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MaubrieBckne arenust 2025 Ilrerapubre JOKIaIbT

TeH30pHBIE TIOMOJHEHUS 2-HUJIBIIOTEHTHBIX KOHEYHO MOPOXKAEHHBIX TPyl 6e3
Kpy4eHus

M. AMATJIOBEJU, A. MACHUKOB

B nannom goknaje msydaroTcs TeH30pHbIC mononHenus G ®n, , 1 KOHEYHO IIOPOXK-
JIEHHBIX HUJIBIIOTEHTHBIX Ipynn 6e3 kpydenns G Kiacca 2 B KBa3uMHoroobpasmnm No g RR-
SKCIIOHEHITHAJIBHBIX 2-HUJIBIIOTEHTHBIX IPYIII HAJL ONHOMUAJIBHON 001acThio R. Mbl mokas3br-
BaeM, ITO K/IaCCHIeCKOe XOJI/IOBCKoe Tronomnenne G® g R Br1aapBaercsa B GR, , R, mpuaem
G®nN, r R~ (G®y R) x D, tne D—R-Moty/b, a npsAMoe MPOu3BeieHne —Ipou3Beienne ab-
crpaxkTHBIX Tpyni (me R-rpymm!). B wacrnocTu, kanonnydeckuit R-smmmopdusm p: G @,
R — G ®y R asngercsa perpakTom Ha G @y R ¢ abenesbiM stmpom D. B wacTHOCTH, 9TO
OoTBedYaeT Ha craphiii Bompoc PemeciennukoBa 00 ajarebpamdeckoil CTPYKType CBOOOIHBIX
2-HWJIBIIOTEHTHBIX R-rpynn B KBasuMmHoroobpasum No p. eiicrurensro, B (1| 66110 TO-
Ka3aHo, 4To ecsin G—cBoboAHAs 2-HUJIBIIOTEHTHAs IpyIna ¢ 6a3oit X (B MHOroobpasuu ab-
CTPAKTHLIX 2-HUJILIOTEHTHLIX Ipyn), T0 GQy, , R—cBoboxHas 2-HusbnoTeHTHAs R-rpynma
B N g ¢ 6a30it X. 3aMeTHM, ITO B 3TOM cnyqaé G @y R—cBoboauast 2-HUJIBIIOTEHTHAS XOJI-
JgoBa R-rpymma ¢ 6a3oit X. B kadectBe myutmrocTpanuu mjist CBOOOTHON 2-HUJIBIIOTEHTHOM
rpyunsl G panra 2 Mbl onuchiBaeM uMenHo rpymy G ®n, , R, neiicrsue R na G @y R u
Mozyib D B citydae, xorjga R—iu6o kosbio muorodwieHoB Q[t], smbo 1osie paroHadbHbIX
dynxmmit Q(¢) ¢ xoaddurnmenTamu B Mose pannoOHAILHBIX Yucea Q.

Paboma noddeporcarna Hayuornarsvrowm nayurvim dpondom I'pysuu umenu Illoma Pycma-
seau 8 pamrax npoexma FR-21-47183.

JINTEPATYPA
[1] Amarno6enu M., Msacuukos A., Hagupanze T. Muoroo6pasus skcronennuaabubix R-rpymm // AsreGpa

u joruka, T. 62, Ne 2, 2023,—c.119-136.

Tounuccrutl 2ocydapemeenmnud yrusepcumem um. He. Jocasazuwsuay (I'pysus)

E-mail: mikheil.amaglobeli@tsu.ge

Texnonozuneckuti uncmumym Cmusenca, Kaca-Ilotimm-on-Xadcon, Xoboxen, Hvro-orcepcu (CIIA)
E-mail: amiasnikov@gmail.com
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PaBHOMeprIe KOHCTPYKIN B TeOpUU BbIYUCJIINMOCTHU

M. M. APCJIAHOB

B Teopun BHIYHCIMMOCTH IIPUHATO OTJIMYaTh "paBHOMEpPHBIe KOHCTPpYKIuu'"or "Hepas-
vomepHbIX". Ilycrs 3amana sdpdekTuBHas HyMepalys HEKOTOPOil COBOKYITHOCTH MHOYKECTB
HaTypaJIbHBIX uuces. [locTpoeHne 1Mo 3aJaHHBIM U3 ITOH COBOKYITHOCTH MHOXKECTBAaM OIIpe-
JIEJICHHBIX MHOYKECTB PAGHOMEPHO, €CITU CYTIECTBYeT 3(DhEKTUBHAS TIPOTIE Iy pa, KOTOpasl Mo3-
BOJISIET OIPEJIEJINTH WHJEKCHI HCKOMBIX MHOXKECTB 110 WHJIEKCAM 3aJAHHBIX MHOXKECTB.

YacTo paBHOMEPHOCTh KOHCTPYKIIMU HCHOJIb3YeTCsl (C IPUBJIEYEHHEM TeOPEMbI PEKyp-
CHU WM ee BAPUAHTOB) JIJIsl IOJIYI€HUS] HOBBIX PE3YJIBTATOB IPOBEIEHIEM JOIOJHUTENbHBIX
nocTpoennii. HepaBHOMepHBIE KOHCTPYKIINA KOMOMHATOPHO OoJjiee cjioxkHble. Hampumep, B
nokazaresberBe Coapa u Croba [R.I.Soare, and M.Stob. Relative computable enumerability /
In: J.Stern, editor, Proceedings of the Herbrand symposium, Logic Colloquium’81, pp.299-
324. North Holland, 1982] cymecTBoBanus HaI KaxKapiM (110 THIOPUHTOBOI CBOIMMOCTH)
HU3KAM HEBBIYMCJIUMBIM BBIYUCIUMO TI€PEUNUCTUMBIM (JJIs1 KPATKOCTH, B.II.) MHOXKECTBOM
BBIUKCJIMMO [T€PEYUCIMOIO OTHOCUTEIBHO HEI'O MHOXKECTBA, ThIODUHIOBAsl CTEIIEHb KOTOPO-
0 He COIEP>KUT B.II. MHOYXKECTB, aBTOPaM ITOHAJ00MIOCH TIOCTPOUTD JBAa MHOXKECTBA, OJIHO
U3 KOTOPBIX 06jajaer TpebyeMbIM CBOHCTBOM (ABTOPBI B 9TOM K€ CTaThe OTMETUJIN, YTO UX
IIeJIb He MOYKET OBITh JOCTUIHYTa PABHOMEDHOI KOHCTpYKIueil). MlHorma orcyrcTBue paBHO-
MEPHOI KOHCTPYKITUH SIBJISIETCS apTYMEHTOM B TIOJIB3Y IIPEJIIIOI0KEHUsT O HECYIIECTBOBAHUN
MHOXKECTBa C 33JI[AHHBIMU CBONCTBAMU.

B moxnagze mjist psifja CTPYKTYPHBIX CBONCTB COBOKYITHOCTEH B.II.CTEIEHEIl U CTeleHeil,
MPUHAJJICXKANTIX KOHEYHBIM YPOBHIM Hepapxun Epimosa, 06Cy K 1a10TCsl BOIIPOCHI CYIIECTBO-
BaHUS UM OTCYTCTBUS PABHOMEDPHBIX KOHCTPYKITHIA.
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IToarpyunsr Bopessi u nx kacarejabHbIe ajaredpsbl Jis rpynn aBToMop@du3IMoOB
adbuHHBIX Tpeobpa3oBaHUt

1. B. APXKAHLIEB

Jlokytaj; OCHOBaH Ha pe3yJibraTax cOBMecTHbIX pabor ¢ M.I.3aiimenbeprom. B meppoit
9aCTU MBI PACCMOTPHUM HOJIPYIIIbI BOpesis,T0 ecTh MaKCHMAaJbHbBIE CBSA3HBIE PA3PEIINMbIe
IOAITPYIIIEI, B TPyIax aBToMopdu3MoB addUHHBIX ajaredbpandeckux MHOroobpasmii. Bymer
MIOKA3aHO, YTO TPYIITa aBTOMOP(MU3IMOB HEBBIPOXK AEHHOM aPUHHON TOPUIECKOHN TTOBEPXHO-
CTU COJEPKUT TOArpynnbl Bopess nByx tunos. [loarpynmbl ofHOro THIla BCerja COMps-
JKeHbI. MBI HAXOJIUM KPUTEPUil COIPSI?KEHHOCTHU IOAIPYIII PA3HBIX TUIOB. JloKa3are bcTBa
9TUX PE3YIbTATOB UCIOJIB3YIOT TEOPUIO JeHCTBUil rpymil Ha jepeBbsx bacca-Ceppa. Bro-
past 9acTh JOKJIAJIa MMOCBSINEHa N3y YeHUIO PAa3PENInMbIX [T0aaredp B KacaTeabHOM ajarebpe
rpynnsl aBroMmopdu3MoB. Mbl ornpe/iesisieM HHTerpupyeMble Hoaaredpsl bopesns u 10Ka3b-
BaeM, 9TO 9TO B TOYHOCTH KaCaTeJbHbIE ajareOps! moarpyii bopess. [IpuBomsitest mpumeps,
KOIJIa MHTerpupyeMas mojajrebpa Bopess e sBisiercs noganrebpoit Bopesisi, To ectb Mak-
CUMAJIbHOI pa3pentuMoit noxaarebpoii. JletaabHo u3ydaeTcs cirydail KacaTesJbHOM airedppl
rpynnbl aBTOMOPGU3MOB adHUHHOTO TPOCTPAHCTBA PA3MEPHOCTHU HE BHIIIE 3.

Hccenedosarus noddeporcarnv, eparvmom PHD 25-11-00302.

JINTEPATYPA

[1] Arzhantsev I., Zaidenberg M. Borel subgroups of the automorphism groups of affine toric surfaces,
arXiv:2507.09679.
[2] Arzhantsev 1., Zaidenberg M. Borel subalgebras of Lie algebras of vector fields, arXiv:2510.17223.

HHY BIIS, Mocksa (Poccus)
E-mail: arjantsev@hse.ru
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O cTpykTypax crerneHeii /jisi TO3SUTUBHBIX OMHAPHBIX OTHOIIIEHUMN

H. A. BAXKEHOB

IIycte R u S—OuHapHbIe OTHOIIEHNMS Ha MHOXKECTBE HATYpPaJbHBIX YHCE] W. | OBOPHIT,
9TO BClogy onpejenentas Gyukmust f(z) ceodum R K S, ecan Jyist M00BIX X,y € w BBIIOJ-
HEHO:

(z Ry) < (f(x) S f(y))
Ecim pyukuust f Beraucamma, To roBopaT, 9To R svuucaumo ceodumces k S. Ecnu f npu-
MHUTHUBHO PEKypCHUBHA, TO R npumumusHno pexypcuseno ceodumcs K S. CucreMaTuyeckoe
U3ydYeHre BBIYUCIUMOI CBOIMMOCTH JJIsi TIO3UTUBHBIX OTHOINEHUIT 9KBUBAJIEHTHOCTHA OBLIO
magaro FO.JI. Epmosbim B 1970-€ rompr.

B nmoxkmame mpuBoauTcst 0030p HEJABHUX PE3YIbTATOB, CBI3AHHBIX CO CBOIMMOCTSIMU
JIUIS TIOBUTHBHBIX SKBUBAJIEHTHOCTENl U IO3UTUBHBIX MPeaiopsakoB. OCHOBHOe BHUMAaHUE
COCPEJIOTOYEHO Ha 3JIEMEHTAPHBIX TEOPUSIX COOTBETCTBYIOIIUX CTPYKTYP CTEleHE.
Hremumym mamemamuru um. C.JI. Coboaesa CO PAH, Hosocubupckull 20cydapcmeeHHvill YHu8epCu-

mem, Hosocubupck (Poccus)
E-mail: bazhenov@math.nsc.ru
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CTpOﬁHbIe JacCTUYIHbIC TIOPAAKUN U CTPOr'o IO3UTUBHbIE JIOTUKU JOKa3yeMOCTHU

JI. 1. BEKJIEMUIIIEB

CTporo mo3uTUBHBIE JIOTUKH JTOKA3yEeMOCTH BO3HUKJIN JIJIsI AKCHOMATH3AINN TOXKJIECTB
MOJIAJIBHBIX aJIireOp, ONUCHIBAIONINX CBOICTBa cxeM pedJiekcnn B pOPMAJIBHON apudMeTnKe
u eé pacmupenusx. OrHomenne mopsiaka "A Bieder HenporuBopeunBocTh B'mpuBomuT K
€CTEeCTBEHHBIM CHCTEMaM OPJWHAIBHBIX 0003HAYECHUIT, NCIIOIb3yEMbIM B T€OPETHKO-T0KA3a~
TEJILCTBEHHOM aHaJIi3e paciumpennit apudmernku. HacTUIHBIN TOPSIIOK HA3BIBAETCS CTPOi-
ubM (well-partial ordering), ecin B HeM HeT GECKOHETHBIX YOBIBAIONINX TIETIEH 1 GECKOHETHBIX
aHTHUIenei. Takue MOpsIKM BO3HUKAIOT B ajredpe, KOMOMHATOPUKE, TEOPUH aJIIOPUTMOB U
Jpyrux obJsiactsax. B Teopuu 1oKa3aTebCTB CTPOMHBIE MTOPSIIKA UT'PAIOT POJIb 6OraToro uc-
TOYHUKA MMPOCTBIX KOMOMHATOPHBIX YTBEPXKICHUIA, HE JOKA3YEMBIX B JOCTATOYHO CUIHHBIX
TEOPUSIX.

B nokmajie MbI OIUIIEM €CTECTBEHHOE COOTBETCTBUE MEXKJIy HEKOTOPHIMU HU3BECTHBIMU
B KOMOWHATOPUKE U TEOPHUH JIOKA3ATEJHCTB CTPONHBIMU YACTUIHBIME ITOPSIKAMHA U CTPOrO
[TO3UTUBHBIMU JIOTUKAMH JOKA3yEeMOCTH. DTO COOTBETCTBUE, B YaCTHOCTH, IIPOJIMBAET CBET
Ha POJIb TAKWUX TOPSIIKOB IPU aHAJIN3€e (DOPMAJIbHBIX TEOPUN TPEIUKATUBHON CHUJIBI.
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O mpocTpaHCTBax HENMPEPBLIBHBIX (DYHKITUNI

FO. JI. EpmioB, M. B. IIIBUAE®CKU

B noxknazme moigéT pedub 0 HEMaBHUX Pe3yJIbTAaTaxX, CBA3AHHBIX C COXPAHEHUEM PsIa
CBOICTB TOIOJIOTMYECKUX ITPOCTPAHCTB IIPH IIEPEXO/IE K ITPOCTPAHCTBaM HEITPEPBIBHBIX (DYHK-
nuii, HadeJEHHBIX TOI MJIM MHOM TOIOJIOrHeil, KOTOPhIE IPEeICTABICHBI B MOHOTpa(Un mep-
Boro aBropa [1], a Takxke B paborax [2]-[4].

Hampumep, crpaBemmBa ciieayormast

Teopema. Jlasa To-npocmpancmea Y u das I-cucmemwvr H pasnocusvho. caedyrousue
YMBEPHCICHUA:

(1) TIpocrpancrso Y siBasiercss H-coGpaHHBIM.

(2) Tpocrpancrso Cr(X,Y) menpepoiBubix dbyuxmuit u3 X B Y, Hajenéanoe Tomo-
gorueit VcGeswia I, asisercs H-cobpanubiM st HEKOTOPOro (s Jjioboro) c-
KOMITAaKTHOTO 1-TIpocTpancTsa X .

Hcenedosanue evinoanero npu noddepoicke Poccutickozo nayunozo gonda (npoexm N 24-

21-00075), a maxorce 6 pamraz 2oczadarus Unemumyma smamemamuru um. C. JI. Cobosesa
CO PAH (npoexm Ne FWNF-2022-0012).

JINTEPATYPA

[1] Epmos YO. JI. Tonoaozus das duckpemnots mamemamuru, HoBocubupcek: Msa-so CO PAH, 2020.

[2] Ershov Yu. L., Schwidefsky M. V. On function spaces, Siberian Electronic Mathematical Reports 17
(2020), pp. 999-1008, https://doi.org/10.33048/semi.2020.17.074.

[3] Ershov Yu. L., Schwidefsky M. V. On function spaces. II, Siberian Electronic Mathematical Reports
19(2) (2022), pp.815-834, https://doi.org/10.33048/semi.2021.19.069.

[4] Ershov Yu. L., Schwidefsky M. V. On function spaces. III, Lobachevskii J. Math. 45(4) (2024), pp.1819—
1824, https://doi.org/10.1134/5S199508022460136X.

[5] Kudryashova M. I., Schwidefsky M. V. Properties of function spaces, Siberian Math. J., accepted for
publication.

Hremumym mamemamuru um. C.J1.Cobosesa CO PAH, Hosocubupckuli HAUUOHAALHBLY UCCAD08aMEND-
ckuli 2ocydapemeennoiti ynusepcumem, Hosocubupck (Poccus)
E-mail: ershov@math.nsc.ru, m.schwidefsky@g.nsu.ru
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TeopeTnko-Mo/IeJiIbHbIE CBOIICTBA MOHCOHOBCKHUX TEOPUH M MX KJIACCOB MO/IeJieit

A. P. EIIKEEB

JloKJ1a/1 TTOCBSAIIEH TeOPEeTUKO-MOJIEIbHBIM CBOMCTBAM HOHCOHOBCKUX TEODHUIl Kak CIie-
[MAIBHOTO TIOJIKIIACCA WHIYKTUBHBIX (BOOOIIE TOBOPsI, HENIOIHBIX ) TEOPUH U (POPMUPYEMOMY
Ha X OCHOBE TEOPETHKO-MOJE/IbHOMY amnmnapatry. [IpecraBisiiorcs pe3yabTaThl O COBEPIIEH-
HOCTHU, KATETOPUIHOCTHU, CTAOUILHOCTH HOHCOHOBCKUX TEOPWii, a Tak:Ke ODODIMEHUS psiia
JIpYTHX MOHATHIA ¥ KJIACCUIECKUX PE3YJIbTATOB, U3BECTHBIX JJIs IOJHBIX TEOPHil, Ha CJIydail
HOHCOHOBCKUX Teopuil. OTIEIHbHO PACCMATPUBAIOTCS CHENUAJBHBIE MOJEIH W CYyIIeCTBEH-
HBIE TIOJKJIACCHI MOJIeJIEll PACCMATPUBAEMbBIX TEOPHil, YTOUHSIFOTCS YCJIOBUS CYIIIECTBOBAHUS
U eJMHCTBEHHOCTH, & TAKXKE YCJOBUSI COXPAHEHUsI TEOPETUKO-MOE/IbHBIX CBONCTB IIPU pac-
[MIUPEHUSX U BJIOKEHUSIX.

Hccaedosanue npogunancuposaro Komumemom nayxu Munucmepemea wayku u 6vic-
wezo obpazosanus Pecnybauru Kazaxceman (epanwm Ne AP23489523).

Kapazandunckut Hayuonarvhwd Heeaedosamenvekut Yruusepcumem um. E.A.Byxemosa (Kasaxcmar)
E-mail: aibat.kz@gmail.com
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AnropurMudeckue npeobpa3zoBaHUsl 1 YyHUBEPCAJIBHOCTh KJIACCOB
ajrebpanviecKux CTPYKTYP

. III. KAIuMyJaJanH

JlokJta 1 TIOCBSIIIEH TPpeoOpPa30BAHUSAM AJINeOPANIECKUX CTPYKTYP, COXPAHSIOMIUX WX aJl-
ropurMuueckue cBoiictBa. Ocobyo poJib B IPEICTABIEHHBIX Pe3y/IbTaTax OyyT UIPaTh JIU-
HEHHO yIIOPsAIOYEHHBIE CTPYKTYPHI, TO €CTh ajredpandeckue CTPYKTYPbI, OJHAM U3 CUTHA-
TYPHBIX IIPEINKATOB KOTOPBIX SIBJISIETCS OTHOIIEHUE JIMHEHHOro Mopsijika. B jokiase Oymer
MIPOJIEMOHCTPUPOBAHO, UTO JII0Oast aaredpantdecKast CTPYKTypa MOKET OBbITH peodpa3oBaHa
B JIMHETHO YIIOPSIIOYEHHYIO C COXPAHEHMEM MHOIHUX, HO JIaJIeKO HE BCEX AJINOPUTMUYECKUX
cBoiictB. Ha ocHOBe TOJIyUeHHBIX pe3y/IbTaTOB Oy/eT MpOBeJeHa MOMBITKA 00ODIIUTE TOHSI-
THe YHUBEPCAJIBHOCTH KJIACCOB CTPYKTYD, BBe/eHHOE B pabore Xupiidenapara - XycanHoBa

- IMTopa - Camuko (2002).
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IIponos>keHne 4acTUYHBIX ABTOMOP(PU3IMOB B KOHEUYHBIX TYPHHPAaX

K. 2K. KYJABEPTEHOB

O6cykK1aeTcst BOIIPOC 0 BO3MOXKHOCTH [TPOJIOJIPKEHUST YACTHIHOTO aBTOMOP(MU3Ma KOHET-
HOTo TypHUpa (rpada CIeKTpasbHOTO BUA) JI0 aBTOMOP(MOU3Ma HEKOTOPOrO ero KOHEYHOTO
pacCIINpEeHus] U JAeTCs OIEHKA pa3Mepa TaKOr'o PACHIUPEHUs.

Hremumym Mamemamuru u mamemamuneckozo modeauposanus, Aamamo: (Kasaxcman)
E-mail: kanatkud@gmail.com
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Teopusi moneneii oGorareHHbIX OyJ/IeBbIX aaredbp

. E. [TanbuyHOB, A. B. TPO®UMOB

JloK1a1 TIOCBSIIEH U3YYEHUI0 OOOTAIEHHBIX OYJIEBBIX ajredp: Oy/IeBbIX ajaredp ¢ BbI-
JIeJIEHHBIMU HjieajiaMu, mojajredpamMu u apromopdusmavu. Ocoboe BHUMAHUE VJIeJsieTCst
TEOPETUKO-MO/IEJIbHBIM CBOMCTBaM OyJIEBBIX areOp ¢ BbIIEIEeHHBIME Hofarebpamu. B qact-
HOCTH, UCCJIEIYIOTCsT OYJIEBBI aJareOphl ¢ BBIICICHHBIMA MOAJreOpaMu, KOTOPbIE SBJISIOTCS
HEMOABMKHBIMHA TOAAJITeOpaMu aBTOMOP(MU3MOB.

[Momanrebpa B 6ymneBoit anrebpst A Ha3bIBaeTCs TOAAITEOPOil IIMPUHBI 1, €CIU O/ JIIO-
ObIM aTOMOM HOJAJreOpbl BB sexkar He Gosiee n aroMoB aureopsl A u jo6oit aroM asred-
pbl A JIEKUT TI0JT HEKOTOPBIM aroMoM nojasrebpnr . ITonanrebpa B Gynesoii anrebpor A
HasbiBaercd 1woTHol, ecin A = sub (B, F(A))—nanmenbmas noganrebpa aarebpst A, co-
Jiepxkamias B cebe MHOXKecTBO | B | n naean Ppeme F(A) Gynesoit anrebps! A. Beenena
dopmysbHas xapakrepuctuka Sp(A) OyieBbix aaredp ¢ BbIIEJIEHHOI H0IAIIeOPOii.

Teopema 1. Ilycts A u B— cyneparomubie 6yJeBbl aaredpbl ¢ BbLICJICHHOH ILIOTHOMH
noare6poii koneuroii mupuabl. A = B torga u tonbko torga, xkorga Sp(A) = Sp(B).

Teopema 2. CymjecTByer KOHTHHYYM IMOIAPHO 3JI€MEHTAPHO HEIKBHBAJEHTHBIX CyIEp-
aTOMHBIX OyJ€BbIX ajaredp C BBIIEJEHHOH IJIOTHOH mogajareOpoil KOHEIHOH IIHPHHBI, dJIe-
MeHTapHbBIE TEOPHH KOTOPBIX HMEIOT MPOCTYIO, HO HE HMEIOT CYeTHO-HACBII[EHHOH MOIeJTH.

Teopema 3. CymiecTByer KOHTHHYYM MOITAPHO 9JIEMEHTAPHO HEIKBHBAJCHTHBIX CyII€D-
aTOMHBIX OyJIeBbIX ajredp C BbLIEJEHHOH IJIOTHOH Mogajaredpoil KOHeYHOH IIUPHUHBI, JIe-
MEHTAPHBIE TEOPUU KOTOPBIX HE HMEIOT IIPOCTOH Moge/H. 3aMeTHM, UTO Yy KaXKJOH OyIeBOit
aJrebphI ¢ BbLIeIeHHOH mogaaredpoit u3 Teopem 2 u 3 BeiiesleHHAS TOAAIT€Opa H30MOPQHA
caMolt OyJ1eBoit ajarebpe, npudeM MOYTH C HEH COBIIAJaeT.

JINTEPATYPA

[1] Mansaysos 1. E., Tpodumos A. B., Cyneparomuas 6ysesa ajarebpa ¢ BbIIAEIEHHON noaare6poii, Teopust
KOTOPO# He mmeer npoctoii moxemn, Cub. mamem. owcyph., 66:3 (2025), 506—522; Siberian Math. J.,
66:3 (2025), ¢.749—762.

[2] Tanpaynos J.E., Tpodumos A.B. Teopuu GyneBbix aarebp € BbIIEJIEHHOH moganreGpoil, He UMeo-
e apocroit monenu. Jokmaner Poccuiickoit akagemun Hayk. Maremaruka, HH(MOPMATHKA, IPOLECCHI
yupasienus. 2025. T. 526. Ne 6.

HM CO PAH, Hosocubupck (Poccus)
E-mail: palch@math.nsc.ru
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06 oxnoii runiorese Konbe-Tenena

1. A. TIAHUH

PaccMoTpuM KOJIBIIO AUCKPETHOro HopMupoBaHnust R cMmernanHoil xapakrepuctuku (p, 0),
e p # 2. Ilyctb A — 9T0 KOJIBII0 MHOTOYJICHOB HaJT R OT HECKOJILKUX IepeMeHHbIX. 1lycTh
m — MaKCUMaJIbHBIH uaeat B A, 1 O — COOTBETCTBYIOIIEe JOKAJIbHOE KObIo. [lycrs f —
obpartumbiit amement B Kojbiie O. Ilycts n — HaTypasmpHOE 9ucyo, 60sbInee eTuHUTBI. Mb
JIOKAa3bIBAEM, UTO eCJu f MpeJCcTaBUM B BHJIE CYMMBI 7 KBaJIPAaTOB HaJ| TOJEM YacTHBIX K
koJibria O, To f mpencTaBuM B BUJIE CYMMBI 1 KBAJIPATOB y2Ke HaJl caMUM KOJbIoM O.

Jauublii pe3yabrar noATBepKaer oauy runoresy Kosbe-Tenena. Ormerum, 9To st
JIOKJILHOTO PETYJIIPHOTO KOJIbIIA, COJEPAKAIIETO I10JIe XapaKTEPUCTUKHU, HEe PABHON JIBYM,
runoresa jjokasana B paborax M. A.Tlanuna, K. .ITumenosa u I1.Ckyie.
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/JIBa ypoOBHsI BBIPA3UTEJIbHOCTHU JIOTUKW MEPBOro NOpsaKa

M. I'. IIEPETATBKUH

YHuBepcajbHas KOHCTPYKIUsI KOHEYHO AaKCUOMATH3UPYEMBIX TEOPHIl peain3yeTcsi Ha OC-
HOBE CIIEIAJILHOIO KOMILIEKca peobpazosanuii Teopuit. Cpejiu 9Tux mpeodpa3oBaHmii eCcTh
[JIABHOE 3BEHO YHUBEPCAJBHON KOHCTPYKIIUH, TJIABHOE 3BEHO MPOIEIyPhl PEyKINNA OECKO-
HEYHBIX CHTHATYP K KOHEYHBIM, & TaKKe HECKOJBKO 3JIEMEHTAPHBIX 3BEHbEB MTPEObpA30BaAHNUS
KOHEYHBIX CUIHATYD U II€PEUMEHOBAHMs CUMBOJIOB (Cpely HUX, YaCTO IUTHPYeMas PeIyK-
sl KOHEYHOH NpenuKaTHON curHarypsl K rpadam), [3, Sec. 5.8|, [6, Fig. 2]. Cxema st
yKasaHHOro KoMIiutekca [6, Fig. 2| umeer Tpu BXo/ja 1 oiuH BbIXOJI. I1epBhIit BXO/ peasnsyer
[IPOTIEIYPY PEAYKIUU KOHEYHBIX CATHATYD, BTOPOIl BXOJl peaju3yer IPOeLypy PeLyKIun
OGECKOHEYHBIX CUTHATYP K KOHEYHBIM, TPETH BXOJT Peai3yeT MPOIEeLypy PELYKIIUN BEITUC/IH-
MO aKCHOMATH3UPYEMBIX TEOPHil EPEIUCUMBIX CUTHATYD K KOHEYHO aKCHOMATU3UPYEMbIM
TeopusM (KOHEYHBIX CHUTHATYD), T.€., YHUBEPCAJIbHYIO KOHCTPYKIHIO KOHEYHO AKCHOMATH3HU-
pyeMbIX Teopuii. YKa3aHHBIH HA0Op JEMEHTAPHBIX NPEOOpPa3oBaHUi U MX KOMOuUHAIWi (B
OIIPEJICJIEHHBIX COUETAHUSX) MOXKHO OXapaKTePU30BATH CJIOBAME YHUGUUUPYIOULUE NpPeod-
pasosarus meopud. OOIIE MENbIO JAHHBIX TPEOOPA3OBAHUN ABJISETCS CBEJIEHUE K MAaJIbIM
cATHATypaM: K OMHApHOMY TPeIuKaTy, K OMHAPHON (DYHKIMK, MK K ABYM YHAPHBIM (DyHK-
musM. [IpousBosibaas Koneunast Gorarasi CUIHATYPa SIBJISETCH PACIIUPEHUueM (B OLpPeIesIéH-
HOM CMBICJIE) OJIHOM M3 9THX TPEX CUTHATYDP. TeM caMbIM, TaPAHTHPYETCsl CyIeCTBOBAHME
1IeJIEBOIT TEOPUH C 38 JaHHBIMY CBONCTBAMHU B JIFOOO0I KOHEYHO OOTaTOl CUTHATYDE, T.€., UMEeT
MecTO (haKT yHUMDUIMPOBAHHOCTH JIJIsi PENIEHUI TOCTABICHHON TPOOIeMbl, YeM 1 O0bsICHSI-
ercs BuIOOp TepMuHa "yHudnnupyommue npeobpasopanus’ .

Cxema [6, Fig. 2| Brmouaer jqBa Tuma mpeoOpa3soBaHUil, PA3INIAIONINECS OTCYTCTBH-
eM/HaJMYneM HeCTaHJIapTHLIX (dbparmMenToB. Ha OCHOBE Tako#l XapaKTepUCTHKU OINpejiese-
HBI J[Ba, €CTECTBEHHBIX YPOBHsI BBIPA3UTEILHOCTH JIOTUKH IIEPBOrO MOPSJIKA, 8 UMEHHO, (hu-
HUMaPHbL yPOBEHDb € MOJEJLHO-OUEKTUBHBIMY IIPEJICTABICHUAME (KOTOPBIA TaKKe MOXK-
HO HA3BaTh UHUMAPHO-KOMOUHAMOPHBIM), U UHGUHUMAPHBLG YPOBEHD ¢ HECTAHIAPTHHIMU
dparmenramu (Takke Ha3bIBAEMBIH 6bruuCAUMEALHbM). K DUHUTADHOMY YPOBHIO OTHOCSIT-
CsT IPOTETYPhI PEJYKIINU KOHEIHBIX CUTHATYD, JEKAPTOBBI U (DAKTOPHO-IEKAPTOBBI PACIIU-
penusi Teopuii. K nH(UHUTADHOMY YPOBHIO OTHOCSITCS IIPOIEILYPbI PEJIYKINNA OECKOHEYHBIX
CUTHATYP K KOHEYHBIM U YHHUBEPCaJbHAas KOHCTPYKIUS KOHEYHO aKCHOMATHU3UPYEMBIX TE€O-
puii. B KadecTBe TEXHUYECKOrO OKPY:KeHHUsl, B [7] IPEJICTABJIECH Psijl CEMAHTHIECKUX CJIOEB,
UMEIOIINX 3HATUMOCTD JJIsI JJAHHOTO HAIIPABJICHUSI.

KurtoueBbIM MOMEHTOM TIOMCKa TOJXOJ0B K PEIIeHUI0 MPOOJIEMBI XapaKTePU3AIH Bbl-
Pa3HUTEIbHON CHUJIBI JIOTUKU IIPEJIUKATOB SIBJISIETCSI €CTeCTBEHHAasl Wesl OIPeJIeJInTh GuHu-
mapnviti caoti FinL, BKIIOYUB B HEr0 TEOPETUKO-MOJIC/ILHBIE CBOMCTBA, COXpaHseMble (Pu-
HATAPHBIMU METOJAMM IIEPBOTO MOPHAMKA, U UHPGUHUMapHut caoti InfL, BKIIOYUB B HETO
TEOPETUKO-MOJIEJIbHBIE CBOMCTBA, COXpaHseMble HH(DUHUTAPHBIMUA METOJAMU TIEPBOTO MOPSII-
ka. B oupegenenusx cioés FinL u Inf L ucnonab3yiorcs HeKOTOPbIe (ClIenuaabHO HOI00paH-
HBIE) MHOXKECTBa (DUHUTAPHBIX U NHOUHATAPHBIX METOJIOB, IIOCKOJIBKY MHOXKECTBA BCeX -
HATAPHBIX U BCeX WH(MUHUTAPHBIX METOJIOB OIpeIejieHbl He(DOPMAJIbHO U MIOTOMY HE MOTYT
OBITH WCIIOJIL30BAHBI B M3JIO2KEeHUU. BakHasi 0COOEHHOCTb MPUHSTOIO TOIXO0/Ia COCTOUT B
TOM, 9TO B KAYeCTBE OTHOIIEHUS UJICHTUIHOCTH CJIOEB TEOPETUKO-MOJIEIBHBIX CBOWCTB IIPU-
MEeHsIeTCsl UX CPABHEHHe N0 Modyato npedcmasgumenvrozo caos [5, Sec. 2|. Ilo ymosmuanuio
UCIIONTBb3YETCsI PEAIbHBIN BADUAHT MOHATHUST TEOPETUKO-MOJIEIBHOTO CBOHCTBA, (2], B pamkax
PeryJIsipHOIO PAaCIIMPEeHHs] PaIUuKaJbHOIO IOAX0/a, T.e., IIpejjiaraeMble YTBEPXKIEHUsS Xa-
pakTepusyioT 0600mEHEbIe anredpul Tapckoro—JIunmenbGayMa NPOU3BOILHBIX (KAK MOJIHBIX,
TAK U HEIOJIHbIX) TEOPHil ePEeUUCIUMbBIX CUTHATYD, [2].
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Vreepxkaenne 1. [2] Ounurapuoli cemanrudeckuii caoi FinL BKIIOYaeT BCe TEOPETHKO-
MoJdeJbHbIE CBOHCTBA.

VYrBepxkaenue 2. [7], [2| IIponenypa penykiuu koneunbix curuaryp T — Redu(T, o),
0 — 3aJ]aHHAasT KOHEeYHasl borartasi CATHATYDA, COXPAHSIET THI BBITUCIHMOIO H30MODQH3IMA
asrebpsel Tapckoro—/Iumgenbayma o Bce TeOPETHKO-MOJIE/IbHBIE CBOHCTBA COOTBETCTBYIOITHX
IIOJIHBIX PACIIHPEHNH yKa3aHHBIX TEOPHIT.

Vreepxkaenue 3. (7|, [2] Mg wmcumcaennii npenuxaros PC(o1) u PC(og) Jmo6brx
JIBYX KOHEYHBIX OOTAThIX CHTHATYD 01 H Oy CYHIECTBYET BBIYHCJIHMBIH H30MODPQH3IM MexK-
ay aarebpamu Tapckoro-Jlunaenbayma p: L(PC(o1)) — L(PC(02)), coxpaHsromuii Bce
TEOPEeTHKO-MOJIe/IbHBIE CBOHCTBA.

YrBepxkaeuue 4. Croit Unil TeopeTHro-MoJIeIbHBIX CBOHCTB, COXPAHSIEMbIX YHHUBED-
caJIbHOH KOHCTDYKIHEH, coBnagaer co caoeM I2f L cBoicTB, coXpaHseMbIX IPONeaypPO pe-
JVKIHA OECKOHEYHBIX CUTHATYD K KOHEUHBIM.

OBOCHOBAHUE. /IBa yKa3aHHBIX IPe0OPa30BAHUST HCIOJIB3YIOT B KAYECTBE OCHOBBI OJTHO
ob1ree omnpeesiene i uHbUHUTAPHOTO cj1osd M QL (depe3 Kiacc K6a3umouwHuir unmep-
npemayudi) 1 IO9TOMY COXPAHSIIOT UEHTUIHBIE CJIOM TEOPETUKO-MOJEJNbHBIX cBOficTB. [

YrBepxkaenuue 5. CranjapTHast BEPCHST YHUBEPCAJIBHOH KOHCTPYKITHH, CM.

[3, Th.0.6.1, Th.6.1.1], umeer MAKCUMAJIBHO BO3MOXKHYIO CHILY.

OBOCHOBAHUE. [lo cyTu, yauBepcaibHast KOHCTPYKIIUsI KOHEYHO aKCHOMATU3UPYEMBIX
Teopuii SBJISETCS TPeoOpa3oBaHUEM M3 KJIacCa BBIYUCINMO AKCHOMATH3UPYEMBIX TEOPHil
PA3JINYIHBIX [EPEYNCIUMBIX CHTHATYD B KJIACC KOHEYHO AKCHOMATH3WPYEMBIX TEOpHil 3a-
JIAHHOI KOHEYHOI 00raToil CUTHATYPBI, M II03TOMY TaKyl0 KOHCTPYKIIUIO MOYKHO PACCMAaTPHU-
BaTh KaK yJIy4YIIeHHBII BADUAHT IIPOIELY Pl PEAYKIINN OECKOHEYHBIX CUTHATYD K KOHETHBIM.
CornacuHo yTBepKaeHuio 4, nBa yKa3aHHBIX IPe0OPA30BAHNS COXPAHSAIOT OJUHAKOBBIE CJIOU
TEOPETUKO-MOJIEJIBHBIX CBOHCTB. HesornaHo 0KumaTh, 9T0 BO3MOXKHA BEPCHUST YHUBEPCATIb-
HOIl KOHCTPYKIMH, KOTOPasi KOHTPOJIUPOBAJIA Obl OOJIBIIE TEOPETHKO-MOJIEIHHBIX CBOUCTB
9eM ITO MOXKET JIeJIaTh IIPOIE/ypa PEeJIYKIHH OCKOHEUHBIX CHUTHATYD K KOHEYHBIM. DTO
MOXKET CJIYKUATh He(OPMAJIBHBIM OATBEPXKIEHHEM MaKCHUMAJIbHOCTU CHJIBI CYIIECTBYIONIEH
BepCcHUU yHUBEPCAJIBHON KOHCTDYKITUH. O

B kadecTBe ri1o0asibHBIX yTBEPKIEHUIN JJIs BBEIEHHBIX YPOBHEH BBIPA3ZUTEIHHOCTH I10-
JIyI€HBI J[Be MPsiMble (DOPMYJIBI JIJIs CTPYKTYPHI ajirebpsl Tapckoro—Jlumngenbayma ucauciie-
HU¢ NIPEJUKATOB KOHEYHON 60raToil cCUrHaTypbl HaJ| (PUHATAPHBIM U MHMOUHUTAPHBIM CJIO-
SIMI TEOPETHKO-MO/IC/IBHBIX CBOMICTB; NP 3TOM HMMEETCs YTBEPXKJCHUE, YCTaHABJINBAIOIIEE
HEKOTOPBIH 3D DEKTUBHBII 11€pex0, MEXK Ly STUMU JAByMs HpeicrasieHuamu, cM. [4] (s
cpaBHEHUSs, TpodJIeMa XapakTepu3anun ajaredpol Tapckoro—Jlurnenbayma ncancIennst mpe-
JMKATOB KOHEYHOI OoraToil curHaTypsl Ob1ia mocrasieHa Tapckum B KouIe 1930-x romos u
perena Xaudoum B 1975 roxy, cum. [1, p. 587]). ITonyuennsie riaobanbable GOPMYIBI BBIDa-
JKAIOT B KOHIIEHTPUPOBAHHOM Bujie HamboJiee 00ILy0 HH(MOPMAIINIO O BBIPA3UTEJBHON cuje
JIOTUKY TIPEUKATOB II€PBOTO MOPsIKA. B IaCTHOCTH, JIOKAJIbHBIE YTBEPXK/CHHs, TAKNE KaK
[IPOTIEAYPBI PELYKINN KOHEYHBIX CATHATYD U YHUBEDPCAJIbHAST KOHCTPYKIUMS KOHEIHO aK-
CHOMATHU3UPYEMBIX TEOPHii, sIBJISIIOTCS HEIOCPEJICTBEHHBIMU CJIeICTBUSIMU 3TUX dhopmyra. C
JIpYTOI CTOPOHBI, caM¥ IJI06aIbHBIE (POPMYJIBI TIOJIYIAIOTCs B PE3YJIbTaTe HEKOTOPOil COOPKH
U3 JIOKAJIBHBIX YTBEDPXKEHNIT COOTBETCTBYIOMUX yPOBHEll (IIPOIeIyphl PeIyKINY KOHEUHBIX
CUTHATYD U yHUBEPCAJIBHON KOHCTPYKIMH ). Takum 06pa3oM, riiaBHbIe PE3y/IbTaThl (DUHUTAD-
HOTO ¥ WH(MUHUTAPHOIO YPOBHS BBIPA3UTEIHLHOCTH, IIPEJICTABIEHHBIE B II00AJIBHON (opme,
SABJIAIOTCA OOJiee 3HAYMMBIMEU. Be3 3TOro KapTuHa BBIPA3UTEIbHBIX BO3MOXKHOCTEH JIOTHKH
[IPEIMKATOB TIEPBOTO MOPsJIKa Oblita ObI HENOJIHON. BayKHBI MOMEHT JIAHHOTO HAIIPABJIEHUS
COCTOWT B TOM, 9TO, XOTSI OIIPEJIEJIEHUE [TOHSITHST PEAJIBHOI'O TEOPETHKO-MO/IEJIHHOTI'O CBOMCTBA
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[7] ucnonb3yer HepOPMATBHYIO apryMeHTAIMIO, TeM He MeHee, [OJIyuaeMble Pe3yJIbTaThl C
HCIIOJIb30BAHNEM BBIparkKeHUsT "Bce TEOPETUKO-MOIEIbHbBIE CBONCTBA" OKa3bIBAIOTCST MaTeMa-
THUYECKH TOYHBLIMU YTBEP2KICHUSIMU.

B pmoknajze uzsaraercss HEKOTOPBIA OOMIMIA B3IJIs) HA PE3YJIbTAThI 110 BbIPA3UTEJHHOMN
cuJie JIOTMKH [I€PBOIO IOPsIKa B paMKax KOHIIENITYAJIbHOIO [I0IX0/a Ha OCHOBE KOMOMHATO-
PUKH [IEPBOIO MOpsijiKa. K HACTOsIIEMy BpEMEHHU B 3TOM HAIIPABJIEHUH JIOCTUTHYT 3aMETHBIIH
IIPOTPECC U TIOJIyYEHBI OTBETHI HA MHOTHE €CTECTBEHHBIE BOIIPOCHI, KACAOIIUECS] BBIPA3UTE b
HOI CHJIBI JIOTUKH TIEPBOTO TOPSIKA.
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Hayunoe nacsieaue Jlapucst JIbBoBHbl Makcumosoii. Paborsr Jlapucer JIbBoBHBI
MaxkcumoBoii 1 ee KoJijer B 06J1aCTU HEKJIACCUIECKOM JIOTUKU

B. B. PeiBAKOB, B. ®. IOH

Jlapuca JIbsosra Makcumosa (5.11.1943-4.04.2025)-Beaymuii cuenuaguct B obgacTu
HEKJIACCUYIECKNX JIOTUMK U BBIOAIOMIASACS IIPEACTABATEILHUI AJIreOpPOo-TOrmIeCKOl IITKOJIBI
A. . Manbresa. Meroel, paspaborannbie Jlapucoit JIbBoBHO# MakcnMoBoii, okazasn 3Ha-
9UTETHHOE BAUSHIE Ha MCCIEIOBAHNS B 00JIACTH HEKJIACCUIECKUX JIOTUK U MMEIOT OTPOMHOE
3HaYEHUE JJIsI PA3BUTHUS MATEMATUYECKON JIOTUKM.

B noxmagze OynyT npejgcraBienbl pesyabrarhl kKosuter JI.JI. MakcumoBoit — Pribakosa
B.B., FOu B.®., paborasiux Tak:xe 1Mo eé pyKoBoacTBOM. [lojiyueHHbIe pe3y/ibTaThl UMEIOT
IpuiiozKeHusi B cepe UCKYCCTBEHHOI'O WHTEJLIEKTA.

Hruemumym Mamemamuku v @yrndamenmanvrots ungopmamury CPY, Kpacnospck (Poccus,)
E-mail: vladimir,ybakov@mail.ru

Hremumym mamemamury um. C.J1.Coboaesa, Hosocubupck (Poccus)
E-mail: yun@math.nsc.ru
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O co6CcTBEHHBIX 3HAYEHUSAX IIOJCTAHOBOK B MPEACTABJICHUAX CHUMMETPUUECKON
Tpynnbl

A. M. CTAPOJIETOB
ECTeCTBeHHOfI 3&,&3‘[612 B Teopuu HpeﬂCTaBJIeHI/Iﬁ KOHEYHBIX T'DYHII ABJIACTCA OIINCaHUE
MHOXKECTBa COOCTBEHHBIX 3HAYEHMIT 0Opa30B 3JIEMEHTOB JaHHON Ipymibl. B mokmase Oymer
00CYKIaThCH PEIIeHNe STOH 3aJa4n JJIsd CUMMETPAIECKUX W 3HAKOIEPEMEHHBIX TPYIII, &
TaK>Ke CMEXKHBIE PE3YIbTATHI U ITPOOIEMBI.
JINUTEPATYPA
[1] Staroletov A. On eigenvalues of permutations in irreducible representations of Sn. arXiv:2501.17571.
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Two problems of Ershov in the numberings theor

S. BADAEV
We say that a surjective mapping v : w — F is a computable numbering of a family
F C %1 of sets of the Ershov hierarchy if
{<z,m>2cvim)}ex .

The notion of reducibility for numberings is presupposed to be used in the talk. A Rogers
semilattice R(F) stands for the set of equivalent classes of the computable numberings of
F ordered by reduction of numberings.

Our goal is to discuss history and the current state of studying two problems of Yu.L.Ershov
concerning the following invariants of the Rogers semilattices R(F) when F C X1

e cardinality of R(F),
e possible number of minimal elements in R(F).

Kazakh-British Technical University, Almaty (Kazakhstan)
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New Results for Algebraic Lattices

W. DzI10BIAK

Algebraic lattices with complete lattice homomorphisms as morphisms form a category.
On the other hand, join semilattices with join-preserving homomorphisms f : S — S’ which
satisfy the following condition also form a category: for each a € S, if f(a) < bV ¢, then
there exist d,e € S such that a < dVe and {f(d), f(e)} refines {b, c} in terms of the partial
order of §.

The two categories are dually equivalent in the sense of Category Theory. The goal of

the talk is to show some benefits of this duality for Lattice Theory, mostly for algebraic
lattices.

University of Puerto Rico
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Friedman-Stanley embedding of graphs in trees

D. GonzALEZ, J. KNIGHT

Friedman and Stanley developed the notion of Borel reducibility and illustrated its
use in comparing “classification problems” for some familiar classes of countable structures.
Using known embeddings due to Lavrov, Mal’tsev, and others, they showed that undirected
graphs, fields of fixed characteristic, and 2-step nilpotent groups lie on top. They descrubed
embeddings of graphs in labeled trees and linear orderings, showing that those classes are
also on top. We focus on the Friedman-Stanley embedding of graphs in labeled trees. For
many embeddings, the fact that the embedding is 1 —1 on isomorphism types is explained by
the existence of simple formulas that, uniformly, interpret the input structure in the output
structure. For the embedding of graphs in labeled trees, Harrison-Trainor and Montalbdn
showed that this is not the case. Gonzalez and Rossegger showed that the embedding
preserves Scott complexity. We refine this, showing that for an X-computable ordinal, the
input graph A has an X-computable 1,1 Scott sentence iff the output tree T4 does. Given
a computable infinitary Scott sentence for A, we use forcing to obtain one for T4.
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Comparing presentations of compact spaces

A. MELNIKOV
We propose a new framework that extends the theory of computable dimension (auto-
dimension) to compact metric spaces. In contrast with computable algebraic structures, the
relation "being compitably homeomorphic'"is a pre-order rather than an equivalence relation
on computable presentations of a given space.
The talk is based on joint work with Greenbrrg, Scott, and Turetsky.
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Measuring relative effective content

K. M. Na
The notion of a Turing reduction is one of the central notions in computability theory.
The robustness of this notion means that it provides the standard tool for analysing the
algorithmic content of different objects. However there are different reducibilities which may
be more suitable in a different setting. We will discuss several - perhaps less well-known -
reducibilites and some survey recent results about them.
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Beginnings of definability theory

A. L. SEMENOV, S. F. SOPRUNOV

The main objective of our talk is to draw attention to the theory of definability, which
offers remarkable research prospects due to the fact that throughout the development of
mathematical logic it has constantly been "out of focus” of the main attention of researchers.
The beginnings — "launchs” of research occurred several times. Today we propose a re-launch
based on a set of open problems in our talk and more — outside.

Among the beginnings of the past, we point to: the research of the 19th century a
summit of which was the "Padoa method”; the “golden age” of mathematical logic in 1920-
30s — the results of Godel and Tarski, the last continued strong interest in definability for
the rest of his life; 1959 — the Lars Svenonius theorem, which established the universality of
Padoa method and opened the Erlangen program for the Geometry of Logic; homogeneous
structures: 1964 — the theorem of Claude Frasnay, 1991 Simon Thomas’ result, his hypotesis
and followed research; 2000s — our research of non-homogeneous structures.

The report will provide initial invariant definitions: definability, definability space, def-
inability lattice of structure. The relations between definability and decidability, hierarchies
within the same definability space in terms of the number of arguments of the generators and
the quantifier height are considered. The basic example and the first result on the definability
lattice is the 5-element lattice for the order of rational numbers (Huntington — Frasnay); the
effect of extending with a constant is impressive. The Svenonius theorem makes it possible
to study definability lattices by constructing lattices of automorphism groups of elementary
extensions of structures.

Results and open problems: - The Rabin — Elgot problem of the existence of a maximal
space with a decidable theory. The monadic case was solved by Soprunov. The elementary
case is open. - Thomas problem for homogeneous structures: prove the finiteness of the
lattice. - Quantifier hierarchy: find natural examples with depth 3, 4,...

Non-homogeneous structures: - Discrete homogeneous: the lattice for integers with suc-
cessor. Open questions on lattices: naturals with successor, infinite tree of degree 3, shifts
on checkered paper. - The order of integers: A fragment of the structure, the existence of
elements outside the fragment.

Lomonosov Moscow State University, Moscow (Russia)
E-mail: alexei.semenov@math.msu.ru
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On simple Jordan superalgebras

I. SHESTAKOV

It’s a joint work with Efim Zelmanov.
We prove that a simple unital Jordan superalgebra of arbitrary dimension belongs to
the list of known simple unital superalgebras or satisfies a certain polinomial identity.

University of Sao Paulo (Brazil), IMC of Southern University of Science and Technology (China)
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The computational aspects of the theory of weak probability spaces

S. O. SPERANSKI

In probability logic, a fundamental role is played by weak probability spaces, in which
measures are required to be finitely additive, but not necessarily countably additive. The
present talk will be concerned with the (elementary) theory of weak probability spaces and
its computational aspects.

To give more details, let us fix a countable set of variables, intended to range over events
in a given space. By a basic pu-formula we mean an expression of the form

F(u(p1)s -y 1(1)) < g(1(Pms1)s s t(Dmsn))

where f and ¢ are polynomials with integer coefficients, ¢1),. .., ¢mirn are Boolean combi-
nations of variables. The u-formulas are built up from the basic p-formulas in the obvious
way, as in first-order logic. Naturally, for a class K of spaces, the theory of K is the set of all
u-sentences true in every space in K.

Next, call a u-formula flat if each of its basic subformulas has the form

(@) = p(¥).

It turns out that even the flat fragment of the theory of weak probability spaces is IIj-
complete (as well as the full theory). Similar results can be obtained for various ‘first-order’
logics of probability (i.e., for languages analogous to those in [1]); see [4] and [5]. So in terms
of closure ordinals (cf. [2]), many infinitary probabilistic calculi are as hard as possible: the
corresponding closure ordinals coincide with w$¥, which denotes the least non-constructive
ordinal. In particular, this applies to various proof systems developed by Z. Ognjanovi¢ and
his colleagues, like those in [3].

REFERENCES

[1] Abadi M., Halpern J.Y. Decidability and expressiveness for first-order logics of probability. Information
and Computation 112(1), pp.1-36, 1994.

[2] Aczel P. An introduction to inductive definitions. In: J. Barwise (ed.), Handbook of Mathematical Logic,
pp. 739-782. Elsevier, 1977.

[3] Ognjanovi’c Z. (ed.). Probabilistic Extensions of Various Logical Systems. Springer, 2020.

[4] Speranski S.O. Sharpening complexity results in quantified probability logic. Logic Journal of the IGPL
33(3), jzaelld, 2025.

[5] Speranski S.O., Grefenshtein A.V. On the complexity of first-order logics of probability. Izvestiya:
Mathematics 90(4), im9718, 2026. To appear.
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Generalized Computability and Model Theory for Linguistic Structures

A. 1. STUKACHEV

There is a remarkable list of mathematicians who contributed to both generalized
computability theory and mathematical linguistics, including R. Montague, J. Barwise and
Y. Moschovakis. In this talk, we discuss results of Yu.L. Ershov on approximation spaces and
finite type functionals, which allow to construct generalized computable models for formal
semantics (also known as Montague semantics) of natural languages, unifying generalized
computability with mathematical linguistics. We survey our results from [1-4] and discuss
some open questions.

REFERENCES

[1] Stukachev, A.I. Interval extensions of orders and temporal approximation spaces // Siberian
Mathematical Journal, 2021—V.62, Ne4 —pp.730-741.

[2] Burnistov, A. S., Stukachev, A. I. Generalized computable models and Montague semantics // Studies
in Computational Intelligence, 2023,-V.1081,—pp.107-124

[3] Burnistov, A. S., Stukachev, A. I. Computable functionals of finite types in Montague semantics //
Siberian Electronic Mathematical Reports, 2024-V.21,—pp.1460-1472

[4] Penzina U., Stukachev A. Skolem functions and generalized quantifiers for negative polarity items
semantics // Lecture Notes in Networks and Systems, 2025-V.1198,—pp.123-132
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Spectral theory of locally finite graphs

V. 1. TROFIMOV

A graph is called locally finite if degrees of all its vertices are finite. For a locally finite
graph T' and a field F, eigenvalues and their corresponding eigenfunctions of I' over F
are defined as eigenvalues and their corresponding eigenfunctions of adjacency matrix of the
graph I' over the field F', acting in the natural way on the vector space over F of all F-valued
functions on the vertex set V(I') of I'. In the talk, a theory of eigenvalues and eigenfunctions
of infinite locally finite connected graphs over fields is given. A special emphasis will be
placed on the case of fields of characteristic 0. One of the consequences of the theory is
that for an arbitrary infinite locally finite connected graph T', there are rational functions
R,(z) € Q(z), v € V(I'), where Ry, (z) # 0 for some w € V(T'), such that for any A € C
which is not a pole of any of R,(x), v € V(T'), and is not a zero of at least one of R, (z),
v € V(I'), the function v — R,()) is an eigenfunction of I' over C, corresponding to the
eigenvalue A. In particular, only algebraic numbers can be non-eigenvalues of I over C.
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Paspaborka nHCcTpyMeHTOB aHanu3a noBeaeuus JVM Ha ocHOBe cOGbITHIT
Garbage Collector

. C. ABOEEB

Pazpaborka MHCTpyMEHTa JJIsl BU3YAJIU3AIMM U aHAIN3a pabOTHI COOPIIHUKA MYCOpa
(GC) B JVM npezcrasiser coboii BaxKHYyIO 3aJady s KOMIIAHU 1 ux passurud. 1Liar-
dopma Java 3aHEMAaET JUAUPYIONINE TO3UIAN HA PBIHKE CEPBEPHBIX PEIICHU, ITO TEIAeT
CPEJICTBA [INArHOCTUKU HEIITATHBIX CUTyaIuii Kpaitne BocrpeboBannbiMu. [Ipobaembr MoryT
BO3HUKATH HA PA3HBIX YPOBHAX, X YaCTO AHOMAJINU, BIULIIOIINE Ha IIOBE/IEHNE [IPUJIOKEHNS,
CBsI3aHBI C IIpOIeCcaMy COOPKHU MyCOpa.

st pertieHnst TPOOJIEMBI TIPE/IJIAraeTCs PEATN30BaTh HHCTPYMEHT aHAJIM3a ITOBEICHUS
JVM ¢ BOBMOXKHOCTBIO n3MeHeHUsT KOH(Uryparmii. Bo3aMoKHOCTD MOIEPKY TOTb30BATE b
CKUX KOH(MUTYPAIUil TO3BOJIUT MOJIH30BATEIISIM Oy IATH ITPO3PATHBII Iy Th ArPEraInun JaH-
HBIX U3 JIOTOB, & HHTEr'PAIUs ¢ HEIPOHHOM CETHIO MIO3BOJIUT OJIYYUTH PE3YJIbTATHI, KOTOPBIE
COKPATST BPEMSI AHAJIM3A.

Hesbio paboThI SIBJISIETCS TAHHOM pabOTHI SIBJISETCs Pa3pabOTKa NHCTPYMEHTOB AHAJNA3A
nosegiernst JVM na ocHoBe cobniTuit Garbage Collector.

B xo/e BoImtO/THEHNST PAOOTHI OBLIN PEIIEHBI CJIEYIONIE 3a/Ia9M: BBIIOJHEH 0030D aHa-
JIOTOB, pa3paboTaHa apXUTEKTypa IPUJIOKEHUs, pa3paboTaHa cepBepHAasi YacTb, IPOBEIECH
cOOp JTAHHDBIX JIJIsT OOy UIEeHUsT MOJIEJIH.
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HUccaenoBanne 3ppeKTUBHOCTH MOAEJEH KOMINbIOTEPHOIO 3PEHUS JIs
JIETEeKINN U KJIaCcCU(PUKAIIUYA TO3BOHKOB HA PEHTIT€HOBCKUX CHUMKAaX

1. A. ApxunosB

Paspaborka aJropuTMOB JjIsi aBTOMATHYECKOTO aHAJN3a PEHTIEHOBCKUX CHUMKOB I10-
3BOHOYHUKA SIBJISETC BayKHOM 3a/1a9eiil B COBPEeMEHHON MeIUIIMHCKON JuarHocTuke. ABroma-
THYECKOe OOHAPYKEHNE U AHATOMUYIECKAs MAPKUPOBKA TO3BOHKOB MTO3BOJISIIOT CYIIIECTBEHHO
COKPATUTH BPEMsi, 3aTPAINBAEMOE CIEIMAJNCTOM HA DYTUHHBIE OIEPAINH, 1 MIHIMU3HPO-
BaTh BJUSHUE CYOBEKTHBHOIO (haKkTOpa. DTO OCODEHHO IEHHO IPH ITPOBEJICHUN MACCOBBIX
o6csie1oBaHuil 1 HEOOXOMMOCTH GBICTPOrO TIPEBAPUTENHHOrO aHau3a [1].

CJI0KHOCTH 38/]a90 aBTOMATUYECKON MapKUPOBKHU MO3BOHKOB CYIIIECTBEHHO 3aBUCUT OT
BHUJA2 PEHTTE€HOIPAMMBI U IIPEJICTABIEHHBIX HA HEll aHATOMHYECKUX CTPYKTYp. B pabore nc-
CJIEJIOBAHDBI PA3JIUYIHbIE THUIIBI CHUMKOB, BKJIIOUas M300paKeHUs IIeHOro, IPYIHOrO U IO-
SICHUYHOTO OTJIEJIOB MMO3BOHOYHHUKA, a TakxkKe nx xKoMmOuHarumu. Ocoboe BHUMAHUE YJIEJIEHO
aHaJU3y TOrO, KAK pa3/IMYHble aJlOPUTMBI CIPABJISIOTCS C OCOOEHHOCTSIMU KAXKJIOIO THUIIA
UCCJIEJIOBAHUIA.

B nammoit paboTe mpeicTaBiieH OIX0 K PEIIEHNIO 331891 COBMECTHOTO OOHADYKEHUS U
KJTaccuUKAINU [TO3BOHKOB HA PEHTTEHOBCKOM CHUMKE. BbLIM MCCieI0BAHBI U peaTM30BaAHbI
pasnuaHble aaropuTMbl Ha ocHoBe Metoma Mask R-CNN [2]. [ljisa cpaBHUTENbHOM ONEHKH
3bPEeKTUBHOCTU aJTOPUTMOB NMpuUMeHsIach F-Mepa, obecrnednBaromnias cOaTaHCUPOBAHHYIO
OIIEHKY TOYHOCTH U IIOJIHOTHI IpejicKa3anmii. JleTa/ibHbIil KaueCTBEHHBI aHaM3 OIMIHO0K
IIPOBOJIAJICS C TIOMOIIBIO MATPHUIIHI OIMIOOK.

B pesymbprare paboThl OBLIN TOIYYEHBI U CPDABHEHBI PA3JIMIHBIE AJITOPUTMBI JIJIsi OOHA-
py2KeHus 1 KyiaccuUKAIUU [T03BOHKOB. 1IpoBeieHHOe nccie10BaHNe U IOy Y€HHBIE PE3YIIb-
TaTBl MOT'YT CJIY?KATH OCHOBOM JJIsI ajibHElIeil pa3paboTKH U HHTEIPAIA B IIPOrPDAMMHBIE
KOMILJIEKCHI aHAJIN3a MEIUIINHCKUX U300parKeHui.

JINTEPATYPA
[1] Yeasmin M.N.; Al Amin M., Joti T.J., Aung Z., Azim M.A. Advances of Al in image-based computer-
aided diagnosis: A review // Array.—2024.—Ne23.
[2] He K., Gkioxari G., Dollar P., Girshick R. Mask R-CNN // IEEE Transactions on Pattern Analysis and
Machine Intelligence. — 2020.—Ne42.—c. 386-397.
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Peunn>xxunupuHr nporpamMmubix moayJei i IO npu momoriu coBMeCTHOro
anasmu3a DI u JuieBoro BuUIe0

B. O. BAannamos

AKTHBHOCTB JIUIEBBIX MBI, OTPAXKAET MMCUXO(MU3NOJIOIUIECKOe COCTOSTHUE YeJIOBEKA,
BKJIFOUAsi €r0 CKJIOHHOCTH K 3abosieBarusiM. COBpeMeHHbIE MCCIEJOBAHUST MUMUYIECKON aK-
THUBHOCTH YACTO COBMEINAIOT AHAJIN3 BUIEO3aInCcel W HEHPOMDU3UOJIOTHIECKAX CHUTHAJIOB
(93I') [1]. Ilpu sToM mpakTHYecKue Gapbepbl BO3HUKAIOT HE B AJIOPUTMAX DACIO3HABA-
HU¢, a B UHKEHEPHOI MHTErpaIii: HEOHOPOIHbIe (DOPMATHI, HECOTJIACOBAHHBIE BPEMEHHBIE
MEeTKH U cjiabast MOIYJIbHOCTh MHCTPYMEHTOB YCJIOXKHSIIOT COIIPOBOXK IEHNE U [TOBTOPSIEMOCTD
pesyibraros. OpenFace 2.2.0 [2] — oTKpbITHIH HAGOP MHCTPYMEHTOB JUISI CJI€0BAHMS 3 JIUIIe-
BBIMU TOYKAMU, OTIEHKH TIO3bI TOJIOBBI, AEHCTBAI MUMUYIECKUX MBIIIIT U B3TJISIIa B PEAJIBHOM
BPEMEHH; €ro CTPYKTYypPa U YTHJIUTHI IOAPOOHO OMUCAHBI B OUIMAIBLHON TOKYMEHTAINN.

B coorBercTBUU ¢ BBINIEyKa3aHHOM TPOO/IEMOit ObLIA TTOCTABICHA IIeIb PAOOTHI — ITPOBE-
CTH PEMHXKWHUPWHT OTIEIbHBIX Mojysiell u maTepdeiicos OpenFace 2.2.0, 4Tobb! yIpocTuTh
coBMeCTHBII aHam3 DI u jimreBoro Bujieo 6e3 BMEIIATEIHCTBA B AJITOPUTMBI pACIIO3HABA~
uusg. Onopa uaéT Ha KJIACCHIECKOe OIpeie/IeHre PenHKUHUpUHTa, (06C/Ie[0BaHue U U3MEeHe-
HUE CHCTEMBI JIJIsd €6 «II€PEBOIJIONIEHNs» B HOBYIO (DOPMY), & TAK:Ke NPAKTUKN WHXKEHEPHOI
cranmapTusanuu gaHEbx [3]. s mocTrzkeHust 3TOi 1eam HEOOXOMUMO BBIOJIHATH KPAT-
kuit apxurektypubiit 0630p OpenFace 2.2.0 ¢ BblIeIeHIEM MOJYII€H, UCIIOJIHIEMBIX YTHIAT
U 3aBUCHMOCTEH; cucTeMaTu3npoBarh dhopmar BeIXoaHbIX gaHHbix (CSV) u crpynnmposars
[OJIS [0 MOJACUCTEMAaM (JIMIIEBBIE MBIIIILI, 11038 TeJIa, HAIPABJICHUE B3IVIAIA) ¢ KPATKUMU
[TOSICHEHUSIMU; TTOJI'OTOBUTH ITPOBEPEHHBIN MPUMED 3aIyCcKa ¢ 00bsSICHEHHEM KJIIOYEBBIX ap-
TyMEHTOB.

JINTEPATYPA

[1] Koelstra S., Patras I. Fusion of facial expressions and EEG for implicit affective tagging. Image and
Vision Computing, Volume 31, Issue 2, pp. 164-174, 2013. DOI: 10.1016/j.imavis.2012.10.002.

[2] OpenFace github [Duekrponnsiii pecypc|. Pexum gocrynma: URL: https://github.com/
TadasBaltrusaitis/OpenFace/ (mara obpamenus: 20.10.2025).

[3] Pernet C.R., Appelhoff S., Gorgolewski K.J. et al. EEG-BIDS, an extension to the brain imaging data
structure for electroencephalography. Sci Data 6, Art number 103, 2019. doi: 10.1038/s41597-019-0104-8.
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Pazpaborka MmeTo10B (popMan3anuy OM3HEC-IPOIECCOB C ITOMOIILIO
OoHTOJIOrnYecKux moaeseir u LLM

M. C. burwig, . E. ITIATbYYHOB

JIist aBTOMATHU3AINHT aHAJIN3a, HECTPYKTYPUPOBAHHDBIX PErJIAMECHTUPYIONIUX JOKYMEHTOB
peJiaraeTcs KOHIEIINs IIPOrPAMMHON CUCTEMbI, COCTOSINEN U3 JIBYyX MOJIYJIei:

e Moaynab XxpaHeHUs U aHAJM3A. JIpoM MOIY/IsT XPaHEHUs sBJsIeTCs rpad 3Ha-
HUI, OpraHu3alns JaHHBIX B KOTOPOM OIIPE/IeIAeTCdA YeThIPeXyPOBHEBOI OHTOJIOI M-
efi ipejicTaBienust 3HaHuit [1-2]. D1a Momesns pasnenser nHGOPMANUIO HA YPOBHU:
OT KOHIIENTYAJbHON CXeMbl 1 (POPMAIM30BaAHHBIX OM3HEC-TIPABIIL, JI0 Oa3bl (haKTOB-
MIPEIE/IEHTOB U CHHTE3UPYEMBIX HA WX OCHOBE OIEHOYHBIX 3HAHUN. AHAINTHIECKOE
SAIPO CUCTEMBI COYETAET JEMYKTUBHBIN aHan3 s Bepuduraun rpada HakToB
Ha COOTBETCTBHE OM3HEC-TIPABUJIAM U WHAYKTUBHBIN aHAJIN3 JJI CUHTE3a HOBBIX,
OIIEHOYHBIX 3HAHUII IIyTEeM IIOUCKA CKPBITHIX 3aKOHOMEPHOCTEIA.

e Monaynp mn3BjiedyeHus: 3HaHUM. Mony/ib u3BjIedeHus 3HaHW 1peobpasyeT He-
CTPYKTYPUPOBAHHBINA TeKCT B cTpyKTypupoBanube JSON-00beKTHI [iJ1si HAIOJTHE-
uus rpada. g obecriedenus HaNeKHOCTH GOIbIKMX A3BIKOBBIX Mogeseil (LLM)
[IPE/IJIOZKEH THOPUIHBIN ABYXSITAIHBII IIOXO0/I: HA IIEPBOM dTAalle HU3KOYPOBHEBBIE
nerexkropsl (NER, Temporal Extraction) BBIIOJHSIIOT TIpe-aHHOTAIMIO TEKCTa; HA
BTOpPOM — ocHOBHasi reneparuBHast LLM cunrresupyer JSON, dbokycupysich Ha ce-
MaHTUYECKUX CBA35X MEXKJIy aHHOTHpOBaHHBbIME '"sikopsimu'. HaexxHocTh cunTe-
3a 00eCIeunBaeTCs CHHEPTUEil ABYX METOIOB: 000y IeHnEeM MOJIEIN HA, JTOMEHHBIX
JAHHBIX JIJIs1 TOBBIIIEHUsT CEMAHTUIECKO TOYHOCTU U IPUMEHEHNEM OIPDAHIMIEHHON
reHeparu Ha ocuose (opmasbubix rpammaTik (GBNF) g rapanrun cunrakcu-
YeCKOII KODPEKTHOCTU.

3akJjrroueHne

IIpemioxKeHHasT METONOJIOTHS 3aKJIAAbIBAET OCHOBY [IJIsi MHTE/JIEKTYAJbHBIX CHCTEM,
CIIOCO6HI)IX HpeBpaTI/ITb ITACCUBHBIE apXI/IBbI rZLOKyl\IeHTOB B aKTI/IBHbIﬁ pecypc JIJIST IIpI/IHHTI/IS{
pemenwuit. /lasbHeiimue uccjenoBanus OyIyT HAIIPABJIEHBI Ha, IPOTPAMMHYIO PEaIu3aIliio 1
9KCIIEPUMEHTAJIBHYIO OIEHKY IIPOTOTHUIIA.

JINTEPATYPA
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Pa3pa60TKa MEeTOJOB M3BJICYCHUA TEeMIIOPpaJbHBIX 1 Kay3aJIbHbIX 3HAHUNA U3
TEKCTOB €CTECTBEHHOI'O A3bIKAa

T. K. BOEB

B nannoit pabore mpejicTaBiisieTcss KOHIEIT IIPOTPAMMHOTO CPEJICTBA, IIPeIHa3HaYeHHOTO
JJI1sl aBTOMATUYECKOI'O M3BJICYEHUS] TEMIIOPAJIbHBIX U Kay3aJbHbIX 3HAHUN U3 TEKCTOB HA
€CTECTBEHHOM 3bIKe. MeTomoorust paboThl TPOTPaMMBbI BKIIIOYAET CJIEIYIOIIIE STAIIBI:

e ®opMupOBaHUME N-MECTHBIX MPEINKATOB. BBEIEHHBIN TEKCT aHAIU3UPYETCS
nporpammoii Logic Text. [1arosibl mpeobpas3yroTcst B N-MeCTHBIE [TPEIUKATHI.

e BBenenue koHcTaHT-cuTyaluii u pasjoxkeHue npeankaroB. Kaxmomy ria-
TOJTy TIPUCBANBAETCS YHUKAJIbHAST KOHCTAHTA-CUTYAIHS, ITO TIO3BOJIAET PA3IOKUTH
N-MECTHBIN TpeaInKaT Ha N-+1 IBYXMECTHBIX ITPEIMKATOB.

e OGbenuHEeHNE CATyalUi M BbISBJIEHUE OTHOIINEHUI MEXKJy COOBITUSIMMU.
Bce BbIsiBJIEHHBIE CUTYAIIUN U3 TEKCTA OO'bEIUHSIFOTCS TI0/T OHON «CBEPX-CUTYaIHeis,
KOTOpasi BKJIIOYaeT BCe MHMBUIyaIbHbIE COOBITUS. B mporiecce oObeuHeHNS aHa~
JIMBUPYIOTCST OTHOIICHMST:

— Identity — ToX)mecTBEHHOCTH OOHLEKTOB;
— Include — BKJIIOYEHHOCTD COOBITHII APYT B APYTa;
— Before/After — BpemenHast OCIE0BATEIBHOCTD JIEHCTBHIA.

o Dopmanm3anus U BbIXOAHOM rpad 3uauuii. Ha BbIx0se nporpammbl hopmMu-
pyeTcs euHasi CUTyaIs, COIePKAaIasi BCe COOBITUS TEKCTA.

B nammoit pabote mpejicTaBieHa KOHIIENTyaJbHAsS METO/OJIOIHS U3BJIEIEHUsT TEMIIOPAJIb-
HBIX U Kay3aJbHBIX 3HAHUN U3 TEKCTOB Ha €CTECTBEHHOM sA3bIKe. JlasibHelime nccie10BaHust
HAIIPABJIEHbl HA PeaJIM3aIUI0 IIPOrPAMMHOIO IIPOTOTHUIIA, SKCIEPUMEHTAJIBHYIO OIIEHKY Me-
TO/Ia Ha pPeajbHbIX JaHHBIX.

JINTEPATYPA

[1] Henamesa E.O., I[Tansaynos JI.E. Paspabomia a8momamusuposartvls memodos npeobpasosamus npeo-
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Cepusi: Undopmannonusie texnosorun, 2017, T. 15, Ne 3, c¢. 49-63. doi: 10.25205/1818-7900-2017-15-3-
49-63

[2] Henamesa E.O., ITansaynos 1.E. Paspabomka a6momamusuposarius mMemodos npedcmasieHus 3Ha-
nuti o deticmeuar u cumyayuaz. // Becrank HI'Y. Cepusi: Undopmanmonnse Texunonoruu. 2019. T.
17, Ne 3. ¢. 61-72. DOI 10.25205/ 1818-7900-2019-17-3-61-72

[3] Maxacoesa O.T., ITasnsaynos I.E Asmomamusuposarmrvie memodv, nocmpoeHus amomaproti duazpam-
ML MOOEAU MO MeKemYy ecmecmeennozo asvika. // Becrunk HoBocnGupcKoro rocy1apCTBEHHOIO yHU-
Bepcurera. Cepusi: udopmanuonusie rexuoyoruun. 2014. T. 12. Ne 2. ¢. 64-73.
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I/IHTeJIJIEKTyaJII:HaH cucrema 1abJIOHOB AJIA aBTOMAaTUYECKOI reHepanuumn
MHANBUAYAJIbHBIX TPEHUPOBOYHbBIX IIJIAHOB

E. A. BPUJIBKOBA

B mocieame rosibl pacrer MHTEPEC K IePCOHAJIM3UPOBAHHBIM TPEHUPOBOYHBIM IIPOrPaM-
MaM ¥ [uPOBBIM WHCTPYMEHTAM JjIs UX aBTOMATHIECKOI'O CO3IAHUs. DTO CBI3aHO C XKe-
JIAHUEM TI0JIb30BaTe el 9KOHOMUTD BPEMsl, MOIEP>KUBATH MOTHBAIIUIO U MOBBIMIATH 3 deK-
TUBHOCTD 3aHATH. KaXKIplil 4eJOBEK MMeeT CBOU IEJIU, YPOBEHDb MOJATOTOBKY, (DU3UOJIOTH-
qecKre OCOOEHHOCTH U IPENOYTeHrsI. ABTOMATU3UPOBAHHAS CUCTEMA, YIUTHIBAET ITH TIa-
pameTphl u (hopmupyer Ge3onacHble U 3HPEKTUBHBIE IIJIAHBI TPEHUPOBOK, aallTHPOBaHHbIE
[0/, KOHKPETHOT'O TI0JIb30BaTesst [1].

Iesb paboTHI — CO3/IATH HHTEJIEKTYAIBHYIO CHCTEMY MAOJI0HOB, YIIPOIIAOILYIO U YCKO-
PAIOILYIO TeHEePAIHIO IIePCOHAIM3NPOBAHHBIX nporpamy. Cemantudeckuii nogxox [2, 3] ana-
JIN3UPYET WHUBU/YAJTbHBIE XapPAKTEPUCTUKN MOJIH30BATENsI — yYPOBEHDb MOJITOTOBKH, IEJIH
U OI'PAHUYEHUs], YTO MOBBIIIAET TOYHOCTb U PEJIEBAHTHOCTD IIPOIPAMM. DTO JEJIAET CUCTEMY
ruOKOM 1 aIalTUBHON K PAa3HBIM YCJIOBUSIM.

Ocoboe BHUMaHTE yI€JIEHO aJITOPUTMAaM [TOCTPOEHUsI TPEHUPOBOK: PeajIm30BaHbI 1Ba Oa-
30BbIX I1a6sioHa. [lepBbiil hopMupyeT mian Ha OCHOBE HeJiell (HapuMep, BBIHOCIUBOCTD UJIH
HabOp Macchl), GU3MIECKUX JAHHBIX — BO3PACTa, Beca, POCTa, [0JIa — ¥ KOJIMYECTBA TPEHU-
POBOYHBIX JHEH. BTopoil cozmaer or/ebHOE 3aHATHE 110 38 [AHHBIM MBIIIETHBIM [PYIIIAM,
[TO3BOJIsIsI TI0JIb30BATEII0 BHIOUPATH AKIIEHTHI TPEHUPOBKU.

Tl peaiu3aniuu UCIOJIB30BAJIMCh COBpeMeHHbie TexHoyiorun: phpMyAdmin jjis 6a3b1
JAHHBIX yIpakKHeHuit; cepBepras dacth Ha Django REST Framework mjs pabotsr asropur-
MOB; dponTens Ha React B crajun gopaboTKu ¢ HHTYUTUBHBIM HHTEPdEHCOM.

PesynbraToMm crasa oTaykeHHasi JIOTWMKA aABTOMATHYECKOW T'€HEPAIUU ePCOHATBHBIX
[IpOrpaMM C BO3MOXKHOCTBIO PaCIIUpPEHUs! MA0JIOHOB, paBui U uHTerpanuit. Cucrema mo-
JIe3HA KaK JIJIsl TI0JIb30BaTeIeil, Tak U JJjisi (PUTHeC-CenuaaucToB. llepcrnekTuBbl — pa3BuTHe
dyHKIMOHATA, yiyulneHne naTepdeiica u 1o0aBjaeHIe PEKOMEHIAINIA [0 TATAHUIO.

JINTEPATYPA
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dopmarmonnsie Texuosorun. 2023. T. 21. Ne 1. ¢. 32—45.

Hosocubupcruti 2ocydapemeennuii ynusepcumem, Hosocubupcer (Poccus)
E-mail: e.brilkova@g.nsu.ru


mailto:e.brilkova@g.nsu.ru

MaubrieBckne arenust 2025 Autrebpo-jioruieckKue MeToibl

Paspaborka ajropurmMa peKOMEHJAIUN HA OCHOBE MYJIbTUBEKTOPHOIO
HpeACTaB/JIeHUS MOJb30BaTeIsd

9. A. BAPTABAPSH

21 BEK MOYXKHO OXapaKTepU30BaTh BPEMEHEM CTPEMUTEIbHOIO PA3BUTHUsI TEXHOJIOTHH.
WMaTepHeT akTUBHO 3allOIHSIETCsT MHMOpMAIueil, B KOTOPO C KaXKJIbIM T'OIOM CTaHOBUTCS
BcE mpoire norepaThest [1]. B messix obsierdenus nomcka B mHTepHeTe ObLIN paspabora-
HBI AJITOPUTMBI PEKOMEHJIAINN, YITPOIIAIOIINE HAXOXKIEHNEe HYKHON mHbopManmum 3a ca6r
HEKOTODBIX 3HAHUSI O T0Jb30BaTese (MM TI0Jh30BATENSIX ), UTOOBI PE3YJIBTAT MOMCKA OBLI
HamnboJiee ojxoadmuM. Kiaccuyeckrue peajn3aliui PpeKOMEHIATEIbHBIX aJIlOPUTMOB IIPE/I-
CTaBJISIIOT TOJIB30BaTE IsI U MH(MOPMAIINIO B BEKTOPHOM BUJIE M CDABHUBAIOT UX CXOXKECTH HA,
OCHOBE Pa3JINYHBbIX METPUK, HAIIPUMED, KOCUHYCHOrO paccrosuus [2]. OaHako Taxoil moaxo
0o0JIalaeT PsIOM HEJOCTATKOB, B YaCTHOCTH IPU [JINTEJHHOM ITOWCKE OJHUX TAHHBIX OHU
HAYUHAIOT 3aMelaTb co00i (MK IIOXOKMMH) BCe JIPYIHe OTeHIUAIbHO HHTEPECHBIE BapU-
AHTBI, KOTOPbIE MOI'YT OBITH MeHee aKTyaJIbHbl B JAHHBI MOMEHT, HO BCE YK€ BaXKHBI JIJIs
[I0JIH30BATEJIS.

Hesnbio Janmoi paboThl SIBJIAETCSI pa3paboTKa PEKOMEH/IATEILHOTO aJrOPUTMa, B OCHOBE
KOTOPOTO OyZeT JIeKaTh He KJIACCHIECKUI MTOIXO MPEICTABICHUS T0JIHb30BATEIs, 8 MYJlb-
TUBEKTOPHOE TIPEJICTABIIEHIE, KOTOPOE MO3BOJISET YIUTHIBATH HE TOJHKO TEKYIUl WHTEPEC
[I0JIB30BATEJIsl, HO U BECh CIIEKTD €ro MHTEePECOB B KOHKpeTHOW obiactu. st peanusarun
AJICOPUTMa, B KAYECTBE IPeIMeTHON 00JiacTi Obljia BHIOpaHA PEKOMEH A MEePOIPUSITUA:
KOHIIEPTOB, MaCcTEP-KJIaCCOB, COPEBHOBaHUH u T.11. B mporecce paboThl ajropuTM M3MeHseT
BEKTOpa I0JIb30BATE/ s, 9TOOBI MOACTPOUTDH MX IO, MHTEPECHI IOJIH30BATENIsI, & MEPOIIPUsi-
THS TIOAOUPATHCS TAK, YTOOBI MAKCHMAJIBLHO COOTBETCTBOBATDH XOTs ObI KAKOMY-TO HHTEPECY
0JIb30BaTe sl. ITOOBI JOCTUYL MTOCTABJIEHHON IeJi OBLIN IIOCTABJEHBI CJIELYIONe 3a/a-
YU UCCJIEJ0BAHUE CYIIECTBYIONIUX AJIOPUTMOB, IPOEKTHUPOBAHNE aJlOPUTMA, BHEJIPEHUE B
[IPUJIOXKEHUE W TECTUPOBAaHUE.

B pamkax mpoBesenHOil paboThl pazpaboTaH MPOTOTUII PEKOMEHIATETHHOTO aJTrOPUT-
Ma, KOTOPBIi TI03BOJISIET IPEICTABUTD ITOJIb30BATEIISA B BAJIE HECKOJIBKAX BEKTOPOB, KOTOPBIE
OTBEYAIOT 38 PA3JIMIHbIE MHTEPECHI MOJb30BaTessd. Tak:Ke ObLT pa3paboTaH MPOTOTHUI MO-
OMJIBHOTO TIPUJIOXKEHUsI 110 ornepalnnonnbie cucreMbl Android u iOS, KoTOpKI 1M03BOJIsIET
TECTUPOBATH aJIOPUTM, [IPOBEPSTH €ro 3(MPPEKTUBHOCTD U BBIABJISITH OMIUOKM.

JINTEPATYPA
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Texuoaorus Java Foreign Functions and Memory API u ee peanusamnus Ha
myardopme Dabobpyc

A. 1. T'aaH

CoBpeMeHHbIE TPUJIOYKEHNS BCE Yallle TPeOyIT TEeCHOM NHTErpaIuu MeXK 1y BICOKOYPOB-
HEBBIM yIIPABJISEMbIM KOJIOM U CYIIECTBYIOIIUMY OUOIHOTEKAMU HA HATUBHBIX SI3bIKAX.

Iist 9xocucTeMbl Java 9TO TPaAWIIMOHHO perrasoch mpu momorru Java Native Interface
(JNI) - moxxoia, KOTOPBI Kak JaéT NIUPOKUE BO3MOXKHOCTH, TAK U UMEET CBOH IIPOOJIEMBbL:
HEeOOXO/IMMOCTD IHCATh U IOJJEPKUBATH BCIIOMOTATEILHON KOJI Ha HATHBHOM SI3bIKE, PHUCK
omubOK B yIIPABJIEHUN [MAMSIThIO, 3HAUUTE/IbHBIE HAKJIAJIHBIE PACXOJBI IIPU YaCTHIX IIepPeXo-
JaxX MeXKJIy CpeJlaMU WCIIOJTHEHUS.

B Java 21 6su1 npencrasien Foreign Functions & Memory API, koropsriit siBisiercst 60-
Jlee COBPEMEHHBIM HHTePGENCcOM i B3aMMOIEHCTBHASA C HATUBHBIM KOJIOM W yIIPABJICHUS
namaThio BHe Kyuu JVM. O opueHTHpOoBaH Ha 6E30MACHOCTH THUIIOB, YMEHBIIIEHNE KOMTUPO-
BAHUIl JAHHBIX U YIPOIIEHNe CEMAHTUKHU BBI30BOB B CpaBHeHUHU C KJiaccudeckuM JNI.

Ilens manHOrO WCC/IEIOBAHUS — IIPOBECTU paccMoTpenne Mexanu3MoB Foreign Functions
and Memory API npumenutesbHO K 3aJia9e TOPTUPOBAHUS KOMITHISITOPa Java MoJ[ apXu-
TEKTYDPY «DIBOPYC» U BBIIECIUTDH KJIIOUEBbIE ADXUTEKTYPHBIE OCOOEHHOCTH, 3aTPATNBAIOIIIE
9TOT MEXaHU3M.

JINTEPATYPA

[1] Heiiman-zsame M. U., Kopoaés C. 1. Pykosoacteo mo 3dppeKTUBHOMY NPOrpaMMUPOBAHUIO Ha ILIAT-
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[2] Kum A. K., Ilepekatos B. 1., Epmakos C. I. MuKponpomneccopsl U BBIYHACIUTENBHBIE KOMILIEKCHI Ce-
MedicTBa «abbpyc». 3AO «MIICT», 2013.

[3] JEP 454: Foreign Function & Memory API. URL: https://openjdk.org/jep/454.

[4] Hokymenramus no makery java.lang.foreign. URL: https://docs.oracle.com/en/java/javase/21/
docs/api/java.base/java/lang/foreign/package- summary.html.

Hosocubupcruti 2ocydapemeennuii ynusepcumem, Hosocubupcer (Poccus)
E-mail: a.gaan@g.nsu.ru

47


https://openjdk.org/jep/454
https://docs.oracle.com/en/java/javase/21/docs/api/java.base/java/lang/foreign/package-summary.html
https://docs.oracle.com/en/java/javase/21/docs/api/java.base/java/lang/foreign/package-summary.html
mailto:a.gaan@g.nsu.ru

MaubrieBckne arenust 2025 Autrebpo-jioruieckKue MeToibl

ABTOMaTU3MPOBAHHASI CUCTEMA MHTE/IEKTYAJIBHOIO aHAJIN3a JIOTOB
MHKPOCEPBUCHBIX MPUJIOXKEHNI ¢ MHTerpamueii B miaaTrdopmMbl yIIpaBJICHUS
VHIUAeHTAMU

. 10. IPOHOB

Poct maciraboB pacupeieiéHHBIX MUKPOCEPBHUCOB yBEJININBAET 00bEMBI JIOTOB, YCJIOXK-
Hgs BbisgBiaenue uniugenTos. Cymecrsyromue uacrpyMmentsl (Splunk, ELK, Datadog) ga-
CTUYHO PENIAIOT aHAJIN3, HO He aBTOMATU3UPYIOT CBA3b C yIIPaBJIeHHeM 3a1adamMu. 1T pedyercs
cucreMa, O0beIMHAIONIAsT NHTEJJIEKTYAJBHBII aHaJIU3 JIOTOB U aBTOMaTUYECKOe B3auMOIei-
crBEe ¢ maTdopMaMu yIpaBieHus HHIpAeHTaMu [1,2].

B pamkax paboThl peam30BaHa MOY/IbHAS CHCTEMA, BKJIIOUYAONIAS CJIEIYIOIHEe KOMIIO-
HEHTBI: MOJYJIb MAITUHHOTO O0YYeHNUsI, BBIIOIHSIONII KIACCH(MUKAIIIO OIMUO0K, OIpe e ie-
HUe KPUTUYHOCTH U OOHAPYKEHUE HOBBIX TUIOB aHOMaJwii [3,4]; MOmysb mHTErpanuu, uc-
nosb3ytomuiit REST API menepbix miardopM st aBTOMATHIECKOrO CO3/1aHusl, OOHOBJIEHUST
U 3aKPBITHS 3324 C YIETOM KOHTEKCTa WHIIMJIEHTOB; 0a3y 3HaHUl, IIpeIHa3HAYEHHYO JIJIs
HaKOIJIeHusT wHMopManuu 00 MHIUIEHTaX U JM000ydeHUsl Mogesieil; narepdeiic obpaTHOi
CB$I3U, TTO3BOJISIONINN WHXKEHepaM KOPPEKTUPOBATH PEe3Y/IbTAThl KJIACCU(DUKAINNA U YIIyU-
maTh TogHoCTE ML-Momesneii.

Jloru cobupatorcsa n3 xpanminma Elasticsearch, mpoxomar sramnsl mpeaobpaboTku u
KJtaccupUKaIuu, [10Cjie 9ero pe3ysIbTaTbl aBTOMATHUYeCKU Iepenatorcs B Jira mim Azure
DevOps ¢ yuéroM KOHTEKCTa 3a/1a4.

IIpororum cucreMbl 3HAUUTETLHO COKPATUII CPEHEEe BPEMsl PEAKIINN Ha, KPUTUIHBIE MH-
[UIEHTHI, TOIIEPKUBACT HHTEPAKTUBHOE JO00yIeHIe MOIe el TI0 0OpaTHONH CBI3U WHXKEHE-
POB U KOPpPEKTHO uHTerpupyercs ¢ Jira u Azure DevOps 111 aBTOMaTUIeCKOro CO3IaHUsI,
OOHOBJIEHUSI U TIOBTOPHOI'O OTKPBITUS 3a/1a4.

Paspaborannas cucrema criocobcTByeT mopsbiienuto apdexrusaoctu DevOps mporeccos
3a CYET MHTEJUIEKTYAJBHONU aBTOMATU3AIMY YKU3HEHHOI'O [UKJIa UHIIAJIEHTOB U MOXKET OBbITh
MacITabupoBaHa JJjIs UCIOJIB30BAHUS B PA3JIUIHBIX BHICOKOHAIDYZKEHHBIX CEPBUCAX.
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[4] Ozulku O. et al. Anomaly detection system: Towards a framework for enterprise log management of
security services //World Congress on Internet Security (WorldCIS-2014). — IEEE, 2014. — c. 97-102.

Hosocubupcruti 2ocydapecmeenmnuii yrusepcumem, Hosocubupcer (Poccus)
E-mail: d.dronov@g.nsu.ru

48


mailto:d.dronov@g.nsu.ru

MaubrieBckne arenust 2025 Autrebpo-jioruieckKue MeToibl

Metoapl pa3zpaboTKn MHTEJJIEKTYAJbHBIX MOMOIITHUKOB, OCHOBAHHbIE HA
OHTOJIOTUIECKOM MOJIeJIMPOBAHUU TPEAMETHBIX obJjiacTei

A. O. 3ATLEB

3a9acTyo KaXKblil, KTO CTAJKHBAJICS ¢ pabOTOl MHTE/IEKTYAJbHBIX TIOMOIITHUKOB, HUCIIbI-
TBIBAJI OIPEJIEIeHHbBIN Psiji TpobsieM ¢ HuMU. HadnHas BO3MOXKHOCTH JEHCTBUIl TOJIBKO IO
3apaHee 33JaHHOMY CIEIMAJINCTOM KOMIIAHUN CIIEHAPUIO, 3aKAHINBAsI TE€M, ITO €r0 OTBETHI
MOI'YT OTJIMYATHCH OT OOBEKTHBHOIO OmucaHus. Bce 9Tu HakTopbl, BBIHYKIasi HAHUMATD
COTPYJHUKOB TEXHUYIECKON IOIEPKKA, IPUHOCAT KOMIAHUAX YOBITKH.

Jlnist pertieHnst MOIOOHBIX MTPOOJIEM OBLIO MIPUHSATO PEIeHre HadaTh Pa3pabOTKy MUHTEJ-
JIEKTYAJIBHOTO TIOMOIIIHIKA, OCHOBAHHOI'O Ha, OHTOJIOI'MIECKOH MOJIEIN IIPEIMETHON 00/1aCcTH.
OfHUM U3 KITFOYEBBIX OTJUYIUAN CHCTEMbI IPEIIIOJIAraeTCsi KOMOMHAIMS UCIOJb30BaHUS HEll-
POHHBIX CeTell U OHTOJOTUIECKUX MOJIesei.

Ilenvro mannoit paboOTHI ABIAETCS pa3paboTKa METO/Ia, BBIMOJIHAIONIETO TTOCTPOCHHE OT-
BeTa Ha BOIPOC TIOIB30BATEIT, HA OCHOBAHUU OHTOJIOTUYIECKON MOJIEJIN TIPEIMETHON 06JIaCTH;
peaji3aliys U BHEJIPEHUE MOIYJs B ILIaT(hOPMY.

B pamkax paboThl ObLIN PACCMOTPEHBI MOAXO/IBI K IIOCTPOSHUIO TNAJIOTa C IIOJIb30BATE-
JjeM [1], HaiieHbl U IPOAHAIM3UPOBAHDBI CYINECTBYOIINE METOIbI U3BJIeYeHs 3Hanuii [2, 3],
n3ydeHa rnpeaMeTHasi 00JIaCTh, U3yYeHbI CYIIECTBYIONINE PEIeHNs TOJ00HBIX 3a/1a4, BbIOpa-
HBI TEXHOJIOI'HH JIJIsI JIOCTUZKEHS [IOCTABJIEHHOI 11es11, c(hOPMUPOBaHBI TPEOOBAHUSA K CEPBU-
cy, pazpaboTaHa IepBOHAYAIbHAS BEPCHUSI AJITOPUTMA [TOCTPOEHUSI JINAJIOTA C TIOJIb30BATEIIEM,
[TOJIPOTOBJIEHA OCHOBA JIJIsi Oy IyIIero paciinpeHusi aJrOPUTMA, IPOU3BeIeHa, MHTEIPAIUs MO-
ayns B wiatdopmy. Takzke ObLIO IIPOBEIEHO TECTUPOBaHIE PAOOTOCIIOCOOHOCTH TIEPBUIHOTO
AJITOPUTMA Ha PEAJIHHBIX ITOJIb30BATEIIAX, COOPAHBI OT3BIBEI.

B kauecTBe nasbHeero pa3suTus IJIAHAPYETCS Pa3pabOTKa METO/IOB HAIIOJIHEHUS OH-
TOJIOTUYECKON MOJIEJTH U3 PA3JIMYHBIX OTKPBITHIX UCTOYHUKOB B ceTu VIHTEpHeT; cucTeMaTu-
3alysl MOJIYYEeHHBIX PE3YJIbTATOB: PACIIUPEHUE U JIOTOJHEHNE pa3pabOTAHHOIO METO/IA.
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PaspaboTka MHTEJIEKTYyaJIbHOIO MOMOIIHAKA JJIsd ODaHKa HA OCHOBE
TIOPOXK/IEeHUsI JOMOJJHEHHOTO TIoucKa

C. A. KAPIIUEBUY

CoOBpeMeHHBIE CHCTEMbI CTAJKUBAIOTCS ¢ OTPOMHBIM KOJIUIECTBOM UHMOPMAINU, KOTO-
pasi MOCTOSTHHO OOHOBJIsIETCsI. ABTOMATU3AIMS aPTYMEHTHPOBAHHBIX PACCYKJICHUN aKTya b
Ha JJIs TOBBITIeHUsT 3(DMOEKTUBHOCTH TPUHSITHAST PEIICHUI, yIydIeHns KadecTBa AHAJIN3a
undopmaruu [1]. B 6ankosckoil cdepe B mocienane rogbl Takke HabIIOIAETC POCT 06bE-
Ma HOPMATUBHBIX AKTOB M BHYTPEHHUX persiaMeHToB. COTpYIHUKAM IOPUINIECKOTO OJIOKA,
KOMILJIQE€HCA U PUCK-MEHE?KMEHTA HYYKHO ObICTPO HAXOAUTDH HYKHBIE IIYHKTHI U IIPOBEPITD
akTyaJabHyto pegakinmio. Pygnoit nouck B Confluence 3armmaer MHOrO BpeMenu u Tpebyer
[TOMOIIX IKCIIEPTOB.

Hesb paborbl — cO31aTh IPOCTYIO Jyist osib3oBaresiss RAG-cucremy [2|, Koropas Ha-
XOJIUT peJieBaHTHBbIE (PPArMEHTDI, TOKA3BIBAET CCHLJIKU HA [MEPBOUCTOYHUKHU W 3AIUIAET OT
omubOK M3-3a yCTaPEBINNX JOKyMeHTOB. CrcTeMa yIUThIBAET THI JOKYMEHTa, BEPCUIO U a-
Ty OOHOBJIEHUsI. DTO JEJIAET OTBETHI TOYHLIME U OE30MACHBIMU JIJIs OIIEPAIIMOHHON PabOThI.

Ocoboe BHUMaHUE yIeIeHO KOMOUHAIINY METOI0B: TUOPUIHBII ToucK (BeKTOpBI + BM25),
MOCJIE YOI PEPAHKUHT U KOPOTKAs NeHepallysl OTBETA B JIEJIOBOM CTHUJIE C 0OI3aTeIbHBIM
yKa3aHNeM HCTOYHUKOB. Takoil MOIX0J] COKpAIaeT BpeMs MOJATOTOBKY 3aKJIIOUCHW U pa3-
IPy2KaeT 3KCIEPTOB.

Ucnosnbzoanucs Texuonornu: Retrieval: Weaviate (HNSW + Hybrid BM25) [3]. Mo-
gesm: ambeep bge-m3; peparkep MiniLM cross-encoder; remepanusi Mistral-7B-Instruct
(LoRA). Nnrerpanus: Be6-gar u miarun ais Confluence; apredaxror u merpuku — MLflow;
nertoir — Docker.

PesynbraTom crasa oriaykeHHas JIOTHKA [TOUCKA U IUTUPOBAHUS JTaJIa M3MEPUMBIil -
dekT: cpeaHee BpeMsi OTBETa COKPATUIOCH 0 8 MUHYT, J0JIs dCKaJaluil B I0p/IeNapTaMeHT
cHM3MIACh Ha 37 mporeHToB; odJraitnosble Merpukn: Recall@5 = 0.91, Precision@1 = 0.86;
UCKJTIOUEHa paboTa CO CTapbIMU PEJAKIUIMEI 32 CUIET CTPOrOro KOHTPOJIS BEPCUH U TOCT-
BaJIUJIAINH CCBLIOK.
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[1] Yakhyaeva, G. Application of the Case Models Restriction for Modeling Argumentation Reasoning.
2021 International Symposium on Knowledge, Ontology, and Theory, KNOTH 2021, 2021, pp. 40—44.
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[3] Weaviate Documentation: Hybrid Search, BM25/BM25F, HNSW Index. URL:https://docs.weaviate.

io/weaviate/search/hybrid
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O cnemuduiupyemoctu 3(pHEKTUBHO OTAEJIMMO HY MEPOBAHHBIX MO/IeJIei
C IO3UTUBHBIMU U HEraTUBHBIMU OTHOIIIEHUSIMU

C. H. KACBIMOB

Ecimn (M, ) — HyMepoBaHHasi MOJeJb, TO moaMHOXKecTBO Mo C M HasblBaeTcs [
[IEPEYUCTUMBIM, €CJIA TOJIHBIN u-1poobpa3 My Beraucimmo nepeuncinm. CemeiictBo & p-
[IEPEYNCTUMBIX [TOIMHOXKECTB MHOXKeCTBa M Ha30BEM IOJIHBIM PA3JIEJISIIONINM CEMECTBOM,
ecim st Juobbix a,b € M A a # b naiinerca takoe My € &, yro a € My Ab ¢ My nubo
a ¢ MoAb € My. Hymepanust i Ha3pIBAETCST OTIEIMMOM, €CIIM CYTIECTBYET TIOJTHOE PA3JIesl-
FOIIEe CEMENCTBO [4-ITEPEYUCUMBIX MHOXKeCTB. Eciun & — 1o/IiHOe pasjeisroliee ceMeicTBO
JUIsl HyMepalid [t © CeMeHCTBO BBIYHCIUMO MepedncinMbix Muoxkects {u My | My € &}
UMeeT BLIYUCIUMYIO HyMepaluio (B cMmbicsie [1]), To mymepanus p HasbiBaerca 3)hEKTUBHO
oraemumoii (cm., FO.J1. Epmos, [1]). Knace addbekTuBro OTHEMUMBIX HyMepaIyil COMEPKUAT
B cebe Kak Xy (mosurmsHbIe), Tax u I1) (HeraTHBHBIE) HyMepaluu W JIEKHT B Kjacce 119
([1]). DddekTuBHO OTHEIMMBIE HyMEPAIMH MOJENEH OKA3aJICh WHTEPECHBIMU U BAYKHBI-
MH OObEKTaMM, MMEIOIIUMY II0JIe3HbIe MTPUJIOXKEHUsI KAK B TEOPUU BBIYUCIUMOCTH, TAK W
B Teoperndeckoit uudopmaruke (cM. 0630psl [2, 3]). Ipemyaraembie TE3UCHI AHOHCUPYIOT
BO3MOXKHOCTD &JIeKBATHOI'O (€ TOYHOCTBIO J0 M30MOPMU3MA) OIKMCAHUS MHOIOCOPTHBIX MO-
Heneit 93PEKTUBHBIX CUTHATYP, 00/1a1a0muX 3(PHEKTUBHO OTAECTUMBIMA HYMEPAIIUAMHA C
[IO3UTUBHBIMUA U HETaTUBHBIMHM OCHOBHBIMU OTHOIIEHUSIMH, YTO MOXKET OBITh aKTYaJIbHO B
paMKax MJI€0JIOIIU COBPEMEHHOI TeOPeTUIeCKOil MH(POPMAaTUKN.

Omnpenenenne 1. Muorocoprraas moznenb M 3hdeKTuBHON CUTHATYDBI Y. HA3BIBAETCS
crieruduIUpyeMoii, eciu CcyIecTByer Takoe oboramenne M* monesm M B curnatype L* D
3, MOPOXKIAEHHOE Y. *-KOHCTAHTAMH, ITO HOIXOIAIIEe BBIYUCIUMO [IEPEIUCTIMOE MHOYXKECTBO
® npetokenuit curnaTypol L peanusdyercsa B M * u s Besikoit $-cucTeMbl ee mojicucTeMa,
TIOPOXKIeHHAs X *-KOHCTaHTaMu, JInOo nzoMopdua IM*, mmbo He aBiasgerca P-cucremoii.

Teopema 1. Besikast MHOrocoprHasi MoJe/b 3(p(PEKTUBHONH CUTHATYPbBI, HMEOINast -
(beKTHBHO OTAE/TUMYIO HyMEPAaIHio ¢ MO3UTHBHBIMU H HETATHBHBIMU OTHOIIICHHUSIMH, SIBJISICT-
CsI CIIETIH(PHATTIPYEMOH.

JINTEPATYPA
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T'ubpuaHblii TOAX0A K M3BJIEYEHUIO SMOIMOHAJIIBHBIX OIEHOK M3 TEKCTOB Ha
OCHOBe HeMpoceTeBbIX MO/ieJieif 1 OHTOJIOTUU

C. B. Kum, /1. E. TTAJIbUYHOB

Cospemennsle Heiipoceresbie Mo (LSTM, BERT), neMOHCTpHpYsT BBICOKHE PE3YJlb-
TaThI B 38]a9aX KJIACCU(PUKAINNA TEKCTOB €CTECTBEHHOTO sI3bIKa, CTAJTKUBAIOTCS ¢ (DY HIAMEH-
TAJbHBIMA TPYIHOCTAMH TPU HHTEPIPETAINH CJAOXKHBIX JUHIBUCTUIECKUX SBJICHUN. DTH
OrpaHuYeHus OOyCJIOBJIEHBI OTCYTCTBHEM y HUX SIBHBIX MEXAHU3MOB JIOTUYECKOI'O BBIBOJIA.
g npeonosieHns yKa3aHHBIX OIPAHUYEHU IpejIoyKeHa TMOPHIHAS apXUTEKTypa, MHTe-
rpupyoIas HeiffpoceTeBble MO/l ¢ (POPMAJIBHOM Te€ThIPEXYPOBHEBON OHTOJIOTHIECKO MO-
JIeJIBIO IIPEJICTaBJIEHUS] 3HAHUM.

OmnroJrornaeckasi MOZEIb 00eCIeInBaeT IIyOOKU CMBICJIOBOM aHAIN3 3a CUeT CTPYKTY-
PUPOBaHUs 3HAHWIA Ha YeThIPeX YPOBHSX: YPOBEHb OHTOJIOMMYECKUX 3HaHUi ((opMasbHbIe
OIIPeIeJIEHNs] SMOIMOHAIBHBIX KATErOpuil, CEMAHTUYIECKIE OTHOIIEHUS U JIMHIBUCTUYIECKIE
MapKephl ); yPOBEHb OOIINX TEOPETUIECKUX 3HAHWUH (YHUBEPCAJbHBIE JIMHIBUCTUIECKHE TIPa-
BUJIa U MABJIOHBI CHHTAKCUYECKUX KOHCTPYKIIUH, XapAKTEPHbBIX JIJI KOHKPETHBIX SMOIIHIA);
YPOBEHb SMIIMPUYIECKUX 3HaHUil (6a3a pasMeYeHHBIX NPEIEIeHTOB (OT3BIBOB) i Bepudu-
KAIlUU TUIIOTe3); YPOBEHb OIEHOYHBIX 3HaHuil (bopMupoBaHUe M KOPPEKTUPOBKA Bepudu-
[[MPOBAHHBIX BEPOSTHOCTHBIX UIIOTE3 HA OCHOBE PE3YJILTATOB JIOTMYECKOTO BBIBOJA.).

Omnrosornaeckast MOJIEIb MO3BOJIIET (POPMATIU30BATH U PA3PEIIUTD IPOTUBOPEINE MEXK-
J1y OyKBaJIbHBIM 3HAYEHUEM CJIOB U OOIIIUM CMBIC/IOM BBICKA3bIBaHUSI, UCIIOJIB3Y sl 3aJI02KEHHBIE
MIPABUJIA U OTHOIIIEHUS MEYKJIy TTOHSTHUSIMHU.

B pamkax wmcciieioBannst ObLI CO3JaH PA3MEUEHHBIN JATACET W3 THICAIM PYCCKOSI3BIU-
HBIX OT3BIBOB, OXBATHIBAIOIINN CEMb SMOIMOHAJILHBIX KATErOpHil: PaoCcTb, IPYCTh, CTPAX,
OTBpAIlleHNE, 3JI0CTh, yJUBJIEHUE, capka3M. KadecTBEHHBINl aHAJIM3 IIOATBEP/UJI, UTO MO-
neab BERT sdbdexTrBHO cripaBiisieTcs ¢ KOHTEKCTHBIMEA 3aBUCUMOCTSIMU, HO TpeOyeT 3Ha-
qurebHbIX pecypcoB B orimuue or LSTM. Ipenoxennast rubpuiaas apxurekrypa LSTM-
BERT-onTOJIOrHST ONTUMU3UPYET [IPOIECC, HCIOIB3YsI KACKAIHYIO CXeMY, UTO 0DecIeunBaeT
6aJlaHC MEXKJIy TOYHOCTBHIO W BBIYUCIUTEIbHON 3ddexTuBHOCTHIO. [IpencraBirenunit mo-
XOJI, IEMOHCTPUPYET ILJIOJIOTBOPHOCTH MHTErPAIUN HEHPOCETEBBIX METOJO0B ¢ (DOPMAJIbHBIMI
aIreOpO-JIOTIIeCKUMU MOJIEJISIMU TIPEJICTABJICHNS 3HaHU. Takas TudpUIN3aIus M03BOJISEeT
co3/1aBaTh DOJIee MHTEPIIPETUPYEMbIE CUCTEMbI JIJIsi aHAJN3a TEKCTOB, CIIOCOOHBIE PAbOTATH
CO CJIOKHBIMU CEMAHTUIECKUMU KOHCTPYKITUSIMU €CTECTBEHHOTO S3bIKA. JTO OTKPHIBAET MU~
POKIE BO3MOXKHOCTH JIJIst TPAKTUIECKOTO IIPUMEHEHHNs, B YACTHOCTH, B CO3/AHNH HHCTPYMEH-
Ta JI aBTOMATH3UPOBAHHOIO aHAJIN3a [T0JIH30BATELCKIX MHEHUI B 33/[a9aX MapKEeTHHIA,
YIpaBJIEHUs PelyTanueil 1 aHaJIN3a MOTPEOUTEIHCKOIO OIBITA.
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Paspaborka anropurma aBTOMaTU3MPOBAHHOIO MJIAHUPOBaHUs B cdepe
TaliM-MeHeI>KMEHTa

H. C. KOCAPEB

B coBpemenHOM Mupe y JIHO7eil HEpEIKO BO3ZHUKAIOT HPOOJIEMBI C OpraHu3aiueil cob-
CTBEHHOI'O BpPEMEHHU U IjIaHupoBanueM 3ajad. C IesIbio pellenns: STUX mpobjieM ObLIH PHU-
JyMaHbl TEXHUKY U MTPAKTUKH 3MDDEKTUBHOTO YIIPABICHUS BPEMEHEM — TaiiM-MEHEI2KMEHTA.

B mamre Bpems cyIiecTByeT MHOXKECTBO IPOTPAMMHBIX PEIIeHnil, OCHOBHOH IEJIbI0 KOTO-
PBIX sIBJISIETCSI MHTETPAIMs MPOIECCOB YIIPaBJIeHUs BpeMeneM B 1udpoBoit cpefe. Opaaxo,
HECMOTPsI Ha OOIIIUPHBII CIIMCOK BO3MOXKHOCTEH IMPUJIOXKEHU JAHHOTO KJIacca, TPy103aTpar-
HBII TIPOIECC TJIAHUPOBAHUS BBIIOJTHEHUST 33129 [TO-IIPEKHEMY OCTAeTCsI 38, [MOJIb30BATEIEM
[1]. Bosee Toro, Bcero 30-40% 3anianupoBaHHBLIX PabOT 3aBEPIIAIOTCA B CPOK [2].

Hesnbio manHON PabOTHI ABJISETCA Pa3pabOTKa AJTOPUTMa ABTOMATU3MPOBAHHOIO ILJIA-
HupoBaHus B cepe TaiiM-MeHe zKMenTa. s pernenns 3aa4u aBTOMaTU3NPOBAHHOIO T171a-
HUPOBaHMs ObLI pa3paboTaH aJIrOPUTM, OCHOBAHHBLIN Ha yMEHBINEHUH PA3MEPHOCTU aHa-
JIN3UPYEMOI'O IIPOCTPAHCTBA 3HAYUMBIX IIAPAMETPOB 3a/a4, BBeIeHUU IMITpadHOi DyHKIMH
JIJIS PA3JIMYHBIX ITI0CIEI0BATEIbHOCTEN (IJIAHOB) BBINOJHEHMs 33Ja9 U HOMCKE DPEIICHHUs,
00JIaTAI0NEero MUHAMAJIBHBIM 3HaUeHuEeM IITpadHOl (DYHKIUH, METOIOM IIOCTPOEHUS CHU-
MYJISIIMOHHBIX JIEPEBbLEB U IIOMCKA BPEMEHHBIX OKOH JJIsi BBINOJIHEHUs 3aad. Takyke ObLI
pa3paboTaH JIEMOHCTPAIIMOHHBIN CTEH /I JAHHOTO AJTOPUTMA, HMPEJICTABIIAIONINI cobO0it
KJINEHT-CEPBEPHYIO IPOIPAMMHY0 CUCTEMY JIJIsi TaiiM-MeHEe[KMEHTa..

ITo uroram Gera-TecTupoBaHUsT PE3yIbTATHI PAOOTHI AJITOPUTMa, ABTOMATH3NPOBAHHOIO
ILUTAHUPOBAHUS ITPU3HAHBI 00Jiee KAYECTBEHHBIMU WJIA COITOCTABUMBIME 110 Ka9eCTBY C pe-
3yJIBTATAME CAMOCTOSATEIHFHOTO T0JIb30BATEHCKOTO IIAHUPOBAHUS.

HoBuzna manmoit paboThl 3aK/09aeTcs B pa3paboTke (popMaIn30BaHHOTO aJTOPUTMA,
KOTOPBIIl MOXKET OBITh UCIIOJIb30BaH JIJIsi AaBTOMATH3AIUN IPOIECCa IIJIAHUPOBAaHUS B cdepe
TaiiM-MeHeKMeHTa. Teoperndeckast IEHHOCTh JAHHON PabOTHI 3aKJII0YAETCS B PACIINPEHUH
METOOJIOTHHY ILJIAHUPOBAHUS B PAMKaxX IIPEIMETHON obyracTu TaitM-MeHeKMeHTa. [IpakTu-
9eckasi [MEHHOCTHh NMAHHOU pabOThI 3aKJ/II0YAETCS B SKOHOMUU BPEMEHH I0JIb30BaTeedl Ha
Jrare IJIAHNPOBAHUS BBIIIOJIHEHUS 331a4.

JINTEPATYPA
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[2] Callaway F., van Opheusden B., Gul S., Das P., Krueger P.M., Griffiths T.L., Lieder F. Rational use of
cognitive resources in human planning // Nature Human Behaviour. — 2022.-T. 6.—¢c.1112-1125.
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JAByxMo/IysibHAsI CUCTEMA JJI aBTOMATU3UPOBAHHOTO MPOTHO3UPOBAHUS
3ab0J1eBaHUil >KMBOTHBIX HA OCHOBE aHAJIN3a TEKCTOBBIX MEIUIMHCKUX 3amuceii

. A. KypParOKOB

B obiractu BeTepuHapum akTyaJbHOM 3ajadeil sIBJIsIETCS aBTOMATU3AIIAs] aHAJII3a Me-
JUIUHCKAX 3aIiceil 11 MporHO3upoBanus 3abomeBannii. CoBpeMeHHbIE METOIbI 0OpabOTKM
€CTECTBEHHOTO $3bIKA IMO3BOJISAIOT W3BJICKATH CTPYKTYPUPOBAHHYO HH(MOPMAINIO n3 HedOp-
MAaJIM30BAHHBIX TEKCTOB, UTO OTKDPBIBAET NIHPOKHE BO3MOXKHOCTH JJIs ITIOCTPOEHUsI MHTEJI-
JIEKTYAJIbHBIX TUATHOCTHIECKNX cucTeM [1].

Ilenbro paboThl gBsIeTCs pa3pabOTKa JIBYXMOIEIBHONW CHUCTEMbI MPOTHO3UPOBAHUS 3a-
6osteBaHMUil KUBOTHBIX. CHCTEMA COCTOUT M3 JIBYX IOCJIEI0BATEILHBIX MOJYJIeii: TepBhIi,
OCHOBAHHBIN Ha 3aja4e u3BJedeHus umeHoBaHubix cymmuocreil (NER), npeqnasmaden mjis
BBIJIEJIEHUsT CUMIITOMOB U3 TEKCTOBBIX 3AITACEll MJIsd UX JAJIHHEHIIero COXpaHeHUsT U MCIIOTb-
30BaHUsI BO BTOPOI MOJIE/IN; BTOPOi BBIMOIHSIET ITPOTHO3UPOBAHIE 3a00/IEBAHII HA OCHOBE
[IePeJIAHHOIO aHAMHEe3a, M3BJIEYEHHBIX U HOPMAaJIM30BaHHBIX CUMIITOMOB M PaHee BbIJIeJIeH-
HBIX JIJIT 9TOTO XKUBOTHOI'O CUMIITOMOB.

Jist oOydeHnst IepBOil MOJIE/IM MCIIOJIB30BAJINCH TaHHBIE, CODpaHHBbIE U3 YIeOHUKOB IO
BeTepuHApUU, TPODUIBHBIX (DOPYMOB, & TAKXKE Cr€HEPUPOBAHHBIE IIPU IIOMOIIN OOJIBIITNX
sA3BIKOBBIX Mogeseii. Beero 6110 moarorosseno 6osee 100 mpumepoB, KOTOpble ObLIN ayT-
MenTupoBaubl 710 300 myTéM 3aMeHbI CJI0B cHHOHMMAaMU. [ cpaBHeHUs OBLIN BBHIOPAHBI
mozesim RuModernBert, SpaCy, a rakxke RuDR-BERT. Hauryuriie pesyabraThl mokasaJsia
mozesib RuModernBert ¢ F1-mepoit 0,85, accuracy 0,94, a ormenku precision u recall cocra-
sz 0,89 n 0,81 cooTBeTCTBEHHO.

Bropast momesnb npennasnadena s BbISBIECHUS IOTEHIINAIBHBIX IPODJIEM B CHCTEMAX
OpPraHoB cODaK Ha OCHOBAHUM AHAMHE3a, COCTABJIEHHOI'O BPAYOM, HOPMAJIN30BAHHBIX CUMIITO-
MOB, U3BJIEYEHHBIX IEPBOI MOJIEJIBIO, U COXPaHEHHOI ncropuu. JlaHHbIe 11 Heé cOOUPAJINCh
3 nNpoUJIbHBIX CTaTell, MOocjae 4ero ObLIN ayrMEeHTHPOBAHBI [IPU IOMOIIA CUHOHUMUYIHBIX
3ameH. B wmrore Ob110 cobpano mopsinka 350 pazamuHbix 3amuceil ¢ cummromarukoit. Co-
6pammbie Oosie3nn ObLIM pacupenesieHbl 0 10 cuCTeMaM OPraHOB: KeJIYI0YHO-KUIIeTHASd,
CEPEIHO-COCYIICTas, JIbIXaTeJbHas, MOYEBbIIEINTE/bHAs, HEPBHAS, JHIOKPUHHAS, KOXK-
Hasl, OIIOPHO-JBUTrATeJIbHAsI, ODTAIBMOJIOINYECKasl, PENPOAyKTUBHas. s pernenust mnaH-
HO# 3ajaum ObLIM TpUMeHeHbl ciefytormue ajroputMbl: Random Forest, SVM, Logistic
Regression u XGBoost. Ilo pe3ynbratam TecTupoBaHus JiydIire pe3yIbTaThl mokasaa SVM
¢ F1 u accuracy na yposre 0,9. B manpHeitimem miaHupyercsi pacuiupuTh JATacCeT 3a CIET
HCII0JIb30BaHUs YaCTUIHOrO IepeBoja Aaracera PetEVAL, a Tak:ke 00y4nTh M IIPOTECTUPO-
BaTh MOJEIH-TPAHCPOPMEPHI.

PaspabarbiBaemasi cucreMa IO3BOJIUT HE TOJBKO aBTOMATH3UPOBATH IIPOIECC M3BJIEUe-
HUsI CUMIITOMOB, HO ¥ IMOBBICUTH TOYHOCTBH JUATHOCTUKHU 38 CUET HCIIOJIH30BAHUSI KOHTEK-
cryasibHON mHOpMaIu u ucropun obpamenuit. Bostee Toro, cucrema Oyzer crocobHa WH-
TErpupoBaTHCS C CYIMIECTBYIONUMA MEIUIMHCKAMA 3AIMCAMA, 9TO JIEJIAeT €€ IPAKTUIHBIM
WHCTPYMEHTOM /[[JIsi BETEPUHAPHBIX KJINHUK. BHe/IpeHne Takol CHCTEMBI MOYKET 3HAYUTE b~
HO COKPaTHUTh BPEMsl HA aHAJIM3 MEJIUIMHCKUX 3AIMCEH U IMOBBICUTH KAYECTBO JUATHOCTUKY
3a00JIeBAHUI YKUBOTHBIX.
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IIpuMeHeHEe TEMOOPAJIBLHON JIOTUKN B PEKOMEHOATEJIbHON CHCTEME HA OCHOBE

GNN

B. B. JIABPUHOBA

I'padossie neiiponnbie cern (GNN) [1,2] sIBIsFOTCST MOIIHBIM HHCTPYMEHTOM JIJIsl 00pa-
60TKEM rpadoB, B KOTOPHIX MHMOPMAIUs IPEJCTaB/IeHa B Buje y3j0B u peébep. OaHako B
HEKOTOPBIX 33/[a9UaX BayKHO YUUTBIBATH HE TOJIBKO CTPYKTYDPY rpada, HO U BPEMEHHBIE 3a-
BHCHMOCTH, KOTOPbIE BO3HUKAIOT B IIPOIECCE B3AMMOJEHCTBHII MEXKIY djIeMeHTaMu rpada.
DT0 MOXKeT OBITH OCOOEHHO ITOJIE3HO B PEKOMEHIATETHHBIX CHCTEMAX, TJe HEOOXOIAUMO yIH-
TBIBATH HE TOJILKO TEKYIIHe IIPEIIIOYTeHNs 10JIb30BaTe I, HO U UX U3MEHEHUsI BO BPEMEHH.
OfHUM W3 WHCTPYMEHTOB, KOTOPBI MO3BOJIsseT paboTaTh C BPEMEHHBIMH 3aBUCHUMOCTSIMU,
apysgeTcs TemnopasbHasd jjoruka LTL. B koaTekcTe peKOMeHIaTeIbHBIX CUCTEM 3TO MOYKET
OBITH MCIIOJIB30BAHO [IJIsI MOJIETUPOBAHUS U3MEHEHUsI NHTEPECOB IOJIb30BATENeH C TedeHu-
€M BpPEMEHH, YTO II03BOJIIET TOYHEE IIPEICKA3bIBATh OyayIue npeamnodrenus. B nacrosiieit
paboTe MBI BHEJ[PsIEM TEMIIOPAJIbHBIE TIPABIIIA B PEKOMEHIATEIbHYIO cucTeMy (GribMoB [3].
st 3TOr0 BMECTO OOBIUHBIX I'PpadOB UCIOJIB3YIOTCS BpeMeHHble rpadbl. Kpome Toro, dro-
6b1 rpadoBasi HEMPOHHAsT CEeTh yMeJja FeHepupoBaTh u ucnoJib3oBaTh LT L-npaBuiia, HyKHO
J00aBATH MEXaHM3M, MO3BOJISIONIUN eif (POPMYJIUPOBATH ITU IIPABUJIA HA OCHOBE JAHHBIX.
B pekomemnmaTebHBIX cUCTEMAX WM IPU aHaan3e BpeMeHHbix rpacdos LTL-mpaBura MmoryT
OBITH MCIIOJIB30BAHBI JIJIsl OIMCAHUS PA3JIMIHBIX 3aKOHOMEPHOCTEN (HAIIPUMED, «eCJIH T10JIb-
3oBaTesIb cMOTpe/ huIbM KaHpa X, TO B OyLyIeM OH HOocMOTPUT buiibM Kaupa Y» ). s
rereparnuu LTL-ipaBus Ha OCHOBe UCTOpUM B3aMMOJEHCTBUI B rpade ObLIN UCIOJIb30BAHBI
Seq2Seq-Momesin, KOTOPBIE IIPEICTABIISIIOT OO0 aPXUTEKTYPY, IPEIHAZHAYCHHYIO It 00pa-
OGOTKH I10CJIeI0BATEIBHOCTEN, T/Ie Ha BXOJ, IIOMAETCS OHA [TOCJIEI0BATEIbHOCTD, & HA, BBIXOE
reHepupyeTcs aApyras. BHeapeHne BpeMeHHOI JIOTHKHU B MOJZIE/Ib PEKOMEHIaTe/IbHON CUCTEMBI
[IPUBEJIO K 3aMETHOMY IIOBBIIIEHUIO TOYHOCTH IIpejicKasanuii. TakuM 06pa3oM, BKJIIOUYEHHE
LTL-upasus B rpadoBble HEHPOHHBIE CETU TIO3BOJIMIO YIYUIIATh KA9eCTBO IIPOTHO30B, CJle-
JIaB MOJIEJIb 60Jiee IyBCTBUTEIBHON K M3MEHEHUSM JTAHHBIX C T€YCHHEM BPEMEHM.

JINTEPATYPA

[1] Bai T. et al. Temporal graph neural networks for social recommendation //2020 IEEE International
Conference on Big Data (Big Data). IEEE. 2020. pp.898-903.

[2] JIaspunosa B.B., Xsopocryxuna E.B. IIpumenenne rpadoBbIx HEHpDOHHBIX CeTeil B aHANM3€ JAHHBIX
// VcKyccTBeHHBIH UHTEIEKT U U POBbIE TEXHOJOTHU B MOJTOTOBKE CIIEIMAJUCTOB JIJIsl PA3THYHBIX
orpacseit skoHomuku. COOPHUK MaTepuasioB MexKIyHap. HayIHO-IPAKTUIECKON Koudepenrmu. 2024.
C. 257-265. —- EDN DWSAML.

[3] JIaspunosa B. B. PaspaGorTka pekoMeHAATEJbHON CHCTEMBI Ha OCHOBE IpadoBoil HelipoHHOl cetn //
IIpoGiiembl yripaBieHusT B COIUATBHO-9KOHOMUYECKUX U TEXHUYECKNX cucTeMax : Marepuasabt X XI Mex-
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Paspaborka cucteMbl pacrio3HaBaHUS SMOIUNA B OT3bIBAX MOKYyIIaTeJ e
C IIPUMEHEHWEM MNPeBAPUTEJIHHO 00YUYEHHBIX sI3BIKOBBIX MO/IeJjIei

A. E. MACIOTUHA

AkryanbHOCTH TTPOBJIEMBI U3BJIEUCHUS IMOIMOHATHHBIX OIIEHOK M3 TEKCTOB €CTEeCTBEH-
HOTO S3BIKA PACTET BBUIAY €€ 3HAYNMOCTH JIJIsT PA3HBIX cdep Ku3um obimecTsa. B pamkax
HCCJIEJIOBAHUS 3aBEPIIEH TEOPETUYECKHIT STAIl PA3pabOTKHU IIPOIPaMMBbI, KOTOpas Oy/IeT BbI-
SIBJIATH MOIUU B TEKCTAaX M aHAJIU3UPOBATH UX IIPUYUHBI C YIETOM KOHTEKCTHON mHpOpMa-
[UN.

U3Biieuenne 3MOMUOHAJILHBIX OLEHOK BKJIIOYAET JBE 3aJa9i: aHAJIU3 TOHAJIBHOCTHU (CeH-
TUMEHT-aHaIu3) 1 Kiaccudukarmio smoruit. Ha ocnose kiaccudukanum DKMaHa BbIIEIEHbI
6 6a30BBIX SMOIIMIA: PAJIOCTD, 3JI0CTh, OTBPAINEHNE, TPYCTh, MHTepec, crpax [1]. Jis mamms-
HOTO O0yUeHHus! JaHHBIE OyIyT pasbuThl Ha 7 KiaaccoB (6 6a30BBIX + HEHTpaJbHBIE SMOINHN)
u 15 koMOuHaIMit 6a30BBIX IMOIUN; TPOYNE IMOIUNA OTHECEHBI K HEATPaIbHBIM.

ist mpetobpabOTKN TEKCTa MPUMEHSIOTCS CJIEIYIONINe TTPUEMBL:

® TOKEHN3AIlus;
e HOpMaJM3aIMs (CTEMMUHT, JEMMATH3AIM, YIAJIEHIEe CTOI-CJIOB);
e bUILTPAIHST;
e BekTOpHU3aIus [2].
st xktacendukaruyn tekcra ontuMaiabHbl MoJien BERT u RoBERTa. s annoTupo-
BaHUsl JAHHBIX HAWIy4YIIUM BbIOOpOM siBjisiercst GPT-2.
A crieKTHO-OpMEeHTHUPOBaHHbIN noaxon Meroj mnpejonaraeT pas3jesieHue CUCTEM-
HBIX IPODOJIEM Ha KOMIIOHEHTBI-ACIIEKThI. KulloueBble KOHIIEIINN:

ACIIEKTHI;
coepuunresu (Join Points);
cosernl (Advice);

rouku nepecedenus (Pointcuts);
saezpenne ( Weaving) [3].

ITo/1x0/] MOBBIIAET TOYHOCTH ONEHKU MHEHWH M IYBCTB 3& CUET y96Ta KOHTEKCTA.
O6G30p ananoroB monenu Anamus mozeneit (OCC, OCC+, Dkmana, [Lnyrunka, Jla-
zapyca, Affective Lexicon) nozsosun copMyIupoBaTh KPUTEPUU pa3paboOTKu:

TOYHOCTDB;

06paboOTKa KOHTEKCTA;
HTHTEPIPETHPYEMOCTD;
YCTOWYIMBOCTD K TIyMY;
y‘{éT MHOT'O3HQYHOCTH CJIOB;
I\IHOFprOBHeBBIﬁ AHaAJIN3.

TpeHupoBoYHasi BBIOOPKA:

e 00béM: >1000 aHHOTUPOBAHHBIX KOMMEHTAPUER;
HCTOYHUKH: pas3andHble (HOPYMBI U cafiThl ([y1si obecriedenusi pasHOOOpas3usl JTaH-
HBIX);

® AHHOTAIUU: 110 IMOIUAM (C YIACTHEM HECKOJbKUX AHHOTATOPOB JIJIs MUHUMU3AIIUN
CyObEKTUBHOCTH).

TecToBast BLIGOpPKA:
e 00béM: >100 koMMeHTapueB 63 aHHOTAIIA;
® UCTOYHMKU: T€ Ke, YTO U Jjisi TPEHUPOBOUHON BBIOOPKU (J1J1s COIIOCTABUMOCTH ).

BBIXO,EI;HLIB AdaHHbIe OJId Ka>XJI0ro KOMMeHTapu-d:
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e KJIIOUEBOE CJIOBO (HamboJlee 3HAUUMOE CJI0BO/dpasa);
e oupezenéunas Morus (KiaaccuUIUPOBAHHAST MOJIEIBIO);
® TIETIOYKN «3MONUSA—TIPUIAHA» (€CIM UX HECKOJIBKO).
ApxuTeKkTypa nNporpaMMbl IIporpaMma BKIIOUAET CIICAYIONIIe MOYIIH:
1) c6opa maHHbIX;
) 1penoObpaboTKU JIAHHBIX;
) pa3lieieHUs JTAHHBIX;
4) obyvenus;
) kiaccudukanuu;
(6) BBIBOZA PE3YIILTATOB.

Apxurekrypa obecrieanBaeT ruOKOCTb U HAJIEKHOCTD CHCTEMBI.

(1]
2]

3]
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Hcnionib3oBanme MeTOO0OB OHJIAMH O0yYeHHUd [JIsi 3a4aYM IIOUCKA aHOMAJIUNI
B METPUKAaX HPUJIOXKEHUH

A. M. MAIIBKO

CoBpeMeHHBIE IPOI'PAMMHbBIE CHCTEMbI, PEIIaoIiie 3aaun Ou3Heca U HaydHbIE IpobJIe-
MBI, KaK IIPABUJIO COCTOAT U3 MHOXKECTBA KOMIIOHEHTOB. [ljisi OTC/Ie:KMBaHUSI COCTOSTHUS B
CHCTEMY U €€ KOMIIOHEHTBHI TIPU pa3paboTKe 3apaHee BHEIPSIOT KOJ, KOTOPBI KAKUM JTHOO
00pa3oM coxpaHsieT (U/Wid OTIpaBIIseT) MeTPUKU HpusioykeHus. OObIYHO METPUKU [Pel-
CTaBJISAIOT CODON YUCIIOBOM BPEMEHHON psiji. AHOMAJIMM B TAKOM BPEMEHHOM DPsijie MOLYT
CBHJIETEJILCTBOBATD O COOSIX B CHCTEME.

K coxajiennro, oHOMY 9€JIOBEKY U JlarKe T'PYIIIe JIEo/ell He YCJIEIUTh 38 TeM ITOTOKOM
METPHUK, KOTOPBIIl T€HEPUPYETCs MPUIOKEHUSIME, TOITOMY HEOOXOIMMA CHUCTEMA, KOTOPAs
OBl cMOrUTa OOHAPYKUTH AHOMAJIMIO B METPUKAX W OMOBECTUTH MoJib3oBaress o neil. Cyre-
crBylomue pemtenus (Hanpumep, Moira, Prometheus, Grafana, VictoriaMetrics) B ocHoBHOM
HCIIOJIB3YIOT HEKHE TIOPOTOBbIE 3HAUEHUsI JIJIs OIIPE/IeJIEHUsI aHOMAJIUil, KOTOPBIE CO BpeMeHeM
YCTapeBaIOT, & TaKKe TPEOYIOT HEKOTOPBIX 3HAHUN O BPDEMEHHOM PsiJIe.

Jlist perreHusi JAHHBIX TPOOJIEM TIPEJJIAraeTCsl UCIIOIb30BATh B CUCTEME JIETEKTOD AHO-
MaJIuil Ha OCHOBE OHJIANH OOydIeHUsl, KOT/Ia MOJE/Ib OJHOBPEMEHHO BBIIAET MPEACKA3AHUS U
o0ydaercs Ha MOCTYHMAIONIUX JAHHBIX. DTO TO3BOJUT MOJIEJIA CBOEBPEMEHHO a[alTHPOBATHCS
K OXKHJIA€MbIM M3MEHEHUsIM B METPUKAX.

Iesibro jaHHOI PabOTHI sIBJIsIETCs pa3pabOTKa CUCTEMBI JIjis OOHAPYKEHMs AHOMAJIMA U
OTIOBEIEHNS TI0JIb30BaTe el 0 Hux. J[Jist JOCTHKEeHUs e/ BBIJIEJIEHBI CJIEIYIOIIIe 33/ 1adu:
aHaJIn3 aJITOPUTMOB J[jIs OHJIAIH O0yJYeHUsT MOJIEJIell; IIONCK PA3MEIeHHOTrO HabOpa MaHHBIX;
CpaBHEHHE TOKa3aTesell KauecTBa Pa3IMIHbIX MOJeell OHJIaiiH 00y deHns], a TaK¥Ke UX KOM-
OGuHanMit; pa3zpaboTKa MPOTOTUIA MPHUJIOXKEHHS, er0 TEeCTUPOBAHUE U IKCIIEPUMEHTATbHBIHA
aHaJIu3.

Ha rekymuii MoMeHT HaiijleH JaraceT ¢ aHOMAJIMIME B METPUKAX; IIPOBEJIEHO CpaBHe-
HU€ PA3JIMYHBIX MOJeJell OHIaiiH 00ydeHusi, a TaKyKe MX KOMOWHAIMIT, HaYaTa pa3paboTKa
MIPOTOTHUIIA CHCTEMBI.

ObnapyrkeHre aHOMAJIUI B IOCTYIAIOIIEM TIOTOKE JIAHHBIX OTKPBIBAET BO3MOYKHOCTH JIJIsT
CO3/IaHUsI CAMOBOCCTAHABJIUBAIOIIMXCS CUCTEM.

Hosocubupcruti 2ocydapemeennuii ynusepcumem, Hosocubupcer (Poccus)
E-mail: a.matsko@g.nsu.ru
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Paszpaborka MeTo10B M3B/IeYeHNsl CTPYKTYPHUPOBAHHBIX 3HAHUII U3 TEKCTOB
¥ TabyIui Ha OCHOBE OHTOJIOTUI U GOoNbIINX A3BIKOBbIX Mogesiei (LLM)

E. B. MEJIbHUKOBA

JlokJta 1 TOCBSIIIEH 3aJiavue U3BJIeYeHUs] CTPYKTYPUPOBAHHBIX 3HAHUN U3 JIOKYMEHTOB CO
CJIOZKHO# BEPCTKO#, TAKUX KAK MEJIUIIMHCKIE AHAJIM3bI M TEXHUIECKasT JIOKYMEHTAIs Ha 000~
pynoBanue. Takne MOKyMEHTBI 9aCTO HE MMEIOT €IMHOTO MIAOJIOHA, COIEPIKAT BJIOXKEHHBIE
TaOJIAIBI U TEKCTOBBIE OJIOKHU, UTO YCIOXKHSIET UX aBTOMATHIECKYIO0 0OpabOTKY TPaIAITHOH-
HBIMUA METOIaMU.

IIpemyiaraercss MHOrOSTAITHBIM TMOPUIHBIA METOJ, OCHOBAHHBINA Ha IIOCJIEeI0BaTE/IbHOM
[IpUMEHEHUN MOjIeJieil aHaJINn3a BEPCTKU U CEMAHTHIECKOTO aHAJIN3A.

Cmpyxmyproud anaaus (Layout Parsing) + OCR. Ha nepsom srane gokyment (B dbop-
Mmare uzobpazkenus win PDF) o6pabarbiBaercs MojesisivMu, 00y YeHHBIME Ha, 33/[a9aX aHAJA-
3a Bepcrku (Hanpumep, LayoutLMv3, DiT). Mozenb n1pou3BoauT CerMEHTAIMIO CTPAHMIIBL,
BBIJIEJIsIsT JIOTHIecKue OJIOKU: 3aroJIOBKH, maparpadbl, TaOJIHUITEI U ©300PaKEHUsI, U OIpeJIe-
sger ux koopauuatsl (bounding boxes). Toabko mocie 3TOro 3a1a4a MEpeXOauT K MOIEIH
OCR, roTopas 3apaHee 3HAET, ITO MEPEI Heit — TEKCT WK TabJINIA.

Onmonozusecku-ynpasaiemoe u3eaewenue 3nanutl. Ha BTopoMm arare K COIEPKUMOMY
PACIIO3HAHHBIX OJI0KOB IPUMEHSIOTCs GoJibiinue si3bikoBbie Mojesu (LLM), pabora KoTopbIx
yIpaBJsieTcs peMeTHoi orToJorueit. Onrosoruss (pOpMAIbHO OIMCHIBAET TIEJIEBBIE CYII-
HOCTHM M OTHOIIEHUS JJI KOHKDPETHOH 06sacTu (HapuMep, napaMerpbl BeHTUJISIMOHHOTO
obopynosanus). LLM wussiekaer (BhakTbl, & OHTOJOIUS HMCIOJIL3YETCH JJIs UX TUIU3AIUH,
BAJIMJAIINY U TIPUBEJICHUS] K HOPMAJIN30BAHHOMY BHUIY, UYTO CHUXKAET PUCK TaJITIOIMHAIIIA
MOJIEJIN.

Taxoit 1mo/1xoz1 M03BOJIsIET CHAYAJIA BOCCTAHOBUTD JIOTUYECKYIO CTPYKTYDY TOKYMEHTa, a
3aTeM IMPUIIEJIBHO U3BJIEKATH CEMaHTUKY U3 KayKJIOTO JIEMEHTA.
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Dpeiimbr ManbeBa

E. B. MUImgeHko

OpeiiMbl - HAOOPHI JTEMEHTOB U3 IMJILOEPTOBBIX MMPOCTPAHCTB, 00J1a/Ia01e U30bITOY-
HOCTBIO 110 CPABHEHUIO ¢ OOBIYHBIME 0a3UCaMU MPOCTPAHCTBA - HAILIU IIIMPOKOE ITPUMEHEHIE
B Teopuu nepegadn nadopmarun ¢ zHagaaa 2000-x rogos. OHU UCIIOIB3YIOTCS [ (DUKCAIAN
BAKHBIX XapPAKTEPUCTUK CHUTHAJA, OOECICYCHNs IUCIEHHON YCTONIMBOCTH TIPU €r0 BOCCTA-
HOBJIEHUH, & TaKYKe IPHU pa3paboTKe aJrOPUTMOB CXKATHS N300ParKEHWsT U BOCCTAHOBJIEHUS
B C/Iydae, eCau HeKoTopas WH(OpMAaIs O CUTHaJe Oblaa yTepsiHa. BBumy m30BITOYHOCTH
dpeiiva KBAHTOBaHHOE Pa3JjIoyKeHMe 110 (PpeiiMy BecbMa II0JIE3HO B CJIydae, eCJIi HEKOTOPhIE
K03 (DUIMEHTHI Pa3JIOKEHNsT TEPSIIOTCsI TIPU Iepejiade. Pazsoxkenue mo ¢ppeiivmy obecriednBa-
€T YCTOWIUBOCTH K IMOTEPSIM B MAKETHBIX CETSIX, TAKUX KaK VHTepHEeT. AKTYaIbHBIM BOIIPO-
COM SIBJISIETCS TIOCTPOEHNE KOHKPETHBIX IIPUMEPOB (DPEiiMOB TN ONMHMCAHIE ODIINAX [TOIX0I0B
K UX IIOCTPOEHHUIO.

He Menee mHTEpeCHBIM SIBJISIETCS BOIPOC MCTOPUYECKOI'O IMPHOpUTETa. TaK, CINTaeTCst
OOIeIIPU3HAHHBIM, YTO BIIEPBBIE MOHsITHE «(dpeiiM» ObL10 BBeJeHO B 1952 romy B pabore
[1] npu usyuenun BozMOXKHOCTH TpejcTaBjienus GyHKImit uz mpocrpanctsa L2([—v,7]),
0 < v <, pagom Pypbe 110 KOMIUIEKCHBIM IKCIIOHEHTaM eXP(iA,t).

O tHaKO MOXKHO TIOKa3aTh, UTO ajrebpandeckas KOHCTPYKIIHS MPSIMOYTOJIBHON MaTpH-
IIBI CO B3AUMHO OPTOTOHAJILHBIMU CTPOKAMU U CTOJIOIIAMU, IMEIOITUMU OJMHAKOBYIO BEKTOD-
HYIO0 HOpMY, npejjiokenHas B 1947 romy A. . MasbiiesbiMm B pabore “3amedanue K pabore
A. H. Koamoroposa, A. A. Ilerposa u FO.M. Cwuupnosa “Oxana dopmyna Taycca us teo-
PUM HAUMEHbBIIUX KBAJAPATOB [2], ABJIETCsI, TOBOPS COBPEMEHHON TEPMUHOJIOIUEH, IePBbIM
mpuMepoM 1-3KECTKOTO paBHOMEPHOTO dpeiima.

JINTEPATYPA

[1] Goyal V. K., Vetterli M., and Thao N. T. Quantized overcomplete expansions in RY // Analysis, synthesis
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Pazpaborka dpeiiMmBopKa i MpeACTaBJI€HUS YaCTUIHBbIX Mo/eJsieit

Y. A. HATIZAHOB

B nmoknane OGymer mpecTaBiieH MPOEKT pa3pabOTKU MPOrPAMMHOIO MHCTPYMEHTA JIJIst
[IPEJICTABJIEHIST YaCTUIHBIX MOJIEJIell B CUCTeMaX, OCHOBAHHBIX HA OHTOJIOIMYECKHUX MOJIEJISIX.
IIporpaMMubIil HHCTPpYMEHTAPWIT TPETHAZHAYEH JJIsl UCITOJIb30BAHUSI B PEAJIUBAINY JTUAOTIO-
TOBBIX DOTOB, UHTEJICKTYAJIBHBIX TOMOIIHUKOB, TU(MPOBBIX 3aMECTUTEICH.

[Ipeanosaraemplit THCTpYMEHTAPHHA JOJKEH 00JIaJIaTh CAEAYIONMMEA BO3MOYKHOCTSIMHU:
1. Tlpencrasienne dpopmaan3Ma 9acTUIHBIX Mojeseit B Java-mporpammax. 2. Ilpemncrasie-
Hre (POPMYJI JIOTUKHU IIPEJUKATOB I[IEPBOrO IMOpsijika B Java-porpammax. 3. BusyaJibHblii
PeIaKTOp YaCTUYIHBIX Mojeseit u (popmyin. 4. [lonkirodenrne MammH BBIBOJA JIJTsl TPOBEPKH
HA HENPOTUBOPEYUBOCTH (POPMYJI JIOTUKH [EPBOIO TOPSIJIKA.

B pamkax paspaborku dpeiimBopka Oyumer paspaboran coocrBennbiii API, K koTopomy
OyayT obpalaThcs oJib3oBaTeu (ppeiiMBopka. B cBoro ouepenb BHyTpennuii API mosken
HCIIOJIb30BaTh yKe paspaboTaHHble OUOINOTEKN JJIs IPEICTABICHN JIOTMTIECKIX YTBEPXK 16~
HUW U UX IPOBEPKU HA HEIIPOTUBOPEIUBOCTb.

B pamkax manHOrO 0K/ Oy/IeT MpecTaBIeH OOl IIaH Ipe/oaaraeMoro gppeiim-
Bopka. OTyenbHbIe ero Jactu OyayT paccmorpenbl B paborax O.A. OscsnnukoBa u A.A.
Hukymumoix.

IIpeamonaraemplit ppeiiMBOPK JTOMIKEH pa3padaThIBATHCI C PACIETOM Ha JaJjbHelriee
pacmupenue GpyHKINOHAJIBHOCTH IIyTéM sobaBjieHust MoyJieit. PaspabarbiBaembrii (peiim-
BOPK DpAaCYUTaH HA WCIOJb30BaHHUE HCCJIEIOBATEIAMUA B OOJACTH CEMaHTHIECKOI'O HCKYC-
CTBEHHOT'O MHTEJIEKTA.
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Ilndposbie ABOMHUKYN pErjIaMEeHTOB B 3ajiade aBTOMAaTU3auu KadeapaabHbIX
IIPOIIECCOB

. C. HEMIIEB

SHauuTeIbHAS YACTh AJMUHACTPATUBHON pabOThl YHUBEPCUTETCKON KadeIpbl CBsi3aHa,
C BBITIOJTHEHNEM PErJIaMEeHTHPOBAHHBIX MIPOIEYP — IJIAHUPOBAHUEM YIE€OHBIX MEPOIPUSTHI,
KOHTPOJIEM CPOKOB U COTJIACOBAHUEM JIOKYMEHTOB. BBITOTHEHNE 9TUX 3a/1a9 BPYIHYIO TPEOY-
€T CYIIECTBEHHBIX TPY/I03aTPAT U YACTO IPUBOJUT K HECOTJIACOBAHHOCTU JIEHCTBHUIl MEXKIY
yaacTHuKamMu mporiecca. s perrenust mannoit mpobJiembl ObLia paspaboTaHa MporpamM-
Hasl CUCTeMa, [IPeJHA3HAYEHHAs IS aBTOMATU3AIINN [JIAHNPOBAHUSI U KOHTPOJIS 33249 Ha
Kadeape.

ApxuTeKTypHO cucTeMa peajin30BaHa B BUjEe HAOOpa MUKpocepBucos [1] na miardopme
Spring Boot ¢ BecrpoenubiM jiBrzkkoM Camunda 7, 06eCIIeInBAIONIIM HCIIOJTHEHIE MOJIesIei
B HOoTarmu BPMN 2.0 [2|. Ins mapmpyTusamum ucnosb3yercs Mexanusm JavaDelegate,
rJe ylpaBJieHne IepelaéTcss 06paboTInKy B 3aBHCUMOCTH OT YKA3aHHOI'O KJIHOYa COOBITHS
(eventKey). Takoii mozxo/; obecrieunBaeT MOLYIBHOCTb U BO3MOXKHOCTD PaCIIUpeHus (pyHK-
nmoHaJsa 6e3 n3menenusi ocHOBHbIX BPMN-cxem. Crucrema aBTOMaTHIeCK HHATIUAPYET TPO-
[IECCHI, OTCJIEYKUBAET UX UCIIOJHEHUE, PACCHLIIAET YBEIOMIICHHUS U PEAarupyeT Ha OTKJIOHEHUS.

JasbHeiiee pa3BUTHE MCCJIETOBAHNS HAIPABICHO Ha (DOPMAIU3AIINAIO0 PErJIAMEHTOB U
IIOCTPOEHNE UX IUMPOBBIX JIBOHHUKOB — MOJIeJIEell, OTPaKAIOIUX CTPYKTYPY U JUHAMUKY
HOPMAaTHUBHBIX Ipo1ieccos [3]. B kauecTBe OCHOBBI pacCMATPUBAETCS] HHTEPAIHST IPOIECCHBIX
BPMN-Mmoneneit ¢ TOruKo-ceMaHTUYECKIM OMMUCAHUEM PErJIAMEHTOB, Peau3yeMbIM B Cpe/Jie
LogicText [4]. Takoii oaxo 10380aUT 06eCIeIUTh (GOPMAILHYIO BepU(DUKAIIUIO PErJIaMeH-
TOB, AaBTOMATHYIECKOE OOHOBJIEHAE CPOKOB U COTVIACOBAHHOCTD HCIIOJIHSAEMBIX IIPOIECCOB IIPH
U3MEHEHNU HOPMATUBHBIX JOKYMEHTOB.

IIpakTudeckasi peajin3alnys OJTBEPIUIA CHUXKEHNE HAIPY3KU HA COTPYIHUKOB W IIPH-
MEHUMOCTb BBIODAHHBIX PEIeHUil JjIsi aBTOMATH3AIMU perjiaMeHToB. [lorydaeHHbe pesyiib-
TaThI MOCJIY?KAT OCHOBOM [JIsi JAJIBHEHIIEro mepexoia OT OT/IEIbHBIX ITPOIECCHBIX MOJEei
K HHTEIPUPOBAHHBIM ITU(POBLIM IPEICTABICHUASIM PETJIAMEHTOB.
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Paspaborka ¢dpeiiMmBopka jid mpeacTaBiieHnus (POPMYJI JIOTUKU IIPEIUKATOB
IIepBOro mnmopsdajikKka B OHTO.HO]."PI“IGCKOﬁ MoaeJIn

A. A. HUKyJInUHA

B pabore cekperapst yHUBEpCUTETCKOH KadeIpbl MHOTO PYTHHHBIX U TIOBTOPSIOIIIXCS 3a,/1aM.
ABroMaTH3AINST BBITOJHEHUST TUX 33/1a1 YMEHBIIA ObI KOJINIECTBO (DOPMAIHHOM pabOThI
cekpeTaps U MO3BOJINIA ObI YAEUTH OOJIBIIE BPEMEHH COEepKaTeIbHOM paboTe Ha Kadeape.

B uHTE/UIEK TYAIBHBIX CHCTEMAX, OMUPAIOIINXCS TOJBKO HA HEHPOHHBIE CETH, BOSHUKAIOT
CJIeJIyIONIHe MpOOJIeMbl: HEBO3MOXKHOCTH OO'bSICHEHUSI B YEJIOBEKOIIOHSITHOM BHUJIE TPOIECCa
[IOJIyYEeHUsI PE3YJIbTaTa, CHCTEMBI, "TaslTiouHAaIK "HeHPDOHHBIX CeTeil DU BBIMUCICHUN pe-
3yJIbTaTa, Pa3Hble PE3YIbTATHI Ha OJUH M TOT XK€ 3aIIPOC.

1151 IPEoIOICHIS BBIIIEIIEPEYNCIEHHBIX TPOOJIEM IIPE/JIATaeTCs 3aaBaTh OM3HEC-JIOTUKY
MHTEJUIEKTYAIbHBIX CUCTEM IPHU IIOMOIIN JIOTUKA TPEIUKATOB IIEPBOrO MOPSIKA.

B pamkax mamboii paboThI paccMaTpUBAETCS pa3paboTka (ppeiMBOpKa JJIs IPEICTaB-
JleHns1 (bOPMyJI JIOTHKH IIPEIUKATOB IEPBOTo Hopska. s pazpaborku dpeiiMBopka OBLI
BBIOpAH 3bIK Java, a TakKe IIPEJIIIoJAraeTCs UCII0Ib30BaTh Habop bubianorek Tweety.
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Heuerkne mozenm Kak popMain3anus OIEHOYHbIX 3HAHUN 3KCIIEPTOB

O. /1. TTAIbYYHOBA

B coBpeMeHHBIX MHTEIEKTYAIbHBIX CUCTEMAX YaCTO TPEOyeTCsl yIeT IKCIIEPTHBIX Olle-
HOK, KOTOpPBbI€ BBIPAXKAIOTCS B TEPMHUHAX CYO'bEKTHBHOW BEPOSTHOCTH U MOTYT OBITH HEIIOJI-
HBIMH Wi nporuBopednsbiMu [1]. JIjis MOBBINIEHNST HAIEKHOCTH IPHHAUMAEMbIX DEIIeHHH
CTaHOBUTCA HEOOXOANMBIM (POPMATM30BAHHBIN MOAX0] K AHAIN3Y, TPOBEPKE U 00HEIMHEHUIO
TaKWX 3HAHUI, 9TO 0COOEHHO aKTyaJbHO IPU OTCYTCTBUU JOCTATOYHO IOJIHONW CTATHUCTHAYIE-
ckoit mHbOpMATIUK O TIpeIMeTHON obaactn [2, 3].

Ilesbro paboThl sABJIAIACh pa3paboTKa (POPMAJLHOIO almlapara JJjisi IpeacTaBIeHnsT 1
aHan3a CyObeKTUBHBIX OIEHOYHBIX 3HAHWII MOCPEJICTBOM TEOPUM HEUeTKHX Mojeseir. Jljs
JOCTUKEHUS ITON I1eIu ObLIN MOCTABJIEHBI 33a4n 0 (hOpMaIn3aInun CyObeKTUBHON BEpoO-
SATHOCTHU Ha, I3bIKe HEYETKUX MOJIeJIel, BHIpabOTKe KPUTEPUEB COTTTACOBAHHOCTH SKCIIEPTHBIX
OIIEHOK, MUCCJIEJIOBAHUIO CBONCTB MHUHUMAJILHON HEYETKOII MOJIe/IN, COIJIACOBAHHOU C 3a/1aH-
HBIM HaDOPOM OIEHOYHBIX 3HAHUI, & TAKXKE U3yUYEHUIO KPUTEPHEB YHUKAJIBHOCTU TAKONH MO-
JIEJIN.

B xoze uccienoBanust mpeaioKmIn MOJIETHLHO-TEOPETUIECKYI0 (POPMATAZAIIIIO CyObeK-
TUBHOU BEPOATHOCTU Ha OCHOBE HEUETKHUX Mojesneil. buin onucansl popMaabHble KPUTEPUN
COTJIACOBAHHOCTHU SKCIEPTHBIX OIEHOK, PACCMOTPEHBI PA3JIMIHBIE CBOHCTBA COTJIACOBAHHBIX
OIIEHOYHBIX 3HAHUN U BBEJCHO MOHATHE MITHUMAJIBHO COTJIACOBAHHOM HeueTKoit Mosteu. [Ipo-
BeJIM aHaJIU3 YCJIOBUIl, IPU KOTOPBLIX TaKasi MOJEJb CYIIECTBYET U SIBJISIETCS €MHCTBEHHOIA,
¥ TIPOMJLIFOCTPUPOBAJIN PADOTY TOAXO0/1a Ha TEOPETUIECKUX U IMPAKTUIECKUX ITPUMEPAX.

Tlony4aenmbie pe3yIbTAThI TO3BOJIUIN (DOPMATH30BATD TIPOIEAYPY MPOBEPKU M COTJIACO-
BAHMSI SKCIEPTHBIX 3HAHUM, MOBBICUTH OOOCHOBAHHOCTD W MPO3PATHOCTH MPUHUMAEMBIX HA
nx ocHOBe perienuii. Pazpaborannas Teoperndeckas 6a3a MOXKET OBITH HUCIIOJIbL30BAHA JIJTsT
[TIOCTPOEHUsI HHCTPYMEHTOB aHAJIM3a SKCIEPTHBIX 3HAHWI U JAJIbHEAIIEro COBEPIIEHCTBOBA-
HUsI METOJIUK MPUHSTHS PEIIeHUI B MHTEJUIEKTYAJIbHBIX CHCTEMAX Pa3/IMIHOrO HAZHAYEHUS.
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ITpoekTuposauue N-arenta nmasa agmuaucrpupoBanus Apache Kafka kiacrepa
HA BUPTYaJbHBIX MallUHAX

C. E. IIETPOB

C paszBurueM 00JIAYHBIX BBIYHMCJIEHUN U PACIPEIEEHHBIX CUCTeM 0O6pabOTKU JAHHBIX
yrupasienue kiacrepamu Apache Kafka cranosurcest Bcé 6ostee CI0KHON U KPUTHIECKON 3a-
nadeit. Pydnoe aJIMUHACTPUPOBAHKE TAKUX KJIACTEPOB TPEOyeT 3HAUUTEbHBIX TPY03aTPAT,
TIOBEPIKEHO OIMMOKAM OIlepaTopa M He MO3BOJIAET 3PPEKTUBHO PEATUPOBATDH HA JUHAMUITE-
CKUe U3MEHEHUsT HAIPY3KU U COCTOSTHUSI CUCTEMBI.

Iesibro paboThl siBjisiercs: mpoekTupoBanue N-arenra jyist agMuancrpupoBanust Apache
Kafka xacrepa Ha BUPTyaJbHBIX MAITUHAX.

B xo71e paboThl IaHUPYETCs U3y IUTh TPEJIMETHYIO OOJIACTH U BBLIETUTE (DY HKIIMOHATh-
Hble U HeYHKIIMOHAIbHBIE TPEOOBAHUS K CHCTEME, CIIPOEKTUPOBATH APXUTEKTYPY CHCTEMBI
[1], onpeiesuTh HEOGXOMMBIE TEXHOJIOTMA U MHCTPYMEHTHI, CIIPOEKTUPOBATH CXeMBI 0a3 JaH-
HBIX M CXEMBbI B3aUMOJIEACTBUSI MEXK/Iy KOMIIOHEHTaMHU.

ITpu npoekTupoBaHUU OYIYT yITEHBI BOIIPOCH DE30IIACHOCTH MEKCEPBUCHOIO TpaduKa,
[POCTOTHI UHTErPAIlMN areHTa ¢ KopruopaTuBHbIMU cucremamu SSO [2], onrumusanuun Ha-
crpoiiku kiacrepoB Apache Kafka npu nomomu RAG-cepsuca [3] u B3aumMoeiicrBust ore-
patopos ¢ l-arenToM mOCpPEICTBOM €CTECTBEHHOTO SI3BIKA.

Pa6ora sbinosinena npu nouepkke AO «CoepTexs> u ITAO «CBEPBAHK» na 6ase
CTY/IeHYeCKOl y4ueOHO-HaydHOl Jjiaboparopuu (aky/abrera HH(MOPMAIMOHHBIX TEXHOJIOTHIA
HoBocubupckoro rocy1apcTBEHHOTO YHUBEPCUTETA.
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ABTOMaTH3aAIMA CEMAaHTUYECKOrO U3BJICEYEHUS U IIPOBEPKMN 3HAHUM 15
1P POBOro IpeacTaBJICHUs KJIAJI0UII]

1. C. IIPOKO®BEB

Paseurre nudpoBbIX cepBUCOB B chepe MyHUIUIAJBHBIX YCJIYT TPeOyeT CO3IaHus HH-
TeJJIEKTYAIbHBIX CHCTEM, CIIOCOOHBIX ABTOMATHYECKN W3BJIEKATH U CTPYKTYPUPOBATDH IAH-
HbIE U3 PA3HOPOJHBIX UCTOUYHUKOB [1]. OfHUM U3 NEePCIEKTUBHBIX HAIIPABJICHUN B 9TOM KOH-
TEKCTE sIBJISETCs OCTpOoeHne U POBBIX MOJeseHl KIaI0UIIl, BKIIOYAIONINX CBEIEHNUS O 3a-
XOpOHEHUAX, OnorpaduiecKue JaHHble U TeorpaduIecKyo HHPOPMAIIUIO.

B pabore npeacrasieH NpoTOTHUIL cucTeMbl, peanusyonmit RAG-noaxoxn (Retrieval-Aug-
mented Generation) Jyisi aBTOMATHYIECKOTO U3BJIevYeHrst U npoBepku 3Hauuii [2]. Ha mepsom
JTare JaHHBbIE O 3aXOPOHEHUSIX M3BJICKAIOTCS U3 MHTEPAKTUBHBIX KAPT U JIOKAJHHBIX PEECT-
poB ¢ omorsio Selenium WebDriver, obecrriequBaiorero sMyasinuio JeiCcTBHIT TOJIb30BaTes
B BeO-uHTEpdREiice.

st oboratenust nHpopMauy pOPMUPYIOTCsI [IOUCKOBBIE 3aIIPOCHI K BHEITHUM HUCTOY-
nukam depe3 Yandex Search API, uzsieuénnbie HTML-cTpanuiipl 09UIIa0TCs OT pa3MeTKH
npu nomoru 6ubnorekn BeautifulSoup. Ilomygennast TekcroBast napOpMAIys MOBEPra-
eTcs IPeIBAPUTEIHLHON (DUIBTPAIMN U aHAJIN3Y PEJIEBAHTHOCTHU, [TOCJIE U€r0 MIPOU3BOIUTCS
BBIJIeJIeHNE KJTI0UeBbIX cymnocTeil. Ha ocHoBe moy4eHHbIX TaHHBIX (DOPMUPYETCs arpermpo-
BaHHBII HAOOP (PaKTOB O 4YesioBeKe, nepejasaeMbiii B8 LLM-Mmoznens B pamkax RAG-moroxka.
Jlajiee BBIIOJIHSIETCsT (PAKTUYEKUHT, B XOJ€ KOTOPOI'O IIPOU3BOIUTCS JIEKCUKO-CEMaHTUIECKOE
COTIOCTABJIEHNE MEXKYy UCXOIHBIMHU PEJIEBAHTHBIMU (pparMeHTaMU TEKCTa, [TOIaBAEMbIMU B
MOJIEIb, W PEe3yJIbTaToM €€ reHepanuu. Ajropur™ (UKCUPYET pPa3Jndus MO CYIHOCTSIM
(®UO, marsl, JOKAIMU) U KJIOUYEBLIM COOBITUSIM, OLEHUBAECT CTEIIEHb PACXOXKICHUS U [OMe-
49aeT MOTEHIUAJILHO HEeJIOCTOBEPHBIE 3JIEMEHThI Gnorpadun. JTO MO3BOJISET ABTOMATHICCKH
BBISIBJISITh U (PUJIBTPOBATH BO3MOXKHBIE MCKAXKeHUsI, (DOPMUPYsI HTONOBOE OIUCAHKE, MAKCHU-
MAaJIbHO COIVIACOBAHHOE C MCXOJIHBIMU JaHHBIMH [3].
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Monayns renepaliuu TPEHUPOBOYHOTO IJIAHA C yYE€TOM IIPOTUBOIIOKA3AHUIN

. E. CA/luHA

Poct nonynsipaoctu utHECca 1 3710pOBOro 06pa3a YKU3HU COMPOBOXKIAETCS YBETUIEHN-
€M CIIpOCca Ha WHTEJUIEKTYaJbHBIE CHCTEMbI TIEPCOHAIM3AINNI TPEHHPOBOYHOIO Tporecca [1].
BoabImuHCTBO CyIIECTBYIOMUX TPUIOKEHUH OrpAHUYEHbI B BO3MOXKHOCTSX Y4eTa UHIUBU-
JIYAJbLHBIX TOTPEOHOCTEH MOIH30BATENeH, B CBSI3U C Y€M BO3HUKAET MOTPEOHOCTH B MPUJIO-
JKEHUU, CO3/IAI0NEM TPEHUPOBKHU HE TOJIHLKO HA OCHOBE IeJIel MOJIh30BATe s, HO U yIUThIBa-
FOIIEM IPOTUBONIOKA3aHus [2].

B pabore mpemjiaraercst 1mogxoJl K CO3JaHUIO AJITOPUTMa I'eHepaluu TPEHUPOBOYHOI'O
[UIaHa HA OCHOBE JIPEBOBU/HON CTPYKTYDbI IpUHsTHs pemenuii [3,4]. Takast cTpyKTypa 1103-
BOJISIET MOMIANOBO MCKJIIOYATH HEIOAXOJSAINNE YIPAYKHEHUsI B 3aBUCUMOCTH OT HAJIUYUS Y
T0JIH30BATEJIsI OTPAHUYIEHHUIT TI0 37I0POBBIO U MOJAOUPATh Oe30MACHbIe ajabTepHaTUBLI. Ha BbI-
xojie POPMUPYETCsT TPEHUPOBOYHBIH IIAH IPOJIOJIKUATEIBHOCTHIO 14 jiHell ¢ paBHOMEPHBIM
pacupeie/ieHueM HArPy3KU Ha BCE OCHOBHBIE TPYTIIIBI MBI,

Ausroputy™ peanmsosaH Ha si3bike nporpamvuposanust Kotlin [5]. st XxpaHeHus: JaHHBIX
UCIIOJIH30BaHA peJidinonHas 0a3a manubix PostgreSQL [6], conepxkainas panee coGpaHHyio
uaGOpMAIIIO 00 YIPaYKHEHUIX U MPOTUBOMOKA3AHUSIX K HUM.

[IpemoKeHHBII TOIXO0/T, EPCOHAIU3UPYET POIECC U CHUXKAET PUCK TPABM IIPH CAMO-
CTOSITEJILHBIX 3aHATHsIX. B OyyIeM cucrema JIszKeT B OCHOBY CEPBEPHOI 9acTU MOOUIBHOTO
NPUJIOXKEHUST JJIsi ABTOMATHU3UPOBAHHOIO CO3JaHusl H6E€30IACHBIX TPEHUPOBOUYHBIX IIJIAHOB C
YYIETOM MHJIMBU/IyaIbHBIX ITPOTUBOIIOKAZAHUIA.
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CunrbiBaHUE, OIIEHKA KavdecTBa M OecIrpoBOHAsI IIepeaada
JIEKTPOMUOTPAPUIECKUNX JAHHBIX C MUKPOKOHTPOJIJIEPHBIX CHCTEM C OIIE€HKOM
ObICTpOZeiicTBUsT CBsI3U

A. A. CAPTAKOB

CoBpeMeHHBIE CHCTEMBI IPOTE3UPOBaHUsT U HeiponHTepdeiichl TPeOyIT BBICOKON TOU-
HOCTU W MUHUMAJBHBIX 3ajep:kek mpu mnepemade IMI' curnamos. KiroueBbim mampasite-
HUEM DPa3BUTHUsI SBJISETCS MEPEXOJ| K BBICOKOILIOTHBIM MHOTOKaHAJIBHBIM DMI-cucremanm,
JIJIsE KOTOPBIX KPUTUYECKU BasKHBI HAJIE2KHOCTH DECIIPOBOJIHOI ITepeiatn 1 ObICTPOIeicTBIE
KAHAJIOB CBSI3U, IIOCKOJIBKY MUJLIMCEKYHIIHbIE 33/IePKKU yXYJIIIAI0T OTKJIUK YIIPABJISIOIINIX
YCTPOMCTB.

Pabora BeImosTHsSIETCS B paMKax KPYIHOTO HCCJIEIOBATEIBCKOIO MPOEKTA MO Pa3padoT-
Ke (PYHKIIMOHAJIBHOIO IIPOTE3a PYKHU, PEAJM3YEeMOro MPHU ydacTuu KoMmmanuu «MoTopukas.
Ilenn mpoexkTa — co3anue KOMILIEKCHON apXUTEKTYPhl CEHCOPHOM M YIIPABJISIONIEH T0/1CH-
cTeM MpOoTe3a, BKIIOYAIONIEH PErUCTPAITNI0 OMOCUTHAJIOB, X 00pabOTKY M Hepeiatdy yIpaB-
JISTFOIIIUX KOMAH]T B PealbHOM BPEMEHHU.

OCHOBHOII MHHOBAIMOHHBII ACIEKT MPOEKTA 3aKJIYAETCSI B WHTETPAINU PA3JIMIHBIX
MCTOYHUKOB OMOCUTHAJIOB B €IUHYI0 MUKPOKOHTPOJLIEPHYIO CHCTEMY C JIOKAJBHON Ipeio-
6paborkoit. Coderanne JIOKaJIbHON 0OpabOTKU, GECIPOBOIHON Tepeadn ¢ MUHUMAJIBHOM
3a/IepKKOIl M HEHPOCETEBBIX METOJIOB MHTepIpeTanuu (popMUpyeT KOMILIEKCHOE DelleHue,
00J1a1a1011[ee BBICOKMM IIOTEHIMAJIOM BHEIPEHUs] B CUCTEMbI IPOTE3UPOBAHNSI I HEHPOYIIpaB-
JIEHUSI.

Iespro paboThI ABSETCA CO3JAHUWE W SKCIEPUMEHTAJbHAS [TPOBEPKA IIPOTOTUIIA MHK-
POKOHTPOJIJIEPHON CHCTEMbI, IPEIHAZHAYEHHON I CINTHIBAHUA, OIEHKN KAadecTBa U Oec-
[IPOBOJIHOM TIepeiadn BBICOKOIIOTHBIX DMI-curnanos, a Tak:ke aHajan3 OBICTPOJEHCTBUS
Pa3JIMYHBIX TEXHOJIOIUi CBsi3u. [lJisi JIOCTUYKEHMsI TOCTABJIEHHON 1€ 1M HEOOXOIUMO BBIIIOJI-
HUTH CJIEJIYIONINE 33 1a9u:

1. IIpoBeienne anaau3a CyIIeCTBYIOIMUX MUKPOKOHTPOJUIEPHBIX MIaT(OPM U BHIOPATH
ONTUMAJIbHBIE PEINIeHus i paboThl ¢ MHOTOKaHaIbHbIME DM -curunamamu.

2. TecrupoBanue TPUMEHUMOCTH OECIPOBOJHBIX IIPOTOKOJIOB [IJIsi 33/1a9 C YKECTKIMHI
Tpe6OBaHI/IHMI/I K BpeMeHHN OTKJINKa.

3. PaspaboTka 3KCIIEpUMEHTAJIBHOIO CTEHA W BBINOJHEHNE U3MEPEHUST 3a/I€PKEK IIepe-
JIad¥ TaHHBIX HA OCHOBE TECTOBBIX CUTHAJIOB.

4. IToaroToBUTH METOINKY MEPEXO/IA K CJIEAYIONIEMY ITAILy — PErucTparun u 00paboTKe
peasibubIX DMI'-curuasios ¢ tesia gesoBeka.

CiteIyfoImmM STAIOM HCCJIEIOBAHUS CTAHET IPAKTUIECKOE HCIBITAHNE CUYUTHIBAHUS U
00pabOTKU CUTHAJIOB HA OOPTY MHKPOKOHTDOJLIIEPA € IOCJELyIONel mepeadeil JaHHbIX Ha
YIPAaBJISIOIee yCTPOICTBO IPOTE3a.
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Tenerunueckuii aaropuTM NpoBepKu n3omMopdusMa HEOPUEHTUPOBAHHBIX rpadoB

M. C. CEmuiukut, E. B. XBOPOCTYXUHA

PaccmarpuBaercss npuMenenne reHermdeckoro aaropurma (I'A) mist samaunm nposepkn
n3oMopdu3Ma HEOPUEHTHPOBAHHBIX HeB3BelleHHbIX rpados [1, 2]. Asropur™ ocHOBaH Ha
[TOMCKE TIEPECTAHOBKY BEPIINH, IPU KOTOPOIl MATPUIIHI CMEXKHOCTH JABYX I'PaOB CTAHOBSIITCS
AIEHTUIHBIME. B OTiimvne OT KJIACCHIECKNX MePeDOPHBIX METOIOB, IPEIIaraeMbIil OIXO,
1103BoJIsAeT 3D PEKTUBHO HAXOAUTH COOTBETCTBHE MEXKLY BEPIIMHAMI [1aKe IIPU YBEJTMICHUN
pasmepa rpada [3].

Kazk b1t MHIAUBY TOMYJISAIANA IIPEJICTAaB/IsIeT cOOOM IIepecTaHOBKY HOMEPOB BEpIIUH.
PurHecc-DYHKIHS OIPEIESISIET KOJTUIECTBO HECOBIABIINX PEOEp B BEPXHUX TPEYTOJbHUKAX
MaTpUIl, CMEXKHOCTH: 3HadeHne () O3HAYAET IOJIHOE COBIAJEHHE, TO ecTh m3omopdusm. B
[pOIIeCcce IBOJIIOIMU MCIOJB3YIOTCs oneparopsl order crossover (OX), myTamus oOMeHOM
(swap) u JOKANTBbHOE yJIydIIeHne, OCHOBAHHOE Ha JKaIHbIX cBanax sepumH [4]. O16op ocobeit
peaJiMm30BaH METOJIOM TYPHUPOB, & JIUTH3M ODECIIeYUBAET COXPAHEHUE JIyJIUX PeIleHui
MEXK/Ty TIOKOJIEHUSIMU.

PeanuzoBannblit aaroputM OBLT IPOTECTUPOBAH HA CIYyYaiiHO CreHEepUPOBAHHBIX Ipadax
7 Ha 3apaHee M3BECTHBIX IapaX M30MOPQHBIX U HEN3MOPMHBIX CTPYKTYp. B ciyuae uzo-
MOpdHBIX IpadoB ['A ¢ BBICOKOIT BEPOSTHOCTHIO CXOAMTCH K HYJIEBOMY 3HAUYEHWUIO (pUTHECa
3a orpanudennoe 4uciao nokosenuii (100-200), KOPPEKTHO BOCCTAHABJIUBASL II€PECTAHOBKY
BepiuH. J[Jisi IPOBEPKU KOPPEKTHOCTH PE3YJIBTATOB UCIIOJIB30BajIaCh BCTPOEHHAsT (DY HKITHST
is_isomorphic 6ubsuorekn NetworkX.

Ipennoxkennniii 'A nozBosisier pemars 3aa4y n3oMopdusMa rpadoB IBPUCTUICCKUM
crrocoboM 6e3 HEeOOXOAMMOCTH IIOJIHOrO Iepebopa. AJIPOPUTM JIENKO MOAM(DUIUPYETCs IJIst
B3BEIIIEHHBIX U OPUEHTUPOBAHHBIX I'PadOB, a TaKKe MOXKeT ObITh paclapaJlieseH /s YCKO-
penusi Beruucjenuii. /lajpHeiinme nccje0BaHusl MPeIoIaraloT OITUMABAIMIO OIlepaTOPOB
MyTaIlii ¥ KPOCcoBepa, a TakxKe wucrosb3oBanne GPU s yckopenust oreHku QuTHeCC-
byHKIMH.

JINTEPATYPA

[1] Goldberg, D. E. (1989). Genetic Algorithms in Search, Optimization, and Machine Learning. Addison-
Wesley Professional,—pp.412.

[2] Mitchell, M. (1998). An Introduction to Genetic Algorithms. MIT Press,—pp.221.

[3] Sedgewick, R., Wayne, K. (2011). Algorithms (4th Edition). Addison-Wesley Professional,—pp.955.

[4] Busenkosa, K. O. Vcnonb3oBanne reHETHYECKOTO aJIFOPUTMA JJIsl TEHEPALUU JIATHHCKUX KBaJpaToB /
K. O. Buzenkona, E. B. XBopocryxuna // Maremaruka. Mexanuka. — 2023. — Ne 25.—c.26-31.—EDN
UJLWAC.

Capamoscruti zocydapcmeentbiti mexnuveckul yrusepcumem, Capamos (Poccus)
E-mail: semishkin@bk.ru,khvorostukhina85@gmail.com

69


mailto:semishkin@bk.ru,khvorostukhina85@gmail.com

MaubrieBckne arenust 2025 Autrebpo-jioruieckKue MeToibl

Paspaborka Moay/isi MHTEIEKTYAJIBHOTO IIOMOIIHUKA MO aHAJN3y BTOPUYHOTO
PbIHKAa MOOMJIBHBIX yCTPOMNCTB

A. A. CyPKOBA

BropuuHbIil PHIHOK 3JIEKTPOHUKHU IMOKA3BIBAET YCTOWYMBBLIA POCT, YeMy CIOCOOCTBYET
pacTyIuii HHTEpeC MOKyIaTe el K JOCTYIHBIM MOOUILHBIM yCTPOUCTBAM, B TOM YUCJIE DAH-
HUX IIOKOJIEHWH, KOTOpbIE HEe TepsioT cBoel akryasbHocTu [1]. OmmHako u mokynaresiu, u
[IPOJIABIIBI HEPEJIKO CTATKUBAIOTCS C TPYIHOCTHIO OObEKTUBHOI OIEHKH CTOMMOCTH KOHKDET-
Horo ycrpoiictsa. [IpuMeHenne COBpEMEHHBIX METOJIOB aHAJIN3a JAHHBIX ¥ WHMOOPMAIIUU O
PBIHOYHBIX IIPEJJIOXKEHUSIX MOXKET CIIOCOOCTBOBAThH GoJjiee 0OOCHOBAHHOMY (DOPMUPOBAHUIO
[IE€HBI.

B pamkax mpoekTa peasm3yercs MOIY/Ib HWHTEJLUIEKTYAJIBHON OIEHKN O/IEPKAHHBIX yC-
TPOMCTB, SABJISIIONIANACA JACThi0 crucTeMbl. OCHOBY MOJIYJIsI COCTABJISIET CBI3KA MOCTPOEHUS
CEeMAHTUIECKOro Tpada Ha OCHOBE U3BJIEUYEHHBIX TPHUILIETOB U B3AUMOJICHCTBUS C SI3BIKOBOI
mogenbio (LLM).

I'pad 3HaHWMT hopMuUpyeTCsT U3 PHIHOYHBIX JAHHBIX, [IOJIYY€HHBIX C OHJIAMH-ILIOMAIO0K -
TaKUX KaK TEXHUIECKUE XaPAKTEPUCTUKY, COCTOSIHIE, TOJI BBIMYCKA, KOMILIEKTAIUS 1 3a,aH-
Hasl [[€HA YCTPONCTBA. ITH JaHHbIE KOHBEPTUPYIOTCSA B TPUILJIETHI, OTPAYKAIOIINE CMBICIOBBIE
OTHOIIIEHUsT MeXKTy oObekTaMu u cBoficrBaMu. [locTpoeHHbIl rpad CIyKUAT CTPYKTYPUPO-
BaHHOI OCHOBOI1 st jmaJjora ¢ LLIM.

WMarerpaliust si3bIKOBOI MOJIEJIH [TO3BOJISIET I0JIB30BATE/I0 B MHTEPAKTUBHOM (hopme 00-
pamaThbcsi K CUCTEME: 33/1aBATh YTOYHSIOIINE BOIIPOCHI, MOJIYyYaTh OObsICHEHUS, ITPOBOIUTD
CpaBHEHHE YCTPOHCTB U (hopMuUpoOBaTh obocHoBaHust crommoctr. LLM waTepnipeTrnpyer rpad
U, ONIUPAasiCh HA COOPAHHDIE JIAHHBIE, TEHEPUPYET PEJIEBAHTHBIE TEKCTOBBIE OTBETHI B YJI00HOM
Jnst Bocpusitus popme. Takum 06pa3oM, pa3pabOTaHHBIN MOIY/Ib 00ECIIETUBAECT TIPEICTAB-
JIEHHE PBIHOYHOI MHQOPMAIMKA ¥ MHTEJIJIEKTyaJIbHOE B3ANMOIEHCTBIE C M0JIb30BaTE/IEM 33
CUYeT WHTErPAIMK TEXHOJIOIMil U3BJIeYeHUs] 3HAHUIN U sI3BIKOBBIX MOJIEJIeid.
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KBaHTOBBIII ONTUMU3AIMOHHBINA AJITOPUTM JIJId peIleHus 3aJa49u
0 MaKCUMAaJIbHOM pa3pes3e ¢ y4EToM ToloJoruu rpada

B. A. XAPYEHKO

KBaHTOBBIE KOMITBIOTEDPHI OTKPBIBAIOT IPUHIMIINAILHO HOBBIE BO3MOXKHOCTH JIJIsI BBITHC-
JIEHU, UCIIOJIb3YsI 3aKOHbI KBAHTOBOI MEXaHWKU. Bjiarogapst TakuM siBJIEHUSIM, KaK CyIiep-
[IO3UIMS, 3aIlyTAHHOCTL ¥ UHTEep@EPEHINs, KBAHTOBbIE aJrOPUTMbI MOTYT AHAIM3UPOBATD
BCE BO3MOXKHBIE PElIeHus OAHOBPEMEHHO [1]. DTo 103B0oJIsIeT UM 3HAYUTENHHO IIPEBOCXOIUTE
KJIACCUYECKUE KOMIILIOTEPHI B PEIIEHUH CJIOYKHBIX KOMOMHATODPHBIX 3a/1a4.

Quantum Approximate Optimization Algorithm (QAOA) [2] npexncraBasier HanGOIb-
Uil MHTEepeC KaK OJUH W3 MEPBBIX MPAKTHUYECKU Pean3yeMbIX aJrOPUTMOB, KOTODHIH He
TpebyeT MOJHOMACIITAOHOIO KBAHTOBOTO KOMIILIOTEPA C KOPPEKIHeH OMMOOK, OTKPhIBasd
IIyTh K UCCJIEIOBAHUIO KBAHTOBOIO IIPEUMYINECTBa Ha JOCTYIIHOM CErOIHsI 00OPYIOBAHNML.

Uccnenosanne QAOA umeer dyHIaMeHTATIBHYIO BAKHOCTD JIJIsT PEIIEHNs] KOMOUHATOD-
HBIX 3aJla4 Ha rpadax, KOTOpbIe JIeXKaT B OCHOBE MHOYKECTBA IIPAKTHUIECKUX IIPODJIEM —
OT ONTUMM3AIMU CETell JI0 JIOTMCTUKU U MAIIUHHOIO 00ydueHusi. Takue 3a/a4dm, Kak MMOUCK
MaKCHMAJIbHOTO Pa3pe3a WM MUHUMAJBHON BEPINUHBI TIOKPBITHS, OTHOCATCH K Kiraccy NP-
TPYAHLIX, ¥ UX PElIeHHe Ha KJIACCHYECKUX KOMIILIOTEPaxX ¢ POCTOM pasmepa rpada craHo-
BUTCS UPE3BBIYAIHO 3aTPATHBIM.

Ilenwbro gannoit paboThI sIB/IsIETCs pa3paboTKa HOBOT'O PEIIeHHs 3a1a91 O MAKCUMAJTHLHOM
paspese, B ocHOBe KOTOporo Jjexur ¢ppeiimBopk Quantum Graph Optimization Algorithm
[3] — pacmupenue anropurma QAOA, M03BoOJIsIIONIEE YIUTHIBATH TOMOJIOIHIO Ipada Ipu Ko-
IMpoBaHuy 3a1a4un. KBaHTOBas cXeMa peaM3yeTcs Ha CUMYJISITOPe KBAHTOBBIX BBIUMCICHUI
cirq.
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Radix Spline nagexkc B Apache Hudi: nmpororun, narerpanusi u nepBuYHAas
OIleHKA

C. E. XOMYEHKO

Radix Spline — 310 00y4aembIii MHIEKC JJIsi ITOMCKa 110 OTCOPTUPOBAHHBIM KJIFOUAM,
codeTaonuit pagukc-rabiuity (jjis GbICTPON JOKAJU3AIUN JUANA30Ha) U JIMHEHHYIO HHTEp-
nosanuio 1o ToukaM civiaiina [1]. Takas rubpugHas CTpYKTypa HO3BOJISET 3HAYUTEIHHO
YCKODHUTDH OIEPAINN [TOMCKA U MOBBICUTH ITPOU3BOIUTEIHHOCTh CUCTEM OOPAOOTKY JAHHBIX,
a TaK»Ke YMEHBIIUTDb OTPebIeHne MTaMsITHU.

OcHoBHag 11€1b paboThl — BHeApHUTH npororun Radix Spline 8 Apache Hudi u onenurh
€ro IMPUMEHNMOCTD B PEAJIbHON KOH(DUTYPAIMH: OIIPEeUTh TOUYKY BCTPAUBAHUS B APXUTEK-
rypy Hudi, peasusoBarh xpanenue/3arpy3Ky MOJEJIU U POBEPUTH IOBEJCHUE B 3AIPOCAX
qgepe3 Flink SQL.

B pamkax gaHHOil paborTbl 6blLI1a n3ydeHa apxurekrypa Apache Hudi, e€ mexaHu3MBbI
MHJIeKCAIun 1 (popMaThl XpaHEHUs, YTO ITO3BOJIUJIO OIPEIEIUTH ONITUMAJIBHYI0 TOYKY UHTE-
rpamyy HOBOTO MHEKca B MOy b «hudi-client-commony, He3aBUCUMBIIT OT KOHKPETHOI'O BbI-
YUCUTEIFHOTO NBUKKA. Takske ObLI peajn30BaH U HHTEIPUPOBAH MpoToTul nHAeKca Radix
Spline. [IpoBemeno aBronomHuoe TecrupoBanue peanm3anuu Radix Spline na Flink-kmacrepe,
WHJIEKC KOPPEKTHO CO3MaETCs U 0TOOparXKaeTCsd B METaIaHHBIX. KOMIIJIEKCHOEe TeCTUPOBAHIE
[IPE/IIIOJIAraeTCsl BBIIOJIHUTD B OJinrKaiiiiee BpeMs, T.K. HA JAHHBII MOMEHT ONTHMHU3ATOD
Flink ne ncmonbsyer Radix Spline (Kak 1 GOJIBIINHCTBO BCTPOEHHBIX UHJIEKCOB).

IIponenannas paboTa TOATBEpMIa IMPUHIMIHAIBHY0 peajmsyemocTh Radix Spline-
oioOHBIX CTPYKTYP B dkocucreme Hudi. Hampapiienust maspHeMmux mcc/ieI0BAHMIA: O/
nepxkka dopmara tabsiun Merge-on-Read, unrerpanus ¢ mwianuposnmkamu Flink /Spark u
CpPaBHEHHE C YK€ CYIIECTBYIOIIIMI HHIEKCAMHI.
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IIpoekTupoBanue U peajausanus MUKPOCEPBUCA AJI JUHAMUYIECKOTO
BBIYUCJIEHUS OMIUN JIOTUCTAUYECKOTO 3aKas3a

. B. HAIKO

B ycnioBusix pacTyieit KOHKYpPEHIIUN Ha PBIHKE 9JIEKTPOHHON KOMMEDPIIUU BO3MOYKHOCTH
JIOCTABKU 3aKa30B PAaHbIIE IJIAHOBOH JATHI CTAHOBUTCS KJIFOUEBBIM KOHKYPEHTHBIM IIPENMY-
mecrBoM. OJTHAKO CYIECTBYIONIIE MOHOJUTHBIE CUCTEMBI YIIPABJICHHUS HE CIIOCOOHBI Oepa-
TUBHO BBISIBJIATH TAKHE BO3MOXKHOCTH WM3-3a PA3PO3HEHHOCTH JIAHHBIX MEXKJy JIOTMCTHYe-
CKUMH TIOJICHCTEMAMHU U OTCYTCTBUSI MEXAHU3MOB IIPOTHO3UPOBAHUS (DaAKTUIECKOTO BPEMEHH
JIOCTABKH.

Paspaboranublit MUKpPOCEPBUC, IOCTPOEHHBIN Ha npuHnmnax Domain-Driven Design, pe-
maeT 3Ty npobjieMy 4epe3 4eTKoe pasjesieHue MpeMeTHBIX obyacreil. B apxurekType BbI-
gesternsl bounded context’sr "Yupasienue ommusvu " Berauciienne omruit panmeil J0CTaBKA-
nporao3upoBanre cpokoB'u "OnruMuzarus MapHIpyTOB 9TO M03BOJseT 3(MDMOEKTUBHO WH-
KaIICYJINPOBATh CJIOYKHYIO OM3HEC-JIOTUKY KaXKJIoro jgoMeHa. Arperarst "Onmust qocraBku'u
"MapmipyT" obecreunBarOT eJIOCTHOCTh JAHHBIX M TPAH3AKIIMOHHYIO COTJIACOBAHHOCTH IIPH
repecyeTe CPOKOB JOCTABKU.

Cucrema ucnosibsyer event-driven apxurektypy ¢ Amazon SQS jyist 06pabOTKU TOTO-
koBbIX Janabix 3 WMS, TMS u API Tpancnoprabix ciyk6. Domain Events, takue kax
"B03MOXKHO JIOCTaBUTH PAHBIIE 00ECIEYNBAIOT CJIA0YIO CBSI3aHHOCTH MEXK/[y KOHTEKCTAMM.
Peanmszanust narrepua Specification mospoJisier rubKo MpoOBEPSITH BO3MOXKHOCTb YCKOPEHHOIA
JIOCTABKU HA OCHOBE TEKYIIEl reoJIOKAIMN TOBAPOB, 3arPY3KU CKJIAJO0B U CTATACTUKH BbI-
[TOJIHEHUST AHAJIOTUYHBIX MAPIIPYTOB.

Buepenne cucrembl OKa3a710 OTJIMIHBIE Pe3YIbTATH: B 80 MPOIEHTOB CJIyYaeB KJINEHT
BBIOpAJI TPUBE3TH €My 3aKa3 PAHBIIE U JOCTaBKa ObLIa OCYIECTBIEHA PAHbINE IIEPBOHATAIb-
HO 3asiBJIEHHOTO cpoka. [Ipumenenue moaxomga Domain-Driven Design 1103BoJInIo COKpaTuTh
BpeMsi Pa3pabOTKU HOBBIX OM3HEC-TIPABUJI U 00eCednThb 3(DMOEKTUBHYO IBOJIIOINUIO CHCTEMbI
B YCJIOBHUSAX IMOCTOSIHHO MEHSIONIUXCS TPEOOBAHMI K JIOTUCTUKE.

Hosocubupcruti 2ocydapemeennuii ynusepcumem, Hosocubupcer (Poccus)
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Pa3spaboTka MHTEJIEKTyaJIbHOTO MOMOIIIHUKA JIJIsi aBTOMATU3AINN
JOKyMeHToobopoTa kKadeapbl

C. 1. YEPHSIBIIEBA

B pabore npemjiaraercst peansaliusi CUCTEMbI, HAIIPABJIEHHAS Ha ABTOMATH3AINIO pabo-
THI ¢ JJIoOKyMeHTaMu [1]. B kadecTse nHCTpyMeHTa, JJIs TOCTPOEHUs MOfIe U Kade bl UCIOJIb-
gyercst Protégé. C ero momorpo MOXKHO paboTarh ¢ 6a30if 3HAHUHN, CTPOUTH M HAIOJTHSATDH
ourosoruio [2]. Ilpu cozanuu OHTOJOrUIECKON MOJIEIN UCHOJIB3YeTCs YeThIPeXypPOBHEBas
MOJIETb TIPEJICTABJICHNs 3HAHUI. 3HAHUS O JIOKyMEHTaX MPEeJCTaBIEHbl B IIOCTPOEHHON MO-
JIeJI, OHM M3BJIEKAIOTCS BO BPEMsl 3allOJHEHUs JoKyMeHToB [3]. Pabora ocymecrsisiercs ¢
TpeMsl BUJIaMU JIOKYMEHTOB: Ma0JIOHBI, IIPeI3aIl0/ HEHHbIE JIOKYMEHTBI U IMOJTHOCTHIO 3aI10JI-
HEHHBIE JIOKYMEHTHI.

Kpome Toro, B oHTOIOrIYECKO# MO/IEIN TPEIMETHON 00JIACTH XPAHUTCS HHAMOPMAIIUS O
TpeOOBaHUAX, IPEIbABIAEMBIX K JoKyMeHTaM. IIpu pabore Momysist mpoBeieHNsT HOPMATHB-
HOT'O KOHTPOJIsI, 3TU JIaHHbIe u3BJjiekatorcst rpu nmomomtu SPARQL sampoca k 6a3e snanuit. K
HOPMATHUBHOMY KOHTPOJIFO OTHOCUTCSI IIPOBEPKA KaK O0OPMJIEHUS] [IOKYMEHTa, TaK U COJEpP-
»xanus. [locite mpoBeIeHNsT HOPMATUBHOTO KOHTPOJIS OyIeT creHepupoBaH daiin B popmare
json, B KOTOPOM OITACAHBI PE3YJILTATHI IIPOBEPKU JTOKYMEHTOB HA COOTBETCTBHE TPEOOBAHU-
M. Json ObLT BBIOpaH Kak HamOoJIee TMOAXOAANNN (POPMAT J/TsT MHTETPAIMH ¢ CUCTEMOH 110
pacchliIKe IHCceM U JOKyMeHTOB. B daiie onmcanbl, Kakue JTOKYMEHTBI ObLIM IIPOBEPEHBI U
KOIJIa, ONUOKY, BOZHUKIIKE B XOJie [IPOBEIEHNs HOPMATUBHOIO KOHTPOJISI.

B pesysnbrare BbimosHEeHNsST pabOTHI OBLIN HMCCIEIOBAHBI OU3HEC-TIPOIECCH KadeIpHhl,
IIOCTPOEHA OHTOJIOTUYECKAS MOJE/b, Peajn30BaH (DYyHKIIMOHAJ CHCTEMbBI: CO3JIaHBI IIPE/I-
3aI0JIHEHHbIE JOKYMEHTBI, KOTOPbIE B JaJIbHefIeM ObLIn Pa30CIaHbl yIACTHHKAM OM3HEC-
rporiecca Kadephl, IIOcje MOy YeHns JJOKYMEHTOB C 3aII0JTHEHHON COePKATeIbHOM 9aCcThIO
OBLII IIPOBE/IEH HOPMATUBHBIN KOHTPOJIb, PEAJIM30BaH II0JIb30BaTeIbCKUil nHTepdeiic. Paszpa-
GoTaHHASI CHCTEMa, YCITEITHO MHTEIPUPOBAaHA C CUCTEMON 110 PACCHLIKE IUCEM U JIOKYMEHTOB.

JINTEPATYPA

[1] Palchunov D., Vaganova A. Methods for Developing Digital Twins of Roles Based on Semantic Domain-
Specific Languages, 2021 IEEE 22nd International Conference of Young Professionals in Electron Devices
and Materials, 2021,—pp. 515-519, doi: 10.1109/EDM52169.2021.9507716.

[2] Palchunov D. E., Chernyavtseva S. I. Methods for Identifying and Resolving Contradictions in
Document Texts. Proceedings 2024 IEEE International Multi-Conference on Engineering, Computer
and Information Sciences (SIBIRCON). 2024,—pp. 327-332.

[3] Palchunov D. E., Chernyavtseva S. I. Development of an Intelligent Assistant for Document Automation
// 2023 IEEE XVI International Scientific and Technical Conference Actual Problems of Electronic
Instrument Engineering (APEIE). — 2023.—pp. 1470-1475.
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Paspaborka cucrembl coopa nHPOPMAIU O CTYAEHTAX OJI8 ABTOMATU3ANAN
JOKyMeHToobopoTa kKadeapbl

. A. IITABAHOB

B pabore paccmarpuBaeTcs MOIXOJ, K CO3JAHUIO CUCTEMbI, IIPETHAZHAYCHHO JIJIsT aBTO-
MaTHU3aIMK JTOKYMEHT00060pOoTa Kadeaphl mpu 0pOPMICHIN YIeOHBIX U ITPOU3BOICTBEHHBIX
MIPAKTUK CTYAEHTOB. B HaCTOsIIEe BpeMs 3TOT IIPOIECC COMPOBOXKTACTCHA DOMBITUM 00 BEMOM
OTYETHBIX JIOKYMEHTOB U TpeOyeT PydHOr0 BBOJA JAHHBIX, UYTO YBEJMIUBAET TPYIOEMKOCTD
U BEPOSITHOCTH OMHUOOK.

IIpeyiaraercst KOHIEIIMS CUCTEMBI, KOTOpas OyeT 0beciednBaTb cOOp U CTPYKTYPUPO-
BaHUe MHMOPMAIUU O CTYAEHTaX, aBTOMATU3NPOBATh (POPMUPOBAHIE HEOOXOIUMBIX JOKY-
MEHTOB U TIlepeiady JaHHbIX B 0a3y Kademapsol. [lnanupyercs: pazpaboraTh M0/Ib30BaTEIbCKIIA
nnarepdeiic, OupeaesuTh CTPYKTYPY JAHHBIX U PEAJTN30BATH UHTETPAINIO C BHYTPEHHUMU
cepBUCAMU BYy3a.

Oxutaercst, 9T0 pa3pabOTKa MO3BOJUT CHU3UTH & IMUHUCTPATUBHYIO HAIPY3KY, YCKO-
pUTh 00PAbOTKY OTYETHOCTH U IOBBICHUTH TOYHOCTH JAHHBIX. Pa3paboTKa OpHUeHTHPOBAHA
Ha [MPAKTUIECKOE BHEJIPEHNE HHCTPYMEHTOB aBTOMATHU3AINH JTOKYMEHTOOO0OPOTa U MOBBIIIIE-
HHMe KadecTBa 00PabOTKU JAHHBIX O CTYIEHTAX.

JINTEPATYPA

[1] Palchunov D., Vaganova A. Methods for Developing Digital Twins of Roles Based on Semantic Domain-
Specific Languages, 2021 IEEE 22nd International Conference of Young Professionals in Electron Devices
and Materials, 2021, pp.515-519, doi: 10.1109/EDM52169.2021.9507716.

[2] Palchunov D. E., Chernyavtseva S. I. Development of an Intelligent Assistant for Document Automation.
2023 IEEE XVI International Scientific and Technical Conference Actual Problems of Electronic
Instrument Engineering (APEIE).2023.—¢.1470-1475.

[3] Manpaynos . E., Yepuasuesa C. 1. PaspaboTka HHTEIEKTYAJIBLHOIO IIOMOIIHUKA JJIs1 AaBTOMATH3UPO-
BaHHOTO IIOPOXKIEHUsI TOKYyMeHTOB Kadenpsol. IIporpammuast nmxenepust. 2023. Tom 14, Ne 8. ¢.388—400.
doi: 10.17587/ prin.14,—c.388-400.

[4] Palchunov D. E., Chernyavtseva S. I. Methods for Identifying and Resolving Contradictions in
Document Texts. Proceedings 2024 IEEE International Multi-Conference on Engineering, Computer
and Information Sciences (SIBIRCON). 2024.—pp.327-332.
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AJropuTM IpeacTaBiieHns OGbEKTOB B PEKOMEH/IATEIbHBIX CUCTEMaX 3a CYeT
ydeTa CEMaHTHUYIECKOUN OJIM30CTU KJIIOYUEBBIX CJIOB

A. 1. IITATPOBA

AkTyaspHOCTE 3a7a9n 00pabOTKH HECTPYKTYPUPOBAHHBIX TEKCTOBBIX JIAHHBIX BO3pAC-
TaeT B yCJOBUSX pa3BUTHs WH(MOPMAIMOHHBIX TEXHOJIOTUN U yBeudeHns 00beMoB nHPOP-
maruu. Ocobyo 3HAYMMOCTH MPHOOpETaeT MocTpoeHne 3DMEKTUBHBIX PEKOMEHIATETHHBIX
CUCTEM, CIIOCOOHBIX PabOTATh ¢ TEKCTOBBIME OIMCAHUSIMU O0HEKTOB HA €CTECTBEHHOM SI3bI-
ke. TpauIoHHbIe MOIX0/IbI, OCHOBAHHBIE HAa OMHAPHOM IPEJICTABICHUH KJIIOYEBBIX CJIOB,
HE YUUTHIBAIOT CEMAHTUUIECKHE CBSI3U MEXK]Iy TEPMUHAMM, YTO CHUYKAET TOYHOCTH PEKOMEH-
Janmit [1].

B pabore mpeiozkeH MeTOJT yIydIE€HUs IIPEICTABICHNS OObEKTOB B PEKOMEHIATE b~
HBIX CHCTEMAX C yIeTOM CEMaHTUIECKON OJIM30CTH KIIIOUEBBIX CJI0B M3 TEKCTOBBIX OIMCAHIH.
Ha mpumepe nabopa itora-ympaskKHeHHUH MOKA3aHO, 9TO OMHAPHOE BEKTOPHOE MPEICTABICHIE
(«1» — Hamuune cioBa, «0» — OTCYTCTBHUE) IPUBOANT K CEMAHTHIECKON HEOHOZHATHOCTU 1
U30BITOYHOCTH, TAK KaK OJIU3KHUE 110 CMBICJIy TEPMUHBI BOCIIPDUHUMAIOTCS KaK HE3ABUCHMBIE
[IPU3HAKH.

s yerpaneHus HEIOCTATKOB IPEIJIOXKEHO UCIOJIB30BaTh SMOE/IIMHTU KIIFOYEBBIX CJIOB
u3 Mmogzenn Word2Vec u HOpMAIM30BaTh CJIOBA JJIs YCTPAHEHU MOPQOJIOrHIECcKOil Bapu-
aruBHocTu. CpaBHEHHE Tpex MeToj0B HopMmasusaiuu — pymorphy2, Natasha u Deepseek
V3 — nmokazaJio, YT0 HU OJIMH HE 00eCIednBaeT JOCTATOUHON TOYHOCTH JIJIsI CIEINAN3UPO-
BAHHOM JIEKCUKHU (DU3NIECKUX YIPAKHEHUN HA PYCCKOM si3bIKe. Jlydime pe3ysIbTaThl gajia
Deepseek V3, koppekrno obpaborasmas 10 u3 15 cjioB, HO moTpeboBaaach pyIHas 10pabOTKa
u3-3a MHOro3HauHocTu. s Hebosbunx HabopoB Kiro4YeBbix cyioB (80 > 65 mocie HopMasIn-
sanuu) bdekTrBeH TMOPUIHBII I0AXO0/] ¢ PYYHOI MoJepalleil U CJI0BapEM 3aMeH, YIUThI-
BAIOIIUM IpeIMeTHYO crenuduky. st oreHKn 6JM30CTH 00BEKTOB B PEKOMEHIATETbHBIX
cUCTeMax IIPEeJIaraeTcs J[Ba METO/A: yCPeJHEeHUuEe BEKTOPOB KJIIOUEBBIX CJIOB U HOCTPOEHUE
CEMAHTUIECKOT0 Mpoduiist uepe3 006xo rpada CBsA3eil, ¢ MOCIeIyONINM BbIIUCIEHNEM KOCHU-
HYCHOT'O CXOJICTBa. B 060mx cirydasix OJu30CTh MEXKIY OOBEKTAMU OIPEJIEIISETCS C ITOMOIIBIO
KOCHHYCHOTO CXOJICTBA |2| MOy I€HHBIX BEKTOPHBIX MPEICTABIEHHI.

JINTEPATYPA

[1] Manaesa E. [I. , fIxbsepa I'. 9. IlporpaMmHas cucTeMa BH3yaJU3allAd ¥ IIPOBEPKU COIVIACOBAHHOCTH
OIIEHOYHBIX 3HaHUi sKkcuepros // Becrauk Hosocubupckoro rocynapcrsentoro yausepcurera. Cepust:
Nudopmanmonnsie texunosoruu. 2023. T. 21.—Ne 1.—¢.32-45.

[2] Turos @. M. Hcnosb3oBanue aaropuTMOB OIPEIEJICHAs CEMAHTHYIECKOTO CXOJCTBA JJIsl KIacCuDUKAIH
TekcTtoB. COopauk crareit XVI MexayHapomHoit HaydHO-IpakTHyeckoi KoHdepennuun, Caparos, 30
nonsi 2021 r. — Caparos: HOO «Iludposas naykas, 2021.—c. 31-35.
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Yo mosKeH 3HATH [0 MAaTEMATUYIECKOMH JIOTMKE BBITYCKHUK TEXHUYECKOTO
BVY3a no manpasienuio "MaremaTudeckue OCHOBBI UCKYCCTBEHHOTO
uHTEeIIeKTa"

(Body of Knowledge for Bachelors of Engineering program "Math & AI")

H. B. IITunos

B 2024 r. o unnrnmatuse A.B. lacuukosa, pekropa AHO BO "VYuusepcurer Nunomno-
JIUC CTAPTOBAJIO HOBOE HAaIpaBJieHue NoAroroBku "Maremarndyeckne OCHOBBI HCKYCCTBEHHOTO
nnaresiekta' [1]. Cymecrsyer MHeHme, 9To coBpeMenHbIi U — 370 MeTO/BI ONTUMU3AIINHT,
He[POHHBIE ceTH U GOJIBINIE S3BIKOBBIE MOJIENH, & KiaccuaecKuii mojgxoz k M (rocmogcTso-
Basumit B I 1o magana XXI Beka) — 310 I, 0CHOBAHHBII HA JIOTUKAX U IIPABUJIAX BHIBOJIA.
1 xors B Hacrosiiee Bpemst ocHOBHOM TpeH I B VIV - 570 HeitpOHHBIE CeTH U sI3LIKOBBIE MOJIEe-
J (& TaKyKe YUCJIEHHBIE METOJbI ONTUMU3AINN), HO 3HaHKMe Kjiaaccuku U meoGxomumo (u,
[O-BUMMOMY, [IEPCIIEKTHBHO) JyIsl co3JaHust rubpuaubix cucreM VIV, ocHOBaHHBIX Kak Ha
HEHPOCETEBBIX U A3BIKOBBIX MOJIEJISIX, TAK U HA JIOTUKAX W [IPaBUJIAX.

Iesp pokaaa — MpeacTaBUTh U OOCYAUTH IIPOrPAMMY CEMECTPOBOIO KypCa IO BbI-
6opy "Maremaruueckas Jjoruka mis Uekycersennoro Nurennekra (Gakanaspuar, BTOPOii
KypPC) 110 HAIIPABJIEHUIO OAroToBKU "MareMarnyeckue 0OCHOBBI UCKYCCTBEHHOI'O UHTEJLIEK-
ta"p Yuusepcurere Vuuonosuc. (K coxaseHuo, B HACTOANIUI MOMEHT 3TOT CEMECTPOBBII
KypC 10 BBIOOPY — €MHCTBEHHBIH KypC II0 JIOTUKE 33 BCE YeThIPe I'Obl 00y4YeHus IO JIaH-
HOMY HAIllpaBjieHne NOAroToBKH.) IIpenBapuTesbHO IporpaMma Kypcea Oblia [pejcTaBIeHa
u obcyxKeHa Ha 3acemannu 9 okTsOps 2025 r. cemuuapa "Hecrangaprasie jjoruku"um. JI.
JI. Makcumogoit jraboparopun jorudeckux cucrem UM CO PAH u kadenpoii anrebpb u
maremaTuyeckoii soruku Hosocubupcekoro Tocymapersennoro Yuusepcurera [3].

JINTEPATYPA

[1] Maremarndeckue ocHoBbl uckyccrBennoro uHrtesuiekta. AHO BO  "Vuusepcurer Iuuomno-
suc URL https://apply.innopolis.university/bachelors/DS-PEAI/ (nara mocemenus: 16.10.2025)

[2] Maremarnyeckue OCHOBBI HCKYCCTBEHHOIO nHTesIeKTa. IIporpamma obyuernus. AHO BO "VYuusepcurer
Wunononuc URL https://apply-bach.innopolis.university/ds-mai (mara mocemenus: 16.10.2025)

[3] Cemunap "Hecranmaprasie soruku'"um. JI. JI. Makcumosoit. Mucrruryr Maremaruku nm. C.JI. CoGo-
sesa CO PAH, URL https://math.nsc.ru/seminars/nlog (narta nocemenus: 16.10.2025)
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PaszpaboTka aBTOMaTU3MPOBAHHBLIX METOOB IIOMCKA IMIPOTUBOPEYMA
B JOKYMEHTaX C HCIIOJIb30BAHUEM OHTOJIOTUYECKOT0 MOJAEJINPOBAHUS
¥ MAaIIMHHOTO O0yYeHUs:

A. A. IIInmkmuH

B coBpemennoMm Mupe mHpOpMAIMsS UIPAET KJIFOUYEBYIO POJIb BO BeexX cdepax de/0BeYecKoi
nesarenpHoCcTH. JloKyMeHTBI, Oy/b TO HOPMATHWBHBIE IOKYMEHTHI, OmM3HEC TpeboBaHwUs, pe-
[JIAMEHTBI WJIM JPYTHe BUIAbI TEKCTOB, COJEPKAT BaKHbBIE JAHHBIE, KOTOPbLIE HEOOXOIUMO
BepUMUIMPOBATH U NIPOBEPSATH Ha OTCYTCTBUE npotuBopeunit. HekoppekTHas nndopmarus,
B CBOIO OYepe/ib, MOXKET [IPUBECTH K CEPbE3HBIM ITOCJIEICTBUSIM, TAKIM KaK IIPUHSITAE HEBED-
HBIX pellleHnii, (GPMHAHCOBBIE TIOTEPU U JIarKe Iopuandeckne mpobsembl. [losTomy pazpaborka
METOJIOB JIJIsi aBTOMATHUIECKOTO BBISBJICHUS [TPOTUBOPEYUIl B JOKYMEHTAX CTAHOBUTCS BCE
boJtee BaKHOIT 3a1adeii.

s aBTOMATH3AIMHN IIOUCKA JIOTUYECKUX U COIEPXKATEIbHBIX IIPOTHBOPEYNil B IOKY-
MeHTaX IpeJjlaraercss paspaboTarb METOJbl Ha OCHOBE WHTEIPAIMHA OHTOJIOIMYECKOTO MO-
JIeJINPOBAaHUS W MAaIIUHHOrO oOydenwus. VcCojib30BaHMe OHTOJIOIHUIl MO3BOJIUT OIIPEE/IsITh
u kjaaccuuupoBaTh nporusopedns [1], obecredur 06bICHUMOCTD U HHTEPIIPETUPYEMOCTh
[OJIyYeHHBIX pe3ysbTaroB [2]. Vcnosb3oBanue COBPEMEHHBIX TEXHOJIOIMA MAITMHHOTO 00Y-
YeHUs TIO3BOJIUT C BBICOKOH CKOPOCTBIO U TOYHOCTHIO BBIIEISATH (DAKTHI U 3HAHUS U3 JOKY-
MEHTOB Pa3JInIHOil cioxkHOCTH U hopMaTos [3].

Iesibro paboThl siBjIsieTCsl pa3pabOTKa aBTOMATU3UPOBAHHBIX METOJOB ITOMCKA IIPOTH-
BOpeYHil B JIOKYMEHTaX C UCIIO/Ib30BAHUEM OHTOJIOTHIECKOTO MOIEJMPOBAHUS U MAITUHHOTO
obyuenus. [{ns nocTrkeHus neyim ObLIM OIpee/IeHbl Ceayomue TpeboBaHus K pa3padbaThl-
BAE€MOMY METO/Ly: IOUCK U KJIACCU(DUKAIIS IPOTUBOPEUNI JTOJ2KHBI IIPOUCXOIUTH HA YPOBHE
CYIITHOCTEN 1 CBSI3AHHBIX C HUMM JeHCTBuUit 1 cocrosauit. B manmbreiineit pabore mianupy-
ercsi pa3paboTKa MeTOJOB MAIIMHHOIO OOydeHUs Jjisl BblIeJeHusI (paKTOB U3 JIOKYMEHTOB,
pa3paboTKa METOJIOB ITOCTPOEHUsI OHTOJIOIMYECKOH MOJIEIN Ha OCHOBE (DAKTOB, IOCTPOEHUE
ABTOMATHYIECKAX METOJIOB IOMCKA IMPOTUBOPEYUil B JIOKyMEHTaX, MIPOBEPKa UX pabOTOCIIO-
COOHOCTH Ha TECTOBOI 3ajade.

JINTEPATYPA

[1] Ansari, A.M. Ontology-Based Classification and Detection of the Smart Home Automation Rules
Conflicts / A. M. Ansari, M. Nazir, K. Mustafa // IEEE Access, 12 — pp.85072-85088.

[2] Chari, S. Explanation ontology: a model of explanations for user-centered AI / S. Chari, O. Seneviratne,
D. M. Gruen, M. A. Foreman, A. K. Das, D. L. McGuinness // International Semantic Web Conference,
2023 — pp. 228-243.

[3] Nasar, Z. Named entity recognition and relation extraction: State-of-the-art / Z. Nasar, S. W. Jaffry, M.
K. Malik // ACM Computing Surveys (CSUR), 54(1), 2021 — pp. 1-39.
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MeToabl BbISIBJIEHUSI 1 KOPPEKTUPOBKHU OIMUOOK B OTBETAX OOJIBIINX SA3bIKOBBIX
MoeJaeit

A. A. {IKOBCOH

CoBpeMeHHbIE TUAJIONOBBIE CHUCTEMbBI, OCHOBAHHDLIE Ha OOJBIINX SI3BIKOBBIX MOJIEJISX-
(LLM), meMOHCTPHUPYIOT BBICOKYIO 3(D(DEKTUBHOCTH B T€HEPAIUU TEKCTa OJIaroaps apxu-
TeKType TpaHcGOPMEPOB ¢ MEXAHU3MOM BHUMAaHWUS [1]| 1 0BMmupHBIM 00y IATOIIIM JATACETAM.
O/HaKO UX HCIIOJIb30BAHUE B KPUTHYECKU BayKHBIX CUCTEMAaX OIPAHMYEHO IPUHIUIIAAIBHbI-
MU HEJOCTATKAMU: HENPO3PAYHOCTHIO BHYTPEHHUX MEXaHU3MOB IPUHATUS PerreHnii («daep-
HBIIT SIIIUK» ) U PEryJIsipHbIME omubKamu B BbiBozax [2]. Iloeblmenne npo3padsocT paboThl
JTAAJIOTOBBIX CHCTEM TpeOyeT sIBHOTO MPEACTABICHUS OOHEKTOB MPEeIMETHON 00JaCTH B WH-
TeprpeTupyeMoii (popMe m METOIOB BAJHUIAIME TOTOBLIX OTBETOB. B pabote mpearaercs
TUOPUIHBIN TIOJIXO/T K TIPEICTABICHUIO HHMOPMAIINN, 00 bEANHSIONIN BEKTOPHbIE SMOE TNH-
I'M U JIOTHYECKOE IIPEJICTABJICHHE.

B HelpOHHBIX ceTsX JOMUHUPYIOMIAM CIOCOOOM MIPEICTABICHUS JTAHHBIX SBJISTIOTCS M-
OeINHTY, TTO3BOJISIONINE TPEACTABATE TEKCTHI B BUIE BEKTOPOB B MHOI'OMEPHOM IIPOCTPaH-
crBe. OCHOBHBIM HEJIOCTATKOM BEKTOPHOIO IIOAXOa SIBJISETCHA [IOTEPS IIPO3PAYHOCTH IIPU
CBEJIEHUU OIlepallii C TEKCTOM K JIMHEHHON aJjirebpe. AJIbrepHaTUBHBIN [T0JX0J[ OCHOBAH Ha
aoruueckux metonax. Cucrema LogicText [3] mpemocrasisier WHCTPYMEHTAPHUH JJisl TIPeT-
CTaBJIEHUsI TEKCTOB HA €CTECTBEHHOM sI3BIKE B BHJIE KOHEUYHBIX ITOAMHOXKECTB aTOMAaPHBIX
JrarpaMm, ITO3BOJIsisl SBHO ONUCHIBATD ITOHSATUS W CBS3U MEXKTY O0bEKTaMHU.

O0beauHenne BEKTOPHOIO U JIOTHYECKOI'O IOAXOJ0B II03BOJISET YaCTUYHO PELIUTh IIPO-
O7eMy «JIEPHOTO SIIUKA» Te€pPe3 PACCMOTPEHHUE Mapbl «BEKTOPHOE IpEe/ICTaBIeHue -+ JIOTH-
qecKoe TpejicTaBaeHnes. Janubiit moixo 1 obecneunBaeT COXpaHeHNe BHIUUCIUTEILHBIX ITpe-
UMYIIECTB BEKTOPHBIX METOOB IIPU OJHOBPEMEHHOM BBeJIeHHH CI0c0o0a (pOpMaJIbHON BEpU-
duKaIn Yepe3 OHTOJTOTHIECKUN U JTJOTMIECKU aHaIn3 BXOIAIINX JAHHBIX.

Hamrame ormdeckoro amaamn3a nHGOPMAIIAN TO3BOJISIET KOPPEKTHPOBATH ITPOMITTHI MO-
Jeeifl TpU BBIABJICHUN <«TAJLUTIONWHUPYIONNX» PE3YyAbTaTOB 4Yepe3 MPOBEPKY WCTUHHOCTH
bOopMyJT JTOTUIECKOTO MpeCTaBIeHnss orBeTa. [ 3Toro HeobxoauMo mpeodbpa3oBaTh aTo-
MapHYIO JHarpaMMy OTBETa B YACTHIHYIO MOJIEJIb, C IIOMOIIBI0 KOTOPOIl CTAHOBUTCS BO3MOXK-
HBIM [IPOBEPUTH COOTBETCTBHE OTBETa IpeMeTHOH obuact [4,5]. Ha ocHoe HaGopa 3apanee
[TO/ITOTOBJICHHBIX (DPaA3 U PE3yJIbTATAX MPOBEPKHU MOy IeHHON YaCTUIHON MOZEIN 0becevn-
BAETCHA BO3MOKHOCTH JTMHAMUIECKON KOPPEKTHPOBKHU TTOCIEIYIONIEr0 3aIIPOCca K MOIETH JI/TsT
VIIYUIIeHUsI KaIecTBa OTBETA.
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Conflict Driven Clause Learning for Invariant Verification

M. V. KOROVINA

We report on ongoing research in continuous constraint satisfiability checking in CDCL-style.
These investigations are motivated by reachability and safety property verification in formal
analysis of cyber-physical system. The main idea behind is to check in advance satisfiability
of invariants given as existential first order formulas in the real number language extended by
different classes of real functions. Historically, there have been two main approaches to deal
with non-linear constrains: the symbolic one originated by Tarski’s decision procedure for the
real closed fields and the numerical one based on interval constraint propagations. It is well
known that both approaches have their strength and weakness concerning completeness,
efficiency and expressiveness. Nowdays, merging strengths of symbolical and numerical
approaches is one of the challenging research areas in theoretical and applied computer
science. We a propose calculus that successfully integrates strengths of symbolical and
numerical methods. The key steps of the decision procedure based on this calculus contain
assignment refinements, inferences of linear resolvents driven by linear conflicts, backjumping
and constructions of local linearisations of non-linear components initiated by non-linear
conflicts. In [1] we showed that the procedure is sound and makes progress by reducing
the search space. This approach is applicable to a large number of constraints involving
computable non-linear functions, piecewise polynomial splines, transcendental functions and
solutions of polynomial differential equations. In [2, 3] we proved, among other results, that
algorithms based on the calculus are d-complete for bounded problems. In this setting we
discuss recent and future research work.
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Applying Russian tokenization to multimodal model ONE-PEACE

D. B. PucHKov, I. Y. BONDARENKO

The ONE-PEACE model demonstrates strong performance across various modalities
when processing English text; however, it lacks the ability to process Russian text[1]. To
adapt the model to the Russian language, we propose employing the Learned Embedding
Propagation method, which was previously applied by Mikhail Tikhomirov for training LLMs
(unimodal models). This approach involves: retokenization, incorporating Russian language
tokens into the tokenizer; retraining only the text adaptor and Language FFN components.
As a result, the model will learn to generate appropriate word embeddings for both Russian
and English, while the shared self-attention layer remains unchanged [2]. This adaptation will
enable the model to process and understand both Russian and English texts simultaneously,
while also mapping them into a unified, modality-agnostic semantic space.
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On the kernels of nonlinear quasi-perfect codes

A. M. RoMAaNOV

Let Iy be a vector space of dimension n over a finite field F,. We will consider vectors
belonging to Fy as words of length n over the alphabet F;. An arbitrary subset C C Fy is
called a g-ary error-correcting code of length n (a g-ary code for short). A code is called
linear if it forms a linear subspace over F,. Otherwise, the code is called nonlinear. Let
d(x,y) denote the Hamming distance between the words x and y. The Hamming sphere of
radius r centered at x is the set

B.(x):={y € Fy |d(x,y) <r}.

The packing radius e(C) of a code C of length n is the maximum number e such that
B.(u) N B.(v) = @ for all u,v € C, u # v. The covering radius p(C) of a code C of length
n is the smallest number p such that Ucec B, (c) = Fy.

A code C is called perfect it p(C) = e(C) and a code C is called quasi-perfect if p(C) =
e(C)+1.

The rank of a code C C Fy is the dimension of the subspace spanned by C.

The kernel of a code C C Fy is the set

ker(C) := {X c IFZ‘

Ax+C=C forany)\EIFq}.

We study the structural properties of nonlinear 1-quasi-perfect g-ary codes, namely the
rank and dimension of the kernel.

In present paper, we propose a construction of 1-quasi-perfect g-ary codes with parameters
of generalized Reed-Muller codes of order r = (¢—1)m — 2, where m is a positive integer. For
q > 3, m > 2, the proposed construction allows one to construct nonlinear 1-quasi-perfect
g-ary codes with different kernel dimensions. The dimensions of the kernel of nonlinear
1-quasi-perfect g-ary codes constructed using the proposed construction are calculated.

There is a close relationship between 1-perfect codes and codes with parameters of
generalized Reed-Muller codes of order (¢ — 1)m — 2 (see [1, 2]). The classification and
enumeration of 1-perfect codes over finite fields is a widely open problem in coding theory
[3, p. 180].
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n-XapakTepUCTUYIeCKasl MOeJIb JIs IIPeaATab/IMdHbIX pacmmpennii Int

C. U. BAamuMAKOB, E. B. BPbIJIAKOBA

Hexsaccudeckne j1oruku, B 9aCTHOCTU MHTYUIIMOHUCTCKIE U MOJAJIbHBIE, BKJIIOYAIOT B
cebsi MUPOKUIA CIIEKTP e IyKTUBHBIX cucTeM. ccienoBanne yHupUKAIME B 9TUX CACTEMAX
SIBJISIETCsI BayKHBIM MHCTPYMEHTOM [JIsl aHAJM3a WX CTPYKTYPHBIX CBONCTB W B3aMMOCBS-
zeit. OOl U3 GyHIAMEHTATBHBIX MPOOJIEM, AKTYAJIBHBIX JJI JIFOOO0I JIOTHIECKON CHCTEMBI,
OCTaeTCs MPOBEPKa, ToKazyeMocTn popMya. B pamkax 3Toit mpobieMbl 0coObIit mHTEpecC mpe/i-
CTaBJISIET 3ajlava YHUMUKAIINN, KOTOpas (POKYCUPYETCsS HA BO3MOXKHOCTHU ITPEOOPA30OBAHUST
(BOPMYJIBI B JJOKA3YEMYIO IIyTeM IIOJCTAHOBOK.

SHAYNTEILHYIO YACTh WCCJIEIOBAHUI TEOPUU YHU(DUKAIUN 3aHUMAIOT 3a]1a9U OIIPe]ie-
JieHusl TUIOB yHubuKauu Jjoruk, [1]. Jloruka umeer yrumaphoi Tun yaupUKAIMY, €CIn
it J1i000i yaudumpyeMoit popMysibl B JJOTHKE CYIECTBYeT HanboJiee o0Imit yHnMUKATOD
(#.0.y). Ecin naiinyrcsa yaudunupyemble GopMysibl, He NMEIOIHE H.0.Y., JJOTHKA MOXKeT 06-
JIaJaTh CJIEIYIONIUMU TUIIAMU YHUMDUKAINAN: GUuHUMapHoil THIL, IIPU CYIIIECTBOBAHUN TOJIBKO
KOHEUYHBIX HaOOPOB MAaKCUMAJIbHBIX YHU(PUKATOPOB JIJIsT KarXKI0H TaKoi (pOpMYJIbI B JIOTUKE;
unPurumaproit, ecan HalxyTcs (OPMYJIbl UMEOIHe DECKOHETHOE YHCJIO0 MAKCHMAJIHHBIX
YHU(DUKATOPOB; HYALAPHDIT, €CTTU HEKOTOPBIe YHUMUIUPyeMble (DOPMYJIbI HE UMEIOT MaKCHU-
MaJIbHBIX YHU(DUKATOPOB.

Hacrosiee nccienoBanue MoCBAIIEHO JOKA3aTEIBCTBY (PUHUTAPHOTO THIIA YHIMDUKAIINN
nperabInIHbIX PACIIMPEHUH HHTYUIMOHUCTCKON jorukn — L2 u L3, [2].

Paboma noddepoicana Kpacroapckum mamemamuyueckum yerwmpom, dunarcupyemovim Muro-
oprayku PO (Cozaawenue 075-02-2025-1790).
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KOpTe)KHaSI CeMaHTHKa JIOTUKUN BETBAIIErocsda BpeMeHU

C. 1. BAmMAKOB, A. A. TTOJIIKOB

B coBpemenubix paborax B 0071aCTH MOJIAJIBHBIX JIOTHK (DYHIAMEHTAILHBIM UHCTPYMEH-
TOM JIJIsi PEIEeHUs] Pa3/IMIHbIX 33J1a49, TAKUX KaK KMCCJIEJOBAHUE PA3pPEIIMMOCTH WU THUIIA,
YHU(DUKAIMY JIOTHIECKOW CUCTEMBI M COIYTCTBYIOIIUX UM BOIPOCOB, SIBJSIETCS PEJISIIIHOH-
nas cemanTuka Kpunke. OHako, He CMOTPsS Ha €6 YHUBEPCAJIBHOCT, B HEKOTOPBIX CJTydastX
IPUOPUTET OTHAETCs OoJiee CIEeNUATU3UPOBAHHBIM TIOIXOAAM K CEMAHTUICCKOMY OIMUCAHUIO
goruku. Tax, pu uccienoBaHun yHUMDUKAIMA B MOJadbHON soruke Alt; B [1], momumo
cemaHTUKU Kpuiike Tak»kKe Obliia BBEJIEHA KOPTEXKHAsSI CEMAHTHKA.

B coBmecTHOl pabore, [2], ObuIa HCCIIEIO0BAHA B3aUMOCBSI3b JIBYX CEMAHTHK, & TAKXKe
MMOKA3aHa MX 9KBUBAJIEHTHOCTH B ciydae LT L.sl. B ganHoMm jgokame 6yaeT mpejacTaBieHo
00001TIeHre KOPTEKHON cemanTukm i joruku BT L.sl, xapakrepusyomeiics nepedJrek-
CUBHBIMHU HETPAH3UTUBHBIMU JI€PEBLIMHU.

Paboma noddeporcara Kpacroapckum mamemamuieckum yenmpom, GuraHcupyemvim
Munobprayru P@ (Coerawenue Ne 075-02-2025-1790).
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Pazpemmmocts CTLK

C. . bamMakoB, K. A. CMEJIBIX

Pensinponnas ceManruka jorukn CT LR, [1], B omune OT KIIACCHYECKHUX MOJXO-
0B — Takux Kak TPS wimu ceru Ilerpu, — mpemocrasisier cpeicTBa JIjisi MOJAEJIUPOBAHUS
MePApPXUIECKUX U JEPEBOBUIHBIX CTPYKTYP B3aMMOJIEHCTBUI areHToB. Biiaroiapst 3ToMy oHa
0cobeHHo 3 deKTUBHA TPU AHAIN3E CUCTEM, B KOTOPBIX COYUETAIOTCS KOOIIEPATUBHbBIE M KOH-
KypeHTHBIE (bopMbI TI0BesieHns, [2]. Tak, HapuMep, B MHTEUIEKTYAJIBHBIX TPAHCIOPTHBIX
CHUCTEMaX OTJEJIbHBIE TPAHCIOPTHBIE CPEJICTBA MOTYT COIJIACOBBIBATH CBOM JEHCTBHS JIJIsI
OITUMU3AIINY JBUKEHUsI, IPU ITOM COXPaHsid MHIMBUIYAJbHbIE 1esu, [3].

JloKJIa/1 TOCBAIIEH Pe3y/IbTATAM CBI3aHHBIM C HCCIEIOBAHUEM PAa3PEIIUMOCTH JIOTUKH
CTLKE u oueHkoit €8 BBIMMCIMTEILHON CIOKHOCTH, [4]. B pabore npejcrabieHa Mero-
JIOJIOTMsl CHHTAKCUYECKOTO aHAJIN3a, BKJIOYAIOAas ITOCTPOEHHE abCTPAKTHOTO CHUHTAKCHYIE-
ckoro jsiepesa (AST) u npeobpazosanue HhOPMYJI B OTPHUIATEIBHYI0 HOPMAJILHYIO (hOpMy
(NNF). JokazaHbl JeMMbl, OlDAHUYUBAIOIIIE PACKPBITHE BDEMEHHBIX OIIEPATOPOB U Pa3Mep
MoJIeJIell Ha OCHOBE MOJAJILHON IIyOMHBI U CTEleHN BeTBjeHus. Ha mx ocHOBe pa3zpaboTaHbl
aJIPOPUTMBI ITIOCTPOCHUA MOJEJICH U IIPOBEPKU UX KOPPEKTHOCTH.

Paboma noddeporcara Kpacnoapckum mamemamuieckum yenmpom, Gurarncupyemvim
Munobprnayrku PO (Cozaawenue N 075-02-2025-1790).
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HarypanbHoe ucunciieHue i KpocCc-MUPOBOI JIOTUKH

E. B. Borucos

B nureparype npejicraBiieH ps/i MOJAJIBHBIX JIOTHK IIEPBOrO MIOPAIKA, OTOOPAXKAIONINX
denomen kpocc-MupoBoil npepukarmu. Crermduka JOrIK 3TOro BUJ@ COCTOUT B TOM, UTO
X CeMaHTHKa 06a3upyercs Ha KPOCC-MHPOBOW MHTEPIIPETAIIUH IPEJIUKATOB, T.e. Ha UHTEP-
MIPETAINH, [IPU KOTOPOIl 1-MECTHOMY MPEIUKATY IKCTEHCHOHAIBI HA3HAYAIOTCS HE JJIsT OT-
JIEJIbHBIX BO3MOYKHBIX MHUPOB, a JJIsl YIOPSJIOYEHHBIX N-OK BO3MOXKHBIX Mupos. Oina u3s
rakux Jjoruk — CWPL (crossworld predication logic) — paspaGorana asropom: B [1] omnn-
CaHa CeMaHTHKA 9TOi JOruky; B [2| jisa Hee npemioxkeno tabiaundanoe ucuucierne. CWPL
— 9TO MOJ@JIbHAs JIOTUKA IIEPBOTO IMOPSIJIKA C PABEHCTBOM; ee (OPMAJBHBIN SA3BIK COIEP-
JKAT A-OIEPATOp W UHIUBUIHBIE KOHCTAHTBHI; €€ MOJEHN COJEpPXKAT MEPEMEHHBIN JOMEH U
HEXKEeCTKYIO MHTEPIPETANINIO KOHCTAHT. Ha JaHHbIl MOMEHT B M3BECTHOU MHE JINTEpAType He
OIIMCAHO AKCHOMATHUYECKOE WJIM €CTECTBEHHOE HUCUUCIIEHUE I KAKOH-M00 KPOCC-MUPOBOI
Jloruku. JIOKJIa/  9acTUYHO BOCIIOJIHSET 3TOT IpOOes: B HEM IIPEeJJIaraeTcs CHCTeMa HaTy-
paJibHOrO BhIBOAA B cTuye Ourda mja yrnpomennoit sepeun CW PL — CW PL'. Yupomenus
cocrosaT B creaytomeM: 36k CW PL' we comepkuT npennkara pasencrsa; mogean CW PL/
MMEIOT TOCTOSIHHBIN JIOMEH U YKECTKYI0 MHTepIpeTanuio KoHcrtanT. [Ipemraraemast cucrema
HaTyPAJILHOIO BBIBOJA SIBJISETCS CHUJIBHO KOPPEKTHON M CHUJIBHO ITOJHOW OTHOCHUTEIHHO Ce-
MAHTHUKH, U3JI02KeHHOH B [1]. B onpejesiennn BbIBO/IA 1 IEMOHCTPAIIUN €70 KOPPEKTHOCTH U
HOJIHOTBI UCHOJIb3YIOTCSI HEKOTOPBIE TEXHUKH, TIPeJJIOYKeHHbIe B [3].

JINTEPATYPA
[1] Borisov E. A Nonhybrid Logic for Crossworld Predication // Jlormueckue uccienosanus. 2023. Vol. 29,
Ne 2. pp. 125-147.
[2] Borisov E. A tableau proof theory for CWPL // Jloru4eckue uccnenosanus / Logical Investigations.
2025. Vol. 31. Ne 1. 31. Ne 1. pp. 74-96.
[3] Roy T. Natural Derivations for Priest, An Introduction to Non-Classical Logic // Australasian Journal
of Logic. 2006, Vol. 4. pp. 47-192.
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HarypanbHoe ucunciieHue i MOJQJIBHON JIOTUKU IIEPBOro NopsakKa
C HOCCUOMJIMCTCKAUMHN KBAaHTOPAMHU U PAaBEHCTBOM

1. 1. BornucoBA

B [2] npezcTaBiena MOJAIbHAS JIOTHKA TIEPBOTO TIOPSIKA, ¢ MOCCUONINCTCKAMI KBAHTO-
pamu u paBeacrsoM, M LPQ (modal logic with possibilist quantifiers).

M LPQ,—>T0 yupomentas Bepcusi joruku M LP(Q). YupoineHne COCTOUT B TOM, UTO B
sa3pike M LP(Q)q ner xorcraut. IToccubummerkuii KBanTop BeeobmuocTH, 11, oTmdaercss or
AKTYyaJIMCTCKOrO, V, TeéM, U4TO TepeMeHHAasl, CBA3aHHAs MOCCUOMINCTCKUM KBAHTOPOM, MPO-
GeraeT IO JOMEHY MOJEJH, & aKTYaJUCTCKAM — II0 JOMEHY MHpa OIEHKU. B ceMaHTHKe
MLPQ;, xak u B cemantuke M LPQ), y Mozeseii nepeMenHbIil jomen (Kak B [1]) u npey-
KaThl MHTEPIPETUPYIOTCS HE Ha JOMEHAX MHPOB, a Ha JOMEHE MOJEJNH, T.€. SKCTEHCHOHAJ
IpeuKaTa B HEKOTOPOM MHPE W MOYKET COJEPIKATH OOBEKTBI, KOTOPBIX HET B JOMEHE wW.
ITo sroit npuunre B M LPQ, dopmyna VaP(x) — P(z) He aBisiercs oOIIE3HAYUMOIl, HO
siBJIsieTcs obmesHadnMoit gopmyia HxP(x) — P(x).

B noksajie OyayT IpeIcTaB/IeHbl SI3bIK, CEMAHTUKA U HATYPAJbHOE UCYUC/IEHUE B CTHUIIE
Qurua myig M LPQ;.

JINTEPATYPA

[1] Fitting M. Mendelsohn R. First-Order Modal Logic. 2023.
[2] Myxamermuna 1. V1. BeipasuresbHBIE BOSMOXKHOCTH A-OIIEPATOPa M MOCCUGHIINCTCKAX KBAHTOPOB B MO-
JaJbHBIX JIOTHKaX HepBoro mopsigka // Analytica. 2023. T.8. c¢. 90-103.
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AaropurMuydeckasi CJIOXKHOCTb MHTYUIIMOHUCTCKUX IMUCTEMUIECKUAX JIOTUK U UX
dbparmenTos

A. B. EPEMUH

Muryunmonucrckast oruka IEL, BBenénnast B padore [1], npussaHa 0TpasuTh JIOTHIE-
CKHUe CBOWCTBa 3HAHUsI B MHTYHUIIUOHUCTCKOM KOHTeKcTe. /{00aBUM K s13bIKY WHTYUIIMOHUCT-
CKOIl Jioruku opHoMecTHyI0 MojasbuocTh K («u3Becrnos ). Torma IEL nosmyuaercs moGas-
JIEHHEM K aKCHOMaM UHTYHUIMOHUCTCKON JIOruKHu akcuoMbl HopMaubHoctu K(A — B) —
(KA — KB), akcuomsl cepuasibaoctu K | u npuniuna ko-peduekcuun A — KA. B Toit
JKe paboTe OBLIN BBEICHBI POJICTBEHHBIEC eif joruku IEL™ u IEL+, nosrygatornuecsd u3 [EL
yaajsenueM cepuajiboctu u gobasiaenueM akcuombl K KA — K A cOOTBETCTBEHHO.

[TepBbIM HCCIEIOBAHTEM aJITOPUTMIIECKON CJIOKHOCTU YKA3AHHBIX JIOTUK SIBJISIETCS CTa-
Ths [2], B KOTOpO#t noKasbiBaercst Bepxusist PSP ACE onenka g IEL. B nannom moknaze
6y/eT IOKa3aHo, YTO aHAJOTMYHAs OleHKa BepHa st IEL™ u IEL™, uro, B coBokymHOCTH
€ KOHCEPBATHBHOCTHIO HAJ| MHTYUIMOHUCTCKON JIOTUKON M KJIACCHYECKUM pe3ysbraToM [3],
nokaspiBaer PSP AC E-niojiHOTY BCeX TPEX JIOTHK.

Boutee toro, okazwiBaercs, uro PSP AC E-110JIHOTa TOSIBJISIETCS YK€ B OIHOIIEPEMEH-
noM dpparmente [EL™. Metos 1oka3aTe/IbCTBA MOCTEIHETO YTBEPXK ICHUsI, OTTUPAIOIIUICS Ha
pesyabrar M. Prifakosa u3 paborsl [4], MOXKHO IIPUCIIOCOOUTD, YTOOBI BECbMa IIPOCTO IO~
sgyanth yreepxkaeane o PSP AC E-1pyaHocTr KOHCTAHTHBIX (DPArMEHTOB JjIsi HEKOTOPBIX
KJIaCCOB MOJAJIbHBIX HHTYHUIIUOHUCTCKUX JIOTUK (HAIPUMED, KJIACCa BCEX JIOTUK MEKJLy UHTY-
unmonncrckoil K u unrynnuonucrckoit K4). Hakonen, 6yner anoncupoBan (Kya MeHee TpU-
BuasbHbI) pesynbrar A. OHonpuenko u M. Pribakosa, kacatommiics PSP AC E-noiHOTH
omHONEpeMenHoro dparmenta IEL™T.

JINTEPATYPA

[1] Artemov S., Protopopescu T. Intuitionistic epistemic logic // The Review of Symbolic Logic, 9(2) pp.
266—298, 2016.

[2] Krupski V. N.; Yatmanov A. Sequent calculus for intuitionistic epistemic logic iel. In International
Symposium on Logical Foundations of Computer Science, pages 187—201. Springer, 2016.

[3] Statman R. Intuitionistic Propositional Logic is Polynomial-Space Complete, Theoretical Computer
Science 9, pp.67-72, 1979.

[4] Puibaxos M. H. Ilorpy»kenne HHTYUIMOHUCTCKOMN JIOTMKHU B €6 (DparMeHT OT ABYX HEPEMEHHBIX U CJIOXK-
HOCTB 9T0ro (dbparmenta // Jlorudeckue uccienoBanus, soim. 11, M., Hayka, 2004, c. 247—261.
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O06ob611IeHHbIE KBAHTOPBI U CKYJIEMOBCKUE (PYHKIINN B (pOPMaJIBHON CEMaHTUKE
€CTEeCTBEHHBIX SI3bIKOB

V. J1. BAVIIEBA

Denomen orpunaresnsHoro cornacosanust (NC) B pycckoM sI3bIKe, IPU KOTOPOM HECKOJIBKO
GopMaIbHO OTPUIATEBHBIX JIEMEHTOB BBHIPAXKAIOT €IUHOE OTPUIIAHUE, [IPEICTABJIAET CO-
6oii BBI30B [IJIs aHAJIU3a 1 NOCTpoeHus ux dhopMasbHoi Mozen [1]. O6obieHHbIe KBAHTODDI,
obuianaromniye (bYHKIMOHAJILHBIM THIIOM (€ — ) — ¢, YCIIEIHO IPUMEHSIOTCs I (popMasin-
3aIlUM OTPUNIAHWSI B AHTJIMHCKOM si3bIKe 3], OZIHAKO B PYCCKOM SI3BIKE MX MPSIMOe TIPIMEHEHNe
HApYIIAeT IPUHIUI KOMIIO3UI[MOHAJIBHOCTU U BBI3bIBAET TPYAHOCTH IIPU MHTEpIpeTanun [4].

B kavecTBe aJbTePHATUBDI IIPEJIATAeTCs TIOIX0]], COUETAIONIUN JIMHIBUCTHIECKOE IPE0D-
pa30BaHUE ¢ UCIOJIb30BaHUEM CKyJeMoBcKux dyukimit. Mexonnoe npeoxenne («Hukakoii
YeJIOBEK He IHIIET eMy» ) CliepBa TPAaHCHOPMUPYETCs B CEMAHTUIECKU KBUBAJIEHTHYIO hOp-
MY C €JJMHBIM CEHTEHIMAJIbHBIM oTpurianueM [5|: «HesepHo, 40 Kakoi-HUGYIb YeI0BeK 11-
HIeT eMy». 3aTeM HeOlpeIeJIeHHOe MECTOMMEHNE MHTEPIIPETUPYETC HE KaK KBAHTOP, a KaK
CKyJieMOBCKasi (byHKIMs ¢ 6ojiee MpOCThIM TUIOM (€ — t) — e. Dra DYHKIUA BO3BPAIIAET
KOHKPETHOI'O «CBHUJIETEJI» JJIsl SKZUCTEHIUAIBHOIO YTBEPKICHUS, 4TO MO3BOJISET JJIUMUA-
HUpOBaTh caM KBaHTOp. B pesysbrare jorudeckas dopma —IJz(Person(x) A Write(x, h))
upeobpasyercst B —(Person(c) A Write(c, b)), 9T0 a/IeKBATHO OTPaYKaeT CMBICT HCXOJHOTO
BBICKA3bIBAHMUSI.

Takum 06pa3oM, NpeIaraeMblii B JOK/IaJe aJlOPUTM IpeAcTaB/sgeT coboii meros, (hop-
MAJIM3AIMU PYCCKOTO OTPUIATE]HLHOTO COMIACOBAHMS, OOXOIAIIU CJIOKHOCTH, CBSI3aHHbBIE C
IPSAMBIMHA TIOTIBITKAME TOCTPOEHUST SKBUBAJEHTHOTO JIOTMIECKOrO BAPHAHTA TPEJTIOXKEHUST
[2].

JINTEPATYPA
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O 3aZlave pa3pemmnmMoCcTu HeTpaHBHTHBHOf/’I JIOTUKU CTyIIeHYaTOoro BpeMeHun

LTL.sl
T. IO. 3BEPEBA

MopaabHble JIOTUYECKHAE CUCTEMBI, ONUCHIBAIONINE HETPAH3UTUBHBIN BPEMEHHON mepe-
XOJI, SIBJISIOTCST 9 DEKTUBHBIM UHCTPYMEHTOM MOJIETUPOBAHUST BBIYUCTUTEIHHOIO IIPOIECCa
nHOOPMAIMOHHBIX CHCTEM. Panee B paMKax HAINEro NCCJIETOBAHIS ObLIO BBITOJHEHO CEMAaH-
THYECKOE MMOCTPOEHNE JIMHEHHOW MHOTOMOJAJIBHON JIOTUKN 3HAHUST HETPAH3UTHBHOTO «CTY-
nenuaroro» spemenn LT K.sl.

Andasur s3pika LET55! grmouaer caéTHOE MHOMKECTBO ITPOIIO3UIIIOHATBHBIX [TEPEMEH-
ubIx Prop = {p1,...,Pn,...}, KoucrauTsl {T, L} ckoOku (,), crangaprHble GyieBbl olepa-
UK ¥ CJIEAYIOMmuil Habop MOJATBLHBIX onepaTopoB: N — HepedIeKCUBHDIH HETPAH3UTHBHDII
oIepaTop BPEeMEHHOTO Tepexosa, [y, . .., [, — onmeparops! 3HaHUH areHToB u [, — omepaTop
YHUBEPCAJIBHOTO 3HAHUSI HA CI'YCTKAX.

LTK.sl-dbpeitvom Hazoém Habop F := (Wy, Next, R, R1,..., Ry), t1e

o Wy = ;e Ot — Hemepecekaromeecs: obbeunenue crycTkos Cy, TPOHYMEPOBAHHLIX
HATYPATHHBIMA TUCTAMU;

e Next — HepedIeKCHBHOE HETPAH3UTHBHOE OTHOIIEHUE «CJIEJYIOIIEE HATYPAIbHOE
YUCIIO»;
Ry,..., R, — OTHOIIIeHUsI 3HAHUII areHTOB;
R, — OTHOIIEHNE SKBUBAJEHTHOCTH HA KaXKJIOM CIyCTKE.

JLjIst OIMCAHHOM JIOTMYeCKO# CHCTEMBI JIOKA3aHbI KOHEYHAsT allIPOKCUMUPYEMOCTb W P-
MOP(HOCTH HECKOHEUHBIX (PPEAMOB KOHEIHBIM, YCTAHOBJIEHA TPOEKTUBHOCTD YHU(DUKAIUA 1
€€ THII, TIOJIyY€eH BUJI IPOEKTUBHOIO YHU(DUKATOPA JJIs YHUDUIUPYEMBIX (DOPMYJI B JIOTUKE
LTK.sl, [1].

[Moznuee anajorudHbe 387291 OBLIN PACCMOTPEHBI JIJIS BEPCUU JIOTUKH O€3 KOMITOHEH-
Ta 3HAHWUS B CEMAHTHUKe — JinHeitHoN BpeMenHoii jjoruke LT L.sl. Takxke Oblaa HOC/IEI0BaHA
B3aMMOCBSI3b KOPTEXKHOW U PeJISIIUOHHON ceManTuku jiyist LT L.sl, ycTaHOB/IEHA UX SKBUBa-
JICHTHOCTS [2].

B pamrax 310t paboThl pacCMOTPEHBI BOIIPOCHI PA3PENIMMOCTH U YHADUIUPYEMOCTH B
KJIACCE TAKUX JIOTUK.

Paboma noddeporcarna KpacHoapckum mMamemamuseckum UeHmpom, GUHAHCUPYEMbLM
Munobprayru P® (Cozaawerue N 075-02-2025-1790).
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TOro BpPEMEeHU—0otcudaem nybiukayuu.

Hremumym mamemamury u gyrdamernmanvroli ungopmamuru, Cubupcruls edeparvroill yHusepcumen,
Kpacnospex (Poccus)

92



MaubrieBckne arenust 2025 Hekaccuyueckne jorukm

HyanbHOocTh y1st MHOroobpasust SP(M3)

A. E. I3bIOPOBA

Pacemorpum crpykTypy S = (S, <, R), rue S — MHOXKecTBO, a < u R — 1Ba GuHApHBIX
ornomenus. Torga S asnserca Ms-npocmparcmeom, ecin
(s1) < gactuuHbIl OPAJOK Ha S
(s2) R C S? — 370 oTHONIEHNE SKBUBAJEHTHOCTH Ha S TaKoe, YTO Jjid BCEX 3JIeMEHTOB
a,b,c,d, e, f € S BBIIOJHSIIOTCS CJIEIYIOIIIE YCJIOBUSL:
(a) [a]g — anTHIENB; GoJlee TOrO, JIMOO [a]g COCTOUT M3 OJHOTO JIEMEHTA, JUOO
[a]r COMEPKUT TPH JIEMEHTA;
(b) ecnu [a]g = {a,b,c} na,b <d, 10 ¢ <d;
(¢c) ecomu [a]lgr = {a,b,c}, [dlr ={d} ud < a, To d < {b,c};
(d) ecu [a]lg = {a,b,c}, [dlr = {d,e,f} n d < a, To mbo d < {b,c}, mubo
{e, f} < {b,c}.
Ionaraem X (S) = {s € S| [s|r aBnserca aﬂeMeHTOM} uY(S) = S\X(S5).

Iyers S = (S, <,R) u § = (5',<,R) — Ms-npocrpanctsa. Torma ¢: S — S’ aeasercs
M3-mopdpusmom, €CITA BBITIOTHSIFOTCS CJIELYIONTAE YCIOBUST:

(m1) ¢ orobpazxaer S B S U {{a,b} | a,be X(5)};
(m2) ecau u,v € S rakosel, 4T P(u), (V) € " mu < v, To P(u) < P(v);
(m3) s Beex z € X(S), p(z) € X(5');
(m4)

m4) mus seex a € Y(S) ¢ [a]g = {a,b, ¢} Bomonusercs ciaemymomiee:

(a) ecm p(a) € X(S’), TO BBIOIHSIETCS OHO U3 CJIEIYIOMAX YCIOBUIA:
o (b) = {p(a),p(c)} € X(5");
o p(c) = {p(a),p(b)} € X(5");
e p(a) < () = p(c) € X(5');
e o(b) < pla) = p(c) u (b)), p(c) € X(5);
e o(c) < p(a) = p(b) 1 p(b),¢(c) € X(5);

(b) ecmn p(a) € Y(S"), 10 [p(a)] , = {@(a), p(b),¢(c)} C Y (S");

a) ¢ S, To p(a) = {pb),p(c)} € X(S') — anTuuens; Gosee Toro,
o(a) < p(u) pst Kaxkmoro u € S, Takoro 4ro a < u.
Yepes M3 MbI 0603HATUIN KATETOPHUIO, 00bEKTAMU KOTOPOi ABJSIOTCH M3-IIpOCTPAHCTBA,
a Mopdpmamamu — Msz-mopdusmbl, a By o6o3HaTaeT KaTeropmuio, 00bLeKTaMi KOTOPOit STBJIS-
I0TCsl 1IOJIHbIe Guasirebpandeckue PeIérku, IpuHaiexkanie Maoroobpasuio SP(Ms), no-
POXKJIEHHOMY JIMAMAHTOM, & MOP(MU3MaMU — IOJIHbIE PEMIETOYHBIE TOMOMOP(MU3MBI.
Teopema. Kareropuu Mg u Bs aya/ibHO S3KBHBAJIEHTHBI.

Pabora Boimosnena B corpyaundectse ¢ M. B. [lIsunedckn.

Hcenedosarnue noddeporcaro Poccutickum HaywHoim ordom, npoexm Ne 24-21-00075:
https://rscf.ru/project/24-21-00075/.
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HeiimaHoBbl OMHapHBIE OTHOIIIEHUS

. B. KA3AKOB

Hacrostmuit J0K/Ia/1 | mocBsimen 6HHAPHLIM OTHOMICHNSAM, HA3BAHHBIX MHOf HeiiMaHo-
BeiMu (aHra. Neumann binary relation). Bo-niepBbix, npejcrasieHo coorsercTByomiee dhop-
MaJIbHOE OllpejiesieHie HeliMaHOBa OMHAPHOI'O OTHOINEHUs. BO-BTOPBIX, IIPEJICTABIEHA TEO-
pemMa O TOM, YTO B KaKJOU MOIIHOCTH, B KOTOPOW OHO CYIIECTBYET, HEMMaHOBO OTHOIIIE-
HU€ eJUHCTBEHHO C TOYHOCTHIO 70 n3oMopdusMa. B-rperbux, mpeacraBieHbl HEOOXOMIMBbIE
U JIOCTATOYHBIE YCJIOBHUS CYIIIECTBOBAHUS HEMMaHOBAa OMHAPHOIO OTHOIIEHHUS Ha 33/IaHHOM
muokecTBe. OTJEIBHO CTOUT OTMETUTD, UTO CYIIECTBOBAaHUE HefIMaHOBa OMHAPHOTO OTHO-
IeHnsT HaJl HEKOTOPBIM MHOXKECTBOM 3aBUCHUT TOJILKO JIHINb OT MOIIHOCTH JAHHOT'O MHOXKe-
crBa. [lonsTne HeliMmaHOBa OMHAPHOIO OTHOIIEHWS MOTHBHPOBAHO CBOWCTBAME TEOPETUKO-
MHO>KECTBEHHOT'O YHUBEpPCyMa V|, KOTOpBbIE BBIPAXKAIOTCHA B BHUJE COOTBETCTBYIOIINX AKCHU-
oM teopun mHOKecTB NGB. Bo-1tepBbix, BbIIOIHEHA AKCHOMa 9KCTEHCUOHATIHLHOCTH: BCSIKOE
MHOKECTBO OJTHO3HATHO OIIPEJIEIISIETCS] CBOMMU JIeMEHTaMu. BO-BTOPBIX, BBITIOJTHEHA aKCH-
oMa (YHIUPOBAHHOCTH, T. €. 3AIPEIIEHbI OECKOHEUHBbIE yOBIBAIONINE IENH MHOXKECTB. B-
TPETHUX, BBIIIOJHEH IIPUHITUI OrPAaHINYeHns pa3Mepa: Kiace X sABJIAETCS MHOYKECTBOM TOTJIA
¥ TOJIBKO TOTJIa, KOTJa OH HE PABHOMOIIEH YHUBEPCAJIHLHOMY Kjaccy V.

Onpenenenune 1. IIycts X —muOXK€cTBO, R—6unaproe orrorrrenue uasr X . Bygem roso-
purb, yro R sBisercs sxcreHcuoHaababM, ecan uz {b € X|(b,a1) € R} = {b € X|(b,aq) €
R} crenyer a; = as

Onpenenenne 2. IIycre X —muOXKecTBO, R—bunapuoe orHomrenue Hax X. Bynem ro-
BOpHTB, 4T0 R sBJIsieTcss (DyHAUPOBAHHBIM, €CJIH HE CYIECTBYET MOCJIEIOBATEIBHOCTH G,
(ss1emenToB MHOMecTBa X ) Takoi, 4TO JJIs BCEX M BBIIOJHEHO (Ant1,dn) € R, T. e. He
cymecTByer 6eCKOHEUHOI yObIBAIOIIEH I0CIE0BATEIbHOCTH (110 OTHOIEHUIO R).

Onpenenenne 3. Ilycre X —mHO)KecTBO, R—6unapHoe orHomenue Haa X . Bygem ro-
BODHTB, 4TO R siBJIsieTCsi KODPEKTHBIM, ecJin Juist itoboro a € X sbioarero |{b € X|(b,a) €
R}| < |X|, © e. ecim JuIst BCAKOIO 3JIEMEHTa MHOXKECTBO JIEMEHTOB, COCTOSIIHX C HHM B
orHOITeHnu R, SBJISI€TCS MaJIbIM ITOAMHOXKECTBOM MHOXKeCTBa X .

Onpenenenune 4. [Iycrs X —muO0XK€CTBO, R—6unaproe orroirenue uasr X . Byem roso-
pHUTh, 9TO R sIBJIsIETCS TOJIHBIM, ecotu /11 Jiroboro mMaJgioro noamuoxkectea Y C X, Y] < | X|
cymecrByer a € X rtakoe, uro Y = {b € X|(b,a) € R}

Onpenenenune 5. [Iycre X —mHO)K€CcTBO, R—6unaproe orHomernue Han X . Bygem ro-
BOpHTB, 9TO0 R siB/IsIeTCS HEHIMAHOBBIM, €CJIM OHO SIBJISIETCS SKCTEHCHOHAJBHBIM, (DyHIHPO-
BaHHBIM, KOPPEKTHBIM U HOJIHBIM.

P3Y um. Irexanosa, MI'TY um.Baymana, Mockea (Poccus)
E-mail: i_b_kazakov@mail.ru

1,Z[aHHoe HCCIIEOBAHNE BBINOJIHEHO B PAMKaX I'OCYAAaPCTBEHHOIO 3aJaHusl B chepe HayTHON eI TeIbHO-
cru Munucrepcrsa HayKu u Boiciiero obpasosanusa PO na remy "Mogenu, METOIBI 1 AJITOPUTMBI UCKYCCTBEH-
HOI'O MHTEJUJIEKTa B 3aJa9aX SKOHOMUKH JJIs aHAJIN3a ¥ CTUJIN3AINE MHOTOMEPHBIX JAHHBIX, [IPOrHO3UPOBA-
HUSI BPEMEHHBIX DsIZIOB M IIPOEKTUPOBAHUS PEKOMEHIATEJIbHBIX CUCTEM HOMED npoekTa FSSW-2023-0004.
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CJ10>KHOCTBb IKBaAIIMOHAJIBHBIX TeOpI/Iﬁ ABYX KJIACCOB pelIeToK Koiauun
C AeJieHnudAMunu

M. . KanoBu4, C. JI. Ky3HELOB, A. O. [IIEAPOB

Pemerka Kunnu ¢ genennavu (PKI) [7, 3] — 310 anreGpandeckas crpykrypa (A, =<
AV, 0,10\, /%), te (A, %, A, V) — pemerka, (A, -, 1) — morong, 0 — HOJIb 110 YMHOXKe-
HUIO, JIeJIeHUs YIOBJIETBOPSIOT YCIOBUAM @ < ¢ /b <= a-b < ¢ <= b < a)\ ¢, u, HaKoHeIl,
urepanus Kinnau o* 3aaercs ycioBreM HemOABUKHOM Toukn: ¢* = ming{b |1V a-b < b}.
Bosee xoukperusie Kitaccel PKJI ob6pasoBanbl anrebpamu pOpMaibHBIX A3bIKOB P(X*) u
asrebpamu 6unapHbix orHomenuit P(W x W). (IIpoussejieHne B mepBoM CJIydae ONpeIesisi-
eTcsl Kak IolapHasl KOHKATEHAIUsI, BO BTOPOM — Kak Kommosuimsa ornomenuit.) PKJI u3
9TUX KJIACCOB SIBJISIIOTCS *-HEIMPEPBIBHBIMU, T.€. YJIOBJIETBOPSIOT 00Jiee CUIBLHOMY YCJIOBHIO
a* =supg{a” | n € N}.

UsBecTHO, 4TO KBAIMOHAJbHA T€OPUsl (MHOXKECTBO BCEX ODIMIE3HAYMMBIX Ha JAHHOM
KJacce aToMapHbIX (dopMys-paBeHcTB) Kiacca Bcex PKJI mepeuncimma, HO He paspenu-
ma (X§-mosma) [5]. DxBanmona bHas Teopus Kiaacca Beex k-HernpepbiBHbIX PKJI sapisgercs
9-nosmoit [1]. Bompoc 0 ¢I0:KHOCTH SKBAIHOHATBLHBIX TEOPHil JJTst YIOMSIHYTBIX BBIIIE KOH-
kperHbix KiaccoB PKJI 6611 nocrasien B pabore Bymkosckoro [2], rie 6bLIn yCTaHOBIEHBI
mkane 119-onerkn. OKasbiBaeTcs, OHAKO, 9TO SKBAIMOHAIBHBIE TEOPHH JAHHBIX KOHKPET-
ubix kjaccoB PKJI nmeroT HamMHOTO 6071€€ BBHICOKYIO CJIOYKHOCTD.

Teopema. DkBarnuonaiabHas Teopus aarebp popMabHbBIX SI3bIKOB, B CHTHATYDE pellle-
ToK KJImHU ¢ JeJIeHusIMH, H%-HOJIH&.

Teopema. DkBanuoHaIbHAST T€OPHUs ajaredp OWHAPHBIX OTHOIICHU, B CATHATYPE perle-
tox Kman ¢ genenusyv, 11} -mona.

Kurouesyto posib urpator kouctanTsl () 1 1. C UX MOMOIIBIO CTPOSITCS aHAJIOTH SKCIIO-
HeHIMAaNIbHOH MomansHocTH [6] — 1A (0/(0/ (1 A A))) nusa 6usapubix oTHOMmeHUH n 1 A A
Jst GOPMAJIBHBIX SI3BIKOB — U MOJIEJIMPYETCsl CJIeJJOBAHUE U3 TUIIOTES [4].
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[1] Buszkowski W., Palka E. Infinitary action logic: complexity, models and grammars // Stud. Logica.
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Nukiro3uBHOE onucaHue 3HA0OMOP(PU3IMOB Nn-IPYIIIONI0B

A. B. JIUTABPUH

ITonaraem, uro f — 310 n-apHas omnepanus Ha MHOXKecTBe G. Torma ajirebpamdecKyro
cucremy G = (G, f) HaszbBatoT n-2pynnoudom. B Hacrosmeil paboTe M3yvyaercst BOIIPOC OIN-
CaHUsi MHOYKECTBA BCEX SHIAOMOP(MU3MOB N-TPYIIIOUIOB € IOMOIIBIO YCJIOBUH, 3aIIUCAHHBIX C
[OMOIILIO OTHOIICHNs] BKJIIOUEHUS MHOYKECTB (T.€. MHKJIIO3UBHBIEC cBolicTBa). s Kaxk10ro

G’VL
n-rpynnonga G = (G, f) BBegem orobpaxenue ® : G — 2% | xoropoe mig awoboro g € G
OTIPEJIEIISIETCS PABEHCTBOM:

®(g) :={(a1,a2,...,a,) € G" | f(a1,az,...,an) = g}.
Orobpazkerne ¢ mosHOCTHIO onuckiBaeT onepanuio f B n-rpynnonge G = (G, f). Iloaromy
3aJIJaHIe KOHKPETHOro orobpaykenust $ s MuoxkecTBa G 9KBUBAJIEHTHO 38 IAHUI0 KOHKPET-
HOTO N-Tpymnonsa ¢ Hocurejaem G.

Kak 06brano, T(G) — 310 cuMMeTpuyecKasl IOJIyTPyIIa BCeX IpeoOpasoBaHUil MHOXKe-
crBa G u S(G) — cumMeTpuyeckas IPYIIIa BCEX II€PeCTaHOBOK MHOXKecTBa G. Jljist KazK10ro
upeobpasoanus « € T(G), Kaxkmoro koprexa (aj,ag, ...,a,) € G™ U BCIKOrO IIOJMHONKE-
crBa A MHOXKecTBa G" GyJIeM UCIOIB30BATH JOMOBOPEHHOCTH:

alay, az, ..., an) = (afar), a(az), ...,a(a,)), a(A) :={a(a) | a € A}.
B uacraoCTH, (&) := &. Bbuia mokazana cieLyomast
Teopema. s soboro n-rpynmnonga (G UMEOT MeCTO PABEHCTBA MHOXKECTB:
End(G) ={a € I(G) | Vg € G : a(®(g)) € 2(alg))}:
Aut(G) ={a € 5(G) Vg€ G : a(2(g)) = P(a(g))}-

C 1IOMOIIBIO TIPUBEJIEHHON TEOPEMBI YJIAJIOCH TIOCTPOUTH HEKOTOPBIE KJIACCHI 1-IPYIIIION I0B
JIJIsT KOTOPBIX OBLIU TIOJIyYeHbI PE3YJIbTATHI B UCCJIEJOBAHUN IPOOJIEMBI TO3JIEMEHTHOTO OIIH-
caHusi MHOYKECTBa, Bcex dHoMopdu3mMoB. B mokimaje OyayT mpecTaBieHbl COOTBETCTBYIO-
e pe3ysbTaThl U uxX obcyxkaenue. /lanHas TeopeMa sBJISIETCS YAOOHBIM UHCTPYMEHTOM B
UCCIIeIOBAHUA OTKPBITON 1pobiembl 4.1 u3 [1], KoTopasi cBsi3aHa € yHHUBEPCAJBHBIM KDPHU-

TepreM HEIMOJBIKHBIX TOYEK ITPOM3BOJILHOIO ITpeodpa3oBanusi (PUKCHPOBAHHOTO HEITYCTOTO
MHOXKECTBA.
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OO0 ormpeesIsieMOCTH YHUBEPCAJIBHBIX YACTUYHBIX IPadOBbIX aBTOMAaTOB CBOMMU
noJIyrpynnaMm BXOJAHBIX CUT'HAJIOB

B. A. MOJIYAHOB, P. A. ®APAXYTIANHOB

B pabote paccMaTpUBAIOTCS YaCTUIHbIE aBTOMATHI B Kateropuu [1] rpados, To ectsb aB-
TOMATBI, ¥ KOTOPBIX MHOXKECTBA, COCTOSTHUI M BBIXOIHBIX CUTHAJIOB HAJEJIEHBI CTPYKTYpPAMU
rpad OB, COXPAHSIONUXCS JaACTUIHBIMU (DYHKIMSIMHI TEPEX0JIOB U BBIXOJ0B aBToMaTa. Oco-
60e BHUMAHUE YIEJIAeTCsl YHUBEPCAIbHBIM YaCTHYHBIM rpadoBbiM aBromaTam PAtm (G, G2)
HaJi HekoTopbiMu rpadavu G n Go. Takne aBTOMATBHI SIBISIIOTCS YHUBEPCAJIHHO TPUTATH-
BAIOIUMU OOBEKTAME B KATEMOPHHM YACTHYHBIX I'padOBbIX aBTOMATOB HaJl rpadamvu G u
(2, TIOJIYyTpyIIIa BXOIHBIX CUTHAJIOB TAKUX ABTOMATOB SIBJISIETCS] MHOYKECTBOM Tap YaCTUY-
HBIX OTOOpParKeHUil, TAKUX UTO TepBas KOMIIOHEHTA €CTh YaCTHYHBIN 3HI0MOpdu3M rpada
cocrostamit (G1, BTopast KOMIIOHEHTa €CTh YaCTUYIHbIN romoMopdusm rpada cocrosguuii G B
rpad BBIXOIHBIX cUTHAJIOB (Go U 00JIaCTU OlpejiesieHnil 06enX KOMIIOHEHT COBIIAJIAOT.

_ Myra  rpada, He mumeomas BCTPeYHOH, HasblBaercsa  cobOcrseHHON.  I'pad
G = (X,p~ ') maspBaerca mpoiicTeenHbIM TpadoM rpada G = (X, p). na yHusepcasb-
HBIX YACTUYIHBIX IPadOBBIX aBTOMATOB HaJ| peMJIEKCUBHBIME IpadaMu, COJEPKAIUMEI 110
KpaiiHeit Mepe OIHy COOCTBEHHYIO YTy, MBI PEIlaeM 3aJady UX abCTPAKTHOIl OIpee/seMo-
CTU CBOMIMH TIOJIyI'PYIIIIAME BXOJIHBIX CUT'HAJIOB: IIPU KAKUX YCJIOBHUSX MTOJIYTPYIIIBI BXOIHBIX
CUTHAJIOB JIBYX TaKUX aBTOMaTOB OyayT m3oMOpdHbI? OCHOBHBIM DE3YyJIbTATOM SIBJISIETCS
JIOKA3aTeJIbCTBO TOI'0, YTO aBTOMATHI HaJ| TAKUMU rpadamMu OIpeesitoTCsl CBOUMY IOJIY-
IPYIIIAME BXOJHBIX CUTHAJIOB ¢ TOYHOCTBIO JI0 U30MODMU3Ma U HAIPABJIEHUs JyT B rpadax.

Teopema. Ilycrs Gi = (X1,p1), G2 = (Xa,p2), G} = (X1,p}), Gy = (X3,p5) — pe-
¢irekcuBabIe rpadbr, npuaéM rpag G1 comepKHAT 110 KpaiiHei Mepe OJIHy COOCTBEHHYIO JyTY.
TOFﬂa AL YyHuBepcaJibHbIX JaCTHYHbIX Fpad)OBbIX aBToMaTOB
PAtm(Gl, Gg) = (Gl, S(Gl, Gg), Gg,*,o) u PAtIn( /1, Glz) = ( /1, S( /1, G/Q), /2,*/,0/) cJiIe-
JVIOIIHe YTBEPXKeHUsT PABHOCHIbHBI:

1) rpadsr G1, Gy m3omopdub coorBeTcTBeHHO rpacdam G, Gy WM IBOHCTBEHHBIM
rpacpam G, GY;

2) mosyrpymust S(G1, Gz), S(GY, GS) nzomopub;

3) wacrmunbni aromar PAtm(Gi,G2) wu3oMopdeH  gacTHIHOMY — aBTOMATY
PAtm(GY, G%) mim wacrmanomy asromary PAtm(GY, GY).

JINTEPATYPA
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O coorBercTBuu lanya /ij11 3aMKHYThIX KJ1aCCOB MHMUHUTAPHBIX DYHKIWH

H. JI. IIoJIIKOB

B jnoksaje MBI MEPEHOCHM KJIACCHYECKYIO Teopuio lajya Jjisl KJIacCOB JIMCKPETHBIX
dyHKIMIT HA crydail (pyHKIUN IPON3BOIBLHON OPINHAIBHON apHOCTH.

Teopusi Tasya mjs KjaaccoB IUCKpeTHBIX (DYHKIWI ObLia paspaborana B KoHIE 60-x
roJIoB HpoILIoro Beka B padorax [1| u [2]. Aurunzomopdusm (Inv, Pol) mexay pernerkoii
KJIOHOB H& KOHEYHOM MHOXKECTBE X W PENIETKON P-3aMKHYTBIX MHOYKECTB IIPEJINKATOB Ha X
JlaeT yI00HBI WHCTPYMEHT JIJIsl TIOJIyYeHHs KJIACCU(PUKAIIMOHHBIX PE3YITATOB KaK BHYTPHU
TEOPUM 3aMKHYTHIX KJIACCOB JUCKPeTHBIX GyHKImiA (cM. [3]), Tak u B ee NPUIIOKEHUAX (CM.
).

CrcreMaTuIecKoe NCCIeTOBAHNE ANTe0PAMIeCKUX CTPYKTYP ¢ GECKOHETHOMECTHBIMHE OIIe-
paIysiMi U OTHOIIEHUsIMU Ha4aTo B [5, 6]. KioHbl 6eCKOHEYHOMECTHBIX OLepaIyii paccMOoT-
pensl B |7, 8]. Oqnako knaccuaeckast Teopust [aya it 3aMKHY THIX MHOYKECTB JIMCKPETHBIX
byHKIMi He ObLTa B MOJTHOM 00beMe TepeHeceHa Ha Caydail hyHKINT TPOU3BOIBLHON Op/in-
HaJIbHO} apHOCTH (YaCTHBIH pe3ysbrar cM. [9]).

MpbI OKa3bIBaeM, 9TO HEDObIAs MOIUMUKAIUS TOHATHS P-3aMKHYTOTO MHOXKECTBA, A~
€T BO3MOYKHOCTb PACIPOCTPAHUTH OCHOBHBIE Pe3yJibraThl pabor [1] u [2] Ha ciydail KIOHOB,
COCTOAMMX U3 (DYHKIMH apHOCTH < (i, TJE ( €CTh IPOU3BOJBLHBLIA OpauHAJ. Pe3yabraTs
UMEIOT HEOXKWJIAHHBIE TIPUJIOXKEHUSI B TOIOJOIMH ¥ TEOPUN YIbTPADUIBLTPOB.
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YHudukanusa u IpoeKTuBHOCTL B Jiorukax MLin MLy un NML

H. A. TTrouigHKO, K. B. I'PEKOBUY

Panee B paborax [1, 2| u3y4ajuch HEKJIACCHMYECKHE MOJAJBHBIE JIOTUKU, B KOTODBIE
ObLIM J00ABJIEHBI OIEPATOPHI, OTBEYAONINE 33 HAJIEKHOCTh MH(MOpPMAIMU B cucTeMax. B
peblymux paborax GblIK pelnesbl Tpobiaembl paspemmumMocTy Juist aoruk M LinM Ly [1]
u NML [2].

B mokmazie MbI XOTHM IPEACTABUTD PE3yJIHTATHI HCCIEI0BAHUS JIOTUK U3 HAIUX IPEIbI-
JyImx pabor, HO yKe B objiactu yHudukanuu. OTHON U3 MOCTaBJIEHHBIX IieJieli ObLIO: aall-
TUPOBATh TeXHUKY U3 [3] mist soruku M LinM L. TakKe MbI IIPeJIIPUHSLIN TTONBITKY Pac-
MAPUTH UMEIONNECS Pe3yabTaThl Ha JIOTUKUA C MYJHBTHO3HAYEHHBIMU MOJICISIMU.

Hcceaedosarue noddeporcaro Poccutickum Hayunvim Pondom, npoexm Ne 25-21-20011:
https://rscf.ru/project/25-21-20011/.
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ITocrpoenue (dpopmyiibHOro) 6asuca riI06aJIbHO JOIYCTUMBIX MMPABUJ JOTUKU
Grz.

B. B. Pumankum

B nmagase 2000-x Jij1st GOJIBIIMHCTBA OA30BBIX HEKJIACCUIECKUX WHINBUIYAJTbHBIX JIOTUK
(Int, KC, K4, S4 u np.) B paborax Pribakosa B.B., Epsteka E., Uemxodd P., Pumankoro
B.B. u ap. 6putn TOCTPOEHBI SBHBIE DA3UCHI IS JOIYCTUMBIX ITPABUJI BBIBOJA. 1€M CAMBIM
KJII0YeBbIe BOIPOCHL TEOPUU JIOIIYCTUMBIX IPABUJI BHIBOJIA HEKJIACCHYECKUX JIOTHK (pa3pelnu-
MOCTb, (DHHUTHAS AIIPOKCUMUPYEMOCTD, onucanue 6a3uca) 6puin perieHbl. BosHUK Bopoc
0 JlaJIbHEMIeM pa3BUTUH STOH Teopuu.

OpHUM U3 HaITpaBJIeHW PA3BUTHS TEOPUU JIOIYCTUMbBIX ITPABUJI CTAJIN IJI00AIBHO JOILY-
CTUMBIE TIPaBmWIa BeIBOAA. [IpaBusio r 2a06aavro donycmumo 6 ao2uke L, eciiu r qOITyCTUMO
BO BCeX (DUHUHTO ANIPOKCUMUPYEMBIX (TabJIMYHbBIX ) JIOTUKAX, pacimpsonux jJoruky L. Ha-
GOp MPABUJI BBIBOJIA R HABBIBAETCS 6A3UCOM 240004610 JONYCMUMBLE Npasun so2uky L, ecin
(1) xaxxmoe npasuiIo u3 R r1o6anbHo gomycrumMo B L (ii) soboe riaobanbho gomycrumoe B L
[IPaBUJIO BBIBOAUTCs U3 R BO BCEX (DUHUTHO ANMIPOKCUMUPYEMBIX JIOTHKAX, PACIIHPSIFOITIX
L.

IIpencrasiennas paboTa IPOIORKAET U3y YeHIEe TVIODATHHO JOIMYCTUMbIX TPABUJI HEKJIAC-
CUYeCKUX JIOTWK W PA3BUBAET Pe3yJIbTAThI, nosydenubie B [1, 2]. Msr ucememyem npasmia
BBIBOJIA, IVIOOAJIBHO JsiomycTuMble B joruke Grz. Ilo mpousBosibHOMY KOHewuHOMY (peiimy,
aJIEKBATHOI'O JIoruKe (G2, CTPONTCST KOHEYTHAsI MO/IEIb CIIEIUAJIBHOTO BUA, 9JIEMEHTHI KOTO-
poit dopmysbabie. C UCIOIB30BAHUEM ITUX (DOPMYJI OMPEAESSIOTCS (POPMYJIbHBIE TPABUIIA
BBIBOJIA CIIENUAJIBHOIO BUA. JIJis JIAHHOM COBOKYIIHOCTH JAHHBIX IPABUJ JOKA3aHO, 91O 1)
BCE TH [PABIWIIA [VIOOAJILHO JIONYCTUMBI B Jioruke Grz, u 2) Kax0e 1106ajIbHO JOILyCTUMOE
B (Grz MPABUJIO BBIBOJA BBIBOJMTCS U3 33JIAHHOTO HAOOPA ITPAaBUIL.

Tem caMbIM JJOKa3aH OCHOBOIl pe3yJibrar:

Teopema. 3ajianHas COBOKYIHOCTD IIPABUJ BbIBO#a obpasyer (popMybHblii) 6a3uc
r106aJ/IbHO JIOITyCTUMBIX ITPaBUJI BbIBOAa joruku Grz.

Hccaedosanue noddepoicano Poccutickum Hayunvim Pordom, npoexm N 25-21-20011.
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CioxkHocTb Jijoruk S2 u S3

M. H. PBIBAKOB

HopmMmaJibHble MoOJa/IbHBIE IPOIO3UIIMOHAJIbHBIE JIOTHKKE YacTo PSPACE-TpymHbl; Tak,
K, T, S4, D, GL, Grz u muorue jgpyrue PSPACE-nonsst [7, 3], npuuém jgaxe npu ma-
JIOM YHCJIe TIEPEMEHHBIX B si3blke [2, 4, 9, 10]. B 1o ke BpeMsi BCe pACIIUPEHHs TAKAX
sgoruk kak K5, GL.3, Grz.3 asisiorca coNP-nomabivu. [loxoxkas curyanust HabI0maeTCs
¢ HEHOPMAJIbHBIME Jiorukamu, cogepxxkamnmumvucsa B K: moruku E, EM, EN un muorue npy-
rue coNP-nosiabr [11], u To e camoe cupaBeynBo it UX GPArMEeHTOB OT MAJIOTO IHCIa
nepemMeHHbIX [1, 6].

Mpu1 3arporem Bonpoc ciaoxaocTu cucreM S1-S8 [8, 5]. e uz Hux — S4 u S5 — siB-
JISTFOTCsT HOPMAJIbHBIMU U UX CJIO2KHOCTH u3BecTHA. OCTaIbHBIE SABJISIOTCS HEHOPMAJIHHBIMI,
7 TIOXOXKE, 9TO BOIIPOC UX CJOYKHOCTH HE HCCIeNO0BaJjICA. | 'Mmore3a aBTOpa COCTOUT B TOM,
9TO M OHW, U uX dparmentsl oT oxHoil nepemennoit PSPACE-tpyaaet. Iloka sty rumnoresy
YJIAJIOCH TTOJTBEPIAUTD st S2 u S3.

Teopema. Jloruku S2 u S3, a Tak>ke ux pparMeHTBI OT OHOH MEPEMEHHOMH, SIBISIOTCST
PSPACE-rpysubivm.

IIpeamnonaraercsi, aro mjs cucrem S1, S6, S7 u S8 B 6ymKaiiiiee Bpemst Oy T Oy Y€HbBI
6JM3KHUE pe3yJIbTaThl. [IIaHupyercs 06CyIUTh TPUIMHDI, IPUBOJISIINE K TAKAM PE3YIbTATAM.
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O pemnrerkax, OJIU3KUX K JUCTPUOYTUBHBIM

K. B. CEIUBAHOB

Ounpepeinenue. [1| Pemérka HaspiBaeTcst 6IH3KOM K UCTPUGYTHBHOI, €CJIH JIJIsT JTIOOBIX
9JIEMEHTOB T, Y U Z HHTE€PBAJIbI

[(zA2)V(yAz)(@Vy) Azlu[(zAy)Vz(@Vz)A(yVz)]

HMEIOT JIJIHHY, He O0bIIyIo 1.

Kiacc pererok, 0/u3KuX K IUCTPUOY TUBHBIM, SIBJISIETCS BIIOJIHE €CTECTBEHHDBIM PACIIIH-
peHueM KJjacca JUCTPUOYTUBHBIX PEIIETOK.

XOPpoIIo U3BECTHO, YTO MUHUMAJIbHBIE HEJIUCTPUOYTUBHBIE PEIIETKH — ITO «IHMaMAHT»
U «II€HTAroH». VX Ha/JM4ne min OTCYTCTBUE B PEIMIETKE B KAYECTBE MOAPENIETKH OIIPEIeIserT,
SIBJISIETCSL JIU PEINETKA JUCTPUOY TUBHOMA.

Jlns kmacca pemeTok, OJU3KUX K JUCTPUOYTHUBHBIM, €CTECTBEHHO OBLIO OBI PACCMOT-
pPeTh aHAJIOTUYHBIN BOIIPOC, T. €. HAHTH MUHUMAJIbHBIE PEIIETKH, He ABJISIONMeCcs OJIM3KUMU
K jquctpubytusHbiM. B [2], nokmamuauk B coasroperse ¢ A. T TefiHoM nmokasasm, 9ro Kiace
MUHUMAJIBHBIX PEIIETOK, He OJIM3KUX K JUCTPUOYTUBHBIM, MOXKHO Pa30UTh Ha IBa MOIKJIAC-
ca: OJINH TOJKJIACC COCTOUT M3 MUHMMAJIbHBIX PEIIETOK, He OJIM3KAX K IUCTPUOYTHUBHBIM,
ITOPOXKIAIONINXCS 3 SJIEMEHTAME CIEIHAJBHOrO BUIA, & APYTOil ITOAKJIACC COCTOUT M3 MUHU-
MaJIbHBIX PENIETOK, He OJIM3KUX K JTUCTPUOYTHUBHBIM, HOPOXKIAIOIINXCA 4 JIeMEeHTaMU CIIe-
[MaJIbHOTO BUJIA.

JIOKJ18/TMUKOM TIOJTHOCTBIO ONMCaHbl 00a MmoJKIacca. B mepBoM mojgkiacce 5 caMojBoii-
CTBEHHBIX PENIETOK M 12 map ABOMCTBEHHBIX peméToK. Bo BTOpoM moakiaacce 7 caMOIBOM-
CTBEHHBIX PENéToK u 68 map ABOWCTBEHHBIX PENIETOK. B I0K/Ia /e IPeoaraeTcs N3JI02KUTh
METOJUKY ITOJIyIeHUs Pe3YJIbTaTa JJIsi 0DOMX MOJIKJIACCOB. Birarogaps 3ToMy OIUCAHUIO MOK-
HO JIJIsI KOHEYHBIX PEIIETOK IOJIYYUTh KPUTEPHIl TOrO, SIBJISIETCS JIM JAHHAs peleTka 6Jim3-
KO K JUCTPHOY THBHOM.

Teopema. Koneunast pemérka 61u3Ka K [UCTpUOyTUBHOI, TOTIA U TOJBKO TOTIA, KOTIa
OHA HE CONEPYKUT B KAIECTBE MOAPEIIETKY OJHY U3 MUHUMAJbHBIX, HE OJIM3KUX K JUCTPUOY-
THUBHBIM.

Paboma evinoanena 6 pamrax uccaedosanud, npocoduMvT 8 Ypasbckom MAmMemMamuse-
ckom uenmpe npu Gunancosot noddepoicke Murucmepemsa Hayku U 8bicuLe20 00pa308aHUA
Poccuiickoti @edepayuu, nomep coeacwenus 075-02-2025-1549).
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O cBoiicTBax 3BE3HOI BBICOTHI

1O. /1. TEIAKOBCKAS

Ilens paboTbl—mcciIe[OBaHNe BJIMSHUS PA3JINIHBIX OMEpaInii Ha 3BE3IHYIO BBHICOTY pe-
TYJISTPHBIX A3BIKOB.
Omnpenesnenne 3BE3AHOM BBICOTHI:

e Peryisipable BbIpakeHHsI CTPOATCs Ha ocHOBe KoHcTaHT 0 u 1 — obo3navHme Heli-
TPAJbHBIX OTHOCUTEJIHLHO OObeINHEHIS U KOHKATEHAIIH 3JIEMEHTOB, OyKB ajiaBu-
Ta, ¢ IpIMeHeHneM oneparuit oobeaunerns (U), KoHkareHamn (-), 38€37p1 Kinau
*).

e 3séannas Beicota: h(s) =0, h(ocUw) = h(ow) = max{h(o), h(w)}, h(c*) = h(o)+
1.

e 3BE&3/HAs BBICOTA PETYJISIPHOTO sI3bIKA - MUHUMAJIbHAS BBICOTA CPEJIU OIMCHIBAIO-
[IUX €ro BBIPAXKEHUI.

Kak nokazamu P. Kosu u 4. Bxozoscku [1], 1970, nobasienre K UCIOJL3YEMbIM JJIst
3alNCU PEryJIsAPHBIX BBHIPAXKEHU! 00beINMHeHNns, KOHKATEHAIINN U 3Be31bl KIINHU JIOTOJIHI-
TEJIbHBIX OIePAIdil MOXKET CHJIbHO U3MEHUTh 3BE3IHYIO BBICOTY PETYJISPHBIX A3BIKOB. Tak,
JI. Srran [2], 1963, g0Ka3a51, YTO IPU CTAHJAPTHOM ONPEJIETIEHUH PETYIISIPHOTO BbIPAYKEHHH
JIOKA3aHO, UTO JJId BCAKOIO HATYPAJbHOrO Kk CyllecTByeT peryiaphbiil sk E: h(E) = k.
IIpu sTOM BOIpPOC O CYIIECTBOBAHUH SI3BIKOB 3BE3HON BBICOTHI OOJibIie 1 B ciryuae m106aB-
JIEHUSI JIONIOJTHEHUsI K OIIPEJIeICHUIO PETYJISPHBIX BBIpayKeHnit BXomuT B cnucok 2019 roxa
“Open problems about regular languages, 35 years later”[3].

Jloka3aHbl CJIe/IyIOIINe yTBEPK ICHUST:

YrBepxkaenue 1. /[s1 BCsIKOro HATYypaJbHOrO N CYINECTBYIOT PErYJIsIDHBIE sI3BIKH R 1
T, raxue, uro, h(T) =0, a h(R) — h(R/T) = n.

VYrBepxkaenue 2. CyniecrByer pery/spubii s3bik R, rakoii, aro h(R) > h(RR).

JINUTEPATYPA
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to Janusz Brzozowski, World Scientifc, 2017.
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A manranus TUHENHON JIOTMKA K KaTEropuu BEKTOPHBIX IIPOCTPAHCTB

A. H. XPAHUJIOBA

CyIecTBYOT pasaMvHbIe MOJIXOABI K U3yUEHUIO CBA3M JIMHEHHOW Joruku [1] u xare-
rOpUM BEKTOPHBIX IpocTpaHcTB Vecty [2, 3, 4]. TIocKoIbKY COOTHOIIEHWE MEXKJy HUMU
OKAa3bIBAETCS] HETPUBUAJIBHBIM, JIJIsI JIOCTHXKEHUsI TIOJTHOTHI HHTEPIIPETAIIUN ITPUXOIATC MO-
JIUDUIIPOBATE OO KATETOPHUIO BEKTOPHBIX ITPOCTPAHCTB, JINOO JTHHEHHYIO JOruKy. B pam-
Kax JIoOKJIaja Oyaer mpejcrasieHa jgoruka VSL, saBistionasics ajanrarueii JTHHEHHO! JIOTH-
KI K KaTeropuy BEKTOPHBIX IpocTpaHcTB. OHA MOCTpOeHa Tak, YTOOBI €6 MHTEpIIpeTaIns
B TEPMUHAX AIIAPATa U30€CTBECTBEHHDBIX IIPEOOPa3oBaHuii (HE3HAUUTEJHHOE PACIIMPEHUE
annapara Z-MHBapUAHTHBIX MOpdu3MOB [4]) mMesa moreHnuasn GbITh TOJHONH. B wacTHO-
CTH, JJIsi KATETOPUN KOHEYHOMEPHBIX BEKTOPHBIX mpocTpancTB FdVecty mokazana mosHOTA
uaTepnperanuu Joruku VSL.

VYreepxkaenune (Koppekraocts natepuperanuu VSL). Humepnpemavua 406020 doxa-
3amenvcmsa 6v1600umoti cexsernyuy = I' — nenyaesoe usoecmecmeertoe npeobpasosanue.
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On a generalisation of twist-structures of constructive and modal logics

D. M. ANISHCHENKO, S. P. ODINTSOV

Some constructive and modal logics allows an algebraic semantics in terms of so called
twist-structures — for instance, N4 [2], BK [4], C and C [1] and the logic axiomatizing
consequence relations over trilattice SIXTEEN5 [3, 5]. Their languages include so called
positive connectives and connectives corresponding to one or more constructive negations.
A domain of a twist-structure is a subset of a Cartesian power of a domain an algebra in
the language of positive connectives. Connectives corresponding to constructive negations
are interpreted as operations that permute components in elements of the twist-structure
while positive connectives are specified in non-standard way on components different from
the first one. If we consider permuting of components in terms of group action, then we
could say that the group S, acts on twist-structures for N4, BK, C and C* and the group
So x So acts on twist-structures for logic determined by the matrix SIXTEFENj.

We suggest a generalisation of this construction in case of an arbitrary group and a twist-
structures over Heyting algebras and prove the corresponding strong completeness theorem.
This construction can be transferred to twist-structures for modal logics and give a way to
set an algebraic semantics for Wansing’s logics extending the Heyting—Brouwer logic HB [6].

The work is supported by State Contracts of the Sobolev Institute of Mathematics, project
FWNF-2022-0012.
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Non-finitely axiomatizable quasivarieties of modular lattices

A. O. BASHEYEVA

There is a well known problem in universal algebra and lattice theory: which finite
lattices have a finite quasi-equational basis? In the talk, new sufficient conditions under
which a locally finite quasivariety of lattices is not finitely axiomatizable are considered. As
a consequence, a broader class of varieties of modular lattices in which every proper finitely
generated subquasivariety is not finitely axiomatizable is presented.

This is a joint work with M.Arapbay, A.Asanbekov, A.M.Nurakunov.
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On pseudo-associative conjunctive operations on binary relations

D. A. BREDIKHIN

Let us denote by R{x} (respectively, R{x, C}) the class of all groupoids (partially ordered
groupoids) isomorphic to groupoids of binary relations with an operation *. The operation
p®o=(p t+xo71)"1 where ~! is the operation of relational inverse, is called inverted to
the operation . It is obvious that R{®,C} = R{*, C}.

The operation is called conjunctive if it can be defined using a quantifier-free formula
of first-order predicate logic containing only conjunctions [1, 2]. There are 72 different (up
to duals and inverted) conjunctive binary operations on relations, of which only 24 are
associative. The other 48 are non-associative but many of these satisfy identities that are
natural generalizations of the identities of idempotency, commutativity, and associativity.
We call a groupid pseudo-idemotent from the right [left] if it satisfies the identity 2%y = xy
[ry? = xy|, pseudo-commutative from the right [left] if it satisfies the identity (zy)z =
(yx)z [z[yz) = x[zy)], and pseudo-associative from the right [left] if it satisfies the identity
((zy)2)w = (z(yz))w [w((zy)z) = w(z(yz))]. Note that the term pseudo-commutativity was
first introduced by the founder of the theory of inverse semigroups (generalized groups) V.V.
Wagner [3]. Left and right associative groupoids are naturally called pseudo-associative or
pseudo-semigroups.

Below is given one of the results concerning the axiomatic characterization of classes of
pseudo-semigroups of binary relations with conjunctive operations.

Theorem Let us consider the operation * on binary relations defined as follows:

pxo={(u,v): (u,u),(v,v) € pA(v,u) € o}.

The operation x is pseudo-associative. The class R{x,C} forms a quasi-variety and
does not form a variety in the class of all partial ordered pseudo semigroups. A partially
ordered pseudo semigroup (A, -, <) belongs to the class R{x, C} if and only if it satisfies the
following identities and quasi-identity: x%y = zy (1), (zy)z = (yx)z (2), 2(yz) = y(xz) (3),
x(yz) = x(y(z2)) (4), z(zy) <y (5), # <yz = x < y(yz) (6).

A partially ordered pseudo semigroup (A, -, <) belongs to the variety generated by the
class R{x,C} in the class of all partial ordered pseudo semigroups if and only if it satisfies
identities (1)—(5). The class R{*} forms a variety. A pseudo semigroup (A, -) belongs to the
class R{x} if and only if it satisfies identities (1)—(4).
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Limit varieties of aperiodic monoids

S. V. Gusev, O. B. Sarir

A variety of algebras is called finitely based if the identities it satisfies are finitely
axiomatizable, otherwise, the variety is said to be non-finitely based. A limit variety is a
variety that is minimal with respect to being non-finitely based.

A monoid is aperiodic if all its subgroups are trivial. The first two examples of limit
varieties of aperiodic monoids were presented by Jackson [1] in 2005. Since then, limit
varieties of aperiodic monoids have received much attention and several more examples have
been found as well as some partial descriptions have been obtained (see Section 11 of the
recent monograph [2] and references therein).

In this work, based on the previous results, we present a new example of a limit variety
of aperiodic monoids. We also show that if there is any other limit variety of aperiodic
monoids, then it is contained in the variety

Q' VB = var{zyr ~ zyz? ~ 2%yz, 2%y ~ (zy)?},
where B = var{z &~ z?} is the variety of all idempotent monoids, and
Q! = var{zyzr ~ zyz? ~ 2%yzx, 22y? ~ y?2?}
is the variety generated by the following six-element monoid
Q' = (a,b,c|a®*=a,ab=0b, ca = ¢, ac=ba = cb = 0) U {1} = {a,b,c,bc,1,0}.
S. V. Gusev was supported by grant Ne. 25-71-00005 from the Russian Science Foundation:
https://rscf.ru/en/project/25-71-00005/.
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H-sobrifications of A-spaces

M. I. KUDRYASHOVA

We examine A-spaces, applying the theory of H-sober spaces, see [4]. The following Theorem
is our main result and generalizes Proposition 5, Corollary 6 from [1].

Theorem. Let H be an I-system. If X is a A-space, then its H-sobrification Hg(X) is a
A-space and X is a [strong] reflexive subspace of Hg(X).

Supported by the Russian Science Foundation, project M 24-11-00227:
https://rscf.ru/project/24-11-00227/.
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On transferring properties of N4!-extensions to their modal companions

S. P OpINTSOV

A modal companion of a logic L extending Nelson’s logic N4 (Leé& N4J‘) is defined
as an extension M of the Belnapian modal logic BS4 such that L is faithfully embedded
into M via Tg. The translation T is weakly structural and extends the well known Godel-
Tarski translation 7' to the language with strong negation. For L € EN4™, we define several
BS4-extensions:

T9(L) = BS4+ {Tpy | p € L}; 79(L) = 77(L) + {grz}; (L) = 77(L) + {~(p A ~p)}.

Here grz denotes the Grzegorczyk axiom. Not every N4~ -extension has modal companions
[1]. However, we obtain the following results.

Tabularity. If L has modal companions and is tabular, then 75(L) is not tabular, but
7Y(L) is. If a modal companion of L is tabular, then L is tabular.

Pretabularity. There are 5 pretabular BS4-extensions, but the known modal companions
of pretabular N4*-extensions does not have this property.

Finite model property and decidability are transferred from special minimal and special
explosive N4 -extensions to their counterparts of the form 75 (L) and, respectively, 72(L).

Interpolation properties CIP and IPD. The fact that M € BS4 has CIP (IPD) is
equivalent to the superamalgamation (resp., amalgamation) property of the respective variety
V(M) of BS4-lattices. If M € BS4 has CIP or IPD, then this property is inherited by its
~-free fragment. On the other hand, for every M € £S4 with CIP or IPD there are at least
four conservative extensions in EBS4 with the same property. Finally, we prove that if L is
a minimal special or minimal explosive N4~--extension with CIP such that its intuitionistic
fragment is different from Dummett’s logic LC, then L has a modal companion with CIP or
IPD.

The work was financially supported by the Russian Science Foundation, project Ne 23-
11-00104: https://rscf.ru/project/23-11-00104/, at Steklov Mathematical Institute of
RAS.
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On subring lattices of integral domains

V. B. REPNITSKI

A lattice is called algebraic if it is complete and each element is a join of compact
elements. Important examples of algebraic lattices include subalgebra lattices of universal
algebras. If a lattice L is complete and a subset M of L has the property that \/S, AS € M
for every nonempty subset S C M, then M is called a complete sublattice of L. It is well
known that a complete sublattice of an algebraic lattice is itself algebraic. This implies that
complete sublattices of subalgebra lattices are also algebraic. In connection with this, the
question arises about which algebraic lattices are representable as complete sublattices in
subalgebra lattices of algebras from a given prominent class of algebras. In [1, 2] we proved
that every algebraic lattice is isomorphic to a complete sublattice in the subalgebra lattice
of an algebra from any of the classes listed below:

1) the class of all locally finite p-groups (p is an arbitrary prime number);

2) the class of all commutative nilsemigroups of index two;

3) the class of all semilattices;

4) the class of all commutative cancellative idempotent-free semigroups with unique
roots;

5) a non-nilpotent variety of associative rings;

6) the class of all Boolean algebras;

7) a non-trivial variety of lattices.

The following statement is true as well.

Theorem. FEvery algebraic lattice is isomorphic to a complete sublattice in the subring
lattice of some integral domain of a fized characteristic p (p is an arbitrary prime or zero).
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O cTpyKType BBIUYUCIUMOI CBOAUMOCTUA HA HPEAIIOPAIKAX

. Anuir, H. A. BAXXEHOB

Andrews, Belin u San Mauro B craree [1] paccMOTpesnn CTpyKTypy BCEX CTEIeHeil OTHO-
[IEHUH SKBUBAJIEHTHOCTE OTHOCUTEIBHO BBIUYUCIUMOIl CBOJIMMOCTH U JIOKA3AJIU, UTO TEOPUSI
JIAHHOI CTPYKTYPbI H30MOP(MHA apudMETUKE BTOPOrO MOPSIIKA.

Banaes, Baxenos u Kaamypsaes B crarbe [2] paccMOTpeau CTPYKTYDY BBIYUCIAMO IIe-
PEUHCIUMBIX OTHOIIEHUH ITPE/IITOPSIIKA OTHOCUTEIBHO BBIYUCIUMOM CBOJMMOCTH U JIOKA3aJIH,
9TO B Hell MOXKHO OIPEJIEUTh CTPYKTYPY BBIUHCIUMO IIEPEUUCTUMBIX OTHOIIEHUIT SKBUBA~
stenTHOCTEll. ClieloBaTeIbHO, CTPYKTYPa BBIYUCIUMO T€PEYUCIUMBIX OTHOIIEHUN IIPEIIo-
psifka m3oMopdHa apudMETHKE TEPBOrO MOPSIIKA.

B pmamHOM n0KIIajZie pacCMaTpPUBAIOTCS TEOPHUIl CTPYKTYPBI BCEX HPEIIOPSIKOB M BCEX
JINHEHHBIX [TPEJIITOPSIIKOB.

Yepez Pr u LP ob6o3mnadaeM MHOXKECTBA, COJep:KaIye <.-CTEMEeHN BCEX OTHOIIEHUIt
[IPEJIIIOPSIJIKA U BCEX JIMHEIHBIX IPEIIIOPSIIKOB Ha W COOTBECTBEHHO.

Teopema 1. Duemenraprasi reopust Th(Pr, <.) pekypcusHO nzomopHa apugpmernke
BTOPOTO MTOPSIIKA.

Teopema 2. Duemenrapuas reopusi Th(LP, <.) pekypcusro uzomopgua apugmeruke
BTOPOr'O MOPSIJIKA.

JINTEPATYPA
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[2] Badaev S. A., Bazhenov N. A., and Kalmurzaev B.S. The structure of computably enumerable preorder
relations // Algebra and Logic 59.3 (2020): pp. 201-215.
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O HamMeHbIIIEM 3JIEMEHTE CTPYKTYPbI CTEMeHell HEraTUBHON IPeICTABUMOCTU
JUHENHDBIX MOPSIKOB

P. H. JIaga>kaHOB, H. X. KACBIMOB

ITycTh 1) — 9KBUBAJIEHTHOCTh HA MHOXKECTBE HATYDAJIBbHBIX UHCE] W. ByIeM TOBODHTS,
9TO JMHERHbIH MopsiioK (L; <y) HEraTUBHO IIPEJCTABUM HAJ 1), €CJIU CYIIeCTBYET €ro Hera-
TUBHAZA HyMepalus ¢ sapoM 7) (T.e. Takasg HyMepalus U TOr0 HOPsKa, YTO MHOXKECTBO
{{z,y) | =(vz <r vy)} BeraucauMo nepeunciaumo u n = {{(z,y) | v& = vy}. Eciu nopsiiok
(L; <1,) HEraTHBHO LPEJICTABUM HaJl 9KBUBAJIEHTHOCTBIO 1), TO 1) TAKKe HEraTUBHA, T.K. T # Y
(mod n) & [=(z/n <r y/n) vV ~(y/n <t z/n)].

JIJis HeraTUBHON SKBUBAJIEHTHOCTH 1) Ha w onpezennM L(1n) Kak KJIacce JUHEHHBbIX 110-
PSLIKOB, HEMATHBHO NIPEJICTABUMBIX HAJ, 1) M HA MHOXKeCTBe I BCcex HeraTHBHBIX 9KBHBAJICHT-
HOCTell BBeJIeM OTHOIIEHUE IpeAnopsanka <: 1o < m < L(no) € L(m). OgeBumno, uro
zeficTBre <N Ha KJIACCAX =N-9KBUBAJEHTHOCTH CUMMETPUYHOIO 3aMBIKAHUS =) IIPEIIIO-
pdAIKa <X COIVIACOBAHO C =y .

Onpepenenne 1. Yacruuno ynopsigodeHHoe MHoxkectso (II/ =pn; <) HasblBaeTcst
CTPYKTYPOIf HEraTUBHOH IIPEJCTABHMOCTH JIMHEHHBIX MOPS/IKOB, a €r0 3JIEMEHTBI — CTelle-
HsIMH HEraTHBHOI IPEJICTABUMOCTH JIHHEHHBIX MODS/TKOB.

AmnasiornaabiM 06pa3oM MOXKHO BBECTU CTPYKTYDY CTEI€Heil II03UTHBHOMN IPEeICTaBIMO-
¢ty JmHeHHBIX opsiikoB (X/ =p; <p) ([1]). st 06enx cTpyKTYp PacCMaTPUBAIOTCS GECKO-
HEYHBIE 9KBUBAJIEHTHOCTH (T.e. GECKOHETHOIO MHJEKCA), T.K. €CJIM 1) KOHedHa, T0 B L£(7) ecTh
JIMIIb OJIMH THUII KOHEYHOTO JINHEHHOTO MOPSIJIKA.

O6osuaunm N = (I1/ =<n),dn(n) =n/ =n; P = (&) =%p),dp(n) =1/ =p.

IIpenmnoxenue 1 ([1, 2]). N u P cogepxar tun 1+w*; B N ecrb HanboJIbIIast CTEIIEHD,
B P — makcumasbnas; B P ecrs nanmensmas cremens d(np) u L(nh) = 0.

B [3] craBuiicst BOIPOC O CYIIECTBOBAHUM HAMMEHBINErO JIeMeHTa B V.

Teopema 1. B N cymiecTByeT HanMEHBIINI 9JTEMEHT.

TakoBoit aBsieTcs cremens dy (N ) Ans joboit ny € II, Kaxaplit 7} -K1acc KOTOpPOit
HesbraucanM. Ormernm, aro L(n%) COAEPKUT BCe CUETHBIE MIJIOTHBIE TOPSIKA.

JINTEPATYPA

[1] Fokina E., Khoussainov B., Semukhin P, Turetskiy D. Linear orders realized by C.E. equivalence
relations. J. Symb. Logic 81 (2), pp. 463-482 (2016).

[2] Kaceimos H. X., Hagaxkanos P. H. Hezamusehwvie naommwie aunetinve nopadku. Cub. MaTeM.>KypHAJ
58 (6), ¢.1306-1331 (2017).

[3] Kacbimos H. X., Hanaxxanos P. H. Ixxasnues C. K. Cmpyxmypw cmeneneti neeamusroti npedcmasu-
Mmocmu aunetinoir nopadkos. Use. Bysos. Maremaruka 65 (12), ¢.31-55 (2021).

Vrueepcumem obwecmeennol 6esonacrocmu Pecnybaury Ysbexucman, Hayuonarvrodl yrusepcumem
Yabexucmana, Tawxenm (Ysbexucman)
E-mail: dadajonovrn@mail.ru, nadim59@mail.ru

114


mailto:dadajonovrn@mail.ru, nadim59@mail.ru

Maunsnesckue arenust 2025 Teopust BEITHCITHMOCTH

Huskunit pa3pekeHHblIii JIMHEMHBIN MOPSAa0K paHra 2 6e3 BbIYHCINMON KOIINN
M. B. 3yBKOB

K. Txoxym u P. Coap [1] mocTponin Hu3KMit IMHEHHBIH TOPSIOK 663 BHIYACIUMO KOTIUH.
P. Jlayuu cdhopmyrupoBasi, 0 CyTH, UCCJIEIOBATEIHLCKYIO TPOTPAMMY: OIHCATL CBOMCTBA
P xjiaccm4ecKux THIIOB JIMHEWHBIX MOPSIJIKOB, TapaHTUPYIONINE, YTO ecyu L — HU3KUH Ju-
HEHHBII TOPSIIOK W €ro THIl yaoBjaeTBopsier P, To £ n3oMopdeH BBIUYUCIUMOMY JIMTHEHHOMY
nopsizaky [3].

C opHOI CTOPOHBI, OBLIO TIOKA3aHO, YTO MUPOKNE KJIACCHI HU3KUX TTOPSIIKOB UMEIOT BbI-
qucimmble kornu. Tax P. JTayan u M. Mogzec [2]| mokasanu, 9To KazKaplii HUSKAI IUCKPETHBIIH
JINHEHHBIN TOPSIJIOK BBIYUCIUMO H30MOpeH Bbruucaumomy. A.H. @poJios moJry4uus aHajo-
[UYHBbIE PE3YJIBTATHI JIsl KJIACCOB HU3KUX CHJIBHO 7)-CXOXKUX [6] M k-KBasUIMCKPETHBIX [7]
JIMHEHHBIX MTOPSIIKOB.

C Apyroit cTOpOHbBI, OBLIN TOCTPOEHBI U KOHTPIPUMEPBI. [TOMUMO yIIOMSIHYTOTO Pe3yJib-
rara Txxokyma n Coapa (panr Xaycaopda 2), A.H. @posos [8] mocTponn HUSKHIiT 7)-Cx0XKMit
nopsiIoK 6e3 BerancanmMoii kormu (pasr Xaycmopda 1). Tlosxe A.H. ®posos u M.B. 3y6kos
[4] mokazamM, YTO CYIIECTBYET JlaXKe HU3KOe CHIIBHOE 7)-IIPeJICTaBIeHNe HEKOTOPOI'o MHOXKe-
crTBa 663 BBIYUCIUMON KOIUU.

Hacrosimast pabora MOCBSIIEHA PA3PEXKEHHBIM JIMHEHHBIM MOPSJIKAM, TO €CTh MOPSI-
KaM, He COJEpIKAIlUM MOJIOPsIKa TUIA 1), U OTBEYAET Ha CJIEYIONINI BOIPOC: M30MOP(hEH
JIN KayKJIblil HU3KHUI pa3perKeHHBIN JIMHEHHBIN MMOPsI0K BblyucauMomy! Ecim Her, TO Ka-
KOB MWHMMAJIbHBII paHr Xaycaopda «, IJisi KOTOPOro CYIIECTBYET HU3KHIl paspesKeHHbIi
MOPSITIOK paHra ¢ 6€3 BBIYUCINMON KON !

B nenasueit pabore M.B. 3y6kosa u A.H. @pososa [5] 6buio mokasano, 4ro ecjau Gec-
KOHEYHBIC OJIOKHM B HU3KOM Pa3pPEXKEHHOM HOPSAIKE PACIHO3HAIOTCS ¢ IIOMOMIBI0 opakysa 0,
TO MOPSIJIOK MMEET BBIYUCIUMYIO KOIUIO.

OCHOBHBIM PE3YJIBTATOM JIAHHOUW pabOTHI SIBJISETCS IIOCTPOEHIME HU3KOI'O Pa3PEeKEHHOTO
JINHEIHOTO TTOpsijiKa paHra Xaycaopda 2 6e3 Bbraucaumoii komuu. [1ocko/ibKy 6ecKoHEeIHBIE
paspezkeHHble MOPaAKY panra 1 — 310 w, w* u ¢ (1 Bce OHU UMEIOT BBIYUC/IUMBIE KOIIUH ), YTOT
pe3yJbTaT JlaeT MOJIHBI OTBET Ha MOCTABJIEHHBIN BOIPOC, TMOKA3bIBas, YTO MUHUMAJILHBIH
panr Xaycopda st KOHTPIIPUMEDPA B KJIACCE PA3PEXKEHHBIX MMOPSIJIKOB paBeH 2.

Paboma noddeporcara eparmom Axademuu nayx Pecnybauxu Tamapeman, npedocmas-
ACHHBLT MOA0OBIM Kandudamar Hayk (NocmooKmopaHmam) ¢ Ueavlo 3auyumo, oKmMopckot
duccepmayu, 8biNONSHEHUA HAYYHO-UCCAEIOBATNENDCKUT PAOOM, 6 MAKIHCE BHINOAHEHUS MPY-
006bT PyYHKUUT 6 HAYYHBIT U 00pa3osamesvHux opzarnusauyuar Pecnybauxu Tamapcman

coznawenue Ne19/2024-M/].
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PacnosnaBaeMoCTh CUTHATYPHBIX oboralieHuii 6yJieBbIxX ajaredop

B. C. IcAKOB

Teopust anaropurmMudeckoro pacrnosHasanust (algorithmic learning theory) nagana dbop-
MupoBaThcs B paborax Mapka Tonma [1] B 60-x rogax mponuioro Beka. B Kiaccmaeckoi
TeOpUU U3yJarTCsI IPOOJIEMBI PACIIO3HABAEMOCTH It CEMENCTB (POPMAJIBHBIX S3bIKOB U Ya-
CTUYIHO PEKYPCUBHBIX (DYHKITHIA.

B mocnemnue rompl aKTUBHO Pa3BUBAETCS TEOPHUsS AJTOPUTMUYECKOTO PACIO3HABAHUS
st anrebpanmdeckux crpyktyp. B 2001 romy ®@. Credan u FO.T. Benunos [2] ucciaenosa-
JII pacIiO3HABAEMOCTb JIJIsi CeMEICTB IOJACTPYKTYP JAHHON BBIYUCIUMON aJirebpamdecKoil
CTPYKTYpBL. B wacTHOCTH, JJIsT CEMENCTB M1ea/I0B KOMMYTATUBHOTO KOJIbIIA.

B mamem ciyyae paccMaTpuBaeTcs 3ajiada aJrOPUTMUYECKOl pacrosnasaemoctu (al-
gorithmic learnability, cm. [3]) misa cemeiicTB BbraucaAUMBIX OyJIE€BBIX AJIrebp, 06OrameHHbIX
CJIEIYIOIMME YHAPHBIME Hpeaukaramu: Atom, Atomic, Atomless.

CemeitcTBO BBIYUCIUMBIX CTPYKTYD K HazbiBaor In f Ers-pacnosnasaemvim, €CIH CyTIe-
crByeT yerpoiictso (learner), koropoe, mosydasi Ha BX0J[ BCE GoJiblie 1 6osibiie nHGOpMaImn
00 aTOMHOI JuarpaMMe IIPOM3BOJIBHON CTPYKTYphl S € C, B mpenesie HAaYMHAET BBIIABATH
KOPPEKTHOEe (DUHUTAPHOE OIMHUCAHUE TUIa n3oMopdusma st S.

B 2020 romy H.A. Baxenos, E.B. ®@okuna, JI. Can Maypo [4] mamum Teopernko-
MOJIEJIBHY IO XapakTepusalmio (B TepMuHax GhopMy1 HHOUHATAPHON JIOTUKH) JIJIsT
InfEr~—pacrno3HaBaeMbIX CeMeCTB CTPYKTyp. B dacTHOCTH, OBLI IOJIyYeH pe3yJibraT o0
InfEr~—Hepacrno3HaBaeMOCTH JJisi CEMEICTB BBITUC/IMMbBIX OYJIEBBIX aJirebp, COomepKaIimx
HE MeHee JIByX TUIOB U30MOpP(MU3MA.

B jokutajie Oy 1y T pecTaBIeHbI I KaXKJI0TO U3 TPEX BUIOB CUTHATYPHBIX 0OOTAIIECHIIH
OyJieBbIX are0Op mnoJiHble onucanus In f Er~—paciuo3HaBaeMbIX CEMENCTB, & TaKyKe JacTUIHO
pacro3HaBaeMbIX CEMENCTB.
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006 oTaesIMMBIX HyMepanusix Momaesieii

H. X. KACBIMOB

C HeonpeiesIsieMbIMI TIOHSITUSIMA MOYKHO O3HAKOMUTHCS B [1]. Bee ymommuHaembie romo-
MOP(MU3MBI 110 YMOJYAHUIO ABJIAIOTCS MOP(MU3MAMHI.

Ecmu (M, ji) — HyMepoBaHHas MOjiesh, To omuoxkectso My C M*(k > 1) nasbisaercs
U-BBIMUCTAMBIM ({-TIEPEINCIIMBIM ), e (1~ L My BBIMHCIUMO (BLIMHUCAMO MEPETHCIAMO).
Econ m € My C M*, o M Ha3sbIBA€TCSA OKPECTHOCTHIO TOUKH 77

Onpenesnenne 1. Hymepoaunas monens (M, () Ha3piBaeTCH BBIYHCIAMO OTIEIAMOIL
(oTmenmMoit) B MIUPOKOM CMBICJIE, €CJIM OTHOIIEHHE PABEHCTBA BBIYUCIUMO OTAEINMO (OT/Ie-
JIIMO) | JIJIsI BCIKOTO OCHOBHOTO k-MecTHOro (k > 1) ornomenust p monesnu M u jio6oit Touku
ero joxuoct m € MF cymecrsyer Taxas p-BeraucIEMas (j-TlepedHCANMAs) OKPECTHOCTD
My € M* touku m, aro VT € Mo[M = —p(T)).

C TexXHMYECKO# TOUKM 3pEHusl yI00HO CIIeyIoNee

Onpepenenune 2. Hymeposanuast Mozesb (M, (1) HA3BIBAETCS BBIYUCIUMO OT/IEIUMOMN
(oTaenmMoit) B y3KOM CMBICJIE, €CJIU OTHOIIEHNE PABEHCTBA BBIYUCIIUMO OTIEJIUMO (OTIesH-
MO) ¥ JIJIsI BCIKOTO OCHOBHOTO k-MectHOro (k > 1) oTHOMmeHus: p Momesn M u jr060ii TouKn
ero jioxkHoCTH M € MF CcymecTByIoT Takue j-BHMMHCTAMBIC ({i-TIepedncInMbIe) MHOXKECTBA
My CM,...,M; C M, npamoe Tpou3BeIeHIEe KOTOPBIX SBJISETCST OKPECTHOCTHIO TOYUKH 777,
aro VZ € My X -+ X M[M | —p(T)].

HedopmManbHo, BEIYUCIIMAsT OTAEINMOCTD (OTIEIUMOCTD ) Hy MEPAIMA MOJIEJIH O3HAYAET,
YTO BCHAKAA TOYKA JIOZKHOCTH JIIOOOr0 OCHOBHOI'O OTHOIIEHUS UMEET BHIUUCIUMYIO (IIepednc-
JIIMYT0) OKPECTHOCTD, HE COJEPIKAIILYIO TOYEK €r0 UCTUHHOCTH.

W3BecTHO, 9TO /1151 BBIYUCIUMO OTJAEJIUMbBIX HyMepaIuii Mojiesieil OHATHS OT/IeTUMOCTH
B y3KOM U IITUPOKOM CMBICJIAX COBIAIAOT. [Ipu aTOM, IMeeT MecTo

Kpurepuit Bbraucianmoit oraenaumoctu ([2]). HymepoaHasi MOgesb BBIYHCIHMO
OT/Ie/THMA, €CJIH U TOJBKO €CJIH OHA AINIPOKCHMHUDYETCST HETATHBHBIMU MOJICJISIMH.

Obennrenne momenu 10 (DyHKITMOHAIBLHON YaCTU €e CUTHATYPHI Ha30BeM F-o0emHeHmeM.

Teopema 1. Besikast otesiuMasi B y3KOM CMBICIE HYMEPOBAHHAST MOJEJIb AMIPOKCHMH-
PYyeTcsT HeraTUBHBIMH MOJEISIMA € 3(p(PEeKTHBHO oTAe uMbIME F'-0b6eaHeHusivm.

Teopema 2. HymepoBaHHAsT MOJE/Ib, AMIIPOKCUMHUPYEMAasl HETaTUBHBIMU MOJE/ISIMH C
apperTuBHO OTHEIUMbIME F-06eiHenusMu, oTeMMa B IIUPOKOM CMBICIE.

JINTEPATYPA
[1] Epmos ¥O. JI. Teopusa nymepayudi. Hayka, M.,1977.
[2] Kasymov N. Kh., Dadazhanov R. N., Ibragimov F. N. Separable Algorithmic Representations of
Classical Systems and their Applications Journal of Mathematical Sciences 278 (3), pp.476-519 (2024).
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O MOJE/IMPOBAHNN 3KCIIOHEHIINAJIbHBIX BbIYNCJICHUH (bOpMyJIaMI/I
HOJINHOMUAJIBLHOM AJINHBI

1. B. JIATKUH

Peub 8T 0 BO3MOXKHOCTH MOJIEIMPOBAHUs OYJIEBBIMU (DOPMYJIAME TIOJTMHOMUAIBHOMN
JUIMHBI JIETEPMUHUPOBAHHBIX M HEJAETEPMUHUPOBAHHBLIX BLIYHACICHUI Ha OJHO-JIEHTOYHBLIX
MamuHax ThiopuHTa. Bysessr hopMysbl JaBHO TPAMEHSIOTCS I TAKOTO MOJICTMPOBAHMAS:
B 1971 r. C. A. Kyk mokaszas [1], 4ro mo s06oil mporpaMme HeJIeTePMUHUPOBAHHON Ma-
munabl Teiopunra M u Beskomy Bxomy X Ha €€ JeHTe MOXKHO HAIMCATH OyieBy (HhopMysry
(M, X)), KoTOpasi BBIOJHAMA TOTJA M TOJBKO TOTJA, KOrja MammHa M I0IyCcKaeT BXOJ|
X 3a p(n) maros, rje p — 3T0 MHOIOWIEH, a n — JyIMHA Ienouku X, T.e. n = |X|, u ara
dbopmysia umeer nosmnoMuanbhyto Jumny: [L(M, X)| = O(p?(n)logy(n)). pu srom moze-
JIUPYIOTCA BECHMA IPOMO3JIKAE BLIYUCIECHNS, TOCKOJIbKY HEIETePMUHUPOBAHHAS MAITMHA 38
MOJIMHOMMAJIBHOE BPEMSI CIIOCOOHA MOPOJUTH YKCIOHEHIAIBHOE KOJUIECTBO MOTEHIAIBHO
BO3MOKHBIX KOH(MDUIypanuii, 1 onucanne Kax10# n3 Hux BeiBoaumMo u3 dopmysst L(M, X).

B 2022 1. B [2] aBTOp nocTpony 3aMKHYTY0 OyiieBy dopmyiny (npemoxenue) Q(T, X),
KOTOPOE€ MOJEIUPYET YKe SKCIOHEHIMAIbHBIE BBIUUCICHNsI, HO TOJBKO JJIs JIETEPMUHUPO-
BaHHBIX MAIIMH; 8 UMEHHO, TIPU KaxKJI0i JeTepMuHNpoBanHoil mammue T u Bxome X ¢op-
mysna (T, X) uctuHHA TOrIA M TOJILKO TOrJa, Korda Mammua 1 npuauMaer X B TeYeHUH
Bpemenu exp(2, | X|), u ara dbopMysia nMeeT OJTHHOMUAIBHBIN PA3MED OTHOCUTEJIBHO JIJTMHBI
Bxoz1a X . DTO MOJIeJIMPOBAHUE CYIECTBEHHO MCIIOIb3YeT U3SIIIHBINA IIPUEM, OIIUCAHHBIH B [3].
Ho, B omimume or dhopmyir, HocTpoeHHBIX B [1] 1 [3], oHO—no-moueuro aokasvHoe, & UMEH-
HO, JIJIsT JTFOOOTO MOMEHTa BPEMEHH ONMCAHUE MAKCUMYM JIBYX S9€eK Ha JIEHTE MOXKET CTaTh
JIOXKHBIM. [109TOMY Takoe MOJEIMPOBAHME HE TOAUTCS /I HEJETEPMUHUPOBAHHOTO CIIyUasi.

Teopema. CymecrByer HemerepmuanpoBantast mammaa Teiopusra My Takas, 9T0 Ha-
nmcannast st Heé popmysa (Mo, X) He crocobHa IPOMOIETHPOBATE JjaXKe OJHH LIAl Ma-
mIHHBI IpH JIF0O60M BxoJe X IIPH YCJIOBHH, UTO 3Ta (pOPMYJIA IOCTPOEHA MO-TOYETHO JTOKAJIb-
HBIM METOJOM.

JINTEPATYPA
[1] Cook S. A. The complexity of theorem-proving procedures. in Proc. of the 3¢ Annual ACM Symposium
on the Theory of Computing, Shaker Heights, Ohio (1971), pp.151-159.
[2] Latkin I. V.The recognition complexity of decidable theories. Eurasian Math. J., 13 (2022), Ne. 1, pp.44—
68.
[3] Stockmeyer L. J.and Meyer A. R. Word problems requiring exponential time. in Proc. 5" Ann. ACM
Symp. on the Theory of Computing, Association for Computing Machinery, New York, 1973, pp.1-9.
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O6 ogHOM CBOMCTBE TOHKOU mMepapxuu

B. H. OPEXOBCKUI

[Iycts B = (B,U,N,,0,1) — 6ysesa anrebpa. g mobeix ['g, Ty C 28 nomowum Ty - Ty =
{zy | x € T,y € T'1 }. B [1] paccmarpusaiach onepanys - JJisi ypOBHEIl Pa3HOCTHON nepap-
xun {X 1}, e, 1 6bUI0 TIOKazano, uTo MuOKectBO {X. 1 I | n € w} 3amKHyTO OTHOCH-
TesibHO -. B [1] mokazaHo, 9To Jis IPOU3BOJIbHON (DUKCUPOBAHHON PA3HOCTHOW UEPAPXUM
{D}}rew BepHBI cremyiomue coorHomenus: D, - D, = lv)so(n,m), D, - D,, = Dy (n,m)>
Dy, - Dy, = D1+ Dy = Dy(n—1,m), te ¥(n,m) = n+m — (nmod 2) - (m + 1 mod 2)
u p(n,m) =n+m — (nmod 2) - (m mod 2).

Bazoii B Gysesoit anrebpe B = (B,U,N,,0,1) HA3BIBAIOT II0CJIEI0BATENLHOCT L =
{Lp}n<o mompemerok B Taxyio, uto L, U L, C L, misa Kaxmoro n < w, rae L, =
{a | a € L,}. B [2] onpeseniena Tonkas uepapxusi {S9}yec, HaJ Mpon3Bo/bHO Gazoit L,
¥ TIOKA3aHO, YTO OHA COJEPYKUT B Ka4eCTBe TIO/IIOC/ICIOBATETbHOCTH PA3HOCTHBIC HePAPXIHT
{Di(Ln)}kew M moboro n € w (mveem 57, = SiT u SP = Dy(L,)). B [3] nokasaro, uto
JUISL pelyliupyeMbIX 0a3 MHOXKECTBO {SS,SS | v € g} 3aMKHYTO OTHOCHTENLHO OIEPAIN
.. OxHaxo, I TOHKON MepapXu# HaJ peaylnupyeMoil 6a30i COOTHONIEHUS, aHAJOTHIHBIC
[IpUBEIeHHLIM BbIIIIe, JJIs MHOTUX Iap ypOBHEil HeM3BECTHBDI.

B nanmoit pabore moydeH CIeLyIONUil pe3yabTar:

Teopema. Ilycrs n,m € w takme, uron > 1um > 1, w" < a < w"T!, y — npegensnplii
opauHAaJ Takoi, 4To W™ < p < w"tl u {59/}7650 — TOHKasI uepapxusi Hajl 6a3zoit L. Torna
SQ - S0m =50 - S0m =85 ynmy H

(1) ecom n — werno, m — meuerno, 10 S9 - S4n = 89 - S0 =50 .-
(2) ecamn — meverno, m — neuerno, 10 S9 - SOn =89 - S0, =50, ..
(3) ecim m — gerno u L — peaynupyemas 6a3a, To
(a) 8- 8% = 8%, 1 80 50 = 50,
(b) S0, 8% = S0y 1501+ 8% = S0 i)
() Sngk'ng = ng~(u+1) HSSM-ng = ng~(u+1)7
Paboma svinoanena ¢ Cankm-Ilemepbypeckom merHcoyHaPOIHOM MATNEMATMUNECKOM UH-
cmumyme umeny Jleonapda Itaepa npu dunancosoti noddepoicke Munucmepemea way-
KU U evicwezo obpaszosanus Poccutickoli Pedepayuu, coeaawernue N 075-15-2025-343 om

29.04.2025.

e k € w rakoe, aro k > 2
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O cucremMax ¢ YHUCJIOM JIMHEHNHBIX ypaBHeHHﬁ He MeHee€e IIOJIOBMHBI OT 4YHucCJia
InepeMeHHbIX

A. B. CEJIUBEPCTOB

PaCClVIOTpI/H\I CUCTEMY U3 M JIMHETHBIX ypaBHeHI/Iﬁ OT N IEepEeMEHHbIX Ha/] ITIOJINHOMUAJIb-
HO BBIYHMCJIMMBIM IIOJIEM K, XapaKTepUCTUKa KOTOPOTO HE PaBHA JIBYM.

1171 + -+ a1y, + a1 =0

Qp1T1 + + + QT + Qo = 0

3amaua o cymecrsoBanun {0, 1}-pemenus, riae KaXkjas IIepeMeHHas TPUHUMAET 3HAYCHUS
u3 muoxkecrsa {0, 1}, NP-nosnnas. Mbl paccMoTpuM ajropurs I0JMHOMUAIBHOINO BPEMEHH,
MTO3BOJIATONIHNI PN YCJIOBAU M < N < 2M CBOJUTH IOYTH JIIOOYIO0 UCXOJHYIO 3a/a9y K aHa-
JIOTMYHOI 3aja4e ¢ OOJIBIIUM YUCJIOM JIMHEHO HEe3aBUCHMBIX ypaBHEHU. XOTs Ha MaJIoi
JI0JIe BXOJIOB (CpeJiM BXOJIOB KAK-TO OTPAHMYEHHOIO CBEPXY pa3Mepa) aJrOpUTM He MEHs-
er cucremy, Hanpumep, korga {0, 1}-perrennii mocrarouno muoro. Ilpu sToM ucxogHast u
HOBasl CUCTEMbI BCErJIa UMEIOT OJHO U TO ke MHOxkecTBO {0, 1}-pemienuii. dror ajropurm
HOJTy9aeTcst HeGOIbIINM H3MEHEHNEM aJITOPATMA U3 JTOKJIaIa [1], Ho Termeps m0CTaTOTHO 10~
6aBUTH JINIIL OJIHO HOBOE ypaBHeHUE. AJITOPUTM OCHOBAH Ha IPUBEJIEHUHN K CTYIIEHYATOMY
Buty Marpuibl Makosiest [2]. D10 1103BOJIsIeT YCKOPUTH MeTOJ BeTBell M IPAHMI| JJIsl [O-
ucka {0, 1}-perenusi, XoTst B Xy/iIeM ciaydae Tpebyercs nepeGop GOJIBIIOro YucJia OIEeHOK
[epeMEeHHBIX.

Teopema. Ilycte € > 0, m < n < 2m u IPOU3BOJIHHO (DUKCHPOBAHBI KOI(MDDUITHEHTHI
11, -+ y Oy JUHEHHBIX YJICHOB CUCTEMbI U3 T JINHEHHO He3aBUCHMBbIX JIMHCHHDBIX YDABHECHUH
or n nnepeMeHHbIX. Ecjm ¢cBOOOIHBIE YJIEHBI (v;) JIHHEHHBIX yPABHEHHUI HE3ABUCHMO H DABHO-
MepHO pacupeeseHbl Ha MHOxkecTBe S C K momuocrr [1/€], o 0bcy»kaaeMplii aaropurm
He J100aBJIsTeT HU OJIHOrO JINHEIHO HEe3aBUCHMOIO JIMHEHHOTO YPABHEHHST C BEPOSITHOCTHIO HE
BBIIIIE 9HCJIA E.

Paboma svinoanena 6 pamxax z2ocydapcmseennozo sadanus HUIIITH PAH, ymeepowcden-
noz2o Munobprayku Poccuu.
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O06 MHBApPpUAHTHOCTHA XapPaKTEPUCTUYECKUX CBOMCTB rejieJIeBCKUX HYyMeparjui
OTHOCHUTEJIbHO ollepaTopa IIOIOJHEHUA

M. X. OANBPAXMAHOB

B nokmazne Oyaer paccMOTPEH BOIIPOC 00 MHBAPHAHTHOCTU OTHOCHTEJIHLHO OIlepaTopa IMo-
[TOJTHEHU ST TAKUX CBOMCTB BBIUYUCIUMBIX HYMEPAIil CeMENCTB 9aCTUIHO PEKYPCUBHBIX (DYHK-
[Uii, KaK BBINOJHEHNE B HUX S-IN-1I TeOpeMbl, TeopeMbl Kimuu 0 pekypcun (B OpUIHHAIBHOM
dopme), a Takke cBoiicrBa 3bGEKTUBHON KOMIO3UIHU.
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IIpenenbuble Moaean 3peH@ONXTOBBIX TEOPU

E. 1. XJIECTOBA

OTKpPBITHII BOIIPOC KOTOPBI MOTUBUPOBAJI HAIIlE UCCJIe0BaHue 3a1aH Kpucom direm u
Tsppu Mutapom B 1983 roy: siBJISIFOTCsT JIU BCe CUETHBIE MOJIEIU 3PEH(MORXTOBBIX TEOPHIl C
apudMeTHIeCKUMU BBIYUCIUMBIMI THIAME apudMmerndeckn paspermmbivu [1]?7 Hosble pe-
3yJIBTATHI O apUOMETAIECKON PA3PEIIMMOCTH IPEIETbHBIX MOEIei SpeH(ONXTOBBIX TeOpHit
[IOJIY9€HBI C IIOMOIIHIO 0OOTAIEHNs] CHTHATY PBI IIPEIUKATAMA KOTOPOE ITO3BOJISIET BHIPAXKATD
CBOIICTBa O pean3aIusaX THUIIOB.

ITycte H C w — opakya u nyctb q1(J1), - - -, ¢ (§r) — HaBOp H-BBIUUCINMBIX MHOYKECTB
dopmyn curnarypsr L. st kaxgoro ¢ < r onpejieauM HOBBIH npeaukar P;(7;) kak Gecko-
Heunyio Koubonkimio A ®(y;) u oupenenum L* = LU{Py, ..., P.}.

@€q;(7:)

Teopema 1. ITycre H C w, p(Z)— H-BbraucjuMplii nosHbli Tair B nosiHod reopun T
Ipeanonoxkum, uro ®* = Vy3Iz V*(y, z) — upemnoxenune curaarypor L*, rge U*(y,z) —
6eckBanTopHasi popmyia. Eciamn y reopun T ects npenensaas monenas A Has tumom p(T)
4. A = ®*, to ectb u H'-paspemmmast Mogess B ¢ TeM e CBOHCTBOM: OHA NPEJIeIbHA HAJT
p(Z) u B = o*.

XOPpOoITo M3BECTHO, YTO BCE CUETHBIE MOJIEIN SPEHQOINXTOBBIX Teopuit OymyT aubdo 1mo-
YTH TPOCTBIMH, JMOO MPENENbHBIMEA Has HekoTopbiM TumoM |2|. Hazsosem ctpykTypy A
— anaaumuMeckot, ecli OHA MOYTH HPOCTa Win mpeacrasuma B Buge A = (J;o., Aq, rae
Ag < A1 < A2 < ... < A — silemenTapHas 1enb noAcTpykKryp u A; = M s Beex i € w,
a M — mouru npocras crpykrypa. Ckraxkem, 910 A — HaACAOCMEEHHO AHANUMUYECKAS,
cmpyrmypa, eciu (A, d) — aHanmTHIeCKas CTPYKTYDa I JII060ro KOHedHoro Habopa d u3
A.

Teopema 2. Ilycte T — mosHast Teopusi CHTHATYPBI L, Bce THIIBI KOTOPOIH apugme-
tuaeckne. Ilycrp ®* = 3zVy3z V*(Z,y,Z) — npemioxkernue curnarypsl L*, rae U*(Z, 7, Z)
— GeckBaHTOpHAsT popMmyaa. Ecim A — HaciencTBeHHO aHajuTHIeCKas Mojeb Teopun T
u A | ®*, 10 cymecrByer apudmerndecku paspemmumvas Mogesab B reopun T rTakasi, 4ro
B | ®*. Boaee roro, npu srom B modru mpocras Torja M TOJBKO TOria, Korga A mourn
IpocCTasi.

Bompoc, 6ymer nu srobast Mojiesib 3peHdOXTOBOM TeOpUN HACTIEICTBEHHO aHAJJIUTUAYE-
CKOW, OCTAeTCsI OTKPBITHIM.

JINTEPATYPA
[1] Ash C. and Millar T., Persistently finite, persistently arithmetic theories, Proc. Am. Math. Soc. 89
(1983): pp. 487-492.
[2] Cymomnaros C.B. Kaaccupurayus cuémnor modeaeti noanvix meoputi. Jacmob 1, Litres, 2022 ISBN:
5041454752.
Hcenedosarnue svimoaneno 3a cuem epawma Poccutickozo naywnozo gonda, npoexm M
23-11-00170: https://rscf.ru/project/23-11-00170/.

Hosocubupcruti T'ocydapemeernnoti Yrnusepcumem, Hosocubupcer (Poccus)
E-mail: e . khlestova@g.nsu.ru

123


https://rscf.ru/project/23-11-00170/
mailto:e.khlestova@g.nsu.ru

Maunsnesckue arenust 2025 Teopust BEITHCITHMOCTH

Abstract complexity classes

P. E. ALAEV

Let Mon = {F: N = N | s < E(s) < E(t) for all s <t € N}. We say that & C Mon is
an estimation class if it contains id(s) and is closed downward, under linear combinations,
and under substitution of a linear function. Examples of such classes are Lin = {E € Mon |
E(s) < as+b}, Pol = {E € Mon | E(s) < A(s) € N[s]}, and Mon. A function g : ¥* —, ¥*
is &-restricted if |g(x)| < E(|z|) for some E € &.

We fix a countable universal alphabet ¥,. Let F(X,) = {f | f : £* —, ¥*, where
X Cy Y.} be the set of all partial functions on words in a finite alphabet. For every ¥ C F D
and a € ¥, we define simplest functions w>,r* : ¥* — ¥* so that w>(r) = xa and r*(z) is
the word z without the last character.

We introduce four operators on F(X,). They are composition C(f,g) = f o g; join
J(f,g) = h, where h(z) = f(x)g(z), branching Bo(f,g) = h, where h(x) = f(z) if = ends
with the symbol a, and h(xz) = g(z) otherwise; in the last two cases dom(h) = dom(f) N
dom(g); and E-restricted recursion I5(f) = g, where g : ©* —, X% forx € ¥*, a €
{g(g) = f(@);

g(za) = f(g(z)a);
and, in addition, g(z)d = |g(z)| < E(|z|).

A class T C F(3,) is called a &-closed class if it contains all simplest functions wZ,
and is closed under subfunctions, join, branching, composition f o g, where g is &-restricted,
and recursion I3, where E € &.

Here ¥ Cy X, and a € X. As a rule, complexity classes considered in the theory of
algorithms are Lin-closed.

A structure &7 = (A, L) of a finite signature L is in I if A C X* for a finite alphabet
¥, A €T, and all predicates and functions from L are in T

Theorem 1. Let of = (A, <) be a loset from a Lin-closed class ', A C ¥*, and x ¢ X..
Let dom(€) = {a1*ag*...xa, | n >1 and a; € A for i < n}. We define the sorting function
¢ as follows: if x = a1 % ... % a, € dom(§), then £(x) = by *...x by, where by < by < ... < by
and {a; | i <n}={b;j |j <k} Then¢eT.

The language of &-closed classes allows us to formulate general theorems that hold in
every complexity class. Let I'¢ be the least &-closed class. We can show that I'p,; = PTIME,
I'Lin = PTIME & LSPACE, and I'yey, is the class of all p.r.f.

We introduce one more operator. If a € ¥, then M, : F(3,) — F(3,), M,(f) =
g, where dom(g) = {ziaz9a...az, | n = l,a € x; and z; € dom(f) for i < n} and
g(xrazqa. .. axy,) = f(x1)af(x2)a. .. af(zy).

If &, & are two estimation classes, then I is called a (&7, &3)-closed class if it is &3-closed,
closed under M,, and under composition f o g, where f € 'y, and g € T

The concept of a (Lin, Lin)-closed class, or a strongly Lin-closed class, can be considered
as a general definition of an abstract complexity class.

NSU, IM SB RAS, Nowvosibirsk (Russia)
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Comparison of structures of computable presentations of linear orders

A. ASkKARBEKKYZY, K. M. NG, H. T. KoH, B. S. KALMURZAYEV
We say that binary relation R on natural numbers is computably reducible to the binary
relation S (denoted by R <. S) if there exists computable function f such that for every
natural numbers x and y the following holds

Ry < f(2)Sf(y)
Let £ be a linear order. By P(L) we denote the following degree structure
P(L) = ({deg.(L) : L is computable linear order isomorphic to £}, <.).

In the study of the structures P(L), we focus on the existence of universal, maximal,
the least, and minimal elements, as well as on the density of these structures. In particular,
we investigate and compare the structures P(£) arising from the following linear orders:

e w-k for any k,
w?,
¢
w + w*,
w-n.
We have shown that the structures P(L) are pairwise non-isomorphic for any pair of
linear orders £ from the list above.

Kazakh-Brithish Technical University, Almaty (Kazakhstan)
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On Weihrauch complexity for elementary embeddings into countable saturated
models

N. A. BAzHENOV, M. I. MARCHUK

According to the considered approach [1] the problem F' is a (partial) multi-valued function
F:CX =Y. An element p € dom(F) is called an instance of F, and an arbitrary ¢ € F(p)
is a solution (for the instance p).

Let F,G :C w¥ = w® be multi-valued functions.

(a) F'is Weihrauch reducible to G (denoted by F' <y G) if there exist Turing functionals
P, U :C w* — w such that:
— ®(p) € dom(G) for any p € dom(F'),
— U(p@q) € F(p) for any p € dom(F) and q € G(®(p)).
(b) F is strongly Weihrauch reducible to G (denoted by F < ;i G) if there exist Turing
functionals @, ¥ :C w* — w® such that:
— ®(p) € dom(G) for any p € dom(F),
— U(q) € F(p) for any p € dom(F) and ¢ € G(®(p)).

For p € w* and i € w, pl!l denotes the i-th column of p, that is, pll(z) = p((i,z)). The

limit map (on Baire space) is the partial function lim :Cw* — w* such that:
o lim(p) = lim;_, o pl¥, if there exists lim;_, o pl¥,
e lim(p) is undefined, otherwise.

For a given class of structures K, we consider the following model-theoretic problem
ElEmg (any, sat):

e Instance: Complete diagrams of countable models M, N € K such that M and N
are elementarily equivalent, and A is a countable saturated model.
e Solution: An elementary embedding 6: M — A

We isolate some natural subclasses K of equivalence structures and show that for them
the Weihrauch degree of ElEmy (any,sat) is strictly less than the degree degy, (lim). And
also we prove the next theorem.

Theorem. The class of all linear orders ILQ, the class of all Boolean algebras BA and
the class of all abelian groups AG satisfy ElEmyg(any,sat) =.w ElEmp, (any, sat) =sw
ElEmyg(any, sat) =gw lim.

REFERENCES

[1] Brattka V., Gherardi G., Pauly A. Weihrauch complexity in computable analysis. In: Brattka, V.,
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Notes on c.e. sQ-degrees

I. O. CHrTAIA, R. SH. OMANADZE

We say that a set A is sQ-reducible to a set B if there exist computable functions f and g
such that the following two conditions are satisfied:
(i) (V2) (2 € 4 & Wy(,) C B), and (i) (V2)(¥9) (y € Wy = y < g(a)).
This relation generates the s@Q-degrees. Condition (i) characterizes @Q-reducibility, which
yields the @-degrees.
Definition. A set A is nowhere simple if, for every c.e. set B with B — A infinite, there
exists an infinite c.e. set W C B — A.
Shore [2] proved that if a is a c.e. T-degree, then there exists a nowhere simple set
Ac€a.
Our notation and terminology are standard and can be found, for example, in [1, 3].
In this talk, we will present the following results.
Theorem 1. Let A and B be c.e. semirecursive sets with B <9 A. Then there exists
a c.e. set C such that the sQ-degree of C contains neither simple nor nowhere simple sets,
and
B <sq C <sq A
Theorem 2. Let A and B be simple sets with B <,9 A and A %wtt B. Then there
exists a c.e. set C' such that the sQ-degree of C' contains neither simple nor nowhere simple
sets, and
B <sq C <sq A.

This work was supported by Shota Rustaveli National Science Foundation of Georgia
(SRNSFG), grant number: FR-22-16379 (Algorithmic reducibilities and algebraic structures).
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Rogers semilattice of computable equivalences up to isomorphism

A. Iskakov, A. MELNIKOV

Classification problem for a class of computable structures K is a way to describe
each element of the class up to isomorphism (or other equivalence) in terms of some basic
invariants of this class. Goncharov and Knight ([1]) proposed several approaches to study
classification problems for classes of computable structures. We implement one of them that
uses numberings (or effective listing) as a tool for classification.

A numbering of a class K is a surjective map v : w — {A € K : 9B € K[Bx A]}.
Following classical numbering theory we introduce a notion of reducibility among numberings

v < u via computable f < Vz [v(z) = u(f(2))].

If we factorize the set of all such numberings with respect to =-relation among numberings
we get an analogue of Rogers semilattice R(K) that was studied extensively by various
authors for different families of sets.

In this talk we consider the class £ of all computable equivalence structures. In particular,
we prove that

Theorem. There are

(1) infinitely many friedberg numberings for &;
(2) infinitely many positive undecidable numberings for &;
(3) infinitely many minimal non-positive numberings for £.
Moreover we show that R(K) is different from any Rogers semilattice of families of c.e.
sets.
REFERENCES
[1] Goncharov S.S., Knight J.F. Computable structure and non-structure theorems, 2002, Algebra and Logic,
41 (6), pp. 351 - 373.
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Solving systems of linear hyperbolic differential equations in Grzegorczyk’s
hierarchy classes

S. SELIVANOVA

In this work we extend the results on primitive recursive (PR) computability of certain
partial differential equations (PDESs) solution operators from [1] to broader classes of PDEs,
as well as prove refinements to Grzegorczyk’s hierarchy classes. The Grzegorczyk hierarchy
EV c &Y C €2 C &3 C stratifies the set of PR functions U,cnE™ = PR and provides a nice
framework for a natural computational complexity classification of PDEs.

In particular, in [1] we introduced a notion of a PR metric space and proved that solution
operators of a well-posed Cauchy problem or boundary value problem for a symmetric
hyperbolic system with constant coefficients, belonging to a PRAS field (PR Archimedean
field of reals with PR splitting), are PR computable. In the present work we introduce £™-
computable metric spaces and establish analogues of the PDE computability results for all
classes €™ for n > 3. The proofs are heavily based on results about £™-computable ordered
fields from [2]. We also provide a generalization of both the PR and £™ results for the same
class of PDEs with variable coefficient.

Generally, we work within the computable analysis approach [3]. It is interesting to
note that the considered PDE systems solution operators do not preserve many natural
complexity classes, e.g., if the initial conditions are polynomial computable, the solution
is (optimally) computable only in PSPACE for variable coefficients and in §P for certain
classes of constant coefficient systems [4]. As stated in [1], the considered solution operators
preserve the class PR, and our current results show that it extends to £” with £3 being in
a certain sense “minimal” complexity class, closed under these solution operators, to which
our methods apply.
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EayHubl 11e/J10491CIEHHBIX TPYNNOBBIX KOJIEI MUKJINYECKUX I'PYIII MOPSIKOB
6p, Toe p 2 5 — OpOCTOEe YUCIIO

P. 2K. AJIEEB

Hnst mpocroro p > 5 B [1] B rpyline euHUIL I[EJOUNCIEHHOIO IPYIIIIOBOTO KOJIbIA IIHK-
JITYECKOl TPYIIIBI opsiZika p ObLia mocrpoeda noarpyimna U(p),KoTopas ecTeCTBeHHBIM 06-
Pa30M BKJIQJILIBACTCA B TPYIILY €IMHHUI, NEJOYHCICHHOTO IPYIIIOBOTO KOJIbITA, MTUKIMIECKOM
TPYIIIBI TOPSIIKa 6.

B nanpuetiniem OymeM MpUAEPKUBATHCS CJIEIYIONIX 0003HATEHUIA.

(1) G = (x) — nuKIMYecKas rpynna mopsaka 6p.
(2) ¢ — npummTEBHLIH Kopenb u3 1 crenenn 6p u o = (°.
(3) Hos mobwix j, k € {0,1,...,6p — 1} xapakrep x;(z*) = (/.
Cornacuo [2] mus xapakTepa Y u 1eMeHTa A € Q(x) OIpenessercs JIeMEHT Uy (A) paruo-
HaJIbHOM IpynoBoil aarebpsr QG.
IlycTh ¢ — NPUMUTHBHBI KOpeHb 10 MoAyo p. O6o3HaduM
1—af

——=1l4+a+---Fa’ "
-«

M:

Teopema. Ilycrs ¥, € Aut(Q(xs)), nae ¥m(a) = ™. Torma cymiecTByroT Takue

HaTypaJbHbIEC YUCIA T, | B MHOKECTBO HATypaJIbHBIX duces A mommuocTa 2p — 3, 410
(p—5)/2
(@) x Up) x T (w7 T Tt (=601
k=0 XE{x1,x2} a€A
— moArpymnna KOHEUYHOro nHpekca B rpymme equant] Un(ZG) 1negoqucJieHHOro rpyimoBoro
koutbna rpymsl G, MOXKHO IOJIyYNTh 3HAYUTENBHOE yTOYHEHHE TOH TeopeMbl, HO GoJree
IPOMO3IKOE.
JINTEPATYPA
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KOHEYHBIX Ipyun. Mamem. mpyos, 3: 1(2000), ¢.3-37.
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KBanaibl ¢ geBbiM KirouoMm Cama

A. H. borosiuH

Hanomunm, aT0o MHO)KeCTBO Q ¢ GuHApHOI oneparmeii ymHOX)eHust Q X Q — Q, (x,y) —
xoy, IJIsl IPOU3BOJIBHBIX T,y € Q, HasbBaeTcst KBaHIoM [1], [2], ecan omeparyst yMHOMKeHMsT
MJIEMIIOTE€HTHA

roxr=uz, VreQ
u orobpaxkenne Ly : ¢ +— x oy, x € Q aBisiercss aBroMopdusMom anredbpsr Q(o).

B pabore uzyuarorcs kBaH bl Q(0), B KOTOPBIX JOHNOJHUTENBHO BBINOJIHSIETCS JIEBBI

ko4 Caza [5]:

zo(zoy)=y, Vr,y€Q,
nim npaseiit kmoa Caza [5]:

(yoz)oxw =y, Va,y€Q.

YcTaHOBIEHBI HEKOTOPBIE ODIINIE CBOMCTBA KBAHIJIOB ¢ JieBbIM KiiouoM Caza. B gacTHO-
cru, KBau1 Q(0), B KOTOPOM BBILIOJIHSIIOTCH JIEBBI U IpaBblii Kiod Caja sBJisteTcs IUCTPU-
GyTusHOlN KBasurpynmoii [[Ireiinepa [4]. Toaydeno onucanne 060OMERHBIX KBAHIOB AJlek-
cargepa [6], [3] u cepneBUHHBIX KBaHJIOB [4], B KOTOPBIX BBIIOJHEHO TOXKJECTBO JIEBOTO
kmova Caza (B TepMuHAX MCXOAHOM rpymibl). Pabora Ipoo/rKaeT UCCIeI0BaHs HauaThle
B [6].
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CorsiacoBaHHbIE CTPYKTYPbI 0000IIIEHHBIX KBaH/JIOB AJiekcaHaepa

A. H. Boposiua, M. B. HEmaium, A. A. CUMOHOB

B paGore [1] uccsegyercst u npuBOIUTCS OTBET Ha Caeyonmit Bonpoc. Korma ise cTpyk-
TypBl OGOOIIEHHBIX KBaHJIOB AJlecKaH iepa, IIOCTPOEHHBIX Ha rpyie (G, -), coriacoBaHbl
00OOITIEHHBIM TOXKIECTBOM MIPABO# JTUCTPUOY THBHOCTHU

(xoy)xz=(x*xz)o(y*2), =z,y,2z€G
1 00ODIEHHBIM TOXKJIECTBOM MeIUaJIbHOCTH
(woy)x(z0t) = (ws2)o(y+t), z,yzteGC.
OTMeTnM, 9TO U3 COIVIACOBAHHOCTH KBAHJJIOBBIX ONEpAaIldii IIPU IMOMOIINA TOXKIECTBa, MEIN-
AJIHOCTH CJIEJIyeT UX COLVIACOBAHHOCTH OTHOCHUTEJIHHO TOXKIECTBA IPABOM AUCTPUOY TUBHO-
cTHu, HO 0OpaTHOE HEBEPHO.

Paboma svinosnena npu durnarcosots noddepocke npozpammvs GYHOGMEHMANOHBLT Ha-
yurnox uccaedosanuts CO PAH M 1.1.5., npoexm FWNFE-2022-0009.
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O kBa3sMMHOroo0Opasuu, MOPOXKJAEHHOM CBOOO/THOM HUJIBIIOTEHTHOMN I'PYIIII

A. 1. byakuH

B mporiecce pasBuTusi Teopun KBa3MMHOTOOOpA3HUil JOCTATOYMHO OBICTPO CTAJIO M3BECT-
HO, YTO PEIETKU KBA3UMHOI0O00pa3uii 4acTo UMEIT HEIIPOCTOe CTpoeHue. B gaHHO# pabore
YCTAHABJINBAETCH, 9TO KBa3MMHOI00Opa3ue, MOPOXKIEHHOEe HeabesleBoil CBOOOIHON HUJIBIIO-
TEHTHOMN Tpymmoii crynenu ¢ (¢ > 4) uMeeT KOHTHHYAJIbLHOE MHOYKECTBO MOJKBAZUMHOI000-
pasuii.

B pabote ucnonb3yiorcs caeayionie 0003HAYEHUST:

N.—MHOroo6pasne HUJIBIOTEHTHBIX TPYII CTyIeHn He Bbime c; Fo(N.)—cBobonnasa B
N, rpynma panra 2; A—rpymmna, umeromas B MHOroobpasun N3 IpeicTaBIeHne

A= (z,y;ly,z,y] = 1, N3);

B-—rpymmna, nmeromas B MEHOroobpasuu N3 mpecTaBieHe

B = (x1, 2, x3; [x3, 21, 22 [72, 21, 3] = 1, N3);

qG—xKBazuMHOrO00pa3Ne, MOPOKIEHHOE Irpymmoit G
[qF2(NL), M] —aT0 MHOXKECTBO KBasuMHOroo6pasuit R takux, ato gFa(N.) C R C M.
JIemma 1. Hrrepsar [qF5(N3), ¢B] korTnHyasenH.
Jlemma 2. B € gA, cienosaresbio uarepsad [qFa(N3), gA] konrunyasen.
JIemma 3. IIpu ¢ > 4 rpyma Fo(N,) conepxur mogrpynity, uzomophyto rpymie A.
Teopema. Hureppaa [qF5(N3),qF2(N,)] B pemérke kpazmmHOroo6pasmii rpyni 1npu
¢ > 4 KOHTHHYaJIEH.
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ueHTpOI/I,H‘bI IaCTUIHO KOMMYTATUBHBIX ABYCTYII€HHO HUJIBIIOTEHTHBIX I'DYIIIT

. M. BydnHCKUi1

Ilonarue cmenennoli 2pynnv BOCXOIUT K UJiee PACIINDEHUs CTEleHeil B IPYyIIax, K KO-
Topoii lepponayasbro npurn @. Xoswr, A.JI. Manenes u P. JIungon. @. Xosur [1] Hagasn
paccMaTpUBaTh CTEIEHU B OUHOMUAALHOM KOADUE JJIsI HUILIOTEHTHBIX rpynn. A. V. Majb-
[IEB WCIIOJIB30BAJI TOMOJIHEeHnEe Kouibla Z 10 Q ¢ 1esmpio paspemmMocTu ypaBHeHuit =™ = ¢
miast Beex n € Z. P. Jlungonom [2] 6puio BBeneno nonsatue R-cmenennol epynno.. 3arem
A.T. Macuukos n B.H. PemeciieHHUKOB [3]| yTOYHMIN MOHSITHE CTENEHHOW TPYIITIBI, BBEIS
JIOIIOJIHUTEJIbHYIO aKCHOMYy. BriocsieicrBun Takue rpyiibl Obin HazBaubl MR-rpymmamu.

ITosaee B [4] GblL10 BBesieHO MOHSITHE yenmpouda 2pynns, G KaK MHOMKECTBA BCEX HOD-
MaJIbHBIX KBa3WIHI0MOPGMU3MOB, feiictByonux Ha G. B Toit ke paboTe mokaszaHo, 9TO 1IEH-
Tpou rpyunbl G SBIIETCS aCCOIUATHBHBIM KOJIBIIOM C €IUHUIEH, IPUIeM MaKCHUMAJIbHBIM
KOJIBIIOM CKaJISIPOB, JieficTBue Kotoporo Ha (G yuoBieTBopsier Bcem axcmoMam MR-rpytm
[3]. Taxke B [4] onmcaHb! EHTPOU/BI KOHETHO TIOPOXKIECHHBIX CBOOOHBIX HIJIBIIOTEHTHBIX
MR-rpynn HaJi GMHOMUAJIBHBIME KOJblIaMU. VICIoab3yst NOoJydeHHoe onucanue, B [4] 10-
Ka3aHa KEeCTKOCTh TAKUX TPYII W, TAKUM 00pa30M, MOJIOKUTEJBHO perteHa mpobiema D.
I'pronBasbia u . Curana us [5].

YacTrdHO KOMMYTATHBHBIE TPYIIIILI, 1K I'PacdOBbIe TPYIIILI, 00/IaIaI0T MHOXKECTBOM 3a-
MedaTesbHBIX CBOICTB (y1o0HbIe HOpMAaJIbHBIE (DOPMBI HJIEMEHTOB, PA3PEHIMMOCTh 0a30BbIX
AJITOPUTMUYIECKUX 33189, Horarast CTPYKTypa IMOArPYI U Jp. ).

OCHOBHBIM pe3yJITATOM, KOTOPBIil OyIeT IpeCcTaB/ieH Ha KOH(DEPEHIINN, SIBJISIETCS TEO-
peMa, ONMHUCHIBAIONIAS [EHTPOU IPOU3BOJBHON KOHEYHO MOPOXKJIEHHON TrpadoBOil ABYCTY-
nerno Hwbnorentaoii MR-rpymmst GR, e R — 6unomuanboe KObo. DTOT pesyabTaT
YCTaHABJINBAET 3aBUCHUMOCTH CTPYKTYPBI IIEHTPOUIA OT CTPYKTYPHI I'pada KOMMYTaTUBHO-
cru A n axkTrIecKu o0OOIAeT ONHMCAHHE IEHTPOUIA KOHEYHO IMOPOXKJIEHHONH CBOOOIHOIM
JIBYCTYIIEHHO HUJIBIIOTEHTHON rpymmbl u3 [4]. Vcnosnb3yst 5Ty Teopemy, MblI JI0Ka3bIBAEM
JKECTKOCTh HEKOTOPOTO KJiacca rpadoBbIX IBYCTYNEHHO HUJIBIIOTEHTHBIX TPYIIIL.

Paboma evinosnena 6 pamxax 2ocydapemeennozo 3adanus UM CO PAH, npoexm FWNF-
2022-0003.
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O zaBucumocTu AJINH KOHEYHOM Tpyninbl 1 €ee MaKCUMAaJIbHBIX IMOAI'PDYIIIT

A. ®. BAcunbsEB, B. 1. MYPAIIIKO

PacemarpuBatorcss Tosibko KoHewHble rpymmbl. K. JIépk [1] ycraHOBWI, 9TO PasHOCTH
HUJIBIIOTEHTHON JJIMHBI PA3PENIUMON IPYIIIbI ¥ HUJIBIIOTEHTHON JJIMHBLI €6 MaKCUMAJILHOM
noarpymnsl Moxker O0brTh 0, 1 min 2.

Ucnonb3ys kounennuio dynkropuaia uz padorst b. U. ITnorkuna (2], B [3] Gbuio BBE-
JIEHO MOHsSITHE (PYHKTOPUAJIBHON JJIMHBI TPYIIIIbI, KOTOPOE B YACTHBIX CJIydasX OXBATHIBAET
U3BECTHBIE JUIMHBI rpynn. B pabore [4] moaydeno passurue Teopembr K. JIgpka mis dbyHK-
TOpHUAJIbHON JMHBL. [IpuBeeM 1Ba pe3y/ibTrarTa.

E. 1. Xyxpo u II. Ilymsnkwuii [5] BBesu noHsiTHe 0606menHo# BoicoT @urTnnra h*(G)
rpymibl G Kak HamMenbiero uncia b rakoro, uro Ffy \ (G) = G, tne F) (G) = 1,a F{; ) (G)
— 910 npoobpas obobmennoii noxrpymsr Purrnara F*(G/F(;) (G)).

Teopewma 1. IIycrb M — makcumasbnas nogrpyina rpymibt G. Torga h* (G)—h* (M) <

2.

Hamomuamm, ato dopmarius §, AjIsi KOTOPOH BCsKas MUHUMAJIbHAS HE §-TPYIIIA SIBJIs-
ercst 60 rpymmoit IIMura, 1u60 IPYIIO IIPOCTOrO HOPSIKA, HA3BIBACTCS S-hopMariueii.
13 (6] coremyer, aro jyist JaHHOI HAC/IEACTBEHHOH S-bopMaruu § B KayK0ii IpyIe cyIie-
CTByeT HambOJIbIllast HOpMaJibHasd §-moarpymnmna. l1losromy mys Takoit dpopmanum § MOKHO
CTAHJAPTHBIM CIIOCOOOM OLPEEIUTh §-IIuHy Ipynnsl (G, Koropas obosuadaercd hz(G).

Teopema 2. ITycrs § — macmencrsennas S-popmanms, npuaem N C §. Ecam M —
MaKCHMaJIbHAsS HOArpyma paspemmmor rpynmst G, to hg(M) = hg(G) —1, raei € {0,1,2}.

Hccenedosanus evimoanenor npu Gunancosot noddepocke Murnucmepcmea 06pa3osarus
Pecnybauru Beaapyco (I'pawm 20211750 “Koneepeeryua—2025") u BPOPH-PHD (O23PH®-
287).

JINTEPATYPA

[1] Doerk K.Uber die nilpotente Lenge maximaler Untergruppen bei endlichen aulésbaren Gruppen, Rend.

Sem. Mat. Univ. Padova, 91 (1994), 20-21.

Plotkin B. Radicals in groups, operations on classes of groups, and radical classes, Transl., IT Ser. Amer.

Math. Soc., 119 (1983), 89-118.

[3] Murashka V. I., Vasil’ev A. F. On the lengths of mutually permutable products of finite groups // Acta
Math. Hungar., 170:1 (2023), 412-429.

[4] Murashka V. L., Vasil’ev A. F. To the theorem of K. Doerk // Tp. n-ta marem. HAH Benapycu, 33:1
(2025), 28-33.

[5] Khukhro E. I., Shumyatsky P. On the length of finite factorized groups // Ann. Mat. Pura Appl., 194:6
(2015), 1775-1780.

[6] Bacuibes A. @., Mypammko B. . Apudmernueckne rpadsl u Kiaaccsl Konednbix rpymn // Cub. marem.
KypH., 60:1 (2019), 55-73.
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O ugmncae IIOPOXKJAI0IINX 3JIEMEHTOB KOMMYTaHTa KOHEYHOI P-TpyuIbl

b. M. BEPETEHHUKOB

B nannoM coobrmennn d(G) o3HaYaeT paHT KOHEIHOH p-rpymisl G, T. €. MUHAMAJILHOE
YHCIIO0 TIOPOK AKX TPYIb G.

B crarpe [1] H. Bisxbepn nokaszan, aro ecmn G/G' ~ Zx, X Zyk, B KOHEUHO# p-rpyrie
G, k1,ky > 1, 10 d(G") < (p* —1)(p*2 — 1), npuaem s1a onenka s d(G') sBgeTcs TOUHOI
B KJIacCe PacCMaTPUBAEMbIX I'DYIIL.

Hasee, B cratbe [2] mosmyuena Tounas oreska d(G') B Kiacce BCEX KOHEUHBIX P-IPYIIIL
G ¢ yciaoBuem

k1 kn
al’ =1,...,a0" =1, (1)
yrae ki, .. kn > 1n>2uG={ay,...,a,):
n
d(G/) < (n _ 1)pk1+~~-+k’n _ Zpk1+"‘+kj+“'+kn, +1, (2)
=1
, TAe “KpBImKa’ HaJ k; O3Ha49aeT, 9TO B CyMMe n cjaaraeMmbix ki + --- + k, ciaraemoe k;

HU3BSTO.
Bamerum, uTo vra onenka d(G') npu n = 2 COBIAJIAET C ONEHKON BJaKGepHa BbIIIE.
B cB#3u ¢ TMMU pe3ysbraraMu BO3HHKaeT BOIPOC O ToudHOoil onenke d(G') B kiacce

k1 kn
KOHEYHBIX p-IpyImn ¢ ycjaosueM a) ,...,aP " € G',tnen >3 u G = {(ay,...,a,).
B sTOM HampapjeHnu OKA3aHO CJIEIYIONIee yTBEPIKICHHE:
Teopewma. Ilycro G — koneunas p-rpynna, G = (a1, .. .,an),
k1 kn—1 k .
al =1,...,a0 " =1,a0" € G' tne ky,...,k, > 1 s Beex i, n > 2.

Torna d(G') ynopaerBopsier HepaBeHCTBY (2) BbiIlI€.
TaxuMm 06pa3oM, 3aMeHa PaBEHCTBA aﬁk" =1 B dopmynax (1) Ha yciaosue aﬁk" € G’ ne
HOBBIIIIAET TOUHYIO OleHKY (2) mist d(G).

JINTEPATYPA

[1] Blackburn N. On prime-power groups with two generators // Mathematical Proceedings of the
Cambridge Philosophical Society, 54: 3, (1958), pp.327-337.

[2] Veretennikov B. M. The formula of maximal possible rank of commutator subgroups of finite
p-groups // Siberian Electronic Mathematical Reports, 19: 2, (2022), pp.804-808 (in Russian).
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O nukanydecknx pakropaaredpax mojanagudecKnuxX rpyIil CruenuajIbHOro Buaa

A. M. TAJIbBMAK

IlonsaTre SKBUBaJIEHTHOCTH IIOCJIEIOBATEILHOCTEH JIEMEHTOB N-aPHOil I'PYIIIBI BBEJIEHO
ITocrom B [1]. Onpenenenne crenuaabHOR MOINAITICCKONR OLNEPAIUHE 15 ok MOYXKHO HAHTH
B [2] OmpenesieHne n-TOJyUHBAPUAHTHON [-apHOI mOArpymmsl [-apHoit rpymmel < A, 7 >
umeerca B [3|. [-IlosyunBapuanTHble [-apHble MOATrPYHILI [-apHOl IPYNIIBI HA3LIBAIOT €&
[TOJIy MHBAPUAHTHBIMU [-aPHBIMU HOAIPYIIIIAME, & 2-TI0JIy THBAPUAHTHLIE [-aPHBIE IO PY b
l-apHOil TPyNIIBI — HHBAPUAHTHBIMH.

Teopema. ITycry < B,n > — moJiyuHBapHaHTHAs N-apHAs [IOATPYIIIA N-aAPHOH DYIIIBI
< A,n >, ormmyHas or Hed; n-apHasi akroprpynna < A/B,n > sBisercs NHKJINIECKOI,
nopoxaeMoii cMexkHbIM KJaaccoM 1(a B ... B); mocaenoBaTebHOCTD @ . . . G, SKBUBAJICHTHA

—— N——"
n—1 -1
B cMmbicte Ilocra mocmenosaresbHOCTH by . . . b, 1 JIIsT HEKOTOPBIX b1, ...,b,_1 € B; moacra-
HOBKa 0 € S}, yzoBjerBopsier yciosmio o' = o. Tora:

1) mus smoboro cmexxnoro Kiacca H n-apmoii pakroprpynusr < A/B,n > nekapro-
Ba crenenb H" samkmyTa orHOCHTENBHO l-apHOil omepamuu 1) sk, a YHHBEpCATbHAS ajl-
rebpa < HF, Ns,o,k > ABJIAETCS IIOJYHHBAPHAHTHON l-apHOH HOATpyIIoN l-apHOI I'pyIIIs

k )
< A s Ns,ok >3

2) ecam JuIsi HEKOTOPOTO § = 2,...,8 IOJCTAHOBKA o=V pye gpusercs rToxre-
crBennof, To l-apuas moarpynnta < HF ng ., > He sBIsieTcs n-moymHBADHAHTHOH B

k
< A yNs,ok >-

ITonarast B 3T0i1 Teopeme n = 2, MOJLy4UM

Caencrsue. Ilycre B — HOpMaJibHast noarpynina rpymibl A, orimdnas ot Heé; ak-
toprpymma A/B sBJIsgeTcs IUKIMIECKOIt, MOPOAKTaeMoif CMesKHBIM KaaccoM aB; a!~1 € B,
moscraHoBKa o € Sy, yaoB/eTBopser ycaosmio o' = o. Torxaa:

1) g1 moboro cmexxnoro Knacca H ¢paxroprpynmsr A/B nexaprosa crenens HF 3a-
MKHYTa OTHOCHTETBHO [-apHoit omtepanun | |, 5 x, a yHuBepcambHas aarebpa < HF [ s .1 >
SIBJISIETCST MOJIyHHBAPUAHTHOMH [-apHOIl moArpynmoi l-apHoit rpymmsr < Ak, [ ]370, E >

2) ecstm a5t HeKoTOporoi = 2, . .., 1—1 mogcranoska o'~ ! — He sIBJISIETCS TOMK /ICTBEHHOMH,
10 l-apras moarpymma < HF || |s,0,k > He sSIBJISETCS HHBAPHAHTHON B < Ak ls,ok >
JINTEPATYPA

[1] Post E. L. Polyadic groups // Trans. Amer. Math. Soc. 1940. Vol. 48. Ne 2. pp.208—350.

[2] Tambmax A.M. O paspemmMocTr ypaBHEHUI B < Ak:ns,o',k >. Becuik MJTY im. A.A. Kynsmosa, 2018,
— Nel (51). — c.4—10.

[3] Tambmax A. M. n-Apubie rpynmner. Hacts 1.—Tomens: [TV um. @. Ckopunsbl, 2003, c.202.
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O G-mepecTaHOBOYHBIX U HACJEJICTBEHHO (G-II€PECTaHOBOYHBIX MOATPYIIAax B
KOHEYHBIX ITPOCTHIX I'PyIIiax

A. A. TAnpT

Wsyuenne nmepecTaHOBOYHBIX MOJATPYIIT BocxoauT K paboram Ope, rie uM ObLIO J0Ka3a-
HO, 9TO JTI00asi MepecTAaHOBOYHAS MOArPYIIa KOHEYHO! I'PYIIIbI SIBJIsIeTCS CyOHOPMAaIbHOA.
Hanomunwm, uro noarpymnma A rpynmnst G Ha3bIBaeTCst mepectanoBodHoi B G, ecniu AB = BA
Jytst Jiio6oit oarpynnel B u3 G. B manbueiiem, pesyiasrar Ope 6611 0000IIEH B PA3THIHBIX
HaIPaBJIEHUAIX.

B rpynne G Hepeiko BO3HMKAeT CUTyallus, Koria jpe moiarpyiisbl A u B He mepecra-
HOBOYHBI, OJJHAKO Haiijercs snement © € G Takoii, uro ABY = B* A. Paznuunbie npuMephb
TAKUX CUTYAIlUil TPUBEIU K CJIEYIOIIMM ITOHSTHSIM.

Omnpepnenenue. Ilycts A, B-—nonrpyuns: rpynusl G u @ # X C G. Torpa:
(1) A nasbiBaercst X -mepecTaHOBOYHOH ¢ B, eci CyIeCTBYeT HEKOTODBI 3JIeMEHT
x € X rakoit, uro AB* = B¥ A;
(2) A naswiBaercsa HacsegcTBeHHO X -nepecraHopodHoii ¢ B, eciu AB® = BT A nys
Hekoroporo © € X N (4, B);
(3) A naswbiBaercst (HacuegcrBeHHo) X -nepectanoBounoii B G, ecan A siBisiercst (Ha-
cJIeIcTBeHHO) X -IIepecTaHOBOYHOM ¢ JI060i MoArpynoi rpymmst G.

Konmenrus X-mepecTaHOBOYHBIX MOATPYIN MOMYUNAIa MIHPOKOE Pa3BUTHE B paboTax
pPa3/IMYHBIX aBTOPOB. TeM He MeHee, JaJibHelilIee IPUMEHEHNE JAHHOIO IOHSATHUS IIPU pe-
[IEHUU PA3JUYIHBIX 3aJa4 TEOPUHM TI'PYII OCJIOXKHSIETCS OTCyTCTBHEM HH@OpMamuu o G-
[IEPECTAHOBOYHBIX U HACJIEICTBEHHO (G-II€PECTAHOBOYHBIX MOAIPYIIAX, HAXOISIINXCA B KOM-
MMO3UIIMOHHBIX (pakTOpax rpymm. B cBasu ¢ stum B «KoypoBckoit Terpamns ObLT 3ammcam
CJIEAYIOIINI BOIIPOC.

ITpo6aema 17.112. Kakue koHeuHbIe HeabeieBbl MpocThie rpyiibl G 00J1a4a10T
(a) HerpuBuabHO G-NEPECTAHOBOYHON MOATDYIIIOH?
(6) HerpuBuasbHOIl HacaeACcTBEHHO G-IEPECTAHOBOYHON MOATDYIIIOH?

A.H.Ckub6a, B.H. TroTsH0B.

B moxkmazme 6ymer paccka3aHO O MPOABUYKEHNN B PEIICHUH JAHHON TPOOJIEMBI.

Paboma evinoanena 6 pamrar 2ocydapemeennozo 3adanus HHemumyma Mamemamury
um. C.JI. Coboresa CO PAH, npoexm FWNFE-2022-0002.

Hremumym mamemamury um. C.J1. Coboaesa CO PAH, Hosocubupck (Poccus)
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Tpynnbr G2(2™) u 3Dy (2°™) kak rpynnbl aBToMOP(MU3MOB peryJisipHbIX
HoJINTONOB paHra 3, 4 u 5

P. 1. I'Bo3fEB, 4. H. HyKuH
WsBecTHO, 9TO KOHEYHAasi TPYIIA TOLJA W TOJBKO TOTJA SIBJISIETCS TPYIIION aBTOMOP-
GU3MOB peryssipHOro N-HOJIMTOINA, KOIJa OHA siBJsteTcs n-crpyHHOI C-rpymmnoii [1, cek-
mua 2E]. Tpymna G uaseiBaercs C-epynnot, eciiu OHa MOPOXKIAETCH MHOYKECTBOM HHBO-
guounit {po,...,Pn—1}, n > 1, u pua mobsix nogmuoxkecrs J u K uz I = {0,...,n — 1}
CIPaBEJIJINBO PABEHCTBO, HA3BIBAEMOE YCJIOBHEM MEPECeTeHNUs :

(pilienN{pi|ieK)y={pi|ie JNK).
C-rpynna HazbBaeTcs n-cmpyrnot C-2pynnot nim npocto cTpyHHoi C-rpynmoii, ecin

(pipj)? = 1 upn |i — j| > 2.

OJHUM U3 [VIABHBIX BOIIPOCOB, PACCMATPUBAEMBIX B 0030pHOit crarhe . Jlumanca [2],
ABJIACTCA CJAELYIONINNA.

A Kaxux n cywecmeyem pe2ysapHuili n-noAuwmon ¢ danuHot KoHeuHot npocmot epyn-
not asmomopPuzmos? Jlpysumu cro8amu, 0is KaKUT n 0GHHAA KOHEYHAA NPOCTNASA 2PYNNG
asasemcs n-cmpynnot C-epynnot?

Jokazana

Teopewma. Ilycrs G2(2™) — rpynna Ilesajute tuna Go, onpenejieHHAs HAJ IIOJEM I10-
pagka 2™, a 3Dy (23™) — ckpyvennas rpynna Illesaste Tama ® Dy, onpejeleHHas HAT TIOJIEM
nopsiaka 23™. Torna:

(a) G2(2™) m 3D4(2°™) aprsorcs 3-crpyrnbivu 1 4-ctpyrrbivu C-rpyHnaMu JIs JIo-
6orom > 1;

(6) G2(2™) saBasiercst 5-crpyrnoii C-rpynmoi 1ist o6oro m > 2;

(B) 3Dy (2°™) apnserca 5-crpymmoit C-rpymmoit /s Mo60ro HATYPATLHOTO THCIA M,
ormraroro or 38, k=0,1,2,....

Paboma noddeporcana Poccutickum nayunoim gordom u Kpacrosapckum kpaesvim Go-
dom Hayku, npoexm Ne 25-21-20059:
https://rscf.ru/project/25-21-20059/.
JINTEPATYPA

[1] MecMullen P., Schulte E., Abstract Regular Polytopes, Cambridge, Cambridge University Press, 2002.
[2] D. Leemans, String C-group representations of almost simple groups: A survey, Contemporary
Mathematics, 764 (2021), pp.157-178.
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MuHUMaIBbHOE YNCJIO MOPOKJIAOIIUX COMPSI>KEHHBIX WHBOJIIOINIA,
NpousBe/ieHne KOTOPbIX paBHo 1, yauTapuoii rpynnel PSUs(q?) nnsa
HEYETHOTO (

P. 1. I'BO3AEB, 4. H. Hy:KuH, A. B. COKOJIOBCKAS

B pabore [1] 3amucana ciemyrommast npobiema. Jaa kaotcdol Konewnol npocmots Hea-
beaesoti epynnv, G natimu n.(G) — MUHUMAALHOE HUCAO NOPOAHCOGOWUT CONPANCCHHOLT
uneoamoyull, npoussedenue komopux pasno 1 (cm. rakxke 2|, Boupoc 14.698)). Takoe guciio
n.(G) cymecTByeT, MOCKOJIBKY KarKJas KOHeTHas MpocTasi Heabesesa rpymmna G MOpOXKIa-
eTcst JTIOOBIM CBOMM KJIACCOM COIPSIKEHHBIX MHBOJIOIM. K HacTosiiemy BpemMeHn 3a1a4a A)
pelena Jiid CIOPaIUYecKuX U 3HaKoIepeMeHHbx rpymun u PSL,(¢) npu HeuernoMm ¢, mis
q#9upun >4uq#Z3(modd) upu n =6 [3]; rpynust PSL,(9) upu n > 4 paccMoTpeHbt
B [4, 5]. Takxke eé pemienue 3aBeprieHo B (6] [yisd Pyl ¢ OJHUM KJIACCOM COUPSIZKEHHBIX
MHBOJIIONUN, K KOTOPBIM OTHOCSTCSI BCE I'PYIIIIBI JIMEBA TUIA PAHTa 1 M TPU IPYIIIbI paHra 2,
a umenno, PSL3(q) npu moboM ¢ u mpu HedeTHOM ¢ rpymibl Ga(q) 1 3Da(q?).

Teopewma. I'pynmna PSUs(q?), rie ¢ — HewéTHOE, HOPOXKIAETCS TPEMST CONPSKEHHBIMI
HMHBOJIIOIHUAMH (v, 3,7y, IIePBbIE JIBE U3 KOTOPBIX MEPECTAHOBOYHEI, U BCE 9€THIPE MHBOJIIOIAN
«, B, u aff CONPSIKEHBL..

Canenctsue. n.(PSUs(q*)) = 5, mrs Jmoboro neadrHoro q.

Paboma noddepoicana Poccutickum Hayumnvim gondom u Kpacroapcrkum xpaesvim Gon-
dom mayru, npoexm 25-21-20059:
https://rscf.ru/project/25-21-20059/.
JINTEPATYPA
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[2] The Kourovka notebook: Unsolved Problems in Group Theory, Eds. V. D. Mazurov, E. I. Khukhro //
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[3] Ward J. M. Generation of simple groups by conjugate involutions: Thesis of doctor of philosophy, Queen
Mary college, University of London, (2009), p.193.
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upu n = 4,5,7,8 u vedernom g // Tpynsr Mucruryra maremarnku u mexanukun ¥YpO PAH, 1 (2021),
c.62-69.

[5] TBo3ger P. U. ITopoxkpatomue MHOXKECTBa CONPSI?KEHHBIX MHBOJIONUit rpynnsl PSLy, (9) // Anrebpa u
noruka, 4 (2023), ¢.479-503.

[6] TBosner P. 1., Hyxus ¢1. H. MuaEMaIBHOE 9UCIIO IOPOXK AAIOIIUX HHBOJIIOLHHN, IPOU3BEJEHAE KOTOPBIX
pasno 1, rpynn PSL3(2™) u PSUs(q?) // Cubupckuit MaTemarnyaeckuii xypuad, 6 (2023), c.1160-1171.
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ITpo6Gsiema pacrio3HaBa€MOCTH 110 CHEKTPY AJI MPOCTBHIX KJIACCUYECKUX T'PYIIII
HeIJIOTHOCTHU 4

M. A. ’'PEUKOCEEBA

IpeacrapisieMble Pe3yJIBTATHI TOJIy9IeHbI COBMeCTHO ¢ B.M. PommoHOBbIM.

Crekrpom w(G) koreunoit rpynibl G Ha3bIBAETCA MHOXKECTBO MOPAIKOB €€ 3JIEMEHTOB.
I'pynmel M30CTIEKTPATBLHBI, €CTA y HAX OJMHAKOBBIE CIIEKTPBI. MbI TOBOPUM, ITO I TPYTI-
bl G peliieHa npobseMa paciio3HaBAeMOCTH [0 CHEKTDY, ey u3BecTHO uucyo h(G) Kiaccos
n30MOpP(MU3MOB KOHEUHBIX TPYIIIL, H30cHeKTpaibHbix G, u ecsin h(G) < 00, TO IpejcTaBuTe-
JIU 3TUX KJIACCOB SIBHO YKa3aHbI.

I'padom npocTeix unces rpynnbl G HasbiBaeTcst Tpadd, BEpIITHAMEA KOTOPOTO SIBJIAIOTCS
IIPOCTBIE JIETUTENU TIOPsiIKa ITPpynbl G 1 B KOTOPOM JIBE€ BEPIIUHBI ' U § CMEXKHBI TOTJA W
TOJIBKO Torjia, Korja s € w(G). Hemmornocrsio (@) rpada GK(G) nHasbBaeTcs HanOOIIb-
it pasMep KOKJIUKK 3TOro rpada. B Hacrosimee Bpems mpobemMa pacro3HaBaeMOCTH 110
CIIEKTpPY PelIeHa, JJIsI BceX KOHeUHBLIX HeabeleBbIX IPOCThIX IPYII, KpoMe rpynn L, yaosJe-
TBOPSIFOIIUX cyeyomuM yeiaousiM (em. [1], [2], [3]):

(1) L—upocras KjaccudyecKas IPYyINa HaJ[ [I0JeM HEeYeTHOW XapaKTePUCTUKIH;
(2) 4 <t(L)<13;
(3) GK(L) cBsizen.

OTMeTnM, 9TO JIIT MPOCTBIX KJIACCUYIECKWX TPYIT HEIJIOTHOCTH Tpada MPOCTHIX e
JINHEIHO pacTeT BMECTE ¢ PA3MEPHOCTBIO. TaK:Ke OTMETHM, UTO KJIACCHMYECKUE TPYIIILI CO
CBSI3HBIM TpadOM TPOCTHIX YHUCEN BTPEYAIOTCS Jallle, YeM TPYIINbl ¢ HECBSI3HBIM I'padoM.
Takum 06pa3oM, yKaszaHHbIC TPYIIILI L—3TO JOBOJILHO OOIIMPHOE CEMEHCTBO KIaCCUIeCKIX
I'PYIII, 9bsl PA3MEPHOCTH OrPaAaHUYEHA KaK CBEPXY, TaK U CHHZY.

Hama nesb—pemmTs mpobreMy paclno3HABAEMOCTH O CIIEKTPY i rpynn L, yaoBJe-
rBopsomux (1), (3) u t(L) = 4. 1o B Tounocru rpymust Lg(q), rue ¢ # 3,5,9, Us(q), tae
q# 3,7, 0fy(q), tme q # 3,5, O1y(q) m O15(q), rie g # 3 (Besne ¢ HeweTHO).

Teopema. [Iycrs L—omma u3 rpymr Lg(q), Us(q), 01, (q), O10(q), Of5(q), rre g mewerno.
Torza h(L) < 0o, Bce KOHEUHDIE IDYIIIbI, H30CIEKTPAJIbHbBIC L, SBJISIOTCS MOYTH IPOCTHIMHI
rpyIIaMy ¢ 1oKoJieM L U H3BeCTHEL.

Hccenedosarue svinoaneno 3a cwem epanma Poccutickozo wayunozo ¢onda Ne 24-11-
00127: https://rscf.ru/project/24-11-00127/.

JINTEPATYPA
[1] Grechkoseeva M. A., Mazurov V. D., Shi W., Vasil’ev A. V., and Yang N. Finite groups isospectral to
simple groups // Commun. Math. Stat. 11 (2023), pp.169-194.
[2] T'peukoceeBa M. A., ITanpmmu B. B. O pacnosnaBaeMOCTH IO CHEKTDY JIMHEHHBIX U YHUTAPHBIX IPYIII
nebosbimoii pasmepuoctu // Cub. mareM. xypH., 65:5 (2024), ¢.876-900.
[3] Panshin V. On recognition of simple groups with disconnected prime graph by spectrum //
arXiv:2509.03483.
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XomndoBoCTb BEPIINHHO-TPAH3UTUBHBIX O0OOIIIEHHBIX TPy
Baymcaara—Cosurepa

H. B. I'vcbKOB, @. A. JIVAKUH

Baywmcaar n Cosmrep [1] BriepBble IPeJIOKUIN CEPUIO IPUMEPOB HEXOI(OBBIX IPYIIIL €
JBYMSsI TIOPOYKIAIOIIAMHI dJIEMEHTAMI U OJHUM COOTHOIIIEHNEM, OHU Telepb 0003HAYAIOTCS

BS(m,n) = (a,t || t *a™t =a™),m #0,n #0

u HasbiBatoTcs rpyrnavu baymciaara—Cosmnrepa. I'pyiina HazbBaercss £ongosotl, eciiu Bes-
Kuit ee roMmoMopdusm Ha cebst sBisiercst nzomopdusmom. Nssectro [1, 2|, uro BS(m,n)
xordoBa TOrA U TOJIBLKO TOrJa, Korja jubo |m| = 1, mubo |n| = 1, mubo 7(m) = 7(n), rae
() — MHOXKECTBO BCEX IIPOCTBIX JEIUTEIel Jucia x.

Oupenenum rpyunst G(7T7,7) ¢ TOMOLIBIO HAGOPA HOPOKJIAIOIIUX JIEMEHTOB U OLPee-
JISTIOIINX COOTHONIEHUIT

G(m,ﬁ) = <a,t1,...,tr H t;lamltl = a"i, 7= 172, ...,T>,

rjie M, 7 — HAOOPbl U3 T HEHYJEBBLIX HMEJBIX YHCEJ. JTU IPYIIbI ABJISIOTCS €CTECTBEHHBIM
obobrmennem rpymnn Baymciaara—Courepa n HA3bIBAIOTCS BEPIIHHHO-TPAH3UTHB-HBIMI 0000~
mennbpiME rpymmamu Baymciaara—Commrepa.

Teopema 1. IIycts r > 2 u gas mekoropbix k # | BepHO, 4TO |my| # |ng| m my |
ng, ny, my. Torma rpynna G(m, ) Hexongopa.

Teopema 2. Ecin r > 2 u cymecrByer takoe k, aro w(my,) # m(ny), To rpynna G(m, )
HEXOIOBA.

Teopema 3. Eciu |mq| # |n1| u w(m;) = w(n;),i = 1,2, ...,7, T0O IPOU3BOJILHBIH IIIH-
mopdmsm x rpynnbl G(T, ) HPEACTABISETCS B BUJIE KOMIIO3HITHA HEKOTOPOTO BHY TDEHHETO
aBTOMOp(H3MA U STUMOPpHU3Ma V) BHIA

w(a) = ailv,l/}(ti) - wiﬂa W; S <t17t27 e ;t’l“>)
T; € ({a))aemm) NC(a™), gmai=1,2,..,r.
Bmopoti aemop svinoarus pabomy 6 pamkax 2ocydapcmeernozo sadanus UM CO PAH,
mema FWNF-2022-0002 (meopema 1).

JINTEPATYPA
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[2] Collins D., Levin F. Automorphisms and Hopficity of certain Baumslag-Solitar groups, Arch. Math.
(Basel), 40, 5(1983), pp.385—400.
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O HEeKOTOPBIX DECKOHEYHOMEPHBIX JIMHEWHBIX IPYyNIax KOHEYHOro HOPMAaJIbHOTO
paHra

O. 1O. JTAIIKOBA

JI.A KypaaueHKo BBeJI onpe/ieieHre HOPMaJbHOTO paHra rpyIs [1].

Omnpepgenenne 1. Tosopsar, uro rpynna G uMeeT KOHEYHBIH HOPMAJBLHBINA PAHT T, €CJIA
7 — HAMEHBIIIee YUCJIO C TeM CBOHCTBOM, UTO /i1 JIIOHOTO KOHEIHOIO MHOYKECTBA JJIEMEHTOB
91,92, 5 gn Tpynnbl G HaiigyTces aeMeHTsl hy, ha, -+, by, w3 G Takue, ato m < r u

<g17925"' agn>G = <h1’h2a"' 7hWL>G'

B ciydae, Korjia TaKOro 9HCIIa 1 He CYIIeCTBYET, HOPMAJIbHBIH paHr rpyiibl G CIUTAeTCs
GECKOHEUHBIM.

ABTOp mccsenyer JuHEHHbIE IPYIITBI KOHEIHOIO HOPMAJIBLHOTO PAHTA.

IMycrs F — noste, V' — BekTOpHOE npocrpancTso Haj noseM F, GL(F, V) — rpynna Bcex
F-asromopdusmos BekTopHOro npocrpancrsa V. [pynma GL(F, V) u ee moArpynis Ha3bl-
BAIOTCsI JINHEAHBIMU I'PyIIaMi. KCu pa3MepHOCTh BEKTOPHOI'O IPOCTPAHCTBA V' HAJI 1oJIeM
F xoneuna, j11060ii sement rpyuisl GL(F, V) MOXHO OTOXKIECTBUTH C HEBBIPOXKJICHHOMN
KBa[paTHON MATPUIEH PAa3MEPHOCTH 1. HAJ TIoJjieM F') Tjie n — pa3MepHOCTh BEKTOPHOTO TIPO-
crpanctsa V Hasn nmosem F. B ciaydae, korma pa3smMepHOCTb BEKTOPHOI'O IPOCTPAHCTBA V' HAJ,
nosteM F' 6ecKoHeTHa, CUTYaIlnsd KapAnHAJILHO MeHsieTcs. VcceioBanns 6eCKOHETHOMEPHBIX
JINHEIHHBIX TPYII TPEOYIOT JOMOJHUTEIbHBIX orpanndeHuil. OHUM U3 TAKUX OrpaHUIEHUI
SIBJISIETCsl KOHEYHOCTD IEHTPAJIBHON Pa3MEPHOCTU HEKOTOPBIX MOATPYIII JaHHONH OecKoHed-
HOMEPHOI1 JInHeHO# rpymis! [2].

Ounpenenenune 2 [2|. Ilycrs H — noarpynna rpymmst GL(F, V). Torma H neiicrByer Ha
¢akrop-pocrpancrse V/Cy (H) ecrecrBennsiM obpaszom. Pazmepaocts hakTop-ipocTpan-
crBa V/Cy (H) Ha3BIBAETCST EHTPAJIBHON pasMepHOCTHIO rpyrnsl H.

CupaseiBa, ciieyomnas TeopeMa.

Teopema. Ilycrs G — sokanbHo paspemumast noarpymmna rpymnbl GL(F, V'), umeromast
6ECKOHEUHYIO IEHTPATbHYIO DA3MEPHOCTh U OECKOHEYHBIH p-paHr, p — mpocroe ducjo. Ec-
JIA KaxKjiasi COOCTBEHHAST MOJTPYIIIa OECKOHEIHOIO P-pAaHTa HMeeT KOHEUHYIO IEHTPAJTbHYIO
pa3MepHOCTh, TO rpynna G uMeeT KOHEYHbBIH HOPMAJIbHBIH DAHT.

JINTEPATYPA

[1] Dashkova O. Yu. On groups of finite normal rank. Algebra Discrete Math., 1: 1 (2002), pp.64—68.
[2] Dixon M. R., Evans M. J., Kurdachenko L. A. Linear groups with the minimal condition on
subgroups of infinite central dimension. J Algebra, 277: 1 (2004), pp.172-186.
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Heo6xoaumoe ycsoBue nzomopdusma GBS(n,1) rpynn ¢ HeTpuBUAIbHBIM
LEHTPOM

®. A. JIyaKuH

Koneuno nopoxiéanast rpynna G, Koropasi JeficCTByeT Ha JepeBe Tak, 4To Bce peébep-
Hble CTaOMIM3aTOPhl — OECKOHEYHBIE IUKJINIECKUE I'PYIIbl, a BCe BEPIIUHHBIE CTAOUIN3a-
TOpBI — CBOOOIHBIE abesIeBbl IPyIIa panra n HasbiBaerca GBS (n, 1) epynnot. Ilo Teopeme
Bacca-Ceppa [1] takas rpynna uzomopdua dyHmaMeHTaabHOil rpyie rpada Ipyli, Bep-
MIAHHBIE TPYIIIBI KOTOPOT'O — CBOOOIHDBIE abeseBbl TPYIIIa paHra n, a pedepHble — OeCKoHed-
HbIE [UKJIMIECKUE.

Ecin Bce pebepHbIe MDY TEPECEKAIOTCS HETPUBUAIBLHO, TO MOXKHO OIPEIE/INTh ecTe-
creennyio GBS(1,1) nonrpyuny G rpynust Gy,. Mbl gokassiBaem, uro rpyuna G, umeer
HETPUBUAJBHBIN TIEHTD TOTJA W TOJIBKO TOTJA, KOTJAa BCe pEGEpHBIE TPYIINIBI P KaXKJIoi
BEPIIKHE [IePECEKAIOTCs HeTPUBHAJIBHO U cooTBercrByomas GBS(1,1) noarpynmna umeer
TPUBUAJIBHBIE MOJLYJIN.

s GBS(1,1) rpynn npobiaema u3oMopdu3Ma AKTHBHO M3yYaJach U B HEKOTODBIX
Cllydasix oKaszaJach paspemmMoii (eM, Hanpumep, [2]). B gacrnoctu, npobsema uMeer mosio-
)kuresbHoe pemtenne iyt GBS(1, 1) rpyn ¢ TpuBnanbHbIME MOy IsME. B obeM mpobiema
uzomopdusma GBS(1,1) rpymm ocraeTcss OTKPBITOIA.

Teopema 1. Ilycte G, u H, ase GBS(n,1) rpynmnbl ¢ HETPHBHAJIBHBIM IIEHTPOM H
n > 3. Ecim G, u H,, uzomopgpusbl, T0 u ux coorsercrByromme GBS rpymnnsr G u H toxe
H30MODHBI.

Hccenedosarue svinoaneno 3a cwem epanma Poccutickozo wayunozo ¢onda N 24-21-
00214: https://rscf.ru/project/24-21-00214/.
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Ycunenue oauoii TeopeMbl B. Heiimana u HeKOTOpbIE €ro CJIEJICTBUS

B. I. JIVPHEB, A. . BETKUHA

HamomuuM HEKOTOpBIE UCIIOIb3yeMble HUXKE OIIPE/IeIEHNUS .

Eciu g — sstement rpynnsr G, n — HATypajbHOE YHUCJIO, TO JjieMeHT h rpymmbr G, yio-
BJIETBOPSIONINIT PaBeHCTBY h™ = ¢, Ha3bIBAETCS KOPHEM NM-0U CMENEHU U3 IAEMENMG (.
B. Heiiman B pabore [1] gokasas, B 9aCTHOCTH,

,BesaKast rpymma BAOXKHMa B TpymHny D, B KOTOpOil m3 J1000TO 3/IeMEHTa M3BIEKACTCS
KOpeHb MTPOU3BOJILHOM CcTemeHn n'.

Takwue rpymmbl D HA3BIBAIOTCS MOAHDIMU U 0EAUMBILMY TPYIIITAME.

B ussecrroit Monorpadun P. Jlungona u II. Ilynna [2] #a crp. 259 mokasana Teope-
Ma 3.4, ycuymBatomas 3ToT pe3yiabraT b. Heivana:

wJ1obas caernas rpymna C MOXKeT ObITH BJIOYXKEHA B CUETHYIO MOJHYIO TPOCTYIO TPYIIILY
G.“

Caenyromast Teopema yennusaer pesyabrar b. Helimana [1] u Teopemy 3.4 u3 MoHOrpa-
dun [2]:

Teopema. Jlwobast cuernas rpynia G BjoKuMa B Takyio npoctyio rpymiry G, B KOTOpOH

DPAa3penIuMo Kazkjoe ypaHeHue Bupa w(Ti,...,Tn) = ¢,, 0de w(xi,...,Ty) — HEILyCTOE
HECOKPAaTHMOE I'DYIIIOBOE CJIOBO OT HEH3BECTHBIX X1, ...., Tpn, & § — HPOU3BOJIbHBII 3/IEMEHT
rpymmsr G.

VYpaBHeHus] yKa3zaHHOTO BUJIa IOJIy4YWJIA HA3BaAHUE YpPaGHeHUT, PA3peuleHHbly 0mHOC-
MEeADHO HEUZEECTIHDIT, NI 00HOK0IPPHUUUEHMHBLT YpasHeHu.

B xadecTBe CIeICTBUS HOTydaeM

1) wo6as cuemnan epynna G mosicem 6vims ea0dcena 6 npocmyro 2pynny G, 6 Komopoti
wupuna 11060t eepbanvroti nodepynnv, G(w(xy,. .., z,)) pasua 1,

2) 6 a10600 cuemnoli aseebpaunecku 3amknymot epynne G pazpewumo xascdoe pas-
PeWEHHOE OMHOCUMEALHO HEUSBECMHUT YpasHeHue (beckospduyuenmmoe ypasrerue) euda
w(T1,...,T,) = g.

JINUTEPATYPA
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O HopoOKAEHUN COINPAKEHHBIMUA TPOUCTBEHHBIMU aBTOMOPU3IMaMu

A. B. BABAPHUIIVH

Oj1HO U3 JI0KA3ATEIBLCTB Pa3penuMoro anajuora Teopembl bapa—Cyngyku onupaercs: Ha,
pesyabrar C.Tecra [1], yrBepxKaatomuii, 9ro eciu & — aBTOMOPMOU3M HEUETHOIO IPOCTOTO
opsijika HeabesIeBoil TPOCTOi IPYIIILI .S, TO, 33 UCKJIIOUeHTEM 0003PUMOr0 CIIMCKA CJIYIAEB,
BCerJa HaWmETcs jieMeHT g € S Takoil, 9ro x u Y MOpOXKIAIOT HEPA3PEITNMYIO TDYIIILY.
Hawm yzanoch HafiTu KOHTPIPHMED K 9TOMY yTBEDPXKICHUIO ¥ IPO0eJ B J0Ka3aTejberse |1,
U3 KOTOPOI'0 9TOT KOHTPIPUMED BO3HUKAET.

Harmr ocHOBHOI pe3ysibTaT CJeYIONIN:

Teopema. IIycrts G = (S, p), rae S = OF (2) nm OfF (3) u p — TpoiicTBenHbIiT aBTO-
mopcusm rpymmbt S. Torma rpymma {p, p9) paspermuma 1ist Becex g € G.

3mech, kKak 00braHO, S oroxmectBisiercss ¢ InnS < Aut.S. Takum o6pas3oMm, K CIUCKY
nckouenuii B Teopeme Lecta neobxomumo o6asuts rpymmet Oy (2), O (3) u ux TpoiicTsen-
HBIIT aBTOMOPQU3M p.

BoJiee TOYHO, MbI OIUCHIBAET CTPOEHUE BCEX MOArpyln pacumpenus G = (S, p) Buga
{(p, p9), e g € G, u OKa3BIBAEM, YTO OHU BCErJa SBJSIOTCA {2, 3}-rpynnamu.

B nokazarenncTBe MCIIOMB3YIOTCS BBIUUCIEHUS B makeTe GAP.

Hoxuag ocuoBan Ha coBMecTHbix ¢ /1. O. PeBunbim pesyibrarax [2].
Paboma svinoanena 6 pamxar zocydapcmeennozo 3adarwus UM CO PAH, mema FWNF-
2022-0002.
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O cucremax ypaBHEHHI B CBODOO/HBIX abejieBbIX IPYIIIAaX C OrPAHUYEHUSIMUA HA
pelieHust

A. 1. BeTKuHA, B. I'. JIVPHEB

Ob6oznaunm depe3 A, cBoOOIHYIO abejieBy IpyIIy CO CBOOOITHBIME ODPa3yIOIIUMMHA 1,
.sy Gy U C MYJBTUILIMKATUBHON cucremoit obosHaueHuii. Ilo amasorum ¢ mpobiemoit 9.25
I.C. Makanuna [1] paccMorpum cucreMy ypaBHEHHi B rpyine A, ¢ HOArPYIIIOBBIME Orpa-
HUYCHUSIMU Ha, PEIIEHUsI, T.e. CUCTEMY BHJIA

k
& wi(x1,. . Ty @1,y Q) = Wi(T1, . T, a1, a,) & € Hi & L &, € Hy,

=1
rae Hy,..., H,, — KOHEYHO OPOKEHHBIE MOAIPYIIIbLI TPYIILL A,y .
Teopema 1. CymecTByer ajropursm, KOTOPBI 10 cHCTeMe ypaBHeHHi B rpymie A, ¢
IOATPYIIIOBBIMHA OI'DAHUYCHUAMHA Ha PEIICHHUA

k
& wi(x1,. . Ty @1,y Q) = Wi(T1, . T, a1, a,) & € Hi & L &, € Hy,

=1
rme Hy,..., H, — KOHEYHO MOPOXKJIEHHBbIC HOJATrPYIIIBI IPYIIbI A,,, OTBeYaeT Ha BOIPOC,
HMeeT JIn OHa peIleHue.

Beenem npemukar Deg(x,y) <= y — cmenenv & (y € subgroup(x)). U3 uzBecrroro
pesyibrara ATl Besbriokosa [2] cpa3sy ciemyer, 4To

CYULECMEYem ar20pumm, Komopuil no npouscossHot cucmeme YpasHenuti U Hepasencme
6 2pynne Ay suda

p

& wi(zy,...,Tp,01) = ui(x1,...,2n,01)& & Deg(x;,xj)&
=1 (i,5)€A

q
& wi(x1,. .., Tp,a1) £ w(x1,...,20,a1)& & —Deg(xs,x;),
t=1 (s,l)eB
2de A, B C {(s,t)|]1 < s,t < n}, nozsoasem omsemums Ha 60NPOC, UMEETN AU OHA PEUWEHUE
6 amoti 2pynne.
B To e BpeMsl clipaBeIIuBa CJIeAyIoIas TeopeMa;
Teopema 2. HeBo3MOXKHO CO3AaTh aJrOPUTM, KOTOPBIE 110 TPOU3BOJILHOI CHCTEMe yPaB-
HeHmii B rpymnme A, BHAA
m
& wi(xr,...,zn,01,02) = (21, .., 2n,01,02) & & Deg(a;,x;),
=1 (i,j)€A
e A C {(s,t)|1 < s,t < n}, mo3BOJISIET OTBETUTH HA BOIPOC, HMEET JIH OHA DEIIeHHE B
9TOH rpyuiie.
JINTEPATYPA
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O nepecedyeHUAX T-XOJIJIOBBIX IMOATrPYNI B HEKOTOPHIX KOHEYHBIX IMOYTU
OpocThiX D -rpynmax

B. 1. 3EHKOB

IIycrs K—koHeunast mpocras HeabesjeBa TI'DYIA JHEBA TUIA, OIPEJeICHHAsT HAJ T10-
JieM nopsanaka g xapakrepuctuku r, Ag(K)—moarpyma uz Aut(K), nopoxkieHnas Bcemu
BHYTPEHHe-IMaronajbabiMu aBromopdusmamu u3 K u G — D -rpynna takas, uro Inn(K) <
G < Autg(K) u r € 7 ayia m-xosnosoil noarpyunsl H B G. 3adukcupyeM a1y CUTYAIUIO.
OrMmernM, 9TO ONHMCAHWE MTPOU3BOJIBHBIX KOHEYHBIX IIPOCTBIX HeabesaeBbIX D -TpyIi s
[IPOU3BOJILHOI'O HAOOpa 7 MPOCTBIX YHCET BMECTE C OIUCAHUEM UX T-XOJUIOBBIX HOATPYIII
U C YKa3aHHeM UX CTPYKTYPBI MMeJO JUIMHHYIO MCTOPUIO, YACTUIHO OCBEIeHHyWo B [1], a
zasepriennyio B [2] 1. O. Pesunbiv. B wactaoctn, B HameMm ciaydae u3 teopem 1 u 2 B [2]
ciepyer, uro noarpymma Soc(() Takxke sBisiercd D -TPYIIOi ¢ T-XOJJIOBOI IOArPYIIIOi
H N Soc(G).

B pa6ore [1] E.II.Baosun u /I.0.PeBun BbICKA3a/IM TUIIOTE3Y O TOM, 9TO B JIFOOON KO-
HEYHOH 1pocToit HeabeseBoil D -rpymme S s T-X0JI0BOi noArpynnsl P rpynnst S umeer
MecTo paseHctso P N P¥ N PY =1 jj1s HEKOTOPBIX 3JIEMEHTOB « U Y u3 S. DTa TUIoTe3a B
nanbHeiieM 6puia 3akperuiena B “Koyposckoit rerpaau” [3] nox nomepom 18.31. Ho B rakom
o0ImeM BHJIe TUIIOTe3a OKazajach HeBepHa. COOTBETCTBYIONIME MPUMEPHI OB TOCTPOEHBI
aBropoM B [4]. Tem He MeHee 3Ta rMNOTE3a CIPABEJINBA, HAIPUMED, JJIA CJIydasi, KOTJA
S—cropajmyeckas rpynna [5].

Jlokazana cJjieyiomnas TeopeMa.

Teopema. ITycrs K —koHedHast npocTasi HeabejieBa IPyIia JIUEBa THIIA, OIPEIeTeHHAST
HaJ mosieM nopsiika g xapaxrepucruku 1, Ag(K)—moarpynna uz Aut(K), nopoxigenHas
BCeMH BHYTpPEHHe-IHaroHajabHbiMu aBroMopgusmavu u3 K u G — D -rpynma takasi, 910
Inn(K) < G < Autg(K) ur € 7 juis w-xoswnooii noarpymnbl H 8 G. Torma HNH*NHY =1
JIJIsT HEKOTOPBIX 3j1eMeHTOB * U Yy u3 G.

Ora TeopeMa IOKA3BIBAET, YTO HaJW4YUe B npuMmepax u3 [4] mosesoro asromopduzma
CYIIECTBEHHO IS ClpaBe/inBocTh runoressl 18.31 us [3].

JINTEPATYPA

[1] Baosun E. II.,Peun 1. O., “Teopemsl cusosckoro Tuma”’, YMH, 66:5(401) (2011).—c.3—46.

[2] PeBun M. O. “CeoiictBo D7 B KOHEIHBIX IPOCTHIX Ipynnax’, Anre6pa u soruka, 47:3 (2008).—c.364-394.

[3] Hepemennsie Bompocs! Teopun rpyni. Koyposckas Terpaapb, 20-e usz., a-r marem. CO PAH, Hoso-
cubupck, 2022.

[4] Benkos B.M. “O nepecedeHusix -XOJUIOBBIX IOAIPYIIl B KOHEYHbIX Dr-rpynnax”’, Cu6. MareM. »KypH.,
63:4 (2022).—.866-869.

[5] Benoycos 1.H., 3enkos B. I. “O nepeceuennsix m-X0/UIOBBIX HOAPYII HeKOoTOpbIX D-rpynn”, Tp. UMM
YpO PAH, 31, Ne 1, 2025.—c.19-35.
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O coenagenunu rpadoB MPOCTBIX YUCEJ IIPOCTHIX IPYIII U IIOYTU MPOCTHIX
rpyImmn ¢ 1okoJseMm, nzomopdubsim Fy(q)

M. P. 3UHOBBEBA

I'padom I'prorbepra — Kerens (rpadom mpocTsix ducen) KOHEUHO rpynnbl G Ha3bIBa-
ercs rpad GK (G), B KOTOPOM BepIIMHAME CJIy¥KaT MPOCTHIE ASTUTEN TOPAAKa rpyibl G 1
JIBE PA3JIMIHBIE BEPIIUHBI P U ¢ CMEXKHBI TOTJ[A U TOJIBKO TOrIa, Korma G COIEep:KUT IJIEMEHT
nopsizka pq. zsectrsr rpadnr ['pionbepra-Keremst KOHEIHBIX TPOCTHIX HeAOETEBBIX TPYIIIL.

O tHUM U3 TIOMYJISIPHBIX HAIPABJIEHUI MCCIIEIOBAHUN B TEOPUU KOHEUHBIX I'PYIII SIBJISI-
eTcs M3ydeHue TPy 1mo coiictBaM rpada I'piondepra—Kerens. B “Koyposckoit Terpagu”
[1] A. B. Bacusbes nocrasui Bopoc 16.26 06 onmcannyn Bcex nap Hen30MOPMHBIX KOHEUHBIX
IIPOCTBIX HeabeJIeBbIX TPYIII ¢ OaHUM 1 TeM ke rpadom ['prorbepra — Keremsi. M. Xaru B
2003 r. u M. A. Bespuna B 2013 1. moIydmyiM TaKoe ONMCAHHWE B CJIydasX, KOIJa OIHA W3
PYIII COBIAJAET CO CIOPaIUYECKO M 3HAKOIEPEMEHHON I'PYIIION COOTBETCTBEHHO. ABTOD
B 2014-2020 rr. mCCaeI0BA ITOT BOIPOC JIJIsT KOHEUHBIX MPOCTBIX TPYIII JINEBA THUIIA.

B nannoit pabore MBI paccMaTpUBaeM BOIIPOC O COBIAJIEHUU I'PadOB MPOCTHIX HUHCET
KOHEYHOM TPOCTOI IPYIIIbl M KOHEYHOU IMOYTH IIPOCTOM T'PYIIIBI C IMOKOJEM, N30MOP(MHBIM
Fy(q). Tomy4enupiit pe3yabraT MOXKET OBITH MCHOJIL30BAH IIPU PEHIeHUH IIPOGJIEMbI PACIIO-
3HABAEMOCTHU KOHEYHBIX IIPOCTHIX IPYIII IO CIIEKTPY.

Teopema 1. IIycrs G1 — KoHEYHAS TPOCTAST KJaaccHIecKast rpymma, G — KOHedHasT IIOUTH
mpocrasi, Ho He 1poctas, rpymmna, P = Soc(G), rne P = Fy(q), ¢ = p™, p — npocroe qucJio.
Torga GK(G) # GK(Gh).

Teopema 2. Ilycrs (G1 — KOHeYHAS IPOCTAasT TPYIITa HCKIIOIATETBHOIO JIHeBa THITA HAJT
[OJTeM 3 1 9JIEMEHTOB, e ¢1 = py'*, G — KOHeYIHAs IOYTH UPOCTAst, HO HE IIPOCTAsI, IDYIIIA
¢ nokosiem P = Fy(q), tne ¢ = p™. Ecin GK(G) = GK(G1), to G = F4(q1) u Bbimosnexn
OJIMH U3 CJIELYIOIHUX CJIYYAEeB:

1) s(G) =2, G/P = (f), f — nomnepoit aBromopcusm, qq; HevderHo, ¢ = r", n = 2% . 3%,
u, w >0, u+w >0, |f| =n, uppuem ecu p1 = p, T0 q1 = q; 2) s(G) =2, G/P = {g), g —
rpagossrii aBromopdusm, ¢ HewerHo, ¢ = 2™, m wegerno, |g| = 2; 3) s(G) = 3, G/P = (f),
f — mosteoii aBromopgusm, ¢ = q derHo, g = 2™ =", m werno, n = 2%, s > 0, | f| = n.

JINTEPATYPA

[1] The Kourovka notebook. Unsolved problems in group theory / Sobolev Institute of mathematics RAS
SB. No. 20. Novosibirsk, 2022. 277 c¢. URL: http://math.nsc.ru/~alglog/20tkt.pdf.
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Ilopsakmy npou3Be/ieHUIA TPAHCOO3UIMIT KJIACCOB

A. JI. Ickpra

B 2010 roxy C. Kousb B cBoeii padore [1] BBen rpynmy CT(Z). Ona mopoxieHa TpaHc-
HMOBUIAAME KJIACCOB LEJIBIX YUCEJT 110 PA3IMYHBIM MOJLY/IAM (KPATKO —TPAHCIIO3UIUN KJIAC-
COB), KOTOpBIE O00ZHAMAIOTCA CUMBOJIOM Ty (my),rs(ms), TAE 7(m) = {r +mk|k € Z} n
r1(m1) Nra(me) = (). TPAHCIOSUIIIIO KITACCOB Ty, (1, ),rs (my) MOKHO 3AIIUCATH CJICLYIONIAM
obpazom:

Try(mi),ra(ma) = H(rl + mik, o + mok) € Sym(Z).
kEZ
C. Koub 3anucan B Koyposckyio Terpaib [2, Borpoc 18.48] ciemytornyio pobieMy onucanust
MOPAJIKOB IIPOU3BEICHAN IBYX TPAHCIIO3UIIAN KJIACCOB:

Bomipoc. Bepro i, 9To cymiecTByeT JIHIITF KOHETHOE MHOXKECTBO HATYPAJIbHBIX THCET,
KOTOPBI€ SIBJISIIOTCSI TIOPSIIKAMU IIPOU3BEJEHHUs] ABYX TPAHCIIO3UIUE KJIaCCOB?

st omucanus npousBe/IeHuil By X TPAHCIOZUIUN KITACCOB Ty, (my),ro(ma) B Try(ms),ra(ma)
B pabore [3] BBOUSITCS THIBI IepecedeHnit Kak 4-Koprexu (t1,ts,t3,t4), Ille KaXkKI0€e IUCIO
t; XapaKTepu3yeT OTHOIIEHNE MEeXKIy ITapaMy KJIACCOB COOTBETCTBEHHO:

{r1(ma),ra(ms)}, {ri(ma), ra(ma)}, {ra(ma), rs(ms)}, {ra(ma), ra(ma)}.
ITycrs {r;(m;),r;(m;)} onma n3 STUX IAp KIACCOB, a t; COOTBETCTBYIOIIEE YHCIIO B 4-KOpTeXKe
(t1,t2,13,t4). Torma Bo3MOXKHO 5 cirydaes:

) ri(m;) =71;(m;), B 3TOM ciayuae t; = 0,

2) ri(m;) D rj(m;), B 9TOM caydae t; = 1,

3) ri(m;) C rj(m;), B 3TOM Ciydae ¢ = 2,

4) r;(m;) Nrj(m;) =0, B sT0M ciryuae t; = 3,

5) ri(mi) Nrj(my) = re(my), vae ri(me) # ri(mg) uri(mg) # rj(m;), B 3ToM cityiae
t; = 4.

Teopema. IIyCTh Tp (my)ro(mz) B Trs(ms),ra(ms) — 1TaPa TPAHCIOZHIHUI KJIACCOB THIIA
(1,4,3,4). Torna ord(Tr, (my),rs(ms) * Trs(ms),ra(ma)) € 14, 6,12,00}.

Teopema. IIycTb Ty, (my)ro(ms) H Trs(ms)ra(ms) — AP TDAHCIO3UIHUI KIaCCOB THIIA

(3,3,4,4). Torna ord(Tr, (my),rs(ms) * Trs(ms),ra(ma)) € 14, 6,12}
Hccenedosarue svinoaneno 3a cwem epanma Poccutickozo wayunozo ¢onda N 24-11-
00119: https://rscf.ru/project/24-11-00119/.

JINTEPATYPA
[1] Kohl S. A simple group generated by involutions interchanging residue classes of the integers, Math.
Z., 264, no. 4 (2010), pp.927-938.
[2] Koyposcras mempadv: Hepewernnvie sonpocv, meopuu epynn, Hosocubupcek, 2022.
[3] Kohl S.On the cycle structure of products of two class transpositions, preprint (2011), URL https:
//stefan-kohl.github.io/preprints/cycles.pdf.
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O06 ogHOM JIOKAJIBHOM KPUTEPUU 0-CyOHOPMAJIBHOCTHU IOArPYNI B KOHEYHOM
rpymime

C. ®. KAMOPHUKOB

PaccmarpuBatorcst TOJIBKO KOHEYHbBIE T'PYIIIIHL.

SadurcupyeMm pazdbrueHre ¢ MHOXKECTBA BCEX IIPOCTHIX YHCEJI Ha, IOTIAPHO HEeIlepeCeKaro-
IIIIECs HEITyCThIE TOAMHOXKECTBA 0, NHICKCUPOBAHHBIC 3JIEMEHTAMHI HEKOTOPOIO MHOYKECTBA
unzexcoB . Duementsl o; (¢ € I) pasbuenus o OyueM Ha3bIBATH €r0 KOMNOHEHMAMU, &
KOMITOHEHTY, COJEPXKAIIYI0 [IPOCTOe YUCIO p, Oymem obosHavdaTsb o(p).

Honrpynma H rpynnsl G HasbBaeTcs o-cyoropmasvrot B G, ecin CyHIecTByeT INelb
IO/ITPYIIIT

H=HyCH,C---CH,=G
Takas, 9TO /I Kaxkaoro ¢ = 1,2, ..., n aubo noarpynna H, | mopmaabhua B H;, mubo rpymma
H;/Corep,(H;—1) siBasiercs o (p)-rpyIio jijisi HEKOTOPOTO IPOCTOro p. ZICHO, 4T0 HOArpyIi-
na H cybnopmasbHa B rpymnmne G Torga M TOJIBKO TOTJA, KOrJa OHA o-cyOHOpMasbHa B G
JIst Pa30MeHnst 0, COCTOSINEr0 U3 OJHOIJIEMEHTHBIX ITOJMHOXKECTB.

B mocsteinme roibl B TeOpun KOHEYHBIX TPy AKTUBHO PA3BUBAETCs HAIIPABJIEHUE, CBSI-
3aHHOE C M3y4YeHreM uxX o-cBoicTB. OJIMH M3 BaXKHBIX ACIEKTOB TAKOW MPOIPAMMBI CBSI3aH
C yCTaHOBJIEHHEM KPHUTEPUEB 0-CyOHOPMAJIBHOCTH MOAIPYIII, 8 TaK¥Ke C BBIICHEHHEM TOrO,
KaKWe CBOMCTBAa CyOHOPMAJIBHBIX IOJAIPYIIl M B KAKOW CTEIEeHW UMEKT 0-CyOHOPMAJIbHBIE
AHAJIOTH.

B gacTtHOCTH, B CBs13U ¢ M3BeCTHBIM KpuTepueMm Busianira naorepeceH CJie Iy oIl BOIIpoc
19.84 uz "Koyposckoii Terpasu".

BepHo Jin, yro noarpynna H o-cybHopMmasibHa B rpynne G, ecoiu H o-cybHOpMaJIbHA B
< H,H* > g jiroboro sjiementa © € G7

B o061eMm cirydae oTBET Ha 3TOT BOIIPOC OTPHUIATEJIEH.

CooreercrByiomuii ipumep nocrpoed B.H. Toranoseim (nucsmo B pegaximio "Koypos-
ckoil Terpazu" or 28 asrycra 2019 roma). B To ke Bpems B psijie cilydaeB OTMeYEHHAs
pobJieMa perraeTcs MOJIOKUTEIbHO. B yacTHOCTH, 9TO MMeeT MECTO B KJIacCe BCeX paspe-
IIFMBIX TPYIII, B KJIACCE BCEX 0-PA3PEIIAMbBIX TPYIII I B KJacce 3 -rpymr. Jis HeKOTOpBIX
monrpyun H Bompoc 19.84 nMeer mOJIOKUTEIBHBIN OTBET U B KJIACCE BCEX KOHEUHBIX I'PYIII.
B wacTHOCTH,clIpaBeyIMBa CileLyIONIAs TeopeMa:

Teopema. ITycts H — o(2)-noarpynna rpynnsl G. Ecin H comepKuT cuioBCKyro 2-
noarpyuiy rpynusl G u H o-cybnopmasbna B < H,H® > misa kaxigoro x € G, to H
SBJIIETCS 0-CyOHOpMAaJIbHOH B G.

CanencrBue. [lycrs H — o(2)-moarpynna rpyunbt G. Eciu H cosep:KuT CHIOBCKYIO
2-moarpymmy rpymasi G uw H o-cybnopmaspaa B < H,H* > mis kaxjgoro x € G, 1o
G/O4(2)(G) asnsercs 2 -rpymnnoii.
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Ociabnennasi o-npobiema Kerens-Bunanara u T/-ioarpynnbl KOHEYHBIX
MPOCTBIX I'PYIII

C. ®. KAMOPHUKOB, B. H. TIOTSIHOB

B pabore paccmarpuBarOTCs TOJBKO KOHEUHBIE IPYIIIIHL.

Sadurcupyem pazbueHne o MHOXKECTBa, [P BceX MPOCTHIX YUCE]I Ha IMOIMAPHO HellepeceKa-
IOIUECH HEIYCThIe TMOAMHOYXKECTBA 0, WHJICKCUPOBAHHBIE JIEMEHTAMH HEKOTOPOTO MHOXKE-
CTBa MHIEKCOB 1.

onrpynma H rpymnsl G HA3BIBAETCH 0 -CYOHOPMAALHOU, €CIU CYIIECTBYET Telb MO/
rpyuu H = Hy C Hy C ... € H, = G rtakas, 4ro s Kaxjaoro i = 1,2,...,n jubo
nonrpynna H;_, Hopmambua B H;, nubo rpymna H;/Corep,(H;—1) sBIseTcs 0;-rpymmoi
I8 HeKOToporo j € I.

Ipynmma G maseiBaerca o-noanot, ecmu G € (\;,o; By, Hanee xnacce ();c; Ey, Gyaem
obozuaunth E,. g m C P u rpynnst G € E; Mbl TOBOPUM, YTO T-XOJIJIOBA MOArPYIIa S
pedyyupyemcesa B H, eciim H NS — m-xosutoBa noarpyia u3 H.

B "Koypogckoii Terpaau" mon Homepom 19.86 chopMysimpoBaH CiIeayonuil aHaJIoOT 13-
BecTHO# Tunoresnl Kerens—Bumanara.

o-IIpobnema Kerens—Bunanara. Bepro ju, gro noarpynma H rpynmer G € E, saB-
Jstercst o-cybnopMmasbHo B G, ecJiu Jir00ast 0;-X0J10Ba noJArpynmna rpyniasl G peyIiupyercs
B H ms kaxkaoro o; € o7

B pabore 0b6cyxkmaercs cBsi3b o-ipobiiembl Kerensi—Busanira co cieyroleil ruroresoi,
KOTOpasi MHTEPECHA caMa, 110 cebe.

T'unioresa 1. Jlobast mpocrass HeabesieBa rpyIiia He COAEPKUAT COOCTBEHHBIX ITPOCTHIX
meabeaesprx T I-oarpymm.

Hns Ex-rpymiet G u S € Hall;(G) 1epe3 SNy g(G) 0603HAMHM MHOYKECTBO BCEX IOJI-
rpyun rpymnmnsl G, B KOTOPbIe PeAyIUpyeTcs moarpynmna S.

ITpukaiHble BO3MOXKHOCTH TUIOTe3bl 1 jyisi aHaym3a o-mpobiembl Kerens—Bunanmra
OTpaXKaeT CJIEIYIOMAasi TeOpeMa.:

Teopewma. Ilycrs o = {o;|i € I} — Hekoropoe pa3bueHne MHOKECTBA BCEX IPOCTHIX YH-
cenu {S1, S, ..., Sy} — nosmoe xonoBo Muokectso Thia o rpymnipt G. Ecin SNy, g9(G) 8-
JISIeTCsT HIZKHEH 1oJIypereTkoit (o Biaoxkennio) juist joboro g € G u kaxkgoro i = 1,2, ..., k,
a rumore3a 1 Bepra, To moarpynmna H rpymmer G sBisiercst o-cyonopmasibaoi B G Torga
H TOJIBKO TOIJfA, KOIjja 0;-xo/utoBa mogrpynna S{ peaynupyercs H gis oboro g € G n
Kaxkgorot = 1,2, ..., k.
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O cTpoeHun Tperbero KOMMYTaHTA MPOU3BEAEHUsI AByX B-rpymnm

B. H. Kuarusaa

PaccmarpuBaiorcst TOIBKO KOHEYHBIE I'PYIIIIHL.

B-rpynna — 3T0 KOHeYHasi HEHWJIbIIOTEHTHAas T'PYIIa, Y KOTOPOil B (hakTOop-TpyIIie
o moarpynne PparTuHu Bece coOCTBEHHBIE MOArpynnbl npuMapHbl. ['pynma [Tvugra Tak-
ke sBisiercs B-rpynmoit. O6e 9T rpynnbl OUpUMAaPHBI, O/IHA U3 CHUJIOBCKHUX ITOATPYII B
9TUX IPYIIAX HOPMaJIbHA, a Apyrag—iukindeckas [1, 2.2]. @akrop-rpynna mo moirpyumie
@paTTUHI HOPMAaJIBHOM CHJIOBCKOW MHOAIPYIIBI— IVIaBHBIA (akTop u B rpynnax [TImua-
Ta, 1 B B—rpymmnax. Oxuako mexjy B-rpymmamu u rpymnavu IImMuara rpynmnamMu ecTb u
pasmmums. Taxk, ecsin B rpynme [muara noarpynmna @parruHn HOpMaIbHON CHIIOBCKOM TO/I-
TPYIIBI CONEPKUTCS B IIEHTPE TPYIIbLI, TO B B-TpyIime 310 cBo#icTBO Hapymaercsa. MoxHo
[IPUBECTH B IPUMED AMIPAJIHHYIO IPYIIY HOpsiika 18, KoTopas aBjserca B-rpymmoil u me
sapysiercs rpynmnoit mura.

B pa6ore [1] MBI omucann OCHOBHBIE CBOMCTBA B-TPyII U JOKA3aJH, UTO €CJAM KOHEU-
Hag rpynna G = HK npejcraBuMa B BHjie Npou3BeieHus B—noarpynmnsl H v npuMapHOii
moArpynnsl K, U ecim MOPAJ0K HEHOPMAJILHOM CHJIOBCKOH moarpynmsl B H He paBen 3 u 7,
To rpymna G pa3pemnma.

Panee (2] 6bw10 m3yueno mpomssesnenne apyx rpymmn Immara. Tokasana ciemyromas
Teopema:

Teopema. ITycrs H — cBepxpaspeninmast B—oarpynmna Konedroii rpymnbl G 1 mycThb
G = HK, rne K — nukamdeckast win cBepxpaspernvasi B—riogqrpynma. Torma tperuit
KOMMYyTaHT rpymibl G — abejieBa 2-rpyiiia.

Caencrsue 1. Ilycrs H u K — B—noarpyniibl KonedHoi rpyiibl G HEIeTHOTO MOPSIIKA
unycte G = HK. Eciim H u K cBepxpasperumpl, To0 G cBEpXpa3penIuMa.

CaencrBue 2. [Iycre H u K — cBepxpa3spernumbie B—mojarpymnisr konewdnoi rpymisr G
unycrs G = HK. Eciu |H| neueren, to G 2-guipnorenrna u l,(G) < 1 s scex p € w(G).

IIpumep. I'pynna GL(2,3) = S35L5(3) = S3Cs ngounyckaer dakropusanum, yKa3aHHbIE
B TEOPEME U €€ TPETUIl KOMMYTAHT UMEET IIOPSAJIOK 2.
JINTEPATYPA

[1] Kasaruna B. H. O nponseenennn B-rpynner n npumapsoii rpynnst // [Ipo6remsr dpusnkn, MaTeMaTnKun
u rexuuku. 2017. T 32, Ne 3. c. 52-57.
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Teopema 0 KOHTPYIHIIUUA AUACCOMUATUBHBIX KBA3ZUTPYIIIT

0. 0. KoMmujiosn

Konrpysunust mo3BoJisieT yrupomarh ajaredpandeckie CHCTEMbl, CBOIS UX K 6ojiee TIPOCThIM
dakTop-anrebpam, KJIacCUMDUIIPOBATE aaredpandecKiue CTPYKTYPhI 110 UX CBOWCTBAM;B CO-
BpeMeHHO Kpunrorpadun OHU 00ECIIETMBAIOT MATEMATUYECKYIO OCHOBY JIJIsl 3AIUTHI NH-
dopmarmm.

Konrpysumussm yHUBEpCATbHBIX aaredp MOCBSIEHO 3HAYNTEIbHOE Incyio pabor. B pa-
Gore [1]-[3] aBTopamm GBIIN WCCIIETOBAHBL JUACCOIMATHBHBIE KBA3UTPYIIIILI 1 ObLIN HAIEHBI
BCe JIMACCONUNATHBHBIE KBA3UTPYIIIBI 4-T0 MOPsiJIKA CTEHEHN 3 B BUJE JATHHCKOI'O KBapaTa
(Bcero 16 kBasurpymm).

Teopema. Bce mumacconmaTtuBHBIE KBa3UIDYIIIBI 4-10 MOpsIKa CTEeHH 3 HEe HMEKT
HETPHUBHAJILHBIX KOHTDYSHITHH. .

ycrs (Q, ) auacconumaruHas Kasurpynmna 4-ro mopsiaka crenenu 3. IIpenosnoxum,
9TO CYIIECTBYeT HETPUBUAJbHAS KOHI'PYIHIMS 6, KoTopas pasbuBaeT f Ha JBa KJIACCA SKBU-
sanenTHocTH {a, b} u {c, d}, rue a # b u ¢ # d. Ho paccMoTpeB Bce BAPUAHTHI JIEMKO MOYKHO
3aMETUT, YTO HET HETPUBHAJIBHBIX PA30MEHN, COXPAHSIONINX OIEPAINIO KBA3UI'DYIIIIbI, HET
U HETPUBHMAJBHBIX KOHrpy3HInil. Clie0BaTeIbHO, KBA3UTPYIINa TPOCTASL.

Takum 06pa3oM, JIErko MOXKHO MOKA3aTh, UTO TOXKJIECTBA JUACCOIMATUBHOCTHA HAKJIa-
JIBIBAIOT CTPOTHE OTPAHUYEHMs] HA TOBEJICHNE 3JIEMEHTOB IIPU MHOIOKPATHOM ITPUMEHEHUH
oneparnuu. Eciim MBI 1pejiosaraeM CyIniecTBOBaHNE HETPUBHAJIHHON KOHI'DYSHIHMH, TO OHA
HapyIIaeT yCJIOBHE COXPAHEHUSI KJIACCOB SKBUBAJECHTHOCTHU IIPU OLEPAIHAX.

JINTEPATYPA

[1] Kommios O.O. Hduacconmarusable KBasurpynnsl Masoro nopsaka /O.0. Kommios // Hoknansr HAH
Taxukucrana. 2020. Tom 63. Ne 11-12. - C. 665 - 671.

[2] Kommios O.0O. , Tabapos A.X. /lnacconuaTuBHble KBa3UTIPYIIbl Majaoro nopsaka. // C60pHUK Te3uCoB
XXVI Mezk1yHapoaHOit Hay9IHON KOH(EPEHINN CTY/I€HTOB, aCIUPAHTOB M MOJIOABIX ydYeHbIX. "JlomoHo-
coB - 2019 Mocksa, MI'Y, 8-12 anpesna 2019r., Ceknus "Borauciaurenbnas MaTeMaTuKa U KUOEPHETH-
ka Uznarenscreo: OO0 "MAKC IlIpecc". C. 36 - 37.

[3] Kommutos O.0. MzoTonus apacconuaTuBHON KBa3urpynisl 9-ro nopsaka. B kaure: MasiblieBckue 4TeHusl.
Mexaynapoanasi koudepennusi. . HoBocubupck. 14-18 nosi6opst 2022 r.,c.159.
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Kuaccbel KOHEUYHBIX Ipynn ¢ ycjaoBusmu POPMAIMOHHO TMIEPIEHTPAIBHOCTA Ha
HOPMAaJIN3aTOPbI CUJIOBCKUX HOATPYIIL

A. T'. KOPAHUYK

PaccmarpuBatorcst TOJIBKO KOHEYHbIe IPyNIbl. [Ipy n3ydeHun CTpoeHUsi IPYIII, CUJIOB-
CKHUe p-TIOATPYIILI U UX HOPMAJIU3ATOPHI, KOTOPbIE AJIbIIepUH HA3BIBAJ JIOKAJIBHBIMU II0/I-
rpyunamu [1], urpator kirodeByio poiib. Teopema @pobernyca [2, 10.3.2] nonoxkuia Hagaio
UCCJIEOBAHUS OIPEIeICHUS TPUHA/JIEKHOCTH TPYIILGI K KJIACCY I'PYIII 110 CBOMCTBAM €€
JIOKAJIbHBIX TTOJTPYIIIL.

B 1992 romy JI.A. IllemeTKOB IIpejIOXKUJI UCKATh Takue (pOpMalyy §, 9TO Kjaacc NF
BCEX I'PYII, Y KOTOPBIX HOPMAaJIU3aTOPhI BCEX CUJIOBCKUX ITOATPYIII IPUHAIJIEXKAT §, COBIIa-
naer ¢ §. CorsacHo [3] paxe jjis HAC/IEACTBEHHON HACKIIEHHON (hopManuu §, Kaace TpyII,
HOPMAJIM3ATOPHI CUJIOBCKUX ITOATPYII KOTOPBIX MPUHAJIEKAT §, He sBisieTcs (opmaiu-
eit. B pa6ore [4] mamm mpemoxkena MoamdUKaus TAHHON KOHCTPYKIIUM, YCTPAHSIONTHI
YKa3aHHBIN HEJI0CTATOK.

Omnpenenenune 1. Ilycre X—kiacc rpymn. Obo3naunm depes NZX cienyrommii KJacc
rpynm: (G | P < Zx(Ng(P)) ars mob6oii P € SylG).

Teopema 2. IIycrs X — ritacc rpyni. Torma NZX saBiasiercss popmariueii. Oneparimst NZ
SIBJISIETCST MJIEMIIOTEHTHOH W MOHOTOHHOH, a Ha MHOXKECTBE HACJEACTBEHHBIX (pOpMaIlHii U
omeparueii 3ambiKanust. Ilpuaem, N§ C NZ§ st j1r060i popmariin §.

B 1997 roxy JI.A. IllemerkoBbIM [5] GbliIa mocTaBieHa 3ajada onucanus popMarnmii §,
COJIEPKAIIIX BCSIKYIO IPYIIILY, COBIAAIONLYI0 CO CBOUM §-TUIEPIIEHTPOM. Takue dpopMmammm
Ha3BIBAIOTCS Z-HACBIIEHHBIMU.

Cas3pb oneparuu NZ ¢ Takumu (hopMaIusiMi yCTAHABJIUBAET:

Teopema 3. Ilyctp § = NZ§ — Hacsencreenrast popmartiust. Torma § — Z-HacbIeHHAST
opmariusi.

Paboma evinoanena npu gunarcosots noddepocke BPODU-PHD, npoexm DP23PHPM-
63.
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O pelteHnN 3K3UCTEHIUATIBHON MPOGIeMbl MH(POPMAITMOHHBIX JIeHCTBUMI

A. M. KYKAPIIEB

Jis 3amat 06paboTKu MHMOPMAIME HHTEPEC MPEJICTAB/IIIOT OMePallui HaJl, JBOHHBIMU
opburamu JiefictBust rpynnbl JpKeBoHca Ha MHOXKecTBe OyieBblx dyHKImil (nanee — BO).
Iycrs n — nenoe HeoTpurareabHoe uucio, B (n)-muoxecrso B® mecrnocru n, E, u S,
TPYIIbl MHBEPTUPOBAHUS U TepecTaHOBOK mepeMmeHHBIXx B® coorBercTBenHO. BMecTe onm
obpaazyror rpymmny Ixesonca D, = E, X S,. K neficreusam D,, nax aprymenramu B® mo-
6aBuM rpyIny wHBepTHUpoBaHus 3uadeHns bP Di, B COBOKYIMHOCTU OHU OOPA3yIOT TPYIIITY
HyJieBbIX Jeiictsuit A,, = D,, X D;. Ilycts (f) — opbursl orHOCHTENbHO D), U [f] — 0THOCHK-
TenbHO A, (nBOitHBIE OpbuTHl), e f € B (n). Io onpenenermo [f] = (f)J (f), mpn sTom
BoamoxkHbl catydan (f) = (f).

Nudopmarmonubivu siefictBusMu (asee — geiicrBusivMu) GyJieM Ha3bIBATH JIEMEHTHI
muoxkecTBa W | KOTOpBIE GHEKTUBHO 1OoCTaBjIeHbl opbuTaM [f]. AGCTPaKTHO TAKOE MHOXKECTBO
OIIMCBHIBAETCs, HO HAJI €r0 3JIeMEHTaMU He yAaéTcs 33/1aTh «xopoluey (s 3a71a4 06paboTKu
nadopmMaryn) onepaiuu. [Ipu 9TOM oneparyu BCE TAKU BO3SMOXKHBI.

JlemMma (O mamBHOI pocToit cymme aeiicteumit). V' € [f], Vg’ € [g] Bepro f'&g’ €
[f ® g, ecn BD [ u g’ me nmeror obImux apryMeHTOB.

Omneparnus, onuceiBaeMasi JTeMMO#, Oecriojie3na it 06paboTKu WH(MOPMAIIUT, TTIOTOMY
9TO, TIO0 CyTH, OIMMCHIBAET IIPOCTO KoMOmHaImio neiicteuii. He mponcxomuT mpeobpasoBammst
opuux opbur [f] B apyrme. MHOrme op6uTHL HE MOTYT OBITH MIPEJCTABJIEHBI B BUJIE IIPOCTOMN
cyMMbI. Bes onepanuii camo MmHOXKecTBO W He mMeer cMbicia. B 9ToM u cocTouT mpobiiema
cymecrBoBanusi MHOKecTBa W. [louTn nBa mecsiTka Jietr He yIaBaioCh MOy YU Th XOTh KaKue-
TO 0obIHe pernenns. Bpum OPOBEPIHY THI MHOTHE THIIOTE3bI, HO O/THA U3 TUIIOTE3 MOJIY IMJIa
[IO/ITBEPK JICHIIE.

Omna coctour B TOM, uTO OpOWUTHI [f] MOrYT GBITH CBSI3aHBI IIOJCTAHOBKAMHU W3 HOD-
Majuzaropa D, B rpyiie Son, KOTOpasi eCTeCTBEHHBIM 00pa3oM JIefCTByeT Ha MHOXKECTBE
snadenuit BO. Beraucanrenbno nokaszano, uto D, camoHopMaudyeMmbl jjist n = 1,2,3 B
Son. Hyist n = 4 3ayjada cBogurcs K anajau3y 16! sjgemMeHTOB. DTO YIAAIO0CH CIIEIATH B aBry-
cre 2025 roma. Haitnmennr smemenTsr IV, Sya (D4) ue spiasmomuecs Dy. Ynanoch 10Ka3aTeIbHO
pPaCIpPOCTPAHUTD pelllenre Ha OOIbIIIE N.

Teopema (O mopmasbnoil yactu Ng,, (D,,)). Ecmm p : {y; = f; (xn-1,...,20), 0pu-
96M f; € [Tn_o @ - Dxp), 0 < i <n mViy,iy: iy < iy BepHO fi, # fi, mmm fi, # fi, ©n —
9é1HO, TO p € Ng,n (En) (1 Nsyn (Sn)s p € Ngyu (D), p & D

Onepanus onucbBaeTCs rpynuoit oy, = Ng,,. (En) (| Ngyn (Sn) /Dy, tie n — gérHo, 1pu-
uéM Ng,, (D) = ag N Dy. oy, sBIIeTCst IpocToii mopsika Jisa. (171 n = 2 — TPUBHAJIBHA),
costepkariasi p. Jjist He9ETHBIX 1 HYKHO J100aBJISATh (DUKTUBHBIE apPTyMEHTHI.

Saksouenue. JlokazaHa TpUHIMIHAIBHAST BO3MOXKHOCTh 3aJ[aHUsI OIE€PAIWil HAJ Jeii-
CTBUSIMU, 4YTO, KaK CJEJCTBHE, JIOKA3bIBAET MPUHIMUIHAAILHOE CAMO WX CYIIECTBOBAHUE W
BO3MOXKHOCTDb Pa3pabOTKN MaTeMaTHIeCKOrO AIapaTa ajareOpsl NeicTBUil.

Cubl'Y um. M.D. Pewemmnesa, Kpacnosapck (Poccus)
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O nepecedeHnu cJjiabbix §-CyOHOPMAaJIN3aTOPOB

d. A. KynoBa, B. . MyPAIIIKO

PacemarpuaroTcst Topk0 KoHeuHbIe rpymmbl. B 1935 romy P. Bap [1] uccnenosan me-
pecedeHrie HOPMAJIM3aTOPOB BCEX TOAIPYIII IPpynibl (G U CBsI3aJl €ro CO CTPYKTYPOil camoii
rpynusl. Ilosnnee B pabore [2] sToT pesynbrar Gbl1 0600IEH Ha Ciaydail cyOHOPMAJbHBIX
MOATPYIIL. DTH PabOTHI MOJIOKIIN HAYAJIO JAJTbHEHIIIeMY U3y IeHIIO TIePeCeIeHuil HOpMAaJIU-
3aTOPOB U ux 0bobimenuii [3, 4].

[ycts § — dopmanus. Hamomaumm, uro moarpynma H rpynnsl G Ha3bIBAETCS
S-cybropmasibHOil B G, ecomm subo H = G, ymmbo cyriecTByer MaKCUMaJIbHAs IIEllb I0/I-
rpynu H = Hy C Hy C ... C H, = G maxas, uro H;/Corey,(H;—1) € § nust moboro
i=1,...,n.

P.B. Kaprep u I.K. I'pagmon usydamun cyOHOPMAIN3ATOPHI U §—CyOHOPMAIA3ATOPHI
[OJIMPYIIBI B TPYIIE COOTBETCTBEHHO. [lJisi TPOM3BOIBLHON HOJArPYIIBI CyOHOPMAJIN3ATOD
i §-cyOHOpMAaJIU3aTOP MOI'YT He CyIecTBOBaTh. A. MaHH IpejiosKu/I KOHIIEIIHIO CJI1a00-
ro cyOHOpMaJIM3aTOpa, KOTOPBINA BCErJa CyIIeCTBYeT, HO MOYKeT ObITh HE €IUHCTBEHHBIM.
Tozxke B.U. Mypamko u A.®. BacuiabeBbiM OBLIO TIPEJIOKEeHO ToHsATHE ciaaboro K-F-
cyOHOpMAJIN3ATODA.

[To anajiorum HAMU TIPEJTIOKEHO CJIEIYTOIIEE ONpeIeJIEHNUE:

Onpenenenne. Ilycrs § — opmanus. Ioarpynny T rpynmsr G Ha30BEM cJ1abbIM §-
cybropmasinzaropom H B G, ecoim H siBiisiercst §-cybropMmasibHoit B T, u ecoim H siBjisiercst
§-cybropmasbroit BM < GuT < M, 10T =M.

B nmannoit pabore paccMaTpuBaIOTCH IepecedeHus CIadbIX §-CyOHOPMAIN3aTOPOB O/~
IPYII U3 33JIJaHHON CUCTEMBI. B 9acTHOCTH, OIHUM U3 00CYKIAEMBIX PE3YJIBTATOB SBJISETCS
CJIeJIYIOINIAsT TeopeMa:

Teopema. Ilyctp $) — Hac/eCTBEHHBIE TOMOMODPQ, § - HACICACTBEHHAsT (DOPMAIIHSI.
O6ozaadnm depes Ig(G ) — mepecedenne cJaabbIX §-CyOHOPMAJIU3ATOPOB BCEX $)-MOATDYIIIT
rpynnbt G. Torna Ig(G/Ig(G)) ~1.

Pabora Beimosinena npu puHAHCOBON OAAEpKKe Beopycekoro pecirybankanckoro (hon-

na dysnamenTanbabix ucciaenosanuii (BPOOU-PH® M, npoekr ©23PHOM-63).
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[2

Tomenverutl zocydapemeenmviti ynusepcumem umenu Ppanyucka Cropurol, Tomeav (Berapycv)
E-mail: kuptsovayana5190gmail.com, mvimath@yandex.by


mailto:kuptsovayana519@gmail.com, mvimath@yandex.by

Maunsnesckue arenust 2025 Teopus rpymn

O nmepnonviecKmnXx rpyiIiiax, HaCbIIIeHHbIX KOHEYHbIMU IIPOCTBIMU I'pyIlIiaMmn

PSL..(q)
. B. JIBITKUHA, B. 1. MA3YPOB

IIycts M — HemycToe MHOYXKECTBO KOHEUHBIX rpyri. 11o onpenesnenuio, mepuogmiaeckast
rpynna GG HacblieHa MHOX)KecTBOM M, eciin jr0bast KoHeUHAs moArpyna u3 G CoIepKUTCs
B moarpyitie rpyunsbl G, m30MOPMHOI HEKOTOPOMY 3JIEeMEHTY MHO2KecTBa M .

Amnoncupyercst cireyonuit pe3ysibrar:

Teopewma. Ilycts p — HEIETHOE IPOCTOE TUCTO, M — HATYPAJILHOE THCJIO0, OOJIBIIIEE Te-
TBIPEX, M — MHOXKeCTBO, 3JIEMEHTaMH KOTOPOro siBjsttorest rpyisl PS Ly, (p™), n € N. Ecan
G — mepuoguyecKasi rpyIia ¢ JJOKAJIbHO KOHEUHBIMH [[EHTPATH3ATOPAME HHBOJIIOIHE, HACHI-
mennas MmHoxkecTBoM M, o G uzomoppua PS Ly, (F') jis HeKOTOPOro JIOKAJIbHO KOHEIHOI'O
moJist F' HedéTHOI XapaKTepUCTHKH.

Hosocubupcruti 2ocydapemeenmnuil yrusepcumem, Hosocubupcer (Poccus)
E-mail: daria.lytkin@gmail.com
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O IIOPO2KJa€MOCTHU HEKOTOPBIX JINHEHMHBIX rpynn rpemMs MHBOJIIOIIUAMU, JB€ U3
KOTOPBIX IIepeCTaHOBOYHbI

. A. MAPKOBCKASI

I'pymiry, HOpoXKIeHHY IO TPeMsl HHBOJIIOIUSAMH, JBE N3 KOTOPBIX IIEPECTaHOBOYHLI, Oy1eM
Ha3bIBATh (2 X 2, 2)-[OPOXKIEHHOII.

HMoarpyniy Marpun obmedi jguneiinoi rpynusl GL,(¢) HaJl KOHEYHBIM [OJIEM U3 ¢ dJie-
MEHTOB C OIpejie/uTeeM paBHbIM +1 obosmaunm GLI'(q). Ee romomopdueii 06pas 110
nentpy — PGL}(q)). OueBnano, cupase/uiuBo ClIelyomee paBeHCTBO

GLEY(q) = SL,(q) » (diag(—1,1,...,1)).

Ipynma GL,(q) me asasercsa (2 X 2,2)- nopoxaennoit npu g > 3 [1]. Bmecre ¢ Tem
GLF 1 (q) moxker spaarbes (2 X 2, 2)-TIOPOKIEHHOI TPU PA3IMYHBIX (.

Ouesmuno GLE(2F) = SL,,(2%) u PGLFY(2F) = PSL,(2%). Orser o (2 x 2, 2)-110pox«-
JIAeMOCTH THX TPYIII [IOJIyIeH B [2].

B [3]| anoncuposana

Teopema 1. IIpu nevernom q rpymmna G L (q) Torma n Tomsko Toraa semsercs (2x 2, 2)-
HOPOXKJIEHHOH, KOorjia n > 5.

Ommpasick Ha MeTozipl cTaThu [4], 1oKasaHa

Teopema 2. IIpu HeueTHOM q IPYIIIa PGLfl(q) TOIJIa U TOJIBKO TOIJA SIBJISETCS (2 X
2, 2)-nopoxkaennoit, korman =2 uq #9 mwimn > 4.

Paboma moddeporcana Poccutickum naywrom pondom v Kpacrospcerkum xpaesvim @hor-
dom mayku, npoexm 25-21-20059:
https://rscf.ru/project/25-21-20059/.
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mepucmuxu. 11, Anrebpa u jioruka. 1997. T.36, Ne 4, c. 422-440.

Cubupcruti gedepanvhud yrusepcumem, Kpacnosapck (Poccus)
E-mail: mark.i.a@mail.ru

160


https://rscf.ru/project/25-21-20059/
mailto:mark.i.a@mail.ru

Maunsnesckue arenust 2025 Teopus rpymn

O Maiiopauna anrebpax aiisi SLo(3)

A. C. MAMOHTOB

Hawubompimas cropaudeckass rpyima MOHCTp M saBjsieTcss TPYHIION aBTOMOPGMU3IMOB
KOMMYTATHBHOI HeaccoIlmaTuBHOM ajrebpbl ['paiica V' ¢ enumHuneit pasmeproctu 196884.
C.Hopron ormerunit, 9To M COIEpKUT KJIACC MHBOIIONNA 2A, SABIASIOMUXCA 6-TPAHCIIO3UIIN-
sIMH, KOTOPBIe 1-1 COOTBETCTBYIOT HEKOTOPBIM TPUMUTHBHBIM HJEMIIOTEHTAM V|, Ha3bIBae-
MbIxX ocamu. B 2009 roxy A.MBanos npeioxun nousarue Maitopana ajrebp U COOTBETCTBY-
IONUX IPEJCTABIEHN B KaYeCTBEe aKCUOMATHYECKOTO IOJIX0/a JJIsd u3ydenue nevicrsus M
Ha V, a TakzKe CBsi3eil MexK /1y IOAIPYIIaMu, IIOPOXKIEHHBIMU 2 A-UHBOJIIOIUSIMU U TIO1AJIre0-
pamu, MOPOXKIEHHBIMEU cooTBeTcTByommMu 2A-ocsmu. Ormernm, uro Maitopana aareops
SIBJITFOTCS. BAXKHBIM YACTHBIM CJIyYaeM aKCHAJbHBIX ajare0p, KOTOPble AKTUBHO U3YYalOTCs B
[IOC/IeTHEE BPEMSI.

B asire6pe I'paiica TakzKe eCrb IPUMUTUBHBIE MIEMIOTEHTBI, HA3bIBaeMble 3-0caMU (U
4-ocsiMM), KOTOpPBIE COOTBETCTBYIOT JIEMEHTaM MOpsifika 3 (COOTBETCTBEHHO, 4) M3 Kiacca
coNpsizKeHHOCTH B MoHCTpe, HHBEPTUPYEMBIX G-TpaHcrozunusaMu u3 Kiaacca 2A. Hazosém
TaKWe 3JEeMEHTHI B TPyHIe xopowumu. B Mmaiiopana Teopunu 3-ocwm m 4-OCH OIPENIEISIOT-
¢ KaK COOTBETCTBYIOIINE UIEMIIOTEHTHI BHYTPHU MOJAIreOp, MOPOKIEHHBIX IBYMS OCSIMU.
Cmandapmmuvim HazoBéMm Maiiopana mpejicraBiieHne, oCHOBaHHOe Ha Bjoxkerwn B V. Uto
M3BECTHO IIPO HOJAAJTeOPBI, IOPOXKIEHHBIE 3-OCAMMU?!

Ecin nBa xopormux sjemenTa mopsiiaka 3 u3 M nopoxigaor As, To crangapTHas Maiio-
paHa ajrebpa, IOpOXK IeHHAS COOTBETCTBYOIUMU 3-OCAME, MOXKET ObITH TOPOXKIEHA 2-0CAMU
u B TaKOM Bujie ocrpoena B pabore A.Mpanosa u A.Cepema 2012 roga. I'pynmna Ay #He mo-
DPOXKIAETCST MHBOJIIOIISIMIE, OJHAKO COOTBETCTBYIOIILYIO aaredpy MOXKHO U3BJIEYDb U3 AJIT€OPHI
Jtst Tpynnbl Sy, nmocrpoennyio A. Msanosbim, 1. Tlaceunukom u A. Ceperem B 2010 roy.
Oro npogenan Y.Jlum B cBoeit guccepranuu (Ph.D.) B 2017 roxy.

B nokiazie 6yner npeacrasiena 10-mepuast Maiiopana asrebpa, mopoxaennast 3A ocs-
MU, KOTOPbIE COOTBETCTBYIOT XOPOIIUM JIeMEHTaM Hopsijika 3, mopoxaaommm S Ly (3). Kak
CJIEJICTBUE IIOJIY9€HO, ITO 4-0CH, COOTBETCTBYIOIINE XOPOIIIIM 3JIEMEHTAM MOPsiaKa 4 u3 rpyi-
b KBATEPHUOHOB (Jg, TOPOKIAIOT 3-MEpHYIO ajrebpy Maryo, T.e. yMHOXKeHHE B ajrebpe
IPOUCXOUT IIO TEM 2Ke IIpaBUJIaM, 9TO U JIJIsd 3—TpaHCIIOSI/IL[I/II7L

HM CO PAH, Hosocubupcrk (Poccus)
E-mail: andreysmamontov@gmail.com
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Koneunsie rpynnsl ¢ merabeneBsivMu noarpynmnamvu IHImuara

B. C. MOHAXOB
[pymmoit IIMuira HA3BIBAIOT KOHEYHYIO HEHIJILIIOTEHTHYIO TPYIIILY, ¥ KOTOPOil Bce cob-
CTBEHHBIE MIO/IIPYIIIBI HUJIBIIOTEHTHBL. [ pyIa, B KOTOPO# CyIIecTByeT HOpMaJibHas abejieBa
moArpyImna, (paxkTop-rpyIia mo KoTopoil Toxke abejieBa, Ha3biBaeTcs MeTabeseBoit. Cummer-
puveckas Tpymia S3 cTeneHn 3 U 3HaKOmepeMeHHas rpytmna Ay crerneHu 4 sBJISIIOTCS MeTa-
6esesbivu rpyunamu vuzara, a SL(2,3)—uemerabesena rpymna Imumnra.
Jlokazana cjeyiomnast

Teopema. B kakj0if KOHCUHOH HEHHIBIIOTEHTHOH TDYyIIe C €IAHHIHOH ITOATDYIIIOMH
Oparrumnu cyrecTByeT MetabeneBa mnoarpymrna Ilvunra.

Tomenvcrutll zocyrusepcumem umeru D. Cropunvi, Tomenrv (Beaapyco)
E-mail: victor.monakhov@gmail.com
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Ilpencrasiienune pernerku S-dopmanuii KOHEYHBIX TPYIII C TOMOIMIbIO rpadoB

B. 1. MyPAIIKO

PaccmarpuBaioTcst TOJIBKO KOHEUHbBIE IPYIIIIHL.

Hamomamm, uro jiyist Kjiacca rpymn X MUHUMAJIBHONW He X-TPYIIOil HA3bIBAETCS TaKasi
rpynna, KoTopasi He MPUHAJIEXKUT X, HO BCe €€ COOCTBEHHBIE IOJTPYIIIbI ITPUHAIIEKAT
X; rpymmoit [IImuara Ha3piBaeTCsT MUHAMAJIbHAS HEHUJIBIIOTEHTHAs Tpymma. VcciaemoBanue
dopmarnuit §, IT KOTOPHIX BCAKas MUHHUMAJIbHAS HE §-TPYyIIa SBJISETCA JUOO TPYIIIOit
IMmuara, aub60 rpymmnoii mpocroro nopsiaka, osio Hadaro B.H. Cemenuykom u A.®. Bacu-
sbespiM [1]. Taxue dbopMalu B HACTOSIEE BPEMsl HA3BIBAIOTCS S-hOPMAITHSIMIL.

B 2024 roxy A. Bamiecrepom-Bomunurecom, C.®. Kamoprukoseim u C. Wi [2] Gbumm
U3YYEHBI C MCIOJB30BAHUEM METOJ[A JIOKAJIBHBIX 9KPAHOB CBOWCTBA PEIETKU BCEX HACIIE-
CTBeHHBIX (HACBHIMEHHBIX) hOPMAIMIl PA3PENIIMBIX TPYII, ABJISIONIMICS S-bopMarnusmu
B KJIACCE BCEX Pa3PEIIMMbIX I'PYIII U COAEPXKAIIMMYI BCe HUJIbIIOTEHTHBbIE rpymibl. OIHAKO,
Kak ciejyer u3 pabor [3, 4], 3roT MeTo) HENPUMEHHM IS UCCJIEOBAHUS PEIETKH Ha-
cy1eICTBeHHBIX S-bopManmii B 00mmeM ciydae. BeieaeTBie 3Toro pemeTKa HAC/IeICTBeHHBIX
S-bopmanit ocTaéres: Hemsyuennoil. HacTosIuil OK/Ta 1 IOCBSIIEH €6 HCC/IeI0BAHIIO.

Ucnonb3ys merospl apudmerndeckux rpados rpyii, pazpaborannbie B [5], Hamu JoKa-
3aHa

Teopema. Pemérka Hac/eiqcTBeHHBIX S-popMaluii peleTodno m30MoppHa peIéTKe
oArpagoB MOJHOIO OPUEHTHPOBAHHOIO I'paga Ha CIeTHOM MHOXKECTBE BEPIIIHH.

CunencrBue. Pemérka HacaecTBeHHbIX S-(opMAaIil, CONEPKANX BCe HHIBIIOTCHT-
HbI€ TPYIIIBI, PEHIETOYHO H30MOP(MHA PEIIETKE MOJAMHOXKECTB CI6THOIO MHOYKECTBA.

Hccnedosanus svmoanenv. npu dunancosoti noddepocke Munucmepcmea 06pa3osarus
Pecnybauru Beaapyco, epawm 20211750 “Konsepeernuyua—20257.

JINTEPATYPA

[1] Cemernuyx B. H., Bacmirer A. ©. Xapaxrepusanusl JIOKaJIbHBIX (popManuili § 10 3aJaHHBIM CBOM-

CTBaM MUHHMMAJbHBIX He §-rpymn // VcciegoBanne HOPMAJIBLHOIO M IOAIPYIIIOBOIO CTPOEHHS KOHEU-

HbIX rpymm: Tpyast [omensckoro cemnuapa.—Uu-T maremarunku Axan.Hayk BCCP, Hayka u Texnuxa,

Munck, 1984.—c.175-181.

Ballester-Bolinches A., Kamornikov S. F., Yi X. The lattice of formations with the Shemetkov property

// J Algebra Appl.—2024.—doi: 10.1142/S0219498825503086.

[3] Kamoprukos C. ®@. O neyx npobaemax JI.A. Illemerkosa // Cub. maTem. xxKypH.—1994.—T.35, Ne 4.—c.
801-812.

[4] Ballester-Bolinches A., Pérez-Ramos M. D. Two questions of L.A. Shemetkov on critical groups // J.
Algebra.—1996.—Ne 179.—pp.905-917.

[5] Bacunber A. @., Mypamko B. 1. Apudmernaeckne rpadsl u Kiaccsl KoHeuHbIx rpynn // Cub. maTeM.
KypH.—2019.—T. 60, Ne 1.—c. 55-73.

[2
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Knaccudukamus A-romomopdHbIX Gp3iicoB HA cBOOOHOI abesieBoOil rpymiie
paHra 2 ¢ TOYHOCTBIO 10 U30MOopdusMa

1. HoOBUKOB

Bpaiicom A HasblBaeTca anrebpanmdeckas CUCTeMa C JByMs OMHAPHBIMHU OIICPAIUSIMU
(z,y) —» x+yu (z,y) — x oy, rakumu, uto (A, +) u (A4, 0) — rpynIbl, U TOKIECTBO

ao(b+c)=(aob)—a+(aocc)

BBIIIOJIHEHO /1151 BCeX a, b, ¢ € A. 311ecb —a 0603HaYaeT 0OOpATHBIN K ¢ 9JIEMEHT 110 OTHOIIEHUIO
K olepamnuu +.

Bpoiicer 6buin Briepsble BBesieHbl B pabore Pymma 2007 roga [1] Kak MHCTPYMEHT JiJIst
ITIOCTPOEHUsI PEIIEHUl TeOPETUKO-MHOXKECTBEHHOTO ypaBHenus fnra-Bakcrepa.

Husa dbukcuposannoro a € A orobpaxenue A\, : b — —a + (a o b) gBisgercs aBroMop-
dusmom rpymst (A, +). Samernm, 9T0 a0 b = a + Ay (b).

Bynem paccmarpuBath A-roMoOMOpdHBIE OPIHCH: TaKue OPIHCHI, 1T KOTOPBIX BBITIOJI-
HEHO A\g1p = AgMp. 1IyeTn (A, +) = (Z2%,+) — cBobosHas abesesa TpyIa panTa 2 ¢ TOPOK-
JRIONMMH T,y U ¢ = Ay, ¥ = \,. Torma B 6paiice (Z2, +,0) BBIIOTHEHO Appyiny = @™P",
TO €CTh OIEPAINS O MOJHOCTBIO OIPEIEIISeTCS ABYMS [IE€TOUYNCIEHHBIMA MATPUIIAME (0, 1.

Panee [2], [3]| 6bL1a nosydena kiaccuduralms Beex ceMeiicTs nap (@,1)), 3aJar0mmx
A-romomopdubie Gpaiicel Ha (Z2,+). B HacTosmem J0KJajle YyCTAHABIMBAETCS, KaKue W3
9THUX Iap IMOPOXKIAIT U30MOP(MHBIE OP3ICH, YTO MPUBOIUT K IOJHON KjIacCUpUKAIIAA -
roMoMOpQHEIX 6p3iicoB Ha Z2 ¢ TOTHOCTBIO J0 H30MOPDU3MA.

HoBpiit pesysibraT KpaTKO MOXKHO C(HOPMYIUPOBATEL B CJEIAYIONIEH TeopeMe:

Teopema. Ha Z? ¢ TOYHOCTBIO 10 H30MOP(pU3MA, CIIPABEIIHBO CIELYIOLICE:

(1) cymecrByer poHO 10 6p3iicoB, ajMTHBHAS TDYIIIA KOTOPBIX HE SIBJISIETCsI abeJie-
BOH;

(2) cymecrByer cuéTHOE ONHONIAPAMETPUIECKOE CeMEHCTBO OPIFCOB, 8 JUTHBHAS I'DYII-
11a KOTOPBIX SIBJISIETCST abesIeBoit

BoJiee Toro, MyabruiInKaTHBHAS TPYIIA KaXKJI0r0 U3 YKa3aHHBIX OPIHCOB SABJISETCS KPH-
CTaJLIOrPapUICCKOI.

JINTEPATYPA

[1] Rump W. Braces, radical rings, and the quantum Yang-Baxter equation, J. Algebra, V. 307, 2007,
pp-153-170.

[2] Bardakov V., Neshchadim M., Yadav M. On A-homomorphic skew braces, J. Pure App. Algebra, V. 226,
N. 6, 2022, p.106961.

[3] Nasybullov T., Novikov I. Classification of A-homomorphic braces on Z2?. Communications in Algebra,
53(11), pp.4695-4709, 2025.
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,Z[OCTaTO‘IHbIe yciaoBud 3aMKHYTOCTU KOBpa aJJIUTUBHBIX IIOATPYIIII

. H. Hy>KuH

ITycts ®— upuseneHHast HepasnokuMasi cucrema Kopaeit, E(®, K)— snemeHnTapHast
rpynma [lesamie tuna ® HaJ KOMMYTAaTHBHBIM KoublioM K ¢ exununeii. I'pymna E(®, K)
HOPOXKTaeTcsi KopHeBbIMu noArpynnamu Z,(K) = {z,.(t) | t € K}, r € ®. Ilonrpynust z, (K)
abesieBbl 1 i KaxKA0ro 7 € ¢ u yrobbix ¢, u € K cupaBemjiuBbl COOTHOIICHUST

T (t)xr(u) = z.-(t + ). (1)

Kospom muna ® nad K HaseiBaeTcst Habop apuTuBHbIX noarpynn A = {2, | r € $} konbra
K c ycmoBuem

Cijrs A C Ay js, pu 7, 8,01 + js € @, i >0, j >0, (2)

e AL = {a’ | a € A,.}, a koncranTol Cjj s = +1, 42, £3 onpenensioTcs KOMMYTaATOPHOI
dopmysoit [leasure

[xs(u)axr(t)] = H xir+js(0ij,rs(_t)luj)7 r, s ir +js € ®. (3)
i,j>0
Besikuit koBep 2 ompegeisier kosposyro noarpyuiy E(®,2A) = (z,.(A,) | r € D) rpymust
E(®,K), rue (M)—nonrpynuna, nopoxaennas muoxkecrsom M. Kosep 2 tuna ® naj kosb-
oM K HasbIBAETCS 3aMKHYMbLM, €CIN ero KoBposast noarpymnma E(P,2) He nmeer HOBBIX
KODHEBBIX 3J1eMeHTOB, T0 ecThb ecin E(P,A) Nz, (K) = x,. (), r € ®.
CupasemuBa

Teopema 1. Braouenua A2A_,. C A, r € O, asasromes docmamounvmu 04d 3aMKHY-
mocmu koepa addumushux nodepynn A = {2, | r € ®} Had NPou3EOALHBIM KOMMYMAMUG-
HOLM KONDUOM.

Teopema 1 jraeT mosmoKuUTENIBHBIN O0TBeT Ha Bompoc 19.63 u3 Koyposckoit Terpaau, mo-
cTaBJIeHHBIN aBTOpOM. K€ crtesicTBrEM siBageTCs TaKxKe NOATBepK tenne runore3nl B. M. Jles-
qyKa O TOM, 9TO O0Jjiee CHUJIbHDBIE, YeM B TeopeMe 1, BKIIIOUeHUs

A A, A, C A, 7 E D, (4)

OYyT JOCTATOYHBIMHY JIJIsI 3AMKHYTOCTH KOBpa. B 1982 1., Kor/ia BeIBUTAIACH 3T TUIIOTE3A,
eé ClpaBeIMBOCTD Obljla u3BecTHa TOJNLKO g @ Tuna A,. B srom ciaygae (4) asisiiorcs
HEOOXOINMBIMU W JTOCTATOTHBIMU YCJIOBUSIMU TOTOJTHAEMOCTH JIEMEHTAPHOTO MATPUIHOTO
KOBpa 2l 10 TOJIHOTO, a JOTOJHSIEMbIE KOBPBI SBJISIOTCS 3aMKHYTHIMH.

Paboma noddepoicana Poccutickum Hayunvim gondom u Kpacroapcrkum xpaesvim Gorn-
dom nayxu, npoexkm 25-21-20059:
https://rscf.ru/project/25-21-20059/.

Cubupcruti gedepanvhuiti yrusepcumem, Kpacnosapck (Poccus)
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KparHo dpakTopusyemble rpynnbl ¢ yCJIOBHO MOJIYHOPMAaJIbHBIMU
COMHOXKUTEJIIMU

II. A. TIABaIYIIKO, A. A. TPOOUMYK

PaccmarpuBaioTest TOIBKO KOHEUHBIE TpyIbl. HamoMuuMm, uro moarpynnsl A u B rpyn-
nel G HasbIBalOTCs cc-nepecmanosounumu ¢ G [1], ecim A nepecranoBouna ¢ BY jyist
HekoToporo ajementa g € (A, B). Iloarpynna A rpyunbt G Ha3bIBAETCS YCAOGHO NOAYHOD-
Maavhol [2] B rpynne G, ecau B G cymecrByer noarpyuna 1 takas, uro G = AT u A
CC-TIepeCTaHOBOYHA ¢ Kaxkaoi noarpynmoit u3 T. Kpome Toro, B (2| ycraHoBieHa npuHAI-
JIEKHOCTD Ipymibl G ¢ 3aaHHBIMI cUCTeMaMu (MaKCUMAJIbHbIe, CUIOBCKUE, MAKCUMAJIbHbIE
U3 CUJIOBCKUX, MUHUMAJIbHBIE, 2-MaKCUMAJIbHbBIE, COMHOKUTEIN) YCJIOBHO MOy HOPMAJILHBIX
IOAITPYIII K TPOU3BOJIbHON HaChIeHHON (opmarnuu § Takoit, aro U C F. 3xecs U — dop-
MaIysi BCEX CBEPXPA3PEIINMbIX IPYIIIL.

['pymnmna G siByisteTcst IpOM3BeIEHIEM CBOUX HOMAPHO IIepeCTaHOBOYHBIX oArpyni Gy, Ga,

.,Gp, ecim G = GGy - -G, u G;Gj = G;G; nos Beex 1, j € {1,2,...,n}. UsBectHo, 4TO
KOHEYHasl TPyIIla pa3permma TOTAa U TOJIBKO TOrJa, KOTJIa OHA SIBJSETCs IIPOU3BEICHUEM
CBOMX IIOIIAPHO MEPECTAHOBOYHBIX CHIOBCKuX noarpymi (reopema @. Xosna). U3 reopembr
Bunangra—Kerens ciemyer, aro jiobast KOHeIHAs TPYIIIIa, IPEJICTABAMAs B BUJIE TIPOM3BE/ 16~
HUsI TIOIIAPHO TEPECTAHOBOYHBIX HUJIBIIOTEHTHBIX MOJIPYII, TaKKe pazpeniuma. b. Xyrmmepr
JIOKa3aJI, YTO €CJIM IPYIIIA sIBJISIETCs ITPOU3BEIEHUEM ITOIAPHO MEPECTAHOBOYHBIX ITUKJIIHIe-
CKUX TOATPYIIII, TO OHA CBEPXPA3PEIINMA.

JlokazaHa CIIIYIOIasl TeopeMa.

Teopema. Ilycmv G = G1G5 - - - G,, — npoussederue nonapHo NEPeECMaHO80UHHLT NOO-
epynn G1, ..., Gy makuzx, wmo G; u G; asamomces ycaoero noayrnopmasonomu 6 GiGj 0ns
mobux 1,5 € {1,...,n}ti # j. [Iycmov § — nacvuwernnas gopmayus, makas wmo L C §.

1. Ecau G; € § dna ecex i € {1,...,n}, mo GS < (G")™.

2. Ecau G; € § das scex i € {1,...,n}, § C D u (|G;],|G;|) = 1 dan wobvx i,j €
{1,...,n},i #j, mo G E€F.

3. Ecau Gy ceepxpaspewuma, a G; nuavnomenmnv, das ecex i € {2,...,n}, mo G
CEEPTPAZPEULUMAL.

Bmecs D — dopmarust Bcex TPYII, UMEIONNX CHJIOBCKYIO OAITHIO CBEPXPAa3PENnInMoro
THIIA.

Paboma evinoanena npu gunarcosoti noddepoicke BPP DU, eparnm NeDP23PHD-237.

JINTEPATYPA

[1] Guo W., Shum K.P., Skiba A.N. Conditionally Permutable Subgroups and Supersolubility of Finite
Groups // Southeast Asian Bull. Math. 2005. Vol. 29. pp.493-510.

[2] Trofimuk A.A. Finite Groups with Given Systems of Conditionally Seminormal Subgroups //
Lobachevskii J. Math. 2024. Vol. 45. pp. 6624-6632.
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PacnosnaBaHue 1o cieKTpy HNPOCTBIX IPYIN C HECBI3HBIM rpadom IIpOCThIX
YyuceJ

B. B. ITAHBIINH

CrektpoMm w(G) Ha3BIBAETCsI MHOYKECTBO ITIOPSIZIKOB 3JIEMEHTOB KOHEUHOH rpymmel G.
I'pymmbl ¢ 0MHAKOBBIME CHEKTPAMU HA3BIBAIOTCH U30CneKmpanvhvimu. s rpynuast G pe-
HIATH NPOOAEMY PACTOZHABALMOCTNU O CNREKMPY O3HAYACT HAWTU BCe (C TOYHOCTHIO JIO U30-
Mopdu3Ma) IPYIIbl, U30CHeKTpajbable (G, WM J0KA3aTh, YTO UX OECKOHEYHO MHOTO.

[Tpobaema pacrmo3HABAEMOCTH IO CHEKTPY PEIeHa JJis BCeX KOHEYHBIX MTPOCTHIX TPYIIIL,
3a MCKJIIOUEHNEM CJIeJYIOIUX Cepuii IPyI B HEUeTHOH XapakrepucTuke, cM. [1,2]:

(1) L,(q), voe 8 < n < 26, n HE IPOCTOE;

(2) Un(q), tae 7 < n < 26

(3) San(q) u O2p11(q), tme 5 < n < 15, n # §;
(4) O3 (q), e 5 < n < 18;

(5) 0s3,(q), tne 5 < n < 17, n # 8, 16.

Ha camowm jsiesie, B yKa3aHHOM CIIACKE €CTh KOHETHOE YUCIIO TPYIII, JIJIsl KOTOPBIX IIpobJre-
Ma PaCIO3HABAEMOCTH TaKKe DEIleHa: 9TO CUMIIEKTUYECKHE U OPTOrOHAJbHBIE I'DYIIIBI C
HECBA3HBIM rpadoM mpocThix umcesi. I'padom npocteix guces rpymnsl G Ha3bIBaeTCs rpad,
BEPIIMHAMEI KOTOPOTO SIBJISIOTCS IPOCTBIE JIETUTEIN TOPsiiKa rpynibl G U B KOTOPOM JIBe
BEDIIKHBL T ¥ § CMEXKHBI TOIJa U TOJBKO TOrJa, Koraa s € w(G).

Hamma mnesib—peniurh 11pobjieMy paclio3HABA€MOCTH JIJIsl JIMHEHHBIX U YHUTAPHBIX TPYIIIT
€ HECBA3HBIM I'PahOM U3 ITOrO CIHCKA, & UMEHHO, jiyig rpynu Uy, (¢), Thae n —- mpocToe 4ucio,
L,+1(q), tne n — upocroe uucso u ¢ — 1 geaur n+ 1, u Uy, 41(q), rue n — mpocroe 9uciio u
q + 1 gemur n + 1. Tem campimM, Gyjer mostydeH ciaepyomuil pesyasrar [3].

Teopema. [Ipobsrema pacro3HaBAEMOCTH IO CIEKTPY peIleHa IS BCeX KOHETHBIX ITPO-
CTBIX I'PYIII C HECBSI3HBIM I'PAGOM IIPOCTHIX YHCEJI.

Hccenedosanue evinoaneno 3a cuem epanma Poccutickozo nayunozo gonda N 24-11-
00127: https://rscf.ru/project/24-11-00127/.

JINTEPATYPA
[1] Grechkoseeva M. A., Mazurov V. D., Shi W., Vasil’ev A. V. and Yang N. Finite groups isospectral to
simple groups. Commun. Math. Stat.,11: pp.169-194, 2023.
[2] Grechkoseeva M. A., Panshin V. V. On recognition of low-dimensional linear and unitary groups by
spectrum. Sib. Math. J., 65:5, pp.876-900, 2024.
[3] Panshin V. V. On recognition of simple groups with disconnected prime graph by spectrum, URL:
https://arxiv.org/pdf/2509.03483.
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GAT-rpynnsl — HOBbI# B3rIss Ha AT-rpynmnbl

A. B. POXXKOB

B 2000 r. P.A. T'puropuyk BBeJ KJIACCHI GEMBAUULCA U CAGDO BEMBAULULCA 2PYNMN.

Hwzke T—caioitHo oxHOposHoe nepeso, G < Aut(T).

Onpepgenenne BeTBAIUXCs rpyii. [lycro

1. G nmeiicTByeT TpaH3UTHBHO Ha CJI0siX AepeBa 1';

2a. ecsn Bce KOCTAOMJIH3ATODPDI (2K€CTKHE CTabH/IN3aTOphI) ost(n) HETPUBUAJIBHBI, TO
rpyIHiia Ha3bIBAETCS CAA00 6EMBAULCUCH;

2b. ecn |G : cost(n)| < 0o, TO BemBAwETICA.

Berssimuecst rpynmbsi—aTo yrcTo (opMmaabHoe 06061eHne HeKoTopbix AT-rpyrmm.

Bsarer gBa cBoiicrBa HekoTOpHIX AT-Tpymn u eKIapaTuBHO 3aJIaH KJacce TPy, oba-
nparomux arumu cBoiicrBamu. Ho #e Bce AT-rpynmbl sBASioTCs Jayke C1ab0 BETBATIIMICS.
IIpocreiimuii npuMep—0OecKOHEYHAs AUIpajibHast I'PYIIIa — JiBa Hopoxkaennas AT, —rpyiiia
HaJl [10CJIeI0BATEIbHOCTBIO w = (2,2,...). Y Hee Bce KocrabuimsaTops! paBbl 1. [Tosromy
Jlaxke cJ1abo BEeTBINUECs TPYIIIbI, He cojepKaT Bech Kiaace AT-rpymm.

Mpur mpejyiaraem paborarotee 06o6menne AT-rpyrmm.

Omnpenenenne GAT-rpynmbi. Ilycro

1. G neiicTByer TpaH3UTHBHO HA CJ0sIX JepeBa T;

2. Ha Bcex nojjiepeBbsix jgepeBa T rpymra G urgynupyer GAT-rpyiity, npadeM Bo BCex
BEpUIHHAX JJAHHOI'O CJIOSI B TOYHOCTH OJIHY H TY JKe.

DTO cxeMa PEKYPCHUH, U €CJIU 3a/[aHa KOHKPETHAsl KOHCTPYKIIUs, TO OLPeIe/IeHIe CTAHO-
BUTCsI KOPPEKTHBIM.

IIpumepbr GAT-rpynm.

1. yAT-rpymniibl, rjie HETPUBHAJIBHBIE IEPECTAHOBKH PACITOJIOXKEHBI TOJIBKO HA OECKOHET-
HOM IIyTH v B Jepese T

2. AT, —rpynmna, Korja HETPUBHAJIBHBIE IIEPECTAHOBKH PACIOJIOXKEHBI HA PACCTOSIHHH 1
ot HanpasJstiorero imytu. O6braasie AT-rpymnmsr notydatorces apu n = 1.

Ucxomubie mpumepst Asternimaa u Cymanckoro—aro ATy —rpytms.

[Mosyuersr TpeiBapuTEIbHBIE PE3YIBTATHI U3y YeHUs] JTAHHBIX KJIACCOB TPYIII.

Ecrb muOrO Apyrux koncrpyknnit GAT-rpytin, KOTOpbIii HEBO3MOYKHO U3JIOXKUATH B 9TOM
tekcre. AT-rpynmbl—peKypcuBHasi, caMoIoI06Has CTPYKTypa. VIMEHHO Ha 9TOM IIyTH, BO3-
MOXKHO, Oy/IeT Hall/IeHO MaKCHMAaJIbHO BO3MOYKHOE 000DIIEHNE ITO TOJIe3HOM KOHCTPYKITHH.

Kybanckuti 2ocydapcmeennoti ynusepcumem, Kpacrnodap (Poccus)
E-mail: great.ros.marine2@gmail.com
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O KOHEYHBIX rpyunmnax ¢ OAHUM HEKOMMYTaTOpOM

C. B. CKPECAHOB

DuieMeHT ¢ rpynnbl G SIBISETCST KOMMYTATOPOM, €CJIH €0 MOXKHO IPEJICTABUTDH B BHJIE
g = a b~ lab nusa HexoTopEIX a,b € G. B 2010 1. MaxXeliI IIOCTABHU/ CJIC YOI BOIPOC
B KOYPOBCKOI TeTpaJu: CYIIECTBYET JIH KOHEUHAsI IPYIIIA HOPsAKa OOIBIIEero 2, B KOTOPOii
POBHO OJIMH JIEMEHT HE SBJISIETCS KOMMYTATOPOM?

B moknasme 6ymer pacckazaHo O MOJIOXKUTEIHLHOM permeHnn Bompoca MakXeitna u Oymger
npeBesieHa 6eCKOHEeYHasT CepPHUsT TAKUX T'PYIIIL.

Hrnemumym mamemamury um. C.J1. Coboaesa, Hosocubupcx (Poccus)
E-mail: skresan@math.nsc.ru
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$7 -kpurndeckue (popMaIr KOHEYHBIX I'PYIII

B. B. CkpyH/b, 1I. H. CA®OHOBA

Bce paccmarpuBaeMble IPyIIbl KOHETHBI. MBI HCIIOJIb3yeM TEPMUHOJIOTUIO U 0DO3HAYTE-
HUsl, IpUHATHEE B [1, 2].

Bamaua usydyenus kpuruueckux gopmarmii nmocrasiaena B 1980 r. JI.A.IllemerkoBbIM
[3]. Paspaborka MeTOmOB U3ydeHHs] CTPYKTYDHOTO CTPOEHHS T-3aMKHYTBIX O-JOKAJIbHBIX
dopmaruii TpUBOAUT K HEOOXOIMMOCTH PA3BUTHSI TEOPUU KPUTHIECKUX T-3aMKHYTBIX O-
JoKaJIbHBIX dopmarmit (7 — noarpynmosoit dbyakTop B cmbiciae A.H. Ckuber [2, ¢. 16]). IIpu
3TOM $ -kpumuyeckots Gopmayuets LI MUHUMAALHOT T-3GMKEHYMOT T -A0KAAGHOT He $)-
Popmarueti MBI Ha3BIBAEM T-3aMKHYTYIO 0-JIOKaJIBHYIO (hopmarmio § € §), Bce coOCTBEHHBIE
T-3aMKHYTBIE 0-JIOKAJIbHBIE O I(OpMAI KOTOPOi COZEpKATCS B KJIacce Ipym §).

o-Jlokanbhyio hopmanuio §) HazpBaOT [4]| 0-10KkaAHOT Bopmayuet Kaaccuseckozo mu-
na, ecyau §) UMeeT TaKoe o-JIOKAJIbHOE OIpejiesieHne, Bce HeabeseBbl 3HAUEHNsT KOTOPOro o-
JIOKAJIbHBI.

Teopema 1. Ilycrs ) — o-j10KajgbHas GopMalus KiacCHIecKoro tuna u h — ee ka-
HOHHYeCKoe o-JIoKaJbHoe onpesesernne. Torja § B TOM W TOJIBKO B TOM CJIydae sIBJISIETCS
97 -kpurudeckoii ¢opmanuei, korga § = Il form G, e G — rakass MOHOJIHTHIECKas T-
MHHAMAJIbHAS He §)-rpylna ¢ MOHOMHTOM P = G, 4To BBITOTHAETCS OHO U3 YCIOBHIL:

1) G = P — rakas npocras o;-rpynna, uro o; ¢ o(9) u 7(G) = {1,G}; 2) P — ne
o-npuvapHas rpymma n G — T-muanManbHas He h(o;)-rpymma ¢ P = GH (1) as Beex
0; €0(P);3) G=Px K, rge P = Cg(P) — p-rpynna, p € 0;, a K — 6o mMoHomrnye-
cKkasl T-muHEMAIbHAs He h(o;)-rpymma ¢ monommrom Q = KM ¢ ®(K), rge 0; ¢ o(Q),
Jmbo MuHUMaJIbHas He h(o;)-rpymia oQHOro u3 CJACAYIOMIHX THIIOB: &) IPYIIIa KBATEPHHO-
HOB mopsiiKa 8, ecam 2 ¢ 0;; 6) 9KCTpacnenua bHas TPYTIIa TOPSIKa ¢° TPOCTOH HEeTeTHOH
9KCITOHEHTHI ¢ ¢ 0;; B) NUKJINIECKas ¢-rpyima, q & o;.

Teopema 2. [Tycmv § — T-3aMEHYMAA O-A0KAAOHAA POPMAyUS, § — O-A0KAAOHAA HOP-
MayuA Kaaccueckozo muna. Toeda ecau § L H, mo 6 § umeemcs no menvuiel mepe 001G
MUHUMAAOHAA T-3AMEHYMAA O -A0KAALHAA HE $)-POPMAUUL.

Hccnedosanus evimoanenovr npu Gunancosoti noddepocke Munucmepcemea 06pa3osarus
Pecnybauryu Beaapyco (ITHU «Kousepzenyua — 20255, npoexm 20211328).

JINTEPATYPA
[1] Skiba A. N. On one generalization of the local formations, ITOMT, 1(34) (2018), pp.79-82.
[2] Skiba A. N. Anre6pa dopmaimii. Mu.: Benapyckas HaByka, 1997.
[3] HIemerkos JI. A. Dxpanbr crynendarsix popmanmit, Tp. VI Bcecorogh. cumnoduyma no meopus 2pynmn.
Kues: HaykoBa gymka. 1980, ¢.37-50.
[4] Cadonosa . H. O KpuTn4ecKux o-JOKaJbHBIX (HPOPMAIMAX KOHEUHBbIX rpymi. 1Tpyde. Uncmumyma
mamemamury HAH Beaapycu. 31: 2 (2023), ¢.63-80.
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06 ammpokcumupyemoctu HNN-pacinupeHuii ¢ HOpMaJbHBIMU CBI3aHHBIMU
OOArpYIIIaMUA KOPHEBBIMU KJIACCAMU I'PYHN, HUJIBIIOTEHTHBIMU
¥ METAHWJIBIIOTEHTHBIMU I'PYIIaMU

E. B. CokoJiOB

ToopsiT, uTo rpymnmna X ammpoKCHMUPYyeTcsi KiaaccoM Ipyi C, ecyin KaxKIblil ee Heem-
HAYHBIA 3JIEMEHT TEPEXOIUT B HECIWHUIHBIN TOJ JefiCTBIEM HEKOTOPOrO0 roMoMOpdu3Ma
rpynmnbsl X Ha rpyminy u3 kiacca C. CorsiacHo OMHOMY U3 PABHOCHIIBHBIX OIIPEIETIEHIN KIIACC
C Ha3BIBAIOT KOPHEBBIM, €CJIN OH COJEPYKUT HEEINHUIHBIE TPYIIBI U 3aMKHYT OTHOCHTE -
HO B3ATHs IOJATPYIII, PACIIMPEHHil n JeKapToBbIX creneneil supa [[,., Y, roe Y, Z € C.
Jlerko BUETH, 9TO K YHC/Iy KOPHEBBIX OTHOCSTCH KJIACCHI BCEX KOHEYHBIX T'PYIII, KOHEU-
HBIX p-Tpymil (rje p—IIpoCcToe YUCIO0), BCeX Pa3pPEIlUMbIX TPYII, & TAKXkKe HEKOTOPbIE JIpY-
rue KJIaCChl TPYIII, AllIPOKCHMUIPYEMOCTb KOTOPBIMA 9aCcTO PACCMATPUBAETCS B JINTEPATYPE.
Kiracchl HUIBIIOTEHTHBIX M METAHUIBIIOTEHTHBIX TPYIII KOPHEBBIMU HE SIBJISIOTCS, TOCKOJTh-
Ky OHM HE3aMKHYTBI OTHOCUTEJIbHO B3ATUsI paciuperuii. OIHaKO, KaK MOKa3bIBAIOT PAOOTHI
[1, 2], pe3ysbraTsl 00 AIIPOKCUMUPYEMOCTH KOPHEBBIMHU KJIACCAME OKA3bIBAIOTCSI BECHMA
[OJIE3HBI U IIPU UCCIIEIOBAHUU (MeTa)HUJIBIOTEHTHON AIIPOKCUMUDYEMOCTH.

W3BecTHO, YTO B ONMCAHUY YCJIOBUHN AMMIPOKCHUMUAPYEMOCTH KOPHEBBIMU KjIaccaMu 0000-
IIIEHHOTO CBODOIHOTO MTPOU3BEJIEHNUsI JIBYX I'PYIIT ¢ HOPMAJIBHOM 00'beMHEHHON TIOATPY IO
BaKHYIO POJIb WI'PAET TPYyIIa aBTOMOPMU3MOB 00bEIMHEHHON MMOIIPYIIIBI, WH/YIIMPOBAH-
HBIX BHYTPEHHUMHU aBroMopdusmaMu cBoGojHOro npouseesenns [3]. B [4] mokaszano, uto
[TOXOYKUE T'PYIIIbI AaBTOMOP(MU3MOB MOTYT OBITH WCIIOJB30BAHBI M IPU HMCCJIEIOBAHUN All-
npokcumupyemoctu HNN-pacmupenunit rpymmn ¢ HOpMaJbHBIMEA CBA3AHHBIMY IO/ DY IIIIAMHE.
B nokuagie 6yuer onucano ogHo 0600IeHne pe3yibraTos u3 [4], a Tak:ke HpHUBeIeHbl KpUTe-
PHUU AlIPOKCUMUPYEMOCTH TOH K€ KOHCTPYKITMHA HUJIBIIOTEHTHBIMU U METAHUJIBIIOTEHTHBIMH
IPyYIIIAMHA, TIOJYIeHHBIE C TIOMOIIBI0 YKA3aHHOTO 00001eHust u uzeit us [2].

HUccenedosarue evinoanerno 3a cuwem eparnma PHD Ne 24-21-00307:
https://rscf.ru/project/24-21-00307/.

JINTEPATYPA

[1] Sokolov E. V. Certain residual properties of generalized Baumslag—Solitar groups // J. Algebra. 2021.
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[2] Sokolov E. V. On the residual nilpotence of generalized free products of groups // J. Algebra. 2024.
Vol. 657. pp.292-326.

[3] Tymanrosa E. A. O6 annpoKCUMHUPYEMOCTH KOPHEBBIMH KJIACCAMHU I'PYIII OOOGIIEHHBIX CBOGOAHBIX PO~
n3BefEeHNI ¢ HOpMaJbHBIM oObenuuaennem // Use. Bysos. Maremaruka. 2015. Ne 10. ¢.27—44.

[4] Sokolov E. V., Tumanova E. A. Certain residual properties of HNN-extensions with normal associated
subgroups // J. Group Theory. 2025. doi: 10.1515/jgth-2025-0071.
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O KOHEYHBIX IPyNIAax ¢ § -CyOHOPMAJIbHBIMHU §-KPUTUYECKUMU IIOATPYIIIaAMU

M. M. CorokuHA, . I'" HOBUKOBA

PaceMaTpuBaroTcst TOJBKO KOHEYHBIE TPYIIIIBI U KJIACCHI KOHEYHBIX TPYIIIL. F-KPUTHIECKOM
(uHavYe, MUHIMAJIBHON He F-I'PYIIOi) HA3bIBAETCS IPYIIA, He IPUHAIIEXKAIIAs KIIACCY TPYIII
$, Bce COOCTBEHHBIE HOJATPYIIBI KOTOPOIl mpuHajexar §. B pabore [1] juisi HACHIIEH-
HOIl (JIOKAJIBHON) HACJIEJCTBEHHOH opManuu § yCTaHOBJEHBbI cBoiicTBa rpymubl ¢ K-F-
CcyOHOPMaJIbHBIME F-KpuTudecKuMu noxarpyinamu. Teopema 1 pasBubaer pesyuabrar u3 [1]
JUIST CITydast w-JIOKAJIbHOM hopMaluu, TJie w— HEIyCTOe MHOXKECTBO MPOCTHIX YUCE.

ITycrs & — kiace Beex rpymi, I, — KJace BCeX HIIBIIOTEHTHBIX T-IPYIII (7T — HEIyCToe
MHOKECTBO IPOCThIX umced); f : w U {w'} — {bopmarun rpynn} — dysKIms.

Qopmanua §F = {G € & | G/O,(G) € f(W') u G/F,(G) € f(p) mna moboro p €
7(G)Nw} HasbBaeTcd w-noKaabHoil hopmanueit (2], e O, (G) — nanbosbinas HopMaJIbHAs
w-noarpymna rpynnsl G, F,(G) — Hanbossias HOpMaJIbHAS P-HUIBIOTEHTHAS HOATPYIIIA
B G, m(G) — COBOKYNHOCTB BCEX MPOCTHIX JeuTesiell nopsaka rpynnel G. st HemycToi
cdbopmamun § uepes GY obosHauaercss F-kopamkan rpynmst G 7(F) = U, T(GQ); T182 =
{G € & | G52 € §} — npomssenenne dopmammit §; 1 Fo. Lens moarpymnm rpymmsr G
HA3BIBAETCS W-TIEMBI0 OTHOCUTENBHO §, €CIM F-KOpaJMKaa KaxKJoro 4jeHa JAHHON Ienu
SIBJISIETCS W-TPyNIoit; noarpynmna H rpynner G HasbiBaeTcs §¥-cybHOpMasibHO B G, ecin
mmbo H = G u G¥ — w-rpynma, 160 B G CyIeCTBYeT MAKCHMAIBHAS W-TIEITh OTHOCHTEIHHO
Seuna G=HyD Hy D..DHy=H, tne (H,_1)S C H;, i =1,k [3]. Cneys [4], Gyzem
TOBOPUTH, 9TO KJIACC TPYII § 00JIATAET PEIIeTOTHBIM CBOMCTBOM ISl §“-CyOHOPMATBHBIX
TIOATPYTII, €CJIN B JI00OM TPYIIIe MHOXKECTBO BCEX §¥-CyOHOPMAJILHBIX TMOATPYIIT 00pa3yeT
MIOJIPEIIETKY PEIeTKN BCeX TOJAIPYIIT STON IPYIIIHL.

Teopema 1. Ilycres § — HacjeacTBeHHAST w-JIOKaJIbHasi (popMaliusi, 00JIaJaoIasl pe-
IMEeTOYHBIM CBOHCTBOM JiIsl §*-cybHOpMAaIbHbIX noarpyin, w N 7 (§F) # &. Eciu G — rpyn-
ma, He MpHHAJIEKAIIasl §, B KOTOPOH Kakaast §-Kpurudeckas moarpymnmna H sBiasercs §¢°-
cybropma.proii (§)-noarpymmoii w H/F(H) € §, 10 G € Nynr(z)S-

JINTEPATYPA
[1] Semenchuk V.N., Skiba A.N. Finite groups with systems of K-F-subnormal subgroups // arXiv:

1705.10476v1. [math.GR] 30 may 2017.

[2] Cxuba A.H., Illemerxos JI.A. KpaTHo w-nokanbHble popmanuu u Kiacchl OUTTHHra KOHEYHBIX TPYIII

// Maremaruueckue Tpyapi, 1999. T. 2, Ne 2, ¢.114-147.

[3] Maxcaxor C.II., Copokura M.M. O §¥-cyGHOpMAaNBHBIX HOArPYIIIaX KOHEIHBIX rpynn // Yuensle 3a-

nucku BpsiHckoro rocymapcersentoro ynusepcurera, 2022. Ne 3 (27), ¢. 7-17.

[4] Kamoprukos C.®., Cenpkur M.B. Iloarpynmnosbie pyHKTOPHI B KJIACChl KOHEYHBIX rpymm. MuHck: Be-

Jnapyckada HaByKa, 2003.
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O cBepXpa3peninMoOCT KOHEYHOM IPYIIIbI

1. JI. Coxop

PaccmarpuBaloTcst TOJIBKO KOHEYHBIE IDYIIIBL.
[Iycts G — meeguaunynas rpynna. Llens moarpymmn

1=My< Mi< ...< M,_1< M, =G, (1)

B KOTOpOit M;—MaxkcumasbHas B M, 41 MOArpyIIIa JIs KazkKJI0ro ¢, Ha3bIBAETCS MAKCUMAaJIb-
HOIt menbio rpymmnsl G, a n—ee juymaoi. Cremyst (1], ayuHy camoii KOPOTKON MaKCHMAJIBHOMN
nenu rpynnbl G OyneM HasbBaTh M1y6uHOM rpynnsl G u obosHauars A(G). Ecau rpynma
G T-pasperiuMa, TO KayKJIblil MHIEKC ee MaKCUMaJbHO nenu(l) siBisiercst m'-4uciaoM mim
IpUMapHBIM T-9uciaoM. [Toaromy BriosiHe ecTecTBEeHHBIM 0000IIEHHEM TOHSITUS Ty OMHBI JJIsT
YACTUYHO PA3PENIUMBbIX I'PYIII SIBJISIETCS IIOHSITHE T-TJIyOUHBI.

IIycts G—m-paspemmnmast Tpynna, Toraa m-rryounoit rpynnst G. Bynem naspBarh nan-
MeHbIIIee UHCJI0 T-HHIEKCOB CPEIN BCEX MAKCHMAJBbHBIX Iemeil rpymnusl G u 0003HAYATD
A (G). Haunbosbliee 9mcsio m-MHIEKCOB CPEM BCEX MAKCUMAJBHBIX Henel rpymmbl G 6yieMm
HA3BIBATDH T-BBICOTON rpymnbl G u 0603ua9aTh Ly (G).

Teopewma. I'pynna G T-cBepxpaspermMa Torga i ToJabKo Toraa, koraa iy (G) = A (G).

CanencrBue [2]. I'pynna cBepxpasperiuma TOrga U TOJIBKO TOLJA, KOIJIAa BCE €6 MAKCH-
MaJIbHBIE IIelTd UMEOT OJMHAKOBBIE JIJIHHBI.

Paboma swvinosrena npu gunancosoti noddeporcke Beaopyccrozo pecnybauranckozo gon-
da pyndamernmanrvhox uccaedosanuti (P23PHD-237).
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O HeorpaHMYEHHBIX I'PYIIIax

H. M. CyukoB, A. A. IIINEONKUH

ITycrs S(N) — rpynma Bcex IOACTAHOBOK MHOXKECTBA HATYDPAJIbHBIX dmces V.
Omupenenenne 1. IToncranoeka g € S(N) HasbIBaeTCs OTPaHUYEHHOMN, €Cin

- _ ol
w(g) Zzea]%m af| < oo.

O6o3Ha9NM

G =Lim(N) =z|z € S(N),w(z) < o0
Ecmu x,y € G, TO HETPYIHO MOHATH, YTO

wlz™h) = w(x),w(z,y) < wz) +w(y).

[Ipu sTom cmermanHas rpymmna (G IpeicTaBUMa B BHJE TIPOM3BEJICHUS JBYX JIOKAJIHHO
KOHEYHBIX IOJITPYIIIL.

Corytacuo Teopeme Kayu jnobast caernas rpyiia usomopdua noarpye rpymibst S(N).

Onpenenenue 2. [IponsBosibHAsT TPYIIIA HA3BIBAETCS OTPAHUYEHHON, €CJIn OHA U30MO(pP-
Ha noarpyuue rpyuist G = Lim(N).

B paGore [1] ycTaHOBIEHO, ITO OrpAHUYIEHHBIMU SIBJSIOTCS, HAPUMED, CIETAHSI CBO-
GojiHasT TpyIa, 2-rpyima AJemmnHa, cueTHasl JIOKAJIbHO-KOHEeIHAsl TPYIIia, CaeTHas CBODO-
Hasl abesieBa rpyia. ECTeCTBEHHO BO3HUK BOIIPOC O CYIIECTBOBAHUM U CTPOEHUH (CYETHBIX)
HeorpaHwYeHHbIX rpymi. [loayden ciemgyoomuii pe3yabTar:

Teopema 1. Ilycrs p — mpocroe gucso. Eciu rpynma H comepkut takne 3J1€MEHTHI

h,hi,ha, ..., R, ...,

aro b = h,hy = hy,...,h? = h,,_1, To H—HeorpannieHasi rpyIuia.

Cdopmymupyem pocToe CJIEICTBAE 3TOI0 Pe3yJIbTaTa.

Teopema 2. Eciu rpynna T siBiasiercst p-moJIHOMH J1JIsT HEKOTOPOTO IIPOCTOrO P U COJIEP-
JKHAT 3JIeMEHT GECKOHEYHOTO MOpsiKa, To T — HeorpaHmdeHHas TPYIIIA.

Hceaedosanue svinoamnerno npu noddepocke PH®, npoexm Ne 24-41-1000.
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O MOITHOCTHU PACIIENJIEMbIX PACIIUPEHUN TPy

A. 1. TkKAYEB, /I. H. A3APOB

'pymmna G HA3BIBAETCS MOIIHOM, €CJIHU JIst JII0DOro saeMenTta a € G u jiist J1i060ro HATY-
PAJILHOTO JICJINTEJISI N TOPSIIKA SJIEMEHTA, @ CYIIeCTBYeT ToMoMOpduU3M rpynibl G HA KOHEU-
HYIO PYIIILY, IEPEBOJLINMIL @ B 3JIEMEHT HOpsijKa n (mesuresieM GeCKOHEIHOCTH CUUTACTCS
J060e HaTypasbHoe 4ncsio). O4eBuIHO, UTO JII0bas MOIIHAS IPYIIA (GUHUTHO AIIIPOKCUMUA-
pyema. A. . MaJibieB j1oKa3aji, 9To paciemisieMoe paciupenne (G KOHETHO MOPOKJICHHOM
GUHATHO ANTPOKCUMUPYEMOIi IPYTITBI A ¢ TOMOIIHIO (DUHUTHO AIMTPOKCUMHUPYEMON T'PYIIIEI
B sapasercs GUHATHO anmpokcumMupyeMmoil rpymmoil. CyIecTByoT pUMepbI, MOKa3bIBAIO-
e, YTO ITOT PE3yJILbTAT He MOYKET OBITh PACHPOCTPaHeH ¢ (PUHUTHON AIMPOKCUMHUPYEMO-
CTH Ha MOIHOCTh—MBbI [TOKA3aJI1, 9TO PACIIEILISIEMOe PACIINPEHNe IPYIIIbl KBATEPHUOHOB
C MOMOITBIO KOHEYHOM TUKIMIECKOM TPYIIIBI MOXKET He ObITh MOITHBIM. C Apyroit CTOPOHBI,
HaMU OBLIU [IOJIyYeHbl CJIeAYIONNe Pe3yJILTaThI.

Teopema 1. Ecsin metabesteBa rpyiima G sIBISIETCST PACHICII/ISIEMBIM DACITHPEHHEM KO-
HEYHO IMOPOXKIEHHOH MOIIHOH rpymmel A ¢ momolneio MomfHoH rpymmnbl B, to rpynna G
SABJISIETCST MOIITHOH.

Teopema 2. /[yist npou3Bo/ibHOH rpyHibl A CJeAyIonine yYCaOBUsl PABHOCHIBHBI:

1. JIroboe pacmierisieMoe pacuimpenie rpymiabl A ¢ MOMOIIBIO MPOU3BOJIBHON MOIIHOMH
rpymnmsl 6e3 KpydeHust B sBJIsieTCs MOIIHOM I'PYIIIOH.

2. JIioboe pacrenisieMoe pacuIimpeHue rpyHibl A ¢ IOMOIIBIO MPOU3BOJIBHON CBOOOIHOH
rpynmsl B sBJIsTeTcss MOIIHOH I'DYIIIOH.

3. I'pynna A siBJIsIeTCsSI CBEPXMOIIHOH, TO €CTh JJIST KaXKJI0ro JeMeHTa a € A u Jijis
KaskJ[0ro HATypaJbLHOTO JAEJIUTEIS 1 MOPsJIKa dJIeMeHTa a B rpyime A cyiecrByer Xapak-
TepHCTHIECKAs IIOAIPYIIIa KOHEYHOI'O HHIEKCA, IO MOJYJII0 KOTOPOH IIOPS/IOK 9JIEMEHTa Q
paBeH n.

Teopema 3. Cirexyroniue rpyiibl siBJISTFOTCSI CBEPXMOIIHBIMH: [TOJIH-Z, -TDYIIIIBI; KOHETHO
IIOPOXKIeHHBbIE HUJIBIIOTEHTHBIE I'PYIIIbI; KOHEIHO IIOPOXK/EHHBIC I'DYIIIBI, AIIIPOKCHAMUDYe-
MbI€ KOHEUHBIMU P-I'DYIIIaMU JJIs KAXKI0r0 IIPOCTOrO P.

Teopema 4. PacuielisieMoe pacllupeHHe CBEPXMOIIHOH I'PyIIIbl A ¢ HOMOIIBIO CJ1abo
MoIIHO#H rpynibsl B sBisercss ciabo MOIIHOM I'DYIIIOH.

QuHUTHO anmIpoKcuMupyemasi rpyiia (G Ha3bIBaeTCs CJIab0 MOIIHOMN, eCJin JIst JI000ro
ee JIeMeHTa ¢ OECKOHETHOIO MOPSIIKA CYIIEeCTBYET HATYPAJILHOE 1M TaKoe, 9TO JJIsl KazKJI0T0
HATYPAJIBHOrO N CYIIECTBYyeT TOMOMOPGMU3M rpymitbl (G Ha KOHEUHYIO IPYIIILY, TePEBOISIIIIIA
@ B JIEMEHT IOPSIIIKA MN.

Hccnedosanue 8bnoaneno 3a cwem 2paHma no npuopumemmvim HanpasAeHUAM Jes-
meavrhocmu PH®, npoexm 30-2025-00399/4 «Annpokcumayuorkovie c60UCNEaA 2DYNms.

Heanoscruti 2ocydapemeennvili ynusepcumem, Hearnoso (Poccus)
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O cBgA39X CBOWCTB KOBPOBOM MOJATrPYIIIbI 1 KOBPOBOro KoJiblia Jlu

E. H. TPOAHCKAA

PaccMarpuBaioTcst EMIIMKATHBHBIE CBA3H 3aMKHYTOCTH, HHBAPDHAHTHOCTH U L-3aMKHYTOCTH
KOBpa aJIATUBHBIX IOArpynn pasra | (onpezesnenust cM. B [1]). Pesysnbrarsl npusesieHs B
TabsinIe HUXKe, IJIe XapAKTePUCTUKA P OCHOBHOIO KOJIbIA KOI(MDMUIMEHTOB €CTh IPOCTOe
qucsto nin 0. Vimmunkanuu 4) u 5) ycTaHOBJICHB! B [2].

Ne P CsoiicTBO Bompoc CBoiicTBO l=1|1>2
0 3aMKHYTOCTD = L-3aMKHYTOCTH | HET | HeET

1) 2 3aMKHYTOCTb == L-3aMKHyTOCTD Ja Ja
p>2 3aMKHYTOCTh = L-3aMKHYTOCTH | HET ?

0 L-3aMKHYTOCTH = 3aMKHYTOCTD HeT | HeT

2) 2 L-3aMKHyTOCTB - 3aMKHYTOCTb HeT | HeT
p> 2| L-3aMKHYTOCTH = 3aMKHYTOCTh a za

0 3aMKHYTOCTD == MHBAPUAHTHOCTH | HET | HET

3) 2 3aMKHYTOCTb — WHBapPUAHTHOCTDL | HET HeT
p>2 3aMKHYTOCTh = MHBAPUAHTHOCTL | HET ?

0 WHBAPUAHTHOCTH == 3aMKHYTOCTD a2 2

4) 2 WHBAPUAHTHOCTH == 3aMKHYTOCTb Ja Ja
p > 2 | ”HBAPUAHTHOCTD == 3aMKHYTOCTh a na

0 MHBAPUAHTHOCTD = L-3aMKHyTOCTB J1a z1a

5) 2 WHBAPUAHTHOCTH = L-3aMKHyTOCTH a 1a
p > 2 | UHBAPUAHTHOCTD = L-3aMKHyTOCTB aa Ia

0 L-3aMKHYTOCTD = MHBAPUAHTHOCTH | HET | HET

6) 2 L-3aMKHYTOCTD == WHBAPUAHTHOCTb | HET | HeT
p > 2| L-3aMKHyTOCTb = MHBApPUAHTHOCTH | Ja z1a

Paboma noddeporcarna PHD, npoexm 25-21-20059: https://rscf.ru/project/25-21-20059/.

JINTEPATYPA
[1] Hy:xwun {.H. Konbna Jlu, onpeensiemMble cucTeMoii KOpHe 1 HaGOPOM a INTUBHBIX HOATPYIII OCHOBHOTO
kosbia // Tp. UMM YpO PAH. 2012. T. 18, Ne 3, ¢.195-200.
[2] Nuzhin Ya. N. On the closedness of carpets of additive subgroups associated with a Chevalley group
over a commutative ring // 2Kypu. COV. Cep. Marem. n dus., 16:6 (2023), pp.732-737.
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Heurpouast CT-rpynno

. A. YECHOKOB, A. B. TPEUEP

B 2000 roxy A. T'. Msacuukos u C. Jltotuko B pabore [1| BBesu moHATHE IEHTPOUIA
Ipou3BoJIbHOM Tpymbl G. B Toi xKe crarbe 66110 T0Ka3aHO, 9To 1ieHTpon 1 C'S A rpynn nmeer
siBHOE omnucanne. MbI moKaza m, 970 MO2KHO ODOOIIUATE STOT Pe3ysIbTaT Ha Oojiee MUPOKMIA
ritacc CT-rpymnn u 6071€e TOro yCTAHOBATH KPUTEPHUIl C MMOMOIIBIO CTPYKTYPBI IIEHTPOUIA.

Teopema Ilycrs G — rpymnma, C; — OpeJcTaBUTENH KJIACCOB CONPSI)KEHHOCTH I[EHTPA~
JIM3aTOPOB HETPHBHAJBHBIX 37eMeHTOB. I'pynma G siiasiercss C'T-rpynioii Torjia u TOJIBKO
rorga, korga I'(G) = HFN(CZ-).

el

C [OMOIIBIO 9TOTO PE3YIbTATA OBLIN BBIYUCIEHDBI IEHTPOUIBI OIPAHNIEHHBIX CIIJIETEHUH
abesieBbIX Tpynu ¢ Z, MerabeseBbix rpymn Baymcnara-Cosmmrepa tuna BS(1, k),

k # —1 u cBOOOIHBIX PA3PEIINMbIX I'DYIIIL.
JINTEPATYPA
[1] Lioutikov S., Myasnikov A. Centroids of groups, J. Group Theory, 3 (2000), pp.177-197.
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CTpyKTypa 1 aBTOMOP@PU3IMbI HEKOTOPBIX IUKJJINYECKUX PACHINPEHUH
CBOOO/THBIX T'PYIIII

E. A. IITATOPUHA

B npescranienHoit paboTe Mbl M3ydaeM TPYIILI BHENTHUX aBTOMOPMHU3MOB IUKJIHIe-
CKUX PaCIINpeHuii cBOOOIHOM rpynnbl. Ha JaHHBIT MOMEHT MOJTyYeHb! CJIe Iy OIe HHTepec-
HBIE PE3YJIBTATHI, CBI3aHHBIE C U3yYE€HUEM TAKOTO OOBLEKTA.

Hanpuwmep, O. Boronosnbekuii, A. Mapruuo u 9. Benrypa [1] nayanu usydenue rpyi-
Il BHEITHUX aBTOMOP(MU3MOB IUKJIAIECKOTO PACIIUPEHS CBOOOJHOM IPYIIIBI U MTOJIY UK
OlUCaHWe TPYIIbl BHEITHUX aBTOMOP(MU3MOB BCEX IUKINIECKUX DPACIIMPEHUN CBOGOIHOI
TPYIIBI paHTa 2

M, =F; %, Z.

B 2021 roxy [2]|, meromer paGorsl [1] yzamoch 9acTHYHO aJalTHPOBAThH JJIS MOMCKA

MOPOXKIAIOIIMX IPYIIIEI BHEIITHUX aBTOMOPGhU3MOB Tpytnbl [epcrena

H=TF3xZ={a,bc,t|a" =a,b =ba,c = ca?®).

Bouto nokazano, ato Out(H) =2 (F3 x Z3) x1 (Zg x Zs).

B 2024 rony [4] 6buia usyveHa cepusi MUKJIXIECKUX PACIIUPEHUN CBOGOIHON IDYIIIIBI
paHra Tpu

Gr=TF3x7Z=(a,bc,t|a =ab =ba" c" =c)k#0
¥ TIOJIY9€HO OIMUCAHWE T'PYIIIbI BHEITHUX aBTOMODMU3MOB JIJIsl JIAHHOW CEpUM C MOMOIIHIO
MeTOZI0B KOMOMHATOPHO} T€OpUH TPYII U Pe3yabTara [4].

B npescrapiennoit pabore, Jist ©3ydYeHUsI TPYIIILI BHEITHIX aBTOMOP(MU3MOB UK IIIe-
CKOI'0 pacIIupeHusi CBOOOIHON IPyIIIIBI 38/ 1eHCTBOBAH KAPIUHAJIBHO HOBBIN IIOJIXOI,

BwmecTo usyuenus aBroMopdu3MOB HAIPSIMYTO, MBI BOCIIOJIb3yeMcst pesysabraroM 2K.Jle-
BuTTA [5], 0 TOM, UTO BCAKOMY HUKJIMIECKOMY DACIIUPEHHUIO CBOOOIHON TPYIIIBI € IIOMOIIBIO
BHEIITHEr0 aBTOMOPMU3Ma KOHETHOTO TIOPSI/IKA MOXKHO [IOCTABUTH B cooTBeTcTBUE GBS Tpym-
Iy ¢ HETPUBUAJIBHBIM IIEHTPOM (aBTOMOPMU3MbI KOTOPOI M3y UeHbl, HAPUMED, B padore [6]).

Paboma svinoanena 3a cuem eparnma PH® 2/-11-00119.

JINTEPATYPA
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Electronic Mathematical Reports, 21:2, 2024, pp.1400-1413.

[4] McCool J. On basis-conjugating automorphisms of free groups, Canad. J. Math., 38:6, 1986,
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[5] Levitt G. Generalized Baumslag-Solitar groups: rank and finite index subgroups, Ann. Inst. Fourier,
65:2, 2015, pp.725-762.

[6] Gilbert N. D., Howie J., Metaftsis V. and Raptis E. Tree actions of automorphism groups, Journal of

Group Theory, 1999.
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O CJI02KHOCTHM peNIeTKN KBAa3MMHOrooopa3uii 2-CTyII€EHO HUJIbIOTEHTHBIX I'PDYIII

C. A. IITaX0OBA

B [1] M.U. Kapranosos nmocrasui mpobseMy (Borpoc 4.31): onmcars pemeéTKy KBa3UMHO-
roobpasuii 2-CTYIIEHHO HUJIBIIOTEHTHBIX rpyIil. OKa3a/I0Ch, YTO 9Ta PEIIETKA, KAK U PEIIETKH
KBa3UMHOT000Pa3uil IPYrux YHUBEPCAJIBHBIX ajIredp, UMeeT JOBOJIBHO CJIO0YKHOE CTPOEHUE.

OGosuaunm 1gepe3 ¢G — KBasHMHOrooGpasue, nopoxkaéuuoe rpynnoit G, Ly(N) — pe-
MéTKa KBA3UMHOTOOOpas3nii, cofepkamuxest B Kasumuoroobpasun N Fi(N) — csobommas
B KBasuMHOroobpasun A rpynna panra 2; Rs x — MHOroo0pasue HUIBIIOTEHTHBIX CTYIIEHH
He BBIIIE J[BYX T'PYIIT SKCIOHEHTHI p° ¢ KOMMYTAHTOM SKCIOHEHTHI P, p — HPOCTOE HHCIIO,
0, A — HaTypaJIbHBIE YHCTA, 0 > A. Bynem nucars Rs BMecTo R 5.

B [2, 3] mosyueHsl TeopeMbl, XapaKTepU3yIOImue CJA0KHOCTL pemérku L, (R ) npu
d > 2. B pabore [2] nokaszaHo, 4T0 1pu § > 2 CyIIECTBYeT OECKOHEYHOe MHOXKECTBO KBa-
sumuoroobpasuit M C Rs 1, HOPOKIEHHBIX KOHEYHOH I'DYIION, W TAKHUX, YTO I JIIO-
Goro kBasmmuOroobpasusa N, ymosrersopsiomero csoiictey M & N C Rs 1, maTEpBaI
[M, N| B pemérke kBasmMHOrOOOpasmii KOHTHHyaJieH. B 9acTHOCTH, KOHTHHYAJEH WH-
repsan [¢F3(Rs1), N mus smoboro keasumHOroobpasust A, yJI0BIeTBODSIONIEr0 CBOACTBY
qF2(R51) G N C Rsa.

B [3] mokazamo, uto ecm 0 > A > 2, ud > A >2mpup =2, G € Rs ), G — KoHedHA
rpyIa, 3aJanHas B R sy KOMMYTQTOPHBIMI OIPEIEISIONIMI COOTHOIeHnAMH, ¢F5(Rs 1) &
qG, To nnrepBai [qF2(Rs)), ¢G| B pemérke Ly(Rs ) IMeET MOIIHOCTD KOHTHHYYMA.

B nacrosimeit pabore mokazana eIy ronast

Teopema. Eciau § > 2, p # 2, To j/1s1 sro6oro KpasuMmHoroobpasus N, yiosaersops-
fomero ycaosuto qF»(Rs) & N C Ry, unrepsan [qF2(Rs), N B pemérke Ly(Rs) umeer
MOHIIHOCTH KOHTHHYYMA.

JINTEPATYPA
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6a3mcoB KBasuTOXKAeCcTB, Cub. mam. orcyph., 61:6 (2020), c¢.1234-1246.
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O HacaenoBanuu T-TeopeMbl CujioBa NOArpynnaMy KJIaCCUIECKUX I'PYIIII

B. JI. HIENEJIEB

Ilycts ™ — MHOXKeCTBO MPOCTHIX Uuces. KonedHasi Tpyliia HA3BIBAETCH T -2pynnot, eCyu
BCe IIPOCTBIE JIeIUTENN €€ MOopsijiKa IpuHaexkar m. ['pynmna G yIoBIeTBOPSIET T-meopeme
Cunosa (G € Dy), eciiu eé MaKCUMAJIbHBIE T-HOAIPYIIIbI COPAMKEHDI, U CUAbHOU T -Meopeme
Cuanosa (G € W), ecin Besikast noarpynna G ynosjersopsier m-teopeme Cuiosa.

Busang |1, Bounpoc (h)| npemgioxkui knaccudunupoars upocrsie rpynnst G € Wi,
Cropajumyeckre U 3HaKoIepeMeHHble rpyiibl u3 W, kiaccuduiuposansl H. . Manzaesoii
[2], rpynmel sinesa Tuna panral—mpoksaamaukoM [3).

Eciu G—rpynna, to G € W, ecii u Tostbko eciiu G € D, u M € W njs jiroboit Max-
cumasibHol oarpymnsl M. Corsacao Teopeme Ambaxepa MakKCUMAaIbHbIE TTOANPYIITHI KJIac-
CHYECKUX TPYII JUO0 MPUHAJJIEKAT ONHOMY U3 BOCBME “T€OMETPUIECKUX KJIACCOB, JIHOO
SIBJISTFOTCSI TIOYTH TPOCTBIME. [[OTPYIIIBI IEPBOTO THIA XOPOIIO M3BECTHBI (4], moarpymmst
BTOpPOro Tula — He Beerja. HeabeeBbl KOMIIO3UIMOHHBIE (DAKTOPBI TOArpynn Ambaxepa —
3HAKOIIEPEMEHHBIE WJIM KJIACCUYECKUE IPYIIIIb.

Onpenenenne. Fcim G—3HakonepeMeHnHast TPYIa WK KJIACCHIECKas TPYIIIA JIAEBA,
tuma panra 1, 10 G € Wiy, ecoin G € Wy Ecoin G — kiacenmdeckast rpylma pamra > 1, o
Wi, ecin G € Dy, u S € W, 115 BEssKOro HeabesieBa KOMIOZHIIORHOro hakTopa S 1o60ro
3J1IeMeHTa Kjacca Ambaxepa.

Pemrast mpobsiemy Bustania, eCTeCTBEHHO MONBITATHCS IEPEIUCTUTE KJIACCUIECKHE TPYII-
bl u3 W,. Ho BO3HUKAET BOIPOC O KOPPEKTHOCTH: OIPEIE/ISIeTCS JII IPUHAIIEIKHOCTD Wy
TOJILKO THUIIOM U30MOpdu3Ma rpymnbi? M3BecTHBI n30MOPGMU3MBI MEXKIY TPYIIAMHU JIHEBA
TUIA, a TaKyKe N30MOpGhU3MBI €O 3HaKOIepeMeHHbIMU Tpyiinamu (Hanpumep, Uy (2) 22 54(3),
L4(2) = Ag). IlpencraBurenu kaaccoB Ambaxepa IIpH 9TOM 3aBUCAT OT TOTO, B KAKOM Ka-
JecTBe Mbl PACCMATPUBAEM TY WJIA WHYIO IDYIIILY.

Teopema. /[i1st sr060ro MHOXKECTBA T HPHHAIIEKHOCTH W, Kaaccmaeckoit rpymmsr G
OIIPEJIEJISIETCST TOJIBKO THIIOM H30Mopgu3ma rpyiibl G.

Paboma evinoanena 3a cuwém epanma PH®, npoexm N 24-21-00163: https://rscf.ru/
project/24-21-00163/.
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O rpynnax ¢ N-KpUTUYHBIM rpadoM B JIOKAJIbHO KOHEYHBIX I'PyHIaX

A. A. lIlnenkuH, B. 1. MyPAIIIKO

[Iycts R — muO)KecTBO rpyIil. Bymem roBoputs, uto rpynmna G Hacviuiera TPyIIIaMu U3
R, eciiu 1r00ast KOHEUHAsT TOArPYyIa u3 G COAEPXKUTCs B TOArPyIIe rpyiibl (G, m30MOPMHOI
Hekoropoii rpymme u3 R [1, 2]. IlosydeHsl cienyonme pe3yabTarThl:

Teopewma 1. Ilycrs G— sokajibao koneunasi rpymma, ©(G) = {2,p1,- -+ ,pa} u G Hacbl-
IIjeHa rpymniaMu U3 MHOXKECTBA
e H;— komeunas (p;,2)-rpynna Ilvunra, p; € w(H;) u p;— nederno. Torma G obianaer
HOPMAaJIbHOI 2’ — xos0Boii HOOArPYHIIOH

A=A x - xA; x -+ x Ag,

e Aj— cuitoBckas pj—noarpynna rpymnsl G.
Teopewma 2 . ITycte G— nepuomuyeckas rpynna Illynkosa, 71(G) = {2,p1, -+ ,pa} u G
HaChIIIeHa IPYIIaMHA H3 MHOXKECTBA

m:{HL|ZEN},

e H;— koneunast (p;,2)-rpymua Ivugra, p; € w(H;) u p;— Heuerno. Torga G obuagaer
HOpMAaJIbHOH 2’ — xos0B0# HOOArpYHIIOH

A=A x---x A; x--- X Ag,

e Aj— cmioBckas pj—moarpynmna rpynnsl G u Kax ciaegersae G — JIOKaJIbHO KOHEYHAs
rpymma.

Paboma nepsozo asmopa noddepoicana PHD®, npoexm MNe 24-41-10004; paboma émopozo
asmopa noddeporcana BPODU, npoexm Ne O23PHOM-63.
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IlenTpanusaTopHasi pa3MEPHOCTDb TPYIIIl, JEACTBYIOIINX HA JePEBbIX,
c abejieBBIMH CTaOMJIM3aTOpPaMU

A. B. YcukoB

Koneuno nmopoxiennasi rpynna G HasbiBaeTcs HasbiBaercst GBS-rpyiioi, ecin oHa
JeiicTByeT Ha HEKOTOpoM jepeBe X 0e3 mHBepCHil pebep Tak, 9TO CTaOUIN3ATOPHI BEPIITUH
u pebep — OeCKOHEUYHBbIE IUKJINYeCKue rpynmbl, u aGBS-rpynmoii, ecin cTabUIn3aToOPhI
BepIuH U pedbep abeTeBsl.

Ecau B rpynme G cytmecTByeT cTporo yobIBaloImas MEernovYKka IeHTPaIn3aTOPOB

CicCyC...CcCy

JJIHBL d, HO HE CYIIECTBYET TaKO MEeMOYKN JJINHBL d+ 1, TO IeHTpaIm3aTopHast pa3MepPHOCTh
cdim(G) pasra d. Ecau takoro uncia He cymectsyet, To nosnaraior cdim(G) = oo.

B [1] A. Tx. dynkan, 1. B. Kazaukos n B. 1. PeMecIeHHUKOB JIOKA3BIBAIOT, UTO JIJIsT
KayKJI0ro m > 1 Kjacc rpymil JaHHON IEHTPAJIM3aTOPHON Pa3MEPHOCTH 1M aKCHOMATHU3U-
pyeTrcst yHHBEpCAJIbHOI (HOPMYyIIOil JIOTHKHU 1mepBoro mopsijika. llosromy omnucanue neHTpa-
JIN3ATOPHOI PA3MEPHOCTH PA3MEPHOCTU BEChMa IIOJIE3HO IIPU U3YUEHUU YHUBEPCAJIHHON K-
BUBAJICHTHOCTH rpymi. KpoMe TOro, Takoe OMUCaHUe UTPAET BaXKHYIO POJIb JIJIsl PEIIeHUS
YPaBHEHU B I'pyIIIax.

B [2] ®. A. dynaxkuHy yaagoch BEIMUCINTH IIEHTPAIN3ATOPHYIO Pa3MepHOCTh Beex G BS-
rpymi, a B [3] uMm HafijileH KpuTepuit yHuUBepcaJbHON sKBUBaseHTHOCTH G BS-Tpymm, st
koropeix G/X — nepeso.

B macrosimeit pabore Mbl HaAYMHAEM H3y4YaTh IIEHTPAJU3ATOPHYIO pasMepHOCcTb aGBS-
rpymm. Jlokazana ciemyrommas

Teopewma. Ilycrs G — aGBS-rpymna u G/X — nepeso. Torua

cdim(G@) < 2|V(G/X)| — 1.
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On the variety of two dimensional representations of some groups with one
relation

A. N. ADMIRALOVA, V. V. BENIASH-KRYVETS

Let G = {(g1,...,9m) be a finitely generated group and K be an algebraically closed
field of characteristic zero. For any homomorphism p : G — GL,,(K) the set of elements

(p(g1)s - p(gm)) € GLn(K)™
satisfies evidently all the relations of G and thus the correspondence

p— (p(g1), -5 p(gm))

gives a bijection between points of the set Hom(G, GL,,(K)) and K-points of some affine K-
variety R,,(G) C GL,(K)™. The variety R,,(G) is usually called the variety of n-dimensional
representations of G ([1]).

The study of geometric invariants of R, (G) like the dimension or the number of irreducible
components is of interest in combinatorial group theory ([2]). The representation varieties
have also many applications in 3-dimensional geometry and topology ([3]).

We consider the group G = (x,y, 21, ..., 2m | [£,y] = W(z1,...,2m)), where W (z1, ..., 2m)
do not belong to the commutant of the free group F(z1,..., z,,) with generators z1, ..., Zn.
This means that in the qoutient group F/F’ the word W has the form W = z]fl oozl
where not all of k; are equal to zero. We will give a description of Ry (G).

Let d = GCD(ky,...,ky) and H = {(A1,...,An) € GLo(K)™ | W(Ay, ..., An) =
E,}. H is an affine variety. Let s be the number of irreducible components of H having
dimension at least 4m — 2. The following theorem holds.

Theorem. The number of irreducible components of Ry(G) is equal to d + s.

Corollary 1. Let G = {x,y, z | [z,y] = 2%), where t > 2. Then the number of irreducible
components of Ry(G) is equal to f(tTH)

Corollary 2. Let r,t € N, (r,t) =1, and G = (x,y, 21, 22 | [,y] = 2]2%). Then R2(G)
is an irreducible variety.
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Bijections of a group which commute with its automorphisms

O. V. BRYUKHANOV

Given a group G, take ® < AutG and consider the set of all bijections 0 : G — G of G
onto itself with the property

o(e(9)) = ¢(a(g))
for all ¢ € ® and g € G. This set of bijections constitutes a group with respect to
composition, where o102(g) = 2(01(g)) for g € G. We denote this group by Bg(G) and call
it the group of ®-commuting bijections of G.

In the case when the subgroup ® of automorphisms coincides with the group of inner
automorphisms of G, Borodin, Neshchadim, and Simonov computed [1, 2| the groups B4 (G)
for arbitrary abelian groups, for arbitrary free nonabelian groups, and for the dihedral groups
D,,n € NUoo. In [2], the question was posed of a general description of the group Bg(G)
for an arbitrary group G and an arbitrary subgroup ® < AutG. The article [3] provides an
answer to that question.

In the [3], we obtain the structure of these groups of bijections as the structure of the
centralizer of a subgroup of the permutation group of a set of arbitrary cardinality.

Theorem 1. Let G be a group, let ® < AutG, and let Bg(G) be the group of ®-
commuting bijections of G. If G = | |,c; 9% and Ko = | |,cp Ko for I' C I, where K, =
{o(92)|0 € B&(G)}. Let By, (G),a € I, be the group of ®-commuting self-bijections of the
®-orbit g®. Then

Ba(G) =[]

where Bg_ (G) = N (Ste(9a))/Ste(ga)-

In particular, we show that the centralizer of the regular representation of a group on
itself is isomorphic to the group itself. Using the structure of such bijection groups for the
free two-generated Burnside group of exponent 3, we compute the group of its bijections
commuting with its inner automorphisms. These results and more general result can be
found in the [3].

B<I>a (G) 2Ka S(Ka)a

acl’
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On lattice of Hall subgroups of a finite group

A. A. BUTURLAKIN

The talk is based on a joint paper with Yang Nanying [1].

Let m be a set of primes. A Hall m-subgroup of a finite group is a w-subgroup whose
index is not divisible by primes from 7. Denote by FE, the class of finite groups having a
Hall 7m-subgroup.

We prove the following statement.

Theorem 1. Let m; and my be sets of primes. Then E;, N Er, C Ex Anr,.

This gives an affirmative answer to Question 18.38 of [2].
This theorem together with the main result of [3| provides the following.

Theorem 2. Let m be a set of primes of size k > 3 and let | be an integer such that
2 < I < k. Assume that a finite group G has a Hall p-subgroup for every p C w with |p| = .
Then G has a solvable Hall w-subgroup.
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On characterization of groups by isomorphism type of Gruenberg—Kegel graph

M. ZH. CHEN, N. V. MasLova, M. R. ZINOV'EVA

The Gruenberg—Kegel graph (or the prime graph) T'(G) of a finite group G is a graph
whose vertex set is the set of prime divisors of |G| and in which two distinct vertices r and
s are adjacent if and only if there exists an element of order rs in G. We say that a finite
group G is recognizable by Gruenberg—Kegel graph if for every finite group H the equality
I'(H) = I'(G) implies that G = H. A finite group G is recognizable by isomorphism type
of Gruenberg—Kegel graph if for every finite group H the isomorphism between I'(H) and
I'(G) as abstract graphs (i. e. unlabeled graphs) implies that G = H. In 2022, P. J. Cameron
and the second author proved that if a finite group is recognizable by Gruenberg—Kegel
graph, then the group is almost simple. It is clear that if a finite group is recognizable by
isomorphism type of Gruenberg—Kegel graph, then the group is recognizable by Gruenberg—
Kegel graph.

There are still not so many examples of finite groups which can be recognizable by
isomorphism type of Gruenberg—Kegel graph. In 2006, A. V. Zavarnitsine proved that a finite
simple sporadic group Jy is the unique finite group with exactly 6 connected components of
its Gruenberg—Kegel graph. In 2022, P. J. Cameron and the second author proved that the
groups Fg(2) and 2G»(27) are recognizable by isomorphism type of Gruenberg—Kegel graph,
and recently M. Lee and T. Popiel proved that a sporadic simple group .S is recognizable by
isomorphism type of Gruenberg—Kegel graph if and only if

S € {B, Fiag, Fib,, Jg, Ly, M, O'N, Th}.
We prove the following theorem.

Theorem. Finite simple exceptional groups of Lie type 2Eg(2) and Es(q) for q €
{3,4,5,7,8,9,17} are recognizable by isomorphism type of Gruenberg—Kegel graph.

The first author is supported by the National Natural Science Foundation of China
(project No. 12461063). The work of the second author was performed as part of research
conducted in the Ural Mathematical Center with the financial support of the Ministry of
Science and Higher Education of the Russian Federation (Agreement number 075-02-2025-
1549). This research continues the project which was supported by the Russian Science
Foundation (project no. 19-71-10067).
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Finite groups without elements of order 10

W. Guo, A. S. KONDRAT’EV, M. S. NIROVA, N. YANG

A finite group of order dividing by a prime p is called a Cp,-group if the centralizer of
any its non-trivial element is a p-group. A description of non-primary Css-groups is obtained
in the papers by Dolphi, Jabara and Lucido [1] and Astill, Parker and Waldecker [2]. A W5-
group is defined as a finite group of order divisible by 10 and containing no elements of
order 10. In [4], the following problem has been posed: to describe Wx-groups. The class
Ws-groups is much wider than the class of Css-groups. In [3], He and Shi determined all
simple Ws-groups. In [4], almost simple Ws5-groups and solvable Wx-groups are determined.
In the present work, we complete the solution of the problem.
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n-valued quandles

T. A. KOZLOVSKAYA

An n-valued rack is a triple X = (X, *, %) in which X is a non-empty set with n-valued
multiplications * and * such that

xxy =[xy, (T*y)a,...,(@xy)n], zxy = [(x*Y)1, (@*Y)2, ..., (x*Y)n], z,y € X,
i.e. z xy and z*y are multisets in Sym™(X). The next axioms hold

(M1) Invertibility: for any z,y € X the element z lies in the n?-multiset (z * y)*y and
in the n2-multiset (x¥y) * .

(M2) Self-distributivity: for any x,y,z € X the n*-multiset (x * y) x z is a subset of the
n3-multiset (x * 2) * (y * 2).

An n-valued rack X = (X, #, %) is said to be an n-valued quandle if the next axiom holds

(M3) Idempotency: for any x € X the multiset x * = contains x.

Let @ be a quandle with multiplication m and its inverse m that means that for any
q,h € Q the following holds m(m(q, h), h) = m(m(qg,h),h) = q. Further, let A C Aut(Q) be
a subgroup of order n. Then the set of orbits X = @J/A can be equipped with an n-valued
multiplication p: X x X — (X)™ by the rule u(z,y) = zxy = n(m(r~1(z), 7 1(y))), where
m: Q — X is the canonical projection.

Theorem. The multiplication p defines an n-valued quandle structure on the orbit
space X = Q/A, called the coset n-valued quandle of (G, A), with the inverse operation

wiy = w(m(r (), 7 (1)),

A non-empty set X with rack (quandle) operations *;, i € I is called an I-multi-rack
(respectively, an I-multi-quandle) if for any 4, j € I the distributivity axioms hold

(x*y)*jz=(x*;2)% (y*;2), z,y,2€X.
If |I| = n, then we will call it an n-multi-rack (respectively, an n-multi-quandle). Suppose
(X, %1,%9,...,%p,) is an n-multi-rack. Then we can define an n-valued rack (X, ) with the
operation z xy = [x %1 ¥, T %2 Y,...,T %, y], z,y € X.
Theorem. Let X be a non-empty set with n quandle (rack) operations *; such that for
any pair 1 <1i,j < n of indeces the following identities hold

(@ y) xj 2= (x5 2) % (y *; 2),  @,y,2€X.
Then an n-valued multiplication
Try=[Tx1y,Try,...,T*, Y]

defines an n-valued quandle (correspondingly, rack) structure on X.
This work has been supported by the grants the Russian Science Foundation, RSF 24-
21-00102.
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On finite non-solvable groups whose Gruenberg—Kegel graphs are isomorphic
to the paw

A. S. KoNDRAT’EV, N. A. MINIGULOV, M. S. NIROVA

The Gruenberg—Kegel graph (or the prime graph) T'(G) of a finite group G is a graph,
in which the vertex set is the set of all prime divisors of the order of G and two different
vertices p and q are adjacent if and only if there exists an element of order pg in G. The paw
is a graph on four vertices whose degrees are 1, 2, 2, and 3.

A. S. Kondrat’ev has described finite groups with the same Gruenberg—Kegel graphs as
groups Aut(Jz) (see [1]) and Ajg (see [2]). The Gruenberg—Kegel graphs of all these groups
are isomorphic as abstract graphs to the paw. In [3], the following more general problem
was established: to describe finite groups whose Gruenberg—Kegel graphs are isomorphic as
abstract graphs to the paw. In [3, 4, 5, 6], the problem was solved with some restrictions.

In this talk, we discuss a recent progress in solving the problem.

The work is supported by the Ministry of Science and Higher Education of the Russian
Federation, project “Ural Mathematical Center”; Agreement 075-02-2025-1549.
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Translation Invariant Linear Functionals in Orlicz Spaces on Locally Compact
Groups

Ya. A. KoryLov

Let G be a locally compact topological group and let E be a topological vector space
of complex or real functions on G that is invariant under left translations. Given g € G and
f € E,weput (\g(9)f)(x) = f(g7'z),z € G. A linear functional s on E is called translation
invariant if x(Ag(g9)f) = »(f) for any g € G and f € E. Of interest is the question of
the existence of discontinuous translation invariant linear functionals (TILFs) on E.

Translation invariant linear functionals in various function spaces and, in particular,
in the spaces LP, on locally compact topological groups were studied by different authors.
For instance, in 1974, using Fglner exhaustions, Woodward proved that for a o-compact
noncompact amenable group G, the space LP(G) always admits a discontinuous translation
invariant functional. In 1986 and 1988, Willis showed that if a group G is nonamenable then
there are no translation invariant functionals in LP(G).

We generalize the above-mentioned results by Woodward and Willis to the Orlicz spaces
L?(G) and the Morse-Transue spaces M®(G), where ® is an N-function satisfying V-
condition (the condition “conjugate” to the familiar Ag-condition).

Theorem 1. Let G be an amenable o-compact noncompact locally compact group and
let ® be an N-function of class V. Then there are discontinuous TILFs on M®(G).

Theorem 2. Let G be a nonamenable locally compact group and let ® be an N-function
of class Vy. Then there are no nonzero TILFs on L®(G).

The research was carried out in the framework of the State Task to the Sobolev Institute

of Mathematics, project FWNF-2022-0006.
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On the explicit analogue of the Higman Embedding Theorem for recursive
groups

V. H. MIKAELIAN

The aim of the current note is to present Algorithm 1.1 from our recent preprint [9]
building an embedding which is the explicit analogue of the Higman Embedding Theorem
proven from [3], i.e., an algorithm that for a given recursive group G = ( X | R) constructively
outputs its explicit embedding into a finitely presented group G directly written by its
generators and defining relations.

The algorithm suggested here was used earlier to build an explicit embedding of the
additive group of rational numbers @ into a respective directly given finitely presented
group Q. Moreover that overgroup of Q can even be 2-generator. Existence of such an
explicit embedding was an open problem, mentioned in [4, 5, 2|. This problem was also
solved in [1].

In the presented preprint [9] we also discuss if Higman’s original construction in [3] is
constructive, and stress its steps which do not let us call Higman’s construction constructive.

The technique of [9] is heavily based on free constructions used in the literature starting
from the Higman era. Also, we suggest some of variations of those constructions suitable for
our purposes. See the preprint [8] where some of key technical constructions, required for
[9], has been prepared.
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On K2-extension of completely regular codes

I. Y. MOGILNYKH, A. Y. VASILEVA

For a graph I" we denote by I'IK5 the Cartesian product of I' and the complete graph
K, of order two. Given a code C' in a d-regular bipartite graph I with parts V and Vi, we
denote by C{(z,0) |z € CNVo} U{(z,1) | z € CNV;} the code in TOK,. We call C the
Ks-extension of C, which generalizes a well-known concept of extension for codes in binary
Hamming graphs to the bipartite case [1].

A vertex partition (Cy, Cy,...,Ck_1) of a graph is called a perfect k-coloring if for every
i,j € {0,1,...,k — 1} there exists an integer a;; such that every vertex of C; has exactly
a;; neighbors in C;. Then the matrix A = (a;;) is called the parameter matrix. If A is
tridiagonal, Cy is called a completely regular code (briefly, CRC). A square matrix of size k
fulfills the (d 4 1)-offdiagonal property if a;1+1,; + a;;+1 = d+ 1 holds for all 0 < i < k — 2.

For two sequences of elements b and ¢ of the same length, denote by T (b,¢,d) the
tridiagonal matrix with upper and lower diagonal elements b and ¢ and constant row sum d.

Theorem 1. Let C be a CRC in a bipartite d-regular graph I'. The parameter matrix of
C fulfills the (d+1)-offdiagonal property if and only if the code C' is CRC in TOJK,. Moreover,
the parameter matrix of the code C'is T (b, ¢, d) and of the code C'is T ([d+1, b], [¢, d+1], d+1),
and the latter has all-zero diagonal.

The following theorem is a general spectral property relating the two mentioned matrices
and could be formulated in a more general matrix context.

Theorem 2. Let the sequences_g7 ¢ and m be nonnegative real-valued. If the matrices
B =T(b¢,m)and A = T([m+ 1,b],[¢,m + 1],m + 1) do not have negative values, then
Spec(A) = {A+1: X € Spec(B)}U{—m —1}.

The following result for a specific bipartite graph is a corollary of Theorem 1. The
n-dimensional rectangular grid is the graph G, with the vertex set Z™ and the edge set
{(@,y) : 0 v —wil =1} [2].

Theorem 3. A CRC in G,, with parameter matrix T'(b, ¢,2n) fulfilling the (2n + 1)-
offdiagonal property exists if and only if there is a CRC in G,4+; with parameter matrix
T([2n + 1,0], [¢,2n + 1],2n + 2) with all-ones diagonal.

The work was performed according to the Government research assignment for IM SB
RAS, project FWNF-2022-0017.
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On Cayley isomorphism property of normal Cayley digraphs over abelian
groups

G. K. RyaBov

A Cayley digraph T" over a finite group G is said to be CI if for every Cayley digraph I"
over (G isomorphic to I', there is an isomorphism from I' to I which is at the same time
an automorphism of G. Studying of CI-property of Cayley digraphs goes back to the Adam
conjecture [1] and was initiated in the classical paper by Babai and Frankl [2]. In the talk, we
will discuss a Cl-property of normal Cayley digraphs over abelian groups, i.e. such Cayley
digraphs T" that the group G, of all right translations of G is normal in Aut(T). At first, we
reduce the case of an arbitrary abelian group to the case of an abelian p-group. Further, we
obtain several results on Cl-property of normal Cayley digraphs over abelian p-groups. The
results of the talk are published in [3].
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Automorphisms and antiautomorphisms of quandles

B. SANGARE
A quandle is a pair (@, *) such that * is a binary operation satisfying
(Q1) the map S, : Q@ — @, defined by S, = b * a is an automorphism for all a € Q,
(Q2) for all a € @, we have S,(a) = a.
Let G be a group and ¢ € Aut(G). Then the set G with binary operation axb = ¢(ab~1)b
forms a quandle Alex(G, ¢) called as the generalized Alexander quandle.

e A. A. Simonov, M. V. Neshchadim, and A. N. Borodin constructed some quandles
analogous of Alex(G, ¢):
— Q1:=(G,*1): ¥y =yod(y x), z,y € G and ¢ € Aut(Q),
— Q2= (G, %) : zxy=yo(yz™1), z,y € G and ¢ € AAut(Q),
where AAut(G) is the set of antiautotiorphisms of group G.
e E. Markhinina, T. Nasybullov also constructed quandles with parameter ¢ € G:
— Ly :=(G,01): woy=yc ty tac, x,y € G,
— Ly :=(G,09): wogy=vyc tay e, x,y€q.

Question : Find automorphisms and antiautomorphisms of G, which induces auto-
morphisms or antiautomorphisms on this quandles.
We have solved this questions and the following theorems describes theses results.
Let G be a group and i € {1, 2}.
1) If ¢ € Aut(G) and ¢ commutes with ¢, then:
a) ¢ € Aut(Qi),
b) ¢ € AAut(Q;) if and only if G is abelian.
2) If ¢ € AAut(G) and ¢ commutes with ¢, then ¢ € Aut(Q;) if and only if ¢ is a
central automorphism.
Let G be a group, let ¢ € Aut(G) and ¢ € {1,2}. Then
1) ¢ induces an automorphism on L;(G) if and only if =1~ 1(c) € Z(G),
2) If o fixes ¢ then ¢ induces an antiautomorphism on L;(G) if and only if z = [z, c™!],
where [a,b] = a=1b"1ab, a,b € G.
Let G be a group, ¢ € AAut(G) such that ¢ fixes ¢ and 7 € {1,2}. Then ¢ induces an
antiautomorphism on L;(G) if and only if [¢?,271] =1, 7 € G.
Sobolev Institute of Mathematics and Novosibirsk State University, Novosibirsk (Russia)
E-mail: sangrebirama6860gmail.com
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Subwreath product as structure of normal subgroups of permutational wreath
products

R. V. SKURATOVSKII

Normal subgroups and their properties for finite and infinite iterated wreath products
W=25,0...058,, n € N are found.

We denote by W the infinite wreath product 1 .Sy,.

=1
Definition 1. The permutational subwre;th product G QH is the semi-direct

product G x HX , where G acts on the subdirect product HX by the respective permutations

of the subdirect factors. Provided the specification of HX is established separately.
Permutational subwreath product also appears in the research of pronormality [1].
Definition 2. A set of elements from S,,1.S,,n > 3 which is presented by the Kaloujnine

tableaux 2] of the form: [e]y, [a1,as,...,a,]1, satisfying the condition
Zdec([ai]l) =2k, k eN, (1)
i=1

is called generalized alternating level subgroup ZSP and denote by E zzﬁn. Note that
condition (1) uniquely identifies subdirect product, wherein dec(r) is the decrement [3].

We spread this definition on 3-multiple wreath product by recursive way.

Definition 3. The subgroup E ;1511) be denoted by ZS). The order of E Zﬁ’ is
(n!)3" : 23. Furthermore, we prove that EQ A% 48,108,185,

Theorem 1. The subgroup ZS) has normal rank n —1 [4] in S, 1 S,,.

Theorem 1. There are exactly 8 proper normal subgroups in Sy, 1 Sy,, where n,m > 4
and 3 additional subgroups: E ! Ky, K4 ! Ay, K41 Sy provided by the condition n = 4.
Furthermore S, { Sy, is the monolithic group.

Theorem 2. There are exactly 50 normal subgroups in S, ! Sy, 1Sk, m,n, k > 4.

Theorem 3. The topological group W, is homeomorphic to the Cantor set C.
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A new infinite family of covers of complete graphs that admit a half-transitive
action of a Suzuki simple group

L. Yu. TSIOVKINA

A finite undirected simple graph T' is said to be a cover of K, (i.e. of a complete graph
on n vertices) if the vertex set of I" admits a partition into n cocliques (called cover fibres)
of the same size r > 2 such that the union of any two distinct fibres induces a perfect
matching. It can be easily seen that such a cover is antipodal of diameter 3 if and only
if every two non-adjacent vertices from distinct fibres have a non-zero number of common
neighbors. The study of diameter-3 antipodal covers is of special interest because of their
important applications in coding theory (e.g., in a search for new examples of 1-perfect
codes in graphs) and combinatorics (e.g., in construction problems for equiangular lines).
Considerable attention has been paid to classification of diameter-3 antipodal covers that
possess additional properties of edge-transitivity and distance-regularity (for an overview, see
[1]). In the talk, we omit the second requirement and investigate the class of edge-transitive
antipodal diameter-3 covers in general.

We will present a construction of a new infinite family of diameter-3 antipodal covers
that admit a half-transitive group of automorphisms isomorphic to a Suzuki simple group
SZ(Q)v q>8.

The work is partially supported by the Ministry of Science and Higher Education of
the Russian Federation, agreement 075-02-2025-1719/1, for the development of the regional
scientic and educational mathematical center “Ural Mathematical Center”.
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On Groups with the Same Index Set as Nilpotent Groups

W. ZHOU

This is a joint work with Ilya Gorshkov.

We investigate the connection between the index set (i.e., the set of conjugacy class
sizes) of a finite group and its structural properties. In particular, we address two open
problems posed by A. R. Camina and R. D. Camina in 2006 [1, 2].

First, we construct a series of finite groups that share the same index sets as nilpotent
groups but have trivial centers, thus providing counterexamples to one of Camina’s questions.
Second, we obtain the following complete solution to another problem of Camina.

Theorem. Let G be an A-group such that N(G) contains |G|, for all p € n(G) and
|G||. Then N(G) =1, that is, G is an abelian group.

Here, N(G) denotes the index set of G. For a prime p, |G|, is the largest p-power
dividing some element of N(G), and |G|| denotes the product [] . (q) |Gllp-
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Cactus groups and its linear representation by automorphisms of free module

K. V. ZIMIREVA
Cactus groups can be considered as analogous to braid groups, since there is a geometric
interpretation of their elements by strands on a plane or in space. The cactus group was
appeared in the works of S. L. Devadoss [1] and M. Davis, T. Januszkiewicz [2].
A cactus group J, is generated by a;, 2 < i < n, with defining relations:

a?=1,2<i<n, (aapaar)®=1,i<j, i+3j<k,
AiQRa;AL = Qigj—k0;Gitj— k0,
4<j+2<i<n j<k<i 2<i+j—k<n 2k<i+j

We construct a linear representation of .J,, which is based on the work [3], where faithful
linear representation of generalized cactus groups was constructed. The general construction
of this linear representation does not give an explicit linear representation of the cactus group
In.
Let S = {<(i1,i2), (i27i3) ey (ik,ik+1)> ‘ ’ij < Z.j+1, 1 g] < k <n-— ]., (ijVij+1) S Sn}
Let us define mappings f; : S — S for 2 < ¢ < n, which acts on K € S according to the rule

fi(K) ={(j1,72)s- - s (Jrs Jk+1)), where 4; < i for some maximal | and
o Ji—dspr+ 1, 1<s <,
AR P l<s<k+1.

Theorem. From the general construction of the R.Yu’s linear representation for the
group J, we obtain a representation IT : J, — Aut(V) by automorphisms of the free
Z[t]-module V' with basis ex, K € S, in which the images of the generators a; are the
automorphisms ; acting as follows:

—C€K, K:Wia
€K, 1 <11,
7: e = . . .
(b( K) efz(K)+2teWz7 ngZfZ(K) and 11 <Z<Zk+1,
€fi(K)s W; C fi(K) or ig41 < i.

This work has been supported by the grants of the Russian Science Foundation, RSF
24-21-00102.
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T'py6srit moaxon k usyveHuro nuddepeHupoBaHmit

A. A. APYTIOHOB

B nokiiazie msjaraercss KOMOMHATOPHO-TEOMETPUYECKUI MMOAX0J K u3ydeHuto audde-
PEHIIMPOBAHUI B I'PYIIIOBLIX ajredpax, OCHOBaHHBIN Ha MOHATHSX I'pada Kam, rpymmonia
zefictBusg u rpyGoit reoMeTpun, IPeJIOKEHHbIH B [4, 5.

st rpynmbl G ¢ KOHEYHBIM MTOPOXKTAIONIAM MHOYKECTBOM S paccMaTpuBaercs rpad
Ko T'(G, S), xoropsiit Hajessiercs CI0BHON MeTpukoil. JlokaspiBaercs, 4To Jjobble /1Ba
rpada Kajin KoHeYHO TIOPOXKIEHHOH Pyl KBA3UN30METPUIHBI.

Beomurcst nousitue rpymmongia geticrBust 1y, acCOUUPOBAHHOTO ¢ JeiictBueM A : G X
G — G rpynus na cebe. ITo memy crpourca rpad mefictsus sk(A; G, S). Ipu neitcreun
JIEBBIME cIBUTaMu OH coBnamaer ¢ rpacdom Kosm, a mpu gefictBum compsikenusiMu — C
JmuarpaMmoii conpsizkenrocTr sklu]. Bee Takue rpadsr 1ist GUKCHPOBAHHOTO IEHCTBUS KBa-
SUU30METPUYIHDBI.

Xapaxkrep Ha rpynnonse — 310 dyukiwms x : Hom(T'y) — R, yiaosiersopsitoast ycao-
Buio x (¥ op) = x(¥) + x(¢). Ha rpade neiicrBust xapakrep onpejessiercd Kak QyHKIUs Ha
pebpax, CyMMUPYIOIIAsCS B Hy/Ib Ha KayKJIOM IHKJe. /J{0Ka3bIBAETCsI, IYTO ITH /IBA OHATHS
9KBHUBAJIEHTHBI.

ITpocrpancrso oneparopos B(C[G], \), MOpoXKIeHHOE XapaKTepaMu, YI0BIETBOPSIET MH-
JIYKTUBHOMY TOXKJIECTBY:

a(uww) = ua(v) +uv - v (uwt - alu)).
YaCcTHBIMY CITyH9asMU SIBJISIOTCS:

e Jlnsa meticTBus comnpsizKeHUaAMHU IuMIEPEHITNPOBAHNST C «OOBIYHBIM» TPABUIOM
Jenbuuna: a(uv) = ua(v) + va(u).

o ﬂI/Id)d)epeHI_U/IpOBaHHH (DOKCEL COOTBETCTBYIOIIINE ﬂeﬁCTBI/IIO JIEeBBIMU CJABHUI'aMU:
a(uv) = a(u) + ua(v).

Tak»Ke MOr'yT ObITh Onucanbl u (0, T)-AugdepeHupoBaHIsl, YIOBIETBOPSIONINE «CKPY-
yeHHOMY» npasuity Jleibuuna: D(ab) = D(a)7(b) 4+ o(a)D(b) [2], a Takxke crpykTypsl DG-
anrebp Ha IpynnoBoil aarebpe, [1].

B pamkax momxoma n3ydaioTcs He TOJBKO BHYTPEHHHUE U BHeITHIE 1uddepeHmpoBanus,
HO W KBasuBHyTpeHHUE jrddepEeHITNPOBaHNsl, TPUBHAIbHBIE Ha dHA0MOpdu3Max. OKa3bl-
BAETCsI, YTO MPOCTPAHCTBO KBasmBHyTpeHHnx nuddepenmmposannii QInn(C[G]) obpasyer
nieast B asreGpe Beex auddepenimposanuii Der(C[G]).

YeramapmBaeTcs CBA3b pazmepHocTH (akroprpoctpanctsa QInnDer(I'y,;)/ Inn(T,))
Jutst nucbdepeHImpoBanuii, COCPEIOTOYEHHBIX Ha GECKOHEYHOM KJIACCe COPSIKEHHOCTH [u],
¢ ancyiom KoHIoB rpada ski,: dim = e(sky,)) — 1, [3].
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KOJILI_[a C OrpaHUY€HHBbIM I'paJynpoBaHHbIM MHIAEKCOM HHUJIBIIOTEHTHOCTHN

. C. BAXKEHOB

Jlokma 1 OCBSMIEH PACCMOTPEHUIO PA3IUIHBIX (DAKTOB U3 TEOPUHU KOJIEI, ¢ OrPAHUIEHHBIM
IpaJlyMPOBAHHBIM WHJEKCOM HUJIBIOTEHTHOCTH. B 9aCTHOCTH, JEMOHCTPUPYETCs, UTO CUTY-
aIysl 3aMETHO OTJIMYAETC OT (HerpalyMPOBAHHBIM) KOJIell ¢ (HerpalyipOBAHHBIM ) OrDAHU-
YEHHBIM WHJIEKCOM HUJIBIIOTEHTHOCTH.

[Iycts R — rpajgyupoBanHoe 1o rpytie GG acCcoluaTuBHOE KOJIbI0. ByieM roBoputh, 94To
OHO WMEEeT OIPAHUYEHHBIN I'PaJIyHPOBAHHBIN WHJIEKC HUJILIIOTEHTHOCTH, €CJIN JJIs JII0O0To
OJTHOPOJTHOTO HUJIBIIOTEHTHOTO 3JIeMeHTa a € R s HekoToporo n BbinosHsiercs a’ = 0.
Ecau mpu 3TOM eCTh OIHOPOIHBLIE 3JIEMEHTHI ¢ € R, Ipu KOTOpeIX a” ! # 0, roBopdT, 4TOo
KOJIBIIO UMEET I'PaJlyMPOBAHHBIN UHIEKC HUJIBIIOTEHTHOCTH 1.

IIycts R — mpaBoe gr-kosbio Lo u

T = P9"(R) Nk (P(R)¥),

rie k > 1. Torma R HasbiBaeTcs mpaBbiM 1 -gr-KoybiioM Lojiiu, eciu jiisi JiToOOro HATYpaJib-
uoro k R/T}" — npasoe gr-koubio Loy
B paborax [1] mokazano MHOrO BarKHBIX CBOWCTB KaK IIPOCTO KOJIEI, C OrPAHMYCHHBIM
WHIEKCOM HUJIBIIOTEHTHOCTH, TaK W IMOJYHEPBUIHBIX W MEPBUYUHBIX C TEM YK€ CBOWCTBOM.
Bosuaukaer Bompoc 06 nX BBITOJHEHUU B IPAIYUPOBAHHOM CJIytae, M, KAK BBISICHSIETCS, TO-
9TH Ha BCE 3TU PE3YJIbTATHI /I OOBIYHOIO M JJIsi Sr-IIEPBUYHOIO CJIyYaeB MOXKHO HalTH
KOHTPIIPUMEPHIL.
Teopema 1. CyrecTByeT rpaiynpoOBaHHOE KOJIBIO R IPalyipPOBAHHOTO WHIEKCA HUJIb-
IIOTEHTHOCTH 2 TaKoe, 4TO:
e B R cyImecTBYIOT mojMHOXKecTBa X1, X9 Takwue, ITO X12 = X22 = X9X; =0, HO
X1Xs #0;
e B R ecTb gr-HWILIOAKOJIBIO B U €ro oiHopoaHblil sjemenT b takue, uro (bZ +
BbB)? # 0, mpmaéM KOHEYHO MOPOYKIEHO, HO He HUIBIOTEHTHO M COMEPIKHUT dJ1e-
MEHT, He JIeXKAIUI HU B OJHOM HUJIHIIOTEHTHOM T'DAJIyUPOBAHHOM Heasie KOJIbIa
B, a ciie1oBaTeIbHO, U B UX CyMME;
e R COmEepKHUT TPU OPTOrOHAJIBLHBIX OJHOPOIHLIX MIEMIIOTEHTA €1, €3, €3 TAKUX, ITO
€1 R€2R63 75 0.
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Muoro4ujieHsn! HaJ HEKOMMYTAaTUBHBIMU KOJIBIIAMU C JIeJIEHueM

A. T. I'vrop, C. B. TUXOHOB

ITycrs R—HEKOMMYTATHBHOE acCOIUATUBHOE KOJIBIIO C JleJieHneM. R[x] — KOJIbI0 MHOrO-
YJIEHOB OT IIEPEMEHHOI = ¢ KoaddurpmeHTamMn B R, CIUTaeM, 4TO IIepeMeHHas & KOMMYTUPYeT
¢ sneMenTaMu Konbla R. Takum 06pa3oM, Beakuil MEOroUIeH u3 R[zr] uMeeT BuL

P(x):anxn+'--+a1x—|—a0,a0,...,aneR.

OcHOBHBIE CBOJICTBA MHOTOYWIEHOB HaJ{ KOJIbIIAMHE C JestenueM onucansl B [1, Ch. 5, §16] (cm.
rakxke [2], [3]).

Hust a € R onpenenum P(a) kak snement P(a) = ana™+- - -+aja+ag. Hazosém anement
a € R (npaBbiM) KopHeM MHOrowieHa P(x), ecim P(a) = 0. Teopema I'oppona-Monkuna (|1,
Th. 16.4]) roBopuT, 9T0 MHOTOYJIEH CTeneHN N U3 R[z] MoXkeT nMeTh KOpHH He 6oJiee 4eM B
N KJaccax colpsizkeHHocTH Kosblia R. Kpome Toro, ecan P(z) umeer jBa pasindHbIX KOPHS
B KJIacCe COLpsizKeHHOCTH, T0 P () numeer GeCKOHEUHO MHOIO KOpHE# B 9TOM Kitacce (cM. [1,
Th. 16.11] u [3, Prop. 3]).

Hamu nostyuena coeyomast

Teopema 1 [4, Th. 2.5]. Ilycte R—xkoabno ¢ gerennem, P(x) € R[z]. Ilpeamooxnm,
qro ¢ € R He saBsercsa nenTpaabHbIM daeMmentoM u P(c) # 0. Torma B Ki1acce CONpPsiXKEHHO-
cru [c] GeCKOHETHO MHOIO JIEMEHTOB, HE SBJISIOIHXCs KOPHAMU MHOrodaeHna P(x).

Tak>Ke JIOKa3aHa CJEYIONas TeopeMa, 0600Ianmast pe3yIbTat, oIy YeHHbIH B [5] m1st
aJiredp KBaTEPHUOHOB.

Teopema 2 [4, Th. 2.4]. IIycrs R—koubio ¢ gejgenueM, Ry — HOAKOJIBIO ¢ JeJICHHEM
kosbna R. Besknit muorodnen P(x) € R[x] MoxkeT GbITH OJHO3HATHO IPECTABJICH B BHJIE

P(x) = ¢G(z)H (z),

e ¢ € R*—crapmuii koagpduiment muorodnena P(x), H(x) — yHHTApHBIH MHOTOWIEH C
koappunmentamu B Ry, G(x) € R[x]|—yHurapHbIii MHOrOY/IEH, HEe HMEOIIUIT IPABBIX HEKOH-
CTAHTHBIX Jeanreneii u3 Ro[x].
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O npocCThIX U IMOJIyIPOCTBIX KOHEYHOMEPHBIX ajredbpax HoBukoBa u ux
aBTOMOpP(dU3IMax

B. H. 2KeEnsasuH, A. II. ITOXKUJIAEB

Anrebpa N waj nosem F waszwiBaercs asnzebpoti Hosukosa, eciu oHa YIOBJIETBOPSET
CJIETYIONUM TOXKJIECTBAM

(z,y,2) = (y,2,2), (zy)z = (x2)y,
rie (z,y,2) = (xy)z — z(yz).
B nokiane na II Beecorosnoit mkosie «Ajrebpbl Jlu u UX IPUIOXKEHWS B MaTeMaTH-
ke u dusuke> (Mocksa, 1984) C.II. HoBUKOBBIM 6bLI MOCTABJIEH BONPOC: CYIIECTBYIOT JIK

IPOCTBIE HEaCCOIMATHUBHBIC BEIICCTBECHHLIC aﬂre6pm, YAOBJIETBOPAIOIIYE BbIICYKa3aHHBIM
TOZK/JIeCTBaM.

B 1987 rony E.3enbpmanos [1] mokaszas, 9To Kaxkaasi KOHETHOMEDHas! IPOCTasi anrebpa
HoeukoBa HaJi anrebpandecku 3aMKHYTBIM IIOJIEM XapPAKTEPUCTUKU HOJb SIBJISIETCSI TIOJIEM.
Iepsrriit mpuMmep mpocToii anarebpsr HoBukoBa Haj mosleM HEHYJIEBON XapaKTEePUCTUKH ObLT
nad B. T. @uymnmossiv [2] (koucrpykimsa lenbdang—Tdopdman, cm. masee). U3yuenue mpo-
CTBIX KOHEYHOMEPHBIX anrebp Hosukosa Ha mosieM xapakTepucTuku p > 0 IpOBOJMIOCH B
ocHoBHOM B paforax J. M. Osborn [3] u X. Xu [4]; B uTore Takue anre6pbl 6b1I1M OIUCAHBI, HO
¢ GOJIHIIUMY OTPAHMYEHHUSIMU HA TI0JIe, KOTOPBIE B HAIIEH paboTe MOJTHOCTHIO CHUMAIOTCS. 3a-
MeTHM, 9TO OJIM3KHe pe3yabTaThl ObLn mosrydens B pabore B.H.2Kesitouna n A.C.3axaposa
[5], HO TaMm GbLIO OrpaHuYeHUE HA ANreOPAMYIECKYIO 3aMKHYTOCTh HOJIS.

Hanomamm, uro ajirebpa HasbiBaeTcs duddepeniyuasoro npocmoti OTHOCUTENbHO aud-
depenrmpoBanus d, ecii B Heil HET HETPUBUAJBHBIX HJICAJIOB MHBAPUAHTHBIX OTHOCUTETh-
HO d. OcHoBHast KoHCTpYKIus anre6p Hosukosa ([esvgand—ZlopPman) caemyromast: myCcTh
(4;-) — acconmaruBHas KOMMyTaTuBHas ajrebpa ¢ muddepennuposanuem d u a € A; onpe-
JieJisieM pousBejienne o Ha A mpaBujom

aob=a-db)+a-a-b.

IMonyuennyio anrebpy Hosukosa obosnadaem Ap = (A,d, ), a takke A(d) := (A,d,0);
zuece D = d + Ry, — obobwennoe dugpdepenuposarue. 3amerum, uro ajirebpa HoBukosa
(A, d, @) Haj noeM XapakTepUCTUKU He 2 POCTa TOTa U TOJBKO Toria, Korma (A;-) aud-
depennuaabaO pOCTAa OTHOCUTENBHO d [6].

Iycrs A — npoussoabnas anrebpa. [lomoxnm A? := (37 | a;b; @ a;,b; € A, n € N).
HanmomuuM, uto A HasweBaerca npocmoti, ecmu A2 # 0 m A He COmEpP:KHT COOCTBEHHBIX
nneasos. Homozxum A©) = A, AM = A2 » A = A= A(m=1) 1579 peex nensix m > 1;
A mazbiBaercs paspewumoti , ecmn A = 0 s mekoroporo m € N; A noaynpocma, ecou

OHa HE€ NMeeT pa3peHInMbIX H/1eaJsIiOB.

Teopema 1. Ilycmv N — xoneunomepHnas noaynpocmas anzedbpa Hosuxosa Had nosem
F. Toeda N waaccuuecku nosynpocma, m.e. ABAAECMCA NPAMOT CYMMOT NPOCTOT ai2e0p.

Teopema 2. [Tycmv N — HeaccouuamueHas KOHEWHOMEPHAA Npocmas, arzebpa Hosuko-
6a nad nosem F xapaxmepucmuru p > 0. Toeda N noayuaemcea no xonempykyuu Ieavdaro—
Hopdpman u3 accoyuamusnots Kommymamuenot duddepenyuarvbho npocmoti arzedpoL.

IIycts By ,(F') — anrebpa yceueHHBIX MHOIOYJIEHOB OT k HEM3BECTHBIX HaJl moseM F
xapakTepuctuku p > 0. Jlerko BujieTb, 9410

AutgA = {¢ € AutA : ¢d = ad¢ mua nekoroporo a = ay € F*} < AutA.
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Apromopdusm ¢ anrebpot (A, d,a) Ha30BEM (CKAJSIPHO) CMaHOAPMHbLM, €CI O = Q1)

IS HEKOTOpOro obparumoro (ckauspa) o € A u ¢ € AutyA.

Teopema 3. IIycmv A — accouuamusHas KOMMYMAMueHas d-npocmas aszebpa Hao

anzebpaunecky 3amrrymoim nosem F - xapaxmepucmuru p > 0, A 2 By o(F). Toeda ¢ €
AutA(d) mozda u moavko moeda, xoeda ¢ ckaripro cmandapmen.

O6osuaunm Bg , = (B12(F), (B + vx1)01, ) upu 3,y € F*. Ilonoxum

Auty A = {¢ € AutA: ¢d = ad¢ nna mexoroporo obparumoro o € A, ¢(a) = D(a)}.

(1

[2
3
4
5

[6

]
I
]
I

|

Teopema 4. [Tycmv Ap % Bg . Tozda AutAp = Auty ,A.

JINTEPATYPA
Zelmanov E.I., A class of local translation-invariant Lie algebras, Soviet Math. Dokl. 292 (6) (1987)
pp.1294-1297.
Filippov V.T., A class of simple nonassociative algebras, Math. Notes 45 (1) (1989) pp.68—71.
Osborn J.M., Novikov algebras, Nova J. Algebra Geom. 1 (1) (1992) pp.1-13.
Xu X., Classification of simple Novikov algebras and their irreducible modules of characteristic 0, J.
Algebra 246 (2) (2001) pp.673-707.
Zhelyabin V. N., Zakharov A.S., On finite-dimensional simple Novikov algebras of characteristic p, Sib.
Math. J. 65 (3) (2024) pp.680-687.
Zhelyabin V.N., A.S.Tikhov, Novikov—Poisson algebras and associative commutative derivation
algebras, Algebra and Logic 47 (2) (2008) pp.107-117.

UM CO PAH, Hosocubupck (Poccus)
E-mail: vicnic@math.nsc.ru, app@math.nsc.ru


mailto:vicnic@math.nsc.ru, app@math.nsc.ru

MaubrieBckne arenust 2025 Teopwus koJters

O kJaccudukanmym KOHEYHBIX JIOKAJIbHBIX KOJIEl C PAJUKAJIOM WHIEKCAa
HUWJIBIIOTEHTHOCTU TPU
E. B. 2KypPaABJIEB, O. A. MUHHUAXMETOBA
IIycts R — koHedHOe JIOKAJIBHOE KOJIBIO € eaunuIeii, charR = p — upocroe auciio, J —
pajuxkan Txexobcona u Z(R) — neurp xombua R, R/J =~ GF(p") = F C Z(R),
dimp J/J? =2, dimp J* =3, J* =0,
Torma R — KOHEYHOMEpPHOE BEKTOPHOE IIPOCTPAHCTBO HaJ F' u

R=F&J, J=Fu & Fus ® Fv, & Fvs @ Fus,

rae {ui,us, v, ve,v3} — orMedenneiit 6asuc J wax F (em. [1, 2|), mpuaem ui,us € J \ JZ,
(2)

1
v1,v2,v3 € J?. Tak Kak uu; € J?, To Uiu; = a;; U1+ ag;

agf) €F,i,7=1,2, k=1,3. Marpunn A, = (a(k)>2 X k =1,3. nuneitno He3aBUCUMEI U,
X

3
Vo + az(j U3, HJId HEKOTOPBIX

ij
ecan R — KOMMYyTATHBHO, TO SBJISIOTCS CUMMETPUIECKIIMU.

ITycrs ¥ — MHOXKECTBO BCeX TaKUX djaeMeHTOB noisd F = GF(p"), daro jus sobbx
a,b € ¥ He cymecrByer nzomopdusma p noss F upu KoropoM af = b (paBHOCHILHO — JJIst
JIO0BIX a,b € ¥ He CyIIeCTByeT TAKOrO0 HATYPAJIbLHOTO 4YuCia K, 9ITO a?’ = b). Iycrs ' —
MHOKECTBO BCEX TAKHUX JIEMEHTOB X, 9TO a # b+ 1 jis sioosix a,b € I.

Teopema. Tpoiikn MarTpuii, HpPeACTABICHHBbIE HHXKE, C TOIHOCTHIO JO H30MOP(MHU3MA
OIIPEEISTIOT BCE KOHEYHbIE JIOKAJIbHbBIE KOJbIa ¢ equnuiiei, charR = p = 2 u ycaoBusivu:

R/J=F C Z(R), dimp J/J? =2, dimp J> =3, J* = 0.

e J — pagukasu /xkekob6cona koubna R, F = GF(2") — koneunoe no.re.
0 (o 0)(1 o) (0 3):
@ (5 o) (0 0)(1 b)
@ (5 o) (0 0) (1Y)

(4) <(1) 1) , (é 2) , (? 2), rme B € T, n = 0 mwau n — HEeKOTOpBIH djeMeHT F,

raKoit, uto 1 # x® 4+ x s Beex x € F;
IIpu charR = p? = 4 paccMaTpuBaeMbIHl THII KoJel] ObLI KJaccubUIIpoBan B pabore

[3].

Ilycte R — KOHEYHOE JIOKAJBLHOE KOJBIO ¢ exuHmneil e, charR = p3, b — smement R
MYJIBTUIUIMKATUBHOrO opsaka p~ — 1 Takoit, uro b+ J — npuMuTusHblii s1ement F = R/ J,
u dimp J/J? =2, dimp J?2 =3, J3 = 0. Torna cymectsytor u € J u o € Aut(Ry) Takue,
ato R = Ro® Rou, tie Ry = GR(p*", p?) = Ko+ Kop+Kop? — xombno Famya, Ko = (b)U{0},
urg = ru, A oboro ro € Ry (em. [1, 2]), n

J=Fu® F(pe) ® J?, J* = Fu? @ F(pu) @ F(pe)?.

Tax xak Aut(Ry) = {7,72,..., 7771, 7" = id}, tie 7 — aBromopdusm Ppobenunyca, To
KOJIMYECTBO TaKuUX Koutel, pasHo 7. IlpudaeM npu b € Z(R) eIUHCTBEHHBIM KOJIBIIOM yKa3aH-
HOTO THUIA SIBJISIETCS

R=GR(p™,p*)[a]/(«*, p*x, pz®).

Hccaedosanue svnoarero 3a cuem eparma PH®D, npoexm 24-21-00155: https://rsct.

ru/project/24-21-00155/.

206


https://rscf.ru/project/24-21-00155/
https://rscf.ru/project/24-21-00155/

MaubrieBckne arenust 2025 Teopwus koJters

JINTEPATYPA

[1] Chikunji C.J. On a class of finite rings, Commun. Algebra, 27 (10), 5049-5081 (1999).

[2] Raghavendran R. Finite associative rings, Compos. Math., 21, pp.195-229 (1969).

[3] 2Kypasaer E.B., Munanaxmerosa O.A. O kinaccudukanny KOHEIHBIX JIOKAIBHBIX KOJIEl] XapaKTepUCTU-
ku 4, MAK: Maremaruku - Anraiickomy Kparo, 7, ¢.14-15 (2025).

Aamatickuti 2ocydapemeenniti yrusepcumem, Bapnaya (Poccus)
E-mail: evzhuravlev@mail.ru, olya-filina@mail.ru

207


mailto:evzhuravlev@mail.ru, olya-filina@mail.ru

MaubrieBckne arenust 2025 Teopwus koJters

O HINeXTOBOCTH MOYTH KOMMYTATUBHBIX L-MHOroo6Gpa3muii

A. B. KucjauuuH

ITycts F—mone, F(X)—cBobonnas acconmaruBHas anrebpa, A — acconuaTubHasi ail-
rebpa mojiem F, E—moanpocrpancrso ajredpel A, mopoxgatoiiee A kak ajredpy. [lox
mootcdecmeom napo, (A, E) nornmaercst Takoii MHorowieH f(xi,xa,...,x,) € F(X), 4r0
flei,ea, ... e,) = 0 upu Beex ey, e, ... e, € E. B stom ciydae OyzeM TakxkKe rOBOPUTH
0 TOXKJIeCTBe mpocTpaHcTBa F, a caMo mpocTpaHcTBO E HA30BEM MYAbMUNAUKAMUCHDLM
BEKMOPHHIM NPOCTNPAHCINEOM.

Kiace Beex map, B KOTOPBIX BBIIOJHSIOTCS Bee ToXKecTBa napsl (A, E) HazoseMm L-mHo-
2006pasuem, nopostcdernnvm napot (A, E) (npocmparcmeom E). Ecin L-muOoroo6pasue M
onpegeseno roxkaecrsamu f; = 0 (i € I), ro 6ynem zanucsBarb: M = Varp(f; =0]i € I).

L-MHOrOOOpa3ue HA3BIBACTCS NOYMU KOMMYMATMUCHBIM, €CITH CAMO OHO HEKOMMY TATHB-
HO, HO BCSIKOe ero cobcTBeHHOEe L-mmogMuoroobpasne koMmmyrarusao. CTpoenne MHOroobpa-
3Mil ACCOIMATHBHBIX KOJIEI W JIMHEHHBIX ajarebp xopormo usydeno [1, 2]. L-mHOroOGpasme
Ha30BEM WNETMOBBIM, €CJIU BCSIKOE €ro IOAMHOI00bpa3ue Onpee/ieHO0 KOHETHBIM HAaDOpOM
ToxIeCTB [3].

B pabore [4] g ciaydas KOHEIHOrO HOJIsl ONUCAHBI HEHUJIBIIOTEHTHBIE TIOUYTH KOMMYTa-
TuBHBIE L-MHOT00Opa3usi, MOPOKICHHBIE aaredpoil, paccMaTpUBaeMOil KaK BEKTOPHOE IIPO-
CTPAHCTBO.

Teopema 1. IIycrs M — mouru KoMmmyraTuBHOE L-MHOroobpasue MyJIbTUILIHNKATHBHBIX
BEKTODHBIX MPOCTPAHCTB HaJl OECKOHEUHBIM 10oJieM F', mopoXKaeHHOe JIHHEHHOH ajrebpoii.
Torna M = Varp(zyz = 0,22 = 0), ecmr char F # 2, u M = Varp(zyz = 0), ecan
char F' = 2.

[Mosyuernoe omnmcanme COBIAAET C OMUCAHUEM MHOIOOOPA3Hil MTOYTH KOMMYTATUBHBIX
JIMHEHHBIX ajreGp HaJl GECKOHEUHBIM T10JeM [2].

Besikoe komMmyTaTusHOe L-MHOroOGpasue sipisiercst mnexToBbiM [5]. TTockosbKy Jsiro6oe
HUJIBIIOTEHTHOE [-MHOTOOOpa3ue sSIBJISIeTCs MIMEXTOBBIM, TO, YIUThIBAsI TeopeMy 1 U pe3yiib-
Tarel pabor [3, 4], MOXKHO HOKa3aTh CIPABEIJIUBOCTD CJIELYIONIEr0 YTBEPXKICHUS.

Teopema 2. Besakoe modtn KomMyTaTuBHOE L-MHOrOOOpa3mne, mopoXKICHHOE JTHHEHHO
aJIrebpoi, SIBJISIETCS MIIIEXTOBBIM.

B ciyuae, eciin L-mHOroo6pasue IOPOXKJIEHO MYJIBTUILINKATHBHBIM BEKTOPHBIM IIPO-
CTPaHCTBOM, HE sIBJISIONIAMCS JIMHEHHOU ajreOpoil, yTBep:KieHne Teopembl HeBepHO. Ha-
npumep, L-MHOrooOpasue MyJbTUILIMKATUBHBIX BEKTOPHBIX MPOCTPAHCTB HAJ MojieM Zsg,
[OPOXKIEHHOE IPOCTPAHCTBOM Ey = (€11 + €12, €22)7,, ABILETCH MOYTU KOMMYTATHBHBIM
L-muOr006pasueM, He ONpeiessieMbIM KOHETHBIM HAGOPOM TOXKIeCTE [6].
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O pernreTodHbIXx n30MOpPU3MaX OGECKOHEUYHBIX MATPUYHBIX KOJIEI]

C. C. KOPOBKOB

PaccmaTrpuBatorest accormatuBubie Kouibiia. 1lycts R 1 R¥Y — KoJbIla ¢ 130MOP(MHBIMUI
permérkamu nogkoder, L(R) u L(R?) coorBercrBenHo. M3omopdusm ¢ pemérkun L(R) Ha
pemérky L(R?) Ha30BéM pewémoumbvim u3omophusmom (MHATE NPOEKMUPOSIHUEM) KOJIBIA
R na xompmno RY. Ilpu stom koo RY OyreMm Ha3bIBATh MPOEKTHBHBIM 00PA30M KOJIBIA
R. ByseMm roBopuTh, 9TO HEKOTOPBIH KJIACC KoJjer K PeréTodHO ONMpeesIsieTCs, eCI MPOo-
eKTHUBHBIN 00pa3 Kax0ro KoJiblia R € K Takxke npuHajjiexuT Kiaaccy K. HazoséM KoIbI0
R nepuoduueckum korvyom (Koabuom 6€3 KPYHEHUA WL CMEWAHHBIM KOADUOM), €CIH ero
aJyuTUBHAs rpynna RT spjsercss nepuopmyeckoit rpynmoit (rpyimoit 6e3 KpydeHus uim
CMEIIAHHOM TPYIIIOii).

Teopema 1. Kiraccsr mepuOgHIeCKHX KOJIEI], KOJIEI] 6e3 KPyJeHUsT i CMEITAHHBIX KOJIEI]
PEIéTOYHO ONPEIEISIIOTCS B KJIacCe BCEX aCCOMUATHBHBIX KOJIEIL.

HazoBém sement r Kojblia R anzebpauveckum, eCIu T sIBJISIETCsT KOPHEM HEKOTOPOTO
OPUMUTHBHOIO MHOTOWIeHa u3 Kousblia xZ[z]. Ecian kaxpiil s1emMenT Koubla R sBisercs
asiredpandecknM, To caMo R OyieM Ha3bIBaTh A2e0PaUMECKUM KONDUOM.

Teopema 2. Kiacc anrebpamdecknx KoOJIEI] PEIIETOTHO ONPENEISIIOTCS B KJIACCE BCEX
acCoIUaTHBHBIX KOJIEI].

Teopema 3. Ilycrs K — mepuonmieckoe ajrebpamdeckKoe KOJIbIO ¢ eauduriei, R =
M, (K) un > 2. Ilycts ¢ — npoektupoBatue kojbia R Ha koseno R?. Torna R? = M, (K'),
rme K' — mepmommyieckoe arebpamdecKoe KOJIBIO C €IUHHIECH, PelréTOYHO H30MOpHOe
KogtpIry K.

Teopema 4. Kousibrio marpun R = M, (K), rme n > 3, K — nepuoauieckoe ajirebpau-
YeCKOe KOJIBI[O C eHHUICH, PEMETOTHO OIPEIEISIeTCs B KJIACCe BCEX aCCOITHATUBHBIX KOJIOI]
H, ecJIM aIHTHBHAS IPYyIa KoJibla R npuMmapHa, TO KayK bl perIéTrodHblil H30MOPpH3M ¢
kosbra R Ha KoJibrio RY WHIymupyercs: KOJIbIIEBBIM H30MOP(U3IMOM HJIH aHTHH30MODDHU3-
mMoMm R ma RY.

Teopema 4 06061IaeT noiydyenubie panee B [1] — [4] pesysbraTsl 0 peréToaHoN onpe/ie-
JISIEMOCTU MATPUIHBIX KOJIETI.

JINTEPATYPA

[1] Barnes D. W., Lattice isomorphisms of associative algebras, J. Aust. Math. Soc., 6, Ne 1 (1966),
pp-106-121.

[2] Kopobkos C. C., Pemérounas onpenensieMOCTh HEKOTODBIX MaTPUYHBIX Kojsern, Marem. c6., 208:1
(2017), ¢.97-110.

[3] Kopo6kos C.C., IIpoekTnpoBaHusi KOHEYHBIX HEHUJIBIIOTEHTHBIX KoJen, Asrebpa m joruka, 58, Ne 1
(2019), c.69-83.

[4] Kopo6kos C. C., Pemérounas onpeeseMoCcTb KOHEIHBIX MATPUIHBIX Koutels // Mex tyHapogHas KoH-
depennus «Masbuesckue urenus-24»: reaucsl qokaanos (Muacruryt maremaruku uMm. C.JI. CoGoseBa
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O KOHCEpPBATUBHOCTH AJIBTEPHATUBHBIX ajredp

A. B. KyXAPEB

IMonsitne koHCepBaTHBHON anreGpsl Obuio BBemeno U. JI. Kantopom B [1] npn usyde-
Hun 0606mmenuit anre6p Hoprama. Iycrs Ha BEKTOPHOM IIPOCTPAHCTBE V 3a/1aHBI TMHEHHbIT
omeparop A : V — V u 6ununeitnoe orobpaxenune B : V x V — V. Oupenenum HOBOE
Gumaeiinoe orobpaxkenue [A, B]: V x V — V no dopmyne

[A, B](z,y) = A(B(z,y)) — B(A(z),y) — B(z, A(y))-

Pacemorpum anrebpy M = (V) B), 3a7aHHyI0 Ha BEKTOPHOM IIPOCTPAHCTBE V ¢ yMHO-
xerauem B : V x V — V. Hepes L, 0o603HaumM oniepaTop JIeBoro yMHOXKeHust B M, TO ecTb
L.(z) = B(a,x).

Anrebpa M = (V, B) HasblBaeTcst KoHCEP8AMUEHOU, €CJId CYIIECTBYeT JAPYroe yMHOXKe-
Hue B* Ha TOM Ke BEKTOPHOM IIPOCTPAHCTBE V', JJIs KOTOPOTO BBIIOJIHSIETCS] COOTHOIIEHTE

[La’ [Lba B]] = _[LB*(a,b)v B]

st Beex a,b € V.
OKBHUBAJIEHTHO, 9TO YCJIOBHE MOXKHO 3allUCATh B BHJIE TOXKJIECTBA
b(a(zy) — (ax)y — x(ay)) — a((bx)y) + (a(bx))y + (bx)(ay) — alz(by))+
(ax)(by) + x(a(by)) = —(a*b)(zy) + ((a * b)x)y + x((a * b)y),
rue a,b,x,y €V, xy := B(z,y) u x xy := B*(x,y).

3BecTHO, 4TO BCe acCOMUATHBHbIC aareGpsl, anre6per Jlu, anre6pn Mopaana, anreGpsr
JleitGuua u anrebpsl 3uHOes ABIISIOTCH KOHCepBaTUBHBIMU (cM. [2]). IIpumepaMu HEKOH-
CEepPBATHUBHBIX ajre0p sIBJIAIOTCS MpocTas 7-MepHas ajgrebpa MasiblieBa U HEKOTOPBIE JIEBO-
KOMMyTaTHBHBIE arebpnl. Takske H3BECTHDI IIPUMEDPBI KOMMY TATHBHBIX HEKOHCEPBATHBHBIX
arebp. Hampumep, sBOJIONMOHHAST JByMepHas anredpa Fo, ompejesseMast TOXKJIECTBAMUI
e? = €3 = e}, He ABJIAETCH KOHCEPBATUBHOI.

B nacrosimeil paboTe MbI PACCMOTPUM BOIIPOC O KOHCEPBATUBHOCTH aJIbTEPHATHBHBIX
asnrebp. HamomunM, 4ro anrebpa Has3bIBAeTCsS AJbTEPHATHBHON, €CJIM B Heil BBIIOJHAIOTCS
roxgecrBa z(xy) = (zz)y n (yr)r = y(zz). OueBrgHO, KaXK1ast acCCONMATHBHAS aarebpa
aJbrepHATHBHA. VI3BECTHBIM IPUMEPOM HEACCOIMATHBHON aJIbTEPHATUBHON aJreOphl sBJist-
eTcst anrebpa OKTOHMOHOB. T10JIyvueH e[y onmil pes3y IbTar.

Teopema 1. Ajyrebpa OKTOHHOHOB He SIBJISIETCST KOHCEPBATHBHOM.

JINTEPATYPA
[1] Kanrop U. JI. Hekoropsie o6obienust ifoppanosbix aare6p // Tp. CemuHapa 10 BEKTOPHOMY M TEH-
3opHOMy amanu3y. 1972. Tom 16. C. 407-499.
[2] Kaygorodov 1., Lopatin A., Popov Y. Conservative algebras of 2-dimensional algebras // Linear Algebra
and its Applications, 486 (2015), 255-274.
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KBasuzaeiictBusi, rpyOble HEMOABUXKHBIE TOYKHN U HEMOABU2KHOCTh HA KOPOHE

O. B. MYPABBEB

I'maBHBIM OOBEKTOM H3yUeHHUs OyJ/IeT SABIATHCI METPUIECKOE ITPOCTPAHCTBO C IPYOBIM
JleficTBHEM I'PYIIBLI HAa HeM. B mepByIo odyepe/ib HAC MHTEPECYIOT JIUHAMUYECKIE XapaKTepu-
CTUKHU TAKOI'O JEHCTBHsI, 4 UMEHHO PyOble HEIlOIBUKHbIE TOUYKH (TOUKU OPOUTa KOTOPBIX
OrpaHMYEHA) U HENOJABUXKHBIE TOUYKU HA KOPOHE HPOCTPAHCTBA O KOTOPBIX MOYKHO JIyMATh,
KaK O HEIOJ[BUKHBIX ACUMIITOTHYECKUX HAIpPaBJIEeHUAX. J[aHHBIE TOYKM BO MHOIOM H3yda-
10TCsI 6JIaroapsi TEOMETPUU CAMOI IPYIIIBI, HAIIPUMED, UMEET MECTO CJIe/IyIOIas TeOpeMa.

Teopema. Ilycrs koHeuHONOpOXKQeHHas: rpynna G JedcTByeT Ha METPUYECKOM IIPO-
crparcree X rpy6o u 3 x, € X, n.u. orobpaxenune ¢ : G — G(xg) — rpy6oe. Torzma nepe-
CTAHOBKH KOHI[OB IPOCTPaHCTBa X , KOTOPBIE colepxKaTr KoHIbI opbutbl G(xg), 1o geiicTBu-
eM rpymnibl G OMHCBIBAIOTCST MOBEJICHHEM KOHI[OB rpymnmbl G mpu jeficTBre Ha cebe JIeBBIM
ymuoxkenueM. To ecrb ecin vy1,ve € Ends(G) u mis kaxoro-to g € G umeeM gy = 7z,
o 1 gp(71) = ¢(72), & 3HAYUT AHATOTMIHOE BBHIIIOJIHEHO U JJIST KOHI[OB IIPOCTpaHCTBa X B
KOTODBIX COIEPIKATCS 7Y1,7Y2. B dacTHOCTH MOXKHO 3aMETHTHh HECKOJIBKO CJIYYaeB, KOTOPHIE
rapaHTHDPYIOT HaM HaJIidue HEIIOJABUYKHOTO KOHIIA:

(1) Ends(G) = 1.
(2) Ends(G)=2uG =K xZ, |K| < .
(3) Bce konnpr G(x0) J1exar BHyTPH OJHOrO KOHIA npocrpancrsa X .

Kpome Toro, MOXKHO J0Ka3aTh CJIEyIOIee YTBEPXKIECHe, KOTOPOe B HEKOTOPOM CMBIC-
Jie OIHUCHIBAET BO3MOYKHBIE JIWCTBHs IPYII HA TPOCTPAHCTBAX C JIOCTATOYHO OOJIBIIIM, HO
KOHEYHBIM YHUCJIOM KOHIIOB.

Teopewma. Ilycrs rpymna rpy6o geiictByer Ha juHedno cBazaom (M-cBszHom) merpu-
yeckoM 1pocTpancTBe X, ¢ COXpaAHEHHEM KOMIIOHEHT JIHHeHHOk cBsizHocru (M-cBssHoctn).
Ilpu s3TOoM KOHCTaHTa OOPHOJOTHMYHOCTH TAKOTO JEHCTBHs IJIOOAJIbHO orpanmdeHa. lorja,
ecim e(X) = n > 3, ro B X cymecrByer rpybasi HEIIOABHXKHAS TOYKA.

Kak ciiesicTBue U3 JaHHOIT TeopeMbl MOYKHO J0Ka3aTh 3HAMEHUTYIO TeopeMy Xorda o
qucjie KOHIIOB KOHEYHOIIOPOXK/IEHHBIX T'PYII, PACCMOTPEB JeiicTBUEe IPYIIIbl HA CBOEM I'Da-
de Kam, Koropoe KOHEYHO YIOBJIETBOPSIET YCJIOBUSIM TEOPEMbI, HO I'PyObIX HEIOIBUKHBIX
TOYEK UMETH HE MOYKET.

HITY PAH, Mocksa (Poccus)
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TpusnanbHOCTh BHeIIHUX guddepennuposanuii B £,(G) Ajast rpynn
C OrPAHUYEHHBIMU CONPSIKEHUSIMU

A. B. HAsSIH3UH

IIyctbs A — HeKOTOpast acconuaruBHast ajrebpa, M — HeKoTOpbIi Oumotyib Hag A.  Jludg-
Pepenyuposanuem HasbBaeTcs omepartop d: A — M, ynosierBopsiomuit npasmty JleitGmHu-
na: d(ab) = d(a)b + ad(b). duddepennuposanue Buja d,,(a) = ma —am, a € A,;m € M
nasbiBaeTcsd enhympennum. LIlupoko m3ydaercss Boopoc, Ipu KaKUX YCJIOBHAX HA ajaredpy
A Bce muddepeHMpOoBaHUs B HEll sIBISIOTCT BHyTpeHHHMHU. Hampumep 5T0 Tak JijIsi BCeX
HenpepbIBHBIX juddeperiuposannii B anredpax ¢ou Hefimana [4], u B anrebpax suia 61 (G),
rie G — nuckperHas rpynoa [3].

Mzt pacemorpum muddepentmuposanus {1 (G) — £,(G), rome G aBIsercs KOHETHO IIO-
DPOXKJIEHHO TPYIION, YAOBIETBOPLAIONIEH YCIOBAIO OrpaHIYeHHOCTH conpsizkeHuii. [lo rpyr-
me G MBI onpeneauM rpad COMPSIKEHHOCTH, BEPITUHAMU KOTOPOI'O SIBJISIIOTCS JIEMEHTBI
IrpylIa, U JIBe BEPIIUHBI COEINHEHBI PEOOM, €CJii OHU TIOJIyYatOTCsl COIPsi?KEeHNeM Ha, obpa-
3yronyro. Takum o6pa30oM MbI IoJyuaeM OOOOIIEHHYI0 METPHUKY Ha IPYIIIE, ONpeIeIeHHY 0
KaK JUIMHY KPATYAHIIero myT. YCI0BUE 02PaHUMEHHOCTIU CONPANCEHUL 3BY IUT CIIETYIOIIM
00pa3oM: I KazKJI0TO OrpaHndeHHoro nomMmuoxkecrsa B C G BepHO, 4TO

sup diam (gleg) < 00.

geG
To ecTtp B TaKuX TpPYyIIIaX CONPSKEHUS HE CJIAMIKOM CHUJIBHO MEHSIOT PACCTOSHUS MEXKIY
snemMenTamMu IpyIibl. OCHOBHBIM PE3YJILTATOM SIBJISIETCS CJIEIYIONIAsi TeopeMa.

Teopema. Ilycrs G — rpymma ¢ ycjoBHEeM OrPAHHYEHHOCTH COIIPSIXKEHHI, pasMep BCEX
KOHEYHBIX KJIACCOB COIPSI?)KEHHOCTH B KOTOPOI paBHOMEPHO orpanHuveH. Torna Kajjoe Helpe-
priBroe gudgepennuposamnue d: £1(G) — £,(G) sABIgETCA BHYTPEHHHM.

Dror pe3yibrar MOxKeT ObITh BbIBeJIeH u3 Oosiee panHux pabor. B uactHocru, B [2] on
JIOKa3aH JJIs BcexX aMeHabesIbHbIX Tpyiin. OTMeTuM, 910 HaiiieHHble HAMU TPUMEPDI TPYIII
C OrPAHUYEHHBIMHU COIPSI?KEHUSIMU SIBJISTFOTCSI aMEeHAOE IbHBIMU.

OpnHako, Hale JI0Ka3aTe/IbCTBO OIUPAETCsl Ha WHbIE WJIEN U SBJISIETCS 00Jiee MPOCTHIM.
Mbe1 Gynem ucnob3oBaTh onucanue guddepeHnupoBanuii, npempioxentoe B padore [1], ko-
TOPOE TO3BOJISIET OTOXKIECTBUTH UX C XapaKTepaMHU Ha HEKOTOpPOM rpymmonse. Kpome Toro,
dakTIIecKn JOCTOBHOE IIOBTOPEHNE HAIUX PACCYXKIEHUI IPUMEHNMO, HAIIPUMED, K CJIYIaI0
(0, 7)-nuddepeHrpoBaHmii.

JINTEPATYPA
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HunabmorentHble popMajibHbIe MATPUIbI HAJ] KOJIbIIAMHU BbIYETOB

II. /I. HOPBOCAMBYEB
Ilycts p — mpoctoe 1aucho, l,n1,na,...,Nn; — HATypaabHbIe, TpudeM | > 2 U Ny = No =
-+ = mny; > 0. PaccMoTpuM KoJbIO (DOPMAJIbHBIX MATPUIL:

Kl = {azj +pmln(nhn])Z | Q45 S Z7i7.j = 17 . 7l} ;
. l . l
IIyCThb A= (aij +pmln(ni’nJ)Z)i,j=1 ’A/ = (a;] +pm“’b(ni,“j)Z)i7j:1 € K; rorna

l
l

A-A = Y Sijk - ay -y p" T, ;
j=1 i,k=1

rae S;ji — cucrema Muozkureseit (cm. [1]).

Teopema [1]. Marpuna A € K; obparuma < KOrja BCSKHI JHATOHAJIBHBIH T;-6J0K
Marpuipl A obpaTuM B COOTBETCTBYIOIIEM MaTPUIHOM KOJIBIIE.

Teopema [2]. IIpul = 2 uny > ny > 0 marpuna A € K| HUIBIOTEHTHA < KOIJA
qHCsIa a1 A G99 KPATHBI P.

Teopema. Marpuna A € K; HHUJIBIIOTEHTHA <> KOIZa BCSIKHI JHATOHAJBHBINA 1;-0JI0K
marpuibl A HUJIBIIOTEHTEH B COOTBETCTBYIOIIEM MATPUIHOM KOJIBIE.

CaencrBue. Muoxecrso Nil(K;) obpasyer migean B koibie K; < korga ny > ng >
-+« >mny , T.e. Bce quaronajbable 610k K; ecrb 1-6y0ku (mmeror pasmep 1 X 1).

CaexnctBue. Ilpu p > 2 koubro K| sBiIsiercss 2-XOpOIImiM KOJIBIIOM.

Teopema. Ilycts p = 2, TOria BEPHBI CJEIYIOIIHE YTBEPIK ICHUS:

1) Ecsn Bce puaronaJibubie r;-6j0ku B K| umeror nopsiok He Mmenbiie 2, to K; — 2-
Xopoliee KoJIbIIO.

2) Eciin B K| ecTh POBHO OJIHH JHArOHAJIBHBIH 1-6110K, TO K| — w-Xopoliee KoJIbIo.

3) Ecin B K ectpb gBa mn 6oJee quaroHaabHbIX 1-6j10ka, 10 K| He SIBJISIeTCS XOPOIIHM
KOJIBIIOM.

Teopema. Kosbro K; He sIB/ISETCS HAIB-XOPOIITHM KOJIHI[OM.

Paboma svinoanena npu dunarcosoti noddeporcke noddeporcke Murucmepemea Hayku u
gvicwezo 06pasosanus P@, coenawenue M 075-02-2025-1728/2.
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O "Huab-anredbpax Hosukosa

A. C. TTAHACEHKO

Auirebpa HasbiBaeTcs ajaredbpori HoBukoBa, eciii OHa yJIOBJIETBOPSIET TOXKIECTBAM JIEBO-
CUMMETPUYIHOCTH
(zy)z — z(yz) = (yx)z — y(z2)
U TIPaBOKOMMYTATHBHOCTH
(zy)z = (z2)y.
Ausrebpa, antunzomopduas anrebpe Hosukosa, siByisiercst anredpoit Hopukosa TOIBKO ecyu
OHa KOMMYTATHBHA. B CBSI3M € 9TUM BO3HUKAIOT PA3JIUIHBIE MOHSITUS HUJIBIOTEHTHOCTH
3JIEMEHTOB aJreOpol. BymeM ncrmoab30BaTh CaeayIonme 0003HaUeHUsT U TEPMITHOJIOTHIO.

OrmpesiestIM CTelleHb dj1eMenTa & € A ciemyiommm obpazoM. Iomoxum 2! = ¢ u 2™ =
2" 'z npu n > 1. Dnement x anre6ps! HoBUKOBa HA30BEM HUJIBIIOTEHTHBIM, eci £ = 0 1yis
mekoroporo n > 0. Anrebpy HoBukoBa Ha30BeM HHJIB-AJAreOPOIl, €CIM KaXKJIbIH 3JIEMEHT B
weit aubnorenten. OHOCTOPOHHNU Ujteast I HA30BEM HHJIb-UJIEAJIOM, €CJIA KaXK IBIA 9JIeMEeHT
B I HUJIBIIOTEHTEH.

Teopema. IIycrs I — npaBsiii HuIb-meas uagekca 2 aareopol Hopukosa A. Ecimmx € A
ma” €1, to z?"t? = 0.

Onpeie/M IpaByio CrereHb anrebpnl A ciaepyiomum obpazom. Homoxum Al = A
Al = A=Y A npu n > 1. AnreGpa A massBaercs npasormibnorentHod, ecimn ARl = 0
st Hekoroporo k € N. Kak xoporrio n3secTHo, IpaBOHUIIBIIOTEHTHOCTD ayredpsl HoBukosa
9KBUBAJIEHTHA ee paspemumocta [1].

Caencreue. Ilycre I—mugeasn anrebpor HoBukoa A. Ecomm x € A uw ™ € I, 1o st
Joboro k € N crpaBeainBo BKIrodeHue T+ € I[k], e s = 2sx_1+2 u s1 = n. B gacraocrn,
ecsu [ —rnpaBonuibnorenTHsi upeas u A/ I—nuib-anarebpa, ro A — Hub-ajareépa.

JINTEPATYPA
[1] Shestakov I., Zhang Z., Solvability and nilpotency ofNovikov algebras. Comm. Algebra 48:12 (2020).
pp.5412-5420.
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Kunaccudukamust mpocThiX MpaBoaIbTEePHATUBHBIX CUHTYJISIPHBIX 10-MepHBIX
cyrepajreop

C. B. [TYEUHIIEB

IIpocrast npaBoanbTepHaTUBHAS cyniepairebpa B = A® M naj airebpanmdyecKu 3aMKHY-
TBIM II0JIEM XaPaKTEPUCTUKHU, OTJIUIHON OoT 2 u 3, ¢ YETHON YacThio A M HEUETHOU YaCTHIO
M mazniBaeTca cuneyasaproti, ecmm A% = 0.

Bcerogy nuxke B — cunryssipHas cyuepasredpa. DiemeHTsl npocrpancTsa {q € M|gB =
0} HABBIBAIOTCS NEPEKANUANEAAMU, & €TO PASMEPHOCTH — uHdexcom B.

B [1] ksnaccudunupoBaHbl CHHTYIISPHBIE CyTIEPAIredpbl HHIEKCa 1.

[TepeksouaTesb p Ha3bIBACTCS Hebipootcdervim, eciu ap = 0 Biaeder a = 0 it 1100010
a € A. B [2] mokazano, 4To BesKasg KOHEUHOMEDHAs CUHIYJIsIPHAsI cyliepaiaredbpa B conepxkut
HEBBIPOKIEHHBII IEPEKJII0YATe b P U UMeeT CTPYKTYDY PACIIUPEHHOro 1y06uist (LOHITHE PACc-
mupeHHoro ay6sst 6b110 BBesieHo B [3]). Diement x € M onpenensieT TUHEHHBIH OepaTop
1z, JeficTBylomuil Ha 4éTHOi JyacTu A 110 npasuiy: a¥* = a’, ecim ax = a’p.

ITycres dim(B) = 10 — 9170 HANMeHbIIast PA3MEPHOCTH CUHIYIISIPHBIX CyllepasreGp UHJEK-
ca > 2. Jlokazano, uro B cOmepKUT HEBBIPOKIEHHBII TEPEKII0YATENh P TAKOM, 9TO CIIEKTP
oneparopa Ag(R?2) ma npocrpancrse A uveer TobKo 2 3uadenus {£1}.

Bynem rosoputh, uro ajirebpa B umeer duazonasvbHoili Mun, eCiau HaNAETCS BBIPOXK-
JIGHHBII TIepekJiovdaresib £ # () Takoif, 4TO Omeparop 1, MMeeT JUAroHAJbHYI0 (HOpMY B
HEKOTOpOM Basuce BecoBoro mnojmpocrpancTsa Ay (uiam A_) oneparopa RZQ,, OTBEYAIOIIEr0
cobcTBeHHOMY 3HaUeHno 1 (1 -1 COOTBETCTBEHHO); B IIPOTUBHOM CJiydae, Oy1eM TOBOPHTb,
4qTo cynepasrebpa B mmeer ocopdaros mun.

B [4] nokazano, uro cuHryssipusie 10-MepHBIe cynepanredpbl JUArOHAIBHOIO TUIA 00-
pPa3yIoT JIBYX-IIapaMEeTPUIECKOe CEMEHCTBO.

OCHOBHBIM PE3YJIBTATOM SIBJISIETCS CIEYIONIMIL: cunzysaprosie 10-meprsie cynepaszebpol
atcopdanosa muna ob6pasyom 00HONAPAMEMPUYECKOE CEMETCMEO.

ITomyTHO OmECaHBI UX TPYIIIBI ABTOMOP(PU3MOB.
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[4] ITeemmrnes C.B., O knaccudukanuu IpaBoAIbTEPHATHBHBIX CUHIYIISIPHEIX 10-MepHBIX cymepareSp qua-
ronajbHoro tumna, Cub. Marem. 2KypH., 66:1, 2025, c.-88-105.

Dununcosuili yrnusepcumem npu Ipasumeavcmee PP, Mocksa (Poccus)
E-mail: pchelinzevOmail.ru

216


mailto:pchelinzev@mail.ru

MaubrieBckne arenust 2025 Teopwus koJters

AuddepeniiupoBannsi B MTHBEPCHBIX MOJIYTPYIIIIax

P. 1O. PENEEB

PaccmarpuBaercsa Kjacc MHBEPCHBIX IIOJIYTPYIII, OIIPEIEJIEHHBIN CIeayomuM 00pa3oM.
IIycres nanbr ne rpynnbsl G u H, a tak:ke romomopdusm ¢ : G — H. Torma momyrpyiima

I1=G ﬁ H szanaercs na maoxecrse G LI H ¢ onepanueii o:
UG, u,v € G
U g, u,v € H
o(u) -gv, ueGuveH
u-gpv), veHveG

Uov =

B nokiane ucenenyiores auddepeninuposanus Ha noayrpyinosoit aiarebpoit C[I]. Uc-
[OJIb3Y€eTCsl KATErOPHBII METOJI, IPeJIoKeHHbIN B paborax [1, 2| nyist usydenus nuddepen-
nupoBaHuii Ha | rpynnoBeiMu anrebpamu. CyTh METOIA 3aKII0UAETCA B MOCTPOEHUHU T10/IX0-
JISIIIell KaTeropun, Ha MOpdu3Max KOTOPOH 3ajaercst (byHKIMs, HA3BIBAEMasad XapaKTEPOM,
u juddepeHInpoOBaHNsl OMUCHLIBAIOTCA B TEPMUHAX XaPAKTEPOB.

s rpynosl G erpoutes Madiasi Kareropust L', Ha3blBaeMasi IPYIIIOUIOM [IPUCOEIU-
uennoro neiicreus, ¢ Obj(T'g) = G u Hom(T'g) = G X G, rue mopdusm ¢ = (u,v) uger
u3 ncrounnka s() = v lu B mean (1)) = uv~l. Mopdusmbr ¢ = (uy,vy) u & = (ug,vs)
HA3BIBAIOTCS KOMIIOHUPYeMbIMH, ecin t(£) = s(1)), & nX KOMITO3UIUS 3371a€TCsT KaK

op= (U2U1,U2U1)~

@
Hst momyrpynmst I = G U H crpourest rpynmon I' = g U T g.
Xapakrepom Ha rpynmonze I’ HaseiBaerca dyukmus X : Hom(T') — C Takast, ato st
JIOOBIX KOMIIOHUPYeMbIx MopdusMos ¢, ¢ € Hom(T') Bbimosmsercs

x(§ o) = x(§) + x(¥).

XapakTep X Ha rpymmonjie I' Ha3pIBA€TCs JIOKAJbHO (PUHUTHBIM, €CJIU JIJIsT BCEX dJle-
MeHToB v € I Boinosnsiercs x(u,v) = 0 moYTH BCerjia, TO €CTh IJIsl BCEX 3JIeMEeHTOB u € [

KpoMe KOHeYHOro 4mncia. IIpocTpaHcTBO JOKaJIbHO (PUHUTHBIX XapakTepos Ha I' oboznava-
erca X (T).

Teopema. /list mosyrpynmner I = G O H mueer mecro u3zomopgusm aarebp Jlu:
Der(ClI) 2 X(TagUTy) 2 X(Tg) @ X(Ty) = Der(C[G]) ® Der(C[H])

JINTEPATYPA
[1] Apyrionos A. A., Mumenko A. C., Illrepu A. 1., Jepusaniuu rpynnoBbix ajare6p, @PyHIaMeHT. U IPUKJIL.
MmareM., 21:6 (2016), c.65-78.
[2] Apytionos A. A., Anrebpa nuddepeHnnpoBanuii B HEKOMMYTATUBHBIX IPYIIOBLIX ajrebpax, dudde-

peHIMaJIbHbIE ypDaBHEHUs W auHaMuueckue cucreMbl, C6opuuk crareit, Tpyasr MUAH, 308, MIAH,
M.,2020, c.28-41.

HITY PAH, Mocksa (Poccus)
E-majil: roman.repeev@gmail.com


mailto:roman.repeev@gmail.com

MaubrieBckne arenust 2025 Teopwus koJters

DpobennycoBbl G-OpMBI Ha CKPEIEHHBIX ajredpax

II. II. CoKkoJI1OB

CxpellieHHbIE aJIreOpbl OBLIM BBEJIEHBI JIJIsi [IOCTPOEHUsI TOIOJIOIMYECKUX WHBAPUAHTOB
[2]. Ckpemennas anrebpa L —aro G-rpajgyuposaHHast ajirebpa ¢ ¢dpobernycooii G-dhopmoii
u HekoTOpbIM npezcrasienueM G — Aut(L). ®pobernycosa G-dhopMa 1) HA IPay MPOBAHHOM
asredbpe L — 3T0 cuMMeTpuiecKas OuanHelHas acconpaTuBHas (popMa, KOTopas JOIIOJIHH-
TEJIbHO YJOBJIETBOPSIET IBYM YCJIOBUSIM:
(1) n(Ly® L) =0, npu gh # 1 € G,
(2) 77|L9®Lg_1 HEBBIPOXKIEHA, JIJIsT BCexX g € G.

UzBecTHO, 9TO HelTpaabHas KOMIOHEHTA I'PaJyUPOBKY CKPEIEHHON aJre0pbl siBJISIETCS
b pobeHnycoBoit KOMMYTATUBHON aarebpoii. Tak:ke, M3BECTHO HEKOTOPOE OIUCAHUE KOMMY-
TATUBHBIX (DPOOYHIYCOBBIX aarebp u dpobernycobx GopM Ha HEX [1].

JlaJiee paccMaTpPUBAIOTCS aCCOIMATUBHBIE aJIrebphl ¢ eIMHAIIEH HaJT 11oJieM. PaccMoTpuM
dpobernycoBy G-ayrebpy L, Torja, BEpHO CJeIyroIee:

Jlemma. /st smoboro g € G u moboro 0 # a € L, Bemosmeno al g1 # 0.

Jlemma. Ilycrs 1) — mnpou3BobHAS CHMMETPHIECKas OUINHEHHAST ACCOIUATHBHAST (POPMa
na L, Torma orpanmyenne 1|1, L,, He BBIPOXKIEHO JLIsl BCEX g € G rTorsa u TOJIBKO TOra,
Kora 1|, @rL, HE BBIPOXKIEHO.

Jlemwma. Ilycre 11, 12 — aBe ¢ppobennycoBbr G-cpopmbr Ha L, Torma n1 = 1. TOrAa I
TOJIBKO TOLJA, KOIJa N1 |n,eL, = N2|L @L, -

Teopema. Ppobennycosor G-popmbr Ha L HAXOMSITCS BO B3AHMHOOJHO3HATHOM COOT-
BETCTBHH C KJIACCHICCKUMH (PpobeHmycoBbIMU popmamvu Ha, L.

CaenctBue. Ilycrs S — ckpenierHas ajirebpa, torga Jirobast ¢ppoberuycoBa G-gopma
Ha S ompenessiercss (ppobeHnyCcOBOi (pOpMOH Ha KOMMYTATHBHON (ppoOEHHYCOBOI ajrebpe
S1.

Paboma noddeporcara @ondom pazsumus meopemuneckots usury u mamemamury «bBA-
BHUC», Ne 23-7-2-1/-1.
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O poge anrebp c gejieHueM U ajaredpamvecKux rpymnmn

C. B. TuxoHos

ITycrs F—mone, Br(F)—ero rpynna Bpayspa.

Porx gen(D) KoHETHOMEDHOI TIEHTPAIBHOM anreGpsl ¢ geserneM D Hag nosieM F' onpe-
JleisteTcst Kak Habop Kiaaccos [D'] € Br(F), rne D'—nentpanbhas F-anrefpa ¢ JejieHueM,
AMEOMAs TaKUe K€ MaKCHMAJIbHBIE TTOJIIONS, 9TO n anrebpa D.

Pasziinunblie BApUAHTBL OHATUST POJIA IIEHTPAJIBHBIX IIPOCTHIX aJirebp paccMOTpeHsl B [1]
u [2].

[ToxoxkmM 06pa30M MOYKHO OIIPEIETUTH POJL ADCOTIOTHO TIOUTH IIPOCTOil arebpandecKkoit
rpynmbsl. [OBOpAT, 9TO ABE aGCOMIOTHO MOYTH IPOCThHIe ajarebpandeckue rpynnbl G u G Hag
noJsieM F' MMEeIoT OIMHAKOBBIE KJIacChl F-n3oMopdu3Ma MaKCHMaIbHBIX F-TOPOB, ecin KaxK-
JIBI MaKCUMAJIbHBIH F-Top rpymmbl G F-u3oMopdeH HEKOTOPOMY MaKCHMAJIbHOMY F-Topy
rpyunsl Go, u HaobopoT. Asrebpandeckag F-rpynma G’ maseiBaercs F-dbopmoit anrebpan-
vyeckoit F-rpynnst G, ecn G u G mzomopdubl Hal cenapabeIbHBIM 3aMbIKaHneM FS¢P moJis
F.

IIycte G — abcomoTHO TOYTH TpocTasi ajrebpamdeckas rpymmna Haj mogem F. Pox
gen(G) rpynusl G onpezesgeTcd Kak MHOXKECTBO KjaccoB F-uzomopduszma F-dopm G’
rpynnbl G, IMEOMUX Te XKe Kiaacchl F-uzomopdusma MakCUMaJbHbIX F-Topos, uro u G
(em. [1, Onpegnenenue 6.1]).

B [3] nosyueHs! cieyomme TeOpEMBbL.

Teopema 1. Ilyctp K—KoHeUHOE pACIHIUDEHHE HEKOTOPOTO ITOJIsI, SIBJISIIONIErOCs ‘-
CTO TPAHCHEHJICHTHBIM PACITHPEHHuEM GECKOHETHOH CTEIeHH TPAHCIEHAeHTHOCTH HEKOTOPO-
ro cpoero noguoJsi. Ilycrs rakxke D—uenrpanbuas K-anarebpa c gesenuem. Torma gen(D)
cocronut u3 Takux kaaccos [D'], aro [D] u [D'] mopoxnator onay noarpymiy B rpymme Br(K).

B wacrHOCTH, PO BCAKOH meHTpaabHOi K -ajarebpbl ¢ JejeHueM 3KCIIOHeHTHI JIBa, TPH-
BHAJICH.

Teopema 2. Ilycts K—KoHeYHOE pacimupeHHe HEKOTOPOTO IOJIs, SABJSIOIErOCS Th-
CTO TPAHCHEHJICHTHBIM PACITHPEHUEM GECKOHETHOH CTEIeHH TPAHCIEHAeHTHOCTH HEKOTOPO-
ro cBoero nogmnoJis. Ilycrs char(K) # 2. Ilycrp rakxke G—upocras ajrebpandeckast rpymiia
tunta Go Hag K. Torga porx gen(G) rpusnadieH.
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T'pynnel ¢ ogHO3HAYHBIM yMHOXKeHueM U E-rpynnbl 6e3 Kpy4deHusi paHra 2

E. A. TumomeHko, A. I Tucosckuii, A. B. IIAPEB

AbGesieBy rpyuny A HazoBéM F-2pynnot, eciau KoJIbIO SHAOMOPGU3MOB rpyninbl A KoM-
MYTaTUBHO, & aJINTUBHAS I'PYIINa 3TOro KoJjibiia m3oMopdHa A. Kitace E-rpyii cotepKurcst
B KJIACCE 2PYNn ¢ 00HO3HAUHBIM YMMHOIICEHUEM, T. €. B KJacce abesIeBbIX TPYIIII, Ha KOTOPBIX
MOKHO 33JIaTh POBHO OJIHY CTPYKTYDY aCCOIMATUBHOIO KOJIbIA, COAEPIKAIIErO eIuHuUIly (C
TOYHOCTBIO 110 n30MOopdusMa). JIerko Buzers, uro rpyiia 6e3 Kpydenus paura 1 6yer rpym-
0¥l C OTHO3HAYHBIM YMHOXKEHHEM TOTJa U TOJBKO TOr/a, KOI/Ja OHA fBJseTcs F-Tpymmoii,
T. €. m30MopdHA OJIHOI U3 onucaHHbIX Huzke rpym Buga Q).

Jyist moaMuOMXKecTBa L MHOMKecTBa Beex mpocThix unces depes Q) oBosmauaercs mom-
KOJIBIIO TOJIsl PAIMOHAJIBHBIX YUCE, OPOXKIAEHHOE djieMeHTaMu 1/p Takumu, 9ro p € L; mis
L = @ cunraem, aro Q) —kosbio membix uncest. Ecin M eI o{HO TIOIMHOXKECTBO MHO-
JKeCTBa, BCeX NMpOCThiX uncest, npuuém L ¢ M u M ¢ L, a uenoe uuciao m > 0 He geauTcs
HU Ha Kakoe npocroe p € LUM , to oupenenum noakossio R(L, M, m) koiabia Q) x QM)
roJiarast

R(L, M,m) = {(z,y) € Q" x Q™ | p(z + mQ") = y + mQ"™},

IJie (p—€IUHCTBEHHBIA KOMIbIeBoil nzomopduam QX / mQ) — QM) / mQM),
Hanomaum, uro rpynmna 6e3 Kpydyenus A Ha3bIBaeTCs:
— 00n0podHoT, eciii Bce e€ HeHYJIEBbIE 9JIEeMEHTHI MMEIOT OJIUH U TOT K€ THUII;
— CUABHO HePasAodtcumotl, ecau i noarpynn B, C rpynnst A u uncia k > 0 BKJIIO-
uenne kA C B @ C C A Bozmoxuo Jiumib nipu B = 0 wan C = 0.

Teopema 1. Yrobrsl rpymma 6e3 Kpy4deHus: A paHra 2 siBJIsjIach MPYIIIOH ¢ OJHO3HATHBIM
VMHOYKEHHeM, HeoOXOJUMO U JIOCTATOYHO BBIIIOJHEHUE OJHOIO U3 YCJIOBHIL:

~

(i) A = Q) @ C, rge C ecrs rpymma 6e3 KpydeHms panra 1, KoTopas sBIsSeTCs
mouyirem Hag kKobiom QW) u ne mzomoppua nukakoii rpyme siga QM) ;
(ii) rpynma A msomopua ammurusHOil rpynie Hekoroporo kojbna R(L, M, m);
(iii) A — ommoposguas cuibHO Hepasaoxkumas E-rpymnma.

Caencrsue. I'pynna 6e3 kpydenuss A panra 2 spisercss E-rpynioii B TO4HOCTH TOr/IA,
KorJia BbiiosHeHo yeosue (i) smbo yenopue (iii) m3 teopemsr 1.

Patoma sevimoarena npu noddepoicke Munucmepemea Hayku U 6bicwe20 00pasosanus
PO, coenawenue N 075-02-2025-1728/2.
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The algebraic and geometric classification of commutative post-Lie algebras

K. K. ABDURASULOV

The post-Lie operad was defined by Vallette [1] as the Koszul dual of the commutative
triassociative operad; he also proved that both these operads are Koszul. To be precise, a
post-Lie algebra is a vector space P with two bilinear operations o and [+, -] such that (P, [, -])
is a Lie algebra and the two operations satisfy the following relations:

(roy)oz—wo(yoz)—(voz)oytzo(zoy) = zolyz],
[z,y]oz = [rozyl+x,yoz
The first of these relations implies that if [z,y] = 0 then (P,0) is a pre-Lie algebra (also
called a left-symmetric algebra).

If o is commutative then the post-Lie algebra (P,o,[-,-]) gives a commutative post-Lie
algebra. It looks like the algebraic study of commutative post-Lie algebras (CPA for short)
starts in [2], where Burde and Dekimpe proved that any CPA structure on a complex finite-
dimensional semisimple Lie algebra is trivial.

In our work, we developed a method for the classification of n-dimensional CPAs and
gave the algebraic classification of 3-dimensional CPA and, as a further step, obtained the
geometric classification of complex CPAs in dimension three.

Theorem 1. Nontrivial complex 3-dimensional CPAs are described by 9 mutually non-
isomorphic algebras and 7 one-parameter families.

Theorem 2. The variety of 3-dimensional CPAs has dimension 9 and consists of 8
irreducible components. In particular, it contains 5 rigid algebras.

Proposition 1. Let P be a simple n-dimensional Lie algebra, then it is rigid in the
variety of n-dimensional commutative post-Lie algebras.

REFERENCES
[1] Vallette B. Homology of generalized partition posets, Journal of Pure and Applied Algebra, 208 (2007),
N2, pp.699-725.
[2] Burde D., Dekimpe K. Post-Lie algebra structures on pairs of Lie algebras, Journal of Algebra, 464
(2016), pp.226—245.
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Anti-Rota-Baxter and O-operators on 3-dimensional Lie algebras

M. E. Azizov

The investigation of operator identities on Lie algebras, such as Rota-Baxter operators
and their generalizations, is motivated by quantum groups, and Poisson-type structures.
In particular, O-operators, introduced by Kupershmidt [1] as a reformulation of classical
r-matrices connect solutions of the classical Yang-Baxter equation (CYBE) with the con-
struction of new algebraic structures such as pre-Lie and dendriform algebras. An O-operator
O : V — g associated to a representation (p, V') of a Lie algebra (g,[_, |]) satisfies

[O(u), O(v)] = O(p(O(u))v — p(O(v))u),  Yu,v eV,

which ensures that V' becomes a Lie algebra under the induced bracket.
A natural analogue, called an anti-O-operator, reverses the defining relation:

[O(u), O(v)] = O(p(O(v))u = p(O(u))v).
When the underlying module is the adjoint representation (p,V) = (ad,g), an anti-O-
operator coincides with an anti- Rota-Bazter operator. These operators naturally induce anti-
pre-Lie algebras , which arise from symmetric bilinear cocycles in analogy with the skew-
symmetric structures of classical pre-Lie algebras [2].
As an explicit example, we obtained all anti-O-operators on the Heisenberg algebra

n3(C). The resulting linear maps O; : V' — n3(C) (i = 1,2,3,4) are given by:

¢ O1(v1) =0, Oi(v2) =0, O1(v3) = cre1 + caea + c3e3;

¢ Oy(v1) =0, Oz(v2) =baea, O2(v3) = caea +czez (b #0);

L] 03(’01) = 0, 03(1)2) = ’iClbg e1 + b262 + b%eg,
. ’ _b2)—boc2
Os(vg) = ceq — (1312 ey 4 (Frteleapi=tacl Yoy (g £ 0);

3

© O4(v1) = ages +ages, O4(ve) = (b3a2)62 + bses,

as

2
04(1)3) = —%62 — ages (CL3 7é 0)
Anti-O-operators introduce a bilinear product on the underlying vector space that yields a
Lie-admissible structure, i.e. in the strong case, the induced anti-pre-Lie algebra is compatible
with the Lie algebra, and the operator acts as a homomorphism of Lie algebras from the
sub-adjacent Lie algebra.
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Idempotents and automorphisms of quandle algebras

V. G. BARDAKOV

Recall that a quandle is an algebraic system (X, *) with one binary operation (a, b) — axb
satisfying the following axioms:

(Ql) axa=aforallae X.

(Q2) For any a,b € X there is a unique ¢ € X such that a = ¢ b.

(Q3) Right distributivity: (a*b) x ¢ = (a % ¢) * (bx*c) for all a,b,c € X.

Quandles for which left multiplications are bijections are called Latin quandles.

Let K be a unital ring without zero divisers. We discuss the following general problem.

Problem 1.Find idempotents in quandle algebra K|[X].

Description of idempotents important for studying automorphism of quandle algebras.
In particular, it is easy to see that if a quandle algebra K[X] has only trivial idempotents
(elements of X), then Aut(Z[X]) = Aut(X).

There are examples of quandle algebras which have only trivial idempotents and there
are examples of quandle algebras which have a lot of idempotents.

Theorem.
(1) (B.~Elhamdady, 2025) K[Core(Z)] has only trivial idempotents.
(2) (M. Elhamdadi-B. Nunez-M. Singh-D. Swain, 2023) Let FQ,, be a free quandle of
rank n > 1. Then Z[FQ,] has only trivial idempotents.
(3) (B.—Passi-Singh, 2019) If a quandle X contains a trivial subquandle with more than
one element, then K[X] has non-trivial idempotents.

The following problems are also seen interesting.
Problems 2. Let X be a finite Latin quandle, Z[X] be its quandle algebra.
(1) Is it true that Z[X] has only trivial idempotents?
(2) Is it true that if u € Z[X] is an idempotent, then the augmentation map e(u) = 1
(can not be 0)7
If we take a field instead of Z, then the answer on the first question is negative.

This work has been supported by the grants the Russian Science Foundation, RSF 24-
21-00102.
Sobolev Institute of Mathematics and Regional Scientific and Educational Mathematical Center of Tomsk
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E-mail: bardakov@mail .math.nscu.ru
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Two generalizations of perspective Abelian groups

A. R. CHEKHLOV, P. V. DANCHEV, O. TASDEMIR

All groups considered are additive and Abelian. The authors generalize in two different
ways the class of perspective abelian groups, as defined in [1], to the so-called IC-groups and
TP-groups, respectively.

Recall that two direct summands K and L of a group M are called perspective, which
is hereafter denoted by K £ L, if there exists a subgroup N of M such that M = K & N =
L®N.

e A group G is IC (Internal Cancelation) if G = A® B = A’ @ B’ with A = A’ assures
that B~ B’.

Note that every torsion-free group of rank 2 is IC, because it is either decomposable or

indecomposable. But there exists a torsion-free group of rank 3 which is not IC.

e A group G is TP (Transitive Perspective) if G = A® B= A" & B’ with A L A" ensures
that B X B'.
We obtain numerous results in these two directions that can be viewed as a successful

start on the description of their rather more complicated structures and properties. Due to
the limited scope, we will only state the following main outlines.

Theorem. (1) Let G be a divisible Abelian group. Then, G is IC if, and only if, each
p-primary component of G and the torsion free part of G have finite rank.

(2) Each finite group is IC, and any IC bounded group is finite.

(3) Let G be a reduced countable p-group having finite all Ulm-Kaplansky invariants.
Then, G is IC.

(4) The reduced torsion-complete p-group G is IC if, and only if, every its Ulm-Kaplansky
invariant is finite for any n < w.

(5) The reduced algebraically compact torsion-free group G is IC if, and only if, for each
prime p, the p-rank r,(G) is finite.

(6) The fully decomposable torsion-free group G is IC if, and only if, all homogeneous
components of G have finite ranks.

(7) The direct sum of cyclic p-groups G is IC if, and only if, all homogeneous components
of G have finite ranks.

(8) A reduced countable p-group is perspective if, and only if, it has finite all Ulm-
Kaplansky invariants.

(9) Let G is a divisible group. If G is TP, then it is perspective and so IC.

(10) Let G be a divisible torsion-free group. If A and A’ are its two direct summands

with equal finite ranks or co-ranks, then A £ oa

REFERENCES
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PostLie algebras and braces

V. Yu. GUBAREV

A space L with two bilinear operations [,] and - is called a postLie algebra [2, 5] if [,] is
a Lie bracket and the next two identities hold

€L [y7z] = [xy,z} + [y,x~z]7
(@-y)z—z-(y-2)=(y-2)-2+y-(z-2)=[y,2] 2
Moreover, one may define a new Lie product on the space L as follows: [[z,y]] =z -y —y -
z + [z,y].

There are series of works (mainly written by D. Burde and his coauthors, see the
survey [1]) devoted to the study of properties of both Lie products [,] and [[,]] which apear in
a postLie algebra, e.g., when one of them is abelian/nilpotent/solvable/ perfect/reductive/
(semi)simple, it is true that the other is so?

A set G with two binary operations - and o is called a (skew) brace [3], if (G,-) and
(G, 0) are groups and the identity

aO(b-c):(aOb)~a_1-(aoc)

holds for all a,b,c € G.

A notion of a brace is equivalent to the following notions appeared in different contexts:
Hopf—Galois structure, regular subgroup of the holomorph, and postgroup.

N.P. Byott, C. Tsang (see, e.g. [4]), and others study (finite) braces when it is supposed
that one of the groups (G,-) and (G, o) is abelian/nilpotent /solvable/(semi)simple/almost
simple.

We will discuss similarity of connections between properties of both Lie products on
a given finite-dimensional postLie algebra and properties of both group products on a given
finite brace.
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Linear-in-degree monomial Rota— Baxter of weight zero and averaging
operators on F[z,y] and Fy[z,y]

A. F. KHODZITSKII

Given an algebra A over a field F', a linear operator R on A is called a Rota—Baxter
operator, if the following relation

R(a)R(b) = R(R(a)b + aR(b) + Aab)

holds for all a,b € A. Here A € F is a fixed scalar called a weight of R. Rota—Baxter
operator is an algebraic generalization of the integral operator.

Let A be an algebra over a field F, then a linear operator T on A is called averaging
operator, if the relations T'(a)T'(b) = T(T'(a)b) = T(aT'(b)) hold for all a,b € A.

Denote by Fy[z,y] the ideal in Fx,y] generated by the set {z,y}. Let M be one of the
algebras Fz,y|, Folz,y]. A linear operator L on M is called monomial, if L(t) = ayz for
any t € M and some z € M, a; € F. Monomial Rota—Baxter operators on F[x] appeared
in [1], and such operators on F'[z] were described in [2].

In [3], a class of Rota—Baxter operators of nonzero weight on Flx,y] constructed
by homomorphic averaging operators was described. In [4], various classes of monomial
Rota—Baxter of weight zero and averaging operators on F'[x,y] and Fy[x,y] were described.
Moreover, we studied relationship between monomial averaging and Rota—Baxter operators
of weight zero on polynomial algebras.

We continue these both studies by formulating the following problem: find all monomial
Rota—Baxter operators R of weight zero on F[z,y] (Fy[z,y]) having the form

R(xnym) = 7n,mT(xnym)v Yn,m € F,
where T is a linear-in-degree averaging operator defined by the formula
T(xnym) =a, mxan+6m+7ypn+qm+c

for some o, 3,7,p,q,c € N and o, € F. We classify all such monomial averaging operators
on Fylz,y] (F[z,y]) and completely solve the problem.

The study was supported by a grant from the Russian Science Foundation: https://
rscf.ru/project/23-71-10005/.
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On finite associative rings with the compressed zero-divisor graphs of small
orders

A. S. MONASTYREVA

For any associative ring R and any element a € R, denote I(a) = {z € R; xa = 0},
r(a) = {x € R; ax = 0}. D(R) denotes the set of all (one-sided and two-sided) zero-divisors
of R. Also, D(R)* = D(R) \ {0}.

For z,y € D(R), we say that © ~ y if and only if r(z) Ul(z) = r(y) Ul(y). It is clear that
~ is an equivalence relation. We denote by [z] the equivalence class of an element z € D(R).

Denote by I'.(R) the graph whose set of vertices is {[z]; z € D(R)*} and two vertices
[z] and [y] (not necessarily distinct) are joined by an edge (or a loop) if and only if zy =0
or yr = 0. We refer to I'.(R) as the compressed zero-divisor graph of R [1].

In [1], it was proved that all vertices in I' (R) fall into two types. Really, let R be an
associative ring (maybe, R is infinite) and x € D(R)*. If 22 = 0 then yz = 0 or 2y = 0 for
all y,z € [z]. If 2% # 0 then yz # 0 and zy # 0 for all y, z € [z]. So, if 22 = 0 then [z] is a
vertex with a loop; if 22 # 0 then [z] is a vertex without any loop.

In [1, 2], we found the graphs containing at most four vertices that can be realized as
the compressed zero-divisor graphs of some finite associative ring. In this paper, we study
properties and structure of such finite associative rings that its compressed zero-divisor
graphs have no more than four vertices.

The research was funded by the Russian Science Foundation: https://rscf.ru/project/
24-21-00155/.

REFERENCES

[1] Zhuravlev E.V., Monastyreva A.S. Compressed Zero-Divisor Graphs of Finite Associative Rings, Sib.
Math. J., 61(1) (2020), pp.76-84.
[2] Monastyreva A.S. The Compressed Zero-divisor Graphs of Order 4, J. Alg. Appl., 21(9) (2022), 2250179.

Altai State University, Barnaul (Russia)
E-mail: akuzminal@yandex.ru

227


https://rscf.ru/project/24-21-00155/
https://rscf.ru/project/24-21-00155/
mailto:akuzmina1@yandex.ru

MaubrieBckne arenust 2025 Teopwus koJters

Varieties of nilpotent of class two diassociative loops of exponent 4

M. RASSKAZOVA

Let L be a diassociative loop from the variety D4. It means that L has a central subgroup
C(L), which is elementary abelian 2— group such that L/C(L) is elementary abelian 2—
group too. Moreover, every two elements of L generate a subgroup of L.

Let F, be a free n—generated loop from D4. We define below some subspaces in Z,, =
C(Fp,(n)) and prove that for every of those subspaces V' C Z,, we have a subvariety D4 (V)
such that F),/V is the free n—generated loop of the variety D4 (V).

Definition. Let

(i) A, = A= Ass(F,) = (Fy, Fp, Fy),

(il) K,, = K = [F,,, Fy],

(iii) AK = A, + K,

(V) Qn = Q = F2 = {s?|z € F},

V) Wo,=W=A,NK,,

(vi) M, = Mouf(F,) C Ay, whete Mouf(Fy) = { (zy)(22)) (2(y=)2) " | 25,2 €
Fn }a

(vii) T, = Qn N M,,.

We have the following diagram of inclusions.

M, — A, — AK, — Z,,

toor 11 (Di)
T, — W,— K,— Q,.

Finally, we calculate the dimensions of all defined above subspaces of Z,, and prove that
for n = 2,3 does not exists other subvariety of Dy.

All those result was obtained in collaboration with A.Grishkov (Brazil), L.Sabinina
(Mexico) and A.Zavarnitsin. (Russia)

University of ABC (Brazil)
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Generalized derivations of infinite-dimensional Lie algebras

7. KH. SHERMATOVA

The concept of reverse derivations, regarded as a special case of Jordan derivations,
was first introduced by Herstein (1957) [3]. In the anticommutative case, reverse derivations
coincide with antiderivations, which were extensively studied by Filippov [1]. In particular,
he proved that any prime Lie algebra admitting a nonzero antiderivation satisfies the standard
identity of degree 5. Later, Filippov extended this idea by introducing j-derivations [1], which
have since been widely studied for various classes of algebras. Subsequently, Leger and Luks
(2000) further generalized this concept, introducing the notion of generalized derivations [4].

Definition. Let f : £ — £ be a linear map. If there exist linear maps f', f" : £ — £

such that

[f(x),y] + [l‘, fl(y)] = f/l([x’ y])a
then f is called a generalized derivation. If f = f', then f is called a quasi-derivation. If
f=f =0f", then " is called a §-derivation.

By G®Der(L£) we denote the set of all generalized derivations of £; by QDetr(L£) the set of
all quasi-derivations; by Ders(£) the set of all 5-derivations for a fixed J; and by Dery5 (L) the
set of all d-derivations for all § € C. Obviously, QDer(L) and GDer(£) are Lie subalgebras
of gl(£) such that

Der(L) C Derp) (L) € QDer(L) C GDer(£) C gl(L).

The Witt algebra and its central extension, the Virasoro algebra, are among the most
important examples of infinite-dimensional Lie algebras. The Witt algebra serves as a
fundamental building block in the construction of many algebraic structures and continues
to attract considerable attention in pure algebra.

Definition. The Witt algebra W is the algebra with basis {Lz}l ez and multiplication
defined by [LZ,LJ] = (Z — ])LH-]

In this work, we compute the generalized derivations of the Witt algebra.

Theorem. GDet(W) = Der(W) @ Dery (W).
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1230.

[3] Herstein, I. N. Jordan derivations of prime rings, Proceedings of the American Mathematical Society,
8 (1957), pp.1104-1110.

[4] Leger, G., and Luks, E. Generalized derivations of Lie algebras, Journal of Algebra, 228 (2000), no.1,
pp.165-203.

V.I. Romanovskiy Institute of Mathematics Academy of Science of Uzbekistan (Tashkent)
E-mail: zarina_shermatova91@mail.ru

229


mailto:zarina_shermatova91@mail.ru

MaubrieBckne arenust 2025 Teopwus koJters

Structural properties of nvolutive algebras

K. M. TULENBAEV

In this article we started to study Involutive algebras. We found the multilinear parts
of Involutive algebras. Involutive algebras were appeared in work [1].

Let A = (A,0) be an algebra over field of characteristic p > 0 and A x A — A,
(a,b) — aob, defines multiplication. An algebra (A, o) is called Involutive, if

(a1 0az)oaz =—azo(azoay),
for all a1, a0, a3 € A.
Theorem 1. Let A be Involutive algebra then multilinear parts are P(3) = 8, P(4) =
30, P(5) = 210, P(6) = 1890.
The author is grateful to grant BR28713025 MES RK.
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O panrax 3KBal[MOHAJIbHOCTH JJId T€OPUi JIBYX OJHOMECTHBIX (DYHKITUI

A. B. BACEHEBA

B paboTe ucciemyercsa paHr 3KBallMOHAJILHOCTH /I TEOPHil B CUTHATYPaX, COJePKAIIIX
JBe ogHOMecTHBIe (byHKIMHU. IloKazano, 94To B OTJIMYHE OT CJIydas OJHON (DyHKIUH, TIe PAHT
TOXKJIECTBEHHO PABEH HYJIIO, It ABYX (DYHKIMIT paHT SKBAIMOHAJILHOCTH MOYKET IPUHAMATD
J1000€ HATYPAJIbHOE 3HAYCHIUE.

Oupepenenne [1]. Panzom sxeayuonarvrocmu ER(p(Z,7)) dopmynsr ¢(z,y) (orHo-
cuTesnbHO Mosiesnin M) Ha3bIBaeTCsl MUHUMAJbHAsT JIJIMHA BJIOXKEHHBIX IETell mepecevdeHuit
N (M, a;), B xoropeie Bxoaut @(M,a), Narmux MakCUMAJIbHOE [epeceveHne, IIPH ITOM
1

KayKJl0e CJIeJLyIolee IepecedeHre B el Hoyydaercs jgobasiennem kornun (M, a;) ais
HEKOTOPOTO j, He yMEHbIIAIOIE 00IIee IepecedeHue.

Hanomuum [2, 3, 4], aro dbopmyna ¢(Z,y) HA3BIBAECTCH HOPMAALHOT OASL NEPEMEHHDIT
@ (orHOcHTebHO Teopuu T'), ecim s mobbrx Momemn M teopun T u koprexeil @, b u3
M Toit xe mymmbl, aTo u §, yeaosue o(M,a) N p(M,b) # @ sreudr p(M,a) = ¢(M,b).
Dopmyna ¢ Teopun T HA3BIBACTCH HOPMAALHOU, €CJIU ¢ HOPMAJbHA OTHOCUTEILHO JIH00O-
ro pa3bueHus ee MHOXKECTBA CBOOOIHBIX IE€PEMEHHBIX Ha jBe dacTu. Teopust T Ha3bIBAET-
e HOpMaavhoti, ecim obast popmysna Teopun T sKkBUBaJeHTHa B 1 HEKOTOPOIi Oyseroit
KoMOuHaImu HopMaubHbIX dopmyit. [To onpeenenuto mobast Hopmasbhas dopmyia ¢(Z, §)
uMeeT HanmMeHbIlee 3HadeHHe paHra sksarponasnbnoctn: ER(p(Z,y)) = 0. Ilycrs f(x) n
g(x) — nBe omHomectHble dyHKIMH. Onpegennm dopmyny ©(x,y, 2) CIeayromuM 06pasoM:
p(z,y,2) = (f(z) =y) A (9(x) = 2).

Cay4ait omuoit dbyukumu: s dopmynst ¢(z,y) = (f(x) = y) panr sksanumo-
HAJBLHOCTH TOXKJIECTBEHHO paBeH (, Tak Kak s JIOOBIX MMApAMETPOB a # b MHOXKECTBa
{z: f(z) =a} u{z: f(z) = b} He nepecexarorcs (HOPMAJILHOCTH TEOPUH).

Cuyyait nByx dyHKIUIA: cuTyanus IPUHIMINAILHO MeHsieTcs. Popmyna ¢(x,y, 2) B
00IIeM Cilydae y ke He sIBJISIeTCS HOPMAJIbHOMN, U €6 PAHr S9KBAIMOHAJIBHOCTH MOXKET IIPUHU-
MaTh IIPOU3BOJILHBIE HATYPAJIbHBIE 3HAYCHU.

Teopema. s o6oro marypaasaoro n > 0 cymecrByer crpykrypa M, Takasi, 910
Jutst popmyast p(x;y, 2) = (f(x) = y) A (g(x) = z) Bomoansiercs ER(¢) = n.
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O xapakTepusanuun dp-c-MUHAMAJbHBIX TEOPUii

B. B. BEPBOBCKUN

Bynmem paccmarpuBaTh JIMHEHHO YIOPSIOYEHHBIE CTPYKTYPbl M W MX 3JIeMEHTapHbIE
reopun. Hazosem dopmyiy o(x,y) suinykaol, ecan s J060ro KOpTeKa G MHOKECTBO
©(M,a) BBIIYKIIO.

Onpenenenune. Bymem roBoputhb, 9T0 3aBuCHMast T€OpUd dp-C-MUHUMAALHA, €CTTH HE
CYIIECTBYET inp-maTTepHa TyOuHBI 2, e OnHa 13 (POPMYJT BBITYKJIA.

Omnpenenenne. [lycts T — teopus sa3bika L, nycts A — MHOXKeCcTBO L-dopMyJ1 BujIa
©(x;9), m mycrb M — J0CTATOYHO HACBIIIEHHAsT MOJEsb Teopun 1.

IMycrs Teopust T crabunbna ornocurenbio A. Iycrs s € Sa(M). s (wacrudnoro)
tuna p(x) vag mMaubiM nogmuaokecTBOM A C M s-U-panr onpezessgercsd 1o OpJuHAILHOM
peKypcenu:

e Basucusiii cay4vaii: s-U(p) > 0 < p U s coracoBaHo.

e Henpegenbubiit ciyuaii: mig menpeenbHoro opaunaia «, s-U(p) > a+ 1 < cy-
mectByior B > A u g € S(B) rakue, uro ¢ pacmmpsier p, ¢ U § COrIacOBaHO, ¢
BerBuTcd Hasn A, u s-U(q) > o

o ITpenesrbHblil ciyuait: jyist npegensaoro opaunaia A s-U(p) > A & s-U(p) > 3
Jtst J1I00oro 3 < .

s-U-pane muna p onpenensiercss kak s-U(p) = sup{a : s-U(p) > a}.

A-M-U-panr tuna p B Mogesnn M oupenensiercs kak sup{s-U(p) : s € Sa(M)}.

A-U-panr tuna p onpejensierca kak sup{A-M-U(p) : M = T}.

Ecmu A cocrour uz dopmysn © < y u 2z < x (a paccMarpuBaeMasi TEOPUS COIEPIKUT
AKCUOMBI, YTBEPKIAIOIUe, YT0 < — JIMHEHHbIA nopsnok), 1o A-U-panr vasbisaerca U-o-
PaHToOM.

Teopema. Crexyromue yCa0Bus IKBUBAJICHTHBI IS SI€eMEHTApHOH Teopun T yropsiio-
YEeHHOH CTPYKTYPBI:

(1) T sBasercs dp-c-MUHEMAJIBHOL;

(2) mms moboit popmynl ¢(x;Y) CyliecTByeT HATypaIbHOe IHCIO Ny, TAKOe, TTO JJIS
Joboro cevdennsi s B Jio60i mogeau M = T KoJmduecTBo ¢-THIOB, COIVIACOBAHHDBIX
C S, He IPEBBIIIAET Ny;

(3) T sBasIETCST O-CTAOHIIBHOI, U K&K IbIH MOIHBI 1-THIT HAJL MoJesibi0 Teopun T umeer
U-o-panr 1.

Bomnpoc. dpastiores jin dp-c-MuHuMabHbIE TEOPUU dpP-MUHIMAJILHBIMEA !

Hcenedosarnue gunancupyemesn Komumemom nayku Munucmepemea Hayku U 6bicuLe2o
obpasosanus Pecnybauru Kasaxcman (epawm AP23484665).
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IIpuMeHeHUsT TTOJIYMOIEJIbHBIX PACCTOSIHUI, BOOPOCHI TEOPUU MO/IeJIeii 1 HOBbIE
KJIACTEPU3AINN MHOTO3HAYHBIX JIOTMYECKUX BBICKA3BIBAHUI C MCIIOJIb30BAHUEM
moJiymMmo/aeJsieit

A. A. BUKEHTBEB

CXOICTBO 9KCIEPTHBIX BHICKA3BIBAHUI TAK M UX pasjndue umeer pyHIaMEeHTAILHOE 3HA-
JeHre B MaIlMHHOM OOy4eHnu. B Hacrosiee BpeMst JOCTATOYHO XOPOIIO PA3BUTHI TEOPUS U
METOJIbI MAITUHHOIO O0YY€HUsT Ha OCHOBE SMIUPUYECKUX JIAHHBIX U JPYTHE B 9TOM PYCJIe.
Hapsity ¢ anasm3oM JaHHBIX, CYIIECTBYET MOTPEOHOCTH B aHAJM3e 3HAHUN BBICKA3BIBAHUIA
9KCIIEPTOB. DTO HEOOXOMMMO JIJIs PACIO3HABAHUS BHICKA3BIBAHUI IKCIEPTOB, YCKOPEHUS T10-
UCKa BBICKA3bIBAHUN, HanboJiee TOAXOANIIX KOHKPETHON peraeMoii 3a1a4de. Y IopsiIoueHue
3HAHUI SKCIIEPTOB IO CTENEHU OJIM30CTU JAET BO3MOXKHOCTH PAHXKUPOBATH UX UCTOUHUKU
(9KCIIEPTOB, UHTEPHET-TI0JIB30BATEECH U T.2.) IO [OXOXKECTH. B KadecTBe IPUMEPOB [IPHIIO-
JKeHUH pa3pabarTbhiBaeMbIX METOJIOB MOYKHO IMPUBECTU MEJIUIMHCKUE YKCIEPTHBIE CHCTEMBI,
PEKOMEHTaTe/IbHBIE CHCTEMBI 110 IOUCKY TeJIe(UIbMOB, BHIOOPY TYPUCTUYECKUX MApIIpPY-
TOB, KJIACTEPU3AIMK PA3JIUIHBIX BHICKA3BIBAHUI U PACIIO3HABAHIE HOBBIX BBICKA3BIBAHMIA 10
MOJIYYEHHBIM KJIACTEPUBAIUSIM.

Jlokuta 1 Tak Ke TOCBAIIEH 00600weruio u ymowkernuto peayasvmama Mycmagpuna-Jlaxaana
¢ dopmyavt na Gozamuie mMHodCECMBA HOPMYA(MUNOE), TOKAZAHHBIX PaHee B CTaOHILHOM
CIIydae WIH C YCIOBUAME CTAOMIBHOCTH

Bydym cpopmyauposarv, HECKOADKO QOCTNAMOYHBLL YCAOBUT HA MEOPUIO, BAEKYWUT bec-
KOHEUHOE YUCAO CHEMHBT Mmodeset. [Ipodoasiceno usyyvenue 0eykapIurasvroi modeseti u
UL ABMOMOPPUIMOE 8 Kaacce Meoputl ¢ NOKPLIMUAMU U €20 0600werus. Bee 910 coryKut
JIJIsT BBEJICHUsSI HOBBIX PACCTOSIHWI Ha KJACCAX KBUBAJEHTHBIX (DOPMYJI U THUIIOB HA U3Me-
PHUMBIX [OZKJIACCAX U3MEPUMBbIX, BEIYUCIMMBIX (METPUIECKUX) MOJIeJIeli, HeOOXOMMbIX JIJIst
Pa3paboTKu aJI'OPUTMOB PACIIO3HABAHUSA 0OPA30B, ONCKA 3aKOHOMEPHOCTEH, OOHADY KEHUS
PEJKHUX COOBITHI, & TaKyKe HOBBIX KJIACTEPU3AIUN MHOTO3HAYHBIX JIOIMYECKUX (DOPMYJI—
3HAHUN, HAPUMED, JIOPUKY JIyKaceBUua ¢ TPUBJICUEHUEM MHOIMO3HAYHBIX [TOJIYMOJIEIEeH MO-
nesiet. HaitieHbl HOBBbIE KJIACTEPU3AIMK 110 METPHUKAM JIJIsT MHOYKECTB (DOPMYJT PA3THIHBIX
JIDYTHX JIOTUK, U3YYEHBbl PA3IMIHBIX WHJIEKCHI KAIeCTBA KJIACTEpU3AIUi JJIs CPaBHEHWIT U
BBe/IeH KOJIJIEKTUBHBIX METPUK.

IIposedenv, Modesvrble IKCNEPUMEHMDBL C NOMOULDLIO TPODAMMDBL, NOOIEPIHCUBAOWET BCE
HYHCHDLE AN2OPUMMBL ONA NOAYUEHUE KAGCMEPUIAUUL. KorrekmusHble paccmosrus umeom
boaee 6uiCOKUE UHICKCHL KAACMEPUIAUUT MO Cpasheruto ¢ dpyeumu mempuramu. Paspabo-
MAHBL CNOCOOBL UCTLOABIOBAHUE AYHWUL KAACMEPUSAUUT OAL AOKAABHOT CMPYKMYPUAUUL
6a3 3Hanul.

Paboma svinoarena npu gurancosoti noddepocke eoczadanus UM COPAH 2024-25 e,
rxagedpo. IMU MM HI'Y.

Hremumym mamemamury CO PAH, Hosocubupcek (Poccus)
E-mail: vikent@math.nsc.ru

2HekoTopble U3 HUX BOLLIA B AMCCEPTALMIO aBTopa «TeOpHH C IOKPBITHEM H HOpMyIbHBIE TTOAMHO-
xkecrBay, IM CO PAH, Hosocubupck, 1992 r., c.134 mysi cemeiicTB popMyJs MOJENH C 3—KOMIIAKTHBIMU
(HACBIIEHHBIMH, OJTHOPOJIHBIMA) U3MEPUMBIMU U BBIYHCIMMBIMU SKBUBAJEHTHBIMU MOJIEJISIMU CO CBOHCTBOM
>—OTJEJIMMOCTH HOBBIX JIEMEHTOB, PEAIU3YIONMX BbIYUCIUMbIE TUIBI (HaJ MAJBIMU IIOJMHOXKECTBAMU MO-
JI€JIM) COBMECTHBIX C STHMHU MHOYKECTBAMH, OT 3JIEMEHTOB BJIOYKEHHONH MOJE/IM M HAJNIUEM Deaju3anuii B
Gosblieii (¢ GoraTbIM CeMEHCTBOM) MOZEJIN BIIOJIHE OIPEEIUMBIX,CAIbHBIX, BBIYUCIUMBIX (CTAOUIBHBIX) TH-
OB UJIU HEPA3JIUIUMBIX JIEMEHTOB.
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O ceuyeHUsTX HEKOTOPBIX M0OJIell POPMAJIBHBIX CTEIIEHHBIX PSAIOB

H. IO. T'AJIAHOBA

Hauunasi ¢ pabor denekunna, Xana, Apruna u Illpaiiepa, Makaeitna, Kamjianckoro u
JIP. PACCMATPUBAIOTCS TIOAXOMbI K KJIACCU(DUKAIINN JINHEHHO YIIOPSIOYeHHbBIX moJieii. O 1HO
13 HaIpaBJieHnii — Teopust cedennit. CevenueM J. y. moJist F' HA3BIBAETCS APA €r0 HEIYCTHIX
nopmuoxkecTB A, B takux, uro A < Bu AU B = F. CpoiicrBa cedenuii (CAMMETPUIHOCTD,
anrebpandHoOCTb, PyHIAMEHTAIbHOCT, KOH(DUHAIBHOCTD U JP.) COXPAHIIOTCS IIPH U30MOD-
dusme(aromopdusme) [1].

Teopema 1. ITycmov F — 4. y. nose, F ezo sewecmeennoe samvikanue. ITycmov epynno
aprumedosu xaaccos Gr u G — usomopdro. Tozda I exradvsaemesn 6 nose gopmanvroi
cmenennoiz pados R[[GE]] max, wmo F C F C R[[GF]] u, ceuenue noasn F seanemcs
cummempuurotm iff ono npoussodumea nexomopvm padom uz R[[Gx]] \ F.

ITycrs kak B 2|, @ — opmunan, L = {& }ica — MHOXKeCTBO, TION06HOE o, G = {g =

" qi;
11 &, € N,&, € L,q;; € Q} — . y. abenesa Jieumas TPYINa MO yMHOXKEHHIO C
j=1

JIeKCUKOTpabUIeCKIM TIOPSIIKOM, MPOIOJIKAIONIUM TOPSAIOK, 3aJaHHbli Ha L; 0603HaTMM
l(g) = {gil) ---7€in};

R[[G]] — none pamos Xama w = Y. 1,9, e 7y € R, supp(u) = {g € G|ry # 0} —

geG

UHBEPCHO BIIOJIHE yHOpsioueHHoe noaMHokecTtBo Gy K = ¢fR][[G, No]].

Omnpepenum K/ = {z € R[[G]] | card( |  1(g)) < oo}. Ilycts Hy — naumenbIme

ge€supp(x)
1o srsmouermio nosone R[[G]], comepaxarmue K/ u pee yceuenns psua o, = > &
S’

Teopema 2. K/ — none Patinepa (Rayner field, cm. [3]) maxoe, wmo K ¢ K ¢
K7l ¢ RI[G;Ry]] & R[[G]]; npu amom, padv uz R[[G]]\K'™ nopooscdarom 6 noasz K, K
u K7 cummempurnnsie neanzebpauneckue cevenus; padu us Hy(z,,)\H1 noposcdarom 6
Hy cummempuunvie neanzebpauneckue cevenus muna (Nq, Ny).

Bompocsr: 6yayr squ nons Hiy, R[[G;N]] ynopsmouenno uzomopduni? Cymecryer s
noste XaHa ¢ CHMMETPUIHBIME CEIeHUsIMA PA3JIMIHON KOHMDUHATBHOCTH?

JINTEPATYPA

[1] Tecros I'T. K Teopun ynopsi/JOMeHHBIX IOJIEH W TPYIIL: JWC. . .. JOKT. pu3.-MaT. Hayk. Tomck 2003.

[2] Tanamosa H.FO. Cedenust mosiss HACTHBIX OAHOLO KOJbLa (OPMAJBHBIX CTENEHHBIX PANOB [/
Becrauk Tomckoro rocygapcrBeHHOro yHuBepcurera. Martemaruka u MexaHuka. 83 (2023), ¢.5-16
doi:10.17223/19988621/83/1.

[3] L.S.Krapp, S.Kuhlmann, M.Serra. Generalised power series determined by linear recurrence relations.
Journal of Algebra. 681 (2025), pp.152-189, URL:https://doi.org/10.1016/j.jalgebra.2025.05.012.

Tr'y, Tomck (Poccus)
E-mail: galanova@math.tsu.ru
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06 anrebpax OGMHAPHBIX U30JIUPYIOMUX (POPMYJI OJ TEOPUil CUIBHBIX U
JeKcukorpaduiecKnx mnpousBenaeHunii rpadoB-3Be3q

. FO. EMEJBSIHOB

B manHOM ncciieIoBaHIM IPOJIOJIZKAETCST aHAIN3 ajIredp pacipeaesieHui ONHAPHBIX U30-
supyomux GhopMyi [2], re paccMaTpUBAIOTCSI COOTBETCTBYOIIIE AMreOpBI JIJIsi TEOPHIi CHITb-
HBIX U JIEKCUKOTpapUIECKUX TPOU3BEJICHUI 3Be3/-TPadOB.

Omnpepgenenne. Cuirbroe npoussejernne GX H rpagos G u H saBisiercss rakum rpagom,
gro mHOKecTBO Bepimna G X H spisiercss pexkaprosbiM npounssegennem V(G) x V(H); u
passamansie Bepmmabl (u,u') 1 (v,v") emexxabl B GIX H Torga u TOJIBKO TOIa, KOTAa U = v
n v npumbikaer Kv', wian v’ = v’ M u OPEMBIKAET K U, HJIHA U IPUMBIKACT K U, a U IPHMbBIKAET
K.

Omnpeanenenune. /Iekcukorpaguieckoe npoussenenne G - H rpacos G u H — 310 rpad,
Takoi, 4T0 MHOKecTBO BepiuH rpada G- H ecrs V(G) x V(H); mobble aBe Bepimuasr (U, v)
u (z,y) emexxusl B G - H Toria u TojbKko Tor/a, Korga an6o u cMexkHa x B G, jmbo uw = x u
v cMexkHa Yy B H.

Onmcanb!l ajareOpbl U Oy YeHBI TPadbl JJjIs TEOPUl CUIBHBIX U JIEKCHKOIPAMUIECKAX
poU3BeJIeHN 3Be3I-TpadOB MEXK Iy COOOIi IO COTHIX MOPSIKOB. st JaHHBIX Teopuil mpu-
BogsTcs Tabsuisl Kasn, momyvena anarebpa O, onuchiBaiomnias Mpon3BeeHus rpadoB 383,
MezKJly co0oii. 3aMedyeHo, YTO JAHHbIE TEOPUU IOPAXK AT N30MOPQHbBIE aJreOpbl IIPU PaB-
HBIX JuaMeTpax rpados.

Anrebpy st TeOpUil CHJIBHBIX U JIEKCUKOIpaUIECKuX MPOU3BeIeHuil rpadoB-38e31
oboznaamm Hepes &. Ona OyseT mMeTh METKH p, () = {0,1,2} u 3amaBaThea creyromeit
Tabureit Kam:

0 1 2
01{oy| {1} {2}
1 {1} [ {0,1,2} | {0,1,2}
21 {2} 1{0,1,2} | {0,1,2}
Teopema. Eciu B—asrebpa Jjist TeEOPHH CUIBHBIX U JIEKCUKOTDAMHIECKHX ITPOU3BEIE-
HUIT rpapoB-3B€3/T MEXK.Ty cODOI, TO oHa Oy1eT 3a4aBaThCsT aarebport S, koTopast #30MoppHa
aJirebpe CHMILIEKCOB.
Paboma evinoanena 6 pamrar zocydapcmeentozo 3adarus UHcmumyma Mamemamury

um. C.JI. Cobosesa, npoexm Ne FWNF-2022-0012.

JINTEPATYPA
[1] Graph symmetry: algebraic methods and applications, eds. Hahn G., Sabidussi G.,Springer, 1997,
vol.497, p.418.

[2] Emenssanos [1.1O., Kynnemos B.III., Cynomnaros C.B. Aure6psl 6unapubix dopmyin.—Hosocubupcek :
Usn-so HI'TY, 2023. c. 330. doi: 10.17212/978-5-7782-5028-4.

Hremumym mamemamury um. C.JI. Coboaesa CO PAH, Hosocubupcx (Poccus)
E-mail: dima-pavlyk@mail.ru
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(0]5) AKCUOMAaTU3NPYEeMOCTU KJIaCcCa KOHI'DYIHII-IIEepeCTaHOBOYHbLIX ITOJIUTOHOB
Ha/d BIIOJIHE YIIOPAJOYE€HHBbIM MOHOMIAOM

E. JI. EoPEMOB

Konepysnyuetl aaredpandeckoil CTpyKTypPhbl HA3BIBAECTCH IKBUBAJICHTHOCTD, COXPAHSIIO-
masi Oneparyy U MPeJUKaThl, ONPEICJIEHHBIE B 9TOH CTPYKTYpPE. Y MHOXKEHUE KOHIPYIHITH
B OOIIEM CIydae He SBJSeTCs KOMMYTATHUBHOMR olepanyeii. AjredpandecKue CTpyKTYpbl, 1S
KOTOPBIX yMHOXKE€HIE KOHTPYSHINI KOMMYTATHBHO, HA3BIBAIOTCH KOH2PYIHU-TLEPECTNAHOBOUHBLMU.
Iycrs S—wmonoug ¢ enununeit 1. (JleBbiM) noauzonom wad S HaseiBaercs anrebpa gA
curmarypsr X = {s(1) | s € S}, cocrosimeii u3 OIHOMECTHBIX OTEPAIIA, TIPHIEM
e s(ta) = (st)a mnsa Becex a € A, s,t € 5,
e la =a ma Bcex a € A.

Eciu cymecrByer a € A takoit, uto gA = gSa, To TOMUTOH g A HA3BIBAETCS UUKAULECKUM.
ITosuron g A HA3BIBAETCH CEA3HLLM, ECJIU OH HE MIPEJICTABUM B BUJIE OO'bEIMHEHNS JBYX HEIle-
PpeceKaronnxcs IIOAIIOJINT'OHOB.

CrpoeHre KOHIDY3HII-IIEPECTAHOBOUHBIX YHAPOB n3yueHo B [1]. B [2] npusoaurcs onmca-
HUE aKCHOMATU3UPYEMbIX KJIACCOB KOHTIPYIHII-IIEPECTAHOBOYHBLIX YHAPOB. B HacTosIel pa-
60Te MPOJIOJIZKAETCS U3y YEHUE BOTIPOCA AKCHOMATU3UPYEMOCTH KJIACCA KOHTPYIHI-TIEPECTAHOBOTHBIX
IOJIATOHOB.

Teopema 1. ITycte S—KOMMYyTATHUBHBIH BIIOJIHE YIODSIOYEHHBIH MOHOWJ, §A— CBsI3-
HbBIH KOHT'DYIHI-TIEPECTAHOBOYHBIA moymurod. Torma A mMeer HauMeHbBINMUH OTHOCHTEJIHHO
BKJIFOYCHUsI [IUKJIUIECKUX MO0 IUIOHOB.

Kiace K anrebpandeckux CTPYKTYD CUTHATYPBI Y HA3BIBACTCS AKCUOMAMUSUPYCMbLM,
€CJIN CyIECTBYeT TAKOe MHOXKECTBO |’ TIPEJIOYKEeHUIT CUTHATYPBI ., ITO

Ac K < AET.

Teopema 2. ITyctb S—KOMMyTaTHBHBII BIIOJHE yIOpsAoYeHHbIH MoHOoMa, K — akcn-
OMAaTH3HPYEMbIH KJIacC KOHTDY3HI-IIEPECTAHOBOYHBIX ITOJHTOHOB Has S. Torma cymecrByer
n € N rakoe, aro mis soboro sA € K

{sSa|ae A} <n.

Paboma swnoanena npu dunarcosoti noddepocke Murnobprayku P, cozaawenue N
075-02-2025-1638/1 om 10.03.2025e.

JINTEPATYPA

[1] Edpemos E.JI., ITamua H.M. Crpoenne CBA3HBIX KOHI'PYSHI-IIEPECTAHOBOYHBIX YHApoB // Boruucin-
TeJIbHBIE TEXHOJIOIMH ¥ MpUKJagHas MareMmarnka: Marepuase! 111 Hayunoit kondepeHnnn ¢ MexayHa-
ponubm yuactueM (7-11 okrsaopsa 2024 r., Komcomoubck-ua-Amype)—Komemonbek-na-Amype: Usa.-Bo
Komcomomnbckoro-ua-Amype roc. yuusepcurera, 2024, c¢.162.

[2] Edpemos E.JI., O6ungosa I1.K. AkcnoMaTu3npyeMoCTh KJIacca KOHI'PYJHI-IEPECTAHOBOYHBIX YHAPOB //
CHHTaKCHC U CEMaHTHKa JIOTHYEeCKUX CUCTEM: MaTepuasbl 8-if Beepoccuitckoit KOH(MDEPEHINH, TOCBSIIIEH-
voit namatu U. K. IlapanxaeBa.—Wpkyrck: Uznarenscrso UT'Y, 2024, c.36.

Hanvresocmounsiti gedepanvroti ynusepcumem, Baadusocmor (Poccus)
E-mail: efremov-el@mail.ru
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(0] CTPpOEHNUN KOHEYHbIX IIOJIYT'PDYIIll, HA/l KOTOPbIMU KJIaCC IIOAIIPAMO
Hepa3JIO2KNMBbIX ITOJIMI'OHOB aKCUOMAaTU3UPyeEM

. B. KOoxXKyX0OB

Pemérxky Kourpysuiuit yausepcaabHoil aaredbpot A obozuaunm ConA. Xoporrno n3sect-
HO, uro ConA—mosHas pemérka ¢ HanMmeHbmuM sneMeHToM A = {(a,a)|a € A} u HauGOIBL-
muM vemMenTom V = A X A.

Anrebpa A HasbIBaeTCA MOAIPSIMO HEPA3TIOXKUMOI, €CIM OHA He PA3JIaraeTcs B HETPH-
BHAJIbHOE IOJNPSIMOE ITPON3BEICHNE HETPUBUAJIBHBIX anredp. MHTepec K TakuM anrebpam
00bsICHsIETCsT U3BECTHOM Teopemoit Bupkroda (cm. [1, Teopema 7.3]), yTBep:katoreit, 4ro
BCsIKasl YHUBEPCAJIbHAST AJIre0pa SIBJISIETCsT TOANPSIMBIM TPOM3BEJIEHUEM TIO/IIPSIMO HEPA3JI0-
KUMBIX ajrebp. Herpyaso BumeTs, 1To /171 HETPUBHAJIBHOI anre6psl A ycoBue eé moampsi-
MOl HEPA3JIOKUMOCTH PABHOCHILHO HAJIMYMIO HAUMEHbINEH HeTPUBUAJIBHON (T.€. OTIIMIHOM
or A) KOHIDYIHIIUH.

BonpocaM akCHOMATH3UPYEMOCTH KJIACCA MOJIIPSIMO HEPA3IOKUMBIX TIOJIMIOHOB HAJ 110~
JIyrpYIIIaMH MOCBSIIIEH Psifi pabor. PaccMoTpuM ciieryroriue ycioBusi Ha TOIyTrpymiy S:

(A) Bce OANPSIMO HEPABJIOKUMBIE TIOJIMTOHBL HaJl, S KOHEYHBI ¥ UX MOPAIKU OrPAHUIEHBI
B COBOKYITHOCTH;

(B) kuacc moaupsiMo HEPA3JIOKUMBbIX [IOJMIOHOB Hall S AKCHOMATH3UPYEM.

B pabore [2] uccnenoBanncs KOMMYTATHBHBIE MOHOUIBI S, Y/IOBIETBOPSIIONIHE YCIOBHIIO
(B). Tam 6b1710 7I0KA3aHO, UTO JUIS TAKMX MOHOUJIOB MMeeT MecTo uMIunkarus (B) = (A).
B pa6ote [3] 6b110 JI0Ka3aHO, uTo ycsiosue (A) Ha nomyrpynny S BIeUéT BBIIOJHEHUE B HEH
ToxecTBa Bufa a"t™ = a”. Haxowmen, B pabore [4] Oblia jl0Ka3aHa KOHEYTHOCThL TPYIII,
yaoBjerBopsonmx yejaosuio (B). ABTop mpejosiaraer, 4To KOMMYTATHBHAS [IOJYIDYIIIA,
yaoBaerBopsifomast yesosuto (B), siBasercss mosypemérkoit moxyrpynn Buga T = A U G,
rjie G — KOHEeYHasl TPYIIA, sIBJISOIIAsICS WJIEAIOM TOJyropynnbl 1 U yIOBJIETBOPSIIOIAST
ToXKAecTBY a'” = 1.

JINTEPATYPA

[1] Konu II. Yuusepcanbuas anarebpa. M., Mup, 1968,—c.353.

[2] Crenanosa A. A., Edbpemos E. JI. AkcnoMaTn3snpyeMoCcTh KJIacca IOIPSIMO HEPA3JIO?KUMBIX [IOJINTOHOB
HA/J| KOMMYTaTUBHBIM MOHOMJIOM. AsreGpa u joruka, 62:2 (2023), —c.266-296.

[3] Koxyxos U.B., Xanuymmuaa A.P. [Tosyrpynns! ¢ (pMHATHO anIpOKCHMHUPYEMBIMY HOUroHaMH. MaTreM.
samerkun CBOY, 2014, 1.21, Ne 3 (83),—¢.60-67.

[4] Koxyxos 1.B., Xpamuenok I.C. O6 akCHOMATH3UPYEMOCTH KJIAcCa HMOANPSIMO HEPA3JIOKHUMBIX IO~
uroHoB HaJ mosyrpynnamu. B ¢6. Algebra and Model Theory, uza-so HI'TY, Hosocubupck, 2024,
T.15,—c.32-41.

HUY MUSDT, MI'Y, PAHXul'C, Mocksa (Poccus)
E-mail: kozhuhov_i_b@mail.ru
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HacnenoBanue TunoB nipeareomerpuii B OyJieBbIX ajredpax CTpyKTyp

C. B. MAJIBILIEB

B pabote uccieayiorcst npeareoMeTpun ¢ aJredpandecKuM OIepaToOpoOM 3aMbIKAHUS HA
ceMeiicTBe peryssipHbIX 0OOTAIleHU U OTPaHUYEHHI TPEINKATHBIX CTPYKTYP, 00pasyomx
OyneBy anrebpy B(M). OcHoBHOE BHUMAHME YEIEHO HACJIEAOBAHUIO THIIOB IIPEIreOMeTPU
[IpU OTepanusix 00beINHEHUsT CTPYKTYP.

Ouepanuu, onpezeséunnie B Oysesoit anrebpe B(M ), uMeror ciemyomuii Bu:

e Ilepeceuenue crpykryp. Jus crpykryp My, My € B(M) ux nepecederne Mp N
My ompenensercs Kak CTPYKTypa C CHUTHATYypo#l X1 N Yo, rae X; — CUTHATYpa
crpykrypbl M;. Ilpequkar coxpansiercss B IepeceueHnn, €CI OH IIPUCYTCTBYET B
00enx CTPYKTypax U MMEET OJMHAKOBYIO MHTEPIIPETAIHIO.

e O6benuuenue crpykryp. Hus My, My € B(M) obvemunenne My U My ecrb
CTPYKTypa ¢ curHarypoii 21 UXo. Kaxkiplil npeiukar B 00be IMHEHHON CTPYKTYpe
6epéTcst M3 TOM U3 UCXOIHBIX CTPYKTYD, TJ€ OH OIPEJIEIEH; €CIU IIPEIUKAT BXOJIUT
B 00€ CHUTHATYPHI, TO IPEIIOJATaeTCsl, YTO €r0 MHTEPIPETAINS COBIIAIAECT.

e JlomosineHnue. st moaMHOXKeCTBa Y9 C X omeparinst JOMOJHEHNSA CTPYKTYPHI 110
3lg COCTOUT B yJaJI€HUH BCEX IIPEINKATOB, YbU CUMBOJIBI IPUHAJIEZKAT MHOYKECTBY
>o-

Teopewma. IIycro M, My € B(M) — jokaibHo KoHeuHbie crpyKTypbl. Ecou st 11060ro
koregHoro muoxkectsa A C M BbIIOJIHSIETCST HEPABEHCTBO:

diliuM2 (A) < dili (A) + dimM2 (A),

10 obbeguaerne My U My siBisiercst JIOKaJIbHO KOHEYHOMH IpeareoMeTpuer.

HWccnenoBanme BHOCUT BKJIAJ B TOHUMAaHUE TOTO, KAK T€OMETPUIECKHE CBOMCTBA MOJIeseit
B3aUMO/IEICTBYIOT C OIEPAIMSAMHE HAJL CTPYKTYPAME B PAMKAaX OYJIEBBIX aJreOp IpeIuKaTHBIX
pacCIIMpeHuii 1 OrpaHUYEeHUN.

Hremumym mamemamury umenu C. JI. Cobosesa CO PAH, Hosocubupck (Poccus)
E-mail: sergei2-mall@yandex.ru
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T'ubpuasr rosorpaduuHbIX HOHCOHOBCKUX TEOPUil

H. M. MycuHA, 1. O. TYHI'VIIBAEBA, A. P. EIIKEEB

IIycts L — cyeTHBIH A3BIK II€PBOrO IOPSIKA CUI'HATYPHI 0, 0 — KOHEYHAs IIPEIUKTHA
curnarypa, 1 — ftoncoHoBcKast L-teopusi, Cr — ceMaHTHYIeCKas MO/esib Teopun 1.

Hamum ornpeiesienne rubpuia HOHCOHOBCKUX TEOPUil U roJIorpaduIHON HOHCOHOBCKOIA
TEOpum.

Oupenenenue 1 [1]. Ilycre Th, To — HOHCOHOBCKUE TEOPUM PACCMATPUBAEMOIO sI3bIKA,
C, Cy - ux cemanTU4ecKue Mojenu, coorsercrsenHo. I'nbpugom H(Th,Th) nepsoro poia
HaspiBaeTcst Teopusi Thy3(Cy ¢ Cs), ecim oHa HoHCOHOBCKas. 3zech ¢ € {X,®,}, rue X
0003HaYaET JeKapPTOBOE IIPOU3BEIEHUE, (P — MPSIMYIO CYMMY.

Omnpenenenne 2. Monconosckas Teopusi T HA3EIBAETCS TOJIOTPAbIIHOMN, €CIIH SJ(T) xo-
neuro, e n =|| o || u SJ(T) ecrb MHOXKeCTBO Beex MOMHLIX VI-THIIOB OT T CBOGOTHBIX
[I€pEMEHHBIX.

Onpenenenust 1 u 2 npunayiexkut rpodeccopy EmkeeBy A.P.

Teopema. Ilycts 0 — npenukaTHasi KOHEUYHAs] CUTHATYpPa, U MycThb 17, To — roJorpa-
dbuunbie Honconosckue Teopuu B curHarype o. Torma cymecrsyer rubpun H (T, Ts), Ko-
TOPBII TAKXKe $BJISETCS TOJIOrpadUIHON HOHCOHOBCKOI Teopumeii. Bosee toro, eciu 17 m
T, — coBepieHHble fiOHCOHOBCKHE Teopuu, 10 u rubpuy H (T7,Ts) siBiasgercs coBepIIeHHO
rojorpaduIHON HOHCOHOBCKOW TeOpUei.

3ameuanue. B kauecTBe ornepanuu o0beJMHEHUs] MOJEJIEl IPU IOCTPOEHUH IudbpHIa
6epéTcst TOJILKO JIEKAPTOBO [IPOU3BEJICHNE:

H(Tl,TQ) = Thvg(CTl X CTz),

rne Cp, u Cp, — cemanTudeckue mozenn teopuit 17 u 15 COOTBETCTBEHHO.

Bce moHsiTHsI, KOTOPBIE 371€Ch HE OIpeJIeJIeHbl, MOXKHO U3BJedb u3 [1,2].

Hccenedosanue npogunancuposaro Komumemom nayxu Munucmepemea nwayku u 6bic-
wezo0 obpazosanus Pecnybauru Kazaxeman (epanwm Ne AP23489523).

JINTEPATYPA

[1] Yeshkeyev A. R. Similarities of Hybrids from Jonsson Spectrum and S-Acts / A.R.Yeshkeyev, Ulbrikht
O.I, N. M.Mussina // Lobachevskii Journal of Mathematics,—2023.—No. 44(12).—pp.5502-5518.

[2] Eumkee A. P. Teopun u ux mogesnn: monorpadus: B 2 r.—Kaparanga: Nsnarenscrso Kaparanguackoro
yHuUBepcuTeTa nMeHn akaneMmuka E.A. Bykerosa, 2024.—T. 1.—c.275.
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CgpoiicTBa yHAPHBIX MYJbTUONEPAIUi IIPU [IPEACTABJIEHUN JTBOUIHBIMU
MaTpullaMu

H. A. IIEPA3EB
IMycrs B(A)—muo)ecTBOB Beex nogMuoxkects A.Orobpakenue uz A 8 B(A) nasbisa-

ercs yHapHOH Mysbruonepanueit ma A. Vcmosbsyem ofoznadenue Mﬁ,” JUIS BCEX TaKUX
MYJIbTHAOIEPAITIA.

Iycts S C M1(41)- Asrebpa § =< S;x,N,p,e,0,m > ¢ HIXKe ONPEJIETIEHHBIME OIlepa-
usiMu 1107ictaHoBku (f % g), mepecedenns (f N g), ob6patumoctu (4f) U HyJIBMECTHBIMU
ornepaluaMu €, 0, T HA3BIBAETCS aA2e0POT YHAPHBIT MYyAbMUONepayul Ha A:

(f *g)(a) = {b| cymecrByer ¢ € g(a) Takoii, ato b € f(c)};

(F N 9)(a) = f(a) Ngla); (uf)a) = b | a € FB));

e(a) = {a}; 0(a) = @; w(a) = A.

MorraocTh MHOXKECTBa A Ha3bIBAETCsl PAHTOM ajredbpbl. BriepBble onmcanne Bcex MUHU-
MaJIbHBIX aJrebp yHapHbIX Mysbrronepanuii (YMO) jyist IpOM3BOIBHBIX KOHEUHBIX PAHIOB
nostydeHo B [1].

Teopema. Munnmvassabivu ajarebpavu YMO (u tosnbko onn) (f) saBisiorcs: aarebpsi,
YZIOBJIETBODSIIONIHE OJHOMY M3 caeayomux yciaosmii: 1. fNe = e, uf = f, f2 = f.

2 fne=c,uf=ff>=m.
S.fne=eufnf=cfruf=pnf+f=mf>=Ff

4 fne=cufnf=c,frpuf=pfxf=mf>=nm.
5.fNe=0,uf =f f>=m.

6. fNe=0,uf = fP~L, fP = ¢, nge p mpocToe THCIIO.

7. CymecrByer HeirycToe MHOYKeCcTBO B C A Takoe, 4rTo

a) = B juist Beex a € A nim

b) = {b} st Bcex b € B u f(a) = & st Bcex a € A\B nim
b) = A st Bcex b € B u f(a) = @ ans Beex a € A\B wimn
b) = B qust Bcex b € B u f(a) = & 4131 Beex a € A\B.

XOopoTIIo U3BECTHO MPEJICTABIEHNE YHAPHBIX MYyJIBTHOIEPAITAI JTBOMITHBIMA MATPUIIAMH.
B nmoknagie GyyT IpecTaBiIeHbl CBOHCTBA MATPHIL, COOTBETCTBYIONIME CBOHCTBAM, KOTOPBI-
MU 00JIaIAI0T MYJIBTHOIEPAIUH, TOPOXKIAIONINE MAHUMAJIbHBIE AJIe0phl, a TaKKe HEKOTO-
pbI€ CJIEJICTBUS.

I
I
I
I

JINTEPATYPA
[1] IIepsizer H.A. Munumasbuble aare6pbl yHApHBIX MyJbTuonepauuii // Mexaynapoanas koHdepeHus

«MaubrieBckue urenusi». Tesucnr qokia. — Hosocubupcek, 2015.—c.193.

Canxm-Ilemepbypacruti 2ocydapcmeenoiti aasexmpomernuneckuti ynusepcumem, Uprymcexut 2ocydapecmeen-
noul yrusepcumem (Poccus)
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CrerneH CEMaHTUYECKON M CHUHTAKCUYECKON >KECTKOCTH WHbEKTUBHBIX yHapoB

1. A. CAXAPOB

B pafore n3y4arorcs BOIPOCHI, CBA3aHHBIE ¢ CEMAHTUIECKON M CHHTAKCUYIECKON XKECTKO-
CTBIO TAKUX CTPYKTYP, Kak yHapbl. CeMaHTHIeCcKast KeCTKOCTh TOKA3bIBACT, HACKOJIBKO 3JIe-
MEHTBI CTPYKTYPBI MOT'YT OBITh CBSI3aHBI MEXKy 000l apToMopdusmamu. CHHTaKCHIeCKasT
JKCCTKOCTh MTOKA3bIBACT, KaK JO0ABJICHAE B CHTHATYPY CTPYKTYPbI KOHCTAHT BIUACT HA, CE-
MaHTHYECKYIO XKECTKOCTD 3TOI CTPYKTYpPHL. IloHATHSA V-CeMaHTHYECKON U V-CHHTAKCAYECKO

. —ser v—synt ..
KECTKOCTH CTPYKTYpsl M 1 ux ofoznadenus deg’; 5 (M) deg, i, (M) moxuo maiiTi
B [1]. Beeném obosHaueHne:

v _ V—sem V—synt
degs (M) = (deg?iy™™ (M), deg’ ™™ (M))

Crpykrypa A = (A; f), rae f — ynapuas onepaiua Ha A, Ha3piBaercs: yHapom. Kiaccst
MHBEKTUBHBIX, CJ1a00-, KBA3U- U IICEBIONHBEKTUBHBIX yHAPOB obo3uHadnM Inj, Winj, QInj,
PlInj, coorBeTcTBeHHO.

Teopema 1. 1) s sro6oro u € wU {00} cymecrBytor yaapsr Ay, B, € Inj taxue, uro
degy(Ay) = (u,0), deg3(B.) = (u,u). Kpome Toro, cymecrsyer yuap C(o,2) € Inj raxoii,

v _
aro degs (Co,2)) = (0,2).
2) s moboro yHapa A € Inj

degs (A) € {(u,00) | u € w}U{(u,u) | u€wU {oo}} U{(0,2)}.

Teopema 2. IIycrs K € {WInj, QInj}.

1) Jlrs mo6oro u € w U {oo} cymectsytor yaapst Ay, B, € K taxme, aro degy(A,) =
(u,00), degd(B.) = (u,u). Kpome Toro, cymecrsytor yHapb C0,1),C(0,2) € K rakme, 1ro
d@g;(C(O,l)) = (0, 1), deg;(C(Oz)) = (0, 2)

2) s jioboro ynapa A € K

degy (A) € {(u,00) | u € w}U{(u,u) | u € wU{oo}}U{(0,1),(0,2)}.

Teopema 3. 1) s groboro u € wU{oo} cymecrytor yHapbt Ay, By, C,, € PInj rakmne,
aro degy (Ay) = (u,u), degs (By) = (u,00), degy (Cy) = (0,u).

2) s so6oro yuapa A € PInj

degy (A) € {(u,u) | u € wU {oo}} U{(u,00) | u€wU{oo}} U{(0,u)|ucwuU{oo}}.
JIUTEPATYPA

[1] Sudoplatov S. V. Variations of Rigidity // NU3Bectusi UpKyTCKOro rocyaapCTBEHHOTO YHUBEPCUTETA.
Cepusi Maremaruka. 2024. T. 47. c. 119-136, URL:https://doi.org/10.26516/1997-7670.2024.47.
119.
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O rpynmax aBroMop@duU3MOB yHAPHBIX aJredbp

A. A. CTENAHOBA, A. C. MopPo30B, E. JI. E®PEMOB

Ausrebpa 2 = (A;X) HasbiBaeTCH YHAPHOU, €CIM €8 CUTHATYPA Y. COCTOUT TOJIBKO U3
CUMBOJIOB yHapHBIX oneparmit. Ecam |X| = 1, o 2 HasbiBaercs ynapom. B moknane npu-
BOJUTCS HECKOJIBKO IIPUMEPOB T'PYII, JJisi KOTOPBIX YCTAHAB/IMBAETCS CBsI3b C IPyIIIAMU
aBTOMOP(MU3MOB HEKOTOPBIX YHAPHBIX aareop.

ycrs Zow = (1, %, ceey %, ...) — KBa3WUIMKJMYECKas 2-TPYIIa, T.e. aJIUTUBHAs IPYIl-
Ia ¢ OIpeJieNIgomuMu cooTHomerusymu 1+ 1 = 0,
1 1 1

it T il T o

111 JII0O60ro N € w.

Teopema 1. Kpasurukamiaeckas 2-rpyImna He H30MOppHA HHKAKOH T'DYIIe aBTOMOD-
¢uszmoB yHapa.

Teopema 2. Kpasunugimdeckasi 2-rpyina H30MOp@HAa IpyIilie aBTOMOP(U3MOB HEKO-
TOpPO# yHAPHOI ajreOphi.

Teopema 3. Jlrobass KOHEIHOIOPOXKACHHAs abejieBa IPyIilia H30MOpgHAa I'PYIITe aBTO-
MOpGU3MOB HEKOTOPOTO YHAPA.

Pa6oma A.A. Cmenanosoti u E.JI. E¢pemosa svinoamnena npu durancosots noddepoicxe
Munobprayru P®, cozacwernue N 075-02-2025-1638/1 om 10.03.2025 e.

Janvresocmounniti pedepanvruil yrusepcumem, Baadusocmox (Poccus)
Hremumym mamemamuru um. C.JI. Coboaesa CO PAH, Hosocubupck (Poccus)
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O06 ycJjoBusIX CyIIeCTBOBaHUsI TUOPU/I0B HOHCOHOBCKUX TEOPUt

N. O. TyHrVIIBAEBA, H. M. MycuHA, A. P. EIIKEEB

IIycte 0 — mexoropasi cuérHast CUrHATYPBI, L — CY6THBIA #A3BIK [1€PBOro IOpsaKa (¢
paBeHCTBOM) cUrHATYpBl 0. Teopust T Ha3biBaeTcs fioHCOHOBCKON [1], ecam T’ moryckaer
HajImgIre OECKOHEUHBIX MOJeJieil, HHIyKTUBHA, 00JI1a/1aeT CBONCTBAMU aMa/blaMIPOBAHUS W
COBMECTHOI'O BJIOXKEHUSI.

IIycts 13 u T5 — Teopum B oguoM u ToM ke sa3bike L. Ilycrs Cp, u Cp, — cemantu-
veckne mofenn [2] reopmit 77 u Ty coorBercrBenno Torma rubpumom H (T, T) Teopwmit Ty
u T [3] HaseiBaeTcs MHOKecTBO L-tipemoxkennit H(Ty,Te) = Thys(Cr, x Cr,), ecau ge-
nykTuBHOe 3aMbikanne H (T, Ts) ecth fioHcoHOBCKast Teopust. 3aech Cpy X C, — 1eKapToBO
MIPpOM3BeJIeHNEe CeMaHTUIeCKnX Mozeneit Teopuit 11 u 1o KakK L-CTPYyKTyp.

Teopema 1. Ilycts 0 — curaatypa, coiepKaiiasi TOJIbKO (DYHKITHOHAJIBHBIE CHMBOJIBI
(u, Bo3mozkHO, KOoHCTaHTHI), L — s13b1K curuarypsi o, 11, Ts — fionconoBckue L-reopun. Torya
(1) = (2), rze

(1) CT1 X OT2 S MOd(Tl),
(2) cymecrByer rubpux H(T1,Ts) u H(Ty,To) < T;.
B cayuae, korma T yHusepcaibHO akcuomarusupyema, (1) < (2).

IIycts 177 u T, — iioHcoHOBCKUe Teopun B sizbikax L1 um Lo coorBercrBeHHO. OOO3HA-
gnM (ukcnpoBanublit Boi6op oboramenuit Cr, u Cr, cumBosioM & B sizbike Ly U Lo. To-
rja g-rubpuyiom teopuit T, T HA30BEM MHOXKECTBO Tpeyioskenuii aapika L: HO (Th,Ty) =
Thys (C% X C%z), ecm jeaykTusHoe 3aMbikanue H(Ty,T;) ecTb #iOHCOHOBCKAsi T€OPHS B
s3bike Ly U Lo.

Teopema 2. Ilycte L1 N Ly = &, Th u T — fioHCOHOBCKHE Teopuu B si3bIkaxX L1 u Lo
coorsercrenno, Cr,, Cr, — cemanruieckue mozenu 11 u Ty coorsercrBenno. Torna st
JIIOOBIX 0OOTraIIleHUit C%l u C’%Q mogzesteit Cr, u Cr, B si3bike Ly U Lo cymecTByer o-rubpusg
H?(Ty,T3) Teopuii Ty u Tb.

Llannoe uccaedosarue 6via0 npopurarcuposarno Komumemom nayxu Munucmepemea
HAYKU U 8bicute2o 0bpasosanus Pecnybauru Kasaxcman, epanwm N AP234895285.

JINTEPATYPA
[1] CupaBounas xuura no maremarmaeckoit joruke. Y. 1: Teopus momeneit // nox pen. k. Bapsaiica;
nep. ¢ anri. — M.: Hayka, 1982.—c.392.
[2] Emxeer A. P. Teopun n ux mozmesnu. Tom 1: mororpacdus // Kaparanna: Usn. Kaparannuackoro yHu-
BepcureTa uM. akanemuka . A. Bykerosa, 2024.—c.282.
[3] Yeshkeyev A.R., Mussina N.M. Properties of hybrids of Jonsson theories // Bulletin of the Karaganda
University. Mathematics Series. — 2018. — No. 4(92)—pp.99-104.
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06 akCcMOMAaTU3MPYEMOCTH KJIACCOB IIOJIMTOHOB U IOJIYMOZYJIEi

. C. XPAMYEHOK

Krace yHMBEpCAJBHBIX aJrebp Ha3bIBAETCS (KOHEWHO) GKCUOMAMUSUPYEMBLM, €CITH CYIIEe-
cTByeT (KOHEYHAsl) CHCTeMa aKCHOM, MOJEJSIMH KOTOPON B TOUHOCTH SIBJISIFOTCST SJIEMEHTHI
JIAHHOTO KJIacca. YHUBepcaJbHas aJrebpa Ha3blBACTCs (KOHEwHO) NMOONPAMO HEPA3AOIHCU-
MOU, ecyid He CYIIECTBYET ee DPa3JIoXKeHUs B (KOHEYHOE) HEeTPUBUAJIBHOE MOZIPAMOE IPO-
n3BeseHne apyrux aarebp. B cmmy Teopembl Bupkroda kaxkgas HeTpuUBHAJbHAS aaredpa
SIBJISIETCST TIOJIIPSIMBIM TIPOM3BE/IEHUEM ITOJIIPSMO HEPA3JIOKUMBIX ajrebp. MmuoxkectBo X
Ha3bIBAETCsI TIOJIUTOHOM HaJI ITOJIyTPYIIIOii S, ec/iu orpeiesieHo orobpaxkenue - : X X .S — X,
TaKoe, ITo Jyist BeeX & € X u v, w € S BhIosHsAETCs paBeHCTBO (2v)w = z(vw). [lonanrebpa
B yuuBepcaibHOii asirebpbl A HazbiBaeTcst 604bwol B A (A HA3BIBAETCS CYULECTNEEHHDIM PAC-
wupenuem B), ecau s060it romomopdusm g : A — C Takoii, 4ro g|p - MOHOMOPGhU3M, cam
steaistercst MoHOMOpdu3MoM (o6osravaercst B C' A). Iosmron X HaswpiBaercst 00HOPOOHbIM,
€CJIM BCe ero HeTPUBHUAJBHBIE IOJIOJUTOHBI sBJSIOTCA Gonbimuvu B X . KoMMmyTaTHBHBIM
o cjaoxkeHuo Mouow s M ¢ HefiTpasbHbIM 3jieMeHTOM () HA3BIBAETCHA NOAYMOOYAEM HAJL
nosrykosibitom S ¢ mHysem Og, eciu ompeneneHo orobpaxkenue - : M x S — M, takoe, 9410
st Bcex m,n € M u s,t € S BoImoHSETCS:
1) m(st) = (ms)t
2) (m+n)s =ms+ns
3) m(s+t) =ms+mt
4) OMS = mOs = OM

Teopema 1. Kiiacchl moanpsiMo HEpa3JIOXKUMBIX, KOHEYHO HOIIPIMO HEPA3JIOKUMBIX
U OJIHOPOJIHBIX TOJUTOHOB HAJ[ KOHEYHON MOJIyIPYIION S SIBJISIOTCS KOHEIHO aKCHOMATHU-
aupyembivu. Eciim S - rpytma, To ee KOHEIHOCTD SIBJISIETCS HE TOJIBKO JIOCTATOYHBIM, HO H
HEOOXOIMMBIM YCJIOBUEM [IJIsI AKCHOMATH3UPYEMOCTH STUX KJIACCOB.

Teopema 2. Kiracc moanpsiMo Hepa3I0KUMBIX IIPaBbIX R-Mojry/ieil HaJi KOHEYHBIM ac-
COIUATUBHBIM KOJIBIOM R SIBJISIETCS KOHEYHO AKCHOMATU3UPYEMBIM.

Teopema 3. MOIIHOCTH MOJIMTOHOB M3 KJIACCOB OJIHOPOJIHBIX, TOIIIPIMO HEPA3JIOKHU-
MBIX U KOHEYIHO ITOJIIIPSIMO HEPA3JIOKUMBIX TIOJUTOHOB HAJl MOJyTPYIIOi S He IMPEeBOCXO/IAT

|(S 1)31 |. B caydae, Korja cOOTBETCTBYOIIUI KIACC AKCHOMATU3UPYEM, MOITHOCTH BCEX TI0-
JIUTOHOB U3 3TOr0 KJIACCA HE IPEBOCXOJAT HEeKoToporo k € N.

Teopema 4. Ilycrb R—acconuaTuBHOE KOJIBIO, X —IIOIIPAMO HEPA3IOKUMBII TpaBbIit
R-momyns, m = maz{|R|,Ro}. Torga |X| < 2™. Ecim Kiacc mOAIpSAMO HEPA3JIOKUMBIX
PaBBIX R-MOJyJIell ABJIETCA aKCHOMATU3MPYEMbIM, TO MOIIHOCTH BCEX MOJyJIedl B HeM He
mpeBocxoaAT HekoToporo k € N.

MTY um. Jlomonocosa, HUY MHUSDT,Mocksa (Poccus)
E-mail: dmitrii.khramchenok@math.msu.ru
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O riobanpHOI cenmapabejsdbHOCTU Pa3MBITBIX MOIEJIeH

I 9. AXbaEBA

Teopusi pasMbITBIX MOJEJIEHl SIBISETCS AJbTEPHATUBHBIM OAXOJA0OM K (OPMAaIH3aIinu
HETOYHOCTH U /WJIM HETIOJTHOTHI 3HAHUIA [I0 OTHONIEHUIO K (DOPMAJIU3AIIH C TIOMOIIBIO HEYeT-
KX MHOYKECTB, npeyioxkeHHbIx Jlordu 3aze [1]. JaHHas cTaThst MOCBSIIEHA HCCIIEI0BAHIIO
u HOPMATHLHOMY ONMUCAHUIO HA SI3BIKE PA3MBITBIX MOJEJEH MOHITHS HE3aBUCUMOCTH TDYIII
00BbeKTOB TpeaMeTHOH obmactu. Hamr moaxos ocHOBaH Ha CEMAaHTHIECKOM OIUCAHUU MPE.I-
MeTHO# 06JIaCTH ¢ TOMOIIBIO Pa3MBITOH Mojenn [2].

Paccmorpum pasmbirsie Mogemn Ay, , By, 5. By ONHOIM CUTHATYDPBI 0 Takue, 4TO
B, C Au,(i = Lk). Mogerm By, ..., B, Oylem HaspiBaTh B3aMMHO He3aBUCHU-
MBIMH HOAMOAE AME Mozgen 2, ,, eCan JId JIOOBIX IIOJOZKHTEIbHBIX KOHBIOHKTOB (; €
Sp(op,)(i =1,n) BLIIONHAETCS yCIOBHE

ﬂA(/\ pi) = HMB,:(%’)-

Pacemorpum kiace pasMbITeix mogesteit {8, }icr curnatyper 0. Byznem rosopurs, 1To
pasmbITad Mozeib 2A,, pacKjaabiBaeTcsd B cenapabelibHOe 00beJWHEHHeE Mojelieit
{Bp, tier, m sammcnmars Ay, = | |;c; By, ecm

1) A= Uiel Bi;

2) st moGbix 4, j € 1(i # j) umeem B, ¢ Bug, -

Mogens 2, HasbBaeTca JIOKAJIbHO cerapabesbHOM, ecin HalifeTcsa Takoil Kiacc
mozenedt {B,,, tier, aro Ay, = | |;c; By w0 s mw06wix 4, j € I(i # j) monenn B, n
B, p, B3AUMHO HE3ABHCUMbI B MOJICIN D/

Mogens 2l,,,, HaspIBaeTCA INI06AJIbHO cerapabeIbHOM, ecay i JI000T0 KIacca Mo-
neqeit {%B,, }ier Taxoro, uro Ay, = | |;c; B, v U TOOBIX i1, ..., iy € (i) # i5) Mozem
%#Bil y e ‘BuBik B3AMMHO HE3aBUCHMEBI B Mozen 2, , .

Mogens 2, HazbIBaeTCA 3allyTAHHOM, ecin OHA He ABJIAETCH JIOKAJTLHO cerapabetnb-
HOI1.

Pasnoxenne mozem 24, B cenapabesbroe obbeaumenne | |, B,,;, HA3BIBACTCH HOP-
MaJIbHBIM, €CJIN JJIs1 JiIoboro ¢ € I Mojelb %usi SABJISIETCS 3AILy TAHHOM.

B pa6otre [3| onucan xpurepuii CyliecTBOBaHUs JOKAJLHOHN cernapabesbHOCTH Pa3Mbl-
TOIl MOJIeJN, JOKa3aHa TeopeMa 00 eIMHCTBEHHOCTH HOPMAJIbHOIO DPA3JIOYKEHUs JIOKAJIBHO
cerapabesbHOM pa3MbITON MOJIEH.

B naHHOiT paboTe MBI OIIMCHIBAEM KPUTEPHIl CYIIIECTBOBAHUS IJI00AJIBHOI cerapabesbHO-
CTH Pa3MBITON MOJIE/IN, TOKA3BIBAEM TEOPEMY 00 €IMHCTBEHHOCTHA HOPMAJILHOTO PA3JIOKEHUST
rI00aJIbHO cenapabesibHON PAa3MBITON MOJIE/N, TPUBOIUM aJrOPATM HAXOXKJIEHUsT HOPMaJIhb-
HOTO Pa3JIOYKEHUs JJIs TJI0DAJIBHO cernapadesbHON MOJIEH.
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On algebras of binary formulas for weakly circularly minimal theories:
piecewise monotonic case

A. B. ArtAYEVA, B. SH. KULPESHOV

Algebras of binary isolating formulas [1, 2] are a tool for describing relationships between
elements of the sets of realizations of a type at the binary level.

The notion of weak circular minimality was studied initially in [3].

Theorem 1. [4] (piecewise monotonic case) Let M be an Rg—categorical 1-transitive
non-primitive weakly circularly minimal structure of convexity rank greater than 1, dcl({a}) =
{a} for some a € M. Suppose that there exists a convex-to-right formula R(x,y) such that
r(y) := rend R(M,y) is piecewise monotonic-to-left on M. Then M is isomorphic up to
binarity to M, = (M,K* E},E3,...,E}, EZ,,, R?), where M is a circularly ordered
structure, M is densely ordered, s > 1; Fs; is an equivalence relation partitioning M into
m infinite convex classes without endpoints; E; for every 1 < i < s is an equivalence
relation partitioning every E;ii-class into infinitely many infinite convex E;-subclasses
without endpoints so that the induced order on E;-subclasses is dense without endpoints;
R(M, a) has no right endpoint in M and r*(a) = a for all a € M and some k > 2, where
r*(y) == r(r*1(y)); for every 1 <i < s+ 1 and any a € M

M{ i b= ~E] (a,7(a)) AVY(Eily, a) — JulE] (u, r(a)) A EF (u,7(y)))),

m > 4, k is even and k divides m; r is monotonic-to-left on every E,ii-class and r is
monotonic-to-right on M/Fq1.

Theorem 2. The algebra 3 M., of binary isolating formulas with piecewise monotonic-
to-left function r has 8s + 9 labels, is non-commutative and strictly (2s + 3)-deterministic
for every s > 1.
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On strongly minimal partial orderings having an infinite non-trivial width

B. SH. KuLPEsHOV, YE. K. NETALIYEVA

In the present lecture, we study strongly minimal partial orderings in the signature
containing only the symbol of binary relation for a partial order. We use for partial orderings
such characteristics as the height of a structure that is the supremum of lengths of ordered
chains, and the width of a structure that is the supremum of lengths of antichains, where an
antichain is the set of pairwise incomparable elements. We also differ trivial width and non-
trivial width. Recently in [1], strongly minimal partial orderings having a finite non-trivial
width were described, and in [2], strongly minimal partial orderings of height two having an
infinite non-trivial width were described.

We say that an element a of a partial ordering M has up-degree (down-degree) m for some
m € w if there exist exactly m elements of M being an immediate successor (predecessor)
of a. We say that an element a of a partial ordering M has down-height n for some n € w if
there exist by,bs,...,b, € M such that a > by > by > ... > b, and for any by,bs,...,b, € M
with a > by > by > ... > b, the element b, is minimal in M. Similarly, we can define the
notion of up-height.

Theorem 1. Let M = (M, <) be an infinite partial ordering having an infinite non-
trivial width. Then M is strongly minimal iff the following holds:

(1) M is a partial ordering of height n for some 2 < n < w;

(2) M contains only finitely many connected components, all of them have the height
at most n, at least one of them has the height n, and exactly one of them is infinite;

(3) The only infinite connected component is non-trivial, has the height | for some
2 < | < n, and contains an infinite co-finite set A of elements with down-height ki and
up-height ko for some 0 < ki,ky < [ —1; and if the complement of A in the component
contains both exactly my elements of infinite up-degree and exactly msy elements of infinite
down-degree for some 0 < my,my < w with m; +mo > 1 then almost all (except finitely
many) elements of A have down-degree m; and up-degree ms.
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On degrees of rigidity and co-rigidity

B. SH. KUuLPESHOV, S. V. SUDOPLATOV

We continue to study and describe possibilities of degrees deg,(N) =( degi—gsem(J\/‘ )s
degi:y ) degji'gsem (N), degz_;ym (NV) ) of rigidity of a structure A [1, 2| spreading these
characteristics to infinite ordinals and introducing correspondent degrees

degi®(N) = (degiffirg (N), deg ¥ (N), deg}?;ffi‘g (N), deg” S (\f )) of co-rigidity.

CO-Tlg CO-Trlg

For s € {sem,synt} and a cardinality A\ we put degf'i:; (N) = X if there is aset A C N
such that |A| = A, N is semantically / syntactically A-rigid, for s = sem / s = synt,
respectively, and there are no sets of less cardinality producing correspondent rigidity. For
s € {sem,synt} we put degi‘,frig(/\/') = X if there is a set A C N such that [A] = X\, M is
semantically / syntactically (N \ A)-rigid, for s = sem / s = synt, respectively, and there
are no sets of greater cardinalities producing the correspondent rigidity.

For s € {sem, synt} we put deg\:{gs (N) = X if each set A C N with |A] < ) is extensible
to a set A’ C N with |A’] = X such that N is semantically / syntactically A’-rigid, for
s = sem / s = synt, respectively, and this property does not hold for less cardinalities. For
s € {sem, synt} we put degcv;_srig (N) > pif each set A C N with |A| > p has a subset A" with
|A’| = p such that A is semantically / syntactically (N \ A’)-rigid, for s = sem / s = synt,
respectively, and there are no sets A’ of greater cardinalities producing the correspondent
rigidity. If the lower bound always can be increased, then the we put deg’.*. (N) = sup u.

-rig
Otherwise we take the greatest j for deg?,, (N).

Theorem. If N is a union of A > 2 copies of a graph T', forming disjoint connected
components such that deg,(I') = (p1, 2, ps, pa) and degi®(L) = (p}, ph, ph, 1)), then the
following possibilities hold: 1) deg,(N) = (Apa, Apz, (A=1)|T|+us, (A=1)|T|+p4) for finite A
and positive ji1, with degi®(N') = (AT|—=Apr, AT |=Apa, [T —pus, [T|—pa) = (A, Ay, pi, 1)
for finite T' and degi®(N) = (Al A, ph, 1)), otherwise; 2) deg,(N) = (A — 1, Auzg, (A —
D)|T|4p3, (A=1)|T|+pq) for finite X, uy = 0 and pp > 0, with deg5®(N) = (A[T|—=A+1, A\|]T|—
Az, T = pa, [T| — pa) = (A, Ay, p, 1) for finite I' and degi®(N) = (A|T'], Ay, p, pry) =
()‘/uflla /\//27%»#21); OtheI'WjSG,' 3) deg4(N) = (>‘ - 17 A— 1v (/\ - 1)‘F| + p3, (/\ - 1)‘F| +M‘l) for
finite A and po = 0, with degi®(N) = (AT|=A+ 1, A|T|=A+1, |T|—pus, U] —pa) = (Aph = A+
LAy = A+ 1, ps, ) for finite T and degi®(N) = (M|, AT, ps, i) = (Ah, Apy, ps, 1)),
otherwise; 4) deg,(N) = (A1, Aua, A|T|, A|T'|) for infinite A and positive p1, with degi®(N) =
(Aus Ay, i, p1y); 5) degy(N) = (A, Apg, AIL|, AIL|) for infinite A, py = 0 and pp > 0,
with degZO(N) = (A[D], A, ,LL%, py) = (Apg, Ao, ,LL/37,U':1); 6) deg4(N) = (AN AL AT]) for
infinite A and piz = 0, with degy®(N') = (AL, A|T'|, p5, ply) = (A, Ay, i, 1)
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On approximations by stable theories

B. SH. KuLpesHOv, . I. PAVLYUK, S. V. SUDOPLATOV

We continue to study approximations of theories transforming approximations by finite
[1], w-categorical [2], and strongly minimal theories [3] to approximations by stable ones [4].

Recall that accumulation points for the class of theories of finite (respectively, w-cate-
gorical, strongly minimal) structures, outside this class, are called pseudofinite (pseudo-
countably-categorical, pseudo-strongly-minimal). Models of pseudofinite (pseudo-countably
categorical, pseudo-strongly-minimal) theories are called pseudofinite (pseudo-countably-
categorical, pseudo-strongly-minimal), too. An elementary theory T of an infinite structure
M which is not stable is said to be pseudo-stable if any sentence true in M has a stable
model N. In this case, the models N are called approzimations of the model M, and the
model M itself is said to be pseudo-stable. We denote by Ty the set of all complete theories
of a signature X. Besides we denote by Ty the class of pseudo-stable theories.

Theorem 1. For any signature X, Tpst N Tss # 0 iff ¥ contains at least one predicate
symbol of arity > 2, or at least one functional symbol of arity > 2, or al least two unary
functional symbols.

Theorem 2. For any infinite partial ordering M = (M, <), whose all connected compo-
nents are chains, the following conditions are equivalent: 1) Th(M) is pseudo-stable; 2) M
consists of infinitely many finite or pseudofinite connected components such that either finite
cardinalities of these components are unbounded and there are infinitely many components of
some finite cardinality, or some connected component is infinite; here Th(M) is pseudofinite
and pseudo-countably-categorical, and it is pseudo-strongly-minimal iff M has infinitely
many singletons.
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On preservation of properties by Henkin construction

T. E. RajABov, S. V. SUDOPLATOV

We continue to study various properties [1, 2] which are preserved under given conditions.
These preservations generalize the notion of (p, ¢)-preserving formula [3, 4, 5] and its variations
for correspondent type-definable sets.

Let Ty be a consistent theory. Following Henkin construction [6, 7, 8] we extend the
signature X(7p) by new constants and extend the theory Tj till a complete theory T" such that
if Jyp(y) € T then ¢(c) € T for some constant c. A canonical model M of T [8] is represented
by all infinite equivalence classes [t] = {q | (¢ ~ t) € T}, where terms t,q do not have free
variables. Thus the canonical model M for the theory T', and its restriction M | 3(Tp) E T,
are characterized by the following preserving condition: a X(Tp)-formula p(z1,...,x,, ) is
(V-) F-partially ({[c1]}, ..., {[cn]}, M)-preserving whenever Jzp(cy,...,cn,z) € T.

Theorem. For any expansion M of a model My of a theory T, by naming all elements
by infinitely many constants the following conditions are equivalent:

(1) M satisfies the preserving condition;

(2) M | (Tp) satisfies the preserving condition;

(3) M is a canonical model of a completion of Ty.

This research was carried out in the framework of the State Contract of the Sobolev
Institute of Mathematics, project Mo FWNF-2022-0012.
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Stability of the theory of pseudofinite acts over monoids

A. A. STEPANOVA, E. L. EFREMOV, S. G. CHEKANOV

Let S be a monoid with identity 1. A structure (A4; s)scs of the language Ls = {s | s € S}
consisting of unary operation symbols is a (left) S-act if s1(s2a) = (s182)a and la = a for
all s1,s9 € S and a € A. A monoid S is called linearly ordered if the S-act ¢S is linearly
ordered.

The structure 9t of a language L is called pseudofinite if every sentence true in 9t has
a finite model. The class of all pseudofinite S-acts is denoted by P.F.

Let us say that a class C' of structures is stable if the complete theory of any structure
M from C is stable. If a class K of S-acts is stable then S is called a K-stabilizer. If K is
the class of all S-acts then K-stabilizer is called stabilizer. In [1] it is proved that a monoid
S is a stabilizer if and only if S is a linearly ordered monoid.

Here we consider questions of stability for class of pseudofinite S-acts.

Theorem 1. Let S be a finite monoid. Then the following conditions are equivalent:

(1) S is a stabilizer;

(2) S is a PF-stabilizer;

(3) S is a linearly ordered monoid.

A monoid S is called Noetherian, respectively Artinian, if it satisfies the ascending chain
condition on ideals, respectively if it satisfied the descending chain condition on ideals.

Theorem 2. Let S be a commutative Noetherian and Artinian monoid. Then the
following conditions are equivalent:

(1) S is a stabilizer;

(2) S is a PF-stabilizer;

(3) S is a linearly ordered monoid.

This research has been supported by RF Ministry of Education and Science, Suppl.
Agreement N 075-02-2025-1638/1 of 27.02.2025.
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VC dimension of definable subsets of fractal models

A. R. YESHKEYEV, A. K. IssaAvyEvA, N. V. Porpova

We work in a fixed inductive theory T in the signature L. K(T) — the Kaiser class of
the theory T'.
e —For a model A : A? := Thy3(A).
e —For aclass D C K(T) : D% := " 4cp Thya(A).
o (K%)= Th(Ckg) the center of the theory K2 (not used here, fixed for context).

Definition 2.[A.R. Yeshkeyev|(Fractal subclass of models)
A subclass F C K(T) is called fractal if there exists a finite family of elementary
endomorphisms of the Kaiser class

{f1,--+, fm} C Endel(K(T)), m < 00
such that
F=J ).

Definition 3.[A.R. Yeshkeyev]|(Fractal Jonsson theory—semantic aspect)

If F C K(T) is fractal and F° = T, then we call T' a fractal Jonsson theory (in the
semantic sense).

Well-known next facts about PAC-learning

Definition 4.[2]

Let X be a set and F C P(X). The pair (X, F) is called a set system. We say that
A C X is shattered by F if for every S C A there is F' € F such that F/[JA = S. A family
F is said to be a VC-class on X if there is some n < w such that no subset of X of size n
is shattered by [ . In this case the V' C-dimension of f, denoted by VC(F), is the smallest
integer n such that no subset of X of size n + 1 is shattered by f . If no such n exists, we
write VC(F) = oc.

Theorem 1.[2] The following are equivalent for a hypothesis class H with domain X:

(1) - H has finite VC dimension.

(2) - H is PAC learnible(PAC stands for Probably Approximately Correct).

Definition 2. [A.R. Yeshkeyev| Jonsson theory T is J-o-minimal theory if T*-o-minimal

Definition 3.Let T is fractal J-o minimal theory and ¢(x,y) is a some I-formula (with
a partition of the free variables).

Say that ¢(z,y) has the J-independence property (or JIP) if there are in M, M € F,
where F C K(T) theory T (a;)i<w and (bs)sc. such that ¢(a;,bs) holds iff ¢ € s. Say that
¢ is JNIP if not. The theory T is JNIP if all formulas are JNIP.

Lemma 1. If theory T is fractal J-o-minimal theory, then 7" has a JNIP-formula.

Theorem 2. For all fractal J-o-minimal Jonsson theory is JNIP-theory

All the necessary information about Jonsson theory which is uncertain in this thesis,
can be extracted from the monograph[1].
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Properties P-stability of hereditary Jonsson teories

G. E. ZHUMABEKOVA

Let T be an arbitrary Jonsson theory in a signature o, and let C1 be its semantic
model. Let A C Cr, and let P be a new unary predicate symbol. Consider the (generally
incomplete) theory in the signature op(A) = o4 U {P} defined as follows:

T/ (A) = Thys(Cr,a)aca U{P(c,) |a € AU {*P C "},

where {“P C ”} is an infinite set of sentences expressing that the interpretation of P is an
existentially closed submodel in the signature o.

Let S;/(A) denote the set of all 3-completions of the theory T3 (A). Let A be an arbitrary
cardinal.

Definiton 1. [1] A Jonsson theory T is said to be J-P-superstable if there exists a
cardinal \y such that for all A > X\, the theory T is J-P-A-stable.

Definiton 2. [1] The Jonsson theory is said to be hereditary, if in any of its permissible
enrichment, any expansion of it in this enrichment will be Jonsson theory.

Definiton 3. [2] Let A be a Jonsson subset of the semantic model Cr, where T is a
Jonsson theory. An 3-complete type p is said to be J-multidimensional if it is orthogonal
to any complete 3-type over A. If T has a J-multidimensional type, then T is called a
J-multidimensional theory. Otherwise, T is called a J-non-multidimensional theory.

Definiton 4. [1] A Jonsson theory T is called J-superstable if it is J-A-stable for some
cardinal A and \ > 2%.

Theorem 1. Let T be an 3-complete, J-superstable Jonsson theory, Cr its semantic
model, and T™* the center of the Jonsson theory. Then the following conditions are equivalent:

(a) the theory T is J-non-multidimensional;
(b) the theory T is J-P-superstable.
Theorem 2. If T is a J-P-superstable perfect Jonsson theory, then T is hereditary.
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