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CTpyKTypHas Teopus CTeIlleHell Hepa3pelInMOCTU: NJOCTUXKEHUS I OTKPBLIThIE
mpo6s1eMbI
M. M. APCIIAHOB

B mokmazme mpenmonaraeTcs M3I0KUTH HEKOTOPBIE BaXKHbIE I MHTEPECHBIE MOCTIKEHUS
IIOCIETHUX JIET B pa3paboTKe CTPYKTYPHOU TEOPUM CTEIEeHell HePa3pPelInMOCTH, a TaKkKe
omcaTh HamboIIee cepbe3HbIe TPOOIEMBI, BCe €Il XKIYIIIE CBOETO PEIeHNUS.

Kazanckut (IIpusossiccrut) dedepaavroti yrnusepcumem, Kazanwy
E-mail: Marat . Arslanov@kpfu.ru
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Anreb6pamueckue CTPYKTYypbl I KOHCTPYKINN, CBSI3aHHBIE C KOCAMU

B. B. BEPUIMHUH

B nmoknane npenmosnaraeTcs coenaTb 0630p anredpanmiecknx 06beKTOB, CBI3aHHBIX C KO-
caM¥, U BO3HUKAIOIINX MPU UX U3YUEHUU. [akuMu OOBEKTaMU SBIISIOTCS, HAIIPUMEDP, pa3-
JIMIHBIE OOOOIIEHNST KIACCUIECKNX KOC: KOChI Ha MMOBEPXHOCTSIX, BUPTYAIIbHBIE KOCHI, KOCHI
¢ 0COOEHHOCTSIMU, MHBEPCHBI MOHOUI YACTUYHBIX KOc. Cpennm KOHCTPYKIINA BaXKHYIO POITh
UTpaeT comocTaBieHue ajareOpsbr JIu rpymme KpareHbIX KOC 0 ee HIKHEMY HeHTPaJIbHOMY
pamy. OTa KOHCTPYKIUS HCIOJIB3yeTCsl, B YACTHOCTH, IS IMOCTPOEHUsS WHBAPUAHTOB KO-
HEYHOI'0 TUIIA JIS TPYIIT KOC.

UM CO PAH, Hosocubupck
E-mail: versh@math.nsc.ru
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Mupnekcubie MHOXKeECTBa U BLIYNCINMOCTD anreﬁpanquKMx CTPYKTYP

. III. KAIUMYJIJIVH

Hoxnan TOCBAIIEH PsOy pPe3yJIbTATOB W BOIPOCOB 00 AJTOPUTMUYECKON CIIOKHOCTHU
WHIIEKCHBIX MHOYXECTB B Pa3INYHBIX HyMepalllsxX ajreOpamdecKux CTPYKTYP W CEMENCTB
BBIUMCIIIMO TIEPEUUCIUMBIX MHOXKecTB. Mccnemyemble B MOKIIalle 3a1adl HEOKUITAHHBIM
00pa30M BOZHUKAIOT KaK NPU M3YyUEeHUN CTEIeHell MpenCcTaBIeHn! ajreOpamdecKnX CTPYK-
Typ, TaK W IPU OMMUCAHUM NOITyCTUMBIX MHOXKECTB, B KOTOPBIX 3aaHHas ajaredOpamdecKas
CTPYKTYypa UMeeT X-OIpeNesImMOoe IIPEeICTABIICHIE.

Kaszancwxui ([lpusoasccruti) gedepasvnbiti ynusepcumem, Kazanb
E-mail: Iskander .Kalimullin@ksu.ru
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Hunerpeyronsabie nonanre6pst anrebp Illesanine n ux o60611ieHns: umeanbl u
aBTOMOP@PU3MBI

B. M. JIEBUYK

Anre6py Illesasute Han mosem K, acCOMMUPOBAHHYIO C CUCTEMOIT KopHell P, xapakTepu-
sytor 6asucom IlleBase; ero mator Gasa nomanre6psr Kaprana u smementsl e, (r € @) [1,
§ 4.4]. Tomanrebpy N®(K) ¢ 6asoit {e, | r € &1} naspBaem nuswmpeyzoavnot. s Tuma
A, 1 ee 0TOXKIECTBIAIOT ¢ accoumupoBanuon anrebpoit JIu A(R) anre6psr R = NT'(n, K)
HIJIBTPEYTONIBHBIX 1 X n MaTpun. B [2] anrebpsr Jlu NO(K) knaccudeckux Tumos A, _1,
By, D,, u C,, upencrasiieHbl CIENUATBHBIMI MATPUALIAMA ¢ 6A3MCOM U3 MATPUYHBIX €IIHIILL
€iv, Toe ¢ < n 1, COOTBETCTBEHHO,

1<v<i, —i<wv<i, 1< | <4, —i<wv<i, v#O.

CTpyKTypHBIE KOHCTAHTHI Bhinucanbl o Teopeme llesaste o Gasuce B [2, Jlemma 2].

Kanounueckuit 6a3uc muesa uneasa anrebpet NT'(n, K) saxonutr H.II. Xomioms, perast
samady 2 u3 [3] o uucie uneanos anre6p Jlu N®(K) ¢ koneunsim nomnem K.

Yuunorentusiii pagukan U = UP(K) nonrpynmsr Bopesns rpynner [lesasmte Tuma P
Han K mpencrasien B [2] npucoenunennoin rpynmoir N®(K). Ee HopMasibHbIE TOATPYIIIEL
TeCHO CBs3aHbl ¢ upeasamu Kosbiia Jlu N®(K) u npu char K # 2,3 obpasyior maxe
comagatorime MuHOkecTBa. ABTop 1 ['.C. CyneiimarnoBa paHee mepeducuian 60IbIIne HOp-
MaJIbHBIE abenieBbl moArpynmnbl B U kKoHeuHbix rpynn (G jimeBa TUMA U TOKA3ajId, UTO WX
(Aut G)-o6pasnl B U maroT Bce Gombline abeieBbl TOATPYHIbl B U, 38 HEKOTOPBIME UCKITIO-
yeHusMu. Mbl HaxonuMm abeseBsl monanrebpel Hausbiciell pasmepaoctu B N ®(K) ¢ mobbim
noiem K; cinyuait K = C cm. AWM. Manbues [4]. A.B. JlutaBpun mepeHOCUT pellleHue B
[2] npoGnemer onucanus AutU mwa Aut N®(K). ABroMopdusmbl GUHEUTAPHBIX 0GOGIIEHUIT
rpynn U KIaccuueckux TUoB cM. [6].

Ha BBemenubie B [6] dunurapuse o6obienus xosern Jlu N®(K) tunos Br, Cr u Dr
ms moboit nemm I' ymaercs mepenectun Meromer [5]. bBasa {e;; | 4,5 € I', i > j} maer
dbunnrapuoe obobierne R = NT(T', K). Korma xonsio K 6e3 nenureneit myss, B [5] B3a-
IMOCBSI3aHO OIMCAHBI MaKCUMAaJIbHbIE abelieBbl nmealibl u aBroMopdusmMbl kKomernr R u A(R)
7 aBTOMOP(U3MBI TpUCOeMUHEHHON Tpynnbl. OKa3biBaeTCs, B ciIydae menu | HaTypaTbHBIX
qncesi BCe HWILTPEYrojbHble [-maTpunsl Ham K maloT Takxke paaukaiibHOe KOoJablo. Ha
Hero ymaercs nepenectu (aBrop u B. B. Ilerankos) meronst u pesynbrats [5]. Coryuaii
noinst | K| > 2 uccaenyer P.Crnosuxk [7].
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CusibHO perysisipHblie rpadbl ¢ HETJIABHBIM COOCTBEHHBIM 3HaUYeHUEM 4 U UX
paciupeHus

A. A. MAXHEB

Mgl paccmaTpuBaeM HEOPUEHTHPOBaHHBIE rpadbl 6e3 meTenb u KpaTHbIX pebep. [ims
Bepunsbl ¢ rpada I' uepes I';(a) 0603HaAUMM i-OKPECTHOCTH BEPILUHBL ¢, TO €CTh, moArpad,
MHOYIUpOBaHHBIN [' HA MHOXKeCTBe BCEeX BEPIINUH, HAXOMSIIUXCS HAa PACCTOSHUU ¢ OT d.
IMomrpad I'(a) = I'i(a) Ha3BIBaeTCS OKPECTHOCTHIO BEPUIMHBI a U 0603HAYAETCS [a], eciu
rpad I' pukcuposas.

. Kysmen mpemmoxXui 3amady u3ydeHus QUCTAHIIMOHHO PEryJIsipHBIX I'padoB, B KO-
TOPBIX OKPECTHOCTU BEPIINH — CUJIBHO DPEryJspHble rpadbl ¢ HETJIABHBIM COOCTBEHHBIM
3HaueHneM < t IS HAHHOIO HATYPAJIBHOrO Ynciaa t. 3aMeTuM, YTO CUJIBHO PeryJisip-
HBIT Tpad ¢ HEeleJabIM COOCTBEHHBIM 3HAUEHUEM SIBJIsIeTCs TpadOoM B IIOJIOBUHHOM CIydae, a
BIIOJIHE PETYJISIPHBIN rpad, B KOTOPOM OKPECTHOCTHU BEPIINH — CUJIBHO PEryJIsipHBIE TDA(BI
B TIOJIOBUHHOM cCJIydae, Ju00 mMeeT nuaMeTp 2, nmubo sBisebcs rpadom Toimopa. Taxkum
obpasom, 3amada Kynena moxeT ObBITH pellleHa MoIaroBo mis t = 1,2, .. ..

Panee 6bu10 momyueno pemrenne 3amaun Kymena mius ¢ = 3 (Maxues A.A., [Magyuux
IO.B. u op. [1]-[3]). B mokmame Gymer m3moxkeHa IporpaMMa W3y9eHUs TUCTAHIINOHHO
pPeryssipHbIX IpadoB, B KOTOPBIX OKPECTHOCTU BEPIIUH — CUJIBHO PEryIsipHble T'padbl C
HerJIaBHBIM COOCTBEHHBIM 3HadeHueM 7, 3 < r < 4.

CIUCOK JIUTEP TYPBI

[1] Kapgamosa M. JI., Maxmes A. A. O rpadax, B KOTOPBIX OKPDECTHOCTH BEDPILWH SIBIISIOTCSA Ipadamu,
IONOTHUTENbHBIMU K Tpady 3eitnerns, Hoknaner akagemuu Hayk 2010. T. 434, N 4. C. 447-449.

[2] Benoycos U. H., Maxues A. A., Huposa M. C. uCTaHIMOHHO PeryJiisipHble IrPadbl, B KOTOPHIX OKPECT-
HOCTU BEPIINH CUJILHO PEryJISIPHBI C COGCTBEeHHBIM 3HauYeHueM 2, Jokmaner akamemun Hayk 2012. T. 447,
N 5. C. 475-478.

[3] Maxmes A. A., IMagyunx II. B. JuCTAaHOMOHHO DEryJIsIpPHBIE IPAdBI, B KOTOPBIX OKPECTHOCTH BEPIIIUH
CUJIBHO PEryJIsIpHBI ¢ COOCTBEHHBIM 3HaueHueM 3, okmaner akanmemun Hayk 2014. T. 458, N 2. C. 275-
278.

HMuemumym mamemamuru v mexanurxy YpO PAH (Examepun6bype)
FE-mail: makhnev@imm.uran.ru
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IlepBuunbIe BLIPOXKAEHHBIE AJIre6phI

C. B. IIYEJINHUEB

W3BecTHBI KIaccuveckre TEOPEMbI O CTPOEHUU TMEPBUYHBIX HEBBIPOKIEHHBIX aiiredp B
MHOToOOpasusax anbrepHaTuBHbX anrebp (M. Cmeditep), (—1,1)-amre6p (M. Xenunens) u
tiopnanosbix anre6p (E. U. 3exsmanos). IlpoGiiema o cyiiecTBOBaHUU MEPBUYHBIX BBIPO-
JKIEHHBIX aJIrebp B yKa3aHHBIX MHOI000pa3usIx ObLIA MOJI0KUATETHEHO PEIleHa NOKITaIINKOM.
ITocTpoennnie npumeps! 6bIn HaszBaubl K. MaxKpumvonom moucTpamu. Ilozxe FO. Memn-
Benes, E. U. 3eapmanos u U. II. IllectakoB yka3anu HOBbIE IpUMEPHI MOHCTPOB.

Hokazano, uro noctpoenusie (—1,1)-MoHCTpBI Ham moneM xapakTepuctuku () u30Mopd-
HBI; aHAJIOTUYHO OOCTOUT MeJI0 W B Ciiydae MOPHAHOBLIX aarebp Hal IIOJeM XapaKTepu-
cruku (. YkKa3zaHa Tak¥Ke CBsI3b MOHCTPOB C cynepairebpaMu BEKTOPHOI'O TUIA U ajarebpamMu
I'paccmana. Muoroobpasus, mopoxknenusiit (—1, 1) 1 HOpIaHOBBIME MOHCTPAMU, SIBIISIOTCS
MUHUMAJIBHBIMI MHOT000Pa3usAMU, CONEPKAIINMI IEPBUYHbIE BBIPOXKICHHBIE alIreGphl (9Tu
pesyabraTsl noimyudensl comectHo ¢ W. I1. Ilecrakosbim).

HokazaHo, 4TO BCsAKas MePBUYHASI BBIPOXKIEHHAS ajbTepHAaTUBHAsS ajirebpa A ymosite-
TBOPSIET 2-OMY YCJIOBUIO JHTEIIsI; CTPYKTypPa aire6phl A OmpenestsieTCs 3aIaHueM «KOMMY-
TaTOpa» Ha MOOXOMIIEN MEPBUIHON KOMMYTATUBHON aJIbTEPHATUBHON ajredpe.

Hsist ambTepHATUBHBIX aiiredp MOKA3aHO, UTO CYIIEeCTBYeT OECKOHEYHO MHOI'O HEU30-
MOP®HBIX MEPBUYHBIX KOMMYTATHUBHBIX airebp, a TakKe yKazaHbl OECKOHEUHBIE CEPUU TO-
XKIECTB, PA3IUUIAIONINX TEPBUYHBIE HEKOMMY TATUBHBIE aJIreOphHI.

Dunancosviti ynusepcumem npu IIpasumesvcmee Poccutickoti Pedepayuu, Mockea
E-mail: pchelinzev@mail .ru
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Autostability and decidable structures

N. A. BazHENOV, S. S. GONCHAROV, M. I. MARCHUK

A structure A is autostable relative to strong constructivizations if A has a decidable
copy B and, for every decidable copy C of A, there is a computable isomorphism f from
B onto C. In this talk we discuss some recent results on autostability relative to strong
constructivizations. The primary focus of the talk is the complexity of the index sets for
different classes of structures.

Sobolev Institute of Mathematics, Novosibirsk (Russia)
E-mail: bazhenov@math.nsc.ru, s.s.goncharov@math.nsc.ru, margaretmarchuk@gmail.com
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On constructive recognition of finite simple groups

A. A. BUTURLAKIN, A. V. VASIL'EV

Given a finite group G, the set of its element orders is denoted by w(G). If M is some
set of positive integers, then a natural question is whether a finite group G with w(G) = M
exists, and if so, can one describe all such groups? In our talk we deal with algorithmic
aspect of this problem in a special case when G is simple.

Sobolev Institute of Mathematics and Novosibirsk State University, Novosibirsk
E-mail: buturlakin@math.nsc.ru, vasand@math.nsc.ru
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Natural language, embodied computation, and “The two cultures”

S. B. COOPER

In his 1959 Rede Lecture in Cambridge, the scientist and writer C. P. Snow described
how:

“I believe the intellectual life of the whole of western society is increasingly being split
into two polar groups. When I say the intellectual life, I mean to include also a large part of
our practical life .... Literary intellectuals at one pole - at the other scientists ... Between the
two a gulf of mutual incomprehension - sometimes (particularly among the young) hostility
and dislike, but most of all lack of understanding. ... Their attitudes are so different that,
even on the level of emotion, they can’t find much common ground.”

Since 1959, the balance and character of what Snow described has changed, in part due
to the increasing ascendancy of algorithmic thinking and the computer. Our understanding
of the relationship between computer and more "human’ thinking has benefited from the
work of mathematicians such as Alan Turing and his successors. The development of the
mathematics of computation and definability has provided a framework within which to
clarify Snow’s dichotomy between the "Two Cultures’. More important, the mathematics
can point to a practical heuristic, anticipated by Turing, via which one can explore and
cohere different styles of mental and machine thinking and learning. Key to this is a focus
on the mathematics of typed information, definability, and an already evident revival of
interest in ’generalised recursion theory’ and its wider significance.

University of Leeds, Leeds (Great Britain)
E-mail: pmt6sbc@leeds.ac.uk
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The model theory of transseries

L. VAN DEN DRIES

Ershov has done fundamental work on the model theory of henselian valued fields.
This includes the valued field of Laurent series with real coefficients. When viewed as a
valued differential field, however, with termwise differentiation, we run into undecidability
in the Laurent series setting. Positive results along the Ax—Kochen—Ershov paradigm can
be reestablished by going to a much larger differential field of transseries, which include also
logarithmic and exponential terms. This is joint work with Matthias Aschenbrenner and
Joris van der Hoeven.

University of Illinois at Urbana-Champaign, Urbana IL (USA)
E-mail: vddries@math.uiuc.edu
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Formal ontology and principles of theory formation and modeling

H. HERRE

In this talk we present and discuss principles of organization and representation of
knowledge which are grounded on formal ontology and the axiomatic method, being unified
to establish the onto-axiomatic method. We use the term formal ontology (FO) to name
an area of research which is becoming a science similar as formal logic. Formal ontology is
concerned with the systematic development of axiomatic theories describing forms, modes,
and views of being of the world at different levels of abstraction and granularity; this
discipline integrates aspects of philosophy, formal logic, artificial intelligence (computer
science), and cognitive science.

We explain the usage of formal ontology by a number of examples. In particular we
address following topics: a theory of ontological regions, a new theory of time and space,
an ontological analysis of visual perception, an ontology of sets, collectives and categories,
aspects of an ontology-bases semantics, an analysis of biological basic notions, and a three
ontology method for software development. Finally, we outlook some open problems, among
them big problems of formal ontology, but also the need of new theories in various fields,
notably in the field of economy.

University of Leipzig, Leipzig (Germany)
E-mail: heinrich.herre@imise.uni-leipzig.de
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Computability and uncountable structures

Juria F. KNIGHT

What can we say, using methods from computability, about uncountable structures
such as the reals? There are different approaches. Some approaches involve changing the
basic notions of computability. Using Hamkin’s Infinite-Time Turing machines, or Yue
Yang’s Master-Slave machines, or definitions from a-recursion theory (with an unpleasant
set-theoretic assumption), we see that the ordered field of reals is a computable structure.
Noah Schweber defined a notion that lets us compare the computing power of structures of
any cardinality, using the standard notions of computability. We say that A is Schweber
reducible to B if after we collapse cardinals so that the two structures become countable,
every copy of B computes a copy of A. I will describe results applying Schweber reducibility
to some structures related to the reals.

University of Notre Dame
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Finite groups with given properties of their prime graphs

A. S. KONDRAT'EV

The prime graph of a finite group is its important arithmetical invariant, having nu-
merous applications. In the talk, we will discuss some results of the study of finite groups
by the properties of their prime graphs, obtained by the author and his pupils.

IMM UB RAS, FEkaterinburg (Russia)

E-mail: a.s.kondratiev@imm.uran.ru
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The valuation difference rank of a valued difference field

S. KUHLMANN

There are several equivalent characterizations of the valuation rank of a valued field.
In this paper, we extend the theory to the case of a valued difference field and introduce
the notion of difference rank. We characterize the difference rank as the quotient modulo
the equivalence relation naturally induced by the automorphism (which encodes its growth
rate). In analogy to the theory of convex valuations, we prove that any linearly ordered set
can be realized as the difference rank of a valued difference field.

Universitdt Konstanz, Konstanz (Germany)
E-masl: Salma.Kuhlmann@uni-konstanz.de
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Computable Model Theory in the context of the complex and Zilber
exponentials
A. MACINTYRE

I will show that the countable strongly existentially closed exponential fields of Zilber
are computable.

Queen Mary University of London, London (UK)
E-mail: a.macintyre@gmul.ac.uk
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Bases and generating sets in computable algebra

A. MELNIKOV

We will survey several recent results in computable algebra that rely on various notions
of independence and different choices of generating sets as technics tools. These results can
be roughly sub-divided into two kinds.

Results of the first kind study classes in which the respective notions of independence
and bases are natural, and it makes sense to study these notions on their own right. Results
of this kind go back to the Novosibirsk School of Algebra and Logic and to Mal’cev in par-
ticular. As was first noted by Goncharov, results of this sort have interesting applications
in the theory of computable categoricity and auto-dimension. Using the notion of a c.e. pre-
geometry, we develop a general framework of independence in computable commutative
structures with new applications to computable differentially closed, difference closed, and
real closed fields. We also discuss a long-standing open problem of tree-bases in abelian
p-groups.

Results in the second class use special notions of a generating set as a technical tool.
With a right choice of a generating set, many complicated arguments become a lot simpler.
In fact, several known proofs of this sort would be totally incomprehensible in absence of
a good choice of a generating set. Such results are common in computable abelian group
theory, but there have been applications to other classes including integral domains.

Massey University (New Zealand)
E-mail: alexander.g.melnikov@gmail . com
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The filter of supergeneric sets

BRruNO PoizaT

This talk presents a paper that was published last year in the Journal of Algebra 404,
p. 240-270, under the title Supergénériz.

Its starting point was the following problem: given a linear group G, embedded in a
matrix group Gl,,(K), what can be said on the trace on G of a constructible subset C (i.e.,
a boolean combination of a finite number of Zariski-closed sets) of Gl,,(K)? We observe
that there is a subgroup H of finite index in GG such that, for each coset aH, the intersection
C NaH is a translate of a supergeneric or of a cosupergeneric subset of H.

Given an arbitrary group G and a subset A of it, we say that A is generic if a finite
number of translates of A cover G: G = a1 AU --- U a,, A; we say that it is supergeneric
if any intersection B = byjA N ---N b, A of a finite number of translates of A is generic
(there are three notions: left, right, two-sided generic and supergeneric). A basic fact is
that the supergeneric sets form a filter, the intersection of two supergeneric sets being also
supergeneric.

We shall consider some uniformity properties possessed by supergeneric sets which
are the traces of the definable subsets of an overgroup I' of G having nice model-theoric
properties (this generalizes the linear case), and also the behaviour of supergenericity with
respect to cartesian products in this context. We shall also illustrate the notion with very
plain groups, such that the infinite cyclic group and the Priifer groups, and conclude by a
list of open questions.

Université Claude Bernard (Lyon-1), France
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Hilbert’s Nullstellensatz in algebraic geometry over rigid solvable groups

N. S. ROMANOVSKIT

The classical Hilbert’s Nullstellensatz says: if K is algebraically closed field and there
is a system of polynomial equations over K, {f;(z1,...,z,) =0 | i € [}, then an equation
f(x1,...,2,) = 0 is a logical consequence of this system (satisfies all the solutions of the
system in K™) if and only if some nonzero power of f belongs to the ideal (f; | i € I) of the
ring K[x1,...,2,]. One can say say that we give an algebraic method for constructing all
logical consequences of the given system of equations: f is obtained from f; (i € I) using
the operations of addition, subtraction, multiplication by elements of K|[zy,...,z,], and
extraction of roots.

Our approach to Hilbert’s theorem in algebraic geometry over groups is as follows.

1. We should consider some good class of equationally Noetherian groups, let it be a
hypothetical class K.

2. In this class, we need to define and allocate an algebraically closed objects and to
prove that any group of K is embedded into some algebraically closed group. Hilbert’s
theorem should be formulated and proved for algebraically closed in I groups.

3. Further, let GG be an algebraically closed group in K. We think about equations over
G as about expressions v = 1, where v is an element of the coordinate group of the affine
space G™.

4. Since an arbitrary closed subset of G™ is defined in general not by a system of
equations, but by a positive quantifier free formula (Boolean combination without negations
of a finite set of equations) we should consider as basic blocks not equations, but positive
formulas.

5. We should specify and fix some set algebraic rules of deduction on the set of positive
formulas over G.

6. If the above conditions Hilbert’s theorem will consist in a statement that all logical
consequences of given positive formula over GG are exactly the algebraic consequences.

We realized this approach in algebraic geometry over rigid solvable groups.

Sobolev Institute of Mathematics SB RAS
E-mail: rmnvski@math.nsc.ru
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Problems of unification, admissibility and knowledge representation in
transitive and non-transitive temporal linear logics

V. V. RYBAKOV
We study the linear temporal logic LTL, in particular, its new non-transitive versions.
Problems of Unification, Admissibility of Inference Rules, Modeling of AgentTs Knowledge
and Knowledge Representation to be considered. We will describe construction of technique
to obtain deciding algorithms. Several application areas to be described and discussed.

Manchester Metropolitan University, Manchester (UK)
E-mail: V.Rybakov@mmu.ac.uk
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Dialectical systems and quasi-dialectical systems: two approaches to
trial-and-error mathematics

A. SORBI

This is a joint work with J. Amidei, L. San Mauro, D. Pianigiani, and G. Simi.

Dialectical systems were introduced by Roberto Magari in order to describe a trial-
and-error approach to mathematical theories, in which axioms may be rejected or accepted
through a trial-and-error process: the final theses, i.e. the axioms that are eventually ac-
cepted, form a A§ set. The dialectical sets are the sets that consist of the final theses
of some dialectical system. When equipped with the deductive machinery of a consistent
formal theory T, a dialectical system produces a consistent Ag completion of 7', so that
dialectical systems describe “deductive procedures” that in some sense escape the incom-
pleteness phenomenon; it is also possible to come up with dialectical systems that, among
their final theses, have a statement naturally expressing their consistency. The basic ingredi-
ent of a dialectical system is that when a proposed axiom seems to produce a contradiction,
then we “discard it”, and we try with next one. We enrich this mechanism with a “revi-
sion” procedure ¢ la Lakatos: when an axiom seems inadequate, even if not contradictory,
then we replace it with a new one. The enriched systems are called quasi-dialectical sys-
tems, and the corresponding sets of final theses are called quasi-dialectical sets, forming a
class that extends the class of dialectical sets. We prove that quasi-dialectical sets lie in
the same Turing degrees as dialectical sets, namely the c.e. Turing degrees; also the two
classes provide the same enumeration degrees, namely the I1? enumeration degrees. So, in
some sense, dialectical systems and quasi-dialectical systems display the same information
content. Nevertheless, the class of quasi-dialectical sets is much larger than the class of
dialectical sets: every dialectical set can be shown to be w-c.e., whereas quasi-dialectical
sets spread out through all classes of the Ershov hierarchy of AJ sets: for every ordinal
notation a € O, with |a|o > 0, there is a quasi-dialectical set A € X1 \ Up<oa ¥, Asto
dialectical sets, we show that for every finite n > 1 there exist n-c.e. dialectical sets, which
are not (n — 1)-c.e. (the statement is not true of n = 1, as already observed by Magari);
and there exist w-c.e. dialectical sets which are not n-c.e., for every finite n.
University of Siena, Siena (Italy)
E-mail: sorbi@unisi.it
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Big subsets with small boundaries in a graph with a vertex-transitive group of
automorphisms

V. I. TROFIMOV

The theory of ends of finitely generated groups G' and connected locally finite graphs I
with vertex-transitive groups of automorphisms can be regarded as a theory of the Boolean
algebras of subsets of G or the vertex set of I' with finite boundaries (in locally finite Cayley
graphs of G or in I'), considered modulo finite subsets. We develop a more general approach
towards ’ends’, replacing infinite subsets with finite boundaries by certain 'big’ subsets with
’small” boundaries. This is a joint work with N. Seifter.

IMM UB Russian Acad. Sci., Ekaterinburg

E-mail: trofimov@imm.uran.ru
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Pacrnio3naBanme aHOMaJILHBIX JAHHBIX C HCIIOJIb30BaHIEM TAKCOHOMUYECKNX
pelamIlumX HepeBbeB

B. b. BEPUKOB

Omuolt 13 aKTyabHBIX 3ada49 aHAIN3a HAHHBLIX SBIISETCS PACIO3HABAHNIE AHOMAJIBLHBIX
HabmoneHni. B kKadecTBe mpuMepa TPUKIIAITHOW 3aladunl MOXKHO TPUBECTU OOHAPYKEHUE
HEOOBIYHON aKTUBHOCTH CYOBEKTOB HA OCHOBe aHajm3a wHoOpManmum o0 WX OBUTATEIb-
HOM HOBeIeHN! (3aMepOB IaTUNKOB aKCeIepoMeTpa, TUPOCKOIA, MATHETOMETPA U YACTOTHI
cepHevuHbIX cokpaiteruit). [Ipu 5ToM aHOMAIBHBIMU CUNTAIOTCS TaKue HaOGIIOMNEHUS, JIs
KOTOPBIX BEPOSTHOCTb WX BO3HUKHOBEHUs (OIEHEHHAs MO0 O0ydalolleil BBIGOPKE) MEHBIIE
OTIpEeNESIEHHOTO TTOPOTOBOTO 3HAYEHUS.

Cy1irecTByeT psm MeETONOB HETEKINN AHOMAJIUN, HAIPUMED, OIHOKIACCOBBIA METOI
OTIOPHBIX BEKTOPOB, HeMapaMeTPUUECKHe OIEHKN MJIOTHOCTU W T.M., OMHAKO BO3MOXKHOCTH
X TPUMEHEHUS OTPAHUYUBAIOTCS CIIydaeM KOJIMYECTBEHHBIX XapaKTEPUCTUK: IIPU BBeIe-
HUU PACCTOSHUU I TPU3HAKOB HEYUCIOBOW TPUPOMLI BO3HUKAIOT CEPbE3HbIE METOMOJIO-
rUYecKre TPYAHOCTH. [Ipu HAIUYMU Pa3HOTUIHBIX [MepeMeHHBIX (6yJIeBbIX, HOMUHATBHBIX,
HOPSIIKOBBIX M KOJIMYECTBEHHBIX) 71l PEIIeHNs 3a0a4Ul MPEIIaraeTcsl UCIOIb30BaTh KITACC
JIOTUYECKUX Pemntarormx GyHKINNA, TPpeaCTaBIeHHBIX B BUIEe TAKCOHOMUYECKUX NEPEBLEB pe-
IIeHn. AJICOPUTMBI MOCTPOEHUs TaAKCOHOMUYECKUX PEIIAoNnX nepesbes [1]) mo3Bossior
MPOBOMUTH TPYHNUPOBKY OOBEKTOB B PA3HOTUITHOM IIPOCTPAHCTBE IEPEMEHHBIX, (HOpPMU-
PYIOT MepapXmIecKylo JOTMYECKYI0 MOOEeb T'PYNIUPOBKM, OIPENeNsioT Hanbosee mHPOP-
MaTUBHBIE IJI TpynnupoBaHus GaxTopbl. Jlormueckoe mpaBmiio KjaaccupuKaluy IpencTa-
BisteT coboit yreepxkaenne Buna "Ecmu X, (a) € E;, U ... U X; (a) € Ej,,, TO 00BEKT a
oTHOCUTCS K k-My Kmactepy”, roe X;(a) o3HauaeT 3HavUeHMe mepeMeHHON X; s 00BbeKTa
a. Ecnmu o6beKT He TPUHAMIEKUT HU K OMHOW W3 HANMEHHBIX T'PYII, W IIPU 3TOM KPUTEe-
puUil KavecTBa T'PYNIUPOBKY, MOJTYyUYEHHBIN TPU BKJIIOUEHUN MTAHHOTO OOBEKTA B KIIACTEPHI,
3HAYUTETBLHO OErPAgupPyeT, TO TaKOW OOBEKT CUMTAETCS aHOMAJIbHBIM. [ls ysydiireHus
TOYHOCTHU PACIO3HABAHUS IPUMEHsEeTCs TakKxKe aHcaMO/Ib ajJrOpUTMOB KJIACTEPHOTO aHa-
mm3a [2].

CHOUCOK JIUTEPATYPBI

[1] Berikov V. B. Grouping of Objects in a Space of Heterogeneous Variables with the Use of Taxonomic
Decision Trees // Pattern Recognition and Image Analysis. 2011. Vol. 21, No. 4, P. 591-598.

[2] Berikov V. Weighted ensemble of algorithms for complex data clustering // Pattern Recognition Let-
ters. 2014. Vol. 38. P. 99-106.

HArncmumym mamemamury um. C.JI.Coboaesa CO PAH, Hosocubupck
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PensnunonHass Monesb JIOTMYECKOr0 pa3srpaHNYeHus JOCTYIA NJIsS COBPEMEHHBIX
nHGOPMAIIMOHHBIX CUCTEM

B. A. BAceHuH, B. IO. ByxoHoB, A. A. UTKEC, K. A. ITAITYEHKO

Pasrpannuenue mocTyna K OTIEIbHBIM pECypcaM U NENCTBUSM C HUMU SBJISIETCS BaXKHOM
COCTABJISIONIEN COBPEMEHHBIX MHMDOPMAIIMOHHBIX CUCTEM. DBOJIbIIIOe YHCII0 MOJb30BATENEN,
JacToe W3MeHeHme aTpuOyTOB U CBSI3ell PECypCOB W TIOJIL30BATENEN, M3MEHEeHUE COCTaBa
MOJTE30BAaTEIEl B TAaKUX CHUCTeMaxX HeTafoT Hed(h(PEKTUBHBLIM WCIIOIB30BAHUE TPALUINOH-
HBIX MOJIeJIell U MEeXaHU3MOB [JIs 3aJIaHUs] U UCIIOJHEHUS MPABUJI NOCTYIa, B TOM YHUCIE —
13-3a YBEJIMYCHUs KOJIUUECTBA AIMUHUCTPATUBHBIX MNEHCTBUU II0 YIPABICHUIO ITPABUIAME
noctyna. lekmapaTuBHOe 3aaHue TPABUJI HOCTYIA C UCIOIb30BAHUEM JIOTUKO-SI3BIKOBBIX
CPEeNCTB C BBICOKIM YPOBHEM BBIPDA3UTEILHOCTH IMTO3BOJIIET OOONTH PN OTPAaHUYEHUN Tpa-
MUIMOHHBIX TOAXOMOB. Takoi crocob 3amaHus MPABUJI IPUMEHSIETCS, HAIIpUMep, B YHUBED-
CAITbHBIX MOMEJSX JIOTUYECKOTO pPas3sTPaHWUEHUs MOCTYIa Ha OCHOBE aTpuOyTOB, a TaK¥kKe
B CIIENIAIIM3UPOBAHHBIX MOMEJISIX, MPUMEHIEMBIX B CHCTEMaX C 3JIeMEHTAMU COIMAITBHBIX
ceTeil.

B pavkax ykazaHHOTO HEKJIapATUBHOTO IMOAXOMA IPEMJIATaeTCs HOBas MOIETb JIOTHU-
YEeCKOTO pasrpaHUYEHUs MOCTYIa, NMpeaHa3HAUYeHHAs JIS TPUMEHEHUs B IITHPOKOM KJIACCE
nHGOPMAIIMOHHBIX CUCTEM, KOTOpPhIe UCHOIb3y0T pessimonnabie CY Bl mis xpanenus max-
HBIX, Ha OCHOBE KOTOPBIX IPUHUMAETCSI PEIIeHNE O MOCTYIe. 3adacTyI0 «OTHOIIEHUS>-CBI3M
MEXIy CYIIHOCTSMU B CUCTEME XPaHSITCS B BUIE KOTHOIIEHU» B TaOINIAX PETSAIINOHHBIX
CYBI nu6o mpocTbiM 00pa30M BBIPAXKAIOTCS Uepe3 HuX. Takas 0COOEHHOCTH TO3BOJISIET
KCTIO/Ib30BATH TEPMUHOJIOTUIO MIPUHSATON MOMEIN MAHHBIX IPU 3a0aHUU ITPABUJI HOCTYIIA U
3(PpHEKTUBHO BBIYUCIITH PEIIEHre O NOCTYIE C MPUMEHEHNEM ONTUMU3AINN PeIIIInOHHBIX
CYBII.

[Ipennmaraemast Momeb B CBOEN OCHOBE UCIIOJIB3YEeT TAK HA3bIBAEMbBIE IIETIOYKU OTHOIIIE-
Huii. Hampumep, mis mpaBuiia «Imoib30BaTe/lb MOXKET UMETh MOCTYH K JOKYMEHTAaM COTPY -
HUKOB CBOETO MOIPA3IETICHUS> MOXKET UCIOIb30BATHCS IIETIOYKA OTHOIIIEHUN II0Tb30BATE b
a paboTaeT B mompasnesieHnn by, «B mompasmaerieHun b paboTaeT MOIb30BATEb C», KIOJTb-
30BATEJb C SIBIISIETCS ABTOPOM MOKYMEHTA d», IPUUIEM TOJIOKUTETFHOE PEIIeHNE O JOCTYIIe
MIPUHUMAETCS TIPU CYIIIECTBOBAHUM HAOOPa 3HAYUEHUN [JIT COOTBETCTBYIOIINX ITEPEMEHHBIX.
3a cueT KOMOMHUPOBAHUS IETIOYEK OTHOIIEHUA W BHEIPEHUS TOMOJTHUTEILHBIX aTPUOyTOB
yIIaeTCsl BBIPA3UTh MIMPOKUN KJIacC MpaBuil goctyna. [lpu sToM s mpeniaraeMoit MOoes
pa3zpaboTaH crocob OIMEHKN ee KOPPEKTHOCTH, HeoOXommMon i1 d(HGEKTUBHOTO BBIUMCIIE-
HUS PEIIeHus O NOCTYIIE.

Bo3MoxHOCTE TIpuMeHeHUs TpemlaraeMoro IOAXOla Ha IMPaKTUKe arnpoOupoBaHa Ha
MOJIESI MHOTOTIOJIb30BATETECKOI MHPOPMAITMOHHO-aHAINTIYecKon cucTeMbl « Hayka-MI'Y »
(«MUCTUHA>»). Ora cucrema IpegHa3HAUEHA IJIs YIPABIIEHWUS HAYKOMETPUUIECKON UH(OD-
Manuenn u paccMmaTpuBaeTcs B MI'Y kax mHCTpyMeHTapuil yIpaBiIeHUs HayIHO-TIEIaroru-
YeCKOW W MWHHOBAIIMOHHOW MESTEIbHOCTBIO B YHUBEPCUTETE, KaK CPEIICTBO IOBBLIIIICHUS €I0
PEUTUHTOBOTO TTOTEHITAAIIA.

HUU mexarurxu MI'Y umenu M. B. Jlomornocosa
E-mail: vasenin@msu.ru
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Anre6pamyeckuii moaxoa K ONTUMMU3AIAN PEKOHPUTYPUPYEMBIX
BBIYUCJINTEJIbHBIX CUCTEM U CE€TEBBLIX MPOTOKOJIOB

B. A. BACEHUH, B. A. POraHon

Ncnonp3oBanme CBONCTB TAKUX aaredOpamdecKnxX CTPYKTYD, KaK KOJIbIa JIMTHENHBIX OIle-
paropos Han moismu R, C m Q [1], a Takxke HaI KOHEYHBIMU IIOJISIME [TaBHO 3aHUMAET
MOYEeTHOE MECTO KAK B COBDEMEHHOU TEOPUU BBIYKMCIIeHUIT (KpunTorpadus, KOIbl UCIPABIIe-
HUsI OIINOOK ), TAK U B €€ TMEePCIeKTUBHLIX HAIPABICHUSIX (PEeBEPCUBHbIE, KBAHTOBBIE BbIUL-
ciieHus). AKTUBHO pa3BUBAETCs alllapaTHAs IMOMIEPXKKa COOTBETCTBYOIINX omeparmit. K
YHICIIy aKTUBHO BHEOPSEMBIX CErOMHS PACIIUPEHUN OTHOCSITCS: BEKTOPHBIE MHCTPYKLIUU U
dbparmenTsl payanos mudpa AES B mukpompomneccopax, ObicTpas apudMeTuka I MoIen
lanya B cnenuanun3aupoBaHHBIX MUKpOCXeMax [2].

OrnpeneneHHBIM BBI30BOM HAYYHOMY U UHXKEHEPHOMY COOOIIIECTBY SIBIISIETCSI TIOSIBIICHUE
PEKOH(PUT'YPUPYEMBIX BEIUUCIUTEIbHBIX CUCTEM, & TaKXKe CIIeIIUaIN3UPOBAHHBIX MHOT'OsIIED-
HBIX COIPOIECCOPOB. MakcuMaIbHOE HCHOIB30BAHIE WX BBIUUCIUTEILHBIX BO3MOYXKHOCTEN
TpebyeT, KaK MPaBWIIO, 3HAUNTEIbHON MOAMMDUKAIINNA YUCITEHHBIX METOIOB U aJI'OPUTMOB.
Knaccuueckoe onpenenerne BEIMUCIUTEIBHON CITOKHOCTH KaK COBOKYITHOT'O KOJIMUECTBa, He-
00XOOMMBIX NPUMUTUBHBIX OIlepaluil OJIsi TAaKUX YCTPOUCTB IlepecTaeT ObITh aleKBATHOU
MepOll X MPOU3BOMUTEIFHOCTA. BO3MOXKHOCTBL XK€ PEKOHMUTYypaIuy alnnapaTyphbl 1 BOBCE
IIEPEHOCUT BOIPOC B HOBYIO MJIOCKOCTD, IMMOCKOJIBKY NWHAMUYECKNE CUHTE3 M ONMTUMU3AIIISI
BBIUNCIUTETHHON CXEMBl WM CPeNbl Mepenayn MaHHBIX CTAHOBITCS OCHOBOMIOJIATAIOITAMM
dbakTopamu obecrieuerust >hGEK TUBHOrO GyHKIMOHUPOBAHUS CUCTEMBI [3].

B xauecTBe mpuMepOB 3a/1av, B PeIIeHNN KOTOPHIX CYIIECTBEHHYIO ITOMOIIb OKA3bIBAIOT
ajaredpandeckue MeTONbl, MOXKHO IIPUBECTU CJIeAYIOLIINeE:

(1) Ob6ecneuyenne OTKA30yCTONIUBOCTY MAPAJIIEIBHBIX AJITOPUTMOB IJIsI PEIIEHUs CH-
CTeM JIMTHEWHBIX YPaBHEHUN ¢ OOIBINMMEI Pa3peKeHHBIMU MaTPUIIAMMT;

(2) Cosnmanue BBICOKOHANEKHBIX TPOTOKOIIOB 711 MH(MOPMAIIMOHHOTO OOMEHA B Peallb-
HOM MacmiTabe BpeMeHHU uepe3 TJI00ajIbHBbIE CEeTHU Tepefavn TaHHBIX W PATNOKa-
HAJIBI;

(3) IMocTpoenne cucTeM JIOTMUECKUX MPABUII 71 OBICTPOrO CHHTE3a KBA3HOITAMAIIb-
HBIX BBIYUCIIMTETBHBIX CUCTEM C MCIIOITB30BAHUEM WHOOPMAINU O CIenuduKe I1o-
JIYyTPYIIBI ONEPALNiA /I MHTEPECYIOIel HaC IPeIMEeTHON 00IacTn.

I/IJIJIIOCTpa,LII/Iefl SQJQ)GKTI/IBHOCTI/I IIPUMEHECHU L a,JII‘e6paI/I‘{eCKOI‘O nmoaoxoma MOryT CJIy-
KUTH CJICOYIOIINE YTBEP2KIACHUA:

Teopema. IlapaiebHbIH AJICOPUTM PEIIEHUS CHCTEeMbI JIMHEHMHBIX aJIredpamvdecKmx
YPaBHEHHUH C pa3pe:KeHHON MaTpHLel, HMeIlell TPeXMepHYIO KOH(MUIypaluilo HEHYJIeBBIX
9JIEMEHTOB, MOXKHO cAejaTh OTKa30yCTOHYHUBBIM OJII IPaKTHUIECKH JIFOOOH HOJH OTKAa30B
k <1, coxpaHUB BBIYUCIUTENBHYIO 3(EKTUBHOCTE IPU MAaJbIX k.

Teopema. O@dekTuBHAS ONTUMU3AIAA TAPAMETPOB MPOTOKOIa M30BITOYHOrO OJIOU-
HOrO KOOUPOBaHUs Ha 6a3e wmcrosb3oBaumns mMarpun Komm wam monem GF[2, k| mms cern
C aKTUBHOH DPETPAHC/ISALHUEN MoXxeT ObITH BBIIOJIHEHA 3a BpeMs O(n), rme m — KOJIMYECTBO
Y3JI0B CETH.

CIUCOK JINTEPATYPHI

[1] Bacemun B. A., Poramos B. A. Ilpumenenue noneit Q n F(X) B mapasiesbHBIX BBIUNCICHUSAX W IS
Bepudukamuu mporpamMm. ManbiieBckue urenusi, HoBocubupck, 2013.

[2] TI'amxkos C. B., Ceprees . C. O cioxuocTn u ritybuse 6yIeBBIX CXeM IJIsl yMHOXKEHNsI U MHBEP TUPOBAHISL
B KOHEUHBIX MOJISIX XapakTepucTuku 2. uckpernas maremarnka, ToMm 25, Ne 1, 2013, c. 3-32.
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(I)OpMaJ'H/I3aI_II/I$I €CTeCTBEHHOMI KJ'IaCCI/I(I)I/IKaI_II/II/I n cucreMaTmKml depe3
HeIIoaBMN2KHBbIE€ TOYKN l'Ipe,Z[CKaSaHI/Iﬁ

E. E. ButgeB, B. B. MAPTHIHOBUY

B macTosiiee BpeMs M3BECTHO MHOXKECTBO IMOMXOMNOB K ITOCTPOEHUIO KIACCU(DUKAIIIIN:
OCHOBAHHBIX Ha KOMIIAKTHOCTU U PA3JIMIHBIX Mepax OJM30CTU B MPU3HAKOBBIX ITPOCTPAaH-
CTBaX; HA CPABHEHUU C STAJOHAME; PAa3Me/ICHUU CMECel pacrpenejeHuit u T.0. B orauaun
OT BBIIIIENIEPEUNCIIEHHBIX TTOIXO0IOB, 3a/Iavell KeCTECTBEHHOIM» KIACCUPUKAIINNT SIBIISIETCSI 00-
HapyXKeHre KIacCuUKanny KaK 3aKOHa MTPUPOALI, YIOBIETBOPSIOIIETO ONPEeNe/IEHHBIM Tpe-
6oBaHUSIM, CHOPMYTIUPOBAHHBIM €CTeCTBOUCIBITATE M. (CMBICI 5TOrO 3aKOHA B CXKATUU
nHGOPMAIIIN 3a CUYET BBIOEJIEHUS 3aKOHOMEDHBIX CTPYKTYP OOBEKTOB C TOMOIIBIO HEIO-
IBIKHBIX TOYEK TIPENCKa3aH!s CBOWCTB.

3amaua cTOsIA B TAKOM OIPEHENICHUN TOHSITUS BEPOSTHOCTHOIO MpaBmia (3akKoHA),
9TOOBI HEMMOABMKHBIE TOYKHU, MTOJTyUYeHHBIE JIOTUTUYECKIM BBIBOIIOM IT0 3THUM ITPABUIIAM OBITH
HEIIPOTUBOPEUNBLI (HE COMEPKAIM OTHOBPEMEHHO JINTEPY U €€ OTPULIAHIE).

st perienust 5Toi 3amadn OBLIO MCIIOIB30BaHO 1 (hOPMAIN30BAHO TpebOBaHIe MaKCH-
MaJIbHON CHEIU(PUIHOCTH BEPOSITHOCTHBIX MpPAaBUI. B pe3ynbTare ObLIM PEIIeHBbI CIIedyI0-
Ige 3a0a¢n:

(1) dopmanbHO omperneneHo TpeGOBaHNE MAKCUMAJIBHON CHENUbIIHOCTH.

(2) OmnpeneneHsl MaKCHUMAIBHO crenuduueckue MpaBUiia, KOTOPHIE YIOBIETBODSIIOT
TPeOOBAHIIO MAKCUMAJILHON CIEnnGUIHOCTI U HE IOABEPIKEHO IpobieMe CTaTu-
CTUIECKON IBYCMBICIIEHHOCTH.

(3) Hokaszano, 9TO MAKCHUMAJILHO crennuyuecKue MpaBUIa MIPU IOCTPOCHUN HEIo-
IBIDKHBIX TOYEK HEIPOTUBOPEUNBLI (HE CONEPXKAT JIUTEPY U €€ OTPUIAHIE)

(4) Hawmo onpenernenne ”ecTeCTBEHHON KIIACCHDUKAINN U CUCTEMATHKI HA OCHOBAHWII
HEIIOIBIKHBIX TOYEK.

(5) Paspaboran mMeTon oGHADYKEHNST MAKCUMAIBHO CICHU(PUICCKUX IPABUII U | €CTe-
CTBEHHOM], KJIACCUDUKAINNA I CUCTEMATHUKIL.

OCHOBHOII TEOPETUYEKUN PE3YILTAT COCTOUT B CJIEMYIOIIEM.

Teopema. HemoaBmxxHBIE TOUYKH OIlepaTOpa MPSIMOTO BBIBOAA IO MHOXKECTBY MAaKCH-
MaJIbHO CHeNu(pUIeCKUX 3aKOHOB IJII COBMECTHOIO Habopa JiuTep L cOBMECTHBI U HEIIPOTH-
BOPEYUBHL.

Paspaboranubiii MeTOnm paboTaeT C 3aIllyMJIEHHBIMU MaHHBIMEU. [IpoBemeH KOMIIbIO-
TEPHBI DKCIEPUMEHT, B KOTOPOM IO BBIOODKaM CAWTOB CBSI3BIBAHUS TPAHCKPUIIINOHHBIX
hakTOpOB pacro3HaeTcs ux Kiaacc. [lomydeHHBIT MeTOn KiTacCuPUKAIINY TTOCTIEI0OBATEILHO-
cTel oka3bIBaeTcCs apdekTuBHEe OOIIEIPUHITOIO MeTona KIacCUPUKAIINY CAalTOB HA OCHOBE
BECOBBIX MAaTPWHIIL.

HAncmumym mamemamuru um. C.JI.Coboaesa, Hosocubupck

HI'Y, Hosocubupck
E-mail: evgenii.vityaev@math.nsc.ru; vilco@ya.ru
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UNepapxuyeckue Y-crenuduKanuu JUCKPETHBIX CUCTEM PEaJIbHOTO BpEeMEHU

B. H. I'nymkKoBA

[ToBemenne MHOTUX CUCTEM PEAJTHHOTO BPEMEHH XapaKTePU3yeTCs HEOrPAHMIEHHON I10-
CITeIOBATEIBHOCTHIO St1,... St,,... TepexomoB Mexny cocTosHusMmu. B mmeomorum ”model
checking” oHEU onmuCHIBAIOTCSI KOHEUYHBIMU BPEMEHHBIMI aBTOMaTaMU C IuKjaMu 6e3 QuHaTb-
HBIX COCTOSIHU, PACIIMPEHHBIX MHOXKECTBOM IePEeMEHHBIX-JIOKAIbHBIX 1acoB. Popmysibr
TEMIIOPAJIBHBIX JIOTUK (GOPMAIU3YIOT IUKINIECKN TIOBTOPSIOIIIECS CBONCTBA, TPOBEPSIEMbIE
Ha, OEePEBbIX BBIUNCIICHUN, TOPOXKIAEMBIX ABTOMATAMI.

Asbik Y- dopmys [1] Gomee BeIpasuTenbHBINA, OH pacumupserT Bo3moxHocTu WIT 1-ro
HOPSIIKA BBEIEHUEM IepeMeHHbIX copra ”list” (KOTOpbIME JIErKO HpPeACTaBUThH HEPEBbs) U
TIOTIyCKaeT sIBHOE MCITOJIb30BAHME TTIepeMeHHBIX copTa ~time”. [lys mocTpoeHus GopMaIbHON
MOJENI CUCTEMBI OyIeM HCIOoIb30BaTh Teoputo Th u3 Ay - GoOpMysT CHenuajbHOrO BUIA.
MepapxusupyeM CIUCKU B COOTBETCTBUM ¢ mpasuyiamu suna St — {Act} ' St(rpamvarukn
G), rme Act, St— uvena meficTBUil U COCTOSHUN. Be3kBaHTOpHAS YaCTh (GOPMYIIBLI — KBA3U-
TOXKIIECTBO C OTPUIAHUSIMY BUIA:

O(T1, Ty Y1y -Ym) = (X1, T, Y1, - Ym)

¢ (1)- KOHBIOHKIINS ATOMAPHBIX (GOPMYJI WIN WX OTPUNAHWI Buma p, f = T, 71 = Ta, P,
f, T- CUMBOJIBI TIpenUKATOB, (DYHKINIA U TEPMOB COOTBETCTBEHHO. B mpedukce Gopmyis
HCIOJIb3YIOTCS KBAHTOPHL V€Y, , Vo; < y;, €- TPAH3UTUBHOE 3aMbIKAHUE OTHOLICHUS €,
~<- orHoIeHue ’jeBee”’ Oy 37IeMEeHTOB crnucka. Teopust Th — 3To cucTema ompeneseHuin
GYHKIUI U OTHOIIEHUN, 3a[JaHHBIX Ha y3/1ax AepeBa. llpm ompemereHHBIX OTrPAHUTIEHUSIX
HA TEOPUI0 OHA MMeeT MHOTOCOPTHYIO KOHCTAHTHYIO MOMENIb IJis nepeBa rpammaTuru G.
[MomuuaoMuBaIBHLIN (OTHOCHTENBHO “pa3Mepa’” mepeBa) aJlrOPUTM MOCTPOEHUs MOIEN Pea-
JM3yeT MPSIMOU JIOTUYECKUN BBIBOM MIJIS 3aIaHHON Teopuu. [IpemukaTsl, GyHKIINN, aKCAOMBI
Teopuu, COpTa MEPEMEHHBIX COTJIACOBAHBI C CUMBOJaMu u mpaBuwiamu (G, KOTOpbIe TpU-
MEHSIIOTCsI K UCXOIHOMY IEepeBY B Iporiecce BbramcieHus. Ha momyueHHOM HepeBe MOXKHO
MIPOBEPSITH UCTUHHOCTH MPOU3BOIBHBIX Ag- OpMyII.

IJist MpakTUKM CYIIIECTBEHHBIM SIBJISIETCS BBIPA3UTEILHOCTE Ag-GOpMyJI: KaKue MMEH-
HO CBOWCTBA CUCTEMBI MOXHO (POPMAIN30BaTh U BepudUIIpoBaTh. Jlerko dopmain3oBaTh
MPUIMHHO-CIIEICTBEHHBIE CBS3U COOBITUN ¢ KOHKPETHBIMU BPEMEHHBIMU 3HaUYeHusMu. [liis
aHaJM3a CUCTEM C HEOIPEIeIEHHBIM BPEMeHeM HACTYIJIEHUs COOBITUN HEeOOXOMIMMO pPacIIIi-
puTh Kj1acc GOPMYJI U MOMYCTUTDH UCIOIBL30BAHIE TEPMOB, HE CBOMUMBIX K KOHCTAHTAM B
MIPOIECCe BBIYUCIEHUA. DTO MPUBENET K UIAEOJIOTUN CMEIIAHHBIX BBIYUCIEHUN Ha TepMaJlb-
HBIX MOIEJISX.

CHUCOK JIUTEPATYPBI

[1] Goncharov S. S., Ershov Yu. L., Sviridenko D. I. Semantic programming // Information processing.
1986. V. 11. Ne 10 p. 1093-1100.
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BKCHepTHaﬂ CCTEeMBbI OII€EHKHM PHMCKOB IIPDHA JIEKAPCTBEHHBIX HAZHAYEHUAX

A. A. [IEPTYHOB

OxcnepTHas cucTeMa MpemHA3HAYEHA [JIS TMIOMOINN BPAYY B MPUHATUN MEIUITMHCKIX
pEeIlIeHniT, & UMEHHO - B OLIEHKE PUCKOB DU JIEKAPCTBEHHBIX Ha3zHAUYeHUAX. OCHOBA CUCTEMBI
- 6a3a 3HAHUI, COMEPKAIIIAS IPEIEMEHTHI. DTH JaHHBIE MOTYT BK/IIOYATDH B ¢€0sI pe3yIbTATHI
AHAJIN30B, BHEITHNE (DAKTOPHI, CBEIEHNS O IIPOIMCAHHBIX MEAUIIMHCKIX IIPerapaTax U cXemy
JIEYEHUS IO HUM.

3amaya KIacTepU3alny 3aKII0YAeTCs B Pa30UEHNN MHOXKECTBA COOBITUN HA MTOIMHO-
x)ecTBa (KJacTepsl) TakuM 00pa3oM, ITOOBI KIIACTEP COCTOSII U3 MOAOOHBIX OOBEKTOB, HO
IIpU 3TOM pa3IMYHBbIE KJIaCTEPHI OTJINYAINChL OpYr OoT apyra. M3-3a cnenuduku mpemmer-
HOI 061acTu, OOBEKT HE MOXKET OTHOCUTHLCS OMHO3HAYHO K OmHOMY Kjactepy. Ilo sroit
IpUUnHe, B KaueCcTBe ajll'OPUTMa IIPUMEHSeTCs MeTO HeYeTKON KJIaCTePU3aluU C-CPETHUX
(Fuzzy c-means clustering) [1].

[TanmenT paccmMaTpuBaeTCs Kak HAOOP MPU3HAKOB, KOTOPBIMI OH 00J1a/1aeT. JTO MOTYT
OBITH KaK KOJIWYEeCTBEHHBIE NPU3HAKM, TaK U KadeCTBEHHBIE: BO3DACT, Bec, 3a00JI€BaHMUS,
JIEKapCTBEHHBIE IIPenapaThl, KOTOPble OH IPUHUMAET B HACTOSILINA MOMEHT W.T.I. Y 3TUX
IIPU3HAKOB MIOJKEH OBITH PA3HBIN BeC, TaK KaK HE BCe OHU BIIUSIOT B PABHOU crereHu. s
CpaBHEHUS IIPU3HAKOB MeXKIYy COOOM HeOOXOOUMO HOPMAJIN30BAThH 3HAUEHUS IIPU3HAKOB.

B 6a3e 3HaHUit 5KCIIEPTHON CUCTEMBI COOEPKUTCI COCTOSHIE TTAIIMEHTa 10 TPUMEHEHU S
U COCTOSIHUE IIOCJIe TIPUMEHEHUs JIEKAPCTBEHHOI'O CPENCTBa. B KadecTBe peIleHus 3amadn
BOCHOJIHEHUSI TIPOIYIIIEHHBIX NAHHBIX HCIIOIb3yeTCs 3aMeHa MPOIyCKa CPeOHUM U3 OJImKai-
IIX.

PesynpTaT paboThl cUCTEMBI TIPENCTABIISIET U3 ceOsl YIOPSIMOUEHHBIN 0 YVIaJIeHHOCTH
OT TIEHTPOB HADOP KJTACTEPOB, K KOTOPHIM OTHOCUTCST TEKYIIINHN MPEIEIEHT.

Ncnonelys onmucaHHBIN MOOXON, B PaMKaxX pabOTHI ObLIa MOCTPOEHA MaTeMaTUIecKas
MOMeJIb IpeAMeTHOU 00JIacTH, IpoBeneHa GOpMyINPOBKa U aHAIN3 TPeOOBAHUN K HKCIIEPT-
HOHI cucTeMe, pa3dpaboTaHa apXUTEKTypa SKCIepTHON cucTeMbl. Ha maHHBIT MOMEHT pea-
JIM30BaH MPOTOTUII CUCTEMBI.

CIUCOK JIUTEPATYPHI

[1] Berks G., Keyserlingk D.G.V., Jantzen J., Dotoli M., Axer H. (2000) Fuzzy clustering - a versatile
mean to explore medical databases. In: Proceedings of European Symposium on Intelligent Techniques
clustering // Pattern Recognition Letters. 2014. Vol. 38. P. 99-106.
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O cyirecTBoBaHNM Ki1accubuiupyomnen GyHKIUY 7151 IIPON3BOJILHOIO
pa3zbuenus N-mepHOro Kyba Ha aBa KJjiacca

B. II. HosrpunA, II. H. Hyprasan, H. C. YAJIMEB

Paccmorpum n-mepubiit Ky6 kak n-1o crenenb orpeska [0,1]. B aTom ciyuae kaxmoit
BepImHe coOTBeTCTByeT Koxm n3 0 m 1 niwmHbL n.

Teopema 1. /lig npousBoabHOrO pazbueHHs BEpIIHH N-MEPHOro Kyba Ha JBa Kjacca,
ormeuenHerx 0 u 1 cooTBeTCTBEHHO, CylnecTByeT HenpepbiBHasS Gyukuus f(xq1,...,T,) Ta-
Kasl, YTO apryMEHTHI I OHA caMa U3MEHSIOTCs B ripenenax orpeska |0, 1] u Bo Bcex Bepiumnax,
OTMeYeHHBIX 1, OHa IpuHUMAaeT 3HadeHHe 1, a B BepIIimHax, oTMedeHHBIX (), OHa IpUHUIMAaET
3Hagenwe ().

Ha ocHoBanu® 5TOI TEOpEMBI MOKA3aH CIEOYIOIINN Pe3yIbTaT.

Teopewma 2. [1]| /lisg npou3sBosbsHOrO pa3éueHUs BEPIIUH N-MEPHOro Kyba Ha IBa KJIacca
CyILIecTByeT HEHPOHHAs CeTh, PACIO3HAIOIIas OTHU KJIACCHL.

OTa Teopema maeT TeopeTUUecKoe OOOCHOBAHUE I HEMPOCETEBOTO IMudpaTopa TeK-
cToB [2].

CIIMCOK JIUTEPATYPHI

[1] dobpuna B. II., Hypra6eur . H., Yanues H. C. CyiectBoBanne Kiaccuduuupyoleil HEHPOHHON CEeTH
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TepMaJ’ILHOG NCUNCJIEHNE N €TI0 CEMaHTHUKI

B. H. IPOBOTYH

B pabore [1] Gbuta KOHKpeTU3UpOBaHA, MPUMEHUTEIHHO K HCUYUCICHUIO BBICKA3BIBA-
uuit (UB), obras cxema MOCTPOEHMSI CeMaHTUIECKUX MHTEPIPETAINN IPOIO3UIINOHAIBHBIX
WCYUCIIEHNH, OTpeneieHo TepMallbHOe mcumciieHne Term, Kak cTporo (GopMaIn30BaHHBIN
BapuaHT VB, B pamkax KOTOpOoro obecrneunBaeTCsi BO3MOKHOCTD HAMO0JIee TTOCTIEI0BATEIb-
HOT'O pa3leeHns] CHHTAKCUIEeCKON U CEMAHTUYIECKON COCTABJIISIONINX STOT0 UCUNCIIEHUS.

B ncuncnenun Term dopmynsr UB npencraBistoTcss TepMaMu CUTHATYPBI

_ 2, 2, 2, 1, .
A= <G17 G27 G37 G47 d17 d2>
Hag MHOXKeCTBOM {X71; Xo;:; X4} - IPONO3UIIMOHAIIBHBIX IEPEMEHHBIX. B COOTBETCTBUU C
9TUM, UHTEPIPETAINH 1) UCUUCICHUsT 1 erm OmpenesisiioTcs aarebpamMu

I = (M;"GY; "G3; "GE; "G Mdy; dy),

OCHOBHBIE OTIEPAINY U BBIIEJEHHBIE DJIEMEHTHI KOTOPBIX SBJISIOTCS TEPMAaIbHBIMUI OIIepaIln-
SIMU ¥ BBIIEJICHHBIMI 5JIEMEHTAMI HEKOTOPBIX anrebpamdeckux cucrem M = (M; P™; ..
P f s f' aq; ap), BBICTYHAIOMIMX B POJIM IIOJIEH O3HAUMBAHUS STUX HHTEPIpETa-
nuit. Muarepuperamuu I, yooBIeTBOPSIONIE PAMy OMOJIHATEIBHBIX yeiaoBuil [1], u GymyT
MIPEICTaBIATEL coboil pazmuunble ceManTuku VB. OnHuM u3 Takux yCIOBUN SIBIISIETCS CITe-
MyIoIliee: 3HAYEHUs TePMaJIbHBIX oreparnit ajredbpsr I, COOTBETCTBYIOIINX aKCHOMAM UCUN-
cienust Term, MOJXKHBI IPUHAJIEKATH OMPENEIEHHOMY MTOAMHOXKeCTBY S MHOXkecTBa M. B
pabote [2], ciremyst 5Toll cxeme, OblIa ONpeneeHa HeTpaqunoHHas ceManTuka VB, nassan-
Hasl TEOPETUKO-KOJIBIIEBOW, T.K. B KAUECTBE TOJIsI O3HAUNBAHUS, TIPU €€ MOCTPOEHUN, OBLIO
B3sITO (IPOU3BOJIBHOE) GYJIIEBO KOJIBIIO C eIUHUIIEI.

B mamnoit pa6ore, ornpasissick oT Gyiesoit pemmetku M = (M; PZ; f2; 25 f1; 05 1),
KaK TOoJIs O3HauWBaHUs, rae PP - oTHomenne wacTwdanoro nopsnka; fi(z;y) = sup(z;y);
f2(z;y) = inf(x;y); fi(x) - nononuernue >mementa x; 0 u 1 - HauMeHbIIAN 1 HAUGOILIIIA
SJIEMEHTHBI MHOXKeCcTBa, M, onpemernnseTcs «IopsakoBasy ceManTuka VB.

IIpennoxeunne 1. Ilycte M - nmpowmsBosibHass OyieBa perierka. WHTepoperamus
n curHaTypel \ Ha MHOXecTBe M, ompenememmas mo mpasmmam: "G3(a;b) = fZ(a;b);
1G3(asb) = f3(a;b); "G3(a;b) = f{(f3(a);b); "Gila) = f3(a); "di = 0; "dy = 1, mua
Ja00bIx a;b € M, aBugercs cemanTukoi VB ¢ mosiem o3aauunBarus VI u BeImeJIeHHBIM 1TOM-
muOKecTBOM S = {1}.

CIUCOK JINTEPATYPHI
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Peanusamusa YCJIOBHBIX BOIIPDOCOB B Bepo;[THOCTHOf/i BOHpOCHO-OTBeTHOf;I
cucremMe

A. A. KAPMAHOBA, I'. O. JXBIEBA

B pamkax nporpamvuoro kommekca «RiskPanels [1], mys npenmersoit o6mactu urbop-
MaImOHHOM Ge30macHoCTH OblTa pa3paboTaHa BOMPOCHO-oTBeTHas cuctema «QA-RiskPanels
[2]. Hamnast cucTeMa OCHOBAHA HA TMPEIENEHTHOM MOAXOIE K MOMEIMPOBAHUIO MPEIMETHBIX
obsacTeir; 6a3a 3HAHUN NP OJAHHOM TOMOXOMe MOOeINpPyeTcs B Buie 000OIIIeHHON HEYETKON
Momenu. Tak Kak 3HaHUs, IPEOCTaBIeHHbIE B 0a3e, MOIYT OBITH HEMOJHBLIMU WJIU HETOY-
HBIMI, OTBETHI Ha ITOCTABJIEHHBIE BOIPOCHI OyIYT HOCUTH BEPOSTHOCTHBIN XapakTep. [lis
BOIIPOCOB, KOTOPBIE MOTYT OBITHL 3allaHBI TAKOW cucTeMme, Oblna pazpaboTaHa Kiaaccupu-
KaIllsl, COCTOSIIAS W3 HECKOIBKUX BOIIPOCHBIX TUIIOB; BO3MOXKHOCTH IOJIyYaTh OTBETHI Ha
COCTaBHBIE BOITPOCHI PeaIM3yeTCs MOCPENCTBOM OCHOBHBIX OMEPAINil KIaCCTIeCKON JIOT UK.

B ob61iem ciydae, BHY TPEHHIOIO JIOTUKY BOIIPOCA, MTEMCTBUTEIBHO, MOYXKHO OIUCATH IT0-
CPEICTBOM OCHOBHBIX OIEpAIUil Kjaaccuueckoil jioruku. Omuaxo mpobiieMa BO3HUKAET, KO-
roa CEMAaHTUKY BOIIPOCA Ha €CTECTBEHHOM SI3bIKE HEeTb3sl OMUCATH CPENCTBAMU JIOTHMYIECKIX
omepanuil KOHBIOHKIINN, OU3BIOHKIINN, OTPUIAHNAS W UMITKarun. JIio00l peabHBI BO-
TPOC OOBIYHO MMeeT BXOMHBIE MaHHBIE, TO €CTh MpPeIBApPUTEIbHBIE 3HAHUS O MMPeIMeTe BO-
mpoca. Y dYeT 3TUX 3HAHUU ITO3BOJISIET MOJIYyYUTh Hambojee TOUHBI OTBEeT. B03MOXHOCTH
YCIOXHATH KOHCTPYUPYEMBIN BOIMPOC IIyTEM HAACTPAWBAHUS YCIIOBUS ITO3BOJISIET YYECTh
IpenBapUTETbHBIE 3HAHUS O TIPEIMETE.

B nanmnoit paboTe miis moncka OTBETa Ha YCIOBHBIE BOIIPOCHI OBIIT pa3paboTaH alrOpPUTM,
VUUTBIBAIOIINI BEPOITHOCTHBIE XapaKTepucTukKu 6a3bl 3HaHu. [lomb3oBaTenu popMupyoT
YCIIOBHE B BUIE JIOTTYECKOTO BBIPAXKEHU S, KOTOPOE MOJKHO BBITTOTHATHCS T Oa3bl 3HAHU.
Kpowme Toro, momb3oBaTenn 3a1at0T Il STOTO BEIPAXKEHUSI THTEPBAJI BEPOSITHOCTEH, C KOTO-
PBIME TaHHOE YCJIOBUE MTOJIXKHO BBITTOTHATHLCSA. TakuMm 0O6pa3oM, MBI MOIYyYaeM TOOMOIIEIH,
Ha KOTOPBIX yCJIOBUE BBLITIOJTHEHO, & 3HAYUT, IMPEeIBapUTEIbHbIE 3HAHUS ObLTU yaTeHbl. [lo-
cllemylolllee BBIUNMCIEHNE OTBeTa BedeTCsl Ha 3TUX HNOAMOIEISIX C HAJIbHEUIINM 0000IIIeHIeM
pe3yIbTaTOB.

CIUCOK JINTEPATYPHI
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O6paTubin meTon MaciioBa B €ro CeKBEHIINAJILHON MHTEPIIPeTAINN

A. B. JIINEUKUN

PaccmarpuBaercs obparubiit MeTon ycranosierus seionumoctu C.HO. Macmosa B ero
dbopmynupoBke u3 [1] mis kiraccudeckoit oruke 1-ro mopsimka 6e3 paBencTsa. IlaeTcs ero
onucaHue B BHUIE CHEMUPUIECKOTO UCUUCTEHUS TaK HA3bIBAEMBIX OJIArONPUATHBIX CEKBEH-
muii. 3aMeTuM, 4TO NP PACCYXKOEHUAX IO BBIMOJHUMOCTU OMHA W3 HauboJiee yIATHBIX
TPaKTOBOK 06PATHOTO MeToa naHa B [2], a [3] comepxut Hanboiee OpUrHHAIILHOE “IIOrPY-
X)erHune” 00paTHOTO METOHA B YUCTO PE3OJIIOIUOHHYIO TEXHUKY.

W3BecTHO, 9TO MOCPENCTBOM CKYJIEMU3AIWM U JIOTMYECKUX MIPEOOpPA30BAHUI yCTAHO-
BJIEHII€ BBIBOIUMOCTU B MEHIIEHOBCKOM ucuuciiennu LK 110601 CeKBEHIIMN MOXKHO CBECTH K
YCTAHOBJIEHUIO BHIBOIUMOCTHU cmapmosot cekBennuu S Buna — D1, ..., Dy, tne Dy, ..., D,
— GOpPMYJIBI B MU3BIOHKTUBHON HOPMAJIHLHOM (OPME C OIMYIIIEHHBIMI KBAHTOPAMU, IIPUIEM IO
YMOTYAHUIO CUMTAECTCS, ITO BCE UX CBOOOMHBIE IMEPEMEHHBIE HESBHO CBS3aHBI KBAHTOPAMMU
CyIIIeCTBOBaHUS, cTosmmMu nepen Dy, ..., D,.

Cnenyss mpasuny A u3 [1], ¢ S cBa3bBaeTCs ucroonad 64a20NPUAMHAL CEKBEHIUSI
Ci,...,Cpn — Dy,...,D,, obo3ragaemas S, B koTopoit C1,...,Cy, SBIIIOTCSA ONpeneIeH-
HBIMU OU3BIOHKIUSIMUI JTATEDP, CTPOUMBIMEU u3 juTep dhopmyn Dy, ..., D, Takum obpasom,
YTO KaXIas W3 HUX COMNEPXKUT KaK aTOMapHYyIo (GopMysy, Tak u ee oTpunanue. lIpaBuio
B u3 [1] uaTepuperupyercs Kak CeKBEHIMAILHOE IIPABUIIO, KOTOPOE Mpeobpasyer yxKe Mmo-
POXKIOEHHYIO 0.4020NPUAMMHYI0 CEKBEHIINIO B HOBYIO 04Q20NPUAMMHYI0 CEKBEHIINIO, ¥ KOTOPOI
B cykuemente Haxomstcs Di,...,D,, a B anTeneneHT mo6aBIIsIeTCS HOBas MU3BIOHKIIS
JUTEpP, TOPOXKIAaeMas Ha OCHOBaHUM aHajau3a D1, ..., D, U OU3BIOHKINAN JTUTED U3 aHTele-
IIEHTa PacCMaTPUBAEMOI CEKBEHITUN.

Teopema. CraproBas cekBeHIus S BBIBOOUMA B KJIACCHYECKOM CEKBEHIIHAIBLHOM HC-
uncierun LK Torma m TOIBKO TOraa, KOraa UCYUCICHHH OIarolpHATHBIX CeKBEHIM 3 Sy
o npaBuiy B BoiBonuMma (61aronpusTHas) CEKBEHIUA, CONEPXKAILAS B CBOEM aHTEIEOEHTE
AU3BIOHKIUIO 6e3 jauTep (T.€. MyCTYI0 MU3BIOHKIIIO).

B sakmrouennm oTmMeTuM, 4TO NMPUBEIEHHAs UHTEpIpeTalnus oO6paTHOro MeToma obiia-
IaeT PSOOM IOJIOXKUTEIBLHBIX CBOUCTB IO OTHOIIEHNIO KAK K KOMIBLTEPHO-OPUEHTH- POBAH-
HBIM CEKBEHIIMAIbHBIM UCYUCIEHUSIM, TaK U K METOIAM PE30JIIOIHOHHOTO THUIIA.

CIIMCOK JIUTEPATYPEI
[1] Macaos C. FO. O6paTHBII METO yCTAHOBIIEHNS BHIBOOUMOCTHU B KJIACCUYECKOM MCUUCICHUN TIPEIUKa-
Tos. IAH CCCP, T. 159, Ne 1, 1964, C. 17-20.
[2] Lifschitz V. What is the inverse method? Journal of Automated Reasoning, V. 5, No. 1, 1989, P. 1-23.
[3] Degtyarev A., Voronkov A. Equality elimination for the inverse ethod and extension procedures. Tech-
nical Report No. 92, Uppsala University, 1994.
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(I)OpMa.TII/I3OBaHHOQ JOoKa3aTeJIbCTBO KOPPEKTHOCTH TeopuMn THUIIOB Xoapa

E. M. MAKAPOB, K. CKAJIKA

Mer mokaseiBaeM KOppekTHOCTb Teopuu TunoB Xoapa (TTX) [1], ssistroreiicst pac-
IIUPEHNEeM JIOTUKHN X0oapa s QYHKIMOHAIBLHOTO SI3bIKA TPOTPAMMUPOBAHUS C TTOOOUYHBIMEI
spdexTamu (mpucBanBanueMm). JlanHoe mMokasaTenbCTBO (GOPMAIM30BAHO B WHTEPAK TUBHOIM
cucteme mokaszaTenbecTB Coq.

[loBenenne umcTO PYyHKIMOHAIBHBIX MPOTPAMM OIUCBIBACTCS C MTOMOIIBIO M3BECTHBIX
BBIPA3UTEIBbHBIX cucTeM TumnoB. OOHAKO METOObI BepUMUKAIIUU TPOTPAMM BBICIIETO IIO-
psinka ¢ moboUHBIMU dPdeKTaMu He TaK XOPOoIIo u3ydenbl. CBOWCTBA MMIEPATUBHBIX MIPO-
rpaMM MOXKHO ITOKa3bIBATH C IMOMOIIBI0 JOruKH Xoapa. OHa COmEpKUT CYXKIEHUs BUIA
{P}M{Q}, rme M — nporpamma, a P u () — mupe- u nocryciosue, coorBercrsenno. Cemna-
paImOHHAsI JIOTUKA PACIIUPseT JIOTUKY Xoapa, IMO3BOJIsAs TOBOPUTH O MOBEAEHUU yKa3aTe-
qert. TTX ucnonp3yeT cenapanroHHYIO JIOTUKY IS OMUCAHNUS DYHKIMOHAIBHBIX IIPOTPAMM.
HoxazaTenbcTBO KOppekTHOCTH TTX MOBOBHO CIIOXKHOE U UCIOIB3YET MOIEIN PEeATu3ye-
MOCTH.

Harmre mokasarenbcTBO 00jiee MPOCTOE W OCHOBAHO HA COXPaHEHWU THUIOB. B oTmium-
ure OT HPEOBIAYIIero, OHO OBLIO MOMHOCTHIO Gopmanm3oBano B Coq. Bosee Toro, namry
dbopMaIM3annio MOXHO HCIOIB30BaTh IJIs Bepudukanuu mporpamm. Popmanm3anus J1o-
TUYECKOTO MCUYUCTIEHUS COMEPXKUT KOMUPOBAHUE CUHTAKCUCA, KOTOPOE MOXKET TPUBECTU K
TOMY, 9TO TPOTPAMMBI, TTOJIEXKAIIEe BepU(PUKAIIUN, TPEBPAITAIOTCS B TPYIHOIOHIMAEMbIE
CcuHTaKCcum4IecKne o0beKThl. Hara popmanusalus mo3BoiIseT MUCATH UUCThIE PPArMEeHTHI
nporpamMm Ha s3bike (Coq, KOTOPBI caM SIBIISIETCsI TEOPUEN TUIIOB, MOXOXEN Ha YHCTHIN
dparmenT TTX, 1 uCmoab30BaTh HOBBIE KOHCTPYKIIUU TOJIBKO IJIST OTIEPAIUN ¢ TTOG0UHBIMUI
sbdexTamu, orcyrcrByoommx B Coq.

B pesynbpraTe MBI MMeeM eOUHYIO CHCTEMY, KOPPEKTHOCTH KOTOpOu mokazana B Coq
I KOTOPYIO MOXKHO HUCIOJIB30BATh HA MPAKTHUKE MJIS TOKA3ATEIHCTBA MPABUIBHOCTU IIPO-
rpamm. s kaxmon BepuUIImpPOBAHHON IPOTPAMMBI IMEETCS TOJTHOE (HOPMAaIbHOE TOKa-
3aTEIbCTBO TOTO, YTO MPOrpaMMa BemeT ceOs COTJIaCHO CrenunuKaIiim.

TTX 6buta panee peanmsosana B Coq B mpoekTe Ynot [2], omHAKO 5Ta peamnsanus He
comepxkasia GOpMam3aliyl CUHTAKCHUCA U [TOKa3aTeIbCTBa KOppekTHocTHu. Hara peasu-
3alusl SBsEeTCs Oojiee HANEXHOW, MOCKOIBKY HEe UCIIOJIB3YyeT aKCHOMBI, HECOBMECTHUMBIE C
KJIACCTYIECKOUN JIOTUKO.

CIUCOK JINTEPATYPHI
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LPACA: o61auHBIN cepBUC OMUCAHUS IMIPEeIMETHBIX obJjiacTen

A. A. MAJbIx, A. B. MAHIBOOA, O. A. POMAHOBA

Hoxtan mocssittieH npencrasiernio obaunoro cepsuca LPACA, opueHTUpPOBAHHOTO HA MO~
IEPKKY paboOThI TMOTB30BATENS IO HOPMUPOBAHUIO, HAKOIJIEHUIO W PA3BUTUIO CTPYKTYPU-
POBaHHOI WHOOPMAIIUU, UMEIOIIE CTPOTYI JIOTMYECKYI0 CEMAaHTUKY. XOPOIIO M3BECTHO,
9TO JIOTUYECKNE METOMBI C OOJBINNM TPYOOM OCBAWBAIOTCI MACCOBBIM ITOJIB30BATEIEM WH-
TepHeTa. DTO SIBISIETCS OIHON M3 OCHOBHBIX MPOOJIEM [JIs MPOMBUKEHUS CEeMAHTUIECKN
CTPOTUX MOAXOIOB K 00pabOTKe MaHHBIX 1 3HAHUN B nHTepHeTe. OUBIT pa3BuTus Semantic
web mokasaji, 9To 5Ty 3a0a9y HeIb3s PEIUTh YNCTO MaTeMATHIECKUIMUI CPEOCTBAMI — IPO-
OrteMa, SIBJISETCS MEXIUCIUIINHAPHON, 3aTParnuBaloIlell BOIPOCE MHTEPGENCOB, CIIEHAPUER
paboThI, a TaKXKe MCUXOJIOTUIYECKYIO KOMIIOHEHTY.

Jloruueckoit ocaoBoit npoekta LPACA saBnstoTcs 00beKTHBIE TEOPUHN HA CIUCOTHBIMI
HacTpoiikamu [2], paspaboranusie Ha ocHoBe Teopun GES [1]. Texuomoruueckas ocHOBa
paspabaThiBaiach HAME B paMKaxX HOpenbiayinnx npoekTos — Ouroboke u Mera-2 [3]. On-
nako, B mpoekTe LPACA 5Tu MeTombl m TEXHOOTUN MOTOHEHBI CIIENUAIN3NPOBAHHBIMI
rHTepdercaMrn BU3YaJIN3AINN TaHHBIX 1 TPUHIINTINAIIEHO HOBBIMU CIIEHAPUSIMU B3aMMOIEH-
CTBUS TIOJIH30BATENSI U CEPBUCA.

C mamen Toukn 3penus LPACA npencrasiser co6oil IPpUHIUINAILHO HOBBIA BuO web-
cepBUCa, B KOTOPOM HAKOIMIeHne MHOOPMAIIUN SIBIITETCS TOOOUYHBIM 3hPeKTOM 1 moOaBITeH-
HOW CTOMMOCTBIO KaXKIOTHEBHON MeSTETbHOCT NHANBUIY AJTHHOTO TOTB30BATENS WX TTOTb-
3oBaTenbckux Koyurabopamui. LPACA npencrasisier coboil yHUBEPCAILHBIN NHCTPYMEHT,
KOTOPBIN B OTJITUME OT 6JIOTOB U GOPYMOB, OPUEHTUPOBAH HE HA XPOHOJIOTUYECKUI ITPOIIECC
myOIuKaInum, a Ha IMOCTEIEHHOEe Pa3BUTHE, YTOUHEHUE, MACIITaOMpPOBaHUE €IWHOU CPenbl
mauubIX. OkcrnepemeHThl ¢ LPACA mokasbiBaioT, UTO MHAHHBIA CEPBUC MOCTYIIEH CAMOMY
IMTAPOKOMY KPYTY MOJb30BATEIEN U TTO3BOSET UM B TPUBBLIYHBIX I ce0sl TEpMUHAX CTPO-
UTH JIOTUYECKN KOPPEKTHBIE OMUCAHUS TTPEeOIMETHBIX 00JIacTeln.
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O PAa3JIO2KEHNN NAeaJIOB HEKOTOPLIX AeNeKMHOOBBIX KOJICIl B IIpOoM3BedeHue
MAaKCUIMAJIBHBbIX NO€aJiIOB

K. A. IIETYXOBA

B [1] 6b110 omucano 060061eHIe U3BECTHOrO KpunTorpaduyueckoro amropurma RSA, B
KOTOPOM BMECTO HATYPAJIBHBIX UHCEJI UCIOIb30BAHBI UOEAJIBI OeMeKUHIOBLIX Kojer. [l
TOTO, YTOOBI MPAKTUUECKN Peajin30BaTh MAaHHBIA ajJrOPUTM U OOOCHOBATH €TI0 KPUIITOCTON-
KOCTBb, HEOOXOIUMO BBIOPATH CIIOCOO TpeacTaBieHuss HPOPMAIIUKN O KOIbIE U €TI0 UAeaIax
7 OLIEHUTH CJIOXKHOCTH &JITOPUTMOB PA3JI0KEHUS ATUX UOEAJIOB B IIPOU3BEIEHIE MAKCIMATb-
HBIX. MBI HCIIONB3yeM IJIsl TOTO TEXHUKY paboT [2] - [4].

B moksane GymyT onucaHbl HEKOTOPBIE BUIBI NEIEKWHIOBBIX KOJel (Ipexie BCero He-
KOTOPBIX KOJIEI IeJIbIX aarefpanvdeckux Uuces), s KOTOPBIX YIOMSHYThIE BBIIIE 3aaum
MOT'YT OBITH B TOM WJIM WHOM BHUIE PeIleHbl. B gacTHOCTH, 06CYyXKIOaeTcs ailrOPUTM, KOTO-
PBIIT oIpenessieT, COOEPXKUTCS I HeT HETPUBUAJIBHBIA UOEMIIOTEHT B KOHEYHOM (DakTOop-
konbiie R/I, rme R — memekuHmoBO Koiblo, I — ero umeas. JlaeTcs OLEHKA CIOXKHOCTH
IAHHOTO AJITOPUTMA.
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ABTOMaTI/IBI/IpOBaHHbIe MeTOObl IMMOPOXIOEeHMs q)pa3, NMeEeIImnx 3aJaHHYIO
IICUXOCEMAHTHUKY

II. A. CA3B0HOBA

Pabora nocasiiriena MmeTomaM aBTOMATU3NPOBAHHOTO MMOPOXKAEHNS (Ppa3 ¢ 3aIaHHON TICHU-
xocemaHnTuKoOM. [Ipenmnonaraercs mopoxnenue ¢ppas3 Kak ¢ OMPeaeIeHHBIM ITPOMTO3UITNOHAIb-
HBIM COIEpKaHmeM, TaK U C 3aJaHHOI SMOIIMOHAJIBLHON cocTapisomniein. IlcuxocemanTuka
dpa3 onpenensarcs mpu nmomoiu Teopun pedesbix neiictsuit (TPI)[1]. OTo nomxon x dop-
MaJIM3aIlin S3bIKa, OCHOBAHHBIN Ha MTPEICTABIIEHUN IleJIell YIACTHUKOB PEYEBOTO OOITIEHUS.
Cornacuo TPII, xaxnas ¢pasa eCTeCTBEHHOTO SI3bIKa PACCMATPUBAETCS KaK PedeBoe Iei-
CTBUE: KOMIIO3UIMSI IPOMO3UIMOHAIILHOTO comep:xkanus P u mwtokytussoit cunst F(P). Ty
JaCcTh PEUYEBOr0O OENCTBUS, KOTOPAas BhIPAXKAET SMOIMOHAIBHO-TICUXOIIOTTIECKYIO COCTABIIS-
1o11y0 dpasel, OyoeM Ha3bIBaTh IICUXOCeMaHTUKON ¢pasbl. [lcmxocemanTuka 3amaeTcs pe-
UeBOU I1€JIHI0 TOBOPSIIET0, JIUHIBUCTUUECKON CTPYKTYPON (pas3bl, CMBICIIOM (ppa3bl, CBSI3aH-
HBIM C YPOBHSIME ITOTpebHOCTel denoBeka mo Macioy. B mannoit paboTe paccMaTpuBarTCs
2 Buma mOTPEOHOCTEHW - (u3ndecKme W conmasibHbie. [lJIs OCYIIIeCTBIIEHUST TPOIECca TO-
poxnenus dpa3 ObUTHm cHOPMUPOBAHBI pa3MeUeHHbIE CIOBAPU WJIOKYTUBHBIX T'JIAarOJIOB, a
TakXe CJIOBAapU I'JIar0JIOB, CBSI3AHHBIX C QU3MUECKUMU WU CONMUATBLHBIMU MTOTPEOHOCTSIMU.
Brit pazpaboran cimoBapb IIabIOHOB JIMHTBUCTUYECKUX CTPYKTYP, B KOTOPOM IIPENICTa-
BieHo 6ostee 350 mabmonos. Ha mepBoM sTame aBTOMATU3UPOBAHHOTO MOPOXKIEHUS (Gpasbl
nonoupaeTcs JUHTBACTUYUECKAS CTPYKTYPa MPEIIOXKEHNT Ha, OCHOBAHUT MOIENTN CATYAITNN.
Ha BTOpOM sTamne ocyrecTBiseTcs MOUCK CI0B B Pa3MEUYEHHBIX CJIOBAPIX B 3aBUCAMOCTHU OT
BBEIOPAHHOT'O TUIIA PEYEBOTO NENCTBUS, THTEHCUBHOCTHA PEYEBOTO JNEWCTBUSI W OT 3a[JaHHOTO
MIPOIIO3UIIMOHAIBHOTO comepX)auus ¢pas3bl. Ha Tperbem sTame MpPOMCXOMUT IMOACTAHOBKA
MMOTIOOPAHHBIX CJIOB B JIMHTBUCTUYECKYIO CTPYKTYPY: CIIOBA MPUBOOATCI K 3alIaHHBIM (Gop-
MaM (PO, BUI, YUCIIO, HMANEXK U Ip.) U BBICTPAMBAIOTCS B HYXKHOM IOpSIKe. Aropurm
peanu3oBaH Ha s3bike Python 3.4, ¢ ucnonb3oBammeM cToponHeir O6ubanoTeku MOpdhOIIo-
TMYECKOTO aHaam3aTopa pymorphy2. YkaszaHHBIE METOOBI MPEANOIAaraeTCs MPUMEHUTDH, B
YaCTHOCTU, U1 TPOBEMIEHUs MNCUXO(PU3UOIOTUIECKIX UCCIeqoBaHuil. Pamee OBLIO MOKa-
3aHO, UTO (Ppas3bl C PA3INIHON IICUXOCEMAHTUKON OKa3bIBAIOT Ha CIIyIIATEeIeldl Pa3ImIHOe
cnxou3noIOrIecKoe Bo3neiicTaue [2].
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ITouck onpe,ueneﬁnfil TEPMHXHOB 1 cBs3en MeX Oy HUMHU OJId IIOCTPOEeHUuAa
OHTOJIOT U IIPpA IIOMOILIN sA3bIKA OIIMCAHHMA JIMHI'BUCTUYECKUX 111a06JI0HOB

II. A. CTEODAHOB

B mocienmee Bpemst 0COOEHHO BaXXHBIMU 3a0aYaMU CTAJIN 3a0aY1, CBI3aHHBIE C AaHAJTI30M
TEKCTOB €CTEeCTBEHHOT'O s3BbIKa, a TaKXKe WM3BJIEYEHHEM U3 HUX OHTOJOTMYECKUX 3HAHUM.
YacTo aHa/Im3 TEKCTOB IIPOBOAUTCS C IIEJTHIO IIOCTPOEHUSI OHTOJIOT U MTPEeIMETHBIX 00IacTel,
CIIOKHO OCYIIECTBUMBIA BPYYHYIO.

3amaueil, B paMKax KOTOPOW MMPOBOOMIACE HaHHAS paboTa, ObLI aHAIN3 TEKCTOB MEeIN-
IUWHCKUX CIPABOYHUKOB, CTATel W OPYTUX HAYYHBIX TPYIOB. Peanm3oBana mporpamMMHast
CHICTEMA, OCYIIECTBIISIIONIAs TOMOIIb SKCIIEPTY B TOCTPOEHUN OHTOJIOTUH ITPEIMETHON o0J1a-
ctu. [lo 3amaHHOMY MHOXECTBY TEPMUHOB OCYIIIECTBIISJICS TIOUCK BCEX YUaCTKOB TEKCTA,
KOTOPBIE MOTYT CONEPXKAaTh ONpeneiieHne MaHHBIX TEePMUHOB WJIN OHTOJIOTUYIECKIE OTHOIIIe-
HUS MeXITy HuMU. J[aHHBIT WHCTPYMEHT MO3BOJISIET OTPUIHTPOBATEH 3HAUNTEIbHBIE O0BEMBI
TEKCTa W COKOHOMUTH BPEMs, KOTOPOE SKCIEPT 3aTPATUT Ha M3BIIEUEHNE ONPENeTIeHNN Tep-
MUHOB 1 (GOPMAIU3AINo0 CBsa3enl Mexay Humu. Cremyer OoTMeTUTh, U4TO pa3paboTaHHBIN
MHCTPYMEHT TIPeMHA3HAYEH IJIS TOMOIIN SKCIIEPTY B U3BJIEUYEHNN OHTOJIOTUYIECKUX 3HAHUM,
OTIMYMsI KOTOPBIX OT 3HAHUI OOIIEro XapakTepa MPUBENEHbl B cTaThe [1].

TekcT aHaIU3MPOBAJICS C TIPUBJICUCHUEM S3bIKA ONMUCAHUS JTUHTBAUCTUUECKUX ITaOIOHOB
[2], KOTOPBIIT TO3BOJISIET TIPOBOAUTE MOUCK YUACTKOB TEKCTA, YAOBIETBOPSIOIINX 3aaHHBIM
rpaMMATUYECKUM W CHHTAKCUYIECKNM YCJIOBUSIM. Tak)Ke NPU aHAINM3E TEKCTa TMPUMEHSIICS
MOIXOM MHOXKECTB MHTepIpeTanuil [3], KOTOPHIN MO3BOJIAET HA BCEX CTAMUAX AHAJINA3A TEK-
CcTa KOPPEKTHO 00pabaThIBaTh BCE BOBMOXKHBIE PE3YJILTATHI, PACCMATPUBAs X B KAUEeCTBE
aIbTEPHATHUB.

Ha mepBoM sTame moncka BO3MOXKHBIX OMpPENeSIeHU TepMUHA Pa3pabOTaHHBIN UHCTPY-
MEHT MMPOU3BONMIT TTIOUCK BXOXKJIEHUN 3TOr0 TEPMUHA B CTAHIAPTHBIE KOMPENEIIIONInes KOH-
CTPYKIINU, BBbIPpaXXEHHBIE B BUIE JMHTBUCTUUYECKUX I1abj0HOB. Ha BTOpoM sTame moumcka
OTHOIIIEHIN MeXIy TEePMUHAMU TPOU3BOMUIICS TOMCK BXOXKIEHUN TEPMHUHOB B KOHCTPYK-
nnu cBs3err. B pesynbTaTe TecTupoBaHUs pa3pabOTAHHOTO MHCTPYMEHTA OBLIN TOJTYYEHbI
YIOOBIIETBOPUTEIBLHBIE PE3yIbTATHI. 1TOYHOCTH MOMCKa OnpemesieHuin cocrapmia 74%, mom-
mora - 92%. IlpousBomusics MOUCK CBA3€l THUIIA «OOIIee-9acTHOES, «9aCTh-IIEI0e>, a TaKKe
CBsI3€ «OCJIOXKHEHUE 3a00JI€BAHUSI> U «CUMIITOM 3a00JIeBaHUT». TOUYHOCTDH IOUCKA CBSI3EH
MexIy TepmMuHaMu cocTasmina 67%, mommrora - 87%. Ilpu sTom 66110 OThUIBTPOBaHO 94%
MCXOTHOTO TEKCTa, YTO, HECOMHEHHO, YIIPOCTUIO ObI pabOTy SKCIEpPTA.
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ABTOMaTHMUECKAas OIlEHKA KPUIITOCTOMKOCTHU ajirebpandyecky roMOMOP@dHBIX
KPUIITOCUCTEM, OCHOBAHHBIX Ha (paKTOpU3aIIUM YUCEJI

A. B. TPEIIAUYEBA

'omomopduas kpumrocxema — 5T0 ueTBepka ajiropuTMmoB KeyGen, Encrypt, Decrypt,
Evaluate, umeromux dukcuposanuyio cremudukanmio [3]. DTu agsropuT™bl MOy T GBITH 3a-
IAHBL B BUIE CeMENCTB (mapaMeTpr30BaHHBIX HEKOTOPBIM APAMETPOM YPOBHS KPUIITOCTOM-
KOCTH \) TaK HA3BIBAEMBIX CXeM 13 QyHKINMOHAIBLHBLIX deMenToB (CPD) npencrasisiomumx
cob0it HabOPBI MOJIMHOMUAJIBLHLIX (DOPMYJI OT MHOTHUX IT€PEMEHHBIX.

ZKenanue mocTpOUTH MOTHOCTHIO TOMOMOP(MHYIO KPUIITOCXEMY Ha OCHOBE 3a[adn (hak-
TOPM3AINN YUCET BO3HUKIIO JOBOJIBLHO MABHO U HE MOTEPSII0 aKTYaJIbHOCTH IO CuX 10D [3].
OnHako mMMEIOIecs: MOMBITKN He MOKa3ajl BBICOKOW KPUITOCTONKOCTHU IO POy CXOXKUX
IPUYMH — HEKOTOPBIM UX CBOMCTBAM, KOTOPBIE MOXKHO BBIIE/IUTH Ha OCHOBE X KPUIITOAHA-
mmsa [2, 1, 5, 4, 6].

PaccmarpuBaercs crnemyrormmas 3amada: O (HOPMaIbHOMY OIMUCAHUIO KPUIITOCXEMBbI
(¢ KpUOTOCTOMKOCTHIO, OGOCHOBAHHON uepe3 (HAKTOPU3ALUIO UKCEIT) HA CIeNuaIn3iPOBaH-
HOM s3bIKe (CHHTAKCHUC KOTOPOro OyHeT ONuCaH), YCTAHOBUTDL CIPABEIJINBOCTDL IS HEE
HEKOTOPBIX CBOICTB.

PaccmarpuBaemyto 3amady MOXKHO HA3BATH ABMOMGMUUECKUM CUMBEOALHBIM KPUNMO-
anaau3om (M ABTOMATUIECKUM (HOPMATBHBIM KPUIITOAHAIIA30M).

Pa6ora Bommonmena mpu mommepxkke rpanta PODPU Nel5-07-00597 A «Paspaborka u
HCCIIEMOBAHIE JITOPUTMOB HOJTHOCTHIO TOMOMOPGHOTO III(PPOBAHMLIS
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O IIpencTraBJICHN KOPHEBBIX OepeBbeB MHO2XKEeCTBOM mocJieJoBaTeJIbHOCTEeNn

I". B. YUEPHHLIIIEB

Cy11ecTBYIOT pas3nuyHbIe CIIOCOOBI IPEICTABICHNS I€PEBHEB B BUIE BIOKEHHBIX OCTIE-
IIOBATEIbHOCTEN, MHOXKeCTB. MBI paccMaTpuBaeM KOPHEBOE HEPEBO KAK MHOYKECTBO IIO-
CITeIOBATEIILHOCTEN OOBEKTOB (BepIInH) 0T GUKCUPOBAHHOTO 00BEKTa (KOPHSI) IO HPYTUX
0OBEKTOB.

dopmaIbHOE OnrcaHre Da3UPyeM Ha, SI3bIKE TEOPUN KATETrOPUil, BBOOUM: KJTacC OOBEKTOB
O = {v1,v2,...,0;,...}; MmHOXKecTBO MOphuU3MOB M (v;,v;) = (v, Uiy, . .. v;j) mas v;,v; € O;
KOMIIO3UIII0 MOPGU3MOB (0), OIpenessieMyio IPaBUIOM KOHKATEHAINN TOCIeI0BATEIEHO-
creit; enuHMIHBIe MOPGU3MBL 1, = (v) Mg Kaxmoro v € O.

B mokname 6ymyT m3M0XKEHBI pe3ybTaThl UCCIEIOBAHUN CBOMCTB JTaHHOW KaTErOpUU 1
MIPUKJIATHBIE ACIIEKTHI UX NCIIOIH30BAHUS B MHPOPMAIIMOHHBIX TEXHOIOTUIX, Oa3UPYIOIITIXCS
Ha MepapxXuiecKuX CTPYKTypax.

B wactHOCTH, OymeT mokKa3zaHO, UTO MOAMHOXKECTBO XapaKTEPUCTUUECKNX MOPGU3MOB
Xv, Buna M(vg,v;), e vg — GUKCUPOBAHHBIN OOBEKT, & Uy — TEPMUHAIBHBIA OOBEKT,
SIBASIETCST OOPA3YIOIIUM 7151 KATETOPUN.

st TpUITOXKEHNH BaXKHOU SBJISIETCS

Teopewma. li1s npou3BoyIibHBIX 00BEKTOB a,b € O

M(a,b) = (Xa © Xaxb) © (X6 © Xaxb)
roe a X b — npoussenerue o6BEKTOB a 1 b, O — omepanusa pa3’HOCTU XapKTEPUCTHICCKIX
moppusmos, M ~1(a,b) = M (b, a).
dopmyna, npuBefeHHas B (GOPMYIUPOBKE TEOPEMBbI, IIOACKA3ZLIBACT MPONENYPY BbIUN-
CIICHUS Iy Tell MeKly MPOU3BOILHBIMU BePIINHAME JIePeBa.
PaccMmaTpuBaeMoe IpeICcTaBiIeHIe IePeBheB MO3BOIIeT TaKkKe ONpeNeInTh CTPYKTYP-
HBEIC CBOICTBA HEPEBLEB, CBA3AHHBLIC C PEYIAPHOCTAMI PA3INYHBIX THUIIOB.

DPI'BEYH Uncmumym undopmamury u npobaem pe2uonaasbrozo ynpasaenusd KBEHI] PAH, e. Haavuur
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KpI/ITI/I‘{eCKI/Ie KOpHeBbl€e AuarpamMMbl I KOpHeBbl€ MHOI'O4YJICHBI B
IIOJIMHOMMAJIBHOM CHMHTE3€ aJITOPUTMOB aBTOMATUYECKOI'O yIIpaBJICHUsA

A. B. YUEXOHANICKUX

[TpuHIMITAIBHBIE CBONCTBA JIMHENHON CUCTEMBI aBTOMATHYECKOTO yIpasienus (yCToi-
YUBOCTH, OPPAHIYEHHAS KOIe6ATeIIbHOCTD U [IP.) 00eCIeUnBalOTCs PACIOIOKEHIEM B JIEBOI
KOMIIJIEKCHOM TOJIYIIIIOCKOCTU €8 TOIFOCOB 21, . . ., Zn, - KOPHel XapaKTepUCTUIeCKOTO0 MHO-
rournena f,(s) = s"+a,—1(C)s" 1 +...+a1(C)s+ ao(C), rne C = ¢1;...; ¢k - BEKTOD Ta-
paMeTpoB peryssTopa. i peryisaTopa MOIHOTO HOPSIIKA PACIONIOKEHNE IOIFOCOB MOXKHO
3a1aBaTh MIPOU3BOJIBHO; IJIsl PEryJIITOPA MOHMKEHHOTO MOPSIKa 3a0a4a TPUHIMAET ONTH-
MU3AIMOHHBIN XapakTep: WIeTcs Takoe 3HaueHne C* | mpu KOTOPOM 06JIaCTh PACIIONOKEHUST
nomocoB Tuna noiymiockoctu {s | Res < a} unm konyca {s | Res + [Ims| < a} cmerna-
eTCsl KAK MOXKHO [aJIbIIe BIIEBO; BEJIMUYUHA (v IIPU STOM MUHUMU3UPYETCs. Pa3sMepHOCTD
BekTopa C' TO3BOJIET MOCTUTaTh k PABEHCTB MEXKIY NEHCTBUTENbHBIMA M MHUMBIMUI Ua-
CTSMU KODHE, 38 CUéT 4ero Kpurudeckre (B TOM JHCiIe ONTUMAbHBIE U CyGONTUMAIbHBIE)
PACIIONIOKEHNST XaPAKTEPU3YIOTCs TOMAIaHueM Ha [IPaBYI0 TPAHUILY O6IaCcTI MAaKCUMAJIBHO
BO3MOXKHOI'O KOJIMUYECTBA MOMIOCOB. (CXeMaTHUecKoe pPACIONIOKEHNe IPAHUYHBIX IMOJIIOCOB
21y .-y Zm KPATHOCTEH 11, ..., Ty, MOPEICTABIAETCS KPUTUUECKUMU KOPHEBLIMU [IHATDAM-
mamu [1]. VIx cmmcok ¢TpouTes peKyppeHTHO, a Yuciio pacTéT 1o 3akony PuGonauan:

Teopema. Ywucio pasIndHBIX KOPHEBBIX AUArDAMM, 334aBAEMbIX k DaBEHCTBAaMI,
pasao (k + 3)-My umcity PubonaTun Qi 3.

KopueBoll nuarpaMmMe MOXKHO OTHO3HAYHO COIOCTABUTL KOPHEBOI MHOrOUJIeH p(S§) =
(s—21)™ ... (8= zm)"™, BKIIIOYAIOIINI MHOKUTEIN C TPAHIIHBIME MOIOCAMIE; C TIOMOIIIBIO
KOPHEBBIX MHOTOUJIEHOB OCYIIECTBIIIETCS HAXOXKIEHNe ONTUMAIbHBIX mapamerpos C* [1].
Yucno P(k) KOPHEBBIX MHOIOUJIEHOB BBIPAXKAETCS Uepe3 Pa3OUeHUs HATYDAIbHBIX UHCEIT
(mauanbubIll 0Tpe3ok C* coBmamaeT ¢ mociemoBaTebHOCTHIO A036469 yacTUUIHBIX CyMM
pas3bueHuil HATYPaIbHBIX UKUCENI HA HeueTHbIe ciaraeMble [2]), a sddekTuBHOE MOCTpOeHne
CIIMCKA OCYIIECTBIISETCS JIEKCUKOT DADUIECKH.
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O TeOpeTI/IKO-MO,E[eJ'ILHOﬁ (I)OpMaJ'II/IBaI_II/II/I MHOI'OIIaroBbIX KOMIIBIOTEPHBIX aTaK

I'. O. 9dXbgEBA, A. A. EPIIOB

CoBpeMeHHBIT 5Tal Pa3BUTHUS OOIIECTBA XaPAKTEPU3YETCs BO3PACTAOIIEN POJIHIO UH-
dbopmarnmonnoit cheprl. B cBs3u ¢ aTum, mpobiiema nHOOPMAIIMOHHON O€30TACHOCTH CTAHO-
BUTCs Bce 6ostee u 6oitee akTyanbHON. i1 sdheK TUBHOM 3aIIUThI OT KOMIIBIOTEPHOI aTaKn
HeoOXOOMMO KaK MOYXKHO paHbIIle ONpeNe/nTh, Kakas NMEHHO aTakKa IMIPOBOAUTCS Ha WHPOP-
MAaIlMOHHYIO cucTeMy. Kciam aTaka mTpoBOOMTCS B HECKOJIBKO IIATOB, UICHTUDUIIIPOBATE €&
CTAHOBUTCS CJIOXKHee, TaK KaK CUMITOMBI MOT'YT HE Cpa3y YKa3blBaTh Ha KOHEUHYIO 1IeJIb I
criocob mpoBeneHust aTaku. TakmM oO6pa3oM, BOBHUKAET HEOOXOIUMOCTDH B (hOPMAIIM3AIIIIX,
CTIOCOOHBIX MOJIETIMPOBATH U MOJICUYNTHIBATL PUCKUA B MHOTOIIATOBBIX KMOepaTakax.

B macTosieit paboTe s MOOETMPOBAHUS MHOTOIIIATOBBIX KOMIIBIOTEPHBIX aTaK MbI
paccMaTpuBaeM KOHEYHOE MHOXKECTBO IIPEIEeNeHTOB KOMIBIOTEPHBIX aTak. KaxXmbrii mpe-
neneHT GopMaan3yeTcs B BUOE KJIacca aaredOpamvdecknx CUCTEM 3alaHHOU curHaTypbl. Ha
OCHOBe NAHHBIX MPEIEeNeHTOB CTPOUTC 0DOOMIEHHASI HEUETKAS MOMIEIh, TTO3BOJISIONIAs IIPO-
CUYNTBHIBATH PUCKU B OMHOIIIATOBBIX KOMIBIOTEPHBIX aTaKaX.

Ha muOXecTBe mpelieneHTOB KubepaTak 3amaeTcsi OnHapHOE TPAH3UTUBHOE OTHOIIICHIUE.
[IBa mpeneneHTa HAXOMSITCS B JAHHOM OTHOIIEHUHU, €CJIN PEAJIM3allls IEPBOrO MIPEIeIeHTa
OTKPBIBAET YSI3BUMOCTD, IIPUBOMSIIIYIO K BO3MOXKXHOCTHU TIPOBENIEHNST BTOPON aTaku. MHOXKe-
CTBO TIPEIEAEHTOB C MaHHBIM OTHOIIIEHuEM 06pa3yoT 0000IIEHHYIO CTPYKTYpy Kpumke, mo-
3BOJISIIOIIYIO, C YIETOM HETOJTHOTHI 3HAHUN O IpelleleHTax aTakK, OMMChIBATH MHOT OIIIar OBhIE
kubepaTaku. MomajlbHOCTU B MaHHOW CTPYKTYPE MHTEPHPETUPYIOTCS KaK «BO3MOXKHOCTDL®
U «HEOOXOMMMOCTBH» COOBITHI B MHOTOIIIATOBBLIX aTakax. Pasmbukaius TaKoW CTPYKTYPhI
TPUBOOUT K OOOOIIEHHON HEYETKOU MOMEJIN, IO3BOJISIONIEN MTPOCYNTHIBATE PUCKU B MHOT'O-
IIarOBBIX aTaKaxX.

B pamxax manHOU paboThH OBLIT pa3paboTaH aJITrOPUTM BBIYUCIIEHUS NHTEPBAJIbHBIX 3Ha-
YeHNII UCTUHHOCTU MOMAJIbHBIX IIPEIJIOKEHNN Ha 3aJaHHON 00O0OIIEHHON HEUETKON MOOEIN.
JlaHHBIN AJITOPUTM OCYIIIECTBIISIET MOCTOUKCHBIN 00X0m rpada B riiybuHy u 6a3upyeTcs Ha
AJIrOpuTMe MApPKUPOBKU [1] U HA AIropuTMe MOACYETa WHTEPBAIBHBIX 3HAUEHUN MCTUHHO-
CTU TPEIJIOKEHNUI, He CONePIKAINX MOMAIbHOCTEN [2].
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IIpenneneHTHBIN MOAXONA K (opMaIu3alinm 3HAHUN O IIPeaAMeTHOU objiacTu

I'. 9. JdxbgaEBA, O. B. JdCUHCKAA

B nmammo#t paboTe MBI paccMaTpUBaEM JIOTUKY MpennkaToB 6e3 paBencTBa. llycTs y Hac
nMeeTCsl HeKoTopast npenmeTHas obimacts A . Curatypa 0 — 5TO MHOXKECTBO HMOHSITHUI, HA,
SI3BIKE KOTOPBIX OIMUCBIBAETCS TpeaMeTHas obnacTtb A, A — MHOXKeCTBO OOBEKTOB IPE]l-
MeTHOI obnacTu A. AHanmuTuueckas TeOpus IpeaMeTHON obracTu A gBIIseTCsS HEIPOTUBO-
peunsoii Teopueit Ta curaatypst o [1]. Torma kimacc momeneit Ka = {2 = (A,0)|A = Ta}
HA30BEM MHOXKECTBOM ITOTEHIMAIBHBIX MPELEIeHTOB PeaMeTHON obmactu A.

B pa6orax [2], [3] Gbuin BBemeHBI TOHATHE IPELEAeHTHON Momear g, MOPOKIEHHOMN
KOHEYHBIM MHOXKeCTBOM mperteieHToB F C KA 1 moHsTue 00600ILEHHON HEYEeTKOH MOIEJIH,
MTOPOXKIEHHON KJIACCOM IIPENEIeHTHBIX MOeell. DBhiinm moKa3aHbl TeOpeMbl, YTBEPKIIa-
IOIIIe, YTO 3HAYCHUSMU UCTUHHOCTH IPEJIOKEHUN Ha OOOOIIEHHBIX HEUYETKUX MOIMEIIIX,
MOPOXKIEHHBIX HEUeTKUMU (MHTEPBAJILHBIME) O3HAUMBAHUSIMIE SIBJISIOTCS UHTEPBAJIBI PAIM-
OHAJIBHBIX wmces u3 orpeska [0, 1].

OnHako Ha TIPaKTUKe, MBI YACTO CTAJTKUBAEMCS C HEITOJHBIMI OMMMCAHUSIME MPEIEIEHTOB
penMeTHON obmacTu. B 5ToM ciiydyae MbI BBIHYXKIEHBI (DOPMAJIN30BBIBATE MTPEIEIEHTHI HEe
KaK OTIeJIbHbIE MOMEJIN, & KaK KITaCChl MOJIEIIe.

Omnpenenenune. Paccmorpum Henporusopeunsyio Teopuio T € S(o), Takyro, aro Ta C
T. Torma kmacc momereir K = {2 € KA = T} HazoBeM 0600IL€HHBIM IIDELENEHTOM,
OPOXKIEHHBIM Teopueit 1 .

Teopema. Paccmorpum o6061ieHHBIE TTpeneneHTrI K1, ..., K,,, TOpOXIeHHbIE TeopH-
svu 11, ..., T, coorBercrBenno. Ilycts K = {Ag|E € Ky X ... X K,,} K1acc npenegeHTHBIX
MomeJIel, MOPOXKIEHHBIN 006001IeHHbIMI TTpereneHTamu Ko, ..., K, u A — obobiieHHas He-
yeTkas Mozesb, mopoxnenHas kiaaccom K. Torma mms moboro npemmoxenus ¢ € S(o)
3HAYCHHEM HCTHHHOCTH Ha Momemu Uy ABmgeTcs MHOKeCTBO { | a € N ma < o <1 — b},
rae a = |{i[p € Ti}|| mb = |{il-p € T; }|}.

Paspaboran anropuTm BBIUUCICHUS 3HAYCHUN UCTUHHOCTU OECKBAHTOPHBIX MPEIITOXKe-
HUI Ha 00O0OIIeHHON HedeTKOon Momenu 2k, MOPOXKIEHHON KOHEYHBIM MHOXKECTBOM 0000-
IIIEHHBIX TIPeIeneHToB. J[aHHBI aIropuT™M UMEeeT MOIMHOMUAIBHYIO CIIOKHOCTD.
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Knowledge representation and undecidability

A. V. BESSONOV

In computer science it is commonplace truth that the degree of felicity and adequacy of
a chosen way of knowledge representation has a direct bearing on success in solving a posed
problem. It turns out that this truth applies also to evaluation of undecidability results.

In proving the incompleteness theorems, K. Godel represents provability in PA using
the provability predicate Pr(z,y) (which is satisfied iff  is the Gédel number of a formula
and y is the Godel number of its proof) and some arithmetical formula Prov(z,y) ‘ex-
pressing’ that predicate in PA. But this formula is not the best candidate to represent the
unprovability in PA. The following is a simple consequence of the second Godel’s theorem
showing inadequacy of Godel’s representation of unprovability:

Theorem 24. (1) If PA is consistent, then, for any formula A, a formula
Vy—Prov(" A7, y) that ‘expresses’ the unprovability of A is unprovable in PA.

(2) If PA is w-consistent, then, for any formula A unprovable in PA, a formula that
‘expresses’ the unprovability of A is undecidable in PA.

Theorem 2+ implies that the formula Vy—Prov("—(0 = 0)7,y), which ‘expresses’ the
unprovability of a formula —(0 = 0), is undecidable and, hence, is unprovable in PA. In
fact, however, a proof (by contradiction) that —(0 = 0) is unprovable is quite elementary,
provided PA is consistent.

If PA is consistent, and —A is a formula provable in PA, then A is obviously unprovable
by the definition of consistency. Consider the unprovability predicate NPr(z,y) which is
satisfied iff x is the Godel number of some formula and y is the Godel number of a proof of
its negation. (The extension of this predicate does not include all formulas unprovable in
PA, but we need only prove a formula ‘expressing’ unprovability of at least one formula in
PA.) Clearly, this predicate is ‘expressible’ in PA via some formula NProv(z,y). Let n be
the Godel number of a derivation of the formula =—(0 = 0). The definition of a predicate
NPr(z,y) implies that NPr("—(0 = 0) ", n) is true. In view of the ‘expressibility’ conditions,
therefore, NProv("=(0 = 0) ", n) is provable in PA. If existential generalization is applied to
this formula, then we are led to a derivation of JyNProv("=(0 = 0)7,y) which ‘expresses’
the unprovability of a formula —(0 = 0). (If existential generalization is applied twice, then
we arrive at a derivation of 3z3yNProv(z, y) that ‘expresses’ the existence of an unprovable
formula in PA. Thus PA can well prove its own consistency!)

Hence an informal statement “—(0 = 0) is unprovable in PA, provided PA is consistent,”
which is undecidable in PA via Godel’s representation, turns out provable in PA via another
representation. This implies that the available undecidability results should be re-evaluated
with due regard for variability of ways for representing informally formulated problems.
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Boolean models of some nonlinear dynamic systems

V. P. GOLUBYATNIKOV, M. V. KAZANTSEV

We consider n-dimensional nonlinear dynamical systems

T :fl(xn)—xl, T; :fi(xi_l)—xi, 1€ {2...n}, T >0 (1)
as gene network models. All the functions f; here are non-negative and smooth or piecewise
constant. We assume that all of them are monotonically non-increasing (L-functions) or
monotonically non-decreasing (I-functions). This corresponds, respectively, to negative
and positive feedbacks in gene networks. Let x* be an equilibrium point of the system (1)
surrounded by an invariant parallelepiped (). We decompose () by hyperplanes containing
x* and parallel to coordinate hyperplanes. The constructed smaller 2™ parallelepipeds
{€1,...,en} of this decomposition are enumerated by boolean indices: ¢; = 0if 0 < z; < z7,
g, =1if o} < ;.

Let G be the oriented graph (domain graph) such that its vertices correspond to the
parallelepipeds of the decomposition of (), and directions of arcs correspond to directions of
trajectories of the system (1), cf. [1].

For the system (1) we define characteristic vector ¥ of length n. ¥, = 1 if f; is a
I'-function and ¥; = 0 if f; is an L-function. Given n, there are 2" systems with different
characteristic vectors.

We call the system (1) even if > ¥; =0 (mod 2) and odd if Y ¥, =1 (mod 2).

We define inversion operator ® = Inv;(V) as follows:

S, =Wli¢ {i—1,4}, @, =U,@llie{i—1,i
We assume that ¥y = W¥,,, ¥,y = U; etc. Here @ denotes addition (mod 2).

Operators Inv; obviously preserve parity of system for any i. Moreover, applying
sequence of operators Inv; with different ¢ any characteristic vector may be transformed
into any other vector with same parity.

Lemma 1. A loop in G exists on its every potential level except n and 0.

Lemma 2. Domain graphs of systems with characteristic vectors W and Inv;(V) are
isomorphic for any .

Theorem. Domain graphs of all dynamic systems of same dimension and same parity
are isomorphic to each other.

The work was supported by RFBR, grant 15-01-00745.
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Formalized Proof of Soundness of Hoare Type Theory

E. MAKAROV, C. SKALKA

We prove the soundness of the Hoare Type Theory (HTT) [1], an extension of Hoare logic for
a functional programming language with side effects (assignment). Our proof is formalized
in the proof assistant Coq.

The behavior of pure functional programs can be specified and proved using expressive
type systems. However, research progress in verification of higher-order programs with
side effects has been slower despite the importance of this topic. Imperative, as opposed
to functional, programs can be proved using Hoare logic. It uses judgments of the form
{P}M{Q}, where M is a program and P and @ are pre- and postconditions, respectively.
Separation logic extends Hoare logic by making it possible to talk about pointers. In turn,
HTT adapts separation logic to functional programs. Soundness of HT'T was proved using
a rather complicated argument using a realizability model.

We developed a simpler proof of HT'T soundness based on preservation of types. Unlike
the previous proof, ours was fully verified in the Coq proof assistant. Moreover, this
formalization can be used for writing and verifying programs. Formalizing a logical calculus
involves an encoding of syntax, which can turn programs subject to verification into hard-
to-understand syntactic objects. Instead, our formalization allows writing pure parts of
programs directly in Coq, which itself is a type system similar to the pure fragment of HT'T,
and to use new constructs only for effectful operations, which are not available in Coq.

The result is a single system whose soundness is proved in Coq and that can be used in
practice for proving programs. For each verified effectful program we have a complete Coq
proof that the program behaves according to its specification.

HTT was previously implemented in Coq in the Ynot project [2]. However, that
implementation does not formalize syntax and does not prove HTT soundness. Our Coq
implementation is also more robust because it does not use axioms that conflict with classical
logic.
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Metric space Py, X Py, X ... x P in regard to Hamming distance

SEYMUR MESHAIK

Under the direct product of Post algebras we shall understand their product as graded
algebras [1]:

Pry X o Py, =< | J P x ox P ¢m AV 50>,
n=1

where Py, are complete Post algebras on sets E, = {0,1,...,k; — 1}.

We define a Hamming distance d (A, B) between sequences A = (a1, ag, ..., a,) and
B = (b, ba, ..., b,) of the size n as a number of pares of components a; and b;, such that
a; 7é bz [2]

Let f =< f1, fo, ...y frn > and g =< g1, 92, ..., gm > be functions of n variables in
Py, X Py, X ...x P . The expressions d (f, g) =n (A1 |JA2U ... A) define the Hemming
distance d (f, g) between the functions f and g, where A; are the set of pares of the values
of the functions f and g which differs one from another by i-th component. If d (f;, ;) = xs
then

n(Ai) = xi - T2 ks n (A NAL) = Xy Xao - T2 K5 s n (AN A2 N NAR) =
[T~ xi and

d(f, g):n<A1UA2U...UAm) =0 — Gyt k(=) 50y
where 01 =) ;n(A;), d2=232 ; n(Ay NAn),s oy dm=n(A1NA2N...NAn).

Theorem. The Hamming distance between functions from the product Py, X Pj, X ... X
Py, is a metric, and the corresponding set of functions Py, X Py, X ... X Py 1is a metric
space defined by Hamming distance d (f, g).
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A generalization of the Feistel cipher

V. A. Nosov, A. E. PANKRATIEV

The Feistel cipher [1] is a widely used encryption scheme which transforms plaintext
blocks splitted into two equal pieces, (Lg, Rp), into blocks of ciphertext by the rule

Ly = Ry
Ry =Ly ® F(Ry, Ky),
(Kj is a key). This scheme is usually iterated with an appropriate key schedule.

We consider a cipher that applies to bit strings of length n = 2% and transforms the
plaintext block x = (21, z2, ..., x,) into the block y = (y1, 92, ..., yn) by the rule

yj =z + [i(p1(z1), p2(x2), - . -, Pn(Tn)) j=1n, (1)
where p;, and f;, i = 1,n, are Boolean functions of 1 and n variables, respectively.
We find conditions on the family Fy = {f1, f2,..., fn} under which the mapping (1) is
bijective for any choice of p1,pa, ..., pn.
Theorem. The mapping (1) is bijective for any functions p;, i = 1,n, if and only

if the family Fy is proper (2] (that is, for any distinct n-tuples ' = (2,2}, ...,z ) and
' = (xf,xl,...,x]!) one can find an index « such that !, # x!! and f,(z") = fa(z")).
Now we split the input bit string into digrams (xi,zo,...,z,) — (2,25, . ..,a:;/2),

xh = (x2i—1, T2;), and define the transformation =’ — 3’ of the digram string:

Here p}, and f/, i = 1,n, are functions of 4-valued logic.
Further partitioning of the input string into digrams and thereby doubling the set

of the values gives at step (k — 1) two half-blocks xgk_l) = (z1,T2,...,Tor-1), xék_l) =
(Xgr-141,Tok-119,...,Tox), which are transformed by the rule

k—1 k—1 k—1), (k—1), (k-1 k—1), (k—1 .
(k—1) it = Y pED Y @R p8 Y EETY), =12

Theorem. The mapping (k — 1) is bijective for any pgk_l),pék_l) if and only if the

family {fl(k_l), fQ(k_l)} is proper; in the case of two functions it means that one of them is
constant and the other one does not depend on the same-name argument.

It is easily seen that we arrive at the original Feistel cipher.

Thus, in this work we suggest generalizing the Feistel cipher by splitting the input block
into more than two parts, fixing a proper family of functions {f;}, and using transforma-
tions (1), (2), ..., (k — 1) with functions p; treated as changeable keys.
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O6 A—BBIYNCIUMBIX HYMepausax

C. A. BAnaeB, A. A. ICAXOB

Heonpenensembie HaMu moHsTus MOXKHO HaiiTu B Monorpaduu FO.JI. Eprmosa [1].

Brrancnumele HyMepanum ceMencTB apuPMeTUIeCKIX MHOXKECTB IPUBIIEKAIOT BHUMA-
Hue MHOTUX aBTOPOB. OCHOBHBIE HANIPABIIEHUS MCCICOOBAHUN TAKWX HyMEPAIWl 1 MHOTTE
HepeIlleHHbIe K KOHILy MPOILIOrO Beka MpobiaeMbl 6butn chOpMyIMpOBaHbl B 0630pe [2].
[Tosxke B pabore [3] 6bUIO 3aMeUYEHO, UTO PABHOMEPHbIE TIEPEUNCIICHNs, BEIUUCIUMBIE OTHO-
CATEJIbHO THIOPUHTOBBIX CKAYKOB IIyCTOI'O MHOXKECTBAa, CBOMCTBEHHBIE BBIYUCINMBIM HyMe-
panusaM ceMencTB apuMeTUIeCKIX MHOXKECTB, BO MHOTUX CIIydasX MOTYT OBITH OOOOIIIEHBI
HA KOHCTDYKIUN C UCIIOJIb30BAHIEM IIPOU3BOJILHBIX OPAKyJIOB. B ¢Bs3u ¢ sTuMm B [3] Gbun
cHOPMYINPOBAHBI €CTECTBEHHBIE BOIIPOCHI O BBIUUCINMBIX HyMepalnusaX Hall IPON3BOIEHBIMNI
opakynamu. Ha HekOTOpBIE U3 HUX OTBETHI CHOPMYINPOBAHBI HIKE.

Onpenenenne. Ilycte A — TpomW3BOIBHOE MHOXKECTBO HATYPAIBHBIX umcel. Hy-
Mepanusi ¥ ceMeincTBa A—BBIUMCINMBIX MHOXKECTB S HA3bIBACTCS A—BBIYUCINMON, €CIn
YHIBEpCAJIbHOE MHOXKECTBO 3Toil HyMeparuu {< z,n >: © € v(n)} SBISETCS BBIYUCIIMO
MIEPEYUCITNMBIM OTHOCUTEIHHO OpaKyiia A.

Teopema 1. /lis aoboro A Bcsakoe KOHEYHOE CEMENCTBO A—BBIYHCIIMO II€PEYUCII-
MBIX MHOXKECTB, COJ€EpKAIIlee HAUMEHBIIIEe [0 BKJIFOUYEHHIO MHOXKECTBO, UMEET A-BbIUUCIIH-
MYIO YHUBEPCAJIbHYO HYyMEDPAIHIO.

Teopema 2. Ilycte A — mpom3BOJIBHOE MHOXKECTBO M IIyCTH S — OeckoHedHoe A-
BBIYHUCIIMOE CEMEHCTBO BCIOAY OIpeneeHHbIX (GyHKOui. Tlorma, ¢ TOYHOCTBIO OO SKBU-
BAJIEHTHOCTH, €cJiu S mMeeT ABe A-BBIYHCIUMBIX (PUAOEPrOBBIX HyMEpAIHH, TO S HMeeT
OEeCKOHEYHO MHOT'O TaKWX HyMepPAaIId.
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CTpykTypa m-creneHenn BHyTpu (Q-cTenenen

. 1. BATBIPUIVH

OmHuM U3 OCHOBHBIX BOIIPOCOB B TEOPUN BBIYUCINMOCTH, KACAIOIINXCSI PA3IUIHBIX THU-
OB aJITOPUTMUYECKIX CBOMUMOCTEN, SBIISETCS BOMPOC O CTPYKTYPE CTeIeHelr 6ojee Cuib-
HOUW CBOOMMOCTHU BHYTPHU CTemneHU 0Oojiee cj1ab0i CBOIMMOCT.

[Iycts 11 u ro - Takme AJITOPUTMUYECKIE CBOOUMOCTHU, UTO IJIS BCEX MHOXKeCTB A u
B somonusercas A <,, B = A <,, B, Torna xaxmnas 79-CTelleHb COCTOUT U3 HEKOTODPOM
COBOKYIHOCTH 7T1-CTeneHelr. Bo3HUKaeT eCTeCTBEHHBIN BOMIPOC, CYIIECTBYET JIU TaKas To-
CTeIeHb, KOTOpasi COCTOUT POBHO U3 OMIHOW 71-CTEIeHU, W POBHO U3 N € W T'1-CTEeleHen?
KakoBa cuTyarust ¢ BBIYACINMO IEPEYUCTUMBIMU (B.II.) CTEHEHsSMU: CYIIECTBYET I TaKasl
B.II. T'o-CTEIIeHb, KOTOPas COCTOUT POBHO M3 OMHON B.I. 71-CTEIEHN !

Knaccuueckum pesynbraTomM B chepe m3ydeHUs CTPYKTYPBI B.II. CTEIEHEH OMHOW aJl-
TOPUTMUYECKOU CBOJIMMOCTHU BHYTPHU B.MI. CTENEHU IPYTOU AJITOPUTMUIECKOU CBOIUMOCTH
aBiseTcs pesynbTaT Ierresa [1], KOTOpBIM MOKA3all, YTO CYIIECTBYET B.I. He BBIUUCIIU-
Masl tt-CTeneHb, COCTOAIIAs U3 eIUHCTBEHHON B.II. M~CTelneHn (T.e. CyIIeCTBYeT TAKOe B.IL.
HeBbIYMCIIIMOe A, 94To i1 Beex B.II. MHOXKecTB W, eciiu B =4 A, 1o B =, A).

B pa6ore [2] Hoyuu u Yomak o600Iman 5TOT pe3ysibTar, MOKa3aB, 4TO IJis JIIO60rO0
N € W CYMIECTBYET B.II. {f-CTeINeHb, COCTOSINAs POBHO U3 71 B.II. M-CTEIeHEN.

Owmananse [3] mokaszan, uro pesyiabrar Hoyum u Yomaka He mmeer mecra mis Q-
CBOAMMOCTH, ¥ MOCTaBWJI BOIpOC [4], Bepen nu mis QQ-cBomumMocTu pesyibrar Jlerresa,
a UMEHHO CYIIIeCTBYET JIM HEBBIUMCINMAs B.II. ()-CTEIeHb, COCTOSIAasl POBHO U3 OOHOU B.II.
M-CTEIeHn !

B noxnane 6ynyT monpoOHO TpoaHAIM3NPOBaHa TPOOIEeMATHKa CTPYKTYP CTerneHen 60-
Jlee CUJIBHBIX CBOIMMOCTEN BHYTPU CTelleHell Oojiee cabbIX CBOOMMOCTEN W TaH IOJIOXKU-
TeJILHBI OTBET Ha MOCTABIEHHBIN BBIIIIE BOIPOC, & MMEHHO OyIeT MOCTPOEeHa TaKas HEBBI-
qucauMast B.I. (J-CTeleHb, KOTOpasi COCTOUT POBHO U3 OMHOW B.II. 1M-CTEIEHM.

Teopema. CyiecTByer B.I. He BBIYHUCIAMOE MHOXKECTBO A, Takoe 4TO mJId BCEX B.II
Wi, ecm W; =g A, To W; =, A.
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O6 omgHOU CBOOMMOCTH Eg-MHO}KeCTB M IIOoCJIeJOoBaTeJIbHOCTEN M3 Eg-MHO}KeCTB

. X. 3AUHETOVHOB

PabBora mocssiitiena ucciaenoBanmio MpenesbHO MOHOTOHHBIX (DYHKIINAM, TPEIeTbHO MOHOTOH-
HBIX MHOXECTB, a TaKXKe U3YUYEHUIO CBOWCTB MPEIeIbHO MOHOTOHHOW CBOOUMOCTU (MHAUE,
Im-cBomuMocTH) MexIy L9-mHOkecTBamu. OCHOBHBIE ONPEeTIeHNs MOKHO HAfTH, HAIPU-
Mep, B paborax [1] u [2].

[MonsiTue TpemesbHO MOHOTOHHOIM MOCIIENOBATEIHLHOCTH OBIIIO BBemeHO B paBore [3).
OcHOBHBIE PE3yIbTATHI, TOIYUYCHHBIE IPU UCCIEIOBAHUU TIPEIETIHLHO MOHOTOHHBIX (DYHKIINIM
U MHOYKECTB NPUBENEHBI B 0630pHOI padoTe [4].

B mpencrasmennoit paboTe Takxke OymeT BBEIEHO ONpeneseHue [1m-CBOIUMOCTUA MEXKITY
IBYMs TIOCIIENIOBATEIBHOCTIME, COCTOSIIUMI U3 Y9-MHOKECTB, KOTOPOE OIMPAETCs Ha TOHS-
Tre Y-CBOAMMOCTH Ha CEeMeMCTBaX MOAMHOXKECTB HATYPAIbHBIX UNCETI, BBEOEHHOE B paboTe
[5]. Kpome Toro, GymeT paccMoTpeHa [m-CBOIUMOCTD MEXKIy TaHHBIM MHOXKECTBOM U MAPOI
MHOXECTB.

B pabore momydeHBI clienyoonme OCHOBHBIE PE3YIIbTaTHI:

Teopema 1. Ilycts mana mpoussombHas nociaenoBatensbHocTs C = {C), }nen, cocTos-
11as 13 6eCKOHEUHBIX Y9-MHOKECTB, KOTopas He SBJISeTCS IpenernbHo MoHoToHHOH. Torna
cymecTByer Takoe Y9-MHOkecTBO A, uro A He npeneabsro MoHOTOHHO U C Ly A.

Teopema 2. IIycts A = {A, }nen — 9TO IpousBobHAsT GECKOHEUHAS MOCIENOBATEb-
HOCTB, COCTOAIIAA U3 GECKOHETHBIX L.9-MHOkKecTB. Torma cymecTByeT Takoe ¥.9-MHOKECTBO
B , dTO B ﬁlm ./4

Pa6ora Boimomuena npu ¢uuancosonr nmognepxkke PODU, npoekt Ne 14-01-31200.
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IIpedukcuas u Broxu pa3penmMocTs CBEPXCJIOB IPU aBTOMAaTHBIX
npeobpa3zoBaHUSIX

H. H. KOPHEEBA

B pabote paccmarpuBaeTcs meHCTBUE KOHEUHBIX aBTOMATOB MU M KOHEUHBIX ACHH-
XPOHHBIX aBTOMATOB Ha MPEGUKCHO pa3pelrmMble W paspelrimMbie 1o broxu cBepxciioBa
Haz KOoHeuHBIM ajihasuToM. CBEpXCiIOBO HasbBaeTCs mpedbukcHo paspermMbiM ([1]), ecan
IJIsT TI000T0 PETYIISIPHOTO SI3bIKA MOYXKHO OTPENE/TNTh, CYIIIeCTBYET U TpedUKC CBEPXCIIOBA,
IPUHAIIEKAIIT 5ToMY s3bIKy. CBEpXCII0BO Ha3bIBaeTCs paspernuMbiM 1o broxu ([1]), eciau
IUJTST JTEI000TO PEryJISPHOrO sI3bIKa MOYXKHO OMPENeTnTh, OECKOHEUHO JIN IIepecevueHre TaHHOTO
sI3BIKA 1 MHOYXKECTBa TpeduKkcoB cBepXciaoBa. Paspermmbie mo Bioxu cBepXCiioBa SBIISIOTCS,
OYEBUIHO, TPEPUKCHO PA3PEITUMBIMU.

Teopema 1. ITycts (S, %, Y6, w, sg) — KOHEYHBII UHUNUAIBHBI aBToMaT Mumn wim
KOHEYHBIH WHUINAJIBHBIN ACAHXPOHHBIN aBTOMAT, & € %°° — Npe(huKCHO pa3perrmmMoe CBEPX-
cioBo. Torma w(sg,z) € (X')°° — npedukcHO paspermmoe cBepXCIoBo.

AHasIOrnYHbII Pe3yIbTAT s Pa3PEIINMbIX 10 BoxXu cBepXciloB mokas3aH B paborax [2]
u [3] I KOHEUHO M aCHMHXPOHHO ABTOMATHOMN CBOAMMOCTU COOTBETCTBEHHO.

Koneuno 1 acuHXpOHHO aBTOMaTHBIE CBOIUMOCTH Ha MHOXKECTBE CBEPXCJIOB €CTEeCTBEH-
HBIM 00pa30M MHOYIUPYIOT OTHOIIEHUS SKBUBAJEHTHOCTH HA 3TOM MHOXeCTBe. B mamHOI
paboTe MOKa3aHO CYIIIECTBOBAHUE ATOMOB U3 CBEPXCIIOB CO CBOMCTBOM mpedukcHOn n broxu
Pa3pPEIIUMOCTI B BO3HUKAIOIINX YaCTUIHO YIOPSIOUEHHBIX MHOXKECTBAX CTEIeHEN.

Teopema 2. CyiecTByeT aToM CTPYKTYPBI CTEIIEHEH KOHEUYHO—aBTOMATHBIX IIpeobpa-
30BaHUI U CYIIIECTBYe€T aTOM CTPYKTYPhI CTEIEHEH aCAHXPOHHO aBTOMATHBIX IIPeobpa3oBa-
HUI, COCTOSAIIIIE U3 IPEePUKCHO Pa3perInMbIX, HO Hepa3pelInMbIX 110 BboxXu cBepXCJIoB.

Teopema 3. CymrecTByeT aroM CTPYKTYPBI CTEIEHEH ACHHXPOHHO ABTOMATHBIX IIPE-
0bpa30BaHUH, COCTOAIINH U3 pa3permMbIx 1o broxu cBepxcios.

Cy1trecTBOBaHIE aTOMa CTPYKTYPhI CTEMEHEll KOHEUHO—aBTOMATHBIX MPeoOpa30BaHNUI,
COCTOSIIEr0 U3 Pa3pelnMbIX 0 Bioxu ¢BepXciioB, GbLIO TOKAa3aHO B [2].

Pabora BeImomHeHa npu ¢uHaHCcOBOU moamep:xkke Poccuiickoro gouma GyHIaMEHTATH-
HBIX ucciteqoBanmin 14-01-31200 mo_a.
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CIi102XkHOCTB HpOGJ’IeMI:I BXOXIOEHHUsA B YJIEHBbI BEPXHEro HeHTpPaJIbHOI'O psAaa
BbIUYNCJ/INMMBIX T'DYIIIL

n. B. JIATKUH
Asropom B [1] mocTpoena HuIbIOTEHTHAsI CTymeHu n rpymmna () 6e3 KpydeHus, st
KOTOPOU TI0 JTIOOOMY HabOPY €3, . . . , €, BLIUYUCINMO IIEPEUNCIUMBIX THIOPUHTOBBIX CTEIeHen

MOXKHO TOIOOpaTh TAaKyI0 BBUUCIIMYIO HYMEpPAIUo (v, ITO Tpu 2 < j < n mpobitema BXO-
KIEHUS B j-f WIEH HIDKHETO IEHTPAIBHOrO psima (meHTpai) ;G nMeeT CIOXKHOCTDL €,
t.e. T(Gy,7v;Gi, o) =ej. B [2] onmcana HubnoTenTHas cTynenn n rpynma G, 6e3 Kpyde-
HUsI, Y KOTOPOU mpu jrobom Habope dy, . . ., d,_1 BBIYACINMO MEPEUUCINMBIX THIOPUHTOBBIX
CTermeHel CyIIecTByeT Takas BbruucianMas HyMmeparus (3, aro npu 1 < j<n — 1 npobiema
BXOXKJIEHIS B j-f “WIEH BEPXHErO IEeHTPAILHOrO psina (rumepreHtp) (;G,, NMeeT CI0XKHOCTD
dj, t.e. T(Gy,(;Gy, ) =d;. B [2] Takxe mokazano, 4To AJsl II00BIX HAOOPOB di, . .., d,—1
1 €g,...,€, BBIUUCIUMO MEPEUNCIUMBIX CTEIEHEeN y mpsMoro npousseneuuss G rpyna G; u
G, mMeercst BeIMHCIIMass HyMepanums j Takas, aro 1(G, (G, p) =d; u T(G,v;G, 1) =€,
(1<i<n-1,2<j<n), kpome toro, rpymnma G o6IamaeT BBIYUCIUMBIM HOPSIIKOM,
He 3aBUCSIIUIM OT BBIYUCIUMON HyMepammu. B [1] mocTpoena Takxke He aBTOYCTONUMBAL
HIIBIIOTEHTHAs CTYHeHUu n rpynna H;, y KOTOpol mpy KaxXOOW BBIYUCIUMON HyMepaluu U
T(H;,v;H;,v)=ej,rne e, ..., e, — 33TaHHBII HAOOP BBLIUMCINMO IEPEUNCINMBIX CTEIICHE.

B [2] cupaimBaeTcs: uMeeTCs i HWILIIOTEHTHAS IPYIIa 6e3 KPyJeHus CO CBONCTBAMNI
rpynnbl H;, a Takxke BO3MOXHA JI TOMOOHAS CATYyallus OJIs TUIepreHTpoB. Ha BTOpOW
BOIIPOC HalIEeH YaCTUYHBIN OTBET.

Teopema. [lima 1r06bix maHHBIX HAO60pOB di,...,d,_1 U €s,...,€, BBIYUCIUMO IIE-
PEeYHCIIMBIX THIOPUHIOBBIX CTEINEHEH HAWAETCS HUJIBIIOTEHTHas cTymeHu n rpymma H, y
KOTOPOH IIPU KAaXKIOH BBIYUCIAMON HyMEPAIUd MpOobIeMa BXOXKICHUS B j-H THIEPLEHTD
npr 1 <j<n—1 (mmm nearpan aig 2<j<n) paBHa d; (w1 e;), a pakTOp rpymnma Mo HeMy
BBIYHC/INMAa TOLAa U TOJbKO Torma, korma d; =0 (mmm e; =0); npu sTom ecan d;j #0, To
caM rumepreHTp He BbraucauM. 1Io BCSKom p.1l. cremeHu b MOXKHO HOCTPOUTH BBIYHUCTIAMY O
HyMepanuio 3 rpymmnsl Takyio, uyro T (H, 7H, f)=b, mostomy H — He aBTOyCTOHYUBASL, T1€
TH — mepmonmueckas dactb rpymmasl H.

CHOUCOK JIUTEPATYPBI

[1] Jlarkma W. B. AnropuTMuyeckas CIIOXKHOCTH TPO6IEMBI BXOXKIEHUST B KOMMYTAHTEI U 4JI€HbI HIKHETO
nenTpansHoro psaga // Cub. Marem. 2K. 1987. T. 28, Ne 5. C. 102-110.

[2] Csima B. F., Solomon R. The complexity of central series in nilpotent computable groups // Annals of
Pure and Applied Logic. 2011. No 162. P. 667-778.

Bocmouno-Kazaxcmanckut 2ocydapcmeennbil mexnuueckut, ynusepcumem unm. . Cepurbaesa, 2. Ycmo-
Kamenozopckr, Kazarcman
E-mail: 1lativan@yandex.ru

65


mailto:lativan@yandex.ru

MausnsueBckme urerus 2015 Teopus BBIYUCIUMOCTH

O IIpoBeAeHUN KOPPEKTHBIX BBIUYNCJICHU IIpn pelneHnuM HeYeTKNX 3ada4

A. A. JIanEukun

[IpennaraeTcs mMOOXOI K PEIIEHUIO BOIIPOCA O TOM, KaK, yMes COBEPIIATh KaKNe-TO BbI-
YUCIUTEbHBIE MENCTBUS AJITOPUTMHUYIECKOTO XapakKTepa ¢ MPOU3BOITBHON COBOKYITHOCTBHIO
COOBITHM, CTTeMyeT COBEPIIATH AHAJOTMIHBIE NENCTBUS HA HEUETKNX MHOXKECTBaX, IIpencTa-
BJISTFOIIIX TIPOTHO3BI OTHOCUTEIBHO 3TuX coObITuir. [Ipr 5TOM nmpoBOAUTCS yTOUYHEHUE TOTO,
qTO CleayeT TMOHUMATH IO PEeIIeHNeM «HEeYeTKOW BEPCUI®» KOHEYHO IMapaMeTPU30BaHHON
3aa9n, OJIsT KOTOPOW M3BECTHA aJiTOpuTMUYIecKas (GYHKIUS BBIUUCIEHUS €€ « TOYHOTO» pe-
ITIEHUS.

st mocTHXeHusT STOR eI BBOOUTCS CIEIUAIbHBIN MOHSTUNHBIN almapar, OImpee-
JIIeTCsI, KaKOW MHAOPMAIIMU TOCTATOYHO IIJII HAXOXKIEHUS PEINeHUs «HEYEeTKOW BEPCUIT>,
U yKa3bIBAETCsI MPOIEIypPa MOJIyUeHUs TOTro pelteHus. lIpoBommTcs maTemaTmdeckoe o0-
OCHOBaHIE KOPPEKTHOCTH TIPOTIETY PHI.

[Ipennmaraemas mporenypa MOXKeT ObITh MPOTPAMMHO peajin30BaHa, UTO MEeJIaeT BO3-
MOXKHBIM €€ TPUMEHEHUE B ITUPOKOM CIIEKTPe MPAaKTUIECKNX MPUIIOKEHUN, TMEIOIINX 1eT0
C HEUYETKNMU MHOXKECTBAMU 1 CTAJKWBAIOIIMXCS C 3aadeil HaXOXKIEeHUs KOPPEKTHOTO pe-
IMeHUs] HeUeTKUX 3aJ1a4.
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(I)pM,Hﬁepl"OBbI HyMepalnun KJIaCCOB BCe€X YaCTHUYHO BBIYMCIINMBIX
prHKI_II/IOHa.TIOB 3aaHHOI'O KOHEYHOI'O THUIIA&

C. C. OCOnyeEB

P.M. ®punbepr B 1958 romy mokazaj, UTO CEMENCTBO BCEX OMHOMECTHBIX YACTUIHO
BBIYUCIUMBIX (QYHKIUN 06/1a1aeT BEIYUCITIMON HyMepaluein 6e3 MOBTOPEHUN. DTOT Pe3yiib-
TaT TOPOAWJI IIeJI0e HAIIPABIIEHUE WMCCIEOOBAHUN B TeOpUU HyMepalui. DBbITo mosydeHo
MHOXKECTBO Pe3yJbTATOB, MOKA3BIBAIOIINX CYIIIeCTBOBAHUE UM OTCYTCTBUE OIHO3HAUHON
HyMepAaIuU CeMENCTB PA3IMYIHbIX 00BeKTOB. Pe3ynbraToM maHHON pabOTHI SIBIISETCS Iepe-
XOIl B KJIACCUUECKOM pe3yiibTare Ppumbepra OT YaCTUIHO BBIYUCIUMBIX QYHKIUN K QyHK-
nroHajiaM 0ojiee BBICOKUX TUTIOB.

Bce ocuoBHBIE ompenenienus n 0603HaUYeHUsT MOTYT ObITH Hanmensl B kHure FO.JI. Ep-
moBa ” Teopust mymeparuit”. OTMeTUM JIAITL HEKOTOPLIE U3 HUX.

Onpenenum nousiTue tuna yHKOUOHAga. NMHOXKECTBO Bcex TUoB OymeM 0003HAYATH
T.

1. 0T,

2. Eciu 0,7 ects Tunsl, 10 (0 X 7) u (0|T) TOXKe SABIAIOTCSA TUIAMI;

3. T' - HauMeHbIIlee MHOXKECTBO, YIOBJIETBOPSIOIIee yCIoBusIM 1 u 2.

Teneps mepelineM K ONPENEIEHUIO YACTHYIHO BBIUYUCIUMBIX (yHKIHOHa0B. O603HATIMM
uepe3 C, - CeMencTBO BCEX YACTUYHO BBIUMCIUMBIX (QYHKIIMOHAJIOB Tuma o. llomaraem
Cy = C, rme C — ceMeficTBO BCEX OMHOMECTHBIX YaCTUIHO BBIUYUCIUMBIX QyHknui. Eciu C,,
u C; yxe onpenenensr, To nonaraeM C(oy,) = Cy X Cr, a Cy)r) = Mor(Cy, Cr).

OrMmerum, uro mis joboro o € T cemeiictso (', obamaeT TJIABHON BBIYMCIIIMOI
uyMmeparmeir. OCHOBHBIM pe3yJIbTATOM PAOOTHI SIBIISIETCS

Teopema. lns mroboro o € T cemerictBo C, obiiamaeT BBIYUCIUMON (hpuabeproBon
HyMepalHe.

Pa6ora Beimonuena npu dunancosont nonnepxkke Cosera no rpantam [Ipesumenta PP
IJIsL TOCYIAPCTBEHHON TOMIEPXKKY BemyIux HaydHbix 1mkoil (mpoekt HIII-860.2014.1). Uc-
CJIeIOBAHMUE BBITIOTHEHO PN (QUHAHCOBOBI momnepxkke PODU B pamkax HAYIHOTO IMTPOEKTA
Ne 14-01-00376.

UM CO PAH, Hosocubupck
E-mail: ospichev@math.nsc.ru
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O remepuueckou HeEIoJIHOTe GopMaILHON apu@MeTUKN

A. H. PLIBAJIOB

3uaMmeHuTas Teopema l'emesnss 0 HEMOMHOTE YTBEPKIAET, 9TO eciau (popmabHas apud-
MeTUKa HEIPOTUBOPEUNBa, TO OHA HEIMOJIHA, TO €CTb B Hel CyIIeCcTByeT HeloKa3yeMoe I
HEOIIPOBEPKUMOE YTBEPKICHIE OTHOCUTEIBHO JTI000HN PEKYPCUBHON CUCTEMBI aKkcuoM. Bos-
HUKaeT BOIPOC, & €CIIN OTPAHUYNTHCS He BCEMU YTBEPKIEHUSMU, & KIIOUYTU BCEMUI>, UTO
MOKHO CKa3aTh O TAKOW MeHEPUIECKON MOIHOTe hopMaabHol apudmerurku?! pyrumu cio-
BaMI, BEPHO JIU, UTO Il «IOYTH JIFOO0I> (CIIydailHOl) 3aMKHYTON GOPMYJIIbl apudMeTUKY
BBEIBOZIIMA U3 HEKOTOPOI'O PEKyPCUBHOT'O CHUCKA aKCcHoM Jjubo caMa (opMyJsa, aubo ee OT-
punanume? B manHOl paboTe MOKa3BIBAETCS, YTO MaXKe €CIIM OTPAHUYUTHLCSI HEKOTOPBIM
KJIACCOM MHOXKECTB «IIOYTU BCEX®» apuPMeTUIecKnx (POopMyJsI, HETIOTHOTA apUPMETUKHN CO-
xparuTcsa. pyrumu cioBamu, B JI060M TAKOM MHOXKECTBE «IIOYTH Bcex» Gopmysr (oHu
HA3BIBAIOTCSL CTPOTO T€HEPUIECKAMU MHOXKECTBAME) CYILIECTBYET (GOPMYJIa, KOTOpasl caMma
He BBIBOIUMA U HE BBIBOIMMO ee oTpuianHme. Tak ke Kak u Teopema l'emesis, MOmOOHBIN
Pe3yabTAT MOYXKHO HOJIYYIATH IJIs JTIOO0U (DOPMaIBLHON CACTEMBI, KOTOPas COMePXKUT apud-
METUKY.

Teopema. He cyrrecTByeT CTPOro reHepuIeCKOro MHOXKECTBa apUpMeTHIECKUX Pop-
Mmyna G Takoro, 4ro amis jaoboi ¢popmynasr Y € G aubo ©, m1ubo —P BrIBOmUTCS M3 (puKCUpO-
BAHHOT'O PEKYPCHBHOI'O MHOXKECTBA AKCHUOM.

HAnemumym mamemamuru um. C.JI.Coboaesa CO PAH, 2. Omck
E-mail: alexander.rybalov@gmail . com
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OKcTpeMalibHbIE 3JIEMEHTHI nostypenieTok Pomxkepca 0606111€eHHO BBIYNCIINMBIX
HyMepanuin

M. X. ®AN3PAXMAHOB

B moknane paccMaTpuBaIOTCsS BOIMPOCHL 00 ONMCAHUU OPAKYJIOB, OTHOCUTEIBHO KOTO-
PBIX KaXKII0e KOHEYHOe CEMENCTBO B.II. MHOXKECTB O0JIallaeT YHUBEPCAJIHLHOW HyMepalluei,
KaXKIas YHUBEPCcaJbHAas HyMepPAIs SBISETCS IPENNOITHON, KaXI0€e BBITUCIIIMOE CEMENCTBO
nMeeT MIHUMAJIBHYIO HyMePaIuio.

Kazancxuti (IIpusossccrutl) gedepasvrorii yrnusepcumem, Kasamnw
E-mail: marat.faizrahmanov@gmail.com
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O HMJIIBLOIOTEHTHBIX rpynnax 6e3 Kpy4eHus KOHEUYHbIX pa3MepHOCTEN

H. I'. XucamueB, . B. JIATKUH

[Iycts p, o3HauaeT HEKOTOpYIO rémeneBckyio mHyMeparmioo rpynnst UT,(Q), T.e. 1o
IAHHOMY ™ € w 3DGEKTUBHO ONPEeNenseTcss MaTPULa [i,M, 1 HA000POT, IO 0001 MaTpuile
u3 UT,, (Q) naxonurcs eé p-momep. HamomMuumMm, 94T0 MakCUMasIbHAS CUCTEMA JIMHEHO He3a-
BUCHUMBIX 3JIEMEHTOB abesieBOl TPynnbl Oe3 KpydeHns Ha3bIBaeTCs eé 6a3mcoM, & MOIITHOCTD
6a3mca Ha3bIBAETCS PA3MEPHOCTBIO abesIeBON TPyHIbl. bymem roBopuThb, UTO pa3MepHOCTH
HUJIBIIOTEHTHOU T'PYHNbI 63 KPyUeHUs KOHEUHA, eCIIM CYLIECTBYeT €€ IEeHTPAJIbHBIN Psil,
BCE CEKIINU KOTOPOrO UMEIOT KOHEUHYIO Pa3MEPHOCTh. B [3] Moy ueHbl KpuTepun BBIUUCIIN-
MOCTU HUJIBIIOTEHTHBIX TPYII 0e3 KPyUYeHUsT KOHEUHBIX Pa3MEPHOCTEN.

Teopema. HwmisnorenrHas rpymnma 6e3 kpyderus (G KOHEYHOH DPAa3MEPHOCTH BBIYHU-
C/IIMO IMEePEYNCINMO OIpeneeHa Toraa U TOJIBKO TOrga, Koraa OHa N30MOP(GHA BBIYHUCIIMO
mepeuncyumort noarpynne rpymmnsrl (UT,(Q), p,) mpu zHekoTopom n.

CaencTBue. BpraucauMo mepeducanmMo OIpeneéHHAas HUJIBIIOTEHTHas Tpylmna 6e3
KpYydYeHUsT KOHEYHOI Pa3MEPHOCTH — BBIIUCIIMA.

B [4] mokasano, 4TO I HUJIBIIOTEHTHBIX TPYII 6e3 KPyUueHus GECKOHETHON Pa3sMepHO-
CTU CJIEICTBUE U TeopeMa He BEPHBI.

CHUCOK JIUTEPATYPBI

TI'ornuapos C. C., Epmos FO. JI. KoucrpykTusubie monenu, HoBocubupck: Hayunas kuura, 1999.
Kapramnomnos M. U., Mepsmakos FO. U. Ocuosbl Teopun rpymm, M., Hayka, 1996.
Hypwusuaos M. K., TromrobeprenoB P. K., Xucamues H. I'. Borauciumble HUIBIIOTEHTHBIE TPYOIILI 6€3

W

kpyuenus;, Cubupckuin MaTemMaTaecKuii xKypuas, 55, Ne3 (2014), 580-591.
[4] Jlarkma W. B. Apudmermueckas mepapxusi HUILIIOTEHTHBIX TPy 6e3 KpydeHus, Anrebpa u joruka,

35, Ne3 (1996), 308-313.

Bocmouno-Kaszarcmanckutd 2ocydapcmeennbili mexnuveckut ynusepcumem um. . Cepuxbaesa, Ycmo-
Kamenozopck
E-mail: hisamiev@mail .ru, lativan@yandex.ru
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Categorical and locally finite p-time structures

P. E. ALAEV

Let ¥ be a finite alphabet and let ¥* be the set of words in ¥. Below, we consider only
structures on subsets of ¥* for some ¥, i.e., structures A = (A4,...), where A C ¥*. The
definition of a computable structure is standard. We say that 2 is computable in polynomial
time (p-time, p-computable) if A and all functions and predicates of 2 are computable in
polynomial time. Remind that a function f : A — X*, where A C X*, is p-computable if
there exist a Turing machine 7" and constants ¢, m € N such that f(z) is computed by T in
no more than c|z|™ steps for x € A, |z| # 0.

If the language of 2 is infinite, for example, A = (A, { P, }ien, {Fi }ien, {¢i }ien), then we
require that a machine T for computing P; or F; and corresponding constants ¢, m can be
found uniformly in ¢ € N, without any limitation of time. Similarly, we require that the
sequence {¢; };en is computable.

Theorem 1. Let A = (A, Fy, ..., Fn, {P;}ien, {¢i}ien) be a computable structure with
finitely many functions. Suppose that (A, Fy, ..., F,) is locally finite, i.e., every its finitely
generated substructure is finite. Then 2 is computably isomorphic to a p-computable
structure.

Formerly, this fact was proved by D.Cenzer and J. Remmel for structures without
functions, for Boolean algebras and for torsion Abelian groups.

Let 2 be a p-computable structure. We say that 2 is p-categorical if for every p-
computable structure B = 2, there exists an isomorphism f : 2 — B such that f, f~! are
p-computable.

Theorem 2. Let 2 be a p-computable structure. Then the following are equivalent:
a) A is p-categorical;

b) 2 is finite.

Formerly, this fact was proved by D.Cenzer and J.Remmel for structures without
functions, and by E.I. Latkin for p-computable structures 2 such that A C Tal(N), where
Tal(N) = {tal(n) | n € N}, tal(n) = 1" for n # 0 and tal(0) = 0.

Corollary 1. Let 2 be an infinite p-computable structure. Then there exists a com-
putable sequence of its p-computable presentations {2, },en such that for every n < k,
there is a p-computable isomorphism f : 2, — 2, and there is no p-computable injection
g: An — Ak

Theorem 3. Let 2 be an infinite p-computable structure, locally finite in the sense
of Theorem 1. Then there exists a computable sequence of its p-computable presentations
{2, }nen such that for every n < k, there is a p-computable isomorphism f : 2 — 2, and
there is no primitive recursive injection g : A,, — Ak.

Formerly, this fact was proved by D.Cenzer and J. Remmel for structures without
functions.

Since the notion of a p-categorical structure is degenerated, we consider its weaker
version. Let 2 be a structure and R C A™. Then R is invariant if for every automorphism
f:2A =2 f(R) = R. Note that if R is invariant then for every B = 2, we can say about
its image R? in 8.

Let 2l and B be computable structures. We say that A <. B (2 is reducible to B
with respect to computable relations) if for every computable invariant R C B™, its image
R4 in A is computable. The notation A =, B means that A <, B and B <, A, and
dime, (2() is the number of computable presentations of 2l up to =.,. Formerly, this notion
was sometimes called algebraic reducibility.
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Replacing “computable” by “p-computable” in the previous paragraph, we obtain defi-
nitions for A <, B (A is reducible to B with respect to p-computable relations), A =, B
and dimp, ().

Corollary 2. Let 2 be an infinite p-computable structure, locally finite in the sense of
Theorem 1. Then dimp,(A) > dim.,(2).

Example. Let 21 be a computable Boolean algebra with computable sets of atoms (or
a computable linear ordering with computable set of adjacent pairs). Then the following
are equivalent:

a) dimp,(A) = 1;

b) dim () = 1;

c) 2 is computably categorical, i.e., has only finitely many atoms (finitely many adjacent
pairs).

Formerly, the equivalence of b) and ¢) for Boolean algebras was proved by S. T. Fedoryaev.
Sobolev Institute of Mathematics, Novosibirsk (Russia)

Nowosibirsk State University
E-mail: alaev@math.nsc.ru
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Degrees of categoricity for linear orderings

N. A. BAZHENOV

We study degrees of categoricity for computable structures. The primary focus of this
work is computable categoricity for linear orderings.

We recall definitions from [1]. Let d be a Turing degree. A computable structure A
is d-computably categorical if, for every computable copy B = A, there is a d-computable
isomorphism from A onto B. The categoricity spectrum of A is the set

CatSpec(A) = {d : A is d-computably categorical}.

A Turing degree dg is the degree of categoricity of A if d is the least degree in the spectrum
CatSpec(A).

Let a be a computable ordinal. A computable structure A is A%-stable if, for every
computable B = A, every isomorphism from A onto B is AY-computable. Ash [2] gave
a complete characterization of A?-stability for the class of computable ordinals. Here we
extend this result to the following.

Theorem 1. Suppose that k is a non-zero natural number, and ~ is a computable
infinite ordinal. Let o be an ordinal.

(1) Suppose that w* < o < w**!. Then 02%=1) jg the degree of categoricity of c.

(2) Suppose that wY < o < w1, Then 07 is the degree of categoricity of a.

We also obtain some new examples of categoricity spectra for linear orderings.

Theorem 2. Let k be a natural number such that k > 2, and let o be a computable
infinite ordinal. Suppose that d is a Turing degree such that one of the following holds:

(1) d is c.e. in and above 02F),

(2) d is c.e. in and above 022 +1),

Then d is the degree of categoricity for some linear ordering L.

REFERENCES

[1] Fokina E. B., Kalimullin 1., Miller R. Degrees of categoricity of computable structures, Arch. Math.
Logic, 49, No. 3 (2010), 51-67.

[2] Ash C. J. Recursive labelling systems and stability of recursive structures in hyperarithmetical degrees,
Trans. Am. Math. Soc., 298, No. 2 (1986), 497-514.

Sobolev Institute of Mathematics, Novosibirsk (Russia)
E-mail: nickbazh@yandex.ru
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Reverse mathematics and countable categoricity

E. FoxkiNa

In this talk we will discuss some properties classically equivalent to countable cate-
goricity from the point of view of reverse mathematics. We will present several new results
that deal with the question about the number of models of a theory, in particular the
question of existence of the Ryll-Nardzewski function and of a dominating function for the
Ryll-Nardzewski function. We will also examine the strength of connected statements about
existence of universal and saturated models. This is a joint work with Li Wei and Daniel
Turetsky.

Kurt Gédel Research Center, University of Vienna, Vienna (Austria) and Sobolev Institute of Mathematics,

Nowvosibirsk (Russia)
E-mail: ekaterina.fokina@univie.ac.at
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Reductions between Types of Numberings

M. MANAT

A numbering is a family of sets which can be enumerated or approximated uniformly
by index. Numberings are ordered by many-one reduction; here a numbering (A,) is
many-one reducible to (B,,) if there exists a computable function f which translates the
indices of the sets in numbering (A,,) into the indices of the same sets in numbering (B,,),
ie. A, = By for all n. Rogers initiated the study of the semilattice of numberings
under many-one reduction and Ershov [1, 2, 3| transferred it in particular to the study of
the k-r.e. and, more generally, a-r.e. sets where the sets A,, are approximated uniformly by
enumerating and deenumerating elements a limited number of times; this number can either
be a constant k or an ordinal which is counted down each time the number is enumerated or
deenumerated. An important question investigated is how the numberings on various levels
of the hierarchy differ and which types of semilattices can be realised as the semilattice of
all a-r.e. numberings with the same range as a given a-r.e. numbering (A,). The overall
goal of this presentation is to show some reductions between various types of numberings:

e If a k-r.e. numbering can realise a certain type of Rogers semilattice, so can a
(k 4+ 1)-r.e. numberings or, more general, every (« + k)-r.e. numbering where « is
a computable ordinal;

e Every type of Rogers semilattice realised by an r.e. numbering is also realised by
an a-r.e. for every computable ordinal @ which is not a power of w and which is
not 0 while if « is a power of w then there is no a-r.e. numbering without minimal
numberings in the Rogers semilattice (which stands in contrast to the r.e. case);

This is joint work with F. Stephan and Ian Herbert from National University of Singapore.

REFERENCES

[1] Ershov Yu. L. A certain hierarchy of sets I, Algebra i Logika, 7(1):47-74, 1968.
[2] Ershov Yu. L. A certain hierarchy of sets II, Algebra i Logika, 7(4):15-47, 1968.
[8] Ershov Yu. L. A certain hierarchy of sets I1I, Algebra i Logika, 9:34—51, 1970.
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A decision procedure for the theory of atomless probability spaces

S. O. SPERANSKI

Let QPL be the probability logic of [2] — hence it can be obtained from a variant of
the well-known ‘polynomial” quantifier-free logic described in [1] by adding quantifiers over
events — and |k the corresponding satisfiability relation between classical (i.e. countably
additive) probability spaces and QPL-formulas.

Recall that a probability space & is atomless iff we have

PV (p(x) >0 =y 0 <ply) <ple)ApUz)=1)).

Intuitively such measures are very close to the Lebesgue measure on [0, 1].
Theorem. All atomless spaces have the same QPL-theory. This theory is decidable.
Let us extend QPL to QPL" by adding quantifiers over reals. Then the techniques
developed in the proof of the theorem can be applied to get the following:
e the above results remain true even if we replace QPL by QPL";
o the QPL'-theory of the class V of all probability spaces is 1I._-bounded.
So in particular the QPL-theory of ¥V — which is II!_-hard, cf. [2] — turns out to be II._-
complete, as well as the QPL"-theory of V. At the same time both claims stated in the
above theorem are false if we pass to weak (i.e. finitely-additive) spaces.
REFERENCES

[1] Fagin R., Halpern J. Y., and Megiddo N. A logic for reasoning about probabilities, Information and
Computation, 87:1-2 (1990), 78-128.

[2] Speranski S. O. Quantifying over events in probability logic: how Boolean algebras met real-closed fields,
Mathematical Structures in Computer Science. Accepted [Cambridge].
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There are no minimal pairs in L[d]

M. M. YAMALEEV

Given 2-computably enumerable (2-c.e.) set D with an effective approximation {D; }sc.,
such that |Ds— Ds_1| < 1, we say that L(D) = {s:dx € Ds— D} is the Lachlan’s set of D.
The Turing degree of L(D) doesn’t depend on the approximation (e.g., see Ishmukhametov
[1]), hence we call deg(L(D)) the Lachlan’s degree of D. Let d be a 2-c.e. Turing degree,
we define L[d] = {deg(L(B)) : B is 2-c.e and B =p D}, elements of L[d] we also call
as Lachlan’s degrees of d. Clearly, elements of L[d| are c.e. degrees, moreover, for any
w € L[d] we have w < d and d is computably enumerable relative to w.

In a joint work with Fang C., Liu J. and Wu G. we obtained the following results.

Theorem 1. Given 2-c.e. sets A,B € d, there exists 2-c.e. set D € d such that
L(D) <r L(4), L(B).

If d has a proper 2-c.e. degree then L[d] contains only nonzero elements. Hence, as a
corollary of Theorem 1, it cannot contain a minimal pair. Note that, if d would have a c.e.
degree then L[d] = [0,d] and it could contain a minimal pair.

By induction on Theorem 1, we can see that any finite number of elements from L[d]
have lower bound from L[d]|. However, for the case of whole L[d] we can prove

Theorem 2. There exists a 2-c.e. degree d such that L[d] doesn’t have a nonzero
lower bound.

Based on this, in the talk we will discuss possible approaches in distinguishing properly
2-c.e. degrees from c.e. degrees in the class of all 2-c.e. degrees. Also we will discuss a
generalization of L[d] for the case of weak truth-table degrees, particularly we will show
that a weak truth-table analogue of L[d] can contain a minimal pair, if d has a proper 2-c.e.
degree.

The work is supported by The President grant of Russian Federation (project NSh-
941.2014.1), by Russian Foundation for Basic Research (projects 14-01-31200, 15-01-08252),
by Kazan Federal University and by the subsidy allocated to Kazan Federal University for
the project part of the state assignment in the sphere of scientific activities.
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O nmepmnmoam3lyemMoCcTu 3aMOIIE€HUN TIJIOCKOCTH

C. B. ABryctunoBu4d, . C. IYMAHCKUNA

HecmoTps Ha 3HAUYNTENBHBIE YCUIINS UCCIEOOBATENIEH, CIIOXKHOCTHON CTATYC IPOBEPKHI
3aMOIIIA€MOCTH IIJIOCKOCTU IITPOM3BOJILHON OMHOCBSI3HOU (DUIYypON IO CHX IIOp He oIpene-
men. Kpome Toro mescHo, Bcerma ju OyIeT CYIIIeCTBOBATH MEPUOLUUECKOE 3aMOIIICHUE,
ecIm HeKOTOPOe 3aMoIlieHne cyinecTByer. OnuH n3 BO3MOXKHBIX MTOAXOMIOB K DTOH Mpobrieme
3aKTI0YAETCSI B TOM, YTOOBI BMECTO TTOUCKOB MTEPUOAMIECKIX 3aMOIIIEHN NOKA3BIBATEH UX TIe-
pPUONN3yEeMOCTh, T.€. HAXOOUTD MOCIENOBATEITHbHOCTE JTIOKAITHHBIX CBUTUYMHT OB, ITPUBOISATIINX
K MIEPUOANIECKOMY BapUAHTY.

[TycTh HEKOTOpas KOHEeUHAsI OHOCBSI3HAs TI0CKas obmacTh O 3amoriiena KomusMu Gu-
rypbl @ OByMs pasHBIMEU CITOCOOAME. 3aMeHy OMHOTO CIIOoco0a Ha MPYroi OymeM Ha3bIBaTh
CBUTYMHTOM. Kciau B KaxXIOM M3 YIOMSHYTBIX 3aMOIIEHUN HEKOTOpbIe Konuu P ocTaroTcs
Ha CBOUX MeCTaxX, TO CBUTYHUHT OymeM Ha3bBaTh JokajabHbIM. O6iacTs O, MOMyCKAOIIyO
HECKOJTBKO 3aMOIIIEHN, HA30BEM CBUTUMHIOBO CBSI3HOW €CIIM OT JIIOOOTO ee 3aMOIIEHUS K
TI0O00MY IPYTOMY MOXKHO TEPEHTH C MOMOIIBI0 CEPUH JIOKAJIBHBIX CBUTUYMHTOB. B mpo-
TUBHOM CJIy4dae Takyio o6JlacTh Ha30BeM djIeMeHTapHOU. MHOXKEeCTBO BCeX 3JI€MEHTAPHBIX
obmacrent mitst @ mazoBem P-6a30BBIM MHOXKECTBOM. TakmMm 0O6pa3oM MOXKHO YTBEPKIATbH,
qTO JIIOOBIE TBa PA3TUIHBIX 3aMOIIEHUS TTPOM3BOJIBHON O00IACTH EPEBOASITCS OPYT B IPyTa
KOMTIO3UIINEN CBUTUYMHTOB 3JIEMEHTAPHBIX 00JIaCTEN.

O6o3uaunmM yepes D npsaMOyroibHuK 1x2 (HOMEIHO).

Teopema. ba3oBoe MHOXKecTBO Ajis [) cocTOUT POBHO U3 OAHOTO 3JIEMEHTa, & UMEHHO
- KBaapaTa 2x2.

CIUCOK JINTEPATYPHI

[1] Puzynina S. A. On periodicity of generalized two-dimensional infinite words. Information and Compu-
tation 207:11, 2009, p. 1315-1328.

[2] Puzynina S. A., Avgustinovich S. V. On periodicity of two-dimensional words. Theoretical Computer
Science 2008 (391), p. 178-187.
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OJ1eMeHTHI KOHEYHOI'0O IOPSAAKA U MOATrPYNNbI, IOPOXKIaeMble NHBOJIIOINSIMI
B IEJIOUUCJIEHHBIX I'PYMIIIOBBLIX KOJIbIIaX HEKOTOPHIX 2-rpylin

II. M. ATEEB

B pabore msyuaroTcsa o6paTHMbIe 3JI€MEHTHI KOHEYHOTO MOPSAOKa W IOATPYIIIIEL, TOPO-
KIAeMble MHBOJIIONMSIMEA B IIEJIOUNCICHHBIX IPYIIOBBIX KOIBIAX MUSAPAILHBIX Ipymm Dg,
D1s mopsnkoB 8 u 16 m 0GOOIIIEHHON TPYIIBI KBATEPHUOHOB (Q16 MOpsinka 16.

[Tom mpusuasbHbLMY SIIEMEHTAMNI IETOUNCICHHOIO TPYIIIIOBOr0 KOIbIa Ipynnsl (7, Kak
OOBIYHO, MOHUMAIOTCA 3JIEMEHTHI, KOTOPBIE UMEIOT Bumd +¢g, rae g € G.

C ucnonb3oBanuem monxonos u3 [1]-[3]| momydensr ciemyroime pe3yibTaThH.

Teopema 1. Ilyctes Dy = (a,bla* = b*> = 1,bab = a~'). Torma merpusmambHBIC
5JIEMEHTHI KOHEYHOT'O TIOPAOKA U3 HOPMAJM30BAHHON MYJIbTHILINKATABHON TPYIIIBEI KOJIBIA
Z.Dg umeroT BUI:

(1) ecnm smeMeHT mMeeT TOPAMOK 2, TO 3TO WM Ug,, WIH G°Us,, Tae n = 0,1
U0 = a®b+ (1 — a?)(ya + xb + zab)

uz1 = a®b+ (1 — a?)(ya + b + zab)

npu yenosuu x(x — 1) = y? — 22,

(2) ecsu smemeHT mMeeT TOPAROK 4, TO 5TO WM Uy UM a’uy, TOE
uy = a® + (1 — a?)(za + yb + zab)

npu yenosuu x(x — 1) = y? + 22,
AnasoruuHbIe OMUCAHWS IOy YeHbI T ciaydaeB rpynn Dig u (Q16, HO OHE Gojiee Tpo-
MOBIKH.
Kak criencTsue momydaeTcst MOIOXKATEIBHOE peliienne runoTe3nl Llaccenxaysa miis rpymmn
Dg, D1 n Q16.
WccnenoBanbl HEKOTOPBIE TOATPYIIIBI TPYIIIBI €AUHAT] TPYIIIOBOTO KOJIbIA, ITOPOXKIae-
Mbl€e TTapOUl WHBOIIONUNA IS OU3APAITBHBIX T'PYIN TOPSOKOB 8 n 16 m mokaszaHa TeopeMa:
Teopewma 2. IlIycts b € +G, z € V(ZG) u b* = z? = 1, Torna:
(1) eciiu G = Dg u (b, z) = Ds, T0 x TpHBHAIbHA,
(2) ecim G = Dig, TO cymecTByroT moarpymmsl, uzomMopgusle Dg wmu Dqg, HE Bce
9JIEMEHTHI KOTOPBIX TPUBUAJIBHBL.

CIUCOK JIUTEPATYPHI
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[2] Bepman C. II. O6 ypasHenun £ = 1 B HEJIOYUCIIEHHOM I'DYIIIOBOM KOJIbIE // Y KPaMHCKMIT MaTEeMAaTU-
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NunykTUBHBIN NOAXOHA K OINMCAHUIO IPYNN €IWHUI] IeJIOYNCIIEHHBIX I'PYNIIOBbIX
KoJiell HUKJINYEeCKNX 2-rpymn

P. 2K. Anees, O. B. MutuHA, B. H. IIy3A4

[Iycres G = (r) — umknuueckas rpynna nopsaka 2" > 16 (mis nopsaokos 2 u 4 Tpu-
BUAJIBHO, a Iy 8 XopoIro u3BecTHo). Ilycts V(ZG) — HOpMamum3oBaHHAs TPYIIIA €IUMHUILL
[IEeJTOYNCTIEHHOT0 TpynmoBoro konbiia ZG rpynmsl G. Ilycts ( — mepBooOGpasHbBIl KOPEHb
crenenu 2" u3 1 u U(Z[(]) — rpyuna eqununn komnbua Z[(].

IIycts xo = lg, X1+ -+, X2n_1 — HENPUBOOUMBIE KOMIIEKCHBIE XapaKTephl Ipymnnel (G,
roe x,;(z¥) = ¢/F nna mobeix j u k. s mo6oro j € {0,1,...,2" — 1} mycTb €; — MuHR-
MaJIbHBIN [eHTPAJTBHBIA UIEMIIOTEHT KOMILIEKCHOU TpymmnoBoi aare6pel CG, coOTBETCTBY-
IOLIUI XapaKTepy X;. 1Orma rpymnmoBeIM roMoMopdmsMoM sBisercs ¢ : V(ZG) — U(Z[(]),
e @(Zilﬁl 5k€k) = 1.

B [1] 6bu1a mocTpoena moArpynna KOHEYHOro mHmekca rpynnsl V(ZG) Ha ocHOBe I10-
KaJbHbIX monrpymnn [2]. OmHako, WHIEKC 5TOM MOATPYNNbI GBI OYeHb GOJBIIUM. 3[IECh
HA OCHOBE WHAYKTUBHBLIX COOOPaXKEHUIT IPeIIaraeTCs APYToil MOAXOM A TOCTPOEHNUS IO/~
rpynusl rpynnsl V(ZG), KOTOPBII JACT TaKyto IMOATPYIILY 3HAUNTEIILHO MEHBIIIEr0 NHIEKCA.

[Tomoxum ker p = Vy u mitst mro6oro HATYpaIbHOTO ¢ Yepe3 gy 0003HaAUNM aBTOMOPDU3M
kpyrosoro nois Q((), mpomomxarorrmit oTobpaxenne ¢ — (2L Torma mycts

on—1l_q
n={1+ 3 (@0 - 1)62t+1‘)\ € U(ZIC)) | N V(ZG).
t=0
Teopema. IIpu BBenéHHBIX paHee 0O03HAYCHUIIX MMEEM:

IV(ZG) = (€) x Vo x V1| < oo

Kpowme roro, Vy msomopdra moarpymme (1 + 2Z(x?)) N V(Z(x?)) rpymer V(Z(z?)). IIpn
YCIIOBUH IOJIOXKUTEIBHOIO peleHnus 1IpobieMbl Bebepa o uucie kmaccoB [3] m onucanms
V(Z(x?)) mmeem:

IV(ZG) : (¢) x Vo x V3| < 22" L,
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CpaBHeHUs IO MOAYJIIO 2 KPYIr'OBBIX €IWHUII B KOJIBIIAX BbIYETOB KOJIEI I1eJIbIX
KPYTOBBIX I10JIEN

P. 2K. Anees, O. B. MutuHA, B. H. I1y3A4

[Iycts ( — mepBooOpasHbIl KOopeHb cremenn 2" > 4 u3 1. Ilpu wsyuenun emuumi
IEJIOUNCIICHHOTO IPYIIIOBOIO KOJIbIla IUK/IMYECKON TPYNIBL OpsaKa 2" BO3HUKAET 3a0ada
HCCIIeOBAHMS CBOMCTB enuHuIl Koiblia nesbix Z[¢] kpyrosoro nomns Q((). Ipo6mema BeGepa
0 JmCIIe KIIAccoB [1] B cOBOKymHOCTH ¢ [2] yTBEpKIaeT, 4To Bee enquHnIbl Konbua Z[(] 6ymayT
KPYTOBBLIMU. Y TOUHEHHEM pe3ysbTara u3 [3]| CIyKuT ciemyrolas JeMma.

Jlemma. /lisg 1106010 HATYpPAIBHOIO § HOJIOXKUAM

ty =1+ 4 (T LoV 4 o™V T(j) = (tgj1,tan1-2j-1) -

Torma rpynma KpyrOBBIX €IUHUII PABHA

@<ty < TI 70)

[IpomBmkeHUEM pe3yIbTaTOB U3 4] SBIAETCS CIemyolas TeopeMa.
Teopema. /[719 HaTYypaabHOTO j

n—2__ n—2
;N (1+2Z[(]) = <t2j+1 'tgnfl_;j_1> X <t§n_1_2j_1> .
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O kxOoHeuHBLIX pa3peluumMbIX rpymnmnax, rpagsel I'pioH6epra—Keresns koTopbix He
comepKaT TPEeyTroJIbHUKOB

O. A. ATEKCEEBA, A. C. KOHOPATHLEB

I'padom npoctoix uncen (umu rpadom ['proubepra—IKerens) I'(G) koreunoit rpymnmet G
Ha3bIBaeTCs Tpad, B KOTOPOM BEPIITHHAME CJIyKaT MIPOCTHIE MeIUTENN ToPsSaKa rpynnst G u
IIBE PA3JINYHBIE BEPIIIUHBL P U ¢ CMEXKHBI TOTIA 1 TOJIBLKO TOTHA, KOraa (G COmepXKUT 3JIeMEHT
nopsinka pq. Yepes I (G) o603HaUAETCSI GUTTUHTOBA AJINHA KOHEUHOI PA3PEIINMON TPy IIIIbL
(G, T. e. HaUMeHbIIAs OJINHA HOPMAJIBHBIX PamoB rpymnnbl (G, Bce PakTOPBI KOTOPBIX
HIJIBIIOTEHTHBI.

Jlrounno [1] uccmenosana koHeunsle rpynnbl G Takue, 4TO CBI3HBIE KOMIIOHEHTHI rpada
['(G) sBusioTcst mepeBbsME, T. €. CBS3HBIME rpadaMiu, He COMEePKAIMMU IUKIBL. M
paccmaTpuBaeM 60s1ee OOIIIYIO 3a/1avuy ONUCAHUs CTPOEHUs KOHEUHOU rpynmbl G TaKoi, 9TO
rpad ['(G) He comep:kaT TPEyroIbLHUKOB, T. €. 3-IUKJIOB. B [2] MbI ompemenuin Bce KOHEU-
HBbIE TIOYTHU MIPOCTHIE TPYIIBI C TAKUM CBOMCTBOM. B maHHON paboTe MBI MPOMOIKAEM 3TU
MCCIIENOBAHUSI, PACCMATPUBAs CTPOEHIE KOHEUHBIX PA3PEINMBbIX TPYIII C TAKAM CBOHCTBOM.
Hoxazana

Teopewma. IIycres G — koHeunas paspemmmas rpynna. Ecan rpag I'(G) e comepxur
TPEYTrOJIBHUKOB, TO BBIITOJHSIOTCS CIEIYIOILIUE Y TBEPKICHUS:

(1) ecim rpag I'(G) mecBszen, To G — rpynmna Ppobernyca miu 2-¢ppobeHny coBa rpyna
u rpad I'(G) umeer TOYHO mBE KOMIIOHEHTHI CBA3HOCTH, KaXXAas U3 KOTOPBIX ABJIAETCA 1-
HJIN 2-I1€TIbIO0;

(2) ecnu rpag I'(G) cBsazen, To rpad I'(G) ssisercs mubo n-uensro giug 1 < n < 4, qu6o
4-rtmkI0M, JIMOO S-ITUKJIOM;

(3) ecim rpap I'(G) sBasgercs 2-uenpro, To umcao lp(G) MoxkeT ObITH CKOJB YTOIHO
60JIbIITHM;

(4) ecm rpag I'(G) me sBagercs 2-nenbio, To I (G) < 6.

PaGora Bommonsena npu dunancosoit mognepxkke PODPU (mpoext 13-01-00469), Kowm-
IUIEKCHOI TIporpamMMbl GyHnaMeHTanbubix uccienosanuit YpO PAH (mpoekt 15-16-1-5) u
B paMKax IIPOEKTa MOBBIIIEHNsT KOHKYpenTocnocobnocTu (Cormaienne mexmy Muaucrep-
cTBOM ObpasoBanus u Hayku Poccuiickont @enepariuu u Y paabcKkuM GenepabHbBIM YHIBED-
curerom ot 27.08.2013, Ne02.A03.21.0006).
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dopmyiibHAs ONPENeIMMOCTS KOJiblla I B 4aCTUYHO KOMMYTAaTUBHON
HIWIBIIOTEHTHON R-rpyrtimne

M. I'. AMArJIOBEIM, A. A. MumeHKo, A. B. TPEIEP

[Tycts I' — xOHEUHBIH TPOCTON Tpad OTIUYHBIA OT MOIHOrO rpada u Gr — YacTUIHO
KOMMYTATUBHAs OBYCTYIEHHO HUJIBIOTEHTHas R—Tpynma, rome R — OGUHOMUAIbHOE €B-
KJIMIIOBO KOJIBIIO. B mokiame GymeT moka3aHO, YTO KJIACC YACTUYHO KOMMYTATUBHBIX IBY-
CTYIIEHHO HUJIBIIOTEHTHBIX R-TPYIN U KJIacC OMHOMUAIBHBIX €BKJIMIOBBIX KOJIEIl SIBIISTIOTCS
CHUHTAKCUYECKN SKBUBAJIEHTHBIMU Kiiaccamu (ompenesenue B cratbe [1]). Hpyrumu cio-
BaMU, [JIs1 JTFOGOM BiIeMeHTapHON (GOPMYJIBI B TPYIIIIOBOM sI3bIKE BBITOJTHEHHON Ha R-rpyrme
GT MOXKHO TIOCTPOUTH (HOPMYJITY KOJIBIIEBOTO SI3bIKA, KOTOPast OymeT BBIMOJHEHA HA KOJIBIE
R n maobopor.

Cy1ecTByeT HECKOJIBKO PaboT Te B KOHEUHO MOPOKIEHHBIX HUIBIOTEHTHBIX TPYIIIax
UHTEPIPETUPYETCs MEHTPOU TPYIIbI — MAaKCAMAJIBLHO OMPEIeTNMOe KOJIBIO IS MTaHHON
rpynnsl.  OcoGeHHOCTD HAIETO MOAXOMA COCTOUT B TOM, UTO, WCIOIB3YS CIENU(UKY dUa-
CTUYHO KOMMYTATUBHBIX HUJIBIIOTEHTHBIX R-TPYII, Mbl HHTEPIPETUPYEM HEIIOCPEICTBEHHO
KoisreIo R.

CIIMCOK JIUTEPATYPHI
[1] Mansues A. . O6 omuHOM COOTBETCTBUM MEXKIy KojblnaMmu u rpynmamu, Marewm. ¢6., 1960, Tom 50(92),
3, 257-266
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O mepeceyeHNN CONPSXKEHHBIX PA3PEHINMbBIX HOATPYIII B CHUMMETPNYECKON
rpyunmne

A. A. BAIKAJIOB

[Mycts rpynna G mefictByeT Ha MHOXKeCTBe (). DneMeHT ¥ € () HA3BIBACTCS Pe2YAIPHOU
moukot , ecniu |xG| = |G|, T.e. ecmu G—opbuta snementa x peryispaa. Omnpenenum
neficteue rpymmnel G ua QF mpasmmoM:

g: (i, ... yig) — (16, ..., 1k9).

Eciu rpymma G neficTByeT TOYHO U TPAH3UTHUBHO Ha ), TO MUHEMaIbHOE k Takoe, uro (F
IMeeT PeryJsipHYIo TOUKY, HasbiBaeTcs 6a3ot rpynmsl G u obosHagaercs uepes b(G). s
M060r0 HATYpAIBHOrO m unciio G—peryispHbix opbutT obosnauaercs uepes Reg(G,m)
(910 wmcno paBHO HymO, ecin m < b(G)). Ecim H — moprpynma rpynnst G u rpymnmna
(G nmeiicTByeT Ha MHOXKeCTBe () MpPaBBIX CMEXHBIX KJaccoB Mo H yMHOXEHWeM CIpasa,
to G/Hg nmefictByer TOUHO m TpaH3uTuBHO Ha (), rme Hg = NgegHY. B sTom ciyuae
o6osnaunMm b(G/Hg) n Reg(G/Hg, m) uepe3 by (G) u Regr (G, m) cOOTBETCTBEHHO.

Taxum o6paszom, by (G) — 5T0 MUHUMAJIBHOE k TAKOe, UTO CYIIECTBYIOT I, ..., Tk € G,
IJISE KOTOPBIX CIIpaBemInBO paBeHCTBO H*' M ...N H** = Hg.
B mamuoit pa6ore paccmarpusaercs Bonpoc 17.41 u3 | | Koyposckoit Terpanu;, j [1]:

[Tycts S — paspermumast oATPyIna KOHeYHOR rpynmbl (G, He comep:Kalleil HeTPUBU-
AJTLHBIX PA3PeINMbIX TOATPYIH. Beerma jm HANOETCS MSTH MOATPYII, COMPSIXKEHHBIX C S,
mepecevueHne KOTOPBIX TPUBUAIILHO!

[Ipo6aema cBenena B [2] k cirydaro mouTu mpocToit rpynnel G. A umenuo, B pabote (2],
B YAaCTHOCTH, MOKA3aHO, UTO €CJIN MJIS JIF0O0H MOYTH TPOCTON Ipynmbl G U e€ pa3perrmmMorn
noarpynnsl H cropasemiuo HepaBeHCTBO Regy(G,5) > 5, To u B m060il KOHEUHON He-
paspermmmoit rpymmne G s 10601 paspermmMoi Toarpynnsl H cropaBeminBo HEPABEHCTBO
Regy (G,5) > 5.

B macTosent pabote mokazaHa TeopeMa:

Teopewma 1. Ilycrs rpynma G = S, unu A,,, tme n > 5. Torna ecin S — pasperumas
moarpynna rpynnsl G, To Regs(G,5) > 5. B wactaoctn bg(G) < 5.

WccnenoBanue BLIOMHEHO 32 cueT rpanTa Poccuiickoro nayusoro dgouna (npoext Nol4-
21-00065)
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I'pynna conpsraroimx 6a3uc aBToMoOppu3MoOB — HOPMAJIbBHOE CTPOEHUE
" aBTOMOP@PU3MBEI

B. I'. bapoAkoB, M. B. HEmAoum

Onsot 3 GyHIaAMEHTAJIbHBIX TPYNI B KOMOWHATOPHOW TEOPWH TPYII SIBIISIETCS TPYIIIA
aBTOMOpuU3MOB cBOOOmHON rpyunsl F;,. He cmoTps Ha orpoMHOe 4mcso myOauKaliui, mo-
CBSIIIIEHHBIX TOI TeMe, MHOTTE BOIIPOCHI 10 CUX IOP OCTAIOTCS OTKPHITHIMU. B wacTHOCTH,
HEIOHSATHO, Kak ycrpoena rpymna [ A(F,,) — rpynna [A-aBroMopdusMoB ¢BOGOIHOM TPYIIIEL
F, mpu n > 2. I'pynna [A(F»), kKak XOpOIIO U3BECTHO, M30MOpPGHA TPYIIe BHYTPEHHUX
aBTOMOP(hU3MOB rpynnsl Fh, a moromy usomopdua camoir Fo. S. Krstic u J. McCool (1997)
nokaszamu, uro rpymmna [ A(F3) He sBIIseTCs KOHEYHO OMPEIeIeHHOI.

I'pynma Cb,, — rpymma conpsraionmx 6a3uc aBToMOPPU3MOB, COCTOUT U3 TeX aBTO-
MOpPOU3MOB CBOOOMHON TPymnnbl F,, KOTOpPbIE HA CTAHOAPTHBIX MOPOXKMAIOIIAX X1, ..., LTy
rpynmel F,, OENCTBYIOT CONpSDKEHUsSMU. B dacTHOCTH, Ipynma KpaIlleHbIX Koc P, sBIs-
ercs noarpymnmont B Cb,,, a rpynna koc B, sBisercs moarpymmon B rpymme C,, KoTopas
nopoxnaercss Cb,, 1 mepecTaHOBKAMU TOPOKIAIOIIAX X1, ..., Ty. J.McCool (1986) marmesn
cucTeMy TOpOoXmarorux n coorHorennit miast Cb,. IlanpHenme pe3yIbTaThl O CTPOSHUN
rpynnet Cb,, moxuo Haiitu B paborax A.I'.Casymkunonn (1996), B.I'.Bapmakosa (2003),
F.R.Cohen, J.Pakianathan, V.V.Vershinin (2005).

B mpenmaraemoit pabore Mbl HaxomuM HeKOTOpoe mpencrasienune rpymmbl Cb,. Ilpnu
n = 3 sro npencrasierne Hamresn O.Chein (1969). Takxe mbr onpenessiem ee anre6py Jlu
B HOBBIX mopoxnamoumx. Ormerum, uro rpynna Cb,, 1 ecTecTBeHHBIM 00pa30M BIIOXKEHA B
rpyuamy Cb,. Ha ocaose sToro B rpymme Cb,, ompenesnseTcs TOCIeqoBATeIbHOCTD TOATPYIIIT
u mokasbiBaeTcs, 9T0 Cb,, SIBISIETCSI TOCIENOBATEIBHBIM TOIYIPSIMBIM ITPOU3BEIEHUEM STUX
moarpymnm. Kpowme Toro, ompenensercs TPyINa 4acmuuyko 6HYMPEHHUT G8MOMOPPUIMO6
I,,, xotopas sBisercs noarpynnonn Cb, m mMmeeT mpocToe cTpoenme. B gacTHOCTH, OHA
SIBJISIETCSI TIOJIA-CBOOOMHON TPYIIIION, T. €. CTPOUTCS U3 CBOOOMHBIX IIPU TOMOIIIN HECKOIBKUX
[TOCJIEOBATEIBLHBIX TOIYIIPSIMbBIX PACIIUDEHUN.

HamomuuM, 910 aBTOMOpPOU3M TPOM3BOILHON T'PYIIBI HABKIBAETCS HOPMAJIBLHBIM, €CJII
OH OCTABJIIET Ha MECTe BCe €€ HopMaJIbHbIe moarpymnmnbl. MuoxkecTBo Auty G Bcex HOpMAIThb-
HBIX aBTOMOp(MU3MOB rpynnbl G — HOpMasbHas monrpymnma rpynnsl Aut G, comepxkarias
MOATPYIIY €€ BHyTpeHHuX aBToMopdu3MoB Int G.

Hopmanbabie aBTOMOPGU3MBI MCCIIEIOBAINCH TSI MHOTUX KJIACCOB TPYIIT: CBOOOMHBIX
CPYIII, CBOOOMHBIX PA3PEIINMBIX TPYII, CBOOOMHBIX HUIBIIOTEHTHBIX TPYII, KOHEUHBIX p-
TPy, CBOOOMHBIX OEPHCANIOBBIX TPYIIN, CBOOOMHBIX PA3PEIINMbIX MPO-p-rpyni u T.1a. W3-
BECTHO, UTO HOPMAaJIbHBIE aBTOMOPGU3MBI TPYII KOC, TPYII KPAIIEHBIX KOC BHYTPEHHUE,
M.B.Hemanum (1993). B macrosieit pabore MbI IOKA3bIBAEM, UTO HOPMAaJIbLHBIE ABTOMOD-
¢usmbr rpymnner Cb,, BHyTpEeHHIE U HAXOIUM ITepecevueHne TPy [, W TPYII KPAIIEeHbIX KOC
P,.

UM CO PAH, Hosocubupck
E-mail: bardakov@math.nsc.ru, neshch@math.nsc.ru
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I'pynnsr aBTOMOPhU3MOB aHTUNOAAILHBIX NUCTAHIIMOHHO PETryJIsIPHbIX rpados
C YUCJIOM BeplIuH, He 6oabmmuM 1000

M. H. BEnoycoB, A. A. MAXHEB

Mgbr paccMaTpuBaeM HEOPUEHTHPOBaHHBIE rpadbl 6e3 meTernb n KpaTHBIX pebep. Ilms
Bepuinsbl ¢ rpada I' uepes I';(a) 0603HAUNM i-OKPECTHOCTH BEPIIUHBL ¢, TO €CTh, moArpad,
MHOYIUpOBaHHBIN [' HA MHOXKeCTBe BCEeX BEPIIUH, HAXOMSAIITUXCS HAa PACCTOSHUU ¢ OT d.
[ogrpad I'(a) = I'i(a) Ha3BIBaETCS OKPECTHOCTHIO BEPUIMHBI ¢ U 0003HAYAECTCS [a], ecin
rpad I' pukcuposas.

B pa6ote [1] HaiimeHbl MACCUBBI IEPECEUEHNN MUCTAHIIMOHHO PEryIISPHBIX JIOKAIIBLHO
HMUKInYeckux rpados ¢ unciaoM BepiinH He 6ombinmM 1000.

IIpennoxenue 1. Ilycts I' aBagercs AucTaHIHOHHO peryasapHBIM I'paoM AuaMeTpa,
6ombrrero 2, Ha v < 1000 Bepmmaax. Eciau A = 2 u > 1, TO BepHO OOHO U3 y TBEPKICHUIL:

(1) I' — onpumuTusHs rpad ¢ maccuBom mepecevenntt {15,12,6;1,2,10}, {19, 16, 8;
1,2,8}, {24,21,3;1,3,18}, {35,32,8; 1, 2,28}, {51,48,8; 1,4, 36};

(2) I' — amTunomampHbli rpad ¢ g = 2 um maccuBoM mepecedeHunr {2r + 1,2r —
2,1;1,2,2r+ 1}, r € {3,4,...,21} — {10,16} mwv = 2r(r + 1);

(3) I' — amTumonanpubLi rpad ¢ (@ > 3 1 MACCHBOM II€PECEYEHHUIT
{15,12,1;1,4,15}, {18,15,1;1,5,18}, {27,24,1;1,8,27}, {35,32,1; 1,4, 35},
{45,42,1;1,6,45}, {42,39,1;1, 3,42}, {75,72,1;1,12,75}.

Mpgr uccnemyeM rpymnmnbl aBTOMOpGu3MOB rpadoB ¢ MacCUBaMU MePeCeYeHUN U3 ITYHKTA
(2). Ecmu 2r + 1 — crenenb mpocToro umciia, To rpad cymectsyer. bosee Toro cyiie-
CTBYEeT €NUHCTBEHHBIN PEOEPHO CUMMETPHUUHBIN rpad, moaydeHHBIN u3 cxeMbl P. MaToHa.
3amerum, uTo 2r + 1 — He cTelneHsb MPOCTOro uncia mis r = 7,17, 19.

Teopewma. ['pynma aBromopdpusmos rpaga ¢ maccuBom nepecedernmii {15,12,1;1, 2,
15}, {35,32,1;1,2,35} mm {39, 36, 1; 1,2, 39} merictByeT MHTPAH3UTUBHO HA MHOXKECTBE €TI0
BEpIIIUH.

Pa6ora seimonaena npu nognepxkke PH® (nmpoext 14-11-00061).

CHUCOK JIUTEPATYPBI

[1] Bypuuerko B. II., Maxues A. A. O BHOIHE PerysspHBIX JOKAIBHO muKIndeckux rpadax // Cospemen-
HbIe TTpobieMbl MaTeMaTuku. Tesucsr 42 Beepoccuiickoit momonexkuonr koudepennuu. UMM YpO PAH,
Exarepunbypr 2011, 11-14.
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O Pa3peamimMoOCT I'PYIINBI C XOJIJIOBBIMHA nDo6aBJICHUSIMU K HOpMaJIn3daTopaM
BbIOECJICHHBIX IIOAT'PYIIII

T. B. Boronouu

Bce paccmaTpuBaembie Hamu rpynmbl KoHeunbl. Hamomuaum, uto noarpynmy H rpymmsr G
Ha3bIBalOT nobasienneM K nonrpynme K, eciau rpynma G = K H u nepeceyernne K N H we
00sI3aTeIbHO eUHNYHAS TTOATPYIITIA.

Ecnmu B xomeunont rpynme G MHIEKC HOPMAaIN3aTOPa KaXKIOW CUIOBCKOW MOATPYIIIHI
npumapes, To G — paspelminmas Cpynna. JTOT pe3yibTaT mybiukoBasics B paborax [1, 2,
3, 4.

[Tosxe B pabore [5] moKaszanm, 9YTO IPYIIA OCTAETCS PA3PEIINMONl, eIl TPUMADHBIMUI
OyIoyT TONBKO WHOEKCHI HOPMAJN3aTOPOB CMJIOBCKUX 2- U 3-moarpyi. PasBuTume manHOro
HAIpaBJIeHus ObUIO B [6], B HEll yCTAHOBIEHO PA3PEIIMMOCTDb rpynnbl (G B TOM CIIyuae, KO-
r/1a HOPMAIM3ATOPhI CUJIOBCKUX 2- U 3-TIOATPYII OOJIaIa0T HIIBIOTEHTHBIMEI XOJIIOBBIMUI
nobaBreHusMu. B mokasaTeabcTBe MOCIEIHUX NBYX Pe3yJIbTaTOB UCIIOIb3YeTCs KITacCupu-
KAIs KOHEYHBIX MMPOCTHIX T'PYIIIL.

B macTosieir 3aMeTke MCCIEMYIOTCS TPYIIBI ¢ OTPAHUTIEHUSIMEI HA KOJIMYECTBO HOPMa-
JN3ATOPOB CUIIOBCKUX TMOATPYII, KOTOPBIE O0IAIA0T XOIJIOBBIMU TOOABIICHUSIMIU.

Teopema 1. Ilycte G — rpymma u p € w(G). Ecam mns moboro 3HadeHus q €
m(G) \ {p} HOpMamM3aTOP CHIIOBCKON G-HOATPYNIEI 06IaAA€T HUIBIIOTEHTHBIM XOJIOBBIM
mobasjteHneM, To rpymmna G paspenmMa.

[Tpumep mpocToit rpynmbr As, TOKa3bIBaeT, 9TO B TeopeMme | Heb3sl UCKIIOUYNTL [IBA
npoctbix genurens u3 7(G). pumep npocroit rpynnet PSL(2,7), yka3siBaeT Ha TO, 4TO B
Teopeme 1 HeIb3s pacCMATPUBATH pa3pernMoe NoOaBIeHNs K HOPMAJIN3aTOPpaM CIITOBCKUX
g-nonrpymn q € 7(G) \ {3}.

CnencrBue. Ilycte G — rpynma u p € 7w(G). Ecaum gus mob6oro 3HadeHHS q €
m(G) \ {p} nrOEKC HOpMAaIM3aTOPA KaXKIOOH CUIIOBCKON -MIOATPYIIIEI IPUMAaPEH, TO TPYIIIA
G paspernma.

Teopema 2. Ecam B 3'-rpynne G HOpMaaIm3aTop CHIOBCKON pP-IOATPYIIIEI 00Ia1aeT
P-pa3perIuMbIM XOJJIOBBIM JobaBaeHneM, To rpynmna G — p-pas3permma.

[Tpu moxazaTeabCTBE TEOPEM UCIOJIB3YETCs KIACCUPUKALINS KOHEUHBIX TPOCTHIX TPYIIIL.
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O mepeceuyeHnu f-aGHOPMAJIBHBIX MAKCHUMAJIbHBIX IIOATIPYNI B pa3pernmMbIX
rpynomnax

E. H. bBoronony, P. B. boronuu, C. H. BLIKOB

PaccmaTpuBatorcs: koHeuHble Tpynnbl. OMHO M3 KJIACCHYECKUX HAIPABIEHUN B UCCIIE-
MOBAHUY KOHEUHBIX DY CBS3aHO C 3a/1aveil O CBOWCTBAX MEePeCeUeHUl 3aIaHHBIX MaKCH-
MAJIbHBIX IOATPYIII U UCCIICAOBAHNY BIIMSHUSI 9TUX CBOMCTB HA CTPOEHUE IPYIIIBL, KOTOPOE
Geper Hauaso ¢ pabor I'.®parrunu [1|, B.laurona [2] u B manbreiiem 6bU10 TPOIOIKEHO
B paboTax MHOIIX aBTOPOB (cM. Mouorpaduu [3], [4]) B HacTosiee BpeMs K HCCIEIOBAHIIO
[epecevyeHnil MAaKCUMAIBHBIX MOATPYIII U U3YUYEHUIO CBOICTB KJIACCOB TPYII, BCE dallle,
MONXONAT ¢ MO3UIUI TEOPUH MOATPYNIOBEIX GyHKTOPoB (cM. Monorpadwun [4], [5], [6]).

IIycte © — m-OyHKTODP, BBIOENSIOMINN B KaXIOW I'PYIIIE ONUH KJIACC CONPSIKEHHBIX
MaKCHMATBHBIX TOATPYTH u camy rpymmy. Torma ©(G) — MHOXKECTBO BCeX MAKCHMATBHBIX
nonrpymn rpynnst (7, KOTOpPBIE HE COMPSIKEHBI ¢ HEKOTOPOU (GUKCUPOBAHHON MAaKCUMAIILHOI
monrpynmnoit M rpynmner G.

O6osraunmM uepes @gl(G) nepeceveHne HEeHMJIBIIOTEHTHBIX MAKCUMAIBHBIX TOMTPYIIIL,
HE CONPSKEHHBIX ¢ HEKOTOPOU MaKCUMAaJIbHOI moarpymmnon. Bceerma mommaraem, 9To mepece-
YeHUe IIyCTOro MHOXKecTBa noarpymnn u3 G coBmanaer ¢ camoll rpymmoit G.

Teopema. B mo6ori Hepaspemmmort rpynme GG CymecTByeT HOpMaJbHAs P-IOATPYIIIA
P rakasg, aro @gl(G)/P eMN.

CanencrBue. B mobort Hepaspermyoi rpynmne G moArpyna, paBHas I€PECeIeHHI0 He-
HIJIBIIOTEHTHBIX MAKCUMAJIBHBIX IMOATPYIIL, HE CONPSXKEHHBIX ¢ HEKOTOPOH MaKCHMAJILHOH
[IOATPYHIION, MeTaHUIBIOTEHTHA.
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O momuHMOHaX rpymnn B MHOroo6pasuu N A

A. . Bynkuu

HoMuHIOH domé/‘(H ) monrpynnsl H rpynmel (G OTHOCUTEIBLHO KBA3UMHOr00Gpasus
M — 5TO MHOXECTBO BceX 371eMeHTOB a € (3, 06pa3bl KOTODPBIX DaBHBL IJIs BCEX IIap
romoMopdu3MoB, coBnanamommx #Ha H, n3 G B Kaxmayiwo rpyamy u3 M, T.e.

domN' (H)={a e G|YM e MVf,g:G— M, ecnu f |g=g |, T0o o’ = a%}.

3meck, kak 06braHO, Yepe3 f, g : G — M 0603Ha9€HBI TOMOMOPGU3MBI TPYNNIbl (G B TPYIILY
M, uepes f |y — orpanuuenue [ Ha H.

HecmoxHo 3aMeTuTh, ITO domgA(—) SIBIISIETCSI OLIEPATOPOM 3aMBIKAHUS Ha PeIleTKe
HOATPYII JAHHO rpynmbl (G, B TOM CMBICIIE, UTO OH SKCTEHCUBHBIN (TOMUHUOH MO DY b
H conmepxut H), nneMnoTeHTHbIN ([IOMUHUOH NTOMUHUOHA MOATDYNNbl H paBeH IOMUHU-
ony H) u wmsoronnwiit (eciu H C B, To momuuuon H comep:xkurcs B momuanone B). B
pe3ybTaTe BOBHUKAET MOHSITHE 3aMKHYTOW IOATDYIIIIHL.

Honrpynna H rpymnst G (G € M) HasbiBaeTcs 3aMKHYTON B rpymnmne G (OTHOCHTETHHO
kacca M), ecim domy (H) = H.

Nudopmarmio 0 qOMUHIOHAX B abefIeBbIX I'PYIIaX MOXKHO HAWTU B [1], B HUIBIOTEHT-
HBIX MHOTOOGpasusax rpynin — B [2], B MeTabeneBbix rpynnax — B [3,4].

B nmannoit pa6oTe ncciaenyoTcs JOMUHIOHBI abeIeBbIX OATDPYIII B IPYIIIax U3 MHOIO-
obpasust N.A, cocTosiiero u3 paciinpeHnii HIIbIOTEHTHBIX IPYIII CTYIIEHH He BBIIIE ¢ IIPU
IOMOIIT a0eIeBBIX TPYIIIL.

Teopema. IIycte G € N.A (¢c> 1) u H < G. Ecom HNG' = (1), To moarpynna H
3aMkHyTa B (G oTHOCHTETBHO MHOrooOpasus N A.

Panee [4] amamoruuselil pe3ynbTaT GbUT MOIyYeH aBTOPOM I Kilacca MeTabereBbIX

TPyIII.
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O npencraBiieHUU CBOGOMHBIX M-IIPOU3BEAEHUN B MHOT000pa3usX m-rpyIi

C. B. BAPAKCUH

Hanomuum, uro m-rpynmoit (G, ¢) HaseiBaeTcs anrebpandeckas cucrema (G CUTHATY P
m = (-,e,”1,V, A, ), KoTopas ABsgeTcs (-TPyIIoi I Omepamus ¢ — aBTOMOP(U3M BTOPOTO
nopanka rpymmer (G-, e, 1) u arTumzomopdmsm pemerku (G, V,A). lycts V 1 M Hexo-
TOpoe MHOrooGpasue U MHOrooOpasue Bcex m-rpyni. ['pynmy G ¢ 9aCTUYHBIM MOPSIKOM
P u aBTOMOp®U3MOM BTOPOTO TOPSAAKA (0 HAZLIBAIOT 4. Y. TPYIION C PEBEPCUE, eCiu
u3 r <p y caenyer ¢(y) <p @(r). HazoBem Takxke m-rpymnmy (F),¢) V-cBoGomuoin Ham
(G, ) , ecnu (Fy, ) conepxurcs B V, (G, ¢) Broxuma B (Fy, @) u 1100601 TOPSIIKOBLIIL -
romoMopdusm oy : (G, ) — (H, ) B m-rpymnmy u3 V OpomoiKaeTcs 0 m-roMoMopdusMa
a:(Fy, ) = (H,¢).

[ycts {(Gy, i)} — MEOx)ecTBO M-rpymm, *Y G; — ux V-cBoGomHoe Tponssemnenne, Fy
— Bee TomomopdrEe 06pasel ¥ G; B V, G/ — uw.y.momrpymma ¢ mHBepcmeil meKapToBa
npomssenenus | | F), mopoxmnensas obpasamu G TP WHIYITHPOBAHHBIX TOMOMOPGbI3MAX.

Teopema 1. V-cobomroe npomssenenue ! G; m3omopdro monpermerxe B ||, Fh, mo-
poxnensort (G, ).

[Mycts Fy = %;G; — cBobomuoe npomsBenmenue rpynn (; B kBasuMmHOroobpasuum Oy
IPYII, BIOXKUMBIX B M-TPYIIIEL U3 V), YaCTUYHLIN MOPnoK P Ha Fy MOpOXIeH mopsaKamMu
na (G;, a ¢ — mponoimkenue @; Ha Fy. Ims nmpaBoro mopsnka Ry wHa F{y, comepxkairero P,
o603HaunM V) HAUMEHBIIIYIO BBITYKJTYIO MOATPYIITY, [IJIsk KOTOPOU m-~rpymma Fy, TOpoxmeH-
Hast B (Aut(Rp,(Vy)) x Aut(Rp,(Vy)), ¢) IpaBBIM PEryiIspHBIM IPENCTaBICHIEeM IPYInsl Fy,
mexut B V. Ilycts H — momperiieTka nekapToBa TPOU3BEICHUS ﬁAFA, MTOPOXKIeHHAs TJINH-
HBIMU KOHCTaHTaMu — obpazamu (G; TpU WHIYIUPOBAHHLIX WHIYIIMPOBAHHBIX BIIOKEHUIX
a; : Gy = F\, J = {(a;(9)7) P ANay(g)T|g € Gi) — m-unean m-rpynnut (H, @), a F —
dakTop-rpynna H/J 1o sTomy m-umeasy.

Teopema 2. m-rpynna (F,y) uzomoppra V-cBOGOLHOMY HPOU3BELEHUIO MM-TPYIII
(Gi, i) -

CIIMCOK JIUTEPATYPHI

[1] Giraudet M., Rachiinek J. Varieties of half lattice ordered groups of monotonic permutations of chains //
Czech. Math. J.1999, 49(124), p.743-766.

[2] Holland C., Scrimger E. Free products of lattice-ordered groups // Algebra Univ. 1972, v.2, p. 247-254.

[3] Bapakcur C. B. O cBOGOOHBIX M-TPynnax um CBOOOMHBIX m-npoussenenusx // Uszs. Ant.I'Y, N 1-1
(2013), 16-18.

[4] Bapakcuu C. B. O npencrasieHun CBOGOMHBIX M-TPYII aBTOMOPGU3MAaMU JIMHEIHO YIIOPSIOYEHHbBIX
MHOXKeCTB // Anrebpa u noruxa, 53:2 (2014), 178-184.

Aamatickul eocyrnusepcumem, Bapraya
E-mail: varaksins@yandex.ru

91


mailto:varaksins@yandex.ru

MausnsueBckme urerus 2015 Teopus rpymnm

O kKOHeUHBIX Irpynmnax ¢ o606I11IeHHO CyOHOPMAJIBHBIM BJIO2KEHUEM CHJIOBCKUX
HNOArpYHII

A. ®. BAcunsEB, T. 1. BAcunbEBA, A. C. BEr'EPA

PaccmaTpuBatoTcst TOBKO KOHEUHBIE TPyHNbL.  Hepes § obo3nauaeTcs HemycTas Hop-
mvarms. [Hogrpynma H rpymnmbst G HA3BIBAETCS:

1) §-cybmopmanbrorr B G (o6ozuauaercs H F-sn G), ecmu nmu6o H = G, mubo cy-
IIeCTBYeT MakKcuMajbHas 1ens moarpynn H = Hy < Hy < -+ < H, = G Takas, 4TO
Hf <H, imngi=1,...,n;

2) K-§-cybropmasnbrorn B G (o6o3nauaercs H K-F-sn G), ecnu cyiiecTByeT melb MOMI-
rpyan H = Hy < Hy < --- < H,, = G Takas, uaro mbo H; 1 < H;, mubo Hf < H;,_1 nna
1=1,...,n.

CroiicTBa §-cyOHOpMAaIbHBIX 1 K-F-cyOHOPMAIBHBIX MOATPYII U UX TPUIOKEHUS aK-
TUBHO M3YyYajINCh B PA3JIMUHBIX HAMPABICHUSX UM HAILIA OTPAXKEHIE B MHOTOUMCIIEHHBIX
paboTax, B 4aCTHOCTH, B MOHOTrpadmsx [1], [2].

B pa6ore [3]| 6b110 HAUATO PACCMOTPEHUE CIIEMYIOIIeN OOIIell MPOGIEMBL.

IIpoGnema. U3syunrs Biausame §-cybHOpMaibHbix (K-F-cyOHOpMAIBHBIX) CHIIOBCKUX
MOATPYHII Ha CTPOEHHE BCEH T'DYIIIHL.

[TycTb ™ — HMOIMHOXKECTBO MHOXKECTBa BCeX MPOCTHIX unces P. BeemeM kiacchl rpymm:
Wa§ = (G[1 §-sn G u Q §-sn G nsa moboit Q € Syl (G) u g € TN7(G));

Wrd = (G Q K-F-sn G ma moboit Q € Syl (G) n g € mNw(G)).

s mokaIbHOU popMaIuy §, ee MaKCUMaJIbHOTO BHYTPEHHET O JIOKAJILHOTO DKpaHa h u
1060T0 IPOCTOro p 0603HaAUMM Uepe3 h' (p) CIemyommit Kiace IPyII:

hy(p) = (G | 1F-sn G, Q F-sn G uQ € h(p) nas moboit Q € Syl (G) uqerNm(G)).

Teopema 1. Ilycte § — Hac/JIencTBeHHas HAacbIIleHHas Gopmaius, h — ee Makcu-
MaJIBHBIN BHYTPEHHUI JOKaJIbHBIH 5kpaH. Torma w,§ = LF(f), roe f — makcumaspHBIT
BHYTPEHHUI JIOKAJIBHBII SKpaH Gopmannu w,§ Takou, uro f(p) = hk(p), ecmu p € 7(§), u
f(p) =2, ecmmp € P\ 7(F).

Teopema 2. Ilycter § — Hac/JencTBeHHas HacChbIIleHHas Gopmaius, h — ee Makcu-
MaJIBHBIN BHYTPEHHHUI JoKajabHblH 9kpad u 7(§) C w. Torma w,§ N &, = LF(g), rae g
— MaKCHUMAaJIbHBII BHYTDEHHHI JIOKAJIBHBIL SKpaH gopManuu W,§ N &, Takor, yro g(p) =
hi(p), ecmm p € w(§); g(p) =Ny, ecmm p € m\ 7(F); g(p) = I, ectmp € P\ (U7 (F)).
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O {UP-runeprneHTPaATILHO BIIOKEHHBIX MOATPYHNNAaX KOHEYHbLIX I'PYMII

B. A. BACUILEB

Bce paccMaTpuBaeMble B JAHHOM COOOIIEHUN TPYNIBI KOHEUHBI. HamoMHIM, 9TO mOm-
rpynna M rpynnbt G HA3BIBAETCS MOLYJISPHON TOArPYNNoi B (G, €Ciiu BBIIOIHAIOTCS Clle-
IIOIINE YCIIOBUS:

(W (X, MNZ)=(X,M)NZ nna Becex X <G, Z < G rakux, uro X < Z, n

(2) (M, YNZ)=(M,Y)NZ nnsa scex Y < G,Z < G raxux, uro M < Z.

OTMmeTnM, YTO MOIYIISIpHAsS HOATPYIIA SBJISETCS MOLYJISIPHBIM 3JIEMEHTOM (B CMBICTIE
Kypoma, [1, ra. 2, crp. 43]) pemieTku BceX MOATPYNI CPyHObl. [IOHATHE MOMYJIAPHOI
HOAIPYIIBL BIIEPBbIe aHAIN3UPOBaIochk B pabore P. MlMunra [2] m okaszazoch mOIe3HBIM B
BOIIPOCaX KJIaCCU(PUKAIINU COCTABHBIX Ipymil. B wacraocTu, B Mororpaduu P. lmunta [1,
1. 5] MOAYJISIpHBIE OATPYIIIBL OBIIM MCIOIBb30BAHbL [JIsI [IOJLY YeHIsI HOBBIX XapaKTepu3a-
U PA3IMYHBIX KJIACCOB I'PYIIIL.

HamomunM, wro rmasubmi daxkrop H/K rpynnst G HasbpBaeTCs (GPATTUHUEBBIM [IPU
yenosmn H/K < ®(G/K). Zg(G)-runepuentpom (Zyge(G)-runepuentpom) [3] rpymnmb:
G HasbIBaeTCs TPOM3BENEHUE BCeX HOPMaJbHBIX moarpynn H u3 (G Takux, 4TO BCe He-
dbparTuHEeBEl G-TiaBHBIE GAKTOPLI TPYNIBL H SIBISIOTCA NEHTPATLHBIMI (UMEIOT IPOCTOM
HOPSIIOK).

Haiinener criemyrorme yemoBus UP-rumeprieHTpaIbHOrO BIIOKEHIS TOATPY I KOHEUHBIX
IPYII C 33JaHHBIME MOMYJIAPHBIME TPUMAPHBIME TOAT DY IIITAMI.

Teopema. IIycrs E — HOpMasbHas moarpynmna rpynnbl G, u p — OPOCTOH JeIUTeNlb
|E|. Ilpeamosmoxwum, uTo cuimoBckas p-moarpynma P m3 E wumeer moarpymmy D rakyro,
uro 1 < |D| < |P| n xaxnas moarpymma H mn3 P ¢ nopsmxom |H| = |D| m kxaxmas
nukandeckas moarpynmna u3 P mopsoxa 4 (ecim |D| = 2 m P saBinsercs HeabesneBoi 2-
IDYMIIOH), He UMEIOIUe P-HUIBIIOTEHTHOro fobapaenus B G, ABIsioTcs MOLyIapHEIMA B G.
Torma cnpaBenyIuBbI CIELYIOIIHE Y TBEPKICHU.

(I) Ecnz (p—1,|G|) =1, o E/Oy (E) < Zs(G/Op (E)).

(1) Beau (p—1,|E|) = 1, 70 E/Op (E) < Zua (GO (E)).
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I'pynnsr [IlMunTa ¢ nepecTaHOBOYHBLIMU U OGO6IIIEHHO TEPECTAHOBOYHBIMU
2-MaKCUMAaJIbHBIMHI U 4-MaKCUMAJIbHBIMU IIOATPYIIIIaMu

IO. B. T'OPBATOBA

Bce rpynmer B manuoit pabore sBisioTCs KoHeunbiMu. lloarpynnst A u B rpynner G
Ha3bIBAIOTCS TepecTaHoBouHbIME, eciii AB = BA. Iloanrpynna H rpynmer G Ha3bIBaeTCs
X-nepecranoBounoit 8 G uiu 06006111eHHO TIepecTaHoBOYHOM [1], rme X — memycToe mom-
MHOXKeCTBO rpynnsl (G, eciu mjis o6oi moarpynnsl 1' u3 G HAmeTCsl TAKOW DJIEMEHT T U3
X, gro HT* =T"H.

Teopewma 1. ITycts G = [P|Q rpynna Illmunra, roe P u () — cuoBcKue p-ioATrpynIia u
q-moarpymnma rpynmnel G cooTBeTcTBeHHO. B ToM 1 TosibKO B TOM ciyuae B rpymme G kaxxmas
2-MakcuMaJsIbHas IOATPYIIIIa TePECTAHOBOYHA CO BCEMH 4-MaKCUMAJIbHBIMHI MOATPYIIITAMEI U3
G, xorna mibo |G| = p*q® mma o+ B < 4, 6o G ABIAETCA TPYIIION OMHOTO M3 CITEAYIOIIIX
THUIIOB:

(1) G — rpymnma ¢ abeieBbIMU CHIIOBCKUMU IIOAT DY IIIAMU;

(2) G = [P]Q, rme |Q| = ¢*, |®(P)| < p?> u ®(P) —eanacTBeHHAS 2-MaKCHMATHHAST
noarpymnma B P;

(3) G = [P]Q, rae |Q| = q, |®(P)| < p? u P3 C ®(P) mng xaxnon 3-MakcuMaabHOL
noarpymnnsl Py u3 P.

Teopema 2. Ilycres G = [P]Q rpynna IllMunra, roe P u () — cunoBckue p-moarpynmna
u q-moarpymnma rpynmnsl (G coorBeTcTBeHHO. B ToM m TosibkOo B TOM ciiydae B rpymme G
Kaxnas 2-mMakcuMasibHas noarpymnmna F(G)-mepecraHoBouna co BceMu 4-MakCHMAJIbHBIMU
noarpymmamu 3 G, xorna mubo |G| = p®q¢® mng a + B < 4, mu6o G aBaserca rpymmoir
OIIHOT'O U3 CJIEOYIOILNX THUIIOB:

(1) G — rpymnma ¢ abeieBbIMU CHJIOBCKUMU IIOAT DY IIIAMU;

(2) G = [P]Q, rae |Q| = ¢%, |®(P)| < p?> uw ®(P) —eanucTBenHas 2-MaKCHMAIbHAST
noarpymnmna B P;

(3) G = [P|Q, rme |Q| = q, |®(P)| < p? u P; C ®(P) mna xaxkmoit 3-MaKCHMAJIBHOI
noarpynmel Py u3 P.

Canencrsue. Ilycts G - rpynna Ivungra u X = F(G) — ee moarpynna durrunra.
Torma chemyrorime yciaoBUsS 5KBUBAJICHTHBI:

(1) xaxmas 2-makcumasnabHas moarpynna rpynnbl G- oepecTaHOBOYHA €O BceMH ee 4-
MaKCHUMAJIGHBIMI TIOATPYIIIIAMI;

(2) xaxnas 2-makcuMasabHas moarpynna rpymnmasl G X -mepecTaHOBOUHA CO BCEMHU ee
4-MaKCUMAJIBHBIMUA TOATPYIIITAMI.

CHUCOK JIUTEPATYPBI
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O6 omHOM KJIacce MOAYJIell Hal IPYIMIOBBIMU KOJIbIIAMHU Pa3pPellnMbIX I'DYIIIT
C OTPAHUYEHUSMU HAa CUCTEMY IMOATPYMI ¢ 66CKOHEUYHbIMU
KOIleHTpajin3aTopamMu

O. IO. ITAMKOBA

B [1] - [2] u3yuamucs MOmyu HAL TPYNIOBBLIME KOJIBIAMUI PA3PEIIMMbIX TPYIIIL C Pas-
JMYHBIMEI KOJIBIAMHI CKAJIAPOB, y KOTOPBIX HEKOTOPBIE CHCTEMbI HOATPYI yIOBIETBOPSIIN
OIIpelleJIeHHBIM YCIOBUSAM KOHEYHOCTH. B HacTosmell pabore msydaerca RG-momyns A,
rne R — accoumartuBnOe Kombio ¢ equnuieir, G — paspemmmas rpynna. Ecou H < G, 1o
dakTop-momyns A/C4(H), paccmarpuBaeMblil Kak R-MOMY /b, HA3BIBAETCS KOUEHTPAIA3A-
topom monrpymnst H B momyie A [5]. Ilycrs Ly, f(G) — cucTeMa Bcex MOATPYMI IPYIIIbL
(G, KOIeHTpaIn3aTopbl KOTOPEIX B Monysie A 6eckoHeunsl. Bynem rosoputs, uro rpynma G
yIoBieTBopsieT ycnoBuio maz—nf, eciau Ly, ;(G) ynoBaeTBOpsIeT yCIOBUIO MAKCUMAIBLHOCTIH
KaK YIOPSIOUYeHHOE MHOKECTBO.

OCHOBHBIM PE3yJIbTATOM PabOTHI ABJIAETCS TEOPEMA.

Teopema. Ilycte A - RG-momynbs, R - accoumaruBroe kosbio ¢ eguuumert, G - pas-
pelmMas rpynia, yaoBiaeTBopsoas yciaosuio max — nf. Ecan ¢paxrop-momyns A/Ca(G)
beckoneueH, a ¢pakrop-rpynmna G /|G, G| 6eckoHEUHO MOPOKIEHA, TO CIIPABENIUBEI CIIELYIO-
7€ yTBEPKICHUS:

1) A obmanaer koreunsim psgom RG-monmonynert (0) < C < A, rakum, uro dpakTop-
monysb A/C komeuen, a ¢paxkrop-rpynna (Q = G/Cq(C) - nprogepoBa g-rpymnna mjis HEKO-
TOPOro IMPOCTOrO YHUCTA (;

2) H=Cg(C)NCc(A/C) - abenepa HOpManbHas noarpynna rpynusl G, KOLEHTPaJIH-
3aTOp KOTOPOI B Momyye A KOHedYeH;

3) rpynna G mouru MerabeseBa.
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O cTporoi BeleCTBEHHOCTH M PAIMOHAJIBHOCTU YHUTPEYTrOJIbHON I'PYNIBLI HAJ
OJIEM XapaKTEepPUCTUKM 2

O. B. IysuHA, C. I'. KOnECHUKOB, H. C. MAHATAPOBA

[Tepuonuueckyio rpymmy G HA30BEM (cmpo2o) éewecmeennotl, eCiu KaXKOblil eé 57IeMeHT
conpsikeH (MHBOIIIOIMEN) CO CBOMM OOpaTHBIM. Ecim BeAkuil seMeHT g € (G CONpsiKeH C
106011 CBOEH CTENeHbI0 B3AMMHO MIPOCTON ¢ |g|, To G Ha30BeM payuonaabrol rpynmoit. B
ciayuae KoHeaHocTrn (G MOCTIeIHee ONpee/ieHre SKBUBAJIEHTHO OMPEIeTeHNI0 PAIMOHATEHON
TPYHIIBL Uepe3 3HAUYEHUs €€ KOMIIJIEKCHBIX XapaKTEPOB.

B cBsa3u ¢ Bompocamu u3 [1] B [2] GBUIO yCTAHOBIIEHO, UTO TPYIIA YHUTPEYTOIBHBIX
MaTpuUIl Iopsaka n > 13 Han nonem u3 nByx siemeHToB UT), (2) He SIBIIseTCs BEIIeCTBEHHOI,
a rpynnst UT,(2) npu n < 6 pamumonanbubl. Otrseuas na Bompoc 16.76 u3z [3] B [4] u
nByx paborax M.A. ["asmanoBoit Gbuta mokasaHa cTporas BerecTBeHHOCTH rpymn UT, (K)
npu n < 7 Han g00bIM nostleM K xapakTepuctuku 2. s mokazaTenbCcTBa IPUBEIEHHBIX
pe3yIbTaTOB aBTOPHI IIUTUPOBAHHBIX PA0OT COMOCTABIISIIN MPOU3BOIbLHON MaTpuie A =
llaij|| € UT,(K), char(K) = 2, opuentuposauusiii rpad I' (A) u rpad xkomMyTaTuBHOCTI
['(A), BepmnHaAMEI KOTOPBIX SIBISIFOTCS. HEHYJIEBbIE HEIMATOHAJIBHBIE DJIIEMEHTHI MATPHUILL A,
IIBe BEPIUUHBL A;; U Gfyn COEOUHEHBI PeOPOM (HAIPABIEHHBIM DEOPOM Gjj — Gk ), €CIIN
j = k. Oxka3zanocs, uro eciu ['(A) — smec, To A cTpOro BellleCTBEHHAS MATPUIA, & €CIU HA

BepIITHAX ?(A) MOZKHO 3a[IaTh TaKyIo Ieounciennyo dyukumo [, aro l(a,;) = l(a;;) +1,

Korma pebpo a;; — ajj IPUHAIICKAT ?(A), TO A compsikeHa ¢ JIHOOO CBOEN HEUYEeTHOI
CTermeHbio. ABTOpaMu Te3nca IOKa3aHa

Teopema 1. Kaxneni knacc conpspxéanoctu rpynnel UT, (K), n < 8, K — npowus-
BOJIBHOE TIOJIE, COAEPKUT MATPHILY, I'Pap KOMMYTaATUBHOCTH KOTOPOH €CTh JIeC.

N3 Teopembr 1 1 BO3MOXKHOCTE 3amaTh QyHKINIO [ Ha J1I060M oprpade, MOIyIeHHOM
MIPOU3BOJIBHBIM BBIOOPOM OpHEHTAINU pebep MPOU3BOILHOTO JIeca, CIeayeT

Teopema 2. Ilycrs K — noste xapakrepuctuku 2. I'pynna UT,, (K) sBasercs ctporo
BEIIeCTBEHHOHN U PAIlHOHAJIBbHOH, eCcId 1 < 8.

Tax:ke ycTaHOBIIEH CIEMYIOIINI KPUTEPUN PAIMOHAILHOCTH 2-TPYIIIHL.

Teopema 3. 2-rpynma GG ABIgeTCS palIOHAJILHON TOTHA M TOJIBKO TOTHA, KOLAA I
mo6oro sremerta x € G HammyTcsa Takue y, z € G, uro x¥ = 13 !

nxc=x .
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06 aBTOMOp®U3IMaX NUCTAHIIMOHHO PeryJiapHoro rpada ¢ MacCuBOM
nepeceuennit {99,84,30;1,6,54}

K. C. EouMmoB, A. A. MAXHEB

Mg paccMaTpuBaeM HEOPUEHTHPOBaHHBIE T'padbl 6e3 meTeirb U KpaTHBIX pebep. s
Bepuinsbl a rpada I' uepes I';(a) 0603HAUMM -OKPECTHOCTH BEPIIUHBLL ¢ U IOJIOXKUM [a] =
Fl(a).

A.A. MaxueBbIM IpemyIOKeHa IIPOrpaMMa MU3YyYeHUs MUCTAHIMOHHO PEryJIspHBIX Ipa-
(OB, B KOTOPBIX OKPECTHOCTH BEPIIUH CUJILHO PErYJISPHBI CO BTOPHIM COOCTBEHHBIM 3HAUE-
aueMm 3. CuibHO peryispHbii rpad ¢ mapamerpavu (99,14,1,2) umeeT BTOpoe cOGCTBEHHOE
snauyenne 3. B paGore [1] HalimeHbBl MaCCUBBI MEepPECEUEHUN MUCTAHIMOHHO DEryJIIIPHBIX
rpadoB, B KOTOPLIX OKPECTHOCTHU BEPIINH CUJILHO PEryJsispHbL ¢ mapamerpamu (99,14,1,2):

[Iycts I' — mucTaHIIMOHHO peryJIsapHBIA rpad, B KOTOPOM OKPECTHOCTHU BEPIIIUH CUTBHO
perynspubl ¢ mapamerpamu (99,14,1,2). Torma nu6o I' — amTunomanbubiil rpad ¢ mMac-
cuBoM mepeceuennit {99,84,1;1,14,99} wmu {99,84,1;1,12,99}, 6o I"' — npuMuTuBHbILI
rpad ¢ maccuBoMm mepecedenuit {99,84,30;1,6,54}. B mannoit pabore m3ydyaroTCs aBTO-
MOPGU3MBI TUTIOTETUYIECKOTO MUCTAHIIMOHHO PEryJISpHOTO Tpada ¢ MacCUBOM IepecevueHmi
{99,84,30;1,6,54} u v = 48 - 47 BeprMHAMY.

Teopema. Ilycts ' — aucraHOIMOHHO pEryasIpHBIN rpad, IMEOIINI MACCUB Iepecede-
auii {99,84,30;1,6,54}, G = Aut(T"), g — smement u3 G npocroro mopsaka p u €2 = Fix(g).
Torma n(G) C {2,3,5,7,11, 13} u BImOIHIETCA OLHO U3 CIELYIOIINX VTBEPKICHII:

(1) Q — mycroii rpad, p = 2, a1(g) = 42r — 14m + 22s — 30 u a3(g) = 56m — 88s mm
p=3, a1(g) = 198n + 18/ + 114 m a3(g) = 12[;

(2) Q —gkmuka, p =11 u |Q =1, wmp =7 u |Q € {2,9}, wmp = 2 u [Q] €
{2,4,...,12};

(3) Q cocrour m3 BepmMH HODapHO HaxoOAIuxcs Ha paccrosHun 3 B L', [ > 1, p=3
|| € {3,6,...,21};

(4) Q saBrsgercs obvenuHEHNEM H30IUPOBAHHBIX N-Kiauk, n = 1,4,7,11 up = 3;

(5) Q) comepxkUT BEPIIMHBI, HAXOOALMXCA Ha paccTosHnn 2 u p < 13.

BBumy TeopeMbl IUCTAHIMOHHO PerysspHbI rpad ¢ MaccuBoM nepeceuenuit {99, 84,
30;1,6,54} He sBIASETCS BEPIIMHHO CUMMETDUIHBIM.
CIMCOK IATEPATYPEI

[1] Maxmes A. A. O rpadax, B KOTOPBIX OKPECTHOCTH BEPIIMH CUJIBHO DEryJsiPHBI C IapaMeTpaMu

(99,14,1,2) // Hoxnansr akanemun nayk 2011, T. 439, N 4, 443-447.
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O J/10KaJIbHO KOHEYHBLIX T-pa3aejJinMMbIX T'PDYIIIIax

A. X. 2KyproB, 3. B. CEJISIEBA

IIycTh T — HEKOTOPOE MHOXKECTBO IMPOCTHIX YUCEN, T — €ro HOMOTHEHNE BO MHOXKECTBE
BCeX MPOCTBIX YucesI. ['pymnma HAa3bBAeTCs T-TPYHIION, €C/IN OHA MEPUOANYECKAsT U MOPSOOK
KaXKIIOTO ee 3JeMeHTa HEeJIUTCs TOJBKO Ha MPOCThle 4ncia u3 7. ['pynma HasbiBaeTcs -
pa3neanMon, ecan OHa 001a1aeT KOHEIHBIM HOPMAIBHBIM PSIIOM, KaXKIBIN (aKTOP KOTOPOTO
ABIIACTCS T-TPyHHoil mim 7w'-rpymnoi. Taxoil psan HasbIBACTCS T-PAIOM, a T-IJIMHON 7T-
pa3nenmMoN I'PYHIbl Ha3bIBAeTCs HANMEHbIIlee U3 BO3MOXKHBIX YHCE]I HETPUBUAIBLHBIX 7-
(haxTOpPOB BO BCEX T-psiOax dTOU I'PYIIIHL.

I1j1s1 KOHEUHBIX TPYII MOHATHE T-pasnenumoit rpynusl BBen C.A . Uyuuxun [1] BMecTe ¢
OTIpENeIeHUsIME T-OTAEINMON 1 m-pas3perrumoint rpynmnoi. CormacHo UyHuxuHy, KOHEUHAS
rpynmna (G Ha3BIBAETCS T-PA3MEIUMON, eCIu JTIF0O0N ee TIABHBIA (GAKTOpP SIBISETCS JIubO T-
rpynmnoii, mubo 7'-rpynmoit. Koneunbie m-pasmenuMbie TPYIINbGI THTEHCUBHO U3yYajIiCh Ha
IIPOTSIKEHNU BCEX JIeT PA3BUTHUS TEOPUN KOHEUHBIX I'PYII, HAUWHAS C KJIACCHIeCKnX paboT
Uynnxuna [1] u . Xomna [2].

JlokasbHO KOHEUHBIe T-pa3fenMble TPYIILI, KOTOPBIM IOCBSIIIEHa HACTOSIIIEe COODIITe-
HI€, 10 HACTOSIIIET0 BPEMEHNU MPAKTUIeCKN He n3ydaanch. OCHOBHBIM HAIINM PE3YIHTATOM
SIBIISIETCS CIIeMyIOITIast

Teopema. Ilycte G — JIOKaJIBbHO KOHEUYHAS T-pasaeumMasi TPYINa M 1M — HaTypajabHOe
gucso. Emn m-mauaa sroboit koneyHoi noarpynnel n3 G He mpeBocxoquT m, TO T-miauHa G
HEe IIPEeBOCXOAUT M.

CHUCOK JIUTEPATYPBI

[1] Yynuxua C. A. O cumoBckux cBomicTBax KoHeuHbix rpymm. Hoxmansr AH CCCP, 73, Ne 1 (1950),
c.29-32.
[2] Hall P. Theorems like Sylow’s. Proc. London, Math. Soc.(3), 6 (1956), p.286—304.
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O nmepecedyeHnussX HUWJIBIIOTEHTHDLIX IIOATrPYIIII B KOHEYHBIX I'PDYyIIIIax CO
CIiopagn4veCKMM IIPOCTBbIM ITOKOJIEM

B. . 3EHKOB

B pa6ore aBTopa [1, Teopema B]| 6bu10 mOKa3aHO, YTO B KOHEYHOIl TpYIIE CO C IIO-
panunYecKuM MPOCTBIM ITOKOJIEM OJIsl JTI00O0M CHIOBCKOW HMOATPYHIBI HAUOETCS COIPSIXKEeHHAS
C Hell m Takas, YTO UYTO UX IepecedeHrne eOuHuYIHO. B manHOU paboTe 5Ta Teopema pac-
MIPOCTPAHSIETCSI Ha BCE HUIBIOTEHTHBIE MOATPYNIBI TAaKOW TPYNNBI, & MMEHHO, ITOKa3aHa
CIIeMyIoITIast

Teopema. Ilycts G — KOHeYHAs pyIIa CO CIOPAANIECKUAM IPOCTHIM IoKoaeM, A u B
— "HuabnoTeHTHBIE noarpymnsl u3 (G. Torma AN B9 = 1 mias HekoTroporo siaemenra g € G.

N3 sroit TeopeMbl ciemyeT MONOXUTeNNbHOE perrerne 3amaun 15.40 u3 [2] B kiacce
CHOPAAUMYIECKUX IPOCTHIX IPYIIIL.
CHuCOK JTUTEPATYPBI

[1] Bemkos B. W. Tlepeceuenne HUIBIOTEHTHBIX MOATPYIIN B KOHEYHBIX rpynnax // ®yHmIaMeHT. u IpUKII.
maTtem. 1996. T. 2, Ne 1. C. 1-92.

[2] Hepemennsle Bonpocsr Teopun rpymmn. Koyposckas Terpans. 15-e msn. Hosocubupck: Hosocub. roc.
yHu-T, 2002.
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O MHOroo6Gpa3susix m-rpyIn

A. B. 3eHKOB, O. B. ICAEBA

Hanomuum [1], uTro m-rpynmnoit HaseiBaeTcs anrebpanmdeckas cucrema (G CUTHATYPBI
m= (e, 1, V,A, 4), rme (G,-,e,”1,V, A}~ f~rpymma u ,— aBTOMOPGHU3M BTOPOT'O HOPAIKA
rpymmst (G, -, e,” 1) n anTmasTomopdmsm permetku (G, V, A). Crarmaptro, m-rpymmy G ¢
(bUKCUPOBAHHBIM ABTOMODGU3MOM , 3amnucbiBaeM Kak napy (G, ). Yepes M ob6osnaunm
MHOTrooOpasme Bcex m-rpynmn. OTHOCUTEIEHO TeOPEeTUKO-MHOXKECTBEHHOTO BKJTIOueHust M
SIBJISIETCST YaCTUYHO YIOPSIOUYEHHBIM MHOXKECTBOM. bojtee Toro, M ecTh peleTka OTHOCH-
TEeJIbHO €CTECTBEHHO OIPENeICHHBIX OIePallnil IepecedeHns n 0O0beIMHEHNs MHOT000pa3uit
M~TPYIIIL.

Yepes Z 0603HAYMM MHOT0O00pAsMe M-TPYIIL, ONPENeIseMOe TOXKIECTBOM Ty = T !,
KOTOPOE SIBJISIeTCs HAMMEHBIIINM HeTPUBUAILHBIM daeMeHToM M. II/Is KaXooro HATYpPaIb-
HOro n ompenenuMm 2™ = Z-...-Z. B [1], B wacTHOCTH, HOKa3aHO, IYTO Z" OmpemersieTcs

n-pa3
TOXIECTBOM xfnil = 22" Mu MTOKA3bIBAeM, UTO IPYTUX MHOTOOODPA3Uil, OMpemeIsseMbIX
NOMOOHBIME TOXKIeCTBaMu, HeT. bosee Touno, eciiu n = 2" (2s + 1),m > 0,s > 0, To
ToxmecTBo x = " BiedeT x, = x '. Muoroo6pasue I? comepxuT MHOrooGpasme S,
nopoxknenroe m-rpymmoit (S, ), toe S = (a1, as,b| [a1,a2] = e,ab = ag,a} = a;) =
b= bla — al_l, as — a2_1. ITokasano, uto S cTporo comepxkurcs B Z2. Baxuocts S
OOBSCHSIETCST TEM, UTO OHO SIBJISIETCS €IMHCTBEHHBIM HeabeIeBhIM HaKPBITHEM MHOT000pa3ms
7 B pemretke M.
Hasee, MOCTPOEHBI HOBBIE UAEMIIOTEHTHI perrreTku M.

CIMCOK JIMTEPATYPBI
[1] Giraudet M., Rachunek J. Varieties of half lattice-ordered groups of monotonic permutations of chains//
Czech. Math. J. 1999. V.49, Nel124. P. 743-766.
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O coBnanenuu rpagon I'prouGepra—Keresns nByx KOHEUYHBIX ITPOCTBIX
KJIACCUYECKUX TPYIII JiMeBa TUMNAa HaM IIOJISMU PA3HBIX XapaKTePUCTUK

M. P. 3UHOBLEBA

[Iycts 7m(n) o603HAYAET MHOKECTBO MIPOCTHIX NEJIUTENEe HATypaabHOro uncia n. I'pagd
npocmuir wucea unu epad I'pronbepea—Keeeas GK(G) xoneunoit rpynnel G onpenesnseTcs
kak rpad ¢ MHox)ecTBoM BepiuH 7(|G|), B KOTOPOM pa3inyHble BEPIIUHLL ' U S CMEKHBI
TOIZIA U TOIBKO TOrma, Koraa (G COMEPKUT SIIEMEHT MOPSIKA T'S.

B ”Koyposckoit rerpanu” A. B. Bacunbes moctasuit Borpoc 16.26 06 onmucanum Bcex
nap Hem30MOPGHBIX KOHEUHBIX IIPOCTHIX HeabeIeBhIX I'PYII ¢ OOUHAKOBBIM rpadom I'pron-
6epra—Kerems. Xaru (2003) u M. A. 3sesnuna (2013) monyumin Takoe onucasue B CIydae,
KOTla OfTHA M3 T'PYIII COBIAMAET CO CHOPANMYIECKON M 3HAKOIEPEMEHHON I'PYIIION COOTBET-
crBenHO. ABTOp [1] mccmenoBasa 5TOT BOIPOC Il KOHEUHBIX MPOCTHIX TPYII JINEBA TUIIA
HAIl TIOJIIMU OIHOW XapaKTEePUCTUKN.

B manmnoit paGoTe mpomoKaeTcs ucciaenoBanne, Hauaroe aBropom B [1] u [2]. B uact-
HOCTH, yTOUHSAETCS PE3yJIbTAT, Oy YeHHBIT aBTOPOM B [2].

OGo3HaumM depe3 M MHOKECTBO KOHEUHBIX MPOCTHIX Kiaccmaeckux rpymm AX | (q),
roe n > 7, B,(q), tne n > 5, Cy,(q), tme n > 5, D¥(q), rme n > 5.

Iasee B Teopemax ¢ = p/ u ¢1 = p1/*, roe p, p1 — pasnuunble TpocThie uncaa u f, fi —
HATYPAJIbHBIE YUCIIA.

Teopema 1. Ilycte G u (G; — HemzomopHble rpynnsl u3 M Ham moOIIMU OPSA-
k0B q u ¢ coorBercrBeHHo. FEcmm rpagper GK(G) n GK(G1) coBmamarmoT, TO BBIIOI-
HEHO omHO u3 cienyiommx yrBepxaenui: (1) {G,G1} = {Aff_l(q),Affl_l(ql)}, rme ny €

{n —1,n,n+1}; ( ) {G,G1} = {Bu(q), Ba(q1)}; 3) {G,G1} = {Bu(q),Cnlq1)}; (4)
{6, C1} = {Cula). Cul@m)}: (5) {G.C1} = {Dr(g). Ds(an)}: (6) G G1} = {Dn(q),
Dn(a1)}; (7) {G, G1} = {*Dr(ar), Ds(@)}; (8) {G, G1} = {*Dula),*D(q1)}; (9) {G, 1} =
{A7(q), Ds(@1)}; (10) {G,G1} = {*A7(q), Ds(@1) }; (11) {G, G1} = {A;_1(q),
Dy, (1)}, tmeny € {2n/3 —1/3,2n/3 —1} 131 <ny =3 (mod 4).

Teopema 2. Ilycte G = Ai1(q) u G1 = A1(q1) — HemzoMop@HbBIE TPOCTHIE TPYIIIEL.
I'pager GK(G) u GK(G1) coBnagaroT Torma u TOJIBKO TOrAA, KOLIa

{G,G1} = {A:(5), A1(4)}, {41(9), A1(9)}, {A1(9), A1 (5)}, {A1(T7), A1 (8) }-

Teopema 3. Ilycrs |7(q> —1)| < 4, G — omma u3 rpymm Bs(q), B,(q), tae n > 4 wetHo,
C5(q), Cn(q), rme n > 4 werro, Dy4(q), 2D, (q), rae n meverno, Gi — HemsoMopdHas rpymre
G komeunas rpynma jmeBa tuma Hazx mojaeMm mopsanka ¢ 1 GK(G) = GK(Gy). Torma Gy
me m3omoppua rpymam B, (q1), rae n1 > 3, Cy, (q1), rae n1 > 3, Dy(q1), 2Dy, (q1)-

Pa6ora Beimonaena npu unancosoit nopnep:xkke PODPU (npoext 13-01-00469) u Kowm-
IJIEKCHOM TIporpaMMbl dyHIaMeHTa bHbIX uccienoBanuit ¥ pO PAH (mpoekt 15-16-1-5).

CHUCOK JIUTEPATYPBI
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O6 omHOM mpuUMepe HACJIeACTBEHHON CBEPXPaOUKAJIbHOU (opMaum

C. ®. KAMOPHUKOB

PaccmaTpuBaroTcst TOITBKO KOHEUHBIE TPYIIIIEL.

IIycTts § — HemycTas dopmarus, T.e. KJIACC I'PYII, 3aMKHYTHIII OTHOCUTEIEHO B3sSITUS
(baxTOPrpymnn U KOHEUYHBIX MOANPSAMBIX mpomsBenenuit. [logrpynna H rpynmer G Ha3bIBa-
ercs §-cyoHopMasIbHOM, eciu mubo H = G, mubo cyIiecTByeT MakCcuMaIbHAasI elb MO PY I

H=Hy,cH Cc..CcH,=G
rakast, uro H;/Corey,(H;—1) € § nna Beex i =1, 2, ... ,n.

[lousTre §-cybHOPMAIBLHOW MOATPYIIIBI, BBEIEHHOE B KJIaCCE KOHEUHBIX Pa3pPEIInMbIX
rpynn Kaprepom u Xoykcom, a B mpousBoiabHOM ciaydae — JILA. HlemerkoBbiM, chopmu-
POBaJIO B TEOPUU KOHEUHBIX T'PYIIIT COMEPXKATETHHOE HAIIPABJICHIE, CBSI3aHHOE C U3y UCeHUEM
CBEPXPAaONKAIbHBIX (DOPMAIIHUI.

dopmarnus § Ha3BIBAETCS CBEPXPANUKAIBLHOW, €CIU OHA YIOOBIETBOPSET CJIEIYIOIINM
TpeOOBAHUIM:

1) § — HOpMAIBLHO HACIIENCTBEHHAs (HOPMAIINS;

2) mobas rpynna G = AB, rne A u B — F-cybHOpMasbHBe §-nonrpynnsl u3 G,
MIPUHAIIEKUT §.

Oco3nanue PO CBEPXPAMUKAIBLHBIX (GOPMAIUI B PEIICHUN I[eJI0r0 psimaa Kiaccudu-
KAIIMOHHBIX TpobJieM mpuBesio K mpobieme mx onwucanus. B 1999 rony B ”Koyposckoit
Terpanu’ mom mHomepom 14.99 JI.A. lemeTkoBBIM ObIIN CHOPMYINPOBAHLI IBE 3aIaUNL:

(a) Hatimu ece ceeprpaduraibubie 40KaibHblE HOPMAYUL.

(6) Hoxazamb, umo 6caKad HACACICTNEENHAT CEEPTPAOUKAALHAT HOPMAYUTL A6ATEMCA
PaA3PEUWUMO HACHIUEHHOU.

B namboit paboTe IpUBOAUTCS IPUMEDP HACIEICTBEHHON CBEPXPaINKaJILHON (HhOPMAIINH,
KOTOPAasi COMEPKUT BCE HUJIBIOTEHTHBIE TPYIIBI U HE SBJISIETCS PA3PEIINMO HACHIIICHHOM.
B wactHOCTH, maeTcs oTpULATENbHLI OTBET Ha Bompoc 14.99 6).

HamomunMm, uto dopmarus § Ha3bIBA€TCS PA3pElInMO HACBIILIEHHOW, ecau s 000
paspermMoit HopmasibHO# noarpynnsl N rpynmnst G uz G/®(N) € § Bcerna cnenyer G € §.

BadukcupyeMm Taxxke ciaemyiomme obosHaueHmns: S, — (GopMalus BCeX pPa3pelIMMBIX -
rpynm, N — dopMmanus BceX HIIBIOTEHTHBIX 7 -rpymm.
Teopema. Ilycte G — rpymma, msomopgras Sz(23), m m = 7n(G) = {2,5,7,13}.

Ecmn § = 96, x N+, roe $ — ¢opmanns, nopoxmenHas rpynnoi G, To cIpaBenInBbI
CTIEAYIOIINE Y TBEPKICHIS:

(1) Popmanus § ABITETCS HACTEACTBEHHON U CBEPXPAIUKAJIBHOL.

(2) Popmanus § He ABIACTCA PA3PEIINMO HACHIIIEHHOH.

Meocoynapoonvii ynusepcumem "MUTCO”, IN'omeawv, Beaapyco
E-mail: sfkamornikov@mail .ru

102


mailto:sfkamornikov@mail.ru

MausnsueBckme urerus 2015 Teopus rpymnm

O HOPMAaJIBHO BJIO2K€HHBIX IIOAI'PYIIIIaX KOHEYHBIX I'PDYIIII

B. H. Kugaruna, B. C. MOHAXOB

PaccmarpuBaiorcs Tombko Koneunsle rpynnsl. 3anuck H < G o3zHauaet, uro H — mom-
rpymna rpynnel G, |H| — nopspox monrpymmst H, a HE — manvenbimas sopMansaas B G
nonarpymmna, comepxkaias H. HumbnmoreHTHBIM KOpammkaiiom rpynnbl (G Ha3bLIBAETCS Hau-
MeHbIIIas HopMallbHas moarpynna B G, GakTop-rpyImna no KoTopoit HuibnoTenTHa. m(G) —
MHOKeCTBO Bcex npocthix menurenein |G|. Ionrpynna H rpynmel G HA3BIBAETCS XOILIOBO
HOPMAJIBHO BiIOokKeHHON B G, eciim H — xomnosa nmonrpymma B HE [1, onpenenenue 1].

Shirong Li u Jianjun Liu mpemmoxwnu ciemytouryio 3amady |2, mpobmema 1]: Us-
yuuTh rpymnmy (G, B KOTOPOI CyIIIECTBYET XOJJIOBO HOPMAJILHO BIIOXKEHHAs MOArpytma H
nopsinka |B| mist kaxnoit B < G. B wactrocTn, G paspermmva’?

Adolfo Ballester—Bolinches u ShouHong Qiao [3] pemman sty npoGiemy. Owu BBeIH
kiacc X, cocrosimii u3 Bcex rpynn (G, B KOTOPBIX CYIIECTBYET XOJIOBO HOPMAJIBLHO BIIO-
xenHas noarpynna H nopsnka |B| ms xkaxmonn B < G.

Teopema. [3| I'pynna G npunammexur kaaccy X Torma m Tonbko torga, korma G
pa3spernMa 1 ee HUJIBIIOTEeHTHBIH KOPAAUKAJ SIBISeTCA MUKINIECKON IOATPYIIIION IOPAIKA,
CBOOOIHOIO OT KBaIpaTOB.

[Monrpynma H naswBaercs S-mepectanoBounoint B G, ecmu HP = PH pns kaxmon
cumoBckoit moarpymnnel P rpynmer G. Ilycts kmace X1 coctouT u3 Becex rpynm G co cite-
IYIOLIIM CBOUCTBOM: Ijisi jtro6oro p € w(G) m moboit monrpynnsl B u3 G ¢ CHIIOBCKOI
P-TIOATPYIIION MOPSIKA P CYIIECTBYET S-TIePECTAHOBOYHAS MOATPYIIIA C XOIIOBON TOATPYTI-
noit U nopsnka |B|. cuo, uro X C X;. Mbr nokazanu, uro X = X;.

CIUCOK JINTEPATYPHI
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Kouneunbie rpynnbl ¢ 0606111eHHO CyOGHOPMAaJIBHBIMU BTOPBIMU U TPEThUMU
MaKCUMAaJIbHBIMU MOATPYHIaMM

B. A. KOBAJIEBA

Bce paccmarpuBaembie B COOBIIEHUN TPYIIBL SBISIOTC KoHeuHnbiMu. Cumsosnom 7(G)
0003HAYAETCSI MHOXKECTBO BCEX MPOCTHIX MMETUTeeN mopsanka rpynnsl G.

Hanomuum, uro mogrpynmna H rpynnbl G Ha3bIBaeTCs 2-MaKCUMAIBHOM (BTOPOI Mak-
cuMasbHOI) moarpynmoit B (G, eciau H sBIsS€TCS MaKCUMAIBHON MOATPYNION B HEKOTO-
poit MakcumasibHOl monrpymme M rpymnmel . AHAJIOTMYIHO MOTYT OBITH ONPENEeHbI 3-
MaKCUMaJIbHbIE TOATPYIIIBL U T.1I.

B 2005 romy ma I'omensckom anrebpamueckom cemuuape JI.A. IllemerkoBbiM Gbla mMO-
CTaBJIeHa 3a7ada M3y4YeHUs TPYII, BCE N-MaKCHMAJbHBIE MOATPYIITLEI KOTOPBIX SBIISIOTCS
0000I1IeHHO CYOHOPMAJIbHBIMU.

Onuaum u3 06001IeHNN CyOHOPMAIBHOCTHY sIBIIsieTcsl moHsATre K -4-cybHOpMAaTbHON MoI-
rpynmel. Hamomunm, uto monrpynmna H rpynnsr G HasbiBaeTCst U-CyOHOPMAJIBHON B CMBICTIE
Kerens [1] nnu K-4-cy6ropmasbror [2, c. 236] B G, ecim cylecTByeT Takas IeNb IOMI-
rpynn H = Hy < H; < --- < Hy = G, uro mu6o H;_; vopmanbua B H;, mu6o H;/(H;_1)p,
cBepxpa3permmMa s Bcex ¢ = 1,..., 1.

Hamu monydeno mosiHOe omwmcaHume TPYMI, Y KOTOPBIX BCe BTOPBIE OO BCE TPETHU
MaKCUMaJIbHbIE TTOATPYIIIEL SBIISIOTCs K -4-cyOHOpMaIbHBIMI. 3aMeTUM, UTO KaXKIasl MOl
rpymnma cepxpaspernmMoit rpymnnsl K-4-cy6ropmarnbsia. Bonee Toro, seunmy [3, Teopema A,
B ciyuae, korma |7m(G)| > 4 u kaxmas 3-MakcuMmaabHas TOArPyHOa rpynnbl G SBISETCS
K-${l-cy6ropmansront B8 (G, rpynmna G cBepxpasperiuMa. [losTomy mjs omumcanme rpymnm C
K-$-cyGHOPMAIBHBIMU TPETHUMEI MaKCUMAJIBHBIMEI MMOATPYIIIaMIA HaM HYXKHO OBIJIO pac-
CMOTPETH JIUIIIbL HECBEPXPAa3PeIInMble TPYIILI C YUCIIOM MPOCTHIX MIETUTeNeN, PaBHBIM 2,
3 u 4. Ilpu sTOM OKa3asoCch, YTO B OUIPUMAPHOM CIIydae Takas CPYIIIa MOXKET He MMETh
HOPMAJIBHBIX CHJIOBCKUX HOATPYIN; B ciydae, korna |m(G)| = 3, rpynna G sBisercs ¢-
IIUCTIEPCUBHON [JIsi HEKOTOPOrO YHOPsmoueHus ¢ MHOXKecTBa 7((G); U, HAKOHEI, B CIIyvae,
korna |G| umeer yerwipe mpocThix menuress, G mucnepcusHa 1o Ope.

CIUCOK JINTEPATYPBI
[1] Kegel O. H. Zur Struktur mehrfach faktorisierbarer endlicher Gruppen // Math. Z. — 1965. — Vol.
87. — P. 409-434.
[2] Ballester-Bolinches A., Ezquerro L. M. Classes of Finite Groups. — Dordrecht: Springer-Verlag, 2006.
[3] Kovaleva V. A., Skiba A. N. Finite soluble groups with all n-maximal subgroups §-subnormal //
Journal of Group Theory. — 2014. — Vol. 17. — P. 273-290.
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O KOHEYHBLIX IPyNNax, KOTOPbI€ NMEIOT HECBA3HLIN rpad NPOCTHIX YUCE U
KOMIIO3UIIMOHHLIN (akTop, n30MOpPGHBITA Spy(4)

B. A. KommnakoBa, A. C. KOHOPATBHEB, 1. B. XPAMIIOB

[Iycte G — xomeunas rpynma. O6ossauum depe3 7((G) MHOXKECTBO BCEX MPOCTBIX
nenuresneil nopsaka rpynnel G. I'pag npocmuix wucea (epad I'pronbepea — Kezeas) I'(G)
rpynnsl G onpenenseTcs Kak rpad ¢ MHOX)ecTBOM Bepuind 7 ((G), B KOTOPOM IBe PA3JINIHbIE
BEPIIUHLI P U ¢ CMEXHBI TOTHA W TOJBKO Torma, Korma B (G eCTh 5/IeMeHT TOpsIKa pq.
I'pynna G mazeiBaeTcs n-npumapnot, ecnu |7(G)| = n.

Bropoit u Tperuit aBTOpHL B cTarhe [1] ncciienoBain KOHeUHbIE 4-TIPUMAPHBIE TPYIIIILL
G ¢ HecBsa3HBIM rpadoM MPOCTHIX dncel. B TeopeMe 6 9Toi cTaThy OBLT MPOIIYIIEH CITy YA,
korna (G mMeeT KOMIIO3UIMOHHBIN (HAKTOp, m30MOphHBIT Spy(4). Mbl BocmomHseM 5TOT
pobert, MOKA3bIBasl CICMYIOIIYI0 TEOPEMY.

Teopema. Ilyctes G — KOHeYHas IpyIIa ¢ HECBA3HBIM IpagoM mpocTerx uncera, G =
G/F(G) m Soc(G) = Spy(4). Torma G = Spy(4), Spa(4) : 2 mmx Spy(4) : 4, F(G) = O2(G)
Kax el 2—raaBHb pakTop B G kak GF (Q)G-MO,ZU/JTB H30MOp(pEH OLHOMY U3 CIE€AYIOLINX
MOy JIen:

(1) ecrm G =2 Spy(4) mmu Spy(4) : 2, To omHOMY M3 ABYX KBasusksmBaseHTHEIX G (2)G-
MomyJieir padmepHocTH 8, 16 mam 32;

(2) ecmr G =2 Spy(4) : 4 =2 Aut(Sp4(4)), To onrOMY m3 emmacTBenHEX G F(2)G-MOmyTett
pasmepHocTH 16, 32 mru 64.

PaGora Bemmonsena npu dunancosoit mognepxkke PODPU (mpoext 13-01-00469), Kowm-
IUIEKCHOI TIporpamMMbl GyHnaMeHTanbubix uccienosanuit Y pO PAH (mpoekt 15-16-1-5) u
B paMKax IIPOEKTa MOBBIIIEHNsT KOHKYpenTocnocobnocTu (Cormaienune mexmy Murucrep-
cTBOM ObpasoBanus u Hayku Poccuiickont @enepariuu u Y paabCKkuM GenepaIbHBIM YHIBED-
curerom ot 27.08.2013, Ne02.A03.21.0006).

CHOUCOK JIUTEPATYPBI
[1] Komaparbes A. C., Xpammos U. B. O KOHEUHBIX YeTHIpENPUMAPHLIX I'pynnax, Tpynsr u-Ta MaTema-
tuky u Mexanuku YpO PAH, 17, Ne 4 (2011), 142-159.
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O riaBHBIX dakTopax HapaboIMUecKNX MAKCUMAIbHBIX MOATPYIII IPYIIIbI
3 3
Dy(q”)

B. B. KOPABJIEBA

Ora pabora sBisieTcst TpomoKenueM paboT [1, 2, 3|, B KOTOPLIX OBLIIO MOy YEHO YTOYHEH-
HOE OTMCAaHUEe TJIABHBIX (PaKTOPOB MapabOIUIeCKON MAaKCUMAIBLHOW MOATPYIIIIBI, BXOMISIIIAX
B €e YHUIIOTEHTHBI paauKasl, MJis BCEX KOHEUHBIX TPYII HOPMAaJbHOTO JIMEBa THUIA, 3a
UCKJTFOUEHNEM CIIENNAIIbHBIX TPYII, U1 CKPYYEHHBIX KJIACCUUECKUX TPYII U M TPYIIIIbI
2Fs(q?). I'pynma mueBa TUIa HA3LIBAETCSA CNEYUAILHAL, €CITA XapaKTePUCTHUKa, TIOJT P = 2
mis rpynn tuna By, Cp, Fy u p < 3 ms rpynn tumna Gs.

ABTOp paccMaTpuBaeT KOHETHYIO MPOCTyIo rpymy muesa Tuma SDy(¢3) w P = UL —
mapaboIMIecKy0 MaKCUMAJIbHYIO TMOATPYHIy B Hel, rae U — YHUIMOTEHTHBIN paauKasl 1
L — nononuenne Jlesu 8 P. U3 crateu [4] cienyer, 94T0 GaKTOPBI HUKHETO EHTPAILHOTO
psna rpynnsl U sBISIOTCS TIABHBIMI (DaKTOpaMu IPYINbl P U ABISIOTCS HEITPUBOINMbBIMEI
GF(q)L-vonynsvu uma GF(q®) L-vomyssvm.

Ecmu A m B — sHopMasbHBbIe moarpynnsl rpynnsl P, B — monrpynmna A u daxTop-
rpynna A/ B sBiseTcs MUHIMAIIBLHON HOpMaJIbHOI noarpynnoil 8 P/ B, To A/ B na3sbiBaercst
2aaenbim Paxmopom rpynmsr P.

B macToseit paboTe I KOHEUHON TpocToit rpymmer Dy (g?) yTounseTcs ommcanme
IJIaBHBIX (PAKTOPOB KaXKIOW ee MapabOIMYIecKOl MaKCUMAaJIbHOU MOATPYIIIBI, BXOMSIINX B
VHUTIOTEHTHBIN panukaji. [IpuBonuTrcs Tabmuia, B KOTOPOR YKa3bIBAIOTCS TMOPSIKU U TTOPO-
XK IAOIIIE JIEMEHTHI COOTBETCTBYIOIINX TJIABHBIX (DAKTOPOB.

PaGora Beimonuena npu dunancosoit monnep:xkke PODU (mpoext 13-01-00469) u Jla-
6opaTopun KBAHTOBOW TOMOIOrUK Uess6MHCKOr0 TOCyHUBepcuTeTa (TPAHT MPABUTEILCTBA

P® Ne 14.750.31.0020).
CHIMCOK JIMTEPATYPBI
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HexkoToprie cBoiicTBa nmpou3BoaHbIX Pokca

A. ®. KPACHUKOB
IIycts F' = ('*IAi) *« G — cBOOOIHOE TIpOU3BeneHNe HeTpuBUAIbHBIX rpymn A; (i € I) u
1€

cBobomuont rpynnsl G ¢ 6asoit {g;|j € J}. Crnemys Pomanosckomy [1], o6o3Haumu uepes
Dy, (k € I U J) npoussomusie Pokca xombua Z(F).

Teopewma. Ilycts F' — cBobonHoe npoussenenue HeTpuBHaabHbIX rpynn A; (1 € I) u
ceobonuon rpymnsr G ¢ 6asont {g;|j € J}, N— HOopManbHas moarpynma B F' Takas, 4ro
NNA; =1 (i € I), X — mHOX)ecTBO 271eMeHTOB 13 F', mosrydenHoe oovenuaennem {g;|j € J}
¢ MHOXKecTBOM sjieMeHToB rpymn A; (i € I); u — u — ¢QyHKUH, BBIOHpArOIIas IIPABBIE
mpariepoBsl npencrasurean F mo N, S — MHOXeCTBO BBLIOpAHHBIX NPENCTaBUTENEH; [ —
dyHEnms, orobpaxkaromas smeMeHTsl ¢ m3 X B 1 U J: ecim x = g; To f(x) = j, ecmm x € A;
o f(x) =i; w € N. Ecm w = w ...wlkl, rme w; = 8;2;5,%; " #1, 8 €8, v, € X (i=
1,...,0), k1,...,k — mensre, oTaImYHBIE OT HYJIS YUCA W SJIEMEHT W HEJIb3S MPENCTABUTH
o moxyitio ([N, N| B Bume Ipou3BeneHUs CTEIEHEN MEHBIIIErO 4eM | 9HCiia 5J1eMEeHTOB BUAA
sx3T L, s€ S, re X, o Dizy(w) #Z 0mod N (i =1,...,1).

Cnencrsue. IIycrs F' — cBobonHoe nponssenenue HeTpuBuaabHbx rpyna A; (i € I) u
cobonnort rpynmst G ¢ 6asoii {g,|j € J}, N— HOpMansHas moarpynna B F, NNA; =1 (i €
I). Dmement v rpynner F' npunanmexnr [N, N| Torma u Tonbko torga, korma Dy(v) = 0
mod N, ke TUJ.

CriencTBue paBHOCWIBLHO, B ClIydae OTCYTCTBUS B mpousBenenun F muoxuremneir A; (i €
I), Bnoxkenmto Maruyca [2]| nys rpynnst F'//[N, N], a B mpon3BoibHOM CiIydae - 0600IICHUIO
BioxeHus Maruyca, momyuennomy Pomanosckum [1]:

IIyemv» F' — ceo0600dnoe npouzeedenue nempusuaspnvir epynn A; (i € I) u ce060dnoi
epynnor G ¢ 6a3ot {g;|j € J}, N— nopmasvnaz nodepynna 6 F maraz, wmo N NA; =
1 (i € I). Ilyemv T — npaswviti c60600nviii Z(F/N)-modyaw ¢ 6azoi {tx|k € I U J}.

Paccmompum 20momopPusm
. F/N 0
p: F— ( T 1)
onpedeagemviti 0mobpaxcenuem
| wN 0\, _ . . (N 0,
alH(ti(aiN_].) 1) (a; € Ay, 1€1), gj'_)(tj 1) (j €J).

Tozda kerp = [N, N].

k1
1

CIUCOK JINTEPATYPHI

[1] Pomanosckuit H. C. O Bnoxenun [lImenbkuna s abCTPaKTHBIX M TPOKOHEUHBLIX Tpymnn, Anrebpa u
moruka, 38, N 5 (1999), 598-612.
[2] Magnus W. On a theorem of Marshall Hall, Ann. of Math., 40, N 4 (1939), 764-768.
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O rpadax K»siu nBynopoxxneHHbIX rpynm nepuona 4

A. C. Ky3HELIOBA, A. A. KY3HELIOB

['pador Konu HaxonsaT npuMeHeHre B 3a0aYaX MPOEKTUPOBAHUS TOMOJIOT U MHOTOIIPO-
[ECCOPHBIX BbIYncanTenbHbix cucteM (MBC) 6raromapst TakuM XOpOIINM CBOWCTBAM KAK
PEryJISpPHOCTD, BEPIIMHHO-TPAH3UTUBHOCTDL, MAJIble OUAMETD W CTEIeHb IPH HOCTATOYHO
GOJIBIIIOM KOJIMYeCTBe BepIinH B rpade. [losTomy msydenne rpados Komu pasmmaabrx kaac-
COB KOHEYHBIX TPYII SBJISETCI aKTYAJILHON 3a0a4el.

[Iycts X = {a:l,xl_l,xg,xz_ 1 rme z;' = 23, — cuMMeTpmuHOE MOPOMKIATONIIEE MHO-
KEeCTBO HEKOTOpoI rpynnsl G, mepuon kotopoit pasen 4. ['padom Komu I' = Cay(G,X) =
(V,E) 6yner SBIATHCS HEOPUEHTUPOBAHHBLIN rpad, B KOTOpoM MHOXKecTBO BeprmH V (IV)
COOTBETCTBYeET dyieMeHTaM rpynmnsl (G, a MHOkecTBO pebep E(I') cocTout u3 Beex ymopsimo-
vyennsx nap (g, hg), rme g € G u h € X.

Komuuectso Beprmn [' paBaO mopsinky mopoxkmnatoieit rpynnsl, T.e. |V| = |G|. T'pad
Ko sBisgeTcst peryaspHbLIM U €ro CTelNeHb S, T.€. KOJUYeCTBO pebep, BLIXOMMIee U3 Ka-
KON BEPIIUHBI, PABHO YUCIIY MOPOXKIAOIINX 31eMeHTOB rpynusl: § = |X| = 4. Muamerp
rpada Komu D (cpenumit mumerp d), T.e. MakcuMmasbHOe (CpemHee) KpaTdalilliee pacCcTosi-
HUE OT MPOU3BOJILHON (DUKCUPOBAHHON BEPIIMHBLI 10 IPYTUX BEPIINH rpada, paBeH MaKCH-
MAJIbHOU (CpeHell) MINHe MUHUMAJILHBIX CJIOB TPYIIILL, 3alUCAHHBIX Y€pe3 MOPOKIAIOIINe
SJIEMEHTHI B JIEKCUKOTPAPUIECKOM TOPSIIKE.

[Tpu paccmorpenun rpada B kauectse Tomosiorn MBC GepyT BoO BHUMaHME CIIEIYOIIITE
XapakTepucTuku rpada: KOIMUECTBO BEPIIUH, CTENeHb (s PeryispHoro rpada), mua-
METp U CPeIHuil auameTp. B Tabil. mpuBemeHbl yKa3aHHBIE XapakTepucTuku rpados Komm
HEKOTOPBIX IBYIMOPOXKIEHHLIX TPYII mepuona 4, KOTOpble ObLIN IMOJTYyYeHBI MPU MOMOIIN
KOMIIBIOTEPHBIX BBIUUCIEHUN. [lOPOXKIAIOIIE MHOXKECTBA ObLIN B3ATHI CUMMETPUIHLIMIE,
MIOCKOJIBKY B 5TOM cilydae Tpadbl 6yIyT HEOPUEHTUPOBAHHBIMU. VIMEHHO HEOPUEHTUPOBAH-
HBIEe Tpadbl, KAK MPABUIIO, UCIOIL3YIOT Mpu npoekTupoBanuu Tomnosgoruit MBC.

|G| | s| D d
21 141 4 2
22 141 4] 2,5
201416 | ~3,4
27 141 8 | ~4,1
28 14| 8 [~5,2
29 14110 ~5,9
210141121 ~6,6
211 14114 [~ 7,8
21214116 | = 9,0

Pa6ora Bummonmuena npu nopmep:kke Munncrepcrsa obpasoBanust n Hayku PP (mpo-
ext b 112/14), a Taxxe rpanta IIpesunenra PP (mpoext MII 3952.2015.9).
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Kpurnueckue rpynsl, n3ocnekrpaibubie rpynmne Us(3)

1O. B. JIBITKUH

MHOX€eCcTBO MOPSIKOB 3JIEMEHTOB KOHEUHOU rpynmbl (G HA3BIBACTCS €€ Cnexmpom u
obosnauaercs w(G). Ilom cexyuetd rpynmnbr G OHMMaeM MIPOU3BOILHYIO (GaKTOPTPYIIILY
H/N, rne NNH < G u N <H. I'pynust G u H Ha3BIBAIOTCI U30CNEKMPAALHBIMU, €CIIH
w(G) = w(H). 3adpuxcupyeM HEKOTOPBIII HAGOp HATypalbHBIX uncen w. Cremys [1],
Ha30BéM Tpymnmny G kpumuueckot OTHOCUTEIBHO W, €CIN W COBmamaeT co crmekTtpoM G u
OTINYHA OT CIIEKTPa JTI000N €€ COOCTBEHHOUW CEKITUMN.

Onua u3 BaXXHBIX 3a/1aY I HeabeIeBbIX MPOCTHIX TPYIII COCTOUT B UCCIIEIOBAHIN U30-
CIIEKTPaJIbHBIX UM KPUTHUECKUX Ipymi. B paGorax [2, 3] maHo moiHOe ommcaHume KpPUTU-
YeCKUX TPYII CO CIEKTPOM KaK y 3HAKOTEPEMEHHON WM CIOPAOUIECKON TPYIIIHI, 8 TaKXKe
KaK y CIeIUaIbHON JIuHelHON rpymsl SLs(3).

B pabore m3yuaroTcs rpynnbl, KpUTUUECKE OTHOCUTEIBHO CIIEKTPA IMPOEKTUBHON CIIe-
[UaJIbHON yHUTapHO# rpymusl Us(3). B uacTHOCTH, MOKA3BIBAETCS CIIEMyTOIIIAs

Teopema. Ilyemv G — koneunas 2pynna, uzocnexkmpasvuag Us(3), codepacawas wop-
maavuyro nodepynny N, dag komopoti G/N ~ PGLy(7). Toeda N — 2-epynna u 410601 €é
G-aaasuvitl paxmop uzomopgen 6-mepromy modyaro epynnot PGLo (7). lasee, G = NH,
ede H ~ PGLy(7). Ecau npu amom epynna G xpumuueckad omuocumeavro w(Us(3)), mo
|N| = 26.

Boaee mozo, H umeem npedcmasaenue {(a,b,c | a®> = b* = & = (ab)" =
(ac)? = (bc)? = [a,b]* = 1), u ecau paccmompemv N kak 6eKmopHoe NPOCMPAHCMEO
nad nosem GF(2), mo moxcno evibpame 6azuc 6 N maxot, umo deticmeue H na N onpe-
deagemcs caedyruwumMu Mampuyamu.:

11 ST U1
Pa6otra Beimonuena npu unarcosoit monnepxkke PODPU (npoexter Ne 13-01-00505 u Ne
14-01-90013).
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O c/1a6oi1 HETEPOBOCTHU CUCTEM yPABHEHUN B HUXKHUX MOJIypelIeTKax

M. B. MAnoB

[lorsTe HETEPOBOCTHU IO YPABHEHUSM SIBJISIETCSI OMHUM U3 OCHOBHBIX B YHUBEPCAJIHHON
aredbpamueckon reomeTpun. OmHO U3 0000IIEHU YTOr0 CBONCTBA — cjiabas HETEPOBOCTH —
m3yuanock B crarbix A.H. Hlesmaxosa [1], FO.C. sopxkenxoro [2|. B mamzoill paGore
n3ydaeTcs ciaadas HETEPOBOCTb CHUCTEM YPaBHEHWN B KJjlacCe HUKHUX ITOJIYPEIIETOK, He
COMEPKAIINX CIIEAYIOIIEN OOy PEITeTKN:

N

Haiinensr Heo6XonmMbIe U OCTATOYHBIE YCIIOBUS CIa00N HETEPOBOCTU CUCTEM OT OLHOM
[IEPEMEHHON Ha[ MOJIypelieTKaM U3 JaHHOTO Kiacca. (OCHOBHBIE OMpEeNeIeHUs] TPUBEICHBI
B cepuu crareir J.FO. Ianusaposoir, A.I'. Mscuukosa, B.H. Pemecnennukosa mno yHusep-
caJIbHOU asnrebpamaeckoit reomerpun [3, 4, 5].

ChopmyupyeM OCHOBHOE OmpeneseHne paboThHI.

Onpenenenne. Cucrema ypaBHeHun S HA3BIBAETCs €J1a00 HETEPOBOH HAM TIOJype-
nretkoit M, eciiu CyIiecTByeT SKBUBAJIEHTHAS KOHEUHAS] CUCTEMA Sl, MHOYKECTBO PeIeHIH
KOTOPOU COBIANAET C MHOYXKECTBOM DPEIIIeHU CUCTEMBI S.

B paccmaTpuBaeMoM Kitacce TOIYyPELIETOK CIIPABEIINBaA CIEMYIOIIas TEOPEMA.

Teopewma. Ilyctp j1r006bI€ ABa 31€MeHTAa MOJyperteTk x, y € IV coenuHeHbI KOHEYHOHR
nenbfo. JIrobasi cucTemMa OT OOHOW IepeMeHHOH Han moJiyperneTkor M 6ymer cmabo Here-
POBOII Torza U TOJBKO TOra, KOrJa OHAa He COAEPXKUT IOAIOJYPEILIETOK, KOTOPhIE MOT'YT
OBITEH rpauIeCKy IPEACTABIEHBI B CIEAYIOIINX BUOAX:

CIUCOK JIUTEPATYPHI
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65—-106.
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Biiounrbie rpadbl paciimpeHuil CUMMETPUAYHBIX 2-CXeM

A. A. MAXHEB

Cucrema unnunentaoctu (X, B) ¢ mHOX)ecTBOM TOuek X u MHOX)ecTBOM 6i10koB B
nasbiBaercs t-(V, K, A) cremot, ecniu | X | = V| kaxnpiit 650K cOmEp:KUT POBHO K TOYHEK U
mro6bie t Touek siexkaT poBHO B A 6iokax. Jliobas 2-cxema sasisercs (V, B, R, K, A) cxemoii,
rae B — umcso 650KOB, KaxKaas TOUYKA WHIUIEHTHa R GI0KaM, U UMEIOT MeCTO PABEHCTBA
VR = BK, (V —1)A = R(K —1). Cxema Ha3bIBaeTCsi cUMMeTpUUHON, eciu B = V.
CxeMa Ha3BLIBAETCSI KBA3UCUMMETPUYIHON, eciau mist Jo0six aByx 6510koB B, C € B umeem
|IBNC| € {z,y}. Yucna z,y HA3LIBAIOTCS UYNCIAMU IEPECEUCHUN KBA3UCUMMETPUIHON
CXeMBI, U MPeINnoIaraeTcs, 4ro & < y.

Baounsrit rpad kBasucmvmmMerpuunoil cxembl (X, B) B kadyecTBe BepmuH mmeer GIOKI
cxemsl 1 nBa 61o0ka B, C € B cmexner, eciu |[BNC| = y.

[Ipouseonuoit cxemoit mis t-(V, K, A) cxempr D = (X, B) B Touke x € X HasbBaeTCs
cxema D, ¢ maoxkectBoM Touek X, = X — {2} u muoxecrBom 6okoB B, = {B—{z} | x €
B € B}. Cxema E masweiBaercs pacimpenuneMm cxembl D eciau npomssomuas cxembl E B
Kaxkmoil Touke m3omophua D. Xoporo m3BecTHO, UTO MPOEKTUBHAS MIIOCKOCTb PACIIHAPSI-
emMa, TOJIBKO eciu ee Mmopsmok paseH 2 mwin 4. TpexkpaTHoe paciiupeHue TPOEKTUBHOM
mIockocTu nopsnka 4 maer 5-(24,8,1) cxemy Burra.

[Iycrs 3-(V, K, A) cxema E = (X, B) sBasercs pacimpeHneM CUMMETPUYHON 2-CXEMBI.
ITo Teopeme Kamepona (teopema 1.35 u3 [1]) mu6o E ssnsercs anamaposoit 3-(4A +4,2A +
2,\) cxemoit, mu6o V = (A + 1)(A2 +5A +5) u K = (A + 1)(A + 2), mu6o V = 496,
K =40 u A = 3. CymecrsoBanue 3-(496,40,3) cxembl HemsBecTHO. JlOMOTHUTEBHBIN Tpad
K Giiounomy rpady 3-(496,40,3) cxembl cubHO peryiisipen ¢ napamerpamu (1197,156,15,21).
Taxoit rpad HasoseMm MoucTpoM Kameposa.

Teopema. [lnsg mouctpa Kamepona ' BEIMOMHSIOTCS ciremyroine y TBEPKICHU:

(1) okpectHOCTD JTFO6OI Bepiuubl B rpage | — cuabHO peryisapHseii rpag ¢ mapame-
rpamm (1197,156,15,21) u cmexrpom 1561, 974 —15455 mpmruen mopamox xoxmmkm B 3TOM
rpacge me 6osbirre 105;

(2) muOX)ECcTBO GnokoB C.,,, comepxarmx Touky x cxembl E, spisercs 495-kokaukorr
rpaga ', ams koropoit mocturaercs paBeHCTBO B rpaHunax Xopmana u I[BeTkoBuya;

(3) moarpag I'—C', cunpHO peryiisapen ¢ mapamerpamu (5643, 1092, 141, 228) u cnekTpom
10921, 95148, —96494,'

(4) mmsa pasmmansrx Touek x,y cxembl B mmeem |C, N Cy| = 39, npudem a1 KOKInkn
Cy — Cy rpaga I' — Cy, nocruraercsa paBeHCTBO B rpaxune XogpmaHa.

CHUCOK JIUTEPATYPBI
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KodakTopbl cy6HOPMAIBHBIX NOATPYIII 1 MHBAPMAHTHI KOHEYHOU pa3perinMon
TPYNIIbI

B. C. MonaAxosB, N. JI. Coxop

PaccvaTpuBatoTcst Tonmbko KoHeuHble rpynmbl. 3anuck H < <G o3mauvaer, uro H —
cybHOpManbHas nonrpymnmna rpynnsl G, |G : H| — unanexc nonrpynnesl H B rpynne G,
|G| — mopanox rpymmer G, m(G) — MHOXKecTBO Beex mpocThix memutenein |G|, Kpowme
toro, ®(G) — momrpynna Pparrtunu, r,(G) — p-paur, r(G) — paur, [,(G) — p-nauHa,
n(G) — wmnbnorentHas minHa, d(G) — OpoumsBomHAS IMHA paspernmoi rpymmnsl G, a
p(n) — MaxCUMyM IIPOM3BOMHBIX [IJINH BIIOJIHE IPUBOAUMBIX PA3PEIINMBbIX TOATPYIII OTHON
mureitHon rpynnet GL(n, p).

C xaxmoit monrpynmoit H rpynner G CBA3aHBI OBe HOpMaJbHbIE B (G MOATPYIITBI —
HOpMasIbHas obomouka HE u snpo He. Hopmanbaas o6omouka HC siBiseTcs HamMeHbIIeR
HopMmasibHOl B (G momrpymmnoi, comepxkareir H, a sopo Hg — HanbombIeln HOpMaILHON
B G momrpymnmoit, conepxkaeiics B8 H. Pakrtop-rpynna H/Hg HasbBaeTCsS KODaKTOPOM
nmonrpynmnsr H.

B pabore [1| ucciemoBanuch MHBAPUAHTHI (HWIBIIOTEHTHAS W [POU3BOMHAS JINHA,
p-IUINHA U PAHT) paspermmMoil rpynnsl (G B 3aBUCHMOCTH OT 3HAYEHUN UUCIIOBON (hYyHK-
i t(G), KoTopast ONpenessaIach CIEAYOIIM 00pa3oM:

t(G) = max {7 | P TIHE s HI}, H(G) = mazyenaty(G).

Bamuce p™ T|HY : H| osmauaer, uto p™ memut |HC : H|, a p™*! me nemur |HY : H|.
EcTecTBEHHO BO3HUKAET 3a1ada N3YUeHNs NHBAPUAHTOB KOHEUHBIX PA3PEIINMbIX DY
B 3aBUCUMOCTU OT KAHOHUYECKUX pasnoxkenuit |H : Hegl.
Beenem cnenyrorme GyHKIUN HA MHOXKECTBE BCEX PA3PEIINMBIX TDYIII:
uy(G) = max {j | P’ T|H : Hg|}, u(G) = max u,(G).
P H<J4G ’ pen(G) '
IlokazaHa CiemyioIas TeopeMa.

Teopewma. Ilyctes G — paspemmmast rpynmna. Torma cripaBeaIuBbI CIAYIOIINE Y TBEP-
KITCHUA:

1) 15(G) < 1+ uy(G) mr(G) < 1+u(G);

2) 1p(G) <1+ up(G);

3) n(G) <d(G/P(G)) <1+ p(1+u(G@)) <4+ u(G).

CHUCOK JIUTEPATYPBI
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B3auMHO nnepecTaHOBOYHBIE IPOU3BENEHMS PACIINPEHHO C-CBEPXPA3PEHINMbIX
KOHEYHbIX I'PDYHII

E. H. MBICJIIOBEL

PaccmarpuBatorcs Tonbko koHeunble rpymmel. B 1988 romy B.A. Benepuukosbiv [1]
OBITIO BBEIEHO TIOHITUE C-CBEPXPa3peInMon rpynnsl. ['pymma Ha3bIBAETCs C-CBEPXPa3PEIIn-
MO, ec/iu OHa 00JamdaeT TJIABHBIM PIIoM, GAKTOPhI KOTOPOrO M30MOPGHBI TPOCTHIM T'PYII-
nam. B pa6ore [2] GbUIO MpemokeHo erre 0aHO OGOOIIEHNe CBEPXPA3PEIINMOCTH [PYIIIL.
I'pynna (G Ha3BIBaETCs PACIIMPEHHO CBepxpaspermmMoil 2|, eciaum yobast CHIIOBCKAsI TOMI-
rpynmna rpynnst G sBisercs P-cybropmanbaon B G.

B [3] BBemeHo mOHSATHE PACHINPEHHO C-CBEPXPA3PEIIMMON TPYIIIbI, 0600IIIA0IIee OIHO-
BPEMEHHO TOHSITUS C-CBEPXPA3PEIINMON 1 PACIIIHPEHHO CBEPXPAa3PEIIMON T'PYII.

Onpenenenue bynem ropoputh, uTo rpynna (G sIBISETCS PACIIMPEHHO C-CBEPXpPas-
pELINMON TPYIION, eClIu ee KaXObI HeabeJIeBbIN TJIaBHBIN (GakTop mM30MOpdEH IPOCTONU
rpymie, a s Kaxzaoro adenesoro riasuaoro dakxropa H/K rpynna H/K XN G/Cq(H/K)
SIBJISIETCST PACIIIAPEHHO CBEPXPA3PEIITIMOIA.

Cornacuo [4], rpynna G = H K Ha3bIBaeTCs IPOU3BEIEHIEM B3aUMHO [EPECTAHOBOUHBIX
nonrpynn H n K, ecnmu H nepecTanoBouHa c jr06oit noarpynmnon u3 K, a K nepecTaHOBOYHA
¢ mobont monrpynmoit w3 H. Yepes Kg (K¢) obozmatum [4] MHOXKECTBO Bcex (abeIeBbIX)
KOMITO3UIIMOHHBIX (DaKTOPOB Ipynibl (G ¢ TOYHOCTBHIO 10 M30MOPPU3MA.

Teopema. CrnpaBeauBsl CJIEIYIOILIHUE Y TBEPKICHUA:

1) mycts rpynna G = HK, rme H n K — B3auMHO mepecTaHOBOYHBIE PACIIIPEHHO
c-cBepxpaspernmble noarpynmner, npuaeM KE\KY NKE\KY = 0. Toroa G — pacruuperHO
C-CBepXpa3permMas Tpyma.

2) mycts rpymma G = HK, rme H u K — B3auMHO mepecTaHOBOYHBIE IIOATDYIIIHL,
npudem H — kBasumHmIBIOTEHTHas, a K — pacIIIpeHHO c-CBEpXpa3pelIuMasi IOAT DY I
rpyroner G. Torma G — pacHIIpeHHO C-CBepXpa3pernMasi TPYIIIIa.

CaenctBue. Ilycts G = HK, rme H u K — B3aunMHO mepecTaHOBOYHBIE PACIITUIPEHHO
c-cBepxpasperunMblie noarpynnel, npudeM (|G : H|,|G : K|) = 1. Torna G — pacmupeHHO
C-CBepXpa3pelmMas Tpyma.

CHuCOK JIUTEPATYPBI
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[3] Bacmases A. @., Mrrcnoser E. H. Koneunble cw-cBepxpaspeliuMble IPYIILL 1 IPOU3BEneHus: 0606-
weHHo HOpManbHbIX noarpynn // penpuat N2. TTY um. ®@. Ckopunbl. 'omens. 2014. 18 c.

[4] Ballester-Bolinches A., Esteban-Romero R., Asaad M. Products of Finite Groups. Berlin/New York:
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KouTprpumepb! K HEKOTOPBIM T'AIIOTE3aM O IIPOHOPMAJILHOCTH XOJIJIOBBIX
HNOArpYHII

M. H. HECTEPOB

Beromy uepes m o6o3HauaeTCss HEKOTOPOEe (PUKCUPOBAHHOE MHOXKECTBO IPOCTHIX YHCE]T.
IMonrpynma H komewnoi rpynnsl G HA3BIBAETCS T-Z0AA0601, €CIN OHA ABIISETCS T-TPYIIION
(T.e. BCe MPOCTBIE MEIUTENN ee MOPSIKA JIeXKAT B ), & €€ UHIEKC He NeJINTCS HA UUCIIa U3
7. Honrpynma H HasbIBA€TCS L0440601 TMOATPYIIION, €CIIM OHA SABIISETCS T-XOJUIOBOW IS
HEKOTOPOTO MHOXKeCTBa 7 (9KBUBasIeHTHO, eciu |H| u |G : H| B3auMHO IpOCTHI).

[lNoBopsT, uro nmogrpynmna H rpynnst G npowopmasvha, €Ciau Ojs JII000ro djeMeHTa
g € G monrpynnst H u HY conpsixkenst B moarpymme (H, HY).

B «Koyposckoil Terpanms 3amucana ciemyioras npobiaema [1, 18.32]: Bcerma mm xos-
JIOBa, MIOATPYIIIA KOHEYHOU TPYIIILI IPOHOPMaIbHA B CBOEM HOPMAJILHOM 3aMbikanuu?! OT-
puIaTeIbHOE PEIeHre MPOOJIeMBI TaéT CIIemyoIast

Teopema. IIycTs MHOX)€CTBO OPOCTBIX YHCET T TaKOBO, UTO

(1) cymecrByer npocras rpynma X , cogepxkarias 60Jiee OTHOTO KJIACCA COMPSKEHHBIX
T -XOJIJTOBBIX IIOAT PYIIIT;

(2) cywectByer mpocras rpynma Y, comepikalnas T-XOJIOBY HOATPYHILY, OTJIMIHYIO
OT CBOEro HOPMAaJn3aTopa B Y .

Torma B perymapuom cmierernu G = X 'Y cymecTByer HEmpoHOpMAJIBHAS T-XOJIIOBA
[IOATpYTIIa, HOPMAJIBHOE 3aMbIKaHue KOTOpol coBmanaet ¢ G.

YcoBusIM T€OpeMBbI yIOBIETBOPSIET, HAIpUMeEpP, MHOXKecTBO {2,3}: rpymma X = L3(2)
COIEPKUT IBa Klacca CONPsKEHHbIX {2, 3}-xommoBbix moarpynm u rpynma Y = Lo(16) co-
nepxkut {2, 3}-X0IIIOBY TOATPYIILY, OTINYHYIO OT CBOETO HOpMAaJmM3aTopa B Y.

[Monrpynmy H rpynmel G Ha3BIBAIOT CUALHO NPOHOPMAALHOU, €CITU IS JII0OO! IOI-
rpyansl K < H u mio6oro simementa g € G noarpymma K9 conpsikeHa ¢ HEKOTOPOU IMOI-
rpynnoit u3 H (HO HeobGs3aTensHo ¢ K) ¢ momorbio snementa u3 (H, K9).

[Momyueno Takxke orpunaTenbHoe perenue npobiaemsr [1, 17.45(6)]: Bepuo mm, uTo
XOJIJIOBBI MTOATPYIIILI IPOCTBIX IPYII CHIILHO TPOHOPMAJIBHEI? A MMEHHO, TOKAa3aHO, UTO
S10(7) comepxkut {2, 3}-X0/IOBY MOAIPYIILY, HE SIBIISIIOLLYIOCS CUIIBHO TPOHOPMAIbHON. OT-
METHUM, 9TO paHee He OLIJIO0 U3BECTHO IPUMEPOB MPOHOPMAJILHBIX, HO HE CUJILHO ITPOHOP-
MAJIBHBIX XOJJIOBBIX TOATPYIIIL.

Pa6ora seimonsena npu nomnepxkke PH® (nmpoext 14-21-00065).

CIUCOK JINTEPATYPHI
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Pasnoxenune JleBu nsisi koBpoBbix noarpynn rpynnsl lleBasisie Han mosiem

91. H. Hy>XuH

[Iycrs & — npuBemennas HepasmoxuMmas cucteMa kopheit, F(®, K) — rpynna [le-
Basle Tuna P HaL KOMMYTATHUBHBIM KOJBIOM K C enuHUIEl, TOPOXKIEHHAS KOPHEBBIMI
nonrpymmnamvu z,.(K) = {z,.(t) | t € K}, r € ®. Kospom muna ® nad K nasbBaeTCs
Habop anmuruBebX noarpymnn A = {A,. | r € ¢} xompua K ¢ ycaoBuem

Cijyrsilliillg C Uiryjs, 1,8,ir+jse®, 1,5>0, (1)

roe AL = {a' | a € A, }, axoucrante: Cjj s paubt £1, +2 mmm +3. Brmouenns (1) mpoucxo-
AT U3 KOMMYTATOPHOI (hOPMYJIBI OISl KOPHEBBIX 3JIeMEHTOB. Beaxui kosep 2| onpenernsger
Kosposyo nodepynny E (), mopoxnennyio nogrpynnamu z,(2A,.), r € ®. Kosep 2 nHazosem:
HENPUBOIUMBIM, €CITH BCE €ro aqAUuTUBHBIE MOATPYIIILI HEHYJIEBLIE; YHUNOMENMHbIM, €CIIA
HyJIEBbIE BCE €ro a[AUTUBHBLIEC TIOATPYIILI, WHICKCHPOBAHHBIC OTPUIATEILHBIMU KOPHAME
OTHOCUTEITHHO HEKOTOPOUN DYHIAMEHTAIBHON CUCTEMBI KODHEN.

Teopema 1. Kosposas moarpynma E(21) rpynner Illeamne tuma ® nmam momem K
SABIACTCA HOIYIPAMBIM MPOU3BEACHUEM ITOATPYIIIT

E@AT) = (2, (A) |re®, A #0, A_, =0)

BF) = (z,(%,) | r €@, A2A_, #0)
¢ anpom E(AT), npmuem noarpynmna E (A1) onpenensercs yaumoreHTHBIM KoBpoM Tuma P, a
noarpymna E(AY) aergercs neHTpaasHBIM IpOM3BeIEHIEM KOBPOBBIX HOATDYIIM, KaXKIAd I3
KOTOPBIX OMPEAeaIeTCs HEIPUBOAUMBIM IOAKOBPOM Tumna P; A1 HEKOTOPOH HEPA3TIOXKUMOHT
moacucreMbl KopHenr ©; cucrembr P.

JToka3aTeabCTBO S5TON TEOPEMBl OMUPAETCs Ha jlemMMy 2 u3 [1], KoTopas yTBepxKmaer,
qTO JTI000W KoBep Tuma P Ham mojeM SBIsSETCS OObeNMHEHHEM YHUIIOTEHTHOTO KOBpa U
OIIpENEeSIEHHOT O YKCJIa HEITPUBOAUMBIX MTOIKOBPOB, COOTBETCTBYIOIINX HEPA3TOXKUMBIM TOMI-
cuctemam Kopuelr cuctembl . Teopemy 1 MOXHO paccMaTpuBaTh KaK aHAJIOT PA3IOKEHUS
JleBu mis mapaGonuueckux nonrpynn rpynn lesamie Ham nonem (cMm. [2, Teopema 8.5.2]).

CHUCOK JIUTEPATYPBI
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K Teopum nmeHTpasIbHO CPABHUMOCTU 3JIEMEHTOB I'PYHIbI

JI. 1. TEHAEBA, U. U. [1ABIOK, H. U. ITABIIIOK

st moctpoernst mapel Ppobennyca (G, M) (B repmunomoruun B.II. IlymkoBa) BBe-
IICHO MOHATIE [EHTPAIBHON CPABHIMOCTH 9JIEMEHTOB TPYIIIBLL U IOy Y€H PSI Pe3yIbTaToB,

CBSI3QHHBIX C [EHTPAIBHON DKBUBAJIEHTHOCTHIO W MOHATHEM MmomyssTtopa M = M (a) =
{z/x1=":a} [1].
Teopema 1. IlIycts G - rpynma. Torma (Va,g € G) (M (a))? = M (a9)).
Teopema 2. B rpynme G 6e3 uenrpa (Z (G) = e) ucruna ¢popmyia
(Vg,z € G) (Va € G) (M (a))? # (M (a))") < ((M ()" N (M (a))? = {e}).
CIMCOK IATEPATYPEI
[1] HMasmarox Wu. V. T'pynnbl ¢ OTHOLIEHWSMU CPABHUMOCTHU [JIsl TOATPYII U DJIEMEHTOB: MOHOTpadus.

ITaBnomap: Kepeky, 2013. - 121 c.
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Y 6nIBarolLe MHBAapPpMaHTHBIEC PAABI IIOATPYIIII B IIPDOKOHEYHBIX I'PDYIIIIax

K. H. IIOHOMAPEB

Y6b16 a10WuM UHE APUGHMHBIM PAIOM N0J2PYNN TOTOTOTHIECKON TPYIIbl (G HA3BIBACTCS
CTpOro yOBIBaroIlias BIIOJTHE YIOPSIOYEeHHAs M0 YOBIBAHWIO CHCTEMa 3aMKHYTBHIX HOPMAaJIb-
HBIX TOArpymil rpynnsl G, UCXOmsIas u3 Bcell rpynmbl (G, U MOXOMSIIAS M0 eIUHITHON TTOI-
rpymnmel. CTpouTcest Teopust yOBIBAIOIIINX NHBAPUAHTHBIX PSIIOB OECKOHEUHBIX TTPOKOHEUHBIX
rpynmn. B kadecTBe MPUIOXKEHUST yCTAHOBIIEHO, UTO MOIITHOCTH OECKOHEUYHOUW MPOKOHEUHON
rpynnel G BBIpaKaeTCs SKCIIOHEHTOI ee Beca: |G| = 2uw(@),

YObIBAOIUI WHBAPUAHTHBIA DS MOATPYIIT OEeCKOHEUHOU Tpymnnbl (G HA3BLIBAETCS Ka-
AUOPOBAHHBIM PAJOM, €CIU HA KAXKIOM Illare MPOUCXOMOUT CyXKeH!e TPYINBI PsAma OO ee
HOPMAJILHOU TTOATPYIIIBI KOHEYHOT'O WHIIEKCA.

Teopema 1. Paccmorpum 6eckoreuryto npokoneunyro rpymnny G Beca w(G).
YrBepxkmaercs, uro B rpymie G UMEOTCS KaJIuOPOBAHHBIE YOBIBAIOIIINE HHBAPUAHTHBIE
psaber noarpynn €. IIpu 5ToM MOITHOCTE JTFOO0T0 TAKOrO psAa COBOAAAET C BECOM T'DYIIIHI,

p(€) = w(G).

Teopema 2. JIoboit ybpIBaroIuii MHBAPUAHTHBIN DS HOATPYII OGECKOHEUHON ITPOKO-
HeuyHo rpynnbl G YIZIOTHIETCS A0 HEKOTOPOIro KaJIHOPOBAHHOIO PsIA.

B gactHOCTH, MOIITHOCTE JTFOOOTrO YOBIBAIOIILIErO0 HHBAPUAHTHOIO PSa MOATPYIIIT I DYIIITEI
(G He mpeBOCXOMUT Beca I'PYIIIBL:

p(R) < w(G).

Teopema 3. MorHOCTE 6€CKOHEYHON MPOKOHEYHOH rpyrnbl (G BEIPAXKAETCS SKCIIOHEH-
TOH ee Beca:

|G| = 2w,

OTMeTnM, YTO XOTS DTO YTBEPXKIEHIE MAJIO M3BECTHO, OHO HE SBJISIETCS HOBBIM, IIO-
CKOJIBKY BBITEKAaeT 13 00IIeil TeopeMbl ApPXaHIMeJIbCKOTO O MOIITHOCTH OMHOPOMHBIX KOM-
MAKTHBIX XayCIOPGOBBIX TOMOIOTUIECKUX ITPOCTPAHCTB.

Pabora BrImonueHna npu ¢puHAHCOBOM MoanepxkKe MuHrcTepcTBa 006pa30BaHUS U HAYKU
P®, o rocymapcrennomy 3amanuio N.2014 /138, mpoekt 1052.

HI'TY, Hosocubupck
E-mail: ponomaryovengs.ru
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06 a6eneBpix 3-rpymnmnax Illypa
I'. K. PgasoB

ITIycts G — KOHeuHas rpymma ¢ equHnnei e, ZG — HeI0YUCICHHOE T'PYIIIOBOE KOJbIIO,
X =)  cx . Komeno A C ZG naszpiBaeTcs S-komploM Hal rpymmoii G, eciam cymecTByeT
pasouenue S = S (A) rpynnet G Takoe, uto (1) {e} € S; (2) ecm X € S, To X! =
{z7z e G} €S; 3) A= Spanz{X: X € S}. Hycrs I' — rpynma moncranoBok sie-
MeHTOB rpymnel G, mpudeM Grighe < I' < Sym (G), roe Grigne = {x — 29, € G: g € G}.
Momoxum A= A(I', G) = Spanz{X : X € Orb(I'c, G)}, rme I'. — crabummmsaTop TOUKH
e B rpynne I'. Torma Z-momyns A saBiserca S-xombroMm Hapn rpymmon G.  S-xombmo A
Han rpynmnoit G HaseiBaeTcs wyposvim, ecmu A = A (', G) mis HEKOTOPOR TpyIIBI MOMI-
cranoBok I'. Komeunas rpymnma G HasbIBaeTCAa wypoe6oti, eCim Kaxkmoe S-KOJIBIO HAI Heil
Iy POBO.

Henasuo B [1] 6butn mosyueHbl CUIIbHBIE HEOOXOIMBIE YCIIOBUS IIIyPOBOCTU abGesIeBbIX
rpymn. W3 HuX ciemyeT, 9TO TOMBLKO TPYNNbL Z3 X Zsn TpH 1. > 1 MOrYT OBITH HEIMK/IIde-
CKMI abeIeBLIME 11y POBLIME 3-TPYIIAMU, OTJIMYHBIMI OT TPYHNL Z3 X Zz X Zsz. B pabore
MOKA3aHa CJIeMyIOIIast

Teopema 1. I'pynmser Zs X Zsn mpu n > 1 OIypoBEL

DTOT pesynbTaT 3aBeplIaeT KIACCH(PUKAIIO IIyPOBLIX p-TPYII, IIe P HEYeTHOE MPO-
croe. VI3 Teopemer 1 1 paHee M3BECTHBIX PE3yILTATOB CIICHAYET:

Teopema 2. Ilycts p — HeweTHOe mpoctoe ducyo. Torma p-rpymma G mryposa, ecim
u Tosbko ecau G uukmmdeckas wimn p = 3 u G u3oMoppHA OTHOU U3 CACAYIOIIAX TPYIIIL:
ZgXZgXZg,ZgXZgn, n>1.

CIuCOK JIUTEPATYPHI

[1] Evdokimov S., Kovacs I., Ponomarenko I. On schurity of finite abelian groups, subm. to Comm.
Algebra, http://arxiv.org/abs/1309.0989 [math.GR], 2013.
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O mepeceuyeHnu f-aGHOPMAJIBHBIX MAKCHUMAJIbHBIX IIOATIPYNI B pa3pernmMbIX
rpynomnax

M. B. CeabkuH, P. B. borponuu

B Teopum kOHEUHBIX TPYII XOPOIIO U3BECTHA Kiaccmdyeckas pabora ['.Ppartunum [1],
MOJIY YUBILAsI CBOE PA3BUTHE B PA3IMYHBLIX HampasieHusX. B paGore [2] B.I'amrouem uccire-
IOBAJINCDH TIepecevdeHus: abHOPMAJIbHBIX MaKCUMAIbHBIX noarpymni. B.Ileckuucom [3] uccie-
JIOBAJTICH TI€PECEUeHUs] MAKCUMAJIBHBIX IMMOATPYII ¢ OTPAHUYCHUSIMI Ha WHOEKCHI. Pa3BuTue
B 60-x romax Teopuu GopMaInii, MO3BOIMIIO CUCTEMATU3NPOBATE HAKOMUBIITANCI OOTATHIT
dakTuIeCKuil MaTepuaa O MAKCUMAIBHBIX MOArPYIIaXx. OJTOMY CIOCOOCTBOBAJIO BBEIEH-
Hoe B paborax P.Kaprepa, T.Xoykca [4] u JI.A.IllemerkoBa [5] monsTue F-aGHOPMAIILHOI
MaKCAMAJIBHOW TTONTPYIIIIHI.

Teopema. Ilyctp § — smokaapHas gopmanms PurTHHTa, comepxkallas BCe HUJIBIO-
reraTHble rpynnbl. Ecawm B paspernvor rpymnme G CylecTBYIOT §-aOHOpMAabHBIE MAKCHU-
MaJIbHBIE MIOATPYIIBI, He MpUHAAICKAIINE GOpMald § U HE COAEPKAIINE §-PaauKaj, TO
mepeceveHre BCeX TAKUX MOATPYII IPUHAIIEKHAT §.

Ecnu § — dopmanus BceX HUIBIOTEHTHBIX T'PYIIN, TO U3 TEOPEMBI MOy IaeM

CnencrBue. Ilycte G — paspemmmas rpynna. Ecaum B rpynme G cyirecTByrOT He-
HUJIBIOTEHTHBIE AOHOPMAJIbHBIE MAKCHUMAaJIbHBIE IOATPYIIIEL, He cogepxkarirme F'(G), To me-
pecedeHne BCeX TaKUX MOATPYII HUIBIIOTEHTHO.

CIUCOK JINTEPATYPBI

[1] Frattini G. Intorno alla generasione dei gruppi di operazioni // Atti Acad. Dei Lincei 1885. Vol.l.
P.281-285. B

[2] Gaschiitz W. Uber die ®-Untergruppen endlicher Gruppen // Math. Z. — 1953. — Bd. 58. — S. 160—
170.

[3] Deskins W.E. A condition for the solvability of a finite group // III.J.Math. — 1961. — Vol. 5. — Ne 2,
P. 306-313.

[4] Carter R., Hawkes T. The §-normalizers of a finite soluble group // J.Algebra. — 1967. — V. 5, Ne 2
— P. 175-202.

[5] Iemerxkos JI.A. Ctynenuarsie dopmanun rpynn // Marem. ¢6. — 1974. — T.94, Ne 4. — C. 628-648.
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O TouHO TpMXKOBLI TPAH3UTUBHLIX rpynmnax u nojisx Kep6u-Turca

A. . Co3yTOB

I'pynna G nepecranoBok muoxkectBa F' (|F| > k) masbiBaeTcs mouno k-mpanzumu-
6-not Ha F', ecnu miis JOOBIX OBYX YIOPSHOYEHHBIX MHOXKECTB (Qt1, ..., k) u (B1, ..., Bk)
3JIEMEHTOB 13 I’ Takux, 9To ; # o u 3 # [ I © # j, CyIIeCTBYeT TOYHO ONUH 3JIeMEHT
rpynnel G nepesomsammit «; B ; (i = 1, ..., k). Cormnacuo m3BecTHBIM pesyibraTam K.
Kopmana, 2K. Turca u M. Xomna (cm., Hanpumep, [1][ctp. 215]) npu k& > 4 Touno k-
TPAH3UTUBHBI TOJIBLKO CUMMETPUIECKHE TPYIILL Sk, Sk U 3HAKONEpeMeHHas rpymnna Ay o,
a rtakxke rpynnsl Martse My (kK = 4) u My (kK = 5). Koneunble TOUHO 3-TpaH3UTHUBHBIE
rpynnsl kinaccubunuposai ['. Haccenxays [2], a mokanbuo xoneunwse — O. Kerens [3].
B [4][reopema 2] mokazaHO, YTO TOYHO TPUKILI TPAH3UTHUBHAS TPYIINA MEPECTAHOBOK C
[EePUOINIECKIM CTAbIIN3aTOPOM ABYX TOUEK JIOKaIbHO KoHeuHa. Crabunusarop G, TOUKHI
a B TouHO (k + 1)-TpamsutuBHOll rpynmne G mepecTaHOBOK MHOXKeCTBa X NefiCTByeT Ha
muoxkecTtBe F' = X \ {a} Touno k-rpansurtuBHO. DTO HaMedYaeT MHIYKTUBHBIN II€PEXOI,
HO IENCTBYIOLINI CKOpee B 0OPATHOM HAIIPABIIEHNN, TIOCKOJIBKY yCIIOBUE k-TPAH3UTUBHOCTH
cymecTBenHO ciabee yemosus (k + 1)-rpamsutusroctn. He kaxmas TOYHO 2-TpaH3UTUBHASL
rpynna T’ Broxuma B 3-TpaH3uTuBHYyIO rpynny G B KauecTBe crabuiamsaTopa TOYkU. Ho
eCIM Takoe BIIOXKEHWUE eCTb, TO IJId u3ydeHus: 1 TOSIBIISETCS MOMOJHUTEILHBI PECype B
BUJIe BHEIITHEI'O WHBOJIOTUBHOIO aBTOMOP(U3MA.

B Hamem nokmame pedb MONAET O TOYHO 3-TPAH3UTUBHBIX TPYNIAX U CBI3AHHBIX C
auMvu K T-nosax [1, v, V] npu DONOMHUTENBHBIX yCIOBUSX CYIIECTBOBAHUS B UCCIIELYEeMOIT
rpynmne G KOHEUHOI, COBEPLIEHHO WM HOYTH COBEPILEHHON MHBOJIIOLUL.

NuBomonust j Geckoneunoin rpymmbl (G HasbiBaeTcs koneuwol 6 G, ecnm |jj9] < oo
IUTsl KaXKIOro sjeMenTa g € G; cosepwennot 6 G, ecim mo0ble OB HENEPECTAHOBOUHBIX
wHBOMONUN 13 ¢ COMPSKEHBI MPU MOMOIIA WHBOJIIONMM U3 3TOTO JKe KJIacca; W Nowmu
cosepuennoti 6 G, ecim mobble mBe WHBOMIONMI u3 j©, MOPAMOK MPOM3BENEHNs KOTOPbIX
GECKOHEUeH, CONpsKEeHb Ty ToMomm maBomoman w3 j< [5][cTp. 15].

Pa6ora nonnepxana POPDPU (rpanr 15-01-04897 A).
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O rpynnax ¢ ¢ppo6eHnyCOBbBIMU 3JIEMEHTAMU

A. 1. Co3yToB, A. M. IIonos

Omement a rpynnsl G HasbiBaeTcs H-gpobenuycosvim, ecmu H — cobcTBeHHAsT TMOMI-
rpynna B G u Bce moarpymnnsl Buma L, = (a,a?), rne g € G\ H, sSBasioTCs IpynmaMu
PpobeHnyca ¢ DOTOTHEHUSIME, COMEPKAIIUME 3JIeMeHT a. [Ipu sTom rpymnma L HazbiBaeTCs
epynnoti Ppobenuyca ¢ donoanenuem T u gdpom F'; ecmu F' u T — cobCTBEHHBIE TTOATPYIIITHD
BL TNT* =1mgmax € L\T, L =FXT u xaxnplil ojieMedT u3 L comepxkurcs au6o
B I, mubo B mekoropoi noarpymme 177 (cm. Bompoc 6.53 u3 [1]). Heemuauunetit simement b
rpynnel G Ha3BIBaeTCs Koneunvim 6 G, ecnu mitst joboro g € G monrpymnmna (b, b9) koneuHa.

Honyctum B G ectb H-ppobeHmycOBBIN d71eMeHT a mopsinka > 2. bymer aum B sTOM
citydae oObequHeHre BeeX smep (GpobeHmycoBbIX Moarpynn rpynmnsl G ¢ monoiaHeHneM (a)
moarpymnmon? (OcobeHHO MHTEPECeH CIydall, KOTIa JIEMEHT @ C JIFOOBIM CBOUM COIIPSIKEH-
HBIM TOPOXKIAIT KOHeuHyto moarpymnmy (Bompoc 10.61 w3z Koyposckoit Terpanu [1]).

[TonoKuUTENbHBI OTBET Ha BTOPYIO YaCcTh JAHHOrO Bompoca upu |a| ¢ {3, 5} 6bu1 momy-
ven B [2]. Ilns cayuas |a| = 2n > 2 Bonpoc 10.61 pemen nonaocTsio B [3]. B [4] uccienosan
ciyyait |a| = 3n > 3. Ilpu 5ToM B [2] CyIecTBEHHO UCIOIB30BATIACH KOHEUHOCTD IIOATPYIII
Ly, B [3] — abeneBoCTb TPYII € PACIIEIUISIOIIIM aBTOMOPGU3MOM MOPsIOKa 2, a B [4] —
HUJIBIOTEHTHOCTE saep (GpoOeHmyCOBBIX TOArPyIH L.

Teopema. Ilycrs a — H-ppobernycossiit siemenT rpynnbl G u sapa Bcex ¢ppobeHmy-
cospix moarpymir Ly = (a,a?) npu g € G\ H annsnorenrrsr. Ecin |a| > 5 u noarpynna (a)
comepxut koHeunbi B H smement b, To o6benunenne F Bcex smep (hpoOGEHIYCOBBIX TOJ-
rpynn rpynnel G ¢ gononHeHmeM (a) ABJIAETCA MEPUOIUIECKON HOPMAJBHOU MOATPYIIIION
rpymner G u G = FH.

Pa6ora nmonnepxana PODPU (rpant 15-01-04897 A).
CHUCOK JIUTEPATYPBI
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K Bompocy 06 anmnpokcuMupyemocTu KopHeBbiMu KJjiaccamu HNN-pacumpeuuin
C LIEHTPAJILHBIMI CBA3aHHBLIMU IIOATPYIIIIaMMT

E. B. CokonoB

Cormacuo [1] comepxkartuit XoTst ObI OMHY HEEIUHUIHYIO TPYIILY Kiiacc rpyni C Ha3bIBa-
€TCsI KODHEBBIM, €CJIN OH 3aMKHYT OTHOCUTEIBLHO B3SITUS MOATPYII U IPSMBIX IPOU3BEIEHUIHT
KOHEYHOI'O YNCIIa COMHOXKWUTEJIEN, a TaKyKe YIOBJIETBOPSET CIeOyIOIIEeMY YCIIOBHUIO: €CJII
X — mexkoropas rpynmna n 1 < Z <Y < X — cyOHOPMaJIBbHBIN P TPynmnbl X TakKOW, 9TO
X/Y,Y/Z € C, o B rpynne X cylecTByeT HOpMajbHas moarpynna 1’ takas, uro T C Z
u X/T € C. MoxHO mOKa3aTh, YTO KOPHEBLIMIU SIBIISIOTCS T€ U TOJIBLKO T€ HACIEICTBEHHbIE
KJIACCHI TPYII, KOTOPbIe 3aMKHYTHI OTHOCUTENBHO NeKaPTOBLIX CIIeTeHuil [2].

I. B. T'ompuossv [3] ycranosiero, uro eciau C — 3aMKHYTBHII OTHOCHTEIBHO (HAKTO-
pu3anuu KopHeBou kiacc rpynn u B € C, Tto npousBoibaoe HNN-pacmmpenue rpynmner B
C TPUBUAJILHO MEPECEKAIOIINMICS IEHTPAIBHBIMU CBI3aHHBIMU MOATPYIIIAME AMIPOKCIMU-
pyercs kmaccom C. YacTuusbIM 0006IIIEHHEM 3TOrO pe3yIbTaTa SIBISIETCS MPUBOINMOE
najee yTBepXKIeHUe, B KOTOPOM OTCYTCTBYeT TpebOBaHWE TPUBUAIBLHOCTU II€PECEeUeHIs]
CBSI3AHHBIX IONTPYIIIL.

Teopema. Ilycts C — 3aMKHYTBIH OTHOCUTEIBHO (PAKTOPU3AIUI KOPHEBOH KJIACC
TPYIII, comepKaIuii XoTs 6bI OqHY Hemepumommdeckyto rpymmy. Ilycrs takxke G — HNN-
pacimpesne HeKOTOpOI rpynnbl B co cBsa3aaabiMu nogrpynmavu H n K | gexarimmvu B 11eH-
Tpe B. Torna cienyrorue yTBEPKACHUS PABHOCUIBHBI U IPU BBITOJHEHUU JTFOOOTO U3 HUX
rpynna G annpokcumupyercs kiaaccoM C.

1. CymectByer romomopgusm rpymmsl B Ha rpynmy u3 kiacca C, HWHBEKTHUBHBIR
Ha noarpynmax H u K.

2. CymectByer romomoppusm rpynmnsl G Ha rpynmy u3 kjaacca C, UHBEKTHBHBIH
Ha moarpynmax H u K.

B gactaocTu, ectm B € C, To rpynna G C-anmpokcuMupyeMa.

CHUCOK JIATEPATYPLI
[1] Gruenberg K. W. Residual properties of infinite soluble groups // Proc. Lond. Math. Soc. 1957. V. 7.
P. 29-62.
[2] Sokolov E. V. A characterization of root classes of groups // Comm. Algebra. 2015. V. 43, Ne 2. P. 856~
860.
[3] I'omsmos 1. B. Anmpokcumupyemocts HNN-pacimpenus ¢ meHTpaabHBIMU CBA3AHHBIMU TTOATPYIIIIAMEI
KOpHEBBIM KjaccoMm rpynn // Matem. samerku. 2015. T. 97, e 5. C. 665-669.
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O paHrax mjiIaHapHOCTH MHOT000pa3mil KOMMYTAaTUBHbLIX MOJIYyT'PYyHII

II. B. ColoOMATUH

Hacrosimias paboTa mocBsiiiieHa W3y9YeHU0 CBONCTBa mianapHocTu rpados Komu mo-
JIYTPYIII [JIsE MHOTOOOpas3uii KOMMYTaTUBHBLIX IOJIYTPYIIL. A UMEHHO, UCCIEMyeTCs Mpeil-
noxenuoe JI. M. MapTBIHOBBIM TOHSATHE paHTa MJIAHAPHOCTUA MHOTOOOpPA3Us MOJTYTPYIIIL.
HamomuauMm coorBercTBytoiiee onpenenenue. Ilycts V— mpousBosbHOE MHOrOOOpasme mo-
ayrpymmn.  Ecam cymecTByeT Takoe HATYpasibHOE UHUCIO 7, 9TO Bce V-CBOOOMHBIE TIOJTY-
rpymnmel panra < r momyckaroT miaHapHbei rpad Kemnu, a V-cBobomuas momyrpyimna paHra
r + 1 yxe He momyckaeT miaHapHbiil rpad Komu, To parnrom mmamapaoctu V Ha3bIBaeTCs
510 uncio r. Ecmu nms mHOroobpasust V' Takoro HATYpPaIbHOTO YKUCiIa HE CYIeCTBYeT, TO
TOBOPST, YTO MHOTroobOpasme V mmeeT GECKOHEUHBIN pPAHT IIAHAPHOCTH. PaHee aBTOPOM
B (1| HalimeHbl paHru MHOrooOpasuil KOMMYTATUBHBIX MOHOUIOB U MaHA KJIACCHDUKAIINS
9TUX MHOT000OpPAa3Uil MO paHraM IJITAHAPHOCTH.

3mech MBI TPUBOANM MOCTUKUMYIO OIIEHKY PAHTOB INTAHAPHOCTH MHOTO0OPA3Ul KOMMY-
TaTUBHBIX KOMOMHATOPHBIX TOJIYTPYII, T. €. MHOTO0OPAa3uii, He COMEPKAIINX HEeIUHITIHBIX
rpynm. [loxasaHa ciaemyrormiast

Teopema. HerpuBuaabHOe MHOroobpasme KOMOMHATODHBIX KOMMYTATHBHBIX ITOJIY-
rpymamn 6o umveeT OECKOHEUHBIN PaHT IUIAHAPDHOCTHU U IPU 5TOM COBIANAET C MHOT00Opa-
3WeM MOJIYTPYII C HyJIEBBIM YMHOXKEHHEM, JTI00 UMeeT PaHr IIaHapHOCTH < 3.

HokazaTerbCTBO 3TOTO YTBEPKICHUS ONMUPAETCS Ha CIIEMYIOIee, TPEICTABIISIONIee Ca-
MOCTOSITEJILHBIN MHTEPEC U HOBOJILHO O0Illee yTBEPKICHUE.

Ilpennoxeune. Ecium MHOroobpasme KOMMYTATHBHBIX MOJYTPYIII ONPEAETISIETCI CH-
CTEMOH TOXIECTB, BCE CJIOBa BXOMAIIE B 3aIUCH KOTOPBIX UMEIOT AIUHY bojee 2, TO paHT
IIaHAPHOCTH 3TOr0 MHOT00Opa3us He IPEBBIIIAET 3.

CHUCOK JIUTEPATYPBI

[1] Comomarusn II. B. Panru mianapHoCcTH MHOrOO6pasuii KOMMY TATUBHBIX MOoHOUNOB // BecTtnuk Omckoro

yausepcurera. Usn-so: Omckuii rocynapcreennbiii yausepcureT uMm. @.M. IHocroesckoro (Omck). —
2012. — T.4 (66). — C. 41-45.

Owmcrutl 2ocydapcmeennviti nedazoeuveckut ynusepcumem, Omcex
E-mail: denis_2001j@bk.ru

123


mailto:denis_2001j@bk.ru

MausnsueBckme urerus 2015 Teopus rpymnm

Boabume ab6esneBbl monanre6pol anre6p IlleBasisie m 6osbiiine a6esieBbI
HOATrPYHIIbI KOHEYHBIX I'PYIIN JIMeBa THUIIA

I'. C. CYIEIMAHOBA

Anre6py Hlesamte Lg(K) mam monmem K, accOUMUPOBAHHYIO C CUCTEMON KOpHei P,
xapakTepusyioT 6asoit [lleBaste, cocrosiein u3 siaemeHToB e, (r € ®) BMecTe ¢ mOIXO-
naeit Gasoir momanre6per Kapranma [1, §4.4]. Dmements e, (r € ®1) obpasytor Gasy
MaKCHMAJIbHON HUIbIOTeHTHON nonanre6pet NO(K). B [2] sanucana cremyromast 3amada,
uccienosautas npu K = C B [3]: Onucams abenesbl nodaseebpvl Hausblcwet, pasmeprocmau
8 aaeebpe NO(K) nad npouzeoavrvim nosem K.

B xoneuHo# rpymme moarpymnny HanOOIBIIIET0 TOPSIKa CO CBORCTBOM [P Ha3kIBAIOT 60.1b-
woti P-nodepynnoii. Ilpobiema omucanus GOMBIIIX abeIEBBIX MOATPYIIT YHUIOTEHTHOTO
pamukaia U nogrpymnmsr boperst koneunoit rpymnnsr G nuesa tuma (cm. 0630p [4, [Ipobaema
(1.6)]) 3aBepmrena B 2013 romy [5]; w3 HalLEHHOrO peILICHUs BBITEKAET TeopeMma | HILKe.
[Tomanrebpy HamBBICIIIEH Pa3MEPHOCTU CO CBOMCTBOM PP B TPOM3BOJILHON ajrebpe majee Ha-
3pIBaeM Takke 00.4bwoti P-nodaszebpoii. Bonbinime HopMabHBIE abeseBbl MOArpyInsl B U
OIUCAHBL B [6].

Teopema 1. Kaxnas 6osbiias abesneBa nmoarpynna B U aubo mepeBoAUTCS aBTOMOP-
¢uszmom rpynner G B 60MBIIYIO HOpMaJIbHYT0 abeneBy moarpymmay B U, mubo G tuna G u
charK # 3, wmm tuma Fy w 2K = 0, wm tunos 2Dy, 2Fy wmn 2 Fg.

Astopom u B.M. JleBuykoMm, Hapsmy ¢ OMHCAHIEM MAaKCHUMAaJIbHBIX abejIeBBIX IIEATIOB
anre6per N®(K), momydeno ommcanwe Gonbiinx abermeBbIx nmeanioB aire6per N®(K) u
TTOKa3aHa

Teopema 2. B amrebpe Ilepamne Lg(K) Kmnaccmyeckoro tuma Hazm IOJIEM KaXKIOAas
6ostbias abeneBa moganarebpa mogaarebpoer N ®(K) mepeBonurcs aBTOMOPGU3MOM aJIreOpel
Ls(K) B nnean moganrebper NP (K).
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O HOPpMAaJIBHBIX IIOATI'PYIIIIaX I'PYIIII OT'PAaHNYEHHBIX ITOOCTAHOBOK

H. M. CyukoB, H. I'. CY4KkOBA

IIycts N, Z — MHOXKeCTBa BCeX HATYPAJIbHBIX U IEJIBIX UHCEST COOTBETCTBEHHO; M —
m060e u3 5Tux MHOXKecTB; S(M) — rpymnma Beex nomcranoBok MHOx)ecTBa M. Iloncranoska
g € S(M) nazpiBaeTCsI OrPAHUYEHHOI, €CITN

— _ o ,
w(g) = max|a —af| < oo

OueBnOHO, YTO MHOXKECTBO
Lim(M) = {z|z € S(M), w(z) < oo}

ABIIAETCSA Tpymnmoit. B paGore [1] 6uu1 mocTpoen mpumep cMmemanHoin rpynnel H = AB,
roe A, B — J0KaJbHO KOHEUHbIe TOArPYNNbL. 3areM B [2]| ycranosneno, uro H = (g|g €
Lim(Z),|g| < oo). Ipm srom Lim(Z) = H X (d), rne a® = a + 1 npn Bcex a € Z.
dakropusamus cMermannon rpynmnsl Lim(N) nByMs JOKaTIbHO KOHEYHBIME MOATPYIIIIAMN
mokasana B [3]. Tam xe mokasano, uro Lim(M) = (x|x € S(M),w(x) = 1).

[Ipomomxeno u3ydenne rpymn OrPaHNIEHHBIX MOICTAHOBOK.

Teopema 1. Kommyranrom rpymnmsr Lim(Z) sBasercs rpynma H. I'pymma Lim(N)
COBIIAMAET CO CBOMM KOMMYTAHTOM.

Haiimen MeTOM MOCTPOEHMS JIOKAJTBHO KOHEUHBIX HOPMAJIBHBIX TOArPY I rpy st Lim(N).
IIycTs

L= {M17N2,"',Mn,-"} o
OeCKOHETHOe MOOMHOXKECTBO MHOXecTBa N, rme p; < pg < ... < pp < ...; m € N.
OnemeHTHI f1; U [1j OyIeM Ha3bIBATH 1M-3KBUBAJCHTHBIMU, €CIH 100 ¢ = j, mubo i < j
(J<i)mpgrr —pr <m; i <k<j—1({ <k<i—1). O6o3uaunm uepe3 B, (L)
MHOXKECTBO BCEX KJIACCOB 1M-DKBUBAJIEHTHOCTH 3JIEMEHTOB L.

Omnpenenenne. MuoxecTtBo L Ha30BeM m-pacCessHHBIM, €CJI BCE KJIACCHI MHOXKECTBA
B,,(L) KOHEYHBI U BIIOJIHE M-PACCESIHHBIM, €CIH HMOPSAKU STHX KJIACCOB HE IPEBOCXOLAT
HekoToporo uncaa c¢(m). MuoxectBo L 6ymeM Ha3bIBaTh (BIOJIHE) PDACCESHHBIM, €CJIH OHO
(BIIOJIHE) M-paccessHHOEe IIPU KaXK[AOM HATYDAJIBHOM M.

[IycTh i 3JIEMEHTOB MHOXKECTBa L BBITIOJHSIOTCS HEPABEHCTBA [y + 1 < fipy1 (n =
1,2,...0)m

a= (1 p1+1)(p2 p2 +1) oo (o pn +1) ..

Teopema 2. HopmaapHoe 3aMbIkaHue nHBoOnUY ¢ B rpymnmne Lim(N) Toroa u Toabko

TOrAa JIOKAJIbHO KOHEUHO, Koraa L — BIIOJIHE pACCesSHHOe MHOXKECTBO.

CHUCOK JIATEPATYPLI
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[2] Cyukos H. M. O noarpynmnax Ipoun3BeqeHnst JIOKAJIbHO KOHEUHbIX Ipymi, Anrebpa u noruka, 24:4 (1985),
408-413.
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O mopoxkneHHBIX NHBOJIIONUIMU 6€6CKOHEYHBIX MOATPYIIAaX IIOXO0XKUX Ha
rpyunsl ['ostona rpymnn

A. B. TUMO®EEHKO

Brrsicaeno, uro mocrpoennbie B 1980-e romer, [1, 2|, KOHEYHO MOPOXKIEHHBIE GECKO-
HEYHBbIE TOATPYNIbI 6ECKOHEUYHOTO MHIIEKCAa HEKOTOPBIX 2-rpymnn ['omoma ¢ 6eCKOHEUHBIM
IIEHTPOM MOTYT TOPOXKIATHCS MHBOJTIOIUSIMI.

Teopema. [ling kaxmoro r > 2 m Kaxmoro d > r MOXKHO ITOCTPOUTH (PHHUTHO Aall-
IPOKCHUMUPYEMYIO T-IIOPOKAEHHYIO 2-TPYIILY ¢ 6ECKOHEYHBIM IIEHTPOM, Y KOTOPOUW KOHEYIHBI
Bce (r — 1)-1mopox neHHBIe TOATPYHIIBI, & HEKOTOPas GECKOHEYHAS IIOATPYIIIA MOPOKIEHA d
MHBOJTIOIIASIMUA U CONEPXKUTCA B HOPMAJIBLHOH MOATPYIIIEe OECKOHEYHOT'O MHIEKCA .

CIUCOK JINTEPATYPHI

[1] Tmmopeenxo A. B. Beckoneunbre mOArPyNbl 6ECKOHEYHOIO MHOEKCA B 2-TIOPOXKIEHHBIX P-TPYIIIAX
tuna onona, Cub. marem. x., 27:5 (1986), 194-195.

[2] Tumopeenko A. B. O cymectsoBanuu rpynn ['osnona ¢ 6eckoHednsiM ieHTpoM, MaTtem. 3amerku, 39:5
(1986), 647-650.
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CBo6onHbIe IOJINHUILIOTEHTHDLIE IPYNNBLI C HEPa3peIMMbIMU
YHUBEPCAJIbHBIMU TE€OPUSAMU

E. 1. TUMOIIEHKO

Hoxkazano, 94T0 cBOOOMHAS T'PYIIA paHra > 2 j1I000T0 MOIUHUIBIOTEHTHOIO MHOT000Pa-
3t M, Ne, ... Ne,, > 2, ¢, > 1, ¢ > 2 nMeeT Hepa3peImMyIo YHIBEPCAIIBHYIO TEOPHIO.

Pabora Bemomaena npu ¢uuancoBonr nonaep:xkke PPDU, mpoekt 15-01-01485 u mpm
nonnepxkke MwunaucrepcTBa obpaszoBanus u Hayku Poccuiickonr Pemepannu corialeHne
Ne14.B37.21.0359.
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Pasperriuvbie rpynnbl ¢ OrPAHUYEHUSMUA HA CUJIOBCKNE MOATPYIIbLI IMIOATPYIIIIbI
durTUMHTA

A. A. TPO®PUMYK

Bce o6o3HaueHmst n UCHIOIB3yeMble ONPEeHeIeHnsl COOTBETCTBYIOT [1].

B.C. Monaxos [2] BBel MmOHsATHE HOPMAJILHOrO paHra r,(P) Kak HauMeHbIIee HATY-
pajbHOE YUCII0 k Takoe, UYTO JI0bas HOpMaIbHAs TMOATPYINA p-TPYHObl P mopoXmaeTcs He
bonee, ueM k simemenTamu. Kpome TOro B 5To# paboTe ObLIO MOKA3aHO, YTO HUILIIOTEHTHAS
IUTHA PA3PEIINMOil TPYIIIEL ¢ CUIIOBCKUMU MOArpynnaMu P HOpMaabHOro panra 7, (P) < 2
He TpeBbIIaeT 4.

Ha cTpoenme paspemmmoit TPyNIbl CyIIIECTBEHHOE BIIMSHUE OKa3bIBaeT €€ MOArPYIIa
durTnara. Tax u3 pesynbsrara Bapa [1, ¢. 720] ciemyer cBepXpa3pernMocTh Pa3permMoit
rpynmnel (G, Yy KOTOPOH CYIIIECTBYET IEMOYKa TOATPYIIIT

@(G):G()CGlC...CGm_1CGm:F(G)

takast, uro G; HopMmasibHa B G u |G41/G;| aBAsSETCS TPOCTHIM YuciioM 1t Beex i. B pa-
6ote [3] 3ameueHO, YTO MJIs OLEHKU MPOM3BOMAHON IIMHBI PA3PELINMOil TPYTIIbI JOCTATOYHO
paccMaTpUBaTh MOPSOKKA CUJIOBCKUX MOATPYIIT TOIBKO €e MoArpynnbl PuTTuHra.

st hopMyTUPOBKI OCHOBHOT'O pPe3yIbTaTa BBEIEM CIIeyroliee 0003HAUYEHTE:

rn(F) = prer;c%)rn(Fp).

3nece ' — moarpynma ®durtmara rpynner G, F, — CIIOBCKas P-TIOAIPYIIIA TDYTIIEI
F nna p € w(F).

Teopema. Ilycts G — paspemmmas rpynma u r,(F) < 2. Torma HmIbIOTEHTHAS
mnuaa rpynnsl G He mpeBsIinaeT 4, a mpousBonHas aiauHa rpynmnsl G He npesbImaet 6.

IIpumep 1. Ilycts S — skcTpacmenmanpHas rpynmna mopsiaka 27. Boraucienus B
cucreme GAP mokasasnu, uro ee rpynmnoii aBToMophusMoB sBiseTcs rpynna [Fs2]GL(2,3).
Homynpsvoe npomssenenne G = [S|GL(2,3) ssusercs rpynmoit mopsamka 1296 = 2434 ¢
nonrpymnnoit Purtunara F = S nopsanka 27 u 7, (F) = 2. [Ipoussonuas ninuua G pasHa 6, a
HIUJIBIIOTEHTHAs OjinHa paBHa 4. [[aHHBIT TpUMep MOKA3BIBAET, UTO OIEHKU ITPOM3BOIHON U
HIJIBIIOTEHTHOW MJINHBI, IOJIyYeHHBIE B Te€OpeMe, SIBIISTIOTCS TOYHBIMU.
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O6 annpokcuMupyeMoCcTu KOpHeBbIMU KJjiaccaMu rpynn Baywmciara-Cosnmmrepa

E. A. TymMAHOBA

HamoMHIM, 9TO IPYIIIBL ¢ OMHAM OMPEIEITSIONMM COOTHOIIIEHNEM BUIA
BS(m, n) = (a, b; a " 'b™a = b"),

rae Ge3 morepu OGIIIHOCTH MOXKHO CUMTATh |n| > m > 0, Ha3sIBAOTCs rpynnamu baymcia-
ra-Comurepa. HamomuumMm Takxke, 94TO comepkKalliuili XOTs Obl OMHY HESOIUHUIHYIO T'DYIIITY
kacc rpynn K Ha3bIBaeTCS KOPHEBBIM, €C/IM OH 3aMKHYT OTHOCHUTEIBLHO B3SITUs ITOATPYIII
U TPSIMBIX TMPOU3BENEHUN KOHEUHOTO UKCIIa COMHOXKUTENIEN, a TAKXKe YIOBIETBOPSIET YCIIO-
Buto ['pronbepra: eciu X — HekoTopas rpymna u 1 < Z <Y < X — cyOGHOpMAIbLHBIN
pan rpynnst X Takoit, uro X/Y, Y/Z € K, To B rpynne X cyuecTByeT HOpPMAaJIbHAsL
nonrpymnna 1" takas, uro T'C Z u X/T € K.

B namzoit paboTe MOJTHOCTBHIO PEIIeH BOIPOC 00 alIpOKCUMUPYEMOCTH I'pynn baymciia-
ra-Conurepa 3aMKHY TBIMI OTHOCUTEIBHO (HaKTOPU3AINN KOPHEBBIMU KJIACCAMU.

Teopema. Ilycts K — 3aMKHYTBIII OTHOCHUTEIBHO (haKTOPU3ALMUU KOPHEBOW KJIACC
rpymnir, 7(K) — MHOXkecTBO BCeX MPOCTHIX JETUTENEH KOHEUHBIX IOPSIAKOB 3JIEMEHTOB T'DYIIIT
u3 kmaacca K.

1. Ecim kmacc K comepxkur XOTs ObI OOHY HENEPUOMUIECKYI0 T'PYIILy, TO TPYIIIA
BS(m, n) K-aonnpoxcumupyema.
2. Ilycrs kmacc K cocrour Tosbko u3 nepuomgmueckux rpyni. Torma uMeoT MecTo
cJIemyIoIue yTBEPKICHNS.
a) Ecim 1 < m < |n|, To rpynna BS(m, n) He sBisgercs K-anmpoxcumupyeMox.
6) I'pynma BS(m, m) K-anmpokcuMupyema Torma u TOJBKO TOTAA, KOLAa m
spistercs 7 (KC)-aucmom.
B) I'pymma BS(m, —m) K-annmpokcummpyema Torma u TOJIBKO TOLAA, KOLAA 1M
spasercs 7 (KC)-uanciaom u 2 € w(K).
r) I'pynna BS(1, n), roe |n| # 1, K-annpoxcuMmupyema Torga u TOJIBKO TOLIA,
korma cymecTByer uuciio p € 7(K), He memsiee n m Takoe, UTO MOPSHOK
smemenTa T rpynnsr Ly spmgercs 7 (KC)-amcmom.

OTmeTuM, 9TO IpUBEAEHHAS TeopeMa 0000IIaeT psi Pe3yIbTATOB 00 AIIpPOKCUMUDYe-
Moctu rpynn baymcnara-Conmurepa KOHEUHBIMU T-TPYIIIIAMA.

Hearnosckuii 2ocydapcmeennbiii ynusepcumem;
Heanosckas noscapro-cnacameavrnad axademus I'IIC MYC Poccuu, 2. Msanoso
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Koneunrnie rpynnsl ¢ P-cy6GHOpMaJILHBIMU IIOATPYIIIAMU

B. H. TrorgH0B, T. B. TUXOHEHKO

B pa6ore [1] JI.C. Kaszapun ompenenui KOMIO3UIMOHHbBIE (DAKTOPHI KOHEYHON TDYIIIH,
KOTOpasi MMeeT IIelb MOATPYII C MPOCTBIMU WHICKCAMU, HAUUHAIOIIYIOCS C €IUHUIHON
nonrpynmnsl. [lanHas paboTa MOCTYXKNIa ICTOYHUKOM TOSIBIICHUS IEJION Cepun My OTUKAITIi
no mauHoii temaruke (A.D. Bacumwes, T.U. Bacumwesa, B.H. Tiorsuos, B.C. Mounaxos,
B.H. Kusruna u ap.), B KOTOPBIX UCCIEIOBAIIOCH CTPOEHIE KOHEYHON IPYIIIBI C 3aJaHHBIME
cucTeMaMu MOATPYII, OOIaMAIOIINX EISIMHI C MPOCTHIMUI WHICKCAMI.

B pa6ore [2]| 66110 BBEIEHO BaxKHOE OMpeeseHne, KOTOPOe HEOTHOKPATHO 0600IIAI0ChH
B PA3JIMUHBIX HAIIPABIICHIIX.

Onpepnenenne. llonrpynma H rpynner G HasbiBaercs P-cybnopmanbaoin B (G, ecim
mbo H = G, nmubo cymiecrByet nens monrpyna H = Hhc Hy c ---Cc H, 1 C H, =G
takas, uro |H; : H;_i|-mpocToe uucno mias mo6oro i = 1,...,n. O6o3nauaercs uepes H
P-sn G.

Hoka3aH CIenyoIi Pe3yIbTaT.

Teopema. Ilycts G — KoHeuyHas rpymnmna, y KOTOPOH eAUHUYIHAs IOATPYIIIA He sSBIIS-
ercs P-cybnopmasnsaoii B G, HO P-cybHOpMAIBEHA BO BCAKON COOCTBEHHON OAT PYIIIE I'DYIIIbI
G. Torna G/®(G) € {Ag; J1;52(2"), roe r — HegeTHOE TpocToe uncno; PSLy(r), rne3 < r
— npocroe umcito; PSLy(117), PSLs(7"), PSLy(5"), PSL2(3"), rme r — mpocToe 4ucio;
PSLy(27), rme 3 < r — mpoctoe uucio; PSLy(23%); PSU3(3); PSU5(7); PSUs(q), rme ¢+ 1
— npocroe uucino Pepma; PSLs(5); PSLs(7); PSLs(11)}.

CHUCOK JIUTEPATYPBI
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OJsieMeHTHI ajire6panvecKol reoMeTpUN HAZ HEKOTOPHIMU KJIacCaMU BIIOJIHE
IPOCTBIX IMOJIyT'PYyIII

II. A. YIdgmEB

IIycTs S — mpousBonbHAS HOMyTrpynna, I u /A — HemycThle MHOXKEeCTBA MHIEKCOB 1 P —
Mmarpura daeMenToB u3 S pasmepa |A| X |I|. Marpuunoit momyrpynmnoin Puca M(S;I; A; P)
HA3BIBACTCA MHOXKECTBO I X S X /A ¢ 3amaHHON Ha HEM ONepaIieil yMHOKCHI

(i7 S, >‘) (]7 t, ﬂ) - (iv Sp)\jt, N)'
CormacHo kimaccuueckoit Teopeme Puca (cm. B [1]) mro6as BIosmHe mpocTast oIy rPYIIna
n30MOpPdHA HEKOTOPON MaTpUYHON mosayrpynme Puca Ham rpymnmnoi.
B pabore paccMaTpuBaiOTCs KIIACCHI BIIOJIHE IIPOCTHIX MOJIYTPYIII ¢ OFPAHIYEHUSIME Ha
marpuity P. TIpu moMorm MeTOnOB, ONUCAHHLIX B [2], MOy YeHbl KPUTEPUN, OIPEIEIISIOIINE
KOOPIUHATHBIE TIOIyTPYTIILI AJITe6PAnIecKuX MHOKECTB.
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Koneunsre akTopusyembie rpynnsl ¢ paspemuMbiMu KP2-cy6HopManbsHbIMUT
COMHOXUTEJISAMU

. K. Unruk

B. C. Monaxos [1, Teopema 2| 6e3 ucrnosib3oBanus KiaacCubUKAIUU KOHEIHBIX TPOCTHIX
IPYIII JOKA3aJI Pa3pelmnMOCcTh KOHeuHoi rpynnsl G = AB, npn yc/ioBun, 9TO MOATPYIIIIEL
A u B paspermmver u |G 2 Al = p wm p?, |G : B| = q wm ¢*, tme p m ¢ — TPOCTHIe
qncita. JTa TeopeMa moayumiia passutue B paborax A.P. Bacumbena, T. . Bacunbesoii,
B.H. Trworauosa, B. H. Kasarusoit u B. C. Monaxosa [2]-[4].

IIycte N u P — MHOXeCTBa BCeX HATYPAJILHBLIX U IPOCTLIX YUCET COOTBETCTBEHHO.
Sapukcupyem t € N u 0603HaUMM

Pt ={p*|pecP, k<t kec{0}UN}L

IMogrpymnmna H rpymmner G maseBaerca KPi-cy6rOpManbHOl nmonrpymmnoii, ecnmu H = G umn
CYIIECTBYET IEMOYKa MTOATPYIII

H=HyCH,C..CH,=G

Takas, 9TO I Kaxkmoro i monrpynma H; | mopmanena B H; win |H; : H;_1| € P'. Eciu B
stoit nenouke |H; : H; 1| € P! nnsa Beex 4, To nonrpynna H masbiBaercs Pl-cyGHOpMaIBLHOIM
B rpynme G. Ilpu ¢t = 1 sTu onpenesnenus npenioxeHsl B (2], [4].

bBe3 ncnonp3oBanus kinaccu@uKanny KOHEYHBIX MPOCTBHIX IPYII TOKA3aHA CIIEMYIOIast
TeopeMa, morJsomaoras (2, reopema 4.2], (3, reopema 1 (1)], [4, Teopema 5.2].

Teopema. Iycts A u B — KP?-cy6ropmansasie noarpymms: rpymnsl G u G = AB.
Ecmu A u B pasperumer, To G pasperinmMa.

IIpumep. Ilpocras meabenesa rpymma PSLo(7) semsercs mpomssenermem KP3-cy6-
HOPMAJILHOM pa3peInnMoil Hoarpynns! nanekca 23 u KIP-cyGHOpMAaIbHOM pa3permmMoit moj-
rpymnsl Sy mHOekca 7. IlosTomy ycmoue KP2-cy6GHOpMATBLHOCTH Hemb3s 3aMeHUTH KIP3-
CcyOHOPMAJILHOCTBIO.
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K nuHenHON HE3aBUCUMOCTU CTeNeHel JIMHEMHBIX GopM

B. A. YUyprKun

[pocTpancTso HE BermecTBeHHbIX 0MHOPOMHBEIX MHOTOWICHOB CTeTleHn k OT 1 TIepeMeH-
HBIX UMeeT 6a3uc, COCTABIEHHBIN U3 k- cmenenetl nodrodawur aunetinviz gopm [1]. Ils
KaKUX JIMHEMHBIX (opM 5T0 BepHO! Bepno mu sTo, ecnu cucrema N = ( ”gf{k) = dim H*
JTUHEHHBIX GOPM 6 00UeM NOAOHCEHUU, T. €. Korma jobas MOICUCTEMA U3 N JIMHEHHBIX
dbopM nuHEHO HezaBucuMa!

HamomunMm, uTo mpomussenerneM Amamapa MaTpPUIl ONHHAKOBOrO pasmepa A = (a;;) u
B = (b;;) naseBaetcs Marpuna Ao B = (a;;b;j). AHAIOIIYHO OIpenenseTcs IPOu3BeeHne
Anmamapa miIs cTOJIOIOB.

o n
Teopema 1. Ilycrs 3amanbl N BEIIECTBEHHBIX JIMHEHHBIX GOPDM ©; = » =1 GijT;
co crpokoit xKospdummentos a;. Torma dopmer @}, ... ok munertno mesamcuMmbr B TOM

n TOJBKO TOM CJiydae, Korga k-4 cremeHs AﬂaMapa MaTpHUIbl FpaMa CHuCTeéMBbl BEKTOPOB
ai,...,aN HEBBIDOXKICHA.

_ n—1-+k o o
Teopema 2. Ilycrs 3amaoer N = ( o1 ) BeIIIeCTBEHHBIX JIMHEHHBIX (OpM p; =
n
> i1 @igj. Hycre A = (a;j) — marpuna pasmepa N Xn I IyCTb Ci, . .., €y, — CTONOHBL A.
Torna popmer @}, ..., ok obpasytor 6asuc HYX B Tom n TonmpKO TOM Cityuae, korna cucrema

k
BEKTOPOB OTHOCHTEIbHO mpomssenennd Amamapa ci' o...ockr rme S k; = k, obpasyer

6asuc npocrparcrsa RY.

Teopema 3. Ecmu n = 2, to cucrema k-x cremenest giobbix N = k + 1 nuHerHBIX
¢opmMm B obrrieM mostoxeHHu obpasyeT 6a3uc MpPOCTPAHCTBA, Hé“ Ilpy n = 3, k = 2 cyre-
CTBYIOT 0 JIMHEHHBIX (OpM B OOIIIEM ITOJIOKEHUW, KBaAPAaTHl KOTOPBIX He 00pa3yroT ba3uc
npoctparcTBa H3 xBagpaTmaHbrx dopu.
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O rpynnax IllyHkoBa, HacCBIILIEHHBIX I'PYyIIIIaMu JI€Ba TUNa paHra 1

A. A. ITInEOKUH

[Tox mokpBITHEM T'PYIIIBEI TOHUMAETCS JT00ast CUCTEeMa ee TOATPYII, TeOPEeTUKO-MHOXKe-
CTBeHHOE 00beonHEeHne KOTOPBIX COBIIAAAET ¢ caMoil rpymmoit. [lepBrie ucciaemoBaHms TPy
C Pa3IMYHBIMUI MOKPLITUAMEI HosBumiInck B padorax I1.I'. Konroposuua u A.U. CrapocTuna
[1-3]. B.B. Bensies, A.B. Boposuk, C. Tomac, b. Xaprau u I". Illior He3aBuCHMO mokazasu
crepytommii pesyiasrar [4,5,8,9]:

Ecan goknpHO-KOHEeUHAs rpymmna G JTOKAJIBHO MOKPBIBAETCS MHOXKECTBOM IIOATPYIII JIU-
€BCKOI'0 THIIA, PAHT'Y KOTOPBIX OrPAHUYEHBI B COBOKYITHOCTH, TO U caMa (G SBJISIeTCS IPYIIIOH
JIMEBCKOT'O THUITA KOHEYHOI'O PAHTA.

EcrecTBeHHBIM 060IIIEHIEM TOHATUS TIOKPBITHUS SIBIISETCS TIOHITUE HACHIIIEHHOCTH [6].

Omnpeneneunne. Ilycte X — HekoTopoe MmHOXxkecTBO rpymm. I'pymnma G HaceliieHa
rpynmaMu u3 MHOXecTBa X, eciau jgrobas KoHedHas noarpymnmna u3 (G comepXuTcs B MOA-
rpymme rpynnbl G, m3oMop@HON HEKOTOPOI rpyiie u3 X.

OueBumuo, uto eciiu (G — JIOKAJIBbHO-KOHEUHAsI TPYIIA, TO MOHSTHUS HACBIIIEHHOCTU U
MMOKPBITUS TPYIIILI SKBUBAJIEHTHEL.

B c¢Bsi3u ¢ yOOMSIHYTBIM BBIIIIE PE3YJILTATOM O JIOKAJIBLHO-KOHEUHBIX T'PYIIax, obJiaia-
FOIINX JIOKAJTBHBIM TMOKPBITUEM U3 KOHEUHBIX MMPOCTHIX T'PYII JIMEeBa TUIA OTPAHHIEHHOTO
panra, A.K. lnenkunbiv 66t moctasien sonpoc 14.101 8 Koyposckoit rerpanu [7]:

Bepno au, umo nepuoduueckad epynna, HacblUeHHaT KOHEYHBIMU NPOCMbIMU 2DYNNAMU
AUEBA MUNQ, PAH2U KOMODPHIT 02PAHUNUHDL 6 COB0KYNHOCMU, CAMA A6AIEMCI NPOCMOT
2pYNNot AUEBa MUNG KOHEUHO20 PaH2a?

KomeunbiMu mpoCcThIME IPYIIAME JTHeBa TUIa paHra 1 Ham mojieM K SBIISIIOTCS CITeMy-
TOITTe TPYIIIbL:

141(1{>5 ZgZ(l()a (;2(1{>5 142(l()'

[Tomyuen cremyroruii pe3yabTar:

Teopema. Ilepumonmueckas rpynma IllyHkoBa, HaCBIIIEHHAS T'DYIIaMUA U3 MHOXKECTBA,
KOHEYHBIX IIPOCTBIX T'DPYIII JIMEBa THUIA PaHra 1, m30Mop¢Ha MpPOCTON TpyIIle JIHeBa THUIIA
panra 1 Ham DOOXOMSIINM JIOKAJIBHO-KOHEUHBIM TIOJIEM.
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C*-simplicity of n-periodic products of groups

V. S. ATABEKYAN

A discrete group is said to be C*-simple if the reduced C*-algebra of the group is
simple. The following question was posed in [1]: Does there exist a countable group which
is C*-simple and which does not contain non-abelian free subgroups? In [2] proved, that
for every m > 2 and every sufficiently large odd n, the reduced C*-algebra of free periodic
group B(m,n) is simple. We obtain the following result.

Theorem. The n-periodic product of any two non-trivial groups with only countably
many amenable subgroups is a C'*-simple group for any odd n > 1003.

Corollary 1. The free periodic group B(m,n) is C*-simple for any odd n > 1003 and
m > 2.

Corollary 2. There exist 280 non-isomorphic finitely generated simple groups of a
given odd period n > 1003 which are C*-simple.
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On semiproportional columns in the character tables of the groups Sp,(¢) and
PSp,(q)

V. A. BELONOGOV

Considered theme is connected with notions of the interaction, D-block and ®-block (see
[1] and also [2]). Functions a and f from a set H to the field C are called semiproportional
if they are not proportional and there exists a subset M of H such that the restrictions of «
and § on M, as well as their restrictions on G\ M, are proportional. Previously the author
stated the following two conjectures.

Conjecture 1 (on semiproportional characters). If a finite group has two semipropor-
tional irreducible characters ¢ and ¢ then p(1) = 1(1).

Conjecture 2 (on semiproportional columns of the character table). If the character
table of a finite group has two semiproportional columns corresponding to two its classes of
conjugate elements then the cardinality of one of this classes divides cardinality of other.

Earlier the author proved Conjectures 1 and 2 for the sporadic simple groups in [3],
groups LQ(q)7 SL2(Q)7 PGL2(Q>7 GL2(Q) in [4]7 PGL3(Q>7 GL3(Q)7 PGUS(q)v GU3(q) in [5]5
L3(q), SL3(q), Us(q), SUs(q) in [6], and Sp4(q) (=PSp4(g)) with even g in [7].

Conjecture 1 is proved also for groups Sp,(¢q) and PSp,(q) with odd ¢ in [8].

Theorem. The conjecture 2 is true for the symplectic groups Sp,(q) and PSp,(q) with
odd q.

This work was supported by RFBR (project no. 13-01-00469) and Complex program of
fundamental scientific investigations of UB RAS (project no. 15-16-1-5).
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Shunkov groups with the maximal condition for uncomplemented abelian
subgroups

N. S. CHERNIKOV

The following author’s new theorems hold.

Theorem 1. The infinite periodic Shunkov group G satisfies the maximal condition
for uncomplemented abelian subgroups iff G = A X (C x D) where A is infinite and A is a
direct product of normal in G subgroups of prime order, C' is a direct product of groups of
prime order or C' =1, D is cyclic, if D # 1, then for every g € D\ {1}, the centralizer of g
in A is finite, if C' is infinite, then D = 1.

Theorem 2. The infinite periodic Shunkov group satisfies the maximal condition for
uncomplemented subgroups iff it is completely factorizable.
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Recognition by spectrum for finite simple classical groups in characteristic 2

M. A. GRECHKOSEEVA, A. V. VASIL’EV

We say that finite groups are isospectral if their sets of element orders coincide. The
recognition by spectrum problem for a finite group G is to find the number h(G) of pair-
wise non-isomorphic finite groups isospectral to G. If h(G) = 1 then G is referred to as
recognizable by spectrum.

Recall that there are five series of finite simple classical groups over fields of character-
istic 2, namely L, (q) with n > 2, U,(q) with n > 3, S3,,(q¢) ~ O2,+1(q) with n > 2, and
O2in(q) with n > 4. The recognition problem is solved for all n in linear and unitary cases
(see [1, 2]), and for n = 2,3,4 and n > 20 in symplectic and orthogonal cases (see [3, 4, 5]
for small dimensions and [6] for large). Our purpose is to complete the study of symplectic
and orthogonal cases. The result is the following

Theorem. Let q be even and let L be one of the simple groups S, (q) with n > 2, or
O2in(q) with n > 4. Then L is recognizable by spectrum or one of the following holds:

(1) L is S4(q) or Ss(q), and h(L) = oo;
(2) L is Se(2) or Of (2), and h(L) = 2.

Acknowledgments. The work is supported by Russian Science Foundation (project
14-21-00065).
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Spectra of automorphic extensions of finite simple groups Fjy(q) and 2D4(q)

M. A. GRECHKOSEEVA, M. A. ZVEZDINA

The spectrum of a finite group G denoted by w(G) is the set of its element orders.
Groups are called isospectral if their spectra coincide. Let S be a finite non-abelian simple
group and let G be a finite group such that S < G < Aut(S). Our work is concerned with
the following problem (see [1, Question 17.36]): in which cases is G isospectral to S7 We
solve this problem for the simple exceptional groups Fy(q), with ¢ odd, and 2 Dy(q).

Theorem 1. Let S = Fy(q), where q is a power of an odd prime p, and let S < G <
Aut(S). Then w(G) = w(S) if and only if G/S is a 2-group and p ¢ {3,7,11}.

Theorem 2. Let S = 3Dy(q), where q is a power of a prime p, and let S < G < Aut(S).
Then w(G) = w(S) if and only if G/S is a 2-group and p > 7.

Theorems 1 and 2 complete the study of finite groups isospectral to simple groups
of types Fy and 3D4. Indeed, the groups Fy(2%) are recognizable by spectrum, that is
w(G) = w(Fy(2%)) implies G ~ Fy(2%) [2]. The group 3D4(2) is irrecognizable by spectrum,
that is there are infinitely many pairwise non-isomorphic finite groups isospectral to 3Dy(2)
[3]. Finally, if S is one of the groups Fy(q), with ¢ odd, or 3Dy(q), with ¢ # 2, and G is a
finite group isospectral to S, then it follows from [4, 5, 6] that S < G < Aut(S), and so
Theorem 1 and 2 can be applied.

Also Theorem 1 and 2 provide a positive answer to [1, Question 16.24].
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On the automorphisms of Adyan’s groups

A. E. GRIGORIAN, SH. A. STEPANYAN

The additive group of rational numbers is torsion-free and every two its non-cyclic
subgroups have nontrivial intersection. The question of the existence of non-abelian groups
with such properties posed by Kontorovich had long remained open. The first examples
of these groups were constructed by S.I.Adyan (see, for example, [1]). These groups are
denoted by A(m,n). They have the following presentations.

oo
A(m,n) = (a1, a2, ...am, d | a;d = dajm A" = dfor all A" € U Eml <j<m),
i=1
where n > 665 is an arbitrary odd number. In [2] proved that the automorphism group
AutA(m,n) contains no involutions. We study the automorphism tower of A(m,n). In
particular, we obtain the following result.
Theorem. The inner automorphisms group of A(m,n) is characteristic subgroup in
the group Aut(A(m,n)) of all automorphisms for all m > 1 and odd n > 1003.

REFERENCES

[1] Adian S. I. The Burnside problem and identities in groups. Ergebnisse der Mathematik und ihrer Gren-
zgebiete, 95. Springer-Verlag, Berlin-New York, 1979.
[2] Sozutov A. I., Durakov E. B. On groups with isolated involution, Sibirsk. Mat. Zh., 55:4 (2014), 863—-874.

Yerevan State University, Yerevan (Armenia)
E-mail: shogh.stepanyan@gmail.com

140


mailto:shogh.stepanyan@gmail.com

MausnsueBckme urerus 2015 Teopus rpymnm

Subgroup-closed lattice formations

S. F. KAMORNIKOV, XIAOLAN Y1

All groups considered in this paper are finite. The notation and terminology agree with
the books [1,2].

One of the most striking results in the theory of subnormal subgroups is the celebrated
7join” theorem, proved by H. Wielandt in 1939: the subgroup generated by two subnormal
subgroups of a finite group is itself subnormal. As a result, the set of all subnormal subgroups
of a group is a sublattice of the subgroup lattice.

Therefore the following question naturally arises:

Which are the formations § for which the set sng(G) of all F-subnormal subgroups of
G is a sublattice of the subgroup lattice of G for every group G?

This question was first proposed by L.A. Shemetkov in his monograph [2, Problem 12]
in 1978 and it appeared in the Kourovka Notebook [3, Problem 9.75] in 1984.

In 1992, A. Ballester-Bolinches, K. Doerk, and M.D. Perez-Ramos gave the answer to
that question in the soluble universe for subgroup-closed saturated formations. In 1993, A.F.
Vasil’ev, S.F. Kamornikov, and V.N. Semenchuk published the solution of the Shemetkov’s
problem in the general finite universe for subgroup-closed saturated formations.

This paper can be considered as a further great step of the programme aiming to
the classification of all lattice formations. Here we solve the Shemetkov’s problem for
all subgroup-closed formations. The main purpose of our paper is to prove the following
theorem.

Theorem. Let § be a subgroup-closed formation. Then § is a lattice formation if and
only if § = 9 x K x £ for some subgroup-closed formations §, 9 and £ satisfying the
following conditions:

(1) r(MM)N7w(R) =0, 7(R) N7(L) =0 and 7(M) N7 (L) = 0.

(2) M = Srom) (M) is a saturated formation, and it is an M>-normal Fitting class.

(3) Every non-cyclic 9M-critical group G with ®(G) = 1 is a primitive group of type 2
such that G /Soc(G) is a cyclic group of prime power order.

(4) There exists a partition {m;|j € J} of w(R) such that & = X;c;&,. Moreover,
|mj| > 1 forall j € J.

(5) £ C Noey.
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On the pronormality of subgroups of odd indices in finite simple groups

A. S. KONDRAT’EV, N. V. MasLovA, D. O. REVIN
A subgroup H of a group G is pronormal in G if H and HY are conjugate in (H, HY)
for every g € G.
In [1] the following conjecture was formulated.

Conjecture. Subgroups of odd indices are pronormal in finite simple groups.
We prove the following theorem.

Theorem. All subgroups of odd indices are pronormal in the following finite simple
groups:
) A,, where n > 5;
) sporadic groups;
) groups of Lie type over fields of characteristic 2;
) Lan(q);
) Uzn(q);
) S2,(q), where ¢ Z £3 (mod 8);
)

On(q);

1
2
3
4
5}
6
7
8) exeptional groups of Lie type not isomorphic to Eg(q) or 2Es(q).

A P
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On the minimal volume of subspace trades

D. S. KroTov
Let F'¥ be a v-dimensional space over a finite field F' of order ¢, and let [FZU} denote the
set of i-demensional subspaces of F¥. By Gr(F",i), we denote the GrafBimann graph on the
vertex set [Fiv], where two subsets are adjacent iff they intersect in a (i — 1)-dimensional
subspace. A pair (T, T}) of disjoint nonempty subsets of [F:] is called a subspace bitrade

of type T(t, k,v) iff every subspace from [F:} is covered by the same number of subspaces
from Tj and T7.

Theorem 1. Let the integers t, k, and v satisfy 0 < t < k < v —t. The minimal
possible cardinality |To U Ty | of a subspace bitrade (Ty,T1) of type T(t, k,v) equals

t ; t+1 1G-1
[l +4a') =300 [tﬂq

where [;]q = [Z]Q[El_]i%g]';[f[_jfjl]q Jrlg=1+q+...+q¢ 1.

The analog of this theorem for the classical design trades (where the role of F'* is played
by a set of v elements, the role of the i-dimensional subspaces is played by the subsets of
cardinality i, and the formulas hold with ¢ = 1) was proven in [2].

An example of the set |7y UT}| that can be split into a minimal bitrade (Tp, T} ) consists
of all k-dimensional subspaces of F'¥ whose all vectors satisfy x1xo + ...+ orp122¢42 = 0,
Tpttro =0, ..., z, =0, written as v-tuples (z1,...,2,) in some fixed basis.

In the case k =t + 1, the statement of Theorem 1 was proven in [1]; the proof of the
general case uses that result. The proof of the minimality is based on Corollary 1.

Lemma 1. Let a real-valued function ¢ on [I;U} be a sum of eigenfunctions ¢q, ¢1,

.y ¢rp—t—1 of the graph Gr(F", k), where the corresponding eigenvalues are the k — t

minimal eigenvalues of Gr(F", k). And let for some fixed (t + 1)-dimensional subspace

U, the set Uy consist of all k-dimensional subspaces that include U. Then the distribution

t+1 ) . . jG—1) t+1
(ZZe [Fku] A V)= qb(Z))j:O of ¢ with respect to Uy, is proportional to ((—1)]q3 i [t—}_l}q)jzo'

Corollary 1. A non-constant function ¢ satisfying the hypothesis of Lemma 1 (in
particular, the characteristic function xr1, — x, of any subspace bitrade (Ty,T1) of type

T(t, k,v)) has at least ZEZB q@ [ijl] , nonzeros.
The work was funded by the Russian Science Foundation (Grant 14-11-00555).
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On the finite prime spectrum minimal groups

N. V. MAsLovVA

Let G be a finite group. The prime spectrum 7(G) is the set of all prime divisors of
|G|. G is prime spectrum minimal if 7(G) # w(H) for every proper subgroup H of G. We
continue the study of the normal structure of finite prime spectrum minimal groups, started
in [1]. The following results are obtained.

Theorem. Let G be a finite group containing a nonabelian composition factor S with
|m(S)| = 3. Then one of the following statements holds:

(1) S € {Ag, PSU5(3), PSU4(2)} and G is not prime spectrum minimal;

(2) S € {A5, PSLy(7), PSL3(3)} and G is prime spectrum minimal if and only if there

exists a normal series

G=Gy>G1>...>G, =1
such that

(i) for i > 1, the factor G;/G;y1 is an elementary abelian p-group isomorphic to a Sylow
subgroup of G for some prime divisor p of |G| and G /G; acts irreducibly on G;/G;1;

(ii) for the factor G' = G¢/G1, one of the following statements holds:

(a) G is isomorphic to either As or PSL3(3);
(b) O3(G) = ®(G) and G/®(G) = PSLy(7);

(3) S =2 PSLy(8) and if G is prime spectrum minimal then nonabelian composition
factors of G are exhausted by groups from the set {S} U {Sz(2¥) | w = £1 (mod 3)};

(4) S = PSLy(17) and if G is prime spectrum minimal then nonabelian composition
factors of G are exhausted by groups from the set {S} U {Sz(2")}.

Moreover, in the cases (3) and (4) the following statements hold:

(i) for every group Sy from the set {Sz(2") | w = £1 (mod 3)} or {Sz(2")}, respec-
tively, there exists a finite prime spectrum minimal group G containing composition factors
isomorphic to S and St;

(ii) for every positive integer m there exist Sy,...S,, from the set {Sz(2V) | w = +1
(mod 3)} or {Sz(2")}, respectively, and finite prime spectrum minimal group G containing
composition factors isomorphic to S, 5S4, ..., Smn.

The work is supported by Russian Science Foundation (project 14-11-00061). The
author is a winner of the competition of the Dmitry Zimin Foundation ”Dynasty” for
support of young mathematicians in 2013 year.
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On verbal embeddings of residually finite groups

VAHAGN H. MIKAELIAN

The well-known theorem on embeddings of countable groups into 2-generator groups
[1] was a stimulus for wide research on embeddings with additional properties. One of the
main directions of research was on embeddings of countable group H into 2-generator group
G, where G has a given property P, as soon as H possesses P. Here P may be the property
of being a soluble group, finitely generated nilpotent group, linearly ordered group, one of
the types of generalized nilpotent groups or generalized soluble group, etc.. Some of our
results on embeddings of countable generalized soluble groups can be found in [3]-[6].

Another direction of research was on embeddings, where the image of H “occupies a
small part” inside the 2-generator group G, for example, if the embedding is V-verbal in
the sense, that the image of H is inside the verbal subgroup V(G) for the given non-trivial
words set V' C F, (this is a generalization of results of P. Hall, B.H. Neumann and others,
who proved the same for cases when V' is the commutator, second commutator, etc.). We
covered some cases on verbal embeddings in [2], [3].

In the current talk we would like to continue the mentioned research and focus on
verbal embeddings of countable, residually finite groups, started by of J.S. Wilson in [9].
We prove:

Theorem. Let H be an arbitrary countable, residually finite group and V' C F, be
any non-trivial word set. Then there exists a 2-generator residually finite group G with a
subgroup H such that H is isomorphic to H, and H lies in the verbal subgroup V(G).

The proof is based on technics with generalizations of the operation of wreath products,
we used in [3]-[6], and on some ideas on residually finite groups from [9].
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Isotopically transitive pairs of MOLS

V. N. Porarov

Let Fy, be the Galois field of order ¢q. A subset M of F is called an MDS code (with
code distance k + 1) if [M NT'| = 1 for each k-dimensional face I'. For k = n — 1, an MDS
code is equivalent to a set of (n — 2) mutually orthogonal latin squares (MOLS).

Proposition 1. Let M C F;* be an MDS code and let for each x € M a set L(x) C F
be an MDS code. Then the set C' = {(z,y) |z € M,y € L(z)} C F;" x FJ' is an MDS code.

If the code L(z) doesn’t depend on x then the MDS code C' is obtained as Cartesian
product. A subset T" of MDS code C is called a subcode if T is a MDS code in Ay x --- x A,
and T'=CnN(A; x---x A,) where A; C Fy, i € {1,...,n}. An isotopism is a transform
T:T 7T where T = (z1,...,2,) € F', T2 = (1121, ..., TnTy), Ti € Sy Define the group
of autotopisms Ist(A) = {7 | TA = A}, which map A C F to itself. A set A C F" is called
isotopically transitive if for every two vertices T,y from A there exists an isotopism 7 such
that 7(Z) = y and 7(A) = A; i.e., the group Ist(A) acts transitively on A. It is clear that
two isotopic codes are isotopically transitive or not simultaneously. A code is called linear
if it is a linear subspace. Obviously, a linear code is isotopically transitive.

Proposition 2. If a code C is obtained as the Cartesian product of two isotopically
transitive codes, then C' is isotopically transitive.

Proposition 3.a) Any vertex of an MDS code obtained as the Cartesian product lies
in two proper subcodes (at least). b) A linear MDS code over GF(q?) (q is prime) either
hasn’t subcodes or any vertex of the code lies in two proper subcodes.

Consider the code Cy C (F, x F,)*, (x;,v;) € F, x F,, determined by the equations

{ 3 = L1121 + oo x4 = lo171 + lo2xo;
ys = mi1y1 + mi2ye + &1 (21, T2); ya = ma1y1 + magys + E2(21, 22),
where £; and & are quadratic functions and the pairs of vectors (l11,012), (l21,l22) and
(m11,m12), (Ma1, ma2) are not collinear. This code corresponds to 2-MOLS in Fy x F; = F .
The following theorem can be verified by direct calculation.

Theorem 1. If the pairs of vectors (l11,112), (m11,m12) and (l21,l22), (M21, mas) are
not collinear, then Cy is an isotopically transitive MDS code.

The proof of Theorem 2 is based on Proposition 3.

Theorem 2. If &5(x1, x2) = x122 and §(x1,22) = 0 then Cy isn’t isotopic to a linear
code or to a code obtained as the Cartesian product.

The idea to use quadratic functions for constructing transitive codes was proposed in [1].
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Distance regular colorings of the n-dimensional rectangular grid with the large
number of colors

A. YUu. VASIL'EVA

A vertex partition (Vi,...,V,) of a graph G is called a perfect k-coloring (or equitable
partition, or regular partition, or partition design) if for every i,j € {1,...,k} there is
the number a;; such that every vertex of V; has exactly a;; neighbors in V;. The matrix
A = (ay;) is called the parameter matrix of the coloring. A perfect coloring (Vi,..., Vi)
is distance regular if its parameter matrix is three-diagonal (i.e. (Vi,...,Vk) is the dis-
tance coloring with respect to Vi). In this case the set V; is called a distance regu-
lar code and we will write the matrix (aij)szl as the sequence of its nonzero elements:
[a11a12|as1a22a03|as2a33a34] - - ., |akk—1akk]. A k-coloring of graph vertices can be presented
as a function ¢ over graph vertices with values in the set {1,2,..., k}.

We study the distance regular colorings of the infinite 2n-regular graph of the n-
dimensional rectangular grid Z™. The coloring ¢ = @(x1,...,z,) of Z™ is called reducible
if it can be reduced to the coloring of Z1!, i.e. for any (z1, 2, ..., 2,) € Z"

go(a:l,xg, .. .,l’n) = (511‘1 + 521’2 4+ ...+ 5nl‘n),

where ¢ is a k-coloring of Z! and d1,...,d;, € {0,1,—1}. Earlier it was shown [2] that any
irreducible distance regular coloring of Z™ has at most 2n + 1 colors but it wasn’t known if
the k-coloring exists for an arbitrary fixed £ < 2n 4 1 or not.

Theorem. For every n € N and every k > [n/2] + 1 there exists irreducible distance
regular k-coloring of Z", moreover, all theirs variables are essential.

Finally, we give the examples of the irreducible distance regular colorings of Z" for an
arbitrary n. Let r > n.
1) The matrix 2n —r,r|1,2n —r,r —112,2n —r,r —2|...|r — 1,2n — r, 1|r,2n — 7|
is the parameter matrix of the (r + 1)-coloring, n +1 <r+1 < 2n + 1.
2) In the case r = 2q + 1
2n —71,2¢+ 1|1,2n — r,2q|2,2n — 1,2 — 1| ... | — 1,2n — r,q + 2|q, k + ¢ + 1]
is the parameter matrix of the (¢ + 1)-coloring, [n/2] +1<g+1<n+ 1.
3) In the case r = 2¢
2n —7,2q|1,2n —r,2q — 1]12,2n — 1,2 — 2| ...|g — 1,2n — r,q + 1]|2q,2n — r|
is the parameter matrix of the (¢ + 1)-coloring, [n/2] +1<g+1<n+ 1.
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On finite 2-groups generated by an element and involution or by three
involutions

B. M. VERETENNIKOV

Classifications of groups in title are old problems in the theory of finite 2-groups.
Finite 2-groups, generated by an element and involution, are described in [1] under some
rather strong conditions. Finite 2-groups of exponent 4, generated by three involutions, are
classified in §61 [2], in particular the maximal order of such groups is 21°.

We present following statements.

Theorem 1. For any integer n > 2 there exists a finite 2-group G of derived length

. . . 2" —1
3, generated by an element of order 2" and involution, with G"” of rank ( 9 ) and
arbitrary exponent.
Theorem 2. There exists a finite 2-group G of derived length 4, generated by three
involutions, with G"" of arbitrary large rank and exponent.
For construction of such groups we use the group from [3]. This group is an Alperin

group, i.e. group in which every two-generated subgroup has a cyclic commutator subgroup.
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AnreﬁpanquKaﬂ TEeopmus 6y.TIeBI:IX MaTPpUYHBIX ITIOJIMHOMOB

®. B. BYPTHIKA

Brepseie anreGpandeckasi TeOpUs MATPUUYHBIX TOJIMHOMOB IOSBUIACH B CTATHIX |1, 2]
IJTT MATPUYHBIX TTOJMHOMOB HAJl KOMIJIEKCHBIMHU YUCJIaMU, TaM K€ MPUBENEH ajiTOPUTM
HaXOXJIEHUs KOPHEN TaK’UX MAaTPUYHBIX MOJUHOMOB. [loxoxuit amropuTMm ObUT MPEMIIOXKEH
u B cTaThe [3], 0mHAKO Bee 5TU paboThI OCTABUIIM 6€3 PACCMOTPEHNUST MHOTUE alIrebpanvyecKue
ACIeKTHI TeOPUN MATPUIHBIX TOJINHOMOB.

B nmocsentee xe BpeMst B CBSI3U € IPWIOKEHUSIMEI B roMOMOpdHOI Kpuntorpadbun (4, 5,
6] Bo3HUKIIA HEOOXONUMOCTH 6ojiee TiyGOKOr0 M3YUEHUs! CBOWCTB MATPUYHBIX MTOJIMHOMOB
7, B TIEPBYIO OUepenb, TAKOTO BaXKHOTO MX MOOKJITACCA KaK OYJIeBbI MATPUIHBIE TIOJTUMHOMBL.

B macTosiiieM uccienoBaHIU pacCMOTPEHBI MHOTHE €CTECTBEHHO BO3HUKAIOIIINE TTPUH-
MUMIAJTBHBIE BOTPOCH OTHOCUTEIBHO KOJIEI MATPUIHBIX TOJIMHOMOB OT OIHOW TTEpeMeHHOMN
a Takxke nx paxTopkosen. OcBeIleH BOIPOC PACIIIPEHUs YIIOMIHYTBIX aJITOPUTMOB HAXO-
XKIEeHUs] KOPHEN MaTPUIHBIX IMOJIMHOMOB Ha ajrebpamdecKu He 3aMKHYTBIE IO/, B YaCTHO-
ctu noste [amya u3 nByx smemenToB. OCHOBHAS 9acThb PAOOTHI MTOCBAIIIEHA KOMONHATOPHBIM
BOTIPOCaM, CBSI3aHHBIM C KOJIBIIAMU U (DAKTOPKOIbIIAME OYJI€BBIX MATPUUIHBIX ITOJTMTHOMAMOB.

Pa6ora Beimonsena npu nogmepxkke rpaata PODU (nmpoekt Nel5-07-00597 A).
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O P-apumuyeckumx XxapakKTepUCTUKAX 3JIEMEHTOB P-JIOKaJIbHBIX rpynn 6e3
KpY4eHus

C. B. BEPIIUHA

A6enesa rpynmna 6e3 kpyueHus A HA3BIBAETCS P-JIOKATBLHON MPYIION (p — MPOCTOE TUCIIo),
ectn qgA = A nna mo6oro mpoctoro umcia ¢ # p. O6ozHaumM uepes 7, IOKaJN3AIINIO
KOJIBIIA EJIBIX IHCesI Z OTHOCUTEILHO mpocroro uucia p. [Tome K C Q, HaspIBaeTCs mojeM
pacmenierns [1] rpymnst A u xonbio R = K N Z, Ha3BBaeTCS KOIBIIOM DACLICILICHIL
rpymnel A, ecmm R @z, A = D @ F, rne D — pemumbiit R-momynb, F' — cBobonnbrit
R-vonyne. Ilycrs smemenT a rpynmel A mMeer HyseBywo p-BoicoTy B rpymme A. Bry-
TPEHHEN P-aIuvyecKoil XapaKTePUCTUKON [2] siemMenTa a rpynmbl A HA3BIBAETCS MHOKECTBO
H.(a) ={a € Z, | aa = lim S, (a)a € A}, roe mpemen pacCMATPUBAETCS B P-aqUIeCKOM
Tonosioruu. Buermwent p-amuueckoit xapakrepuctukoit [3] H*(a) smementa A rpymnmer A
orHOCHTENBHO p-Oasuca X = {x; = a,...,T,} HA30BEM BHYTPEHHIOK D-aINIECKYIO XapaK-
n n
TePUCTUKY d5eMeHTa a + P,_, < z; > B dakTop-rpymme A/ P,_, < z; > .
IIpennoxenne 1. Ilycrte A — pemynupoBaHHas p-JTokaJbHas rpymmna 6e3 KpyJeHHns,
a — sJeMeHT HyJseBo# p-BbicoTel, X = {x;}" | — p-6asuc, W = X UY — makcumasabHas
JIMHEITHO He3aBUCHMas cucTeMa sj1eMeHToB rpymnbl A. Torma:

(1) Hi(a) — cepBaHTHas HOATDYIIIa aAAUTHBHON IDYIIILI KOIBIA Liy;

(2) Hi(a)a={aa | a € H.(a)} — cepBanTHAas moarpynna rpynisl A;

(3) H*(a) — cepBaHTHAsS HOATPYINa aAAUTUBHON TPYIIIEI KOJIbLA Z,;

(4) H.(a) C H*(a);

(5) Ecmr H,(x;) = H*(x;) mg i = 1,...,n orrocurensro W, To A = @' | A;, roe
Ai = H(;);

(6) @ity Hu(wi)zs € A C @ H (i) ws;

(7) Ecmm H*(x1) = H*(x2) = ... = H*(zy,) = Z, orHOCHTEIbHO W, TO A = &, Z)).

Teopema 1. Ecan H,(a) usomoppHa annuTuBHOI rpynne Kojbla paciiernienus R,
o H,(a)a aBagercs kBasuciaaraeMbIM IpyHbl A.
Teopema 2. I'pynna H*(a) sBrsgeTcs KOIbIOM pACIIEIUIEHHUS OIS TPYIIBl A B TOM U

TOJIBKO TOM CIydae, ecin H*(a) sBasercs monkomsnom B Zy, u r(H*(a)) = dimgK.

CIUCOK JIUTEP TYPBI

[1] Lady E. L. Splitting fields for torsion-free modules over discrete valuation rings, I // Journal of Alge-
bra. — 1977. — Vol. 49(1). — P. 261-275.

[2] MBaroB A. M. O6 ODHOM CBOICTBE P-CEPBAHTHBLIX HOATPYIII IPYIIIIBL LEJIbIX p-aaundeckux ducen // Ma-
Temarnyeckue 3ameTku. — 1980. — T. 27(6). — C. 859-867.

[3] Bepmmua C. B. I'pynnbl pacIlenyieHus HEPA3IOKUMBIX P-JIOKaIbLHBIX TPy 663 kpydenus. // jjAnre6pa
U JIOTWKAa: TEOpWs W TPWIIONKEHU) . MaTeprmambl MexIyHAPOMHON KOH(MDEPEHIUN, MOCBsIeHuon 80-
neruro B. II. Hlyukosa. — Kpacuospck, 2013. C. 25-26.
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NuBapuaHThl neicTBUs MoJiyripocTon aiare6por Xonda Ha Pl-anreGpe

M. C. EPJIIKUH

[Iycts H — xoneunomephas airebpa Xomnda. B crarse [1] 661710 OKa3aHO, UTO KOMMY-
tatuBHas H-monynbuas H-monynepBuunas A 1esna Ham cBoeil momaareGpoit MHBAPUAHTOB
AP D10 0606IIaeT KIIACCHUECKUil pe3ysIbTaT TEOPHU MHBAPUAHTOB, HMPUHAIIEKAIICH .
Hérep, o ToMm, uTo KOMMyTaTuUBHAs aredbpa A SBISETCS TIETBIM PACIITUPEHNEM TTOIAITe0phI
nuBapuanToB AY, B cirywae meiicTBus KOHeUHOM rpymmsl G aBTOMOpdu3MaMu Ha anrebpe A.
EcTecTBeHHBIM MPOIOMKEHIEM 3TOTO HAIIPABIICHUS UCCIIEIOBAHUN SIBIISIETCS PACCMOTPEHUE
AHAJIOTMIHOT'O BOIIPOCA O IEJIOCTHOCTH H-MOmyIbHOW ajareOpbl HaO MOMAITreObpoOll WHBapU-
aHTOB My H-MomynbHBIX ajarebp, yIOBIETBOPSIONINX MOJIMHOMUAAIBLHOMY TOXKIECTBY. B
paborax [2] u [3] 6buI0 mokazaHo, uTO anrebpa A 1ena Ham TOHAIreGpOIl HEHTPATBHBIX
naBapuanToB Z(A) mpu BEIMOTHEHNN HEKOTOPHIX MOMOIHITEBHBIX YCIOBII T AT e6pEl
A. B ciayuae, korma anredpa Xomda H SBIsSeTCs MOIYIPOCTON U KOIOIYIIPOCTOMH, yIaaI0Ch
MMOKAa3aTh, YTO HEKOTOPhIE U3 DTUX MPEIITOTOKEHUN SIBISIOTCS WU3TUIITHIMU.

Teopema. Ilycte H — KoHeYHOMEpHAs MOJIYIPOCTas U KOIOJYIPOCTas aJrebpa
Xonga, A — H-momynbaas Pl-amrebpa. Torma aarebpa A mema Ham momaJarebpoH HH-
BapuanToB A,

Pabora BemomHena npu ¢uHaHcoBoul monmep:xkke Poccuiickoro gorna dyHIaMeHTaThb-
vbIX uccitenoBanuit 14-01-31200 u 3a cueT cpencTB cybcumuu, BbIOeTeHHON KazaHckoMy
dbenepaIbHOMY YHUBEPCUTETY IJIs BBIMIOTHEHUs TOCYIaPCTBEHHOTO 3a0aHus B chepe Hayd-
HOU mesiTennbHOCTH, TpoekT Nel.2045.2014.

CHUCOK JIUTEP TYPBI
[1] Skryabin S. M. Invariants of finite Hopf algebras, Advances in Math. 183 (2), 209-239 (2004).
[2] Epsamxkua M. C. lHBapuaHTBl 1 KOJIbLA YaCTHBIX H-110ynepBUYHbIX H-MOAYIIBHBIX alre6p yIoOBIETBO-
PAIOIINUX [OJIMHOMUAAILHOMY TOXIecTBY. VI3B. By30B. MareM., npuHsTa K IeYaTu.

[3] Etingof P. Galois bimodules and integrality of PI comodule algebras over invariants, arXiv:1306.3821
[math.QA] (2013)

Kazancxuti (IIpusoasccrutl) gedepasvrorii yrnusepcumem, Kasamnw
E-mail: mikhail.eryashkin@gmail.com
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WNopnauoBbl cynepasire6pbl ¢ aCCOMATUBHON YETHOUN YacThIO.

B. H. 2KensgasuH, A. C. 3AXAPOB

[Tycts J = A+ M — fiopnasoBa cymnepasrebpa ¢ Y4eTHON YaCThio A 1 HEYETHON IacThIO
M. Tlpennonoxum, uro A — accoumatupHas anrebpa, u M — acconuaTuBHLIN A-MOIYIb.
Pacemorpum Homy (M, A) — A-momyns romomopdusmos u3 M B A. Ilycts orobpaxenue
¢ax : M — A samano mpasunoM ¢, .(y) = (a,y,2), roe (u,v,w) = (w)w — u(vw) —
ACCOLMATOP 5JIEMEHTOB u,v,w. Torma ¢q, € Homa(M,A) u ¢ .(¥)2 = ¢az(2)y mm
mobbIX a € A, x,y,z € M.

[Iycts As — msomopouas komus A, u ® — A-nonmonyns B Homy (M, A), conepxartmit
BCE OTOOPAKEHUS (g, U YIOOBIETBOPSIOLINN yCaoBuIO ¢(2)y = x¢p(y) mis Becex ¢ € @, x,y €
M. PaccMoTpuM BEKTOPHOE IIPOCTPAHCTBO

JA,M,®)=(Ad As) @ (M @ ).
Omnpenenum ua J(A, M, ®) onepamnuio yMHOKEHUs, TIOIaras
(a+0bs) - (c+ds)=ac+ bd+ (ad + be)s,

a-r=ax,a-¢p=¢-a=ap, (as)-¢ =0, (as) - = ¢g .z,
ry=uay, ¢ x=—x ¢=o¢()s, ¢ =0,
rme sjaeMeHThl a,b,c,d € A, x,y € M, ¢, € @, B mpaBbIX YacTsIX PABEHCTB CTOUT MIPOU3BE-
IeHue dy1eMeHToB u3 J, ap — A-momymnbHoe nmeitctBue Ha P.

Teopema 1. Aucebpa J(A, M, D) — topdanosa cynepaseebpa ¢ uemuol wacmvio
A+ As u neuemmoti M + ®.

Eciu J = A+ M — iiopnanosa cynepanrebpa ckobounoro tumna u ¢ = Hom 4 (M, A),
to cynepanrebpa J(A, M, ®) nomyuaercs u3 J ¢ MOMOIIBIO U3BECTHON KOHCTPYKIUN HO6a-
BJIEHUSI OJHOW HEUYETHOU MEPEMEHHON.

Teopema 2. Ilycmp tiopdanosa cynepaseedbpa J = A+ M npocma. Toeda cynepan-
eeopa J(A, M,®) marace npocma. Fcau J ne geagemcsa cynepasz2ebpol Ousunetinot
gopmvr, mo & = Homy(M,A). Ecau J geagemca cynepaseebpoti nesvipoxcdennot ou-
aunetinot gopmvr, mo A - noae, & = 0, J(A, M, D) = Ae; + Aey + M, 2de e1,ea —
0PMO20HAALHBLE UDEMNOTEHMDL.

WccenenoBanue BBIMOIHEHO 3a cyeT rpanTa Poccuiickoro Hayusoro douma (npoext Nol4-

21-00065).

HI'Y, UM COPAH, 2. Hosocubupck
E-mail: antzakh@gmail.com,vicnic@math.nsc.ru
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O K.TIaCCI/Iq)I/IKaI_II/II/I HEKOTOPLBLIX KJIACCOB KOHEYHBbIX KOMMYTATUBHBIX JIOKAQJIbBHBIX
KoOJIe1n

E. B. 2KYPABIJIEB

[Iycrs R — KOMMYTATUBHOE JIOKAJILHOE KOJIBIIO XapakTepuctuku p = 2, J = J(R) —

pamukain Jlxxeko6cona konbua R, R/J(R) = GF(p") = F — xoHeuHOE TI0JIE U
JY =0, dimp J/J? =2, dimp J?/J3 =2, dimp J? = 1.

Torma R = F@® Fui ® Fus @ Fvi @ Fvoo @ Fw u J = Fup @ Fus @ Fuvy & Fuy & Fw,
roe {uy,us, vy, vy, w} — oTMedUeHHBI Gasuc uneasa J Ham momeMm F (mompobmee cm. [1]),
npuueM ui,uz € J \ J?, vi,v9 € J2\ J3, w € J3. Tak xax wuj € J* u wv;, vju; € J3,
TO UU;j = a}jvl + afjvg + bjjw 1 u;v; = cjw, vju; = di;w OIS HEKOTOPBIX allj, a?j, bij, cij,
dl'j eF,i,5=1,2.

Paccmorpum maTpunbr ymuOXenus: A; = ( ) Ay = ( Z]) B = (bl-j), C = (cij) u

D = (dij), i,7 =1,2. Tak kak R — KOMMyTaTuBHOE KOibI0, To C' = D, a MmaTpunsl A, Ao,
B aBasioTcst cuMMeTPUYIECKIMI.
Oycte § € F,Vox € F§ # v+ 2%, mw u=a’c+ac® +c3(1+6), n=a®+ac? + 30,

M={z€eF|Vse{0,1} Va,c€ F, a# 0umua c#0, (n(1+s)+ ud)z+n # 0}.

(n+ps)z+p
(n(1+s)+pd)z+n’
s €{0,1}, a,c € F, a # 0 wmm ¢ # 0. OrHOCUTENLHO GuHApPHON onepanun (¢ © ¢2)(z) =
d1(P2(2)) (1,02 € K) 5T0 MHOKECTBO 06pasyeT IpyIIly, KOTOpas MENCTBYET HA MHOXKE-
cree M. Ilycts K\ M — muoxkecTBo mpencrasuresneir opbur. I[lycTs Takxke zy — Takomn
bUKCUpOBaHHEIH 3eMenT 1o F, uto zg + 1 ¢ F*3.

Bce monapuo HemzoMopdHbBIE KOIbIIa, ONUCAHHBIE BBIIIE, OMPEHEISIOTCS CIEMHYOIINMI
IsITepKaMU MATPUIL:

0 1 10 0 0 10
=1 o) =0 )= (0 0)-0=2=(o o)

PaccmorpuM MHOXKECTBO QYHKIWR Qg4 0 M — F, @q4..(2) = rie

<(1) é) :<0 8)32<8 ?)’CZDZG) 8)
P P R
T P P P ()
R N e (]
U DO S A

e}

b

i z = 2.

1 1 0 0 0 1 =z
1>,A2—< O)’B_<O O),C’—D—<1 1),rnez—()mmz—1

CHUCOK JIUTEP TYPBI
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Journal of mathematics. (1999) v. 188, Ne 2, p. 237-249.

—_
o

154



Maugsnesckne ureans 2015 Teopus koJterr

Aamaitickuti 2eocydapcemeennbiti ynusepcumem, Bapraya
E-mail: evzhuravlev@mail .ru

155


mailto:evzhuravlev@mail.ru

Maugsnesckne ureans 2015 Teopus koJierr

ToxknecTBa BEKTOPHBIX IIPOCTPAHCTB, BJIOXKEHHBIX B KOHEUHbIE acCOIIMAaTUBHEIE
anrebpel

. M. UcaeB, A. B. Kuciauuua

[Iycts F — BekTOpHOE TMPOCTPAHCTBO HAI MOJieM F'| SBJIsIOIeecs: MOMITPOCTPAHCTBOM
accoumaTuBHonl F-amre6por A, npuuem A mopoxmaercs mpocTpancTBoM F kak anrebpa (B
9TOM ciyuae OymeM rOBOPUTH O BEKTOPHOM MIPOCTPAHCTBE F, BIIOXKEHHOM B aCCOIUATUBHYIO
anre6py A wim npocto 06 L-npocrpanctse E). ToxmecrBom L-mpocTpancTBa E HasoBem
ACCOIMATUBHBIN MHOIOUWIEH, KOTOPBI O0paIaeTcs B HyJIb B ajiredbpe A Ha sjeMeHTax mpo-
cTpaHcTBa F.

Knacc Bcex BEeKTOPHBIX TPOCTPAHCTB, BIIOXKEHHBIX B aCCOIMATUBHBIE ajreOpbl U yIIO-
BJIETBOPSIOIINX BCEM ToxkaecTBaM L-mpocTpanctsa F, OymeM Ha3biBaTh L-MHOrooOOpasumeM,
OPOXKIEeHHBIM L-nipocTpancTBoM E 1 obo3nauats Varp E.

B mactosmein paboTe paccMaTpuUBaIOTCS BEKTOPHBIE ITPOCTPAHCTBA, BIIOXKEHHBIE B KO-

HEUHBbIE acCONMATUBHBIC ajirebphl. JlokazaHo criemyrolriee yTBEpXKICHHIE.
Teopema 1. Ilycte Msy(F') — amrebpa maTpuil BTOPOro HOPSOKa HAA KOHEYHBIM IIO-
aem F' = GF(q). Torma L-muoroobpasue, nopoxmeanoe Ms(F) kak L-mpocTpaHCTBOM,
uMeer KOHeuHOe umcjiao L-moamuOroobpasmii. B wacrtHOCTH, F060€ L-mmomMHOroobpasme
Varp Ms(F') umeer KOHEeUHBIH 6a31C TOXIECTB II0 MOLYJIIO TOXKAECTB aareopsr Ms(F).

OrmernM, uro L-muoroo6pasue Vary Ms(F') He nMeeT KOHEUHOTo 6asumca TOXKIECTB [2].

Pamee aBTopaMu HacTosielr paboThI TOKA3aHO, ITO TOXaecTBa L-mpocTpancTBa Fy =
(e11 + €12, €22) p, BIOXKEHHOTO B asre6py 15 (F') BEpXHUX TPEYTOIBHBIX MATPUIL BTOPOTO IIO-
psanka, Ham mojieM F' HynieBoll XapakTepUCTUKU, He MMeeT KOHEUHOro Gasuca ToxmecTs [1].
Takue L-npocTpancTBa Mbl 6ynem HasbiBaTh HKB-tipocTtpancTBamMu. B mHacToser pabote
AHAJIOTUYHOE YTBEPKICHUE MOKA3AHO JIS CIIyYasi KOHEIHOTO IOJIS.

Teopema 2. Bekropuoe L-mpoctpancrBo Ey = (€11 + €12, €22) p HaI KOHEUHBIM ITOJIEM
F = GF(q) asnsercs HKB-npocTpaHCTBOM ¢ 6a3MCOM TOXIECTB

2T g Sty(w,y, 2), [z, ylu, v, (3 — 29)(y — y), [z, 9)(z — 29),
(x — x|y, 2, [z, y]z122 . . . zK[u, V] [k = 1,2, ...,

rae Sts(z,y, z) — cTaHAAPTHBINI MHOTOYJIEH TPEThE CTEIIeH.
CnenctBue 1. Kowneunasg meaccoyuamuenad uembipexmepnad aszebpa V =V @ E =
(v1,v2, €11 + €12, €22) G (q), HEHYALEBIE NPOUEEIEHUT OASUCHDIT IAEMEHMOE KOMOPOT, onpe-
0eATIOMCT NPABUAOM V; - €55 = Vj, He UMEEm KOHEUH020 6a3UCa MOoAIeCms.

Panee 6b11 u3BecTeH mpuMep KOHEYHOW MSITUMEPHON ajireOphl, He MMEIOIell KOHETHOTO
6as3uca TOXIECTB [2, 3.

YrBepxnenue ciencreus 1 BepHO, eciu anre6py V paccMaTpHBATB KaK KOJBIO XapaK-
TepucTuku p. B wacTHOCTHU, BEPHO ClEMyIOIllee YTBEPKICHUE:
CrnencrBue 2. Koneunoe HEACCOUUAMUBHOE KOABYUO TAPAKMEPUCTIUKY P, NOPOHCIEHHOE
aaemenmamu {v1, Vo, €11+€12, €22}, HEHYALBBIE NPOU3EEIEHUT KOMOPLIT ONPEIEATIOMCT NPa-
BUAOM Vj - €55 = Vj, HE UMEEM KOHEUH020 6a3UCa MOAIIeCms.

B cayuae p = 2 monmyuaem KOIBbIO U3 IIIECTHAOIATH 3JIEMEHTOB, HE UMEIIee KOHETHOTO
Oa3mca TOXOECTB.

CHuCOK JIUTEP TYPBI

[1] Hcaes Y. M., Kucauuua A. B. O ToxnecTBax IPOCTPAHCTB JIMHENHBIX TPEOOPA30BAHUN MAJIBIX PA3MeEp-
Hocrelr // Te3ucbl MeXIyHAPOAHON KOHGMDEPEHIUN IO TEOPUM KOJIEll, MOCBsIeHHoin 90-meTnio co mHs
poxnenus A. V. Mlupmosa (Hosocubupck, 14-18 mrons 2011 r.). Hosocubupck: MucTUTyT MaTeMaTukm
CO PAH. 2011. C. 44-45.
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C. 435-460.

[3] Hcaes U. M. CymiecTBeHHO 6eCKOHEUHO GasupyeMble MHOTO0OOpasust anrebp // Cubupckuii MmaTeMaTu-
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O6paiienue nuddepeHIUPYyEMON II€PECTAHOBKU HAl I'PYIIION

A. B. KAprrioB

[Tycts 3amambr rpynmna G, 3amucannas agmuTUBHO, ¢ HOpMasbHbIM psoom G = Hy >
H,>...>H, = ennonvmuoxectso ¥ C End(G) sanomopdusmos rpynnsl G, nepesomsiimx
HOATPYIIILL U3 HOPMAILHOTO psna { Hy} B cebs.

Onpepnenenne. Pyukuusa [ : G — G maswBaerca Juddepenyupyemoti B Touke a €
G ormOCuTenbHO HOpMasbHOTO psina G = Ho > Hy > ... > H, = e, ecinu CylIecTByeT
sHIoMopdusM Y,y € W, Takol uTO Iy JIE0OOro uiieHa HOpMasbHOrO psana Hjy u moboro
snemerTa h € Hj, BBITOIHSIETCST PABEHCTBO

fla+h) = f(a) + by (k) (mod Hip).
DyHKIUS Ha3bIBaeTCs muddepeHnupyemMon, eciau oHa nuddepeHnupyeMa B KaxXIon TOUKe
rpynner G. Oumomopdusm 1) ¢(,) Ha3bIBAETCA NPOU3BOMHON QyHKIME [ B TOUKE q.

Huddepennupyemble GYHKIINT HAMI TPYIIION SBJISIOTCS OOOOIIIEHIEM TTOJTMHOMUATIBHBIX
GYHKIMA HaJl TPUMAPHBIM KOJIBIIOM BBIYETOB Zpm, TI€ B POIM IPOU3BOMHON BBICTYIAET
YMHOYXKeHNe Ha 3HaUYeHne (HOPMaIIbHON TPOU3BOMHON ITOJIMHOMA.

EcreccTBenno HazbiBaTh nuddepeHupyeMyo OUeKTUBHYIO QYHKINIO duddepenyupye-
Mot nepecmarnoskol. Bymem roBoputsh, uto g — obpamuad (no modymo Hy) x f nudde-
peHnupyeMasi IepecTaHOBKa, eciii i Beex x € (G BeIMOTHSIETCS

g(f(x)) ==z (9(f(z)) ==z (mod Hy)).

B mokname perraercs 3amada HaxoxaeHne obpaTHoO nuddepeHnnpyeMoil mepecTaHOBKN
K 3aaHHOW. DTO ymaeTcs crmeaTh, eciau rpynna G — paspernMa, u U3BeCTHO TPOMEXKY-
TOYHOE pEeIleHne M0 MOMYJII0 HEKOTOPOU MOArPYINLI U3 HOPMAJILHOrO psama. O6parTHas
[ePeCTaHOBKA CTPOUTCS PEKYPCUBHO IO CJEMYIOIIEN TeopeMe.

Teopema. IIycmv [ — nepecmanoska saemenmos pazpewumoti epynnot G, duddepen-
YUPYEMAT 0MHOCUMEALHO HopMaabHo2o pada G = Hy> H > ...> H, = e, g, — obpamnasg
nepecmanoska ¥ f no modymo Hy. Toeda obpamuot x f no modymo Hyiq geazemcs
nepecmanosxa

grr1(2) = 29k(x) = g1 (f(9x(2))) = [=9x(x) + g (f (91 (2))), gr()]-

CHeHCTBHe- ECJI/U, 8 yCJLOB'UJIfU meopembi epynna G 0,6&/1/66@ UAU HUADTLOMEHMHA, MO
grr1(x) = 29k (7) — gr(f(gr(2))).

Tomcrui 2ocydapcmeennblii ynusepcumem, Tomck
E-mail: karpov@isc.tsu.ru
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AG6comoTHBIE NaealIbl IOYTH BIIOJIHE Pa3I02KMMbIX abesieBbIX T'pYyIIIl

E. 1. KOMIIAHIIEBA

Komnbmom wa abesneBoit rpynmne G Ha3bIBAeTCs J1I0060€ KOJIBIIO, aqAUTUBHAS T'PYIIA KO-
Toporo coBnanaer ¢ GG. Iloarpynmer rpynmer (G, SIBASOIIHECS UOeAIaMU B JTIOO0OM KOJIbIE
Ha (G, Ha3bIBAIOT abCOMIOTHBIMEU umeasamu rpynnbl G. M3ydeHuio abCOMIOTHBIX UIEAIOB
abeseBBIX TPy mocBsieHbl paborel E.@puna, JI. Pykca, K. Makmuua, A. Yexmosa, T.
dam. ['maBHBIM abCOTIOTHBIM HOEAJIOM, TOPOXKIEHHBIM 3jeMeHTOM ¢ € (G, Ha3bIBaeTCs
HaUMEHBIINN abCOIIOTHBIN nuneall < g > A7, COLEPXKAaIIuil g.

OueBunno, T00ast BIOJIHE XapakTepUCTUYECKas TOArpynna abeireBoit rpynnsbl G sBIIs-
eTcsi ee abCOMIOTHBIM umeasoM. B [1] chopmynuposana mpobiiema u3ydeHUs abeeBbIX
IpPyOI, IJsi KOTOPBIX BEPHO OOpaTHOE YTBEPXKIEHWE, TO €CTh JII000M abOCOIOTHBIN MIIeaJl
SIBJISIETCST BITOJTHE XaPAaKTEPUCTUUYECKON MOATPYMIIOi. Takume rpyNmbl HA3BLIBAIOT a fi-TPyII-
namu. B HacTosmer paboTe u3ydaroTcs @ fi-TPYNIbl B KJIACCe TOYTHU BIIOJIHE PA3TOKIMBIX
abestesbix rpyun ([IBP-rpynm). IIBP-rpynner usyuanucs MHOrEMEu ajnrebpaucramMu (CM.,
Hampumep, [2,3]).

Mger 6ynmem paccmaTpuBaTh xkecTkue [IBP-rpynmbr KombIieBoro Tuma ¢ IMUKIXIECKUAM
peryasropabiM hakTopoM (IIP®-rpymmer) [3]. Ilins Takux rpynm ompemesieHbl ducia m; €
N (i = 1,k), apasionmecs MHBAPUAHTAMHI TIOYTH W30MOpdI3Ma rpymmsl (3, TP 3TOM IIpH
TTOAXOMIAIIEM BLIGOPE 37eMEHTOB €; (i = 1, k), IpuHamIeKamx peryaaTopy A, moboit ae-
MeHT ¢ € G OOHO3HAYHO MPENCTABUM B BUIE § = Zizl,_k ;—161, rme r; € Q.

Teopema 1. Ilycts G — kecTkas MOYTH BIIOJIHE PA3JIOKUMAS T'PYIIIa KOJIBIIEBOIO THIIA
¢ UUKJIMYECKUM PEryJIATOPHBIM (AKTOPOM, g = » =T T’;L—iiei € G. Torna
<g>ar=<g>+@,_zrid.

OTmeTuM, 9TO CTPOEHUE TJIABHOTO umeasaa < g >4y B TeopeMme 1 He 3aBUCUT OT BBIOOpA
37IeMEHTOB €;, a, CJIeIOBATEILHO, 1 OT BhIGopa umcen 74 (i = 1, k).

Onucanme raBHBIX a0COMTIOTHBIX WIEAJIOB MO3BOJIIET OKA3aTh, ITO JIIOOAsS JKeCcTKas
P®-rpynna KomblieBOro Tumna siBiaseTcs a fi-rpymoi.

Teopema 2. B xectkon LIP®-rpymnme koab1eBOoro Tuma Jro001 abCOTIOTHBIN HIeasl
SIBJII€TCSI BIOJIHE XapPaKTEPUCTUIECKOH IMOATPYIIIOH.

CIuCOK JIATEP TYPHI
[1] Fried E. On the subgroups of abelian groups that are ideals in every ring, Proc. Colloq. Abelian Groups,
Budapest, 1964, p.51-55.
[2] Mader A., Schultg P. Endomorphism rings and automorphism groups of almost completely decomposable
groups, Comm. in Algebra, 28, 2000, p.51-68.
[3] Brarosetnerckas E. A. Iloutu BHosHE pas3ioXuMble abeeBbl TPYMILI U WX KOJbIA SHIOMOP(OU3MOB,
CI16, Nsn-so Tlonurexu. yu-Ta, 2009.
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Perrterounrie MBOMOpq)MSMbI KOHEYHBIX OMHOIIOPO2XKIEHHBbIX KOJIeIl

C. C. KOPOBKOB

[Iycts R u RY — acconmaTuBHBIE KOJIbIA ¢ N30MOPhHBIME pernéTkaMu moakoser L(R)
u L(R?) coorsercrBerno. V3omopdusm ¢ permérku L(R) na pemérky L(R¥) Ha3biBaeTCs
peréTouHbIM n30Mophu3MoM (mpoekTupoBaHueM) Konbla R Ha kombno R?. Kombumo RY
HAa3bIBAETCSI MTPOEKTUBHBIM 00pa3oM Kojiblla R. CBOWCTBO ajrebpbl OBITH OIMHOIOPOXKIEH-
HOIl (MHAYE — MOHOIEHHOW) OTHOCHUTCSI K YNCIy OCHOBHBIX CBOWCTB, PacCMATPUBAEMBIX
IPU U3YUEHUN PElIETOYHBIX N30MOP(MU3MOB PA3IMUHbIX ajare6p (MOIyrpyIl, TPy, KOJIEIl,
anre6p Han mosieMm). B pabote 1] mokasamo, 9To mpoekTuUBHBIE 06pa3bl Kouter ['amya sBis-
FOTCSI OMHOTIOPOXKIEHHBIMI KOJIbIaMu. O PeréToyHbiX m30MOPOU3MAX OMHOIOPOKIEHHBIX
KOHEYHBIX KOJIell ¢ enumHuieil coobmanocs B [2]. IlaHHOE COOOIIEHUE MOCBSIIEHO DEIé-
TOYHBIM U30MOPGU3MaM KOHEUHBIX OMHOIOPOXKIEHHBIX KOJIEI[, He COMEPKAIINX eIUHUIHOTO
snemenTa. Huxe mom p-KOJIBIOM (p — MPOCTOE YKCIIO) MOHUMAETCS KOJIBIIO, ANIUTUBHASL
TPYIIa KOTOPOTO SIBIIeTCs p-Tpynnoi. JlokaszaHbl ceayoline yTBEPXKICHUS:

Teopema 1. Ilycte R — KOHeYHOE KOMMYTaTHBHOE HEHUJIBIIOTEHTHOE P-KOJIBIIO, HE
comepzkarriee equHUIBL. Kombio R Torma m TOIBKO Torma OOHOIOPOXKIEHO, Koraa R mpern-
craBumo B Buge: R =T + (r), rme T — HeHy1€BOE OHHOMIOPOKIEHHOE KOJIBIO, PA3JIOKUAMOE
B KOHEYHYIO OpIMyio cymMMmy kosen T; = S; + (r;), npu stom S; = GR(p™, m;), r; — HHIb-
IIOTEHTHBIN 3JIEMEHT, €OUHUYHBIN 3JeMEHT IOOKOJbIa S; sABiasercs emuaunen B 1;, 1 —
HEHYJIEBOI HUJIBIOTEHTHBIN 3JIEMEHT.

Teopema 2. IlycTte KOHEYHOE OLHOMOPOXKIOEHHOE DP-KOIBIO R mpemcraBumo B Buze
R =1 + .. ‘l’Tk + <7“>, roge T; = S; + (TZ‘), S; = GR(p”i,mi), n;g > 1, m; > 1, r;
— HWIBIIOTEHTHBIH 3JIEMEHT, eQUHUIHBIH 3JIEMEHT MOAKOJIbIA S; SBJISeTCs equHUIer B T;
(i = L—k), 7 — HEHYJIEBOH HUJIBIIOTEHTHBIN 37aeMeHT. IlycTh ¢ — pemréTodHbpIin n30MoppU3M
kospna R Ha xoneno RY. Torma copaBennBhI CIEOyIOIHE Y TBEPXKICHUS:

1) 1Y = SP + (r}), S = S;, r, — HWIPHOTEHTHDLII 5I€MEHT, €QUHHYHBINL JIEMEHT
monkonsia S{ aemgercs equrnmett 8 T, (i = 1,k);

2) (T; + (r)? =TF & (r)? (i = 1,k). Komsro T & (r)¥ KOMMyTATHBHO U ITOIKOIBIO
T aBgeTcs HOeaIoM B HEM;

3) R? = (T¥ + -+ TF) & (r);
4) (Rad R)¥ = Rad R¥;
5) R¥Y — OmHOIIOPOXKAEHHOE P-KOJIBIIO.
CIuCOK JIUATEP TYPHI

[1] Kopo6kos C.C. Ilpoektuposanus kosern ['amya // Anrebpa u moruka. (B meuarn).

[2] Kopobkos C. C. IlpoekTupoBaHUS KOHEYHBIX MOHOTEHHBIX KOJjel. MexmyHapomHas KOH(pepeHIUs
”Mamnbuesckue ureHwus-14" 10 - 13 mos6ps 2014 r., Tesucwr mokmamoB. VHCTUTYT MaTeMATHKU WM.
C.JI. Co6oneBa CO PAH, HoBocubupck, c. 107.
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O6 aBTOMOpGDU3ME TOopsIaKa 2 KOHEYHOTO ITOJIYOJIs

O. B. KPABIIOBA

IToaynosem HABBLIBAETCS MHOXKECTBO S, HA KOTOPOM OIPEMEIeHbl ABe OMHADHBIE Ajre-
GpamdecKue Omepamun + U *, IPU BLITIOJHEHNN yCIOBUIL:

1) (S, +) — aGeneBa rpymna;

2) (S*, %) — myma;

3) HEATPAJIBHBII 110 CIIOKEHUIO SIIEMEHT yIoBiIeTBopseT ycinoBuio 0 x = 0 mis mo6oro
x €S,

4) BBIOIHAIOTCSA TUCTPUOY TUBHEBIE 3aKOHEI a* (b+c¢) = a*xb+axc, (b+c)*xa = bxa+cxa
1 00X a, b, c € S.

[Iyctes W — nmmeltHOe mpoCTpaHCTBO paszmepHocTH N Ham noiem GF(p) (p — mpocroe
qucio). Pacemorpum 6uektusaoe orobpaxkenue 0 : W — G L, (p) U {0}, ynosrersopstioriee
YCITOBUAM:

1) 6(0,0,...0) =0, 6(1,0,...,0) — enuHUIHAS MATPUIA;

2) 0(y+ z) = 0(y) + 0(2) nns mobbix y, z € W.

Muoxectso R = {0(y)|y € W} HasbBaoT peeyagproim muoxcecmeom. Beemem yMHO-
XKeHne Ha MHOX)ecTBe W mpasumiiom

x*yz&:@(y), a:,yEVV.

Torna (W, +, ) — momymnose ¢ mysnem (0,0, ...,0) u equaunen (1,0, ...,0). O6paTHo, m060€e
KOHEUHOEe TIOJIYIIOJIe MOXKET ObITh MPEeNCTABIEHO JTUHENHBIM MTPOCTPAHCTBOM IIPU MTOMAXOIIS-
I1IeEM BBIOOpPE PEryJIIPHOIO MHOXKECTBA.

[ycts W — momymose mopsimka p2", IPeICTABICHHOE JIMHEHHBIM IPOCTPAHCTBOM HA
GF(p) ¢ ucnonb3oBarmeM peryssproro Maoxkectsa R C GLo,(p) U {0}. O6osnaunm (W)
TTPOCKTUBHYTO TITOCKOCTH MOPAIKA 2", KoOpAMHATH3UpYyeMmyto moytonem W (noaynoaesyio
naockocmy). ABTOMOPGU3M MPOEKTUBHOMN MIOCKOCTH TOPAIKa P>, TIOTOUEIHO DUKCHPYTO-
ITAT TTOAINIOCKOCTD TOPSAKa p'*, HA3BIBACTCS 03P06CKOTU KOAAUHEAUUET.

Teopema 1. Ilycts ¢ : x — xA — aBromoppusm nopsaka 2 nomynons W, A € G Lay, (p).

0 .
Torna martpuna (O 4 | sanaer 65POBCKYO0 MHBOJIIOLHIO IOTynoseBou miockocta w(W).

Teopema 2. IlycTs m — moJIymoseBas INIOCKOCTH IOpsSaka p2", momyckarornas 63poB-
CKYI0 HHBOJIIOIINIO B TPAHC/SIUOHHOM nonojHeHuu. 'lTorna, ¢ TOYHOCTBHIO IO M30TOMU3MA,
MOXKHO CUATATH, YTO €€ KOOPAUHATU3UPYIOIIIee IMOJIyIIoJIe Oy CKaeT aBTOMOP@U3M MOPSIIKA
2.

Teopema 3. Ecaum momynose nopsaka p°" HoIyckaeT aBTOMOPGH3M IIOpanka 2, TO
HEKOTOpOe U30TOIHOE €My IIOJIYIIOJIE COLEPKUT MOAIOIYIIONe IOPIaKa P .

Pa6ora nmonnepxana PODPU (rpant 15-01-04897 A).

Cubupcrut gedepaavubiti ynusepcumem, Kpacrnoapck
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I'panyupoBaunbie anrebps! JIu xapakTepuctuku Tpu ¢ marpunen Kaprana
BTOPOTO MOPSOKAa

M. . Ky3HELOB, H. A. XOPEBA

Baxnuyto posnb B kitaccubukanun IpocThX aarebp Jlu Ham anmrebpandeckn 3aMKHY THIM
noiem F' xapakrepuctuku p > 0 urpaer Teopema pacnosuasanus B.I'. Kana ([2]), moxa-
3aHHas B [4] mis p > 3. Dra TeopeMa MaeT ONUCAHWE KOHEYHOMEPHBIX TPAH3UTUBHBIX
HEMPUBOIMMBIX T'panyupoBaHubX anrebp JIu L ¢ penykTtuBHON KoMmoHeHTON Lo. s p = 3
CIICOK BCEX T'PALyUPOBAHHLIX airebp JIu, ymOBIeTBOPSIONINX YCIOBUAM TEOPEMBI PACIIO-
3HABAHUsI, HE U3BECTEH.

Uccnenosanune rpamyupoBansbix anre6p Jlu L B [1], [2], [4] B 3HauUnTEIBHON CTEIEHN
OCHOBAHO Ha JIOKAJILHOM aHAJIN3€, KOTOPBIA COCTOUT B PACCMOTPEHUH Homajredp B L, mo-
POXIEHHBIX djIeMeHTaMu €;, f;, h;,1 = 1,2, Takumu 9TO

leis [fi] = dijhis hi € H, [hi, €] = aizej, [hi, fj] = —aijfj, aij € F. (1)

Crnenys [3], o6o3naunm uepes g(A) - anrebpy Jlu, samannyto obpasyrommmu e;, f;, h;,
i =1,2, u coornomenusivu (1). Tak xe, kak B [3], onpenensercs anrebpa Jlu g(A).

[Ipu 3amene obpasymoiux e;, f;, h; Ha IPONOPIMOHAILHLIE U IPHU TEPECTAHOBKE HO-
MepoB obpasymoinux marpuila Kapranma mensercs. Takume marpunbl Kaprana HazoeMm
SKBUBAJIEHTHBIMU. B manHOU paboTe HalllmeHbl Bce KOHeYHOMepHbIe aynrebpsl Jlu g(A) Han
anrebpalmdeckKn 3aMKHYTBIM IoJIeM F XapakTepucTukn p = 3 m Bce MaTpunbl Kaprama,
COOTBETCTBYIOIIE GECKOHEUHOMEPHBIM ajirebpam Jlu.

IIpennoxenue. Ilycte A—2 X 2-marpuna. Asarebp Jlu g(A) mHam momem xapakTe-
pucTku 3 6eCKOHeUYHOMEPHA TOTAa U TOJBKO TOTAa, KOTaa MaTpula A SKBUBAJEHTHA OTHOM
"3 CJACHYIOIIUX MATPHIIL:

0 1 2 a 2 0 2 1 2 a 2 £
1 0/ \2 a)’ \2 a)’ \2 a/” \2 0)7 \2 n)’
Fﬂe£7n¢F3,€7énaa7é2'

Pa6oTa BrinostHeHa B pamkax npoekTa Ne 1410, ¢uancupyemoro MuHoGpHa-
yku Poccum 1o roc3zamaHuro.

CHUCOK JIUTEP TYPBI

[1] Kamr B.I'. TIpocTble HempuBOOUMbBIE TPaLynpoBaHHbie anre6psl Jlu koneunoro pocra // Nss. AH CCCP
, cep. mareMm. — 1968.— 1. 32. — C. 1323-1367.

[2] Kag B.I'. Knaccudukanust npocTeix aare6p Jlu mHan monem menyseson xapaktepuctuku // Wss. AH
CCCP , cep. matem. — 1970. — T. 34. —C. 385-408.

[3] Kau B. Beckoneunomepusre anre6pst JIu. M.: Mup. — 1993. — 425 c.

[4] Benkart G., Gregory T., Premet A. The Recognition theorem for graded Lie algebras in prime charac-
teristic // Memoirs Amer. Math. Soc. — 2009. — V. 127, N. 920. - 145 p.
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OG6o6111eHHbIN TPad OeauTesiel HYJIsI aCCOMNATUBHOTO KOJILIIa

A. C. Ky3bMUHA

[Iyctes R — accommaTtuBaOe Koiblo, D(R)* — MHOXKECTBO HEHYJIEBBIX MEJIUTENIEN HYJISI
kombia R, J(R) — pamukan [xeko6cona kombua R, [(a) = {r € R; xa = 0}, r(a) = {x €
R; ax = 0} mna moboro sinementa a € R.

I'pagom deaumeaneti nyas I'(R) woavya R HasbiBaeTCs rpad, BEPIIMHAMU KOTOPOTO
ABIIAIOTCS BCe HEHYJIEBBbIE IETUTENN HyJslsd KOJbla (OMHOCTOPOHHUE U ABYCTOPOHHUE), IPU-
UeM [IBe PA3jIMUIHbIE BEPIINHBL T,y COEOUHSIOTCS PebpOM TOorAa M TOJIBKO TOIOa, KOrIa
zy =0 unmu yx = 0.

Paccmorpum ma MHOX)ecTBe D(R)* criemyroriee OTHOIIEHIE S5KBUBAJICHTHOCTH O

ach < r(a)Ul(a) = r(b) Ul(b) must mobbix smemenToB a,b € D(R)*.
Kitacc sKBUBaIEHTHOCTH, COMEPKAIIMIT JIEMEHT a, GyneM 0603HaYaThL uepes [al .

Teopema 1. Ilycts R — acconmaTusHOe KoHeuHOE Kombo u a € D(R)*. Ecmr a? = 0,
To vy = 0 mwmm yr = 0 g moberx x,y € [a]. Ecmr a? # 0, To vy # 0 m yx # 0 g aro661x
z,y € |al.

PaccmoTrpum 0606wennbii epagd deaumeneti nyag koavya R. Beprmmaamu Takoro rpada
OyIeM cumTaTh BCE KIIACCHI SKBHBAJICHTHOCTH [a], rme a € D(R)*, nmpudueMm OBe BEpIIIMHEBL
[a] m [b] cmexHBI Mexkmy coGoil Torma um TOILKO Torma, Korma ab = 0 wiu ba = 0. Ecan
U3BECTHO KOJIMYIECTBO HJIIEMEHTOB B KaXKIIOM KJTACCE SKBUBAJIEHTHOCTH, TO MBI JIETKO MOXKEM
OoT 0000111eHHOTO Tpada menuTellell HyJIS NePeuTH K OOBITHOMY Tpady OemmTeaen HyJs.
Taxum obpaszoM, moHsTrE I'pada HeruTenell HysIs HO3BOsAeT 0ojiee IPOCTO U KOMITAKTHO
CTPOUTH T'padbl meauTeseld HyIs Kojel OObIINX MOpsakoB. Panee moHsTHe 0600I1IEHHOTO
rpada menuresneil Hyiis s KOMMYTATUBHBIX KOJIEll pacCMaTpPUBAIOCh B paborax [1, 2, 3]
u ap.

Kpowme Toro, Hamm mokazana

Teopema 2. Ilycts 06001ieHHbIN rpad AeauTerIer Hyas KOHEYHOIO aCCOLHATUBHOIO
kombra R cocrout m3 nByx BepumH. Torma mubo rpag I'(R) sBiageTcs HOIHBIM IBYHOIb-
HBIM, 11060 KOJIbIO R ymoBaeTBOpseT OOMHOMY U3 CAEAYIOIINX yCIOBUIL:

(1) R/J(R) — mome, xomero R me comepxut equnmiy u J(R)? = (0);

(2) R — sokanbHOe KoubLo (¢ enmHuieti), npudem J(R) ymoBmerBopser ycnosuto (3)
HaCTOSIIIEH TeOPEMBI;

(3) R — mmnpnorenTHoe xombno, R = A® B, B> = (0), A% = (0), A — npsmo mHepasmo-
JKIIMO€e KOJIBIIO, He VIOBJIETBOPSIOIIee TOXAeCTBY 12 = ().

Taxxe moka3aHbI HEKOTOPBIE CBOICTBA KOHEYHBIX ACCOLUMATHUBHBLIX KOJIEll, T'pad mesu-
Tejel HyJsi KOTOPBIX COCTOUT U3 TPEX BEPIIINH.

PaGora mposenena B pamkax 3amanus Ne 2014/418 Ha BBINOIHEHE TOCYAAPCTBEHHBIX
paboT B cepe HAYIHON NEITENbHOCTI B paMKax 6a30BOM 9aCTU IOCYIapPCTBEHHOTO 3aIaHMTS
Muwunobprayku Poccun

CIIMCOK JIUTEP TYPBHI
[1] Bloomfield N. The zero-divisor graphs of commutative local rings of order p* and p® // Comm. Algebra.
~2013. — 41. — pp. T65-775.
[2] Levy R., Shapiro J. The zero-divisor graph of von Neumann regular rings // Comm. Algebra. — 2002.
— 30. — pp. 745-750.
[3] Mulay S. B. Cycles and symmetries of zero-divisors // Comm. Algebra. — 2002. — 30. — pp. 3533-3558.
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N3oMmopdu3mbl Kosierr 6€6CKOHEUHBIX HUJIBTPEYTOJILHBIX MaTPUIL
U IIPUCOEOMHEHHBIX T'PYIII

B. M. JIEBuUvK, B. B. IILI'AHKOB

[Iycts K - accommartuBHOE KOIbIO ¢ emuHuiei. s mo6oit menu I ¢ oTHOMEHIEM
nopsinka < koibuo NT'(I', K) Bcex dunnrapubix [-marpun || a;; ||i jer san K ¢ ycrnoBuem
HUIBTPEYronbHOCTH a;; = 0 (¢ < j) JOKaJIbHO HINIBIIOTEHTHO I, CII€NOBATEILHO, Dall-
KaJIbHO. PUHITAPHOCTH PABHOCUIIBHA TOMY, ITO MATPUUHBIE eQUHUIEL €,; (1,5 € ', i > j)
natot 6a3y B anrebpe NT'(I', K). Asromopdusmer u uzomopdusmer koirergy R = NT(T, K),
accormupoBasHbix koser JIlu A(R) n npucoenuHeHHBIX Ipynn u3ydessl B [1] u [2], korma
|T'|< oo mmm K ecTb KOMbIO 6€3 mesuTerteil Hyis.

OxaspBaercs, ecau I ects mems Z(H) momoxurensupix (umn Z(7) orpumarensubix)
IEJIBIX YMCesl, TO BCe HUILTPEYrosibHble |-Marpuinl Ham K HAIOT Takke paauKajabHOE
Kouib110. MbI mepeHocuM Metomsl [1] u [2] mus onucanus aBTOMOPOU3MOB U U30MOP(HU3MOB
YKa3aHHBIX PAIUKAJILHBIX KOJIEI, NX aCCOMMUPOBAHHLIX KOJIel JIn 1 MpucoeIMHEeHHbIX TPYTIIL.
Hanee momaraem I' = Z{t u R = GNT(I', K). Opu i, j € Z1+} marpums: u3 R, y KoTopbix
B CTOJOIAX ¢ HOMEpaMu > j U B CTPOKAX ¢ HOMepaMu < i CTOAT HyJId, OOpasyioT umeasl B
R, obosnauaemerit uepes GN;;. HoxasaHb

Teopema 1. Ilycts K - xombiio 6e3 nenuTeneit Hy1sa. Torma rpymnnsl aBTOMOPGU3MOB
Kosblia R, accormupoBaHHOTO Koibla Jlu A(R) M OpUCOENUHEHHON TPYNNbI COBIAMAOT.
Vx mopoxmaroT aBToOMOPGU3MbI, MHIYIIUPOBAHHBIE aBTOMOPGU3MOM OCHOBHOT'O KOJbla K,
BHYTDPEHHIE U OUATOHAJILHBEIC aBTOMOP(MU3MEL.

Jlemma 1. Uneanmer GN;q1 4, @ =1,2,3,- -+ NCUEPIBIBAIOT BCE MAKCUMAJIbHBIE a0€TIeBBI
uneassl B Koiblax R u A(R), a Takxke MakCUMaJbHBbIE abeIeBbl HOPMAIIbHBIE MOATPYIIIbL
IPUCOCAMHEHHON TPYIIILL.

Cwum. [4]. Ciyuait npucoenuuentoin rpymmnsl, korna K - mone mopsnka | 2, cm. [3].
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AsTomMopdu3Mbl HUIbNOTeHTHON nonanre6per N®(K) anre6psr IlleBasiie

A. B. JIuTABPUH

B amre6pe [llesamne Ly ¢ Gasucom {e, (r € ®), --- } man momem win xosbuom K,
acconuupoBaHHoOl ¢ cuctemon kopueirt ¢ [1, §4.4], BBIIENSI0OT HUIBIOTEHTHYIO MONAJIre6py
N®(K) ¢ 6asucom {e,|r € ®T}. Aprop mzyuaet aBTomMopdusmer konbia Jlu N (K) knaccu-
YECKOTO TUTIA HAI MTPOU3BOJILHBIM ACCOIMATUBHO-KOMMY TATUBHBIM KOJIBIIOM K ¢ eIuHUIEN,
B wacTHOCTH, K-anre6pst Jlu NO(K).

Anre6pa JIu N®(K) tuna A,,_1 uzomopdua anredpe Jlu, acconnupoBanHoii ¢ amre6poi
NT(n, K) HIKHUX HUILTPEYTOIBHBIX 1 X n MaTpuil Hanm K. ['pynmer aBromopdusmos
kosbia NT(n, K), ero accommmpoBaHHOrO Kojblla Jlu U mpucoenuHeHHON rpymmbl (OHA
uszoMopdua yaurpeyronbuoin rpynne UT(n, K)) nsyuenst panee [2].

K ocuoBHBIM sr1eMerTapHBIM aBTOMOpdu3Mam koibua Jlu N®(K) oTHOoCHM: aBTOMOD-
(GbU3MBbI MHIYIUPOBAHHBIE ABTOMOPGU3MAMI OCHOBHOTO KOJIbIIA, NUATOHAJIBHBIE, BHYTPEH-
Hue, rpadOBbIe U EHTPAIIbHBIE aBTOMOP(U3MEL. [lopoxmaeMbie nMu aBTOMOP(U3MBI HA3BI-
BalOT CTAHIAPTHBIMIU.

B pemennn npoGriemsbr onucanus rpynnbl Aut U yHUnoTeHTHBIX moarpymn U rpyrmn
JIMeBa TUIA CYIIIECTBEHHBIM OKA3bIBAETCS CIemyloliee 00obIeHne B [3] HeHTPAIbHBIX aBTO-
Mopdusmos: Asmomopdusm ¢ epynnvl uau Koavya Jlu, moxcdecmeennviii no modya m-2o
2unepyenmpa u enewnut no modyao (m—1)-20 cunepyenmpa, Ha3bIBAIOM 2UNEPYEHMPAAb-
HOIM GBMOMOPPUIMOM BbLCOMbL T

st konbua JIlu NO®(K) tuna C,, (n > 4) nonydeno onucanwe rpynnsl Aut (NO(K)).

Teopema 1. ITycmy K — accoyuamusno Kommymamusroe Koapyo ¢ edunuyet. Bearxui
asmomopdusm xoavya JIu NO(K) cumnaexmuueckozo muna C,, (n > 4) ecmv npoussede-
Hue cmardapmmno2o U 2uNePpyueHmpalbro20 8blcombl < 5 a8momopPuamos.

Korpa 2K = K m aHHyJIATOp 37IeMeHTa 3 B KOJiblle K HYyJIeBOI, aBTOMOPGU3MBI aJIre-
6pet Jlu NC,,(K) (n > 2) 6eu1n onucansl paree [4]; HanGobIIas BBICOTA THIIEPIEHTPAIIb-
HBIX aBTOMOPGU3MOB B 3Tux ciaydasx < 3. OrTmerum, uTo B Teopeme 1 OIEHKA BBICOTHI
TUTEPIEHTPAIILHBIX aBTOMOP(MU3MOB HE YIIyUIlIaeMasl.
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O MUHIMAJIBHO IOJIHBIX aCCOIMATUBHBIX KOJIbIIaX

JI. M. MAprTBIHOB, T. B. ITABIIOBA

N3zyuaercs BBenenuHoe B [1| miis mpOM3BOIIBHBIX (YHUBEPCAIILHBIX) aare0p MOHSITHE MOJI-
HOTHI [IJIST aCCOUNMATUBHBIX Kousien. l[IpuBemem HEOOXOMMMBIE OIMpENETIEHUs] TPUMEHUTETHHO
K aCCONMATUBHBIM KOJIbllaM. HamoMHUM, 9TO aTOMBI perreTkn L MOIMHOr0O0pa3uii MHO-
roo6pasns BCeX acCONMATUBHBLIX KOJIEI] MCUEPIBIBAIOTCI MHOroobpasusmu F, = var{pr =
0,2P =2} u Z, = var{pr = 0,2y = 0} mo BceM MPOCTBIM p. Y CIOBUMCS B HAJIbHEHIIIEM
O KOAbYOM TIOHUMATH GCCOYUAMUBHOE KOAbYO. KOIIBIIO HA3BIBACTCS NOAHbIM, €CIIU OHO
HE MMeeT roMOMOpPGU3MOB Ha HEHYJIEBbIe KOJblla 3 aToMoB pemteTku L. Kcmau xombio
He UMeeT HEHYJIEBBIX TOJTHBIX MOQKOJIEIl, TO OHO HA3BIBAETCS pedyyuposanmbim. HemymeBoe
ITOJTHOE KOJTBIIO HA3BIBAETCSI MUHUMAALHO TLOAHbIM, €CITU JTI000€ ero COOCTBEHHOE TOIKOIBIIO
SIBJIAETCS PENYIUPOBAHHBIM. KOJbIIO, TOIyYeHHOE U3 aqqUTUBHON abeseBoil rpynnsl A BBe-
MeHIeM HYJIeBOTO YMHOXKEHUs WM 3aMEHOI YMHOXKEHUs KOoJbila A Ha HyJ/leBoe yMHOXEHUE,
ob6o3nauaercs yepes A°.

IIpensoxenue. 1) I[IpocToe KOIbLO ¢ AUHUIIEN SBISETCS MUHIMAIBHO TIOJIHBIM TOLIA
¥ TOJIBKO TOLa, KOrAa OHO H30MOP(GHO jinbo koHeurHoMy 1oio G F(p?) mas HeKOTOPBIX Ipo-
cThIX umcesa p u ¢, mubo koibiy Mo(GF(p)) kBagpaTHBIX MATPHI] HOPSAKA 2 HAM IPOCTHIM
mostem G F(p) miist HEKOTOPOro MpocToro 4mcia p, aubo oo Q panuoHAIBHBIX UHCEL.

2) MuaEMATBHO TTOTHBIe HEIBIOTEHTHEE KOIbIa ncIepibiBaroTcsa kKoabom QU m xoss-
amm Cgoo 1I0 BceM IIPOCTEIM p, rae Q — mone panuoHanbHEIX gucel, a Cpe — agauTuBHAL
KBAa3UMUKJIMIECKas TpyIia Tuma p°°.

Ucnonb3ys 5T yTBEpKIOEHUS U Pe3yIbTaThl BTOPOT'O aBTOPA O MOJIHBIX U PEIyINpPO-
BAHHBIX APTUHOBLIX (CJIeBa) KOJIbIAX, MOKA3AHA

Teopema. MuHUMAJIBHO MOJHBIE APTHUHOBBI KOJIBIA HCUYEPIIBIBAIOTCS CJIEIYFOILIAMIT
KOJIbIIAMH:

1) KoIbOaME ¢ HyJIEBBIM YMHOXKEHUEM Cgoo 110 BCeM IIPOCTHIM DP;

2) momem panmoHabHBIX dncea Q;

3) koneurbIMu KosbIAMU R co cBoricTBOM R? = R ¢ npumMapHO# agaquTHBHOL I'PYIIIIOH,
11 kKoTopelx pamukan IDxekobcona J(R) = pR u mu6o R/pR = GF(p?), nu6o R/pR =
Ms>(GF(p)), roe uncna p, ¢ — OPOCTHIE.

Wccnenosanme BbIMOTHEHO TIpu moanep:xkke MunucTtepcTBa obpasoBanus n HayKu Poc-
cuiickont Peneparun, 3amanme Ne 2014 /336.
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ITouTn KOHE€YHOMEPHBbIE€ aJIbTE€EPpHATUBHBIC aJ'Il"eﬁpr

A. C. ITIAHACEHKO

Omnpenenenne. Anre6pa A Ha3bIBaeTCS MOYTH KOHEUHOMEPHOM, eciu dim(A) = oo u
dim(A/I) < oo mist mo6oro Henysesoro [ < A.

IIpumep. Ilycrs C — anre6pa Konu-Iukcona wam momem F') t.e. mentp Z(C) = F,
F[z] — konbuo MHOrOueHOB OT mepemenHoit x. Torma Tenszoproe npoussenenue C Q p F[z]
— IOYTH KOHEYHOMEpHAs airebpa.

Jloka3aHbl CIEIYIOIIIe TeOPEMBI

Teopema 1. Bcesgkas mouyrn KOHEUYHOMEDHAs ajlbTEPHATHBHAS aarebpa IepBUYHA.

Teopema 2. Ilycte A — kombno Kosmwu-Ilukcona ¢ emumaumen. Ilpemmosoxum, 4TO
A — nourm koHeuyHoMmepHas anrebpa. Torma ee menrp Z(A) — moYTH KOHEUYHOMEDHAS
anrebpa, A sBiIgeTCs JTOKaJIbHO KOHEYHOU Hal cBouM HeHTpoM Z(A). Anrebpa A comep:kut
monanarebpy B, koropas sBisercs KOHeYHO HOpoxaeHHbIM Z (A)-momynem, Z(B) = Z(A) n
(Z*)~YA = (Z*)~'B. Bonee Toro, amrebpa B — mouTm KOHeTHOMEDHA.

Teopema 3. Ilycte A — wmckmarounrensHas IOYTH KOHeUHOMepHas ajrebpa. Torma
A sBmsgercs yokanpHO KoHeyHoMmepHO. Ecmm L(A) # A, to A — anrebpa ¢ enuHuIeH,
ee uentp Z(A) — koneunomepHoe Han I mome m A — sjokanbHas anrebpa ¢ HaHOOJIBIIIM
nneatom L(A).

Teopema 4. KoHeuHO-OPOXKAEHHAS ATIbTEPHATUBHAS HEACCOUUATUBHAS MMOYTH KOHEU-
HOMepHas ajarebpa A Ham nonem F saBasercs konbuoM Konm-/luxcona. Ecim, x ToMy e,
F' — mecuerHno, To A — mommpsamoe npousBenenue ajarebp Ksmau-IlukcoHa.

Pabora Bemmonuena npu nonnep:xkke douna PODU, npoext 14-01-00014.
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KoMmmyTaTopHas mimpuHa 3JIEMEHTOB OOHOPOAHBLIX MeTabesieBbIx anrebp Jlnu

E. H. IIOPOUIEHKO

IIycte F — anrebpamdecku 3aMKHYTOE IOJI€ XapaKTEPUCTUKU HYJIb, 00/Ia0ai011Iee CIeIyo-
UM CBOMCTBOM:

(*) cyliecTByeT aJropuTM, MO3BOJISIONINI AJIst JII060M KOHeUHOi cucTteMe Han F ycra-
HOBUTBb, COBMECTHA /I 3Ta CUCTEMA.

O6o3uaunm uepes M (A) cBoGomuyo MerabeneBy aiarebpy ¢ MHOXKECTBOM MOPOKIA0-
mmx A = {ay,as9,...,a,} Ham amrebpamdyecku 3aMKHYTBHIM mosieM [ xapaxtepuctuxu 0,
obnanmarorM coiicTBoM (*). Uepes M (A; S) Gynem o6o3nauars MeraberneBy airebpy Jlu c
MHOYKECTBOM TMOPOXKAAIIIIX A 1 MHOXeCTBOM ompemnesisomux oTHourenuit S. [Ipoussom-
ubte anre6p M (A) u M(A;S) 6ynem o6osuauats M'(A) u M'(A; S) coorBeTcTBEHHO.
Omnpenesnenne 1. Ilycts afu] — HeaccoumaTHBHBIN MOHOM OT 3JIEMEHTOB MHOXecTBa A
(a € F). Mynbrucreness MoHOMa alu] — 310 BekTop 6 = (01,02,...,0,), rme 6; — aTO
YHCII0 BXOXKAEHUI a; B [u).

Omnpenesnenue 2. HeaccouuaTuBHBIN MHOTOWIEH [ HA3BIBAETCS OMHOPOIHBIM, €CJIH MYJIb-
THCTENEeHN BCeX ero MOHOMOB DABHEL.

Ounpenenenue 3. Asrebpa M(A;S) Ha3pIBa€TCI OOHOPOLHON, €CIH S COCTOUT U3 OHO-
POIHBIX MHOTOYJICHOB.

Omnpeneneunne 4. Ilycte L — mpowmsBosbHas anarebpa Jlm. KomMmyTaTopHOU I1m-
puHoOit semenTa g € L' HaspiBaeTcs HamMmeHbIlee 4HCIO k, TAKOe UTO MJIS HEKOTOPBIX
hi,...,hg, b, ..., k) € L BbIIOIHSIETCS PABEHCTBO ¢ = Z?:ﬂhs, h.].

B anre6por Jlu monsTme KOMMYTATOPHOI INMMPUHBI IPUILIO W3 TPYIM, TOE, B CBOIO
ouepenb, MPOM3OIIO U3 MOHITHUS IINPUHLI, BBemeHHOro Mepsnskosbim B [1]. B [2] 6buto
NOKa3aHo, uTo Iys Jioboro simementa g € M'(A) 3amaua HAXOXKIEHWs KOMMYTATOPHOI
IIIIPUHBI STOTO SJIEMEHTA SABIISIETCS AJITOPUTMUYECKN PA3PEITUMOI.

OCHOBHBIM Pe3yJILTATOM HAHHON PAOOTHI ABISIETCS CIEMYIOIIAsl TEOPEMA.

Teopewma. Ilycts F — anrebpamdeckn 3aMKHYyTO€ HOJIE XapPAKTEPUCTUKH HYJIb, VIOBIETBO-
psrorriee cBONCTBY (*) u myctb M (A; S) — cBobomnas merabeneBa aarebpa JIu namg momem F.
Banmavua HAXOXKIEHUS KOMMYTATODHON IIHPHUHBI j10060r0 smementa g € M'(A;S) aBusercs
AJIrOPUTMHUIECKH PA3PEIIUMOL.

Pa6ora Beimonaena npu ¢punancosoit moanepxkke PODU (rpant 15-01-01485), a Takxe
Munucrepcrsa obpasoBanus u Hayku PP (roc. samanme Ne214 /138, mpoekt 1052).
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NukancynmupoBaHHbIE KOJIBIIA U UX NMPUJIOXKEHUsI B KpunTorpadun

A. B. TPEIAUEBA

Nuxancynuposaunsie (black-box) mpencrasnenus aarebpandeckux CTpyKTYP TOMOTAIOT
OIEHUTH CJIOXKHOCTH aJITOPUTMOB BHE 3aBUCHUMOCTU OT WX KOHKDPETHOTO ITPEICTABIIEHUS
1, 2, 3]. His aHanm3a KPUOTOCTONKOCTH MOTHOCTHIO TOMOMOP(MOHOrO MnbPOBAHUS, OCHO-
BAHHOTO Ha (HAKTOPU3AIINN UUCENI, XOPOIIO MOAXOOUT CIEAYIOIas CTPYKTypa.

Ounpenenenne 1. HWukancymupoBarHOe KOibLo — 570 1mectepka (n,k,h, F,G,T) B
koroporr n € N — ompemenser KoamdecTBO 3JeMEeHTOB B KoJibile, k € N — ompemerser
OJINHY GUTOBOrO IpencraBiaeHus konupoBku. Pyukmun h, F, G, T onpeneeHbl CIemyOIImM
0bpa3om.

(1) @ymxmma h : {0,1}* — Z,, comocrasmger saeMeHT M3 KOIbNA Kaxmomn k-6UTHOLH
ABomYHOU cTpoke. DyHKUS h CIOpBHEKTUBHA, T. €. KaXABIH SJIEMEHT KOJIbIA
IpencTaByIeH IO MEHBIIIEH MePe OMHON OUTOBOH CTPOKOI.

(2) @ymxmomr F,G : {0,1}* x {0,1}% — {0,1}* Bemonmaror croxenne u ymmHOMe-
gue. Oum ynopierBopsior ciaemyforuMm coorHouteHusM h(F(x,y)) = h(x) + h(y)
u h(G(x,y)) = h(z)h(y).

(3) @ymxmma T : {0,1}F x {0,1}* — {true, false} mposepser paBeHcTBO ABYX HH-
KaICyJINPOBAHHBIX 3JeMeHTOB: T(x,y) = true Torma m TOIBKO TOrma, KOTAa
h(z) = h(y).

Ounpenenenune 2. Ilycrs(n,k, h, F,G,T) — nakancyaupoBarHoe kosbrno. O603HaYIM
oTobpakeHne, COIOCTABJIAIOLIEE 3JIEMEHTY T HeKoTopoe mpercrapienue [x] kak [|. IIpo-
6/1eMa MHKAIICYJIMPOBAHHOIO KOJIbIA COCTOUT B claemyromeM: Hairu aaropurm A ko-
TOpbIT 0 gaHHOMY N u opakyiaaMm F, G, T[] u npeacrapmenuto o € 7, HAXOOUT ( B IBHOM
BHLIE.

B pa6ore u3ydaeTcs CII0KHOCTH aJITOPUTMOB PEIIeHUs IPOGIeMbl HHKAIICY IMPOBAHHOTO
KOJIbLIA [IPY PA3JINIHBIX OTPAHMICHISIX Ha KOJIBLO, & TaKXKe [TOKA3bIBACTCS ee BIINSHUE Ha
KPUITOCTONKOCTH COOTBETCTBYIOIINX AJIre6pandeckKu roMOMOPGHBIX MIH(POB.

Pa6ora Bruimonuena npu nomaep:xkke rpanTa PODU Nel5-07-00597 A.
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O kosblax paciersieHus P-j1oKanbHbBIX abesieBbIX rpynm 6e3 KpydeHus

B. X. ®APYKIINH

[Iycte monmoste K mOJIS p-amWvIecKuxX YuCelT @p SIBIISIETCSI KOHEYHBIM aJIrebpamdecKuM
pacIupeHneM I0JIsT PaluoHaIbHBIX uncesl (Q m mosieM pacIenieHnss pemynupoOBaHHON p-
JIOKAJTBHOM abesteBoil Tpynmbl 6e3 KpyueHuss A KOHEYHOTO paHra.

Teopema. Ecnu {ag = 1,a1,...,a} — dyHOIAMEHTATBHBIT 6a3UC KOIBIA EJIBIX THCEIT
Ok mnoms pacmennenus K rpynmer A, To cepBaHTHas obonouka (ag = 1,as,...,a) B
aaIUTUBHON TPYIIIE KOJbIA HEJIbIX P-auIeCKUX TUCETT 217 SIBIIAETCS KOJIBIOM DACILICIITCHIS
rpymombr A.

Mockosckuii nedazoz2uneckuti 2ocydapcmeennbiti ynusepcumem, Mockea
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CpoiicTBa MHOrooGpasus, HOPOXIEHHOI0 MaTPUUHOI cynepasnrebpoit M 1(G)

O. Bb. ®UHOT'EHOBA

[Tycts F' — koHeuHOEe miim GEeCKOHEUYHOe IOJIe XapaKTepUCTUKHU, He paBHOU 2. Bceromy
majiee pacCMaTPUBAIOTCS aCCONMATUBHBIE aireOpwl Ham mojem F.  Ios amre6por A Gy-
meM o6o3HauaTh dyepes Al anre6py ¢ IpHCOEIMHEHHON eMUHUIECH, dYepes T(A) — umean
ToxkaecTs A, a udepes varA — muoroobpasue, nopoxnennoe A. Amnrebponn I'paccmana G
CUETHOTO paHra HasbIBaeTcs anrebpa (e1,es,...| €7 = 0,e;e; = —eje;). Jlerko Bumers, 9To
G = Gy ® G4, rtne Gy u (G; — TOANPOCTPAHCTBA, MOPOXKIEHHBIE BCEMHU CJIOBAMU YETHOM
TN COOTBETCTBEHHO HedeTHON mnuubl. O6osnaumM depes M 1(G) amrebpy mMaTpui Buna

a b
{( R ) | a,d € Go, b,c € Gl}. Anasoruuno MoxuO onpenermuth M 1(G'), cunras,
uTto a,d € Gy + F - 1.

Teopema 1. T(M;1(G)) =T(G® G).

B ClIy4dae IIOJIsA HyHeBOfI XapaKTEepUCTUuKM! 3TOT CpaKT clieqyeT m3 paBEHCTBa

T(M;1(GY)) = T(G* ® G*) ([1]). OTMernm, 9TO B cIIyHuae OIS TOTOKUTEITHLHON XapaKTe-
puctuxu T'(M; 1(GY)) # T(G' @ G1) (em. [2]).
Teopema 2. Ilycts V — cobcTBeHHOE MOAMHOr00Opasue MHOroobpaswus varV- 1,1(G)-

(1) V ymoBmerBOpsieT TOXHECTBY BHIA |T1,Y1,21][T2,Y2, 22| [Tn,Yn,2n] = 0 mpm
HEKOTOPOM 1.
(2) V ymoBnerBopser ToxnecTBy Buga [x1,y1][T2, y2| - - [Tm, ym] = 0 mus HEkoTOpOro

m, Torga M TOJBKO TOTr[qa, Korga He comepxkut aareopy G.

B ciyuae moss myniesont xapaktepuctuku Teopema 2 nokazana A. Kemepowm ([3]). JI. Ca-
MOIIOBEIM B [4] ycranosieno (1), eciin F' — GecKOHEUHOe MOJIe TOIOXKUTEIBHON XapaKTe-
puctuku, u T(V) \ T'(M; 1(G)) conepKuT HONMUINHETHOE TOXKIECTBO.

Pabora BrImOIHEHA B paMKax peajm3anuu 0a30BON YaCTU I'OC3aJaHUs HA BHIIOTHEHUE
HUP (mpoext Ne2248 MunucrepcrBa obpasoBanus u Hayku Pd), mommepxana rpaHTOM
[Ipesunenta P® mis nommep:xkku Bemymux HaydHbIX 1K0osr Poccuiickoit Penepanun (mpoext
HII-5161.2014.1) u rpanTom PODOU Nel14-01-00524.
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var(My 1), Marem. samerku, 87(6) (2010), 919-933.

Ypaavcruil gedepasvrbiti ynusepcumem, Examepunbype
E-mail: ob.finogenova@urfu.ru

171


mailto:ob.finogenova@urfu.ru

Maugsnesckne ureans 2015 Teopus koJterr

Weak o-rigid rings and their extensions over Noetherian rings

V. K. BHAT

Let R be an associative ring with identity 1 # 0, and ¢ an endomorphism of R. We
recall o(x) property on R (i.e. ac(a) € P(R) implies a € P(R) for a € R, where P(R) is
the prime radical of R). Also recall that a ring R is said to be 2-primal if P(R) = N(R),
where N(R) is the set of nilpotent elements of R, i.e. if the prime radical is a completely
semiprime ideal. It can be seen that a o(x) ring is a 2-primal ring.

We recall that a ring R with an endomorphism o is said to be a weak o-rigid ring if
ao(a) € N(R) if and only if a € N(R) for a € R.

In this paper we give a relation between a o(x)-ring and a weak o-rigid ring. We also
give a necessary and sufficient condition for a Noetherian ring to be a weak o-rigid ring.

Let now R be a ring and ¢ an automorphism of R. Then we know that o can be
extended to an automorphism (say @) of the skew polynomial ring R[z;c]. In this paper we
show that if R is a Noetherian ring and ¢ is an automorphism of R such that R is a weak
o-rigid ring, then R[x; o] is also a weak 7-rigid ring.

School of Mathematics, SMVD University, Katra (India)
E-mail: vijaykumarbhat2000@yahoo.com
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Coverings and fundamental groups of noncommutative spaces

CLARISSON RizziE CANLUBO

The notion of the fundamental group is a very important and powerful invariant in
topology. The topological formulation of the fundamental heavily depends on the fine
structure of the topological space. This does not generalize well in algebraic geometry
since algebraic curves are very rigid objects, even worse is in noncommutative geometry
where there are no spaces to work with, in particular, there are no curves. The algebraic
geometric formulation of the fundamental group due to Grothendieck on the other hand
makes use of Galois theory for coverings. This is a more useful formulation and this is
the path that we are going to explore to define covering spaces and fundamental groups
of noncommutative spaces. In the spirit of noncommutative geometry, groups turn into
quantum groups and spaces are replaced by algebras. With this, the fundamental group of
a noncommutative space A is a quantum group satisfying a universal property while the
corresponding covering space is a Hopf-Galois extension of A. In this talk, we will present
some results that generalize those from classical geometry and some that do not. We will
also look at some very interesting examples.

University of Copenhagen, Denmark
E-mail: clarisson@math.ku.dk
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An algorithm for determining the irreducible polynomials over finite fields

SAMUEL H. DALALYAN

We propose an algorithm for determining the irreducible polynomials over finite fields,
based on the use of the multiplicative order (abbreviate as m.o.) of the companion matrix
of polynomials and the generalized Jordan normal form of square matrices.

Theorem. Let F = F, be a finite field, where ¢ = p™, p is a prime, n is a positive
integer. Let f(t) be a unitary polynomial over F with a non-zero free term, [f] be its com-
panion matrix and d = deg f(t), m = ord f(t) = m.o.[f]. Then the following assertions
are true:

1)m < q?—1and m=q%—1 if and only if f(t) is a primitive irreducible polynomial;

2) more generally, f(t) is an irreducible polynomial if and only if p is not a divisor of m,
d = m.o.q(mod.m) and rk([f]' — E) = d for all positive integers | < m, diviving m, where
E is a unit matrix.

Algorithm for finding the irreducible polynomials over a finite field.

Suppose that f(¢) is a unitary polynomial of a degree d over a finite field F = F, with
a nonzero free term.

1. Construct the companion matrix [f] of f(t).

2. Compute [f], I = 2,3, ... and find m = m.o.[f]. Then m < ¢ — 1 and m = ¢? — 1 if
and only if f(¢) is a primitive irreducible polynomial.

3. Suppose that m < ¢ —1 and m is not a multiple of p. Then compute ¢! (mod.m), | =
2,3, ... and find e = m.o.q(mod.m). The polynomial f(t) is reducible if if e # d.

4. Calculate r = rk([f])' — E) for divisors l; < Iy < ... of m. If for a divisor [ < m of
m the rank r < d, then the polynomial f(t) is reducible. Otherwise, f(t) is an irreducible
polynomial.

Yerevan State University (Armenia)
E-mail: dalalyan@ysu.am

174


mailto:dalalyan@ysu.am

Maugsnesckne ureans 2015 Teopus koJterr

On projectively Krylov transitive Abelian p-groups

P. V. DancHEV, A. R. CHEKHLOV

Recall that an abelian p-group G is called (fully) transitive if for all z,y € G with
Ug(x) = Ug(y) (Ug(x) < Ug(y)), where Ug(g) denotes the Ulm sequence of the element
g € G, there exists an automorphism (endomorphism) of G which maps x onto y.

Definition 1. A group G is said to be projectively Krylov transitive if, given z,y € G
with Ug(x) = Ug(y), there exists f € Proj(G) with f(z) =y, where Proj(G) is the subring
of the endomorphism ring E(G) of the group G generated by the idempotents of E(G).

Definition 2. A group G is called projectively transitive if, given x,y € G with
Uc(xz) = Ug(y), there exists f € Aut(G) N Proj(G) with f(z) = y, where Aut(G) is the
automorphism group of the group G.

Proposition 1. If G is a p-group with p # 2, then G is projectively Krylov transitive
if, and only if, G is projectively fully transitive.

Proposition 2. Any projectively Krylov transitive group G for which p“G is a direct
sum of two cyclic groups, is fully transitive.

Theorem 1. There exists a projectively Krylov transitive 2-group G which is not
projectively fully transitive and such that 2¥G is a direct sum of three cyclic groups.

Theorem 2. There exists a Krylov transitive group which is not projectively Krylov
transitive.

Plovdiv State University, Plovdiv, Bulgaria;
Tomsk State University, Tomsk, Russia.
E-mail: pvdanchev@yahoo.com; cheklov@math.tsu.ru
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Free associative averaging algebra and homomorhic averaging operators

V. Yu. GUBAREV

A linear operator T defined on an algebra A is named averaging operator if the following
equalities are hold

T(x)T(y) =T (2T (y)) =T(T(x)y), =,y€A (1)

In [1] free associative averaging algebra was constructed. The construction uses direct
limits and averaging words which one can consider as elements of free associative algebra
generated on set X with linear operator T'. By definition, an averaging word doesn’t contain
subwords of kind T'(u)T (v), T(T (u)v) and T'(uT?(v)).

Let us introduce good words in free associative algebra with linear operator T" generated
by X Fa*(X) by induction (for monomials u,u, us on X):

— w and T'(u) are good words;

— if v is good word of the form T'(w) or ujwusg, then T'(v) is good word; if vy, ve are good
words, then v1vy is good word if there isn’t a subword of kind T'(w;)T?(wz) in the joint of
words v and vs;

— there are no another good words.

Given monomial v from F2%(X) let denote by ¥ such monomial that ¥ doesn’t contain
subword of kind T'(u)T?(w); v = in Fa*(X|T(2)T?(y) = T?(z)T(y)).

The set of good words on X generates a space B in F%SS (X). Let us define multiplication
on B as vy - v9 = U703 and action of linear operator S on B as

S:u—T(u), wujovuy — T(ugvuz), v1T(ve), T(v1)ve — T(v1)T (v2).

Theorem 1. Algebra B with multiplication - and linear operator S is free associative
averaging algebra on X.

Averaging operator 7' on A is called homomorphic [2] if it satisfies additionally to (1)
an equality

T(x)T(y) = T(zy), =,y€ A (2)

Theorem 2. a) Let A be a simple algebra, then any homomorphic averaging operator
on A is either zero or identity map.

b) Let A be a semiprime algebra, then any homomorphic averaging operator on A is
zero on an ideal I = kerT' < A and identity map on A/I.

The work is supported by Russian Science Foundation (project 14-21-00065).
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Simple finite-dimensional noncommutative Jordan superalgebras

A. P. POzZHIDAEV, 1. P. SHESTAKOV

Let U = Uy @ U; be a superalgebra, U;U; C U7, 4,J € Zo, (=1)™v
where p(z) is the parity of = (p(z) = 4, if x € U;); L.(y) := zy, R.(y) :

roy :=uxy+ (—1)"yx.

= (—1)P@)p)
= <_1>$yyx,

A superalgebra U is called a noncommutative Jordan superalgebra provided that the
operator identities

[Ruoy: L:] + (=1)"WF 9 [Ryo., L] + (1) [R.op, L) = 0,
[Rm’ Ly] = [Lm Ry]
hold for all z,y,z € U.

The class of noncommutative Jordan superalgebras is extremely extensive: it includes
the alternative superalgebras, the Jordan superalgebras, the quasi-associative superalgebras,
the quadratic flexible superalgebras and the superanticommutative superalgebras.

We classify the simple central finite-dimensional noncommutative Jordan superalgebras.

Theorem. Let U be a finite-dimensional central simple noncommutative Jordan su-
peralgebra over a field F', which is neither quasi-associative nor supercommutative. Then
either

(1) U= K3(a7 67’7)7

(ii)) U = M1 1(F) (e, B), 0sp(1,2)4, J(I'y,, A), 'y (D), (B(m,n) + B(m,n)x,{, }),
(Viy2(Z,d),{,}), B(m,n)(D),
or there exists an extension P of I’ of degree 1 or 2 such that U Qg P is isomorphic as a
superalgebra over P to one of the following:

(iti) Dy(a),

(iv) U(V, f,*).

The authors were supported by FAPESP 2014/ 13271-5 and the first author was par-
tially supported by RFBR (grant 14-01-00014).
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O pacnpeneneHun 4ucsa CUETHBIX MOOEJIE TEOPUN alUKINIeCcKuX rpadon

K. A. BAKAJIOBA

Ounpenenenue [1]. Monens M teopuu 1" HazsiBaeTcs npedeavroti, ecau M He SBISIETCSE

I‘[pOCTOfI MOOEJIbIO HU Had KaKNM KOPTEXOM I M = U Mn IJIsA HeKOTOpOfI BJIeMeHTapHOfI
ncw

uenu (M, )nec., TPOCTBIX Momesneit Teopuu 1’ HAIl HEKOTOPBIMU KOPTEXKAMI.

st cueTHOR mONHOM Teopun 1 MOIIHOCTH MHOXKECTB THUIOB M30MOPGU3MA IPOCTHIX
HAJl KOPTEXKaMU, HPENEIbHBIX U OCTAJIBHBIX CUETHBIX MOIENEHl TOH Teopuu 06O3HAUNM
gepe3 P(T), L(T) u NPL(T') coorBeTcTBEHHO.

Ounpenenenue [1, 2|. Ha6op (P(T), L(T),NPL(T)) massBaeTcs mpoiixot pacnpede-
aenud cuemunir modeaeti meopuu 1’ u obozrauaercs aepes cmg(T).

Ha ocHoBe pesynbraTos u3 [3] Gbuia mosyueHa CIIemyomas TeopeMa.

Teopewma. Ilycts T — moJsiHas Teopus alUKIXIECKOrO rpaga, He IMEINas KOHEUHBIX
vognenern. Torma cmg(T) npuHEUMAET OAHO U3 CAEHYIOLINX 3HAYCHUIL:

(1) (1,0,0),

(2) (w,1,0),

(3) (w,w,0),

(4) (w,2,0),

(5) (2¢,2%,0).

Haunbie uccnenoBarus nomnep:xkaubl rpanTrom KH MOH PK Ne 0830/T'®4.
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HexkoTopble kij1acchbl Te€OpUN C MO3UNUU B-miomobust momesien

M. 1. BEKEHOB

PaccmaTrpuBaeTrcst hakTOp-KIacC OTHOCUTEIFHO OTHOIIeHUs B-momobus kiacca 6ecKo-
HEUHBIX MOOEJIEN CUETHOTO sI3bIKA MepBOro mopsinka L. OTHOIIeHUe 5/IeMEeHTAPHON BIOXKU-
MOCTH MOMeJIeNl MHAYIIMPYeT OTHOIIIEHNE TOPSIAKa Ha 3TOI (HaKTOp-aareOpanmiecKon CucTeMe
(KB, <p|, asmsomeiics 06beIuHERIEM BCEBO3MOKHEIX HETIepeCeKalonmxcs B-nepesbes [1].
B-nepeBbsi COOTBETCTBYIOT MOJTHBIM TEOPUsAM. KaxXIbIil 57IEeMEHT HepeBa SIBISIETCS €ro To-
poxnarorrmM. [Ipu xmaccubukanmm Teopuil MOXKHO AKIEHT OeIaTh Ha W-IIOACACTEMBI UJIN
U~-TIOICUCTEMBI, T.€. y MOICUCTEMBI HeJIATh CPe3 Ha MOMEIN MOIIHOCTH w win 4 [1].

Hanpumep, Hapsmy ¢ KIaccoM KOHEYHO TOPOXKIEHHBIX Teopuil 1], BbImesseTcs: Kiacc
teopuit T, y koropbix Br(w) < w. Ecium npuHIMaTL BO BHUMAHWE OINEPAIMIO MPSIMOTO
NIPOU3BENEHUSI MOMAeJIell TeOPUil, TO OUYepUnBaeTCsl MOIKIAcCC TEeOPUll, y KOTOPBIX COOTBET-
CTBYIOIIIIE 3TUM TEOPUSIM W-IIOICUCTEMBI OMHO3IEMEHTHbBIE, I HAIIPUMeEDP KJIacC TeOpuu, y
KOTOPBIX COOTBETCTBYIOIINE STUM TEOPUSIM W-TIOACUCTEMbI KOHeUHbI. Hapsimy ¢ o6benune-
HUEM U IIepeceueHrmeM TEOPUHN PacCMaTPUBAETCS MPSIMOE TPOM3BENEeHNE TEOPUN C TO3UIIHN
TIOJICUCTEM.

CHUCOK JIUTEPATYPBI
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O 6oraTheIX ceMeNncTBax THUIIOB B MHOT'OCOPTHBIX CACTEeMaX 1 KJiaCTepu3alnmnumn
THUIIOB B JIOT'NYECKNX NCYUYMNCJIEHNAX

A. A. BUKEHTBHEB

Hoxnam MOCBSAIIEH 0000UWeHUI0 U YMOUHEHUIO PE3YALMAMOE U MEOPEM 0 O02aMbIT Ce-
MEUCMBAT Munos, MOKA3aHHBIX pPaHee B CTAOMIBHOM CJIydae WU C YCIOBUSMU CTaOUIIb-
HOCTH' Ma cayuali 602amblT cemelicme MuUNoe ¢ Napamempamy. O4d MHO20COPTMHBLT Meo-
Pull ¢ X—KOMNAKMHBIMU (HACOIUEHHBIMU, 00HOPOOHBIMU) USMEPUMBIMY MOOEATIMU U CEO0U-
CMBOM X —0MOCAUMOCTNU HOBVIL IACMENMOB, DPEAAUBYOUUT MUNLL (HA0 MAALIMU TLOOMHO-
HCECNBAMU) U3 IMUT CEMETCME, OM IAEMEHMOB MEHBULET MOJEAU U HAAUNUIL DEAAUAUUT
8 Goavwet (¢ 6o2amvim cemetcmeom) mModeau 6NnoaHe ONPEIEAUMBT (CMadUILHBIT) MUN08
UAU HEPABAUNUMBLIE daemenmos. Cmabuisbrocmb meoputi he NPednoaa2aemcs, o U368€eCMHbLE
MEOPEMbL NOAYUAIOMNCA KAK CACICMEUL.

OCHOBHBIMU UHCTPYMEHTAMU TOKA3ATEIbCTB SIBISIOTCS TEOPEMbI TUIMA KOMIIAKTHOCTH,
pa3BUTasl TEXHUKA COBPEMEHHOW TeOPUU MOJMeNel, B YACTHOCTU, IJIs JIOTMIECKUX UCUM-
criernit, nokanbHou crabuinsHocTu (lenax, Jlaxman, Bannsun, Ilyasa, Humnait, Xpymos-
ckutt, Hesenbckuit, ben ko, 3unsbep, [lamorun, Cymomnaros, Ileperstokun, Mopo-
308, Epumberos, Kynaitbeprenos, BailzxkaHoB 1 MHOTUX Ap.) W HaIu4us (Haxe JIOKAJILHO)
HOXOMSIINX KOMIIAKTHBIX U3MEPUMBIX (HYKHBIX MOIITHOCTEH 3) MOIMEJIeil TeOPUU CO CBOIi-
CTBAMHU »—OTAETUMOCTH HAJ PEATIN3AIMSME CEMENCTB CTa0WIbLHBIX (OMPEIeuMbIX) THUIIOB.
[Iponmomxeno m3ydeHne mpenebHBIX U IBYKAPAWMHAIBHBIX MOIENEH B KJlacCe TEOPUH C TO-
KPBITUSIMU. PaccCMOTPEHBI BOIIPOCHI OMPENETMMOCTH CUCTEM C METPUKOU B HACIIEICTBEHHO
KOHEUHBIX HAICTPOUKAX, W O MOIIIHOCTSX TUIOBO ONPENEINMBIX TOAMHOXKECTB U UX OBY-
KapauHaTbHOCTU. VIHTEpec K 9TUM BOIIpPOCcaM U MOJIENISIM UMeeT U MPUKJIIAIHON XapaKTep B
nouncke Hanbosee NHOOPMATUBHBIX (HETPUBUAJIBHBIX ) THUIIOB, JIOTHIECKUX 3aKOHOMEPHOCTEN
IUTST KITACTEPU3aldl U YIOPSIOUEHUs] TAKUX 3HAHUU C TOMOIIBIO IMPUBIICUYCHUS METPUUE-
CKUX WM U3MEPUMBIX CHCTeM. Bce 5TO ¢Iy:KuT Ojis BBEHEHUs HOBBIX METPUK Ha Kjaccax
9KBUBAJIEHTHBIX TUIIOB HA M3MEPUMBIX TOMKIIACCAX U3MEPUMBIX (METPUUYECKUX) MOIEIIel,
HeOOXOOUMBIX I Pa3paboTK! aJrOpUTMOB PaCIIO3HABAaHUS 00pPa30B, MOMCKA 3aKOHOMEP-
HOCTel, OOHApyXKeHUs aHOMAJbHBIX COOBITHU W KJIACTEPU3aIIUM MHOTO3HAYHBIX (HOPMYIT—
sHaHui. HalimeHbl pasnmumyHble HOBbIE METPUKU U METOMIBI KJIACTEPU3AIUN I MHOXKECTB
$HOpMYyJT B Pa3IUIHBIX JIOTUKAX U WX MHIEKCHI KadecTBa s cpaBHeHwuit. [IpoBemeHnr mo-
IebHbIe DKCIepuMeHThl. PaboTa BhImoHeHa pu duHancoBon noanepxkke PODU, npoekTor

Ne 14-07-00851a, 14-7-00249a, xadenpsr IMU MM HI'Y.
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op.

181


mailto:vikent@math.nsc.ru

Manbnesckue urerns 2015 Teopus Mmonemen u yHUBepcaabHas aareobpa

Knacrepusaius MHOIO3HAYHBIX JIOTHYECKNX BBICKA3LIBAHUM C yYE€TOM HOBBIX
PACCTOSHUN U MepP HETPUBUAJIBHOCTEN

A. A. BUKEHTHLEB, P. A. BUKEHTHLEB

B pabote paccmaTpuBaeTcs OMHA U3 aAKTYaJbHBIX 3a/lad — aHAJIU3 JJOTMYECKUX BBICKA-
3BIBAHWUE 13 0a3bl 3HAHUN WM TOJYUYEHHBIX OT 9KcrmepToB. llpu anammse TpebyeTcs HANTH
O6nu3Kue BBICKA3BIBAHUS, BBISBUTH IOCTOBEPHBIEC, HAWTHU HETPUBMAJIbHbIE 1 T.O. Jlms kia-
CTEPU3AIINNT 3HAHWN, TOCTPOEHUS PEIIAIoNINX (PYyHKIINN Ha OCHOBE (POPMYJI-BHICKA3LIBAHUI,
HaJI0 BBECTU pacCTosHUE Mexnay gopmynamMu. B paboTe BbICKa3bIBaHUS 3aIlllCAHBI B BUIIE
dopmyr n—3uaunoi goruku. C IpuBIedeHNEM TEOPUN MOMEJIEN ONMPEHesIsiiOTCS HOBBIE Pac-
CTOSTHUSI MexK Ty (opmytamu, 0600111asi MHOXKECTBO BO3MOYXKHBIX KO3DPUIINEHTOB

n—1ln—1
k=1 (ko
plp, ) = nIS(ENZZn—l (n—1’n—1>’ (1)

k l .
=T m) - TeX MOeJen, Ha KOTOPBIX (op-

rae n! - xonmuecTso Beex momeneit, M (

MyJa (p TPUHAMAET 3HAUCHUE —1, a1 —
0000ITIaIoIIIe

P 1; I TaKXXe€ HOBBbI€ MEPBbI HECTPUBUAJIBHOCTIL

I(p) = plg,1) = mS@HZ”;: (), @

rone M (%) - KOJIMYEeCTBO MOIesel, Ha KOTOPBIX GopMyJia ¢ IPUHUMaeT 3HAUeHUe %
HokazaHbl HEOOXOOMMBIE CBOMCTBA BBEIEHHBLIX ceMeilcTB Mep. OTIelIbHO paccMaTpPUBAEM I
Mepy IepecevueHrs] MOMeIIe I paccMaTpuBaeMbIx map ¢opMmysr. B pabore mccimenoBaHb
U MOKa3aHbI CBOMCTBA METPUKU MJIST BBENEHHBIX PACCTOSHUN W Mep HETPUBUAIBLHOCTU; OHU
VUIUTBHIBAIOT MHOTO3HAYHOCTB, CXOXW CO CBOWCTBAMU BEJIUYNH B CIydae 2— U J—3HAUHBIX
moruk JlykaceBuua, W M3BECTHBIX PACCTOSHUN B OOIIEM CIIydae, OTBEYAIOT Ha BOIPOCHI
I'.C. JI6oBa n mpuMeHSIOTCS IJIs aJICOPUTMOB KitacTepusanuu hopmysl. PaccMoTpeHbl pas-
JIMIHBIE METOMBI KJIACTEPU3alli 3HAHUI Ha OCHOBE HOBBIX PACCTOSHUN W MEP HETPUBUAIb-
HOCTH, & TaKxXKe MeTONbl CPABHEHUS Pe3yIbTaTOB HAa OCHOBE BBENEHHBIX MHIEKCOB KAUeCTBa
KiacTepusarnuu. Mepa 3HaUeHUN NCTUHHOCTU (POPMYJIBI Ha, MOIEIIN IEPBOTO TOPSIKA MOXKET
CITyKUTh CTENEeHbI0 HETPUBUAILHOCTH (HEIOCTOBEPHOCTH) (HOPMyJIbl. PesyabraThl pacnpo-
CTPAHSIIOTCS Ha MHOTO3HAYHBIE (DOPMYJIBI TIEPBOTO MOPSOKA CO CBOOOMHBLIMU MEPEMEHHBIMU.
Bce pesymbTaThl mepeHocsTcs Ha (GOPMYJIBI IEPBOrO IOpsaKa. PaboTa BBIOHEHA TIPU
nonnepxkke rpanToB PODU, npoexTrr 14-07-00851a, 14-07-00249a, xadenpser MU MMD
HIY.
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O6 anre6pax pacrnpenejieHul OMHAPHBLIX N30JIUPYIOIINX POPMYJI TEOPUN
OMHOMECTHBIX NPEeANKATOB C YHAPHON (QyHKIIMEn

II. 1O. EMEILSIHOB

Uccnenyrores amre6psl pacmnpenesiennit GuHAPHBIX u3oaupyommx dopmyit [1] mis Te-
Opuil OHOMECTHBIX MPENUKATOB C YHApHOU (yHKIwmenr. [ mpom3BOIBLHOTO 3HAUEHUS
A€ (w\{0,1}) U {oo} obosmaumm wuepe3 A, n amrebpy (A, a;*) ¢ HocuTemem A, ) =
P({0,1,2...,n—1,-})\ {0}, samaBaemyrto cremyroren Tabmmmeir:

* Lo, -

Loy <Zn7+> B

- = {0,1,2...,n— 1} mpu X\ = 2,
{0,1,2...,n—1,—} mpu A > 3

s mpomssonbHOro 3uadeHns A € (w \ {0,1}) U {oo} o6osraunm uepes g y anrebpy
(A x; %) ¢ mocuTenem Ap ) = P(w?) \ {0}, 3anaBaemyto ciemyromeit Tabmumeit:

* (0,m") (K',0) (K',m')
(0,m) (0,m 4+ m’) (' —=m,0) mpu &’ >m, | (k' —m,m’) npu kK’ > m,
(0,m — k') mpu k'jm (0,m — k' +m') npu k'im
(k,0) (k—i,m' —1), (k+K',0) (k+ K ,m’")
0 < ¢ < min(k,m’)
(k,m) (k,m +m/) (K" —m+k,0) mpu A = 2: (k,m — k' +m/)
opu k' > m, mpu k'jm,
(k,m — k") (k+ Kk —m,m’)
opu k'im opu k'jm;
k'=m: (k—m’,0)
opu k > m/,
(0,m’ — k) npu kjm/;
mpu A > 3: (k—i,m' —i),
0 < i < min(k,m’)

Teopema. Ilycts T' — Teopus yHapa [ ¢ OODHOMECTHBIME HpemukaTaMu ‘B, () —
anre6pa pacipeneTeHuit GMHAPHBIX T30UPYIOMX GpopMyst 41 Tuna p € S (D), muerorero
peammsanun a n b ¢ yciaoumem b = f*(a) mma mexoroporo s > 0. Torma anrebpa B, ()
3aaeTcd POBHO OOHON U3 CACAYIOIINX ajareop: rpymmoi 7, rpymmon ZL,, amrebpoi A, i,
amareopoit U, y, aarebpor (w*;+).

Hauuas Teopema 060011aeT pe3yIbTAT, AHOHCUPOBAHHBIN B [2].

CIUCOK JINTEPATYPHI

[1] Cymommaros C. B. Knaccubukanms CYeTHBIX MOIEJEH MONHBIX Teopuit. — Hosocubupck : Usn-so
HI'TY, 2014.

[2] Emenssros /. FO. Anrebpel pacupeneneHuil GHHAPHBIX W30JIAPYIOMNX (POPMYJI TEOPUM OIJHOMECT-
HBIX [IPENWKATOB C moncTaHoBkou // Marepuasnsl MexnyHaponuoin koHbepenuun “Manbresckue are-
nus’. — Hosocubupck, 2014. — C. 126.
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PaspenimmMmocTh yHUBEPCAIBHBIX TE€OPUN KJIACCOB MATPOUIOB OI'PAHNYEHHOI'O
paHra

A. B. InNLEB

B macrosmeir paboTe paccMOTPEH BOIIPOC Pa3pelInMOCTH YHUBEPCAILHBIX TEOPHl Ma-
TPOUIOB, PAHT KOTOPHLIX He mpesocxomuT k € N,

[Iycts k € N — dpuxkcupoBanuoe uucso. Torma MaTpoummoM paHra, He IPEeBOCXOISIIIETO
k, maseiBaercst mapa M = (U,Z), rne U — HemycToe (BO3MOXKHO GECKOHEYHOE) MHOMKECTBO,
7 — HeImyCTOoe CeMENCTBO €ro He3aBUCHUMBIX TIOIMHOXKECTB, YIOBIETBOPSIIOIEE AKCIMOMAM:

(I1) I €Z, JC I = J €T (akcuoma HACII€ACTBEHHOCTN);

(I12) st mroberx I, J € Z rakux, aro |J| = |I| 4+ 1, cymecrsyer snement j € J \ I, ms
koroporo I U {j} € Z (akcnoma HOIOIHEHMNS).

(I3) |I| < k mns Beex I € 7.
Yucso (M), paBaoe 0BIIIeN MOIITHOCTE MAKCUMATLHBIX HE3ABUCUMBIX MHOKECTB MATPOUIIA,
Ha3BIBAETCS paHroM Marpouma M

Hasee ompemenmM MaTPOUI paHra, He MPEBOCXOMAIIETO Kk, Ha S3BbIKE MCUMCICHUS IIpe-
IUKATOB MEPBOTO MOPAOKA C PABEHCTBOM.

Marpoun M panra, me mpeBocxomsmiero k € N, — 5T0 anrebpamdeckas CUCTEMa
M = (U,Xp), rme U — HemycToe MHOXKeCTBO, a curnHarypa >; = (lo,Iq,...,Ix,=) co-
crout m3 k + 1 IpennKaToB HE3aBUCUMOCTH, MECTHOCTBH KaXXIOTO U3 KOTOPBLIX COBIIAIAET
C €ro MopsSAKOBLIM HOMEPOM, U IMPEAUKaTa PABEHCTBA, IPUYEM MPEIUKATHl He3aBUCHMOCTHI
YIOBJIETBOPAIOT YCJIOBUAM HEYHOPAOOYCHHOCTH U HEIIOBTOPEHUA 3JI€MEHTOB, HAC/IEICTBEH-
HOCTH W TIOIIOJTHEeHHUS:

1) Yoy ... YV, (21, ....xn) = N\ Ln(7(z1), ..., 7(2,))], Toe T mpoGeraer mo Bcem mepe-

CTAHOBKAM DJIEMEHTOB 1, ..., T, N € {1,...,k};
2) Vay ... Vo, In(z1,...,20) = A (2 #25)], ne{l,... k};
i#£]
3) \V/l’l \V/l’n [(In(:vl,,xn) — In_l(xg,...,l’n) AN oA In_l(xl,...,xn_l)) VAN Io],
n e {2, ..k}

4) Vazl Vxn Vyl Vyn+1 [In(a:l, ...,.’L‘n) N In+1(y1, ---;yn—l—l) —
\V L1 (21, ey @y yi)], me{l,....k—1}.
ie{l,...n+1}
Taxum 06pa3oM, KjIacc MATPOUIOB pPaHra, HE MPEBOCXOMSINEro k, KOHEUYHO YHUBEp-
CaJIbHO aKCHUOMATU3UPYECM. KpOMe TOrOo, OJjIida sroboro k eN CIIpaBe€O/JInBa TeopeMa.
Teopema. YHuBepcaspHas Teopus MaTpPOHIOOB paHra, He mpeBocxonsiero k € N,
paspermnmMa.
HAnemumym mamemamuru um. C.JI. Coboaesa CO PAH, Omck
E-mail: artyom_iljev@mail.ru
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O IIprmHaOJIe2kHOCTHN (I)YHKHI/Iﬁ aJ'Il"eﬁpr JIOTUK MAaKCHUMAJIBHBIM MYJIbTUKJIOHAM

A. C. KA3umuprOB, B. U. [TAHTEJIEEB

Iycrs |A| — wmommocTs MHOXKecTBa A, 24 — MHOXKECTBO BCeX HMOIMHOXKECTB A u
Es = {0,1}. Oupenenum ciaemyrorme MHOKeCTBa QyHKIINIL:

=SBy 2P Py =Py

Pyuxnun w3 Py~ HaszpBaoTcs MyabTudyHKIsME. O4YeBHIHO, 9TO MHOXKECTBO (GYHK-
muit anreGphl JIOTUKY BKIIAIBIBETCS B MHOXecTBO Py . Cymeprosurius

flfi(xe, . cyxm), ooy fulz, .oy Tm))

MyIbTUQYHKIWA f (21, ..., Tp), [1(Z1, 0y Tim)y oovy fr(T1, -ovy Topy) OTIPEDEIISIET MYIBTUGDYHKIIUIO
g(1, ...y Ty) cremyrommm 06pasoM:

glag, ... am) = U F(Bi,- -, Bn)
Bi€filon,...,am)
muist o6oro Habopa (aq, ..., Q) € B

MuoxecTBa, comepxKairue Bce GYHKIIMU-TIPOEKIINN 1 3aMKHYThIe OTHOCUTEJILHO CYIep-
MTO3UIINY, HA3BIBAIOTCI KJIOHAMU. KIIOH HA3BbIBAETCS MAKCUMAJIBLHBIM, €CITH €OUHCTBEHHBIM
KJIOHOM, €T0 COJIEPKAIIIAM 1 He COBITAIAIONINM C HUM, SIBIIIETCS KJIOH BCEX MYTbTU(YHKITIA.

B [1] ommucansr Bce 15 MakCuMAaIbHBIX KIIOHOB MYJIbTUGDYHKIIAIL.

s kaxxmoit My IbTUDYHKIIUNA OMHO3ZHAYHBIM 00pa30M OMpPEne M BEKTOD MPUHAIIICXK-
HOCTY MAaKCUMAJIbHBIM KJIOHAM, B KOTOPOM Ha -1 mo3uuuu (i = 1,...,15) crour 0, eciu
MYJIbTUGYHKIIAS TPUHAMJICKUT 1-My MaKCUMaJIbHOMY KJIOHY, 1 1 mHade.

Ha mMuOX)ecTBe Becex MyTbTUGYHKIIUN OMPENeIMM OTHOIIIEHNE YKBUBAJIEHTHOCTH CIIEMY-
IOIIIIM 00Pa3oM: SKBUBAJIEHTHBIMU OYIYyT MYIbTU(QYHKIINN, ¥ KOTOPBIX COBIIAIAI0T BEKTOPHI
MIPUHAIEXKHOCTH MaKCUMAJIBHBIM KJIOHAM MYJTbTUDYHKITUI.

Teopema. MuoxecTBO pyHKIUH aJareOphI JIOTUKU IOPOKAaeT 18 K1acCOB S5KBUBAJIEHT-
HOCTH.

N3BecTHO, YTO OTHOCUTEIHHO NMPUHALIEXKHOCTA MAaKCUMAJILHBIM KJIOHaM (GYHKIIUN ajl-
reOpbl JIOTUKU YUCIIO AHAJIOTUYIHBIX KIIACCOB SKBUBAJIEHTHOCTHU paBHO 15 [2].

Pa6ora Boimonnena npu monmep:xkke PODU, opoext Ne 13-01-00621.

CHUCOK JIUTEPATYPBI
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O 4umMCcTHIX MOAIOJIYTPYyIIIaX BIIOJIHE MPOCTHIX MOJIYT'PYyHII

O. B. KHYI3EB

B [1] ompenmensiercst mOHSITUS YUCTOTHI [JIs TPOU3BOJILHBIX YHUBEPCAIBHBIX ajredp u
CTABUTCS 3a[ava U3YUEHUs JUCTHIX momajiarebp. Mel peraeM 5Ty 3amady B KJlacce BCEX
BIIOJTHE TIPOCTBIX TOJIYTPYII. BIIosHe MpocThie MOIyrPyINbl PACCMATPUBAIOTCS 31I€Ch KaK
aJIreOpEl CUTHATYPEL < -, ' >, rme ~! ecTh B3aTHme 06PATHOrO I€MEHTa K JAHHOMY B MakK-
CAMAJTBHOW TIOATPYIITE, COMepKAaIllell MAHHBIA 3JIEMEHT. B 3TO# cUrHaType, KaK XOPOIIIO
M3BECTHO, KJIACC BCEX BIIOJIHE MPOCTBHIX TOYTPYII sBJIsseTCs MHOroobpasumem. Ilycts V
— MHOroo0pasmue Bcex BIIOJIHE TpOCThiX mosyrpymnmd, L(V) — pererka momMHOrooGpasnit
muoroobpasust V, X € L(V), S € V. IlpousBonbHoe OU3BIOHKTHOE CEMENCTBO MO0y~
TPYII TOMYTPYIIEl S HA3BIBAIOT POCCHINGIO TMOJYTPYNIEL S, a MOIyrPYINbl, KOTOPLIE €e
COCTaBIIAIOT, — Komnonenmamy poccoimu. Yepes K (S) 0603HAUNM MONHYIO PEIIETKY BCEX
poCChITIell TOIYyTPYIIEL S, a yepe3 /A — omeparus mepecedenus B 5Tou perretke. IlycTs
X(S) ectp X-Bepbas mosyrpynmsr S, T.e. POCCHINb, KOMIIOHEHTHI KOTOPOIl B TOUHOCTHU BCE
KJIaCChI X-BepOaIbHON KOHTPYSHIIUU TOIYTPYIIILL S, SBISIONINECS MOMIONYTPYIIIAMEI 10~
ayrpynmst S. [Mogmomyrpymmy S7 momyrpynmer S Ha3BBAIOT yucmot B S, eCiin PaBeHCTBO
X (S1) = X(8) A Sy BeImonusiercst mis o6oro aroma X u3 perterku L(V). 3amerum, 9To
omanM u3 aromos pemterku L(V) 6ymer muoroo6pasue A, Bcex abesIeBbIX TDYII IPOCTOI
SKCIIOHEHTHI P, a BCAKAas BIIOJIHE POCTas MOJIYTpyImna S m30MopdHA HEKOTOPOW perysisp-
HOI pucoBckoil nomyrpymme M (A; I, A; P) MaTpuuHOro Tuma Ham rpynmoi A ¢ COHIBUY-
marpurein P = (py;).

[Iycts S = M(A;1,A;P), S1 = M(Ay;11,A1; P1) < S, N(P) — HOpMaJbHas TOMI-
rpymnma rpynnsl A, HOpoxIeHHas siieMeHTaMu counsua-marputsl P, N (P)) — HopMasbHAsE
MONTPYIINA IPYNIBl A1, TOPOXKIEHHAS DJIEMEHTAMEI COHIBUI-MATPUILL P .

Nmeet mecTo

TEOPEMA. [loayrpynma Sy sSB/IA€TCS YUCTOH OO0y T PYIIIOH IOy T PYIIIEL S TOraa
u TOIBKO Toraa, xkorga paBeHcTBo (N(P)A,(A)) N Ay = N(P1)A, (A1) BemmonHasercs o
JIFOO0Tr0 IPOCTOIO P.

Uccnenosanme BbIMOMTHEHO Tipu moanep:xkke MunucrtepcTBa obpasoBanus n HayKu Poc-
cuiickoit Peneparm, 3ananue Ne2014/336.

CHUCOK JIUTEPATYPBI
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Ilepemena 2000, 179 — 190.
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AnrebGpamyecKuiul MMOAXONI K IIOJIYyYEHUIO YCJIOBUN yCTOMYNBOCTU CBOMCTB
AUHAMUYECKUX CUCTEM

H. B. Harvn

B nmokmane ocBeriaeTcss METOM JIOTMKO-aIreOpanvecKnX ypaBHEHUN KaK OOUH U3 MeTO-
OB, 06ECTIeUNBAOIINX PEAYKIUIO (CBENEHNe) M3YYeHUs OMHOW NUHAMUYECKON CUCTEMbI K
M3YyUEHUIO OPYTON 3a CUYeT COXPAaHEHUs CBOWCTB IpU IEpexome MeXmy cucrtemamu. Kiie
B 1974 romy mns obecriedeHUsT aITOPUTMUYIECKOTO (POPMUPOBAHUS KPUTEPUEB COXPAHEHUS
CBOWICTB IMHAMUYECKIX CUCTEM Ha OCHOBe jjormueckux metonos B. M. MaTpocos npenoxmn
MEMOJ CPABHEHUL, TIONYUNBIINA B JAJTHHENIIIEM IIINPOKOE PA3BUTUE B €0 HAYYHON IITKOJIE
(JI. }O. Ananonsckuii, C. H. Bacunwses, P. . Kosnos u ap.). OnHuM n3 OCHOBHBIX IIPUMEHEe-
HUW KPUTEPUEB COXPAHEHUS SIBIITETCS CBEIEHUE Ha UX OCHOBE 3a[lavul W3YUEHUs CIIOKHON
MOIIeNT K m3ydeHuto Oosee mpocToit. MeTonm mcmosb3yeTcss Oiisi YCTAHOBJIEHUS HAJINYINS
B IUHAMUYECKOUW CUCTEeMe, OIMMCBLIBAEMON, HampuMep, nud@epeHIInaTbHBIMI YPABHEHUSIMH,
CBOWCTB YCTOWYUBOCTH €€ PEIIeHUN, MUCCUTTATUBHOCTA U T.N. TPHU CYIIECTBOBAHUU HTUX
CBOWCTB BO BCIIOMOTATEJILHON CUCTEME.

s mosydeHnsT KPUTEPUEB COXPAHEHUWS CBOWCTB MUHAMUYECKUX CUCTEM, COCTOSIITIX
73 YCJIOBUI, MMEIOIINX CMBICJ JIETKO ITPOBEPSIEMBIX YCJIOBUH TUMA COXPAHEHUsS OIEPAIN
I OTHOIIIEHUN, HA CTBHIKE OUHAMUKHU CUCTEM, ajreOpbl U JOTUKU ObLI MPEIJIOKEH METOI
noruko-anrebpandeckux ypasaeruin (JIAY), KOTOPBII MO3BOJISIET TEHEPUPOBATDH YCIIOBUSL
COXpaHEHNUs CBONCTB MHOTOOCHOBHOIT anrebpamdeckoit cuctembl (MAC) npu orobpaxkeHusx
ee 6a3MCHBIX MHOXKECTB B 0a3MCHBIE MHOXKECTBa OMHOTHUIIHOM el cucteMbl. MMenno k MAC
OPUBOAUT AJrebpan3anus IUHAMIIECKIX CUCTeM (OCHOBHBIME MHOXKECTBAMU B 5TOM CJLYUae
BBICTYIIAIOT IPOCTPAHCTBO COCTOSHUI, IIIKAJIA BDEMEHN U IP. ), IPUYeM UX QYHKIMNA U OTHO-
IIIEHNUsI OTMPENEeSIeHbI He TTPOCTO Ha 0A3MCHBIX MHOXKECTBAaX W/IN UX HEKAPTOBBIX MPOU3BEIIE-
HUSX, a Ha IPOU3BOJIBHBIX CTyIeHsaX B cMmbiciie H. Bypbaku. [lonsTue cTynernun pacimpeHHO
TIOTIOJTHUTEJILHON Ollepalnell 06pa30BaHUs MMOCIEIOBATEILHOCTEN, BBEIEHNE KOTOPOW OBIIO
MOTUBUPOBAHO CTPEMJIEHHEM OXBATUTH BOIPOC COXPAHEHUsS CBOMCTB TAKUX MTMHAMUIECCKUX
cucreM, Kak muckperHo-cobwiruitibie cucrembl (JICC). Ha mpumepe momenu cymepsusop-
Horo (mucnerdepckoro) ynpasierus [[CC nokasano npumenenue metona JIAY mus momy-
YeHUsI yCJIOBUI COXPaHEHUs IOJIE3HBIX CBOWCTB CyNepBU30pa Ipu ero ymporleHun. Meron
IPUMEHUM KaK [IJIsI U3y 9YEeHUsT CBOMCTB 60jlee CII0XKHBIX MOZMEJIel CyIepBU30POB (¢ 4acTUIHO
HaOTIONAeMBIMI U (POPCUPYEMBIMU COOBITHUSIMU, PACIIPENETIEHHBIX U MEIeHTPATN30BAHHBIX ),
TakK W I UCCIEMOBAHUS IPYTUX MUHAMUIECKUAX CHCTEM.

Pa6ora Bumomnnena npu yactuunonn nonnep:xkke PODPU (mpoextsr 14-07-00740, 14-07-
31192-moi1-2).

HAnemumym dunamuru cucmem u meopuu ynpasaenus CO PAH, Uprkymck
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MuBepcHbIe MOMyrpynnbl JIMHEMHBIX OTHOIIEHU

M. . HAyYMUK

[Tycts V' — BekTOpHOE MpOCTpaHCTBO Hamd mosieM F'. HamomuwmM, 9TO JTMHERHBIM OTHO-
meHneM Ha V' Ha3bIBAETCS MOAMPOCTPAHCTBO mpocTparcTBa V &V . MHOX)XeCTBO Beex JIMHEI-
HBIX OTHOIIEHU Ha V ¢ omeparmeil yMHOXKeHus apisgercs noiayrpymmon LR(V). LR (V) —
MOJTyTPYIINA BCEX MOJTYTMHENHBIX OTHOIIEHN TTPOCTPpaHCTBa V.

Teopema. FEcau npocrpanctBo V koHeyHOMepHO, TO Kaxabli simemeHT a € LR(V)
COHEPKUTCS B HEKOTOPOW MHBEpCcHOU moamosyrpymnmne D C LR(V).

OTOT pe3ynabTaT maeT YacTUIHOE PEIleHre aHAJOTMIHON 3amadn, moctasieHson b. M.
[lastrom [1]. Anasmormunas Teopema crupasemiuBa u st noayrpymmst LR (V).

CIMCOK IATEPATYPEI

[1] HIazig B. M. Cunbuo perynspubie koibua // 1 BcecoosHBl cnMIoO3snyM Mo TEOPUHU KOJIEN U MOy JIeil.
Pesrome coobiiennit u nokimanos. Kumnues, 1969.

BI'Y umenu II.M. Maweposa, Bumebck
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KoMmmnausoHbI

A. T. HypTA3uH

C mOMOIIIBI0 KOMIIAHBOH-KJTACCOB MOYKHO HAIPSIMYO BBECTU MOHSTHE IMIPOCTO SK3UCTEH-
IUAJIBHO 3aMKHYTOW CTPYKTYpbI. Il CYETHON NpenmKaTHOW CUTHATYPBI X KAACCOM
®dpsce F MBI Takxke Ha3bIBaeM IIPOU3BOJILHBIA aOCTPAKTHBIN OOJIAMAIOIINI CBONCTBOM
COBMECTHOTO BJIOXKEHUS U 3aMKHYTBHII OTHOCUTEBHO B3ATHUs MOACTPYKTYP U OOETHEHUN
KJTaCC KOHEYHBIX CTPYKTYP BCEBO3MOXKHBIX KOHEUHBIX MOJICUTHATYD . TakuMm sBIsSeTCS
kiacc F(M) obenHeHuil Ha KOHEUHBIE MONCUTHATYPBHI KOHEUHBIX CTPYKTYD, BIIOXKUMBIX
B cTpykTypy M. C momorpio kjiaccoB Ppasce MOXKHO 3HAUUTEIBHO YIPOCTUTDH OIpeIe-
JIEHHUE IIIAPOKO HUCIIOIb3YEMOTO B TEOPUU DK3UCTEHIMAIBHO 3aMKHYTBHIX MOMIEJIEN TOHSITUS
KOMNAHDOHQ.

Onpenenenune. Ctpykryper M uw N 4ucTo mpenqukaTHON CUTHATYDBI Y. HA30BEM
KOMIIAaHBOHAMH JAPYT OPYTa, €CJIN COBOamaloT UX Kjacchl Ppace:

F(M)=F(N).

s namuOW cTpyKTypbl M momHOU Teopum I COBOKYITHOCTH BCEX €€ KOMIIAHBOHOB
MBI 0603HauaeM yepez C(M), a djeMeHTApHYIO TEOPUIO DTOrO Kjacca — depe3 1€,

Teopema 1. (1) Komnanson-xnacc C(M) nmanaoi Y—crpyktypsr M axcmomarTnsu-
pYyeM U SIBJISIETCS KJIacCOM Bcex momesieirr Teopuu 15 U TY.

(2) Hammere crpykryper M wm N umcTO NpEnquKaTHON CUTHATYDBI Y  SBJISIOTCS
KOMIIAHBOHAMH, €CJIM U TOJIBKO €CJIH KaXKOdas U3 HUX MOXKeT ObITH M30MODPGHO BIIOXKEHA B
HEKOTOPOE 3JIEMEHTAPHOE PACIIUPEHUE OPYTOMH.

(3) Momenu nmonubix Teopuit S u T ABISIIOTCI KOMIOAHBOHAMHE, €CJIH U TOJIBKO €CJIH
COBIIAAIOT KJIACCHI X 9K3UCTEHIIUAIBHO 3aMKHYTHIX MOIETIEH.

Cremytoliiee yTBepXkKIeHNE OTBEUYAET HA BOIPOC O BO3MOXKHOM UHCJIE CYETHBIX HEm30-
MOP(HBIX KOMIIAHBOHOB.

Teopema 2. /lamHas koMmaHEOH-Teopus 1'¢ MoxkeT mMeTh JubO OOHY, JTHOO CUETHOE
YnCII0, THO0 KOHTUHYYM CUETHBIX MOIEJIEN.

CIUCOK JIUTEPATYPHI

[1] Hyprasua A. T. CuéTHble 5K3UCTEHINAIBLHO 3aMKHYTBIE MOMENN YyHUBEPCAILHO AKCUOMATU3UPYEMBIX
Teopuii, MatemaTunuyeckue Tpynsl, 2015, Tom 18, Ne 1, 1-50.

Muemumym un@opmayuoHHblr U 8bINUCAUMEALHBIT MmeTHoao2utl, Aamambt
E-mail: abyznurtazin@mail .ru
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OK3UCTEHINAJIBHO 3aMKHYThI€ CTPYKTYPhI U UX TE€OpUuu

A. T. HypTA3uH

C mOMOIIIBI0 KOMIIAHBOH-KJTACCOB MOYKHO HAIPSIMYO BBECTU MOHSTHE IIPOCTO SK3UCTEH-
[IMAIBHO 3aMKHYTON CTPYKTYPHI.

Omnpenenenne. /laaayo Y—cTpykTypy M Ha3pIBaeM 3K3UCTEHIHAIBHO 3aMKHY TOH,
eCIIi OHa 9K3UCTEHINAIBHO 3aMKHYTa B cBOEM koMmmaHboH-kaacce C(M).

Kax mokasbiBaeT ciemyroiras TeopeMa, SK3UCTEHINATBHYI0 3aMKHYTOCTb MOYKHO CUU-
TaTh CEMAHTUKO-AJIreOpanecKuM aHAJIOTOM CUYETHOW HACBHIIIEHHOCTH. KCTECTBEHHO O0XKu-
aThb, YTO OHA MOYKET OKA3aThCs MOJIE3HOU MPHU MOKA3ATEIbCTBE K3UCTEHINATLHON 3a-
MKHYTOCTU UMEHHO KOHKPETHBIX X —CTPYKTYP.

Teopema. /lamaas Y—ctpykrypa M 5K3uCTEHOUAIBRHO 3aMKHYTA, €CJU U TOJBKO
ecau ojst JIF060ro eé KOMIaHbOH-pacuimperus N, KOHeYHOH MOACUTHATYPBI O CHTHATYDBI
Y umxoprexeit @ w3 M m b m3 N B M mHaiinérca xoprex b° ToOI ke IIHHBI Kax I
b u Takoii, YTO IIOKOODAMHATHOE COOTBeTCTBHe m3 ab Ha ab’ sBageTcs m3omopgusMoM
CTPYKTYp < C_Ll_); o> un < C_LI_)O; o >.

Cremyrolmit JIOKaIbHBIN CHHTAKCHYIeCKU KpuTepuil u3 [1] okaspiBaeTCst MOIE3HBIM ISt
MIOMCKA YCJIOBUM, KOT/Ia HaHHASI TEOPUs SIBIISIETCS TEOPUEN HEKOTOPOTO KJIACCa SK3UCTEHIU-
AITbHO 3aMKHYTBHIX CTPYKTYP.

Teopema. /lamaas Y—ctpykrypa M 5K3uCTEHOUAIBFHO 3aMKHYTA, €CIU U TOJBKO
ecan s JIFOOOro eé KOpTexXxa G ¥ BBIIOJHSIOIIENCS Ha HEM YHHUBEPCAJIBHON (QOPMYJIBI
Y(b) HarméTcsa Tak:Ke HCTHHHAS Ha 3TOM KODTeXKe SK3UCTeHIMAIbHas dopmyma p(T), 4
KOTOPOH BBIIOJIHSIETCS

M = ¢(z) = (b).

Teopema. [lamaas Y —teopus 1  sSBasgeTcs 3jIeMEHTapHOH TeOpHEH HEKOTOPOI'O
KJIacca 5K3UCTEHIIUAIbHO 3aMKHYTBIX Y —CTPYKTYP, €CJIH U TOJBKO €CIU IJIA JIFOOBIX BBI-
mosHuMBIX B 1T (%) yHEUBepcaabHon 1 (Z) takux, uro T F o(x) — ¢¥(Z) wHammércs
HEKOTOpas 9K3UCTeHUunaabHas popmyna 0(Z) c ycaosuem, uro B T HEpoTHBOPEUHBO

Az[p(7)&0(2)]|&VE[0(Z) — ¥ (T)].
CHOUCOK JIUTEPATYPBI
[1] Hyprasum A. T. Komnaubousr, OTot cbopuuk, 2015.
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Koneuno-akcuomaTu3upyemsble cyliepaToMHbIe O0yJIeBbI ajire6pnl ¢ BbIOEJIEHHOU
IJIOTHOU IOoAaJiIre6poil KOHEYHON HIMPUHBI

II. E. ITanbuyHOB, A. B. TPO®UMOB

Omnpenenenne [1]. IlomamreGpa B Gysesoit anre6pbl A HA3BIBAETCSA MOLAITEOPOI
IIIPHHBI N, €CITA O JIFOOBIM aTOMOM ITomareOps! B HalmeTcs: He Oojlee N aTOMOB aJIreOphI
20, m 100601 aToM anarebpbl 2 JIEKUT MO HEKOTOPBIM aToMoM nonaiareopsr B. [lomanrebpa
B masbiBaeTcst WIOTHOH, ecmu A = suby (B, F(2A)) - nHanmenbinas nomanrebpa anre6per 2A,
comepxaias B cebe nomanredopy B u umean Ppere F(A).

Ounpenenenune [1]. O6osmaunm 2A < B, ecnu maiimercs € rakas, aro B = A x C.
Anrebpanmueckast cucrema 2l HaszbIBaeTcs Hemcuesaroren, eciu u3 A = MM x N caemyer
A = M wm A = N. Anrebpamyeckas cuctema 2 HA3BIBACTCS JIOKAJBHON, €CITH UUCIIO
MIOTIAPHO 3JIEMEHTAPHO HEIKBUBAJICHTHBIX HEMCUe3arounx ajrebpamueckux cuctem B < 2
KOHEYHO, T.€. CYIIIeCTBYIOT ‘B, ..., B, Takue, 9TO NJjIs TPOU3BOILHON Heucuesamorein € < 2
BointostHeHO € = ‘B, M HeKOTOpOoro ¢ < n.

Ompenenenne. Anrebpamyeckas cucreMma 2l HA3LIBAETCS MAEMIIOTEHTHOH, ecian A =
A x A, u HemmemnorernTHo, eciin A Z A x 2A.

Teopema. Ilycts 2 — cymepaTomHas OyseBa aarebpa ¢ BBIOETEHHOH IVIOTHOHN IO-
aJre6poll KOHEYHOH IIUpHUHBEL. JiieMeHTapHas Teopus Th(2l) koHeuno akxcmomarmsupyema
Torma u TOJBKO Toraga, korga A = Ay X ... X2, mIs HEKOTOPBIX JIOKAJIbHBIX HEUCUE3AFOIIIIX
HemmeMmoTeHTHRIX Aq, ..., A, .

CHUCOK JIUTEPATYPBI

[1] Hanpuyros . E., Tpopumor A. B. JlokanpHBIE U HEMCUYE3AIOLINE CYIEPATOMHBIE GyJIeBBl alIreGpel ¢
BBIIEJIEHHO IUIOTHOM monasre6poit, Anrebpa un noruka, 50:6 (2011), 822-847.

UM CO PAH, HI'Y, Hosocubupck
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191


mailto:palch@math.nsc.ru, tr0f@mail.ru

06 o6GorairieHnax KaTerOpnm4yHbIX aHTNAAONTUBHBIX XOPHOBBIX TeOpI/Iﬁ

E. A. TTanroTud

B OOKJIame MaloTcsI HeoOXOOUMBIE W MOCTATOYHBLIE yCJI0OBUA OJIsk TOIO, 9TOOBI KaTEero-
PUYHBIE aHTUAOOUTUBHBIE XOPHOBBI T€OPUU oboralmajanch 0O adaduTUBHBIX.

Kareropuunbie XOpHOBBI T€OpUU MENIATCS Ha 2 Kilacca: aHTUAIIUTUBHBIE U AJIIUTUB-
Hble. AHTHAIIUTUBHBIMU HA3BIBAIOTCS TEOPUH, B KOTOPBHIX HEJIb3ST MIPUMUTUBHO ITPOUHTED-
IPETUPOBATHL OECKOHEUHYIO TPYIIIY.

[Iycts T — xaTeropudHas aHTUAOOINTUBHAS XOPHOBA Teopus. | 'pymnmna G Ha3bIBaeTCs
06a3ucHON TPymmon Teopum 1, ecnm OHA M3OMOPGMHA TPYHIE MPUMUTUBHO OIMPENESTMMBIX
MIOJICTAHOBOK HEKOTOPOT'O CUJIBHO MUHUMAJILHOTO ITPUMUTUBHOTO MHOXKECTBA B HEKOTOPON
T-monenu.

IIpennoxeune. /g KaTeropuwdHOH aHTHALIUTUBHON XOPHOBON Teopum I’ 6a3ucHas
rpymma G ompenesieHa OQHO3HAYHO C TOYHOCTHIO IO M30MOPGU3MA.

I'pynma G maswsBaeTcss adOUHHON, €CI OHA SIBJISETCsS HEKOTOPON MOATPYIIION T'PYIIIhI
ITOICTAHOBOK HEKOTOPOrO BEKTOPHOTO mpocTpaHcTBa V man TenoMm K, Buma ax + ¢, Tme
aeK,ceV.

Teopewma. /li1sg Toro, uTobbl KaTeropudHas aHTHALIUTUBHAas XOpHOBa Teopus 1" 0bo-
rarmasgachk 0 KaTerOPUIHON aANUTUBHOH XODHOBOH TeOpHUH, HEOOXONUMO U IOCTaTOYHO,
qT00bI ee 6a3ucHas rpynmna G 6bl1a ahGUHHOM.

3amMeTnm, 94TO U3 OMUCAHUS KATErOPUYHBIX KBA3UMHOr000pas3uil B [3] ciaemyer, 4To tio-
6ast rpynmna G gBiseTCst 6a3UCHON Il HEKOTOPOrO aHTUAMINTUBHOIO KBA3UMHOT000pa3ms.
N3BecTHO, UTO He KaxKmas rpymmna sBiseTcs ahGUHHON, TO3TOMY U3 IPeLyayIlell TeoOpeMbl
BBITEKAET, YTO CYIIECTBYIOT KATErOPUYHbIE aHTUAINUTUBHLIE XOPHOBBI TE€OPUHU, KOTOPBIE
He 000raIraroTcs N0 KATETOPUIHBIX aIUTUBHON XOPHOBBIX TEOPU.

CIUCOK JIUTEPATYPHI

[1] Palyutin E. A. Additive theories, in: Proceedings of Logic Colloquium’98 (Lectures Notes in Logic, v.
13), ASL, Massachusetts, 2000, p. 352-356.

[2] Hamorua E. A. Kareropu4ssie XOpHOBEL Kilacchl 1., Anre6pa u soruka, .19, N 5(1980), c. 582-614.

[3] Mamrorur E. A. Onucanme KaTeropmyHbIX KBasUMHOroobGpaswmit, Amrebpa u normka, 14, Ne 2 (1975),
145-185.
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MunumasibHbIE aIre6pbl yHAPHBIX MYJIbTHUOIIEPAIIA

H. A. TIEPSI3EB

[Iycts B(A) — mHOX)ecTBOB Beex monmuoxkecTB A. Orobpaxkenue u3z A B B(A) Ha3bI-
BaeTCsl yHapHOU MysbTuonepanueit Ha A. Wcnomssyem o6osnauenne M.

ycrs S € M. Anrebpa § =< S;*,N, 1, €,0, T > ¢ HEXKE ONPEIETCHHBIME OePAITIMMA
noncTanoBku (f*g), nepeceyenus (fNg), obpatumoctu (4 f) U HYTEMECTHBIMU OIIE€PAIIISIMI
g, 0, m HA3BIBACTCS AA2€0POTU YHAPHBIL MYALTUONEPAUYUT HATL A:

(f *g)(a) ={b| cymecrByer ¢ € g(a) Takoit, uro b € f(c)};

(fng)a) = fla)ngla); (uf)la) ={b|a € f(b)};

e(a) = {a}; 0(a) = 9; m(a) = A.

MorrocTs MHOXKECTBa A Ha3bIBAeTCs paHroM airebpsl. B pabore [1] paccmaTpuBaiuch
anrebpnsl ymMo panroB 2 u 3. B wacTHOCTH mokazaHo, 4To cyiecTByeT 19 anrebp yHapHBIX
MyibTronepanuit panra 2 u 2079040 anre6p panra 3. Cpenn nx MUHUMAILHBIMUI SBIISTIOTCS,
co0TBeTCTBEHHO, 4 u 18 anrebp. Himxe momyueno onucanne BceX MUHUMAIBHBIX ajirebp yMo
IIJIST TIPOM3BOJILHBIX KOHEUHBIX PAHTOB.

Teopema. MunuvanbaeiMu aarebpamu yMo (f) ABIAIOT anare6pel yIOBIETBOPSIIOIIIIE
ONHOMY W3 CJIEOYIOIIUX YCIOBUH U TOJIBKO TaKHe AJIreOpHL.
fne=euf=fr="r
fne=euf=f=m
fne=0,uf=ff=e
fre=o0.uf=ff=m
fre=epfnf=c fxuf=pfxf=nf>=F
fne=eufnf=c frpuf=pf*f=mf>=m
fne=0,ufnf=0,fxuf=nf=*f=c¢e, fP =e, rme p npocroe uucmo up > 3.
Cymecrsyer b € A rakoit, uro f(a) = {b} mnsz Bcex a € A nmm f(b) = {b} u f(a) =0
g Becex a # b wm f(b) = A u f(a) = ¢ o Bcex a # b.

9. CywecTByer He 0OqHOEMEHTHOE MHOXKecTBO B C A takoe, uro f(a) = B nmns Bcex a € A
mn f(b) = {b} mmg Bcex b € B u f(a) = ¢ mng Bcex a € A\B win f(b) = A mns Bcex b € B
u f(a) = ¢ g Becex a € A\B mwin f(b) = B ma Bcex b € B u f(a) = ¢ o Bcex a € A\B.

Ormerum, uTO anredbpnl Tuma 1-4 COCTOAT M3 YeTHIPEX SJIEMEHTOB, Tuma b, 6 — u3
IATU, TUA 8§ — U3 IIeCTU, TUIa 9 — m3 ceMu u TUIa 7 — U3 P + 2 DJIEMEHTOB.

Pabora Bummonuena npu nopnepxkke OIII “VccnenoBanus n pa3pabOTKU IO TPUOPUTET-
HBIM HAIIPaBJIEHUSIM PA3BUTUS HAYIHO-TEXHOJIOTUUECKOro Komiutekca Poccun ua 2014-2020
roner”, koHTpakT Ne 14.579.21.0092.

CIMCOK JIATEPATYPEI
[1] Kasumupos A. C., Ilepsses H. A. Anrebpul yHapHBIX MyibTronepanuil // Mexnynaponuas KoH(pepeH-

NSO W=

uust “MambueBckue urenus”. Tesucsr mokn. — HoBocubupck, 2013. — C. 156.

Canxm-Ilemepbypeckuil 2ocydapcmeenubill saekmpomexnuueckut ynusepcumem, Cankm-Ilemepbype
E-mail: nikolai.baikal@gmail.com
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O Thm-no3BosieHubiXx 1 IThm-3anpelrieHHbIX KBa3nUmopsaKax

A. T. ITuuyc

[TousTue anreGpamveckoro MHOXKECTBA IJIs YHUBEPCAJIbHON airebpol A = < A;0 >
cBs3aHO (CM. [1]) ¢ HEKOTOPBIM OTHOIIEHUEM KBAa3UMOPAOKA < pmo HA MHOXKeCTBe A ompe-
MEeJIEHHBIM CJIemytommM obpasom: mist a,b € A a <jpmo b TOrma m TOMBLKO TOrma, KOTOa
cyliecTByeT roMoMophusM ¢ anrebpel < b >o Ha anrebpy < a >o Takoir, yro ¢(b) = a.
3nech < ¢ >g - nomajirebpa aareopol A MOpOXKIEHHAS SJIEMEHTOM ¢ n3 A.

Keazunopadox < uwa muoxkectse A HaseiBaercs IThm-dozeoaennvim (Ihm-3anpewennvin),
eCJTU CYIIIeCTBYeT yHUBepcajbHas ajrebpa A = < A;0 > miIs KOTOPORl < [pmg COBIALAET
¢ < (ecim Hu s kakoit A = < A; 0 > KBasUNOPSNOK < pmo HE COBIAmaer ¢ <).

Teopewma 1. /[ moboro kapaunama k > 4 cyiectByet k-smemenTHbri IThm-3amperireH-
HBII KBa3umopsnok. Bce He 60jtee ueM TpexsaeMeHTHbBIe KBa3umopsaku Ihm-mo3BoJIeHbL.

Teopewma 2. a) JI060ii TUHEHHBIH KBA3UIOPAOOK sSBiasgeTcs Ihm-no3ponenusiv. 6) JIro-
6ast HIKHSIA 1IoJTyperneTka Ihm-mo3BomenHa.

Pa6ora BeImonuena mpu GUHAHCOBOR Momamepxkke MuHucTepcTBa 00pa30BaHUSI U HAYKU
P® no rocymapcrsennomy 3amanmio Ne 2014/138, mpoekt 1052.

CIUCOK JINTEPATYPHI

[1] Huayc A. I'. O xBa3suUNOpsiAKE MHIAYUUPOBAHHOM BHYTPEHHIMU IOMOMOP(QU3MAMU YHUBEPCAJIBHBIX ajl-
rebp u 06 anrebpam4ecKnx MHOXKECTBaX 3TUX ajaredbp. — B II€UaTH.

Hosocubupcrut, 2ocydapcmeennbiti mexnuveckut yrusepcumem, Hosocubupck
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O cueTHBIX MoOHOessX Teopuil aGejiIeBbIX IPYIN C KOHEUYHBIMU MHBAapUAHTaAMU
ITMmesneBon

P. A. ITonnkoB

HamomuuMm, aTo momens M Teopun T’ HA3BIBAETCSI NPOCMOt MOOEABIO HAO MHONCECTNEOM
A, ecm mo6ast KoHCTaHTHO comepxkaras A momens N Teopun T COMEPKUT 3IIEMEHTAPHYTO
nonMonens M’ Takke KOHCTaHTHO comepxkainyto A m mzomopduyto momenu M. Momens
M teopun T HasbiBaeTCsa npedeabroti, €Ciu OHA SBIIeTCS O0bEIUHEHNEM CUETHON 3JIeMEH-
TAPHON IIENMU MPOCTHIX HAI KOHEUYHBIMEU MHOXKECTBAME MOIeNeil U He M30MOpGhHA HUKAKON
IPOCTOI HaJ KOHEUYHBLIM MHOXKeCTBOM momenn [1].

Cremyrolue quciia st TPOU3BOIBHBIX P U 1 (P — MPOCTOE, N — HATYPAIIbHOE) HA3LIBA~
10Tcs unsapuarmany IHlmesesot abenesoit rpymmbr A [2]:

ap,n(A) = min{dim((p" A)[p)/(p" " A)[p]), w},
Bp(A) = min{inf{dim((p" A)[p] [ € w}, w},
Vp(A) = min{inf{dim((A/A[p"])/p(A/A]p"])) |n € w}, w},
e(A) € {0,1} u,e(A) =0 < (nA = {0} ma mexkoroporon € w,n # 0).

Bepna cnenyrormas

Teopema. Eciu cuerHas momens M Teopun 6eckoHedHOU abemeBoi rpymmsl A ¢ Ko-
HeuHbIMU HHBapuaHTamu IlIMeseBoi comepkuT sjaeMeHTapHyto noavoneas M’ koropas
SIBJISIETCSI TIPOCTOH HAJ HEKOTOPBIM KOHEYHBIM MHOXeCTBOM, To M jmbo mpocra Ham HEKO-
TOPBIM KOHEYHBIM MHOXKECTBOM, JIHOO IIPENe/IbHA.

CHUCOK JIUTEPATYPBI

[1] Cymommaros C. B. Knaccuduranus cueTHBIX Momneseil mosnHbix Teopuii. 9 2. Hosocubupck: Wsn-so
HI'TY, 2014. — 448 c.

[2] Epizos IO. JI., ITamtorun E. A. MaTemaTtudeckas joruka : Y ueb. mocobue mjs By3os. M. : PusmaTiuT,
2011. — 356 c.
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IMosurons: ¢ (P, 1)-crabuiibHoil Teopuen

II. O. IITAXOB

B manmnoit paGore paccmarpuBaioTcs mosurossl ¢ (P, 1)-crabunmbhoit Teopueit. [lousTue
(P, 1)-crabumpHoll Teopun ObLIO BBemeHO B [1]. DTo mousTue saBiseTcs 0606IIEHIeM TOHS-
Tust crabuwibHOoCcTH Teopun. B [2] mpuBomurest xapakTepusanus (P, 1)-cTabuiabHBIX Teopuit
KaK KJIacCca TeOpUll, ONpeneInMO NHTEPIPETUPYEMBIX B KaAKOU-TNOO TeOPUU SI3bIKA, COCTOSI-
IIIETO TOJIBKO U3 OMHOMECTHBIX MPEIUKATOB.

[Tom nmeBbIM TOMUTOHOM g A HAI MOHOUIOM S W/IM TIPOCTO MOJUTOHOM ITOHUMAETCS MHO-
XKeCTBO A, Ha KOTOPOM OTIPENESIEHO MENCTBUE HIIEMEHTOB U3 S, IPUUIEM eIUHUIA JeHCTBYET
ma A ToxnecrBenno. Ilycts T — Teopus si3bika L, si3bik Lp mosmydaercs u3 si3bika L
mobaBIIeHIeM OIHOMECTHOTO MPEIUKATHOrO cuMBOjIa P, A — HEKOTOpOe MHOXKEeCTBO IMpE]l-
moxenuit si3pika Lp. Teopuss T maspiBaeTcst PaA-cTaOUIBHOW B MOIITHOCTUA A, €CIIM IJTsS
m000ro MHOXKecTBa X MOIIHOCTU < \ B Teopun 1 MHOKECTBO

Ta(X)=T(X)U{P(a) |ac X}UA

umeer He Gostee A momosiHenuit B s3bike (L(X))p, rme L(X) — sA3bIK, mOIydaeMblil 13
a3plKka L mobaBieHmeM MHOXKecTBa X B KaueCTBE MHOXKECTBA HOBBIX KOHCTAHT. Teopms
T HasbiBaeTCs PA-cTabUIBHON, €Cliu OHA SIBIIETCs PA-cTabumiIbHON B HEKOTOPOUW OECKOHEY-
Holt MotHOcTu A. Teopus T maswiBaercs (P, 1)-crabuibHoll, ecin oHa Pa-cTabuibHa [iist
A = @. Tonuron gA HasbiBaeTcst Pa-crabuinbibiM, eciau Teopus Th(gA) sToro moaurona
PA-cTabunbua.

Teopema. Ilomuron sA sBasercs (P, 1)-crabuinpHbIM TOrAa U TOJBKO TOLAA, KOLJA
as moboro t € S muoxkectBa tA\{a € A |ta =a} mw{a € A|ta=aATb(th=a,b+#a)}
KOHEYHE.

Komnponssenennem nByx monmuroHos sA; m gAs HasbIBaeTCs UX OU3BIOHKTHOE 00BENN-
HeHue u obozHauaercs: gA; L gAs. Hepes S — Act obo3naumM Kitacc BCeX IOIUTOHOB Hall
monounoM S. Kiacc momuronos nazoBeM Pa-CTaONIBHBIM, €CIN KaXKIBIA IIOJIUTOH 3TOTO
KJlacca SIBIIIeTCS PA-CTaOMIbHBIM.

Canencreue 1. Ilycte gA = gA; U gAy. Torma momuron gA ssmgercs (P,1)-
cTabUIBHBIM TOLAA M TOJIBKO TOrAa, KOrga HMOMUroHel sA; m gAs ssmsrorcs (P,1)-cra-
OUTbHBIMI.

Canencrsue 2. Ilycte S — rpynna. Ilomuron ¢S ssasercs (P,1)-crabunbabiM TOrOa
¥ TOJIBKO TOTLa, KOrAa S — KOHeYHAas I'DYIIA.

Cnencrsue 3. Kmnacc S — Act sBnsercs (P,1)-crabuibHbIM TOrga U TOJIBKO TOLJA,
korzga |S| = 1.

CIICOK JINTEPATYPBI
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HucTtpubyTuUBHbIE U CTaHOAPTHLIE 3JIEMEHTHI PElIeTK MHOroo6pa3uil
SIIUTPYIIIT

II. B. CKOKOB

Onuepynnoti HA3BIBAETCS MONYTPyIa S, B KOTOPOl HEKOTOPasi CTEMEHb KaXKIOTO dyTe-
MEHTAa JIEXKUT B HEKOTOPOI moArpyIne moayrpynmnsl S. Ha Beskol smurpyimne MOXKHO HEKO-
TOPBIM €CTECTBEHHBIM CIIOCOOOM BBECTHU YHAPHYIO OIEPAINIO, HA3LIBAEMYIO Nncesdoobpauye-
nuem (cM., Hampumep, [2]). DTo mo3BossieT paccMaTpPUBATBL MHOTOOGPA3Us SIUTPYIIT KaK
anaredp B CUTHATYPE, COCTOSIMIEN M3 YMHOXKEHUS 1 TICEBIOOOPAITIeHN .

Mer mpomomkaeMm HauaToe B [4] m3yueHUe CHENUAIBLHBIX 3JIEMEHTOB B DEIIETKE MHO-
roo6pasuii snurpyni. B [4] paccmaTpuBaioTes HelTpasbHbBIE, MOIYJISIPHBIE U BEPXHEMO-
IyJIIPHBIE DJIEMEHTBI HTOI pelneTKu (ONpemesieHns: 5TUX THUIIOB 5JIEMEHTOB CM. B [3] mim
[4]). B mammoil paGore m3ydaroTcs ee OUCTPUOYTUBHBIE U CTAHOAPTHBIE dJIeMeHTHI. Ha-
HOMHUM, UTO DJIEMEHT X PEIIeTKU L Ha3bIBAETC JUCmpPubymueHbim [cmandapmmbim], eciamn
Vy,z€ L: xV(yAz)=(xVy)A(zVz) [coorBercTBerno (zVy)Az= (xAz)V (yAz).

B [1] momHOCTBIO OmMCAHBI MUCTPUOY TUBHBIE SJIEMEHTHI PEIIeTKU BCEX MHOr000Opa3uit
nostyrpynm. OnucaHue CTaHOAPTHBIX 5JIEMEHTOB PEIIeTKH BCEX MHOIOOOPa3Wil MOJTyTPYIIT
MOXKHO HailTu B pabore [5]. B mamnoit pabore Mmoy4YeHBI SMUCPYNIIOBBIE AHAJIOTU STUX
pe3yIbTaTOB.

Yepes T u SL 6ymem 0603HAYATH TPUBHAJIBHOE MHOTrOOOpasme W MHOr0OOpasme MOITy-
pemerok. [lomoxmm Q = var{z?y = ayr = y2? = 0}, Q, = var{2?y = zyx = yz? =
r1x9 -1y, =0}, R =var{2? = 2yxr =0} u R,, = var {z? = zyz = 2129 - - -1, = 0}.

Teopema 1. g MmHOrOoO6pasus snurpymnn V CJAEeLyIOIIne YCIOBAS SKBUBAJTCHTHBL:

a) V ABIgeTCA AUCTPUOY TUBHBIM SJIEMEHTOM DELIETKH MHOTOOODA3UI SIUTPYIIIL;

6) V sABigeTCS CTAHAAPTHBIM 3JIEMEHTOM DEIIETKH MHOTOOODA3UIT AU PYIIIL;

B) V=MVN, rne M — onuo n3 muoroobpasuii T u SL, a N' — onno m3 mHOTrO-
obpasuni Q, Q,,, R u R,, O/ HEKOTOPOrO HATYPAILHOTO N.
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(P,s)- u (P,e)-crabusibHbIe IIOJINTOHBI

A. A. CTENAHOBA, II. O. IITAXOB

[oustus (P, s)— u (P, e)—cTabuIbHOCTY MOJIHBIX TEOPUIl, SIBIISIOIINEC TaCTHBIMU CIIy-
yasimu Pp —crabunbHocTH, BBemeHbl B pabore [1]. B pa6ore [2]| uccienoBana B3amMOCBsI3b
Pa3IMYHBIX YACTHBIX CIydaeB PA —CTabWIBHOCTU U UX CBSI3b CO CTAOMIIBHOCTBIO TTOJTHBIX
teopuit. A6Geneswl rpymnnel ¢ (P,s)— u (P, e)—cTabuibHbIMI TeOpUsSMU U3yUeHbl B (3],
rae naxo omucanue (P, s)—cTabuibHBIX abeseBbIX IPYIN U IOKA3aHO, uTo jrobas abeeBa
rpymnna seisercs (P, e)—cTabuibHOIL.

Hanomuum mekoTopbie ompenernenust. Teopust HasweiBaeTcs (P, $)—CcTabWiIbHOI, eciu
oHa Pa—crabuibHa i MHOXKECTBa A, COCTOSAIIEro U3 MPemJIOKEHUN, BBIPAXKAIOIINX 3a-
MKHYTOCTB TIpenuKaTa P oTHOCUTeIbHO QYHKINA, ONpeneTuMbIX (QyHKIIMOHATBHBIMEI CUM-
Bostamu. Teopust maswiBaercs (P, e)—crabunbHoil, eciu oHa Pa—cTabuibHa IUisi MHOXKe-
cTBa A, COCTOSIIErO U3 MPEIJIOKEHNN, BEIPAXKAIOIINX TOT (AKT, ITO MpenankaT P aBisercs
smemenTapHon moncuctemoit. CtpykTypa Pa—cTabuiibHa, ecium Teopus 3TOW CTPYKTYPhI
PA—crabunbra. Kiracc ¢cTpyKTyp OmHOTO s3bIKa Pa—CcTabuieH, eciim Kaxnas CTPYKTYpa
5TOro Kjacca Pa—cTabuibHa.

[Iycrs S — mownoun, e — eqununa mououma S. Ctpykrypa (A; Lg) s3vika Lg = {s € S}
HA3BIBAETCSI JIEBBIM S-TIOJIUTOHOM, €CIII

(st)a=s(t(a)), e(a)=a
mis Beex a € A, s,t € S. Uepes S — Act 0603HaUMM KJTACC BCEX JIEBLIX S-IIOJIUTOHOB.

Teopema. Crenyrorme yCaoBUsS S5KBUBATCHTHBIL:

1) kmacc S — Act sBnsercs (P, e)—crabuiIbHbIM;

2) knacc S — Act sBisercs (P, s)—crabuibHbIM;

3) MoHOHZ S ABIAETCA TPYNIIOHN.
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OG6o6111eHHbIE Bep6ajIbHbIE KATErOPUN U aHAJIINTUYECKe GyHKTOPHI

C. H. TPOHUH

Hoxkian mocssies 060601enuo pesynbTaTos [1]. Bepbanbubie kaTeropuu ObIIN OIpee-
nensl B (2], [3]. B mannom mokiame BBomuTcst 0606IIIeHIE BePOAIBHBIX KATETOPUl, UCIIOIb-
3ylolliee NBOWHBIE KaTeropuu. ba3osad éepbasvbrad Kamez2opud — 5TO OBOWHASI KaTETOPUSI,
00BEKTBEI KOTOPO# — KOHEUHBIE C/IoBa B ajipaBuTe S, rme S — HEKOTOPHIA Kjacc. [opu-
30HTaJIbHBIE CTPEIKN — MOphusMbl KaTeropun Pg u3 [3, ¢.1185], BepTukagbHble — MOp-
(GU3MBI 13 MOHOUIAILHON KaTeropuu, 06JIaoarolleil psioM CBONCTB. B dacTHOCTH, TEH30p-
HOE TPOUW3BENEeHNEe OOBEKTOB-CIIOB SIBISETCS UX IPOU3BENEHUEM KaK 3JIEMEHTOB CBOOOMIHON
mosyrpynmnsl. Kpome TOro, mOKeH CYIIeCTBOBATH TOXKIIECTBEHHBI Ha 0O0BeKTaxX (yHK-
Top B KaTeropuio F'Setg [3, ¢.1185], KOTOpBIl EPEBOMUT KBAAPATHI ABONHON KATErOPUU B
MHOTOCOPTHBIE AHAJIOTU KOMMY TATUBHBIX nuarpamum Buna (1) us [3, ¢.1186], u obnamaer He-
KOTOPBIMI OPYTUMHU CBOncTBaMu. [Ipumepbl Takumx KaTeropumii KOHCTPYUPYIOTCS C UCIIOJIb-
30BaHMEM TPYIII KOC, JIEHT, U HEKOTOPBIX APYTUX reOMeTPUIecKnX 00beKTOB. O60bwentbie
6EPOAALHBIE KAME2OPUU — DTO MOBOWHBIE MOOKATEropuu 0a30BBIX BepPOAIBLHBIX KaTerOpuil
C TEM XKe CaMBbIM KJIACCOM OOBEKTOB, TaKWe, UTO COOTBETCTBYIOIINN KJIaCC BEPTUKAITBHBIX
CTPEJIOK 3aMKHYT OTHOCUTEILHO TE€H30PHBIX IIPOU3BENEHUI.

Hamnee, onpenensercst aHAJIOT species of structures, rne MeCTO KaTeropuu GUEKITUN KO-
HEYHBIX MHOYXKECTB 3aHUMAaeT 0000IIeHHas BepOabHas KaTeropus, a MeCTO KaTETOPUU BCEX
MHOXKECTB - MOHOUIAJTbHASI KATErOpus ¢ HEOOXOOUMBIMI CBOMCTBaMU. MbI 6yIeM MCIOTb-
30BaTh IJIST 9TOTO MOHSATUS UMEIOIniics B pycckoM mepeBome “Teopun muox)kecTB” Bypbaxku
TepMuH pod cmpyxkmypel. [lo nanaoMy pomy cTpyKTypbl F' onpenesnsercss aHaJIor aHAInTH-
YeCKOro (U MOTMHOMUATIBLHOT0) GYHKTOPA F. OCHOBHBIM pe3yIbTATOM HOKJIAIa SIBIISIETCS
criepytommii anasor Teopembl A.2Kosms [4):

Teopema. Ilycts mama ob6o6IieHHas BepbaabHAas KaTErOpHUS U OBa 3aJaHHBIX HA HEH
pona ctpyktypbel F' u G. Torma cyiiecTByeT olpeaeeHHbIi ¢ TOYHOCTHIO [0 €CTECTBEHHOTO

u3oMopguszma pon crpykTypel F' o G rakom, uro F'- G = F o G.
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O Bep6aJIbLHOCTHU KaTEropmuu IIepeTacoBOK

C. H. TpoHuH, A. P. TAVHYJIJIMHA

B pa6ore [1] 6BU10 TIOKA3aHO, KAK MOXKHO HCIOIB30BATH KOMMYTATUBHBIE ONepasl [2]
B KpUITOrpadu ¢ OTKPLITHIM KJIIOYOM. B CBSA3M ¢ 5TUM OKa3a/10Ch BaXKHBLIM U3y9UTh CBO-
GOMHBIE KOMMYTATUBHLIE OIEPANbl U UX JIMHEAPU3AINN, ABJISIOIINECS MHOTOMEDHBIMU AHa-
joramu ajarebp MHOrowIeHoB. CyIleCcTBEeHHON 9aCThI0 TEOPUU CBOOOMHBIX KOMMY TATHBHBIX
omepa MOJXKHBI cTaTh aHajoru 6asucoB I'pébuepa-lllupimosa. Takme 6a3uChl TOCTPOEHBI
1T HEKOMMYTATUBHBIX ornepan [3]. B sToit paboTe UCHIOIB3yeTCs MOHATHE EPETACOBOK
(shuffle) u coorBercrBytomux omepan (cm. Takxke [4]). Hamu nokaszaxo, 9ro:

Teopema. Kareropus meperacoBok sBseTcs BepbaibHON kaTeropuen (B cMbicie (5],
).

DTO0 MO3BOIAET UCIONB30BATL I TOCTpoeHus 6a3ucos ['pébuepa-Illupiosa B ciaygae
KOMMYTATUBHBLIX ONEpal W WX JIMHeApU3aIuil OOIIYI0 TEOPUIO Omepal Hall BepOabHLIMU
KaTeropusmu [6].
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Teopusi KOMMYTaTOPOB AJIsI MOAYJISIPHBIX ajJire6pamveckKmx CUCTeM

B. . Yrcy

Teopust KOMMYTATOPOB, HAPAMLY C OMNUCAHKEM KOHTPYSHIIMM B TEPMUHAX TPAHCIISIIII
AW. Masnbuesa [1|, B 3HAYNTEIBHON YACTH OCHOBBIBASCH HA HUX, HAJA TOIYOK PA3BUTUIO
MHOT000pa3usi MOIYJISIPHBIX ajaredop. OCHOBBI 3TOI Teopuu, 0O6OOIIIEHNE TEOPUN KOMMY Ta-
TOPOB HOPMAJIBHBIX MOATPYIIT B TEOPUU TPYII, ObLIM 3a/I0KeHbI B Hadaje 70-X TOIOB B
pabore Cymuta [2] mist MEOroo6pasust Masbiesa (KOHIPYSHII-IIEPECTAHOBOUYHbBIE MHOT0OGDAa~
sust). Ilosxke B [3] ObuIa U3I0XKEHA Teopus KOMMYTATOPOB XareManHa u Hepmawwua miist
MOIYJIIPHBIX MHOrooOpasuuit. Ilompo6HOE M3/TOXKEH!me ¢ MHOTMMU MPUMEHEHUSIMEI TEeOPUn
KOMMYTaTOpOB mpexacrasieno B kuure P. ®pusa u P. Makkensu [4].

B [5] B.A. T'op6yHOB 3aman wHOe OIpeIesieHre KOHIPYSHIE Ha, arebpandecKoin Cu-
creMe, KOTOpoe ompeneseno pasbire (cMm. [6]). Ilpm TakoMm ompemesneHUE KOHTDYOHIIUSE
CBsI3aHA HE TOJIBKO ¢ OCHOBHBIMUI OIIEPAIIMSIME, HO U ¢ OCHOBHBIMU OTHOIIIEHUSIMI, KOTOPbIE
MTO3BOJISIOT B 3HAUUTEILHON CTEIEHN TIePEeHECTH Pe3yIbTaThl U METObI I YHUBEPCATLHON
anre6pel B Teoputo anrebpamveckux cuctem. Cremys U'ymwmy [7], B oToil pabore ymamoch
OTICATh TEOPUI0 KOMMYTATOPOB HA S3bIKE KOHTPYHIIUU AJIre0pamdecKoil CUCTEMBI. JTO
MTO3BOJIMJIO BBECTU IOHSITUS a0eIeBBbIX, HUILIIOTEHTHBIX U Pa3PEIIIMbIX AJIre0pamIecKux
CUCTEM, KOTOPbIE SIBJISIIOTCSI 0O00OIIIeHNEM TTOHSITUN B YHIBEPCAIBHBIX aIrebpax.
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06 3K3UCTEeHINAILHO 3aMKHYTBbIX KOMIIaHBOHAX KOJIbIla IEJIbIX YHCeJI

3. I". XUCAMUEB

B paGoTe M3ydyaroTCs SK3UCTEHIMOHAILHO 3aMKHYTBIE KOibla B kiacce kosen C(Z),
SABIISIIOLLINXCST MOIEJIBHBIMU KOMITAHBOHAME KOJIbIA Menbix uucen Z = (Z; +, *). Kiacc
C(Z) cocrout m3 BCex KOJEI, KOTOPbIE UMEIT, ¢ TOUHOCTBIO M0 M30MOpGhU3Ma, KOHEUHBIE
HONCTPYKTYPHI Takue ke Kak u Z. Kombmo R € C(Z) HasbiBaeTCs 5K3UCTEHIMOHATIBHO
3aMKHYTBIM B Kitacce C(Z), ecnu mo6oe ero pacimpenue Ry B ximacce C(Z), sSBisieTcs €ro
SK3UCTEHINOHAIBHBIM PACIIUpEHneM. TaKoil MOAXOI U3y UeHUsT KIIACCOB CTPYKTYD U COOT-
BETCTBYIOIIAs pobieMaTuka 6butn chopMyupoBanbl B paborax [1] u [2] u Ha cemmnapax
[0 TEOpUU MOIeIell B I. AIMaTHI.

Ilpenmnoxenne. 1. Koneno Z sABageTcs 3K3UCTEHIHOHAJIBHO 3aMKHYTBHIM KOJIBIIOM B
knacce C(Z). 2. IlIpocroe TpaHcmeHmeHTHOe paciupenue 7,[x| KoabHo 7 IPUHAMLIEKUT
knaccy C(Z), HO He 9K3UCTEHIHOHAJILHO 3aMKHYTO B HEM

Teopema. Ilycrs f(f3,r) — HempuBoguUMBIH MHOrOYIeH Han koubrnoM Z[f]. darxtop
komnbuo Z[[)/f ABmgercs MomenbHBIM KOMIIAHBOHOM KOJIbLA 7, TOTAa M TOJBKO TOTHA,
korga uucio perrernti ypasaeaus f(f3,x) = 0, B mesabix uciax 6eCKOHEYHO.

Teopema. CymecTByer, 10 KpalHell Mepe, CIeTHOe UUCIO CYETHBIX, HEU30MOD(PHBIX,
SK3UCTEHINOHATIBHO 3aMKHYThIX Koiser B kiacce C(Z).
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On Jonsson’s problem for algebras of relations with domino operaions

D. A. BREDIKHIN

For any set ) of operations on binary relations, denote by R{{2} the class of all algebras
isomorphic to ones whose elements are binary relations and whose operations are members
of Q. Let Var{Q} (Q{9}) be the variety (quasi-variety) generated by the class R{Q}. In
the paper [1], B. Jénsson considered the class of algebras of relations with the operations
of relation product o, relation inverse, and the intersection. He has shown that this class
is a quasi-variety and raised the problem of whether it is a variety. Negative solution of
this problem is obtained in [2]. Note that for Tarski’s algebras of relations this problem has
a positive solution. We will consider this problem for relation algebras with operations of
relation product o and unary domino operations [3, 4] that are defined as follows: for any
binary relation p C X x X,

Vi(p) = {(u,v) : (Gw)(w,u) € p} and Vi(p) = {(u,v) : (Gw)(v,w) € p}.

The finity bases of identities for the varieties Var{o, V1} and Var{o, Vy} are found in
[5].

Theorem. The classes R{o,V1} and R{o,Vsy} form a quasi-variety. The quasi-
varieties Q{o,V1} and Q{o,Va} do not form a variety, ie., R{o,Vi} = Q{o,V1} #
Var{o,Vi} and R{o,Va} = Q{o,Va} # Var{o, Va}.
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Questions on indiscernibility of a set in weakly circularly minimal structures

B. SH. KULPESHOV

Here we continue studying the notion of weak circular minimality originally introduced
in [1]. A circular order relation is described by a ternary relation K satisfying the following
conditions:

(col) VaVyVz(K(z,y,z) — K(y, z,2));

(co2) VaVyVz(K (z,y,2) NK(y,xz,2) S x=yVy=2Vz=ux);

(co3) VaVyVz(K(x,y, z) — Vt[K(x,y,t) vV K(t,y, 2)]);

(cod) VaVyVz(K(x,y,z) V K(y,x, 2)).

A circularly ordered structure M = (M, K,...) is weakly circularly minimal if any
definable (with parameters) subset of M is a finite union of convex sets.

Let M be weakly circularly minimal and p € S;(()) be non-algebraic. We consider the
case when p(M) is non-convex. Then obviously there exists m > 1 such that p(M) is
partitioned into m convex components, i.e. p(M) = U™, U;, where each U; is convex. In
this case M is m-convex. Suppose that K(Uy,...,Uy).

We say that p(M) is 2-indiscernible over () if for all {(ay,as), {a},ab) € [p(M)]? with
a1 # ag, a) # ay and either for some i K(ay, M,a3) C U; and K(a}, M,a)) C U; or
(a1,a2), (a}ah) € U; x Uj where i # j we have that tp({a1,as2)/0) = tp({a},al)/0). We

say that p(M) is n-indiscernible over () (n > 3) if for all n, k, ny,...,ng w iy,..., 0
such that k <m,n+...+n =n a_nd 1 <y <ig < ... < i < m, and all n-
tuples @ = (af',...,al ;.. ;af", ... alk ), b= <b’11,...,bﬁ;1;...;bik, bk € [p(M)]” with
ay, by € Uy, forall j € {1,...,ns}, s € {1,...,k}, K(ay',...,a; ) and K(bY',... b}k ), we

have that tp(a/0) = tp(b/0). We also say that p(M) is indiscernible over ) if for every
n € w p(M) is n-indiscernible over ().

We say that a family of convex components {Uy, ..., U} of p is weakly orthogonal over
() if every s-tuple (a1, ...,as) € Uy X ... x Uy satisfies the same type over (). We say that p
has convezxity rank 1 (RC(p) = 1) if there is no parametrically definable equivalence relation
with infinitely many infinite convex classes in p(M).

We prove the following theorem that is a criterion for indiscernibility of the set of
realizations of a non-algebraic 1-type with convexity rank 1.

Theorem. Let M be an Ny-categorical m-convex weakly circularly minimal structure,
m > 1, p € S1(0) — non-algebraic, RC(p) = 1. Then p(M) is indiscernible over () iff the
family of all convex components of p is pairwise weakly orthogonal over ().
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Finitely generated free algebras with hyperidentities of lattice varieties

Yu. M. MOVSISYAN

It is commonly known that the free Boolean algebra on n free generators is isomorphic
to the Boolean algebra of Boolean functions of n variables. The free distributive lattice on
n free generators is isomorphic to the lattice of monotone Boolean functions of n variables.
A problem posed by B.I. Plotkin in 1970s has required finding the varieties of algebras
with analogous functional representations of free finitely generated algebras. In this talk
we present the varieties of algebras with similar functional representations of free finitely
generated algebras.
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Representations of regular rings and complemented involutive lattices

M. V. SCHWIDEFSKY AND C. HERRMANN

An involutive lattice [an algebra with involution, or a *-algebra] S is representable, if
there is a pre-hermitean space Vp such that A embeds into the subspace lattice [into the
endomorphism algebra| of Vi, where involution is defined via orthogonality. Several results
on representable structures are presented. Among those are:

— The class of representable complemented modular involutive lattices [of representable
modular orholattices, x-A-algebras, respectively] is closed under homomorphic images;

— J-[semi|-varieties of representable structures are generated by subspace lattices [en-
domorphism algebras, respectively] of finite-dimensional spaces;

— There is a one-to-one correspondence between certain exists-semivarieties of Argue-
sian complemented involutive lattices |[of regular %-A-algebras, respectively| and semivari-
eties of pre-hermitean spaces.

— For a semivariety of pre-hermitean spaces, the class of representable structures forms
an J-variety.
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On e-spectra of theories of F-combinations and P-combinations

S. V. SUDOPLATOV

Let E be an equivalence relation, (A;);c; be a family of relational structures such that
each F-class is a universe of A;, 1 € I, E-classes are disjoint for distinct A;, and the symbol E
is disjoint with languages for the structures A;, j € I. The structure Ag = |J A; expanded

il
by the predicate E is the E-union of the structures A;, and the operator mapping (.A;);cs to
Apg is the E-operator. The structure A is also called the E-combination of the structures
A; and denoted by Combpg(A;);cr; here A; = (Ag | A;) | 3(A;), @ € 1. Structures A’,
which are elementary equivalent to Ag, are also considered as E-combinations.

For a structure Ag the number of new structures with respect to the structures A;, i. e.,
of the structures B which are structures of E-classes in A’ = Ag, pairwise elementary non-
equivalent and elementary non-equivalent to the structures A;, is called the e-spectrum of
Ap and denoted by e-Sp(Ag). The value sup{e-Sp(A’)) | A" = Ag} is called the e-spectrum
of the theory T'= Th(Ag) and denoted by e-Sp(T).

Clearly, for a given language %, 0 < e-Sp(Th(Ag)) < 2maxti=lw}

Theorem 1. For any cardinality \ there is a theory T = Th(Ag) of a language 3 such
that |3 = |\ + 1| and e-Sp(T') = \.

Theorem 2. For any infinite cardinality A there is a theory T'= Th(Ag) of a language
¥ such that || = \ and e-Sp(T) = 2*.

Replacing E-classes by unary predicates P; (not necessary disjoint) being universes
for structures A;, we get the notions of P-combination Ap, the P-operator, and the e-
spectrum e-Sp(Th(Ap)). We have e-Sp(Th(Ap)) # 1 for any countable theory Th(Ap)
with the complete type po(x) = {—P;(x) | i € [} having non-symmetric or definable semi-
isolation. Applying constructions in [1], the results for E-combinations are modified for
P-combinations:

Theorem 3. For any cardinality \ there is a theory T = Th(Ap) of a language 3 such
that |X| = max{\,w} and e-Sp(T) = A.

Theorem 4. For any infinite cardinality A there is a theory T' = Th(Ap) of a language
¥ such that |X| = X\ and e-Sp(T) = 2*.

The research is partially supported by Committee of Science in Education and Science
Ministry of the Republic of Kazakhstan, Grant No. 0830/GF4.
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On categorical properties of Jonsson sets

A. R. YESHKEYEV

Let L is a countable language of first order. Let T - perfect Jonsson theory complete
for existential sentences in the language L and its semantic model is a C.

Definition 1. We say that a set X - Y-definable if it is definable by some existential
formula. The set X is called Jonsson in theory T, if it satisfies the following properties:

1) X is X-definable subset of C; 2) Dcl(X) is the support of some existentially closed
submodel of C.

The set X is called algebraically Jonsson in theory T, if it satisfies the following proper-
ties: 1) X is YX-definable subset of C; 2) Acl(X) is the support of some existentially closed
submodel of C.

Definition 2. An existentially closed model M is said to be minimal if any Y-definable
subset of M using parameters is either finite or a complement of a finite one.

Definition 3. An algebraically Jonsson set A is said to be independent if acl(A) #
acl(A’) for any proper subset A" C A.

A maximal independent subset of a algebraically Jonsson set A is said to be a basis of
A.

Lemma. Any two bases B and C of a algebraically Jonsson set A are of the same
cardinality

Definition 4. Let M be an existentially closed minimal model of theory T and let
D C M™ be an infinite algebraically Jonsson set in theory 7. We say that D is minimal in
M if for any definable Y C D either Y is finite or D \ Y is finite. If ¢(v,a) is the formula
that defines D, then we also say that ¢(v,a) is minimal.

We say that D and ¢ are strongly minimal if ¢ is minimal in any existentially closed
extension N of M. We say that a Jonsson theory T is strongly minimal if for any M € Ep
every Y-definable subset of M is either finite or cofinite.

Definition 5. Let A,B € Er and A C B. Then B called algebraically prime model
extension A in Frp if for any model C' € Ep such that A is isomorphically embedded in C
then B isomorphically embedded in the C.

Let X is algebraically Jonsson set, acl(X)=M, formula which define the set X is
existential strongly minimal formula. Let us consider Thyz(M) = T),.

Theorem 1. The following conditions are equivalent:

1) T}, is wy-categorical; 2) any countable model of Er,, has a prime algebraic extension
in ETM .

Let X Jonsson set and M is existentially closed model where dcl(X)=M.

Theorem 2. Let T); be as above. Then the following conditions are equivalent:

1) Ty is complete; 2) Ty is model complete.
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Similarity of Jonsson sets

A. R. YESHKEYEV, O. I. ULBRIKHT, M. T. KASYMETOVA
Let T be an arbitrary Jonsson theory, then E(T) = Y E,(T), where E,(T) is the

lattice of existential formulas with exactly n free variables. A

Let 77 and 75 be Jonsson theories.

We shall say that 77 and T are J-syntactically similar if and only if there exists a
bijection f : E(Ty) — E(T3) such that:

1) the restriction of f up E,(7}) is isomorphism of the E, (7}) and E,, (1), n < w;

2) f(EIUTH—lSD) = Elvn+1f(90)7 Y E En(T)a n <w,

3) f(vr =v2) = (v1 = v2).

Let us recall the definition of a polygon.

Definition 1. By a polygon over a monoid S we mean a structure with only unary
functions (A; fa.aes) such that

(i) fe(a) = a,Va € A, where e is the unit of S

(ii) fap(a) = fa(fs(a)),Va, B € S,Va € A.

Definition 2. We say that a set X is ¥-definable if it is definable by some existential
formula.

The set X is called algebraically Jonsson in theory T, if it satisfies the following proper-
ties: 1) X is YX-definable subset of C; 2) Acl(X) is the support of some existentially closed
submodel of C.

Let us consider Thysg(M) = Ty

Definition 3. Algebraically Jonsson sets X and Y are syntactically similar between
each other if syntactically similar correspondingly its Ths, and Thz,, where acl(X)=»M;,
acl(Y)=Ms.

If X and Y are syntactically similar between each other, then we have the following
result:

Theorem. Let Ty, and T, be 3-complete perfect Jonsson theories. Then the following
conditions equivalent:

1) Ty, and Ty, are syntactically similar as complete theories as in [1];

2) Ty, and Ty, are J-syntactical similar.

Corollary. For each algebraically Jonsson set there exist J-syntactically similar a some
Y.-complete perfect Jonsson theory of polygons, such that its center is model complete.
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On free left n-dinilpotent dimonoids

A. V. ZHUCHOK, YULIIA V. ZHUCHOK

As usual, N denotes the set of all positive integers. Let (D,-,F) be a dimonoid [1]
and z1,...,z, € D. By T (x1,...,x,) we denote the set of all expressions of the form
X101...0,_12, with parenthesizing, giving rise to elements in D; here oq,...,0,_1 € {-,F}.
A dimonoid (D, ,+) will be called left dinilpotent, if for some n € N, any x € D and any
t(z1,...,2,) € T(x1,...,x,) the following identities hold:

t(z1,...,¢n) dz=t(x1,...,20), t(r1,...;20)Fz=21F...Fx,.

The least such n we shall call the left dinilpotency index of (D,,F). For k € N a left
dinilpotent dimonoid of left dinilpotency index < k is said to be left k-dinilpotent. The
notion of a left dinilpotent dimonoid is an analog of the notion of a left nilpotent semigroup
[2]. Tt is clear that operations of any left 1-dinilpotent dimonoid coincide and it is a left zero
semigroup. The class of all left n-dinilpotent dimonoids forms a subvariety of the variety of
all dimonoids. A dimonoid which is free in the variety of left n-dinilpotent dimonoids will
be called a free left n-dinilpotent dimonoid.

Let X be an arbitrary nonempty set, F'[X] be the free semigroup on X and w € F [X].

n

The length of w will be denoted by l,,. Fix n € N. If [, > n, by @ denote the initial
subword with the length n of w. Define operations 4 and F on F,, = {(w,m) € F[X] x
N |m<l, <n} by

(w1w27 m1)7 lwl + l’wz S n,

w1, M1 — Wa, My ) = n
( ) ) { (wrwz, m1), ly, +lw, >n,

n < ly, +ma,

3

- _
(w,ma) F (w2, m2) (Wiw3, by, + ma), Ly, + M2 <n <y + Ly,

(w1w2alw1 +m2>; lwl + lwg <n

for all (wy,m1), (wa, ms) € F,. The algebra (F,,,) will be denoted by FD! (X).

Theorem. FD! (X) is the free left n-dinilpotent dimonoid.

We also consider separately free left n-dinilpotent dimonoids of rank 1 and characterize
the least left n-dinilpotent congruence on a free dimonoid. In order to construct free right
n-dinilpotent dimonoids and characterize the least right n-dinilpotent congruence on a free
dimonoid we use the duality principle.
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On free abelian digroups

YURII V. ZHUCHOK

The notion of a digroup first appeared in Loday’s work [1] and it is based on the notion
of a dimonoid. An algebra (D, -, ) with two binary associative operations 4 and - is called
a dimonoid if for all z,y, z € D the following conditions hold:

(xy)Hz = x-(yt=2),

(zhy)-z = xH(y-z),

(xy)Fz = 2 (yk2).
A dimonoid (D, , ) is called a digroup if there exists e € D such that for all g € D,

eFg=g=g9g-e,
and for every g € D there exists a unique element ¢—' € D such that
gFg™!
A digroup (D, ,t) is called abelian [2] if for all z,y € D,
rdy=yk =z

=e=g¢g 1g.

It is clear that the notion of a digroup generalizes the notion of a group. Digroups and
related systems have been studied by many authors (see, e.g., [2]-[4]).

Let X be an arbitrary nonempty set, X ! = {z=! |z € X} and X’ = X UX L. Denote
by FAg(X) the free abelian group on X and put

FAd(X) = X' x FAg(X).
Define binary operations - and - on FAd(X) as follows:
(z30) 4 (y;v) = (2 uyv), (z;u) F (y;0) = (y; 2uv).
Theorem. The algebra (FAd(X),,t) is a free abelian digroup.

If p is a congruence on a dimonoid (D, , ) such that (D, H,F)/p is an abelian digroup,
we say that p is an abelian digroup congruence.

In addition, we construct a digroup which is isomorphic to the free abelian digroup of
rank 1 and describe the least abelian digroup congruence on a free dimonoid.
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®parmenT ucuuncienus JlamGeka c urepamnuen

C. JI. Ky3HENOB, H. C. PBI2KKOBA

Omnpenenum ucuuncienue Jlambeka 6e3 ymuoxernus L(\,/) [1]. Ero tunsr (dopmyssr)
CTPOSTCSI U3 IPUMUTUBHBIX THUIIOB Pi,P32,... C HOMOIIBIO CBSI30K \ (/1€Boe meneHue) u /
(mpasoe menenne). Ceksenruu L(\, /) umeror Bung I' — A, roe I' — mocienoBaTenbHOCTS
TunoB, A — Tun. Axcumombl umeroT Bun A — A. IlpaBuia BbIBOOA TAKOBBI:

All - B o T Hervera II—-A I'BA—C
—_————., I 11 N
M A\B 00 N TI(A\B)A = C

[IpaBuna mis npyroro nenenus (/) CUMMETPUIHBIL.

Kaxneiit Tun A uaTepnperupyercs hopMaiabHbiM a3bikoM w(A) C YT (3 — andasur):
w(p;) mpomssombhbl, wW(A\B) = w(A)\w(B) = {u € ¥t | (Vo € w(A)) vu € w(B)},
w(B/A) = w(B)/w(A) ={uec X7 | (Vv € w(A)) uv € w(B)}.

Nmeer mecto Teopema o mosuore [2]: L(\,/) - A;... A, — B Torma m TOIBKO
roraa, korga w(Ay) - ... - w(A,) C w(B) amt Beex w.

NuTepec npencrasisieT pacuimpenue ucaucierns JlaMbexa HOBOI OIHOMECTHON CBA3KOI
()" (umepayus), Tax ato w(AT) = {uy...u, | n > 1,u; € w(A4)}. Mb paccmaTpuBaem
OrpaHMYeHHOE pacmmpenne, rae AT MOXeT TOABAATLCS UMb B 3HAMEHATETSX. MOXKHO
CUUTATD, YTO MBI MOOABIIAEM NIBE COCTABHBIE CBA3Km: \ u /7.

Ucuncnenwe L(\,/, "\, /"), nomygaercs nobasnenmem k L(\, /) npasumi

A™I — B mns Bcex n > 1 I'BA—=C I, -AGi=1,...,n)
I1— At\B i, ... 10, (AT\B)A - C

(u aHaIOrMUHLIX miist Apyroro nesienus). [lepBoe 3 oTux npaBmwit uMeeT GECKOHEUHO MHOTO
IIOCBIJIOK, TAKNMM 00pa3oM, BBEIBOM OymeT mepeBoM ¢ OECKOHEUHBIM BETBIIEHUEM.
Ucuncnenne L(\, /, T\, /T )s momyuaercs nobapieHneM mpaBuit

Al - B AIl - AT\B mI—-A I'BA—=C I—-A T'(AT\B)A = C
I1— At\B I'I(AT\B)A —» C FII(AT\B)A = C
(1 AHATIOTUYHLIX Ui OPYTOro meseHus). [Ipu 5TOM B BBIBOIAX HOMYCKAIOTCH GECKOHEUHbIE
BeTBU (OHU MOTYT MOSBIATECA 33 CIST MPUMEHEHUs TIePBOTO U3 MPABHIL).
Teopema. Ucuncmerus L(\, /, T\, /T )oo m L(\,/, T\, /). okBUBaIEHTHEI MexKIY COGOIT
U [OTHBI OTHOCHTEIBHO UHTEPIPETAIUN THIIOB ()OPMATHEHBIME S3bIKAMIL.

CHUCOK JIUTEPATYPBI
[1] Jlam6ex WM. MaremaTuaeckoe UCCiiefoBaHNe CTPYKTYDPBI NpeyioKeHuil. MareMaTnaeckas JIMHIBACTUKA:
c6opuuk mepesonos. M.: Mup, 1964. C. 47-68.

[2] Buszkowski W. Compatibility of a categorial grammar with an associated category system // Zeitschrift
fir mathematische Logik und Grundlagen der Mathematik. 1982. Vol. 28. P. 539-548.
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JIlonycTuMble ImpaBujia BbIBOMA JIMHeHOU Jjioruku 3uanus u Bpemennu LTK,
C MHTPAH3UTUBHBLIM OTHOIIIEHNEM BpeMeHHu. ['mmoTre3a 0 KOHEYHOM
akcuomaTtu3supyemoctu LTK,.

A. H. JIYKbSIHUYK

Badukcupyem s3pik LYTHE | cocTosmmit w3 c4eTHOro MHOXKECTBA MTPONO3UIHOHATBHBIX

[epEMEHHBIX, CTAHIAPTHBIX OyJIeBbIX onepaiuil {A, V, —, 7}, MHOXeCTBa OJHOMECTHBIX MO-
naneabX onepatopos {Op, 0., 0;(1 <i < k)} u BcmoMoraTenbHbIX CUMBOJIOB (CKOGOK).

B [1] cemanTuuecku onpenesnena jgoruka 3uanus u Bpemenu LT K, ¢ UHTpaH3UTUBHBIM
1 pedIeKCUBHEIM OTHOIICHIEM BPeMeHH, KaK MHOXKecTBO dopmMya a3eka LXK permmasx
Ha LT K,-dbpefimax crenuajbHOrO Buda. bblla moxaszaHa

Teopema 1 Jloruka LT K, pa3spemmmma OTHOCHTEIBHO JOIMYCTUMOCTH IIPABUJI BBIBOAA.

Paccorpum crenyoriyio akcuoMaTudeckyto cucremy ASprg, :
AKCI/IOMBI CPC (KHaCCquCKOFO IIPOIIO3UITNOHAJIBHOT' O I/ICIII/ICJ—IGHI/IH);
LDT: DT(DTA — B) V DT(DTB — A),

K|:|£2 Dg(A — B) — (DSA — DEB), ¢ e {T, ~, 1., k},

Th,: OeA — A, £ € {T,~ 1, k};

4[]51 DgA — DngA, ¢ e {N, 1,..., k’},

5|]£Z —'DgA — Dg—'Dé:A, ¢ € {N, 1,..., k‘},

Tr.C.1: OrOA — OrA;

Tr.C.2: <>N<>TA — <>TA

AL: OJAANOB A Op(=AADUB) — OpB.

M.1: OrA — DNA;

M2: O A — A, 1<i<k:

IIpaBuia BeiBona ASirk,:
A A— B A
. St A — N e
B DA
Onpenemmv LTK,,, :={A € Fma(L" )| Fas, 1, A}

MP

HoxkazaHo:

Teopema 2. VA € Fma(LMTE) (A€ LTK,,, = A€ LTK,).

B mammbBIil MOMEHT HCCITIEMYEeTC s BOIPOC KOHEUHOM akcrnoMaTusupyemoctu joruku LT K.,
B TOM YICJI€ PACCMATPUBAETCS CIIEMAYIOIIas TUIOTE3a:

I'unoresa 1. Cucrema AS 1K, obpasyer moiHyto cucreMy akcuoMm jgoruku LTK,.

CIUCOK JIUTEPATYPHI
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NMurepBanbl OnuHIoBa 1 MHTEPIIOIAIINASA HAOL MAHAMAJILHON JIOTUKOM

JI. JI. MAKcuMoOBA, B. ®@. FOH

CraTbs mocssieHa mpobiieMe MHTEPIOISINE B PACIINPEHUSIX MUHUMAIBLHON JTIOTUKT J
Moxancona [1].

C. II. Onunios [2] npemmoxm Kiaccuukanuo J-IOruK B COOTBETCTBUN C X UHTYU-
IWOHNCTCKUMUI U HETATUBHBLIMU HATIAPHUKAMW, ITPU 3TOM BCe JIOTUKU PA30MBAIOTCS Ha, WH-
TepBasbl. bosee Touno, mys 110601 L OPEnensoTcs ee MHTYUITNOHUCTCKUN U HEeTaTUBHBIN
HamapHuky [2|: Ljp = L+ (L = p), Lpeg = L+ L.

IIycts L1 — c.m.n1., Lo — HEraTUBHAS JIOTHKA.

[L17L2] - {Ll Lint - Ll, Lneg - L2}

Ll*L2:J+{I(A)| A€L1}+{J_—)B| BGLQ},
rae [(A) ecTtb pesynbTar moncTaHoBKU B A GoOpMyIibl pr V L BMECTO KaxKIOU mepeMeHHOM
Pk-
Teopewma. [2] /s mr06eix c.mi1. Ly m HeratuBuoi Lo muOXecTBO [L1; Lo| obpasyer
HHTEepPBAJI ¢ HIDKHAM KOHIIOM L1 x Lo m BepxauM koHIioM Ly N Lo.

B [3] mokasano, 9TO BepXHUiT KOHEI[ MHTEDPBAJIA UMEET UHTEPIOJSINOHHOE CBOMCTBO
Kpeiira CIP Torma um Tonpko Torma, korma oba ero manapuumka nmeot CIP.
IokazaHO, 9TO TAKOW XKe Pe3yIbTaT BEPEH MJIs HIDKHUX KOHIIOB MHTEPBAJIOB:

Teopema 1. Jloruka L x Ly umeer CIP Ttorma n Tonbko Torma, koraa Ly u Lo uveror
CIP.

Takxe mokazaHa y3HaABaeMOCTb BCeX KOHITOB, KoTopbie umeioT CIP, u maiimena ux ce-
MaHTUYeCKas XapaKTepu3alins.

Teopema 2. Eciu L1 u Ly umetor CIP, To Ly *x Ly u L1 N Ly y3uaBaembr Haz J.

CHUCOK JIUTEPATYPBI
[1] Johansson I. Der Minimalkalkiil, ein reduzierter intuitionistischer Formalismus // Compositio Mathe-
matica. 1937. Vol. 4. P. 119-136.
[2] Odintsov S. Logic of classic refutability and class of extensions of minimal logic // Logic and Logical
Philosophy. 2001. Vol. 9. P. 91-107.
[3] Makcumosa JI. JI. HesiBHAst OIpeNeIIMOCTb B PaCIIUPEHUSX MUHUMAaJIbHON joruku // Jlormdeckue uc-

cnenosanus. 2001. T. 8 (2001). C. 72-81.

Hnemumym mamemamury um. C. JI. Coboaesa, Hosocubupck
E-mail: lmaksi@math.nsc.ru, veta_v@mail.ru

215


mailto:lmaksi@math.nsc.ru, veta{_}v@mail.ru

Magsnesckne urerusa 2015 Hexknaccuyeckne jioruku

TeopeMa O XapaKTepu3alnun OJisi KBagparTa CI/IMMeTpI/I‘{HOﬁ JIOTUKN

n. . Ocumnos

Knaccuueckuit pesynsrar Ban Bernrema [1] mossossier onucats B TEPMUHAX OUCHMYJIIsi-
[T MHOXXECTBO BCEX MEPBOIMOPSIKOBBIX (GOPMYJI, SKBUBAJIEHTHBIX B KJIACCE BCEX MOIEJIeH
CTAHOAPTHBIM IEPEBOJAM MOMAIBHBIX (GOPMYJ. OTOT Pe3yibTAT PaCIpPOCTPAHIETCS Ha
KJIACC BCEX KOHEUHBIX Momesnell (Teopema Bam Bentema-Posena [1]), Ho ero membss 0606-
[IUTh, HAIIPIMED, HA CIydall KOHEUHBIX TPAH3UTUBHBIX Mofeseil [3].

B 6umonanpHOM ciryduae OKa3bIBaeTCs BO3MOXKHBIM 0600 ThE Teopemy Ban benTema Ha
KJTaCChl KOHEUHBIX Mojenelnn Ha mikaigax jgoruku K X K u moruku KB x KB.

Ounpenenenune. IIpoussenenumem wmkan Fy = (Wy, Ry) u Fy = (Wa, Ry) HasbBaercs
mkasia ¢ AByMs otHomeHuamu Fy X Fo = (W x Way, Ry, R,), roe
(u, v)Rp(u/,v") < uRivw mv =", (u,v)R,(u,v") < u=1u movRo .

Ounpenenenune. L x L = Log{Fy x Fy | Fy, F» — mkasnsr L}.

Kak MoxHO 3ameTuTh, He Bce mkasbl Jorukn K X K aBistoTcs mpounsBeneHusIMu mIIKa.
MH0KeCcTBO BCEX €€ MIKAJ COCTABIISIOT IIKAJIBI C ABYMsSI KOMMYTUDPYIOIIIMI OTHOIICHUSIMI,
obnanatomme csoiicrBom Yepua-Poccepa [2]. Muoxectso mikan norukun KB x KB cocra-
BIISIFOT MIKAJIBI C IBYMsI CUMMETPUYHBIMU KOMMY TUPYIOIIIME OTHOIIICHUSIMU.

Onpenenenue. bucumy e MeXIy MOIETISIMI

M = (W,Ry,Ry,P) u M = (W' R, R, P)

HasbIBaeTcsa Hermyctoe orHomerne B C W x W' rakoe, uro mma mobeix w,v € W, w',u’ €
W' ecmn (w,w') € E, To:
1) Vi(P;(w) = P{(w")),
2) wRyv = ' (W' Rv' ANvEV), wRev = I (w' Ry AN vEv')
3) w'Riu' = Fu(wRiu A uEY'), w' Rou' = Ju(wRou A uEW).

Teopema. 1) ITycte C' — k1acc KoHeUHBIX Monestel Ha mikaaax goruku KB x KB, ¢(x)
— (opMyIIa IEPBOro MOPSIAKA OT OLHON IMEPEMEHHOH B CUTHATYPE C JBYMS OTHOLIEHUSIMU 1
CEeMENCTBOM OMHOMECTHBIX mpenukatoB. Torma ¢(r) skBuBasenTHa B kiaacce C' craHmapT-
HOMY MepeBony OMMOHATBHONI (POPMYJIBI TOTHA U TOJBKO TOrAa, Korga ¢(r) coxpaHseTcs
npu 6ucnmysanusax B kiacce C.

2) AmasorudHoe yTBepxKIeHuE BEPHO, ecau B kadecTBe C' B3ITH KIaCC KOHEUHBIX MOIE-
Jent Ha mkasax jgoruka K x K.

CHUCOK JIUTEPATYPBI
[1] Goranko V., Otto M. Model Theory of Modal Logics. In: Handbook of Modal Logic. Elsevier, 2006.
P. 255-325.
[2] Gabbay D., Shehtman V. Products of Modal Logics, part 1 // Logic Journal of the IGPL. 1998. Vol. 6.
P. 73-146.
[3] Dawar A., Otto M. Modal Characterisation Theorems over Special Classes of Frames // Annals of Pure
and Applied Logic. 2009. Vol. 161. P. 1-42.
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HexkoTopnie cBoicTBa 6€e3paHroBbIX KBAHTOPOB

X. M. Pyxagd, JI. M. TusyA, I'. O. HAHKBETAI3E

Pa6ora smisiercst npomomkerueMm paboTwl [1]. B mém ompenmesnenbr [2] 6e3paHroBble
KBAHTOPBI CYIIECTBOBAHUS U BCEOOIIHOCTH U CHOPMYIINPOBAHBI HEKOTOPBIE UX CBONCTBA

13,4].

I AL AA — (T AT AL ALGA ) NPT AL ALA
Yuraercs: ”cyliecTByeT Takoil T CBOUCTBAGL,..., A,, KOTOpPBI mMeeT CBOUCTBO A, n =
0,1,....
vitle Ay A A — =3 A A-A
Yuraercs: Kaxknoblil © ¢cBoicTB Aq,..., A, nmeer csoiicteo A,n =0,1,....
3aMeTuM, 4TO €C/IN C BBIIIEONPENeIeHHBIX OIIePaTOPOB yOpaTh BEPXHIE UHIEKCHI, TO MOJIY-
yM Ge3paHrOBbIE KBAHTOPHI.

1) VzAy ... A A — (T/2)[[NA1 ... Ay — 4]
2) “VzA;...AA < JzA . A-A
3) VeA;...A,mA <+ —dzA; . ALA
4) VzAy...A[ANB] < VzAy ... AyANVZA; ... A, B]
5) JxA;... A JAV B] < [FzA; .. A, AV 3xA, .. A, B]
6) VeA;...A,A < Vz[[Ar ... A, — A
7) JxA;.. ApA o Fz[[AT A NAR N A]
Ecnu cumBon x He mMeeT cBOGOIHOE BXOXKIeHHe B A, TO
(8) VzAy...A,[AV B] <> [AVVzA;...A,B|
(9) VzAy... A [ANB] < [AANVzA; ... A,B|
Ecnu Vz[A < B], Torma

CIMCOK IATEPATYPEI
[1] Pyxas X. M., Tu6ya JI. M., Yankseranse I'. O., Muxananse I". M. Bespanrosas dopmanbHas MaTe-
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Jloruka ITammeTa, nuppedsiekCuBHAsI MOOAJILHOCTDH U IIOJIHOTA
no II. C. HoBukoBy

A. I1. dmma

[Iycrs Int — MHTYUNUOHUCTCKAS IPONO3UNUOHAIBHAsL jtoruka. Jozuka Jammema (ao-
euxa yenet) oupenensercs kak LC := Int + (A — B)V (B — A). Ussectno, uro LC
XapakTepU3yeTcs: KIACCOM KOHEUHBIX IIeTIeil

C :={C, | C,,— n—onemenTHas 1enb, n € w}.

K mponosurmonaibHOMY S3BIKY HOOGABIISETC OMHOMECTHAs CBs3Ka o(+), Kiace opMy
COOTBETCTBEHHO pactmpsieTcs. Popmyasl 6e3 ¢ HA3BIBAIOTCI YUCMbIMU. B KaxXIol KOHed-
HOI IIETIN CBS3KY (0 MHTEPIPETUPYEM KaK uppePaekcushyio modaibHOCMb

k@A) = Vy >x:ylk A

MmuoxkectBo LC HOpMysT pacIIupeHHOro s3bIKa, 00Ie3HaunMbix B kjaacce C, sBiseTcs -
morukoit B cmbicite I1.C.Hosukosa Han LC, T.e. BkimouaeT B cebss LC' 1 cOmepKUT aKCHIOMY
samensl st p: (A < B) = (p(A) < ¢(B)). Bonee Toro, LC sBisieTcst KOHCEPBATUBHBIM
pacmmpenuem LC, T.e. mst mo6on unctoit dopmynsr A u3 A € LC cnenyer A € LC.
(ITepBonauanbubie dhopmynuposku moaxona I1.C. Hosukosa nauwt B [1, 2].)

B pa6ore [3] mocTpoeno cuérHoe ceMencTBO p-moruk Ly, KaXkaas 13 KOTOPBIX OMpeme-
JIsieT HOBYIO HEKOHCTAHTHYIO cBsi3ky B LC. Bce onu momapuo mecoBmectumbl Ham LC, T.e.
p-noruka Ly + L, nekorcepsarusHa Han LC npu k # m.

Teopema 1. LC ompenenser HOBYIO HEKOHCTAHTHYIO JIOTHYeCKyio cBsa3ky (mo II.C.
Hosuxosy) ¢ B noruke lamvera LC. IIpu stom LC HecoBMecTuMa ¢ Kaxmou u3 Ly,.

B coorBercrBun ¢ npobiaemoir I1.C.HoBukoBa mHTEpec mpemcTaBiIsSioT MaKCHMAaJIbHLIE
KoHCepBaTuBHBE (= noauvie no I1.C. Hosuko6y) paclIiupeHus., ONpPeaessioue HOBYK He-
KOHCTaHTHYIO CBs3kKy B LC.

Teopema 2. LC sapiasercs npumepom mosaaoro 1o I1.C. HoBUKOBY pacIIUpeHus JIOMuKT
IlamMmMeTa ¢ HOBOIT HEKOHCTAHTHOMH CBS3KOIL.

CIUCOK JINTEPATYPHI
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(3] Awmmu A. II. ippediecuBHast MONAJILHOCTH KaK HOBas JIOrWdecKas CBsi3ka B jioruke lammera // Cubup-
ckuii maTeMmaTwyeckuit xxypuasi. 2014. T. 55, Ne 1. C. 228-234.
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On proof search for prenex sentences of infinite-valued first-order Lukasiewicz
logic

A. S. GERASIMOV

Infinite-valued first-order Lukasiewicz logic LV is one of the most important fuzzy logics
that formalize approximate reasoning [2]. Aiming at an efficient proof search system for
LY, in [3] we introduce the metavariable proof system T,,LV together with its ground
version TLYV. These proof systems are more suitable for automatic proof search than the
hypersequent calculus GLV [1] and any LV-sentence provable in GLV is provable in TLV
and T,L.V. However developing algorithms that search for proofs (or check provability) of
LV-sentences in TLY (or other calculi) is an open problem, which we address in this work
constraining ourselves to prenex LV-sentences.

Let G'LY be the hypersequent reformulation of the tableau-like system TLY, so each
rule of G'LY is cumulative (i. e., each premise of a rule application contains principal sequent
from the conclusion). By G’LV denote the hypersequent calculus that is formulated just as
GLV, but only universal-type quantifier rules are cumulative.

Theorem 1. For any prenex sentence A, Feyy A iff Feopy A.

Then we investigate permutability of some adjacent applications of GALYV-rules.

Theorem 2. If a prenex sentence is GLV-provable, then there exists a GLY-proof of
the sentence such that all applications of the propositional rules are above all applications
of the quantifier rules.

Theorem 3. Suppose 3T A(Z) is a sentence, where A(Z) is quantifier-free; then
Feery 3TA(Z) iff the hypersequent (= A(t1)|...| = A(f,)) is GLV-provable for some
lists ty,...,t, of terms from the Herbrand universe of A(T). A prenex sentence and its
Skolem form are equally provable or unprovable in GLV.

Theorem 4. The problem of checking GQL‘V’—provabﬂity for prenex existential sentences
is undecidable.

Thus we have an algorithm (based on theorem 3) such that for any prenex sentence
it returns ”provable” iff the sentence is GLV-provable. Furthermore, we work out (using
permutability of GLV-rules applications) a scheme of algorithms such that for any prenex
sentence provable in GALY any algorithm complying to the scheme produces some proof of
the sentence.
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On the Complexity of Semantic Combinations of Logical Theories

Y. KAzAKOV, D. PONOMARYOV

We consider a novel way of combining logical theories, which generalizes the union
operation over axiom sets and allows to specify the signature in which the theories can
“interact”. To define a combination, one needs to specify a network over a given family
of theories which induces agreements between their models. We say that structures Z and
J agree on a signature X, written Z =y, J, if the domains of Z and J coincide and the
interpretation of ¥-symbols in Z is the same as in J.

Definition. A theory network is a finite set N of tuples (T1,%,T3), where T; and Tz
are theories and ¥ a signature. We say that T, imports ¥ from Ts.

A model agreement for N is a mapping v that assigns to every theory T occurring in
N a class v(T) of models of T such that for every (T1,%,72) € N and every 7, € v(T1),
there exists I € v(T3), with Z; =x, T.

We say that interpretation Z is a model of T in the network N (notation Z |=x T ) if
there exists a model agreement v for N such that T € v(T). A theory T entails a formula
¢ in the network N (notation T E=xr @) if T = ¢ whenever Z E=n T

Note that if N' = {(71,%,75)} is a theory network, where ¥ contains all symbols of
T2, then for any model Z, it holds Z =xr 71 iff Z = 71 U T3. A theory network can be
seen as a labeled directed multigraph in which nodes are labeled by theories and edges are
labeled by signatures. Each edge in this graph, thus, represents an import relation between
two theories. Note that the definition also allows for cyclic theory networks if this graph is
cyclic. That is, a theory may import itself through a chain of import relations.

For a range of Description Logics we consider the complexity of entailment in theory
networks, i.e. the problem to decide for a network A, a theory T occurring in N, and
a formula ¢, whether T =5 ¢. The obtained results are summarized in the table below,
where the notation (a) means that the result holds for acyclic theory networks, and the
absence of (a) means that the result holds for arbitrary (i.e. possibly cyclic) networks.

Interval of Logics Complexity of Entailment
Horn propositional — full propositional | ExpTime-complete/PSpace-complete (a)
logics containing £L ¥0-complete

ELELTT ExpTime-complete (a)
ALC-SHIQ 2ExpTime-complete (a)

ALCIOF-SHOIQ N2ExpTime-complete (a)
SR-SRIQ 3ExpTime-complete (a)

SROIF-SROLQ N3ExpTime-complete (a)

University of Ulm, Ulm (Germany)
Institute of Informatics Systems, Novosibirsk (Russia)
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Fuzzy approach in insurance and finance sector

S. KuMAR, A. GUPTA

The preventive avoidance of cancelation is a key problem facing insurance companies. A
conversation with the client held prior to the latter’s decision to cancel a contract increases
the likelihood of contract continuity. So companies are in need of reliable expert system
that can help them to evaluate the risk of cancelation of the policies in future. With the
help of fuzzy system it is possible to identify clients who may potentially cancel and take
timely measures to safeguard the portfolio. Here a model is presented, which is designed
by using fuzzy mathematics and expert system to provide indicative results on the risk of
cancelation of the policies in future.
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