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Theories:
1. Admissible sets and generalized computability.
2. Approximation spaces and domains.
3. Computable structures.

Questions:

1. How to define a measure (degree) of complexity of a given
abstract structure, maybe uncountable?

2. For a given admissible set A, what is computability on A?
3. Which computabilities are generated by structures?
4. Which structures are generated by computabilities?
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We propose the following approaches to the questions stated
above:

1) The measure of (relative) complexity of a structure is given
by its degrees in semilattices of Σ-degrees and degrees of
presentability.

2) Computability on A is a family of its components, with
each component defined as a pair: a family of objects —
subsets of A, and a class of Σ-processes acting on them,
with the property that every finite fragment of an output can
be obtained using some finite fragments of the arguments
and resources.

3) The jump of a component of computability on A is a
structure with the domain consisting of its objects and the
diagram is obtained by the termination of its processes.
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Definition (Yu. L. Ershov)
1. A first-order theory T is called regular if it is decidable and

model complete.
2. A first-order theory T is called c-simple (constructively

simple) if it is decidable, model complete, ω-categorical,
and has a decidable set of the complete formulas.

Definition (S.)
A first-order theory T is called sc-simple if it is decidable,
submodel complete, ω-categorical, and has a decidable set of
the complete formulas.

Definition (A. J. Wilkie)
A first-order theory T is called effectively model complete if,
for any formula Φ(x) of the signature of T , there exists an
∃-formula Ψ(x) which is equivalent (w.r.t. the theory T ) to Φ(x),
and Ψ(x) can be found effectively from Φ(x).
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Theory KPU, admissible sets, HF(M)

Let σ′ = σ ∪ {U1,∈2,∅} where σ is a finite signature.

Definition
The class of ∆0-formulas of signature σ′ is the least one of
formulas containing all atomic formulas of signature σ′ and
closed under ∧,∨,¬, ∃x ∈ y and ∀x ∈ y.

Definition
The class of Σ-formulas of signature σ′ is the least one of
formulas containing all ∆0-formulas of signature σ′ and closed
under ∧,∨, ∃x ∈ y, ∀x ∈ y and ∃x.
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Definition
The axioms of KPU (of a signature σ′) are the universal
closures of the following formulas:

Empty set: ¬∃x(x ∈ ∅) ∧ ¬U(∅)

Extensionality:
(¬U(a) ∧ ¬U(b)) → (∀x(x ∈ a ↔ x ∈ b) → a = b)
Foundation: ∃xϕ(x) → ∃x [ϕ(x) ∧ ∀y ∈ x¬ϕ(y)] for all
formulas ϕ(x) in which y does not occur free
Pair: ∃a(x ∈ a ∧ y ∈ a)

Union: ∃b∀y ∈ a∀x ∈ y(x ∈ b)

∆0-Separation: ∃b∀x(x ∈ b ↔ x ∈ a ∧ ϕ(x)) for all
∆0-formulas ϕ(x) in which b does not occur free
∆0-Collection:
∀x ∈ a∃y ϕ(x , y) → ∃b∀x ∈ a∃y ∈ bϕ(x , y) for all
∆0-formulas ϕ(x) in which b does not occur free.
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Admissible Sets

Let Tran(a) be the formula ∀x ∈ a∀y ∈ x(y ∈ a) and let

Ord(a) 
 Tran(a) ∧ ∀x ∈ a Tran(x).

Definition
A structure A of signature σ′ is called an admissible set if

1) A |= KPU

2) Ord A = {a | A |= Ord(a)} is wellfounded
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HF(M)

For a set M, consider the set HF(M) of hereditarily finite sets
over M defined as follows: HF(M) =

⋃
n∈ω

HFn(M), where

HF0(M) = {∅} ∪M,
HFn+1(M) = HFn(M) ∪ {a | a is a finite subset of HFn(M)}.

For a structure M = 〈M, σM〉 of (finite or computable)
signature σ, hereditarily finite superstructure

HF(M) = 〈HF(M);σM,U,∈,∅〉

is a structure of signature σ′ (with HF(M) |= U(a) ⇐⇒ a ∈ M).

Remark: in the case of infinite signature, we assume that σ′

contains an additional relation Sat(x , y) for atomic formulas
under some fixed Gödel numbering.

Fact
HF(M) is the least admissible set over M.
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Σ-definability of structures in admissible sets

Let M be a structure of a relational signature 〈Pn0
0 , . . . ,Pnk

k 〉 and
let A be an admissible set.

Definition (Yu. L. Ershov 1985)
M is called Σ-definable in A if there exist Σ-formulas
ϕ(x0, y), ψ(x0, x1, y), ψ∗(x0, x1, y),
ϕ0(x0, . . . , xn0−1, y), ϕ∗0(x0, . . . , xn0−1, y), . . . , ϕk (x0, . . . , xnk−1, y),
ϕ∗k (x0, . . . , xnk−1, y) such that, for some parameter a ∈ A,
M0 � ϕA(x0,a) 6= ∅, η � ψA(x0, x1,a) ∩M2

0 is a congruence
on M0 � 〈M0,P

M0
0 , . . . ,PM0

k 〉, where
PM0

k � ϕA
k (x0, . . . , xnk−1) ∩Mnk

0 , k ∈ ω,
ψ∗A(x0, x1,a) ∩M2

0 = M2
0 \ ψA(x0, x1,a),

ϕ∗A
i (x0, . . . , xni−1,a) ∩Mni

0 = Mni
0 \ ϕA

i (x0, . . . , xni−1) for all i 6 k,
and the structure M is isomorphic to the quotient structure
M0�η.
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Σ-definability of structures in admissible sets

Σ-definability of a model in an admissible set A is an extension
(on computability in A) of the notion of constructivizability of a
model (in classical computability theory CCT).
For a countable structure M, the following are equivalent:

M is constructivizable (computable);
M is Σ-definable in HF(∅).

For arbitrary structures M and N, we denote by M 6Σ N the
fact that M is Σ-definable in HF(N).
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Effective Reducibilities on Structures

For arbitrary cardinal α, let Kα be the class of all structures (of
computable signatures) of cardinality 6 α. We define on Kα an
equivalence relation ≡Σ as follows: for M,N ∈ Kα,

M ≡Σ N if M 6Σ N and N 6Σ M.

Structure
SΣ(α) = 〈Kα/ ≡Σ,6Σ〉

is an upper semilattice with the least element, and, for any
M,N ∈ Kα,

[M]Σ ∨ [N]Σ = [(M,N)]Σ,

where (M,N) denotes the model-theoretic pair of M and N.
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Theorem (Yu. L. Ershov 1985)

C 6Σ L,

for any dense linear ordering of size continuum.

Theorem (S. 2002)

HYP(M) ≡Σ M,

for any recursively saturated regular structure M.
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Let M be a structure of a computable signature and let A be an
admissible set.

Definition
A presentation of M in A is any structure C such that C ∼= M

and the domain of C is a subset of A.

We can treat (the atomic diagram of) a presentation C as a
subset of A, using some Gödel numbering of the atomic
formulas of the signature of M.

Definition
The problem of presentability of M in A is the family PrA(M)
consisting of the atomic diagrams of all possible presentations
of M in A:

PrA(M) = { C | C is a presentation of M in A }

Denote by M the set PrHF(∅)(M) of all presentations of M in
the least admissible set.
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A mass problem (Yu. T. Medvedev, 1955) is any set of total
functions from ω to ω. A mass problem can be considered as a
set of ”solutions” (in form of functions from ω to ω) of some
”informal problem”.

Examples of mass problems: suppose A,B ⊆ ω

1) the problem of solvability of a set A is the mass problem
SA = {χA}, where χA is the characteristic function of A

2) the problem of enumerability of a set A is the mass
problem

EA = {f : ω → ω | rng(f ) = A}

3) the problem of separability of sets A,B is the mass
problem

PA,B = {f : ω → 2 | f−1(0) = A, f−1(1) = B}

Alexey Stukachev On Processes and Structures



Suppose X ,Y ⊆ P(A). X is Medvedev reducible to Y
(X 6A

s Y) if there exist binary Σ-operators F0 and F1 such that,
for all Y ∈ Y, 〈Y ,A \ Y 〉 ∈ δc(F0) ∩ δc(F1) and, for some X ∈ X ,
X = F0(Y ,A \ Y ) and A \ X = F1(Y ,A \ Y ).

X is Dyment reducible to Y (X 6A
e Y) if there exists a unary

Σ-operator F such that, for all Y ∈ Y, Y ∈ δc(F ) and F (Y) ⊆ X .

X is Muchnik reducible to Y (X 6A
w Y) if, for any Y ∈ Y, there

exist binary Σ-operators F0 and F1 such that
〈Y ,A \ Y 〉 ∈ δc(F0) ∩ δc(F1) and, for some X ∈ X ,
X = F0(Y ,A \ Y ) and A \ X = F1(Y ,A \ Y ).
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Let A be an admissible set, r ∈ {e, s,w ,ew}. For structures
M,N, denote by

M 6A
r N

the fact that PrA(M) 6A
r PrA(M).

For any r ∈ {e, s,w ,ew}, 6r denotes 6HF(∅)
r .
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Let
KΣ(M) = {N | N 6Σ M}
KA

e (M) = {N | N 6A
e (M, m̄) for some m̄ ∈ M<ω}

KA
s (M) = {N | N 6A

s (M, m̄) for some m̄ ∈ M<ω}
KA

ew (M) = {N | N 6A
ew M}

KA
w (M) = {N | N 6A

w M}.

For any structure M and any admissible set A,

KA
Σ(M) ⊆ KA

e (M) ⊆ KA
s (M) ⊆ KA

w (M),

as well as KA
e (M) ⊆ KA

ew (M) ⊆ KA
w (M) (S. 2007). In general,

all these inclusions are proper in the case A = HF(∅) (I.
Kalimullin 2009).
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For any r ∈ {e, s,w ,ew}, define the relation 6A
r on K in the

following way: M 6A
r N if and only if KA

r (M) ⊆ KA
r (N), and let

SA
r = 〈KA/ ≡A

r ,6
A
r 〉 be a structure of degrees of

A-presentability corresponding to this reducibility relation.

Proposition (S. 2007)

Each of SA
r , r ∈ {e, s,w ,ew}, is an upper semilattice with 0,

and there are natural embeddings (↪→) and homomorphisms
(→)

D ↪→ De ↪→ SA
Σ → SA

e → SA
s → SA

w ,

as well as SA
e → SA

ew → SA
w
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Theorem (Friedberg 1957)

Let A ⊆ ω be a set such that 0′ 6T A. There exists a set B ⊆ ω
such that

B′ ≡T A.

Theorem (S. 2009)

Let A be a structure such that 0′ 6Σ A. There exists a structure
B such that

B′ ≡Σ A.
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Corollary

Let A be a countable structure such that 0′ 6Σ A. Then there is
a structure B such that, for any r ∈ {e, s,w ,ew},

B′ ≡r A,

where the symbols e, s,w ,ew denote Dyment, Medvedev,
Muchnik, and non-uniform Dyment reducibilities,
correspondingly.

Theorem (A.Soskova, I.Soskov 2009)

Let A be a countable structure such that 0′ 6w A. There exists
a structure B such that

B′ ≡w A.
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Definition (S.)

Structure A is called sΣ-definable in HF(B) (denoted as
A 6sΣ B) if A is HF(B)-constructively generated, i.e.,
A ⊆ HF(B) is a Σ-subset of HF(B), and all the signature
relations and functions of A are ∆-definable in HF(B).

Proposition (S. 2009)
For any structure A,

A <sΣ A′.
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Definition (S.2007)
1. A countable structure M has an e-degree if there exists a

presentation N ∼= M of a structure M in HF(∅), such that
N 6sΣ M.

2. A countable structure M has a degree if there exists a
presentation N ∼= M of a structure M in HF(∅), such that
N+ 6sΣ M, where N+ is the enrichment of N by an unary
predicate interpreted as N.
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Definition (S. 2005)
HF-superstructure over a structure M has the rank of inner
constructivizability k , k ∈ ω, if there exists a presentation
N ∼= HF(M) of the HF-superstructure HF(M) in HF(M), such that
N 6sΣ M by means of the lements with the rank 6 k .

Proposition (S. 2005)
1. For any structure M, the rank of inner constructivizability of

HF(M) is 6 2.

2. The rank of inner constructivizability of HF(R) is equal to 1.
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Definition (S.)
A structure M is called quasiregular if

MMorley ≡sΣ M,

where M is the Morley expansion of M.

Let M be a structure of signature σ, signature σ∗ consists of all
symbols from σ and function symbols fϕ(x1, . . . , xn) for all
∃-formulas ϕ(x0, x1, . . . , xn) ∈ Fσ. A structure M∗ of signature
σ∗ is called existential Skolem expansion of M if |M∗| = |M|,
M �σ= M∗ �σ, and for any ∃-formula ϕ(x0, x1, . . . , xn) ∈ Fσ

M∗ |= ∀x1 . . .∀xn(∃xϕ(x , x1, . . . , xn) →

→ ϕ(fϕ(x1, . . . , xn), x1, . . . , xn)).
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Theorem (S. 1996, with corr. 2013)

If Th(M) is regular then HF(M) has the uniformization property
if and only if, for some well-defined existential Skolem
expansion MS of M,

MS ≡sΣ M.

Theorem (S.)

If M is quasiregular then HF(M) has the uniformization
property if and only if, for some well-defined existential Skolem
expansion MS of M,

MS ≡sΣ M.
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Proposition (S.)

1. If M is quasiregular then HF(M) has a universal
Σ-function and the reduction property.

2. If M is quasiregular and HF(M) has the uniformization
property, then HF(M) is Σ-equivalent to the Moschovakis
expansion M∗.
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Proposition (S. 1996)
For R and Qp, there exist well-defined sΣ-definable Skolem
expansions.

Proof: use Σ-definable topology and topological properties of
definable subsets

Corollary (S. 1996, indep. Korovina 1996 for HF(R) )

HF(R) and HF(Qp) have the uniformization property and a
universal Σ-function.
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Proposition
Rexp is quasiregular and there exists a well-defined existential
Skolem expansion (Rexp)S of R such that

(Rexp)S ≡sΣ Rexp.

.
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Let X = (X ,F ,6) be an approximation space generated by an
admissible set A, i.e. X ⊆ P(A), F = A, 6=⊆X\UA ∪ =UA . We
consider the following classes of Σ-processes on X :

1) the class of Σ-functions, i.e., of A-constructive processes
of kind f : F → F , with A-finite arguments and values;

2) the class of Σ-predicates, i.e., of A-constructive processes
of kind P : F → X , with A-finite arguments;

3) the class of Σ-operators, i.e., of A-constructive processes
of kind S : X → X , with arbitrary arguments and values.

Uniformization property is an example of relationships
between Σ-predicates and Σ-functions.
Embeddability property is an example of relationships
between Σ-predicates and Σ-operators.
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Definition
Let A be an admissible set.

1) A mapping α : An → P(A) is called a Σ-predicate on A if
there is a Σ-formula ϕα(x1, . . . , xn, y) of signature σA (with
no parameters from A) such that, for all a1, . . . ,an,b ∈ A,
b ∈ α(a1, . . . ,an) if A |= ϕα(a1, . . . ,an,b) (ϕα is called a
Σ-specification, or Σ-presentation, of α).

2) A mapping β : P(A)n → P(A) is called a Σ-operator on A
if there is a Σ-formula ϕβ(x1, . . . , xn, y) of signature σA
(with no parameters from A) such that, for all
S1, . . . ,Sn ∈ P(A), and b ∈ A

b ∈ β(S1, . . . ,Sn) iff ∃a1 ⊆ S1, . . . ,∃an ⊆ Sn

s.t. A |= ϕβ(a1, . . . ,an,b)

(here it is assumed that a1, . . . ,an ∈ A∗). Again, ϕβ is
called a Σ-specification, or Σ-presentation, of β.
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We assume that if A is fixed, 6 denotes ⊆A∗ ∪ =UA .

Definition
Let A be an admissible set, and let m,n ∈ ω. A mapping γ from
Am × (A ∪ P(A))n to P(A) is called a Σ-process on A
((m,n)− process) if there is a Σ-formula
ϕγ(x1, . . . , xm, y1, . . . , yn, z) of signature σA (with no parameters
from A) such that, for all a1, . . . ,am ∈ A, x1, . . . , xm ∈ A ∪ P(A),
c ∈ A,

c ∈ γ(ā, x̄) iff ∃b1 6 x1, . . . ,∃bn 6 xn s.t. A |= ϕγ(ā, b̄, c).

Formula ϕγ is called a Σ-specification, or Σ-presentation, of γ.
The set of all Σ-presentations of a given process γ is denoted
by PresΣ(γ).
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We denote by FΣ(A) the class of all Σ-predicates on A, by
OΣ(A) the class of all Σ-operators on A, and by PΣ(A) the class
of all Σ-processes on A (hence, PΣ(A) ⊇ FΣ(A) ∪ OΣ(A)).

Definition
Let A be an admissible set and let C ⊆ PΣ(A) be a class of
Σ-processes on A. A family S ⊆ A ∪ P(A) is called Σ-admissible
relative to C if

1) S is closed relative to processes from C: for any (m,n)-process
α ∈ C,

∀a1, . . . ,am ∈ A∀x1, . . . , xn ∈ S α(ā, x̄) ∈ S;

2) processes from C are strongly continuous on elements from S:
for any (m,n)-process α ∈ C,

∀a1, . . . ,am ∈ A∀x1, . . . , xn ∈ S∀c ∈ A( c 6 α(ā, x̄) iff

∃b1 ∈ A . . .∃bn ∈ A(b1 6 x1 ∧ . . . ∧ bn 6 xn ∧ c 6 α(ā, b̄))).
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Definition
Let A be an admissible set. By a computability component on A
we mean a pair (S, C), where

1) A ⊆ S ⊆ P(A) is a Σ-admissible family relative to C, and

2) FΣ(A) ⊆ C ⊆ PΣ(A) is a class of Σ-processes on A which is
closed under superposition.

For an admissible set A, by computability on A we mean the
family Com(A) of all computability components on A:

Com(A) = {(S, C) | (S, C) is a computability component on A}.
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To demonstrate the usefulness of these new notions, we prove
a strengthening of the result of A.S.Morozov (2004) which
states that a certain reducibility on admissible sets implies an
embedding of computable objects (i.e., Σ-predicates) on them.
The reducibility on admissible sets was defined by A.S.Morozov
(2004)as a modification of the notion of Σ-definability of a
structure in an admissible set introduced by Yu.L.Ershov (1985).

Morozov, A. S. (2004). On the relation of Σ-reducibility
between admissible sets, Sib. Math. J. 45, 3, pp. 522–535.
Khisamiev, A. N. (2004). On the Ershov Upper Semilattice
LE , Sib. Math. J. 45, 1, pp. 173–187.
Puzarenko, V. G. (2009). About a certain reducibility on
admissible sets, Sib. Math. J. 50, 2, pp. 330–340.
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Definition (A.S. Morozov 2004)
Let A and B be admissible sets. A is Σ-reducible to B ( denoted
A vΣ B) if there is an onto mapping ν : B � A such that

1) ν is a B-constructivization of A as a structure;

2) there is a binary Σ-predicate E on B s.t. pr1(E) = B and, for all
b, c ∈ B,

〈b, c〉 ∈ E implies ν(b) = {ν(z)|z ∈ c}.

Definition
If, for admissible sets A,B, there exist mappings ν : B � A and
µ : PresΣ(PΣ(A)) → PresΣ(PΣ(B)) such that µ is computable and,
for every (S, C) ∈ Com(A), there exists (S ′, C′) ∈ Com(B) such that

(ν−1(S), µ(Pres(C))) is isomorphic to (S ′, C′),

we say that Com(A) is Σ-embeddable into Com(B).
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Theorem
Let A,B be admissible sets. If A vΣ B then Com(A) is
Σ-embeddable into Com(B).
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Σ-Jump of a Structure as the Jump of the Minimal
Component of HF-Computability

Definition
Let A be an admissible set, and let (S, C) be a computability
component on A. The jump of (S, C) is the structure JA(S, C) with
domain S and atomic diagram consisting of a unary predicate
distinguishing the set A of finite objects and the termination t(C) of
processes from C.

This extends in a natural way all existing definitions of jump
operations defined on subsets of natural numbers or on
structures. Indeed, in the last case, we use the fact that every
structure generates the least admissible set containing it —
HF-superstructure. If we take the least computability
component on that HF-superstructure and terminate all its
processes (i.e., all Σ-predicates), we get the structure which is
called Σ-jump of the original one.
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Definition
1) Termination of a (partial) functional α : F n → X is a total

function αt : F n+1 → {0,1} defined as follows: for any ā ∈ F n,
b ∈ F ,

αt(ā,b) = 1 iff b 6 α(ā).

2) Termination of a (partial) operator β : X n → X is a total function
βt : X n+1 → {0,1} defined as follows: for any ā ∈ X n, b ∈ X ,

βt(ā,b) = 1 iff b = β(ā).

3) Termination of a (partial) process γ : F m × X n → X , n > 0, is a
total function βt : F m × X n+1 → {0,1} defined as follows: for
any ā ∈ F m, b̄ ∈ X n, c ∈ X ,

γt(ā, b̄, c) = 1 iff c = γ(ā, b̄).
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The formal definition of Σ-jump is as follows:

Definition
Let A be a structure. By Σ-jump, or minimal Σ-jump, of A, we mean
the structure

A′ = (X ; F , T ),

with the domain X = HF (A), and relations F = HF (A) (domain
consists of finite objects only, so the unary relation F is trivial in this
case and usually skipped), and T = t(FΣ(HF(A))) as the termination
of all Σ-predicates on HF(A) (denoted by Σ-SatHF(A)).
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Jumps of Maximal Components of HF-Computabilities:
PΣ-Jump of 0 and the Reals

Definition
Let A be a structure. By PΣ-jump, or maximal Σ-jump, of A, we
mean the structure

A� = (X ; F , T ),

with the domain X = HF (A) ∪ P(HF (A)), and the atomic diagram
consisting of relations F = HF (A) distinguishing finite objects, and
T as the termination of all Σ-processes on HF(A).

It is easy to note that PΣ-jump is indeed a jump with respect to
6Σ, because immediately from cardinality reasons we get that,
for any structure A,

A <Σ A�.

A natural question is an analogue of Jump Inversion Theorem
for PΣ-jump. We start from investigating the Σ-degree of 0�.
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Definition
Let R denote the set of real numbers. We consider the following
structures:
1) algebraical field of reals R = (R,+,×,0,1,=);
2) topological field of reals

Ro = (R, ΓA
+, Γ

B
+, Γ

A
×, Γ

B
×,0,1, <),

where ΓA
+ = {〈x , y , z〉 ∈ R3|x + y < z},

ΓB
+ = {〈x , y , z〉 ∈ R3|z < x + y} (similar definitions for ΓA

×, ΓB
×).
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A positive version of Σ-definability: for a structure M and an
admissible set A, M is Σ+-definable in A if there exist a
computable sequence of Σ-formulas
Φ(x0, y),Φ0(x0, . . . , xn0−1, y),Φ1(x0, . . . , xn1−1, y), . . . such that,
for some parameter a ∈ A and an onto mapping
ν : ΦA(x0,a) � M, for every i ∈ ω and every
a0, . . . ,ani−1 ∈ ΦA(x0,a),

A |= Φi(a0, . . . ,ani−1,a) ⇐⇒ M |= Pi(ν(a0), . . . , ν(ani−1)).

Again, for structures M and N, we denote by M 6+
Σ N the fact

that M is Σ+-definable in HF(N). It should be noted, however,
that 6+

Σ is transitive only in case when all structures are treated
positively in the sense that their atomic diagrams are not
necessarily closed under negations.
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Theorem

Ro 6+
Σ 0�.

Theorem
R 6Σ (0�)′.
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Open Questions

1. What is an analogue of Jump Inversion for a given
computability component of HF-computability over 0 or any
given structure?

2. What is an analogue of Jump Inversion for a given
computability component of A-computability? This
question is especially interesting for the least computability
component of HYP(M)-computability.

3. Is 0� 6+
Σ R0? This would mean that in the maximal

component of HF-computability over 0 holds an analogue
of the Matijasevich Theorem. Also, is it natural to ask
whether or not (0�)′ 6Σ R.
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Conjecture (Yu.L. Ershov, 1998)
Suppose a theory T has an uncountable model which is
Σ-definable in HF(M), for some structure M with a c-simple
theory. Then T has an uncountable model which is Σ-definable
in HF(L) for some L |= TDLO.

The formal consequence of this conjecture is

Conjecture

Any c-simple theory has an uncountable model which is
Σ-definable in HF(L) for some L |= TDLO.
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Theorem (S. 2002)
There exists a sc-simple theory (of infinite signature) such that
none of its uncountable models is Σ-definable in HF(L) for any
L |= TDLO.

Theorem (S. 2010)
Let T be a sc-simple theory of finite signature. Then there
exists an uncountable model M of T such that M is Σ-definable
in HF(L), L |= TDLO.
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Definition

For arbitrary structures M and N a set I ⊆ Mk ∩ N is called a
set of M-indiscernibles in N (of dimension k) if for any tuples
ī , ī ′ ∈ I<ω of the same length

〈M, ī〉 ≡ 〈M, ī ′〉 implies 〈N, ī〉 ≡ 〈N, ī ′〉.
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Proposition (S. 2002)
If M 6Σ N, M is uncountable and N is ω-saturated and locally
constructivizable of level ω, then there are computable M′ ≡ M

and computable N′ ≡ N s.t. there is an infinite computable set
of M∗-indiscernibles in N′, where M∗ is an expansion of M′

by a finite number of constants.

Theorem (S. 2002)
Let T be a c-simple theory and M be any computable model
of T .

i) If T has an uncountable model Σ-definable in HF(L) for
some L |= TDLO then there exists an infinite computable
set of order indiscernibles in M (of dimension 1).

ii) If T has an uncountable model Σ-definable in HF(S) for
some infinite set S then there exists an infinite computable
set of total indiscernibles in M (of dimension 1).
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Definition
A theory T is called discrete if there exists n0 ∈ ω such that,
for any n ∈ ω, any n-type of T is exactly determined by its
n0-subtypes.

Observation
Any sc-simple theory of a finite signature is discrete.
If a c-simple theory T of a signature σ is discrete then
there is a finite σ0 ⊆ σ and a finite expansion σ′ ⊇ σ0,
definable in σ0, such that T is sc-simple in σ′.
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Theorem
There exists a c-simple theory of a finite signature such that
none of its uncountable models is Σ-definable in HF(L) for any
L |= TDLO.
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Thank you!
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Let M be a structure of relational computable signature
〈Pn0

0 , . . . ,Pnk
k , . . .〉 and let A be an admissible set.

Definition (Yu.L. Ershov)
M is called Σ-definable in A if there exists a computable
sequence of Σ-formulas ϕ(x0, y), ψ(x0, x1, y), ψ∗(x0, x1, y),
ϕ0(x0, . . . , xn0−1, y), ϕ∗0(x0, . . . , xn0−1, y), . . . , ϕk (x0, . . . , xnk−1, y),
ϕ∗k (x0, . . . , xnk−1, y), . . . such that, for some parameter a ∈ A,
M0 � ϕA(x0,a) 6= ∅, η � ψA(x0, x1,a) ∩M2

0 is a congruence
on the structure M0 � 〈M0,P

M0
0 , . . . ,PM0

k , . . .〉, where
PM0

k � ϕA
k (x0, . . . , xnk−1) ∩Mnk

0 , k ∈ ω,
ψ∗A(x0, x1,a) ∩M2

0 = M2
0 \ ψA(x0, x1,a),

ϕ∗A
k (x0, . . . , xnk−1,a) ∩Mnk

0 = Mnk
0 \ ϕA

k (x0, . . . , xnk−1) for all
k ∈ ω, and the structure M is isomorphic to the quotient
structure M0�η.
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For a countable structure M, the following are equivalent:
M is constructivizable (computable);
M is Σ-definable in HF(∅).

For arbitrary structures M and N, we denote by M 6Σ N the
fact that M is Σ-definable in HF(N).

Alexey Stukachev On Processes and Structures



Definition
P-domain is a triple X = 〈X ,F ,6〉, where X is a set of objects,
F ⊆ X is a set of finite objects, 6 is a partial order on X .

Usually, X is a completion of F w.r.t. topology with basis
consisting of the upper cones generated by finite elements:

∀x ∈ X (x = sup{a ∈ F |a 6 x}).

Definition
For a P-domain X , we consider processes of two kinds:

functionals (F m → X ),
operators (X n → X ).

Alexey Stukachev On Processes and Structures



Definition
Operator α : X → X is continuous in X if, for every x ∈ X and
every a ∈ F,

a 6 α(x) iff a 6 α(b) for some b 6 x , b ∈ F .
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Specification of a process α : X n → X is a mapping
αS : F n+2 → {0,1} such that, for every x̄ ∈ X n and y ∈ X ,

α(x̄) = y iff αS(ā,b, c) = 1 for some ā ∈ F n,b, c ∈ F s.t. ā 6 x̄ ,b 6 y .

For an admissible set A, constructive processes are exactly
those specified by ∆0-formulas in A, with F = A and X ⊆ P(A)
is a Σ-admissible family over A.
The last argument of the specification stands for the resource
component necessary for performing the process
(‘space’+‘time’).
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