koszul-dual operad




Splitting an operad
for binary quadratic operads

Perm' = pre-Lie

ComTrias' = post-Lie [B. Vallette, 2007]
P binary quadratic operad
(di-P)' = (P o Perm)' = P' @ Perm' = P' @ pre-Lie
(tri-P)' = (P o ComTrias)' = P' e ComTrias' = P' e post-Lie

} Black and white Manin products of binary quadratic operads
O



Splitting an operad
for binary quadratic operads

Com e pre-Lie = Zinb (Zinbiel algebras)
[J.-L. Loday, 1995]

As e pre-Lie = Dend (Dendriform algebras)
|J.-L. Loday, 2001]

Pois e pre-Lie = prePois (pre-Poisson algebras)
M. Aguiar, 2000]

Dend e pre-Lie = Quad (Quadri-algebras)
M. Aguiar, J.-L. Loday, 2004]

pre-Lie e pre-Lie = L-Dend (L-Dendriform algebras)
|C. Bai, L. Liu, X. Ni, 2010]

As e post-Lie = Tridend (Tridendriform algebras)
|J.-L. Loday, M. Ronco, 2004|

Com e post-Lie = CTD (Commutative tridendriform algebras)
[J.-L. Loday, 2007]



Splitting an operad
(Pre-algebras, general case)

Q:{f17f27"-} QZZ{fibaf%a}

v(fk) =nk =1 v(fi)=mnp>1

P-Algebra: i 1 <1< ng
(4,04)

pre-P-algebra
A ° e o o
g A (D,9F)

'
Nk

Defining identities ¥ (multi-linear) Defining identities pre->s:
P = Perm(xy,zs,...)
P ® D as an (2-algebra:

Fpi®ar,....pn®an) = > e (p1,....pn) @ filas,. .. an)
=1

Definition:
D is a pre-P-algebra ifft P ® D is a P-algebra.

D Epredy, < PR®DEY



Splitting an operad
(Post-algebras, general case)

QBZ{levaI_Iv}

Q={f1,f2.. . } v(fi') =ng > 1
P-Algebra: i post-P-algebra
(A, Q%) (D, Q%)
f;?ifl®'“®4—>f4
nk
Defining identities ¥ (multi-linear) Defining identities post->5
C' = ComTrias(z1,o,...)

C' ® D as an ()-algebra:

f((31®a1,...,cn®an Ze(n) 617"'7cn)®fH(a’17"'7a’n)

Definition:
D is a post-P-algebra ifft C' ® D is a P-algebra.

D Epreds; < C®DEY



Splitting an operad

Theorem [V. Gubarev, P.K., 2011]
If P is a binary quadratic operad then

(pre—P)! = di-P’ (pOst—P)! = tri-P'

Corollary
pre-P =P e pre-Lie
post-P = P e post-Lie



Splitting an operad

Corollary

If D is a (pre-)post-P-algebra then (C = k)
for every (Perm-) ComTrias-algebra C

C' ® D is a P-algebra.

Example:
(1) P = As, p(z,y) = zy
post-As = Tridend
plz,y) =z <y, p(z,y) =z =y, p?(z,y) =2 Ly

Then
rxy=x<y+x>y+x Ly is an associative product

pre-Lie  p'(2,y) = [z <y, p*(z,y) = [z = y]
[z <yl=—-ly>=x], zy:=[zr>=y] left-symmetric product

Then
rxy=|[r=yl+[xr<y]l=2xy—yzxr isa Lie product



Splitting an operad Demo case: |
(Rota-Baxter operators) one binary operation

p(x,y) = zy
Definition:

[G. Baxter, 1960]

R : A— A Rota-Baxter operator of weight 0 [G.-C. Rota, 1969]

if R(z)R(y) = R(R(z)y + zR(y))
for x,y € A

Theorem (c.f. [M. Aguiar, 2000])
If A is a P-algebra with a RB-operator R
then A w.r.t.

p'(z,y) =xR(y), p’(z,y) = R(xz)y

is a pre-P-algebra.



Splitting an operad Demo case: |
(Rota-Baxter operators) one binary operation

p(x,y) = zy
Definition:

R : A — A Rota-Baxter operator of weight 1
if R(z)R(y) = R(R(z)y + zR(y) + zy)
for z,y € A

Theorem (c.f. [K. Ebrahimi-Fard, 2002])
If A is a P-algebra with a RB-operator R of weight 1
then A w.r.t.

1,2(

pl(z,y) =xR(y), p’(z,y) =R()y, p"*(z,y)=ay

is a post-P-algebra.



Splitting an operad _
(Rota-Baxter operators) P arbitrary operad

Theorem ([V. Gubarev, P.K., 2013])
If D is a (pre-) post-P-algebra
then there exists a P-algebra D

equipped with a Rota-Baxter operator R of weight (0) 1
such that D embeds into D



Splitting an operad _
(Rota-Baxter operators) P arbitrary operad

Theorem ([V. Gubarev, P.K., 2013])
If D is a (pre-) post-P-algebra

then there exists a P-algebra D
equipped with a Rota-Baxter operator R of weight (0) 1
such that D embeds into D

Corollary (c.f. [K. Ebrahimi-Fard, L. Guo, 2008|)
The universal enveloping Rota-Baxter P-algebra
of a free (pre-)post-P-algebra is free.



Splitting an operad
(PBW-type problems and special identities)




Splitting an operad
(PBW-type problems and special identities)




Splitting an operad
(PBW-type problems and special identities)

w : R — P morphism of operads

f(x1,...,2,) € R(n)
w(f)(x1,...,2,) € P(n)

C' = ComTrias(cy, ca,...) (or Perm)
Then
w1 ®@x1,...,cp Qxp) = Y 621)(61,...,6”)®9H(5L‘1,...
HC{1,...,n}
HAD

post-w(fH) :=gH | (or pre-w)

Proposition.
pre-w: pre-R — pre-P
post-w: post-R — post-P

,n)



Splitting an operad
(PBW-type problems and special identities)

w: R —P
pre-w: pre-R — pre-P
post-w: post-R — post-P

Theorem.
Spre-R-algebras C pre-SR-algebras
Spost-R-algebras C post-SR-algebras

i.e., splitting of special identities

leads to special identites for pre- or post-algebras

[M. Bremner, S. Madariaga, 2013]: pre-Jord — pre-As
No special identities of degree <8
6 special identities of degree 8



Splitting an operad
(A counterexample)

Example: (chark # 2)
R = Perm P = Com + Derivation 9: 9%(z) = 0
w:R—="7P xy = 0(x)y

SR =N3: z(yz) = (xy)z =0

Splitting:
pre- N3 is defined by pre-P = Perm-algebra with a derivation 0, 9* = 0

(x<y)<2=0
(x>=y)<2=0
(x<y+z>=y)>=2=0
r<(y<z4+y=2) =0

pre-w:
r-y=0x)y, x<y=yo(x)

_0 Then
x> (y=2)=0 SO

(x>=y+y<x)=2=0

holds on all special pre-R-algebras



Thank you!
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