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Prover Development Problem

Different applications require different (logical) formalisms

Logics need reasoning tools

Implementation of provers is expensive

Altering existing provers is hard

Translational approach requires additional knowledge and skills for the user

Generation of a prover code from a specification of a logic. I
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Tableau-Based Reasoning

@ Has a long tradition and is a well established method in automated reasoning
@ Approach can be successfully used for a large number of logics:

o Boolean logic, first-order logic, higher-order logics,
@ modal, description, hybrid, superintuitionistic logics, ...,
o temporal, dynamic, fix-point logics, ...

@ Multitude of different tableau approaches:

o ground semantic tableau
o free-variable tableau,
o hypertableau, ...

@ Many implemented systems

MALTSEV MEETING 2013
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Automation of Calculus Development

o Existing work for non-classical logics suggests that it should be possible to
develop tableau calculi systematically for large classes of logics
o many variations
@ many similarities
o important underlying principles tend to be the same
@ Questions:
o Can tableau calculi be developed automatically from the definition of logics?
o Can soundness and completeness be guaranteed?
o Can termination be guaranteed?
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Atomic rule refinel

Automation of Calculus Development

o Existing work for non-classical logics suggests that it should be possible to
develop tableau calculi systematically for large classes of logics

o many variations

@ many similarities

o important underlying principles tend to be the same
@ Questions:

o Can tableau calculi be developed automatically from the definition of logics?
o Can soundness and completeness be guaranteed?
o Can termination be guaranteed?

@ No, in each case.

@ Is it possible to develop tableau calculi automatically under certain
restrictions?
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Tableau Calculus Synthesis Framework

@ A method of synthesis of a sound and complete tableau calculus from a
first-order semantic specification of a logic.

@ Calculus refinement methods.

@ A generic blocking mechanism which ensures termination of tableau
algorithms for logics with the finite model property.

MALTSEV MEETING 2013
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Refinement Methods

o Simplification of the tableau language
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Refinement Methods

o Simplification of the tableau language
@ Our focus: Reducing branching factor of the tableau rules

MEETING 2013
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Tableau Language = Language of Semantics

A multi-sorted first-order language (extending the language of given logic)
Connectives of the logic = functional symbols

Formulae of the logic = terms of the tableau language

Truth predicates v, for each sort s of the logic

M= wu(g,a) = Malk¢ ]

Equality predicates = for each sort.

(]
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Basic Notions

Tableau rule:

e
X | | Xnm J

Tableau as a search space
Tableau branch
Soundness

Completeness

®© 6 6 o o

Termination
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Tableau Synthesis

@ Express semantics S of a logic

o Transform semantics to a ‘well-defined’ form

o Eliminate quantifiers by Skolemisation

@ Generate tableau calculus T's from the transformed semantics

Theorem (Soundness)

Ts is sound for the logic specified by S, i.e.

if a formula ¢ is satisfiable in an S-model then
every tableau derivation for ¢ based on T's contains an open branch.

MALTSEV MEETING 2013 > DA 10/24
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Generating Tableau Calculus for S4

Vx(v(-p,x) < —v(p,x))
Vx(v(p V q,x) < v(p,x) Vv(g,x))
V(v (Op, x) < Jy(R(x,y) Av(p,y)))
vx,y,z2(R(x,y) AR(y,z) — R(x,2))
VxR (x,x)
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Generating Tableau Calculus for S4

v(-px)  w(-p,x)
_‘V(pzx)) V(va)
Vx(v(p Vq,x) < v(p,x) Vr(g,x))
Vx(v(Op,x) <+ Fy(R(x,y) A v(p,y)))
Vx,y,2(R(x,y) NR(y,2) — R(x,2))
VxR (x,x)
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Generating Tableau Calculus for S4

v(-p,x) —w(op,x)
ﬁV(.pvx)) V(p7x)
v(pVg,x) ~v(pVg,x)
vip,x) | v(g,x) -—wv(p,x), —v(g,x)
Vx(v(Op,x) < Jy(R(x,y) Av(p,y)))
vx,y,z2(R(x,y) AR(y,z) — R(x,z2))
VxR (x,x)
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Generating Tableau Calculus for S4

v(-p,x) —w(op,x)
ﬂV(.pvx)) l/(p7x)
v(pVg,x) ~v(pVgq,x)
v(p,x) | v(g,x) -wv(p,x), —v(q,x)
Vx(v(Op,x) = (R(x,f(p.x)) Av(p,f(p.x))))
vx,y (- (Op,x) = (=R(x,y) V ~v(p,y)))
vx,y,2(R(x,y) NR(y,2) — R(x,2))
VxR (x,x)

MALTSEV MEETING 2013 40> «F»r» «Z»9ACQ 11/24
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Generating Tableau Calculus for S4

V(_'pvx) _'V(_‘I):x)
_‘V(pvx)) l/(pvx)

v(pVgq,x) —v(pVgq,x)
V(pvx) ‘ V(q>x) _‘V(pvx)7 _‘V(qvx)
V(Op,x) —|V(<>p,x)

R(x,f(p,x)), v(p,f(p,x)) —R(xy) | -v(p,y)
Vx,y,2(R(x,y) NR(y,2) — R(x,2))
VxR (x,x)
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Generating Tableau Calculus for S4

1/(—|p,x) _'V(_'p7x)
_‘V(pvx)) l/(pvx)

v(pVgq,x) -v(pVq,x)
V(pvx) ‘ V(q>x) ﬂu(p,x), _‘V(qvx)
V(Op,x) _‘V(<>p7x)

R(x,f(p,x)), v(p,f(p,x)) —R(x.y) | ~v(p,y)

“R(x,y) | “R(y,2) | R(x,2)
VxR (x, x)
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Generating Tableau Calculus for S4

V(ﬁpwx) ﬁIj(ﬁpv'x)
_‘V(pvx)) l/(p’x)

v(pVgq,x) -v(pVq,x)
V(p,x) ‘ V(q>x) ﬁl/(p,x), ﬁl’(qvx)
v(Op,x) -v(Op, x)

R(x,f(p,x)), v(p,f(p,x)) —R(x.y) | ~v(p,y)
“R(x,y) | R(y,2) | R(x,2)

R(x,x)
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Generating Tableau Calculus for S4

v(-p,x) —w(op,x)
ﬁV(.pvx)) V(P7x)

V(p\/qvx) ﬁl/(qu,x)
V(pvx) ‘ I/((LJC) _‘V(pvx)7 _‘V(qvx)
v(Op,x) -v(Op, x)

R(xvf(p7x))7 V(pvf(pvx)) ﬁIg(x’y) | ﬁIJ(PM)’)
—R(x,y) | “R(y,2) | R(x,2)

R(x,x)
V(p7x)7 ﬁV(PJC) R(xzy)v “R(xvy)
1 1
+equality rules

MALTSEV MEETING 2013 «O0>» «F>» « E» VAR
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Constructive Completeness

Given open branch B in a derivation in T', build a model
I(B) & (AT®) pIB)  E®)
o ||t]| = {#' | ¢ ~ 1t isin B}
o ATE) E (|t | tisin B}
o (]t € s ® <L vi(p,?) € B
o [t € P*® < PE) € B

MALTSEV MEETING 2013
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Constructive Completeness

Given open branch B in a derivation in T's, build a model

I(B) € (ATB pT®B JEB )

def

o |t| ={t |t=t'isin B}

o ATB) E g | tisin B}

o (p,it) € kP L vs(p,7) € B
o [t e PT® L P(h) e B

Ts is constructively complete iff (for every such )
Z(B) is extendable to an S-model which reflects B.!

'i.e. validates all the literals in B under the valuation ¢ — ||¢]].
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Constructive Completeness

Given open branch B in a derivation in T's, build a model

I(B) € (ATB pT®B JEB )

def

o |t| ={t |t=t'isin B}

o ATB) E g | tisin B}

o (p,it) € kP L vs(p,7) € B
o [t e PT® L P(h) e B

Ts is constructively complete iff (for every such )
Z(B) is extendable to an S-model which reflects B.!

Constructive Completeness = Completeness.

'i.e. validates all the literals in B under the valuation ¢ — ||¢]].
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Constructive Completeness

Given open branch B in a derivation in T's, build a model
I(B) € (ATB pT®B JEB )

def

o |t| ={t' |t~tisin B}

o ATB) E g | tisin B}

o (p,it) € kP L vs(p,7) € B
o [t e PT® L P(h) e B

Ts is constructively complete iff (for every such )
Z(B) is extendable to an S-model which reflects B."

Constructive Completeness = Completeness.

Theorem (Constructive Completeness)

(If S is a well-defined semantic specification then)
T’ is constructively complete.

'i.e. validates all the literals in B under the valuation ¢ — ||¢]].

MEETING 2013
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Non-Optimized Rules in S4

v(-p,x) —w(-p,x)
_‘V(pvx)) V(pvx)

V(p\/qvx) _‘V(quvx)
v(p,x) | v(g,x) —w(p,x), —v(g,x)
v(Op,x) —v(Op, x)

R(x,f(p,x)), v(p,f(p,x)) —R(x.y) | v(py)
“R(x,y) | ~R(y,z) | R(x,2)

R(x,x)
V(p7x)> _‘V(va) R(xvy)7 _‘R(xvy)
€ L
+equality rules

MALTSEV MEETING 2013 «O0>» «F>» « E» VAR
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General Rule Refinement

o LetX; = {¢1,...,¢}and

rdé!# r.d:e’M
T % AR

o T4 & (Ts\ {r) Ury,..,mi}.

def

1N¢:¢if¢:—\z/;and~¢d:e'ﬂ¢if¢75*w

MEETING 2013
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General Rule Refinement

o LetX; = {¢1,...,¢}and

re_ X o X0}
Xi || X J X |- | X
o T E (Ts\ {r)) U {r,....m}.
@ For every open branch Bin a T:s.-tableau, if Eq,...,E; are reflected in Z(B) then
0] X(E,?) C Bimplies Z(B) = X;(E, ||t||) for somei =1,...,m.

def

T yitg=—pand~vo Z —gpif g #
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General Rule Refinement

o LetX; = {¢1,...,¢}and

re_ X o X0}
Xi || X J X |- | X
o T E (Ts\ {r)) U {r,....m}.
@ For every open branch Bin a T:S.-tableau, if Eq,...,E; are reflected in Z(B) then
0] X(E,?) C Bimplies Z(B) = X;(E, ||t||) for somei =1,...,m.

Theorem (Refinement)

T’S is sound and constructively complete whenever T'g is.

def

1N¢:wif¢:—\wand~¢d=e1ﬂ¢if¢¢ﬂ¢

MEETING 2013
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Atomic Rule Refinement

@ L-atomic formula = atomic formula in FO (L) which does not contain
complex L-terms:

up.t)  R(tnt)  wlrt, b ts) ]

o For every open branch B in a Ts-tableau, if E1, . . ., E; are reflected in Z(B)
then

Xo(E,t) C Bimplies
Xi1(E,t) = {—¢£1,...,~&} and all &, . .., &, are L-atomic.

Theorem (Atomic Refinement)

T is sound and constructively complete whenever Ty is.

MEETING 2013 > DA 15/24
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Box Rule

_‘V(Opvx)
“R(x,y) | ~v(p,y)

'TSEV MEETING 2013 > DA 16/24
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Box Rule

_‘V(Opvx)
“R(x,y) | ~v(p,y)

'TSEV MEETING 2013 > DA 16/24
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Box Rule

-v(Op,x), R(x,y)
—v(p,y)

DA 16/24
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Box Rule

_'V(<>p7x)7 R(xvy)
~v(p,y)

For more expressive modal-like logics the rule

_‘Vf(<>p7x)
—\l/r(r,x,y) | ﬁyf(pvy)

may not be refinable, e.g. tableaux for logics with the relation complement.

MEETING 2013
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Frame Conditions

“R(x,y) | R(y,2) | R(x,2)

v MEETING 2013 > DA 17/24
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Frame Conditions

“R(x,y) | ~R(y,2) | R(x,2)

v MEETING 2013 > DA 17/24
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Frame Conditions

N

_'R(y’z) (x,z)

v MEETING 2013 > DA 17/24
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Frame Conditions

NS

ﬁl%(yvz) (x,z)

v MEETING 2013 > DA 17/24
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Frame Conditions

R(x,y), R(y,z)
R(x,2)

v MEETING 2013 > DA 17/24
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Frame Conditions

R(x,y), R(y,z)
R(x,2)

For more expressive logics the rule

—|1/r(r,x,y) | _‘l/r(r,y,Z) | I/r(r,x,z)

may not be refinable.

MEETING 2013
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Optimized Rules for S4

v(-p,x) —w(-p,x)
_‘V(pvx)) l/(p7x)

V(p\/qvx) _‘V(p\/q’x)
V(pax) ‘ V(q7x) _'V(pax)v _‘V(qvx)
u(<>p,x) —‘l/(<>p,x), R(xvy)

R(x,f(p,x)), v(p,f(p,x)) “v(p,y)
R(x,y), R(y,2)

R(x,z)
R(x,x)
V(p7x)7 _‘V(va) R(xay)v _‘R(xvy)
1 1

+equality rules
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Optimized Rules for S4

v(-p,x)  —v(-p,x)
—v(p,x)  v(px)

V(p\/qvx) _‘V(p\/q’ )
V(pax) ‘ V(q7x) _‘V(pa )7 (qvx)
u(<>p,x) R <>p7 )7 R(xvy)
R(x,f(p,x)), v(p,f(p,x)) v(p,y)
R(x,y), R(y,2)
R(x,z)
R(x,x)
V(pvx)v _‘V(P>x)
1

+equality rules

MALTSEV MEETING 2013 «O0>» «F>» « E» VAR
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Hypertableau Rule

Assumptions:
@ The tableau for the logic contains rules:

VS(_‘va) Vs(p\/qv-’?)
e A AR

@ AC for disjunction (for simplicity)

MALTSEV MEETING 2013
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Hypertableau Rule

Assumptions:
@ The tableau for the logic contains rules:

Vs(ﬁpaf) VS(PV‘LTC)
A BN R IA S

@ AC for disjunction (for simplicity)

vs(p V q,%)
Vs(p,.TC) | Vs(q’f)

MALTSEV MEETING 2013
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Hypertableau Rule

Assumptions:
@ The tableau for the logic contains rules:

Vs(ﬁpaf) VS(PV‘LTC)
A BN R IA S

@ AC for disjunction (for simplicity)

vs(p1V -+ V pp,X)
lls(pl,.’TC) | | Vs(pk,f) (k > 1) J

MALTSEV MEETING 2013 40> «F»r «Z»9ACQ 19/24
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Hypertableau Rule

Assumptions:
@ The tableau for the logic contains rules:

vs(—p,X) vs(p V q,%)
D) ™ L) | w@D)

@ AC for disjunction (for simplicity)

Vs(-P1V -V Ppm Vg1V Vqn,X)
_'Vs(plaf) I | _'l/s(pm,.’TC) | Vs(qlaf) | | VS(qnaf)
(m 4+ n > 1 and only atomic substitutions are allowed into p1, ..., pm)

MALTSEV MEETING 2013 » DA 19/24
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Hypertableau Rule

Assumptions:
@ The tableau for the logic contains rules:

vs(—p,X) vs(p V q,%)
D) ™ L) | w@D)

@ AC for disjunction (for simplicity)

Vs(p1V - Vpm V@iV - Van,X), vs(p1,X), -+, VUs(Pm,X)
Vs(‘]l,f) | | Vs(qﬂaf)
(m + n > 1 and only atomic substitutions are allowed into p1, ..., pm)
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Hypertableau

Algorithm

@ Apply rules with higher branching factor less often.
@ For every instance of the hypertableau rule

vs((p1V - Vo Vo1 V-V dn,X), vs(p1,X), -, Vs(Pm,X)
Vs(¢1,%) | -+ | vs(¢n,X) '

decompose vs(¢;,X) by tableau rules.

MEETING 2013
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Hypertableau

Improvement

@ Assume that for every ¢ from a large subclass of formulae of given logic:

I J; K;
vs(4,%) <> /\(Vsij(\/ ¢, %) Vv \/ Lik)-
=1\ =1 k=1

@ Assume that there is an efficient reduction algorithm A for every such
vs(¢, %) to its equivalent clausal form.

@ Replace every new vs(¢, X) in the derivation by its equivalent clausal form.

MALTSEV MEETING 2013 » DA 21/24
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Hypertableau for S4

v(-p,x)  —v(-p,x)
—v(p,x)  v(px)

u(qu,x) _‘V(PV‘L )
V(pvx) ‘ V(q>x) _‘V(pa )7 (qvx)
v(Op,x) -v(Op,x), R(x,y)
R(x,f(p,x)), v(p,f(p,x)) v(p,y)
R(x,y), R(y,2)
R(x,z)
R(x,x)
V(pvx)v _‘V(P>x)
1

+equality rules
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Hypertableau for S4

v(-p,x) —w(op,x)

_‘V(pvx)) V(p’x)
v(ep1V---VPpuVqiV---Vanx), v(p1,x), -+, v(Pm,x)
v(qu,x) | -+ | v(qn,x)

(m +n > 1 and only atomic substitutions are allowed into p1,...,pm)
—v(pVg,x)
_‘V(pvx)v _'V(qvx)
v(Op,x) -v(Op,x), R(x,y)
R(x,f(p,x)), v(p,f(p,x)) —v(p,y)
R(x,y), R(y,2)
R(x,2)

R(x,x)
v(p,x), —v(p,x)
1
+equality rules

MALTSEV MEETING 2013 «O0>» «F>» « E» VAR
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Conclusion

(]

Description of a tableau synthesis framework

(]

A generic method for refinement of tableau rules

(]

An atomic rule refinement condition to guarantee soundness and
completeness

Refinement of box rule and frame conditions in modal-like logics

(7]

(7]

Application the atomic rule refinement method in order to obtain a
hypertableau-like calculus

'TSEV MEETING 2013



Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




Tishkovsky Atomic rule refinel




D. Tishkovsky Atomic rule refinement

Ytk You! Lucstions?
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