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I. Ilnenapubie mokJIanbl



MamnbneBckue urerus 2020 IlrerapHabre noKIamBI

ITomnHOMMAILHO MHOJIHLIE KBAa3UTI'PDYIIIIbI 1 X IIPUAJIO2KEHU

B. A. APTAMOHOB

Kouneunas yuusepcambHas ainrebpa MOIMHOMUAILHO ((YHKIIMOHAJIBHO) IIOJIHA, €CIIH B
Hell J1I00ast omepanus sIBIISIeTCS MOIMHOMUAIBHON. JTO CBONCTBO SKBUBAJIEHTHO TOMY, UTO
anrebpa mpocrta, HeabPUHHA, U B HENl MMeeTCs TepHApHAs MaJIbIEeBCKas MOJIMHOMUAILHAS
oreparusi. M3BeCTHO Takxke, YTO B KOHEUHBIX HEOMHOIJIEMEHTHBIX ajrebpax 3a1ada perreHus
KOHEUHBIX CHCTEM MOJMHOMUAIBHBIX ypaBueHuit NP-mosHa.

[TockonbKy B KOHEUHOI KBasUTPYIIIE MMEETCs TepPHAPHAsS MAJIbIIEBCKAs OIepaius, TO
IIJIST IOJIMHOMUAJILHON TIOJTHOTHI NOCTATOYHO €€ MPOCTOTHI U HeadhPUHHOCTH.

[Tycts () — koHeuHast kBasurpymnmna u L,, R, — omepaTopbl JIEBOTO 1 IPABOTO YMHOXKE-
HUSI Ha 97eMeHT = € . Yepes G((Q) 0603HaUNM MOATPYIIY IEPECTAHOBOK Ha (), MOPOXKIA-
eMy1o nepectaHoBkaMut Ly L, o R, R, ! g Beex z,y, € Q.

Teopema 1. Ecau rpynna G(Q) zetictByer B () ABaXAbI TPAH3UTHBHO, TO () U Bce ee
HM30TONBI TOJTUHOMUAIBHO MOJTHBL.

Beonutcs onmeparus 6unpoussenerus K > () nByx kBasurpymnn K, (), Korma Kaxmnas u3
HUX OEUCTBYeT MepecTaHOBKAMU B OPYTOU.

Teopema 2. Ecmu rpynna G(K) n G(Q) merictBytor t-rpansurusao B K u B @),
TO I HOCTATOYHO IIMPOKOrO Kiacca bumpomsseneHmit rpymna G(K i (Q))) mericrByer t-
TpaH3uTHBHO B K > Q).

Ha ocroBamuu 3T0I TEOPEMBI CTPOSITCSI CEPUU TTOINHOMUAITHLHO MOTHBIX KBA3UTPYIII O~
pankoB 2", n > 6, He UMEIOIX COOCTBEHHBIX MOMKBA3UTPYIIII.

Taxum ob6pa3oM, TOCTPOEHHBIE KBA3UTPYIIBI MOTYT HCIOJIB30BATHCS IJIsl IOCTPOEHUE
kpunrocucteMm anajormgabix EDONS0.

MI'Y, Mocksa
E-mail: artamon@mech.math.msu.su
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Creneun KaTeropumdHOoCTU BbBIYMUCJIIMMBIX 1 IIYHKTYAJIBHBIX CTPYKTYPD

n. III. KATUMYJIJINH
Iokmam MOCBSIIEH UCCIENOBAHUSIM aBTOPA MO CTEMEHSIM KATETOPUYHOCTU BBIYUCIUMBIX
CTPYKTYp, IpoBemeHHBIX coBMecTHO ¢ H. A. BawxenmoBeim u M. M. 9masmeeBbim. Kpome
TOTO, IJIAHUPYETCS M3JI0XKUTH PE3yIbTAThl IO CTEMEHSM KATErOPUIHOCTH B IPUMUTHUBHO
PEKYPCUBHBIX CTENEHSX MJIS MYHKTYAJIBHBIX CTPYKTYP.

Kaszanckui gedepasvrviti ynusepcumem, Kazanv
E-mail: ikalimul@gmail.com
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Y cunenHasn BepCHuia Iruiiore3bl Cumca AJIsI KOHEYHBbIX IIPDMMMUTUBHBIX I'PDYIIIL
IIOACTAHOBOK

A. C. KOHOPATHEB

Xoportrio m3BecTHas runoreza Cumca 1T KOHEUHBIX TPUMUITUBHBIX TPYIII OICTAHOBOK
MOXKeT OBITh chOpMyIupOBaHa B TepMuHAX rpadoB ciemyiommM obpasom. Ilycts I' — me-
OpUeHTUPOBaHHBIN CBs3HbIN Tpad ¢ mHOX)ecTBoM Bepuina V (I'), G < Aut(T"), z € V(I')
i € NU{0}. O6o3naunm uepes G;[,f] TTO3JIEMEHTHBIN cTabunu3aTop B G mapa paguyca ¢ rpada
I' ¢ meaTpom B x B ecrecTBennonn merpuke Ha V (I'). Torma rumoresa Cumca paBHOCHIBHA
cllemyioleMy yTBepxaeHuio: cymectsyer ¢yaknusg ¢ @ N U {0} — N rakas, uro ecan

I' — HeopmenTHUpOBAHHBIN CBSI3HBII KOHEYHBIN rpa¢ m G — ero rpyimma aBToOMOPQU3MOB,
. d
nericrByroras npuvmurusao Ha V(I), TO GV =1 qaaa e V(T'), roe d — BaneHTHOCTD

rpaga I'. CmopaBemnnuBocts rumoresbl CuMmca Obita moxkasana II. Kamepomom, Y. Ilpsrep,
gl. Cakcmom u I'. 3eitiem B [2].

Hoxnamuuk u B.M. Tpodumos B [1] momyumn crieayomyo yCUIeHHY0 BEPCHIO TUIO-
Te3pr Cumca: ecau I' — HeopmeHTHUPOBAHHBIN CBSI3HBIH KOHeUYHBIN rpag u G — ero rpynmna
aBTOMOp(U3MOB, nerictByowias npumutusHo Ha V (I), To GY =1 gz € V(T'). 3awme-
THUM, ITO CyIIecTBYIOT rpad I' m ero rpynma aBToMOpdm3MOB, NENCTBYIONIAS IPUMUATIBHO
ua V(I'), Takue, aro el #1 mna xz € V(I).

Teneps MbI uccrenyem Gosee o6ty mpobaemy omnucanus Bcex map (I',G), rme I' —
HeOpUEHTUPOBAHHBIH CBI3HBIN KOHeUHBIN rpagp, G — HeKoTOopas ero rpymia aBTOMOPQU3MOB,
nericrByrortas npuvurusHo Ha V (I), 1 GPl 41 qnaw e V(D).

B moxname obcyXmaroTcs pe3yIbTaThl, MOJyUYeHHbIe aBTOpoM coBMmecTHO ¢ B.B. Kopa-
6nesont u B.U. TpodpumoBbiM o 3T0# mpobiteme.

REFERENCES

[1] Kounparses A. C., Tpodpumos B. U., CrabunuzaTops! Bepiint rpadoB U yCUIEHHAsS BEPCUS TUIIOTE3HI
Cumca // Ioxn. AH. 1999. T. 364, 6. C. 741-743.

[2] Cameron P. J., Praeger C. E., Saxl J., Seitz G. M., On the Sims conjecture and distance transitive
graphs // Bull. London Math. Soc. 1983. Vol. 15, no. 5. P. 499-506.

HAncmumym mamemamury v mexanuxy um. H.H. Kpacosckoeo YpO PAH, Examepunbype
E-mail: a.s.kondratiev@imm.uran.ru
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Hepno,unqecxne I'PYIIIIbI, HACBIIIIEHHbIE€ KOHEYHBbIMHA IIPOCTBIMUA I'PDYIIIIaMHA
JileBa THUIIAa

B. II. MA3YPOB

[Mycte M — mexkoTopoe MuHOXecTBO rpynm. [lo ompemenenuto, rpynna (G HaCHIIIIEHA
rpymnnavu u3 M, ecnu mobast KOHeUHas oarpynmna rpynnsl G comepxkutcest B noarpymme G,
130MOpP(HOI HEKOTOPOMY dJIeMeHTYy MHOoxkecTBa M. B moxmame mmanumpyeTcs maThb 0030p
MIOCIIENHUX PEe3yIbTATOB O CTPOEHUU MEPUOAUIECKAX T'PYIN, HACHIIIEHHBIX TE€M WU WHBIM
MHOXKECTBOM KOHEUYHBIX IIPOCTBIX T'PYIIL JINEeBA TUIIA.

UM CO PAH, Hosocubupck
E-mail: mazurov@math.nsc.ru
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HBe TEeopeMBbl O pa3pelInMbIX 11 HUJIBIIOTEHTHDBIX I'PYIIIIax

B. A. POMAHLKOB

[Mpencrasneno perenne mpobaembr Mukaensua — OIbIIAHCKOTO O BO3MOXKHOCTH BIIOXKE-
HIST IPOMU3BOJIEHON KOHEYUHO TTOPOXKACHHON pa3pertuMon rpynnsl G ¢TyIeHn | B pa3perimmyio
rpyamny H ¢ uKCUpOBAHHBIM YKCJIOM TMOPOXKOAIONMX k cTymnenu [+ 1. IokazaHo, aTo Takoe
BIIOXKEHUE CYIIecTBYeT s k = 4.

Takxe nokasaHo, 9To mpobiieMa BXOXKIEHUS B MIOOMOHOUI HeabeIeBOl CBOOOMHON HUITH-
MOTEHTHON I'PYHIBLI TOCTATOYHO OOJIBIIIOTO PAHTa aJrOPUTMUUYECKN Hepa3permMa. 1eMm ca-
MBIM peIlleHa U3BecTHas mpobileMa, HEOMHOKPATHO SBHO hopmymupyeMas Jlopu u CreitnGep-
TOM.

UM CO PAH (Owmcxut guavaa), Omck

E-mail: romankov48@mail.ru
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TeopeTI/IKO-MOI[eJIbeIe CBOIICTBAa HEKOTOPBbIX KJIACCOB IIOJIMT'OHOB

A. A. CTEODAHOBA

IIpenmaraeTrcss 0630p pe3ynbTATOB, KACAIOIINXCSI TEOPETUKO-MONETIHbHBIX CBONCTB TaKIX
KJIACCOB TIOJINTOHOB, KAK CBOOOMHBIE, TPOEKTUBHEIE, (CUIIbHO, €J1a00) MIIOCKNe, THBEK TUBHLIE,
peryJsipHble, OeInMble TIOJIUTOHBI, & TaKXKe KJacca BCeX MOIUTOHOB. PaccMaTpuBaroTcst Bo-
IIPOCHI AKCMOMAaTU3UPYEMOCTH, TOJHOTHI, MOOEJIBLHON TOJHOTHI, TPUMUTUBHON HOPMAaJILHO-
CTU, IPUMUTUBHOU CBSI3HOCTU, CTAOUIBHOCTUA U OOOOIIEHHON CTaOUIBHOCTU 9TUX KJIACCOB.

Jaavresocmounbti edepaabrbviti yrusepcumem, Baadusocmok
E-mail: stepltd@mail.ru
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KOOpI[I/IHaTI/I3aI_II/IOHHI:Ie TEeopeMBbl OJIsd HEKOTOPBLIX HeaCCOIIMAaTMBHBIX anr‘eﬁp

1. II. OIECTAKOB

KoopnuaaTu3anuoHable TeOpeMbI OYeHb ITOJIe3HBL OIS 3a0aY KIacCUPUKAIIAN.

Knaccuueckass xoopnuHaTM3almoHHass TeopeMa BennepbepHa yTBepkKOaeT, YTO €CIIN
YHUTAJIbHASL acconmaTuBHas anrebpa A comep:xkuT marpuunyio nomanrebpy M, (F) c Toi
xe enuuuneit, To A = M, (B) mis Hekoropoi noganre6pst B. KoopauHarusannoHHbe TEO-
peMbl JI:kekoOCOHA B CTPYKTYPHBIX TEOPUSIX AJIbTEPHATUBHBLIX U MOPOAHOBLIX ajreOp HarmoT
AHAJIOTMYHBIE PE3y/IbTATHI IJIs OKTOHUOHOB 1 ajirebp AnbGepra. Pasnuunbie koopnnHaTm3a-
[IIOHHBIE TeOPeMbI ObIIIN MOKA3aHbl [JIsi HEKOMMYTATUBHBEIX HOPOAHOBBIX aareOp, M KOM-
MYTATHUBHBIX aIre0p C acCOIMATUBHBIMU CTENEHSIMU, IJIS ajlbTEPHATUBHBIX U HOPIAHOBBIX
cynepaJjrebp u T. I.

B mamreMm moxmazne MBI paCCMOTPHUM TPU KOOPAMHATHU3AIINOHHBIE T€OPEMBI:

(1) mns maTpui 2 X 2 B KJ1acce ajlbTePHATUBHBIX aire6p (mpobiema Ixexobcona);

(2) mms itopmaHOBON anreGphbl CUMMETPUYECKUX MATPUIl 2 X 2 B KJacce MOPIaHOBLIX
areop;

(3) I OKTOHMOHOB B KJIACCEe MPABOAILTEPHATUBHBLIX aareop.

Ynusepcumem Caw Iayao, Can Hayao (Bpasuaus)
E-mail: ivan.shestakov@gmail.com
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Relatively computable enumerable degrees and diagonally non-computable
functions

M. M. ARSLANOV

In my talk I will speak about the behavior of CEA (computably enumerable in and
above) degrees in various degree structures, as well as their influence on the behavior of
degrees of diagonally non-computable functions.

Kazan’ Federal University, Kazan’
E-mail: Marat.Arslanov@kpfu.ru
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Linearly ordered small theories with continuum number of countable models

B. BAIZHANOV

The study of the countable spectrum of ordered theories is complicated by the existence
of theories with a ”fictitious” linear order: there is always a linearly ordered theory with
the same number of countable models as the given (unordered) theory. Therefore, in con-
trast to the example of M. Rubin’s work [1] on Vaught’s conjecture for pure linear orders
enriched with predicates, we will consider an arbitrary language, but we will introduce re-
strictions on the theory itself. The properties and spectrum of theories with definable linear
order were studied by mathematicians as L. Mayer, M. Rubin, S.V. Sudoplatov, A. Alibek—
B.S. Baizhanov—T. Zambarnaya, B.Sh. Kulpeshov and S. Maconja, P. Tanovié¢ ([2-12]).

In our talk we consider the conditions on small ordered theories assuring maximal num-
bers of countable non-isomorphic models. This research is based on the studying the proper-
ties linear orders defined on the classes of convex equivalence of one-formulas, classifications
of one-types in (small) ordered theories. As application of obtained conditions we consider
ordered theories with few number (non-maximal) of countable models of some classes ordered
small theories.
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[11] Baizhanov B., Baldwin J.T., Zambarnaya T. Finding 280 countable models for ordered theories //
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Institute of mathematics and mathematical modeling, Almaty (Kazakhstan)
E-mail: baizhanov@math.kz
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Equivalence relations and computable reducibility

N. A. BAZHENOV

Let R and S be binary relations on the set of natural numbers w. The relation R is
computably reducible to S if there is a total computable function f(x) such that for all
x,y € w, the conditions (z Ry) and (f(z)S f(y)) are equivalent. Computable reducibility
on equivalence relations is a nice effective counterpart of Borel reducibility, which plays
an important role in modern descriptive set theory. The systematic study of c-degrees,
i.e. degrees induced by computable reducibility, was initiated by Yu.L. Ershov in 1970s.
Remarkably, first works on computable reducibility pre-date the notion of Borel reducibility.

In the talk, we will discuss recent results on c-degrees of preorders and equivalence
relations, which belong to the levels of various computability-theoretic hierarchies: hyper-
arithmetical, analytical, the Ershov hierarchy. We will also talk about related results in
computable structure theory.

Sobolev Institute of Mathematics, Novosibirsk
E-mail: bazhenov@math.nsc.ru
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Learning structures

E. B. FokiNaA

Let IC be a class of effectively given structures. Suppose we receive information about
a structure from /C step by step: finitely much at each step. Our goal is to determine,
after finitely many steps, which structure we are observing. We formalise this setting using
the ideas of algorithmic learning applied to computable structure theory. We consider the
cases of computable and X9 structures, together with the suitable notions of learning from
informant and text, respectively.

Vienna University of Technology, Vienna (Austria)
E-mail: ekaterina.fokina@tuwien.ac.at
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Deza graphs: Generalization of strongly regular graphs

V. V. KABANOV

A Deza graph is a simple regular graph for which the number of common neighbours of
two different vertices takes just two values. Deza graphs was introduced by Erickson et al
in [2], where the basics of Deza graph theory were founded and several new constructions
were presented.

Deza graphs can be considered in terms of matrices. Suppose G is a graph with n
vertices, and M is its adjacency matrix. Then G is a Deza graph with parameters (n, k, b, a)
if and only if

M? =kl +aA+bB

for some symmetric (0, 1)-matrices A and B such that A+ B + I = J, where J is the all
ones matrix and [ is the identity matrix.

If G is a Deza graph with M, A and B as above, then A and B are adjacency matrices
of graphs, and the corresponding graphs G4 and G g are called the children of G.

Deza graphs whose children are complete multipartite graphs and their complement are
known as divisible design graphs. Divisible design graphs were studied by W. H. Haemers,
H. Kharaghani and M. Meulenberg in [3].

We call a Deza graph with strongly regular children as a strongly Deza graph. Obviously,
divisible design graphs are strongly Deza graphs.

We study spectral properties of strongly Deza graphs and give some new constructions
of divisible design graphs and strongly Deza graphs.

This report is based on recent results obtained with Leonid Shalaginov [5] and Elena
Konstantinova, Leonid Shalaginov [4] under the support of the Mathematical Center in
Akademgorodok agreement No. 075-15-2019-1613 with the Ministry of Science and Higher
Education of the Russian Federation.
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Krasovskii Institute of Mathematics and Mechanics, Yekaterinburg
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Degrees of categoricity of computable and punctual structures

I. SH. KALIMULLIN

The talk is devoted to the study of degrees of categoricity of computable structures
conducted jointly with N. A. Bazhenov and M. M. Yamaleev. Also results on primitive
recursive degrees of punctual structures will be presented.

Kazan’ Federal University, Kazan’
E-mail: ikalimul@gmail.com
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Algebraic and combinatorial approaches to investigating integral graphs

E. V. KONSTANTINOVA

In this talk we review recent progress in investigating integral graphs with emphasizing
to new algebraic and combinatorial methods and techniques.

A graph is integral if all eigenvalues of its adjacency matrix are integers. Classification
of integral graphs was started in 1974 by F. Harary but it is still uncompleted.

We develop dual Seidel switching techniques for getting new integral connected graphs [1].
The dual Seidel switching is an operation of a graph I' interchanging only non-adjacent ver-
tices by an order two automorphism of I'. In particular, if I' is integral then a graph obtained
from I' by the dual Seidel switching is integral as well. We obtained two new infinite fami-
lies of integral graphs applying the dual Seidel switching to the Star graphs and to the Odd
graphs. Moreover, we show that this method has a natural generalization for constructing
strongly Deza graphs [5].

We also develop spectral and combinatorial approaches to obtain eigenfunctions with
non-zero eigenvalues for the Star graphs being integral Cayley graphs over the symmetric
group [2, 3|. A remarkable connection of new eigenfunctions known as PI-eigenfunctions
with the standard basis of a Specht module of the symmetric group was established. More-
over, it was shown that any PI-eigenfunction with the eigenvalue (n — 2) is reconstructed
by its values on the second neighbourhood of a vertex, and a basis of the eigenspace was
found. The last result was used in [4] to show that the (n — 2)-PI-eigenfunction has the
minimum cardinality of the support.

This talk is based on recent results funded by RFBR according to the research project
17-51-560008. The work is supported by Mathematical Center in Akademgorodok under
agreement No. 075-15-2019-1613 with the Ministry of Science and Higher Education of the
Russian Federation.
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Computable model theory over HF(R)

A. S. Morozov
The talk is a survey of results on structures X-presentable over HF(R) — the hereditarily
finite superstructure over the ordered field of the real numbers. The main problems we
consider in the talk are: the existence of YX-presentations, the number of Y-presentations,
and Y-parameterizations of classes of structures.

Sobolev Institute of Mathematics, Novosibirsk
E-mail: morozov@math.nsc.ru
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Metric spaces and computability theory

A. NIES

A function f: N — N is K-trivial if, up to an additive constant, each initial segment
f I n has the minimal complexity K (n) in the sense of prefix-free Kolmogorov complex-
ity K. Functions on N form points in Baire space with the ultrametric distance function.
With Melnikov (Proc. AMS, 2013) we extended the concept of K-triviality to the setting of
arbitrary computable metric spaces. Under some natural assumption on the metric space
we proved that a K-trivial noncomputable point exists. We proved that a point is K-trivial
if and only if is the limit of a fast converging sequence of basic points that is encoded by
a K-trivial function. Very recently, the speaker together with Greenberg and Turetsky ex-
tended the theory of cost functions to the setting of computable metric spaces. This yields a
dynamical characterization of K-trivial points via the speed of computable approximations.

We will also discuss work with A. Gavruskin (Lobachevskii Math. J., 2014) showing
that among the metric spaces of diameter at most 1 with a distance function that is merely
computably approximable from below, some object is universal for computable isometric
embeddings. This is analogous to a result of the speaker with Ianovski et al. (J. Symb.
Logic, 2014) that some II{ equivalence relation on N is universal with respect to computable
many-one reductions.

The University of Auckland (New Zealand)
E-mail: andre@cs.auckland.ac.nz
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Symmetrons

B. PoizAt

The aim of this contribution is to investigate the symmetric structure associated to a
group of finite Morley Rank without involutions.

A protosymmetron is a structure S with a binary operation s(z,y), in which, when we
fix y = a, the unary operation s(x,a) is called the symmetry with center a; it satisfies the
equations stating that each symmetry is an involutive automorphism of the structure fixing
its center. If moreover for all z,z’ € S there is a unique y, called the middle of x and z’,
such that s(z,y) = 2/, then S is called a symmetron; the symmetrons form a variety in the
language of symmetry and middle.

Any group G with the operation s(z,y) = y.x — l.y is a protosymmetron, which is a
symmetron when each point in GG has a unique square root; this is the case of groups without
involutions which are finite, algebraic, or more generally of finite Morley Rank.

Needless to say, two non-isomorphic groups may have isomorphic symmetrons.

The finite (and even locally finite) symmetrons are fully described by Glauberman’s
Theorem.

We extend to symmetrons of finite Morley Rank some properties that are well known
for groups:

— for each definable subset X of S, to be closed under symmetry is the same thing as
to be closed under middle;

— S is decomposed in a unique way as a finite disjoint union of definable subsymmetrons
of Morley Degree one, which we call its connected components;

— two definable connected subsymmetrons of S with non-empty intersection generate
(using symmetry and middle) in a bounded way a definable connected subsymmetron of S;

— the equivalence relation “there is a definable connected subsymmetron boundedly
generated by X containing x and y” partitions the definable set X into a finite number of
classes.
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Two theorems on solvable and nilpotent groups

V. A. ROMAN’KOV

The classical Neumann-Neumann’s embedding theorem [1] states that every countable
solvable group G of solvable length [ can be embedded in a 2-generated solvable group H of
length [ + 2. On the other hand, not every countable abelian group can be embedded in a
2-generated metabelian group. Indeed, the group of rationals QQ cannot be embedded even
in a finitely generated metabelian group because by Hall’s theorem every metabelian group
is residually finite, but Q is not. Thus, the parameter [ + 2 in the general case cannot be
improved. The question of the possibility of embedding a finitely generated solvable group
of length [ in a 2- or at least k-generated (for a fixed small k) solvable group of length [ 4 1
remained open. This question was explicitly posed by V.H. Mikaelian and A.Y. Olshanskii
in [2] and by A.Y. Olshanskii in [3], Question 18.73. The following theorem answers this
question.

Theorem 1. Let G be a countable group such that the abelianization G, = G/G’
is direct product of a free abelian group and a finite group. Then G can be embedded in
a 4-generated subgroup H of the Cartesian wreath product GWrZ3. Thus, any finitely
generated solvable group G of length | can be embedded in a 4-generated solvable group H
of length | + 1. If G is finite (periodic), then H can be found also finite (periodic).

Remind, that any finitely generated nilpotent group is embeddable in a 2-generated
nilpotent group [5], and any polycyclic group is embeddable in a 2-generated polycyclic
group [6].

The following theorem answers the well-known question explicitly posed by M. Lohrey
and B. Steinberg (see [4]).

Theorem 2. The submonoid membership problem is unsolvable for a free nilpotent
group N,; of class | > 2 and sufficiently large rank r.

Acknowledgment. This research was supported by the program of basic scientific re-
searches SB RAS I. 1.114, project 0314-2019-0004.
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Multiplicative-Additive Lambek Calculus: Its complexity and its language
and relational models

A. SCEDROV

The Lambek calculus was introduced as a mathematical description of the syntax of
natural languages. The Lambek calculus is a logical foundation of categorial grammar, a
linguistic paradigm of grammar as logic and parsing as deduction. The calculus can also be
viewed as a multiplicative fragment of non-commutative intuitionistic linear logic. In joint
work with M. I. Kanovich and S. L. Kuznetsov, we consider the extension with the so-called
additive connectives: conjunction and disjunction.

Language and relational models, or L-models and R-models, are two natural classes of
models for the original Lambek calculus. Completeness w.r.t. L-models was proved by Pentus
and completeness w.r.t. R-models by Andréka and Mikulas. It is well known that, because
of the distributive law, adding both additive conjunction and disjunction together yields
incompleteness. The product-free Lambek calculus enriched with conjunction only, however,
is complete w.r.t. L-models (Buszkowski) as well as R-models (Andréka and Mikulas). The
situation with disjunction turns out to be the opposite: we prove that the product-free
Lambek calculus enriched with disjunction only is incomplete w.r.t. L-models as well as
R-models.

The original Lambek calculus is NP-complete (Pentus), while its product-free frag-
ment with only one implication is polynomially decidable (Savateev). It is known that the
multiplicative-additive extension is PSPACE-complete (Kanovich, Kanazawa). In contrast
with the polynomial-time result for the product-free Lambek calculus with one implica-
tion, we prove that the derivability problem is still PSPACE-complete even for a very small
fragment (\,A), including one implication and conjunction only. We also prove PSPACE-
completeness for the (\, V) fragment, which includes only one implication and disjunction.
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Primitive recursive ordered fields and some applications

V. L. SELIVANOV

In this joint work with Svetlana Selivanova we establish primitive recursive versions of
some known facts about computable ordered fields of reals and computable reals and then
apply them to some problems in linear algebra and analysis. In particular, we find a partial
primitive recursive analogue of Ershov-Madison’s theorem about real closures of computable
ordered fields, relate the corresponding fields to the primitive recursive reals, give sufficient
conditions for primitive recursive root-finding, computing normal forms of matrices, and
computing solution operators of some linear systems of PDE.
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Coordinatization theorems for certain non-associative algebras

I. P. SHESTAKOV

Coordinatization Theorems are very useful for classification problems. The classical
Wedderburn Coordinatization Theorem claims that if a unital associative algebra A contains
a matrix subalgebra M, (F') with the same unit then A = M,,(B) for a certain subalgebra
B. The Jacobson Coordinatization Theorems in structure theories of alternative and Jordan
algebras state similar results for octonions and Albert algebras. Various coordinatization
theorems were proved for noncommutative Jordan algebras, for commutative power associa-
tive algebras, for alternative and Jordan superalgebras, etc. In our talk, we consider three
coordinatization theorems:

(1) for 2 x 2 matrices in the class of alternative algebras (Jacobson’s problem);

(2) for Jordan algebra of symmetric 2 x 2 matrices in the class of Jordan algebras;

(3) for octonions in the class of right alternative algebras.
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Positive equivalence relations, positive preorders, and effective inseparability

A. SORBI

We examine the notion of effective inseparability, and how it has been recently exploited
in the study of computably enumerable (or, positive) equivalence relations on the set w of
natural numbers, and computably enumerable (or, positive) pre-ordering relations on w.
This recent work relies naturally on ideas and results laid down by Prof. Ershov in the
sixties and the seventies, see e.g. [4, 3|. An equivalence relation R on w is uniformly ef-
fectively inseparable (abbreviated as wu.e.i.) if there is a computable function f(z,y) such
that if x R y then ¢, ) is a productive function witnessing that the pair of equivalence
classes ([z]g, [y]r) is effectively inseparable. It is known [1] that every u.e.i. positive equiv-
alence relation R is universal, i.e. for every postive equivalence relation S there exists a
computable function f such that (Vz,y)[z S y < f(x) R f(y)]. The notion of uniform
effective inseparability has been recently applied to positive lattices [2]. If a bounded pos-
itive lattice L, with equality relation =, is such that the pair of sets {x : z =y 0} and
{z : © =1 1} is effectively inseparable, then equality = is a u.e.i. positive equivalence
relation, the associated pre-ordering relation < is universal with respect to the class of
all positive pre-orders, and moreover <y, is uniformly dense, i.e. there exists a computable
function f such that for every a,b if a <p b then a <y f(a,b) <p b, and if a =1 o’ and
b= b then f(a,b) =1 f(a’,b’). These results have applications to the study of provable
implication in classical and intuitionistic formal systems of arithmetic.
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O6paTHas 3amaua B Teopumu rpadoB: CUJILHO peryJispubie rpadnl 6e3
TPEyroJIbHUKOB

M. H. BEnoycoB, A. A. MAXHEB, II. B. IIAOy4ux

[Iyctes I' gBasieTcs OUCTAHIIMOHHO perynaspHbIM rpadom nuamerpa d. Ias i,5 €
{1,2,3,...,d} rpad I'; oupemesnen na MHOXecTBe BepiiuH rpada I' u mBe BepIIMHBI U, W
cMexHbl B I'; Torma u Tonepko Torma, korna dp(u,w) = i.

Ecnu nns nucranmuonno perynspuoro rpada ' nuamerpa 3 rpad ['s cunmbHO peryisipew,
To 10 levme 3 u3 [1] rpad I's aBnsgercs ncesmoreomerpuaeckum mst pG.., (k, by /cz). O6paTHO
nnsa rpada I_‘3, SBIISIONIErocs ncepnoreomerpuueckuM st pGo (I, t) rpad I' umeer maccus
nepeceuennit {l,tco,l —a+ 1;1,co,af, rnel —a+1<tca <lul<ecy<a.

[IycTs I' — mucTanmmonHO perysaspHbIi rpad quamMeTrpa 3, s koroporo rpad I's sBis-
€TCsI CUJIBHO PErysapHBIM rpadoM 6e3 TPeyroJbHUKOB.

Teopema 1. Ilycte I' — mmcrannmonHO perymsapHbli rpag aumamerpa 3 u rpag I's
SIBJISIETCS CUIIBHO PEryJIApHBIM rpagom ¢ mapamerpavu (v, k,0, pt), HerjaBHEIME cOGCTBEH-
meIME 3HaTeHITAMT T, —(u + 1), mpmaem k = (r + 1)u + 72, r # 1. Torma I' umeer maccus
nepecevIeHni {<“ +r— 1)k/:u7 CoT, fb + T 1, e, (“ +r— 1)(]{:/“ - 1)}

Haiinens! nomycrusble MaccuBbl nepecedennit rpados I' B ciaenyrommx cirydasx:
(1) uncno Bepumm I' He Gonbize 100 000;

(2) T mmeeT Hemesoe cOGCTBEHHOE 3HAUECHNE;

(3) I sBsteTcst popMaIbHO CAMOMYAIIBLHBIM IPadOM.

Teopema 2. Ilycts I' — nucraHIUOHHO peryasapHbIR rpa¢ amameTpa 3 C HELeTbIM
cobcTBeHHBIM 3HaYeHHEM U 1's — cmiibHO peryinsapHbII rpag 6e3 TtpeyroabaukoB. Torma I’
uMeeT MaCCHUB IIepecedeHu ]

{111,90,7;1,18,105} (cmexrp 111%, (1 4 24/55)14% —1407 (1 — 24/55)149),
{230,196,21;1,28,210} (cmexTp 230", (5 + 74/65)/22%3, —1149 (5 — 71/65)/22%3),
{335,297, 21;1, 33,315} (cmexrp 335", (2 + 3v/111)%36, —12479 (2 — 3y/111)%3%) mm
{2959, 2814, 111;1,134, 2849} (cmextp 29591, (5 + 21/4431)5380 156759

(5 — 21/4431)5380),

Wurepecro, uro mis rpada ['s ¢ mapamerpamu (88452, 726, 0, 6) umeroTcs aBa OOy CTH-
MBIX MaccuBa nepeceuennit: {3509, 3456, 30; 1, 144, 3480} u {3509, 3024, 30; 1,

126, 3480}.

WccnenoBanue BHIMOTHEHO 3a CYET rpaHTa Poccuitckoro Gporna GyHmIaMeHTaIbHBIX UC-
cneposanuit — 'PEH Kuras (mpoekt 20-51-53013).

CHUCOK JIMTEPATYPBI
[1] Makhnev A., Nirova M. On distance-regular Shilla graphs, Matem. Zametki, 2018, v 103, N 5, 730-748.

HAncmumym mamemamury v mexanuxy um. H. H. Kpacosckoeo YpO PAH, Examepunbype
E-mail: i_belousov@mail.ru, makhnev@imm.uran.ru, dpaduchikh@gmail.com

36


mailto:i_belousov@mail.ru, makhnev@imm.uran.ru, dpaduchikh@gmail.com

MamnbneBckue urerus 2020 Anrebpandeckas KOMOMHATOPUKA

O nucTaHIIMOHHO PeryJjsipHbIX rpadax ¢ MacCUBaMu MepecedeHun
{7(n—1),6(n — 2),4(n — 4);1,6,28}

M. H. BEnoycos, M. II. T'onyBITHUKOB, A. A. MAXHEB

[TopsamoK KUK B IUCTAHIIMOHHO PETYJIAPHOM Ipade CTENeHn K, MMEIOIIeM HANMEHbBIIIEe
cobcTBeHHOE 3HaUeHne —m He 6ombite 1+k/m. Kmuka K ¢ 1+k/m BepummaamMu Ha3bIBaeTCsI
kimkoir Jlembcapra. [ucTaHIMOHHO PEryssapHBIA Tpad HA3BIBAETCI 2E0MEMPUUECKUM, ECITI
OH COIEPKUT Takoe ceMeitcTBo S kiuk Ilembcapra, 4To Kaxnoe pe6po rpada COmepKUTCS B
eMUHCTBEHHON K/InKe u3 S.

Oycts V = F4 W = F°, d < e u B — nuHeiiHOe MTPOCTPAHCTBO Pa3MepHOCTH de Ha
nomem I = F, onmureitbix dopm f w3 V x W B F. Hynesoe mpocTpancTso f B V —
sto {v € V | f(v,W) = 0}. Panrom dbopmel f HasbBaeTCs IPOU3BENEHUE KOPA3MEPHOCTEN
HyJeBbIX IpocTpacTB B V u W. ®opwmer f u g cmexHEL B rpade Gumureitabix hopm Hy(d, e),
ecnu panr f — g pasen 1.

I'pad I' ¢ maccuBom mepeceuennit {7(n — 1),6(n — 2),4(n — 4);1,6,28} peamusyercs
kak rpad OmmuuenHbx dopm Ha(3,e), xorma n = 2°. I'pader Hy(d, e) oxapakTepu30BaHbI
maccuBoM nepecedenuit (Merur [1]) B ciayuasx g = 2,e > d+4uq > 3,e > d+3. ['aBputiok u
Kynen pacemorpenu ciaywait ¢ = 2, e = d [2]. Taxum o6pasom, rpadst H, (3, €) pacmossatorcs
II0 MACCHUBY IIEPECEUCHMUIT, 38 UCKIIIOYeHNeM ciIydacs e € {4,5,6} (cmyuaes n € {16,32,64}).
MoO2KHO BBLIOBUHYTBH CIICAYIOIIEe IIPEOIIOIOKEeHIE.

I'mnoresa. [ucrannuoHHO peryssapHbLI rpad ¢ MaccuBoM nepecederusi {7(n—1),6(n—
2),4(n —4);1,6,28} He cymecTByer, ecau n He SABJIAETCS CTENEHBIO 2.

B [3] ormeuaeTcst, uTo runoresa cnpasemiusa, eciau n > 134. Cuemyorme pesyibTaThl
MTOKA3BIBAIOT, YTO TUIOTE3a CIIPABENJIUBa, eciiu n > 71.

Teopema 1. Ilyctes I' — reomerpmueckuii rpa¢g ¢ maccuBom mepecevenui {7(n —
1),6(n — 2),4(n — 4);1,6,28}. Ecimn > 42, ton = 2° u I' — rpa¢ GuinHenHbx Gopm
H2(3, 6) :

Teopema 2. Ilycte ' — aumcTraHOHMOHHO pEryasapHBIN rpa¢ C MacCHUBOM IT€PEeCeUEHUH
{7T(n — 1),6(n — 2),4(n — 4);1,6,28}. Ecau n > 70 miu n > 60 u mOPAOOK KOKJIUKH B
OKpecTHOCTsX BepiuH rpaga ' me 6osbire 7, To I aBasercs reomeTpuaeckuM.

CaencrtBue. Ilycts ' — gucraHnmoHHO perymsapHbIH rpag ¢ MACCHBOM MEpPeCedeHUIH
{7T(n —1),6(n — 2),4(n —4);1,6,28}. Ecaun > 70, o n = 2° u I' — rpa¢ GuinHenHpIx
dopum Hs (3, ¢€).

WccenenoBanue BBIMOITHEHO 3a cueT rpanTa Poccuiickoro mayunoro gouma (mpoekt 19-

71-10067).

CIIMCOK JIUTEPATYPBI
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O COBEPIIIEHHbIX PAaCKpaCKaX INUPKYJISAHTHBIX Fpa(l)OB C ABYMA AUCTAHIINAMHA

C. O. boronoun

Panee uccienoBatich mapaMeTphI BCEX COBEPIIIEHHBIX 2-PACKPACOK KBAAPATHOM peIeT-
ku [1], paGoTa 0600IIAET U PACIIUPSAET U3BECTHBIE PDaHee Pe3ylbTaThl. Packpacka BepIuH
rpacda G Ha3BIBAETCs COBEPIIEHHON, €C/IM BCE ONMHAKOBO PACKPAIIEHHBLIE BEPIITUHLI UMEIOT
OIMHAKOBBIH IIBETOBOI COCTaB OKpy:KeHHA. ucrna s; ; BepIINH IIBeTa ] B OKPYXKEHUH Bep-
IIUHBI [[BETA 1 HA3BIBAIOTCS ITapaMeTPaMU COBEPIIIEHHON PACKPACK.

Teopema. IIycts Cy (dy,ds) 66CKOHEUHBIN TUPKYISHTHBIHN IPaQ ¢ ABYMS JUCTAHIASIMI
dy,ds € N, (dy,d2)=1, mi1s Kaxx0H MaTPHUIEI TAPAMETPOB COBEPIIEHHON PACKPACKH (TabIuna
1) Harimensr HAGOPHI 3HAYEHUIH AUCTAHIOUI B rpage IPpU KOTOPBIX MATPHIA SBIACTCS JOIY-
CTHUMOI - T.e. CyIIIeCTBYeT COBEPIIIEHHAs PACKPAacKa, 3aJafolas MaTPUILy IPU TakOM Habope
pucraHnuil (Tabmuna 2).

Tabmuna 1: [TapameTpsl, 3a0af0Ie COBEPIIIEHHYIO PACKPACKY

b\e| 12|34
1 | A
1 |B|C
2 |D|E
3 |G|H|T]|J
Tabmuna 2: [lapameTpsl muCTaHIII
A 4 dl u 2 d2
B 3 d1 u 3 dg
C | cymectByeT miist mi06bIX nucTaHui dyds
D di= %1 mod 8 u do= +3 mod 8
E 5'{’ dz n ﬂ:dl 7_é :|:d2 mod 5
F di=+2 mod 4 u do=+1 mod 4
G di=+1 mod 5 u dy= %2 mod 5
H 3tdy ,ds
I HE CYIIeCTBYeT
J 2td ,do

Pa6ora Boimonnena npu mognepxkke Maremaruueckoro llenTpa B Axanemropomnke,
corsameHre ¢ MuHICTEpCTBOM HayKu U BbICIIero obpaszoBanust Poccuiickoit Peneparnnm
Homep 075-15-2019-1675.

CIMCOK JIMTEPATYPBI
[1] Axenovich M. On multiple coverings of the infinite rectangular grid with balls of constant radius //

Discrete Maths. 2003. V. 268, N 1-3. P. 31-49.
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CoBepiiieHHbie 2-packpackm 6€CKOHEeYHOTrO HUPKYJISHTHOro rpada
c nucrtannusvu 1,2,d

T. A. I'puHEBA, E. H. P4anojoBa

B paboTe omucaHbl Bce MOIyCTUMBIE TAPDAMETPBI COBEPIIEHHBIX PACKpacok [1] B mBa msera
6eckoreunoro nupkyiasaTHoro [2] rpaba Co(1,2,d) ¢ mucranmmsvu 1,2, d. IlapameTrpsr
COBEPIIIEHHON 2-PAaCKPacK! TAKOro rpada OMHO3ZHAYHO ONPENeNsIOTCS YIIOPSIOIeHHON TapOoi
(b, ¢) BHEIIHIX cTemeHel Kaxaoro u3 1seToB, rae 1 < b < ¢ < 6. CoOTBETCTBEHHO, ONUCAHIE
apaMeTPOB CBOOUTCS K ONPENeeHUIO NOIIyCTUMOCTH KaXKIOi TaKOW Mapbl B 3aBUCHMOCTH
otT d. Besne B nanmpueiitiiem n € N.

Teopema. Cosepiiennas 2-packpacka c¢ napaverpamu (b,c¢) B GECKOHEYHOM IHUPKY-
JISHTHOM rpage ¢ Tpems aucTaHnmsmu 1,2,d CyllecBTyeT TOraga W TOJBKO TOrAa, KOTAAa
BBIITOJTHEHEI CACOYIOIIAE YCAOBUA:

(1) (b,c) €{(1,1),(1,2),(1,3),(1,5),(3,5),(4,5),(4,6),(5,6),(6,6)}: coBeprrerHBIX

PACKpacoK He CYILeCTBYeT HHU IpHU KakKux d.

(2) (b,c) =(2,2): d=2n mau d = 3n.

(3) (b,c) € {(1,4), (2 3)}: d = 5n

(4) (b,c) =(3,3): d=4n mmu d = 8n + 3.

(5) (byc) =(2,4): d=3n mmm d=9n + 4.

(6) (b,c) €{(3,4),(2,5),(1,6)}: d="Tn+£3.

(7) (b,c) = (4,4): coBepieHHBIE PACKPACKU CYILIECTBYIOT IMPH JTIOOBIX d.
(8) (b,c) = (5,5): d=4n £ 2.

(9) (b,c) =(2,6): d=2n+1.

(10) (b,¢) = (3,6): d = 3n + 1.
Pa6ora Bermonaena npu mommep:xkke Maremarudeckoro IlenTtpa B Akamemroponke, co-

ritaieHue ¢ MuHICTEpPCTBOM HayKM U BhICIIero obpaszoBanus Poccuiickoit Penepanuu HOMED
075-15-2019-1675.
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Pemrenune cucrem ypaBHEHI/Iﬁ Had KOHEYHBbIMU OBYIOOJIBHBIMHA Fpa(I)aMI/I

A. B. InnEB

B monorpadum [1] 6610 mMOKA3aHO, YTO TPANUIMOHHBIE IIOHSTHS CUCTEMBI YDABHEHMUI,
anreOparmyeckoro MHOXKECTBa W KOOPAWHATHON ajredpbl MOXKHO ONPENeUTh HAJl JTIOOBIMU
ajarebpanvecKuMu cucTeMaMu sa3bika L. B Helr Taxxke ObIIu IPemIokeHbl O0IIre HeaIropuT-
MUIYEeCKIEe METOIBI PEIeHns] PA3JIMIHBIX CUCTEM YpPaBHEHUN.

B craTbe [2] maremarmueckuit anmapar um3 MoHorpaduu [1] 6buT IpEMeHEH B Ciiydae
KOHKPETHOT'O Kjacca ajreOpandyeckuxX CUCTeM — KJlacCa KOHEUYHBIX OOBIKHOBEHHBIX I'DadoB.
[TpousBonbHbLT KOHeUHBIN 00bIKHOBeHHBI Tpad G = (V, E), T. . HEOpUEeHTUPOBAHHLIA rpad
0e3 meTesIb U KPAaTHBIX pebep MOXKeT ObITH 3amaH Kak ajireOpamveckas CUCTEMa Ha KOHEU-
HOM MHOxkKecTBe V s3bika L, cocTositiero u3 6uHapHOro nppedIeKCUBHOTO U CUMMETPUIHOTO
IIpEeIKaTa CMEXKHOCTU BEPILIWH, & TaKXKe IpeauKaTa PABEHCTBa. Y paBHEHHEM Hal rpadoM
Ha3bIBaAETCH JTI00as aToMapHas GopMysia sS3blKa L OT mepeMeHHBIX 13 MHOXKecTBa X . Ecmm
MHOXKECTBO KOHCTAHT s3bIKa L TyCcTO, TO B 3TOM CJIydae PacCMaTPUBAIOTCS TOJIBKO 6€CKOd(d-
UIIEeHTHEIE CHCTEMBI, COCTOAIINE U3 ypaBHeHuit Buna F(z;, x;) u x; = x;, roe x;,z; € X.
Ecnu s3pix L comep:uT KOHCTAHTHBIE CHMBOJIBI, MHOXXECTBO KOTOPBIX WHTEPIIPETUPYETCS
Kak MHOXxecTBO V Bepiuu rpada (G, TO TaKOH CIIydail HA3BIBAETCS AUOPAHTOBBIM.

B macTosent paboTe moCTpOeH MOTMHOMUAIBHBIN aJITOPUTM PEIIEHNST KOHEUHBIX CUCTEM
YPaBHEHUI HAJl KOHEUYHBIMU IBYIOJIbHBIMU T'padaMu, COOEPXKAIINN TPOIENYPY ITPOBEPKU CO-
BMECTHOCTH CHUCTEMBI YDABHEHUN HAI OBYHOOIBHBIM I'padoM M MPOIEnypPY HAXOXKIEHUS 00-
IIIETO PEIIeHNsT 3TOW CUCTEMBI — KOOPIUHATHOTO I'pada. BeraucanTenbHas CII0:KHOCTH 3TOTO
anmroputma coctasisger O(k?n(k + n)?).

Pa6ora Beimonuaena npu nopmep:xkke Poccuiickoro mayauoro pouna (mpoext 19-11-00209).
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WNccnenoBanue cCOBMECTHOCTH CHUCTEM yPABHEHU! HAJ JIOKAJILHO KOHEYHBIMU
rpadamum

A. B. InLEB

B pabote paccmaTpuBaioTCs JIOKAJILHO KOHEUHBIE OOBIKHOBEHHBIE Tpadbl KaK ajredpan-
JecKme CUCTEMBI Ha CUeTHOM MHOxKecTBe V' sa3bika L, cocTosiiero m3 6mHapHOTro mppediiek-
CHBHOTO U CHMMETPHTIHOIO IIPENUKaTa CMEXKXHOCTH BepiinH E(x;,z;), a Takxe IpeouKaTa
PaBEHCTBA T; = ;.

Panee 6pu1a mpemitoxkeHa mporenypa, KoTopas OJjIs JIF000I KOHEYHOW CHUCTEMBI ypaBHe-
HUU MOXET OMNPEeNeNuTh €€ COBMECTHOCTH HAM IMPOM3BOJIBLHBIM KOHEUHBIM OOBIKHOBEHHBIM
rpadom [1]. Bo3HukaeT ecTeCTBEHHBII BOIPOC, B KAKUX CIIyYasX MOXKHO IIOCTPOUTH aHAIIO-
TUYHYIO IIPOIENYPY OIS JIOKAIIBHO KOHEYHBIX T'padoB.

B m06oit kOHEYHOI cucTeMe ypaBHEHUU HAM JIOKAJIHBHO KOHEUYHBIM rpadomM G MOXKHO
BBIZIEITUTH KOHEUHYIO 6€CKOd(POUITMEHTHYIO TIOICUCTEMY U ONpPEeNenTh njisd Hee rpad H, Bep-
IIIHAME KOTOPOTO SIBIISIOTCS IepEMeHHbIe, BXOMAIINE B 3allUCh ypaBHeHnil Buna E(z;,x;) ¢
Y4eTOM BCeX PaBEHCTB T; = T;.

Jlemma. Ecium B kaXnoif KOMIOHEHTe cBsi3HOCTHU rpaga H cyriecTByer xoTs OblI omHA
1epeMeHas X, UMEFOIas KOHEYHOEe MHOXECTBO 3HAUYEHUH B JIOKAJILHO KOHeYHOM rpage G, To
IIJTST ICXOIHON KOHEYHOH CACTEMBI YPaABHEHII MOXKHO OTBETUTE Ha BOIIPOC O €€ COBMECTHOCTH
Has rpapom G.

[Tockombky mr0bast KoneuHast 6eckodPPUIImeHTHAS CUCTEMa, YPABHEHUN SKBUBAJIEHTHA He-
KOTOPOMY 5K3UCTEHIINAIbHOMY MPENJIOKEHUIO s3bika L, To 3amada ompenesieHnst COBMECTHO-
CTU TAaKWX CUCTEM ypaBHEHUN HaJ. rpadaMi CBOOUTCS K BOMPOCY Pa3peninMOCTU YHUBED-
CaJIbHBIX TEOpHil, KOTOpbIl ObLI mccimenoBan B crarhe [2]. VU B cuily BBIIETPUBENEHHON
JIEMMBI U ITPOM3BOJIBHBIX CHCTEM YPABHEHWUHN HAaJll JIOKAJbHO KOHEYHBIMU T'padamu crupa-
BeJINBA CIIENYIOIIAs TeopeMa.

Teopema. /lns 10607 KOHEUHOH CHCTEMBI YDPABHEHHUH MOXHO OTBETHUTH HA BOIPOC O
ee COBMECTHOCTHU HaJ JIOKAJIbHO KOHEUHBIM rpacgom (G, ecid Kiaacc, COCTOSIIUN U3 BCEBO3-
MOXKHBIX 1oarpagoB rpaga G, nMeeT peKypCUBHOE MHOXKXECTBO MUHIMAJIBHBIX 3AITPEILIEHHBIX
noarpagos.

Pa6ora Bermonmena npu nomnep:xkke MaremaTtuueckoro IlenTpa B Akamemroponke, co-
raarmenne ¢ MuHICTEPpCTBOM HAYKU U BBICIIIETO oOpaszoBanus Poccuiickoir Penepannu HOMEP

075-15-2019-1613.
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O pa36PIEHI/IﬂX KOHEYHOTI'O IIPOCTPAHCTBA Ha IIOIIapHO HESKBHUBAJICEHTHBIE
COBEpIII€EHHbIEC KOOBbI

E. B. T'opkyHOB, A. B. JIoCh
PaccMoTpuM nuHeliHOE TTPOCTPAHCTBO IF'g Pa3sMEepHOCTHU 1 HaJ KOHeYHBIM mojieMm I, =

GF(q), ¢ ”— crenens npocroro. Paccrosuue Xommunra d(x,y) = |{i | x; # y;}| Mexmy
BekTOpaMu ,y € i sanaér merpuieckyio cTpykTypy B Fy.

Kodom Ha3BIBAaeTCS TPOU3BOILHOE TOAMHOXKECTBO MPOCTPAHCTBA Fy. Kon aunednvid,
ecnu OH 06pasyeT NONIPOCTPAHCTBO B Fy. OIIeMEHTHI KON HA3BIBAIOTCS K0J08bIMU CAOBAMU.
Kodosoe paccmosnue xoma paBHO MUHUMAJIBHOMY PACCTOSHUIO MEXKIY €r0 pPas3InTIHBIMI
KOIIOBBIMU CJIOBAMMU.

Kon HaswiBaeTcs cosepuentbim, eciau Hapbl PUKCUPOBAHHOTO PAIIYCa C IIEHTPAMUI B €T0
KOTIOBBIX CJI0Bax 00pa3yioT paszbmenne npoctpancTsa Fy. OOmenssecTHO, YTO COBEPIIEHHBIE
KOITBI MCYEPIBIBAIOTCSA AByMs Komamu Lones B F3° u F%l 7 IIITPOKUM KJIACCOM KOOOB C KOIIO-
BBIM PACCTOSHUEM 3 B IIPOM3BOIBHOM KOHEUYHOM IIPOCTPAHCTBE.

Koner C1,Cy C Fy axeusasenmmupt, ecmm oHn 0TOOpaXkaloTcs IpyT B IPyTa HEKOTOPON
usomerpueil npocrpancTsa Fy. JInHeHbIl COBEPIIEHHBL KO, €UHCTBEHHbIA ¢ TOYHOCTHIO
110 9KBUBAJIEHTHOCTH, HA3bIBAETCS KOMOM XoMMuHTa. OUeBUIHO, UTO CMEKHBIE KITACCHI KOIA
XoMMmuHra (Kax u 106010 Opyroro JIMHENHOro) o6pasyioT pasbueHne IpOCTPAHCTBA Ha CO-
BEPIIIEHHBIE KONBI. KcTecTBEHHBIM 00pa30M BO3HUK BOIPOC O HETPUBHUAIIBHBIX MOMOOHBIX
pa3bumeHnsdax U UX CBONCTBAX.

WccnenoBanue pa3dmeHNil MPOCTPAHCTBA Ha COBEPIIEHHBIE KOOLI CIIOCOOCTBOBAJIO IIPO-
IBUKEHUIO B MEPEUNCIICHIN CAMUX COBEPIIEHHBIX KOmoB. B [1] mocTpoenbt pasbuenus 3
Ha IIOIIAPHO HESKBUBAJICHTHLIE COBEPIIEHHBIE KONbl. B pesynbrare 0600eHus (2] 5Tol KOH-
CTPYKIUN TONTydeHbl pasbuenus Fj Ha momapro ad@UHHO HEOKBUBATIEHTHBIE COBEPLICHHBIE
konbl. Haiinennas [3] mosmuee TOUHAS BEPXHssI OLEHKA IJIsl MOIIIHOCTH TI€PECEUeHUs JINHel-
HBIX 1 SKBUBAJEHTHBIX UM KOIOB ITO3BOJINJIA MOJIYYNTH CIIEAYIOIINN PEe3yIbTAT.

Teopema. Ilig mroboron = qm_—11 ,
eHHe JINHEHHOI'O IIPOCTPAHCTBA Pa3MEPHOCTH N HaJl KOHEUHBIM IIOJIEM IIOPSAAKA ¢ Ha IMONapHO
He5KBUBaJICHTHBIE COBEPIICHHbIE KOIBI.

q ”— cremeHb mpocToro, m > 4, cyiiecrByer pa3ou-

WccnenoBanue BBIIOIHEHO pu monaep:xkke Poccuiickoro dbonmna GyHIaMEHTATBHBIX UC-
crenoBanuit (mpoekT 19-01-00682).
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CoBepilleHHbIE PACKPACKHU JIEKCUKOTpaduuecKoro nmpoun3BeneHuss 6€eCKOHeYHOn
enum Ha 4-1mukJi

M. A. JIuCHLBLIHA

[ycts G u H — mpousBosnbHbie rpadbl. Kaxnyio Bepiuay H 3aMeHuM komuei rpada
G u coenuanM pebpamu JT00bIe IBE BEPIINHBI U3 cocemHnX Komuit. OnucanHas KOHCTPYKIIASI
ABIIAETCs JleKcuKorpaduueckuM npoussenenuneM rpadha H wa G u obosnauaercs H - G [3)].

Paccvorpum rpad 6eckoneunoti yenu Cs, MHOXKECTBO BEPIINH KOTOPOTO COBIAIAET C
MHOXKECTBOM 7, IBeé BEPIIUHBL U U U CMEXKHBI, ecyint |4 — v| = 1. Hamomuuwm, uro Cy — rpad-
nuki ¢ 4 Bepmuuamu. Jlekcukorpaduuaeckoe mpomsBenerue Co, - Cy Ha3z0BeM Cy-Kpammuod
YENBIO.

Packpacka Bepruu 3amanaoro rpada B k IIBETOB HA3BIBAETCS COBEPULEHHON, €CITU TS
mobeIx 1,j € {1,2,...,k} cymecTByeT 4mciIo m;; Takoe, ITO y JIOOON BEPIIUHBI IBETA {
poBHO my;; cocemeit usera j. Marpuna M = (m;;) Ha3BIBAETCSI MAMPUYET NAPAMEMPOS
coBepirreHHON packpacku. OOBEKTOM UCCIIENOBAHUSI SIBIISIOTCSI COBepIIIeHHbIE pacKkpacku Cy-
KPATHOH e B KOHEYHOE YUCJIO IBETOB.

3amaga onmmMCaHUS COBEPIIEHHBIX PACKPACOK B IMIPOU3BOJILHOE YHCJIO IIBETOB paHee ObLIa
pelleHa [1s JeKcuKorpadrdeckux mpomsseneruit rpada Co Ha K, K, u My, ([2, 1]), 3mecs
n — HaTypajbHOe unciio, a Ms, — rpad COBEPIIEHHOTO MAPOCOYETAHUS HA 2N BEPIINHAX.

[MocTpoum packpacky rpada H - G st npousBonbEbix H 1 G. PaccMmoTpum coBepites-
HyI0 packpacky rpada H B k useros. Isery i (i = 1,2,...,k) HOCTaBUM B COOTBETCTBHUE
MHOXECTBO COBEPIIIEHHBIX Packpacok rpada G B mBeta J; ¢ MmaTpuien napameTpoB M; Tax,
aTo0bl J, N Jy = @ na p # q. K xaxnoit konun (G IpUMEHNM HEKOTODPYIO PAaCKPAaCKy W3
IpemHa3HAYEeHHOTo eMy MHOxkecTBa. llomyuennas packpacka rpada H -G HasbBaeTcs 0u3sb-
onkmuot. B [2] mokasana semma 0 TOM, 9TO NU3BIOHKTHAS PACKPACKA JIEKCUKOT PahUIeCcKOro
npou3senenus rpada H uHa G SBIIETCSI COBEPIIIEHHOMN.

BameTum, aT0 Cyop - Oy = (Coo - E) - E, re E — rpad, cocTosmmmii u3 omHOro pebpa, a E
— mycTol rpad Ha OByX BepIIHHAX. BepHa CIemyoIas TeopeMa.

Teopema. Cosepinernnbie packpacku rpagpa C, - Cy HCIepIBIBAIOTCA QU3 bIOHK THBIMI
packpackaMi jiekcuxorpagrdeckoro npoussenerns rpagpa Co, - F Ha E.

CIIMCOK JIMTEPATYPBI
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JucraHnmmoHHO peryssipHble rpadbl U CUJIHBHO peryJisspHble rpadbl 6e3
TPEeyroJIbHUKOB

A. A. MAXHEB

[Iycts I' gBasieTcs OUCTAHIIMOHHO perynaspHbIM rpadom nuamerpa d. Ias i,5 €
{1,2,3,...,d} rpadp T'; ompenenen ma muOX)ecTBe BepimH rpaba ' u mBe BepuITHBI U, W
cMexHbl B I'; Torma u Tombko Torma, xorma dr(u,w) = i. I'pad I'; ; onpeneren ma MHOXe-
crBe BepimH rpada [’ u nBe BepmmHBL U, w cMexHBEL B I'; j TOrma um TOIBKO TOTIa, KOTIa
dp(u, w) € {i,7}.

Ecnu nis nucranmmonno perymnsapaoro rpada ' nmamerpa 3 rpad I's cunbHO peryiispes,
To 10 lemme 3 m3 [1] rpad '3 saBasercs ncesmoreomerpaeckum mis pG.., (k, by /cz). O6paTHO
nns rpada ['3, seisromerocs ncesmoreomerpmaeckum mts pGo (1,t) rpad I' mveer maccus
nepeceuennit {l,tco,l —a+ 1;1,co,af, rnel —a+1<tca <lul<ecy<a.

CumnbHO peryssapubii rpad 6e3 TpeyronbHUKoB (cM. riasy 8 u3 [2]) asasercs au6o

(1) momHBIM ABYIOIBHBIM T'padoM, 6o

(2) rpadom Mypa ¢ mapamerpamu (k% + 1,k,0,1), k € {2,3,7,57} (mna k € {2,3,7}
CYIIECTBYET eQUHCTBEHHBIN rpad, mist k = 57 cylecTBoBaHue rpada HEM3BECTHO), 1u6o

(3) rpadom ¢ 1 < p < k, mmerormm co6eTBerHbIe 3HaMeHN 7, —(u+r) mk = (r+1)p+r?,
npuaem i nemut 72 (r? — 1), g+ 2r pesur r(r + 1)(r + 2)(r + 3).

[Iycts I' — mucTaHumonHO perynsapHbil rpad auameTrpa 3, mis kotoporo rpad 'y aBis-
€TCsl CUJILHO PerysspHbIM rpadoM 6e3 TPeyroabHUKOB.

Teopema 1. (Benoycos U.H., Maxues A.A., [lanyuux I1.B.). Ilycts I' — aucran-
[IMOHHO PEryJIApHBII rpag auaverpa 3 u rpag ['s ABigeTcs CHIBHO PerysspHBIM T'papoM
¢ mapamerpamvu (v, k,0, i), HeryIaBHBIME COOCTBEHHBIMU 3HAYeHUIMH T, —(p + 1), mpmaem
k= (r+Op+7r% r#1. Tormal mmeer maccus mepecewermit { (1 +r — 1)k/u, cor, p +

r;1eo, (p+r—1)(k/p—1)}.

Haiimensr maccuBbl epecedennii rpados ' B criemyronmx cirydasx:
(1) umcmo Bepuma I' me 6ombie 100 000;

(2) T mmeeT mHemesoe cOGCTBEHHOE 3HAUECHUE;

(3) I sBsieTcst popMasIbHO CAMOIYAIILHBIM I'DadOM.

Teopema 2. (Benoycos U.H., Maxues A.A., lanyuux I.B.). Ecau " — gucranumorHao
perysapHbLi rpag ¢ maccuBoMm nepecedenuit {(u+r—1)k/p, cor, p+r; 1, co, (u+r—1)(k/pu—
D}, k =72+ u(r+1), o' popmamsro caMomyaser TOraa W TOTBKO TOTAA, KOTAA [ =
r(r—1)/2, co = (r +3)r/2 u I' umeer maccuB nepeceyern

{(r24+2r =) (r +2)/2,(r +3)r2/2, (r + 1)r/2; 1, (r + 3)r/2, (r 4+ 2)(r + 1)1 /2},
rae r He CPaBHUMO C 3 110 MOZYJIIO 4.

PaccmoTpuM Temeph mmcTaHIuMOHHO perysspHbii rpad [ mmamerpa 4, mis KOTOpOro
rpad I's 4 cunbHO perymspes.

Nmeercst eNMHCTBEHHBIN OBYNONBLHLIA aHTUNONANBHBIN rpad I’ nmamerpa 4 ¢ CUIBHO
peryisipabiM rpadom I's 4 (em. crp. 425 u3 [3]). Oro 4-xy6 ¢ MaccuBOM NepeceveHuit
{4,3,2,1;1,2,3,4}, cnextpom 41,2406, —2% -4} v =14+4+6+4+1 =16 u '3 4 — cubHO
perysspubiil rpad ¢ napamerpavu (16,5,0,2).

Teopema 3. (Maxues A.A., llagyunx I.B.). IIycrs I" — anrunonanasHbIl OUCTAH-
[OUOHHO peryysapHbIi rpa¢ amamverpa 4 ¢ cumibHO perymsapHbiM rpapom A = I's 4. Torma
AMA)=0,bp=k(A)—1,ca=0a1+2=pu(A) ub =k(A) — u(A).
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ITpuBeneM CIMCOK MOy CTUMBIX MACCHBOB aHTUIIONAILHLIX rpados [ muameTpa 4 ¢ CuiabHO
perymspabiM rpadom I's 4 (em. cTp. 421-425 u3 [3].

1. {20,18,3,1;1,3,18,20}, I's 4 mmeeT mapamerps! (162,21,0,3).
2. {25,24,2,1;1,2,24,25}, I's 4 umeer mapamerps! (352,26,0,2).
3. {32,27,6,1;1,6,27,32}, I's 4 umeer mapamerpsr (210,33,0,6).
4. {36,35,2,1;1,2,35,36}, I's 4 umeer mapamerpsr (704,37,0,2).
5. {45,40,6,1;1,6,40,45}, I's 4 mveer mapamerpsr (392,46,0,6).
6. {49,48,2,1;1,2,48,49}, I's 4 nmeer mapamerpsr (1276,50,0,2).
7 5,1;1,5
8

. {54,50,5 50,54}, I's 4 mmeer mapamerpsr (650,55,0,5).

. {56,45,12,1;1,12,45,56}, I's 4 nmeer nmapamerpsr (324,57,0,12).
9. {75,64,12,1;1,12,64, 75}, I's 4 mmeer mapameTpsr (552,76,0,12).
10. {77,72,6,1;1,6, 72 77} I'3 4 nmeer mapamerpsr (1080,78,0,6).
11. {81,80,2,1;1,2,80,81}, I's 4 umeer nmapamerps (3404,82,0,2).
12. {84,75,10,1;1,10,75,84}, I's 4 nmeer mapamerpsr (800,85,0,10).
13. {96,91,6,1;1 6,91,96}, '3 4 mmeer mapamerpst (1650,97,0,6).
14. {115,96, 20, 1;1,20,96,115}, I's 4 nmeer mapamerpsr (784,116,0,20).
15. {117,112,6,1;1,6,112,117}, ['5 4 mueer mapamerpsr (2420,118,0,6).
16. {135,128,8,1;1,8,128,135}, I's 4 umeer mapamerps! (2432,136,0,8).
17. {140,126,15,1;1,15,126, 140}, T's 4 mueer mapanerpsr (1458,141,0,15).
18. {144,125,20,1;1,20, 125,144}, I'; 4 umeer mapamerpst (1190,145,0,20).
19. {160, 147,14,1;1,14,147,160}, I's 4 umeeT mapamerpst (2002,161,0,14).

20. {170,162,9,1;1,9,162,170}, I's 4 mmeer mapamerpsr (3402,171,0,9).

21. {200,189, 12, 1;1, 12,189, 200}, I's 4 mvueeT mapameTps (3552,201,0,12).
22. {204,175,30,1;1,30,175,204}, I's 4 mmeeT mapaMeTpE 1600,205,0,30).
23. {216,196, 21,1;1,21,196,216}, T's 4 mueeT mapamerpsi (2450,217,0,21).
24. {245,216, 30, 1;1, 30, 216, 245}, I's 4 mmeer mapameTpsr (2256,246,0,30).
25. {260,243, 18, 1;1, 18,243, 260}, I's 4 mueeT mapamerpsr (4032,261,0,18).

26. {315,288,28,1;1,28,288,315}, I' 4 mueer mapamerpsr (3872,316,0,28).

27. {329,288,42,1; 1,42, 288,329}, I's 4 mmeer mapameTpsr (2916,330,0,42).

28. {384,343,42,1;1,42,343,384}, I's 4 umeer mapamerpst (3906,385,0,42).

Bamerum™, uro AT4(p, ¢, r)-rpad I' umeer cunbro perynspasti rpad I's 4 Torna u Tompko
Torna, korna ¢ = p + 2 u r = 2. B [4] mokaszano, uro AT4(p,p + 2,2)-rpad He CylecTByeT
(npumepsr 8, 14, 22, 27).

CanenctBue. (Maxues A.A., Ilagyuux I1.B.). He cymecTByOT OUCTAHIMOHHO DETY-
JIApHBIE rpadsl ¢ MaccuBamu nepecedenuti {56,45,12,1;1,12,45,56}, {115, 96,20, 1;1,
20,96, 115}, {204, 175,30, 1;1,30,175,204}, {329, 288,42, 1; 1,42, 288, 329}.

NuTepecHo, uTO cuiibHO perysspHbIM rpadam u3 npumeposB 1, 12, 17, 19, 26 orBeuatoT
IOy CTUMBbIE MACCHUBEI Ilepecedennii rpadoB nuaMeTrpa 3.

P P Py

TeopeMa 4. BLIIONIHAIOTCS CISMYIONINE yTBEPKICHUS:

(1) ecmm A = T'3 4 — aHTHOKpeCTHOCTH BepiumHbl B rpade KpeiiHa ¢ mapamerpamu
((r? +2r — 1)(r?> 4+ 3r + 1),73 + 2r%,0,72), To I' mmeeT Maccus mepeceuenuit {r3 + 2r? —
L3 +r2r2 110,02 03 + 02 03 4+ 202 — 1}

(2) ecmm A =T'3 4 — mepecevyeHne aHTUOKPECTHOCTEN ABYX CMEXKHBIX BEPIINH B Ipade
Kpeitna ¢ mapamerpamm ((r2 + 2r)(r2 + 2r — 1),73 + 72 —7,0,7% — 1), To I’ mmeer maccus
nepecevennit {13 + 12 —r — 1,73 — 1,72 —r 1; 1,72 — .73 — 1,73 + 72 — 1 — 1},

Bamernm, uTo rpad ¢ MmaccusoM mepecedenmit {r>+2r2 —1,r3+12 12 1; 1,72, 73402 r34
2r? — 1} me cymecTByeT (co6cTBeHHOE 3HAaUeHMe 04 mMeeT KpaTHOCTD (1% + 2r — 1)(r? + 71 —
D(r+1)/((r+2)2r)).
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K Bompocy 06 opTOroHajJIbHbIX KBa3uUT'PyHIHIax

n. II. Mumy TYIKNH

IIycts C(A) =< G(A); A, p, T, ex, e, > - xommmad, [1], GA\(A), G,(A) TpyIIbl MHOXeCTBa
IPYIIIONIOB C MPaBLIM 1 JieBbIM cokpartenueM, Q(A) = Gi(A) (G (A) - MHOXKeCTBO KBa3U-
rpynm, S, =< S(A);- > - cummerpuueckast rpynna van A, S - ee npsmas crenenn, |A| = n,
Aut... - obo3HaUeHNE I TPYIIBEI ABTOMOP(HU3MOB.

Perynsapable moaCTaHOBKY T'PYIIOUIOB MIPUBOMAT K CJEAYIOIIAM PE3YILTATAM.

Teopema . < GA(A); A > = < Spi- >, < Gp(A);p > = < Spye >,

Teopema . Bceaxag nodcmanoska a € S undyyupyem nepecmamnosounble:

- asmomopdudm agy € Aut GA(A) maxot, umo fagy = fpay,;

- anmuasmomopdudm ag, € Aut G,(A) maxot, umo fog, = arAf.

Teopema. Asmomoppusm ¢ € Aut S undyyupyem nacaedyemvie ((x,y € A)):

- asmomopgusm gy € Aut Gr(A) maxoi, umo f(x,y)pcr = ZCRZJ;(,O;

- anmuasmomopduzm pg, € Aut G,(A) maxot, wmo f(z,y)pa, = yLie,

ede Rg - npasag pecyagpuag nodcmanoska saemenma y epynnouda f, LI - sesas pe-
2YAIPHAT NOJCMAN06KA daemenma T 2pynnouda f.

BriienmmM  HacilelyeMble BHYTDEHHIe MODGU3MEI, IS KOTOPBIX foghn = oAAfAay,
focy = appfpal, tne a € S, aVy(y € A) : ax(z,y) = za, Vz(z € A) : ap(z,y) = ya
[OICTAHOBOYHLIE I'PYIIIOUIEL.

Omnpenenenne. I'pymmounst f,g € Gx(A) A-oproromambubr, ecin fA\g € Q(A), rpyn-
nouns! f,g € G,(A) p-oproronansusl, eciu gpff € Q(A). I'pynmonn f € Q(A), Bxomsiimit
B Iapbl A-OPTOrOHAJLHLIX U P-OPTOTOHAJIBHEIX T'PYIIIONOOB, HA30BEM OPTOKBAIPATOM.

Teopema. Ecau f € Q(A) opmoxsadpam, mo f7, fA, f, fA7, f°7, ece obpasvi nepe-
CMAHOB0UHBIL ABTMOMOPPUMOE U AHMUAEMOMOPPUIMOE, U 6CE 00PA3BL HACAECIYEMIL BHY-
MPERHUT MOPPHUIMOE MaKICE 0OPMOKEAIPAMDL.

Omnpenenennme . Muoxecrso D(A) = {f|f € G(A)&f(z,x) = x} nneMnoTeHTHBIX
I'PYIIIOUIOB HA30BEM NUATOHAIILHBIM.

Teopema. < D(A); A, p, 7, ex, e, > ecmpv nodaseebpa arzebpor C(A).

CanencrBue 1. Dy(A) = D(A)NGA(A) ecmb nodepynna epynner GA(A) ¢ ocnosnot
onepayuet . D,(A) = D(A)(G,(A) ecmv nodepynna epynnvr G,(A) ¢ ocnosnoti onepa-
yuetd p.

CnenctBue 2. Dy(A) ~ S} |, D,(A) ~ Sr_,.

is0m antt

TakuMm 06pa3soM, IpH HCCIIENOBAHUN BOIPOCOB, CBSI3AHHBIX C OPTOrOHAJIBHBIMU KBA3U-

IPYTIIIAME, MOXHO OIPAHIIATHCS TUATOHAJIBHBIM MHOXKECTBOM.
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IlonmmHOMUMANIBLHBIA MEeTOH AJIsA OIIEHKH! IIapaMeTpPOB COBEPIIEHHBIX PAaCKpPacoOK
NUPKYJISHTHBIX rpadoB B 2 11BeTa

C. M. HOBUKOB

HupxynsatabiM rpadoM ¢ HAOOPOM OUCTAHIUR d, ..., d; HA3BIBAIOT HEOPUEHTUPOBAH-
ueii rpad C(dy, ..., d ), BEPIIMHBI KOTOPOTO TEJIbIE YUCIIA, U ISl JIIOOBIX X, Y € 7 KOTMIEeCTBO
pebep, COEMUHSIONINX T U Y, PABHO KPATHOCTY BXOXKIEHUS YUCIIA | — Y| B MYJIbTUMHOKECTBO
{dl, ceey dk}

CoBepIIeHHOI paCKPaCKOil HUPKYIISTHTHOTO Tpada B 2 1BeTa (YepHBbIil 1 6eJIblil) Ha30BEM
pPacKpacky, B KOTOPOR Y KaXXION YePHOUN BEPIIINHBI POBHO b 6EIBIX COCEMOK, a Y Kax o 6esomn
POBHO ¢ 4epHBIX cocenok. Ilapy (b, ¢) Ha3LIBAIOT MapaMeTpaMu PACKPACKH.

B paGore u3yuaercs ciemyromuii BOIIPOC: MPU KaKuX 3HaYeHUsx k, b, ¢ manmercs rpad
C(dy,...,d), KOTOPBIIl UMeeT COBEPIIEHHYIO PacKpacKy B 2 useta ¢ napamerpamu (b, c)?

[ToxoxKme BOIPOCH PACCMATPUBAJINCEH, K IPUMEPY, B cTaThax [1], [2].

M-KPATHBIM MYJIbTUTARIMHTOM abeseBol rpynmnbl H ¢ moMortibio " Tk

u: H — 7 wasosem dyukumo v : H — Z takyio, uro Y u(g — h)v(h) = m mus mo6oro
heH
geE H.

W3BecTHbril dakT, uto cymecTBoBanue packpacku rpada C(dy,...,dy) ¢ mapamerpamu
(b, ¢) skBUBaJEHTHO cylecTBOBaHUIO 1eioro P > 0 u packpacku ¢ napamerpamu (b, c) co-
orsercryiortero rpada Cp(dy, ..., dy), BepIUITHBL KOTOPOrO - siieMenThl Z/ PZ.

Oxa3sbiBaeTcs, coBepiieHnble packpacku rpada Cp(dy, ..., d;) B 2 nBeTa sSBIAIOTCS YaCcT-
HBIM CJIyYaeM KPATHBIX MyJIbTUTAMINHIOB rpynnsl Z/PZ. KpaTHble My/IbTUTARINHIT XKe
CBOIATCS K PEIIeHUAM HEKOTOPBIX MOJIMHOMUAIBLHBIX CPABHEHUIA.

OCHOBHBIM pe3y/IbTATOM PAbOTHI ABIIAETCS CJCHYIOMIAs TeopeMa:

Teopema 1. Ecau rpag C(dy, ..., dy) HMeeT COBEPLIEHHYIO DACKPACKy C HapaMeTDaMU

b+c

Lt .
ged(b.o) 4 » BBIIOIIHS

(b, ¢), TO @I IFO60OrO MPOCTOrO YUCIA ¢ U HATYPAJIBHOIO t TAKUX, Y4TO
emgb—l—cﬁQk—k%.

Ormerum, u3 Teopemsr 1 ciemyet, uTo B ciayuae 3 nuctannuit (k = 3) mapamerps (5, 3)
HEZIOMYCTUMBI (UTO JaeT OTBET Ha ONUH M3 IOCTABJIEHHBIX B [1] Bompocos) , a B ciyuae 4
nucranmuit (k = 4) mapamerpst (6,5), (7,4), (7,5), (8,3) HenomycTuMs.

CnMCcoOK JIMTEPATYPBI

[1] Xopommosa . B. O mupkyasHTHBIX COBEPIIEHHBIX packpackax B nsa usera // Huckper. aHamms u
uccyen. omepamuii. 2009. T. 16, N 1. C. 80-92.
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CogBepiiieHHbIe 4-packpackyu 6€CKOHEYHOTO IIUPKYJISTHTHOTO rpada
CO CIUIOIITHBLIM HAOGOpOM AMCTAaHIIUN

B. II. IInAKCcuHA, II. A. IIIEPBUHA

I'pad Komu Co(1,2,3,...,n) GECKOHEUHON NUUKJIMYECKON T'PYIIBL, Yy KOTOPOLO COBO-
KYIIHOCTD TIOPOXKIAIOIINX SBJISIETCS HAUaIbHBIM OTPE3KOM HATYPAIILHOTO DS, HA3bIBAETCS
MUPKYJISSHTHBIM T'PadoOM CO CIJIOMTHBIM HabopoMm mauctanumit. CoBepleHHBIE 2-PACKPACKT
Takoro rpada 6butn onucassl B [1]. Tam xe Oblta BeICKazaHa FHIIOTE3a O TOM, ITO BCE BO3-
MOKHBIE IJINHBI IIePUONOB 3TUX PACKPACOK B IMPOU3BOJILHOE UUC/IO IIBETOB MCUEPIILIBAIOTCS
OpOUTHBIME, & Takke ciemyornmmMu: 2n,2n + 1, u 2n + 2. B [2] nannas rumoresa Gbuia
MONTBEPXKICHA B CIydae NBYX MUCTAaHINWE. B HacTosenn paboTe K 5TON TUIIOTEe3e HalIeH
koHTprpumep. [locTpoeHbI coBepIlieHHBIE 4-PACKPACKK B YIIOMSHYTOM BHIIIe rpade mpu uu-
cie nuctanuuit Buna n = 3k + 1, k > 0 ¢ mepuomom 4n + 2. last ciydast packpacok B 3
IIBETA, & TaK¥XKe IJIs IPYTOro YNCiIa OUCTAHINN BOIPOC OCTAETCS OTKPBITHIM.

Pa6ora Bermonmena npu nomnep:xkke Marematunuaeckoro llenTpa B Akamemroponke, co-

riaieHue ¢ MuHICTEpPCTBOM HAyKM U BhICIero obpasoBanus Poccuiickont Penepanuu HOMED
075-15-2019-1675.
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On 2-closed quasiregular permutation groups

D. V. CHURIKOV

Let Q be a finite set and G < Sym(£2). Denote by Orbs(G) the set of all orbits of the
induced action of G on Q x 2. The 2-closure of the permutation group G is defined to be
the largest subgroup G® in Sym(Q) that have the same 2-orbits as G. The group G is said
to be 2-closed if G®) = G. The concept of 2-closure was introduced by H. Wielandt in the
framework of the method of invariant relations, developed by him to study group actions [1].

A permutation group is quasireqular if it acts regularly on each of its orbits. In this
talk we are interested in necessary and sufficient conditions for a quasiregular group to be
2-closed. An attempt to find such conditions for abelian groups (which are quasiregular)
was made by A. Zelikovskii in [2, Corollary 5|. However, the conditions appear to be wrong
and infinitely many counterexamples were found in [3].

Developing Zelikovskii’s ideas, we obtained a criterion of the 2-closedness for quasireg-
ular groups. A more subtle criterion for abelian permutation groups with cyclic transitive
constituents is also obtained.

This is a joint work with Ilia Ponomarenko, funded by RFBR according to the research
project — 18-01-00752.
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Edge-transitive antipodal distance-regular graphs of diameter three with =1

A. L. GAVRILYUK, A. A. MAKHNEV, L. YU. TSIOVKINA

The current work is devoted to the problem of classification of edge-transitive antipodal
distance-regular graphs of diameter three. This problem has been intensively studied in
the class of arc-transitive graphs, however, there are some special cases that remain to be
considered, including a classification of arc-transitive graphs with 1 = 1 (the latter condition
means that any two vertices at distance two have exactly one common neighbour); besides,
very little is known about antipodal distance-regular graphs of diameter three that are edge-
but not arc-transitive. We investigate automorphisms and structure of antipodal distance-
regular graphs of diameter three with 4 = 1, and classify those that are arc-transitive or
edge-transitive. In general, arc-transitivity or edge-transitivity of such a graph always imply
2-homogeneity of the action on the fibres that is induced by its automorphism group. This
observation allows us to base our arguments on the classification of finite 2-homogeneous
permutation groups.

Theorem 1. Let A be a distance-regular graph with intersection array {f — 1, —
2,1;1,1,8—1}, where s := f —a+1 > 1, let A be the set of fibres of A, and G = Aut(A).
Denote by K and G the kernel and the image of the induced action of G on A, respectively.
Then B —1 =cs and o — 2 = ¢s — s for some c € Z, and the following statements hold:

(1) if G4 is a 2-homogeneous, but not 2-transitive group, then G* < ATLy(q), |A| =
=3 (mod 4), \/es+ (s/2—1)2 ¢ Z, and either K =1, s =2 and ¢ = (¢ — 1)/2, or s is
odd;

(2) if G4 is an almost simple 2-transitive group, then K = 1, s = 2 and ¢ = 2"~ !,
and either Soc(G) ~ Lo(2"™) and A is a Mathon graph, or G acts intransitively on vertices
of A;

(3) if GA is an affine 2-transitive group, then G acts intransitively on arcs of A.

Theorem 2. Suppose A is an edge-transitive distance-regular graph with intersection
array {f —1,a —2,1;1,1, 8 — 1}, let A be the set of fibres of A, and G = Aut(A). Denote
by K and G4 the kernel and the image of the induced action of G on A, respectively. Then
either « = 8 € {3,7} and A is the second neighbourhood of a vertex in a Moore graph of
valency «, or a < 8 and one of the following statements holds:

(1) G4 is an almost simple 2-transitive group, K = 1, Soc(G) ~ Ly(2") and A is an
arc-transitive Mathon graph of valency 2";

(2) G4 is an affine 2-homogeneous group and A is a half-transitive graph.

The work of L.Yu. Tsiovkina was supported by the Russian Science Foundation under
grant no. 20-71-00122.
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On codes with d = 3 in the coset graph of the binary Golay code

I. Yu. MOGILNYKH

A code in a graph is a subset of its vertices. The minimum distance d of a code C' is
MiNg yeC,z£yd(x,y), where d(x,y) is the minimum number of edges between vertices x and
y. Omne of the main problems in coding theory is finding a code in a graph of maximum
size with a given minimum distance. When we speak of the codes in Hamming graphs we
use traditional parameters length n, size (dimension k if the code is linear) and minimum
distance d. The automorphism group of a code C' in a graph G is defined as the setwise
stabilizer of C' in the automorphism group of G.

The previous record for the size of binary code with d = 3 of length 23 had been 72 -2!2
for almost 50 years [2]. In 2017 a new record was set to be 80 - 212 in [1] by Laaksonen and
Ostergard.

Let Cs3 denote the unique linear binary Golay code with parameters n = 23, k = 12,
d = 7. By I's3 we denote the coset graph of the binary Golay code Cs3, i.e. the graph with
the cosets of Csy3 as vertices and the pairs of cosets with vertices at Hamming distance 1 as
edges. This graph is known to be distance-regular, moreover its distance-3 graph (which is
denoted by I'y3) is strongly regular.

We consider the problem of finding the maximum size of a code with minimum distance
3 in the graph I'ss, i.e. the size of maximum clique in the graph I'ss. Using GRAPE package
for GAP [3] we obtained the following.

Theorem. There is a code in the graph I's3 with d = 3, size 72 and nontrivial auto-
morphism group.

Remark. We see that the corresponding binary code (a union of cosets of the Golay
code) is of the same size 72 -2'? as the previous record [2]. Moreover it could be shown that
this code and the code from [2] are inequivalent with respect to the automorphism group of
the Hamming graph.

This work was funded by the Russian Science Foundation under grant 18-11-00136.
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On WL-rank of Deza Cayley graphs

V. PANSHIN, R. BILDANOV

The WL-rank rkwr,(I') of a graph I' is defined to be the number of classes in the coherent
configuration of I'. The graph I is strongly regular if and only if rkywp, (I') < 3. The following
generalization of the notion of a strongly regular graph was suggested in [2]. A k-regular
graph I' is called a Deza graph if there exist nonnegative integers a and b such that any
pair of distinct vertices of I' has either a or b common neighbors. A Deza graph is called
strictly if it is non-strongly regular and has diameter 2. It is a natural question how large
the WL-rank of a Deza graph can be.

In the talk we are interested in the WL-rank of Deza Cayley graphs. It is easy to check
that the WL-rank of an arbitrary Cayley graph does not exceed the number of vertices of
this graph. We construct a new infinite family of strictly Deza Cayley graphs for which the
WL-rank is equal to the number of vertices.

The WL-rank of Deza circulant graphs, i.e. Deza Cayley graphs over cyclic groups, is
studied in more detail. All strongly regular circulant graphs, i.e. all circulant graphs of
WL-rank at most 3, were classified independently in [1, 5, 6]. We classify Deza circulant
graphs of WL-rank 4. We also establish that some families of strictly Deza circulant graphs
have WL-rank 5 or 6. Together with computational results [3, 4], this implies that every
strictly Deza circulant graph with at most 95 vertices has WL-rank at most 6.

The talk is based on joint work with Dmitry Churikov and Grigory Ryabov.
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CI-property for subsets of finite simple groups

G. K. RyaBov, A. V. VASIL'EV

Let G be a finite group. A subset X of a group G is called a CI-subset if for every Y C G
the isomorphism of Cayley digraphs Cay(G, X ) and Cay(G,Y) implies that Cay(G, X) and
Cay(G,Y) are Cayley isomorphic, i.e. there exists ¢ € Aut(G) such that X¥ =Y. The
problems concerned with the Cl-property are being actively studied in many papers during
last fifty years. However, the most of the results on Cl-property concerned with abelian
groups.

A subset X of GG is called normal if X9 = X for every g € G. We prove the following
theorem.

Theorem. If G is a simple group and X is a normal inverse-closed subset of G then
X is a Cl-subset.

The obtained result continues the investigation of central Cayley graphs over almost simple
groups started in the paper [1].
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On a property of Z4-linear Reed — Muller codes

F. 1. SOLOV’'EvA

Let Z, be the ring of integers modulo four and Z% be the set of all quaternary words of
length N. A nonempty subset C of Z% is a quaternary code and a subgroup of Z}' is called
a quaternary linear code. The Lee weight of elements in Z4 is wz,(0) =0, wr(1) =w(3) =1
and wz,(2) = 2. The Lee weight wy,(u) of a word in Z} is the addition of the Lee weight
of all its coordinates. The Lee distance dr,(u,v) between two words u, v € ZY is defined as
dr(u,v) =wr(u—v).

A quaternary linear code being a subgroup of ZY is isomorphic to an abelian structure
of type Z3 x Z3, so we have |C| = 274°. Such code C is called quaternary linear of type
(N;~,9) and its binary image C = ¢(C) under the Gray map is a Z4-linear code of type
(N;~,6). In [3] two constructions giving | ™1 | families of quaternary linear Reed — Muller
codes for each value of m are proposed. The families are distinguished by using subindexes
s from the set {0, ..., 251}, so for fixed m, r and s we have the code RM,(r,m). One of
the constructions is the quaternary Plotkin construction that generalizes the construction
given in [2]. Let us consider it.

Let RM,(r,m—1) and RM,(r—1,m—1), 0 < s < [=2|, be any two quaternary linear
RM codes of type (N; 45, 1,05, 1) and (N;45_y 1,651 1) of length N = 2772 size
2k and 2% -1, code distance 2™~ "1 and 2"~ respectively, where k, = > ._, (mi_l) and
kr_1 = Z::_Ol (m;l). In [3] it was established that for any » and m > 2, 0 < r < m, the
code obtained by using the Plotkin construction

RM(r,m) = {(ur|u; + uz) : uy € RM (r,m —1), uz € RM(r —1,m —1)},

0 < s < |™-1] with the exception m odd and s = (m — 1)/2, is a quaternary linear code of
type (2N7 PYﬁ,m? 67§,m)7 where f}/ﬁ,m = Wﬁ,m—l + 7ﬁ—1,m—1 and (5ﬁ,m = 57§,m—1 + 5$—1,m—1' The
length of the code is 2N = 2™~!, the number of codewords 2¥, where k = >""_ (), the

i
code distance

2m=r,

Theorem. For any r and m > 2, 0 < r < m and for any s, 0 < s < LmT_IJ with the
exception m odd and s = (m — 1)/2 there exists a basis of minimum weight codewords for
the quaternary linear code RM(r, m) of type (2N; ;. ., 65 )-

The work is supported by REBR (grant 19-01-00682).
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On m-involution graphs of finite simple groups of Lie-type of even characteristic

L. Yu. TSIOVKINA

Let G be a group with a G-conjugacy class X of involutions and let m be a subset of
spectrum w(G) of G. Let gF (G, X) denote the graph on X, in which involutions x and
y are adjacent if and only if z # y and the order of the product xy is contained in m; we
call gF (G, X) by a m-involution graph of G. If the set m consists only of odd numbers,
then the graph gF; (G, X) coincides with a m-local fusion graph of G. One motivation for
studying such graphs is to specify the structure and permutation representations of finite
simple groups, e.g. see [1].

In this talk, we will investigate m-involution graphs of some finite simple groups of
Lie-type of even characteristic. In [2, 3], it was shown that for each group

G € {PSLa(q), PSU3(q), Sz(q)}

with ¢ = 2" > 4, its {x(G)}-local fusion graph, where x(G) denotes the associated prime
number of G in the sense by Suzuki, is an antipodal distance-regular graph of diameter 3.
By using this result, we will show that the following theorem is true.

Theorem. For each group G € {PSLy(q), PSUs(q),Sz(q)} with ¢ = 2" > 4 and for
7 =w(G) —{2,x(G)}, the unique m-involution graph of G is a vertex-transitive Deza graph
of degree q¢'(q—2) and diameter 2 on (¢' +1)(q—1) vertices, in which the number of common
neighbors of two distinct vertices equals (q—2)%(¢' —1)/(q—1) or ¢'(¢—3), where ¢! = (|G|)a.

Remark. The construction of these families of Deza graphs seems to be new.

This research was supported by the Russian Science Foundation under grant no. 20-71-

00122.
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Pa3pa6oTrka MeTOnoB m3BjieueHUs1 MHPOPMANUN O COOBITUSIX M3 TEKCTOB,
IIpencTaBJIEHHBIX B CETU MHTEPHET

B. C. ABAYBAEB

ComnuanbHble CETH ¥ HOBOCTHBIE CAWTHI UTPAIOT 3HAUMTENbHYIO POsib[l] B X)usHu co-
BPEMEHHOT'O YejoBeKa. IKeTHEBHO IOJIB30BATEIISIMU T€HEPUPYETCS OTPOMHOE KOJIUYIECTBO
rHbOpMAIN 1 MeTanHOPMAINN B BHUAE TEKCTA, CONMUAIIBHBIX IpadoB, Pa3IMIHOTO pPOOa
akTUBHOCTEN u mpoduero. (C MOMOIIBI0 CTATUCTUYECKUX U METONOB MAIIUHHOTO O0yJeHUs
CYLIECTBYET BO3MOXKHOCTBH II0 OTKPBITON MHGOPMAIINN aHAJIN3UPOBATH TPEHOBI, NUHAMUKY
WHTepeca U TPoQuIb MHTEPECOB MOITH30BATEIIEN.

Cy1ecTByoIme CuCcTeMbl, CIOCOOHBIE TTPOU3BOAUTE MOMOOHBI AHAIN3 JTUOO SIBIISIFOTCS
pe3yIbTaTOM PabOTHI BEICOKOOITIAUNBAEMBIX CIIEIIIAIINCTOB, JI100, OyIydIn OCHOBHBIM MCTOY-
HIKOM 3apaboTKa KPYIHBIX KOMIIAHUH, SBJISIOTCS OOBEKTOM KOMMEPUECKOol TaiHbl. locTymn
K QYHKIISIM MTOMOOHBIX CUCTEM CUJILHO OTPAHUYEH U TPENOCTABIIETCS 38 OTIETBHYIO TIIaTy.

PaspabareiBaeMblil B paMKax OAaHHOI PabOTHI IPOrPAMMHBIN KOMILJIEKC W HAOOpP aJiro-
PUTMOB TIO3BOJIUT aHAJIMU3UPOBATH TPEHOBI CPEOU 3a0aHHBIX TPYMN HaceneHus. s moucka
TPEHAOB OyIyT HCHOIB30BATHCS AJITOPUTMBI[2] 06pabOTKI €CTECTBEHHOIO S3bIKA U CTATU-
cTuueckne Metonbi[3] anamusa maHHbIX. Takike B OymylleM IUIAHUPYETCS CO3IATH KOPILYC
11t OOyYeHUsT, TECTUPOBAHUS U VITYUIIIEHUS aJTOPUTMOB PACIIO3HABAHUS TPEHIOB. Peamm3a-
Vsl AJITOPUTMOB [Tl OGHAPYKEHUs CBsI3ell MeXIy TpeHmaMu|[4] mo3BoauT co3naBaTh Gosee
JeTaJIbHbIE ONMUCAHUS COOBITHUN.

OTKPBITHIN UCXOMHBIN KO TMTO3BOIUT JIIOOOMY MOJIB30BATEIIIO 3aIlyCKATh IMTPOTPAMMHBIMN
KOMTIJIEKC Ha, CBOMX MOIITHOCTSX, CO3IAaBATh HOBBIE U MOOUMUIIMPOBATE CYIIECTBYIOIINE aJl-
TOPUTMBI PACIO3HABAHUS COOBLITUM.
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AHanmu3 TOHAJIBHOCTHU U pacCiio3HaBaHUe BMOI_II/If;I OJIAd CO3O0aHMA
NMHTEJUVICEKTYaJIBHOI'O IIOMOILILTHIKA

A. H. AKATOB

NuTenmexTyanbHble BUPTYAIIbHBIE TIOMOIITHIKN OOPETAI0T BCe OOIBITYIO MOIIYIISIPHOCT.
OHU CTAHOBATCS YMHEE U C KaXIBIM TOIOM MX BO3MOXHOCTH yBenumumBatoTcs. OmMHAKO Bee
oHr masieku oT mmeasia. OmHUM u3 Hanbolee AKTYaJbHBIX HAIPABIIEHN PA3BUTUS B HTOMN
cdepe sBIsieTcst ouesioBeunBaHune 60ToB. (CIOCOGOHOCTHU MTOMOIITHUKA ONPENeIsiTh HAaCTPOe-
HIUE 4YeJIOBeKa U ero SMOLMU IIO3BOJIAT PeajIi30BaTh NONOJHUTEIbHBIN QYHKINOHAI I Oosee
IPONYMAaHHYIO OOpATHYIO CBSI3b, & TaK XK€ yBeJIWdaT yOOBJIETBOPEHHOCTH YeJIOBEKa OT MC-
IIOJIb30BAHUS.

Hannas paboTa SBISETCS YaCThIO MPOEKTA II0 CO3MIAHUI0 WHTEIUIEKTYAJIHBHOTO IIOMOIII-
HHUKa, KOTOPBII MOXKeT ObITh OCOOEHHO II0JIE3€H CIa00OBUISIIIIAM JIIOOSIM, U IIOCBSIIIEHA TIOUCKY
peltreHnit pacno3HaBanus smonnit. OOGBEKTOM UCCIEIOBAHNN SIBIISIIOTCS METONBI aHAIN3a TO-
HaJIBHOCTU TeKcTa. B paboTe paccMOTPEHHBI KJIaCCHYECKUe TOOXOMbI Ha OCHOBE IIPABUII,
CJIOBapell W MeTOHNOB MAIIMHHOTO OOYUeHWsI C MCIIOJIb30BAHUEM IPEeNOOYUYEeHHBIX SI3BIKOBBIX
Monesteli. Ilocequue, cormacHO HEMABHUM MCCIENOBAHUSAM, IIO3BOIISIOT 3(PGEKTUBHO peraTh
3aa49yl KJIaCCU(UKAIIAN SMOIINN, YBEPEHHO NOOMBAsCH XOPOIIUX PE3yJIbTAaTOB.

Henpro marHON PabOTHL ABIIsIETCS pa3paboTKa MOIYJIIS OIS WHTEIEKTYaJIbHOTO TTOMOIII-
HUKAa, CIIOCOOHOIO aHAJIN3UPOBATh TOHAJIBHOCTD U PACIO3HABATH SMOLUNI IOJIB30BATENIS.

s mocTuxeHus: 5TON 1e/in ObLIN PEIIeHBI CIEMYIOINe 3aIauni: U3YUeHbI CYIIeCTBYO-
1€ aJITOPAUTMBl PACIIO3HABAHUS 9MOIINY, IIPOBEIEHBI CPABHEHNS 3TUX AJITOPUTMOB, BEIOpaH
HanboJlee MOOXONSIIINN M PACCMOTPEHBI CIIOCOOBI yIIyUIIIeHUs Pe3yIbTaTOB 3a CUeT aHaJIn3a
3aTyXaHUs YMOIIA.

B panprefirein paboTe IIaHUPYETCs pealn30BaTh HEMPOHHYIO CETh IS aHAIIN3a TO-
HAJIBHOCTHU TEKCTa, a TaK XK€ PacCMOTPeTh BO3MOXKHOCTB PACIO3HABAHUS 5MOLMI B TOJIOCO-
BOU 3aIICU 3aIIPOCa IOJIL30BATEIIS.
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O 3KBUBAJIEHTHOCTU KOHEYHO-aBTOMATHBIX ATPUOYTHBIX MOJINTUK
nHGOPMAITMOHHON 6Ge30IacHOCTH

C. A. AoonuH, A. JI. KY3HEIIOBA

OnHuM U3 TOAXOMOB K 06ECIIeUeHI0 Ge30MaCHOCTI COBPEMEHHBIX MH(DOPMAIINOHHBIX CH-
CTeM SIBJIIETCS aTPUOYyTHAS MOIEb PasTPAHUUYEHUs HOCTyIa. PeleHue o mOCTyIe 3aBUCAT
OT 3HAUEHUSI CAMOTO OOBEKTa U 3HAUCHUN HEKOTOPBHIX OOBEKTOB B €ro OKpyxkeHuu. [lomu-
THUKa HOCTYIIa COCTOUT U3 HAGOpa MPaBUJI, ONEPENESISIONINX YCIOBUS N0CTya. I[Be momuTuku
SKBUBAJIEHTBI, €CIIM X MHOXKECTBa MOCTYIIOB COBIANAIOT. B maHHO! paboTe MOKa3BIBAETCS
Pa3permMoCTb 3a0a4l TPOBEPKK SKBUBAJIEHTHOCTU MBYX IMOJUTUK, 38JaHHBLIX KOHEUHBIMIN
ABTOMATaMU CIIEIIATBLHOTO BUIA.

[Iycts ¥ — xomeunwiii andasut. WHOOpMAIIMOHHOI CHCTEMOI HA30BEM KOHEUYHOE MHO-
xecTBO 00bexkmos X = {X7, Xo, ..., Xy}, rme kaxapiit 06beKT X, NPUHIMAET 3HAUEHUE
r), w3 X*. Cocmognuem CECTeMbI HazoBeM cjioBo m3 a3bika Lg = (X*$)V~1¥* B andasure
Y U {$}, rme cumBon $ ucnonb3yercst B KauecTBe Pa3NeNUTeNsl 3HAUYCHU 00BEKTOB.

Bymem cunmtarh, 94TO B cUCTeMe MOMYyCTUMBI TOJBKO M3MEHEHUS 3HAYEHUN OOBEKTOB.
[MonuTuka nocryma omnpenensercs Habopom muokectB P = (A; C Lg,i € {1,...,N}).
Ecnu coctosuue x nmpunaniexuT A;, TO B 5TOM COCTOSHUU OIMYCKAETCsI W3MEHEHUe 3Ha-
yeHns obbekTa X;, TO ecThb m3 X = x1972%...82 Ny MoxHO mepeiitm B cocrosmme Y =
18 .. 8z 18282, 1198 . .. $axn. Taxoe meiicrBue HazoBeM donycmumblm 1 GyneM 0603HAUATE
Kak X +; X'. OTHOIEeHne —; eCTECTBEHHBIM 0OpPa30M PACIIUPAETCS M0 PeDIIeKCUBHOIO 1
TPaH3UTUBHOI'O 3aMBIKAHIS —p II0 BCEM 3JIEMEHTAM IOJIUTUKA P.

IIycrs Rp(x) = {X’ € Ls : x —p X'} ecTb MHOXeCTBO COCTOSHUI, NOCTIKUMBIX I3
x s nomutuku P.  CocTosHue Y Ha30BEM DA3AUNAOWUM IS TOJUTUK P; = <AZ(.1) -
Lg,ie{l,...,.N})u P, = (AZ(Z) C Lg,i€{l,...,N}), ecru HailmeTcss TAKON UHIEKC 4, UTO
X € Agl) A A§2). Iomuruku P, u P, Ha30BEM 9K6UBAACHMHbIMY OIS HAYAJILHOTO COCTOSHIUS
X, eciu MHOX)ecTBO Rp, (X) U Rp,(X) HE COMEPKUT PA3TUIAIOIINX COCTOSHUI.

[Momutuky P HazoBeM a8momamroti, eciii MHOXKeCTBa A; peryisspHbL.

Teopema. CyriecTByer ajaropuT™ IPOBEPKU SKBUBAJEHTHOCTH ABYX ABTOMATHBIX II0-
autuk Py n Ps.

Pabora Brimonuena npu nopnep:xkke rpanta POUN 18-07-01055.
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KinacTepu3aruss MHOTO3HAYHBIX JIOTUYECKNX BBICKA3BLIBAHUN C yYE€TOM
MHOTO3HAYHOI'0 KJIacCa MOAeJIEM M Mep HeTPUBUAIILHOCTEN

A. A. BUKEHTHEB, B. 5. BEPUKOB

PaccmaTpuBaeTcss omHa M3 aKTyallbHBIX 3a0ad Ha CTHIKE MaTeMaTHYIEeCKOW JIOTUKU 1
MAIIIMHHOTO OOyUYeHHUs — aHAaJIN3 JIOTUYEeCKUX BBICKA3bIBAHUU, IIOIyUeHHBIX M3 Oa3bl 3Ha-
HIH MHPOPMAIIMOHHOW CUCTEMBI WK OT HKCIEPTOB KAKOW-Tub0 mpenMeTHon obnactu. [Ipm
aHan3e TpeOyeTcs HalTH OJIU3KNE BBICKA3BIBAHUS, BBISBUTH NOCTOBEPHBIC, HAITHU HETPU-
BUAJIbHBIE U T.O0. Pa3bueHme MHOXecTBa BBICKA3BIBAHUI Ha ITOIMHOMXKECTBA IIOXOXKUX dle-
MEHTOB (KJIACTePHU3aInsl) MO3BOJISIET TPOBONUTHL CTPYKTYpPUPOBaHUe Ga3bl 3HAHUN U O6JIer-
JaeT TMOMCK BBICKA3bIBAHWI, Hambosee pejleBaHTHBIX 3ampocy. Ilias kmacTepusanuu 3Ha-
HU, TOCTPOEHUS PEIIAIoNINX (PYHKIIUI Ha OCHOBe (OPMYJI-BBICKA3LIBAHUI, TpeOyeTcs BBe-
CTU paccTosHUe Mexny dopmynaMu. B paboTe BBICKa3bIBAHUS 3alMCAHBI B BuAe HOPMYII
N—3HAYHOUN JIOTUKU, YTO IMO3BOJISIET YUUTHIBATH UX BO3MOXKHYHO HemoiHoTy. C mpusede-
HIIEM MHOTO3HAYHOTO KJIacCa MOmesell (IepeMeHHasl MOXKET BXOOUTH B MOIEIb C PA3INIHEI-
MU 3HAYEHUSIMU MCTUHHOCTU) OIPENENSIOTCS PACCTOSHUS Mexmy dopmymamu: p(p, ) =

1 n—1—n—1 |k—I| k l |S(2) _ 7

5T 2ok—0 2a1—0 =1 M (5 57 ) > THE 1 YMCI0 BCEX MHOTO3HAYHBIX MOIEJICIT,
k l o k

M (ﬁ? m) — WHCI0 TeX Mozerneil, Ha KOTOPHIX (GOpMy/a ¢ IPUHEMAET 3HAUCHHEe — ',

a1 — # BBenmeHbl Takke HOBBIE MEPBI HETPUBUAILHOCTH, OOOOIIAIOIINE IPEIJIOKCHHEIC

panee B paborax [1|-[3] u umerortme Bum: I(p) = p(p, 1), rme 1 — TOXKTECTBEHHO MCTUH-
Has popmyna. llokazaHo, YTO BBENEHHBIE CEMENCTBa Mep O0JIAaIal0T CBOWCTBAMHU METPUKIU.
[Ipenmoxensl pa3nuIHbe METONBI KJIACTEPU3AINY JIOTUIECKIX 3HAHUH I METOObI CPABHEHUS
pe3yIbTAaTOB Ha OCHOBE MHIEKCOB KadecTBa. PaccMOTpEHBI KOHKPETHBIE IIPUIMEPHI aHATI3a
BBICKA3bIBAHUN MJIsI JIOTUK Pa3INIHON 3HAYHOCTH. llomydennble pe3yabTaThl 0000IIEHBI HA
cllydail KOJUIeKTUBHON KiacTepusanuu [4] Ha OCHOBe aHCAMOIIsT METPUK.

Pabora Beimonmuena npu nonnep:xkke PODU, mpoekT 18-07-600a.
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Axcuoma I0JIHOTHI He MpoTUBOpeunT dopmasibHON apudmeruke Ilemekuuma —
ITeano

A. B. BECCOHOB

B GombimmHCTBE paboT, MOCBAIIEHHBIX TeopeMaMm ['émesns o HemosHOTE, M (GopMa-
musaruu (He)mokasyemoctu B apudmeruke emekunna — Ileano (PA) wmcmombsyercst ToT
WM WHOIl TIPeIuKaT NOKasyeMocTu. Kakume-mmbo mHble BhIpasuMmble B cMbicie ['émens (G-
8bIPa3UMblE) TIPEAUKATHI OOBIYHO BOOOIIE He paccMaTpuBalTcs. OmHaKo ONOGHAST OrpaHMU-
YEHHOCTH MOXKET MPUBONWTH K JIOXKHBIM BbiBomaMm. Hampumep, eciu dpopmanu3oBath B PA
(HE) IOKa3yeMOCTh MOCPEICTBOM KAKOTO-In00 MpeanKaTa HeIOKa3yeMOCTH, T.e. MpeIuKaTa,
HNCTUHHOTO MCKITIOUMTENBHO Ha HOMEpaX HemOKa3yeMbIX (opMysl (He 06sS3aTeNIbHO BCEX), TO
3aKJIoueHne BTOpoil Teopemsl ['énernst o HenomuoTe (ecnu PA menporusopeunsa, To PA me
MOXKET [OKa3aTh CBOK HEIIPOTHBOPEUNBOCTH) OKA3BIBACTCSI HEBEPHBIM (cM., Hamp., [1]). Uc-
MOJIb30BAHNE HE-TENEIeBbIX BBIPA3UTENLHBIX CPENCTB MPUBOOUT U K APYTUM HHTEPECHBIM
pesyJibTaTaM.

Pacemorpum npenukat paspewumocmu Solv(z, y), KOTOPBII BBIIOIHIETCS TOT A 1 TOIb-
KO TOI[a, KOIJa T SIBASETCS DEIe/IleBLIM HOMEPOM HEKOTOPOU 3aMKHYTOR (HOPMYJIBI, & Y —
réIe/IeBBIM HOMEPOM [NOKa3aTeThCTBA (DOPMYJIBI C HOMEPOM & I HOMEPOM IOKA3aTEeIbCTBA
oTpuaHust (POPMYIIbI ¢ HOMEPOM Z. OTOT IPEOUuKAT OUYEBUIHO paspermnm, u 3HauuT, G-
BbIpasuM B PA mekoTopoit apubmerndeckoit popmymoit Solv(z,y).

Paccmorpum dopmymy

VxIySolv(z,y).
Ona G-BeipaxaeT TO, 9To B PA mis mo6oi 3aMKHYTONH (HOPMYJIBI IOoKaszyeMa b0 OHA,
6o eé orpunanue, T.e. G-BoIpaxkaeT GakT MOJHOTHI PA, mosToMy eé ecTecTBEHHO Ha-
3BaTh akcuomoti noanomsr (CA). OCHOBBIBasCH Ha DEINEIEBOM IOKA3ATEIIHLCTBE HEIIOJIHOTHI
PA, merpymHO mokas3aTh, 4TO IPU TEX XKe YCJIOBUAX, KOTOpbIE HakjambiBaeT Ha PA cam
INémens, CA B PA mepaspemmma.

[Mockonbky CA HepaspemmuMma, €€ MOXHO NPUCOCOUHATHL K akcumomam PA, momyuus B
pesylibTaTe HEeIMPOTUBOPEUYUBYIO CUCTEMY. DTa CUCTEMa, OUeBUIHO, W-TIPOTUBOpeYnBa. 11o-
5TOMY OPUTMHAIILHOE TEMEIIEBO I0KA3ATEILCTBO HEMOIHOTHI (6e3 yuera monubukanuu b. Poc-
cepa) mist Heé He 3HAUNMO. HO maxke He3aBHCHMO OT BOIpoca o TosHOTe cucteMbl PA + CA,
caMo 1o cebe Hajuume HEeMPOTUBOPEUMBON TEOPUM, B KOTOPOIl yTBEPKIAETCI, UTO JIHOOas
dbopmyita paspermma B PA, B HEKOTOPOM CMBIC/IE TTPOTUBOPEUYUT TepBoil Teopeme ['éners o
HETMOJIHOTEe apuPMETUKNU.

COuCOK JIUTEPATYPHI
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No. 3 (2016), 389.
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Pa3pab6oTka TpaHcisTOpa MoOesiel IPOrpaMM U UX BepUUKAIINS

IO. FO. BonnouIPEBA

B cBs3u ¢ TeMm, uTO MHGOPMAIIMOHHBIE CUCTEMBI IIPOHUKIIN BO BCe CEPHI KU3HU, B TOM
YUCJIe B CUCTEMBI, OT KOTOPBIX HAIIPSIMYIO 3aBUCSIT 3I0POBbE U MaXKe KU3Hb JeJIOBeKa, MPOo-
BepKa Momesiell mprobpeTaeT BCE OOJBITYI0 3HAUMMOCTL NMPU Pa3zpabOTKe TPOTPaMMHOIO
obecreueHnst cuCTeM BBICOKON Haméx)kuocTu. (Obecrnevenne NOCTATOYHO TOJTHON ITPOBEPKU
MomOeJIm CUCTEMBI Tpe6yeT HAJIN4YUA TOYHOI'O M IIOJTHOI'O OIIMCAaHUs ITIOBEOCHIM S TeCTpreMOﬁ
cucTeMbl. B mepByto ouepens, BaXXHO TPABUILHO CHOPMYIUPOBATH 3a0ady Ha €CTeCTBEHHOM
sI3bIKE, YTOOBI MTOTOM 3alpOrpaMMUPOBATH HAHHYIO cucTeMy. llpm sTom mits HarasmHO-
CTHU CO3MAHUSI AJITOPUTMA UCIIOIB3YIOT PA3IINIHOTO POIA CXeMbI (6II0K-CXeMBI, rarapaMMbl,
rpadsl u 1p.).

3agacTyio, arropuT™M paboOThI CUCTEMBI M300PETAIOT JIION, HE SIBIISIOIIIECS Tpodeccu-
OHAJILHBIMU ITPOTPAMMUCTAMU, U YTOOBI TPOTECTUPOBATH KOPPEKTHOCTH €e paboThI, Tpedy-
eTCsl 3aKOMUPOBATh CXEMY AJITOPUTMAa, U TOIBKO IMTOTOM ITPOTECTUPOBATH HAIIMCAHHYIO TTPO-

rpaMMy.
Il1s1 aBTOMATHU3aIINN OIMMMCAHHBIX BBIIIE OEHCTBUN OBLIO IIPUHATO PEIeHre CO30aTh BeO-
CEPBUC BU3YaJIBLHOTO IMPOTPAMMUPOBaHUs. DBusyajabHOe IpOrpaMMHUPOBAHUE — CO3IaHUE

KOMIIBIOTEPHON IPOTPaMMBI IIyTEM MAaHUITYIMPOBAHUS IPadUIeCKIMU OOBEKTaMU BMECTO
HaIMCcaHus eé Koma. Ha OCHOBe TPOBENEHHHOTO B paboTe [1] cpaBHUTENBHOrO aHAIM3a He-
CKOTBKUX BepudukaTopoB, Obu1 BbiOpan mHCTpyMeHT SPIN [2], koTopblil mO3BOIISET mO-
CTATOYHO IIOJTHO IPOBEPUTH CIPOEKTUPOBAHHYIO IIOJIH30BATEIEM MONEIb Ha COOTBETCTBUE
IpenbIBICHHBIM €l TpeboBaHUIM, CHOPpMYIUPODAHHBIM Ha SA3bIKE JTUHEMHON TEeMIOPAIbHON
noruku LTL. Takum ob6pasom, Mbl paspabaTbiBaeM Be6G-cepBuc [3], mo3Bossronmii cosma-
BATh CXEMbI U TPAHCIUPOBATH UX B sA3bIK Promela (BHYTpEHHHI S3bIK PACMATPUBAEMOrO
BepudUKaTOpPA), UCIOJIL3YEMBbI I aBTOMaTUueckoil Bepudukaruu B SPIN.
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O cBsA3U CII0XKHOCTHU IIporpamMm M1 mUxX OGyCJ’IOBJ’IeHHOCTI/I JAHHBIMN

®. B. BYPTHIKA

KﬂaCCI/IquKI/IM 00BEKTOM N3y4d€HUA TeOpun CJIOKHOCTEN BLIUNCJICHUI IBJISIETCS 3aBUCU-
MOCTBb 9KCJIa [IAr0OB, BHIIOIHIEMBIX TIPOTPAMMOI OT IFIMHBI BXOMa (XapakTep STOU 3aBUCH-
mocTn). Eciau npu yBeamueHUn MIMHBL BXOMA HA § UKCIIO IIATOB MPOrPAMMBI BHIDACTAET B
KOJIMYECTBO Pa3, KPAaTHBIX §, TO I'OBOPAT, 9TO IIPOrpaMMa IMEET 3KCIIOHCHIINAJIBbHYIO BbBIYN-
CIIUTENIBHYIO CIIOXNKHOCTD.

O6o3raunM yepe3 U HEKOTOPLIN YHUBEPCYM KOMITBIOTEPHBIX Iporpamm. Kaxxmas mpo-
rpamma T € U BBIUUCIIET HEKOTOPYIO peKypcuBHyio dyukuumio [1] Fr : dom(w) — ran(mw)
(MHOX)€ecTBO dom(7) HA KOTOPOM MPOTPAMMAa T KOPPEKTHO 3aBEPIIAETCS HA3BIBAETCS €8 HOCU-
meaem MU OBIACTHIO ONMPENESIeHNsI, & MHOXKECTBO ran(7) Ha3bIBAETCSA 0OIACTHIO 3HAUECHNIT),
T.e. IIpU [OHade Ha BXOIN BEKTOPA BXONHBIX NAHHBIX & = (Z1,..,7T) € dom(w) (umcio k
HA3BIBACTCA 0AUHOl 62000, KAXILI apaMeTp T; MOXKET NPUHAMATL OBa WU 0ojee pas-
JMYHBIX 3HAYEHUI) MOCIE BBIMOIHEHNUs TPOrPaMMa BO3BPAIIAET BEKTOP BBIXOMHBIX TAHHBIX

—

f = (f1,-, fn) € ran(m) (uucio n HasbBaeTcs daunol eéwixoda). IlporpaMmer m1 u 7o
HA3BIBAIOTCS SKBUBAJICHTHBIME (71 ~ Ty B CUMBONIax) ecian Fr, = Fr,.

Ounpenenenune. Bpemenem pabomut npoepammbl Ha30BeM KOJIHIECTBO IIATOB (SJI€MEH-
TapHBIX AEHICTBUI B BEIOPAHHON MOIEJI BBIUYUCJICHUI), KOTOPBIE OHA [OJIXKHA BBIITOJIHUTD 10
3aBepIIeHUs (AJI IOJyYeHUs Pe3yabTaTa) U 0003HAUNM BpPEMs PabOThI IPOrDAMMBI T HA
(BekTOpE) BXONHBIX MaHHBIX T Kak Time[r(T)].

O6o3naunmM uepe3 domy (7) MHOXKECTBO BEKTOPOB daukbl k Ha KOTOPBIX IIpOTrpaMMa
KOPPEKTHO 3aBEPIIAeTCS.

Ounpenenenne. IIporpamMma T HA3bIBAETCA 00YCA0BAEHHOU OAGHHBIMU (3a8UCUMOT 1O
dannvim) Ipu gauHe BXoma k, ecim eé BpeMs pabOTBI 3aBUCHT OT HCXONHBIX JAHHBIX, T.e.
takas aro Time[r(Z)| # Time[n ()] ama Hexkoroprix &, 3 € domy () Takux uro & # 3.

Ounpenenenne. IIporpamva T Ha3bIBAETCS 00HO3HAUHO OBYCIIOBIEHHON JAHHBIMU (O-
HO3HAYHO 3aBHCUMOII [0 AaHHBIM) IIpU AJInHE Bxona k, ecam mis Beex X, Y € domy () copa-
BenuBo T # ¢ = Time[n(Z)] # Time[n(¥)].

Teopema. Eciu npu KaXxnon AIHHE BXO4a IPOrPaMMa OZHO3HAYHO 00YCIIOBIIEHA BXOI-
HBIMJ JJAHHBIMU, TO OHA UMEET SKCIIOHEHIHAJIBHYIO BEIYUCIUTEIHHYIO CIOXKHOCTb.

CIIMCOK JIUTEPATYPHI
[1] Manbues A. Y. Anroputmer u pekypcusable ynknun, Tom 1085. Hayka, 1986. 368 c.

FOoucnvrti Pedepanvrviti ynusepcumem, Pocmos-wa-Zowy/Tazanpoe
E-mail: bbfilipp@yandex.ru

64


mailto:{b}{b}filipp@yandex.ru

MamnbneBckue urerus 2020 Anrebpo-oruyeckmue MeTOmbI

IlepcnekTuBbI UCHIOIb30BaHUS TU(PPOBHIX ABOMHUKOB B OM3HEC-IIpoIleccax

A. NI. BATAHOBA, II. E. [TAIbYYHOB

[udposoit neoitauk (ILI1) - 5T0 mudpoBast Komus GU3NIECKOIN CUCTEMBI, KOTOPasi MOKET
CYIIIECTBOBATH KaK CAMOCTOSITENIbHBI 06beKT [1].

OcuoBras Macca uccimenoBanuit u paspabotok 1 cocpemoToueHbl Ha PeIeHnn TPOMbBI-
IIJIEHHBIX TpobsieM: ¢ momoribio [[J] yMeHbITaoT 3aTpaThl Ha MPOU3BOICTBO, COKPAIAIOT
BpeMsl BBIXOMIA HA PBIHOK, YIIYYIIIAIOT KOHCTPYKTUBHBIE OCOOEHHOCTH (PU3UIECKUX CUCTEM.

B 6msnec-nponeccax 1[I ncnomb3yoTces s MOBBIMIEHUS SKOHOMUYECKON 3(DdeK TUBHO-
CTU KOMITAHU, TOBBIIIEHNS 3DPEKTUBHOCTA PabOTHI COTPYIHUKOB, MOBBIIIEHUS YCTONYIN-
BOCTHU OM3HECA 3a CYeT POCTA CKOPOCTU U KadecTBa amanTanuu K u3MeHeHusM. lludposbie
IBOMHUKY B OU3HECE CTPOSATCS HA OCHOBE MHMDOPMAIIMOHHBIX CUCTEM, KOTOPBIE OTCIIEKMBAIOT
nmencTBUs pabOTHUKOB, 3aKa34YNKOB miin mokymnarenein. (CO0p 3HAHUI O MpoOIeccax, MIPOWC-
XOOSAIINX BHYTPU KOMIAHUU, U CO3aHUE OHTOJIOTHI MOMOTAET YIyUIINTh COTPYIHUIECTBO
MeXIy mapTHepamMu 1o Om3Hecy Osaromaps OBLICTPOMY M3BJledeHUI0 MHGopManuu n3 601b-
I0r0 06BeMa SKCIIepTHHIX 3HaHuil [2] [3].

B pabore paccmaTpuBaroTcs mepcreKTuBhI ucnosb3oBaHus 1[J] B 6usHec-mporeccax B
KadyecTBe OBOMHUKA PEaJIbHOTO YesIOBeKa, O0JIaIaloiero HabopoM OIpeNeSIeHHBIX 3HAHUM U
KOMITETEHIIN, [JIs B3aUMONENCTBUS C OPYTUMU JIIOOBMU U OPYTUMU TU(GPOBBIMU OBONHU-
KaMU, HaIIPUMep, C IeJIbI0 IPEeNoCTaBIeHns NHMOpMAIUK M0 3ampocy 6e3 ydJacTHUs CBOETrO
opuruHasia. [l7s pelreHns MOCTABJIEHHBIX 3alad UCIOIB3YIOTCSI METONbI CEMAaHTUIECKOTO
MozenpoBaHus [4].

CIINCOK JIMTEPATYPBI

[1] Grieves M. Origins of the Digital Twin Concept // Working paper, Florida Institute of Technol-
ogy/NASA. 2016.

[2] Kokopes I.C., FOpur A.A. Iludppoeble NBOMHWKN: MOHATUE, TUNLI U MPEUMYIIECTBa it 6usneca //
Colloquium-journal. 2019. N 10 (34).

[3] Moder P., Ehm H., Jofer E. A Holistic Digital Twin Based on Semantic Web Technologies to Accelerate
Digitalization // EADTC 2019: Digital Transformation in Semiconductor Manufacturing. 2019. pp
3-13.

[4] Gumirov V.S., Matyukov P.Y., Palchunov D.E. Semantic Domain-specific Languages // In: 2019 Inter-
national Multi-Conference on Engineering, Computer and Information Sciences (SIBIRCON), Novosi-
birsk, Russia, 21-27 Oct. 2019. IEEE Press, 2019. P. 0955-0960.

Hosocubupcrut 2cocydapcmeennvit yrusepcumem, Hosocubupck
E-mail: vaganova.ann00@gmail . com

65


mailto:vaganova.ann00@gmail.com

MamnbneBckue urerus 2020 Anrebpo-oruyeckmue MeTOmbI

PaBPHGOTKa mMeToma Bb160pa OIITNMAJIBHBIX I'IyTEI?I AJIsA CO3daHUA IIPUJIO2KEHU A
IIOCKa aBHaIlepesieToB

A. B. 'ABPUIIEHKO

ABuamnepeBo3KH SBIISIOTCS OMHON U3 BaXKHEHWIITNX OTPACIIEN B COBPEMEHHOM MUPE, MHOTHE TO-
CymapcTBa aKTUBHO TONAEPKUBAIOT 1 Pa3BuBaoT uX. COrracHO MaHHBIM ABUAIEPEBO3UNKOB,
€XKETOMHBI MUPOBOII POCT KOJMYECTBA aBUAIACCAKUIPOB COCTABIAET OKOJI0 8%. YunrhiBas
IAaHHBIN (HAKT, Y MHOTUX HACCAXKUPOB BO3HUKAET HEOOXOMMMOCTDH B IOMCKE ONTUMAITBHBIX
MAapILIPYTOB IJIs IEPEIETOB.

MapmpyT MoxkeT OBITH ONTUMU3UPOBAH IO PA3INIHBIM KPUTEPUIM — IleHa OuseTa, KO-
JINYEeCTBO IEPECANIOK, BpeMsl 3aTpadeHHOe Ha mepeneT. llanHas paboTa MOCBsIIEHA pa3pa-
00TKe MOOenu W MeTOna BhIOOpa MapIIPyTOB OJIs CO3MAHUS MPUJIOXKEHUS IIONCKa aBuabmiie-
TOB C yUeTOM IIPENIOYTEHUN ITacCakupa U BPEMEHHU 3aTPadeHHOMY Ha HPOXOXKIEHUE IPO-
Heoyp asponopTa (perucTpanus/TaMOXKHs). Y YUTHIBas 5TU GAKTOPHI IPUIOKEHNE MOXKET
npenjaraTh MIOIb30BATEII0 Ooslee JIydllie BapUuaHThI epesieTa, YeM OJIUTEeIbHBIN IIONCK II0
OOBITHOMY PACIUCAHUIO aBUAIMIEPEBO3UUKA.

ems paboTer: pa3zpaboTka 3PGhHEeKTUBHOIO METOIA pacueTa MapIIpyTa IepeseTa.

B xone manHOI paboTHl OBITIO CIETAHO CIIEMYIOIIIEE:

e paspaboTaHa MOOeIb IJIs IJIAHUPOBAHUS aBUallepeseTa, ¢ ee IIOMOIIBI0 MOXKHO Xpa-
HUTH MHGOPMAINIO O BO3MOXKHBIX MapLIpyTaxXx B r'padax HeOOIBIIIOIO pa3Mepa.
Takum 0Opa3oM BO3MOXKHO BBIOJTHUTH MPENBAPUTENbHBIN pAacueT BCEX BO3MOXK-
HBIX TI€PeJIeTOB (HAIPpUMED 71 OIPENEeSIeHHON NaThl), COXPAaHITh B 6a3e MaHHBIX
rpadoB 1 B pe3yiIbTaTe MOIyIaTh ONTUMAITBHBIA MapPIIPYT 0€3 MITNTETHHOTO OXKI-
IaHUS BBIUUCIICHUS,

® [JI5 TIOMCKa ONTUMAJBHOTO IIyTH MEXIY a’poropTaMu ObLI MCTOIB30BaH 0600ITIEH-
HbBI MeTon [lefiKCTPhI M1 38181 ¢ HEOTPUIIATETbHBIMI BEKTOPHBIME BecaMu peGep
2].
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Pa3pa6GoTka MeTOmOB CO3MaHUs CMapT-KOHTPAKTOB M I'eHepalluu TEKCTOB
JOTOBOPOB HA OCHOBE CEMaHTMYECKUX Mojesiell GM3HeC-IIPoIIeCCOB

A. T". TATUEBA

Ha maunbIll MOMEHT B mIporiecce IudpOBU3AIINNA SKOHOMUKN aKTyaJbHBI pa3pabOTKu B cdhepe
aBTOMATU3AINN (POPMAIU30BAHHBIX Ou3Hec-porieccoB. OTedecTBEHHBIMU pPa3pabOTINKaAMMI
ObLIII PEIICHEI 3a0a491 CO30aHA CMapPT-KOHTPAaKTOB C NUCIIOJIB30BAHNEM CEMaHTUYECCKUX MOOe-
neft 6usHec-miporeccos [1, 2, 3, 4]. ITomumo camoil aBroMaTH3aIUN HEOOXOMUMO YIPOCTUTH
MIPOIEYPY BAJIUIAIINN CMapT-KOHTPAKTOB, OOECIIeUnB SKCIIepTaM IIpeaMeTHON 00IacTl JI0-
CTYH K UX ayIuTy Yepe3 B3anMONENCTBIE C TEKCTOM HOTOBOPA.

Hempio paboThl ABISIETCS pa3pabOTKa METOMIOB CO3MAHUS CMapT-KOHTPAKTOB U TeHepa-
U1 TEKCTOB NOTOBOPOB HA OCHOBE CEMaHTHUUYECKUX MOOEJIEN OM3HEC-IIPOIIECCOB.

B pamkax sToit paboTh! Obl1a pa3zpaboTaHa MporpaMMHasl CUCTEMA I CO3naHus GopMa-
JIN30BAHHBIX aBTOMATU3MPOBAHHBIX KOHTPAKTOB, TIO3BOJISIONIAS TeHEPUPOBATDH UCITOTHIEMbIH
KOIT CMapT-KOHTPAKTa Ha OCHOBE €r0 CEMAHTUYECKOTO OIMUICAHUS, a TaKXkKe COOTBETCTBYIOIIIEE
IpenCcTaBlIeHNe TEKCTa JOTOBOPA HA €CTECTBEHHOM SI3BIKE, UTO MO3BOJIUT YIIPOCTUTDH U yIle-
IIEBUTH ayOIUT CMapPT-KOHTPaKTOB.
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Y-cnenuduKanus B3aMHOTO MCKJIIOYEHUs B MapajlyIeJIbHBIX ACUHXPOHHBIX
nporpamMmmax

B. H. I'nymkoBA

Omua u3 nmpobseM HapajlIeJIbHOrO MPOrPaMMUPOBAHEUS COCTOUT B 3allpeTe OMHOBPEMEHHOIO
oGpaIlleHusI TIPOIECCOB K PA3essieMbIM MEPEMEHHBIM. JTO CBONCTBO (B3AUMHOTO WUCKITIO-
yeHus) mposepsieTcst Ha rpade ' moTOKa MAHHBIX MPOrpPaMMBI Pr, KOTOPBIN MIPEICTABIISA-
€TCA CIIMCKOM CMEXHBIX BEPHIMH U CTPOUTCA IIO E-CHGHH@HK&HHH SA3BIKa IIPOIr'paMMMPO-
Bauus (g4n). CemaHTUKA AN 3amaéTC MHOTOCOPTHON MOmenbio M U3 KOHCTAHT ceMeil-
ctBa C' = {C;};er ¢ manmerpoiikoit, nopoxnensonn u3 C' rpamvarukoin G = (V,P); V, P
-MHOXkecTBa cuMBOJioB u mpaBui; V' C [, I—wmuOX)ecTBO copToB. IlycTh cuHTakcuc an 3a-
magrcs rpaMMaTukoil G ¢ TUIMUYHBIMEU OIEPATOPAMU W OMEPATOPOME CHUHXPOHU3AIUNA TPO-
nieccoB wait m nop. s noctpoenus M ucnonb3yem Teoputo u3 AgT-KBa3suTOXKIECTB, Ope-
nensieMbix Kak Ag-dopmyist [1] ¢ mpedukcom Buma:

(Vai1€t1) ... (Vem€tm) (Y1 < 21) ... (yp < 2p)(@(Z, 1) = Y(Z,1))

m>1,p>0,y,z €<z,t>1<j<p Dopmynsl ¢ (¢) KOHBIOHKINS U AN3BIOHKIIS
aToMHBIX dopMmyn Buma r, (r, f = T) win ux OTpunaHUl; 7, f— TPEOUKATHBIA 1 (QYHKIU-
OHAJILHBLIN CUMBOJIBI, T— TepM. llepeBo BBIBOmA pr MPENCTAaBSETCS CIUCKOM TakK, 4TO OT-
HOIIICHUAM —, € COOTBETCTBYIOT OTHOIICHHS ~JjleBee” U MepapXUUeCKOTO MOMUMHEHUs y37I0B
nmepeBa. Teopust mHTEpIpeTUPyeTCs MO TMpaBwily BeiBoma MP Ha cmmcke, mcxoms u3 3HaTe-
uuit dyaxuun Val(ps,var,0) mis BXOOHBIX NepeMeHHBbIX, N = (— 3HaUeHUe MUCKPETHOIO
BpPEMEHU-11ara BeIYucienus). PopMyrna ¢ MOXeT COmepKaTh Ba OTPAHUUYEHHBIX KBAHTOPA
[I0 YKCJTY BBIIOJTHEHHBIX II1Ar0B BBIYMCIIEHUS U IO cmckaM rpada ', mocTpoeHHOro Ha i-OM
mrare. [lycTs mporpaMma COCTOUT U3 ABYX MPOIECCOB PS1, PSo W 3a1aHa QYHKINSI PA3METKI
[ mns onepatopoB. Omneparop wait(f) peaau3oBaH MOCPENCTBOM OXUIAHUS IO YCIIOBUIO;
f—06ymneBa mepemennas. [lpu MomenupoBaHuU TPOIECCOB abCTPATUPYIOTCS OT OTHOCUTETh-
HBIX CKOPOCTEN OIepaIliii 1 CINTAIOT ,9TO HAa JII0OO0M IIIare BEIYUCICHUS MOXKET UCIOTHUTHCS
ouepemHOu omepaTop ro6oro npouecca. I'pad Iy (') cTpouTes miis HAYATIBLHOTO 3HAYEHUSI
f=0(f=1). ¥Ysen rpada — cuucok Buna < k,< f,l(op1),l(op2) >; k1, ke >, k, k1, ko —
HOMED y3J1a 1 HOMEePa CMEXHBIX ¢ HuM BepruH. ['pader I'j(m) cTposTes mocmenoBaTenbHO
C UCIIOJIL30BAHUEM NIBYX CTEKOB Sk(ps;,n) U3 OmepaToOpOB, MOMJIEKAIINX UCIOIIHEHUIO TOCIIE
Nn— II1aroB BBIYUCJIEHUS, IIPUYEM B CIIMCOK 3aHOCATCS TOJBLKO HOBBIE y3/Ibl. T.K. paccma-
TPUBAIOTCS IPOrPAMMBI ¢ KOHETHBIM InciioM cocTostauit, To (Im)(I';(m+ 1) =T';(m)=I;).
[Ipo6ema B3amMHOTO MCKITIOUEHUs CBOMUTCS K cyliecTBoBaHuiO B rpadax ['g u I'; moseit ¢
MEeTKAMU U3 KPUTUIECKUX CEKITUN.
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Pa3pa60TKa ABTOMATU3NPOBAHHBIX METOAOB MN3BJICUECHUA 3HaAHUN
N3 MeAUIINHCKNX TEKCTOB

T. B. IIEMEHTBEBA

[enb paboTel - pa3paboTka aBTOMATU3UPOBAHHOIO METOHA IJIsS WU3BJIeYeHUs U (HOopMasb-
HOTO TIPENCTABIEHNS 3HAHNN 13 TEKCTOB MEMUIIMHCKNX NOKYMEHTOB, HATMCAHHBIX HA, PYCCKOM
SI3BIKE.

B pabote perraeTcs mpobsieMa U3BI€UeHNS TOJIE3HON MHOOPMAIINT U3 MEIUITTHCKUX TEK-
CTOB IJIsl TIonoJTHeHust 6a3bl 3HaHuil obtaunoin miardopmbl IACPaaS. Ilns pemenus 3Toit 3a-
a9’ UCIIOTb3YETCSI METOM MPeoOpa30BaHUsI TPENJIOKEHN €eCTECTBEHHOTO SI3bIKA B OECKBaH-
TOpHBIE POPMYIIBI JIOTUKN IIPENNKATOB B BuIe (PPArMEHTOB aTOMAPHBIX TUATPAMM, OCHOBAH-
ueii Ha Teopun U. A. Menpuyk ” Cmercnt «=» tekcr” [1].

B xome paboTs! 6611 MOTUGUIITPOBAH TEOPETUKO-MOIEIbHBIN TOAXOI K PEIIEHIIO 33,0891
U3BJIEUEHNS 3HAHUIT [2] ¢ yI8TOM crenuduKu OCTPOSHNUS TIPEIIIOKEHNN B MEIUIINHCKIAX TEK-
CTax.

s OCTpOEeH!sI CMBIJIOBOTO NIEPEBa, B KOTOPOM KOPEHb NepeBa - Ha3zBaHue OOJIe3HW,
BETBU - NPENUKATHI, HE KOHIIEBbIE BEPINUHBI - KOHCTAHTBI-UHOCHTU(PUKATOPHI, 8 KOHIIEBBIE
BEPIIUHBI - CMBICJIOBBIE KOHCTAHTHI MCHOIBL3YyETCs aJITOPUTM ITPeOOpPa30BaHUS ITOTY YeHHBIX
dbparMeHTOB ATOMPHBIX IUATPAMM B ABYXMEeCTHBIE penukaTs [2]. Ilamee 5T0 mepeBo TpaHc-
naupyetcs B MamuHOunTaeMblil popmar JSON [3].

I51s TeCTUpPOBaHUS MCIOIB30BAINCH TEKCTHI MEOUIIMHCKUX CTATEl C OMUCaHueM 00je3-
Hel, UX JIe9YeHUs U TUAarHOCTUKH.
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K Bompocy nmpumMeHeHUs1 QYyHKIIUN aareOpsl JIOTUKNA K PEIIIEHUIO
OIITMMM3AIIMOHHBIX 3a0a4

b. H. IIPOBOTYH

[IycTs pabora coBokymHocTr 066eKTOB T = {T7;Ts; . ..;T;} B mTaTHOM pexume obecre-
YMBAETCS 33  CUYEeT  BBINOJIHEHWS  BCeX  0A30BBIX  YCJIOBUIL U3  MHOXECTBa
S = {S1;5;...;5,} W HEKOTOPBIX MONOJHUTEILHBIX YCIOBUI W3 MHOXKECTBA
R = {Ri;Rs;...;R;}. Ilpm 5TOM, BBIIOJHIMOCTBH TOJIBKO GA30BBIX YCIOBHII He obecre-
unBaeT GyHKIMOHUPOBaHUE O00beKTOB 1j ;T15,;...;T5, € T, 1 < i3 < ig < --- <t < 1
B IITATHOM pexuMe, a TpeOyeT BLITOJTHEHUs IJIs KaXXIOTO U3 HUX eIlle U HEKOTOPOro I0-
MIOJTHUTEILHOTO YCJIOBUS, BBIOOD KOTOPOTO MOXKET OCYIIECTBIISITHCS HEOMHO3HA4YHO. UYepes

R§f);R§f);...;R§f), 1 < g1 <jJo< - <y, <n,lpy €N o603HAUNM NONIOITHUTEIHHBIE
YCIIOBUS, KaXKI0e U3 KOTOPBIX (BMECTe C OCHOBHBIMU YCJIOBUSIMU) TAPAHTUPYET IITATHBIN
pexkuM paboTsl obbekTa 1, 3 k= 1;2;...57 .

CucreMy MOMOTHUTENBHBIX YCIIOBUiL, 00ECIEeYMBAIOIIYI0 (BMECTE € yCIOBUSIME U3 S)
IITATHBIN PeXuM PabOTHI BCeX OOBEKTOB COBOKYITHOCTU T, OymeM Ha3bIBATb MUHUMAJIBHO
OONYCTUMOW, eCciu yIaJleHne W3 Hee JII000r0o yCJIOBUSI IPUBOOUT K HAPYIIEHUIO IITATHOTO
pexuma. OO0benrHEHnEe MHOXECTBA S ¢ MUHIMAJIBLHO IOy CTUMON CUCTEMON YCJIOBUI Oymem
Ha3bIBATH ONTUMAJILHOU CUCTEMOI.

B manHOIT 3aMeTKe maeTcs OMuCaHme TeOPETUUECKUX MPENIOCHIIOK MEeTONA HAXOXKIEHUS
onTuMaIbHBIX cucTeM. OToxmnecTriss ycioBus u3 R ¢ mepemenubivu, paccmorpum KHEP

T
op= \(RYVERDVv.. ;vRD)
k=1

[Ipeo6pasyem sty KH® x [JTH® ®7., parocuibroir $1 [1].

OcuoBHble cBOMCTBa GOyHKINN P 3aKIIIOUAIOTCS B CIIELYIOLIEM:

1) B xaxmom morudeckom ciaraemMoM ¢yHkImn ®7L, st KaxK I0ro 00bEKTa COBOKYITHOCTH
T, pyHKIIMOHTPOBaHWE KOTOPOTO HE 0OECTIEUNBAETCS 3a CUET BBIIOITHEHWS TOJIHKO OCHOBHBIX
YCIIOBHII, CONEPXKUTCS (B KAUECTBE JIOTMUECKOTO COMHOXKUTEIIsI) HNOMOTHUTEBHOE YCIIOBHE,
obecnieunBaoliee (COBMECTHO C OCHOBHBIMU YCJIOBUSIMU CUCTEMBI S) IITATHBIA PEXUM Pa-
OOTEHI 3TOr0 OOBEKTA;

2) COBOKYNHOCTD JIOTMYECKUX COMHOXKUTEIEN KAXKIOTO JIOTUIECKOTO CIaraeMoro QpyHk-
mun P7. npencrasisier co60il MUHIMAJIBHO IOIIYyCTUMYIO CHCTEMY yCIIOBHIL;

3) O6benuHeHNe COBOKYIHOCTHU AOMOIHATEIBHBIX YCIOBUN KAXKIOTO U3 JIOTMUECKIX CIIa-
raemeix Qyskiun P ¢ MHOXKECTBOM S HaeT ONTUMANbHYIO CUCTEMY yCIIOBHIL.

CIINCOK JIMTEPATYPBI
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Pa3pabGoTka Momysis moncka OnTUMAaJILHON TTOCJIeIOBATEIBHOCTU NENCTBUMN IJIs
CO3MaHUs MHTEJUIEKTYAJIbHOIO IMIOMOIITHUKA

A. O. 3ANIEB

[TonynapuocTh ceTu UHTEPHET U, KakK cjaencTBue, pazputue I'T TexHOIOTME YIPOCTUIN XKU3HD
yesoBeka. llogBuiach BO3MOXKHOCTEH TOJIOCOBOHN MHepemadr COOOIIEHUN, M3-3a Uero Havajiul
pa3BUBATHCS YMHBIE TIOMOIITHUKY 1 4aT-00ThI. JlanHas paboTa sBISETCS YACTBIO OOJIBIIIOTO
IPOEKTa WHTEJIEKTYAIBLHOTO IIOMOIITHIKA, CO3IaBAE€MOTr0 MJIs MOMOIIN CIAOOBUISIIINM JIIO-
ISM, 1 HaIlpaBjeHa Ha IIONCK ONTUMAJIBHON IOCIeNOBATEILHOCTH NENCTBUI.

[Torck onTuMaIBHON TTOCTIENOBATETHFHOCTH IEUCTBUN KaK 3a/1a9a MOSBUJICS OYEHB JTABHO.
Eite B 19 Beke mosBuinch mepBble 3a/1aUM MTOMCKA, CAMOTO BBITOIHOTO MApPIIPYTa, TPOXOMI-
1ero yepes ykasauuable ropoma. (OCHOBHOI MpPOOGIEMON MOMCKa ONTUMAJIBHOTO MAapIIPYyTa
SIBIISIIACH U SIBJISIIOTCS OTPDAHUYIEHUS.

Wcnonb3oBanue CYIIIECTBYIOIIETO AJITOPUTMAa, YUUTBIBAOIIIETO JIUIIh YaCTh OTPaHUYE-
HIH, He OyIeT OJOCTaTOYHA JIS TIOCTAaBJICHHON 1emu. [foaToMy yueT BCEBO3ZMOXKHBIX OT'DaHU-
YeHU MO3BOINI ObI TIOCTPOUTH MOJTHYIO MOOENb MOUCKA ONTUMAJIBHON MOCTIENOBATETEHOCTH
MENCTBUN.

Henbio manHOM pabOTHI ABISETCSI Pa3paboTKa MOMYJIIS U1 WHTEIEKTYAILHOTO TTOMOITI-
HUKA, BBITIOJHSIONIETO IIOMCK ONTUMAJIBHON MOCJIENOBATEIHLHOCTH TOJIB30BATEILCKUX JEH-
CTBUI ¢ y4eTOM orpanmdenuit [1].

B pamkax paboThl 6bLIN TOCTABJIEHBI CIEMYIOIINE TIO0ATBHBIE 330a9N: OMPENeIUTHCS
C TEXHOJIOTUSIMU, BBIOPATH NPUTONHBIN aJITOPUTM, CIIOCOOHBIN BBINOJIHSITH PeEIleHUe II0CTa-
BJIEHHOW TIEJTV, peajin3allis ajJropuTMa Ha BEIODAHHOM sI3bIKE MPOTPAMMUPOBAHUS, BCTPAU-
BaHMe B OOIIIYIO CUCTEMBI W ITPOBEPKA KAUeCTBa PE3yIbTAaTOB.

Ha nammoM sTame ObLIN pEIIeHBI CIEOYIONIAE 3a0aun: TPOBENCH aHAIU3 JIUTEPaATYPHI,
n3ydeHa MpeaMeTHYIO 00JIacTh, pa3paboTaHa OHTOJOTUUECKYIO MOMEJH PEIIaeMON 3a0aun
[2, 3], ompemesieHBI TEXHOJOIUE ISl TIOCTABIICHHON 3aa4l, ObLI BBIOPAH CYIECTBYIOIINI
IIPUTOMHBIN aJITOPUTM, PEATN30BAH U MPOTECTUPOBAH, MTPOAHAIIN3UPOBAHBI PE3YITLTATHI €r0
PabOTHI.
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Pa3pa60TKa CUCTeMbl KOHTEKCTHOTI'O IIOMCKa 1 M3BJI€EYCHUsA apryMeHTallunu mn3
TEKCTAa Ha €eCTeCTBEHHOM s3bIKe

. K. 3ynuH

Ho6brua aprymenToB (Argumentation Mining) — pasmen uccienoBasmii MaImH-
HOU OOpabOTKM eCTECTBEHHOTO s3bIKa, C(HOKYCUPOBAHHBLIN HA TIONCKE W W3BIIEUYEHUUW yTBED-
KNOEHNA U OCHOBAHUU M3 TEKCTOB.

Cornacuo uccrienoBauusiM, nposeneHHbIM B 2019 u 2020 romax kommanwmein Jumpshot,
6osee 50 TIPOIIEHTOB MOUCKOBBIX 3ampocoB (Google He mpuBen K mepexomny Ha CTOPOHHUE pe-
CypcBhI. ODTO O3HAYAET, YTO CPEMHECTATUCTUIECKOMY IIOJIB30BATENI0 HE CTOJIb BaXKHA caMa
cTpaHUIa, Kak nabopMarus o Heir. Taxmm obpas3oM, cTal aKTyaJbHBIM BOIPOC O pa3pa-
0oTKax TeXHOJIOFPIfI, IIO3BOJIAIONINX aHAJU3UPOBATHL U IMPEOOCTABIATE KPATKYIO CBOOKY IIO
3aIIPOCY HA Pa3/INYHbIC TEMATUKU.

B mamno# paboTe miaHUpyeTCs CO3IaHNE CUCTEMBI, aHAIN3UPYIOIIEe HOBOCTHBIE CTATHI
C HeNIbI0 BBIAYN apTyMEHTOB IO TeEMAaTHKe, 33IaHHON 3aIIPOCOM IIOJIb30BaTelIsd. 1akxke, s
pertteHnst PobIeMbl OMOHUMUY CJIOB, BO3HUKAIOIIIEN IIPU MCHOJIb30BAHNN KPYITHBIX CIIOBapen
OyneT MCIOJIb30BaHA MOMEb, MO3BOJISIONIAS KJIacCU(UINPOBATH CJIOBA B 3aBUCAMOCTU OT
KOHTEKCTa UX UCIOJIb30BAHUS, UTO TAKXKe MO3BOJIUT CY3UTh MOUCK IO COXPAHEHHBIM MNOKY-
MEHTaM.

B moksnane Gymer paccMOTpeHa MOIeNb JIaTeHTHOro pasmertenus Hupuxie [1], a Takxe
eé mpuMeHeHne B 00/1aCTH TTONCKA apTyMEHTAIINN Ha 3aJaHHYI0 TEMATHUKY IJIS 3apaHee olrpe-
IIeJIEHHOT'O KOPITyCa TEKCTOB.

CIINCOK JIMTEPATYPBI
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dopmMupoBaHUE MIOPTPETA BBICIIIETO y4eOHOrO 3aBeeHUS AJIs
PeKOMeHIaTeIbHON cucTteMbl «A6utypueHT — CTyneHT>

A. A. 3bIKOBA

[Ipu BEIGOpE BRICIIIETO yUeOHOTO 3aBeNeHNsT abUTYPUEHT PACCMATPUBAET PA3INIHbIE KPU-
Tepuu: Hajaudne OOMIEKUTUS, BO3MOXKHOCTb KapbepHOTO POCTa, IIPENofaBaTeIbCKIN COCTAB
u MHOrOe npyroe. [lomous emy cmenaTs BeIOOp nmpu3BaHa cucteMa “A6uTypueHnT - CTymeHT”
[1]. Ona BkiouaeT B cebs 6a3y 3HAHU [2] ¢ JAHHBIMEU U3 AHKET IJIs CTYOEHTOB U MOLYJIb
CTATUCTUKYU [3], KOTOPBI MPENOCTABISET A0UTYPUEHTY KPATKYIO CTATUCTUYECKYIO0 MH(OP-
Manuio (OueHKn, TpaduKm), a TAKXKe IOIPOOHBIE OT3bIBBL CTYAeHTOB. [loMuMo 5TOro0 cucrema
yMeeT pOopMHUPOBATH MOPTPeT yHuBepcTuTeTa. llom sTuMm onpenenenmem OymeM HMOHUMATh
Habop GaKTOB O TeX WM WHBIX cepax KU3HU yHUBEPCUTETA, KOTOpble 60jlee NPYTUX BbI-
NeJISI0TCsT U3 cnucka kpurtepueB. (CucreMa MOIMyCKaeT HECKOIBKO METONOB (hOPMUPOBAHUS
nopTpeTa:

1. ITo kpurepusm, 3amanubiM abuTyprerToM [4], Hanbosee nHTEpecyOmmM ero. Taxoit
MeTOJ UCIOJIBb3yeT CO3MaHUe OHTOJIOTMN YHUBEPCUTETOB U OOpallleHrne K Hell IO 3allaHHBIM
KPUTEPUSIM aOUTYypPUEHTA;

2. Ilo yboiBanuio “obbexkTuBHOCTU (akTa. CunmTaem, 9T0 GaKT SIBISETCS Hambosee
OOBEKTUBHBIM, €CJIM OH B TOM /M NHOM BUOE BCTPEYAETCS B CHUCKE OT3BIBOB HECKOJIBKO
pas;

3. Ilo y6eBanuio akTyamspHOCTH (hakToB. CumTaeMm, uTo GakT sBIsseTCs Hambojee ak-
TyaJIbHBIM, €CJIM OH TIOMEITIEH B CIIMCOK OT3BIBOB C Oo0Jiee MO3MHEN MATOWN, YeM IPYTUE;

4. B pexnamubix mnensax. Omnpenesisis TOHAJTBHOCTH OT3bIBA, MOKA3LIBAEM a0UTYPUEHTY,
B IIEPBYIO ouepenb, Habollee MOJIOXKUTeNbHbIE NI OTPUIlaTeIbHbIE OT3bIBHI;

5. CoBMeltieHre Pa3IMIHBIX METOIOB U3 IIYHKTOB 1-4.
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Huckperu3anus $a3oBoro mopTpeTa MoOesjiell KOJILIEBbIX T€HHBIX ceTen

H. E. KnUPuijioBA
KounbIieBble TeHHbIE CETH MONEIUPYIOTCS TUHAMUYIECKIMUI CACTEMaMU BUIA
d(% = —kjm; + f3(pj-1); dd%g = pymj —vips; j = 1,6, (1)
Bmeck f;(pj—1) — riamgxme MOHOTOHHO yOBIBaoIe GyHKINE HEOTPUIATEIHLHOIO APIYMEHTA,
p; u m; — kounenTparuu 6enxos u MPHK, p;, v; u k; — monoxuTenbHbIe TOCTOSHHBIE,
pj—1 =p1 opu j = 1.

Ha ocroBe xoMGuHATOPHOTO aHa M3a (Hha3oBOro noprpera cucteMsl (1) Hamu ObLTH yCTa-
HOBJIEHBI YCJIOBUSA CYIIIECTBOBAHUSA IIUKJIOB Y Psiia MOMOOHBIX CUCTEM IPYTHUX PA3MEPHOCTEN,
cM. [1, 2]. B macTosiieit paboTe, UCIOIB3Ys PE3Y/IbTATHI, ONMUCAHHBIE B [3], MBI CTPOUM WH-
BAPUAHTHYIO OBEPXHOCTD, COmepKaIiyio nuki cucremsr (1). Takas pemykiust pasMepHOCTH
(B mamHOM CiIyuae ¢ 6 o 2) MO3BOJSET YHPOIIATH YACIIEHHbIE SKCIEPUMEHTHI ¢ MOIOOHBIMI
MOJIEJIAME TeHHBIX CETEN. A

[Mapamenenunen @ = H;i?([O,Aj] x [0, B;]) sBiIsieTCs MHBAPHAHTHOR OG/IACTBIO CH-
cremer (1). Bnecs Aj := f;(0)/k; u Bj := p;jAj/vj. Y 910l cUCTEMBI €CTh B TOYHOCTH OIHA
cTanmoHapHas Touka Sy, cM. [1, 4]. Pasobbem o6macTb () MIOCKOCTSAME, MAPAIIIETBHBIMII
KOOPIMHATHBEIM TJIOCKOCTSM 1 TIPOXOMAIINME depe3 CTaIlMOHapHYIo Touky So, Ha 2° Gomee
MEJIKIX MapaJIIeNIENUIEeIOB, KOTOPLIE MBI Oy[IeM Ha3bIBATH OJIOKAMU U HYyMEpPOBATL OMHAD-
HBIMI MyJIbTHRHOeKcaMu: & = {€1€263646566} Tak, 4T0 £; = 0, eciu B sTOM Oi0Ke M < 1
(mmm p; <1),me; =1, ecmu mj > 1 (wnm p; > 1).

CranuonapHas TOUYKa IUHAMUYECKON CUCTEMBI HA3BIBAETCS 2UNepOoauueckot, eciu cob-
CTBEHHBIE YMCJIa COOTBETCTBYIOIIEN MATPUIILI JIMHEAPU3AIIIA UMEIOT MOJI0KATEILHBIE U OT-
pullaTeIbHbIE BEIIIECTBEHHBIE YaCTH, HO He ABJIAIOTCS MHUMBIMI.

Teopema. Eciu Sy — runepboamdeckas CTAIMOHAPHAS TOUKA, TO Uepe3 Hed MPOXOMUT
MHBApUAHTHAs IMOBEPXHOCTD, COmepXKallas MUK cucTeMsr (1).

[Tono6uBIE Pe3yIbTATEl MOIYT OBITH MOIYYEHLI U IJIS APYTUX AUHAMUYIECKUX CUCTEM,

HAIPUMeED, PACCMOTPEHHBIX B [1] — 10-MepHBbIX, 18-MepHBIX U UX AHAJIOTOB.
Pa6ora monnepxkana PODU, npoex 18-01-00057.
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OnpeﬂeneHMe n JEKOMIIO3MIINA 3a4a4 II0JIb30BAaTeEJIA OJIsA CO3OdaHUnsA
NMHTEJUVIEKTYAJIBHOT'O I'OJIOCOBOI'O IIOMOILILTHIKA

A. C. KOHOPATHEB

Pa3BuTre KOMIBIOTEPHBIX TEXHOJIOTUN U X IPOHUKHOBEHWE BO BCe ChEpPHI XKU3HU IIPUBETIO
K OTPOMHOMY POCTY YHCIIa HOJIb30BaTesell. Kpome Toro, cpemm momb30oBaTesell CTAIN IO-
SIBIISITHCS HE3PSTIre U CIIabOBUISIIINE IO, He IMEIOIIEe BO3MOXKHOCTHY HMOJTHOIIEHHO TTOJIH30-
BaThCs IIPOrpaMMaMM, TaK Kak OOJIbIlIas 9acTh MHPOpMAIUY epenaeTcs: Bu3yaabHo. [laH-
Hasl paboTa IIOCBIIIIEHA BOIPOCY OIpeNesIeHWs U HEKOMIIO3UIIUM 3a0ad IIOJIb30BATENIS IIJIs
CO30aHUSI MHTEJIEKTYaIbHOTO TOJI0COBOTO IIOMOIITHUKA I JAHHON KaTerOpUU II0JIb30BaTe-
JIeil.

Bosnbinyio nomynspHOCTh 06peTaeT aHaImM3 ecTeCTBeHHOrO si3bika |1, 2, 3]. OcHoBHOIL
Ipo0bJsIeMOll aHaIN3a €CTeCTBEHHOIO SI3bIKa, pacCMaTpPUBAEeMOl B HaHHOU paboTe, SIBIISETCS
onpenesieHNe I0JIb30BATEILCKIX 3a1at.

Hens paboTel: pazpaboTaTh U UCHOIB30BATD MJIS CO3MAHNS NHTEIEKTYATHHOTO TIOMOIII-
HUKAa MOIYJb ONPEeNeIeHns U IeKOMIO3UIINT 33,1a4.

B pamkax mamHOU paboThl GOPMYIUPOBAHBI CICAYIOIINE 3aa9l: U3YUYUTh CYIIIECTBYIO-
Ire CIocoObl aHAJIN3a TEKCTAa, N3YUUTh METONBI OIpeneseHNs 3alad II0JIb30BaTesell, olpe-
nenuTh HabOp HEOOXONMMBIX TEXHOJIOTUH, ¢(OPMYyIMpPOBATH IPUHINII IOCTPOEHUS ITAaHHOTO
MOLYJIsI, PeajIn30BaTh IPOrPAMMHBIN MOMYJIb, IPUMEHUTD MOJIYUECHHYIO Peajln3alliio B Kade-
CTBE OITHOTO U3 MOMIYJEN YMHOI'O IOMOIIIHUKA.

B pamkax paboTsl OyneT paccMaTpUBaThCs creruduieckas mpeaMeTHas 00JacTh - YHI-
BEPCUTET, & TaKke crenududeckas KaTeropus mnojab3oparerntein. OmHAKO pa3pabaThIBAEMBIN
MEeTOIl TaKKe MOXKHO OyIeT IPUMEHUTH U B IPYTUX 00JIaCTAX, U ¢ APYTUMHU IOIb30BATEISIMU.

Buinmu periensl cremyroime 3a0a9n: U3y UE€HBI CIIOCOOBI aHAIN3a TEKCTa, METOMBI OImpe-
neJeHus 3al1ad MO0JIb30BaTeslell, BEIOpaH HaOOp HEeOOXONMMBIX TEXHOJIOTUM, chOPMYINPOBaAH
NPUHINI IIOCTPOEHUST TaHHOTO MONMyss. B manmbHelnreM HeoOXOOUMO TPUCTYIUTH K peasu-
3aIliy ¥ TeCTUPOBAHUIO MOMYJIs.
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I'enepariusi pekoMeHOaui Mo BEIOOPY CIIEHAPMEB PearvupoBAHUS HA MHIIAIECHTHI
nHGOPMAITMOHHON Ge30IacHOCTH

. A. KPAEBA

B cdepe obecnieuenust nadopmarmonnoin 6ezonacHoctu (UB) mmpoko pacnpocTpaseHbt
cucteMsl Kitacca Security Orchestration, Automation and Response (SOAR), koTopsre uc-
MIOJTB3YIOTCS B OPTaHM3AIIAAX /I aBTOMAaTHU3AINN ITPOIECCOB PEATMPOBAHNS HA WHITMIEHTHI
Wb, B ToM gucse mporecca BEIOOpa CIIEHAPUEB PEATUPOBAHUS U UX BBITTOJTHEHMSI.

B cymectsytommmx SOAR-cucTeMax uCHoab3yeTcst METOM MOy YeHNsT PEKOMEH AN 10
BLIOODY CIIEHAPUEB PearnpoBaHUs Ha OCHOBE MpaBWil |[1] - SKCmepThl mpemMeTHORl o6acTu
ISl KaXKIIOTO CIIeHApUsl pearupoBaHUs 3a[1al0T IIPaBUjIa, COCTOSIINME U3 BBICKA3bBIBAHUI 00
nHIuneHTax b, miis KOTOPBIX CIIEHAPUI MOXKET HUCIOIb30BaThCs. Takxke eCTh MCCIIeNno-
BaHUS, IPENJIAraoIIe ICIOIb30BAHNE AHAIN3A [IPELENEHTOB [2-5] - 9KCIePTHI OMUCHIBAIOT
MOIeJIb IIpelefeHTa, Ha OCHOBE KOTOPOU BBINIOJIHSIETCS COXPaHEHUe U U3BJIeUeHUE IIpereneH-
TOB 13 Oa3bl.

B pabote mpenaraeTcsi OpUTMHAIIBHBIN METOI, HE TPEOYIONIN MPUBJICUECHUS DKCIIEP-
TOB NPEIMETHON 06IaCTH, OCHOBAHHBIN Ha OOYUYEHUN MPEICTABICHUSIM [6] U MHOrO3HAYHOI
kinaccudukamuu [7]. Brauase cumamckas HellpoHHas ceTh mpeobpasyer uanunentsl B B
IIPOCTPAHCTBO, B KOTOPOM MHIUIeHTH VB ¢ oquHAKOBBIME ClleHApUSIMU pearupoBaHUS Ha-
XOOSATCst 6IIM3KO APYT K OPYTY, C PA3HBIMU CIIEHAPUH - MaJeKO OPYT OT APYyTa. 3aTeM IIOIy-
YeHHBIE TIPEICTABIIEHNS NCIIOIB3YIOTCS OJIs MHOTO3HAYHON KITACCUDUKAIINN.

OxcrepuMeHTHI Ha HabOpe MAHHBIX ¢ peajbHbIMu wHIneHTamMu Wb moka3niBaroT, UTO
npenjiaraeMblil METOII TT03BOJIsIeT d3(PHEKTUBHO pelaTh 3a0ady I'eHepalluy PEKOMEH AN 110
BBIOODY CIleHAPHUEB pearmpoBaHus Ha wHIIeHTH UD.
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AJ'II‘OpI/ITM aHaJIN3a TaBTOJIOTUI B TEKCTE

A. J1. JIEBEOEBA

quIOBeK MOXKET OOIIyCKaThb B OUCHLMEHHON pedn ommmoOKy; m3-3a, HEBHMMaTEJIbHOCTM, HE-
TPaMOTHOCTH UIn 3a0bIBaHUs paBuil. [ly1s ycTpaneHus Bcex OmImOOK MOTYT HOTPeO0OBATHCS
KOJIOCCAJIbHBIE UeJIOBEUeCKUe PeCypChl, IIO9TOMY PacCIpOCTPAHEHO HaIlCaHue BeO-CcepBUCOB
U IPOrPAMMHOIO 00eCIeYeHnst il yupoiieHus paborsl denoseka [1]. Opdorpaduaeckue u
IpaMMaTUYCCKUE OHINOKN MTMEIOT CTporue mnmpaBuJjia, B CBA3M C YeM aHaJIN3aTOPbI STUX OIIN-
60K HAWTU IOCTATOYHO Jerko. Ho xorma peub 3axomuT O TAKUX CTUIUCTUUECKUX OIMINOKaX,
KakK INTEOHA3MBbl, TaBTOJIOT NN, O€MHOCTH KOHCTPYKIIAN U IPyTUe, KOTOPhIE CII0XKHEE 3aMeTUTh
U UCIPABUTH, TO 3aTPYOHUTEJIFHO HAUTU HYXKHBI aHAJIN3ATOP.

HanHas paboTa MOCBSIIIEHA YCTPAHEHUIO PACIIPOCTPAHEHHON CTUINCTUIECKON OITHOKY —
TaBTOJIOrUK. TaBTOIOTUS MOXKET MOSIBUTHLCS B TPEX CUTYAIUSIX: IMOBTOPEHUE CJIOBOGOPM,
CAHOHUMUIYHBIX YacTell Peun U OMHOKOPEHHBIX CJIOB. B pamkax maHHOW paboThI pa3dpaboTaH
QJITOPUTM aHaJIN3a TEeKCTa C LeIbI0 YCTPAHEeHUs TABTOJIOIMYECKUX OLINOOK.

[lepen HavaToM pabOTHI AITOPUTMA TMTPOU3BOMUTCS JIEMMATHU3AINS TEKCTA M0 KaXKIOMY
CJIOBY U1 IVTHAMUYECKU CTPOUTCS CJIOBAPD JIEMM [2] Ianee anmroput™ 0O6pabaThIBAET BBIIIIETIE-
pedncIeHHbIe CUTyann. B cOOTBETCTBUN C CATYyallell BEIOMPAETCs TIOPOTOBOE PACCTOSTHUE,
yKa3bIBalolllee Ha HaJIM4uHe OLIMOKN B CerMeHTe TeKCTa, COPTUpPYeTCs B Iopsake yObIBa-
HUSI KOJIMYeCTBa OLIMOOK M IIpemjlaraeTcs 3aMeHa CJIOBa C HCIOIb30BaHUEM WMHCTPYMEHTA
RuWordNet [3]. Takxke cTponTCs BU3yaIU3aIMs TEKCTA JIs CILydasi ¢ OMHOKOPEHHBIMU CIIO-
BaMU.
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Pa3pab6orka mHTEepdeiica MOAYJIsI HEUEeTKO-BEPOSITHOCHBIX BOIIPOCOB IJIsI
BEPOSITHOCTHON BOIIPOCHO-OTBETHOU CUCTEMbI

E. O. JIETOCTAEBA

Yupasnerue nHOOPMAIIMOHHBIMI PUCKAMU - CJIOXKHBIN W BaXKHBIA MIPOIECC B OEATETb-
HOCTHU KOMITQHUI, OCOOEHHO TeX, KOTOphIe paboTaloT ¢ KOHGUOEHITNATIHLHON WH(MOPMAIIIEH.
YUTo6bI 06€30ITacuTHCSI OT KOMIBIOTEPHBIX ATaK, MOXKHO MOMBITATHCS UX IPENcKa3aThb. [lomb-
30BATEIISIM CIIPABUTHCS C 3TUM MOXKET IOMOYb ITOCTAHOBKA BEPOSTHOCTHBIX BOIIPOCOB C IIe-
JIBIO OIIPENeNIeHUs U MPOTHO3UPOBAHUS PA3INYHBIX PUCKOB, CBSI3aHHBIX C KOMITBIOTE€PHBIMU
atakamu. I[7s1 Toro, 9To0OBI MOSABUIACHE BO3MOXHOCTH aTh OTBETHI Ha MOMOOHBIE BOIPOCHI,
BO3HUKAET MOTPEOHOCTH B pas3paboTKe MHMOPMAIIMOHHOW CUCTEMBI, a TaKXKe aJIrOPUTMOB
IJIss pabOTHI C HEW, TMO3BOJISIOIIEN YIPOCTUTL W3BJICUCHUE U MAHUITYJIMPOBAHUE O0bEeMaMU
TTAHHBIX, HEOOXOOUMBIMU [IJIsI IOCTPOEHUS OTBETOB.

s pertenust nauson mpobiaemsbr B HI'Y 6b11a paspaboTana BOIIPOCHO-OTBETHAS CUCTEMA,
RiskPanel, mo3Bossiorias moab30BaTeN0 B TUAJIOTOBOM PEXKUME MPOU3BOOUTEL aHAIM3 Pas-
JIMYHBIX PUCKOB, CBSI3aHHBIX ¢ KOMIbIOTepHbIME aTakamu [1]. Momyms QA-RiskPanel sBis-
€TCsl BOIPOCHO-OTBETHON CUCTEMOI, OCHOBaHHOIT Ha 3HaHusX (knowledge based QA-system)
[2]. B kauecTBe ucrounuka 3uanuii B cucreme QA-RiskPanel ucmonb3yercs mocTosHHO 110-
nmostHsIeMast 6a3a MPereIeHTOB KOMITBIOTEPHBIX aTaK, UTO 00eCIeunBaeT aKTyaau3aIliio mpo-
rHO3UpOBaHus puckos [3, 4]. Bbuta paspaborana kiaccudukaims BOIpocoB Momysst QA-
RiskPanel. cocTosimas n3 pa3HbIX BOIPOCHBIX TUIOB: O€3yCIIOBHBIE, YCIIOBHBIE U MONAJIBHLIE.
Hanaas paboTa MOCBSIIEHA MOOEINPOBAHUIO U JIOTUIECKOMY IIPENCTABJIEHUIO YCIOBHOTO BO-
npocHoro tuma. PaspaboTan BeO-uHTepdERCc MOMYIII, MO3BOJISIONINN TOPOXKIAThH yCIOBHLIE
7 HEUYETKO-YCJIOBHBIE BOIIPOCHI, & TaKxkKe uX OyIeBbl KOMOMHAIIIN.
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Pa3pa6oTka yeThIpexXypOBHEBO CEMAHTUYECKON MOMNEJIN NJIsi CO3MAHUSA
MHTEJJIEKTYaJIbHOTO T'OJIOCOBOTO IIOMOIITHUKA

P. A. JIEmoB

IIo Mepe pa3BuUTHS KOMIBIOTEPHBIX TEXHOJIOTUHN, UX HAUMHAIOT MPUMEHITh BO BCeX cdepax
XKU3HU. BMecTe ¢ 3TUM cTaHOBUTCS BCe OOJIBIIE TTIOIB30BATEEN KOMITBIOTEPHBIX TEXHOJIOT U,
Cpenu KOTOPBIX BCTPEYAIOTCS JIIOMU, MUMEIOIe MpoOeMbl CO 3peHreM. BBumy Toro, 4To
OoJsplIasl 4acTh MH(POpPMAIINU NEPENaeTCsl BU3YaJIbHO, Y TaKUX IIOJIH30BATEIENl BO3ZHUKAIOT
TPYOHOCTH C HCIIOJIB30BAaHUEM IIDOTPAMM U CEPBUCOB, He MMEIOIINX CIIENUAJILHBIX CPENCTB
yIIpaBIeHUs I CiIaboBUOANIUX Jrioneii. laHHas paboTa MOCBSIIIEHa BOIIPOCY pa3zpaboTKu
YEeTHIPEXYPOBHEBON CEMAHTUUYECKON MOIEIN MpeaMeTHON obracTu [1] mist co3manust mHTes-
JIEKTYaJILHOT'O T'OJIOCOBOTO ITOMOIITHUKA [JISl TAHHOU KATEerOPUHU TI0JIb30BaTENIeN.

3amaga MOCTPOEHUsT CEMAHTUIECKON MOMIEIN BKIIOUAET B ce0s crienuduKainio CMbBICIIA
KJTIOUEBLIX TOHATHUI mpenMerTHon obmactu [2]. B Tekyiee Bpems 5Ta 3amada periaercs,
B OCHOBHOM, IIyTeM mocTpoeHus ER-mmarpamm, KOoTOpble OTpaXXaroT B3aMMOCBSI3U MEXITY
CYIIHOCTSIMU IpeqMeTHOU 00JIacTH, HO B TO XKe BpeMs yIIyCKaloT TaKue BaKHble (PaKTOPHI,
KaK 3HAHWS U MIPEIEIeHTH B MpenMeTHOR obacTu. PaspaboTka Momesnu, yIuThIBAIOIIEH 5TH
(paxTOpHI, 1T03BOIUIA OBl IpOrpaMMe JIydllle IOHUMAaTh HYKIObl 1 HaMEPEHUS [10JIb30BaTelIs.

Henb paboTel: pa3zpaboTaTh U MPUMEHUTH IS CO3MAHUS WHTEIIEKTYAIbHOTO TTOMOIII-
HUKa CEMaHTUYECKYIO MOIEb MPEenMeTHON 00JIacTH, BKIIIOYAIONIYIO OHTOJIOTMYECKYIO MO-
Iesb, MOIENb 3HAHUI U IpereneHTos [1, 3.

B pamkax paboTsl OyneT paccMaTpuUBaThCs creruduieckas mpeaMeTHas 00JacTh - YHI-
BepcuTeT. T'eM He MeHee, MOME/Tb OyIeT peam30BaHa C yIEeTOM BO3MOXKHOCTH €€ MCIOJIb30-
BaHWUA W B OPYyTUX 00IaCTIX.

Buinmu periensr ciemyroiue 3amadn: MPOBENEH aHAIN3 JIUTEPATYPhI, U3YUEHBI METOMbI
CO3IIaHUSI OHTOJIOTU, ONMCaHa METONOJIOTUS UCCIeNOBaHUs, pa3paboTaHa OHTOJIOTUS Ipen-
MeTHOU 00JIaCTH yHUBEPCUTETA.
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Anroputm OueBunmHoctu u cucrembl CAJIl u SAD

A. B. JIaneukui, A. A. JISIEOKAN

B sTom, 2020-om, rony ucmomusercs b0 jgeT ¢ MoMeHTa 00BbABIeHUs akameMukom B. M.
['nymkoBeiM B [1] mporpamMMbl paGoT 10 ABTOMATU3AINN MOKCKA NOKA3ATEIbCTE B MaTeMa-
Tuke, nomyunsieil Hazsarue Anropurm Ouesnmuaoctu (AO).

B pamkax AQO 6bIn CIIPOEKTUPOBAHBI U PEATTN30BAHBI PyccKos3brunas cuctema CAJl [2]
B cepenute 1970-x ronos u anrios3branas cucrema SAD [3] B magare 2000-x romos (mocsen-
Hss pasMelrieHa Ha caiite “nevidal.org”).

O6e cucrembl yOOBIETBOPSIOT, B Pa3HOI cTemeHu, OCHOBHBIM TpeboBammsm AQO: (1)
BXOIIHBIM SI3BIKOM CHCTEMBI IIONCKA JTOKA3ATeIHCTB NOIXKEH ObITh (GOPMAIIBLHBIN SI3BIK, MAKCHU-
MAaJIbHO IPUOJINKEHHBIN K SI3bIKAM €CTECTBEHHBIX MAaTeMaTUIeCKuX IyOaukanuil, (2) mouck
TIOKA3aTeIbCTB MIOJXKEH IIPOBOOUTHCS CHUCTEMOU Ha OCHOBe (DOPMAJILHOIO IOHSTUS MAIIIWH-
HOIl OYEBUIHOCTH IIIara MOKA3aTeNbCTBa, (3) cucreMa MOKHA PaboTAaTh C UCIOIB30BAHIEM
6a3bl 3HAHUN, HAKAIUIMBAEMBIX IO XOIY Pa3BUTHs CUCTeMBbI, U (4) MOMKHA CYIIECTBOBATH
BO3MOYXKHOCTh MHTEPAKTUBHOTO B3aMMOIENCTBUS CUCTEMBI C UEJIOBEKOM [JIS IIPUBJIEUCHUS
€ro K IONCKY TOKa3aTeIbCTBA.

Passurue CAII 6ui10 mpekparteno B 1992 r. mocite BuiBoma u3 skcmtyaTanuun EC OBM,
Ha KOTOPBIX OHa OblTa peanu3oBana. UTo xe kacaercs cucteMmbl SAD, mpennasHaveHHON Kak
IJIST TIOUCKA NOKA3aTeNIbCTB, TaK U Bepu@UKAIIU MaTeMaTUUYeCKNX TEKCTOB, TO OHA IO CUX
IOp MOCTYMHA Ha caitTe “nevidal.org”, u ¢ Helt MOXKHO IPOBOAUTH PAa3INIHBIE SKCIIEPUMEHTHI
B OHJIAITHOBOM pexkuMe. OHa MOKa3asia JOCTATOYHO HEIJIOXHE Pe3y/IbTAaThI IPU BePUGUKAIIIT
pPeaTbHBIX MaTEMATUIECKUX TEKCTOB.

B macrosiee Bpemst BemyTcst paboThI TT0 mastbHelIeMy pa3sutuio cucteMmsr SAD. B mep-
BYIO OUYepenb OHU OPUEHTUPOBAHBI HA Pa3pabOTKy U PeaTn3aINIo PYCCKOS3bITHON U YKPAIHO-
SI3BIYHOM BePCHUH €€ BXOMHOTO SI3bIKA M Ha CO3IMaHUe IIPOrPAaMMHOIO HHCTPYMEHTapHs, T03BO-
asrottiero cucteme SAD mpoBonuTs 5GHEK TUBHBIE MAIITMHHBIE TIOCTPOECHUSI B KIIACCUIECKON 1
HEKJIACCUYEeCKUX JIOTMKAaX IepBOro nopsinka. VmMeroTcs HaOpPOCKM yHOMSHYTHIX Bepcuii. UTo
JKe KacaeTCss NHCTPYMEHTapusl, INIAHIPYEMOTO K Peajin3aliuy, TO IIOAXOI, HAIIPABJIEHHBIN Ha
€ro cosmaHue, YaCTUIHO OTPaXKeH B [4].
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CI-CLOPE nnsa peienus 3amadu KJIacTepPU3ANUN KATETOPUAIBHBIX TAHHBIX
U ero napasuiejibHas peajim3anus

A. C. MuxaAmnmnos

MarnaHoe oOydeHne B HACTOSIIIEE BPEMsI CTPEMUTEILHO PA3BUBAETCS U TOJBKO HAOU-
paeT MOMyJIIPHOCTH. AHAIN3 HAHHBIX U MOCTPOEHUE MOMEIEH TMO3BOJISIET BBIIEIUTH OOIITe
CBSI3U MEXIY HUMU, a TaKXkKe KJIACCUPUIIpPoOBaTh U 00bennHAThH Mo rpymnnam.Ocobyo poib
UrpaeT KJIACTEPU3ANNSI KaTErOPUAIBHBIX MAHHBIX, B KOTOPBIX OTCYTCTBYET UHCJIEHHAS Xa-
pakrepuctuka [1], [2]. CaoKHOCTH MAHHOI 3a1a4YN 3aKII0YAETCS B TOM, YTO IaHHBLIE IIPO-
XOOST TIPOIECC TOMAPHOTO CPABHUBAHUS HA KAXKOON HTEePAlNy, W, KaK CJIEICTBUE, TAIaeT
IIPOM3BOAUTEITEHOCTb.

Cy11ecTByIOT HECKOJIBKO AJITOPUTMOB IJIsl PEIIeHUs MAaHHOU 3amadun. llpumepnbl Takmx
airoputrMmoB: F-Tree, Largeltem, ROCK, CLOPE. CLOPE sBbinensercs cpenu npyrux Haju-
qreM MPENMYIIEeCTB, TAKUX KaK IIPOU3BONUTEILHOCTD, a TAK¥XKe TOYHOCTDH Pa30UeHUs TaHHBIX
Ha T'PYIIBLI U 3aBACAT TOJIBKO JIUIITH OT OIHOTO I'NIOOGAIBHOTO KPUTEPUS OLEHKIN.

OmHuM U3 MTIOCOB JAHHOTO aJITOPUTMa MOXKHO HA3BATH ABTOMATUIECKOE TeHEPUPOBAHIE
KJIACTEPOB, HO 3TO TAKXKE SIBIISIETCS U €10 HEMOCTATKOM B CJIydae, KOTa MBI TOYHO 3HAEM, Ka-
KO€ KOJIMIEeCTBO KJIACTEPOB XOTUM MOy INTh. EIMHCTBEHHBIM CIIOCOOOM TOJIYUYEHUS IPYTOTO
KOJIMYIEeCTBA KJIACTEPOB - 5TO M3MEHEHNe ero mapamerpa riobansaoro kputepus. Ho mocTo-
SHHOe U3MEeHEeHUe IapaMeTpa TpeOyeT MOBTOPHOTO pa3z0UeHus 3JIEMEHTOB, YTO IIPUBOOUT K
3HAYNTETLHOMY YBE/IMYEHUIO BPEMEHN.

Kak crnencrBue, Obma mocTpoeHa MomuduKanms HAHHOTO AJITOPUTMA JIsl TTOHOOHOTO
tuna 3anay CI-CLOPE [3]. CyTs mamHOro asropurma COCTOUT B OOBEOWHEHUU U pa3Ou-
€HUU KJTACTEPOB, KOTOPBIe ObLIM TOy4YeHBI B pesynbTare meiticTtBus ucxomuoro CLOPE.
Ob6benuueHne KIacTepoOB OCYIIECTBIISIETCS 38 CYeT IMOMapHOTO OOBENUHEHUs OBYX KJIacTe-
POB U TIPOBEPKU 3HAUYEHUS T'JI00AIbHON (GYHKIIMU CTOMMOCTH. BrIOMpaeTcs BapumaHT, COOT-
BETCTBYIOIINI MaKCUMAaJILHOMY 3HadYeHuo. PasbueHue kjacTepa MPOBOMUTCS C TPOCTHIM
pasmeseHneM caMoro GOJIBIIIOTO KJIacTepa Ha OBa PABHBIX.

s yBemuaeHns: TpOn3BOAUTETHLHOCTH BTOPOT'O STAala TeKyIlas peajin3alus OblIa pac-
napasuteniena ¢ momorrsio Kotlin Coroutines, uro mokasasio 3HaunTEIEHOE COKPAIIIEHTE Bpe-
MEHU BBIYUCIICHUS.
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MeTO,H YacTUYHON CKYyJieMH3alnMm B 3aa4e IIONCKAa MHTYUIINOHMUCTCKOIo
HaTypaJIbBHOI'O BbIBOOAa

O. A. OXOTHUKOB

ABTOMaTHUECKOE MOKA3aTETHCTBO TEOPEM SBJISETCS BEChbMa BAXKHON OOIACTBIO COBpe-
MEHHBIX MCCIIeNOBaHUi (CM., HampuMep, [1]). 3HaunTenbHOe BHUMAHME yOeIsSeTCss MeTOoaM
[OMCKA HATYPAJIBHOTO KIIACCHYIECKOTO JIOTMIECKOTO BLIBOAA, B KOTOPBIX UCIIOIB3YIOTCA MeTa-
nepeMeHHble (cM., HanpuMmep, [2]). Boicokyio shhexTHBHOCTE 71 TAKIX METOMOB IIOKA3aJI0
UCIIOJIb30BAHNE YaCTUIHON cKyiemusaruu (cMm. [3, 4]). B mammoit paboTe MBI pacIpocTpa-
HsEM TONXOI Ha OCHOBE YACTUYHON CKYJIEMU3AINU HA UHTYUIUOHUCTCKYIO I MAHIMAILHYIO
JIOTUKY.

PaccmaTpuBaemblii METOI OMMUCHIBAETCS B pAMKaX HEKOTOPOHW MPOMYKIIMOHHON CACTEMBI
¢ MeTalepeMeHHBIMHU. JlenyKTUBHBIE 3aIaur 5TON MPOMYKIMOHHON CUCTEMBI (POPMYIIUPY-
I0TCS C UCTIOB30BAHMEM YaCTUYIHON CKYJIeMU3AI. [Ipu 5TOM CKyJIeMU3UPYIOTCS MOCHLIIKN
NEeNyKTUBHBIX 3amad. Takas HopMaibHas dopma CkyeMa MO3BOJISET HE TEPATH CBA3b C
MNCKOMBIM MHTYUIIMOHUCTCKAM JIOTMIECKIM BBIBOMOM. TOT 2Ke MOAXON MBI MPUMEHSIEM s
MUHUMAJIHHOM JIOTUKH.

B pamkax TpOmyKIIMOHHOI CHCTEMBI TPOIECC TOMCKA PEIeHus 3a0adu CBsi3aH ¢ (Hop-
MupoBaHueM nepesa noncka tuna V/WJIN. o cytu, nponykunoHHas cucteMa — 5T0 (op-
MYJIIPOBKa HEKOTOPOTO aJTOPUTMa ¢ TOYHOCTBIO 110 CTPATErNd TOCTPOEHUS NEPEBa TOUCKA.
BaduKcupoBaB KOHKPETHYIO CTPATErNIO TOCTPOEHNS IEPEBa TOMCKA, MbI IIOJIydaeM HEKOTO-
PYIO peanmmsaluio Tak chopMyIrpOBAHHOrO ajnropurMa. Hampumep, amropurm [4] ncrnomns-
3yeT CTpaTeruio MOucKa B riryouHy. Jid yKaszaHHON MPOMYKIMOHHON CHCTEMBI IOKA3AHDLI
TEOPEMBI O KOPPEKTHOCTH U TOJTHOTE.
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Pa3zpabGoTka MeTOmOB HANIOJHEHUS TE€OPUU MpPeaMeTHOUN 06JIacTy IIPU MOMOIIN
yaT-60TOB

A. C. OpnoBckuit, I1. E. ITAJIBYYHOB

Yar-60THI IPUMEHSIOTCS B PA3INYHBIX chepax Mjis aBTOMATU3ANNN OOIIIEHUs C TOIb30BaTe-
JIEM Ha eCTECTBEHHOM si3bIKe [1] ¢ 1esbIo COKPATUTD 3aTPAThl Ha MPUBIIEUEHNE PDEAJIbHBIX JII0-
meir. B paMkax maHHOTO mccienoBanus ObLI pa3paboTaH IIPeaMeTHO-CIIeIuPUIHBIN YaT-00T,
3amadeil KOTOPOTo SIBIISIETCSI OTBHICKAHUE IJIsl TIOJIB30BATENIsI Ha OCHOBE €ro 3ampoca Hambo-
Jlee PeJIEBAHTHBLIX TOBAapOB B VMHTepHeT-MarasmHax KOMIObIOTEpHON TexHuKU. IIporpammuas
cucTeMa COCTOUT U3 4 KOMIIOHEHTOB, KOTOPbIe OOMEHUBAIOTCS COOOIIIEHUSIMU TI0 ITPOTOKOITY
HTTP:

1) Yar-60T — ympasiseT COCTOSHUEM IUAJIOra, NPUHUMAET PEIUIMKE HOJIb30BATENs 1
BO3BpAIIIAET OTBET IIOCJIE B3AMMONEUCTBUS C OCTAIBHBIMU 3 CEPBUCAMU.

2) Momynb 06paboTKM €CTECTBEHHOTO SI3bIKA — BBLITIOJIHSIET M3BJIEUeHIe HaMepeHuit (in-
tents, npumensieTcs obnaunas ciryxk6a DialogFlow) n nmenoBannbix cyaocteir (NER, named
entity recognition, mpumensiercs nporpammusiii maker Pullenti SDK) u3 3anpocos momnb3o-
BaTEIIS.

3) Bor mins anammsa cailTOB — HA OCHOBE U3BJIEYEHHBIX HA IIPEMBIIYIIIEM STAIE CYIIHO-
crell (HA3BaHWII MAara3smHOB, TUIIOB U XapaKTEPUCTUKOB TOBAPOB U T.II.) WIIET TPeGyeMyto
nHDOPMAIIMIO Ha caliTaX W OTIPABIISET MEHEIXKePYy OHTOJIOTHMH 3aIIpPOCHl IJIs CUHXPOHU3A-
nuu coctossHus. VMeHHO Ha MaHHOM STalle MPOUCXOMUT HAIOJIHEHWE TEOPUHU IPEIMEeTHON
006JIaCTH HOBBIMU 3HAHUSIMU HOCPEICTBOM 4aT-00Ta, HA OCHOBE 3aIIPOCa TOJIH30BATES.

4) Momynb 06paboTKI OHTOJIOTHIT — MOJTyYaeT maHHble oT 6oTa mist caiitoB u SQWRL-
3aIIpOCHI OT MOMYJIsl OOPA0OTKM TEKCTOB, IIOCTPOEHHBIE HA OCHOBE M3BIIEUEHHBIX UM CYIITHO-
creit [2]. Basa smamuit npemmerHoil obmactu xparutcs B dopmare OWL-onTom0rnm, uro
MIO3BOJISIET ABTOMATHU3UPOBATD CIIOXKHBIN JIOTMIECKU BBIBOL O COBMECTUMOCTHU TOBAPOB DU
momortin SWRL-tipaBust. Ilanubiil KOMIOHEHT peaim3oBaH npu nomoriu Java Spring Boot u
OWL APL

PaspaboTka BeméTcs Ha OCHOBE UETHIPEXYPOBHEBON OHTOJIOMUIECKOM Momean [3].
CHUCOK JINTEPATYPBI

[1] Hepessuko I.B., Hansuynos [.E. ®opmanbabe MeTOnB pa3spaGOTKU BOIPOCHO-OTBETHOU CHCTEMBI HA
ecrecTBeHHOM si3bike // Becruux Hosocubupckoro rocymapcreenHoro yausepcutera. Cepus: Vubop-
marmonHble Texnosioruu. 2014. T. 12. N 3. C. 34-47.

[2] Bnacos II.YO., [Tansuynos I.E., Crenanos II.A. ApToMaTu3amus u3BIeYeHNsT OTHOIIEHNIT MEXY TIOHSI-
THUSIMH U3 TEKCTOB €CTECTBEHHOrO s3bika. BecTHrk HoBocuGUpCKOro rocymapCTBEHHOIO YHUBEPCUTETA.
Cepus: Mudopmarmonnsie Texuosioruu. 2010. T. 8. N 3. C. 23-33.

[3] Haitmanos Y.A., Hanpuayros [I.E., Caszonosa II.A. PaspaGorka aBTOMATU3MPOBAHHBIX METONOB IIpe-
OYIPEXOCHUs] PUCKOB BO3HUKHOBEHUS KPUTHUYECKUX COCTOSIHUN, OCHOBAHHLIX HA aHAW3€ 3HAHUN, W3-
BIIEUSHHBIX U3 UCTOpUil GonesHeil nmanmuenToB // Cubupckuil HaydHBIT MenuIUHCKUR X)ypHait. 2016. T.
36. N 1. C. 105-113.
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AKCI/IOMaTI/IBaI_II/Iﬂ KJIaCCOB HEIIOJIHBIX IIpeneaceHTOB IIpeaMEeTHDBIX obGJjiacTen

. E. ITAIbYYHOB

HcenemyeTcs mpobieMa aKCHOMATH3AIMN KJIACCOB MTPEHEICHTOB MPEIMETHBIX 00IacTell.
PaccMaTpuBaioOTCsa HEMOIHBIE IIPEIEOCHTEI, TO €CTh, OMMCAHUS, CONePKAIINe JIUIIb YaCTH4-
Hy!0 MHDOPMAIIUIO O JAHHOM IIpereneHTe. llpmMepaMy HEMOHBIX MPENeNeHTOB ABJISIOTCS
uctopuu 6oJIe3Hel TamenToB. HemomHble mpeneneHTs (hopMaIn3yloTcsa B BuIe (GparMeHTOB
ATOMApHBIX muarpaMM. VICCIEMyIOTCs KIaCChl HEMOTHBIX MPEHENeHTOB, B KOTOPBIX Pa3/Ind-
HBEIC (PpArMEHTHI aTOMAPHBIX OUACDAMM, BXONAIINME B OOWH KJIACC, MOTYT MMEThH Pa3HYIO
CUTHATYPY.

Pemaercs mpobiieMa aKCHOMATU3AINN KITACCOB HEMOJTHBIX MPENENEeHTOB. BBemeHo 1mo-
HATHUE TEOPUHU KJlacca (PparMEeHTOB aTOMAPHBIX MUATPAMM, KOTOPOE SBIISETCS 00OOIIECHTEM
HOHATUS TEOPUHU Kjlacca Momesiei. VIccmenoBaHus OCHOBAHBI HA TOJTy9CHHBIX PAHEE Pe3yilb-
TaTax Mo (GOpMATU3ANUN IPEHEICHTOB IPEIMETHLIX 00JIacTell M aKCHOMATH3AIME KJIaCCOB
anrebpanyeckux cucteM [1, 2], B 4ACTHOCTH, KIIACCOB, CONEPIKAIINX CUCTEMBI, MMEIOIIIUe
pasHyio curaaTtypy [3].

OnPENENEHUE 1. IlpemyoxeHue ¢ Ha3BIBAETCS aTOMAPHBIM, eCin ¢ = (¢ = ¢) Win
p=P(c1, ...,cp ), THE C1, ...,Cp — KOHCTAHTHI.
AS (o) ={ p € S(0) | p amomapno uau p = =) u P amomapno}.

PaccmorpuMm 0 m 07 — nBe pa3iudHbIE CUTHATYPHI.

OnPENENEHUE 2. Iycts A C AS(01) u ' C S (o). O6o3naunm AT ecmm A UT F.
IIycte K C p(AS(01)) u I C S (o). O6o3naunm K||I' ecmu A UT ¥ nus mo6oro A € K.

OnPENENEHUE 3. Ilycts A C AS(01) u A . Cynepreopueit pparmMeHTa aTOMapHOI
ouarpaMMbl A HaA30BEM MHOXXECTBO

ST(A)={T"CS(o) | T' marcumaavro co ceoticmeom A|T'}.
TEOPEMA 1. Ecau A C AS(01),A¥ uT € ST (A), mo T — noanasz meopus.

CnencCTBUE 1. ITyemv A C AS(01) u T - noanag meopug. Toeda T € ST (A) pas-
nocuavro A UT V.

OnPEOENEHUE 4. Ko ={ A C AS (01) | A¥}, nycts K C Ky. Cynepreopueil kiacca
dbparMeHTOB aTOMAPHBIX AuarpamMM K Ha30BeM MHOXECTBO
ST (K)=A{I'C S(0) | I marcumasvro co ceoticmeom K |I'}.

Mpg1 BBeIM TIOHSITHE Teopuu hparMeHTa aTOMAapPHON MUarpaMMbl U TeOpuu Kiacca dpar-
MEHTOB aTOMAaPHBIX NUATPAMM; 3TU ONPENEIEHNS SIBISTIOTCSI 0000ITIEHEM 3JIEMEHTAPHON TeO-
pUH MOIEIN U Teopun Kjacca momesein. Ceuac Mbl MOXKEM OINPENEINTh TOHATHE AKCIOMATI-
3UPyeMOro Kjacca pparMeHTOB aTOMapPHBIX OUarpaMM, SBIISIOIeecs 0000ITIeHueM TOHSITUS
aKCIOMATU3UPYEMOTO KJIACCA MOTEIIEN.

OnpPENENEHUE 5. Knacc K C K Ha3bIBaeTCsI aKCHOMATU3UPYEMBIM, €CJIN Tmapa
(K, ST (K)) sBnsercst hopMasibHBIM moHsATHEM dopMmanbHOro kourekcra (Ko, T, ||), roe

T={TCS(o)| T — meopus}.
TEOPEMA 2. ST (K) = K' & gopmasvrom xonmerxcme (Ko, T, ||).
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Mopenp pacno3HaBaHUsI 3MOIMOHAJILHON OKPACKU TEKCTOBBIX COOOIIIEHUI,
OCHOBaHHAasl HA XapaKTepPUCTHUKE YaCTOThI CUMBOJIOB

. B. IIAXOMOB

Muorue m3BecTHBIE Ha MAHHBII MOMEHT MOMEIN PACIIO3HABAHUS SMOIMOHAJIBHOM OKPAaCKU
TEKCTOBBIX COOOIIIEHUY OCHOBAHBI Ha JIEKCUYECKOM WM CHHTAKCHYECKOM BUOAX aHAJIN3A.
Hanabie TOOXOObI TPEOYIOT 00YYEHMST MOMEIN PACIIO3HABAHLS TI0 CJIOBApIO, WJIX HAOOPY mpa-
BUJI paccMaTpuBaeMoro si3bika [1,2]. Takwme MeTOmbl MOIyT He yUYMTBHIBATH BBI3BIBAEMBIE
U3JIAIIHEN 5MOIMOHAJIBHOCTEIO opdorpadudeckue OmnOKU, CISHT, (POPMBI OCKOPOJIEHUN, a
TaKXKe CIEeIICUMBOJIBI, MCIOJIB3YIOMINECs MJIs MIPUIAHUS 5MOIMOHAIIBHOCTU COOOILIEHUI0 —
cMaituku (CKOGOUKM), abOpeBUATyPHI, BOCKIMIATENbHbIE 3HAKU, IOBTOPEHNE CHMBOJIOB U
1.11.[3], mu60 moTpPeGOBATH PACIIUPEHNUS CIIOBAPEIL.

[Ipennaraercs HelipoceTeBas MOIEb, KJIACCUDUIIMPYIONIAs TEKCTOBBIE COOOILIEHUS Ha
NIPUHAOJIEXKHOCTh HEKOTOPOI AMOIMOHAJIBHON I'PYIIIE, ¢ YIETOM BCTPEUYAEMOCTU OTIETHHBIX
CHMBOJIOB U COYETAHUS B3aMMHOTO HUCIOJIb30BAHUS CHMBOJIOB.

C moMOIIBI0 KaKoro-mnbo CTAHIAPTHOTO METOMa PACIO3HABAHUS CUMBOJIOB OIPENeIIs-
IOTCA Y9aCTOTBI IIOBTOPAEMOCTU CHMBOJIOB HEKOTOPOIO COO6HI€HI/I$I, a TaK2X€ BBIYNCIISAECTCS
ITOJIST KaXKIIOTO CUMBOJIA CPEIN BCEX CUMBOJIOB B coobiieHuu. Bce monmm BcTpedaeMOCTH Ka-
JKIIOTO CHMBOJI& B TEKCTOBOM COOOIIIEHNN SIBJISIIOTCS YHUKAJIBHON XapaKTEePUCTUKON MTAaHHOTO
COOOITIEHNsT. DTa YacTOTA U JOJIU BCTPEUYAEMOCTHU OYIyT SIBISTHCS BXOMHBIMI TAHHBIMU [T
HENPOHHON CceTH, KOTOpas yxke OyleT ONpeNessiTh MPUHAMJIEXKHOCTHL COOOILIeHUs KaKOW-TO
IpyIIIE.

HauHas MOIeIb MO3BOJISIET HEe YUNTHIBATE CJIOBAPHBIIM COCTAB SI3bIKA U €ro IpaBuiia, (JIeK-
CHUKY U CHHTAKCIC), & MO3BOJISIET OCHOBBIBATHCS TOJIBKO HA HAOOPE CIMBOJIOB, UTO MTO3BOJISET
VUNTHIBATE He(OPMAJbHBIE BUALI MCIOJB30BaHUs si3bika. C mpyroit ¢cTOpoHBI, 6ojee mpu-
BbIYHBIC MOOEJIN PACIIO3HABAHMA, OCHOBAHHBIE Ha IIPUBBIYHBIX METOOaX, OCHOBAHHBIX Ha JICK-
CHYECKOM 3HAUEHHNU OTHEIBbHBIX CJI0B, O0yYaloinecs 0 CJI0BAapIO, SIBJISIOTCI MeHee TUOKIMY,
TOra KakK MaHHBIN MeTO IIpearoiaraeT ooydeHrne Ha HEKOTOPOM MaJjioM HabOpe TOTOBBIX CO-
o0111eHMT, 00ECIIe nBAaIOIINX OCHOBHON OUAIA30H SMOINN, N KOHCTPYKIINH, NX BBHIPAXKAIOIINX,
B JaHHOM A3BIKE.
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IlpuksagHas jJoruKa MYJIbTHOIEPAIIA

H. A. TIEPJI3EB

[Iycts A — mHOX)ecTBO U B(A) — MHOXKECTBO BCeX KOHEUHBIX TTONMHOkecTB A. OTo6pa-
xkenne f nekaproBoil crenenu A" B B(A) Ha3bIBaeTCS n-MECTHOI MyJIbTHUONEpalueil Ha A.

[Tycts F — dpyHKIMOHAIbLHAS CUTHATYPA C BBHIICTECHHBIMU CUMBOJIAME: HOJILMECTHLIMI
0, C; I IBYXMECTHBIN .

[Iycts R = (A, M) — mynbTuanre6pa ¢ yHuBepcyMoM (HOCHTENeM) A M MHOXKECTBOM
MynbTuonepamuii M, omTHOTUMHLIX ¢ F'.

MynbTunHTepIpeTanus CUrHarypsl F' B MyabTuaare6py R ompenenasercs Kak oTobpa-
x)enue v : ' — M, coxpansmoliee MeCTHOCTb (YHKIMOHAILHOIO CUMBOJIA W MYJILTUOIEPA-
mun. BeimenenHbre cuMBONIBL mHTEpIpeTHpYOTC Tak: y(0) = &, y(¢;) — OMHOIEMEHTHEIE
mHOXKecTBa, Y(N)(a,b) = {a}, ecnmu a = b u y(N)(a,b) = &, ecnu a # b.

OnpenenumM TePMBL B A3BIKE MYJILTHONEPAIII CTAHIAPTHEIM 00pa30M: JTIF0O0I HOILMECT-
HBIN CUMBOJI CUTHATYPBI F sBsteTcs tepmom u f"(tq, ..., t,) — Tepm, ecm f* € Futy, ..., t,
TEPMBL.

DopMyIIBL B A3BIKE MYJIBTUONEPALAN TAK YK€ OIPENEIIIOTCS 10 WHIYKITAW:

(t1 C to) — dopmyna, rme t1,ty TepMBI;
(P&W), (P V V), =P — dopmyier, rae @, U dhopmysis;
Vaz®(z), Iz ®(x) — dopmymsr, tme P(f°) dopmyna Takas, uro fO € F m B ee 3ammuch He
BXOIUT X.
3nadenue TepMa t IpU MYJIbLTUXHTEPIPETAIUN Y ONPENEIAETC TaK:

ecn t = f0, To y[t] = v(f°);

ecm t = f(ty,...,tn), ToY[t] = U {a|aey(f")(a1,...,an)}.
a; €[ts]
UcTurnocTHOE 3HAUeHEE (GOPMYIBI P MU MyJTBTUMHTEPIPETAIAN Y ONPENETISEeTCS TaK:
_ Dt ] Nyt

ecn © = t1 C ty, To y[P] = , upu |y[t1]| > 0w [®] = 1, mpu |y[t1]| = 0;

tt]

ecmn @ = Uy V ¥y, To ¥[®] = max{y[¥],7[V2]};

ecmu ® = Uy & Uy, To 7[P] = min{y[V1],v[¥s]};

ecmu = =¥, 1o v[®] =1 — y[V];

ecmu ® = Jx¥(x), To y[P] = sup{y[¥(c;)] | 7(ci) € A};

ecmn © = VaU(z), To v[®] = inf{y[V(c)] | v(c:) € A}.

BBemeHHEBIN S3BIK MyJIbTHONEpDANNI UMeeT IPUKIIAMHYI HAIPABICHHOCTb. B mokiame
OymeT MpencTaBieHa CHCTEMa JIOPMYECKOrO BBIBONA TAGIMYHOIO THIA Ui ONPEeNeSIeHHOI
BBIIIIE CEMAHTUKN SI3BIKA MYJIbTUONEPAIIHIL.
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PaspaboTka arperaTropa 3JIeKTPOHHBIX KYPCOB IJIsI aJITOPUTMa PEeKOMEHIaliun

T. M. ITookyp

B mocnennee Bpemst oHafiH 00pa30BaHIe CTAHOBUTCS Bce Ooilee akTyanabHbIM (1], [2].
B cetu NuTepHET MOSIBRAIOTCS 0OOpa30OBaTEIBHBIE PECYPCHL, KOTOPBIE COCTABIISIOT KOHKYPEH-
U0 y4eOHBIM 3aBEIeHUsIM KAk MO yPOBHIO oOpasoBanus [3], Tak m mo BOCTPeGOBAHHOCTH
cpenu cTymeHToB. OCHOBHOM (POPMOI KOHTEHTA HA TaKUX PeCcypcax SBIISIOTCS BUICOKYPCHI.

[Ipu momcke WHTEpECYOIINX 3JEKTPOHHBIX KYPCOB IOJIb30BATEIb BBIHYXKIEH ITIPOCMa-
TPUBATh MHOXKECTBO Pa3INYHBIX 00pa3oBaTenbHBLIX miaTdopM. IIpm sTom kaxkmas m3 HUX
“MeeT CBOH mHTepdelic, KiTacCuPuKaImo TeMATHK U IapaMeTpPbl CODTUPOBKY KypcoB. [laH-
HblEe PA3INYUs CYIIECTBEHHO YCJIOXKHSIOT IOUCK. B pe3ynbTaTe MOIb30BATENb MOXKET He
HANTU WHTEPECYIOIIHi €r0 KOHTEeHT [4].

s perteHnst maHHON TPOOGIIEMBI OBIIO TPENJIOKEHO CO3NATh €MUHBIN arperaTop KypCcosB,
KOTOPBLIT 00benmHUT B cebe KOHTEHT M3 HECKOJIBKIX o0pa3oBaTeNbHBIX ItaTdopm. Takom
arperaTop OyIeT XpaHUTh OaHHBIE O KypcaX, a TaKxXKe CBSA3bIBATh KyPChbl U TeMaTHUKN OTHO-
nrenusMu. PazpaboTaHHas CTPYKTYypa MO3BOIUT KUCIOIB30BATH arpPeraTop s aJrOpUTMa
pekomennanuii. Ha ceronusurauii neHb arperaTop o0bennHseT Hanboiee MOMyJIsIPHBIE TTaT-
dopmer: Stepik, Coursera, «Cymorpu. Yuucb». Ha ocnoBe mubOpMAIIu O Kypcax u3 BbI-
OpaHHBIX 00pa3oBaTEIbHBIX IIaTdopM Oblia cHOpMHUpPOBaHA €OUHAs CYIIHOCTH IJIS Kypca,
KOTOpasi HanboJlee TIOJTHO OTPaXKaeT ero CTpyKTypy. Pa3spaboran aaropuTm aBTOMATH3UPO-
BAHHOTO COCTABJIEHNUS €MUHON KITACCUPUKAIINY KYPCOB, OCHOBAHHBIN HA NCXOMHBIX TEMATUKAX
BBIOpaHHBIX ILIIATHOPM.

CIINCOK JIMTEPATYPBI

[1] dxbseBa ['.O., Abcaiinynbesoit A.P. CemanTmdeckuil IOOXON K MONEIMPOBAHUIO (HDOHIA OLEHOUHBIX
cpenctB. Bectuuk HI'Y. Cepus: Uudopmanuonusre Texuonoruu. T. 16, suim. 2, 2018. C. 113—-121.

[2] 3bikoBa A.A., dxbsesa I'.O. IIporpammuas cucrema «Abutypuent — Crynents. Bectamk MTITY.
Cepus: Undpopmaruka n nadopmarusanus obpasosanus. N 4(54), 2020.

[3] Baranuua K.B., fxssaesa ['.O. Cucrema ynpasienus oueHounbiMu cpenctsaMu. Bectuuk HI'Y. Cepus:
Mudopmanmonusie Texuosoruu. 2020. T.18, N 2. C. 5-14.

[4] Taspunosa T.A., Xopomesckuit B.®. Basnr snanunit nnrermektyanbabix cuctem. CII6: ITurep, 2000,
384 c.

Hosocubupckruil 2ocydapcmeennbitt ynusepcumem, Hosocubupck
E-mail: t.podkur@g.nsu.ru

88


mailto:t.podkur@g.nsu.ru

MamnbneBckue urerus 2020 Anrebpo-oruyeckmue MeTOmbI

ABTOMaTI/IBI/IpOBaHHOG M3BJIeUYEHNE 3HAHUN N3 TEKCTOB MEOQUNIINHCKNX
AJOKYMEHTOB

P. C. ITorooun

Pabora mocssiiiiera pa3paboTke U TPUMEHEHUIO TEOPETUKO-MOMIETbHBIX METOMOB IS M3BJIe-
YeHus: U POPMAIILHOTO TIPENCTABIEHNS 3HAHUN U3 TEKCTOB MEUIIMHCKUX TOKYMEHTOB [1].

B pabote permraercs npobiiema aBTOMATHA3AIINT HAIOJIHEHUs 0a3bl 3HAHIT WHOOpMAaIIen
3 TEKCTOB, HAIIMCaAHHBIX Ha €CTECTBCHHOM s3BIKEC.

s perienus 3amavy n3BIeYEHNs 3HAHUH NCIIOTIB3YIOTCS METONBI TIPe00Pa30BaHUS IIPEI-
JIOXKEHUIT €CTECTBEHHOTO s3bIKa B OECKBAHTOPHBIE (DOPMYJIbI JIOTUKUA TPENUKATOB B BUIE
dbparmMeHTOB aTOMapHBIX muarpamm [2]. 3aTeM MpoM3BOOUTCS TPOrpaMMHAas (GOpMasm3a-
st popmyst B MammmaounTaeMmbii dopmar JSON [3]. B pesynbrare paGoThl Gblia peasiu-
30BaHa MpPOrpaMMHas CUCTEMa, B3aUMOIIENCTBYIOIIas ¢ 6a301 3HAHUN 00IaTHON MIIaTHOPMBI
IACPaaS.

[Ipeobpa3oBaHre TeKCTa B MAITHHOUUTAEMBIA GOPMAT COCTOUT U3 HECKOIBKUX DTAIOB:

(1) CocraBnenue croBapeit.

(2) IIpeobpaszoBanue MPENIIOKEHNN BO (HPATMEHTHI ATOMAPHBIX [THATPAMM.
(3) IIpeobpazoBaHue MHOTOMECTHBIX MPEAUKATOB B IBYMECTHBIE.

(4) Pa360op OMHOPOMHBIX YJIEHOB IIPEIJIOKEHUN B IBYMECTHBIX IIPEIUKATAX.
(5) IlocTpoeHue CMBICIOBOTO IEPEBA.

Momynmu mHamucanbl Ha s3bikax Java u C# u B3aMMOOENCTBYIOT MEXKIY COOOHI MO IIpOo-
Tokosty HTTP. B kauecTBe 6a3bl HaHHBIX M1 XPAHEHUS IPOMEXKYTOUHBIX PE3YIbTATOB UC-
mosib3yercst PostgreSQL. Dkcmopt nrdopecypcoB B IACPaaS mpousBomuTes mo mpoTOKOITY
HTTP. Ha sTame skcmopra mpou3BOOUTCS OOMOJTHUTEIbHAS 00paboTKa mepeBa 3HAHUI I
COOTBETCTBUS CO CXEMOU MAHHBIX, OXKUIAEMBIX 00JIaUHON IJIAT(POPMOI.
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Pa3spaborka ru6puaHbIX MOJeJIEN HA OCHOBE CHMHTE3a JIOTUYECKOI'o BLIBOIA
U HEMPOHHLIX ceTeln

II. B. IIPOTACOB

B cBs3u ¢ BHenmpenmeM OOJIBIIIOTO KOJIWYECTBA HEWPOHHBIX CETENl B IIPOU3BOACTBO BCE
Jallle BO3HUKAEeT NOTPEOHOCTh MHTEPIpPEeTAIlnN Pe3yIbTaToOB pabOThl JAHHBIX ceTeil B op-
MaTe, BOCIPUHIMAaeMOM desioBekoM. OmHAKO maxke PacCMOTPEHUE MTPOXOXKIECHUS JAHHBIX TI0
CeTu U3HYTPU HE CIIOCOOHO MaTh YETKOTO OTBETA, IO KAKOMY ITPU3HAKY MaHHBIE ObIIu 00pabo-
TaHBI HA BBIXOOE NMEHHO TaKUM, a He MHBIM oOpa3zoMm. KoHeuHbIe MOTB30BaTEIN HEMPOCETEN
JKe Jallle BCETO BOBCE He 3HAIOT BHYTPEHHETO YCTPOMCTBA HEWPOHHBIX CETEN.

OmnuH U3 paccMaTpUBaeMbIX BAPUAHTOB PEIIEHUs TPOOIEMbBI — UCIIOIb30BaHUE MeCKPeTI-
TUBHOI JIOTUKN M CEMAHTUYECKUX CEeTell IJisi MOCTPOEHUs JIOTMYecKoro BeiBoma [1, 2, 3.
Heitipornas cetb o6pabaThiBaeT OOBEKTHI U3 OHTOJIOTUU, TOCJIE Yero Ha OCHOBAHUU BBIBONIA
CeTH C TIOMOIIBIO CEMAaHTUIECKOTO MEXaHN3Ma PACCYXKIEHNN CTPOUTCS JIOTUUECKOe BbIpaKe-
HUE, KOTOpOe ONUCHhIBaeT OOBEKTHI, IONAaBIINe B TOT MJIN MHOU KJIAcC.
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C6op u nnpeno6paboTKa HAHHBIX IJIs CUCTEMBI MPEACKA3aHUs JIABUHHOMN
OIIaCHOCTHU

H. A. PAOEEB

Orienka TaBUHHON OMIACHOCTHU SIBJISIETCS CITIOXKHON 3a1avueil, OJIsl PEIeHnst KOTOPOU HYKHO
cIlermuajibHOe 0Opa3oBaHME W COOTBETCTBYIOIINI OMBIT. TakK)Xe MAHHBIN IIPOIecCc TpebyeTr
JIMYHOTO TPUCYTCTBUS CHEIUAIICTA B MECTe, IJIs KOTOPOTO IMPOW3BOMUTCS OIleHKa. A Ko-
JIMYECTBO TECTOB, KOTOPhIE HEOOXOOMMO MPOBECTHU HAM CHEXKHBIM ITOKPOBOM IJIST TIOJTYYEHUS
OIIEHK! TpUOIIIKaeTCs K COpoKa. Bcé 3To memaeT 3amady OLEHKU JIABUHHOW ONaCHOCTU
c7oxkHO paspernuMoit. C Ipyroit CTOPOHBI, 3HAHNE aKTYaJTLHOTO 3HAUEHUs OIEHKU JIABUHHON
OMACHOCTH TI0 €BPOIIENCKON ITKaJIe OIIEHNBAHUS MOXKET IIOMOYb NPENNPUHSITH ITPEBEHTUBHBIE
MePHI IO 00ECTIEYeHNIO 3aINThI 6JIaTOCOCTOSHIS MHPPACTPYKTYPHI, 300POBbS U XKU3HEH JTIO-
neit. B HacTosIIIee BpeMsl CUCTEMBI aBTOMATUYECKOW OIIEHKN JTABUHHOW OMMACHOCTU HE MMEIOT
TIOBCEMECTHOTO PACIPOCTPAHEHNS W CYMIECTBYIOT UMb MJIS €MUHUYIHBIX TOPHBIX PAWOHOB
[1]. Takum o6pasoM, pa3paboTKa CUCTEMbl aBTOMATUUECKON OIEHKU JIABUHHON ONACHOCTH
SIBJISIETCS aKTYaJILHON 3a0adel.

[Ipexne, uem pa3pabaTbiBaTh aJrOPUTM MAIIUMHHOTO OOYYEHUS, MAHHBIE HYXKHO CTPYK-
TypupoBaTh [2]. B pamkax maHHOil paGOThI BBINIOIHSETCS cOOp, OYUCTKA U MPUBENEHUE K
pabouemMy BUMY HAHHBIX, U3 KOTOPBLIX B MAJBHEWINEM BBIEISIOTCS 3HAUNMBIE MJIS OIEHKU
JTABUHHOHN ONMACHOCTHU Tpu3Haku. Bce coOpaHHBIE MaHHBIE OBIIN MOJYYEHBI B OMHOM MeECTe
Ha TOPHOJIBIKHOM KypopTe B lIBefinnapuu, uTo obecmeunBaeT KOPPEKTHOCTH UX COBMECTHOTO
rcnonb3oBaHus. Ha sTame oYncTKM W3 HAHHBIX YOAJSIOTCS HEKOPPEKTHBIC WM HEIIOJIHBIE
3anucu. [ HemOCTAIONINX MAHHBIX O COCTOSHUU CHEXKHOTO TOKPOBA BBITIOJIHSIETCS MOIE-
JIMPOBaHMWE C TIOMOIIILIO MPOTPAMMHOTO TaKeTa MJIsI MONETMPOBAHUS COCTOSHUS CHEXHOTO
nokpoa SNOWPACK [3]. Ilpusenéunbie K paboueMy BHUIY IaHHBIE MPEACTABISIIOT COOOI
[aTaceT, COCTOSIITNA M3 3AINCENd, CONEPKANINX METEOPOJIOTUYECKNEe U3MEPEHNUs B TedeHUe
CYTOK, OTYET O COCTOSHUU CHEXHOT'O MOKPOB& B 3TOT XK€ NeHb W YKCIIEPTHYIO OIEHKY Jia-
BUHHOI onacHocTH. Ha ocHOBaHUM maTaceTa BBIOENSIOTCS 3HAUUMBIE NIl OIIEHKU JIABUHHON
omacHocTu nipu3Haku. lIpemmosaraercs majibHENIIEe UCIOIB30BAHUE PE3YIHTATOB PAbOTHI
171t OOyYeHUsI U TECTUPOBAHUS AJITOPUTMOB MAIIIMHHOTO U TJIyOOKOTO OOydJeHus.

CIIMCOK JIMTEPATYPBI

[1] A. Pozdnoukhov, R.S. Purves, M. Kanevski Applying machine learning methods to avalanche forecast-
ing. Annals of Glaciology 49 2008.

[2] Tonoeun H.A., Casun H.II., Sxwsaesa I'.O. IlpuMeHeHUE METONOB MAIIMHHOTO OGYYEHUs sl CTPYK-
TypuUpOBaHUS 6a3bl MPELENEHTOB KOMIBIOTEPHBIX aTak. MarTepuaibl MexmyHapomHOl KOHGMEPEHINN
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CemaHTH4Yeckass MOOeJib MOJIL30BaTeJIs B 3aJadye HEeMpPOCEeTEBOro paclo3HaBaHUs
SMOIIUN

O. A. CEnyxuH

B noksazme Gynmer onucaHa MOIENIb MAIIXHHOTO OGYUeHUs, B KOTOPOIl COBMELIACTCS Ba, IO
XOa: HeMpPOHHBEIE CeTH U HabOp 3apaHee 3aJaHHBIX JIOTMYECKIX IIPABHUII, COCTABJISIOLINX
CEMAHTUIECKYIO MOIE/Ib MOJIb30BaTeNs. 1lom monb3oBaTeeM MOHUMAETCS Je/IOBEK, OOLIao-
IUiicst MO BumeocBsi3u. Harra 3amada - pacHo3sHaBaHUe HACTPOEHUS STOTO UEJIOBEKA, IS
5TOrO C IOMOIIBIO HEMPOHHBLIX CeTell aHAIM3UPYIOTCS BUOEO- U ayauomoToku. s pere-
HIUS 33891 OyLyT MCIOIB30BATHCS COBPEMEHHBIE PAOOTEL PYCCKUX U 3aPYOEXKHBIX aBTOPOB
[3, 4] B 065acTH MYyJILTUMOIAIILHOTO TIIyGOKOro 06yueHus (TO €CTh aHAIU3UPYIOIIETO CPasy
HECKOJIBKO MOIAJIbHOCTEN - BUIEO, MHTOHAIMIO U IPOU3HOCUMELE (DPa3bI).

Js1st co3maHust MOIEIN MOJIb30BATE IS IPUMEHEH TeOPETUKO-MONEIbHBI IONXOL C IeTHI-
PEXyPOBHEBOI MOIENbI0 (hOPMAIIBLHOIO IpeNcTaBieHns 3HaHmil [1, 2]: omTosnorms, obrime
TeopeTuueckue 3HaHUs (V-IPEIIOKEHISI IEPBOTO MOPsAKa), crenundudeckue 3HAHUS (Ipele-
NEHTHI, JaHHBIE O KOHKPETHBIX IOJIB30BATENSIX [5]) U OIEHOYHbIC 3HAHUS (BEPOSTHOCTHBIE
TUIIOTe3bl HEYETKOR JIoruku [6)).
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MeTonbr mon6opa onITUMAIBHBIX TAPUMHBIX IIJIAHOB MJISI HECKOJIBKUX CUM-KapT
aboHeHTa

II. B. CEJIE3HEB

B macTosiitiee BpeMst HEBO3MOXKHO ITPENCTAaBUTH KOMMYHUKAITUH JIIONEN IO BceMy Mepy 6e3
MCTIOIB30BaHUS MOOWITHHON CBSI3U U MHTepHeTa. MBI mcmonbp3yeM noctyn K cetu UHTEpHET
171t OOMEHa U TOMCKa HY:KHOW HaM mHpopMaluu. B KadecTBe HHCTPYMEHTa NOCTYIA K CeTH
MBI 3a9aCTYI0 IPUMEHsIeM MOOMITbHBIE YCTPONCTBA, KOTOPHIE IIPUBSI3HIBAEM K OIPENETIEHHOMY
OepaTopy COTOBOM CBSI3U.

Ha ceromusaiamii neHb PLIHOK MpemiaraeT IMUPOKU BHIOOP OIepaTOpPOB COTOBOW CBSI3H,
KaXXTBIN 13 KOTOPBIX UMEET MHOXKECTBO TapudoOB ¢ pa3InIHBIMU akKeTaMu yCayT. B cBsa3um ¢
3TUM, MIOJIB30BATENI0 HYKHO IIPOAHAIIN3UPOBATE JOCTATOYHO OOJIBIION 00beM MHDOPMAIIUN,
9TOOBI TTONOOPATh Tapud, CIIOCOOHBIN YOOBIETBOPUTDL €r0 MOTPEOHOCTI TPU MUHUMAIIBHBIX
3aTpaTax. llomMmmmo sTOrO, HEOOXOMUMO COOpaTh MHPOPMAIIUIO O TOM, C OIepaTOpaMé Ka-
KOTO abOHEHTa KOMMYHUIIIPYeT MOJIb30BaTelb, C KAKMMI WHTEPHET-pecypcaMm oOMeHUBa-
eTcst mHGOpPMAIIE, 1 MHOTHE IPYTHUe YCIOBUS, KOTOPhIE HAIIPSIMYIO BIUSIOT Ha BHIOOP TOTO
1M WHOTO TapudHOro miaxHa. Kpome Toro, aboOHEHTHI 3a9aCTYIO UMEIOT 0oJiee OMHOW CUM-
KapThl, KOTOPBIE, IO GaKTy, MOT'YT UCHOIb30BATHCS PA3IMUYHLIMUI IOTPEONTEIIMU COTOBBIX
YCHyT.

Hempio paboTH SBISETCS aHAINU3 CYIIECTBYIOIINX METOIOB MOAOOPa ONTUMAJIBLHOTO Ta-
puda [1-3] u pazpaboTKa HOBBIX METOIOB C UCIOJIb30BAHIEM ABTOMATU3UPOBAHHON CHCTEMBI
cbopa u 06paboTKU TapudHBIX IIJIAHOB OIEPATOPOB COTOBON cBs3u. Heobxomumo paccumTaThb
nist abOHEHTa, MMEIOIIEr0 HEeCKOITbKO CUM-KapT ONTUMAJLHBIA HAOOp YCIYT OJIS KaXKIOn
CUM-KapPThI, C YIETOM, YTO OHI UMEIOT Pas3/IMyYHbIe CTATUCTUKN M0 pacxomaMm Tpaduka. Cu-
cTeMa aBTOMaTWYECKU coOmpaeT MHPOPMAIINIO 10 Tapu(HBIM IIJIaHAM C CAlTOB MOOMIIBHBIX
OIepaTOPOB, TPeoOpa3oBBIBaeT onmcanue TapudoB B popMaT, ¢ KOTOPEIM pabOTaeT ajro-
put™MoM nonbopa Tapuda. lamee mis kax)moro Homepa, KOTOPBIA HCIOIB3yeTCsT aDOHEHTOM,
OTIpPENeTIIETCST OEPaTOpP W COOMpaeTcs meTallbHAas CTATUCTUKA PacXomoB. Bce sTu nmamHbIe
IIepenaioTcs aJIrOPUTMY, KOTOPBIN NOIMKeH OymeT momoOpaTh OoWH OOIIMU MIIM HECKOJIBKO
Pa3IMIHBIX Tapu(HBIX IIJIAHOB HaMbOJIee ONTUMAIbHBIX MIJIS HOMEPOB, KOTOPBIE UCIOIb3YeT
abOHEHT.
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Pa3pa6GoTka MeTONOB M aJITOPUTMOB ITPOBEPKM KOPPEKTHOCTU 3KCHEPTHBIX
3HAHUN

B. A. CKOKOBA

B Teuenne mocienHux necaTUIETHR B paMKaxX UCCIIENOBAHUIL IT0 NCKYCCTBEHHOMY WHTE!I-
JIEKTY C(HOPMUPOBAIIOCH CAMOCTOSTEILHOE HAIIPABIIEHNE - SKCIIEPTHLIE CUCTEMBI, TIPUBIIEKA-
IOIlIee MHTEPEC CO CTOPOHBI PA3IMYIHOIO KpyTa momb3oBaTenein. OmHaKo IpaBmila, ComepKa-
mwecs: B 6as3e 3HAHUI SKCIEPTHON CHCTEMBI, MOTYT OKa3aThCs IpoTuBopeumsbiMu (1], [2].
KonmuuecTBo Takux mpaBmil MOXKET OBITH JOCTATOYHO GOJIBIUM. B CBS3M ¢ 5TUM BO3HUKAET
3aada aBTOMATU3AINN IPOBEPKN 6a3bl SKCIEPTHBIX 3HAHMUIL.

B mammoit paboTe 3HaHWS NPENCTABIAIOTCA B BUIE (DOPMYII, MPENCTABIAIONIMX COOBI-
TUS, U UX BEPOATHOCTHBLIX 3HAYCHUII, IPENCTABIIAIONINE CYOLEKTUBHYIO MEPY YBEPEHHOCTH
sKcIiepTa B ux nenicreurensHocTH (3], [4]. Ilo MHOXKECTBY hOPMYIT CTPOUTCS CHCTEMA JIMHE-
HBIX aJIrebpandecknx ypaBHEeHNI ¢ OrpaHnIeHnIMEA. HecOBMECTHOCTD IOy YeHHON CUCTEMbI
MOKA3BbIBAET NMPOTUBOPEUYMBOCTD MAHHBIX. B TakoM cilydae IpemIaraeTcss Crocob perreHus
BBISBJIEHHOTO KOH(DJIIKTA.
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AHanu3 mpoTUBOPEYNBBIX TEKCTOB €CTECTBEHHOTO SI3LIKA METOIOM
SoftTripletLoss

A. C. TPETYBOB

3amaun aHa/IM3a U TMOPOXKIEHNST TEKCTOB €CTECTBEHHOTO SI3BIKA SIBIISIIOTCS JOCTATOYHO CIIOXK-
HBIMU, U I[JIs UX PEIIeHNs AaK TUBHO TPUMEHSIIOTCSI Pa3indHble monxons [1, 2]. B smoxy passu-
TUSI UCKYCTBEHHOTO MHTEVIEKTA MaHHAs 001aCTh HAYYHON NesITETbHOCTU SIBISIETCS OCOOEHHO
aKTyaJIbHOM.

Hansass paboTa MOCBAIIIEHA BOIPOCY IOUCKa MPOTUBOPEYNA B TEKCTaX €CTECTBEHHOTO
s3bika. OOBEKTOM WCCIIENOBAHUS SIBIISTIOTCS METONBI aHAIN3a CJIab0 CTPYKTYPUPOBAHHBIX
TEKCTOBLIX INOKYMEHTOB C HCIOJIb30BAaHUEM HENPOCETEBOTO aIlapaTa. B CBsS3U C BBICOKON
CJIOKHOCTBIO aHaJIM3a OOJIBIINX TEKCTOB HA MpeIMeT IPOTUBOpednii B paboTe paccMaTpu-
BAeTCsl TOJIBKO aHAJIN3 Nap KOPOTKUX MPENJIOKEHU, COOEePKAIINX CTPOTO OOHY OCHOBHYIO
MBICITb. B 49acTHOCTH, TPUMEHSIOTCS METPUUECKUe CIOCOObl 00yUueHUs] HEMPOHHBIX CETEN.
[Tocnennue nccnenoBaHus MOKA3a/In, 9YTO JAHHBIN ITOIXOI MOXKET YCIEITHO TPUMEHIThCS T
aHa/IN3a TEKCTOB [3].

ens nanaO! paboThL: pa3zpaboTaTh MOMIETIb HEHPOHHON CETU, TPEHUPYEMYIO C IIOMOIIIHIO
METPUUECKIX CIIOCOOOB OOyUeHUSs, CIIOCOOHYIO BBISBISTH IMPOTUBOPEUNS MEXIY TEKCTaMU
€CTECTBEHHOTO SI3bIKA.

B pamkax paboThbl pacCMaTPUBAIOTCS TEKCTHI U3 CYILIECTBYIOIIETO MACCUBA TAHHBIX, OITY-
OIMKOBAHHOTO B OTKPBITOM nocTyre CTeHma(pOpaAcKuM yHUBEPCUTETOM.

Brinu periens! crnenyrorye 3anaun: TPOBEOEH aHAIN3 JIUTEPATYPHI, OIMICAHA METOIOJIO-
TUsl WCCIIENOBAHNUsI, B KaUeCTBE s3bLIKOBOM MOMeNn BhIOpaHa HEWpOHHAas ceThb Bert, co3mana
HENPOHHASI CeTh MJIS CPABHEHUs TEKCTOB Ha IpPeIMeT IPOTUBOPEYNL.

OMnupuyeckne pe3yIbTaThl MOKA3AJIM TOYHOCTDH IpenckKaszanuin monenu B paitone .76,
UTO, IPUMEPHO, PABHO TOYHOCTU aHAJOTUYHON Momesn, 00ydeHHo ¢ moMorItbio TripletLoss.

Ho npu Toit ke TouHOCTH, TIpoIiecc OOy UeHNs IIPEICTABICHHON MOIEIN OKA3aJICs 3HAUU-
TenbHO mporitie. [Ipu nanpHeleM pa3BuTun paboThl BOBMOXKHO IIPUMEHEHNE IPYTUX SI3BIKO-
BBIX MOMEJIEN, & TaKxXKe U3MeHeHNe CTPYKTYPbl HEMPOHHON CETH.
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[3] Tpery6os A.C., Neural network model for finding contradictions in natural language use using Triplet-
Loss function // Components scientific and technological progress. 2020. N 7(49) C. 9-14

Hosocubupcrut 2ocydapcmeennvit ynusepcumem, Hosocubupck
E-mail: artem.tregubov@mail .ru

95


mailto:artem.tregubov@mail.ru

MamnbneBckue urerus 2020 Anrebpo-oruyeckmue MeTOmbI

Pa3pab6oTka MeTOnoB m3BjIeUeHUsI 1 06paboTKU apryMeHTOB U3 TEKCTOB
€CTECTBEHHOI'O sI3bIKAa, OCHOBAHHBIX HA JIOTUKE NIPEOUKATOB

II. C. YcoBa

[Tomyuenne aprymeHTanum - aKkTyalbHAs Ha OJaHHBI MOMEHT TeMa, He MMeIoIlas yHU-
BEPCAIIBHOTO PEIIeHNUs.

MHOI"I/Ie CyHIIeCTBYIOIIIIE Ha IIaHHbIﬁ MOMEHT pelIeHUdA IIpeaiaraioT JIAIIIb aHaJINn3 CUH-
TaKCUUIECKON CTPYKTYPHI MIPEIJIOXKEeHUN, IPU dTOM TepsieTCs MHOXKEeCTBO BaXHBIX IS ap-
TYMEHTAIN! PaCcCyKIEHUN BapUaHTOB UCIOIb30BaHUS CJIOB. Hampumep, MOryT He yUYUTHI-
BaTHCS OMOHUMUYHBIE CJIOBA.

Taxxxe, naneko He Bce CYIIECTBYIOIINE HA MaHHBIM MOMEHT DPeIIeHUs MOTYT IpenocTa-
BJISITL OOOCHOBAHUE IPUBEOCHHOMY OTBETY. I‘I&HpI/IMep7 IPOCIEOUTD IEIIOYKY BBIBOIOA OTBETA
B HeﬁpOHHbIX CeTAX KaK IIPaBUJIO HEBO3MOXKHO.

Hempro paboTeL ABIsIETCS Pa3pabOTKa CUCTEMBI ISl U3BJIEYUEHNE apT'yMEHTOB U3 TEKCTOB
HOBOCTHBIX CTaTeHl ONpeNeJeHHON TeMaTUKW UM MCIOJIb30BAaHUE WM3BJICUECHHBIX apryMeHTOB
OJId BBIBOOA HOBBIX apPryMEHTOB. 9TO MO2KeT OBITH IIOJIE3HO B PaMKaXxX OOKa3aTeJIbCTBa WJIN
OIPOBEPKEHUS OIPENETIEHHOTO YTBEPXKICHUS.

[Ipu 5T0 aprymMeHTHI B paboTe IPENCTABIISIOTCS B BUIE BHIPAXKEHUN JIOTUKY TPEOUKATOB,
4TO maeT psad OPeruMyIIecTB, Cpeau KOTOPBIX: BO3MOXKHOCTH IIPUBECTU IOJIHOE OOOCHOBAHUE
IJIsl IPEACTABIIEHHOIO CUCTEMON OTBeTa, YIOOCTBO JIOTUKM IIPENUKATOB, IPU 3TOM KaXKIIBIN
mrar JOKa3aTe/IbCTBa MHTYUTUBHO IIOHATEH.

Pabora OyneT mcmonb30BaTh B CBOEH PeATN3AINNT MIPEIBIAYIIe pa3paboTK PaOOTHUKOB
U CTyIEeHTOB Kadenpsl B NAHHON TEeMaTUKe.
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HpnMep IIpUMEHEHNA MHOI'OAQareHTHOI'O ImoaAXona B pellleHUHN 3aga4 JIOTMCTUKN

A. M. ®Enprak, A. C. HA3IPIOXUH

MonepHuzarus 1 aBTOMATU3AIUS IIPOIIECCOB B OM3HECE B HACTOSIIIIEE BPEMSI SIBJISIETCSI OCHOBOI
IIJIsl €70 Pa3BUTUS U MPOIBETAHWA. Bo3pociinii crpoc, Ipu KOTOPOM BaXXHO OBLICTPO IepeMe-
CTUTH TOBaphl U3 TOUYKM A B TOUkKy B, mpuBé k HEOOXOMUMOCTHU M3MEHEHUS CJIOXKUBIIIENOCS
OPSIIKA B IIeJIOM psine cdep, B 0OCOOEHHOCTH B JIOTUCTUKE W CKJIAJACKOM yIpaBjieHuu. B pe-
3yJIbTaTe MMPOBENEHHOTO CPABHUTENHHOTO aHaJIN3a PEIIeHn B JTAHHOU IMpeIMEeTHON 0b1acTu
MOYXKHO YTBEPXKIATh, YTO C TOYKU 3PEHUS BPEMEHHBLIX U (PMHAHCOBBIX 3aTPAT aBTOHOMHBIE
pellleHns SBIAI0TCS O60Jiee TPENNOUYTUTETHLHBIMIA, B CPDABHEHUN C aBTOMATUIECKIMU.

Creruduka muoroarenTHoeix cucreM[l] (MAC) 3akmodyaercs B COBMECTHOM DPEIICHUN
areHTaMu OmHOU OOIel 3amauu. PasmerleHue 3aliad MPOUCXOMNUT HA OCHOBAHUU (HYHKIIUI
areHTa U IOIPa3yMeBaeT B3aWMO3aMEHIEMOCTb OMHOT'O YCTPOMCTBA APYTUM TOTO XKe THUIA
C MUHUMAJIbHBIM yXYOIIEHeM PpabO0TOCIIOCOOHOCTU CUCTEMBI B IIeJIoM. B pelraeMon 3anade
C TOYKU 3peHUs PyHKITMOHAJILHOCTY U OTKAa30yCTONINBOCTHY O TUMAJIBLHON SIBIISIETCS CUCTEMA,
BKJTIOUAlOIIas B ce0s 4 TUma areHToOB: MOMYJIb YIIPaBIeHUs, POOOTU3NPOBAHHAS TIIaTHOpMA,
T, MOOYJb IIOI'PY3KUA-BBITPDY3KU.

B pabore Oblmm paccMOTPEHBI OCOOEHHOCTU PEATM3AlNN [IEHTPAJIN30BAHHON U IEIEH-
TPaIN30BAHHON apXUTEKTYPHI CUCTEMBI, a TaKXKe MEeTOIbI OpraHu3aum oOMeHa COOOITIeH!S
MeXIy areHTaMu|2| s pacCMOTPEHHBIX apXUTEKTYD. [eHTpamn3oBaHHbIl METON OOIIEHUSI
OBLI peajim30BaH Ha OCHOBaHUU IPOTOKoIa MQTT, oCHOBHBIM HETOCTATKOM KOTOPOIO CTAJIO
006s13aTelTbHOE HaJIUYNe MOCTOSHHOTO COEOUHEHUs C CEepPBEPOM IO CeTH. BbIXomoMm m3 3Tou
cCUTyalnum cTajl MeTon GopMUpOBaHUs Oojee 0OOOIIEHHON 3a0avn, KOTOpas pa3nenseTcs u
HaIIPaBJISIETCs CPa3y HECKOJbKUM areHTaM. VIX areHThI MOIXKHBI BHITIOJHUTH AaBTOHOMHO BHE
3aBUCHMOCTHI OT HaJINMYMI KaHaJla CBA3U C ueHTpaanoﬁ CHUCTEMON yYapaBJICHUA.

Ha ocHOBanumm m3ydeHHBIX METOMOB pacueTa KpaTdalinmmx myTed B rpadax ObLI pea-
JIN30BaH aJITOPUTM pacueTa IIyTell OBUKEHUS POOOTU3UPOBAHHBIX I1aTGOPM, pa3paboTaHb
crieHapun pabOThl M B3aMMOMENCTBUS areHTOB, MOMOOpaHa ONTUMaJIbHAS alliapaTHas TITaT-
dbopMa s peanm3anuy perieHms.

B mporecce cpaBHUTENBHOTO aHAIM3a pa3pabOTaHHOTO PEIeHusT ObLIN BHISIBICHBI He-
MOCTATKN KaK IIEHTPAIN30BAHHOM, Tak u nmereHTpaaun3oBaruoin oprarmsamuun MAC. OnTu-
MaJIbHBIM peIleHneM 11 MaHHOW cepbl NOIXKHA SBIATHCSI TMOpUIHAs cCUCTeMa OOITIeH!s
MeXIy areHTaM# B CICTEME M aBTOHOMHOe (QYHKIIMOHUPOBAHUE Ar€HTOB.
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Paspa6oTka 6a3bl BOIPOCOB IJisi peKoMeHnaTeibHou cuctembl AskMeSmth

M. M. XJILIBOBA

B macTostiimit MoMeHT u3-3a psima GaKkTOPOB PACTET UUCIIO JIIOMIEN, MMEIOIINX TPOOIEeMbI
¢ kommyHuKarnuei. OOouH 73 MOOXONOB Pa3BUTh KOMMYHUKAIIMOHHBIE HABBIKKM - OOCYKIe-
HIE Pa3INIHBIX TE€M, KOTOPbIe MOTYT (OPMUPOBATHCS UCXOMs U3 BOIPOCOB. Bompockr Mo-
ryT GbITH OBITOBBIE, AKTyallbHbIe, aOCTPAKTHBIE, pa3andaoTcs mo crpykrype [1], [2]. Tak
KaK C UX TMOOOOPOM MOTYT BO3HUKHYTH pas3IHYHbe CIOXKHOCTH. ONHUM U3 pEIIeHui 1aH-
HOIT TTpoGIeMBI ABJIsIeTCs paspaboTka nputoxkenus AskMeSmth, koropoe Gyner npenjaraTb
MIOJTB30BATESISIM BOIIPOCHI, HA PA3JIUIHBIE TEMBI.

B macTosIiee BpeMst CyIIeCTBYIOT TaKue CUCTEMBI, HO OCHOBHBIM UX HEIOCTATKOM SIBIISI-
eTCsI OrPAHMYEHHOE UNCIIO BOIPOCOB W OTCYTCTBUE KAKOW-INOO MEPCOHAIIM3AINN TS TOJTh-
30BaTesel.

WNunuBumyaabHOCTE MpemIaraéMblX BOIIPOCOB MPEMJIOKEHO PeIaTh BBOIOM PEKOMEHIA~
TEJILHOI CUCTEMBI, KOTOPasi CTPOMTCS Ha OCHOBE OHTOJIOIMYECKON Momenu 3| um mo3Bosiser
VUUTBIBATEH OMBIT MOXOXKUX IOJIB30BATEIeN U yXKe MOCTABJEHHbIE OIeHKu. Vcmomb3yercs
coueTanue user-based u item-based momxomnos, amroputm GroupLens.

OrpanudeHne B KOJIUYIECTBE BO3MOXKHO IPENJIATAEMbIX MAHHBIX PEIIAETCsI C MOMOIIIBIO
TeHepAaInl HOBBIX BOIPOCOB W COOTBETCTBEHHO TOMOJHEHNEM UMU UMeroleics 6a3bl. B ka-
YECTBE NCTOYHUKOB BOIIPOCOB B3STHI U3BECTHBIE U AEWCTBYIOIIIE CANTHI C BOIIPOCAMIE, TAKIE
kak «OT1BeTsr mail.ru», «Aumekc. Keo». Anropurm mpenmonaraet 3amyckK MepUOLTIECKON
MPOIENYPhI, KOTOPAs HAUMHAET IPOIECC MAPCUHTA, 3aTEeM 3aI0IHIeT OTIEIbHYIO 6a3y moiTy-
YEHHBIMU HOBBIMU JAHHBIMEU U OUUIIAET TPEIbIIYIINe TaHHbIe, YACTh U3 KOTOPHIX MOMAIAET
B OCHOBHYIO 06a3y BOIIPOCOB, €CJIU YIOBIIETBOPSIET OINEHOTHOMY KPUTEPUIO.
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IlocTpoenue momenu kosstabopaTUBHON GUIILTPALNN IJI5 IPEAOCTABIICHU S
MMOJIb30BATEJILCKUX PEKOMEHIAITNA

IO. A. XyOosgakoB

B macTosmimit MOMEHT peKOMeHOaTeTbHbBIE CUCTEMBI IITMPOKO MCIIOIB3YETCS B PA3THIHBIX
chepax [T-unmycTpum: >IeKTpPOHHAS KOMMEPIIUS, peKjaMa, MeIUInHa, 00pa30BaTeIbHbIN
npouecc [1], [2]. OcHoBHas 1e/lb PEKOMEHIATEIBHBIX CHCTEM IIPENCKA3aHUe AKTYaTbHBIX
IJISI TIOIb30BaTENsI OOBEKTOB Ha OCHOBE €r0 IPENBbIAYIIEr0 OIBITa B3aUMOMENCTBUS C IIPU-
noxkenueM. Jlyist 9TOro mcmomb3yeTcs siBHAs U HesBHas wHGOpPMAIUsA O IOjb3oBaTese (3],
ITPOAHAIIN3UPOBAB KOTOPYIO MOXKHO CHEIIATH BHIBOM O €TI0 BKYCOBBLIX ITPENIIOUTEHMTSIX.

KonnabopatusHas ¢uabTpanus KaK METOI MMOCTPOEHUS MOJIb30BATETHCKAX PEKOMEHIa-
OUA yIUTBIBAET TPENNOUTEHUS TPYIIIHI TOIb30BATEEN TPUIIOKEHUS I TPENCKA3aHUs He-
M3BECTHBIX I[IPENIOYTEHN IejeBoro moisb3oaress [4]. CyecrByer nBa momxoma K pas-
paboTke cucTeM KOJIIab0paTUBHON DUILTPAINUA - KOPPEIIIIMOHHAS MOMETh U JIATEeHTHAas
Momennb. B ciydae KOPpEISIuOHHON MOMEIN CTPOUTCS MATPHUIA C OIEHKAMU OOBEKTOB IJIS
KaXI0To TIosIb30BaTess. [Ipobiema cocTonT B TOM, YTO MaTPUIA CUIBHO PA3pEKEHA 1 BO3ZHU-
KaeT 3ajiava 3aI0JHeHUs IPoImyckoB. Kpome Toro, Takoi nonxom TpebyeT 60IbIIOro oobema,
MMaMsTHU MIJIsl OMHOBPEMEHHOTO XPAHEHUs BCEIl MATPUIIBLI B OIEPATUBHON naMsaTu. B cBoio oue-
penb, NaTeHTHAs MOMNENb ITPEeNnojaraeT MOCTPOEHNE IS KaXKIOTO TOJIbL30BATENS €r0 «ITPO-
duns». JlaHHBIA TTOAXOM TTO3BOJIIET CTPOUTH OOJlee TOUHBIE 1 OOOCHOBAHHBIE PEKOMEH IAITIN.

B pamkax manmOil pabOTBI pacCMaTpPUBAIOTCS JIATEHTHBIE MOMNETN KOJIaOOpaTUBHOI
bunbTpanuu, B OCHOBE KOTOPBIX JIEXKUAT UMIes O CAHTYJISIPHOM DPAa3jIoKEHH! KaK O CIocobe
BBISIBJICHUS JITATEHTHBIX CBI3€ll MEXIy paccMaTpuBaeMbIiMu oObekTamu. lIpomsBomures mo-
CTPOEHNE MOJIENTN, UCIIOITH30BATE KOTOPYIO B TAJIbHENIIIEM TJIAHUPYETCS IIIS CO3MAHUS PEKO-
MEHIaTEeIbHON CUCTEMBI COITMAJTLHON KAaTaJIOTU3aIlu KHUT .

CIIMCOK JIMTEPATYPBI

[1] Palchunov D., Yakhyaeva G., Yasinskaya O. Software system for the diagnosis of the spine diseases
using case-based reasoning. Proceedings of the International Conference on Biomedical Engineering and
Computational Technologies (SIBIRCON / SibMedInfo — 2015), 28-30 October, 2015, Novosibirsk, pp.
150-155.

[2] Baramuua K.B., Sxsaesa I'.O. Cucrema ynpasienns oueHounbiMu cpenctsamu. Bectamk HIY. Cepust:
Nudbopmannonusie Texuomoruu. 2020. T.18, N2. C. 5-14.

[3] Yakhyaeva G. Fuzzy model truth values. Proceedings of the 6-th International Conference Aplimat,
February 6-9, 2007, Bratislava, Slovak Republic, p. 423-431.

[4] Yehuda Koren, Factorization meets the neighborhood: a multifaceted collaborative filtering model.
Proceeding of the 14th ACM SIGKDD international conference on Knowledge discovery and data mining
(Las Vegas, Nevada, USA: ACM, 2008), 426-434.

Hosocubupckrut 2ocydapcmeennbiti ynusepcumem, Hosocubupck
E-mail: d.khudyakov@g.nsu.ru

99


mailto:d.khudyakov@g.nsu.ru

MamnbneBckue urerus 2020 Anrebpo-oruyeckmue MeTOmbI

AﬂreﬁpanquKne aTaKH1 1 reHepaTopbl KJII0YEBbIX IIOCJ'IeI[OBaTeJ'IbHOCTef/’I

C. I'. YEKAHOB

[ToTounble MIUMPHI ABASIOTCS OMHUM U3 BaXXHEUIINX KPUITOTPAbUIECKUX TPUMUTHABOB,
KOTOpBIE UCHOIB3YIOTCS B KaHajlaX CBSI3H, IPENNOJIaraiolnX BBICOKYIO CKOPOCTh HIudpoBa-
HIs C XOPOIIMMHI KpunTorpadudeckuMu xapakTepuctukamu. CraabocTbio Takux mudpoB
SIBJIsIETCSI OOMBIIION pa3Mep KIII04a, PABHBIA MIMHE IMN(PPYEMOro TEKCTa, UTO 3aTPYyHOHSIET
reHepalnio 1 paclpeneieHne CeaHCOBBIX Kiaoden. OmHUM M3 BO3MOMXKHBIX PEIeHUI TaH-
HOHI IIPOOJIEMBI SBIISIETCs TeHepallnsl KITIOUYEBBIX IICEeBIOCIyYalHbIX ITOCIEN0OBATEILHOCTEN Ha
OCHOBe HeOOJIBIIIOTO CEKPETHOro Kitoda. Takol IOomXom MMeeT XOpollee MaTeMaTHIecKoe
ormcanue [1, 2] u momyckaeT yIoGHYIO TEXHUUYECKYIO peanm3anuio. Kak mpasusio, 5To IuHeil-
HBIE PEKYPPEHTHBIE TTOCTIEN0BATEIbHOCTH HAl KOHEUHBIMY TIOJISIMU WJIA APYTUMU KOHEIHBIMUI
anrebpamu.

B manmmO#l paboTe paccMOTpeHa MaTeMaTUdecKas MOOe/Ib TeHepaTopa KITFOUeBOW IIOCIe-
OOBaTEIbHOCTH, COCTOMIIIAs M3 TPEX PETUCTPOB COBUTA C OOPATHOW CBSI3bIO 1 HETMHENHOU
OYHKIIMM BBIXOMA HA KOHEUYHBIM mojieM. [locTpoena mMomenb reHepaTopa KITIOUEBBIX MOCIIe-
JIOBATEILHOCTEN [JIsi TOTOYHBIX ITN(MPOB HAIl KOHEUHBIM T0jieM. [IpoBeneH aHaAIN3 BO3MOXK-
HBIX aTaK Ha MOOEIbHBIN MeHepaTop C UCHOJIb30BAHIEM METONA JIUHEAPU3AIIUI U ¢ IOMOIIIHIO
6a3uca ['pebHepa mis moeastloB B KOJIbIle MHOTOWIEHOB OT HECKOIBKUX I€PEMEHHBIX Hal KO-
HEYHBIM TIOJIeM. B xome aHam3a ObLIO MOOTBEPXKIEHO IMPENIONIOXKEHUEe, YTO METOI JINHe-
apm3anuu sBJisieTcs 6osee 3GPEKTUBHBIM IPU peaIn3alnil aTaK! Ha TeHepaTOPhl C MaJIon
Pa3MePHOCTHIO CEKPETHOTO KITIOUA.

st moctpoenns 6a3uca ['pebrepa ucmonbiobasics maker WOLFRAM MATHEMATIC.
B nanpHeiiireM npenmnosaraeTcst ONEHUTH 3aBUCUMOCTH CIOXKHOCTU PeATM3alliyl aTakKu Ha
PeHEPATOP OT aJireOpamvdecKoil UMMYHHOCTH OyJIeBbIX QYHKIINH, KOTOPBIE NCIIOIB3YIOTCS IS
IIOCTPOEHNUST TeHEPATOPA.

Pabora Bemomaena npu dunancoBon nomnepxkke Munobprayku P®, monomruTensaoe
cormarrenue ot 21.04.2020 075-02-2020-1482-1.
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Pa3pa6oTka Monesnu mpodusisi mojib30BaTeIs OJIsi PEKOMEHOAINN 3JIEK TPOHHBIX
Ky pPCOB

E. A. ITECTAKOBA

B mocnentee BpeMst Kak HUKOTIa CTAHOBUTCS aKTYaJbHOU 3amada mudpoBu3anuu obpa-
soBanus [1], [2]. OTaumuHBIM CPENCTBOM UIsl HOJIy9€HUs HOBBIX 3HAHUI WM yTIIyGIICHUS B
n3ydJaeMble paHee MPEIMETHI SIBIISIETCS caMOOOpa30BaHME TIPU TTOMOIIIN 3JIEKTPOHHBIX KYPCOB,
BBIJIOXKEHHBIX Ha Pa3/IMYHBIX 00pa3oBaTeIbHBIX IaTdopMax. OmHAKO OrPOMHOE KOJIMIECTBO
BBIJIOXKEHHBIX Ha 3TUX IIATPOpMax KypCOB, KHUT W BUMEOYPOKOB, a TaKXKe WX MOCTOSHHOE
U3MEeHEHNE W PACIIUpPEHNe 3aTPYNHIET MONCK MOOXOMSINNX W JIENCTBUTEIHHO TOJIE3HBIX pe-
CYPCOB.

s perieHust 3Toi TPOOIEMBI OBLIO MPENJIOKEHO pa3paboTaTh PEKOMEHIATEIbHYIO CU-
creMy [3], HOMOrAOIIYIO MOJIB30BATENIIO B IOAOOPE SJIEKTPOHHBIX KypcoB. Perrenne, pe-
KOMEHIOBATH TOJIB30BATEII0 OIPENE/IeHHBI KypC WU HET, 3aBUCUT OT MHOXKECTBA Xapak-
TEPUCTUK, HATPUMED: TEMATUKN KypCa, YPOBHS MOATOTOBKU IOJIL30BATENS, MINTEITHHOCTHI
Kypca, CTOUMOCTHU KYPCa, sI3bIKa MPEMOIaBaHusI, aBTOPOB Kypca u T.m. [Ipumenenue morude-
CKUX METOMmOB 00paboTK! WHGOPMAIIUU TO3BOJISET MOMoOpaTh 00jiee TOOXOMSIINU HYXKIaM
HOJIB30BATENS Kypce [4].

st cbopa m xpaHeHUs MHGOPMAIIUU O IPENIOUYTEHUIX TOIb30BaTess Oblia pa3pado-
TaHa MOOeIb MPOGUIIs TOJIB30BATEN, (GOPMUPYIOIIAsCS HA OCHOBE BBIODAHHBIX BPYUIHYIO
MIOJTBL30BATEIIEM TTAPAMETPOB U NCTOPUM B3aUMOIENCTBUS IIOTB30BATENS C APYTUMU Ky PCAMU.
s akTyanusanuu 3HAYEHUN mpodusis 66171 pa3paboTaH aJropuTM, OCYIIIECTBIISIONINNA aB-
TOMaTHUYeCKOe OOHOBJIEHUE MTaHHBIX HA OCHOBE NEWCTBUI TOJIb3oBaTesnsd. llom melicTBuem
IIOHUMAaeTCs JTI000e B3aMMONENCTBIE TTOJIB30BATENS C KypcaMi Wn MpoduieM cOOCTBEHHBIX
MPEOIOUYTEeHNH. AJITOPUTM YUUTHIBAET BEC COBEPIIEHHOTO MEACTBUS W KOIDPUIIMEHT IaB-
HOCTU JIENCTBUSA, COMOCTABIIET MAHHYIO WHGOPMAIIMIO C VKe comepxKallencs B mpoduiie u
aKTyaJIn3upyeT.
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Nudbopmanunonusie Texuosoruu. 2020. T. 18, N 2. C. 5-14.

[3] Opskomos A.I'. AnropuTmbl [oJisi DPEKOMEHIATEIBHON cucTeMbl:  TexHosorus Lenkor, Buswmec-
nudopmartuka, 2012. N 1 (19). C. 32-39.

[4] Palchunov, D.E., Tishkovsky, D.E., Tishkovskaya, S.V., Yakhyaeva G.E. Combining logical and statis-
tical rule reasoning and verification for medical applications. Proceedings - 2017 International Multi-
Conference on Engineering, Computer and Information Sciences, SIBIRCON 2017, 18-22 September
2017, Novosibirsk, Russia.
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Anroputm kiaccudukarnuu opdporpaduueckux OUIMOGOK HA OCHOBE AJITOPUTMA
MaIlnmHHOro ob6yuenus C4.5

E. C. IIEBUYK

C pa3BuTHeM dYejoBeUYeCTBa BCe OONBIIEMY KOJUYECTBY JIIOOEH CTAJI0 HEOOXOOUMO IIu-
caTh MHOXKECTBO TEKCTOB, UTO IejlaTh HYXKHO 0e3 omubok. I1sg Toro, 9TobBI X HE IOmyC-
KaTb, Hy>KHO 3HATH IIPABUJIA PYCCKOTO si3bIKa. V3-3a GOIBIIION0 KOJIMYECTBA €KEMTHEBHBIX JIETT
HE BCETZIa €CTh BpPeMs Ha MPOXOXKIEHUE KAKUX-JINO0 MOJTHOIIEHHBIX KypcoB. B sTom cityuae
MOXXHO HCIIOJIB30BATH aHAIN3ATOPHI TeKCTa. Ho OHM TOTBKO NCIPaBISIOT OMINOKY, HE OObsIC-
HSIOT B UYeM OHA 3aKJII0UAETCs. ODTO BEOET K 3ayUMBAHUIO HAN3YCTDH IPABUILHOTO HAITCAHMS
CIIOB, 9TO MaJio 3(GEKTUBHO B CMBICIIE TIOBBIIIIEHNUSI TPAMOTHOCTH.

OmHuM U3 pemreHn? DAHHOW TPOGJIEMBI MOXET OBITH M3yUeHHE MOMYIIIEHHBIX B TEKCTE
omIrOOK, MONKPEIVIEHHBIX IIPAaBUJIaMU, UTO B HaJIbHEHIIIEM IOMOXKET He TPATUTh BpeMs Ha
HCTIO/Ib30BaHNIE ITPOTPAMM IIJTsI TPOBEPKU TEKCTOB. M3 BO3MOXKHBIX CITOCOO0OB KIaCCUPUKAITAT
ommGOK BEIGPAH aJIrOPUTM OCTpoeHus nepesa pertennit C4.5 [1], MOCKONBKY mepeBbst pertie-
HUH SBJISIOTCS OMHUM 13 Hambosee 3(PHeKTUBHLIX WHCTPYMEHTOB WHTEJIEKTYAIILHOTO aHa-
JIN3a NAHHBIX U IPENCKa3aTeIbHON aHAJNTUKHN, KOTOPBIE TO3BOJISIIOT PEIIaTh 3aladu Kilac-
cudukaru [2]. Takum ob6pasom, B Xome maHHON paGOThI OBLIN OMPEHEIeHbl IPU3HAKI [IJIsI
obydJarorrero Habopa MaHHBIX 1 HAOOpa TeCTUPOBAHUS, CPOPMUPOBAHO OOYyUAIOIllee MHOXKe-
CTBO, pa3paboTaH aJropuTM Kiaccupuraum omrmbok Ha ocHoBe ajroputma C4.5 u momost-
HEHHBIN TOCJIENYIONINM aHAJIN30M [IJIs BBIOAYN PEe3y/IbTaTa MOJIb30BATEII0 B YIOOHOM IS
HETO BUIIE.
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Pa3pa6orka anropmTMa aKTUBHOT'O O0yY€eHUsI CBEPTOYHBIX HEMPOHHBIX CETEN
OJIsL 3a0a49n KjlaccupuKanuy m3o0pakeHui.

A. C. IIEPBUH

YemoBek Bcerga CTPEMUJICS HAY YU THCS TMOIYYaTh U3 OKPYXKAIOIIETO MUPa NHGHOPMAIITIO,
KOTOPYIO MOXKHO OBIJIO OBI MCHOJIB30BATH NI NMPUHSATHUS perieHnii. B coBpeMeHHOM Mupe
OONBININX MAHHBIX 3TO CTPEMJIEHNE CTAHOBUTCS elre 00jlee aKTYaJTbHBIM, TaK KaK YMEHUe
U3BIIEKATh WHGOPMAIIIIO U TPUHIMATH Ha €€ OCHOBE PEIEHUs MOXKET OBITH CTPATErmIeCKIM
npeunMmytriecTBoM B 6usnece. Cormnacuo onpenernenuio Kiona [llennona [1] undopmanius TecHo
CBsI3aHa C yYMEHBIIIEHNEM HEONPENeJIeHHOCTH, YTO WIIIOCTPUPYET CBI3b MOHSATHUS WHPOpPMAa-
TUBHOCTY HAHHBIX C PEITaeMON 3aIadei.

CoBpemeHHBIE aJITOPUTMBI TJIyOOKOTO OOYyUYeHUs, B YACTHOCTU CBEPTOUYHBIE HEHPOHHBIE
CeTH, MO3BOJISIOT aBTOMATHYIECKN U3BIIEKATH MHGOPMAINIO, KOTOpas MOXKeT ObITH II0JIe3HA
ISl 3a71aum B Tmporiecce obydenus. Ho mpobiema mHGOOPMATUBHOCTU OOYYAIOITUX MAHHBIX
BCE €Ille OCTaeTCs aKTyaJIbHOW, TaK KaK €CJiU MaHHBIE HE COIepXkaT B cebe HUKAKON wHPOP-
MAallii - CEeTh HE CMOXKeT ee m3Bjeub. (OCHOBBIBAsSCH HA HAHHBLIX UIESX ObLIa IIOCTABIIEHA
ONTUMM3AIMOHHAS 3a/1ada: BBIOpPATh W3 HEPa3MEUYEHHOIO MHOXKeCTBa Hambosee mHbOpMa-
TUBHBIE TIPUMEPHI (B OTPAHIYEHHOM KOJINYECTBE) TaK, YTOOBI KAUECTBO MOMIENIN HA TECTOBBIX
MaHHBIX YIYYIIMIOCh MaKCUMaJIbHO. HampaBiieHue ncciaenoBaHmii, MPU3BaHHBIX PEITUTH 3Ty
3a/avuy Ha3bIBAETCS aKTUBHBIM o0ydenueM [2]. Kiaccuueckue aaropuTMbl aKTUBHOTO 00y e~
HUSI OCHOBBIBAIOTCS HA YBEPEHHOCTU MOIEIN (MAKCUMAIILHOM, PA3HOCTH MAaKCUMAJIBHBIX I
SHTPOIUY YBEPEHHOCTHU TI0 BCEM KJIACCAM).

[enbio paboTH IBIIsIETCS pa3pabOTKa aJITOPUTMa aK TUBHOTO OOYUIEHUS IS 3a,0a91 KITac-
cudukaruu n3obpaxennit. B xagecTBe Momenu KjaccuPuUKanu IPUMEHSIIOTCS CBEPTOUYHBIE
HEWpOHHBIE ceTu. B xome BBITOTHEHUS PabOThHI ObLIO MPEMJIOKEHO HECKOJIBKO aJITOPUTMOB,
OCHOBAHHBIX Ha MPUMEHEHUN T'ayCCOBBIX MYHKITAN JIJIS pacyeTa CTENeH! OJIM30CTH ITPUMEDPOB
B IIPU3HAKOBOM IIPOCTPAHCTBE 1 yBepeHHOoCTH Monenaun. CpaBHEHME TPEIIOKEHHBIX aJITOPUT-
MOB IIPOBEZIEHO Ha 3amadue Imagenette [3].

B pesynbTaTe uccnenoBanus 661710 TTOKA3aHO, UYTO TPUMEHEHHUE OHOTO U3 TIPEIJIOKEHHBIX
AJITOPUTMOB IIPEBOCXONUT KJIACCUYECKUE aJITOPUTMBI aKTUBHOTO OOy JIeHUS.
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Combinatorial dynamics in gene networks models

V. P. GOLUBYATNIKOV, L. S. MINUSHKINA
We consider 6-dimensional piecewise-linear (PL) dynamical system

1= L(y3) —x1; g =T(2r) —yr; i = L(yi—1) — x4, 1 =2,3; k=1,2,3; (1)

as a model of gene network functioning. Here, L and I" are decreasing, respectively, increasing
step-functions of non-negative variables yi, =1, x;, which characterize concentrations of
proteins and mRNA in the gene network. As in [1], where an analogous smooth dynamical
system was proposed and interpreted from biological viewpoint, the system (1) is symmetric
with respect to cyclic permutations

(z1,y1) = (22,92) — (73,y3) = (T1,91)

of pairs of the variables. For PL systems of the type (1), in general quite asymmetric, we
have obtained necessary and sufficient conditions of existence of a cycle, see [2], where an
invariant neighborhood Wy of this cycle was described as well.

For the symmetric system (1), we construct now outside of the domain W; an invariant
bounded 2-dimensional PL surface ¥ with one vertex £, 12 edges R;, and 12 faces Fj, j =
1,...,12. Each of these faces F} is contained in corresponding 6-dimensional parallelepiped
D; such that the system (1) is linear in each D; which are bounded by hyperplanes parallel
to the coordinate ones. The edges R; are contained in some of these hyperplanes. Equations
of such linear systems depend on the index j.

Combinatorial analysis of the phase portrait of the system (1) implies:

Theorem. Trajectories of all points of Y are piecewise-linear, with corner points on
the edges R;. These trajectories tend to £ in a spiral way and intersect all the faces F; and
the edges R; infinitely many times as t — oo. The surface X does not contain cycles.

Similar constructions and descriptions of behavior of trajectories can be realized for PL
dynamical systems of different forms and in other dimensions, see for example [3]. It was
shown in [4] that phase portraits of some of these systems can contain several cycles even
in low dimensions.

Supported by RFBR, grant 18-01-00057.
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YuudukanuonHas mpobsiemMa B IIpeaTabImIHbIX MOOAJILHBIX JIOTUKAX
PM1 — PM5

C. . BAIIMAKOB

Jloruka £ Ha3biBaeTCs mabauukotl, €CIu IS Hee CYIIeCTBYyeT KOHEUHBIN XapaKTePUCTU-
YECKWiT KTacC KOHEUHBIX (peiiMoB. Jlormka L HaszbIBaeTCsS npedmabiuunoti, eciim OHa camMa,
He TabawvHA, HO TaOIMIHO JTI000€e ee COOCTBEHHOE PaCIIIPEHNE.

B pa6orax JI.JI. Makcumosoint [1] u JLJI. Ocakna u B.}FO. Mecxu [2] 6pu10 mokasano
CyIlIeCTBOBaHIE B TOUYHOCTU H-TU IPeNTabINYHbIX PACIINPEHNN HOPMAaJIbHOU MONAJILHON JIO-

ruku S4 : PM1,PM2, ... PM5. B macrosiiem nuccienoBaHuu MOIYIeH PSI PE3yIbTATOB
B TeOpUN YHUGDUKAINY TAHHBIX JIOTHK.
dopmyna p(p1,...,ps) yruduyupyema B L, €Ciu CyLUIECTBYeT HONCTAHOBKA 0 : p;

0, Vp; € Var(p) takas, uro ¢(o1,...,05) € L.

MHuoxecTBO BCex YHUPUKATOPOB ¢ MPOU3BOJIBLHON (POPMYIIBI ¢ KBA3UYHOPSIIOYEHO II0
OTHOIIEHNIO 6o4ee o6wuti: ecim HalimeTcs TONCTaHOBKa T, T.4. o'(p;) = 7(o(p;)) € L,
To 0! < 0. Habop yunduraTopoB C'U GOpMyYIIBI ¢ HA3BIBAETCS NOAHbIM B L, €Ciiu s
IIPOU3BOJILHOIO YHUGUKATOpPa 0 GOPMYIIBL (0 HaineTcs: Oosiee oOIuUil U3 3TOro Habopa.

s moruxk PM1, PM4, PM5 nokazana IpOeKTUBHOCTH YHUDUKAIINY, TTPEIJIOKEHO OIU-
canue Hauboee obIero (MpoeKTUBHOIO) yuudukaTopa B orukax. s coyuaes PM2, PM3
ONICAHbI KOHEUHBIE IMOJIHbIE HAOOPHI YHUDUKATOPOB, NOKA3aH QUHUTAPHBIN THI YHUDUKA-

[N,
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Jloruka nJyiss Kxpocc-MUPOBOU HPENUKAIIN

E. B. Borucos

B moksmane mpezncrasiena MomaJibHasL JIOTUKA IEPBOTO TOPSIIKA ¢ KPOCC-MUPOBOIT MHTEP-
npetanueit npequkaTos (cross-world predication logic, C PL). Wnes kpocc-MupoBOil MHTED-
PETALNN TIPEIUKATOB COCTOUT B TOM, YTO SKCTEHCUOHAJILI N-MECTHBIX IPEIUKATOB 3a.1a-
IOTCSI IUIsL YIOPSIMOYEHHBIX Nn-0K Mupos ([1], [2]).

3bik C'PL comep:XUT B KAUeCTBE TEPMOB TOJIBKO KOHCTAHTHI 1 TIEPEMEHHBIE; B aTOMap-
HBIX (POPMyJIaX B KQUECTBE TEPMOB HOMYyCTUMBI TOIBKO IEPEMEHHBIE.

Hedunnnus (Momens nus sa3wvika L). Monens qis sseika L - sto koprex (G, R, D, I),
roe G # @, R C G?; D — nomenHas ¢yukmus; I — mHTEpIpeTanus NHAUBIIHEIX KOHCTAHT
u npenukatoB L, Takas 4o (i) ecmn a — xoucranta, To I(a) : G — U, rne U = |J, .o D();
(ii) eciim Q — n-mectHemt npenukar (n > 1), o I(Q) : G™ — P(U™) (P - 6ynean); (iii) s
mo6erx w,w' , I(=)((w,w")) = {{x,z) : x € U}.

B cemanTtuxe C'PL uctuHHOCTHOE 3HaUYeHUE (POPMYJIIBI 3aBUCHUT, TIOMUMO MOMIEITH, BO3-
MOXKHOTO MUPAa U OIEHKU MEPEMEHHLIX, 0T VP-dyHnkiun.

Hedpunnims (VP-dyukuus). VP-gyrknus - 5170 yacTuyHas QyHKOUA OT UHAUBUI-
HBIX [IEPEMEHHBIX K BO3MOXKHBIM MUPAM.

VP-pyHKINT mo3BOISIOT TOMYYaTh KOPTEKN MUPOB, HEOOXOMUMEIE IJIs IpuMeHeHus I .
B maugasne samoanuu Gopmysisl B KauecTse VP-byukimum 6epercs &; mpu 06paboTKe GopMyT
Buna (3z)e, (V) uwmn (Ax.@)(t) orHOCHTENBHO MuUpa w n VP-dyskunn f Mbl nepexonum
or fx (f — ({z} x G)) U{(z,w)}; npu o6paborke aroMapHOi GOPMYIILI OTHOCUTETHHO W I
f vt ot f mepexonum x f,, = f|J((Var —domf) x {w}), rme Var - MHOXeCTBO mepeMeHHBIX
L, domf - nomen f.

Hedunnnus (uctuna B8 momenun). Iycte M = (G, R, D, I) - monens nma L, w € G,
v - Basroanus nepeMmeHHnrx, f - VP-¢yuknus. Torna:

Ma w, f ':v P(xla "'73371) TTTK <’U(.ZL'1), ,’U(CL’n)) S I(P)(<fw((£1), L) fw(xn»)

M,w, f &, (3x)e trrx M,w,(f — ({2} x G)) U {{z,w)} Fyje/a) @ a1T HeKOTOpPOTO
cywecrByer e € D(w). Anamormyasao s V.

M,w, f £, () (1) 171x Mow, (f — ({} % G) U@, 0)} Fufefa) 01 e € = 0(t), ecmn
t - mepemennas, u e = I(t,w), ecan t - KOHCTaHTA.

ByneBbl u MonajibHBIE OEPATOPHI HE BIAUAIOT Ha f; COOTBETCTBYIOIIUE IIYHKTHI OTJIA-
YAIOTCA OT CTAHAAPTHBIX TOJIBKO HAJHYHUEM < f>» CJIeBa U CIIpaBa OT <KTTTK>.

Teopema. CyriecTByeT MeTOI JOKA3aTEIbCTBA, KOPPEKTHBIN U MOJIHBIH OTHOCUTEIBHO
cemauaTuku C'PL.
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06 NCYNCJIEHN .TIaMGeKa C CyGSKCHOHeHHPlaJIOM, AOITYy CKAIOIIIM JIOKQJIbHOE€E
COKpallleHe mocjieqoBaTeIbHOCTEN POopMYyJI
M. B. BAIUHKUH

Pacemorpum ucuncienne Jlambeka [2] ¢ cyGoKCIOHEHIUATIOM !, MOy CKAIOIIAM JIOKAITb-
HOe COKpallleHHe IIOCIeN0BaTeIbHOCTEN (DOPMYII:

AoAw)  PEERTECY Tasas ) foapc Y
m—-A I''BA—C m—-A I''BA—C IMI,A— B
TILABASC 7 rB/AnAsc V7 masga/

INAA—=C (1) " — A (= 1) LML A — C(mcontr)
TJAASC I — 1A TILA = C
IH—-A I'NAA—-C
TIoAC )

re JaTUHCKIMEI OyKBaMu 0003HAYEHBI OTHOC/IbHEIE (DOPMYJILI, & TPEUeCKIMEA — UX IOCIEHO-
BATEJILHOCTI.
i paccMaTprBaeMOro NCYNCICHUS OOKA3AHEL Ceayomne (hakThL:
Teopema B nanxoM ucumciaennn yctpanumo npasmiio (cut).
Teopema PparMeHT OAHHOTO UCYHUCICHUS, B KOTOPOM | pasperiaeTca IPUMEHITH TOJIBKO K
IIePEMEHHBIM, aJTOPATMIYECKH Pa3PEeIIiM.
Teopema PaccmaTpuBaeMoe UCUNCIeHTE HEIKBUBAJCHTHO HCYHUCICHUIO C HEJIOKATIBHBIM CO-
KpallleHueM (opMyJI:

A ANA Ty — C VA ANA Ty — C

Fl,!A,A,FQ—)C Fl,A,!A,FQ—)C

Teopema PaccmaTpuBaemoe ucYuciaeHne 3KBUBAJICHTHO HCYUCICHUIO C JIOKAJTILHBIM COKDa-
IIIeHUEeM OTAEIBHBIX (OPMYJI U IPABUIOM (cut).
[Ipu ocnabieHny OAHHOTO UCUMCIICHNs TIPU TIOMOLI 3aMeHbl npasuia (— !) Ha

'B— A |
Bl
HOJIyYeH pe3yIbTaT, COOTHOCSIIMI 9TO HOBOE MCUuCIeHne ¢ R-monemsamu [1]:
Teopema Hcunciaenne ¢ (— 1) KOppekTHO OTHOCHTEIBHO Kaacca R-Monesert.
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MI'Y umenu M.B. Jlomnocosa, Mocksa
E-mail: mvalinkin@gmail . com

108


mailto:mvalinkin@gmail.com

Maursnesckue ureans 2020 Hexmaccuyeckune jgorukm

®parmeHT ncuuciaenus Jlambeka c pejleBaHTHON MOOAIBHOCTHIO

C. M. IIynakoB, b. H. KarjioB, C. JI. KY3HEIIOB

Ucuncnenue Jlambeka, momyckaroriee ImycThie amTenenenTsl, L' [2] — aTo cy6eTpyk-
TypHAs JIOTHYUECKas CHCTEMa, HeKOMMYTATHUBHBIN BAPDHAHT juHeiHo# gormku. B I oTcyr-
CTBYIOT CTPYKTYPHBIE IPABUJIA: COKPAIIleHIEe, OCIa0IeHNe U IePECTaHOBKA.

Ms1 paccmarpuBaeM pacimperne LY ¢ momorsio MomambHOCTH !, IO 3HAKOM KOTOPOIT
pa3pelreHsl CTPYKTYPHBIE IIPABIIA IIEPECTAHOBKN U COKPAIIEHWS, HO He OCIIAbJIeHUS, UITO
COOTBETCTBYET Hee pesieBaHTHON sioruku [3]. PaccMoTpenne Takoit MOTaIbHOCTA MOTHUBU-
POBAHO MPWIOKEHUSIMA B JIUHTBUCTUKE [1].

3amaua MPOBEPKM BBIBOOUMOCTHU IJIsi UCUUCIeHus Jlambeka ¢ pesleBaHTHON MOMaIbHO-
CTBIO AJITOPUTMUYECKN HEPa3PEIInMa, OHAKO CTAHOBUTCS PA3PEIINMO, €C/I MOTAIIBHOCTh
IPUMEHSIETCS. TOIIBKO K mepeMeHHbIM [1]. MBI ycunuBaeM 5TOT pe3yiabTar, pa3BUBas METOL,
npumenéunbiit Podanosoit [4] mist cirydas 5KCIOHEHIUAIBLHON MONAIBLHOCTH, MOI KOTOPOI
TaKXe MOIyCKAEeTCs ITPABUIIO COKPAIIIEHNS.

Teopema. 3agauya mpoBepkm BBIBOOTUMOCTH B mcuyuciaeHum Jlambeka ¢ pesreBaHTHOU
MOZAaJIBHOCTBIO IJISI CEKBEHIINI, B KOTOPBIX MOAAJIbHOCTE IIPUMEHIETCS TOJIBKO K (hopMyIaM
BUOA Gp \ ... \q1 \P/7T1/ .../ Tm, QITOPUTMUIECKH Pa3pELINMa U IPUHALICKHUT Kaaccy NP.
3nech ¢y -5 q1, Py M1, -+, T'm — OEPEMEHHBIE, \ U / — OBE CyOCTPYKTYDHBIE NMIIIUKALIAMN;
\ mpaBoacconmaTuBHA, & | JIE€BOACCOLUATUBHA.

B nmoxazaTenbcTBe 3TOI TEOPEMBI CTPOUTCS BCIOMOT'aTEILHOE NCUNCIIEHE C aKCIOMAaMMI
Buna Ay, ..., 1A, 7, ..., = . DTa CeKBEHINA CUMTAETCs AKCUOMOI, €CIi B KOHTEKCTHO-
CBOOOIHON TPaMMAaTUKe, TOCTPOEHHOM 1Mo A1, ..., A, CyIIIeCTBYET TaKOil BEIBOM CJIOBA T1 . . . Tk
73 CTApPTOBOTO CUMBOJIA S, YTO B HEM HCIOJIB3YETCs KaxKIoe W3 IIPaBuUi rpaMmaTuku. Ha-
30BéM yKa3aHHBII BUJ BBIBOLVMOCTU TOTAJIBHOI BBEIBONUMOCTBIO. B [4] BMecTO TOTaIBHOI
BBIBOIMMOCTH HCITOJIB30BAJIACh OOBLITHAS.

ToranbHAas BEIBOIMMOCTb UMEET B TOYHOCTU HYKHYIO CIIOXKHOCTB!

Teopema. 3amaua TOTaIbHONH BBIBOOUMOCTU B KOHTEKCTHO-CBOOOOHBIX I'DaMMAaTHUKAaX
NP-nosnna.

Pa6ora monmep:xkana rpantom PODU 20-01-00435; uccrenosanus C. JI. Ky3uenosa mos-
nep:xaHbl Takxke rpanTom MK-430.2019.1.
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JInuenuas CTyIlleH4YaTas JIOTrUKa 3HaHUsA C YHI/IBepcaJIbHOﬁ MOOAJIBHOCTBIO

ﬁT’C.SlU

T. FO. 3BEPEBA, C. 1. BAIIMAKOB

JIorukm, KOMIIOHEHTBI KOTOPBIX OCHOBAHBI Ha PACCYXKICHUAX O BPEMEHU U 3HAHUU, aK-
TUBHO U3YYAIOTCS C CEPeNUHbLI X X BEKA U B HACTOSIINI MOMEHT UMEIOT MHOXKECTBO IIPUIIOKE-
uuii B uagopmatuke. Haumbosee ussectrsl cucrembl LT L u CT L, aBisionmecs OCHOBHBIMUI
B TeOpUn BePUDUKAIINN ITPOrPAMM.

OcobbIit nHTEpEeC IS UCCIENOBATENe Ha 3TOM dTale PAa3BUTUsS TEOPUU ITPENCTABIISIOT
JIOTUKU HETPAH3UTUBHOIO BPEMEHN, ITOCKOJILKY MOTEHIINAILHO OTBEYAIOT COBPEMEHHBIM TPe-
G6OBAHUAM OUHAMUYHOCTU, HEAETEPMUHUPOBAHHOCTH IIpoliecca nepenadn uadopmarmu. Pac-
cmarpuBaercs joruka L7 K.sly HepedeKCUBHOTO HETPAH3UTUBHOTO BPEMEHHOTO OTHOIIIE-
HUsI, B CBSI3U C YeM CEMAHTUYECKasi XapaKTepU3allusi BPEMEHU TTPENCTABIsIeT COOOM TOIIaro-
ByIO (step-like) mporemypy. YHubukanus s BepCuu 5TOi JOrUKU 6e3 OmepaTopoB 3HAHUSE
AreHTOB paHee m3yueHa B [1], B HacToOsIIeN paGOTE Oy IeHO OGOTAIIIEHIE DTO JIOTUKH OITe-
paTopaMu 3HAHUSI.

Aagasum gzvika LTK.sly BKIOUaeT CIIEOyIOIINI HAOOP YHAPHBIX MOOAJIBLHBIX OIepa-
TOopoB: N — BPEMEHHOI OMepaTop «CJIemyIollee HATypajabHoe Jucyios, [, ..., [, — ome-
paTophl 3HAHWN areHToB, [y — yHUBepcajabHas MOOaIbHOCTDL, [l, — omepatop Common
Knowledge. Jloruky omnpemenseMm Kak MHOXeCTBO Bcex (popmyit s3bika L7 K.slyy, BBITOITHEI-
MBIX Ha COOTBETCTBYIOIIEM Kjacce dpeitmoB F'.

dopmyna a(py, ..., ps) HA3BIBACTCA YHUPGUUYUPYeMOT B JOTUKE L, €CIU CYIIeCTBYeT MOI-
CTAaHOBKa 0 : p; — 0; mis Kaxnon p; € Var(a), Takas, uto a(oy,...,05) € L. Popmyna
a(pi,...,ps) npoekmuena B LT K.sly, ecnu cymectByer yHubukaTop 7 (IPOEKTUBHBIN YHI-
dukarop) mis dopmynsl «, T.9. Oya — [p; = 7(p;)] € LTK.sly nnsa Bcex nepeMeHHBIX p;
dopmysl « [2].

Hoka3zana MpoeKTUBHOCTL yHUbUKanuy B joruke L7 K.sly n GuHUTHAS apOKCUMUPY-
eMOoCTb. Kak ciiencTBue yCTaHOBJIEH YHUTAPHLI Tun yHuukanuu B LT KC.sly 1 momydeHo
OINMCAHNE MMPOEKTUBHOIO yHuUpUKaTopa. Vccaemyercs BOIPOC XapaKTePU3AINN JIOTTIECKON
cucteMbt LT K.slyy HekoTOpbIM HAG0POM OOITIE3HAUNMBIX (DOPMYII.
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BrimostTHUMOCTH BO BPEMEHHOM JIOTUKE C MYJIbTHUO3HAYNBAHUEM,
OCHOBaHHOU Ha 7

B. P. Kugarkul, A. B. KOIEIEBA

B mameii pabore MBI mpomoinkaeMm uccienosanus B.B. PriGakoBa, IOCBSIIEHHBIX JIOTHKAM
¢ mynbruosnaunsarueM ([1], [2] u op.). Mbr paccMOTpenu BPEMEHHYIO JIOTHUKY C MYyJIbTHU-
osnaunBarueM L (Myz) u nokaszanu, 9To mpobreMa BEIIOTHIMOCTH (GOPMYII B JAHHON JIOTUKE
paspernma.

MybTro3HAUNBAaHME — 5TO HOBBLIN MOAXOM, paspaboranubiii B.B. PribakoBbiv mitst Mo-
Ie/IMPOBAHNUS M MHTEPIpeTANd 3HAHWIT M PACCYXKICHWII areHTOB B MYyJIbLTHATCHTHOU CH-
creMe. ['TaBHOE OTAMYME JIOTUK C MyJIbTHO3HAUYNBAHUEM OT JIOTHK, SI3BIK KOTOPBIX CONEPKUT
ornepaTopbl MHOTOMONAJIBHBIX JIOTHK 1 110 k ONEpPaTOPOB OMHOIO THIA BPEMEHHBIX JIOTUK, 3a-
KJIFOUaeTCs B MHTEPIPETAINH i-I'0 JIOTMYECKOTO KaXXIoro TUMa B (GopMyJiaX TaKUX JIOTUK.
B norukax ¢ MyJIbTHO3HAYMBAHUEM KaXKILI MHOCKC 7 CBA3BIBAETCA HE ¢ OMHAPHBIM OTHO-
mienueM R; u (uim) ¢ OMHUM U3 HECKOJIBKUX OMHADHBIX OTHOIMeHuin Nexrt;, <; U T. I. Ha
dpetime Kpumnke, a ¢ i-bIM O3HAYUBaHUEM V; Ha BLIOPAHHON MOIEITH.

Andasut s3vika moruxku L (Myz) 3amaercss cTaHOaPTHBIM CIIOCOOOM U COCTOUT U3 CUET-
HOI'O MHOXKECTBA MPONO3UIINOHAILHBIX IEPEMEHHBIX, CKOOOK, JIOTMYECKUX CBA30K, k MOMAIb-
HBIX omepaTopoB [; m Bpemennwrx onepatopos {N;, S;, U;|i =1, ..., k} (ymapubix omepa-
topoB «NextTimes» u GuHapHBIX omepaTopos «Since» u «Untills).

Onpenenenne. Monenpio My Ha3bIBAETCSA PESISIUOHHAS JIMHEHHAS MOMEH C MYJIbTH-
O3HAYMBAHUEM:

My =(Z, <, Next, V1, ..., Vi).
O6o3uaunm K (Myz) MHOXKECTBO BCEBO3BMOXKHBIX Momeseir My.

Ounpenenenne. Jlorukoi L (My) ¢ MynpTrO3HAYUBAHIEM HA3BIBAETCS MHOXKECTBO (Op-
MyJI, 3aIIICAHHBIX B sI3bIKE 9TOMH JIOTUKU M UCTUHHBIX Ha BCEX Momesisax m3 kiaacca K (My).

[TyTeM moCTpOeHNs CIENUAILHOTO KOHEUHOTO KJIaCCa, KOHETHBIX MOMIEIEH, JOKA3hIBACTC:

Teopewma. IIpo6nema pommonaumocTu B joruke L (My) paspermmnma.

Kax crencrsue mosryuaem:

Teopewma. Jloruka L (My) paspermma.

Pabora Boimosuena mpu puHAHCOBOU mommep:xkke Poccuiickoro douma GyHIaMEHTATh-
HBIX ucciaenoBanuit u KpacrHosipckoro kpaesoro douma Hayku (rpast 18-41-240005).
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Y3snaBaemocTh jioruku OdF B kj1acce mpenreiTUHTOBBIX JIOTUK

JI. JI. MAKcuMOBA, B. ®. FOH

Uccnenyrorcs npobiieMbl pa3InInMOCTI U Y3HABAEMOCTH B IPEATEATUHIOBBIX JIOTUKAX,
T.e. B PACIUIKPEHUSIX MUHUMAJILHON JIOTUKU J, YAOBIETBOpPSIOMMX akcuome ——(L — p).
Ortu mousTus 6butn BBeneHs! B [1]-[3].

[Iycts Ly — J-moruka m L. — KOHEYHO aKCMOMATU3UPYyeMas JIOTUKa, comepxkarias L.
Dopmyna A pazauvuma nad aoeuxot Lo, eCiu CylIecTByeT ajJirOPUTM, KOTOPBIHA 10 060
KOHEUHOII cucTteMe akcuoM Ax pacrnosnaer, BeisonuMma, i A B Lo+ Ax. T'oBopuwMm, uTo jtoruka
L — y3nasaema nad Ly, eciiu CyIiecTByeT ajfOPUTM, IPOBEPSIONINN IO JTIOOON KOHEYHOM
cucteme akcuom Ax pasenctso Lo + Ax = L.

Hawmmvensbias npenrefitunrosas goruka Od = J+ ——(L — p) u ee pacimpenus uccie-
nosasuck B [4, 5] u npyrux paborax.

dopmyna F = (L — pVg) — (L — p) V(L — ¢) u noruka JF usyuanucs B [6, 7],
TaM OBLIO MoKazaHO, uTo jormka JEF obnamaeT NU3BIOHKTUBHBIM U (DUHUTHO-MOIEIBLHBIM
coiicrBamu. B [8] ycranoieno, uro moruka JF o6namaer MHTEPHOISINOHHBIM CBOACTBOM
Kpeiira CIP. B [5] nokazana pasauunmocTs dopmyssl F' B cTpoiiabix gorukax. HemssecTro,
paznuunma nu F' wvan J, u ansercs nau smoruka J + F' y3HaBaemon Ham J.

B mammbori paboTe moka3nIBaeTCH:

Teopema. Popmyna F' pazmmunma mam gorukoi Od, a moruka OdF = Od+F ysmaBaema
gHam Od.

Pa6ora Bbimonsena B pamkax rocymapcrsersoro 3amanus UM CO PAH (mpoext 0314-2019-
0002 .
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O6 a-riry6uHe cucTEeMbl TPEX3HAYHON JIOTUKM, COCTOSIIEN U3 OOHON (PYyHKIIAU
Be66a

JI. B. ITABYHUH

B pa6ore [1] M.M. T'iyxoBbIiM st QyHKIMN k-3HAYHON JIOTUKU BBENEHBI MOHATUS (-
HOPMYJIBI, Q-TIOMOJIHEHUS, (-TIOJTHOTHI U (-0a3mca I (-3aMKHYTOro kitacca. Jlokaszaso,
uTO Ipu k > 7 -TIOJTHOW SIBJIsIeTCs JIrobast cuctema QyHKIUN u3 Py, comepkariias Bce IMOm-
CTAHOBKU U3 CUMMETPUYECKON TPYIIEI Sk MOACTAHOBOK MHOXECTBa Fj u I00yi0 OmHYy KBa-
3UTPYIIOBYIO GQYHKIINIO.

B [2] mpusenens! ycioBus a-momHOTH cucteM dyukunii u3 Py . Ilokaszano, aTo mpu mo6om
k B Py OTCYTCTBYIOT Q--TIOJTHBIE CUCTEMBI, COCTOSIIIE U3 OMHOW QYHKINU, & B P HET KOHEU-
HBIX Q-TIOJHBIX cucTteM. I k > 5 mocTpoeHbl (-6a3uUChl, COCTOSIINE U3 ABYX OMHAPHBIX
omnepanuii Ha F.

B [3] mocTpoensl koHeuHbIe (-TIOHbIE cucTeMbl miist k = 3,4. B [4] mokazano, uto mpu
moboM k > 2 muHOXecTBO QyHKIm F C P, a-3aMKHYTO TOTZIa W TOJBKO Torma, Korma F
3amMkuyTO. s k = 3,4 mocTpoeHbl (-0a31ChI, COCTOSIIE U3 OIBYX OMHAPHBIX ONEPAINil HA
E.. Ilokazano, uro nmonuas cucteMa 1’ ¢dyHKuui u3 Py, comepKaiiias BCe IMONCTAHOBKUA MHO-
)ecTBa E4 1 omeparuio ciIoXeHus 0 MOIYJIIO 4, He SIBIISI€TCs (-IIOJTHOM, HO €€ (-IIONOJTHEHTE
[T]o Gymer yxe a-momsoil cucteMoit, T. €. [[T]q]a = Pi. Ycranosneno, uro eciu k > 3 u
F C P, — nomnnast cucrema GyHKIuil, To cymecrsyeT n > 0 takoe, uro [F| = P;. 3mecn
[FIS = Fu [F]2! = [[F]7]a (n=0, 1, ...). Haumenbiniee n, mis xotoporo [F|? = Py, Ha3bl-
BaeTCs a-2aybunot cuctemer . B [5] npusenen pesynaprar mis monHoi cuctembl F' C Ps,
COCTOSAIIEN U3 BCEX OMHOMECTHBIX (DYHKIUI U OMEepAaIny CJIOXKeHUs o Momyitio 3: [F, # P3
u [[Fla]a = Ps.

[Iycrs V3(z,y) — dyukuus Be6ba mis Tpex3HAUHON JIOTUKM.

Teopema. [[[Vs]alala = Ps.

Bompoc o pasenctse [[V3]a]o = P3 ocTaeTcs OTKPHITHIM.
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Weak modal operators over FDE

S. A. DROBYSHEVICH

We define a number of new modal logics over four-valued system FDE. These logics
are motivated by the previously conducted study of the neighborhood semantics over FDE.
The main logic defined is WBK — a modal logic with a single modal operator [J of weak
necessity. This operator is axiomatized the same way as the usual necessity operator of the
smallest (classical) modal logic K except all of its axioms and rules are formulated using
the so-called strong implication = in place of the usual (weak) classical implication —.
Strong implication is an important connective for the expansions of FDE with classical or
intuitionistic implication and can be defined as ¢ = 1 := (¢ — V) A (~ P =~ @), where ~
is strong negation of FDE. As a result one obtains [J in WBK is a modal operator, which is
weaker than a number of known necessity operators over FDE, including that of Belnapian
modal logics of S.P. Odinstov and H. Wansing and of the modal bilattice logic MBL. In fact,
two different versions of this logic are investigated — one in the language of Nelson’s logic N4
with truth and falsity constants and one in the full language of the bilattice logic (note that
the latter language contains the former). This is due to the differences between expressive
powers of two languages. Some of the consequences of these differences are pointed out.

The semantics of WBK involve frames of the form W = (W, RT, R™), where W is the
set of worlds and R*, R~ are two four-valued binary relations on W, i.e. objects of the
form R : W? — P(2), where P(2) denotes the (bi)lattice of subsets of the two-element
Boolean algebra. Both of this relations are used to model the necessity operator [J of WBK;
R™ corresponds to the verification condition and R~ — to the falsification condition of [J.
Models are of the form p = (W, v), where W is a frame and v is a four-valued valuation, i.e.
v : Prop x W — P(2), where Prop denotes the set of propositional variables.

We establish the completeness result of WBK with respect to the defined semantics
and obtain a number of correspondence theory results, which, in particularly, show how
Belnapian modal logics and the modal bilattice logic can be expressed in our framework.

Finally, we also similarly investigate the weak possibility operator. Again, its semantics
uses two four-valued binary relations to model its behavior. Interestingly, it turns out that a
natural duality between two weak operators — necessity and possibility — can be expressed
in the full language of the bilattice logic, but not in the smaller language of Nelson’s logics.
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A nearly syntactic hypersequent calculus for rational Pavelka logic and its
applications

A. S. GERASIMOV

We consider first-order infinite-valued Lukasiewicz logic LV; its expansion by rational
truth constants 7 for all rational numbers r € [0, 1], i.e., first-order rational Pavelka logic
RPLYV; and the propositional fragments of these logics, L. and RPL (see [4]). These are fuzzy
logics that provide foundations for approximate reasoning.

We introduce an analytic hypersequent calculus GRP for RPL. The axioms of GRP are

sequents of the forms A = A and 71,..., 7k = Spmy. .., 8m, A1,..., A, where A, Aq,..., A,
are RPL-formulas, r1,...,rg, s1,.. ., Sy, are rational numbers in the interval [0, 1], k,m,n > 0,
and Zle(ri —1) < Z;.n:l(sj — 1) — n. The inference rules of GRP are as ones of the cal-

culus GL [5, Sec. 6.2.1] for L, including structural ones.

Theorem 1. The calculus GRP is sound and complete.

Then we extend the calculus GRP with the standard quantifier rules from [5, Sec. 8.3]
to obtain a new calculus GRPY for RPLV. Let GLV be the analytic hypersequent calculus
for LV defined in [5, Sec. 8.5.2].

Proposition 2. GRPY is a conservative extension of GLV.

Towards developing proof search methods for RPLY, in [1] and [2], we introduced the
following analytic hypersequent calculi for RPLV without structural rules: the cumulative
calculus G'LY and the noncumulative repetition-free calculus G>LV.

Theorem 3. The calculi GRPY, G'LV, and G®LV prove exactly the same RPLV-
sentences.

Let HRPY be Hajek’s Hilbert-type calculus for RPLV (see [4]); and (cut) be the hyper-
sequent cut rule for RPLY (see, e.g., [5, Def. 4.24]).

Theorem 4. HRPV and GRPV+(cut) prove exactly the same RPLY-sentences.

In our proof of Theorem 4, the key step is showing that axioms of GRPY are valid with
respect to a certain algebraic semantics over so-called MV-chains contaning the rational unit
interval. Now we complete our comparison of the calculi HRPY and G*LY+(cut) in [3] as
follows.

Corollary 5. HRPY and G*LV+(cut) prove exactly the same RPLV-sentences.
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Twist-structure semantics for connexive logic C

S. P. OpinTsov, E. G. KOLBASENKO

The term “connexive logics” introduced by S. McCall [2] denotes a special family of non-
classical logics, which are not subsystems of classical logic. The first connexive logic with
plausible semantics is logic C' suggested by H.Wansing [4]. In [3], the internal algebraizability
criterion was used to prove that C is algebraizable, i.e., the existence of an equivalent
algebraic semantics was proved, but this semantics was not constructed. In this talk we
define algebraic semantics for C' in terms of twist-structures, we describe the abstract closure
of this family of twist-structures in lattice-theoretical terms and prove that the obtained class
of lattices forms a variety V. Further, we prove that variety Vo provides the equivalent
algebraic semantics for C' in the sense of Blok and Pigozzi and establish a dual isomorphism
between the lattice of C-extensions and the lattice of subvarieties of V.

Many results of this talk were presented for the first time in the qualification work of
the second author [1].

REFERENCES

[1] Kolbasenko E. G. On algebraic semantics of connexive logic. Bachelor qualification work, Novosibirsk
State Unjversity, 2020.

[2] McCall S. Non-classical Propositional Calculi. Ph.D. Dissertation, Oxford University, 1963.

[3] Odintsov S. P., Skurt D., Wansing H. Connexive Variants of Modal Logics over FDE. In O. Arieli,
A. Zamanski (eds.) Arnon Avron on Non-Classical Logics — Between Semantics and Proof Theory,
Outstanding Contributions to Logic. To appear.

[4] Wansing H. Connexive Modal Logic. In: R. Schmidt et al. (eds.) Advances in Modal Logic, Volume 5.
KingTAllls College Publications, 2005. Pp. 367TAY-383.
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Temporal logic with agents’ temporal relations generated by time states

V. V. RYBAKOV

We consider agents’ temporal logics with non-standard temporal accessibility relations.
The logic is generated by models where any temporal state of any model generates its own
accessibility agents’ temporal relations. Thus time relations may have non-empty overlaps,
so to be totally intransitive; thus the models work well for reasoning about computation,
passing information and its reliability. The main mathematical problem we work is existence
of algorithms for solving satisfiability problem. Main new obtained theorem stays

Theorem. The satisfiability problem for logic T(])\{JA 18 decidable.
Some open problems are suggested.

Supported by RFFI (-RFBR) and Krasnoyarsk Regional Fund of Science, research
project 18-41-240005; supported by the Krasnoyarsk Mathematical Center and financed
by the Ministry of Science and Higher Education of the Russian Federation (Grant No.
075-02-2020-1534/1).
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O cTeneHsx HEraTUBHON IIPENCTABUMOCTH JIMHEMHBIX HOPIAOKOB C
sHOOMOpduU3IMaMu

P. H. ITanaxxAHoB, C. K. 2KaBiueB, H. X. KACBIMOB

Bynem roBoputs, 9TO SUHENHBIA TOPANOK (L; =<, €1, ..., Ey,) C SHOIOMOPPUIMAMIE £1, . . . , Ep
BBIUUCIIAMO (TIO3UTUBHO, HETATUBHO) NPEICmasum Had IKEUBAILEHMHOCTIbIO 1) Ha MHOKECTBE
HATYPAaJbHBIX UNCEN W, ECITN CYIIECTBYET TaKas ero HyMepalus v ¢ HyMePaIlnOHHON SKBUBa-
JIEHTHOCTBIO PABHOM 7), B KOTOPOU BCE SHAOMOP(PU3MBI BHIYUCINMBI, 8 MHOXKECTBA /-HOMEPOB
OTHOIIIEHWIT PABEHCTBA U MOPSAIKA — PA3PEINMbI (IO3UTUBHBL, COOTBETCTBEHHO HETATUBHBI ).

I71s1 HEraTUBHON SKBUBAJIEHTHOCTH 1) 0003Ha4YMM uepe3 L(1) Kitacc BCeX JTMHENHBIX I10-
PAIKOB C 5HIOMOP(PU3MaMu, HETATUBHO MPENCTABUMBIX HAM 1), T.€. TUIOB M30MOP(GU3MOB Ta-
KX CTPYKTYpP, 1 Ha MHOXecTBe 1] Bcex HeraTUBHBIX SKBUBAJIEHTHOCTEN HA W BBEOEM CIIEIY-
foriee 6unapuoe otHoerne Inro :n1 Inpo N2 < L(n1) € L(n2), KOTOpoe SIBIISETCS Tpe-
MIOPSITKOM Ha MHOXKecTBe Il u ero cuMMeTprdyHOe 3aMBIKaHIE = 1,0 — €CTh SKBUBAJIEHTHOCTD,
axTopm3aImsa Mo KOTOPOH pa3dmBaeT MHOXKECTBO BCEX HETATUBHBIX SKBUBAJEHTHOCTEN Ha
= N 1,0-KJIaCChI SKBUBAJIEHTHOCTH. JacTUYHO ynopsinouerHoe MuoxkecTBo (II/ =nrp0; <InLo)
OymeM Ha3bIBATHL CMPYKMYPol He2amusHot npedcmasumocmy JTUHENHBIX TOPSIKOB C SHI0-
MOp(U3MAMIE, & €r0 DJIEMEHTBI — CMENEeHAMYU He2aMueHol npedcmasumocmu. Bynem Takxke
TOBOPUTH, UTO MOPSIOK C SHAOMOPGU3MAMU TMPENCTABUM HAM 3aIaHHOW CTENEeHbIO, eCITU OH
IPEICTABUM HaJl HEKOTOPO (& 3HAYUT U HaM JT000i1) SKBUBAJIEHTHOCTBIO M3 DTON CTENEHN.

CTpyKkTypy HEraTUBHOW MPENCTABAMOCTU Pa3yMHO PAaCCMATPUBATH KOHTEKCTE OTCYT-
CTBUS CTEIEHEN, COIEePKAIINX dKBABAJIEHTHOCTUA C KOHEUHBIM YUCIIOM CMEXKHBIX KJIACCOB.
Teopema. CyrecTByeT HeraTHBHBIN JTHHEHHBIH MOPSOOK C BBIYUCIUMBIMEI SHIOMOPQHU3-
MaMU, He IMEOINX MO3UTHBHBIX HYMEDAIIUH.

PaccmoTpuM XxpecToOMATURHBIN TPUMED MOPSIAKA C 9HIOMOP(PU3MOM — HATYPAIIBHBIN PSI
C €ro eCTEeCTBEHHBIM HOPSIKOM 1 QYHKIWEN cienoBanus, T.e. S* = (w; <,s),s(n) =n + 1.
Ilpennoxxenue. Bcskas HeratuBHas HyMepanus MOPSIOKa C SHAOMOpgu3MoM S* sBiseTcs
Pa3perruMOn.

Bamerum, uro amrebpa S = (w;s) (6e3 OTHOIIEHWS MOPsIIKA) MMeeT Hepas3pelnMble
HETATUBHBIE HYMEDAIINN.

CnencrBue 1. CyiiecTByrOT HeCDaBHUMBIE CTEIEHU HETATUBHOU MPENCTABUMOCTH JIMHEH-
HBIX ITOPSIOKOB C 5HIOMOP(PU3MAaMIU.

CnencrBue 2. CTpykTypa cTEmeHell HEeraTUBHON MPEACTABUMOCTH JIMHEHHBIX MOPIOKOB C
SHAOMOP(U3MaMU ABJIIETCI OECKOHETHOM.

CnencrBue 3. CyirecTByeT MakCHMaJIbHAS CTEIEHb HETaTUBHOH MPEACTABUMOCTH JINHEH-
HBIX IOPIOKOB C SHAOMODP@PU3MAaMIU.

Hayuonaavrviti ynusepcumem Yzbexucmana um. M. Yayzberxa, Tawxewm (Yzbexucman)
E-mail: dadajonovrn@mail.ru, sarvar.javliyev@mail.ru, nadim59@mail.ru
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O6 onpenemMMoOCTU B CTPYKTYPE MO3UTUBHBIX MPEAIIOPSIKOB

B. C. KAnIMYP3AEB, H. A. BAXKEHOB, C. A. BAOAEB

Hokmam TOCBAIIEH ONpeneIuMbIM OOBEKTaM CTPYKTYPBI MO3UTUBHBIX MPEIIOPSOKOB C
OTHOIIIEHNEM BLIYUCIIMMON CBOAUMOCTH. ['OBOPAT, 4TO OGMHAPHOE OTHOIIeHNE R BLIYMCINMO
CBOIUTCS K OTHOIIEHUIO S (C-CBOAMTCSI), €CIIN CYIIeCTBYeT BhrumcanMas GyHkims [ Takas,
9TO I JOOBIX T,y € w cupaBemmuBo (x,y) € R < (f(z), f(y)) € S. B pabore ¥Ypu
Ounproca u Aunpea Copbu [1] yCcTaHOBIEHO, YTO B C-CTPYKTYPE MO3UTUBHBIX YKBUBAJICHT-
HOCTell OIpeNe/NMbl CIIEAYoIne O0bEKTHL:

e ['in — MHOXECTBO BCEX KOHEUHBIX CTEIEHEN MO3UTUBHBLIX SKBUBAJIEHTHOCTEH, T.€.
Fin = {deg(Id,) : n > 1};

deg(Id);

Dark — MHOXeCTBO BCeX TEMHBIX CTENeHel IMO3UTUBHBIX SKBUBAJIEHTHOCTEN;
Light — MHOXeCTBO BCEX CBETJIBIX CTEIEHEN MO3UTUBHBIX SKBUBAJIEHTHOCTEI;

Sel f-full — MHOXKECTBO BCeX CAMO-TIOJTHBIX CTEIEeHe MO3UTUBHBLIX DKBUBAJIEHTHO-
cTell.

Yepesz CEP, Ceers, CELO o603uaunM CTPYKTYPBI C-CTEIEeHel MO3UTUBHBIX TPEIIO-
PSIOKOB, OTHOIIEHU SKBUBAJIEHTHOCTU U JIMHEMHBIX MPEIIOPSAIKOB COOTBETCTBEHHO. Torma
CIIPABEIINBA CIIEMYOIIIA:

Teopema. Ceers u CELO omnpenerumer B CEP.

CnemoBaTesbHO, OMPENeTMMbBI BCEe BBIIIEIIEPEUNCIIEHHBIE OOBEKTHI MMO3UTUBHBIX SKBUBA-
nmeuatHocTelr B cTpykType CEP. Kpome Toro, mokazano, 4To Yo-pparMeHTHI TEOPU CTPYK-
Typ CEP u Ceers pa3iudHbI.

Hccaedosanug asmopos evinoanenvl npu gurnarncosoti noddepacrke Munucmepcmea obpa-
306anug u nayku Pecnybauxu Kazarcman, epanwm AP08856493 «Ilo3umuenbvie epagduvl u
BBIUUCAUMAL CE0OUMOCTIL HA, HUT KAK MAMEMAMUYECKUE MOJEAU 043 OAHHbIT>.

CIINCOK JIMTEPATYPBI

[1] Andrews U. and Sorbi A., Joins and meets in the structure of ceers, Computability, 2019, vol.8, no.3—4,
p.193-241.
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O6 a/IropuTMHUYECKON HEepPa3pPelImMOCTU IPO6JIeMbI BJIOXXMMOCTHA MHOT006Gpa3ui

A. J. KAHEIL-BENIOB, A. A. YNJIUKOB

Samada kiaaccuukannm ajarebpandeckux MHOrOOOpasuii ¢ TOYHOCTHIO J0 M30MOpGhU3Ma,
SIBIISIETCSI OMHOW W3 MEeHTPAJIbHBIX 3aad ajarebpamdecKoil TeOMETPUN.

brnuskoit 3amaueit aBIsgeTcsa 3amada O BIOXKUMOCTH MHOTooOpasuii. B obiiieMm Bume sTa
3amada Qopmysiupyercs Ttak:  Iycmv A u B — dea mmoz2o06pasud. Onpedesumyv, cyuje-
cmeyem au saoxcenue A 6 B.

[Iycts MHOTOOGpasUs 3amaHbl KAKUM-JINO0 KOHCTPYKTUBHBIM CIIOCOOOM (HAIIpUMEp, CH-
cTeMaMu ypaBHEHUI 1 obpasyomnmmn). Torma sTa 3amada ecTeCTBEHHBIM 06Pa30M IIPUBOIUT
K CIEMYIOIEN — MPUAYMaTh aJITOPUTM, TO3BOJISIONIAN 10 3alaHHBIM MHOTOOOpa3msM ycTa-
HOBHUTB CYILECTBOBaHNE BJIOXKeHUs (maxke 6e3 ero sSiBHOTO MOCTPOEHUs) UM K€ OTCYTCTBUE
TakoBoro. MHbIMEU citoBaMu, K BOIIPOCY 06 aJIrOPUTMUUECKON PA3PEITNMOCTH IPOOIEMBI BIIO-
JKUMOCTH.

B 2018 romy aBTopaMu Oblila yCTAHOBJIEHA AJITOPUTMUYECKON HEPA3PEIUMOCTH IIPO-
OJ1eMBI BIOXKUMOCTH aJIreOpamdecknx MHOT0000pa3uil Hal HOISIMU HyJI€BON XapaKTePUCTUKNI
([1], [2]). B wacTHOCTH, 6BLIO YCTAHOBIIEHO, YTO IJISL CILydast MHOrooGpasuil Han R mpobiema
AIITOPUTMUIECKU HepaspelnMa, it cirydast, korna A — abduraas mpsmvas.

B moka3zarenbcTBe yKa3aHHOTO pe3y/IbTaTa CyIIeCTBEHHO UCIIOIb30BAIACH TEXHUKA, CBSI-
3aHHas ¢ MuOoGaHTOBBIMU ypaBHeHUsMHU u ypaBHeHusmu llemnsa. B pamkax sToro wmccmemo-
BaHUS Takxke ObLIN IIOJTyYeHbl HOBble MHTepecHble pesyiabrars ([3], [4], [5]).

BriteykazaHuabie pe3yiibTaThl OYIyT TPEOCTABIIEHBI B PAMKAX TOKJIAIA.

Pabora 6p11a nognepxana Poccuiickum Hayunbsiv @onmom, ['pant N 17-11-01377.

CIINCOK JIMTEPATYPBI

[1] Kamens-Benor A. 5., YUnnukos A. A. O6 aaropuTMHUYIECKON HEPA3PEIINMOCTU MPOGIIEMBI BIOXKIMOCTH
anrebpamdeckux MHOTOOOpa3Wili Hal NHOJEM HYJIEBON XapakTepucTuku. Martem. 3amerku, 2019, 106:2,
307-310.

[2] Kamens-Benos A. 4., Ymmukos A. A. O6 anropuTMUYECKOX HEPa3PelrMOCTA HIPOGIIeMBI

BIIOXKUMOCTHU ~ JireOpamdyecKnx MHOTOOOpa3uil HAIl TIIOJIeM HyJeBOil xapakTepucTuku, (2018),

https://arxiv.org/pdf/1812.01883.pdf, 2018.

Kollar, J., Pell surfaces, (2019), https://arxiv.org/pdf/1906.08818.pdf, 2019.

Kollar, J., Pell surfaces. Acta Math. Hungar. 160, 478518 (2020).

A. A. Yunukoe, Y. Edpemos, B. 3eepuk, H. Xomuu. KomGuraTopHOe mokaszaTenbCTBO YIPOLLIEHHOMN
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O Tl—OT,He.TII/IMbIX HyMepanmiax ImoAgIrpsaMO Hepa3JIoO2KMMbIX anreﬁp

H. X. KacbeiMOB, A. C. MoPO30B, . A. XOIKMYPATOBA

3nmecy mom Hymepayugmu as2eopvr A 5HOEKTUBHON CUTHATYPLI MbI IIOHIMAEM TaKKe
0TOOpaKeHus U3 w Ha A, OTHOCHTEIHLHO KOTOPBIX BCe onepann A paBHOMEPHO BBLIUKCIIIMEL;
Pa3peImMocTs paBeHCTBa He mocTymupyercs. Ilycts T; — omHa u3 cTaHIZApTHBIX TOIOJIO-
rugeckux akcuoM (i < 4), u v — Hymepamus anre6per A. Haszosém v T;—omdeaumots (T;—
BLIUUCAUMO 0MIEAUMOT), €CIT TOMONOTUsI Ha A, TOPOXKAEHHAS €€ V—TIePeINCIMMBIMU O/
MHOXKECTBaMU, yOoBjaeTBopsieT akcuoMme 1;. Haszsosém v Th—adpexmueno omdeaumoti, ecian
CYIIIECTBYET BBIUUCINMOE CEMEMCTBO V—B. II. MHOXECTB, OCYIIIECTBIISIONIX 1(—0TaeInMOCTh
B sTort Tomosioruu. Ilom mpancasyuetdi anrebpbl MBI IOHUMAEM YHAPHYIO TEPMAIBHYIO OIIe-
paImio ¢ mapaMeTpaMu.

Anre6pa Ha3BIBAETCS MPAHCAIYUOHHO MOAHOT, €CITU BCSIKas YIOPSIOUYEHHAs mapa eé
Pa3INUHBLIX DJIEMEHTOB IEPEBOMUTCS B JIIOOYIO OPYTYIO YIOPSOOYEHHYIO MMapy Pa3ImIHBIX
3JIEMEHTOB MOIXOMAIIEN TPAHCIIAINER U MPAHCATUUORHO NPEINOAHOT, €CITU HEKOTOPAs mapa
€€ Pa3IMIHBIX 3JIEMEHTOB TPAHCISIIMOHHO MNOCTUXKUMA M3 JTIOO0N IPYTON Maphbl Pa3ImIHBIX
9JIEMEHTOB.

Teopema. Bceskas Th—oranenumas HyMepanus TPAHCISIIIHOHHO IPEIIOIHON ajareOpel IBIs-
eTCs HETaTHUBHOH.

Teopema. CymecrByer T)—oTaeanMo HyMEPOBAHHAS MOMIPIMO HEPA3JIOXKUMas ajarebpa,
He SIBJIAOIIASACSI HETaTUBHOI.

CnencTBue.

(1) CyrecTByer moaupsmo HepasnokuMasi aarebpa ¢ apTUHOBOH PEIICTKOH KOHIDY>H-
i, obyanaromas 1 —oTneImMon He HeTaTUBHOH HyMepPaIlueH.

(2) CyrmecTByeT TpaHC/SLUOHHO IPEANoJHas ajarebpa, obmamaroiias 1)—oTmneanMon
He HEraTHUBHOH HYMepaIuer.

IIpennoxenne. Ilycre M = (w; f) — anrebpa ¢ omHOH TPEXMECTHOH OHEPALIUEN, OIIPE-
Z, ecmI x =Y

nenéunol Kak f(x,y,z) = v, ecmnx £y
9 7

u v — e€ HyMepanus. Torma

(1) Ecau M comepxut HemycToe cOGCTBEHHOE V—II€PEYUCTIUMOE MOAMHOXKECTBO, TO Hy-
Mepanus v pa3peruMa. B gactHocTH, Besakas T —oTaenumas HyMepanus ajareOophl
M siBiIseTCs pa3permMon.

(2) Amrebpa M npocra m He TPAHCIISALUOHHO IPEAIIOIHA.

Hayuonaaonbili ynusepcumem Yabexucmana um. M. Yayebexa, Tawwxenm (Yzbexucman)
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O cioxHOCTU NPOGIIEMBbI 3KBUBAJIEHTHOCTU XOPHOBCKUM (popMyJiaM

H. T. KOrABAEB

Bo3moxHOCTE hOpMaIBbHOTO TIPENCTAaBICHUs YTBEPKICHUN U TUIOTE3 B BUIE XOPHOB-
CKIX (POPMYJII 4aCTO SBIISETCS BaXXHBIM YCJIOBUEM B PA3INYHBIX CUCTEMaX aBTOMATUUECKOTO
IoKa3aTenbeTBa TeopeM. Tak, HampuMep, B [1] mpemnioxken ajiropuTMUIeCKuil METOM, KOTO-
PBIi 10 100601 TTepBONOPsIAKOBO Gopmyse ® cuHTE3MpyeT HeTpUBUAIBHYIO TunoTe3y W miis
BeIBoguMOCTH (popmynsl ¥ — @, mpu sTOM mpemmosaraercs, 9to —P momyckaeT mpencra-
BJIEHUE B BUIIE XOPHOBCKOHN (hOPMYIIHL.

B cBs3u ¢ 3TEM BO3HEKAET €CTECTBEHHBIN BOIPOC O PA3pPEHIMMOCTH TPOOJIEMBI CyIIle-
CTBOBaHUS XOPHOBCKOU (hOPMYITBI, JIOTUIECKN SKBUBAJIEHTHON ITAHHON.

B macrosieir pabore Mbl paccMaTpuBaeM (GOPMYJIbI CUTHATYPBI apu@METUKu 0y =
(+,+,5,<,0) 1 u3yuaeMm aIrOPUTMUIECKYIO CIIOKHOCTD CIIEMYIOIINX MHOXKECTB

E;q = {n € w | n — rénenesckuii HoMep npemioxkenus $ cUrHATYDBI 0 U

CyIIIeCTBYeT ToXKIecTBO ¥ curHaTypsl op Takoe, uro ¢ = U},

E4iqa ={n € w | n — rénenesckuil HOMep IpenIoxKeHus P curHaTyper og u

CYIIECTBYET KBA3UTOXKAECTBO W CUTHATYPHI 0 Takoe, 410 & = U},

Ey = {n € w | n — réneneBckuii HoMep npenyoxenus ¢ curHaTypsl og u
cyectByeT V-mpemyoxkenue ¥ curaarypsl og Takoe, uro & = U}
Mzu1 mokaseiBaeM, uro MHOXKecTBa F;gq, F,:q 1 By He paspemmuMbl. bostee Toro, copasei-
’ y g v ’
JIUBa, CJIEIYIOIIas
Teopema. Kaxnoe us MmaOXeCTB F;q, Eqiqg n By ABIgeTCa m-IIOTHBIM E?—MHO)KGCTBOM.

Pabora BbImosHeHa Tpu YacTUYHON Tonnep:xkke Poccutickoro ¢ouma ¢dyHIaMeHTaTbHBIX
uccnenosanuit (npoexkt 20-01-00300).

CIIUCOK JINTEPATYPBI

[1] Bacmmses C. H., MeTon cuaTE3a yCIOBMIT BEIBONMMOCTY XOPHOBCKIAX M HEKOTOPHIX npyrux dopmys, Cub.
MaTeM. xk., 38, N 5 (1997), 1034-1046.
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JleHTOYHBIN U MOJIHBIN pecypchbl manimH ThOpUHTra

. B. JIATKuH

[IpennaraeTrcss Hapsoy ¢ BPEMEHHOU M €MKOCTHOU CJIOXKHOCTBIO MAIINH 1BIOPUHTA pac-
CMaTPUBATH €II1€ U JOMOJTHUTETIbHBIE MEPHI CJIOKHOCTU. DTO O€3yCIIOBHO TIOMOTAeT BOCIIPUSI-
THIO TPU O3HAKOMJIEHUU ¢ OCHOBAMU TeOpUH ciioxkHOCTU. HampuMmep, mpu mepBoM 3HAKOMCTBE
C TeopeMaMu O JIMHEWHOM CXKATHUU U YCKOPEHUM Y MHOTHUX BO3HUKAET OOJIBIIIOE HEMOYMEHUE:
KakK MomoOHOe MOXKeT ObITH BOOOIIe? 3axOoTesu U MOMEHTAJIBLHO CXKAIU U/WIH YCKOPUII
BBIYUNCIIEHUS B JII000€ KOJIUIECTBO Pas.

[Tocme o3HAKOMIIEHUS C MIEEN TOKA3aTEeIbCTBA HENOYMEHE BO MHOTOM PaCcCEMBAETCsI, HO
HEKOTOpasl HEYIOBIETBOPEHHOCTH OCTaéTcsa. OTMETUM, UTO 5TO UyBCTBO OTUYACTH ONPAB-
nano. HamomuHmM, 4TO c:kaTwme B ¢ pa3 HOCTUTAETCS MOCPENCTBOM <CKJIEUBAHUSIS> C SUCEK
Ha JIEHTE€ MAalllUHbl B ONHY U NepepadOTKON IpOrpaMMbl MAIIIMHBI TaKUM OOpa3oM, 4TOOBI
OHa MOrJIa paboTaTh C TAKUMU «OOBeONWHEHHBIMU» KileTKaMu. llpm sToil mepemenke mpu-
XOIMUTCS CYIIIECTBEHHO yBEJIMYMBATH BHEIIHUN (JIEHTOUHBIN) adaBuT: OH BO3pAcTaeT C m
10 MS CUMBOJIOB. Y BEJIMYNBAETCSI TAKKE U UUCIO BHYTPEHHUX COCTOSHUN MAIIUHBI C 7 IO
r-ck, ecnm Mammaa uMeeT k eHT. A Kak XOPOIIIO M3BECTHO, PEATTLHOE PACIIIPEHHE PAGOIero
andaBuTa — BEIlIb OYEHb 3aTPATHASI.

Omnpenenenne. Ilycre mammaa Tropuara T umeeT EMKOCTHYIO CIIOXKHOCTE S(n), rae n
— IImHA BX0#a, uuciaa m, r u 'k — te xe, uro u Beime. Torna Benmuuna resy(n) = m-s(n)
HA3bIBAETCA JIGHTOYHBIM, a Resp(n) = m -1 - s(n) — HOIHBIM pecypcoM, HOTPEOIIEMBIM
marmHOM 1.

Temneps Teopema O JTUHEHHOM CXKATUU TPUOOPETAET CICMYIOITUN BUI.

Teopema. Ilyctp k-nenrounas mamnmaa Teopuara I’ mmeeT EMKOCTHYIO CIOXKHOCTH
s(n), 4ucsio BHYTpeHHUX COCTOSHUI 1 u pacuosHaér s3eik L(T), 3anucaHHbIN B aapaBuTe
A, mopu |A| = m. Torma mmsa Beskoro mesoro ¢ > 1 MoxkHO mepenmcats nporpammy T B
nporpamMmy M Taxk, uro mammmua M 6ynmer pacrmosHaBaTh «TOT ke» a3blk L(T') (Tounee ero
aHAJIOr B PACIIMPEHHOM ajipaBure A€) ¢ EMKOCTHOU CIOXKHOCTBIO [$(n)/c|, HO JMeHTOYHBLL
pecypc y M Bospactér B m°~!/c pas, a mommerit — B mc~1-ck~1 pas, rme [2] — Hamvenbmree
11ejIoe IUCio, He MEHBIIIee IeM .

[Tocme 3TOrO yXKe BIOJIHE €CTECTBEHHO BOCIIPUHUMAETCS TE3UC O MEIeCOO0PA3HOCTH WC-
ClIeOBaHUSI CJIOXKHOCTHBIX IIpobsieM Oe3 yuéTa HEeKOTOPHIX IeTaJjiell, TeM 0oJjiee, YTO MHOI'O-
JIEHTOYHBIE MAIUHBL THIOPUHTA SBISIOTCS XOTS U HAWIyUIIel abCTPAKTHON MOMEIhI0 pe-
anmbHBIX OBM, HO He COOTBETCTBYIOT UM TOJTHOCTHIO.

Kpome Toro, aBTop HameeTcst, YTO BBEIEHHBIE TIOHITHS OKAXKYTCs MOJIE3HBIMU HE TOJIBKO
€ TOYKU 3PEHUS] METOIUKH ITPETONABAHNS, HO I CMOT'YT OBITH IIPUMEHEHBI TTPU TEOPETUIECKUX
UCCIICIOBAHUSX, HAIPUMED, MPU YTOUHEHUN MECTOPACIOJIOXKEHUS MPOOIEM B UEPAPXUM TI0
CJIOXKHOCTU UX PEIIeHNsI, WX IIPU IOUCKe KOMIIJIEKCHOI MePhI CJIOXKHOCTHU 3a0at, KOTOpast Obl
YUNTBIBAJIA HE TOJILKO BPEMEHHYIO U/WIM EMKOCTHYIO CJIOXKHOCTH, HO TAK¥KE U CIIOXKHOCTD
MPOrpaMM y MAIINH, PEITAOINX 33129y .

Bocmouno-Kazazcmanckut meznuveckut ynusepcumem, Ycmo-Kamenozopex (Kazazcman)
E-mail: 1lativan@yandex.ru
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Beraucnumele IuHelHbBIe IOPAAKU, o6orallléHHbIe OTHOILEeHnAMu Sj,
BBIYNCJINMAsE KATETOPUYHOCTDH U CIHEKTPHhI 3TUX OTHOIIEHUN

. A. MUXANIOBCKASI

B namnoit paboTe paccMaTpUBAIOTCS BBIUUCIUMbBIE JIMHENHBIE TTOPSOKN, B CUTHATYPY KOTO-
PBIX HOOABIIEHBI HEKOTOPBIE MOMOIHUTEIbHBIE OTHOIIIEHUS. OJTHU OTHOIIEHUS 0003HATAIOTCS
KakK S} 7 3aIal0TCs CIMYIOIIM 00pa30oM:

SH(z,y) = (x <z y)&(|(z,9) ] < n)&(|(x,y)c| n n umeroT onHy YETHOCTSD),

smech (x,y)r =4z |z <. 2z <, y}.

Teopema 1. IlycThs BEIYUCIUMBIN JHHEHHBIH MTOPAA0K L mMeeT 6ECKOHEYHO MHOT'O OJI0-
KOB IUIMHBI 2 U IJIS HeYETHOI'O 1 OTHOIIEeHHe S BeIYUCIUMO. Torma cyriecTByeT BBIYHCIIH-
MBI THHEHHbIH mopanok R rakoi, yro R = L, S} Beramcammo, Ho L m 'R He BBIYmcImMo
130MOP(GHEL, TO €CTh BEIYUCIUMBIH JIMHEHHbI T0panok (L, S}) He BBIINCIIMO KaTerOpUIEH.

Cnencreue 1. Brrumcnumsnit jmweitasni mopsaox (£,S}) Beramenumo kaTeropmaen
Ttorga u Toiapko torga, korga L € A({knlk < w} U {w, w*, w + wx}) u L conepxkur uiap
KOHEYHOEe YHCJIO OJIOKOB IMJIMHBI 2.

IIpensnoxeunne 1. Ilycrs L — BEIYUCIUMBIN JIMHEHHBIH ITOPSIIOK, B KOTOPOM BBIITOJIHEHO
crenyroree ycjaoBue: 4 JIFoboro sneMeHTa © € L HaumyTcs saemeHTEHI a, b € L Takme, 94TO
St(a,b) meruaao n v <, a. Ilycrs A — HEBBIYHCHMOE B.II. MHOXKECTBO Takoe, 4o S} <rp A.
Torma cymecTByeT BEIYHCIIMBIN TUHEHHB nopanok M = L rakoi, aro S =1 A.

Teopema 2. Ilycts L — BBIYUCIUMBIH JUHEHHBIN IIOPSIOK, B KOTOPOM BBIIIOJIHEHO CJIE-
OyIoIee ycJIoBHe: IS JI00oro sjreMeHTa r € L Ha@gyTcs 371eMeHThl o < ... <p Tpy1 € L
rakue, 40 S} (L0, Tpy1) HCTHHHO U « <p To. Ilycts A — HeBbramcaumoe (n + 1)-B.m. MHO-
2kecTBO Takoe, uro S} <r A. Torma cymecTByeT BEIYUCINMBIN JTHHEHHbI Mopaaok M = L
raxoi, aro S >1 A.

Teopema 3. FEciam BbIYHCIUMBIN JTUHEHHBIH HTOPSAOK L HE SBISETCS 1)-CXOXKHUM, TO
CIIEKTp OTHOIIECHHA S} 3aMKHYT HaBepX B B.II. CTEIEHAX.

Pabora Buimonaena npu ¢puHancoBon nmomnepxkke rpanta PODU, mpoekT 20-31-70012
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BeruncimmMble BIIOJIHE Pa3JiIo2KIMbIe abeJsieBbI T'PYIIIIBI

. A. TycynosB, C. II. TeIHBIBEKOBA, H. I'. XCAMUEB

B [2] BBenero nonsiTue 5hGEKTUBHO BIOJHE PA3IoXUMON abeseBoil rpynnbl. CueTHas
abeneBa rpymnna A enoamne pazaosxcuma, ecniu A = P{A;|i € w}, rme A;- monrpynma an-
nuTuBHOU rpynnbl (Q Bcex parmoHaibHBIX uncesl. Ecimm cylecTByeT Takas KOHCTDYKTUB-
Has HyMmepauus v rpynnsl A, uro B (A, V) HalIeTCs BBIUUCIUMO MEPEUNCIINMAs TOCIIeN0Ba~
TeJILHOCTDL DJIEMEHTOB a; € A;, To rpymnmny A HazoBeM ad@exmusno 6noare pas3ionrcumot.
Paccmorpum crnenyromumit kKirace BOOTHE pa3iiokuMbIX rpynn. IlycTs pg, p1, ... HEKOTOpas
HOCIIEIOBATEIILHOCTD MPOCTHIX uncell, Q(p;) — amauTuBHAsS TPYNIIa PAIMOHAIILHBIX UHCE,
3HaMeHaTeJIN KOTOPHIX SBJISIOTCS CTENeHsIMU p; U

4= Pl ) 1)
Xapaxkrepuctukoin x(A) rpynmsl A HA30BEM MHOXKECTBO
x(A) ={<pk>Fir... Jixlpy = =pi, =p)} (2)
B [2] mokaszana cremyrorias

Teopema 1. Ab6enesa rpymna A = @{Q(p;)|i € w} sdpexTuBHO BrOIHE pasmoxmuMa

0
TOrga U TOJIBKO TOrAa, Korga ee xapakrepuctuka X(A), IpUHALIEKUT KIaccy Zé ) apug-
MEeTHUYECKOH UepPapXU.

B JAHHOM COOOITICHHUU IOKa3aHa

Teopema 2. A6eneBa rpymma A, ompeneseHHas paBeHCTBOM (1) BBIYHCINMA TOTAA
¥ TOJIBKO TOLZa, KOTLA €€ XapaKTePUCTHUKA, ONPENeJIeHHAS DABEHCTBOM (2), IPHUHAIIICKUT

(0) v
KJIaccy ) 3 apupMeTHIeCKOi HepapXul.
W3 teopem 1, 2 BoITEKaeT

CaenctBue. CyiecTByeT BEIYUCIUMAS BIIOJIHE Pa3/IOXuMas abejieBa pyIIna, KOTOpas
He 3¢p(peKTUBHO BIIOJIHE PA3JIOXKHIMA.

WccnenoBarue wacTrdHO mopnepxkano Komurerom mo Hayke B MuHHCTEpCTBO 06pa3o-
Banus u Hayku Pecnybnuku Kasaxcran (I'pant AP05132349).
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HeKOTOpre CBOIICTBAa BerHefI IIoJIypelumeTKN BbIYMUCJINMBbIX CeMelCTB

M. X. ®AN3BPAXMAHOB

B noknane paccMaTpuBaeTCsl BEPXHSIS OJIY PEIIIETKA BEIYUCIUMBIX CEMECTB BBIYUUCIITIMO
MIEPEUNCINMBIX MHOXECTB OTHOCUTEIBHO OIMEPAINN TEeOPETUKO-MHOXKECTBEHHOTO BKIIIOUE-
uust, suepsble u3ydennas A H. erreswim (1991). BymyT usmnoxenbl pesyabrarsl 06 ompe-
MEeTMMOCTU B HEW ueajia KOHEUHBIX CEMEMCTB, PACCMOTPEHBI BOIMPOCHI O CYIIIECTBOBAHUN
aTOMOB M KOATOMOB (DaKTOPIIOIyPEIIeTKN 10 3TOMY HIeasly, clejlaH 0030p HEKOTOPBHIX ee
€CTeCTBEHHBIX MOOKJIACCOB U MX CBONCTB.

Pa6ora nmpoBenena B pamkax peanmusaruu [Iporpamyer pazsutus Hayuno-o6pazoBaTens-

HOTO MaTeMaTudeckoro neHTpa [IpuBomkckoro demnepanbaoro okpyra (cormarmerue 075-02-
2020-1478).
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About universal pairs in Ershov hierarchy

N. BazHENOV, M. MUSTAFA, S. OSPICHEV

In this paper we investigate m-universality of computable families of sets. This concept
was introduced in [1], where an example of m-universal pair of disjoint computable enumer-
able sets was constructed. Here we generalize this result to the case of Ershov hierarchy.

For any pairs of sets (A1, A43) and (Bj, Bz), we say that (A1, Az) is m-reducible to
(B1,B2) ((A1,A2) <, (B1,B2)), if there is a total computable function f such that x €
A; & f(x) € By forall z € wand i = 1,2.

For any ordinal notation a € O, a pair (By, B2) with By N By = (), we will call ¥ 1-m-
universal, if By, By € ¥, and (A1, As) <., (B1, Bs) for any A1, Ay € ¥ with AjNAy = ().

Theorem 1. For any ordinal notation a € O of non zero ordinal, there is Y, 1-m-
universal pair.

Note, that m-reducibility of disjoint pairs is closely related to the concept of sm-
reducibility, that was developed in [2, 3, 4]:

The pair of disjoint sets (A1, As) sm-reducible to the pair of disjoint sets (Bi, Bs), if
there is a total computable function f such that f(A;) C By and f(A3) C Bsy. It is easy to
see, that m-reducibility entails sm-reducibility.

Corollary 2. For any ordinal notation a € O of non zero ordinal, there is ¥, 1-sm-
universal pair.
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A family of total functions without universal numberings

A. A. IssakHOV, U. B. OSTEMIROVA

Let F be a family of functions. If for any finite sub-function of f there exists a function
g € F distinct from f, which extends this finite sub-function, then the function f is called
a limit point of the family F. Limit point of F' need not be in F.

It is known that if A is an arbitrary set and F is an A—computable family of total
functions that contains at least one limit point, then F' has no universal A—computable
numbering (even relative to reducibility via A—computable functions), [1].

Note that if an arbitrary finite A—computable family F' of total functions, where Turing
degree of the set A is hyperimmune-free, then F' has an A—computable universal numbering,
[2]. If an A—computable family F' of total functions contains at least two elements, where
A is a hyperimmune set, then F' has no A—computable universal numbering,[3]. At the
same time we know that there exists an infinite A—computable family F' of total functions,
where Turing degree of the set A is hyperimmune-free, such that F' has an A—computable
universal numbering.

Theorem. There exists an infinite A—computable family F of total functions, where
Turing degree of the set A is hyperimmune-free, such that F does not contain a limit point
and has no A—computable universal numbering.

REFERENCES

[1] Badaev S. A. and Issakhov A. A., Some absolute properties of A—computable numberings, Algebra and
Logic, vol. 57 (2018), no. 4, pp. 275-288.

[2] Issakhov A. A., Hyperimmunity and A—computable universal numberings, AIP Conference Proceedings,
vol. 1759, 020106 (2016); doi: 10.1063/1.4959720.

[3] Issakhov A. A., A—computable numberings of the families of total functions, The Bulletin of Symbolic
Logic, vol. 22 (2016), no. 3, p. 402.

School of Mathematics and Cybernetics, Kazakh-British Technical University, Almaty (Kazakhstan)
E-mail: a.isakhov@kbtu.kz, asylissakhov@gmail.com, uuldanaustemir@gmail.com

129


mailto:a.isakhov@kbtu.kz, asylissakhov@gmail.com, uuldanaustemir@gmail.com

MamnbneBckue urerus 2020 Teopust BEIYUCIIMOCTH

On a semilattice of degrees of computable metrics

R. A. KORNEV

Necessary definitions and notations can be found in [1, 2]. We view Polish spaces as
topological spaces X = (X, 7, W, v), where W is a distinguished countable dense subset of
X and v:w — W is its numbering. Given a Polish space X, denote by M (X) the set
of all complete metrics on X compatible with the topology 7. Every metric p € M(X)
induces a Cauchy representation ¢, of X that is generated by quickly converging sequences
of elements of W. For metrics p1, po € M(X), we say that p; is computably reducible to pa,
written as p1 <. pa, if §,, <. J,,. Relation <, is a preordering on M (X). Factorizing by
the equivalence relation =, we obtain the ordering M.(X) of c-degrees of metrics in M (X).
Ordering of c-degrees of computable elements of M (X) is denoted by CM.(X).

In the talk, we discuss the following three properties of CM.(X). Firstly, this ordering
forms a lower semilattice. Secondly, if for a computable metric p € M (X) there is a com-
putable limit point in the space (X, p, W, v), then there exists a computable metric p’ <. p,
i.e., deg.(p) is not minimal in CM.(X). Thirdly, under the same assumption on a com-
putable metric p, there exists a computable metric p such that {deg.(p),deg.(p)} has no
upper bound in CM.(X); thus, CM.(X) is not upward directed, is not an upper semilattice
and has no greatest element.
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Index Sets and the Existence of Computable Copies

M. V. KoroviNa, O. V. KubINOV

We propose a criterion of m-completeness for tuples of £y and ¥9-subsets of w. It turns
out that the established result is useful for applications. Among others we report on the
following;:

e The real closed fields of polynomial time computable real numbers and &,,-computable
real numbers do not have computable copies, where &, is a level in Grzegorczyk
hierarchy of all primitive recursive functions, n > 2.

e Definition Let K1,..., K,, be classes of c.e. sets and A; = Ix(K;),i=1,...,n be
their index sets. We say that these classes and the corresponding index sets are in
general position if

VIC{l,....n} (K € |JEK;
i€l JET
This is equivalent to VI C {1,...,n} (N;cr Ai € Ujgr Aj-

We state that if all A;,..., A, are in generale position then n-tuple (Ai,...,A,) is m-
complete in the class of all n-tuples of c.e. sets.

0.V.Kudinov was supported by the state contract of the Sobolev Institute of Mathemat-
ics (project no. 0314-2019-0002), REBR project no. 20-01-00300a and RFBR- JSPS project
no. 20-51-5000. M.V.Korovina was supported by the state contract of the IIS SBRAS
(project no. 0317-2019-0003) and RFBR-JSPS project no. 20-51-5000.
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Boolean algebras autostable relative to n-constuctivization

M. N. LEONTYEVA

It is independently proven in [1] and [2] that Boolean algebra is autostable if and only
if it has a finite number of atoms. In [3] it is proved that Boolean algebra is autostable
relative to strong constructivizations if it is isomorphic to a direct product of a finite number
of simple models. In this work we study autostability of Boolean algebras with respect
to n-constructivizations. Boolean algebra is autostable relative to n-constructivizations if
it has nm-computable representation and any two of it’s n-computable representations are
computably isomorphic. For n = 0, the description is obtained in [1] and [2]. For n = 1
and n = 2, the description is published by Remmel in his chapter in [4]. This paper gives a
complete description of Boolean algebras autostable relative to n-constructivizations for all
natural numbers n.

Theorem. Let n € w. Boolean algebra A is autostable relative to n-constructivizations
iff A is isomorphic to a direct product of finite number of simple models with elementary
characteristics

e (i,1,0), (¢,0,1) and (4, 1,0), (4,0,1), (4,00,0) for j < i if n = 4i.
e (7,1,0), (4,0,1), (§,00,0) for j <i ifn =4i+ 1.
e (i+1,1,0) and (4,1,0), (5,0,1), (j,00,0) for j <i ifn=4i+2 orn = 4i + 3.

Proposition. FEach autostable relative to n-constructivizations Boolean algebra has
strong constructivization, moreover each n-constructivization of such Boolean algebra is
strong constructivisation.

Acknowledgements. The reported study was funded by RFBR according to the
research project N 20-01-00300.
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Kpyrosrie enuHUIIBI cCpaBHUMEBIE ¢ 1 110 MOIYJIIO 2 OJisi 2-KPYyTrOBBIX HOJIEN

P. 2K. Anees, A. II. T'onoBA, O. B. MUTHHA

ITon 2 -xpyeo6bim nosem TIOHIMAETCS KPYTOBOE TI0JIE, IOy YeHHOE IIPUCOENNHEHNEM IPH-
MUTUBHOTO KOpHS u3 1 cTemenu 2™ mjst HEKOTOporo m > 2, oboszHauaeTcss Qom .

[Iycts G = () — umkiuaeckas rpymnma nopsanka 2. IlycTb o — IpUMUTUBHBIN KO-
peub u3 1 cremenu 2". Ilycrs xy — xapaktep rpymnsl G ¢ ycaosuem x(z) = a. Kax B
onpeneniernn 1 B [1], o6o3naunM depe3 u(A) JIOKAIBHBIA 5JIEMEHT, COOTBETCTBYIOIIMI Xa-
pakTepy X u sreMeHTy A € Qon. W3 [2] cremyer, uTO HOpMAIUM30BAHHAS TPYIIIA €IUHUI]
V(ZG) uenouncieHHOr0 TPYIIOBOrO Koiblia rpynnsl G comepxut monrpynmnst W u Wy,
npsimoe nipousBenenre W x Wi KOTOPBIX SIBIsS€TCS MMOATPYIION KOHEYHOTO MHIIEKCA T'DYIIILI
V(ZG). Tlpmuém W msomopdra mOArpymne HopMaiusoBarHON rpynnst emuant V(Z(z?))
IIE/IOYNCIIEHHOTO TPYIITIOBOTO KOMIbIla moarpynne! (x2) rpymmsr G, a

Wi ={u(B) | B € Un(Zla + a'),=1 (mod 2)},

rae Un(Z[a+a~!]) — rpynma equanm xombia Zla+a 1], B pabote CurnoTa [3] ompenenena
nonrpynmna K («) xpyroseix equan rpymnsl equann Un(Z]a]) konsua Z|o]. U3 [4] cnenyer,
gro Un(Zla]) = K(«) o n < 8.

Ins mo6oro nesnoro j monmoxum d; = 1+ af + a7,

Teopema. Ilycte n > 4. Ilpu BBenéHHBIX paHee 0003HAUCHUSIX UMEEM

(1) K(a) = (a) x D(a), e D(a) = [[2y ~*(darsr),

(2) Wy = (22" ) x Vi, rae Vi = {u(B) | B € D(a), =1 (mod 2)} mpu n < 8,
(3) mpun <7 emgmunna B € D(a) u =1 (mod 2) Torma m Tonpko TOrHa, KOrma

on—3_1 n—327"37kF_
n— — _ok k
pe (d% 2> X H <d2l+1d2zi1d2”—1—(2l+1)> X H H ( 2zi1d§n71—(2z+1)>~
=1 k=1 =0

Pa6ora Bemmonsaena npu nognepxke [Ipasurenscra PD (ITocranosnenune 211 ot 16.03.2013),
cornamrenne 02.A03.21.0011, u nmpu gacTuaHON mommep:kke JlabopaTopun KBaHTOBOW TOIMO-
norun Yesnstbuuckoro rocynusepcuTera (rpanT npasutenscrsa PO 14.7250.31.0020).
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MHuoroo6pa3sus creneHubix MR-rpynn

M. I". AMATJIOBENIA

[MousTue crenennon R-rpynmst (R — IPOM3BOIBLHOE ACCOIMATUBHOE KOJIBIIO C eIUHUIIEH )
6ew10 BBemero P. Jlunmonom B [1]. B [2] A. I'. Mscuukos u B. H. Pemeciiennukos ompene-
TN HOBYIO KaTeropuio g, mobaBUB eIé OMHY aKCHUOMY. OJTO yTOYHEHUE ITPEICTABIISET
eCTeCTBEHHOe 0000IIIeHne IOHITUs R-MOmy s Ha cIydJall HEKOMMYTATUBHBIX Ipynn. B decTh
ABTOPOB 9TOIl CTATHU IPYIIEL C 9TOI akcuoMoll B [3] HasBaubl MR-rpynnavu ( R-KOIbIo).

KiroueBont oneparnuen B xateropuu g sIBISETCS OHEpalus TEH30PHOTO IOMOTHEHUS
G® nna mo6oit MR-rpynnsr G, BBeeHHAS B [2], koTopast 060011IaeT HA HEKOMMY TATUBHBII
CIydJail TIOHSTHIE TEH30PHOTO PACIIMPEHUS KOJIbIA CKAISPOB M Momysei. ['pynmy G Hazo-
BeM TOYHOM OTHOCHTEILHO KONIbIA R, eciu kaHOoHIUeckoe orobpaxkenue G — GF apnsercs
BokeHreM. B [4] u [5] mccimenoBaaoch MOHATHE TOYHOCTHU TEH30PHOTO IOMOIHEHMS U TOKa-
3aHa TOYHOCTH IJIsl MOCTATOYHO IIMPOKOTO KJIAacca T'PYII U IIMPOKOro Kiacca Koser. Kak
CITENICTBUE, TIOTYUeHO onmucanume cBOOOMHLIX MR-rpynm m cBobomubix MR-mpom3BeneHnin Ha
SI3BIKe TPYIIIOBBIX KOHCTPYKITUI.

B xareropuu 9 i craEmapTHBIM CIIOCOOOM BBOMSTCS MOHITUS MHOrooOpasus MR-rpymmn,
BepOAIBLHON MOATPYIILI 1 TEH30PHOTO MOMOJIHEHUsI B MHOrooOpasuu. OTmMeTuM, OMHAKO, CY-
IIIECTBEHHOE OTJIMYNE M3YyYaeMOro CIIydas OT KJIacCUuecKoro. Bo-mepBhIX, MOHSITUE MHOTO-
obpas3usi paccIanBaeTcCsl B 3aBUCUMOCTH OT KOJIbIIA CKAIIIPOB. BO-BTOPBIX, BepOaIbHAsS MOM-
rpyImma, BooOIIe TOBOPsI, He IOPOXKIAETCS 3HAUEHUSIMU CJIOB, ONPENEISIONINX MHOrooOpasue.
K cuacTbio, yHKTOpP TEH30PHOTO MTOMOIHEHUSI CBSA3BIBAET CJIONM MHOTOOOPA3U IO PA3TIUIHBIM
KOJIbIIAM CKAJIIPOB. B [6] mosyuens! cremytomime pe3yibTaThL.

Teopema 1.

1) R-xommyrtant MR-rpynner G xkak BepbaabHas MR-moarpymnmna mopoxmnaeTcs KOM-
myTaropom [z, y] = ™ty tay;
2) ecim R-mome, To R-xkommyrtant MR-rpynmer G kak BepbanbHas MR-monrpymnma
IIOPOKAAETCI (-KOMMYTaTOpoM (Z,Y)e = Yy~ “a~*(zy)*, a # 0,1 (ecmm av = —1,
TO (mvy)—l = [y_lax_l])'
Teopema 2. Ilycte Wi — mHOroobpasume MR-rpynm, 3agaHHoe MHOX)ecTBoM cJioB W,
R C S-xomsna, G € Wg. Torma temsoproe S-nomomrerne Gy, OTHOCHTETBHO MHOTOOODA3TS
Wy cymectsyer, npuuém G5, = GS /W (G?).
Teopema 3. CyiiecTByeT B3amMHO-OTHO3HAUHOE COOTBETCTBUE MEXKAY DEIIeTKON abe-
JIEBBIX MHOI000pa3uii crermeHHbIX MR-rpymnm u penréTkon AByCTOPOHHBIX UAeAI0B Koybia R.
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Kouneunnie I'PYIIIIBI C ‘I)-HpOCTbIMI/I MaKCMMaJIbHBIMU IIOATPYIITIIaMMA

E. H. BAXXAHOBA, B. A. BEIEPHUKOB

PaccvarpuBatorces muis kKoHeunbie rpynnel. ['pynma G HasbiBaeTcs ®-npocmoti, ecian
G/®(G) asnsercs npocron rpynmoi. B paGore [1] mccrmenoBanbl KOHEUHBIE TPYIIIBL, B KO-
TOPBIX KAXKIas MAKCUMAJbHAS MOATPYIIA MPOCTa W HUILIOTEHTHA (2-HUILIIOTEHTHA),
a TakxkKe IPUBENEH CIemylomui Bompoc: «KakoBbl HeaGelaeBBI IJIaBHBIE (AKTOPHI KOHEU-
HOW HEepa3peIInMOil TPYIIbI, ¥ KOTOPOI BCIKas MAaKCUMaJIbHAs MOATPYIIA MPOCTas WA P-
HWIBIIOTEHTHAS (P-pa3iiokuMast) IJisk HEKOTOPOTo GpukcupoBaHHoro p € m(G)7».

B macTosieM coobIeHnn oty deHo 0600IIeHre pe3yibTaToB paboTh [1], a Takxke ua-
CTUYHO TIOJIyYeH OTBET Ha MOCTaBJIEHHBI B paboTe [1] Bompoc.

Teopema 1. Ilycrs p € {2,3} u G — p-Hepasnoxunmas rpynma. B rpynme G xaxkmas
MakcuMaJIbHAas MOATPYIa p-paszioxuma uam P-npocra torma m Toabko Toraa, korga G
apigercsa pd-rpymnmnon [Ivunra.

Teopema 2. Ilycrs r € {2,3}, ¢ = p*, p — mpocroe uyuciao u G He ABIAETCS T-
HuIbIoTeHTHON rpymmon. Ecmm B rpynme G ka)xmas MakCuMaJIbHAS MOATPYIIIA T-HUIBIIO-
TEHTHAa WJINn @-HpOCTa, TO BBIIIOJIHACTCA OLHO U3 CJACAYIOILINX yTBep)K,HeHI/H/”I:

(1) G — r-3amkuyTas rpymnna [IIvunra nns moboro r € {2,3};

(2) r =2 m G obnanaer HopmaabaeiM pagom 1 < ®(G) < L < G, npmuem
L/®(G) = Ly(q), g = p* > 4, p — mpocroe wucmo, s > 1, p?* — 1 = 0(mod16) n
G/B(G) = PGLa(q);

(3)r =2, G/®(G) =2 Ly(3%F+Y), k > 1;

(4) r =2, G/®(G) =2 La(5%F+1), k > 1;

(5)r =2, G/®(G) = Ly(p***1), p>5,k>1mp* — 1= 0(modl6);
(6)r =2, G/®(G) = Ly(p**+1), p> 7,k >0, p?* — 1 2 0(mod16),

p?* — 1 = 0(mod5b).

CnenctBuME 2.1. Iycrs v € {2,3}, ¢ = p°, p — mpocrtoe gucno u G He SIBIICTCA T-
HUJIBIIOTEHTHOH rpynnoi. B rpynme G kaxknas MakCUMaJjbHAas MOATDYIIIA T-HUJIBITOTEHTHA
HJIH OPOCTa TOTLA U TOJBKO TOrAA, KOTAA BBIIOJHAETCS onHO u3 yrBepxkaeHuii (1), (2)—(6)
¢ ®(G) = 1 u3 reopemsr 2.

CHEOCTBUE 2.2. B 3-mHenmipnoreHTHOU rpymnmne G Kaxkmas MakCHUMAaJIbHAS MOATDYIIIA,
3-HunpnorenTHa win P-mpocra Torma m TOABKO TOorma, korma (G sABILeTCS 3-3aMKHYTOH
3d-rpynnorit IlImunra.
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O6 opb6utax D -moarpymnibl B KOHEYHOU TI'pynmne

M. H. BEnoycos, B. I. 3EHKOB

[Mycte G — xoHeunas rpynma u T — HEKOTOPOE MHOXKECTBO MPOCTHIX uwmcesl. Hcmam
T-XOJIJIOBBI HOATPYNIBL B (G COMPsKEHBI U KaXmas T-moarpynna u3 (G JIeXXuT B HEKOTOPOI
T-XOJIIIOBOM monrpymme rpynmnel G, To rpynna G HasbiBaeTcst D -rpymmoi, a moarpynna H
C OTMEYEHHBIM CBOMCTBOM — D -monrpymnmoi. Paccmorpum neficrBue monrpynmbl H Ha
kjacce G-compsikeHHBIX ¢ H momrpym.

B cnyuae, xorma m = {p}, B [1] GbuO0 mOKA3aHO, YTO B MPOCTON HEAOEIEBOIl T'PYIIIE
H N HY9 = 1 nna mekoroporo g € G m B ciayuae, korna (G — TpyIIa jueBa THUIA HAI
IIOJIEM XapPaKTEPUCTUKN P, CYLIECTBYET TOYHO OMHA OpbuTa mox neficTBueM H Ha MHOXKeCTBe
{HYg € G,HNHY = 1}. Ecau x)e p OTINYIHO OT XapaKTEPUCTHUKY [OJIs, TO YUCIIO OPOUT He
ob6s3aTenbHO paBHO 1. Eciu G Heobs3aTensHo mpocTast, To B [2] nokasano, uro HNH*NHY =
O, (G) nms HEKOTOPHIX 371eMeHTOB ¥,y € (. MoxHO paccMaTpUBaTh HEfCTBUE MOATPYIIILL
H conpsikenmem Ha Muoxkectse nap {H, H9}, rne g € G. 3meck yxe duciio opobuT He MeHee
Tpex.

B obiem ciyuae B pabore [3] Gbu1 mocTaBieH Bompoc: BepHO su, uto H N H* N HY =
O, (G) mist mobbix ™ u D -nonrpynnet H w3 G?7 BTopoit aBTOp mOCTpOMsI KOHTPIpuUMep K
5TOI runorese, B KOTOpoM rpymmna G u3oMopdHA PACIIUPEHno TPYInbl Lo (27) ¢ mOMOIIBIO
TPYIIBI, TOPOXKIECHHON €€ TOJEBBIM aBTOMOPGU3MOM MOPSOKa 3. 3aMeTHM, YTO B TPYIIIe
Ly(27) Dys,13-monrpynma H meiicTByeT TpaH3UTHBHO Ha MHOXecTse map {H®, HY}, rme
HNH*NHY =1.

W3 onucanust [3] D, -TOOrpyNII B MPOCTHIX 3HAKOMEPEMEHHBIX TDYIIAX CIEAYEeT, UTO

m = {p}, mO5TOMY BBUIY OTMEYEHHOI'O BHIIIE PE3yjabTaTa U3 [2] 9uCiao Takux OpOoUT He
MeHee 3.

B nanmoit paboTe HaMu mokazaHa

Teopema. Ilycte G — koHeyHas mpocTas coopaaumdeckas rpymnma mu H — ee D,-

moarpynmna. Torma npu gericrun H Ha muOXecTBe map {H”, HY}, nma koroperix H N H* N
HY =1, cymecrByer HEe MeHee ABYyX OpOUT.

OTKpBITBIM SBIISETCS BOIMPOC O TOM, BEPHO JIU, UTO HA CAMOM [ejle B DTOM CJIydae
H N HI =1 nna sekoroporo g u3 (G. DTo BepHO s 3HAKOIMEPEMEHHBIX T'PYIIT U HEBEPHO
IIJIs. TPYIII JIeBa, TUIIA.

Wccnenopanue BbIMOHEHO Tipu (puHAHCOBON monaepxkke POPDPU B pamkax mpoekTa 20-
01-00456.

CIIMCOK JIUTEPATYPHI
[1] Masypos B. II., 3enkor B. UI. O nepeceyennn CHIIOBCKUX IOArPYNII B KOHEUHBIX rpynnax // Anrebpa u
soruka. 1996. T 35, N 4. C. 424-432.
[2] Benkoe B. U. Ilepeceuenne HUIBLIOTEHTHHIX IOATDPYIN B KOHEUHBIX rpynnax // PyHno. m mpuki. Mare-
maTtuka. 1996. T. 2, N 1. C. 1-92.
[3] Boosun E. II., Pesun II. O. Teopemsr cunosckoro tuna // YMH. 2011. T. 66, N 5. C. 3—46.

HAncmumym mamemamury v mexanuxy um. H. H. Kpacosckoeo YpO PAH, Examepunbype
E-mail: i_belousov@mail.ru, v1i9z52@mail.ru

137


mailto:i_belousov@mail.ru, v1i9z52@mail.ru

MamnbneBckue urerus 2020 Teopus rpymnit

O nepeceueHnu O-mOATPYIII C OTPAHUYEHUSIMI HA WHIAEKCHI B IPynnax C
oriepaTopaMmu

P. B. boronuu, M. B. CEnbkuH, E. H. borponuny, P. A. KY4YEPOB

B Teopun KOHEUHBIX TPYIII MEHTPAIBLHOE MECTO 3aHUMAIOT OOBEKTHI, SKCTPEMAJIBLHO Pac-
MOJIOXKEHHBIE B Tpynme. K Takum o0BeKTaM B MEPBYIO OYePElb OTHOCSITCS MaKCHMAaJIbHBIE
MOArPYNIbI. 3HAHWE WX CTPOEHUs, CIOCO0a BIIOXKEHUS B TPYIILY, a TAKXKe B3aUMONENCTBUIL
MEXIy COOON W C OPYTUMU HOATPYIIAME MO3BOJISIOT PACKPHITH MHOTHUE CBONCTBA CAMUX
rpynn (cM. MoHOorpaduio [1]).

[Iycts mambr rpymma G, muoxecTBOo A m orobpaxenue f : A — Aut(G), rme Aut(G)
— rpyuna aBromopdusmoB rpynnsr G. [lonrpynma M maswBaeTcs A-momyctumoit, ecian M
BBIIIEPKUBAET IECTBUE BCex omepaTopoB u3 A, To ects M* C M mist mo6oro omneparopa
a € A

HeobxomuMo oTMETUTD, UTO He KaxKoas MaKCUMAaJIbHAsS TOATPYTIIa OYIeT sIBISTHCS MaK-
CUMAJTEHON A-OImycTUMOI OTHOCHTEIBHO HEKOTOPOI T'PYIIIEL OITepaToOpoB A, a Takxe He BCS-
Kas MakcuMaJjbHasg A-momycTumast OArpyIIna IPYIIbL SBASeTCS MAKCUMAaJILHOI MO PYIIION
B 9TOI ke rpymnme (cM. [2]).

O6o3uaunm uepes A(G, A) nepeceuenue smep Bcex aOHOPMAIIBHBIX MAaKCUMAJIbHBIX A-
MOy CTUMBIX TTonrpymi. Eciau B G aGHOPMATBHBIX MAKCUMAIBHBIX A-IOMyCTUMBIX TOATPYIIIT
Her, To nonoxuM A(G,A) = G. B ciyyae eqMHUYHOCTH TDYNIBLI ONEPATOPOB MOAIPYIIIA
A(G, A) coBnamaer ¢ nmoprpynmnoit Namroria A(G) [3].

Teopema. IIycmv § — aokaavnas gopmayusg u 2pynna G umeem 2pynny onepamopos
A maxyrwo, umo (|G|, |A|) = 1. Ecau N — nopmaavnag A-donycmumaa nodepynna pynnvt G
u N/NNA(G,A) € §. Toeda N npedcmasuma 6 sude npamoz0 npoussedenud N = Ny xX Ny,
MHOHCUMEAY KOMOPO20 YIOBAEMBOPIIOM CAECOYOUUM YCAOBUIM:

1 ) N 1 € S 5

2) m1(Na) Nm(F) = 2;

3) No C A(G, A).

CnencrBue. Ilycmv § — aokaavnad gopmayust, codeprcawat N u epynna G umeem
epynny onepamopos A maxyw, umo (|G|, |A|) = 1. Ecau N — nopmasvrnagz A-donycmumas
nodepynna epynnwt G u N/N NA(G,A) € §, mo N €§.
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O He3aBUCHUMOU aKCHMOMAaTU3UPYEMOCTU KBA3MMHOrooOpa3mii HUJILIMMOTEHTHBIX
rpynn 6e3 Kpy4eHus

A. 1. Bynkun

I mo6oro knacca N 1 060ro MHOXKeCTBa KBa3suToxnecTs X depe3 Modar(X) o6o-
3HAYMM KJIacC Beex rpymm u3 N, B KaxK[OU W3 KOTOPBIX MCTUHHBI BCe (DOPMYJIHI U3 Y. By-
IIeM TOBOPHUTD, UTO Kjacc M ompenensercs B kinacce N CHCTEMON KBa3WTOXKIECTB Y, €CIIN
M = Mody(X). B sTom ciyuae Y mHasbiBaeTcst 6a31COM KBa3sUTOXKAECTB Kiacca M B N.

MHOXeCTBO Y KBa3sUTOXKIECTB HA3LIBACTCS He3aBUCUMBIM B N, eciam myis mro60ro cob-
CTBEHHOIO oAMHOXKecTBa ' C ¥ umeeT MecTo crporoe Brioderue Modp (X) C Modp(X).

B [1] mokazamo, uTo cBOGOMHAS 2-HUIBIIOTEHTHAS TPYIIA PAHra 2 HE UMeeT He3aBUCH-
MoOro 6a3mca KBa3UTOXKIECTB B Kiacce rpynm 6e3 kpydenus. [lo cux mop mpyrux Heabe-
JIEBBIX KBA3UMHOTOO0Opa3nuil 2-CTYIEHHO HUJIBIOTEHTHBIX IPynn 0e3 KPydeHUs, IOPOXKIEH-
HBIX KOHEYHO TOPOXKAEHHON IPYIION U HEe IMEIOITNX He3aBUCUMOTO 0a3nca KBa3UTOXKIECTB B
KJracce Tpymn 6e3 KpydeHus, n3BeCTHO He Obl10. B mammoit paboTe mokaszaHa 6€CKOHEYHOCTH
MHOXKeCTBa TaKNX KBa3UMHOTOOOPAa3UIA.

Teopema. MHOXecTBO KBa3UMHOrooOpa3uil 2-CTYHNEHHO HHUJIBOOTEHTHBIX T'PYyHI 6e3
KpY4JeHH:, IOPOXIEHHBIX KOHEYHO MOPOXIEHHON I'PYNIION U He UMEIOIIINX He3aBUCUMBIX Oa-
3MCOB KBa3UTOXKIECTB B Kjiacce rpynn 6e3 KpydeHus, 6eCKOHETHO.
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HJIOIJ_Ia,Hb TpeyYroJIbHNKa mn 6I/ICCGKTpI/ICI:I

A. A. byrypiiakul, C. C. I[IPECHAIKOB, II. O. PEBuH, C. A. CABUH

Ucnonb3ytoTcss cTaHOapTHBIE 0003HAYEHUS OIS 3JIEMEHTOB TPEYTOJIbHUKA Ha €BKJIMIO-
Boi mytockocTu. M3BecTHBI hopMmyita ['epoHa u ee aHaIOTM, BhIpaXKaOIue IJIOIIA0b TAKOTO
TPEYTOILHUKA Jepe3 ero CTOPOHBI

S=Varbratb- ot aleta b =vrp- b Do,

roe p = (a + b+ ¢)/2 — nonynepuMerp TPEyrolbHUKA, Yepe3 MeIuaHbl

1
S = g\/(ma + myp + me)(mg + mp — me)(mp + me — mg)(me + mg —my)

I 49epe3 BBICOTEHI

r 1+1+1 1+1_1 1+1_1 1+1_1
S \\ha hy he/\ha hy he/\hy he ha)\he he hy)

EcTecTBeHHBIT BOIPOC: MOXKHO JI BBIPA3UTH IUIOIANL TPEYTOJILHUKA B PaauKajiaX depe3
ero 6uccekrpucer! IIpm stom m3sectHo [1, 2], 9TO ISt MOOBIX HEACTBUTEIHHBIX YUCEIT
laylp,le > 0 cyirecTByeT U €OUHCTBEHHBIN TPEYTOJIbHUK ¢ OuccekTpucamu g, ly,l.. OcHo-
BLIBasCh Ha pesyibrarax X.Bombda [3] u B.JI. Ban nep Bapnena [4], Mbl OKaxkeM, 4T0 He
CyIIecTBYyeT oOIIer (opMyJIbl, BBIpAXKAIOIIEN B paauKajaxX INIOMIAAb TPEYTOJIbHUKA Uepes
ero 6buccekTpuckl. boiee Toro, momans, TpeyroabHuKa ¢ 6uccektpucamu 1, 2 u 3 He BbI-
paxaeTcs B paamnKajaxX depe3 paluoHajbHble duciaa. OTMeTruM, 9TO B JIUTEPATYPE €CTh
ommbouHOE yKazauue [5, cTp. 335], 4TO BBIpaxKeHUe IJIOMIANN B PaAUKaax depe3 GUCCeK-
Tpucsl HaiineHo B 1843 romy dou Penre-Punkom [6].

Pabora BeImonaena mpu nonnep:xkke mporpaMmer [.1.1 pyHIaMEHTATBHBIX UCCITIEOOBAHMII
CO PAH, mpoekt 0314-2019-0001 u rpauta PODPU 20-51-00007 Bemn_a.
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finden, Crelle’s J. (J. Reine u. Angew. Math.), 26 (1843) N3, 273-276.
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O pPeryJjisapHbIX Opﬁl/ITaX KOHE€YHbIX IIPUMHATUBHBIX pa3pelInMbIX I'DYIIII

A. C. BacunbeB, E. II. BO1OBuUH, . SIHT

OpbuTa rpynmnel HA3bIBAETCS PETYIISIPHON, €CIIM HEHTPAIU3ATOP €€ TOUYKN TPUBUAJIEH,
TN, SKBUBAJIEHTHO, TIOPSIIOK 3TON OPOUTHI paBeH HNOpaKy rpynnsl. [lycTh KoHeuHas pa3pe-
muMas rpynna G IeficTByeT Ha BEKTOPHOM IIPOCTPAHCTBe V' TOYHO, HEIPUBONMMO U KBA3U-
npuMuTUBHO. Torma G COmepX)UT XapaKTePUCTUIECKYIO MOATPYIILY F, SBIISIONIYIOCS TIPSs-
MBIM TPOM3BENEHUEM SKCTPACIENNAIIBHBIX P-TPYII IJIs Pa3jIndIHBIX MTPOCTHIX p. Beemém
o6osnauenue e = \/|E/Z(F)|. B paborax [1], [2] dur nokasan, uro B ciayuasx e = 5,6,7
mwin e > 10 u e # 16 y rpynner G cymiecTByeT peryssipHas opburta Ha mpocTpancTse V. B
nokJjane OymIyT pacCMOTpeHbI ciydan e = 2, 3,4, 8,9, 16.

Pa6ora A. C. Bacunwesa u E. II. BooBuna nonmepxana rpaarom PH® N 19-11-00039,
paGoTa . dura - rpartom NSFC (No: 11671063) u rpanTom ot Simons Foundation (No
499532, YY).
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O MMMHNIMAJIBHOM 4YHMCJIie l'IOpO)KI[aIOIJ_[I/IX JIEMEHTOB KOMMyTaHTOB KOHEUYHBIX
p-l“pyl‘[l’[
B. M. BEPETEHHUKOB

Berony mmxke d(G) — MUHIMAIIBHOE YUCIIO TOPOXKOAOMuX rpynsl G.

Eme B paGore [1] H. Baskbepn mokaszas, uro eciu B KOHeuHO#l p-rpymme G daxTop-
rpynna G /G’ msomopdua Zpym X Zpn, To d(G') < (p™ — 1)(p"™ — 1) m 5TO HEPABEHCTBO HE
VITy IIIIaeMoO.

B [2] mpunmunmansHo perien Bompoc 0 HambosbineMm sHadenun d(G') B kiacce Koned-
HBIX P-TPYIII, TOPOXKIEHHBIX 3JIeMEHTAMU JTIO0BIX 3aMaHHBIX TOPSIAKOB. OmHAKO KOMIIAKTHOIR
(HOpPMYJIBI IOy Y€eHO He OBLIO.

B mamnOM coobiienun Takas opmysia npemitaraercs. IokaszaHa ciiemyroras TeopeMa.

Teopema. Ilycte n > 2 u ky,...,k, — neasre moyioxureapHble duciaa. Torma ecin
KoHeuHas p-rpymma (G IopoxKmaeTcs n daeMeHTaMu mopankos ptt, ... pFr, coorBercTBenHo,
TO

n
d(G/) < (TL i 1)pk1+'”+ki+"'+kn _ Zpk1+”'+ki+”'+kn +1
— b
i=1
roe “kpeimka’ Hanm k; o3HadaeT, 4TO B cymMme n cjaaraembix ki + --- + k, cimaraemoe k;
OTCYTCTBYET, U JaHHOE HEPABEHCTBO HE YJIYYIIIAEMO.

CIIMCOK JIUTEPATYPHI
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Koueunnie IIoAT PpYIIIIbI OTHOCUTEJIBHO CBOOOIHBLIX N-KPY4Y€HbIX I'PDYIIIIL

I'. T". T’EBOPIsH, A. JI. T'EBOPI'SIH

['pynna Ha3zbIBaeTCs N-KPyUeHON I'PYIIION, €CIN OHA UMEET CUCTEMY OIPENEsISIONINX CO-
oTHOIIeHN BuAa 1" = 1 I HEKOTOPBIX 3JIEMEHTOB 7" 1 [JIsI JTIOOOTO ee AIIEMEHTA @ KOHETHOTO
nopsika BeimosHsgeTcss cooTrorerne a” = 1 (em. [1]). Kmace n-xpyduenbx rpynm mocta-
TOUYHO ObOIupHa. HeTpymHO 3aMeTUTDH, UTO CBOOOMHBIE TPYIIBLI JIIOOOTO paHTa M, a TaKwkKe
cBobonHbIe GepHCANNOBLL IPYIIBl B(m,n) sSBIAOTCA N-KPYUYEHBIME TPYIIAMU IJIsL IGO0
HaTypasbHOTO 7. [loMUMO 5TUX I'pynm rpynm n-KpydeHBIMU SIBIISIOTCS TaKxKe CBOOOMHBIE
IPYIIBI MHOTOOGPA3us, yIOBIETBOPSIOIETO TOXIECTBY [T, y|™ = 1, cBOGOMHBIE TPYIIIILI U3~
BECTHBIX OecKOHeUHO Oasmpyembix MHOroobpasuit C.M.Ansua, n-nepumonndecue mpon3Bee-
HUSL JIIO00TO CceMeiicTBa N-KpydeHblx rpynn u T.10. (n > 1003 — meyernoe) Hekoropsie mpy-
rue T'PYIIbI, KOTOPBIE, IO CYTH, SBISIOTCS N-KPYYEHBIMU, OBIIM MOCTPOEHBI U MU3YyUEHLI B
paborax C.M.Ansaua, A.FO.Onbmanckoro, C.B.Banosa, WN.I'.JIbicenka, B.C.Arabeksana u
npyrux aBTopoB. OTmeTrumMm, UTO IS KaXXIOoro paHra m > 1 u mis j1r060ro HeYeTHOTrO
n > 1003 MHOXECTBO HEM3OMOP(MHBIX OTHOCUTEITHLHO CBOOOMHBIX N-KPYYEHBIX TPYII PAHTa
m KOHTUHyaJibHO. Hamu nokaszana

Teopema. JIrobass KkOHeUHAas TOATPYIIIA KaXKIOH OTHOCHTEIHHO CBOOOIHOI N-KPYIEHOH
TPYHOIIBI ABSETCS NUKJIUIECKON rpynmnon npu jrobom HedeTtHoM n > 1003.

CIIUCOK JINTEPATYPBI
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O HEHWIBIIOTEHTHBLIX I'PYIINAaX, B KOTOPhIX JIIOObIe ABE CTPOTO
N-MaKCUMAaJIbHbIE IIOATPYINbI IEPECTAHOBOYHBI OJIs N = 2,3

IO. B. 'OoPBATOBA

Bce paccmarpuBaembie rpynnel koneunbl. Hamomuuwm, uro monrpynna H rpynnsr G
HA3BIBACTCS 2-MAKCUMAALHOT nodepynnot rpynnbl G, ecau H gBmseTcss MakCHMATIbLHOR
MONTPYIIION B HEKOTOPON MakcuMaJyibHOW momnrpymme M rpynner (. AHAIOTUYHO MOTYT
OBITH OIpEeNeIeHbl 3-MaKCUMaJIbHbIE TOATPYIIILI, 4-MaKCUMaJIbHbIE TIOATPYIILL U JaJiee. N-
MaxkcumanpHas noarpynna rpynmnbl (G Ha3bIBAETCS CMPO20 N-MAKCUMAALHOT, €CIIN OHA He
SIBIISIETCST N-MaKCUMAJILHOWM TIOATPYIIION HU B OMHON COOCTBEHHOW MOATpyIme rpynmabl G.

Panee FO.B. Jlynenko (I'op6arosoii) u A.H. Cku6oit 8 pabore [1] 6bUI0 TOITYyIEHO TOU-
HOE ONUCAHUE HEHWIBIIOTEHTHBIX T'PYIII, JIIOOBbIE IBE N-MAaKCUMAJIbHBIC MOATPYIIIBI KOTO-
PBIX IIEPECTAHOBOYHBI Mt n = 2,3. Pa3BuBas maHHBIN pe3ybTaT, B HACTOSIIIEH paboTe
IIPUBOAUTCS TOYHOE OMUCAHWE HEHWIBIOTEHTHBIX I'DYIII, B KOTOPBIX JIIOObIE OBE CTPOTO M-
MaKCUMaJIbHBIE TOATPYIILI IIEPECTAHOBOYHLL I 1L = 2, 3.

Jlemma. Ilycrs P = [H|C,, roe H — snemenrapnas p-rpynna, |Cy,| = p u mobble n8e
CTpOro 2-mMakcuMaJsibHbIe oarpynnel u3 P mepectanoBounsl. Torna P — abenreBa rpynma.

Teopema 1. Ilycts G — HeHmIbNOTEHTHAS rpynna. Torma ciaemyrorue yCcaoBUs SKBH-
BaJIEHTHBI:

(1) G saBnsercs rpymnoit IlImunra ¢ abeeBbIMU CHIIOBCKUMHY TIOAT DY IITAMY;

(2) mrobble nBe 2-MakcUMaJIbHBIE HOATPYHIBI rpynnel (G IepeCTAHOBOYHBL;

(3) mrobBIe ABE cTpOro 2-MakcuMaIbHBIE TOATPYHIBl TPyHnbl G IEPeCTaHOBOYHEL.

Wcnonssys teopemy 1 u Teopemy 3.1 [1], 6buta mokasaHa SKBUBAJIEHTHOCTH CTPOEHUS
HEHWJIBIIOTEHTHBIX T'DYII, JIIOOBbIe OBe 3-MaKCHMAaJIbHBIE MOATPYIIBI KOTOPHIX II€PECTaHO-
BOYHBI, a TaKXKe€ HEHWIBIIOTEHTHBIX I'PYII, B KOTOPBIX JTIOOBIE TBE CTPOrO 3-MaKCUMaJIbHbIE
MONTPYIIILI IEPECTAHOBOUHBI. TakuM 06pa3oM, UMeeT MECTO CIIEMYIOIIas TeopeMa.

Teopema 2. Ilycts G — HeHmIbnoTeHTHAs rpynna. lTorma ciaemyrorue yCcaoBUs SKBH-
BaJIEHTHBI:

(2) mrobble nBe 3-MakcUMAaJIbHBIE HOATPYHNbBI rpynnsl (G IepeCcTAHOBOYHBL;

(3) mro6BIe ABE cTpOro 3-MakcuMaJbHBIE TOATPYHIBI TPyHnbl G IEPeCTAHOBOYHEL.

CIIMCOK JIMTEPATYPBI

[1] JIymenko (T'opGarosa) FO. B., Ckuba A. H., T'o B. O HeHunIbNOTEHTHBLIX I'pyInax, jobble nBe 3-
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O nepuonmyeckmx MaTpPHUIAX ¢ KPYroBbIMU KO3@ddunmeHTaMmu

A. B. I'pumnun, JI. M. HBIBY 14

[Myctb Qup — MakcuMaIbHOE abEIeBO PACIIIHPEHTE OIS PAMOHATLHBIX ducen (Q, coBma-
narortiee Mo TeopeMe Kponekepa — Bebepa ¢ mosem, mosydatoriumcs npucoenuaenneM K (Q
BCEX KOPHell U3 eIUHUIBI (MAaKCUMAaJIbHOE KPYyTroBOe pacuiupenue). PaccMaTpuBaioTes nepu-
onmueckue daeMeHThl rpynisl G L, (Qgup) 1 IpUBOOAUTCS AITOPUTM, BBISICHSIOIINAN SBIISETCSI
TV TaHHAs OUaroHaJIu3upyeMas MaTpuila nepuonudeckoin. HaxommTcess HaboOp COOCTBEHHBIX
3HAUEHU 5TON MaTpuIsl (crekTp) u ee mopsanok B rpymne GL, (Qgp). [IpoBenenbr kommbio-
TEepHBbIE DKCIIEPUMEHTHI.

Mocxrosckutll nedazocuueckuti 2ocydapcmeennbili yrnusepcumem, Mockea
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O paloHAJILHOCTHU U CTPOrON BEIIIECTBEHHOCTU YHUTPEYTOJILHON I'PYIIILI HAMI
oJIEM XapaKTEPUCTUKM 2

O. A. [IyBUHA

[Tepuonuueckyio rpymnmy (G Ha30BEM pAIMOHAIBLHON, eCiu I JI00bIX &, Yy € G U3 paBeH-
crBa (x) = (y) cremyer compsikeHHOCTHb & 1 y B G. ['pynmy G HA30BeM CTPOTO BeIlleCTBEH-
HOW, €CI KaXKIIBIII €€ HETPUBUAIBLHBIN 3JIEMEHT COIMPSIXKEH CO CBOMM OOPATHBIM HEKOTOPOU
nuapostorment w3 G. 9. H. Hyxwunaemv B KoypoBckoit Terpamu ObIiT 3amucaH CIEIYOITUIT
Borpoc ([1], Bompoc 16.76): B kakux rpymmax jueBa THUIA HAL [OJIEM XapaKTEePUCTUKU 2
MaKCUMAJIbHbIE YHUIIOTEHTHBIE MOATPYIIBI CTPOTO BEIIECTBEHHBI !

W3 [2] u3BecTHO, uTO rpynma yErTpeyronbueix Marpun UT, (GF(2)) panuonanbHa, eciau
n < 6, u He sIBISIETCsI BellecTBeHHOI pun > 13. B paborax [3]-[5] Geuia ycranoBieHa cTpo-
ras BerectBenHocTsb rpynn UT, (K) npu n < 7 man mobbiM moseM K xapakTepucTtuku 2.
Haxoren, B [4] mokasana pamuoHaabHOCTL U cTporas BewectBeHHocTs UT), (K) npu n < 8.

Hoka3zana criemyroras

Teopema. Ilycts G = UT,(K), K — none xapakrepuctuku 2. Ecam n < 10, To
rpymna G’ aBjisgeTcsa ¢TpOro BEIIECTBEHHON U PAIlMOHAIBHOUN I'PYIIIOLN.
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ABsTOoMOpodu3mbl rpynnsl I'epcTena

®. A. IyvokuH, E. A. IIIATTOPUHA
B 2007 romy O. B. Boromonbckuii, A. Mapruso u 3. Benrypa [1] ormucanu rpynmns! BHeI-
HIX aBTOMOP(U3MOB BCeX OECKOHEUHBIX MUKIMIECKUX PACIIEIISIEMbIX PACIINPEHII CBOOOI-
HOW TPYIITHI PaHTa 2
My, = F5 x, 7.
B 1994 rony C.I'epcren [2] mccienoBas neficTBue IPYIIILL
G=F3x7Z=/a,bct]|t  at =a,t bt =ba,t " ct = ca?)

Ha C'AT(0) npocrpancTBax. OH HOKa3as, 4TO IPYIIa, NEACTBYIOIIA HA OTHOCBSI3HOM Teoe-
sugeckom MerpuueckoM C'AT(0) mpocTpancTBe COGCTBEHHO U KOKOMITAKTHO M30METPUSMI,
HE MOXKeT comepxkarTh rpymmy G B kadecTBe moarpymnmnbl. ['pynma G Temeps Ha3bIBAETCS
rpynmnoii ['epcrena. ['eomeTpudueckue m rpymmoBble CBOMCTBA 3TON T'PYIIBI U3YYaOTCS B
paborax I:xx. bartona, H. Bpsnu, II. Baiica u npyrux mccnemnoBaTenen.

Asroper [1] muiryT, 9TO HEKOTOPBIE UOEN UX PAGOTHI MOI'YT OBITH UCIIOIB30BAHBI U IIIS
6onpIIIX PAaHTOB. B manHOW paboTe MBI MOKA3BIBAEM U UCIIOIB3YEM JIEMMY O HEIOIBUKHBIX
sreMeHTax u3 [1] mys ommcanus aBToMopdu3MoB rpynnsl ['epcreHa.

Hpyrue yTBepxaenus paboTsl [1] HaM He yHaIoCh HANPSIMYIO TPUMEHUTD [1JIs OIIACAHUS
aBToMopdu3MoB rpynmbl ['epcrena. [Ipuniocs nckats HOBbIe monxonbl. (OCHOBHOI pe3yiThb-
TaT NPEeNcTaBIeHHON PabOTHI M3JI0KEH B CJIENYIONIEN TeopeMe.

Teopema. Out(G) = (F3 x Z3) x (Za X Z3).

[TepBoiit aBTOP BBIMOIHUI paboTy npu mommepxkke Maremaruueckoro Ilentpa B Aka-
IIEMTOPOIIKe, coTJlallleHne ¢ MUHICTepCTBOM HayKW U BBICIIETO oOpa3oBaHUsl Poccuiickoit
Deneparuu HOMep 075-15-2019-1613.
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O rpynnax, HaChIIIEHHBIX KOHeUYHbIMU rpynnamu ®pobennyca

b. E. IypakOB, A. 1. CO3YTOB

I'pynna G wacviwyena epynnamu u3 muoxrcecmea 2pynn X, eciau a0bas KOHEIHAS OMI-
rpynmna u3 G comep:XuTcs B moarpymnmne rpynnsl G, n30MOpGHON HEKOTOPOU Trpymime u3 X.
I'pynny G maswiBaem epynnot @Ppobenuyca ¢ donoanewuem H u adpom F, ecnu: 1) F u H
— coberBennble monrpynnel rpynnsl G u G = F X\ H; 2) (G, H) — napa ®pobenuyca, T.e.
H N HY =1 ms mo6oro anementa g € G\ H; 3) G\ F# =|J HY. DnemenT a Ha3biBaeTcs
Koneunvim B rpymnmne GG, eciau Bce moarpymnmel Buna (a,a?) (¢ € G) komeunnl. ['pymnma, B
KOTOPOW KaXIBIT 3JIEMEHT TPOCTOTO TOPSIKA KOHEUEH, HAZBIBACTCS CAGOO CONPAHCEHHO OU-
NPUMUMUBHO KoHeurot. ['pymma, Bce ceueHnst KOTOPOU 10 KOHEYHBIM HOATPYIIaM (BKIIIOUast
eMMHUYIHYIO) €J1a00 CONPSKEHHO OUIPUMUTUBHO KOHEUHBI, HA3BIBACTCS CONPANCEHHO OUNDU-
MUMUBHO Koneunot, umu 2pynnot Hlynkosa. I'oBopsT, uTo cMmertannas rpynmna GG obaanaer
nepuoduueckot uacmvio T(G), ecnu Bce 57IeMEHTHI KOHEUHBIX MOPSAOKOB B (G COCTABIISAIOT
nonrpynmy T'(G).

Teopema 1. Ilepumonmueckas c1ab0 CONPSKEHHO OUIIPUMUTUBHO KOHEYHAS T'DYIIIIA, Ha-
ChIIIIeHHAass KOHeUHbIMU rpynnamu Ppobenuyca, apisercs rpynmnoi Ppoberuyca.

B muOTOUMCIIEHHBIX PAab0TaX, MOCBSIIIEHHBIX TPYIIAM C YCIOBUSIMU HACBIIIEHHOCTH, 0~
Ka3bIBAETCs JIU0OO0 JIOKAJIbHAS KOHEYHOCTD UCCIEOyeMON I'PYIIbI, 100 CyIlleCTBOBAHUE TIEPU-
onmueckon yacTu B ucciaenyemoin rpymnme IllynkoBa. B ¢Bs3u ¢ 5TuM 0TMETUM, YTO TPYIIIIHI
3 TeopeMbl 1 He 00s3aHBI OBITH JIOKAJTBHO KOHEUHBIMU. 3aMETUM TAaKXKe, UTO MOATrPYIIa
01 (H) monomuenus PpobeHuyca Ipynmobl U3 TeOPeMbl 1 JIOKAIBLHO KOHEUHA U BIIOXKUMA B
TPYIIY PEryaIspHBIX aBTOMOP(GUMOB abeIeBON T'PYIIIHI.

Teopema 2. I'pynna IlllyakoBa, HachIIleHHas KOHeUYHBIMY rpynnamMu Ppoberuyca, obia-
naeT IePUONTIECKON JacCThIO.

B mamBIX MCCIENOBAHUSAX POJIb €CTECTBEHHBIX OIPDAHUYEHUI WTPAJIH BOIIPOCHI, peIlre-
HISI KOTOPBIX HAITIMU METONAMU WMCCIIENOBAHUN HEBO3MOXKHBL. Cywecmeyem au npocmbie
nepuoduueckKue 2pynnol, 8Ce MAKCUMAALHBIE A0KAADHO KOHEUHBLE NOJ2PYNNLL KOMOPHLIX A6A1-
romed (A0kaabro) Koneunvimu epynnamu Ppobenuyca?  Cywecmeyom au nepuoduueckue
2pynnbl ¢ HEJONOAHIEMOT HOPMAALHOU CUALBHO UB0AUPOBAHHOT abesedoti nodepynnoti? Cy-
wecmeyom au nepuoduueckue epynnvl Ppobenuyca ¢ abeaesvim F0poM U NPOCMbIM Heade-
AEBLIM DONOAHEHUEM?, ... C MPOCMBIM Heabeaesbim T0Pom?

WccenenoBanue BBITIONIHEHO 3a c4eT rpaHTa Poccuiickoro HayusHoro gouma (mpoext 19-
71-10017).

Cubupcrut gedepaavrviii ynusepcumem, Kpacrnoapck
E-mail: durakov96@gmail.com, sozutov_ai@mail.ru
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O6o61iennnie rpymnnbl PpobeHnyca

A. X. XKypTOB

Koneunas rpynmna G HaseiBaeTcs 0606wmnoti 2pynnot @pobenuyca ¢ adpom F, ecram
F' — cobcTBennas HeTpuBHMabHAsS HOPMaJIbHAS MOATPYINa rpynnbl G u oI JTI000TO MIPOo-
CTOTO P U MIPOU3BOIILHOTO dyteMenTa Fo mopsnka p dakroprpynnst G/ F Bce snemenTs u3 G,
MPUHAIIEKAIITNE CMEXKHOMY Kitaccy F'x, sBasiorcs p-snemenTamu. Jlobas rpynma Ppobe-
HUyca, a Takxke 1obas napa Kavmuser (cm. [1]) sBistercs 06061wénH0I rpynnoit Ppoberuyca.
B [2] onucanbr 0606méHERE Tpynnsl Ppobennyca, COBIANAIONINE CO CBOMM KOMMYTAHTOM,
B YACTHOCTH, TOKA3aHO, UTO sAApa TAKUX T'PYII HWILIOTEHTHH. B [3] mokasama paspern-
MOCTB 000011IéHHOI TPyInbl PpobeHnyca ¢ IAPOM HEUETHOTO MHICKCA.

Cnenyrorrias TeopemMa OMUCHIBAET CTpoeHme 0600IEHHON Tpynnsl Ppobenumyca ¢ HEpaA3-
PEIINMBIM SIITPOM.

Teopema. O6o3naunm yepes A(q) moarpymnmy rpymnmnsl aBTOMOPGU3MOB KOHEUHOH IPO-
crori rpynmnsl Lo (q), IOpoxXOEHHYIO €6 IPYIIIoi BHY TDEHHIX aBTOMOP(MU3MOB I ABTOMOD(U3-
MOM @0, rae ¢ u § — 5TO HOPOKTAIOIIIE COOTBETCTBEHHO I'PYIIIIBI TIOJIEBBIX U JUATOHAJIBHBIX
aBroMopgu3smoB rpynnsl Lo (q).

Ecnu G — xoHeunas obobiéaHas rpynmna Ppobenuyca ¢ HepaspermuMbiM sapom F', To
|G : F| = 2 u G/Sol(F) usmoppua A(q), roe q = 32" g HEKOTOPOI'0 HATYPAaIbHOIO .
Bnecs Sol(F') o603HauaeT HANOOIBIIYIO PA3PEIIAMYI0 HOPMAJIBHYIO HOATPYHILy rpymmsl F.

Pesynbrar nomyuen coBmectro ¢ . B. JIbitkunont u B. II. Mazyposeim. PaboTra BBIIOI-
HeHa npu monaepkke Poccuiickoro ¢houma GyHIaMeHTATBHBIX UCCIeNOBaHM, TpoekT 19-01—

00507.

CIIUCOK JIMTEPATYPBI

[1] Lewis M. T., Camina groups, Camina pairs, and generalization, in: Sastry N. and Yadav M. K.(eds.),
Group theory and computation, Singapore, Springer Nature Singapore Pte Ltd., 2018, 41—174.

[2] Bont C., XKyproe A. X., Jlerrkuna 1. B., Masypos B. II., Koneunbie rpynmel, 6iu3kme K rpymmam
dpobenmyca, Cub. matem. x., 60, No. 5 (2019), 1035—1040.

[3] Wei X., Guo W. B., Lytkina D. V., Mazurov V. D.; Zhurtov A. Kh., Solubility of finite generalized
frobenius groups with the kernel of odd index, Journal of Contemporary Mathematical Analysis, 55,
No. 1 (2020), 67—T70.
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O xkommyTaTuBHOM HeHTpe Jyn Mydaur

A. B. 3ABAPHULIH

JIymoii Ha3bIBaeTCsI MHOXKECTBO ¢ OMHAPHOW Omepanuel, 061a0aroIieil eqUHIIHBIM dJTe-
MEHTOM U TAKOH, UTO OIepPaTOpPbl YMHOXEHWS CIpaBa WU CJIEBa Ha JIFOOON 3JIEMEHT JIyIbI
SIBIISIOTCSL OmeknusaMu. Jlyma, B KOTOPOI BBITIOTHEHO TOXKIECTBO

(zy)(zz) = (2(yz))z,
HaspiBaeTcs Aynoti Mygane. W3BecTHO, uTO ynsl MydaHnr duaccoyuamuembl, T.e. BCAKASL
MTOMJTYTIA, TIOPOXKIEHHAS TAPOR DJIEMEHTOB SBJISIIOTCS TPYIION. KOMMYMaAMUEHbIM UEHPOM
aynel Mydaur M Ha3bIBaeTCS MHOXKECTBO

C(M)={ce M |cx=xcnnsBecex x € M}.

WUsBectro, uro C'(M) sBnstercs mommynoit B M, u mosiroe BpeMsi CTOST OTKPBITBIM BOIIPOC,
ABIIAETCS U 5Ta nomryna HopMasbaoi. C. [aroma omy6nukosarn B [1] mokasaTenbcTBO TOTO,
YTO BOMPOC PEIaeTcs momoxuTenbHo. Onuako, coBMecTHO A.H. I'puIiikoBsivM, Mbr cTponM B
[2] nBe Geckoneunsle cepun jyn MydaHr, B KOTOPBIX KOMMYTATUBHBIA [EHTD HE SBIISETCSI
HOPMAJILHOW MOIJIYTION, OmpoBeprasi TeM caMbiM pe3yiabTar C.1'aromsr.

[TepBast cepust 3amaéTcs SIBHOM MOIMHOMUATIBLHON (DOPMYJIION YMHOXKEHUS HAL TPOU3BOIIh-
HBIM TIOJIeM XapaKTePUCTHUKM 3. DTa cepus CONEPXKUT KOHEUHYIO JIymy mopsanka 3'1. Bropas
cepusl SIBJIETCsI YJACTHBIM CITydaeM yTpoenus iy Mydanr nepuona 3. MbI oka3siBaeM, 1TO
o siro6oit styne Mydanr M nepuona 3, koTopast He yIOOBIETBOPSET TOXAECTBY [[x,y], 2] = 1,
MOXKHO oCTpouTh jymy Mydaur M(M, 3), y KOTOPOIl KOMMYTATUBHBIN IEHTD HE SBIISIETCSI
HOPMaJIBHON MomTyToil. B wacTHOCTH, cymiecTByeT mpuMep M(B(3,3),3) mopanxa 3%, rme
B(3,3) — cBoGonuast 3-mopoxknéuuas rpymmna bepucaiina nepuona 3.

Taxum 06pa3oM, OCHOBHBIM Pe3yJIbTATOM SIBIISIETCS

Teopema. B gymax MygpaHr KOMMYTATUBHBIH ILEHTP, BOOOIILle T'OBOPS, HE SIBIISIETCS
HOPMAJIGHOH HTOMJIYIION.

Pa6ora BhImoONHEHA TpU NOAIEPKKE TPOTrPAMMBI PYHIAMEHTAIBHBIX HAYIHBIX HCCIIENO-
Bauuit CO PAH 1.1.1., mpoexT 0314-2019-0001.

CIIMCOK JIMTEPATYPBI

[1] GagolaIIl S. M., A Moufang loop’s commutant, Math. Proc. Camb. Phil. Soc., 152, N2 (2012) 193-206.
[2] Grishkov A. N., Zavarnitsine A. V., Moufang loops with nonnormal commutative centre, Math. Proc.
Camb. Phil. Soc., (2020) (DOI: 10.1017/S0305004119000549)
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O mepecedeHUIX T-XOJUJIOBBIX MOATPYII B KOHEYHbIX D -rpymnmax

B. 1. 3EHKOB

[Iycts G — KOHeUYHas TpyNIa U T — HEKOTOPOE MHOXKECTBO MPOCTHIX uwmcen. Kcan
TT-XOJIJIOBBL IOATPYIIEL B (G COMPSIKEHBI U KaXaas m-noarpynmna u3 (G JIeXKUT B HEKOTOPOI
(G-COMPSIKEHHON K T-XOJUIOBOM monrpymme rpymmsl (G, To rpynna G Ha3eiBaeTcst D -IPYIIIoN.

Iycts m = {p} u H € Syl,(G). B [1] 6bu10 mokazaxo, uro H N HY = 1 HeKOTOPOToO
g € G, ecmu G — mpocras Heabenesa rpymnna. Ecaun G Heobs3aTenbHO IpocTa, TO B [2]
nokaszano, uro H N H* N HY = O,(G) nms HEKOTOPLIX 3J1eMeHTOB &,y € G.

B obiiem cityuae B pabote [3] 6buia moctasieHa mpobiaeMa 7.3: BEPHO JiM, UTO B JHO60M
D -rpynne G nmeem H N H* N HY = O,(G) nins mobbIx T U X0I0BOH T-nonrpynnst H u3
G?

s m-paspemmumont rpymnnel G 5Ta mpobsemMa OblIa pereHa MOJ0KUTETFHO U He3aBU-
cumo B [4] u [5]. OnHako crpaBenuBa CIELyOIIas

Teopewma. IIycts ¢ — cremens npocroro uncia, ¢ = 3 (mod 4), 7 = w(q(q—1)/2),t € 7
u G — ecTecTBeHHOE MOIynpAMOe TIpom3BeneHue rpynnbl Lo(qt) Ha rpymmy, mopoxneHHYyo
ee rosieBbIM aBToMoppusmom nopsaakat. Torma HNHTNHY # 1 gjs X0ma0BOIH T-IOAT Y IIIbI
H rpynner G u s1r06b1x 31emerToB x 1y u3 G.

Teopema maeT orTpumaTenbHBIE OTBETHI KaK Ha YIOMSHYTYIO BBIIIE IpobieMy 7.3, Tak
u Ha ee aHajor: Bompoc 18.31 u3 [6].

WccnenoBanme BbImosiHeHO Tipu puHAHCOBOU monaepxkke PPDU B pamkax mpoekTa 20-
01-00456.

CIINCOK JIMTEPATYPBI

[1] Maszypos B. II., 3enkor B. . O mepeceueHnn CMIIOBCKMX TOATPYTI B KOHEYHBIX rpynmnax // Anre6pa u
soruka. 1996. T 35, N 4. C. 424-432.

[2] 3enkor B. U. Ilepeceuennst HUIBNOTEHTHBIX IOATPYIII B KOHEUHbIX Ipynnax // PyHO. m npuki. marem.
1996. T. 2, N 1. C. 1-92.

[3] Boosun E. I1., Peun II. O. Teopemsr cunosckoro tuna // YMH. 2011. T. 66, N 5. C. 3—46.

[4] Vdovin E. P. Regular orbits of solvable linear p*-groups // Cu6. smexrpon. mareMm. uss. 2007. T. 4,
C. 345-360.

[5] Dolfi S. Large orbits in coprime actions of solvable groups // Trans. Amer. Math. Soc. 2008. V. 300, N 1.
P. 135-142.

[6] Koyposckast Terpans.Heperrennsie Bonnpocs! Teopuu rpyni. 19 usz., nonons., pen. Masypos B. I1., Xyxpo
E. U., Macturyt marematuku CO PAH, Hosocubupck, 2019.
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HecyU_IeCTBOBaHI/Ie CIIopaan4veCKoro KOMIIO3MiilnOHHOI'O Cl)aKTOpa B HEKOTOPBIX
KOHEYHBIX I'DYIIIIax

M. P. 3UHOBLEBA

[Iycts G — komeunas rpymmna, 7((G) — MHOXKECTBO NMPOCTBIX NEJIUTENE ee MOPsIKa,
w(G) — MHOXKeCTBO TOPANKOB ee dieMeHToB. Ha 7(G) ompenesnsercs rpad CO CIEMLyIOIINM
OTHOIIIEHIEM CMEKHOCTH: DPa3iindHble BepunHbl r U § u3 7((G) CMEXHBI TOr[a U TOJIBKO
torna, korga rs € w(G). Oror rpad nHaseiBaercs epagom I'pionbepea — Keeeas unu epagom
npocmuiz wucea rpynnsl G u o6o3nadaercs uepes GK (G).

M. Xaru [1] uccnenosasa xoneunbie rpymist ¢ rpadom I'prorGepra—Kerens kak y cropa-
muaeckoit rpynnel. A. B. 3aBaprunun [2] usyumnn koHeunse rpynnsl ¢ rpadom ['pronbepra—
Keremns xax y rpymm Jy, Go(7) mwm 2Ga(q), ¢ = 3*™+L > 3.

Mgl paccmaTpuBaeM CHEIYIOIIYIO 3a0ady: MOXKET I KOHEUHas rpymnma ¢ rpadom ['pron-
O6epra—Kerens xkak y KOHEYHOW MPOCTOI HeabejaeBoll I'PYNIIbI UMETh KOMIIO3UITMOHHBIN (haK-
TOP, W30MOPGHBIA TPOCTON CIIOPAINYIECKOor Tpymnme. B pamkax 5Tol 3amadyu MbI TTOJTY THIN
CIIeyIOIINii pe3yIbTaT.

Teopema. IIycts H = A,,_1(q) — koHeuHas npocras tuHerHas rpynmna, 7 < n # 8,9, 10,
G — koneunas rpynna ¢ GK(G) = GK(H) u S — ee kommosunmorseii paxrop. Torma S we
u30MOp¢EeH TPOCTOH CHOPAOUIECKON T'DYIIIIE.

Nccnenopanue BeimostaeHo nipu ¢punancoBoit nognep:xkxke PODOU u 'PEH Kuras B pamkax
Hay4gHOro mpoekTa 20-51-53013.
CHOUCOK JIMTEPATYPBHI
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BeckoneuHas KOHEYHO oIpelesieHHAas MOJJYTPYIIA ¢ ToXIecTBOM z* = ()

. A. IBAHOB-IIOronaeB, A. 91. KAHEJIb-BEJIOB

[IpoGmembr GepHCAIOBCKOTO TUIIA BHECIU OT'POMHBIN BKJIall B PA3BUTHE COBPEMEHHOI
anrebpnl. Bompoc 0 J0KaIbHON KOHEYHOCTH T'PYIII C TOXIECTBOM &' = 1 OBLI pelreH oTpu-
naTerbHO B 3HaMeHnThIX paborax II. C. Hosukosa u C. U. Ansna.

Bce IMEIOILIMECs ITPUMEPBbI OECKOHEYHBIX NepUOONYICCKUX I'PYIIIT OECKOHEYHO OoIrpeneJICHEL.
B wacTHOCTH, BOTPOC O CyIlIeCTBOBAHNY KOHEYHO OIPENEICHHON 6ECKOHEUHO TIePUOIII€CKON
TPYIIBL OTKPHIT KaK MIJIs OTPAHUYEHHON TaK U OJIs1 HEOT DAHNUYEHHON SKCIIOHEHTHI. B Konbiax
7 TIOJTYTPYIaxX BOITPOCH! OEPHCANIOBCKOTO TUTIA 3aTPATrUBaIOT OOBEKTHI C HUJILCBONCTBOM: B
KOTODPBIX KaXIbIN 3JIEMEHT B HEKOTOPOU CTEIeHN pPaBeH HyTo. Takke OTKPBITON OCTAeTCs
npobsema B.H.JIaTwimeBa o cymiecTBOBaHUN KOHEUHO OIPENEICHHOTO OECKOHEYHOTO HUJIb-
KoJIblla. B HacTosiee BpeMsi M3BECTHO MaJIO IIPUMEPOB KOHEYHO ONpEeNesIeHHBIX ajirebpan-
JeCKX 0OBEKTOB ¢ OEPHCANIOBCKUMU CBONCTBaMu. MHTepeceH MeTom, TO3BOJISIOIINH TOITY-
JaTh TaKue KOHCTPYKIIN.

JToKITam OCBSIIIEH TOCTPOEHUIO KOHEYHO OIIPeNesIeHHON O€CKOHEYHOW HUITBIIOITYT PYIIIIH,
VIOBJIETBOPSIONIeH ToxaecTBy 4 = 0. DTa KOHCTPYKIHS OTBEYaeT Ha IIPO6IIeMy, HOCTa-
Brennyoo JI. H. Hlespuabsim u M. B. Canupom. W3mauanbHO mosyueHHas sKCIoHeHTa 9
yaydieHa mo 4.

[TocTpoenme cocToUT U3 Tpex 3TANOB. 1 5TaIl: CTPOUTCS MOCIEIOBATETLHOCTH KOMILIEK-
COB, TPENCTABJIIIIONINX COOON HECKOIBKO CKJIEEHBIX MEXITY COOOM 4-TIMKIIOB.

2 sram: BepmIUHBI U pebpa KOMIIEKCOB KOOWPYIOTCS OyKBaMHU KOHEYHOTO aJipaBUTA.
CnoBaM mosyrpynnbl GyayT COOTBETCTBOBATH KONUPOBKU IIyTel Ha kKoMiuiekcax. Ompe-
TIEJISIIOITNM COOTHOIIIEHUSIM OTBEYAIOT JIOKAJIbHBIE DKBUBAJIEHTHOCTU OBYX IIyTeW IJIMHBL 2.
KpOMe TOIr'O, BBOOATCA MOHOMUAJIBHBIE COOTHOIIICHMA.

3 BTaIl: CTPOUTCS AJITOPUTM, TPUBOISIINT TPOU3BOITLHOE CJIOBO K KAHOHIYECKOU (hopMe.
Kaxnoe croBo mokaabHO pencTasiisieT coO0i KOMMPOBKY Iy TH Ha KoMmiiekce. CoOTHOIIeHMsT
JIOKQJIbHO MEHSIOT IIyTh, OCTABIISS HEM3MEHHBIMU €0 KOHIIBI U JIJTIHY .

OT koMmIITIEKCa HYKHBI cllemyforme cBoicTBa: 1. PaBHOMepHas simunTudHoCTh. JI1060i
IIyTh MO2KHO OJOCTATOYHO CAJIbHO IIEBEJIUTH JIOKAJIbHBIMI HpeO6pa30Ba.HI/I$IMI/I; 2. HOKaJH)HaH
KOHEUYHOCTh. Bce ceMelCTBO KOMIIEKCOB INOIMyCKAeT PAaCKpacKy BEPIINH U pedep B KOHEeU-
HOe MHOXecTBO 1BeTOB (OykB). 3. IlerepMmuuupoBanHOCTh. Ecim m3BecTHBI 1BeTa pebep u
BEPILWH BIIOIb IIyTHU, IJIMHBI COENMHSIOIETO IPOTUBOIOIIOKHBIE BEPITNHBI HEKOTOPOT'O KBa-
OpaTa, TO OTHO3HAYHO BBIYUC/IAOTCA U IIBETa peGep 1 BEpIIUH BOOJIb IAPHOI'O K HEMY IIYTH.
4.Anepuonuurocts. KomupoBku myTell Ha KOMIJIEKCE HE CONEPKAT MEPUONUIECKUX CJIOB
nepuona 4.

B mTore HenyneBBIM cI0BaM B HOJIYT'PYIIIE COOTBETCTBYIOT KpaTdalllIye IIyTH Ha KOM-
mwiekcax. KommpoBKUM HeKpaTYalIINX U HEBO3MOXKHBIX IyTel, TPUBOLATCI K HYJIIO, DU
9TOM OCTaeTCs OECKOHEUHOEe MHOXKECTBO HESKBUBAJICHTHBIX HEHYJIeBbIX myTei. [lanmuas pa-
6oTa 6pLIa MpoBeneHa ¢ oMotk Poccuiickoro Hayunoro ®ounna, rpant 17-11-01377.
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ITonuas cucrema NMHBaprMaHTOB MHOI'OMEPHOIO KyﬁI/IKa Py61/1Ka

P. II. ICAEB

C momenTa n3obperenus Kybuka Pybuka mporto 6osee 40 jieT, OQHAKO OH IPOMOIXKAET IPU-
BJICKATH BHUMAaHIE KaK OOBIYHBLIX JIIOOUTENE TOJIOBOMOK, TaK M MATEMATUKOB. DTOT MaTe-
MaTUYeCKI 00BLEeKT 001agaeT PsIoM OCOOEHHOCTEN, OOBICHEHNST KOTOPBLIM HAXOMUT TEOPU
KOHEYHBLIX Irpynn. Hampumep, m3BeCcTHO, YTO He U3 JII000T0 COCTOSHUS TOJIOBOJIOMKI IIOBOPO-
TaMU CJIOEB MOXKHO IpUiTé K cobpanHomy Bumy. llomMumo Teopum rpymim, 3Ta TOIOBOJIOMKA
OpeacTraBlisdeT MHTEPEC U OJId TEOpUU aJITOPUTMOB, B YaCTHOCTHU, Ha ,Ha,HHbII‘/JI MOMEHT BCE
elIé ocTaéTcsl OTKPBITHIM BOIIPOC 00 OIEHKE CJI0KHOCTU ONTUMAJILHOIO aJIrOpUTMa COOPKU.

OTHOCHTETBHO HENABHO MOSBUINCH O0OOIIEHNS KIACCHIeCKNX IpobieM Kybuka Pybuka
Ha MHOTOMEpPHBIN ciaydai. Kak oka3zaiioch, y MHOrOMepHOTO Kybuwka Pybuka mosBiistoTcs
HOBBIE€ TUIIBI 3JIEMEHTOB U HOBBIE 3(PGhEKTHI, ¢ HUMU CBs3aHHBIE. 1'akuM oOpa3oM, m3ydeHue
Kybuka PyOuka mpuBOIUT K CIEIYIOIINM OBYM IIpobeMaM:

e Omnucanue MOJTHON CUCTEMBI WHBAPUAHTOB MHOIOMepHOro Kybuka Pybuka ¢ mpowns-
BOJILHOU OJIMHOU pebpa
e [lonck onTUMAIBLHOTO aaTOpUTMa COOPKU U OIEHKA €Tr0 CIIOKHOCTU

Ha mamubII MOMEHT HU OOHA U3 HUX HE ObLJIa ITOJTHOCTBHIO peIleHa.

[lomaas cucTemMa MHBAPMAHTOB TPEXMEPHOTO KyOmka PyOmka ¢ Mpom3BOIBHOW MINHON
pebpa onucana B cTaTbhe [5], TaM ke IPUBENEHBI JOCTATOUHBIE U HEOOXOMUMbIE YCIIOBUS IS
OCYIIIECTBJICHUS TIPABUIILHON cOOpKu KyOuka Pybuka. B perreHuun MHOTOMEPHOH MPOOIEMBbI
ycIexu MeHee 3HaunmTelabHBE. B crarbe [4] onmcan ky6uk Py6uka ¢ peGpom miusbl 3 B
NIPOM3BOJIEHON pa3MepHOCTH. locTmxeHus B mpobsieMe MOMCKa ONTUMAIIBHOTO aJIrOPUTMA
OBLIN COBEPIIIEHBI JINIIb JIs CTaHOApTHOrO Kybuka Pybuka mpu momornn OBM. B cnyuae

¢ GombImell mIuHON pebpa MOIyUeHbl HeKOTOphIe oneHku. Hampumep, B pabore [3] onucan
k:2

log k

ABTOpy cTaThM yOamaoch ONUCATH MOJIHYIO CUCTEMY MHBApPUAHTOB KyOuka PyOuka mpo-

M3BOJILHON Pa3MEPHOCTU N 1 C IIPOM3BOJILHON IJIMHON pebpa k:
Teopema. IlonHas cucrema HHBapHaHTOB Kybuka Pybuka:

AJITOPUTM €O CIIOKHOCTHIO O ), Tme k - niuHA pebpa.

C €Zs, k=1 (mod 2)
O € GTOt/[GT‘Ot7 Gwot]
P e Z(n,S)Qn—SJrl
B€Z @ny , k=1 (mod?2)
an—1n)
rre Il KaXXIOro Kjacca KyOmkoB ompemesén cBoit maBapuanT O u P, a C u B — enun-
CTBEHHBI.

Tax:xe paccMaTPUBAIOTCS OIEHKU CIIOXKHOCTHU ajroputMa coopku. TeopeTudeckuit aaro-
PUTM, KOTOPBIN HEOOXOMUM IJIST TOKA3aTE/THCTBA MOJTHOTHI CUCTEMBI, HE SIBJISETCS OIMTUMAJIb-
ubeiM. OH OCHOBaH Ha mmee pasmnejieHust COOPKM Ha STAIlbl, B TEUEHNE KaXKIIOTO U3 KOTOPBIX
(KpoMe [epBOro) MEpecTaBISIOTCS U OPUEHTUPYIOTCS SJIEMEHTHI OMHOTO U TOTO XKe THUIIA.

Bripaxaro 6maromapuocts A. 9. Kamenn-Bemosy u akamemuky A. JI. CeménoBy 3a mo-
MOIIIb B ITIOCTAHOBKE 3a0aul U BHUMaHUE K pabore.
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K Bompocy o 0-cy6HOPMaJIbHOCTY CUJIOBCKOU HOATPYIIIEI B KOHEYHON I'pyHne

C. ®. KamoprHUKOB, B. H. TroTgdH0B, O. JI. IIEMETKOBA

B pabore paccmMaTpuBaroTCs TOIBKO KOHEUHBIE TPYIIIIHL.

N3BecTHblll KpuTepuit Bumannra o cyOHOPMAJBLHOCTH TMOATPYHIIBI B KOHEYHOW T'PYIIIE
MHUIIIIPOBAJI CIIEMYIOIINi Borpoc, npemtoxkenuniin A. H. Ckuboii:

Bepuo i, uro moarpynna H o-cybropmanbaa B G, eciim H o-cybaopMmasisaa B < H, x >
st jiroboro saemenTa x € G7

Konnenmus o-cy6GHOPMAILHON TOATPYIIBI, PA3BUBAOIIAS UIEI0 CyOHOPMAJIBHON MOM-
TPYIIBI, 6a3UpyeTcss Ha CIIEMYIOIINX OMPeNeTeHUsIX.

[Iycts 0 — HEKOTOpOE pa3bueHre MHOXKeCTBa [P BCcex MPOCTHIX YKUCeN Ha MOMapHO Helle-
pecexarormecs monMHoxkectsa o; (i € I), r.e. P = J,c; 05 mw oy Moy = 0 s Beex 4 # j.
I'pynna G ssnsercs o-npumaproti, ecnu G ABISIETCS 0,;-TPYIIION OjIsi HEKOTOPOro i € 1.

[Moorpymma H rpynmbr G HA3BIBAETCS O -CYOHOPMAAbHOT, €CIIU CYIIeCTBYEeT Ielb MOMI-
TPy

H=HyCH,C..CH,=
Takasl, 9TO I Kaxkmaoro ¢ = 1,2, ...,n mubo nonrpynna H,; 1 HOpMasibHa B H;, b0 rpynma
H;/Corey,(H;_1) sBusercs o-npuMapsoit. [lousTro, uro monrpynna H cyGHOpMasbHa B
GG Torma m TOJBKO TOTHA, KOTHa OHA o-CyOHOpMa/TbHA B G IUISL MUHUMAAbHO20 PAIIOXKEHUSI
o = ({2}, 31,45}, ..}

B namuoit paboTe moOCTaBIIEHHBIA BHIIIIE BOIIPOC aHAJIM3UPYETCS B ciaydae, korma H —
CUJTOBCKAs TOArpymmna rpynmnsl G.

Teopema 1. Ilycte 0 — HekoTOpOEe pa3bumeHme MHOXKeCTBa BCeX MpPOCThIX uucena u G
— rpynmna, KaXnplil HeabejleB KOMIIO3UIIMOHHBIN (aKTOp KOTOPOU ABJIIeTCS JIuUOO 3HaKOIIe-
pemerHom, aubo crnopamudeckoi rpymmon. CunoBckas moarpynna P rpynmner G sBiIgeTcs
o-cybHopmasibHolr B (G TOrma m TOJIBKO Torma, korma P o-cybHopMmanbHa B < P x > mmsa
Jro6oro saemenrTa x € G.

Teopema 2. Ilycts 0 — HekOTOpOe pa3bueHHe MHOXKeCTBa BCeX MPOCThIX uucesa. Ecam
p € {2,3}, To cmroBckas p-monrpynma P rpynner G aBiasgercs o-cybHopMassHOi B G TOrma
u TOJIBKO TOorna, korma P o-cybnopmanbaa B < P,x > misa jroboro siaementa x € G.

Kmrouom k mokaszaTenbcTBY TeopeM 1 u 2 SBseTCS Pe3yIbTaT, yCTAHABINBAOIINNA CIIe-
IIAJIFHOE CTPOEHNE MUHUMAJIBHOTO KOHTPIPUMEPA, UTO MO3BOJISIET PEMyIIUPOBATH OKa3a-
TEJILCTBO K KJTaCCU(PUKAIINU TTPOCTHIX HeabeIeBbIX I'PYIIIL.

Tomeavcrutl 2ocydapemeennbill ynusepcumem umenu D. Cropurbl
FE-mail: sfkamornikov@mail .ru

Meacdynapoonuti ynusepcumem "MHUATCO”, omeav (Beaapycy)
E-mail: vtutanov@gmail . com

Poccutickuti axonomuueckutd ynusepcumem umenu 1. B. Ilaexanosa, Mockea
E-mail: ol-shem@mail.ru
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Haxoxkxnenue 2-TpaH3UTUBHBIX IPYIII IPeoOpa3oBaHU C MOATrPYIIIIaMU
napaJjuiieJIbHbIX [IEPEHOCOB

P. A. KIEBIOB

WccnenoBana 3amada 0 HaXOXOEHNU BCEX JIOKAJIBHBIX MBAXKIbl TPAH3UTUBHBLIX DPACIIU-
PeHUi TPYIIEl MapasIebHEIX Teperocos mpoctpancTsa R? [1]. Cormaceo [2, 3] Takme
rpynanst Jlu mpeobpa3oBaHuil 3a1a10T HEHOMEHOIOTUIECKN CUMMETPUYHBIE T€OMETPUN [IBYX
MHOXKeCTB panra (3,2). OTMeTuM, YTO HOIHAS KIacCuhUKAIMs TAKAX TeOMEeTPHIT Ha JaHHBI
MOMEHT He U3BECTHA.

OCHOBHBIM pe3yIbTATOM pPabOTHI SIBIISIETCSI CIUCOK BCEX JIOKAJIBHBIX MBAaXKIIbI TPAaH3U-
TUBHBLIX PACIINpEHnil IPYIIILI TapaIelbHbIX IepeHoCcoB mpocTpaHcTa R3. JlamHas kiac-
cuUKaIs OCHOBBIBAETCSI Ha CICMYIOIINX YTBEPKICHUSIX, TOJIYIeHHBIX B paboTe.

1. Haiimen xpurTepuil mBaXObl TPAH3UTUBHOCTU T'PYIIBLI IPEOOPA30BAHUI B TE€PMUHAX
DYHKIIMOHATBHON MaTPUIIHI (AZ ), coorBeTcBytoiei anrebpe Jlu oneparopos X; = 0;, Y; =
Al9;, 1,7 =1,2,3.

2. IlokazaHo, 9YTO MaTpUIILI CBI3HOCTH 1;, COOTBETCTBYMOIINE orepaTopam X; = 0J;, B
CIITY YCJIOBUSI MBAXKIBI TPAH3UTUBHOCTHU, COCTABIIIOT abesieBy anrebpy Jlu.
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O KOHEUHOI Tr'pyIIe C XOJIJIOBO CYGHOPMAJILHO BJIOXXKEHHBLIMU HOATPYIIIIaMU
IIMMmunra

B. H. Kagaruna, B. C. MOHAXOB

PaccMaTpuBaioTCs TOIBKO KOHEUHBIC IpyNnbl. Vcmonb3yeMmble 0OG03HAUCHUS U TePMHU-
HOJI0THMA cTaHmapTHLL ['pynnoit HIMunTa Ha3LBAIOT KOHEUHYIO HeHUILIOTEHTHYIO TPy,
BCe COOCTBEHHBIC IONIPYIILI KOTOPOW HUIBHOTEHTHBL. (630D pe3ylIbTaToB O CBOWCTBAX
rpynn [IImuara, cymecrsoBarnu noarpynn IIMunTa B KOHEUHBIX TPYIIAX W MX HEKOTOPBIX
NPUWIOKEHNUSX B TEOPUU KJIACCOB KOHEUHBIX I'PYIIN IpuBeneH B [1].

Panee B pasInyHBIX paboTax UCCICHOBAINCH TPYIILI ¢ OTPAHMYCHUAMEI Ha HOATPYIIILI
MImunra. Hanpuwmep, B [2]-[3] usyuens: rpynmst ¢ cybHOpMaabHbIMu noarpymmamu [Mumra,
a B [4] — ¢ xomnosbivu nonrpynmnamu [munra.

IMonrpynmna H rpynmst G Ha3BIBAETCs XOIIIOBO CYyOHOPMAIIBLHO (HOPMAIILHO) BIIOXKEHHON
B (G, eciu cyIiecTByeT cyOHOpMasibHas (HopMasibhas) monrpynna K 8 G takas, uro H < K
u H ssrsercs xomnosoit noarpymnmoit B K, 1. e. (|H|,|K : H|) = 1. OueBugso, 4TO Kaxnas
XOJIJIOBA TONTPYIIA W KaxkKnas CyOHOPMasibHAs (HOPMaJIbHAsI) MOArPYNNa GYIAYT XOJUIOBO
CyOHOPMAJILHO (HOPMAJILHO) BIIOKEHHBIMU. [ 'PYIIBI ¢ XOJUIOBO HOPMAJILHO BIIOXKEHHBIMU
nonrpynmnamu [IIMuaTa MEeTAHWIBIOTEHTHEL [5).

Teopema. Eciu B komeunon rpymnme G kaxmas moarpymna IlMunra XoamoBo cyOGHOD-
MaJIbHO BJIOXkeHa, To G paspemmma, 1,(G) = 1 ams Beex p € ©(G), pakrop-rpynna G/ F(G)
MerabesieBa u Bce cuioBckue noarpynisl B G/F(G) abeseBsr.

IIpumep. I'pymma S = {(a,b | a® = b* = e, a® = a™!) apagerca rpymmoit [ImunTa.

I'pynmna G = [F52]S u3 romomopda simemenTapHoil abeseBoit rpynnbl Fs2 mopsimka 25 obia-
IaeT C TOYHOCTBIO N0 COMPSIKEHHOCTHU TOJIBKO cienyrooinumu monrpynmnavu [[IMunora: xos-
noBa moarpymmna S; HopMmaidbHas B G xomsoBa momrpynna |[Esz](a); cybropmanbhas B G
nonrpynna [Es](b?), rne Es — mobas monrpymnma nopsanka 5 u3z Esz. [lostomy B rpynme G
Bce monrpynnsl [[IMunra xommoBo cy6HOpManbao BioxeHbl. [lockonbky F(G) = FEs2, TO
rpynna G He OymeT MeTaHUJIBIIOTEHTHON B OTJIMYNE OT TPYIIBI C XOIJIOBO HOPMAJIHLHO BJIIO-
x)euubivu noarpynmnavu [vumra.
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O KOHEUYHEBIX rpyIiiiax C 3—Cy6HOpMaJIbeIMI/I 2-MaKCMMAaJIbLHBLIMUI ImoArpyIinamMm

M. H. KOHOBAJIOBA

PaccmarpuBatoTcst TOIbKO KOHEUHBIE TPYHObL. Vcmomb3yemas TepMUHOIOTUS COOTBET-
creyer [1, 2|. Bakpenuwm cremyrorme oboznavenus: I, I — GopManum Beex HUIBIOTEH THBIX
U CBEPXPA3PEIINMbIX TPYII COOTBETCTBEHHO; A — dopmarius BceX Pa3perruMbIX TPYII ¢
abeJIeBBIMU CUJIOBCKIMMU TIOATPY IIIAMI.

CTpoeHue Tpymnmbl, B KOTOPOIl BCE 2-MAKCUMAaJIbHBIE MOATPYIIIEL §-CYOHOPMAIbHBL I
paspermMoi HacieacTBeHHoi hopmanun §, usyueno B. C. Mouaxoseim [3, Teopema 1. B Ha-
CTOSIIIIEM COOOIIIEHUT IIITsI PA3PEIINMON HACTIEICTBEHHON hopManun § uccienyercs rpymmna G
C YCIIOBUEM §-CyOHOPMAJIBHOCTH HE BCEX 2-MaKCUMAJbHBIX MOATPYIII, & TOJIBKO TeX, KOTO-
pbIe COmepkKaTCs B OMHON MAaKCHMAaJIbHON momrpymme rpynnbl GG. B wactHOCTH, HOKa3aHa
CTIEMIYIOIIIAsl TEOPEMA.

Teopema 1. IlycTs § — HacjaencTBeHHAas HaChIIIIeHHAs pa3perruMmas popmarms. Ilpen-
monoxuM, 4yro B rpynmne G cyliecTByeT MakKcuMaJjbHas nonrpymma M, koropas obiramaer
CJIEYIOLINMY CBOHCTBAaMU:

(1) M me §-mopmasbHa B G;

(2) xaxkmas MmakcumanabHas noarpymnna u3 M §-cybropmanbaa B G.

Torna G € NF, a paxrop-rpynna G /Mg ABII€TCA MEHUMAJIBHON He §-TDYIIION.

Cnencrsue 1. IIpennomoxwum, uro B rpynme G CyIIeCTByeT MaKCHMaJbHAas MOATPYII-
ma M, koropas oby1amaeT CIemyOIIMI CBONCTBAMI:

(1) |G : M| me npocroe umcio;

(2) xaxkmas MmakcumanabHas noarpymna u3 M $U-cybropmanbraa B G.

Torna G/F(G) cepxpaspemmuma, a G /Mg ABII€TCI MUHUMATIBHOH HECBEPXPA3PEIINMOLN
rpynnoi. B wactroctn, |[7m(G/Mg)| < 3.

CnenctBue 2. Ilpennomoxum, uro B rpynme G CyILIeCTBYET MaKCHUMAJIbHAS MOATPYII-
ma M, koropas obiiamaer CIeqyOIIIMU CBONCTBAMI:

(1) M ue NA-mHOpManbHa B G;

(2) kaxnas MmakcumanbHas nogrpynna u3 M NA-cybropmansha B G.

Torma G € M2 A, a G/Mg asaserca murumamsroi ze NA-rpymnmoit. B wactHOCT™H,
(G Mg)| < 2.
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O kumaccax JleBu kBa3smMHOrooGpas3uii 2-CTYIEHHO HUJIBIIOTEHTHBIX I'PYIIIT
SKCIOHEHTHI Pp° ¢ KOMMYTAHTOM 3KCIIOHEHTHI P

B. B. JJonefmukoBA, C. A. ITAXOBA

[Tycts p — mpocToe umcio, p # 2, § — HATyPaIbHOE YUCIo, § > 2.

B [1] 6but onucan kmace JleBu KBa3MMHOrOOGpasusi, IMOPOKAEHHOTO OTHOCUTETHHO CBO-
OOMHON I'PYIIION B KJIacCe 2-CTYIEHHO HUJIBIIOTEHTHBIX I'PYIII 9KCIIOHEHTHI p° ¢ KOMMYTaHTOM
DKCITOHEHTHI P.

[lonaras s > 2 npu p = 3, pacCCMOTPUM CJIEIYIOIITNE KIJIACCHI TPYIIIL.

P — KBa3UMHOToOOpasue, 3amaHHoe (hOpMYyJIaMU:

P =1,
[z, )" =1,
s—1
¥ =1—[z,y] =1
NPT — KBa3UMHOT00Opa3ue, 3aTaHHOE B KP" xBasuTOXKIECTBOM
P =y, z] =y, 2] =1

S
RP — kBazuMHOrOOOpa3me, 3allaHHOE B MHOTO0Opa3uu 3-CTYMEHHO HUIBIIOTEHTHBIX
TPYII SKCIOHEHTHI p° hOpMyIaMu
P _
I:‘,L‘7 y? x] - 17

[x,y]ps_l =1-[z,y,2] = 1.
MP" — kpasumHOroOGpasue, 3amaHaoe B RP" mpu p # 3 KBA3HTOKIECTBOM
[$7 Z]p - [x7 y? ‘T] % [x7 y7 x] - 17

a npma p = 3 KBa3UTOXIOECTBAMIU:

[%Z]g = [l’,y,%] — [x7y7x] =1,

933571[3:,2]3 = [z,y,z] = [z,y,2] = 1.

O6o3naunm L(M) knacc JleBu, mopoxnéHHBIN KiaccoMm rpymm M.
Bepubr crienytorrime TeopeMsbl.
Teopema 1. L(ICPS) C RP.

Teopema 2. Ecaun K — meabeseBo kBasuMuoroobpasue rpymom, KK C NP°, To LK) =
MP”,
CIIMCOK JIUTEPATYPBI
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Ilepuonuyeckue rpyInbl, HACLIIIEHHbIE KOHEYHBLIMU ITPOCTHIMU
OPTOrOHAJIBHBIMU T'PYNIIaMM HEYETHOUW Pa3MEPHOCTHU Ha TOJIAMU HEUYETHBIX
XapaKTepUCcTUK

II. B. JIbITKUHA, B. II. MA3YPOB

[Tycte M — mekoTopoe MHOX)ecTBO rpynm. ['pynma G HackireHa rpymnamu u3 M,
ecnm j1r00as KOHeYHas monrpynmna u3 (G CONepXKUTCs B IOATPYIIIE, M30MOPMOHON HEKOTOPOMY
aJIeMeHTy MHoxkecTBa M.

Teopema. Ilycte n — wHarypaasaoe umcio, n > 3, M = {O2,41(q) | ¢ HegeTHO},
G — mepumonmueckas rpymmna, HaceleHHas rpynnavu u3 M. Torma G mzomopgua rpymnie
Osy+1(F') mms mexoroporo mons F' HeueTHOIT XapaKT€PUCTUKM.

3meck O2,41(q) (coorBercTBeHHO O2)y 11 (F')) 03HAUAET IPOCTYIO OPTOTOHAIILHYIO TPYIIITY
pasmeprocTu 2n + 1 Ham mosieM mopsinka ¢ (COOTBETCTBEHHO Han moseM F').

Panee sToT pesynbrar 6bUT ONydeH npu yciaosun ¢ = +3(mod 8) [1].

PaGora Beimosnaena 3a cuer Poccuiickoro nayusoro ¢ouna (mpoext 19-11-00039).

CIIMCOK JIMTEPATYPBI

[1] JIerrkuua O. B, Masypos B. II., O xapakTepusannu NpOCTHIX OPTOTOHAJIBHBIX CPYTIII HEYETHOU Pa3sMpe-
HOCTH B KJiacce nepuonmueckux rpynm, Cub. maTem. xk. (B meuarn).
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O cTporo 2-MakCMMAaJILHBIX NOATPYNHAaX KOHEYHBLIX T'PYIIII

B. C. MoHAxoOB, . JI. Coxor

PaccmarpuBatorcs Tonmbko kKoHeunble rpymnnbl. 3amuck M < G (M < G, M < G)
o3Hauaer, uro M — moarpymnma (COOTBETCTBEHHO COOCTBEHHAs MOATPYIINA, MAKCUMAJIbHASL
nonrpynna) rpynnsl G. Ecau H — nonrpynma rpynnst G, To Max(G, H) = {M < G | H <

[Monrpynna H rpynmer G Ha3bIBAETCS

2-MakcuMaJIbHON MOArpynIon rpynnsl (G, eciiu CyIIeCTBYET MOATPYIIIA
M € Max(G, H) rakas, auto H < M;

n-MakKCHMAaJIbHOI moarpymnmoi rpynnsl G s n > 3, eciu cyiiecTByeT nonrpynma M €
Max(G, H) Takast, ato H — (n — 1)-makcumaspHas moarpymnmna B M

cTporo 2-mMakcuMasabHou noarpymnmoi rpynnst G, ecou H < V' mist Becex V' € Max(G, H).

B rpymne Ly (8) monrpynna Co mopsinka 2 sisercs 2-, 3- u 4-makcumanbHoi: Cy <
Dy < L2(8); CQ < Sg < Dig < L2<8); CQ < 022 < 023 < CS : C7 < L2(8) Cormacso [1,
example 3] mas mo6oro n > 2 CyIecTByeT IpyIIa, B KOTOPOI HEKOTOPas 2-MaKCUMAJIbHAsI
MONTPYIIA SIBIISIETCS N-MaKCUMAJTBLHOM.

Ecnu B rpynne G cyirecTByeT 2-MakcuMasbHas MOATPYIIIA, TO 2-MaKCUMaJIbHAs IOMI-
rpyIa HauMeHblero nuanaekca B G 6ymet crporo 2-maxcumasbHoi. [losTomy B mmro6oit Hee-
MUHUTHOM TPYIIIE HEITPOCTOTO MOPSIAKA CYIIIECTBYET CTPOTO 2-MaKCUMaJIbHas noarpymnmna. M3
TeopeMbl XyIIepTa CJIeMyeT, UYTO B CBEPXPA3PEIINMON TPYIIIe KaXIas 2-MaKCUMaJIbHAS O
rpymma cTporo 2-makcumaibaa. ['pymnma @pobenumyca C3 : Cy [2, remak 4] u rpymma Lo(17)
Takxke 00JIAIal0T STUM CBONCTBOM.

Hoka3zana criemymoIas TeopeMa.

Teopema. Ilycte G — rpymma, K < M < G. Ecmu Kg # Mg, o K — crporo
2-makcumaabHas noarpynmna rpymmnel G. B wactHOCTH, ecim MakcuMasbHas moarpyima M
rpyanber G HOpMaJsipHA B (G, TO Kaxkmas MakcuMaJjbHas B M monrpymnma sBJIseTCs CTPOrO
2-MakcuMaabHON noarpymnmnon rpynnsl G.

CanenctBue. Ilycre G — p-paspemmmvas rpymma, M < G. Ecmu |G : M| = p,
TO Kaxqas MakKCUMaJbHas B M moarpyiia sBsSeTCs CTPOro 2-MakCUMAJIbHOU MOATPYIIION
rpymomnsr G.

COuCOK JIMTEPATYPBI
[1] MonNaknOV V. S., KNIAHINA V. N. Finite group with P-subnormal subgroups. Ricerche Mat., 62 (2013),
307-323.
[2] MENG H., Guo X. Weak second Maximal subgroups in solvable groups. J. Algebra, 517 (2019), 112-118.
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Kputepuinn paznoxenus Bproa nmis koBpoBbix noarpynn rpynn IlleBasiie

9. H. Hy>xuH, A. B. CTEOIAHOB

[Iycte & — npusenennast mepasmoxumas cucteMa kopueit, F(F) — (smemenTapnast)
rpynna [llesamte Tuna ¢ man mosem F', mOpOXIeHHAs KOPHEBBIMU monrpynnamu o, (F) =
{z,(t) |t € F}, r € ®. Cnenys B.M.JleBuyky [1], koepom muna ® nad F nHazosem HAGOD
agauTuBHbIX nonrpynt A = {2, | r € &} momns F' ¢ yciaoBuem

Cij,rsalimg C Aipgjs, 18,41 +7se€ @, 4,5 >0, (1)

rne AL = {a' | a € A}, a koucranTer Cy; s paBasl £1, +2 wm +3. Bxmouenns (1)
IIPOUCXONAT W3 KOMMYTATOpHOI (opmyust [lepasie

[xs(u),:vr(t)] = H Tirtjs (C’ijyrs(—t)iuj), r,s,ir + js € ®.
i,j>0

Beskuit xoep 2 onpenenser kosposyio nodepynny E (), MOPOXKIEHHYO MOATPYyIIAMI
zr(A), r € ¢. Kosep 2 HA30BEM 3amKHYymMbIM, €CIIN €T0 KOBpOBas noarpynna £ () e nmeer
HOBBLIX KODHEBBIX DJIEMEHTOB, U — HENPUE0OUMbIM, €CIIH BCE €r0 aNQUTUBHbLIE MONIDYIIILL
HEHYJICBBIC.

[Iycts N(F') — monoMuansHas noarpynna rpynnsl E(F), a U(F) — ee MakcuMasabHa
YHUTIOTEHTHAs TIOATPYIIIA, COOTBETCTBYIOIIAs TIOTOKUTETLHBIM KopHaM 1. Ananoru stux
HOATPYII, KOHEYHO, CYIIECTBYIOT U B KOBPOBBIX moarpymnmax. Ilo ompenmenenuio N () =
N(F)NE(2), a U(A) — noarpymnma, mopoxkmnerHas nonrpynnaMu (A, ), r € 1. Ormernu,
4TO i He3aMKHyToro koBpa 2 nepeceuenne U (F') N E(2A) moxer 6b1Th Goibiie uem U ().

dakropmsanust E(F) = U(F)N(F)U(F) o6b19HO HAa3BIBAETCS pasaoxceruem bpioa. s
mo6oit agmuTuBHOR onrpynsl A mons F no onpenenenuto A7 cocTonT m3 Beex 06paTHBIX
K HEHyJIeBbIM sjieMeHTaM u3 A B oObenuueHuu c¢ HyseM. JlokasaH CIemyoImil KpUTEPUit
CYILIECTBOBAHUS PA3JIOKeHUsT Bproa 1isi KOBPOBLIX MOATPYIIIL.

Teopema. IIycte {2, | r € ®} — HempuBoZUMBIN 3aMKHYTBIH KOBED aIAUTHBHBIX
moarpynn tuna $ mag nomem F. Paxropmszamus E(2A) = U(A)N(A)U(A) mmeer mecto
TOrZja ¥ TOJIBKO TOr'Aa, KOIAa

A_, = A mma Beex r € .

CIINCOK JINTEPATYPBI

[1] Jlepuyk B. M., ITapaGommueckue nonrpynmer HekoTopbix A BA-rpynn, Marem. samerkm 31 (1982), no. 4,
509-525.
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O cy6makcuMasibHBIX NOATPYNNAaX 3HAKOINEPEMEeHHbIX I'DyNn

II. O. PEBuH

[TycTts X — mOMHBIA KJTACC KOHEUHBIX TPYII, T. €. HEMyCTON KJIAaCC, 3aMKHYTHIIT OTHOCH-
TEJIBHO B3SITHUS MOATPYII, TOMOMOP(MHBIX 00pa3oB u paciupenuit. [lonrpynma H xoHeuHOI
rpynnsl G Ha3bIBAETCS X-CYOMAKCUMAALHOT, €CITU CYIIeCTBYET BIIOXKeHUe rpynnbl G B He-
kKoTopyto rpynmy G, npu xkortopom G cybmopmanbua B G* 1 H = H N K st HEKOTOPOI
X-makcumaspHON oarpynmel K rpynmer G*.

Teopema. Ilycte X — mouasrit kiiacc u Zo € X. CHpaBenyiuBel y TBEPKICHUS:

(i) Hoarpynma H rpymmsr A,, sBasercs X-cyOMakcUMAaJbHON HEYETHOTO MHAEKCA TOTIAA U
TOJILKO TOrAa, Korga kKorga H SIBiIseTcss rpynmon OgHOTO U3 CACAYIOIIUX THIIOB:

(S) H — nmonrpynna Buga K N A,,, rne K — X-makcuManbHas HOATPYIIIa HEIETHOTO
HHIEKCA B Sy;

(A6) n =6, Ag ¢ X u H € Syly(G), mnpu srom H = Dyg;

(A?) n="7 Ay ¢ X, PSL2(7) = GL3(2) eXumuH= GL3(2),’

(A8) n =8, Ag ¢ X, PSLy(7) = GL3(2) € X m H = 23 : GL3(2).

(i) Be X-cybmakxcumamnsuble moarpymnnel Hy u He Tuma (S) compskensr B A, Torma u
TOJILKO TOraa, korga X-makcuMasbHbie nonqrpymnsl Ky, Ko < S,, HeyeTHOro mHmeKca, IJIs
xoropeix H; = K; N A,, i = 1,2, conpskensr B S,,. Takum 06pa3oM, cyIlecTByeT Ou-
EKIIS MEXIY KIaCCAMH COIPSXKeHHOCTH X-CyOMaKCHMAJIBHBIX MOATPYHI Tuma S B A, u
X-MakcuUMaJIBHBIX HOATPYIII HEYETHOIO UHAEKCA B S,,. [Ipu BBIIOIHEHUN OrpAHUICHUN, VKA~
sarHbIx s tunoB (A6)—(A8) B rpymme A,, 4HCI0 KJIACCOB CONPSXKEHHOCTHU MOATPYIII TUIIA
(An) paBro omHOMY npun = 6 u gByMm mpun = 7, 8.

(7i1) JIubo kmacc conpsxeHHOCTH JII060H X -cybMakcuMaJIbHON noarpynnel H zHeyeTHOrO MH-
ZeKca B rpymnme A, MHBapHAHTEH OTHOCUTEIBHO meiicTBus rpymmel Aut(A,,),

mubon = 6,Zs € X, Ag ¢ X u H — noarpynna tuna (S); npu sTom X-cybMakcuMaIbHbIE
moarpynnsl tuna (S) B Ag o6pasyfor nBa Kjacca CONPSXKEHHOCTH, IE€PECTABIISEMBIX aBTO-
vopdusmom 3 Aut(Ag) \ S¢ 1 HHBaApHAHTHBIX OTHOCHUTEIBHO Sg;

mu6bo n € {7,8}, H — moarpynmna tuna (An); npu sToM B A,, ABa Kiacca CONpPSKEH-
HOCTH X-CyOMakCcHUMaJIbHBIX Hoarpynil tuna (An) mepectaBisiorcs Jo6bIM aBTOMOPQPU3MOM
rpymmsr A,,, HHAYIIIPOBAHHBIM HEYETHOUH IOACTAHOBKOLL.
(iv) JIubo X-cybmaxcumasbras noarpynna H Heyernoro manekca B A,, X-makcumasibHa,

mubon = 6,Zs € X, Ag ¢ X u H — noarpynna tuna (A6); B sToMm ciydae H comepxkurcs
B nByx noarpynmax (S X S4) N Ag u (S22 S3) N Ag Tuna (S), nepecraBmseMbIx aBTOMOPQU3-
mom m3 Aut(Ag) \ Se;

mubon =8, GL3(2) € X, As ¢ X u H = (S21S4) N Ag — noarpynna tuna (S); B sT0M
ciayuae H comepxkurcs B moarpynmax tumna (A8), npuaammexammx o60uM KIaCCaM COIIPS-
JKEHHOCTH.

WUccnenosanue BeIMONMHEHO 32 cueT rpaTa Poccuiickoro Hayusoro ¢douma (mpoekt 19-
11-00039).
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O6 yHuBepca/IbHBIX TeOpUAX MeTabGesIeBbIX OG00IIIEHHO XEeCTKUX T'PYII

H. C. POMAHOBCKU

ABTOpOM OBLIO MAHO ONpENe/IeHNe W U3YUEHbI ObIlre CBONCTBA OOGOOIIEHHO KECTKOM
IPYNIBL (r-TPYIIOBI) U HAYATO UcciaenoBaHue MerabeneBbix r-rpynm. O6o3naunm dyepes Ro
KJIACC 2-CTYTEHHO Pa3pelmMbIx r-rpyni (G, y KoTopbix nepsbiil pakTop A = G/ B xECTKOro
psna G > B > 1 uwe mmeer kpyuenus. [lo ycrmosuto A — abeneBa rpynma 6e3 kpydenus, B
IpeNCTaBIIeTCS KaK alaIUTUBHAS I'PYIIIa TPaBOro MOMyss 6e3 KpyJeHus Had KOMMYTATUB-
HOI O0/IACTBIO IENTOCTHOCTH R, mpuuém A BKJIAOBIBAETCSA B IPYMIY OOPATUMBIX DJIEMEHTOB
R* u mopoxnaer R Kak KOJIbIIO, a meiicTBue dieMeHTa g € G Ha B conpsikeHneM cOOTBET-
CTBYEeT B MOMYJIe YMHOXKEHIIO Ha 00pa3 smeMeHTa g B A.

Hac unTepecyioT yHuUBepcabHbIE TeOPUK TPy 13 Kiiacca Ro. B 1995 rogy O.1amro [1]
OOoKa3aJj, YTO YHUBepCcaJibHas Teopusl CBOOOOHON MeTabesleBOI I'PYNIIBI pa3pellnMa U 3aTeM
B [2] oxapakTepu30BaJl IPYIIILl, KOTOPBIE NUMEIOT TY kKe YHUBEPCAIBLHYIO TEOPHUIO, UTO U CBO-
6omuast MeTabernieBa rpynmna panra > 2. B Hairell TepMUHOIOTUN 5TO B TOYHOCTH XKECTKUE
2-cTyneHHO pasperuMble rpynnbl. [lo3nuee B [3] aBTOpOM GBIIIO MOKA3aHO, UTO YHUBEPCAIIb-
Has TeOpHusl CBOOOMHON Pa3peIImMON I'PYINBI CTYyNeHN > 4 aJaropuTMUYecKn Hepa3pernInma.
B mepcnexTuBe craBuTCs 3amada KiIacCUPUKAIIN I'PYIII U3 KJIacCa /Ko MO YHIBEPCATLHBIM
CBOMCTBaM U BOIPOC 00 aJITOPUTMHUUECKON Pa3peIinMOCTH YHUBEPCAJILHON TeOPUN KOHEUHO
MIOPOXKITEHHON Ro-TPYIIIHL.

Hnst ynomsiyToit Beie mapbl (A, R) Mbl ompenessieM IOHSITHE YHUBEPCAIBHON Teo-
pun mapel. Taxxke ¢ mapoit (A, R) cBskeM 2-CTYIEHHO PAa3PEIINMYyI0 T-TPYIILy MAaTPUI

M(A,R) = (A

0
R 1 HaI KOJIbIoM IR.

TEOPEMA 1. Ynusepcaavuvie meopuu napet (A, R) u r-epynnwt G = M (A, R) sx6u-
BAAEHMHBL, MO €CMb KAHCOAT U3 HUT unmepnpemupyemcda 6 dpy2oi.

TEOPEMA 2. Ynusepcaavbnvie meopuu deéyr pacwenanwwviz epynn G1,Gs € Ry co-
enadatom mozda u moavko moezda, Ko2da co8naAdaNVM YHUBEPCAALHBIE MEOPUL COOMEEM-
cmeyrowuz nap (A, Ry) u (Az, Ra).

Pa6ora Bemosnnena npu nopnep:xke Maremarnuaeckoro IlenTpa B Akamemroponke, co-
riamenne ¢ MUHICTEpCTBOM HAyKM U BEICIIEro obpasosanus Poccniickoin Penepanun moMep
075-15-2019-1613.

CHOMCOK JIMTEPATYPBI
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[3] Pomanosckuit H. C., O6 yHuBepcaibHON Teopuu CBOGOMHON paspernMoil rpynnsl, Anre6pa u JIOruka,

51, N 3 (2012), 385-391.
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O $Hgo-xkpuTumdecknx popManusax KOHEUYHbIX Py

. H. CA®OHOBA

Bce paccMaTpuBaeMble TPYIIIBL ABISIOTCS KOHEUHBIME. MBI HCTIOIB3YeM OIpenesieHus 1
o6o3unauenus, npussToie B [1]-[5]. Ilycts 0 = {0;]i € I} — HekoTOpOE pasbueHme MHOXKe-
cTBa Beex HpocThiX uncer P. Ecnu n nenoe uucsio, To cumBoit o(n) 0603HaYAET MHOXKECTBO
{oilo; Nmw(n) # 0}; o(G) = o(|G|). Pyukuns f Buma [ : 0 — {bopmanun rpynmn} Has3bIBa-
eTcst opMaruonHoit o-dyukimeit. s Beskoit hopmaruonHoit o-dyukun f knace LE,(f)
ONpENessieTCs CAELYIOIIMM 00pa30M:

LF;(f)=(G|G=1mwm G #1uG/O, ,,(G) € f(0;) nnsa Beex o; € o(G)).

Ecmu § = LF,(f), To dopmamuio § HA3BLIBAIOT 0-JIOKAJILHOM, a (HOPMAIMOHHYIO 0-()yHKIIIIO
f — o-mokanbHBIM ompenenienreM GopManl .

[IycTts @ — mekoTopas momHas pernerka dopmanuii. Cremyst [1], dopmanuonnyto o-
dbyukuuio 6ynem HasbBaTh O-3HauHOil, eciu f(o;) € 0 nus Beex o; € Supp(f). CumBosom
0% Gymem 00603HAYATH COBOKYIIHOCTH BCEX TEX O-JIOKAJIBHBIX (OpMAIUil, KOTOPbIE MMEIOT
0 KpalHell Mepe omHO f-3HauHOe o-joKajbHoe ompenesnenune. CoBokymHocTh 07 obpasyer
OJTHY 10 perteTky Gopmanmit. Popmarnus § € 07 Ha3bLIBAETCSA $)go -KPUTUIECKOI, ecitn § £ $),
HO BCce cOOCTBeHHBIE §7-TondopManuy u3 § COmepKaTCs B KJIacce TPYII §).

Teopema. Ilycte § — Takas mosHas perrerka gopmanuia, yro 07 C 6. W mycrs
$H = LF,(H), § = LF,(f), rne H — kaHOHUYECKOE 0-JIOKAJILHOE OINpPENeSICHuE (POPMAIIUI
9, [ — Hammenbiree 0-3HaYHOE T-JIOKaJBHOE ompenejieHrne opMmamuu §. Torma u TOJIBKO
Toraa § ABIAETCS $)go-KpUTHIECKOH (opmanment, korga § = 0°formG, rme G — rakas
rpymma MEHIMAIBHOTO Hopanka u3 § \ ) ¢ morommrom P = G| uro ama Bcex o; € o(P)
dopmanus f(o;) asagercs (H(o;))o-KpUTHIECKOH.

CHOUCOK JIMTEPATYPBHI
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O6 annpoKCUMUPYEMOCTU KOPHEBBIME KJIacCaMU OGOOIIIEHHBIX T'PYIIIT
Baymcinara — Cosnurapa

E. B. CokooB

Hamomuum, ato 0606wennoti epynnoti baymcaaza—Coaumapa Ha3biBaeTCs GyHIAMEH-
TaJlbHAsI TPYIINA HEIyCTOTO KOHEYHOTO CBSI3HOTO Tpada TPYII, BCe BEPIIUHHBIE u pebep-
HBIE TIOATPYIIBEl KOTOPOTO SIBJISIOTCS OECKOHEUHBIMU IUKIMYeCKUMU. HamoMHUM Takxe,
uTo kitacc rpynn C HA3BIBAETCS KOPHEBbIM, €CITH OH CONEPKUT XOTsI ObI OMHY HECMUHUIHYTIO
CPYIILYy U 3aMKHYT OTHOCHATEIBHO B3SITUS MOATPYII, PACIINPEHUN U HEKAPTOBBIX CTEIEHEN
BUII& Her Xy, rme X,Y € Cu X, — m3omopdras xonus rpynnsl X O Kaxmoro y € Y.
Hamee Oymem cunTath, uTo G — o0b606IeHHas rpynna baymcnara—Comutapa, I' — 3ana-
ot ee rpad ¢ merkamu u A: G — QF — momynsapHBIT ToMOMOpGU3M (OmpeneIeHust
rpada I' u romomopduszma A MoxHO HaiiTu, Hanpumep, B [3]). IokasaHbl ciaemyromme nsa
YTBEPKICHUS.

Teopema 1. ITycts C — KOpHEBOII Ki1acc, cocTosimit n3 nepuoguieckux rpym, u p(C) —
MHOXECTBO BCEX IMIPOCTHIX AEJITITEJIEH TIOPSOKOB 31eMeHTOB rpymir u3 kiaacca C. IlycrTs Takxe
rpynna G He sBisgercs paspemmumort u rpad I penyuuposan (1. e. mo6oe ero pebpo, He SBJIs-
FOILeECs IeTIIeN, IMeET MEeTKH, OTIMYHbIe OT +1).

1. Ecniu Im A = {1}, o rpynna G C-anmpokcuMupyema TOrAa U TOJBKO TOTAa, KOTAa
Bce MeTku rpapa I asmaorces p(C)-uucaamm.

2. Ecmn Im A = {1,—1}, 1o rpymna G C-anmpokcuMmupyema TOTZAa U TOJIBKO TOLIA,
korga Bce metku rpada I spisrores p(C)-uncnavu u 2 € p(C).

3. Ecmu Im A € {1,—1}, ro rpynna G ue saBasercs C-ammpoKCUMUIDYEMOH.

Teopema 2. Ilycts C — KOpHEBOU KJIACC, COMEPXKAIIUI XOTS ObI OOHY HEIePHUOMIIC-
CKYIO T'DYTIIIIY.

1. Ecau rpynna G sjiemeHTapHa, TO OHa ABasgeTcs C-rpynmon 6e3 KpydJeHus.

2. lIycre rpynna G He sBasgercs sneMeHTapHOH um () — monkossno moias (Q, mopo-
xneHHoe MHOXKecTBOM Im A. Ecin agauruBHas rpymmna kKojbna () npuHamgaexut kaaccy C,
to rpynmna G annpokcuvupyercs C-rpynmamu 6e3 kpyderus. B gactaocTm, ecmm Im A C
{1, =1} mm xmacc C 3aMKHYT OTHOCHTEJIBHO B3SITHA (akTop-rpymi, To rpymma G ammpok-
cuvupyercss C-rpynmamu 6€3 KpyJeHUs.

OrmerumMm, uTo ecnu rpynna (G pasperinMa, ToO KPUTEPUN ee allpPOKCUMUIPYEMOCTHU KO-
HEBBIM KJIACCOM, COCTOSAIIMM U3 IEPUOAMYIECKUX TPy, noiyuer B [2]. ChopMmynupoBaHHbie
TeopeMbl 0000IIAIOT U YCUIUBAIOT PSII U3BECTHBIX PE3yIbTaTOB.
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O HWILMOTEHTHOU ANIPOKCUMUPYeMOCTH 0600111eHHbIX rpynn baymciara —
Conurapa

E. B. CokooB

[MIyctes G — mpowusBosbHas obobieHHas rpynna baymcmara-Comurspa u I — 3ana-
ot ee rpad ¢ MeTkaMu. llomydyeHHBIE aBTOPOM pe3yIbTATHI 00 ANIPOKCUMUPYEMOCTHT
rpynnsl G KOPHEBBIMU KJIACCAMU TIO3BOJIAIOT OTBETUTDH Ha Bompoc 4 u3 [1] 06 ycrmoBusx ee
HUJIBIIOTEHTHOW anmnpokcuMupyeMoctu. llokaszaHa craemyroras

Teopema 1. Ilycts rpymma G He sBiaseTcs pasperumoit, rpag I penyuuposan u A: G —
Q* — momynsapHbII rOMOMOPGU3M.

1. Ecnu Im A = {1}, o rpynna G anmpokcuMupyeTcss HUJIbIOTEHTHBIMA TDYIIIAMEA TO-
raa U TOJIBKO TOTAa, KOTJa OHAa AIIIPOKCUMUDYETCI KOHEUHBIMH P-TDYIIaMU A1 HEKOTOPOTO
IIPOCTOrO 4IUCTIa P.

2. Ecimm Im A = {1, -1}, 1o cnemyromme yTBep)aeHUs paBHOCHUIbHBIL:

a) rpynna G almpoKCUMUPYETCs HUJIBIIOTEHTHBIME T'DYIIIAMI;

6) rpynna G annpoKCUMUPYeTCs KOHEYHBIMY HUIBIOTEHTHBIMY {2, p }-rpynmaMu 11 He-
KOTOPOI0 IPOCTOrO 4UCa P (KOTOpOoe MOXKET 6BbITH PABHO 2);

B) Bce MeTkn rpada [\ ABIsgroTCa p-4ucaaMu Ajisi HEKOTOPOTO IIPOCTOrO YUCIIA P U, €CJIH
P # 2, TO KaXXAbII CONPSIKEHHBIH CO CBOUM OOPATHBIM SJUIMIITHYECKUH 3JI€MEHT ITPUHAIIC-
KUT OUKITIECKOMY panukajiay rpynmbl G.

3. Ecmn Im A € {1,—1}, To rpynna G He anmpOKCUMHUDYETCS HUJIBIOTEHTHBIMU TDYII-
maMu.

OrmerumMm, uTo eciu rpynmna G paspermMa, TO KPUTEPU ee HUJIBIOTEHTHON AIIPOK-
CEUMUPYeMOCTH TI0JIyueH B [2]. HamoMHIM Takke, YTO HUKIMUECKUM PaIUKasoM Ipymnnsl G
HA3BIBACTCS HANOOIIBINAS IIUKIINIECKasi HOpMaJIbHas IIOArPyIIa 5Toi rpymnsl. Oupeneserne
SIUTUIITUYECKOTO DIIEMEHTa MOXKHO HAlTH B [3].

B paGore mpemiiokeH airopuTM, IO3BOJIIONIMI [l 3amaHHOro rpada [ mposeputs,
BBIMIOJTHSIETCS I yTBEPXKICHUE 2B MIPUBENEHHON TeopeMbl. Takke NOKa3aHa

Teopema 2. Crenyrorue yTBepKIeHUS PABHOCUIHHEL.

1. I'pynna G annpokcuMHuPYeTCsT HUIBIOTEHTHBIME I'DyIIaMu 6e3 KpyIeHHUs.

2. I'pynma G anmpokcuMupyercs CBOOOMHBIMU T'DYIIIAMA.

3. I'pynna G m3omMopdHA OPSIMOMY IPOU3BENEHUIO HEKOTOPOH CBOGOMHON (BO3MOXKHO,
eNUHIYHON ) U 6ECKOHEYHOH IUKIMIECKON TDYIIIL.
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O F“-aGHOpMAJILHBIX MOATPYIIIAaX KOHEYHBLIX TCPYII

M. M. CorokuHA, C. II. MAKCAKOB

PaccMaTpuBarOTCs TOTBKO KOHEUHbIE TPymnbl. Cpenm KaccoB KOHEYHBIX TPYII IEH-
TPaJIbHOE MECTO 3aHUMAIOT JIOKaIbHBIE GopMaiun, nocTpoentse B. Tammonem B 1963 romy.
s mokanbHON GopManuy § B KOHEUHON IPYIITE U3y9YeHbl MHOTTE BUABI TIOATPYII, B 9acT-
HOCTH, F-HOPMAJIbHBIE W §-a0HOPMAJILHBIE MaKCHMAJIBHBIE MONTPYIIIEL, §-CyOHOPMAIbHBIE
u §-abHOpMaJIbHBIE MOATpPYyHnbl (cM., Hanpumep, [1]). EcrtecrBenHbIM 0606IIIEHIEM TIOHS-
TUsL JIOKAIBHON (hopMarmu ABiseTcs Benennoe B paccmorpenue JILA. Ilemerkoeim B 1984
TOMy MOHATHE W-JIOKAIBLHON (DOPMAIINN, TIe W — HElyCTOe MHOKECTBO IMPOCTHIX uces. [Ipu
U3yYEeHNU 1 MPUMEHEHNN W-JIOKAJIBHBIX (GOPMAIMil [eIeCO0OPA3HBIM OKA3a7I0Ch PACCMOTPe-
HUE ONPEIEJICHHBIX MOATPYIIT B KOHEUHBIX TPYIINAX ¢ YIETOM MHOXKECTBA W (CM., HAIPAMED,
[2]). Crenys [1], makcumanbuyto monrpynmy M rpynnst G HazoBeM §¥-HOpMaJIbHON (F¥-
abropmainibHoil) B G, eciiu G/(Coreg(M) N O, (G)) € §F (coorsercrsenno G/(Coreg (M) N
O,(GQ)) ¢ §), rne O,(G) — Hambomnblas HOpMaIbHAs w-TOATPYIIa rpynnsl (G; Makcu-

manbhyio (G — H)-uene H = Hy < Hy < ... < Hy,, = G HazoBeM F*-CyGHOPMAIILHOM
(§“-abrOpMasbHOI), eciu moarpynna H; ssiasercs §F“-HOPMAIBHOI (COOTBETCTBEHHO §-
abuopMastbHO) B H; 1 mis mo6oro ¢ € {0,...,m — 1}; monrpynmny K rpynmer G HazoBeM

§¥-cybropMmasbHOM B (G, €Citu CyIIeCTBYeT XOTs Obl OnHA §*-cyOHOpMATbHAS MaKCUMAaJIbHAS
(G — K)-uens; §“-abHopmanbHOil B G, ecnu mobast MakcumanbHas (G — K)-nens siBisieTcst
§“-abHOpMAITBLHON, THe § — HemycTou Kjacc rpynn. HamomauMm, uTo monrpynmna H rpynns
GG maspBaeTcs §¥-mokpeiBatoriei B G, roe § — kiacc rpynm, eciiu H € § u u3 TOro, 4To
H < U < @G, V — vopmasnbhas w-niogrpymnna rpynnst U u U/V € § cnenyer, uro U = HV
[2]; G — mamMenbIIas HOpMaTBHAS TOATPYIIA IPYTIE G, GaKTOP-TPYIIIa 0 KOTOPOIt TTPH-
HaayexuT Gopmanuu § [1].

Teopema 1. Ilycrs § — Hemycras dopmanns, G — rpymna, H < G, H € §, 7(G¥) C w.
Ionrpynma H rpynmner G aBisercs §-abHopMmasbroi B G Torma u ToabKO Toraa, korma H
— §“-mokpeIBaroriias noarpymnmna rpymmasl G.

[Mycts § — memycras dopmanus. Hopmanbaas mogrpymnma R rpynnsr G Ha3bIBAETCS
T« -npedeavnoti B G, ecrmu R C G u R/RN ®(G) N O,,(G) — rnasubiit dakTop rpymmsr G
MakcuMmastbHas noarpynmna M rpynmer G HasbiBaeTcs §¥-kpumuueckol B G, ecniu G = MR
1T HEKOTOPOil §-nipenernbHoil moarpynnsl R u3z G [2].

Teopema 2. Ilyctp § — w-jokadpHas ¢opmarus, M — MakcuMajbHas ITOATPYIIIIA
rpymmer G, ©(GS) C w. Ioarpynna M sasmgerca F“-xpurmaeckort B G TOrma m TOITBKO
torga, korga M — §¥-abHopMmassHas noarpynna rpynmnsl G u G = M F (G).
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ABTOMOPDOU3MBI YACTUYHO KOMMYTATUBHBIX MeTabeieBbIX I'PYIIIT

E. 1. TUMOUIIEHKO

AsTomopdusm rpynnel G HasbiBaeTcs [ A—aBTOMOPGU3MOM, €CIU OH UHIYIIUPYET TO-
XKIECTBEHHBIN aBTOMOphu3M Ha haxTop-rpymme G mo komMmyTanTy G’. MsyuaroTces aBToMOp-
(GU3MBI YJACTUIHO KOMMYTATUBHON MeTabeneBon rpynmbl M, onpenerernon rpadom I

Teopema 1. IIpeamonoxum, uro omnpenessouut rpag ' rpynmer Mr He comepxkut
muksoB. Eciu [ A—aBromopgusm « rpynner Mp ocTaBiseTr HENOABUXKHBIMU BCE BUCSIIHE I
H30/IIPOBaHHEIE BePIIHHEI rpada ', To o — ToxxmecTBEHHBII aBTOMOP(DHI3M.

HokazaHo, 9TO HI OOHO M3 OTPAHUYEHUN, a UMEHHO, 00 OTCYTCTBUM ITUKJIOB B rpade 1
O NENCTBUM (¢ TOXKIECTBEHHO Ha (PaKTOP-TPYHIE IO KOMMYTAHTY, UCK/IIOUYUTH U3 yCJIOBUN
TeOpeMbI HEITh3s.

Kaxnperii aBromopdusm rpynnsl Mp mHOAyIUpyeT aBTOMOPGU3M CBOOOMHON abesieBoi
rpyunst Mp/M{.. I'pynna nHnynupoBaHHBIX aBTOMOPGU3MOB HA3BIBAETCS IPYIIION (HaKTOp-
HBIX aBTOMOpdu3MoB rpynnsl Mp /M{.. Mbl maem onucanue HEKOTOPOI IPYIIILI MATPHIL HAJ
KOJIBIIOM IIEJIBIX UMCENT U C €€ TIOMOIIIBIO OMpenesIsieM MOHSTHE MATPUIHOTO aBTOMOPGU3MA
rpynmst Mrp /M.

Teopema 2. Ilycts rpag I' He comepxkut nukmaoB. Torna xaxnplii (aK TOPDHBIH aBTO-
Moppusm rpymnsr Mp /M]. moxHO 3anmcath kak mpousseneHue aBromopdusMma rpada I u
MaTPUIHOIO aBTOMOPGU3Ma.

Cnencteue. Eciu onpenesstornmii rpag I’ He comepkut mukaoB, TO rpymnmna ¢pakTOPHBIX
aBroMoppu3smos rpynnsl My /M. sBisercs apugpMeTndecKom.
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Ba3uc koMMyTaHTa YaCTUYHO KOMMYTATUBHON MeTabesieBou mpo-F -rpynnel

E. 1. TUMOULIEHKO

Basuc xoMMmyTaHTa YacTUYHO KOMMYTATHUBHON MeTabeseBoil TPYIILI HaloeH B paboTe
aBropa [1]. Temeps mokasana TeopeMa O 6a3uce KOMMYTAHTa YACTUIHO KOMMYTATUBHOLM
MeTaberreBoil Tpo—p— rpynnbl. V3 Heé ciemyeT KaHOHWYECKAs 3aMKCh 3JIEMEHTOB T'DYIIIEL.

[Iycte M — cBoGomuast merabeneBa mpo-p-rpymma ¢ 6asucom X = {x1,...,z,}. o
KOHEYHOMY HeopueHTHpoBaHHOMY rpady 6e3 merens I' = (V3 E), rne V. = {v1,..., v} —
MHOX)ecTBO BepunH, a ' = FE(I') — MaOX)ecTBO pebep, ompeneanM 4acTUIHO KOMMY TATHB-
HyI0 MeTabesneBy npo-p-rpyumny Mpr = M/Rr. 3necs Rp — HopMmanbHas nonrpymnma u3 M,
IOPOXKIEHHAs KOMMYTATOPAaMU [T, Z;], IJIs KOTOPLIX pebpo (v;,v;) mexur B E. PaxTop-
rpynna Mp mo xkommyranTty M{ Gymer cBoGomHOI abeneBoil mpo-p-rpynmoir A ¢ Gasmcom
{a1,...,a,}, sBismormvcss obpazom X mpu ecTecTBeHHBIX romomopdusmax M — Mp —
My /M. Tpyuna A uszomopdHA OPAMON CyMMe 7 KONl aIINTUBHON TPYIILI KOJIbIA Iie-
JBIX p-agmdeckux umcen Z,. Heiictsue rpynmer Mp Ha koMMyTanTe M| COmpszKeHMSIME
r— 29 =g lzg, x € M}, g € Mr, onpenenser sa M{. cTPyKTypy MpaBoOro MOLYJIs HAI TIO-
IIOJTHEHHOI I'PYNIIOBO aire6poit Zy[[A]], kKoTopas 0TOXKIeCTBIIIeTCs ¢ anrebpoil CTEeHHBIX
psinoB Zy|[b1, .. ., by]] mpu ycnoBuu, uro b; = a; — 1. O6o3nauuM y; = x; Rp.

Teopema. Ilycmv na mmoxrcecmee sepwun V epada I' 3adan nopadox < . Tozda
MHOHCECTNBO IAEMEHMOB W 6UIG

w = [yla y]]b;;bj: ) {515 ceey Sm} C N7
Y006.4EMBOPAIOUUL YCAOBUIM

1) vj <wjy <...<vj,, vj <U;

2) 8ePUIUNBL V; U V; AEHAM 8 PASHLIT KOMNOKERMAT cég3nocmu epada Iy, nopoxrcden-
HO20 6CEMU PABHBIMU 6EPUUHAMU U3 MHOHCECTNEA {V;, U, V..., V) }

3) v; — HauboabWaAT 6EPWUHG 6 CE80€l Komnonenme ceganocmu epagda I'y;

obpasyiom 6a3uc xKommymarma M]. nad Koavyom Z,.

Pabora Bemonmaena npu nogmep:xkke Maremaruueckoro IlenTpa B Akamemropomnke, co-
riaieHue ¢ MuHuCTEPpCTBOM HayKu 1 BhIcIero obpasoBanus PP somep 075-15-2019-1613
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O cBepxpa3penmMocT IPynnbl, PaKTOPU3YyEeMOI MONapHO MePEeCTAHOBOUYHBIMU
TIOJIYHOPMAJIBHBIMY HOATPyHIIIaMu

A. A. TPO®PUMYK

PaccmaTpuBaroTes TOMBKO KOHeUHBIE TPyHIbl. Mcmomb3yemass TepMUHOIOT TSI COOTBET-
creyet [1]. Uepes N u U o6o3raunM dhopManum BCeX HUILIOTEHTHBIX U CBEPXPAa3PENINMBIX
rpymm, a depes H¥ — X-kopanukas rpymnmsr H.

Hanmomuum, uro monrpynner A u B rpynnsl (G Ha3BIBAIOTCS 63AUMHO NEPECMAHOB0YU-
wotmu, ecii UB = BU u AV = VA mnsg Bcex U < Au V < B. 3amucs Y < X o3naugaer,
gro Y — monrpymnma rpynmet X. lanHOoe moHsTHEe GBUIO TMOPOXKIEHO paboToit [2]|, B kKo-
Topoit Acaan u [laaman ycTaHoBUIM mpu3Haku cBepxpaspernuMoctu rpynmbl G = AB ¢
B3aMMHO MEPECTAHOBOYHBIMU CBepXpasperunMbiMu noarpynnamu A u B. OTu pe3ymbTarh
pa3BUBAIINCH MHOTMMU aBTOPaMU, CM. MOHOrpaduio [1].

B [1] 66wt mocTasien oTkpeIThI Borpoc 5.2.19: What can be said about the structure of
a product of finitely many pairwise mutually permutable product of supersoluble groups?

N3 Tteopembl 1 HacTOsIIeN pabOThI BHITEKAET «KOPAOUKAIHLHOE®» PEIIeHre MTaHHOW IIPO-
6JIeMBI, T.€e. OIMUCAHUE CBEPXPA3PEIINMOrO KOPAIUKAJIA TPYIIIHL.

[Monrpymnma A Ha3BIBAETCS NOAYHOPMAAbHOT B Tpymme (7, €Cciu CyIecTBYeT MOATPYIIa
B rakas, uro G = AB u AX — nonrpynmna st Kax o monrpynmnsl X u3 B. ['pymnmsr ¢ mo-
JYHOPMAJILHBIMU TOATPYIIIIAMA UCCIENOBAIINCH B paboTaX MHOTUX aBTOPOB, CM., HAIIPUMED,
pabory [3] u murepatypy B Heit. OueBumno, uro eciu B rpynne G = AB nonrpynnet A u B
B3aMMHO MEPeCTAaHOBOYHBI, TO A u B 6ymyT monynopMmaiabubiMu. O6paTHOE yTBEpKIECHUE
HeBepHO, cM. [3, mpumep 1].

Hoka3zana cliemyoIas TeopeMa.

Teopema 1. Ilyctes G = G1Gs . .. G, — npou3sBeneHne MOIapHO II€PEeCTAHOBOYHBIX OM-
rpymn G, ..., Gy, taknx, 1uro G; n G; nomyropmasnsasl B GG ams mobbix i, 5 € {1,...,n},
i # j. Ipeamomoxum, uro G; cBepxpaspermMer ama Beex i € {1,...,n}. Torma G =
(@),

CaenctBue 1. Ilyctes G = G1G4 ..., — mpousBemeHne MOIMApHO B3AMMHO IIEPECTAa-
HOBOUHBIX cBepxpaspermmMbix moarpyma Gy, ..., G,. Torma G* = (G')™.

Cayuait n = 2 TeopeMmbl 1 paccMoTpen B pabote [3].
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O nepuonuueckon yactu rpynnsl lIlyHkoBa, HACBIIIIEHHBIX ITOJIHBIMU
JIMHEMHBIMU I'PYIINaMU CTENeHu 3 Hal KOHEUYHBIMU II0JISMU XapKTEPUCTUKU 2

A. A. IlInenkuH, Y. B. CABOIOAX

ITo onpenenennto, rpynna G HACHIIEHA TPYIIIIAMEI U3 MHOXKeCTBa Ipym X, eciu jrobast
koneuHas nonrpymnna K w3 G comep:xkuTcs B moarpymnmne rpynnbl G, m30MOpGHON HEKOTO-
poit rpymme u3 X (MHOX)eCTBO X HA3BIBACTCS HACHIUWAOUUM MHOHCECTNE0M NI TPyTHbl ()
[1]. B [2] mokasano, uto rpymnma llyHkoBa, HACBIIEHHAS IPYNIAMEA U3 MHOXKECTBA CDYIII
{GLy(2™)}, rme n npuHAIIEXKUT HEKOTOPOMY MOAMHOXKECTBY HATYPAIILHOTO psana, obiiamaeT
EePUOAMYIECKON YacThio, KoTopas m3oMopbHa GLo((Q), roe () — JIOKAIBLHO KOHEYHOE IIOJIE
xapakTepucTuku 2. EcTecTBeHHO paccMoTpeTh cirydaii, rpynmna [llyHkoBa HackiieHa rpyr-
namu u3 MHOXkeCTB rpynn {GL3(2™)}. Ilonyuen ciemyrommil pe3ybTart.

Teopema. ['pynna Iynxosa G, HACLIWEHHAT SDYNNAMU U3 MHOHNCECTNEA 2DPYNN 6UAQ
GL3(2™), ede n npunadiencum HeKOMOPOMY NOOMHOHNCECMEY HAMYPAALHO20 PAAG, 004a-
daem nepuoduueckot uacmuio, Komopag uszomopgPua GL3(Q) dag nodrodaweeo 10KaAbHO
Koneuno2o noad () rapaxmepucmuky 2.

Pabora aBTOpOB BHINIOSIHEHA 3a CUET rpanTa Poccuiickoro HayuHOTO hOHIA, TPOEKT 18-
71-10007.
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Finite groups with generalized o-subnormal and o-permutable subgroups

N. M. ADARCHENKO

Throughout this paper, all groups are finite and G always denotes a finite group. We
say that a subgroup H of G is nearly modular in G if either A is normal in G or Hg # H®
and every chief factor H/K of G between Hg and H is nearly central in G, that is,
|H/K||G/Cq(H/K)| divides pq for some primes p and q.

We say that a subgroup A of G is nearly o-permutable (respectively nearly S-permutable)
in G if A= (L,T), where L is a nearly modular subgroup and T is a o-permutable (respec-
tively an S-permutable) subgroup of G.

Some known results are generalized. The following theorem is proved:

Theorem. Suppose that G is soluble and every n-maximal subgroup of G is nearly
S-permutable in G. If n < |n(G)|, then G is strongly supersoluble and G induces on any
its non-Frattini chief factor H/ K an automorphism group of order dividing p; - + - pm,, where
m <n and p1,...,pn are distinct primes.

The example of the alternating group A4 of degree 4 shows that the restrictions on
|7(G)| in this Theorem cannot be weakened.
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Spectra of almost simple groups

A. A. BUTURLAKIN, M. A. GRECHKOSEEVA

The spectrum w(G) of a finite group G is the set of orders of elements of G. Denote by
1(G) the set of elements of w(G) that are maximal with respect to the divisibility. Since
the spectrum is closed under taking divisors, it is uniquely determined by any set v(G) such
that u(G) C v(G) C w(G).

If L is a nonabelian simple group of Lie type, then Inndiag L denotes the group of inner-
diagonal automorphisms of L. Our purpose is to find w(Inndiag L) for exceptional groups.
Since the spectrum of L itself is known (see [1]), we may assume that Inndiag L # L, and
so L = FEg(q) with ¢ =1 (mod 3), or L = 2E4(q) with ¢ = —1 (mod 3), or L = FE7(q) with
q odd. Here we give our result for the first two cases.

It is convenient to write E§(q), where € € {+,—}, Ef (¢) = Es(q) and Ej (q) = 2Es(q).
Also we write € instead of €1 in arithmetic expressions for brevity. If ¢ and b are numbers,
then (a £ 1)(bF 1) is a short form of (a+1)(b—1),(a—1)(b+1). If p is a prime and n is a
positive integer n, then p(n) denotes the least power of p greater than n.

Theorem. Let L = E§(q), where q is a power of a prime p and 3 divides q¢ — €, and let
G be the group of inner-diagonal automorphisms of L. Define the set v(G) to be the union
of the following sets:

1) {(52__15)796+6q3+ L2 4eq+D)(* —2+1),(g— )@+ 1)(g®+¢), (¢ — 1) (¢* +
D:(g+e)(@ —e)k;

2) p-{L=,4" —&,(¢* +e)(g—9)};
3)p(2) - {(¢® —e)lg+e),¢" +¢* +1,¢* = 1};
4) p(5) -{¢®> = 1,¢*> +eq + 1};
;p(7

5) p(7) - {q — €}
6) {p(11)}.
Then p(G) C v(G) C w(G).
The proofs of the results follow the same lines as [2, 3] and involve calculations in
MAGMA [4].
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On locally nilpotent subgroups of a finitary linear group

O. Yu. DasukovA, O. A. SHPYRKO

Let K be an associate ring with unity and let v be a linearly ordered set with an order
<. Let A = (m;;(A)) be a matrix of degree v over the ring K in which 1 <4,j and i, j € v.
Consider all possible subsets v’ C v such that outside v/ x ' the matrix A coincides with the
identity matrix. The intersection of all sets v/ with the given property itself has this property
and therefore it is the smallest set with such property which is called the support of matrix
A and denoted by supp(A). Matrices with finite supports are called the finitary matrices.
Finitary matrices are multiplied by the natural way m;;(AB) = >, mir(A)my;(B) where
the sum on the right side contains only a finite numbers of nonzero elements. It is obviously
that supp(AB) C supp(A) U supp(B). For all invertible matrixes A we have supp(A~1) =
supp(A). Hence the set F'L,(K) of all invertible finitary matrices of degree v over K forms
a group under multiplication which is called a finitary linear group of degree v over K.

Finitary linear groups of degree v over a ring K was introduced by Yu.l. Merzlyakov in
[1]. The investigation of F'L,(K) was started in [2] and actively continued in [1, 3, 4, 5,
6, 7]. In this paper we continue to study finitary linear groups. We investigate torsion free
locally nilpotent subgroups of F'L,(K) if K is a commutative Noetherian ring.

Theorem. Let FL,(K) be a finitary linear group, K be a commutative Noetherian ring.
If G is a torsion-free locally nilpotent subgroup of F'L,(K) then G is hyperabelian.
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Recognition of the simple groups L4(q) and Uy(q) by spectrum

M. A. GRECHKOSEEVA, S. V. SKRESANOV, M. A. ZVEZDINA

The spectrum of a finite group G is the set of the orders of its elements. Groups are
isospectral if they have the same spectra. To solve the problem of recognition by spectrum
for a finite group L is to find all finite groups isospectral to L. If L is the only group with
this property, then L is said to be recognizable by spectrum. The recognition problem is
solved for all nonabelian simple groups except for some classical groups in dimension up to
36 in odd characteristic (see [1, 2]).

We consider this problem for the groups L4(q) and Uy(q) with g odd. These groups
are challenging for two reasons. First, it was unknown until recently which of them can be
isospectral to a proper cover (a proper cover of L is a group whose quotient by some nontrivial
group is isomorphic to L). Second, by some general theory, a finite group isospectral to a
classical group of small dimension can have an exceptional group of Lie type as a composition
factor which complicates the analysis of order elements.

Suppose that L is equal to L4(q) or Us(q) with ¢ odd and G is a finite group isospectral
to L. We prove that the quotient of G by its solvable radical is an almost simple group with
socle L [3] and that L cannot be isospectral to a proper cover [4]. Thus we have

Theorem. Let L be one of the simple groups L4(q) or Us(q), where q is odd. Then
every finite group isospectral to L is an almost simple group with socle L.

It is worth noting that we cannot strengthen the theorem by claiming that every finite
group isospectral to L is isomorphic L, even for large ¢ (see [5]). On the other hand, L4(q)
and Uy(q), where ¢ > 2 is even, are recognizable by spectrum [6].

Acknowledgments. The authors were supported by the Russian Foundation for Basic
Research (Grant 18-31-20011).
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Problems on structure of finite quasifields and collineation groups of semifield
projective translation planes

O. V. KravTsova, V. M. LEVCHUK, N. D. PODUFALOV

The study of finite semifields and quasifields originated as a classical part of algebra in
the work of L. E. Dickson and A. A. Albert at the start of the 20th century. It is well known
that a finite Desarguesian projective plane is coordinatized by a field, and weakening of
commutativity and associativity for multiplication leads to translation planes and semifield
planes which are coordinatized by quasifields and semifields. A detailed review on semifields,
quasifields and correspondent projective planes is presented in Handbook of Translation
Planes (2007); however, many problems are little studied.

Some open problems on finite semifields were formulated by M. Lavrauw and O. Polverino
(2011): a classification, geometric construction and representation, invariants. The list was
updated by V. M. Levchuk (2013): maximal subfields, multiplicative loop spectra, automor-
phisms of finite semifields and quasifields. Recall also Wene’s hypothesis (1991) on right- or
left-primitivity of a finite semifield and its weakening to right- or left-cyclicity.

A well known unsolved problem on finite semifield projective planes is connected with
its automorphisms (collineations). In 1959 D. R. Hughes suggested that the full collineation
group of any non-Desarguesian semifield plane is solvable (see also The Kourovka notebook,
Question 11.76, N. D. Podufalov, 1990). To date, solvability has been proven for some
classes of semifield planes, but the hypothesis has not yet been confirmed.

The problem is reduced to the solvability of the autotopism group (the group of colline-
ations fixing a triangle). We propose to determine simple non-Abelian groups that cannot be
the autotopism subgroups. It is proved that any finite non-Desarguesian semifield plane of
odd order does not admit the alternating group As in autotopism group. We also specified
several infinite families of semifield planes of odd or even order which autotopism group
does not contain a subgroup isomorphic to the Suzuki group Sz(22"*1), or to SL(2,5), or
to PSL(2,p).

This work is supported by the Krasnoyarsk Mathematical Center and financed by the
Ministry of Science and Higher Education of the Russian Federation in the framework of the
establishment and development of regional Centers for Mathematics Research and Education
(Agreement No. 075-02-2020-1534/1).
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Classification of finite simple exceptional groups of Lie type in which the
subgroups of odd index are pronormal

A. S. KONDRAT’EV, N. V. MasLovAa, D. O. REVIN

According to Ph. Hall, a subgroup H of a group G is said to be pronormalin G if H and HY
are conjugate in (H, HY) for every g € G. Some problems in combinatorics and permutation
group theory were solved in terms of the pronormality. Obvious examples of pronormal
subgroups are normal subgroups, maximal subgroups, and Sylow subgroups of finite groups;
Hall subgroups of finite solvable groups.

In [1] E. Vdovin and the third author proved that the Hall subgroups (if they exist)
are pronormal in all finite simple groups and, basing on the analysis of the proof, they
conjectured that the subgroups of odd index are pronormal in finite simple groups.

The conjecture was verified for many families of finite simple groups in [2]. Namely,
it was proved that the subgroups of odd index are pronormal in the following finite simple
groups: A,,, where n > 5; sporadic groups; groups of Lie type over fields of characteristic
2; PSLan(q); PSUan(q); PSp2n(q), where ¢ # £3 (mod 8); PQapni1(q); P5,,(q), where
e € {+, —}; exceptional groups of Lie type not isomorphic to Eg(q) or ?Eg(q). In [3, 4] it
was proved that the conjecture fails. Precisely, if ¢ = £3 (mod 8) and n ¢ {2™,2™(22F +1) |
m, k € NU{0}}, then the finite simple symplectic group PSp2,(q) contains a non-pronormal
subgroup of odd index. Moreover, in [4, 5] we received the complete classification of finite
simple symplectic groups in which all the subgroups of odd index are pronormal. In this
work we complete the classification of finite simple exceptional groups of Lie type in which
the subgroups of odd index are pronormal. So, we prove the following theorem.

Theorem. Let G = E§(q), where ¢ € {+,—}, ¢ = p™, and p is a prime. All the
subgroups of odd index are pronormal in G if and only if ¢ # €1 (mod 18) and if ¢ = + and
p > 2, then m is a power of 2.

The work is supported by Russian Science Foundation (project 19-71-10067).
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On sublattices of the lattice of all totally w-composition formations of finite
groups

I. P. Los, V. G. SAFONOV

All groups considered are finite, notations and terminologies are standard [1, 2]. Let w
be a non-empty set of primes. Every formation of groups is called 0-multiply w-composition.
For n > 1, a formation § is called n-multiply w-composition, if it has an w-composition
satellite f such that every value f(p) is (n — 1)-multiply w-composition. A formation § is
called totally w-composition if it is n-multiply w-composition for all nonnegative integer n.

Let for any group G, 7(G) be a set of subgroups of G such that G € 7(G). Then 7 is
called a subgroup functor [2], if for every epimorphism ¢ : A — B and any groups H € 7(A)

and T € 7(B) we have H? € 7(B) and T¥ ' € 7(A). A class § of groups is called 7-closed
if 7(G) C§foral G €3.

For any set X of groups, the symbol ¢/, formX denotes the 7-closed totally w-composition
formation generated by X, i.e. ¢, formX is the intersection of all 7-closed totally w-
composition formations containing X. For any 7-closed totally w-composition formations
I and $, we write M V], H =], _form(MU $H).

With respect to the operations V[, and N the set ¢, of all 7-closed totally w-
composition formations forms a complete lattice.

Developing the results of papers [3, 4], we proved the following theorem.

Theorem. The lattice ¢,  of all T-closed totally w-composition formations is a complete
sublattice of the lattice ¢, of all totally w-composition formations.

Corollary. The lattice c7 of all T-closed totally composition formations is a complete
sublattice of the lattice co, of all totally composition formations.
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Classification of maximal subgroups of odd index in finite almost simple groups

N. V. MAsSLovA

M. Liebeck and J. Saxl [4] and, independently, W. Kantor [2] proposed a classification
of finite primitive permutation groups of odd degree. It was one of the greatest results in
the theory of finite permutation groups. Both papers [4] and [2] contain lists of subgroups
of finite almost simple groups that can turn out to be maximal subgroups of odd index.
However, in the case then the socle of an almost simple group is an alternating group or a
classical group over a field of odd characteristic, neither in [4] nor in [2] it was described
which of the specified subgroups are precisely maximal subgroups of odd index. Thus, the
problem of the complete classification of maximal subgroups of odd index in finite almost
simple groups remained open.

For alternating and symmetric groups, we completed the classification in [6]. For simple
classical groups over fields of odd characteristics, the classification was completed in [5].
For almost simple groups with classical socle of dimension at least 13, the classification was
completed in [7, 8].

In [5] we used results obtained by P. Kleidman in [3]. However there is a number of
mistakes and inaccuracies in [3]. These mistakes and inaccuracies were corrected in [1].
In [9] we revised of the classification of maximal subgroups of odd index in finite simple
classical groups obtained in [5].

Recently, we have completed the classification of maximal subgroups of odd index in
almost simple groups with classical socle of degree at most 12 over a field of odd character-
istic. Thus, the classification of maximal subgroups of odd index in almost simple groups
with classical socle is complete. In this talk, we discuss these results.

The work is supported by Russian Science Foundation (project 19-71-10067).
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On A-homomorphic skew braces

M. V. NESHCHADIM

A (left) skew brace is a triple (A, -,0) where (A,-) and (A, o) are groups and the com-

patibility condition
ao(bc) = (aob)a  (aoc)

holds for all a,b,c € A, where a~! denotes the inverse of a with respect to the group (4, ).
The group (A4, -) will be the additive group of the brace and (A, o) will be multiplicative
group of the brace. A skew brace is said to be classical if its additive group is abelian.

For a skew left brace (G,-,0), the map A : (G,0) — Aut(G, ), a — A\,, where A\,(b) =
a=l-(aob) for all a,b € G, is a group homomorphism. Then A can also be viewed as a
map from (G,-) to Aut(G,-), which, in general, may not be a homomorphism. We study
skew left braces (G, -, o) for which A : (G, ) — Aut(G, -) is a homomorphism. Such skew left
braces we call as A-homomorphic. We formulate necessary and sufficient conditions under
which a given homomorphism A : (G,-) — Aut(G, ) gives rise to a skew left brace, which,
indeed, is A-homomorphic. As an application, we construct skew left braces when (G,-) is
either a free group or a free abelian group. We prove that any A-homomorphic skew left
brace is an extension of a trivial skew brace by a trivial skew brace. Special emphasis is
given on A-homomorphic skew left brace for which the image of X\ is cyclic. A complete
characterization of such skew left braces on the free abelian group of rank two is obtained.

The work was partially supported by the Russian Science Foundation (project No. 19-
41-02005).
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Verbal width by squares of alternating group A,

R. V. SKURATOVSKII

The Verbal Width of a free group was investigated by Sucharit Sarkar [1]. Sarkar proved
that an arbitrary commutator of free group of rank greater than 1 cannot be generated by
only 2 squares. The conditions when a commutator can be presented as a product of 2
squares were further found by him too [1]. The commutator subgroup of Sylow 2-subgroups
of an alternating group have been previously investigated by the author [3].

We consider a similar problem in the symmetric group S,, and alternating group A,.
Upon taking into account that the commutator subgroup of S,, is the alternating group A,
when n > 4 [2], then the problem can be reformulated in terms of the alternating group.

Therefore, we research the verbal width by squares of A,,.

Theorem 1. An arbitrary element of A, can be presented in the form of a product of
two squares of elements from A,,.

Proposition. If for an element g € A,,, there exists | € N, such that | = 2k, k € N then
g can be presented in the form of a product of independent cycles with an odd number of
independent [-cycles, then g cannot be presented in the form of square of h, h € A,,, where
h is presented as a product of independent cycles.

Lemma. The square of a cycle of even length L is a product of two cycles of length %

We denote by p; the number of pairs of [-cycles. We define residue of g (r (g) > 1) as the
number of element of {1,...,n} where g acts trivial. We define m; as the number of cycles
of length ¢ in cyclic structure.

Theorem 2. If in cyclic structure of g € A,, every even cycle appears even times i.e.
max = 0 (mod 2) and one of the next conditions 1 or 2 holds:

1)

r(g) >1

_ 1
gleaj%i (maog—1) > 1,

L
2) > por = 0(mod 2),
l

then this g can be presented as g = h?, h € A,,. The vice versa is also true.
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Centralizer dimension and equationally noetherian groups

A. V. TREIER

In [1], the authors described the basics of algebraic geometry over groups. There was
shown in the article that the basic concepts and results of classical algebraic geometry have
analogs in the case of equations over groups. Further, these ideas were developed in many
papers devoted to the study of algebraic geometry over arbitrary algebraic structures.

One of the important properties of algebraic structures from the point of view of alge-
braic geometry is the concept of noetherness by equations.

Definition. An algebraic structure A is called equationally noetherian if, for any natural
number n, any system of equations S(x) over n variables x is equivalent to its own finite
subsystem.

There is a weakened version of the definition above.

Definition. Let n be a natural number. We say that an algebraic structure is A n-
equationally noetherian if any system of equations S(z) in n variables is equivalent to its
own finite subsystem.

In the paper [2] it is shown that for minimax algebraic systems, the property of be-
ing n-equationally noetherian does not imply the usual equational noetherian property for
arbitrary n. But for groups, the question of equivalence of the two definitions above was
formulated by G.Baumslag, A.Miasnikov and V.Remeslennikov in [1] and remained open:
Problem.Let L be the language of group theory, G a group and Lg the language of group
theory with set of constants from the group G. Let the group G = (G, Lg) be 1-equationally
noetherian group. Does it follow from this that the group G is equationally noetherian?

The new results on a close connection between the concepts of centralizer dimension
and noetherenes by equations for nilpotent groups will be presented. An example of a
nilpotent group will be presented, which is 1-equationally noetherian but is not equationally
noetherian in general which solves the mentioned problem.

The research was supported by Mathematical Center in Akademgorodok, agreement
with the Russia Ministry of Science and Education 075-15-201901613.
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On separability property of the lattice of multiply o-local formations

N. N. VoroB’EV, I. I. STASELKA, A. HOJAGULYYEV

All groups considered are finite. Let o be a partition of the set of all primes P, that is 0 =
{o; | i € I}, where P = U;c 0, and 0;No; = 0 for all i # j. If n is an integer, the symbol w(n)
denotes the set of all primes dividing n; o(n) denotes the set {o; | o;N7w(n)}; o(G) = o(|G])
and 0(§) = Ugez 0(G). The symbol Fy, (G) denotes the product of all normal o,-closed
subgroups of G.
Any function f of the form

f : 0 — {formations of groups},

is called a formation o-function. Following [1, 2] we put

LF,(f)=(G|G=1or G#1and G/F,,(G) € f(o;) for all o; € 0(G)).

If for some formation o-function f we have § = LF,(f), then we say that class § is o-local
and f is a o-local definition of § (see [1, 2]). In 1986 A. N. Skiba proposed the following
concept (see [1, 3]): every formation is supposed to be 0-multiply o-local; for n > 0, we
say that the formation § is n-multiply o-local provided either § = (1) is the class of all
identity groups or § = LF,(f), where f(o;) is (n — 1)-multiply o-local for all o; € o(F).
By Oform(G) we denote the intersection of all ©-formations containing a group G. In what
follows © denotes a complete lattice of formations. The collection of all n-multiply o-local
formations is a complete lattice by an inclusion C (see [1, Theorem 1.20]). If 9, H € O,
then M N H is the greatest lower bound for {IM, H} in O. The symbol M Ve $H denotes the
least upper bound for {9, H} in O.

A complete lattice of formations © is called X-separated if for every term &(z1, ..., Typ) of
the signature {N, Ve }, every O-formations §1, . . ., §m and every group A € XN&(F1,.--,5m)
there exist X-groups A; € §1,..., Ay € & such that A € £(OformAy, ..., OformA,,).

We proved the following

Theorem. The lattice of all n-multiply o-local formations [? is ®-separated.

Corollary ([3, Theorem 4.1.16]; [4, Lemma 9.16]). The lattice of all n-multiply local
formations [,, is ®-separated.
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HuddepenniupoBanus B IpyIIoBbiX ajire6pax u TeopeMa CrTosusmmHrca

A. A. APyTIOHOB

Xoporo n3BecTHO Takoe NoHsTHE Kak Korer rpada (I') o6oznauaemoe obbranoe kaxk e(I).
DT0 MaKCHMAIBLHO YKMCI0 GECKOHEUHBIX KOMIIOHEHT CBsi3HOCTHU B rpade Bume '\ @, rme @ —
BCEBO3MOXKHBIE KOHeUHBbIe moarpadel. M3sectHbl pesynbrarsr Crommuarca (Mbl GymeM opu-
CHTHPOBATHCS Ha [1]), moKasbIBarOIINE, YTO YNUC/I0 KOHIOB rpada Komu nanHON qucKpeTHOI
CPYIIBI HE 3aBUCUT OT BBIOPAHHOTO KOMPENCTABIIEHUS IPYHILI U 60jee TOro, MOXKeT OBITh
OIICAHO B TEPMUHAX KOMOWHATOPHON Teopuu rpyii. [Ipu sTom ecTecTBeHHO TOHUMATE T'Pad
Koamu, xak rpad, mopoxneHHbI OeficTBIeM IPpynnbl Ha cebe mpaBbiMu caBuraMu. CooTBeT-
CTBEHHO YHCJIO KOHIOB rpada Ko sBisiercs nHBapranTOM Ipynmsl u o6o3nauaercs e(G).
Kpowme Toro, Brosse ecTtecTBEHHO M3yUaTh U IPYTrUe BAPUAHTHI NENCTBUS TPYIILI Ha cebe,
B YaCTHOCTU MIENCTBUE COMPSKEHUSIMA.

Ist koreunonopoxkenuon rpynnsl G = (X)) 3adukcupyeMm \ — meiicTBre rpymibl Ha cebe,
ul'y,u € G — cBa3HBIN rpad B KOTOPOM MHOXKECTBO BEPIIIH OTOXIECTBIICHO C HJIEMEHTAMMI
opbuThl mericTBus A Ha u. W mexmy BeprmHamMu a,b ecThb pebpo ¢ meTkon r € X ecan
x(a) = 0.

Teopema. Ywucio koHnoB rpaga ', — He 3aBucHT OT KONpENCTABIEHUS TPYIIBI I
e(T'y) < e(G).

OxkasbIBaeTCs, UITO 5Ta KOHCTPYKIUS B CIIydae, KOI[a B KadeCcTBe NEHCTBUs Oepercs
BHYTPEHHEe NEeMCTBUE CONMPSIKEHUSIMU, MOXKET OBbITH CBs3aHa C 3amadeil m3ydenus: nudde-
PEHIIMPOBAHUI B IPYINOBBIX ajrebpax, m3ydaslieiics B paborax [2, 3, 4|. B wactrOCTH,
MIOKA3BIBAETCS CBSI3b MEXKIY KBA3UBHYTPEHHUMU U BHYTPeHHUMEU NubdepeHIInpOBAHUSIMI
(cM. [4]) cremytoreir TeopeMoi.

Teopema. /[ kBa3sWBHY TPEHHUX U BHY TDEHHUX AU(GEPEeHInPOBAHUI HOCATEIN KOTO-
DBIX COCPENOTOYEHBI B COOTBETCTBYIOIUX rpymnonnax (cMm. [2, 3]) cupaBemmusa gopmyiia
dimQInn(T',)/Inn(T,) = e(Ty) — 1.

OTOT pe3yabTaT MO3BOJISIET OMUCHIBATE alreOpy nuddepeHInpoBaHni TPYIIIOBOI aJire-
6pe B TepMuHaX KOMOMHATOPHON Teopuu rpyni. [Ipu sToM oKa3bIiBaeTCs, UTO €CTh Cepbe3Hast
pasHUIA B CTPYKType anreGpbl B 3aBUCUMOCTH OT UHCIIA KOHIIOB UCXOMHOM rpynnsl e(G).

Pabora Beimomaena nmpu nonaepxke rpanta [Ipesunenta PP s mononbix yuenbrx MK-
2364.2020.1.
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Broosiae pazioxuMble aGesieBbl IPYINOBI paHra 2 U UX I'PyHbl aBTOMOPGU3MOB

B. A. 'annak, E. A. TUMOIIEHKO

I[Iycte B € X, rme X — HEKOTOPHIN Kj1acc abesieBbIX Ipynn. bBymem roBopuTsh, uto B
onpedeagemca ceoeti 2pynnoti a6momopPu3mos 6 xaacce X, ecian u3 m3oMopdusMa TPYIII
apToMopdusmos Aut B u Aut B, rne B’ € X, Bcerna crenyer B = B’.

Hasee mon X MOHMMAETCs KIIACC BCEX BIIOJTHE PA3IOKUMBIX TPy (6e3 KpyueHus ) panra 2.
Hamomuum, aT0 6noamne pazaoxrcumots epynnot parea n Ha3bIBaeTCs BCsKas rpynna I, mpen-
CTaBUMasl B BUIE IIPSIMON CYMMBI 1 TPYIII PAHTa 1; XOPOIIIO U3BECTHO, UTO JIFOObIE IBA TAKUX
pasnoxeHus rpynmnbl B 6ymyT n30MOp(HEI.

B [1] nmomyuensr Heob6xonuMble U NOCTATOYHBIE YCJIOBUS CYIIECTBOBAHUS U30MOPHOU3MA
Aut B = Aut B’ nna cinygas 2-nenmumbix rpynn B, B € X. B mameir pabore anajormdHas
3aava pelleHa y¥ke IS IPOM3BOJIBHBIX IPYII Kjacca X.

711 KOMMYTaTHBHOTO KOJIbla ¢ enuHunein R aepe3 G Lo(R), Kak 00bIYHO, 0603HATAETCS
rpynmna o6paTuMbix (2 X 2)-MaTpull ¢ sreMeHTaMu u3 R; 5Ta rpymnma cocTOMT M3 MaTpUIIL,
OIpPenesuTe N KOTOPBIX CYyTh oOpaTuMble 7eMeHThl Koibia R. Yepes M Lo(R) o60o3HaunM
nonrpynimy rpynusl GLo(R), srmemeHTaMu KOTOPOH CITy:KaT MATPUIBL ¢ onpenenreneM +1.
MoxkHO moKazaTh, 4TO eciin R — momkosbio mosst paunoHaiabHbx uncesr Q, To M Lo(R)
HOPOXKIAETCSI MHOXKECTBOM BCexX MHBOJONMiA rpynnel G Lo (R).

Teopema 1. s nonkoserr R u S mons Q cienyrorme ycaoBus 5KBUBAJICHTHBL

1) GLy(R) = GLo(S5).

3) R=25.

Teopema 2. Ectu B=Y ®Y u B = Z® Z, rne Y nu Z — rpynnsr 6e3 KpydJeHUs
panra 1, To Aut B = Aut B’ Torma m Tonpko Torma, Korma KoJblla SHAOMOPMU3MOB I'DYIIIT
Y u Z uzomopgHEL

['pynma Y waseBaeTcss noumu deaumoti, ecnu pY = Y mouTu OjIs BCEX MPOCTBIX P.
Teopema 2 BMecTe ¢ pesyiabraramu u3 [l| HO3BOJISET B SBHOM BHIE yKa3aTh T€ TPYIIIBL
Kjacca X, KOTOpbIE OMPENeIsIOTCS CBOEN T'PYIIION aBTOMOPGU3MOB B 9TOM KJIaCCe:

Teopema 3. I'pynna B € X omnpenensercs rpymmoii Aut B B kinacce X Torma u TOJIBKO
Torna, korna B =Y @Y, rme Y — mouru nenumas rpymnna pasra 1.

Pabora Bbmonuena npu mommepxkke rpanta Ilpesumenta PP mims momonbx yaéHbBIX —
noxTopoB Hayk MJI-108.2020.1.
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O KOHEUYHBIX CHUJIBLHO KPpUTHNYECKNX KOJIbIIaxX

FO. H. ManblEB, E. B. 2KYPABIIEB

Koneunoe acconnaTuBaoe KOIbIO R TOPSAIKA 1 HA3BIBAETCS CIIIBHO KPUTHIECKIM, €CIII
R ¢ var (B| |B| < n), To ecTb cymecTByeT MHOrOuIeH f(x1,...,%,) CBOOOMHOIO accoIua-
TUBHOTO KOJbIA Z (X1, . .., Ty) Takoi, ato f(x1,...,z,) = 0 ABISeTCS TOXKIECTBOM B JIIOOOM
KOHEUHOM KOJIblle B IOpsIKa MEHBIIEro 7N, HO He sBIIAETCS TOXKIeCTBOM B Kosble R. Tak
Kak coOCTBeHHBIE (GaKTOPHI KOHEUHOIO KOJIblla R MMEIT MOPSIOK MEHBIINI, YeM IOPSIOK
R, TO Kax[Ioe CHJIBHO KPUTUIECKOE KOJIBIO SIBIISIETCS KPUTUIECKAM, & CIINOBATEIHHO, IO~
IPSIMO HEPA3JIOKUMBIM U €r0 IOPSIOK — CTENEeHb IIPOCTOro Ynciia. TakuM o6pasoM, CHIIBHO
KPUTUIECKHE KOJIbIa 00pas3yioT HOOKIIACC KIIACCA BCEX KPUTUIECKUX KOJICII.

Jloka3aHbl CIIEMYIOIIe Pe3yIbTATEL

Teopema 1. Ilycts R — kOHEYHOE HUJIBIIOTEHTHOE KOJIBIO, HE SBIIAIOIIEECS CUIBHO
kpurudeckuMm konbroM. Torma R € var (Ai,...,A,), roe Aq,..., A, — HUIBIOTEHTHBIE
KOJIbI[a IOPOKa MeHbIero |R)|.

Teopema 2. Ilycte R mpoctoe koHeyHOe KoJbHO. Torma R — cuIpHO KpUTHYIECKOe
KOJIBIIO.

Teopema 3. Ilyctes R — KOHeUHOe accollmaTUBHOE KOJIBIIO ¢ equHUIen. Torma ciemyro-
111U€ yCJIOBUS 9KBUBAJIEHTHBI:

(1) R — cuipHO KpUTHYECKOE KOJIBLO;

(2) g mo6oro HaTypaapHOro duciaa n koaeno M, (R) aBiseTcs cuiabHO KDUTHIECKIM
KOJIBIIOM;

(3) cymecTByer HaTypajgbHOE 4mcao N Takoe, 4to M, (R) saBiseTcs CUIBHO KpUTHYIE-
CKHM KOJIBI[OM.

Teopema 4. IIycts R — koreunoe konbno c equannen, J(R) — ero panukan I[xeko6-
cora, R/J(R) = M, (GF(q)) u J(R) — cunpHO KpuTmyeckoe kosbno. Torma R — cuiabHO
KPUTHIECKOE KOJIBIIO.

Teopema 5. IIycts R — KOHEUHOE KOJBIIO IIOPAAKA P UM P? I HEPA3IOKIMOE B IIPAMYIO
cyMMy HeHy7eBbIX mpeasioB. Torma R — cmipHO KpmTmdeckoe kosbno. B gactHOCTH, BCe
KPHTHYECKHe KOJIbIa MOPAIKa He 6osee p° ABIAIOTCA CHIBHO KPATHICCKIMIL.

[ycts R — xombIio nopsamka 8 Taxoe, uto (R, +) = (a)+ (b), rme 4a = 2b = 0, a®> = b? = 0,
ab = ba = 2a. [Hokazano, 4T0 R — KpUTHUIECKOE KOJIBIIO, HE SIBJISIOIIECECS CUITBHO KPUTUUE-
CKIIM.
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O dakTopHO menmuMbIX abGesieBbIX IpyHnnax paHra 2

M. H. 30HOB, E. A. TUMOIIEHKO

Bce rpynner cuntaem abenesbiMu. I 'pynna G HasbiBaeTcs gaxmopro deaumoti 2pynnot
parea n, ecan eé IepuoandIeckas 9acTh PEOYIUPOBAHHA U CYILIECTBYET CBOOOMHAS IOATPYIIIA
F C G panra n takas, uro G/F — penumas nepuonmyeckas TPyIIIIA.

Hac mHTEpecyioT KoyHUBEpCATIbHBIE KBAIPATHI BUAIA

G —— B
l LB (o u B — suumopdu3MEI). (1)

A>T

Teopema 1. Ilycts G — rpynna 6e3 kpyderus panra 2. Cregyroliye yCaoBus S9KBUBa-
JICHTHBL:

1) G — ¢pakTOpHO mEMMMas TPyIIIA.

2) CymectByer koyHUBepCaabHbLi kBaapat (1), B koropom A u B — pakTOpHO nesumbIe
rpynnsl 6e3 kpydenns paara 1 u tun t(ker o) A t(ker 5) moemmorenTes.

3) CymectByer KoyHHBepCaabHbLI kBaapart (1), B koropom A u B — pakTOPHO memMbIe
rpymmnsr 6e3 kpydenus panra 1, rpynma T memuva n tun t(ker a) A t(ker ) moemnorenTes.

4) Ecin B koyHuBepcaabHOoM KBanpare (1) A m B — rpynmer 6e3 kpydeHus pasra 1, To
rpynnsl A u B ¢axtopro gemumvbr u tum t(ker a) A t(ker §) maemnorenren.

IIycts p — mpoctoe umcno. PaxropHo menumyio rpymnmy G HA30BEM P-MUHUMAALHOU,
eciu IJIsl HEKOTOpOil eé cBobomuoil moarpynnsl F' Bemmonueno G/ F 22 Z(p™).

Yepesz QP) o6osmauaem momkomsmo ot Q, mopoxaérroe saemenToM p- . Ilns Bes-
KOT'O 3JIEMEHTA 7] MyJIbTUIINKATUBHON rpymnsl U (.J,) KOIbLa HesIbIX p-aqudecKuX duces J,
samanuM rpyumy H, ¢ IOMOIIBI0 KOYHUBEPCAIBHOIO KBAIPATA

H, —— Q)

l I
Q) = Q)7

taxoro, 4o ((2) = x+Z u o(x) = 1 - (x + Z) nna Beskoro snementa x € Q). Dra rpymma
SIBJISIETCSI P-MUHUMAJIBHOW (haKTOPHO MeTMMON Tpymmon 6e3 KpydeHus panra 2. Bepno u
o0paTHOE yTBEPXKIEHUE: BCIKasl p-MUHUMaJIbHAs (aKTOPHO OeanMas Ipylma 0e3 KpydeHus
panra 2 mzomop¢ua rpymne H, mnms mexoroporo n € U(Jp).

Teopema 2. IIycts 1), € U(Jp). Crenyrorue ycioBus 5KBHBAJICHTHEL

1) Hn = HC'

2) CymecrBytor wmncaa a,b,c,d € Z taxme, aro ad — be € U(QWP) u ¢ = ctdn

a+bn*
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ABTOMOPOOU3MBI U IIeHTPAJIbHBLIE PANbl HUJILTPEYTOJIbHbBIX IMOAKOJIEIl ajire6p
HleBasne

A. B. KA3BAKOBA, E. A. KuUrPujjIoOBA

ITo anamoruu ¢ [1] uccnemyem aBToMOpGU3MBL 1 TEHTpaIIbHBIE Psinbl Kosbia N®(K) mam
IIPON3BOILHLIM aCCOIMMATUBHO-KOMMYTATUBHBEIM KOJIbIOM K ¢ emuuuneir. B nmpusenérrOM
HIKE OIMCAHUN EeHTPaIbHBIX psamoB Kosblua NO(K) tunos Fy u Gy ucnonb3yores 0603Ha-
yeHus u3 [1].

Teopema 1. [Ing kompua L = NF,(K) Ham mpou3BOJILHBIM ACCOLHATHBHO-KOMMY-
TaTUBHEIM KOJbIOM K ¢ enquHuIeN BepHBI CICHYIOIINe PABCHCTBA:

M = M, U {1120,1122}, M, = Mz U {1220, 1222, 1242}, M5 = My U {1342},

I'sc = Keigo1 + 2Keqj122 + Keqoz1 + 2Keq202 + Keja3o + 2L,

I'7 = Keja31 + 2K e1200 + Keoza +2L9, I's = Kejaza + 2L,

Fi = 2L1 (Z = 9, 10, 11), F12 =0= Zo, Zl = L11 + 32K61232,

Zy = Lio + 32K e1231 + 32Ke1232, Z3 = Lg + 32L6(1122), Zy = Lg + 32L5(0122),

Zi=DLia—i+32Lg_; (1 =05,6,7), Z; = Lia—; + 32L (1 = 8,9,10), Z11 = L.

Teopema 2. Iz xomena Jlu L = NGo(K) Hag nponsBOJIBHBIM aCCOLHATHBHO-KOM-
MyTaTHBHBIM KOJIbHOM K ¢ enuHUIIEH BEpHBI CJACOYIOIINE DABEHCTBA:

I''=L,Ts = Keqyp +2Keaqyp + 3Ke3q b + Keszaqon,

I's =2Keaq1p + 6Kezaqp + 3K e3q420, I'a = 6Ke3qqp + 6K €34420,

I's = 6Kesqto, ' =0= 2y, Z1 = 3233Keqyp + 33Keaq+p + Ls,

Zy = 3233Keq + 3233Kep + 32Keqrp + 33Keaqrp + La,

Z3 = 32Keq + 32Key + 32Keqyp + Lz, Zy = 32Ke, + 32Key + Lo, Zs = L.

Inst omucanust asromopdusmos komnbiia NGo(K) Ham mpou3BoibHBIM mojieM K Gbuin
OIMCAHBI HEKOTOPBIE UCKITIOUATEIbHBIE ABTOMOPGU3MBI, B duciie KOTOPBIX &(t) : egqip —
€2a+b + teatp, €r — € (r € DT\{2a + b}).

Teopema 3. Beskuii aBromopusm komena Jlu NGo(K) vHan nomem K ects mpomns-
BeleHrne CTaHAAPTHBIX aBTOMOP()U3MOB U

1) runepuenTpanbaOro aBromopgusma I'nbbca Bercorrr 2, ecan 6K = K;

2) rUmepueHTpaIbHBIX aBTOMOPGU3MOB BhICOTHI 2 (I'mbbca u £(t)) n uckmounTenbHBIX
aBTOMOp(u3MOB, ecau 2K = 0;

3) HCKIFIOYUTEILHOrO ABTOMOP@H3Ma U MUIIEPLHEHTPAILHOI0 aBroMopdusma I'nbbca BbI-
cotrl 2, eciim 3K = 0.

Pa6ora nonpepxana KpacHOApcKnM MaTeMaTHIeCKIM IEHTPOM, (pUHAHCHPYEeMBIM Mu-
HoOpuayku P® B paMkax MeponmpusiTUi MO CO3MAHUIO U PA3BUTUO pernoHalbHbIx HOMI]
(Cornarrerne 075-02-2020-1534/1).

CIIUCOK JIMTEPATYPBI
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Onucanne MUHUMAIBHBIX HEHYJIEBBIX L-MHOroo6pa3suil BEKTOPHBIX
npocTpaHcTB Hax nosem GF(2)

A. B. Kucauiuga

[Tycts F' — HekoTOpoe nojie, ¥ — BEeKTOPHOE MPOCTPAHCTBO HAM mojieM F', aBstoreecs
MOMITPOCTPAHCTBOM acconuaTuBHON F-anrebpsr A, mpuueMm A mOpoOXOAeTCs MTPOCTPAHCTBOM
E xax anrebpa (rosopsar, uro E Broxeno B anre6py A). ToxmecTBOM BEKTOPHOIO IPO-
cTpaHcTBa I/ HAa30BEeM accOMaTUBHBIN MHOTOUJIEH, KOTOPHLIA oOpalllaeTcss B HYJIb B ajareope
A ma snmeMenTax mpocTpaHcTBa FE. B sTOM ciiydae Takxke roOBOPST O TOXKOECTBAX MapbI
(A E).

Kracc Bcex BEKTOPHBIX IMPOCTPAHCTB, BIIOXKEHHBIX B aCCONMATUBHBIE AJITeOpBI U YI0-
BJIETBOPSIOIINX BCEM TOXKIECTBAM MPOCTpaHcTBa F, Gymem Ha3pBaTh L-MHOrooOpasme,
MMOPOXKIEHHBIM IIPOCTPaHCcTBOM F, u obo3nauath Varyp F. L-muoroobpasume M Ha3zoBeM Mu-
HUMAJIGHBIM HEHYJIEBLIM L-MHOrooOpasneM (OTHOCHTENBHO BKJIIOYEHNUS) WM ATOMOM, €CJIN
ns moboro L-muoroo6pasus N u3 sxmodenus N C M crenyer, uro mu6o M = N, mubo
N — mynesoe L-mHOTOOGpPA3TE.

A. Tapckuii mokas3aji, 9TO aTOMBI B KJIACCE KOJIEI[ MOPOXKIAIOTCS JIMOO MPOCTHIM TIO-
nem GF(p), nmubo KOIBLOM € HYJIEBBIM yMHOXKeHUeM [1]. ABTOpOM YaCTUYHO UCCIIEHOBAHO
CTpOEHHe aTOMOB B Kilacce L-MHOrooGpasmil BEKTOPHBIX HPOCTPAHCTB Hanm moieM GF'(2).
A wumenso, nmokasaso, uto L-muoroobpasus M, = Varp(ry = 0), My = Varp([z,y] =
0,z +x® = 0) m My, = Varp([z,y] = 0,2%y = zy 2 - p(x) = 0) (p(x) — HempmeOmH-
MBI Hag nosieM GF'(2) muorounen cremeHu degp > 2) SIBISIIOTCSA aTOMAMU B YKA3aHHOM
Kiacce [2, 3.

B macrosiein paboTe moka3aHO, YTO OPYIUX aTOMOB B Kijacce L-MHOTOOOpasmilt Ham
nosieM GF'(2) He CyIIeCTByeT.

Teopema. L-MHOrOO6pasme MyJabTHININKATABHBIX BEKTOPHBIX IMPOCTPAHCTB HAI IIO-
aem GF(2) sBisercs aroMoM Torza M TOJIBKO TOLAA, KOTAa OHO COBHANAET C OLHUM U3
L-mmoroobpasuit Mo, My mmm My, .

CHUCOK JIMTEPATYPHI
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[2] Kucimmua A.B. O MUHUMAIBHBIX HEHYJIEBBIX L-MHOrooOGpa3susax BEKTOPHBIX HPOCTPAHCTE [DJIEKTPOH-
ubll pecypc| // Tesucer mokmanos MexxmyHaponmHoil koHbepeHmun ««Manbuesckue ureHuss». 2018.
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O peLT_IETO‘-IHOﬁ ornnpenejiaseMOCTH KJIaCCOB KOHEYHBbIX JIOKAJIBHBIX KOJIeIl

C. C. KOPOBKOB

[Iycts R u R¥Y — acconuaTuBHBIE KOJIbIA ¢ U30MOpGHBIMU pernéTkamu nonkoser L(R)
u L(R¥) coorBercrBenHo. U3omopdusm ¢ pemérku L(R) na pemétky L(RY) GymeM Ha3BI-
BaThb PEUMOUHbIM UB0MOPPuU3mom Kobila R Ha xomero R¥. Ilycts K — HekoTOpBIN Kitacc
Kosienl. BymeM roBopuTh, uTo Kinace K pewmouno onpedeagemcs, eCiul Iyl 0000 KOIbIla
R € K u 106010 peméTounoro n3oMopdusmMa ¢ koirbiia R Ha KOIbIo RY BBITOIHSETCS Clle-
nytortee yeaosue: R? € K. Ecmu, xpome Toro, RY = R, To GymeM TOBOPUTH, UTO KOJIbIO IR
onpedeagemcd ceoell pewmroti nodxoaey.

[IponomxaeTcs n3ydeHne peréTOIHbIX M30MOPGI3MOB KOHEUHBIX JIOKAJILHBIX KOJICI, Ha-
garoe B paborax [1] — [5]. Ilycrs k,l,m,n — npousBoibHBIE HATYDPAJIbHBIE YUCIA, D, —
npocThie wmena. Haszosém xombio R komemnom Tuma (1), ecmn R =2 GF(p?") u nazosém R
kombriom tuma (1), ecrm R =2 (e) + V, tme o(e) = p!, e — emummunbiit smement, V. —
HUJILIIOTEHTHOE KOJIBIIO.

O603raunM yepes L KJIacC KOHEUHBLIX JIOKAJILHBIX KOJICIl, He CONePXKAIIIUI KOJIEI THIIOB
(I) m (IT). 3adukcupyem uucia k, m,n,p U ONpeneIuM B Kiacce L CIEMYIONMe TOIKIACCH
KOJIEIl XapaKTEePUCTUKN P:

Lyn={R|R=F+N,F2GF@"),k>1,N =RadR,|R| =p"",n > 1};
E;kn ={Re Ly |(VfeF)(Vre N)(fr=rf)}
pin = {R € Lpkn | (Vr € N)(r™ = 0)(m > 1)}.

[Tomyuens! cnemyrole pe3yIbTaThI:

Teopema 1. Kmaccer L, Lkn, E}l),m, E;}m, PEIIETOYHO OHMPENEISIIOTC.

Teopema 2. Jloboe omqHOMOPOXAEHHOE KOJIBIO U3 KJIACCa £11),m oIpeneyaeTcss CBOeH
PeIIETKOH MOIKOJIEL.
Teopema 3. Ilycte R — KOMMyTaTHUBHOE KOJIBIO, NpHUHAAIEXKAIEe Kaaccy Lpin,
(¢ — peréTouHbIi m3oMopdusM koabna R Ha komMMyratuBaHOe Koibio RY. Torma, ecam
ind(Rad R) < p, To ind(Rad R¥) = ind(Rad R).
CIIMCOK JIUTEPATYPHI
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IlonyuenHble TrpynnoBbI€ KOJILIA PACIIMPEHUN IPOEKTUBHBIX CIEIUAIbHBIX
JIMHEWHBIX T'PYIIN HAM II0JIEM XapaKTEePUCTUKu 3

A. B. KyXAPEB

Kombio Ha3bIBaeTCs TOMYIEHBIM, €CIIA €r0 MIPABBIN PETYIISIPHBINA U JIEBBIA PEryISPHBIT
MONYJIN SIBJISIIOTCS TPSIMBIMU CyMMaMU IenHbIX Momysneit. [lomynennbie xosblia sSIBISIOTCS
€CTECTBEHHBIM OOOOIIIEHNEM TOIyIPOCTHIX Kojem. 1losToMy BO3HHKAaET BOIPOC, B KAKUX
caydJasx IpynmnoBoe koiblo F'G xoneunoi rpynnel G Ham nosieM F' sBIIs€TCs MOy EITHBIM.
W3BectHO, HanpuMmep, 4uTo eciaun (G — p-paspeuinMasi I'PYINa ¢ NUKIAIECKON CUIOBCKOW p-
monrpynmnoi u ' — moste xapakTepucTuku p, To Koiablo F'G momynennoe. Takxxe oTeT
M3BECTEH I BCeX MpOCThixX rpyni [1]. OmHako st HepaspelmMbIX HEIPOCTHIX IPYIIT 5TOT
BOIIPOC OCTAETCSI OTKPBITHIM.

[Tpennomnoxum, auro G — He p-pa3pelmmast IPYyIa C IUKINIECKON CUIIOBCKON P-TIOATPYII-
noit P. Torma cymectsyer HopMmanbHblil psan 1 C Oy (G) C K C G, roe K — HauMeHbIIIas
HOpMasIbHas moarpynma B G, cobersenro comepxkartas Oy (G). Ilpum stom K/Op (G) —
npocras Heabenea rpynmna. Ilockonbky unnekc |G : K| B3auMuO mpoct ¢ p, TO Konbio FG
MOJIYIIEITHOE TOTMIa U TOJbKO Toraa, korna F' K momnyuensoe. IlosTomy muHTEpecyrommii HaC
BOIIPOC CBONUTCS K HaxXOxkIeHmIo Bcex rpynn G u momeit F, mms xoropeix G/O, (G) ects
mpocTas I'Pymnmna, a rpynmnoBoe koibilo F'G momyuenunoe. B mactosiein pabore oTBeT mO-
JIyUeH IJIs PaCIIMpPeHnil HeKOTOPBIX rpynn Buna PSL(n, q) B ciydae moist XapakTepPUCTUKN

3.

Teopema. Ilycrs F' — moiste xapakrepuctuku p = 3, u myctb (G — KOHeYHAas TPYIIIA,
rakasg, 4ro G /O, (G) = PSL(n,q), roe ¢ = 2,5 (mod 9). Torma rpynmosoe xonbno FG
IIOJTYLIETTHOe, €CJIA U TOJIBKO ecau n € {2, 3}.

Hanpuwmep, rpynmosoe konbio rpymmst SL(2,5) nan nomem Mamya GF(3) sBasercs mo-
JIYLEIHBIM.

Uccnenosanue BomomnaeHo 3a cyer rpanta PH® (mpoext 18-71-10007).
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O KOHEUYHBIX CHUJIBLHO KPpUTHNYECKNX KOJIbIIaxX

FO. H. ManblEB, E. B. 2KYPABIIEB

Koneunoe acconnaTuBaoe KOIbIO R TOPSAIKA 1 HA3BIBAETCS CIIIBHO KPUTHIECKIM, €CIII
R ¢ var (B| |B| < n), To ecTb cymecTByeT MHOrOuIeH f(x1,...,%,) CBOOOMHOIO accoIua-
TUBHOTO KOJbIA Z (X1, . .., Ty) Takoi, ato f(x1,...,z,) = 0 ABISeTCS TOXKIECTBOM B JIIOOOM
KOHEUHOM KOJIblle B IOpsIKa MEHBIIEro 7N, HO He sBIIAETCS TOXKIeCTBOM B Kosble R. Tak
Kak coOCTBeHHBIE (GaKTOPHI KOHEUHOIO KOJIblla R MMEIT MOPSIOK MEHBIINI, YeM IOPSIOK
R, TO Kax[Ioe CHJIBHO KPUTUIECKOE KOJIBIO SIBIISIETCS KPUTUIECKAM, & CIINOBATEIHHO, IO~
IPSIMO HEPA3JIOKUMBIM U €r0 IOPSIOK — CTENEeHb IIPOCTOro Ynciia. TakuM o6pasoM, CHIIBHO
KPUTUIECKHE KOJIbIa 00pas3yioT HOOKIIACC KIIACCA BCEX KPUTUIECKUX KOJICII.

Jloka3aHbl CIIEMYIOIIe Pe3yIbTATEL

Teopema 1. Ilycts R — kOHEYHOE HUJIBIIOTEHTHOE KOJIBIO, HE SBIIAIOIIEECS CUIBHO
kpurudeckuMm konbroM. Torma R € var (Ai,...,A,), roe Aq,..., A, — HUIBIOTEHTHBIE
KOJIbI[a IOPOKa MeHbIero |R)|.

Teopema 2. Ilycte R mpoctoe koHeyHOe KoJbHO. Torma R — cuIpHO KpUTHYIECKOe
KOJIBIIO.

Teopema 3. Ilyctes R — KOHeUHOe accollmaTUBHOE KOJIBIIO ¢ equHUIen. Torma ciemyro-
111U€ yCJIOBUS 9KBUBAJIEHTHBI:

(1) R — cuipHO KpUTHYECKOE KOJIBLO;

(2) g mo6oro HaTypaapHOro duciaa n koaeno M, (R) aBiseTcs cuiabHO KDUTHIECKIM
KOJIBIIOM;

(3) cymecTByer HaTypajgbHOE 4mcao N Takoe, 4to M, (R) saBiseTcs CUIBHO KpUTHYIE-
CKHM KOJIBI[OM.

Teopema 4. IIycts R — koreunoe konbno c equannen, J(R) — ero panukan I[xeko6-
cora, R/J(R) = M, (GF(q)) u J(R) — cunpHO KpuTmyeckoe kosbno. Torma R — cuiabHO
KPUTHIECKOE KOJIBIIO.

Teopema 5. IIycts R — KOHEUHOE KOJBIIO IIOPAAKA P UM P? I HEPA3IOKIMOE B IIPAMYIO
cyMMy HeHy7eBbIX mpeasioB. Torma R — cmipHO KpmTmdeckoe kosbno. B gactHOCTH, BCe
KPHTHYECKHe KOJIbIa MOPAIKa He 6osee p° ABIAIOTCA CHIBHO KPATHICCKIMIL.

[ycts R — xombIio nopsamka 8 Taxoe, uto (R, +) = (a)+ (b), rme 4a = 2b = 0, a®> = b? = 0,
ab = ba = 2a. [Hokazano, 4T0 R — KpUTHUIECKOE KOJIBIIO, HE SIBJISIOIIECECS CUITBHO KPUTUUE-
CKIIM.
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O sorapmudmuyeckoit oreHke ¢GpyHKIINN KOpocTa ajre6p m paBHOMEDPHO
PEeKyPPEHTHHBIX CJIOB

. B. MUTPO®AHOB, . A. MEJILHUKOB

[Iycrs mana xoneuro nopoxnennas anrebpa A = k(X) /I uag nonem K, rme k(X) - cBo-
bonmHas anrebpa ¢ 0OpasyIoIIMMU U3 KOHEYHOTO MHOXKEeCTBa X, a [ - OBYyCTOPOHHUHN MOeall.
[Iycte G - Mmunnmasbabll 6asuc ['pebuepa amre6por A. MoOHOM Ha3BIBAETCS COKPATUMBIM,
€CJIN OH SIBJISIETCSI CTAPIINM MOHOMOM IIJIsi HEKOTOPOro sieMeHTa umeata [. O6GcTpykiuei
Ha3bIBAE€TCSI COKPATUMBIN MOHOM, BCSKHUI IIOOMOHOM KOTOPOTO He COKpaTuM. PocTom Ha3bI-
BaeTCsl GYHKIUS OT 1 - pa3MePHOCTH IIPOCTPAHCTBA HEHYJIEBEIX MOHOMOB CTeNeHU He 6oitee
N, KOPOCTOM YK€ Ha3bIBAETCS KOJI-BO OOCTPYKIUI MinHBI He Gostee n. Bergman Gap theo-
rem yTBEPKIAET, UTO pa3MepHOCTh |'enbbanna-KupunioBa He MoxeT ObITH B MHTEPBAJIAX
(0;1) u (1;2). Mbr mokasaiu ee aHAJIOT IJIs KOPOCTA, & UMEHHO UTO KOPOCT JIH60 KOHEUEH,
60 xoTs 6bI Jorapupmuien. [Ipobmemarnka MuHIMaIbHOTO 6a3uca ['pebrepa-Illuposa
pasbupaetcs B paborax [1], [2].

Beckoneunoe cmoBo A Ha3BIBAETCS PABHOMEPHO PEKYDPEHMHBIM, €CITH IIJISI BCIKOTO TOM-
cioBa S cioBa A cymiecTByer n, Takoe 4To s j06oro noncioBa Wocnosa A miusb N, S
nonciaoBo W. O6cmpykyueti Ha30BeM CJIOBO He SIBIISIFOIIIEECS TONCIIOBOM A, BCSKOE IMOICIOBO
KOTOpOTro sBjsieTcss monciaoBoM A. Mbl mokaxkeMm, 9TO B paBHOMEDHO PEKYPPEHTHOM CJIOBE
KOJIM4eCTBO OOCTPYKIIUI MIMHBI He 60Jtee N XOTs ObI l0gsn OIS CKOJIb YTOOHO MHOTHX M.

im OW—(n) > 1.
n—oo [ogsn
AHasoruuHbIil pesynbTaT I MEPUOMUYECKUX CJIOB ObLI MOKa3aH JIaBPOBBLIM U HECKOIBKO
no3nuee bornamoBbiM-YennokoBbiM. B ux paboTe moka3biBaeTCs, UTO MIMHA IEPUOIA CJIOBA,
W me mpeBocxonutT x-oro uncia PuboHawIM, T T - KOI-BO OOCTPYKIIHUI.
Cwm. arxiv.org/abs/1412.5201 (Hokmnamsr akanemun Hayk, 2016, Tom 468, No 5, c. 492—
495), arxiv.org/abs/1305.0460.

HManuas pabora momnepxkana ['panTom Poccuiickoro Hayunoro @orma N 17-11-01377.
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HOpr,HKI/I B IIOJIYIIPOCTBIX KOHEYHOMEPHbBbIX aJIl"eraX, 6IM3KUX
K acConmmaTHNBHBbIM

A. C. IIAHACEHKO

[Iycts A — accounaruBHas anre6pa ¢ HeHyJIeBbIM HeHTpoM Z # 0. Paccmorpum MHO-
XKeCTBO S PeryJIIpHbIX B ajrebpe A 57eMeHTOB neHTpa Z. Torma MOXKHO IOCTPOUTH ayre6py
yacTHEIX B = S7'A. B sToM ciygae anrebpa A HazeIBaeTCs nopgdxom B anrebpe B.

WN3BectHO, uTO eciu anrebpa A mosynepBrdHA, YIOBIETBOPSIET TOXKIECTBEHHOMY COOT-
HOIIEHUIO U YCIOBUIO 0OPbIBA BO3PACTAIONINX TeTell aHHyIATOpOB, TO anrebpa S~ 1A momy-
npocra u koHeuromepHa ([1]). B cBssu ¢ sTum, npencrasiser nHTEpEC U3yUeHNE HEHTPAIIb-
HBIX TIOPSIIKOB B KOHEYHOMEPHBIX HOJIyIIPOCTHIX ajre6pax B APYTUX MHOIOOODPA3UsIX.

Ounpenenennme. Anre6pa A HA3BIBAETCS AALMEPHAMUBHOU, €CIU B HENl BBIIOJIHEHbBI
CITEIIY 0L TOXIECTBA:

(zy)y — 2y = ®y — a(wy) = 0.

Ounpenenenne. Anre6pa A Ha3bpIBaeTCS G0PIAH060U, €CIIN B HEHl BBIOIHEHBI CIICLYIO-
L€ TOXIECTBA:

(2%y)z — 2*(yz) = 2y — yr = 0.

B pa6Gote [2] 6buT0 mMOKa3aHO, YTO MOPSNOK B MOJIYIPOCTON KOHEYHOMEDHOI accouua-
THUBHOII asre6pe sBIISETCsI KOHEYHBIM MOJYJIEM HAI[ LEHTPOM IIPU YCIOBUU, YTO STOT LEHTP
HeTepoB. B mocnemuue ronbi ([3]) GbLIM MOMYYeHBI Pe3yIbTATHI, OGOOIIAIONINE YIIOMSIHY-
TBI Pe3yIbTaT Ha HOPSIOKA B IPOCTHIX KOHEUYHOMEDHBIX AJIbTEPHATUBHBIX U HOPIAHOBBIX
cynepasirebpax. B aToit pabore mokasaHo ciemyroliee yTBepKICHIE.

Teopema. Ilycte A — mopsmok B MOJIYIIPOCTON KOHEYHOMEPHOH aJIbTE€PHATHUBHOH HJIHI
HopaaHoBOI ajrebpe u myctb Z — meHTp A, koropsiii HerepoB. Torma A saBiseTcs KOHEYHO
TIOPOXKIEHHBIM / -MOIYJIEM.

UccnenoBanue BBITIOTHEHO TIpU (puHaHCOBOU Tonnep:xkke PODPU B paMKax HAYIHOTO TIPO-

ekta 19-31-90055.
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O cTeneHn CTaHAAPTHOIO TOXIECTBA B KOHEUYHOMOPOXJMIEHHON HUJILIIOTEHTHON
asire6pe R Han mpou3BOJIBHBIM IOJIEM C ycjioBueM dim RN JRN+1 =2

E. II. IIETPOB

B pa6ore [1] 6b1710 OKa3aHO, YTO BCSAKAs ACCONUATUBHAS HUJILIOTEHTHAs KOHEUHOME]D-
Hag anre6pa R HaI IPOM3BOMBHEIM TojieM ¢ yemosueM dim R? /R3 = 2 ynosmeTBopsieT cTan-
JapTHOMY TOXIOECTBY CTEIICHU YEThIPDE

Sy(w1, w2, 23,24) = Y, (—1)7T0(1)T0(2)To(3)To(a) = 0.
ogESy
[Ipuuem sTa oneHKa SBISETCS TOUYHOM.

B mporecce 06001enns ykazaHHOrO pesyiabrara B paborax [2] u [3] BBLICHUIOCH, 9TO
acCONMaTUBHAS HUIBIIOTEHTHAs S-TOPOXKOCHHAs ajarebpa R, HaI moJeM XapaKTepUCTUKH,
He paBHOI 2, ¢ yciaosueMm dim RY / RN+L = 2 npu N > 2, yIoBI€TBOPST HPU IOCTATOYHO
OOJILIIINX 3HAYEHUIX UUCTIa N CTaHOAPTHOMY TOXIOECTBY 3HAYUTEJILHO MEHBIIen CTeIIeHN,
qem N.

Crnenyroias Teopema (B padore [4], nekabps 2019 r.) mpemocTasiser ajropuTM HAXO-
XKOEHUs CTEIIeHN MUHUMAJIBHOTO TOXKIECTBA S-TTOPOXKIEHHOW HUTBIIOTEHTHON ajrebphl ykKe
HaJI TIPOM3BOTBLHEIM TofieM ¢ yerosmeM dim RY /RN+L =2 N > 3, nna 6eckomeanoro mHO-
KecTBa 3HauYeHUn N OIpeneleHHOTO BUIIA.

Teopema. Ilycmv R — npou3eoabhad S-noporciennad (s > 2) Huabnomenwmuad aize-
6pa nad npouseosvnbim noaem ¢ ycaosuem dim RN /RNt =2 N > 3. Toeda
1) ecau s < N + 2, mo R ydosaemeopsem cmandapmmomy moarcdecmsy

ST(xl,xQ, oo 7'7;T) = O7
[(N42)(s—1)24s™ ! —m(s—1)s—
2de T = |2 ),:(Z_l)z m(s—1)s 5—‘ U napamemp m blUUCAICMCT N0 HOPMYAAM:
( (N42)(s—1)%—s
s—1 *.
log, log, NA2(—D2—s | ecau N < N*;
— s s (s—1
me= S%
S *
1Ogsl (N+2)(s—1)2—5 | 7 ecau N > N ,
\ 08s — s (s—1)
_1)2_s
(N+2)(s—1)%—s log,
S * om %
. 08s —%(s-1)
N* = > Y
(s —1)

2) npu amobbiz 3Hauenuazr s aizebpa R ydosiemeopgem cmandapmmomy moxcdecmesy
Sny2(x1,22, ... ,xN42) =0.

(ms—m—s)-s"+s

3ameuanue. Ecium > 3, To nia N = —24+mr,tnel <r < s™,

(s —1)?
HaﬁHeTCH TaKasd S-TIIOPOXKIOCHHasA HUJIBIIOTCHTHAL aJIre6pa R HaOo IIPpOMU3BOJIBHBIM IIOJIEM C
yenosuem dimRY /RNTL = 2. xoTopas He ymoBneTBOpSET HUKAKOMY MOIMIHHEHHOMY TO-

xnectBy crenenu (T — 1).
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O6 sHomomMopdax mpaBOCUMMETPUUECKUX AIrebp

A. TI. TIOKUIAEB

[Iycts End(A) — anrebpa sumomopdusmoB anre6per A. PaccMoTpum mpsamyio cymMmy
anre6p E(A) := A& End(A) u sHanenum ee Ipon3BeneHneM IO IPABILITY:

a-A=aA, A-a=aA+ A R,

s Beex a € A, A € End(A). Tonyuennyro anre6py HazoBeM sndomopgom anre6per A.
ITo onpenenernnio A u End(A) ssistorcst nonanrebpavu B F(A), a A — 5T0 ecTeCTBEHHBII
npasbiit Momyib Han End(A). Takum obpaszoMm, 5HOOMOPG — 5TO €CTECTBEHHOE DACIIIN-
peHre ajareOphbl MPU MOMOIIU €€ ajaredpbl SHAOMOPGU3MOB. DHIOMOPGLI BO3HUKAIOT MIPU
OMUCAHUN IPABOCUMMETPUUECKUX aJIreOp, CoIepKallinx Iogajaredpy MaTpuil ¢ oOIleil enu-
uuneri. HamomuuwMm, uto anrebpa A HasbiBaeTCsS NMPaBOCUMMETPUYECKON, €C/IM aCCOIMaTOP
Ha A mpaBOCUMMETPUYEH, T. €. CHUMMETPUYEH OTHOCUTEIBHO MBYX MOCIEIHUX APTYMEH-
toB: (2,y,2) = (x,2,y) mns Beex z,y,z2 € A, rme (z,y,2) = (zy)z — x(yz) — acco-
IaTOP BJIEMEHTOB &, ¥, 2. Kakx oka3ajgoch, YACTHBIM CJIydYaeM SHIOMOPQa SIBISETCS KOH-
crpykmnus 2K.XenMmcrerTepa, mpemioxensas B 1971 r. Mbr nokassiBaem, UTO 3HOOMOPG®H
(cymep)asre6psl ABIIsIeTCS TPOCTON (cymep)anre6poli, eciu UCXOmHas ajirebpa He sIBIISIETCS
anreGpoil CKAIIIPHOTO yMHOXeHus. Fcnu umcexonuas (cymep)anrebpa siBIsieTCs IIPaBOCIMME-
TPUUECKON (IIPESINeBoil), TO ee YHAOMOP() TakkKe mpaBocuMMeTpuyeH (npeaues). TeM caMbiM
CTPOUTCS IIUPOKUI KIIACC MPOCTHIX (IPaBOCUMMETPHUYECKUX, IIPEJIMEBBIX) (cymep)asrebp,
comepXkalmx MaTPUIHYO0 monajarebpy c obien enuuuieir. HaxomuTes anrebpa nuddepen-
IIPOBAHUNT SHIOMOP(da YHUTAJIBLHON ajare6pbl U TPYIIa aBTOMOPGU3MOB ITPOCTON TPABOCUM-
MeTPUIECKON asreOphl, SIBIISIOIENCS YHAOMOPGHOM TMPSIMONA CYMMBI TTOJIEM.
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MHuoroo6pa3usi pa3pelnMbIX NTOPOAHOBBIX ajre6p

A. B. ITonos

Bynem cunTarh, 9TO XapakTepucTuka OCHOBHOrO mojis I pasua mHysm0. O603HaUnM uepe3
Vj MHOrooOpa3sue HOPIAHOBBIX ajareOp, yIOBIETBOPSIOIINX Iape TOXKIECTB

z?yx = 0, (z1y1) (w2y2) (z3y3) = 0.

B pa6ore [1] mokazaso, a0 MHOrooGpasue ) uMeeT OnpeneseHHbIe CBI3M ¢ MHOrooOpa-
suem asnre6p Jlu Lie. B muoroobpasuu iiopmamoBeix anrebp Jord pomb MmuHOTOOOpasus Vj
OIpENessIeTCs CIEMyIomell TeopeMont 2, npensioxenue 6.6).

Teopema 1. Unean roxnects id (V) <F 7004 [X] gBagercs Hambompmmm 51eMeHTOM B

MHOXKECTBE HIEaJIOB {I AF 76ra [X]| I C (F70rd [X])(2)}-

Teopema 1 BMecTe ¢ pesynbraraMu paboThI [1] 03BOIISIET BO MHOIUIX CUTYALUSIX CBECTH
n3ydyeHne MHOroobpasus )V K u3ydeHuto ero nmogMuoroobpasus VMV ;. C mOMOIIIbI0 TaHHOTO
MIONIXONA, B YACTHOCTH, ObITIa TOKa3aHa CIIEMYIOIas TeopeMa.

Teopema 2. Ilycts V — mpomu3BoJIbHOE MHOroOOpa3ue pa3perIuaMbIX HOPAAHOBBIX AJl-
rebp. Torma

(1) Poct mHOrOO6pa3sus V 9KCHOHEHIMAIBHO OTPAHUYEH TOrAA U TOJBKO TOIAa, KOTIa
MHOroob6paswue V NV j uMeeT 5KCHOHEHIINAJIBHO Or DAHUIEHHBIH POCT;

(2) Poct MHOroo6pasmus V HOIMHOMUAIBHO OTPAHUYEH TOLAA U TOJBKO TOLAA, KOTIA
Jord® ¢V, roe Jord® — MmHOroo6pasue paspemmnMbIx HHAEKCA 2 HOPTAHOBBIX
aJjreop.

(3) Mmuoroobpasme V HUIBIOTEHTHO TOTAA U TOJIBKO TOTJA, KOTAA B ) BBIIOJIHEHO
CTaHOAPTHOE HOPOAHOBO TOXAECTBO |2, Teopema 5.1].

CaenctBue 1.

(1) Meuoroo6pasme Jord?) — emgmmcTBeHHOE MHOr0O6pAa3HMe HOYTH MOTHHOMUATHHOLO
pocTa cpear MHOrooOpasui pa3perrmMbIX HOPIaHOBBIX ajareop;
(2) HMmeercs Bcero nBa mo4TH HUIBHOTEHTHBIX MHOTOOOPA3Ws HOPHAHOBBIX ajareop [2,
crencraue 5.2]:
e mHOroobpasme Com acCcolmaTUBHBIX KOMMYTATHBHBIX ajreop;
e MHOroobpasme V HOpHAaHOBBIX aare6p, yIOBIETBOPSIIOIIINX TOXKIECCTBAM

(z191) (122) =0 m 2% =
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MakcuMajibHbIE 3TaJIbHEIC l'IO,Z[aJ'Il"eﬁpr OHEHTPaAJIBHBIX IIPOCTBIX aﬂreﬁp

C. B. TuxoHoB

Pon gen(D) koneuHOMEPHOI LEHTPaIBHON airebpsl ¢ nererneM D Han mosem F ompe-
nesnsieTcs Kak cemennctso kiaccos [D'] € Br(F'), rne D' — unenTpanbuas F-anreGpa ¢ mere-
HIEM, IMEOITIasi TAKUe Ke MaKCUMaJIbHBIE TIOATOs, 9To u ajarebpa D. O1o o3nadaer, ato D
u D' nuMeroT onquHAKOBYIO CTelneHb n, u pacimupenne K /F crenenn n nomyckaer F-BioxeHue
K < D Torma m TOIBKO TOrma, KOraa oHO momyckaeT F-saoxenme K <— D',

Cremyrortme Bonpocs! 6butn copMyiupoBassl B [1]:

Crenyer nu u3 Toro, 4ro anre6ps ¢ generneM D u D' ©MeOT ONUHAKOBBIE MAKCUMAJIb-
HBIE TOMIOJSI, TO, YTO MaTpudHble anre6psr M;(D) u M;(D') umeoT omMHAKOBBIE MaKCU-
MaJIBHBIC IIOOIIOJNIA (I/I.HI/I MaKCUIMaJIBHBIC 5TAJIbHBIC HOI[aJ’IFe6pI)I) OJId BCEX (I/IJII/I XOTs OBI JJI5L
HekoTOporo) [ > 17

IIycth n1 m ng — B3aMMHO IPOCThIE HATypaibHble uncia. Ilycrs Takxke D; u D) —
IIeHTPaJIbHBIE aJreOphl ¢ mejleHneM cTeleHu n,; Ham mogeMm F, ¢ = 1,2. Bepwuo au, uTo ecimun
gen(D;) = gen(D)) mnsa i = 1,2, o gen(D; ® Dy) = gen(D] ® D5)?

[ens mokmama — OPENCTABUTH OTPUIATEIbHBIE OTBETHL HA 5TU BOIPOCH ([2]).
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Binary Leibniz algebras

A. DzZHUMADIL'DAEV, N. ISMAILOV

An algebra with identity (ab)c = a(bc) —b(ac) is called (left)-Leibniz algebra. An algebra
is said to be a mono Leibniz algebra if every one-generated subalgebra is a Leibniz algebra.
An algebra is said to be a binary Leibniz algebra if every two-generated subalgebra is a
Leibniz algebra. Gainov found defining identities of variety of mono Leibniz algebras in [1].
We give a characterization of binary Leibniz algebras in terms of identities.

Theorem. An algebra A over a field K of characteristic not 2 is binary Leibniz if and
only if it satisfies the following identities:

(aa)b =0,
(ab)a + b(aa) — a(ba) = 0,
(ab)(ab) — a(b(ab)) + b(a(ab)) = 0.

The second author was supported by grant AP08052405 of MES RK.
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New simple binary-Lie superalgebras

A. GRISHKOV
By definition, a Zs-graded algebra B = By @& B; with the following graded identities:
zy = (1) "y,
(xy)z.t —x.(y(zt)) + (=) {y.(x2.t) + y.(z.2t) — (y.x2)t}
+ (=1)*{x.(yt.2) — (zy)t.z — (z.yt)z} = 0,
is called a binary-Lie superalgebra (SBL—algebra). The problem of classification of the
finite-dimensional simple S BL—algebras over the field C is open. We know unique example

of such SBL—algebra B = By @& By with By # 0. It has dimension two with dimcBy =
dimcB, = 1, and it was constructed by I. Shestakov. I. Shestakov proposed the following

Conjecture 1. Let B = By @ B; be a finite-dimensional simple SBL—algebras over
the field C with abelian even part By and dim B; # 0. Then dim B = 2.

We prove that all conditions in this Conjecture are essential. More exactly, we construct
three simple S B L—algebras 57,52, S3 with non-trivial odd parts and abelian even parts such
that 57 is finite-dimensional over a field of characteristic p > 2, S5 is finite-dimensional over
a non-algebraically closed field of characteristic 0, dim S > 2, dim Se > 2 and S35 is infinite-
dimensional over C.

This talk is based on a join paper with Ivan Shestakov (Sao Paulo/Novosibirsk) and
Marina Rasskazova (Omsk).
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Unital decompositions of the matrix algebra of order three

V. Yu. GUBAREV

We classify all decompositions of M3(C) into a direct vector-space sum of two subalge-
bras such that one of the subalgebras contains the identity matrix.

We split the problem of classification of unital decompositions M3(C) = A @ B, where
dim B > dim A, into 3 main cases: dimB = 7, dim B = 6, or dim B = 5. In the first
case, it is known that there is a unique 7-dimensional subalgebra of M3(C) up to transpose
and action of Aut(M;3(C)), it is M = Span{ei, e12, €13, €22, €23, €32, €33 }. Given a direct
decomposition M3(C) = S & M, we may assume that S is generated by matrices e + mq
and e3; + mg, where my, mo € M. Applying the condition that S is a subalgebra, we find
possible decompositions.

It is known that up to transpose and action of Aut(M3(C)) there are two 6-dimensional
subalgebras of M3(C): either the subalgebra of upper-triangular matrices or the subalgebra
of matrices with zero first column. For the dimension 5, we prove

Lemma. Every 5-dimensional subalgebra in M3(C) up to action of Aut(M;5(C)) and
up to transpose is one of the following ones,

1) Span{en, €22, €23, €32, 633}»

2) Span{ei1, €12, €13, €22, €33},

3) Span{ei1, €12, €13, €23, €22 + €33},

4) Span{ei1, €12, €13, €22, €23},

5) Span{ei1,e12, €13, €23, €33},

6) Span{ei + e33, €12, €13, €22, €23 }.

Altogether there are 71 decompositions, some of them involve one or two parameters.
In some subcases we are able to prove that all obtained variants lie in different orbits
under automorphisms and antiautomorphisms (i. e., compositions of an automorphism and
transpose) of M3(C), see, e.g., the following result.

Theorem. Every direct decomposition of M3(C) with two subalgebras of the dimen-
sions 3 and 6, where a 6-dimensional subalgebra is unital, up to transpose and up to action
of Aut(M;3(C)) is isomorphic to S @ Span{eiq, e12, €13, €22, €23, €33}, where S is one of the
following subalgebras:

(T1) Span{ez1, es1, €32},

(T2) Span{eg; + €22, €31, €32},

(T3) Span{es; + e22 + €33, €31, €32},

(T4) Span{ez; + €22, €11 + €22 + €31, €31 + €32},

(T5) Span{ea; + e22,€11 + €22 + €31, €12 + €21 + €32},

(T6) Span{es; + €22 + €13 — ea3 + €33, €11 + €22 + €31, €12 — €22 + €32}

Moreover, all cases (T1)—(T6) lie in different orbits under action of automorphisms or anti-
automorphisms of M3(C) preserving the six-dimensional subalgebra.

The work is supported by Mathematical Center in Akademgorodok.
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Nonfinitary niltriangular algebras and their automorphism groups

V. M. LEvCcHUK, I. N. ZoToVv

Let T" be an arbitrary chain (or linearly ordered set) and K be an associative ring with
identity. Denote by M (I', K), the K-module of all matrices ||a;j||; jer over K, and by
NT(I', K), the submodule of all matrices with a;; = 0 for all i < j. For any infinite chain I
the K-module M (I", K') with usual multiplication is not algebra. The submodule FM (T", K)
of all finitary matrices in M (I', K) is always algebra. Since the subalgebra R = FNT(I', K)
is radical (even a nil-algebra), the adjoint group G(R) ~ FUT(I', K) = e + R. Earlier the
automorphism groups of the ring R and the associated Lie ring R(~) and, also, Aut G(R)
had been described, when ring K has no zero-divisors [1]. We show that the submodule
NT(T',K) is an algebra if and only if the chain I' is isomorphic to N, Z or Z \ N; all such
algebras are radical.

Clearly the inclusion Aut R C Aut R(7) is always satisfied for any ring R. We find the
structure of automorphism groups for R = NT(T', K) and R, when K is commutative
ring. All automorphisms and antiautomorphisms of the chain I" generate an infinite dihedral
group Aut I' X (1) for I' = Z, the group () of order 2 for finite chain I' and the group
of order 1 for I' = N or Z \ N. Denote by D, Aut K and Aut I', the subgroups diagonal
automorphisms and induced by automorphisms ring K and chain I', respectively [1]. Also,
W is generated by idempotent automorphisms of Lie algebra R(~) at finite chains T’ and
W = (r) at I = Z. We suppose that K is an integer domain, if T is infinite.

Theorem 1. The automorphism groups Aut R(~) is generated by inner and hyper-
central automorphisms and the subgroups B automorphisms which is identical modulo R2.
Also, B= ((D N Aut T) X\ Aut K) X W mod RZ.

Models of algebraic systems of a first order language are called elementarily equivalent,
denoted =, if every sentence true in the one is true in the other. In 2018 I.N. Zotov and
V.M. Levchuk proved the following theorem.

Theorem 2. Let N®(K), N®'(S) be Lie rings, and N®(K) of classical type D,
(n>4), By, or C,, (n >4). Then a) N®'(S) ~ N®(K) < root systems ¢, & are equivalent
and S ~ K; b) N®'(S) = N®(K) < root systems &', ® are equivalent and S = K.

This work was supported by the Krasnoyarsk Mathematical Center, which is financed
by the Ministry of Science and Higher Education of the Russian Federation (agreement no.
075-02-2020-1534/1).
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About one modification of concepts of completely, reducibility, periodicity and
primarity for associative rings

L. M. MARTYNOV

In 1996, we defined analogs of the concepts of a complete (divisible), reduced, periodic
(in particular, primary) Abelian group for arbitrary algebras. In the case of groups or semi-
groups, the concept of periodic algebra turns in the generally accepted concept of a periodic
group or semigroup as an algebra with finite monogenic (i.e., one-generated) subalgebras.
We would like to have a similar situation at least in the case of associative rings. In our
approach, when we started from the set At(L(As)) of atoms of the lattice L(As) of subva-
rieties of the variety As of all associative ring, any non-simple finite field was not periodic.
In [1], we drew attention to the fact that sometimes it can be a useful modification of the
concepts under discussion, when instead of the set At(L(V)) for the variety V of algebras
another set M of subvarieties of V' is considered.

Here we propose to consider the special set 2t of subvarieties of As, consisting of varieties
Z, and F,» generated by of the ring Z, of residues modulo p and the finite field Fn,
respectively, for all prime number p and natural number n > 0.

Let’s call a ring R 9M-complete if R has no homomorphisms to non-zero rings from
varieties of 9 and M-reduced if R has no non-zero M-complete subrings. We call the ring R
M-periodic if any monogenic subring of R is finitely 9-reduced, i. e., has a finite decreasing
ideal series to factors from varieties of the set 9. A ring R is called M-primary if for some
M € 9 each its monogenic subring is finitely M-solvable, i. e., has a finite decreasing ideal
series to factors from M. It is clear that a M-primary ring is 9-periodic. Any finite field
is M-periodic and M-primary.

We study properties of the concepts defined above. In particular, we characterize the
M-periodic, M-primary and IM-reduced varieties of associative rings. Here we give only one
result. Using Proposition 2.1 of [2], we prof the following statement.

Theorem. For varieties of associative rings V the following conditions are equivalent:

(1) V is a M-periodic variety;

(2) V is a locally finite variety;

(3) all monogenic ring of V are finite;

(4) V satisfies the identities % = 2!, nz =0 (k> 1> 0, n > 0).
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The compressed zero divisor graphs of order 4

A. S. MONASTYREVA

All rings under consideration in the article are associative. The zero-divisor graph I'(R)
of a ring R is the graph whose vertices are nonzero zero divisors of the ring (one- and two-
sided), and two different vertices = and y are joined by an edge if and only if zy = 0 or
yx = 0.

The geometric depiction of the zero-divisor graph is rather complicated even for rings
of small order. Therefore, it is necessary to partition the vertex set of the graph into cosets
so that the impression of the structure of the graph as a whole be preserved. In [1] — [4],
the authors proposed some method for solving this problem for commutative rings. In [5],
we extend their approach by generalizing it to the noncommutative case.

Let R be a ring. For any element a € R, denote l(a) = {z € R; za = 0},r(a) ={z €
R; az = 0}. For x,y € D(R), we say that x ~ y if and only if r(z) Ul(z) = r(y) Ul(y). It is
clear that ~ is an equivalence relation. We denote by [z] the equivalence class of an element
x € D(R). The compressed zero-divisor graph I'.(R) of a ring R is the looped graph whose
vertices are all classes [z] where z € D(R)*, and two vertices [z] and [y| are joined by an
edge iff zy = 0 or yx = 0.

Proposition 1 [5]. Let R be an associative ring and v € D(R)*. If x> = 0 then for
ally,z € [z], yz =0 or zy = 0. If 2% # 0 then for all y,z € [z], yz # 0 and zy # 0.

Note that the graph I' (R) may have loops. Proposition 1 implies that all vertices in
< (R) fall into two types. If 22 = 0 then [z] is a vertex with a loop; if 2% # 0 then [z] is
a vertex without any loop. Knowing the size of each coset [z], it is always possible to pass
from the compressed zero-divisor graph to the conventional zero-divisor graph. In [5], we
find the graphs containing at most three vertices that can be realized as the compressed
zero-divisor graphs of some finite associative ring. The present article deals with associative
finite rings whose compressed zero-divisor graphs have four vertices. Namely, we find the
graphs containing four vertices that can be realized as the compressed zero-divisor graphs
of some finite associative ring.
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Universal equivalence of partially commutative associative nilpotent algebras
defined by cycles

E. POROSHENKO

Let G = (A; F) be an undirected graph with no loop with the set of loops A 1 and the
set of edges E and let R be a domain R containing Z as a subring. A partially commutative
associative algebra on R is an R-algebra with the set of generators A and the set of relations
of the form

{ab=ba|a,b € A; a and b are connected by an edge}. (1)

This algebra is denoted by A(A;G). The graph G is called the defining graph of the cor-
responding algebra. So, A(A;G) = A(A)/I, where A(A) is the free associative R-algebra
with the set of generators A and I is the ideal generated by the set of relations (1).

The definition of partially commutative associative algebra on an arbitrary variety is
defined analogously. In this case, a partially commutative associative algebra is the associa-
tive R-algebra defined by the same sets of generators and relations and the identities of the
variety.

In the series of papers by the author [1]-[5] (the first one was co-authored with E. I. Timo-
shenko), criteria of universal equivalence for some specific classes of partially commutative
Lie algebras were obtained. The purpose of this work is to extend these results for partially
commutative associative algebras. Namely, we obtain a criterium of universal equivalence
for partially commutative nilpotent associative algebras defined by cycles.

Let AN, (A; G) denote the partially commutative nilpotent associative algebra whose
nilpotency index is ¢ > 3 and C), denote the graph which is the cycle on n vertices.

The following theorem holds.

Theorem. Let A and B be the sets of vertices of the graphs C,, and C,, correspondingly
and ¢ > 3 be an integer. Partially commutative nilpotent associative algebras AN .(A;C,,)
and AN .(A;C,,) are universally equivalent if and only if n = m.

The work is partially supported by REBR (project 18-01-00100).
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Free product of operads and free basis of Lie-admissible operad

B. K. SARTAYEV

Generalization of algebra equipped with two operations p and v without identities that
contain both products is a free product of operads O; and O, where generating operation
of operads O; and O, are u and v, respectively.

Obviously, if an operad O; (i = 1,2) has the graded space of generators V; and defining
relations ¥; C |J F(Vi)(n) then O % Oz(* symbol of free product of operads) is generated

n>1
by Vi @ Vo with defining relations 7 U 3s. In particular, we consider 2-Com(commutative)
algebra, as an analog of 2-As algebra [2]. There is natural connection between O; * Oz and
series-parallel networks.

Theorem 1. The dimension of 2-Com algebra generated by X = {x1} equal to the
number of series-parallel networks(or MacMahon numbers [4]) with n unlabeled edges.

n unlabeled edges |1 2 3 4 5 6 7
series-parallel networks | 1 2 4 10 24 66 180

There is a natural mapping from O; x O3 to series-parallel networks. Denote by N; each
subspace of 01 x O5 that defined by each network, then:

O1%x02(n) =N1®N2 @ ... BN,

where k,, are MacMahon numbers.

For the first time, Lie-admissible algebra was introduced by A. Adrian Albert. The main
idea of Lie-admissible algebra is that £ is a Lie-admissible algebra if £(~) is a Lie algebra.
Lie admissible algebra and operad was studied in [1] and [3].

Theorem 2. Operad Lie-adm isomorphic to Lie x Com.

n | 1 2 3 4 5 6 7
dim(Lie* Com(n)) | 1T 2 11 101 1209 21484 434314

It would be interesting to find other free algebras A as a Lie admissible that is isomorphic

to a free product of A(~) and A,
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Zariski topology on bicommutative algebras

K. M. TULENBAEV
Bicommutative algebras are defined by the identities ao (boc) =bo(aoc) and (aob)oc =
(aoc)ob.
A bicommutative algebra A is most close to commutative and associative case. Especially
A? is commutative and associative [1].
As usual, we define a prime ideal p of a bicommutative algebra A with the property that iff
Vr,y € A from x oy € p follows that x € p or y € p.
But we must be very careful with operating with such ideals because most theorems of com-
mutative algebra is true because we have identity element 1 such that aol =10a = a.
For bicommutative case, existence of such element give us associative and commutative case.
Another one unpleasant moment is that maximal ideal can not be prime.
Let us denote X to be SpecA. But we can prove that if Zariski topology is not empty, then
X is compact space if bicommutative algebra A is finitely generated.

Theorem 1. Let A be a finitely generated bicommutative algebra then X=Spec A is
compact space
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A Dixmier theorem for Poisson type algebras

U. UMIRBAEV, V. N. ZHELYABIN

Let U = U(sly(C)) be the universal enveloping algebra of the three dimensional simple
Lie algebra sla(C) over the field of complex numbers C. If h,z,y is the standard splittable
basis of sly(C) then the Casimir element C' = 2y + 2yx + h? generates the center of U. In
1973, Dixmier [1] studied the quotient algebras U/I, of U where I, = (C' — A\)U and A € C.
The quotient algebra U/, is simple if A\ # n? + 2n for any natural number n.

Let P be an associative commutative algebra over a field K. A skew-symmetric bilinear
operation {,} on P will be called a Leibniz bracket, if the following identity (the Leibniz
identity) holds:

{ZE-y,Z} =T {y,z}+{x,z} Y.

The center Z(P) of P with respect to the Leibniz bracket {, } is defined as the set of all
elements ¢ € P such that {c,a} = 0 for all a« € P. The elements of Z(P) are called Casimir
elements. Recall that P is called central over K if Z(P) = K.

Let L be an arbitrary algebra with a skew-symmetric bilinear operation [, ] over a field K
and let e1, e5 ... be a linear basis of L. Then there exists a unique Leibniz bracket {, } on the
polynomial algebra Keq, eq,...] such that {e;,e;} = [e;, €;]. The algebra (Klei,...,],-,{,})
is called the Poisson enveloping algebra of L and will be denoted by P(L). If L is a Lie
algebra then P(L) is a Poisson algebra. But if M is a Malcev algebra then P(L), in general,
is not a Malcev algebra with respect to {, }.

Theorem 1. Let P = P(sly(K)) be the Poisson enveloping algebra of sla(K) over a
field K of characteristic zero and let C = 4xy + h? € P be the standard Casimir element
of P. Set Iy = (C — A\)P for any 0 # A € K. Then the quotient algebra P/Iy is a central
simple algebra over K.

Let M be a seven-dimensional simple Malcev algebra over a field K of characteristic
0. If K is an algebraically closed field then it is easy to check that the standard Casimir
element Cyy = 4(xz’ +yy’' + 22") + h? belongs to the center of the Poisson enveloping algebra
P(M), where x,z’,y,y, 2, 2', h is a splittable basis of M. Recall that each triple of elements
{z,2',h}, {y,y', h} and {z, 2’ , h} forms a splittable basis for sl (K).

Theorem 2. Let P = P(M) be the Poisson enveloping algebra of a seven-dimensional
simple Malcev algebra M over a field K of characteristic zero and let Cyy € P be the standard
Casimir element of P. Set Iy = (Cyp — N\)P for any 0 # X\ € K. Then the quotient algebra
P/Iy is a central simple algebra over K.
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The number of solutions for a certain type of comparisons over prime field

E. V. ZAVALISHINA

In 2016, the U.S. National Institute of Standards and Technology (NIST) released a
Report on Post-Quantum Cryptography [1]. NIST suggests it is time to prepare for the
transition to quantum-resistant cryptography, seems some problems on which the crypto-
graphic algorithms are based can be solved by quantum computers.

In this regard, the author of this work and co-authors made an attempt to create a
new encryption algorithm with a public key, based on solving a system of homogeneous
polynomial equations in integers|2].

As a part of the study of the cryptographic resistance of this system, it is necessary
to determine the number of solutions for comparisons of a certain type. Let p be a prime
number, « € GF(p),r > 1,k > 1 be parameters of a comparison and b;; € GF(p) be
variables, where ¢ = 1,...,7. Then the comparison has the form:

k k
H blj + ...+ H ij = (mod p),
j=1 j=1

Let N¥ be the number of comparison solutions where o = 0, and MF be the number of
comparison solutions where a # 0.

Theorem. The number of solutions for the described comparison is determined by the
following recurrence relations:
k
Ve = 3 Ciom - 1)+,
i=1
M{{ = (m o ]‘)k_la
Nk = Nk NFE 4 MF (m—1DF for r > 2,
MF=MF  NF 4+ NE (m -0+ MF_ MF(m —2) for r > 2.

The work is supported by Mathematical Center in Akademgorodok under agreement
No. 075-15-2019-1613 with the Ministry of Science and Higher Education of the Russian
Federation and Laboratory of Cryptography JetBrains Research.
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Jordan superalgebras defined by an n-sphere

V. N. ZHELYABIN, A. S. ZAKHAROV

Let F = R(C) be a field of real (complex) numbers and let I' be an associative commuta-
tive algebra with a bilinear skew-symmetric operation (bracket) {,} : T x T' — I'. Consider
J =T + ¢, where T'¢ is an isomorphic copy of I and define a product (-) by

a-b=ab, a-b¢ = (ab)§, a&-b= (ab)§, a&- b€ ={a,b},
where a,b € I and ab is a product in the algebra I'. Define Ag = I' and A; = I'§. Then
J(I,{,}) = Ap+ A; is a superalgebra with an even part Ay and an odd part A;. A bracket
{,} is called a Jordan bracket if J(I',{,}) is a Jordan superalgebra.

Let I' = T'g + I'y be a Zy-graded algebra with a grading-respecting bracket {,}. Then
J(T0,T1,{,}) =Ty +TI'1§ is a subsuperalgebra of the J(I',{, }).

Theorem 1. Let n be an odd positive integer and let A(n) be the coordinate ring of
the n-sphere. Then A(n) = A(n)o + A(n); is a Zs-graded algebra. Moreover, there exist
a Jordan bracket {, },, on the A(n) such that J(A(n),{,}n) and J(A(n)o, A(n)1,{, }n) are
simple superalgebras.

Theorem 2. Let n be an even positive integer and let A(n,1) be the coordinate ring
of the direct product of n-sphere and affine line. Then A(n,1) = A(n,1)o + A(n,1); is a
Zo-graded algebra. Moreover, there exists a Jordan bracket {, }, 1 on the A(n,1) such that
J(A(n,1),{, }n1) and J(A(n,1)o,A(n,1)1,{, }n,1) are simple superalgebras.

Theorem 3. Let J = A+ M be a Jordan superalgebra over F with the even part A and
the odd part M. Let J= J(A(n)o, A(n)1,{, }n) withoddn or J = J(A(n, 1), A(n,1)1,{, }n1)
with even n. Then J is a simple superalgebra. The even part M is a finitely generated A-
module which cannot be generated by fewer than n + 1 elements for F = R and fewer
than [5] + 1 for F = C. Moreover, J(A(2,1)0,A(2,1)1,{,}2,1) is an exceptional Jordan
superalgebra. If F = R or n > 1 then J is not isomorphic to a superalgebra of a Jordan
bracket.

For n =1 the result was obtained in [1, 2.
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Group superschemes and Harish-Chandra pairs

A. N. ZuBKov

The aim of this talk is to describe recent progress in the theory of locally algebraic group
superschemes. This is a continuation of the project, which I have already reported at the
previous Maltsev’s meeting (2017) about. The novelty of this report is as follows :

(1) We extended the previous result on the fundamnetal equivalence between algebraic
group superschemes and certain Harish-Chandra pairs for locally algebraic group
superschemes.

(2) The above result is based on the existence of a normal formal super-subgroup in
arbitrary group superscheme (formal completion of the identity element). This fact
takes place for group schemes also, but so far we know it have never been used or
even mentioned in.

We outline some applications of this fundamental equivalence, and as most important among
them, the following theorem.

Theorem. Let G be an algebraic (not necessary affine) group superscheme, and H be a
closed group super-subscheme of G. Then the sheaf quotient G/H is always a superscheme
of finite type.

We also discuss (corrected) superizations of many other fundamnetal results from the
theory of group schemes, as Barsotti-Chevalley theorem, the structure of pseudoabelian and
abelian group superschemes etc.
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06 Ng-kaTeropuuyHocTu FE-koMOMHAIIUN JIMHENHBIX ITOPSIKOB

A. B. AnTAEBA, B. III. Kynnemos, C. B. CyoomjIATOB

B cepun pa6or [1]-[5] nsyuanuchk Tomosorudyeckue CBONCTBA CeMENCTB Teopuil. Bbuin
BBeleHbI NOHATU P-omepaTopa u E-omepaTopa, MO3BOJISIONINE U3YyUIaTh CBI3U MEXIYy TeO-
PUSIMI OTHOCUTEIBHO MOOXOMSIIINX OIIEPATOPOB 3aMbIKAHUS.

HanHoe mccmenoBanme OBITIO IPONOJIKEHO B COBMeCTHBIX paborax Kymmermosa B.II. n
CynomnatoBa C.B. [6]—[8] mist cemeiicTB ynopsimoueHHbIX Teopuil. B HacTosiem mokiane
uccienyiorcs: F-KoMOuHAINY CUeTHOTO YKCIIa CUeTHO KATETOPUUHLIX JIMHEWHO YIIOPSIIOUeH-
HBIX CTPYKTYP UHCTOTO JIMHEHHOI'O HOPSIIKA.

Teopema. IlIycts M — No-KaTeropumdHbIt JHHEHHLI TOpaaok, M T — guHertHO ymops-
nodeHHas Hellepecekaromasics F-xkombunamnmns w konuni ctpykTypel M. Torma mveer mecto
caenyrorree:

(1) Th(M™) — Rg-kaTeropmuna Torga u Toasko Toraa, koraa dcly (0) = 0 u (MT/E, <;nq)
— Wo-kaTeropuuna, rae <;,q — UHAYHIIPOBAHHBIN MOpANok Ha F-xmaccax B M.
(2) Ecnm Th(M™) me snsercs Ro-xareropmanoit, To Th(M™) mmeer 2% cueTHBIX MOmemnemn.

Haunabie ucciaenoBanus nonnepxkanbl Komumrerom Hayku MwuHuCTEpCTBa 0Opa3OBaHUS
n Hayku PecnyGnuku Kasaxcran (I'pant AP08855544) u mporpaMMmolt ¢yHIAMEHTaIbLHBIX
mayunbrx ucciaenoaruin CO PAH 1.1.1, mpoexT 0314-2019-0002.
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O HEKOTOPBbIX MHTEPpBaJIaX B pelIeTKe YaCTUYHBbIX YJIbTPAKJIOHOB

C. A. BAIMAEB, A. E. IyrApoB, . B. ®OMUHA

HacTrosias paboTa mOCBSIIIEHa UCCIEIOBAHNIO OMHOIO (DPArMEHTa PEITeTKN YaCTUIHBIX
YIILTPAKJIOHOB paHra 2 ((PpyHKIUU OIpEemeIeHbl Ha NBYXJIEMEHTHOM MHOXKECTBE), CONEepKa-
II1eM MaKCUMaJIbHbIE KJIOHBI MHOXKECTBa Py — QYHKIWI OBY3HAYHON JIOTUKN, 8 UMEHHO KJIOHBI
So — caMOIBONCTBEHHBIX U My — MOHOTOHHBIX GyHKIHI. MHOXECTBO BCeX MyIbTUDYHKITII

* y _ _ _
obozHaumM uepe3 Py, MHOXecTBO Beex runepdyHnknuii uepe3 Py . Uepes S5 u M, o6o3Ha-

. 1 —
UM MHOXKEeCTBa TUNep@YHKIINN, COXPAHIIOIINX, COOTBETCTBEHHO, TTPENNKATHI (1 0

o 01 0 — — =
g 1 1 - 1 _) Yepes S5 0603HATNM MHOMXKECTBO, COCTOSIIEE U3 BCEX MYJIbTHU-

dyukuuit f Takux, 9TO Ha JIFOO0OM TBOMIHOM HAOOpE (v BBITIOIHSIETCS OMHO U3 TPEX YCIIOBUIL:

o f(a)=f(a)=—

o f(a)=f(a)=rx
e f(a) = f(a), rne f(a) € {0,1}.

NurepBamom (A, B) Ha30BeM YaCTUYHO YIOPSMOUEHHOE 10 BKIIFOUEHWIO MHOMXKECTBO
BCEX KJIOHOB, COINEPXKAaIlNX KJIOH A U SBIIAIOMIIXCS TMOOKJIOHAME KJIOHA 3.

B paGore [1] mokazano, ato knaccel Py, S5 u M, SBIASIOTCA MAKCUMAIBHBIMUA YIIbTDa-
KJIOHAMU paHra 2, a B paboTe [2] nokasano, 9To Kiacchl Py, u S ABIAIOTCS MAKCHMATBLHBIME
YJaCTUYHBIMU YJIBTPAKJIOHAMU PDaHT'a 2.

Teopema. Uurepsar I(Sa, P5) comepxur posro 6 xmonos, marepsan S(Ms, Py) co-
OEepKUT POBHO 5 KJIOHOB, & HIMEHHO, KJIOHEI, IIPEACTABJICHHBIE HA AUarpaMMe HIXKe.

SjolS

CIIUCOK JIMTEPATYPBI

[1] ITanTenees B. M. Kpurepuil mOIHOTEI OIisl OOOIpedeiseMbix OyneBbix Gysxuuii // Bectn. CamI'V.
EcrecrBennonayu. cep. 2009. T. 68, N 2. C. 60-79.

[2] Banmaers C. A. Kpurepuil MOJIHOTH MHOXKECTBA MYJIbTU(QYHKINI B MOIHOM YACTUYHOM YJIIBTDAKIIOHE
parra 2 // Cub. snekrpon. matem. m3s. 2018. T. 15. C. 450-474.

Bypamcxruti 2ocydapcmaenmnviii yrusepcumem umeny Hopocu Banzaposa, Yaan-Yda
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OnpenenuMbie KBa3MMHOT00Gpa3us

M. 1. BEKEHOB, A. M. KACATOBA

PaccmaTtpuBaercss MHOXecTBO T' BCeX MOIHBIX TEOPUH SI3BIKA MCUUCIEHUS TPEOUKATOB
niepBoro nopsnka. [Ipoussemenue T4 X' Ts monubIX Teopuii 11, 1o cTanmapTHOE.

Omnpenenenune 1. IlommuoxectBo M MmuOXKEecTBa I Ha3bIBAETCS OIPENETUMBIM, €CJIHI
cymectByeT Teopus 11 € M rakas, uro nis mobort PeM Bermonasercs PxTy=T}. T B sTom
cIydae Ha3bIBAETCS OIpeneanTesieM MHOXkecTBa M.

Onpenenenne 2. Onpenenumvoe monvuOX)ecTBO M muOMKecTBa T HaszpiBaeTcs ormpe-
IeJTMMBIM KBa3UMHOT00Opa3ueM, eCid KjacC BCceX Momesier Teopuni MHOxkecTBa M obpa3yer
KBa3HMHOIoobpasue.

Teopema Onpenenumoe moamuaOX)ecTBO M MHOXKecTBa T 6ymeT ompememMbIM KBas3H-
MHOroobpa3sueM, eCJIu ONpeneTuTenb MHOXKecTBa M yHUBepcabHAS Teopus.

Takxxe moka3zaHO, UTO €CIIM BBECTU COOTBETCTBYIOIINE ornepanuu () 1 U Ha MHOXECTBe
OIIPeNeTMMBIX KBAa3UMHOTO00pa3nil, NCIOIB3YsI ONepanuy () U X Hall ONpeNeTnMbIMU KBa3U-
MHOT000Pa3usIMU, TO MHOXKECTBO OIPENEINMbBIX KBAa3UMHOTOOODA3UN C 3TUMU OIEPAIUSIMU
obpa3yeT IOJIHYIO PelIeTKy.

Hammas paboTa ocyiecTsisiiach npu nognepxke rpanta KH MOH PK AP05132688.

Eepazuiickutl nayuonasvrvit ynusepcumem umeny JI.H. lymuaesa, Hyp-Cyaman (Kazazcman)
E-mail: Kasatova_Aida@mail.ru
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Omnpenensronime COOTHOIIIEHUS B 3-TIOPOXKJIEHHOW pelleTke, GJIN3KOon
K OUCTPuOy TUBHONI

A. T. I'enn, . I1. MAciuHIBIH, K. O. PABOI

B [1] paccmaTpuBaeTcs KIace peIiéToK, HA3BAHHBIX OJIM3KUMU K MUCTPUOY TUBHBIM.
Omnpenenienue. Pemrérka Ha3piBaeTcs OIU3KON K AUCTPUOYTUBHOH, €CJIH IS JTFOOBIX
9JIEMEHTOB T, Y U Z HHTE€PBAJIbI

[(aA2)V(yAz)(@Vy) Azl m[(zAy)Vz(zVa)A(yVz)

UMeT IIAHY, He O00ab61IyIo 1.

TamM ke oTMeUeHO, UTO 9TOT KJIacC COOEPKUT B cebe MHOTO0Opa3ne MOMYIISIPHBIX PEIIETOK.
B nponomxenue Toit pabOTHI TPUBEIEM CIEMYIOIIYIO TEOPEMY.

Teopema. Ilyctb permérka, 6au3kas K JUCTPUOY TUBHOMH, IOPOXKIEHA SJIEMEHTAMH T,
x1 u To. FEcim oHa comepxxut He MeHee 38 2/IeMEHTOB, TO B HEW BBIIIOJIHEHBI CJEXYIOIINE
oIIpenesIsroIIie COOTHOIIEHNS:

((x1 Vo) ANxa) Vag = (x1Vx) A (T2 Vo) = ((T2 V 20) A1) V Z0;
((zoVaxy)ANxa)Vy = (g V) A(x2 V)= (2 V1) Azg) VX715
((xo V) ANxy) Vay = (xoVaa) A(x1 V) = ((z1Va) Azg) V 29;
((x1 Axo) V) Axg = (1 Axo) V (22 Axo) = ((22 A o) V 1) A Z0;
(o ANx1) V) ANxy = (zog Ax1) V(z2 Axy) = ((m2 A1) V 20) A 215

((CCO VAN xg) V (131) N To = (:170 A (Eg) V ((L‘l A Ig) = ((I‘l A 132) V Zo) A Zo.

Otu ompemessIoIe COOTHOIIEHS ciabee Tex, KOTOPble PACCMATPUBAIIUCH B [2] w0 1jist
KOTOPBIX ObIJIa MOKa3aHa KOHEUYHOCTH J-TIOPOXKIIEHHOU perreTku. ['mmore3a o KOHEUHOCTU
3-IOPOXKOEHHON PEelETKN, OJIN3KOU K NUCTPUOYyTUBHON, IIPOBEPSIETCS.

CIINCOK JIMTEPATYPBI

[1] Tertn A. T'., Macouuusia W. 1., Pa6oit K. 3. O pemérkax, 6nuskux K ouctpubyTusHbM // Mexmy-
HapomHas ajrebpauyeckas koHdepenmus «MasmbieBckue urenusi»: Tesucsr nokyi. HoBocubupck, 19-23
aBrycra 2019 r. / Hosocubupck, UM CO PAH, 2019. C. 186.

[2] Tentn A. I'., Hlymmanos M. II. Pemérku ¢ onpenensoomuMu COOTHOIIIEHUAMHA, GIM3KAMU K OUCTPUOY-

Tussoctu // Cub. mar. xypu. 2017. T. 58, N 6. C. 798-804.

Ypaavckutl pedepaavrviti ynusepcumem, Examepunbype
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Pacnpenesnenusi cueTHBIX Momejiell w-cTabMIILHBIX TEOpU

A. B. IAYJIETUSIPOBA

Mg mpono/mkaeM u3ydeHUe CBONCTB pPacIpeneseHnss CUETHBIX MOMEJIeH MO ITPEeIIopsi-
kaM Pynun-Keliciepa u 1o 4mciy mpenesbHBIX MOMENIed Hall MOCIeI0BATEIbHOCTIMU TUTIOB
[1]. B mammoit paGoTe MBI OBUTaeMCs II0 HAPACTAHWIO paHra Mopium um pasBuBaeM Teo-
PUIO Ppa3MEPHOCTHU OJIsA W-CTabUIBbHDBIX TGOprI, KaK B CUJ/IbHO MMHUNMAJIBHOM CJIy4ac, 9TOOBI
IPUMEHNTH K ONUCAHUIO PACIpPeneseHnl CUETHBIX MOMAeNell MOOOOHO pacCHpenesIeHUsIM I
Teopull omHOMeCTHBIX mpemukaTos [2]. Kaxkmoe omnpemenumoe MHOXeCTBO panra 1 u cre-
meHu 1 TIpm 3iIeMEHTAPHBIX PACIIUPEHUIX BedeT cebs KaK MOIEeTb CUWIIHHO MUHUMAITLHOUN
Teopuu, T.e. JMOO MMeeT KOHEYHOE YUCIIO 1-TUmoB, MuOO MMeeT eNMHCTBEHHLIN HeTJIaB-
HBIT 1-Twi, 3amaro1nui pa3MepHocTh. [lenbio nanHoi paboThl SIBISETCs paclIpeneeHune mpe-
NEeTIBHBIX MOZEJIeNl OTHOCUTENILHO HEe3aBUCUMBIX HerJIaBHBIX 1-Tumos. W3sectHo [3, 4], uro
IJIST W-CTAaOUIBHBIX TEOPUU YUCJIO0 TMONapHO HEM3OMOP(MHBIX CUETHBIX MOMEJEN MCUYEpPIIBLIBa-
eTCsl CIenyonmMu 3HadeHusMu: 1, w, 2%, Ilpu sToM GeckoHeUHOE YUCI0 CUETHBIX MOMIETIen
obecreunBaeTcst cuéTHBIME Tpenmopsankamu Pynua—Keticiepa. Crenyroias Teopema maét
YACTUYHBIA OTBET HA BOIPOC 3 MoHOrpadun [1] o cyiecTBOBaHNM W-CTAGMILHON TEOPUH,
00JTamatoIell CBOMCTBOM [-39PeH(ONXTOBOCTH, T. €. MMEIOIell KOHEUYHOe, HO OOJIbIIee emu-
HUIIBI YMCIIO TPEEeTbHBIX MOTEITEN.

Teopema. /lng w-crabuibHbIX Teopuii I’ BO3MOXKHBI CIEAYIOIINE CJIVYaUd PacIpenesie-
HIA CUYETHBIX MOIEJICIH:

1) Ecmau teopus T umeer onuH HersaBHBIN 1-THII, TO pacmpenejaeHne COOTBETCTBYET
CHJIBHO MUHUMAJIBHOMY CJIydYaro C OQHOU MPemeIbHON MOIEbIO;

2) Ecam umeercs KOHEYHOE 4uCI0 N > | HE3aBUCHMBIX HEIVIABHBIX 1-THUIIOB, TO Hpe.-
nopsnok Pynua—Kericitepa siBiasgeTcs aucTpuOy TUBHOM perreTkon L ¢ n atomaMmu u
CUYETHOI BBICOTOI; 3Ta peIIeTKa 3a7aeT CIETHOe YHCJIO MPEneIbHBIX MOIeJIel;

3) Ecsm mmeercs c46THOE UHCIO0 HE3aBUCHMBIX HETJIABHBIX 1-THIIOB, TO IPEAIIOPSIIOK
Pynua-Kericnepa saBiiseTcs CYETHOH aTOMHOU OUCTPUOYTHUBHON perréTkou L ¢ n
aToMaMU, C OTHOCUTETbHBIMY AOMOJIHEHUSIMHI U 6€3 MaKCUMAJIbHBIX 3JIEMEHTOB; DI
9TOM MOJTy4aeTcs 2% mpeneabHbIX MOAeJeH, KaXaas N3 KOTOPBIX IIPENCTABISIETCS B
BHZe 0OBENUHEHNs HEKOTOPOH MaKCHMAaJbHOH nend B L, m obpaTHO, 0ObeauHEHNE
KaXKIOH MaKCUMAaJIBHOI 1enu B L 3a1aéT HEKOTOPYIO IPENeIbHY0 MOOETh.

Hamnble nccaenoBanus nognepxanel Komurerom Hayku MuHncTepcTBa 00pa30BaHUs U
nayku Pecrybmuku Kasaxcran (I'pant AP08855544).

CIINCOK JINTEPATYPBI

[1] Cymomnaros C. B. Knaccubukanmst C9€THBIX Mofesell nonHerx Teopuit. HoBocubupck : Usn-so HI'TY,
2018.

[2] Haynerusposa A. B. Pacupenenenus CY€THBIX MOmesell TeOpUR OOHOMECTHBIX npenukaros // Tpanwu-
LMOHHAsI MEXIIYHAPOIHAs alpesIbCKas MaTeMaTuuecKas KOHGEPEHUINs B YeCTb OHs PAOOTHUKOB HAYyKU
Kaszaxcrana nocssiimiennas 1150-metuio A6y Hacwip anb-Papabu u 75-neturo MucTuTyTa MaTeMaTUKU
U MaTEeMaTUIeCKOro momenupoBanus, Anmarsr-2020. — C. 25-26.

[3] Lachlan A. H. On the number of countable models of a countable superstable theory // Proc. Int. Cong.
Logic, Methodology and Philosophy of Science. Amsterdam : North-Holland, 1973. — P. 45-56.

[4] Shelah S., Harrington L., Makkai M. A proof of Vaught’s conjecture for w-stable theories // Israel J.
Math. 1984. Vol. 49, No. 1-3. P. 259-280.
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O6 anre6pax GUHAPHBIX U3OJIUPYIOMIUA (GOPMYJI OJisi KOPHEBBIX IIPOU3BEIEHUIA
rpadosB
. FO. EMEIbAHOB

Crnenys [1, 2, 3], kopresoe npoussedenue rpada G u kopuesoro rpada H ompenemnsercs
criemytormmM o6pazom: BozbMéM |V (G)| xomuit rpada H u mist Kaxmoll BepIIUHLL v; Tpada
G, 0TOXIIECTBIISIEM ¥; C KOPHEBOI BEPIIMHON i-0i1 kommuu H .

W3BecTHO, uTO muamerp rpada mis npoussenenus G o H cunraercs kak m + 2[, rme m
— numametp rpada G, | — muametp rpada H.

IIpu Hy = Hy = ... = H; = H nexaptoBo npou3Benenne H o H o... o H Ha3pBaeTcs
k-1 xopunesoti cmenenvio rpada H u obosuadtaercs depes HF.

Omnucanbl anre6pbl GUHAPHBIX U30AUPYOMUX GopMysl [4] mis Teopuili KOPHEBLIX MPO-
m3BemeHU. PaccMoTpeHBl TpaBmiia YMHOXKEHUS M1 MPABUIBHBIX QUTYP OT OTpe3Ka M0
meCTUyroJIbHuKa. HJISI HUX TIOJTYY€HBI Ta.6.HI/IIII)I KOPDHEBOT'O YMHOXKEHUA BUIOA G O Hk, roe
G — rpad IpaBHILHOIO MHOTOYrOabHEMKA, HF — k-s KopHeBas cTemeHb rpada OTpe3Ka.
Uccnenys kopHeBbIe TPOU3BENEHNUS aIrebphl I OTPE3Ka U MPABUIbHBIX MHOTOYTOJTBHUKOB,
OOHAPYXKMITN 3aBUCUMOCTH MOJTyYaeMO ajireOpbl OT YeTHOCTHU BepinuH. Ha ocHOBe 3TOM 3a-
BUCHUMOCTHU OIIMCAHBI OBE O6IHI/I€ (1)OpMI)I OJId M-yIOJIbHUKOB C tIéTHbIM KOJIMYECTBOM YTJIOB 1
C HEYETHBIM.

IIpu kopueBoM ymHOXKennnu Buna G o S*, rme G — anre6pa NpaBHILHOIO MHOTOYTOIIb-
HUKA, S — anrebpa CUMILIEKCA, 3aMEeUeHO TOTJIomeHre anre6pnl mis G amre6pont [5] miis
cuMILIeKca S.

Teopema. Eciau B pe3ynbTaTe KODHEBOIO YMHOXKEHUH aJIreOp OMHAPHBIX U30IUPYIOIIITX
IS M-YTOJIBHUKOB ITOJTYyYa€TCI XOTS ObI OOUH CUMIIJIEKC, TO ajrebpa ajs pe3ynabTraTa OyneTr
u3oMop¢Ha aarebpe CUMIIJIEKCOB.

Wccnenopanue BuImosiHeHO Ipu puHaHCOBON nomaepxkke PODU B pamkax HAYyIHOTO TIPO-
ekta 20-31-90004, a raxxxe KH MOH PK AP08855544.
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HpI/IMI/ITI/IBHaSI HOPMaJIBHOCTB KJIacCCa ci1a00 NHBEKTUBHBIX IOJIMTOHOB HAJ
KOHE€YHBbIM MOHONIOM

E. JI. EoPEMOB

Iycrs S — momomn ¢ emumunmeit 1, Lg = {s() | s € S}. Anre6panmueckas cucrema
sA = (A; Lg) maseiBaeTcs (JIeBbIM) IOJUIOHOM Hanm S, ecnu $1(sza) = (s1s2)a u la = a
s moobIx a € A, s1,s9 € S. Iomuron A HaseBaeTcs €1a60 MHBEKTHUBHBIM, €CIIA IS
moboro steBoro mmeasia I monomma S u so6oro romomopdusma ¢ gl — gA cyimecTByer
roMoMopdusM @ : g5 — g A, TPOMOIIKAOIIUI p.

[Iycts T' — nmomuas Teopus s3bika Lg, sC' — mOCTATOYHO HACHIIIIEHHAS MONEb TEOPUN
T. Popmyna suma Jzq...Jxk (P1A...AD,), rne $; — aromapnas dbopmyna s3bika Lg
(i < n), HaswBaeTcs npumuTuBHOH. Ecmm ®(Z,y) — npumwurusHas dopmyna s3bika Lg,
a@,b € C — KOPTEXU 5IeMEHTOB TOil Xke IJIMHLL, uTo 1 7, To MHOxkecTBa P (gC,a) u ®(5C,b)
HA3BIBAIOTCS NPUMUTUBHBIMU Komuavu. Teopus T Ha3bIBaeTCS IPUMHUTUBHO HOPMAJIBHOI,
eciu JI00BIE [IBE TPUMUTHUBHBIE KON JUO0 COBIANAIOT, 00 He mepecekaiorcs. Kimace K
HOJIUTOHOB HAJZl MOHOMIOM S HA3BIBAETCS NPUMHTUBHO HOPMAJIBHBIM, €CIIA TEOPUs JII000ro
MOJIUTOHA Kitacca  IpuMUTUBHO HOpMaJibHA. [IpUMUTUBHO HOpMAJILHBIE TEOPUH TIOJIUTOHOB
n3ydaorcs B [1-3].

IIycrs gA — momuron, s € S\{1l}, t ={t; |je J} C S, r={r, | k€ K} C &5,
t # 9, r# 3, a € A Bynem rosoputs, uro ycinosue P(gsA, a,s,t,r) BhIONHAETCS, €Can
a=sa,a ¢ J{Stja|je JtUU{Srra |k € K}, tja & |J{Srra |k € K} mms mobeix j € J,
rra & J{Stja | j € J} nma mobeix k € K.

Teopema. Ilycts S — komeunsni morons. Kiacc Bcex ¢1ab0 MHBEKTUBHBIX TIOJUTOHOB
Ham S NPUMUTHUBHO HOPMAJIEH TOTZa U TOJBKO TOTAA, KOTAa MAJIS JTEOOBIX 3JIEMEHTOB U, S €
S, s # 1, moberx t = {t; | je J} CS, r={r, | ke K} CS, t+#0, r# 0,
7 0601 KOHTDYSHIUU p HOJHUTOHA gS, eciau BbimosHsercs yciaosue P(gS/p,u/p,s,t,r),
TO cymecTByeT w € S Takoil, 4To BbIIOIHseTCS yciaoBue P(gS,w,s,t,r) u mma koroporo
CyIIeCTBY€e€T IOMOMODP(U3M

o | JStjw|jeTyul J{Srw | ke K} — sS/p
rakoii, 9ro ¢(tjw) = tju/p mus mobbrx j € J u o(ryw) = rpu/p nas aobex k € K.
Pabora Beimosnsena npu nonnep:xkke Munobpuayku P®, nononuurensHoe corsaiieHue
ot 21.04.2020, 075-02-2020-1482-1.
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CsoricTBa ornpenejinMbIX 3aMbIKaHUN Ha IIOOMHO2KECTBAaX MaJIbIX MOI[GJIEfI

A. P. EmKEEB, A. K. VIcaAEBA, H. B. ITonnoBA

HaHHBII‘/JI TEe3UC NMeEET OTHOIIIEHE K CUHTAKCIYECKM CBOﬁCTBaM CIIeII1aJIBHBIX ITIOOMHO-
KECTB (PparMeHTa CEeMaHTUYECKON MO KOHKPETHOU HOHCOHOBCKOM Teopun. KoHIemmms
TaK HA3bIBAEMOTO TEOPETUKO-MOMEIBLHOTO “peocTaTa’, TaKKe MCIOIb30BaIaACh MJIs MOy de-
HUA pe3yanaTOB, CBsA3aHHBIX C YTO‘IHeHI/IeM IIOHATUA aTOMHOCTI B paMKaX fIOHCOHOBCKOfI
TEOPUU.

[Iyctes T — mexkoTopast hukcupoBaHHas HOHCOHOBCKas Teopust [1], C'— ee cemanTIYeCKast
Momesib B cueTHOM si3bike L m V1,Vy C Lyg, rme Ly3 €CcThb MHOXECTBO yYHUBEPCAJIBHO-
9K3UCTEHINAIBHBIX (OpMYIT s3biKa, L coBMecTHBIX ¢ 1.

Ounpenenenne. (a) Hazosem (V1, Va)-cl-aTomuoe muO)KecTBO A B Teopuu T'— (V1, Va)-
cl Y-nice mmoxncecmeom B teopun T, ecmu ms moboro A’ rne A — (V1, Va)-cl-aTomuoe
MHOXKECTBO B Teopuu 1', BEPHO, UTO

1) Cl(A) =M € Er N APr;

2) mist BCeX ag, ..., ap—1 € Abo, ..., bp_1 € A/, ecn

(M7 aop, "'7an71) =3 (MlabO7 ey bnfl)a
TO miIs MoOBIX a, € A cymecrBytor b, € A’ Taxme, uTo
(M, ap, ...,an) =3 (M/,b(), ceny bn),

roe M’ = cl(A’), n nonygennyio monens M nasosem (V1, Va)-cl-X-nice Momenbio B Teopun
T

(b) A — (V1,V2)-cl ¥*-nice mnoxrcecmeo B Teopuu T, ecau yciosue 2) B (a) BBIIOI-
HJETCS ¢ 3aMeHol ‘=3’ Ha '=3’, u nonyuennyio monenb M Haszosem (Vi, V) — cl-X*-nice
modeavto B Teopun T

(¢c) A—(V1,Va)-cl A-nice mnoarcecmeo B reopun T', eciu ycioBue 2) B (&) BBIIOIHAETCSE
¢ 3amenont ‘=’ Ha '=A", e A C L, A = VN3, u nonyuennyio monens M nazosem (Vi, Va)-
cl A-nice modeavro B Teopun T

Teopema. IIycts F — mekoropsiit ¢pparment (Vi,Va)-cl A-nice amrebpamiecku mpo-
croro mHOXKecTBa X, nu myctb A € APr N Er u ¢pparment F ecTh cOBEpPILIEHHAS 5K3UCTEH-
[UAJIBHO TPOCTAas TeOpHs, MoHas njid J-npemoxenni. Torma A sasusercs (Vi, Va)-A-nice
ajrebpandecky IIPOCTON MOEJIbIO, TOraa U TOJIbKO Toraa, korga A ects (V1, Va)-cl-A-nice
aTOMHAs MOIEJIb.

CIIUCOK JINTEPATYPBI
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CpoiicTBO KaTeropuuyHoctu rubpuaos A-PJ-dpparmeHTOB

A. P. EmKEEB, H. M. MyCHUHA

B mammHOIl paGoTe pacCMOTPEHO MOHSITHE THOPUOA Ui CIEIUAILHOTO MO3UTUBHOTO CITydast
MOHCOHOBCKUX Teopuit. Ilo 5Toro Hamu GBbLIO ONPENeeHO MOHATHe TMOpUIa i HOHCOHOB-
ckux Teopuii [1], KOTOpOE TECHO CBA3AHO C HEKOTOPOH (UKCUPOBAHHON HOHCOHOBCKOM TEO-
pueii. [Ipu sTOM, TTOHSTHE WOHCOHOBCKOW TEOPUHM MOXKHO PACCMOTPETH B PAMKaX U3y UCHUS
HO3UTUBHOIN Teopun Momeseit [2].

[Iyctes T'— A-PJ-teopus [3] u C' — cemanTuueckas monens teopuu 1. Ilycrs Xp, Xo —
Ho3UTUBHBIE oHCOHOBCKUE nonMmuoxkecTBa C. Fr(Xy), Fr(Xe) — A-PJ-pparMeHTs.

HYCTI) M1 = dCl(Xl), M2 = dCl(XQ), roe Ml, M2 c (E%)_F Thv3+ (Ml) = Tl,
Thys+ (My) = Ty, C7 — cemaHTHYeCKas MONEIb HMO3UTHUBHON HOHCOHOBCKOI Teopuu 717,
Cy — ceMaHTUYeCKass MOMEb MO3UTUBHON MOHCOHOBCKOM Teopuu 1h. Ty = Thys+ (My) =
F’I“+(X1>, T2 = Thv3+ (MQ) = FT+<X2).

[IycTth X — mexkapToOBO MPOU3BENEHMUE.

Cnenyrorriee onpenesnenne maeT ruopun nsyx A-PJ-pparMeHTOB OMHON CUTHATYPHL.

Ounpenenenne. 'nbpunom H(Frt(Xy), Frt(Xs)) A-PJ-dparmentos Fr(Xy), Frt(Xs)
6ynet HasbBaTbCs Teopust 1T hys+ (C1 x Cs), ecau ona A-PJ-teopust, roe C; — ceManTude-
ckme momermu Frt(X;),i=1,2.

®axkt. Iz Ttoro urober Teopus H(Frt(Xy), Frt(Xs)) 6ema A-PJ-Teopueii mocra-
Touno, urobnr (C) x Cy) € (ER)™T.

ycts A = B1(At).

Teopema 1. Ilycts 1" — coBepiileHHas BBITYKJIas 5K3UCTEHIHAIBHO MPOCTAas MOJTHAS
it V3-npennoxennti A-PJ-teopusa. Xy, X9 — A-PJ-muoxectBa B Teopun Thys+(C),
rae M; = dcl(X;) € Epprn,.. (c)), Fr7(Xi) = Thys+(M;) Taxxe copeprueHHse BbIy-
KJIble 3K3UCTEHIUAIBLHO MPOCTHIe mojHble aag VAT -npemmoxenntt A-P.J-pparmenter. To-
raa, ecmn mx rubpun H(Frt(Xy), Frt(X,)) asagercs monemsro coBmectrbiM ¢ Frt(X;),
to H(Fr*(X,), Frt(Xs)) angercs cosepmennoit A-P J-Teopueit mag i = 1,2.

Teopema 2. Ilyctes Fr(X), Frt(X;), Frt(Xs2) yaoBmeTBopaoT yciaoBUSIM T€OPEMBI
1um Frt(Xy), Frt(Xs) - w-kareropmansr. Torna mx rubpun H(Frt(Xy), Frt (X)) taxxe
saBJisteTcs copepieHaon A-P.J-Teopueil.

Bce HeompenesnenHbIe 30eCh TOHATHS. MOXKHO U3BJI€Yb U3 [3].

CIINCOK JIMTEPATYPBI
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O HEKOTOpBIX CBOICTBAX MOMEJIEN MO3UTUBHLIX (71, 72)-MOHCOHOBCKUX TEOpU

A. P. EmKEEB, M. T. OMAPOBA

B sTom Tesuce MbI paccmaTpuBaeM (11, ng )-MOHCOHOBCKUE TEOPUU C YCIOBUEM MTO3UTUB-
HOIl aKCHOMATU3UPYEMOCTH, U BMECTO MOPGU3MOB MBI PACCMATPUBAEM CIIEIUAIILHBIE CITYYan
roMoMOpdu3MOB. VHIEKCHI 11, Ny OMPENEIIIOT COOTBETCTBEHHO 11 -MOMEIBLHYIO TIOTHOTY, 72~
SJINMIHAIINIO KBAHTOPOB.

Omnpenenenne 1. Teopus T wmasweiBaercs A-nozumuenot tonconosckot (A — PJ)-
meopueti, e IJIs Hee BBIIOJIHSIIOTCS clienytomme yeiaopust: 1) T umeer GECKOHEUHBIE MO-
nemu; 2) T — mo3utusHas V3-akcuomarusupyemas teopust; 3) T momyckaet A-JEP; 4) T
morryckaeT A-AP.

Ompenesterue 2. 1. T Ha3bIBaeTCs N-MOMEIBLHO TIOJTHOU, €Ciii s BceX Mmomesenn B, D
Teopuu 1'u3z B C,, D cnenyer B < D.

2. T Ha3BIBAETCI NOYMU N-MOJEAbHO MOAHOU, eciin jrobas GopMyiia SKBUBAJIECHTHA
(orHOCHTEnBEHO Mod T') Gynesoit KombuHaIWMY Y, (witn 11,41) dopmyst.

3. Hens { B, }new oTHOCHTENBHO C,, HABBLIBACTCS N-UENDHIO.

Omnpenenenue 3. Bynem roBoputTs, 4To TEOpus sBiseTcs ny-0.K., ecnu mobast dhop-
MyJIa 5TOI TEOPUHU IIPENCTaBJIeHa B BuUae OysieBoll KoMOuHauu hopMyit u3 @, (B(At)).

Ounpenenenne 4. Teopus T uHaswviBaeTcs (N, nsg)-1U0HCOH06CKOMU, €CIIN OHA SBIISETCS
N1-MOIEJIBLHO IOJIHON 1 No-9.K.

Ounpenenenne 5. llens { By }rc., HA3BIBACTCS 38EHMYAALHO IAEMEHMAPHOT, €CITH IJIS
BceX b € Upeo, B m mms Bcex dopmyst ¢(T) cylecTByeT HekoTopoe kg € w, Takoe, d4To
BBIIONHAETCA 60 By = (b) msa xkaxmoro k > ko mubo By, = —(b) mna xaxmoro k > k.

Ounpenenenne 6. llens {Bj}recw HA3BIBAETCSI No-U0HCOHO6CKON, €CIU OHA COCTOUT
TOIBKO U3 Momeneit X, (7).

Teopema. Ilycts T sBmsercs coBepiieHHOU (N1, M3 )-IO3UTUBHOR HOHCOHOBCKOI TEO-
pueit, rae ny = no + 1; ni,ny > 0. Torma skBUBa€HTHBI CJIEAYIOIIIAE Y CIOBUA:

1) T aBnsercs ny-0.K.;

2) mrobas no-Lenp MozesieH, KOTOPBIE IIPHHAILIEXKAT Y, (1), sABIseTCcs HOHCOHOBCKOIL
5BEHTYAaJIbHO 3JIEMEHTAPHOIL;

3) T' saBmseTcst ni-MOREIBHO IIOJIHOM;

4) mobas no-menb Momeser, KoTopas npuHamiexnt Y, (T), ube obbenuHeHne Takxke
mMonesnb Yy, (1), ABIgeTCS HOHCOHOBCKOH 9BEHTYAJIBHO SJIEMEHTAPHOH.

Bce onpenenenns, kacawormmecs A-P . J-Teopuii, MOXHO U3BIeYb u3 [1].
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O cueTHBIX MOZEJISIX K3UCTEHIINAIILHO ajire6pandeckKu IIPOCTON MOHCOHOBCKOM
Teopun

A. P. EmKeeB, H. B. ITonoBA, A. K. ICAEBA

Ounpenenenne 1. [1] Monens A Teopun T HasweiBaeTCsS A0ePHOU, €CIIU OHA U30MOPHHO
BKJIAIBIBAETCS B JIFOOYIO MOMETb HAHHOW TEOPUU U STOT U30MOP(PU3M €IUHCTBEHHBIN.

Onpenenenne 2. WunyktupHas Teopus 1 HaA3LIBAeTCS A0epHOl, €CIU CYIIECTBYET
Momenntb A € Ep Takas, 4To mjis jirobont momenu B € Ep CcyllecTByeT €OMUMHCTBEHHBIA M30-
Mopdusm u3 A B B.

Ounpenenenne 3. [1] Monens A teopun T scecmro ékaadviéaemced B Monens B Teopun
T, ecru cyiecTByeT poBHO omuH m3omopdusm A B B.

ScHo, uTo A X)ecTKO BKIAOBIBAETCS B JIIOOYIO MOMIesb I Torma u TOJIBKO Toraa, korma A
SIBIISIETCST SIIEPHON MOMEJBIO M1 1’ U He mMeeT COOCTBEHHBIX aBTOMOP(MU3MOB, KPOME TOXKIIe-
cTBeHHBIX. TaxuMm obpasoM, /Tiobast smepHas MOOEIb sIePHO HOHCOHOBCKOW TEOPUU KECTKO
BKJIQIBIBAETCS B JTIO0YIO HK3UCTEHIINAIBHO 3aMKHYTYIO MOMIEb 5Toi Teopuu. [lockombky mo
OIIpenesIeHnIo J100ast sIepHas MOMEb SBJISIETCS aJrebpanmIecKu MPOCTON MOMETBbIO, MbI BbI-
nejsieM eCTeCTBEHHBIN MONKJIacC KJlacca BCeX MOHCOHOBCKUX TeOpUll, KOTOpble 0053aTeIbHO
IMEIOT ajre6panvecKu MPOCTYI MOIEb.

OmnpenesteHue 4. Teopus T HA3BIBACTCSA IKZUCMEHYUAALHO AA2EOPAUUECKU NPOCMOT
(EAP), ecniu ona uMeeT Takyio Momenb A € Fp, uto mist moboro B € Ep, A uzomopduO
BKJIafIbIBaeTCsI B B.

Onpenenenne 5. WunykrtusHas Teopus 1 HA3BIBAETCS 9K3UCMEHYUAALHO NPOCMOT,
ecyu:

1) ona mmeeT anreGpamvecKu MPOCTYIO MOIEb, Kiace ee AP (amreGpamdyecku mpoCTHIX
Mozerieit) o6o3nauuM depes APr;

2) knacc Ep HeTpuUBHAIBHO mepecekaercs ¢ kiaccom APp, t.e. APp () Er # 0.

Teopema. Ilyctes C sABIgeTCS SOEPHON MOHEIBIO HEKOTOPOU 3K3MCTEHIIMATIBHO AJIre-
Opamdecky MIPOCTON COBEPIILIEHHON IOJIHOH OJIS SK3UCTEHINAJIBHBIX IIPENIOXKEeHNH, SOepHOR
rioHCOHOBCKOI Teopunu T'. Torma ciemyromine ycJaOBUS 5KBUBAJIEHTHEL.

(1) C BkIaAbIBAETCA B KaXKAYIO SK3UCTEHIUATIBHO 3aMKHYTYIO MONEJb HEHTPA STOH Te-
opuH.

(2) C — amrebpamuecku npocras monesb Teopuu 1.

Bce HeonpeneneHHbIe 30eCh TOHATHS MOXKHO U3BJI€Yb U3 [2].
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O muoroo6pasunm m-rpynn N ¢ cy6GHOPMAJIbHBIMEA CKaUYKAMMU

A. B. 3EHKOB

Cormacuo [1], m-rpynmnoit HasbiBaeTcsi ajrebpamdeckas cucreMa G CUTHATYDPHI
m=(, 1 e V, A, ,) taxas, uro (G,-, ~1, e, V, A) aBagercs (-rpymmoii, a oMHOMeCTHAs
omepamms , 3amaeT apToMopdusM rpymmer (G, -, ~1, e) mopamka 2 mw aHTHABTOMOPOI3M pe-
merku (G, V, A) , T.e. , B3aUMOOIHO3HAYHO 0TOOpaxaer (G Ha ce6sl, MPUIEM BBIIOTHSIIOTCSE
COOTHOIIICHUS

(@Y)s = Tulsy (Ta)e =2, (TVY)e =T Ay (TAY)s = T V Yse.

Knace M Bcex m-rpynn obpasyeT MHOroobpasue curHaTypsl m. MHoxecTBO Bcex MHO-
r006pa31/n71 m-rpyuIt M ABJIAECTCA YaCTUYHO YIIOPAOOYEHHBIM MHO2XKECTBOM OTHOCUTEJIBHO
TeOPEeTUKO-MHOXKECTBEHHOTO BKIIoUeHus. bostee Toro, M ecThb pereTka OTHOCUTEIBHO €CTe-
CTBEHHO OIPENEJIEHHBIX OIepalllil IepecedeHuss M OO0BEeNMHEHUs MHOTO0Opa3uil m-rpyI.
Taxxe ma M BBOOUTCS cTaHIAPTHAS ONEPALNS IPOU3BENEHNSI MHOTOOOPa3Uil, OTHOCUTEIHHO
KoTOpoit M sBAseTCS MOTyTPYIIIION.

PaboTa mocssitiieHa n3yeHnio CBORCTB MHOTO0Opa3us BCEX HOPMAaJIbHO3HAUHBIX 11-TPYIII
N, KoTopoe 3amaeTcs TOXKIECTBOM

[llyl Ayl = J2|ly] ().
Kax ycramopmau B. M. Konerros u WM. Paxymex B [2], MEoroo6pasme N sBisercs nan-
GombimM sreMenToM perterku M. Taxum o6pasom N2 = M, mubo N? = N, T.e. apaseTcs
nnemnoTenToM peretku M. BepHo crnenyrorree:

IIpensioxeune 1. Mmoroobpasue N Bcex HOpMAJIbLHO3ZHAYHBIX M-TPYIIE SABAACTCS
uneMrnoTeHToM perretku M MHOroobpasuii m-rpymim.

Kaxk o6brano, uepes A o6o3HaunM MHOrooOpasue abeeBbIX m-rpymnm. Torma, yauThBas
cOPMYIMPOBAHHOE BBIIIC IPEIJIOKeHrne 1, misa Kaxmoro HaTypaiabaoro n mmeem A" C N.

Cnemosarensro \/ A" C N. OxasbiBaeTcs BepHa:
neN

Teopema 1. Umeer mecto \/ A" = N.
neN
OrmeTnM, 9TO Teopema 1 maeT MOOXKUTEIBbHBIN OTBEeT Ha Bompoc 3.12 u3 “Opmaronb-
ckoit Terpanu”’ [3].
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O kiacce HacCJIeACTBEHHO YNCTBIX anreﬁp C BbILAEJIEHHBIM NAEMIIOTEHTOM

O. B. KHYI3EB

B o630pe [1] npenmaraercst obmupHas mporpaMma Mo U3y 94eHu0 CTPYKTYPHBIX CBOICTB
VHUBEPCAJIBHBIX aJirebp. B wacTHOCTHU cTaBuTcs mpobiema 3.17: «Onucams nacaedcmeenno
yucmole aa2e0pbl daHH020 MHO2000DaA3UL aA2e0P>.

Mpu1 n3ygyaeM HACIENICTBEHHO YNCTHIE areOphl B B KiTacce ajire0p ¢ BLIAGTIEHHBIM HIEMITO-
TeHTOM. HamoMHUM, 4TO 371eMEeHT ajireOpbl HA3bIBAETCS UIEMIIOTEHTOM, €CJIU MTOPOXK IaeMast
UM Tofaiire6pa OMHOdIEMEHTHAS.

[Iycte V. — mpousBosibHOE (PUKCUPOBAHHOE MHOrOOOpasue (yHUBEPCAIBHBIX) aiareop,
B CUTHATYDY KOTODBIX BXOAWUT HyJIbapHas omepaius — Bblmesenune uuaemrnorerTa. L(V)
— permterka nogMmuHOroo6pasuit muoroobpasus V, X € L(V), A € V. B nanbueiimem
IO CJIOBOM <«aJireOpa» MoHuMaeTcs ajarebpa m3 MHoroobpasus V. EOUHCTBEHHBIM KJIACCOM
X —Bepbanbuoit kourpysuimu p(X, A) ma anmrebpe A (p(X, A) — HauMmeHblias U3 KOHIDY-
sunuit Ha A, dakTop-aare6pbl MO KOTOPHIM IPUHALIIEXKAT X ), ABIAIOIIMMC TOIAIre6pOolt
anmreOper A, OymeT KJtacc, CONEPKAIUN BBIAEIEHHBIN mmemrnoTeHT. (Q603HAUAIOT ero Je-
pe3 X(A) un naseBator X—6epbaom anrebpor A. Ilomamnre6py B amre6per A Has3bIBAOT
X—wucmoti B A, ecmtu X(B) = X(A) N B. Anre6py, y KOTOpOIl Bce MONAIreOpsI SBIIAIOTCSE
X — YnCTBHIME, HA3BIBAIOT Hacaedcmeenno X—uucmot. Eciu anrebpa HaCIeICTBEHHO Y-
cras 1o BeskoMy aTomy pererku L(V) | To ee HA3BIBAIOT HaACALICMBENHO AMOMHO YUCTOT.
OrpasuynM HaIM PacCykIEHUS MHOTOOOpasusaMu ajire6p, B KOTOPBIX KaXKIas MOHOTE€HHASI
a;rebpa UMeeT He3aBUCUMYIO MOPOXKIAIOIIYI0 COBOKYITHOCTE 3JIeMEHTOB. K Takum, Hampu-
Mep, OTHOCSTCS MHOTOOOpasme BCeX I'PYIII, BCEX MOHOUIOB, BCEX IOJIYTPYII C HYJIEM.

Teopema. Kiracc Bcex HacaenqCTBEHHO aTOMHO YHCTBIX ajirebp MHOIroobpasus aareop c
BBIIEJIEHHBIM HIEMIIOTEHTOM, B KOTOPOM KaXkKoas MOHOT€HHas ajrebpa obJiamaeT He3aBUCH-
MOI MOPOXKIAIOIIEH COBOKYITHOCTBIO 3JIEMEHTOB, 3aMKHYT OTHOCUTEILHO B3STHUS T'OMOMOPQ-
HBIX 00pa30B.

CHOUCOK JIMTEPATYPBI
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O P-cTabniabHOCTU KJIACCOB S-IIOJINTOHOB

A. . Kpacuukas, A. A. CTEIIAHOBA

B pabore m3yuaiorcs monmuronsl ¢ P-cTabuibHoit Teopueit. IlonsTtue P-cTrabuimbHOCTHU
ABIIAETCS YACTHBIM CIIydaeM 0600IIEeHHON CTabuIbHOCTH TONMHBIX Teopuii (cM. [1]). Bompocsr
P-cTabuiibHOCTH [T KJIacca BCEX MOJIMTOHOB PACCMATPUBAJINChL B pabore [2].

HamoMHIM HEKOTOpPBIE OIPEeNesieHns: 13 TeOPUH IOIUTOHOB (cM. [3]).

[Tycts S — momoum. OieMeHT ¢ € S HA3LIBAETCS COKPAMUMbBIM CNPGBA, €CITH U3 pPa-
BEHCTBa ac = bc cienmyer paBeHCTBO a = b mis mwobweix a,b € S. Ilom S-noauzonom A
[IOHMAETCSI MHOXKECTBO A, Ha KOTOPOM OIIPeNesieHO MeNCTBUe 3JIeMEHTOB U3 S CleBa, Ipu-
ueM enwHUIA aeiicTByeT HAa A ToxmecTBeHHO. [eaumbii S-nosueon — 310 S-moauron gA,
VIOBIIETBOPSIIOIINI yCITOBUIO cA = A miist mo60ro cOKpaTuMOoro crpasa siemenTa ¢ € S. Ko-
npousdsedenuem S-moauroHoB gA;, i € I, HazbIBaeTCS UX NU3BIOHKTHOE OObenuuenue. [lycTs
sBi CsAimpij :s Bi =5 Bj — m30M0opdu3M, IPUIEM Q0@ i = Pki U pijopji : Bi — Bj —
TOXKIeCTBeHHOe oTobpaxkenue (i, j,k € I). Torna S-nonuron [[ sA;/n, rme n — KoHrpysH-

icl
must S-monurona | [ gA;, mopoxnennas MHOXkeCTBOM {(a;, @ij(a;))|a; € B;,i,j € I}, Hasnl-
iel
BaeTcs ckaetikol S-nmomuroHoB gA; nmo nmonmomuronam gB; (i € I). Kmace K S-monurosos
HA3LIBAETCS 3AMKHYMbIM OMHOCUMEALHO KOnpouseedenull (cKieek), eciiu KOIpOu3BeneHne
(ckieiika) m06BIX S-moauronoB u3 K npunamaexut K.

Teopema. Ilycts xmacc K S-mOIHIOHOB 3aMKHYT OTHOCHTEIBHO KOIIPOU3BENEHHUH I
ckneex u cymectByor S-nomuron sA € K mwe? = e € S, rakme uro gSe CgA. Ecmu xnacc
K snsercs (P, e)-crabunbabiM, TO Ste = Se mms moboro t € S.

CnencrBue 1. Ilycte K — kmacc Bcex memuMeix S-mouroHoB. lms monomma S cite-
IYVIOIIIUE YCIOBUS 9KBUBAJIEHTHBIL:

1) xknacc K (P, s)-crabusen;

2) xnacc K (P, a)-crabuses;

3) xknacc K (P, e)-crabuies;

4) S — rpynma.

Pabora Bemosnena npu duraHCOBON mommepxkke Munobpuayku P®, monmomruTensaOe
cormarerne ot 21.04.2020, 075-02-2020-1482-1.
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BunapHOCTH OUTHM OMera-KaTeropu4HbIX cji1ab0 O-MUHUMAJIBHBIX TE€OPUN paHra
BBIITyKJIocTH: 1

b. III. Kynnemos, T. C. MyCTA®UH

IIycts L — cueTHBIH S3bIK IEpBOrO Iopsamka. Mbl paccMaTpuBaeM L-CTPYKTYPBHI U
npenmnogaraeM 4To L comep:UT CUMBOJI GHHAPHOTO OTHOIICHUs <, KOTOPBI MHTEPIpPEeTH-
pyeTcs Kak JIMHENHBI MOPSANOK B 3TUX CTPYKTypax. HacTosimuil mokman KacaeTcs HOHATH
cAa60t 0-MUKUMAALHOCTNU, TIEPBOHAYAIILHO IJIyGOKO uccienoBanuoro B [1]. TlonMHOXeCTBO
A JIMHEHO yIOpsOOYeHHON CTPYKTYPLI M HA3LIBAETCS 8bINYKAbIM, €CITN I JTI00bIX a,b € A
u ¢ € M Besaknit pas korga a < ¢ < b Mpl umeeM ¢ € A. Caabo 0-mMuruMaibHot cmpyrmy-
Poti HA3BIBAETCA JIMHEMHO ymopsimouenHas cTpykrypa M = (M, =, <,...) Takas, 4T0 J060€
onpenennMoe (¢ mapaMeTpaMm) MOAMHOXKECTBO CTPYKTYPbl M sBiiseTcst 00bennHeHneM KO-
HEYHOTO YNCJIa BBITYKJIBIX MHOXKECTB B M.

Onpenenenne. (2, 3] IIycte T — nomnas teopus, p1(x1),...,pn(xn) € S1(0). Tunm

n
q(z1,...,2n) € Syn(0) HaseBaercs (py, ..., pp)-TaOM, ecir q(T1,...,Ty,) 2 ‘U1 pi(z;). Ye-
i
pe3 Sy, ...p. (T') 6ymem obo3HaYaThH MHOXKECTBO BCEX (D1, . .., Py )-TuH0B Teopuu T'. CuerHas
Teopus T HA3BIBAETCS TIOYTU W-KATETOPUIHOM, €CJIU AJIA JIEOOBIX THIOB P1(X1), ..., pn(Tn) €
S1(0) cymecrByer muip KoHEUHOE UUCIO THIOB ((T1, ..., %Tn) € Spy ... p. (T).

Hemasao B paGote [4] Gblia ycTaHOBIEHA OGHHAPHOCTH IMOYTH W-KATETOPUIHBIX BIIOJI-
He O-MUHMMAJIbHEIX Teopuit. Cremyromias TeopeMa yCTaHABINBACT OMHAPHOCTH IJI IOYTH
W-KATerOPUIHBIX C1ab0 O-MUHUMAJILHLIX TEOPHUil PAHTa BBITYKIOCTH 1.

Teopema. Jlobas mouTu w-KaTeropudHas cj1ab0 O-MUHUMAJIbHAS TEOPHUsS PAHTa BBIITY-
KjgocTH 1 AB/IgeTCA OMHADHOM.

Hanuble nccnenoBanus nonaepxanesl Komurerom Hayku MunncrepcTBa 00pa3oBaHUs 1
nayku Pecnybiuku Kasaxcran (I'pant AP08855544).
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O6 ompeneIMMOCTH TOIOJIOTMYECKUX IJIOCKOCTEN HEIpepPLIBHBIMU
3HOOMOpduU3IMamMu

B. A. MOJTYAHOB

B pa6ore [1] monyueno pernenue mpobnemer JI.M. Timyckuna, JI.A. Ckoprsikosa [2] 06
OIIPENeIIeEMOCTH MTPOEKTUBHBIX INIOCKOCTEN MOIYTPYNIIaMU UX >HIOMOpdu3MoB. B HacTos-
et paboTe 3TOT pe3yabTaT 0000IIaeTCsl Ha TOMOJIOTnYeCKe TIIIOCKOCTH.

[Mon mnockocteio [3] Gymem mormMaTh cuctemy Buma II = (X, L), rme X — nemycroe
MHOYXECTBO TOUeK U L — ceMeWCTBO €ro IMOIMHOXKECTB, MMEHYEMbBIX IPSIMBIMU, YIOBJIETBO-
pstotiee criemyonmmM akcnomam: (Ap) uepes mobble mBe TOUYKU a,b € X MpPOXOOUT ONHA 1
TOJIBKO OIHA TpsMasi, KoTopas o603HauaeTcs ab; (Ag) kaxmas mpsiMasi COMEPKUT TIO0 KpPaii-
Helt Mepe Tpu Touky; (Ag) B MHOXKecTBe X €CTh TPU TOUKH, HE JICKAIINE HA OIHOU IIPSMOIL.
B wacTHOCTH, miockocTh 1l gaBiseTcst mpoeKTUBHOM, eciiu JOOble IBE ee MpSMble UMEIOT
o611y TouKy, u abduHHON, eciau mis Jo6oi npsmoin | € L u mobon Toukn © € X \ [
CyILIeCTBYeT Takas emuHcTBeHHas npsamad [/, aro x € ' m N1 = 0.

Tomonoruaeckoil MI0CKOCTHIO Ha3bIBaeTCs 10ckocTh 11 = (X, L) ¢ 3amaHHOl Ha MHOXe-
cTtBe X KOMITAKTHOH XaycmopdOBOI TOMOJIOTHEH Tx, KOTOpas Ha MHOXKeCTBe L ompemesiseT
Tonosioruio Beeropuca [4] 77, Tak 4TO omeparus MOCTPOEHUsI IO ABYM TOYKAM a, b mpsMoit
ab HempepbIBHA.

HempepoiBabiM roMoMopdu3MoM Tomosorudeckoin miaockoctu 11 = ((X,7x), L) B Tomo-
Jormueckyto miockocts 11y = ((X1, 7x, ), L1) HaszbIBaeTcss Takoe HENPEPHIBHOE OTOOPaKeHNe
v X — X3, 9ro mus moboit npsimoit | € L MHOXKeCTBO (1) cCOOEpKUTCS B HEKOTOPOI IPSIMOIL
[y € Ly. ObpaTuMblili HEIPEPBIBHBIN TOMOMOPGU3MOM TOHOJIOTUUecKon 1mmockocTu 11 Ha To-
MIOJIOTMYIECKYI0 ITockocTh I1) HasbiBaeTcs TomosmormueckuMm m3oMopduzmoM. HempepbiBHBII
romoMopdu3M TOMOJOTUYecKor mmockocTu II B ce6s Ha3bIBaeTCs HEIPEPBIBHBIM SHIOMOD-
du3zmoM 3Tol TTOCKOCTH. MHOXKECTBO BCeX HEMPEPBIBHBIX AHIOMOpGU3MOB miaockocTu 1 ¢
omepanueil KOMIO3UIUN U KOMIIAK THO-OTKPBITON Tomosiorueit [4] o6pas3yeT TOMOIOrnIecKyo
monyrpynmy End I1.

Teopema. Tomomormueckue miockoctu 11, 11 B ToM m TOJIBKO TOM ciIydae TOIIOJIOTH-
YeCcKHd U30MOPGHBI, €CJIM TOIOJOTTIECKH U30MOP(QHBI X TOIOJOTMIECKHE TIOJIYTDYIIIEI He-
npepbIBHBIX sHI0MOpdu3moB End II, End I1;.
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O6 s1eMeHTapHOI ONMPeneIMMOCTH KJIACCA YHUBEPCAJIbHBIX runeprpapuyuecKmux
aBTOMATOB B KJjlacce NOJIyrpyIn

B. A. MonyAaHOB, E. B. XBOPOCTYXUHA

B macTosieit paboTe mMpomoKaTCs UCCIEIOBAHAS aBTOMATOB, Y KOTOPBIX MHOXKECTBA
COCTOSTHUY M BBIXOOHBIX CATHAJIOB HaJIeJEHBI NOMOTHUTEIBHON ajlrebpaniecKon CTPYKTYpPOon
runeprpada. IDTO MJOCTATOYHO IMIMPOKUN W BAXKHBIA KJIACC aBTOMAaTOB, TaK KaK OH COIEp-
JKUT, B YaCTHOCTU, aBTOMAThI, Y KOTOPBIX runeprpadbl COCTOSHAN U BBIXOOHBIX CUMBOJIOB
SIBIISIIOTCS. TIJIOCKOCTSIMU.

B pabore paccmarpuBaioTcs rumneprpadnbl ocoboro Buma — p-runeprpadsl.  Ilom p-
runeprpadoM moHuMaeTcs anrebpanueckas cuctema Buna H = (X, L), rne X — nemycToe
MHOXKECTBO BEpIINH 1 [, — CceMeNCTBO ero MOIMHOXKECTB, MMEHYEMBIX TuneppebpaMu, uin

IPOCTO peGpaMiu, YIOBIETBOPSIOIIee clienyommmM akcuomam: (A1) sobble p BepIIuH comep-
JKATCS B ONHOM U TOJILKO OmHOM pebpe; (Az) kaxmoe peGpo COmEP:KUT IO KpailHeil Mepe
p + 1 Bepmmny; (A3) B MuHOXKecTBe X ecThb (p + 1)-d7eMEHTHOE MHOXKECTBO, He TPUHA-
Jexaiee Hu omHOMY pebpy. Hampumep, adbduHHas U TPOEKTUBHAS MIIOCKOCTU SABIIAIOTCS
2-runeprpadamMu.

['maBHOE BHEUMAaHME B HAIINX UCCIICNOBAHUSAX YOEIAETCS, TAK HA3LIBAEMBIM, YHUBEPCAIIb-
HBIM Tuneprpa@uueckuM aBTOMATaM, MOAABTOMATHEI KOTOPBIX OXBATHIBAIOT BCE TOMOMOPd-
Hble 00pa3bl paCCMaTPUBAEMBIX TUIeprpaduuecKux aBTOMATOB. Takoil yHUBEPCAJILHBIN aB-
TOMAT OIIPENesseTCs Il IPou3BONIbHLIX runeprpados Hx, Hy kak asromat Atm(Hyx, Hy ) =
(Hx,Hy,S,§,\) ¢ momyrpynnoit Bxonubix cursasios S = End(Hx) x Hom(Hyx, Hy ), dyHk-
nuein epexonos d(x,s) = (x) u BeIXOmHON dyHKImMen A(x,s) = P(x) (rme =z € Xj,
s = (¢, ) € S(Hx, Hy)).

C momoIbIo ToNTyYeHHBIX B paborax [1, 2] pesyabTaToB mOKa3aHO, YTO KJacC yHU-
BEPCAJIbHBIX TUMEePrpaduIecKux aBTOMATOB Hall p-runeprpadamu Atm OTHOCUTETBHO Hile-
MEHTAPHO OMPENEINM B KJIacce Moyrpymnil. iis 5Toro momydersr GOpMyYIIbl SJI€MEHTAPHOM
TeOpUM TMOJIYTPYII, C MOMOIIBI0 KOTOPBIX MOXKHO MOCTPOUTH M30MOPGHYIO KOMUIO JTFO60T0
aBromara A € Atm B ero mosyrpymmne BXonHbIX curaasioB Inp(A).
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CynepaTromHas GyJjieBa anre6pa ¢ BbIZIEJIEHHOU monajire6poil, Teopusi KOTOPOM
HEe MMeeT IIPOCTON MOOeJIu

1. E. ITAnbuyHOB, A. B. TPO®UMOB

B pabote m3yuarorcst cynepaToMHble OyeBbl aireOphl C BBIOEIEHHON TONaareOpom, coBIa-
MTAOIIEeN ¢ OCHOBHOU ajreOpoil 1Mo MOmyJIio umeasia Pperre.

JTro0ast Teopusi KOHEYHON CUTHATYPHI UMeeT CUeTHbIE OMHOPOIHBIE MONEIN, KOTOPHIE CO-
30AI0T XOPOINi 6a3uc M nccaenoBanus. VHTepeceH BOIPOC CyIIECTBOBAHMUS OIHOPOIHBIX
Moziesiell IPU JOIMOTHUTEIBHBIX YCIOBASIX MUHIMAJIBHOCTH WJIN MakcuMajabHocTH. Momens
Ha3BbIBAETCS NPOCMOT, ecii OHA MUHUMAJbHAsI, TO €CTh 3JIeMEHTAPHO BKJIAOBIBAETCS B JIIO-
6y10 MOIeJb CBOEN 5JIEMEHTAPHON TeOPUHU; MPOCTas MONEb SIBISeTCsl OMHOpOmHOM. B [1]
OIICAHBI CYETHO KATETOPUIHBIE MOIEIN TeOpUil OyJIeBBIX aareOp C BbLIEJIEHHBIMI U IaMU;
KaxKIasl Takas MOOENb SBJISeTCs ITPOCTOH.

N3BecTHO, 9TO CyIIECTBYET CUETHOE UUCIIO BJIEMEHTAPHBIX TeOpuil OyIeBhIX aiarebp; Ka-
XKOas U3 HAX UMeeT IIPOCTYIO Monmeiib. Ecmm mobaBuTh B cUrHATYPY OyseBBIX anreOp OmHO-
MECTHBII NIPENNKAT, BBIOEIISIONINI Uaeasl, TO CUTYalus ¢ YUCIIOM JIEMEHTAPHBIX TEOPUH 1
IPOCTBIX MOIEJIEN CyIIeCTBeHHO MeHsiercs [2-4]. B [2] mokaszano, uro cymecTByeT cueTHOE
YMCIIO PA3IMIHBIX 3JIEMEHTAPHBIX TEOPUN CyIepaTOMHBIX OyJIeBBIX airebp ¢ OMHUM BBLIe-
JIEHHBIM HIEAJIOM; KaXIasi U3 5TUX TeOPUl UMeeT IpocTyio Monens [3]. B [4] nokasamo, uto
CyIIIeCTBYeT KOHTUHYYM 3JIEMEHTAPHBIX TeOPHUN OYyJIeBBIX areOp ¢ BbIOETIEHHBIME NIEAIaMN,
HEe MMEIOIINX IIPOCTHIX MOIEIIeN.

ABTOpaMu 6bIJIO0 IOKA3aHO CYIIECTBOBAHIE KOHTUHYYMA IIPOCTHIX CYIEPATOMHBIX Oyiie-
BBIX ajireOp ¢ BBIEJIEHHON MOmaJirebpol, djleMeHTapHble TeOpPUU KOTOPBIX PA3IMYHBI U He
IMEIOT CUeTHO-HACHIIIIEHHBIX MOMENel, a TaKxXKe CyIIleCTBOBaHIE KOHTHHYyMa CyIIepaTOMHBIX
OyeBBIX ajireOp C BBIIEJIEHHON MOMAJIreOpOI, 3jleMeHTapHble TeOPUN KOTOPBIX PAa3INYHBI U
IMEIOT CUETHO-HACBIIIEHHYIO MOIENb [5].

Teopema. CyiecTByer cymepaTroMHas OyseBa ajarebpa ¢ BBIAEJIEHHOH II0maJreOpor,
COBIaJaIOIIEell C OCHOBHOH aJIreOpoI 1o Momymro uneasa dpeire, sjreMeHTapHAs TEOPUS KO-
TOpOU He mMeeT IIPOCTOU MOIEJIH.
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Anre6panyeckue MHOXKeCTBa N-IIMPOKUX ajarebp

A. T". ITunyc

Ins mo6oro kapmuHaaa N anre6py 2 = (A; o) Hasoem N-wuporoti, eciu ee N-cTemens AN
BioxkuMa B Hee camoo (B 21). s mro6oro 6eckoHEUHOro KapaumHasia N u o000l aareGphb
2 anre6pa AN saeasercs N-mmpokoit. JIms 6eCKOHEUHBIX KAPIUHAJIOB N N-IITIPOKIMIE SBJIS-
IOTCST peleTka pa3OueHuil MHOXKECTBA MOIITHOCTH N U TPYIMIa MepPecTAHOBOK HA MTOMOOHOM
MHOYXKECTBE.

Y rBepxnenue. [lisg gr0b60ro 6eckoHeUHOrO Kapauuaaa N perrerka Ly GyHKIIOHATD-
HBIX KJIOHOB Ha MHOXK€eCTBE€ MOIITHOCTU N SABJISAETCA N—LUI/IpOKOI;‘I.

Hamomunm, uro mHOXKecTBO B C A™ HasbIBaeTcs ad2ebpauueckum 0id aseebpvl A =
(A;0), ecru OHO €CTb COBOKYIIHOCTB DelleHuil B 2 HEKOTOPOI (BO3MOXKHO GECKOHEUHOIT) CU-
cTeMBl o-TepMajbHbIX ypaHeHuin. [isa moboro C' C A™ uepes AlgyC obGosnaumMm Hau-
MeHbIIee ajirebpamdeckoe s A MHOXKeCTBO BKJoUatoriee B cebs C. Anrebpandeckoe miist
20 mHOXKECTBO B HazoBeM N-nopoxcdewnvim, eciau mis mekoroporo C' C A™ Takoro, 4rto
|C| <N, umeer mecro AlgyC = B.

NnteeT mecTo:

Teopema. /s oboro kapauaaia N u ar060i N-mmpokon aarebpser 2 j1roboe aarebpa-
udeckoe miis 2 N-IIopoXxIeHHOe MHOXKECTBO SIBISETCS 1-IOPOXKIEHHBIM.
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O paHrax mjaHapHOCTU MHOTroo6pa3uii Kind@opaOBhIX MOJIyT Py

II. B. ConoMATuUH

HamomHuM, 9TO HATypaJbHOE UUCIIO T HA3BLIBAIOT PAH2OM NAGHAPHOCU HETPUBUAIIH-
HOTO MHOTO0O0pa3us MOJyTpymn V, eciiu Bce CBOOOMHBIE B ) MONYyTPYINIbLI paHra < 7 MO-
MIyCKalOT ITaHapHble Tpadbl Kammu, a cBoOOmHAsS B 5TOM MHOTOOOpa3uu MOJIYTPYIIa PAHTa
r + 1 yxe He momyckaeT miaHapHbi rpad Kemu. Ecau nas muOoroobpasus )V Takoro HaTy-
PaJIbHOTO YKCJa I HE CYIIIECTBYET, TO TOBOPST, UTO MHOrooOpasme ) mMeeT OECKOHEUHBIN
paHr miaaHapHocTu. Kpome Toro, yno6HO mojaraThb, YTO PAHT INIAHAPHOCTHU TPUBUAIIEHOTO
MHOT0OOpa3ust paBeH Hym0. CIeKTPOM PAHTOB INIAHAPHOCTH MHOT000Opasms ) Ha3bIBAETCS
MHOXKECTBO Spec, (V) Bcex BO3MOXKHBIX 3HAUCHUN PAHTOB IIAHAPHOCTH MOIMHOr006pasuit X
MHOToOOpasus V. Jobas kauddopaoBa MOTyrpyIna SBISIETCS MOy PEHIETKON MTPSIMOYTOIb-
HBIX CBA30K I'DVIIII. HeI‘KO IIOHATH, 9YTO B TaKOM MHOI‘OO6pa31/II/I BBITIOJTHAETCsI TO2XKIOECTBO
2" & T O HEKOTOPOTO HAaTypaslbHOTO umciaa n > 1. YlcHo m To, uTo moboe MHOTOOOpa3me
HOJIYTPYIII UIEMIOTEHTOB (CBS30K) SBISETCS MHOroOOpasueM KimhdOPAOBBIX MOTYTPYIIL.
OCHOBHBIM pe3yJIbTATOM HACTOSIIIETO COOOIIEHUS SIBJISIETCSI:

Teopema 1. Panr mianaprOocTH MHOroob6pasus var{x"™ ~ x} mpm jaro6om n > 3 paBeH
1, a mpu n = 2 paBen 3.

OTMeTuM, 4TO 3amaHHBIE TOXIECTBOM z'' &~ 1 MHOTOOOpa3us T'PYIIT TOXKE UMEIT KO-
HEYHBI PaHT INIAHAPHOCTU TpU JII0O00M n > 1, 9TO TpemcTaBiiseT OTHEIbHBIN MHTEPEC U
MOXKeT OBITh MOKA3aHO HE3aBUCUMO OT aHOHCUPOBAHHOW BhIle TeopeMmbl 1. CmekTp panron
IJIAHAPHOCTU MHOTOOOpAa3uil MOIYT Py UAEMIIOTEHTOB OMICHIBAET:

Teopema 2. Spec,(var{z? ~ x}) = {0,2,3,4,c0}.

[Ipu nmokazaTenbcTBe TeopeMbl 2 TMpUBENEHA KIaCCU(MUKAIIUS MHOTOOOpPa3mil CBA30K IO
paHTaM MJIaHAPHOCTHU. B uacTHOCTU, GECKOHEUHBIN PAHT IIAHAPDHOCTHU CPENU HUX UMEIOT
numts MuEOTOO6pasus L = var{zry ~ z} u LR = var{z? ~ z,zy ~ xyz}. B cBasu ¢ stum
AKTYyaJIbHOW cTaHOBUTCS mocTaBieHHas JI. M. MapTeHOBEIM mpobiieMa OMUCAHUS MHOTO-
obpa3uil MOIYTPyHIl OECKOHEUYHOTO paHTa IIaHapHocTu. Ha momeTymax K perreHuio 3TOn
po0JIeMBbl TIOJIYYE€HO OBa yTBEPKIOCHUsSI, TMPEICTABISIONINX CAMOCTOSTEbLHBIN WHTEpec. B
Ka4yeCTBE€ HETPUBUAJIBHOT'O CJICOCTBUA 13 TCOPEMBbI MamKe O IIJITaHAPHBIX KOHCYHbBIX I'DYIIIIaX,
MBI TIOJTyJaeM:

IIpennoxenue 1. Bcsakoe JIOKaJIbHO KOHEYHOE MHOTO0Opasue IPYIIl UMEET KOHEUHBIH
PpaHT IMJIAHAPHOCTH, HE MPEBOCXOMSIIINN 3.

[Tpsimoe pom3Benenue rpynnsl G HA MOTYyTpyIny L jIeBeIX Hysel OymeM Ha3bIBATH 4€601
epynnot. Hamu mokasano, uto rpad Komu xoneunoir nesoit rpynmnsl S = G X L mianapen
TOTZIa U TOJIBKO TOorma, korma rpynmna G — minockas. [losTomy mMeer mecTo:

Ilpensnoxenue 2. Mnuoroobpasue MOJTyrpymil, OTan4YHOoe oT L, B KOTOPOM CBOOOZHAS
HOJIyTpyHIIla KOHEUHOI'O PAHTa SIBJISAETCS KOHEUHON JIEBOM I'DYHIION, MMeeT KOHEYHBIN DaHT
IIJTAHAPHOCT.

Omcruti 2ocydapcemeennuit nedazozuueckutl yrusepcumem, Omck
E-mail: solomatin_dv@omgpu.ru
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MynbTu-anre6pbl Kak GakToOphbl II0 TOJIEPAHIINSIM

M. C. IIEPEMET

HamomuuM, 9TO TONTEpaHIus — 3TO pedIIeKCUBHOE U CUMMETPUYIHOE OTHOIIIEHNE, YCTON-
YMBOE OTHOCUTEIHHO OCHOBHBIX OIE€pAIINil ajireOphI.

[Taper, cocTosime u3 ajreO6pbl U TOJEPAHIINU HA HEW, UCIOIB3YIOTCS IS MOIEIUPO-
BaHUs HEYETKO 3aJAHHBIX ajareOp: C OOHOW CTOPOHBI, TOJEPAHIINS MOXKET WHTEPIPETUPO-
BaThCS KaK HEUETKOE OTHOIIEHNE PABEHCTBA WJIN MPUOIMKEHHOE PABEHCTBO; C OPYTOM CTO-
POHBI, MOXKHO PAcCMaTpPUBATL (PAKTOP HAHHOW aJareOphI IO TOJIEPAHIINN, KOTOPBIA SIBISIETCS
MynbTH-aarebpoii. B mocmenbeMm ciaydae m3BecTHa MPoOeMa HEOMHO3HAUHOCTU TOTO, KaK
MOXKHO OIIPENIeSIUTh Takoi dakTop [1].

Mg mpenyiaraeM pereHne 3Toi IpobIeMbl Iy TEM TOCTPOEHNST HEKOEro ‘CTaHIapTHOTO”
criocoba, PaCIIMpSIOIEro MuaroHaabHoe Biioxkenue anre6bp A < A? mo Bioxenus anre6p c
tornepanmuamu (A; 0) < (A2%;0), B KOTOPOM eCTeCTBEHHO WHIYMPOBAHHEI ToNepaHuei ©
IPENIopsIoK =g ompemenseT © MOTHOCTHIO, T. €., €CIU MBI ICIOJIb3yeM 0003HAYCHIS

uO :={w | uOw} u (u2eov):=(ud 2 vO),
TOorma MMeeT MEeCTO CBOHCTBO

uOv & (Jw)(w 20 u,v).

CHnMCcoOK JIMTEPATYPHI
[1] Gratzer G., Quackenbush R. Multi-algebras as tolerance quotients of algebras // Algebra Univers. 2013.
Vol. 69, No. 1. P. 23-26. doi: 10.1007/s00012-012-0216-x
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I/IC‘II/ICJ'IGHI/ISI, O6/In3KMe JIOTUKE TOXKJIECTB Kanun

M. C. IIEPEMET

Mgt paccMaTpuBaeM aiareOpbl, OCHOBHBIE OIEPAINN KOTOPBIX MOTYT OBITH YaCTUIHBIM,
T. €. 3HAYEHUsI Olepaluil MOI'YT OBITH ONPENENICHBbl He IJIs BCEX BO3MOXKHBIX 3HAUEHUI ap-
IYMEHTOB. B 5TOM ciIy4yae MCTHHHOCTH (HOPMYJI C PABEHCTBOM MOXKET OIPENEISITHCS II0-
Pa3HOMY: YCIIOBHE OIPENETEHHOCTH PACCMATPUBAEMBIX (DYHKIINIT MOKET CUATATHCI HEOOXO-
OUMBIM yCJIOBUEM, a MOXKET — HET.

3mech MBI paccMaTpUBaeM PABeHCTBO KIIMHN, BO3HUKIIIEE €CTECTBEHHO B UCCIICIOBAHUIAX
no BeraucimMocTu [1]: pasenctso f(T) = ¢(T) cumTaeTcs BBIIOIHEHHBIM DU O3HAIMBAHNIN
T — @, eciu 6o f(a) u g(a@) me oupenenenst, mubo f(a@) u g(@) onpemeseHsbl U COBIANAIOT.

HecmoTps Ha ecTecTBEHHYIO OPMYIUPOBKY, JJOTUKA TOXKIECTB KinHI akcmoMaTu3upy-
€TCsI CYILIECTBEHHO CIIOXKHEE JIOTUKI TOXIECTB BCIOMY onpenenéHubix dyukuuit [2]. C npyroit
CTOPOHBI, HE3HAUNTEIILHBIE, HA I€PBLIIl B30I, HOIOIHEHNs! [HAIPUMED, UCTUHHOCTH TOXKIe-
cTBa Buna p(x,y) A x| MO3BOJAIOT MHTEPIPETUPOBATH B JIOTWKe ToxaecTB KiuHu ropasmo
6oslee BBIPA3UTENBHBIA, BOOOIIE TOBOPS, (GDPArMEHT JIOTUKU YCIOBHBIX TOXKIECTB [3], 1ero
XOTeJI0Ch ObI M30eXaTh.

B manHO@l paboTe MbI pacCMaTpUBaeM ABa (DKBUBAJIEHTHBIX) UCUUCICHUsS [JIs A3bIKA C
OTHOIIIEHUEM 2~ cllefyomeil ceManTuku: hopmyina f(T) ~ ¢(T) cauTaeTcs BLIIOIHEHHON PN
O3HauUMBaHUU T — @, ecnn f(@) u g(@) ompenesneHsl U COBIAmAIOT, Ipu yciaoBuu, ato f(a)
orrpeneJsIcHo. BpraSI/ITeJIbHaH ClJIa JIOTUKM TaKUX KHECUMMETPHUYHBIX TOXIECTB KJII/IHI/I»
HEIOCTATOYHA, YTOOBI IPOMHTEPIPETUPOBATH YCIOBHBIE TOXKIECTBA B OOILLIEM CIIydae; a X
AKCHOMATU3AIMSL TIOJIyYaeTCsl JOCTATOYHO IIPOCTOI.

OnuO MCUYMCIeHnEe UMeeT aKCHOMbI PeIeKCMBHOCTH U NIPABUJIA BBIBOAA [0 TPAH3UTHB-
HOCTH, 3aM€HE 1 IIOOCTAaHOBKE (OHHOFO niam opyroro BI/IHa). BO BTOPOM HCYMCJICHUN MOXKHO
CTPOUTH €CTECTBEHHBIC BBIBOOLI Ha Te€pMaX IIO IIpaBUJIaM, KCKOHBEPTUPOBaHHBLIM>» M3 YIIO-
MSHYTHIX BBIILIE.

CIMCOK JIMTEPATYPBHI
[1] Kleene S. C. Introduction to Metamathematics. Amsterdam, 1952.
[2] Robinson A. Equational logic of partial functions under Kleene equality: a complete and an incomplete
set of rules // The Journal of symbolic logic. 1989. Vol. 54, No. 2. P. 354-362. doi: 10.2307/2274852
[3] Craig W. Near-Equational and Equational Systems of Logic for Partial Functions. IT // The Journal of
Symbolic Logic. 1989 Vol. 54, No. 4. P. 1181-1215. doi: 10.2307/2274813
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O KoHeYHOCTU 3-TIOPOXKIIEHHOW PEIEeTKN C OCJIAG/IEeHHBIM yCJIOBUEM
oucTpuby TMUBHOCTHU

M. II. IIYyIIIIAHOB

Xoporio n3BecTHO, IYT0 TOXIECTBO (T AY)V (YyA2)V (z2Az) = (xVYy)A(yVz)A(z2Vx)
ompernessieT MHOroo6pasue mucTpubyTUBHBIX peméTok (cM., Hampumep, [1], Teopema I1.8).
Ecnn xe paserctso (a Ab)V (bAc)V (cAa)= (aVb)A(bVc)A(cVa) paccMmarpuBaTh Kak
OTIpenesIAoIiee COOTHOIIIEHNE ISl PEIIETKN, TOPOXKIEHHON diemeHTaMu a, b u ¢, To @. [uk
[2] ommcas cOOTBETCTBYIOIIYIO CBOGOMHO MOPOXKAEHHYIO peméTKy. OHa He nucTpubyTUBHA,
HO, TeM He MeHee, KOHEUHA — CONEPXKUT 24 3jeMeHTa. Y UNThIBas BCErla BEPHOE HepaBeH-
ctBo (aAb)V (bAc)V(cha) < (aVb)A(DVec)A(cVa), eCTeCTBEHHO MHTEPECOBATHCS
CBOMCTBAMM PEIISTKHA, B KOTOPOI PACCTOSHIE MEXKIY DJIEMEHTAMMU, 3aIllMCAHHBIMA B JIEBOU 1
IpaBoil 4acTIX HEpaBEHCTBA NOCTATOYHO Majio. B pemérke L, MOPOXKIEHHON 3JIeMEHTAMN
a, buc, obozHauum s = (@ Ab)V (bAc)V(cAa)ut=(aVb)A(bVec)A(cVa).

Teopema. Pemrérka, mopoxaéHHas 3JIeMeHTaMu a, b U ¢, y KOTOPOH 3JIEMEHT t MOKDBI-
BaeT 3JIEMEHT S, KOHEUHa U CONEPXKUT He Oosee 28 3j1eMEeHTOB.

Pemérka, nzobpaxénnas Ha pUCyHKe 1, MOKa3bIBaeT, YTO OIEHKA TEOPEMbI TOUHAI.

v=(bvc)A(cva)
t=(@vbyanbvec)n(cva)
s=(@anb)vbarc)v(chra)
u=MBnrc)v(caa)

(anb)vicna) (anb)yv(bnc)

Puc. 1

CIIUCOK JIMTEPATYPBI
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Automorphisms of the category of free finitely generated algebras

E. ALapova
To 95-th birthday of my teacher B.I. Plotkin

One of the natural questions of Universal Algebraic Geometry is as follows:
When do two algebras have the same algebraic geometry?

Let © be an arbitrary variety of algebras and H;, H> be algebras from © such that
Var(Hy) = Var(Hy) = O, where Var(H;) is the variety generated by the algebra H;.

We say that algebras Hy and Hy have the same algebraic geometry (aka geometrically
similar) if the categories of algebraic sets over Hy and Hs are isomorphic.

An answer to the question above can be formulated in terms of two notions: geometric
equivalence and geometrically automorphical equivalence of algebras. Speaking informally,
algebras are geometrically equivalent if they have equal possibilities with respect to solving
systems of equations. The notion of the geometrically automorphical equivalence of algebras
is concerned with automorphisms of the category ©° of free finitely generated algebras in
0.

Algebras are geometrically equivalent if and only if they are automorphically equivalent
for some inner automorphism of the category ©° of free finitely generated algebras from
©. So, the principal role in studying of the geometrical similarity of algebras from © plays
the group of automorphisms Aut(0°) of the category ©° and its quotient group Out(0°) =
Aut(09)/Inn(6°), where Inn(0°) is the group of inner automorphisms of °.

The method of verbal operations provides a machinery to calculate the group Out(0°).
It turns out that for the wide class of varieties an automorphism of the category ©° can
be represented as a decomposition of an inner and a strongly stable automorphisms. More-
over, there is one-to-one correspondence between strongly stable automorphisms and special
systems of verbal words. The method of verbal operations allows us to choose suitable sys-
tems of verbal words among all possible systems of verbal words. This is the way to get a
description of the group Out(0°).

The main goal of this talk is give a brief introduction to Universal Algebraic Geometry
and to describe the method of verbal operations for the characterization of automorphisms
of the category ©V. In the presented form this method extends and specifies some ideas
from [1] and [2].

REFERENCES

[1] Plotkin B., Zhitomirski G. Automorphisms of categories of free algebras of some varieties // Journal of
Algebra. 2006. Vol. 306, No. 2. P. 344-367.

[2] Tsurkov A. Automorphic equivalence of linear algebras // Journal of Algebra and Its Applications.
2014. Vol. 13, No. 7. 14 pp.
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On algebras of binary formulas for almost omega-categorical weakly o-minimal
theories

A. B. Artaveva, B. SH. KULPESHOV, S. V. SUDOPLATOV

In [1] algebras of distributions of binary isolating formulas for countably categorical
weakly o-minimal theories were described, and in [2] — the corresponding algebras for
quite o-minimal theories with small number of countable models. Also in [3] algebras of
distributions of binary isolating formulas for theories of abelian groups were described. In
the present lecture we describe algebras of distributions of binary isolating formulas for
almost w-categorical weakly o-minimal theories.

Let M be a weakly o-minimal structure, A C M, M be |A|T-saturated, p,q € S1(A) be
non-algebraic. We say that p is not weakly orthogonal to q (denoting this by p L% q) if there
exist an A—definable formula H(z,y), o € p(M) and By, B2 € q(M) such that 5, € H(M, «)
and By & H(M, «).

Definition. [4, 5] Let T be a complete theory, and p1(x1),...,pn(z,) € S1(0). A type

n

q(z1,...,2,) € Sp(0) is said to be a (p1,...,pn)-type if ¢(x1,...,2,) 2 U pi(x;). The set

i=1
of all (p1,...,pn)-types of the theory T is denoted by Sy, .. . (T). A countable theory T
is said to be almost w-categorical if for any types pi(x1), ..., pn(2y) € S1(0) there are only

finitely many types q(x1,...,%n) € Sp,,...p, (T).

Theorem. Let T be an almost w-categorical weakly o-minimal theory, p,q € S1(0) be
non-algebraic, p Y q. Then the following conditions are equivalent:

(1) Algebra B, ((p.q}) is generalized commutative;

(2) RCyin(p) = RCbin(q).

This research has been funded by the Science Committee of the Ministry of Education
and Science of the Republic of Kazakhstan (Grant No. AP08855544).
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Quasi-identities of pointed abelian groups

A. O. BASHEYEVA

A pointed (Abelian) group G = (G; 0 U {c}) is an algebra of signature o U {c} with a
constant ¢ which o-reduct (G;o) is an (Abelian) group. An algebra A has a finite basis of
(quasi-)identities if the (quasi)variety generated by A is finitely axiomatizable.

The well-known theorem of S. Oates and M.B.Powell [1] states that every finite group
has a finite basis of identeties. The R. M. Bryant [2] has constructed a finite pointed group
G = (G, c) that has no finite basis of identities. Olshansky [3] proved that a finite group
has a finite basis of quasi-identities iff its every Sylov’s subgroup is Abelian. The problem
”Which finite pointed group has finite basis of quasi-identities?” is still open.

The main purpose of this work is to study the identities and quasi-identities of finite
pointed Abelian groups and prove:

Theorem. Every finite pointed Abelian group has finite basis of quasi-identities and
identities.

The author supported by the Ministry of Education and Sciences of Kazakhstan (grant
AP05132349).
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Finite groups acting on abelian groups of finite Morley rank

A. V. BOROVIK

Notation and terminology follow [ABC]. Let V be a connected abelian group of fi-
nite Morley rank. Let G be a finite set of definable isomorphisms V' — V closed under
composition and inversion. We shall say in this situation that a finite group G acts on V
definably.

Let H be a finite group and p a prime number. We introduce two parameters charac-
terizing the size and complexity of H.

e d,(H) is the minimal degree of a faithful linear representation of H over the alge-
braically closed field IET,.

e r,(H) is the minimal Morley rank of an infinite elementary abelian p-group V of
finite Morley rank such that H acts on V faithfully and definably.

Theorem. In this notation,

This theorem is yet another result which emphasises close connections and analogies
between groups of finite Morley rank, on one hand, and finite groups and algebraic groups,
on another. It is motivated by a result of Berkman and Borovik:

[BB, Theorem 1]. Let G and V be groups of finite Morley rank, V a connected
abelian group of Morley rank n without involutions. Assume that G acts on V definably,
and the action is generically sharply m-transitive for m > n. Then m = n, and there is
an algebraically closed field F such that V' ~ F™ and G ~ GLg(V), and the action is the
natural action.

Here, ‘generically m-transitive’ means that G has a generic orbit on V™, ‘sharply’ —
that the stabilizer K of a point in this orbit is trivial. The Theorem above is needed for
removal of the ‘sharpness’ assumption from [BB, Theorem 1] — this is our work in progress
— and is applied to the delicate case when K is finite. A wider discussion of this circle of
problems can be found in the survey [BD].
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On function spaces

Yu. L. ErsHov, M. V. SCHWIDEFSKY

Consider the following properties of topological Ty-spaces:

(1) to be a d-space;
(2) to be a topological join-semilattice;
(3) to be a sober space;
(4) to be an essentially complete space;
(5) to be a [restricted] injective space;
(6) to be a [sober| A-space.

Let B denote one of the properties (1)—(4). Then a Ty-space Y has B if and only if C(X,Y)
has B for some (and therefore for each) Tp-space X. Let Q denote one of the properties
(5)—(6). Then a Ty-space Y has 9 if and only if C(X,Y) has 9 for some (and therefore
for each) a*-space X. A Ty-space Y is a [sober] A-space if and only if C(X,Y) is a [sober]
A-space for some (and therefore for each) A-space X.

Both authors were supported by the fundamental research program of the Siberian
Branch of the Russian Academy of Sciences 1.1.1, project 0314-2019-0003, and by RFBF,
project 18-01-00624a.
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On concrete characterization problem of universal graphic automata

R. A. FARAKHUTDINOV

Graphic automaton is an automaton A = (X, S, d), for which the set of states is equipped
with the structure of a graph G = (X, p) preserved by transition functions of the automaton.
Graphic automaton Atm(G) = (G, End G, §), where 6(x, ) = ¢(x) forz € X, ¢ € End G, is
a universally attracted object in the category of automata [1]. For this reason the automaton
Atm(G) is called universal graphic automaton over the graph G. An edge (x,y) € p is called
proper if (y,z) & p. A graph is called quasi-acyclic if all its proper edges don’t belong to any
cycle. In this paper we investigate the following concrete characterization problem of these
automata: under which conditions for an automaton A = (X, .S, ) it is possible to construct
on the set X a structure of reflexive quasi-acyclic graph G = (X, p), such that the equality
A = Atm(G) holds.

Let A= (X,S5,6) be an automaton without equal acting input symbols. For x,y,u,v €

X the symbol (z z> means that there exists s € S satisfying 65(X) = {u,v}, ds(x) =

u, 0s(y) = v. For an automaton A = (X, .S, d) we define on the set X two canonical binary
relations @ and R. The relation ) contains all pairs (x,y) € X x X, such that conditions

<i Z), - <z i) hold. The relation R contains all pairs (z,y) € X x X, such that

the condition (Z Z) holds for all u,v € X,u # v. For an automaton A = (X, S,J) the

semigroup S is called Q) R-closed if the following condition holds for each transformation f
of the set X:

((V (z,9) € QUR) (3s € S) (6:{z, y} = fl{z,y})) = (Bt € 5) (f =d).
Theorem. Let A = (X,S,0) be an automaton without equal acting input symbols.
Then A is universal graphic automaton Atm(G) for some reflexive quasi-acyclic graph G =
(X, p) iff the semigroup S is QR-closed and its canonical relations @), R satisfy the following
conditions:
(1) (x,z) € R for all x € X;

2) (%y)GQ/\(u,v)eQ:>(<z g)@ﬁ ).

(3) (w,y)GQ/\(i g):((i Z)/\(u,v)eR v ﬁ(jj Z)/\(U,U)EQ).
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Classification of limit varieties of J-trivial monoids

S. V. Gusev, O. B. SAPIR

A variety of algebras is called finitely based if the identities it satisfies are finitely ax-
iomatizable, otherwise, the variety is said to be non-finitely based. A variety is called a limit
variety if it is non-finitely based but every its proper subvariety is finitely based.

Only five explicit examples of limit varieties of monoids are known so far. The first
two examples of such varieties were discovered by Jackson [2] in 2005. In [3], Zhang and
Luo pointed out the third example of limit monoid variety. Finally, the fourth and the fifth
examples of limit monoid varieties are provided by the first-named author in [1].

For elements a and b of a monoid, Green’s equivalence J is defined by: aJb <= a
and b generate the same ideal. A monoid is called [J-trivial if Green’s equivalence J on it
is the equality relation. In this work, we present a new pair of limit varieties of monoids
and show that together with the five limit varieties of monoids previously discovered by
Jackson, Zhang and Luo and the first-named author, there are exactly seven limit varieties
of J-trivial monoids.

The first-named author is supported by the Ministry of Science and Higher Education
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Varieties of monoids with permuting fully invariant congruences on their free
objects

S. V. Gusev, B. M. VERNIKOV

A variety of semigroups or monoids V is called [almost]| fi-permutable if any two fully
invariant congruences on arbitrary V-free object F' [contained in the least semilattice con-
gruence on F| permute. An interest to fi-permutable and almost fi-permutable varieties is
explained by the fact that any such variety has a modular (and moreover, Arguesian) subva-
riety lattice. A complete description of fi-permutable and almost fi-permutable semigroup
varieties is given in [2] and [3], respectively; a minor inaccuracy in the latter result is fixed
in [1].

In present work, we completely classify fi-permutable and almost fi-permutable monoid
varieties. Namely, we prove that a monoid variety is fi-permutable if and only if it either
is a group variety or is a variety of idempotent monoids or is contained in a variety from a
certain list of aperiodic varieties (a monoid variety is called aperiodic if it does not contain
non-trivial groups). This list consists of two countably infinite series and 14 “sporadic”
varieties. We also verify that a monoid variety is almost fi-permutable if and only if it
either is completely regular (that is, consists of unions of groups) or is contained in a variety
from the same list.

As corollaries of main results, we verify that if a non-group [non-completely regular]
monoid variety is [almost] fi-permutable then its subvariety lattice is distributive. Analogs
of these facts for semigroup varieties were found in [2, 3]. In particular, we find two new
countably infinite series of monoid varieties and three more new “sporadic” monoid varieties
with distributive subvariety lattice. Note that only a few examples of monoid varieties with
distributive subvariety lattices are known so far. So, each new example of a variety with
such a property is of some independent interest.

Two more corollaries of main results are the following facts: the class of all almost fi-
permutable monoid varieties is closed under taking of subvarieties; a non-completely regular
almost fi-permutable monoid variety is fi-permutable. Analogs of these two claims for
semigroup varieties are not the case [2, 3.

The work is supported by the Ministry of Science and Higher Education of the Russian
Federation (project FEUZ-2020-0016).

REFERENCES
[1] Vernikov B. M., Shaprynskii V. Yu. Three weaker variants of congruence permutability for semigroup
varieties // Siberian Electronic Math. Reports. 2014. Vol. 11. P. 567604 [Russian].
[2] Vernikov B. M., Volkov M. V. Permutability of fully invariant congruences on relatively free semigroups
// Acta Sci. Math. (Szeged). 1997. Vol. 63. P. 437-461.
[3] Vernikov B. M., Volkov M. V. Commuting fully invariant congruences on free semigroups // Contrib.
General Algebra. 2000. Vol. 12. P. 391-417.

Ural Federal University, Ekaterinburg
E-mail: sergey.gusb@gmail.com, bvernikov@gmail.com

247


mailto:sergey.gusb@gmail.com, bvernikov@gmail.com

MamnbneBckue urerus 2020 Teopust Monesieit 1 yHUBEDPCAJIbHAS ajarebpa

On Non-Standard Quasivarieties

A. V. KRAVCHENKO, A. M. NURAKUNOV, M. V. SCHWIDEFSKY

For a structure A of similarity type o, we say that A = (A, 1) is a topological structure
if 7 is a topology on A and all the basic operations of A are continuous and all the basic
relations on A are closed with respect to 7. For a topological structure A, we denote its
algebraic reduct by A and its topology by 74. A topology 7 on a set A is Boolean if
the topological space (A, ) is Hausdorff, compact, and admits a base of clopen sets. A
topological structure A is Boolean if 75 is a Boolean topology. A structure is said to be
profinite (with respect to K) if it is isomorphic to the inverse limit of a spectre of finite
structures (from K). A prevariety K is said to be standard if every Boolean topological
structure A with A € K is profinite with respect to K.

The notion of a B-class was introduced by the authors and used in proofs of results on
complexity of quasivarieties. For example, it allows us to find continuum many subquasivari-
eties with no independent basis, with undecidable quasi-equational theory, with undecidable
finite membership problem, etc. We prove one more complexity result.

Theorem. If there exists a finite B-class with respect to a quasivariety M of structures
of finite similarity type then there are continuum many subquasivarieties of M that are not
standard.
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On closures for families of theories

N. D. MARKHABATOV, S. V. SUDOPLATOV

We define and study natural generalizations of E-closures Clg(7T) [1, 2] of families 7
of complete theories for arbitrary families of theories, possibly incomplete.

Following [1, 2] for a family 7 of theories and a sentence ¢ we denote by 7, the family
{TeT|peT}.

Definition. We say that a theory T' belongs to the closure Cls(T) (respectively, Clgs(7))
if T' € T or T is axiomatized by a maximal set of sentences ¢ (respectively, p A=y A. . .A=1,)
such that T, (respectively, 7, N Ty, N ... N Ty, ) is nonempty (where Ty, = T \ Ty, ).

Notice that families for Cls(7) are formed by sentences in |J7 whereas families for
Clps(7T) are extended by boolean combinations of sentences in | J7. Moreover, theories T
in 7 are transformed into theories T* € Clgg(7T) with T* D T by adding of Ty-separating
sentences: if T,T" € T with T # T’ then there is a sentence ¢ € T* with —p € (T")*, or
- € T* with ¢ € (T")*. Thus, the family 7 obtains, in Clgs(7), a correspondent family 7*
consisting of theories T™* for theories T' € 7 which are Ty-separated. The operator T + T*
inside Clps(7) is called the Hausdorffization of the family 7.

The operators Cls(7) and Clps(7) are reflexive, transitive, but can fail under monotony
with respect to extensions of families: there are families Ty, 77 such that 7o C 77, Cls (7o) €
Cls(ﬂ) and CIBS(%) Z ClBs(ﬂ)

Definition. For a family 7 of theories in a language X and a theory T we put T €
CL(T)ifT €T, or T is nonempty and T = {¢ € F(X) | |(T")y| > w} for some 7' C T. If
T’ is fixed then we say that T belongs to the Cly-closure of T with respect to T', and T is
an accumulation point of T with respect to 7.

Theorem. For any family T of complete theories in at most countable language ¥,
CL(T)=Clg(T).

The property in Theorem as well as the transitivity of Cl; can fail for languages 3 of
uncountable cardinalities.
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On approximations of acyclic graphs

N. D. MARKHABATOV

We consider approximations of acyclic graphs with bounded and unbounded diameters.

Definition [1]. Let T be a class of theories and T be a theory, T ¢ T. The theory T
is called T -approximated, or approrimated by T, or T -approrimable, or a pseudo-T -theory,
if for any formula ¢ € T there is 7" € T such that ¢ € T’. If T is T-approximated then T
is called an approzimating family for T, and theories T" € T are approzimations for T.

Definition [2]. An infinite structure M is pseudofinite if every sentence true in M has
a finite model. If T'= Th(M) for pseudofinite M then T is called pseudofinite as well.

Let Gfin(A) be the family of all infinite acyclic graphs consisting of A connected compo-
nents of bounded diameters.

Theorem 1. Any theory T of an infinite acyclic graph (tree) from the class G, (1) is
pseudofinite with respect to acyclic graphs (trees).

Theorem 2. An acyclic graph G from the class G¢in(n), n > 2, is not approximated
by finite trees.

Let Ginr(A) be the family of all infinite acyclic graphs consisting of A connected compo-
nents of unbounded diameters.

Theorem 3. A theory T of an acyclic graph from the class Giy s (\), for some cardinality
A, with a finite number of hanging vertices is pseudofinite if and only if the number of rays
in G =T is even.

Corollary 1. For any XA > 1 there is a pseudofinite acyclic graph with lambda hanging
vertices.

Corollary 2. There is a theory T of an acyclic graph G € G;nf(1) which is not
pseudofinite.

Theorem 4. An infinite acyclic graph G € G;n¢()), for some cardinality X\, with
infinitely many hanging vertices is pseudofinite.

The research is partially supported by Committee of Science in Education and Science
Ministry of the Republic of Kazakhstan (Grant No. AP08855544) and Russian Foundation
for Basic Researches (Grant No. 20-31-90003).
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On generations for families of theories of abelian groups

IN. I. PAVLYUK, S. V. SUDOPLATOV

Using a characterization of existence of least /minimal generating set for a family of theories
[1, Theorem 5| and approximations of theories of abelian groups in terms of Szmielew in-
variants [2, 3] we adapt this characterization for an arbitrary family of theories of abelian
groups.

Theorem. If 7 is a generating set for a E-closed set Ty of theories of abelian groups
then the following conditions are equivalent:

(1) 7, is the least generating set for To;

(2) T4 is a minimal generating set for To;

(3) any theory in 7T is isolated by some set (7y),, i.e., for any T € T there is ¢ € T
such that (7y), = {T};

(4) any theory in T is isolated by some set (Ty),, i.e., for any T € T there is ¢ € T
such that (7o), = {T'};

(5) for any finite set of Szmielew invariants £ of a theory T € T there are no infinitely
many theories Ty, € T, k € w, such that each £ either coincides for all T}, and for T or & for
T is a limit of correspondent Szmielew invariants for T}, (either of same name £ or as a limit
for ol ).

Corollary 1. There are continuum many E-closed families of theories of abelian groups
with(out) least generating sets.

Corollary 2. Any E-closed set of theories of abelian groups generated by theories of
finite abelian groups has the least generating set consisting of these groups.

Corollary 3. Let T be an E-closed set of theories of abelian groups such that for each
prime p there are only finitely many theories with positive Szmielew invariants o, n, Bp, Vp-
Then T has the least generating set.
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First order rigidity for algebraic groups

E. PLOTKIN

We will survey a series of recent developments in the area of first order descriptions of
linear groups. The goal is to illuminate the known results and to pose the new problems
relevant to logical characterizations of Chevalley groups and Kac-Moody groups. We also
dwell on the principal problem of isotipicity of finitely generated groups.

The main question behind all considerations is as follows. Suppose we have two algebras
equipped with a sort of logical description.

Problem. When the coincidence of logical descriptions provides an isomorphism be-
tween algebras in question?

We will describe the current state of art of the problem: when the elementary equivalence
of a linear group to another one implies their isomorphism. Situation of such kind will be
called, for short, elementary rigidity. Usually we restrict ourselves with some class of groups
C and consider all rigidity questions with respect to C.

Our second aim is to describe the notions of isotypicity of algebras and logical equivalence
of algebras. These notions are much less known than elementary equivalence. However, they
can logically characterize algebras in a very rigid way and one can expect affirmative answers
to most of the problems formulated.

Regarding elementary rigidity for algebraic groups I am going to describe the recent
results by N. Avni - A. Lubotzky - C. Meiri, M. Sohrabi - A. Myasnikov, and K.Tent -
D.Sigal. If time permits, the proof of the following result [1]:

Theorem. The Chevalley group G = G(®, R) is elementarily rigid in the class of all
finitely generated groups, if R is a ring of Laurent polynomials over the finite field, i.e.,
R = Fylz,x™ ], charF, # 2.
will be outlined. The isotipic rigidity questions are focused on the principal conjecture:

Conjecture. Every finitely generated group is isotipically rigid in the class of all finitely
generated groups.

We will discuss the recent results by R. Sclinos, N. Romanovskii - A. Myasnikov, G. Zhit-
omirski towards its solution.

REFERENCES

[1] Capdeboscq I., Kunyavskii B., Plotkin E. Vavilov N. Commutator width of Kac- Moody groups over
finite fields, to appear.

Bar-Ilan University, Ramat Gan (Israel)
E-mail: plotkin.evgeny@gmail.com

252


mailto:plotkin.evgeny@gmail.com

MamnbneBckue urerus 2020 Teopust Monesieit 1 yHUBEDPCAJIbHAS ajarebpa

On subgroup lattices of locally finite 2-groups

V. B. REPNITSKII

The problem of representation of lattices by subgroup lattices occupies a prominent
place in the aspect of representation of lattices by derived lattices of one kind or another.
One of the most striking result here is due to Ph. M. Whitman [1] and states that every
lattice can be embedded in the subgroup lattice of some group. For a given class K of
groups, we say that K is lattice-universal if every lattice is embeddable in the subgroup
lattice of some group from K. In this sense the class of all groups is lattice-universal.

In connection with Whitman’s result the following question arises: which are natural
proper classes of groups satisfying the condition of lattice universality? In this direction
the author proved in [2] that every lattice can be embedded in the subgroup lattice of a
Burnside group satisfying the identity z* = 1, where k is odd and k£ > 665. Continuing
on this path, we proved in [3] that non-soluble group varieties are close in some sense to
lattice-universal ones, namely, every lattice with Whitman’s condition and, in particular,
every free lattice can be embedded in the subgroup lattice of a free group in an arbitrary
non-soluble group variety. The opposite pole of results concerns the aspect of representation
of lattices by subgroup lattices of soluble and nilpotent groups. In [4] and [5] we have found
not-trivial identities which have to be fulfilled on subgroup lattices of metabelian groups and
of nilpotent groups of a fixed nilpotency class. So both the class of metabelian and the class
of all nilpotent groups are not lattice-universal. It should be noted that natural extensions
of the classes of soluble and nilpotent groups are respectively the classes of locally soluble
and locally nilpotent groups. It is well known that the class of all locally soluble groups
includes the class of all locally nilpotent groups, which in turn includes the class of all locally
finite 2-groups. The following theorem is valid.

Theorem. The class of all locally finite 2-groups is lattice-universal.
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On semigroups of elementary types

M. V. SCHWIDEFSKY

For an arbitrary algebraic structure A, let Th(.A) denote the elementary theory of A; that
is, the set of all first-order sentences true in A.

Let a class K of algebraic structures be closed under Cartesian products. For algebraic
structures A, B € K, we put Th(A) « Th(B) = Th(A x B). It is not hard to verify that the
operation # is associative and commutative. Moreover, Th(A) « Th(£) = Th(.A), where £ is
a trivial structure of the same type. Therefore, the algebraic structure

Tk = <{Th(A) | A € K}, *>
is a commutative semigroup with a neutral element. We call this semigroup the semigroup
of elementary types of K.
We present a series of results which concern the structure complexity of the subsemi-
group lattices of semigroups of elementary types.
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On a hierarchy for families of theories

S. V. SUDOPLATOV

Throughout we study families 7 of complete first-order theories, their E-closures Clg(7T)
[1, 2], RS-ranks RS(7") and ds-degrees ds(7") with respect to neighbourhoods 7, [3], as well
as their generalizations for the following hierarchy. Let ¥ be a language and Ty be the
family of all complete theories in the language . We consider both an approach for the
construction of hereditarily finite sets [4] with urelements in 7Tys; and, more generally, of sets
in Vi, 5, where for ordinals « the sets V,, 5, are defined by the following regular process (cf.

[5, Section 2.6]): a) Vox =Tx; b) Vax =P ( U V%z:> ,ifa=8+1;¢) Vox = U Va3,
v<B B<a
if o is a limit ordinal. A set 7 with 7 € V, 5 \ Tx for some ordinal « is called regular.
Each regular set 7 has an ordinal p(7) which is called the rank of T and is defined as the
least ordinal with 7 € V(7 ». For any regular family 7 we denote by ur(7) the set of all
urelements in 7y which used for the construction of 7: 1) if p(7) = 1 then 7 C Ty and
ur(7)=7T;2)if p(T) =a>1thenur(7)= {J ur(7).
TIET

Theorem 1. For any two disjoint subfamejlies T1 and Ty of an E-closed family T of
urelements the following conditions are equivalent:

(1) 71 and T2 are separated by some sentence p: T C T, and Ta C T-y;

(2) E-closures of Ty and Ty are disjoint in T: Clg(T1) N Clg(T2)N'T = 0;

(3) E-closures of Ty and Ty are disjoint: Clg(7T1) N Clg(T2) = 0.

For a regular family 7~ we introduce ranks RS”(7), RS7(T) and degrees ds” (7)), ds=(T)
due all/some urelements in ur(7).

Theorem 2. 1. For any «, 3,7 € Ord U {oc} with a < 8 <~y there is a regular family
T such that p(T) =2, RS(T) = a, RSV(T) = 8, RS*(T) = 7.

2. For any ordinal o and natural k,m,n with 0 < k < m <n there is a regular family T
such that p(T) =2, RS(T) = RS"(T) = RSHT) = «, ds(T) = k, ds" (T) = m, ds*(T) = n.
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The least dimonoid congruence on the free commutative g-dimonoid

A. V. ZHUCHOK

Loday introduced the notion of a dimonoid [1] as a tool to study Leibnitz algebras. The
g-dimonoids were introduced in [2] as a generalization of dimonoids. Every 0-dialgebra with
associative operations [3] is a linear analog of a g-dimonoid.

Let A be an arbitrary nonempty set and A = {Z |z € A}. The length of an arbitrary
word w over A is denoted by [(w). For every x € A assume T = x and introduce a map
Yy, y €A,
y, y € A.
semigroup. Define operations = and F on S U S by

cd=(cag)(dasg), ctd= (cag)(dag)

for all ¢,d € SUS. The algebra (SUS,H,F) is denoted by S(®). By Lemma 1 of [4], S(®) is
a g-dimonoid but not a dimonoid. If X is a generating set for a semigroup S, then S(®)\X
is a g-subdimonoid of S(®) generated by X. The g-dimonoid S(®)\ X, in which S is the free
commutative semigroup on X, is denoted by F'CgD(X).

Theorem 1. ([4], Theorem 1) FCgD(X) is the free commutative g-dimonoid on X.

If p is a congruence on a g-dimonoid (D, ,F) such that (D,,F)/p is a dimonoid, we
say that p is a dimonoid congruence. If p is a congruence on a g-dimonoid (D, ,+) such
that operations of (D, ,F)/p coincide, we say that p is a semigroup congruence.

Theorem 2. Let FCgD(X) be the free commutative g-dimonoid, vy, vy € FCgD(X),
and let F*[X] be the free commutative semigroup on X.

(i) Define a relation € on FCgD(X) by v1€vs if and only if

Viaps[x] = V2ps(x] and [(viapsx)) # 2, or v = va.

a=oa4: AUA — A by the rule ya = { Let further S be an arbitrary

Then gis the least dimonoid congruence on FCgD(X).
(ii) Define a relation ® on FCgD(X) by

viTvg  if and only if  viaps(x)] = V2R (x]-
Then 7 is the least semigroup congruence on FCgD(X).
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