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ITosuTuBHEBIC JIOrUKN JOKa3yeMoCTun

JI. I1I. BEKJIEMUIIIEB

PaccmaTpuBaeTrcst dparmMeHT s3bIKa MOMIAIIBHON JIOTUKW, COCTOSIIINA W3 WMILJTAKAIIIH
A — B, rne dopmynisl A u B CTPOSTCs U3 MPOMO3UIMOHAIIBHBIX TEPEMEHHBIX U KOHCTAHTHI
«UCTUHA®» JIUIIb C MTOMOIIBI0 KOHBIOHKINU U MomajbHOocTed Tuma ). Takoit dparmeHt
Ha3bIBAEM CTPOT'O NO3UTHUBHBIM.

Bomee 6emubiit si3b1k 1103BOIsIET 0000IIINTD CTAHAAPTHYO MHTEPIIPETAIINIO CBSI3KNU ) KaK
réneseBCcKon (opMyJIbl, BhIPaXKaloIell HeITPOTUBOPEUNBOCTE (POPMAJILHON apudMeTuKu, Ha
Oosee MIMPOKUE KJIACCHI apu(pMETUYECKNX CXeM, B YACTHOCTH Ha TaK Ha3bIBA€MbIE CXEMbI
pednekcru. B oTiuume oT CTaHOAPTHOTO MONXONA, IPUHSITOIO B JIOTUKE NOKA3yeMOCTH, B
IIO3UTUBHONI JIOTMKE IIE€PEeMEHHBIC MOI'YT MHTEPIPETUPOBATHCSI KaK MHOXKECTBa apudMeTu-
YECKUX MPEIJIOKEHUN (CXeMBI), a CBA3KU — KAK OIEPAINE HAJ TAKUMI MHOXECTBAMI.

Ctporo no3utuBHbIe GPATMEHTHl CTAHAAPTHBIX MOMAIBHBIX JIOTWK, B TOM YHCIIE IIO-
JIMMOIAJIBHBIX JIOTUK HOKA3yeMOCTH, KaK IPAaBUJIO 3HAUUTEJIBHO IPOIE COOTBETCTBYIOIINX
JIOTUK B TIOJIHOM sI3bIKe. B psme ciydaeB Oblja yCTAHOBJIEHA X PAa3PEIINMOCTDH 3 IIOJIU-
HOMUAJIbHOE BpeMs [3, 2]. B To xke Bpems, CTPOro MO3UTUBHBIN SI3BIK OKA3BIBAETCS IOCTA~
TOYHO BBIPA3UTEIbHBIM [JIsI HEKOTOPBIX KOHKPETHBIX HNPUMEHEHUN JIOTUKU TOKa3yeMOCTH
K HCCIeIOBAHUIO (POPMAIbHBIX TEOPHU, B YaCTHOCTHU, K IIOCTPOEHUIO CUCTEM OPIMHAIILHBIX
o6o3HaueHuit [1].

Mebr dopmymupyem apudMeTUIecKy MTOJIHOE NUCUIUCTIEHNE C MONAIIBHOCTSIME, 3aHYMepPO-
BaHHBIMU HATYPAJIbHBIMU YUCIAMU U CUMBOJIOM W, I'le W COOTBETCTBYET IOJIHOU paBHOMED-
HOU cxeMme pediiekcun B apudMeTHke, a N < W COOTBETCTBYET OIPDAHUYCHUIO 3TOM CXEMbI
apupmernueckumu 11, 4 j-npennoxennsyu. [y 3TOr0 MCUUCIIEHUS YCTAHABIMBAETCS Te-
opeMa O IOJIHOTE OTHOCUTEIBLHO MOOXOIMSIIErO KJIacca KOHEUYHBIX ITKajl Kpumke, moxasbl-
BaeTCs IMOJIMHOMUAJIBHAS Pa3pelIIMOCTh IPOOJEMBl BBIBOOMMOCTHU, a TaKxke TeopeMa 00
apudMeTUIeCKON MOJHOTE, aHAJIOTUYHAas n3BecTHON TeopeMe P. CosoBest mitsi cTaHgapTHOM
JIOTHKU OKa3yemocTu [2].

CIUCOK JINTEPATYPHI

[1] Beklemishev L. D. Calibrating provability logic: from modal logic to reflection calculus. In T. Bolander,
T. Braiiner, S. Ghilardi, and L. Moss, editors, Advances in Modal Logic, v. 9, pages 89-94. College
Publications, London, 2012.

[2] Beklemishev L. D. Positive provability logic for uniform reflection principles. Annals of Pure and Applied
Logic, published online, August 2013. DOI: 10.1016/j.apal.2013.07.006.

[3] Dashkov E.V. O nosutueHOM dparmenTe MomajbHON joruku mokasyemoctu GLP. Martemarmueckue
samerku, 91(3):331-346, 2012. English translation: Mathematical Notes 91(3):318-333, 2012.

Mamemamuueckuti uncmumym um. B.A. Cmexaosa PAH, Mocksa

Mocxosckuti I'ocydapcmaennviti Ynusepcumem um. M.B. Jlomonocosa, Mocksa
Hayuonaabnor uccaedosameavckutl yrnusepcumem «Bvicwag wroaa sxonomurus, Mockea
E-mail: bekl@mi.ras.ru
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Pacno3zHaBaeMoCTh IO CIEKTPY 3HAKOIIEPEMEHHBIX T'DYIIIT

. B. I'oriIKOB

CrexTp T'pyNIbl — 3TO MHOXKECTBO TOPAOKOB €€ 3JIeMEHTOB. [IBe I'pyINIbl Ha3bIBa-
I0TCS. M30CIEKTPAILHBIME, €CJIM UX CIEKTPHLI COBIANAIOT. B mOKjIame paccMaTpUBAIOTCS
IPYIIBI, W30CIEKTPAIbHBIC 3HAKONepeMeHHbIM IpynnaM A,. OCHOBHOI pe3ylbTaT TaKoB.
Eciin G — koneunas rpymma, usocnekTpanbhas rpynme A, npu n > 5 n ¢ {6,10}, To G
m3omophua A, .

Hosocubupck

11
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I'pacdbl mpocThIX UKces U rPynnbl ¢ pakTopu3anuen

JI. C. KA3APUH

PaccmarpuBaercst koneunast rpynna (G Ha MHOXeCTBe TpOcThIX neiurerneir V = 7(G)
nopsinka kotopoit onpenenern rpad I' = (V) E), cea3aunbiil ¢ ee crpoenueM. Hampuwmep,
BEPLINHBI P U ¢ CoefAuHeHbl pebpoMm (p,q) € E, ecnu G comepXuT 5JIEMEHT MOPSIKa pq.
Cootsercrayrommmit rpad HocuT HasBauue rpada ['pronbepra - Kerens GK (G). Uccnenosa-
HUSM CBOMCTB TaKuUX rpadoB I KOHEUHBIX MPOCTHIX HEAOEIEBbIX T'PYIII TOCBAIIEHO IIeT0e
HAIIPABJIEHE B TEOPUU KOHEUHBIX DY Kak B Poccun, Tak u 3a ee mpemeaMu.

Hpyroit rpad sy (G) va V = 7(G) onpenensiercst coiictBoM (p, q) € E(I'soi(G)) mms
p,q € V, ecnu rpynna G uMeeT paspermmMmyio MOATPYIINY, MOPSAIOK KOTOPOW MeTUTCS Ha
pg. T'padsl Takoro Tuma BBemeHHI B 06uxOn smoHcKuMu MaTeMaTukamu C.AGe u H.Mopm,
MOKAABIIIUMU CBSI3HOCTH TAKuUX rpadoB I JTIIOOBIX KOHEUHBIX HEAOEIEBhIX TPOCTHIX TPYIIIL.

Haxownen, M.-II. Ilepec - Pamoc omnpenemuna rpad I'4(G) ma muoxecrse V = 7(G)
ceotictBoM (p, q) € E(T'A(G)), ecnu p € m(Ng(Q)/QCq(Q)) mitst CuimoBCKON ¢-MOATPY b
Q@ rpynmer G. Bcee ykazanmabie rpadbl HeopueHTHpoBaHHbE. CBOMCTBA 5TUX TPpadOB OKA3LI-
BaIOTCsI BECbMA TOJIE3HBIMU IS U3y YeHUsI KOHEUHBIX TPYIII, 06JIaIaionmx Hak TOPU3aIUuIME
pa3IMIHOro TUMa. B mokiame TpUBEOEHBI Pe3yIbTAaThl, KACAIOIINECs MPWIOKEHU rpadoB
MPOCTHIX YUCENT I U3YUeHUsI KOHEUHBIX T'PYII ¢ GaKTOPU3AIIAET.

OToT monxon HanboJsIee mosIe3eH mitst TPy ¢ pakTopusanuei Buna G = AB. Ilpusenem
ONUH pe3yibTaT O rpymmax, obmamamommx ABA — dakropusanueii, T.e. o rpymmax G,
IMEIOINX Takue coOCcTBeHHbIe moarpynmbl A m B, y KOTOPBIX KaXnblil dimeMeHT g € G
3anmceIBaeTCsa B Bune g = aba’ mia momxonsumx a,a’ € Aun b € B.

Teopema. Cropaguuyeckue npocrteie rpymnmner Jo, McL, HS, Ru m Suz obmamaror
pakropusanusmu Buna G = ABA s HeKOTOPBIX cOOCTBEHHBIX cBoux moarpymnm A u B.

[Mocnemuuit pe3yIbTaT MOydYeH aBTOPOM npu GuHaHCOBOI nomnepxkke PODPU (mpoekT
13-01-00469) comectro ¢ U. Paccamuusiv u JI. CaxapoBbiMm.

Spocaascruitl 2cocynuseepcumem u. I1.1. Jlemudosa, SApocaas.av
E-mail: kazarin@uniyar.ac.ru
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HucTaHiimoHHO peryJisipHbie rpadbl, B KOTOPbIX OKPECTHOCTHU BEPIINH —
CMJIBHO peryJisapHble rpadbl ¢ COOCTBEHHBIM 3HaUeHUeM 3

A. A. MAXHEB

Ix. Kynen mpemnoxuit 3agavy OMUCAHUS MUCTAHIIMOHHO PErYIISIPHBIX I'padoB, B KO-
TOPBIX OKPECTHOCTU BEPIINH — CUJIBHO DPETyJsSpHBbIE rpadbl C HETJIaBHBIM COOCTBEHHBIM
3HaueHueM 7. Pamnee sTa 3amada ObLia pelreHa B ciydasx r = 1, 2.

A.A. MaxueBpiM [1] HaUaTO W3y4yeHHE NUCTAHIMOHHO DPErYJISPHBIX I'padoB, B KOTO-
PBIX OKPECTHOCTU BEPIINH — CHUJIBHO PEryJspHble I'padbl ¢ COOCTBEHHBIM 3HAYEHUEM J.
B wactHOCTH, MM mOyueHa pemykius K TpadaM, B KOTOPBIX OKPECTHOCTHU BEPIIUH —
nckaounTenbuble rpadel. A.A. Maxues u I[.B. [Magyunx mamm mapaMeTpbl UCKITIOUN-
TEIbHBIX CIIBHO PETYIISIPHBIX TpadoB ¢ COOCTBEHHBIM 3HaUeHWEM 3. Tam ke ObLIO mO-

Ka3aHo, 4TO rpad, B KOTOPOM OKPECTHOCTH BepiinH — rpadel u3 nyHKTOB (7-10) 3a-
KJTIOUEHUSI TeOPEMBI He SIBIISTFOTCS BIIOJIHE PeryJisipHbIMU. [lo3mHee OHM yCTAHOBWIIM, UTO
BIIOJIHE PEryJIPHBIA Ipad, B KOTOPOM OKPECTHOCTH BepInuH — rpadbl 13 MyHKTOB (3-6)

3aKJIIOUEHNs] TeOPEMBbI SIBIISIETCSI CUIBLHO perysspHbM ¢ mapamerpamu (490,297,168, 198),
(616,287,126, 140), (640,243, 66, 73), (961, 320,99, 110) uau (1331, 850, 513, 595).

C nmpyroit croponbl, B pabotax bemnoycosa U.H., I'yraosoit A.K., Edumosa K.C., Ucako-
Boit M.M., KaGanosa A.A., Karazexesoir A.M., Maxuesa A.A., [Tagyuux I1.B., Tok6aeBoit
A.A. 6o kaccuUIMPOBAHBI PeryJspHble Tpadbl, B KOTOPHIX OKPECTHOCTH BEPIIUH —
rpadsr u3 myHKTa (1) 3akmouenus TeopeMbl. Taxum o6pas3oM, 3amada CBeIeHA K U3y YCHUIO
rpadoB, B KOTOPBIX OKPECTHOCTU BEPIINH — CUJIBHO PETYJIISIpHBIE I'padbl ¢ TapaMeTPaMu:

(35,18,9,9), (36,21,12,12), (40,27, 18, 18), (50, 28, 15, 16), (56, 45, 36, 36), (64, 27,10, 12),
(81,30,9,12), (85,54,33,36), (96, 75,58,60), (96,35,10,14), (99,84,71,72), (100, 33,8,12),
(119, 54,21,27), (120,63, 30, 36), (120,51, 18,24), (121, 36,7, 12), (126,45, 12, 18),
(133,108,87,90), (136,105, 80, 84), (147,66, 25, 33), (148,77,36,44), (148,63, 22, 30);

PaGora Bomomaena npu nommepxkke PPDOU (rpamt 12-01-00012), nporpaMmbr oTme-
nenuss marematuueckux wHayk PAH (mpoekt 12-T-1-1003) m mporpaMm COBMECTHBIX WC-
cepoBanuit YpO PAH ¢ CO PAH (mpoekr 12-C-1-1018) u ¢ HAH Benapycu (mpoext
12-C-1-1009).

CINCOK JIATEPATYPEI

[1] Maxues A. A. O cunpHO peryisipHBIX rpadax ¢ COBCTBEHHBIM 3HAUEHUEM 3 U UX pacmmpenusx. JJoxmans:

akamemun Hayk. 451:5, 2013, C. 501-504.

HAnemumym Mamemamuku u mexanuku YpO PAH, Examepunbype
E-mail: makhnev@imm.uran.ru
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Pa3MeprIe (I)yHKI_II/II/I HanmO anreﬁpanquKnMn cucreMmamMmm

B. H. PEMECJIEHHUKOB

Ilns maper 06bexToB (M, A), rme M — 49acTUYHO YyHOPSIOYEHHOE MHOXKECTBO, a A —
JMHENHO yIopsaIoYeHHas abesieBa TpyTIna, BBOOUTCS MOHATHE pasMepHon gyukmun d : M —
AT, smech d otobpaxkenne u3s M B AT, a AT — momyrpynmna HeOTPUIATEILHEIX 3JeMEHTOB
B A, ¢ IOMOIIBIO €MUHCTBEHHON AKCHOMBI:

ecan my < mg B M, 1o d(my) < d(ms).

B moknanme OymyT NIpOIeMOHCTPUPOBAHBI OBa MPWIOXKEHUs >Toro noHsaTtwus. llepsoe,
IJIs. TPOM3BOJILHOT'O ajIre0pandeckoro MHOXKECTBa HaJll IIPOU3BOIBLHON ajireOpandecKon cu-
cTeMOl OyIeT BBeIEHO IOHITHE pPa3MepHOCTH, 0000Ialolee MOHSITHE PA3MEpPHOCTHU alire-
OpamvIecKoro MHOXKECTBA M3 KJIACCUIECKON alreOpamdecKoll TeOMeTPUN HAaJll TIOJIEM.

Bropoe npunoxeHnune cBsI3aHO C BBEIEHUEM OIIEHOK CIIOXKHOCTU Ha MHOXKECTBE BCEX pe-
TYJISPHBIX TOAMHOXKECTB (PUKCUPOBAHHOT'O CBOOOMHOT'O MOHOUIIA KOHEYHOI'O PAHTA.

Owmcrutll puauvaas Ancmumyma mamemamuru um. C.JI. Cob6oaesa CO PAH, Omcx
E-mail: remesl@ofim.oscsbras.ru
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O mporieccax m CTPyKTypax

A. 1. CTYKAUEB

Hokiam MOCBSIIIEH Pe3yIbTaTaM, OMUCBIBAIOIINM B3aMMOCBSI3U MEXKIy KiaccaMu 0000-
IIIEHHO KOHCTPYKTUBHBIX IIPOIECCOB U OTHOCUTEIHLHO KOHCTPYKTUBHBIX CTPYKTYp. OcHOB-
HBIMU WCIIOJIB3YEMBIMI UHCTPYMEHTAMU SIBIISIIOTCS NIB€ CBOAMMOCTHU Ha CTPYKTypax: -
CBOAMMOCTH (KaK PeNaTUBHU3AIMS IIOHATUS ~KOHCTPYKTUBU3UpyeMasl CTPYKTypa’) m sX-
CBOAMMOCTH (KaK peJIITUBU3AIMS MOHATHs ~KOHCTPYKTUBHas cTpykrypa’). Kpome Toro,
IIJIST TIPOU3BOJIBHOTO MOy CTUMOT'O MHOKECTBa BBOMSTCS MTOHSITHUS Y -IIPOIECCA, OTHOCUTEIBHO
Y.-MOMYCTUMOTO CEMENCTBA U KOMIIOHEHTHI BEIUUCIUMOCTH. Y Ka3aHHBIE TTOHSITUS HAXOISTCS
Ha CTBIKE TEOPUU MOMYCTUMBIX MHOXECTB U TEOPUH AIIPOKCUMAIMOHHBIX ITPOCTPAHCTB
Epmoa—CkorTa. PaccmaTpuBatoTcs Takme KJIaCcChl IIPOIECCOB, KAaK >-QyHKIINN, Y-TIPEINKa-
TBI U Y-OMEPATOPBI, W UCCIEAYIOTCS B3aMMOCBSI3U MEXKIy STUMHI KJjaccaMu (B YaCTHO-
CTH, CBONCTBa YHU(MDOPMU3AIUU U BIIOKUMOCTH). PaccMaTpuBarOTCs TaKXKe CIIEIyOLIne
BOIIPOCHI:

1. Kakue BBIYNCINMOCTU TOPOXKIAIOTCS CTPYKTYpaMU?!
2. Kakume cTpyKTyphbl MOPOKIAIOTCSI BBITUCITIMOCTSIMME !

[Tonpo6uo paccmarpuBatoTcs HF-BerancimmmocTn Han CTPyKTypaMu U UX KOMIIOHEHTHI.
Hawubomnee HarmsamHoOl MITIOCTpanel OTBETOB HA BOIIPOCHI BTOPOTO THUIIA SBIISIETCS TEOpeMa
00 oOpallieHnu CKaJKa JIT MIHUMAJILHBIX KOMIIOHEHT HF—BbI‘II/ICHI/IMOCTefI, KOTOpas CylIle-
CTBEHHO 0000II1aeT U3BeCTHYIO TeopeMmy Ppunbepra u nMeeT cepuro npustokenui. Hamensr
TaKXKe eCTeCTBEHHBIE CBI3U MaKCUMaJIbHOW KoMHoHeHTH HF-Boramcianmoctn wam 0 ¢ mei-
CTBUTEJILHBIMU UUCIAMU.

CIUCOK JINTEPATYPHI

[1] Epmos }O.JI. OnpenemumocTs n BuMucaIuMocTh. Hoeocubupcek: Hayunas xuura, 1996.

[2] Ershov Yu.L., Puzarenko V.G., and Stukachev A.I. HF-computability // Computability in Con-
text: Computation and Logic in the Real World / Eds. S.B. Cooper and A. Sorbi. Imperial College
Press/World Scientific, 2011. P. 173-248.

[3] Stukachev A. Effective model theory: an approach via X-definability // Lecture Notes in Logic. 2013.
V. 41. P. 164-197.

[4] Stukachev A. On processes and structures // Lecture Notes in Computer Science. 2013. V. 7921. P. 393-
402.

Hrnemumym mamemamuru um. C.JI. Coboaesa CO PAH, Hosocubupck
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Hepa3peI_T_U/IMaﬂ N He-p-pa3spenimMasd OJINMHa KOHEYHBIX I'PDYIIII

E. 1. XyxXpro

PesynbraTsr nannoro mokiana noiayudersl B coBMecTHo pabore ¢ I1. Hlymsukum (Bpa-
3UIIHSL).

JIlrobasi koHeuUHas Tpymmna ob6/IamaeT HOPMAJIbHBIM PSIOM, KaXObI (GaKTOp KOTOPOTO
b0 pasperium, Jud0 SBIISICTCS MPSIMBIM TPOU3BEIEHNEM KOHEUYHBIX MPOCTBHIX Ipymm. Yu-
CJIO0 Hepa3pENIMMbBIX (PAKTOPOB CAMOT'O KOPOTKOTO TAaKOTO Pslia HA3BLIBAETCS Hepa3peuumot
OdAaunotll TPYNNbl. AHAJIOIMYHO BBOOUTCS IOHATHE He-pP-pas3peuwumoti daunvl. Orpanumde-
HUS HE-P-pa3perinMoil 1 Hepa3pelruMo TINHBI BXOMISAT B PEOyKIIMOHHBIE T€OPeMbl XOJITa—
XurmsHa Oj1s ociiabiieHHON mpobseMmbl Beprcanima m YuicoHa mis mpo6sIeMbl JTOKAJILHON
KOHEYHOCTH NEePUOANYECKUX NMPOKOHEUHbIX Trpymi. (O6e mpobiaeMbl, KAk U3BECTHO, GBbLIN
perieHsl 3eIbMAHOBBIM. )

MpI mokasbiBaeM, UTO He-p-pasperimMas JINHA KOHEYHOW I'PYNIbl OTPAHUYEHA B TEp-
MUHAX MaKCUMAJIBHOW P-IIJIUHBI €€ p-Pa3pelIuMbIX TOArPYII. B acTHOCTHU, HEpa3peImMast
IUIMHA OTPAHUYEHA B TEPMUHAX MAKCUMAJIBLHON 2-IJIMHBI PA3PEINMbIX MOATPYII. OJTH Pe-
3yJAbTaThl IPUMEHAIOTCA OJId U3YYCHUA Bep6aJH:>HbIX IOATPYIII KOHEYHBIX U IIPOKOHEYHDBIX
TPYyII B 3amavax, o600IaImx ociabiennyio mpobiemy bepucatina.

CraBuTcs BOpoc 06 OTrPaHUYEHHOCTU He-P-Pas3PeIInMOil MIIUHBI KOHEUHBIX T'PYIII, CU-
JIOBCKUE P-TIONTPYIIIHI KOTOPBIX JIEKAT B 3aIaHHOM cOOCTBEHHOM MHOTOoOOpasuu. [lomydaeno
MIOJIOXKUTEILHOE PEIIeHNe STOT0 BOMIPOCa M JTI000T0 MHOT00Opa3us, SBIISIOIIETOCS TTPOU3-
BeJIEHNEM HECKOJBKUX PAa3PEIMMBIX MHOT000pa3nii 1 MHOT00O0OPa3nii KOHEYHOT'O TEPUOIA.

Hrnemumym mamemamuru um. C. JI. Cob6oaesa CO PAH, Hosocubupck
E-mail: khukhro@yahoo.co.uk
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On Brouwer—Heyting—Kolmogorov provability semantics

SERGEI N. ARTEMOV

According to Brouwer, intuitionistic truth is provability; this leads to the informal
Brouwer-Heyting-Kolmogorov (BHK) semantics of proofs which has been widely accepted
as the intended semantics for intuitionistic logic. Whereas a desired interpretation of BHK-
proofs via proof objects turned out to be elusive, a variety of BHK-inspired semantics based
on computational programs (cf., Kleene realizability, Curry-Howard isomorphism, Martin-
Lof Type Theory) have been around since the 1940s. They reveal the computational content
of constructive reasoning and constitute a major development in logic and computer science.
However, such computational semantics does not capture the original provability nature of
BHK. In particular, it fails to compensate for some well-known omissions in the original
BHK semantics and merely reproduces them formally:

In BHK, anything vacuously “proves” the negation of an unprovable
sentence; this dubious feature ruins a constructive connection between a
sentence and its proof. Original BHK’s treating of universal quantifiers
admits unacceptable bogus “proofs” for any true Il;-sentence, e.q., for
Fermat’s Last Theorem or the consistency statement.

In the 1930s, Godel suggested to define intuitionistic logic via classical provability
(represented by modal logic) and interpret the latter as a system of explicit proofs. Recent
developments of the logic of proofs opened the door to realizing Godel’s approach. In this
talk, we present a resulting provability BHK semantics which satisfies the BHK requirements
and, in addition, naturally analyzes and resolves the aforementioned issues with the original
BHK.

The provability BHK finds applications far beyond its original foundational scope, e.g.,
in formal epistemology where it offers a long anticipated theory of justification.

CUNY Graduate Center, New York City (USA)
E-mail: sartemov@gc.cuny.edu
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On interpolation in n-transitive modal logics

A. V. KARPENKO

Firstly we will observe the problem of interpolation in the extensions of weak transitive
modal logics. After that we will try to extend results to n-transitive modal logics. As usual
we will study interpolation with the help of criterions wich were found by Larisa Maksimova.
These criterions are based on the existence of one-to-one correspondence between classes of
extensions of a logic and classes of the corresponding varietes of algebras.

Novosibirsk state university, Novosibirsk (Russia)
E-mail: anastasia.v.karpenko@gmail.com
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Operads of decorated trees

P. S. KOLESNIKOV

These results were obtained in collaboration with V. Yu. Gubarev.

We observe relations between several classes of algebraic systems appeared in areas
including algebraic topology, homological algebra, K-theory, combinatorics, and mathe-
matical physics. A general categorical approach to the definition of these classes involves
considering free operads of trees with decorated leaves. In this talk, we will focus on a
general approach to two types of decoration (called replication and splitting).

In the binary quadratic case, one may observe Koszul duality between replication and
splitting algebras, which is very natural since the corresponding operads may be obtained
as Manin products with Koszul-dual operads Perm and pre-Lie, respectively. We observe a
general method how to deduce the identities defining replication and splitting algebras for
an arbitrary operad, not necessarily binary or quadratic.

Further, we consider a relation between algebras in these decorated classes and ordinary
algebras with additional operators. The idea of Koszul duality works here and provides a
way to embed a replication algebra into an ordinary algebra with an averaging operator,
i.e., a linear map 7 such that

T(2)T(y) =T (2T (y)) = T(T(x)y).
Similarly, a splitting algebra may be embedded into an ordinary algebra with a Rota—Baxter
operator, i.e., a linear map R such that

R(x)R(y) = R(zR(y)) + R(R(x)y).

Sobolev Institute of Mathematics, Novosibirsk (Russia)
E-mail: pavelsk@math.nsc.ru
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Naturalness in formal mathematics

PETER KOEPKE
In this talk I shall first survey the field of formal mathematics, emphasizing that:

— every mathematical statement can be translated into a formula in a strictly formal
symbolic language, using e.g. standard first-order set-theoretic foundations of
mathematics;

— every mathematical proof can be turned into a drivation in a strictly formal sym-
bolic calculus, due to Godel’s completeness theorem:;

— formalization is a highly complex process that requires computer assistance;

— there are several powerful formal mathematics systems which allow proofs of sig-
nificant theorems and the development of extensive mathematical theories;

— formalizations resemble computer languages;

— computer generated derivations are based on resolution proofs found by extensive
search.

The last two items demonstrate that up to now there is a huge difference between statements
and proofs in the mathematical literature and their formal counterparts. The Naproche
(Natural Proof Checking; www.naproche.net) at Bonn aims at understanding and bridging
that gap by analysing the natural language of mathematics and natural mathematical
arguments. Naproche combines:

— techniques from Natural Language Processing (NLP) to parse and represent ordi-
nary mathematical language;

— automatic reasoning tools and Automatic Theorem Provers (ATP) for filling gaps
in natural proofs.

We shall give examples of proofs of non-trivial theorems which are formulated in ordinary
mathematical language and which are at the same time strict derivations in a computer-
implemented formal proof system. We shall present details involved in the formalizations
and discuss future technical work.

Finally we shall discuss some general issues brought up by the project:

— how faithful are formalizations of mathematical notions, statements and argu-
ments?

— what is the ontology of mathematical statements? is there a mathematical uni-
verse?

— which implicit background theories should be employed, and how should they be
implemented in formal systems?

— what is an ordinary mathematical proof?

We propose to view ordinary proofs as coercive arguments for the existence of formal deriva-
tions of claims, but without actually carrying them out. If the language of mathematics is
restricted to a controlled natural sublanguage computer systems may be able to actually
produce such derivations, using cues from the ordinary proof. This will make formal math-
ematics more accessible and practicable, and it will show that (parts of) mathematics can
be developed naturally, yet in complete formality.

Mathematical Institute, University of Bonn, Bonn (Germany)
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Hall subgroups and the pronormality

D. O. REVIN

A subgroup H of a group G is said to be pronormal if H and HY are conjugate in
(H, H9) for every g € G.

Let 7 be a set of primes. A subgroup H of a finite group G is called a Hall w-subgroup
if every prime divisor of |H| belongs to m while |G : H| is divisible by no prime in 7.

The well-known Hall’s Theorem implies that, in the finite solvable groups, Hall 7-
subgroups exist and all of them are pronormal for every set 7w of primes.

In non-solvable finite groups, the existence of Hall m-subgroups is not guaranteed.

Let a set m of primes is given. In the talk, we will discuss the following questions:

e Under what conditions is every Hall w-subgroup of a finite group G pronormal?

e Do there exist examples of non-pronormal Hall w-subgroups?

e [s it true that if a finite group G possesses a Hall w-subgroup then G possesses a
pronormal Hall 7m-subgroup?

e What can one say about the class of finite groups G such that G includes a Hall
m-subgroup and every Hall m-subgroup of G is pronormal.

The results of the talk are obtained by the author in collaboration with E. Vdovin and
W. Guo.

Sobolev Institute of Mathematics, Novosibirsk (Russia)
E-mail: revin@math.nsc.ru
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Quantifying over Bernoulli random variables in probability logic

STANISLAV O. SPERANSKI

Assume 2" = {z;},~, is the set of variables, and C is a decidable set of constants.
Define the collection of e-terms to be the smallest set containing 2" U C' such that if ¢; and
ty are e-terms, then ¢ and t; Nty are e-terms as well. Next, by a .,Sfuc -atom we mean an
expression of the sort

f(ﬂ(tl)w"vu(tn)) < g(ﬂ(tn—H)?"'vu(tn—Fm))a

where f and g are polynomials with coefficients in Q, and ¢4, ..., t,1,, are e-terms. Finally,
.,Sfuc -formulas are obtained from .Z,-atoms by closing under -, A and applications of Vz,
with x € 2"; we abbreviate —-Vx —-® as Jx P.

Suppose that 2 = (Q, o7, P) is a discrete probability space. For a quantifier-free .Z),-
formula ® and a valuation v : Z°UC — &7, we define 2 |- ® [v] recursively (in a first-order
fashion) by interpreting ¢; as the complement of ¢1, t; N2 as the intersection of ¢; and ts,
and p as P — this leads to a minor extension of decidable quantifier-free probability logic
from [1] (with C' := {¢;};2, and no variables).

The above semantics can be further expanded to arbitrary ZNC -formulas if quantifiers
are viewed as ranging over: i) all events of «; ii) all events of &/ expressible by ground
e-terms (which essentially corresponds to considering 2l being a finitely additive probability
space with &7 countable). In the latter case the validity problem for ff , where C' is infinite,
is known to be ITIi-complete [2] (and easily shown to be decidable whenever C is finite),
while in the former it turns out to be m-equivalent to the second-order theory of (N, +, x)
(even with no constants). Also, a number of results on prefix fragments are established
here.

Note that every E € &7 is uniqely determined by its characteristic function, i.e., by a
Bernoulli random variable on 2, and vice versa. In this way, our probabilistic languages
expand the basic quantifier-free logic of [1] by adding quantification over Bernoulli random
variables (either all, or only those definable via ground e-terms). The present talk is
devoted to various aspects of these quantified probabilistic languages, focusing on issues of
expressibility and computability.

REFERENCES
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Primitive and measure-preserving system of elements on the varieties of
soluble groups

E. I. TIMOSHENKO

Let {v1,...,vn} be a system of elements in a free group F), of rank n, m < n. The
system of elements {vy,...,v,,} is called primitive system in a free group F,(9M) of a va-
riety 9 if its image by the natural homomorphism F,, — F,,(9) can be complemented
to a basis of F,(9M). Let G be a finite group in the variety 9. Define the verbal map-
ping Yyu, ... v} from G™ into G™ by assigning to each g = (g1,...,9n) € G" the element

(v1(g1y---39n)s -, 01(g1s- -, gn)) in G™. A system of elements {vy,..., v, } preserves mea-
sure on G if every g € G™ appears as an image under ¢y, . ...} with probability |G|~™. A
system of elements {vy,...,v,}, 1 < m < n, that preserves measure on every finite group

G € M is called measure-preserving on the variety 9. Let a variety 991 be the product
M = AB of the variety 2 of all Abelian groups and some variety B. We can calculate
the Fox derivatives O;v € Z(F,,(*B)) for each v € F,,(AB)). Denote by J(v) the matrix
(0i(v))mxn over the rink Z(F,(8)).

Theorem 1. The following conditions are equivalent:

1. the system of elements {v1, ..., v} is primitive in the free metabelian group F,, (A?);
2. the system of elements {v1,..., v} is measure-preserving on the variety A* of all
metabelian groups; 3. there is a matrix By, over the ring Z(F,()) such that J(v)B is
the identity matriz F,xm.

Let R be a ring with unity. The vector (ui,...,u,), u; € R, be known as unimodular
if uyry +... 4+ u,r, =1 for some r; € R.

Corollary. The following conditions are equivalent:

1. an element v € F,,(A?) is primitive; 2. v is measure-preserving element on A%; 3.
(010, ...,00,v) € Z(F, ()™ is an unimodular vector.

Let 91, be a variety of all nilpotent groups of class < c. On the other hand, the Corollary
is not true for the variety 2ANs.

Theorem 2. There is an element v such that 1. v is not primitive element of the group
Fy(ANy); 2. v is measure-preserving element on the variety ANs.

Theorem 3. A system of elements {vi,...,v,} is measure-preserving on the variety
MN.A iff it is measure-preserving system on the variety of all metabelian groups 2A2.

Theorem 4. A system of elements {vy,..., v} is measure-preserving on the variety
ML iff it is primitive system in the group F,(M.2).

Theorem 5. A system of elements {vi,...,vy,} is measure-preserving on the variety
of all profinite metabelian groups iff it is primitive system in the free metabelian profinite
group F,(2A?).

Theorem 6. A system of elements {v1,...,v,} is primitive in the group F, (A?) iff it
is primitive in the free metabelian profinite group Fj, (A?).

Nowosibirsk, NGTU
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Atomic rule refinement in the tableau synthesis framework

D. E. TisHKOVSKY, R. A. SCHMIDT

Tableau algorithms play a very important role in the mainstream of current research
on automated reasoning, proof theory, semantic web and ontology reasoning. They provide
a uniform and flexible way of defining decision procedures for logical formalisms which
underlie beneath various applications.

We are interested in generic principles for developing tableau decision procedures. In [1],
we developed a framework which formalises a process for automatically transforming the
definition of the semantics of a logic into a tableau calculus which is sound and complete
for the logic.

Initially, some rules of the generated calculus can have branches which are not necessary
for guaranteeing completeness. This decreases the performance of tableau algorithms based
on the calculus. The tableau synthesis framework, addressing the problem, defines a refine-
ment procedure of the generated tableau calculus. In order to preserve completeness of the
calculus, the rule refinement requires the verification of a general rule refinement condition
which is inductive and needs to be checked manually. For the purposes of automating rule
refinement it is therefore important to find other less generic conditions which are sufficient
to preserve completeness and, yet, can be automatically verified.

In this talk, we discuss a special atomic rule refinement condition [2] and prove that
it implies the general rule refinement condition. Consequently, this guarantees that the
atomic rule refinement preserves completeness of the tableau calculus.

In brief, given a tableau rule, the atomic rule refinement allows to move negated atomic
formulae from the conclusions of the rule to the rule premises by inverting their sign. We
identify three important cases when the atomic rule refinement condition is satisfied auto-
matically. The first case automates refinement of the generated rule for the box (necessity)
operator in standard modal logics to the usual box propagation rule. The second case al-
lows to refine rules which are generated from frame conditions for arbitrary combinations
of modal-like logics. In the third case, using the atomic rule refinement, we show how to
transform the generated tableau calculus into a hypertableau-like calculus and prove that
the transformation preserves completeness of the calculus.
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Mereotopology III: Whiteheadean type of point-free theories of space and time

DIMITER VAKARELOV

Alfred North Whitehead is well-known as a co-author with Bertrand Russell of the
famous book ”Principia Mathematica”. The authors intended to write a special part of
the book related to the foundation of geometry, but due to some disagreements between
them this part has not been written. Later on Whitehead formulated his own program
for a new, relational theory of space and time, which appeared in print for the first time
in his book The Organization of Thought, London, William and Norgate, 1917, page 195.
This theory should be point-free in a double sense, that neither the notion of space point,
nor the notion of time moment should be taken as primitives. Instead they have to be
defined by a more realistic primitive notions related to the existing things in reality. In
his later book, Process and Reality, New York, MacMillan, 1929, Whitehead presented a
detailed program of how to build a point-free mathematical theory of space, based on the
primitive notions region, formalizing the notion of physical body, and some relations between
regions like mereological relations part-of, overlap and the mereotopological relation contact.
He developed also a very interesting philosophical theory of time, called by him epochal
theory of time, but unfortunately he did not present any program for its mathematical
formalization. Whitehead’s epochal theory of time was presented rather informally in
an unusual philosophical terminology, which makes extremely difficult its mathematical
formalization.

The present paper is a third one in a series of papers [1, 2] devoted to an Whiteheadean
type of point-free theories of space and time. We will present first a natural model of
spatial regions changing in time (dynamic regions) with operations between them forming
a Boolean algebra and various natural relations between dynamic regions of space like
space contact, time contact, precedence relation and some others. The resulting point-free
formalizations are abstract Boolean algebras with some additional relations between their
elements. The main results for such abstract systems is a kind of Stone-like representation
theorems, showing in certain sense the equivalence between the point-free and point based
formalizations.
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[1] Vakarelov D. Dynamic Mereotopology: A point-free Theory of Changing Regions. I. Stable and unstable
mereotopological relations. Fundamenta Informaticae, vol 100, (1-4) (2010), 159-180.
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A variant of bi-intuitionistic logic

HEINRICH WANSING

A variant of bi-intuitionistic propositional logic, called 2Int, is introduced and shown
to be faithfully embeddable into intuitionistic propositional logic with respect to validity
and into dual intuitionistic logic with respect to a notion of dual validity. The difference
between bi-intuitionistic logic, 2Int, and Nelsons’s constructive logic with strong negation
N4 extended by a falsity constant is explained. Moreover, the system 2Int is shown to be
sound and complete with respect to a natural deduction calculus that comprises proof rules
and dual proof rules.
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I[eCKpI/Il'ITI/IBHaﬂ CJIOZKHOCTBb KOHE€YHBbIX MHO2XECTB PEery’JjisipHbIX s3bIKOB

C. A. AooHun

B xauectBe Mepwr crmoxkuoctu C(L) perymspHOro ssbika L MOXHO BBIOpaTh (MUHU-
MAJIBHO BO3MOXHOE) YHUCJIO COCTOSHUI COCTOSHWII COOTBETCTBYIOIIErO IeTEPMUHUPOBAH-
HOTO WM HEeIeTEePMUHUPOBAHHOIO aBTOMATa, IJINHY PEryJSIPHOTO BBIPAXKEHUS U OPYTUe
AHAJIOTMYHLIE XaPAaKTEPUCTUKN. B maHHOM HOKJ/IANe paccCMaTpPUBAETCS BOIPOC OIPEIEIIeHUs
CJTOXHOCTU KOHEUYHOT'O MHOXKECTBA, PETYJISIPHBIX S3BIKOB.

[Iycrs 3amano mysnbrumuOXKecTBO S = {L1,..., L, } peryisapHbIX sA3BIKOB B ajbaBuTe
Y. Kaxmpiil 571eMEeHT MOXET UMEeTh OTHOCUTEIHHO 6oiibinoe 3uauenue C(L), OMHAKO MeXITy
Pa3IUYHBIMU BJIEMEHTAMU MOXKET CYyIIIeCTBOBATH 3aBUCUMOCTH, Hampumep L; = L; 1L; 1,
7 CJIOXKHOCTH OIUCAHUS BCENO HAOOpA He SBIISIETCS CYMMOW IO €r0 3JIeMEHTAM.

PaccvorpuMm oTobpakenue u3 HEKOTOPOro ajadaBuTa A B MHOXKECTBO PErYIISIPHBIX SI3bI-
k0B, ¢ : A — Reg(X), xoTopoe MOXeT GBITH pacHIpeHo 0 romoMopdusma ¢ : AT —
Reg(X). Ilycrs obpasom mycroro cioBa ¢(e) sBusercs si3uik {e}. I mo6oro ssbika
R C A* nonoxum ¢(A) = Uyerp(w).

CrnoxuocThb perymaproi noactanosku ¢ onpenenum kak C(p) = > C(p(9)). Hna 3a-
deA

IAHHON IONCTAHOBKU (0 PaspellnMa 3a0a4ll IPOBEPKU IPUHALIEKHOCTH s3biKa L € Reg(X)
muOXkecTBY L(¢) = {p(R) | R € Reg(A)} C Reg(X).

Ci10XHOCTEL ONUCAHNSI KOHEUHOI'O MHOXKECTBA PETYJIIAPHBIX A3bIKa OIIpEeOe/IMM KaK

<ID7R17"'7RTL

C(S) = min 0(¢>+ZC(Ri) ,

re MEUHUMYM GepeTcs o BCeM MOACTAaHOBKaM ¢ st KoTopbix S C L(yp).

OueBUIHO, YTO BCJIENCTBHUE PAa3pELINMOCTH MPOBepku mpuHamiexuoctu L € L(yp)
dyuxust C(S) Boranciaunma. JloctaTouno mepebpaTh Bce HAOOPHI MOACTAHOBOK, CIIOXKHOCTD
KOTOPBIX He IIPEBOCXOMNUT CYMMAapHON CJI0XKHOCTH 3J1eMeHTOB S. B moknane paccMaTpuBa-
eTCsl BOBMOXKHOCTB TOCTpOeHus 6osee sddexTusHOro amropurma surancierus C(S).

MI'Y umenu M.B. Jlomonocosa, Mocksa
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IIpumMmep poTOKOJIa MHTEPAKTUBHOI'O NOKAa3aTeJILCTBA

M. . BEKEHOB, P. M. OCIIAHOB

PaccmaTpuBaeTcs mpuMep MpOTOKOJIA NMHTEPAKTUBHOTO TOKA3ATEIHCTBA.

[Iycts A - kBamgpaTHas MaTpuiia OOJBIIOrO MOPSAOKa, d - BEIIeCTBEHHOEe 4uucio. P
yTBepxmaer, uro detA = d (T.e. ob6amaeT qOCTATOYHBIMEU BHIYUCIIATEILHBIMI PECYPCAMH,
qT00bI BEIUMCINTH detA), V He MOXKeT caMOCTOSATeNbHO BuUnCauTh detA (He obmamaer
IOCTATOUHBIMU pecypcamu). P xoder y6emuTb V' B UCTUHHOCTU 5TOrO YTBEPKIEHUS, HE
paCKpbIBas BHIYUCICHUN (MO Pa3HBIM NPUYMHAM), & V' X0ueT OBITH YBEPEHHBIM, YTO YUCIIO
d MeRCTBUTENILHO ABIAETCS 3HaUeHUeM detA.

1-pir BapumanT. OOmmi Bxom: A - kBagpaTHas MaTpPUIA OOJIBIIONO MOPSIKA, BEIIe-
CTBEHHOE YnCyo d.

1) Iepsorit miar nposepsitorero: V' mpeobpa3oBbiBaer A Tak, urobbr detA He m3me-
HIJICSI, TIPUMEHSsI COOTBETCTBYIOIINE CBOMCTBA OMPENEINTEEN MOCTATOYHOE KOJIMIECTBO
pa3 (mpemmosaraeTcsi, YTO Ha Takue MpeoOpPa30BaHUSA Yy HErO HOCTATOYHO pecypcos). Ilo-
ayuaer maTpuiy A; Takyiwoo, uto detA; = detA. 3arem mpeobpasoBweiBaeT A Tak, 4TOOBI
det A m3menusics, T.e. moiydaetr A, Takyro, uro detAs; # detA. V ornpasnser Ay m A,
MTOKA3BIBAIOIIEMY U IIPOCUT €TI0 BBIYUCIUTH UX OMPEIeTIUTEIN.

2) IlepBbiil mar MOKA3BIBAIOLIETO: P BBHIYUCIISET OMPEIeTUTEeNN MOy YeHHBIX MATPUIL I
OTTPABJISIET UX 3HAUEHUS MTPOBEPSIOIIEMY.

3) Bropoit mar nposepstoitero: V' uposepsier, ecnu detA; # d wmm detAs = d, To
OCTAHABINBAET MIPOBEPKY U OTBEPraeT HOKa3aTeIbCTBO.

P u V nosropstor maru 1) u 3) m pa3. IIposepsommit npuHIMaeT HOKA3aTEILCTBO,
eCyIl OH 3aBepIuuT m ureparuii maros 1) - 3). B nporusaoM citydae, oTBepraer.

2-0i1 BapuaHT (B KOTOPOM yYACTHUKY BBIIOIHSIOT MeHbIIe Bhrancienuit). O6mmit BXOm:
A - xkBagpaTHas MaTpuiia GOJIBIIIOTO MOPSIKA, BEIIIECTBEHHOE JHICIIO d.

1) Iepseriit mar nposepsitorero: V nayran soibupaer 6ut o € {0,1}. Ecmm oo =1, o V
npeobpasoBeiBaeT A Tak, 9T06BI det A He U3MEHUIICS, IPUMEHSIST COOTBETCTBYIOIINE CBOMCTBA
ompenenuTeneil JOCTATOYHOe KOIMYECTBO pa3 (IPEeArnosaraeTcs, YTo Ha Takue npeobpaso-
BaHUS y HErO HOCTATOYHO pecypcos). Ilomyuaer marpuiy A; takyio, uro detA; = detA.
Eciu o« = 0, To V npeoGpasossiBaeT A Tak, uToObl detA m3MeHWICs, T.e. ToyuaeT Ay
Takyio, uto detAy # detA. V ormpasnser A, IOKA3BIBAIOIIEMY U IMPOCUT €TI0 BBIUUCIUTD
OTpenenTe b MATPUIL A, .

2) IlepBblil AT MOKA3LIBAIOIIErO: P BBIUUCIIAET ONPENeNTeNb MOy YeHHON MaTPUIIBI
7 OTTIPABJISIET €r0 3HAUEHUE IIPOBEPSIOIIEMY.

3) Bropoit mar nposepsitoriero: V' mposepsier, eciu detA; # d win detAs = d, To
OCTAHABINBAET MPOBEPKY U OTBEPraeT HOKa3aTeIbCTBO.

P u V nosropstor maru 1) u 3) m pas. Ilposepstroinil npuHIMaeT MOKA3aTEIbCTBO,
eCyIl OH 3aBepIuuT m ureparmii maros 1) - 3). B nporusaoM citydae, oTBepraer.

Espasutickut Hayuonaavnori Ynueepcumem um. JI.H.['ymusesa, Acmana
E-mail: bekenov50@mail .ru, hamzal3@mail.ru
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06 onTuMaJILHBIX KOMITIO3MIINAX aJITOPUTMOB KJlIacTepu3alnnun, OCHOBaHHBIX Ha
JIOrnM4YeCKHuX IIpaBumJIax

B. B. BEPUKOB

PaccmarpuBaercs crenyrolias 3amada KiIacTePHOTO aHaIn3a: TpedyeTcs pa3duTh MHO-
XKECTBO OOBEKTOB, MHGOPMAIIASI O KOTOPBIX UMeeT (Gopmy Tabmuibl ’00BEKT-IPU3HAK , HA
HEKOTOPOE YHCIIO TPYII B COOTBETCTBUU C 3a[aHHBIM KpuTepueMm omHopomuoctu. [lIpen-
[IOJIATAETCsI, IYTO MPU3HAKHU, OIICHIBAIOIINE OOBEKTHI HAOIIOIEHUsI, MOTYT OBITH PA3HOTHUII-
HBIMU: BEIIECTBEHHBIMU, MOPSIKOBLIMU, OYJIEBBIMU UJIN N3MEPEHHBIMI B IIIKAJIE HAUMEHOBA~
Huil. YucI0 Tpu3HAKOB MOXKET ObITH JOCTATOYHO GOJBIINM: CPABHUMO C UUCIOM OOBEKTOB
UM HAMHOTO 0oJibIrie. 3a/1avi TAKOrO POMA BO3HUKAKOT, HAIIPUMED, B OMONHDOPMATHIKE NN
Ipu aHaIM3e MEOUIMHCKAX MaHHBIX. Il perrreHus momoOHOTO poma 3amad B CYIIECTBYIOT
METOMBI, OCHOBAHHBIE HA KOJJIEKTHUBE JIOTMUECKUX MPABUI (TAKCOHOMUYECKUX PEIIAIOIIX
nepeBbsix). KommekTuBHbIl (aHCAMOIEBBIN) MOAXOM MO3BOJISET CHUXKATH 3aBUCHMOCTH Pe-
3yJIbTATOB TPYIIUPOBKA OT BEIOOpA MapaMeTPOB aJIrOPUTMAa, HOJIydaTh O0jlee YCTONINBBIE
PEIIIeHNsT B YCIOBUSIX 3AIIyMJICHHBIX JAHHBIX, IIPU HAJINYAN B HUX TPOMyCKOB. Jlormuaeckoe
IIPABIIIO KJIACCUGUKAIINI IIPeICTaBiIsieT cobolt yrBepxkaenne suna ’Ecmu X, (a) € E;, U ...
N X; (a) € Ej,,, To 06bekT a orHOCUTCS K A-My KaacTepy”, rae X;(a) o3HadUaeT 3HAUCHNE
npusHaka X; I7g oOBeKTa a.

B nmokmame mpemmaraeTcss MeTON TMOCTPOEHUs KOMIIO3UIINE KOJIJIEKTUBHBIX PEIICHUH C
YUIEeTOM BECOB AJITOPUTMOB, OCHOBAHHBII HA HAXOXKIIEHUU MATPUIILI MTOTMAPHBIX KJIacCudu-
Kannii o0bekToB. HaxoxneHune ONTHMAJBHBIX BECOB OCHOBAHO HA MUHUMUI3AIU BEPXHEN
OLIEHKU BEPOSITHOCTHU OIIMOKN KJIacCU(DUKAINY, HAWIEHHOW B paMKax MOOeln aHcambiie-
BOI'O KJIACTEPHOT'O AHAJIN3A C JIATEHTHBIMU Kiaccamu [1, 2]. Ykasauuas (HemocpemncTBEHHO
HeHAOGIIIoIaeMast) OIIMOKa OIEHNBAETCSI [0 HAOIIIOMAEMbIM XapaK TePUCTUKAM aHCAMOIIS.

Pa6ora nmonnep:xkana rpantom PODOU, mpoext Ne11-07-00346a.
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[1] Bepuxor B.B. IlocTpoenue ancambiis nepeBbEB PELIeHUN B KIIACTEPHOM aHaiuse // Boraucnurensuee
Texuosiorun. 2010. T. 15. Ne 1. C. 40-52.

[2] Berikov V. A latent variable pairwise classification model of a clustering ensemble // Lecture Notes
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JHocTaTouHOE ycI0OBME IIPEANNCAHHON 3-pacKpaIllniBaeMOCTU 4-peryJisipHbIX
rpadosB
A. 1O. BEPHUITENH

[Ipennomoxum, aro mis kaxmoit Beprmubl u rpada G(V, F) saman cnucok L(u) mormy-
cTuMbIX 1BeTOB. Packpacka ¢ Beprimu rpada G HaswiBaeTcs L-packpackor, ecau c(u) €
L(u) nnsa xaxmnoit Bepiuabl u € V. I'pad G Ha3BIBAETCS IPEAMUCAHHO k-DaCKPaIINBAEMBIM,
eciu OH o6anaeT L-packpackoil miis Kaxmoro Habopa npeanucanuii L takoro, aro |L(u)| >
k mns Bcex u € V. Hanmenbiriee k, miis koroporo G mpemnucanto k-packparimBaeM, Hasbl-
BaeTCs npeanucaHHelM gucioM rpada G u obosnauaercs x¢(G).

Jlerko BumeTH, YTO MPENNUCAHHOE UYUCIO HE MOXKET OLITH MEHBIIE XPOMATUUIECKOIO:
X¢(G) > x(G). Usyuenne cBoiicTB rpadoB, sl KOTOPBIX HOCTUraeTCs paBeHCTBO Yo(G) =
X(G), npencrasisger 3HaunTeNbHLI uHTEpec [2]. B mokiame 3T0 paBeHCTBO paccMaTpUBAa-
ercst Iyis ciry4ast, korna rpad G 4-peryrspes.

MOIIHBIM METOIIOM OIEHKM MPEOIUCAHHLIX 4YKrce rpadoB CIIYKUT TaK HA3BIBAEMBIN
[TOJIMHOMUAJIBHBIH MeTox, npennoxenusit Amonom u Tapeu [1]. On mosBosser cBOIUTH
HEKOTOPBIE 3a[1a4l CYIIIECTBOBAHUS K IIPOBEPKE PABEHCTBA HYIIIO OMPENeTEHHOr0 KOo3dhdu-
[IEHTa CIeNUaIbHO CKOHCTPYUPOBAHHOTO MHOTOWIeHA. s 4-perynspubix rpadoB ¢ ero
MTOMOIIIBI0 MOXKHO YCTAHOBUTDH CBSI3b MEXKIY MPENNICAHHON 3-PACKPAIIIBAEMOCTHIO Tpada
U CTPYKTYPOU MHOXKECTBA €0 SUIEPOBBIX OPUEHTAIINNA.

ABTOpoM 6BIIO MOKA3aHO, YTO MOJYyYEHHBIA C MOMOIIBIO IOJIXHOMHUAIBLHOIO METOMA
KPUTEPU TPENMUCAHHON 3-PaCKPAINBAEMOCTH 4-PerysipHoro rpada MOXKHO CHOpPMYJIIn-
pOBAaTh B TEPMHUHAX €r0 OOBIUHBIX MPABMIBHBIX PACKPACOK B 3 1BeTa. VIMEHHO, MyCTh
G(V, E) — 4-perynspusiii rpad. Ero npasunbuyio packpacky B usera {1,2,3} Gymem oTo-
KIECTBIATh C ynopsimoueHHoil Tpoiikont (X, Y, Z) MHOXKeCTB BepIINMH [IEPBOTrO, BTOPOTO U
TPETHEro I[BETA COOTBETCTBEHHO. MHOXKECTBO BCeX MPaBUIIbHBIX 3-packpacok rpada G cre-
uaIbHBEIM 06pas3oM pasbuBaercs Ha nBa kiacca A(G) u B(G), mocie uero mokasbiBaeTcs
clemyoliee yTBEPKICHNTE.

Teopema. Ilycts G — 4-perynspueii Mynsturpad 6e3 merens, npuuéMm Xo(G) > 3.

£, ()5, G

(X,Y,Z)eA(G) (X,Y,Z2)eB(G)

IokazaTerbCTBO TOr0 pe3yIbTaTa UCHOIb3yeT JIMHENHYIO alredbpy HaIl MOJIeM Zsg.
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IIpumenenne nonenn Q u F(X) B napasiesbHbIX BHIYUCIIEHUSIX U IJIsI
BepupUKAIINIM IPOrpaMM

B. A. BACEHUH, B. A. POrasHos

Boraucnenus ¢ miaBaroreit TOYKON TPAAAITNOHHO JOMAHUPYIOT TP PEIIICHUN TPUKJIIAI-
HbIX 3amad. Omaako, Ipu mepexome KO Bce 0ojiee TOUHBIM U MACIITAOHBIM pacueTaM, 3a-
JaCTYIO IPOSIBIISIOTCS HEOOCTATKH, CBS3aHHBIE C OIIMOKAMU OKPYTJIEHUS U NEPEelOTHEeHUS.
[Tpu pazpaboTKe YUCIEHHBIX METOMOB IPUXOMUTCS CIEOUTH 3a HakoryeaueM omm6ox ([1],
[2]); m3-3a HApYIIEHNS AKCUOM TIOJISI CyKaeTCsl KPYT HOILyCTUMBIX aJirebpaniecKux mpeobpa-
30BAHUN U BBIYUCITUTETHHBIX CXEM.

[Tpumenenune “macimTabupyeMbIx’ MOJIEN TUMA PALMOHAIBHBIX YiCeT 1 QYHKINA B Kate-
cTBe 0a30BON apu(MEeTUKN IejlaeT BO3MOXKHBIM CO3/IaHUE BBICOKOIIAPAJIIEIbHBIX IPOrPaMM
IO CHEeIYIOIIEN CXeMe:

1. Beimensercs 06beKT ¢ HA60POM XapaKTEPUCTUK X, KOTOPBIE NJOCTATOUYHO HAWTH;

2. IlpoBomuTcst pa3HOCTOPOHHUN aHAIN3 aIredOpamvecKuX CBONCTB MAHHOTO OOBEKTA;

3. IlombuparoTcst JIeErKO BBIYUCIUMBIE XaPAKTEPUCTUKN Y, CBSI3aHHBIE C X;

4. IlapammenbHO BhIYKCIsIETCS HAOOP XapaKTEePUCTUK Y OOBEKTA;

5. BoccranaBamBaioTCs MCKOMBIE XapPAKTEPUCTUKU X IO U3BECTHOW CBs3M C Y.

B cayuae wmcnonb3oBaHus OOBIYHOW apuMETUKU C TIJIABAIOIIEH TOYKOW KOJIUIECTBO
rHbOpMAIINN, COOEpXKAaIllelcs B KaXIOM YHCIOBOM 3HAYEHUH, OI'PAHUYEHO CBEPXY, YTO B
cilydyae MacIHITaOHBIX 33184 IPUBOAUT K IOTEPE CYIIeCTBEHHOU NOMM CBedeHU 00 00BeKTe.

Apudmerura ¢ macirabupyemoit TounocTbio ([3]), koTopas TpeGyeTcs IpU TaHHOM
MIONIXOIe, YTSXKEIIIET PACUeT, HO Ha COBPEMEHHBIX MAaCCUBHO-IAPAJIIIETLHBIX apXUTEKTYypax
9TO MOXHO KOMIIEHCUPOBATH, 3a0EUCTBOBAB IOCTATOYHO OOJBIIIOE KOJIMYIECTBO CUETHBIX
snep.

K mpakTwyeckm 3HaUNMBIM 3a/1avaM, KOTOPBIE MOXKHO PeIIaTh C IPUMEHEHNEM JaHHOT'O
MIOZIXO0MIa, MOYXKHO OTHECTH 334y PEIIeHNs CUCTEM JIMHENHBIX YPAaBHEHUN C Pa3peXeHHBIMI
MaTpUaMu HEKOTOPBIX BumoB ([4]), 3amady BBIYUCIEHUS YaCTH CIEKTPA U COOCTBEHHBIX
byHKIUN B 3a0aUax MaTeMaTUIeCKOl (GU3NKU, BepUPUKAIINIO YIACTKOB IPOrPaMM IJIs pe-
IIEHUSI CUCTEM HeJIMHEWHBIX YPaBHEHU.

Teopema. Cucremy JIMHEHHBIX aareOpPaAmYECKUX YPABHEHHUI C HECUMMETDHUYIHON pPas3-
PEeXXEeHHOH MaTpHuiler, coorBeTcTByorei pacderHor cetke N x N x N, MOXHO peliuTh
apame MeTomoM 3a Bpemsa O(N*) ucronbsys N? mporeccopoB u omepanmi ¢ MacIITa6upy-
emori Tounoctbio. IloBropabre pererus CJIAY ¢ Tol ke MaTpHIIEH, HO C IIPOU3BOJIbHBIMEI
IpaBBEIMHI JaCTAMI MOKHO MOaydaTh 3a Bpems O(N?) mpm rex xe ycmoBmax.

Teopema. KoppekTHOCTH aaropurMa JHHEHHOTO ydYaCTKa IPOTrPaMMBI, SIBHO DeIIla-
IOITEero CHUCTEMY HEJIMHEHHBIX ajreOpamdecKnX yPaBHEHUH, MOXKHO NOKa3aTh, BBIITOJIHUB
KOHEYHOE YHCJIO KOHTPOJIbHBIX BBIYHUCIEHUI C IOBBIIICEHHON TOYHOCTHIO, 3aBUCAIIIEH OT KOH-
KPETHOI'O BHUOA CUCTEMBL.

Bo3moxHOCTE 00001TIeHTST TTOCIEAHE TEOPEMBI ISl APYTHUX KJIACCOB IMIPOTPAMM TIPE]I-
CTaBIISETCSI BECbMa MHTEPECHBIM BOIIPOCOM, CBSI3aHHBIM C Pa3pPENIMMOCTBIO TeOopHuil I 60-
Jee CIOXKHBIX anrebpamdeckux cTpykTyp ([5]).
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>y — CHeI_II/I(I)I/IKaI_II/Iﬂ nepapxm3npoOoBaHHBbIX MYJIbTHAr€eHTHBIX CUCTEM

B. H. I'nymkoBA

B mapamgurme areHTHOTO MOOETUPOBAHUS CHACTEMA IIPENICTABIISIETCS B BHUOE OTHETHEHO
creruduUIIpyeMbIX aKTUBHBIX TOACUCTEeM (areHTOB). Bce Takue Momenu neneHTpain30BaHbL
7 areHThl UMEIT WHIWBUMIYAJIbHBIE NIPABUJIa MOBemeHus. |'7o6ajbHOE TTOBEIEHUE BCEH Cu-
CTEMBI SBJISETCS PE3yILTATOM MEITETbHOCTA MHOTHUX areHTOB, KAXKIBI M3 KOTOPBIX IO
CBOUM COOCTBEHHBIM NPaBUJIAM B3aUMOMENCTBYET C OPYTUMU areHTaMU W OKPYKAIOIIen mx
cpemort. OTU TPUHIUNBI €CTECTBEHHO IMOMIEPKUBAIOTCS MPU KCIOIBL30BAHUU B KAUYECTBE
SI3BIKA CIIeNU(PUKAINN IIOBEIEeHUs areHTOB MHOIOCOPTHOTO SI3bIKa MCUUCIIEHUS IPeIuKaTOB
MIEPBOTO TTOPSIAKA C OTPAHUYCHHBIMEU KBAHTOPAMU, BBIICJIECHHOTO B KOHIIEIIIINHT ) — ITPOTPaM-
MupoBaHust [1].

OcobeHHOCTD TpemIaraeMoro MOAXOa COCTOUT B TOM, UTO OTPDAHUYEHHBIE KBAHTO-
pPBI NEMCTBYIOT HA HEPAPXUUECKUX CINCKAX, MPENCTABIISIONINX OepeBbs BbiBoma B KC-
rpaMMaTUKe, TIpaBUja KOTOPOU HMepapXm3WpPyIOT OPOCTPAHCTBO COCTOSHUN W JIENCTBUMN
areHToOB. B Momenu ompemesnseTcss HECKOJIBKO HEe3aBUCUMBIX mepapxuilt ¢ pasubivu KC-
rpaMMaTAKaMM, OTPAXKAIIIMI MOBEICHNE PA3HBIX areHTOB. B cmenudukanmuu mpocToro
NPOMBIIJIEHHOTO arperara [2] ucnonbsyercs 4 rpamvaTtuku: mis po6otos D u G; nus
06pabaTHIBAIOIIET'0 YCTPOUCTBA; ISl OIIUCAHUS IEePEMEIIICHNN SIIUKA.

Jormueckas cnermudukarus cocrout u3z AgT—dopmyst Buna:

(Vz1€ty) ... (Vem€tm)(y1 < 21) - (Yp < 2p)o(T, 1) = Y(T, 1)

m>1,p >0, y;,z; €< Z,t >, 1 < j < p; € obo3HAUAECT OTHOIICHUE IIPUHAMIICKHO-
ctu snemenTa KC-cnucky mim ero TpaH3UTUBHOE 3aMbIKaHWE, < — OTHOIIIEHHE ~ JjeBee” .
Teopus Momenu COCTOUT W3 HECKOJIBLKUX ~ MOATEOpPUH I Pa3HBIX areHToB. Teopuu B3a-
UMOJICHCTBYIOIINX areHTOB COmepxkKaT obIue mpennkaThl. MHTepIpeTaTop akCuoM TeOpun
peaim3yeT MPSMOU JIOTMYECKUH BBIBOA. BbrumciieHus OjIsi pa3HbIX TEOPUH MOTYT OCYIIIe-
CTBIIITHCSI ACUHXPOHHO C 3aI€PXKKOI 06paboTK! TeX aKCUOM C OOIIMMU IpeIuKaTaMu, 3Ha-
YeHUsI KOTOPBIX €I11e He M3BECTHBI. AKCHOMBI Teopuil, MpeauKaThl U (GYHKIINNA COTIACOBAHDI
C CHMBOJIAMM U TPABUJIAMEU COOTBETCTBYIOIINX I'PAMMATHUK. JTO IO3BOJIIET MPU UHTEP-
MIPEeTAIi TOCTPOUTD JIEPEBDS, OTPAXKAIOIINE UEPAPXUIO NEACTBUN areHTOB C KOHKPETHBIMEI
3HAYEHUSIMU KOHCTAHT, BBIUKUCJIEHHBLIMU B IIpoliecce mHTepuperaruu. [las Bepudukamm
MOMIEJIN UCIOJIB3YIOTCS TPOu3BoOIbHBIE Ay T —()OpPMYyIIbI, KOTOPBIE TTPOBEPSAIOTCS HA MOCTPO-
E€HHBIX [IePEBbIX 3a MOJINHOMUAILHOE BPEMS .
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OTHoILlIEeHNA 10 HaIllpaBJIEHNIO 1 NCTNHHOCTHAasA CEMaHTHUKa

B. H. IPOBOTYH

1. IIycte M - mpom3BOJIBHOE HemycTOoe MHOXecTBO, 1 < 47 < ip < 1i3... < 13,
ij € NuM;, =M, j=1;2;..n. Hexkaproso npoussenenue £ = Xj_, M; Oynem Ha-

3bIBATH N-MEPHBIM E€KAPTOBLIM M -IPOCTPAHCTBOM HAIPABIICHUS (i1;12;...;0,), & IEKap-
TOBBI COMHOXKUTEMH M, - ero ij-mu KoopamHaTHBIME ocsamu. [logMHONKecTBa MHOXECTBA
E Haz0BeM n-MECTHBIMEU OTHOIICHUSMU HANPABIEHUs (i1;12;...;%y), 3A[0aHHBIMI HA MHO-

xectBe M. Ilycto A(il;iQ;...;in)(M ) - COBOKYIIHOCTBH BCEX TakuxX OTHOIIeHWR. [lomoxkumm
A(M) = Unen (U sins...in) Airsins...in) (M)).

2. B pabore na mHO)ecTBe A (M) BBOOSITCS YHADHBIE OIEpAIAN WA u A(4)-TIPOEKTH-
POBaHUS W MWIXHAPUDUKAINU BIOJIb (-0 KOOPOWHATHI, KAK AHAJIOTH COOTBETCTBYIOIINX
OlepaImii, ONpenessieMblXx B Teopun pekypcuBHbIX (yukmmit [1]. C ucmonb3oBaHmil 3TUX
omeparuii BBOOUTCS MOHATHUE (-IIMIUHIOPA, HAIOTCS OMUCAHUS t-IUJINHIPOB C DKCTPEMAJIb-
HBIMU CBOMCTBAME U COMEPKATEbHAS XapaKkTepu3anus GOpMYIbHBIX IPEIUKATOB B UCTUH-
HOCTHOW CeMaHTUKE.

3. Ornomternne A € A(M) mazosenm t-rmmarmpoM, ecmn A = (D A)®),

IMpenmoxenne 1.1Iycte A € A(;, ;... (M). Torma mmra moboro t € {i1;42;...;0n}:

a) OTHOIIIEHHE (A X, M, ecTh HANMEHBINMIT {-UIIHHAD, COMEPKAILMI OTHOLICHHE A;

6) orromenue ((V(A))®) ects manGompmmit t-numIHEAP, ComepIKAIUiiCS B OTHOIICHUT
A.

4. Yepes P (M) 0603HAYMM MHOXKECTBO BCEX N-MECTHBIX IIPEINKATOB, OIPEIEIeHHBIX
na muoxectse M. Tlomoxmm P(M) = U P (M). UYepes S* 6ymer oGosmauaThes
nasee obnacts ucturHOCTH npenukara S € P(M). Hanum onucanue o61acTeil HCTUHHOCTH
(P, )" u (Py,, )" mpemuxatos (Jz;, ) P(zi,) u (Vo ) P(2i,), mcxons us o6nacTu NCTUHHOCTH
P* nmpenukara P.

IIpennoxenne 2.. IIycte P = P(x;,;xiy;..;2,) € P(M) n1 < k <n. Torga:

a) 0b6JIaCTh UCTUHHOCTH IPEOUKATA Pgik COBIIAmaeT C 1j-IPOEKIHel 001acTH NCTUHHO-
ctu P* npenukara P;

6) obmacte mcrunnocTH (Py, )* mpemmxarta Py, eCTb i,-IpOEKIUA HAUOOTBIIETO ij-
OUWIKHADA, comepKalrerocs B obnactu ucrugHocTu P* npenukara P

CIIUCOK JIUTEPATYPHI
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O6pailieHue epecTaHOBOYHLIX AuPdepeHIUPYyEeMbIX QYHKIIUN HAL MOIYJISIMU

A. B. KaprioB

[Mycts R — xombio ¢ enuanmeir, C' — ueatp R u G — mpasseit R-monyns. Dyaxnms
f + G — G mazwpBaeTcs gudpdepeHnupyeMon, eciau miist 1oboro r € (G CyIIecTByeT Takoe
sHagenue f'(z) € R, uro ms moboro uneana J <IC u Bcex a € GJ Bomonusercs f(rx+a) =
f(xz)+af'(x) (mod GJ?). ®yHKIMIO HAEIBAIOT ITEPECTAHOBOYHOM, €CITA OHA WHIYIIPYET
[IEPECTAHOBKY 5/1eMeHTOB (.

YaCcTHBIM CITy4JaeM MepecTAaHOBOUHBIX MUGbGEPEHITNPYEMBIX (DYHKIIAN SIBIISIFOTCS, HATIPH-
Mep, MEPECTAHOBOYHbBIE MOJINHOMUAJIbHBIE DYHKIINY HAM KOJIbIIAMU, IPEICTABIIAOIIIE WHTE-
Pec B CBSI3U C UX IPUMEHEHUSIMI B KPUMITOrpaduu 1 TeOpun KOAupoBaHus. B mokmname mena-
eTcst 0600IIeHe Pe3yIIbTATOB, MOy YeHHbIX B [1] Ha ciayvail muddepeHunpyemMbrx byHKINI
HAIl MOMYJISIMUI, & UMEHHO PACCMATPUBAETCS 3alada HaxoxmneHus obpatHon K f : G — G
byukmunm g : G — G, T.e. Taxoil, 94TO mIIst TPOU3BOJIbLHOTO * € G BeImonHsercs g(f(x)) = x.

Teopewma 1. Ilycts ¢pyurnun f : G — G, g : G — G saBiagrorcs nugpdepeHnupyeMpIMu
u B3auMHO obpatHbiMu Han G /G J k, Torna QYHKLOHUH Gk |k/2| U f — B3amMHO OOpATHBI HAI
G/GJF+LR/2] | rhe

It k21 (@) = 291(x) — g (f(gr(2))).

Hoka3bIBaeTcss CIemyIoIas TeopeMa, IMO3BOJISIONISsS U3MEeHSTh BUI (QYHKIUU, OOPATHYIO
K KOTOPOI HeoOXOOWMO HAaWTHU, & TaKxKe CTPOUTH IeJIbIA KJacC IIap B3aUMHO OOpPaTHBIX
(pyHKIIMI Ha OCHOBE OOHOU TaKOU IIaphl.

Teopema 2. Ilycts ¢ysxmmm f, : G — G, g, : G — G n fo : G — G aBagoTCs
nuddepernupyeMpIMu, npudeM f, # g, — B3auMHO obparHble Hax GJ ¥ a fy Takas, UToO
s aoboro x € (G BBIITOIHIETCS:

(1) fo(a) € G2

(2) fi(x) € Ann(GJ* : GJTR/21),

Torna obpatroit x f(z) = f,(z) + fo(x) man GJ* asagerca dymnxmus

9(x) = gp(x) = folgp(x))gp(x).
Bmeck mon Ann(GJ* : GJ*/21) nommmaercs mmoxectso {r € R | GJI*/21 C GJ*}.
CHuCOK JIMTEPATYPBI
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AJ'II"OpI/ITMI/I‘{eCKOG obecrieueHune anreﬁpantleCKoro aHaJIn3a I/IH(I)OpMaTI/IBHOCTI/I
KNMHETN4YEeCKNX I/I3MepeHI/Iﬁ

C. . CouBAK, A. C. UCMATUIIOBA, A. A. AXMEPOB

B [1], [2] mocTpoena obias Teopus aHanm3a mHGOPMATUBHOCTU. B KaduecTBe MaTe-
MaTHYECKOTO allapaTa UCHOIb3yeTCsl TeOPHUs HEeSIBHBIX (YHKIWI M TeOPHUs HEIPEPLIBHBIX
TPYIIOBBIX Tpeobpa3oBaHuil. T PymHOCTH COCTOUT B TOM, YTO UCIIOITB30BAHUE 3TOW TEOPUN
CBSI3aHO CO CJIOXKXHBIMU AQHAJIMTUYIECKAMU BBIUNUCICHUSIMU, IPUMEHEHIe KOTOPBIX CHIBHO 3a-
TPyOHSETCs 13-3a OOJIBIION Pa3MEPHOCTH B PEAIbHBIX 3alladaX IOCTPOEHUS! KMHETMUEeCKUX
MOJIeJIell TPaKTUUEeCKN 3HAUNMBIX peakInii. DBo3HWKaeT BOIPOC O MOCTPOEHUU CHACTEMBI
aBTOMATH3AIINN aHAIN3a NHOOPMATUBHOCTI.

OCHOBHOII pe3y/IbTAT HaHHOHN paGOTHL — OCTPOEHHE aaroput™MoB [3]-[5], momyckarommx
KOMIILIOTEPHYIO MHTepIpeTanuio. B kadecTBe MHCTPpYMEHTapUs BBHIOpAaH anmapaT TeOPHUHN
rpadoB IOCKOJIBKY MEXaHU3M CJIOKHOM peakIuu MOXKeT OBITh IPeNCTaB/ICH CJICHYIOIIAMI
SKBUBAJICHTHBIMH (D)OPMaMU: B BUIIE CUCTEMBI XUMIYECKIX YPABHEHNN B CUMBOJIBHOU hopMe,
C TepevYnCciIeHneM BCEX YYACTHUKOB W CTAOWM peakInW, B BUIE CHCTEMBI OOBIKHOBEHHBIX
nuddepeHnInaIbHBIX YPAaBHEHNN, MATPUYHOE IIPENICTABIIEHNE CHUCTEM CTEXNOMETDPUYEeCKUX
U KMHETUYECKUX yPaBHEHUN, a TaKXe B BHUIE CBS3HOI'O OPUEHTUPOBAHHOT'O NIBYIOJIBLHOI'O
rpada.

PaspaboTanHble aaropuTMBL JIETJIN B OCHOBY MATEMATHYECKOI0 0OeCIeYUeHUs PEeIeHnst
OoOpaTHBIX 3amad XUMHIecKOn KuHeTuku. (Co3maH KOMIIIEKC KOMITBIOTEPHBIX IMIPOTPAMM
aHaJIM3a MHOOPMATUBHOCTU KMHETUYCCKNX W3MEPEHUU NIPHU PelIeHnr OOpaTHBIX 3a0ad XU-
MHIYIECKON KMHETUKN. Pe3yIbTaThl WITIOCTPUPYIOTCS KOHKPETHBIMU IIPUIMEPAMU OIpeesIe-
HIS KMHETUYECKUX ITapaMeTPOB IS PeakIuy IUPOJIN3a 3TaHa, MeXaHW3Ma I'eTepPOreHHO-
KaTAJINTIIECKOTO NETUIPUPOBAHNUS OyTaHa, PEaKINN OKWCIIEHWS CEPOBONOPONA C YyIETOM
aacopOIuy KUCIOpoOa U CePOBOOOPOIA.

CIUCOK JIUTEPATYPHI
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Anre6pamyeckast uHTepupeTanus npo6jieMbl THPOPMATUBHOCTU KNHETUYECKUX
M3MEPEHUN NPU NAEHTUPUKAITAY MEXAaHU3MOB CJIOXKHBIX XUMNYECKNX pPeaKIui

C. U. CnuBAk, A. C. UCMATUIIOBA

OcHoBHas 3amava, pelraeMas B HACTOSIIE paboTe — CO3HAHWE METOMA, ITO3BOJISIO-
IIIeT0 CYyLIECTBEHHO yIIPOCTUTH NCCIIENOBaHNe HA NTHOOPMATUBHOCTh KHNHETUYIECKNX MOIEeIIeN
CJIOXKHBIX PEAKIMi. ODTOT METON OCHOBAH HA TEOPETUKO-TPA(OBOM aHAIN3E HE3ABUCUMBIX
mappyTos [1], [2].

MapipyT ecTb BEKTOP, YMHOXKEHIE 3JIEMEHTOB KOTOPOr'0 Ha COOTBETCTBYIOIINE CTAIII
MeXaHN3Ma CJI0XKHON peaklIny BMeCTe C IOCIeOYIOIINM CIIOXKEHUEeM CTaluil MPUBOOUT K
CYMMapHOMY yDPaBHEHUIO PEAKIINN, KOTOPOe HE COMEPXKUT IIPOMEKYTOUYHBIX BelecTs [1].

Teopema 1. MapiipyT peakuum eCTh HUKIAYECKAH moarpag ucxomaoro rpaga. O6b-
eInHEeHHe TaKuxX IoArpagoB 0Opa3yeT IIOIHBII I'pad, T.e. rpag HCXOOHOH CUCTEMBbI DEaKIIU.
Yucsmo He3aBUCUMBIX MAPIIIPYTOB PABHO YUCJIY HE3aBUCHMBIX IUKJIOB rpada Bosabmepra [3].

Teopema 2. CymecTByer mpeobpa3oBaHue, mepeBosiiiee rpagd 3aKOHa COXPAHEHUS
MacChl aTOMOB B rpac, 4acTb BEPIIHH KOTOPOTO HEe HMeeT HCXOAAIINX OyT. YKa3aHHBIE
BEPIIHHBI JOCTIKUMBI U3 6a3Uca KJIIOUEBBIX BEIIECTB [4].

COBOKYIIHOCTD CTAOUN XUMWYECKON PEAKINN MOXKHO PA3JI0XKUTh HA MOICUCTEMBI, B
KOTOPBIE BXONSAT YACTU CTAOUN NCXOMHOTO MeXaHW3Ma. UYWMCI0 TaKuX IMOJICUCTEM PaBHO
YUCITy HE3aBUCUMBIX MapIIpyTOB. Torma BMECTO aHAIIM3a BCEU CIIOXKHOUW CUCTEMBI PEAKITI
pacMaTpUBaIOTCSI Te, KOTOpPBble OTBEYAIOT 3a HPOTEKaHMe N0 KaXKIOMY M3 HE3aBUCUMbBIX
MampyToB. [lokazanbl TeopeMbr 3 u 4:

Teopema 3. Ob6benurernme MHOXECTB 0a3UCOB KJIFOUEBBIX BEILIECTB M KaXKIOH U3
moncucTeM coBHmanmaeT ¢ 6a3MCOM KJIFOUEBBIX BEIIECTB HCXOMHOI CHCTEMBI DeaKITHI.

Teopema 4. Ob6benuuerne 6a3UCOB HEJIMHEHHBIX ITApAMETPUIECKUX (DYHKIUI I Ka-
KITOH U3 MOJACUCTEM, ITO3BOJIIET BhImucaTh b6asuc HIID mcxomHON CTOXKHON CHCTEMBI Deak-
muii [5].

CINCOK JIATEPATYPEI

[1] Bonbnepr AWM., Xynses C.M. Ananus B kiaccax paspbIBHBIX (DyHKIWIT U yPABHEHUS MaTEMaTUIECKON
duzuku. M: Hayxka, 1975. 394 c.

[2] Anpbuna Mcmarunosa, Cemen Cnusak. O6parHble 3amadnm XUMHUYECKON KuHeTuku. KaTanmurudeckue
peaknuu. Germany: LAP LAMBERT Acad. Publ., 2013. 125 p.

[3] Cousax C.M., Mcmarmmosa A.C., Xamurosa U.A. // OAH. 2010. T. 434. Ne 4. C.499-501.

[4] CumBax C.U., Ucmarunosa A.C., Xamurosa M.A. // IAH. 2012. T. 443. Ne 6. C.1-3.

[5] Cuusax C.U., Ucmarunosa A.C. // ITAH. 2013. T. 451. Ne 3. C.1-3.

Bawrupcrutd 2ocydapcmeennbit ynusepcumem, 2.Yda
E-mail: IsmagilovaAS@rambler.ru

38


mailto:IsmagilovaAS@rambler.ru

MaussueBckue urerus 2013 Amrebpo-moruueckue MeTOIbI

SI3LIK onncaHUsA JIMHIBUCTUYECKNX II1aGJIOHOB

II. A. CTEOAHOB

B pa6ore mpoBoguTcst nccienoBanue mpodieMbl U3BICUEHUST OHTOIOTUIECKUX 3SHAHUN 13
TEKCTOB €CTECTBEHHOTO sa3biKa [1]. B mporecce pemenns 5Tux 3amad pa3paboTaH A3bIK OlU-
CaHUs JIMHIBUCTUYECKUX IIA0JIOHOB U Pealin30BaH ero maTepuperarop (2. J3bk ommcanust
JIMHTBUCTUYECKUX I1aGI0OHOB MpeIHA3HAYEH JIs MMOMCKA IPAMMATHYECKUX KOHCTPYKIIWA 1
ONKCHLIBAET CBI3M MEXKIy I'PAMMATHUYECKUMU 3HAUEHUSIMU CJIOB B MCKOMOU KOHCTPYKIIUU.
WNuTepnperaTop si3blka MPUHUMAET HA BXOI YCIIOBUs, 3a[aHHBIE MIPU ITOMOIIM BBIPAKEHUI
SI3bIKA ONMUCAHUS JIMHTBUCTUYIECKUX ITA0IOHOB, & TaKXKe TEKCT eCTeCTBEHHOTO sI3bIKA, B KO-
TOPOM HOJIKEH ITPOU3BOAUTHCS TTOUCK.

B ocHOBY rpaMMaTHKM S3bIKA ONMUCAHUS JTUHIBUCTUYECKUX ITAGIOHOB MOJIOXKEHA T'PaM-
MaTUKA A3bIKa peryspabix eipaxennit REGEX [3]. B kauecTse siieMeHTapHBIX KOHCTPYK-
I BBICTYMAIOT YCJIOBUS HA CIIOBOGOPMY, 3a[AOINNE CIIMCOK IPAMMATHYECKUX 3HAUCHUI,
KOTOPBIE OJIXKHA Pean30BLIBATL NCKOMas ciioBodopMa. Takxke MoxkeT OLITH yKa3aHa MC-
xomHas (opMa UCKOMOro cjioBa. Takue sjieMeHTapHble KOHCTPYKIINKA COCTABIILIOTCS B 6oiee
CJIOXKHBIE PETYJISPHBIE BLIPAXKEHUS.

Onpenenenne. PaccMOTpUM HeIeTEPMUHUPOBAHHBIA aBTOMAT-PACIO3HABATENb A =
(S, X, s0,0, F) u mocienoBaTenbHOCTh CUMBOJIOB BXOIHOTO aiihaBuUTa T1...TN, roe x; € X.
Bynem nasbiBaTh MHOKECTBO [4(z1..xN) = {(i1,i2, f) : 1 <= i1 <=1y <= N+ 1,f €
F N 6*(sg, 4y - Tiy—1)} MHOKECTBOM HHTEpIPETAIMI aBTOMATOM A BXOMHON IMOCIIEHOBA-
TEIBHOCTH T1...TN .

Teopema. PaccmoTrpum mapy HemeTepMUHUPOBAHHBIX aBTOMATOB-PACIIO3HABATEIIEN
A= (S XA 58,04 FA) u B = (SB XB 5P 68 FB), wro FA C XB u pesympraTh
paboTel aBTOMaTa A HCIOIBL3YIOTCA B KAYECTBE BXOMHBLIX IIOC/IENOBATEILHOCTEN aBTOMATA,
B. PaccMOTpuM BXOIHYIO MOCIENOBATEILHOCTD 1.2y € X4, a TakxKe HEKOTOPYIO fp =
fE..fE € Sp. Torma 3fs € Ra(z1...xx) : fB € Rp(fa) Torma m Tompko Torma, Korma
dng..ng:1=ng<=n; <=..<=ng=N+1, aro Vi : <ni_1,ni,le) € IB<IA($1....’BN)).

Takum o6pa3oM moKa3aHO, YTO MHOXKECTBA WHTEPIPETAIUN SBJISIOTCS KOPPEKTHLIM
coco60M XpaHeHUs pe3y/IbTATOB aHAJIN3a MMOCIEI0BATEILHOCTEN PU TIOMOII aBTOMATOB-
PACIIO3HABATENSIMI, K KOTOPBIM OTHOCUTCsI GOJTBIITMHCTBO AJITOPUTMOB OOPAOOTKU TEKCTA.

[Ipu moncke y4acTKOB TEKCTA, yOOBIETBOPAIOIINX IPAMMATUYECKAM YCIOBUAM, 3a0aH-
HBIM IIPU TTOMOIIM SA3BIKA ONMUCAHUS JIMHIBUCTUYECKNX MIaGIOHOB, HHTEPIPETATOD UCIOb-
3yeT HelleTePMUHUPOBAHHBIE ABTOMATHI-pacino3HaBaTean. Ha mepBoMm sTame aHajan3a TEKCT
o6pabaThIBaeTCsT MOPMOTOTMIECKUM AHATIM3ATOPOM, KOTOPBI €CTECTBEHHBIM O0Pa30M IIO-
pOXKIaeT aJbTEePHATUBHBIE BADUAHTHI aHAIN3a. Bce 5T ajbTepHATUBHLIE BAPUAHTHI aHA-
JIN3a TPENCTABISAIOTCS B BUOE MHOXKECTB MHTEPIIPETAINi, KOTOPhIE 3aTE€M WCIIOJIb3YeTCs
B KauecTBE BXOMa aBTOMATAa, BOCCTAHOBIIEHHOI'O IO MCKOMOMY PEryJISPHOMY BLIPAXKEHHUIO.
PesynbraTer moncka Takxke MPENCTABIISIOTCS B BUOE MHOXECTBA WHTEPIIPETAIIHI.
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HpI/IMEHeHI/Ie 0000IIIeHHBIX HEeUEeTKMNX Mo,ue.nef/i B 3aqavdax CorJiaCoBaHMUA
3HaHI/II7[, MN3BJICYEHHDBIX N3 PAa3HbIX NOKYMEHTOB

O. B. dcuHCcKkAA

st 5pHEeKTUBHOI 3AIUTHI OT KOMIILIOTEPHON YIPO3bl HEOOXOMMMO KaK MOXKHO PAHbIIIE
y3HATH 0 eé nogsiennu. OnuH u3 HanbosIee AKTYaTbLHBIX ICTOYHUKOB TAKOU MHGOPMAIIIT —
TEKCTHI Ha €CTECTBEHHOM S3LIKE, IPENCTABIEHHbIE B ceTu VIHTepHeT.

Onuolt w3 MeTOMOTOruil O6PAbOTKY 3HAHWIT, U3BJIEUEHHBIX U3 TEKCTOB HA €CTECTBEHHOM
A3BIKE, SBIISIETCS TEOPETUKO-MOMEIBHBIN IIOAXO0M NpencTasienus 3uHanuil. OH OCHOBAaH Ha
pa3paboTaHHOM TEOPETUKO-MOMEIHFHOM TOAXOIe K (hOpMaIM3aIy OHTOIOT U TPEIMETHBIX
o6nacreti ([1]). B pamMkax maHHOro momxomna 3HAHUS, U3BJIEKAEMble U3 TEKCTOB, HAMCAHHBIX
HA €CTEeCTBEHHOM s3bIKe, MPEINCTABISIIOTCS B BUE airefpamvecKux CUcTeM (MIpeleneHTOB
npenMeTHOi obiactu). Ha OCHOBe MpenemeHTOB CTPOUTCS MPELENEeHTHAs MOIEIhb Mpell-
meTHOI obmactu ([2]). 3HaUEHMEM MCTUHHOCTH MPEIJIOXKEHUS Ha MPENeIeHTHON MOMEIH
ABIIsIeTC HAOOD TeX MPEIENEeHTOB, I KOTOPBIX 3TO MPEIJIOKEHNe IBJIAEeTCS UCTUHHBIM B
TOYHOM CMBICSIE. B pesynbraTe dasubukanmum mpeneaenTHON MOIENN MOy IaeTCsl HeUETKAsL
MOJIENTb, B KOTOPO# 3HAUEHUSIMIA UCTUHHOCTHU TIPEIJIOKEHUN SBIAIOTCS YUCIa U3 UHTEPBAJIa
[0, 1]. Pasudunmpyst HEKOTOPOE MHOKECTBO MPENENeHTHBIX MOIEIel KaK eIUHOe 1eJI0e, MbI
nosryuaeM OGOGIIEHHY IO HEIeTKY0 Momeis ([3]).

OmHuM U3 myTell MOPOXKIEHUS HOBBLIX 3HAHWN TIPU IIOMOIIM TEKCTOB €CTECTBEHHOIO
A3BIKA SBJIIETCS CPABHEHUE M MHTEr DAL 3HAHUIT, COMePKAIINXCS B pasHbiX TekcTax ([4]).
B mporecce n3BiieyeHns: 3HAHUN M3 TEKCTOB HA €CTECTBEHHOM SI3BIKE, CTPOSTCS PA3INIHbIE
06O0OIIIEHHBIE HEUeTKIE MOMIEIH, (POPMAaIM3YIOIIe N3BIeUSHHOE 3HaHe. Y, COOTBETCTBEHHO,
BO3HUKAET HEOOXOMUMOCTD B COTJIACOBAHUU PA3JIMUHBLIX ajreOpamdeckux cuctem. s pea-
JU3AIAEA COTJIACOBAHUS 3HAHUN CTPOUTCS OOOOIIIEHHAS HEUETKAS MOIEIb, ABIISIONIASICS TIPO-
U3BEIEHNEM BCeX XpaHsamxcs B 6ase anrebpandeckux cuctem ([5]). Cormacosannoe 3uaue-
HII€ UCTUHHOCTHY MIPEJIOKEHUs BBIUNCIIIETCS B BULE UHTEPBAJa, OMPEIeIEHHOIO Ha OTPE3Ke
[0,1]. B pamrax manHOU pabGoOTHI pa3spaGOTAHLI AJITOPUTMBI BLIUUCIEHUS COTJIACOBAHHOTO
3HAUEHWS] UCTUHHOCTU U PEATN30BAH MOIYJIh MPOrPAMMHON CUCTEMBI, TO3BOJISIONINN BhIUN-
CJISATh UCTUHHOCTHOE 3HAYEHUE JI060r0 6ECKBAHTOPHOTO MPEIJIOKEHNs, TIPEACTABIEHHOTO B

Bune CIITHD.
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An iterative construction of APN functions

A. A. GORODILOVA

Let GF(2") be a finite field of order 2. A function F' : GF(2") — GF(2") can be
considered as a vectorial Boolean function in n variables. It is known that such a function
has the unique representation in the form F(x) = Z?:al cpx®, where ¢, € GF(2").

Vectorial Boolean functions are used in block ciphers as S-boxes (nonlinear components
of ciphers). S-boxes should have special properties for guaranteeing security of a cipher
against different kinds of cryptanalysis.

A vectorial Boolean function F' is called differentially J-uniform if for every nonzero
a € GF(2") and every b € GF(2") the equation F(z)+ F(z+a) = b has at most 4 solutions.
These functions with small § contribute to a high resistance to differential cryptanalysis.
For example, differentially 4-uniform function in 8 variables is used as S-box in cipher AES
(Advanced Encryption Standard). The smallest possible value of ¢ is 2 and in this case such
functions are called APN functions.

A vectorial function F(z) = 2? is called monomial function. All known exponents d
that lead to APN functions are the following: d = 2 + 1, ged(i,n) = 1 (Gold function);
d=2%—2"+1, ged(i,n) = 1 (Kasami function); 2! + 3, n = 2t + 1 (Welch function);
2t +25 —1 for ¢ even and 2¢ +2°2~ — 1 for ¢ odd (Niho function); 22t —1 n = 2¢t+1 (Inverse
function); 24t + 23t 4- 22t -2t — 1, n = 5¢ (Dobbertin function). Further nonmonomial APN
functions can be found in paper [1].

In this work we present an iterative construction of APN function.

Theorem. Let F,G : GF(2") — GF(2") be two APN functions and let f,g :
GF(2") — GF(2) be two Boolean functions. Consider GF(2"*!) and an element ¢ €
GF(2"™1)\ GF(2"). Then the following vectorial Boolean function S from GF(2""1) to
GF (2", where z € GF(2"), a € GF(2),

S(y) =S+ ac)=(a+1)F(z)+aG(z) + c((a+ 1) f(x) + ag(z))
is APN if the condition holds
for all z,y,a € GF(2"), a # 0, such that F(x) + F(x +a) = G(y) + G(y + a)
we have f(z) + f(z+a) # g(y) + 9(y + a).
We get the following numerical experiments for small n:
e n = 1: this iterative construction generates all 192 APN functions in 2 variables;

e n = 2: this iterative construction generates 589824 APN functions from all 668128 APN
functions in 3 variables.

REFERENCES
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On a property of quadratic Boolean functions

N. A. KOLOMEEC

A mapping f : Z — Zs is called a Boolean function in n variables. A Boolean
function is called affine if its algebraic degree (degree of its algebraic normal form) not more
than 1 and quadratic if its algebraic degree is equal to 2. An affine subspace is a shift
of a linear subspace. A Boolean function f in n variables is affine on the set D C Z% if
flp(x) = (a,z) @ c for some a € ZY, ¢ € Zy, where (a,z) = a121 @ ... D apxy,. A Boolean
function f in n variables is called normal (weakly normal) if there exists an affine subspace
of dimension [ 4] that f is constant (affine) on it, see Dobbertin [2], Charpin [1]. A Boolean
function in even number of variables is called a bent function if it is at the maximal possible
distance from the set of all affine functions, see [5].

All quadratic Boolean functions have the following property.

Statement. Let f be a quadratic Boolean function in n variables and f be affine on
an affine subspace L of dimension [%]. Then f is affine on any shift of L.

We can choose an affine subspace of any dimension in the previous statement, but in
that case not for all quadratic functions there exists at least one L that f is affine on it,
while such an affine subspace of dimension [ %] always exists.

Also, affine subspaces of such dimension can be used to construct bent functions from
the given bent functions ([4], [3]).

A question appears: are there non-quadratic Boolean functions that the statement is
right? The following theorem gives an answer on the question.

Theorem. Let f be a Boolean function in n variables and it holds the following: if f
is affine on an affine subspace L of dimension [%| then f is affine on any shift of L. Then
f is either affine or quadratic or non-weakly normal.

Statement. Let f be a bent function in 6 variables. Then there exist affine subspaces
Ly, Ly, L3 of dimension 3, that f @ Indy,, f ® Indr, ® Indy,, f ® Indr, ® Indr, ® Indy,
are bent functions and at least one of them is quadratic.
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Verification of multi-state Pfaffian dynamics

M. V. KoroviNA

The main aim of the ongoing research presented in this talk is to create a logical frame-
work for formal analysis of definable dynamical systems. The key ideas of this framework are
based on computing combinatorial types of trajectories of multi-state dynamical systems.
Suppose we have multi-state dynamics which is a finite family of dynamical systems and
state conditions on switches between them. The state space of every dynamical system has
a finite partition, and each element of the partition is labelled by a letter of some alphabet.
Then every trajectory of the dynamics is naturally labelled by a word in the joint alphabet.
This word is called the combinatorial type of the trajectory. In applications it is important
to decide whether among a certain family of trajectories there is at least one trajectory of a
given type, or whether all the trajectories in this family have the same type. In this talk we
propose algorithms for solving this sort of questions for wide classes of multi-state Pfaffian
dynamics, which have elementary (doubly-exponential) upper complexity bounds.

The research is partially supported by EU project PIRSES-GA-2011-294962 “Com-
putable Analysis” and RFBR project 13-01-00015a.
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There is a transitive nonpropelinear perfect code

F. I. SoLov’Eva, I. YUu. MOGILNYKH

A binary code of length n is a collection of binary vectors of length n. Consider
a transformation of type (x,7), where x is a binary vector, and 7 is a permutation on
coordinate positions acting on a binary vector y by the following rule:

(z,m)(y) = = + = (y).

The automorphism group Aut(C) of a code C' is a collection of transformations (x, )
that fixes C setwise. A code C is called transitive if there is a subgroup H of Aut(C') acting
transitively on codewords of C.

In case when the order of H equals |C|, or equivalently H is a regular group [6],
the code C' is called propelinear [7]. Each regular subgroup naturally induces a group on
codewords of C. In general a code yields many different (including nonisomorphic ones)
regular subgroups of its automorphism group (for the case of perfect code see [3]).

The notion of propelinearity is extremely important in algebraic-combinatorial coding
theory because it provides a general view on linear, Z5Z4-linear and additive codes.

The inequality of classes of transitive and nonpropelinear codes was supposed in [1] and
solved later in [3] by showing that (10,40, 4) Best code is transitive nonpropelinear.

In the current work we handle the question for the class of perfect codes by studying
the characterization of perfect codes of length 15 given in [5].

Theorem. A transitive nonpropelinear perfect code of length 15 exists.

The work of the first author was partially supported by the Grant RFBR 12-01-00631-a
and the work of the second author was partially supported by the Grants RFBR 12-01-
00448, 12-01-31098.
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On the support of a Boolean bent function

N. N. TOKAREVA

Consider Boolean functions in n variables, i. e. functions from Z5 to Zs.

The support of a Boolean function f is the set of all vectors x such that f(z) =1. It is
denoted by supp(f). A derivative in direction y € Z% of a Boolean function f : Z§ — Zs
is the Boolean function D, f(x) = f(x) + f(z +y). A Boolean function in n variables (n is
even) is called bent if every its derivative in nonzero direction is balanced (takes values 0
and 1 equally often) [2]. Bent functions and their generalizations are used in cryptography
for constructing S-boxes resistant to linear and differential cryptanalysis [3].

A subset M C Z% we call strongly (k,\)-regular, if its size is k and cardinality of
intersection of M and any its shift M + y, where y # 0, is equal to \. We call this set
proper, if 0 < k < 2™ 0 < A < 2". It is easy to see that M is strongly (k, \)-regular
iff Cayley graph of a Boolean function f, where supp(f) = M, is strongly regular with
parameters (27, k, A\, A).

In this work we obtain the simple proof of the following fact [1].

Theorem. The support of a bent function is a strongly regular set. FEvery proper
strongly regular set in Z% is a support of a certain bent function in n variables and has
parameters (271 £ 2(n/2)=1 gn=2 4 9(n/2)—1)

Then we prove

Proposition. Let f be a bent function. Then every element of supp(f) is covered by
the same number of sets supp(f) + y, where y # 0.

By definition every function D, f is balanced if f is bent and y is nonzero. The natural
question about the structure of the support of D, f arises.

Proposition. The support of a derivative of a bent function is not an affine subspace.
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On Threshold Implementations of vectorial Boolean functions in cryptographic
primitives

V. A. VITKUP

Many cryptographic algorithms are vulnerable to so-called side-channel attacks.
Threshold implementation is a recent countermeasure against such attacks introduced by
S. Nikova et.al [1]. This method can be summarized as follows. Consider the vectorial
Boolean function (S-box) S : Zy — Z%, S = (f1,..., fn), where f1, ..., f, are the coordinate
functions of F'. Split each variable x; into r additive Boolean variables: x; = Z§:1 Tij.
Denote the vector v = (11, ..., Tn,). Split the vectorial function S into r functions S; :
Zy" — 7y to satisfy the following: S(z) = ), S;(v). This sharing of the fucntion S we
denote as P(S). It should satisfy two properties:

1. Non-completeness: S-box .S; must be independent from variables xy;.

2. Uniformity: the function S* : Zi" — Z35", S* = (S4,...,S;) is 1-1 function.

The sharing P(S) with these properties is called an admissible sharing. The set of
S-boxes Z3 — 73 contains four equivalence classes, A3, O3, O3 Q3. The main method of
representing S-box as a sum S(z) = ), S;(v) is called the direct sharing. It does not
necessarily satisfy the property of uniformity. To achieve the uniformity of a sharing the
authors in [1] insert pairs of correction terms. The admissible sharing for class Q3 with the
representative (zy + xz + yz,x +y + 2y + yz,x + z + yz) was not found and an exhaustive
search requires large number of operations, so in [1] the open question how to find the
admissible sharing with 3 shares for Q3 was posed.

Let S = (f1,..s fn), S : Z — Z% and P(S) be the direct sharing of S-box S into r
shares S; = (f14, .-+, fni). Consider the vectorial function F' = (f11,..., faly s firs ooy frr)-

We say that the function Cr = (11, ..., Cn1s ooy Clps ooy Cnr), Cij 2 LY — Zg is & correction
function for F'| if the function F' + C'r has the following properties:

1. fi = Z;Zl(fij +¢;ij) 2. fij + c¢ij is independent from variables 1, ..., Ty .

Let k£ € {1,...,nr} and let (i171,...,7xjx) be the tuple of indices of length k. By

Cikljl:---:ikjk denote the following set: C?ﬁjl,uwikjk =A{Cr | (firjr + Cirjrs> s Jinje + Cirji) 15 @
. . k . k
balanced function from Z3" in Zs}. Consider the set C = (N, ;. e Civiirinie-

Theorem. The function F' + CF is a bijection if and only if Cr € C.

This theorem allows us to use the specific algorithm to search the admissible sharing
for S-boxes from Q3. We obtained that the set C' from the theorem is empty, hence, there
is no admissible sharing for the given S-box. This proves the following:

Corollary. There does not exist an admissible sharing with 3 shares for S-boxes from
Q3.

REFERENCES

[1] Bilgin B., Nikova S., Nikov V., Rijmen V., Stiitz G. Threshold Implementations of all 3x3 and 4x4
S-boxes, CHES 2012, LNCS 7428, Springer-Verlag 2012, pp. 76-91.

Nowosibirsk state university, Novosibirsk

46



VI1I. Cexknusa «Hekimaccnueckue JioruKms



MamapneBckue grerns 2013 Hexkaccmaeckme jgorukn

Pacmnpeﬂnﬂ KOHEYHBbIX peImeToOK OJId MOOAJIBHBbIX M NECKPUIIIIMOHHBIX JIOTUK

A. O. BAmEEBA, FO. B. I'PEBEHEBA, A. 2K. CATEKBAEBA, H. B. IIIuoB

Omnpenenenne. s mo6oit pemerku L u mo6oro coiictBa P pemrerok (Hampumep,
MuCTpUGY TUBHOCTE), P-pacmmpenue L — sTo mobas pererka L’ co csoiictBoM P, B KOTO-
pyio L MoxkeT OBITH BIIOXKEHA KaK YACTUYIHO YIOPSIOYCHHOE MHOXKECTBO.

B pa6orax [3, 2| 6bu1n Onpenesie bl U UCCIIeA0BAHBl MOIAIILHBIE JIOTUKY CO 3HAUCHUSMIU
B KOHEUYHBIX MUCTPUOYTUBHBIX perréTkax. [losToMy miist Toro, 4Tto OBl ONPENETUTb MO-
IaJIbHBIE JIOTUKU CO 3HAYEHUSMU B IPOU3BOJILHON KOHEUHOU pPEIIETKe, BO3HUKAET MHTEpeC
HCCIIENOBATH AUCTPUOY TUBHBIE PACIIMPEHNsT KOHEUHBIX PeréTok. B pabore [1] chopmyu-
pOBaHAa CIEeIyIoIIas
Teopema 1: Ilycmv P — 5mo a060e u3 caedyiowur c60tcme peuwemor: udu mody-
AIPHOCTIL, UAY QUCTPUOYMUBHOCTDL, UAU NOAYIUCMPUbYMusHocmy. Toz2da dag 410601
roneunotl pewemxu L cywecmeyem xoneunoe P-pacwupenue pewemxu L.

IeCKpUTIIIMOHHBIE JIOTUKU — JTO CEMENCTBO BapUAHTOB IOJIUMOMAIILHON JIOTUKU IJIS
OIIMCAHUS «3HAHUIT» O IPEIMETHLIX O6JIACTAX (IPENCTABIEHHBIX B BUIE TEPMUHOIOIIYE-
ckux GaxToB, onpemeseHnil u oTHoueHuit). B uwactrocTn, ALC — 5TO MOIUMOMAIBHBIN
BapuanT sioruku K. B pabore [4] onpenenena cemMaHTHKa 3TOW JIOTUKU CO 3HAUCHUSMU B
penIéTKke MOHSITUMN, MOPOXKIEHHON CUMMETPUYHBIM KOHTEKCTOM U HOKa3aHa CIIeLyIoIast

Teopema 2: /[lag w060t mepmunoso2uueckots uwmepnpemayuu I = (D, ), dag aio-
60t gpopmyavt ¢ aoeuru ALC 3nauenue amot Gopmyavt 6 peuémmre NOHAMUL KOHMEKCME
(D7 D, 7é> €CMmb (I(¢)7 I(_@b))
st Toro, 9To OBI ONMPENeNUTh HECKPUIIINOHHYIO JIOTUKY CO 3HAYEHUSMU B ITPOU3BOIBLHON
peIéTKe MOHATHUN, BO3HUKAET HEOOXOMMMOCTH MCCIEMOBATH METOMNbI PACIITHPEHUS TPOMU3-
BOJIBHBIX KOHEUHBIX KOHTEKCTOB [10 CUMMETPHUUHBIX, KOTOPbIE IPUBOMSAT K CUMMETPUIHBIM
paCIIIpEeHnsIM COOTBETCTBYIOIIMX PEIETOK MoHATuil. B pabore [4] uccnenosano 16 Bapu-
AHTOB TAKUX PACIINPEHUN KOHTEKCTOB.
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KonunuecTBO pa3sioKeHUu 4ucsia n, B TOM YHCJIe 3aJaHHOU IJINHBI, KaXkJ10e 13
KOTOPHBIX COMEPKUT OMJHOBPEMEHHO BCE YUMCIIA M, « .., Mg

A. B. KOHIEIEBA

3BecTHO, YTO KOIMIECTBO PA3IOKeHN HATYPaIbHOTO YICIa 1 paBHO 2"~ 1, mpu sToM

Ci:ll uMeroT miuHy (. B paboTe, ¢ TOMOIIBIO yIOPSOOUYNBAHUS TOIMHOXKECTB Pa3JI0KECHUN

dpetimamu Kpurnke, HaimeHO KOIXIECTBO PA3I0KEHIA UUCTIa N, KAXKI0e 13 KOTOPBIX COMep-

JKUT OMHOBPEMEHHO BCE YUCIIA My, ..., Ms < N. TakxKe HANIEHO KOIMIECTBO PA3IOKEHUN
qucIa N OJIAHBL [, KaXXI0€e U3 KOTOPBIX COMEPXKUT BCE UUCIA My, ..., Mg < n. [lom moamuo-
JKeCTBOM Das3oXkeHus a = (T1,Xa,...,Tk) OyIeM MOHUMATHL TAKOE MOAMHOXECTBO b € a,

JaCcTU KOTOPOTO B3ITHI B UCXOMHOM UX nopsinke. [IpuBememM oCHOBHYIO TeOpeMy, C TTIOMOIIIBIO
KOTOPOH BBEIBOAATCS BCe HyxXKHBIC opmynrl. Ilycts F), ; — dpeiim Kpunke, mocTpoeHHBIN
CIIeNUAaIbLHBIM 06pPA30M U3 MOAMHOXKECTB PasiloXkeHuil uucia n, a kol(k,i,my,ma, ..., ms)
O3HAYAET KOJIMIECTBO TAKUX MOMMHOKECTB, COMEPKAIIMX TUCIA M1, M, ..., Mg € [2, 1 + 1]
Ha -0M citoe dpeiima F, 1. Kaxnerit Taxoi dpeiim — KOPHEBOH I HyMepaIus ciIoeB dhperma
IUTIsT yIoO6CcTBa HAYMHAETCS C KOPDHEBOI'O CIIOs. B TeopeMme IMOAMHOXKECTBA PA3IOKEHUH, U3
KOTOPBIX COCTaBJIEH (DpefiM, HA3BIBAIOTCS ITPOCTO PA3JIOKEHUSIMU.

Teopema. Koau4uecTBO pasmoxKeHuli, COMEPKAIIX TUCTA M1, Mo, ..., Mg € (2,1 + 1]
Ha i-oM cioe ¢ppermva F, ., 2 < s < k, HaxonqnTcsa 10 peKKypeHTHOI ¢opmyire

kol(k,i,my,ma,...,ms) = skol(k—1,i—mq +2,ma,...,ms)+

i

+ Z kol(k — 1, j, my, ma, ..., mg)
j=maz(mi,ma,....ms)—1,
]757/_m1+27
¢ 6a301 pEeKypCHH:
ecmmmy +ma+...+mg=2s+j—1, To kol(s,j,mi,ma, ...,ms) =s!;
ecmmtmy +ma+ ...+ mg #2s+j— 1, To kol(s, j, my, ma, ..., mg) =0.

s kol(k,i,m), TO ecTh B CiIyuae OQHOTO YUCIIA M, HANIEHA U HEPEKKYpEeHTHas (hop-
MyJIa.

CoY, Kpacnoapck
E-mail: koshelevaa@mail.ru
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Axcuomaruka nmostHbiX 1o II.C. HoBukoBy pacmimpenuin
CyHEepUHTYUIIMOHUCTCKON jiIoruku L1 B si3bIKe ¢ HECKOJIBKNMU
JOIIOJIHUTEJILHBIMI KOHCTAHTaMU

A. K. KOOIEEBA

[Tycts F'm — MHOX)ecTBO (OPMYJI CTaHIAPTHOTO MPOMO3UIIMOHAIBHOTO s3biKa. O6ora-
TUM sI3bIK HAOOPOM HOTIOTHUTEIBHBIX JIOTUIECKAX KOHCTAHT @ = {®1, 02, ..., Pn }-

Jlorukor Ilammera (norukoit L1) Ha3BIBA€TCS CYNEPUHTYUIMOHUCTCKAS JIOTHWKA, IIO-
aydeHHas nobasimenuneM K Int akcmomsl nuueiiHoctn (A — B)V (B — A). Jlormka L1
XapaKTePU3yeTcs KIACCOM KOHEUHBIX JIMHENHO YIOPSIIOYEHHBIX [IKa (Iemer).

p-Jlorukoit Ha3BIBAETCS MHOXKECTBO L (GOPMYJT PACIIIIPEHHOTO A3bIKa, BKIToYatoree Int
7 3aMKHYTOE OTHOCHTEIBHO IpaBmwI modus ponens u moacTaHoBku. @-Jloruka £ Ha3bIBaeTCs
KOHCEPBATHUBHBIM paciuuperueMm joruku L, ecnu L C L u oy Beskonn ductoit popmysasr A
BeimostHeHo: u3 A € L cienyer A € L. ¢-Jloruka L uaswsBaeTcs noanvim no I1.C. Hosuxosy
pacwupenuem moruku L, ecnu £ xoucepsaTusHa Han L u nyis moboit dopmyssr A € Fm(p)\
L, g-noruka L+ A mexoncepsatussa nan L. [lon npobiemoit HoBukoBa mis L1 monumaeTcs
OIIICAHNEe KJIAcca BCeX MONHBIX o HoBukoBy pacuupenuil (momonHernii) L1 B KOHKpeTHOM
PACIIIUPEHUN SI3BIKA, B PACCMATPUBAEMOM CJIyUae ¢ HOBBIM KOHEUHBIM HAOOPOM JIOTMIECKUX
KOHCTAHT .

Momnensamu (p-JIOTUK SIBITSIIOTCSI TAK HA3BIBAEMBIE (0-ULKA.AbL, T.€. IITKAJIBI C BBIIETEHHBIMEI
KOHYCaMI, KOTOPBIMU WHTEPIPETUPYIOTCS KOHCTAHTHI.

B paGote [1] mist onucanus NOMHBIX paciupenuit joruku JlamMmmera IpUMeHsIeTCsl TIOHsI-
Tre KOHEYHOW IIeNu ¢ HAPOCTOM OIpemesieHHOro Tuma. [lox TepMuHOM HApOCT TOHUMAETCS
KOHEUHAasl (p-T1ellb, B KOTOPOI BCe TOYKMW MMEIOT pasHble IBeTa. [lom mBeToM TOUKM MOHUMA-
€TCsI MHOXKECTBO MOMOJTHUTEIbHBIX KOHCTAHT, MPUINCAHHBIX K 9TON TOYKE. 3aMEeTHM, UTO
Bcero cyiiectByeT 2" mBeToB. Takoll HAPOCT MPUCOEOUHSETCS CBEPXY®» K IMPOU3BOIHLHON
KOHEUHOW 1NN, TP 9TOM I[BET KOPHSI HApOCTa MyOaupyeTcsl Ha TOYKM OCHOBBL. B kadecTse
TUTIOBOT'O IPUMEPA PACCMOTPUM HAPOCT CIIEAYIOIIEr0o BUIA:

T T e

AxcmomaTtuka nosiHoro o I1.C. HoBukoBy pacimupenus (p-I0TuKu, OnpenesieMon STIM
HAPOCTOM, 3aa€TCSI TaK:

1. L1+ (pr = @r41) = @ry1, k= [1,n—1];

20- L1+ opp1 = or, k= [1,n—1]; 4. L1 + ——n;

3. L1+ 1 = (AV (A — ¢2)); 5. L1+ ¢, — (pV —p).

CIUCOK JIATEPATYPLI

[1] dmuma A.JI. O HOBBIX KOHCTAHTaX B NBYX NPeNTabIMYHLIX CyNEPUHTYUIMOHUCTCKUX Jorukax // As-
rebpa u moruka, T. 50, Ne 2, 2011, c. 246-267.
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O6 ucuucienunn Jlambeka c oneparnuen nepecevyeHuss 1 KOHbIOHKTUBHBIX
rpaMmaTuKax

C. JI. Ky3HEIIOB

Hcuucaenue Jambera, donyckawwee nycmopie aesvie uacmu cexeenyut, (L) ompemests-
ercst cremytommM o6pazoM. Twumbl (GOpMyIIbI) 5TOrO UCUUCTEHUST CTPOSTCS U3 IPUMUTHB-
HBIX TUIIOB P1, P2, ... C IMOMOIIBI TPEX CBsa30K: \, / u -. Cexsenuun L nmeror Bun I' — A,
rme ' — mociemoBaTensHOCTh THNOB, A — Tun. Akcumombl umeoT Bunm A — A; mpasuiia
BBIBOJIA TAKOBBI (JIATHHCKNE OYKBBI 0603HAYAIOT TUIIBI, TPEYECKIE — UX HOCIIENOBATEIHLHO-
cTn):

All - B II - A&T'BA — C .
noavg VY TA\BASC O
ITA— B II - A&TBA - C _
nop/4 /) T/ ATASe /)
F—>A&A—>B<_>.)' I'ABA—C (- 5);
ran—-A-B ’ 'A-B)A—C ’
Lf-epammamura — sto Tpoitka G = (X, >, H), rne ¥ — andasur, H — tun u > C
Tp X ¥ — KOHEUHOe COOTBETCTBHME MeXIy TumamMu u OykBamu ajdasura. CroBo w =
aj . ..0Qy, IOMYCKAETCS TPAMMATUKON, €CJIN CYIIeCTBYIOT Takme Tumbl A, ..., A,, aro LF

Ai... A, - Hu A; > a; njs Bcex i.

Nssectro (X. Taitpman 1960, M. P. Ilerryc 1993, C. K. 2012), yro L*-rpammaruku
3a[1aI0T B TOYHOCTHU KOHTEKCTHO-CBOOOIHBIE SI3BIKI.

Pacmmupum ucuucnenne L HOBOM CBA3KOM (N ¢ IpaBUIaMu

ra,A—c II— A&Il — B

1 =1,2
T ndgasc N2ei=t nsang

C mpyroit cTOpOHBI, paccMOTpUM mpemtoxkenHoe A. OxoTuHbIM 0600I1IEHTE KOHTEKCTHO-
CBOOOMTHBIX TPAMMATUK — KOHBIOHKMUSHbIE 2PAMMAMUKY: TIPABUIa B HUX WMEIOT BUI
A — fi1&...&B, (n > 1); CroBo w MOXHO BbiBecTH n3 A TOrza W TOIBKO TOTIA, KOTIa
OHO BBIBOOUMO 13 Bcex [3;.

KoubioHKTUBHAS TpaMMaTHUKa HA3BIBACTCSI KOHBIOHKMUBHOU 2pammamurot e gdopme
I'petibaz, ecnin eé npasuia umeor Bun A — af1&...af, (a € ¥) wm S — ¢ (S — crap-
TOBBIIl CUMBOJI, € — ILyCTOE CJIOBO). Bompoc 0 mpuBeneHnn npon3BoIbLHON KOHBIOHK TUBHOIM
rpamMMaTuku K dopMme ['peitbax ocTaéTcs OTKPBITHIM; TEM He MeHee, yKe IDaMMaTUKH B
dopwme ['peitbax cmOCOOHBI TOPOKIATH HEKOTOPHIE MOCTATOYHO CIIOXKHBIE SI3BIKU, HATIPUMED
{a*" | n >0} (A. Ex 2008).

Teopema. Bcakwuii s3bIK, 3amaBaeMblii KOHBIOHK TUBHOI IDaMMATHKOI B ¢popme I 'peri-
bax, MOXeT OBITH 3a/1aH I'PaMMaTHUKOI, OCHOBAHHOH Ha PAaCIIUPEHHOM OIEpAaIIdel IIepecedve-
HUs ucaucaeHun 1.

Mocxrosckuti 2ocydapemeennbiti ywusepcumem um. M. B. Jlomonocosa, 2. Mockea
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O TexHuke IIOCTPOEHNUA KAHOHNYECKNX (I)OpMyJ'I MOOAJIBHBIX JIOTUK B CJIy4dae
HETPAH3NTUBHBIX IITKAJI

E. . JIATKUH

MssectHas Texuuka 3axapbsamiesa [1] mis mocTpoenus kanonwueckux dopmyir mis K4
CYILIECTBEHHBIM 00pa30M OIMPAETCs HAa TPAH3UTUBHOCTH IKaJ Kpuike OmmCHIBAIOIINX 3Ty
moruky. B mammoll pabore paccmarpuBaioTcs pacumpenus joruku BK, Bemnamosckoro
BapHAHTa HaMMEHbIEHl HopMaJsibHOU Momanmbuol jormku K. B paGore [2] ¢ momorsio
TBUCT-CTPYKTYDP HAI MONAIBHBIMU ajreOpaMu Oblila ONHUCAHA ajlredpamdeckass CEMaHTHKA
IJIS. 9TON JIOTWKW, & TaK K€ CeMaHTWKa B TepMumHax Ikaja Kpunke. MomanbHbIEe HIKAJIbI
Kpunke, onuceBarorue soruky BK, mHe 00s3aHbI OBITH TPAH3UTUBHBIMEU, UTO HE TO3BO-
JIsleT HANPSIMYIO MEPEHEeCTH TEeXHUKY 3axapbsileBa. B mporecce pa3pabOoTKm ajaropurMa,
KOTOPBIN IO OaHHOU (POpMyJIe (¢ CTPOUT KaHOHUUECKHe (GOPMYJIIBI (v, ..., XN TAKWUe, UITO
BK + ¢ =BK + a; + ...+ ay, Obuz 0oiIydeHsl ciaenyoorie GakTh:

IIpensmoxenune 1

BK = {p € For | F = ¢ ams Bcex xopreBbrx BK-mkam F},

3mech u gaJee, F'or — 3T0 MHOXecTBO Bcex (pOpMYyJI pacCMaTPUBAEMOIO S3BIKA.
IIpensnoxenne 2

BK = {y € For | F |= ¢ n1s1 Bcex KOHeUHBIX NHTpaH3uTUBHBIX BK-nepeBbeB F}.

CIUCOK JINTEPATYPBI
[1] Chagrov A., Zakharyaschev M. Modal logic. Oxford, 1997.
[2] Odintsov S.P., Wansing H. Modal logics with Belnapian truth values// Journal of Applied Non-Classical
Logics V.20, 2010, P.279-301.
[3] Odintsov S.P., Latkin E.I. BK-lattices. Algebraic semantics for Belnapian modal logics // Studia Logica,
V. 100, 2012, 319-338.
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O KOHEeUYHOU aKCcmoMaTH3alluy JINMHEWHON JIOTUKU 3HaHus u BpemeHu LT K,
C MHTPAH3UTUBHBLIM OTHOILIEHUEM BpEMEHU

A. H. JIVKbsHUYYK, B.B. PumMmankun

Mp&r mpomosmkaeM UCCiaeqoBaHNe CBONCTB MHOTO-MOIAIILHON JIMHENHON JIOTUKY SHAHUS 1
Bpemenu LT K, ¢ pedileKCUBHBIM 1 MHTPAH3UTUBHBIM OTHOIIIEHIEM BpeMeHu. Jlormka ompe-
TIEeJIIeTCST CEMAHTUYIECKN, KAK MHOXKECTBO (DOPMYJI, UICTUHHBIX Ha (PperiMax CIeMuaIbHOTO
Buma. Bpems paccMaTpuBaeM Kak JIMHEHHYIO OTUCKPETHYIO MOCIEMOBATEIHFHOCTE MOMEHTOB.
Kaxnprit MoMeHT comepXkutT B cebe HAOOP MHGOPMAIIMOHHBIX y3JI0B, CBSI3aHHBIX MEXIY CO-
6011 KOpTexKeM MONAIBHBIX ollepaluuil [7;, IMUTHADPYIOIINX 3HAHUS are€HTOB.

[IpencraBnen koHeuHbIm HAG0OP (GOpMyJ, W IOKA3aHO, YTO HAHHBIA HAOOP obOpasyeTr
cuctemy axcuom joruku LT K.

Axcuomsbl ASy Tk, :

Axcuomsr CPC (kmaccrueckoro npono3uinoHaIbHOTO NCUNCICHNS );
LDT: DT(DTA — B) V DT(DTB — A),

Kp,: Ug(A — B) = (O¢A = OeB), § € {T,~, 1,..., k};

Th,: OcA— A e {T,~,1,... k};

4553 DgA — DngA, ¢ € {N, 1,..., k‘},

5D£: —|D£A — Dg—'Dé:A, ¢ € {N, 1,..., k},

M.1: OrA — O A;

M2: O A — A 1<i<k:

AL: O ANDB A Or(=AAO.B) — OrB.

IIpaBuia BeiBona ASirk,:

AA=> B A
D — ecC :

B Ce A
Onpenemnv LTK,,, = {A € Fma(L* )| Fag, 1, A}

MP

Hoxa3aHbl caemyloue pe3yaIbTaThL:
Teopema 1. LTK,  wsenporusopeunso u LTK, = LTK,.
Cnencrsue 1. Jloruka LT K, gBiseTcs KOHEYHO aKCHOMAaTU3UPYEMOI.

PaGora BoInmosnHeHa npu nognepkke npoekta ”‘ AareGpo-Iorunyeckue CTPYKTYPhl U KOMILIEKCHBIA aHa-
N3 C IPWIIOXKEHUSIMI K Tepefade U 3arnure nabopManun’ ', BBEIIOIHsIeMOMY B pamkax ~‘3ananume MurOGP-
Hayku PD”’.

CHUCOK JIMTEPATYPHI
[1] ukyanchuk A., Decidability of multi-modal logic LTK of linear time and knowledge. Journal of Siberian
Federal University, 6(2): 220-226, 2013.
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O6patubin MeTon MacsioBa 1 MeTON BXOMHOUN KJIAII-PEe30JIIOIINN

A. B. JIINEUKUN

OueBumHO, 9TO B KJIACCUIECKON JIOTUKE IIEPBOTO MOPSIAKA YCTAHOBIEHNE HEBBITOTHIMO-
cTu J1I060T0 MHOXKECTBA OOBIYHBIX (GOPMYJIT MOXKHO CBECTH, IIPU MTOMOIIM CKYJIEMU3AIAN T
MTOCJIEMYIOIIIEr0, TTOCIEe OIMYyCKAHUSI KBAHTOPOB, MPUMEHEHUs OTePAllNy MPUBEOEHUs K IN3b-
IOHK TUBHOU HOPMAJILHOUW (OpMe, K YCTAHOBJIEHNIO HEBBIIIOJTHIMOCTH MHOXKECTBa S TakK Ha-
3bIBAEMBIX KOHBIOHKTHUBHBIX AU3BIOHKTOB (K-AU3BIOHKTOB [1]), O KOTOPHIMU MOHUMAIOTCSE
BeIpaxkernus Buna C1 V...V C,, roe C1,...,C,, — KOHBIOHKTBHI, T. €. KOHBIOHKIIIU aTOMap-
HBIX (POPMYJT WJIH UX OTPUIIAHUI.

Isist yCTaHOBIIEHUSI HEBBITOJIHIMOCTH S MPEIIaraeTcsl UCIOIb30BaATh PE30ITIOINOHHY O
TpakToBKy ob6parHoro meroma C. HO. Macnosa B dopmynupoBke u3 [2], uMerolIyo Bu
CIIENUAIILHON CTPATEruU METOMa BXOMHOW Kilaln-pesosonuu 3], 060OIIEeHHON Ha CIIydail
K-IU3BIOHKTOB 1 0bo3Hauaemoit 3aeck OM.

[IpaBuso A w3 [2] B pe30IIONMOHHBIX TEPMUHAX IIO3BOJIIET 10 KOHEYHOMY S CTPOUTH
KOHEYHOE MHOXKECTBO HCXOMHBIX OJIATONPUSTHBIX NU3IBIOHKTOB (B OOBIYHOM cMbIcie [3]),
o0IagaronuX TeM CBONCTBOM, UYTO KaXXIBI U3 HUX COHOEPXKUT XOTs ObI OOHY aTOMapHYIO
$HOpMyITy BMECTE C €€ OTPUIIAHUEM.

[Ipaswio B u3 [2] TpakTyeTcs kak orpannmyenue npasuia pe3osonuonnoro tumna I R u3
[1] Ha cyuail, KOrma B KAUeCTBe SIePHOrO K-IU3bIOHKTA MOXKET BBICTYIIATEH TOIBKO BAPUAHT
K-IU3BIOHKTA 13 S, a B KAaUeCTBe CATE/NIMTHBIX — TOJBKO BAPUAHTHI YK€ MOPOXKICHHBIX
(T. e. O6IATONPUATHBIX) OU3BIOHKTOB, IPUYEM UX YUCJIO HOJXKHO COBIANATH C UHUCIOM
KOHBIOHKTOB B SIIEPHOM K-IMU3BIOHKTE, M3-332 Yero B pe3ysbTaTe Takoro npumeHenus IR
MOXKET OBITH BBEIBEIECH TOJILKO (6naroanﬁTHbH71) ON3BLIOHKT.

OM-crpaTerus 3akI09aeTCs B MOPOKIEHAN BCEBO3MOXKHBIX NCXOMHBIX OJIArOTPUSITHBIX
MU3BIOHKTOB BHaUaJje Mo mpaBwily A, a 3aTeM TOIBKO 10 npasuiy B.

Teopema. Koneunoe mmoxcecmso S K-OudbonHKmMo8 HEBLINOAHUMO 6 KAUCCUUECKOT
A02UKE NEePe020 nopadka 6e3 pasencmsea moz2da U Moavbko moz2da, K02da Nocpeicmsom
OM-cmpamezauu u3 S 8b1600um NYcmoti U3 bIOHKM.

CIUCOK JINTEPATYPHI
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Jloruka XUHTUKKN 1 peaindyeMocThb 1mo Hesbcony

C. II. Onunnos, U. FO. IIEBYEHKO

Ornpasabim myakToM st mocrpoenus IF (independence friendly) moruku siBister cs
TEOPETUKO-UTPOBasi CEMAHTUKA IJIsI KJIACCUIECKON JIOTUKU MEPBOro mopsinka. Ecmum B 3Tok
CEMAHTUKE MOIMYCTUTDH UT'PHI ¢ HEITOJTHOW NHDOPMAIIIEl, & B I3bIK BBECTU COOTBETCTBYIOIIIIE
KOHCTDYKIIII, TO MBI IIPUIEM K ceMaHnTuaeckoMy 3amanumio IF moruku Xuntukku [1]. B Ha-
vaste necstoil riassl (1) Xuntnkka ormeuaer: “One of the basic ideas of constructivists like
Michael Dummett (1978,1993) is that meaning has to be mediated by teachable, learnable,
and practicable human activities.” CemanTuueckue UTrpbl Kak pa3 SBISIOTCS IPUMEPAMU
MeSITeILHOCTH TAKOT'O POMIA, TIO3TOMY MBI PACCMOTPHUM CBSI3b JIOTUKNA XMHTUKKYU C OIHON U3
TPANUIMOHHBIX KOHCTPYKTUBHBIX CEMAHTUK, peaiim3yeMocTbio o Henbcony [2].

Crauasa MbI paCCMOTPHUM OT'PDAHUYIEHHBIN BAPUAHT JIOTUKY peaaundyemocTu o Hembcomy
B sI3bIKe 0€3 MMILUIUKAINY U UHTYUAIUOHUCTCKOTO OTPUIAHUS U TPOBEOEM PEKOHCTPYKIIIIO
TEOPETUKO-UrPOBOI ceMaHTuKM XuHTUKKU (GT'S) s JOrMKU MepBOro MOPSIKA, OIpere-
7B 0COOBIM 0Opa30M BBIUTPHIIITHBIE CTPATErWN i BepupukaTopa u daabcudukaTopa B
nrpax XUHTUKKI KaK abCTpaKTHBIE TEOPEeTUKO-MHOXKECTBEHHBIE OOBLEKTHI. IJTO MO3BOJIUT
BBIICIUTDL 3(PHEKTUBHBIE CTpaTeruu cpenu Bcex crpareruit. [lamee 6ymeT mokasaHo, 4TO
sddekTuBHBIE cTpaTernu BepukaTopa (danbcudukaropa) — 5TO B TOUHOCTH IMO3UTUBHLIE
(meraTuBHble) peanm3anuu no Hembcony. Taxum o6pasoM, orpaHmdyeHHAas peasn3yeMOCTh
mo Hembcorny — 510 B TounocTu s¢dexTuHas Bepcust G1'S M1 JOTUKHU MEPBOTO MOPSIKA.
BBenennast pekOHCTPYKIMS MOHSITUS CTPATETUU MO3BOIUT pacupocTpanuTh GT'S Ha s3bIK
¢ UMILTIKaImen (Ipu 5TOM MMIUIIKAINMS WHTEPIPETUPYETCS B TEPMUHAX CTPATETWil, a He
urp). OTy cemMaHTuKy Mbl 0603HaunM GT'S™. U onsarh, MOXKHO IOKA3aTh, UTO PEAIIU3Ye-
MocTh 110 Henmbcony — 510 B TounocTu sddexkTuBHas Bepcus cemantuku GT'S™ . Hakowerr,
OTTIPABJISISICH OT TOJIyUYeHHON pekoHcTpykuuu G1'S, MBI OompemesnM aHAJOTUYIHYIO PEKOH-
crpyknuio mirst [F jgoruku, oborarmennon mMnnkanuein, a ee 3pheK TUBHBIN BapuaHT OyneT
IF Bepcumeit peammusyemoctu mo Hembcony. OTo maeT TouHBI OTBeT Ha Bompoc m3 10-i
riasel [1]: kak IF moruka 6buia Gl onpemeseHa KOHCTPYK TUBUCTAMIE?

CIIMCOK JIATEPATYPEI
[1] Hintikka J. The Principles of Matematics Revisited. Cambridge, Cambridge University Press, 1998.
[2] Nelson D. Constructible falsity. J. Symb. Log., V. 14, 1949, 16-26.
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O cBolicTBaxX -HOMOJITHEHUN OJHOW CUCTEMBI TPEX3HAYHOU JIOTUKU

A. JI. IIABYHUH

[TousTUS -TIOOTHEHWST U (-TIOJTHOTHI MHOXKECTBA (DYHKIUN A-3HATHON JIOTWKU OBLIN
seenenbl M.M. I'myxosbmv B [1]. Tam ke mis k > 7 HOCTPOEHBI KOHEUHBIE (-IIOJIHBIE
cucrembl dyukuuit. B [2] mias k > 5 moCcTpOEHBI (-TIOJIHBIE CUCTEMBI U3 IBYX OMHAPHBIX
OTIepaIiii ¢ TPaBbIM COKpAIlleHreM; M k = 2 MOKa3aHO OTCYTCTBHUE KOHEUHBIX (-IIOJTHBIX
cucteM; mist k > 2 yCTAHOBIIEHO, UTO B Pj, OTCYyTCTBYIOT (-TIOJHBIE CUCTEMBI, COCTOSIIINE
13 OMHOU (QYHKIINU.

B [3] mocTpoenbl koHeuHBIE (-TIOTHBIE cucTeMbl it k = 3, 4. B [4] mokasano, uto mpu
moboM k > 2 mHOXKecTBO dyuKiuit F' C P, a-3aMKHYyTO TOrOa W TOJBKO Torma, korma F
3aMKHYTO.

B mamzO#l paboTe mMpOMOIKAETCS UCCIENOBAHNE CUCTEeMbl F' QYyHKIUN TPEX3HAUHON JI0-
TUKW, COCTOSIIEN W3 BCEX OMHOMECTHBIX (DYHKIWA U OMEPAINU CIIOXKEHUS MO0 MOMYJIIO 3,
HauaToe B [5].

[ycrs F' = [F|o, F" = [F']o. OgaomectabiMu nondyukuusmu pysxmmn f(z,y) u3 Ps
maspiBatorcs dyaknun f(0)(x) = f(2,0), fD(2) = f(z,1), fP(2) = f(z,2).

IIpenmoxenune 1. Ilycts f(x,y) € F'. Torma f(x,y) yooBIeTBOpseT CHELYIOIIAM
VCIJIOBHSIM:

1) ecan omaa m3 nonpyuxmmi O (z), fM(z), @ (x) dyaxmmn f(x,y) sBrgercs xon-
CTaHTOU, TO CPeAN OCTAaJIbHBIX HOAMPYHKINI 5TOU (PYHKINU HET IOACTAHOBKH;

2) ecu cpenn nonpyuxmmit (O (z), fM(z), f®)(x) dyaxmun f(z,y) ecrs noncraHoBKH,
TO BCE OHU UMEIOT OAUHAKOBYI UETHOCTD.

IIpensoxenne 2. Bunapras onepanus ¢ npaBbiM cokpatnenueM f(xz,y) € F' torma u
romsko torma, xkorma monpyukmma fO, fO) g f@) pyuknun f apasorcs momcranoBkamu
OIHOH U TOH XK€ YEeTHOCTH.

IIpennoxenne 3. F" = [[F|y)o = Ps. pyrumu cioBaMu, OZHOKPATHOE (-IIOIOIHEHHUE
cucteMmbl F' aBseTcs (-IIOJTHON CHUCTEMOM.
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O6 omHOM BBIYHMCIMMO TIOJTHOM PEryJiipHOM IPOCTOM KOMOGMHAaTOPHOM
N CYNCIIEHUN

JI. B. ITABYHUH

[IpocThie KOMOMHATOPHBIE MCUYNCIIEHNS U3YUAIUCh B [2]. ODTH MCUYMCIEeHNsT BO3HUKAIOT
eCTeCTBEHHBIM 06pa30oM B Teopuu KOMOMHATOPOB [3, 1].

[TpocToe xombuuaTopHOE UcuncieHne C' 3amaeTcs HAGOPOM OA3UCHBIL KOMOUKAMOPOS
ai, ..., a, C ONPENeIMOIINMI UX PABEHCTBAMME

a1xr1 ... Ty, = Xl,

(1)

ary ... Ty, = Xy,

roe X; — TepM Hall MHOXKECTBOM MEPEeMeHHBIX {1, ..., Tpn,}, 1 < ¢ < r. Ilpm 3amucu
TEPMOB BHEIIIHIE CKOOKU OIIyCKAaeM U UCIOJIb3yeM IPYIINUPOBKY CKOOOK BIIEBO: 3AIUCH ATYZ
ciykuT cokparerreM st (((ax)y)z).
Ucuucnenune C HA3BIBAETCS PETYIISAPHBIM, €CIIN KaXkK1as IePEMEHHAS, BXOMISINAL B JIEBYIO
YaCTh OHOTO U3 PaBeHCTB (1), BXOAWT U B IPABYIO YaCTh HTOTO XKe PABEHCTBA.
Ucuucnenne C HA3LIBAETCS BBIYUCIUMO IIOJIHBIM, €CIU CYIIECTBYET MOCIIENOBATE b
HOCTBH [IONIAPHO HE SKBUBAJIEHTHLIX (B 5TOM UCUUCJIEHUN) 3aMKHYTHIX TEPMOB

Zo, Zn, Za, - - -

TaKUX, YTO I JIHOGON 4YacTUIHO pekypcuBHOU ¢dyukuuu f ot k mepemennwix (k > 1)
CYILIECTBYET 3aMKHYTBIH TepM F' Takoil, YTO MJIs BCEX LETbIX HEOTPUIATETbHBIX UUCEIT 1M1,

..., M} UIMEeT MeCTO
CHFZp  Zmy = Zima,...;mp)

BCSKUIT pa3, Korna ompenesneno f(my, ..., myg).
Ecnn, B nobasierne, Bce £, UMEIOT HOpMaJIbHyI0 dopMmy u Tep™m 2, ... Z,,, He uMeeT
HOpMaJIbHOU (hopMbl, Korma f(mq,...,my) He ompeneneno, To ucuncienne C' Ha3BIBAETCS

BBIUMCJINMO TOJHBIM B CUJIBHOM CMBICIIE.
[Iycts ncuucnenune C1 3amaercs 6a3ucabivu komounaTopamu B, C, S, I ¢ onpenessio-
UMW PaBEHCTBAMU

Bryz = 2(yz), Cuzxyz=xzy, Szxyz=xz(yz), Ilry=zy,
roe x, y, z — nepemennsie. Vcunciaenue C perynspHo, HO He KOMOMHATOPHO IIOJIHO.
Teopema. Hcuncaesne CI BBEIYUCIIMO IIOJIHO B CHIBHOM CMEICTIE.
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Hp]'/IMEHeH]'/Ie HeaeTEpMMHNUPOBAHHBIX MOHAQANYECKNX CXeM IIporpaMM K
HnccjieOoBaHNIO CBOMCTB IIPpOrpaMMHBIX JIOTUK C HEIIOABMN2KHBIMNM TOYKaMM

H. B. lIunos, A. KO. BepHIITENH, C. O. [MInIoBA

Mamsaru Ceprest Mnbumya Mapnaesa (6.04.1962-10.04.2013)

Cepreit Mnbna Mapnaes ymesssi MHOTO BHUMAHUS W3Y9YEHUIO HEKJIACCHUECKUX JIOTHK
C HEIONBIXKHBIMU TOUKaMu (cM. crnucok pa6or B [1]). B mamreit paGore ommcas momxon
K [I0Ka3aTeIbCTBY Pa3PEIINMOCTH U aKCHOMATHU3UPYEMOCTU TaK HA3BIBAEMOI'O [i-UCUNCIICHI
(1C)[5], KOTOPOE MOKHO OIpenenTh KaK HOIUMONAILHBIN BapuaHT jioruku K ¢ Hemonsux-
HBIMI TOYKAMU IO IIPOMO3UIMOHAIIBHBIM [IEPEMEHHBIM C MO3UTUBHBIMU BXOXKIEHUSIMU.

B nepsonauanbHoil paGore [5] GbLIO ONpENEIeHO [-UCUUCIEHNe U IOKA3aHA ero KOop-
pekTHOCTH. [lepBas mosHast u KOPpeKTHAas CHHTaKcudeckas akcuomarusarms st 1C Gblia
nocTpoeHa B pabore [7], a MOTHOTA U KOPPEKTHOCTb UCXOMHON AKCHOMATU3AMN ObLIa 10-
KazaHa ToIbKO B [8]. Paspemnmocts pC ¢ 9KCIIOHEHIIMAIILHO BEPXHE OLEHKOI CII0KHOCTH
6buta mOKasaHa HeszaBucuMo B pabotre [6] (¢ mcmombzoBanmeM tpancssimun Gopmynn uC B
HeIleTePMUHIPOBAHHBIE CXeMbl SlHOBa [2] HA OCHOBe pA3PEIAOIIEro AJTOPUTMA I 06-
OOIIIEHHON TOTAJBHOCTU TAKWX cxeM u3 pabor [3], u B pabore [4] (MeTomom cBemeHuUs K
npo6iieMe HEIyCTOThl aBTOMATOB Ha OECKOHEUHBIX NepeBbiIX). B HacTosmell paboTe MeTON
IOKA3aTeNbCTBA PA3PElInMOCT u3 [6] pacpocTpaneH it IOCTPOEHNUS OTHOM 1 KOPPEKT-
HOIl AKCHOMATU3AIMN [{-UCUUCIICHIS.

Pa6ora Boimonuena B pamkax mpoekta PODU Nel3-01-00645-a.
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O uwncsne nonabix o I1.C. HoBukoBy paciuupenuin jjoruku J[lammera B s3bIKE C
NOIIOJTHUTEJILHON OJHOMECTHOM! JIOTUYECKOMN CBSI3KOU

A. 1. SlmmH

PaccmarpuBaercs onenka cuusy uucia nonsbix 1o 11.C. HoBukoBy pacimpenuit cymnep-
nHTynnunonucTckoit goruku Hammera LC, xapakTepusyeMoil KJIaCCOM KOHEUHBIX IIellell u
aKCHOMATHU3UPYEMOI KaK

LC =Int+(A— B)V (B — A),

B SI3bIKE C OJHOMECTHON TOMOJIHUTEILHON CBSI3KOM ¢(-).
CBsI3Ky  MHTEPIPETUPYEM HA IEMSIX KaK Uppedaercushyio mMo0asbHoCmy:

zlFp(A) = Vy >z(ylF A).
IIpn Takoit uETEpIpeTanuy OOIIE3HATNMA AKCUOMA 3AMEHDL
(A< B) = (p(4) < ¢(B))

(eé mammume siBiseTcs omHuM u3 ycimosuil B monxome 11.C. HoBukoBa K MOHATHIO H0601
JIOTMYECKON CBS3KM B MAHHOM c.u. joruke (1, 2]).

PaccmaTpuBaeM MIKAIBI TOPSAOKOBBIX TUIIOB W + M, TI€ W — MOPSIKOBBIA TUII MHOXKe-
CTBa HATYPAIBbHBIX YUCET, U N — HATypaabHoe uucyio. [lycrs L, — ¢-Ioruka mKajisl w-+n
(T.e. MHOXKeCTBO (HOPMYJI PACIIMPEHHOTO SI3bIKA, OOIIE3HAYNMBIX B 9TOIl IIKAJIe).

Teopema 1. (a) Kaxnas uz @-morux L, ABIA€TCA KOHCEPBATUBHBIM DACIIIPEHUEM
c.u. jioruku LC';

(6) Kaxmas u3 p-norukx L, onpenenser HoByio mo II.C. HoBUKOBY HEKOHCTAHTHYIO
Jgormyeckyto cBsa3ky B LC'.

Teopema 2. IlIpu m # n p-goruku L, u L, #HecoBmectumbr Han LC, T.e. ux obbenu-
HeHHue MopoxaaeT HekoHcepBaTuBHyto Han LC p-jgoruky.

CemelicTBO KOHCepBATUBHBIX Hal LC' (-JOTUK SIBISETCI UHIYKTUBHBIM B CMBICJIE JIEMMbI
[lopua, mosTOMY BCsIKas Takas @-JIOTMKa BKJIFOUEHA B HEKOTOPYIO MAKCUMAJILHYIO KOHCEP-
BaTuBHyIO (= nonuyio no I1.C.HoBukosy) @p-moruxy.

CnencrBue. CemericrBo nosabrx o 11.C.HosukoBy pacmmpenunii LC' aBasercs, Kak
MHUHHUMYM, CUETHBIM.

glBrsieTcss U 5TO CEMENCTBO KOHTUHYAJIBHBIM — OTKPBITBIA BOIIPOC.
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A unification-based approach to automatic theorem proving for the extension
of infinite-valued first-order Lukasiewicz logic

A. S. GERASIMOV

Infinite-valued first-order Lukasiewicz logic LV is one of the most important many-
valued logics that provide foundations for approximate reasoning [1]. The only known
approach to automatic theorem proving for LY is [2, 3].

In [2, 3], the author defines the extension LVq of LV and formulates the sequent calculus
LVqS for the extension. In short, a sequent is an axiom iff a corresponding system of
linear inequalities with rational coefficients is infeasible. The proof search algorithm for
LVqS constructs a preproof in a bottom-up manner introducing metavariables instead of
witnessing terms and checks from time to time whether the preproof is closable. The infinite
search of witnessing terms is eliminated by means of minus-normalization. Let A denote the
algorithm that checks whether a preproof is closable and is based on minus-normalization.

Striving for a more efficient algorithm that checks preproof closability, now we investi-
gate the complexity of the problem PREPROOF CLOSABILITY (given a preproof, decide
whether it is closable) and propose a straightforward unification-based algorithm B for the
problem.

Theorem 1. If the 1.Vq language contains at least 2 nonzero-place predicate symbols,
then the problem PREPROOF CLOSABILITY is NP-complete.

Given a preproof, the algorithm B generates all partitions of the set of all atomic
formulas in (the so-called basic subsequents of) the leaf sequents of the preproof. For
each partition the algorithm simultaneously unifies its subsets, and if a unifier is found,
B tests whether it is correct (according to the eigenvariable condition on the quantifier
inference rules) and all the systems of linear inequalities corresponding to the leaf sequents
are infeasible. (The algorithm B is subject to further improvements.)

Proposition 1. The running time of the algorithm A is (n™ - p), the running time of
the algorithm B is O((n/Inn)?"=3 . q), where n is the number of distinct atomic formulas
in the leaf sequents of the preproof, m is the number of metavariables in the preproof (m
may be > 1000n ), p and q are polynomials in the length of the preproof.
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Strong equivalence theorem for paraconsistent answer set semantics

Z. V. MAKRIDIN, S. P. ODINTSOV

In [1], it was proved that the logic KC = Int + {—p V —=—p} is the smallest superintu-
itionistic logic for which the strong equivalence theorem holds. The main goal of our work
is to prove the analogue of De Jong and Hendriks theorem for the logic programs with two
kinds of negation: the traditional for logic programming default negation (=) and the strong
negation (~). Let us define the logic NKC as follows:

NKC = N4* + {-p VvV =—p},

where N4+ denotes the paraconsistent Nelson’s logic.

Suppose that II is a program without — and Lit is the set of literals, i.e. the set of all
atoms and its strong negations. A set S C Lit is called an answer set of II if and only if for
allY C Sitistruethat Y EII & Y =65.

The Gelfond and Lifschitz reduct (GL-reduct [2]) TI° of a program IT wrt a set of literals
S C Lit is a program obtained from II in two steps. First, we exclude from II all rules
containing subformula of the form —L with L € §. Second, from the rest of rules we delete
all subformulas —L.

A set of literals S is an answer set of a program II if S is an answer set of II°.

Two programs II; and Il; are called strongly equivalent if for any program II, the
programs II; UII and II; U II have the same answer sets.

Theorem. Let II; and Iy are logic programs. Then II; and Il, are strongly equivalent
if and only if they are equivalent viewed as propositional theories in NKC. Moreover,
NKC is a smallest extension of N4+ for which strong equivalence theorem holds.

The work is supported by Russian Foundation of Basic Research, projects No. 12-01-
00168-a and No. 11-07-00560-a.
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O Ag-pa3MepHoc'rM BBIUMCJINMbIX CTPYKTYP

II. E. AAEB
[IycTs 2 — BBIMHMCINMAas CTPYKTypa. Eé sviuucaumot pasmeprocmyvio HA3BIBAETCS CY-
HpeMYM MHO2KeCTBa HaTypaﬂbeIX quceJsl n T. 4. CyH_IeCTBYIOT BbBIYUCJ/IMMBIC MOIOEJIN %1, ceey an,

m3omopduble A u Takme, 9To MexKmy 2A;, 2; HET BEIMHCIMMOrO M30MOpPU3MA IPH i # j.
OTa pasMepHOCTh HAXOOUTCs B mpemenax or 1 mo w. Ecmm oma paBma 1, cTpyktypa 2
Ha3BIBACTCI A6MOYCMOUNUE0U, NN 8bIUUCAUMO KAME20PUYHOU.

BaMeHss B 5TOM ONpeNeNIeHUE BhIYUCIUMBIE m3oMopbusmbl Ha A-poraucimmvere, Mot
nomyuumM onpenererne AL -pazmepnocmu: 3TO CyIIpeMyM MHOXKECTBA HATYPATbHBIX HHCET
N T.49. CYHUIECTBYIOT BhIUKUCIUMBIE Momenu %Ay, ..., %2, , nsomopdubie 2 u Takume, ITO MEKIY
2;, A; mer A -prramciumoro nmzomopdusma npu ¢ # j. Ecim pasmepnocTs pasna 1, To 2
naseiBaercs AY-xamezopuunoti.

B Teopeme 1 ykasaubl mocTaTouHble yciioBus, npu KoToperx A -pasmepHoCTb BBIUH-
CIIMMON CTPYKTYPBI paBHa w. Coenuuss €€ ¢ TeopeMoit J1i1a, MBI TIOJTyIaeM IIITPOKUAIA KIIAacC
BBEIMICIUIMEIX CTPYKTYD, s KoToperx Al -pasmeprocTs pasma mato 1, mu6o w.

[Tycts = — GuHApHOE OTHOIIEHNE HA MHOXKECTBE KOHEUHBIX HabOpoB u3 A, o — CcuéT-
upiii opaunan. Onpenenum otaotnenue Freel (@, ¢) Ha maGopax u3 2 Tak:

— 9=/ =/ [ |= /| = = = — 7 =/ _ R
VB < aVai3da'3a) [|a] =|a'|, ¢,a,a1 < ¢,a’,a}, u ¢, a # ¢,a'l.
Ecnu otHomenne = ¢ukcupoBano, To OymeM roOBOPUTH, YTO HAOOP @ a-c8060den Had C.

Eciu = paBHO >, 3TO ONpemelieHne CoBnanaer ¢ npusendéuubiM B [1], §17.4. Tam xe
MOYKHO HAWTU ONpeNeSIeHne Q-IpYKEeCTBEHHON CTPYKTYPHL.

Teopema 1. Ilycts o > 1 — BbrumcauMbliii opauHas, u A — BBIYUCIUMAS (-IPYKEC-
TBEeHHAs CTPYyKTypa. llpemmosioxum, 4T0 = — OTHOIIEHUE Ha KOHEYHBIX Habopax u3 2,
0bs1agaroIee CBOHCTBAMU:

a) = TPaH3WTHUBHO, T.e. M3 4 = b m b = ¢ crenyer a = ¢;
b) ecim g : A — A — aBromoppusm, To a = g(a) amna moboro a in 2.
Ecan orHoIIreHne # BBIYUCIAMO MEPEYUCTUMO, U OIS KaXA0ro ¢ u3 A MOXKHO 5(hPEeK TUBHO
marita a T.4. Free (a,¢), TO cymmecTByeT BbIYUCIUMAs MOCAEHOBATENBHOCTE {B; }ic., BHI-
gcauMbIX npencrapiaernit A 1.4, mexny B; u B, mer AL -prraucammoro nzomopdusma npu
1# 7.
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CTpyKTyphbl HEIPEPHIBHBIX U nuddepeHuupyeMbix QyHKIIUN

B. C. AMCTUCIIABCKU

[Iycts X — COBEpPIIIEHHO HOPMAJILHOE MPOCTPAHCTBO (OIMpemeseHne MOXKHO HAWTH, Ha-
npumep, B [3]). Yepes C(X) o6o3naunM MHOXKECTBO HenpepbiBHbIX QyHKImit n3 X B R;
gepe3 O(X) — MHOXKECTBO BCEX OTKPBITBIX MOIMHOXKECTB TOIOJIOTUIECKOrO MIPOCTPAHCTBA
X. Yepes < — mOTOYEUHBI MOPANOK IS HEMpepBIBHBIX GyHKnui. OTHOImEHne < ompeme-
UM T apel HenpepbiBHbIX Gyukuui f, g € C(X) cnemytommm obpazom: [ < g < f(x) <
g(x) dag ecer x € X. [lpu BBemeHHBIX 0003HAUCHUSX CIIPABEIJINBO CJIEMYIOIIEe YTBEPKIe-
HIUE.

Teopema 1. Teopun crpykryp Ax = (C(X),<,<) 1 Bx = (O(X),<,0) — m-
SKBUBAJICHTHBI.

Ecnu nms mexkoToporo mpocTpaHcTBa X U3 KJIacca COBEPIIEHHO HOPMAJIBHBIX IIPO-
CTPaHCTB W3BECTHO, UTO Teopus By paspermma, TO MO Teopeme 1 IMoaydaeM pasperu-
MocThk Teopun Ax. Hampummep, mMoxknO mokasarb, uro Teopunm Bgn = (O(R™), C, D) mus
n > 1 sBasroTcs paspemmuMbiMu, 3HaUnT paspemnMbl u Teopun (C'(R™), <, <).

Paccmorpum Taxxke Teopmio ctpykTyphl € = (C1(R), <), rme C'(R) — mHOXKECTBO
HenpepbIBHO-mubdepeHnmpyeMbrx ¢dyHKIui n3 R B8 R; < — moTouevHBIT TOPSOOK.

Teopema 2. Teopus ctpykTypsl € — pa3pernmMa.

OTu TeopeMbl yIaa0Ch OKA3aTh, UCIOIb3Y sk 000OIIIEHHBIN METO NHTEPIIPETAIINAN, TPeI-
noxennslin O.B. KynuroBbiM (m3moxenme Meroma npuseneno B [1]). Pawmee, stum me-
TomoM mokaszana m—csogumocTb Teopun 2A = (C(R), <) x paspemmmoil Teopun CTPYyK-
typer B = (O(R),C,0). B Teopeme 1 5TOT pesyabTaT MEPEHOCUTCS HA CIIyUall COBEP-
[IIEHHO HOPMAJILHOIO MPOCTPAHCTBA U KJIACCUYECKAM METOIOM I[IOKA3BIBAETCA O0paTHAs
M—CBOOUMOCTL. Ilpum mOKa3aTenbCcTBE TEOPEMBI 2 MPOBEPSAIOTCS yCIOBUS OBGOGIIIEHHOTO
METOIa WHTEPIPETAIH, U, TeM CAMBIM, 11—CBOAUMOCTEL T€OpUU CTPYKTYphl € K pasperu-
MOIT TEOPUH BTOPOI0 MOPSAIKA CTPYKTYPHI D pasHOCTEN OTKPLITHIX MOAMHOXKeCTB R. Wmes
1 METOII IOKA3ATEIbCTBA PA3PEIINMOCTH Teopun B KPaTKo u3ioxkensl B [2]. Bomee mompob-
HOE IOKA3aTeILCTBO DTOrO PE3yabTara, a TaKkKe HOKA3aTeIhCTBO PA3PEITUMOCTU TEOPUil
PBrn MOXKHO HaiTu B [1]. Anamorunyabiv 06pa3’oM HOKA3BIBAETCS PAa3PEIINMOCTh Teopun 2.
Hogbie mpumMepsl npuMeHeHust 0606IIIEHHOTO METOIa MHTEPIPETAIN MO3BOJISIIOT CIYNTATH
€0 XOPOIINM MHCTPYMEHTOM JOKA3aTeIbLCTBA Pa3peIInMOCTI TEOPUIL.

CIUCOK JINTEPATYPBI
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ByJ'IeBbI anreﬁpm C BbIEJIEHHBIMUI :—)H,Z[OMOp(I)I/I3MaMI/I 1 IMopoxXKnamwiiume nepeBbia

H. A. BAXKEHOB

KoucTpyk TUBM3upyEeMOCTh MOMIEIeN Pa3IndHbIX €CTEeCTBEHHBIX KJIACCOB M3ydaliach B
paborax A.W. Mamnbuesa, FO.JI. Epmosa, C.C. I'onuaposa, H.I'. Xucamuena, B.II. Ilo-
6punbl u MEOrUX Apyrux aBropos. C.C. Ionuapos [1] mokasas, uro cynmepaToMmuas OyseBa
anrebpa sIBIISIETCS KOHCTPYKTUBU3UPYEMOW B TOM U TOJIBKO TOM CJIydae, KOTOA ee PAaHT
dperte pasen Beruncaumomy opmuaaiy. H.T. Korabaes [2] momyunn onucanmwe BbIUuCIn-
MBIX OYJIEBBIX aJredp ¢ KOHEUYHBIM UNCIIOM BBIOETEHHBIX MIEAJIOB B TEPMUHAX MOPOXKIAIO-
[IIUX IE€PEBbEB U UIEATBHBIX MOIMHOXKECTB NePeBbeB. B [3] momyuen kpurepuit KOHCTPYK-
TUBM3UPYeMOCTHU OyiieBoil anre6pel B (w) ¢ BbIIEIEHHBIM aBTOMOP(OU3MOM.

Hamuas paboTa MOCBSAIEHA UCCIENOBAHUIO KOHCTPYKTUBHU3UpyeMocTu [-aare6p, T.e.
OyIeBBIX ajarebp ¢ KOHEUHBIM YHCIOM BBINEIEHHBIX SHIoMOpdu3MoB. [lomydeno omucanue
BBIUMC/IUMBIX F-ajre6p B TepMUHAX MOPOXKIAMOININX MEPEBBEB U OTOOpPaXKEHUN, 3aMaHHBIX
Ha mepeBbsx. [lomyueHnHas xapakTepu3anus MIPUMEHSETCS IS TOKA3ATeTbCTBA CIIeMYOIINX
pe3yIbTaTOB.

Teopema 1. g mroboro koHeurnoro n > 1 cyigecTByer Bbruuciaumas FE-amrebpa c
BbIEJICHHBIM MHO2KECTBOM aTOMOB, NMEIOIIasd BbIYUC/INMYIO PDa3MEpPHOCTD 1.

Teopema 2. CymrecrByer FE-aiarebpa ¢ BBIOEIEHHBIM MHOXE€CTBOM ATOMOB, CIIEKTD
cTerneHen KOTOpOfI COCTOHUT B TOYHOCTH N3 BCEX HEHYJIEBBIX TBIOPDUHI'OBBIX CTeIeHEH.

Pa6ora Bommonmena mpu ¢punamncoBon nommepxke Cosera mo rpautam [Ipesumenta PP
IIJIsL TOCY IAPCTBEHHOI MONEPXKKI BeIylnX HayHbIX 11Koil (mpoext HIM-276.2012.1), PIIII
«Hayunbie u HayuHO-TIemarorndeckue Kanpbl mHHOBAIMOHHON Poccums» wa 2009-2013 rr.
(Cormamenme Ne 8227), u PODU (mpoext 11-01-00236).
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O Eg-Ha‘-IaJ'IBHI:IX CEerMCHTAaX BBIUNCINMBIX JIMHEMHBIX IIOopsAOKOB

P. . BUKMyYXAMETOB

OnHO W3 HANPABICHUN WCCIIENOBAHUN BBIYUCIUMBIX JIMHEHHBIX TOPSOKOB COCPEHOTO-
YEHO HA W3YUYEHUU AJTOPUTMUYECKON CIIOKHOCTH HAYaIbHbIX cermenTos. M. Poy [1] mo-
Ka3aJl, 4To H?—Haqaanmﬁ CEerMEHT BBIUYMCJIIMOIO JIMHEMHOI'O MOPSAOKA MMeeT BBIYUCINIMOe
npencrasiieane. C Opyroll CTOPOHBI, UM OBLI MOCTPOEH MPUMEDP BBIYUCIUMOTO JIMHEAHOTO
TIOPSIITKA C Hg—Ha‘IaHBHbIM CETMEHTOM, He uMerImM Beraucianmoint konuu. P. Koyms, P. Io-
yau u b. Xycaunos [2] mokasanu, 4ToO CyIIeCTBYeT BBIUNCIUMBIN JIMHENHBIA TOPSIOK C Hg
-HAYAJIbHBIM CETMEHTOM, He M30MOPMHBIM HUKAKOMY BBIUUCIUMOMY JIUHEWHOMY TOPSOKY.
K. Am6oc - Ilmuc, C.B. Kynep, C. Jleunm [3] B coBMecTHOI paGoTe MOKa3aim, 9TO Y9-
HAYAJIbHBIA CErMEHT JII000T0 BBIYUCIMMOIO JIMHEMHOTO IOPSOKA UMeeT BBIUUCIUMYIO KO-
nuto. MbI TOKaXeM, UTO J000N BBIYUCIUMBINA TOPSIOK, HE UMEIOIINH HANOOJIBIIIETO diTe-
MEHTA, SBIAETCS Y9-HAUAILHBIM CETMEHTOM, Halepell 3aaHHON Y9-CTemeHn, HeKOTOPOTo
BBIUNCJIIMOTO JIMTHETHOT'O MOPSIIKA.

Teopewma. [[nsg mr06oro Beruucaumoro jauHerHoro mopsnka L = (L, <p) 6e3 HanboIb-
wrero saeMenTa 1 oboro MHOkecTBa M € Y, cymecTByeT Taxoit BBIMMCIUMBII THHEHHBIIT
mopsimok L =A+n, vto A= Lu A =p M.

CIuCOK JIMTEPATYPBI
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[2] Coles R.J., Downey R., Khoussainov B. On Initial Segments of Computable Linear Orders // Order.
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Brerunciaunmseie HyMepalnuu B aHAJINTUYECKON nepapxmm

M. B. IIOPXKUEBA

N3yuaroTcs MrHIMAIbHBIE HyMepalnl aHAJIATHIECKON mepapxuu. ['maBHBIM 06pa3ow,
HaC MHTepecyeT OOHO3HAYHAS HyMepalus BCEero kjacca. Kak okaszaiiochb, B apudmeTuye-
CKOIl mepapxun 1 nepapxun EprioBa ogqHo3HaYHAS HyMepanus OjIs MaKCAMAJIbHOIO KJIacca
€CTb, HO HEOXUIOAHHBIN Pe3yIbTaT HOJIyUeH s aHAJIUTUYIEeCKON MepapXun: OTHO3HATHAS
HyMeparms a7 moboro yposrs 111 orcyTeTsyer.

Teopema 1. Y cemericra S 11} -MHOXKECTB ecTh yHUBEpCATbHAS HyMepaIus.
Teopema 2. Ilycts S — 6eckoreurnoe cemeiictso 11 -mmoxects, v — I1) -Hymeparmrs
cemericrBa S, M — maxcumasibHOe MHOXKeCTBO, A € S. Hymepars

v(i), ecam m = my;

(1)

A
vy (m) =
e () A, nuaaye.

OyneT MIHIMAJIbHOH.

Teopema 3. He cymectsyer 11! -Beramcmmvoit mocrenoBaTensaocTa v(n) Takom, 9To
kaxmoe 11} -MHOXECTBO A B 5TOI MOCTENOBATEIEHOCTH BCTPEYAETCS TOTBLKO OIUH Pas.

CIIUCOK JIUTEPATYPHI
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Y cioBHOEe 1 6e3yciIOBHOE MonesupoBaHue ¢hopMyiaMy AJINHHBIX BbBIYNCIIEHUN

. B. JIATKuH

ABTOp NPUHOCUT W3BUHEHWS PENAKINU ¥ IUTATENsIM XKypHasa «Aarebpa 1 JIorukas 3a
MOIIYIIEHHYIO UM CEPbE3HYIO OMuUOKY IPK JOKA3aTeIbCTBE OCHOBHOI TeopeMbl B [2]. Teneps
OHA UCIIPABIICHA U GOJIee TOrO, TeOpeMa MOXKET ObITH CJIerKa YCHIICHA!

Teopema 1. Ilycrs m(n) — ¢yakumas, n m(n) > n gag kaxmoro n € w; Bg —
OByxa3jaeMeHTHas OymeBa aJsrebpa. Ilo mroboii mporpaMue meTepMUHHPOBAaHHONH P Ma-
muHel ThiopuHra U BeskoMy Bxony X Ha JIEHTe MAIIMHBI, MOXHO 3(p(heKTHBHO HOCTPO-
uthb V3-mpennoxenne (X, P), obmanaroiiee cBOICTBAMI: &) €ro KO CTPOUTCS 38 BPEMS
g(m(|X|)+|cP|) mms HEKOTOpOrO MHOrOYIeHa ¢, pukcupoBansoro mis scex m(n), X u P;
6) Bol= (X, P) paBHOCHIBHO TOMY, UTO MammuHa ¢ nporpaMmoii P nomyckaer X MeHee,
geMm 3a exp(2, m(|X|)) maros; B) mmeercs xkoncranra D >0, HezaBucsas or P u m(n)
(HO 3aBHUCAIAL OT KOAUPOBKU (GOPMYJI U HPOrpaMM), UTO IPHU BCEX JOCTATOYHO MJIMHHBIX
X Bepro m(|X|) < [eQ(X, P)| < D|cP| - (m(|X]))?>"¢, ana Bcaxoro mamepén 3amaHHOro
e>0.

NcenemyeTcss BO3MOXKHOCTE YCHJICHUS T€OPEMbI 1 Ha HEIETEPMUHUPOBAHHBIN CITydail.
JIr0GOTIBITHO, YTO BO3MOXHOCTDH MOMOOGHOTO MOAEIUPOBAHUS MO CyTH NABHO W3BeCTHa. Ha-
IpuMep, ONMPAsICh HA W3BECTHYIO Teopemy Kyka, HECIIOXKHO BBIBOOUTCS

Teopema 2 (06 ycioBHOM MomeaupoBauum). [lna xaxmnoro aseika L kmacca NP
CYILECTBYET aarOpUTM, KOTOPHII IO JTI000MY BX04y MamuHbl w crpout 3-popmyiay C(L, w)
CO CBOHCTBAMHU: &) KOA POpMyIIbl cTpouTcs 3a BpeMs g1, (|w|) ams HekoToporo MHOro41€HA
g1, duxcupoBarHOro M1 Bcex w;  6) Bol= C(L,w) paBHOCHIBEHO TOMY, 9TO JII06as fETED-
MUHUpOBaHHas MamuHa P nomyckaer w menee gyem 3a F(|w|) maros, npu ycmosuu, 4To sTa
MammHa pacrnosHaét a3bik L 3a Bpems F(|w|), u npu sToM HE mMeeT 3HAYEHHS, HACKOJIBKO
orpomHa pyHKIuI F'.

Bonee Toro, mis HEKOTOPHIX MpPOGJIEM TEOPUU CJIOXKHOCTU, TAKOEe MOIEIUPOBAHUE —
5TO IO CYIIECTBY €AMHCTBEHHBIA CIOCO6 MX PEIIeHns. DTO MOKA3BIBAET CIIEMyIOIIee yTBEp-
XKIEHNe, TI0JTyJatoleecs: npuMenerrneM Teopemsr 7.10 u3 [1].

Teopema 3. Ilycte EXP — kjgacc 3bIKOB, PACIIO3HABAEMBIX 38 5KCIIOHEHI[HAJIBHOE
BpeMs, P-space — KJIacC S3bIKOB, PACIO3HABAEMBIX C IIOJIMHOMHUAJIBHONW MAMATHIO. OTH
KJIACCBI COBHAHAIOT B TOM H TOJIBKO TOM CJIydae, KOTLa IJIS BCAKOIO MHOrOYIeHa m(n)
AMEETCS aJrOpPUTM, KOTOPBIN IO BCAKOMY Bxomy X Ha JleHTe MammuHbl ThiopuHra u 6o
nporpamme P mammabr crpout npenmoxenue ), (X, P) co cBoiicrBamu a) u 6) 13 T€OpEMBI
1, HO MHOTOYJIEH ¢, MOXKET 3aBUCETH OT M.

CIUCOK JIUTEPATYPHI
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COBepH_IeHHaﬂ JIOKAJIbHAs BBIYMUCJIIMMOCTDB CyIlepaTOMHBIX 6yJ'[eBI:IX a.nreﬁp

IO. A. JIyoooB

B pa6ore paccmaTpuBaeTcst HOBBIH MOIXOM K O0OBIIEHNIO TIOHSITHSI KOHCTPYK TUBU3AIINN,
OCHOBAHHBIII HA TOHSITHUN COBEPIIEHHON JIOKAJIBHOW BBLIYMCIUMOCTU CTPYKTYP, BBEIECHHOM
Paccenom Musiepom u lacrunom Mynikaxeit B [1]. Anre6pamueckas cucrema S teopuu T
HA3BIBAETCS COBEPIIIEHHO JIOKAIBHO BBIYUCIUMON €CIIU I Hee CYIIeCTBYIOT: PABHOMEPHO
BBLIYUCIUMBIN Kj1acC 2 KOHEUHO MOPOXKIEHHBIX Momjeseil Teopun 1', n30MOPMHBIX BCEM KO-
HEYHO MOPOXKAEHHBIM TOACTPYKTYpaM u3 S, MHOXKeCTBa | MHBEKTUBHBIX TOMOMOP(MOU3MOB
ISt JTIOOBIX ABYX Momesenn u3 2, MHOx)ecTBO M BiaoxeHuil sremenToB u3 A B S; u ms A, [
u M BBINOJIHSIETCS PsIIl CBOMCTB ONUCAHHBIA B [1].

OcobGeHHOCT HAHHOTO MOAXOIa PACCMATPUBAIOTCI 3[IECh HA IPUMEpPE Kjacca Cymep-
ATOMHBIX GyJIeBBIX ajare6p B TOM YHCJIE M HECUETHBIX. B paboTe MOJIy4YeH KPUTEPUil TOrO
YTO cymnepaToMHas GyseBa anrebpa SBIISETCsI COBEPIIEHHO JIOKAJIBHO BBHIYMCIIMOIL.

Teopema. CyneparomHas 6yiieBa ajarebpa COBEPIIEHHO JIOKAJIBHO BBIUYUCIUMA TOTAA
U TOJIBKO TOrZa, KOTa €€ PaHT SIBJSIETCS BBIYUCIUMBIM ODIUHAJIOM.

B mexoTopom cMbICiIE 3Ta TeopeMa sBIIsIeTCS OOODOIIEHNEeM KPUTEPUs CYIIIECTBOBAHUS
BBIUUCIIUIMOTO TIPEICTABIEHNUS Il CUETHBIX CYTIEPATOMHBIX OyJIeBBIX aireOp u3 [2]: cuerTHas
cynepaToMHas OysieBa anreOpa obiagaeT BBIUUCIANMBIM IMPENCTaBIEHNEM TOTOa U TOJIBKO
TOrga, Koroa €€ paHT ABJIACTCA BbIYMC/IIMMBIM OPOWHAJIOM.

CIIUCOK JIUTEPATYPHI
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Hogoe AJOoKa3aTeJIbCTBO TeOopeMbl HOpDMaJIN3AaIllAN OJIs1 6ecTUIIOBOTO
3KCTEHCUOHAJILHOI'O \-MICUYNCJICHU S

A. A. JIanEnKun

PaccmaTpuBaeTcss 6ecTUIOBBIN BapuaHT A-ucuucieHus. Yepes fé;f " oGosHaYIM OmHO-
[IIATOBYIO CTPATETUIO [31)-JIEBON PEMyKIINU, KOTOPpas B KAXKIOM A-TepMe ¢ CBOPAIUBAELT CAMOe
JIeBO€ BXOXKIEHUe [1-penekca B t, ecjn TaKOBOE MMEeTCs; aHAJOTUYHO, depe3 féef ! 6ymem
obo3nauaTh crpareruto [-nepoit penykuuu. B 1980 r. 9. Kionom 6611 mosmyweH ciremy ot
M3BECTHBI PE3yIbTaT.

Teopema nopmanuzanuu mjis Sn-penykuun. Crparerus fg;f b HOPMAaJIN3YIOILIAS.

[lepBonauanbuoe mokaszaTenbcTBO J.Kitoma rpoMo3nkoe m TEXHUYECKN OYEHb CJIOXKHOE.
N3yuas BBOmmMOE HIMXKE CBOMCTBO abCTPAKTHOCTH MJIs MTPOU3BOJIBHOIO TOHITUS PELyKITIH,
MOXHO ITOCTPOUTH APyroe, 60jiee KOPOTKOE U MPO3PATHOE MOKA3ZATEIBCTBO.

Yepes Sx 0603HAYMM TOTHYIO CUMMETPUIECKYIO TPy MHOXKecTBa X, roe X — COBO-
KYIIHOCTH BCEX ITEPEMEHHBIX sI3bIKAa A-TepMOB. 1[I0 MHOYyKIINK IPOMOIKIM KAaXKIYIO IepecTa-
HOBKY T € Sy IO ImepecTaHOBKU MHOXKeCTBa A Bcex A-TepMOB:

(tot1)™ = t3tT; (Ax.t)™ = Aa™.t™.

Otnomterre R TIPOUM3BOIGHON APHOCTH Ha MHOXKeCTBe A Ha3bIBAeTCsS abCTPAKTHBIM,
ecnu R BeImepxuBaeT nmpuMmeHeHue J000# nepectanoBku m € Sx. Ilockonbky mro6oe moHS-
Tre PemyKIUU U JTII00asi CTPATErus SBIISIIOTCS OMHAPHBIMU OTHOIIIEHUSIMI Ha A, TO MOXKHO
TOBOPUTH 00 abCTPAKTHBIX MOHATUSIX PEdyKIMu U cTpaTerusx. Hampumep, aGCTpak THBIMEI
SIBIISIIOTCSI TIOHSITUSL 3- U 7)-PEOyKIUN, & TaKXKe CTPATerun féef "u é;f L

Jlemma. Ilycrs mambr abcrpakTHOe noHsTHe R penykium u abcTpakTHas HOPMAaJIH3YO-
mas R-crparerus f. g kaxxmoro HaTypaJIbHOTO YUCJIA S CYILIECTBYET TakKOe HATYPAJIbHOE
umcsio m = m(f, s), uro f™(t) mHaxomurcs B R-H.¢}., ecnu TobKO A\-TepM t mmeer R-a.¢b. u
pasMmep t paBeH S.

CxeMa HOBOro HOKa3aTeJbCTBA TeOPEMbl HOPMAIU3AUN I 31)-PEmyKIIAn:

1. Ilpenmomaraem mnpotuBmOe. Torma cyiiecTByeT Takoit A-TepMm ¢, WMEIOIIN
Bn-u.d., HO fé;f  pemyKIIOHHAS LEMOUKa 0 KOTOPOTO HE BELET K pn-u.d. Tak kak n = SN,
IIEMIOYKA 0 CONEPXKUT OECKOHEUHOE UMCIIO CBOPAUMBAEMBIX [3-PEIEKCOB.

2. Ilo Teopeme o fBn-nopmasbHOU Gopme, TepMm t nuMmeeT Kakyioo-To [-H.¢. Crparerus
féef ! gBrseTcs aGCTPAKTHON 7, IO TeopeMe HOPMAJIM3ALUA [Tl (-PemyKIMN, HOPMAIIA3YIO-
uteit. [losToMy MBI IpraeM K IPOTHBOPEUHUIO C JIEMMOI, €CIIA CMOYXKEM MePEeCTPOUTH KaKO-
TO HAYAJILHBI OTPE30K 0 B [S1)-PEOYKIIMOHHYIO [IEMTOYKY, KOTOpas HAUMHAETC TEPMOM ¢ U B
KOTOPOIi, /I KaKOTO-TO 1 > m(féeft, s)
PEIEKCOB SIBJISIOTCS [-pPemeKCaMu.

3. C moMoIb0 TeXHUKN OTKJIANBIBAHUS 7)-PEIyKIINN HAYAIBHBIA OTPE30K IEMOYKHN O,

o left o
okam'nBatonuitcs ceopauusanueM (m(fg'",s) + 1)-ro B-penexca B o (cymecTsyomui B

, TIIe S paBHO pa3Mepy t, ePBBIE 71 CBOPAUMBAEMBIX

cuiy 1.1), mepecrpanBaeM B 1)-penyKINOHHYIO HEMOYKY C YKA3AHHBIMU B I1.2 CBONCTBAMIU.

Kuescrutl nayuonaavublly yrusepcumem umenu Tapaca Illesuenro, Kues
E-mail: foraal@mail.ru

70


mailto:foraal@mail.ru

MaussueBckue urerus 2013 Teopust BEIIUCIIMOCTH

O Borumcnumsbix noarpymnnax UT,(Q)

M. K. HypusunoB, P. K. TiontOBEPTEHEB, H. I'. XUCAMUEB

[Iycrs UT,(Q) — rpynna Bcex yHUTPEYTOJIbHBIX MATPUIl PA3MEPHOCTEN 1 X 1 Hall I0-
JIeM PaAIMOHAJIBHBIX uucesl (), n € w, w — MHOXKECTBO BCEX HATYPaJIbHBIX UUCEN, Y, — €e
HEKOTOpas renejieBa HyMepalms, T.€. IO HAHHOMY YHCIy M € w 3(PHEeKTUBHO HAXOIUTCS
MaTpulla y,m u, Ha000pPOT, IO TAaHHOU MATPHUIE — €€ Y,-HOMED.

B nannOol paboTe MOyYeHbl KPUTEPUU BBIYUCINMOCTH HUJIBIOTEHTHBIX TPy 6€3 KPy-
JeHUs] KOHEUHBIX pa3MepHOcTel. Kak ciiencTBre MOIydeHO CYIIIeCTBOBAHUE TJIABHOU BBIYU-
CITUMON HyMepaluy KJIacCa BCeX BBIUYUCIUMBIX HUJIBIIOTEHTHRIX TPYNN 0e3 KPYyJeHUST KOHEeU-
HBIX pasmepHocTeil. [locrpoen mpumep rpynner G < UT5(Q)), KoTOpas HEBBIYUCIUMA, HO
CEeKIUM JTIOO0T0 ee IMEHTPAJIbHOTO PAIa BBIUYUCIUMBI.

[Tycts nana abenesa rpymnmna A 6e3 kpyuenus u ee 6a3uc ag, ..., G,_1. XapaKTEPUCTUKON
X(A) rpynmet A HA30BEM MHOXKECTBO IIEJIBIX UHCEIT

X(A) = <m,s0, ..., Sp—1 > Ja € Alag® - ... a) ! =a™)
[Iycrs manwt rpynust G, H <G u G/H — abenesa rpynma, go, - . ., §n—1 — 0a3uc GaxTop-
rpynnet G/H. Torma mist mo6oit MOCIENOBATEIBHOCTI & =< M, Sq, . . ., Sp—1 >€ X(G/H)
CYIIECTBYIOT 571eMeHTH hgp € H u g € G Taxme, uro g° - .. . - 9" hee = gee.

Ecmun ms xaxnont & € x(G/H) kaxuM-To CrIocoG0M COIOCTABIICH OILHO3HAYHO OIpe[ie-
JIEHHBIN DJIEMEHT hge, TO GyIeM rOBOPUTH, UTO onpeneseHa GyHkiws Boibopa ch : x(G/H) —
H.

Teopema 1. Ilycrs noarpynna G < UT,,(Q)) BerduciauMa, v — HEKOTOPAsI €€ BBIYHUCIIH-
mast Hymepamus u 1 = Gy < G1 < ... < Gx_1 = G — ee HEKOTOPBIH LNEHTPAJIbHBIN DS,
CeKIIMM KOTOPOro He UMEIT KpydeHus. Torma kaxkmas morpynmna (G; BBEIYUCINMA IEPEYH-
cimama B (UT,(Q), ) BV <uy Yn, LOE Yy — remenesa Hymepanus rpymasl UT, (Q)

CnencrBue 1. HunpnorenrHas rpymmna 6e3 KpydeHUs KOHEYHOH Pa3MEPHOCTH BbIUH-
CJIMMa TOTZa U TOJIBKO TOT/Ia, KOTAa OHA H30MOP(HA BEIYUCIIMO II€PEYUCTUMON MOATPYIIITe
(UT,(Q),yn) mpu HEKOTOPOM N

CnencrBue 2. CylrecTByer riiaBHas BBIYUCIAMAA HyMEPAIHUsI CEMEHCTBA BCEX BHIUHU-
CJIMMBIX HUJIBIIOTEHTHBIX T'PYII 6€3 KPYyJeHUs KOHeUHBIX Pa3MEPHOCTEH.

Teopewma 2. IIycts G — moarpynma (UT,(Q),V,), 1 = Go < Gy < ... < Gp_1 =G —ee
HeHTPAaJabHBIH DA, CeKLUN KOTOPOro 6e3 KpydJeHHsd, 1 o, - - - , Jin,—1 — 0a3MC IPYyIIIBI G; =
G;/G;_1. Torma G BeramciamMa ecau u TOJBKO ecau cupaBemiuBbl: 1. Il mroboro i < k
xapaxrepuctuka X (G;) cexmmu G; — Beramcmvo mepeducammoe MEOkecTBo; 2. CylrecTByer
YACTUYHO BBIYUCIUMAs (DYHKIUS BBIOODA.

Teopema 3. CymecrByer HeBpruncaumas noarpymma G < UTs(Q)) rakas, uro Bce
ceknuu JII060ro ee MeHTPAIBLHOIO Psia BBHIUUCTUMBL.

Otcroma ciemyeT, yciaoBue 2 TeOPEMBI 2 HE 3aBUCUT OT yCIOBUA 1.

Bocmouno-Kazaxcmanckut cocydapcmeennviti ynusepcumem um. 1. Cepuxbaesa, 2. Yemo-Kamenozoperk
E-mail: marat.nurizinov@gmail.com
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O6 u3zomopdHbIX nmostypenieTkax Pomxepca B nepapxuu Epiiosa

C. C. OCIIN4YEB

OnHUM U3 OCHOBHBIX HAIPABIICHUN WCCICHOBAHUI B TEOPUN HYMEDPAIWH SIBISETCS M3-
yUeHue TosypereTok Pomxkepca B pasnuuHbix uepapxusx muoxecTs [1]. Ilens mansol
paboTHI — IOCTpoeHne ceMeiicTsa X, L-MHOXKecTB S ¢ Momyperterkoit Pomxkepca R, 1H(S) [2],
130MOPGHON HEKOTOPBIM YK€ M3yUeHHBIM O0BEKTaM.

[TocTpoerbr TpuMEPBI KOHEUHBIX CEMENCTB BBIUMCINMO-TIEPEUNCIIIMBIX MHOXECTB, II0-
nypemerka Pomkepca KOTODBIX, M30MOpdHA TOypereTKe m-cTemeneit Y., -MHOXKECTB.
Takxe moxkazaHa

Teopema. Ilycts S — X, ! -perauciumoe cemericrso, u |S| = k. Ilng moboron € wU{w},
n > k matnercs Y. 1 -perauciumoe cemeiictso T, Takoe uto |T| =n, a R (T) usomoppra
R H(S)-

Pa6ora BrimonHena npu duxancosoit nognep:xkke Cosera no rpantam [Ipesunenra PP
ISl TOCY IAPCTBEHHOM MONAEPKKI BemyuxX HayIHbIX Ko (npoext HI-276.2012.1) u upu
nonnepxkke PIII ”Hayunsie n HayIHO-TIeHaroruyeckue Kaapbl HHHOBAIIMOHHON Poccun” Ha
2009-2013 rogsr (Cormamenune Ne 8227).

CIIUCOK JIUTEPATYPHI

[1] Goncharov S.S., Badaev S. Theory of numberings, open problems // Contemporary Mathematics. V 257.
P. 23-38.
[2] Apcaanos M. M. Uepapxus Epmosa. Kazans: Kazanckuii rocynapcTsennnii yausepcuret, 2007.

Hosocubupcrut 2ocydapcmeennbili ynusepcumem, Hosocubupck
E-mail: ospichev@gmail.com
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Generic complexity and compression

ALEXANDER N. RYBALOV

Let G be a finitely generated group (semigroup) and g € G. Denote by si(g) the set of
all straight line programs computing element g. For S C G denote

sl(S) = U sl(g).
geS

We are interested in developing of generic computability over set of all straight line programs
over GG. By the size of a straight line program we mean the number of variables (assignments)
in the program.

Denote by P, the set of straigh line programs of size n and by si(g),, the set of programs
of size n computing n.

Theorem 1. If S C G is undecidable set, then sl(S) C sl(G) is strongly undecidable
set.

Theorem 2. If for S C G the set sl(S) is strongly generically decidable in polynomial
time then S is decidable by a probabilistic polynomial algorithm.

OB IM SB RAS, Omsk
E-mail: alexander.rybalov@gmail . com
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Definability in the local theories of the w-enumeration and the w-Turing degree
structures

A. C. SARIEV, H. GANCHEV

The structure D, of the w-enumeration degrees is introduced by Soskov in [3]. In this
talk first we shall investigate the definability in the local structure of D,,, continuing the
studying which was started in the work of Ganchev and Soskova [1]. Namely, we shall show
the first order definability of the class H = | JH,, of the w-enumeration degrees below the
first jump of the least element which are high,, for some n and of the class L = | JL,, of the
w-enumeration degrees below the first jump of the least element which are low,, for some n.
Then we have the definition of the class I of the intermediate degrees.

The second structure we investigate, the one of the w-Turing degrees D, 1, was raised
as an analogue of D,, over the Turing reducibility, [2]. We shall show connections between
definability of the first jump of the least element and its minimal low splittings.

The authors were partially supported by BNSF grant No. DMU 03-07/12.12.2011.
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[2] Sariev A. C., Ganchev H. The w-Turing degrees. To appear in Annals of Pure and Applied Logic.
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O6 omHOM cBoOUICTBe moarpynn ¢bparTTUuHUEBA THUIIA

JI. II. ABOAmKOBA, C. ®. KAMOPHUKOB, O. JI. [IIEMETKOBA

PaccmaTpuBaioTcs TOIBKO KOHEUHBIE TPYIIIILI, NCIOIb3YIOTCs OMpeneeHns u 0003Hade-
Hust, npudsTee B [1, 2|. HanoMuuM TOBKO, 9TO eciu § — MOATrpymIInoBoil m-QyHKTOP, TO
®y(G) — oT0 mEpeceueHME BCEX MAKCHMAIBHBIX moarpymnn u3 0(G) (eciu Takux HOATPYIII
HeT, TO mosaraiT, 4yro 0(G) = G).

Xopormo usBectHo (cM., Hanpumep, [1]), uTo ecniu N — HOpMAaJIbHAS TOATDYIIIA KOHEY-
Hol rpynnsl GG, To nmoarpynmna ®parruan ®(N) moarpynnst N COmEPKUTCA B MOATPYIIIE
®parrunu ¢(G) rpynnst G. B cBsa3u ¢ stum pesynbrarom JILA. [llemeTkoBbIM ObLITA TIPEIIO-
XKeHa 3a/1a9a HaXOXK[AEHUs IPYTUX TOATPYI hpaTTUHEBa TUIA, 00JIAIAIONINX OMICAHHBIM
coricrBoM. OnuH u3 BapUaHTOB 5TOH 3anaun 3adukcuposBad B [2] kax Bompoc 4.4.10:

s kakux peryJIsapHBIX MOATPYIIIOBBIX M-(hYHKTOPOB () BBIOIHAETCS BKIIOUYEHHE
$y(N) C (@) s kaxmor koneuror rpynnbl G u 0608 ee HopMaJIbHON noarpymnsl N 7

[IpocThbie IpuMeEpPHI TOKA3BIBAIOT, UTO CYIIECTBYIOT TOATPYIIOBLIE M-OYHKTOPEL 6, miist
KOTOPBIX f-monrpynmna PparTuru He 0671a1a€T OTMEYEHHBIM CBOINCTBOM BJIOXKEHUs. B gact-
HOCTH, 5TO MUMEET MECTO IJis TOATPYIIIOBOrO M-PyHKTOpPa , KOTOPLIA COMOCTABIILET Ka-
XKIOM TPYIIEe caMy TPYIILY 1 MHOXKECTBO BCEX €€ HEHOPMAJIBHBIX MAKCUMAJIbHBIX TTOATPYIIIL.

Omnpenesnienne. IloarpymnmoBoi m-@yHKTOp 0 Ha3BIBAETCSI HOPMAJIBLHO BJIOXKEHHBIM,
ecim mutg ro6ort rpymnbl G u Kaxmor ee HopMassHo noarpynnbl N Bcerna uz M € 0(G)
u M NN # N crenyer, uro Hajimercs MakcuMmasabHas noarpynna H € O(N), oraumanas ot
N, nng koropoit Bermosasgercs yciaosue M NN C H.

B pabore ycranaBimBaeTcs CBsI3b HOPMAJILHO BIIOKEHHBIX TOATPYIIIOBLIX M-(YHKTOPOB
¢ m-GpyHKTOpPaMH, YIOBIIETBOPSIOIINMHI YCJIOBUSIM OTMedeHHOTO Bompoca 4.4.10, m cTpo-
ATCSA CEPUM PETYIISPHBIX U HEPETYIISIPHBLIX MOATPYIIOBLIX M-(QYHKTOPOB @, I KOTOPBIX
f-monrpynmna ®@partunn obmamaer csoiictBoM Pg(N) C Py(G).

CIUCOK JIUTEPATYPHI

[1] Doerk K., Hawkes T. Finite soluble groups. Berlin — New-York: Walter de Gruyter, 1992.
[2] Kamopuukos C. ®., Cenpkunr M. B. Ilonrpynmnosbie (GyHKTODPHI U KIIACCHI KOHEUHBbIX rpymnn. Mu., 2003.

Beaopyccrutl mopzoso-skonomureckutl yrusepcumem nompebumeabckot xoonepayuu, I'omeab, ['omenv-
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O mouTM annmpoOKCUMUPYEMOCTHU KOHEUYHBLIMU pP-TPYyNIIaMU HEKOTOPBLIX KJIACCOB
rpyunn

II. H. A3APOB

[Mycts K — mekoTopwil kitacc rpynn. ['pynma G HazpiBaeTcs K-ammpoKCUMUPYeEMOH,
ecIIH IyTsI JF000r0 ee HeeOWHUYIHOTO 3JIEMEHTA ¢ CyIIecTByeT romoMopdusm rpymmsl G Ha
rpymnmy u3 kjacca K, mpu KOTOpoM obpa3 siiemeHTa a oriudeH oT 1. ['pymma G masbiBa-
ercst mouTu K-anmpoKCuMUpPyeMoit, eCiu OHA COMEPKUAT K—almpPOKCUMUPYEMYIO TOATPYIIILY
KoHeuHOoro maaekca. O6o3HaunmMm depe3 F u JFj KJIacC BCEX KOHEYHBIX TPYTII 1 KJIACC BCEX
koHeuHbIX p-rpymm. A. V. Masnbies nokasain F-anmpoKCUMUPYEMOCTh KOHEUHO MTOPOKIEH-
HBIX JuHEHHBIX rpymm. CrencTBueM 5TOTO pe3ylIbTaTa sBseTcs Teopema ['mpima o F-
anmpoxkcuMupyemocTn mouiukiandeckux rpyan. . M. Cuupros u I'. Baymcmar mokaszasm,
YTO TpyHIa aBTOMOPPU3MOB KOHEUHO MOPOXKIEHHON J-allpOKCHUMUPYEMOW T'DYIIBI caMa
SIBIISIETCS JF -aIIIPOKCUMUPYEMOM.

[lepeuncmennabie pe3ynabTaThl U OOJBITUHCTBO MPYTUX M3BECTHBIX PE3YIbBTATOB O JF-
AIIIPOKCUMHUPYEMOCTH He MOTYT OBITBH PAacIpPOCTPAHEHBI Ha Jp-ammpokcuMmupyeMocTb. C
IPYTo#l CTOPOHBI, /T00as MOMUIUKINIeCKas TPyNIa HOYTH J,-alIpoKCUMHUpyeMa IyIsd Ka-
XKIIOT0 MPOCTOTO P. DTOT, CTABIIANA YKe KIACCUUECKUM, pe3yibTaT Obutl mokasan A. JI.
[MImenpkuapiM. B pmanbHelremM oH 0600IaJIcs B pa3iInyHBIX HampaBiaeHumsx. Tax B. II.
[InaToHOB mOKa3as, YTO KOHEYHO NMOPOXKIIEHHAs JINHENHAas I'PyIIa Hall IIOJIeM HYJIEBOHN Xa-
PAKTEPUCTUKN MOUTH J)-alIPOKCUMUPyeMa MJIS BCEX JTOCTATOUYHO OOJBIINX HPOCTHIX P.
Hamm moxasano, 9TO rpymnma aBTOMOpP@U3MOB KOHEYHO IIOPOXKIEHHOH JIMHEHHON I'DYIIIBI
HaJ 1oJIeM HyJIeBOH XapaKTeDHUCTHUKH ITOUYTH Jp-alllIpOKCUMHUDYyeMa, IJId BCeX HOCTaTOYHO
6ospImx mpocThIX p. s rpynnbl aBTOMOPGU3MOB KOHEUHO IOPOXKIEHHOW CBOOOMHOM
TCPYIIIBI 3TO CBOMCTBO HemaBHO mokaszaHo JI. Ilapuzom.

Pacemorpum Temeps o6061ienus Teopembr A. JI. [IImenbkuna Ha pasperuMbie TPYIIbL
koHeuHoro panra. HamomumMm, uTo rpynma (G mMeeT KOHEUHBIM PAHT, €CIIU CYIIECTBYET
YUCIIO T TaKoe, UTO JI00as KOHEUHO MOPOXKIEHHAs MOArpymnma rpynnbl G IOPOXKOAETCs
He Oostee ueMm r aimeMmeHTaMu. . PoOuHCcOH mokasas, 4To paspemmmasi Ipynna KOHETHOTO
panra F-ammpoKCuUMUpyeMa TOTIa U TOJIBKO TOrma, KOrmaa oHa pemyumpoBaHa. OH ke moka-
3aJ1, YTO peAylrpOBaHHas Pa3pelInMas MIHIMAaKCHas TPyIIa IOYTH Jp-allIpPOKCUMUDYeMa,
IJIS. BCEX OOCTATOYHO OOJIBINNX NMPCTHIX p. MbI 0600IIaeM 3TOT Pe3yIbTaT W PE3YIbTaT
A. JI. HImenbkuHa cremyommM 06pa3oM: pasperrnMasi IPYIIa KOHEYHOI'O DAHIa SIBIIeTCS
o4t J,-allIpoKCUMUPYyeMOil TOrfa U TOJBLKO TOrAa, KOorda ee INepHOMMYECKHH DaauKas
KOHeYeH U OHa He CONEPXKUT IOATDPYII, N30MOP(HBIX I'DYIIIEe p-HIHBIX Apober. Jlyborkuii
n ManH nmokazanau, 9TO J-amlIpoKCUMUpyeMas TPpyHIa KOHEYHOIO PaHra MOYTU JIOKAJIBLHO
paspemnMa. B cBSI3W ¢ 3TUM HAIOMHUM OIOWH OIyOJWKOBAHHBIN PE3YyIbTAT aBTOpA: €C/IH
rpyIna KOHeYHOT0 paHra J,-allpoKcuMupyeMa, A1 BCeX IPOCTHIX P, TO OHa HUJIBIOTEHTHA.
Panee Takas Teopema Obita mokazana (CexceHOACBBIM ISl MOJUIUKINIECKUX TPYIIIL.

Hel'Y, Hsanoso
E-mail: azarovdn@mail.ru
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ITonyrpynmna samoMop@u3MOB CBOGOMHON IIE€PUOANUYECKON T'PYHITbI

B. C. ATABEKSH

. Mattep n O.Popmanex moxasaian, 9To eciu F' cBobomHas rpynna KOHEYHOTO paHra m > 1,
TO ee rpymnna aBroMopdusmoB Aut(F') cosepinenna, T.e. uenTp rpymmsl Aut(F) Tpusm-
aseH U Kaxnelii aBromopdusm rpyunsl Aut(F) — BHyTpenHmit. B manbreiiiiem passble
ycusieHust u 06001eHust 5Toro pesynabrara noayuuiau . Xpamios, B.Tomcreix, M.bpuncon
u K.Borrman. Ilozmaee O.Popmanek moxasasi, ITO KaXKObIH aBTOMOPGU3M MOJIYTPYIIIbI
End(F) samaercs conpsikeHuneM HeKOTOpbIM siemenToM u3 Aut(F) (see [1]). 3Bamernwm,
yTo Bompoc 06 omucanun rpynmusl Aut(End(F)) mist OTHOCHTENIBHO CBOGOMHBIX TPYIIIT OBIT
nocrasiied b.Ilnorkunbiv (see [1], [2]).

Mer nosmyann nonHoe onucanue rpyunst Aut(End(B(m,n))) mnias cBoGonHBIX GepHCAali-
moBeIX rpynn B(m,n) seuernoro nepuona n > 1003.

Teopema. Ecmu S : End(B(m,n)) — End(B(m,n)) HeKOTOpbLI aBTOMOPMU3M HOIIY-
rpymmer End(B(m,n)), To cymmectsyer o € Aut(B(m,n)) Takas, aro S(B) = aofoa~!
s Beex € End(B(m,n)), roe n > 1003 — npou3sBonbHOE HEYETHOE IUCA0 1 M > 1.

CHIMCOK JIMTEPATYPBI

[1] Formanek E.; A question of B. Plotkin about the semigroup of endomorphisms of a free group, Proc.
Amer. Math. Soc. 130:935-937, 2002.
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O GeckoHeuHOU NUCTPUOYTUBHOCTHU B pPeLIeTKE MHOroo6pa3ui m-rpyIil

H. B. BAsgHOBA, A. B. 3EHKOB

Hamomuum, 9T0 m-rpynmoil HassiBaeTcs ainrebpamdeckas cucrema G CUTHATYDPHI M =
(,e,7L VoA, L), toe (G-, e,71 V,A)— (~rpynma u ,— aBTOMOP(U3M BTOPOTO MOPAMKA
rpymmst (G, -, e,”1) n anTmasToMopdmsm peretku (G, V, A). Uepes M o0603HaYIM MHOTO-
obpasme Bcex m-rpynn. OTHOCHTETBHO TEOPETUKO-MHOXKECTBEHHOTO BKjIIOUeHns M ABiis-
eTcs 9aCTUYHO YIOPAMOUYCHHBIM MHOXKECTBOM. bBosee Toro, M ecTh pelieTka OTHOCH-
TEJILHO €CTECTBEHHO ONPENE/ICHHBIX OIEpaInil IIepecedeHns U OObLEMMHEHNS MHOT000pa3uii
M—TPyIIL.

OCHOBHBIM PE3yJIBTATOM SBJISETCS IPHUMEP, MOKA3LIBAIOIIMIL, YTO B pemerke M He
Bcerga BoinosiHeHo pasencTso V(\/U;) = \/(VU;) nns 6eCKOHEYHOTO MHOKECTBA MHIEKCOB

% 7
U 5TO maerT orpurnareiabHbl orBeT Ha Bompoc M. ZKupanme um Y. Paxyneka w3 [1]. Ilpm
MOCTPOEHUN TIPUMepa MbI UCIOIb30Bam unen u Koucrpykiu H.91. Mensenesa u3 [2] u [3].

CIMCOK JIMTEPATYPBI
[1] Giraudet M.,Rachunek J. Varieties of half lattice-ordered groups of monotonic permutations of chains//
Czech.Math.J.1999.V .49, Ne124.P.743-766.
[2] Mensener H.41.0O 6eckoneunoit mucTpuby TUBHOCTY B pelreTke MHOroo6pasuit £-rpymn//Cubupckuii Ma-
TeMm.kypuai.1989.T.30.Ne 2.C.216-220.
[3] Mensenes H.91.0 pemerke o-annpokcuMupyeMbix MHOroobpasmit £-rpymmn//Czech.Math.J.1984.V.34.Ne
2.P.6-17.
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I[OMI/IHI/IOHI:I abejieBbIX IIOATPYIIII B KJIacce MeTabesieBbIX rpyIimn

A. 1. Bynkun

Tomuanon dom’y! (H) monrpynmnsr H rpynmsl A B KBasuMHOroo6pasuu M — 5T0 MHO-
JKECTBO BCEX 3JIEMEHTOB a € A, o6pa3bl KOTOPBIX PABHBI IJIsI BCEX Hap TOMOMOPGU3MOB,
coBnamarormx Ha H, n3 A B kaxnyio rpymnmy u3 M, T.e.

dom’Y'(H) ={ac A|VYM e MVf,g: A— M, ecmu f |g=g |, 10 ol =a?}.

3nech, kak 06braHO, Uepes f,g : A — M ob6o3nadensl roMoMOpdu3Mbl Tpynnbl A B rpymmy
M, gepes f | — orpauuuenve f Ha H.

HecmoxHo 3ameTuTb, 4TO domﬁ/[(—) SIBIISIETCSL OIIEPATOPOM 3aMBIKAHUS HA PeIeTKe
HOATPYIII JAHHOM IPYNIbl A, B TOM CMBICJIE, UTO OH SKCTEHCUBHBIN (IIOMUHUOH MOATPYIIIIbL
H conmepxut H), nneMnoTeHTHbIN (IOMUHIOH TOMUHUOHA MOATPYNNbl H paBeH IOMUHU-
ony H) u msoronusiii (ecnu H C B, to momuumon H comepxkwurcs B mommHuose B). B
pe3yJiibTaTe BOZHUKAET HOHSITHE 3aMKHYTON IMONTPYIIIHL.

[I'pynna H naseiBaercs 1- 3aMkHyTOI B Kiacce M, ecnu miist kKaxmnoi rpynnsl A=rp(a, H)
n3 M, mOpOXKIEeHHON 1T0 MOMyJTI0 H OmHUM 3JIeMEHTOM, MMEeEeM: domi\(l (H)=H.

['pynma H maswbiBaeTcst abCOTIOTHO 3aMKHYTOH B Kjacce M, ecau miis 0607 TPYIIBL
A u3 M u3 kaxnoro skmoderns H < A crenyer, aro dom’'(H) = H.

Hampasnenue ucciemoBaHuii, mpencTaBIeHHOe B OAaHHOW paboTe, CBI3aHO C HAXOXKIE-
HUeM Bcex rpynn H, 3aMKHYTHIX B /1I0601 MeTabesIeBol rpymnme, comep:xaiieit H B kadecTse
MIOAT PYIIIIBL.

Teopema 1. Heenunmunas abejieBa rpymnma 6e3 KpydJeHHS He SBISETCSI abCOIIOTHO
3aMKHYTOH B KJIacce MeTabeIeBbIX TDYIIIL.

Teopema 2. IIycte G — merabeneBa rpymma, H = (h) — umkamdgeckas p-rpymmna
1 HOpMaJbHOe 3aMbikarme HC monrpymmer H B rpymme G coBmazaer ¢ xommyranTom G
rpymmst G. Ipenmonoxmy, uro HC pasmaraercs B mpsnmoe Ipon3BeneHie HeKOTOPBIX CBOMX
noarpymm suna HY (f € G). Torma novmmmon H B G (B K1acce MeTabeTeBEIX TPYIIT) PABEH
H.

Teopema 3. IMukmunyeckas rpynmna mpocTOro MOPsaKa SBISETCS 1-3aMKHYTOH B KJIacce
MeTabeneBbIX TPYIIIL

Aamaitickuti eocynusepcumem, Bapraya
E-mail: budkin@math.asu.ru
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O mpencraBiieHUSIX M-TPYIIIT

C. B. BAPAKCUH

HanomuuwMm, uTo m-2pynnoti Ha3zbiBaeTcs anrebpandeckas cucrema G CUTHATYPBL M =
(e, VoA, @), e (G, -, e, 1, V, A) aBiseTcs (-TpyTImoit 1 OMHOMECTHAS OTepaIus ¢ eCcTh
aBTOMOpPGU3M BTOpOro mopsaaka rpymmsl (G, -, e,~ 1) m anTumszomopdmsm pemerrn (G, V, A),
T.e. Iy OObIX T,y € G Bepubl coorHomeHus p(xy) = ¢(z)p(y), p(p(x)) = x,o(x Vy) =
o) Noy),e(z ANy) = o(z) V ¢(y). Bynem 3anuceiBars m-rpynmny G ¢ GUKCHPOBAHHBIM
aBToMOopdu3MoM ¢ Kak napy (G,¢). llycrs F,, — cBoGomHAsT m-TpyNna MHOTOOOPA3US 1~
rpymn U, ¢ TOPOXKMAOUMEA T1,...,T,, Fy — cBOOOIHAs I'PyNNa KBa3sUMHOI000pasms £,
TPYTI, BIOKUMEIX B M-rpymisl u3 U, ¢ nopoxnawonmma s, ..., s0 st ... sl Ilycrs P7
— npasblil nopsanok Ha Fy, F) — npaBoynopsnovernas rpymma Fy ¢ npassiM nopsnkom P,
V, - Beimykusas moarpymma B F), IMHERHO yHOpsSIOYeHHOE MHOXKECTBO X = RFJ(VOW) c

<_
VHIYIMPOBAHHEIM HOPsnKoM, X1 = R gy (Vy') ¢ mporuBononoxueM nopsinkoM. Ompeznenum
neiicreue R mopoxnaromux rpynnst Fyj Ha Xo:
R(s7)(Vy'g) = V'gs; m R(s))(Vy'g) = Vy'gsi
u Ha X1:
R(s))(Vo'g) = V'gs; m R(s;)(Vy'g) = Vi gsi,

u aHTHABTOMOPDU3M ag : X = X1, mefictBytommuit Ha Ry (V') ToxknmecTBeHHO. DTOT aH-
0 0 ) Fy (Vo

THABTOMOP(OU3M UHIYIUPYET PEBEPCUBHLIN aBToMOpdusM g Ha A = Aut(Xo) x Aut(X;)
o mpaswity ©o(go; g1) = (91 go), npesparas (-rpynmy AJ B m-rpymmy. OGosHadwuM uepes

r) u r} snementsr m-rpynmet (AJ; o) @ 7Y (xo;21) = (R(s9)(20); R(8?)(21)) m r}(zo;21) =
(R(s})(x0); R(s})(x1)). Hpu arom @o(r?) = 7"7;1_5. O6osznaunM m-nonrpymiy B (AJ; o),
nopoxkzernyto {79 }; s, 1epes (R]; o). Pacemorpum Tombko Te m-rpymmet (Ry; o), Ko-

Topste nexar B U, o603HaumM uepe3 R* mx npsamoe npomssemenme, R* =[] R].
RJ €DV,
[Iycts ¢ : F,,, — R* — m-romoMopdusM, mpomosnkaoimit orobpaxenue g (x;)| R = rd a
F* =(F,,) < R* — ero romoMOp®dHBIT 06pas.
Teopema. Orobpaxkenune v : F,, — F* asngercs m-uzomopdusmom m-rpynn F,, u
F*
CINCOK JIATEPATYPEI

[1] Giraudet M.,Lukas F. Groupes 4 motié ordonnés// Fundam.Math.1991.139,Ne2.P.75-89.

[2] Kypom A.T". Teopus rpynmn.M.:Hayka,1967.

[3] Kopytov V.M., Medvedev N.Ya. The theory of lattice-ordered groups.Dordrecht;Boston;London: Kluwer
Academic Publishers, 1994.

[4] Bapakcun C.B., 3enkos A.B. O mpencrasnenusx m-rpynn.// Cub.marem.xypuan, 2013, T.54. Ne 2.
C.298-302.
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O KxOHeuHBIX rpynmnax ¢ 0606I1IeHHO CyGHOPMAIbHbIMUA KPUTUIECKAMU
noarpynmnamMm

B. ®. BEnecHunkun, B. H. CEMEHUYK

B pa6ore [1] Cemenuykom B.H. 66110 HAYATO M3ydYeHUE CTPOEHUS KOHEUHBIX TPYIII, Y
koTopbix rpymnnsl HIMmunra cy6HOpManbabl. agbHelimee ucciienoBanne ObIIO MTPOOOIKEHO
Kusarunonn B.H., Mounaxoseim B.C. [2]. TlomHoe omnmcanme Takux rpymni GbLIO MOy YEHO
Beneprukosbiv B.A. [3]. B Teopum Ki1accoB KOHEUHBIX TPYIII €CTECTBEHHBIM 06G00IIEHIEM
MOHSATUSA CyOHOPMAJILHOCTH SIBJISAETCS IMOHSITUE §-IOCTUKUMOCTH. [Ipum m3ydeHnn cTpoeHust
KOHEUHBIX TPYII, ¥ KOTOPBIX Ji00as MUHAMAJIbHAS HE F-MOACPYNIa §-HOCTHRIMA (§F —
HACBIIIIEHHAS HACJIENCTBEHHAs (POPMAIMS C PEIIETOYHBIM CBONCTBOM ), OBIIN IOy Y€HBI CJle-
MYIOIINE Pe3yJIbTaThI.

Teopema 1. Ilycmv § — macvluennad HacAOCMEENHAT GOPMAYUL C PEULETNOUHBLM
ceoticmeom, m(F) — MHOHCECTNBO BCET NPOCTNBIT UUCEA U A100AT MUHUMAALHGT HE T -2PYNna
paspewuma. Ecau 6 epynne G sce nodepynnvr llImudma §-docmumxcumvr, mo G /Gz abesesa.

CnencrBue 1.1. Ilycmv § — dopmayusg ecex p-pasdaodxcumviz 2pynn. Ecau 6 epynne
G ece nodepynnot llmudma F-docmusxcumvr, mo G/Ggz abesesa.

Teopema 2. Ilycmv $ — nacviwernnad nacaiedcmeennad popmayud, codeprcauyad N,
§ — Hacviwennad nacaedcmeennad GopmayuL ¢ pewemouHbim ceoticmeom, npuvem § C .
Ecau ece munumasvnvie ne $H-nodepynnwvl epynnvt G paspewumvt u §-docmuxrcumsvt 8 G, mo

G/F(G) € 9.
CnencrtBue 2.1. Ilycmb § — HACLIWEHHAT HACAECICNEEHHAT HOPMAYUL C PEULLTNOU-
nowm ceoticmeom u T(§F) — mmoscecmseo ecer npocmux wuced. Fcau 6 epynne G ace

nodepynnvr Hlmuoma §-docmuacumer, mo G/F(G) € §.

CnenctBue 2.2. FEcau 6 epynne G 8ce munumasprvie ne §-nodepynnbt §-00cmurcumbl
(§ — waacc scex p-pasaoxcumviz epynn), mo G/F(G) — p-pasaosxcuma.

CaencrBue 2.3. IIycmb § — Hacvlwennad nacaedcmeennad Gopmayud ¢ peuemou-
nowm ceoticmeom. Ecau ece munumasvmuvie ne F-nodepynner 2pynnet G paspewumvl u §-
docmuxcumvr 6 G, mo G € NF.

CIMCOK JINTEPATYPHI

[1] Cemenuyk B.H. Koneunsle rpynner ¢ cucremoil MuHmManbHbIXx He §-noarpynn / B.H. Cemenuyx //
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[2] Kasrura B.H. O koHeUHBIX T'pynmax C HEKOTOPHIMEH CyOHOpManbHbIMu monrpynmamu vunra /
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HenpuBonumbie cucTeMbl KOJIEI U MOJIEN PACILEIJIEHUs JIOKAJIbHBIX rpynm 6e3
Kpy4eHus

C. B. BepuinHA, B. X. ®APYKIIVNH

PaccmaTpuBaroTcs cuibHO HEPa3I0XKUMbIE P-JIOKAIbHBIE TPYIIBI 6€3 KPYJIeHUs KOHEU-
HOT'O paHra, MOJIIMU PACIIEIICHUs] KOTOPBIX SBIISIOTCS KOHEUHBbIE ajreOpanmdecKue paciiiu-
PEHUS TIOJIST PAIMOHAIBHBIX UMCETT.

Omnpeneneuune 1. HazoBem kosbrio R p-pasra 1 KoJIbIoM paciienieHus 15 P-JI0KAJIbBHON
HepasaoxuMol rpymmsl A 6e3 xpyderus p-panra > 2, ecmu A ® R = A, @ R*, rne RF —
mpsMas CyMMa agauTUBHOH rpymnsl koabna R u k > 1. ITose wactabix Q(R) kombna pac-
wremteHnss R Ha30BeM moJieM paCIIenyIeHus TPYIIIET A.

Teopema 1. Bceskas penynupoBaHHas CUJIBHO HEPA3JIOXKUMasl P-JI0KaJIbHAs rpymnna 6e3
KpPydJeHHs p-paHra > 2 objiagaer KOJIbIIOM PAacCIIelIeHUs, T0JIeM PAaCIIeI/ICeHIS.

Onpenenenne 2. Cucremy komern pacmiemtenus Ry, ..., R, mis rpymmer A Haso-
BEM HEIPHUBOAUMON CHCTEMON KOJIEI PACIHEIVIEHUS OIS A, eCJIH N SBIA€TCS MUAHUMAJIHHBIM
YUCIIOM, JJII KOTOPOrO MMEET MECTO CEPBAHTHOE BJIOXKEHHE I'DYHIbI A B IPAMYIO CyMMYy
R1 @ ...® R, ux nous gacrabix K1 = Q(Ry),..., K, = Q(R,) Ha30BeM HempuBoauMON
CHCTEMOH MOJIEH PACIIENICHUS TPYIIbI A.

Teopema 2. Bcskas penynupoBaHHAS CHJIBHO HEPA3JIOXKUMAas P-JI0KaabHAas TpyIia 6e3
KpPYYEHUs KOHEUHOI'O PAHTa U P-paHra > 2 HMeeT HEIPUBOAUMYFO CHCTEMY KOJIEIl pacIile-
TLIE€HUS.

Ounpenenenne 3.[1] Konbno R p-panra 1 HazoBeM yHUBEPCATIBHBIM KOJIBIIOM DACIIIE-
mwireaust aysa rpynnbl A, eciim AQ R = DO F, rne D — memumbrit R-momyiib, F' — cBOOOAHBIN
R-monynb, a ero nose wactabix K = Q(R) Ha30BeM YHUBEPCATIBHBIM IIOJIEM DPACILEIICHHS
rpymomer A.

Teopema 3. Ecmu R,,..., Ry — HempuBommMmas cuUcTeMa KOJIEI PAaCILIEeIVIEHUS IS
CHUJIBHO HEPA3JIOKHUMOH P-JIOKAJILHOH TPYIIbI 6€3 KpydeHus A KOHEYHOrO paHra U pP-PAHTa
> 2, TO CyIIeCTBYET TakO€ HATyPaabHOEe YUCJIO N, ITO YHUBEPCATIHLHOE KOIBIIO PACILIEIITICHUS
R ®"(Ry ®...® Ry), rme ® — pemynupOBaHHOE TE€H30DHOE IPOU3BELNEHUE AIANTUBHBIX
TPYIIT KOJIeI.

Teopema 4. Ecau noanosns K1, ... K, monsd p-agundeckux duces 06pa3yroT HEIIPUBOIH-
MYIO CHCTEMY IIOJIEH PACIIENIEHUs T'PYIIbl A, TO UX KOMIO3UT SBJIAE€TCS YHUBEPCAIbHBIM
110JIeM PACIIEJIEHUs] AT TPYIIsl A.

Pa6ora Brmonaena npu nonnep:xke @III «Hayunsle n HayuHO-IIemarornyeckne Kaapbl
naHoBanmoHHON Poccums na 20092013 ronwr. ['ocynmapcreennsiit kouTpakT Nel4.B37.21.0363.
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O peanuiyemocTH 3amaHHOro rpada Kak rpada NpOCTBHIX YHCEJI MOAXOMISIIIeN
KOHEYHOU T'PYIIIIbI

A. JI. TaspuimoK, A. C. KoHnPATBHEB, H. B. MaciioBa, . B. XPAMIIOB

[Iyctes G — xoueunas rpymnma. O6o3uaunm yepes w(G) cnexmp rpynmnst G, T.e. MHOXKe-
CTBO MOPSIKOB BCEX €€ BJIEMEHTOB, a depe3 m((G) — MHOXKECTBO BCEX MPOCTBIX MeJIUTesel
qucia |G|. MuoxectBo w(G) onpenenser epag npocmuixr wucea (unu epad I'pronbepea—
Kezeas) I'(G) rpyunst G, B KOTOPOM MHOXKeCTBO BepuinH ecTb 7((G), U OBe pasindHble
BEPIINHLL P U ¢ CMEXKHBI TOT/A U TOJIBKO TOTMA, KOTIa YUCyIO pg npuHAmiekuT w(G).

I'pad IpoCTHIX YMCesT KOHEUHOU TPYIbl G MOXKHO MOHIMATEL KaK HEKOTOPBI a0CTPAKT-
HBII OOBIKHOBeHHEIN rpad Ha |7(G)| BepiumHax, BCe BEPIIMHBI KOTOPOIO IIOMEYECHBI pas-
JAMYHBIMI TPOCTHIME unciiamMu u3 7((G) Tak, 4TO IBe BEPIIUHBLI, TOMEYEHHBIE IIPOCTHIMU
YUCIAME P W ¢, CMEXHBI TOT[Aa W TOJBKO Torma, korma pg € w(G). B casu ¢ Taxum
noHUMAaHUEM Tpada MPOCTBIX YUCET BOZHUKAECT CIICHYIOIIAs

IIpo6aema. Ilycts ' — 0OBbIKHOBEHHBIN T'pad C KOHEUHBIM YKUCIIOM BepiiwH. MOoXKHO
1 TIOMETUTDH BepIIWHBI rpada [ pasnuyHbIMu TPOCTBHIMEU YUCIAMU TaK, ITO MOJTYyIEeHHBIN
MOMeUEHHBI rpad 6yneT rpadoM MPOCTHIX YUCET MOAXOMSIIEH KOHEUHON I'PYIIbI ]

Panee B [1] 6b110 MOKa3aHO, UTO MaHHAS MPOGIIEMA PEIIAETCS TOJOKUTEILHO [T BCEX
rpadoB C KOJIMYECTBOM BepIINH He Oosee, yeM 4, U IIJIsT HEKOTOPHIX I'padoB HA D BEPIINHAX.
B macrosent pabore nanuas mpobiieMa ucciemnyeTcs njst rpados ¢ 5 Bepiruaamu. [lokazana
CITEITYIOIIIast

Teopema. Ilycts I' — o6bIkHOBeHHBIN rpag ¢ 5 BepumHamu. Tormga
(1) ecn T sBiIgeTcs KOKIUKOI, TO IpobIeMa PEeIIaeTcs OTPULATEIBHO;
(2) ecnu I' He sABIsIETCS KOKIINKOMH, TO IPOGJIEMa DEIIAeTCS IIOJI0KUTEIBHO.

Pa6ora Bummonuena npu gunancosoit nomnep:xkke PODPU (mpoekt 13-01-00469), PODU-
I'®EH Kuras (mpoekt 12-01-91155), nporpammer OTmenenus marematudeckux Hayk PAH
(mpoexT 12-T-1-1003), mporpamm coBmectHbix uccienosanuit Y pO PAH ¢ CO PAH (npoekt
12-C-1-1018) u ¢ HAH Benapycu (mpoekt 12-C-1-1009), coBera mo rpantam IlpesumenTta
P® (nmpoext MK-3395.2012.1) u rpanra UMM YpO PAH mns momonsix yuensrx 3a 2013 r.
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O6 annmpokKcuMUPYEMOCTHU KOPHEBBIMHU KJIACCAMU I'PYII HEKOTOPHIX CBOOOMHBIX
KOHCTPYKITHAN

II. B. T'onbuos, II. H. A3APOB

[Mycts K — memycrtont kimacc rpynmn. ['pynma G HasbiBaeTcs K-ammpoKCUMUPYeEMOH,
€CITH [7Is1 JTI060T0 HEeeIMHUIHOTO 3JIEMEeHTa ¢ rpynnsl G CyIIeCTByeT TOMOMOPGU3M TPYIIIbI
G Ha HEKOTODYIO T'PyHIy u3 kiacca K, mpum KOTOpOM 0o6pa3 3/IeMeHTa ¢ OTJIMYeH OT 1.
I'pynna G masbiBaeTcst moutu K-ammpoKCHMUDPYyeMOil, eciii OHa COMEPXKUT HEKOTOpy K-
AMMTPOKCUMUPYEMYIO MMOATPYIIILY KOHEUHOTO nHaekca. Kitace K Ha3bIBAETCS KOPHEBBIM, €CJIH
OH 3aMKHYT OTHOCHUTEJIbHO MOATPYII U It JII000# CyOHOPMAIILHON MOCIEHOBATEILHOCTH
C < B < A u3 Toro, uro dakropet A/B u B/C npunamnexat kiaccy K, ciemyer, 4To B
rpynme A cyiectByer HOpMasbHas noarpynmna D takas, uto D C C' u A/D npusamiexur
kiaccy K. Ilpumepom KOpHEBOrO Kitacca MOXKET CIIYKUTh KJIacC J BCeX KOHEUHBIX I'PYIII 1
KJ1acc J,, BCEX KOHEUHBIX p-T'PYIIL

B. Marnyc, A. Kappac u II. Conmurap B cBoent kuure ’KombunaropHuas Teopust rpymn’
npuBOmAT craemytommii pesynbrar K. I'pronbGepra: mjs Toro, 4Tobbl s1H060€ CBOOOIHOE
[IPOUM3BENEHNE TPYII, ANIIPOKCHMUPYEMBIX HAHHBIM KOPHEBBIM KjaccoMm K, camo 6uuio K-
AMMTPOKCUMUPYEMOU TPYIION HEOOXOMUMO U JOCTATOYHO, YTOOBI JTi00ast CBOGOMHAS TPYIIIa
6buta JC-anmpokcumupyemoit. 1. H. Asapos mokasas, urto mrobass ¢cBOGOMHASI TPYIINa all-
MPOKCUMUpyeMa, JTI0ObIM KOPHEBBIM KjiaccoM. [losTomy pesynbrar ['prorbepra nmpuHmMaeT
CIIeNyIONINI BUI.

Teopema 1. CBob6omgHOE Mpou3BeneHNe JTI0O0r0 CEMEHCTBA IPYIII, ANIPOKCUMUIDYEMbIX
KOpHEBBIM KJ1accoM K, camo sBsercs K-ammpokcuMupyeMoi rpyIIomn.

I' Baymcnar mokasas, 9To CBOGOIHOE TPOU3BEIECHNE NIBYX J -alPOKCUMUPYEMbBIX TPYIIIT
¢ KOHEYHBIMU OOBEIMHEHHBIMU IMOATPYIIIaAMU SBJISETCS J-alllPOKCUMUPYEMOR T'PYIIIOLN.
Ananornunsrit pesyabrar cupasemius u mist HNN-pacmmpennit. OgHako 5T pe3yabTaThl
HE MOTYT OBITH OOCOOIIEHBI HA ANMPOKCUMUPYEMOCTH MPOU3BOIBHBIM KOPHEBBIM KJTACCOM.
Tem mHe MeHee, HAMU MOKA3aHBI CIIEMYIOIINE TEOPEMBI.

Teopema 2. Ilycts P = (Ax B,H = K) — cBobonHoe npousBenenue rpymm A
u B ¢ xomeunbiMum obwenuaéHHbiMu moarpynmavu H wn K. FEcmm rpynmer A mw B F-
AIIPOKCUMUPYEMBI M MOYTH AIIPOKCUMHUPYEMBI KOPHEBBIM KjaccoM K, To m rpymnma P
nouru K-ammpoxkcuvmupyema. B dactaHOCTH, ecnu rpymnmbl A m B mouyrw ammpokcumMu-
PYEMbI KOPHEBBIM KjaccoM K, COCTOSIIMM W3 KOHEYHBIX Ipymnm, TO rpymnma P mourm K-
AIIIPOKCUMUPYEMA.

Teopema 3. Ilycrs C* = (C,t,t7'Ht = K) — HNN-pacumpermne rpymmer C ¢
KOHeUHbIME CBs3aHHbIMU mogrpymmamu H w K. Ecam rpynma C F-ammpokcuMupyeMa
M [IOYTH AIIIPOKCHUMHPYyeMa KOPHEBbIM KjaaccoMm K, To m rpymma C* mourm K-ammpok-
cumupyema. B wacrtrocTm, ecnm rpynma C' modrw ammpOKCHMHDYEMBI KODHEBBIM KJIaC-
com IC, cocrosmmm mn3 koHeuHBIX rpymnm, To rpymma C* mourm K-ammpoxcumupyema.

Hel'Y, Hsanoso
E-mail: goltsov_89@mail.ru, azarovdn@mail.ru

85


mailto:goltsov$_$89@mail.ru, azarovdn@mail.ru

MaussueBckue urerus 2013 Teopus rpyn

O6 onleHKax YmKcJia aBTOTOIIUN N-apHBIX KBAa3UTPYyHI mopsiaka 4

E. B. T'orkyHOB, II. C. KpoTOB, B. H. ITOoTAIIOB

PaccmoTpuMm MHOXKecTBO X" BceX YHOPSIOYEHHBIX HAOOPOB IJIMHBI 711, OOpa30BaHHBIX
anemenTamu MHOX)ecTBa L = {0,1,2,3}. Ausrebpanueckas cucrema (X, f), B KOTOpOU
n-apuas omeparus f: X" — Y obpaTuma MO KaXIOW MepeMEeHHOW, HA3LIBAETCSI N-apPHOU
rkea3u2pynnoti nopaoxa 4. Taxxke n-apHON KBA3UTPYIION HA3BIBAETCS W caMa oreparus f.

Kpasurpynmer f u g Ha3BIBAIOTCS U30MONHbIMY, €CIIU HAWMETCs HAOOD MEPECTAHOBOK

0= (01,...,0n,0,,1) U3 CHMMeTpUYECKOIl TPYIILL Sy, meficTByOLICH Ha Y., TAKOil, 4TO Ha,
> mMeeT MeCTO TOXKIIECTBO
_ -1
f(xl,...,xn) :g@n+1(x101,...,xn0n). (1)

Aemomonueti KBa3urpymms! [ Ha3BIBAeTCs 06as m3oTomms 0 € SZH, s koropoit (1)
umeeT Mecto npu g = f. I'pynny aBroronuit f o6o3naunm uepes Atp(f).

[ycTs ¥ u 6unapHas omepaims *: X2 — Y o6pasyioT rpymiy, usomopduyio Z3. Ksa-
surpynna [ auxetina, ecaum oHa m30TOmHA KBasurpymmne ((T) = xq % ... * T,. BEcan mis
HEKOTOPHIX a,b € 3 MHOxKecTBO S4(f) = {7 € X" | f(Z) € {a,b}} conepxur monmuOKe-
CTBO, U30TONHOE OyyeBy KyOy, TO f Ha3BIBAETCS NOAYAUHETHOT.

Teopema 1. ['pynma aBroTOmuii JUHEHHOH N-apHOW KBa3UTDYIIOBI MOPIAKa 4 m30-
MOp@HA ITOIYIPIMOMY IIPOU3BEACHUIO S3 A (Z%)n

Jluueiinast CTPyKTypa CyIIIECTBEHHO BIUSET HA CHIMMETPHUIO KBA3UTDYIIIHL.

JIemma. Ecin n-apuas kBasurpynmna [ HemmHeiHa, TO |Atp(f)] < 2-4™.

Taxum obpas3om, cupaBennBa

Teopema 2. B MHOX)eCTBe N-apHBIX KBa3UTDYIIT MOPAAKA 4 TOJIBKO JIMHEHHBIE HMEIOT
I'pynmbl aBTOTONHI MaKCUMAaJIBHOT'O HMOpsaka, paBHOro 6 - 4.

C mpyroit cTopoHbl, /06asi KBa3UTPyIna MOpsSaka 4 B OMPEIeIEHHON CTEleHU pery-
JIIPHA, TOCKOJIBKY, COTJIACHO pesysbrataM (1], oma mubo momynaureiHa, 60 TpPencTaBiIsa-
eTCsI B BUAE CYIEPIIO3UNINN KBA3UTPYIII MEHBIMEN apHOCTH. DTOW PEryIsPHOCTHA OKA3LIBa-
eTCsI TOCTATOYHO, YTOOBI TPYIITa aBTOTOMNIA KBA3UTPYIIIEI OTINYAIACH OT TPUBUAIHHOM.

Teopema 3. /lns npous3BOIBHONH N-apHOH KBasurpynmnel f mopsaka 4 mMeeT MecTo
mepaserctso |Atp(f)| = 2["/2%2 npuuem sra onenxa Touna.

Hacrosmias pabora BoImosHeHa npu moanepxkke Poccuiickoro domnma GyHIaMEHTATIb-
HBIX ucciaenoBanuit (rpast Ne13-01-00463a).

CIUCOK JIATEPATYPLI
[1] Krotov D. S., Potapov V. N. n-Ary quasigroups of order 4 // STAM J. Discrete Math. — 2009. — V. 23,
Ne 2. — P. 561-570.

Hrnecmumym mamemamuru um. C.JI. Cobosaesa, Hosocubupck
Hosocubupcrut 2ocydapcmeennbitl YHUBepcumem
E-mail: gorkunov@math.nsc.ru, krotov@math.nsc.ru, vpotapov@math.nsc.ru
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O nuHEeNnHbIX rpyIiimnax C orpaHruvYeHusAMN Ha CUCTeMy cOOCTBEHHBIX IIOAT PYIIII

O. 0. IJAIIKOBA

['pynmna G Bcex aBTOMOpP(MOU3MOB BEKTOPHOTO mTpocTpancTBa A Ham mosieMm F' Ha3BIBAETCS
HOJIHOI JmHeltHo rpynmoit u o6o3uauaercs GL(F, A). llonrpynnet rpynnst GL(F, A) uasel-
BAIOTCS JIMHENHBIMI TpynmaMu. KoHedHOMepHBIe JIMHeHHbIe TPYIIILI UTPAIOT BAXKHYIO POITh
B PA3JIMYHBIX OOJIACTSX MATEMATUKNA W W3yUYaJIUChL MOCTATOYHO MHOrO. B ciydae, xorma
pPa3sMepHOCTh BEKTOPHOTO mpocTpancTBa A mam mosem F' GeckoHeduHa, MOATPYIIIBI TPYIIIHI
GL(F, A) uccienoBajinCh 3HAUUTELHO MEHbINE, M, KaK MPABWIO, IPU IOIOJHUTEILHBIX
OTPAHUYCHUSAX HA PACCMATPUBAEMbBIE TPYIIIHI.

B [1] aBTOpBI BBEIM B paCCMOTpPEHHE TOHITUE HEHTPAJBHON PA3MEPHOCTU JIMHEHON
rpynusl. Eciim H — noprpynna rpynnst GL(F, A), To H neiictByer Ha pak TOP—TIPOCTPAHCT-
Be A/C4(H) ecrectBenubM o6paszoM. Pasmeprnocts dakTop-upocrparcrsa A/Ca(H) Ha-
3BIBAETCS EHTPAIBHON pasMepHoCTbio Tpynnsl H [1].

EcTecTBenHO BO3HUBAET BOMPOC 00 UCCIEIOBAHNN OECKOHEUYHOMEPHBIX JIMHEMHBIX TPYIII,
YV KOTOPBIX CUCTEMa TOATPYII OECKOHEYHON ITEHTPAILHONI pa3MEepHOCTH ~ TOCTATOYHO MaJja’ .
B [1] u3y9anucek mouTn JI0OKAIBHO pa3pennMble JTUHEHbIe TPYIIIbl GECKOHEYHON IEHTPAITb-
HOU Pa3MEpPHOCTHU, Y KOTOPBIX KaxKIas COOCTBEHHAs MOATPYIINa UMeeT KOHEUHYIO [IEHTPAIh-
HYI0 pa3MepHOCThb. Kak oka3asioch, B 9TOM ciiyuae O€CKOHEUYHOMEpHAas JIMHENHAs TPYIIa
m3oMopdHa KBasHIMKINIecKol ¢-Tpymme Cyeo IS HEKOTOPOTO IPOCTOro umcia ¢. B [1]
aBTOpPaMU TOCTPOEH IIpuMep OEeCKOHEYHOMEPHOU JIMHENHOW TI'PyNObl Hal OECKOHEYHBIM IIO-
JIEM TPOCTOU XapaKTEPUCTUKU P, YIOOBIETBOPSIOIIEH YKA3aHHBIM YCIOBUSIM 1 M30MOPGHON
CQ"O 4 7& p.

OCHOBHBIM Pe3yIbTATOM PabOTHI ABJISIETCS CIEMAYIOIas TeOPeMa.

Teopema. Ilycts G < GL(F,A), G # G', F — koneunoe nosne. FEcmu xaxnas
cobcTBeHHAs moarpynna rpynmnbl G IMeeT KOHEUHYIO HEeHTPAJIbHYI0 Pa3MepHOCTh, u |G| #
q*, rme ¢ — mpocroe uucio, To G EMeeT KOHEUHYIO IEHTPAIBHYIO Pa3MEPHOCTb.

Canencrsue. IIycts G < GL(F, A), G # G', F — koHe4YHO€e mojie MPOCTOH XapakTepu-
cruku p. Ecin kaxmas cobcrBerHas noarpymma rpynnbl G ©MeeT KOHEYHYTO [eHTPAILHY IO
pasmeprocTs, 1 |G| # ¢, rme ¢ — mpocroe umcno, To rpynna G comepHT smeMeHTAp-
Hyro abesneBy p—moarpymmy H, taxyro, uro ¢axroprpymnna G/H wmzomopgra HEKOTOPOMH
moarpynne GL, (F).

JINTEPATYPA

[1] Dixon M. R., Evans M. J., Kurdachenko L. A., Linear groups with the minimal condition on subgroups
of infinite central dimension // J. Algebra. — 2004. — V. 277. — Ne 1. — P. 172-186.
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O nepeceqennﬂx HNJIBIIOTEHTHBIX HO,Z[I"pyl'Il'I B KOHEYHBIX prHl’IaX C IIOKOJIEM
L(2,q)
B. . 3EHKOB

[Iyctes G — xoneunas rpynna, A u B — nogrpynnet u3 G u nycts M = {ANBY|g € G u
noarpynna AN BY MuHEMAIBHA N0 BKIIIOYEHUIO CPEIH BCEX MOATPYII TAKOTro Buna}, a m C
M um m cocTouT u3 Tex 3IeMeHTOB B M, MOpsSmOK KOTOPHIX MuHuUMaJjeH. [lo onpenemenuto
Ming(A, B) = (M), a ming(A, B) = (m) u, Takum obpasom, Ming(A, B) > ming(A4, B).
3amerum, uTo eciu B rpynne G st TI060r0 5JIeMEHTa ¢ CIIpaBelInBO HepaBeHCcTBO ANBY #
1, To 5TO SKBUBasEHTHO TOoMy, uTo Ming(A, B) # 1, 9T0, B CBOIO OuYepenb, SKBUBAJIEHTHO
Tomy, uro ming (A, B) # 1.

B pa6ore [1] nokasano, uro Ming (A4, B) < F(G) nust mo6oit napsl abeIeBbIX HOATPYIII
A u B u3 G, a B pabore [2] mokazaHo, 4TO B IpOCTOl HEabeneBoil rpymmne G mOArpymna
Ming (A, B) = 1 mna mo6oit naper npuMmapubix moarpynn A u B. Hamu mokasana ciemyio-
1Iast

Teopema. Ilycte G — KOHEYHAs MOYTH MIPOCTas T'PYMIIa C IIOKOJIEM, H30MOPQHHBIM
L(2,q9), ¢ > 3, A u B — HunpnorentHsie noarpynnsl u3 G. Torma caemyrorme yCaoBus
5KBUBAJIEHTHBL:

(1) Ming(A,B) # 1; (2) G = Aut(K), rge mubo

(2a) K ~ L(2,q), ¢ =2" —1 > 3 — npocroe unciao Mepceuna u (A, B) = (S, S), rae
S € Syl,(G), mubo

(2b) K ~ L(2,9) u (A, B) € {(ming(S,95),S), (S, ming(S,5)), (3, 9)|S € Syl (G),
ming (S, S) ~ Dig wming (S, S) = (i,5),i2 =32 =1, 4,5 € G\G' u |Cs(i)| = |Cs(5)| = 8}.

Bamerum, uyTo npu n = 2 B myHkTe (2a) Teopembl moarpymnna K ~ L(2,5) umeer ue-
TBepHyIO cuaoBcKyto 2-moarpyumny V ¢ Ng(V) ~ Ay u |[K : Ng (V)| = 5. Hmis cunoBckoit
S5-momrpynnst u3 K umeem Ng (T') ~ ZsAZy — rpynna Ppobernyca. CrenoBaTenbHO, MOM-
rpynna M = Nk (T) HeTpuBHaIbHO MEPECEKAETCs € KaXKIOW CUIIOBCKON 2-TIONTPYIIION 13
(G. DToT mpuMep maeT OTPUIATEILHBI OTBeT Ha Bompoc 16.29 u3z “Koyposckoit TeTpamn’”
[3].

PaGora semonuena npu nogmepxkke PODU (mpoext 13-01-00476), [Iporpammvbr Orme-
nenus MaTemarudeckux Hayk PAH (mpoekt 12-T-1-1003), IIporpaMMbl COBMECTHBIX UCCIIE-
nosaruit YpO PAH ¢ CO PAH (upoekt 12-C-1-1018) u ¢ HAH Benapycu.

CIIUCOK JIUTEPATYPHI

[1] 3enkos B.Y. Ilepeceuenus abeneBbIX MOATPYII B KOHeUHbIX rpynmnax // Mar. samerku. 1994. Ne 56.
C. 869-871.

[2] Masypos B.II., 3enxor B./. O mepeceuennn CUIOBCKMX MOATPYNN B KOHEYHBIX rpynmax // Anrebpa u
sioruka. 1996. T. 35, Ne 4. C. 424-432.

[3] Koyposckas Tterpans. Hepemennsie 3anaun Teopun rpynm. Usg. 17-e. Hosocubupck: M CO PAH.
2010.
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O mnepecedyeHUsX MPUMAaPHBIX HOATPYIII HEYETHOI'O MOPSIAKA B IIOYTU IMPOCTHIX
rpymnmnax

B. . 3eHKOB, 4. H. HyKuH

[Iycts G — xoneunas rpymna, A u B — nogrpynnet u3 G u nycts M = {ANBY|g € G u
noarpynna AN BY MuHEMAIBHA N0 BKIIIOYEHUIO CPEH BCEX MOATPYIIN TAKOTro Buna}, a m C
M um m cocTouT m3 Tex 3IeMeHTOB B M, MOpsSmOK KOTOPHIX MuHuUMaJjieH. [lo onpenemenuto
Ming(A, B) = (M), a ming(A, B) = (m) u, Takum obpasom, Ming(A, B) > ming(A4, B).
3amerum, uTo eciu B rpynne G st TI060r0 57IeMEHTa ¢ CIIpaBelInBO HepaBeHCcTBO ANBY #
1, To 5TO SKBUBasEHTHO TOMy, uTo Ming(A, B) # 1, 9T0, B CBOIO OuYepenb, SKBUBAJIEHTHO
Tomy, uro ming (A, B) # 1.

B pa6ore [1] nokasano, uto Ming (A4, B) < F(G) nust mo6oit napsl abeIeBbIX HOATPYILII
A u B u3 G, a B pabore [2] mokazaHo, 4TO B IpPOCTOl HEabeneBoil rpymme G mOArpymna
Ming (A, B) = 1 nns mo6oit mapsl npumapubix noarpynn A u B. B crienyroieit Teopeme
UCTIOJIB3YIOTCSI BBEICHHBIE 0003HAUEHUS.

Teopema. Ilycte G — koHeuYHas Hepa3pelmMas IIOYTH IpocTas rpymma, A m B —
IpuMapHbIE TOATPYNIBI HedeTHOro nopsnka m3 (G. Torma cmemyroime ycJIOBHS 5KBUBa-
JIHTHBI:

(1) Ming (A, B) # 1;

(2) F*(G) = E(G) ~ QF (3), G/E(G) ~ Zs wmn S5 u (A, B) € {(S, 9), (S, ), (S0, 5),
(S0,50)}, rme S € Syls(Ng(P)), a Sy = O3(Ng(P)) u P — napaboandeckas HOATDYIIIIA
u3 E(G), coorsercTBytomas neHTpaabHolt BepimHe B auarpamve pmaknna mia Qf (3) u
So = ming (S, S).

Pa6ora mepBoro aBTopa BoIOIHEHA pu nomnep:xkke [Iporpammer OTnenenns MaTeMma-

tuaeckux Hayk PAH (mpoekt 12-T-1-1003), IIporpammer coBMecTHBIX ucciienoBanuit Y pO
PAH ¢ CO PAH (upoext 12-C-1-1018) u ¢ HAH Benapycu, PODPU (mpoext 13-01-00476).

CIUCOK JINTEPATYPHI

[1] 3enkos B.WM. Ilepeceuenus abeneBbIX MOATPYIIN B KOHeUHbIX rpynmnax // Mar. samerku. 1994. Ne 56.
C. 869-871.

[2] Masypos B.II., 3eaxos B.J1. O mepeceuennn CUIOBCKUX MOATPYII B KOHEUHBIX rpynnax // Amnrebpa u
soruka. 1996. T. 35, Ne 4. C. 424-432.
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(I)aKTOp]'/ISa]'_I]'/I]'/I KOHEYHBIX I'PDYIIII 7-pa3pellinMbIMU IIOAT'PDYIIIIaMM C 3aaHHBIMN
BJIO2KE€HUN MM

B. H. Kuaruna, B. H. TioTsgHOB

PaccMaTpuBaroTCs TOIBKO KOHEUHBbIE Ipynmbl. B pabore [1] 6BIIO BBEmEHO Clemyroliee
ompenenenue. Ilycts N m P — mHOXecTBa BceX HATYpPaJIbHBIX U BCEX MPOCTBIX YHUCET
cooTBeTcTBeHHO. s (DUKCHPOBAHHOTO HATYDAJBHOTO umcaa t momoxum PP = {p* | p €
P, k€ {0} UN,k < t}. loarpynna H maseiBaercs P'-cyGHOpMATBHON TOATPYTIION TPy
G, ecnu cymiecTtByeT 1nenouka nomrpynn H = Hy € H; C ... C H,, = G Takas, 4TO
|H; : H; 1| € P! nna Beex i. Ilpu t = 1 momywaercs nousatue P-cy6HOPMaIbHON NOATPYIIIHL,
BBEIIEHHOE B [2].

O6o3raumm P> = {p* | p € P, k € {0} UN}. Ilonrpynna H massBaercs P-cyGHOp-
MaJbHOU noarpynnoi rpynmel G, eciau cyiecTByeT nens moarpynn H = Hy C Hy C ... C
H, = G rakas, aro |H; : H;_1| € P> nms Bcex i.

Hns dukcupoBauubix uncena t € N u r € P o6o3uaumm

PL={p" |peP\{r}, kc {0} UN}YU{r" |k € {0} UN,k < t}.

Honrpynna H masesaercs Pl-cyGHOPMATBHOL, €ciii CyIeCTByeT Ienb noarpynn H =
Ho C H; C...C H, = G Taxas, uro |H; : H;_1| € PL nna Bcex i.

B [1] usyuamuce xomeunsie rpymnnsl G = AB npu yciaosuu uyro A m B paspemmmbie
[P2-cy6HOpMATBHEIC TTOATPYIHEI TPyHmEl (. Y CTAHOBIEHO, YTO B 3TOM CiIydae rpymma G
pazpernma. Pa3BruBas DaHHYIO TeMaTHUKy MBI TOKA3aJIN CJIEIYIOIIINEe TEOPEMBL.

Teopema 1. Ilycts G — komeunas rpymma u r € w(G) \ {2,3,7}. Ecm A u B
— P*°-cybropMmabHbBIE T-paspermumble noarpynnsl rpynnsl G u G = AB, to G saBisercs
r'-pa3penIuMoi I' DYy IIION.

Teopema 2. Ilycte G — xomeunas rpymma u r € n(G). Ecmr A w B — P3-
cybHOpMaJIbHBIE T-pasperumvbie moarpynnbl G u G = AB, 1o G ABigercs r-pa3permMon
TPYIIION.

[IpocTas meabenesa rpymma PS Ly (7) asasercs mpoussenenuem P3-cy6HOpManbHOLT TTOI-
rpymmsl [ 27| Z3 manekca 23 u Pl-cy6ropManbHOil civMeTprdeckoit moarpymmsl Sy. OmEako
PSLy(7) ue siBasercs r-paspermumMoit mist Beex r € {2, 3, 7}. IlosTomy B Teopeme 1 ycnoBue
r e m(G)\ {2,3,7} or6pocuts HeMb34, a B Teopeme 2 yciosue P3-cyGHOPMATLHOCTH HETb3s
3aMEHUTH ycnoBueM P3-cyGHOPMAILHOCTH.

CIUCOK JINTEPATYPHI

[1] Kasruna B.H., Monaxoe B.C. Koneunbie dakTopusyemMble TpyNNBl C  PasperuMbIMU P2-
cybropmasnbubivu oarpynnamu // Cub. mar. xypu. 2013. T.54, N. 1. C. 77-85.

[2] Bacunves A.®., Bacunbesa T.U., Torsmos B. H. O xomeunwix rpynmax cepxpaspemnMoro tuma //
Cub6. mar. xypuan. 2012. Tom 53, N. 1. C. 59-67.
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O MuHIMAaIbHO MOJIHBIX HUWILHOJIYTPYyHOIIax

O. B. KHYI3EB

B [1] npemtaraercs obmumpHas TporpaMMa Mo UCCIENOBAHIIO aJirebp, PA3InIHBIX KIIac-
COB YHUBEPCAJbHBIX ajreOp, HAIpUMep, MHOrooOpasuii, IceBIOMHOTrooOpa3uit. OmHon u3
3a/1au 9TOI MPOrpaMMbl sABJsieTCss mpobiema (mpobiema 10): ozapakmepuzosams MuHu-
MAAbHBIE NOAKDIE GA2e0pbl JaHH020 MH02000pa3UuL. 3MeCh MBI COOOIIIAEM OMHO CBONCTBO
MUHIMAJIBHO TOJTHBIX HIJTBIIOIYTDYIIIL.

HanmomuuM HexoTopble onpenesnenus. llycte V — MHOroobpasue BceX MOIYTPYHII C
BoineseHHbIM HysieM 0; L(V) — pemerka nmommuoroo6pasuit muoroobpasus V, X € L(V),
A € V. B nmanpmemeM mom CJIOBOM ~TOJIyrpymnma’ MOHUMAaeTCs ajaredpa m3 MHOT00Opa-
sus V. EnuscrsennbiM kiaccom X—BepGanbhoil kKoHrpysuimn p(X, A) wHa momyrpymme A
(p(X, A) — HamMmeHbIas U3 KOHIPYSHIMI Ha A, HAKTOP-MOIYyTPYIILL IO KOTOPBIM IIPH-
HaIIexKaT X ), SBISIONIIMCS TOAIOIYTPYIIION moryrpynnsl A, 6ymeT Kitace, COmep KAt
Hyab 0. O6o3nauator ero uepes X (A) u HaspBaroT X —6ep6a.i0m MOIYrpynnsl A.

[omyrpynmy A HasbIBaIOT noanot, eciiu paBeHCTBO X (A) = A umeer MecTo miist IFO60T0
aroma X u3 peuterku L(V). Ecnu momsas momyrpynna He uMeeT cOGCTBEHHBIX, OTIIMYHBIX
OT HyJIsl, IOJIHBIX HOMIIOIYTPYII, TO €€ HAa3bIBAIOT MUHUMAADHO NOAHOU TTOIYTPYIIIION.

OneMeHT a momyrpynnsl A HA3BIBAIOT HUIBYIEMEHTOM, €CJIN HANIEeTCs HATYPAIbHOE
qurcyio n Takoe, 9yto a’ = 0. Ilomyrpynmy, y KOTOpO# BCe 3JE€MEHTHI CYTh HUJIBIJIEMEHTHI,
HA3bIBAIOT HUAbNOAY2PYNNOTU.

NmeeT MecTO ciaemytorias

Teopema. MuHnManapHO HOIHAS HUIBIOLYTDYIIA HE UMEET HETPHBUAJILHOI'O KOMMY-
TaTHUBHOT'O IoMOMOp¢HOro obpasa.

ABTOpY HE M3BECTHBHI HETPUBUAJIbHBIE IIPUMEPHI MUHUMAJIBHO MTOTHBIX HILTHIIOLYTPYIILL.

CIUCOK JIUTEPATYPHI

[1] Mapteos JI. M. O HOHATHAX MOIMHOTHI, PEAYIAPOBAHOCTH, IPUMAPHOCTHU W YUCTOTHL IJIs IPOU3BOIIb-
HBIX anre6p // YHuusepcanbHas anrebpa U ee NPUIIOXKEHUs. Tpynbl MeXAyHAp. ceMuHapa. Bomrorpan:
[Mepemena. 2000. C. 179-190.
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O KOHeUHBIX I'pyIIaX, BC€ N-MaKCUMaJIbHbIE MMOATPYIIHBI KOTOPhIX
$-cy6HOpPMAaJIbHBI

B. A. KOBAJIEBA

Bce paccmaTpuBaembie B COOOIIEHUN TPYIIILL SBIISIOTCS KoHedHbiMu. CumBostamu i, O
and 1" 0603HAYAIOTCS KITACCHI BCEX CBEPXPA3PEIINMBIX T'PYIIN, BCEX HUIBIOTEHTHBIX TPYIII
U BCEX Pa3pPEIIMMbIX I'PYIII ¢ HIILIOTEHTHON nuHON He Gosee r (r > 1) cOOTBETCTBEHHO.
Cumsosnom 7(G) 0603HATAETCSI MHOXKECTBO BCEX IIPOCTHIX AeIUTeell mopsaaka rpymmusl G.

Hanomuum, uro nmoarpynma H rpynnbt G Ha3bBIBAETCS 2-MAKCUMAIIBHON (BTOPOI Makx-
cuMaibHOM) monrpynnoit B G, eciiu H SBIsS€TCS MAKCUMAJIBLHOW MONTPYIION B HEKOTO-
poil MakcuMmaiabHOU momrpymme M rpynmel . AHAIOTMYHO MOTYT OBITH OIPeHeseHbI

3-MakcuMmanbHble monrpynmel u T.O.  Ilycts § — kmace rpynn.  Torma monrpynma H
rpynnel G HazwIBaeTcs §-cybHOpMasibHOW B G, eciau aubo H = (G, nmubo Hanmercs Ta-
kasg menb H = Hy < ... < H, = G, uro H; | — makcumaybHas moarpynma B H; u

H;, 1/(Hi—1)pn, € § nmnst Besikoro @ = 1,2, ..., n.

Hamu nccmenoBamuch rpyminb, BCe n-MakCUMAJIbHBIE TOATPYIIILL KOTOPBIX §-CyOHOPMAaJILHEI,
rme § — Takas r-KpaTHO HachlmeHHas dopmarms, uro N C §F C€ N1 nna mexoroporo
r > 0. B wacraOCTH, 6BLTO mOKasano, uro ecau |T(G)| > n+r+ 1, to G € §; ecan
|m(G)] > nuF C iU 1o G ¢-nucnepcuBHA MJIE HEKOTOPOLO YIOPSIIOUEHUS ¢ MHOXKECTBA
BCeX MpOCThIX uncest. s ciayuas xke, korma |7(G)] > n+ 1 u § C 4, 66110 mOTy9IEHO
OJTHOE omucanue rpynmnsr G.

Tomenvcruti 2ocydapemeennvili yrnusepcumem um. @. Cropunwvy, omeav (Beaapycy)
E-mail: vika.kovalyova@rambler.ru
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O pacnosuaBaemocTu 1o rpady OPOCTBHIX Yuces rpynnsl Fr(2)

A. C. KOHOPATLEB

[Ilycte G — xomeunas rpymma. O6osmaunm uepe3 w(G) cnexkmp rpynmsr G, T. e.
MHOXKECTBO BCEX IMOPSIKOB ee 5ieMeHTOB. MuoxecTBo w((G) ompenernser 2pagd npocmuix
wucea (epag I'pronbepea — Keeeas) I'(G) rpynnel G, B KOTOPOM BEPIIMHAMUI CILY2KAT
POCTHIE MEJIUTENN OPAIKa TPYIIbl G U IBe Pa3INYHbIE BEPIIUHBL P U ¢ COENUHEHBI PEOPOM
TOrzma u TOIBKO Torna, Korna pq € w(Q).

B Teopun KOHEUHBIX TPYIII CIIOXKUIOCH U JUHAMAYIHO PA3BUBAETCS HAIIPABJICHNE UCCIIe-
MOBAHUS PACIO3HABAEMOCTU KOHEUHLIX DY [0 CIEKTPY Wiu rpady MPOCTBIX YUCE.

Koneunas rpynmna G HasbiBaeTcs pacnosnasaemot no cnexmpy (COOTB. 2pady npocmuix
wucea), €CIIM OHa OIPENESeTCs CBOMM CIEKTPOM (COOTB. TpadoM MPOCTHIX YUCEII) ¢ TOU-
HOCTBIO [0 m30MOopdusMa. 9ICHO, UTO M3 PACIO3HABAEMOCTH KOHEUYHOU TPYIILI 1O Ipady
IPOCTBIX YUCETI CIIEAYeT ee PACIO3HABAEMOCTD IO CIEKTPY.

B [1] aBTopoMm GbliIa moKasaHa PACIO3HABAEMOCTH Ipynnsl £7(2) mo crekTpy.

B macrosien pabore moxkaszaHa

Teopema. Eciun G — koneunas rpynna n I'(G) = I'(E7(2)), To G/O2(G) = E7(2).

Bamerum, uto rpad ['(E7(2)) umeer Touno 12 BepuinH U TPU KOMIIOHEHTHI CBSI3HOCTH.

Pa6ora Boimonuena npu gunancosoit nonmnepxke PODPU (mpoekt 13-01-00476), PODU-
I'®EH Kuras (npoekt 12-01-91155), nporpammvbr OTnenenns maremarnaeckux Hayk PAH
(mpoekT 12-T-1-1003), u mporpamm coBmecTHbIX uccienoBauuit YpO PAH ¢ CO PAH (mpo-
ext 12-C-1-1018) u ¢ HAH Benapycu (mpoekt 12-C-1-1009).

CIUCOK JINTEPATYPHI

[1] Kounparwer A.C. O6 omnom Bompoce B.II. Masyposa // Anre6pa m reomerpus. Tes. mexn. KOHO.,
nocesitenuon 80-meTuio co mus poxnenuss AWM. Crapoctuna. Exarepunbypr: msmarensctso Y MII-
YIIN”, 2011. C. 82-83.
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H806XO,Z[I/IMBIe YCJI0BUA KOHEYHOCTH OJIA I'PYIIII C I/IHBOJ'IIOI_II/Iefl

O. A. KorPoBOB

[lerTpanmu3aTopbl MHBOJIONUN HAKIIAABIBAIOT JKECTKIE OTPAHNYEHNS Ha CTPOEHNUE DY IIIIhL.
B kmacce rpymnm, paccMoTpenHbix HIyHKOBBIM, TPYNIBI ¢ HAMMEHBIIIMM [EHTPAIT3ATOPOM
[OYTHU PEryJIIPHOI MHBOJIIOIMN HAUAI ucciienoBarh B.Bycapkun [1]. ABTopom 6bL1 mosTy ueH
HOBBII PE3yJ/IbTAT O TPYIIaxX ¢ MAJIEHBKAM IIEHTPAIM3aTOPOM UHBOJIIOINN.

Teopema 1. Ilycte G — 6eckoHeYHas Tpymma, comep:kalias UHBOIIOMHUI a, u VgeG
|rp(a,a9)| < oo, m mycrs |Cg(a)| = 4r, rme r — HewerHoe umciio. Torma rpymnma G
paspermnma.

Buamenutas Teopema [llyakosa - Bensesa yrBepxkmaer, 9To rpymna ¢ mOYTH PEryJISHON
UHBOJTIOIMEN SIBJISETCS JIOKAJIbHO KOHEUHOU. [Ipu HEKOTOPBIX MOMOJHUTENBHBIX YCIOBUAX
aBTOPOM OBIJIO MOJIYUEHO YCUJIEHNE STOTO Pe3yJibTara.

Ounpenenenne. IIycts C — xoneunas rpynna rtakas, aro C' = [C,C]. T'osopsr, uro
C ynonerBopser ycaosuto K, ecau B C cymectByer HOpMaiabHasa moarpymmna N, koropas
sBisercs 2-rpymmoi, takas, uro C'/N — mpocras HeabeneBas rpymnmna Hen3oMopdHas Ar u
PSLs(q), rme ¢ > 3 — HeueTHOE UHCIIO.

OTMeTuM €111 OIHO CJIENCTBUE IOy YEHHOrO pe3ysIbTaTa.

Teopema 2. Ilycte G — rpynna, comepxkariias uaBosronuio a, YgeG |rp(a,a?)| < oo,
u nyctb Cg(a) ymoBaerBopser yciaoBuio K . Torma G ecTb KOHEUHAS IpyHIIa.

B.Xapriun u Meiikcuep [3]. mokasanm, 9TO MHIEKC HEKOTOPOW HUIBIOTEHTHON IOMI-
Ipynnsl cTyneHn < 2 jro60il IeproaMIecKOll TPYIIILL ¢ IEHTPAIN3aTOPOM MHBOJIIOIUH, 110~
PAIOK KOTOPOI'O PaBEH 1M, MOXKHO OrpaHnduThb Gyukmeir or m. B 1982 rony B.B.Bemnses n
H.®.Cecexun [4] mpomoimkuian u3ydyeHne CTPOEHUs IEPUOINIECKON T'PYIIBI C MIOYTH PEry-
JIIPHON MHBOIIOIMEN. Takke aBTOPOM IOJTy Y€HBI TEOPEMBI, YCUIUBAIOIINE ST PE3YIILTATHL.

CIIUCOK JIUTEPATYPHI

[1] Bycapkun B. M. NsonupoBaHuble MOKPLITHS U PACLIEIUIEHUs Ipynl : ABToped. kKaum. nucc. - Yparn.l'y,
1963.

[2] Illynkos B. II. Ty-rpynner. HoBocubupck: Hayka, 2000.

[3] Hartley B., Meihner Th. Periodic groups in which the centralizer of an involution has bounded order //
J. Algebra. - 1980. - Vol. 64, N 1. - P. 285-291.

[4] Benses B. B., Cecexun H. ®. Ilepuonuueckue rpynnsl ¢ mOYTH PErYIISIPHBIM MHBOIIOTUBHBIM ABTOMOD-
¢dusmom // Studia Scientiarum Mathematicarum Hungarica. - 1982. - Vol. 17, N 1-4. - P. 137-141.
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HacnenyemocTs cBoiicTBa D, HaATPyHONaMu T-XOJIJIOBBIX HOATPYHII YE€THOIO
nopsaaka

H. Y. MAH3AEBA

IIycTh ™ — HEKOTOPOE MHOXKECTBO IIPOCTHIX umcest. Koueunas rpynma (G Ha3bIBaeTCs
T-TPYIION, €CIU MHOXECTBO IPOCTHIX HOeuTeselt eé nopsnka jgexut B w. llonrpynma H
KOHEYHOU Ipynnbl G HA3BIBAETCS T-XOJLIOBOM, eciin H sSBIIseTCs m-TPYIION U BCE MPOCTHIE
nemarenu eé manekca He jgexar B w. Cremys ®.Xomry [1], Gymem rosoputb, uTO Tpymma
G sBnsercss D -rpynnoit (uam, kopoue, G € D), eciu Bce €& MaKCUMAJIbHbIE TT-TIOAIPYIIIIbL
COTIPSIKEHBI.

B «Koyposckoit Terpamus [2] mon sHomepom 17.44(6) 3anucana ciemyroras

IIpo6nema. Bcerma jim B D,-rpymnme Haarpymma T-XOJIOBOU MOATPYIIILI SIBJISETCS
D -rpynmor?

O6o3uaunm yepe3 U, Kiacc BceX KOHEUYHBIX [ -TPYIII, B KOTOPBLIX BCSKasl HAATPYIIIA
T-XOJIFIOBON MOArpynmbl obnamaer coitctBoM D,. Torma npobimemy 17.44(6) MOXKHO mepe-
hOpMyIMPOBATH SKBUBAJIEHTHBIM 00pa3om: BepHO ju, uTo U, = D7

C momorribio knaccuukanny KOHEYHBIX MPOCTHIX TPYIII JOKA3aHAa CIIEIYIOIIAs

Teopema. Ilycte m — HekKOTOpoe MHOXeCTBO NpocThIX uncea u 2 € w. Torna U, =
D,.

PaGora Bbimonmuena npu dunancoBoit nommep:xkke PPDPU (mpoektnr Ne 12-01-33102,
Ne 12-01-31222) u PIII «Hayunbie n HayIHO-IIEIATOTMIECKUE KAIPHI MHHOBAIMOHHOM Poc-
cum» (roc. koHTpakT Nel4.740.11.1510).

CIUCOK JINTEPATYPHI
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[2] Mazurov V. D., Khukhro E.I. (editors), The Kourovka notebook. Unsolved problems in group theory //
RAS Siberian Division, Sobolev Institute of Mathematics, Novosibirsk, 17 (2010).

HI'Y, Hosocubupck
E-mail: manzaeva@mail .ru

95


mailto:manzaeva@mail.ru

MaussueBckue urerus 2013 Teopus rpyn

O coBnanenuu rpada I'pron6epra-Keresns koHeYHOU IPOCTON I'PYNIILI U €€
COOGCTBEHHOU MOATPYIIHBI

H. B. MAcnoBA

Bcrony B paboTe MBI OymeM ymoTpeOIaTh TEPMHUH «TPYIINa®» B 3HAUCHUN «KOHCUHAS
rpymnas. Ilycts G — rpynna, u 7(G) — MHOXKECTBO BCEX MPOCTHIX INEIUTENEN €€ MOPSIIKA.
Cnexmpom rpynmsl G HA3BIBAETCS MHOXKECTBO w(() MOPSIIKOB BCEX ee DIIeMeHTOB. Bepiin-
HaMmu 2pada npocmux wucea (wmu epaga I'pronbepea-Kezeas) I'(G) rpynnet G aBasoTcs
npocteie uncia u3 7(G), u IBe BepIIWHBLL T U § COEMUHEHBI PEGPOM TOTIA U TOILKO TOTA,
KOT[Ia 9mCIIO 1S MpUHAIIexRuT MHOkecTBY w(G). Iokasana ciemyromas

Teopema 1. Ilycre G — koHeunas npocras rpynna u H — cobcrBeHHas moarpynmna
B G. Torna, 3a koHeunbiM yuciaoM uckmodenud, 1'(G) = I'(H), B ToM # TOJBKO B TOM
ciIy4ae, KOTAa BBIIOJIHAETCA ONHO U3 CIELYIOLINX Y TBEPXKTCHUIL:

(1) G=A,, ronen un — 4 — HeyeTHBIe He mpocThie yncaa, u H = A, _1;

(2) G = PSpa(q) w H = PSLy(¢?).(t), rme q € {3,2¥} u t — nonesoit aBToMOpPU3M
nopsanxa 2 rpymmer PSLy(q?);

(3) G = PSps(2*) mw H = SO0g (2);

(4) G =P (q) u H = PQ(q).

IlyakT (1) TeopeMbr OBLI IIOJIyYeH IO MOLYJIIO PACILIIPEHHON runoresnl I onpnbaxa.

I'pynna G maseiBaercs w(G)-kpumuueckot, ecau st MoOObIX ee noarpynn K u L Takux,
yro K < L, u3z pasercra w(L/K) = w(G) cnenyer, uto L = G u K = 1. B pa6ore [1]
66110 BBeneHO mOHATHE W(()-KPUTUIECKON TPYNIIbl U ObLT IOCTABICH BOIPOC: BEPHO JIH,
4TO KOHewHas TpocTas rpymma G, me msomopbmas PQJ(2) m PQY (3), serserca w(G)-
KpuTudeckoit? B HacTosmmeil paboTe MOIyYeH OTPHULIATENbHBI OTBET Ha 3TOT BOIPOC.
HoxkaszaHna cremyoras

Teopema 2. Ilycte G — koneunas mpocras rpynmna, K m L — cobcTBeHHBIE TTOA-
rpymnsr G rakwme, yro K < L. Torga, 3a koHeursiM guciaoM uckiarodernd, w(G) = w(L/K),
B TOM U TOJIBKO B TOM ciydae, koraa 6o G = PSpy(q), L = PSLy(¢?).(t), rme q weTHO 1
t — mosmeBoit aBToMopdmam mopsaka 2 rpymmer PSLy(q?), m K = 1, mu6o G = PSpg(2¥),
H=S50412")n K =1.

PaGora Bommonsena npu dunancosoi monnepxke POPU (mpoekt 13-01-00469), Cosera
no rpanraMm [Ipesunenta P® (mpoext MK-3395.2012.1), mporpaMm COBMECTHBIX HCCIIENO-
Bauuit YpO PAH ¢ CO PAH (mpoekr 12-C-1-1018) u ¥YpO PAH ¢ HAH Benapycu (npoexT
12-C-1-1009), u rpanTa mis momonsix yuensix UMM YpO PAH 3a 2013 r.

CIIUCOK JIUTEPATYPHI
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Hea6esneBbl KOMIIO3UIIMOHHBIE PAKTOPHI CPYIIIIHI,
MUHUMAJIbBHOII OTHOCHUTEJILHO MPOCTOr0 COeKTpa

H. B. MacjoBa, II. O. PEBuH

[Iycts 7((G) — MHOXECTBO BCEX MPOCTHIX MEJIUTENIEN MOPSAKA KOHEYHOU rpymnmsl G.
Koneunas rpynmna G munumaibra omuocumenvro npocmozo cnekmpa, ecim w(H) # w(G)
mitst mobon cobcternonn monrpynnsl H B G. Kimace takux rpynn obosnaunm uepes ).
II. Hlymsauxuii 3amucan B “Koyposckyio Terpans’ rumoredy 17.125, sKBUBaJIEHTHYIO Cile-
nyromeir runorese 1: aobad epynna u3 xaacca L) noporcdaemca 08YMI CONPIAHCEHHBIMUY
saemenmamu. B [1] GbUIO MOTYyUEHO YACTUYIHOE TONTBEPKIEHUE TUMIOTE3BI 1, a MMEHHO,
OblTa TOKA3aHA €€ CIPABENINBOCTH IJIs KOHEUHBIX DY C XOJJIOBBIMU MAaKCHMAJIbHBIMI
HOArpYyNIAaMU. DTOT Pe3yJIbTAT OCHOBBLIBAETCS, B TOM YHCIe, Ha pe3yibrarax paboTsr [2].
[TosTomy mpencraBiisieT nHTEpeC IPOOIIEMA: KAK0B8bl HEQOEAEBbL KOMNO3UYUOHHBLE HaKmMOPb
epynnvl u3 Kaacca ) ?

Teopema. Cpenu HeabeaeBBIX KOMIIO3UIMOHHBIX (aKTOPOB I'PYIIBI U3 KIacca ) HeT
Py, u30MOPGHBIX CACAYIOIAM KOHEYHBIM IPOCTHIM I'DYIIIIAM:

(1) A,, onpu HenpocToMm n;

(2) PQam+1(q), rme m > 4 u q HeUeTHST,

(3) PSpam(q), rme m = 2 u ¢ HeyeTHO M M > 4 WM U G YEeTHEL,

(4) Mll; M12, M24, HS, 003, COQ, 2F4(2)/, PSUg(g), PSU4(2>, PSU5(2>, P5p6(2),
PSLs(2), Go(3).

3ameuanue. g rpynmn P, (q), PSps(2™), PSU5(5), PSU4(3) u PSUs(2) Bompoc
u30Mop(hu3Ma HeabeaeBy KOMIIO3UIMOHHOMY (haKTOpy TPYIIBI U3 Kjacca ) OTKPBIT, IJIs
rpynnsl McL on permaercs monoxuTenbHo. OcCTajbHble KOHEUHBIE TPOCTHIE T'PYIIILI, HE
NePEUnCIIeHHbIe B TeOpeMe, TpuHaIexar kiaccy 3) ssumy [3].

Pa6ora Beimonsena npu dbunancosoi noamaepxke PODU (npoeksr 13-01-00469
u 13-01-00505), Cosera no rpauram [Ipesunenra PP (mpoext MK-3395.2012.1), mporpamm
coBMecTHBIX uccienosanuit YpO PAH ¢ CO PAH (mpoekt 12-C-1-1018) u YpO PAH ¢ HAH
Bemnapycu (mpoekt 12-C-1-1009), PIII «Hayussle n HayIHO-TIEAATOTTUECKIE KAl MWHHO-
BanmonHoil Poccuns (mpoekT 14.740.11.0346), nenesoit nporpammer CO PAH na 2012-2014
rr. (uaTerpammonusit npoekT No. 14) u rpanrta mis monomeix yuensix UMM YpO PAH
3a 2013 r.
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Koneunrnie T'PYIIIIBI C 3aJaHHBIMNA MUKJIINYECKNMU IIPDUMAPHBIMA IIOAT PYIIIIaMU

B. I. MyPAIIIKO

PaccvaTpuBaroTcss TOTBKO KOHEUHBIE TPYIIIHL.

Ounpenenenune 1 [1|. Ioarpynma H rpymnnsr G HasbBaercs P-cy6GHOpMAIBHON, ecin
gaubo H = G, nubo cymecrByer nens moarpynn H = Hy < Hy < --- < H, = G Takas, 4To
|H; : H;_1| aBageTcs npocTbiM uucaoM s i = 1,...,n.

B pa6ore [2] B.H. Kusaruna u B.C. Monaxos BBenu un m3yumiau kiacc X Bcex Dy,
V KOTOPBIX BCSIKasl IMUKJIMYIECKasl TPUMapHas MOArpymna ssisercs P-cyonopmanbuon. Umnu
OBLIO TTOKAa3aHO, UYTO X SIBISETCS PA3PEIINMON HACIENCTBEHHON HACBIIIEHHON GopMaImei
n i C X, rme Y — dopmanms BceX CBepXpas3pelruMbIX TPYHI. 3aMeTuM, 4TO KJIace X
COBIIAJIAET C KJIACCOM BCEX TPYII, V KOTOPBIX BCSIKAs MUKJINIECKasl IPUMAPHAs MOATPYIIIa
$l-cyGHOpMAITEHA B CMBICTIE CJIEAYIOIIErO ONPEIe/ICHMS.

Ounpenenenune 2 [3|. Iycts § — ¢opmamus. Ilonrpynna H rpymnmsr G Ha3bBaeTcs
$-cybrOpMasbHON, ecan ubo H = G, nmbo cylecTByeT MakCHMAJbHAS IElb ITOATPYIIT
H=Hy< Hy <---< H, =G rakas, uro H;/Corey,(H;—1) €F mnzi=1,...,n.

Hamvmu nns 3amansOl popMmaruu § BBEOEH W M3YYAETCs KJIACC U§ BCEX T'PYII, V KOTO-
PBIX KaXKas IUKJINJIecKasl IpUMapHasl MOATrPYIa, B TOM YKUC/Ie U eOIUHUIHAS TOATPYIIIA,
SIBIISIETCS §-CyOHOPMAJTLHOM.

Teopema 1. Eciu § — HacmencrBeHHas (HACBIICHHAs) popManus, TO v§ — HACIEn-
cTBeHHAsI (HACBILLEHHA) (hopMAaLHsL.

Hanomunwm [3], uro moarpymma F (G) ompenmesnseTcs CEMYIOMIUMI IBYMS YCIIOBUSMU:
1) F(G) 2 ®(G); 2) F(G)/®(G) — noxoms rpymmsr G/®(G).

Teopema 2. Ilycts § — HacaencTBeHHas HacCbIIleHHas ¢opmaius. Torma m TOIBKO
rorna v§ = §, xorma G/ F (G) sABmseTCs TUKIXYIECKON NPUMAPHOH TDYIIIOH I JIE0OOH
MuHIMAJIbHON He §-rpyrmbl G.

CIUCOK JIMTEPATYPBI
[1] Bacunwes A.®. O xoneunsix rpynmnax ceepxpaspemmnmoro tuna / A.®. Bacunwes, T.M. Bacunvesa, B.H.
TrorstroB // Cub. maT. xypu. — 2010. — T.51, Ne 6. — C.1270-1281.
[2] Monakhov V.S. Finite groups with P-subnormal subgroups / V.S. Monakhov, V.N. Kniahina // Ricerche
di Matematica, Springer, DOI 10.1007/s11587-013-0153-9.
[3] Illemerkor JI.A. ®opmanun xoueunwix rpynn / JI.A. [llemerkos. — Hayxka, 1978 — 272 c.
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O P-AOIIOJTHEHMAX B KOHEUYHBIX I'PDYIIIIax

M. H. HECTEPOB

[Tycts p — mpoctoe gucno. [lonrpynma H xoHewHol rpynnbl (G HA3BLIBAETCS P-00MO0J-
HEHUEM, €CJIN eeé HOpﬂIIOK HE OeJINTCsIa Ha p, a MHIOEKC ABJIAETCdA CTEIIEHBIO YMCJIa p
O6o3aaunm gepes N'C' MHOXKECTBO BCEX HPOCTLIX UMCENI p TAKUX, UTO IJIS HEKOTO-
PBIX HATYPAJBHOTO YHCJIA S, CTEIEHM ¢ MPOCTOrO YKUC/Ia W HEYETHOrO MPOCTOrO dmucia [
CHpaBeJIHI/IBO paBeHCTBO
¢ —1
=

S

p

CHpaBeIIJII/IBa CJIeOyIomiast
Teopema. ,HJI}I ITAHHOI'O IIPDOCTOrO 4YucJja p CACOYIOIINE YTBEP2AKIACHUA S5KBUBAJICHTHEI.

(1) B kaxkmori KOHEUHO I'pyIIIe J00Oble ABa P-IOIOJIHEHHS CONPSKEHBL.
(2) B xazxknor korneurnoli rpymnne G robble gBa p-gonoHeHns conpskeHsl B Aut(G).
(3) B kaxkmoii KOHEYHOI IpyIIe JIoOble [Ba P-TOIOJIHEHUS H30MOPQHBL.
(4) pg NC.
s moKasaTeabCTBa TEOPEMBI UCIIOIB3YEeTC OMUCAHNE P-IOIOTHEHNT B KOHEUHBIX IIPO-
CTHIX rpynnax [1], HosydYeHHOe ¢ TOMOIIBIO KIACCUDUKAIMYA KOHEUHBIX TPOCTHIX TPYIIIL.
Hoxazano, uro uuciia Pepma, a Takxke uncna 2, 19, 37 u 487 He mpuHAIIIEKAT MHONKE-
ctBy NC, B To Bpems Kak uncia Mepcenna npunamiexar maoxectsy N C. Kpome Toro, ¢
HOMOIIIBIO KOMIBIOTEPHBLIX BhIUMCIeHNH Hajinen pan uncesn uz NC, cpenn mux umcna 11, 13
u 73 "He mpeBocxomsaT 100.

CIMCOK JIATEPATYPEI
[1] Kasapun JI.C., O npoussenenun xoneunwrx rpymnn, Hoknaner AH CCCP, 269 (1983), Ne3, 528-531.
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K TEeOoOPpN JIOKAJIbBHO KOHEYHBbIX T'PDYIIII

. . ITABIIOK

B coobitiennu maeTcst onucaHure JIOKAJILHO KOHEUYHBIX T'PYII, B KOTOPBIX COOCTBEHHBIE
MOATPYIIIBI UMEIOT YePHUKOBCKUI KOMMYTAHT, & TaK K€ OIMUCAHUE JIOKAJIbHO KOHEUHBIX MU-
HUMAJIbHBIX HernouTu F'C-rpymi, B KOTOPBIX MHIEKCHO S5KBUBAJIEHTHBI [1] HeTpuBHAIbLHBIE
9JIEMEHTHI.

Teopewma 1. JlokajabHO KOHEYHAS IPYIIIa, B KOTOPOH COOCTBEHHBIE MOATPYIIIBI IMEIOT
YEPHUKOBCKUE KOMMYTAHTHI CAMa IMEET UYEePHUKOBCKHUI KOMMYTAHT.

Teopema 2. JlokanpHO KOHedHas MuHuUMajbHAas Hemouru F(C-rpymnma ¢ mHOEKCHO
9KBHUBAJIEHTHBIMI HETPUBHUAJILHBIMI 3JIEMEHTAMI HEIIPOCTA.

PaGora BbIONHEHA MPU MOMIEPKKE TPAHTOBOIO (GMHAHCUPOBAHUS HAYUHBIX UCCIIENO-
Bauuit Komurerom mHayku MunucrtepcrBa obpaszoBanuss u Hayku PecrnyGnuku Kaszaxcran
(Ne 92 or 04.02.2013 r. Acrana) no Teme ”PaspaboTka Teopuu CpaBHEHUN B IPymnax’ .

CIUCOK JINTEPATYPHI

[1] HMasmox U. Y. JlokaabHO-KOHeYHbIe MuUHUMAaJbHbIe He FC-rpynmel m mpobieMa MUHUMAILHOCTU B
KJlacce JIoKabHO-KoHeuHbIX rpymnm. Yacts 1//Bectauk III'Y um. C. Topaiirsiposa. Cepust ¢us.-Mat. -
ITaBmomap. - 2010. - Ne 2. - C. 58-72.
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O HEKOTOPBLBIX ITIOJIYIIOJIAX HEYETHOI'O IIopsiaAaoKa p3

C. B. IIAHOB

Keazumenom, B coorserctsun ¢ [1, 11.6.1], unu noaynosem HasbBaIOT KOIBIO S =<
S, 4,0 > ¢ enunnueir e # 0, B KOTOPOM KaxXKIOe M3 ypaBHeHUA a ox = b u yoa = b
(a,b € S, a#0) omrosrauno paspermmmo, T.e. S* =5\ {0} — nyna ¢ enurnnei.

[TocTpoenne um kmaccubukams KOHEUHBIX IOJIYIIOJIE TECHO CBs3aHA C Kiaccuduka-
nueif KOHEeUHLIX TOTYTIONEBBIX MIockocTell [2]. V3BecTHO, UTO MOMYHONsA HOPSAIKa p U p-
(p—1pocToe UmeIo) ABIAOTCS TOJsMu [3].

Hamreit 1enbio sBjIseTcs MccaenoBaHue moaynons S mopsamka po, p > 2. DaeMeHTH
ke (k € Z) obpasyor B S eINHCTBEHHOEe MUHIMAJIbHOE Honnone F' o~ Z,, mis mogXomsIero
IPOCTOrO YHCjIa P, mpuueM S eCTh 3-X MepHOe JjnHeiHoe npocTpaHcTBo Hanx F. Econ
sneMeHT x € S\ F ecTh KOpeHb KBAIPATUIHOIO MHOTOWIEHA Haf F') TO OH JIEXKUT B IIOIIIOIE
nopsaka p.

Hamnee mpenmosaraeM, 9TO KaXXIbIA 3JIEMEHT u3 S OMHO3HATHO 3AMMCHIBAETCS KaK MHO-
rowieH oT x crenenn < 2 man F'. OueBumHO, KOMMYTATUBHOCTD B S PABHOCUILHA YCIOBHUIO
rz? = 2%x; Torma cTemeHn x° ompemenieHa OMHO3HAYHO U I €CTh KOPeHb MHOTOUsIeHa f(2)
Tperen creneru Han F. Ecaum B S BBIMOMHSIETCS acCOMUATUBHOCTDL CTEIEHER, TO S — moJIe.

Bosee Toro, nmomymnose S ecThb I0je, eCl OHO KOMMYTAaTHBHO 1 222 = x3x.

Ocrapmmiics cmywait 2222 # 232 mompo6HO mecmenosan, Korma p = 3, e, [4].

Pa6ora BeimonHena npu nonnepxkke Poccuiickoro gorna GhyHIAMEHTAIBHBIX HCCIIENO-
BaHuil (kox mpoekTta 12-01-00968).

CIUCOK JIATEPATYPLI
[1] Kypom A.T". Jleknum no obureir anrebpe. — M., Hayxka, 1973.
[2] Hughes D. R., Piper F. C. Projective planes //Springer - Verlag: New-York Inc. 1973.
[3] Knuth D.E. Finite semifields and projective planes. — J. Algebra, 2 (1965), 182-217.
[4] JTeBuyk B.M., Ilanoe C.B., Hltykkept I1.K. Ilepeunciienus MOIYyMOIEBHIX IOCKOCTEN M JIATWH- CKUX
NpPSMOYTONBHUKOB // ¢6. Hayunbix crareit " Mexanuka u momenuposanue”. - Kpacuospck: Cubl’'AY,

2012, c. 56-70.
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O rpynnax MuxannoBa — Punca

M. C. IIETYXOBA

P. Muxaitsio u U. Punc onpenenunu rpynmnst G(o, 7, A\, i1). DTU IPYNIIILL TOPOXKTAIOTCSE
dn, n > 2, smeMeHTaMu

al,ag,...,an,bl,bg,...,bn,Cl,CQ,...,Cn,dl,dg,...,dn,
7 ONIPENEIISTETCS COOTHOIITEHUSIMM
a;¢j = bo(i,j)dr (i),
aidj = b(i,j)Cu(i,j)»
IJIST BCEX %, ] U HEKOTOPBIX QYHKIINN
. 2
o, A {1,2,...,n} —{1,2,...,n},
TaKuX, YTO UX MapbI
. 2 2
(o,7), (AN p):{1,2,....,n}* — {1,2,...,n}

3amaroT 6mexnmm MEOXKecTBa {1,2,...,n}2, T. e. maa mo6oit mapel uamexcos (i, j') cyre-
CTBYeT eIUHCTBEHHAs Iapa WHIEKCOB (i, j) Takux, aro i = o(i,j), j = 7(i, ), aHAJIOTUIHO
Tt QYHKIAT A\, L.

OTu rPyNIBl HHTEPECHBI TE€M, YTO IPYNIOBOE KObLo k|G| uMeeT menmrenu HyJis:

(a1 +as+...4ap+by+ba+...+by)(c1+co+...+¢c,—dy —de—...—d,) =0.

OCHOBHBIM Pe3yIbTATOM PabOTHI SBIIIETCS

TeopeMa. Hp'U, n = 2 ecaxad z2pynna G(O’, T, )\,,u) u30m0p¢na Henomopoﬁ z2pynne u3
cnedymw,eao cCnucra

FQ * ZQ, FQ * Z4, FQ * Zg, F3 * ZQ, F3 * Z4, F4 * ZQ, FQ * ZQ * ZQ, FQ * (ZQ X ZQ),

Zx(e,d, f | 2= (') )2 = 1), Zx (e, d, f || f2 = ((c1d)*f)? = 1),
Zx(e,d, || £2 = ld(cdf)? =1).
HI'AY, Hosocubupck
E-mail: russian_basket11@mail.ru
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O6i11ee cTpoeHUEe MYJILTUININKATUBHBIX I'PYHI IIOJIEN

K. H. IIOHOMAPEB

XO0pOo1I0 U3BECTHO CTPOEHHE MYJIbTHININKATHBHLIX DY JOKAJIBHO KOHEUHBIX IOJIEH.
OHu IpencTaBILIOT IPSMbIE CYMMBI KBA3HINKIMIECKAX TPYIIIL.

I m06oro He JIOKAIBHO KOHEYHOro moiis L ompemenum ero epynny eduwuy U(L)
cienytommM obpasoM. Ecmu L — mose anrebpanmdecknx dmcesl HyJIeBOH XapaKTePUCTUKIN,
rornga o6o3naunM U (L) — rpynna anrebpandeckux equHuI (0OPATUMBIX 5JIECMEHTOB) IETI0T0
3aMBIKAHIS KOJIbIA LENIbIX dncesl B mojie L. A ecnu B mosie L MMEIOTCS TPAHCIEHIEHTHLIE
5JIEMEHTEL, TO 0003HAUNM asirebpamtdecKoe 3aMbIKaHUE IPOCTOro mojs () B moie L wepes

. B sToM ciygae rpynmoit equHUIl HA3LIBAEM MYJIbTUIINKATUBHYIO TPYIILY 3TOTO TOJIS,
—*

UL)=Q .
Teopema. Paccmorpum mose L, koTopoe He SBISIETCS JIOKAJIBHO KOHEUHBIM. Y TBEP-
XKITaeTcs, 9YTO B MYJbTUINIMKATUBHON TDYIIIE TOJIS HauméTcs moarpymnma D He mMerorrnas
KDydYeHHs, KOTOpas OIpenesseT MPSIMOe PAa3JIOXKeHHe MYJ/IbTUIINKATUBHOH T'DYIIIbI IO
L*:
L*=U(L)x D.

HI'TY, Hosocubupck
E-mail: ponomaryov@ngs.ru
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O mouT; annmpoKCUMUPYEMOCTHU KOHEYHLIMHU p—TPyIIIaMu CBOGOIHOTO
NPOU3BENEHUS IMOJUNMUKINYECKAX IPYNI C HOPMAJILHON 00beIMHEHHON
HOAT PYNIION

A. B. Po3osB

[Tyctes K — wmekoTopwiin kjacc rpymmn. HamomunmM, uto rpynma (G Ha3bIBaeTCs all-
IPOKCUMUPYeMOil rpynmnamu u3 kiaacca K (unn, kopode, K—anmpokcuMupyeMoit), eciau st
KaXKIIOT0 HECOUHUIHOTO diieMeHTa & 13 (G cyIecTByeT roMmoMopdusM rpynnsl G Ha TPYIILY
u3 kiacca KC, o6pa3 sjIeMeHTa T OTHOCUTEIHLHO KOTOPOrO OT/IMYEH OT eaumHuibl. Hcian
JF obo3Ha"aeT KJacC BCeX KOHEUYHBLIX I'DYHI, TO MOHITHE J—-almpOKCUMUPYEMON TI'DYIIIEI
COBIAMIAET C KJIACCUUECKUM TOHSATHEM (UHUTHO AlMIPOKCUMUPYEMOU Tpymnmbl. Hapsmy c
(GUHUTHOI alNpPOKCUMUPYEMOCTBIO M3ydYaeTcs TaK¥Ke CBOMCTBO J ), alllpOKCUMUPYEMOCTH,
rge p — IpocToe 4mucio, J, — KJacc BceX KOHEUYHBIX p-Tpymnmn. bBynem paccmaTpuBaTh
TaK»Ke CBOMCTBO IOYTHU J,—allIPOKCUMUPYEMOCTH, SBJIAIONICECS IIPOMEXKYTOUYHBIM MEXKIY
(GUHUTHON aIIPOKCUMHUPYEMOCTbhIO 1 J)—alnpoKcuMupyeMocThio. HamomuuMm, uTo rpymnma
G obamaeT HEKOTOPBIM CBOWCTBOM TOYTH, €C/TM OHA COMEPIKUT MOATPYIITY KOHETHOTO MH-
IeKca, o0JIaaloNTy0 STUM CBONCTBOM.

B 1952 r. K. T'upm [1] mokasas, uTo mobas MOTUNUKINIECKAs TPyNIa GUHATHO Aafl-
npokcumupyema. A. JI. IlImenskun [2] 8 1968 r. 0606IMI 5TOT PE3ysILTAT, NOKA3aB, YTO
110025 MOMUIUK/INYIecKas TPyIla IOUTH Jp,—allIpoKCUMUIpyeMa I KaXKI0ro IPpoCTOro Iu-
cima p. HecnoxHble mpuMephbl MOKA3BIBAIOT, OMHAKO, YTO AHAJIOTMYHOE YTBEPXKICHUE IJIST
Jp—alllIpOKCUMUPYEMOCTH y2Ke He IMeeT MeCTa.

B 1963 r. T'. Baymcnar [3] mokasas, aTo ¢BOGOMHOE MPOU3BENEHUE NBYX IIOJIUIUKIIN-
YeCcKUX T'PYHOI ¢ HOPMAJILHON OOBENIMHEHHON HNOATPYHIION SIBJIsieTCsl PUHUTHO AIITPOKCUMU-
pyeMou rpymnmoit. DTOT pe3y/IbTaT He MOXKET OBITh PACIPOCTPAHEH ¢ (GUHUTHOW AIIIPOK-
CUMUPYEMOCTH Ha J)—allpPOKCUMUPyeMOCcThb. MHBIMM claoBaMmu, cBOOOTHOE NPOU3BEICHUE
IBYX HOJIAIUKINYECKNUX Jp—allPOKCUMUDPYEMBIX IPYII ¢ HOPMaJIbHBIM OOBEIUHCHIEM YKe
He 00513aHO OBITH J),—allIPOKCUMUPYEMON I'DyIIION.

Nuadge nemo o6cTOUT ¢ MOUTH Jp—alIpoKcuMupyeMocThio. Hamm ObL1 mostyder ciiemy-
IO Pe3yJIbTaT.

Teopema. Ilycte G — cBobomHOE mpousBemeHne moaumukiandeckux rpyma A u B ¢
HOpMaJIbHOH 00BsenuHeHHON moarpynmon H. Torpa rpynna G nourn JF,—anmpoKcuMupyeMa
IJ1sT TF0O0r0 IPOCTOrO 9HUCTIa P.

CIUCOK JINTEPATYPHI

[1] Hirsh K. A. On infinite soluble groups // J. London Math. Soc. 1952. Vol. 27. P. 81-85.

[2] MImenskun A. JI. Ionuuuknngeckue rpynnet // Cub. mat. x. 1968. Tom 9. C. 234-235.

[3] Baumslag G. On the residual finiteness of generalized free products of nilpotent groups // Trans. Amer.
Math. Soc. 1963. Vol. 106. P. 193-209.

Hsanosckuti 2ocydapcmeennviti yrnusepcumem, Ueanoso
E-mail: post-box0230@mail .ru

104


mailto:post-box023@mail.ru

MaussueBckue urerus 2013 Teopus rpyn

AnreﬁpanquKn, Bepﬁaano 1 3K3NCTEHIINAJIBHO 3aMKHYThI€ IIOATPYIIIIbIL
CBOﬁOI[HI:IX HWJIBIIOTEHTHBIX I'DYIIII

B. A. PoMAHBKOB, H. I'. XUCAMUEB

Honrpynma H rpynnsr G Ha3zeBaeTCs aq2ebpauuecky 3amknymot B G, eciau mobast KOHEU-
Has CUCTeMa ypaBHEHUI ¢ KoHcTanTamMu u3 H paspemmma B (G Torma m TOJBKO TOTIA,
korma oHa pasperunva B H. [lonrpynma H eepbaavho 3amkuyma B rpymnmne G, eciu jioboe
ypaBHeHue Buna w(ry,...,T,) = h, roe w(zy, ..., T,) — IPOU3BOIILHOE IPYIIIOBOE CIIOBO OT
0003HAUEHHBIX MMEPEMEHHBIX U h — MPOW3BOJILHBIN 3JIEMEHT moArpymnnbl H, mmeroriee pe-
urenre B rpynme (G, mmeer pertenne B nonrpynme H. Iloarpynma H sx3ucmenyuasvho
3amrxuyma B rpynme G, ecau m06as KOHEUHAS CUCTEMa YPABHEHU W HEPABEHCTB C KOH-
craaTamu u3 H, nmerornas perrenne B rpymmne (G, mMeeT perieHne B noarpymme H.

Teopema 1. Zlag w0601 nodepynnvt N c60600n0t Husbnomewmmuotd epynnovt N, . parea
r > 1 ecmynenu Huabnomewmuocmu ¢ > 1 caedyrowue c80UCmea PasHOCUALHBL:

N — eepbanvro 3amrnymag nodepynna pynnvt Ny .;

N — pempaxm epynnvt N, .;

N — aszebpauuecku 3amrxnymad nodzpynna epynnvt Ny .;

N — c80600nb1t mroxHcumens epynnvt Ny . 6 mnozo06pasuu N, ecex Huabnomenm-
HHIX 2PYNN CMYNEHU HUALNOMERMHOCTU < C.

Teopema 2. Ilodepynna N ce0600not nusvnomewmuot epynnvt Ny . pawea r > 3
CMYNEHU HUADNOMEHMHOCTNU C > 2 IKIUCTNEHYUAIbHO 3amkuyma 6 N, . mozda u moabko
mozda, xoeda N geagemcd c60600ublm mHoHcumenem 2pynnvt Ny . OMHOCUMEALHO MHO-
2006pa3ug N, 6cer MUAbNOMEHMHLIT 2PYNN CMYNENY HusbnoOmenmmocmu < ¢, caedosa-
meavno, N ~ Np, ., 1 <m <r, um > c—1. [ag c =2 nocaednee o2panuvenue caedyem
3amerums Ha m > 2.

3ameTuM, YTO 9K3UCTEHIINAILHO 3aMKHY THIMI IIOATPYIIITaMI CBOOOIHBIX a0eIeBhIX TPYIII
N, 1 ABIAIOTCS WX HETPUBHAJIbHBIC IMpsiMble MHOXuTenu. ['pymna Np . mpu ¢ > 2 He mMeeT
COOCTBEHHBIX SK3UCTECHIUAJIbHO 3aMKHYTBIX ITOATPYIIIL.

Owmcruti 2ocydapcmaeenmnviti ynusepcumem um. D@. M. locmoesckoeo, Omck;
Bocmouno-Kazaxcmanckut 2ocydapemeennbiti mernuueckul ynusepcumem um. . Cepuxbaesa, Ycmo-
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O6 annmpoKCuMUPyEeMOCTH OTHOCUTEJILHO CONPSKEHHOCTU HEKOTOPLIMU
KJIacCaMM KOHEYHBIX I'pyIn O0606III€eHHbIX CBOOOMHBIX ITPOU3BENECHUN
u HNN-pacmmperaun

E. B. Cokol10B

[Tycts C — mpPOM3BONIBHBIN KJIACC KOHEYHBIX T'PYII, COMEPIKAIIUN XOTsI ObI OMHY Hee-
MUHUYHYIO TPYIIY U 3aMKHYTBHI OTHOCUTEILHO B3STUsI MOATPYHH U pacimperuit. Cremyst
ob111IeMy ompeniesieHun o, 6yIeM TOBOPUTD, UTO HEKOTOPas Tpynna X ammpoKCUMUPYeMa KJIac-
com C (mmm, kopoue, C-ammpoKCUMUPyeMa) OTHOCUTEIBLHO OTHOIIEHUS p, CBSI3BIBAIOIIETO
3JIEMEHTHI 3TOU TI'PYIIBI, €CIN IS JIIOOBIX 3JIEMEHTOB, HEe COCTOSIIINX B JaHHOM OTHOIIIE-
HUM, HaumeTrcs romoMopdusm rpymmel X Ha rpynmy m3 kjiacca C, Ipu KOTOPOM OOpa3bl
VKa3aHHBIX 3JIEMEHTOB MO-TIPEXKHEMY He COCTOST B OTHOIIIEHUU p.

ABTOpPOM MOKa3aHbI CIIEMYIOIINE YTBEPKICHIUS.

Teopema 1. IIpousBosbHOE paciIupeHne cBOOOAHON rpynmsl mpu momorru C-TpyImst
annpokcumupyercs kiaccoM C OTHOCUTEIBHO COIPSIXKEHHOCTH.

Teopema 2. Ilycts G — cBobomHOe mpomusBemerne nByx C-ammpOKCHMUPYEMBIX OT-
HOCHTEIBHO CONPSIXKEHHOCTU TPYII C KOHEYHOH ob0benmHeHHOH mnoarpymnmoir man HNN-
pactrupesrne C-annpOKCHMUAPYEeMOH OTHOCHUTEIBHO COIPSKEHHOCTH TPYIIIBI ¢ KOHEUYHBLIMU
cs3aHubIMU noarpynnavu. Ecam rpynna G C-ammpokcumupyeMa (OTHOCHTEIBHO DaBEH-
cTBa), TO 0Ha C-alIpPOKCUMUDPYEMa OTHOCUTEIBHO COIPSKEHHOCTH.

[TockonbKy 06BIYHOE CBOOOMIHOE MTPOU3BEMEHNE NBYX I'PYIIT MOXKHO PACCMATPUBATH KaK
0000IIIEHHOE ¢ TPUBUAJIBHON OOBEMMHEHHON MOATPYIIION, U3 TEOPEMBI 2 BBHITEKAET

Canencreue. (CBobomHoe mpoussenerue AByX rpyir, C-alIpoKCUMUPYEMBIX OTHOCH-
TEJIBHO COHpH)KeHHOCTI/I, caMo aHHpOKCI/IMI/IpyeTCH OTHOCHUTEJIBHO COHp}I)KeHHOCTI/I KJiac-
com C.

Ormernm, uro eciu C COBHAMAET C KJIACCOM BCEX KOHEUHBIX TDYII, yTBEDPKICHUS,
mocTaBisieMble TeopeMaMu 1, 2 U CJIeICTBUEM, M3BECTHBI U IOKa3aHbl B paborax [1], [2]
u [3], coorBercTBeHHO. B ciayuae, korma C — KJIaCC BCEX KOHEUHBIX P-TPYIIIL, PE3yJIbTATHI,
AHAJIOTWYHBIE TeopeMe | U CIEeNCTBUIO, MOTyYeHbl B [4].

CIUCOK JIATEPATYPLI
[1] Dyer J. L. Separating conjugates in free-by-finite groups // J. Lond. Math. Soc. (2). 1979. V. 20. P. 215-
221.
[2] Dyer J. L. Separating conjugates in amalgamated free products and HNN extensions // J. Australian
Math. Soc. 1980. V. 29. P. 35-51.
Stebe P. F. A residual property of certain groups // Proc. Amer. Math. Soc. 1970. V. 26. P. 37—42.
NBanora E. A. ANnpokcuMUpyeMoCTh OTHOCUTEIHHO COMPSKEHHOCTU KOHEYHLIMU p-TPYyTIaMu CBOGOI-

ENEC

HBIX TpousBeneHuil Asyx rpynn // Bectuuk Usan. roc. yu-ta. Cep. “Buomorus, Xumus, Pusuka, Ma-

Temaruka”’. 2005. Bem. 3. C. 83-91.
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O aAnpe COIIPpAXKEHNUsI 3JIEMEeHTOB I'DYIIIIbI

JI. 1. TEHAEBA, . N. IIABJIIOK

[Mycts H - monmuOX)KeCTBO rpynnsl G.

Baenem 6umaproe otHomerne ” = 7 Gasupyromieecs Ha OTHOIIEHNT PaBEHCTBA BEIPA-
JKEHUII B TpyIHIIe.

Onpenenenue 1. [1] (Va,b € G)(VH C G) ((a =Hp) B (a=hb,h e H)) .

Jlemma 1. Ecmu ormomremme ” = 7 gppgercs ormomremmem sxpupamenTHOCTH Ha

simemenTax rpymnsl (G, To H nmonrpynna rpymmnsr G.

Onpenenenue 2. Slapom conpszkerus siaevmeHTa o rpynnbl G B rpymme G Ha30BeM
mHO)ecTBo S(a) asmemenToB h rpynmer (G, ymoBiaeTBopsiolee paBeHCTBY a = hb, rme se-
MEHTEI a,b IpHHAIIE)AT KIacCy G COIPSKEHHBIX 5JI€MEHTOB C G, T. €. AHAJIITHIECKIH
AMpo conpskenns onpenenserca popmyoir S(a) = {h/a = hb,a,b € ‘a }.

JIemma 2. ( KoppekTHocTh BBemeHHoro noHstus). B rpymme G sampa compsikeHus
COIIPSI?>KEHHBIX 3JIEMEHTOB PaBHBI MEXIY COOOM.

Teopema 1. lnsa moboro smementa a rpynnsl G aapo conpsikenus S(a) sBILeTCS
HOpMAJIBHBIM fejiuTesieM rpyrmsl G.

Teopema 2. I'pynna G Toraa u TOabKO TOraa abejeBa, KOrga I JIOOOro ee 5JIeMEeHTa,
g anpo conpsoxerns S(g) = {e}.

JIemma 3. /g mroboro smemenra z m3 neHrpa Z(G) rpymmner G sapo CONPSKEHUS
S(z) = {e}.

Teopema 3. I'pymnna G obrnamaer HerpuBmaabHeM HeHTpoM Z((G) TOrma m TOIBKO
toraa, korga B G CyIIeCTByeT HeTPUBHAJIBHBIN SJIEMEHT z Takod, uro S(z) = {e}.

Pa6ora BeImoOIHEHA TPU TOAIEPKKE TPAHTOBOIO (PUHAHCUPOBAHUS HAYYHBIX UCCIIEIOBA-
it Komurerom mayku Munucrepcrsa obpasoBanust u Hayku Pecry6inuku Kazaxcran (Ne
92 ot 04.02.2013 r. Acrana) mo Teme ”"Pa3paboTka Teopun CpaBHEHUIl B rpymnnax’ .

CIUCOK JINTEPATYPHI
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Pa3peninmbie rpynmnbl ¢ OTrPaHUYEHUSIMUA HA HEOUIIUKIINYECKNE CUJIOBCKUIE
noArpynnsl puTTUHTOBEIX (PaKTOPOB

A. A. TPO®PUMYK

PaccmaTpuBaroTcest TOIbKO KOHEUHBIE TPYHIBL. Bee 0603HAYEHNS U NCIIOIB3y€eMbIe OIIpe-
IETICHIST COOTBETCTBYIOT [1].

Bunukmuaeckoint HaspiBatoT rpynny G = AB, GaxTopu3yemyio MUKINIECKIMEA O PYII-
mavMu A u B.

W3 pesynsrara Bopa [1, ¢. 720] ciiemyeT cBepXpa3pemmMocThb paspermmmMon rpymnst G,
obnafaronieil enovYKon MOAT Py

(I)(G):GQCGlC...CGm_lCGm:F(G), (1)

takoit, uro G; HopmanbHa B G u |G41 /G| SBISETCS TPOCTHIM YUCIOM IJI BCEX i. 3MECh
®(G) — monrpynna Pparrunn rpynnst G, a F(G) — noagrpynma @urtusara rpynnst G.
OueBUIHO, YTO IPYIIA OCTAHETCSI CBEPXPA3PEIINMON, €C/Ii CUJIOBCKUE IIOATPYIINLL B (hax-
Topax uenouku Buga (1) 6ymyT NUKINIeCKuM.

B pa6ore [2] uccienoBamuch paspelnMble IPYIIIbL, Y KOTOPBIX CHJIOBCKUE MIOITDYIIIBL
B dakTopax menouku Buma (1) Guuukimueckue.

B macrosieit paboTe IpOMOIKEHO U3yUeHNe Pa3pPEINMbIX T'PYII, ¥ KOTOPBIX CUJIOB-
CKUe TOArPYNIBL B (hakTopax menouku Buma (1) mMeror 3amanuble orpanudenus. Jlokasana
CITEIYIOIIas TEOPEMA.

Teopema. Ilpenmosoxum, uTo B paspemmmon rpymme G CyIiecTByeT Hemodka IIOA-
rpynn Buga (1) rakas, uro G; Hopmambabl B G U CHIOBCKHE P-HOATPYNIBEI B (haKTOPax
Gi11/G; aagrorcs mu6o 6GUMUKIITIeCKIMIT, 60 mopsamka p° maas kaxaoro p € w(G). Torma
HUJIBOOTEHTHas AauHa rpynnsl G He IpeBsImaeT 4, a mIpon3BooHAasA AJIAHA (GaKTOpP-TPYIIIEI
G/®(G) me mpesbimaer 6.

Paspemmmeie Tpynnbl u3 paGoThl [2] ¥ TPYNIBL, UCCIEAYEMBIE B T€OPEME, UMEIOT OIu-
HAKOBBIE OLEHKY HUJIBIIOTEHTHON IIMHBI, & IJisi IPOM3BOMHON IUIMHBI OLEHKY PA3JINIHBL (B
pabore [2] npoussonuas muuaa G/P(G) He npesbimaer 5). Oka3anock, 9TO €CM TOPSIAKI
HeOUIUKIMYECKUX CIJIOBCKUX MOATPYIN B (akTopax memouku Buma (1) 6ymyT paBHBI Ky-
6am mpocTeix uncen p € {2,3,5,11,17}, mu6o 16, mu6o 32, TO OLEHKA TPOU3BOIHON [AJIMHBL
dakTop-rpynnst G/®(G) ocranercss paBHOI 5.

Pa6ora Beimonaena npu dunancosoit noamepxkke BPODPU (rpant Ne @13M-113).

CIUCOK JINTEPATYPHI
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[2] Tpopumyk A. A. Koneunsle rpynnsl ¢ OUIUKINYECKUME CHJIOBCKAMHU MOATPYIIAMUA B (DUTTUHIOBBIX
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O6 annpokKcuMUPYEeMOCTH KOPHEBBIMU KJIACCAMU I'PyHnn O0000IIIEHHBIX
CBOOOOHBIX MMPOM3BEEHUN C HOPMAJILHBIM O0beIMHEHEM

E. A. TYMAHOBA

B mamHOIl paboTe paccMaTpUBAIOTCS YCIOBUS ANIPOKCUMHUPYEMOCTH ITPOU3BOJILHBIM
KOPHEBBIM KJIACCOM I'DyHII 0O0OIIIEHHOTO CBOOOOHOT'O TPOU3BENEHNs ABYyX I'PYNHI C HOPMAaJIb-
HOU O0OBEOUHEHHOU IOArPYIION.

Hamomuum, uro kmacc rpymnn K HaseiBaeTcss KOPHEBbIM [1], ecim OH 3aMKHYT OT-
HOCUTEIILHO B3SATUS IMOATPYII U NPSMBIX IPOU3BENEHUN KOHEYHOI'O YHNCIa COMHOXKUTE-
Jlell, a TakKxXe yYHOOBIIETBOpseT yciaoBuio ['pronbGepra: ecam X — HeEKOTOpas Trpynna u
1 < Z <Y < X — cy6uopmanbeii psin rpynnst X rtakoir, uro X/Y, Y/Z € K,
To B rpynmne X cyiiecTByeT HOpMajbHas monrpymma 1 takas, uto T C Z u X/T € K.
MoxkH0 moKa3aThb, YTO KJIACC T'PYII SBIISIETCS KOPHEBBLIM TOTA M TOJIBLKO TOTa, KOTOa OH
3aMKHYT OTHOCHTEIBHO B3ATUs MOATPYII U AEKAPTOBHIX CIIjleTeHul [2].

Hanee 6ymem npennonaratsh, uro G = (A x B; H) — o6o0iienHoe cBOGOTHOE MPO-
m3Benmenne nByx rpynn A u B ¢ obwbenuuennon moarpymnmonn H, sopmansaou B A u B B.
Torma monrpynmna H sBisercs HOpMasibHOU B rpynme (G, m mOTOMY Oorpanudenue Ha H
T000T0 BHYTPEHHEr0 aBTOMOpdu3Ma rpynmbl G oKasbBaeTcss aBToMopdusMoM rpymnst H.
O603HaYMM MHOXKECTBO BCEX TaKmux aBTOMOpdu3MoB yepe3 Autg(H).

I'. Xurman mokasast, uTo ecin A u B sSIBISIOTCS KOHEYHBIMU pP-TPyHHaMu, To rpymnmna G
ANIIPOKCUMUPYETCsT ~ KOHEUHBIMU  p-TPyIIIaMu  TOrAa ©W  TOJBKO  TOTOa,  KOTIa
Autg(H) — xomeunas p-rpynmna [3]. IlpuBomumbie masee pesysIbTaThl MOKA3LIBAKOT, UTO
ITAHHOE yTBEPXKIEHUE MOXKHO PACHPOCTPAHUTH HA CBOWCTBO ANIPOKCAMUPYEMOCTH ITPOU3-
BOJIBHBIM KJTACCOM KOHEUHBIX T'PYIII, 3aMKHYTBIM OTHOCUTEIBHO B3SITHUS TMOATPYII, (PaKkTOp-
IPYOII U PaCIIAPEHNN.

Teopema. IIycts K — npoussonsHbil kopHEBOI Kiacc rpymm, A, B € K. Ecomm A/H,
B/H, Autg(H) € K, to rpynna G saBiagercs K-annpokcuMupyeMor.

CnencrBue 1. Ilycts K — 3aMKHYTBIIT OTHOCHTEBHO (PaKTOPU3AINI KOPHEBOU KJIACC
rpyrom, A, B € K, moarpymnmna H xkorweuna. I'pynna G aBisercs K-anmpokcumupyemont Toraa
u ToJBKO Torda, korga Autg(H) € K.

CnencrBue 2. Ilycts K — 3aMKHYTBIIT OTHOCUTEIBHO (PaKTOPU3AINI KOPHEBOU KJIACC
rpyom, A, B € K, moarpynma H sBjseTcs OUKJIMYECKOH HJIM JIEXKUT B IEHTPE XOTS ObI
omHOrO cBObomHOro MHOXUTEI. Torma rpynmna G K-annpokcumupyema.

CIUCOK JIMTEPATYPBI
[1] Gruenberg K. W. Residual properties of infinite soluble groups // Proc. Lond. Math. Soc. 1957. V. 7.
P. 29 — 62.
[2] Sokolov E. V. A characterization of root classes of groups // ArXiv math.GR: 1308.1039.
[3] Higman G. Amalgams of p-groups // J. Algebra. 1963. V. 1. P. 301 — 305.
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O kKoHEeuHBIX rpyIiimnax ¢ He3aBUCMMbIMMA IMOAT PYIIIIaMU

A. A. ITnpxoB

[Monrpymnna H rpynnsr G HassiBaeTcs HezaBucuMon nonrpymmnoit, eciun Ng(K) < Ng(H)
1T 110001 HeTpUBUAIBLHON noarpynnsl K u3 H.

HezaBucuMbiMu moarpymnmaMu, OUY€BUIHO, SBIISIOTCS T'PYIIIBI TPOCTHIX MOPSIKOB, HOP-
MaJIbHBbIE TOATPYHIbI, nomnojueHus rpynn dpoberumyca. [Ipyrumu nmpumepamMu He3aBUCH-
MBIX TOATPYIII CIIyXKaT CUJIOBCKUE 2-TIOATPYIIBI B MPOCTHIX rpymmax Lo (2™), Sz (22m+1)

M. Cysyku (Ann. Mathem., 1980) knaccubunupoBaia KOHEYHbIE TPYIILI Y€THOTO II0-
psIOKa C HE3aBUCUMBIMU CUIIOBCKUMU 2-TIOATPYIIIIAMIE.

JLU. Munos (Cubupck. Marem. 2K., 1980) ommcan KOHEUHBIE TPYIIBI, B KOTOPBIX
HE3aBUCUMA KaXXIasl HUJIBIIOTEHTHAS TOATPYIIIIA.

Omuoit n3 menell MAHHOTO COOOIIIEHUs SIBISETCS M3yUeHUE KIIacca KOHEUHBIX T'DYII, B
KaXKIIOW 13 KOTOPBIX /1I00as HeabereBa moarpymnmna HezaBucuMa. OUeBUIHO, PACCMATPUBA-
eMOMY KJIACCy MPUHAMJIEKAT BCEe KOHEUHBbIE METAaraMMJIbTOHOBBI I'DYIIbI, T.e. TPYIIIbI, B
KOTOPBIX HOPMAJILHBI BCe HeaOeIeBhl MOATPYIIIEI.

Hawasio usyuenuio MeTeraMuibTOHOBBIX rpymnm mosioxmia pabora (I"M. Pomanuca n
H.®. Cecekuna T.M. Pomanuc, H.®. Cecekun. O meTaraMuiabTOHOBBIX rpymnmax. Marewm.
3amn. Ypansckoro Yuusepcurera, 5, Ne3 (1966), 45-49).

Komeunble HEHUIBIIOTEHTHBIE METAraMUIILTOHOBEI T'pyb! Kiaccudurmposas B.T. Ha-
rpeGenkuit (B.T. HarpeGeukuit. KoneuHble HEHIIBIOTEHTHBIE TPYIILI, JI06as HeabereBa
MOATPYIIa KOTOPBIX mHBapwanTHa. Marem. 3am.  Ypambckoro Yumsepcurera, 6, Nel
(1967), 80-88).

Koneunble HUIBIOTEHTHBIE METATAMIILTOHOBLI TPYIIBL onrcanbl B pabore A.A. Max-
HeBa (A.A. MaxueB. O KOHEUHBIX METAraMIJILTOHOBBIX rpymmax. Marem. 3am. Y pasb-
ckoro Yumsepcurera, 10, Nel (1976), 60-75).

Beckoneunble MeTaraMuIbTOHOBBI TPYIIBI, a TakXke 0000IIeH!sT KaK KOHEUHBIX, TaK 1
OECKOHEUHBIX METAaraMIIbTOHOBBIX I'DYII PACCMATPUBAIIUCH B PA0OTAX PA3IMIHBIX aBTO-
poB, u3 koropbix orMeTuM paboTsl C.H. Yepuukosa (C.H. Uepuukos. I'pymnmst ¢ 3ananabivMu
cBoictBamu cuctem noarpymm. M.: Hayka, 1980), H.®. Kyseunnoro u H.H. Cemxo (H.®.
Kyszeunnriz, H.H. Cemkxo. CTpoenne pa3penmMbiXx HEHIIBIIOTEHTHBIX METAraMUIbTOHOBBIX
rpynmn. Marem. 3amerkum, 34, Ne2 (1983), 179-188), F. De Mari, F. De Giovanni (F. De
Mari, F. De Giovanni. Groups with finitely many normalizers of non-abelian subgroups.
Ricerche di matematica, 55, Ne2 (2006), 311-317). HauGosee ” cBexkue” pe3yIbTaThl HA 5Ty
TeMy comepxkarcs B pabore Bollester-Bolinches, J. Cossey (J. Algebra, 2009).

Hamu mosyuens! ciienyrorme pe3yIbTaTh:

Teopema 1. B xoueunoti epynne G awobag neabesesa nod2pynna He3a8ucuma moz2da u
moabko mozda, kozda G mMema2amuibmonosa.

Teopema 2. Koneunadg 2pynna, 8 K0mopoti He3a6UCUMA 410004 abese8a NOJPYNNG, A641-
emea Aubo 08YCMYNEHHo HUALNOMERMMHOT 2pynnot, aubo epynnot Ppobenuyca ¢ HUALTO-
MEHMHLIM JONOAHUMEALHVIM MHOHCUMEAEM, AUOO 2PYNNOT, U30MOPPHOL 00HOT U3 caedy-
OWUT cpynn: 547 A67 L2(7)7 L2(2m)7 m = 2.

Cremytoruit pe3ysbTaT HAaeT TOJHOE OMUCAHNE HUJIBIIOTEHTHBIX KOHEUHBIX TPYII, B
KOTOPBIX HE3aBUCHUMBI BCe abejIeBbl IOAIPYIIIIEL.

Teopema 3. B xoneunoti Husvnomenwmmot 2pynne G 6ce abesesbl nodepynnbl HE3a8UCUMDL
mo2da u MoabKko mo2da, K020a 6bINOAHEHRO 00HO U3 YCAOBULL:
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(1)
(2)
(3)
(4)

G - abenesa ualu 2aMUALMOHOBA 2PYNNA, M.€. 2PYNNa, 8 Komopot 6ce nod2pynnvl
HOPMAALHDL;

G — p-epynna meuwemmo20 nopaodKa, ABATIOWGACT YEHMPAALHLIM NPOU3EEIEHUEM
IKCMPACTEYUAALHOT 2PYNNbL NEPUOOA P U NOPAOKA P° HA YUKAUYECKYIO 2PYNNY;

G uzomopgpua <a,b |a? =b"" =1, a 'ba = b1+pM71> oag Hexomopozo m > 2.
3decy p — npocmoe wucao;

G - uyenmpaavroe npouzsedenue 2pynnvt Juadpa nopadka 8 wa yukiuueckyr 2-
2pYNNY uAu 2pYnny KeamepHuoHos nopioxa 8.

Crenyrommmii pe3yIbTaT 3aBEPIIACT OMUCAHNE BCEX KOHEUHBIX I'DYII C HE3aBUCUMBIMI
abesIeBBIMU ITOAT PYIIIIaMU.

Ckaxem, uro nmkiamueckas rpymna (h) meiicTByer ckajispHO Ha aberneBoit rpymme K,
ecl HajileTcs Takoe Ieioe ameio o, uro k" = k% mra moboro k € K.

Teopema 4. Ilycmv G — xoneunas epynna Ppodenuyca ¢ asdpom K u donoanenuem H. B
G moe2da u moavko mozda 8ce abeaesvl NOI2PYNNBL HE3ABUCUMbL, K020 BBINOAHEHO 00HO
U3 CACOYOUUT YCA0BUT:

(1)

H = (h), K — sxcmpacneyuatbrag epynna nepuoda p, m.e.
K ={a,bla”=b"=[[a,0],a] = [[a,b],b] =1),

2de p — meuemmoe NPOCMOE UUCAO, U CYULLCTNBYEM YEAOE YUCAO X MAKOE, UMO
ah — aa’ bh — ba;

K — abeaesa epynna, a H — yuxauueckad nodepynna, detlicmeyowad CKAAIPHO
na K

K = (k1) x {kg) — saemenmapnas abesesa epynna, H = (h), ki = k', kb = k5?
04T HEKOMODPLIT YEAbIT (1, (o,

H - yukauueckas epynna, K — neyukauueckas saemenmaprad abesesa 2pynna,
H Odeticmeyem nenpusodumo wa K npu conpaxcenuu, a a06ad cobcmeennad noo-
epynna uz H deticmeyem na K aubo menpusodumo, aubo crkasapHo;

K — saemenmapnag abeseea 2pynna nopioka p° 044 HEKOMOPO20 HEUETIHOZO
npocmozo wucaa p, H = Q x Hy, 2de Q) — epynna xeamepruonos nopadka 8, Hy
— YUKAUNECKAT 2PYNna, deticmsyuwad craiapro wa K.

Pesynbrarsr ony6nukosansl Bo Bran. Mar. K. (2010, 2013) u 8 Tpynax UMM ¥YpO
PAH (2011). HoxnampiBamuch Ha mkosax-kKoubepermusax (2010, 2012). Onu cocTaBisoT
OCHOBHOE COIEPKAHMEe MOEHl KAHIUAATCKON AUCCEePTAINN.
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O 3aMKHYTOCTHU agAUTUBHOU I'PYNIbI PAIMOHAJILHBIX YMCEJI B KJjlaccaxX
HUJIBIIOTEHTHBIX I'pynn 6e3 Kpy4eHus

C. A. IIIaAxoBA

Homuanonom [1] mogrpynnsr H rpynust G B kBasumuoroobpasuu M (G € M), o6o3ua-
qaemom dom i (H ), HaseBaeTcs ciemyoniee MHOXKECTBO reMeHToB Tpynnet Gt domy (H) =
{9€GIVM e MVp,¢: G — M,eciu ¢ |g=v |, 10 o(g9) = (9)}, rme ¢, ¢ : G — M —
romoMopdusmbl rpyunst G B rpyuny M; ¢ |, ¥ |g — cyxenue ¢, ¥ va H; o(g), ¥(g) —
00pasbl BIIEMEHTa ¢ Ipu roMoMOpdu3Max @, 1.

Cornacuo [2] rpymma H € 9 maswzaercs n—s3amxuyToit 8 9, ecmu domP (H) = H
mitst obont rpynner G w3 N, comepxkarteit H B kayecTBe MOATPYIIBI U MTOPOXKIEHHON IO
Monymio H n snemenTamu.

[Iycts § — duKCHpOBAHHOE HATYpPAJbHOE YHCI0. B HacTosieln paboTe moka3aHa

Teopema. ApnuruBHAS IpyNia pAQUOHAIBHBIX UHCET 1-3aMKHYTa B IIPOU3BOJIEHOM
KBa3UMHOT000pa3uyl HUJIBIOTEHTHBIX CTYHEHH < S rpymm 6e3 Kpy4eHus u 3-3aMKHyTa B

IIPOU3BOIBHOM KBAa3MMHOI'0O0OpAa3Ny HUJIBIIOTEHTHBIX CTyIeHH < 2 rpynn 6e3 KpyJeHHs.
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O6 o6benuHEeHNU PEIleHN CUCTEM yPABHEHUN B KOHEUYHBIX ITPOCTBIX
HoJiyrpynmnax

A. ITIEBASIKOB

Ilycts S — Bmomne mpocrtas noiyrpynmna. CorsacHo kiaccmueckon Teopeme Puca,
nosnyrpynmna S umeer upexncrasienne (G,P, A, I), u S uzomopbHa NU3BIOHKTHOMY O6BENU-
HeHMo Konuil rpynnel G. Pe3ynbTaT yMHOMXKEHUS 5/1EMEHTOB U3 PA3INUHBIX KOIUI I'DYIIIbL
G ompenenseTcst ¢ MOMOINBIO COHABUY-MATpuUbl P u mHOXecTB mHmekcoB A, . Bmosme
MpocThIe MBI GymeM paccMaTpuBaTh B sa3bike Lg = {-, 71} U {s|s € S}, rne ~! — omnepa-
st B3SITUs OGPATHOTO dJIeMeHTa (B COOTBETCTBYIOIIEH Konuu rpynnsl (G) U BCE DJIEMEHTHI
HOJIyI'PYNIBLL S OTMeUeHbl KaK KOHCTAHTHI B s3bIKe L.

Cormnacro [1], momyrpynmna S sIBISETCSI 9KBAIMOHAJIBLHON O0IACTBIO, €CIH JII0060e KO-
HEYHOe OOBEOUHEHNE PEIICHUI CUCTEeM ypPaBHEHWH Hal S SBJISETCS PELIeHHEeM HEKOTOPOR
CHCTEMBI YDAaBHEHUI.

Mer moxasplBaeM CIIeAyIOIINi Pe3yIbTarT.

Teopema. Bnosne npocras nonyrpynna S = (G, P, A, I) a3bika Lg sBisercs skBanuo-
HaJIBLHOU 00JIACTHIO TOTJa U TOJBKO TOraa, korga rpynna (G — 5KBalUOHAJIbHAS 0OIACTh B
aspike Lg = {-, 71} U{glg € G} n Hopmanmszoparnas marpuna P He conep:kuUT OAMHAKOBBIX
CTPOK W CTOJIOIIOB.
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O cBoiicTBaxX MOJIyHOJIENl YETHOTO MOPAIKa
II. K. IITYKKEPT

Omnpenenenne. Ilomynonem HaspBaroT koubno S = (S,+,0) ¢ enunumen e # 0 u
OMHO3HAYHO Pa3PEeLIuMbIMUA yPABHEHUAME a0 X = b u y o a = b mpu r0661x a,b € S, a # 0,

r.e. S* = (5\{0},0) ecrs ayma.

[TopsimkoM srteMeHTa « B jIyTie OyneM HA3BIBATH HAWMEHBIIIEe IIeJIoe Yuciao n > 1 Takoe,
YTO XOTs OBl OMHO IIPOM3BENEHUEe IJIMHBI N ¢ COMHOXUTEISIMU T PaBHO e. B ocTalbHBIX
cllydasx CUUTaeM NOPSIOOK OeCKOHEUYHBIM.

Knaccudukanus KOHEIHBIX TIOTYTIONEBBIX IIOCKOCTEN 1 MO IONIE TECHO CBA3aHbI. Bo
BCSIKOM KOHEYHOM MOJIyTIONe S KpaTHBIE eNUHUIHOTO SIIEMEHTa 00pa3yloT eIMHCTBEHHOE
MUHEMAaJIbHOE noxpnose F' o~ Z,, [y MOOXOASIIEro IPOCTOrO 4HCIa p (XapaKTepHCTUKA
nosynosnst S), mpuueM |S| = p™, n — pasmepHocTs S Ham F. V3BecTHO, UTO MOIYIOJIS
TOPAMKOB P, p° U 8 ABAAIOTCA TomsaM, [1].

C Opyroil CTOPOHBI, HEACCONMATHMBHBLIE MOJYTONsA mopsanka 16 cymectsyor. Yucimo
IX N30TOIHBIX KJIACCOB PABHO 2, KaK IIOKA3bIBAETCS C UCIOIB30BAHUEM KOMIIBIOTEDHBIX
seranciaenuit, [1], [2], [3], [4]. OxasbBaercs, yxe IUisi HUX NIPOSBILLIOTCS AHOMAJIbHBIE

CBOWICTBAa IO CPpaBHEHHUIO C KOHECYHBIMMU IIOJISAMMA.

Anajor TeopeTUKO-TPYIIIOBON TeopeMbl Jlarpamka mirst synst S* mosymoss S He o6s3aH
BBITIOJTHATHCS [AXKe I MOPSIKOB €e 5JIEMEHTOB. TUIuYHa CJIeIyIoIas TeopeMa, yCTaHO-
BIIEHHAs [JIs TIOJIYIIONS S, COOTBETCTBYIOIIETO IOJIYIIOIEBON MFIOCKOCTH PAHTa 2 MOPAIKa
16, mocTpoennoit B [3].

Teopema. a) [opsnku smemenToB Jjynsr S* obpasyror muoxectso {1,3,4,5,6};

6) BCAKHI 5JIeMEHT HOpsiaka < 3 jymsl S* JeXuT B HOAXOAAILEM HOAIOJE HOPSAKa 4
rnosymoss S, a JIF0O0H APYTroi ee 37IeMeHT MOPOXIaeT S™;

B) mouiymosie S mMeeT, B TOYHOCTH, ABa HOAIOJIS MOPSAKa 4.
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Distance regular colorings of the infinite hexagonal grid

S. V. AvcustiNnovicH, D. S. KrRoTov, A. YU. VASIL’EVA

A vertex partition (Vi,..., V) of a graph G is called a perfect coloring (equitable
partition, regular partition, partition design) if for every 4,5 € {1,...,k} there is a number
a;; such that every vertex from V; has exactly a;; neighbors from V;. The matrix A = (a;;)
will be called the parameter matriz of the coloring. A perfect coloring (V1,..., V) is called
distance regularif its parameter matrix is three-diagonal (equivalently, if the perfect coloring
(Vi,..., Vi) is the distance coloring with respect to Vi; the set V; is known to be a distance
regular code in this case). We study the distance regular colorings of the infinite cubic
graph of the hexagonal grid.

A matrix (aij)f’jzl will be written as [a11a12|a21a22a23|a32a33a34| . |CLk k_lakk].

Theorem. Up to the central symmetry, the parameter k x k matrices of nontrivial
(k > 1) distance regular colorings of the infinite hexagonal grid are divided into:

e 5 matrices [03]30], [03|12], [12]21], [12]12], [21|12], k = 2;
o 6 classes [12|111]...[111|12], [12/111]...[111|21], [21|111]...|]111]12], k = 3,4, 5, ...;

[12]201]102|201]...]201|12], k = 3,5, 7, ...;

[12]201]102|201]...|102|21], [21]102|201]102]...|201|12], k = 4,6,8, ...;

e 9 “sporadic” matrices [03]102|30], [03|111|12], [12]102|12], [21|102|12],

03]102]102[30], [03[102]201|30], [03|111[111|30], [12]102|111|21],

[03/102]102|201|30], [03]102|111|201]12].

FEach of the matrices [03|111|12], [12|201|12] corresponds to two nonequivalent colorings;
each of [01|12], [12]21], [21|12], [12]|111]21], [03|102|201|30], to infinite number of colorings;
every other matrix corresponds to one colorings, up to equivalence.

This research was supported by the Target program of SB RAS for 2012-2014
(integration project No. 14).
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Finite groups in which all 2-maximal subgroups are m-decomposable

V. A. BELONOGOV

Finite groups in which all maximal subgroups are nilpotent was described by O. Ju.
Schmidt in 1924. 2-maximal subgroup of a group is a maximal subgroup of a maximal
subgroup of this group. Finite non-solvable groups in which all 2-maximal subgroups are
nilpotent was studied by Z. Janko in [1]; there are only two such groups: SLo(5) and As.
Finite solvable groups in which all 2-maximal subgroups are nilpotent was described in the
author’s paper [2].

Let m be a set of primes. A group is called w-decomposable (or (m,n’)-decomposable) if
it is the direct product of a w-group and a 7’-group.

Theorem. Let m be a set of primes and G be a finite not m-decomposable group in
which all 2-maximal subgroups are w-decomposable. Then

or G is solvable and |7(G)| € {2,3} (the complete description of G given in [3]),

or G/®(Q) is isomorphic to one of the following simple groups:
(1) A,, where r and (r — 1)/2 are primes, r ¢ {7,11,23};
(2) PSLs(q) for some q > 5;
(3) PSL,(q) for odd primes r and t/(t,q — 1), where t = (¢" — 1)/
(4) PSU,.(q) for odd primes r and t/(t,q+ 1), where t = (¢" + 1
(5) the Mathieu group Mss and the Baby Monster Fs.

Some additional restrictions on parameters of the groups from conditions (1)—(5) and
corresponding sets m are obtained. In particular, in (5) one of sets 7 N 7(G) and 7' N w(G)
is {23} for G = My3 and {47} for G = F.

The proof of Theorem is based on the results of the author’s paper [4] about the control
of the prime spectrum of the finite simple groups.

This work was supported by RFBR (project no. 13-01-00469), REBR-GFEN of China
(project no. 12-01-91155), Program DMS of RAS (project no. 12-T-1-1003), Programs of
JR of UB RAS with SB RAS (project no. 12-S-1-10018) and Belarusian NAS (project no.
12-S-1-1009).
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Completely regular codes in the Johnson graphs J(v, 3)

A. L. GAVRILYUK, S. V. GORYAINOV, I. YU. MOGILNYKH

The Johnson graph J(v,k) is a graph whose vertex set consists of all k-subsets of a
fixed v-set. Two k-subsets are adjacent if and only if they share k-1 elements exactly.
Since the graphs J(v,k) and J(v,v — k) are isomorphic, we assume that k& < v/2. The
Johnson graph is distance-regular, see [1], has diameter k and k + 1 distinct eigenvalues
0, =(k—i)(v—k—1i)—1i,i=0,...,k.

A perfect coloring with r colors of a graph I' (r-coloring, for short) is a partition of
the vertex set of I" into r parts (colors) C1,...,C, such that, for all 7,5 € 1,...,r every
vertex in C; is adjacent to the same number of vertices, namely, ¢;;, in C;. The matrix
C = (¢ij)i,j=1,..r is called the quotient matriz of a perfect r-coloring. It is well known [1]
that the eigenvalues of the quotient matrix are eigenvalues of the graph.

Given a perfect r-coloring, if an appropriate ordering of its colors determines a distance
partition of the vertex set with respect to C;, then C} is called a completely regular code. In
this case, the number p :=r —1 is called the covering radius of the code. The set of vertices
at maximal distance from a completely regular code also is a completely regular code and
is called the opposite code [4].

A t-design is a set B of vertices of J(v, k) (usually called blocks) such that every tIlsubset
of vlset belongs to the constant number of blocks in B. The strength of B is the largest ¢
such that B is a t-design.

One may show [4] that the strength of a completely regular code of J(v,k) is t such
that 6,1 is the second largest eigenvalue of the quotient matrix.

Completely regular codes of strength 0 in the Hamming graphs and Johnson graphs
have been described in [3]. Completely regular codes of strength 1 with the assumption that
a code or its opposite induces a disconnected subgraph in J(v, k) have been described in [4].
Completely regular codes with covering radius 1 in J(v, k) for v < 8 or k = 2 are studied in
[2,5,6].

Given a completely regular code in J(v, k), the inequality ¢ + p < k holds [1], where ¢ is
its strength, and p is its covering radius. We also recall, see [2], that any (k — 1)-design is
a completely regular code in J(v, k). Hence, for k = 3, the parameters (¢, p) € (1,1), (1,2)
remain unsolved.

Completely regular codes in J(v,3) with (¢,p) = (1,1) and under the assumption that
the quotient matrix is symmetric or v is even have been classified in [7].

In the present work, we finish the classification of completely regular codes in J(v, 3).

Theorem. The quotient matrix of a perfect 2-coloring that corresponds to a completely
regular code of strength 1 and radius 1 in J(v, 3) is one of the following:

< 3(v=5) 6 ) < 3(5-3) ) ( 3(3-1) 3(5-2) )

42-2) v—1 )’ L2 L7 ) Y44 213

in particular, v is even. Conversely, for any of the matrices above, there is a perfect
2-coloring of J(v,3) with corresponding quotient matrix.

Conclusion. Recently, there have been several results on the perfect colorings of
various graphs, utilizing the local structure of the graphs [5,7,8]. In this work, using the
approach, we obtain the classification of completely regular codes in J(v,3) with covering
radius p = 1 of strength 1. Moreover, we announce that the case where p = 2 in J(v, 3) can
be also solved using the approach.

Acknowledgement. The work is supported by RFBR (project 12-01-31098), and by the
grant of the President of Russian Federation for young scientists (project MK-1719.2013.1).
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On generalized embedded subgroups of a finite group

X1A0YU CHEN, WENBIN GUO, A. N. SKIBA

Recently, there are many researches of embedded subgroups (for example, n-embedded,
S-embedded, weakly S-embedded, weakly 7T-embedded, §-quasinormal, §,-quasinormal,
§s-quasinormal, §,-normal, §Fp-normal, §s-normal and so on). A problem naturally arises:
Whether one can give a notion which develops and unifies all the above concepts and related
results ?

In order to resolve the above problem, we introduce the notion of §,.-embedded sub-
groups as follows.

A function 7 which assigns to each group G a set of subgroups 7(G) of G satisfying that
1 € 7(G) and 0(7(G)) = 7(0(G)) for any isomorphism 0 : G — G* is said to be a subgroup
functor. If H € 7(G), then we say that H is a T-subgroup of G.

Definition 1. Let 7 be a subgroup functor. Then we say that 7 is:

(1) inductive if for any group G, HN/N € 7(G/N) whenever H € 7(G) is a p-group
and N <.

(2) hereditary if for any group G, H € 7(F) whenever H € 7(G) is a p-group and
H<FE<LG.

(3) regular (quasiregular, respectively) if for any group G, whenever H € 7(G) is
a p-group and N is a minimal normal subgroup (a minimal abelian normal subgroup,
respectively) of G, then |G : Ng(H N N)| is a power of p.

(4) ®-regular (P-quasiregular, respectively) if for any primitive group G, whenever
H € 7(G) is a p-group and N is a minimal normal subgroup (a minimal abelian normal
subgroup, respectively) of G, then |G : Ng(H N N)| is a power of p.

Definition 2. Let § be a non-empty formation, 7 a subgroup functor and H a subgroup
of G. Let G = G/Hg and H = H/Hg. Then we say that that H is §,-embedded in G if
for some quasinormal subgroup T of G and some 7-subgroup S of G contained in H, HT is
S-quasinormal in G and HNT < SZ3(G).

By using the above idea, we established the theory of generalized embedded subgroups,
which develops and unifies all the above subgroups and related results.

Research is supported by a NNSF grant of China (grant #11371335) and Research
Fund for the Doctoral Program of Higher Education of China (Grant 20113402110036).

Department of Mathematics, University of Science and Technology of China, Hefei, China, Department of
Mathematics, Francisk Skorina Gomel State University, Gomel, Belarus
E-mail: jelly@mail.ustc.edu.cn, wbguo@ustc.edu.cnalexander.skiba490gmail.com

119


mailto:jelly@mail.ustc.edu.cn, wbguo@ustc.edu.cnalexander.skiba49@gmail.com

MaussueBckue urerus 2013 Teopus rpyn

d-isolators of finite groups

S. F. KAMORNIKOV, O. L. SHEMETKOVA, YT XIAOLAN

All groups considered in the paper are finite. We use standard definitions and notations
from [1, 2].

Definition 1. An element x of a group G is called QQ-superfrattini if it satisfies one of
the following two equivalent conditions:

1) each chief factor A/B of G for which x € A\ B is Frattini;

2) each chief factor of G having a form < 2% > /B is Frattini.

By definition, the identity element of G is @-superfrattini.

Definition 2. A subgroup H of a group G is called a ®-isolator if it covers all Frattini
chief factors and avoids all non-Frattini chief factors of G.

A connection of @-superfrattini elements with ®-isolators is investigated.

Theorem. For a group G, the following conditions hold:

1) any two ®-isolators of G have the equal order;

2) if H is a ®-isolator of G, then:

a) all elements of H are Q-superfrattini in G;

b) H is not contained properly in any subgroup of G whose elements are all Q-
superfrattini in G;

¢) Coreg(H) = ®(G);

d) if H <G, then H = ®(G).

In 1962 Gaschiitz in [3] introduced the concept of the prefrattini subgroup of a finite
soluble group. In the original presentation the prefrattini subgroup is defined as the inter-
section of complements of the crowns of all non-Frattini chief factors of a fixed chief series
of the group.

By definition, every soluble group has at least one prefrattini subgroup. As shown in
[3], each prefrattini subgroup covers all Frattini and avoids all non-Frattini chief factors of
a soluble group G, i.e. it is a ®-isolator of G.

Proposition 1. Let H be a prefrattini subgroup of a soluble group G. Then all
elements of H are (Q-superfrattini in G.

Proposition 2. Let H be a ®-isolator of a soluble group G. Then H is a prefrattini
subgroup if and only if H permutes with every element of a Hall system of G.
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On II-property and II-normality of subgroups of finite groups

BaAoJuN LI

Let H be a subgroup of group G. H is said satisfying II-property in G, if |G/K :
Ne/k(HK/KNL/K)|is a m(HK/K N L/K))-number for any chief factor L/K of G, and,
if there is a subnormal supplement 7" of H in G such that HNT < I < H for some
subgroup I satisfying Il-property in G, then H is said II-normal in G. These properties
are essential properties satisfied by many subgroups which satisfy some known embedding
property. Groups can be described when some primary subgroups are II-normal, and many
known results are generalized.
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A geometric interpretation of the infinite wreath powers of P. Hall

VAHAGN H. MIKAELIAN

Wreath powers are one of the most elegant structures developed by P. Hall, and used
to construct characteristically simple groups, verbally complete groups and other types of
groups [2, 3, 4]. Although wreath powers are flexible constructions, they are not used as
widely as many of other arguments of Hall due to their rather complicated structure. The
aim of our recent work [5] is to suggest a simpler interpretation for wreath powers, since
some of the analytical proofs of Hall can in easier manner be explained in geometrical terms.
As an application of our approach we construct a group, which was already announced in [1,
Remark 5.6] to answer the question: Is there a 2-generator group G = (x,y) such that G
is not soluble (and, thus, even not locally soluble), but the normal closure (x)¢ of x in G is
locally soluble?

Here is the context in which existence of such a group was considered. [1] considers some
“local-global” conditions in the sense that properties of a group G can be determined by its
2-generator subgroups and by normal closures of single elements in G. This is motivated
by earlier result of Thompson [6], who proved that a finite group is soluble if and only if
any of its 2-generator subgroup is soluble. [1] generalizes this and offers the notion of a
locally radical element x € G (if (2){®¥) is locally soluble for any y € G) and the notion of
a globally radical element x € G (if (x)¢ is locally soluble). For such elements Problem 5.5
in [1] asks: which are the groups in which every locally radical element is globally radical;
which are the groups in which every radical element is globally radical; and which are the
groups in which every locally radical element is a radical? The 2-generator group we build
in [5], also mentioned in [1, Remark 5.6], is in some sense a “minimal” example of a group
G which is not locally soluble, but contains an element which is both locally radical and
globally radical. This example shows that, unlike the case of finite groups, in the case of
infinite groups the properties of locally radical and globally radical elements can be “very
far” from the properties of the whole group.
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d-Harmonic Functions on Discrete Groups and First /*-Cohomology

ROMAN PANENKO

Inspired by works of Puls and Martin—Valette (see [1], [2] and [3]) on first LP-
cohomology of discrete groups and p-harmonic functions, we introduce by analogy the
notion of the discrete ®-Laplacian and prove a decomposition theorem for the space of
®-Dirichlet functions, where ® is an N-function belonging to the class Aq(0) N V2(0). Ac-
cording to the idea, we study the nonreduced and reduced first cohomology of a (finitely
generated) discrete group G with coefficients in the left regular representation of G in the
Orlicz space £®(G) and show that if G contains an infinite normal amenable subgroup with
infinite centralizer then the cohomology space H*(G, ¢*(G)) = 0. We also prove a theorem
about the triviality of the first cohomology space for a wreath product of two groups the
first of which is nonamenable.
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About Shunkov group center with one saturation condition

A. A. SHLYOPKIN, I.V. SABODAKH

The structure of periodic Shunkov Group center, saturated by full linear groups of
dimension two on finite fields, was obtained in present work.

Group G is saturated by groups from the set X, if any finite subgroup K from G is
contained in subgroup of group G, isomorphic to some group from X [1].

Let K be finite subgroup from G saturated by the set X. Define X (K) as a set of all
subgroups from G containing K and isomorphic to groups from X. In particular, if 1 is an
unity subgroup from G, then X (1) is the set of all subgroups of G isomorphic to groups
from X [[2]].

We continue studies started in the articles: [3, 4, 5]. Define & = {GLa(p")}, where p
is fixed prime number and n varies. We proved the following result.

Theorem. Let G be a periodic Shunkov group, saturated by the set & and K € (1).
Then Z(K) C Z(G) and Z(G) is locally cyclic group.
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A new infinite family of arc-transitive distance-regular covers of cliques with
A = i related to Ree groups 2G5(q)

L. Yu. TSIOVKINA

Let I" be a distance-regular graph of diameter 3 and let ;1 denote the number of common
neighbours for any two vertices of I' at distance 2. Recall that if graph I" is antipodal then
' is a r-fold cover of (k + 1)-clique, I has intersection array {k, u(r —1),1;1, u, k}, and any
two adjacent vertices of I" have exactly A = k — 1 — pu(r — 1) common neighbours, where
parameter k is the degree of graph T', see [2].

A graph is called arc-transitive (or edge-symmetric) if its automorphism group acts
transitively on ordered pairs of adjacent vertices.

Arc-transitive antipodal distance-regular graphs of diameter 3 with A = pu were de-
scribed in [1]. In particular, in [1] there were found three new potential series of graphs
corresponding to groups Sz(q), Us(q),2 G2(q). The problem of the existence of one of those
series of distance-regular graphs, which is related to groups Sz(q), where g = 22%+1 > 2,
was positively settled by the author, and this was announced in [3].

In the present work we prove the existence of infinite series of distance-regular graphs
related to groups 2G(q), where ¢ = 322t > 3, which is new.

The following theorem holds.

Theorem. Let G =2 Gs(q), where ¢ = 3%2¢t! > 3, and let S € Syl3(G). Suppose
that g is an involution of G not contained in Ng(S) and let h be an involution contained
in Ng(S) N Ng(S)?. Let H = S(h) and let I'(G, H, HgH ) denote the graph with vertex
set {Hx | v € G} whose edges are the pairs {Hx, Hy} such that xy~' € HgH. Then
I'(G,H,HgH) is arc-transitive antipodal distance-regular graph with intersection array
{®¢° —2¢* —2¢-3,1;1,2(¢* + ¢ + 1), ¢°}.

Acknowledgement. The research was supported by RFBR (project 13-01-00469), by the
Program of the Division of Mathematical Sciences of RAS (project 12-T-1-1003), by the
Joint Research Program of UB RAS with SB RAS (project 12-C-1-10018) and with NAS of
Belarus (project 12-C-1-1009), and by a grant from the IMM of UB RAS for young scientists
in 2013.
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Exact structures on categories of locally convex spaces

SVEN-AKE WEGNER

The class of all locally convex spaces constitutes an example of a category which is not
abelian but allows for the use of homological methods in an intuitive way, see e.g. Wengen-
roth (2003). This is due to the fact that the collection of all its kernel cokernel pairs forms
an exact structure in the sense of Quillen (1973). Indeed, the latter category is even quasi-
abelian, see e.g. Schneiders (1999) for a detailed exposition and Rump (2008) for comments
on the history of this notion.

Unfortunately, many subcategories of the locally convex spaces are not quasi-abelian.
In order to make such a subcategory accessible for homological methods it is necessary to
determine an appropriate exact structure. In particular, this structure should fit into the
framework of the analytic problem under consideration.

In this talk we review some recent results on the hierarchy of pre-abelian categories as
well as on the existence of exact structures. We illustrate these results by examples arising
from functional analysis.
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Spectrum of automorphic extensions of simple symplectic groups over fields of
characteristic 2

M. A. ZVEZDINA

The spectrum of a finite group G denoted by w(G) is the set of its element orders.
Non-isomorphic groups are called isospectral if they have the same spectrum. We deal
with the spectrum of automorphic extensions of simple symplectic groups over a field of
characteristic 2. A. V. Vasil’ev formulated a problem in [1]:

Problem 17.36 Two groups are called isospectral if they have the same set of element
orders. Find all finite non-abelian simple groups G for which there is a finite group H
isospectral to G and containing a proper normal subgroup isomorphic to G. For every
simple group G determine all groups H satisfying this condition.

It is easy to show that a group H must satisfy the condition G < H < AutG. In other
words, the problem is to describe all the automorphic extensions H of a simple group G
such that w(H) = w(G) for every simple group G.

The main result is the following:

Theorem. Let G = Spa,(q), n > 2, ¢ = 28 > 2 be a finite simple symplectic group
over a field of characteristic 2. If G < H < Aut G, then w(H) # w(G).

The work was partially supported by RFBR grant 13-01-00505.
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7,Syp,~-MOIoyJIN U IeJIOYNCIJIEHHBIE TOXIECTBA

A. C. TTOPOUMEHKO

[TonmrHrOMUMAIBHBIE TOXIECTBA U UX YUNUCIIOBBIE M TEOPETUKO-TIPENCTABIEHUECKIE XapaK-
TEPUCTUKU XOPOIIO M3yUEHBI B CiIydae ajredbp Ham moismu xapaktepuctuku 0. OmHAKo
TOXKIECTBa C IeIBIMUI KO3(hPUIUeHTaMI TaKxXKe HaXOMsIT CBOE IIPUMEHEHNEe B TCOPUU KOJIell.

OxkasbIBaeTCsI, 9TO, KaK U B CiIydae ajireOp HamI HOasMu xapakTepuctuku (), m3yde-
HIE TIOJWINHEWHBIX TOXKIIECTB KOJIell C eqUHUIEN MOXKeT OBITh CBeNeHO K M3YyUYeHUIO0 uX
co6cmeenHblr TOXKIECTB, T.6. JIMHENHBIX KOMOWHAIWEI MPOU3BEICHUN IINHHBIX KOMMYTa-
TopoB. B wacTHOCTH, 3HAs GAKTOPHI B psamax MOOAMOMYJER ZS,-MOMyJel MOIMIHHENHBIX
(yHKIUN, OpencTaBiIseMblX COOCTBEHHBIMM MHOIOWICHAMH, MOXKHO, IIOJIB3YSCh aHaJIOIOM
npaswia FOura (wm [Tuepu), BeIUUCIUTL GAKTOPBI B pAmax MOAMOMYJeR ZS,-MOomy el
MONUINHENHBIX (PYHKIUN, TPEICTABISIEMbIX OOBIYHBIMI MHOTOYJIEHAMIU.

Kpowme Toro, cymiecTByeT CBsI3b MEXIY KOPa3MEPHOCTSIME KOJIEII M KOPa3MEPHOCTSIMU
amrebp. OTa CBsA3b IMO3BOISIET MOKA3ATh I KOJIel] 6e3 KPYyJeH!sT aHaJor TUHoTe3bl AMu-

ypa, a mjs KoJjelr 6e3 KpydeHus, UMEIOIINX eIUHUILY, ~— aHAaJIoT TurnoTe3bl Peresa.
Haxe B ciaydae ajareOp HAI MOJISIMUA U3BECTHO JIAIIH HECKOJIBKO MPUMEPOB, B KOTOPBIX
SIBHO BBIUMC/IEHBI KOPA3MEPHOCTHU 1 KOXapakKTepsl TOXAecTB. Cpenn sTux mpuMepoB ' — ajl-

rebpa ['paccmana u anre6pa BepxHETPEYTOIbHBIX MaTpull 2 X 2. B noxsmane 6ymeT mokasaHo,
KaK BBIUYHUCIUTH KOPA3MEPHOCTHU, OA3MC TOXKMIECTB, & TakxkKe (PAKTOPHI B PAOaX MOIAMOIMYJIEH
COOTBETCTBYIONUX Z.S,-MOMyIell MOJMMINHENHBIX (QYHKIINNA, MPEICTABIIEMBIX OOBITHBIMUI
MHOTOUJIEHAMU, [IJIST KOJIEI BEPXHETPEYTOIbHBIX MATpull 2 X 2 1 GECKOHETHOIOPOK IEHHBIX
anrebp ['paccmana HAL KOMMYTATUBHBIMEU KOJIBIIAMU C €OUHUIIEH.

Pa6ora monmepxana rpantamu Fonds Wetenschappelijk Onderzoek — Vlaanderen Pe-
gasus Marie Curie post doctoral fellowship (Benbrus) u POPU 13-01-00234a.
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CymiectBoBanue PI-skcmoHeHT pocTa TOXIEeCTB

M. B. 3ANIEB

Kaxmoit anre6pe A mam mosiem F' HyjeBOil XapaKTEPUCTUKU MOXKHO COTOCTABUTH Iie-
JIOUYUCIIEHHYIO TOCIIENOBATEILHOCTE €y (A), HA3BIBAEMYIO IIOCIIENOBATEIILHOCTHIO KOpa3Mep-
HOCTel TOXIeCTB (MM IIPOCTO MOCIIEHOBATENBLHOCTBIO KOpasMepHocTeil) anre6per A. Bo
MHOTUX CIIyYasX 3Ta MOCIENOBATEIHFHOCTD PACTET HE ObICTPee SKCIIOHEHINAIBLHON (hYHKITIN
ot n. Hampmuep, ecm dim A = d < oo, 10 ¢,(A) < d"™1. Amamormamoe orpanmierne
BBITIOJTHSIETCS TS JTI060 accormaTuBHON Pl-anre6nr. B xonme 80-X romoB mpoImioro Beka
Awmuiryp BBIIBUHYJI TUIIOTE3Y, YTO MPEIET

lim /¢, (A) (1)

n—oo

CYIIECTBYET W SIBILSIETCS LEJIBIM JHCIIOM [JTst 10001 accormaTuBHoi Pl-anrebpor. Ora ru-
noresa Imoilyumsia CBoe monTBepxkienue B kouue 90-x romos [1]. Ilosmmee anamormunast
runoTe3a OblIa MOATBEPXKIEHA I8 IIMPOKOTO Kilacca ajredp — KOHEYHOMEPHBIX HOopa-
HOBBIX U aJbTEPHATUBHBIX ajrebp, aaredbp Jlu u psma apyrumx. Onaako B 0obiieM ciiydae
npenen (1) MoxeT GbITH JIIOOBIM BEIIIECTBEHHBIM YHCIOM (CM. [2]).

3a mocienHne OECSITUICTHUS MOSBUIIOCH OOIIBIIIOE YHCIIO PAbOT, B KOTOPBIX M3YyYaIOCh
ACUMIITOTUYECKOE TOBEIECHNE MOCIeNoBaTeIbHOCTH Cp(A). IIpum 5TOM OCHOBHOE BHUMAaHUE
YAEIIAIIOCH BOIIPOCY O CYIIECTBOBAHUU Tpefnesia (1) m ero BO3MOXKHBIX 3HAUCHUSX IJIS Pas-
AMYHBIX TUIOB ajre6p. Hu omHOro KOHTpIpuMepa K rumoTese CyliecTBOBaHus npemera (1)
IIO CUX TIOP HE yOABAIIOCh MOCTPOUTh.

['maBHBIM Pe3yIbTATOM MOK/IAMIA SBIISIETCS CIEHYIOIIee YTBEPXKICHNUE.

Teopema. [l 1r060ro BelecTBEHHOro uucia « > 1 cyiecrByer aarebpa A,, Takas,
91O

lim, ,  Ven(4s) =1, limy, 00 vV Cn(An) = a.

C ocHoBamMu Teopuu KOPa3MEPHOCTEH TOXKIECTB JIMHEMHBIX aJredp MOXKHO MO3HAKO-

MUTbCA B [3].
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TO)KI[eCTBa BEKTOPHBIX IIPOCTPAHCTB, BJIO2KEHHBIX B aCCOIlIaTNBHBIE anreﬁpbl

. M. UcaeB, A. B. Kucinuuua

[Iycts F' — mHekoTOpOE monte, A — nuHeiiHas (He 06s3aTEILHO acCOIUATUBHAS) alreOpa Hal
nostem F'; E — nonupocTpacTBo are6ps A.

IIycte F(X) — cBobGomHas HeacconmaTHUBHAS ajrebpa OT MHOXKECTBA IIOPOXKIIA0-
nuwx X. ToxmecTBoM BEKTOPHOrO NMpPOCTpPAaHCTBa E HA3BIBAETCS HEACCOUMATHUBHBIN I10-
muaoM  f(x1, X9, ..., 2y,) € F(X) Takon, uro f(ej,es,...,e,) = 0 B anrebpe A musa Bcex
5JIEMEHTOB €1, €2, ...,¢, € E. Toxnecrso f(r1,za,...,T,) ABISLETCS CIEACTBUEM MHO-
xecrBa ToxknecTB G = {gi(x1,...,Tm,;)|i € I}, ecmu muOrOUNEH f(T1,T2,...,%y) JEKAT
B unease anre6psl F'(X), mOpOXIEHHOM MHOTOWIEHAMH, MOJIYUYEHHBIMU U3 MHOTOWICHOB
muoxkecTtBa G = {g;(z1,...,Zm,;)|i € I} ¢ HOMOIIBIO IMHETHBIX 3aMEH IePEMEHHBIX.

O6o3raunm uepe3 2 KI1acC BCEX BEKTOPHBIX IPOCTPAHCTB, BIIOKEHHBIX B aCCOLMATHB-
Hble anrebpel. YICHO, 9TO BEKTOPHOE IPOCTPAHCTBO F, SBIIAIOIIEECS HOAIPOCTPAHCTBOM
HEKOTOPOil airebpel A, JIEXKUT B 3TOM Kjacce, eciau F ymoBieTBOpseT BCeM TOXKIECTBAM
Buna (uv)w = u(vw) Iy BCeX HEACCOMMATUBHBIX ONHOUWIEHOB u3 F(X).

B macTosieit paboTe moka3aHO CIIEIyIOIlee YTBEPXKICHUE:

Teopema. ToxnecrBa knacca 20 BEKTOPHBIX HPOCTPAHCTB, BIIOXKEHHBIX B aCCOLHA-
TUBHBIE aJIre6phl, He CIeAYIOT U3 KOHEYHOrO HabOpa TOXKIAECTB, BBIIOIHAIOIINXCI B 9TOM
KJIacce.

CIUCOK JINTEPATYPHI

[1] Ucaee M.M., Kwucmunma A.B. O ToxmecrBax NPOCTPAHCTB JIMHENHBIX IpeoGpasoBaHuil //
MausbrieBckue 4UTeHWs: Te3UChl MHOKJIAZIOB MeXIOyHaponHou KoHdepeHiuu o MareMaTruke. 2010.
http://www.math.nsc.ru/conference/malmeet /10/abstracts.pdf.

[2] Ucaes Y. M. ToxnecTBa BEKTOPHBIX IPOCTPAHCTB U IPUMEPHI KOHEYHOMEPHBIX JINHENHBIX anrebp, He
UMEIOLINX KOHEYHOro 6asmca ToxnecTs // MaJbleBcKue YTEeHUs: TE3UCHI MOKIIALOB MEXIyHapOIHON
koH(pepenuu o Maremaruke. 2012. http://math.nsc.ru/conference/malmeet/12/malmeet_2012.pdf.

Aamaitickag 2ocydapcmeennad nedazo2uueckad axademud, Baprnaya
E-mail: isaev@uni-altai.ru, kislitsin@uni-altai.ru

131


mailto:isaev@uni-altai.ru, kislitsin@uni-altai.ru

Manbnesckue urerns 2013 Teopus koJierr

O kxoHeuHOU 6a3UPYEMOCTU TOXKIECTB HEKOTOPBIX KJIACCOB BEKTOPHBIX
IPOCTPAHCTB

A. B. Kucnuuux

[Tycts F' — mose HyJI€BON XapakKTepucTuku, A — acconmmaTuBHas ajarebpa Ha MOJIEM
F, E — nognpocTpancTBO (He 00s3aTeNbHO ABIIIoNIeecs nonanrebpoit) amre6pet A. Ilycrs
F[X] - cBoGonnas acconumaTusHas ajarebpa oT MHOxecTBa nopoxpaamonmx X . Toxmecrsom
BEKTOPHOTO MPOCTPaHCTBa E HasbiBaeTcss MHOrOUIeH f(x1,Zs,...,T,) € F[X] Takoi, 4ro
fler,ea,...,e,) =0 B amrebpe A mis Bcex 5JIEMEHTOB €1, €3, ..., 6, € E. Ecmu Bce Toxme-
CTBa MPOCTPAHCTBA F CIenyioT U3 KOHEUHOUN COBOKYIHOCTU TOXKOECTB I, To mpocTpancTBo
E Ha3pIBaIoT KOHEYHO 6a3mpyeMbIM. B IPOTHMBHOM Ciydae T'OBODST, UTO [ — He KOHEYHO
Oa3zmpyeMoe IPOCTPAHCTBO.

B pabore [1] mokazaHo, 4TO 1060€ BEKTOPHOE MPOCTPAHCTBO, BIOXKEHHOE B ACCOIMA-
TUBHO-KOMMYTATUBHYIO ajrebpy, UMeeT KOHEUHLI 6Gasuc ToxkmecTs. B [2, 3| mokaszano,
9TO BeKTOpHbIe mpocTpaHcTBa A; = (e11,e12)p u Ay = (e11,€21)F, YAOBIETBOPSIOIITE
ToxmectBaM [z, y|z = 0 u x[y, z] = 0 cooTBeTCTBEHHO, KOHEUHO GasupyeMbl. B To xe Bpewms,
BEKTOPHOE IIPOCTPAHCTBO, YAOBIETBOPSIOIIEE TOXKIECTBY L[y, u]v = 0 MOXKET 0Ka3aThCs Kak
KOHEYHO 6A3MPYyEeMBbIM, TAK U HE KOHEUHO GasupyeMbiM [2, 3, 4].

B macrosieit pabore umcciaenoBaH BOIPOC KOHEYHOU 0a3UPyEeMOCTH TOXKIECTB ITPOU3-
BOJIBHBIX BEKTOPHBIX ITPOCTPAHCTB HAJ TOJIEM HYJIEBOU XapaKTEPUCTUKU, yIOBIETBOPSIIO-
umwx ToXxmecTsaM [z, y|z = 0 u z[y, z] = 0, a UMEHHO, TOKA3AHBI CIIEAYIOIINE Y TBEPKICHNS.

Teopema 1. BektopHoe npocrparcTBo V Ham nostem F' HyteBoit xapak TepUCTHKH (BJIO-
JkKeHHOe B acconmaTuBHyw F-amre6py), ymosmerBopsroree ToxmectBy x|y, z] = 0, umeer
KOHEYHBII 6a31C TOXKIECTB.

Teopema 2. Bekroproe npoctpancTso V Hang nosnem F' HyneBor xapakTepuCTHKY (BIIO-
JkeHHoe B acconmaTuBHyro F-amre6py), ymosmersopsroree ToxmectBy [x,ylz = 0, umeer
KOHEYHBIH 6a3UC TOXKIECTB.
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IIpoexTupoBanus koJsen I'amya

C. C. KOPOBKOB

Bce paccMmaTpuBaeMble B ITAHHOM COOOIIEHUN KOJIBIA TIPEANOIAraloTCs acCOInaTUB-
aeiMu. Berony Hmxke R u R¥Y — Kombla ¢ M30MOPMHBIME PEIIETKAMA TTOOKOJEN, a ¢ —
pereTouHBIN n30Mopdu3M (MHAUE — NpoeKTUpoBaHme) Koibla R Ha xoiubino RY. Kombio
R? 6ymeM Ha3bIBaTH MPOEKTUBHBIM 00paszoM kKoibla R. OmHON W3 3amad u3ydeHus pe-
IIIETOYHBIX U30MOP(PU3MOB KOJIEIl SBJISETCS MOIydYeHUe OMUCAHUS MPOEKTUBHBIX 0Opa30B
KOJIEIl, MPUHAJIEXKAIMX KOHKpeTHOMY Kitaccy kosenn K. Ilpyras 3amaua 3akiIi09aeTcs B
Haxoxknenun koser n3 K, n30MOphHBIX CBOUM MPOEKTUBHBIM 06pa3aM (MHBIMU CJIOBAMUI —
HAXOXKIIEHNE KOJIeI[, ONPEIeIISIIOIINXCS CBOUME PEeIIeTKaMU MOIKouen). B manHOl paBore
B KauecTBe K paccmarpuBaercs knacc xoiter ['amya. Koavyom I'aaya Ha3BIBAETCS KOIBIO
GR(p™, m), nzomoppuoe daxropkonsity Klz|/ (f(z)), rme K = Z/p"Z, p — upoctoe 1n-
cino, f(x) — mempumBommMmbli Han K muorouneH cremenn m u (f(z)) — riIaBHBIL wmean,
nopoxneHubiit MHorowreHoM f(z) B konbiie K[z]. Komnbua Nanya urpaior BaxkHyio posib B
Teopun KOHeuHBIX Kosterl. CBOMCTBA pEIIeTKN MOIKOJIell KOyblla ['agya 3aBucaT OT 3HaYe-
Huil uucest n u m. HambGomee mpoctoe crpoenue perrerka nonkosern L kombua GR(p™,m)
nmeeT mpu m = 1 (L sBristercst nenso) u upu n = 1 (L gucrpubytuBHa). Tombko B 5TuX
ClTydasx CyIIeCTBYIOT MPUMEPLI MPOEKTUPOBAHNUIT KoJtel ['ailya Ha KOJIbIa, He ABIIAIOIIIECs
konbiiamu [Mamya. Ilokazana cremyroiras TeopeMas

Teopema. Ilycts R = GR(p"™,m), raen > 1,m > 1. Torga R¥ = R.

Pemerounsie uzomopdusmer mosnein [Namya pacemarpusaiuck B pabore [1]. Onucanume
KOJIEII, PEIIeTKN TIOAKOJIEll KOTOPBIX ABIAIOTCS TensaMu, npuseneHo B padore [2]. Chopmy-
JMpOBaHHAs TeopeMa 0006IIaeT pesyabTaT aBTopa, noiydenubiii panee (cum. [3]). Comep-
xarmumecst B paborax [1] u [2] pesyapTaThl BMECTe ¢ IPUBEAECHHON TEOPEMOH MAIT IHOJHOE
pellleHne YKa3aHHBIX BBIIIE 3a1aY I KIacca Kouer L aiya.

[TpuBemeM MBa BAXKHBIX CBOMCTBA PEIIETOYHBIX U30MOPGU3MOB Koser ['amya.

IIpennoxenue 1. Ilycte R = GR(p™,m), n > 1, m > 1 u e — eANHUYHBIN 3JI€MEHT
komnbra R. Torma (e)¥ = (€'}, rme ¢/ — enunmuneIi smeMeHT KoIbna RY.

IIpensoxenne 2. IIycte R = GR(p™",m), n > 1,m > 1. Toraga (pR)¥ = pR®.
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O nmpeancTaBJIEHNN HEKOTOPHBIX KOHEYHBIX KOJIell MaTpHUuIlaMM Han
KOMMYTaTUBHBIMHI KOJIbIIaMM

A. MEexkEe#, JI. OrOYHIRIOT

B pa60Te OAaHO IIOJTHOE OIIMCaHHUE IMOAIIPAMO HEPA3JIO2KMMBIX KOHEYHBIX aCCOIMATUBHBIX
KOJiell HUJIBIIOTEHTHBIC 3JIEMCHTBEI KOTOPBIX IIEPECTaHOBOYHBIM. OcHOBHBIM pPeE3yIbTaTOM
SABJIA€TCA TeopeMa.

Teopema. JIro6oe xomeunoe aCCOIMaTUBHOE KOJIBIIO, HUJIBIIOTEHTHBIC 3JIEMCHTEI KOTO-
PBIX IIEPECTAHOBOYHBIM, IIPEOCTABUMO MaTPpUIlaMI Had KOMMYTaTHUBHBIM KOJIBIIOM.
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Anre6ps! Ilyaccona n anre6pbl PuunmnoBa

A. II. ITO>KUIOAEB

[Iycts A — anrebpa Ilyaccona (A4;{,},-), rme {,} — ckobka Jlu, - — acconmaTuBHas
KOMMyTaTuBHas oneparus. [lycts D — numeiinoe orobpaxkenue na A (o6o3unaunm D(a) =
a). OmupenmenuM Ha BEKTOPHOM IIPOCTPAHCTBE AireOpbl A HOBYIO TEPHAPHYIO ONEPAIIUIO
IPaBUIIOM

[z,y,2] = A{zy}-z2+{za}-7+{y,2}-7

s MO0BIX X, Y, 2 € A. O603HAUNM Oy YUBIILYIOCS TEPHAPHYIO anredpy depes Ap.

Teopema 1. Ilycmv (A;{,},) — asacebpa Iyaccona ¢ Jufpepenyuposarnuem D
(ommocumeavno obeur onepayul) u Moxrcdecmeom

ez} + (o o) + (2Ho) = 0

Toeda (Ap; |, ,]) asagemcs mepnapnoti aszebpoti Duaunnosa.

Teopema 2. IIyemwv (A;{,},:) — aubo aszebpa Ilyaccona nad nosem F rapaxmepu-
cmuky 2, aubo agseebpa Ilyaccona ¢ moxcdecmeom

{eyHeu} + {za}{yu} + {yz}Hou} = o

Toeda (Ap;|, ,]) g6agemcs mepraprot aszebpoi Duaunnosa, ecau D — moacdecmeennoe
omobpaxcenue na A.

Teopema 3. ITycmo (A;{,}, ) — aaeebpa [Iyaccona ¢ morcdecmeamu
{ab}e + {ca}b+ {bcta = 0,
{de}{ab} + {db}{ca} + {da}{bc} = 0.
Tozda (Ap;|, ,]) aeagemca meprapnoti aseebpoti Puiunnosa.

PaGora wacruuno nognepxkana doumom PODPU (rpamter 11-01-00938-a, 12-01-33031).

UM CO PAH, Hosocubupck, Poccus
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O cTpykType dakTOopuU3auuil IMHENHBIX OOBIKHOBEHHBLIX Nud@depeHIInaIbHBIX
OIIepaTOPOB B CJIydae MepecTAaHOBOYHOCTHU Bcex (haKTOPOB

A. B. IIyprun

PaccmaTpuBatorcs: daxTopmzanuu B KOJIbIE JIMHEHHBIX OOBIKHOBEHHBIX OuddepeHIu-
anbHbIX ornepaTopoB (JIOHO) ¢ xosddunumenTamMm U3 OIS pAMOHAIBHBIX GyHKIui Q(z),
[1] — [2]. CumBonom P Gymem 0603HAYATDH JIMHEHHBIN OOBIKHOBEHHBIN MuddepeHIMaIbHBIIT
omepaTtop P = D" + fi(x)D" ' + ...+ fu(x), D =d/dz, rne fs(x) npuHamIexaT MO0
Q(x). BBemem OTHOIIIEHHE YACTUYIHOTO MOPSIAKA HA MHOXKECTBE BCEX IPABBIX IEIUTENIEN
npoussosibaOro JIOO P crenmyromum obpasom: mycTs P} u P, — HEKOTOpBIE TIpaBbIe Iie-
nuTenu oneparopa P, 6ymem roBoputh, uto P; < Ps, eciu onepaTop P sBIsSeTCS IpaBbIM
nmenuTeneM omnepatopa Pp. YacTUYHO ymoOpsSmOYeHHOE MHOXKECTBO MIPABBIX HEIUTEEN MPO-
m3BobHOTO JIOIIO P sBiseTcss PEIeTKOW C OMEPAIUsSIMEU B3ITHUS TOYHON HIUKHEW I'paHu
inf{Py, P} = rGCD(Py, P,) u Tounoit Bepxueit rpanu sup{P, P»} = rLCM(P;, P;), roe
rGCD(P;, P») o603HAaUaeT OIEpaTop, SBISAIOIIANCS IPABBIM HAUOOIBIINM OOIIUM eITNTe-
JeM HeHyJIeBBIX omepaTopoB P u Py, a TLCM(P;, Py) — omepaTop, SBISIOIIMIACT WX IIpa-
BBIM HauMeHbIINM oOImM KpaTHbIM. Ilycts P = PpoPyo...Po Py 0 Piyso0...0 P
— HeKOoTOpas (HaKTOpU3aIUs JTUHEHHOTO OOBIKHOBEHHOTO Aud@EepeHIInaILHOTO OepaTopa
P na menpuBommMmble MHOXuTenu P;. st mro6oro i € {1,...,k} obo3naumm cumsoaom (F;)
crenytomi onepatop: (P;) = P;oP;y10P;150...0 P, — UMEHHO OH U SIBIIIETCS SJIEMEHTOM
pelleTKN NpaBbIX menuTeseil onepatopa. Ba (s mpocTOTHl HEPA3IOKUMBIX) OIEPATOPA
P u () 6yneM Ha3bIBaTh MEPeCTAaHOBOUYHBIMU B mpou3Beneruu PP o ), eciu P o () = Q1 o Py,
Q1 # P, P # Q[1]. Bynem rosoputs, uro y JIOIO P Bce GhakTOpbI MepecTaHOBOYHEI,
ecnu B 0001 hakTOpu3aluu ornepaTopa P Ojs J00bIX IBYX COCEHUX MPAaBBIX HEIUTENICH
(P;) u (P;+1) oneparopst P; u P, ] mepecTaHOBOYHBHI.

Teopewma 1. Ilycts y onepatopa P Bce ¢paxTOpbI mepecTaHOBOYHEBIL. Torma CyIecTByeT
daxTopnzanus

PzPloPQO...oPloPkno...oPk131oszlo...oPk%Qo...oPkrlo...oPk

TSy

(B koroport mbr umeem | ( rme | > 0) momapHo HecxomHbIX dakTopoB u r (rme r > 0) mHO-
2KecTB (paKTOPOB, B KaXKIIOM U3 KOTOPBIX BCE (haKTODHI CXOAHbIE), U pereTka L p n3oMopdHa
OPAMOMY ITPOU3BEAEHHIO | SK3eMILIAPOB 2 1 T 9K3eMILIIpoB permerok MY mommpocrpancts
k;-MepHBIX BEKTOPHBIX IPOCTPAHCTB (i = 1,...,7).

CIMCOK JIMTEPATYPBI
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AGesneBnl T'PYIIIIbI C UTHBAPDMAHTHBIMMA CIIpaBa M30MeETPUAMMN

A. P. YExJiOoB

MouoMoppu3MBI TPYIIIBLI, COXPAHSIOIINE P-BEICOTHI €€ 3JIEMEHTOB OylIeM HA3bIBATh ee
uzomempugamu. BymeM roBOpUTH, UTO M30METPUU TPYIIILI UHBAPUGHMHbL CNPABG, €CITA s
TOOBIX €e M30MEeTPUil «v, § HAWmeTCs Takas M30MeTpus vy, 4to af = (7. ABTomMopdusmb
JI000M TPYIIBEI HBAPUAHTHLI CIIPAaBa; CIEIOBATEILHO, K PACCMATPUBAEMOMY KJIACCy T'PYIIIT
OTHOCSITCS BCE T'PYIIIBI, N30METPUU KOTOPBIX ABJISIOTCS aBTOMODP(OU3MAMIU.

Teopema 1. [lma memumort rpymnnbl D SKBUBAJIEHTHBI CIEYIOIIAE VCIIOBUS:

(a) ee m30MeTpUN MHBAPUAHTHBI CIIPABA;

(6) mr06as ee M30MeTPUS SABISLETCS ABTOMOPPUIMOM;

(B) wacTb 6e3 kpydeHns rpynisl D, a Takxke Kaxknas ee p-KOMIIOHEHTA UMEIOT KOHEUHBII
DAaHT.

Teopema 2. Y mepenynupoBauroi rpynnbl A = D @ G, rne D — nmenumas 4acTb
rpymnnsl A, n30MeTpu HHBAPUAHTHBI CIIPABA TOTIA U TOJIBKO TOTAA, KOTAa 3TUM CBOIICTBOM
obmanaror rpyanel D u G.

Teopema 3. /Ing penyumpoBanHoi p-rpynnsl A cienyrornme ycaoBus (a)—(B) sKkBuBa-
JIEHTHBI:

(a) m3omerpuu rpynnbr A ABISIOTCS €€ AaBTOMOP(PHU3MAMIY;

(6) m3oMeTpun rpynnsl A HHBAPUAHTHBI CIPABA;

(B8) A He mMmeeT cOGCTBEHHBIX UHCTBIX IOATDYII, U30MOPPHBIX caMol rpymie A.

Ecmn x Tomy xe rpynna A mepmommdecku mojiHa, TO Kaxmoe u3 ycaoBuil (a)—(B) pas-
HOCHJIBHBI TOMY, UTO BCe MHBapuaHThI YiabMa-Kammanckoro rpynmnbl A KOHEYHEL.

Teopema 4. [lns pemynupoBaHHONI BIOJIHE PAa3JIOXKUMON T'pDyIIbl 6e3 kpydeHus A
CJIEYIOIINe YCIOBUSA SKBUBAJIEHTHEL:

(a) m3omerpuu rpynmbr A ABIAIOTCS €€ ABTOMOP(PHU3MAMIY;

(6) m3omerpuu rpynnbl A HHBapHAHTHBI CIPABA,;

(B) MHOXKeCTBO THIIOB BCeX MPIMBIX cJaraeMbIx panra 1 rpymmel A ymoBaeTBopseT
VCJIOBHIO MaKCUMAJIBLHOCTH U KaXXOas OMHOPOMHAS KOMIIOHEHTA IPYIIILI A mMeeT KOHEeUHBIH
PAaHT.

Teopema 5. Y pemynupoBaHHON ajirebpandecku KOMIIAKTHOH rpymnmnbl A m3omeTpun
MHBAPUAHTHBI CIIPABA TOTIa U TOJIBKO Toraa, koraa A mmeer crpoerne A = BOG, rne B —
anrebpamvdecku KOMIIAKTHAS TPYIIIA, CIyXKaIllas aareopandecku KOMIIAK THBIM 3aMbIKAHUEM
MIEPUOAUIECKON TPYIIIIBI, KaXAasd IPUMapHas KOMIOHEHTa KOTOPOU ABJIAETC MEPUOANIECKH
ITOJIHOH T'DYHIIOH C KOHEUHBIMU WHBapuaHTamu YJbMa-Kammanckoro, a G — aarebpamde-
CKM KOMITAKTHAS IpyIna 6e3 KPydJeHUs, Kaxaas p-aaudeckas KOMIOHEHTa KOTOPOH HMEET
KOHEUYHBII p-paHT.

Tomckuti 2ocynusepcumem, Tomck
E-mail: cheklov@math.tsu.ru
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TepHapHble nuddepeHIINPOBAHNS IIOJIYyIIPOCTHIX NOPAAHOBBIX cynepajire6p Ham
oJjieM XapaKTepUCTUKU HOJIb

A. Y. IIECTAKOB

Tepuapubie nuddepeHInPOBAHNS, a TaK¥XKe CBI3aHHbIE ¢ HUME 0000IeHHbIe nuddepeH-
[IIPOBAHUS M3YUYANCh B PA3IMIHBIX Kilaccax airebp, cM. Hampumep [1] -[6]. B macroseit
pabore 5Ta 3amada U3yvIaeTcs I KOHEYHOMEPHBIX MOPIAHOBLIX CYIeparetp.

[Tycte A — cymepanrebpa man moimem @, t.e. A = Ag + Ay — Zo-rpamyupoBanHas
d-anrebpa.

Tpoiika (D, F, G) onnoponubix nuHeinHbx oTobpaxenuit D, F, G € End(A) masbiBaercs
mepraprvim Juddepenyuposanuem cymepanredpor A, eciau mis MOOBIX X,y € A BBITOTHS-
eTCsl PABEHCTBO

D(xy) = F(z)y + (=1)?@¢s G (y).
[TepBas xommonenTa D TepHapHoro nuddepennuposanus (D, F, G) Ha3bIBaeTCS Takke 00-
obwenmnbim dupdepenyuposanuem. IlorsTre TepHapHOro/0606IIEHHOTO AUdHOEPEHITPOBA-
Husg 0600maeT obbrunble quddepernuposanus npu D = F' = @, a Takxke o-nuddepernupo-
Barus npu F'= G = 6D, (§ € ®), cm. manpuwmep [7]-[8].

SameTuM, YTO TPOWKM OTOOPAXKEHUN CIICAYIOIIEro BUIa, OUYEBUIHO, SBIISIOTCS TePHAP-
HEIMU TudepeHnupoOBaHTSIMEI B JTIOO0U cyTiepasreope:

A= (¢p+1+D° ¢+ D° ¢+ D), (1)

rme ¢,v — IPOU3BOILHEIE SIIEMEHTHI IEeHTpouna cymepainre6pul A, a DY — mo6oe 06bIK-
HOBeHHOE muddepeHmpoBanue B A, T.e.

D°(zy) = D°(x)y + (~1)*0 o@Dz D0(y),

npu sToM deg ¢ = degp = deg D° = deg A. HazoBem mpuBeneHHEIC TepHAPHEE MuhdepeH-
rupoBanus Buna (1) — cmandapmupimu. COOTBETCTBEHHO, ONPEIEISIFOTCSA U CTAHAAPTHLIE
0060011eHHbIe MU epeHInpoBaHNs KaK IVIaBHbIe KOMIIOHEHTHI CTAaHIAPTHBIX TePHAPHBIX
nuddepeHInPOBAHNIN.

[TokazaHo, 4TO, 3a OIpENEIEHHBIM UCKIIIOUEeHIEM, BCIKOe TepHapHoe (0606IeHHoe) mud-
(pepeHImpOBaHTE B MOIIYIIPOCTHIX MOPAAHOBBIX cyIlepajredpax Ham ajarebpandecKkn 3aMKHY-
TBIM TIOJIEM XapaKTEPUCTUKU HOJIb SIBJISIETCS CTAaHIApTHHIM. VICcKIiodueHme CBSI3aHO C IIPO-
CTOU cymepasredpoit HEBBIPOKICHHON OUINHENHON (GOpMBI [, OIpeneIeHHON Ha MOTHOCTHIO
HEUYETHOM IBYXMEPHOM BEKTOPHOM IpocTpaHcTBe V', T.e.

JWV,f)=®-1+Vo+ Vi mpu V=0, V1 =V, dimV =2. (2)

Bce gernbre nuddepeHInpoBaHns TAHHON CyIeparedphl SBJISIOTCS CTAHIAPTHBIME, a BCE
HeueTHBIE NuGOEePeHITNPOBAHNS HAXOMATCS BO B3AMMHO OQHO3HATHOM COOTBETCTBUU C BEK-
TopaMu u3 V', cIenyrommM o0pa3oM:

(A AW =002, )= T2 10, fw0) Yo eV ey
DTO eMUHCTBEHHBIN CITyYall TPOCTHIX HOPHAHOBBIX CyIepaIredp ¢ HeCTAHIAPTHBIMU T€PHAP-
HeiMEI (06o6IIeHHBIME) nuddepentmpoBanusmu. [losToMy ecim mOIympocTas HOPIAHOBA
cynepanrebpa Han anreOpamdeckd 3aMKHYTBHIM MOJIEM XapaKTEPUCTUKN HOIIb HE CONEPKUT
OPSIMBIX CJIAaraeMbiX Buma (2), To Beskoe TepHapHOe(06001IeHHOe) nuddepeHInpoBaHIe B
Hell SIBJISIETCS CTAaHIAPTHBIM.
Pa6ora monnep:xama rpaarTom PODPU 11-01-00938-a.
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Quantizations of Kac—Moody algebras

V. K. KHARCHENKO

We analyze the extent to which a quantum universal enveloping algebra of a Kac-Moody
algebra g is defined by multidegrees of its defining relations. To this end, we consider a
class of character Hopf algebras defined by the same number of defining relations of the
same degrees as the Kac-Moody algebra g. We demonstrate that if the generalized Cartan
matrix A of g is connected then the algebraic structure, up to a finite number of exceptional
cases, is defined by just one “continuous” parameter ¢ related to a symmetrization of A, and
one “discrete” parameter m related to the modular symmetrizations of A. The Hopf algebra
structure is defined by n(n — 1)/2 additional “continuous” parameters. We also consider
the exceptional cases for Cartan matrices of finite or affine types in more detail, establishing
the number of exceptional parameters values in terms of the Fibonacci sequence.
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On basic superrank for varieties of algebras

A. M. Kuz’™MiIN, I. P. SHESTAKOV

The term “algebra” means an algebra over a field of characteristic 0. Let V be a
variety of algebras and V,, be the subvariety of V generated by the free V-algebra of
rank n; then we have V; C Vo C --- C V, C --- C V, where V = (J, V. Recall [1]
that the basic rank r, (V) of the variety V is a minimal cardinal number n such that
YV = V,. Let us denote by Assoc, Lie, Alt, Jord, Malc, Ralt, Var(—1,1), and SJord,
respectively, the varieties of associative, Lie, alternative, Jordan, Malcev, right alternative,
(—1, 1)—algebras, and the variety generated by the special Jordan algebras. It is known that
, (Assoc) = 2 (A. I. Mal’cev [1]), rp (Lie) = 3 (SJord) = 2 (A. L. Shirshov [2]), 7, (Alt) = R
and r, (Malc) = No (I. P. Shestakov [3]), r,(Var(—1,1)) = Xy (S. V. Pchelintsev [4]). The
values 1, (Jord) and 7, (Ralt) are still unknown.

In order to have a certain finite analog of the basic rank for a given variety V in
the case when 7, (V) is infinite, one can consider a basic superrank. Briefly, finite basic
superrank rs (V) of the variety V is a minimal (in the right side lexicographical order) pair
(ro,r1) of nonnegative integers such that V' can be generated by the Grassmann envelope
G (A) of a convenient V-superalgebra A = Ay @ A; (see [5]), where r; is a number of
generators of A that lie in A; for ¢ = 0,1. In particular, if V has a finite basic rank, then
by definition we have r, (V) = (1, (V) ,0).

The Kemer’s theorem [6] implies that every variety of associative algebras possesses
a finite basic superrank. Apparently, the solutions of the open finite basis problems for
varieties of nearly associative algebras could be related with the studying of the conditions of
finiteness of basic superrank for their subvarieties. Some results about finite basic superranks
for varieties of Lie algebras were obtained by M. V. Zaitsev [7].

We prove that 7 (Alt(Q)) = (1,1), rs(Jord(Z)) = (0,2), and rS(Malc(Q)) = (1,1), where
V() denotes the subvariety of metabelian (solvable of step 2) algebras of V. Observe
that all these varieties have infinite basic rank. We also prove that the variety of all
metabelian algebras does not have any finite basic superrank and, moreover, contains certain

subvarieties of right alternative and right symmetric algebras that do not possess finite basic
superranks. The work is supported by FAPESP 2010/51880-2.
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On finite rings with regular zero-divisor graphs

A. S. KuzMINA, YU. N. MALTSEV

The zero-divisor graph I'(R) of an associative ring R is the graph whose vertices are all
nonzero zero-divisors (one-sided and two-sided) of R, and two distinct vertices x and y are
joined by an edge iff either xy = 0 or yz = 0 [1].

In the present paper, we give full description of finite rings with regular zero-divisor
graphs. Also, some properties of finite rings such that their zero-divisor graphs satisfy the
Dirak’s condition are proved.

Main results of this thesis are Theorem 1 and Theorem 2.

Theorem 1. Let R be a finite ring. T'(R) is regular iff R satisfies one of following
conditions:
(1) R* = (0);
(2) R=GF(q) ® GF(q), where GF(q) is a field with q elements;
(3) R is a local ring with J(R)? = (0), where J(R) is the Jacobson radical of R.

Theorem 2. Let R be a non-zero finite ring without identity such that I'(R) satisfies
the Dirak’s condition and order of R is degree of a prime number p. Then R® = (0).
Moreover, R? = (0) for p > 3.

The work is supported by RFFI (grant 12-01-00329) and by RF Ministry of Education
and Science via project 1.4311.2011.
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d-derivations of semisimple finite-dimensional structurable algebras.

E. OKHAPKINA

The concept of d-derivation first appeared in papers by V. Filippov, as a generalization
of ordinary derivations. Recall that for a fixed § of the main field F, under J-derivation of
algebra A we mean a linear mapping ¢, which satisfies the condition

P(zy) = 6(p(x)y + 2d(y)) (1)

for arbitrary elements x,y € A. V. Filippov proved that every prime Lie algebra has no
nonzero Jd-derivations, if § # —1,0, %, 1. The big cycle of articles according to the description
of d-derivations can be found in works of I. Kaygorodov such as d-derivations of semisimple
finite-dimensional Jordan algebras [1].

The class of structurable algebras was introduced in 1978 by B. Allison. This class of
algebras is of interest because it contains such objects as tensor multiplication of composition
algebras, a 35-dimensional algebra T'(C'). Structurable algebras are algebras with the unit

e and involution 7, which satisfy the identity:
1., Vel = Vr.oy — Varey, where T,,V, , € End(A), (2)

Ve y(2) = (29)z + (29)x — (22)y,T. =V, ¢ for z,y,2 € A.

In the work [2] O. Smirnov proved that the whole class of simple finite-dimensional
structurable algebras is isomorphic to six specific algebras like an unital associative algebra
with the involution, the algebra of Hermitian form and some other. Jordan algebras with
the unit and identical involution are also structurable, so we will receive the generalization
of the results of I. Kaygorodov in more general (structurable) case.

Let us note that the linear mapping y is called a generalized J-derivation if it is related
with d-derivation ¢ by the following correlations

X(zy) = 0(x(x)y + zd(y)) = 0(d(x)y + zx(y))-
Now we can pass to the main results of this paper.

Theorem 1. A semisimple finite-dimensional structurable algebra over an algebraically
closed field of characteristic p # 2,3,5 has no nontrivial §-derivations.

Theorem 2. Let x be the generalized §-derivation of the semisimple finite-dimensional
structurable algebra A over an algebraically closed field of the characteristic p # 2,3,5, then
X € Der(A) +T'(A). Here I'(A) is centroid of A.
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Alternative and Jordan algebras admitting derivations with invertible values

Yu. Porov

Let A be an algebra with unit element 1 over field F'. By U(A) We will denote the set
of invertible elements of A. A nonzero derivation d of A is called a derivation with invertible
values, if for every x € A we have d(z) € U(A) or d(x) = 0.

In 1983, Bergen, Herstein and Lanski initiated the study which purpose is to relate
the structure of a ring to the special behavior of one of its derivations. Namely, in their
article [1] they described associative rings with derivations with invertible values. They
proved that such ring is either a division ring, or the ring of 2 x 2 matrices over a division
ring, or a factor of a polynomial ring over a division ring of characteristic 2. Further,
associative rings with derivations with invertible values (and their generalizations) were
discussed in variety of works. Nevertheless, the problem of specification of algebras from
classical non-associative varieties (such as alternative, Jordan, etc.), admitting derivations
with invertible values, remains unconsidered. The purpose of our work is to make up this
gap by generalizing the results of Bergen, Herstein and Lanski to alternative [2] and Jordan
cases.

Theorem 1. Let A be an alternative nonassociative algebra with unit element 1,
admitting derivation with invertible values d. Then one of the following holds:
1) A is a Cayley—Dickson algebra over its center Z(A);
2) A is a factor-algebra C[z]/(z?) of polynomial algebra over a Cayley—Dickson division
algebra C' of characteristic 2.

Theorem 2. Let J be a Jordan algebra of characteristic # 2,3 with unit element 1,

admitting derivation with invertible values d. Then one of the following holds:
1) J is an algebra A where A = D or Dy, D is an associative division algebra;
2) J is an algebra H(A,x), where A = D or Do, D is an associative division algebra, or A
is either Fy or a central order in Fy, * = Symp;
3) J is an algebra of symmetric bilinear form J(V, f) over field F' that does not allow square
root extraction;
4) J is an algebra of Albert type;
5) J is an extension of cases 1) —4) by M = P(J) — the prime radical of J, M C kerd, M
is the largest ideal of J.

For types of algebras presented in theorems, we also obtain the necessary and sufficient
conditions for them to admit a derivation with invertible values.
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On multiplicative length of Jordan algebras

S. SVERCHKOV

Let A be algebra over a field F' of characteristic 0. We will denote by R(A) the algebra
of multiplications of A with the operators of right and left multiplications R,, L, € R(A).
We will define a natural graduation on R(A) by the length of words as follows

R(A)k = l({Mal .. .A]\faS s < k,ai € A,M € {R,L}}), R(A) = iR(A)k
k=1

The minimal number [,,(A) = k, such that R(A) C R(A)g, is called m-length of the
algebra A. There are simple examples. Let F[X,], F[X,], be the absolutely free algebra
and the free Jordan algebras with set of generators X,, = {x1,...,x,}. It is easily seen that
L (F[X1]) = 00 and I, (J[X1]) = 1.

Let J be Jordan algebra with a basis Y = {f,,a € I} over F. We will denote by
Ass|J] the free associative algebra with the set of generators Y. The universal multiplicative
envelope of J will be denoted by Um(J). Let I be the ideal of Ass[J] generated by

abc + cba, [a-b,c]+[b-c,a]l+ [c-a,b]

for a,b,c € J. We call AUm(J) = Ass[J]/I, the associated algebra of Um(.J).
Theorem 1. Algebra AUm(J[X,]) is nilpotent of index 2n + 3, i.e. in the algebra
AUm(J[X,]) the following identity is valid:

Yaq,..., Ap+2, b, ..., bn_|_1 € J[Xn] aiby ... an+1bn+1an+2 =0.

Corollary. [,,,(Um(J[X,])) < 2n + 2. Equivalently, any n-generated Jordan algebra
has m-length less then 2n + 3.

By the results of [1], we can get a lower estimation of m-length of the free Jordan
algebras.

Theorem 2. 2n —1 <1[,,,(Um(J[X,])) < 2n+ 2, for n > 2.

Supported by RFBR (Grant 11-01-00938-a)
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On alternators of free algebras

S. SVERCHKOV

Let F[X] be an absolutely free algebra with the set of generators X = {z1,...,zp,...}
over a field of characteristic 0. We will denote by M |[X] the vector space of Malcev polyno-
mials, i.e. the subalgebra of F(_)[X ] generated by the set X with respect to commutator
operation.

Set (a Ab,c) = (a,b,¢) + (b,a,c), c,a ANb) = (¢,a,b) + (¢,b,a), a,b,c € F[X] for the
associator (a,b,c) = (ab)c — a(bc). We will denote by Alt(F[X]) the alternator ideal of the
algebra F'[X], i.e. Alt(F[X])=idpix)((a Ab,c),(c,aAb)]|a,b,cec F[X]). The elements of
Alt(F[X]) are called the alternators.

In 2004, Perez-Izquierdo and Shestakov [1] extended the famous Poincare-Birkho-Witt
theorem from Lie algebras to Malcev algebras. For any Malcev algebra they constructed a
universal nonassociative enveloping algebra, which inherits many properties of the universal
associative enveloping algebras of Lie algebras. The properties of the alternators play an
important role in their proof. We specify the structure of the alternator ideal of the algebra
F[X].

Theorem. Alt(F[X])=idp;x)((aAb,c),(c,aNb),(a,b,c)ola,b]|a,b,cec F[X]).
Supported by RFBR (Grant 11-01-00938-a)
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Anrebpamyeckue cucTeMbI B KJjlacCe MoOJeJIell CYETHOTO sI3bIKA IEPBOT0
nopsaaka

M. 1. BEKEHOB

[Mycts L — cueTHBIN A3bIK IepBOTO Opsiaka. PaccmorpuM kitace K1 Bcex 6ECKOHEUHBIX
Momeneit s3bika L. T — Teopus s3bika L. T™ — mmoxecTBO Beex momeseit Teopuu 7.
A < B o3naugaer, yro A — sjaeMeHTapHAs MOAMOOEIL Momean B.

Onpenenenue 1. IIycres w < A < u, A u B mogemn teopun T s3eika L, |A| = |B| = p.
Mopnenu A u B maszoBem \-mmogo6Gubivu, ecnn ais aobou mogemn A’ < A uz |A'| < \ cnenyer
A’ < B u nnsg mo6oit monenu B’ < B u3 |B'| < X\ cnenyer B’ < A.

OTHotrerre A\-omo6ust SIBJISIETCST OTHOIIIEHUEM 9KBUBAJIEHTHOCTH. 1TakuM o0pa3oM, OT-
HomeHue E),, pa3OuBaeT MHOXKECTBO Mojenedl kKiacca K Ha HemepeceKaloImecs KjIacChl
A-TIOOOHBIX MOZEJell MOIIIHOCTH [i.

B mamHO# cTaThe paccMaTpuBaeTcss OTHouleHue F,,, B KaXIOH MOIITHOCTH L.

daxTopusyem kmacc Ky mo ornomenmo F,,, u 6ygeM roBOPUTH IPOCTO O b-momoOum
B KaXKIO0W GECKOHEUYHON MOUTHOCTH fi. OrpaHmYInMCs pacCMOTPEHUEM KApTUHBI IJIS IOCTAa-
TOYHO OONBIIOrO KapauHaja N. OToT (GakTOpPKIIACC 0003HAYUNM Uepe3 Kg. OTrHomrenne
3JIEMEHTAPHON BIIOXKUMOCTU MOIEJIEN €CTECTBEHHO WHAYIUPYET YACTUIHBIN b-TIOPSIOK Ha
daxTopkacce Kg. O6o3uaunM 5Ty GaxTopaIredpandeckKyo CUCTEMY depes [Kg, <p].

Cy11ecTByIOT MHTEPECHBIE CBSI3W MOACUCTEM JTON AJrebpamdecKoil CUCTEMBI CO CBOM-
CTBaMI COOTBETCTBYIOILINX TEOPUil KIaCCOB Momeseit [4].

Ha sToit dpaxTopanrebpudyeckoit cucTeMe TakKe eCTeCTBEHHO MHIYIUPYIOTCS YIbTPa-
MIPOU3BENEHNUSI TI0 PA3IUIHBIM yIbTPAPUILTPAM.

[ycts s € [K?, <p]. BosbMer MHOXKECTBO BCEX yTbTPACTETICHE T HIIeMEHTa § U 3aMKHEM
€ro oTHOCUTENbHO b-topsnka. llomydeHHyto momcucTeMy Ha30BeM Bg-mepeBoM, TOPOXKIEH-
HEIM deMenToM S. Takum o6pasom, [KY, <p] — MHOXKECTBO PA3TUYHBIX HETIEPECEKAIOIIIXCs
B-nepeBbes.

Onpenenenne 2. IToncucremy K cucremsr [K?, <;| maszoBem axcmomarmsmpyeMmori,
ecyu cyiiecTByeT Teopus 1', y KOTOPOI COOTBETCTBYIOIIIAS aIredpandecKkasl CHCTeMa COBIIa-
naet ¢ Kj.

Ioka3aHBl pa3TUYHbIEC CBOMCTBA 06 AKCHOMATU3UPYEMBIX TIoficueTeMax cuctembr [K 2, <p].

CIUCOK JIUTEPATYPHI
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O rpynnomaax OTHOLIEHUN C omepanuenl 6MHAPHOU IMUJINHAPOPUKAITAN

II. A. BPEOIuXua

MHoOxXecTBO OMHAPHBIX OTHOIIIECHU, 3aMKHYTOE OTHOCUTEILHO HEKOTOPOUW COBOKYITHO-
ctu () oneparnuii Hag HUMU, 06pa3yeT aarebpy, HA3bBIBAEMYIO a42e6poti omuouleHuti. OCHOBBI
abCcTpakTHO-aArebpandeckoro Moaxoaa K M3ydYeHnI0 ajredp OTHOIIEeHN ObLIN 3aJI0XKEHBI B
paborax A.Tapckoro. Ilpemcrasiser mHTepec paccMOTpeHHe ajrebp OTHOIIEHUI C OIle-
panmsaMu, BBIPDA3UMBIMEI depe3 omeparuu ajaredbp oTHomrenmin Tapckoro. Takwe amreOpnr
Ha3BIBAIOTCS penyKTaMmu ajredp oTHoieHuit Tapckoro. [IpemmeTom HaIero paccMOTpeHUs
OynyT PeoyKThI C OMHOW OMHAPHOW OIepalell, TO €CTh I'PYIIIOUIbI OMHAPHBIX OTHOIICHUM.

Ba}KHbIM KJIaCCOM onepaunﬁ Hao OTHOIICHUIMU ABJIJIOTCS TaK HA3bIBAEMBIC JII/IO(I)&H—
ToBbIe omeparnuu. Omneparust Ha3BIBAETCS MUOMDAHTOBOM, €CIU OHA MOXKET OBITH 3a[aHa C
TTOMOIITBIO0 (POPMYJIBI, KOTOPas B CBOEW MpeNBapeHHOU HOPMAJILHOU (OpPME COMEPXKUT JIUIITH
orepanuy KOHBIOHKIIAN U KBAHTOPHI CYIIIECTBOBAHUS.

CocpemoTodymm CBOe BHUMAHUE Ha CJIELYIOIIeN TMo(MaHTOBON Onepanny Hall ONHAPHBIME
OTHOIIEHUSIMU, OIIPeNensseMont (hOpPMyITON:

pxo={(z,y) € X x X : (Fz,w)(x,2) € pA(z,w) € 7}

OTHoIIeHTE p * 0 IPECTABIsAET COOOI PE3yIHTAT IPUMEHEHUs OTePANY TUITMHIPO(DU-
KaIuy K IPOU3BENEHUI0 p 0 0 OMHAPHBIX OTHOIIEHU p u o. [lo sToit mpuymHe Ha30BeM ee
omepanuein 6uHapHotl YusurndpoPurayuu. 3aMeTUM, ITO STa OMEPAIU MOXKET OBITH BbIPa-
JKeHa depe3 omnepannu ajaredbp oTHorreHnin Tapckoro m, ciaemoBaTeIbHO, COOTBETCTBYIOIIII
IPYHIONI MOXKET OBITH PACCMOTPEH KaK PEMYKT ajiredp oTHoeHuin T'apckoro.

O6o3uaunm yepes Var{{d} — maOroo6pasue, HOPOKIEHHOE KIIACCOM aJIrebp OTHOIIEHMUI
¢ omeparusMu u3 ).

Teopema. ['pymmoun (A,-) npunanmexur MHOroobpasmioo Var{x} rorma m Tompko
TOrAa, Korga OH yAOBIeTBOpseT ToxmecrBaM (xy)r =zy, (xy)y = xy,
(2%y)z = (2%2)y , (vy?)z = 2(y?2) u ama kaxmoro HaTypambHOTO k > 2 TOXIECTBY
Ty (.’137;2 Ce (xik_lxik) .. ) = (.’L‘il (.’L‘iz e (xik_lxik) .. )(.’1321 (.’132'2 Ce (xik—zwik—l) .. )
3aMeTuM, YTO IPUBEAEHHBIN B TeOpEMe BA3MC TOXKIECTB ABIAETCI GECKOHEUHBIM. B cBsa3n
C OTUM €CTECTBEHHO BO3HUKAET CIIEAYIOIas mpobiema.

IIpoGnema. feagemcs au muozo06pasue Var{x} xoneuno 6asupyemvim?
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O GorarTbIX ceMelcTBaxX THUIOB B MHOT'OCOPTHBIX MHOI'O3HAYHBIX CHUCTEeMaX "
KJiiacTepm3alnnyl KOHEYHbIX THUIIOB " q)OpMyJ'I B JIOTNYECKNX MNCYNCJIEHMNAX

A. A. BUKEHTLEB

Hoxam MOCBSIIIEH NePeHocy U YMOUHEHUIO PE3YALMAMOE Meopem 0 602amblr Cemel-
cmear munos, NOKa3aHHLIX paHee B CTAOWILHOM CIIydae WJIN C YCJIOBUSME CTaOWIBHOCTH
Ha cAyuati 602amuiT cemelicms MuNo6 ¢ NAPAMEMPAMY OAT MHO20COPMHBIT U MHO203HAY-
HBIT MEoPUll ¢ X—KOMNAKMHLIMY (HACOIUEHHBIMU, 00HOPOOHBIMY) USMEPUMBIMY MOOEATMU U
C8OUCMBOM #—0MOAEAUMOCTNU HOBIT IACMERMOB, PEAAUYIOWUT TUNLL (HA0 MAALIMU TOO0-
MHOHCECTNBAMU) U3 IMNUT CEMETUCME, OM IAEMEHMOE MEHLUWLET MOOEAU U HAAUUUL PEasl-
3ayut 8 6oavweli (¢ 6oeambim cemelicmeom) Modeau 6noane OnNPeIeumbls (CmabuibHbiT)
MUNO0B UAYU HEPAZAUNUMBIT daemeHmMo6. HekoTopble U3 MOKa3aHHBIX paHee Pe3yIbTaTOB BO-
uu B nuccepranuio aBropa “Teopun ¢ mokpoiTueM u GopMysibHBIE ToaMHOXKecTBa , UM
CO PAH, Hosocubupck, 1992 r., 134 c. must cemeiicTB GOpPMYyJI, a TaKXKe OILyOINKOBAHBI

B cbopuuke, mocssienaomy 90-meruio akamemuka A.Il. Taiimanosa — “Two cardinal the-
orems for sets of types in stable theory”, Kasaxcraun, Anma—Ara, 2007, c. 67—69, 6bun
nomoxensl Anva-Ate m HoBocubupcke — ma exeromubix MasbreBckux urenusx ¢ 2006

r., B ToM uncite Kk 100-meruro akan. A.M. Masnbnesa, 70-metuto akan. HO.JI. Epiosa u
60-metuio wi.-k. PAH C.C. T'onuaposa.

OCHOBHBIMU UHCTPYMEHTAMHU TOKA3ATEIbCTB SBJISIOTCS TeOPEMbl TUIMA KOMITAKTHOCTH,
pa3BUTasl TEXHUKA COBPEMEHHOW TEOPUH MOMEJIeH W CTAOMIBHOCTU, JIOTUIECKUX UCUUCIIC-
it ([lemax, Jlaxnan, Bannsun, Ilyasa, [wnai, Xpymosckuit, HeBenbckuit, Ben 91kos,
Sunsbep, [lamorun, Cymonnaros, [leperstokur, Moposos, Epumberon, Kynaiibeprenos,
Baitxkanos u MHOrUX np.) u HaIu4us (Haxe JOKAJIbHO) HYKHBIX KOMIIAKTHBIX N3MEPUMBIX
(MOIXOMOSIIINX MOIIHOCTEN ) MOMEJeNl TeOPUU CO CBOMCTBAME »—OTIEIIUMOCTU HAIl PEaIi-
3alUsIMU CEMENCTB CTa0WIBHBIX (ONPEeNeINMBIX) TUIIOB. PaccMOTPEHBI BOIPOCHI OIMPEIeIIn-
MOCTH CHACTEM B HACJIEICTBEHHO KOHEYHBIX HANCTPONKAX, U O MOIIIHOCTSIX THUIIOBO OIIpEIIe-
JIIMBIX TOIMHOXKecTB. MHTepec K 5TuM BoIpocaM 1 MOMEJISIM IMeeT MPUKIATHON XapaKTep
B TIOKMCKe Hanboiilee NHGOPMATUBHBIX (CHIIBHO HOCTOBEPHBIX) TUIOB, 3aKOHOMEDHOCTEN IJIst
KJIaCTEPU3AIAN, [IJIS YIOPSIOUYCHUs TaKUX 3HAHUNA C TTOMOIIBIO MPUBJICUCHUS YIIOPSIIOUEH-
HBIX WJIM U3MEPUMBIX CUCTEM, IJIs BBEICHUS METPUK Ha KJIacCaxX DKBUBAJIECHTHBLIX TUIOB C
MOMOIIIBIO M3MEPUMBIX MOIKIIACCOB U3MEPUMBIX (METPUUYECKUX) MOIEJIENl TeOpuu, HeoOXo-
MUMBIX TIJIS aJTOPUTMOB PACIO3HABaHUs 00PA30B, MOUCKA 3aKOHOMEPHOCTEN, OOHAPY KEHUS
penkux COOBITUHN M KJIaCTepPU3aIlny MHOTO3HAYHBIX 3HAHUN. HalimeHbl pa3iumyHbe METOIIBI
KJIACTEPU3AIINN TSI MHOXKECTB (POPMYJI Pa3InIHBLIX JOrUK. PaboTa BbIIOIHEHA TPU (DUHAH-
cosott nonnep:xkke PODPU, npoext Ne 11-07-00346a, kadbenper IMU MMD HI'Y.

Hrnemumym mamemamury um. C. JI. Cob6oaesa CO PAH, Hosocubupck
E-mail: vikent@math.nsc.ru
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KJ'IaCTepI/I3aI_II/I$I JIOTNYECKNX BLICKA3LIBAHUIM C ydyeTOoM Mep ,Z[OCTOBepHOCTeﬁ

A. A. BUKEHTBEB, P. A. BUKEHTBEB, E. C. KABAHOBA

B pabore paccmaTpuBaeTCs OMHA U3 aKTYaJbHBIX 3a/lad — aHAJIU3 JIOTMYECKUX BBICKA-
3piBaHU. Mepa 3HAYEHUH MCTUHHOCTU (DOPMYJIBI Ha MOMEIN MOXKET CIIYKUTH CTENEHbIO
noctoBepuocTu dopmynbl. [lpum ananmuse Tpebyercs HaliTu OJIU3KUE BBICKA3BIBAHUS, BbI-
SBUTH IOCTOBEPHBbIE U T.O. Il KiacTepusanuu 3HAHUN, TOCTPOCHUS PEITAouX QyHKIUN
Ha, OCHOBe (pOpMyJI, HAZIO BBECTU PACCTOsSIHUE MeXIy dopMmyrnamu. B pabore BhICKa3bIBaHUS
3aMmucanbl B Bume (Gopmyst n-3uaunon jgoruku. C MpuBiIeueHrEM TEOPUU MOMESIe OIpele-
JIAIOTCS: HOBOE PACCTOSHUE MeXIy (popMymamu:

n—1n— 1|k‘—l| k l
p(e, ) = |5(z>|ZZ n_1M<n—1’n—1)’

1l
n—1°'n—1

roe nlSG) — gommuecrso Beex monemen, M ( ) — TexX MogeJiel, Ha KOTOPBIX

dopMya ¢ OpUHUMAET 3HAYCHUE —1, a — 1; 1 Mepa HeOOCTOBEPHOCTMH:

I(p) = p(p, 1) = |S(E)|Zn;iz M(?‘Lﬁl)’

k o
roe M (m) — KOJIMIECTBO MOJEJIeNl, HA KOTOPBIX GOPMy/Ia ¢ IPUHUMAET 3HAUCHUE ——7.

B pabote moxazanbl 0coObIE CBONCTBA METPUKU IS PACCTOSIHUN U HEMTOCTOBEPHOCTHU; OHU
VUUTBIBAIOT MHOT'O3HAYHOCTD, CXOXKU CO CBOMCTBAMU BEJIMUNH B cIydae 2, 3—3HAUYHBIX JIOTUK
JIlykaceBuua, orBeuaroT Ha Boupocs ['.C.JI60Ba u mpuMeHsIIOTCsI A1 aITOPUTMOB KJIaCTEPU-
3anuu opmys. PaccMoTpeHbl pa3mudHble METOMBI KJIACTEPU3AINY 3HAHIH HA OCHOBE HOBBIX
PACCTOSHUN W Mep MOCTOBEPHOCTH, a TaKXKe KOJIJIEKTUBHBIE pelleHuns. PaboTa BBITIOTHEHA
npu nonaepxkke rpanta PODU, npoekt 11-07-00346a, kadenpsr IMU MMD HI'Y.

CIUCOK JIUTEPATYPHI

[1] JI60s I'. C., Crapuesa H. I'. Jloruuyeckue pemaromniye GyHKINUX U BOIPOCH CTATACTUIECKON yCTONYIN-
BocTu pertenuii. HoBocubupck: Uszn-so Mu-ta maremaruku CO PAH, 1999.

[2] Keiicaep I'., Usn Y. Y. Teopus monemneii. M.: Mup, 1977.

[3] Bukentber A. A, JI6oe I'. C. O meTpusanum GysieBoll anrebpbl MPENIOKEHNN U MHOOPMATUBHOCTU
BbIcKa3bIBaHuil skcnepros // Hokmansr PAH. 1998. T. 361, Ne 2. C. 174-176.

[4] Buxentnbes A. A, JI6os I'. C. Setting the metric and informativeness on statements of experts // Pattern
Recognition and Image Analysis, 1997, V. 7, Ne 2, P. 175-183.

[5] Epmos FO. JI., Hamorun E. A. MaTtemaTtunueckas soruka CII6: Jlansb, 2004.

[6] BukenTber A. A., Kopenesa JI. H., K Bompocy 0 pacCTOAHUAX MeXIy (HOPMYJIaMU, ONUCHIBAIOIIIIMU
CTpyKTypupoBaHHuble 06bekThl // Maremaruueckue Meronsl pacnosHasanust obpasos (MMPO-99),
PAH BII, Mocksa, 1999. C. 151-154.
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JIuHenHbIEe Ha rpynIon obpaTuMbie ajire6pul u AaApa

C. C. IABUIOB

Bunapuas anrebpa (Q;Y) HasbiBaeTcs 00pATUMON, €CIM KaXKmas ONepanus u3 Y KBa-
3UTPYIIOBAS.

O6parumas anrebpa ((Q);X) HasbIBaeTCs JIUHENHON, eciau cyinecTByeT rpymma (Q(+)
Takasd, u4To jJI06asd omepannd A u3 Y uMeeT BUI:

Az, y) = par +ta +Yay,

roe oa,0a € AutQ(+), a t4 € Q. B [1] mama xapaxrepusarnus JTUHEHHBIX OOPATUMBIX
anre6p ¢ MOMOIIBLIO (HOPMYJIT BTOPOro TOpsinka, a uMeHHo V3(V)-ToxmecTs.

NmeeTcst HECKONBKO MOHSATHIL JIEBOIO M MPABOrO sApa B KBasurpymmax (cM. [2, 3)).
Ilepexonss OT KBa3sUIPYII K OOPATUMBIM ajre0paM MbI CTAJIKABAEMCHI ¢ HEOOXOMUMOCTBIO
paccMaTpUBATh PA3IMUHbIe CBEpXTOkmecTBa accommarunoctu. Cormacuo (4], eciu B He-
TPUBHAJILHON 0OPATUMON anre6pe BBIOIHAECTCS CBEPXTOXKIECTBO aCCONNATUBHOCTH, TO OHO
MOXKeT OBITH TOJIBLKO PAHTa ABa U OTHOIO U3 CJECMYIOIINX BUAIOB:

X(2,Y(y,2)) =Y (X(2,9),2),

X(2,Y(y,2)) = X(Y(2,9),2),

X(z, X(y,2)) =Y (Y (2,9),2).
B pabore BBOmsITCS MOHSITUS sSIep 06paTUMOR aJIre6pbl OTHOCUTETIBHO KaXKIOTO U3 IIPU-
BEIEHHBIX BBIIIE CBEPXTOXKIECTB U UCCIEAYIOTCS UX CBOUCTBA I JIMHEWHBIX HAJl T'PYIION
obpaTtumblx ajiredbp. IloxkasbiBaeTcs, YTO IS JIMHEWMHBIX OOpaTUMBIX ajarebp smpa, ormpe-

OeJICHHbIEC OTHOCHUTEJIbHO IIPDUBECOCHHBIX BBIIIIC CBEPXTOXKIOECTB, COBIIAIAXOT. Bomee TOro,
nMeeT MeCTO CJaenyroiias TeopeMa.

Teopema Ob6pamumas ar2ebpa aunetina Had 2pynnoti moada u Mmoabko moezda, Ko2da
oHaG cosnadaem co c8ouM A0POM.

CIMCOK JIATEPATYPEI
[1] Davidov S. S. A charactorization of binary invertible algebras linear over a group // Quasigroup and
Related Systems, 2011, V. 19. P. 207-222.
[2] Benoycos B. [I. Ocuosbl Teopun ksasurpynno u ayn. M.: Hayxka, 1967.
[3] Benssckas I'. B. dnpa u nentp kasurpynnst // Mar. uccnenosanus, 102 (1988), Kummunes: ltununa.
C. 37-52.
[4] Mogcucsau FO. M. Brenenue B Teoputo anrebp co ceepxToxnectsamu. Epesan: Uzn-so EI'Y, 1986.
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Anrebpamuyeckasi reoMeTpus Hal OAUCTPUOYTUBHBIMU pellIeTKaMU

IO. C. IIBOPXKELKUN

B pa6orax O.10. Hanusposoir, A.T'. Msacuukosa u B.H. Pemecnennukosa [1, 2] o yau-
BepcajibHOI ajrebpamdyeckonn reomMeTpun nokasaubl nse O6wbenuusionme TeopeMbl B Tep-
MUHOJIOTUU aBTOPOB, HAIOIINE 7 SKBUBAJIEHTHBIX MOAXOMOB K MPOOIIEMe OMUCAHUS KOOPIU-
HATHBIX aareOp (mis cucreM 6e3 IpeNNKATHBIX CUMBOJIOB). B paGore [3] Bce pesyimbraThl
7 omnpeneseHns 0600IIA0TCs [IJIsl CUCTEM C MPEOuKaTHBIMU cuMBojamu. JlaHHbIE TeopeMmbl
IPUMEHNMBI TOJIBKO K ONPENeIEHHBIM KjaccaM ajirebpamdyeckmx cucreMm: kKiaaccam N um
N’ — HéTepoBBIX U €1ab0 HETEPOBBIX MO ypaBHeHUsIM aiare6p u kimaccam Q u U — ¢, u
U, KOMITAKTHBIX ajirebp, COOTBETCTBEHO. UTOOBI MPUMEHUTH PE3yJIbTATHI K OIMPEIeIEHHON
cucTeMe, Hy:KHO TPOBEPUTH, B KAKOM U3 KJIACCOB JIEXKUT PACCMATPUBAEMAsT CUCTEMA.

A H. [leBnsikoBbIM OBLIM MOKA3aHBI KPUTEPUU MPUHAIICKHOCTH OYyJIEBBIX aJrebp K
kinaccam Q, U, N u N’ [4]. Takxke mokazan Kpurepuil MIpUHAIIEKHOCTH K Kiaccy N miis
MUCTPUOY TUBHBIX PEIIETOK.

B moknanme xe 6ymyT mokasaHbl Kpurepun HéTepoBocTu (kimacc N) u cmaboit HéETepo-
soctu (kmace N') mo ypasrenusm mis anre6p Eprmosa u GyseBbix anre6p ¢ BBIIETEHHBIM
UIIeATIOM, PACCMATPUBAEMBIX [1albuyHOBBIM B [5].

Teopema. C-amarebpa EpmoBa A HéTepoBa mo ypaBHEHUSIM TOrga U TOJBKO TOTAA,
koraa rnomaiarebpa koucranT C KOHEYHA.

Teopema. BymeBa C-pemrérka B ¢ npemukaTom Pl(l) MIPUHAJIEXKHOCTHA K IIPOCTOMY
A-uneany I C B ciabo HETEpOBa MO ypaBHEHUSIM TOTAa U TOJIBKO TOLAA, KOTAa A JTI000r0
muoxkectBa koHCTaHT K C C nnean {a € Bla < b,Vb € K} koHeUHO IOPOXKIEH KOHCTAHTAMUI
n3 C miam MoXeT ObITH NPENCTABIEH B BUOE IepecedeHus umeasa | um wmmeasia, KOHEUHO
MIOpPOXKAEHHOrO KoHCTaHTamMu u3 C.

CIIUCOK JIUTEPATYPHI

[1] Daniyarova E., Myasnikov A., Remeslennikov V. Unification theorems in algebraic geometry // Algebra
and Discrete Mathematics. 2008, Ne 1. P. 80-112.
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tionally Noetherian Property and Compactness, Southeast Asian Bulletin of Mathematics. 2011, V. 35.
P. 35-68. arXiv: 1002.4243.

[3] Daniyarova E., Myasnikov A., Remeslennikov V. Algebraic geometry over algebraic structures V: The
case of arbitrary signature // Algebra and Logic. 2012, V. 51 Nel. P. 28—40.

[4] Shevlyakov A. Algebraic geometry over Boolean algebras in the language with constants, arXiv:
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O AO0EepPHBbIX MOOEJIAX CUJIBHO BBIIIYKJIBIX ITO3UTUBHBIX pOﬁI/IHCOHOBCKI/IX TeOpI/Ifl

A. P. EmKEEB, O. UI. YJIbBPUXT

[Iycte T — npoumsBosbHas A-R-Teopust B s3bike curHaTypol o. Ilycrs C' — ce-
maHTH4Ieckas Mmomens Teopunm 1, A C C. Ilycrs op(A) = o U {c4la € A} UT, rme
I' = {9} U{c} U{P}. Paccmorpum CIEAYIOIIYIO TEOPUIO TFPQM(A) = Thy+(C,a)aecalU
{g9(a) =ala € A} Ug(c)UT,U{P(c)} U{"P C "}, rme T, BblpaxaeT TOT (HaKT, 4TO IJIs
nro6oit mopenu (M, gM) | T, mveer mecto:

1) g™ — aBToMOphm3IM M;

2) {m € M|g™(m) = m} ecTh yHUBEPCYM HEKOTOPOH 3K3MCTEHIMATBHO 3aMKHYTOI
monmonenu M, nis mobont momenu M CUTHATYDHI 0.

s npenukara P Mmbr 3anuceiBaeM Boipaxkenne {"P C 7}, 4ro mo CBOeil CyTH eCTb
6EeCKOHEYHOEe MHOXKECTBO IPEIJIOXKEHU, KOTOPOe T'OBOPUT, UYTO WHTEPIPETAINS CUMBOJIA
P ecTh NO3UTHUBHO 5K3UCTEHINAIHLHO 3aMKHyTas IOIMOAENIb B CUTHAType o. B cuiny He-
IIOJTHOTHI MBI He 3alliCBIBAEM TOYHYIO CBs3b Mexmy sinementamu I' = {g} U {c} U {P}, =o
IIPEIOJIaraeTCsl X COIJIACOBAHHOCTDH B paMKax Teopun 1) 1? 9 M(A).

OTa Teopus HeoOs3aTeNIbHO MOJIHAsI. PaccMoTpuM Bce mOmosHeHuUs neHTpa 1™ Teopun
T B HOBOU curuatype or, rme I' = {c}. B cuny A-R-soctu teopunm T™* cyuiecTByer eé
IIEHTP, U MBI 0003HAYUM €ro Kak 1.

B pamkax BbIIlIeyKa3aHHBIX OIPeNesieHnil 1 B OOOTAIllEHHON CUTHATYPE MBI IMEEM Clie-
NYIOIIUE Pe3yIbTaThL.

[Mycts A = Bt (At).

[TpennomoxeHre 0 HEKOTOPOU MOIHOTE PACCMATPUBAEMON TEOPUU HEOOXOIUMO B CBSI3U
C caenyrommM PaKTOM.

Jlemma. B ciyuae mo3uTuBHOE DPOOHMHCOHOBCKOI TE€ODHUH U3 IIO3UTHBHOH 3K3UCTEHIH-
aspHON 1oHOTHI ciaenyer A-JE P, o6paTHOe HEBEPHO.

Teopema 1. Ilyctes T — A-R-coBepiiieHHAasT HTOHCOHOBCKAS CUJIHHO BBIITYKJIAsS TEOPHUS
¥ OH& ITO3UTHUBHO 3K3WCTEHIHAIHHO IIOJTHA.

Torna cnenyrorrue ycaoBus 5KBUBAJIEHTHBI:

1) Teopus T™ umeer smepHyIO CTPYKTYDY;

2) teopus T° uMmeeT sOEPHYIO MOIEIb;

3) Beskmii pas, koraa p(xr) ecTb NO3UTUBHO-9K3UCTEHINAIBHAS (POPMYIIa, BEIBOLUMAS B
T, cymecTByeT HEKOTOPas MO3UTUBHO-9K3UCTEHIHUAJIbHAS GopMyiia )(x) u meyoe 4ucio n
takme, 4to B 1T BeIBOmmMO 3~ "xp A dx(p A ), a Takxke eciu T |= (01 V d3), raoe 61,00 —
HEKOTOPBIE SK3UCTEHIUAIbHbIe npenmoxenus, To 1 = 01 miu T |= §s.

Teopema 2. Ilycte T — A-R-cuibpHO BBIIYKJIas TEOPHUS U OHA COBEPIIEHHAS HOHCO-
HOBCKasi, IPUYEM OHA IIO3UTHBHO SK3UCTEHOUAJIbHO mojHa. Torma M sBisercs smepHON
crpykTypoun 1™ Torna m Toabko Torma, koraa M sBisercs smepHOH Moaesbio eHTpa 1™ B
BBIIIEYKA3aHHOM OOOTaIlleHH.

Kapazandunckut 2cocydapcemeennbiti ynusepcumem umeny axademura E.A. Byxemosa, PI'KII “Uncmumym

npuraadnot mamemamury” KH MOH PK, Kapazanda
E-mail: modth1705@mail .ru, ulbrikht@mail.ru
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O pemieTkax KBa3mMHOT00OOpa3um

A. BAMOMCKA-II2KEHMO, M. B. IIBUOE®CKA

A. M. HypakynoB mokasas, 4To cyiiecTByeT kBasuMmuoroobpasue K yuapos (amre6p c
OIHOW YHAPHOW OIepaIlieil), TaKoe YTO MHOXKECTBO (C TOYHOCTBIO MO0 M30MOpdu3Ma) KO-
HEUHBIX TOAPENIeTOK ero perterkn kBasumuoroobpasuit Lq(K) mesbrunmciumo. Xoporro
M3BECTHO, UTO KJIACC BCEX YHAPOB SBIsIETCs (J-yHUBepcasbHBIM. (OCHOBBIBASICH HA TOM
pesynmerare A. M. HypakynoBa, a Takxke Ha pesyinbrarax B. A. ['opGyHoBa 0 permerkax
kBasuMHOroo6pasuit u A. B. KpaBuenko o kBasumMHOroo6pasusax rpadoB, MbI TOKa3BIBAEM,
qTO KJlacCC K(O') BCEX CHUCTEM CHUTHATYDPBLI O Q—yHHBepC&HeH TOr'oa 1 TOJIBKO TOr'da, KOIr'oa
cymectsyer kiacc K C K(o), Takoil 4T0 MHOKECTBO KOHEUHBIX IIOIIPEIIETOK €r0 PeIleTKH
kBasumuoroobpasuit Lq(K) messranciaumo. IlomyTHO MBI ycTaHABINBAEM HECKOIBKO UHTE-
pecHBIX (PaKTOB, KACAIOIINXCS PEIIETOK KOHIPYEHIWIT (HAIPUMED, UTO JII06as KOHEUHAsl pe-
meTKa 130MOpGHA PeIieTKe OTHOCUTEIHLHBIX KOHIDYEHIN HEKOTOPOro KOHEUHOro rpada).

B cBs3u ¢ sTuM nHTEpecHO OBLIO OBl HAWMTU OTBETHI HAa TaKKe BOIIPOCHI: BEPHO JIX, UTO
st mroboro Q-yausepcanbsHoro knacca K’ cymecrsyer nonkmace K C K/, Takoi uro MmHO-
KECTBO KOHEUHBIX IMOIPEIIeTOK ero pemreTku Ksasumuoroobpasuit Lg(K) mesbrancinmo?
cyiecTByeT i He (Q-yHuBepcanbHbIi Kinace K’ ¢ Takum cBoitcTBOM?

Hamu YCTAHOBJIEHO, YTO OJIS KJIaCCa BCEX HHq)q)epeHHHaHbHBIX TPYHIIIONOoB OTBET Ha
IIEPBLIN BOIIPOC ITOJIOKUTENIEH.

Bapwasckasa IToasumezrnurxa, Bapwasa
E-mail: A.Zamojska-Dzienio@mini.pw.edu.pl
HAnemumym mamemamury um. C. JI. Cob6oaesa CO PAH, Hosocubupckuii 2ocydapcmeenmbili yHusepcu-

mem, Hosocubupck
E-mail: udavi7@gmail. com
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Anre6pbl yHAPHBIX MYJIbTHOIIEPAIIAN

A. C. KAa3umuproB, H. A. TIEPSI3EB

Anrebpanmueckuii MOAXOM K U3y UIEHUIO (YHKIMOHAIBHBIX CUCTEM BIIEPBLIE OBbII MIPEIITO-
xen AU, Mambuessiv [1]. Beemem B paccMOTpeHUE CIIEAYIOIMIMI KIIACC anre6p, KOTOPLIR
CBSI3aH C CyNepKJIoHaMu [2].

[Iycts B(A) — muOX)ecTBO Beex mommuoxkecTB A. Orobpaxenne u3 A B B(A) Hasbl-
BaeTCs YHAPHOU MyJibTuonepanuein Ha A. IJ1s MHOXKeCTBa BCeX YHAPHBIX MYJIHTUOIEPAIUIT
na A ucnonbsyem obosHauenue M.

Hycts S C M. Anrebpa § =< S;x,N, pu,&,0,m > tuna (2,2,1,0,0,0) ¢ Huxe ompe-
IeJIEHHBIMU OTleparusaMu noactanoBku (f * g), nepeceuenus (f N g), obparumoctu (pf) u
HYJIBMECTHBIMI OIEPAUSIMEA £, 0, T HA3BIBACTCI .42€0P0T YHAPHLIT MYALMUONEPAYUT HAL
A:

(f *xg)(a) ={b| cymectByer ¢ € g(a) Takoit, uto b € f(c)};

(f N 9)(@) = £(a) N g(a);

(f)(@) = {b] a € F)}:

e(a) ={a}; 0(a) = 9; w(a) = A.

[Tpu A — OByxX37I€MEHTHOM MHOXKECTBe nMeeTcst 19 ajre6p yHAPHBIX MYJTbTUOTIEPAIIII.
Cpenu HuX 3 MAKCUMAJIBHBIX, 4 MUHUMAJILHBIX.

[Tpu A — TpexsnemenTHOM MHOXKeCTBe nMmeeTcss 2079040 anrebp yHaApPHBIX MyJIbTHOIIE-
panwmit. M3 Hux MakcuMatbHbIX — 46, MurnManbHbX — 16. KomuuecTBenHoe pacnpemesieHue
anrebp IO MOIITHOCTY MUHUMAJILHOTO 6a3mca MPUBEIEHO HIXKe:

Pasmep 6a3uca | KomugecTBo amaredbp
266
10830
92619
314466
570519
596809
357138
116418
18676
1275

11 24

Pa6ora Boimonuena npu nommep:xkke PODU, mpoextor Ne 12-01-00351, Ne13-01-00621.
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CBoICTBO pacIupeHuns KakKk KBa3suTepMalibHbIe ycjioBus MaJsibieBa

A. M. HYPAKYHOB

[Tycts R — xBasumuoroobpasue anredbp koueunon curHatypol u A € R. Kourpysurus
0 ma anrebpe A maswiBaercs R-xomepysnyuet, ecmu A/0 € R. UYepes Cgr(X) o6o3Haumm
HamMeHbITYI0 R-KoHTpysHIIIO, comepxkariryio MaHOX)ecTBO X, X C A x A.

Ksasumuoroo6pasue R umeer ceoucmso pacwupenusr, ecmu Cgr(an f) = Cgr(a) N
Cgr(f) nna moberx «, § € ConA, A € R. ®opmysa IepBOTO MOPAMKA HA A3BIKE KIIOHOB
Buna J(Aatomics — atomic) Ha3LIBAETCS K6a3UMEPMAAbHbIM Ycaosuem Maavyesa. To-
BOpUM, UTO KBaszuMHOroobOpasue R ymoBmeTBOpsieT CUIBHBIM KBa3UTEPMAIBLHBIM yCIOBUSIM
Masb1eBa, eciau KJIOH ornepaiuii jrobont anrebpel 3 R ymosmeTrBopsier sTum ycimoBusm. B
paboTe MBI TOKaXKeM, UTO KBasmMHOroobpasme R mmeeT CBOMCTBO paciiupeHUin TOTnaa u
TOIBKO TOrma, Korma R ymoBieTBOpsieT MHOXKECTBY CUJIBHBIX KBa3UTEPMAJIBHBIX YCIIOBUI
MasbieBa crenuaabHOrO BUIA.

HAncmumym meopemuueckots u npukaadnot mamemamuruy HAH KP, Buwxkex, Keipevizcman
E-mail: a.nurakunov@gmail . com
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MakcumajibHEIC B OI[HOI71 Imocjie1oBaTeJIbHOCTH MYJIbTUKJIOHBI

B. 1. IIAHTEJIEEB

IIycts A — KOHEYHOE MHOXKECTBO, comepKallee k 57IeMEeHTOB, N-MECTHON MyJIbTH(YHK-
nueit Ha MHOXKecTBe A HaspBaeTcs oTobpaxkenue f : A" — 24, a n-MecTHOH MyJILTHIPOEK-
nueit — otobpaxenue e, : (z1,...,x,) = {z;}, 1 <i < n.

Cymepmosutust — f(f1(x1, ..., Zpn), ey fr(1, ...y Tp))  oOmpemensier  MynbTUDYHKIUIO
hi(x1, ..., ;) caemyommmM o6pasoM:

hiay, ..., an) = U £, ).
bi€fi(ar,...,an)

My IbTUKIIOHOM HA3BIBAETCS MHOMKECTBO MyJIbTUDYHKIIN, COMEpKAIIEee BCE MYJIbTH-
OPOEKINK ¥ 3aMKHYTO€ OTHOCUTEIBLHO CYIEPIO3UINU. 3aMbIKAHUEe MHOXKECTBA MYJIbTH-
GYHKIUT 1 MAKCUMAJIbHBIE MYJIbTUKIIOHBI OMPEIEISIOTCS OOBIYHBIM 0OPA30M.

B moksmame mpuBomsTCs IpUMEpPHI MAKCHMAJIBHBIX MYyJIbTUKIIOHOB U (PPArMeHTHI pe-
IIETKU BCEX MYJIbTUKIIOHOB.

B wacTHOCTH, CIpABEINB CIIEMYIONUN PE3yIbTAT.

[Iycts m-mectHbiil npenukar G, (m > 1) ompenensiercs caemyoummM obpazom: G,
cocTouT M3 BCeX HAGOPOB (Qi, ..., Q) INIKHBL M TAKUX, YTO JUOO IJisi HEKOTOPOTO i €
{1,...,m} BomomHsIeTcs v; = & b0 ms Beex ¢ € {1,...,m} BemonHSIeTCS oy € A U Tpn
BTOM (v 7# (j €CIl 1 # j.

[Iycts F,, — MHOXKeCTBO MyJIbTUDYHKIUN, coxpansiommx npenukat G,,. W3BecTHO,
uro F,, — MynbTukioH, Fj — MakCUMAJIbHBIN MyJbTUKIIOH. Il OCTAJbHBIX 3HAYEHUI
m (1 < m < k) cupasenmuso:

Teopewma 1) F,,, conepxurcs B Fp,11;

2) F,;, — MakKcUMAJIBHBIN MyJIbTUKJIOH B Fypy 1.
Pa6ora Boimonnena npu nomaep:xkke PODU, mpoexTer Ne 13-01-00621, Ne 12-01-00351.

Bocmouno-Cubupcrad cocydapcmeennad axademud 06pa3zosanud, Uprymcer
E-mail: v1.panteleyev@gmail.com

158


mailto:vl.panteleyev@gmail.com

Manbnesckue urerns 2013 Teopus monement u yHUBepcaabHas ajareobpa

IToampsamo Hepa3sioXuMbie 6a3MCHBIE AJITreOphI

A. Tlunyc, . XAnna, P. XAJIAII

[Mousitue GasucHOW ayre6pbl 6bLIO BBemeHO B paborax [1]-[3] xak o6obrmenme MV-
anre6p (amrebpamdeckoil CTPYKTYPHI, CBA3AHHON C aKCHOMATHU3AINEN MHOIO3HATHON JIOT MK
JIykaceBn4a) m OPTOMOMYJIAPHBIX PEIIETOK (TAKOW X)e CTPYKTYPBI, CBA3aHHON C aKCHOMAa-
THU3AIMel JOrMKN KBAaHTOBOM MexaHuku). [lonpoGree o 6asucHbx anrebpax cm. [4]. Cyre-
cTByeT cTanmapTHas npouenypa ([4]), comocrasmsiomas 6a3uCHON anrebpe IacTUIHO YIIO-
PSIIOUEHHOE MHOMKECTBO C HAMMEHBIIIMM 3JIEMEHTOM U CAMOIBOMCTBEHHBIMU €r0 TJIABHBIMU
dunbrpamu. Bepro m obparnoe: 060My MOZOGHOMY MHOXKECTBY, ¢ (DUKCHPOBAHHBIMU
AHTUM30TOHHBIMU OMEKIMAMEI HA Ce0sl €ro TJIABHBIX (DMIIBTPOB, COOTBETCTBYET HEKOTODAsL
b6asucuas ajarebpa. IIlpu sTom 6a3ucHas ajaredbpa Ha3bLIBAETCS JIMHEHNHON, €C/IN 9TO YaCTUIHO
YIOPSAOUEHHOE MHOKECTBO JIMHEIHO.

MMeroT MecTO CIIemyrolye yTBEPKICHNUS.

Teopema 1 (GCH). /lng mo6oro 6ecKOHEUHOr0 KapAauHAIa k CyILIeCTBYIOT IJIOTHBIE
Kak KOMMYTATHBHBIE, TAK M HE KOMMYTATHUBHBIE, KaK HOAIPIMO HEPA3IOXKHUMBIE, TaK U
MOATIPAMO PA3JI0KUMBIE JIMHEHHbIe OA3MCHBIE Aare6pbl MOIIHOCTH k IJIOTHOrO MOPSAAKOBOrO
THma.

Teopema 2. s m060ro 6eCKOHEYHOr0 KapAauHaa k CyIIECTBYeT, 110 KpaHHell Mepe
k* moampsamo HepasIo:KUMBIX JTHHERHBIX, PACCESHHBIX IOMapHO Hem3oMopdusrx MV-amrebp
MorgHOCTH k.

Teopema 3. s m060ro 6ecCKOHEYHOr0 KapAauHaa k CyIIECTBYeT, IO KpaHHell Mepe
k™ mommpsmo Hem30MOpHBIX, paCCETHHBIX, TOANPIMO HEPA3IOXKUMBIX HE KOMMY TATHBHBIX
6a3MCHBIX aJIrebp MOIIHOCTH k.

CIUCOK JINTEPATYPHI
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O TpyIiirmnax MaTpun C HeCTaHOAPTHBIM YMHOXE€HNUEM

A. A. CuUMOHOB
Komnpro kBagpatasix matpun M, (R) Ham moseM min KOJIbIOM R ecTeCTBEHHBIM 00pa-

30M MOSBIISIETCS KaK IPyHIa aBTOMOPGU3MOB BEKTOPOB WU MOMyJel Ham R. YMHOXeHUe
MaTPUIl CTPOUTCS PN IIOMOIIN OMIMHETHON QYHKIIUN

f(l)(x17 e Ty Y1,y - e 7yn) = leyz
=1

BosaukaeT ecTeCTBEHHBI BOMPOC O BO3MOXHOCTH IMTOCTPOEHUS YMHOXKEHUS MATPHUIL TPH
momortn ¢y f @ R™ X R" — R ornuunoit oT OmnuHeinHou. B Teopum dpusmueckumx
cTpYKTYp [1] BO3HUMKaET peleHue, MPUBOISIIEe K TPYIIe MATPUIl C YMHOXKEHIEM
n—1
2
FO (@1, g1, yn) = E (i — ) (Yi — Yn) + T + Yn-
i=1
MoxkHO paccMOTpeTh 60s1ee OOIIUil CIydail, KOra B KaYecTBe f—yYMHOXKEHUs IBYX Ma-
tpunt A = (a;;) 1 B = (bjr) paccmarpusaercs marpuna C = (c¢ji), TOCTPOEHHAs U
oMoy QyHKIUN
—_—
f:R*"x R™ — R.
—_—
dyuknus f ompemeseHa Ha moaMHOXKecTBe R™ X R™ C R™ x R™. Bynem paccmaTpuBaTh
EPEMHOXKEHIsI MATPHIl OHOTO pasMepa — m X n. B pesynabrare ymHOXKeHUss MaTpuir A u
B nonyuaercs matpuia C' ¢ 57ieMEeHTaAME:

Cij = f(aﬂ, A2y .y Qin, blja bgj, ceey bm])
JIemMma. Eciwm umcino c¢Tpok m ¢To60B He paBHO 1, TO yMHOXKe€HHEe MATPHUII MOXKHO 3aIld-
cath 1pu moMorn [ -yMHOXEHHIS MATPHUII-CTOJIOIOB uin [™-yMHOXEHHIS MaTPHUII-CTPOK.
Duauueckyro cmpykmypy parra (m + 1,n + 1) MOXKHO ONpeneNuTh KaK YACTUUHYIO
MHOTOCOpTHYIO anre6bpy (MM, N, R; f, g), roe

FiMxN— R, g: R 5 R

— YaCTHUYHBLIE ONEPAINN ¢ HEKOTOPLIMU AOIOTHUTEILHBIMA YCIOBUAMM.
Teopema. Kareropus pusnueckux ctpyktyp K (R™, R™, R; f, g) u kaTreropus f-yMHOXeHHs
MATpUL 5KBUBAJICHTHEL

CIIUCOK JIUTEPATYPHI
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MoHounbl ¢ aKCHOMAaTU3NPYyEMbBIM KJIACCOM MHBEKTUBHBLIX IIOJIATOHOB HaJ
rpyImon

A. A. CTEAHOBA, II. A. 3AMOPOBA

B paborax [1, 2| npuBoauTcst omucanue MOHOUIOB .S, KJIACC TUIOCKUX, MPOEKTUBHBIX,
CBOOOMHBIX U PETYJIIPHBIX S-TOJUTOHOB HAJ KOTOPBIMEU aKCHOMATU3UpyeM. B maHHOW pa-
60Te perreHa 3amavua OMUCAHUS TPYIIIBL S, Ha KOTOPBIM KJTaCC MHBEKTUBHBIX S-IIOJIUTOHOB
AKCIOMATU3UPYEM.

Hs1st popMyIUpPOBKU HAHHOTO Pe3yIbTaTa HAIIOMHUM HEKOTOPbBIE MOHSTUSI U yTBEPXKIIe-
HUsI U3 Teopuu Momesedl u Teopuu moauroHoB (cMm. [3, 4]). Ilom mpaBbiM S-mOIUTOHOM
Ag man MoHounoMm S (uam mpocTo S-TOJIUTOHOM) IIOHUMAETCS MHOXKeCTBO A, Ha KOTOPOM
MOHOUI S HENCTBYyeT CIpaBa, MpudeM enuHuia S mercTByeT ToxmecTBeHHo. Ilycts S —
rpynna, Ag — mpasbiii S-nonuron. OiemeHT 6 € Ag HasbiBaeTcs Hyliem mogurona Ag,
ecinu 0 - s = 6 nnsa moboro s € S. Ilpasbiir S-mmonuron ()g HA3LIBAETCS UHBEKTUBHBIM, €CIII
mis roboro mpasoro S-momurona Ag, mo6oro momomopdusma i Ag — Bg, rme Bg —
mpaBblil S-TIONMUTOH, U I j1Io6oro romomopdmsma f: Ag — Qg CyIIecTByeT TOMOMOP-
dmsm f': Bg — Qg Takon, uyro f = f' o1 Kiacc MHBEKTUBHBLIX HPABLIX S-TIOJNTOHOB
obo3znagaeTcs Inj.

YrBepxnaeuune [3]. IIycts S — rpymma. Ilpaseii S-mosuron A; UHBEKTUBEH TOTIA U
TOJIBKO TOrIa, Korga B Ag CyIleCTByeT HyJIb.

Kmnace K crpykTyp si3bika L HasbiBaeTcs akcumoMaTmsupyeMbiM (cM. [4]), ecim cy-
[IIECTBYET MHOXKECTBO TMPEIJIOKEHUN Y si3blka L Takoe, 4TO CTPYKTypa A NpUHALIEKUT
kiaccy K Torma m TOIBKO TOTIA, KOTOA KAXKIIOe MPEIIOKEHNe U3 Y UCTUHHO B A.

Teopewma. Ilycre S — rpynma. Knacc Inj mMHBEKTHUBHBIX IPABBIX S-MOJUTOHOB aKCH-
OMaTH3UPYeM TOLIa U TOJBKO TOrAa, Korga S SBISETCS KOHEYHO IOPOXKIOEHHOH T'DYIIIOH.

Pabora Buimonuena npu nonnepxkke PODU, npoekt 12-01-00460-a.
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O6 omHOM MakKCHMMaJILHOM YaCTUYHOM YJIHTPAKJIOHE paHra 2

T. IO. XAIIBAIIKEEBA
B pa6ore paccmaTrpuBaeTcs cucrteMa MyIbTUGYHKIMI pAHra 2 ¢ Omepanueil Cymnepro-
3UIuY, ONpenesieHHon B [1].
[Iycts Ey = {0,1}. Mynbrudyukunein panra 2 HasbBaeTcs orobpaxenue Buma f :
E} — 2F2 MuoxecTso Beex MynbTuGYHKINN panTa 2 0603HATACTCS PQZF .

ycts f1 (21, s @n) ey f (X1, - s @n)y f(T1, 0o ) ePf.

Cynepnosutust f (f1 (z1,...,Zn) -+, fm (1,...,2,)) Onpenenser MyabTUDYHKIAIO
g(x1,...,Ty,) crenyrommM o6pa3oM:
ISt J1I000T0 HAbOpa 3HAYEHUN MEPEMEHHBIX (1, ..., 0y, ) € Fo"
N f(B1,...,Bm), ecnu nepeceveHne He MyCTO;

Bi€fi(a,...,an)
U f(B1,...,Bm), unaue.
Bi€fi(at,...,an)

Hannoe onpenenerune GakKTUIECKU MTO3BOIIET HAXOAUTDH 3HAUCHUE
mynbTubyskmn f(xy, To, ..., Ty,) € PQ;J Ha Habope (V1,72 ..,7n) € 272", Ha mabopax,
comepX)aimx &, MyJIbTUQYHKINSI 00s13aTeILHO IPUHIMAET 3HaUeHNe &, Ha OCTAJIbHBIX Ha-
6opax 3HaUYCHUE MYJIbTUDYHKIINN BBIUUCIISETCS B COOTBETCTBUU C OIMMCAHUEM.

YacTruIHbIM yIbTPAKIOHOM HA3BIBAETCS MHOXKECTBO MYJIbTUDYHKIIAN, COMEPKAIIIEE BCE
MPOEKIINH U 3aMKHYTOE€ OTHOCUTEIBHO CYNepHo3utiuu. HacTudHbIl yabTpakioH U Ha3biBa-
eTCsI MAaKCUMAJIbHBIM B HeKOTOpoM Kiacce K, ecrmu u3 U C K7 C K, rme K; — 9aCTUYHBINR
yaIeTpakiioH, cienyetr U = Ky nmm Ky = K.

glag,...,0n) =

CraBuTcs BOIPOC TOWCKA MAaKCUMAJIBHBIX B Pf JACTUYHBIX YIBTPAKIIOHOB. Perrenne
MTAHHOTO BOIIPOCA MPOBOMUTCS HA sI3BIKE COXpaHeHWs mpenukara GyHkumsMu. (O6Go3HAYIIM
uepe3 Pol R 9acTUYHBIA yILTPAKIIOH, COXPAHSIONIN npenukat .

Ha 2F2 ompenmemum npemuxar R:

{0} {1} {o} {1} {1} {0,1} {0,1} {0,1} {O,1} a & 6 & &
{oy {1} {1} {1} {1} {1} {01} {01} {0,1} B~ @& &

roe a, 3,7,0,€ € 282\ @
Teopema. PolK apnierca MakCUMaJbHBEIM JYaCTHIHBIM yIbTPAKIOHOM B Py* .

CIUCOK JINTEPATYPHI
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R ({0} {0} {1} {1} {0,1} {1} {0} {1} {01} 5 & & € g)
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O MOIITHOCTHU pelIeTKN KJIOHOB MYJILTHUOIIePAINil, COXPAHAIOIINX HYJIb U
€UHUITY

C. IO. XAITAHOBA

[Iycts Fy = {0,1}, Torma omepamus f : EY — 252 paspIBAETCS MYJILTHOIEPAIMCH,

P* — MHOXECTBOM BCEX myabTronepanuit. Ecnu mis mo6oro Habopa (aq, ..., o) € EY
BBIIIOJTHSIETCS:
| flaa, ..., o) |= 1, TOo oneparus Ha3bIBaeTCS Oomepanueil aareOpbl JIOTUKIL;
| flaa,...,an) |< 1 — gacTuunOR OmEpaIuelr;
| flaa, ..., ) |> 1 — runeponeparueii.
Onepamwst f(x1,...,2,) 1 f(a1,...,q,) = {@;} Ha3BIBAETCS CEIIEKTOPHOIL.

[Iycts t € {2, *, ~, :}, OIIPENIeINM CJIeIyIOIe MHOXKECTBA, OIlepaIlnil
ox={f€P"[f(0,...,0) =g}, re=1fepP | f(1,...,1) =g},
T =T50NTY 4,
[Iycres mamsr mynbTuoneparuu f(z1,...,T,), f1(T1,. s ZTm), .-, fu(x1,.. ., 2m), TOrOA

cynepriosunust f(fi(x1,...,Tm)s- .-, fn(T1,..., Ty )) ONpEneIseT MyILTUONEPAIIO (L1, . . ., Ty )
clenyiommM o0pa3om:

N f(b1,...,by,), ecim 5TO MEpeceueHNE HE PABHO &
glar, ...am) = bi€fi(ar, ..am)
1y eeey Wiy U f(bl,...,bn), nmHa4Je.

bi€fi(ai,...,am)
K.T[OHOM Ha3bIBaETCsI MHOXKECTBO MyJIbTI/IOHepaHI/IfI, 3aMKHyToe OTHOCUTEJIbHO CYIIEPIIO-
SN 1 CoOepKalllee BCE CCJICKTOPHBIE OII€pallnu.

Nurepsaniom I (A, B) Ha3bIBaeTCs YaCTUYHO YIOPSIOYEHHOE MO BKIIIOYEHIIO MHOXKECTBO
BCEX KJIOHOB, COMEPKAINNX KJIOH A 1 SIBIISIOIIMXCS TTOAMHOXKECTBaMU KJTOHa B.

Jlemma 1. HWrrepsan I(T3,T5 U TE* U T(%*) comepxkut 42 KioHA.

Jlemma 2. HUareppam I(T3, TS UTE* U To:,*) m3omopger uarepBary (T, 0:1 UTE* U
*
O,*) :

Jlemma 3. Hurepsamsr 1(T o, P*) w I(T7,, P*) conepxar mo 14 kmoHOB .

Teopema. MHurepsan (T3, P*) conepxur 108 KI0HOE .
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The technique of definable terms in Boolean valued analysis

A. E. GUTMAN

Let @ be a set of first-order formulas of set-theoretic signature. A formula ¢ is said to
be of class ® (“p is ®” for short) whenever ZFC F [p < ¢'] for some ¢’ in ®. Let 7(Z) be
any term introduced in (a conservative extension of) ZFC by means of a definition of the
form 7(Z) =y < ¢(Z,y). Say that 7 is of class ® (“7 is ®”) whenever ¢ is of class . Say
that 7 is ®-definable via a term o (“7 is ®(0)”) whenever there is a formula ¢(Z,y, z) of
class ® such that ZFC - [7(Z) =y < ¢(Z,y,0(T))].

In what follows, we denote formulas and terms by ¢ and 7,0, p with possible indices;
Ag is the smallest set containing the formulas = € y and closed under the connectives V,
-, (3z € y); X; is constituted by the formulas (Fz) ¢, with ¢ in Ag. A formula ¢ is
of class Ay (“p is A1”) whenever ¢ and —p are Xj.

Lemma. (1) If o, 7, 11,...,T, are X then so are (11, ...,7,) and 7(71,...,Ty).

(2) If 7y, ...,7, are ¥y and ¢ is Ay then ¢(71,...,7,) is Aq.

(3) If 7 is ¥y and ¢ is Ay then {7(Z): T €y, ¢(Z,y)} is X1.
(4) If 7 is ¥1(0) and p is X1(7) then p is 31 (o).

(5) If 7, 74, ..., Ty, are 31(o) then so is T(T1,...,Ty).
(6) If T is X1 then 7(0) is ¥1(0).

(7) If 7 is X1 and ¢ is Ay then {7(Z): T € 0, ¢(T,0)} is X1(0).

(8) If 7 is X1 and ¢ is Ay then {7(z): & € 0, p(z,0)} is L1 (oV).

The following example shows that statements (3) and (7) do not extend to the case in
which ¢ is ¥.

Example. Assume that ZF'C is consistent and put ¢(z) := (32)(z CNA z ¢ x). Then
pis X1, @ is not Ay, and {x € y: p(x)} is not 3.

In what follows, (-)" stands for the canonical embedding of V into the Boolean valued
universe V&,

Theorem. If p is ¥y, 7 is ¥1(0), and all the parameters of p,o, T are in T then the
following is provable in ZFC: for every complete Boolean algebra B and all =

(1) V& & [p(z)" =p(x") ];

(2) VO E [o(z)"=0(z")] = VOF [7(2)"=7(z")].

Let R, and R stand for the set of reals defined as Dedekind cuts and, respectively,
classes of Cauchy sequences in Q.

Corollary (ZFC). Let B be a complete Boolean algebra.

(1) V@ E [R CRp|; VO E [ Pan(X)" =Pan(X")] for all X.

(2) The following properties of B are pairwise equivalent: B is o-distributive;

Vo E [P(N)" =P(N)]; V® & [(NV)"=NV]; V@ & [Ry =Ry, ]; V@ E [RL CRe;
V® E [R” and R are isomorphic ordered fields].
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On circularly ordered groups that are weakly circularly minimal

B. SH. KULPESHOV

We continue studying the notion of weak circular minimality originally studied by
D. Macpherson and me in [1]. A circular order relation is described by a ternary relation
K satisfying the following conditions:

(col) VaVyVz(K(z,y, z) — K(y, z,x));

(co2) VaVyVz(K(z,y,2) NK(y,z,2) ©x=yVy=2Vz==1);
(co3) VaVyVz(K (z,y,z) — Vt[K(x,y,t) V K(t,y, 2)]);

(cod) VaVyVz(K(z,y,2) V K(y, z, z)).

A set A of a circularly ordered structure M is said to be convez if for any a,b € A
the following holds: for any ¢ € M with K(a,c,b) we have ¢ € A or for any ¢ € M
with K (b, c,a) we have ¢ € A. A circularly ordered structure M = (M, K,...) is (weakly)
circularly minimal if any definable (with parameters) subset of M is a finite union of
intervals and points (convex sets). Any weakly o-minimal structure is weakly circularly
minimal, but the inverse is not true in general. Some of interesting examples of weakly
circularly minimal structures that are not weakly o-minimal were studied in [1, 2, 3].

In [4] circularly minimal groups have been studied, and was proved that they are
abelian, divisible and densely ordered.

The talk is based on joint work with Viktor V. Verbovskiy, Institute for Problems of
Informatics and Control (Almaty, Kazakhstan). Here we discuss some properties of weakly
circularly minimal groups. We have obtained the following resutls:

Theorem 1. Any weakly circularly minimal group is abelian and densely ordered.

Proposition 2.There exists a weakly circularly minimal group which is non-divisible.

It had been proved before that a circularly minimal group does not have any proper
infinite definable subgroups (Claim 5.1.1, [4]). However for the weakly circularly minimal
group the claim doesn’t hold in general. Moreover, we have the following:

Proposition 3 For each natural number n there exists a weakly circularly minimal
group having an infinite ()—definable subgroup with n convex components.
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Stone type representations for g-lattices and interlaced ¢-bilattices

Yu. M. MovsisyaN, D. S. DAVIDOVA

The algebra, (L;A,V), with two binary operations is called g-lattice (or quantum-
lattice), if it satisfies the following identities: 1. a Ab=bAa,aV b= bV a (commutativity);
2. an(bAc) = (anb)Ac,aV(bVe) = (aVb)Ve (associativity); 3. aA(bAD) = aAb, aV(bVb) = aVb
(weak idempotency); 4. a A (bVa) = aAa,aV (bAa) = aVa (weak absorption); 5.
aAa=aV a(equalization).

For example, the (Z\ {0}; A, V) (where z Ay = (|z|, ly|) and =V y = [|z|, |y|], for which
(x|, ly|) and [|x|, |y|] are the greatest common division (gcd) and the least common multiple
(lem) of |z| and |y|) is a g-lattice, which is not a lattice, since: x Az # z and z V = # x.

We say that the algebra with four binary operations, (L; A, V, x, A) is a g-bilattice, if
the reducts, Ly = (L;A,V) and Lo = (L;*, /), are g-lattices and it satisfies the following
identity, a A a = a * a, as well.

Any g-lattice corresponds to a quasiorder (both a reflexive and a transitive relation) 6,
which is defined in the following manner:

adb=aANb=aANa<>aVb=bVb.

Since the g-bilattice has the structure of the two g-lattices, then any g¢-bilattice cor-
responds to two quasiorders. Let us denote the quasiorder of the first reduct, L, of the
g-bilattice, (L; A\, V, x, A), by <x, and that of the second reduct, Lo, by <,.

The g-bilattice is called interlaced if all basic g¢-bilattice operations are quasiorders
preserving with respect to the both quasiorders, i.e.
a<sabc<ab—=axc<pAbxd,alc<;\bAd;a<,bc<,b—aNc<,bAd,aVc<,bVd.

Note that a g-bilattice is interlaced, iff it satisfies all hyperidentities of the variety of
g-lattices.

For example, any g¢-lattice, (L; A, V), can be considered as an interlaced g-bilattice, in
the following manner: (L; A, V, A, V).

We prove Stone’s type representation theorems for arbitrary g-lattices and interlaced
g-bilattices. The problems of similar representations for ¢-lattices with a unary operation,
and for interlaced g¢-bilattices with unary operation are still open.
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Ranks of generalized semi-isolation

S. V. SUDOPLATOV

We generalize the rank si of semi-isolation [1] for sets of types.

Let T be a complete theory, M |= T. We consider closed sets (under the natural
topology) sets p(x) C S'(2), i. e., sets p(z) such that p(z) = ) [pp.i(z)], where [pp.i(z)] =

il
{p(z) € S1(@) | ¢p.i(z) € p(x)} for some formulas ¢y, ;(z) of T. For closed sets p(z),q(y) C
S(@) of types, realized in M, we take all (p, q)-preserving (p, q)-semi-isolating, or (p — q)-
formulas p(x,y) of T, i. e., formulas for which if a € M realizes a type in p(z) then every
solution of ¢(a,y) realizes a type in q(y).

For triples (p,u,q), where p,q C S'(2), u is a label for a (p — q)-formula with respect
to a labelling function v(p, q), we define inductively the rank si;(p,u,q) of semi-isolation:
(1) sit(p,u,q) = 0if u & pypq Or u = F; (2) sit(p,u,q) > 1if u € pypq \ {9}
(3) for a positive ordinal a, sii(p,u,q) > a + 1 if there is a set {v; | i € w} of pairwise
inconsistent labels such that v; - v and si;(p,v;,q) > «, i € w; (4) for a limit ordinal
a, si1(p,u,q) > « if sij(p,u,q) > B for any § € «. As usual, we write si(p,u,q) = «
if si(p,u,q) > a and si(p,u,q) ? 5 for a € B; si(p,u,q) = oo if si(p,u,q) > « for any
ordinal a.

Now we define the rank siz(p,u,q). For u € p,p.q) and p € p, we denote by wu,
the label v € p,((p},q) such that Op . q(a,y) = Ofp}0.qla,y) for a realizing p. We set

siz(p, u, q) = supsii ({p}, up, q). By the definition, sis(p, v, q) < siy(p, u,q) for any label u
PEP
and this inequality can be strict. For singletons p and q, si;(p, u,q) = siz(p, u,q) and this

value equals to the si-rank of correspondent label.

Theorem.
(1) Each sij-rank in a theory T is either equal to oo or less than min{|T|", (MR/(z ~ z) +
1)*}, where MR’ is the Morley rank with respect to formulas \/ 0p ..q(a,y), representing

=p(a)

(p — q)-formulas for labels u' € p,(p.q). If the Morley rank MR'(x ~ ) is equal to an
ordinal o then any sij-rank in T is not more than o + 1.

(2) Each siy-rank in a theory T is either equal to oo or less than min{|T|*, (MR(z ~
x) + 1)T}. If the Morley rank MR(z = x) is equal to an ordinal « then any sig-rank in T is
not more than o + 1.

A series of results and the hierarchy of structures with respect to the rank of semi-
isolation [1] are generalized for the ranks si; and sis.

The work is supported by RFBR grant No. 12-01-00460-a.
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A-M-) and SM-)-stabilities for A-M-theories

A. R. YESHKEYEV

Let T be an arbitrary A-M-theory in the language of the signature o. A-M-theory
differs from the A-PM-theory, the fact that the morphisms considered only immersions, as
in the [1]. Let C be a semantic model of T, A C C. Let or(A) = 0| J{cs|a € A} T, where

I'={gt U{ct U{P}.

Consider the following theory
TEM(A) = Thy, (€. a)uea|Jlol@) = a | a € A Ja( UL, U P} J 1P}

where T, expresses the fact that for any model (M, g™) | T, we have:

1) g™ is an automorphism of M;

2) {m € M| gM(m) =m} is a universe of some existentially closed submodel of M, for
any model M of signature o.

For a predicate P, we write an expression {"P C "}, that is essentially an infinite set
of sentences, which says that the interpretation of the character P is positive existentially
closed submodel in the signature o. Because of the incompleteness we do not write the
exact relationships between the elements I' = {g} |J{c} J{P}, but it is assumed that they
are consistent within the framework of T{ 9" (A).

Below we work in this enrichment of signature.

Definition 1. We say that the A-M theory T is A-M-A-stable if for any model

A € ¥F, T, any subset X of the set 4, |X| < A = ’Sgﬂ (X)’ < A. A-M-theory T
a+1

A-M-stable if it is A-M-\ stable for some .

Theorem 1. Let T be a A-M-theory, perfect, complete for the E, 1 sentences, A > w.
Then the following conditions are equivalent:

1) T* is A-M-\-stable;

2) T is A-stable (in classical meaning), where T™ is the center of the theory T

Definition 2. We denote by S} the set of all £}  -completions of the theory
TIFgM(A). The theory T is SA-A-stable if ‘SIM < A for any A such that |[A| < A

Theorem 2. Let T be a X -complete, perfect A-M-theory. Then the following
conditions are equivalent:

1) The theory T is A-stable in the sense of [2];

2) The theory T* is S¥ -\-stable.

All notions undefined in this thesis can be found in [3].
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On free n-nilpotent dimonoids

A. V. ZHUCHOK

An element 0 of a dimonoid (D, H,F) (see, e.g., [1, 2]) will be called zero, if zx0 =0 =
Oxx for all z € D and x € {-,F}.

As usual, N denotes the set of all positive integers. A dimonoid (D, -, ) with zero will
be called nilpotent, if for some n € N and any z; € D, 1 < i < n+1, and *; € {-4,F},
1 < j < n, any parenthesizing of

T %1 Lo *2 ... %y Tpt1

gives 0 € D. The least such n we shall call the nilpotency index of (D, ,F). For k € N a
nilpotent dimonoid of nilpotency index < k is said to be k-nilpotent.

It is obvious that operations of any 1-nilpotent dimonoid coincide and it is a zero
semigroup.

Note that the class of all n-nilpotent dimonoids is a subvariety of the variety of all
dimonoids. A dimonoid which is free in the variety of n-nilpotent dimonoids will be called
a free n-nilpotent dimonoid.

Let X be an alphabet, F'[X] be the free semigroup over X. Denote the length of a word
w € F[X] by l,. Fix n € N and assume

FN, ={(w,m) € F[X]xN|m <1, <n}U{0}.
Define operations 4 and - on F'N,, by

(wy,m1) 3 (w2, mg) = { (

wleJml) 9 lwlwz §n7
0, lyws > M,

(w1, m1) b (w2, ma) = { <w1ui)2,, o ) ll:j:jinr’z,
(wy,m1)*0=0x%(wy,m;)=0%x0=0

for all (wy,mq),(we,mg) € FN,\{0} and x € {-,F}. The algebra (FN,,-,F) will be
denoted by F N, (X).

Theorem. F'N,(X) is the free n-nilpotent dimonoid.

Corollary. The free n-nilpotent dimonoid F'N,,(X ) generated by a finite set X is finite.
Specifically, |FN,(X)| =Y i, i|X|" + 1.

In addition, we introduce the notion of a 0-diband of subdimonoids and in terms of
0-dibands of subdimonoids describe the structure of free n-nilpotent dimonoids. We also
present the least n-nilpotent congruence on a free dimonoid.

REFERENCES

[1] Loday J.-L., Dialgebras, In: Dialgebras and related operads, Lect. Notes Math. 1763, Springer-Verlag,
Berlin (2001), 7-66.
[2] Zhuchok A.V., Dimonoids, Algebra and Logic 50 (2011), no. 4, 323-340.

Luhansk Taras Shevchenko National University, Luhansk (Ukraine)
E-mail: zhuchok_a@mail.ru

169


mailto:zhuchok_a@mail.ru

VIII. ABTOpCcKu yKa3zaTejb



MamapneBckue grerns 2013

ABTOpCKUIIT yKa3aTesb

Appnamkosa JI. I1., 76
Asapos II. H., 77

Asapos II. H., 85

Amnaes II. E., 63
Awmcrucnasckui B. C., 64
Arabeksn B. C., 78
Adonnn C. A., 28
Axwmepos A. A., 37

Baxenos H. A., 65
Bameesa A. O., 48
Bbasunosa H. B., 79
Bekenos M. U., 148
Bekenos M. U., 29
Bexnemures JI. 1., 10
bBepuxos B. B., 30
Bepumrenin A. 1O., 31
Bepumreiitn A. FO., 58
bukmyxameros P. U., 66
bpenuxun I1. A.; 149
Bynkun A. U., 80

Bapakcuu C. B., 81
Bacenun B. A., 32
Benecaunkuir B. @., 82
Beprmuaa C. B., 83
Bukentnes A. A., 150
Bukentnes A. A., 151
Bukentnes P. A., 151

laspumiok A. JI., 84
I'mymkosa B. H., 34
lNomsmos II. B., 85
lopomenko A. C., 129
I'opxynos E. B., 86
lopmikos U. B., 11
['peGenéra 1O. B., 48

Hasumos C. C., 152
Hamkosa O. FO., 87
Heopxenkuir FO. C., 153
Hopxwuesa M. B., 67
Hpo6oryr b. H., 35

Emkees A. P., 154

Saiie M. B., 130
Bamoiicka-Ixenno A., 155
Bamoposa II. A., 161
3enkos A. B., 79

3enkos B. ., 88

3enkos B. ., 89

Ucaes U. M., 131
Wcemarunosa A. C., 37
Ucemarummosa A. C., 38

Kabanosa E. C., 151
Kazapun JI. C., 12
Kasumupos A. C., 156
Kamopuukos C. @., 76
Kapmos A. B., 36
Kucmummuu A. B., 131
Kucmumuu A. B., 132
Kusaruna B. H., 90
Kuszes O. B., 91
Kosasera B. A., 92
Kounpatees A. C., 84
Kounpatses A. C., 93
Kopob6xos C. C., 133
Kopo6os O. A., 94
Komrenesa A. B., 49
Komeesa A. K., 50
Kporos M. C., 86
Ky3menos C. JI., 51

Jlatkuu E. 1., 52
Jlarkuu U. B., 68
Jlykesauuyk A. H., 53
Jlymmos . A., 69
Jsnenkuin A. B., 54
Jsmerxuin A. A., 70

Mamn3zaea H. Y., 95
Macnosa H. B., 84
Macnosa H. B., 96
Macnosa H. B., 97
Maxues A. A., 13
Meken A., 134
Mypamxko B. ., 98

Hectepos M. H., 99
Hyxwun 4. H., 89
Hypakynos A. M., 157
Hypuzunos M. K., 71

Opgusrmos C. I1., 55
Ocnanos P. M., 29
Ocmuues C. C., 72
Oroymurmpiar JIL, 134

[Tapmox U. U., 100
[Mapmox U. U., 107
[Tanos C. B., 101
[TarTenees B. U., 158

171



MamapneBckue grerns 2013

ABTOpCKUIIT yKa3aTesb

[Tepsizer H. A., 156
[MeTyxos M. C., 102
[Munyc A., 159
[Moxwunaes A. II., 135
[Tonomapés K. H., 103
Iloramos B. H., 86
[Mypruu A. B., 136

Pesun II. O., 97
Pemecnennukos B. H., 14
Pumvanxuit B.B., 53
Poranos B. A., 32

Posos A. B., 104
Pomanbkos B. A., 105

CarekbaeBa A. 2K., 48
Cemenuyxk B. H., 82
Cumonos A. A., 160
Coxkomnos E. B., 106
Cnusaxk C. U., 37
Cousak C. U., 38
Cremnanos II. A., 39
Crenanosa A. A., 161
Crykaues A. 1., 15

Tensena JI. 1., 107
Tpopmmyx A. A.; 108
Tymanosa E. A.; 109
Tromobeprenes P. K., 71
Trorsuos B. H., 90

Yns6puxt O. U., 154
Papyxkmma B. X.; 83

Xanma W., 159

Xagam P., 159
Xambamkeesa T. FO., 162
Xanranosa C. FO., 163
Xucamues H. I'., 105
Xucamue H. I'., 71
Xpawmmos 1. B., 84
Xyxpo E. ., 16

Hupxos A. A., 110
Yexsos A. P., 137

[MMa6yuun A. JI., 56
[Mabynusu JI. B., 57
[MMaxosa C. A., 112
[IBunedcku M. B., 155
[esnsaxos A., 113
[llepuenko U. FO., 55

[MMemerxosa O. JI., 76
[MMecrakos A. U., 138
[MTumos H. B., 48
[Mumos H. B., 58
[Mumosa C. O., 58
MIryxkept II. K., 114

dcumuckas O. B., 40
Smmu A. I1., 59

Artemov S. N., 17
Avgustinovich S. V., 115

Belonogov V. A., 116
Chen X., 119
Davidova D. S., 166

Ganchev H., 74
Gavrilyuk A. L., 117
Gerasimov A. S., 60
Gorodilova A. A., 41
Goryainov S. V., 117
Guo W., 119
Gutman A. E., 164

Kamornikov S. F., 120
Karpenko A. V., 18
Kharchenko V. K., 140
Koepke P., 20
Kolesnikov P. S., 19
Kolomeec N. A., 42
Korovina M. V., 43
Krotov D. S., 115
Kulpeshov B. Sh., 165
Kuzmina A. S., 142
Kuz’min A. M., 141

Li Baojun, 121

Makridin Z. V., 61
Maltsev Yu. N., 142
Mikaelian Vahagn H., 122
Mogilnykh I. Yu., 44
Mogilnykh I. Yu, 117
Movsisyan Yu. M., 166

Odintsov S. P., 61
Okhapkina E., 143

Panenko R., 123
Popov Yu., 144

Revin D. O., 21
Rybalov A. N., 73

172



MamapneBckue grerns 2013

ABTOpCKUIIT yKa3aTesb

Sabodakh 1.V., 124
Sariev A. C., 74
Schmidt R. A., 24
Shemetkova O. L., 120
Shestakov 1. P., 141
Shlyopkin A. A., 124
Skiba A. N., 119
Solov’eva F. 1., 44
Speranski S. O., 22
Sudoplatov S. V., 167
Sverchkov S., 145
Sverchkov S., 146

Timoshenko E. I.; 23
Tishkovsky D. E., 24
Tokareva N. N., 45

Tsiovkina L. Yu., 125

Vakarelov D., 25
Vasil’eva A. Yu., 115
Vitkup V. A., 46

Wansing H., 26
Wegner S.-A., 126

Yeshkeyev A. R., 168
Yi Xiaolan, 120

Zhuchok A. V., 169
Zvezdina M. A., 127

173



