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ðàñòóùåãî ïàðàìåòðà. Ýòî äàåò ïðîñòîå äîêàçàòåëüñòâî ïðèíöèïà èíâàðèàíòíî-
ñòè äëÿ òðàåêòîðèé îáîáùåííûõ ïðîöåññîâ âîññòàíîâëåíèÿ (î.ï.â.).

2) Óñòàíîâëåí ïðèíöèï óìåðåííî áîëüøèõ óêëîíåíèé äëÿ òðàåêòîðèé î.ï.â.
(ãðóáûé ïðèíöèï èíâàðèàíòíîñòè).

3) Ïðè ñîîòâåòñòâóþùèõ óñëîâèÿõ äîêàçàíà ñõîäèìîñòü î.ï.â. ê óñòîé÷èâûì
ïðîöåññàì.
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ÌÅÒÎÄÛ ÐÅØÅÍÈß ÍÅÐÅÃÓËßÐÍÛÕ
ÌÎÍÎÒÎÍÍÛÕ ÎÏÅÐÀÒÎÐÍÛÕ ÓÐÀÂÍÅÍÈÉ

Âàñèí Â.Â.

Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè èì. Í.Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ,
Åêàòåðèíáóðã, Ðîññèÿ; vasin@imm.uran.ru

Èññëåäóåòñÿ îáðàòíàÿ íåêîððåêòíàÿ çàäà÷à â ôîðìå íåëèíåéíîãî ìîíîòîííî-
ãî îïåðàòîðíîãî óðàâíåíèÿ íà ïàðå ãèëüáåðòîâûõ ïðîñòðàíñòâ â óñëîâèÿõ ïðè-
áëèæåííîãî çàäàíèÿ ïðàâîé ÷àñòè. Äëÿ ïîñòðîåíèÿ ðåãóëÿðèçóþùåãî àëãîðèòìà
ïðåäëàãàåòñÿ äâóõýòàïíûé ìåòîä, â êîòîðîì íà ïåðâîì ýòàïå èñïîëüçóåòñÿ ñõåìà
ðåãóëÿðèçàöèè Ëàâðåíòüåâà, íà âòîðîì ýòàïå ïðèìåíÿåòñÿ ëèáî ìåòîä Íüþòî-
íà [1], [2], ëèáî íåëèíåéíûå àíàëîãè àëüôà-ïðîöåññîâ [3]. Îáà êëàññà èòåðàöèîí-
íûõ ìåòîäîâ äëÿ ìîíîòîííîãî îïåðàòîðà èññëåäóþòñÿ â äâóõ âàðèàíòàõ: â ïåðâîì
èç íèõ ïðîèçâîäíàÿ â îïåðàòîðå øàãà âû÷èñëÿåòñÿ íà êàæäîé èòåðàöèè, âî âòî-
ðîì âàðèàíòå ïðîèçâîäíàÿ ôèêñèðóåòñÿ, ò. å. íå ìåíÿåòñÿ â ïðîöåññå èòåðàöèé
(ìîäèôèöèðîâàííûé àíàëîã ìåòîäà).

Äîêàçûâàåòñÿ ñõîäèìîñòü è ñâîéñòâî ôåéåðîâîñòè ïðîöåññîâ, óñòàíàâëèâàþò-
ñÿ ðåãóëÿðèçóþùèå ñâîéñòâà äâóõýòàïíîãî ìåòîäà è åãî îïòèìàëüíîñòü ïî ïîðÿä-
êó íà êëàññå êîððåêòíîñòè. Îáñóæäàþòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ
äëÿ îáðàòíûõ çàäà÷ ãðàâèìåòðèè è ìàãíèòîìåòðèè è äàåòñÿ ñðàâíèòåëüíûé àíà-
ëèç ýôôåêòèâíîñòè îñíîâíûõ ïðîöåññîâ è èõ ìîäèôèöèðîâàííûõ âàðèàíòîâ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-

íûõ èññëåäîâàíèé (ïðîåêò � 15-01-00629).

ËÈÒÅÐÀÒÓÐÀ

1. Âàñèí Â.Â. Ìîäèôèöèðîâàííûå ïðîöåññû íüþòîíîâñêîãî òèïà, ïîðîæäàþùèå ôåé-
åðîâñêèå àïïðîêñèìàöèè ðåãóëÿðèçîâàííûõ ðåøåíèé íåëèíåéíûõ óðàâíåíèé // Òð.
Èí-òà ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ. 2013. Ò. 19, � 2. C. 85�97.

2. Âàñèí Â.Â., Ñêóðûäèíà À.Ô. Äâóõýòàïíûé ìåòîä ïîñòðîåíèÿ ðåãóëÿðèçóþùèõ àë-
ãîðèòìîâ äëÿ íåëèíåéíûõ íåêîððåêòíûõ çàäà÷ // Òð. Èí-òà ìàòåìàòèêè è ìåõàíèêè
ÓðÎ ÐÀÍ. 2017. Ò. 23, � 1. Ñ. 57�74.

3. Âàñèí Â.Â. Ðåãóëÿðèçîâàííûå ìîäèôèöèðîâàííûå α-ïðîöåññû äëÿ íåëèíåéíûõ
óðàâíåíèé ñ ìîíîòîííûì îïåðàòîðîì // ÄÀÍ. 2016. Ò. 469, � 1. Ñ. 13�16.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈ ÒÎ×ÍÛÉ ÏÎÄÕÎÄ
Ê ÐÅØÅÍÈÞ ÒÐÓÄÍÛÕ ÇÀÄÀ× ÄÈÑÊÐÅÒÍÎÉ

ÎÏÒÈÌÈÇÀÖÈÈ VS �ÏÐÎÊËßÒÈÅ ÐÀÇÌÅÐÍÎÑÒÈ�

Ãèìàäè Ý.Õ.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

gimadi@math.nsc.ru

Äëÿ çàäà÷ äèñêðåòíîé îïòèìèçàöèè îñíîâíûì ôàêòîðîì, îïðåäåëÿþùèì ðåà-
ëèçóåìîñòü àëãîðèòìîâ èõ ðåøåíèÿ, ÿâëÿåòñÿ ðàçìåðíîñòü (äëèíà çàïèñè âõîäà)
çàäà÷è, êîòîðàÿ â 50�70 ãã. ïðîøëîãî âåêà àññîöèèðîâàëàñü ñ ïîíÿòèåì �ïðî-
êëÿòèÿ ðàçìåðíîñòè� [1]. Â ïðîòèâîâåñ ýòîìó â ðàìêàõ àñèìïòîòè÷åñêè òî÷íîãî
ïîäõîäà ê (ïðèáëèæåííîìó) ðåøåíèþ òðóäíûõ çàäà÷ äèñêðåòíîé îïòèìèçàöèè
ðàçìåðíîñòü çàäà÷è ÿâëÿåòñÿ íàøèì äðóãîì è ñîþçíèêîì.

Ðå÷ü èäåò î òàêèõ òèïîâûõ çàäà÷àõ èññëåäîâàíèÿ îïåðàöèé êàê çàäà÷è ìàðø-
ðóòèçàöèè, ìíîãîèíäåêñíûå çàäà÷è î íàçíà÷åíèÿõ, çàäà÷è êëàñòåðèçàöèè, çàäà÷è
ðàçìåùåíèÿ, ýêñòðåìàëüíûå çàäà÷è íà ãðàôàõ è ñåòÿõ è ò. ï.

Îáû÷íî ýòè çàäà÷è ÿâëÿþòñÿ òðóäíîðåøàåìûìè (NP-òðóäíûìè) [2], ÷òî îáó-
ñëàâëèâàåò àêòóàëüíîñòü ðàçðàáîòêè ýôôåêòèâíûõ (ïîëèíîìèàëüíîé âðåìåííîé
ñëîæíîñòè) ïðèáëèæåííûõ àëãîðèòìîâ ñ ãàðàíòèðîâàííûìè îöåíêàìè êà÷åñòâà
ðåøåíèÿ � òðóäî¼ìêîñòè, òî÷íîñòè, íàäåæíîñòè ñðàáàòûâàíèÿ.

Àëãîðèòì ðåøåíèÿ çàäà÷è íàçûâàþò àñèìïòîòè÷åñêè òî÷íûì [3], åñëè ñ
óâåëè÷åíèåì ðàçìåðà (äëèíû çàïèñè) çàäà÷è òî÷íîñòü ïîëó÷àåìîãî ðåøåíèÿ (à
íà ñëó÷àéíûõ âõîäàõ è íàäåæíîñòü ñðàáàòûâàíèÿ àëãîðèòìà) ñòðåìèòñÿ ê 1.

Ïåðå÷èñëèì íåêîòîðûå ïðèìåðû ðåàëèçàöèè àñèìïòîòè÷åñêè òî÷íîãî ïîäõîäà
ê ðåøåíèþ áîëüøåðàçìåðíûõ òèïîâûõ çàäà÷ äèñêðåòíîé îïòèìèçàöèè, â êîòîðûõ
àâòîð çà ïîñëåäíèå ïî÷òè ïîëâåêà ïðèíèìàë íåïîñðåäñòâåííîå ó÷àñòèå.

� Çàäà÷à îäíîãî è íåñêîëüêèõ (ðåáåðíî íåñìåæíûõ) êîììèâîÿæåðîâ.
� Ìíîãîèíäåêñíàÿ àêñèàëüíàÿ è ïëàíàðíàÿ çàäà÷è î íàçíà÷åíèÿõ.
� Çàäà÷à îòûñêàíèÿ ïîêðûòèÿ ïîëíîãî âçâåøåííîãî ãðàôà çàäàííûì ÷èñëîì

íåñìåæíûõ öèêëîâ ñ ýêñòðåìàëüíûì ñóììàðíûì âåñîì ðåáåð.
� Çàäà÷à ðàçìåùåíèÿ ñ îãðàíè÷åííûìè îáúåìàìè ïðîèçâîäñòâà.
� Çàäà÷à îòûñêàíèÿ ñâÿçíîãî îñòîâíîãî ïîäãðàôà ñ ýêñòðåìàëüíûì ñóììàð-

íûì âåñîì ðåáåð â ïîëíîì ãðàôå ñ çàäàííûìè ñòåïåíÿìè âåðøèí.
� Çàäà÷à îòûñêàíèÿ â ãðàôå îäíîãî èëè íåñêîëüêèõ îñòîâíûõ äåðåâüåâ ñ îãðà-

íè÷åííûì äèàìåòðîì è ìèíèìàëüíîé ñóììîé ðåáåð.
� Çàäà÷è ìàðøðóòèçàöèè òðàíñïîðòíûõ ñðåäñòâ.
� Çàäà÷è óïàêîâêè â êîíòåéíåðû è â ïîëîñó è ìóëüòèïðîåêòíàÿ çàäà÷à êàëåí-

äàðíîãî ïëàíèðîâàíèÿ ñ îãðàíè÷åííûì îáùèì ðåñóðñîì.
� Çàäà÷à îòûñêàíèÿ ïîäìíîæåñòâà âåêòîðîâ çàäàííîãî ðàçìåðà ñ ìàêñèìàëü-

íîé ñóììîé.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî Íàó÷íîãî Ôîíäà (êîä

ïðîåêòà 16-11-10041).

ËÈÒÅÐÀÒÓÐÀ

1. Bellman R.E. Adaptive control processes. Princeton: Princeton University Press, 1961.

2. Ãýðè Ì., Äæîíñîí Ä. Âû÷èñëèòåëüíûå ìàøèíû è òðóäíîðåøàåìûå çàäà÷è. Ì.: Ìèð,
1982.

3. Ãèìàäè Ý.X., Ãëåáîâ Í.È., Ïåðåïåëèöà Â.À. Àëãîðèòìû ñ îöåíêàìè äëÿ çàäà÷ äèñ-
êðåòíîé îïòèìèçàöèè // Ïðîáëåìû êèáåðíåòèêè. 1975. Âûï. 31. Ñ. 35�42.
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ÄÈÑÊÐÅÒÍÀß ÌÎÄÅËÜ
ÎÄÍÎÐÎÄÍÎÃÎ ÎÁÎÁÙÅÍÍÎÃÎ ÐÅØÅÍÈß

ÍÅËÈÍÅÉÍÛÕ ÓÐÀÂÍÅÍÈÉ ÃÀÇÎÂÎÉ ÄÈÍÀÌÈÊÈ
(ýêñïåðèìåíòû, âûÿâëÿþùèå îáëàñòü å¼ ïðèìåíåíèÿ)

Ãîäóíîâ Ñ.Ê.1, Êëþ÷èíñêèé Ä.Â.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; godunov@math.nsc.ru

2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
dmitriy_klyuchinskiy@mail.ru

Â äîêëàäå áóäóò ïðîäåìîíñòðèðîâàíû ðåçóëüòàòû ïî÷òè äâóõëåòíåé ñåðèè
âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ, îïèñàííûõ â ìàãèñòåðñêîé äèññåðòàöèè âòîðîãî
àâòîðà (âûïîëíåííîé ïîä ðóêîâîäñòâîì ïåðâîãî).

Ïðåäâàðèòåëüíûå âàðèàíòû ýòèõ ýêñïåðèìåíòîâ îáñóæäàëèñü è ÷àñòè÷íî ïî-
âòîðÿëèñü âî âðåìÿ ïåðåïèñêè è äèñêóññèé ñ ìíîãî÷èñëåííûìè íîâîñèáèðñêè-
ìè è ìîñêîâñêèìè êîëëåãàìè (Ñ.Â. Ôîðòîâîé, À.Í. Êðàéêî, À.Â. Ñàôðîíî-
âûì, Ã. Ã. Ëàçàðåâîé, Â.Â. Øåïåëåâûì, Ï.Ñ. Óòêèíûì, È.Ì. Êóëèêîâûì). Â
÷àñòíîñòè, áûëî óñòàíîâëåíî, ÷òî ðàçíîñòíûå �âÿçêîñòè�, âûçûâàþùèå ðàçìàçû-
âàíèå ðàçðûâîâ, õàðàêòåðèçóþòñÿ çíà÷åíèÿìè ÷èñëà Êóðàíòà, îáåñïå÷èâàþùè-
ìè óñòîé÷èâîñòü ñõåìû. Âûÿñíèëîñü, ÷òî ïåðåñòðîéêà õàðàêòåðíîé ñîëèòîííîé
ñòðóêòóðû ðåøåíèé ïðèâîäèò ê ïîíèæåíèþ ïîðÿäêà òî÷íîñòè ñõåìû. (Ñîëèòî-
íû � ýòî óäàðíûå âîëíû, ñòîëêíîâåíèÿ êîòîðûõ è ïðèâîäÿò ê ïåðåñòðîéêàì).

Áóäóò ïðîäåìîíñòðèðîâàíû ðàçíîîáðàçíûå ïðèìåðû ðåøàâøèõñÿ çàäà÷.
Ïðåäëàãàåìàÿ ñõåìà ïîëó÷åíà óïðîùàþùåé ëèíåàðèçàöèåé øèðîêî èñïîëüçó-

åìîé êëàññè÷åñêîé ñõåìû Ãîäóíîâà, îïóáëèêîâàííîé â 1959 ã. è ïðèìåíÿåìîé íà
î÷åíü ìåëêèõ ðàçíîñòíûõ ñåòêàõ, äîñòóïíûõ íà ñîâðåìåííûõ êîìïüþòåðàõ.

Àâòîðû íàäåþòñÿ ïðèâëå÷ü ñïåöèàëèñòîâ ïî äèôôåðåíöèàëüíûì óðàâíåíè-
ÿì ê àíàëèçó êîìïàêòíîñòè ïîñòðîåííûõ ñåòî÷íûõ ðåøåíèé, ê äîêàçàòåëüñòâó
èõ ñõîäèìîñòè ïðè èçìåëü÷åíèè ñåòîê, à òàêæå ê òåîðåìàì åäèíñòâåííîñòè ïîëó-
÷àåìûõ ïðåäåëîâ. Èíûìè ñëîâàìè, ðå÷ü èäåò î ïîñòðîåíèè îáîáù¼ííûõ ðåøåíèé
ãàçîâîé äèíàìèêè, òåîðèè, åù¼ íå ïîñòðîåííîé äàæå â îäíîìåðíîì ñëó÷àå.
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Î ÂÇÀÈÌÎÎÒÍÎØÅÍÈÈ ÌÅÆÄÓ
ÄÈÍÀÌÈÊÎÉ ÑÈÑÒÅÌ È ÒÎÏÎËÎÃÈÅÉ

ÎÁÚÅÌËÞÙÈÕ ÌÍÎÃÎÎÁÐÀÇÈÉ

Ãðèíåñ Â. Ç.

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò �Âûñøàÿ øêîëà ýêîíîìèêè�,
Íèæíèé Íîâãîðîä, Ðîññèÿ; vgrines@yandex.ru

Äîêëàä ïîñâÿùåí èçëîæåíèþ íåäàâíèõ ðåçóëüòàòîâ (ïîëó÷åííûõ àâòîðîì â
ñîòðóäíè÷åñòâå ñ êîëëåãàìè è ó÷åíèêàìè), êàñàþùèõñÿ âçàèìîîòíîøåíèé ìåæäó
äèíàìèêîé ñèñòåì è òîïîëîãè÷åñêîé ñòðóêòóðîé ìíîãîîáðàçèé, íà êîòîðûõ ýòè
ñèñòåìû çàäàíû. Îñíîâíîå âíèìàíèå óäåëåíî ðàññìîòðåíèþ ñòðóêòóðíî óñòîé-
÷èâûõ ñèñòåì ñ ðåãóëÿðíîé è õàîòè÷åñêîé äèíàìèêîé.

Äëÿ èëëþñòðàöèè ïðèâåäåì òðè ðåçóëüòàòà, èìåþùèõ ìåñòî äëÿ ïîòîêîâ Ìîð-
ñà � Ñìåéëà è ñòðóêòóðíî óñòîé÷èâûõ êàñêàäîâ ñ áàçèñíûìè ìíîæåñòâàìè êîðàç-
ìåðíîñòè îäèí, çàäàííûõ íà çàìêíóòîì ãëàäêîì îðèåíòèðóåìîì ìíîãîîáðàçèè
Mn (n ≥ 2).

Ïóñòü f t � ïîòîê Ìîðñà � Ñìåéëà, çàäàííûé íàMn, ` � ÷èñëî òî÷åê â ìíîæå-
ñòâå, ñîñòîÿùåì èç âñåõ ñòîêîâûõ è èñòî÷íèêîâûõ ñîñòîÿíèé ðàâíîâåñèÿ ïîòîêà
f t, k � ÷èñëî òî÷åê â ìíîæåñòâå Σ, ñîñòîÿùåì èç âñåõ ñåäëîâûõ ñîñòîÿíèé ðàâ-
íîâåñèÿ ïîòîêà f t, èíäåêñ Ìîðñà êîòîðûõ ðàâåí 1 èëè n− 1. Ïîëîæèì

g =
k − `+ 2

2
.

Òåîðåìà 1. Ïóñòü óñòîé÷èâûå è íåóñòîé÷èâûå ìíîãîîáðàçèÿ òî÷åê èç Σ íå

ïåðåñåêàþòñÿ, g ≥ 1, è ôóíäàìåíòàëüíàÿ ãðóïïà ìíîãîîáðàçèÿ Mn íå ñîäåðæèò

ïîäãðóïïó, èçîìîðôíóþ ïðîèçâåäåíèþ g êîïèé ãðóïïû Z. Òîãäà íåáëóæäàþùåå
ìíîæåñòâî ïîòîêà f t ñîäåðæèò ïî êðàéíåé ìåðå îäíó çàìêíóòóþ òðàåêòîðèþ.

Òåîðåìà 2. Ïóñòü f : Mn →Mn � ñòðóêòóðíî óñòîé÷èâûé äèôôåîìîðôèçì,

íåáëóæäàþùåå ìíîæåñòâî êîòîðîãî ñîäåðæèò ðàñòÿãèâàþùèéñÿ îðèåíòèðóåìûé

àòòðàêòîð êîðàçìåðíîñòè îäèí. Òîãäà ìíîãîîáðàçèåMn ãîìåîìîðôíî òîðó Tn, à
f òîïîëîãè÷åñêè ñîïðÿæåí äèôôåîìîðôèçìó, ïîëó÷åííîìó èç àëãåáðàè÷åñêîãî

àâòîìîðôèçìà Àíîñîâà ïîñðåäñòâîì îáîáùåííîé õèðóðãè÷åñêîé îïåðàöèè.

Òåîðåìà 3. Ïóñòü f : M3 →M3 � ñòðóêòóðíî óñòîé÷èâûé äèôôåîìîðôèçì,

íåáëóæäàþùåå ìíîæåñòâî êîòîðîãî ñîñòîèò èç äâóìåðíûõ áàçèñíûõ ìíîæåñòâ.

Òîãäà ìíîãîîáðàçèåM3 ãîìåîìîðôíî ôàêòîð-ïðîñòðàíñòâó, ïîëó÷åííîìó èç ïðÿ-

ìîãî ïðîèçâåäåíèÿ äâóìåðíîãî òîðà íà îòðåçîê ñêëåéêîé ãðàíèö ïîñðåäñòâîì

ãîìåîìîðôèçìà, êîììóòèðóþùåãî ñ àëãåáðàè÷åñêèì àâòîìîðôèçìîì Àíîñîâà.

Äîêëàä ïîäãîòîâëåí ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäî-

âàíèé (ïðîåêòû � 15-01-03687a, � 16-51-10005-Ko_a) è â ðàìêàõ ïðîãðàììû ôóíäà-

ìåíòàëüíûõ èññëåäîâàíèé ÍÈÓ ÂØÝ â 2017 ãîäó (ïðîåêò 90).
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ÑÈÌÏËÅÊÒÈ×ÅÑÊÀß ÃÅÎÌÅÒÐÈß ËÈÍÅÉÍÛÕ
ÃÀÌÈËÜÒÎÍÎÂÛÕ ÑÈÑÒÅÌ

Êîçëîâ Â.Â.

Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ, Ìîñêâà, Ðîññèÿ;
vvkozlov@mi.ras.ru

Íàéäåíà öåïî÷êà êâàäðàòè÷íûõ ïåðâûõ èíòåãðàëîâ îáùèõ ëèíåéíûõ ãàìèëü-
òîíîâûõ ñèñòåì, íå ïðåäñòàâëåííûõ â êàíîíè÷åñêîì âèäå. Óñòàíîâëåíà èõ èíâî-
ëþòèâíîñòü, è èññëåäîâàíà çàäà÷à îá èõ ôóíêöèîíàëüíîé íåçàâèñèìîñòè. Êëþ-
÷åâóþ ðîëü â èññëåäîâàíèè ãàìèëüòîíîâîé ñèñòåìû èãðàåò èíòåãðàëüíûé êîíóñ,
êîòîðûé ïîëó÷àåòñÿ ïðèðàâíèâàíèåì íóëþ íàéäåííûõ êâàäðàòè÷íûõ ïåðâûõ èí-
òåãðàëîâ. Ïîêàçàíî, ÷òî ÷åðåç êàæäóþ òî÷êó èíòåãðàëüíîãî êîíóñà ïðîõîäèò
ñèíãóëÿðíîå èíâàðèàíòíîå èçîòðîïíîå ïîäïðîñòðàíñòâî, è íàéäåíà åãî ðàçìåð-
íîñòü. Ìàêñèìàëüíàÿ ðàçìåðíîñòü òàêèõ ïîäïðîñòðàíñòâ îöåíèâàåò ñâåðõó ñòå-
ïåíü íåóñòîé÷èâîñòè ãàìèëüòîíîâîé ñèñòåìû. Ïîêàçàíî, ÷òî óñòîé÷èâîñòü òèïè÷-
íûõ ãàìèëüòîíîâûõ ñèñòåì ýêâèâàëåíòíà âûðîæäåíèþ êîíóñà â ïîëîæåíèå ðàâ-
íîâåñèÿ. Ðåçóëüòàòû îáùåãî õàðàêòåðà ïðèìåíÿþòñÿ ê èññëåäîâàíèþ ëèíåéíûõ
ìåõàíè÷åñêèõ ñèñòåì ñ ãèðîñêîïè÷åñêèìè ñèëàìè è êîíå÷íîìåðíûõ êâàíòîâûõ
ñèñòåì.

54



Ïëåíàðíûå äîêëàäû

ÊÎÌÏÜÞÒÅÐÍÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ
ÑÎÖÈÀËÜÍÛÕ ÏÐÎÖÅÑÑÎÂ

Ìàêàðîâ Â.Ë.

Öåíòðàëüíûé ýêîíîìèêî-ìàòåìàòè÷åñêèé èíñòèòóò ÐÀÍ, Ìîñêâà, Ðîññèÿ;
makarov@cemi.rssi.ru

Â äîêëàäå èçëàãàþòñÿ ðàçëè÷íûå âàðèàíòû èñêóññòâåííîãî îáùåñòâà. Îáñóæ-
äàåòñÿ ñòåïåíü äîñòîâåðíîñòè ðåçóëüòàòîâ êîìïüþòåðíûõ ýêñïåðèìåíòîâ.

Ïåðñïåêòèâû äàëüíåéøåãî ðàçâèòèÿ èñêóññòâåííûõ îáùåñòâ êîððåëèðóþò ñ
îáñóæäàåìûì äâèæåíèåì ê öèôðîâîìó ìèðó.
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ÐÓ×ÍÛÅ È ÄÈÊÈÅ ÀÂÒÎÌÎÐÔÈÇÌÛ
ÑÂÎÁÎÄÍÛÕ ÀËÃÅÁÐ

Øåñòàêîâ È.Ï.

Óíèâåðñèòåò Ñàí Ïàóëó, Ñàí Ïàóëó, Áðàçèëèÿ;
Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

shestak@ime.usp.br

Àâòîìîðôèçì φ ñâîáîäíîé àëãåáðû FV [x1, . . . , xn] èç êëàññà V íàä ïîëåì F
íàçûâàåòñÿ ýëåìåíòàðíûì, åñëè îí èìååò âèä:

φ :


x1 7→ x1,

· · ·
xi 7→ αxi + f(x1, . . . , xi−1, xi+1, . . . , xn), 0 6= α ∈ F,

· · ·
xn 7→ xn.

Àâòîìîðôèçì íàçûâàåòñÿ ðó÷íûì, åñëè îí ïðåäñòàâëÿåòñÿ â âèäå êîìïîçèöèè
ýëåìåíòàðíûõ àâòîìîðôèçìîâ, èíà÷å îí íàçûâàåòñÿ äèêèì.

Èçâåñòíî [1], [2], ÷òî âñå àâòîìîðôèçìû àëãåáðû ìíîãî÷ëåíîâ è ñâîáîäíîé àñ-
ñîöèàòèâíîé àëãåáðû îò äâóõ ïåðåìåííûõ ÿâëÿþòñÿ ðó÷íûìè, â òî âðåìÿ êàê â
ñëó÷àå òðåõ ïåðåìåííûõ â îáîèõ ñëó÷àÿõ ñóùåñòâóþò äèêèå àâòîìîðôèçìû [3], [4].

Â äîêëàäå ìû îáñóäèì èçâåñòíûå ðåçóëüòàòû è îòêðûòûå âîïðîñû î ðó÷íûõ
è äèêèõ àâòîìîðôèçìàõ â ðàçëè÷íûõ êëàññàõ àëãåáð.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé øòàòà

Ñàí Ïàóëó (FAPESP, ïðîåêò 2014/09310-5) è Áðàçèëüñêîãî íàöèîíàëüíîãî ôîíäà ôóí-

äàìåíòàëüíûõ èññëåäîâàíèé (CNPq, ïðîåêò 303916/2014-1).

ËÈÒÅÐÀÒÓÐÀ

1. Jung H.W.E �Uber ganze birationale Transformationen der Ebene // J. Reine Angew.
Math. 1942. V. 184. P. 161�174.

2. Ìàêàð-Ëèìàíîâ Ë. Ã. Îá àâòîìîðôèçìàõ ñâîáîäíîé àëãåáðû ñ äâóìÿ îáðàçóþùè-
ìè // Ôóíêö. àíàëèç è åãî ïðèë. 1970. Ò. 4, âûï. 3. Ñ. 107�108.
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FAST-OSCILLATING CONTROL AND
COMBINATORICS OF PERMUTATIONS

Agrachev A.A.

International School for Advanced Studies (SISSA), Trieste, Italy;
Steklov Mathematical Institute RAS, Moscow, Russia;

agrachev@sissa.it

Dimension of a system that we try to control is usually much bigger than number
of controlled parameters at our disposal. On the other hand, controlled parameters
are not constant, we select their values as more or less arbitrary functions of time, and
a lack of resources can be compensated by a sophisticated strategy. Moreover, some
e�cient universal maneuvers, being re-scaled and repeated with a high frequency,
may serve as additional independent controlled parameters. Construction of such
maneuvers is intimately related to some nice algebraic structures that I am going
to discuss along with necessary analytic techniques and motivating examples.
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LEARNABILITY, AUTOREDUCIBILITY,
AND NUMBERINGS

Ambos-Spies K.

University of Heidelberg, Heidelberg, Germany;
ambos@math.uni-heidelberg.de

There are numerous variants of E.M. Gold's model of language identi�cation in
the limit. In the �rst part of our talk we show that the most important of these
variants can be distinguished from each other by considering the identi�ability of the
variants of a single computably enumerable set A. In particular, we show that the
class of extensions of a c.e. set A obtained by adding at most one new element can be
explanatorily learned from informant if and only if A is autoreducible. In the second
part of our talk we discuss some relations between learnability of computable classes
of computably enumerable sets and the structure of their computable numberings.
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ON ALGEBRAS OF 3D QUATERNIONIC
HARMONIC FIELDS

Belishev M. I.

Saint-Petersburg Department of the Steklov Mathematical Institute RAS,
Saint-Petersburg, Russia; belishev@pdmi.ras.ru

The results of this talk are obtained in collaboration with A. F. Vakulenko.
A quaternionic �eld (q-�eld) is a pair p = {α, u} of a function α and a vector �eld

u given on a 3D compact Riemannian manifold Ω with the smooth boundary. The
space C(Ω) of continuous q-�elds with the norm ‖p‖ = supΩ[|α|2 + |u|2]

1
2 and point-

wise linear operations and H-like multiplication pp′ = {αα′−u ·u′, αu′+α′u+u∧u′}
is a noncommutative Banach algebra.

A q-�eld p is said to be harmonic (hq-�eld) if ∇α = curlu into Ω. The (sub)space
Q(Ω) ⊂ C(Ω) of hq-�elds does not constitute a (sub)algebra. However, under some
conditions on the metric,Q(Ω) may contain the commutative (so-called axial) algebras
Ae, which consist of the �elds of the form p = {ϕ,ψe}, where e = ∇τ with the relevant
distant function τ , and ∇ψ = e ∧∇ϕ, ∆ϕ = ∆ψ = 0 in Ω.

In R3, the q-�elds are identi�ed with H-valued functions. Let Q×(Ω) be the space
of continuous linear H-valued functionals on Q(Ω). The `quaternion' Dirac measures
δHm ∈ Q×(Ω) : δHm(p) = p(m) are multiplicative on the axial algebras. For Ω ⊂ R3

homeomorphic to a ball, we prove that

• span{Ae | e ∈ S2} is dense in Q(Ω), and

• any f ∈ Q×(Ω), which is multiplicative on a rich enough set of Ae, there exists
a unique m ∈ Ω such that f = δHm.

The latter fact provides a 3D-generalization of the classical result on the maximal
ideals of the algebra of functions continuous in the disk D = {z ∈ C | |z| 6 1} and
holomorphic into D.

Possible application of axial algebras to the impedance tomography problem on
3D-manifolds is discussed in [1].

REFERENCES

1. Belishev M. I., �On algebras of three-dimensional quaternionic harmonic �elds,�
arxiv.org/abs/1611.08523v2.
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WEAK SOLUTION APPROACH IN FLUID MECHANICS

Feireisl E.

Institute of Mathematics of the Academy of Sciences of the Czech Republic,
Prague, Czech Republic; feireisl@math.cas.cz

We discuss the approach to problems of compressible �uids based on oscillatory
(measure valued) solutions. These solutions are described by means of a parameterized
(Young) measure characterizing oscillations and a dissipation defect given by the
energy dissipation. We show that these solutions comply with the principle of weak-
strong uniqueness and present some applications to singular limits and numerical
analysis.

The research of E.F. leading to these results has received funding from the European

Research Council under the European Union's Seventh Framework Programme (FP7/2007�

2013)/ ERC Grant Agreement 320078. The Institute of Mathematics of the Academy of

Sciences of the Czech Republic is supported by RVO:67985840.
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SOME ASPECTS OF NONPARAMETRIC
ESTIMATION THEORY

Ibragimov I.A.

Saint-Petersburg Department of the Steklov Mathematical Institute RAS,
Saint-Petersburg, Russia; ibr32@pdmi.ras.ru

I. De�nition of nonparametric statistical problems: in this lectures (which I
address to the relatively broad mathematical audience) I understand such problems
as parametric ones but depending on an in�nite dimensional parameter. Moreover,
I suppose that the parameter belongs to a known subset of a space with su�ciently
nice topological structure (Hilbert, Banach, metric).

Examples:
1. Estimation of signals in additive Gaussian white noise;
2. Estimation of probability densities;
3. Estimation of intensity densities of Poisson random �elds.
II. How to construct �good� estimates?
1. General approach;
2. Entropy methods;
3. Projective estimates;
4. Kernel estimates;
Examples. Rate of convergence of di�erent estimates.
III. Bounds from below. We need such bounds to understand how good are esti-

mates we have constructed.
IV. Semi parametric models. I treat such problems as those where one needs to

estimate the value of a known function at an unknown parametric point.
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EXISTENCE OF SOLUTIONS FOR A PROBLEM OF
VISCOELASTIC MEDIA WITH MEMORY MOTION

Zvyagin V.G.

Voronezh State University, Voronezh, Russia; zvg_vsu@mail.ru

This is the joint work with Prof. V. P. Orlov.
Motion model with memory on �nite time interval

Integrating the Je�reys�Oldroyd rheological relation (1+λ d
dt )σ = 2ν(1+κν−1 d

dt )E

(where d
dt = ∂

∂t +
n∑
i=1

vi
∂
∂xi

, E = {Eij}ni,j=1, Eij = 1
2 ( ∂vi∂xj

+
∂vj
∂xi

) is the strain rate tensor

and λ, κ, ν are positive constants) along velocity �eld v, expressing σ from this
relationship and substituting it in the general equation of �uid motion, we get the
following initial-boundary value problem

∂v

∂t
+

n∑
i=1

vi
∂v

∂xi
− µ0∆v − µ1Div

∫ t

0

exp

(
s− t
λ

)
E(v) (s, z(s; t, x)) ds+∇p = f ; (1)

div v(t, x) = 0, (t, x) ∈ QT ; (2)

z(τ ; t, x) = x+

∫ τ

t

v (s, z(s; t, x)) ds, 0 6 t, τ 6 T, x ∈ Ω; (3)

v(0, x) = v0(x), x ∈ Ω; v(t, x) = 0, (t, x) ∈ [0, T ]× ∂Ω. (4)

Here the integral term in (1) takes into account the memory of the system. For
simplicity, we assume ρ = 1 in rheological relation and µ0 = 2κ, µ1 = 2(ν − κ).

Theorem 1. Let f = f1 + f2, where f1 ∈ L1(0, T ;H), f2 ∈ L2(0, T ;V −1), and
v0 ∈ H. Then there exists a weak solution of problem (1)�(4).

Motion model with memory on in�nite time interval

Let Q = (−∞, T ]×Ω, where T > 0, Ω ⊂ Rn, n = 2, 3, be a bounded domain with
boundary ∂Ω ⊂ C2. We consider in Q the problem

∂v

∂t
+

n∑
i=1

vi
∂v

∂xi
− µ0∆v− µ1Div

∫ t

−∞
exp

(
s− t
λ

)
E(v)(s, z(s; t, x))ds+∇p = f ; (5)

div v(t, x) = 0, (t, x) ∈ Q; v(t, x) = 0, (t, x) ∈ (−∞, T ]× ∂Ω; (6)

z(τ ; t, x) = x+

∫ τ

t

v(s, z(s; t, x))ds, t, τ ∈ (−∞, T ], x ∈ Ω. (7)

Theorem 2. Let f ∈ L2(−∞, T ;V −1). Then problem (5)�(7) has at least one
weak solution.

Fractional model of viscoelastic Voigt type �uid

Let Q = [0, T ] × Ω, where T > 0, Ω ⊂ Rn, n = 2, 3, be a bounded domain with
boundary ∂Ω ⊂ C2. We consider in Q the problem

∂v

∂t
+

n∑
i=1

vi
∂v

∂xi
−µ0∆v−µ1

1

Ã(1− α)
Div

∫ t

0

(t−s)−αE(v)(s, z(s; t, x))ds+∇p = f ; (8)

div v(t, x) = 0, (t, x) ∈ Q;
v(0, x) = v0(x), x ∈ Ω;
v(t, x) = 0, (t, x) ∈ [0, T ]× ∂Ω;

(9)

z(τ ; t, x) = x+

∫ τ

t

v(s, z(s; t, x))ds, t, τ ∈ [0, T ], x ∈ Ω. (10)

Theorem 3. Let f ∈ L2(0, T ;V −1). Then problem (8)�(10) has at least one weak
solution.
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Ñåêöèÿ 1. Àëãåáðà, òåîðèÿ ÷èñåë è ìàòåìàòè÷åñêàÿ ëîãèêà

ÎÑÍÎÂÛ ÒÅÎÐÈÈ ÑÒÅÏÅÍÍÛÕ MR-ÃÐÓÏÏ

Àìàãëîáåëè Ì. Ã.

Òáèëèññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.Èâ. Äæàâàõèøâèëè,
Òáèëèñè, Ãðóçèÿ; mikheil.amaglobeli@tsu.ge

Ïîíÿòèå ñòåïåííîé R-ãðóïïû (R � ïðîèçâîëüíîå àññîöèàòèâíîå êîëüöî ñ
åäèíèöåé) ââåäåíî Ð.Ëèíäîíîì â [1]. Â [2] À. Ã. Ìÿñíèêîâ è Â.Í. Ðåìåñëåííè-
êîâ óòî÷íèëè ïîíÿòèå R-ãðóïïû, ââåäÿ äîïîëíèòåëüíóþ àêñèîìó. Ýòî óòî÷íåíèå
ïðåäñòàâëÿåò åñòåñòâåííîå îáîáùåíèå ïîíÿòèÿ R-ìîäóëÿ íà ñëó÷àé íåêîììóòà-
òèâíûõ ãðóïï. Â ÷åñòü àâòîðîâ ýòîé ñòàòüè ãðóïïû ñ ýòîé àêñèîìîé â ñòàòüå
Ì. Ã.Àìàãëîáåëè [3] íàçâàíû MR-ãðóïïàìè. Äëÿ íèëüïîòåíòíûõ ãðóïï è áèíî-
ìèàëüíûõ êîëåö â [4] Ô.Õîëë ââ�åë êàòåãîðèþ R-ãðóïï, êîòîðàÿ îòëè÷àåòñÿ îò
êàòåãîðèè MR-ãðóïï.

Õîðîøî èçâåñòíà ðîëü òåíçîðíîãî ïðîèçâåäåíèÿ â êàòåãîðèè R-ìîäóëåé, â
÷àñòíîñòè, òåíçîðíîãî ðàñøèðåíèÿ êîëüöà ñêàëÿðîâ. Â [2] îïðåäåëåí òî÷íûé àíà-
ëîã ïîñëåäíåé êîíñòðóêöèè äëÿ ïðîèçâîëüíîéMR-ãðóïïû G � êîíñòðóêöèÿ òåí-
çîðíîãî ïîïîëíåíèÿ GS,µ, ãäå µ : R→ S � ãîìîìîðôèçì êîëåö.

Â äîêëàäå ïðåäëîæåí êîíêðåòíûé ñïîñîá ïîñòðîåíèÿ òåíçîðíîãî ïîïîëíåíèÿ,
èñïîëüçóþùèé òåõíèêó êîìáèíàòîðíîé òåîðèè ãðóïï. Êàê ñëåäñòâèå, ïîëó÷åíî
îïèñàíèå ñâîáîäíûõ MR-ãðóïï è ñâîáîäíûõ MR-ïðîèçâåäåíèé ∗

R
Gi íà ÿçûêå

ñâîáîäíûõ ãðóïïîâûõ êîíñòðóêöèé.
Òåîðåìà. Ïóñòü R � êîëüöî, ñîäåðæàùåå êîëüöî öåëûõ ÷èñåë Z â êà÷åñòâå

ïîäêîëüöà, Gi, i ∈ I � íåêîòîðîå ìíîæåñòâî MR-ãðóïï. Òîãäà:

1. ∗
R
Gi ∼= (∗Gi)R;

2. êàíîíè÷åñêîå îòîáðàæåíèå λ : ∗Gi → (∗Gi)R ÿâëÿåòñÿ âëîæåíèåì.
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Ïóñòü d � òüþðèíãîâà ñòåïåíü. Âû÷èñëèìàÿ ñòðóêòóðà S íàçûâàåòñÿ d-àâòî-
óñòîé÷èâîé, åñëè äëÿ ëþáîé âû÷èñëèìîé êîïèè A ñòðóêòóðû S ñóùåñòâóåò d-
âû÷èñëèìûé èçîìîðôèçì, äåéñòâóþùèé èç A íà S. Ñïåêòðîì àâòîóñòîé÷èâîñòè
ñòðóêòóðû S íàçûâàþò ìíîæåñòâî âñåõ ñòåïåíåé d òàêèõ, ÷òî S ÿâëÿåòñÿ d-
àâòîóñòîé÷èâîé. Â äîêëàäå áóäåò äàí îáçîð íåäàâíî ïîëó÷åííûõ ðåçóëüòàòîâ [1]�
[5] î ñïåêòðàõ àâòîóñòîé÷èâîñòè âû÷èñëèìûõ ñòðóêòóð.
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Ëîãè÷åñêèå ñèñòåìû, ìîäåëèðóþùèå ðàññóæäåíèÿ è ìíîãîàãåíòíóþ ñðåäó,
âû÷èñëåíèå èñòèííîñòíûõ çíà÷åíèé è ïðîöåññ ïðèíÿòèÿ ðåøåíèé àêòèâíî èñ-
ñëåäóþòñÿ â íàñòîÿùåå âðåìÿ è èìåþò áîëüøîå çíà÷åíèå â öåëîì ðÿäå îáëàñòåé
èíôîðìàòèêè [1].

Ïðîáëåìà óíèôèêàöèè, êîòîðóþ ìîæíî âûðàçèòü â âèäå âîçìîæíîñòè ïîëó÷å-
íèÿ òåîðåìû èç ôîðìóëû çàìåíîé ïåðåìåííûõ, âîçíèêëà â Computer Science [2], à
ïîçæå íàøëà ïðèìåíåíèå è â íåñòàíäàðòíûõ ëîãèêàõ. Çíà÷èòåëüíûå ðåçóëüòàòû
ïðèíàäëåæàò S. Ghilardi [3], ÷üÿ òåõíèêà, îñíîâàííàÿ íà ïðîåêòèâíûõ ôîðìó-
ëàõ, íåîäíîêðàòíî ïîêàçàëà ñâîþ ýôôåêòèâíîñòü, â òîì ÷èñëå, ñ âðåìåííûìè
ëîãèêàìè [4], [5], èìåþùèìè ìíîæåñòâî ïðèëîæåíèé [6]. Â [7] Â.Â. Ðûáàêîâûì
íàéäåí êðèòåðèé íåóíèôèöèðóåìîñòè ôîðìóë è ïîñòðîåí êîíå÷íûé áàçèñ ïàñ-
ñèâíûõ ïðàâèë äëÿ ðàñøèðåíèé S4 è K4 + {�⊥ ≡ ⊥}. Èñïîëüçóÿ òó æå òåõíèêó,
â [8], [9] èññëåäîâàíû ìíîãîàãåíòíûå ëîãèêè LT K,LFPK.

Â äàííîé ðàáîòå íàìè èññëåäóåòñÿ óíèôèêàöèÿ â ëîãèêàõ ñ âûðàçèìîé óíè-
âåðñàëüíîé ìîäàëüíîñòüþ. Íàéäåíî ñèíòàêñè÷åñêîå îïèñàíèå äëÿ âñåõ íåóíèôè-
öèðóåìûõ ôîðìóë, à òàêæå áàçèñû ïàññèâíûõ ïðàâèë âûâîäà â òàêèõ ëîãèêàõ.

ËÈÒÅÐÀÒÓÐÀ

1. Van der Hoek W., Wooldridge M. Logics for Multi-Agent Systems // In G. Weiss, editor,
Multi-Agent Systems (second edition). MIT Press, 2013. P. 671�810.

2. Baader F., Snyder W. Uni�cation theory. In: Robinson J., Voronkov A., editors //
Handbook of Automated Reasoning. I. Elsevier Science Publ., 2001. P. 447�533.

3. Ghilardi S. Uni�cation Through Projectivity // J. of Logic and Computation. 1997. V. 7,
No 6. P. 733�752.

4. Rybakov V.V. Projective formulas and uni�cation in linear temporal logic LTLU // Logic
Journal of the IGPL. 2014. V. 22, No 4. P. 665�672.

5. Bashmakov S.I., Kosheleva A.V., Rybakov V. Projective formulas and uni�cation in
linear discrete temporal multi-agent logics // Sib. Elect. Math. Reports. 2016. V. 13.
P. 923�929.

6. Manna Z., Pnueli A. The Temporal Logic of Reactive and Concurrent Systems:
Speci�cation. Springer, 1992.

7. Rybakov V.V., Terziler M., Gencer C. An essay on uni�cation and inference rules for
modal logics // Bulletin of the Section of Logic. 1999. V. 28, No 3. P. 145�157.

8. Bashmakov S.I. Uni�cation and inference rules in the multi-modal logic of knowledge
and linear time LTK // SibFU Journal. Mathematics and Physics. 2016. V. 9, No 2.
P. 148�156.

9. Bashmakov S.I., Kosheleva A.V., Rybakov V. Non-uni�ability in linear temporal logic of
knowledge with multi-agent relations // Sib. Elect. Math. Reports. 2016. V. 13. P. 656�
663.

67



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

Î ÌÓËÜÒÈÔÀÊÒÎÐÈÇÓÅÌÛÕ ÊÎÍÅ×ÍÛÕ
ÃÐÓÏÏÀÕ

Âàñèëüåâ À.Ô.1, Áàëû÷åâ Ñ.Â.2

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ô. Ñêîðèíû,
Ãîìåëü, Ðåñïóáëèêà Áåëàðóñü;

1formation56@mail.ru, 2sergey.baluchev@gmail.com

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ãðóïïà G ÿâëÿåòñÿ ïðîèçâåäåíè-
åì ïîïàðíî ïåðåñòàíîâî÷íûõ ïîäãðóïï A1, A2, . . . , An, åñëè G = A1A2 · · ·An è
AiAj = AjAi äëÿ âñåõ öåëûõ i è j ñ 1 ≤ i, j ≤ n. Â ýòîì ñëó÷àå äëÿ ëþáîãî
íàáîðà èíäåêñîâ 1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n ïðîèçâåäåíèå Ai1Ai2 · · ·Aik áóäåò
ïîäãðóïïîé ãðóïïû G.

Â íàñòîÿùåì ñîîáùåíèè ìû ïðîäîëæàåì èññëåäîâàíèÿ ðàáîòû [1], ðåøàÿ ñëå-
äóþùóþ çàäà÷ó. Ïóñòü F � êëàññ ãðóïï. Íàéòè ïîäõîäÿùèé êëàññ ãðóïï X ⊇ F,
òàêîé, ÷òî X ñîäåðæèò âñÿêóþ ãðóïïó G = A1A2 · · ·An, ãäå A1, A2, . . . , An �
ïîïàðíî ïåðåñòàíîâî÷íûå ïîäãðóïïû G è êàæäîå ïðîèçâåäåíèå íå áîëåå ÷åì k
ïîäãðóïï Ai ñîäåðæèòñÿ â êëàññå F.

Îïðåäåëåíèå. Ïóñòü F è X � êëàññû ãðóïï, ïðè÷åì F ⊆ X, k � íàòóðàëü-
íîå ÷èñëî. Áóäåì ãîâîðèòü, ÷òî êëàññ F èìååò ñâîéñòâî P

X
k , åñëè âñÿêàÿ ãðóï-

ïà G, ïðåäñòàâèìàÿ â âèäå ïðîèçâåäåíèÿ ïîïàðíî ïåðåñòàíîâî÷íûõ ïîäãðóïï
A1, A2, . . . , An òàêèõ, ÷òî äëÿ êàæäîãî âûáîðà èíäåêñîâ i ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n
ïîäãðóïïà Ai1Ai2 · · ·Aik ∈ F, ïðèíàäëåæèò êëàññó X.

Â êëàññå ðàçðåøèìûõ ãðóïï ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà 1. Ïóñòü F = LF (f) è X = LF (h) � íàñëåäñòâåííûå ëîêàëüíûå

ôîðìàöèè, ãäå f è h � ìàêñèìàëüíûå âíóòðåííèå ëîêàëüíûå ýêðàíû F è X ñî-
îòâåòñòâåííî, ïðè÷åì F ⊆ X, è k � íàòóðàëüíîå ÷èñëî, k ≥ 2. Òîãäà è òîëüêî

òîãäà ôîðìàöèÿ F îáëàäàåò ñâîéñòâîì P
X
k , êîãäà f(p) îáëàäàåò ñâîéñòâîì P

h(p)
k−1

äëÿ ëþáîãî ïðîñòîãî p.
Ñ ïîìîùüþ ýòîé òåîðåìû íàéäåíà ¾äîñòàòî÷íî ìàëåíüêàÿ¿ ðàçðåøèìàÿ íà-

ñëåäñòâåííàÿ ëîêàëüíàÿ ôîðìàöèÿ X, äëÿ êîòîðîé ôîðìàöèÿ U âñåõ ñâåðõðàçðå-
øèìûõ ãðóïï îáëàäàåò ñâîéñòâîì P

X
2 .

Ïóñòü ãðóïïà G = A1A2 · · ·An � ïðîèçâåäåíèå ïîïàðíî ïåðåñòàíîâî÷íûõ ïîä-
ãðóïï A1, A2, . . . , An. Â [2, òåîðåìà VI, 10.2] Õóïïåðò ïîêàçàë, ÷òî G ñâåðõðàçðå-
øèìà, åñëè êàæäîå ïðîèçâåäåíèå AiAjAk ñâåðõðàçðåøèìî. Â [3] Ë.Ñ. Êàçàðèí
óñòàíîâèë, ÷òî åñëè êàæäîå ïðîèçâåäåíèå AiAj ðàçðåøèìî, òî è G ðàçðåøèìà.

Òåîðåìà 2. Ïóñòü ãðóïïà G = A1A2 · · ·An � ïðîèçâåäåíèå ïîïàðíî ïåðåñòà-
íîâî÷íûõ ïîäãðóïï A1, A2, . . . , An. Åñëè AiAj � ñâåðõðàçðåøèìàÿ ïîäãðóïïà äëÿ
âñåõ 1 ≤ i, j ≤ n è êîììóòàíò G′ íèëüïîòåíòåí, òî G ñâåðõðàçðåøèìà.
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Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ñîãëàñíî [1] ïîäãðóïïû A è B
ãðóïïû G íàçûâàþòñÿ âçàèìíî ïåðåñòàíîâî÷íûìè, åñëè A ïåðåñòàíîâî÷íà ñ êàæ-
äîé ïîäãðóïïîé èç B è B ïåðåñòàíîâî÷íà ñ êàæäîé ïîäãðóïïîé èç A. Èçó÷åíèþ
ãðóïï, ïðåäñòàâèìûõ ïðîèçâåäåíèåì ñâîèõ âçàèìíî ïåðåñòàíîâî÷íûõ ïîäãðóïï,
ïîñâÿùåíû ìíîãî÷èñëåííûå ðàáîòû ðàçëè÷íûõ àâòîðîâ. Îñíîâíûå ðåçóëüòàòû,
ïîëó÷åííûå â ýòîì íàïðàâëåíèè äî 2010 ãîäà, èçëîæåíû â ìîíîãðàôèè [1].

Îïðåäåëåíèå [2]. Ïóñòü F è X � êëàññû ãðóïï, ïðè÷åì F ⊆ X. Êëàññ F
íàçûâàåòñÿ MP -çàìêíóòûì â X, åñëè F ñîäåðæèò âñÿêóþ X-ãðóïïó G = AB, ãäå
A è B � âçàèìíî ïåðåñòàíîâî÷íûå F-ïîäãðóïïû ãðóïïû G.

Ïóñòîé êëàññ ñ÷èòàåòñÿ MP -çàìêíóòûì â ëþáîì êëàññå ãðóïï X.
Ïðîáëåìà. Ïóñòü F � ôîðìàöèÿ (êëàññ Ôèòòèíãà, êëàññ Øóíêà) è X � êëàññ

ãðóïï, ïðè÷åì F ⊆ X. Äëÿ äàííîãî êëàññà X îïèñàòü âñå ôîðìàöèè (êëàññû
Ôèòòèíãà, êëàññû Øóíêà) F, MP -çàìêíóòûå â X.

Òåîðåìà. Ïóñòü X è F � íàñûùåííûå ôîðìàöèè, ñîäåðæàùèå âñå ñâåðõðàç-
ðåøèìûå π-ãðóïïû äëÿ π = π(F), ïðè÷åì F ⊆ X. Ïóñòü H è F � ìàêñèìàëüíûå
âíóòðåííèå ëîêàëüíûå ýêðàíû X è F ñîîòâåòñòâåííî. Ôîðìàöèÿ F ÿâëÿåòñÿ MP -
çàìêíóòîé â X òîãäà è òîëüêî òîãäà, êîãäà F (p) MP -çàìêíóòà â H(p) äëÿ ëþáîãî
ïðîñòîãî p.

Ñëåäñòâèå 1 [3]. Ïóñòü G = AB � ïðîèçâåäåíèå âçàèìíî ïåðåñòàíîâî÷íûõ
ñâåðõðàçðåøèìûõ ïîäãðóïï A è B. Åñëè êîììóòàíò G′ íèëüïîòåíòåí, òî G ñâåðõ-
ðàçðåøèìà.

Â ðàáîòå [4] áûë èññëåäîâàí êëàññ âñåõ ãðóïï, ó êîòîðûõ ëþáàÿ ïîäãðóïïà
Øìèäòà ÿâëÿåòñÿ ñâåðõðàçðåøèìîé, è, â ÷àñòíîñòè, áûëî óñòàíîâëåíî, ÷òî ýòîò
êëàññ ÿâëÿåòñÿ íàñëåäñòâåííîé íàñûùåííîé ôîðìàöèåé Ôèòòèíãà, ñîäåðæàùåé
âñå ñâåðõðàçðåøèìûå ãðóïïû.

Ñëåäñòâèå 2. Ïóñòü ãðóïïà G = AB � ïðîèçâåäåíèå âçàèìíî ïåðåñòàíîâî÷-
íûõ ïîäãðóïï A è B. Åñëè â A è B ëþáàÿ ïîäãðóïïà Øìèäòà ÿâëÿåòñÿ ñâåðõ-
ðàçðåøèìîé, òî ëþáàÿ ïîäãðóïïà Øìèäòà ãðóïïû G ñâåðõðàçðåøèìà.
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Ýëåìåíò x ðåøåòêè 〈L;∨,∧〉 íàçûâàåòñÿ ìîäóëÿðíûì, åñëè

∀y, z ∈ L : y ≤ z −→ (x ∨ y) ∧ z = (x ∧ z) ∨ y

è ñîêðàòèìûì, åñëè

∀y, z ∈ L : x ∨ y = x ∨ z & x ∧ y = x ∧ z −→ y = z.

Ëåãêî çàìåòèòü, ÷òî ëþáîé ñîêðàòèìûé ýëåìåíò ÿâëÿåòñÿ ìîäóëÿðíûì. Íåêîòî-
ðóþ èíôîðìàöèþ î ìîäóëÿðíûõ è ñîêðàòèìûõ ýëåìåíòàõ â àáñòðàêòíûõ ðåøåò-
êàõ ìîæíî íàéòè â [2].

Ìû ïðîäîëæàåì èçó÷åíèå ñïåöèàëüíûõ ýëåìåíòîâ â ðåøåòêå SEM âñåõ ìíîãî-
îáðàçèé ïîëóãðóïï. Îáøèðíóþ èíôîðìàöèþ î ïðîâåäåííûõ â ýòîì íàïðàâëåíèè
èññëåäîâàíèÿõ ìîæíî íàéòè â îáçîðå [5]. Ìîäóëÿðíûå ýëåìåíòû ðåøåòêè SEM
èçó÷àëèñü â [1], [3], [4]. Â ÷àñòíîñòè, â [4] áûëî ïîëó÷åíî ïîëíîå îïèñàíèå êîììó-
òàòèâíûõ ìíîãîîáðàçèé ïîëóãðóïï, ÿâëÿþùèõñÿ ìîäóëÿðíûìè ýëåìåíòàìè ðå-
øåòêè SEM. Â äàííîé ðàáîòå ïîëó÷åíî îïèñàíèå êîììóòàòèâíûõ ìíîãîîáðàçèé
ïîëóãðóïï, ÿâëÿþùèõñÿ ñîêðàòèìûìè ýëåìåíòàìè ýòîé ðåøåòêè.

×åðåç T è SL áóäåì îáîçíà÷àòü òðèâèàëüíîå ìíîãîîáðàçèå è ìíîãîîáðàçèå
ïîëóðåøåòîê ñîîòâåòñòâåííî.

Òåîðåìà. Äëÿ êîììóòàòèâíîãî ìíîãîîáðàçèÿ ïîëóãðóïï V ñëåäóþùèå óñëî-
âèÿ ýêâèâàëåíòíû:

(à) V � ñîêðàòèìûé ýëåìåíò ðåøåòêè SEM;
(á) V � ìîäóëÿðíûé ýëåìåíò ðåøåòêè SEM;
(â) V = M ∨N, ãäå M îäíî èç ìíîãîîáðàçèé T èëè SL, à N óäîâëåòâîðÿåò

òîæäåñòâàì x2y = 0 è xy = yx.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ (ïðîåêò

� 1.6018.2017) è ÐÔÔÈ (ãðàíò � 17-01-00551).
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ÒÈÏÀÕ Â ÌÍÎÃÎÑÎÐÒÍÛÕ ÌÍÎÃÎÇÍÀ×ÍÛÕ
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Âèêåíòüåâ À.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
Íîâîñèáèðñê, Ðîññèÿ; vikent@math.nsc.ru

Äîêëàä ïîñâÿùåí îáîáùåíèþ è óòî÷íåíèþ ðåçóëüòàòîâ è òåîðåì î äâóêàð-
äèíàëüíûõ (áîãàòûõ) ìíîæåñòâàõ òèïîâ, äîêàçàííûõ ðàíåå â ñòàáèëüíîì ñëó÷àå
èëè ñ óñëîâèÿìè ñòàáèëüíîñòè (íåêîòîðûå èç íèõ âîøëè â äèññåðòàöèþ àâòîðà
�Òåîðèè ñ ïîêðûòèåì è ôîðìóëüíûå ïîäìíîæåñòâà�, ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñê,
1992 ã., 134 ñ.) äëÿ ñåìåéñòâ ôîðìóë, à òàêæå îïóáëèêîâàíû â ñáîðíèêå, ïîñâÿ-
ùåííîì 90-ëåòèþ àêàäåìèêà À.Ä. Òàéìàíîâà �Two cardinal theorems for sets of
types in stable theory�, Êàçàõñòàí, Àëìà-Àòà, 2007, ñ. 67�69, áûëè äîëîæåíû â
Àëìà-Àòå è Íîâîñèáèðñêå íà åæåãîäíûõ Ìàëüöåâñêèõ ÷òåíèÿõ ñ 2006 ã., â òîì
÷èñëå ê 100-ëåòèþ àêàäåìèêà À.È. Ìàëüöåâà è äð. Íà ñëó÷àé áîãàòûõ ñåìåéñòâ
òèïîâ íàä ïàðàìåòðàìè ìîäåëè ìíîãîñîðòíîé ìíîãîçíà÷íîé òåîðèè ñ êîìïàêò-
íûìè (íàñûùåííûìè, îäíîðîäíûìè) èçìåðèìûìè è âû÷èñëèìûìè ìîäåëÿìè ñî
ñâîéñòâîì îòäåëèìîñòè íîâûõ ýëåìåíòîâ, ðåàëèçóþùèõ âû÷èñëèìûå òèïû (íàä
ìàëûìè ïîäìíîæåñòâàìè ìîäåëè) ñîâìåñòíûõ ñ ýòèìè ìíîæåñòâàìè, îò ýëåìåí-
òîâ âëîæåííîé ìîäåëè è íàëè÷èÿ ðåàëèçàöèé â áîëüøåé (ñ áîãàòûì ñåìåéñòâîì)
ìîäåëè âïîëíå îïðåäåëèìûõ, âû÷èñëèìûõ (ñòàáèëüíûõ) òèïîâ èëè íåðàçëè÷è-
ìûõ ýëåìåíòîâ. Ñòàáèëüíîñòü òåîðèé íå ïðåäïîëàãàåòñÿ, à íåêîòîðûå èçâåñòíûå
òåîðåìû â îáû÷íîì ñëó÷àå ïîëó÷àþòñÿ êàê ñëåäñòâèÿ.

Ïðîäîëæåíî èçó÷åíèå ÷èñëà äâóêàðäèíàëüíûõ ìîäåëåé â êëàññå òåîðèé ñ ïî-
êðûòèÿìè, ââåäåííûõ àâòîðîì. Ðàññìîòðåíû âîïðîñû îïðåäåëèìîñòè ñèñòåì ñ
ìåòðèêîé â íàñëåäñòâåííî êîíå÷íûõ íàäñòðîéêàõ, è î ìîùíîñòÿõ òèïîâî îïðå-
äåëèìûõ ïîäìíîæåñòâ è èõ ñâîéñòâ äâóêàðäèíàëüíîñòè. Èíòåðåñ ê ýòèì âîïðî-
ñàì è òàêèì ìîäåëÿì èìååò è ïðèêëàäíîé õàðàêòåð â ïîèñêå íàèáîëåå èíôîðìà-
òèâíûõ (íåòðèâèàëüíûõ) òèïîâ ïðèêëàäíîé òåîðèè, ëîãè÷åñêèõ çàêîíîìåðíîñòåé
äëÿ êëàñòåðèçàöèè è óïîðÿäî÷åíèÿ òàêèõ �çíàíèé� ñ ïîìîùüþ ïðèâëå÷åíèÿ êî-
íå÷íûõ, ìåòðè÷åñêèõ èëè èçìåðèìûõ ñèñòåì è ðàññòîÿíèé ìåæäó ìíîæåñòâàìè
ìîäåëåé. Âñå ýòî ñëóæèò äëÿ ââåäåíèÿ íîâûõ ìåòðèê íà êëàññàõ íåýêâèâàëåíò-
íûõ ôîðìóë, ëîãè÷åñêèõ âûñêàçûâàíèé ýêñïåðòîâ èëè òèïîâ (ñîâìåñòíûõ ñîâî-
êóïíîñòåé âûñêàçûâàíèé) íà èçìåðèìûõ ïîäêëàññàõ èçìåðèìûõ, âû÷èñëèìûõ
(ìåòðè÷åñêèõ, èçìåðèìûõ) ìîäåëåé, íåîáõîäèìûõ äëÿ ðàçðàáîòêè àëãîðèòìîâ
ðàñïîçíàâàíèÿ îáðàçîâ, ïîèñêà çàêîíîìåðíîñòåé, îáíàðóæåíèÿ ðåäêèõ ñîáûòèé
è êëàñòåðèçàöèè ìíîãîçíà÷íûõ ôîðìóë-çíàíèé â ëîãèêàõ Ëóêàñåâè÷à. Íàéäåíû
ðàçëè÷íûå òåîðåòèêî-ìîäåëüíûå íîâûå ìåòðèêè, ðàçðàáîòàíû ìåòîäû êëàñòåðè-
çàöèè ïî ìåòðèêàì äëÿ êîíå÷íûõ ìíîæåñòâ ôîðìóë â ðàçëè÷íûõ ëîãè÷åñêèõ
èñ÷èñëåíèÿõ ñ ïðèâëå÷åíèåì ðàçëè÷íûõ ïîäêëàññîâ ìîäåëåé, èçó÷åíû ðàçëè÷-
íûå èíäåêñû êà÷åñòâà äëÿ ñðàâíåíèé è ñïîñîáû ââåäåíèÿ êîëëåêòèâíûõ ìåòðèê.
Ïðîâåäåíû ìîäåëüíûå ýêñïåðèìåíòû ñ ïîìîùüþ ðàçðàáîòàííîé ïðîãðàììû, ïîä-
äåðæèâàþùåé âñå íåîáõîäèìûå àëãîðèòìû è íàõîæäåíèå ïî ðàññòîÿíèÿì êëàñòå-
ðèçàöèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò 14-01-00358).
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Â äîêëàäå áóäåò ðàññêàçàíî îá îáîáùåíèÿõ êëàññè÷åñêîãî ñïàðèâàíèÿ Ãèëü-
áåðòà ëîêàëüíîãî ïîëÿ íà ôîðìàëüíûå ìîäóëè, îïðåäåë¼ííûå íà ìàêñèìàëüíîì
èäåàëå ïîëÿ ñ ïîìîùüþ ðàçëè÷íîãî òèïà ôîðìàëüíûõ ãðóïï. Òî÷íåå, ïóñòü K �
ëîêàëüíîå ïîëå, M � ìàêñèìàëüíûé èäåàë è F (X,Y ) � ôîðìàëüíàÿ ãðóïïà,
çàäàííàÿ íà êîëüöå öåëûõ Ok ïîäïîëÿ k â K. Ïóñòü F (M) � ôîðìàëüíûé ìî-
äóëü, ñîäåðæàùèé ÿäðî èçîãåíèè Ker[(π)n], ãäå π � ïðîñòîé ýëåìåíò ïîëÿ k. Ìû
ðàññìàòðèâàåì êîñîñèììåòðè÷åñêîå ñïàðèâàíèå

( , )F,n : F (M)× F (M)→ Ker[(π)n].

Äëÿ ýòîãî ñïàðèâàíèÿ äëÿ ìóëüòèïëèêàòèâíîé ôîðìàëüíîé ãðóïïû X + Y +
cXY , à òàêæå äëÿ ôîðìàëüíîé ãðóïïû Ëþáèíà � Òåéòà íàõîäÿòñÿ ÿâíûå ôîð-
ìóëû â ðàáîòå [1]. Â äîêëàäå ðàññêàçûâàåòñÿ êàê ýòè ÿâíûå ôîðìóëû è ÿâíûå
ôîðìóëû äëÿ êëàññè÷åñêîãî ñèìâîëà Ãèëüáåðòà (íàéäåííûå â ðàáîòå [2]) ïðèìå-
íÿþòñÿ äëÿ êîíñòðóêòèâíîãî ïîñòðîåíèÿ òåîðèè ïîëåé êëàññîâ äëÿ ëîêàëüíîãî
ïîëÿ è ôîðìàëüíûõ ìîäóëåé. Ýòè ïîñòðîåíèÿ ìîæíî ïðèìåíÿòü òàêæå è ê ïî-
ñòðîåíèþ òàêîé æå òåîðèè â ýëëèïòè÷åñêèõ êðèâûõ, ñâÿçàííûõ ñ ñîîòâåòñòâóþ-
ùèìè ôîðìàëüíûìè ãðóïïàìè.

ËÈÒÅÐÀÒÓÐÀ
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Ìíîæåñòâî êëàññè÷åñêèõ íåðàâåíñòâ, òàêèõ êàê íåðàâåíñòâà Íüþòîíà, íåðà-
âåíñòâî Ãðàìà, íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî � Øâàðöà, íåðàâåíñòâà ×å-
áûøåâà, Ãðþñà, Îñòðîâñêîãî è íåêîòîðûå äðóãèå, ñëåäóþò èç òåõ èëè èíûõ çà-
ìå÷àòåëüíûõ òîæäåñòâ. Â ýòîé ñâÿçè îñîáóþ ðîëü ñûãðàëè çíàìåíèòîå òîæäå-
ñòâî Áèíå � Êîøè è ìíîæåñòâî åãî ÷àñòíûõ ñëó÷àåâ, òàêèõ êàê òîæäåñòâà Êî-
øè � Ëàãðàíæà, Àíäðååâà, Êîðêèíà, Ñîíèíà è íåêîòîðûå èõ ìîäèôèêàöèè. Âîò
íåñêîëüêî ïðèìåðîâ.

Ïðèìåð 1. (Íåðàâåíñòâà Íüþòîíà)∣∣∣∣ pi−1 pi
pi pi+1

∣∣∣∣ ≤ 0, i = 1, . . . , n− 1,

ñëåäóþùèå èç ÷àñòíîãî ñëó÷àÿ i = 1 ñ ïðèìåíåíèåì òåîðåìû Ðîëëÿ. Â ñâîþ
î÷åðåäü, ñëó÷àé i = 1 ñâîäèòñÿ ê òîæäåñòâó∣∣∣∣ p0 p1

p1 p2

∣∣∣∣ = − 1

n(n− 1)

∑
i<j

(xi − xj)2 ≤ 0.

Ïðèìåð 2. (Íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî � Øâàðöà)∣∣∣∣ ∑x2
i

∑
xiyi∑

xiyi
∑
y2
i

∣∣∣∣ =
∑
i<j

∣∣∣∣ xi xj
yi yj

∣∣∣∣2 ≥ 0.

Ïðèìåð 3. (Íåðàâåíñòâà ×åáûøåâà)∣∣∣∣ n
∑
xi∑

yi
∑
xiyi

∣∣∣∣ =
∑
i<j

(xi − xj)(yi − yj) ≥ 0,

åñëè {xi} è {yi} � ñèíõðîííûå n-ïîñëåäîâàòåëüíîñòè äåéñòâèòåëüíûõ ÷èñåë.
Â äàííîé ðàáîòå èçëîæåíû ðåçóëüòàòû ìíîãîëåòíèõ èçûñêàíèé àâòîðà ïî

îáîáùåíèþ õîðîøî èçâåñòíûõ è ñðàâíèòåëüíî íåäàâíî ïîëó÷åííûõ äåòåðìèíàíò-
íûõ òîæäåñòâ è íåðàâåíñòâ íà ìíîãîìåðíûå îïðåäåëèòåëè. Â ÷àñòíîñòè, ñïðàâåä-
ëèâû ñëåäóþùèå íåðàâåíñòâà, îáîáùàþùèå ïåðâûå äâà èç âûøåïðèâåä¼ííûõ.

Ïðèìåð 4. (Îáîáù¼ííûå íåðàâåíñòâà Íüþòîíà)

(−1)l
2l∑
k=0

(−1)k
(

2l

k

)
pkp2l−k = (−1)lK(l, n)

∑
(xj1 − xj2)2 · · · (xj2l−1

− xj2l)2 ≥ 0.

Ïðèìåð 5. (Îáîáù¼ííûå íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî � Øâàðöà)∣∣∣< ~x(i1)| · · · |~x(i2l) >
∣∣∣
i1,...,i2l=1,...,n

=
∑

k1<···<k2l<n

(det(x
(i)
kj

))2l ≥ 0.

Ïðåäñòàâëåíû òàêæå ìåòîäû âûâîäà íîâûõ òîæäåñòâ è äîêàçàòåëüñòâà íåðà-
âåíñòâ, íå èìåþùèõ êëàññè÷åñêèõ àíàëîãîâ. Íàéäåíû ðàçëè÷íûå ïðèëîæåíèÿ
â àëãåáðå, òåîðèè ÷èñåë, ãåîìåòðèè è àíàëèçå.
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Ïðè îáðàáîòêå äàííûõ è ðàçðàáîòêå ìåòîäîâ öèôðîâûõ òåõíîëîãèé â íàè-
áîëüøåé ìåðå âîçíèêàåò ðÿä ëîãè÷åñêèõ ïðîáëåì. Èìåííî â ýòîé ñâÿçè â ïî-
ñëåäíèå ãîäû ðàçâèâàþòñÿ èññëåäîâàíèÿ, îðèåíòèðîâàííûå íà ïðèìåíåíèå ëî-
ãè÷åñêèõ ìåòîäîâ â Computer Science. Â ðàáîòàõ [1], [2] áûëà ïðåäëîæåíà êîí-
ñòðóêöèÿ ïîñòðîåíèÿ ÿçûêà ïðîãðàììèðîâàíèÿ ëîãè÷åñêîãî òèïà äëÿ ïîñòðîå-
íèÿ ñèñòåì ïðîãðàììèðîâàíèÿ ïî óïðàâëåíèþ ñëîæíûìè ñèñòåìàìè, â êîòîðûõ
óñëîâèÿ óïðàâëåíèÿ â ðàçëè÷íûõ óñëîâèÿõ çàâèñÿò îò ðàçëè÷íîãî òèïà âõîäíûõ
äàííûõ, êîòîðûå ïðåäñòàâëÿþòñÿ ôîðìàëèçìàìè ëîãè÷åñêîãî òèïà íà îñíîâå ëî-
ãè÷åñêèõ ñòðóêòóð. Äëÿ ïîñòðîåíèÿ òàêîé ñèñòåìû Þ.Ë. Åðøîâûì [3]�[5] ðàñ-
ñìàòðèâàëàñü íàäñòðîéêà èç íàñëåäñòâåííî êîíå÷íûõ ìíîæåñòâ. Ñ òî÷êè çðåíèÿ
ïîñòðîåíèÿ ÿçûêà ïðîãðàììèðîâàíèÿ ïîäõîä íà îñíîâå ñïèñî÷íîé íàäñòðîéêè
ïðåäñòàâëÿåòñÿ áîëåå åñòåñòâåííûì.

Ïðåäñòàâëåíî îáîãàùåíèå äëÿ ïîñòðîåíèÿ òåðìîâ êîíñòðóêöèÿìè óñëîâíîãî
îïðåäåëåíèÿ íîâûõ òåðìîâ, ïðè ýòîì âîçíèêàþò íîâûå âîçìîæíîñòè ïîñòðîåíèÿ
Σ è ∆0 ôîðìóë. Ïîêàçàíî, ÷òî ïðè ýòîì ðàñøèðåíèè âîçìîæíîñòè îïèñàíèÿ îòíî-
øåíèé ∆0 ôîðìóëàìè íå óâåëè÷èâàþòñÿ, ðàñøèðåíèå æå ðåêóðñèåé ïî ñïèñêàì
ðàñøèðÿåò êëàññ ∆0-îïðåäåëèìûõ îòíîøåíèé, íî íå èçìåíÿåò âûðàçèòåëüíûå
âîçìîæíîñòè Σ-ôîðìóë. Ïîñòðîåíû ðåêóðñèâíûå òåðìû, îáëàäàþùèå áîëüøèìè
âûðàçèòåëüíûìè âîçìîæíîñòÿìè. Îáñóæäàþòñÿ âîïðîñû öèôðîâîãî ïðåäñòàâëå-
íèÿ íàäñòðîéêè ñïèñî÷íîé äëÿ âû÷èñëèìûõ ìîäåëåé ïîëèíîìèàëüíîé ñëîæíîñòè
ñ ñîõðàíåíèåì ïîëèíîìèàëüíîñòè è ïîëèíîìèàëüíîñòè ïðîâåðêè èñòèííîñòè ∆0

ôîðìóë. Çàìåòèì, ÷òî êàê ïîêàçàë Í. Áàæåíîâ, óæå äàæå íà ïåðâîì óðîâíå ñïèñ-
êîâ ñâîéñòâî àâòîìàòíîñòè íå ñîõðàíÿåòñÿ [6].
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Ïóñòü A � àëãåáðà ìíîãîîáðàçèÿ Var. Ëèíåéíûé îïåðàòîð R íà A íàçûâàåòñÿ
îïåðàòîðîì Ðîòà � Áàêñòåðà, åñëè äëÿ ëþáûõ x, y ∈ A âûïîëíåíî

R(x)R(y) = R(R(x)y + xR(y) + xy).

Â òàêîì ñëó÷àå àëãåáðà A íàçûâàåòñÿ Var-àëãåáðîé Ðîòà � Áàêñòåðà. Ìíîãîîá-
ðàçèå âñåõ Var-àëãåáð Ðîòà � Áàêñòåðà îáîçíà÷èì ÷åðåç RBVar.

Ïðåëèåâû àëãåáðû áûëè íåçàâèñèìî ââåäåíû Êîæóëåì, Âèíáåðãîì è Ãåðøòåí-
õàáåðîì â 1960-õ ãîäàõ, òàêèå àëãåáðû çàäàþòñÿ òîæäåñòâîì (xy)z − x(yz) =
(yx)z − y(xz). Â 1990-x è 2000-õ ãîäàõ Ëîäåé îïðåäåëèë ïðåêîììóòàòèâíûå è
ïðåàññîöèàòèâíûå àëãåáðû. Â [1] è [2] áûëè äàíû ýêâèâàëåíòíûå îïðåäåëåíèÿ
ïðå-Var-àëãåáðû äëÿ ëþáîãî ìíîãîîáðàçèÿ Var. Îáîçíà÷èì ÷åðåç preVar ìíîãî-
îáðàçèå âñåõ ïðå-Var-àëãåáð.

Àãóèàð â 2000 ã. çàìåòèë [3], ÷òî àññîöèàòèâíàÿ àëãåáðà Ðîòà � Áàêñòåðà îò-
íîñèòåëüíî îïåðàöèé x � y = R(x)y, x ≺ y = xR(y) ÿâëÿåòñÿ ïðåàññîöèàòèâíîé
àëãåáðîé. Â [1] ýòîò ôàêò áûë îáîáùåí íà ïðîèçâîëüíîå ìíîãîîáðàçèå Var. Â [4]
áûëà äîêàçàíà

Òåîðåìà. Ëþáàÿ ïðå-Var-àëãåáðà èíúåêòèâíî âêëàäûâàåòñÿ â Var-àëãåáðó
Ðîòà � Áàêñòåðà.

Â ðàáîòå íàéäåí áàçèñ óíèâåðñàëüíîé îáåðòûâàþùåé àëãåáðû Ðîòà � Áàêñòå-
ðà (ñîîòâåòñòâóþùåãî ìíîãîîáðàçèÿ) êîììóòàòèâíûõ, àññîöèàòèâíûõ è ëèåâûõ
ïðåàëãåáð. Äëÿ îïèñàíèÿ áàçèñà â ëèåâîì ñëó÷àå èñïîëüçóåòñÿ êîíñòðóêöèÿ ñâî-
áîäíîé ëèåâîé àëãåáðû Ðîòà � Áàêñòåðà [5], [6].

Äîêàçàíî, ÷òî ïàðà ìíîãîîáðàçèé (RBLie,preLie) â îòëè÷èå îò (RBAs,preAs)
è (RBCom,preCom) ÿâëÿåòñÿ PBW-ïàðîé [7]. Äîêàçàíà íåøðàéåðîâîñòü ìíîãî-
îáðàçèé êîììóòàòèâíûõ, àññîöèàòèâíûõ è ëèåâûõ àëãåáð Ðîòà � Áàêñòåðà.

Àíàëîãè÷íûå çàäà÷è áûëè ðàññìîòðåíû è ðåøåíû äëÿ ïîñòàëãåáð.
Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 14-

21-00065).
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Êîíå÷íî ïîðîæäåííàÿ ãðóïïà G, êîòîðàÿ äåéñòâóåò íà äåðåâå òàê, ÷òî âñå
âåðøèííûå è ðåáåðíûå ñòàáèëèçàòîðû � áåñêîíå÷íûå öèêëè÷åñêèå ãðóïïû, íà-
çûâàåòñÿ îáîáùåííîé ãðóïïîé Áàóìñëàãà � Ñîëèòåðà (GBS ãðóïïà). Ïî òåîðåìå
Áàññà � Ñåððà âñÿêàÿ GBS ãðóïïà ÿâëÿåòñÿ ôóíäàìåíòàëüíîé ãðóïïîé ïîäõîäÿ-
ùåãî ãðàôà ñ ìåòêàìè.

Êàê çàìåòèë Ä. Ðîáèíñîí [1], GBS ãðóïïû çàíèìàþò öåíòðàëüíûå ïîçèöèè
â êîìáèíàòîðíîé òåîðèè ãðóïï áëàãîäàðÿ ñëåäóþùèì ñâîéñòâàì: íåöèêëè÷åñêèå
GBS ãðóïïû � â òî÷íîñòè òàêèå êîíå÷íî ïîðîæäåííûå ãðóïïû êîãîìîëîãè÷åñêîé
ðàçìåðíîñòè 2, êîòîðûå èìåþò ñîèçìåðèìóþ áåñêîíå÷íóþ öèêëè÷åñêóþ ãðóïïó;
GBS ãðóïïû êîãåðåíòíû.

Ïðåäïîëîæèì, ÷òî â ãðóïïå G ñóùåñòâóåò ñòðîãî óáûâàþùàÿ öåïî÷êà öåí-
òðàëèçàòîðîâ C1 ⊃ C2 ⊃ · · · ⊃ Cd äëèíû d, ò. å. ñîäåðæàùàÿ ðîâíî d ýëåìåíòîâ,
íî íå ñóùåñòâóåò òàêîé öåïî÷êè äëèíû d + 1. Òîãäà öåíòðàëèçàòîðíàÿ ðàçìåð-
íîñòü ãðóïïû G cdim(G) ðàâíà d. Åñëè òàêîãî ÷èñëà d íå ñóùåñòâóåò, òî ïîëàãàþò
cdim(G) = ∞. Áîëåå ïîëíûå ñâåäåíèÿ î öåíòðàëèçàòîðíûõ ðàçìåðíîñòÿõ ãðóïï
ìîæíî íàéòè â [2]. Îñíîâíîé ðåçóëüòàò ðàáîòû

Òåîðåìà. Ïóñòü A � ðåäóöèðîâàííîå äåðåâî ñ ìåòêàìè, π1(A) = G òîãäà
cdim(G) 6 2 · |V (A)| − 1, ÷èñëî cdim(G) íå÷¼òíîå. Äëÿ ëþáîãî íå÷¼òíîãî ÷èñëà
l îò 3 äî 2 · n − 1 íàéäåòñÿ ðåäóöèðîâàííîå äåðåâî ñ ìåòêàìè B íà n âåðøèíàõ
òàêîå, ÷òî cdim(π1(B)) = l.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 14-

21-00065).

ËÈÒÅÐÀÒÓÐÀ

1. Robinson D. J. S. Generalized Baumslag � Solitar groups: a survey of recent progress //
Groups St Andrews 2013, LMS, Lecture Note Series. No 422. 2016. P. 457�469.

2. Myasnikov À., Shumayatsky P. Discriminating groups and c-dimension // J. Group
Theory. 2004. V. 7, No 1. P. 135�142.

76



Ñåêöèÿ 1. Àëãåáðà, òåîðèÿ ÷èñåë è ìàòåìàòè÷åñêàÿ ëîãèêà

Î ÏÎ×ÒÈ ÄÅÒÅÐÌÈÍÈÐÎÂÀÍÍÛÕ ÀËÃÅÁÐÀÕ
ÁÈÍÀÐÍÛÕ ÈÇÎËÈÐÓÞÙÈÕ ÔÎÐÌÓË
ÏÎËÈÃÎÍÎÌÅÒÐÈ×ÅÑÊÈÕ ÒÅÎÐÈÉ

Åìåëüÿíîâ Ä.Þ.1, Ñóäîïëàòîâ Ñ.Â.2

1Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
dima-pavlyk@mail.ru

2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñêèé
ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íîâîñèáèðñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ; sudoplat@math.nsc.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ àëãåáðû A áèíàðíûõ èçîëèðóþùèõ ôîðìóë [1], [2]
ýëåìåíòàðíûõ òåîðèé T (pm) ïîëèãîíîìåòðèé pm è, â ÷àñòíîñòè, ýëåìåíòàðíûõ
òåîðèé T (trm) òðèãîíîìåòðèé trm ïàð ãðóïï (G1, G2) [3].

Òàê êàê ëþáàÿ òåîðèÿ T (pm) èìååò åäèíñòâåííûé 1-òèï p, åå àëãåáðà A áè-
íàðíûõ èçîëèðóþùèõ ôîðìóë ñîâïàäàåò ñ ìîíîèäîì Pν(p).

Íàïîìíèì [1], [2], ÷òî àëãåáðà A íàçûâàåòñÿ (ïî÷òè) äåòåðìèíèðîâàííîé,
åñëè äëÿ ëþáûõ ìåòîê u è v ìíîæåñòâî u · v îäíîýëåìåíòíî (êîíå÷íî). Äëÿ äå-
òåðìèíèðîâàííîé àëãåáðû A ñ ìíîæåñòâîì ìåòîê U àëãåáðà 〈U ; ∗〉 ñ îïåðàöèåé
u ∗ v = w, ãäå u · v = {w}, îáîçíà÷àåòñÿ ÷åðåç A′.

×åðåç c(pm) îáîçíà÷àåòñÿ ÷èñëî êîìïîíåíò ñâÿçíîñòè ïîëèãîíîìåòðèè pm.
Òåîðåìà 1. Àëãåáðà Pν(p) áèíàðíûõ èçîëèðóþùèõ ôîðìóë ïîëèãîíîìåòðè-

÷åñêîé òåîðèè T (pm) äåòåðìèíèðîâàíà òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ
êàêîå-ëèáî èç ñëåäóþùèõ óñëîâèé:

(1) |G1| = 1 è c(pm) ≤ 2;
(2) 1 < |G1| < ω, |G2| = 1 è c(pm) = 1;
(3) |G1| ≥ ω è |G2| = 1.

Ïðè ýòîì â ñëó÷àå (1) àëãåáðà P′ν(p) èçîìîðôíà åäèíè÷íîé ãðóïïå èëè ãðóïïå

Z2, à â ñëó÷àÿõ (2) è (3) ýòà àëãåáðà èçîìîðôíà ãðóïïå G1.
Ñëåäñòâèå. Ëþáàÿ ãðóïïà èçîìîðôíà íåêîòîðîé àëãåáðå P′ν(p).
Òåîðåìà 2. Àëãåáðà áèíàðíûõ èçîëèðóþùèõ ôîðìóë ïîëèãîíîìåòðè÷åñêîé

òåîðèè T (pm) ïî÷òè äåòåðìèíèðîâàíà òîãäà è òîëüêî òîãäà, êîãäà ãðóïïà G2

êîíå÷íà.
Ñîãëàñíî òåîðåìå 2 êàæäàÿ ïîëèãîíîìåòðèÿ ñ êîíå÷íûìè êîìïîíåíòàìè ñâÿç-

íîñòè èìååò òåîðèþ ñ ïî÷òè äåòåðìèíèðîâàííîé àëãåáðîé áèíàðíûõ èçîëèðóþ-
ùèõ ôîðìóë. Â ÷àñòíîñòè, òàêîâûìè ÿâëÿþòñÿ ïðåäñòàâëåííûå â [4] àëãåáðû äëÿ
ïðàâèëüíûõ ìíîãîãðàííèêîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà Ðîññèéñêîé Ôåäå-

ðàöèè äëÿ ãîñóäàðñòâåííîé ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ïðîåêò ÍØ-6848.2016.1)

è Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí (ãðàíò

� 0830/ÃÔ4).
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Çûêèí Ñ.Â.1, Çûêèí Â.Ñ.2

1Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Îìñê, Ðîññèÿ; szykin@mail.ru

2Îìñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Îìñê, Ðîññèÿ;
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Ññûëî÷íûå îãðàíè÷åíèÿ öåëîñòíîñòè íà äàííûå (referential integrity) ÿâëÿþò-
ñÿ îäíèì èç îñíîâíûõ âèäîâ îãðàíè÷åíèé, êîòîðûå îòðàæàþò ñïåöèôèêó áèçíåñ-
ïðàâèë â ïðèêëàäíîé îáëàñòè è ïîçâîëÿþò ñîõðàíèòü ñòðóêòóðíóþ öåëîñòíîñòü
ÁÄ [1]. Òåîðåòè÷åñêîé îñíîâîé ññûëî÷íîé öåëîñòíîñòè ÿâëÿþòñÿ çàâèñèìîñòè
âêëþ÷åíèÿ [2]. Ìåòîäû ïîèñêà çàâèñèìîñòåé âêëþ÷åíèÿ â îáùåì ñëó÷àå íå ôîð-
ìàëèçóåìû, îäíàêî, â ÷àñòíûõ ñëó÷àÿõ ýòî âîçìîæíî ñäåëàòü [3] èñïîëüçóÿ ïåð-
âè÷íûå êëþ÷è îòíîøåíèé äëÿ íåöèêëè÷åñêèõ áàç äàííûõ. Â äàííîé ðàáîòå ïðåä-
ëàãàåòñÿ îáùàÿ òåîðèÿ òèïèçèðîâàííûõ çàâèñèìîñòåé âêëþ÷åíèÿ, ó÷èòûâàþùàÿ
íåîïðåäåëåííûå çíà÷åíèÿ â áàçàõ äàííûõ.

Îïðåäåëèì ñîîòâåòñòâóþùèå äðóã äðóãó êîðòåæè ïðè íàëè÷èè íåîïðåäåëåí-
íûõ çíà÷åíèé.

Îïðåäåëåíèå 1. Êîðòåæ ti[X] ñîîòâåòñòâóåò êîðòåæó tj [X] ïî àòðèáó-
òàì X (tj [X] 4 ti[X]), åñëè ti[Al] 6= Null, òîãäà tj [Al] = ti[Al] èëè tj [Al] = Null;
åñëè ti[Al] = Null, òîãäà tj [Al] = Null äëÿ ëþáîãî àòðèáóòà Al ∈ X.

Î÷åâèäíî, ÷òî çàäàííîå â îïðåäåëåíèè 1 îòíîøåíèå tj [X] 4 ti[X] ÿâëÿåòñÿ
òðàíçèòèâíûì.

Îïðåäåëåíèå 2. Çàâèñèìîñòü âêëþ÷åíèÿ σ = Rj [X] ( Ri[X] îò ãëàâíîé òàá-
ëèöû Ri[X] ê ïîä÷èíåííîé òàáëèöå Rj [X] ïî àòðèáóòàì X ñóùåñòâóåò , åñëè
äëÿ ëþáîãî êîðòåæà tj [X] ∈ Rj [X] èìååòñÿ ñîîòâåòñòâóþùèé êîðòåæ ti[X] â îòíî-
øåíèè Ri[X]. Òàêóþ çàâèñèìîñòü áóäåì íàçûâàòü òèïèçèðîâàííîé ñ äîïóùåíèåì
íåîïðåäåëåííûõ çíà÷åíèé.

Ïðåäñòàâèì ñèñòåìó àêñèîì, äëÿ çàâèñèìîñòåé âêëþ÷åíèÿ ñ âîçìîæíûìè íå-
îïðåäåëåííûìè çíà÷åíèÿìè:
INN1) (ðåôëåêñèâíîñòü): åñëè X ⊆ [Ri], òîãäà Ri[X] ( Ri[X];
INN2) (ïðîåêöèÿ): åñëè Rj [Y ] ( Ri[Y ] è X ⊆ Y , òîãäà Rj [X] ( Ri[X];
INN3) (òðàíçèòèâíîñòü): åñëè Rj [X] ( Ri[X] è Ri[X] ( Rl[X], òîãäà âûïîëíåíî
Rj [X] ⊆ Rl[X].

Òåîðåìà. Ñèñòåìà àêñèîì INN1�INN3 ïîëíà è íåïðîòèâîðå÷èâà.
Ñ èñïîëüçîâàíèåì ñâîéñòâà çàìûêàíèÿ îòíîøåíèé ðàçðàáîòàí àëãîðèòì ïî-

èñêà èçáûòî÷íûõ çàâèñèìîñòåé âêëþ÷åíèÿ. Äîêàçàíà êîððåêòíîñòü ýòîãî àëãî-
ðèòìà.

ËÈÒÅÐÀÒÓÐÀ

1. G�omez-L�opez F.T., Gasca R.M., P�erez- �Alvarez J.M. Compliance validation and
diagnosis of business data constraints in business processes // Information Systems.
2015. V. 48. P. 26�43.
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Ñåêöèÿ 1. Àëãåáðà, òåîðèÿ ÷èñåë è ìàòåìàòè÷åñêàÿ ëîãèêà

Î ÑÈÑÒÅÌÀÕ ÓÐÀÂÍÅÍÈÉ
ÍÀÄ ÎÁÛÊÍÎÂÅÍÍÛÌÈ ÃÐÀÔÀÌÈ

Èëüåâ À.Â.1,2, Èëüåâ Â.Ï.1,3

1Îìñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Îìñê, Ðîññèÿ;
2Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Îìñê, Ðîññèÿ; artyom.iljev@mail.ru
3Îìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ô.Ì. Äîñòîåâñêîãî,

Îìñê, Ðîññèÿ; iljev@mail.ru

Â òðàäèöèîííîì ïîíèìàíèè ïðåäìåò àëãåáðàè÷åñêîé ãåîìåòðèè ñîñòàâëÿåò
èçó÷åíèå ðåøåíèé àëãåáðàè÷åñêèõ óðàâíåíèé è ñèñòåì óðàâíåíèé íàä êîììóòà-
òèâíûìè êîëüöàìè. Â ìîíîãðàôèè [1] ïîêàçàíî, ÷òî ïîíÿòèå ñèñòåìû óðàâíåíèé,
àëãåáðàè÷åñêîãî ìíîæåñòâà è êîîðäèíàòíîé àëãåáðû ìîæíî îïðåäåëèòü íå òîëü-
êî íàä êîëüöàìè, íî è íàä ëþáûìè àëãåáðàè÷åñêèìè ñèñòåìàìè ñèãíàòóðû Σ.
Â ýòîé ìîíîãðàôèè äîêàçàíà óíèâåðñàëüíàÿ òåîðåìà î ñîâìåñòíîñòè ñèñòåìû
óðàâíåíèé íàä ïðîèçâîëüíîé àëãåáðàè÷åñêîé ñèñòåìîé, ïðåäëîæåíû îáùèå íåàë-
ãîðèòìè÷åñêèå ìåòîäû ðåøåíèÿ òàêèõ ñèñòåì.

Öåëü äàííîãî ñîîáùåíèÿ � ïîêàçàòü, êàê ìàòåìàòè÷åñêèé àïïàðàò, ðàçâè-
òûé â [1], ðàáîòàåò â ñëó÷àå êîíêðåòíîãî êëàññà àëãåáðàè÷åñêèõ ñèñòåì � êëàññà
îáûêíîâåííûõ ãðàôîâ.

Ïðîèçâîëüíûé îáûêíîâåííûé ãðàôG, ò. å. êîíå÷íûé íåîðèåíòèðîâàííûé ãðàô
áåç ïåòåëü è êðàòíûõ ðåáåð, ìîæåò áûòü çàäàí êàê àëãåáðàè÷åñêàÿ ñèñòåìà íà
êîíå÷íîì ìíîæåñòâå V ñèãíàòóðû Σ, ñîñòîÿùåé èç áèíàðíîãî èððåôëåêñèâíîãî
è ñèììåòðè÷íîãî ïðåäèêàòà ñìåæíîñòè âåðøèí, à òàêæå ïðåäèêàòà ðàâåíñòâà.
Ñèãíàòóðà Σ ìîæåò ñîäåðæàòü òàêæå êîíñòàíòíûå ñèìâîëû, ìíîæåñòâî êîòîðûõ
èíòåðïðåòèðóåòñÿ êàê ìíîæåñòâî V âåðøèí ãðàôà (òàê íàçûâàåìûé äèîôàíòîâ
ñëó÷àé).

Óðàâíåíèåì íàä ãðàôîì G íàçûâàåòñÿ ëþáàÿ àòîìàðíàÿ ôîðìóëà ñèãíàòó-
ðû Σ.

Íàìè ïðåäëîæåí àëãîðèòì ïðîâåðêè ñîâìåñòíîñòè ïðîèçâîëüíîé ñèñòåìû
óðàâíåíèé íàä ãðàôîì è àëãîðèòì ïîñòðîåíèÿ îáùåãî ðåøåíèÿ ñèñòåìû � êîîð-
äèíàòíîãî ãðàôà.

Îáñóæäàþòñÿ òàêæå êîìáèíàòîðíûå çàäà÷è íà ãðàôàõ, ðåøåíèå êîòîðûõ ìî-
æåò áûòü ñâåäåíî ê ðåøåíèþ ñèñòåì óðàâíåíèé íàä ãðàôàìè. Ïðèìåðàìè ìîãóò
ñëóæèòü òàêèå ñëîæíûå â âû÷èñëèòåëüíîì îòíîøåíèè êîìáèíàòîðíûå çàäà÷è
íà ãðàôàõ, êàê çàäà÷à î êëèêå, çàäà÷à î äîìèíèðóþùåì ìíîæåñòâå âåðøèí è
äðóãèå.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 17-11-

01117).
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Àëãåáðó Øåâàëëå íàä ïîëåì K õàðàêòåðèçóþò ñèñòåìîé êîðíåé Φ è áàçîé
Øåâàëëå, ñîñòîÿùåé èç ýëåìåíòîâ er (r ∈ Φ) è ïîäõîäÿùåé áàçû ïîäàëãåáðû
Êàðòàíà [1, � 4.4]. Ïîäàëãåáðó ñ áàçîé {er | r ∈ Φ+} íàçûâàåì íèëüòðåóãîëüíîé,
îáîçíà÷àÿ ÷åðåç NΦ(K). Ïî òåîðåìå Øåâàëëå î áàçèñå er ∗ es ðàâíî Nrser+s ïðè
r, s, r + s ∈ Φ+ è 0 ïðè r + s /∈ Φ+, ãäå Nrs = ±1,±2 èëè (òèï G2) ±3. Ïóñòü R =
(R,+, ·) åñòü K-àëãåáðà ñ òåì æå áàçèñîì è óìíîæåíèåì: eres = 0 ïðè r + s 6∈ Φ,
à åñëè r, s, r + s ∈ Φ+ è Nr,s ≥ 1, òî eres = er+s è eser = −(Nr,s − 1)er+s. Çàìåíà
óìíîæåíèÿ â R íîâûì x ∗ y = xy − yx ïðèâîäèò ê àëãåáðå Ëè R(−) ' NΦ(K).

Ïîñòðîåííóþ îáåðòûâàþùóþ àëãåáðó R àëãåáðû Ëè NΦ(K) ïðåäëîæèë Â.Ì.
Ëåâ÷óê. Äëÿ òèïà An−1 îíà èçîìîðôíà àññîöèàòèâíîé àëãåáðå NT (n,K) íèëü-
òðåóãîëüíûõ n×n ìàòðèö íàä K. Â ýòîì ñëó÷àå èçâåñòíà ñòàíäàðòíîñòü âñÿêîãî
èäåàëà H êîëüöà R (Ñ. Äþáèø è Ð. Ïåðëèñ 1951 ã. äëÿ ñëó÷àÿ àëãåáð è Â.Ì. Ëåâ-
÷óê 1976 ã.), ò. å. Q(r) ⊆ H äëÿ ëþáîãî óãëà r â H, â òåðìèíîëîãèè [2]. Êàê
ïîêàçàëè Â.Ì. Ëåâ÷óê è Í.Ä. Õîäþíÿ, â êîëüöàõ R òèïîâ Bn è Cn íàä ïîëåì
èäåàëû òàêæå ñòàíäàðòíû, à äëÿ òèïà Dn ñóùåñòâóþò íåñòàíäàðòíûå èäåàëû.

Ïðåäëîæåíèå. Âñå èäåàëû êîëüöà R òèïà G2 íàä ïîëåì K ñòàíäàðòíû.
Äàëåå ðàññìîòðèì çàäà÷ó îïèñàíèÿ ãðóïïû àâòîìîðôèçìîâ êîëåö Ëè NΦ(K)

òèïà G2 íàä ïðîèçâîëüíûì àññîöèàòèâíî-êîììóòàòèâíûì êîëüöîìK ñ åäèíèöåé.
Å¼ ïîäãðóïïó Aut R àâòîìîðôèçìîâ îá¼ðòûâàþùåãî êîëüöà R îïèñûâàåò

Òåîðåìà. Ïóñòü R � îá¼ðòûâàþùàÿ àëãåáðà àëãåáðû Ëè NΦ(K) òèïà G2.
Òîãäà ïðîèçâîëüíûé àâòîìîðôèçì êîëüöà R ÿâëÿåòñÿ ïðîèçâåäåíèåì äèàãîíàëü-
íîãî, êîëüöåâîãî, öåíòðàëüíîãî àâòîìîðôèçìîâ, êîðíåâîãî àâòîìîðôèçìà xb(K)
è ïîäõîäÿùåãî àâòîìîðôèçìà âèäà (t ∈ K):

ξ(t) : eb 7→ eb, ea 7→ ea + te3a+b, ea+b 7→ ea+b + te3a+2b,

e2a+b 7→ e2a+b, e3a+b 7→ e3a+b, e3a+2b 7→ e3a+2b.

Ïåðåñå÷åíèå ñ Aut R ïîäãðóïïû âíóòðåííèõ àâòîìîðôèçìîâ àëãåáðû Ëè NΦ(K)
çäåñü çàìåòíî ñîêðàùàåòñÿ, â îòëè÷èå îò òèïà An â [4].

ËÈÒÅÐÀÒÓÐÀ
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ÁÎËÜØÈÅ ÊÎÌÌÓÒÀÒÈÂÍÛÅ ÏÎÄÀËÃÅÁÐÛ
ÀËÃÅÁÐ ØÅÂÀËËÅ ÍÀÄ ÏÎËÅÌ

Êèðèëëîâà Å.À.1, Ñóëåéìàíîâà Ã.Ñ.2

1Èíñòèòóò ìàòåìàòèêè è ôóíäàìåíòàëüíîé èíôîðìàòèêè Ñèáèðñêîãî
ôåäåðàëüíîãî óíèâåðñèòåòà, Êðàñíîÿðñê, Ðîññèÿ; kea92@bk.ru

2Õàêàññêèé òåõíè÷åñêèé èíñòèòóò � ôèëèàë Ñèáèðñêîãî ôåäåðàëüíîãî
óíèâåðñèòåòà, Àáàêàí, Ðîññèÿ; suleymanova@list.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïèñàíèÿ áîëüøèõ êîììóòàòèâíûõ ïîäàë-
ãåáð ìàêñèìàëüíîé íèëüïîòåíòíîé ïîäàëãåáðû àëãåáðû Øåâàëëå íàä ïîëåì.

Àëãåáðó Øåâàëëå LΦ(K) íàä ïîëåì K, àññîöèèðîâàííóþ ñ ñèñòåìîé êîðíåé
Φ, õàðàêòåðèçóþò áàçîé Øåâàëëå, ñîñòîÿùåé èç ýëåìåíòîâ er (r ∈ Φ) âìåñòå ñ
ïîäõîäÿùåé áàçîé ïîäàëãåáðû Êàðòàíà [1]. Ýëåìåíòû er (r ∈ Φ+) îáðàçóþò áàçó
ìàêñèìàëüíîé íèëüïîòåíòíîé ïîäàëãåáðû NΦ(K).

Â ðàáîòå ðàññìàòðèâàþòñÿ ñëåäóþùèå çàäà÷è, çàïèñàííûå â [2] è èññëåäîâàí-
íûå ïðè K = C â [3].

Îáîáùåííàÿ çàäà÷à À.È. Ìàëüöåâà: îïèñàòü êîììóòàòèâíûå ïîäàë-
ãåáðû íàèâûñøåé ðàçìåðíîñòè àëãåáðû Øåâàëëå LΦ(K) íàä ïðîèçâîëüíûì ïî-
ëåì K.

Îáîáùåííàÿ ðåäóêöèîííàÿ çàäà÷à: îïèñàòü êîììóòàòèâíûå ïîäàëãåá-
ðû íàèâûñøåé ðàçìåðíîñòè â ïîäàëãåáðå NΦ(K) àëãåáðû Øåâàëëå LΦ(K).

Â.Ì. Ëåâ÷óêîì è Ã.Ñ. Ñóëåéìàíîâîé ïîëó÷åí ñïèñîê àáåëåâûõ èäåàëîâ íàè-
âûñøåé ðàçìåðíîñòè ïîäàëãåáðû NΦ(K) êëàññè÷åñêîãî òèïà [2] è äîêàçàíà òåî-
ðåìà [4].

Òåîðåìà 1. Â àëãåáðå Øåâàëëå LΦ(K) êëàññè÷åñêîãî òèïà íàä ïîëåì K êàæ-
äàÿ áîëüøàÿ àáåëåâà ïîäàëãåáðà ïîäàëãåáðû NΦ(K) ïåðåâîäèòñÿ àâòîìîðôèç-
ìîì àëãåáðû LΦ(K) â èäåàë ïîäàëãåáðû NΦ(K).

Â äàííîé ðàáîòå èññëåäóþòñÿ áîëüøèå êîììóòàòèâíûå ïîäàëãåáðû àëãåáðû
NΦ(K) èñêëþ÷èòåëüíûõ òèïîâ.

Òåîðåìà 2. Â àëãåáðå Øåâàëëå LΦ(K) èñêëþ÷èòåëüíîãî òèïà íàä ïîëåì K
ëèáî êàæäàÿ áîëüøàÿ êîììóòàòèâíàÿ ïîäàëãåáðà ïîäàëãåáðû NΦ(K) ïåðåâî-
äèòñÿ àâòîìîðôèçìîì àëãåáðû LΦ(K) â èäåàë ïîäàëãåáðû NΦ(K), ëèáî Φ = G2,
6K = K, ëèáî Φ = F4, 2K = 0.

Âñå èñêëþ÷èòåëüíûå áîëüøèå êîììóòàòèâíûå ïîäàëãåáðû âûïèñàíû ÿâíî.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00707).
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ÑÀÌÎÑÎÂÌÅÙÅÍÈÅ È ÖÅÍÒÐÎÈÄÛ
ÌÍÎÃÎÓÃÎËÜÍÈÊÎÂ n-ÀÐÍÛÕ ÃÐÓÏÏ

Êèðèëþê Ä.È.

Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èíôîðìàòèêè è
ðàäèîýëåêòðîíèêè, Ìèíñê, Áåëàðóñü; kirilyuk.denis@gmail.com

Âïåðâûå ïðèëîæåíèÿ òåîðèè n-àðíûõ ãðóïï â àôôèííîé ãåîìåòðèè áûëè íàé-
äåíû Ä. Âàêàðåëîâûì â [1]. Ñ.À. Ðóñàêîâ â [2] îáîáùèë ìíîãèå ðåçóëüòàòû Ä. Âà-
êàðåëîâà è ïðèäàë íîâûé èìïóëüñ ðàçâèòèÿ ýòîãî íàïðàâëåíèÿ. Â ÷àñòíîñòè,
Ñ.À. Ðóñàêîâ â ðàáîòå [2] ïîñòðîèë àôôèííîå ïðîñòðàíñòâî W (G) ìåòîäîì ôóí-
äàìåíòàëüíûõ ïîñëåäîâàòåëüíîñòåé âåêòîðîâ ïîëóàáåëåâîé n-àðíîé rs-ãðóïïûG.
Äàëüíåéøåå ðàçâèòèå ïðèëîæåíèé òåîðèè n-àðíûõ ãðóïï â àôôèííîé ãåîìåòðèè
ïîëó÷èëî â ðàáîòàõ Þ.È. Êóëàæåíêî (ñì., íàïðèìåð, [3]). Â ýòîé æå ðàáîòå [3]
íàøëî îòðàæåíèå íîâîå íàïðàâëåíèå èññëåäîâàíèé � ñàìîñîâìåùåíèå ýëåìåíòîâ
n-àðíûõ ãðóïï.

Â ïðåäñòàâëÿåìîé ðàáîòå ïðîäîëæåíî óêàçàííîå íàïðàâëåíèå èññëåäîâàíèé,
à èìåííî ïîëó÷åíû íîâûå ðåçóëüòàòû ïî îïðåäåëåíèþ àíàëèòè÷åñêèìè ìåòîäàìè
öåíòðîèäà ïðîèçâîëüíîãî 2k-óãîëüíèêà. Óñòàíîâëåíî, ÷òî ïðè ðàçáèåíèè ïðîèç-
âîëüíîãî 2k-óãîëüíèêà ïðîèçâîëüíûìè òðåóãîëüíèêàìè, èõ öåíòðîèäû îáðàçóþò
ïîñëåäîâàòåëüíîñòü òî÷åê, îòíîñèòåëüíî êîòîðîé ïðîèçâîëüíûé ýëåìåíò n-àðíîé
ãðóïïû ñàìîñîâìåùàåòñÿ.

Òåîðåìà 1. Ïóñòü G � ïîëóàáåëåâà n-àðíàÿ ãðóïïà, a1, a2, . . . , a2k, b � ïðî-
èçâîëüíûå òî÷êè èç G (k ∈ N), à x1 � öåíòðîèä < a1, a2, . . . , a2k−1, b >. Åñëè x �

öåíòðîèä < a1, a2, . . . , a2k > , òî ñïðàâåäëèâî ðàâåíñòâî −−→xx1 = 1
2k

−−→
a2kb

Òåîðåìà 2. Ïóñòü G � ïîëóàáåëåâà n-àðíàÿ ãðóïïà, a1, a2, . . . , a2k, d � ïðî-
èçâîëüíûå òî÷êè èç G (k ∈ N). Åñëè x1 � öåíòðîèä < a1, a2, d >, x2 � öåíòðîèä
< a2, a3, d >, . . . , xi � öåíòðîèä < ai, ai+1, d >, . . . , x2k � öåíòðîèä < a2k, a1, d >,
òî ïðîèçâîëüíàÿ òî÷êà èç G ñàìîñîâìåùàåòñÿ îòíîñèòåëüíî ýëåìåíòîâ ïîñëåäî-
âàòåëüíîñòè âåðøèí 2k-óãîëüíèêà < x1, x2, . . . , x2k >.

ËÈÒÅÐÀÒÓÐÀ
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ÑÎÎÒÍÎØÅÍÈÅ ÝËÅÌÅÍÒÀÐÍÎÉ ÑÅÒÅÂÎÉ
ÃÐÓÏÏÛ È ÑÅÒÅÂÎÉ ÏÀÐÛ

Êîéáàåâ Â.À.

Ñåâåðî-Îñåòèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Âëàäèêàâêàç, Ðîññèÿ;
Koibaev-K1@yandex.ru

Ñèñòåìà àääèòèâíûõ ïîäãðóïï σ = (σij), 1 ≤ i, j ≤ n, ïîëÿ K íàçûâàåòñÿ
ñåòüþ (êîâðîì) ïîðÿäêà n íàä ïîëåì K, åñëè σirσrj ⊆ σij ïðè âñåõ çíà÷åíèÿõ
èíäåêñîâ i, r, j. Òàêàÿ æå ñèñòåìà, íî áåç äèàãîíàëè, íàçûâàåòñÿ ýëåìåíòàðíîé
ñåòüþ. Ïîëíóþ èëè ýëåìåíòàðíóþ ñåòü σ = (σij) ìû íàçûâàåì íåïðèâîäèìîé,
åñëè âñå σij îòëè÷íû îò íóëÿ. Íàçîâåì ýëåìåíòàðíóþ ñåòü σ çàìêíóòîé (äîïó-
ñòèìîé), åñëè ýëåìåíòàðíàÿ ñåòåâàÿ ïîäãðóïïà E(σ) = 〈tij(σij) : 1 ≤ i 6= j ≤ n〉
íå ñîäåðæèò íîâûõ ýëåìåíòàðíûõ òðàíñâåêöèé. Çàìêíóòûìè ÿâëÿþòñÿ, íàïðè-
ìåð, ýëåìåíòàðíûå ñåòè, äèàãîíàëü êîòîðûõ ìîæíî äîïîëíèòü ïîäãðóïïàìè, ïî-
ëó÷èâ ïðè ýòîì ïîëíóþ ñåòü. Ïóñòü σ � íåïðèâîäèìàÿ çàìêíóòàÿ ýëåìåíòàðíàÿ
ñåòü ïîðÿäêà n ≥ 3, äàëåå, çàôèêñèðóåì íåêîòîðûå èíäåêñû i, j, 1 ≤ i 6= j ≤ n.
Ðàññìàòðèâàåòñÿ âîïðîñ ñïðàâåäëèâîñòè ðàâåíñòâà

E(σ) ∩ 〈tij(K), tji(K)〉 = 〈tij(σij), tji(σji)〉 (1)

(î÷åâèäíî, ÷òî ïðàâàÿ ÷àñòü ðàâåíñòâà (1) ñîäåðæèòñÿ â ëåâîé).
Äëÿ íåîòðèöàòåëüíîãî öåëîãî n ∈ N ∪ 0 ðàññìîòðèì èäåàë

Fn[x] = {cnxn + cn+1x
n+1 + . . .+ cmx

m : m ≥ n, ci ∈ F}

êîëüöà ìíîãî÷ëåíîâ F [x] = F0[x] (F � ïðîèçâîëüíîå ïîëå), K = F (x) � ïîëå
ðàöèîíàëüíûõ ôóíêöèé. Îïðåäåëèì ýëåìåíòàðíóþ ñåòü σ = (σrs) àääèòèâíûõ
ïîäãðóïï σrs ïîëÿ K = F (x) ñëåäóþùèì îáðàçîì: σij = σji = F2[x], σrs = F1[x]
äëÿ âñåõ îñòàëüíûõ ïàð (r, s), 1 ≤ r 6= s ≤ n, îòëè÷íûõ îò (i, j) è (j, i).

Òåîðåìà. Äëÿ ñåòè σ = (σrs) íàä ïîëåì K ïîäãðóïïà E(σ)∩〈t12(K), t21(K)〉
íå ñîäåðæèòñÿ â ãðóïïå 〈t12(σ12), t21(σ21)〉.

Â Êîóðîâñêîé òåòðàäè [1, âîïðîñ 15.46] ñôîðìóëèðîâàí âîïðîñ Â.Ì. Ëåâ÷óêà
î äîïóñòèìîñòè (çàìêíóòîñòè) êîâðîâ (ýëåìåíòàðíûõ ñåòåé): âåðíî ëè, ÷òî äëÿ
äîïóñòèìîñòè (çàìêíóòîñòè) êîâðà σ = (σij) äîñòàòî÷íà äîïóñòèìîñòü âñåõ åãî
ïàð (σij , σji)? Ðåçóëüòàò íàøåé òåîðåìû íå ðåøàåò óêàçàííûé âîïðîñ, îäíàêî îí
ãîâîðèò î âûñîêîé ñëîæíîñòè ýòîãî âîïðîñà.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíîáðíàóêè Ðîññèè è òåìû

ÍÈÐ ÞÌÈ ÂÍÖ ÐÀÍ (ðåã. íîìåð ÍÈÎÊÐ 115033020013).

ËÈÒÅÐÀÒÓÐÀ

1. Êîóðîâñêàÿ òåòðàäü. Íåðåøåííûå âîïðîñû òåîðèè ãðóïï. Íîâîñèáèðñê, 2010. Èç-
äàíèå 17-å.
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ÍÈËÜÏÎÒÅÍÒÍÀß ÏÎ ÁÀÑÑÓ ÓÍÈÒÀÐÍÀß
K1-ÃÐÓÏÏÀ ÊÎËÜÖÀ Ñ ÈÍÂÎËÞÖÈÅÉ

Êîïåéêî Â.È.

Êàëìûöêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ýëèñòà, Ðîññèÿ;
kopeiko52@mail.ru

Ïóñòü R = (R, λ,Λ) � óíèòàðíîå êîëüöî (íàçûâàåìîå òàêæå ôîðìåííûì êîëü-
öîì Áàêà), ãäå R � êîëüöî ñ èíâîëþöèåé, Λ � ñèñòåìà ïàðàìåòðîâ â R, λ � ñèì-
ìåòðèÿ è ïóñòü K1U

λ(R,Λ) � óíèòàðíàÿ K1-ãðóïïà êîëüöà R. ßäðî (ðàñùåïëÿþ-
ùåãîñÿ) ýïèìîðôèçìà ãðóïï K1U

λ(R[X],Λ[X])→ K1U
λ(R,Λ), èíäóöèðîâàííîãî

îòîáðàæåíèåì R[X]→ R : X → 0, îáîçíà÷àåòñÿ ÷åðåç NK1U
λ(R,Λ) è íàçûâàåòñÿ

íèëüïîòåíòíîé ïî Áàññó óíèòàðíîé K1-ãðóïïîé.
Ñôîðìóëèðóåì îñíîâíûå ðåçóëüòàòû äîêëàäà.
Òåîðåìà 1. Ëþáîé ýëåìåíò ãðóïïû NK1U

λ(R,Λ) èìååò ïðåäñòàâèòåëü âèäà:

[a; b, c]n =

(
er − aX bX
−cXn−1 er + a∗X + · · ·+ (a∗)n−1Xn−1

)
ïðè íåêîòîðûõ íàòóðàëüíûõ r, n è a, b, c ∈Mr(R), óäîâëåòâîðÿþùèõ ñëåäóþùèì
óñëîâèÿì:
1) ìàòðèöû b è a · b � Λ̄-ýðìèòîâû;
2) ìàòðèöû c è a∗ · c � Λ-ýðìèòîâû;
3) b · c = an.

Ìàòðèöû èç òåîðåìû áûëè ïîëó÷åíû àâòîðîì â [1] ïðè îïèñàíèè óíèòàðíîãî
àíàëîãà òðþêà Õèãìàíà è èñïîëüçîâàëèñü äëÿ ðåøåíèÿ çàäà÷è ãîìîòîïèçàöèè
óíèòàðíîãî K1-ôóíêòîðà.

Â àëãåáðàè÷åñêîé K-òåîðèè äîêàçûâàåòñÿ (ñì., íàïðèìåð, [2, ãë. 12, ñëåä-
ñòâèå 5.3]), ÷òî ëþáîé ýëåìåíò íèëüïîòåíòíîé ïî ÁàññóK1-ãðóïïû NK1(R) èìååò
óíèïîòåíòíûé ïðåäñòàâèòåëü er − aX ïðè íåêîòîðîì íàòóðàëüíîì r, ãäå
a(∈ Mr(R)) � íèëüïîòåíòíàÿ ìàòðèöà. Â óíèòàðíîì ñëó÷àå ýòî, âîîáùå ãîâî-
ðÿ, óæå íå âåðíî. Îïèøåì óíèïîòåíòíóþ ÷àñòü ãðóïïû NK1U

λ(R,Λ).
Òåîðåìà 2. Äëÿ ëþáûõ ìàòðèö a, b, c ∈ Mr(R), óäîâëåòâîðÿþùèõ óñëîâèÿì

1)�3) âûøå, èìååì:
1) ìàòðèöà [a; b, c]2 ÿâëÿåòñÿ óíèïîòåíòíîé, ïðè÷åì ìàòðèöà(

−a b
−c a∗

)
èìååò ñòåïåíü íèëüïîòåíòíîñòè 2;
2) ïðè n ≥ 3 ìàòðèöà [a; b, c]n ÿâëÿåòñÿ óíèïîòåíòíîé òîãäà è òîëüêî òîãäà, êîãäà
ìàòðèöà er−aX � óíèïîòåíòíà è â ýòîì ñëó÷àå êëàññ ìàòðèöû [a; b, c]n â ãðóïïå
NK1U

λ(R,Λ) ñîâïàäàåò ñ êëàññîì ãèïåðáîëè÷åñêîé ìàòðèöû H(er − aX).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00148/17).

ËÈÒÅÐÀÒÓÐÀ

1. Êîïåéêî Â.È. Î ãîìîòîïèçàöèè óíèòàðíîãîK1-ôóíêòîðà // Àëãåáðà è àíàëèç. 2008.
Ò. 20, � 5. Ñ. 99�108.

2. Áàññ Õ. Àëãåáðàè÷åñêàÿ Ê-òåîðèÿ. Ì.: Ìèð, 1973.
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Î ÂÍÓÒÐÅÍÍÈÕ ÀÂÒÎÌÎÐÔÈÇÌÀÕ
ÊÎÍÅ×ÍÛÕ ÏÎËÓÏÎËÅÉ

Êðàâöîâà Î.Â.

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê, Ðîññèÿ; ol71@bk.ru

Ìíîæåñòâî W ñ äâóìÿ áèíàðíûìè îïåðàöèÿìè +, ◦ íàçûâàåòñÿ ïîëóïîëåì,
åñëè:

1) (W,+) � àáåëåâà ãðóïïà ñ íåéòðàëüíûì ýëåìåíòîì 0,
2) (W \ {0}, ◦) � ëóïà,
3) x ◦ (y + z) = x ◦ y + x ◦ z, (y + z) ◦ x = y ◦ x+ z ◦ x ∀x, y, z ∈W .
Ïðàâûì, ñðåäíèì è ëåâûì ÿäðàìè ïîëóïîëÿ W íàçûâàþòñÿ ñîîòâåòñòâåííî

ïîäìíîæåñòâà

Nr = {x ∈W | (a ◦ b) ◦ x = a ◦ (b ◦ x) ∀a, b ∈W},
Nm = {x ∈W | (a ◦ x) ◦ b = a ◦ (x ◦ b) ∀a, b ∈W},
Nl = {x ∈W | (x ◦ a) ◦ b = x ◦ (a ◦ b) ∀a, b ∈W}.

Ïåðåñå÷åíèå N = Nl ∩Nm ∩Nr íàçûâàåòñÿ ÿäðîì W , à ìíîæåñòâî

Z = {x ∈ N | x ◦ a = a ◦ x ∀a ∈W}

� öåíòðîì ïîëóïîëÿ W .
Â ñòàòüå [1] ââåäåíî ïîíÿòèå âíóòðåííåãî àâòîìîðôèçìà ïîëóïîëÿ, äîêàçàíû

íåêîòîðûå ñâîéñòâà âíóòðåííèõ àâòîìîðôèçìîâ è ïåðå÷èñëåíû âíóòðåííèå àâòî-
ìîðôèçìû íåêîòîðûõ êëàññîâ ïîëóïîëåé.

Ïóñòü m ∈W ∗ = W \{0} è m−1
l � ëåâûé îáðàòíûé ê m ýëåìåíò. Îòîáðàæåíèå

Θm : x→ (m−1
l ◦ x) ◦m (x ∈W )

íàçûâàåòñÿ âíóòðåííèì àâòîìîðôèçìîì ïîëóïîëÿ W , åñëè

Θm(x ◦ y) = Θm(x) ◦Θm(y) (x, y ∈W ).

Â [1] äîêàçàíî:
1) åñëè m ∈ N , òî îòîáðàæåíèå Θm ÿâëÿåòñÿ âíóòðåííèì àâòîìîðôèçìîì;
2) åñëè m ∈ Z, òî Θm � òîæäåñòâåííûé àâòîìîðôèçì;
3) ìíîæåñòâî {Θm | m ∈ N} åñòü ãðóïïà ïî óìíîæåíèþ.

Àâòîðîì äîêëàäà ïîñòðîåíî ìàòðè÷íîå ïðåäñòàâëåíèå âíóòðåííèõ àâòîìîð-
ôèçìîâ âñåõ ïîëóïîëåé ïîðÿäêà 16, èñêëþ÷èòåëüíûõ ïîëóïîëåé Êíóòà � Ðóà ïî-
ðÿäêà 32 è Õåíòçåëà � Ðóà ïîðÿäêà 64, íåêîòîðûõ ïîëóïîëåé ïîðÿäêà 81. Ïðèâåäå-
íû ïðèìåðû ïîëóïîëåé, îáëàäàþùèõ àíîìàëüíûìè ñâîéñòâàìè:

1) ïîëóïîëå ñ âíóòðåííèì àâòîìîðôèçìîì Θm ïðè m 6∈ N ;
2) ïîëóïîëå ñ òîæäåñòâåííûì âíóòðåííèì àâòîìîðôèçìîì Θm ïðè m 6∈ Z;
3) ïîëóïîëå, âíóòðåííèå àâòîìîðôèçìû êîòîðîãî íå îáðàçóþò ãðóïïó.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00707).

ËÈÒÅÐÀÒÓÐÀ

1. Wene G.P. Inner automorphisms of �nite semi�elds // Note di Matematica. 2009. V. 29,
No 1. P. 231�242.
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Î ÑËÎÆÍÎÑÒÈ ÐÅØÅÒÎÊ ÊÂÀÇÈÌÍÎÃÎÎÁÐÀÇÈÉ

Êðàâ÷åíêî À.Â.1, Íóðàêóíîâ À.Ì.2, Øâèäåôñêè Ì.Â.3

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

Ñèáèðñêèé èíñòèòóò óïðàâëåíèÿ (ôèëèàë ÐÀÍÕèÃÑ),
Íîâîñèáèðñê, Ðîññèÿ; a.v.kravchenko@mail.ru

2Èíñòèòóò òåîðåòè÷åñêîé è ïðèêëàäíîé ìàòåìàòèêè ÍÀÍ ÊÐ,
Áèøêåê, Êûðãûçñêàÿ Ðåñïóáëèêà; a.nurakunov@gmail.com

3Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
Íîâîñèáèðñê, Ðîññèÿ; semenova@math.nsc.ru

Íàéäåíû äîñòàòî÷íûå óñëîâèÿ äëÿ òîãî, ÷òîáû êâàçèìíîãîîáðàçèå M êîíå÷-
íîé ñèãíàòóðû ñîäåðæàëî êîíòèíóóì ïîäêâàçèìíîãîîáðàçèé, íå èìåþùèõ ïîêðû-
òèé â ðåøåòêå êâàçèìíîãîîáðàçèé Lq(M) è, ñëåäîâàòåëüíî, íå èìåþùèõ íåçàâè-
ñèìîãî áàçèñà êâàçèòîæäåñòâ îòíîñèòåëüíî M. Ïîëó÷åííûå óñëîâèÿ ÿâëÿþòñÿ
òàêæå äîñòàòî÷íûìè äëÿ Q-óíèâåðñàëüíîñòè êâàçèìíîãîîáðàçèÿ M. Êðîìå òîãî,
íàéäåíû äîñòàòî÷íûå óñëîâèÿ äëÿ òîãî, ÷òîáû êâàçèìíîãîîáðàçèå M êîíå÷íîé
ñèãíàòóðû ñîäåðæàëî êîíòèíóóì ïîäêâàçèìíîãîîáðàçèé K ⊆ M, òàêèõ ÷òî K
èìååò íåçàâèñèìûé áàçèñ êâàçèòîæäåñòâ îòíîñèòåëüíî M, îäíàêî, êâàçèêâàöèî-
íàëüíàÿ òåîðèÿ K è ïðîáëåìà âõîæäåíèÿ â K äëÿ êîíå÷íî îïðåäåëåííûõ ñèñòåì
íåðàçðåøèìû. Â êà÷åñòâå ñëåäñòâèé ïîëó÷åí ðÿä èçâåñòíûõ, à òàêæå ðÿä íîâûõ
ðåçóëüòàòîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà ÐÔ äëÿ ãîñóäàð-

ñòâåííîé ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ïðîåêò � 6848.2016.1).
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ÑËÎÆÍÎÑÒÜ ÐÅØÅÒÎÊ ÏÎÄÏÎËÓÃÐÓÏÏ
ÝËÅÌÅÍÒÀÐÍÛÕ ÒÅÎÐÈÉ

Ëóöàê Ñ.Ì.1, Øâèäåôñêè Ì.Â.2

1Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà,
Àñòàíà, Ðåñïóáëèêà Êàçàõñòàí; sveta_lutsak@mail.ru

2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñêèé
ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ; semenova@math.nsc.ru

Èçó÷àåòñÿ ñëîæíîñòü ñòðîåíèÿ ðåøåòêè Sub(TK) ïîäïîëóãðóïï ïîëóãðóïïû
ýëåìåíòàðíûõ òåîðèé êëàññà K àëãåáðàè÷åñêèõ ñèñòåì ñèãíàòóðû σ.

Ïóñòü êëàññ K çàìêíóò îòíîñèòåëüíî äåêàðòîâûõ ïðîèçâåäåíèé. Äëÿ àëãåá-
ðàè÷åñêèõ ñèñòåì A, B ∈ K ïîëàãàåì Th(A) ∗ Th(B) = Th(A × B). Àëãåáðà
TK =

〈
{Th(A) | A ∈ K}, ∗

〉
ÿâëÿåòñÿ êîììóòàòèâíîé ïîëóãðóïïîé ñ åäèíèöåé.

Ìû íàçûâàåì åå ïîëóãðóïïîé ýëåìåíòàðíûõ òåîðèé êëàññà K. Äàëåå K(σ) îáî-
çíà÷àåò êëàññ âñåõ àëãåáðàè÷åñêèõ ñèñòåì ñèãíàòóðû σ.

Òåîðåìà 1. Ïóñòü äëÿ ñèãíàòóðû σ èìååò ìåñòî îäèí èç ñëåäóþùèõ ñëó÷àåâ:
1. σ ñîäåðæèò ïî êðàéíåé ìåðå îäèí ôóíêöèîíàëüíûé ñèìâîë;
2. σ ñîäåðæèò ïî êðàéíåé ìåðå îäèí êàê ìèíèìóì áèíàðíûé ïðåäèêàòíûé ñèìâîë;
3. σ áåñêîíå÷íà.
Òîãäà ðåøåòêà Sub(TK(σ)) ñîäåðæèò ïîäðåøåòêó, èçîìîðôíóþ ðåøåòêå èäåàëîâ
ñâîáîäíîé ðåøåòêè ñ÷åòíîãî ðàíãà, è ÿâëÿåòñÿ Q-óíèâåðñàëüíîé.

Òåîðåìà 2. Ïóñòü K ÿâëÿåòñÿ îäíèì èç ñëåäóþùèõ êëàññîâ:
1. ìíîãîîáðàçèå âñåõ òî÷å÷íûõ àáåëåâûõ ãðóïï;
2. ìíîãîîáðàçèå âñåõ êîììóòàòèâíûõ êîëåö ñ åäèíèöåé;
3. êâàçèìíîãîîáðàçèå âñåõ [îðèåíòèðîâàííûõ] ãðàôîâ;
4. ìíîãîîáðàçèå âñåõ óíàðîâ;
5. ìíîãîîáðàçèå MV -àëãåáð;
6. ìíîãîîáðàçèå ìîäóëÿðíûõ ðåøåòîê.
Òîãäà ðåøåòêà Sub(TK) ñîäåðæèò ïîäðåøåòêó, èçîìîðôíóþ ðåøåòêå èäåàëîâ ñâî-
áîäíîé ðåøåòêè ñ÷åòíîãî ðàíãà, è ÿâëÿåòñÿ Q-óíèâåðñàëüíîé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ñîâåòà ïî ãðàíòàì ïðåçèäåíòà ÐÔ ïî

ãîñóäàðñòâåííîé ïîääåðæêå âåäóùèõ íàó÷íûõ øêîë (ïðîåêò ÍØ-6848.2016.1).
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ÊÎÍÅ×ÍÛÅ ÃÐÓÏÏÛ Ñ A1A-ÑÓÁÍÎÐÌÀËÜÍÛÌÈ
ÑÈËÎÂÑÊÈÌÈ ÏÎÄÃÐÓÏÏÀÌÈ

Ìîíàõîâ Â.Ñ.1, Ñîõîð È.Ë.2

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ô. Ñêîðèíû,
Ãîìåëü, Ðåñïóáëèêà Áåëàðóñü;

1viktor.monakhov@gmail.com, 2irina.sokhor@gmail.com

Âñå ðàññìàòðèâàåìûå ãðóïïû ïðåäïîëàãàþòñÿ êîíå÷íûìè. Èñïîëüçóåìàÿ òåð-
ìèíîëîãèÿ ñîîòâåòñòâóåò [1]. Ôîðìàöèè âñåõ íèëüïîòåíòíûõ, àáåëåâûõ è àáåëå-
âûõ ãðóïï ñ ýëåìåíòàðíûìè àáåëåâûìè ñèëîâñêèìè ïîäãðóïïàìè îáîçíà÷àþòñÿ
÷åðåç N, A è A1 ñîîòâåòñòâåííî.

Ïóñòü F � ôîðìàöèÿ. Ïîäãðóïïà H íàçûâàåòñÿ F-ñóáíîðìàëüíîé ïîäãðóïïîé
ãðóïïû G, åñëè ñóùåñòâóåò öåïî÷êà ïîäãðóïï

H = H0 < · H1 < · . . . < · Hn = G

òàêàÿ, ÷òî Hi/(Hi−1)Hi ∈ F äëÿ âñåõ i. Çäåñü YX =
⋂
x∈X Y

x � ÿäðî ïîäãðóïïû Y
â ãðóïïå X, à çàïèñü Hi−1 < · Hi îçíà÷àåò, ÷òî Hi−1 � ìàêñèìàëüíàÿ ïîäãðóïïà
ãðóïïû Hi.

Ãðóïïû ñ ðàçëè÷íûìè íàáîðàìè F-ñóáíîðìàëüíûõ ïîäãðóïï èññëåäîâàëèñü
â ðàáîòàõ ìíîãèõ àâòîðîâ, ñì. ëèòåðàòóðó â [2]�[4]. Íåñëîæíî ïðîâåðèòü, ÷òî
â ëþáîé ðàçðåøèìîé ãðóïïå êàæäàÿ ñèëîâñêàÿ ïîäãðóïïà A1N-ñóáíîðìàëüíà.
Ïîýòîìó â óíèâåðñóìå âñåõ ðàçðåøèìûõ ãðóïï êëàññ ãðóïï ñ F-ñóáíîðìàëüíûìè
ñèëîâñêèìè ïîäãðóïïàìè ñëåäóåò èçó÷àòü äëÿ ôîðìàöèé, íå ñîäåðæàùèõ A1N.

Òåîðåìà. Ïóñòü F� íàñëåäñòâåííàÿ ôîðìàöèÿ, A1A ⊆ F ⊆ NA. Òîãäà è òîëü-
êî òîãäà â ãðóïïå G êàæäàÿ ñèëîâñêàÿ ïîäãðóïïà F-ñóáíîðìàëüíà, êîãäà G ðàç-
ðåøèìà è êàæäàÿ åå ìåòàíèëüïîòåíòíàÿ ïîäãðóïïà èìååò íèëüïîòåíòíûé êîì-
ìóòàíò.

ËÈÒÅÐÀÒÓÐÀ

1. Doerk K., Hawkes T. Finite soluble groups. Berlin, New York: Walter de Gruyter, 1992.

2. Âàñèëüåâ À.Ô., Âàñèëüåâà Ò.È. Î êîíå÷íûõ ãðóïïàõ ñ îáîáùåííî ñóáíîðìàëüíûìè
ñèëîâñêèìè ïîäãðóïïàìè // ÏÔÌÒ. 2011. T. 4, � 9. Ñ. 86�91.

3. Ìîíàõîâ Â.Ñ. Êîíå÷íûå ãðóïïû ñ àáíîðìàëüíûìè è U-ñóáíîðìàëüíûìè ïîäãðóï-
ïàìè // Ñèá. ìàò. æóðí. 2016. Ò. 57, � 2. Ñ. 447�462.

4. Ñåìåí÷óê Â.Í., Ñêèáà À.Í. Î êîíå÷íûõ ãðóïïàõ, â êîòîðûõ êàæäàÿ ïîäãðóïïà
ëèáî F-ñóáíîðìàëüíà, ëèáî F-àáíîðìàëüíà // ÏÔÌÒ. 2015. T. 2, � 23. Ñ. 72�74.
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ÂËÈßÍÈÅ ÏÎÄÃÐÓÏÏÛ ÔÈÒÒÈÍÃÀ È ÅÅ
ÎÁÎÁÙÅÍÈÉ ÍÀ ÑÒÐÎÅÍÈÅ ÊÎÍÅ×ÍÛÕ ÃÐÓÏÏ

Ìóðàøêî Â.È.1, Âàñèëüåâ À.Ô.2

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ô. Ñêîðèíû,
Ãîìåëü, Ðåñïóáëèêà Áåëàðóñü;

1mviath@yandex.ru, 2formation56@mail.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Íàïîìíèì, ÷òî ïîäãðóï-
ïîé Ôèòòèíãà F(G) ãðóïïû G íàçûâàåòñÿ åå ìàêñèìàëüíàÿ íîðìàëüíàÿ íèëüïî-
òåíòíàÿ ïîäãðóïïà. Ýòà ïîäãðóïïà îêàçûâàåò ñóùåñòâåííîå âëèÿíèå íà ñòðîåíèå
ðàçðåøèìîé ãðóïïû. Íàïðèìåð, Ðàìàäàí [1] ïîêàçàë, ÷òî åñëè âñå ìàêñèìàëüíûå
ïîäãðóïïû ñèëîâñêèõ ïîäãðóïï F(G) íîðìàëüíû â ðàçðåøèìîé ãðóïïå G, òî G
ñâåðõðàçðåøèìà.

Â ïðîèçâîëüíîé ãðóïïå ïîäãðóïïà Ôèòòèíãà òåðÿåò ìíîãèå ñâîéñòâà, êîòîðûå
îíà èìåëà â ðàçðåøèìîì ñëó÷àå. Ïîýòîìó âìåñòî íå¼ îáû÷íî ðàññìàòðèâàþò êâà-
çèíèëüïîòåíòíûé ðàäèêàë F∗(G) (ýòà ïîäãðóïïà òàêæå èçâåñòíà êàê îáîáù¼ííàÿ
ïîäãðóïïà Ôèòòèíãà) èëè ïîäãðóïïó Øåìåòêîâà � Øìèäà [2]. Íàïîìíèì, ÷òî
ïîäãðóïïîé Øåìåòêîâà � Øìèäà F̃(G) ãðóïïû G íàçûâàþò ïîäãðóïïó, îïðåäå-
ëÿåìóþ óñëîâèÿìè:

(1) Φ(G) ⊆ F̃(G);
(2) F̃(G)/Φ(G) = Soc(G/Φ(G)).
Ðàññìîòðåíèþ íåäàâíèõ îïóáëèêîâàííûõ (íàïðèìåð, [3]) è íîâûõ ðåçóëüòàòîâ

î âëèÿíèè ïîäãðóïïû Ôèòòèíãà è åå îáîáùåíèé íà ñòðîåíèå êîíå÷íûõ ãðóïï
ïîñâÿùåíî íàñòîÿùåå ñîîáùåíèå. Îòìåòèì îäèí èç íèõ.

Ïóñòü F � ôîðìàöèÿ. Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ F-cóáíîðìàëüíîé
â G, åñëè H = G èëè ñóùåñòâóåò ìàêñèìàëüíàÿ öåïü ïîäãðóïï H = H0 < · · · <
Hn = G òàêàÿ, ÷òî HF

i ⊆ Hi−1 äëÿ i = 1, . . . , n.
Ïîäãðóïïó H ãðóïïû G íàçîâ¼ì R-F-ñóáíîðìàëüíîé, åñëè H F-cóáíîðìàëüíà

â 〈H, R〉.
Òåîðåìà. Ïóñòü F � íàñûùåííàÿ ôîðìàöèÿ. Åñëè âñÿêàÿ ìàêñèìàëüíàÿ ïîä-

ãðóïïà ãðóïïû G ÿâëÿåòñÿ F̃(G)-F-ñóáíîðìàëüíîé, òî G ∈ F.
Ïóñòü U � êëàññ âñåõ ñâåðõðàçðåøèìûõ ãðóïï. Èçâåñòíóþ òåîðåìó Êðàìåðà

[4, c. 12] ìîæíî ïåðåôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì.
Ñëåäñòâèå. Åñëè âñÿêàÿ ìàêñèìàëüíàÿ ïîäãðóïïà ðàçðåøèìîé ãðóïïû G ÿâ-

ëÿåòñÿ F(G)-U-ñóáíîðìàëüíîé, òî G ñâåðõðàçðåøèìà.

ËÈÒÅÐÀÒÓÐÀ
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íåé ïîäãðóïïàõ êîíå÷íûõ ãðóïï // Èçâåñòèÿ Ãîìåëüñêîãî ãîñóäàðñòâåííîãî óíèâåð-
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Íóæèí ß.Í.

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê, Ðîññèÿ;
nuzhin2008@rambler.ru

Äàëåå Φ(K) � ãðóïïà Øåâàëëå òèïà Bl, Cl, F4 èëè G2 íàä ïîëåì K, êîòîðàÿ
ïîðîæäàåòñÿ ñâîèìè êîðíåâûìè ïîäãðóïïàìè xr(K) = {xr(t) | t ∈ K}, r ∈ Φ.
Ïóñòü K � íåñîâåðøåííîå ïîëå õàðàêòåðèñòèêè p. Ìíîæåñòâî p-õ ñòåïåíåé åãî
ýëåìåíòîâ Kp ÿâëÿåòñÿ ñîáñòâåííûì ïîäïîëåì ïîëÿ K. Ïóñòü p = 2 ïðè Φ =
Bl (l ≥ 2), Cl (l ≥ 2), F4 è p = 3 ïðè Φ = G2. Ïîëîæèì

Ar =

{
K, åñëè r êîðîòêèé êîðåíü,
Kp, åñëè r äëèííûé êîðåíü.

Íàáîð A = {Ar | r ∈ Φ} ÿâëÿåòñÿ êîâðîì àääèòèâíûõ ïîäãðóïï â îïðåäåëå-
íèè Â.Ì. Ëåâ÷óêà [1]. Äëÿ äàííîãî êîâðà A åãî êîâðîâàÿ ïîäãðóïïà Φ(A) =
〈 xr(Ar) | r ∈ Φ〉 ïàðàìåòðèçóåòñÿ äâóìÿ ïîäïîëÿìè K è Kp. Ãðóïïà Φ(A) ïîïóò-
íî âîçíèêàëà ó Ð. Ñòåéáåðãà ïðè ïîñòðîåíèè ñêðó÷åííûõ àâòîìîðôèçìîâ ãðóïï
Øåâàëëå [2, ñ. 144], à òàêæå îíà åñòåñòâåííî ïîÿâëÿëàñü â [3] êàê îäíà èç ïîä-
ãðóïï, ëåæàùèõ ìåæäó ãðóïïàìè Øåâàëëå íàä ðàçëè÷íûìè íåñîâåðøåííûìè
ïîëÿìè. Íàì ïîòðåáóþòñÿ ñëåäóþùèå ïîäãðóïïû ãðóïïû Φ(A):

óíèïîòåíòíàÿ ïîäãðóïïà U(A) = 〈 xr(Ar) | r ∈ Φ+〉,
ìîíîìèàëüíàÿ ïîäãðóïïà N(A) = 〈nr(t) | r ∈ Φ, t ∈ A∗r〉
è äèàãîíàëüíàÿ ïîäãðóïïà H(A) = 〈hr(t) | r ∈ Φ, t ∈ A∗r〉.

Çäåñü Φ+ � ïîëîæèòåëüíàÿ ñèñòåìà êîðíåé, A∗r � ìóëüòèïëèêàòèâíàÿ ïîäãðóïïà
ïîëÿ Ar, nr(t) = xr(t)x−r(−t−1)xr(t), hr(t) = nr(t)nr(−1).

Òåîðåìà. Äëÿ êàæäîãî w ∈ W = N/H âûáåðåì ýëåìåíò nw, ïðåäñòàâëÿþ-
ùèé w â N è ïîëîæèì Φ+

w = Φ+ ∩w−1(−Φ+) è Uw(A) = 〈xr(Ar) | r ∈ Φ+
w〉. Òîãäà

ëþáîé ýëåìåíò g ∈ Φ(A) èìååò åäèíñòâåííîå ïðåäñòàâëåíèå â âèäå g = uhnwv, ãäå
u ∈ U(A), h ∈ H(A), w ∈ W , v ∈ Uw(A). Â ÷àñòíîñòè, êîâåð A ÿâëÿåòñÿ çàìêíó-
òûì, òî åñòü êîâðîâàÿ ïîäãðóïïà Φ(A) íå ñîäåðæèò íîâûõ êîðíåâûõ ýëåìåíòîâ.

Îòìåòèì, ÷òî êîâåð A è åãî êîâðîâàÿ ïîäãðóïïà Φ(A) áóäóò òàêæå îáëàäàòü
óêàçàííûìè âûøå ñâîéñòâàìè, åñëè äëÿ äëèííûõ êîðíåé r â êà÷åñòâå Ar âçÿòü
ëþáîå ïîëå, ëåæàùåå ìåæäó Kp è K.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò No 16-01-00707).
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Î ÏÎÄÐÅØÅÒÊÅ ÎÃÐÀÍÈ×ÅÍÍÛÕ ÏÎÄÀËÃÅÁÐ
ÐÅØÅÒÊÈ ÂÑÅÕ ÏÎÄÀËÃÅÁÐ

Ïèíóñ À. Ã.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
Íîâîñèáèðñê, Ðîññèÿ; ag-pinus@gmail.com

Ïðè èçó÷åíèè ñâîéñòâ ðåøåòîê SubA ïîäàëãåáð óíèâåðñàëüíûõ àëãåáð A (çà-
÷àñòóþ çíà÷èòåëüíî áîëåå ìîùíûõ ÷åñ ñàìà àëãåáðà A) ïðåäñòàâëÿåò èíòåðåñ
âûäåëåíèå â ðåøåòêå SubA ïîäðåøåòîê ìåíüøåé ÷åì |SubA| ìîùíîñòè, íî â òîé
èëè èíîé ìåðå ñõîæèõ ïî ñâîèì ñâîéñòâàì ñ ðåøåòêîé SubA.

Ïóñòü L = 〈LI | i ∈ I〉 íåêîòîðàÿ íàïðàâëåííàÿ ââåðõ ïî âêëþ÷åíèþ ñèñòåìà
ïîäàëãåáð àëãåáðû A = 〈A;σ〉 óäîâëåòâîðÿþùàÿ óñëîâèÿì:

à)
⋃
i∈I

Li = A ;

á) äëÿ i, j ∈ I, åñëè Li ⊆ Lj , òî ñóùåñòâóåò ðåòðàêòèâíûé ãîìîìîðôèçì ψji
àëãåáðû Lj íà àëãåáðó Li òàêîé, ÷òî Li ÿâëÿåòñÿ ðåòðàêòîì àëãåáðû Lj îòíîñè-

òåëüíî ãîìîìîðôèçìà ψji è òîæäåñòâåííîãî âëîæåíèÿ id
i
j àëãåáðû Li â Lj .

Â ýòîì ñëó÷àå áóäåì ãîâîðèòü, ÷òî àëãåáðà A ðåòðàêòèâíî ðàçëîæèìà â ðå-
òðàêòèâíóþ ñèñòåìó L ñâîèõ ïîäàëãåáð.

Óêàæåì íà ïàðó ïðèìåðîâ ðåòðàêòèâíî ðàçëîæèìûõ àëãåáð. Ïóñòü V � íåêî-
òîðîå ìíîãîîáðàçèå óíèâåðñàëüíûõ àëãåáð è FV (xi | i ∈ I) � V -ñâîáîäíî ïî-
ðîæäåííàÿ ýëåìåíòàìè xi V -àëãåáðà. Òîãäà äëÿ ëþáîãî êàðäèíàëà ωi àëãåáðà
FV (xj | j ∈ ωi) ðåòðàêòèâíî ðàçëîæèìà â ðåòðàêòèâíóþ ñèñòåìó L = 〈FV (xj | j ∈
l)|l ∈ ωi)〉 ñâîèõ ïîäàëãåáð. Íàêîíåö, ïóñòü BF (ωi) � áóëåâà àëãåáðà Ôðåøå
êîíå÷íûõ è êî-êîíå÷íûõ ïîäìíîæåñòâ ìíîæåñòâà ωi. Ïóñòü äëÿ l ∈ ωi Ll �
ïîäàëãåáðà àëãåáðû BF (ωi) ïîðîæäåííàÿ êîíå÷íûìè ïîäìíîæåñòâàìè ìíîæå-
ñòâà l. Òîãäà àëãåáðà BF (ωi) ðåòðàêòèâíî ðàçëîæèìà â ðåòðàêòèâíóþ ñèñòåìó
L = 〈Ll | l ∈ ωi〉 ñâîèõ ïîäàëãåáð.

Ïóñòü àëãåáðà A ðåòðàêòèâíî ðàçëîæèìà â ðåòðàêòèâíóþ ñèñòåìó ñâîèõ ïî-
äàëãåáð L =< Li | l ∈ I >. Ïîäàëãåáðó L àëãåáðû A íàçîâåì L-îãðàíè÷åííîé,
åñëè L ⊆ Li äëÿ íåêîòîðîãî i ∈ I. ×åðåç SubrgL A îáîçíà÷èì ïîäðåøåòêó ðåøåòêè
âñåõ ïîäàëãåáð àëãåáðû A ñîñòîÿùóþ èç L-îãðàíè÷åííûõ ïîäàëãåáð àëãåáðû A.

Òåîðåìà. Åñëè àëãåáðà A ðåòðàêèâíî ðàçëîæèìà â ðåòðàêòèâíóþ ñèñòåìó L
ñâîèõ ïîäàëãåáð, òî ðåøåòêè SubA è SubrgL A óíèâåðñàëüíî ýêâèâàëåíòíû.
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Ïîïîâà À.Ì.1, Ãðà÷åâ Å.Â.2

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
Íîâîñèáèðñê, Ðîññèÿ; 1ampopova@ngs.ru, 2gracheve@mail.ru

Ìû ðàññìàòðèâàåì öåëî÷èñëåííûå ãðóïïîâûå êîëüöà êîíå÷íûõ ãðóïï ñ ïîìî-
ùüþ òåîðèè ïðåäñòàâëåíèé. À èìåííî, åñëè G � êîíå÷íàÿ ãðóïïà, T1(G),. . .,Ts(G)
� âñå íåïðèâîäèìûå, íåýêâèâàëåíòíûå ïðåäñòàâëåíèÿ ãðóïïû G,

D(G) = {diag(T1(g), T2(g), . . . , Ts(g)), g ∈ G}

òî êîëüöî Z[D(G)] ∼= ZG. Êîëüöà Z[Ti(G)] íàçîâåì êëåòêàìè êîëüöà Z[D(G)].
Ìåæäó ðàçëè÷íûìè êëåòêàìè êîëüöà Z[D(G)] âîçíèêàþò îòîáðàæåíèÿ

µij :
∑
g∈G

αgTi(g)←→
∑
g∈G

αgTj(g), αg ∈ Z,

êîòîðûå ëèáî ÿâëÿþòñÿ èçîìîðôèçìàìè, ëèáî íå ÿâëÿþòñÿ.
Ïðî ñîâîêóïíîñòü âñåõ òåõ êëåòîê Z[Ti(G)], i = 1, . . . , s, ìåæäó êîòîðûìè îòîá-

ðàæåíèÿ µij ÿâëÿþòñÿ èçîìîðôèçìàìè, áóäåì ãîâîðèòü, ÷òî îíè îáðàçóþò áëîê.
Òàêèì îáðàçîì, âñ¼ êîëüöî Z[D(G)] ðàçáèâàåòñÿ íà áëîêè. Åñëè p � íîìåð áëîêà,
òî ip � íîìåð ïåðâîé êëåòêè áëîêà, kp � ÷èñëî êëåòîê â áëîêå. Îáîçíà÷èì ÷åðåç

Dp(G) =
{

diag(Tip(g), . . . , Tip+kp−1(g)), g ∈ G
}
.

Êîëüöî Op = Z[Dp(G)] íàçîâ¼ì áëîêîì. Äëÿ àëãåáðû Q[D(G)] ñïðàâåäëèâî ðàç-
ëîæåíèå Q[D(G)] = Q[O1]⊕ · · · ⊕Q[Ot]. Êàæäûé áëîê êîëüöà Z[D(G)] åñòü ãîìî-
ìîðôíûé îáðàç ýòîãî êîëüöà, òî åñòü Op = Z[D(G)]�Ip.

Åñëè àâòîìîðôèçì α êîëüöà Z[D(G)] âñå òàêèå èäåàëû ñîõðàíÿåò, òî åãî ïðî-
äîëæåíèå α̃ íà àëãåáðó Q[D(G)] ïðÿìûå ñëàãàåìûå íå ïåðåñòàâëÿåò. Íàçîâåì òà-
êèå àâòîìîðôèçìû ñòàáèëèçèðóþùèìè. Ïîíÿòíî, ÷òî îíè îáðàçóþò ïîäãðóïïó
Stab(Z[D(G)]) â ãðóïïå Aut(Z[D(G)]).

Åñëè α ∈ Aut(Z[D(G)] íå ÿâëÿåòñÿ ñòàáèëèçèðóþùèì, òî α̃ ïåðåñòàâëÿåò èçî-
ìîðôíûå Q-àëãåáðû áëîêîâ. Íàçîâåì òàêèå àâòîìîðôèçìû ïåðåñòàâëÿþùèìè.
Ïîíÿòíî, ÷òî Stab(Z[D(G)]) � ýòî íîðìàëüíàÿ ïîäãðóïïà êîíå÷íîãî èíäåêñà â
Aut(Z[D(G)]), ò.å. ñóùåñòâóåò êîíå÷íûé íàáîð ïåðåñòàâëÿþùèõ àâòîìîðôèçìîâ,
îïðåäåëÿþùèõ ôàêòîð-ãðóïïó Aut(Z[D(G)])/Stab(Z[D(G)]). Çíà÷èò, ëþáîé àâòî-
ìîðôèçì êîëüöà Z[D(G)] åñòü ïðîèçâåäåíèå ïåðåñòàâëÿþùåãî àâòîìîðôèçìà èç
ýòîãî êîíå÷íîãî íàáîðà íà ñòàáèëèçèðóþùèé. Ñòðîåíèå ñòàáèëèçèðóþùèõ àâòî-
ìîðôèçìîâ èçó÷åíî íàìè ðàíåå. Â ðåçóëüòàòå íàìè ïîëó÷åíà ôàêòîðèçàöèÿ àâ-
òîìîðôèçìîâ êîëüöà Z[D(G)], îòëè÷íàÿ îò ãèïîòåçû Öàññåíõàóçà. Çàìåòèì, ÷òî
åñëè K � ðàñøèðåíèå ïîëÿ Q, A = (K)n � ìàòðè÷íàÿ àëãåáðà íàä Q, τ ∈ Aut(K),
òî îïðåäåëèì τ̂((aij)) = (aτij).

Òåîðåìà. Ëþáîé àâòîìîðôèçì êîëüöà Z[D(G)] åñòü êîìïîçèöèÿ α◦ τ̂ ◦ϕs, ãäå
α � ïåðåñòàâëÿþùèé àâòîìîðôèçì èç êîíå÷íîãî íàáîðà, τ � àâòîìîðôèçì ïî-
ëÿ õàðàêòåðîâ ïðåäñòàâëåíèé T1(G), . . . , Ts(G), ïðîäîëæåííûé äî àâòîìîðôèçìà
ïîëÿ ïðåäñòàâëåíèÿ ãðóïïû G, ϕs � ñîïðÿæåíèå åäèíèöåé s àëãåáðû Q[D(G)].
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ÊÎÍÅ×ÍÛÅ ÍÈËÜÏÎËÓÃÐÓÏÏÛ Ñ
ÌÎÄÓËßÐÍÛÌÈ ÐÅØÅÒÊÀÌÈ ÊÎÍÃÐÓÝÍÖÈÉ

Ïîïîâè÷ À.Ë.

Óðàëüñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. ïåðâîãî Ïðåçèäåíòà Ðîññèè
Á.Í. Åëüöèíà, Åêàòåðèíáóðã, Ðîññèÿ; alexanderpopovich@urfu.ru

Â ðàáîòå [1] àâòîðîì, ñîâìåñòíî ñ Ï. Äæîíñîì, áûëî ïîëó÷åíî íåîáõîäèìîå
è äîñòàòî÷íîå óñëîâèå äèñòðèáóòèâíîñòè [ìîäóëÿðíîñòè] ðåøåòêè êîíãðóýíöèé
íèëüïîëóãðóïïû íà ÿçûêå îòíîøåíèÿ äåëèìîñòè â äàííîé íèëüïîëóãðóïïå. Íà-
ïîìíèì, ÷òî ýëåìåíò a ïîëóãðóïïû S äåëèò ýëåìåíò b, åñëè b = sat äëÿ íåêî-
òîðûõ s, t ∈ S1. Îòíîøåíèå äåëèìîñòè â íèëüïîëóãðóïïàõ ÿâëÿåòñÿ îòíîøåíèåì
÷àñòè÷íîãî ïîðÿäêà. Íàïîìíèì, ÷òî øèðèíîé ÷àñòè÷íî óïîðÿäî÷åííîãî ìíîæå-
ñòâà P íàçûâàåòñÿ íàèìåíüøåå íàòóðàëüíîå n òàêîå, ÷òî P íå ñîäåðæèò n + 1
ïîïàðíî íåñðàâíèìûõ ýëåìåíòîâ. Â ðàáîòå [1] ïîêàçàíî, ÷òî ðåøåòêà êîíãðóýíöèé
íèëüïîëóãðóïïû S äèñòðèáóòèâíà [ìîäóëÿðíà] òîãäà è òîëüêî òîãäà, êîãäà S îò-
íîñèòåëüíî ïîðÿäêà äåëèìîñòè èìååò øèðèíó 1 [øèðèíó 2]. Òàêæå ïîêàçàíî, ÷òî
âñÿêàÿ êîíå÷íî ïîðîæäåííàÿ íèëüïîëóãðóïïà ñ äèñòðèáóòèâíîé èëè ìîäóëÿðíîé
ðåøåòêîé êîíãðóýíöèé êîíå÷íà.

Êîíå÷íûå íèëüïîëóãðóïïû øèðèíû 1 (ò. å. ëèíåéíî óïîðÿäî÷åííûå) îòíî-
ñèòåëüíî ïîðÿäêà äåëèìîñòè ïîëíîñòüþ îïèñàíû: ýòî â òî÷íîñòè öèêëè÷åñêèå
íèëüïîëóãðóïïû. Îïèñàíèå êîíå÷íûõ íèëüïîëóãðóïï øèðèíû 2, ò. å. ñ ìîäóëÿð-
íîé ðåøåòêîé êîíãðóýíöèé, ïîëó÷åíî â ñëåäóþùåé òåîðåìå.

Òåîðåìà. Ïóñòü S � êîíå÷íàÿ íèëüïîëóãðóïïà. Ñëåäóþùèå óñëîâèÿ ýêâèâà-
ëåíòíû:

1) Ðåøåòêà êîíãðóýíöèé S ìîäóëÿðíà;
2) S èìååò øèðèíó 2 îòíîñèòåëüíî ïîðÿäêà äåëèìîñòè;
3) S ïîðîæäåíà äâóìÿ ýëåìåíòàìè a è b, à ÷.ó. ìíîæåñòâî {a2, ab, ba, b2} îòíî-

ñèòåëüíî äåëèìîñòè èìååò øèðèíó 2.
Âñå êîíå÷íûå íèëüïîëóãðóïïû ñ ìîäóëÿðíîé ðåøåòêîé êîíãðóýíöèé îïèñàíû

âïëîòü äî êîïðåäñòàâëåíèÿ: ñóùåñòâóåò 91 ñåðèÿ òàêèõ ïîëóãðóïï.
Â ñèëó òîãî, ÷òî â íèëüïîòåíòíîé ïîëóãðóïïå âñåãäà ìîæíî óêàçàòü ìíîæå-

ñòâî ïîðîæäàþùèõ, ïîïàðíî íåñðàâíèìûõ äðóã ñ äðóãîì, äàííàÿ òåîðåìà îïè-
ñûâàåò âñå íèëüïîòåíòíûå ïîëóãðóïïû ñ ìîäóëÿðíîé ðåøåòêîé êîíãðóýíöèé.

ËÈÒÅÐÀÒÓÐÀ

1. Popovich A., Jones P. On congruence lattices of nilsemigroups // Semigroup Forum,
online-�rst. DOI: 10.1007/s00233-016-9837-2.
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Ðåìåñëåííèêîâ Â.Í.1, Ðîìàíîâñêèé Í.Ñ.2

1Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Îìñê, Ðîññèÿ; remesl@ofim.oscsbras.ru

2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; rmnvski@math.nsc.ru

Àëãåáðàè÷åñêàÿ ãåîìåòðèÿ íàä àëãåáðàè÷åñêèìè ñèñòåìàìè ÿâëÿåòñÿ îäíî-
âðåìåííî è ÷àñòüþ àëãåáðû, è ÷àñòüþ òåîðèè ìîäåëåé. Çà÷àñòóþ ïîëó÷àåòñÿ òàê,
÷òî ïðè îïèñàíèè ýëåìåíòàðíîé òåîðèè Th(A) äàííîé àëãåáðàè÷åñêîé ñèñòåìû
A (ãðóïïû, àëãåáðû, ãðàôà, ðåø¼òêè è ïð.) îñíîâíûì ìîìåíòîì ÿâëÿåòñÿ çàäà÷à
îïèñàíèÿ å¼ óíèâåðñàëüíîé òåîðèè Th∀(A). Äëÿ ðåøåíèÿ ýòîé çàäà÷è ÷ðåçâû÷àé-
íî óäîáíûì îêàçûâàåòñÿ àïïàðàò àëãåáðàè÷åñêîé ãåîìåòðèè íàä A.

Áàçèñíûå îïðåäåëåíèÿ àëãåáðàè÷åñêîé ãåîìåòðèè íàä A ââîäÿòñÿ ïî òîé æå
ñõåìå, êàê è â êëàññè÷åñêîé àëãåáðàè÷åñêîé ãåîìåòðèè íàä ïîëåì. Â ðåçóëüòà-
òå àëãåáðàè÷åñêîå óðàâíåíèå, àëãåáðàè÷åñêîå ìíîæåñòâî, ðàäèêàë, êîîðäèíàò-
íàÿ àëãåáðà ñòàíîâÿòñÿ îáùèìè òåîðåòèêî-ìîäåëüíûìè ïîíÿòèÿìè. Äàëåå ýòà
èäåÿ ðàñïðîñòðàíÿåòñÿ â äâóõ íàïðàâëåíèÿõ. Îäíî èç íèõ ñâÿçàíî ñ ðàçâèòèåì
óíèâåðñàëüíîé àëãåáðàè÷åñêîé ãåîìåòðèè â ÷èñòî òåîðåòèêî-ìîäåëüíîì ðóñëå.
Çäåñü äîêàçûâàþòñÿ àëãåáðî-ãåîìåòðè÷åñêèå ðåçóëüòàòû óíèâåðñàëüíîãî õàðàê-
òåðà, ñïðàâåäëèâûå äëÿ ïðîèçâîëüíûõ àëãåáðàè÷åñêèõ ñèñòåì ëþáîé ñèãíàòóðû.
Äðóãîå íàïðàâëåíèå ñâÿçàíî ñ áîãàòûì ôàêòè÷åñêèì ìàòåðèàëîì, ïîëó÷åííûì
äëÿ êîíêðåòíûõ àëãåáðàè÷åñêèõ ñèñòåì. Íàèáîëåå ÿðêèìè ïðèìåðàìè çäåñü ÿâ-
ëÿþòñÿ èññëåäîâàíèÿ ïî ñâîáîäíûì ãðóïïû è æ¼ñòêèì ðàçðåøèìûì ãðóïïàì.
Ìû ïîäðîáíåå ðàññêàçûâàåì îá èññëåäîâàíèÿõ ïî æ¼ñòêèì ãðóïïàì.

Ãðóïïà G íàçûâàåòñÿ æ¼ñòêîé, åñëè â íåé ñóùåñòâóåò íîðìàëüíûé ðÿä

G = G1 > G2 > . . . > Gm > Gm+1 = 1,

ôàêòîðû êîòîðîãî Gi/Gi+1 àáåëåâû è, ðàññìàòðèâàåìûå êàê ïðàâûå Z[G/Gi]-
ìîäóëè, íå èìåþò ìîäóëüíîãî êðó÷åíèÿ. Òàêîé ðÿä, åñëè îí âîîáùå ñóùåñòâóåò,
îïðåäåëÿåòñÿ ãðóïïîé îäíîçíà÷íî, êðîìå òîãî, ñòóïåíü ðàçðåøèìîñòè G â òî÷-
íîñòè ðàâíà m. Âàæíûìè ïðèìåðàìè æ¼ñòêèõ ãðóïï ÿâëÿþòñÿ ñâîáîäíûå ðàçðå-
øèìûå ãðóïïû. Æ¼ñòêàÿ ãðóïïà G íàçûâàåòñÿ äåëèìîé, åñëè ýëåìåíòû ôàêòîðà
Gi/Gi+1 äåëÿòñÿ íà íåíóëåâûå ýëåìåíòû êîëüöà Z[G/Gi]. Âñÿêàÿ æ¼ñòêàÿ ãðóïïà
âêëàäûâàåòñÿ â äåëèìóþ. Óäàëîñü äîêàçàòü í¼òåðîâîñòü ïî óðàâíåíèÿì ïðîèç-
âîëüíîé æ¼ñòêîé ãðóïïû, îïèñàòü êîîðäèíàòíûå ãðóïïû íåïðèâîäèìûõ àëãåá-
ðàè÷åñêèõ ìíîæåñòâ â àôôèííîì ïðîñòðàíñòâå íàä äåëèìîé æ¼ñòêîé ãðóïïîé,
íàéòè ðàçóìíóþ ôîðìóëèðîâêó äëÿ òåîðåìû Ãèëüáåðòà î íóëÿõ â àëãåáðàè÷å-
ñêîé ãåîìåòðèè íàä æ¼ñòêèìè ãðóïïàìè è äîêàçàòü ýòó òåîðåìó, ïîäðîáíî èñ-
ñëåäîâàòü òåîðåòèêî-ìîäåëüíûå àñïåêòû òåîðèè äåëèìûõ æ¼ñòêèõ ãðóïï äàííîé
ñòóïåíè ðàçðåøèìîñòè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 14-21-00065).

ËÈÒÅÐÀÒÓÐÀ

1. Äàíèÿðîâà Ý.Þ., Ìÿñíèêîâ À. Ã., Ðåìåñëåííèêîâ Â.Í. Àëãåáðàè÷åñêàÿ ãåîìåòðèÿ
íàä àëãåáðàè÷åñêèìè ñèñòåìàìè. Íîâîñèáèðñê: Èçäàòåëüñòâî ÑÎ ÐÀÍ, 2016.
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ÃÅÍÅÐÈ×ÅÑÊÀß ÒÅÎÐÅÌÀ
Î ÍÅÏÎÄÂÈÆÍÎÉ ÒÎ×ÊÅ

Ðûáàëîâ À.Í.

Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Îìñê, Ðîññèÿ; alexander.rybalov@gmail.com

Â äîêëàäå ïðèâîäèòñÿ ãåíåðè÷åñêèé àíàëîã êëàññè÷åñêîé òåîðåìû Êëèíè î
íåïîäâèæíîé òî÷êå ðåêóðñèâíîãî îïåðàòîðà.

Ãåíåðè÷åñêèé ïîäõîä ê òåîðèè âû÷èñëèìîñòè è âû÷èñëèòåëüíîé ñëîæíîñòè
áûë ïðåäëîæåí â ðàáîòå [1]. Â ðàìêàõ ýòîãî ïîäõîäà àëãîðèòìè÷åñêàÿ ïðîáëå-
ìà ðàññìàòðèâàåòñÿ íå íà âñåì ìíîæåñòâå âõîäîâ, à íà íåêîòîðîì ïîäìíîæåñòâå
�ïî÷òè âñåõ� âõîäîâ (òàê íàçûâàåìîì ãåíåðè÷åñêîì ìíîæåñòâå). Êëàññè÷åñêàÿ
òåîðåìà Êëèíè î íåïîäâèæíîé òî÷êå, èçâåñòíàÿ òàêæå êàê òåîðåìà Êëèíè î ðå-
êóðñèè, óòâåðæäàåò, ÷òî äëÿ ëþáîãî àëãîðèòìè÷åñêè âû÷èñëèìîãî îòîáðàæåíèÿ
ìíîæåñòâà ïðîãðàìì ìàøèí Òüþðèíãà íà ìíîæåñòâî ïðîãðàìì ìàøèí Òüþðèí-
ãà ñóùåñòâóåò íåïîäâèæíàÿ òî÷êà: íàéäåòñÿ òàêàÿ ìàøèíà, ÷òî è îíà è åå îáðàç
ïîä äåéñòâèåì ýòîãî îòîáðàæåíèÿ âû÷èñëÿþò îäíó è òó æå ôóíêöèþ. Â äàííîé
ðàáîòå äîêàçûâàåòñÿ ãåíåðè÷åñêèé àíàëîã ýòîé òåîðåìû.

Ïóñòü I � íåêîòîðîå ìíîæåñòâî âõîäîâ. Äëÿ ïîäìíîæåñòâà S ⊆ I îïðåäåëèì
ïîñëåäîâàòåëüíîñòü

ρn(S) =
|Sn|
|In|

, n = 1, 2, 3, . . . ,

ãäå Sn = S ∩ In � ìíîæåñòâî âõîäîâ èç S ðàçìåðà n. Àñèìïòîòè÷åñêîé ïëîòíî-
ñòüþ S íàçîâåì ïðåäåë (åñëè îí ñóùåñòâóåò)

ρ(S) = lim
n→∞

ρn(S).

Ìíîæåñòâî S íàçûâàåòñÿ ãåíåðè÷åñêèì, åñëè ρ(S) = 1 è ïðåíåáðåæèìûì, åñëè
ρ(S) = 0. Àëãîðèòì A ñ ìíîæåñòâîì âõîäîâ I è ìíîæåñòâîì âûõîäîâ J ∪ {?}
(? /∈ J) íàçûâàåòñÿ ãåíåðè÷åñêèì, åñëè A îñòàíàâëèâàåòñÿ íà âñåõ âõîäàõ èç I è
ìíîæåñòâî {x ∈ I : A(x) =?} ïðåíåáðåæèìî.

Òåîðåìà. Äëÿ ëþáîãî ãåíåðè÷åñêîãî àëãîðèòìà A : P → P ∪ {?} ñóùåñòâóåò
òàêàÿ ìàøèíà Òüþðèíãà M , ÷òî A(M) 6=? è ìàøèíà A(M) âû÷èñëÿåò òó æå
ôóíêöèþ, ÷òî è M .

ËÈÒÅÐÀÒÓÐÀ

1. Kapovich I., Myasnikov A., Schupp P., Shpilrain V. Generic-case complexity, decision
problems in group theory and random walks // Journal of Algebra. 2003. V. 264, No 2.
P. 665�694.
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Òåîðèÿ âû÷èñëèìîñòè íà äèñêðåòíûõ ñòðóêòóðàõ ÿâëÿåòñÿ ïðî÷íûì ôóíäà-
ìåíòîì ïðèêëàäíûõ ðàáîò â äèñêðåòíîé ìàòåìàòèêå è èíôîðìàòèêå. Ñ ýòèì
êîíòðàñòèðóåò ïîëîæåíèå â áóðíî ðàçâèâàþùåéñÿ â ïîñëåäíåå âðåìÿ òåîðèè âû-
÷èñëèìîñòè íà íåïðåðûâíûõ ñòðóêòóðàõ, êîòîðàÿ äî ñèõ ïîð ñëàáî ñâÿçàíà ñ
÷èñëåííûì àíàëèçîì. Â äàííîé ðàáîòå ñäåëàí øàã ê óñòàíîâëåíèþ ñâÿçåé ìåæ-
äó óêàçàííûìè ðàçäåëàìè ìàòåìàòèêè, à èìåííî óñòàíîâëåíà ñâÿçü ìåæäó êîí-
ñòðóêòèâíûìè ÷èñëîâûìè ïîëÿìè (ñì., íàïðèìåð, [1]) è ïîëåì Rc âû÷èñëèìûõ
äåéñòâèòåëüíûõ ÷èñåë, êîòîðóþ èñïîëüçóåì äëÿ äîêàçàòåëüñòâà âû÷èñëèìîñòè
(â ñòðîãîì ñìûñëå âû÷èñëèìîãî àíàëèçà [2]) ðåøåíèé âàæíîé ñèñòåìû äèôôå-
ðåíöèàëüíûõ óðàâíåíèé, ïðè÷åì ñ èñïîëüçîâàíèåì àëãîðèòìà, ðåàëüíî èñïîëü-
çóåìîãî â ÷èñëåííîì àíàëèçå. Ýòà ñâÿçü âûðàæàåòñÿ, â ÷àñòíîñòè, ñëåäóþùèì
óòâåðæäåíèåì: äëÿ ëþáîãî êîíå÷íîãî F ⊆ Rc íàéäåòñÿ ñèëüíî êîíñòðóêòèâíîå
âåùåñòâåííî çàìêíóòîå ïîäïîëå (B, β) óïîðÿäî÷åííîãî ïîëÿ Rc òàêîå, ÷òî F ⊆ B.

Ýòîò ðåçóëüòàò, íàðÿäó ñ êëàññè÷åñêèìè ðåçóëüòàòàìè ÷èñëåííûõ ìåòîäîâ, ìû
ïðèìåíÿåì äëÿ äîêàçàòåëüñòâà âû÷èñëèìîñòè îïåðàòîðîâ ðåøåíèé ñèñòåì äèô-
ôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, â ÷àñòíîñòè, ñèììåòðè÷åñêèõ
ãèïåðáîëè÷åñêèõ ñèñòåì [3]:A∂u

∂t +
m∑
i=1

Bi
∂u
∂xi

= f(t, x1, x2, . . . , xm), t ≥ 0,

u|t=0 = ϕ(x1, . . . , xm).

Çäåñü A = A∗ > 0 è Bi = B∗i � ïîñòîÿííûå âû÷èñëèìûå n × n ìàòðèöû, t ≥ 0,
x = (x1, . . . , xm) ∈ Q = [0, 1]m, ϕ : Q → Rn, f : Q × [0, T ] ⇀ Rn äëÿ íåêîòîðîãî
T > 0, u : Q × [0, T ] ⇀ Rn � ÷àñòè÷íàÿ ôóíêöèÿ, äåéñòâóþùàÿ íà îáëàñòè H
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ.
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ÒÅÎÐÈÈ ÐÀÇÐÅØÈÌÛÕ ÃÐÓÏÏ Ñ ÏÐÅÄÈÊÀÒÎÌ

Òèìîøåíêî Å.È.
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Gr � ñâîáîäíàÿ ãðóïïà íåêîòîðîãî ìíîãîîáðàçèÿ ðàíãà r. Ýëåìåíò g ∈ Gr
íàçûâàåòñÿ ïðèìèòèâíûì, åñëè åãî ìîæíî âêëþ÷èòü â íåêîòîðûé áàçèñ ýòîé
ãðóïïû. Ìíîæåñòâî èç r ýëåìåíòîâ {g1, . . . , gr} ãðóïïû Gr íàçûâàåòñÿ àííóëèðó-
þùèì, åñëè åãî íîðìàëüíîå çàìûêàíèå 〈g1, . . . , gr〉Gr ñîâïàäàåò ñî âñåé ãðóïïîé.
Ýëåìåíò g ∈ Gr íàçûâàåòñÿ àííóëèðóþùèì ýëåìåíòîì, åñëè åãî ìîæíî äîïîë-
íèòü äî àííóëèðóþùåãî ìíîæåñòâà. Îáîçíà÷èì ÷åðåç P(Gr) ìíîæåñòâî âñåõ ïðè-
ìèòèâíûõ ýëåìåíòîâ ãðóïïû Gr, à ÷åðåç A(Gr) � ìíîæåñòâî âñåõ àííóëèðóþùèõ
ýëåìåíòîâ ýòîé ãðóïïû.

Òåîðåìà 1. Ïóñòü Gr � ñâîáîäíàÿ ãðóïïà ðàíãà r ìíîãîîáðàçèÿ M.
(1) Åñëè ìíîãîîáðàçèå M ðàçðåøèìî, òî A(Gr) = P(Gr)[Gr, Gr]. Åñëè ìíîãî-

îáðàçèå M íèëüïîòåíòíî, òî A(Gr) = P(Gr).
(2) Ïóñòü M = A2 � ìíîãîîáðàçèå ìåòàáåëåâûõ ãðóïï è r ≥ 2. Òîãäà P(Gr) 6=

A(Gr).
(3) Ïóñòü M � ìíîãîîáðàçèå ìåòàáåëåâûõ ãðóïï èëè íèëüïîòåíòíûõ ãðóïï

Nc è ðàíã r ãðóïïû Gr íå ìåíåå 2. Òîãäà è òîëüêî òîãäà g ∈ P(Gr), êîãäà ýëåìåí-
òàðíûå òåîðèè ãðóïï Gr/〈g〉Gr è Gr−1 ñîâïàäàþò. Äëÿ ìíîãîîáðàçèÿ M = AN2

ýòî óòâåðæäåíèå íåâåðíî.
Îäíîìåñòíûå ïðåäèêàòû P è A îïðåäåëåíû ñëåäóþùèì îáðàçîì: äëÿ g ∈ Gr

ïîëîæèì Gr |= P (g)⇔ g ∈ P(Gr), Gr |= A(g)⇔ g ∈ A(Gr). Îáîçíà÷èì ÷åðåç σ0

ãðóïïîâóþ ñèãíàòóðó, σ1 = σ0 t {P}, σ2 = σ0 t {A}.
Òåîðåìà 2. Óíèâåðñàëüíàÿ òåîðèÿ ñâîáîäíîé ðàçðåøèìîé ãðóïïû Fr(A

n)
ðàíãà r ≥ 2 ñòóïåíè ðàçðåøèìîñòè n ≥ 2 â ñèãíàòóðå σ1 è ñèãíàòóðå σ2 íåðàçðå-
øèìà. Ïðè n = 1 óíèâåðñàëüíàÿ òåîðèÿ ðàçðåøèìà.

Òåîðåìà 3. Ìíîæåñòâî àííóëèðóþùèõ ýëåìåíòîâ A(Mr) ñâîáîäíîé ìåòàáå-
ëåâîé ãðóïïû Mr ðàíãà r ìîæíî îïðåäåëèòü íåêîòîðîé ∀∃-ôîðìóëîé ñèãíàòóðû
σ0, íî ìíîæåñòâà P(Mr) è A(Mr) íåëüçÿ îïðåäåëèòü ∃-ôîðìóëîé ýòîé ñèãíàòóðû.

Òåîðåìà 4. Ïóñòü Nr,n � ñâîáîäíàÿ n-ñòóïåííî íèëüïîòåíòíàÿ ãðóïïà êî-
íå÷íîãî ðàíãà r ≥ 2, n ≥ 1. Ïðè n ≥ 2 ìíîæåñòâî ïðèìèòèâíûõ ýëåìåíòîâ
P(Nr,n) (= A(Nr,n)) ìîæíî îïðåäåëèòü íåêîòîðîé ∀∃-ôîðìóëîé ñèãíàòóðû σ0,
íî íåëüçÿ îïðåäåëèòü ∃-ôîðìóëîé ýòîé ñèãíàòóðû. Ìíîæåñòâà P(Nr,1) íåëüçÿ
îïðåäåëèòü íèêàêîé ôîðìóëîé ñèãíàòóðû σ0.

Òåîðåìà 5. Ïóñòü Sn,m � ñâîáîäíàÿ ðàçðåøèìàÿ ãðóïïà ðàíãà n ñòóïåíè
ðàçðåøèìîñòè m. Òîãäà ïðè ðàçëè÷íûõ n è r è ëþáîì m ≥ 1 ãðóïïû Sn,m è Sr,m
â ñèãíàòóðå σ1 è σ2 èìåþò ðàçëè÷íûå óíèâåðñàëüíûå òåîðèè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-01485).
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Ïóñòü çàäàíà íåîäíîðîäíàÿ áåñêîíå÷íàÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé ñ áåñêîíå÷íûì ìíîæåñòâîì íåèçâåñòíûõ

a1,1x1 + a1,2x2 + . . .+ a1,nxn + . . . = b1,
a2,1x1 + a2,2x2 + . . .+ a2,nxn + . . . = b2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
an,1x1 + an,2x2 + . . .+ an,nxn + . . . = bn,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 (1)

è ñîîòâåòñòâóþùàÿ åé îäíîðîäíàÿ ñèñòåìà

a1,1x1 + a1,2x2 + . . .+ a1,nxn + . . . = 0,
a2,1x1 + a2,2x2 + . . .+ a2,nxn + . . . = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
an,1x1 + an,2x2 + . . .+ an,nxn + . . . = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 (2)

ãäå aj,i � èçâåñòíûå êîýôôèöèåíòû, bj � ñâîáîäíûå ÷ëåíû è xi � íåèçâåñòíûå,
âñå ýòè âåëè÷èíû âçÿòû èç íåêîòîðîãî ïîëÿ F .

Õîòÿ ñèñòåìà (2) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñèñòåìû (1), ñ òî÷êè çðåíèÿ òåî-
ðèè è ìåòîäîâ ðåøåíèÿ áåñêîíå÷íûõ ñèñòåì, ñèñòåìû (1) è (2) ÿâëÿþòñÿ ïðèíöè-
ïèàëüíî ðàçíûìè. Äåëî çàêëþ÷àåòñÿ â ñëåäóþùåì. Åñëè ïðèìåíèì ïîäõîä äëÿ
ðåøåíèÿ íåîäíîðîäíîé ñèñòåìû (1) ê îäíîðîäíîé ñèñòåìå (2), òî íåïðåìåííî ïî-
ëó÷èì òðèâèàëüíîå ðåøåíèå ñèñòåìû (2), êîòîðîå, î÷åâèäíî, ñóùåñòâóåò âñåãäà
è íå çàâèñèò îò áåñêîíå÷íîãî îïðåäåëèòåëÿ ñèñòåì (1) è (2). Âìåñòå ñ òåì, õî-
ðîøî èçâåñòíû ïðèìåðû îäíîðîäíûõ áåñêîíå÷íûõ ñèñòåì [1], [2], êîòîðûå èìåþò
íåòðèâèàëüíûå ðåøåíèÿ. Ïðè÷åì ïîäïðîñòðàíñòâî òàêèõ ðåøåíèé ìîæåò áûòü
áåñêîíå÷íîìåðíûì [1], [2].

Â íàñòîÿùåì äîêëàäå èçëàãàåòñÿ òåîðèÿ îáùåé íåîäíîðîäíîé áåñêîíå÷íîé ñè-
ñòåìû è åå ïðàêòè÷åñêàÿ ðåàëèçàöèÿ â òîì ñëó÷àå, êîãäà áåñêîíå÷íûé îïðåäåëè-
òåëü ñèñòåìû îòëè÷åí îò íóëÿ. Òåîðèÿ îñíîâàíà íà ïîñòðîåíèè îñîáîãî ÷àñòíîãî
ðåøåíèÿ, òàê íàçûâàåìîãî ñòðîãî ÷àñòíîãî ðåøåíèÿ, êîòîðîå ñóùåñòâóåò òîãäà
è òîëüêî òîãäà, êîãäà èñõîäíàÿ áåñêîíå÷íàÿ ñèñòåìà ñîâìåñòíà. Îïèñàíà ïðàê-
òè÷åñêàÿ ðåàëèçàöèÿ äàííîãî ðåøåíèÿ ñ çàäàííîé òî÷íîñòüþ. Äëÿ îäíîðîäíîé
ñèñòåìû ñòðîãî ÷àñòíûì ðåøåíèåì ÿâëÿåòñÿ åå òðèâèàëüíîå ðåøåíèå.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ áàçîâîé ÷àñòè ãî-

ñóäàðñòâåííîãî çàäàíèÿ (ïðîåêò � 6069).
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Ìíîãî÷èñëåííûå ïîïûòêè, ïðåäïðèíèìàâøèåñÿ â ïîñëåäíèå 15�20 ëåò îïðå-
äåëèòü êâàíòîâûå àëãåáðû Ëè êàê ýëåãàíòíûé àëãåáðàè÷åñêèé îáúåêò ñ áèíàðíîé
�êâàíòîâîé� ñêîáêîé, íå óâåí÷àëèñü áåññïîðíûì óñïåõîì. Â äîêëàäå ìû ðàññìàò-
ðèâàåì àëüòåðíàòèâíûé ïîäõîä, ïðåäïîëàãàþùèé èçó÷åíèå íåçàâèñèìûõ îïåðà-
öèé ìíîãèõ ïåðåìåííûõ. Èçâåñòíî íåñêîëüêî âàæíûõ îáëàñòåé, ãäå îïåðàöèè
ìíîãèõ ïåðåìåííûõ çàìåíÿþò ñêîáêó Ëè: èçó÷åíèå êîñûõ äèôôåðåíöèðîâàíèé â
òåîðèè êîëåö, ëîêàëüíàÿ àíàëèòè÷åñêàÿ òåîðèÿ ëóï è òåîðåòè÷åñêèå èññëåäîâà-
íèÿ îáîáùåíèé ìåõàíèêè Íàìáó. Â äîêëàäå ìû ðàññìîòðèì ïîëèëèíåéíûå êâàí-
òîâûå îïåðàöèè Ëè, ãëàâíóþ îáùóþ êâàíòîâóþ îïåðàöèþ, áàçèñ èç ñèììåòðè÷å-
ñêèõ îáùèõ îïåðàöèé è îïåðàöèè Øåñòàêîâà � Óìèðáàåâà â òåîðèè íåàññîöèàòèâ-
íîãî ïðîèçâåäåíèÿ. Ïîäðîáíî ðàññìàòðèâàåìûé ïîäõîä èçëîæåí â íåäàâíî îïóá-
ëèêîâàííîé êíèãå àâòîðà �Quantum Lie Theory�, Lecture Notes in Mathematics,
v. 2150, Springer, 2015.
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In 1997 X. Xu [1] invented a concept of Novikov�Poisson algebras (we call them
Gelfand�Dorfman�Novikov�Poisson (GDN�Poisson) algebras) based on [2], [3]. We
construct a linear basis of a free GDN�Poisson algebra. We de�ne a notion of a special
GDN�Poisson admissible algebra, based on X. Xu's de�nition and an S. I. Gelfand's
observation (see [2]). It is a di�erential algebra with two commutative associative
products and some extra identities extra identities. We prove that any GDN�Poisson
algebra is embeddable into its universal enveloping special GDN�Poisson admissible
algebra (PBW type theorem) [4].
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Foundation for Basic Research (project 14-21-00065).
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ON NONQUASIRECOGNIZABLE
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We denote the set of the orders of elements, or the spectrum, of a �nite group G by
ω(G), and say that G and H are isospectral if ω(G) = ω(H). The orders of elements
of a �nite group de�nitely re�ect its structure to some extent, but more interesting is
that many �nite nonabelian simple groups are uniquely determined by their spectra
(for example, all the sporadic groups except J2 and all the alternating groups except
A6 and A10). Furthermore, simple classical groups of su�ciently large dimension have
the following property: if G is a �nite group isospectral to a such simple classical group
S, then up to isomorphism S ≤ G ≤ AutS (see [1] for details). As of 2016, �su�ciently
large� in the previous statement means �at least 27� for linear and unitary groups and
�at least 38� for symplectic and orthogonal groups, but the conjectural bounds are 5
and 10 respectively (see [2]).

In the present work, we continue studying �nite groups isospectral to symplectic
and orthogonal groups of dimensions up to 9. The �nite simple orthogonal groups
Ω9(q) do not satisfy the above property and, moreover, they are not quasirecognizable
by spectrum [3] (a �nite nonabelian simple group S is said to be quasirecognizable
if every �nite group isospectral to S has a unique nonabelian composition factor
and this factor is isomorphic to S). Since Ω9(2m) ' PSp8(2m), this result leads to
the following natural question: are the groups PSp8(q), with q odd, quasirecognizable
by spectrum? We prove that they are not provided that q is not a power of 7.

Theorem. Let q be a power of an odd prime p 6= 7 and let V be the natural
module of the general orthogonal group GO−8 (q). Denote the subgroup of GO−8 (q)
generated by Ω−8 (q) and some element of GO−8 (q) \ SO−8 (q) by H and the natural
semidirect product V o H by G. Then ω(G) = ω(PSp8(q)). In particular, PSp8(q)
is not quasirecognizable by spectrum and there are in�nitely many di�erent �nite
groups isospectral to PSp8(q).

Observe that for p = 7, the spectrum of the group G constructed in Theorem 1 is
not contained in ω(PSp8(q)), and the question of quasirecognizability of PSp8(7m)
remains open.

The research is supported by Russian Science Foundation (project no. 14-21-00065).
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For a �nite group G denote by νp(G) the number of Sylow p-subgroups of G. It is a
trivial exercise to check that for every subgroup H of G the inequality νp(H) ≤ νp(G)
holds. However, νp(H) does not divides νp(G) in general. In 2003 G. Navarro proved
that νp(H) divides νp(G) for every H ≤ G, if G is p-solvable. We prove that νp(H)
divides νp(G) for everyH ≤ G, if this property holds for every nonabelian composition
factor of G. Thus, we obtain a substantial generalization of the Navarro's result and
also give an alternative proof for Navarro's result.

We say that a group G satis�es DivSyl(p) if νp(H) divides νp(G) for everyH ≤ G.
Theorem. Let

1 = G0 < G1 < . . . < Gn = G

be a re�nement of a chief series of G. Assume that for each nonabelian Gi/Gi−1 and
for every p-subgroup P of AutG(Gi/Gi−1) the group P (Gi/Gi−1) satis�es DivSyl(p).
Then G satis�es DivSyl(p).
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DEGENERATIONS OF ZINBIEL
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The general linear group GLn(F ) acts naturally on the set of all algebras of
�xed dimension n in a given variety M over a �eld F . Given A and B in M , we
say that B degenerates to A if A belongs to the closure of GLn(F )-orbit of B
(in the Zariski topology on M). The notion of degeneration is closely connected
with the notion of deformation of algebras [1], and it is applied to �ltrations and
gradings as well. There are many results concerning degenerations of algebras of low
dimensions from some variety de�ned by a set of identities. An important problem in
this direction is the description of so-called rigid algebras. These algebras are of big
interest, since the closures of their orbits under the action of general linear group
form irreducible components of a variety under consideration. For example, rigid
algebras were classi�ed in the varieties of low dimensional associative (Mazzola) and
Jordan algebras [2]. The full information about degenerations was found for four-
dimensional Lie algebras (Burde, Steinho�), for nilpotent �ve- and six-dimensional
Lie algebras [3], for three-dimensional nilpotent Leibniz algebras (Omirov, Rakhimov),
for two-dimensional pre-Lie algebras [4], and other varieties.

Leibniz algebras were introduced by Bloh in [5] as a non-anticommutative genera-
lization of Lie algebras. Zinbiel algebras were introduced by Loday in [6]. Under the
Koszul duality the operad of Zinbiel algebras is dual to the operad of Leibniz algebras.

In our paper [7] we give the full information about degenerations of Zinbiel and
nilpotent Leibniz algebras of dimension 4. More precisely, we construct a graph
of primary degenerations. The vertices of this graph are the isomorphism classes
of algebras in the variety under consideration, and an algebra A degenerates non-
trivially to an algebra B i� there is a path from the vertex corresponding to A to the
vertex corresponding to B. Also we describe the rigid algebras and the irreducible
components of the varieties of algebras under consideration.
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Any Chevalley algebra over �eld K is characterized by a root system Φ and a
Chevalley basis consisting of elements er (r ∈ Φ) and a suitable Cartan subalgebra
[1; �4.4]. Denote by NΦ(K) the niltriangular subalgebra with the basis {er | r ∈ Φ+}.

We �nd ideals of the enveloping algebra R for NΦ(K) which was constructed
by V.M. Levchuk. Let T (r) :=

∑
s≥rKes and Q(r) :=

∑
s>rKes, where s ≥ r

if s−r is a linear combination of simple roots with non-negative coe�cients. A subset
L = L(H) in Φ+ is said to be a set of corners of H ⊆ NΦ(K) if H ⊆

∑
r∈L T (r) and

any substitution of T (r) by Q(r) breaks the inclusion. Every ideal of ring R (with
R(−) ' NΦ(K)) for Lie type An satis�es the condition:

Q(r) ⊆ H for all r ∈ L(H). (1)

(R. Dubish, S. Perlis in case of algebras, V.M. Levchuk). The same description of
ideals holds, in particular, for all classical types 6= Dn. On the other hand, the problem
of enumeration of ideals (1) for algebras NΦ(GF (q)) of classical type has been written
in [2; Problem 1]. Recently, this problem was solved by G.P. Egorychev, V.M. Levchuk
and speaker. The following theorem solves analogue of the problem 1 for exceptional
Lie types.

Theorem. The number of ideals (1) of algebra NΦ(GF (q)) of exceptional type
over �eld K = GF (q) is

G2 : q + 7; F4 : q4 + 3 q3 + 44 q2 + 32 q + 25;

E6 : q9 + 3 q8 + 4 q7 + 67 q6 + 69 q5 + 230 q4 + 306 q3 + 94 q2 + 22 q + 37;

E7 : 2 (q12 + q11 + 3 q10 + 32 q9 + 90 q8 + 118 q7 + 394 q6 + 449 q5+

+ 708 q4 + 300 q3 − 79 q2 + 31 q + 32);

E8 : q16 + 3 q15 + 4 q14 + 7 q13 + 237 q12 + 239 q11 + 693 q10 + 1647 q9 + 3554 q8+

+4283 q7 + 5829 q6 + 7055 q5 + 3773 q4 − 2361 q3 − 244 q2 + 239 q + 121.
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ALGEBRAS AND THEIR ENVELOPING ALGEBRAS:

IDEALS AND AUTOMORPHISMS

Levchuk V.M.
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Any (not necessarily associative) algebra R = (R,+, ·) is said to be enveloping
algebra of Lie algebra L if both algebras are isomorphic as linear spaces and there
exist ring isomorphism R(−) := (R,+, ∗) ' L, where a ∗ b := ab − ba (see also Lie-
admissible algebras [1]). Denote byNΦ(K) the niltriangular subalgebra with the basis
{er | r ∈ Φ+} of a Chevalley algebra over ring K, i.e. with a Chevalley basis consisting
of the elements er (r ∈ Φ) (Φ is a root system) and a suitable Cartan subalgebra [1].
Following from the Chevalley's basis theorem, if r, s ∈ Φ+, then er ∗ es = 0 when
r+ s /∈ Φ+ and er ∗ es = Nrser+s when r, s, r+ s ∈ Φ+, where Nrs = ±1,±2 or (type
G2) ±3.

Assuming that eres = 0 when r+s 6∈ Φ, eres = er+s when r, s, r+s ∈ Φ+, Nr,s ≥ 1
and eser = −(Nr,s − 1)er+s otherwise, we obtain an enveloping algebra R = (R,+, ·)
of a Lie algebra NΦ(K). We consider the following problems.

1) The problems of ideals enumeration in Lie algebras NΦ(K) of classical types
over �nite �eld [3; Problems 1 and 2] and their analogues for exceptional types.

2) The equivalence of the problem 1 from [3] and the problem of ideals enumeration
of algebras R for certain types.

3) Automorphism groups of rings R and NΦ(K) over associative commutative
ring K with identity.

The author was supported by the Russian Foundation for Basic Research (project no. 16-

01-00707).

REFERENCES

1. Laufer P. J., Tomber M. L., �Some Lie admissible algebras,� Canad. J. Math., 14, 287�292
(1962).

2. Carter R., Simple Groups of Lie type, Wiley and Sons, New York (1972).

3. Egorychev G.P., Levchuk V.M., �Enumeration in the Chevalley algebras,� ACM SIGSAM
Bulletin, 35, No. 2, 20�34 (2001).

105



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

SOME STRUCTURAL PROPERTIES OF QUASI-DEGREES

Omanadze R. Sh.

Tbilisi Ivane Javakhishvili State University, Tbilisi, Georgia;
roland.omanadze@tsu.ge

Let r1 and r2 be reducibilities. The reducibility r2 is said to be weaker than the
reducibility r1 (and r1 is said to be stronger than r2) if we have that A ≤r1 B ⇒
A ≤r2 B for all A,B ⊆ ω. It is clear that if r1 is stronger than r2 then each r2-degree
consists of a single or several (possibly in�nitely many) r1-degrees. One of the main
approaches to studying various reducibilities concerns the question of how many r1-
degrees exist and how they are arranged in each of the degrees relative to the weaker
reducibility.

Recently Batyrshin [2] proved that there exists a noncomputable c.e. Q-degree
which contains only one c.e. m-degree.

We improve this result by showing that every noncomputable c.e.Q-degree contains
a c.e. perfect set.

In [3] Ershov suggested the de�nition of a perfect set and proved that them-degree
of a perfect set consists of a single 1-degree and every c.e. Turing degree > 0 contains
a perfect c.e. set.

The following theorem and its proof are analogous to above mentioned Ershov
Theorem and its proof.

Theorem 1. Every noncomputable c.e. Q-degree contains a perfect c.e.set.
Corollary 1. A noncomputable c.e. Q-degree consists of a single c.e. m-degree

if and only if it consists of a single c.e. 1-degree.
Corollary 2. Every noncomputable c.e. Q-degree contains a c.e. m-degree con-

sisting of only one 1-degree.
Corollary 3. There is a noncomputable c.e. Q-degree containing a single c.e.

1-degree.
In [1] it is proved that for every Π0

2-set A, ∅ < A < ∅′, there is a ∆0
2-set B which is

Q-incomparable with A and for all c.e. sets X, if X <Q A and X <Q B then X <Q ∅.
In connection with this result the following theorem seems interesting.
Theorem 2. Let K be a creative set. Then there is a Σ0

2 \ ∆0
2 set B which is

Q-incomparable with K and for all c.e. sets W , if W ≤Q B then W ≤Q ∅.
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The general linear group GLn(F ) acts naturally on the set of all algebras of �xed
dimension n in a given variety M over a �eld F . Given A and B in M , we say
that B degenerates to A if A belongs to the closure of GLn(F )-orbit of B (in the
Zariski topology on M). Degenerations of algebras were studied in various papers.
In particular, there are many results concerning degenerations of algebras of low
dimensions from some variety de�ned by a set of identities. An important problem
in this direction is the description of so-called rigid algebras. These algebras are of
big interest, since the closures of their orbits under the action of general linear group
form irreducible components of a variety under consideration. All information about
degenerations has been found for four-dimensional Lie algebras (Burde, Steinho�),
nilpotent �ve- and six-dimensional Lie algebras [3], three-dimensional nilpotent
Leibniz algebras (Omirov, Rakhimov), two-dimensional pre-Lie algebras [1], and three-
dimensional Novikov algebras [2]. Also the problem of �nding rigid algebras was
solved for low dimensional associative (Gabriel, Mazzola), Leibniz (Albeveiro, Omirov,
Rakhimov and others) and four-dimensional Jordan algebras (Kashuba, Martin, [4]).

The notions of a Malcev and binary Lie algebra were introduced by A. Malcev.
Any Lie algebra is a Malcev algebra and any Malcev algebra is a binary Lie algebra.
Note also that any alternative algebra can be turned to a Malcev algebra by de�ning
a new multiplication [ , ] by [x, y] = xy − yx.

In our work [5] we give the full information about degenerations of binary Lie
algebras of dimension 4 and nilpotent Malcev algebras of dimensions 5 and 6. In
particular, we describe all rigid algebras and irreducible components in the correspon-
ding varieties.

The author was supported by the President's Programme �Support of Young Russian
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Let π be a set of primes. According to H. Wielandt, a subgroup H of a �nite group
X is called a π-submaximal subgroup if there is a monomorphism φ : X → Y into a
�nite group Y such that Xφ is subnormal in Y and Hφ = K ∩Xφ for a π-maximal
subgroup K of Y . In his talk at the well-known conference on �nite groups in Santa-
Cruz (USA) in 1979, Wielandt posed a series of open questions and among them
the following problem [1]: to describe the π-submaximal subgroup of the minimal
nonsolvable groups and to study properties of such subgroups (the pronormality, the
intravariance, the conjugacy in the automorphism group etc). In the talk, we discussed
a solution of this problem: for every set π of primes, we give a description of the π-
submaximal subgroup in minimal nonsolvable groups and investigate their properties.

This work was supported by the Russian Science Foundation (project no. 14-21-00065).
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For subsets A,B of the Baire space N = ωω, A isWadge reducible to B (A ≤W B),
if A = f−1(B) for some continuous function f on N . The quotient-poset of the
preorder (P (N );≤W ) under the induced equivalence relation ≡W on the power-set
of N is called the structure of Wadge degrees in N . W. Wadge [4] characterized the
Wadge degrees of Borel sets up to isomorphism, in particular this poset is well-founded
and has no 3 pairwise incomparable elements.

Let 2 ≤ k < ω. By a k-partition of N we mean a function A : N → k =
{0, . . . , k − 1} often identi�ed with the sequence (A0, . . . , Ak−1) where Ai = A−1(i)
are the components of A. Obviously, 2-partitions of N can be identi�ed with the
subsets of N using the characteristic functions. The set of all k-partitions of N is
denoted kN , thus 2N = P (N ). The Wadge reducibility on subsets of N is naturally
extended to k-partitions: for A,B ∈ kN , A ≤W B means that A = B ◦ f for some
continuous function f on N . In this way, we obtain the preorder (kN ;≤W ). For any
pointclass Γ ⊆ P (N ), let Γ(kN ) be the set of k-partitions of N with components
in Γ. It is known (Theorem 3.2 in [1]) that (∆1

1(kN );≤W ) is a well preorder, i.e. it
has neither in�nite descending chains nor in�nite antichains.

In this work we characterize up to isomorphism some initial segments of the
Wadge degrees of k-partitions, in particular of k-partitions with ∆0

3-components. This
exstends some previous results in [2], [3].
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The talk is based on the paper [1], where we solve the following problem.
Problem. Is there a variety V of L-algebras such that each A ∈ V is L(A)-

equationally Noetherian algebra (here L(A) = L ∪ {a | a ∈ A})?
This problem was solved for groups, rings, monoids and semigroups.
Theorem 1. Let V be a variety of groups. Each G ∈ V is equationally Noetherian,

if and only if V is abelian.
Theorem 2. Let V be a variety of rings. Each R ∈ V is equationally Noetherian,

if and only if all elements of V have zero multiplication.
Theorem 3. Let V be a variety of monoids. Each M ∈ V is equationally Noethe-

rian, if and only if V is a variety of abelian groups de�ned by the identity xn = 1.
Theorem 4. Each semigroup S of a variety V is L(S)-equationally Noetherian

i� V is one of the following

1. the variety of semigroups with zero multiplication (xy = zt);

2. the variety of left zero semigroups (xy = x);

3. the variety of right zero semigroups (xy = y);

4. the variety of abelian groups of period n (xy = yx, x = xyn).

The author was supported by Russian Science Foundation (project 17-11-01117).

REFERENCES

1. Shahryari M., Shevlyakov A.N., �Direct products, varieties, and compactness conditions,�
Groups, Complexity, Cryptology (to appear).

110



Ñåêöèÿ 1. Àëãåáðà, òåîðèÿ ÷èñåë è ìàòåìàòè÷åñêàÿ ëîãèêà

ON CARDINALITIES FOR MODELS
OF THEORIES IN CLOSURES

Sudoplatov S.V.

Sobolev Institute of Mathematics SB RAS,
Novosibirsk State Technical University,

Novosibirsk State University, Novosibirsk, Russia;
Institute of Mathematics and Mathematical Modeling MES RK,

Almaty, Republic of Kazakhstan;
sudoplat@math.nsc.ru

We continue to study topological and model-theoretic properties of families of
complete elementary theories in a predicate language [1], [2], [3] and present results
on cardinalities for models of theories in closures with respect to the operators of
E-combinations and P -combinations.

Remark. E-combinations can not produce new �nite cardinalities of models.
Theorem 1. For any nonempty family T of theories there is K ⊂ ω such that

�nite cardinalities of models of T -closure with respect to disjoint P -combinations with
repetitions form the following set:

⊎
k∈K

kZ+.

Theorem 2. For any in�nite family T of theories there is K ⊂ ω such that that
�nite cardinalities of models of T -closure with respect to disjoint P -combinations
without repetitions form the following set:

⊎
k∈K

kZ+.

Theorem 3. For any set K ⊆ Z+ there is a P -combination T producing K = KT ,
where KT is the set of �nite cardinalities of models of theories in the closure with
respect to T .

Theorem 4.

(1) If T is a P -combination with a type p∞(x) isolating a complete 1-type then KT

is either empty or contains k0 such that KT ⊆ k0Z+.
(2) For any set K ⊆ k0Z+, being empty or containing k0, there is a P -combination T
with a type p∞(x) isolating a complete 1-type such that KT = K.

Remark. In�nite cardinalities for models of new theories can be estimated by
calculi for de�nable sets, introduced in [4].

The author was supported by the Grants Council (under RF President) for State Aid

of Leading Scienti�c Schools (grant NSh-6848.2016.1) and by Committee of Science in

Education and Science Ministry of the Republic of Kazakhstan (Grant no. 0830/GF4).
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The primary purpose of the talk is to present the following
Theorem. Suppose that G is a �nite almost simple group with the socle S. Then

there exists an involution t in S such that G = CG(t)S.
We are also going to explain the relation between this statement and the problem

of �nding of all non-conjugate regular subgroups in the automorphism groups of the
central Cayley graphs over almost simple groups, and, in turn, the description of all
nonequivalent Cayley representations of such graphs.
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ON GEOMETRIC STRUCTURES WITH
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A theory T is called geometric if in all the models of T the operator of algebraic
closure satis�es the exchange property, and T eliminates the ∃∞ quanti�er. Examples
include supersimple theories of SU-rank 1 (in particular, strongly minimal theories)
and o-minimal theories. We call a subset P of a model M of a geometric theory
dense/codense, if any in�nite subset of M de�nable over a set A has a non-empty
intersection with P and M\acl(A ∪ P ).

We can impose further conditions on the set P . If we require P to be algebraically
closed, we get the notion of lovely pair of geometric structures [1], �rst introduced in
the SU-rank 1 and simple contexts in [2] an [3]. If we require P to be algebraically
independent, we get the notion of an H-structure [4], �rst studied in the o-minimal
context in [5]. If we add a predicate for the subset, in both cases we obtain a complete
theory in the expanded language.

Lovely pairs allowed us to extend the notion of linearity to the general context
of geometric theories and to connect it to the presence of projective geometries over
division rings [6], in the absence of the usual stability theoretic or topological tools
available in the strongly minimal or o-minimal cases.

Both lovely pair and H-structure expansions allow a good description of de�nable
sets and preserve many important stability/simplicity-theoretic and combinatorial
conditions (e.g. superstability, supersimplicity, NIP), and in the SU-rank 1 case, one
gets a reasonable description of forking in the expanded language. In the case of H-
structure expansion of an SU-rank 1 theory, we also obtained a clear description of
canonical bases in terms of those in the original theory T [4].

We will also discuss an example of an �intermediate� version of dense/codense
expansion, where the set P is neither algebraically closed nor independent: a real
closed �eld with a dense/codense linearly independent multiplicative subgroup.

The author was partially supported by the Natural Science and Engineering Research

Council of Canada (NSERC).
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Considered only �nite groups. We have introduced de�nitions of an FΩ-projector
and of an FΩ-covering subgroup in a �nite group G which are the generalization of
Gasch�utz`s de�nitions of an F-projector and of an F-covering subgroup respectively
in the case when G is a solvable group.

Definition 1. Let F be a non-empty class of groups. A subgroup H of the group
G is called an FΩ-projector of G if HN/N is an F-maximal subgroup in G/N for every
normal solvable Ω-subgroup N of G.

Definition 2. Let F be a non-empty class of groups. A subgroup H of the group
G is called an FΩ-covering subgroup of G if H ∈ F and whenever H ≤ U ≤ G, V is a
normal solvable Ω-subgroup of U such that U/V ∈ F, then U = HV .

Let I be a class of all simple groups, Ω be a non-empty subclass of I, F and X be
non-empty classes of groups, F ⊆ X. A class F is called sΩ-primitively closed in X,
or brie�y, sΩP -closed in X if for each group G the following condition is satis�ed: if
G/CoreG(M)∩OΩ(G) ∈ F for every such maximal subgroupM of G that a subgroup
CoreG(M) ∩OΩ(G) is solvable, then G ∈ F.

Let f : Ω ∪ {Ω′} → {formations of groups} be an ΩF -function, ϕ : I → {non-
empty Fitting formations of groups} be an FR-function. A formation ΩF (f, ϕ) = (G :
G/OΩ(G) ∈ f(Ω′) and G/Gϕ(A) ∈ f(A) for all A ∈ Ω ∩K(G)) is called an Ω-foliated
formation with the Ω-satellite f and the direction ϕ [1]. A formation F = ΩF (f, ϕ) is
called Ω-composition if ϕ(A) = ScA for any A ∈ I, where ScA is a class of all those
groups in which every chief A-factor is central.

Theorem 1. Let X be an S-closed homomorph, F be a non-empty sΩP -closed
homomorph in X and G ∈ X. If G has an F-residual normal solvable Ω-subgroup, then
there exists at least one FΩ-projector of G.

Theorem 2. Let Ω ⊆ A, X be an S-closed homomorph, F be a non-empty subclass
of X. If every group G ∈ X with OΩ(G) 6= 1 has an FΩ-projector, then F is sΩP -closed
in X.

Theorem 3. Let X be an S-closed homomorph, F be a non-empty sΩP -closed
homomorph in X, G ∈ X, OΩ(G) be a solvable group and N be a nilpotent normal
Ω-subgroup of G. If H is an F-subgroup of G with G = HN then H lies in some
FΩ-covering subgroup of G.

Theorem 4. Let Ω ⊆ A, X be an S-closed homomorph, F be a non-empty
sΩP -closed homomorph in X and G be an X-group which has F-residual normal
Ω-subgroup. A subgroup H of G is an FΩ-projector of G if and only if H is an
FΩ-covering subgroup of G.

Theorem 5. Let F be an Ω-composition formation, G be a group and GF be a
solvable (Ω ∩K(F))-group. Then any two FΩ-covering subgroups of G are conjugate.

Remark. Theorems 1�5 continue the authors' researches [2].
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Let us consider the �rst-order logic = with signature Ω, containing single predicates.
Let µ be a probability measure on =, and L be a set of literals, µ(P ) > 0, for P ∈ L.

Definition 1. By semantic probabilistic inference (SP-inference) we mean a
sequence of rules R1 @ R2 @ . . . @ Rm, that predict some literal P0 ∈ L, and
satisfy the following conditions:

1. R1 = (⇒ P0);

2. Ri = (P i1& . . .&P iki ⇒ P0), P ij ∈ L,P0 /∈ {P i1, . . . , P iki}, i = 2, . . . ,m;

3. Ri � subrule of the rule Ri+1, i = 1, . . . ,m− 1,
{P i1, . . . , P iki} ⊂ {P

i+1
1 , . . . , P i+1

ki+1
}, ki < ki+1;

4. µ(Ri) < µ(Ri+1), i = 1, 2, . . . ,m− 1, where µ(Ri) = µ(P i0/P
i
1& . . .&P iki),

µ(P i1& . . .&P iki) > 0 is a conditional probability of the rule for i ≥ 2, and
µ(R1) = µ(P0);

5. Ri � probabilistic laws, i = 2,. . . ,m, such that for any subrule
R′ = (P1& . . .&Pk ⇒ P0) of the rule Ri, we have µ(R′) < µ(Ri);

6. Rm � strongest probabilistic law, such that for Rm don't exist the rule Rm+1

satisfying conditions 2-5.

Let us consider the set of all SP-inferences of the literal P0 ∈ L. This set form a
semantic probabilistic inference tree for inference the literal P0 ∈ L.

Definition 2. By the maximally speci�c law MSL(P0) of the inference of literal
P0 ∈ L we mean the strongest probabilistic law, having a maximum conditional
probability among all other strongest probabilistic laws of the semantic probabilistic
inference tree for inference the literal P0 ∈ L. If there are several strongest probabilistic
laws, having the same value of conditional probability, then all of them are maximally
speci�c laws. LetMSL be a set of all maximally speci�c laws that join setsMSL(P0),
P0 ∈ L.

Definition 3. The inference operator Pr for the set of rules P ⊂ MSR is:
PrP (L) = L ∪ {P0 | C = (P1& . . .&Pk ⇒ P0), {P1, . . . , Pk} ⊂ L, C ∈ P}

Definition 4. The set of literals L = {L1, . . . , Lk} we will call compatible,
if µ(L1&...&Lk)>0, and consistent, if it not contains literal G and its negation¬G.

Theorem. If L compatible, then L and PrP (L) are consistent for P ⊂ MSR.
Inductive-statistical inference of predictions is de�ned as a logical inference of some

facts based on other facts and probabilistic laws. From the theorem 1 it follows that
we can provide consistent predictions, if we use only maximally speci�c laws. Based
on the semantic probabilistic inference a program system Discovery was developed
that realize it, which was successfully applies for solving many practical tasks [1].
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Let R = ⊕j≥0Rj be a homogeneous Noetherian ring with semi-local base ring R0,
i.e., R0 has only �nitely many maximal ideal. Let R+ = ⊕j≥1Rj be the homogeneous
ideal of R, generated by all positive degree homogeneous elements of R. We recall
from [2] that a Z-graded R-module T is tame or asymptotically gap free if Tn=0 for
all n� 0, or else Tn 6= 0 for all n� 0. Recall also that, a sequence (Sn)n∈Z of subsets
of Spec(R0) is said to be asymptotically stable for n→ −∞ if there exists m ∈ Z such
that Sn = Sm for all n ≤ m. Using an idea of [2], for two �nitely generated Z-graded
R-modules M and N , several results on the vanishing, Artinianness and tameness of
the graded R-modules

Hi
R+

(M,N) = lim−→
n∈N

ExtiR(M/(R+)nM,N)

will be investigated. Also, it will be shown that the sequence(
AssR0(Hi

R+
(M,N)n)

)
n∈Z

is asymptotically stable, which in turn, implies that the sequence(
SuppR0

(Hi
R+

(M,N)n)
)
n∈Z

is asymptotically stable too. Here, for an R0-module X the symbols AssR0
(X) and

SuppR0
(X) stand for the set of all associated primes and support of X respectively [1].
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Ãåîìåòðè÷åñêàÿ êîíñòðóêöèÿ ìíîãîîáðàçèÿ íà óçëå âîñüìåðêà 41 âïåðâûå áû-
ëà ïðåäëîæåíà Ó. Ò�åðñòîíîì [1]. Ñîîòâåòñòâóþùåå ãèïåðáîëè÷åñêîå ìíîãîîáðà-
çèå ïîëó÷àåòñÿ ñ ïîìîùüþ ñêëåèâàíèÿ ãðàíåé äâóõ èäåàëüíûõ òåòðàýäðîâ. ßâíàÿ
êîíñòðóêöèÿ ôóíäàìåíòàëüíîãî ìíîæåñòâà äëÿ êîíè÷åñêîãî ìíîãîîáðàçèÿ 41(α)
â R3 áûëà ïðåäëîæåíà â ðàáîòå À.Ä. Ìåäíûõ è À.À. Ðàññêàçîâà [2]. Â ðàáîòå
À.Ä. Ìåäíûõ è Ä.Þ. Ñîêîëîâîé [3] èññëåäîâàíà åâêëèäîâà ñòðóêòóðà íà óçëå
âîñüìåðêà ñ ìîñòîì.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ äâóõïàðàìåòðè÷åñêîå ñåìåéñòâî êîíè÷å-
ñêèõ ìíîãîîáðàçèé 41(α, γ) ñ ñèíãóëÿðíûì ìíîæåñòâîì óçåë âîñüìåðêà ñ ìîñòîì,
íîñèòåëåì S3 è êîíè÷åñêèìè óãëàìè α, γ âäîëü êîìïîíåíò ñèíãóëÿðíîãî ìíîæå-
ñòâà. Äëÿ óêàçàííîãî ìíîãîîáðàçèÿ ïîñòðîåíà ìîäåëü ôóíäàìåíòàëüíîãî ìíîãî-
ãðàííèêà, êîòîðûé ïðåäñòàâëÿåò ñîáîé íåâûïóêëûé 22-ãðàííèê â ïðîåêòèâíîé
ìîäåëè Êýëè � Êëåéíà ãèïåðáîëè÷åñêîãî ïðîñòðàíñòâà. Óñòàíîâëåíû óñëîâèÿ ñó-
ùåñòâîâàíèÿ ãèïåðáîëè÷åñêîé ñòðóêòóðû íà 41(α, γ). Îáëàñòü D ñóùåñòâîâàíèÿ
óêàçàííûõ ìíîãîîáðàçèé îãðàíè÷åíà òðåìÿ êðèâûìè

(1) 5Y 2(1−X)2 + Y X(4X − 5) +X(3−X) + Y = 1,

(2) 2Y 2(1−X) + 2X = 1,

(3) 10Y 2(1−X) + 2Y (1− 4X) = 5,

ãäå X = cosα, Y = cos θ, θ � óãîë ìåæäó äâóìÿ ñêðåùèâàþùèìèñÿ ðåáðàìè
ôóíäàìåíòàëüíîãî ìíîãîãðàííèêà, îáðàçóþùèìè êîìïîíåíòó ñèíãóëÿðíîãî ìíî-
æåñòâà � óçåë âîñüìåðêó.

Êðèâàÿ (1) ñîîòâåòñòâóåò ñóùåñòâîâàíèþ åâêëèäîâîé ñòðóêòóðû íà 41(α, γ),
÷òî ïîäòâåðæäàåòñÿ ðåçóëüòàòàìè ðàáîòû [3]. Êðèâàÿ (3) îòâå÷àåò ñëó÷àþ γ = 2π,
êîãäà îäíà èç êîìïîíåíò ñèíãóëÿðíîãî ìíîæåñòâà � ìîñò � èñ÷åçàåò. Òàêèì
îáðàçîì, êðèâàÿ (3) çàäàåò ìíîæåñòâî ãèïåðáîëè÷åñêèõ ìíîãîîáðàçèé 41(α), ÷òî
ïîäòâåðæäàåòñÿ ðåçóëüòàòàìè ðàáîòû [2].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 16-41-

02006).
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Âîïðîñ î ñêîðîñòÿõ ñõîäèìîñòè â ýðãîäè÷åñêèõ òåîðåìàõ åñòåñòâåííî âîç-
íèêàåò â ôèçè÷åñêèõ ïðèëîæåíèÿõ ýòèõ òåîðåì è âïåðâûå ðàññìàòðèâàëñÿ
Äæ. ôîí Íåéìàíîì óæå â 1932 ãîäó [1]. Ïîñêîëüêó ñàìè ýðãîäè÷åñêèå òåîðåìû
âîçíèêëè èç ïîïûòîê îáîñíîâàòü ýðãîäè÷åñêóþ ãèïîòåçó ñòàòèñòè÷åñêîé ìåõàíè-
êè, òî åñòåñòâåííûé èíòåðåñ ïðåäñòàâëÿåò çàäà÷à î ñêîðîñòè ñõîäèìîñòè â íèõ
äëÿ ìîäåëèðóþùèõ ãàç ðàçëè÷íûõ áèëüÿðäîâ � â ñëó÷àå óñðåäíåíèÿ õàðàêòåðè-
ñòè÷åñêîé ôóíêöèè ïîäìíîæåñòâà ôàçîâîãî ïðîñòðàíñòâà, íàïðèìåð, äëÿ êîòî-
ðîé ýðãîäè÷åñêèå ñðåäíèå äàþò ñðåäíåå âðåìÿ íàõîæäåíèÿ â ñîîòâåòñòâóþùåì
ïîäìíîæåñòâå ôàçîâîãî ïðîñòðàíñòâà áèëüÿðäà. Áåç ðåøåíèÿ ýòîé çàäà÷è íåïî-
íÿòíî, êàê äîëãî ôèçèêó ïðèäåòñÿ äîæèäàòüñÿ ãàðàíòèðóåìîé åìó ýðãîäè÷åñêè-
ìè òåîðåìàìè ñõîäèìîñòè, è äîæèâåò ëè îí âîîáùå äî åå îùóòèìûõ ïðîÿâëåíèé.
Ïîñòàíîâêà æå çàäà÷è íåìåäëåííî ïðèâîäèò ê âîïðîñàì î òîì, â êàêèõ åäèíèöàõ
èçìåðÿòü ñêîðîñòè ñõîäèìîñòè â ýðãîäè÷åñêèõ òåîðåìàõ, îò êàêèõ õàðàêòåðè-
ñòèê äèíàìè÷åñêèõ ñèñòåì è êàê èìåííî çàâèñÿò ýòè ñêîðîñòè, è êàêèå èç ýòèõ
õàðàêòåðèñòèê óäàåòñÿ ïðîñ÷èòàòü äëÿ êîíêðåòíûõ èññëåäóåìûõ äèíàìè÷åñêèõ
ñèñòåì � äëÿ òåõ æå áèëüÿðäîâ, íàïðèìåð.

Êàê áûëî ïîêàçàíî â [2], îöåíêè ñêîðîñòè ñõîäèìîñòè â ýðãîäè÷åñêîé òåîðåìå
ôîí Íåéìàíà ñ íåîáõîäèìîñòüþ ÿâëÿþòñÿ ñïåêòðàëüíûìè è ìîãóò áûòü ïîëó÷åíû
ïî îñîáåííîñòè â íóëå ñïåêòðàëüíîé ìåðû óñðåäíÿåìîé ôóíêöèè îòíîñèòåëüíî ñî-
îòâåòñòâóþùåé äèíàìè÷åñêîé ñèñòåìû è ïî ñêîðîñòè óáûâàíèÿ êîððåëÿöèé, ò. å.
êîýôôèöèåíòîâ Ôóðüå ýòîé ìåðû. Îöåíêè ñêîðîñòè ñõîäèìîñòè â ýðãîäè÷åñêîé
òåîðåìå Áèðêãîôà ìîãóò áûòü ïîëó÷åíû ïî ñêîðîñòè ñõîäèìîñòè â ýðãîäè÷åñêîé
òåîðåìå ôîí Íåéìàíà è ïî ñêîðîñòè óáûâàíèÿ âåðîÿòíîñòåé áîëüøèõ óêëîíå-
íèé [2], [3].

Â äîêëàäå ïðèâîäÿòñÿ è îáñóæäàþòñÿ ïîëó÷åííûå â ïîñëåäíèå ãîäû [3] àñèìï-
òîòè÷åñêè òî÷íûå îöåíêè ñêîðîñòåé ñõîäèìîñòè â îáåèõ ýðãîäè÷åñêèõ òåîðåìàõ
äëÿ íåêîòîðûõ ïîïóëÿðíûõ â ïðèëîæåíèÿõ áèëüÿðäîâ � òàêèõ, êàê ïåðèîäè÷å-
ñêèé ãàç Ëîðåíöà íà ïëîñêîñòè, íàïðèìåð.
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(Ïñåâäî)ðèìàíîâû ìíîãîîáðàçèÿ ñ ðàçëè÷íûìè îãðàíè÷åíèÿìè íà òåíçîð êðè-
âèçíû èññëåäîâàëèñü ìíîãèìè ìàòåìàòèêàìè. Â ÷àñòíîñòè, èçó÷àëèñü ñëåäóþùèå
ìíîãîîáðàçèÿ: ìíîãîîáðàçèÿ Ýéíøòåéíà (r = λg), ëîêàëüíî ñèììåòðè÷íûå ïðî-
ñòðàíñòâà (∇R = 0), Ðè÷÷è-ïàðàëëåëüíûå ìíîãîîáðàçèÿ (∇r = 0) è êîíôîðìíî
ïëîñêèå ìíîãîîáðàçèÿ (W = 0). Âñå âûøåïåðå÷èñëåííûå ìíîãîîáðàçèÿ â ñëó-
÷àå ïîñòîÿííîé ñêàëÿðíîé êðèâèçíû ñîäåðæàòñÿ â êëàññå ýéíøòåéíîâî-ïîäîáíûõ
ìíîãîîáðàçèé â ñìûñëå À. Ãðåÿ [1].

Â ñëó÷àå îäíîðîäíûõ ìíîãîîáðàçèé èçâåñòíû íåêîòîðûå ðåçóëüòàòû äëÿ ìíî-
ãîîáðàçèé ìàëîé ðàçìåðíîñòè. Íàïðèìåð, Äæ. Êàëüâàðóçî è À. Çàåì êëàññèôè-
öèðîâàëè ëåâîèíâàðèàíòíûå ïñåâäîðèìàíîâû ìåòðèêè Ýéíøòåéíà, êîíôîðìíî
ïëîñêèå ìåòðèêè è ìåòðèêè ñ ïàðàëëåëüíûì òåíçîðîì Ðè÷÷è íà ÷åòûðåõìåðíûõ
ãðóïïàõ Ëè [2]�[4]. Êðîìå òîãî, À. Çàåì è À. Ãàäæè-Áàäàëè êëàññèôèöèðîâàëè
ýéíøòåéíîâî-ïîäîáíûå ïñåâäîðèìàíîâû 4-ìíîãîîáðàçèÿ ñ íåòðèâèàëüíîé ãðóï-
ïîé èçîòðîïèè [5]. Â ðèìàíîâîì ñëó÷àå Ä.Ñ. Âîðîíîâ, Å.Ä. Ðîäèîíîâ, Â.Â. Ñëàâ-
ñêèé è Î.Ï. Õðîìîâà ïîëó÷èëè êëàññèôèêàöèþ ÷åòûðåõìåðíûõ ãðóïï Ëè ñ íó-
ëåâîé äèâåðãåíöèåé òåíçîðà Âåéëÿ [6]�[8].

Â äàííîé ðàáîòå ïîëó÷åíà êëàññèôèêàöèÿ ëåâîèíâàðèàíòíûõ ïñåâäîðèìàíî-
âûõ ìåòðèê íà ÷åòûðåõìåðíûõ ãðóïïàõ Ëè, êîòîðûå ÿâëÿþòñÿ ýéíøòåéíîâî-
ïîäîáíûìè â ñìûñëå À. Ãðåÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-

íûõ èññëåäîâàíèé (ïðîåêòû � 16-01-00336 à, � 16-31-00048 ìîë_a), Ìèíîáðíàóêè Ðîñ-

ñèéñêîé Ôåäåðàöèè (êîä ïðîåêòà 1148).
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Èçó÷åíèå ðàçëè÷íûõ ñâîéñòâ èíâàðèàíòíûõ òåíçîðíûõ ïîëåé ïðåäñòàâëÿåò
èíòåðåñ â ïîíèìàíèè ãåîìåòðè÷åñêîãî è òîïîëîãè÷åñêîãî ñòðîåíèÿ îäíîðîäíîãî
(ïñåâäî)ðèìàíîâà ìíîãîîáðàçèÿ. Â îáùåì ñëó÷àå ýòà çàäà÷à äîñòàòî÷íî ñëîæíà.
Ïîýòîìó ïðèõîäèòñÿ íàêëàäûâàòü îãðàíè÷åíèÿ íà êëàññ ðàññìàòðèâàåìûõ ìíî-
ãîîáðàçèé è/èëè èõ ðàçìåðíîñòü. Åñëè ðàçìåðíîñòü ìíîãîîáðàçèÿ äîñòàòî÷íî
ìàëà, òî ïðåäñòàâëÿåòñÿ âîçìîæíûì ïðèìåíåíèå ñèñòåì àíàëèòè÷åñêèõ âû÷èñ-
ëåíèé.

Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ àâòîðîâ îòíîñèòåëüíî ïðèìåíå-
íèÿ óíèâåðñàëüíûõ ìàòåìàòè÷åñêèõ ïàêåòîâ â èññëåäîâàíèè îäíîðîäíûõ (ïñåâ-
äî)ðèìàíîâûõ ïðîñòðàíñòâ [1]�[4]. Ðàçðàáîòàíû ìàòåìàòè÷åñêèå è êîìïüþòåðíûå
ìîäåëè äëÿ îïðåäåëåíèÿ êîìïîíåíò ðàçëè÷íûõ òåíçîðîâ êðèâèçíû (íàïðèìåð,
òåíçîðîâ Ðèìàíà, Ðè÷÷è, Âåéëÿ, Ñõîóòåíà � Âåéëÿ è ïð.) îäíîðîäíûõ (ïñåâäî)ðè-
ìàíîâûõ ìíîãîîáðàçèé. Äàííûé àëãîðèòì ðåàëèçîâàí â ñðåäå ïàêåòà Maple. Ñ åãî
ïîìîùüþ âîçìîæíî ïîëó÷èòü êëàññèôèêàöèþ ìíîãîîáðàçèé, óäîâëåòâîðÿþùèõ
íåêîòîðûì îãðàíè÷åíèÿì íà òåíçîð êðèâèçíû (íàïðèìåð, ñ èçîòðîïíûìè òåíçî-
ðàìè Ðèìàíà, Ðè÷÷è èëè Âåéëÿ), èëè îïðåäåëèòü ñîáñòâåííûå çíà÷åíèÿ ðàçëè÷-
íûõ îïåðàòîðîâ êðèâèçíû: êðèâèçíû Ðè÷÷è, îäíîìåðíîé èëè ñåêöèîííîé êðè-
âèçíû.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-

íûõ èññëåäîâàíèé (ïðîåêòû � 16-01-00336 à, � 16-31-00048 ìîë_a).
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Ðàññìàòðèâàåòñÿ êëàññ êîíôîðìíî-ïëîñêèõ ìåòðèê, îïðåäåëåííûõ íà åäèíè÷-

íîé ñôåðå Sn ⊂ Rn+1, âèäà: ds = |dx|
h2(x) , ãäå h(x) � ñòðîãî ïîëîæèòåëüíàÿ äèô-

ôåðåíöèðóåìàÿ ôóíêöèÿ òàêàÿ, ÷òî äëÿ ëþáîé òðîéêè òî÷åê x1, x, x2 ∈ Sn âû-
ïîëíåíî íåðàâåíñòâî:

h(x) ≤ h(x1)
‖x2 − x‖
‖x2 − x1‖

+ h(x2)
‖x− x1‖
‖x2 − x1‖

,

ãäå ‖x−y‖ � õîðäîâîå ðàññòîÿíèå ìåæäó òî÷êàìè ñôåðû, ò. å. h(x) � êîíôîðìíî-
âûïóêëàÿ â ñìûñëå ðàáîòû [1].

Òåîðåìà 1. Ïóñòü ôóíêöèÿ h∗(y) îïðåäåëåíà ðàâåíñòâîì:

h∗(y) = max
x∈Sn

‖x− y‖√
2h(x)

,

òîãäà ìåòðèêà ds∗ = |dy|
h∗2(x)

áóäåò ïîëÿðíîé â ñìûñëå ðàáîòû [3] ê èñõîäíîé ìåò-
ðèêå.

Òåîðåìà 2. Ôóíêöèÿ h∗(y) � êîíôîðìíî-âûïóêëàÿ, h∗∗ = h è êðîìå òîãî
âûïîëíÿåòñÿ íåðàâåíñòâî:

‖x− y‖ ≤
√

2h(x)h∗(y),

ãäå x, y ∈ Sn � ïðîèçâîëüíûå òî÷êè åäèíè÷íîé ñôåðû, ‖x − y‖ � õîðäîâîå ðàñ-
ñòîÿíèå.

Çàìå÷àíèå. Íåðàâåíñòâî ìîæíî ðàññìàòðèâàòü êàê àíàëîã íåðàâåíñòâà
Þíãà � Ôåíõåëÿ â âûïóêëîì àíàëèçå.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-
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01-00336-a).
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Â äàííîé ðàáîòå ïðèâîäÿòñÿ âñå òðåõìåðíûå ñèìïëèöèàëüíûå ãåîìåòðèè ìàê-
ñèìàëüíîé ïîäâèæíîñòè, íàéäåííûå ìåòîäîì âëîæåíèÿ äâóìåðíîé ñèìïëèöèàëü-
íîé ãåîìåòðèè.

Ñèìïëèöèàëüíàÿ äâóìåðíàÿ ãåîìåòðèÿ â N , ãäå dimN = 2, ïî êëàññèôèêàöèè
Ã. Ã. Ìèõàéëè÷åíêî [1] çàäàåòñÿ ôóíêöèåé

g =
yi − yj
xi − xj

,

ãäå, íàïðèìåð, xi, yi � ëîêàëüíûå êîîðäèíàòû òî÷êè i ∈ N . Ýòà ãåîìåòðèÿ, î÷å-
âèäíî, äîïóñêàåò òðåõïàðàìåòðè÷åñêóþ ãðóïïó äâèæåíèé. Âàæíîé çàäà÷åé ÿâëÿ-
åòñÿ íàõîæäåíèå âñåõ òðåõìåðíûõ ãåîìåòðèé ìàêñèìàëüíîé ïîäâèæíîñòè (øåñòè-
ïàðàìåòðè÷åñêàÿ ãðóïïà äâèæåíèé) âM , ãäå dimM = 3, çàäàâàåìûõ ôóíêöèÿìè
âèäà:

f = χ(g, zi, zj),

ïðè÷åì χ � àíàëèòè÷åñêàÿ ôóíêöèÿ. Ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà. Â ïîäõîäÿùåé êîîðäèíàòíîé îêðåñòíîñòè òðåõìåðíîãî ìíîãîîáðà-

çèÿ M è ïðè íàäëåæàùå âûáðàííîé àíàëèòè÷åñêîé ôóíêöèè χ ôóíêöèÿ f èìååò
îäèí èç ñëåäóþùèõ âèäîâ:

f =
yi − yj
xi − xj

+ zi + zj ; (1)

f =
yi − yj
xi − xj

ezi+zj ; (2)

f = arctg
yi − yj
xi − xj

+ zi + zj , (3)

ãäå, íàïðèìåð, xi,yi,zi � ëîêàëüíûå êîîðäèíàòû òî÷êè i ∈M .
Çàìå÷àíèå. Ôóíêöèÿ (1) çàäàåò òðåõìåðíóþ ñèìïëèöèàëüíóþ ãåîìåòðèþ

1 òèïà [1], ôóíêöèÿ (2) � òðåõìåðíóþ ñèìïëèöèàëüíóþ ãåîìåòðèþ 2 òèïà [1],
ôóíêöèÿ (3) � ðàíåå íåèçâåñòíóþ òðåõìåðíóþ ñèìïëèöèàëüíóþ ãåîìåòðèþ
3 òèïà.

ËÈÒÅÐÀÒÓÐÀ

1. Ìèõàéëè÷åíêî Ã. Ã.Ìàòåìàòè÷åñêèå îñíîâû è ðåçóëüòàòû òåîðèè ôèçè÷åñêèõ ñòðóê-
òóð. Ãîðíî-Àëòàéñê: ÐÈÎ ÃÀÃÓ, 2016.
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Î ÑÈÍÃÓËßÐÍÛÕ SU(n, n)-ÄÅÉÑÒÂÈßÕ Â ÃÐÓÏÏÀÕ
U(p, q): ÑÂÎÉÑÒÂÀ ÎÐÍÀÌÅÍÒÀ ÏÐÈ n = p+ q = 2

Ëåâè÷åâ À.Â.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
levit@math.nsc.ru

Õðîíîìåòðè÷åñêàÿ òåîðèÿ Ñèãàëà îñíîâàíà íà ïðîñòðàíñòâå-âðåìåíèD, êîòî-
ðîå ìîæåò áûòü ââåäåíî êàê ãðóïïà Ëè ñ ïðè÷èííîé ñòðóêòóðîé, çàäàâàåìîé èí-
âàðèàíòíîé ëîðåíöåâîé ôîðìîé íà àëãåáðå Ëè u(2). Àíàëîãè÷íî, ïðîñòðàíñòâî-
âðåìÿ F ìîæåò áûòü ââåäåíî êàê ãðóïïà Ëè ñ ïðè÷èííîé ñòðóêòóðîé, çàäàâà-
åìîé èíâàðèàíòíîé ëîðåíöåâîé ôîðìîé íà àëãåáðå Ëè u(1, 1). Ãðóïïû Ëè G è
GF ââîäÿòñÿ êàê äâå SU(2, 2)-ðåàëèçàöèè, ñâÿçàííûå ñîïðÿæåíèåì íåêîòîðîé
4 íà 4 ìàòðèöåéW . Ãðóïïà G (ñîîòâåòñòâåííî, GF ) äðîáíî-ëèíåéíî äåéñòâóåò íà
D (ñîîòâåòñòâåííî, â F). Âîîáùå, ìàòðè÷íûì äðîáíî-ëèíåéíûì äåéñòâèÿì öåëè-
êîì ïîñâÿùåíà èçâåñòíàÿ ðàáîòà [1]. Äîïîëíèòåëüíàÿ ìîòèâàöèÿ è äàëüíåéøèå
äåòàëè SU(2, 2)-äåéñòâèé ïðèâåäåíû â [2], [3]. Â ÷àñòíîñòè, ìàòðèöà W çàäà¼ò
êîíôîðìíîå îòîáðàæåíèå èç F â D: äëÿ êàæäîé ìàòðèöû X èç F å¼ îáðàç Z â
D îáîçíà÷àåì Z = W (X). Ñåé÷àñ æå àâòîð ðàññìàòðèâàåò ïîíÿòèå îðíàìåíòà
(êîòîðûé â èòîãå îêàçûâàåòñÿ ñîñòîÿùèì èç áèíàðíûõ ìàòðèö W1,W2,W3,W4,
ãäå W1 = W ). Ââåäåíèå îðíàìåíòà ìîòèâèðîâàíî ãèïîòåçîé î òîì, ÷òî �íîâûå�
ìàòðèöû (W2,W3 è W4) �ïðèìåðíî òàê æå õîðîøè�, êàê è èñõîäíàÿ ìàòðèöà W
(â ñìûñëå çàäàíèÿ ñîîòâåòñòâóþùèõ âëîæåíèé F â D).

Òåîðåìà. Êàæäàÿ Wm èç îðíàìåíòà çàäà¼ò êîíôîðìíóþ áèåêöèþ F íà åãî
îáðàç E âD. Ìíîãîîáðàçèå E íå çàâèñèò îòm è ïîëó÷åíî èçD óäàëåíèåì äâóìåð-
íîãî òîðà. Âûïîëíÿþòñÿ (ìàòðè÷íûå) ñîîòíîøåíèÿ (W1)2 = (W3)2 = 1,W2W4 =
W4W2 = 1, è (äëÿ ëþáîãî X èç F) W3(X) = (W1(X))−1,W4(X) = (W2(X))−1.
Ìàòðèöû îðíàìåíòà ïîðîæäàþò ñèëîâñêóþ 2-ïîäãðóïïó D8 (ò. å., ò. í. äèýäðàëü-
íóþ, 8-ýëåìåíòíóþ) â S4.

Çàìå÷àíèå 1. Â (ìàòðè÷íî-ïðåäñòàâëåííîé) S4 èìåþòñÿ åù¼ äâå ïîäãðóï-
ïû, èçîìîðôíûå (è ñîïðÿæ¼ííûå) D8. Îäíàêî, íè îäíà èç íèõ íå ïîðîæäàåòñÿ
îðíàìåíòîì.

Çàìå÷àíèå 2.Ìîæíî ðàññìàòðèâàòü è îáðàòíûå (êW1,W2,W3,W4) îòîáðà-
æåíèÿ, ò. å. èç D â F. Èç òåîðåìû ñëåäóåò, ÷òî îíè çàäàþòñÿ ìàòðèöàìè W1, W4,
W3, W2, ñîîòâåòñòâåííî. Îáðàçîì êàæäîãî èç ýòèõ îòîáðàæåíèé ÿâëÿåòñÿ âñ¼ F,
à îáëàñòü îïðåäåëåíèÿ ñîâïàäàåò ñ E.

ËÈÒÅÐÀÒÓÐÀ
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äðîáíî-ëèíåéíûå îòîáðàæåíèÿ Êðåéíà � Øìóëüÿíà // Ìàò. ñá. 1999. Ò. 190, � 2.
Ñ. 93�122.

2. Levichev A.V. Pseudo-Hermitian realization of the Minkowski world through DLF
theory // Phys. Scr. 2011. V. 83, No 1. P. 1�9.

3. Levichev A.V. A contribution to the DLF-theory: on singularities of the SU(2, 2)-action
in U(1, 1) // Journal of Modern Physics. 2016. V. 7, No 15. P. 1963�1971.
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ÁÅÇÊÎÎÐÄÈÍÀÒÍÀß ÇÀÏÈÑÜ ÏËÎÑÊÈÕ
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Ìèõàéëè÷åíêî Ã. Ã.1, Ñèìîíîâ À.À.2

1Ãîðíî-Àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ãîðíî-Àëòàéñê, Ðîññèÿ;
mikhailichenko@gasu.ru

2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
andrey.simonoff@gmail.com

Õîðîøî èçâåñòíî, ÷òî â åâêëèäîâîé ïëîñêîñòè ñ l(ij) =
√

(xi − xj)2 + (yi − yj)2
øåñòü ðàññòîÿíèé l(ij), l(ik), . . . , l(kl), ïîñòðîåííûõ íà ÷åòûðåõ òî÷êàõ i, j, k, l
ñâÿçàíû óðàâíåíèåì∣∣∣∣∣∣∣∣∣∣

0 1 1 1 1
1 0 l2(ij) l2(ik) l2(il)
1 l2(ij) 0 l2(jk) l2(jl)
1 l2(ik) l2(jk) 0 l2(kl)
1 l2(il) l2(jl) l2(kl) 0

∣∣∣∣∣∣∣∣∣∣
= 0,

êîòîðîå ÿâëÿåòñÿ ñëåäñòâèåì ðàâåíñòâà íóëþ òðåõìåðíîãî îáúåìà òåòðàýäðà, ïî-
ñòðîåííîãî íà ýòèõ òî÷êàõ.

Ðàçðåøèâ äàííîå óðàâíåíèå îòíîñèòåëüíî êâàäðàòà ðàññòîÿíèÿ l2(ij), ïîëó-
÷èì áåçêîîðäèíàòíóþ åãî çàïèñü (äëÿ óäîáñòâà çàïèñè ôîðìóëû áóäåì ïèñàòü
l2ij = l2(ij)) ÷åðåç ïÿòü åå çíà÷åíèé äëÿ âñåõ äðóãèõ ïÿòè ïàð èç øåñòè:

l2ij =
1

2l2kl

(
−l2jkl2ik + l2jll

2
ik + l2ikl

2
kl + l2jkl

2
il − l2jll2il + l2ill

2
kl + l2jkl

2
kl + l2jll

2
kl − l4kl−

√
l4jk + l4jl + l4kl − 2(l2jkl

2
jl + l2jkl

2
kl + l2jll

2
kl)
√
l4ik + l4il + l4kl − 2(l2ikl

2
il + l2ikl

2
kl + l2ill

2
kl)
)
.

Òðè ãåëüìãîëüöåâûå ïëîñêîñòè ñ ìåòðè÷åñêèìè ôóíêöèÿìè f(ij):

f(ij) =
√

(xi − xj)2 + (yi − yj)2 · exp

(
γ · arctg yi − yj

xi − xj

)
, ãäå γ > 0,

f(ij) =
√

(xi − xj)2 − (yi − yj)2 · exp

(
β ·Arc(c)th yi − yj

xi − xj

)
, ãäå β > 0, β 6= 1,

f(ij) = (xi − xj) · exp

(
yi − yj
xi − xj

)
áûëè èñêëþ÷åíû Ã. Ãåëüìãîëüöåì [1] ââåäåíèåì äîïîëíèòåëüíîé àêñèîìû ìî-
íîäðîìèè, ñâÿçàííîé ñ âðàùåíèåì òâåðäîãî òåëà. Âñå îíè áûëè íàéäåíû êàê
ôåíîìåíîëîãè÷åñêè ñèììåòðè÷íûå äâóìåðíûå ãåîìåòðèè [2].

Àâòîðàìè ïîëó÷åíû íåÿâíûå ôóíêöèè äëÿ çàïèñè f(ij) ãåëüìãîëüöåâûõ ãåî-
ìåòðèé â áåçêîîðäèíàòíîé ôîðìå.

ËÈÒÅÐÀÒÓÐÀ
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805.
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ÑÎËÈÒÎÍÛ ÐÈ××È ÍÀ 2- È 3- ÑÈÌÌÅÒÐÈ×ÅÑÊÈÕ
ËÎÐÅÍÖÅÂÛÕ ÌÍÎÃÎÎÁÐÀÇÈßÕ

Îñêîðáèí Ä.Í.1, Ðîäèîíîâ Å.Ä.2, Ýðíñò È.Â.3

Àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Áàðíàóë, Ðîññèÿ;
1oskorbin@yandex.ru, 2edr2002@mail.ru, 3igeh@ya.ru

Âàæíûì îáîáùåíèåì ýéíøòåéíîâûõ ìåòðèê íà (ïñåâäî)ðèìàíîâûõ ìíîãîîá-
ðàçèÿõ ÿâëÿþòñÿ ñîëèòîíû Ðè÷÷è, êîòîðûå âïåðâûå áûëè ðàññìîòðåíû Ð. Ãà-
ìèëüòîíîì. Çàäà÷à íàõîæäåíèÿ ñîëèòîíîâ Ðè÷÷è ÿâëÿåòñÿ äîñòàòî÷íî ñëîæíîé,
ïîýòîìó ïðåäïîëàãàþòñÿ îãðàíè÷åíèÿ ëèáî íà ñòðîåíèå ìíîãîîáðàçèÿ, ëèáî íà
ðàçìåðíîñòü, ëèáî íà êëàññ ðàññìàòðèâàåìûõ ìåòðèê, ëèáî íà êëàññ âåêòîðíûõ
ïîëåé, ó÷àñòâóþùèõ â çàïèñè óðàâíåíèÿ ñîëèòîíà Ðè÷÷è. Îäíèì èç âàæíûõ ïðè-
ìåðîâ òàêîãî ðîäà îãðàíè÷åíèé ÿâëÿþòñÿ ìíîãîîáðàçèÿ Óîêåðà, ò. å. ïñåâäîðè-
ìàíîâû ìíîãîîáðàçèÿ, äîïóñêàþùèå ãëàäêîå ïàðàëëåëüíîå (â ñìûñëå ñâÿçíîñòè
Ëåâè�×èâèòà) ðàñïðåäåëåíèå èçîòðîïíûõ âåêòîðîâ. Ãåîìåòðèÿ ìíîãîîáðàçèé Óî-
êåðà, à òàêæå ñîëèòîíû Ðè÷÷è íà íèõ èññëåäîâàëèñü â ðàáîòàõ ìíîãèõ ìàòåìà-
òèêîâ.

Â íàñòîÿùåé ðàáîòå ðàññìîòðåíî óðàâíåíèå ñîëèòîíà Ðè÷÷è íà íåêîòîðûõ ëî-
ðåíöåâûõ ìíîãîîáðàçèÿõ Óîêåðà. Ê ÷èñëó òàêèõ ìíîãîîáðàçèé îòíîñÿòñÿ íåðàç-
ëîæèìûå 2- è 3- ñèììåòðè÷åñêèå ëîðåíöåâû ìíîãîîáðàçèÿ, êîòîðûå áûëè èññëå-
äîâàíû Ä.Â. Àëåêñååâñêèì, À.Ñ. Ãàëàåâûì. Ïîçäíåå Ê. Îíäà è Â. Áàòàò èññëå-
äîâàëè ñîëèòîíû Ðè÷÷è íà ÷åòûð¼õìåðíûõ 2-ñèììåòðè÷åñêèõ ëîðåíöåâûõ ìíî-
ãîîáðàçèÿõ è äîêàçàëè ëîêàëüíóþ ðàçðåøèìîñòü óðàâíåíèÿ ñîëèòîíà Ðè÷÷è íà
òàêèõ ìíîãîîáðàçèÿõ. Â äàííîé ðàáîòå äîêàçàíà ëîêàëüíàÿ ðàçðåøèìîñòü óðàâ-
íåíèÿ ñîëèòîíà Ðè÷÷è íà 2- è 3- ñèììåòðè÷åñêèõ ëîðåíöåâûõ ìíîãîîáðàçèÿõ
ïðîèçâîëüíîé ðàçìåðíîñòè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00336A).
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Î ÐÀÍÃÅ ÃÐÓÏÏÛ ÏÀÐÎÑÎ×ÅÒÀÍÈÉ ÄËß ÃÐÀÔÎÂ
ÁÅÍÇÎÈÄÍÛÕ ÓÃËÅÂÎÄÎÐÎÄÎÂ
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Â òåîðèè ãðàôîâ ïàðîñî÷åòàíèÿ èçó÷àþòñÿ îáû÷íî ñ òî÷êè çðåíèÿ ÷èñëî-
âûõ èíâàðèàíòîâ ãðàôîâ. Â ðàáîòå [1] Â. Ã. Òóðàåâ ïðåäëîæèë íîâûé ïîäõîä ê
èçó÷åíèþ ïàðîñî÷åòàíèé: ñ êàæäûì ïàðîñî÷åòàíèåì â ãðàôå îí ñâÿçàë ãðóïïó,
íàçûâàåìóþ ãðóïïîé ïàðîñî÷åòàíèÿ. Ãðóïïà ïàðîñî÷åòàíèÿ, îòíåñåííàÿ ê ñîâåð-
øåííîìó ïàðîñî÷åòàíèþ, òàêæå íàçûâàåìîìó äèìåðíûì ïîêðûòèåì, íàçûâàåò-
ñÿ ãðóïïîé äèìåðîâ.

Â. Ã. Òóðàåâ ïîêàçàë, ÷òî ãðóïïà äèìåðîâ èìååò åñòåñòâåííîå îïèñàíèå íà
ÿçûêå àëãåáðàè÷åñêîé òîïîëîãèè � îíà ìîæåò áûòü îïðåäåëåíà êàê ôóíäàìåí-
òàëüíàÿ ãðóïïà íåêîòîðîãî êóáè÷åñêîãî êîìïëåêñà íåïîëîæèòåëüíîé êðèâèçíû.

Âû÷èñëåíèå ãðóïïû äèìåðîâ äîñòàòî÷íî ãðîìîçäêî, â ñâÿçè ñ ÷åì â [1] áûëè
ðàññìîòðåíû ëèøü ïðîñòåéøèå ïðèìåðû. Òàì æå áûë ïîñòàâëåí âîïðîñ î íàõîæ-
äåíèè ãðóïï äèìåðîâ áîëåå ñëîæíîãî âèäà.

Â êà÷åñòâå îòâåòà íà ýòîò âîïðîñ áóäåò ïðåäñòàâëåí ìåòîä âû÷èñëåíèÿ ãðóïï
äèìåðîâ, ñ ïîìîùüþ êîòîðîãî ìîæíî ïîëó÷àòü íîâûå ïðèìåðû òàêèõ ãðóïï, â
òîì ÷èñëå ñ èñïîëüçîâàíèåì ñèñòåìû êîìïüþòåðíîé àëãåáðû GAP. Áîëåå òîãî,
äàííûé ìåòîä ïîçâîëÿåò âûäâèíóòü ãèïîòåçó î ðàíãàõ ãðóïï äèìåðîâ ãðàôîâ
ñïåöèàëüíîãî âèäà, êîòîðûå ìîãóò ðàññìàòðèâàòüñÿ êàê ãðàôû íåêîòîðûõ áåí-
çîèäíûõ óãëåâîäîðîäîâ [2].

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 16-

41-02006).
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Íåïðåðûâíîå îòîáðàæåíèå f : X → Y íàçûâàåòñÿ îòêðûòûì, åñëè îáðàçû îò-
êðûòûõ ìíîæåñòâ îòêðûòû. Âàæíûé êëàññ îòêðûòûõ îòîáðàæåíèé ìåòðè÷åñêèõ
ïðîñòðàíñòâ ñîñòàâëÿþò α-íàêðûâàþùèå îòîáðàæåíèÿ. Ïóñòü 0 < α <∞. Áóäåì
íàçûâàòü îòîáðàæåíèå ìåòðè÷åñêèõ ïðîñòðàíñòâ f : X → Y α-íàêðûâàþùèì, åñ-
ëè îáðàç ëþáîãî îòêðûòîãî øàðà ïðîñòðàíñòâà X ðàäèóñà r ñ öåíòðîì â òî÷êå x
ñîäåðæèò âñå òî÷êè øàðà ðàäèóñà αr ïðîñòðàíñòâà Y ñ öåíòðîì â f(x).

Ïðèìåð íåïðåðûâíîãî 1-íàêðûâàþùåãî îòîáðàæåíèÿ � ïðîåêöèÿ äåêàðòîâà
ïðîèçâåäåíèÿ íà îäèí èç ñîìíîæèòåëåé. ×àñòíûì ñëó÷àåì 1-íàêðûâàþùèõ îòîá-
ðàæåíèé ÿâëÿþòñÿ ñóáìåòðèè � îòîáðàæåíèÿ, ïðè êîòîðûõ f -îáðàçû øàðîâ èç
X ñîâïàäàþò ñ øàðàìè òîãî æå ðàäèóñà â Y .

Ìû èññëåäóåì âîïðîñ: ïðè êàêèõ óñëîâèÿõ ìîæíî, èçìåíèâ ìåòðèêó ïðîñòðàí-
ñòâà X èëè Y íà òîïîëîãè÷åñêè ýêâèâàëåíòíóþ, ñäåëàòü äàííîå îòêðûòîå îòîá-
ðàæåíèå êîìïàêòîâ f : X → Y 1-íàêðûâàþùèì?

Ðåçóëüòàòû òàêîâû: äîêàçàíî, ÷òî îòêðûòîå îòîáðàæåíèå f êîìïàêòà X íà
Y ìîæíî ñäåëàòü 1-íàêðûâàþùèì, èçìåíèâ ìåòðèêó Y íà ýêâèâàëåíòíóþ. Ñðå-
äè âñåõ òàêèõ ìåòðèê íà Y ñóùåñòâóåò åñòåñòâåííàÿ ìèíèìàëüíàÿ ìåòðèêà. Ïî-
ñòðîåí ïðèìåð îòêðûòîãî îòîáðàæåíèÿ êîìïàêòîâ, êîòîðîå íåëüçÿ ñäåëàòü 1-
íàêðûâàþùèì, èçìåíèâ ìåòðèêó X.
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Â äîêëàäå ðàññìàòðèâàþòñÿ ñâîéñòâà ñàìîïîäîáíûõ äåíäðèòîâ, ïîðîæäåííûõ
ïîëèãîíàëüíûìè ñèñòåìàìè íà ïëîñêîñòè.

Ïóñòü P � âûïóêëûé ìíîãîóãîëüíèê è S = {S1, . . . , Sm} � òàêàÿ ñèñòåìà
ñæèìàþùèõ ïîäîáèé â R2, ÷òî
(i) Äëÿ ëþáîãî i = 1, . . . ,m Pi := Si(P ) ⊂ P ;
(ii) Äëÿ ëþáûõ íåðàâíûõ i, j = 1, . . . ,m ìíîæåñòâî Pi ∩ Pj ëèáî ïóñòî, ëèáî åñòü
îáùàÿ âåðøèíà ìíîãîóãîëüíèêîâ Pi è Pj ;
(iii) Ëþáàÿ èç âåðøèí Ai ìíîãîóãîëüíèêà P ñîäåðæèòñÿ â íåêîòîðîì Pj ;
(iv) Ìíîæåñòâî

⋃
i

Pi îäíîñâÿçíî.

Â ýòîì ñëó÷àå ïàðó (P,S) íàçîâåì ïîëèãîíàëüíîé ñèñòåìîé ñæèìàþùèõ ïîäîáèé
â R2.

Òåîðåìà 1. Ïóñòü (P,S) � ïîëèãîíàëüíàÿ ñèñòåìà, àK � å�å àòòðàêòîð. Òîãäà

K � ñàìîïîäîáíûé äåíäðèò, ïîðÿäîê òî÷åê âåòâëåíèÿ êîòîðîãî ìåíüøå 2π(n−1)
α ,

ãäå n � ÷èñëî âåðøèí P , à α � íàèìåíüøèé èç óãëîâ ïðè âåðøèíå P ; K ÿâëÿåòñÿ
êîíòèíóóìîì ñ îãðàíè÷åííûì èñêðèâëåíèåì â ñìûñëå Òóêèÿ � Âÿéñÿëÿ.

Òåîðåìà 2. Ïóñòü (P,S), (P ′,S ′) � ïîëèãîíàëüíûå ñèñòåìû. Âñÿêîå âçàèìíî
îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ìíîæåñòâàìè âåðøèí P è P ′ è ìíîæåñòâàìè
S, S ′, ñîõðàíÿþùåå ñîîòíîøåíèÿ Si(Aj) = Ak è Si1(Aj1) = Si2(Aj2), èíäóöèðóåò
áèã�åëüäåðîâ ãîìåîìîðôèçì ϕ : K → K ′ àòòðàêòîðîâ ýòèõ ñèñòåì.

Ïóñòü γij � æîðäàíîâà äóãà â K, ñîåäèíÿþùàÿ âåðøèíû Ai, Aj ìíîãîóãîëü-
íèêà P . Îáúåäèíåíèå âñåõ òàêèõ äóã γ = ∪γij íàçîâåì ãëàâíûì äåðåâîì äåíäðèòà
K. Òîãäà êàæäàÿ ðàçáèâàþùàÿ òî÷êà y äåíäðèòà K ÿâëÿåòñÿ îáðàçîì Si1...ip(x)
íåêîòîðîé òî÷êè x ∈ γ. Ïîýòîìó äëÿ äåíäðèòîâ, íå ÿâëÿþùèõñÿ æîðäàíîâûìè
äóãàìè, ðàçìåðíîñòü ìíîæåñòâà ðàçáèâàþùèõ òî÷åê ñòðîãî ìåíüøå ðàçìåðíîñòè
ìíîæåñòâà âñåõ êîíöîâ K.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00414 À).
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Â åâêëèäîâîì ïðîñòðàíñòâå R3 ðàññìîòðèì ãëàäêóþ çàìêíóòóþ íåïëîñêóþ
êðèâóþ γ áåç ñàìîïåðåñå÷åíèÿ, çàäàííóþ 4π-ïåðèîäè÷åñêîé âåêòîð-ôóíêöèåé ρ =
ρ(u), êîòîðàÿ íå ÿâëÿåòñÿ 2π-ïåðèîäè÷åñêîé è 2π-àíòèïåðèîäè÷åñêîé.

Òîãäà ôóíêöèÿ s(u) = 1
2 (ρ(u) + ρ(u + 2π)) åñòü 2π-ïåðèîäè÷åñêàÿ íå ðàâíàÿ

íóëþ, à ôóíêöèÿ l(u) = 1
2 (ρ(u)−ρ(u+ 2π)) åñòü 2π-àíòèïåðèîäè÷åñêàÿ íå ðàâíàÿ

íóëþ.
Òåîðåìà 1. ÏîâåðõíîñòüM : r(u, v) = s(u)+vl(u), u ∈ [−π, π], v ∈ [−1, 1], åñòü

ìîäåëü ëèñòà Ìåáèóñà, äëÿ êîòîðîãî êðèâàÿ ρ = ρ(u) åñòü êðàé.
Òåîðåìà 2. Ïîâåðõíîñòü KL: r(u, v) = (p + cos(v))s(u) + sin(v)l(u), p 6= ∓1,

u ∈ [−π, π], v ∈ [−π, π], îïðåäåëÿåò ìîäåëü áóòûëêè Êëåéíà.
Òåîðåìà 3. Ïîâåðõíîñòü P : r(u, v) = (1 + cos(v))s(u) + sin(v)l(u), u ∈ [−π, π],

v ∈ [−π, π], îïðåäåëÿåò ìîäåëü ïðîåêòèâíîé ïëîñêîñòè.
Òåîðåìà 4. Åñëè îäíîñòîðîííÿÿ ïîâåðõíîñòü òèïà M , KL, P íå ïðîõîäèò

÷åðåç íà÷àëî êîîðäèíàò, òî èíâåðñèÿ r∗ = m2r
<r,r> åñòü îäíîñòîðîííÿÿ ïîâåðõíîñòü

òîãî æå òèïà.
Çàìå÷àíèå. Åñëè ïîâåðõíîñòü M , KL, P ïðîõîäèò ÷åðåç íà÷àëî êîîðäèíàò,

òî ðàññìàòðèâàåòñÿ èíâåðñèÿ [1, c. 482] r∗ = r0 + m2(r−r0)
<r−r0,r−r0> , r0 6= (0, 0, 0).
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Àâòîð ðàáîòû [1] îïðåäåëÿåò ïîíÿòèå n-ìåðíîé êàðòû è ñâÿçàííûå ñ íèì ïîíÿ-
òèÿ è ñâîéñòâà, òàêèå êàê êëåòêè, ãðàíèöû, äâîéñòâåííîñòü è äðóãèå, èñïîëüçóÿ
èõ â ãåîìåòðè÷åñêîì ìîäåëèðîâàíèè. Â íàøåé ðàáîòå ìû èìååì íåìíîãî äðóãîé
ïîäõîä ê òðàêòîâêå ïîíÿòèÿ òðåõìåðíîé êàðòû, ÷òî ïîçâîëÿåò âûÿñíèòü ñâÿçü ñ
íàêðûòèÿìè è èñïîëüçîâàòü åãî â äàëüíåéøåì äëÿ ïîäñ÷åòà êàðò. Òàêæå ïðèâî-
äèì ïðèìåðû òðåõìåðíûõ êàðò è íåêîòîðûå íàáëþäåíèÿ è çàìå÷àíèÿ.

Ïóñòü Σ � êëåòî÷íîå ðàçáèåíèå òðåõìåðíîãî çàìêíóòîãî îðèåíòèðîâàííîãî
ìíîãîîáðàçèÿ M , à Σ′ � åãî áàðèöåíòðè÷åñêîå ïîäðàçáèåíèå. Ïîñêîëüêó M �
îðèåíòèðîâàííîå, òî ñóùåñòâóåò �øàõìàòíàÿ� ðàñêðàñêà â ÷åðíûé è áåëûé öâåò
òåòðàýäðîâ èç Σ′. Îáîçíà÷èì ÷åðåç F± è F ìíîæåñòâî âñåõ îêðàøåííûõ òåòðàýä-
ðîâ è ìíîæåñòâî òîëüêî ÷åðíûõ òåòðàýäðîâ ñîîòâåòñòâåííî. Ïóñòü A,B,C,D �
âåðøèíû îäíîãî èç òåòðàýäðîâ èç F , è òàêæå áóäåì íàçûâàòü îòðàæåíèÿ â ñî-
îòâåòñòâóþùèõ åãî ãðàíÿõ. Òîãäà ýëåìåíòû a = AC, b = AD, c = BD åñòü
ïîâîðîòû âòîðîãî ïîðÿäêà, îòïðàâëÿþùèå ÷åðíûé (áåëûé) òåòðàýäð â ÷åðíûé
(áåëûé). Ïóñòü ∆ =〈A,B,C,D〉 � ãðóïïà, ïîðîæäåííàÿ îòðàæåíèÿìè A,B,C,D.
Îáîçíà÷èì ÷åðåç ∆+ ïîäãðóïïó èíäåêñà 2 â ∆, ïîðîæäåííóþ ýëåìåíòàìè a, b, c.
Ãðóïïà ∆ äåéñòâóåò íà F±, â òî âðåìÿ êàê ∆+ äåéñòâóåò íà F . Ïîýòîìó ìû
ïîëó÷àåì äâà ãîìîìîðôèçìà ϕ: ∆→ Sym(F±) è ϕ+: ∆+ → Sym(F ).

Îïðåäåëåíèå. Òðåõìåðíàÿ êàðòà (èëè 3-êàðòà) � ýòî íàáîð (F ; a, b, c) ñî
ñëåäóþùèìè ñâîéñòâàìè:
1◦ F � êîíå÷íîå ìíîæåñòâî ôëàãîâ;
2◦ a, b, c � èíâîëþöèè, äåéñòâóþùèå áåç íåïîäâèæíûõ òî÷åê ñâîáîäíî íà F ;
3◦ Ãðóïïà ∆+ òðàíçèòèâíà íà ìíîæåñòâå F ;
4◦ Îðáèòû ïåðåñòàíîâêè ab ÿâëÿþòñÿ ðåáðàìè, bc � ãðàíÿìè, 〈a, bc〉 � êëåòêàìè
è 〈ab, c〉 � âåðøèíàìè òðåõìåðíîé êàðòû.

Äàííîå îïðåäåëåíèå ìû èëëþñòðèðóåì ñëåäóþùèìè ïðèìåðàìè: �pillow� ñ 4
ïîìå÷åííûìè âåðøèíàìè, �shell� ñ 2 ïîìå÷åííûìè âåðøèíàìè, êîíóñ c 3 ïîìå÷åí-
íûìè âåðøèíàìè, ÷åòûðåõóãîëüíàÿ ãðàíü ñ 4 ïîìå÷åííûìè âåðøèíàìè è äðóãèå.
Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå. Ñóùåñòâóåò âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó îðáè-
òàìè íà F± è ýëåìåíòàìè 3-êàðòû: ïðè ýòîì îðáèòû 〈A,B〉 ñîîòâåòñòâóþò ãðàíÿì,
〈C,D〉 � ðåáðàì, 〈A,B,C〉 � êëåòêàì, à 〈B,C,D〉 � âåðøèíàì 3-êàðòû.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 16-

41-02006).
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It is easy to show that the normalized Ricci �ow equation ġ(t) = −2Ricg +
2n−1g(t)Sg, where g(t) means a 1-parameter family of Riemannian metrics, Ricg and
Sg are respectively the Ricci tensor and the scalar curvature of g, could be reduced
to the following system of ODE's in the case of Alo��Wallach spaces SU(3)/ SO(2):

ẋi = −2xi

(
ri −

r4 + 2(r1 + r2 + r3)

7

)
, (1)

where xi > 0, i = 1, . . . , 4,

r1 =
6

x1
+

x1
x2x3

− x2
x1x3

− x3
x1x2

− 3m2

L

x4
x21
,

r2 =
6

x2
+

x2
x1x3

− x1
x2x3

− x3
x1x2

− 3l2

L

x4
x22
,

r3 =
6

x3
+

x3
x1x2

− x1
x2x3

− x2
x1x3

− 3k2

L

x4
x23
,

r4 =
3x4
L

(
m2

x21
+
l2

x22
+
k2

x23

)
,

k, l,m are integers with greatest common divisor 1 and k+l+m = 0, L := m2+l2+k2

(see [1] for details). We will discuss questions concerning singular points and �rst
integrals of (1) using some ideas of [2].

The author was supported by the Grant of MES of the Republic of Kazakhstan for

2015�2017 (project no. 1452/GF4).
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4-COBORDISMS, BLOCK-BUILDING AND
DEFORMATIONS OF HYPERBOLIC MANIFOLDS,
GROUP HOMOMORPHISMS AND QUASIREGULAR

MAPPINGS IN 3-SPACE

Apanasov B.N.
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We discuss our method of block-building and deformations of hyperbolic struc-
tures, their Teichm�uller spaces of conformal deformations and several applications to
geometry, topology and geometric analysis. This is related to varieties of conformal
structures on closed hyperbolic 3-manifolds, to the shape of non-trivial compact
4-dimensional cobordisms M (cf. [1]�[4]) whose interiors have complete hyperbolic
structures (how the global geometry and topology of such cobordisms depend on
properties of the variety of discrete representations of the fundamental group of the
boundary ∂M (cf. [2]�[3]), to di�erent ergodic actions of a uniform hyperbolic 3-
lattice [6], as well as to M.A. Lavrentiev problem on locally homeomorphic quasi-
regular mappings in 3-space [7] and their topological barriers.

We should acknowledge that, for our work in this interesting �eld and for getting
all these results, we are greatly thankful to the mathematically inspiring atmosphere in
the Institute of Mathematics and in its research seminars created in 1960�1980s by the
famous group of analysts and geometers including A.D. Aleksandrov, P. P. Belinskii,
S. L. Krushkal, Yu.G. Reshetnyak, S. L. Sobolev, V.A. Toponogov, a.o.
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ON CURVATURES OF HOMOGENEOUS
SUB-RIEMANNIAN MANIFOLDS

Berestovskii V.N.
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Left invariant Riemannian or sub-Riemannian metrics on a Lie group are singled
out from invariant Finslerian or sub-Finslerian metrics by their one-to-one correspon-
dence with special one-parameter Gaussian convolutions semigroups of absolutely
continuous probability measures on the Lie group.

Any such semigroup is generated by a second order hypoelliptic operator. This
is connected with the operator de�nition of Ricci lower bounds for sub-Riemannian
manifolds by Baudoin�Garofalo [1].

Earlier, Agrachev de�ned a notion of curvature for sub-Riemannian manifolds [2].
As an alternative, the author uses old de�nitions of sectional and Ricci curvatures

for rigged metrized distributions on manifolds given by A. F. Solov'ev [3].
To calculate the Solov'ev sectional and Ricci curvatures for sub-Riemannian

manifolds, the author suggests to use in some cases special riggings of invariant
completely nonholonomic, i.e. bracket generated, distributions on manifolds.

Namely, let P be a bracket-generating distribution on a manifold M de�ning
together with a scalar product (·, ·) on P a sub-Riemannian metric d onM . A rigging
of the P is a distribution on M complimentary to P. Let suppose that there exists a
unique rigging Q of P such that a one of the following conditions is valid:

1) [P,Q] ⊂ P,
2) [P,Q] ⊂ Q, or
3) [P,P] ⊂ Q.
Then it is quite reasonable to take Q as the rigging of P.
In particular, the above rigging method is applicable to contact sub-Riemannian

manifolds (condition 1), sub-Riemannian Carnot groups (condition 2), the connected
component of the full Lie group of isometries of any Riemannian symmetric space if
this Lie group is semisimple (conditions 1 and 3 simultaneously), and sub-Riemannian
manifolds possessing a submetry onto a Riemannian manifold [3].

Note that in any case, when the condition 2 is satis�ed for left invariant distribu-
tions P, Q on a Lie group (for example, for any Carnot group) then all curvatures
of corresponding left invariant sub-Riemannian metric calculated by Solov'ev method
are equal to zero.

At the end, some examples are considered.
The author was supported by the Ministry of Education and Science of the Russian

Federation (the Project number 1.3087.2017/PCh).
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ON EMBEDDINGS OF NON-POSITIVELY
CURVED COMPACT SURFACES IN FLAT

LORENTZIAN MANIFOLDS

Fillastre F.1, Slutskiy D.A.2

Universit�e de Cergy-Pontoise, Cergy-Pontoise, France;
1Francois.Fillastre@u-cergy.fr, 2Dmitriy.Slutskiy@u-cergy.fr

In the 1940s, A.D. Alexandrov, looking at the induced (intrinsic) distances on the
boundary of convex bodies of the Euclidean space, introduced a class of distances
on compact surfaces. Nowadays, such distances are called metrics of non-negative
curvature (in the sense of Alexandrov). He then proved the following famous result.
We assume that all the surfaces we are considering are closed, oriented and connected.

Theorem 1 [1]. Let (S, d) be a metric of non-negative curvature on a compact
surface. Then there exists a �at Riemannian manifold R homeomorphic to S × R
which contains a convex surface whose induced distance is isometric to (S, d).

If (S, d) is a metric space isometric to the induced distance on a �at torus (T, h),
then the statement above is trivial, as R can be taken as S × R with the metric
h+d t2. Otherwise, by the Gauss�Bonnet formula, a compact surface S with a metric
of non-negative curvature must have genus 0.

A more classical way to state Theorem 1 in this case is to say that (S, d) is isometric
to the induced distance on the boundary of a convex body of the Euclidean space.

We proved an analogous result for metrics of non-positive curvature.
Theorem 2 [2]. Let (S, d) be a metric of non-positive curvature (in the sense

of Alexandrov) on a compact surface. Then there exists a �at Lorentzian manifold
L homeomorphic to S × R which contains a spacelike convex surface whose induced
distance is isometric to (S, d).

Theorem 2 generalizes the results of F. Labourie and J.-M. Schlenker [3] for smooth
metrics of non-positive curvature and of F. Fillastre [4] for polyhedral metrics of non-
positive curvature.

REFERENCES

1. Alexandrov A.D., Intrinsic Geometry of Convex Surfaces, Chapman & Hall/CRC, Boca
Raton (2006).

2. Fillastre F., Slutskiy D., �Embeddings of non-positively curved compact surfaces in �at
Lorentzian manifolds,� arXiv:1703.07253.

3. Labourie F., Schlenker J.-M., �Surfaces convexes fuchsiennes dans les espaces lorentziens
�a courbure constante,� Math. Ann., 316, No. 3, 465�483 (2000).

4. Fillastre F., �Fuchsian polyhedra in Lorentzian space-forms,� Math. Ann., 350, No. 2,
417�453 (2011).

136



Ñåêöèÿ 2. Ãåîìåòðèÿ è òîïîëîãèÿ

REPRESENTATIONS OF THE VIRTUAL BRAID GROUPS
TO THE ROOK ALGEBRAS
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In 2012 S. Bigelow, E. Ramos, R. Yi constructed representation of the group Bn
in the group of invertible elements of the subalgebra CPn of the rook algebra CRn.
We will demonstrate that the extension of algebra CPn to CRn allows to construct
virtual braid group representation, such that its restriction on Bn coincides with the
representation of the group Bn in the CPn. This representation allows to construct
invariants of virtual links.

The present work is supported by grant of Russian Science Foundation (project no. 16-

41-02006).
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MORE EXACT SOLUTIONS OF THE CONSTANT
ASTIGMATISM EQUATION

Hlav�a�c A.1, Marvan M.2
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1Adam.Hlavac@math.slu.cz, 2Michal.Marvan@math.slu.cz

Surfaces of constant astigmatism, i.e. surfaces characterized by the condition ρ2−
ρ1 = const 6= 0, where ρ1, ρ2 are the principal radii of curvature, were already known
at the end of the nineteenth century. Their evolutes are pseudospherical surfaces,
which, themselves, correspond to solutions of the sine-Gordon equation uξη = sinu.

In 2009, after a century in oblivion, the subject of constant astigmatism surfaces
was resurrected by H. Baran and M. Marvan in their work [1] concerning the systematic
search for integrable classes of Weingarten surfaces. In particular, it was shown that
surfaces of constant astigmatism, parameterized by adapted curvature coordinates
x, y, correspond to solutions of the integrable equation

zyy +

(
1

z

)
xx

+ 2 = 0

called the constant astigmatism equation (CAE). Solutions of the CAE can be al-
ternatively interpreted as spherical orthogonal equiareal patterns, with relevance to
two-dimensional plasticity [2].

In [3] we presented a nonlinear superposition formula, based on the B�acklund
transformation for the sine-Gordon equation, and producing in�nitely many exact
solutions of the CAE from a given seed. Moreover, one can routinely construct corre-
sponding constant astigmatism surfaces. The simplest solution of the CAE, one can
use as a seed, is the von Lilienthal one, z = 1/(1 − x2), which corresponds to zero
solution of the sine-Gordon equation. The hierarchy of solutions, arising from this
seed, is called multisoliton solutions of the CAE.

Recently, we have successfully constructed and planted another seed, namely the
Lipschitz solution studied in [4]. A new in�nite hierarchy of solutions of the CAE
together with corresponding surfaces of constant astigmatism then follows by routine
algebraic manipulations and di�erentiation.

In the talk, an overview of known exact solutions of the CAE will be given.
Corresponding surfaces of constant astigmatism will be shown as well.
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CALCULUS OF TANGENTS
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The talk will cover the rules for calculating various types of tangents to arbitrary
sets in topological vector spaces.

1 Supporting hyperplanes
2 Bouligand's, Hadamard's, Clarke's, and similar tangents
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DIRAC FLOW ON 3D LIE GROUPS

Malkovich E.G.
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We consider 4-dimensional metric of the form

g = dt2 +A2
1(t)e21 +A2

2(t)e22 +A2
3(t)e23 = dt2 + ḡ(t),

where ei are di�erential 1-forms on a Lie group S
3, SL(2,R) or Heis. The functions

Ai(t) de�ne the deformation of the metric ḡ, which coincides with the standard left-
invariant metric on the corresponding Lie group when Ai(t) ≡ 1.

For the constant K ∈ {−1, 0,+1} the Dirac �ow is a evolutionary geometric
equation:

∂

∂t
ḡ =

√
R̄ic− 4K.

Here the square root on bilinear symmetric forms is de�ned in a such way that the
metric tensor is a neutral element, i.e.

√
g = g. For 3-dimensional sphere Dirac �ow

take the form

∂A1

∂t
=

√
A4

1 −A4
2 −A4

3 + 2 ·A2
2 ·A2

3

A2
2 ·A2

3

−K,

∂A2

∂t
=

√
−A4

1 +A4
2 −A4

3 + 2 ·A2
1 ·A2

3

A2
1 ·A2

3

−K,

∂A3

∂t
=

√
−A4

1 −A4
2 +A4

3 + 2 ·A2
1 ·A2

2

A2
1 ·A2

2

−K.

In [1] it was shown that for the case of two functional parameters and K = 0
metric g tends to the �at one as t→∞.

Theorem. Consider the metric

g = dt2 +A2
1(t)(e1)2 +A2

2(t)((e2)2 + (e3)2) = dt2 + ḡ(t)

such that the metric ḡ(t) satis�es the Dirac �ow with K = 0 and initial data A2(0) >
A1(0) > 0, then the metric g will be asymptotically conical metric.

For the case of groups SL(2,R) and Heis the analogous asymptotic holds.
The author was supported by the Russian Foundation for Basic Research (project no. 15-

01-05929).
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ON PSEUDO H-TYPE LIE ALGEBRAS
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Let n be a 2-step nilpotent Lie algebra endowed with a non-degenerate scalar
product 〈. , .〉 and let n = V ⊕⊥ Z, where Z is the centre of the Lie algebra and
V its orthogonal complement with respect to the scalar product. We study the Lie
algebras for which the space V arises as a representation space of a Cli�ord algebra
Cl(Rr,s) and the representation map J : Cl(Rr,s) → End(V ) is related to the Lie
algebra structure by 〈Jzv, w〉 = 〈z, [v, w]〉 for all z ∈ Rr,s and v, w ∈ V . We call the
constructed Lie algebras pseudo H-type Lie algebras. Pseudo H-type Lie algebras are
natural generalization of nowadays classical Heisenberg type Lie algebras, introduced
by A. Kaplan in 1980 in order to study hypoelliptic operators. The pseudo H-type Lie
algebras admit rational structural constants, that lead to the existence of lattices on
the corresponding Lie groups. The pseudo H-type Lie groups give rise to a chain of
examples of nilmanifolds that are isospectral but non-di�eomorphic. We are studying
the classi�cation of the pseudo H-type Lie algebras. The classi�cation is based on the
range of parameters r and s. We �nd the necessary condition for the existence of a
Lie algebra isomorphism according to the range of integer parameters 0 ≤ r, s < ∞
and present the complete classi�cation for any type of the representation space V .
Another group of results are concerned with the description of the automorphism
group of the pseudo H-type Lie algebras in terms of classical groups.

The author was partially supported by ISP project 239033/F20 of Norwegian Research

Council, as well as EU FP7 IRSES program STREVCOMS, grant no. PIRSES-GA-2013-

612669.
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ON THE COMPLEXITY OF NON-ORIENTABLE
SEIFERT FIBRE SPACES

Mulazzani M.
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We deal with Seifert �bre spaces, which are compact 3-manifolds admitting a
foliation by circles. This de�nition is more general than Seifert's original one, since
these manifolds are locally modeled either on �bered solid tori or on �bered solid
Klein bottles, and so the singular �bres are either isolated (as in Seifert's de�nition)
or form surfaces properly embedded in the manifold.

We introduce a combinatorial description of Seifert �bre spaces and state a classi�-
cation theorem, up to �brewise homeomorphism, in all the possible cases: orientable,
non-orientable, closed, with boundary. Moreover, we compute potentially sharp upper
bounds for their complexity in terms of the invariants of the combinatorial description,
extending to the non-orientable case results by Fominykh and Wiest for the orientable
case with boundary and by Martelli and Petronio for the closed orientable case.

This is a joint work with Sergei Matveev (Chelyabinsk State University), Alessia
Cattabriga (University of Bologna) and Timur Nasybullov (Catholic University of
Leuven Kulak).
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This talk is devoted to geodesic orbit Riemannian spaces that could be
characterized by the property that any geodesic is an orbit of a one-parameter group
of isometries. There are some structural results and some partial classi�cations of
geodesic orbit spaces, see e.g. [1]�[4] and references therein.

We discuss some recent results in this direction. At �rst, we consider relationships
between geodesic orbit spaces and Killing vector �elds of constant length [5], [6]. Then
we discuss important totally geodesic submanifolds that inherit the property to be
geodesic orbit, the structure of the nilradical and the radical of the Lie algebra of the
isometry group. We also discuss some new tools to study geodesic orbit Riemannian
spaces, related to compact Lie group representations with non-trivial principal isotropy
algebras [7].

In the next part of the talk we consider the �rst example of a non-geodesic orbit
left-invariant Einstein metric on a compact Lie group. It should be noted that a
suitable metric is de�ned on the Lie group G2 and it was discovered at �rst in a
recent paper by I. Chrysikos and Y. Sakane, see details in [8].

The �nal part of the talk is devoted to the classi�cation of compact simply
connected geodesic orbit Riemannian spaces with two irreducible submodules in the
isotropy representation, see details in [9].

Besides, we discuss new examples of geodesic orbit Riemannian spaces, new
methods to obtain such examples, and some unsolved questions.

The project is partially supported by Grant 1452/GF4 of Ministry of Education and

Sciences of the Republic of Kazakhstan for 2015�2017.
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ON CURVES WITH AFFINE-CONGRUENT ARCS

Polikanova I.V.
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A curve in an n-dimensional a�ne space An is a curve with a�ne-congruent arcs
(CwACA), if for any two of its oriented arcs there exists an a�nity, mapping one of
them onto the other.

Curve, a�ne-congruent to CwACA, is itself CwACA.
CwACA is complete, if it is not a subset of another CwACA.
Hypothesis. The only (up to a�ne equivalence) nondegenerate complete CwACA

in An is an enica ~x =
(
t, t2, . . . , tn

)
, t ∈ R.

The fact, that enica is CwACA, is proved in [1], [2].
There are some properties of the CwACA in [3]:
Theorem 1. CwACA in An, having a �attening point of order k, lies in a k-

dimensional plane.
Theorem 2. Osculating planes (of any dimension) at di�erent points of CwACA

are not parallel and do not contain one each other.
Theorem 3. CwACA is not a closed curve.
Theorem 4. A hyperplane, which is parallel to the osculating hyperplane of the

CwACA, intersects CwACA at no more than 2 points.
On the whole, the Hypothesis is proved for n = 1, 2, 3, 4.
The proof comes to solving a system of functional equations.
For n = 2, a more rigorous assertion was proved without a priori smoothness

requirements for the curve:
Theorem 5. If any two undirected arcs of a nondegenerate curve in A2 are a�ne-

congruent, then the curve is contained in a parabola.
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BRUNNIAN BRAIDS AND LIE ALGEBRAS

Vershinin V.V.

Sobolev Institute of Mathematics SB RAS, Novosibirsk, Russia versh@math.nsc.ru

A Brunnian braid means a braid that becomes trivial after removing any one of
its strands. We describe the graded Lie algebra of the descending central series of a
group related to Brunnian subgroup of the pure braid group. A presentation of this
Lie algebra is obtained.

This is a joint work with J.Y. Li and J. Wu.
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VOLUME OF HYPERBOLIC TETRAHEDRON
ADMITTING 4-SYMMETRY

Vuong H.B.

Novosibirsk State University, Novosibirsk, Russia; vuonghuubao@live.com

We consider a hyperbolic tetrahedron with symmetry group C2 by Sch�on�ies
notation (or 2-symmetry by Hermann�Mauguin notation). By de�nition, a tetrahedron
has 2-symmetry if it admits a π rotation around the axis passing through the middles
of two opposite edges. In particular case when a = b, θ = π/2 (and c = d) we
get a tetrahedron with 4-symmetry. We establish a criterion of existence for such a
tetrahedron and obtain exact formula for its hyperbolic volume.

Theorem 1. A hyperbolic tetrahedron with edge lengths a, c admitting 4-sym-
metry exist if and only if 1 + cha− 2chc < 0.

Theorem 2. The volume of a hyperbolic tetrahedron with edge lengths a, c
admitting 4-symmetry is given by the formula

V =

a∫
0

f(a, c) da =

c∫
arch((1+cha)/2)

g(a, c) dc, where

f(a, c) = −a 1√
A2

2 −A2
1

A3

A2
sha− 2c

1√
A2

2 − C2
1

C2

A2
sha,

g(a, c) = −a 1√
A2

2 −A2
1

A4

A2
shc− 2c

1√
A2

2 − C2
1

C3

A2
shc,

A1 = (1− cha)(1 + cha)3 − 16(1 + cha)2ch2c+ 64ch4c,

A2 = (cha− 1)(1 + cha)3 − 16(1 + cha)2ch2c+ 64ch4c,

A3 = 64ch2c (1 + cha)2[cha(1 + cha)2 + 4(1− 2cha)ch2c],

A4 = 64chc (1− cha)(1 + cha)3[(1 + cha)2 − 8ch2c],

C1 = (ch2a− 1)[(1 + cha)2 − 8ch2c],

C2 = 16ch2c (1 + cha)3[1− cha(4 + cha)]+

8(1 + cha)2(1 + 2cha)2(1 + 2cha)2(1 + 2cha)ch2c− 64chach4c,

C3 = 16chc[(1− cha)(1 + cha)3 + 16(1 + cha)2ch2c− 64ch4c]+

2(1− ch2a)(1 + cha)(cha− 1 + 2ch2a− 16ch2c)[(1 + cha)2 − 8ch2c].

We also obtain existence criteria and volume formulas in more general cases when
a 6= b or θ 6= π/2 (c 6= d).

The present work is supported by Russian Science Foundation (grant 16-41-02006).
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NON-SPHERICAL KNOTS (GENERALIZATION OF SOME
RESULTS OF A. HAEFLIGER AND A. SKOPENKOV)

Zhubr A.V.

Komi Science Centre Institute of Physics and Mathematics, Syktyvkar, Russia;
avzhubr@gmail.com

Notations. Following Hae�iger [1], denote by Cqn the set of isotopy classes of
embeddings Sn → Sn+q (spherical n-knots of codimension q). For a closed smooth
manifoldM , denote the set of isotopy classes of embeddingsM×Sn → Sm+n+q, where
m = dimM , by Cqn(M), so that Cqn above is the same as C

q
n(pt). We call the elements

of Cqn(M) � somewhat loosely � �M -parametrized n-knots of codimension q�. If
M = Sm, then we have the �knotted tori� of A. Skopenkov [2].

Let f0, f1 : M×Sn → Sm+n+q be two disjoint embeddings as above, and let
ϕ : [0, 1]×M×Dn → Sm+n+q be an embedding satisfying

• ϕ([0, 1]×M×Dn) ∩ fi(M) = ϕ({i}×M×Dn), i = 0, 1;

• ϕ is transversal to both f0(M) and f1(M);

• the maps ψi = f−1i ◦ ϕ : {i}×M×Dn → M×Sn, i = 0, 1, coincide with
id(M)×si, where s0, s1 : Dn → Sn are embeddings resp. preserving and reversing
orientations, and where {i}×M identi�es with M in a natural way.

Having all this, we obtain a new M -parametrized knot f0#Mf1 : M×Sn → Sm+n+q

by identifying the manifold(
M×Sn ∪ψ0 [0, 1]×M×Dn ∪ψ1 M×Sn

)
\ [0, 1]×M×IntDn

with M×Sn again. We call this new embedding an M -parametrized embedded con-
nected sum of the embeddings f0, f1.

Theorem 1. If q > 2m + n + 3, then the embedding ϕ as above exists and is
unique up to isotopy for any given f0, f1.

Remark 1. As one easily sees, this gives the structure of a commutative monoid
on the corresponding sets Cqn(M).

Theorem 2. All the monoids Cqn(M) are indeed abelian groups.
Remark 2. This generalizes both Theorem 1.7 of A. Hae�iger [1] (for M = pt)

and Lemma 2.2 of A. Skopenkov [2] (for M = Sm).
Theorem 3. For any stably parallelizable closed manifold M , there exists an

epimorphism Cqn(M)→ CqdimM+n.
Remark 3. This generalizes a result of A. Skopenkov (see [2, Lemma2.5]).
The author was supported by the Russian Foundation for Basic Research (project no. 15-

01-06302).
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ON LAPLACE OPERATOR SPECTRUM
ON SOME CONNECTED COMPACT SIMPLE

RANK FOUR LIE GROUPS

Zubareva I. A.

Omsk Branch of the Sobolev Institute of Mathematics SB RAS, Omsk, Russia;
i_gribanova@mail.ru

In paper [1] it is calculated Laplace operator spectrum for smooth real/complex-
valued functions on all Lie groups Spin(8), Spin(9), SO(9), Sp(4), Sp(4)/C(Sp(4)),
SO(8), PSO(8) with biinvariant Riemannian metric. Let L4(k) (L3(k)) be the number
of all presentations of the number k ∈ N as a sum of squares of four (three) mutually
di�erent natural numbers arranged according to the age. Let us state exact results
for the �rst two cases.

Theorem 1. Let G = Spin(8) is supplied by biinvariant Riemannian metric ν
such that ν(e) = −kad, where kad is the Killing form of Lie algebra so(8). A number
λ < 0 is an eigenvalue of Laplacian on (G, ν) in one and only one of the following
cases (I, II or III)

I. 1) −12λ ≡ 1(mod 2); 2) natural number 56 − 48λ is a sum of squares of four
mutually di�erent odd natural numbers, i.e. L4(14− 12λ) < L4(56− 48λ).

In addition the number of highest weights Λ, such that λ(Λ) = λ, is equal to
2L4(56− 48λ) + L3(14− 12λ).

II. 1) −12λ ∈ N; 2) natural number 14− 12λ is a sum of squares of four mutually
di�erent natural numbers, i.e. L4(14 − 12λ) > 0; 3) natural number 56 − 48λ can't
be presented as a sum of squares of four mutually di�erent odd natural numbers, i.e.
L4(56− 48λ) = L4(14− 12λ).

In addition the number of highest weights Λ, such that λ(Λ) = λ, is equal to
2L4(14− 12λ) + L3(14− 12λ).

III. 1) −12λ ∈ N; 2) natural number 56 − 48λ can't be presented as a sum of
squares of four mutually di�erent natural numbers, i.e. L4(56− 48λ) = 0; 3) natural
number 14− 12λ is a sum of squares of three mutually di�erent natural numbers, i.e.
L3(14− 12λ) > 0.

The number of highest weights Λ, such that λ(Λ) = λ, is equal to L3(14− 12λ).
Theorem 2. Let G = Spin(9) is supplied by biinvariant Riemannian metric ν

such that ν(e) = −kad, where kad is the Killing form of Lie algebra so(9). A number
λ < 0 is eigenvalue of Laplacian on (G, ν) in one and only one of the following cases
(I or II)

I. 1) −7λ ∈ N; 2) natural number 84 − 56λ is a sum of squares of four mutually
di�erent odd natural numbers, i.e. L4(21− 14λ) < L4(84− 56λ).

In addition the number of highest weights Λ, such that λ(Λ) = λ, is equal to
L4(84− 56λ).

II. 1) −14λ ∈ N; 2) natural number 21− 14λ is a sum of squares of four mutually
di�erent natural numbers, i.e. L4(21 − 14λ) > 0. 3) natural number 84 − 56λ can't
be presented as a sum of squares of four mutually di�erent odd natural numbers, i.e.
L4(84− 56λ) = L4(21− 14λ).

The number of highest weights Λ, such that λ(Λ) = λ, is equal to L4(21− 14λ).
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ÎÁÎÁÙ�ÍÍÛÅ ÓÃËÛ
Â ÏÒÎËÅÌÅÅÂÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

È ÊÂÀÇÈÌÅÐÎÌÎÐÔÍÛÅ ÎÒÎÁÐÀÆÅÍÈß

Àñååâ Â.Â.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

btp@math.nsc.ru

Óñòàíîâëåíî, ÷òî ëþáàÿ ïòîëåìååâà ïîëóìåòðèêà ρ ì¼áèóñîâî ýêâèâàëåíòíà
îãðàíè÷åííîé ïòîëåìååâîé ìåòðèêå

ρ∗(a,b)(x, y) :=
ρ(x, y)

(ρ(x, a) + ρ(x, b))(ρ(y, a) + ρ(y, b))
, ãäå a 6= b.

Ïîýòîìó ëþáàÿ ïòîëåìååâà ì¼áèóñîâà ñòðóêòóðà (â ñìûñëå Ñ.Â. Áóÿëî) íà ìíî-
æåñòâå X ñîäåðæèò ìåòðèêó è ïîðîæäàåò åäèíñòâåííóþ ìåòðè÷åñêóþ òîïîëîãèþ
â X.

Â ïòîëåìååâîì ïîëóìåòðè÷åñêîì ïðîñòðàíñòâå (X, ρ) îáîáù¼ííûé óãîë åñòü
÷åòâ¼ðêà ìíîæåñòâ Ψ = (A1, B1, A2, B2) òàêèõ, ÷òî B1 6= ∅ 6= B2 è B1 ∪B2 ñîäåð-
æèò äâå ðàçëè÷íûå òî÷êè. Âåëè÷èíà îáîáù¼ííîãî óãëà Ψ îïðåäåëÿåòñÿ ôîðìóëîé

α(Ψ) := inf
ai∈A1

sup
bi∈Bi

ρ(a1, a2)ρ(b1, b2)

ρ(a1, b1)ρ(a2, b2) + ρ(a1, b2)ρ(a2, b1)
.

Ïîíÿòèå îáîáù¼ííîãî óãëà è åãî âåëè÷èíû ââåäåíî è èçó÷åíî â [1].
Äëÿ çàäàííîãî ãîìåîìîðôèçìà η : [0,∞)→ [0,∞) è ïòîëåìååâûõ ïðîñòðàíñòâ

(X, ρ), (Y, σ) îòîáðàæåíèå F : X → 2Y ïðèíàäëåæèò êëàññó η-BAD (of bounded
angle distortion), åñëè îíî ñóïåðèíúåêòèâíî (ò. å. x1 6= x2 âëå÷¼ò F (x1)∩F (x2) 6= ∅)
è äëÿ ëþáîãî îáîáù¼ííîãî óãëà Ψ â X âûïîëíÿåòñÿ îöåíêà α(F (Ψ)) ≥ η(α(Ψ)).
Èçó÷åíû íåêîòîðûå òîïîëîãè÷åñêèå ñâîéñòâà òàêèõ îòîáðàæåíèé. Â ÷àñòíîñòè,
äîêàçàíî ÷òî äëÿ ëþáîãî K-êâàçèìåðîìîðôíîãî îòîáðàæåíèÿ (ò. å. îòîáðàæåíèÿ
ñ îãðàíè÷åííûì èñêàæåíèåì â ñìûñëå Þ.Ã. Ðåøåòíÿêà) f : R̄n → R̄n ìíîãîçíà÷-
íûå îòîáðàæåíèÿ, îáðàòíûå ê åãî êîîðäèíàòíûì ôóíêöèÿì, ïðèíàäëåæàò êëàññó
η-BAD ñ íèæíåé îöåíêîé èñêàæåíèÿ îáîáù¼ííûõ óãëîâ η(t), çàâèñÿùåé òîëüêî
îò n è K (ïðèâåäåíà ÿâíàÿ ôîðìóëà äëÿ η(t)).

ËÈÒÅÐÀÒÓÐÀ
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ù¼ííûå óãëû â ïòîëåìååâûõ ïðîñòðàíñòâàõ // Ñèá. ìàò. æóðí. 2005. Ò. 46, � 2.
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ÊÀÐÍÎ � ÊÀÐÀÒÅÎÄÎÐÈ

Áàñàëàåâ Ñ. Ã.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
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Ïóñòü U ⊂ Rn � îêðåñòíîñòü íóëÿ, (q1, q2)-êâàçèìåòðèêîé íà U ìû íàçûâàåì
íåïðåðûâíóþ ôóíêöèþ d : U ×U → R òàêóþ, ÷òî äëÿ âñåõ x, y, z ∈ U âûïîëíåíî

1. d(x, y) ≥ 0, d(x, y) = 0 ⇔ x = y;
2. d(x, y) ≤ Cd(y, x);
3. d(x, z) ≤ q1d(x, y) + q2d(y, z).
Ôèêñèðóåì àíèçîòðîïíîå ðàñòÿæåíèå âèäà

δε(u1, . . . , un) = (εσ1u1, . . . , ε
σnun), σi > 0, i = 1, . . . , n.

Êâàçèìåòðèêó d̂ íàçûâàåì îäíîðîäíûì ïðåäåëîì êâàçèìåòðèêè d, åñëè
d̂(x, y) = lim

ε→0

1
εd(δεx, δεy). Ïðåäåëüíûå êâàçèìåòðèêè òàêîãî âèäà íàõîäÿò ïðè-

ëîæåíèÿ ïðè èçó÷åíèè ëîêàëüíûõ ñâîéñòâ ïðîñòðàíñòâ Êàðíî � Êàðàòåîäîðè.
Èçâåñòíî, ÷òî â C1,α-ãëàäêèõ ïðîñòðàíñòâàõ Êàðíî � Êàðàòåîäîðè âûïîëíåíà
îöåíêà

|d̂(x, y)− d(x, y)| = O(ε1+ α
M ), (1)

ãäåM � ãëóáèíà ïðîñòðàíñòâà Êàðíî � Êàðàòåîäîðè, d ∈ {d∞, dcc} � ëèáî êâàçè-
ìåòðèêà ñïåöèàëüíîãî âèäà, ëèáî ìåòðèêà Êàðíî � Êàðàòåîäîðè, åñëè îíà îïðå-
äåëåíà. Àíàëîãè÷íûé ðåçóëüòàò ïîëó÷åí äëÿ C1-ãëàäêèõ ïðîñòðàíñòâ ñ o(ε) â
ïðàâîé ÷àñòè. Ýòîò ðåçóëüòàò ñôîðìóëèðîâàí åù¼ Ì. Ãðîìîâûì â 1996 ã. â êàíî-
íè÷åñêèõ êîîðäèíàòàõ âòîðîãî ðîäà. Îäíàêî äîêàçàí òîëüêî â 2014 ã. Ñ.Ê. Âîäî-
ïüÿíîâûì è Ì.Á. Êàðìàíîâîé â êîîðäèíàòàõ ïåðâîãî ðîäà. Àâòîðîì äîêëàäà
îïèñàí êëàññ ñèñòåì êîîðäèíàò, â êîòîðûõ âåðíà îöåíêà (1), â ÷àñòíîñòè, ïîêà-
çàíî, ÷òî óòâåðæäåíèå, ñôîðìóëèðîâàííîå Ãðîìîâûì âåðíî â èñõîäíîé ôîðìó-
ëèðîâêå (ò. å. â êîîðäèíàòàõ âòîðîãî ðîäà). Îñíîâíûå óòâåðæäåíèÿ ðàáîòû:

Òåîðåìà 1. Ïóñòü V � îêðåñòíîñòü íóëÿ, d � êâàçèìåòðèêà íà V , d̂ � å¼
îäíîðîäíàÿ àïïðîêñèìàöèÿ. Ïóñòü Φ: U → V � ãîìåîìîðôèçì îêðåñòíîñòåé
íóëÿ è ρ = Φ∗d. Åñëè ñóùåñòâóåò ðàâíîìåðíûé ïðåäåë L = lim

ε→0
δ−1
ε ◦Φ ◦ δε è L �

ãîìåîìîðôèçì, òî ñóùåñòâóåò îäíîðîäíàÿ êâàçèìåòðèêà ρ̂ òàêàÿ, ÷òî

|ρ̂(x, y)− ρ(x, y)| = o(ε).

Òåîðåìà 2. Åñëè â óñëîâèÿõ òåîðåìû 1:
1. |d̂(x, y)− d(x, y)| = O(ε1+β);
2. d(Φ(x), L(x)) = O(ε1+β);
3. d � (1, q)-êâàçèìåòðèêà;
òî |ρ̂(x, y)− ρ(x, y)| = O(ε1+β).

Ïîêàçàíî, ÷òî ôóíêöèÿ ïåðåõîäà èç êîîðäèíàò ïåðâîãî ðîäà â êîîðäèíàòû
âòîðîãî ðîäà óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2. Ñòîèò îòìåòèòü, ÷òî âñå óñëîâèÿ
â ýòîé òåîðåìå ïî ñóùåñòâó è íå ìîãóò áûòü îñëàáëåíû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00801).
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Îïðåäåëÿåòñÿ øêàëà îòîáðàæåíèé, çàâèñÿùàÿ îò äâóõ âåùåñòâåííûõ ïàðà-
ìåòðîâ n− 1 ≤ q ≤ p <∞ è âåñîâîé ôóíêöèè θ. Â ñëó÷àå q = p = n, θ ≡ 1 ïîëó-
÷àåì èçâåñòíûé â ëèòåðàòóðå êëàññ îòîáðàæåíèé ñ îãðàíè÷åííûì èñêàæåíèåì.
Îòîáðàæåíèÿ äâóõèíäåêñíîé øêàëû íàñëåäóþò ìíîãèå ñâîéñòâà ïîñëåäíèõ.

Â ñëó÷àå n−1 < q ≤ p = n îòîáðàæåíèÿ ñ îãðàíè÷åííûì (p, q)-èñêàæåíèåì èñ-
ñëåäîâàëèñü ðàíåå â ðÿäå ðàáîò ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè N -ñâîéñòâà
Ëóçèíà äàííîãî îòîáðàæåíèÿ. Â äàííîé ðàáîòå èçëîæåíû ïåðâîíà÷àëüíûå ñâåäå-
íèÿ òåîðèè îòîáðàæåíèé ñ îãðàíè÷åííûì (p, q)-èñêàæåíèåì, ïîëó÷åííûå áåç äî-
ïîëíèòåëüíûõ àíàëèòè÷åñêèõ ïðåäïîëîæåíèé. Îñíîâó òåîðèè ñîñòàâëÿþò íîâûå
àíàëèòè÷åñêèå ñâîéñòâà ïåðåíåñåííûõ ôóíêöèé: ìû, â ÷àñòíîñòè, äîêàçûâàåì,
÷òî íà îáðàçå òî÷åê âåòâëåíèÿ ãðàäèåíò ïåðåíåñåííîé ôóíêöèè ðàâåí íóëþ ïî-
÷òè âñþäó. Âûâåäåíû îöåíêè íà åìêîñòè îáðàçîâ êîíäåíñàòîðîâ äëÿ îòîáðàæåíèé
ñ îãðàíè÷åííûì (p, q)-èñêàæåíèåì. Ïîëó÷åíû òåîðåìû òèïà Ëèóâèëëÿ, òåîðåìû
î çàòèðàíèè îñîáåííîñòåé äëÿ îòîáðàæåíèé äàííîãî êëàññà.

Äåìîíñòðèðóþòñÿ ïðèìåíåíèÿ äâóõèíäåêñíîé øêàëû äëÿ ðåøåíèÿ ðÿäà çàäà÷
ãëîáàëüíîãî àíàëèçà è ïðèêëàäíûõ çàäà÷.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ñîãëàøåíèå � 16-41-02004).
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ÀÐÕÈÌÅÄÎÂÛ ÊÎÍÓÑÛ
È ÂÕÎÄÍÛÅ ÍÀÏÐÀÂËÅÍÈß

Ãóòìàí À.Å.1, Ìàòþõèí À.Â.2

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
1gutman@math.nsc.ru, 2anatoly.matyukhin@yandex.ru

Âñþäó íèæå X � âåêòîðíîå ïðîñòðàíñòâî íàä R. Íåïóñòîå âûïóêëîå ïîäìíî-
æåñòâî W ⊆ X íàçûâàåòñÿ êëèíîì, åñëè αW ⊆ W äëÿ âñåõ α > 0. Êëèí W
ÿâëÿåòñÿ êîíóñîì, åñëè W ∩ (−W ) = {0}. Âûïóêëîå ìíîæåñòâî C ⊆ X íàçû-
âàåòñÿ àðõèìåäîâûì, åñëè äëÿ ëþáûõ x, y ∈ X èç ñïðàâåäëèâîñòè âêëþ÷åíèÿ
x+ 1

ny ∈ C äëÿ âñåõ n ∈ N ñëåäóåò x ∈ C. Àðõèìåäîâîñòü êîíóñà (êëèíà) W ⊆ X
ðàâíîñèëüíà èñòèííîñòè àêñèîìû Àðõèìåäà â (ïðåä)óïîðÿäî÷åííîì âåêòîðíîì
ïðîñòðàíñòâå (X,6), ãäå x 6 y ⇔ y−x ∈W . Îñíîâíûå ñâåäåíèÿ îá àðõèìåäîâûõ
êîíóñàõ ìîæíî ïî÷åðïíóòü èç [1]. Ñâÿçü ìåæäó àðõèìåäîâûìè è çàìêíóòûìè
êîíóñàìè èññëåäîâàíà â [2].

Îïðåäåëåíèå.Äëÿ x, y ∈ X ïîëîæèì ]x, y[ = {(1−α)x+αy : α ∈ [0, 1]} \ {x, y}.
Ïóñòü C � âûïóêëîå ïîäìíîæåñòâî X. Óñëîâèìñÿ íàçûâàòü âåêòîð y ∈ X âõîä-

íûì íàïðàâëåíèåì äëÿ C â òî÷êå x ∈ X\C è ïèñàòü y ∈ entx C, åñëè ]x, x+εy[ ⊆ C
äëÿ íåêîòîðîãî ε > 0. Ââåäåì îáîçíà÷åíèå entC = ∪{entx C : x ∈ X\C}.

Ïðåäëîæåíèå 1. Ïóñòü C � âûïóêëîå ïîäìíîæåñòâî X.
(1) Äëÿ ëþáîé òî÷êè x ∈ X\C ìíîæåñòâî entx C ÿâëÿåòñÿ êîíóñîì.
(2) Ìíîæåñòâî C àðõèìåäîâî òîãäà è òîëüêî òîãäà, êîãäà entC = {0}.
(3) Ìíîæåñòâî C ÿâëÿåòñÿ êîíóñîì òîãäà è òîëüêî òîãäà, êîãäà ðàçíîñòü

C\{0} âûïóêëà è ent0(C\{0}) = C.
Òåîðåìà 2 (êðèòåðèé àðõèìåäîâîñòè êëèíà). Ïóñòü W ⊆ X � êëèí è ïóñòü

f � òàêîé ëèíåéíûé ôóíêöèîíàë íà X, ÷òî f > 0 íàW è f(y) > 0 äëÿ íåêîòîðîãî
ýëåìåíòà y ∈W . Êëèí W àðõèìåäîâ â òîì è òîëüêî â òîì ñëó÷àå, åñëè y /∈ entW
è ìíîæåñòâî {x ∈W : f(x) = 1} àðõèìåäîâî.

Íèæå ïðèâåäåíû êðèòåðèè ñóùåñòâîâàíèÿ ôóíêöèîíàëà f è âåêòîðà y, óäî-
âëåòâîðÿþùèõ óñëîâèþ òåîðåìû 2.

Ïðåäëîæåíèå 3. Ïóñòü W ⊆ X � êëèí è ïóñòü W � çàìûêàíèå W â ñëàáîé
òîïîëîãèè, íàâåäåííîé ïðîñòðàíñòâîì X# âñåõ ëèíåéíûõ ôóíêöèîíàëîâ íà X.
Ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

(1) ñóùåñòâóþò f ∈ X# è y ∈W òàêèå, ÷òî f > 0 íà W è f(y) > 0;
(2) ñóùåñòâóåò òàêîé âåêòîð y ∈W , ÷òî −y /∈W ;
(3) linW *W , ãäå linW � ëèíåéíàÿ îáîëî÷êà W .
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ÎÁ ÎÄÍÎÉ ÇÀÄÀ×Å ÄÓÁÈÍÈÍÀ ÄËß ÅÌÊÎÑÒÈ
ÊÎÍÄÅÍÑÀÒÎÐÀ Ñ ÊÎÍÅ×ÍÛÌ ×ÈÑËÎÌ ÏËÀÑÒÈÍ

Äûì÷åíêî Þ.Â.1, Øëûê Â.À.2

1Äàëüíåâîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò,

Âëàäèâîñòîê, Ðîññèÿ; dymch@mail.ru
2Âëàäèâîñòîêñêèé ôèëèàë Ðîññèéñêîé òàìîæåííîé àêàäåìèè,

Âëàäèâîñòîê, Ðîññèÿ; shlykva@yandex.ru

Â ðàáîòå ðåøåíà çàäà÷à Äóáèíèíà î åìêîñòè êîíäåíñàòîðà ñ êîíå÷íûì ÷èñëîì
ïëàñòèí.

Ïóñòü G � îòêðûòîå ìíîæåñòâî â n-ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå Rn,
n ≥ 2, w � Ap-âåñ Ìàêåíõàóïòà, p ∈ (1; +∞). Ïóñòü m ≥ 2, E1, . . . , Em � ïîïàð-
íî íåïåðåñåêàþùèåñÿ êîìïàêòû â Rn íà çàìûêàíèè Ḡ ìíîæåñòâà G â òîïîëîãèè
Rn = Rn ∪ {∞}; δ1, . . . , δm � ñîîòâåòñòâóþùèå ïîïàðíî íåðàâíûå âåùåñòâåííûå
÷èñëà. Òîãäà íàáîð (δ1E1, . . . , δmEm, G) = ({δiEi}, G) íàçîâåì êîíäåíñàòîðîì â
Ḡ. Âåëè÷èíó Cp,w({δiEi}, G) = inf

∫
G

|∇u|p wdx íàçîâåì åìêîñòüþ êîíäåíñàòîðà.

Çäåñü èíôèìóì áåðåòñÿ ïî âñåì âåùåñòâåííûì ôóíêöèÿì u, ëîêàëüíî ëèïøèöå-
âûì â G è ðàâíûì δi â íåêîòîðîé îêðåñòíîñòè êîìïàêòà Ei, i = 1, 2, . . . ,m.

Êîíäåíñàòîðó ({δiEi}, G) ñîïîñòàâèì êîíôèãóðàöèþ
αH = (α12H12, α13H13, . . . , αm−1,mHm−1,m), ãäå Hij � ñåìåéñòâî ëîêàëüíî ñïðÿì-
ëÿåìûõ êðèâûõ â G0 = G \ (E1 ∪ · · · ∪Em), ñîåäèíÿþùèõ Ei è Ej ; αij = |δi − δj |,
1 ≤ i < j ≤ m. Ìîäóëü mp,w(αH) êîíôèãóðàöèè αH îïðåäåëèì êàê inf

∫
G0

ρp wdx,

ãäå èíôèìóì áåðåòñÿ ïî âñåì áîðåëåâñêèì ôóíêöèÿì ρ : G0 → [0; +∞], äëÿ êîòî-
ðûõ

∫
γ

ρ ds ≥ αij äëÿ âñåõ γ ∈ Hij , 1 ≤ i < j ≤ m. Èìååò ìåñòî óòâåðæäåíèå.

Òåîðåìà. mp,w(αH) = Cp,w({δiEi}, G).

Ïðè p = n = 2, w = 1 â R2 îòñþäà ñëåäóåò ðåøåíèå îäíîé çàäà÷è Â.Í. Äóáè-
íèíà (óñòíîå ñîîáùåíèå).

Ïîëó÷åííûé ðåçóëüòàò â òåîðåìå ìîæíî ðàñïðîñòðàíèòü íà ãðóïïû Êàðíî ñ
âíóòðåííåé ìåòðèêîé [1], [2].
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Ïîëó÷åíû íîâûå ñâîéñòâà ðåøåíèé v : U → Rm, îïðåäåëåííûõ íà îòêðûòûõ
ìíîæåñòâàõ U ⊂ Rn, äèôôåðåíöèàëüíûõ íåðàâåíñòâ

F (v′(x)) ≤ KG(v′(x)) +H(x) äëÿ ï. â. x ∈ U, K > 0, (1)

ãäå G : Rm×n → R � k-îäíîðîäíûé íóëü-ëàãðàíæèàí, F : Rm×n → R � ôóíêöèÿ,
óäîâëåòâîðÿþùàÿ íåðàâåíñòâó F (ζ) ≥ cF |ζ|k äëÿ ζ ∈ Rm×n, cF > 0, H : U → R �
èçìåðèìàÿ ôóíêöèÿ. Çäåñü k, n, m ∈ N, 2 ≤ k ≤ min{n,m}, v′(x) � ìàòðèöà
ßêîáè îòîáðàæåíèÿ v â òî÷êå x ∈ U , Rm×n � ïðîñòðàíñòâî âåùåñòâåííûõ m× n-
ìàòðèö, ðàññìàòðèâàåìîå ñ îïåðàòîðíîé íîðìîé | · |.

Îïèðàÿñü íà óñòàíîâëåííûå ñâîéñòâà ðåøåíèé (1), óñèëåíû òåîðåìû îá óñòîé-
÷èâîñòè êëàññîâ îòîáðàæåíèé èç [1], [2].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00875).
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Â ýòîé ðàáîòå äîêàçûâàåòñÿ òîíêî-àíàëèòè÷åñêîå ïðîäîëæåíèå ôóíêöèé èç
êëàññà Ãîí÷àðà. Êðîìå ýòîãî óñòàíàâëèâàåòñÿ ñâÿçü ñ êëàññîì Ãîí÷àðà è òîíêî-
àíàëèòè÷åñêèìè ôóíêöèÿìè ìíîãèõ êîìïëåêñíûõ ïåðåìåííûõ

Êëàññ R áûë ââåäåí è èññëåäîâàí â ñåðèè ôóíäàìåíòàëüíûõ ðàáîò À.À. Ãîí-
÷àðà [1]: áóäåì ãîâîðèòü, ÷òî ðîñòîê f àíàëèòè÷åñêîé ôóíêöèè â òî÷êå 0 ∈ Cn
ïðèíàäëåæèò êëàññó R0, f ∈ R0, åñëè â íåêîòîðîé îêðåñòíîñòè íóëÿ B̄ = B̄(0, r),
r > 0 îíà äîïóñêàåò áûñòðóþ ðàöèîíàëüíóþ àïïðîêñèìàöèþ. Òî÷íåå,

lim
m→∞

ρ1/m
m

(
f, B̄

)
= 0,

ãäå ρm− îòêëîíåíèå f îò êëàññà ðàöèîíàëüíûõ ôóíêöèé {rm : deg rm ≤ m}. Âåðõ-
íèé èíäåêñ �0� çäåñü óêàçûâàåò â êàêîé òî÷êå ðàññìàòðèâàåòñÿ ðîñòîê. Îäíèì èç
çàìå÷àòåëüíûõ ñâîéñòâ ôóíêöèé èç R, äîêàçàííîãî À.À. Ãîí÷àðîì ÿâëÿåòñÿ èõ
îäíîçíà÷íîñòü â ïðîñòðàíñòâå Cn: åñòåñòâåííàÿ îáëàñòü ñóùåñòâîâàíèÿWf ⊂ Cn.
Êëàññ R è åãî ñâîéñòâà íàøëè ðÿä ïðèëîæåíèé â ñàìîé òåîðèè àïïðîêñèìàöèè [2],
â âîïðîñàõ àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ôóíêöèé ñ òîíêèìè îñîáåííîñòÿìè, â
òåîðèè ïëþðèïîòåíöèàëà (ñì., íàïðèìåð, [3]) è äð.

Â ýòîé ðàáîòå ìû äîêàæåì ñëåäóþùèå òåîðåìû:
Òåîðåìà 1. Ïóñòü E è E′ � ðåãóëÿðíûå ìíîæåñòâà è {sm(z)}, {tm (z)} �

ïîñëåäîâàòåëüíîñòè ðàöèîíàëüíûõ ôóíêöèé, áûñòðî ñõîäÿùèõñÿ íà E ê ôóíêöèè
f ∈ C(E),

lim
m→∞

‖sm − f‖1/mE = 0, lim
m→∞

‖tm − f‖1/mE = 0.

Òåîðåìà 2. f ÿâëÿåòñÿ ôóíêöèåé êëàññà R0 êîíå÷íîãî ïîðÿäêà t òîãäà è

òîëüêî òîãäà, êîãäà A
1/m
m ≈ 1

m1/t , ãäå

Am = Am (f) =

mod
∣∣∣∣∣∣∣∣
a1 a2 ... am
a2 a3 ... am+1

... ... ... ...
am am+1 ... a2m−1

∣∣∣∣∣∣∣∣


1\m

.
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Î ÑÂßÇÈ ÎÁÎÁÙÅÍÍÎÉ
ÏÐÎÈÇÂÎÄÍÎÉ ÑÎÁÎËÅÂÀ, ÎÁÎÁÙÅÍÍÎÉ
ÏÐÎÈÇÂÎÄÍÎÉ ÒÅÎÐÈÈ ÐÀÑÏÐÅÄÅËÅÍÈÉ

È ÈÍÂÀÐÈÀÍÒÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ

Êèì À.Â.

Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè èì. Í.Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ,

Åêàòåðèíáóðã, Ðîññèÿ; avkim@imm.uran.ru

Ðàññìàòðèâàþòñÿ íåêîòîðûå ñâîéñòâà îáîáùåííûõ ïðîèçâîäíûõ.
Â äîêëàäå îáñóæäàåòñÿ âçàèìîñâÿçü òðåõ êëàññîâ ïðîèçâîäíûõ:

1) Îáîáùåííîé ïðîèçâîäíîé Ñîáîëåâà [1], [2],
2) Îáîáùåííîé ïðîèçâîäíîé òåîðèè ðàñïðåäåëåíèé [3], [4],
3) Èíâàðèàíòíûõ ïðîèçâîäíûõ ôóíêöèîíàëîâ è ôóíêöèé (èíâàðèàíòíàÿ ïðîèç-
âîäíàÿ ôóíêöèè îïðåäåëÿåòñÿ ÷åðåç èíâàðèàíòíóþ ïðîèçâîäíóþ ïîðîæäàåìîãî
åþ ôóíêöèîíàëà) [5], [6].

Òåîðåìà 1. Ôóíêöèÿ f : [a, b]→ R èìååò îáîáùåííóþ ïðîèçâîäíóþ Ñîáîëåâà
òîãäà è òîëüêî òîãäà, êîãäà îíà èíâàðèàíòíî äèôôåðåíöèðóåìà [èìååò èíâà-
ðèàíòíóþ ïðîèçâîäíóþ] îòíîñèòåëüíî êëàññà (áåñêîíå÷íî äèôôåðåíöèðóåìûõ)
ôóíêöèé M = CD[a, b]. Ïðè ýòîì èíâàðèàíòíàÿ ïðîèçâîäíàÿ ôóíêöèè ðàâíà
îáîáùåííîé ïðîèçâîäíîé Ñîáîëåâà.

Ïóñòü D(a, b) � ïðîñòðàíñòâî îñíîâíûõ ôóíêöèé, f ′ îáîáùåííàÿ ïðîèçâîäíàÿ
ëèíåéíîãî íåïðåðûâíîãî f ∈ D′ = D′(a, b).

Òåîðåìà 2. Ðàñïðåäåëåíèå f ∈ D′ = D′(a, b) èìååò îáîáùåííóþ ïðîèçâîäíóþ
f ′ íà ýëåìåíòå φ ∈ D(a, b) òîãäà è òîëüêî òîãäà, êîãäà îíî èìååò èíâàðèàíòíóþ
ïðîèçâîäíóþ ∂f íà φ. Â ýòîì ñëó÷àå

(f ′, φ) = −∂f [φ]D′ = D′(a, b).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00636).
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Î ÑËÀÁÎÉ ÍÅÏÐÅÐÛÂÍÎÑÒÈ ÏÎËÓÃÐÓÏÏ
ÎÏÅÐÀÒÎÐÎÂ Â ÍÓËÅ
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Õîðîøî èçâåñòíà òåîðåìà Ê. Èîñèäû [1] î òîì, ÷òî ïîëóãðóïïà îïåðàòîðîâ â
áàíàõîâîì ïðîñòðàíñòâå, ñëàáî íåïðåðûâíàÿ â íóëå, ÿâëÿåòñÿ ïîëóãðóïïîé êëàñ-
ñà C0. Äîêàçàòåëüñòâî ýòîé òåîðåìû îñíîâàíî íà ìåòîäå Í. Äàíôîðäà [2], äî-
êàçàâøåãî, ÷òî ñèëüíàÿ èçìåðèìîñòü ãðóïïû îïåðàòîðîâ â áàíàõîâîì ïðîñòðàí-
ñòâå âëå÷åò åå ñèëüíóþ íåïðåðûâíîñòü. Ê. Ñèíãáàë-Âåäàê [3] îáîáùèëà ðåçóëüòàò
Äàíôîðäà, äîêàçàâ, ÷òî â ïðîèçâîëüíîì ëîêàëüíî âûïóêëîì ïðîñòðàíñòâå (ËÂÏ)
ñèëüíî èçìåðèìàÿ è ëîêàëüíî ýêâèíåïðåðûâíàÿ ïðè t > 0 ïîëóãðóïïà îïåðàòîðîâ
áóäåò ñèëüíî íåïðåðûâíîé. Îíà æå äîêàçàëà, ÷òî â ñëó÷àå ïðîñòðàíñòâà Ôðåøå
ñâîéñòâî ëîêàëüíîé ýêâèíåïðåðûâíîñòè ïîëóãðóïïû âûòåêàåò èç åå ñèëüíîé èç-
ìåðèìîñòè.

Àâòîðîì óñòàíîâëåíî, ÷òî óòâåðæäåíèå Èîñèäû îñòàåòñÿ â ñèëå â ñëó÷àå ïðî-
ñòðàíñòâ Ôðåøå, à âîò â ïðîèçâîëüíîì áî÷å÷íîì ËÂÏ îíî óæå ìîæåò íå áûòü
âåðíûì, âîïðåêè òåîðåìå èç ðàáîòû [4].
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Ïàðô¼íîâ À.È.
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Ïóñòü îáëàñòü Ξ ⊂ Rn−1 (n > 2), ëèïøèöåâû ôóíêöèè ω0, ω1 : Ξ → R è
p ∈ (1,∞) òàêîâû, ÷òî θ = ω1 − ω0 > 0 è

∫
Ξ
θ1−p dξ <∞. Ðàññìîòðèì îáëàñòü

Ω =
{
x = (x′, xn) ∈ Ξ× R : ω0(x′) < xn < ω1(x′)

}
è äåôåêò ñîîòâåòñòâóþùåãî öèëèíäðè÷åñêîãî êîíäåíñàòîðà:

V = inf
u∈C0,1

loc (Ω) : (∀ξ) u(ξ,ω0(ξ)+0)=0 & u(ξ,ω1(ξ)−0)=1

∫
Ω

|∇u|p dx−
∫

Ξ

θ1−p dξ.

Òåîðåìà. Îáîçíà÷èì Q = ‖ω0‖Lip + ‖ω1‖Lip. Èìåþò ìåñòî îöåíêè

W (ωi) :=

∫ ∞
0

(
inf

ζ∈C0,1
loc (Ξ)

∫
θ(ξ)>t

{
1 + |∇ζ|2 + t−2|ωi − ζ|2

}p/2 − 1

θp
dξ

)
dt <∞,

c0(p,Q)V 6W (ω0) +W (ω1) 6 c1(p,Q)V (cj > 0).

Ôóíêöèîíàë W 1/2 ïðè p = 2 ÿâëÿåòñÿ âåñîâûì âàðèàíòîì ïîëóíîðìû èíòåð-
ïîëÿöèîííîãî ïðîñòðàíñòâà

(
Ẇ 1

2 (Ξ), L2(Ξ)
)

1/2,2
, êîòîðîå äëÿ ðåãóëÿðíûõ îáëà-

ñòåé Ξ ðàâíî îäíîðîäíîìó ïðîñòðàíñòâó Ñîáîëåâà Ḣ1/2(Ξ). Îá èñòîðèè êîíòðîëÿ
âîçìóùåíèÿ ãðàíèö îáëàñòåé ïîñðåäñòâîì ïðîñòðàíñòâà Ḣ1/2 ñì. [1, � 9].

Òåîðåìà ïðè n = 2 îáîáùàåòñÿ íà �ïîëîñîîáðàçíûå� ÷åòûðåõñòîðîííèêè (êîí-
äåíñàòîðû) ñ ïîìîùüþ èõ âíóòðåííèõ ëèïøèöåâûõ àïïðîêñèìàöèé. Îòñþäà ñëå-
äóþò êðèòåðèè äëÿ ñðàâíèìîñòè [2, ñ. 265] ýêñòðåìàëüíîé äëèíû ñ èíòåãðàëîì
Àëüôîðñà

∫
dξ
θ (òðèâèàëüíî) è äëÿ ïðèáëèæåííîé àääèòèâíîñòè [2, ñ. 256] ýêñ-

òðåìàëüíîé äëèíû. Óñëîâèå âòîðîãî êðèòåðèÿ ÿâëÿåòñÿ ïåðåíîñîì íà ïîëîñû
ïåðåìåííîé øèðèíû óñëîâèÿ èçîãîíàëüíîñòè Îñòðîâñêîãî [2, ñ. 254], [3, ñ. 96].

Àñèìïòîòèêà êîíôîðìíûõ îòîáðàæåíèé ïîëîñ â ñóùåñòâåííîì îïðåäåëÿåò-
ñÿ ýêñòðåìàëüíîé äëèíîé ñîîòâåòñòâóþùèõ ÷åòûðåõñòîðîííèêîâ [2]�[4] è ïîòîìó
ìîæåò èññëåäîâàòüñÿ íà îñíîâå óêàçàííûõ îáîáùåíèÿ òåîðåìû è åãî ñëåäñòâèé.
Ñôîðìóëèðîâàííûå íà ýòîì ïóòè ÿâíûå äîñòàòî÷íûå èëè íåîáõîäèìûå óñëîâèÿ
ñóùåñòâîâàíèÿ óãëîâîé ïðîèçâîäíîé êîíôîðìíîãî îòîáðàæåíèÿ ñîäåðæàò â ñåáå
îñíîâíûå óñëîâèÿ òàêîãî ðîäà èç [2, ãë. 11] è [5, ãë. V].
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ÂÅÑÎÂÛÅ ÌÎÄÓËÈ È ÅÌÊÎÑÒÈ
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Âëàäèâîñòîêñêèé ôèëèàë Ðîññèéñêîé òàìîæåííîé àêàäåìèè,

Âëàäèâîñòîê, Ðîññèÿ; 1679097@mail.ru, 2shlykva@yandex.ru

Â ðàáîòå óñòàíîâëåíû ñîîòíîøåíèÿ ìåæäó âåñîâûìè ìîäóëÿìè è åìêîñòüþ
êîíäåíñàòîðà íà ðèìàíîâîé ïîâåðõíîñòè.

Ïóñòü R � ðèìàíîâà ïîâåðõíîñòü èç [1], ñêëååííàÿ èç êîíå÷íîãî èëè ñ÷åòíîãî
÷èñëà îáëàñòåé çàìêíóòîé êîìïëåêñíîé ïëîñêîñòè C = C ∪ {∞}, ãäå ïðîåêöèÿ
êàæäîé òî÷êè W ∈ R ñîâïàäàåò ñ òî÷êîé w = ïð W îäíîé èç ñêëåèâàåìûõ
îáëàñòåé, R∞ = {W ∈ R : ïð W =∞}, Rb = {W ∈ R : W � òî÷êà ðàçâåòâëåíèÿ
äëÿ R}. Ïóñòü G � îòêðûòîå ìíîæåñòâî íà R, ãäå ëèáî çàìûêàíèå G ìíîæåñòâà
G � êîìïàêò íà R, ëèáî G = R è ãðàíèöà ∂R 6= ∅ (ñì. [1]). Ïóñòü ω̃ � Ap-âåñ
Ìàêåíõàóïòà íà C, p ∈ (1,+∞) è ω(W ) = ω̃(w), åñëè ïð W = w 6= ∞, ω(W ) = 1,
åñëè ïð W = w =∞.

Ïóñòü m ≥ 2, E1 = ∂R è E2, . . . , Em � ïîïàðíî íåïåðåñåêàþùèåñÿ êîìïàêòû
íà R, êîãäà G = R. Åñëè G � êîìïàêò íà R, òî E1, . . . , Em � ïîïàðíî íåïåðåñåêà-
þùèåñÿ êîìïàêòû íà G. Ñîïîñòàâèì íàáîðó E1, . . . , Em ñîîòâåòñòâóþùèé íàáîð
âåùåñòâåííûõ ÷èñåë δ1, . . . , δm. Òîãäà íàáîð

(
δ1E1, . . . , δmEm, G

)
=
(
{δiEi}, G

)
íàçîâåì êîíäåíñàòîðîì íà R. Ïîëîæèì Cp,ω

(
{δiEi}, G

)
= inf

u

∫
G

|∇u|p ω dσ, ãäå

èíôèìóì áåðåòñÿ ïî âñåì ôóíêöèÿì u, ëîêàëüíî ëèïøèöåâûì â G, ðàâíûì δi â
íåêîòîðîé îêðåñòíîñòè ìíîæåñòâà Ei è ïîñòîÿííûì â êàêîé-íèáóäü îêðåñòíîñòè

êàæäîé òî÷êè èç G0 ∩
(
R∞ ∪Rb

)
, ãäå G0 = G \

m⋃
j=1

Ej , dσ � ýëåìåíò ïëîùàäè íà

R. Êîíäåíñàòîðó
(
{δiEi}, G

)
ñîïîñòàâèì êîíôèãóðàöèþ

αH = (α1,2H1,2, . . . , αm−1,mHm−1,m),

ãäåHi,j � ñåìåéñòâî êðèâûõ, ñîåäèíÿþùèõ ìíîæåñòâà Ei è Ej âG0, αi,j = |δi−δj |,
1 ≤ i < j ≤ m. Ìîäóëü mp,ω(αH) êîíôèãóðàöèè (αH) îïðåäåëèì êàê inf

ρ

∫
ρp ω dσ

ïî âñåì áîðåëåâñêèì ôóíêöèÿì ρ : G0 → [0,+∞], äëÿ êîòîðûõ
∫
γ

ρ ds ≥ αij äëÿ

âñåõ γ ∈ Hij è 1 ≤ i < j ≤ m. Ïóñòü, êðîìå òîãî, Σ = Σ(E1, E2, G) � ñåìåéñòâî
âñåõ ìíîæåñòâ, îòäåëÿþùèõ â G ìíîæåñòâà E1 è E2 (ñì. [2]) è íåïåðåñåêàþùèõñÿ
ñ ìíîæåñòâîì

(
G \ (E1 ∪ E2)

)
∩ (R∞ ∪Rb).

Îïðåäåëèì Mq,ω1−q (Σ) àíàëîãè÷íî âåëè÷èíå mp,ω(αH), q = p
p−1

Òåîðåìà 1. Cp,ω
(
{δiEi}, G

)
= mp,ω(αH).

Òåîðåìà 2. Cp,ω
(

0 · E1, 1 · E2, G
) 1
p = Mq,ω1−q

(
Σ
)− 1

q .
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Äîêàçàíî, ÷òî åñëè µ � ìåðà Ðàäîíà íà ãðóïïå Êàðíî G òàêàÿ, ÷òî ñóùåñòâóåò
ïîëîæèòåëüíàÿ è êîíå÷íàÿ s-ïëîòíîñòü Θs(µ, x) íà ìíîæåñòâå íåíóëåâîé ìåðû,
òîãäà s ∈ N. Îñíîâíàÿ èäåÿ äîêàçàòåëüñòâà çàêëþ÷àåòñÿ â ïåðåõîäå îò ìåðû
µ ê ðàâíîìåðíî ðàñïðåäåëåííîé ìåðå ν. Ýòîò ðåçóëüòàò ÿâëÿåòñÿ îáîáùåíèåì
òåîðåìû Ìàðñòðàíäà î s-ïëîòíîñòè ìåðû â åâêëèäîâîì ïðîñòðàíñòâå Rn (1954)
è àíàëîãîì ðàáîòû Òàéñîíà [1] î s-ïëîòíîñòè ìåðû íà ãðóïïå Ãåéçåíáåðãà (2014).

Òåîðåìà. Ïóñòü µ � ìåðà Ðàäîíà íà ãðóïïå Êàðíî G. Åñëè ïðåäåë

Θs(µ, x) = lim
r→0

µ(B(x, r))

rs

ñóùåñòâóåò, ïîëîæèòåëåí è êîíå÷åí íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû µ, òî
s ∈ N.

Çàìå÷àíèå 1. Â äàííîì ñëó÷àå B(x, r) = {y ∈ G : d(x, y) ≤ r} � çàìêíóòûé
øàð, ãäå d(x, y) = ||x−1 · y|| � êâàçèìåòðèêà, ïîðîæäåííàÿ îäíîðîäíîé íîðìîé

||(x1, ..., xr)|| = [|x1|αr! + |x2|r! + ...+ |xr|
2r!
r ]

1
2r! .

Çàìå÷àíèå 2. Â åâêëèäîâîì ïðîñòðàíñòâå èçâåñòíî [2], ÷òî èç òåîðåìû Ìàð-
ñòðàíäà ñëåäóåò ñóùåñòâîâàíèå áîðåëåâñêîé ôóíêöèè f è ñ÷åòíîãî îáúåäèíåíèÿ
ëèïøèöåâûõ k-ìåðíûõ ìíîãîîáðàçèé {Γi} â Rn, ÷òî

µ(A) =
∑
i

∫
Γi∩A

f(x) dVolk(x) äëÿ âñåõ áîðåëåâñêèõ A. (1)

Çäåñü Volk � îáû÷íàÿ ìåðà îáúåìà, îïðåäåëÿþùàÿñÿ íà ëèïøèöåâûõ ìíîãîîáðà-
çèÿõ òàê æå, êàê è â Rn. Äî ñèõ ïîð íåèçâåñòíî, ñïðàâåäëèâî ëè (1) íà ãðóïïàõ
Êàðíî. Âîçìîæíî, âûïîëíåííàÿ íàìè ðàáîòà ïîñëóæèò îòïðàâíîé òî÷êîé äëÿ
ðåøåíèÿ ýòîé ïðîáëåìû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00875 À).
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Â [1] ïðèâîäèòñÿ ñëåäóþùàÿ
Òåîðåìà 1. Ïóñòü F (x), g(x) � íåóáûâàþùèå íåîòðèöàòåëüíûå ôóíêöèè,

îïðåäåëåííûå íà îòðåçêå [a, b], è

Sj = min
{xk}

j∑
k=0

[F (xk+1)− F (xk)]g(xk+1), (1)

ãäå a = x0 ≤ x1 ≤ · · · ≤ xj+1 = b. Òîãäà ïîñëåäîâàòåëüíîñòü {Sj}∞j=1 âûïóêëàÿ,
ò. å.

Sj − 2Sj+1 + Sj+2 ≥ 0.

Äëÿ ôóíêöèé F (x), g(x), çàäàííûõ íà îòðåçêå [a, b], ïîëîæèì

Sj(x̄) =

j∑
k=0

[F (xk+1)− F (xk)]g(xk+1), j ≥ 1, x̄ ∈ Qj ,

ãäå

Qj = {ū ∈ Rj : ū = (u1, . . . , uj), a ≤ u1 ≤ · · · ≤ uj ≤ b}, x0 = a, xj+1 = b.

Ïîëîæèì òàêæå

T0 = [F (b)− F (a)]g(b), Tj = inf
x̄∈Qj

Sj(x̄).

Ñòðîãî ãîâîðÿ, ïèñàòü â ôîðìóëå (1) min
{xk}

íåëüçÿ, òàê êàê â ñäåëàííûõ â òåîðåìå 1

ïðåäïîëîæåíèÿõ îí ìîæåò è íå ñóùåñòâîâàòü. Åñòü ïðèìåðû.
Êàê ïîïðàâèòü äåëî? Åñòü, î÷åâèäíî, äâà ñïîñîáà. Ìîæíî â òåîðåìå 1 ïîòðå-

áîâàòü íåïðåðûâíîñòü ôóíêöèé F (x) è g(x). Òîãäà òåîðåìà 1 è åå äîêàçàòåëüñòâî
â [1] îêàçûâàþòñÿ âåðíûìè. Ìîæíî âìåñòî min

{xk}
â òåîðåìå 1 ïèñàòü inf

{xk}
. Ïîñëåä-

íèé ïîäõîä ê óòî÷íåíèþ òåîðåìû 1 çäåñü è èñïîëüçóåòñÿ.
Ñïðàâåäëèâà
Òåîðåìà 2. Ïóñòü F (x), g(x) � íåóáûâàþùèå ôóíêöèè, îïðåäåëåííûå íà

îòðåçêå [a, b]. Òîãäà ïîñëåäîâàòåëüíîñòü {Tj}∞j=0 âûïóêëàÿ, ò. å.

Tj − 2Tj+1 + Tj+2 ≥ 0.

Îòìåòèì, ÷òî ñâîéñòâî âûïóêëîñòè ïîñëåäîâàòåëüíîñòè {Tj}∞j=0 åñòåñòâåííî
èñïîëüçóåòñÿ äëÿ ðåøåíèÿ çàäà÷è (1), êîãäà ñòîèò âîïðîñ î ïîïîëíåíèè ïàðàìåò-
ðè÷åñêîãî ðÿäà [1].
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Let (X, d) and (Y, d′) be metric spaces, and let L ≥ 1. A mapping f : X → Y is
L-bilipschitz if

d(x, y)/L ≤ d′(f(x), f(y)) ≤ Ld(x, y) for all x, y ∈ X.

We give a survey of results related to the extension problem for L-bilipschitz mappings
f : A → Rn, where A ⊂ Rk. The most important question is the behavior of the
bilipschitz constant L′ of the extension F : Rk → Rn. The survey is divided into the
following parts.

0. Basic examples showing why the extension may be di�cult or impossible in
some cases.

1. Optimal extension results with L′ = L for all L ≥ 1. This case is very unusual,
but can be obtained in at least two di�erent situations.

2. General results where L′ > L depends quantitatively on L and possibly on the
dimensions k and n.

3. The stability question: A special case of the previous part, where L = 1 + ε
and L′ = 1 + ϕ(ε) with ϕ(ε)→ 0 as ε→ 0+. The optimal results deal with the case
ϕ(ε) = Cε for some constant C.

4. Extension results in the case where the dimensions of the ambient spaces are
increased. In this case extension is always possible, but the stability questions are
more di�cult.

We also list some open problems related to these extension properties.
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Yaroslavl State University, Yaroslavl, Russia; ber@uniyar.ac.ru

Recently in the theory of partial di�erential equations, in the study of the maximal
operator Hardy � Littlewood and other typical operators in harmonic analysis began
to apply the so-called grand- and small- Lebesgue spaces. Unfortunately, explicit
descriptions of these spaces in the conventional terms not. It turned out that if
you replace the space of Lebesgue on the space of Lorenz, the situation is changing.
Namely, in the present talk for collection of Lorentz spaces proposed accurate (with
equality of norms) calculation of spaces Λ(ξ =

∑
0≤β0<α<β1≤1 ξ(α)Λα. On the basis of

these facts managed to get of the extrapolation theorem for Lorentz spaces, Lebesgue
and Marcinkiewicz with exact constants.

Let {Bα}, (α ∈ (β0, β1), −∞ ≤ β0 < β1 ≤ ∞), is a collection of Banach spaces
and let every {Bα} is continuously embedded in a topological complete space V . Let
ξ : (β0, β1)→ R+ is measurable function. The new space

∑
{ξ, α} consists of functions,

each of which has a �nite norm:∥∥∥b|∑{ξ,Bα}∥∥∥ = inf{Σξ(αi)‖bαi |Bαi‖ : b = Σbαi

the series converges in V, αi ∈ (β0, β1)}.

Put 1/α = p, and let Λα, Mα, Lα, (α ∈ [0, 1]) is Lorentz, Marcinkiewicz or
Lebesgue spaces on Ω ⊆ Rn. The de�nition of these spaces can be found in [1].

Theorem 1. Let �x a pair of numbers 0 ≤ β0 < β1 ≤ 1, subset Ω, the collection
of Lorentz spaces Λα, (α ∈ (β0, β1)) and the measurable function ξ : (β0, β1) → R+.
For t ∈ (0, µ(Ω)) de�ne a function

ψξ(t) = inf
α∈(β0,β1)

ξ(α) · tα. (1)

Then we have the equality
∑
{ξ,Λα} = Λ(ψξ), and the norms in these spaces are

identical. Here Λ(ψξ) is the Lorentz space, which is built based on the function ψξ.
Theorem 2. Let �x a pair of numbers 0 ≤ β0 < β1 ≤ 1, subset Ω, the collection of

Lorentz spaces Λα (collection of Marcinkiewicz spaces Mα or collection of Lebesgue
spaces Lα), (α ∈ (β0, β1)). Let X is the normed space, T is quasi-linear operator and
function ξ is de�ned by with equality: ξ(α) = ‖T |Λα → X‖ (ξ(α) = ‖T |Mα → X‖ or
ξ(α) = ‖T |Lα → X‖). We de�ne a function ψξ by the formula (1).
Then the operator T acting from Λ(ψξ) in to X and its norm is not greater than
unity.
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Let F0 be a �xed compact Riemann surface of genus g = 1. The Teichmueller
space T1 = T1(F0), consists of classes [Fµ, {aµ1 , b

µ
1}] of conformally equivalent marked

compact Riemann surface of genus one, which parametrized of points from H = {z ∈
C : Im z > 0}. Here Fµ = C/Γµ, where Γµ will be generate generators Aµ1(z) = z+1,
Bµ1(z) = z + µ.

Definition. q-di�erential φ with respect to group Γ is called a di�erential φ(z)dzq

such that φ(Tz)(T ′z)q = φ(z), z ∈ C, T ∈ Γ.
Theorem. On variable torus Fµ for every natural number m > 1, q ∈ Z exist

elementary q-di�erential τ
(m)
q;Q with pole in every point Q = Q(µ) ∈ Fµ exactly of

order m, locally holomorphic depend from µ, which has general view divisor (τ
(m)
q;Q ) =

R1···Rm
Qm , where ϕ(R1) = ϕ(Qm)− ϕ(R2 · · ·Rm) and ϕ is Jacobi mapping from Fµ to

Jacobi manifold J(Fµ). Here divisors R2, . . . , Rm and Q = Q(µ) can be choosing as
locally holomorphic sections bundle integer divisors of degreesm−1 and 1 respectively
over T1 for µ from every su�ciently small neighborhood U(µ0) ⊂ T1.
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UNBOUNDED TOPOLOGY IN LOCALLY SOLID
VECTOR LATTICES

Emel'yanov E.Yu.
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Several types of unbounded convergences in vector lattices were investigated
recently in [1]�[9]. Some of these convergences are topological, others are not. Here we
discuss the general case when the unbounded convergence has topological nature. It
is happening if the lattice under the consideration possesses a locally solid topology.
Some of basic results for the unbounded topology in locally solid vector lattices
concerning metrizability, completely metrizability, and uniformizability are stated.
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The Morse � Sard theorem requires that a mapping v : Rn → Rm is of class Ck,
k > max(n−m, 0). In 1957 Dubovitski�� generalized this result by proving that almost
all level sets for a Ck mapping hasHν-negligible intersection with its critical set, where
ν = n−m−k+1 and Hν is the Hausdor� measure. Here the critical set, or m-critical
set is de�ned as Zv,m = {x ∈ Rn : rank∇v(x) < m}. Another generalization was
obtained independently by Dubovitski�� and Federer in 1966, namely for Ck mappings
v : Rn → Rd and integers m ≤ d they proved that the set of m-critical values v(Zv,m)
is Hq◦ -negligible for q◦ = m−1+ n−m+1

k . They also established the sharpness of these
results within the Ck category.

Here we formulate and prove a bridge theorem that includes all the above results
as particular cases: namely, if a function v : Rn → Rd belongs to the Holder class
Ck,α, 0 ≤ α ≤ 1, then for every q > m− 1 the identity

Hµ(Zv,m ∩ v−1(y)) = 0

holds for Hq-almost all y ∈ Rd, where

µ = n−m+ 1− (k + α)(q −m+ 1).

The result is new even for the classical Ck-case (when α = 0); similar result is
established for the Sobolev classes of mappingsW k

p (Rn,Rd) with minimal integrability
assumptions p = max(1, n/k), i.e., it guarantees in general only the continuity of
a mapping. We cover also the case of fractional Sobolev spaces.

As a limiting case in this bridge theorem (for q = m − 1) we also establish a
new coarea type formula. Finally, we establish for Sobolev mappings the relative
analogs of the Luzin N -property with respect to lower dimensional Hausdor� measure.
We found the sharp version of these N -properties and the corresponding nontrivial
counterexample for the limiting cases is demonstrated (based on the classical theory
of the lacunary Fourier series).

The proofs of the most results are based on our previous joint papers with J. Bour-
gain (Princeton) and J. Kristensen (Oxford), see [1]�[2].

The authors were supported by the Russian Foundation for the Basic Research (project

no. 17-01-00875).
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Euclidean norm | · | in a �nite dimensional real vector space corresponds to

the Gaussian probability distribution whose density is proportional to e−|x|
2

. The
Kostlan � Shub � Smale (KSS in the sequel) random polynomial relates to the inner
product in the space Pm+1

n of homogeneous of degree n polynomials on Rm+1 de�ned
by the following conditions: the monomials are pairwise orthogonal and |xα|2 = α!
for any monomial xα. It can be de�ned by the equality 〈u, v〉 = u

(
∂
∂x

)
v and has

many remarkable properties. In particular, it is SO(m + 1)-invariant. To the best of
my knowledge, this inner product was introduced in [1], the results on KSS random
polynomials appear in [2]�[4].

There is the well-known decomposition Pm+1
n =

∑
j∈Jn |x|

n−jHm+1
j , where Jn is

the set of all integers j such that 0 ≤ j ≤ n and n−j is even, Hm+1
j is the subspace of

all harmonic polynomials in Pm+1
j . The SO(m+1)-invariant inner product in Hm+1

j is

unique up to a scalar factor. The expectation of volumes of the sets Nu = u−1(0) and
other metric quantities for random u ∈ Pm+1

n depends on the distribution of u. In the
KSS and L2(Sm) models, E(Vol (Nu)) grows as

√
n and n, respectively, as n → ∞.

Set νn(j) = E(|πju|2)/E(|u|2), where πj is the orthogonal projection onto Hm+1
j , | · |

is the norm of L2(Sm), and u is a random KSS polynomial. For a natural extension
of νn onto (0,∞) and any t > 0 we have

lim
n→∞

νn(µnt)

ν̄n
=
(
t2e1−t2

)m−1
2

,

where µn =
√

(m− 1)n and ν̄n = max{νn(t) : t > 0} = Am√
n

(1 + o(1)). Thus

νn concentrates near µn. Moreover, the KSS random polynomial admits a good
approximation with probability close to 1 by polynomials of degree C

√
n lnn in

the Sobolev spaces on Sm. For example, if ln >
√

2mn lnn, then the inequality
dist(u,Pln) < εn|u| holds for a random KSS polynomial u with probability greater
than 1 − ηn for all su�ciently large n, where dist and | · | stand for the distance
and norm in L2(Sm), εn = αn−

m
2 , ηn = βn−

m
2 , and α, β are independent of n.

Similar results hold for the Sobolev spaces Hk(Sm). Furthermore, if m grows with

n and m
n → a > 0, then νn(

√
nt) is asymptotic to

√
4+a
πn e−(1+ a

4 )(t−
√
nσa)2

, where

σa = 1
2 (
√
a2 + 4a− a).

The proof for most of these results will be published soon (it is available in arXiv,
preprint 1509.01449).
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Let X is an arbitrary set consisting of at least two points, and ρ : X ×X → R+

is a function satisfying the identity axiom: x = y ⇔ ρ(x, y) = 0. We call ρ a distance
function. The value ρ(x, y) is called a distance from x to y. Distance function ρ is
called quasimetric [1] if the following triangle inequality ρ(x, z) ≤ ρ(x, y) + ρ(y, z)
holds for all x, y, z ∈ X. (X, ρ) is called quasimetric space. In many works dealing
with some problems of theory of functional classes authors call a distance function ρ
by quasimetric if ρ is symmetric (ρ(x, y) = ρ(y, x)) and satis�es the following general
triangle inequality ρ(x, z) ≤ q(ρ(x, y) + ρ(y, z)) ∀x, y, z ∈ X, q = const > 1 (see, for
example, [2]).

Consider an arbitrary function f : R+ × R+ → R+ such that f(t1, t2) → 0 when
(t1, t2) → (0, 0). A distance function ρ is called f -quasimetric if the following f -
triangle inequality holds ρ(x, z) ≤ f(ρ(x, y), ρ(y, z)) ∀x, y, z ∈ X. The pair (X, ρ) is
called f -quasimetric space. Obviously, if f(t1, t2) = t1 + t2 then ρ is quasimetric. In
recent work [3] it was studied topology of f -quasimetric spaces; in particular, the
quasi-metrization theorems for f -quasimetrics were proved in [3].

In the most important for applications case, f(t1, t2) ≡ q1t1 +q2t2 for some q1 > 0,
q2 > 0. Then the function ρ is called (q1, q2)-quasimetric and the pair (X, ρ) is called
(q1, q2)-quasimetric space. Note that in this case q1 ≥ 1, q2 ≥ 1 since set X contains
at least two elements. (q1, q2)-quasimetric spaces were introduced by A.V. Arutunov
and A.V. Greshnov in [4,5] were su�cient conditions for the existence of a coincidence
point of two mappings acting between (q1, q2)-quasimetric spaces such that one was
a covering mapping and the other satis�ed the Lipschitz condition were obtained.

In our talk we will discuss some applications of theory of the f -quasimetric and
(q1, q2)-quasimetric spaces to some problems of topology, functional classes and non-
holonomic geometry.

The authors were supported by the Russian Foundation for Basic Research (project

no. 17-01-00801).
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The hyperbolic metric has been a powerful tool in planar complex analysis. In
higher dimensional Euclidean spaces, the hyperbolic metric exists only in balls and
half-spaces and the lack of hyperbolic metric in general domains has been a primary
motivation for introducing the so-called hyperbolic-type metrics (i.e., metrics that
more or less resemble the hyperbolic metric) within the context of geometric function
theory. Examples of hyperbolic-type metrics include quasihyperbolic metric, j-metric,
j̃-metric, Ferrand's metric, Apollonian metric, Seittenranta's metric, half-apollonian
metric, scale-invariant Cassinian metric and M�obius-invariant Cassinian metric. An
important feature of the hyperbolic metric is its δ-hyperbolicity. The so-called two-

point metrics such as, Apollonian metric, Seittenranta's metric and M�obius-invariant
Cassinian metric, are δ-hyperbolic. But the one-point metrics such as, j̃-metric, half-
apollonian metric and scale-invariant Cassinian metric, are δ-hyperbolic only if the
domain on which they are de�ned is a punctured Euclidean space.

Given p ∈ Rn, let Dp = Rn \ {p} be a punctured space. The scale-invariant
Cassinian metric τ̃p on Dp is de�ned by

τ̃p(x, y) = log
(

1 +
|x− y|√
|x− p||y − p|

)
.

For a general domain D ⊂ Rn with Card (∂D) ≥ 2 the scale-invariant Cassinian
metric τ̃D on D is de�ned by

τ̃D(x, y) = sup
p∈∂D

τ̃p(x, y) = sup
p∈∂D

log
(

1 +
|x− y|√
|x− p||y − p|

)
.

Theorem 1 [1, Remark 3.4]. The metric τ̃p is δ-hyperbolic with δ = log 3.
If D ⊂ Rn is a domain with Card (∂D) ≥ 2, then τ̃D is not δ-hyperbolic for any
δ ≥ 0.

Suppose now that D = Rn \ {p1, p2, . . . , pk} for some distinct points p1, p2, . . . , pk
in Rn. Theorem 1 implies that the scale-invariant Cassinian metric τ̃D on D is not
δ-hyperbolic. Note that in this case, τ̃D is the supremum of τ̃pi , i = 1, 2, . . . , k. It turns
out that if one de�nes a metric τD on D by takes the simple average of τ̃pi instead of
their supremum, namely,

τD(x, y) =
1

k

k∑
i=1

τ̃pi(x, y) =
1

k

k∑
i=1

log
(

1 +
|x− y|√

|x− pi||y − pi|

)
, x, y ∈ D,

then δ-hyperbolicity can be preserved. Note that the average of metrics is easily seen
to be a metric.

Theorem 2 [2, Theorem 4.5]. The metric τD is δ-hyperbolic with δ ≤ 3 log 3.
Moreover, δ is independent of k and the boundary at in�nity of the space (D, τD) can
be identi�ed with the set {p1, p2, . . . , pk,∞}.
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We consider Heisenberg group H with horizontal subbundle H = span {X1, X2}
and Carnot � Carath�eodory metric d where

X1 =
∂

∂x1
+ 2x2

∂

∂x3
, X2 =

∂

∂x2
− 2x1

∂

∂x3
, X3 =

∂

∂x3
= −1

4
[X1, X2]

are basis left-invariant vector �elds. Set Box (0, r) = {|x1| < r, |x2| < r, |x3| < r2},
r > 0.

Consider a mapping w = (u, v) : Ω ⊂ H → R2 of the class W 2
p (Ω;R2). De�ne

Q1w =

(
S1w
T w

)
,Q2w =

(
S2w
T w

)
, where S1w =

Dhw + (Dhw)t

2
,Dhw =

(
X1u X2u
X1v X2v

)
,

S2w =
Dhw + (Dhw)t

2
− trDhw

2
I, T w =

(
X2X1v − 2X1X2v −X2

1u
2X2X1u−X1X2u+X2

2v

)
.

Theorem 1. Kernels of Q1 and Q2 coincide with horizontal part of mappings
from the Lie algebra of the isometry group and of the group of conformal mappings
on H, respectively.

Theorem 2. Let κ = 2
√

6 + 3
2 . There are projectors Πi : L1(Box (0, 1);R2) →

kerQi such that for each function w ∈ C∞(Box (0,κ);R2) the integral representation
formulas are ful�lled:

w(x) = Πiw(x)+

∫
Box (0,κ)

(
Li(y,x)Qiw(y) +Mi(y

−1x)Siw(y) +Ni(y
−1x)T w(y)

)
dy,

for every x ∈ Box (0, 1), i = 1, 2, where Li ∈ C∞(H × H), suppLi(·,x) ⊆ Box (0,κ)
for x ∈ Box (0, 1), Mi, Ni ∈ C∞(H \ {0}), suppMi, suppNi ⊆ Box (0, 1), and

|XJMi(x)| 6 Cd(x,0)−k−3, |XJNi(x)| 6 Cd(x,0)−k−2

for any multi-index J = {i1, . . . , ik} ∈ {1, 2}k. Here XJ = Xi1 . . . Xik .
To prove Theorem 2 we use special integral representation formula from [1]. Next

theorem shows coercitivity of operators Q1 and Q2.
Theorem 3. Let 1 < p <∞, w ∈W 2

p (Ω;R2), Ω be a John domain J(α, β). Then
the coercive estimates are ful�lled:

‖w −Πiw‖q,Ω 6 Ci

(β
α

)θi
(diam Ω)1− 4

p+ 4
q

[
‖Siw‖p,Ω + diam Ω‖T w‖p,Ω

]
,

‖Dh(w −Πiw)‖p,Ω 6 Di

(β
α

)2i+2[
‖Siw‖p,Ω + diam Ω‖T w‖p,Ω

]
, i = 1, 2,

where θi =

{
2i+ 3 if q 6=∞,
2i+ 3 + 4/p if q =∞,

i = 1, 2, p 6 q 6 4p
4−p for 1 < p < 4; p 6 q <∞

for p = 4; p 6 q 6 ∞ for p > 4. Constants C1, C2, D1, D2 are independent of w
and Ω. The work was supported by the Ministry of Education and Science of the Russian

Federation (project number 1.3087.2017/Ï×).
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Let S = {S1, . . . Sm} be a system of contraction mappings in Rn,G be a semigroup,
generated by S. A nonempty compact set K ⊂ Rn is called an attractor of system S,
if K =

m⋃
i=1

Si(K). If all Si are similarities, then K is called a self-similar set, and a

pair (K,S) is called a self-similar structure. A system S is said to satisfy the Weak
Separation Condition, if Id /∈ {g−1f : f, g ∈ G}.

We consider a family of self-similar sets Kpq ⊂ C, for p, q ∈ C, |p|, |q| ≤ 1/8, which
are de�ned as attractors of corresponding systems Spq = {S1, . . . , S4} of similarities
of C, where S1(z) = pz, S2(z) = qz, S3(z) = pz − p+ 1, S4(z) = qz − q + 1.

First we prove the following General Position Theorem for H�older parametrized
sets:

Theorem 1. Let Ki, i = 1, 2 be compact metric spaces and D ⊂ Rd be a closed
ball. Let ϕi(ξ, x) : D ×Ki → Rn be continuous maps, such that
(a) they are α-H�older with respect to x with the same H�older constant C;
(b) there is M > 0 such that for any x1 ∈ K1, x2 ∈ K2, the function Φ(ξ, x1, x2) =
ϕ1(ξ, x1)−ϕ2(ξ, x2) satis�es the inequality ‖Φ(ξ′, x1, x2)− Φ(ξ, x1, x2)‖ ≥M‖ξ′−ξ‖.
Then ∆ = {ξ ∈ D| ϕ1(ξ,K1) ∩ ϕ2(ξ,K2) 6= ∅} is a compact set with Hausdor�

dimension not exceeding min

{
dimH(K1 ×K2)

α
, d

}
.

Using modi�ed version of Barnsley's Collage Theorem [1] and Theorem 1, we prove
the following result about Kpq family:

Theorem 2. There is a subset D of full measure in the set {(p, q) : |p|, |q| ≤
1/8} ⊂ C2 such that the self-similar structures (Kpq,Spq), (p, q) ∈ D, are pairwise
isomorphic and possess the following properties:
(i) each set Kpq is a discontinuum with dimHKpq ≤ 2/3;
(ii) the numbers p, q, generate a dense subgroup of second type [2] in C, so Spq do
not satisfy the Weak Separation Property;

(iii) lim
t→0+

Kpq

t
= C.

The authors were supported by the Russian Foundation for Basic Research (project

no. 16-01-00414).
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The results obtained in [1] and related papers for intrinsically Lipschitz mappings
of non-holonomic structures are well-known in Carnot � Carath�eodory spaces theory.
Nevertheless, it is well-known that the construction of non-trivial examples of such
mappings is a complicated problem requiring deep research (see, e.g., [2] and [3]) even
for Carnot groups. In contrast to this, it is easy to construct examples of intrinsically
H�older mappings: all Lipschitz (in Riemannian sense) mappings are H�older in sub-
Riemannian sense. Moreover, graph mappings constructed basing on Lipschitz ones
are also H�older. The goal of the research is to deduce metric properties of these classes
of mappings. The main tools are the new concepts of polynomial sub-Riemannian
di�erentiability [4] (providing suitable approximation of H�older mappings) and of
intrinsic measure on image surfaces (preserving non-holonomic structure under H�older
mappings). The following results about the area formulas are obtained.

Theorem [5]. The following area formula for intrinsic Hausdor� measure∫
Ω

J (ϕΓ, x) dHν(x) =

∫
ϕΓ(Ω)

dHνΓ(y),

is valid for classes of graph mappings ϕΓ of Carnot groups, where ϕ : Ω→ G̃, Ω ⊂ G,

J (ϕΓ, x) =


M∏
j=1

√
det
(
Enj + (D̂ϕ)∗

Ṽj ,Vj
(x)(D̂ϕ)Ṽj ,Vj (x)

)
if ϕ ∈ LipSR(Ω, G̃)

M∏
j=1

√
det
(
Enj +D

(
(D̂Pϕ)(x)

)
(x)∗

Vj ,Ṽj
D
(
(D̂Pϕ)(x)

)
(x)Vj ,Ṽj

)
else.

If dimG ≤ dim G̃ and D
(
(D̂Pϕ)(x)

)
(x) is non-degenerate then∫

Ω

√
det
(
Ddiag

(
D̂Pϕ(x)

)∗
(x)Ddiag

(
D̂Pϕ(x)

)
(x)
)
dHν(x) =

∫
ϕ(Ω)

dHνΓ(y)

is valid for classes of some H�older mappings of Carnot groups.
Remark [5]. If we use the initial basis and measure in the image, then the sub-

Riemannian Hausdor� measure of the image surface is di�erent from that of the
preimage. Moreover, there exist image surfaces such that second derivatives in�uence
their sub-Riemannian Hausdor� measure essentially. The author was supported by the

Russian Foundation for Basic Research (project no. 16-31-60036-mol-a-dk).
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A general scheme of applying the Boolean valued approach is as follows, see [1].
Assume thatX ⊂ V and X ⊂ V(B) are two classes of mathematical objects, respectively
external and internal with respect to a Boolean valued model V(B) over a complete
Boolean algebra B. Suppose we are able to prove the following

Boolean Valued Representation Result: Every external X ∈ X embeds into an
appropriate Boolean valued model V(B) becoming an internal object X ∈ X.

Boolean Valued Transfer Principle then tells us that every theorem about X within
Zermelo � Fraenkel set theory ZFC has its counterpart for the original object X
interpreted as a Boolean valued object X within V(B).

Boolean Valued Machinery enables us to perform some translation of theorems
from X ∈ V(B) to X ∈ V making use of appropriate general operations and the
principles of Boolean valued models.

Consider some recent applications. The relevant information can be found in [1].

Theorem 1. Let X be a nonlocally one-dimensional universally complete vector
lattice. Then there exist a vector sublattice X0 ⊂ X and a band preserving linear
bijection T : X0 → X such that T−1 is also band preserving but X0 and X are not
lattice isomorphic.

Theorem 2. Let X be a universally complete vector lattice. Then X admits
a structure of complex vector space with a band preserving complex multiplication if
and only if there is no locally one-dimensional band in X.

Theorem 3. Let X1, . . . , Xn be vector lattices and (Y, ◦) a unital f -algebra. For
any lattice n-morphism Φ: X1 × . . .×Xn → Y there exist n lattice homomorphisms
Sk : Xk → Y (k := 1, . . . , n) such that

Φ(x1, . . . , xn) = S1(x1) ◦ . . . ◦ Sn(xn) (x1 ∈ X1, . . . , xn ∈ Xn).

Theorem 4. Let A be a universally complete semiprime f -algebra and let K be
a componentwise closed rationally complete subring of A with A = K⊥⊥. Then there
exists a band preserving additive operator S in A such that K coincides with the
homogeneity ring HS := {a ∈ A : S(ax) = aS(x)} of S.

Theorem 5. Let K be a semiprime rationally complete commutative ring and let
X be a separated injective module over K. There exists a partition of unity (eγ)γ∈Γ

in P(K) with Γ a set of cardinals such that eγX is strictly Hamel γ-homogeneous for
all γ ∈ Γ. Moreover, X is isomorphic to

∏
γ∈Γ eγX and the partition of unity (eγ)γ∈Γ

is unique up to permutation.
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Definition 1. Fix any s ∈ N and consider vector lattices E and F . A mapping
P : X → Y is called a homogeneous polynomial of degree s if P (x) = P̌ (x, . . . , x)
(x ∈ E) for some symmetric s-linear operator P̌ : Es → F .

Definition 2.A homogeneous polynomial P from E to F is said to be orthogonally
additive, whenever |x| ∧ |y| = 0 implies P (x+ y) = P (x) + P (y) for all x, y ∈ E.

Definition 3. Let E be a quasi-Banach lattice, Y be a quasi-Banach space, and
0 < p ≤ ∞, 1 ≤ s ∈ N. An s-homogeneous polynomial P : E → F is said to be
p-concave if there exists a constant M ∈ R+ such that(

m∑
k=1

‖P (x+
k )− P (x−k )‖p/s

)1/p

≤M

∥∥∥∥∥
(

m∑
k=1

|xk|p
)1/p∥∥∥∥∥

for any �nite collection x1, . . . , xm ∈ E.
Now we'll formulate one of two main results of this work.
Theorem 1. Let E be a quasi-Banach lattice, Y be a quasi-Banach space, 1 ≤ s ∈

N and 0 < p ≤ ∞. An s-homogeneous orthogonally additive polynomial P : E → Y is
p-concave if and only if there exist a p/s-concave quasi-Banach lattice F , a bounded
linear operator S : F → Y , and an order interval preserving lattice polymorphism
Q : E → F so that P = S ◦Q.

Proof. The proof is based on two facts. The �rst one is that the representation
theorem for orthogonally additive polynomials obtained by Z. Kusraeva in [1], where
it is shown that every orthogonally additive homogeneous polynomials represented
as a composition of a linear bounded operator and an exponential-like function. The
second one is a linear case of this theorem proved by S. Reisner in [2] and Y. Raynaud,
P. Tradacete in [3], where they characterized q-concave linear operators as those
factorable through q-concave Banach lattice.

In the second main result we obtain a version of Grothendieck's inequality for
orthogonally additive polynomials in quasi-Banach lattices.

Theorem 2. Let F be an L-convex quasi-Banach lattice. Then there exists a
constant A depending only on F such that whenever E is a quasi-Banach lattice and
P : E → F is a bounded orthogonally additive s-homogeneous polynomial then for
any �nite collection x1, . . . , xn ∈ E the inequality holds:∥∥∥∥∥

(
n∑
k=1

|P (x+
k )− P (x−k )|2

)1/2∥∥∥∥∥ ≤ A‖P‖
∥∥∥∥∥
(

n∑
k=1

|xk|2s
)1/(2s)∥∥∥∥∥

s

.

For bounded linear operators between Banach spaces this was obtained by
J. L. Krivine and extended by N. J. Kalton [4] to quasi-Banach setting.
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NON-HOLONOMIC GEODESIC EQUATIONS ON THE
GROUP OF DIFFEOMORPHISMS OF THE UNIT CIRCLE

Markina I.G.
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We generalize the concept of sub-Riemannian geometry to in�nite-dimensional
manifolds modeled on convenient vector spaces. On a sub-Riemannian manifold M ,
the metric is de�ned only on a sub-bundle H of the tangent bundle TM , called
the horizontal distribution. Similarly to the �nite-dimensional case, we are able to
split possible candidates for minimizing curves into two categories: semi-rigid curves
that depend only on H, and normal geodesics that depend both on H itself and
on the metric on H. In this sense, semi-rigid curves in the in�nite-dimensional case
generalize the notion of singular curves for �nite dimensions. In particular, we study
the case of regular Lie groups. In the talk I will concentrate on the group of sense-
preserving di�eomorphisms Diff S1 of the unit circle. The horizontal distributions
chosen to be the Ehresmann connections with respect to a projection to the space
of normalised univalent functions. In these cases we prove controllability and �nd
formulas for the normal geodesics with respect to di�erent metrics, one of which is
obtained as the pullback of the invariant K�ahlerian metric on the class of normalized
univalent functions. The geodesic equations are analogues to the Camassa � Holm,
Hunter � Saxton, KdV, and other known non-linear PDE. Another example admitting
the similar geometry is the central extension of the group of di�eomorphisms of the
unit circle, called the Virasoro � Bott group.

The author was partially supported by ISP project 239033/F20 of Norwegian Research

Council, as well as SIU project PNA-2015/10044.
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ONE-PARAMETER EXTENSIONS OF THE HEISENBERG
GROUP AS SUBGROUPS OF THE SYMPLECTIC GROUP

AND ADMISSIBLE VECTORS
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The Heisenberg group Hn is the Euclidean space
{

(x, ω, z) : x, ω ∈ Rn, z ∈ R
}

with group operation (x, ω, z)(x̃, ω̃, z̃) =
(
x + x̃, ω + ω̃, z + z̃ + (ωx̃ − xω̃)/2

)
. Given

a continuous one-parameter family of automorphisms αt on Hn which leave position
space {(x, 0, 0) : x ∈ Rn} and momentum space {(0, ω, 0) : ω ∈ Rn} invariant, we
consider the semi-direct product Gp,B = Hn oα R.

Theorem 1. Let αt be as above. There exists a unique pair p ∈ R, B ∈ Mn(R)

so that αt(x, ω, z) =
(
eBtx, epte−B

T tω, eptz
)
for all (x, ω, z) ∈ Hn.

Theorem 2. Two groups Gp,B and Gp̃,B̃ are isomorphic if and only if

1. either p = p̃ = 0 and there exist matrices B1, B2 and α 6= 0 so that

B ' diag(B1, B2) and B̃ ' α diag(B1,−B2
T ),

2. or pp̃ 6= 0 and there exist matrices B1, B2 so that

B ' p diag(B1, B2) and B̃ ' p̃ diag(B1, I −B2
T ).

Theorem 3. Let p 6= 0, or p = 0 and B 6= −BT . Then Gp,B may be identi�ed with
a closed subgroup of the symplectic group Sp(n + 1,R) as well as a closed subgroup
of the a�ne group A�(n + 1,R) in a natural way. Furthermore, the corresponding
metaplectic representation of Gp,B is equivalent to a sum of two wavelet representa-
tions.

Given a projective representation π of a locally compact group G on Hilbert space
H, a vector φ ∈ H is called admissible if

∫
G
|〈π(g)φ, φ〉|2 dg = ‖φ‖2. Drawing on

known admissibility conditions for the wavelet representation [1,2], we obtain:
Theorem 4. Let p 6= 0. Then φ ∈ L2(Rn+1) is an admissible vector for the

metaplectic representation of Gp,B if and only if

2n+1|p|−1

∫
Rn+1

+

φ ((−1)iu)φ
(
(−1)ju

) du

u2n+2
1

= δi,j ∀ i, j ∈ {0, 1}.

Here Rn+1
+ denotes the half-space {u = (u1, . . . , un+1) : u1 > 0}. There are no

admissible vectors when p = 0.
We note that this admissibility condition is independent of the choice of matrix B.
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SOME GENERALIZATIONS OF GAGLIARDO �
NIRENBERG INEQUALITIES IN THE METRIC CASE

Romanovskii N.N.
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In [1] a new de�nition of Sobolev spaces in measure-metric case was formulated.
The de�nition appeared to be convenient to prove embedding theorems and other
important estimates in the most general situation.

In the talk we consider inequalities generalizing Sobolev embedding theorems,
Gagliardo � Nirenberg estimates, and the inequalities that could be used to prove
rigidity of quasiisometries and other classes of mappings.

Let (X, ρX , µ) is a measure-metric space, µ is a borel measure, (Y, ρY ) is a separable
metric space, V ⊂ X is a completely bounded set. We consider a general case of
mappings from V to Y .

Definition 1. We will say that a sequence Ξ = {σ0, σ1, σ2, . . . , σj , . . . } of parti-
tions of a set V into disjoint µ-measurable sets Eji , i = 1, . . . , n(j), satis�es d-
condition, if for each i partition σi+1 is subpartition of σi and the following inequalities
holds diam(Ej

i) ≤ C110−j, µ(Eji ) ≥ C210−jd. We suppose that σ0 = {V }.
Definition 2. Let us �x a family of mappings A of a set V to Y , such that for

some constants C1 and C2 for any mapping A ∈ A and a set Eki ∈ σk the following
inequality holds

sup
x∈Eki

|A(x)| ≤ C1
1

Eki

∫
Eki

|A(x)| dµ(x) + C2.

Definition 3. Suppose that there exists a function hr ∈ Lp(V ) such that∫
Eji

d(u(x), Aji (x))p

10jrp
dµ(x) ≤

∫
Eji

(hr(x))p dµ(x) for any setEji ∈ σj .

Then we will write u ∈ W r,p
Ξ,A(V ). Any function hr(x) satisfying (1) we will call an

upper gradient of mapping u of order r. By seminorm in spaceW r,p
Ξ,A(V ) we will call the

minimum of norms ‖hr‖Lp(U) among all functions h
r(x) satisfying the last inequality,

i.e. among all upper gradient of mapping u of order r, and denote by [u]W r,p
Ξ,A(V ) or

[u]r,pΞ,A. Denote ‖u‖W r,p
Ξ,A(V ) := ‖u‖Lp(V,Y ) + [u]W r,p

Ξ,A(V ).

Theorem. Let p ∈ [1,∞), r ∈ (0,∞), Ξ = (σ0, σ1, σ2, . . . , σj , . . . ) satisfy d-
condition. Then the following inequality holds∫

V

d(u(x), g0(x))q dµ(x)

 1
q

≤ C

∫
V

d(u(x), g0(x))p1 (hr(x))
p2 dµ(x)

 1
p1+p2

,

where g0 ∈ A, hr(x) is an upper gradient of order r of function u, q = p1 + dp2

d−rp2
.

The author was supported by the Russian Foundation for Basic Research (project no. 17-

01-00801).
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SPECTRA OF FIVE-ELECTRON SYSTEMS
IN THE HUBBARD MODEL
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We consider the energy operator of �ve-electron systems in the Hubbard model
and describe the structure of the essential spectra and discrete spectra of the system
for sextet and �rst-quartet states. The Hamiltonian of the chosen model has the form
H = A

∑
m,γ a

+
m,γam,γ +B

∑
m,τ,γ a

+
m,γam+τ,γ + U

∑
m a

+
m,↑am,↑a

+
m,↓am,↓. Here A is

the electron energy at a lattice site, B is the transfer integral between neighboring
sites, τ means that summation is taken over the nearest neighbors, U is the parameter
of the on-site Coulomb interaction of two electrons, γ is the spin index, and a+

m,γ (am,γ)
are the respective electron creation (annihilation) operators at a site m ∈ Zν .

The Hamiltonian H acts in the antisymmetric Fock space Has. Let ϕ0 be the

vacuum vector in the spaceHas. The sextet state corresponds basis functions s
5
2
m,n,p,q,r

= a+
m,↑a

+
n,↑a

+
p,↑a

+
q,↑a

+
r,↑ϕ0. Let H̃5/2

s be the subspace, corresponding to the sextet state.

By Hs
5/2 denote the restriction of H to the the subspace H̃5/2

s . We prove that the

spectrum of operator H̃s
5/2 is purely continuous and coincides with the segment [5A−

10Bν, 5A+10Bν]. In the system there exist four type quartet states. The �rst quartet

state corresponds to the basis functions 1q
3/2
m,n,p,q,r∈Zν = a+

m,↓a
+
n,↑a

+
p,↑a

+
q,↑a

+
r,↑ϕ0. Let

1H̃3/2
q be the subspace, corresponding to the �rst quartet state. By 1H̃q

3/2 denote

1H̃q
3/2 the restriction of H to the subspace 1H̃3/2

q . Let Λ1 = γ + θ, Λ2 = λ+ µ.

Theorem 1. If ν = 1 and U < 0, then the essential spectrum of the system �rst
quartet state operator 1H̃q

3/2 is exactly the union of seven segments: σess(
1H̃q

3/2) =

[a+c+e, b+d+f ]∪[a+c+z3, b+d+z3]∪[a+e+z2, b+f+z2]∪[a+z2+z3, b+z2+z3]∪
[c + e + z1, d + f + z1] ∪ [c + z1 + z3, d + z1 + z3] ∪ [e + z1 + z2, f + z1 + z2]. The

discrete spectrum of the operator 1H̃q
3/2 is empty. Here a = 2A − 4B cos Λ1

2 , b =

2A + 4B cos Λ1

2 , c = 2A − 4B cos Λ2

2 , d = 2A + 4B cos Λ2

2 , e = A − 2B, f = A + 2B,

z1 = 2A−
√
U2 + 16B2 cos2 Λ1

2 , z2 = 2A−
√
U2 + 16B2 cos2 Λ2

2 , z3 = A+2
√
U2 +B2.

Theorem 2. If ν = 1 and U > 0, then the essential spectrum of the system �rst
quartet state operator 1H̃q

3/2 is exactly the union of seven segments: σess(
1H̃q

3/2) =

[a+ c+ e, b+ d+ f ] ∪ [a+ c+ z̃3, b+ d+ z̃3] ∪ [a+ e+ z̃2, b+ f + z̃2] ∪ [a+ z̃2 + z̃3,
b + z̃2 + z̃3] ∪ [c + e + z̃1, d + f + z̃1] ∪ [c + z̃1 + z̃3, d + z̃1 + z̃3] ∪ [e + z̃1 + z̃2,

f + z̃1 + z̃2]. The discrete spectrum of the operator 1H̃q
3/2 is empty. Here z̃1 = 2A+√

U2 + 16B2 cos2 Λ1

2 , z̃2 = 2A+
√
U2 + 16B2 cos2 Λ2

2 , z̃3 = A− 2
√
U2 +B2.

Theorem 3. If ν = 3 and −m′ ≤ U < 0, then the essential spectrum of the
system �rst quartet state operator 1H̃q

3/2 is single segment: σess(
1H̃q

3/2) = [5A−6B−

4B
∑3
i=1(cos

Λi1
2 +cos

Λi2
2 ), 5A+6B+4B

∑3
i=1(cos

Λi1
2 +cos

Λi2
2 )]. The discrete spectrum

of the operator 1H̃q
3/2 is empty. Here, m′ is some concrete number.
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Óôèìñêèé ãîñóäàðñòâåííûé àâèàöèîííûé òåõíè÷åñêèé óíèâåðñèòåò,
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Ðàññìîòðèì ñëåäóþùóþ ñèñòåìó

−
(
x2

1 + x2
2 + . . .+ x2

n

)
∆ui + λ

∂

∂xi

 n∑
j=1

∂uj
∂xj

 = 0, i = 1, 2, . . . , n. (1)

Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñèñòåìû (1) èìååò âèä(
x2

1 + x2
2 + . . .+ x2

n

) (
x2

1 + x2
2 + . . .+ x2

n − λ
) (
ξ2
1 + ξ2

2 + . . .+ ξ2
n

)
,

ïîýòîìó ñèñòåìà (1) ýëëèïòè÷íà âåçäå, êðîìå òî÷êè x1 = x2 = ... = xn = 0 è
n-ìåðíîé ñôåðû x2

1 + x2
2 + ...+ x2

n = λ, ãäå îíà âûðîæäàåòñÿ.
Ïðè n = 2 ñèñòåìó (1) ìîæíî ñ÷èòàòü ñèñòåìîé Áèöàäçå.
1. Ïóñòü îáëàñòü D = {X ∈ Rn : x2

1 + x2
2 + . . .+ x2

n < R2}, R2 > λ.
Ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ ñèñòåìû (1) â ñëåäóþùåé ïîñòàíîâêå:

íàéòè ðåãóëÿðíîå â îáëàñòè D îãðàíè÷åííîå ðåøåíèå ñèñòåìû (1), óäîâëåòâîðÿ-
þùåå íà ãðàíèöå Γ = {X : x2

1 + x2
2 + ...+ x2

n = R2} óñëîâèÿì

uj
∣∣
Γ

= fj : fj ∈ C2,α(Γ), j = 1, 2, . . . , n− 1, (2)

un
∣∣
δΓ

= fn : fn ∈ C1,α(δΓ), δΓ = {X : xn = 0, x2
1 + x2

2 + . . .+ x2
n−1 = R2}. (3)

Äîêàçàíî: çàäà÷à (2), (3) äëÿ ñèñòåìû (1) ðàçðåøèìà, è åå ðåøåíèå åäèíñòâåííî
â êëàññå ôóíêöèé, îãðàíè÷åííûõ íà áåñêîíå÷íîñòè.

2. Â ñëó÷àå R2 < λ ê êðàåâûì óñëîâèÿì (2), (3) íåîáõîäèìî äîáàâèòü óñëîâèå

n∑
k=1

∂uk
∂xk

∣∣∣∣
Γ

= fn+1, fn+1 ∈ C1,α(Γ). (4)

Äîêàçàíî: çàäà÷à (2)�(4) äëÿ ñèñòåìû (1) ðàçðåøèìà, è åå ðåøåíèå åäèíñòâåííî
â êëàññå îãðàíè÷åííûõ ôóíêöèé fn+1.
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Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èì. Ì. Óëóãáåêà,
Òàøêåíò, Ðåñïóáëèêà Óçáåêèñòàí; obidjon.mth@gmail.com

Ïóñòü Ω � êîíå÷íàÿ îáëàñòü, îãðàíè÷åííàÿ ïðè y > 0 îòðåçêàìè A1A2 =
{(x, y) : x = 1, 0 < y < h}, A2B2 = {(x, y) : y = h, 0 < x < 1}, B2B1 = {(x, y) :
x = 0, 0 < y < h} è õàðàêòåðèñòèêàìè A1C1 : x−y = 1, B1C : x+y = 0 óðàâíåíèÿ

0 =


uxx −Dα

oyu+

n∑
k=1

pkI
βk
x1u(x, 0), y > 0,

uxx − uyy +

n∑
k=1

qkI
γk
ξ1 u (ξ, 0), y < 0,

(1)

ïðè y < 0, ãäå

Iαxaf(x) =
1

Γ(α)

a∫
x

(t− x)
α−1

f(t)dt, Dα
xaf(x) = − d

dx
I1−α
xa f(x),

A1(1, 0), A2(1, h), B1(0, 0), B2(0, h), C( 1
2 ,−

1
2 ).

Çäåñü α, pk, qk, βk, γk = const, ïðè÷åì 0 < α, βk, γk < 1.
Ââåäåì îáîçíà÷åíèÿ: θ(x) = x

2 − i ·
x
2 (i2 = −1), ξ = x + y, η = x − y, Ω+ =

Ω ∩ (y > 0), Ω− = Ω ∩ (y < 0). Â îáëàñòè Ω èññëåäóåòñÿ ñëåäóþùàÿ çàäà÷à.
Çàäà÷à. Íàéòè ðåøåíèå u(x, y) óðàâíåíèÿ (1) â îáëàñòè Ω+ ∪ Ω− èç êëàññà

W = {u : Dα−1
oy u ∈ C(Ω

+
), u ∈ C(Ω

−
) ∩ C2(Ω−), uxx, D

α
oyu ∈ C(Ω+)}

ñî ñëåäóþùèìè ñâîéñòâàìè:
1) íà ëèíèè èçìåíåíèÿ òèïà âûïîëíÿþòñÿ óñëîâèÿ ñêëåèâàíèÿ

lim
y→+0

y1−αu(x, y) = u(x,−0), x ∈ [0, 1] ,

lim
y→+0

y1−α(y1−αu(x, y)
)′
y

= λ1(x)

1∫
x

r(t)u(t,−0)dt

+λ2(x)uy(x,−0) + λ3(x)u(x,−0), x ∈ (0, 1) ;

2) u(x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u(x, y)
∣∣∣
A1A2

= ϕ(y), u(x, y)
∣∣∣
B1B2

= ψ(y), 0 6 y 6 h,

d

dx
u (θ(x)) = a(x)uy(x, 0) + b(x)ux(x, 0) + c(x)u(x, 0) + d(x), x ∈ (0, 1

2 ).

Çäåñü λk(x), a(x), b(x), c(x), d(x) (k = 1, 2, 3) � çàäàííûå äîñòàòî÷íî ãëàäêèå
ôóíêöèè.

Ïðè îïðåäåëåííûõ óñëîâèÿõ íà çàäàííûå ôóíêöèè äîêàçûâàåòñÿ ñóùåñòâîâà-
íèå è åäèíñòâåííîñòü ðåøåíèÿ ïîñòàâëåííîé çàäà÷è.
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Ìíîãèå ìàòåìàòè÷åñêèå âîïðîñû òåîðèè óðàâíåíèé Íàâüå � Ñòîêñà îäíîðîä-
íîé è íåîäíîðîäíîé æèäêîñòåé èçëîæåíû è ðåøåíû â ðàáîòàõ [1], [2].

Ðàññìîòðèì â îãðàíè÷åííîé îáëàñòè Ω ⊂ Rn (n ≥ 2) ñèñòåìó Ñòîêñà

ν∆~ϑ−∇p− ρ~f = 0

div ~ϑ = 0

}
â QT (1)

è óðàâíåíèå äëÿ ïëîòíîñòè ñðåäû

∂tρ+ (~ϑ∇)ρ = 0 â QT (2)

ñ óñëîâèåì ïðèëèïàíèÿ íà ãðàíèöå ∂Ω è íà÷àëüíûì óñëîâèåì

~ϑ
∣∣∣
x∈∂Ω

= 0, (3)

ρ
∣∣∣
t=0

= b(x), (4)

ãäå QT = Ω × [0, T ], ~ϑ : QT → R3 (èëè R2) � âåêòîðíîå ïîëå ñêîðîñòè, p(x, t) �

äàâëåíèå, ρ(x, t) : QT → R � ïëîòíîñòü æèäêîñòè, ~f(x, t) � ïëîòíîñòü âíåøíèõ
ñèë, t ∈ [0, T ] � âðåìÿ, ÷åðåç x îáîçíà÷àåòñÿ òî÷êà ïðîñòðàíñòâà R3 (èëè R2);
∂Ω � äîñòàòî÷íî ãëàäêàÿ ãðàíèöà îáëàñòè Ω, ïðåäïîëàãàåòñÿ å¼ íåïîäâèæíîñòü.

Òåîðåìà. Ïóñòü â òðåõìåðíîé çàäà÷å (1)�(4) ãðàíèöà ∂Ω ∈ C1,γ , ãäå 0<γ≤1,
b(x) ∈ C1(Ω). Òîãäà ñóùåñòâóåò è ïðè÷åì åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå
çàäà÷è (1)�(4) íà âñåé îñè âðåìåíè R.

ËÈÒÅÐÀÒÓÐÀ

1. Ëàäûæåíñêàÿ Î.À. Ìàòåìàòè÷åñêèå âîïðîñû äèíàìèêè âÿçêîé íåñæèìàåìîé æèä-
êîñòè. Ì.: Íàóêà, 1970.

2. Àíòîíöåâ Ñ.Í., Êàæèõîâ À.Â., Ìîíàõîâ Â.Í. Êðàåâûå çàäà÷è ìåõàíèêè íåîäíîðîä-
íûõ æèäêîñòåé. Íîâîñèáèðñê: Íàóêà, 1983.
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ÎÏÒÈÌÀËÜÍÎÅ ÏÎ ÐÀÑÕÎÄÓ ÐÅÑÓÐÑÀ
ÓÏÐÀÂËÅÍÈÅ Ñ ÈÍÒÅÐÂÀËÜÍÛÌÈ

ÎÃÐÀÍÈ×ÅÍÈßÌÈ

Àëåêñàíäðîâ Â.Ì.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
vladalex@math.nsc.ru

Ïóñòü óïðàâëÿåìûé îáúåêò îïèñûâàåòñÿ ëèíåéíûì äèôôåðåíöèàëüíûì óðàâ-
íåíèåì ẋ = A(t)x+B(t)u, x(t0) = x0, x0 ∈ D, ãäå u � m-ìåðíûé âåêòîð óïðàâëå-
íèÿ, êîìïîíåíòû êîòîðîãî ïîä÷èíåíû èíòåðâàëüíûì îãðàíè÷åíèÿì: M1

j 6 |uj | 6
M2
j ; M

1
j ,M

2
j > 0, M2

j > M1
j , j = 1,m. Ïðåäïîëàãàåòñÿ, ÷òî ñèñòåìà ïîêîìïîíåíò-

íî ïîëíîñòüþ óïðàâëÿåìà è ïåðåâîäèìà â íà÷àëî êîîðäèíàò èç îãðàíè÷åííîé
îáëàñòè íà÷àëüíûõ óñëîâèé D.

Çàäà÷à. Íàéòè äîïóñòèìîå óïðàâëåíèå u0(t), ïåðåâîäÿùåå çà ôèêñèðîâàííîå
âðåìÿ T = tk − t0 (ãäå T > T0) ñèñòåìó èç íà÷àëüíîãî ñîñòîÿíèÿ x(t0) = x0 â
êîíå÷íîå ñîñòîÿíèå x(tk) = 0 è ìèíèìèçèðóþùåå ôóíêöèîíàë

J(u) =

tk∫
t0

m∑
j=1

|uj(τ)|dτ.

Çäåñü T0 � âðåìÿ îïòèìàëüíîãî ïî áûñòðîäåéñòâèþ ïåðåâîäà ñèñòåìû.
Ðàçðàáîòàí ìåòîä âû÷èñëåíèÿ îïòèìàëüíîãî ïî ðàñõîäó ðåñóðñà óïðàâëåíèÿ

ñ èíòåðâàëüíûìè îãðàíè÷åíèÿìè íà êîìïîíåíòû âåêòîðà óïðàâëåíèÿ. Ìåòîä îñ-
íîâàí íà ïîñëåäîâàòåëüíîì âûðàâíèâàíèè âåëè÷èí êâàçèîïòèìàëüíûõ óïðàâëÿ-
þùèõ âîçäåéñòâèé äî ïðåäåëüíûõ çíà÷åíèé. Íàéäåíà ñâÿçü ìåæäó îòêëîíåíèÿìè
íà÷àëüíûõ óñëîâèé ñîïðÿæåííîé ñèñòåìû è îòêëîíåíèÿìè âåëè÷èí êâàçèîïòè-
ìàëüíîãî óïðàâëåíèÿ îò ïðåäåëüíûõ çíà÷åíèé. Äàí ñïîñîá çàäàíèÿ íà÷àëüíîãî
ïðèáëèæåíèÿ è îòìå÷åíû åãî îñîáåííîñòè. Ðàçðàáîòàí èòåðàöèîííûé àëãîðèòì.
Ïðèâåäåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ è ÷èñëåííûõ ðàñ÷åòîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00592à).

ËÈÒÅÐÀÒÓÐÀ

1. Àëåêñàíäðîâ Â.Ì. Êâàçèîïòèìàëüíîå óïðàâëåíèå äèíàìè÷åñêèìè ñèñòåìàìè // Àâ-
òîìàòèêà è òåëåìåõàíèêà. 2016. � 7. Ñ. 47�67.

2. Àëåêñàíäðîâ Â.Ì. Îïòèìàëüíîå óïðàâëåíèå ëèíåéíûìè ñèñòåìàìè ñ èíòåðâàëüíû-
ìè îãðàíè÷åíèÿìè // Æóðí. âû÷èñë. ìàòåìàòèêè è ìàò. ôèçèêè. 2015. Ò. 55, � 5.
Ñ. 749�765.
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Î ÑÓÙÅÑÒÂÎÂÀÍÈÈ ÍÅÒÐÈÂÈÀËÜÍÎÃÎ
ÐÅØÅÍÈß ÎÄÍÎÐÎÄÍÎÃÎ ÓÐÀÂÍÅÍÈß

ÁÞÐÃÅÐÑÀ Â ÓÃËÎÂÎÉ ÎÁËÀÑÒÈ

Àìàíãàëèåâà Ì.Ì.1, Äæåíàëèåâ Ì.Ò.2, Ðàìàçàíîâ Ì.È.3

1Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ,
Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; meiramkul.amangaliyeva@airastana.com
2Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ,

Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; muvasharkhan@gmail.com
3Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè, Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò èì. Å.À. Áóêåòîâà, Êàðàãàíäà, Ðåñïóáëèêà Êàçàõñòàí;

ramamur@mail.ru

Èññëåäîâàíèå óðàâíåíèÿ Áþðãåðñà èìååò äàâíþþ èñòîðèþ, ÷àñòü èç êîòîðîé
ïðèâîäèòñÿ â ðàáîòå [1] è â êíèãàõ [2] è [3]. Â ðàáîòå [1] â ñîáîëåâñêèõ êëàñ-
ñàõ óñòàíîâëåíû ðåçóëüòàòû î ñóùåñòâîâàíèè, åäèíñòâåííîñòè è ðåãóëÿðíîñòè â
êëàññå Ñîáîëåâà ðåøåíèÿ óðàâíåíèÿ Áþðãåðñà â íåöèëèíäðè÷åñêîé (íå âûðîæäà-
þùåéñÿ) îáëàñòè, êîòîðàÿ ìîæåò áûòü ïðåîáðàçîâàíà â ïðÿìîóãîëüíóþ îáëàñòü
ðåãóëÿðíîé çàìåíîé íåçàâèñèìûõ ïåðåìåííûõ. Â íàøåé ðàáîòå ìû ïîêàçûâàåì,
÷òî îäíîðîäíàÿ ãðàíè÷íàÿ çàäà÷à äëÿ óðàâíåíèÿ Áþðãåðñà â óãëîâîé (âûðîæäà-
þùåéñÿ) îáëàñòè íàðÿäó ñ òðèâèàëüíûì ìîæåò èìåòü è íåòðèâèàëüíîå ðåøåíèå.

Èçó÷àåòñÿ ñëåäóþùàÿ ãðàíè÷íàÿ çàäà÷à äëÿ óðàâíåíèÿ Áþðãåðñà:

ut + uux − a2uxx = 0, 0 < x < t, t > 0, u
∣∣
x=0

= 0, u
∣∣
x=t

= 0. (1)

Óñòàíîâëåíà ñëåäóþùàÿ
Òåîðåìà. Ãðàíè÷íàÿ çàäà÷à (1) èìååò òîëüêî îäíî íåòðèâèàëüíîå ðåøåíèå

u(x, t) =
∂w(x, t)

∂x
[w(x, t)]

−1
,

ãäå

w(x, t) =

t∫
0

[E(x+ τ, t− τ) + E(x− τ, t− τ)]ϕ(τ)dτ ≥ ε > 0,

ϕ(t) =
1√
t

exp

{
− t

4a2

}
+

√
π

2a

[
1 + erf

(√
t

2a

)]
,

E(z, ζ) = ζ−1/2 exp

{
− z2

4a2ζ

}
, erf(b) =

2√
π

b∫
0

exp{−y2}dy.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íà-

óêè Ðåñïóáëèêè Êàçàõñòàí (ïðîåêòû � 0085/ÏÖÔ-14, � 0823/ÃÔ4 è � 1164/ÃÔ4).
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ÁÈÔÓÐÊÀÖÈÈ ÐÅØÅÍÈÉ ÈÌÏÓËÜÑÍÛÕ ÑÈÑÒÅÌ

Àíàøêèí Î.Â.

Êðûìñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. Â.È. Âåðíàäñêîãî,
Ñèìôåðîïîëü, Ðîññèÿ; oanashkin@yandex.ru

Ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì (èì-
ïóëüñíûå ñèñòåìû) ÿâëÿþòñÿ óäîáíûì èíñòðóìåíòîì ìîäåëèðîâàíèÿ ýâîëþöèè
âî âðåìåíè ðàçíîîáðàçíûõ ïðîöåññîâ, ïàðàìåòðû êîòîðûõ â íåêîòîðûå ìîìåíòû
âðåìåíè ïîäâåðãàþòñÿ ðåçêèì èçìåíåíèÿì ïîä âëèÿíèåì êðàòêîâðåìåííûõ âíåø-
íèõ âîçäåéñòâèé. Ó÷èòûâàÿ ïðåíåáðåæèìî ìàëóþ äëèòåëüíîñòü âîçäåéñòâèé ïî
ñðàâíåíèþ ñ õàðàêòåðíûì âðåìåíåì ýâîëþöèè ìîäåëèðóåìîãî ïðîöåññà, ìîæíî
ïðåäïîëàãàòü, ÷òî ïàðàìåòðû ïðîöåññà èçìåíÿþòñÿ ìãíîâåííî. Ïóñòü, êðîìå òî-
ãî, ìîìåíòû τk èìïóëüñíîãî âîçäåéñòâèÿ èçâåñòíû çàðàíåå, ò. å. ôèêñèðîâàíû,
òîãäà èìïóëüñíóþ ñèñòåìó ìîæíî îïèñàòü â âèäå

dx

dt
= f(x), t 6= τk, x(t+ 0) = h(x(t)), t = τk, (1)

ãäå x(t + 0) = lim
s→t+0

x(s) � ïðàâîå ïðåäåëüíîå çíà÷åíèå x(t) â òî÷êå t, τk =

τk−1 +θk, τ0 = 0, θk > 0 � çàäàííûå âåùåñòâåííûå ÷èñëà, k = 0, 1, . . . ,
∑
k≥0

θk =∞,

ôóíêöèè f è h � äîñòàòî÷íî ãëàäêèå èç êëàññà Cl, l ≥ 1. Ðåøåíèå ñèñòåìû
ïðåäïîëàãàåòñÿ íåïðåðûâíûì ñëåâà, x(t) = x(t− 0).

Òàêèì îáðàçîì, èìïóëüñíàÿ ñèñòåìà ÿâëÿåòñÿ ñóïåðïîçèöèåé (ïðîèçâåäåíè-
åì) àíàëîãîâîé êîìïîíåíòû, êîòîðàÿ ïðåäñòàâëåíà â (1) àâòîíîìíûì äèôôå-
ðåíöèàëüíûì óðàâíåíèåì (äèíàìè÷åñêàÿ ñèñòåìà, ïîòîê), è äèñêðåòíîé êîìïî-
íåíòîé, îïèñûâàþùåé îïåðàòîð èìïóëüñíîãî âîçäåéñòâèÿ (ðàçíîñòíîå óðàâíåíèå,
êàñêàä). Â ðåçóëüòàòå ðåøåíèÿ èìïóëüñíîé ñèñòåìû íàñëåäóþò òèïè÷íûå ñâîé-
ñòâà ðåøåíèé ðàçíîñòíûõ óðàâíåíèé, â ÷àñòíîñòè, óæå îäíîìåðíûå èìïóëüñíûå
ñèñòåìû ìîãóò èìåòü ñêîëü óãîäíî ñëîæíóþ ñòðóêòóðó ðåøåíèé.

Ìû îãðàíè÷èìñÿ àíàëèçîì ïðîñòåéøåãî ñëó÷àÿ, êîãäà ñèñòåìà (1) � θ-ïåðèî-
äè÷åñêàÿ, ïîëàãàÿ θk = θ > 0, è ïðåäïîëîæèì, ÷òî f(0) = h(0) = 0, ò. å. ñèñòåìà
èìååò íóëåâîå ðåøåíèå.

Ëèíåàðèçàöèÿ ñèñòåìû (1) â íóëå èìååò ñåìåéñòâî ïåðèîäè÷åñêèõ ðåøåíèé,
åñëè ìàòðèöà ìîíîäðîìèè M = eθDf(0)Dh(0) èìååò ïðîñòûå ñîáñòâåííûå çíà÷å-
íèÿ íà åäèíè÷íîé îêðóæíîñòè â C.

Ó îäíîìåðíîé ñèñòåìû (1) âñå ðåøåíèÿ ëèíåàðèçàöèè áóäóò ïåðèîäè÷åñêèìè.
Òîãäà, âûáèðàÿ âåëè÷èíó Dh(0) ∈ R â êà÷åñòâå áèôóðêàöèîííîãî ïàðàìåòðà, ìû
ïîêàçûâàåì, ÷òî ïðè ïåðåõîäå ÷åðåç êðèòè÷åñêîå çíà÷åíèå e−θDf(0) â îäíîìåð-
íîé ñèñòåìå (1) ïðîèñõîäèò áèôóðêàöèÿ ðîæäåíèÿ ïåðèîäè÷åñêîãî ðåøåíèÿ, è
èññëåäóåì åãî óñòîé÷èâîñòü.

Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàåòñÿ îäíîìåðíàÿ ñèñòåìà (1) îáùåãî ïîëîæå-
íèÿ, áëèçêàÿ â îêðåñòíîñòè íóëÿ ê êâàäðàòè÷íîé ñèñòåìå

dx

dt
= ax− rx2, t 6= kθ, x(t+ 0) = bx(t) + cx2(t), t = kθ,

ñòðóêòóðó ðåøåíèé êîòîðîé ìîæíî äåòàëüíî èññëåäîâàòü, áëàãîäàðÿ èíòåãðèðó-
åìîñòè äèôôåðåíöèàëüíîãî óðàâíåíèÿ.
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ÓÐÀÂÍÅÍÈß Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ
Ñ ÐÀÇÐÛÂÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Àíèêîíîâ Ä.Ñ.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
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Ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ ïî÷òè ëèíåéíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà äëÿ äâóõ íåçàâèñèìûõ ïå-
ðåìåííûõ. Îäèí èç êîýôôèöèåíòîâ ïðè ïðîèçâîäíûõ ÿâëÿåòñÿ ðàçðûâíîé ôóíê-
öèåé. Âñëåäñòâèå ýòîãî õàðàêòåðèñòè÷åñêèå ëèíèè îêàçûâàþòñÿ êóñî÷íî ãëàä-
êèìè ëèíèÿìè, à ðåøåíèå çàäà÷è Êîøè, ïîíèìàåìîå â íåêîòîðîì îáîáùåííîì
ñìûñëå, ïðèîáðåòàåò ñïåöèôè÷åñêèå ñâîéñòâà. Àêòóàëüíîñòü òàêèõ çàäà÷ îáúÿñ-
íÿåòñÿ íåêîòîðûìè âîïðîñàìè, âîçíèêàþùèìè â òåîðèè çîíäèðîâàíèÿ íåîäíî-
ðîäíûõ ñðåä.

Ãîâîðÿ áîëåå ïîäðîáíî, íà ïëîñêîñòè ïåðåìåííûõ x = (x1, x2) ðàññìîòðèì
ïîëóïëîñêîñòü G = {(x1, x2) : x1 > 0,−∞ < x2 < ∞} è ïðåäïîëîæèì, ÷òî
â îáëàñòè G ñîäåðæèòñÿ îãðàíè÷åííàÿ, ñòðîãî âûïóêëàÿ îáëàñòü G1, ãðàíèöà
êîòîðîé, ò. å. ëèíèÿ ∂G1 ïðèíàäëåæèò êëàññó C1. Ðàññìîòðèì òàêæå îáëàñòü
G2 = G\G1. Èíòåðâàëû, ÿâëÿþùèåñÿ ïðîåêöèÿìè îáëàñòè G1 íà îñè Ox1, Ox2,
îáîçíà÷èì (ξ1, ξ2) è (η1, η2) ñîîòâåòñòâåííî è ïðåäïîëîæèì, ÷òî ξ1 > 0, η1 > 0.
Îáîçíà÷èì T = {(x1, x2) : x1 ∈ (ξ1, ξ2),−∞ < x2 <∞}.

Â íàøåì ñëó÷àå õàðàêòåðèñòèêàìè äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÿâëÿþòñÿ
ëó÷è, à òàêæå ëîìàíûå ëèíèè, â êîòîðûõ òî÷êè ìåæäó ïðÿìîëèíåéíûìè îòðåç-
êàìè áóäåì íàçûâàòü êîíòàêòíûìè, à ñîîòâåòñòâóþùóþ ëîìàíóþ � ñîñòàâíîé
õàðàêòåðèñòèêîé.

Â îáëàñòè T ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à Êîøè

∂1u(x1, x2) + a(x1, x2)∂2u(x1, x2) = f(x1, x2, u), u(0, x2) = ϕ(x2), −∞ < x2 <∞.

Òåîðåìà. Ñóùåñòâóåò ôóíêöèÿ u(x), óäîâëåòâîðÿþùàÿ óñëîâèþ u(0, x2) =
ϕ(x2) è èìåþùàÿ íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ∂1u(x1, x2), ∂2u(x1, x2) âåç-
äå â T , êðîìå òî÷åê x ∈ ∂G1. Âî âñåõ òî÷êàõ íåïðåðûâíîñòè ïðîèçâîäíûõ âûïîë-
íÿåòñÿ ðàâåíñòâî ∂1u(x1, x2) + a(x1, x2)∂2u(x1, x2) = f(x1, x2, u). Â T ñîäåðæàòñÿ
îáëàñòè G3, G4, G5, T = G3

⋃
G4

⋃
G5 ñî ñëåäóþùèìè ñâîéñòâàìè.

1. Îáëàñòü G3 îïðåäåëÿåòñÿ êàê ìíîæåñòâî òî÷åê íà íåïðåðûâíûõ ñîñòàâíûõ
õàðàêòåðèñòèêàõ, íà÷èíàþùèõñÿ â òî÷êàõ (0, x2), ïðîõîäÿùèõ ÷åðåç îáëàñòè G1,
G2 è ïðîäîëæàþùèõñÿ íåîãðàíè÷åííî. Â G3 íåïðåðûâíàÿ ôóíêöèÿ u(x) îïðåäå-
ëÿåòñÿ åäèíñòâåííûì îáðàçîì.

2. Â îãðàíè÷åííîé îáëàñòèG4 ôóíêöèÿ u(x) îïðåäåëÿåòñÿ îäíîçíà÷íî è íåïðå-
ðûâíà âåçäå, êðîìå x ∈ T

⋂
∂G1.

3. Â îáëàñòè G5, â îòëè÷èå îò îáëàñòåé G3, G4, íàøà òðàêòîâêà ïîñòàâëåííîé
çàäà÷è íå ïîçâîëÿåò îïðåäåëèòü åäèíñòâåííîå ðåøåíèå u(x).

Ìàòåìàòè÷åñêèå ýôôåêòû, îáíàðóæåííûå â âûïîëíåííîì èññëåäîâàíèè, ïîç-
âîëèëè ðàññìîòðåòü è áîëåå îáùèé ñëó÷àé äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ òðå-
ìÿ íåçàâèñèìûìè ïåðåìåííûìè, à òàêæå ïîñòàâèòü è ðåøèòü îáðàòíóþ çàäà÷ó
òèïà çîíäèðîâàíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû Ïðåçèäèóìà ÐÀÍ, íîìåð ïðîåêòà

0314-2015-0010.
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Â äîêëàäå ðàññìîòðåíû ìíîãîìåðíûå ïðåäñòàâëåíèÿ ðåøåíèé äèôôåðåíöè-
àëüíûõ óðàâíåíèé ñ àñïåêòàìè ôóíêöèîíàëüíûõ óðàâíåíèé è èäåíòèôèêàöèåé.

Õîðîøî èçâåñòíî, ÷òî ôóíêöèîíàëüíûå óðàâíåíèÿ èãðàþò âàæíóþ ðîëü â
ðàçíîîáðàçíûõ ïðîáëåìàõ ìàòåìàòè÷åñêîé ôèçèêè.

Â ðàáîòàõ [1]�[5] ðàçâèòî íîâîå íàïðàâëåíèå èññëåäîâàíèé, ñâÿçàííîå ñ çàäà-
÷àìè èäåíòèôèêàöèè äèôôåðåíöèàëüíûõ óðàâíåíèé è ôóíêöèîíàëüíûìè óðàâ-
íåíèÿìè â ëèíåéíûõ è íåëèíåéíûõ ñëó÷àÿõ.

Ïðèâîäÿòñÿ ïðåäñòàâëåíèÿ ðåøåíèé ýâîëþöèîííûõ óðàâíåíèé ñ óñëîâèÿìè
ñèììåòðèè, íà÷àëüíî-êðàåâûìè äàííûìè. Ñóùåñòâåííûì ýëåìåíòîì ïîèñêà èñ-
êîìûõ ôóíêöèé çäåñü ÿâëÿþòñÿ ôóíêöèîíàëüíûå óðàâíåíèÿ Øð¼äåðà, Àáåëÿ.
Èçó÷àþòñÿ òàêæå çàäà÷è èäåíòèôèêàöèè íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñâåäåíèåì ê ëèíåéíîìó ôóíêöèîíàëüíîìó óðàâíåíèþ îáùåãî âèäà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîåêòà ïî ïðîãðàììå �Âû÷èñëèòåëüíàÿ òîìîãðà-

ôèÿ íåîäíîðîäíûõ è àíèçîòðîïíûõ ñðåä� (ïðîåêò � 0314-2015-0010).

ËÈÒÅÐÀÒÓÐÀ
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VSP, 2001.

2. Anikonov Yu.E. Inverse problems and classes of solution of evolution equations //
J. Inverse Ill-Posed Probl. 2003. V. 11, No 1. P. 1�26.

3. Anikonov Yu.E., G�olgeleyen I., Yildiz M. Identi�cation problems for systems of nonlinear
evolution equations and functional equations // Adv. Di�erence Equ. 2016. V. 2016,
Article 152.

4. Àíèêîíîâ Þ.Å. Íåêîòîðûå çàìå÷àíèÿ î ôóíêöèîíàëüíûõ óðàâíåíèÿõ è èõ ïðè-
ëîæåíèÿõ // Âåñòí. ÍÃÓ. Ñåð. Ìàòåìàòèêà, ìåõàíèêà, èíôîðìàòèêà. 2015. Ò. 15,
âûï. 4. Ñ. 12�23.

5. Anikonov Yu.E. Representation of solutions to functional and evolution equations and
identi�cation problems // Sib. Electron. Math. Reports. 2013. V. 10. P. 591�614.
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Äëÿ äèíàìè÷åñêîé ñèñòåìû, ìîäåëèðóþùåé ìîëåêóëÿðíûé ðåïðåññèëÿòîð,
óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ óñòîé÷èâîãî öèêëà.

Äëÿ íåñèììåòðè÷íîé äèíàìè÷åñêîé ñèñòåìû ñ ïîëîæèòåëüíûìè ïàðàìåòðàìè
kj , µj è ïåðåìåííûìè pj , mj (êîíöåíòðàöèè áåëêîâ è ñîîòâåòñòâóþùèõ mÐÍÊ)

dm1/dt = −k1m1 + f1(p3),
dm2/dt = −k2m2 + f2(p1),
dm3/dt = −k3m3 + f3(p2),

dp1/dt = µ1(m1 − p1),
dp2/dt = µ2(m2 − p2),
dp3/dt = µ3(m3 − p3)

(1)

â òåðìèíàõ ìàòðèöû åå ëèíåàðèçàöèè â ñòàöèîíàðíîé òî÷êå óñòàíîâëåíû óñëîâèÿ
ñóùåñòâîâàíèÿ óñòîé÷èâîãî öèêëà â åå ôàçîâîì ïîðòðåòå. Çäåñü fj � ãëàäêèå
ìîíîòîííî óáûâàþùèå ôóíêöèè, j = 1, 2, 3.

Çàìå÷àíèå. Â ñèììåòðè÷íîì ñëó÷àå, f1 = f2 = f3, k1 = k2 = k3 = 1, µ1 =
µ2 = µ3, ñèñòåìà (1) è åå ìíîãîìåðíûå àíàëîãè èçó÷àëèñü ñ öåëüþ ìîäåëèðîâàíèÿ
ãåííûõ ñåòåé è öåïî÷åê RLC-êîíòóðîâ, ñì. [1]�[3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-00745).
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îäíîíàïðàâëåííî ñâÿçàííûõ ãåíåðàòîðîâ // Èçâ. ÐÀÍ. Ñåð. ìàò. 2014. Ò. 78, � 4.
Ñ. 73�108.
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Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

ẋ(t) + ax(t) + b

∫ ω

0

e−csx(t− s) dr(s) = f(t), t ∈ R+, (1)

ãäå ω > 0, a, b, c ∈ R, ôóíêöèÿ r : [0, ω]→ R èìååò îãðàíè÷åííóþ âàðèàöèþ, r(0) =
0, ôóíêöèÿ f ëîêàëüíî ñóììèðóåìà. Èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Ðèìàíà �
Ñòèëòüåñà.

Ñëåäóÿ [1, c. 9], íàçîâ¼ì ðåøåíèåì óðàâíåíèÿ (1) ëîêàëüíî àáñîëþòíî íåïðå-
ðûâíóþ ôóíêöèþ, óäîâëåòâîðÿþùóþ (1) ïî÷òè âñþäó. Ïðè îòðèöàòåëüíûõ çíà÷å-
íèÿõ àðãóìåíòà ïîëàãàåì, ÷òî äîîïðåäåëåíà ñóììèðóåìîé íà÷àëüíîé ôóíêöèåé.

Çàìåòèì, ÷òî â âèäå (1) ìîæåò áûòü çàïèñàíî ëþáîå ëèíåéíîå àâòîíîìíîå
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå ñ îãðàíè÷åííûì ïîñëåäåéñòâèåì.

Áóäåì ñ÷èòàòü ôóíêöèþ r ôèêñèðîâàííîé, òîãäà îáëàñòü óñòîé÷èâîñòè åñòü
íåêîòîðîå ìíîæåñòâî â ïðîñòðàíñòâå ïàðàìåòðîâ {aω, bω2, cω}.

Êàê èçâåñòíî [2, ñ. 102], äëÿ òîãî ÷òîáû óðàâíåíèå (1) áûëî ýêñïîíåíöèàëüíî
óñòîé÷èâûì, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âñå íóëè åãî õàðàêòåðèñòè÷åñêîé
ôóíêöèè ëåæàëè ñëåâà îò ìíèìîé îñè.

Îäíèì èç íàèáîëåå ýôôåêòèâíûõ ìåòîäîâ èññëåäîâàíèÿ óñòîé÷èâîñòè àâòî-
íîìíûõ óðàâíåíèé ÿâëÿåòñÿ ìåòîä D-ðàçáèåíèé [3]. Ïðè åãî èñïîëüçîâàíèè ïðî-
ñòðàíñòâî ïàðàìåòðîâ ðàçáèâàåòñÿ íà íåêîòîðîå (êàê ïðàâèëî, ñ÷åòíîå) ìíîæå-
ñòâî îáëàñòåé, ñðåäè êîòîðûõ íóæíî óêàçàòü òå, êîòîðûå ñîñòàâëÿþò îáëàñòü
óñòîé÷èâîñòè. Àíàëèçèðóÿ ÷àñòíûå ñëó÷àè èñõîäíîãî óðàâíåíèÿ, ìîæíî ñôîðìó-
ëèðîâàòü ãèïîòåçó î âèäå îáëàñòè óñòîé÷èâîñòè, íî îñíîâíîé ïðîáëåìîé îêàçûâà-
åòñÿ äîêàçàòåëüñòâî òîãî, ÷òî íè îäíà èç îñòàâøèõñÿ îáëàñòåé äåéñòâèòåëüíî íå
âõîäèò â îáëàñòü óñòîé÷èâîñòè. Ïîýòîìó, åñëè íàðÿäó ñ ïîñòðîåíèåìD-ðàçáèåíèÿ
óäà¼òñÿ äîêàçàòü ñâÿçíîñòü îáëàñòè óñòîé÷èâîñòè, òî äëÿ óðàâíåíèÿ (1) çàäà÷ó
óñòîé÷èâîñòè ìîæíî ñ÷èòàòü ðåø¼ííîé.

Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ óðàâíåíèÿ (1) èìååò âèä

g(p, a, b, c) = p+ a+ b

∫ ω

0

e−(p+c)ξ dr(ξ), p ∈ C.

Îòìåòèì, ÷òî g(p, a+α, b, c+α) = g(p+α, a, b, c) (α ∈ R), ò. å. ñäâèã â ïðîñòðàíñòâå
ïàðàìåòðîâ {aω, bω2, cω} ñâîäèòñÿ ê ñäâèãó ïî àðãóìåíòó p. Íà îñíîâå ýòîãî ôàêòà
ìîæíî äîêàçàòü ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà. Îáëàñòü óñòîé÷èâîñòè óðàâíåíèÿ (1) ÿâëÿåòñÿ ñâÿçíîé â ïðîñòðàí-
ñòâå ïàðàìåòðîâ {aω, bω2, cω}.
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sii200192@gmail.com

Â ãèëüáåðòîâîì ïðîñòðàíñòâå H ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå â
òàê íàçûâàåìîé ñòàíäàðòíîé ôîðìå x′(t) = εf(t, x), t > 0, ñ ìàëûì ñêàëÿðíûì
ïàðàìåòðîì ε. Êëàññè÷åñêèé ìåòîä óñðåäíåíèÿ Êðûëîâà � Áîãîëþáîâà ñîñòîèò â
ïîèñêå òàêîé çàìåíû ïåðåìåííûõ x = y+

∑n
k=1 ε

kϕk(t, y), ÷òîáû ôóíêöèè ϕk(t, y)
áûëè îãðàíè÷åíû ïðè t → ∞, à óðàâíåíèå äëÿ y ñ òî÷íîñòüþ äî ñëàãàåìûõ ïî-
ðÿäêà εn ïðèîáðåëî âèä y′(t) = ε

∑n−1
k=0 ε

kfk(y). Èçâåñòíî [1]�[2], ÷òî òàêàÿ çàìåíà
ñóùåñòâóåò, åñëè ôóíêöèÿ f èìååò ðàâíîìåðíî îãðàíè÷åííûå ïðîèçâîäíûå ïî x
äîñòàòî÷íî âûñîêèõ ïîðÿäêîâ â íåêîòîðîé îáëàñòè Ω ⊂ H è ïî÷òè ïåðèîäè÷-
íà ïî t ñ êîíå÷íûì íàáîðîì ïîêàçàòåëåé Ôóðüå. Ðåøèâ àâòîíîìíîå óðàâíåíèå
äëÿ y è âåðíóâøèñü ê ïåðåìåííîé x, ïîëó÷èì ïðèáëèæåííîå ðåøåíèå èñõîäíîãî
óðàâíåíèÿ ñ òî÷íîñòüþ ïîðÿäêà εn â îáëàñòè Ω.

Çàìåòèì, ÷òî ôàçîâûé ïîðòðåò ñîîòâåòñòâóþùåãî àâòîíîìíîãî óðàâíåíèÿ çà-
âèñèò îò ε. Ïðè ε→ 0 ñóùåñòâåííûå îñîáåííîñòè ýòîãî ïîðòðåòà � ñòàöèîíàðíûå
òî÷êè, öèêëû, ó÷àñòêè ñåïàðàòðèñ è ò. ä. � ìîãóò �âûõîäèòü� çà ïðåäåëû îáëàñòè,
ãäå ïîëó÷åíà îöåíêà ïîãðåøíîñòè ïðèáëèæåííîãî ðåøåíèÿ. Ïîýòîìó êëàññè÷å-
ñêèé ìåòîä óñðåäíåíèÿ èìååò, âîîáùå ãîâîðÿ, ëîêàëüíûé õàðàêòåð. Â ÷àñòíîñòè,
òàêàÿ ñèòóàöèÿ òèïè÷íà äëÿ óðàâíåíèÿ Ìàòüå � Õèëëà u′′ = −a2u+ εp(t, u) ñ ïî-
ëèíîìèàëüíûìè ïî u âîçìóùåíèÿìè, êîòîðîå ïðèâîäèòñÿ ê ñòàíäàðòíîé ôîðìå
èçâåñòíîé ïîäñòàíîâêîé, ïðåäëîæåííîé åùå Âàí-äåð-Ïîëåì.

Ïðåäëàãàåòñÿ ìîäèôèöèðîâàòü ìåòîä, ïîñòðîèâ òàêóþ çàìåíó ïåðåìåííûõ,
÷òîáû ïîñëå ïåðåõîäà ê ìåäëåííîìó âðåìåíè τ = εt àâòîíîìíîå óðàâíåíèå äëÿ y
âîîáùå ïåðåñòàëî áû çàâèñåòü îò ε. Â îáùåì âèäå ýòà çàäà÷à äîñòàòî÷íî ñëîæ-
íà. Îäíàêî åå óäàëîñü ðåøèòü äëÿ îáîáùåííîãî óðàâíåíèÿ Ìàòüå � Õèëëà u′′ =
−A2u+εP (t, u) â êîíå÷íîìåðíîì ïðîñòðàíñòâå, ãäå A � ñàìîñîïðÿæåííûé îïåðà-
òîð, à P � ìíîãî÷ëåí îòíîñèòåëüíî êîìïîíåíò âåêòîðà u. Åñëè ïåðåéòè ê íîâîé
ïåðåìåííîé v = εαu, à çàòåì ìåòîäîì Êðûëîâà � Áîãîëþáîâà ïîñòðîèòü óñðåäíå-
íèå âòîðîãî ïîðÿäêà ïî ñòåïåíÿì

√
ε, òî ïðè ïîäõîäÿùåì âûáîðå α ôàçîâûé ïîðò-

ðåò ñîîòâåòñòâóþùåé ñèñòåìû äåéñòâèòåëüíî íå áóäåò çàâèñåòü îò ε. Â äîêëàäå
ïðèâåäåíû äîñòàòî÷íûå óñëîâèÿ, ïîçâîëÿþùèå ðåàëèçîâàòü òàêóþ ìîäèôèêàöèþ
ìåòîäà óñðåäíåíèÿ.

ËÈÒÅÐÀÒÓÐÀ

1. Áîãîëþáîâ Í.Í., Ìèòðîïîëüñêèé Þ.À. Àñèìïòîòè÷åñêèå ìåòîäû â òåîðèè íåëè-
íåéíûõ êîëåáàíèé. Ì.: Íàóêà, 1974.

2. Àðíîëüä Â.È., Êîçëîâ Â.Â., Íåéøòàäò À.È.Ìàòåìàòè÷åñêèå àñïåêòû êëàññè÷åñêîé
è íåáåñíîé ìåõàíèêè // Èòîãè íàóêè è òåõíèêè. Ñåð. Ñîâðåì. ïðîáë. ìàò. Ôóíäàì.
íàïðàâëåíèÿ. Ò. 3. Ì.: ÂÈÍÈÒÈ ÀÍ ÑÑÑÐ, 1985. Ñ. 5�290.
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ÌÎÄÅËÜ, ÎÏÈÑÛÂÀÞÙÀß ÒÅ×ÅÍÈß
ÍÅÑÆÈÌÀÅÌÎÉ ÏÎËÈÌÅÐÍÎÉ ÆÈÄÊÎÑÒÈ Ñ

ÎÁÚÅÌÍÛÌ ÇÀÐßÄÎÌ. ÀÑÈÌÏÒÎÒÈÊÀ ÑÏÅÊÒÐÀ
ËÈÍÅÀÐÈÇÎÂÀÍÍÎÉ ÏÐÎÁËÅÌÛ (ÎÑÍÎÂÍÎÅ
ÒÅ×ÅÍÈÅ � ÀÍÀËÎÃ ÒÅ×ÅÍÈß ÏÓÀÇÅÉËß)

Áëîõèí À.Ì.1, Òêà÷åâ Ä.Ë.2

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

1blokhin@math.nsc.ru, 2tkachev@math.nsc.ru

Â ðàáîòàõ [1], [2] äîêàçàíà ëèíåéíàÿ íåóñòîé÷èâîñòü àíàëîãà òå÷åíèÿ Ïóàçåé-
ëÿ äëÿ ìîäèôèöèðîâàííîé áàçîâîé ðåîëîãè÷åñêîé ìîäåëè Âèíîãðàäîâà � Ïîêðîâ-
ñêîãî [3]. Îêàçûâàåòñÿ, ÷òî â êà÷åñòâåííîì îòíîøåíèè ýòà ìîäåëü õîðîøî îïè-
ñûâàåò òå÷åíèÿ ðàñòâîðîâ è ðàñïëàâîâ ïîëèìåðîâ â ðåàëüíûõ òåõíîëîãè÷åñêèõ
óñëîâèÿõ, íàïðèìåð, êîãäà ãðàíèöà îáëàñòè îáëàäàåò ñëîæíîé ãåîìåòðèåé [4].

Â äàííîé ðàáîòå èññëåäóåòñÿ ëèíåéíàÿ óñòîé÷èâîñòü íîâîé ìàòåìàòè÷åñêîé
ìîäåëè, ó÷èòûâàþùåé ïîñòîÿííûå ðàçíîñòè òåìïåðàòóð è ïîòåíöèàëîâ, ïðèëî-
æåííûõ ê ýëåêòðîäàì (êàòîäó è àíîäó) áåñêîíå÷íîãî ïëîñêîãî êîíäåíñàòîðà. Â
êà÷åñòâå îñíîâíîãî ðåøåíèÿ âíîâü ðàññìàòðèâàåòñÿ àíàëîã òå÷åíèÿ Ïóàçåéëÿ [5].

ËÈÒÅÐÀÒÓÐÀ

1. Áëîõèí À.Ì., Åãèòîâ À.Â., Òêà÷åâ Ä.Ë. Ëèíåéíàÿ íåóñòîé÷èâîñòü ðåøåíèé ìàòåìà-
òè÷åñêîé ìîäåëè, îïèñûâàþùåé òå÷åíèÿ ïîëèìåðîâ â áåñêîíå÷íîì êàíàëå // Æóðí.
âû÷èñë. ìàòåìàòèêè è ìàò. ôèçèêè. 2015. Ò. 55, � 5. Ñ. 850�875.

2. Áëîõèí À.Ì., Òêà÷åâ Ä.Ë. Ëèíåéíàÿ àñèìïòîòè÷åñêàÿ íåóñòîé÷èâîñòü ñòàöèîíàð-
íîãî òå÷åíèÿ ïîëèìåðíîé ñðåäû â ïëîñêîì êàíàëå â ñëó÷àå ïåðèîäè÷åñêèõ âîçìó-
ùåíèé // Ñèá. æóðí. èíäóñòð. ìàòåìàòèêè. 2014. Ò. 17, � 3. Ñ. 12�25.

3. Àëòóõîâ Þ .À., Ãóñåâ À.Ñ., Ïûøíîãðàé Ã.Â. Ââåäåíèå â ìåçîñêîïè÷åñêóþ òåîðèþ
òåêó÷èõ ïîëèìåðíûõ ñèñòåì. Áàðíàóë: ÀëòÃÏÀ, 2012.

4. Êîøåëåâ Ê.Á., Ïûøíîãðàé Ã.Â., Êóçíåöîâ À.Å., Òîëñòûõ Ì.Þ. Çàâèñèìîñòü ãèä-
ðîäèíàìè÷åñêèõ õàðàêòåðèñòèê òå÷åíèÿ ïîëèìåðíîãî ðàñïëàâà â ñõîäÿùåìñÿ êàíà-
ëå îò òåìïåðàòóðû // Ìåõàíèêà êîìïîçèöèîííûõ ìàòåðèàëîâ è êîíñòðóêöèé. 2016.
Ò. 22, � 2. Ñ. 175�191.

5. Áëîõèí À.Ì., Òêà÷åâ Ä.Ë., Åãèòîâ À.Â. Àñèìïòîòèêà ñïåêòðà äëÿ ëèíåàðèçîâàííîé
çàäà÷è îá óñòîé÷èâîñòè ñòàöèîíàðíûõ òå÷åíèé íåñæèìàåìîé ïîëèìåðíîé æèäêîñòè
ñ îáúåìíûì çàðÿäîì // Æóðí. âû÷èñë. ìàòåìàòèêè è ìàò. ôèçèêè. 2017 (ïðèíÿòà
â ïå÷àòü).
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Ñåêöèÿ 4. Äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ

ÍÅÊÎÒÎÐÛÅ ÇÀÄÀ×È ÃÀÇÎÂÎÉ ÄÈÍÀÌÈÊÈ,
ÎÏÈÑÛÂÀÅÌÛÅ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÌÈ
ÓÐÀÂÍÅÍÈßÌÈ Ñ ÌÀËÛÌ ÏÀÐÀÌÅÒÐÎÌ

ÏÐÈ ÑÒÀÐØÅÉ ÏÐÎÈÇÂÎÄÍÎÉ

Áîãäàíîâ À.Í.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà,
Ìîñêâà, Ðîññèÿ; bogdanov@imec.msu.ru

Ïðîâåäåíî êîëè÷åñòâåííîå è êà÷åñòâåííîå óòî÷íåíèå èçâåñòíûõ àíàëèòè÷å-
ñêèõ ðåøåíèé äëÿ íåêîòîðûõ çàäà÷ òå÷åíèÿ ãàçà.

Ìàòåìàòè÷åñêèé àïïàðàò äëÿ ðåøåíèÿ çàäà÷ òå÷åíèé æèäêîñòåé è ãàçîâ �
íåëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ � âñå åùå
îñòàþòñÿ ñëîæíûìè êàê äëÿ àíàëèòè÷åñêîãî èññëåäîâàíèÿ, òàê è äëÿ ÷èñëåí-
íîãî ìîäåëèðîâàíèÿ. Ïîïûòêè óïðîùåíèÿ èñõîäíûõ óðàâíåíèé çà ñ÷åò ïðåíå-
áðåæåíèÿ íåêîòîðûìè ÷ëåíàìè óðàâíåíèé èìåþò îñîáåííîñòè. Íàëè÷èå ñêîëü
óãîäíî ìàëûõ ÷ëåíîâ âûñøèõ ïîðÿäêîâ â ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíå-
íèé ìîæåò ñîâåðøåííî èçìåíèòü õàðàêòåð ðåøåíèé. Ïðè ôîðìàëüíîì óïðîùåíèè
ìîæåò îêàçàòüñÿ, ÷òî ïðè ñòðåìëåíèè êîýôôèöèåíòà â íåêîòîðîì ÷ëåíå óðàâíå-
íèÿ ê íóëþ ðåøåíèå èñõîäíîãî óðàâíåíèÿ íå ñòðåìèòñÿ ê ðåøåíèþ óðàâíåíèÿ,
ïîëó÷àåìîãî îòáðàñûâàíèåì ÷ëåíà ñ ýòèì êîýôôèöèåíòîì. Ìîæåò áûòü, óòðà-
÷åíî îïèñàíèå ìîäåëüþ íåêîòîðûõ ñóùåñòâåííûõ â èçó÷àåìîì ÿâëåíèè ïðîöåñ-
ñîâ (íåëèíåéíîñòü, íåñòàöèîíàðíîñòü, ïðîñòðàíñòâåííàÿ íåîäíîìåðíîñòü, ñæèìà-
åìîñòü, çàâèõðåííîñòü, êîíâåêöèÿ è ò. ä.). Èñïîëüçóåìûå ïðè íàõîæäåíèè ïðè-
áëèæåííûõ ðåøåíèé ìåòîäû î÷åíü ãèáêè, äåéñòâóÿ ðåøèòåëüíî, ìîæíî ïîëó÷èòü
îòâåò â äîñòàòî÷íî ñëîæíîé çàäà÷å.

Ìàòåðèàë, âîøåäøèé â äîêëàä, îòíîñèòñÿ ê ðàçëè÷íûì ãàçîâûì òå÷åíèÿì
(îäíîìåðíûå íåâÿçêèå òå÷åíèÿ, äâóìåðíûå òå÷åíèÿ ñ âÿçêî-íåâÿçêèì âçàèìîäåé-
ñòâèåì). Ìàòåìàòè÷åñêèé àïïàðàò, èñïîëüçóåìûé äëÿ ðåøåíèÿ ñîîòâåòñòâóþùèõ
çàäà÷, òàêæå ðàçëè÷åí (îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, óðàâíåíèÿ
â ÷àñòíûõ ïðîèçâîäíûõ); îáùíîñòü æå ìàòåðèàëà çàêëþ÷àåòñÿ â èäåå èñïîëüçî-
âàíèÿ äëÿ àíàëèçà ïîñòàâëåííûõ çàäà÷ îñîáûõ (ñèíãóëÿðíûõ) âîçìóùåíèé (õîòÿ
áû è èìåþùèõ ðàçëè÷íóþ ôèçè÷åñêóþ ïðèðîäó è îïèñûâàåìûõ ðàçëè÷íûìè ñïî-
ñîáàìè).

1. Âûâåäåíî óðàâíåíèå íåëèíåéíûõ îêîëîðåçîíàíñíûõ êîëåáàíèé ãàçà â êà-
íàëå ïðè âîçäåéñòâèè ïåðèîäè÷åñêîé âûíóæäàþùåé ñèëû íà îäíîì èç êîíöîâ
êàíàëà.

2. Ïðåäëîæåíî ñèíãóëÿðíîå óðàâíåíèå, áîëåå ïðàâèëüíî ïî ñðàâíåíèþ ñ óðàâ-
íåíèåì Ëèíÿ � Ðåéññíåðà � Öÿíÿ, îïèñûâàþùåå íåñòàöèîíàðíîå òå÷åíèå â îêðåñò-
íîñòè ïåðåõîäà ÷åðåç ñêîðîñòü çâóêà (ìîäèôèöèðîâàííîå óðàâíåíèå Ëèíÿ � Ðåéñ-
ñíåðà � Öÿíÿ).

3. Ïðåäëîæåíà ìîäèôèöèðîâàííàÿ ìîäåëü äëÿ îïèñàíèÿ ñâîáîäíîãî íåñòàöè-
îíàðíîãî âÿçêî-íåâÿçêîãî âçàèìîäåéñòâèÿ íà òðàíñçâóêîâûõ ñêîðîñòÿõ, èñïîëü-
çóþùàÿ äëÿ îïèñàíèÿ òå÷åíèÿ â îáëàñòè íåâÿçêîãî ñâîáîäíîãî òå÷åíèÿ ìîäèôè-
öèðîâàííîå óðàâíåíèå Ëèíÿ � Ðåéññíåðà � Öÿíÿ.

Ðàáîòà âûïîëíåíà â ñîîòâåòñòâèè ñ ïëàíîì èññëåäîâàíèé ÍÈÈ ìåõàíèêè ÌÃÓ ïðè

÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà ÐÔ (ïðîåêò ÍØ-

8425.2016.1), Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò 14-11-00773) è Ðîññèéñêîãî ôîíäà

ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò 16-29-01092).
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Î ÏÀÐÀÁÎËÈ×ÅÑÊÎÉ ÑÈÑÒÅÌÅ Ñ
ÍÅËÈÍÅÉÍÎÑÒÜÞ ÍÀÂÜÅ � ÑÒÎÊÑÀ

Áîãîâñêèé Ì.Å.

Âû÷èñëèòåëüíûé öåíòð èì. À.À. Äîðîäíèöûíà, ÔÈÖ �Èíôîðìàòèêà
è óïðàâëåíèå� ÐÀÍ, Ìîñêâà, Ðîññèÿ; mbogovskii@gmail.com

Íåëèíåéíîñòü Íàâüå � Ñòîêñà, íå ïðåòåðïåâøàÿ íèêàêèõ ïñåâäîäèôôåðåíöè-
àëüíûõ ìîäèôèêàöèé, êîððåêòíî âïèñûâàåòñÿ â ïàðàáîëè÷åñêîå îêðóæåíèå, íå
ïðåïÿòñòâóÿ ãëîáàëüíîé ðàçðåøèìîñòè çàäà÷è Êîøè â êëàññå ñèëüíûõ ðåøåíèé
íå òîëüêî â íàèáîëåå çíà÷èìîì 3D ñëó÷àå, íî è ñ ëþáûì ÷èñëîì ïðîñòðàíñòâåí-
íûõ ïåðåìåííûõ n > 2. Ïðè ýòîì çàäà÷à Êîøè äëÿ êâàçèëèíåéíîé ïàðàáîëè÷å-
ñêîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ íåëèíåé-
íîñòüþ Íàâüå � Ñòîêñà áóäåò ãëîáàëüíî ðàçðåøèìà â êëàññå ñèëüíûõ ðåøåíèé â
òîé æå ïîñòàíîâêå, ÷òî è å¼ ëèíåàðèçàöèÿ íà íóëåâîì ðåøåíèè.

Êàíîíè÷åñêèì âèäîì êâàäðàòè÷íîé íåëèíåéíîñòè äëÿ ñèñòåìû Íàâüå �Ñòîêñà

vt − µ∆v + (v,∇)v +∇ψ = f , divv = 0, (x, t) ∈ QT = Rn × (0, T ), (1)

ïðè n = 3 ñ÷èòàåòñÿ ñòàöèîíàðíàÿ ÷àñòü óñêîðåíèÿ ñïëîøíîé ñðåäû (v,∇)v.

Çàìåíà ψ = ψ̃ − |v|2/2 ïðèâîäèò ñèñòåìó (1) ê å¼ ýêâèâàëåíòíîìó âèäó

vt − µ∆v + (v,∇)v −∇|v|2/2 +∇ψ̃ = f , divv = 0, (x, t) ∈ QT , (2)

ò. ê. ñëàáûå ïîñòàíîâêè çàäà÷ Êîøè äëÿ ñèñòåì (1) è (2) ñîâïàäàþò ââèäó ñîëå-
íîèäàëüíîñòè ïðîáíûõ âåêòîð-ôóíêöèé â ñîîòâåòñòâóþùèõ èíòåãðàëüíûõ òîæ-
äåñòâàõ, îçíà÷àÿ ñîâïàäåíèå ñàìèõ ñëàáûõ ðåøåíèé v êëàññà Ïðîäè � Ñåððèíà∫ T

0

‖v(·, t)‖rLp(Rn)dt <∞, p > n, r > 2:
n

p
+

2

r
6 1. (3)

Ïðè äîñòàòî÷íîé ãëàäêîñòè äàííûõ çàäà÷è Êîøè ñëàáîå ðåøåíèå v êëàññà (3)
áóäåò èìåòü ãëàäêîñòü ñèëüíîãî ðåøåíèÿ. Íåëèíåéíîñòè â (1) è (2) ýêâèâàëåíò-
íû â òîì ñìûñëå, ÷òî ñóùåñòâîâàíèå ðàçðåøàþùåãî îïåðàòîðà äëÿ v â îäíîé èç
äâóõ çàäà÷ Êîøè îçíà÷àåò íå òîëüêî ñóùåñòâîâàíèå òàêîãî æå îïåðàòîðà â äðó-
ãîé çàäà÷å, íî åùå è ñîâïàäåíèå èõ ãðàôèêîâ. Î÷åâèäíî, âñÿêàÿ íåëèíåéíîñòü,
ýêâèâàëåíòíàÿ â òàêîì ñìûñëå êàíîíè÷åñêîé íåëèíåéíîñòè (v,∇)v, ìîæåò ðàñ-
ñìàòðèâàòüñÿ êàê íåëèíåéíîñòü Íàâüå � Ñòîêñà.

Äëÿ êâàçèëèíåéíîé ïàðàáîëè÷åñêîé ñèñòåìû ñ íåëèíåéíîñòüþ Íàâüå �Ñòîêñà

vt − µ∆v + (v,∇)v −∇|v|2/2 = f , (x, t) ∈ QT , (4)

ðàññìîòðèì çàäà÷ó Êîøè ñ ðåøåíèåì èç àíèçîòðîïíîãî ïðîñòðàíñòâà Ñîáîëåâà
Vp(QT ), ýëåìåíòû êîòîðîãî v è èõ ñëàáûå ïðîèçâîäíûå vt, ∂

α
x v ïðèíàäëåæàò ê

Lp(QT ) ïðè |α| 6 2. Óñëîâèå p > (n+2)/3 îáåñïå÷èâàåò äëÿ îïåðàòîðà, çàäàþùåãî
çàäà÷ó Êîøè, åãî íåïðåðûâíîñòü êàê îïåðàòîðà èç íàäåëåííîãî ñòàíäàðòíîé íîð-
ìîé ïðîñòðàíñòâà Vp(QT ) â ïðîñòðàíñòâî äàííûõ çàäà÷è Êîøè Lp(QT )×W s

p(Rn),
ãäå s = 2− 2/p, ÷òî õàðàêòåðèçóåò ðåøåíèå v ∈ Vp(QT ) êàê ñèëüíîå.

Êëþ÷åâûì ìîìåíòîì äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ãëîáàëüíîãî ñèëüíîãî
ðåøåíèÿ v ∈ Vp(QT ) ÿâëÿåòñÿ âûâîä àïðèîðíîé îãðàíè÷åííîñòè Vp(QT )-íîðìû
ñèëüíîãî ðåøåíèÿ ïðè êàêîì-ëèáî p > (n + 2)/3. Òàêàÿ àïðèîðíàÿ îãðàíè÷åí-
íîñòü, â ñâîþ î÷åðåäü, ãàðàíòèðîâàíà àïðèîðíîé îãðàíè÷åííîñòüþ êàêîé-ëèáî
èç àíèçîòðîïíûõ íîðì (3) ñèëüíîãî ðåøåíèÿ. Çàìå÷àÿ, ÷òî ñêàëÿðíîå ïðîèçâå-
äåíèå â Rn âåêòîðîâ v è (v,∇)v−∇|v|2/2 ðàâíî íóëþ ïîòî÷å÷íî â QT , óìíîæèì
ñèñòåìó (4) ñêàëÿðíî â Rn íà v|v|p−2 è ïðîèíòåãðèðóåì ïî Qt ïðè t ∈ (0, T ). Èí-
òåãðèðóÿ çàòåì ïî ÷àñòÿì è îòáðàñûâàÿ íåîòðèöàòåëüíûå ÷ëåíû, ïîëó÷èì îöåíêó

‖v(·, t)‖Lp(Rn) 6 ‖v(·, 0)‖Lp(Rn) +

∫ T

0

‖f(·, τ)‖Lp(Rn)dτ ∀ t ∈ [0, T ] ∀ p > n,

èç êîòîðîé ñëåäóåò ïðèíàäëåæíîñòü v ê êëàññó Ïðîäè � Ñåððèíà (3).
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ÒÐÀÅÊÒÎÐÍÛÉ È ÃËÎÁÀËÜÍÛÉ ÀÒÒÐÀÊÒÎÐÛ
ÎÄÍÎÃÎ ÊËÀÑÑÀ ÂßÇÊÎÓÏÐÓÃÈÕ

ÆÈÄÊÎÑÒÅÉ Ñ ÏÀÌßÒÜÞ

Áîëäûðåâ À.Ñ.

Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Âîðîíåæ, Ðîññèÿ;
al-boldyrev@mail.ru

Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ëîêàëüíî-ëèïøèöåâîé ãðàíèöåé Γ.
Ñèñòåìà óðàâíåíèé, îïèñûâàþùèõ äâèæåíèå îäíîãî êëàññà âÿçêîóïðóãèõ æèä-
êîñòåé ñ ïàìÿòüþ, èìååò âèä

∂v

∂t
+

n∑
i=1

vi
∂v

∂xi
− µ1Div

t∫
0

L(t, s)E(v)(s, Zδ(v)(s; t, x)) ds

−µ0Div E(v) = −grad p+ f, (t, x) ∈ [0,+∞)× Ω, (1)

div v = 0, v
∣∣
Γ

= 0, v(0, x) = v0(x);

∫
Ω

p dx = 0. (2)

Çäåñü v = (v1, . . . , vn) � ñêîðîñòü, p � äàâëåíèå æèäêîñòè, f � ïëîòíîñòü
âíåøíèõ ñèë; E = Eij � òåíçîð ñêîðîñòåé äåôîðìàöèè, êîìïîíåíòû êîòîðîãî
îïðåäåëÿþòñÿ ôîðìóëàìè Eij = 1/2(∂vi/∂xj + ∂vj/∂xi) (i, j = 1, . . . , n). Çíàê Div
îáîçíà÷àåò äèâåðãåíöèþ ìàòðèöû-ôóíêöèè, µ0 = 2κ/λ, µ1 = 2ν/λ − 2κ/λ2, ãäå
λ� âðåìÿ ðåëàêñàöèè, κ � âðåìÿ çàïàçäûâàíèÿ, ν � âÿçêîñòü æèäêîñòè; L(t, s) �
èçìåðèìàÿ ôóíêöèÿ, õàðàêòåðèçóþùàÿ ïàìÿòü ÷àñòèöû æèäêîñòè. Ïðåäïîëàãà-
åòñÿ, ÷òî |L(t, s)| ≤ e−(2µ1/µ0)(t−s) (s < t, s, t ∈ [0,+∞)). Ðàññìîòðèì òðàåêòîðèþ,

îïðåäåëÿåìóþ óðàâíåíèåì z(τ ; t, x) = x +
τ∫
t

Sδv(s, z(s; t, x))ds. Â ýòîì óðàâíåíèè

èñïîëüçóåòñÿ îïåðàòîð ðåãóëÿðèçàöèè Sδ òàêîé, ÷òî äëÿ êàæäîãî v ∈ L2(0, T ;V )
ýòî óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå Zδ(v). Ðàçðåøèìîñòü â ñëàáîì ñìûñëå
ðàññìàòðèâàåìîé çàäà÷è óñòàíîâëåíà â ðàáîòå [1]. Êîíñòðóêöèÿ îïåðàòîðà ðåãó-
ëÿðèçàöèè ïðèâåäåíà â [2]. Ïîäîáíûå ìîäåëè ðàññìàòðèâàþòñÿ, íàïðèìåð, â [3].

Òåîðåìà 1. Ïóñòü f ∈ V ∗. Òîãäà ñóùåñòâóåò ìèíèìàëüíûé òðàåêòîðíûé àò-
òðàêòîð U ïðîñòðàíñòâà òðàåêòîðèé H+ çàäà÷è (1)�(2).

Òåîðåìà 2. Ïóñòü f ∈ V ∗. Òîãäà ñóùåñòâóåò ãëîáàëüíûé àòòðàêòîð A ïðî-
ñòðàíñòâà òðàåêòîðèé H+ çàäà÷è (1)�(2).

Ïîíÿòèÿ ìèíèìàëüíîãî òðàåêòîðíîãî àòòðàêòîðà, ãëîáàëüíîãî àòòðàêòîðà è
ïðîñòðàíñòâà òðàåêòîðèé ìîæíî íàéòè â [4].
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Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

Î ÍÅÎÁÕÎÄÈÌÛÕ ÓÑËÎÂÈßÕ ÐÀÇÐÅØÈÌÎÑÒÈ
ÊÂÀÇÈÝËËÈÏÒÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ Â W l

p(Rn
+)
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Â äîêëàäå ðàññìàòðèâàþòñÿ êðàåâûå çàäà÷è â ïîëóïðîñòðàíñòâå Rn+ = {x =
(x′, xn) : x′ ∈ Rn−1, xn > 0} äëÿ êâàçèýëëèïòè÷åñêèõ ñèñòåì (ñì. [1]):{

L(Dx)U = F (x), x ∈ Rn+,
B(Dx)U

∣∣
xn=0

= Φ(x′).

Õîðîøî èçâåñòíî (ñì. [2]�[4]), ÷òî êðàåâàÿ çàäà÷à áåçóñëîâíî ðàçðåøèìà âW l
p

ïðè p > p∗ > 1, ãäå p∗ � íåêîòîðîå ôèêñèðîâàííîå ÷èñëî, çàâèñÿùåå îò ïîðÿä-
êîâ äèôôåðåíöèàëüíûõ îïåðàòîðîâ L(Dx), B(Dx), ðàçìåðíîñòè ïðîñòðàíñòâà. Â
äîêëàäå óêàçûâàþòñÿ óñëîâèÿ íà F (x) è Φ(x′), êîòîðûå ñ íåîáõîäèìîñòüþ âîçíè-
êàþò ïðè èññëåäîâàíèè ðàçðåøèìîñòè êðàåâîé çàäà÷è âW l

p ïðè p ≤ p∗. Îòìåòèì,
÷òî â ñëó÷àå Φ(x′) = 0 ýòè óñëîâèÿ ñîâïàäàþò ñ óñëîâèÿìè èç [2], [5] è ÿâëÿþòñÿ
äîñòàòî÷íûìè.
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Ðàññìàòðèâàþòñÿ ñåìåéñòâà ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé.
Äëÿ âñåõ óðàâíåíèé ñåìåéñòâà ñòàâèòñÿ ëèíåéíàÿ êðàåâàÿ çàäà÷à. Ïðåäëàãàåòñÿ
ìåòîä íàõîæäåíèÿ íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé ðàçðåøèìîñòè êðàåâîé
çàäà÷è äëÿ âñåõ óðàâíåíèé ñåìåéñòâà. Ìîäèôèêàöèè ýòîãî ìåòîäà èñïîëüçóþòñÿ
äëÿ íàõîæäåíèÿ íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé ïîëîæèòåëüíîñòè ðåøåíèé
êðàåâîé çàäà÷è äëÿ âñåõ óðàâíåíèé ñåìåéñòâà, à òàêæå ïîëó÷åíèÿ íåóëó÷øàåìûõ
â äàííîì ñåìåéñòâå óðàâíåíèé îöåíîê ðåøåíèé.

Äëÿ íàõîæäåíèÿ óñëîâèé ðàçðåøèìîñòè íå èñïîëüçóåòñÿ ìåòîä ïîñëåäîâà-
òåëüíûõ ïðèáëèæåíèé, ïîëó÷åííûå óñëîâèÿ íå ñâîäÿòñÿ ê ïðîâåðêå ñæèìàåìîñòè
íåêîòîðîãî îïåðàòîðà. Êðîìå òîãî, ïðè íàéäåííûõ óñëîâèÿõ ïîëîæèòåëüíîñòè
ðåøåíèé îïåðàòîð Ãðèíà êðàåâîé çàäà÷è ìîæåò íå áûòü ïîëîæèòåëüíûì.

Ïîêàçûâàåòñÿ, ÷òî âñå ðàññìàòðèâàåìûå çàäà÷è (î íåóëó÷øàåìûõ îöåíêàõ ðå-
øåíèé, îá óñëîâèÿõ ðàçðåøèìîñòè êðàåâîé çàäà÷è, îá óñëîâèÿõ ïîëîæèòåëüíîñòè
ðåøåíèé êðàåâîé çàäà÷è äëÿ âñåõ óðàâíåíèé ñåìåéñòâà) ñâîäÿòñÿ ê çàäà÷å êîíå÷-
íîìåðíîé îïòèìèçàöèè. Â íåêîòîðûõ ñëó÷àÿõ óäàåòñÿ ïîëó÷èòü àíàëèòè÷åñêîå
ðåøåíèå òàêîé êîíå÷íîìåðíîé çàäà÷è.

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè êðàåâîé çàäà÷è äëÿ âñåõ
óðàâíåíèé ñåìåéñòâà ìîãóò èíòåðïðåòèðîâàòüñÿ êàê íåóëó÷øàåìûå (â äàííîì
ñåìåéñòâå) äîñòàòî÷íûå ïðèçíàêè ðàçðåøèìîñòè.

Èçó÷àåìûå ñåìåéñòâà óðàâíåíèé ìîãóò çàäàâàòüñÿ íàáîðîì íåîòðèöàòåëüíûõ
ôóíêöèé, ÿâëÿþùèõñÿ çíà÷åíèÿìè ïîëîæèòåëüíûõ (â ñìûñëå íåêîòîðîãî êîíóñà)
ôóíêöèîíàëüíûõ îïåðàòîðîâ óðàâíåíèÿ ïðè äåéñòâèè íà åäèíè÷íîé ôóíêöèè.
Èìåííî òàêîé âûáîð ñåìåéñòâ ïîçâîëÿåò íàõîäèòü ýôôåêòèâíûå íåîáõîäèìûå è
äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè è ñâîäèòü çàäà÷ó ê ñòàíäàðòíîé ïðîöåäóðå
ìèíèìèçàöèè íà êîíå÷íîìåðíîì ìíîæåñòâå (ñì., íàïðèìåð, [1]�[3]).

Â òåîðèè óñòîé÷èâîñòè àíàëîãîì ðåøàåìîé çàäà÷è ÿâëÿåòñÿ çàäà÷à îá àáñî-
ëþòíîé óñòîé÷èâîñòè, êîãäà ñâîéñòâî óñòîé÷èâîñòè äîëæíî ñîõðàíÿòüñÿ ïðè ëþ-
áîì çàïàçäûâàþùåì àðãóìåíòå. Â òåîðèè êðàåâûõ çàäà÷ òàêàÿ ïîñòàíîâêà ñèñòå-
ìàòè÷åñêè íå ðàññìàòðèâàëàñü, õîòÿ îòäåëüíûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè
ïîëó÷åíû, â ÷àñòíîñòè, â ðàáîòàõ À.Ä. Ìûøêèñà, Å.Ë. Òîíêîâà, Í.Â. Àçáåëå-
âà, È.Ò. Êèãóðàäçå, V. Lakshmikantham, R.P. Agarval, À. Ëîìòàòèäçå, Ð. Õàêëà,
Þ. Øðåìðà è ìíîãèõ äðóãèõ. Â ðÿäå ñëó÷àåâ ìû óëó÷øàåì è äîïîëíÿåì ñó-
ùåñòâóþùèå ðåçóëüòàòû. Â ÷àñòíîñòè, íàõîäèì íåóëó÷øàåìûå â îïðåäåëåííîì
ñìûñëå êîíñòàíòû â óñëîâèÿõ ðàçðåøèìîñòè. Ðåçóëüòàòû ìîãóò ïðèìåíÿòüñÿ äëÿ
èññëåäîâàíèÿ íåëèíåéíûõ êðàåâûõ çàäà÷.

ËÈÒÅÐÀÒÓÐÀ

1. Áðàâûé Å.È. Ðàçðåøèìîñòü êðàåâûõ çàäà÷ äëÿ ëèíåéíûõ ôóíêöèîíàëüíî-äèôôå-
ðåíöèàëüíûõ óðàâíåíèé. Ìîñêâà, Èæåâñê: Ðåãóëÿð. è õàîò. äèíàìèêà, 2011.

2. Bravyi E. On estimates of solutions of the periodic boundary value problem for �rst-order
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Ò. 51, � 4. C. 563�577.

199



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

ÔÀÇÎÂÛÅ ÏÎÐÒÐÅÒÛ ÊÓÁÈ×ÅÑÊÈÕ
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Â ðàáîòå [1] áûëè ïåðå÷èñëåíû âñå ðàçëè÷íûå ñ òîïîëîãè÷åñêîé òî÷êè çðåíèÿ
ôàçîâûå ïîðòðåòû ãðóáûõ ñèñòåì òèïà Äàðáó ñ êóáè÷åñêèìè íåëèíåéíîñòÿìè

ẋ = x+ p3(x, y), ẏ = y + q3(x, y), (D3)

p3(x, y), q3(x, y) � îäíîðîäíûå ìíîãî÷ëåíû òðåòüåé ñòåïåíè.
Óñëîâèÿ ãðóáîñòè ñîñòîÿëè â ñëåäóþùåì:
(A) Âñå îñîáûå òî÷êè ñèñòåìû (D3) (êîíå÷íûå è áåñêîíå÷íûå) ÿâëÿþòñÿ íåâû-

ðîæäåííûìè (îïðåäåëèòåëü ìàòðèöû ëèíåéíîé ÷àñòè îòëè÷åí îò 0).
(B) Ìíîãî÷ëåíû p3(x, y), q3(x, y) âçàèìíî ïðîñòû.
Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ ñèñòåìû âèäà (D3), êîòîðûå óäîâëåòâî-

ðÿþò òîëüêî óñëîâèþ (B).
Èñïîëüçóÿ ðåçóëüòàòû ðàáîòû [2], ìû ïîëó÷èëè ïîëíûé ñïèñîê ôàçîâûõ ïîðò-

ðåòîâ ñèñòåìû (D3), ðàçëè÷íûõ ñ òî÷êè çðåíèÿ òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè.
Ñïèñîê òàêèõ ïîðòðåòîâ íàñ÷èòûâàåò â äîïîëíåíèå ê 14 òèïàì ãðóáûõ ôàçîâûõ
ïîðòðåòîâ, îïèñàííûì â [1], åù¼ 13 òèïîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-00745).
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vector �elds in the plane // J. Math. Anal. Appl. 1990. V. 147, No 2. P. 420�448.

200



Ñåêöèÿ 4. Äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ
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Ãàäîåâ Ì. Ã.1, Èñõîêîâ Ô.Ñ.2

1Ïîëèòåõíè÷åñêèé èíñòèòóò (ôèëèàë) Ñåâåðî-Âîñòî÷íîãî ôåäåðàëüíîãî
óíèâåðñèòåòà èì. Ì.Ê. Àììîñîâà, Ìèðíûé, Ðîññèÿ; gadoev@rambler.ru
2Èíñòèòóò ìàòåìàòèêè ÀÍ ÐÒ, Äóøàíáå, Ðåñïóáëèêà Òàäæèêèñòàí;

fariduniskhokov@mail.ru

Ïóñòü Ω � ïðîèçâîëüíîå (îãðàíè÷åííîå èëè íåîãðàíè÷åííîå) îòêðûòîå ìíî-
æåñòâî â n-ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå Rn è ïóñòü r � íåêîòîðîå íàòóðàëü-
íîå ÷èñëî. Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå âûðàæåíèå

L(x,Dx) =
∑
|k|≤2r

ak(x)Dk
x (x ∈ Ω), (1)

ãäå k = (k1, k2, . . . , kn) � ìóëüòèèíäåêñ, |k| = k1 + k2 + . . .+ kn � äëèíà ìóëüòè-
èíäåêñà,

Dk
x =

(
1

i

∂

∂x1

)k1
(

1

i

∂

∂x2

)k2

. . .

(
1

i

∂

∂xn

)kn
è i� ìíèìàÿ åäèíèöà. Ìíîæåñòâî âñåõ ìóëüòèèíäåêñîâ k, äëÿ êîòîðûõ ak(x) 6≡ 0,
îáîçíà÷èì ÷åðåç K. Ïóñòü OK � ìíîæåñòâî ôóíêöèé u(x) ∈ L1, loc(Ω), èìåþùèõ
îáîáùåííûå ïðîèçâîäíûå â ñìûñëå Ñ.Ë. Ñîáîëåâà Dk

xu(x) äëÿ âñåõ k ∈ K.
Îïðåäåëåíèå. Ïóñòü ω(x) � ïîëîæèòåëüíàÿ èçìåðèìàÿ â Ω ôóíêöèÿ, 1 <

p < +∞. Äèôôåðåíöèàëüíîå âûðàæåíèå (1) íàçûâàåòñÿ Lp-ðàçäåëèìûì ñ âå-
ñîì ω(x), åñëè äëÿ âñåõ ôóíêöèé u(x) ∈ OK òàêèõ, ÷òî ω(x)u(x) ∈ Lp(Ω),
ω(x)L(x, Dx)u(x) ∈ Lp(Ω), èìååò ìåñòî âêëþ÷åíèå ω(x)ak(x)Dk

xu(x) ∈ Lp(Ω) äëÿ
âñåõ ìóëüòèèíäåêñîâ k ∈ K.

Â äîêëàäå îáñóæäàåòñÿ ðàçäåëèìîñòü äèôôåðåíöèàëüíîãî âûðàæåíèÿ (1) ñ
âåñîì ω(x), êîãäà êîýôôèöèåíòû ak(x), k ∈ K, ìîãóò èìåòü íåñòåïåííîå âûðîæ-
äåíèå íà ãðàíèöå îáëàñòè Ω è âûðîæäåíèÿ ïî ðàçíûì íåçàâèñèìûì ïåðåìåííûì
õàðàêòåðèçóþòñÿ ñ ïîìîùüþ ðàçíûõ ôóíêöèé. Ïðåäïîëàãàåòñÿ, ÷òî îáëàñòü Ω è
ôóíêöèè, êîòîðûå õàðàêòåðèçóþò âûðîæäåíèÿ êîýôôèöèåíòîâ äèôôåðåíöèàëü-
íîãî îïåðàòîðà, óäîâëåòâîðÿþò �óñëîâèþ ïîãðóæåíèÿ�, ââåäåííîìó Ï.È. Ëèçîð-
êèíûì â [1] (ñì. òàêæå [2]). Ïåðâûå ðåçóëüòàòû ïî òåîðèè ðàçäåëèìîñòè îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïîëó÷åíû Â.Í. Ýâåðèòòîì è Ì. Ãèðöåì
â íà÷àëå øåñòèäåñÿòûõ ãîäîâ ïðîøëîãî ñòîëåòèÿ (ïî ïîâîäó áèáëèîãðàôèè ñì.,
íàïðèìåð, [3]). Äàëüíåéøåå ðàçâèòèå ýòîé òåîðèè ïîêàçàëî, ÷òî òåîðåìû ðàçäå-
ëèìîñòè äèôôåðåíöèàëüíûõ îïåðàòîðîâ èãðàþò âàæíóþ ðîëü â ðåøåíèè ðÿäà
âîïðîñîâ â òåîðèè âëîæåíèÿ íîðìèðîâàííûõ ïðîñòðàíñòâ äèôôåðåíöèðóåìûõ
ôóíêöèé, â ñïåêòðàëüíîé òåîðèè äèôôåðåíöèàëüíûõ îïåðàòîðîâ è ò. ä.
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4Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; ostapenko_vv@ngs.ru

Àðòåðèîâåíîçíàÿ ìàëüôîðìàöèÿ (ÀÂÌ) ÿâëÿåòñÿ ñëîæíûì è îïàñíûì ïî-
ðîêîì ðàçâèòèÿ ñîñóäîâ ãîëîâíîãî ìîçãà. Ýíäîâàñêóëÿðíàÿ ýìáîëèçàöèÿ ÀÂÌ
ÿâëÿåòñÿ ýôôåêòèâíûì ñðåäñòâîì ëå÷åíèÿ äàííûõ ïàòîëîãèé, òåì íå ìåíåå ñó-
ùåñòâóåò îïàñíîñòü ðàçðûâà ÀÂÌ â òå÷åíèè íåñêîëüêèõ ÷àñîâ ïîñëå îïåðàöèè.
Öåëü äàííîé ðàáîòû ñîñòîèò â òîì, ÷òîáû ñìîäåëèðîâàòü ýòîò ïðîöåññ è ïîñòðî-
èòü îïòèìèçàöèîííûé àëãîðèòì ýìáîëèçàöèè ÀÂÌ.

ÀÂÌ ìîæåò àäåêâàòíî ìîäåëèðîâàòüñÿ ïîðèñòîé ñðåäîé â ñèëó íåóïîðÿäî÷åí-
íîãî ðàñïîëîæåíèÿ âûðîæäåííûõ ñîñóäîâ ìàëûõ äèàìåòðîâ, îñóùåñòâëÿþùèõ
ñáðîñ êðîâè èç àðòåðèè â âåíó. Ïðîöåññ ýìáîëèçàöèè â îäíîìåðíîì ïðèáëèæå-
íèè îïèñûâàåòñÿ óðàâíåíèåì Áàêëåÿ � Ëåâåðåòòà, êîòîðîå ðåøàåòñÿ ÷èñëåííî ñ
ïîìîùüþ íîâîé ìîäèôèêàöèè ñõåìû Êàáàðå. Äëÿ ïðîâåðêè ïðèãîäíîñòè ìåòî-
äà ïðè ðàñ÷¼òå çàäà÷ ýìáîëèçàöèè, áûëè ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû, â
êîòîðûõ ñìîäåëèðîâàíû îñíîâíûå ìîìåíòû ïðîöåññà ýìáîëèçàöèè.

Íà ïðîöåññ ýìáîëèçàöèè íàêëàäûâàåòñÿ òðåáîâàíèå îá îãðàíè÷åíèè óäåëüíîé
íàãðóçêè íà óçåë ÀÂÌ ïðè ýìáîëèçàöèè. Ýòî òðåáîâàíèå ñëåäóåò èç íåéðîõèðóð-
ãè÷åñêîé ïðàêòèêè. Îíî ôîðìóëèðóåòñÿ â âèäå îãðàíè÷åíèÿ

∆E/V ≤Wmax,

ãäå ∆E � ýíåðãèÿ, ðàññåèâàþùàÿñÿ â ÀÂÌ çà åäèíèöó âðåìåíè, V � îáú¼ì ÀÂÌ,
Wmax � ïðåäåëüíîå äîïóñòèìîå çíà÷åíèå óäåëüíîé íàãðóçêè.

Ïðîöåññ ýìáîëèçàöèè îïèñûâàåòñÿ êàê ïðîöåññ îïòèìàëüíîãî óïðàâëåíèÿ, ãäå,
óïðàâëÿÿ êîíöåíòðàöèåé ýìáîëèçàòà, íóæíî äîáèòüñÿ ìàêñèìàëüíîé ýìáîëèçà-
öèè çà êîíå÷íîå âðåìÿ ïðè âûïîëíåíèè îãðàíè÷åíèÿ óäåëüíîé íàãðóçêè íà óçåë
ÀÂÌ. Ïîêàçàíî, ÷òî îïòèìàëüíîå óïðàâëåíèå ñîñòîèò èç èíòåðâàëîâ, íà êîòîðûõ
ëèáî êîíöåíòðàöèÿ êðîâè íà âõîäå â ÀÂÌ äîñòèãàåò ìèíèìàëüíîãî äîïóñòèìîãî
çíà÷åíèÿ, ëèáî ýìáîëèçàöèÿ ïðîõîäèò ïðè ïðåäåëüíîé äîïóñòèìîé íàãðóçêå.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà Ïðàâèòåëüñòâà ÐÔ (ïðîåêò

� 14.W03.31.0002).
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ÂÛÄÅËÅÍÈÅ ÎÑÒÀÒÎ×ÍÛÕ ÍÀÏÐßÆÅÍÈÉ
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Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé ëèíåéíîé òåîðèè óïðóãîñòè â íàïðÿæå-
íèÿõ äëÿ òð¼õìåðíîãî ïîëóïðîñòðàíñòâà. Òàê êàê ýòà ñèñòåìà ÿâëÿåòñÿ ãèïåðáî-
ëè÷åñêîé, òî â êà÷åñòâå íà÷àëüíûõ äàííûõ ìîãóò çàäàâàòüñÿ ëþáûå (äîñòàòî÷íî
ãëàäêèå) íàïðÿæåíèÿ. Îäíàêî, åñëè íà÷àëüíûå íàïðÿæåíèÿ íå óäîâëåòâîðÿþò
óñëîâèþ ñîâìåñòíîñòè Ñåí-Âåíàíà, òî ðåøåíèå ñèñòåìû óïðóãîñòè íå áóäåò âû-
ðàæàòüñÿ ÷åðåç ïåðåìåùåíèÿ. Â ñòàòüå ïîêàçàíî, êàê íà÷àëüíîå íàïðÿæåíèå ðàç-
ëîæèòü â ñóììó äâóõ ñëàãàåìûõ, òàê ÷òî îò ïåðâîãî ñëàãàåìîãî ïîëó÷èòñÿ ñòàöè-
îíàðíîå ðåøåíèå, íå óäîâëåòâîðÿþùåå óñëîâèþ ñîâìåñòíîñòè (îñòàòî÷íîå íàïðÿ-
æåíèå), à îò âòîðîãî � íåñòàöèîíàðíîå, óäîâëåòâîðÿþùåå óñëîâèþ Ñåí-Âåíàíà
è, ñëåäîâàòåëüíî, ïðåäñòàâëÿþùååñÿ ÷åðåç ïåðåìåùåíèå. Ïîñòðîåíèå óêàçàííîãî
ðàçëîæåíèÿ ñâîäèòñÿ ê ðåøåíèþ ñåðèè óðàâíåíèé Ïóàññîíà.

Â ðàáîòå èñïîëüçóþòñÿ èíâàðèàíòíûå îïåðàòîðû íå òîëüêî div, grad, ïåðåâî-
äÿùèå ñêàëÿðíûå âåëè÷èíû â âåêòîðíûå è íàîáîðîò, íî è èõ îáîáùåíèÿ, ïåðåâî-
äÿùèå âåêòîðû â äåâèàòîðû è äåâèàòîðû â âåêòîðû. Ýòè îïåðàòîðû åñòåñòâåííî
âîçíèêàþò â òåîðèè íåïðèâîäèìûõ ïðåäñòàâëåíèé ãðóïïû âðàùåíèé è ýëåìåí-
òàðíåå ÷àñòî èñïîëüçóåìûõ èíâàðèàíòíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ, ìå-
íÿþùèõ ðàíã òåíçîðà.

ËÈÒÅÐÀÒÓÐÀ
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Ïîñòðîåíà àñèìïòîòè÷åñêàÿ òåîðèÿ ëèíåéíîé óñòîé÷èâîñòè ïëîñêèõ ñäâèãî-
âûõ òå÷åíèé êîëåáàòåëüíî âîçáóæäåííîãî ãàçà âäàëè îò òåðìîäèíàìè÷åñêîãî ðàâ-
íîâåñèÿ. Èñõîäíîé ìàòåìàòè÷åñêîé ìîäåëüþ ñëóæèëà ëèíåàðèçîâàííàÿ ñèñòåìà
äëÿ âîçìóùåíèé âîñüìîãî ïîðÿäêà óðàâíåíèé äâóõòåìïåðàòóðíîé àýðîãèäðîäè-
íàìèêè, âêëþ÷àþùàÿ ðåëàêñàöèîííîå óðàâíåíèå Ëàíäàó � Òåëëåðà äëÿ êîëåáà-
òåëüíîé òåìïåðàòóðû. Ðàññìàòðèâàëèñü âîçìóùåíèÿ â âèäå ïëîñêèõ âîëí, áåãó-
ùèõ â íàïðàâëåíèè íåâîçìóùåííîãî ïîòîêà. Àñèìïòîòè÷åñêèå ðåøåíèÿ óðàâíå-
íèé äëÿ àìïëèòóä âîçìóùåíèé, îïðåäåëÿþùèõ ñïåêòðàëüíóþ çàäà÷ó óñòîé÷è-
âîñòè, ñòðîèëèñü â ôîðìå ðàçëîæåíèÿ ïî ìàëîìó ïàðàìåòðó 1/Re. Â íóëåâîì
ïðèáëèæåíèè ìåòîäîì Ôðîáåíèóñà íàéäåíû äâà ëèíåéíî íåçàâèñèìûõ �íåâÿç-
êèõ� ðåøåíèÿ çàäà÷è. Äëÿ ñèñòåìû â ïåðâîì ïîðÿäêå ïðèáëèæåíèÿ îáîñíîâàíî
îòùåïëåíèå óðàâíåíèÿ äëÿ êîëåáàòåëüíîé òåìïåðàòóðû, ïîçâîëèâøåå ïåðåéòè ê
ðàññìîòðåíèþ �âÿçêîé� ñèñòåìû øåñòîãî ïîðÿäêà ïðè ñîõðàíåíèè ýôôåêòà ðå-
ëàêñàöèè. Ïîñëåäíÿÿ ïðè îòñóòñòâèè ðåëàêñàöèè ïåðåõîäèò â �âÿçêóþ� ñèñòå-
ìó Äàíà � Ëèíÿ äëÿ ñîâåðøåííîãî ãàçà. Ïðè ïîñòðîåíèè åå ëèíåéíî íåçàâèñè-
ìûõ ðåøåíèé è ïðåîáðàçîâàíèè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (îïðåäåëèòåëÿ)
ñïåêòðàëüíîé çàäà÷è èñïîëüçîâàí ñîâðåìåííûé àïïàðàò îáîáùåííûõ ôóíêöèé
Ýéðè. Â êà÷åñòâå ïðèëîæåíèÿ òåîðèè ïîñòðîåíû ñåêóëÿðíûå (õàðàêòåðèñòè÷å-
ñêèå) óðàâíåíèÿ êðèâûõ íåéòðàëüíîé óñòîé÷èâîñòè äëÿ ïëîñêîãî òå÷åíèÿ Êóýò-
òà êîëåáàòåëüíî âîçáóæäåííîãî è òåðìè÷åñêè ñîâåðøåííîãî ãàçîâ. Âûïîëíåííîå
ïîñòðîåíèå ÿâëÿåòñÿ ñóùåñòâåííûì îáîáùåíèåì êëàññè÷åñêîé òåîðèè Ëèçà � Äà-
íà � Ëèíÿ äëÿ ïëîñêîãî ïîãðàíè÷íîãî ñëîÿ íà ñëó÷àé äâóõòî÷å÷íîé ñïåêòðàëüíîé
çàäà÷è, êîòîðàÿ ðàíåå íå áûëà ðåøåíà äàæå äëÿ ñëó÷àÿ ñîâåðøåííîãî ãàçà. Ïîëó-
÷åííûå àëãåáðàè÷åñêèå õàðàêòåðèñòè÷åñêèå óðàâíåíèÿ è óïðîùåííûå óðàâíåíèÿ
äëÿ êðèòè÷åñêîãî ÷èñëà Ðåéíîëüäñà ðåøàëèñü ÷èñëåííî. Ðåçóëüòàòû íàõîäÿòñÿ â
õîðîøåì ñîîòâåòñòâèè ñ ÷èñëåííûì ðåøåíèåì èñõîäíîé ïîëíîé ñïåêòðàëüíîé çà-
äà÷è, ïîëíîñòüþ âîñïðîèçâîäÿ âñå õàðàêòåðíûå îñîáåííîñòè ïîâåäåíèÿ íåéòðàëü-
íîé êðèâîé. Ìàêñèìàëüíîå ðàñõîæäåíèå ïî êðèòè÷åñêèì ÷èñëàì Ðåéíîëüäñà íå
ïðåâûøàåò 10%. Âñå îñíîâíûå ýëåìåíòû òåîðèè, óíèâåðñàëüíûå äëÿ ïëîñêèõ
ñäâèãîâûõ òå÷åíèé êîëåáàòåëüíî âîçáóæäåííîãî ãàçà, áóäóò èñïîëüçîâàíû äëÿ
àíàëîãè÷íûõ ïîñòðîåíèé â ñâîáîäíûõ è ïîãðàíè÷íûõ ñëîÿõ íà ïëîñêîé ïëàñòèíå
è êîíóñå, èíòåðåñíûõ äëÿ ïðàêòè÷åñêèõ ïðèëîæåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00209à).
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Ôîðìàëüíûì àíàëîãîì ïîíÿòèÿ çàäà÷è óäîáíî ñ÷èòàòü ñîîòâåòñòâèå ìåæäó
ýëåìåíòàìè äâóõ ìíîæåñòâ, ò. å. òðîéêó P = (A,B,C), ãäå C ⊆ A×B. Ìíîæåñòâà
A, B è C òðàêòóþòñÿ êàê îáëàñòü äàííûõ, îáëàñòü èñêîìûõ è óñëîâèå çàäà÷è P .
Ïðè ýòîì âêëþ÷åíèå (a, b) ∈ C çàïèñûâàåòñÿ â âèäå P (a, b) è ðàñöåíèâàåòñÿ êàê
óñëîâèå, âûðàæàþùåå ñîîòâåòñòâèå èñêîìîãî b äàííîìó a. Ðåøåíèåì çàäà÷è P
äëÿ äàííîãî a ∈ A íàçûâàåòñÿ ëþáîå èñêîìîå b ∈ B, óäîâëåòâîðÿþùåå óñëîâèþ
P (a, b). Òàêîé ïîäõîä äàåò ïðîñòóþ è àäåêâàòíóþ ôîðìàëèçàöèþ íå òîëüêî îñíîâ-
íûõ êîìïîíåíòîâ çàäà÷ (óñëîâèå, äàííûå, èñêîìûå), íî è èõ îñíîâíûõ ñâîéñòâ è
êîíñòðóêöèé (ðàçðåøèìîñòü, îäíîçíà÷íàÿ ðàçðåøèìîñòü, îáðàòíàÿ çàäà÷à, êîì-
ïîçèöèÿ, îãðàíè÷åíèå çàäà÷è), ïîçâîëÿåò ôîðìàëèçîâàòü òîïîëîãè÷åñêèå çàäà÷è
è ñâÿçàííûå ñ íèìè ïîíÿòèÿ (óñòîé÷èâîñòü, êîððåêòíîñòü), à òàêæå ãîâîðèòü
î ïàðàìåòðèçàöèÿõ çàäà÷ è çàâèñèìîñòè ðåøåíèé îò ïàðàìåòðîâ (ñì. [1]).

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ñèíãóëÿðíî âîçìóùåííóþ ñèñòåìó îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùóþ ïðîöåññ õèìè÷åñêîé êè-
íåòèêè è ãîðåíèÿ (ñì. [2]). Ïóñòü n,m ∈ N, 0 < ε0 ∈ R, X := Rm, Y � îá-
ëàñòü â Rn, T := R, E := {ε ∈ R : 0 6 ε 6 ε0}, F := C(X × Y × T × E, Rm),
G := C(X ×Y ×T ×E, Rn). Ðàññìîòðèì çàäà÷ó P ñ îáëàñòüþ äàííûõ F ×G×E,
îáëàñòüþ èñêîìûõ C1(T,X)× C1(T, Y ) è óñëîâèåì

P
(
(f, g, ε), (x, y)

)
⇔

{
ẋ(t) = f

(
x(t), y(t), t, ε

)
,

ε ẏ(t) = g
(
x(t), y(t), t, ε

) äëÿ âñåõ t ∈ T,

ãäå f ∈ F , g ∈ G, ε ∈ E, x ∈ C1(T,X), y ∈ C1(T, Y ). Îáðàòíàÿ ê P çàäà÷à P−1,
èìåþùàÿ ïàðû ôóíêöèé (x, y) â êà÷åñòâå äàííûõ, îêàçûâàåòñÿ íåïðàêòè÷íîé:
â ðîëè äàííûõ áîëåå àäåêâàòíû êîíå÷íûå íàáîðû çíà÷åíèé ôóíêöèé èëè èõ ïðî-
èçâîäíûõ, íåæåëè âñþäó îïðåäåëåííûå ôóíêöèè. Ñîîòâåòñòâóþùàÿ êîððåêòè-
ðîâêà îáðàòíîé çàäà÷è ðåàëèçóåòñÿ ïîñðåäñòâîì êîìïîçèöèè çàäà÷è P−1 è âñïî-
ìîãàòåëüíîé çàäà÷è Q ñ îáëàñòüþ äàííûõ (Rk)3, îáëàñòüþ èñêîìûõ C1(T,X) ×
C1(T, Y ) è óñëîâèåì

Q
(
(t, α, β), (x, y)

)
⇔ x(t1) = α1, . . . , x(tk) = αk, ẋ(t1) = β1, . . . , ẋ(tk) = βk,

ãäå t, α, β ∈ Rk, x ∈ C1(T,X), y ∈ C1(T, Y ). Â [1] ïðèâåäåíî óñëîâèå ðàçðåøèìîñòè
êîìïîçèöèîííîé çàäà÷è P−1 ◦Q äëÿ ÷àñòíîãî ñëó÷àÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-00745).
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Â äîêëàäå îáñóæäàåòñÿ âîïðîñ î ñâîéñòâàõ èçîìîðôèçìà íåêîòîðûõ êëàñ-
ñîâ ìàòðè÷íûõ êâàçèýëëèïòè÷åñêèõ îïåðàòîðîâ L(Dx) âî âñåì ïðîñòðàíñòâå Rn.
Ýòè êëàññû îïåðàòîðîâ âõîäÿò â êëàññ êâàçèýëëèïòè÷åñêèõ îïåðàòîðîâ, ââåäåí-
íûõ Ë.Ð. Âîëåâè÷åì è Ñ.Ì. Íèêîëüñêèì, è ñîäåðæàò, â ÷àñòíîñòè, îäíîðîäíûå
ýëëèïòè÷åñêèå îïåðàòîðû, ýëëèïòè÷åñêèå è ïàðàáîëè÷åñêèå îïåðàòîðû ïî Ïåò-
ðîâñêîìó, ïàðàáîëè÷åñêèå îïåðàòîðû �ñ ïðîòèâîïîëîæíûìè âðåìåíàìè�, ýëëèï-
òè÷åñêèå îïåðàòîðû ïî Äóãëèñó � Íèðåíáåðãó è äð. Ïðè óñëîâèÿõ êâàçèîäíîðîä-
íîñòè ñèìâîëîâ L(iξ) ñâîéñòâà èçîìîðôèçìà ðàíåå áûëè óñòàíîâëåíû àâòîðîì
(ñì., íàïðèìåð, [1]�[3]) è ÷àñòè÷íî îáîáùåíû â ðàáîòå [4]. Äëÿ ôîðìóëèðîâêè
òåîðåì îá èçîìîðôèçìå â [1]�[3] èñïîëüçîâàëèñü ñïåöèàëüíî ïîñòðîåííûå [5] âå-
ñîâûå ñîáîëåâñêèå ïðîñòðàíñòâà W l

p,σ(Rn).
Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ êëàññû îïåðàòîðîâ, äëÿ êîòîðûõ ñèì-

âîëû íå ÿâëÿþòñÿ êâàçèîäíîðîäíûìè. Ìû óñòàíàâëèâàåì äîñòàòî÷íûå óñëîâèÿ
íà ìëàäøèå ÷ëåíû è îïðåäåëÿåì íåêîòîðûå âåñîâûå ñîáîëåâñêèå ïðîñòðàíñòâà
W l
p,q,σ(Rn), äëÿ êîòîðûõ óäàåòñÿ äîêàçàòü òåîðåìû îá èçîìîðôèçìå

L(Dx) : W l
p,q,σ(Rn)→ Lp(Rn).

Ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ [6].
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ÓÐÀÂÍÅÍÈß ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ:
ÍÅÊÎÒÎÐÛÅ ÑÂÎÉÑÒÂÀ ÐÅØÅÍÈÉ

Äåíèñîâà Ò. Å.
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Äîêëàä ïîñâÿù¼í èçó÷åíèþ ïîâåäåíèÿ ðåøåíèé êðàåâûõ çàäà÷ óðàâíåíèé ñî-
áîëåâñêîãî òèïà

D2
t∇(A(x)∇u) +∇(B(x)∇u) = 0,

ãäå A(x) è B(x) � ìàòðèöû êîýôôèöèåíòîâ.
Àêòóàëüíîñòü ðàññìàòðèâàåìîé çàäà÷è îáóñëîâëåíà å¼ ïðèìåíèìîñòüþ ê øè-

ðîêîìó êðóãó ïðàêòè÷åñêèõ çàäà÷ ôèçèêè ïëàçìû, àòìîñôåðû è îêåàíà [1].
Îòïðàâíîé òî÷êîé â ôîðìèðîâàíèè òåîðèè óðàâíåíèé ñîáîëåâñêîãî òèïà ÿâ-

ëÿåòñÿ ðàáîòà Ñ.Ë. Ñîáîëåâà [2], ïîëîæèâøàÿ íà÷àëî ôóíêöèîíàëüíûì ìåòîäàì
èññëåäîâàíèÿ ðåøåíèé òàêèõ óðàâíåíèé. Äîêëàä ïîñâÿù¼í äàëüíåéøåìó ðàçâè-
òèþ ýòèõ ìåòîäîâ [3].

Êàê èçâåñòíî, îäíîé èç äî ñèõ ïîð íå äîñòàòî÷íî èçó÷åííûõ è òðåáóþùèõ
äàëüíåéøåãî èññëåäîâàíèÿ ïðîáëåì ÿâëÿåòñÿ âûÿñíåíèå íåïðåðûâíîé çàâèñèìî-
ñòè ðåøåíèÿ óðàâíåíèÿ ñîáîëåâñêîãî òèïà îò ãðàíèöû îáëàñòè.

Â äîêëàäå ðàññìàòðèâàåòñÿ ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ
ñîáîëåâñêîãî òèïà äëÿ äîñòàòî÷íî øèðîêîãî êëàññà ïðîñòðàíñòâåííûõ îáëàñòåé:
êîíå÷íîé ìåðû ñ (n− 1)-ìåðíîé ãëàäêîé ãðàíèöåé.

Äîêàçûâàåòñÿ, ÷òî ïðè óñèëåíèè òðåáîâàíèé ê ãëàäêîñòè ðåøåíèÿ ïî âðåìå-
íè, ïðîèçâîäíûå ðåøåíèÿ â êàæäîé òî÷êå ïðîñòðàíñòâåííîé îáëàñòè íå ìîãóò
ìîíîòîííî ðàñòè èëè ìîíîòîííî ìåäëåííî (ìåäëåííåå t−1) ñòàáèëèçèðîâàòüñÿ ê
íóëþ.
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èì. Ì. Óëóãáåêà, Òàøêåíò, Ðåñïóáëèêà Óçáåêèñòàí; siroj63@mail.ru

Ïóñòü Ω � îãðàíè÷åííàÿ îäíîñâÿçíàÿ îáëàñòü â ïðîñòðàíñòâå Rn ñ ãëàäêîé
ãðàíèöåé ∂Ω.

Â îáëàñòè Q = Ω × (0, T ) ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî
ïîðÿäêà

Lu = K(x, t)utt −
n∑

i,j=1

∂

∂xi

(
ai,j(x)uxj

)
+ α(x, t)ut + c(x, t)u = f(x, t). (1)

ÏóñòüK(x, 0) ≤ 0 ≤ K(x, T ), è ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû óðàâíåíèÿ (1) �
äîñòàòî÷íî ãëàäêèå ôóíêöèè. Óðàâíåíèå (1) îòíîñèòñÿ ê óðàâíåíèÿì ñìåøàííîãî
òèïà âòîðîãî ðîäà, ò. ê. íà çíàê ôóíêöèè K(x, t) ïî ïåðåìåííîé t âíóòðè îáëàñòè
Q íå íàëàãàåòñÿ íèêàêèõ îãðàíè÷åíèé. Ïóñòü âûïîëíåíî îäíî èç óñëîâèé:

(a) ai,j(x)ξiξj ≥ a0|ξ|2, ai,j = aj,i, ãäå a0 > 0 � const, ξ ∈ Rn;

(b) ai,j(x)ξiξj ≤ a1|ξ|2, ãäå a1 < 0 � const, x ∈ Ω, |ξ|2 =
n∑
i=1

ξ2
i .

Êðàåâàÿ çàäà÷à. Íàéòè îáîáùåííîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþ-
ùåå êðàåâûì óñëîâèÿì

u(x, 0) = γ(x)u(x, T ) +

T∫
0

A(x, t)u(x, t)dt, (2)

u
∣∣
∂Q

= 0. (3)

Â äàííîé ðàáîòå â ñëó÷àå, êîãäà γ(x) è A(x, t) 6= 0, ïðè âûïîëíåíèè íåêî-
òîðûõ óñëîâèé íà êîýôôèöèåíòû êðàåâîé çàäà÷è äîêàçûâàåòñÿ ìåòîäàìè �ε-
ðåãóëÿðèçàöèè� è ïðîäîëæåíèÿ ïî ïàðàìåòðó îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è
(1)�(3) èç ïðîñòðàíñòâà Ñîáîëåâà W 3

2 (Q).
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Äæåíàëèåâ Ì.Ò.1, Èñêàêîâ Ñ.À.2, Ðàìàçàíîâ Ì.È.2

1Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ,
Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; muvasharkhan@gmail.com

2Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè, Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò èì. Å.À. Áóêåòîâà, Êàðàãàíäà, Ðåñïóáëèêà Êàçàõñòàí;
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Ïðè èçó÷åíèè ïàðàáîëè÷åñêèõ çàäà÷ ñî ñâîáîäíûìè ãðàíèöàìè [1], êîãäà îá-
ëàñòü íåçàâèñèìûõ ïåðåìåííûõ èìååò âûðîæäåíèå, âîçíèêàåò íåîáõîäèìîñòü ðå-
øåíèÿ îñîáîãî èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððû, êîòîðîå íàçâàíî ïñåâäîâîëü-
òåððîâûì èíòåãðàëüíûì óðàâíåíèåì. Äëÿ ïîñëåäíåãî óñòàíîâëåíà ôîðìóëà îá-
ùåãî ðåøåíèÿ, à òàêæå îöåíêà ðåçîëüâåíòû.

Ìû èçó÷àåì âîïðîñû ðàçðåøèìîñòè ñëåäóþùåãî îñîáîãî èíòåãðàëüíîãî óðàâ-
íåíèÿ Âîëüòåððû:

ϕ(t) +
1

2a
√
π

t∫
0

[
t+ τ

(t− τ)3/2
exp

{
− (t+ τ)2

4a2(t− τ)

}
+

3

(t− τ)1/2
exp

{
− t− τ

4a2

}

− 4

(t− τ)1/2
exp

{
− (t+ τ)2

4a2(t− τ)

}]√
t

τ
ϕ(τ)dτ = f(t), t > 0. (1)

Â ðàáîòå [2] áûëî ïîêàçàíî, ÷òî ñîîòâåòñòâóþùåå îäíîðîäíîå èíòåãðàëüíîå
óðàâíåíèå äëÿ (1) èìååò íåíóëåâîå ðåøåíèå ϕ0(t).

Òåîðåìà. Èíòåãðàëüíîå óðàâíåíèå (1) äëÿ ëþáîé ïðàâîé ÷àñòè
√
t f(t) ∈

L∞ (0,∞) èìååò îáùåå ðåøåíèå

ϕ(t) = f(t) +

t∫
0

R(t, τ) f(τ) dτ + C ϕ0(t),

ãäå C = const ≥ 0,
√
t ϕ(t) ∈ L∞ (0,∞), è äëÿ ðåçîëüâåíòû ñïðàâåäëèâà îöåíêà

|R(t, τ)| ≤ C
∣∣∣∣ √t√τ(t− τ)3/2

exp

{
− tτ

a2(t− τ)

}
+

√
t
√
τ√

t− τ (2t− τ)

∣∣∣∣ exp

{
− t− τ

4a2

}
.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íà-

óêè Ðåñïóáëèêè Êàçàõñòàí (ïðîåêòû � 0085/ÏÖÔ-14, � 0823/ÃÔ4 è � 1164/ÃÔ4).
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1. Ïîêàçàíî, ÷òî îñíîâîé óðàâíåíèé àëãåáðàè÷åñêèõ ïðîöåññîâ (ïîñëåäîâà-
òåëüíûõ ïðåîáðàçîâàíèé àëãåáðàè÷åñêèõ îáúåêòîâ) ÿâëÿþòñÿ óðàâíåíèÿ äâóñòî-
ðîííåé (âñòðå÷íîé) îðòîãîíàëèçàöèè íåâûðîæäåííûõ âåêòîðíûõ ñèñòåì â ãèëü-
áåðòîâûõ ïðîñòðàíñòâàõ. Ðå÷ü èäåò îá óðàâíåíèÿõ ñëåäóþùèõ ïîñëåäîâàòåëüíûõ
àëãåáðàè÷åñêèõ ïðîöåññîâ: îáðàùåíèÿ ìàòðèö (îêàéìëÿåìûõ è ñóììèðóåìûõ),
èõ ïðàâî- è ëåâîòðåóãîëüíûå ôàêòîðèçàöèè, à òàêæå ïîñëåäîâàòåëüíûå ðåøåíèÿ
ïåðå- è íåäîîïðåäåëåííûõ ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ìåòîäàìè íàè-
ìåíüøèõ êâàäðàòîâ.

Ïîêàçàíî, ÷òî â îäíîðîäíûõ (èçîìåòðè÷åñêèõ) âåêòîðíûõ ñèñòåìàõ YL =
|y0, . . . , U

Ly0| óðàâíåíèÿ äâóñòîðîííåé îðòîãîíàëèçàöèè òåñíî ñâÿçàíû. Ïîëó÷å-
íû íåëèíåéíûå ðàçíîñòíûå ñèñòåìû òàê íàçûâàåìûõ âñòðå÷íûõ óðàâíåíèé. Îíè
îïèñûâàþò ïðîöåññû äâóñòîðîííåé îðòîãîíàëèçàöèè îäíîðîäíûõ ñèñòåì.

2. Ïîêàçàíî, ÷òî âñòðå÷íûå óðàâíåíèÿ îðòîãîíàëèçàöèè ïðèâîäÿò ê ðåøå-
íèÿì ðÿäà âàðèàöèîííûõ çàäà÷ äëÿ ôèíèòíûõ ïîñëåäîâàòåëüíîñòåé. Ðå÷ü èäåò
î çàäà÷àõ êóñî÷íî-ëèíåéíîé äèíàìè÷åñêîé àïïðîêñèìàöèè îòñ÷åòîâ (ôóíêöèé,
ñèãíàëîâ, ïðîöåññîâ) ðåøåíèÿìè ñòàöèîíàðíûõ äèíàìè÷åñêèõ ìîäåëåé.

Òàê íàçâàíû ìîäåëè, êîòîðûå îïèñûâàþòñÿ îáûêíîâåííûìè ëèíåéíûìè ðàç-
íîñòíûìè óðàâíåíèÿìè çàäàííîãî ïîðÿäêà n ñ ïîñòîÿííûìè êîýôôèöèåíòàìè αi,
i = 0, n. Ïîêàçàíî, ÷òî ýòèìè ìîäåëÿìè îïèñûâàþòñÿ îòñ÷åòû ðåøåíèé äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ýòîãî æå òèïà

∑n
0 y

(i)ai = 0 íà çàäàííîé ñåòêå â êîíå÷-
íîì èíòåðâàëå I. Êîýôôèöèåíòû óðàâíåíèé αi, ai ìîãóò áûòü íå èçâåñòíû. Ïî-
ñòàâëåííûå çàäà÷è àïïðîêñèìàöèè åñòü îáîáùåíèå êëàññè÷åñêèõ çàäà÷ àïïðîê-

ñèìàöèè îòñ÷åòîâ ôóíêöèé ïîëèíîìàìè pn−1. Äîñòàòî÷íî óâèäåòü, ÷òî p
(n)
n−1 = 0.

3. Íà îñíîâå óêàçàííîãî êëàññà ìîäåëåé ðåøåíû ñëåäóþùèå îáðàòíûå âàðè-
àöèîííûå çàäà÷è äëÿ ôèíèòíûõ ïîñëåäîâàòåëüíîñòåé. Âî-ïåðâûõ, çàäà÷è ñãëà-
æèâàíèÿ è òàê íàçûâàåìîé áûñòðîé ëèíåéíîé ôèëüòðàöèè. Ïðè÷åì ïîëó÷åííûå
âàðèàöèîííûå áûñòðûå ôèëüòðû ÿâëÿþòñÿ áîëåå áûñòðûìè è ïðîñòûìè, ÷åì ïî-
ëó÷åííûå ðÿäîì èññëåäîâàòåëåé (Ò. Êàéëàò è äð.) áûñòðûå ôèëüòðû íà îñíîâå
ôèëüòðîâ Ð. Êàëìàíà äëÿ ñòàöèîíàðíûõ ñèñòåì. Âî-âòîðûõ, ýòî çàäà÷è íåëèíåé-
íîé ôèëüòðàöèè äëÿ îöåíêè êàê ñîñòîÿíèé, òàê è íåèçâåñòíûõ êîýôôèöèåíòîâ αi
óðàâíåíèé ìîäåëåé. Òàê îñóùåñòâëÿåòñÿ èäåíòèôèêàöèÿ èññëåäóåìûõ ïðîöåññîâ.

4. Ëèíåéíûå çàäà÷è ñãëàæèâàíèÿ è èõ ÷àñòíûé ñëó÷àé � çàäà÷è ôèëüòðàöèè
(îöåíêè ñîñòîÿíèé ìîäåëè) � åñòü çàäà÷è îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ â EL+1

íà ÿäðà D(α) ⊂ EL+1 ðàçíîñòíûõ îïåðàòîðîâ c çàäàííûìè êîýôôèöèåíòàìè α.
Íåëèíåéíûå çàäà÷è èäåíòèôèêàöèè (îöåíêè âåêòîðà α) åñòü çàäà÷è ïðîåêòè-

ðîâàíèÿ (ïîèñêà áëèæàéøåãî ýëåìåíòà) íà ìíîæåñòâî Ω = {D(α) : α ∈ ω ⊂ En+1}
ïîäïðîñòðàíñòâ. Äàíî îïðåäåëåíèå êëàññà ïîäïðîñòðàíñòâ, êîòîðûå ìîãóò áûòü
ÿäðàìè ðàçíîñòíûõ îïåðàòîðîâ è ñîñòàâëÿþò ìíîæåñòâî Ω [1].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00592).
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Ïóñòü Ω ⊂ Rn, n = 2, 3, � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Ω êëàññà C2. Â
QT = [0, T ]× Ω ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à

∂v

∂t
+

n∑
i=1

vi
∂v

∂xi
− 2Div(ν(θ)E)− κ

∂∆v

∂t
− 2κDiv

( n∑
i=1

vi
∂E
∂xi

)
+∇p = f ; (1)

div v = 0 â QT ; v|t=0 = v0 â Ω; v|[0,T ]×∂Ω = 0; (2)

∂θ

∂t
+

n∑
i=1

vi
∂θ

∂xi
− χ∆ θ = 2

(
ν(θ)E + κ

∂E
∂t

+ κ
n∑
i=1

vi
∂E
∂xi

)
: E(v) + g; (3)

θ|t=0 = θ0 â Ω; θ|[0,T ]×∂Ω = 0. (4)

Çäåñü v, θ è p � âåêòîð-ôóíêöèÿ ñêîðîñòè, ôóíêöèè òåìïåðàòóðû è äàâëåíèÿ
ñðåäû ñîîòâåòñòâåííî, f � ïëîòíîñòü âíåøíèõ ñèë, g � èñòî÷íèê âíåøíåãî òåïëà,
κ > 0 � âðåìÿ ðåòàðäàöèè, χ > 0 � êîýôôèöèåíò òåïëîïðîâîäíîñòè, ν(θ) > 0 �
âÿçêîñòü æèäêîñòè, E � òåíçîð ñêîðîñòåé äåôîðìàöèé. Îáçîð ìàòåìàòè÷åñêîé
ìîäåëè Êåëüâèíà � Ôîéãòà ìîæíî íàéòè â [1], à ðåçóëüòàòû ïî èçó÷àåìûì â
äàííîì äîêëàäå ìîäåëÿì ñ âÿçêîñòüþ, çàâèñÿùåé îò òåìïåðàòóðû, � â [2].

Ââåä¼ì ïðîñòðàíñòâà: E1 = {v : v ∈ L∞(0, T, V 1), v′ ∈ L2(0, T ;V −1)} è E2 =
{v : v ∈ Lp(0, T ;W 1

p (Ω)), v′ ∈ L1(0, T ; W−1
p (Ω)), 1 < p < +∞}.

Îïðåäåëåíèå. Ñëàáûì ðåøåíèåì çàäà÷è (1)�(4) íàçûâàåòñÿ ïàðà (v, θ) ∈
E1×E2, óäîâëåòâîðÿþùàÿ íà÷àëüíûì óñëîâèÿì v|t=0 = v0 è θ|t=0 = θ0 è ñîîòíî-
øåíèÿì:∫

Ω
∂v/∂t ϕ dx−

∫
Ω

∑n
i,j=1 vivj∂ϕj/∂xi dx+

∫
Ω

(2ν(θ)E(v) + κE(∂v/∂t)) : E(ϕ) dx

−κ
∫

Ω

∑n
i,j,k=1 vk(∂vi/∂xj − ∂vj/∂xi)∂2ϕj/∂xi∂xk dx
= 〈f, ϕ〉 ∀ϕ ∈ V è ï.â. t ∈ [0, T ],∫

Ω
∂θ/∂t φ dx−

∫
Ω

∑n
i,j=1 viθj∂φj/∂xi dx+ χ

∫
Ω
E(θ) : E(φ) dx

= 2
∫

Ω

(
(ν(θ)E(v) + κ∂E(v)/∂t+ κ

∑n
i=1 vi∂E(v)/∂xi) : E(v)

)
: φdx

+〈g, φ〉 ïðè âñåõ φ ∈ C∞0 (Ω) è ï.â. t ∈ [0, T ].

Òåîðåìà. Ïóñòü ôóíêöèÿ ν(θ) ∈ C2(−∞,+∞) ÿâëÿåòñÿ ìîíîòîííî âîçðàñòà-

þùåé è 0 ≤ ν(θ) ≤ M , f ∈ L2(0, T ;V −1), g ∈ L1(0, T ;H
−2(1−1/p)
p (Ω)), v0 ∈ V 1,

θ0 ∈ W 1−2/p
p (Ω). Òîãäà ïðè 1 < p < 4/3 äëÿ n = 2 è äëÿ 1 < p < 5/4 ïðè n = 3

ñóùåñòâóåò ñëàáîå ðåøåíèå çàäà÷è (1)�(4).
Àíàëîãè÷íûé ðåçóëüòàò äëÿ ÷àñòíîãî ñëó÷àÿ äàííîé íà÷àëüíîé-êðàåâîé çà-

äà÷è (äëÿ ìîäåëè Ôîéãòà) ïîëó÷åí â [3]�[4].
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Íà ïðàêòèêå ÷àñòî âîçíèêàåò çàäà÷à óïðàâëåíèÿ (îïòèìàëüíîãî óïðàâëåíèÿ)
äâèæåíèåì æèäêîñòè ïðè ïîìîùè âíåøíèõ ñèë. Îáû÷íî ïðè ðåøåíèè òàêèõ
çàäà÷ óïðàâëåíèå âûáèðàåòñÿ èç íåêîòîðîãî çàäàííîãî (êîíå÷íîãî) ìíîæåñòâà
óïðàâëåíèé. Îäíàêî, â ðàáîòàõ Â. Ã. Çâÿãèíà, Â.Â. Îáóõîâñêîãî, Ì.Â. Òóðáèíà
(ñì., íàïðèìåð, [1]�[3] è ïðèâåä¼ííóþ òàì áèáëèîãðàôèþ) áûëè ðàññìîòðåíû çà-
äà÷è, êîãäà âíåøíÿÿ ñèëà, êîòîðàÿ è ÿâëÿåòñÿ óïðàâëåíèåì, çàâèñèò îò ñêîðîñòè
äâèæåíèÿ æèäêîñòè (òàêèå çàäà÷è íàçûâàþòñÿ çàäà÷àìè ñ îáðàòíîé ñâÿçüþ). Ýòà
ìîäåëü ïîçâîëÿåò áîëåå òî÷íî âûáèðàòü óïðàâëåíèå, ïîñêîëüêó â äàííîì ñëó÷àå
óïðàâëåíèå âûáèðàåòñÿ íå èç êîíå÷íîãî íàáîðà èìåþùèõñÿ óïðàâëåíèé, à ïðè-
íàäëåæèò îáðàçó íåêîòîðîãî ìíîãîçíà÷íîãî îòîáðàæåíèÿ (åñòåñòâåííî, ÷òî íà
ýòî îòîáðàæåíèå íàêëàäûâàþòñÿ óñëîâèÿ, à èìåííî, çà÷àñòóþ îíî äîëæíî áûòü
îãðàíè÷åíî, ïîëóíåïðåðûâíî ñâåðõó, ñëàáî çàìêíóòî è èìåòü íåïóñòûå, êîìïàêò-
íûå è âûïóêëûå çíà÷åíèÿ), ÷òî ìîæåò ïîçâîëèòü áîëåå òî÷íî âûáðàòü óïðàâëå-
íèå.

Ðåøåíèåì ïîñòàâëåííîé çàäà÷è óïðàâëåíèÿ äâèæåíèåì æèäêîñòè ÿâëÿåòñÿ
ïàðà (v, f), ãäå v � ñêîðîñòü äâèæåíèÿ æèäêîñòè, à f � óïðàâëåíèå (ïëîòíîñòü
âíåøíèõ ñèë). Ïðè ýòîì f ïðèíàäëåæèò îáðàçó íåêîòîðîãî ìíîãîçíà÷íîãî îòîá-
ðàæåíèÿ, çàâèñÿùåìó îò ñêîðîñòè äâèæåíèÿ æèäêîñòè v. Â ñâÿçè ñ òåì, ÷òî òàêèõ
ïàð ìîæåò áûòü ìíîãî, åñòåñòâåííûì îáðàçîì âîçíèêàåò ïîíÿòèå îïòèìàëüíîãî
ðåøåíèÿ � ðåøåíèÿ, äàþùåãî ìèíèìóì çàäàííîìó ôóíêöèîíàëó êà÷åñòâà.

Ìû ðàññìàòðèâàåì çàäà÷ó óïðàâëåíèÿ ñ îáðàòíîé ñâÿçüþ äëÿ ìàòåìàòè÷åñêîé
ìîäåëè Áèíãàìà äâèæåíèÿ æèäêîñòè â òðåõìåðíîì ñëó÷àå ñ ïåðèîäè÷åñêèìè
óñëîâèÿìè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Ñíà÷àëà íà îñíîâå àïïðîêñèìà-
öèîííî-òîïîëîãè÷åñêîãî ïîäõîäà ê èññëåäîâàíèþ çàäà÷ ãèäðîäèíàìèêè ïîêàçû-
âàåòñÿ, ÷òî ñóùåñòâóåò ðåøåíèå çàäà÷è óïðàâëåíèÿ ñ îáðàòíîé ñâÿçüþ. Ïîñëå ÷å-
ãî äîêàçûâàåòñÿ, ÷òî ñðåäè ðåøåíèé ïîñòàâëåííîé çàäà÷è ñóùåñòâóåò ðåøåíèå,
äàþùåå ìèíèìóì çàäàííîìó ôóíêöèîíàëó êà÷åñòâà.
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Â îáëàñòè D = {(x, y) : 0 < x < l, 0 < y < h} ðàññìîòðèì ãèïåðáîëè÷åñêîå
óðàâíåíèå òðåòüåãî ïîðÿäêà â âèäå

Mu ≡
(
α
∂

∂x
+ β

∂

∂t

)
uxt + Lu = g(x, t), (1)

ãäå α, β � çàäàííûå ïîñòîÿííûå ÷èñëà, ïðè÷åì α2 + β2 6= 0, à L � ëèíåéíûé
äèôôåðåíöèàëüíûé îïåðàòîð âèäà

Lu ≡ a(x, t)uxx + 2b(x, t)uxt + c(x, t)utt + d(x, t)ux + e(x, t)ut + f(x, t)u.

Çàäà÷è ñ èíòåãðàëüíûìè óñëîâèÿìè îáðàçóþò îäèí èç êëàññîâ íåëîêàëüíûõ
çàäà÷, ê èññëåäîâàíèþ êîòîðûõ ïðèâîäÿò ìàòåìàòè÷åñêèå ìîäåëè ðàçëè÷íûõ ôè-
çè÷åñêèõ ïðîöåññîâ. Ïðåäñòàâëÿþò èíòåðåñ ñìåøàííûå çàäà÷è äëÿ ãèïåðáîëè÷å-
ñêèõ óðàâíåíèé ñ íåëîêàëüíûìè èíòåãðàëüíûìè óñëîâèÿìè, îíè àêòèâíî èçó÷à-
þòñÿ (ñì., íàïðèìåð, [1]).

Äëÿ óðàâíåíèÿ (1) â îáëàñòè D ðàññìîòðèì íåëîêàëüíóþ çàäà÷ó â ñëåäóþ-
ùåé ïîñòàíîâêå: íàéòè ðåãóëÿðíîå â îáëàñòè D ðåøåíèå u(x, y) óðàâíåíèÿ (1),
íåïðåðûâíîå â D è óäîâëåòâîðÿþùåå óñëîâèÿì

u(x, 0) = ϕ1(x), uy(x, 0) = ϕ2(x), 0 ≤ x ≤ l, (2)

u(0, y) = λ(y)

l∫
0

u(x, y)dx+

y∫
0

ρ(y, η)u(l, η)dη + µ1(y), 0 ≤ y ≤ h, (3)

ux(0, y) = µ2(y), 0 ≤ y ≤ h, (4)

çäåñü ϕi(x), µi(y) (i = 1, 2), λ(y) è ρ(y, η) � çàäàííûå ãëàäêèå ôóíêöèè, ïðè÷åì

ϕ′1(0) = µ2(0), ϕ1(0) = λ(0)

l∫
0

ϕ1(x)dx+ µ1(0);

ϕ2(0) = λ′(0)

l∫
0

ϕ1(x)dx+ λ(0)

l∫
0

ϕ2(x)dx+ ρ(0, 0)ϕ1(l) + µ′1(0).

Â ïîñòàâëåííîé çàäà÷å â êðàåâûõ óñëîâèÿõ ñîäåðæèòñÿ íåëîêàëüíîñòü ïî âðå-
ìåíè, ÷òî âïåðâûå ðàññìîòðåíî â ðàáîòå À.È. Êîæàíîâà [2].

Ñ ïîìîùüþ ñâåäåíèÿ çàäà÷è ê èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà âòîðîãî
ðîäà óñòàíîâëåíî ñóùåñòâîâàíèå åäèíñòâåííîãî ðåãóëÿðíîãî ðåøåíèÿ äëÿ ðàñ-
ñìàòðèâàåìîé çàäà÷è (1)�(4).
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Ðàññìîòðèì äâèæåíèå â îòêðûòîé îãðàíè÷åííîé ëîêàëüíî-ëèïøèöåâîé îáëà-
ñòè Ω ⊂ R3 ñ ãðàíèöåé Γ. Ñèñòåìà óðàâíåíèé Íàâüå � Ñòîêñà èìååò âèä:

ρ

(
∂v

∂t
+

n∑
i=1

vi
∂v

∂xi

)
− µ∆v + grad p = ρf, (1)

∂ρ

∂t
+

n∑
i=1

vi
∂ρ

∂xi
= 0, (2)

div v = 0, (3)

v
∣∣
t=0

= v0, ρ
∣∣
t=0

= ρ0, (4)

v(x, t) = 0 ∀(x, t) ∈ Γ× [0, T ]. (5)

Îïðåäåëåíèå. Ïàðà (v, ρ) íàçûâàåòñÿ ñëàáûì ðåøåíèåì ñèñòåìû óðàâíåíèé
Íàâüå � Ñòîêñà (1)�(5), åñëè: υ ∈ L2(0, T, V ) ∩ Cω(0, T ;H), υ′ ∈ L1(0, T ;V ∗),
ρ ∈ L∞(0, T, L∞), 0 < m < ρ < M , ãäå m è M � êîíñòàíòû; (v, ρ) óäîâëåòâîðÿåò
(3)�(5), è äëÿ ëþáûõ ϕ ∈ V , ψ ∈ H1 ïî÷òè âñþäó ïðè t ∈ [0, T ] âûïîëíÿþòñÿ äâà
èíòåãðàëüíûõ ðàâåíñòâà:(

ρ
∂υ

∂t
, ϕ

)
(t) +

n∑
i=1

(
υiρ

∂υ

∂xi
, ϕ

)
(t) + µ(∇υ,∇ϕ)(t) = (ρf, ϕ)(t), (6)

(
∂ρ

∂t
, ψ

)
(t) +

n∑
i=1

(
vi
∂ρ

∂xi
, ψ

)
(t) = 0. (7)

Òåîðåìà 1. Ñèñòåìà (4) è (7) èìååò åäèíñòâåííîå ñëàáîå ðåøåíèå ρ ∈
L∞(0, T, L2) äëÿ v ∈ L2(0, T, V ).

Áóäåì ïðåäïîëàãàòü, ÷òî ρ ∈ L∞(0, T, L2) îãðàíè÷åííî, ò. å. 0 < m < ρ < M .
Òåîðåìà 2. Äëÿ ëþáîãî υ ∈ L2(0, T, V ) ∩ Cω(0, T ;H) ñèñòåìà, ñîñòîÿùàÿ èç

ðàâåíñòâà:(
ρ(υ)

∂υ

∂t
, ϕ

)
(t) +

n∑
i=1

(
ρ(υ)υi

∂υ

∂xi
, ϕ

)
(t) + µ(∇υ,∇ϕ)(t) = (ρ(υ)f, ϕ)(t), (8)

ãäå ϕ ∈ V , íà÷àëüíî-êðàåâûõ óñëîâèé ñèñòåìû Íàâüå � Ñòîêñà (4)�(5), óñëîâèÿ
íåñæèìàåìîñòè æèäêîñòè (3), èìååò åäèíñòâåííîå ñëàáîå ðåøåíèå

υ ∈ L2(0, T, V ) ∩ Cω(0, T ;H), υ′ ∈ L1(0, T ;V ∗).

Òåîðåìà 3. Ñóùåñòâóåò v òàêîå, ÷òî ðåøåíèå (8) υ = v, ãäå υ ∈ L2(0, T, V ) ∩
Cω(0, T ;H).

Èç ðåçóëüòàòîâ òåîðåì 1, 2 è 3 ñëåäóåò òåîðåìà 4.
Òåîðåìà 4. Ïóñòü f ∈ L2(0, T, V ), υ0 ∈ V , ρ0 ∈ L∞(Ω), 0 < m < ρ < M ,

òîãäà ñóùåñòâóåò õîòÿ áû îäíî ñëàáîå ðåøåíèå ñèñòåìû óðàâíåíèé Íàâüå �
Ñòîêñà (1)�(5).

214



Ñåêöèÿ 4. Äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ

ÏÐÅÄÅËÜÍÀß ÔÎÐÌÀ
ÖÈÊËÈ×ÅÑÊÎÉ ÌÎÄÅËÈ ÑÈÍÒÅÇÀ

Èâàíîâ Â.Â.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
iva@math.nsc.ru

Îäíà èç íàèáîëåå èíòåíñèâíî èçó÷àåìûõ ìîäåëåé ìíîãîñòàäèéíîãî ñèíòåçà
îïèñûâàåòñÿ öèêëè÷åñêîé ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé

τ ẋ1 + nx1 = τg(t, yn), τ ẋk + nxk = nxk−1, τ ẏn + τϑyn = nxn,

ãäå 1 < k ≤ n. Çäåñü τ > 0, ïàðàìåòð ϑ = ϑ(t) îïðåäåëåí è íåïðåðûâåí ïðè
t ≥ 0, ôóíêöèÿ g(t, y) îïðåäåëåíà, íåïðåðûâíà, îãðàíè÷åíà è íåîòðèöàòåëüíà
ïðè t, y ≥ 0. Äëÿ êàæäîãî íàáîðà µn1 , . . . , µ

n
n,mn ≥ 0 ñèñòåìà èìååò ðåøåíèå

x1(t), . . . , xn(t), yn(t) íà âñåé âðåìåííîé ïîëóîñè t ≥ 0, äëÿ êîòîðîãî xk(0) = µnk
ïðè âñåõ k è yn(0) = mn. Åñëè ôóíêöèè x1, . . . , xn èãðàþò �ïðîìåæóòî÷íóþ�
ðîëü, òî ôóíêöèè yn âûðàæàþò êîíå÷íóþ öåëü ñèíòåçà. Íî ðàçìåðíîñòè ñèñòåì,
ïðèâîäÿùèõ ê ôóíêöèÿì yn, ïîðîþ òàê âûñîêè [1], ÷òî åñòåñòâåííî ïîïûòàòüñÿ
óçíàòü, êîãäà è êóäà ñõîäÿòñÿ ýòè ôóíêöèè ñ ðîñòîì n. Ðàçâèâàÿ ðåçóëüòàòû
ñòàòüè [2] è ñëåäóÿ ðàáîòå [3], äëÿ ïîëíîãî îòâåòà íà ýòè âîïðîñû �íà÷àëüíûå�
ìàññû mn, µ

n
n, . . . , µ

n
1 ðîâíî â ýòîì ïîðÿäêå ïîìåñòèì â òî÷êè 0, τ/n, . . . , nτ/n = τ

è äëÿ êàæäîãî t ≥ 0 ïîñ÷èòàåì ñîâîêóïíóþ ìàññó Fn(t), îêàçàâøóþñÿ â òî÷êàõ
îòðåçêà îò íóëÿ äî t. Ïóñòü Θ îçíà÷àåò ïåðâîîáðàçíóþ ϑ, ðàâíóþ íóëþ â íóëå.

Òåîðåìà. Ôóíêöèè yn ñõîäÿòñÿ ïî÷òè âñþäó ê íåêîòîðîé ôóíêöèè y òîãäà
è òîëüêî òîãäà, êîãäà ôóíêöèè Fn, ïîñòðîåííûå ïî òåì æå íà÷àëüíûì ìàññàì,
ïî÷òè âñþäó ñõîäÿòñÿ ê íåêîòîðîé ôóíêöèè F . Ìîæíî ñ÷èòàòü, ÷òî ôóíêöèè y
è F îïðåäåëåíû è íåïðåðûâíû ñïðàâà íà âñåé ïîëóîñè. Åñëè Y (t) = eΘ(t)y(t), òî

Y (t) = F (0) +

t∫
0

eΘ(s)dF (s), F (t) = Y (0) +

t∫
0

e−Θ(s)dY (s),

êîãäà 0 ≤ t ≤ τ , à åñëè t > τ , ôóíêöèÿ y âû÷èñëÿåòñÿ ïî ðåêóððåíòíîé ôîðìóëå

Y (t) = Y (τ) +

t∫
τ

eΘ(s)g(s− τ, y(s− τ))ds,

òàê ÷òî ôóíêöèè y è F âûðàæàþòñÿ îäíà ÷åðåç äðóãóþ ÿâíûìè èíòåãðàëàìè.
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Âî âñåì n-ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå Rn òî÷åê x = (x1, . . . , xn) ðàñ-
ñìàòðèâàåòñÿ äèôôåðåíöèàëüíûé îïåðàòîð

L[u] = −
n∑

i,j=1

∂

∂xj

((
1 + |x|2

)τ
aij(x)A(x)

∂u(x)

∂xi

)
.

Ñ÷èòàåòñÿ, ÷òî τ > 1, A(x) � êâàäðàòíàÿ ìàòðèöà-ôóíêöèÿ ïîðÿäêà l è u(x) =
(u1(x), . . . , ul(x)). Îïåðàòîð L ðàññìàòðèâàåòñÿ â ïðîñòðàíñòâå Hl = L2(Rn)l. Îá-
ëàñòü îïðåäåëåíèÿ îïåðàòîðà L çàäàåòñÿ ñëåäóþùèì îáðàçîì:

D(L) =
{
u ∈ W̊ 1

2;τ (Rn)l ∩W 2
2,loc(Rn)l : L[u] ∈ Hl

}
,

ãäå W̊ 1
2;τ (Rn)l � çàìûêàíèå êëàññà C∞0 (Rn) ïî íîðìå

‖u‖+ =

{ n∑
i=1

∫
Rn

(1 + |x|2)τ
∣∣∣∣∂u(x)

∂xi

∣∣∣∣2
Cl
dx+

∫
B1

|u(x)|2Cl dx
}
,

B1 = {x ∈ Rn : |x| < 1} .
Ïðåäïîëàãàåòñÿ, ÷òî êîýôôèöèåíòû aij(x) è ýëåìåíòû ìàòðèöû-ôóíêöèèA(x)

îãðàíè÷åíû è ïðèíàäëåæàò ïðîñòðàíñòâó C2(Rn).
Òåîðåìà. Ïóñòü êîýôôèöèåíòû aij(x) òàêèå, ÷òî

aij(x) ≡ aji(x) (i, j = 1, n); |s| ≤M
n∑

i,j=1

aij(x)sisj (x ∈ Rn, s ∈ Cn) ,

è ïóñòü ïðè ëþáîì x ∈ Rn ìàòðèöà-ôóíêöèÿ A(x) èìååò ïðîñòûå ñîáñòâåííûå
çíà÷åíèÿ µ1(x), . . . , µl(x), ðàñïîëîæåííûå â êîìïëåêñíîé ïëîñêîñòè ñëåäóþùèì
îáðàçîì: argµj(x) ≡ 0 (j = 1, k), µj(x) /∈ Φ (j = k + 1, l), ãäå Φ = {z ∈ C :
| arg z| < ψ}, ϕ ∈ (0, π). Òîãäà îïåðàòîð L èìååò äèñêðåòíûé ñïåêòð. Äëÿ ëþáîãî
ψ ∈ (0, ϕ) ñïðàâåäëèâà îöåíêà∥∥(L− λE)−1

∥∥ ≤Mψ|λ|−1 (λ ∈ Φψ, |λ| ≥ Cψ) ,

ãäå Mψ, Cψ > 0 � äîñòàòî÷íî áîëüøèå ÷èñëà, Φψ = {z ∈ C : ψ ≤ | arg z| ≤ ψ}.
Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ óñòàíîâëåíû àñèìïòîòè÷åñêèå

ôîðìóëû äëÿ ôóíêöèè ðàñïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà L.
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Ðàññìîòðåíà îäíà ñïåöèàëüíàÿ êðàåâàÿ çàäà÷à ñ âûðîæäåíèåì äëÿ íåëèíåé-
íîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè (the porous medium equation) [1]. Ïîñòðîåíî
ðåøåíèå â âèäå ñõîäÿùåãîñÿ ñòåïåííîãî ðÿäà, äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ
è åäèíñòâåííîñòè ðåøåíèÿ.

Îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ íåëèíåéíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîä-
íûõ

ut = u∆u+
1

σ
(∇u)2, (1)

â êîòîðîì u = u(t,x) � íåèçâåñòíàÿ ôóíêöèÿ, σ > 0 � êîíñòàíòà. Óðàâíåíèå
âèäà (1) íàèáîëåå ÷àñòî èñïîëüçóåòñÿ ïðè îïèñàíèè ïðîöåññîâ òåïëîïðîâîäíîñòè
è ôèëüòðàöèè, îäíàêî èìååò è ðÿä äðóãèõ èíòåðåñíûõ ïðèëîæåíèé.

Äëÿ óðàâíåíèÿ (1) ðàññìàòðèâàåòñÿ çàäà÷à ñ äàííûìè íà çàìêíóòîé äîñòàòî÷-
íî ãëàäêîé êðèâîé, îãðàíè÷èâàþùåé çâåçäíóþ îáëàñòü â R2, â ñèëó ÷åãî óäîáíî
ïåðåéòè â ïîëÿðíóþ ñèñòåìó êîîðäèíàò. Çàäà÷à çàïèøåòñÿ â âèäå

ut = u

(
1

ρ
uρ + uρρ +

1

ρ2
uϕϕ

)
+

1

σ

(
u2
ρ +

1

ρ2
u2
ϕ

)
; (2)

u(t, ρ, ϕ)
∣∣
ρ=R(t,ϕ)

= f(t, ϕ). (3)

Çäåñü ôóíêöèè R(t, ϕ) > 0 è f(t, ϕ) îïðåäåëåíû â íåêîòîðîé îêðåñòíîñòè t = 0 è
ïðè âñåõ ϕ ∈ [−π;π], ïðè÷åì ft(0, ϕ) > 0 è f(0, ϕ) = 0. Ïîñëåäíåå ðàâåíñòâî âêó-
ïå ñ êðàåâûì óñëîâèåì (3) äåëàþò óðàâíåíèå (2) íåðàçðåøåííûì îòíîñèòåëüíî
ñòàðøåé ïðîèçâîäíîé [2] è ïðèâîäÿò ê âûðîæäåíèþ åãî òèïà. Äëÿ çàäà÷è (2), (3)
äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ïóñòü ôóíêöèè f è R àíàëèòè÷íû íà âñåé ñâîåé îáëàñòè îïðåäå-
ëåíèÿ. Òîãäà çàäà÷à (2), (3) èìååò åäèíñòâåííîå àíàëèòè÷åñêîå ðåøåíèå.

Òàêæå ïîñòðîåíî ðåøåíèå çàäà÷è â âèäå äâîéíîãî ðÿäà Òåéëîðà ïî ñòåïåíÿì
t è ρ−R(t, ϕ). Äàííûå ðåçóëüòàòû îáîáùàþò ðàíåå ïîëó÷åííûå àâòîðàìè [3] äëÿ
ñëó÷àÿ ñòàöèîíàðíîé ãðàíèöû, ò. å. ïðè R(t, ϕ) ≡ R(ϕ).

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêòû � 16-01-00608 è � 16-31-00291).
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Ðàññìîòðèì êðàåâóþ çàäà÷ó

ut = uuρρ +
u2
ρ

σ
+
ν

ρ
uuρ, t ≥ 0, ρ ≥ 0; (1)

u
∣∣
ρ=f(t)

= 0, (2)

â êîòîðîé óðàâíåíèå (1) ïðåäñòàâëÿåò ñîáîé îäíîìåðíûé âàðèàíò óðàâíåíèÿ íåëè-
íåéíîé òåïëîïðîâîäíîñòè ñ ïîêàçàòåëåì σ > 0 ñòåïåííîé çàâèñèìîñòè êîýôôèöè-
åíòà òåïëîïðîâîäíîñòè îò òåìïåðàòóðû (porous medium equation) [1] äëÿ ñëó÷àåâ
ïëîñêîé (ν = 0), îñåâîé (ν = 1) è ñôåðè÷åñêîé (ν = 2) ñèììåòðèé.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïðîáëåìå ðàçðåøèìîñòè çàäà÷è (1), (2), à òàêæå
âîïðîñàì î ãëîáàëüíûõ ñâîéñòâàõ è ïîâåäåíèè åå òî÷íûõ ðåøåíèé òèïà òåïëîâîé
âîëíû. Ïîä òåïëîâîé âîëíîé ïîíèìàåòñÿ êîíôèãóðàöèÿ, îáðàçîâàííàÿ äâóìÿ ïî-
âåðõíîñòÿìè: u = u(t, ρ) (íåîòðèöàòåëüíîé ÷àñòè ðåøåíèÿ óðàâíåíèÿ (1)) è u = 0
(ôîíîâîå òðèâèàëüíîå ðåøåíèå), íåïðåðûâíî ñòûêóþùèõñÿ â ïëîñêîñòè ïåðåìåí-
íûõ (t, ρ) âäîëü íåêîòîðîé äîñòàòî÷íî ãëàäêîé êðèâîé ρ = f(t), êîòîðóþ íàçû-
âàþò ôðîíòîì òåïëîâîé âîëíû [2]. Âäîëü ôðîíòà òåïëîâîé âîëíû óðàâíåíèå (1)
íå ìîæåò áûòü ðàçðåøåíî îòíîñèòåëüíî ñòàðøåé (âòîðîé) ïðîèçâîäíîé [3].

Â ðàáîòå ïðåäúÿâëåíû íåêîòîðûå äîïóñòèìûå ñåìåéñòâà òåïëîâûõ ôðîíòîâ.
Äëÿ òåïëîâîãî ôðîíòà ρ = f(t) ëîãàðèôìè÷åñêîãî, ñòåïåííîãî è ýêñïîíåíöèàëü-
íîãî òèïîâ äîêàçàíà ðàçðåøèìîñòü çàäà÷è (1), (2) â êëàññå ôóíêöèé êîíå÷íîé
ãëàäêîñòè è ïîñòðîåíû åå òî÷íûå ðåøåíèÿ. Ïðîâåäåí êà÷åñòâåííûé àíàëèç òî÷-
íûõ ðåøåíèé, óñòàíîâëåíû èõ ãëîáàëüíûå ñâîéñòâà è ïîâåäåíèå. Êðîìå òîãî,
ïîêàçàíî, ÷òî çíà÷åíèÿ ïàðàìåòðîâ, âõîäÿùèõ â âèä ðåøåíèé çàäà÷è (1), (2),
îêàçûâàþò ñóùåñòâåííîå âëèÿíèå íà ñòðóêòóðó òåïëîâûõ âîëí. Â ÷àñòíîñòè, ìî-
ãóò âîçíèêàòü LS- è HS-ðåæèìû ñ îáîñòðåíèåì [4].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-

íûõ èññëåäîâàíèé (ïðîåêòû � 16-01-00608, � 16-31-00291).
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Êîíöåïöèÿ ãëîáàëüíîé ýëåêòðè÷åñêîé öåïè (ÃÝÖ) ÿâëÿåòñÿ îñíîâîé äëÿ ïîíè-
ìàíèÿ ýëåêòðîìàãíèòíûõ ÿâëåíèé â àòìîñôåðå Çåìëè [1], [2]. Íàèáîëåå âàæíûì
êîìïîíåíòîì ÃÝÖ ÿâëÿåòñÿ òàê íàçûâàåìûé êâàçèñòàöèîíàðíûé òîê, êîòîðûé,
ñîãëàñíî ãèïîòåçå, âûäâèíóòîé Âèëüñîíîì [3], [4], ïîääåðæèâàåòñÿ çà ñ÷åò ïîñòî-
ÿííîãî ðàçäåëåíèÿ çàðÿäîâ â ãðîçîâûõ è äðóãèõ ýëåêòðèôèöèðîâàííûõ îáëàêàõ.

Â ðàáîòå ðàññìàòðèâàþòñÿ ìàòåìàòè÷åñêèå çàäà÷è, âîçíèêàþùèå ïðè ìîäå-
ëèðîâàíèè ãëîáàëüíîé ýëåêòðè÷åñêîé öåïè â íåñòàöèîíàðíîì ñëó÷àå è â ðàçëè÷-
íûõ ïðèáëèæåíèÿõ (ñòàöèîíàðíîå ïðèáëèæåíèå è ýëåêòðè÷åñêîå íåðåëÿòèâèñò-
ñêîå ïðèáëèæåíèå). Îáñóæäàþòñÿ âîïðîñû êîððåêòíîñòè ðàçëè÷íûõ ïîñòàíîâîê
ñ íåêëàññè÷åñêèìè óðàâíåíèÿìè è íåêëàññè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè, ìî-
òèâèðîâàííûìè ïðèëîæåíèÿìè [5], [6].
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Õîðîøî èçâåñòíî, ÷òî äëÿ ãàðìîíè÷åñêîé â åäèíè÷íîì øàðå S ⊂ Rn ôóíê-
öèè u ∈ Cm(S) âåðíî ðàâåíñòâî

∫
∂S

∂mu
∂νm dsx = 0, m ∈ N (ñì., íàïðèìåð, [1]). Â

íàñòîÿùåé ðàáîòå âûÿñíÿåòñÿ, êàêèå åùå ðàâåíñòâà òàêîãî âèäà ìîãóò èìåòü ìå-
ñòî äëÿ íîðìàëüíûõ ïðîèçâîäíûõ îò k-ãàðìîíè÷åñêèõ â S ôóíêöèé u(x), ò. å.
òàêèõ ôóíêöèé, ÷òî ∆ku = 0 â S. Â ðàáîòå [2] èññëåäîâàíî ñâîéñòâî ñðåäíåãî äëÿ
ïîëèãàðìîíè÷åñêèõ ôóíêöèé è ïîëó÷åíû íåêîòîðûå ðåçóëüòàòû, íà îñíîâàíèè
êîòîðûõ âûïîëíåíî íàñòîÿùåå èññëåäîâàíèå. Ïóñòü ïîëèíîìû Pn(t) íàõîäÿòñÿ
èç ðåêóððåíòíîãî ðàâåíñòâà Pn(t) + (2n − 3)Pn−1(t) = t2Pn−2(t), n ≥ 2, ãäå ñëå-
äóåò ñ÷èòàòü, ÷òî P0(t) = 1, P1(t) = 1.

Òåîðåìà. Äëÿ âñÿêîé m-ãàðìîíè÷åñêîé â S ôóíêöèè u ∈ Ck(S) ïðè k ≥ m
âåðíû ðàâåíñòâà ∫

∂S

Pm−i

( ∂
∂ν

)∂2iu

∂ν2i
dsx = 0,

∫
∂S

∂ju

∂νj
dsx = 0,

ãäå 0 ≤ i ≤ m− 1 è 2m ≤ j ≤ k ïðè 2m ≤ k.
Â ðàáîòå [3] ïðè èññëåäîâàíèè àðèôìåòè÷åñêîãî òðåóãîëüíèêà, âîçíèêàþùåãî

èç óñëîâèé ðàçðåøèìîñòè çàäà÷è Íåéìàíà äëÿ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ,
áûë ïîëó÷åí àðèôìåòè÷åñêèé òðåóãîëüíèê, ïîõîæèé íà àðèôìåòè÷åñêèé òðå-
óãîëüíèê, êîòîðûé ñîñòàâëÿþò êîýôôèöèåíòû ïîëèíîìîâ Pn(t).

Ïðèìåð. Åñëè k-ãàðìîíè÷åñêàÿ â S ôóíêöèÿ u ∈ Ck(S) óäîâëåòâîðÿåò íà

∂S ðàâåíñòâàì ∂ju
∂νj

∣∣
∂S

= ϕj(x), j = 1, . . . , k, ò. å. u(x) � ðåøåíèå îäíîðîäíîé
çàäà÷è Íåéìàíà äëÿ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ â S, òî äëÿ ôóíêöèé ϕj(x),
j = 1, . . . , k íåîáõîäèìî âûïîëíåíèå óñëîâèÿ [4]∫

∂S

k∑
j=1

(−1)j+k
(

2k − j − 1
j − 1

)
(2k − 2j − 1)!!ϕj(x) dsx = 0.

ËÈÒÅÐÀÒÓÐÀ

1. Êàðà÷èê Â.Â. Î ñâîéñòâå ñðåäíåãî äëÿ ïîëèãàðìîíè÷åñêèõ ôóíêöèé â øàðå // Ìàò.
òð. 2013. Ò. 16, � 2. Ñ. 69�88.

2. Karachik V.V. On the mean-value property for polyharmonic functions // Âåñòí.
ÞÓðÃÓ. Ñåð. Ìàòåì. ìîäåë. ïðîãðàì. 2013. Ò. 6, � 3. Ñ. 59�66.

3. Êàðà÷èê Â.Â. Îá àðèôìåòè÷åñêîì òðåóãîëüíèêå, âîçíèêàþùåì èç óñëîâèé ðàçðå-
øèìîñòè çàäà÷è Íåéìàíà // Ìàò. çàìåòêè. 2014. Ò. 96, âûï. 2. Ñ. 228�238.

4. Êàðà÷èê Â.Â. Îá óñëîâèÿõ ðàçðåøèìîñòè çàäà÷è Íåéìàíà äëÿ ïîëèãàðìîíè÷åñêîãî
óðàâíåíèÿ â åäèíè÷íîì øàðå // Ñèá. æóðí. èíäóñòð. ìàòåìàòèêè. 2013. Ò. 16, � 4.
Ñ. 61�74.

220



Ñåêöèÿ 4. Äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ

ÈÍÒÅÃÐÀËÜÍÛÅ È ÈÍÒÅÃÐÎÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ
ÓÐÀÂÍÅÍÈß ÒÐÅÒÜÅÃÎ ÐÎÄÀ
ÂÎËÜÒÅÐÐÎÂÑÊÎÃÎ ÒÈÏÀ

Êîæàíîâ À.È.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
kozhanov@math.nsc.ru

Äîêëàä ïîñâÿùåí èçëîæåíèþ ðåçóëüòàòîâ î ðàçðåøèìîñòè óðàâíåíèé

h(t)u(t) +

t∫
0

N(t− τ)u(τ) dτ = f(t),

h(t)u(x, t) +

t∫
0

N(t− τ)(Bu)(x, τ) dτ = f(x, t)

(0 < t < T < +∞, x ∈ Ω ⊂ Rn)

ñ ôóíêöèåé h(t), ìåíÿþùåé çíàê ïðîèçâîëüíûì îáðàçîì, è ñ ýëëèïòè÷åñêèì îïå-
ðàòîðîì B, äåéñòâóþùèì ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Ïåðâîå èç ýòèõ
óðàâíåíèé ïðåäñòàâëÿåò ñîáîé èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà òðåòüåãî ðîäà,
âòîðîå æå ìîæíî íàçâàòü èíòåãðîäèôôåðåíöèàëüíûì óðàâíåíèåì òðåòüåãî ðîäà
âîëüòåðîâñêîãî òèïà (êî âòîðîìó óðàâíåíèþ åñòåñòâåííûì îáðàçîì äîáàâëÿþòñÿ
ñîîòâåòñòâóþùèå ãðàíè÷íûå óñëîâèÿ íà ìíîæåñòâå ∂Ω× (0, T )).

Äëÿ èçó÷àåìûõ óðàâíåíèé äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåí-
íîñòè ðåøåíèé.
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Ïðåäëîæåí êðèòåðèé ðàâíîìåðíîé ãëîáàëüíîé äîñòèæèìîñòè ëèíåéíûõ äèô-
ôåðåíöèàëüíûõ ñèñòåì ñ ëîêàëüíî èíòåãðèðóåìûìè è èíòåãðàëüíî îãðàíè÷åííû-
ìè êîýôôèöèåíòàìè.

Ðàññìîòðèì ëèíåéíóþ íåñòàöèîíàðíóþ óïðàâëÿåìóþ ñèñòåìó

ẋ = A(t)x+B(t)u, x ∈ Rn, u ∈ Rm, t > 0,

ñ ëîêàëüíî èíòåãðèðóåìûìè è èíòåãðàëüíî îãðàíè÷åííûìè ìàòðèöàìè êîýôôè-
öèåíòîâ A è B. Çàìêíåì ýòó ñèñòåìó ñ ïîìîùüþ óïðàâëåíèÿ u, çàäàííîãî â âèäå
ëèíåéíîé îáðàòíîé ñâÿçè u = U(t)x, ãäå U � íåêîòîðàÿ èçìåðèìàÿ è îãðàíè÷åí-
íàÿ (m× n)-ìàòðèöà. Â ðåçóëüòàòå ïîëó÷èì çàìêíóòóþ ñèñòåìó

ẋ = (A(t) +B(t)U(t))x, x ∈ Rn, t > 0, (1)

êîýôôèöèåíòû êîòîðîé ëîêàëüíî èíòåãðèðóåìû è èíòåãðàëüíî îãðàíè÷åíû.
Îïðåäåëåíèå. Ñèñòåìà (1) íàçûâàåòñÿ ðàâíîìåðíî ãëîáàëüíî äîñòèæèìîé

[1], åñëè ñóùåñòâóåò ÷èñëî T > 0, ïðè êîòîðîì äëÿ ëþáûõ r > 1 è 0 < ρ 6 1
íàéäåòñÿ òàêàÿ âåëè÷èíà d = d(r, ρ) > 0, ÷òî äëÿ ëþáîãî ÷èñëà t0 > 0 è âñÿêîé
(n × n)-ìàòðèöû H òàêîé, ÷òî ‖H − E‖ 6 r è detH > ρ, ñóùåñòâóåò èçìåðèìîå
è îãðàíè÷åííîå óïðàâëåíèå U : [t0, t0 + T ] → Rmn, óäîâëåòâîðÿþùåå äëÿ âñåõ
t ∈ [t0, t0+T ] îöåíêå ‖U(t)‖ 6 d, ïðè êîòîðîì äëÿ ìàòðèöû ÊîøèXU (t, s), t, s > 0,
ñèñòåìû (1) ñ ýòèì óïðàâëåíèåì îáåñïå÷èâàåòñÿ ðàâåíñòâî XU (t0 + T, t0) = H.

Çàìå÷àíèå. Íàëè÷èå ó ñèñòåìû (1) ñâîéñòâà ðàâíîìåðíîé ãëîáàëüíîé äîñòè-
æèìîñòè îáåñïå÷èâàåò âîçìîæíîñòü óïðàâëåíèÿ âñåì êîíå÷íîìåðíûì áàçèñîì
ïðîñòðàíñòâà ðåøåíèé ýòîé ñèñòåìû íà ïðîèçâîëüíîì îòðåçêå äëèíû T . Ïðåä-
ñòàâëåííîå ñâîéñòâî ïðèìåíÿåòñÿ ïðè äîêàçàòåëüñòâå ãëîáàëüíîé óïðàâëÿåìîñòè
àñèìïòîòè÷åñêèõ èíâàðèàíòîâ ëèíåéíûõ äèôôåðåíöèàëüíûõ ñèñòåì [2].

Äëÿ ëþáûõ ÷èñåë r > 1 è 0 < ρ 6 1 îáîçíà÷èì ÷åðåç LUn(r, ρ) ñîâîêóïíîñòü
âñåõ âåðõíå- è íèæíåòðåóãîëüíûõ (n× n)-ìàòðèö ñ ïîëîæèòåëüíûìè äèàãîíàëü-
íûìè ýëåìåíòàìè, óäîâëåòâîðÿþùèõ íåðàâåíñòâàì ‖H − E‖ 6 r è detH > ρ.

Òåîðåìà. Ñèñòåìà (1) ðàâíîìåðíî ãëîáàëüíî äîñòèæèìà òîãäà è òîëüêî òî-
ãäà, êîãäà íàéäåòñÿ âåëè÷èíà ∆ > 0, ïðè êîòîðîé äëÿ ëþáûõ ÷èñåë r > 1 è
0 < ρ 6 1 ñóùåñòâóåò òàêàÿ âåëè÷èíà θ = θ(r, ρ) > 0, ÷òî ïðè âñÿêîì ÷èñëå t0 > 0
è ïðîèçâîëüíîé ìàòðèöå H ∈ LUn(r, ρ) íàéäåòñÿ èçìåðèìîå è îãðàíè÷åííîå íà
îòðåçêå [t0, t0 +T ] óïðàâëåíèå U = U(t), óäîâëåòâîðÿþùåå ïðè âñåõ t ∈ [t0, t0 +∆]
îöåíêå ‖U(t)‖ 6 θ è ãàðàíòèðóþùåå äëÿ ìàòðèöû Êîøè XU (t, s) ñèñòåìû (1)
âûïîëíåíèå ðàâåíñòâà XU (t0 + ∆, t0) = H.

Ðàáîòà âûïîëíåíà â ðàìêàõ Ãîñóäàðñòâåííîé ïðîãðàììû íàó÷íûõ èññëåäîâàíèé Ðåñ-

ïóáëèêè Áåëàðóñü �Êîíâåðãåíöèÿ�2020� (ïîäïðîãðàììà 1, çàäàíèå � 1.2.01).
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Äîêëàä ïîñâÿùåí çàäà÷å ñòàáèëèçàöèè ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì ñ ïî-
ëèíîìèàëüíîé ïðàâîé ÷àñòüþ ñëåäóþùåãî âèäà

ẋ = A11x
[m] +A12y

{m} +BU, εẏ = A21x
[m] +A22y

{m}, (1)

ãäå x ∈ Rn1 , y ∈ Rn2 , ε > 0 � ìàëûé ïàðàìåòð, m > 1 � íàòóðàëüíîå íå÷åò-

íîå ÷èñëî; x[m] åñòü âåêòîð-ñòîëáåö, ñîñòàâëåííûé èç ìîíîìîâ âèäà xk1
1 . . . x

kn1
n1

(k1, . . . , kn1
≥ 0 � öåëûå ÷èñëà, k1 + · · ·+kn1

= m), óïîðÿäî÷åííûõ â ëåêñèêîãðà-
ôè÷åñêîì ïîðÿäêå; y{m} = (ym1 , y

m
2 , . . . , y

m
n2

)T ; B ∈ Rn1,r � ïîñòîÿííàÿ ìàòðèöà,
U ∈ Rr � âåêòîð óïðàâëÿþùèõ âîçäåéñòâèé. Ïðåäïîëàãàåòñÿ, ÷òî äîñòóïíûìè
äëÿ èçìåðåíèÿ ÿâëÿþòñÿ òîëüêî êîîðäèíàòû âåêòîðà ìåäëåííûõ ïåðåìåííûõ x,
ïîýòîìó óïðàâëåíèå U ñòðîèòñÿ â ñëåäóþùåé ôîðìå:

U = Kx[m], (2)

ãäåK � ïîñòîÿííàÿ âåùåñòâåííàÿ ìàòðèöà, ïîäëåæàùàÿ îïðåäåëåíèþ. Ïîäîáíàÿ
çàäà÷à áûëà ðàññìîòðåíà â ðàáîòå [1] â ïðåäïîëîæåíèè, ÷òî èçìåðÿþòñÿ òîëüêî
êîîðäèíàòû âåêòîðà áûñòðûõ ïåðåìåííûõ y. Áîëåå ïîëíûé îáçîð ñîâðåìåííîãî
ñîñòîÿíèÿ çàäà÷è îá óñòîé÷èâîïîäîáíûõ ñâîéñòâàõ ñèíãóëÿðíûõ ñèñòåì ïðåä-
ñòàâëåí â ðàáîòå [2].

Íà îñíîâå òåîðåìû èç ðàáîòû [3] îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ñèíãóëÿð-
íûõ ñèñòåì ñ ïîëèíîìèàëüíîé ïðàâîé ÷àñòüþ ìîæíî óñòàíîâèòü ñïðàâåäëèâîñòü
ñëåäóþùåé òåîðåìû.

Òåîðåìà. Åñëè ìàòðèöà A22 � äèàãîíàëüíàÿ îòðèöàòåëüíî îïðåäåëåííàÿ è
ñóùåñòâóåò ìàòðèöà K òàêàÿ, ÷òî íóëåâîå ðåøåíèå ñèñòåìû

ẋ = (A11 −A12A
−1
22 A21 +BK)x[m] (3)

àñèìïòîòè÷åñêè óñòîé÷èâî, òî ïðè 0 < ε < ε0 íóëåâîå ðåøåíèå ñèñòåìû (1) òàêæå
àñèìïòîòè÷åñêè óñòîé÷èâî (ε0 � íåêîòîðîå äîñòàòî÷íî ìàëîå ÷èñëî, U â ñèñòå-
ìå (1) âûáðàíî â ñîîòâåòñòâèè ñ ðàâåíñòâîì (2)).

Ìàòðèöó K äëÿ ñèñòåìû (3) ìîæíî ïîñòðîèòü ðàçëè÷íûìè ñïîñîáàìè â çàâè-
ñèìîñòè îò âèäà è ñâîéñòâ ìàòðèö Aij è B.
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Â ïîëóïðîñòðàíñòâå R3
+ ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ ïî÷òè ëèíåéíîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ

a(x)
∂U(x, t)

∂t
+ b1(x)

∂U(x, t)

∂x1
+ b2(x)

∂U(x, t)

∂x2
= F (x, t, U(x, t)), (1)

U(x, 0) = ϕ(x). (2)

Áóäåì ñ÷èòàòü, ÷òî b1, b2 � ïîñòîÿííûå ÷èñëà, à ôóíêöèÿ a(x) � êóñî÷íî ïî-
ñòîÿííà. Òî÷íåå ãîâîðÿ, ïðåäïîëîæèì, ÷òî ñóùåñòâóåò îãðàíè÷åííàÿ ñòðîãî âû-
ïóêëàÿ îáëàñòü G2 ⊂ R2 ñ ãëàäêîé ãðàíèöåé ∂G2 êëàññà C

1 òàêàÿ, ÷òî a(x) = a2

ïðè x ∈ G2 è a(x) = a1 ïðè x ∈ G1, ãäå G1 = R2\G2, a1 6= a2. Ñíà÷àëà ðàññìàòðè-
âàåòñÿ ïðÿìàÿ çàäà÷à, äàåòñÿ îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ, äîêàçûâàåòñÿ
åãî ñóùåñòâîâàíèå è åäèíñòâåííîñòü. Îñíîâíûì ñîäåðæàíèåì ðàáîòû ÿâëÿåòñÿ
èññëåäîâàíèå ñëåäóþùåãî âîïðîñà.

Îáðàòíàÿ çàäà÷à. Íàéòè ëèíèþ ∂G2, çíàÿ ÷èñëà a1, a2, b1, b2 è çíà÷åíèÿ
îáîáùåííîãî ðåøåíèÿ çàäà÷è (1), (2) íà íåêîòîðîé ïëîñêîñòè S, óäàëåííîé îò
èñêîìîé ëèíèè.

Ïîñòàâëåííàÿ çàäà÷à îòíîñèòñÿ ê òåîðèè çîíäèðîâàíèÿ íåîäíîðîäíûõ ñðåä.
Ïðè ýòîì äâóìåðíàÿ îáëàñòü G2 èíòåðïðåòèðóåòñÿ êàê íåîäíîðîäíîå âêëþ÷åíèå,
à çíà÷åíèÿ U(x, t) íà S ðàññìàòðèâàþòñÿ êàê çîíäèðóþùèé ñèãíàë. Âàæíî îòìå-
òèòü, ÷òî çàäàíèÿ ôóíêöèé ϕ, F íå òðåáóåòñÿ � äëÿ íàñ ñóùåñòâåííû òîëüêî èõ
ñâîéñòâà.

Â ðàáîòå äîêàçàíî, ÷òî ∂3U(x, t) èìååò íà S íåíóëåâûå ðàçðûâû ïðè îïðåäå-
ëåííûõ çíà÷åíèÿõ àðãóìåíòîâ, åñëè âûïîëíåíî ñëåäóþùåå óñëîâèå:

K(x) = b1∂1ϕ(x) + b2∂2ϕ(x)− F (x, 0, ϕ(x)) 6= 0, x ∈ ∂G2, (3)

÷òî ïîçâîëÿåò ïîñòðîèòü àëãîðèòì íàõîæäåíèÿ îáëàñòè G2. Â ðàìêàõ íàøåãî ìå-
òîäà âåëè÷èíó |K(x)| ìîæíî íàçâàòü ìåðîé âèäèìîñòè íåîäíîðîäíîñòè. Äåéñòâè-
òåëüíî, ïðåäëîæåííûé àëãîðèòì ðåàëèçóåì, òîëüêî åñëè âûïîëíåíî óñëîâèå (3),
à óâåëè÷åíèå |K(x)| ñïîñîáñòâóåò áîëåå ÷åòêîìó ïðîÿâëåíèþ èñïîëüçóåìîãî ìà-
òåìàòè÷åñêîãî ýôôåêòà. Îäíàêî òðåáîâàíèå K(x) 6= 0 âðÿä ëè áóäåò ïðåïÿòñòâè-
åì äëÿ øèðîêîãî ïðèìåíåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ, ïîñêîëüêó îáðàùåíèå â
íîëü K(x) îçíà÷àëî áû íàëè÷èå î÷åíü ñïåöèôè÷åñêîé ñâÿçè ìåæäó íåçàâèñèìû-
ìè ôóíêöèÿìè ϕ è F .

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû Ïðåçèäèóìà ÐÀÍ, íîìåð ïðîåêòà

0314-2015-0010.
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Ðàññìàòðèâàåòñÿ ñòàöèîíàðíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

Ax′ (t) + (B + C∆D)x(t) = 0, t ∈ T = [0,+∞), (1)

ñî ñòðóêòóðèðîâàííîé íåîïðåäåëåííîñòüþ C∆D. Çäåñü A, B, C è D � (n× n)
çàäàííûå ìàòðèöû, ïó÷îê λA + B ðåãóëÿðåí, detA = 0. Òàêèå ñèñòåìû íàçû-
âàþòñÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèìè óðàâíåíèÿìè (ÄÀÓ). Ìåðîé íåðàçðå-
øåííîñòè ÄÀÓ îòíîñèòåëüíî ïðîèçâîäíîé ñëóæèò öåëî÷èñëåííàÿ âåëè÷èíà, íà-
çûâàåìàÿ èíäåêñîì.

Èññëåäóåòñÿ âîïðîñ îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ñèñòåìû (1) â óñëîâèÿõ,
êîãäà àñèìïòîòè÷åñêè óñòîé÷èâà íåâîçìóùåííàÿ ñèñòåìà

Ax′ (t) +Bx(t) = 0, t ∈ T. (2)

Àíàëèç ïðîâîäèòñÿ â ïðåäïîëîæåíèÿõ, îáåñïå÷èâàþùèõ ñóùåñòâîâàíèå îïå-
ðàòîðà

R = R0 +R1
d

dt
+ · · ·+Rr

(
d

dt

)r
,

äåéñòâèå êîòîðîãî ïðåîáðàçóåò ñèñòåìó (2) ê âèäó(
0 0

En−d 0

)(
x′1(t)
x′2(t)

)
+

(
J1 Ed
J2 0

)(
x1(t)
x2(t)

)
= 0, t ∈ T,

ãäå r � èíäåêñ íåðàçðåøåííîñòè, Ed � åäèíè÷íàÿ ìàòðèöà óêàçàííîãî ïîðÿäêà;(
x1(t)
x2(t)

)
= Qx(t), Q � ìàòðèöà ïåðåñòàíîâêè ñòðîê; J1 è J2 � íåêîòîðûå ìàòðèöû

ñîîòâåòñòâóþùèõ ðàçìåðîâ [1].
Îñíîâíàÿ ñëîæíîñòü, âîçíèêàþùàÿ ïðè èññëåäîâàíèè ðîáàñòíûõ ñâîéñòâ ÄÀÓ,

ñâÿçàíà ñ òåì, ÷òî â ñëó÷àå âûñîêîãî èíäåêñà ïðè âîçìóùåíèè âõîäíûõ äàííûõ
ìîæåò èçìåíèòüñÿ âíóòðåííÿÿ ñòðóêòóðà ñèñòåìû.

Äëÿ ñèñòåìû (1) èíäåêñîâ íåðàçðåøåííîñòè 1 è 2 â óñëîâèÿõ, ïðè êîòîðûõ
ñòðóêòóðèðîâàííîå âîçìóùåíèå C∆D íå ìåíÿåò ñòðóêòóðó ñèñòåìû, ïîëó÷åíû
äîñòàòî÷íûå óñëîâèÿ ðîáàñòíîé óñòîé÷èâîñòè.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóí-

äàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 16-31-00101) è Êîìïëåêñíîé ïðîãðàììû ôóíäà-

ìåíòàëüíûõ íàó÷íûõ èññëåäîâàíèé ÑÎ ÐÀÍ � II.2.
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Êîøàíîâ Á.Ä.1, Àäèëüáåêîâ Å.Í.2, Äóéñåí Å.3

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ,
Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí;

1koshanov@list.ru, 2ermurat.91@mail.ru, 3erlan.duysen@mail.ru

Êàê èçâåñòíî, ìíîãèå ñòàöèîíàðíûå ôèçè÷åñêèå ïðîöåññû, íàïðèìåð, ðàñïðå-
äåëåíèÿ ïîòåíöèàëà ýëåêòðîñòàòè÷åñêîãî ïîëÿ, îïèñûâàþòñÿ ñ ïîìîùüþ óðàâ-
íåíèÿ Ïóàññîíà. Ïðè èññëåäîâàíèè êîëåáàíèé òîíêèõ ïëàñòèí âîçíèêàþò áè-
ãàðìîíè÷åñêèå óðàâíåíèÿ. Èíòåðåñíûì ÿâëÿåòñÿ, ñ òî÷êè çðåíèÿ ïðèëîæåíèé,
èçó÷åíèå ïîâåäåíèé ðåøåíèé óðàâíåíèÿ Ïóàññîíà, à òàêæå áèãàðìîíè÷åñêîãî
óðàâíåíèÿ â íåîãðàíè÷åííîé îáëàñòè. Çäåñü ïîÿâëÿåòñÿ íåîáõîäèìîñòü ââåäåíèÿ
äîïîëíèòåëüíûõ óñëîâèé íà áåñêîíå÷íîñòè, îäíîçíà÷íî îïðåäåëÿþùèõ ðåøåíèÿ
óðàâíåíèé. Òàêèå òðåáîâàíèÿ íàçûâàþòñÿ óñëîâèÿìè èçëó÷åíèÿ òèïà Çîììåð-
ôåëüäà [1], îíè ìîãóò áûòü ôèçè÷åñêè èíòåðïðåòèðîâàíû. Êîððåêòíûå êðàåâûå
çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà â íåîãðàíè÷åííûõ îáëàñòÿõ èçâåñòíû äàâíî. Â
ðàáîòå [2] è â ñòàòüå [3] ýòîò âîïðîñ èçó÷àåòñÿ äëÿ íåêîòîðûõ êëàññîâ óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ. Øèðîêèé îáçîð ëèòåðàòóðû èìååòñÿ ïî èññëåäîâàíèþ
êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Ïóàññîíà è äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ â
îãðàíè÷åííûõ îáëàñòÿõ. Â ðàáîòå [4] ïîñòðîåíà ôóíêöèÿ Ãðèíà çàäà÷è Äèðèõëå
äëÿ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ â øàðå ïðîèçâîëüíîé ðàçìåðíîñòè. Äàííàÿ
ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ðåøåíèÿ óðàâíåíèÿ Ïóàññîíà è íåîäíîðîäíîãî
áèãàðìîíè÷åñêîãî óðàâíåíèÿ â íåîãðàíè÷åííîé îáëàñòè. Ðåçóëüòàòû äàííîé ðà-
áîòû ñâÿçàíû ñ ââåäåíèåì âåñîâîãî ïðîñòðàíñòâà, êîòîðîå ìîæíî âîñïðèíèìàòü
êàê íåêîòîðîå èíòåãðàëüíîå óñëîâèå íà áåñêîíå÷íîñòè. Âû÷èñëåíû ðàçìåðíîñòè
ïðîñòðàíñòâ ðåøåíèé çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà è áèãàðìîíè÷å-
ñêîãî óðàâíåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà 3492/ÃÔ4 ÌÎÍ ÐÊ.
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Ëàãåðð Ð.
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Äëÿ îãðàíè÷åííûõ è íåîãðàíè÷åííûõ îäíîñâÿçíûõ îáëàñòåé Ω ⊂ R2 ñ ëèïøè-
öåâûìè ãðàíèöàìè ∂Ω óñòàíàâëèâàåòñÿ ÿâíàÿ âçàèìíàÿ ñâÿçü ìåæäó ðåøåíèÿìè
çàäà÷è Äèðèõëå

div(a∇u) = div f , x ∈ Ω; u|∂Ω = 0 (1)
ñ ðåøåíèÿìè çàäà÷è Íåéìàíà

div(b∇v) = div g, x ∈ Ω; (∂nv − (g,n)) |∂Ω = 0 (2)

ïðè çàäàííûõ f : Ω → R2, f ∈ Lp(Ω), è g : Ω → R2, g ∈ Lp(Ω), ãäå ∂n �
ïðîèçâîäíàÿ ïî íîðìàëè n ê ∂Ω, à êîýôôèöèåíòû óäîâëåòâîðÿþò óñëîâèÿì:

0 < ess inf
x∈Ω

a(x) < ess sup
x∈Ω

a(x) <∞, 0 < ess inf
x∈Ω

b(x) < ess sup
x∈Ω

b(x) <∞.

Êðàåâûå çàäà÷è (1), (2) ðàññìàòðèâàþòñÿ â ñëàáîé ïîñòàíîâêå äëÿ ðåøåíèé ñ
ïåðâûìè ïðîèçâîäíûìè èç Lp(Ω), ò. å. êëàññà L1

p(Ω) â ñìûñëå ñòàíäàðòíûõ èíòå-
ãðàëüíûõ òîæäåñòâ. Òàê, ñëàáûì ðåøåíèåì çàäà÷è Äèðèõëå (1) áóäåì íàçûâàòü

ýëåìåíò u ∈ L̊1
p(Ω)

def
= {w ∈ L1

p(Ω): w|∂Ω = 0}, óäîâëåòâîðÿþùèé èíòåãðàëüíîìó
òîæäåñòâó ∫

Ω

a(x)∇u ·∇ψ dx =

∫
Ω

f ·∇ψ dx ∀ψ ∈ C̊∞(Ω).

Òîãäà êàê ñëàáûì ðåøåíèåì çàäà÷è Íåéìàíà (2) áóäåì íàçûâàòü îïðåäåëåííûé
ñ òî÷íîñòüþ äî àääèòèâíîé êîíñòàíòû ýëåìåíò v ∈ L1

p(Ω), óäîâëåòâîðÿþùèé
èíòåãðàëüíîìó òîæäåñòâó∫

Ω

b(x)∇v ·∇ψ dx =

∫
Ω

g ·∇ψ dx ∀ψ ∈ C̊∞(R2).

Óñòàíîâëåíî, ÷òî ïðè ëþáîì çíà÷åíèè ïîêàçàòåëÿ p ∈ (1,∞) ñëàáîå ðåøåíèå
u ∈ L̊1

p(Ω) çàäà÷è Äèðèõëå (1) ñ êàêèì-ëèáî f ∈ Lp(Ω) ñóùåñòâóåò òîãäà è òîëü-
êî òîãäà, êîãäà äëÿ g = b(x)(−f2 , f1) ñóùåñòâóåò ñëàáîå ðåøåíèå v ∈ L1

p(Ω)
çàäà÷è Íåéìàíà (2) c êîýôôèöèåíòîì b(x) = 1/a(x). Ïðè ýòîì äëÿ âñÿêîãî
ñëàáîãî ðåøåíèÿ u ∈ L̊1

p(Ω) çàäà÷è Äèðèõëå (1) ñ f ∈ Lp(Ω) âåêòîðíîå ïîëå
(f2 − a∂x2

u, a∂x1
u − f1) îêàçûâàåòñÿ ïîòåíöèàëüíûì ñ íåêîòîðûì ïîòåíöèàëîì

v ∈ L1
p, êîòîðûé áóäåò ñëàáûì ðåøåíèåì çàäà÷è Íåéìàíà (2) äëÿ g = b(f2,−f1) ñ

êîýôôèöèåíòîì b(x) = 1/a(x), è ïðè ýòîì ðàâåíñòâîì∇v = (f2−a∂x2u, a∂x1u−f1)
ãðàäèåíò ðåøåíèÿ v ∈ L1

p(Ω) áóäåò îïðåäåëåí îäíîçíà÷íî. Âåðíî è îáðàòíîå, à
èìåííî: äëÿ âñÿêîãî ñëàáîãî ðåøåíèÿ v ∈ L1

p(Ω) çàäà÷è Íåéìàíà (2) ñ g ∈ Lp(Ω)
âåêòîðíîå ïîëå (g2 − b∂x2

v, b∂x1
v − g1) îêàçûâàåòñÿ ïîòåíöèàëüíûì ñ íåêîòî-

ðûì ïîòåíöèàëîì u ∈ L̊1
p(Ω), êîòîðûé áóäåò ñëàáûì ðåøåíèåì çàäà÷è Äèðèõ-

ëå (1) äëÿ f = a(g2,−g1) ñ êîýôôèöèåíòîì a(x) = 1/b(x), ïðè÷åì ðàâåíñòâîì
∇u = (g2 − b∂x2v, b∂x1v − g1) ðåøåíèå u ∈ L̊1

p(Ω) áóäåò îïðåäåëåíî îäíîçíà÷íî.
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Èññëåäóåòñÿ ðàçðåøèìîñòü íåëîêàëüíûõ çàäà÷ ñ èíòåãðàëüíûìè ãðàíè÷íûìè
óñëîâèÿìè ïî ïðîñòðàíñòâåííîé ïåðåìåííîé äëÿ âûðîæäàþùèõñÿ óðàâíåíèé c
êðàòíûìè õàðàêòåðèñòèêàìè.

Ïóñòü Ω åñòü èíòåðâàë (0, 1) îñè Ox, Q åñòü ïðÿìîóãîëüíèê Ω × (0, T ),
0 < T < +∞, N(x), K(t), α(t) � çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ Ω,
t ∈ [0, T ].

Íåëîêàëüíàÿ çàäà÷à I: íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â ïðÿìîóãîëü-
íèêå Q ðåøåíèåì óðàâíåíèÿ

K(t)ut + uxxx + c(x, t)u = f(x, t) (1)

è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ

u(x, 0) = 0, x ∈ Ω, (2)

u(0, t) = u(1, t) = 0, 0 < t < T, (3)

ux(1, t) =

1∫
0

N(x)u(x, t)dx, 0 < t < T.

Íåëîêàëüíàÿ çàäà÷à II: íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â ïðÿìî-
óãîëüíèêå Q ðåøåíèåì óðàâíåíèÿ (1) è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëî-
âèÿ (2), (3), à òàêæå óñëîâèå

ux(1, t) = α(t)ux(0, t), 0 < t < T.

Äëÿ ðàññìàòðèâàåìûõ çàäà÷ äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ ðåãóëÿð-
íûõ ðåøåíèé.
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Ëèíåéíàÿ ñèñòåìà

d

dt
u(t) = A(t)u(t), u(0) ∈ X (0 < t <∞), (1)

ðàññìàòðèâàåìàÿ â áàíàõîâîì ïðîñòðàíñòâå X, íàçûâàåòñÿ àñèìïòîòè÷åñêè óñ-
òîé÷èâîé ñ ïîêàçàòåëåì γ > 0, åñëè ñóùåñòâóåò ÷èñëîM > 0 òàêîå, ÷òî äëÿ âñåõ
ðåøåíèé u ýòîé ñèñòåìû ïðè t ≥ 0 ñïðàâåäëèâà îöåíêà ‖u(t)‖ ≤ Me−γt‖u(0)‖.
Ñèñòåìà (1) íàçûâàåòñÿ ñâåðõóñòîé÷èâîé, åñëè îíà àñèìïòîòè÷åñêè óñòîé÷èâà ñ
ëþáûì ïîêàçàòåëåì γ > 0, ò. å. âñå ðåøåíèÿ u ýòîé ñèñòåìû óáûâàþò áûñòðåå
ýêñïîíåíòû â ëþáîé ñòåïåíè [1].

Äëÿ ëèíåéíîé ãèïåðáîëè÷åñêîé ñèñòåìû ïåðâîãî ïîðÿäêà ðàññìîòðèì â ïîëó-
ïîëîñå Π = {(x, t) : 0 < x < 1, t > 0} ñìåøàííóþ çàäà÷ó, êîòîðóþ çàïèøåì â âèäå
ñèñòåìû (1), ãäå u � n-ìåðíàÿ âåêòîð-ôóíêöèÿ è

A(t) : L2(0, 1) −→ L2(0, 1) : (A(t)u) (x) = a(x, t)ux + b(x, t)u,

D(A(t)) = {u ∈ L2(0, 1) : ux ∈ L2(0, 1), P (u(0, t), u(1, t)) = 0}.

Çäåñü a, b � ãëàäêèå ìàòðèöû ðàçìåðíîñòè n × n, ïðè ýòîì a � äèàãîíàëüíàÿ
ìàòðèöà ñ îòëè÷íûìè îò íóëÿ â çàìûêàíèè Π ýëåìåíòàìè; P � ëèíåéíûé îïåðà-
òîð, çàäàþùèé ãðàíè÷íûå óñëîâèÿ íà áîêîâûõ ñòîðîíàõ Π; n ≥ 2. Â [2] âûäåëåí
êëàññ ãèïåðáîëè÷åñêèõ ëèíåéíûõ ñâåðõóñòîé÷èâûõ çàäà÷, âñå ðåøåíèÿ êîòîðûõ
ñòàáèëèçèðóþòñÿ ê íóëþ çà êîíå÷íîå âðåìÿ, íå çàâèñÿùåå îò íà÷àëüíûõ äàííûõ
u(0). Äîêàçàíî, ÷òî ïðè ìàëîì âîçìóùåíèè ìàòðèöû b âîçìóùåííûå ñèñòåìû ñòà-
íîâÿòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûìè, ïðè ýòîì ïîëó÷åíà îöåíêà íà ïîêàçàòåëü
ýêñïîíåíöèàëüíîãî óáûâàíèÿ â çàâèñèìîñòè îò âåëè÷èíû âîçìóùåíèÿ. Íàéäå-
íû óñëîâèÿ, ïðè êîòîðûõ âîçìóùåííûå ñèñòåìû îáëàäàþò ñâîéñòâîì ïîâûøåíèÿ
ãëàäêîñòè ðåøåíèé ïî ëþáûì íà÷àëüíûì äàííûì u(0) ∈ L2(0, 1).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû Ïðåçèäèóìà ÐÀÍ (ïðîåêò � 121 ïðî-

ãðàììû � 15 �Èíôîðìàöèîííûå, óïðàâëÿþùèå è èíòåëëåêòóàëüíûå òåõíîëîãèè è ñè-

ñòåìû�).
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Ïîÿâëåíèå îñöèëëèðóþùèõ ðåøåíèé ó äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñëå-
äåéñòâèåì (íà÷èíàÿ ñ ëèíåéíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà) � îäíî èç ñâîéñòâ,
ãäå îòëè÷èå óðàâíåíèé ñ ïîñëåäåéñòâèåì îò îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé îêàçûâàåòñÿ êà÷åñòâåííûì [1]. Ñ òî÷êè çðåíèÿ ïðèêëàäíûõ çàäà÷ (ôè-
çèêè, õèìèè, áèîëîãèè, ýêîíîìèêè) îñöèëëèðóþùèå ðåøåíèÿ îêàçûâàþòñÿ íå
ïðîñòî âïîëíå äîïóñòèìûìè: îíè äàþò áîëåå òî÷íóþ êàðòèíó ìîäåëèðóåìîãî
ïðîöåññà [2].

Óñëîæíåíèå ñâîéñòâ ðåøåíèé óðàâíåíèé ïîòðåáîâàëî êàê ñóùåñòâåííîãî ïðî-
äâèæåíèÿ îáùåé òåîðèè ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé, òàê è
ðàçðàáîòêè íîâûõ è ñîâåðøåíñòâîâàíèÿ èçâåñòíûõ ìåòîäîâ èññëåäîâàíèÿ îñöèë-
ëÿöèè ðåøåíèé. Äëÿ óðàâíåíèé ïåðâîãî ïîðÿäêà àêòóàëüíûìè îêàçàëèñü çàäà÷è
ïîëó÷åíèÿ ïðèçíàêîâ îñöèëëÿöèè, îöåíêè ïðîìåæóòêà íåîñöèëëÿöèè, îïðåäåëå-
íèÿ êîëè÷åñòâà íóëåé íà çàäàííîì èíòåðâàëå, îïðåäåëåíèÿ ðàññòîÿíèÿ ìåæäó
íóëÿìè è ò. ï.

Íåîáõîäèìîñòü ðàçäåëåíèÿ îñöèëëèðóþùèõ è çíàêîîïðåäåë¼ííûõ ðåøåíèé
âîçíèêàåò òàêæå ïðè ðåøåíèè çàäà÷, íàïðÿìóþ íå ñâÿçàííûõ ñ âîïðîñàìè îñ-
öèëëÿöèè, â ÷àñòíîñòè, ïðè èçó÷åíèè óñòîé÷èâîñòè óðàâíåíèé ñ ïîñëåäåéñòâèåì.

Åñëè ðåøåíèå çíàêîîïðåäåë¼ííîå (÷àñòî � â ñèëó óðàâíåíèÿ � òàêæå ìîíî-
òîííîå), òî äëÿ èññëåäîâàíèÿ åãî àñèìïòîòè÷åñêîãî ïîâåäåíèÿ óäîáíî èñïîëüçî-
âàòü ìåòîäû ìîíîòîííûõ îïåðàòîðîâ [3, ãë. 10]. Ïîòåðÿ óñòîé÷èâîñòè äëÿ òàêèõ
ðåøåíèé ïðîèñõîäèò ïðè ïåðåõîäå ÷åðåç ñòàöèîíàðíûå ðåøåíèÿ.

Åñëè ðåøåíèå îñöèëëèðóþùåå, òî òðåáóþòñÿ îöåíêè ïðîìåæóòêîâ ìîíîòîííî-
ñòè è âåëè÷èí ìàêñèìóìîâ è ìèíèìóìîâ ðåøåíèÿ. Òàêèå ðåøåíèÿ óäàåòñÿ èññëå-
äîâàòü çà ñ÷åò óäà÷íîãî âûáîðà óðàâíåíèÿ ñðàâíåíèÿ (test-ìåòîä [4]) èëè òîíêèõ
äâóñòîðîííèõ îöåíîê [1, ãë. VI]. Ïîòåðÿ óñòîé÷èâîñòè ïðîèñõîäèò ïðè ïåðåõîäå
÷åðåç ïåðèîäè÷åñêèå ðåøåíèÿ.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ Ìèíîáðíàóêè ÐÔ (ïðîåêò � 1.5336.2017/Á×).
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Ðàññìàòðèâàåòñÿ ìîäåëü ìíîãîêîìïîíåíòíûõ ìíîãîñêîðîñòíûõ ñìåñåé. Äëÿ
íåå òåîðåìû î ãëîáàëüíîì ñóùåñòâîâàíèè ñëàáûõ ðåøåíèé ìíîãîìåðíûõ çàäà÷
áûëè ïîëó÷åíû ñîâñåì íåäàâíî (ñì., íàïðèìåð, [1]�[3]), áëàãîäàðÿ ÷åìó ñîñòîÿ-
íèå ýòîé òåîðèè ñòàëî ñîïîñòàâèìûì ñ òàêîâûì äëÿ îäíîêîìïîíåíòíûõ ìîäåëåé.
Ïðè ýòîì îòêðûëèñü ïðîáëåìû, õàðàêòåðíûå èìåííî äëÿ ñìåñåé è îòëè÷àþùèå
èõ ïðèíöèïèàëüíî îò îäíîêîìïîíåíòíûõ ìîäåëåé. Â îïðåäåëåííîé ñòåïåíè ýòè
òðóäíîñòè îïèñàíû â [4]. Äëÿ ìíîãèõ èç íèõ ïîêà íåÿñíû ïóòè ïðåîäîëåíèÿ.

Êàê è â ìíîãîìåðíîì ñëó÷àå, êëàññè÷åñêèå ðåçóëüòàòû äëÿ îäíîêîìïîíåíòíî-
ãî âÿçêîãî ãàçà íå ïåðåíîñÿòñÿ íà ìíîãîêîìïîíåíòíûé îäíîìåðíûé ñëó÷àé êàêèì-
òî àâòîìàòè÷åñêèì îáðàçîì, â ÷àñòíîñòè, â ñèëó ïðèíöèïèàëüíî èíîé ñòðóêòóðû
âÿçêèõ ÷ëåíîâ � íàëè÷èÿ íåäèàãîíàëüíîé ìàòðèöû âÿçêîñòåé. Ýòî îòëè÷èå ïî
ñâîåé ñëîæíîñòè íå çàâèñèò îò ðàçìåðíîñòè äâèæåíèÿ. Êîððåêòíîñòü äëÿ ìî-
äåëåé ñìåñåé ñ äèàãîíàëüíîé ìàòðèöåé âÿçêîñòåé â îäíîìåðíîì ñëó÷àå èçó÷åíà
â [5], [6].

Â äîêëàäå áóäåò ïðåäñòàâëåíà òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè
ñèëüíîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ îäíîìåðíûõ óðàâíåíèé äâèæå-
íèÿ ìíîãîêîìïîíåíòíûõ ìíîãîñêîðîñòíûõ ñìåñåé ñ íåäèàãîíàëüíîé ìàòðèöåé
âÿçêîñòåé, áóäóò îáñóæäàòüñÿ ïåðñïåêòèâû è òðóäíîñòè äàëüíåéøåãî ðàçâèòèÿ
òåîðèè.
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Â ðàáîòå ðàññìàòðèâàþòñÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé íåéòðàëü-
íîãî òèïà

d

dt
y(t) = A(t)y(t) +

m∑
j=1

Bj(t)y(t− τj) +

m∑
j=1

Cj(t)
d

dt
y(t− τj), t ≥ 0, (1)

ãäåA(t),Bj(t), Cj(t) � ìàòðèöû ðàçìåðà n×n ñ íåïðåðûâíûìè T -ïåðèîäè÷åñêèìè
ýëåìåíòàìè, τj > 0 � ïàðàìåòðû çàïàçäûâàíèÿ, k = 1, . . . ,m.

Èñïîëüçóÿ ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî ñïåöèàëüíîãî âèäà [1], óñòà-
íîâëåíû óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ è ïîëó÷å-
íû îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ ðåøåíèé ñèñòåì âèäà (1) ïðè
t→∞ [2].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00592).
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Ðàññìîòðèì ñèñòåìó ẋ(t) +
∫ h

0
dR(s)x(t− s) = 0, ãäå x : R+ → RN , R � âåùå-

ñòâåííàÿ N ×N -ìàòðè÷íàÿ ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè, òàêàÿ ÷òî R(0) �
íóëåâàÿ ìàòðèöà, à èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Ðèìàíà � Ñòèëòüåñà. Äîîïðå-
äåëèì x ñóììèðóåìîé íà÷àëüíîé âåêòîð-ôóíêöèåé ïðè t ∈ [−h, 0). Ðåøåíèå ñè-
ñòåìû � ëîêàëüíî àáñîëþòíî íåïðåðûâíàÿ âåêòîð-ôóíêöèÿ, óäîâëåòâîðÿþùàÿ
äàííîé ñèñòåìå ïî÷òè âñþäó íà R+, ñóùåñòâóåò è åäèíñòâåííî.

Èññëåäîâàíèå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ýòîé ñèñòåìû ñâîäèòñÿ ê èçó÷å-

íèþ ðàñïîëîæåíèÿ êîðíåé ôóíêöèè Φ(z) = det
(
Iz +

∫ h
0
e−zsdR(s)

)
îòíîñèòåëüíî

ìíèìîé îñè. Íàèáîëåå ýôôåêòèâíûì ñïîñîáîì ïîñòðîåíèÿ îáëàñòè óñòîé÷èâîñòè
â ïðîñòðàíñòâå ïàðàìåòðîâ ôóíêöèè Φ ÿâëÿåòñÿ ìåòîä D-ðàçáèåíèÿ [1].

Ïóñòü Φ ëèíåéíî çàâèñèò îò âåùåñòâåííûõ ïàðàìåòðîâ r1, r2, òîãäà õàðàêòå-
ðèñòè÷åñêîå óðàâíåíèå èìååò âèä f0(z) + r1f1(z) + r2f2(z) = 0. Þ.È. Íåéìàðê
óêàçàë íà òî, ÷òî îáëàñòè D-ðàçáèåíèÿ ìîãóò ñîñòîÿòü èç êðèâîëèíåéíûõ è ïðÿ-
ìîëèíåéíûõ ó÷àñòêîâ (îòðåçêîâ, ëó÷åé, ïðÿìûõ). Äëÿ êðèâîëèíåéíûõ ó÷àñòêîâ
èì áûëî ïðåäëîæåíî �ïðàâèëî øòðèõîâêè�, ïðè ýòîì íà íåêîòîðûå ïðÿìîëèíåé-
íûå ó÷àñòêè íåâîçìîæíî íàíåñòè øòðèõîâêó íåïîñðåäñòâåííî � â ýòèõ ñëó÷àÿõ
ïðåäëàãàëîñü ëèáî íàíåñòè øòðèõîâêó òàê, ÷òîáû îíà íå ïðîòèâîðå÷èëà øòðè-
õîâêå íà êðèâûõ, ëèáî �äåôîðìèðîâàòü� ïðÿìóþ â êðèâóþ. Îäíàêî â ðÿäå ñëó-
÷àåâ îêàçûâàåòñÿ âûãîäíî íå òîëüêî èññëåäîâàòü ïðÿìîëèíåéíûå ó÷àñòêè ñàìè
ïî ñåáå, íî è ñïåöèàëüíî âûáðàòü ïàðàìåòðû çàäà÷è òàê, ÷òîáû êðèâîëèíåéíûõ
ó÷àñòêîâ íå áûëî.

Ñòðóêòóðà îáëàñòåé D-ðàçáèåíèÿ îïðåäåëÿåòñÿ òðåìÿ ôóíêöèÿìè:

∆(ϕ) = Im f1(−iϕ)f2(iϕ), u1(ϕ) = Im f2(−iϕ)f0(iϕ), u2(ϕ) = Imf0(−iϕ)f1(iϕ).

Åñëè âûïîëíÿåòñÿ õîòÿ áû îäíî èç äâóõ óñëîâèé:

à) ôóíêöèè f0, f1 è f2 èìåþò îáùèé êîðåíü íà ìíèìîé îñè,

á) ôóíêöèè ∆, u1 è u2 òîæäåñòâåííî ðàâíû íóëþ,

òî îáëàñòü óñòîé÷èâîñòè ïóñòà. Â ïðîòèâíîì ñëó÷àå ëþáàÿ îáëàñòü D-ðàçáèåíèÿ
ñîñòîèò èç íå áîëåå ÷åì ñ÷¼òíîãî ìíîæåñòâà ãëàäêèõ êðèâîëèíåéíûõ è ïðÿìîëè-
íåéíûõ ó÷àñòêîâ.

Òåîðåìà. Ïóñòü íè îäíî èç óñëîâèé à), á) íå âûïîëíåíî. Äëÿ òîãî, ÷òîáû ãðà-
íèöà ëþáîé îáëàñòè D-ðàçáèåíèÿ ñîñòîÿëà òîëüêî èç ïðÿìîëèíåéíûõ ó÷àñòêîâ,
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ôóíêöèè ∆, u1, u2 áûëè ëèíåéíî çàâèñèìû.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ Ìèíîáðíàóêè ÐÔ, ïðîåêò � 1.5336.2017/Á×.
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233



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

ÌÅÒÎÄ ØÒÐÀÔÎÂ È ÓÑËÎÂÈß ÎÏÒÈÌÀËÜÍÎÑÒÈ
Â ÎÄÍÎÉ ÇÀÄÀ×Å ÎÏÒÈÌÀËÜÍÎÃÎ ÓÏÐÀÂËÅÍÈß
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Êîêøåòàóñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ø. Óàëèõàíîâà,
Êîêøåòàó, Ðåñïóáëèêà Êàçàõñòàí; it.kgu@mail.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ õèìè÷åñêèì ðåàê-
òîðîì, ó÷åò òåìïåðàòóðíîãî îãðàíè÷åíèÿ â êîòîðîì îñóùåñòâëÿåòñÿ ïîñðåäñòâîì
ìåòîäà øòðàôîâ.

Ïóñòü Ω = {x : 0 < x < 1}, QT = Ω × (0, T ), T � ôèêñèðîâàííîå ÷èñëî.
Â îáëàñòè QT ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé, ÿâëÿþùóþñÿ
ìàòåìàòè÷åñêîé ìîäåëüþ íåàäèàáàòè÷åñêîãî òðóá÷àòîãî ðåàêòîðà:

∂v1(x, t)

∂t
= a

∂2v1(x, t)

∂x2
− ∂v1(x, t)

∂x
− c v1 f(v2),

∂v2(x, t)

∂t
= b

∂2v2(x, t)

∂x2
− ∂v2(x, t)

∂x
+ k v1 f(v2) + g (v3(t)− v2(x, t)),

dv3(t)

dt
= p

( 1∫
0

v2(x, t)dx− v3(t)

)
+ u(t) (E − v3(t)),

(1)


a
∂v1(0, t)

∂x
− v1(0, t) = −1,

∂v1(1, t)

∂x
= 0,

b
∂v2(0, t)

∂x
− v2(0, t) = −1,

∂v2(1, t)

∂x
= 0,

(2)

v1(x, 0) = v10(x), v2(x, 0) = v20(x), v3(0) = v30, (3)

ãäå f(v2) = exp(Γ−Γ/v2(x, t)); a, b, c, Γ, k, g, p, E, v30 � êîíñòàíòû, ïîëîæèòåëü-
íûå ïàðàìåòðû ñèñòåìû; u(t) � óïðàâëÿþùàÿ ôóíêöèÿ (óïðàâëåíèå); v1(x, t),
v2(x, t), v3(t) � ôóíêöèè êîíöåíòðàöèè ðåàãèðóþùåé ñìåñè, òåìïåðàòóðû ðåàê-
òîðà, òåìïåðàòóðû îõëàäèòåëÿ ñîîòâåòñòâåííî.

Ðàññìàòðèâàåòñÿ çàäà÷à ìèíèìèçàöèè ôóíêöèîíàëà

J(u) =

T∫
0

v1(1, t)dt, (4)

ò. å. ñóììàðíîãî çà âðåìÿ T êîëè÷åñòâà íåïðîðåàãèðîâàâøåãî âåùåñòâà íà âûõîäå
ðåàêòîðà, ïðè óñëîâèÿõ (1)�(3) è îãðàíè÷åíèè íà ôóíêöèþ v2(x, t):

v2(x, t) ≤ v∗2 = const. (5)

Â ðàáîòå [1] äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ
ñèñòåìû (1)�(3) ïðè ïðîèçâîëüíîé îãðàíè÷åííîé è èçìåðèìîé ôóíêöèè u(t) è
äîêàçàíî ñóùåñòâîâàíèå îïòèìàëüíîãî óïðàâëåíèÿ â çàäà÷å (1)�(5). Ó÷åò ôà-
çîâîãî îãðàíè÷åíèÿ (5) îñóùåñòâëÿåòñÿ ïîñðåäñòâîì ìåòîäà øòðàôîâ. Â ðàáîòå
ïîêàçàí ñïîñîá èçìåíåíèÿ ïàðàìåòðà øòðàôà è âûáîð åãî íà÷àëüíîãî çíà÷åíèÿ.

ËÈÒÅÐÀÒÓÐÀ

1. Ìóñàáåêîâ Ê.Ñ. Ñóùåñòâîâàíèå îïòèìàëüíîãî óïðàâëåíèÿ â îäíîé ðåãóëÿðèçîâàí-
íîé çàäà÷å ñ ôàçîâûì îãðàíè÷åíèåì // Âåñòí. ÍÃÓ. Ñåð. Ìàòåìàòèêà, ìåõàíèêà,
èíôîðìàòèêà. 2010. Ò. 10, âûï. 2. Ñ. 71�84.
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ÏÎËß ÁÅËÜÒÐÀÌÈ, ÒÎ×ÍÛÅ ÐÅØÅÍÈß

Íåùàäèì Ì.Â.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
neshch@math.nsc.ru

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå

rotmA = λA, (1)

ãäå λ � ôóíêöèÿ è A = (P,Q,R) � âåêòîð-ôóíêöèÿ ïåðåìåííûõ (x, y, z), m ∈ N
è rotA = (Ry − Qz, Pz − Rx, Qx − Py). Ðåøåíèÿ óðàâíåíèÿ (1) ïðè m = 1 íàçû-
âàþòñÿ ïîëÿìè Áåëüòðàìè [1]. Âñå ðàññìàòðèâàåìûå ôóíêöèè ïðåäïîëàãàþòñÿ
àíàëèòè÷åñêèìè. Ñîîòíîøåíèå (1) ðàññìàòðèâàåòñÿ ñ òî÷êè çðåíèÿ ïåðåîïðåäå-
ëåííûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Ñèñòå-
ìà (1) ïðèâîäèòñÿ â èíâîëþöèþ è íàõîäèòñÿ ïðîèçâîë åå ðåøåíèÿ. Îòâåò çàâèñèò
îò ÷åòíîñòè ÷èñëà m è ôóíêöèè λ. Ïðèâåäåì óòâåðæäåíèå äëÿ íå÷åòíîãî m è
λ = 1.

Òåîðåìà. Îáùåå ðåøåíèå ñèñòåìû (1) äëÿ m = 2k+ 1, k ≥ 0 � öåëîå, è λ = 1
îïðåäåëÿåòñÿ èç ðåøåíèÿ ñëåäóþùåé ñèñòåìû óðàâíåíèé:
1) ôóíêöèÿ R � ðåøåíèå óðàâíåíèÿ 4D2R+R = 0;
2) ôóíêöèÿ Q � ðåøåíèå ñèñòåìû óðàâíåíèé

D2Qzz = D2Ryz −DRx −Q,
DQxz = DRxy +Qy +Rz,
DQyz = −DRxx −DRzz −Qx,
Qxx = −Qyy −4DRx −Ryz,

êîòîðàÿ íàõîäèòñÿ â èíâîëþöèè â ñèëó óðàâíåíèÿ íà R;
3) ôóíêöèÿ P îïðåäåëÿåòñÿ ôîðìóëîé P = DRy −DQz.
Çäåñü D = (−1)k4k.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò

� 16-41-02006).

ËÈÒÅÐÀÒÓÐÀ
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Ðóáöîâñêèé èíäóñòðèàëüíûé èíñòèòóò (ôèëèàë) Àëòàéñêîãî
ãîñóäàðñòâåííîãî òåõíè÷åñêîãî óíèâåðñèòåòà èì. È.È. Ïîëçóíîâà,

Ðóáöîâñê, Ðîññèÿ; evnikit@mail.ru

Â äîêëàäå ïðåäïîëàãàåòñÿ èçëîæèòü íîâûå ðåçóëüòàòû ïî àñèìïòîòè÷åñêèì
ñâîéñòâàì ðåøåíèé çàäà÷è Êîøè äëÿ íåîäíîðîäíîãî óðàâíåíèÿ âíóòðåííèõ âîëí

∆utt + ux1x1
+ ux2x2

= eiλtf(x), t > 0, x ∈ R3,

u|t=0 = 0, ut|t=0 = 0,

ãäå f(x) ∈ S(R3), λ ≥ 0 � ïàðàìåòð. Ðåøåíèå äàííîé çàäà÷è îäíîçíà÷íî îïðåäå-
ëÿåòñÿ â êëàññå ôóíêöèé, óáûâàþùèõ ïðè |x| → ∞ [1]. Ïðè âûâîäå àñèìïòîòè-
÷åñêèõ ðàçëîæåíèé ïðè t → ∞ ðåøåíèé u(t, x, λ) èñïîëüçóåòñÿ âàðèàíò ìåòîäà
ñòàöèîíàðíîé ôàçû, èçëîæåííîãî â [2].

Â íàñòîÿùåå âðåìÿ èìååòñÿ áîëüøîå ÷èñëî ðàáîò, â êîòîðûõ ïðîâîäèëèñü èñ-
ñëåäîâàíèÿ ïîâåäåíèÿ àñèìïòîòèêè ïðè t→∞ ðåøåíèé êðàåâûõ çàäà÷ äëÿ êîí-
êðåòíûõ óðàâíåíèé è ñèñòåì, íå ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé ïðîèçâîä-
íîé. Ñðåäè íèõ îòìåòèì ðàáîòó [3], â êîòîðîé ðàññìàòðèâàëàñü çàäà÷à Êîøè äëÿ
íåîäíîðîäíîãî óðàâíåíèÿ Ñîáîëåâà

∆utt + uxnxn = eiλtf(x), t > 0, x ∈ Rn,

u|t=0 = 0, ut|t=0 = 0,

ãäå f(x) ∈ S(Rn), λ ≥ 0 � ïàðàìåòð, n ≥ 3. Â äàííîé ðàáîòå áûëè óñòàíîâëåíû
àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ïðè t → ∞ ðåøåíèé u(t, x, λ) â çàâèñèìîñòè îò
çíà÷åíèé ïàðàìåòðà λ.
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Ïåðöåâ Í.Â.

Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Îìñê, Ðîññèÿ; homlab@ya.ru

Ìíîãèå ìàòåìàòè÷åñêèå ìîäåëè æèâûõ ñèñòåì ìîæíî ðàññìàòðèâàòü êàê çà-
äà÷ó Êîøè äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé îïðåäåëåííîãî òèïà. Íà ïðàêòèêå
÷àñòî âñòðå÷àþòñÿ âûñîêîðàçìåðíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé, âêëþ÷àÿ ñèñòåìû, ñîäåðæàùèå íåñêîëüêî çàïàçäûâàíèé, à òàêæå ñó-
ùåñòâåííî íåëèíåéíûå ñèñòåìû. Èçó÷åíèå ñâîéñòâ ðåøåíèé çàäà÷ Êîøè äëÿ ýòèõ
ñèñòåì, êàê ïðàâèëî, ïðåäñòàâëÿåò òðóäíóþ ïðîáëåìó. Êëàññè÷åñêèå ìåòîäû è
ïðèåìû íå âñåãäà ïðèâîäÿò ê êîíñòðóêòèâíûì ðåçóëüòàòàì. Îäèí èç ïîäõîäîâ
ê èçó÷åíèþ óêàçàííûõ çàäà÷ Êîøè îïèðàåòñÿ íà ó÷åò ñòðóêòóðû ïðàâûõ ÷à-
ñòåé óðàâíåíèé, ìåòîäû òåîðèè ìîíîòîííûõ îïåðàòîðîâ è àïðèîðíûå íåðàâåí-
ñòâà. Ñðåäè íèõ ìîæíî âûäåëèòü ìåòîäû è íåðàâåíñòâà, èñïîëüçóþùèå ñâîéñòâà
ìàòðèö ñïåöèàëüíîãî âèäà, à èìåííî � íåâûðîæäåííûõ Ì-ìàòðèö [1], [2].

Â íàñòîÿùåì äîêëàäå ïðåäñòàâëåíû ðåçóëüòàòû ïðèìåíåíèÿ íåâûðîæäåííûõ
Ì-ìàòðèö ê àíàëèçó àñèìïòîòè÷åñêîé óñòîé÷èâîñòè òðèâèàëüíûõ ðåøåíèé ëè-
íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé [3]. Ïðèâåäåíû ïðèìåðû èñïîëüçîâàíèÿ
ýòèõ ìàòðèö äëÿ èçó÷åíèÿ àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèé çàäà÷ Êîøè
äëÿ ñèñòåì íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïåðâûé ïðèìåð ñâÿçàí ñ
èññëåäîâàíèåì äèíàìèêè ïîïóëÿöèè, ðàçâèâàþùåéñÿ ïîä âîçäåéñòâèåì êîìïëåê-
ñà çàãðÿçíÿþùèõ âåùåñòâ, ïîñòóïàþùèõ â ñðåäó îáèòàíèÿ îñîáåé [4]. Ïîêàçàíî,
÷òî àíàëèç àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íåòðèâèàëüíûõ ïîëîæåíèé ðàâíîâå-
ñèÿ âûñîêîðàçìåðíîé ìîäåëè ñâîäèòñÿ ê àíàëèçó àñèìïòîòè÷åñêîé óñòîé÷èâîñòè
ïîëîæåíèé ðàâíîâåñèÿ îäíîìåðíîé ìîäåëè ñïåöèàëüíîãî âèäà. Ïîëó÷åííûé ðå-
çóëüòàò îïèðàåòñÿ íà ñâîéñòâà íåâûðîæäåííûõ Ì-ìàòðèö è íå òðåáóåò ïðèâëå÷å-
íèÿ øèðîêî èñïîëüçóåìîé â áèîìàòåìàòèêå òåîðåìû î �áûñòðûõ� è �ìåäëåííûõ�
ïåðåìåííûõ. Âòîðîé ïðèìåð ïîñâÿùåí èññëåäîâàíèþ àñèìïòîòè÷åñêîãî ïîâåäå-
íèÿ ðåøåíèé âûñîêîðàçìåðíîé ìîäåëè ðàñïðîñòðàíåíèÿ ÂÈ×-èíôåêöèè ñðåäè
íàñåëåíèÿ íåêîòîðîãî ðåãèîíà [5]. Ñòðóêòóðà óðàâíåíèé ìîäåëè ïðåäïîëàãàåò
ïðîèçâîëüíîå êîëè÷åñòâî ãðóïï âîñïðèèì÷èâûõ è èíôèöèðîâàííûõ èíäèâèäóó-
ìîâ, îáúåäèíåííûõ ïî íåêîòîðûì ïðèçíàêàì. Íà îñíîâå ñâîéñòâ íåâûðîæäåííûõ
Ì-ìàòðèö ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ýêñïîíåíöèàëüíîãî ñíèæåíèÿ ÷èñëåí-
íîñòè âñåõ ãðóïï èíôèöèðîâàííûõ èíäèâèäóóìîâ.
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Ïóñòü Ω åñòü îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn ñ ãëàäêîé (äëÿ ïðîñòî-
òû � áåñêîíå÷íî äèôôåðåíöèðóåìîé) ãðàíèöåé Γ, Q åñòü öèëèíäð Ω × (0, T ),
S = Γ × (0, T ) � áîêîâàÿ ãðàíèöà Q. Äàëåå, ïóñòü f(x, t) � çàäàííàÿ ôóíêöèÿ,
îïðåäåëåííàÿ ïðè (x, t) ∈ Q, p � çàäàííîå íàòóðàëüíîå ÷èñëî, µ � çàäàííîå äåé-
ñòâèòåëüíîå ÷èñëî. ×åðåç ∆ áóäåì îáîçíà÷àòü îïåðàòîð Ëàïëàñà, äåéñòâóþùèé
ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, è äëÿ öåëîãî íåîòðèöàòåëüíîãî ÷èñëà k ÷åðåç

Dk
t áóäåì îáîçíà÷àòü ïðîèçâîäíóþ ∂k

∂tk
(ïîäðàçóìåâàÿ, ÷òî Dt = D1

t ).
Öåëüþ ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ óðàâ-

íåíèé
Dt((−1)p+1D2p

t u−∆u) + µu = f(x, t), (1)

D2
t ((−1)p+1D2ptu−∆u) + µu = f(x, t), (2)

à òàêæå äëÿ íåêîòîðûõ äðóãèõ, áëèçêèõ ê íèì.
Êðàåâàÿ çàäà÷à I: íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â öèëèíäðå Q ðå-

øåíèåì óðàâíåíèÿ (1) è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ

u(x, t)|S = 0, (3)

Dk
t u(x, t)|t=0 = 0, k = 0, . . . , p− 1, x ∈ Ω,

Dk
t u(x, t)|t=T = 0, k = p, . . . , 2p, x ∈ Ω.

Êðàåâàÿ çàäà÷à II: íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â öèëèíäðå Q ðå-
øåíèåì óðàâíåíèÿ (2) è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèå (3), à òàêæå
óñëîâèÿ

Dk
t u(x, t)|t=0 = 0, k = 0, . . . , p, x ∈ Ω,

Dk
t u(x, t)|t=T = 0, k = p+ 1, . . . , 2p+ 1, x ∈ Ω.

Äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåãóëÿðíûõ (èìå-
þùèõ âñå îáîáùåííûå ïî Ñ.Ë. Ñîáîëåâó ïðîèçâîäíûå, âõîäÿùèå â óðàâíåíèå)
ðåøåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ ãîñóäàðñòâåííîãî

çàäàíèÿ íà âûïîëíåíèå ÍÈÐ íà 2017�2019 ãã. (ïðîåêò � 6069).
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Ðàçðåøèìîñòü êðàåâûõ çàäà÷ Æåâðå äëÿ óðàâíåíèé òðåòüåãî ïîðÿäêà ñ êðàò-
íûìè õàðàêòåðèñòèêàìè

uxxx − sgnx ut = 0 (1)

ðàññìàòðèâàëàñü â ðàáîòàõ Ò.Ä. Äæóðàåâà [1], ãäå ðàçðåøèìîñòü êðàåâîé çàäà-
÷è Æåâðå ñâîäèòñÿ ê ñèñòåìå ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé, êîòîðàÿ â
êëàññå ðåãóëÿðíûõ ðåøåíèé îäíîçíà÷íî è áåçóñëîâíî ðàçðåøèìà. Â ðàáîòå [2]
ÿâíî ïðåäñòàâëåíû óñëîâèÿ ãëàäêîé ðàçðåøèìîñòè êðàåâûõ çàäà÷ Æåâðå, ãäå
áûëè ðàññìîòðåíû íåïðåðûâíûå óñëîâèÿ ñêëåèâàíèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ
âîïðîñû êîððåêòíîñòè êðàåâûõ çàäà÷Æåâðå, òèïàÆåâðå äëÿ óðàâíåíèé âèäà (1)
ñ âåñîâûìè óñëîâèÿìè ñêëåèâàíèÿ, íàéäåíû çàâèñèìîñòè ïîêàçàòåëåé ã¼ëüäåðîâ-
ñêèõ ïðîñòðàíñòâ îò âåñîâûõ ôóíêöèé ñêëåèâàíèÿ.

Çàäà÷à Æåâðå. Íàéòè ðåøåíèå óðàâíåíèÿ (1) èç ïðîñòðàíñòâà Ã¼ëüäåðà

H
p,p/3
x t (Q±), p = 3l + γ, 0 < γ < 1, óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u(x, 0) = ϕ1(x), x > 0, u(x, T ) = ϕ2(x), x < 0, (2)

è óñëîâèÿì ñêëåèâàíèÿ

σk
∂ku

∂xk
(−0, t) =

∂ku

∂xk
(+0, t) (k = 0, 1, 2). (3)

Ïðè âûïîëíåíèè óñëîâèé σ0σ2 ≥ σ2
1 > 0, σ0σ1 > 0 êðàåâàÿ çàäà÷à (1)�(3) èìååò

íå áîëåå îäíîãî ðåøåíèÿ â ïðîñòðàíñòâå îãðàíè÷åííûõ ôóíêöèé. Â ñëó÷àå σ0 6=
σ1 ðàçðåøèìîñòü êðàåâîé çàäà÷è (1)�(3) ñâîäèòñÿ ê ðàçðåøèìîñòè ñèíãóëÿðíîãî
èíòåãðàëüíîãî óðàâíåíèÿ

aβ1(t) +
b

π

T∫
0

β1(τ)

τ − t
dτ = Q(t), a =

σ0 + σ1 + 2σ2√
3

, b = σ1 − σ0,

à â ñëó÷àå σ0 = σ1 � ê èíòåãðàëüíîìó óðàâíåíèþ Âèíåðà � Õîïôà [2].
Çàäà÷à òèïà Æåâðå. Íàéòè ðåøåíèå óðàâíåíèÿ uxxx − ut = 0 èç ïðî-

ñòðàíñòâà Ã¼ëüäåðà H
p,p/3
x t (Q±), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì u(x, 0) =

ϕ1(x), x > 0, u(x, 0) = ϕ2(x), x < 0, è óñëîâèÿì ñêëåèâàíèÿ (3).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ ãîñóäàðñòâåííîãî

çàäàíèÿ íà âûïîëíåíèå ÍÈÐ íà 2017�2019 ãã. (ïðîåêò � 6069).
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Ðàññìîòðèì óðàâíåíèå (
∂α

∂yα
− ∂2

∂x2

)
u(x, y) = 0, (1)

ãäå 0 < α < 2; ÷åðåç ∂α

∂yα îáîçíà÷åí îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ

Äæðáàøÿíà � Íåðñåñÿíà [1, 2], àññîöèèðîâàííûé ñ ïîñëåäîâàòåëüíîñòüþ {γk}m0 ,
ïîðÿäêà α = γ0 + γ1 + · · ·+ γm − 1, ∂α

∂yα = D
{γ0,γ1,...,γm}
0y .

Óðàâíåíèå (1) ïðè α = 1 ïåðåõîäèò â óðàâíåíèå äèôôóçèè uy−uxx = 0, à ïðè
α = 2 � â âîëíîâîå óðàâíåíèå uyy − uxx = 0. Êàê èçâåñòíî [3], âñÿêîå ðåøåíèå
ïîñëåäíåãî óðàâíåíèÿ ìîæåò áûòü ïðåäñòàâëåíî ôîðìóëîé Ä'Àëàìáåðà

u(x, y) = u+(x, y) + u−(x, y), (2)

ãäå ôóíêöèè u+(x, y) è u−(x, y) � ðåøåíèÿ óðàâíåíèé ux + uy = 0 è ux − uy = 0,
ñîîòâåòñòâåííî.

Â äàííîé ðàáîòå ñòðîèòñÿ àíàëîã ïðåäñòàâëåíèÿ (2) äëÿ óðàâíåíèÿ (1). Ïóñòü
Ω � îáëàñòü, öåëèêîì ëåæàùàÿ â âåðõíåé ïîëóïëîñêîñòè, è âìåñòå ñ êàæäîé
òî÷êîé (x, y) ∈ Ω ñîäåðæàùàÿ èíòåðâàë, ñîåäèíÿþùèé òî÷êè (x, y) è (x, 0). Ïîêà-
çàíî, ÷òî ëþáîå ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ω ìîæåò áûòü ïðåäñòàâëåíî â
âèäå (2), ãäå u+(x, y) è u−(x, y) ÿâëÿþòñÿ, ñîîòâåòñòâåííî, ðåøåíèÿìè óðàâíåíèé
(β = α/2):(

∂

∂x
+

∂β

∂yβ

)
u+(x, y) = 0 è

(
∂

∂x
− ∂β

∂yβ

)
u−(x, y) = 0.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00462).
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Ðàññìàòðèâàåòñÿ ñòàöèîíàðíàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèé Íàâüå � Ñòîêñà
â îãðàíè÷åííîé îáëàñòè òðåõìåðíîãî ïðîñòðàíñòâà èëè ïëîñêîñòè, ãðàíèöà êîòî-
ðîé èìååò íåñêîëüêî ñâÿçíûõ êîìïîíåíò. Íà ãðàíèöå îáëàñòè çàäàí âåêòîð ñêî-
ðîñòè. Â ðàáîòå Æ. Ëåðý (1933) äîêàçàíà ðàçðåøèìîñòü ýòîé çàäà÷è ïðè äîïîë-
íèòåëüíîì óñëîâèè íóëåâîãî ïîòîêà ÷åðåç êàæäóþ ñâÿçíóþ êîìïîíåíòó ãðàíèöû
îáëàñòè òå÷åíèÿ. Èìååò ëè ýòà çàäà÷à ðåøåíèå ïðè âûïîëíåíèè ëèøü íåîáõî-
äèìîãî óñëîâèÿ ñóììàðíîãî íóëåâîãî ïîòîêà, äî ñèõ ïîð íåèçâåñòíî. Â ðàáîòàõ
Ì.Â. Êîðîáêîâà, Ê. Ïèëåöêàñà è Ð. Ðóññî ïîëîæèòåëüíûé îòâåò íà ýòîò âîïðîñ
ïîëó÷åí äëÿ ïëîñêèõ è îñåñèììåòðè÷íûõ òå÷åíèé áåç îãðàíè÷åíèé íà òîïîëîãèþ
îáëàñòè òå÷åíèÿ (ñì. ññûëêè â îáçîðå [1]).

Â ðàáîòàõ [2], [3] ðàññìîòðåí ñëó÷àé, êîãäà ãðàíèöà ïëîñêîé îáëàñòè ñîñòî-
èò èç æîðäàíîâîé êðèâîé è òî÷êè âíóòðè íåå, â êîòîðîé ïîìåùåí èñòî÷íèê
èëè ñòîê ìîùíîñòè q. Àñèìïòîòèêà ïîëÿ ñêîðîñòåé âáëèçè èñòî÷íèêà èìååò âèä
vr = (2πr)−1 + O(1), vϕ = O(1), r → 0 (r, ϕ � ïîëÿðíûå êîîðäèíàòû). Äîñòà-
òî÷íûì óñëîâèåì ðàçðåøèìîñòè òàêîé çàäà÷è ÿâëÿåòñÿ íåðàâåíñòâî |q| < 2πν,
ãäå ν � êèíåìàòè÷åñêàÿ âÿçêîñòü æèäêîñòè. Ñóùåñòâåííî, ÷òî ïîëå ñêîðîñòåé
â ðåøåíèè çàäà÷è èìååò áåñêîíå÷íûé èíòåãðàë Äèðèõëå. Ìû ïðåäïîëàãàåì, ÷òî
îãðàíè÷åíèå íà |q| ñâÿçàíî ñ ñóùåñòâîì äåëà. Â ïîëüçó ýòîãî ïðåäïîëîæåíèÿ
ñâèäåòåëüñòâóþò ðåçóëüòàòû Ì.À. Ãîëüäøòèêà, Â.Í. Øòåðíà è Í.È. ßâîðñêî-
ãî (1989), êîòîðûå ïîñòðîèëè ðåøåíèÿ äâóìåðíûõ óðàâíåíèé Íàâüå � Ñòîêñà ñ
èñòî÷íèêîì, îòëè÷íûå îò ðàäèàëüíûõ (ñì. òàêæå Â. Øâåðàê, 2011).

Äðóãîé âàðèàíò ñèíãóëÿðíîé çàäà÷è ïðîòåêàíèÿ � äâóìåðíîå òå÷åíèå â îá-
ëàñòè ñ óãëîâîé òî÷êîé íà åå ãðàíèöå. Äàííàÿ çàäà÷à èìååò ðåøåíèå, åñëè |q| <
2πf(α), ãäå α � âåëè÷èíà ñîîòâåòñòâóþùåãî óãëà. Ïðè ýòîì f →∞, åñëè α→ 0.
Ðàññìîòðåí òàêæå îñåñèììåòðè÷íûé àíàëîã ñèíãóëÿðíîé çàäà÷è ïðîòåêàíèÿ. Îá-
ëàñòü òå÷åíèÿ îãðàíè÷åíà ïîâåðõíîñòüþ âðàùåíèÿ. Íà ïåðåñå÷åíèè îáëàñòè ñ
îñüþ ñèììåòðèè ðàñïîëîæåíû èñòî÷íèêè èëè ñòîêè ñ ïîñòîÿííîé ëèíåéíîé ïëîò-
íîñòüþ q. Çäåñü äîñòàòî÷íûì óñëîâèåì ðàçðåøèìîñòè çàäà÷è ÿâëÿåòñÿ âûïîëíå-
íèå îäíîñòîðîííåãî íåðàâåíñòâà q < 2πν.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû �Âåäóùèå íàó÷íûå øêîëû Ðîññèéñêîé

Ôåäåðàöèè� (ãðàíò ÍØ-8146.2016.1).
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

Â ÇÀÄÀ×Å ÌÀÊÑÈÌÀËÜÍÛÕ ÎÒÊËÎÍÅÍÈÉ

Ðîãàëåâ À.Í.

Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ, Êðàñíîÿðñê, Ðîññèÿ;
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Äëÿ íåêîòîðûõ ïðàêòè÷åñêèõ çàäà÷ èçìåíåíèå âåêòîðà ñîñòîÿíèÿ ñèñòåìû
ïðîèñõîäèò â óñëîâèÿõ àïðèîðíîé íåîïðåäåëåííîñòè ëèáî ïîä äåéñòâèåì âíåø-
íèõ âîçäåéñòâèé, ëèáî òîãî è äðóãîãî îäíîâðåìåííî. Âåëè÷èíà âíåøíèõ âîçäåé-
ñòâèé ìîæåò áûòü íåèçâåñòíà. Ïðè ýòîì îïðåäåëåíû ëèøü îáùèå õàðàêòåðèñòèêè
âîçìóùåíèé è ïîãðåøíîñòåé èçìåðåíèÿ. Ê ïîäîáíûì çàäà÷àì îòíîñèòñÿ çàäà÷à
Áóëãàêîâà î ìàêñèìàëüíîì îòêëîíåíèè (íàêîïëåíèè âîçìóùåíèé), ïîëó÷èâøàÿ
ñâîå äàëüíåéøåå ðàçâèòèå è ïðèëîæåíèÿ â íàøè äíè [1]�[3]. Âîçìîæíû ñëó÷àè,
êîãäà äëÿ âîçìóùåíèé èçâåñòíû ëèøü îãðàíè÷åíèÿ íà ýòè âîçìóùåíèÿ.

Òàêèå çàäà÷è ïðèõîäèòñÿ, íàïðèìåð, èññëåäîâàòü ïðè ìîäåëèðîâàíèè òåõíè-
÷åñêèõ óñòðîéñòâ, äëÿ íàõîæäåíèÿ ìàêñèìàëüíîãî îòêëîíåíèÿ óïðàâëÿåìîé ñè-
ñòåìû îò æåëàåìîãî ñîñòîÿíèÿ, â çàäà÷àõ êîíòðîëÿ çà íàêîïèâøèìèñÿ áîêîâûìè
îòêëîíåíèÿìè äâèæåíèÿ ñàìîëåòà, èëè ïîñòðîåíèÿ âêëþ÷åíèÿ îáëàñòè äîñòèæè-
ìîñòè ïðè äâèæåíèè ñàìîëåòà íà ãîðèçîíòàëüíîé ïëîñêîñòè.

Ñòàòüÿ ðàññìàòðèâàåò âîïðîñû ïðèìåíåíèÿ ãàðàíòèðîâàííûõ ìåòîäîâ, îñíî-
âàííûõ íà ñèìâîëüíîì ïðåäñòàâëåíèè ôîðìóë ðåøåíèé â òèïè÷íûõ çàäà÷àõ íà-
êîïëåíèÿ âîçìóùåíèé [4]�[6], ïðè ðåøåíèè êîòîðûõ íåîáõîäèìî ó÷èòûâàòü âëèÿ-
íèå ìíîãèõ ðåàëüíî ñóùåñòâóþùèõ âîçìóùåíèé íà äâèæåíèå ñèñòåìû. Ïðèìåíå-
íèå ãàðàíòèðîâàííûõ ìåòîäîâ ñîñòîèò èç äâóõ ýòàïîâ � ïðåäèêòîð è êîððåêòîð.
Íà ïåðâîì ýòàïå (ïðåäèêòîð) ïðîèñõîäèò ïîñòðîåíèå (çàïèñü) ñèìâîëüíûõ ôîð-

ìóë ïðèáëèæåííûõ ðåøåíèé êàê âåêòîðíûõ ôóíêöèé Sn(Y
0
) ◦ Sn−1(Y

0
) ◦ . . . ◦

S1(Y
0
), ãäå âåêòîð Y 0 � âåêòîð íà÷àëüíûõ çíà÷åíèé, ðàññìàòðèâàåìûõ êàê ñèì-

âîëüíûå âåëè÷èíû. Ýòè ôîðìóëû àïïðîêñèìèðóþò îïåðàòîð ñäâèãà âäîëü òðà-
åêòîðèè ðåøåíèÿ. Íà âòîðîì ýòàïå âû÷èñëÿþòñÿ ãðàíèöû îáëàñòè çíà÷åíèé Sy

ýòîé ôîðìóëû.
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Ðóäîé Å.Ì.

Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,
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Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à, îïèñûâàþùàÿ ðàâíîâåñèå äâóìåðíîãî
ëèíåéíî-óïðóãîãî òåëà ñ òîíêèì ïðÿìîëèíåéíûì óïðóãèì âêëþ÷åíèåì è âîç-
ìîæíûì îòñëîåíèåì. Äëÿ îïèñàíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ
âêëþ÷åíèÿ èñïîëüçóþòñÿ óðàâíåíèÿ òåîðèè óïðóãèõ áàëîê Áåðíóëëè � Ýéëåðà.
Íàëè÷èå îòñëîåíèÿ îçíà÷àåò ñóùåñòâîâàíèå òðåùèíû ìåæäó âêëþ÷åíèåì è óïðó-
ãîé ìàòðèöåé. Íà áåðåãàõ òðåùèíû çàäàþòñÿ íåëèíåéíûå êðàåâûå óñëîâèÿ, èñ-
êëþ÷àþùèå âçàèìíîå ïðîíèêàíèå áåðåãîâ, ÷òî ïðèâîäèò ê çàäà÷å ñ íåèçâåñòíîé
îáëàñòüþ êîíòàêòà. Ïðåäëîæåí èòåðàöèîííûé àëãîðèòì ÷èñëåííîãî ðåøåíèÿ çà-
äà÷è, îñíîâàííûé íà ìåòîäå äåêîìïîçèöèè îáëàñòè è àëãîðèòìå Óäçàâû ðåøåíèÿ
âàðèàöèîííûõ íåðàâåíñòâ. Ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòîâ, èëëþñòðèðóþùèå
ýôôåêòèâíîñòü ïðåäëîæåííîãî àëãîðèòìà.
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Ðóçèåâ Ì.Õ.

Èíñòèòóò ìàòåìàòèêè ïðè Íàöèîíàëüíîì óíèâåðñèòåòå Óçáåêèñòàíà
èì. Ì. Óëóãáåêà, Òàøêåíò, Ðåñïóáëèêà Óçáåêèñòàí; mruziev@mail.ru

Ïóñòü îáëàñòü D ÿâëÿåòñÿ ñóììîé îáëàñòåé D+ ∪ D−, ïåðâàÿ èç êîòîðûõ
ïðåäñòàâëÿåò ñîáîé ýëëèïòè÷åñêóþ ïîëóïîëîñó 0 ≤ x ≤ 1, y ≥ 0, à âòîðàÿ �
õàðàêòåðèñòè÷åñêèé òðåóãîëüíèê OBC, ãäå OC è BC � äâå ïåðåñåêàþùèåñÿ â

òî÷êå C( 1
2 ,−(m+2

2 )
2

m+2 ) õàðàêòåðèñòèêè óðàâíåíèÿ

sign y |y|m uxx + uyy −
m

2y
uy = 0, m > 0, (1)

èñõîäÿùèå èç òî÷åê O(0, 0) è B(1, 0), à OB � îòðåçîê ïðÿìîé y = 0.
Çàäà÷à BS. Òðåáóåòñÿ íàéòè â îáëàñòè D ôóíêöèþ u(x, y), êîòîðàÿ:
1) u(x, y) ∈ C(D);
2) u(x, y) ∈ C2(D+) è óäîâëåòâîðÿåò óðàâíåíèþ (1) â ýòîé îáëàñòè;
3) u(x, y) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì êëàññà R1 ([1], τ

′(x), ν(x) ∈ H, ïðè-
÷åì τ ′(x), ν(x) íåïðåðûâíû â òî÷êå x = 0) óðàâíåíèÿ (1) â îáëàñòè D;

4) lim
y→+∞

u(x, y) = 0 ðàâíîìåðíî ïî x ∈ [0, 1];

5) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u(0, y) = ϕ1(y), u(1, y) = ϕ2(y), y ≥ 0,

u[θ0(x)] = µu[θk(x)] + (1− µ)u(x, 0) + ψ(x), x ∈ (0, 1), (2)

è óñëîâèþ ñîïðÿæåíèÿ

lim
y→+0

y−
m
2 uy = lim

y→−0
(−y)−

m
2 uy, x ∈ (0, 1).

Ïðåäåëû ïðè x = 1 ìîãóò èìåòü îñîáåííîñòè ïîðÿäêà íèæå åäèíèöû, ϕ1(y), ϕ2(y),

ψ(x) � çàäàííûå ôóíêöèè, µ 6= 1 � ïîñòîÿííàÿ, θ0(x) = x0

2 −i(
m+2

4 x0)
2

m+2 , θk(x) =
kx0

1+k −i(
(m+2)x0

2(1+k) )
2

m+2 � àôôèêñû òî÷åê ïåðåñå÷åíèÿ õàðàêòåðèñòèêè OC è êðèâîé

OC1 : x − 2k
m+2 (−y)

m+2
2 = 0, k = const > 1, ãäå C1 ∈ BC, ñ õàðàêòåðèñòèêîé,

èñõîäÿùåé èç òî÷êè (x0, 0), x0 ∈ (0, 1).
Îòìåòèì, ÷òî êðàåâàÿ çàäà÷à ñ óñëîâèåì (2) äëÿ óðàâíåíèÿ (1) â êîíå÷íîé

îáëàñòè èññëåäîâàíà â ðàáîòå [2].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ïðîåêòà (� ÎÒ-Ô4-88).
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Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå ñ ðàñïðåäåë¼ííûì çàïàçäûâàíèåì

ẋ(t) + ax(t) + b

t∫
t−h

e−c(t−s)x(s) ds = 0, t ∈ R+, (1)

ãäå a, b, c ∈ R, h > 0. Ñëåäóÿ [1, c. 9], íàçîâ¼ì ðåøåíèåì óðàâíåíèÿ (1) ëîêàëü-
íî àáñîëþòíî íåïðåðûâíóþ ôóíêöèþ, óäîâëåòâîðÿþùóþ (1) ïî÷òè âñþäó. Ïðè
îòðèöàòåëüíûõ çíà÷åíèÿõ àðãóìåíòà ïîëàãàåì, ÷òî ôóíêöèÿ x äîîïðåäåëåíà ñóì-
ìèðóåìîé íà÷àëüíîé ôóíêöèåé.

Êàê èçâåñòíî [2, ñ. 102], äëÿ òîãî ÷òîáû óðàâíåíèå (1) áûëî ýêñïîíåíöèàëüíî
óñòîé÷èâûì, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âñå íóëè åãî õàðàêòåðèñòè÷åñêîé
ôóíêöèè ëåæàëè ñëåâà îò ìíèìîé îñè.

Îäíèì èç íàèáîëåå ýôôåêòèâíûõ ìåòîäîâ èññëåäîâàíèÿ óñòîé÷èâîñòè àâòî-
íîìíûõ óðàâíåíèé ÿâëÿåòñÿ ìåòîä D-ðàçáèåíèé [3], ïðèìåíåíèå êîòîðîãî ñóùå-
ñòâåííî óïðîùàåòñÿ, åñëè óäàåòñÿ óñòàíîâèòü ñâÿçíîñòü îáëàñòè óñòîé÷èâîñòè.

Óðàâíåíèå (1) îáëàäàåò ñëåäóþùèì èíòåðåñíûì ñâîéñòâîì: ïðè çàìåíå ïåðå-
ìåííûõ x(t) = eαty(t) (α ∈ R) óðàâíåíèå (1) ïåðåõîäèò â óðàâíåíèå òîãî æå âèäà
(a 7→ a+ α, b 7→ b, c 7→ c+ α). Îïèðàÿñü íà ýòîò ôàêò, äëÿ óðàâíåíèÿ (1) óäà¼òñÿ
ïîêàçàòü, ÷òî îáëàñòü óñòîé÷èâîñòè ÿâëÿåòñÿ ñâÿçíîé â ïðîñòðàíñòâå ïàðàìåòðîâ
{ah, bh2, ch}.

Â ðàáîòå [4] ïîñòðîåíà îáëàñòü ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè óðàâíåíèÿ (1)
ïðè c = 0. Äàëåå, ó÷èòûâàÿ ñâÿçíîñòü îáëàñòè ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè
óðàâíåíèÿ (1) ïðè c ëþáîãî çíàêà, íåòðóäíî ïîñòðîèòü ýòó îáëàñòü â ïðîñòðàíñòâå
ïàðàìåòðîâ {ah, bh2, ch}.

Ïðè c 6 0 ãðàíèöà îáëàñòè óñòîé÷èâîñòè ëåæèò íà êðèâîé, êîòîðàÿ ÿâëÿåòñÿ
ãðàôèêîì ìîíîòîííîé ôóíêöèè. Ïðè c > 0 êðèâàÿ, íà êîòîðîé ëåæèò ãðàíèöà
îáëàñòè óñòîé÷èâîñòè, èìååò ñàìîïåðåñå÷åíèÿ, òàê íàçûâàåìûå �ïåòëè�. Ãðàíèöà
îáëàñòè óñòîé÷èâîñòè ñîñòîèò èç ó÷àñòêîâ ìåæäó ýòèìè �ïåòëÿìè�.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ Ìèíîáðíàóêè ÐÔ, çàäàíèå � 1.5336.2017/Á×.
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Íàéäåíî ìíîãîîáðàçèå ðåøåíèé óðàâíåíèÿ îáîáùåííûõ àíàëèòè÷åñêèõ ôóíê-
öèé ñ îäíèì îòêëîíåíèåì àðãóìåíòà ÷åðåç äâå äâîÿêîïåðèîäè÷åñêèå àíàëèòè÷å-
ñêèå ôóíêöèè.

Íà êîìïëåêñíîé ïëîñêîñòè C ðàññìîòðèì óðàâíåíèå âèäà

∂w

∂z̄
+ aw(z) + bw(z + h) = 0, (1)

ãäå z = x + iy, w(z) = u(x, y) + iv(x, y), 2wz̄ = ∂xw + i∂yw, a, b, h � ïîñòîÿííûå.
Îòìåòèì, ÷òî ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (1) ìîæíî èñêàòü ïîñðåäñòâîì äâóõ
ôóíêöèé υ1(z) = eλz̄, υ2(z) = eµz, ãäå λ, µ � ïîñòîÿííûå ÷èñëà.

Ïîäñòàâëÿÿ υ1(z), υ2(z) â óðàâíåíèå (1), ïîëó÷èì, ÷òî λ, µ äîëæíû óäîâëå-
òâîðÿòü, ñîîòâåòñòâåííî, òðàíñöåíäåíòíûì óðàâíåíèÿì

λ+ a+ beλh̄ = 0, a+ bµh = 0. (2)

Ò. ê. óðàâíåíèå (1) ëèíåéíî, òî ñïðàâåäëèâà òåîðåìà.
Òåîðåìà. Ïóñòü â óðàâíåíèè (1) λ, µ, ñîîòâåòñòâåííî, � êîðíè óðàâíåíèé (2)

è îòêëîíåíèå h = m1w1 +m2w2, Im (w1/w2) 6= 0, ãäå m1, m2 � íåêîòîðûå öåëûå
÷èñëà, à ϕ(z), φ(z) � äâîÿêîïåðèîäè÷åñêèå àíàëèòè÷åñêèå ôóíêöèè ñ ïåðèîäàìè
w1, w2. Òîãäà âñå ôóíêöèè âèäà

w(z) = ϕ(z)eλz̄ + ψ(z)eµz

äàþò ðåøåíèÿ óðàâíåíèÿ (1).
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Íåîáõîäèìîñòü èññëåäîâàíèÿ ðàçðåøèìîñòè òåõ èëè èíûõ êðàåâûõ çàäà÷ äî-
âîëüíî ÷àñòî âîçíèêàåò â ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè êîëåáàòåëüíûõ ïðî-
öåññîâ. Çàäà÷è, â êîòîðûõ âìåñòå ñ ðåøåíèåì òîãî èëè èíîãî äèôôåðåíöèàëüíî-
ãî óðàâíåíèÿ òðåáóåòñÿ îïðåäåëèòü òàêæå êîýôôèöèåíò (êîýôôèöèåíòû) ñàìîãî
óðàâíåíèÿ, èëè æå ïðàâóþ ÷àñòü óðàâíåíèÿ, â ìàòåìàòèêå íàçûâàþò îáðàòíûìè
çàäà÷àìè.

Ïóñòü Ω åñòü îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn ñ ãëàäêîé (áåñêîíå÷íî
äèôôåðåíöèðóåìîé) ãðàíèöåé Γ, Q � öèëèíäð Ω × (0, T ) êîíå÷íîé âûñîòû T ,
S = Γ× (0, T ), f(x, t), u0(x), u1(x) � çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ Ω
è ïðè t ∈ [0, T ], A � çàäàííîå ïîëîæèòåëüíîå ÷èñëî.

Îáðàòíàÿ çàäà÷à: íàéòè ôóíêöèþ u(x, t) è ÷èñëî a òàêèå, ÷òî äëÿ íèõ â
öèëèíäðå Q âûïîëíÿåòñÿ óðàâíåíèå

utt −∆u−∆utt + au = f(x, t), (1)

è ïðè ýòîì äëÿ ôóíêöèè u(x, t) âûïîëíÿþòñÿ óñëîâèÿ

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω, (2)

u(x, t)|S = 0, (3)∫
Ω

u2(x, T )dx = A. (4)

Â äàííîé îáðàòíîé çàäà÷å óñëîâèÿ (2) è (3) ÿâëÿþòñÿ óñëîâèÿìè ïåðâîé íà-
÷àëüíî-êðàåâîé çàäà÷è, óñëîâèå æå (4) åñòü óñëîâèå ïåðåîïðåäåëåíèÿ, íåîáõîäè-
ìîå äëÿ íàõîæäåíèÿ íåèçâåñòíîãî ïàðàìåòðà a.

Çàìå÷àíèå. Ñëåäóåò îòìåòèòü, ÷òî â ðàáîòå [1] èçó÷àëèñü áëèçêèå ïî ïîñòà-
íîâêå îáðàòíûå çàäà÷è äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé, íî ïðè ýòîì ìåòîäû ýòèõ
ðàáîò íàïðÿìóþ íà ðàññìàòðèâàåìóþ îáðàòíóþ çàäà÷ó íå ïåðåíîñÿòñÿ. Òåõíèêà
äîêàçàòåëüñòâà ðàçðåøèìîñòè îáðàòíîé çàäà÷è (1)�(4) ïîäîáíà òîé, ÷òî èñïîëü-
çîâàëàñü â ðàáîòå [2]. Ïðèìåíÿþòñÿ ìåòîä ðåãóëÿðèçàöèè, ìåòîä ñðåçêè, ìåòîäû
ïðîäîëæåíèÿ ïî ïàðàìåòðó è íåïîäâèæíîé òî÷êè.
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Äëÿ ñèñòåì ñ çàïàçäûâàíèåì äàæå â ëèíåéíîì ñëó÷àå êðèòåðèè óñòîé÷èâîñòè
èçâåñòíû ëèøü äëÿ î÷åíü íåáîëüøîãî êëàññà ñêàëÿðíûõ óðàâíåíèé; â îáùåì ñëó-
÷àå ðàçðàáîòàíû ëèøü ñïîñîáû ïîëó÷åíèÿ äîñòàòî÷íûõ óñëîâèé óñòîé÷èâîñòè è
ïîñòðîåíèÿ îöåíîê äëÿ ðåøåíèé íåêîòîðûõ òèïîâ ñèñòåì. Ïðîâåðêà èìåþùèõñÿ
óñëîâèé, â ñâîþ î÷åðåäü, ìîæåò îêàçàòüñÿ äîñòàòî÷íî ñåðüåçíîé ñàìîñòîÿòåëüíîé
çàäà÷åé äàæå äëÿ ëèíåéíîé ñèñòåìû ñ ïîñòîÿííûìè ïàðàìåòðàìè, à ïðåèìóùå-
ñòâà òîãî èëè èíîãî ñïîñîáà çàâèñÿò îò êîíêðåòíîãî âèäà ñèñòåìû. Ïîýòîìó óíè-
âåðñàëüíûõ ðåöåïòîâ â ýòîé îáëàñòè ïî ñåé äåíü íå ñóùåñòâóåò, è èññëåäîâàíèÿ
â ýòîì íàïðàâëåíèè ïðîäîëæàþòñÿ.

Ïðè ýòîì ìíîãèå èçâåñòíûå ðåçóëüòàòû îïèðàþòñÿ íà ñâîéñòâà ñêàëÿðíîãî
óðàâíåíèÿ âèäà

ẋ(t) = −a(t)x(t− r(t)), (1)

êîòîðîìó ïîñâÿùåíû ìíîãî÷èñëåííûå èññëåäîâàíèÿ, íà÷èíàÿ ñ ðàáîò À.Ä. Ìûø-
êèñà è Ê. Êóêà [1], [2]. Çíà÷èòåëüíàÿ äîëÿ ïîëó÷åííûõ ê íàñòîÿùåìó âðåìåíè ðå-
çóëüòàòîâ îá îöåíêàõ ðåøåíèé óðàâíåíèÿ (1) èñïîëüçóåò â òîì èëè èíîì âèäå òàê
íàçûâàåìûå �3/2-ïðèçíàêè� (íåêîòîðûå ññûëêè íà ñîîòâåòñòâóþùèå èñòî÷íèêè
ïðåäñòàâëåíû â ñòàòüå [3]). Â ôîðìå òàêèõ ïðèçíàêîâ ïðåäñòàâëåíû è �òî÷íûå�
(íåóëó÷øàåìûå â îáùåì ñëó÷àå) óñëîâèÿ óñòîé÷èâîñòè è îãðàíè÷åííîñòè ðåøå-
íèé äëÿ óðàâíåíèÿ (1), êîòîðûå, îäíàêî, ìîãóò áûòü ñóùåñòâåííî îñëàáëåíû ïðè
íàëè÷èè íåêîòîðûõ ñïåöèàëüíûõ ñâîéñòâ ôóíêöèé a(t) è r(t).

Â äîêëàäå ïðåäëàãàåòñÿ îáçîð è ñðàâíåíèå ðåçóëüòàòîâ îá óñòîé÷èâîñòè è
îöåíêàõ ðåøåíèé äëÿ óðàâíåíèÿ (1), à òàêæå îáñóæäàþòñÿ âîçìîæíîñòè èõ ìî-
äèôèêàöèè ïðè ðàçëè÷íûõ äîïîëíèòåëüíûõ óñëîâèÿõ. Äëÿ îáîñíîâàíèÿ èñïîëü-
çóþòñÿ �íåêëàññè÷åñêèå� ôóíêöèè Ëÿïóíîâà. Ðàññìàòðèâàþòñÿ, â òîì ÷èñëå, ñïî-
ñîáû ïîëó÷åíèÿ îöåíîê ðåøåíèé íà îñíîâå èñïîëüçîâàíèÿ ôóíêöèé, ïðîèçâîäíàÿ
êîòîðûõ ïðè óñëîâèÿõ Ðàçóìèõèíà ìîæåò áûòü çíàêîïåðåìåííîé (ñì., íàïðè-
ìåð, [4]). Ïðè ýòîì äîïóñêàþòñÿ, âîîáùå ãîâîðÿ, êàê îãðàíè÷åííûå, òàê è íåîãðà-
íè÷åííûå ôóíêöèè r(t) ≥ 0 (ïðè óñëîâèè, ÷òî t− r(t) íåîãðàíè÷åííî âîçðàñòàåò
ïðè t → +∞), â ïðåäïîëîæåíèè, ïî êðàéíåé ìåðå, ëîêàëüíîé èíòåãðèðóåìîñòè
êîýôôèöèåíòà a(t). Ïîëó÷åíû òàêæå ðåçóëüòàòû îá óñòîé÷èâîñòè äëÿ íåêîòîðûõ
âèäîâ ëèíåéíûõ ñèñòåì ñ çàïàçäûâàíèåì ñ ïåðåìåííûìè ïàðàìåòðàìè.
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Â ðàáîòå ðå÷ü ïîéäåò î ðåøåíèÿõ çàäà÷è Êîøè â áàíàõîâîì ïðîñòðàíñòâå B:

du

dt
= Au+Q(t)(εK(t)u+B(t, u)), u

∣∣
t=0

= u0. (1)

Ïðåäïîëàãàåòñÿ, ÷òî îïåðàòîð A ÿâëÿåòñÿ èíôèíèòåçèìàëüíûì ïðîèçâîäÿùèì
îïåðàòîðîì íåêîòîðîé ãðóïïû U(t), t ∈ (−∞,∞) êëàññà C0 (ñì [1]). Ïðè÷åì ñó-
ùåñòâóåò òàêàÿ êîíñòàíòà CU , ÷òî äëÿ ëþáîãî ϕ ∈ B ñïðàâåäëèâî ‖U(t)ϕ‖B ≤
CU ‖ϕ‖B. Â êà÷åñòâå ðåøåíèé çàäà÷è (1) ðàññìàòðèâàþòñÿ ðåøåíèÿ èíòåãðàëü-
íîãî óðàâíåíèÿ

u(t) = U(t)u0 +

t∫
0

U(t− τ)Q(τ)(εK(τ)u+B(τ, u))dτ. (2)

Ïðåäïîëàãàåòñÿ, ÷òî ñóùåñòâóþò äâå êîíñòàíòû B1, B2 òàêèå, ÷òî

‖B(t, u1)−B(t, u2)‖B ≤ B2 (‖u1‖B + ‖u2‖B) (‖u1 − u2‖B)

è
‖B(t, u)‖B ≤ B1 ‖u‖2B .

Îïåðàòîð-ôóíêöèÿ K(t) � íåïðåðûâíàÿ, ðàâíîìåðíî îãðàíè÷åííàÿ ôóíêöèÿ â
ìåòðèêå áàíàõîâà ïðîñòðàíñòâà ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ ïðîñòðàí-

ñòâàB; sup
t

∥∥∥∥ t∫
0

U(t− τ)Q(τ)u(τ) dτ

∥∥∥∥
B

≤ C sup
t
‖u(t)‖B äëÿ íåïðåðûâíûõ ôóíêöèé

u(t). Ïðè ýòèõ óñëîâèÿõ ñïðàâåäëèâà òåîðåìà.
Òåîðåìà. Ñóùåñòâóþò ε̄ > 0, δ > 0, P > 0 òàêèå, ÷òî äëÿ ëþáîãî ε, |ε| < ε̄,

è ëþáîãî u0, ‖u0‖B < δ, ðåøåíèå çàäà÷è (2) u(t) ñóùåñòâóåò ïðè t ∈ (−∞,∞),
ïðè÷¼ì ‖u(t)‖B ≤ P ‖u0‖B.

Â êà÷åñòâå ïðèìåðà ïðèìåíåíèÿ äàííîé òåîðåìû ìîæíî íàçâàòü íåêîòîðûå
ñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé.
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Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì
àðãóìåíòîì, îïèñûâàþùàÿ âçàèìîäåéñòâèå ïîïóëÿöèé õèùíèêîâ è æåðòâ, îáèòà-
þùèõ íà îäíîé òåððèòîðèè [1]:

d

dt
x(t) = rx(t)

(
1− x(t)

K

)
− px(t)y(t),

d

dt
y(t) = bpe−cτx(t− τ)y(t− τ)− dy(t),

d

dt
z(t) = bpx(t)y(t)− bpe−cτx(t− τ)y(t− τ)− cz(t).

(1)

Çäåñü x(t) � ÷èñëåííîñòü ïîïóëÿöèè æåðòâ, y(t) � ÷èñëåííîñòü ïîïóëÿöèè âçðîñ-
ëûõ õèùíèêîâ, z(t) � ÷èñëåííîñòü ïîïóëÿöèè ìîëîäûõ õèùíèêîâ. Ïðåäïîëàãà-
åòñÿ, ÷òî òîëüêî âçðîñëûå õèùíèêè ìîãóò íàïàäàòü íà æåðòâ è âîñïðîèçâîäèòü
ïîòîìñòâî. Ïàðàìåòð çàïàçäûâàíèÿ τ îòâå÷àåò çà âðåìÿ âçðîñëåíèÿ õèùíèêîâ,
r � êîýôôèöèåíò ïðèðîñòà ïîïóëÿöèè æåðòâ,K � ìàêñèìàëüíî äîïóñòèìàÿ ÷èñ-
ëåííîñòü ïîïóëÿöèè æåðòâ, p � êîýôôèöèåíò âçàèìîäåéñòâèÿ æåðòâ è âçðîñëûõ
õèùíèêîâ, b � êîýôôèöèåíò ðîæäàåìîñòè õèùíèêîâ, c � êîýôôèöèåíò ñìåðòíî-
ñòè ìîëîäûõ õèùíèêîâ, d � êîýôôèöèåíò ñìåðòíîñòè âçðîñëûõ õèùíèêîâ. Âñå
ïàðàìåòðû ñèñòåìû ïðåäïîëàãàþòñÿ ïîëîæèòåëüíûìè.

Â ðàáîòå èçó÷àåòñÿ àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ïîëîæåíèé ðàâíîâåñèÿ ñè-
ñòåìû (1). Ïîëó÷åíû óñëîâèÿ íà êîýôôèöèåíòû ñèñòåìû, ïðè êîòîðûõ ïîëîæå-
íèÿ ðàâíîâåñèÿ ÿâëÿþòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûìè. Èñïîëüçóÿ ìîäèôèöè-
ðîâàííûå ôóíêöèîíàëû Ëÿïóíîâà � Êðàñîâñêîãî [2], óñòàíîâëåíû îöåíêè ñêîðî-
ñòè ñõîäèìîñòè ðåøåíèé ê ïîëîæåíèÿì ðàâíîâåñèÿ è îöåíêè íà îáëàñòè ïðèòÿ-
æåíèÿ. Ðåçóëüòàòû ÷àñòè÷íî îïóáëèêîâàíû â [3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-00745).
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Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé íàçûâàåòñÿ àâòîìîðôíîé îòíîñèòåëü-
íî ãðóïïû Ëè, åñëè âñå å¼ ðåøåíèÿ íàõîäÿòñÿ íà îðáèòå îäíîãî èç íèõ [1, � 25].
Àâòîìîðôíàÿ ñèñòåìà ìàêñèìàëüíîãî ðàíãà ó÷àñòâóåò â ãðóïïîâîì ðàññëîå-
íèè [1, � 26]. À ðåøåíèÿ àâòîìîðôíûõ ñèñòåì ìåíüøåãî ðàíãà íàçâàíû â [1, ñ. 336]
äèôôåðåíöèàëüíî-èíâàðèàíòíûìè ðåøåíèÿìè. Êàæäîå äèôôåðåíöèàëüíî-èíâà-
ðèàíòíîå ðåøåíèå îòíîñèòåëüíî êàæäîé ãðóïïû õàðàêòåðèçóåòñÿ êîíå÷íîé íåóáû-
âàþùåé ïîñëåäîâàòåëüíîñòüþ ðàçìåðíîñòåé îðáèò d0, . . . , dk3

â ïðîäîëæåííûõ
ïðîñòðàíñòâàõ [2].

Â íàñòîÿùåé ðàáîòå ðåçóëüòàòû èç ðàáîò [2]�[4] èñïîëüçóþòñÿ äëÿ ïîñòðîå-
íèÿ íåêîòîðûõ êëàññîâ äèôôåðåíöèàëüíî-èíâàðèàíòíûõ ðåøåíèé òðåõìåðíûõ
óðàâíåíèé Íàâüå � Ñòîêñà

Ut + (U · ∇)U +∇P = ν4U, divU = 0, (1)

ãäå U(t, x, y, z) � òðåõìåðíîå âåêòîðíîå ïîëå ñêîðîñòåé, p(t, x, y, z) � äàâëåíèå è
ν = const � êîýôôèöèåíò êèíåìàòè÷åñêîé âÿçêîñòè.

Óðàâíåíèÿ (1) äîïóñêàþò áåñêîíå÷íî-ïàðàìåòðè÷åñêóþ ãðóïïó ñèììåòðèé
Ëè [5]. Â íàñòîÿùåé ðàáîòå ïîñòðîåíû äèôôåðåíöèàëüíî-èíâàðèàíòíûå ðåøåíèÿ
îòíîñèòåëüíî íåñêîëüêèõ êîíå÷íî-ïàðàìåòðè÷åñêèõ è áåñêîíå÷íî-ïàðàìåòðè÷åñ-
êèõ ïîäãðóïï äîïóñêàåìîé ãðóïïû.

ËÈÒÅÐÀÒÓÐÀ

1. Îâñÿííèêîâ Ë.Â. Ãðóïïîâîé àíàëèç äèôôåðåíöèàëüíûõ óðàâíåíèé. Ì.: Íàóêà,
1978.

2. Òàëûøåâ À.À. Î äèôôåðåíöèàëüíî-èíâàðèàíòíûõ ðåøåíèÿõ // Ñèá. æóðí. ÷èñò. è
ïðèêë. ìàòåì. 2016. Ò. 16, âûï. 3. C. 75�84.

3. Òàëûøåâ À.À. Îá àâòîìîðôíûõ ñèñòåìàõ êîíå÷íîìåðíûõ ãðóïï Ëè // Óôèìñê.
ìàò. æóðí. 2012. Ò. 4, � 4. Ñ. 130�138.

4. Òàëûøåâ À.À. Îá èíòåãðèðîâàíèè àâòîìîðôíûõ ñèñòåì êîíå÷íîìåðíûõ ãðóïï
Ëè // Óôèìñê. ìàò. æóðí. 2014. Ò. 6, � 1. C. 108�114.

5. Áûòåâ Â.Î. Ãðóïïîâûå ñâîéñòâà óðàâíåíèé Íàâüå � Ñòîêñà // ×èñëåííûå ìåòîäû
ìåõàíèêè ñïëîøíîé ñðåäû. 1972. Ò. 3, � 3. Ñ. 13�17.

251



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

Î ÍÅÏÐÅÐÛÂÍÛÕ ÏÎ ËÈÏØÈÖÓ ÐÅØÅÍÈßÕ
ÀÍÈÇÎÒÐÎÏÍÛÕ ÏÀÐÀÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

Òåðñåíîâ Àë.Ñ.1, Òåðñåíîâ Àð.Ñ.2

1Óíèâåðñèòåò Êðèòà, Èðàêëèîí, Ãðåöèÿ; tersenov@math.uoc.gr
2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

atersenov@math.nsc.ru

Â äîêëàäå áóäåò ðàññìîòðåíà ïåðâàÿ êðàåâàÿ çàäà÷à, à òàêæå çàäà÷à Êîøè
äëÿ àíèçîòðîïíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé âèäà

ut −
n∑
i=1

(|uxi |pi−2uxi)xi = f(t, x, u,∇u) â ΩT = Ω× (0, T ), (1)

ãäå Ω � îãðàíè÷åííàÿ îáëàñòü. Óðàâíåíèÿ âèäà (1) ïðèíàäëåæàò ê øèðîêîìó
êëàññó óðàâíåíèé, ÷àñòî íàçûâàåìûõ óðàâíåíèÿìè ñ íåñòàíäàðòíûìè óñëîâè-
ÿìè ðîñòà. Êàê èçâåñòíî, ïðè èññëåäîâàíèè ýòèõ óðàâíåíèé øèðîêî ïðèìåíÿ-
þòñÿ ìåòîäû âàðèàöèîííîãî èñ÷èñëåíèÿ, êîòîðûå âñòðå÷àþò ñåðüåçíûå òðóäíî-
ñòè â ñëó÷àå, êîãäà ïðàâàÿ ÷àñòü çàâèñèò îò ãðàäèåíòà ðåøåíèÿ. Êëàññè÷åñêè-
ìè ìåòîäàìè èññëåäîâàíèÿ ÿâëÿþòñÿ òàêæå àïïðîêñèìàöèîííûå ìåòîäû, íàïðè-
ìåð, ìåòîä Ãàëåðêèíà. Îäíîé èç ãëàâíûõ îòëè÷èòåëüíûõ ÷åðò ýòèõ óðàâíåíèé
îò êëàññè÷åñêîãî p-ëàïëàñèàíà ÿâëÿåòñÿ îòñóòñòâèå äîñòàòî÷íî ïîëíîé òåîðèè
ðåãóëÿðíîñòè ðåøåíèé. Èçâåñòíî, ÷òî íåïðåðûâíîñòü ïî Ëèïøèöó ýòèõ ðåøå-
íèé ïî ïðîñòðàíñòâåííûì ïåðåìåííûì ÿâëÿåòñÿ ëó÷øèì ðåçóëüòàòîì íà ñåãî-
äíÿøíèé äåíü. Â ñëó÷àå, êîãäà f íå çàâèñèò îò ãðàäèåíòà, íàì óäàëîñü ïîêàçàòü
ãëîáàëüíóþ ëèïøèöåâîñòü ðåøåíèé ïî âñåì ïåðåìåííûì, âêëþ÷àÿ ïåðåìåííóþ
t, â âûïóêëûõ îáëàñòÿõ. Ïðè÷åì ëèïøèöåâîñòü ïî âðåìåíè ìîæíî ïîëó÷èòü â
îáëàñòÿõ, óäîâëåòâîðÿþùèõ óñëîâèþ âíåøíåé ñôåðû. Ñóùåñòâîâàíèå ðåøåíèé
äîêàçûâàåòñÿ ïóòåì ðåãóëÿðèçàöèè èñõîäíîãî óðàâíåíèÿ è ïîñòðîåíèè ðåøåíèÿ
êàê ïðåäåëà êëàññè÷åñêèõ ðåøåíèé ðåãóëÿðèçîâàííîé çàäà÷è.

Â ñëó÷àå ñèëüíûõ ãðàäèåíòíûõ íåëèíåéíîñòåé îäíîé èç ãëàâíûõ ñëîæíîñòåé
ÿâëÿåòñÿ ïåðåõîä ê ïðåäåëó â íåëèíåéíûõ ÷ëåíàõ. Ñ ïîìîùüþ òåîðèè âÿçêèõ
ïî Ëèîíñó ðåøåíèé íàì óäàëîñü äîêàçàòü ñóùåñòâîâàíèå ðåøåíèÿ è â ñëó÷àå
ãðàäèåíòíûõ íåëèíåéíîñòåé, íå óäîâëåòâîðÿþùèõ óñëîâèþ Áåðíøòåéíà, êîòî-
ðîå ÿâëÿåòñÿ ëîêàëüíî íåïðåðûâíûì ïî Ãåëüäåðó ïî t è ãëîáàëüíî ëèïøèöåâûì
ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Ñòîèò îòìåòèòü, ÷òî ïîñëåäíèé ðåçóëüòàò ïî-
ëó÷åí â ñëó÷àå, êîãäà ïîêàçàòåëè pi çàâèñÿò îò âðåìåíè.
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Â äîêëàäå îáñóæäàþòñÿ íåäàâíèå ðåçóëüòàòû è íåðåøåííûå ïðîáëåìû äëÿ
çàäà÷ ñî ñâîáîäíûìè ãðàíèöàìè ñ íåýëëèïòè÷åñêèì ñèìâîëîì ãðàíèöû. Äëÿ òà-
êèõ çàäà÷ ãðàíè÷íûå óñëîâèÿ íà ñâîáîäíîé ãðàíèöå F (t, x) = 0 íå ðàçðåøèìû äëÿ
ãðàäèåíòà (Ft,∇F ). Â ýòîì ñëó÷àå ëèíåàðèçîâàííàÿ çàäà÷à ìîæåò óäîâëåòâîðÿòü
òîëüêî ñëàáîìó óñëîâèþ Ëîïàòèíñêîãî (íåéòðàëüíàÿ óñòîé÷èâîñòü), ÷òî âëå÷åò
ïîòåðþ ïðîèçâîäíûõ â àïðèîðíûõ îöåíêàõ ðåøåíèÿ â ïðîñòðàíñòâàõ Ñîáîëåâà.
Îäíàêî îñíîâíàÿ òðóäíîñòü çàêëþ÷àåòñÿ â ïîòåðå �êîíòðîëÿ íàä ãðàíèöåé�, âûðà-
æàþùàÿñÿ â íåäîñòàòî÷íîñòè óñëîâèÿ Ëîïàòèíñêîãî äëÿ êîððåêòíîñòè èñõîäíîé
íåëèíåéíîé çàäà÷è. Òðåáóåòñÿ äîïîëíèòåëüíîå óñëîâèå íà ñâîáîäíîé ãðàíèöå,
ïðèìåðîì êîòîðîãî ÿâëÿåòñÿ èçâåñòíîå óñëîâèå Ðýëåÿ � Òåéëîðà.

Â äîêëàäå ðàññìàòðèâàþòñÿ çàäà÷è ñî ñâîáîäíûìè ãðàíèöàìè äëÿ óðàâíå-
íèé Ýéëåðà [1] è óðàâíåíèé ìàãíèòíîé ãèäðîäèíàìèêè èäåàëüíîé ñæèìàåìîé è
íåñæèìàåìîé æèäêîñòè [2]�[9], à òàêæå äëÿ ñèñòåìû (ïåðâîãî ïîðÿäêà â ýéëåðî-
âûõ êîîðäèíàòàõ), îïèñûâàþùåé óïðóãèå âîëíû â ñæèìàåìûõ è íåñæèìàåìûõ
ñðåäàõ [10].
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Òðåáîâàíèÿ ñîâðåìåííîé íàóêè è òåõíèêè ïðèâîäÿò ê íåîáõîäèìîñòè ðàññìàò-
ðèâàòü ïðîöåññû, ïðîèñõîäÿùèå â íåëèíåéíûõ ñðåäàõ. Çäåñü ìîæíî óêàçàòü çà-
äà÷è ãèäðî- è ãàçîäèíàìèêè, ôèçèêè ïëàçìû, òåîðèè õèìè÷åñêèõ ðåàêöèé è äð.
Â ñâÿçè ñ ïîñòàíîâêîé íîâûõ çàäà÷ âîçíèêàåò íåîáõîäèìîñòü ðàçðàáîòêè íîâûõ
ïîäõîäîâ â èññëåäîâàíèè íåëèíåéíûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, ðåøàþùèõ-
ñÿ ìàòåìàòè÷åñêèìè ìîäåëÿìè ïðîöåññîâ â íåëèíåéíûõ ñðåäàõ. Ïðè ýòîì ìíîãèå
èç óêàçàííûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé ïðèâîäÿòñÿ ê êðàåâûì çàäà-
÷àì ñî ñâîáîäíîé ãðàíèöåé [1], [2].

Çàäà÷è ñî ñâîáîäíîé ãðàíèöåé ñ íåëîêàëüíûìè ãðàíè÷íûìè óñëîâèÿìè èñ-
ïîëüçóþòñÿ äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïðîöåññîâ çàãðÿçíåíèÿ â ðåêàõ,
ìîðÿõ, âûçûâàåìîãî ñòî÷íûìè âîäàìè [3], [4].

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ íåëîêàëüíàÿ çàäà÷à Ôëîðèíà äëÿ êâàçèëèíåé-
íîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ.

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ íàéòè íà íåêîòîðîì îòðåçêå 0 < t ≤ T
íåïðåðûâíî äèôôåðåíöèðóåìóþ ôóíêöèþ s(t) òàêóþ, ÷òî s(0) = s0 > 0, 0 <
ṡ(t) ≤ N , s(t) óäîâëåòâîðÿåò óñëîâèþ Ã¼ëüäåðà, à ôóíêöèÿ u(t, x) â îáëàñòè D =
{(t, x) : 0 < t ≤ T, 0 < x < s(t)} óäîâëåòâîðÿåò óðàâíåíèþ

ut = a(t, x, ux)uxx + b(t, x)ux + c(t, x, ux), (t, x) ∈ D,

è ñëåäóþùèì íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì:

u(0, x) = ϕ(x), 0 ≤ x ≤ s0,

ux(t, 0) = ψ1(t), 0 ≤ t ≤ T,
αu(t, x0) = u(t, s(t)), 0 ≤ t ≤ T,
ux(t, s(t)) = ψ2(t), 0 ≤ t ≤ T.

Èññëåäîâàíèå ïðîâîäèòñÿ ïî ñëåäóþùåé ñõåìå. Ñíà÷àëà çàäà÷à ñâîäèòñÿ ê
çàäà÷å òèïà Ñòåôàíà è äîêàçûâàåòñÿ èõ ýêâèâàëåíòíîñòü. Äàëåå óñòàíàâëèâàþò-
ñÿ àïðèîðíûå îöåíêè ñâîáîäíîé ãðàíèöû, ðåøåíèé è èõ ïðîèçâîäíûõ â íîðìàõ
Ã¼ëüäåðà. Íà îñíîâå óñòàíîâëåííûõ îöåíîê èññëåäóåòñÿ ïîâåäåíèå ñâîáîäíîé ãðà-
íèöû â ðàññìàòðèâàåìîì ïðîìåæóòêå âðåìåíè, äîêàçûâàåòñÿ åäèíñòâåííîñòü ðå-
øåíèÿ ïåðâîíà÷àëüíîé çàäà÷è. È â èòîãå äîêàçûâàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ
ïîëó÷åííîé è ïåðâîíà÷àëüíîé çàäà÷è ïðè ïîìîùè ìåòîäà íåïîäâèæíîé òî÷êè
Øàóäåðà [3], [4].
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Â ðàáîòàõ [1]�[4] áûëè îïðåäåëåíû êëàññû ñèñòåì âèäà

dx

dt
= Anx+ Fn(t, x), t ≥ 0, (1)

äëÿ êîòîðûõ áûëî óñòàíîâëåíî, ÷òî ïðèáëèæåííîå íàõîæäåíèå çíà÷åíèé êîìïî-
íåíò ðåøåíèé çàäà÷è Êîøè äëÿ ýòèõ ñèñòåì ìîæíî ñâåñòè ê ðåøåíèþ íà÷àëüíîé
çàäà÷è äëÿ óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì

dy(t)

dt
= −θy(t) + g(t− τ, y(t− τ)), t > τ. (2)

Â ýòèõ ðàáîòàõ áûëè ïîëó÷åíû îöåíêè àïïðîêñèìàöèè xn(t) ≈ y(t) ïðè n � 1,
t ∈ [0, T ]. Îòìåòèì, ÷òî ýòè îöåíêè ñóùåñòâåííî çàâèñÿò îò âåëè÷èíû T .

Â äàííîé ðàáîòå ìû èçó÷àåì ñâîéñòâà ðåøåíèé ñèñòåì âèäà (1) íà âñåé ïîëó-
îñè [0,∞). Ïðè äîïîëíèòåëüíûõ óñëîâèÿõ íà ïðàâóþ ÷àñòü ñèñòåìû ìû ïîëó÷àåì
îöåíêè àïïðîêñèìàöèè xn(t) ≈ y(t), n � 1, ïðè âñåõ t ≥ 0. Óñòàíîâëåíèå òàêèõ
îöåíîê ïîçâîëÿåò, â ÷àñòíîñòè, ïðîâîäèòü èññëåäîâàíèÿ êà÷åñòâåííûõ ñâîéñòâ
ðåøåíèé óðàâíåíèÿ (2), èñïîëüçóÿ ðåçóëüòàòû äëÿ ñèñòåì óðàâíåíèé (1).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-41-543365).
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Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñèñòåìà óðàâíåíèé:

∂v

∂t
− ν∆v +

n∑
i=1

vi
∂v

∂xi
− κ

∂∆v

∂t
− κ

n∑
k=1

vk
∂∆v

∂xk
+∇p = f, div v = 0 (1)

â îãðàíè÷åííîé îáëàñòè Ω ⊂ Rn (n = 2, 3) ñ ãðàíèöåé ∂Ω êëàññà C3 íà ïðîìå-
æóòêå âðåìåíè [0, T ], 0 < T <∞. Ôèçè÷åñêèé ñìûñë äàííîé ñèñòåìû óðàâíåíèé
ïîäòâåðæäàåòñÿ ýêñïåðèìåíòàëüíûìè èññëåäîâàíèÿìè ðàñòâîðîâ ïîëèìåðîâ (ñì,
íàïðèìåð, [1]).

Äëÿ ñèñòåìû (1) ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó ñ íà÷àëüíûì è ãðà-
íè÷íûì óñëîâèÿìè

v|t=0 = a(x), x ∈ Ω, v|∂Ω×[0,T ] = 0. (2)

Çàäà÷à (1)�(2) âïåðâûå áûëà ðàññìîòðåíà À.Ï. Îñêîëêîâûì â ðÿäå ðàáîò. Îä-
íàêî â ðàáîòå [2] èì áûëî çàìå÷åíî, ÷òî åãî äîêàçàòåëüñòâî ñîäåðæèò ïðîáåëû è
÷òî â îãðàíè÷åííîé îáëàñòè Ω åìó ìåòîäîì Ãàëåðêèíà � Ôàýäî íå óäàëîñü äîêà-
çàòü òåîðåìû ñóùåñòâîâàíèÿ äàæå ñëàáûõ ðåøåíèé äëÿ ðàññìàòðèâàåìîé çàäà÷è.
Î.À. Ëàäûæåíñêàÿ â ñâîåé ðàáîòå [3] îòìå÷àåò, ÷òî ìåòîä ââåäåíèÿ âñïîìîãàòåëü-
íîé âÿçêîñòè, èñïîëüçîâàííûé À.Ï. Îñêîëêîâûì äëÿ èçó÷åíèÿ ýòîé íà÷àëüíî-
êðàåâîé çàäà÷è, ÿâëÿåòñÿ îøèáî÷íûì, è âîïðîñ î ñóùåñòâîâàíèè ðåøåíèé äàííîé
íà÷àëüíî-êðàåâîé çàäà÷è îñòàâàëñÿ îòêðûòûì.

Ïóñòü f ∈ L2(0, T ;V −1), a ∈ V 2.
Îïðåäåëåíèå. Ñëàáûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (1)�(2) íàçûâàåò-

ñÿ ôóíêöèÿ v ∈ W =
{
u : u ∈ C([0, T ], V 2), u′ ∈ L2(0, T ;V 2)

}
, óäîâëåòâîðÿþùàÿ

äëÿ ëþáîãî ϕ ∈ V 1 è ïî÷òè âñåõ t ∈ (0, T ) ðàâåíñòâó∫
Ω

v′ϕdx+ κ
∫

Ω

∇(v′) : ∇ϕdx+ ν

∫
Ω

∇v : ∇ϕdx

−
n∑

i,j=1

∫
Ω

vi(I − κ∆)vj
∂ϕj
∂xi

dx = 〈f, ϕ〉

è íà÷àëüíîìó óñëîâèþ v(0) = a.
Òåîðåìà. Ñóùåñòâóåò õîòÿ áû îäíî ñëàáîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà-

÷è (1)�(2).
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Â öèëèíäðè÷åñêîé îáëàñòè ðàññìàòðèâàåòñÿ óðàâíåíèå íå÷åòíîãî ïîðÿäêà ïî
âðåìåíè è âòîðîãî ïîðÿäêà ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Íà çíàê ñòàðøåãî
êîýôôèöèåíòà óðàâíåíèÿ âíóòðè îáëàñòè íèêàêèõ îãðàíè÷åíèé íå íàêëàäûâà-
åòñÿ. Ïîýòîìó â ýòîò êëàññ âõîäÿò ýëëèïòèêî-ïàðàáîëè÷åñêèå óðàâíåíèÿ, óðàâ-
íåíèÿ ñ ìåíÿþùèìñÿ íàïðàâëåíèåì âðåìåíè è äðóãèå óðàâíåíèÿ. Äëÿ îäíîãî èç
ñëó÷àåâ çíàêîîïðåäåëåííîñòè ñòàðøåãî êîýôôèöèåíòà óðàâíåíèÿ íà îñíîâàíè-
ÿõ öèëèíäðà ñ ïîìîùüþ ñòàöèîíàðíîãî ìåòîäà Ãàëåðêèíà äîêàçàíà îäíîçíà÷íàÿ
ðåãóëÿðíàÿ ðàçðåøèìîñòü â ïðîñòðàíñòâå Ñîáîëåâà ïåðâîé êðàåâîé çàäà÷è äëÿ
äàííîãî óðàâíåíèÿ. Ïðè ýòîì, â îòëè÷èå îò ðàáîòû [1], ãäå ýòà çàäà÷à áûëà èñ-
ñëåäîâàíà ïî äðóãîé ìåòîäèêå, àïðèîðíûå îöåíêè äëÿ ïðèáëèæåííûõ ðåøåíèé
çàäà÷è ïîëó÷åíû ñðàçó ïî âñåé îáëàñòè.

Íà îñíîâàíèè ýòèõ îöåíîê óñòàíîâëåíà îöåíêà ïîãðåøíîñòè ïðèáëèæåííûõ
ðåøåíèé îòíîñèòåëüíî òî÷íîãî ðåøåíèÿ çàäà÷è ÷åðåç ñîáñòâåííûå çíà÷åíèÿ ñà-
ìîñîïðÿæåííîé ñïåêòðàëüíîé çàäà÷è äëÿ êâàçèýëëèïòè÷åñêîãî óðàâíåíèÿ, ñîá-
ñòâåííûå ôóíêöèè êîòîðîé âûáèðàþòñÿ â êà÷åñòâå áàçèñà ïðè ïîñòðîåíèè ïðè-
áëèæåííûõ ðåøåíèé.

Çàìå÷àíèå. Îòìåòèì, ÷òî â ðàáîòå [2] àíàëîãè÷íûå ðåçóëüòàòû ïî ýòîé êðàå-
âîé çàäà÷å ïîëó÷åíû äëÿ äðóãîãî ñëó÷àÿ çíàêîîïðåäåëåííîñòè ñòàðøåãî êîýôôè-
öèåíòà óðàâíåíèÿ íà îñíîâàíèÿõ öèëèíäðà, íî â âåñîâîì ïðîñòðàíñòâå Ñîáîëåâà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé

Ôåäåðàöèè â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ íà âûïîëíåíèå ÍÈÐ íà

2017�2019 ãã. (ïðîåêò � 6069).
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Òàâðè÷åñêàÿ àêàäåìèÿ, Ñèìôåðîïîëü, Ðîññèÿ; hazova.yuliya@hotmail.com

Ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêîå óðàâíåíèå íà îêðóæíîñòè ñ ïðåîáðàçîâà-
íèåì ïîâîðîòà ïðîñòðàíñòâåííîé ïåðåìåííîé. Èññëåäîâàíû ñëó÷àè ðîæäåíèÿ
óñòîé÷èâûõ ïåðèîäè÷åñêèõ ðåøåíèé òèïà áåãóùèõ âîëí. Íà îñíîâå ìåòîäà öåí-
òðàëüíûõ ìíîãîîáðàçèé äîêàçàíà òåîðåìà î ðîæäåíèè óñòîé÷èâîãî ïðåäåëüíîãî
öèêëà.

Ðàññìîòðèì óðàâíåíèå íà îêðóæíîñòè S1

u̇ = µ4u− u− ΛQu+
Λ

6
Qu3,

u(ϕ+ 2π, t) = u(ϕ, t).

Ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà L(µ)u = µ4u− u− ΛQu, ðàññìàòðèâà-
åìîãî â êà÷åñòâå íåîãðàíè÷åííîãî îïåðàòîðà íà ïðîñòðàíñòâå L2(S1) è îáëàñòüþ
îïðåäåëåíèÿ H2(S1), ÿâëÿþòñÿ ôóíêöèè eikϕ, k = 0,±1,±2, . . . , ñ ñîîòâåòñòâóþ-

ùèìè ñîáñòâåííûìè çíà÷åíèÿìè λk(µ) = −1− k2µ− Λeik
2π
3 , k = 0,±1,±2, . . .

Ïóñòü Λ = − 4√
3
. Òîãäà ïðè µ > 1 íóëåâîå ðåøåíèå çàäà÷è ýêñïîíåíöèàëüíî

óñòîé÷èâî. Ïðè óìåíüøåíèè µ è åãî ïðîõîæäåíèè ÷åðåç µ = 1 íóëåâîå ðåøå-
íèå çàäà÷è òåðÿåò óñòîé÷èâîñòü. Ïàðà êîìïëåêñíî ñîïðÿæåííûõ òî÷åê ñïåêòðà
ïðîõîäèò ÷åðåç ìíèìóþ îñü ñ íåíóëåâîé ñêîðîñòüþ. Â ðåçóëüòàòå îò íóëåâîãî
ðåøåíèÿ áèôóðöèðóåò îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ïåðèîäè÷åñêèõ ðåøåíèé
òèïà áåãóùèõ âîëí.

Âîñïîëüçóåìñÿ äëÿ ïîñòðîåíèÿ áåãóùèõ âîëí è èõ ïðåäñòàâëåíèÿ ìåòîäîì
öåíòðàëüíûõ ìíîãîîáðàçèé. Â ðåçóëüòàòå ïðèáëèæåííûì ïåðèîäè÷åñêèì ðåøå-
íèåì èñõîäíîé çàäà÷è, îòâåòâëÿþùèìñÿ îò íóëÿ ïðè ïðîõîæäåíèè ïàðàìåòðà µ
÷åðåç 1, ÿâëÿåòñÿ

u(ϕ, t) = ρ1(µ)eiω1(µ)ϕeiϕ + ρ1(µ)e−iω1(µ)ϕe−iϕ

+
ρ3

1(µ)e3iω1(µ)ϕe3iϕ

3λ1 − λ3
+
ρ3

1(µ)e−3iω1(µ)ϕe−3iϕ

3λ1 − λ3

.
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Íà îñíîâå ìåòîäà, ïðåäëîæåííîãî â [1], èññëåäóåòñÿ ñèíãóëÿðíî âîçìóù¼í-
íàÿ çàäà÷à òèïà Ñòåêëîâà ñ ìàëûì ïàðàìåòðîì äëÿ ñêàëÿðíîãî ýëëèïòè÷åñêîãî
îïåðàòîðà â îãðàíè÷åííîé ìíîãîìåðíîé îáëàñòè â ñëó÷àå âûðîæäåíèÿ óñëîâèÿ
Ñòåêëîâà. Äîêàçûâàåòñÿ, ÷òî ïðè ñòðåìëåíèè ìàëîãî ïàðàìåòðà ê íóëþ ñîáñòâåí-
íûå çíà÷åíèÿ ýòîé çàäà÷è ñòðåìÿòñÿ ê áåñêîíå÷íîñòè. Ïðè ýòîì óäà¼òñÿ îöåíèòü
ñêîðîñòü ñòðåìëåíèÿ ê áåñêîíå÷íîñòè ñîáñòâåííûõ çíà÷åíèé è ñêîðîñòü ñòðåìëå-
íèÿ ê íóëþ ñîáñòâåííûõ ôóíêöèé.

Ïóñòü Ω � îáëàñòü â Rn, n ≥ 2, ñ ãëàäêîé ãðàíèöåé ∂Ω.
Ìû ïðåäïîëàãàåì, ÷òî ∂Ω = Γε ∪ γε, ïðè÷¼ì Γε ñîñòîèò èç ó÷àñòêîâ Γjε,

j = 1, . . . , Nε, ãäå Nε = O(| ln ε|(1− δ2 )n−1), 0 < δ < 2 − 2
n . Ïðè ýòîì äèàìåòð

Γjε ìåíüøå èëè ðàâåí ε, à ðàññòîÿíèå ìåæäó íèìè áîëüøå èëè ðàâíî 2ε, ãäå ε �
ïîëîæèòåëüíûé ìàëûé ïàðàìåòð. Ðàññìàòðèâàåòñÿ çàäà÷à òèïà Ñòåêëîâà (çäåñü
è äàëåå ïðåäïîëàãàåòñÿ ñóììèðîâàíèå ïî ïîâòîðÿþùèìñÿ èíäåêñàì) âèäà

∂

∂xi

(
aij

∂ukε
∂xj

)
= 0 â Ω,

ukε = 0 íà γε,

aij
∂ukε
∂xj

νi = λkεu
k
ε íà Γε,

ãäå aij(x) � îãðàíè÷åííûå èçìåðèìûå ôóíêöèè â Ω, óäîâëåòâîðÿþùèå óñëîâèþ
ýëëèïòè÷íîñòè, ò. å. κ1|ξ|2 ≤ aij(x)ξiξj ≤ κ2|ξ|2, κ1,κ2 = const > 0, x ∈ Ω,
ν = (ν1, . . . , νn) � åäèíè÷íàÿ âíåøíÿÿ íîðìàëü ê ãðàíèöå ∂Ω.

Èññëåäóåòñÿ ïðåäåëüíîå ïîâåäåíèå ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíê-
öèé ýòîé çàäà÷è Ñòåêëîâà â ñëó÷àå, êîãäà ε ñòðåìèòñÿ ê íóëþ. Ïðåäïîëàãà-
åòñÿ, ÷òî ñîáñòâåííûå ôóíêöèè èùóòñÿ â ïðîñòðàíñòâå H1(Ω, γε), à ñîáñòâåí-
íûå çíà÷åíèÿ çàíóìåðîâàíû â ïîðÿäêå íåóáûâàíèÿ ñ ó÷¼òîì êðàòíîñòè, ò. å.
λ1
ε ≤ λ2

ε ≤ . . . Ïðîñòðàíñòâî H1(Ω, γε) îïðåäåëÿåòñÿ êàê ïîïîëíåíèå ìíîæå-
ñòâà ôóíêöèé èç ïðîñòðàíñòâà C∞(Ω), îáðàùàþùèõñÿ â íîëü â îêðåñòíîñòè γε,

ñ íîðìîé ‖u‖1 =
( ∫

Ω

(
u2 + |∇u|2

)
dx
) 1

2

. Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ

ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà. Äëÿ ñîáñòâåííûõ çíà÷åíèé èññëåäóåìîé ñïåêòðàëüíîé çàäà÷è ïðè

äîñòàòî÷íî ìàëûõ ε ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà λkε ≥ C1(k)| ln ε|δ, k = 1, 2, . . . ,
äëÿ ñîáñòâåííûõ ôóíêöèé ýòîé çàäà÷è ñïðàâåäëèâà îöåíêà ‖ukε‖1 ≤ C2(k)| ln ε|−δ,
k = 1, 2, . . . , ãäå δ ∈

(
0, 2− 2

n

)
, à C1(k), C2(k) íå çàâèñÿò îò ε.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ïðîãðàììû Ïðåçèäåíòà

ÐÔ �Ïîääåðæêà âåäóùèõ íàó÷íûõ øêîë Ðîññèè� (ãðàíò 14.W02.16.7461-ÍØ), à òàêæå

ÐÔÔÈ (ïðîåêò 15-01-07920).
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Ïðåäìåòîì äîêëàäà ÿâëÿþòñÿ äîñòàòî÷íûå óñëîâèÿ îñöèëëÿöèè âñåõ ðåøåíèé
äèôôåðåíöèàëüíûõ è ðàçíîñòíûõ óðàâíåíèé ñ íåñêîëüêèìè ïåðåìåííûìè çàïàç-
äûâàíèÿìè, âûðàæåííûå â òåðìèíàõ ïàðàìåòðîâ óðàâíåíèÿ. Îñíîâíîå âíèìàíèå
óäåëèì ðàçíîñòíîìó óðàâíåíèþ

∆x(n) +

m∑
k=1

pk(n)x(τk(n)) = 0, n = 0, 1, 2, . . . (1)

Îáîáùåíèÿ äîñòàòî÷íûõ óñëîâèé îñöèëëÿöèè, ïîëó÷åííûõ äëÿ óðàâíåíèÿ ñ
îäíèì çàïàçäûâàíèåì, íà ñëó÷àé íåñêîëüêèõ çàïàçäûâàíèé, êàê ïðàâèëî, èñïîëü-
çóþò ñóììèðîâàíèå êîýôôèöèåíòîâ íà ïðîìåæóòêàõ äëèíû, ðàâíîé ìèíèìàëü-
íîìó èç çàïàçäûâàíèé. Òåì ñàìûì ðàçíûå çàïàçäûâàþùèå ÷ëåíû îêàçûâàþòñÿ
ó÷òåíû â ðàçíîé ñòåïåíè. Íèæå ïðåäñòàâëåíû óñëîâèÿ îñöèëëÿöèè ðåøåíèé, ëè-
øåííûå ýòîãî íåäîñòàòêà.

Îïðåäåëèì äëÿ k = 1,m, n = 0, 1, 2, . . ., ñåìåéñòâà ìíîæåñòâ

Ek(n) = {i > n | τk(i) 6 n− 1}, Hk(n) = {i > n | τk(i) 6 n}.

Òåîðåìà 1 [1]. Åñëè pk(n) > 0, τk(n) 6 n− 1, τk(n)→ +∞ ïðè n→ +∞ è

lim
n→+∞

m∑
k=1

∑
i∈Ek(n)

pk(i) >
1

e
, (2)

òî âñå ðåøåíèÿ óðàâíåíèÿ (1) îñöèëëèðóþò.
Òåîðåìà 2. Åñëè pk(n) > 0, τk(n) 6 n, τk(n)→ +∞ ïðè n→ +∞ è

lim
n→+∞

m∑
k=1

∑
i∈Hk(t)

pk(i) > 1, (3)

òî âñå ðåøåíèÿ óðàâíåíèÿ (1) îñöèëëèðóþò.
Êîíñòàíòû â ïðàâûõ ÷àñòÿõ íåðàâåíñòâ (2) è (3) íåóëó÷øàåìû.
Ëåâàÿ ÷àñòü íåðàâåíñòâà (3) äîïóñêàåò ñóùåñòâåííîå óòî÷íåíèå íà îñíîâå èòå-

ðàöèîííîãî ïîäõîäà, ïðåäëîæåííîãî äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â ðàáî-
òå [2] è ðàçðàáîòàííîãî äëÿ ðàçíîñòíûõ óðàâíåíèé â íåäàâíåé ñòàòüå [3].

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ Ìèíîáðíàóêè ÐÔ (ïðîåêò � 1.5336.2017/Á×).
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ÍÅÑÊÎËÜÊÎ ÒÎ×ÍÛÕ ÐÅØÅÍÈÉ ÓÐÀÂÍÅÍÈß ÊäÔ
ÏßÒÎÃÎ ÏÎÐßÄÊÀ

×óåøåâà Í.À.
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Â ñòàòüå Kato Takamori [1] ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ ñëåäóþùåãî
óðàâíåíèÿ Êîðòåâåãà-äå-Ôðèçà ïÿòîãî ïîðÿäêà

ut − uxxxxx + c1(u3)x + c2

(
(ux)

2
)
x

+ c3 (uuxx)x = 0 (1)

â R×R, u(x, 0) = u1(x), x ∈ R, ãäå c1, c2, c3 ∈ R, c3 6= 0. Ïðè ýòîì ôóíêöèÿ u(x, t)
ìîæåò áûòü è äåéñòâèòåëüíîé, è êîìïëåêñíîé. Íàéäåíû óñëîâèÿ êîððåêòíîñòè
ïîñòàâëåííîé çàäà÷è.

Â ñòàòüå [2] âûïèñàíû íåñêîëüêî òî÷íûõ ðåøåíèé óðàâíåíèÿ (1), êîòîðûå
ÿâëÿþòñÿ ëèáî âåùåñòâåííîé, ëèáî êîìïëåêñíîé ôóíêöèÿìè:

1) ïðè c2 = −1, c1 = c3 = 1 � âåùåñòâåííàÿ ôóíêöèÿ

u(x, t) = 8b2 − 12b2 tanh2
(
−a− bx+ 16b5t

)
, a, b ∈ R;

2) ïðè c1 = −2/3, c2 = c3 = −1 � êîìïëåêñíàÿ ôóíêöèÿ

u(x, t) = 5− i
√

55 +
75 + i57

√
55

23− i3
√

55
· tanh2

(
8− x+ i3

√
55 t
)
.

Ïðèìåð 1. Åñëè â óðàâíåíèè (1) êîýôôèöèåíòû c1 = 15, c2 = 75
2 , c3 = − 15

2 ,
òî ðåøåíèåì óðàâíåíèÿ (1) áóäåò âåùåñòâåííàÿ ôóíêöèÿ

u(x, t) = tan2 (x+ t) .

Åñëè â óðàâíåíèè (1) êîýôôèöèåíòû c1 = 2, c2 = 31, c3 = −1, òî ðåøåíèåì
óðàâíåíèÿ (1) áóäåò àíàëèòè÷åñêàÿ íà êîìïëåêñíîé ïëîñêîñòè C áåç òî÷åê zk =
π
2 + πk, k ∈ Z, ôóíêöèÿ

u(z) = a+ tan2 (x+ it) , a =
2

3
+

1

6
4
√

10036 eiϕ, ϕ = π − 1

2
arctan

3

50
.

Òî÷êè zk ÿâëÿþòñÿ ïîëþñàìè âòîðîãî ïîðÿäêà ýòîãî ðåøåíèÿ óðàâíåíèÿ (1).
Ïðèìåð 2. Åñëè â óðàâíåíèè (1) êîýôôèöèåíò c1 = 0, òî ïðè:
1) c2 = 15

2 , c3 = − 15
2 ðåøåíèåì óðàâíåíèÿ (1) áóäåò âåùåñòâåííàÿ ôóíêöèÿ

u(x, t) = sin2 (x+ t) ;

2) c2 = 8, c3 = −8 ðåøåíèåì óðàâíåíèÿ (1) áóäåò àíàëèòè÷åñêàÿ íà êîìïëåêñ-
íîé ïëîñêîñòè C ôóíêöèÿ

u(z) = − i

32
+ sin2 (x+ it) .
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ÎÁÎÁÙÅÍÍÛÉ ÎÏÅÐÀÒÎÐ ÃÐÈÍÀ ÌÀÒÐÈ×ÍÎÉ
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×óéêî Ñ.Ì.

Äîíáàññêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò,
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Èññëåäîâàíà çàäà÷à î ïîñòðîåíèè ðåøåíèé Z(t) ∈ C1[a; b] îáîáùåííîé ìàò-
ðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è

DZ(t) = AZ(t) + F (t), LZ(·) = A, A ∈ Rµ×ν . (1)

Çäåñü

DZ(t) :=

p∑
i=1

Si(t)Z
′(t)Ri(t), AZ(t) :=

q∑
j=1

Φj(t)Z(t)Ψj(t)

� ëèíåéíûå ìàòðè÷íûå îïåðàòîðû, Si(t),Φi(t) ∈ Rα×β , Ri(t),Ψj(t) ∈ Rγ×δ è
F (t) � íåïðåðûâíûå ìàòðèöû; LZ(·) � ëèíåéíûé îãðàíè÷åííûé ìàòðè÷íûé
ôóíêöèîíàë: LZ(·) : C1[a; b] → Rµ×ν , êðîìå òîãî, α, β, γ, δ, µ, ν � ïðîèçâîëüíûå
íàòóðàëüíûå ÷èñëà. Óðàâíåíèå (1) îáîáùàåò òðàäèöèîííûå ïîñòàíîâêè êàê äëÿ
íåòåðîâûõ êðàåâûõ çàäà÷ äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé [1], òàê è ïîñòàíîâêè çàäà÷ äëÿ ìàòðè÷íûõ äèôôåðåíöèàëüíûõ è äèôôåðåí-
öèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé [2]�[5].

Íàéäåíû êîíñòðóêòèâíûå óñëîâèÿ ñóùåñòâîâàíèÿ, à òàêæå ñõåìà ïîñòðîåíèÿ
ðåøåíèé ëèíåéíîé ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà-
÷è (1). Ïðåäëîæåíà êîíñòðóêöèÿ îáîáùåííîãî îïåðàòîðà Ãðèíà äëÿ ïîñòðîåíèÿ
ðåøåíèé ëèíåéíîé ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà-
÷è (1), à òàêæå óñëîâèÿ ðåãóëÿðèçàöèè ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðà-
è÷åñêîé çàäà÷è (1) â ñëó÷àå åå íåðàçðåøèìîñòè [8]. Ïðèâåäåíû ïðèìåðû ïîñòðî-
åíèÿ ðåøåíèé ëèíåéíûõ ìàòðè÷íûõ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ êðàåâûõ
çàäà÷ [5]�[7].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ãîñóäàðñòâåííîãî Ôîíäà ôóíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé Óêðàèíû (íîìåð ãîñóäàðñòâåííîé ðåãèñòðàöèè 0115U003182).
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×óéêî Ñ.Ì.1, Íåñìåëîâà (Ñòàðêîâà) Î.Â.2

1Äîíáàññêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò,
Ñëàâÿíñê, Óêðàèíà; chujko-slav@inbox.ru

2Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è ìåõàíèêè ÍÀÍ Óêðàèíû,
Ñëàâÿíñê, Óêðàèíà; star-o@ukr.net

Èññëåäîâàíà çàäà÷à î ïîñòðîåíèè ðåøåíèé z(t) ∈ C1[a; b̌] àâòîíîìíîé êðàåâîé
çàäà÷è [1], [2]

z′ = Az + f + Z(z), `z(·) = α+ J(z(·)). (1)

Ðåøåíèÿ íåòåðîâîém 6= n çàäà÷è (1) èùåì â îêðåñòíîñòè ðåøåíèÿ z0(t) ∈ C1[a; b]
ïîðîæäàþùåé çàäà÷è

z′0 = Az0 + f, `z0(·) = α ∈ Rm, A ∈ Rn×n, f ∈ Rn. (2)

Çäåñü Z(z) � íåëèíåéíàÿ âåêòîð-ôóíêöèÿ, íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïî
íåèçâåñòíîé z(t) â îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è, `z(·) � ëèíåéíûé
è J(z(·)) � íåëèíåéíûé âåêòîðíûé ôóíêöèîíàëû:

`z(·) : C1[a; b]→ Rm, J(z(·)) : C1[a; b̌]→ Rm, 0 ≤ |b̌− b| � 1.

Èññëåäîâàí êðèòè÷åñêèé ñëó÷àé: PQ∗ 6= 0; çäåñü Q := `X(·) ∈ Rm×n � ïîñòî-
ÿííàÿ ìàòðèöà, X(t) � íîðìàëüíàÿ (X(a) := In) ôóíäàìåíòàëüíàÿ ìàòðèöà îä-
íîðîäíîé ÷àñòè äèôôåðåíöèàëüíîé ñèñòåìû (2), PQ∗ � ìàòðèöà-îðòîïðîåêòîð:
PQ∗ : Rm → N(Q∗). Â êðèòè÷åñêîì ñëó÷àå ïðàâûé êîíåö ïðîìåæóòêà [a; b̌] íåèç-
âåñòåí [1].

Â ñëó÷àå ïðîñòûõ êîðíåé óðàâíåíèÿ äëÿ ïîðîæäàþùèõ àìïëèòóä [1] äëÿ êðà-
åâîé çàäà÷è (1) íàìè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâî-
âàíèÿ è ïðåäëîæåíà ñõîäÿùàÿñÿ èòåðàöèîííàÿ ñõåìà, ïîñòðîåííàÿ ñ èñïîëüçî-
âàíèåì ìåòîäà Íüþòîíà � Êàíòîðîâè÷à [3]. Îñîáåííîñòüþ ïðåäëîæåííîé èòåðà-
öèîííîé ñõåìû ÿâëÿåòñÿ âûñîêàÿ òî÷íîñòü, ñ êîòîðîé ïðèáëèæåíèÿ ê ðåøåíèÿì
êðàåâîé çàäà÷è (1) óäîâëåòâîðÿþò êðàåâîìó óñëîâèþ (1), â ÷àñòíîñòè, â ñëó÷àå
ïåðèîäè÷åñêîé êðàåâîé çàäà÷è âèäà (1) â ïðèáëèæåíèÿõ ê ðåøåíèÿì ñ âûñîêîé
òî÷íîñòüþ îòñóòñòâóþò âåêîâûå ÷ëåíû. Â êà÷åñòâå ïðèìåðà èññëåäîâàíà çàäà÷à
î íàõîæäåíèè ïåðèîäè÷åñêèõ ðåøåíèé íåëèíåéíîãî óðàâíåíèÿ Âàí-äåð-Ïîëÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ãîñóäàðñòâåííîãî Ôîíäà ôóíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé Óêðàèíû (íîìåð ãîñóäàðñòâåííîé ðåãèñòðàöèè 0115U003182).
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Ïîñòðîåíèå äâóìåðíûõ ðåãóëÿðíûõ êâàçè-èçîìåòðè÷åñêèõ ñåòîê ìû ðàññìàò-
ðèâàåì êàê êðàåâóþ çàäà÷ó: ïðè çàäàííîì êâàçè-èçîìåòðè÷åñêîì îòîáðàæåíèè
ãðàíèöû ∂R åäèíè÷íîãî êâàäðàòà R íà ãðàíèöó ∂D ôèçè÷åñêîé îáëàñòè D ïðî-
äîëæèòü ýòî îòîáðàæåíèå âíóòðü R êàê êâàçè-èçîìåòðè÷åñêîå ðåøåíèå ñèñòå-
ìû Áåëüòðàìè ñ êîýôôèöèåíòàìè gik èç çàäàííîãî êëàññà. Ãðàíè÷íûå óñëîâèÿ
ýòîé êðàåâîé çàäà÷è ÿâëÿþòñÿ ëèáî óñëîâèÿìè Äèðèõëå, ëèáî �ñâîáîäíûìè� ãðà-
íè÷íûìè óñëîâèÿìè, ïðè êîòîðûõ òî÷êè ñåòêè íà ∂D íå ôèêñèðîâàíû è ìîãóò
ïåðåìåùàòüñÿ âäîëü ∂D. Ïðè òàêîé ïîñòàíîâêå çàäà÷è ðàçíîñòíàÿ ñåòêà ïîëó-
÷àåòñÿ êàê åäèíñòâåííîå ðåøåíèå ðàññìàòðèâàåìîé êðàåâîé çàäà÷è. Êðîìå òîãî,
ëèíèè ñåòêè ÿâëÿþòñÿ ïðîîáðàçàìè îòðåçêîâ ãåîäåçè÷åñêèõ ëèíèé ïîâåðõíîñòåé
ïîñòîÿííîé êðèâèçíû. ×òîáû íàéòè êâàçè-èçîìåòðè÷åñêîå îòîáðàæåíèå, àêàäå-
ìèê Ñ.Ê. Ãîäóíîâ ïðåäëîæèë ñïåöèàëüíûé êëàññ ìåòðèê, êîòîðûé áûë èçó÷åí
â [1].

Êâàçè-èçîìåòðè÷åñêèå ñåòêè, îðòîãîíàëüíûå âäàëè îò óãëîâ. Ïóñòü D åñòü
êðèâîëèíåéíûé ÷åòûðåõóãîëüíèê ñ óãëàìè ϕ1, . . . , ϕ4 (0 < ϕi < π) è êîíôîðì-
íûì ìîäóëåìM. Äëÿ ïîñòðîåíèÿ êâàçè-èçîìåòðè÷åñêîé ñåòêè â D ìû ðàññìàò-
ðèâàåì îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî {Dδ} êàíîíè÷åñêèõ îáëàñòåé ñ òåìè æå
ñàìûìè óãëàìè ϕi è êîíôîðìíûì ìîäóëåì M(Dδ), èçìåíÿþùèìñÿ îò 0 äî +∞
ïðè −∞ < δ < +∞. Ïðåäïîëîæèì, ÷òî ãðàíèöû {Dδ} ÿâëÿþòñÿ ëÿïóíîâñêèìè
ìíîãîîáðàçèÿìè. Äëÿ òîãî ÷òîáû ïîñòðîèòü êâàçè-èçîìåòðè÷åñêóþ ñåòêó â D, ìû
íàéäåì êâàçè-èçîìåòðè÷åñêîå îòîáðàæåíèå ìåæäó D è ñîîòâåòñòâóþùåé êàíîíè-
÷åñêîé îáëàñòüþ Dδ∗ èç {Dδ}. Ìû äîêàçàëè, ÷òî ñóùåñòâóåò δ∗, äëÿ êîòîðîãî
îòîáðàæåíèå èç Dδ∗ íà D ÿâëÿåòñÿ êîíôîðìíûì, âåðøèíû Dδ∗ îòîáðàæàþòñÿ â
ñîîòâåòñòâóþùèå âåðøèíû D, è ïðîèçâîäíàÿ îòîáðàæåíèÿ îãðàíè÷åíà âïëîòü äî
ãðàíèöû.

Â [2] ñåìåéñòâî êàíîíè÷åñêèõ îáëàñòåé {Dδ} ñîñòîèò èç ãåîäåçè÷åñêèõ ÷åòû-
ðåõóãîëüíèêîâ íà ïîâåðõíîñòÿõ ïîñòîÿííîé êðèâèçíû. Dδ ñòðîèòñÿ èç èñõîäíîãî
ïðÿìîóãîëüíèêà ïóòåì çàìåíû ìàëåíüêèõ ïðÿìîóãîëüíèêîâ â óãëàõ ïðÿìîóãîëü-
íèêà íà ÷åòûðå ãåîäåçè÷åñêèõ ÷åòûðåõóãîëüíèêà íà íåêîòîðûõ ïîâåðõíîñòÿõ ïî-
ñòîÿííîé êðèâèçíû. Êàæäûé èç ýòèõ ãåîäåçè÷åñêèõ ÷åòûðåõóãîëüíèêîâ èìååò
òðè ïðÿìûõ óãëà, à ÷åòâåðòûé óãîë âûáèðàåòñÿ ðàâíûì óãëó ôèçè÷åñêîé îáëà-
ñòè D. Ýòà ïðîöåäóðà ïîçâîëÿåò ïîñòðîèòü êàíîíè÷åñêóþ îáëàñòü äëÿ ëþáîãî
äåôåêòà óãëîâ γ =

∑4
i=1 ϕi − 2π ôèçè÷åñêîé îáëàñòè D çà ñ÷åò èñïîëüçîâàíèÿ

ñôåðè÷åñêîé ãåîìåòðèè èëè ãåîìåòðèè Ëîáà÷åâñêîãî (ñîîòâåòñòâåííî äëÿ ïîëî-
æèòåëüíîãî è îòðèöàòåëüíîãî äåôåêòà óãëîâ ãåîäåçè÷åñêèõ ÷åòûðåõóãîëüíèêîâ).

Â ýòîé ñòàòüå ìû ïðåäñòàâëÿåì ñåìåéñòâî {Dδ} ñ ìîíîòîííîé ôóíêöèåé
M(Dδ) îò ïàðàìåòðà δ è äîêàçûâàåì, ÷òî äëÿ ëþáîé îáëàñòè D ñóùåñòâóåò åäèí-
ñòâåííîå çíà÷åíèå δ∗ òàêîå, ÷òî îòîáðàæåíèå èç Dδ∗ íà D êîíôîðìíî è èìååò
îãðàíè÷åííóþ ïðîèçâîäíóþ âïëîòü äî ãðàíèöû. Çàìåòèì, ÷òî ýòà òåîðåìà åäèí-
ñòâåííîñòè èìååò ôóíäàìåíòàëüíîå çíà÷åíèå äëÿ ïðèëîæåíèé.
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Ðàçëè÷íûå êàòàëèòè÷åñêèå ðåàêöèè äåìîíñòðèðóþò ñëîæíóþ äèíàìèêó. Ìû
èçó÷àåì ÿâëåíèå âîçíèêíîâåíèÿ õàîñà â òðåõìåðíîé êèíåòè÷åñêîé ìîäåëè c áûñò-
ðîé, óìåðåííîé è ìåäëåííîé ïåðåìåííûìè, êîòîðàÿ îïèñûâàåò äèíàìèêó ãåòåðî-
ãåííîé êàòàëèòè÷åñêîé ðåàêöèè âçàèìîäåéñòâèÿ âîäîðîäà è êèñëîðîäà ñ ó÷åòîì
âëèÿíèÿ ðåàêöèîííîé ñðåäû íà àêòèâíîñòü êàòàëèçàòîðà.

Ïðåäñòàâëÿåò áîëüøîé èíòåðåñ ñöåíàðèé ïåðåõîäà îò ðåëàêñàöèîííûõ àâòîêî-
ëåáàíèé, ñîîòâåòñòâóþùèõ óñòîé÷èâîìó ïðåäåëüíîìó öèêëó íà ñèëüíî äåôîðìè-
ðîâàííîì òîðå, ê õàîñó. Äëÿ ðàñïàäà èíâàðèàíòíîãî òîðà ïðè íåêîòîðîì çíà÷åíèè
âàðüèðóåìîãî ïàðàìåòðà òîð äîëæåí ïîòåðÿòü ãëàäêîñòü. Ìû ïðèâîäèì îäèí èç
ñïîñîáîâ ïîòåðè ãëàäêîñòè òîðà ïðè èçìåíåíèè ïàðàìåòðà [1]. Â ðàññìàòðèâàåìîé
êèíåòè÷åñêîé ìîäåëè íàéäåíû ïàðàìåòðû, ïðè êîòîðûõ ðåàëèçóåòñÿ ïðåäëîæåí-
íûé ñöåíàðèé ïåðåõîäà îò óñòîé÷èâîãî ïåðèîäè÷åñêîãî ðåøåíèÿ ê õàîòè÷åñêèì
(äâóõìîäîâûì) ìíîãîïèêîâûì êîëåáàíèÿì âáëèçè áèôóðêàöèè ðàçðóøåíèÿ äâó-
ìåðíîãî èíâàðèàíòíîãî òîðà. Äëÿ òàêîãî òèïà õàîñà îòîáðàæåíèå Ïóàíêàðå íà
àòòðàêòîðå âûãëÿäèò êàê îáëàêî òî÷åê.

Ðîæäåíèå àòòðàêòîðîâ â ðàññìàòðèâàåìîé ìîäåëè òàêæå ìîæåò áûòü ñâÿçàíî
ñ ñóùåñòâîâàíèåì òðàíñâåðñàëüíûõ ãîìîêëèíè÷åñêèõ îðáèò ê íåêîòîðûì ãèïåð-
áîëè÷åñêèì öèêëàì ñ îðèåíòèðîâàííûìè èëè íåîðèåíòèðîâàííûìè äâóìåðíûìè
èíâàðèàíòíûìè ìíîãîîáðàçèÿìè. Â ÷àñòíîñòè, ìû ïîëó÷èëè ñóáãàðìîíè÷åñêèé
êàñêàä óäâîåíèÿ ïåðèîäà, ïðèâîäÿùèé ê ãëîáàëüíîìó àòòðàêòîðó. Â ýòîì ñëó÷àå
îòîáðàæåíèå Ïóàíêàðå, ïîñòðîåííîå íà àòòðàêòîðå, ìîæíî àïïðîêñèìèðîâàòü îä-
íîìåðíîé êðèâîé â ñèëó òîãî, ÷òî â äèíàìè÷åñêîé ñèñòåìå èìååò ìåñòî èåðàðõèÿ
õàðàêòåðíûõ âðåìåííûõ ìàñøòàáîâ. Õîòÿ îäíîìåðíîå îòîáðàæåíèå íå îïèñûâàåò
âñå äåòàëè ïîòîêà íà àòòðàêòîðå, òåì íå ìåíåå, ðàññìîòðåíèå îäíîìåðíîãî îòîá-
ðàæåíèÿ Ïóàíêàðå F , ÿâëÿþùåãîñÿ ãëàäêîé àïïðîêñèìàöèåé äâóìåðíîãî îòîá-
ðàæåíèÿ Ïóàíêàðå, è åãî âòîðîé èòåðàöèè F 2 ïîçâîëèëî äîêàçàòü ñóùåñòâîâàíèå
òðàíñâåðñàëüíîé ãîìîêëèíè÷åñêîé òðàåêòîðèè ê îðáèòå M¼áèóñà.

Ëîêàëüíûå óñòîé÷èâûå è íåóñòîé÷èâûå èíâàðèàíòíûå ìíîãîîáðàçèÿ îðáèòû
M¼áèóñà âðàùàþòñÿ âîêðóã ýòîé ïåðèîäè÷åñêîé îðáèòû, êàê ëèñò Ì¼áèóñà âîêðóã
åãî öåíòðàëüíîé ëèíèè ñ íå÷åòíûì ÷èñëîì ïîëóîáîðîòîâ. Ìû ïîêàçàëè, ÷òî F
è F 2 ïåðåñåêàþòñÿ òðàíñâåðñàëüíî â äâóõ òî÷êàõ. Îäíà èç íèõ ñîîòâåòñòâóåò
îðáèòå Ì¼áèóñà γ, êîòîðàÿ ðîæäàåòñÿ íà àòòðàêòîðå â ðåçóëüòàòå ïåðâîé áèôóð-
êàöèè â êàñêàäå óäâîåíèÿ ïåðèîäà. Âòîðàÿ òî÷êà ñîîòâåòñòâóåò òðàíñâåðñàëüíîé
ãîìîêëèíè÷åñêîé òðàåêòîðèè ê γ, êîòîðàÿ ÿâëÿåòñÿ ïðåäåëîì ïîñëåäîâàòåëüíî-
ñòè 2k-öèêëîâ ïðè k →∞.
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Â ðàáîòå èññëåäóåòñÿ âîïðîñ î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ êðà-
åâîé çàäà÷è ñ óñëîâèÿìè ñîïðÿæåíèÿ äëÿ óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà â öè-
ëèíäðå Ω × (−1, 1), ðàçäåëåííîì ïëîñêîñòüþ y = 0 íà äâå ÷àñòè � öèëèíäðû
Q− = Ω × (−1, 0), Q+ = Ω × (0, 1), ãäå Ω � îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà
Rn ñ ãëàäêîé (äëÿ ïðîñòîòû � áåñêîíå÷íî äèôôåðåíöèðóåìîé) ãðàíèöåé Γ.

Ðàññìàòðèâàåòñÿ çàäà÷à ñîïðÿæåíèÿ, äëÿ êîòîðîé L � äèôôåðåíöèàëüíûé
îïåðàòîð, åãî äåéñòâèå íà çàäàííîé ôóíêöèè v(x, y) îïðåäåëÿåòñÿ ðàâåíñòâîì

Lv ≡ ∆xv +
∂

∂y
(p(x, y)vy) + c(x, y)v,

ãäå ∆x =
n∑
i=1

∂2

∂x2
i
, p(x, y), c(x, y), f(x, y), αi(x), βi(x) (i = 1, 4) � çàäàííûå ôóíêöèè,

îïðåäåëåííûå ïðè x ∈ Ω, y ∈ [−1, 1], ïðè÷åì ôóíêöèÿ p(x, y) ñòðîãî ïîëîæèòåëü-
íà ïðè (x, y) ∈ Q è ìîæåò èìåòü ðàçðûâ ïåðâîãî ðîäà ïðè ïåðåõîäå ÷åðåç ïëîñ-
êîñòü, (α1(x), α2(x), α3(x), α4(x)), (β1(x), β2(x), β3(x), β4(x)) � ëèíåéíî íåçàâèñè-
ìûå ïðè êàæäîì ôèêñèðîâàííîì x ∈ Ω âåêòîð-ôóíêöèè, B1 è B2 åñòü ëèíåéíûå
îïåðàòîðû, ñòàâÿùèå â ñîîòâåòñòâèå ôóíêöèè u(x, y) ôóíêöèþ (Biu)(x).

Â õîäå äîêàçàòåëüñòâà òåîðåì ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåí-
íîñòè ðåøåíèÿ êðàåâîé çàäà÷è, à òàêæå ñòåïåíü âëèÿíèÿ ëèíåéíûõ îïåðàòîðîâ
B1 è B2 íà ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ êðàåâîé çàäà÷è.
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Èäåÿ ðàçáèåíèÿ ìíîæåñòâà ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé íà êëàññû ýêâèâàëåíòíîñòè íà îñíîâå àñèìïòîòè÷åñêîãî ïîâåäåíèÿ èõ ðåøå-
íèé ïðèíàäëåæèò À.Ì. Ëÿïóíîâó. Â ðàáîòàõ [1]�[3] äëÿ êëàññèôèêàöèè íåëèíåé-
íûõ ñèñòåì ââåäåíû ïîíÿòèÿ ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè
ïî Áðàóýðó è Ëåâèíñîíó îòíîñèòåëüíî íåêîòîðûõ ýòàëîííûõ ôóíêöèé. Ââåäåí-
íûå îïðåäåëåíèÿ ëîêàëüíîé ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè
ïîçâîëÿþò ðàñïðîñòðàíèòü ìåòîäèêó íà áîëåå øèðîêèé êëàññ íåëèíåéíûõ ñè-
ñòåì, ÷åì â ðàáîòàõ [1]�[3], ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ýêâèâàëåíòíîñòè äëÿ
íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ âîçìóùåíè-
ÿìè â âèäå âåêòîðíûõ ïîëèíîìîâ.

Â íàñòîÿùåé ðàáîòå ïðîâåäåíî èññëåäîâàíèå óñòîé÷èâîñòè ïî ÷àñòè ïåðå-
ìåííûõ íåòðèâèàëüíîãî ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû íåëèíåéíûõ óðàâíåíèé,
ïðåäñòàâëÿþùèõ ñîáîé êèíåòè÷åñêóþ ìîäåëü õèìè÷åñêîé ðåàêöèè, ñâåäåííîå ê
èññëåäîâàíèþ óñòîé÷èâîñòè òðèâèàëüíîãî ïîëîæåíèÿ ðàâíîâåñèÿ ëèíåéíîãî ïðè-
áëèæåíèÿ ñèñòåìû íà îñíîâàíèè óñòàíîâëåíèÿ ëîêàëüíîé ïîêîìïîíåíòíîé àñèìï-
òîòè÷åñêîé ýêâèâàëåíòíîñòè ïî Áðàóýðó. Íåëèíåéíàÿ ñèñòåìà ïðåäñòàâëÿåò ñî-
áîé ñèñòåìó íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ âîçìóùåíèÿìè â âèäå
âåêòîðíûõ ïîëèíîìîâ.

Ìåòîä èññëåäîâàíèÿ îñíîâàí íà ïîñòðîåíèè îïåðàòîðà, ïåðåâîäÿùåãî ðåøå-
íèÿ íåëèíåéíîé ñèñòåìû â ðåøåíèÿ åå ëèíåéíîãî ïðèáëèæåíèÿ. Â ñîîòâåòñòâèè
ñ ìåòîäèêîé, ïðåäñòàâëåííîé â [1], äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ îïåðàòîðà îñ-
íîâàíî íà ïðèíöèïå Øàóäåðà î íåïîäâèæíîé òî÷êå. Äîêàçàòåëüñòâî ïðîâîäèòñÿ
ñ èñïîëüçîâàíèåì îöåíîê ýëåìåíòîâ ôóíäàìåíòàëüíîé ìàòðèöû ëèíåéíîãî ïðè-
áëèæåíèÿ è âîçìóùåíèé íåëèíåéíîé ñèñòåìû [2].

Ñóùåñòâîâàíèå îïåðàòîðà ïîçâîëÿåò ïîñòðîèòü îòîáðàæåíèå, ñâÿçûâàþùåå
íà÷àëüíûå òî÷êè èññëåäóåìîé ñèñòåìû è åå ëèíåéíîãî ïðèáëèæåíèÿ, ÷òî îáåñïå-
÷èâàåò ëîêàëüíóþ ïîêîìïîíåíòíóþ àñèìïòîòè÷åñêóþ ýêâèâàëåíòíîñòü ïî Áðàó-
ýðó.
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Ïðè ïîñòðîåíèè ïîíÿòèÿ èíòåãðèðóåìîñòè íåîáõîäèìî ó÷èòûâàòü, â êàêîì
ñìûñëå îíî ïîíèìàåòñÿ, â êëàññå êàêèõ ôóíêöèé èùóòñÿ ïåðâûå èíòåãðàëû è ò. ä.
Â ðàáîòå ïðèíèìàåòñÿ òàêîé ïîäõîä, êîòîðûé ó÷èòûâàåò â êà÷åñòâå êëàññà ôóíê-
öèé êàê ïåðâûõ èíòåãðàëîâ òðàíñöåíäåíòíûå ôóíêöèè. Çäåñü òðàíñöåíäåíòíîñòü
ïîíèìàåòñÿ, ïðåæäå âñåãî, â ñìûñëå íàëè÷èÿ ó íèõ ñóùåñòâåííî îñîáûõ òî÷åê (â
ñèëó êëàññèôèêàöèè, ïðèíÿòîé â òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî,
êîãäà ôóíêöèÿ èìååò ñóùåñòâåííî îñîáûå òî÷êè).

Ðàíåå â [1], [2] óæå áûëà ïîêàçàíà ïîëíàÿ èíòåãðèðóåìîñòü óðàâíåíèé ïðî-
ñòðàíñòâåííîãî äâèæåíèÿ òåëà â ñîïðîòèâëÿþùåéñÿ ñðåäå, êîãäà ó ñèñòåìû äè-
íàìè÷åñêèõ óðàâíåíèé ñóùåñòâóåò ïîëíûé íàáîð òðàíñöåíäåíòíûõ ïåðâûõ èí-
òåãðàëîâ. Äàëåå, â [2], [3] áûëà èññëåäîâàíà äèíàìè÷åñêàÿ ÷àñòü óðàâíåíèé äâè-
æåíèÿ ðàçëè÷íûõ äèíàìè÷åñêè ñèììåòðè÷íûõ ìíîãîìåðíûõ òâåðäûõ òåë. Ïðè
ýòîì ðàññìàòðèâàåìûå ñèñòåìû â íåêîòîðûõ ñëó÷àÿõ ñâîäèëèñü ê ñèñòåìå ñ äèñ-
ñèïàöèåé íà êàñàòåëüíîì ðàññëîåíèè äâóìåðíîé ñôåðû.

Â äàííîé ðàáîòå ñíà÷àëà ðàññìàòðèâàþòñÿ óðàâíåíèÿ ãåîäåçè÷åñêèõ íà êà-
ñàòåëüíîì ðàññëîåíèè ãëàäêîãî äâóìåðíîãî ìíîãîîáðàçèÿ (ñèñòåìà â îòñóòñòâèè
âíåøíåãî ïîëÿ ñèë). Ñòðîèòñÿ ïåðåõîä ê óäîáíûì êîîðäèíàòàì êàñàòåëüíîãî ïðî-
ñòðàíñòâà. Â äàëüíåéøåì ñíà÷àëà ââîäÿòñÿ âíåøíèå ñèëîâûå ïîëÿ, êîòîðûå ÿâ-
ëÿþòñÿ ïîòåíöèàëüíûìè, è ðàññìàòðèâàåìûå ñèñòåìû ÷åòâåðòîãî ïîðÿäêà îá-
ëàäàþò ïîëíûì íàáîðîì (òðåìÿ) ãëàäêèõ ïåðâûõ èíòåãðàëîâ. À çàòåì â òàêèõ
ñèñòåìàõ ââîäÿòñÿ äîïîëíèòåëüíûå ÷ëåíû, â ðåçóëüòàòå ÷åãî ñèñòåìû ïåðåñòàþò
áûòü êîíñåðâàòèâíûìè, à òî÷íåå, ñòàíîâÿòñÿ ñèñòåìàìè ñ òàê íàçûâàåìîé çíàêî-
ïåðåìåííîé äèññèïàöèåé [1], [2], [3]. Ïðè ýòîì ïðè íåêîòîðûõ óñëîâèÿõ îíè îáëà-
äàþò ïîëíûì íàáîðîì (íåãëàäêèõ) òðàíñöåíäåíòíûõ ïåðâûõ èíòåãðàëîâ, â ðÿäå
ñëó÷àåâ âûðàæàþùèõñÿ ÷åðåç êîíå÷íóþ êîìáèíàöèþ ýëåìåíòàðíûõ ôóíêöèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-00848-à).
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Ñåêöèÿ 4. Äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ

ÎÁ ÈÑÑËÅÄÎÂÀÍÈÈ ÎÄÍÎÉ ÑÏÅÖÈÀËÜÍÎÉ
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Êóðãàí-Òþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Õóñðàâà,
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Ïóñòü D � ïðÿìîóãîëüíèê: D = {(x, y) : 0 < x < δ1, 0 < y < δ2}. Äàëåå îáî-
çíà÷èì

Γ1 = {y = 0, 0 < x < δ1}, Γ2 = {x = 0, 0 < y < δ2}.

Â îáëàñòè D ðàññìîòðèì ñèñòåìó ñëåäóþùåãî âèäà: rα+βuxy + rβa1(x, y)ux + rαb1(x, y)uy + c1(x, y)u = f1(x, y),

rγuxx + a2(x, y)ux + c2(x, y)u = f2(x, y),
(1)

ãäå r2 = x2 + y2, aj(x, y), b1(x, y), cj(x, y), j = 1, 2, � çàäàííûå ôóíêöèè îáëàñòè
D, α < 1, β < 1, γ = 2.

Ïðîáëåìå èññëåäîâàíèÿ óðàâíåíèé è ïåðåîïðåäåëåííûõ ñèñòåì äèôôåðåíöè-
àëüíûõ óðàâíåíèé ñ ñèíãóëÿðíûìè êîýôôèöèåíòàìè ïîñâÿùåíû ðàáîòû [1]�[3].
Äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ïóñòü â ñèñòåìå óðàâíåíèé (1) êîýôôèöèåíòû è ïðàâûå ÷àñòè óäî-
âëåòâîðÿþò ñëåäóþùèì óñëîâèÿì: 1) a1(x, y), a2(x, y) ∈ C1

x(D), a2(x, y) ∈ C1
y(D),

cj(x, y), fj(x, y) ∈ C(D), j = 1, 2; 2) c3(x, y) è c4(x, y) ñâÿçàíû ñ ïîìîùüþ êîýôôè-
öèåíòîâ ïåðâîãî è âòîðîãî óðàâíåíèÿ ñèñòåìû ñîîòâåòñòâóþùèìè ðàâåíñòâàìè;
3) |A2(x)−A2(0)| ≤ H1x

γ1 , H1 = const, γ1 > 1; 4) a2(0, 0) < 0; 5) ôóíêöèè a1(x, y)
è a2(x, y), f1(x, y) è f2(x, y) óäîâëåòâîðÿþò ñîîòâåòñòâóþùèì óñëîâèÿì ñîâìåñò-
íîñòè; 6) f2(x, 0) = o(xλ1), λ1 > 1, ϕ1(x) = o(xλ2), λ2 > 1. Òîãäà ëþáîå ðåøåíèå
ñèñòåìû óðàâíåíèé (1) èç êëàññà C2(D) ïðåäñòàâèìî â âèäå

u(x, y) = K1(ϕ1(x), ψ1(y), f1(x, y)),

ϕ1(x) = T 2
A2,1

(c1, f2(x, 0)),

ψ1(y) = exp
[
−ωαa1

(0, y)
] d
dy
F1(y, ψ2(y)) ïðè yβa2(0, y) = y2b1(0, y),

ãäå K1(ϕ1(x), ψ1(y), f1(x, y)), T 2
A2,1

(c1, f2(x, 0)), F1(y, ψ2(y)) � èçâåñòíûå èíòåã-

ðàëüíûå îïåðàòîðû, c1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, ψ2(y) � ïðîèçâîëüíàÿ ôóíê-
öèÿ îäíîé íåçàâèñèìîé ïåðåìåííîé y òî÷åê êîíòóðà Γ2.
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Â ðàáîòå ðàññìàòðèâàåòñÿ ïåðåîïðåäåëåííàÿ ñèñòåìà óðàâíåíèé

ut + uux + vuy + px = 0,
vt + uvx + vvy + py = 0,

ux + vy = 0,
pt + upx + vpy = 0.

(1)

Çäåñü t � âðåìÿ, x, y � ïðîñòðàíñòâåííûå êîîðäèíàòû, u, v � êîìïîíåíòû âåê-
òîðà ñêîðîñòè, p � îòêëîíåíèå äàâëåíèÿ îò çàäàííîé âåëè÷èíû p0.

Ñèñòåìà (1) îïèñûâàåò äâóìåðíûå äâèæåíèÿ èäåàëüíîé æèäêîñòè ñ óñëîâèåì
ïîñòîÿíñòâà äàâëåíèÿ â ÷àñòèöå. Êðîìå òîãî, îíà ÿâëÿåòñÿ äâóìåðíûì àíàëî-
ãîì îáùåé òðåõìåðíîé ñèñòåìû, çàäà÷à èññëåäîâàíèÿ íà ñîâìåñòíîñòü êîòîðîé
áûëà ïîñòàâëåíà â ñòàòüå Ë.Â. Îâñÿííèêîâà [1]. Ýòîé ñèñòåìå óäîâëåòâîðÿþò
òàê íàçûâàåìûå òåïëîâûå (ñ ïîñòîÿííîé ïëîòíîñòüþ), à òàêæå èçîòåðìè÷åñêèå
(ñ ïîñòîÿííîé ñêîðîñòüþ çâóêà) äâèæåíèÿ ïîëèòðîïíîãî ãàçà.

Àíàëèç ñèñòåìû (1) óäîáíåå âûïîëíÿòü â ñïåöèàëüíûõ ëàãðàíæåâûõ êîîðäè-
íàòàõ [2]. Çà ëàãðàíæåâó ïåðåìåííóþ η âûáèðàåòñÿ äàâëåíèå (η = p), à âòîðàÿ
ïåðåìåííàÿ ξ çàäàåòñÿ òàê, ÷òîáû ÿêîáèàí ïåðåõîäà îò x, y ê ξ, η ðàâíÿëñÿ 1.
Ïîëó÷åííàÿ ñèñòåìà ñîñòîèò èç äâóõ ëèíåéíûõ è îäíîãî íåëèíåéíîãî óðàâíåíèé:

xξ = −ytt, yξ = xtt, xξyη − xηyξ = 1. (2)

Ïåðåîïðåäåëåííàÿ ñèñòåìà (2) ïðèâåäåíà ê ïàññèâíîìó âèäó è ïîëíîñòüþ ïðî-
èíòåãðèðîâàíà. Äàíà èíòåðïðåòàöèÿ ïîëó÷åííûõ ðåøåíèé êàê òå÷åíèé èäåàëü-
íîé íåñæèìàåìîé æèäêîñòè, îãðàíè÷åííîé ñâîáîäíîé ïîâåðõíîñòüþ èëè äâèæó-
ùåéñÿ òâåðäîé ñòåíêîé.
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Ïðè èññëåäîâàíèè ïðî÷íîñòè ýëåìåíòîâ êîíñòðóêöèé, îñëàáëåííûõ ïëîñêèìè
ðàçðåçàìè (òðåùèíàìè) ðàçëè÷íîé êîíôèãóðàöèè, ñóùåñòâåííîå çíà÷åíèå èìååò
îïðåäåëåíèå ïðåäåëüíûõ íàãðóçîê íà êîíòóðå òðåùèíû, ïðè äîñòèæåíèè êîòîðûõ
ïîÿâëÿåòñÿ âîçìîæíîñòü ðàñïðîñòðàíåíèÿ òðåùèíû è ïîñëåäóþùåå ðàçðóøåíèå.

Ðàññìàòðèâàåòñÿ îäíîðîäíîå íåîãðàíè÷åííîå óïðóãîå òåëî, â êîòîðîì åñòü
íåñèììåòðè÷íàÿ äâóñâÿçíàÿ â ïëàíå ìàêðîñêîïè÷åñêàÿ òðåùèíà, ïðîòèâîïîëîæ-
íûå áåðåãà êîòîðîé íå âçàèìîäåéñòâóþò ìåæäó ñîáîé. Òåëî ïîäâåðãàåòñÿ îäíîîñ-
íîìó ðàñòÿæåíèþ ïåðïåíäèêóëÿðíî ïëîñêîñòè òðåùèíû. Â ìåõàíèêå äåôîðìè-
ðóåìîãî òâåðäîãî òåëà îñíîâíîå èíòåãðîäèôôåðåíöèàëüíîå óðàâíåíèå, âûðàæà-
þùåå çàâèñèìîñòü ìåæäó íîðìàëüíûìè íàïðÿæåíèÿìè σ(ρ, θ) è âåðòèêàëüíûìè
ïåðåìåùåíèÿìè, êîòîðîå ñîäåðæèò ïîòåíöèàë ïðîñòîãî ñëîÿ, èìååò âèä

σ(ρ0, θ0) =
E

4π(1− ν2)
∆

∫∫
S

w(ρ, θ)

r
dS,

çäåñü w(ρ, θ) � íåèçâåñòíàÿ ôóíêöèÿ, õàðàêòåðèçóþùàÿ ïåðåìåùåíèÿ, ∆ � îïå-
ðàòîð Ëàïëàñà, S � îáëàñòü â ïëîñêîñòè (ρ, θ), êîòîðóþ çàíèìàåò ïëîñêàÿ òðå-
ùèíà. Ïóñòü óðàâíåíèÿ ãðàíèö êîíòóðà òðåùèíû çàâèñÿò îò äâóõ ìàëûõ ïàðà-
ìåòðîâ. Äîïóñêàåì, ÷òî èñêîìàÿ ôóíêöèÿ w(ρ, θ) òàêæå çàâèñèò îò íèõ è ìîæåò
áûòü ïðåäñòàâëåíà â âèäå ðàçëîæåíèÿ ïî ñòåïåíÿì ýòèõ ïàðàìåòðîâ.

Êîëüöåâàÿ òðåùèíà ðàññìîòðåíà â [1]. Â ñëó÷àå äâóñâÿçíîé òðåùèíû èñïîëü-
çóåòñÿ àëãîðèòì [2] ñâåäåíèÿ òàêîé çàäà÷è ê ïîñëåäîâàòåëüíîñòè àíàëîãè÷íûõ
çàäà÷ äëÿ êðóãîâîé êîëüöåâîé òðåùèíû, èñïîëüçóþùèé ðàçëîæåíèå ïîòåíöèàëà
ïðîñòîãî ñëîÿ ïî ìàëîìó ïàðàìåòðó. Äëÿ ðåøåíèÿ íåñèììåòðè÷íûõ çàäà÷ âîç-
íèêàåò íåîáõîäèìîñòü âû÷èñëåíèÿ ïîòåíöèàëîâ ïðîñòîãî ñëîÿ, êîãäà ïëîòíîñòü
íå èìååò êðóãîâîé ñèììåòðèè [3]. Èñïîëüçóÿ ðàçëîæåíèÿ ïî ïîëèíîìàì Ëåæàíä-
ðà ïðîèçâîäÿùåé ôóíêöèè, ïîëó÷åíî ðàçëîæåíèå ïîòåíöèàëà ïðîñòîãî ñëîÿ ñ
íåñèììåòðè÷íîé ïëîòíîñòüþ è äîêàçàíà åãî ñõîäèìîñòü è íà ãðàíèöàõ.

Èññëåäîâàíî íàïðÿæåííî-äåôîðìèðóåìîå ñîñòîÿíèå òåëà ñ ïëîñêîé äâóñâÿç-
íîé òðåùèíîé, íåñèììåòðè÷íîé îòíîñèòåëüíî îäíîé èç îñåé. Íàéäåíû ôóíêöè-
îíàëüíûå çàâèñèìîñòè âåðòèêàëüíûõ ïåðåìåùåíèé è íîðìàëüíûõ íàïðÿæåíèé.
Ïîëó÷åíû çíà÷åíèÿ ïðåäåëüíûõ íàãðóçîê ïðè ðàçëè÷íûõ êîíôèãóðàöèÿõ òðå-
ùèíû è íàïðàâëåíèÿ åå ðàñïðîñòðàíåíèÿ.
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Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íåñêîëüêèìè çà-
ïàçäûâàíèÿìè ñ ïàðàìåòðîì

d

dt
y(t) = µA(t)y(t) +

M∑
j=1

Bj(t)y(t− τj), t > 0,

ãäå µ > 0 � ïàðàìåòð, τ1 > τ2 > · · · > τM > 0 � çàïàçäûâàíèÿ, A(t), Bj(t) �
íåïðåðûâíûå T -ïåðèîäè÷åñêèå ìàòðèöû n× n. Ïðåäïîëàãàåòñÿ, ÷òî ñïåêòð ìàò-
ðèöû A(t) ëåæèò â ëåâîé ïîëóïëîñêîñòè {λ ∈ C : Reλ < 0} ïðè âñåõ t ∈ [0, T ].

Â ñëó÷àå B(t) ≡ 0 â [1] è â ñëó÷àå ñ îäíèì çàïàçäûâàíèåì â [2] ïîêàçàíî, ÷òî
àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ãàðàíòèðóåòñÿ ïðè âñåõ äîñòà-
òî÷íî áîëüøèõ ïàðàìåòðàõ µ.

Â ðàáîòå óêàçàíû óñëîâèÿ íà ïàðàìåòð µ� 1, ïðè êîòîðûõ íóëåâîå ðåøåíèå
àñèìïòîòè÷åñêè óñòîé÷èâî, óñòàíîâëåíà îöåíêà, õàðàêòåðèçóþùàÿ ýêñïîíåíöè-
àëüíóþ ñêîðîñòü óáûâàíèÿ ðåøåíèé íà áåñêîíå÷íîñòè.

Ïðè ïîëó÷åíèè ðåçóëüòàòîâ áûëà èñïîëüçîâàíà ìîäèôèêàöèÿ ôóíêöèîíàëà
Ëÿïóíîâà � Êðàñîâñêîãî, ââåäåííîãî â [3], [4].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-41-543365 ð_ìîë_à).
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PARTIAL DIFFERENTIAL EQUATIONS IN SOBOLEV
SPACES WITH VARIABLE EXPONENTS

Antontsev S.N.1, Shmarev S. I.2
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Let Ω ⊂ Rn be a bounded domain with Lipschitz-continuous boundary Γ and
Q = Ω× (0, T ]. We study the degenerate parabolic equations of the form

ut = divA(x, t, u,∇u) +B(x, t, u,∇u) in (x, t) ∈ Q, (1)

u = 0 on ∂Ω× [0, T ], u(x, 0) = u0(x) in Ω,

where A,B : Q× R× Rn 7→ R are Carath�eodory functions satisfying the conditions

A(x, t, u, ξ) · ξ ≥ C1|ξ|p − C2|u|q − C3f, |A(x, t, u, ξ)| ≤ C4|ξ|p−1 + h,

|B(x, t, u, ξ)| ≤ C5|u|β + C6g.

Here C1�C6 are constants, f(x, t), g(x, t), h(x, t) and the exponents p(x, t), q(x, t),
β(x, t) are given functions. The following equation is a prototype of the class (1):

ut = div(|∇u|p(x,t)−2∇u).

In the past decade, there was an impetuous growth of interest in the study of
equations with variable nonlinearity which appear in a natural way in the mathematical
modeling of various physical phenomena, e.g., the �ows of electro-rheological �uids or
�uids with temperature-dependent viscosity, processes of �ltration through inhomo-
geneous anisotropic media. The study of equations with variable nonlinearity stimu-
lated as well the development of the theory of variable Lebesgue and Sobolev spaces [3].
Various de�nitions of weak (variational) solutions are discussed, the existence and
uniqueness theorems are proven. We also consider systems of parabolic equations and
stationary equations of the type (1). The e�ects of localization (vanishing) and blow-
up for the solutions of (1) and its stationary counterpart are studied. The detailed
proofs can be found in [1]�[5].
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SUBMODELS OF MODEL OF NONLINEAR DIFFUSION
WITH NON-STATIONARY ABSORPTION

Chirkunov Yu.A.

Novosibirsk State University of Architecture and Civil Engineering,
Novosibirsk, Russia; chr101@mail.ru

We study the model describing a nonlinear di�usion process (or a heat propagation
process) in an inhomogeneous medium with non-stationary absorption (or source). We
found three submodels of the original model of the nonlinear di�usion process (or the
heat propagation process), having di�erent symmetry properties. We found all invari-
ant submodels. All essentially distinct invariant solutions describing these invariant
submodels are found either explicitly, or their search is reduced to the solution
of the nonlinear integral equations. For example, we obtain the invariant solution
describing the nonlinear di�usion process (or the heat distribution process) with
two �xed �black holes�, and the invariant solution describing the nonlinear di�usion
process (or the heat distribution process) with the �xed �black hole� and the moving
�black hole�. The presence of the arbitrary constants in the integral equations, that
determine these solutions provides a new opportunities for analytical and numerical
study of the boundary value problems for the received submodels, and, thus, for the
original model of the nonlinear di�usion process (or the heat distribution process). For
the received invariant submodels we study di�usion processes (or heat distribution
process) for which at the initial moment of the time at a �xed point there are
speci�ed either a concentration (a temperature) and its gradient, or a concentration
(a temperature) and its rate of change. Solving of boundary value problems describing
these processes are reduced to the solving of nonlinear integral equations. We establish
the existence and uniqueness of solutions of these boundary value problems under
some additional conditions. The obtained results can be used to study the di�usion of
substances, di�usion of conduction electrons and other particles, di�usion of physical
�elds, propagation of heat in inhomogeneous medium.
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INVARIANT MODELING OF THE MODEL OF
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A model describing the thermal motion of gas in a rare�ed space is investigated
in [1]. This model can be used in the study of the motion of gas in outer space, and the
processes occurring inside the tornado, and the state of the medium behind the shock
front of the wave after a very intense explosion [2]�[4]. The multi-dimensional model
was investigated in [5]�[7]. The two-dimensional model was investigated in [8]. Exact
solutions and conservation laws for the three-dimensional model were obtained in [9].
For a given initial pressure distribution, a special choice of mass Lagrange variables
leads to a reduced system of di�erential equations describing this motion, in which the
number of independent variables is one less than the original system. This means that
there is a strati�cation of a highly rare�ed gas with respect to pressure. Namely, in a
strongly rare�ed space for each given initial pressure distribution, at each instant of
time all gas particles are localized on a two-dimensional surface moving in this space.
At each point of this surface, the acceleration vector is collinear with its normal vector.
The resulting system admits an in�nite Lie transformation group. All signi�cantly
various submodels that are invariant with respect to the subgroups of its eight-
parameter subgroup generated by the transfer, extension, rotation, and hyperbolic
rotation operators (the Lorentz operator) are found. For invariant submodels of rank
1, the basic mechanical characteristics of the gas �ow described by them are obtained.
Conditions for the existence of these submodels are given. For invariant submodels
of rank 2, integral equations describing these submodels are obtained. For some
submodels, the problem of describing the gas �ow from the initial location of its
particles and the distribution of their velocities has been investigated.

The reported study was funded by the Russian Foundation for Basic Research according

to the research project no. 16-01-00446 a.
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We consider the initial boundary value problem for semilinear parabolic equation

ut = ∆u− c(x, t)up, x ∈ Ω, t > 0, (1)

∂u(x, t)

∂ν
=

∫
Ω

k(x, y, t)ul(y, t) dy, x ∈ ∂Ω, t ≥ 0, (2)

u(x, 0) = u0(x), x ∈ Ω, (3)

where p > 0, l > 0, Ω is a bounded domain in Rn for n ≥ 1 with smooth boundary
∂Ω, ν is unit outward normal on ∂Ω. The functions c(x, t), k(x, y, t), and u0(x) are
nonnegative and satisfy some regularity conditions.

We prove some global existence results. Criteria on this problem which determine
whether the solutions blow up in �nite time for large or for all nontrivial initial data
are also given. Our global existence and blow-up results depend on the behavior of
c(x, t) and k(x, y, t) as t→∞.

In particular, we prove the following blow-up result. Let ψ(x) be a positive solution
of problem

∆ψ = 1, x ∈ Ω;
∂ψ(x)

∂ν
=
|Ω|
|∂Ω|

, x ∈ ∂Ω,

and m0 = inf{sup
Ω
ψ(x)}. We suppose that

c(x, t) ≤ c1(t), c1(t) ∈ C1([t0,∞)), c1(t) > 0 for t ≥ t0, (4)

where t0 is some positive constant,

lim inf
t→∞

c′1(t)

c1(t)
> −p− 1

m0
(5)

and

lim
t→∞

{
[c1(t)](1−l)/(p−1) inf

∂Ω×Ω
k(x, y, t)

}
=∞. (6)

Theorem. Let l > p > 1 and (4)�(6) hold. Then any nontrivial solution of (1)�(3)
blows up in �nite time.

We prove a certain optimality of Theorem. Under some conditions we show that
blow-up occurs only on the boundary.

The problem (1)�(3) with Dirichlet boundary condition has been considered
in [1], [2].
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STEADY STATES IN LEITH'S MODEL OF TURBULENCE
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We present a comprehensive study and full classi�cation of the stationary solutions
in Leith's energy spectral model of turbulence [1] with a generalized viscosity. Three
typical types of boundary value problems are considered: problems 1 and 2 with a �nite
positive value of the spectrum at the left (right) and zero at the right (left) boundaries
of a wave number range, and problem 3 with �nite positive values of the spectrum at
both boundaries. Settings of these problems and analysis of existence of their solutions
are based on a phase-space analysis of orbits of the underlying dynamical system. One
of the two �xed points of the underlying dynamical system is found to correspond
to a �sharp front"where the energy �ux and the spectrum vanish at the same wave
number. The other �xed point corresponds to the only exact power-law solution �
the so-called dissipative scaling solution. The roles of the Kolmogorov, dissipative and
thermodynamic scaling, as well as of sharp front solutions, are discussed.

Transient solutions of the inviscid Leith model arising from an initial spectrum
compactly supported at low k were investigated in [2]. These solutions precede the
formation of a steady cascade in the full Leith model. It was shown that this regime
becomes self-similar just before the breaking of the energy conservation (which occurs
once the cascade has proceeded far enough to generate a �nite �ux of energy to
k = ∞). The self-similar solutions which were analyzed numerically in [2] has a
�sharp"nonlinear front which accelerates explosively reaching k = ∞ at a �nite time
t = t∗. In [3] we recovered this result analytically and established the existence
of a self-similar solution with a power-law asymptotic on the low-wavenumber end
and a sharp boundary on the high-wavenumber end which propagates to in�nite
wavenumbers in a �nite-time t∗. It was shown that such a self-similar solution is
realized by a heteroclinic orbit of the corresponding dynamical system.

The results of the present talk were fully published in [4] and included in collection
of highlights showcases some of the excellent papers we published in 2016 Journal of
Physics A: Mathematical and Theoretical.

The �rst author was partially supported by the Grant Scienti�c Schools 7214.2016.9.
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ABOUT A PROBLEM FOR THE DEGENERATING
MIXED TYPE EQUATIONS WITH CAPUTO
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We consider equation

0 =

{
uxx −Dα

oyu, at x > 0, y > 0,

ymuxx − (−x)nuyy, at x < 0, y > 0,
(1)

where

Dα
oyu =

1

Γ(1− α)

y∫
0

(y − t)−αut(x, t)dt,

0 < α, m,n = const, m > n.
Let Ω be a domain bounded by segments: AB = {(x, y) : y = 0, 0 < x < h1},

BB0 = {(x, y) : x = h1, 0 < y < h0}, A0B0 = {(x, y) : y = h0, 0 < x < h1} at
y > 0, and by the characteristics AC : 1

py
p − 1

q (−x)q = 0, A0C : 1
px

p + 1
q (−x)q = 1;

of equation (1) at x < 0, y > 0, where A (0, 0), A0 (0, h0), B (h1, 0), B0 (h1, h0), and

C
(
−
(
p
2

)1/p
,
(
q
2

)1/q)
.

Here 2q = n+ 2, 2p = m+ 2, h0 = p1/p, h1 > 0, and m > n.
Introduce designations: 2α1 = n/(n + 2), 2β1 = m/(m + 2), 0 < α1 < β1 <

1
2 ,

Ω+ = Ω ∩ {x > 0, y > 0}, Ω− = Ω ∩ {x < 0, y > 0}, I1 = {x : 0 < x < h1},
I0 = {y : 0 < y < h0}.

For equation (1) we consider the following problem.
Problem. We �nd a solution u(x, y) of equation (1) from the following class of

functions:

∆ =
{
u(x, y) : u(x, y) ∈ C(Ω) ∩ C2(Ω−), uyy ∈ C

(
Ω+
)
, Dα

oyu ∈ C
(
Ω+
)}

satisfying boundary conditions

u(x, y)
∣∣
AB

= ϕ(x), 0 6 x 6 h1, u(x, y)
∣∣
BB0

= ϕ0(y), 0 6 y 6 h0,

u(x, y)
∣∣
AC

= ψ(y), 0 6 y 6
(p

2

)1/p

and matching condition

ux(−0, y) = ux(+0, y), (0, y) ∈ AA0,

where ϕ(x), ϕ0(y), ψ(y) are given functions.
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LAPLACE OPERATORS AND WAVE EQUATIONS
ON POLYHEDRAL SURFACES
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Lomonosov Moscow State University, Moscow, Russia; shafarev@yahoo.com

We study Laplace operators and wave equations on 2D polyhedral surfaces. The
operators are de�ned via extension theory. We describe kernels of Laplacians, trace
formulae for its exponent and study solutions of the corresponding wave equations.
In particular, we describe fronts of localized asymptotic solutions.
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EQUATIONS OF STEADY FLOWS OF THE
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shelukhin@hydro.nsc.ru

The equations for Cosserat�Bingham �uids are considered [1] and existence of a
weak solution for steady �ows is proved for the three-dimensional boundary-value
problem with the use of the Lipschitz truncation argument [2]. In contrast to the
classical Bingham �uid, the micropolar Bingham �uid supports local micro-rotations
and two types of plug zones [3]. Our approach is based on an approximation of the
constitutive relation by a generalized Newtonian constitutive relation and a subsequent
limiting process [4].
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MODELLING POPULATION DYNAMICS IN RIVERS
VIA REACTION�DIFFUSION�ADVECTION EQUATIONS
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Many aquatic organisms living in advective environments (streams, rivers) manage
to persist in their original habitats despite being washed out downstream. The �rst
mathematical explanation of this phenomenon (known as the �drift paradox�) was
o�ered by Speirs and Gurney in [1], where a linear reaction�di�usion�advection (RDA)
model was used to describe the spatial dynamics of such organisms. The habitat was
represented as an interval [0, L], with the population density u(t, x) satisfying the
RDA equation ut = duxx − qux + ru, along with the �re�ecting� upstream boundary
condition qu(t, 0) = dux(t, 0) and the �hostile� downstream condition u(t, L) = 0. Here
q is the �ow speed in the habitat, d is the di�usivity coe�cient, and r is the growth
rate of the organisms. It was determined that the di�usive movement of the organisms
plays the crucial role in persistence by balancing the biased downstream movement.
In [2], we introduced a nonlinear version of Speirs�Gurney model, with a more realistic
logistic reaction term ru(1−u), and a more favourable �out�ow� downstream boundary
condition ux(t, L) = 0. As in [1], there are critical values qc = 2

√
dr and Lc(q, d, r)

of �ow speed q and domain size L such that the persistence is only possible when
q < qc and L ≥ Lc. Under this persistence conditions, we showed the existence and
uniqueness of a stable positive steady state solution of this nonlinear RDA model.

To better capture the ecological reality, an aquatic habitat can be viewed as a
dendritic network represented by a tree-like metric graph with the population density
subject to an RDA equation on each segment and the junction conditions in addition
to the boundary conditions. This �quantum graph� approach was introduced in [3]
and [4], where linear RDA models were used to study persistence conditions in river
networks. We will discuss a nonlinear version of the RDA model for river networks.
Our main focus is the existence of steady states in this new setting.

In case of certain aquatic insects (e.g. may�ies), the drift paradox could be explained
by the upstream dispersal of winged adults. This approach was recently explored in [5]
via an impulsive RDA model with non-local impulse, combining local (di�usive) and
non-local (�ight) modes of dispersal.

The author is supported by the Natural Science and Engineering Council of Canada

(NSERC) Individual Discovery Grant �Nonlinear population dynamics in rivers and river

networks�.
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Àáëàáåêîâ Á.Ñ.

Êûðãûçñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Æ. Áàëàñàãûíà,
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Ðàññìîòðèì ñëåäóþùèå îáðàòíûå çàäà÷è.
Çàäà÷à 1. Íàéòè ïàðó ôóíêöèé u(x, t) è f(t) èç óñëîâèé

ut(x, t) = uxx(x, t) + h(x)f(t), x∈(0, π), t∈(0, T ],

u(x, 0) = u0(x), 0≤x≤π,

ux(0, t) = µ1(t), ux(π, t) = µ2(t), 0≤t≤T,

u(x0, t) = ψ(t), 0≤t≤T.

Çäåñü ôóíêöèè u0(x), µ1(t), µ2(t), h(x), ψ(t) è ïîñòîÿííûå T > 0, 0 < x0 < π
áóäåì ñ÷èòàòü çàäàííûìè, à u(x, t), f(t) � èñêîìûìè.

Çàäà÷à 2. Íàéòè ïàðó ôóíêöèé V (x, t) è fε(t) èç óñëîâèé

Vt(x, t)− Vxx(x, t)− εVxxt(x, t) = fε(t)h(x), x∈(0, π), t∈(0, T ],

V (x, 0) = V0(x), 0≤x≤π,

Vx(0, t) = µ1(t), Vx(π, t) = µ2(t), 0≤t≤T,

V (x0, t) = ψ(t), 0≤t≤T,

ãäå ε � ïîëîæèòåëüíûé ïàðàìåòð.
Òåîðåìà 1.Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ ãëàäêîñòè: u0(x)∈C2([0, π]),

µ1(t), µ2(t)∈C1([0, t]), h(x)∈C3([0, π]), ϕ∈C1([0, T ]), h(x0) 6= 0, è âûïîëíåíû óñëî-
âèÿ ñîãëàñîâàíèÿ u′0(0) = µ1(0), u′0(l) = µ2(0), u0(x0) = ψ(0), êðîìå òîãî, h(0) =
h(π) = 0, h′′(0) = h′(π) = 0. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå f(t)∈C([0, T ])
îáðàòíîé çàäà÷è 1.

Òåîðåìà 2.Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ ãëàäêîñòè: V0(x)∈C2([0, π]),
µ1(t), µ2(t)∈C1([0, t]), h(x)∈C3([0, π]), ψ∈C1([0, T ]), h(x0) 6= 0, è âûïîëíåíû óñëî-
âèÿ ñîãëàñîâàíèÿ V ′0(0) = µ1(0), V ′0(l) = µ2(0), u0(x0) = ψ1(0), êðîìå òîãî,
h(0) = h(π) = 0, h′′(0) = h′′(π) = 0. Òîãäà äëÿ ëþáîãî ε ≥ 0 ñóùåñòâóåò åäèí-
ñòâåííîå ðåøåíèå fε(t)∈C([0, T ]) îáðàòíîé çàäà÷è 2. Ïðè ε→ 0 ðåøåíèå îáðàòíîé
çàäà÷è 1 ñõîäèòñÿ ê ðåøåíèþ îáðàòíîé çàäà÷è 2, ò. å. ||fε(t)− f(t)||C[0,T ] → 0 ïðè
ε→ 0.
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Ðàññìàòðèâàþòñÿ íåêîððåêòíî ïîñòàâëåííûå çàäà÷è ëîêàëèçàöèè (îïðåäåëå-
íèÿ ïîëîæåíèÿ) ëèíèé ðàçðûâà ôóíêöèè äâóõ ïåðåìåííûõ. Òàêîãî ðîäà ïðî-
áëåìû âîçíèêàþò, íàïðèìåð, ïðè îáðàáîòêå èçîáðàæåíèé, ïîñêîëüêó ãðàíèöû
îáúåêòîâ ÷àñòî ÿâëÿþòñÿ ëèíèÿìè, íà êîòîðûõ èíòåíñèâíîñòü èçîáðàæåíèÿ èñ-
ïûòûâàåò ñêà÷îê ïåðâîãî ðîäà. Â êà÷åñòâå èñõîäíûõ äàííûõ èçâåñòíî ëèáî ïðè-
áëèæåíèå òî÷íîé ôóíêöèè â ïðîñòðàíñòâå L2, ëèáî òî÷íàÿ ôóíêöèÿ ÿâëÿåòñÿ
ðåøåíèåì óðàâíåíèÿ ïåðâîãî ðîäà ñ ïðèáëèæåííî çàäàííîé ïðàâîé ÷àñòüþ â L2.

Äëÿ çàäà÷è ëîêàëèçàöèè ëèíèé ðàçðûâà çàøóìëåííîé ôóíêöèè ïðîâåäåíî
ïîñòðîåíèå è òåîðåòè÷åñêîå èññëåäîâàíèå ðåãóëÿðíûõ ìåòîäîâ óñðåäíåíèÿ äëÿ
ðàçíûõ òèïîâ àïðèîðíîé èíôîðìàöèè [1]�[5]. Äëÿ âñåõ ïîñòðîåííûõ ìåòîäîâ ïî-
ëó÷åíû îöåíêè òî÷íîñòè àïïðîêñèìàöèè è ïîðîãà ðàçäåëèìîñòè (âàæíîé õàðàê-
òåðèñòèêè ìåòîäîâ ëîêàëèçàöèè) íà êëàññàõ ôóíêöèé ñ îñîáåííîñòÿìè êàê äëÿ
íåïðåðûâíîé çàäà÷è, òàê è äëÿ åå äèñêðåòíîãî àíàëîãà.

Äëÿ çàäà÷è ðåøåíèÿ óðàâíåíèÿ ïåðâîãî ðîäà ïîñòðîåí ðåãóëÿðèçèðóþùèé àë-
ãîðèòì îïðåäåëåíèÿ ðåøåíèÿ óðàâíåíèÿ ñ îäíîâðåìåííûì îïðåäåëåíèåì ãðàäè-
åíòà èñêîìîé ôóíêöèè [6]. Îñíîâó àëãîðèòìà ñîñòàâëÿåò èòåðàöèîííûé ïðîöåññ,
ðåàëèçóþùèé ìèíèìóì ôóíêöèîíàëà Òèõîíîâà ñî ñòàáèëèçàòîðîì â ïðîñòðàí-
ñòâå ôóíêöèé îãðàíè÷åííîé âàðèàöèè. Àëãîðèòì äîïîëíåí ýâðèñòè÷åñêîé ïðî-
öåäóðîé îïðåäåëåíèÿ ñêà÷êîâ ãðàäèåíòà ôóíêöèè, ïîçâîëÿþùèõ ëîêàëèçîâàòü
ãðàíèöû îáúåêòîâ íà èçîáðàæåíèÿõ. Ïðîâåäåíû ìîäåëüíûå ðàñ÷åòû, äåìîíñòðè-
ðóþùèå ýôôåêòèâíîñòü ïðåäñòàâëåííûõ ìåòîäîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-00629).
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ÌÅÒÎÄ ÎÁÐÀÒÍÎÃÎ ÄÈÇÀÉÍÀ Â ÇÀÄÀ×ÀÕ
ÌÀÑÊÈÐÎÂÊÈ ÌÀÒÅÐÈÀËÜÍÛÕ ÒÅË

Àëåêñååâ Ã.Â.

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè ÄÂÎ ÐÀÍ,

Äàëüíåâîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò, Âëàäèâîñòîê, Ðîññèÿ;

alekseev@iam.dvo.ru

Â òå÷åíèå ïîñëåäíåãî äåñÿòèëåòèÿ èíòåíñèâíî ðàçâèâàþòñÿ ìåòîäû ðåøåíèÿ
çàäà÷ äèçàéíà ñðåäñòâ, îáåñïå÷èâàþùèõ íåâèäèìîñòü ìàòåðèàëüíûõ òåë îò èõ
îáíàðóæåíèÿ ñ ïîìîùüþ ðàçëè÷íûõ ôèçè÷åñêèõ ïîëåé (ýëåêòðîìàãíèòíûõ, àêó-
ñòè÷åñêèõ, ìàãíèòíûõ è òåïëîâûõ).

Â îáùåì ñëó÷àå ðàçðàáîòàííûå ê íàñòîÿùåìó âðåìåíè ìåòîäû è ñòðàòåãèè
ìàñêèðîâêè îáúåêòîâ äëÿ îáåñïå÷åíèÿ èõ íåâèäèìîñòè ïðèíÿòî ðàçáèâàòü íà
äâà îñíîâíûõ êëàññà: êëàññû àêòèâíûõ è ïàññèâíûõ ñòðàòåãèé. Êëàññ àêòèâíûõ
ñòðàòåãèé îñíîâàí íà èñïîëüçîâàíèè äëÿ ïîäàâëåíèÿ (èëè êîìïåíñàöèè) ðàññå-
ÿíèÿ ìàñêèðóåìîãî îáúåêòà àêòèâíûõ èñòî÷íèêîâ ñïîñîá, êîòîðûé íàïîìèíàåò
ðàçðàáîòàííûé â 70-å ãîäû ïðîøëîãî ñòîëåòèÿ ìåòîä ïîäàâëåíèÿ øóìà. Ñðå-
äè ïàññèâíûõ ñòðàòåãèé ìàñêèðîâêè ðàçëè÷àþò, â ïåðâóþ î÷åðåäü, ìåòîä îïòè-
÷åñêèõ ïðåîáðàçîâàíèé, ìåòîä êîìïåíñàöèè ðàññåÿíèÿ çà ñ÷åò ïëàçìîíè÷åñêèõ
óñòðîéñòâ ëèáî ìåòàïîâåðõíîñòåé, à òàêæå ìåòîä ïîäàâëåíèÿ ðàññåÿíèÿ çà ñ÷åò
àíîìàëüíûõ ëîêàëèçîâàííûõ ðåçîíàíñîâ (ñì. ïîäðîáíåå î íèõ â [1]).

Äëÿ ðåøåíèÿ óêàçàííûõ çàäà÷ ê íàñòîÿùåìó âðåìåíè ðàçðàáîòàíû äâà îñ-
íîâíûõ ìåòîäà: ìåòîäû ïðÿìîãî è îáðàòíîãî äèçàéíà. Ìåòîä ïðÿìîãî äèçàéíà
îñíîâàí íà àíàëèçå ðåøåíèÿ ïðÿìîé çàäà÷è ðàññåÿíèÿ äëÿ ìîäåëè èñïîëüçóå-
ìîãî ôèçè÷åñêîãî ïîëÿ. Íóæíî îòìåòèòü, ÷òî ðåøåíèÿ, ïîëó÷åííûå ñ ïîìîùüþ
ýòîãî ìåòîäà îáëàäàþò ðÿäîì íåäîñòàòêîâ. Òàê, ðåøåíèÿì, ïîëó÷åííûì íà îñíî-
âå ìåòîäà îïòè÷åñêèõ ïðåîáðàçîâàíèé, îòâå÷àåò íåïðåðûâíî èçìåíÿþùèåñÿ îò 0
äî ∞ ìàòåðèàëüíûå ïàðàìåòðû, îïèñûâàþùèå ñèíãóëÿðíóþ íåîäíîðîäíóþ àíè-
çîòðîïíóþ ñðåäó, êîòîðóþ íåâîçìîæíî ðåàëèçîâàòü òåõíè÷åñêè èç-çà îòñóòñòâèÿ
ïðèðîäíûõ ìàòåðèàëîâ òàêîãî òèïà. Àíàëîãè÷íûå òðóäíîñòè ïðèñóùè è ðåøåíè-
ÿì, ïîëó÷åííûì ñ ïîìîùüþ äðóãèõ ïàññèâíûõ ñòðàòåãèé.

Îñíîâíîé ñïîñîá ïðåîäîëåíèÿ òðóäíîñòåé òåõíè÷åñêîé ðåàëèçàöèè ñîñòîèò â
òîì, ÷òîáû ïðè ðåøåíèè çàäà÷ ìàñêèðîâêè ó÷åñòü õîòÿ áû íåêîòîðûå èç òðåáî-
âàíèé, íàëàãàåìûõ àïðèîðè íà ðåøåíèå, ò. å. íà ìàñêèðîâî÷íûå îáîëî÷êè. Ó÷è-
òûâàÿ, ÷òî çàäà÷è ìàñêèðîâêè îòíîñÿòñÿ ïî ñâîåìó ôèçè÷åñêîìó ñìûñëó ê îá-
ðàòíûì çàäà÷àì [1], [2], åñòåñòâåííî èñïîëüçîâàòü äëÿ ýòîé öåëè ìåòîäû ðåøåíèÿ
îáðàòíûõ çàäà÷. Ïîñêîëüêó â òåîðèè îáðàòíûõ çàäà÷, íà÷èíàÿ ñ ðàáîò À.Í. Òè-
õîíîâà, äîñòàòî÷íî àêòèâíî èñïîëüçóþòñÿ îïòèìèçàöèîííûå ìåòîäû, ÷àñòü èñ-
ñëåäîâàòåëåé äëÿ ðåøåíèÿ çàäà÷ ìàñêèðîâêè ñòàëà ïðèìåíÿòü îïòèìèçàöèîííûå
ìåòîäû. Íà ýòîì ïóòè âîçíèêëî íîâîå íàïðàâëåíèå â òåîðèè íåâèäèìîñòè, ïîëó-
÷èâøåå íàçâàíèå ñòðàòåãèè îáðàòíîãî äèçàéíà (�inverse design strategy�).

Â íàñòîÿùåé ðàáîòå îáñóæäàþòñÿ ðåçóëüòàòû, ïîëó÷åííûå ïðè ïðèìåíåíèè
ìåòîäà îáðàòíîãî äèçàéíà äëÿ ðåøåíèÿ ðÿäà êîíêðåòíûõ çàäà÷, ñâÿçàííûõ ñ
îáåñïå÷åíèåì íåâèäèìîñòè ìàòåðèàëüíûõ îáúåêòîâ.

ËÈÒÅÐÀÒÓÐÀ
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1Êàçàõñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé òåõíè÷åñêèé óíèâåðñèòåò

èì. Ê.È. Ñàòïàåâà, Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; anic2002@mail.ru
2Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè,

Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; syrym.kassenov@kaznu.kz

Â ðàáîòå [1] ðàññìîòðåíà çàäà÷à Äèðèõëå äëÿ âîëíîâîãî óðàâíåíèÿ, ãäå ïðåä-
ñòàâëåíî ðåøåíèå çàäà÷è ïî ñõåìå �îïòèìèçàöèÿ � äèñêðåòèçàöèÿ�. Â äàííîé ðà-
áîòå ðàññìîòðåíà äðóãàÿ ñõåìà ðåøåíèÿ îáðàòíûõ çàäà÷, ò. å. ñõåìà �äèñêðåòèçà-
öèÿ � îïòèìèçàöèÿ�. Ïðÿìóþ çàäà÷ó ðàññìàòðèâàåì â äèñêðåòíîì âèäå, âû÷èñëÿ-
åì ãðàäèåíò ôóíêöèîíàëà â äèñêðåòíîì âèäå, èñïîëüçóÿ ôîðìóëû ñóììèðîâàíèÿ
ïî ÷àñòÿì, ïîëó÷àåì ïîñòàíîâêó ñîïðÿæåííîé çàäà÷è â äèñêðåòíîì âèäå. Ñòðîèì
àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è. ×èñëåííî ðåøàåì îáðàòíóþ çàäà÷ó.

Ðàññìîòðèì àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è ìåòîäîì èòåðàöèé Ëàíäâå-
áåðà.

1. Âûáèðàåì íà÷àëüíîå ïðèáëèæåíèå q0.

2. Ïðåäïîëîæèì, ÷òî qn èçâåñòíî, òîãäà ÷èñëåííî ðåøàåì ïðÿìóþ çàäà÷ó:

(uk+1
i − 2uki + uk−1

i )/τ2 = (uki+1 − 2uki + uki−1)/h2,

uk0 = ukNx = 0,

u0
i = 0,

(u1
i − u0

i )/τ = qi.

3. Âû÷èñëÿåì çíà÷åíèå ôóíêöèîíàëà: J(qn) =
Nx−1∑
i=0

[uNti − fi]2 h.

4. Åñëè çíà÷åíèå öåëåâîãî ôóíêöèîíàëà íå äîñòàòî÷íî ìàëî, òîãäà ðåøàåì
ñîïðÿæåííóþ çàäà÷ó:

(ψk+1
i − 2ψki + ψk−1

i )/τ2 = (ψki+1 − 2ψki + ψki−1)/h2,

ψk0 = ψkNx = 0,

ψNti = 0,

(ψNt−1
i − ψNti )/τ = 2 [uNti − fi].

5. Âû÷èñëÿåì ãðàäèåíò ôóíêöèîíàëà J ′qn = ψ0
i .

6. Âû÷èñëÿåì ñëåäóþùåå ïðèáëèæåíèå qn+1 = qn −αJ ′qn, ãäå α =
(
0, ‖A‖−2

)
,

è ïåðåõîäèì ïóíêòó 2.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ÌÎÍ ÐÊ�1746/ÃÔ4

�Òåîðèÿ è ÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷ åñòåñòâîçíàíèÿ�.

ËÈÒÅÐÀÒÓÐÀ

1. Kabanikhin S. I., Bektemesov M.A., Nurseitov D.B., Krivorotko O. I., Alimova A.N. An
optimization method in the Dirichlet problem for the wave equation // J. Inverse Ill-
Posed Probl. 2012. V. 20, No 2. P. 193�211.
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ÀÍÀËÈÇ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÐÅØÅÍÈÉ ÒÅÑÒÎÂÛÕ
ÓÐÀÂÍÅÍÈÉ ÂÎËÜÒÅÐÐÀ I ÐÎÄÀ Â ÈÍÒÅÃÐÀËÜÍÛÕ

ÌÎÄÅËßÕ ÐÀÇÂÈÂÀÞÙÈÕÑß ÑÈÑÒÅÌ

Àïàðöèí À.Ñ.1, Ñèäëåð È.Â.2

Èíñòèòóò ñèñòåì ýíåðãåòèêè èì. Ë.À. Ìåëåíòüåâà ÑÎ ÐÀÍ,

Èðêóòñê, Ðîññèÿ; 1apartsyn@isem.irk.ru, 2inna.sidler@mail.ru

Ïðè ìîäåëèðîâàíèè ïðîöåññîâ ñòàðåíèÿ è çàìåíû ýëåìåíòîâ ðàçâèâàþùåéñÿ
ñèñòåìû âàæíóþ ðîëü èãðàåò áàëàíñîâîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà I ðî-
äà äëÿ n âîçðàñòíûõ ãðóïï (n ≥ 1). Òåîðèÿ òàêèõ óðàâíåíèé äåòàëüíî èçó÷åíà
ëèøü ïðè n = 1 [1]. Èõ ñïåöèôèêó äëÿ n > 1 ïîçâîëÿþò ïîíÿòü ïðîñòûå òåñòî-
âûå óðàâíåíèÿ. Â [2], [3] äëÿ n = 2 ïîêàçàíî, ÷òî ïðè ñòåïåííîì ðîñòå ìîäóëÿ
êîýôôèöèåíòà ýôôåêòèâíîñòè ýëåìåíòîâ ñòàðøåé âîçðàñòíîé ãðóïïû ðåøåíèå
ñ òå÷åíèåì âðåìåíè íåèçáåæíî ñòàíîâèòñÿ íåóñòîé÷èâûì. Ïîëó÷åíà àïðèîðíàÿ
îöåíêà âåëè÷èíû óçëà ñåòêè, â êîòîðîì ïîãðåøíîñòü ëþáîãî ÷èñëåííîãî ìåòîäà
ïðåâûñèò çàäàííûé (ñêîëü óãîäíî áîëüøîé) ïîðîã. Â äàííîé ðàáîòå ðàññìàò-
ðèâàåòñÿ ñëó÷àé n = 3. Ââåäåíû òåñòîâûå óðàâíåíèÿ, îáîáùàþùèå óðàâíåíèå
äëÿ n = 2 è òðåáóþùèå áîëåå ñëîæíîé òåõíèêè èññëåäîâàíèÿ. Ïðèâîäÿòñÿ ðå-
çóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ äëÿ ìîäèôèöèðîâàííûõ ìåòîäîâ ëåâûõ è ñðåäíèõ
ïðÿìîóãîëüíèêîâ, ðåàëèçîâàííûõ â àâòîðñêèõ ïðîãðàììàõ [4], [5]. Ýêñïåðèìåíòû
äàëè ïîëíîå ñîãëàñèå ñ òåîðåòè÷åñêèìè ðåçóëüòàòàìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-01425).
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ÎÁ ÎÁÐÀÒÍÎÉ ÇÀÄÀ×Å ÃÈËÜÁÅÐÒ-ÎÏÒÈÊÈ
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Îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ ïîêàçàòåëÿ ïðåëîìëåíèÿ n(r) îñåñèììåòðè÷-
íîãî îáúåêòà ïî äàííûì ãèëüáåðò-îïòèêè îïèñûâàåòñÿ îïåðàòîðíûì óðàâíåíèåì
I ðîäà, êîòîðîå ìîäåëèðóåò ðåçóëüòàò âîçäåéñòâèÿ íà èñõîäíûé ñèãíàë îïòè÷å-
ñêîé ñèñòåìû, ïðåîáðàçóþùåé ôàçîâûå èçìåíåíèÿ çîíäèðóþùèõ ïîëåé â èçìå-
íåíèÿ èíòåíñèâíîñòè. Ñîîòâåòñòâóþùèé îïåðàòîð A = H ∗ A ÿâëÿåòñÿ ñóïåðïî-
çèöèåé èíòåãðàëüíîãî îïåðàòîðà Àáåëÿ

A[n](x) =
4π

λ

R∫
x

n(ρ)− 1√
ρ2 − x2

ρdρ = ϕ(x),

îïðåäåëÿþùåãî ôàçîâûå èçìåíåíèÿ èñõîäíîãî ñèãíàëà (ïëîñêîé âîëíû), è íåëè-
íåéíîãî èíòåãðàëüíîãî îïåðàòîðà ãèëüáåðò-ôèëüòðàöèè

H[ϕ](x) =

 ∞∫
−∞

cosϕ(x′)

x− x′
dx′

2

+

 ∞∫
−∞

sinϕ(x′)

x− x′
dx′

2

,

ìîäåëèðóþùåãî ïîñëåäóþùåå âîçäåéñòâèå íà ñèãíàë îïòè÷åñêîé ñèñòåìû.
Äëÿ ðåøåíèÿ çàäà÷è ïðåäëîæåí ÷èñëåííûé ìåòîä, îñíîâàííûé íà àïïðîêñè-

ìàöèè ðåãèñòðèðóåìûõ äàííûõ ïîëèíîìàìè Áåðíøòåéíà è ïîñòðîåíèÿ êâàçèðå-
øåíèÿ, çàâèñÿùåãî îò 2(m + 1) ïàðàìåòðà, ãäå m � ñòåïåíü ñîîòâåòñòâóþùåãî
ïîëèíîìà. Ïðè ýòîì ó÷èòûâàåòñÿ ïîëíàÿ èíôîðìàöèÿ îá èíòåíñèâíîñòè ðåãè-
ñòðèðóåìûõ ïîëåé, à íå òîëüêî ïîëîæåíèÿ ýêñòðåìóìîâ.

Ðàíåå ðàçðàáîòàííûé ïàêåò ïðîãðàìì äëÿ âîññòàíîâëåíèÿ ôàçû è îïðåäåëå-
íèÿ ôèçè÷åñêèõ ïàðàìåòðîâ ñðåäû ïðèìåíÿëñÿ ïðè îáðàáîòêå ýêñïåðèìåíòàëü-
íûõ äàííûõ äëÿ âîññòàíîâëåíèÿ ïîëåé òåìïåðàòóðû è ñêîðîñòè òåðìîãðàâèòà-
öèîííûõ ïëþìîâ íàä ëèíåéíûì èñòî÷íèêîì [1] è îïðåäåëåíèÿ ýíåðãåòè÷åñêèõ
õàðàêòåðèñòèê ôàçîâîãî ïåðåõîäà âîäà-ëåä [2].
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Àñàíîâ À.1, Êàäåíîâà Ç.À.2

1Êûðãûçñêî-Òóðåöêèé óíèâåðñèòåò �Ìàíàñ�,

Áèøêåê, Êûðãûçñêàÿ Ðåñïóáëèêà; avyt.asanov@mail.ru
2Ìèíèñòåðñòâî òðóäà è ñîöèàëüíîãî ðàçâèòèÿ,

Áèøêåê, Êûðãûçñêàÿ Ðåñïóáëèêà; kadenova71@mail.ru

Â äàííîé ðàáîòå äîêàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèé äëÿ îäíîãî êëàññà
ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé ïåðâîãî ðîäà ñ äâóìÿ íåçàâèñèìûìè ïåðå-
ìåííûìè â ïðîñòðàíñòâå êâàäðàòè÷íî ñóììèðóåìûõ ôóíêöèé è ïîñòðîåíû ðåãó-
ëÿðèçèðóþùèå îïåðàòîðû ïî Ì.Ì. Ëàâðåíòüåâó.

Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå âèäà

Ku ≡
b∫
a

K(t, x, y)u(t, y)dy +

t∫
t0

H(t, x, s)u(s, x)ds+

t∫
t0

b∫
a

C(t, x, s, y)u(s, y)dyds

= f(t, x), (t, x) ∈ G =
{

(t, x) ∈ R2 : t0 ≤ t ≤ T, a ≤ x ≤ b
}
, (1)

ãäå

K(t, x, y) =

{
A(t, x, y), t0 ≤ t ≤ T, a ≤ y ≤ x ≤ b,
B(t, x, y), t0 ≤ t ≤ T, a ≤ x ≤ y ≤ b,

A(t, x, y), B(t, x, y), H(t, x, s), C(t, x, s, y) � èçâåñòíûå ôóíêöèè, f(t, x) è u(t, x) �
ñîîòâåòñòâåííî èçâåñòíàÿ è íåèçâåñòíàÿ ôóíêöèè.

Ðàçëè÷íûå âîïðîñû äëÿ èíòåãðàëüíûõ óðàâíåíèé ïåðâîãî ðîäà èññëåäîâà-
ëèñü âî ìíîãèõ ðàáîòàõ. Íî îñíîâîïîëàãàþùèå ðåçóëüòàòû äëÿ èíòåãðàëüíûõ
óðàâíåíèé Ôðåäãîëüìà ïåðâîãî ðîäà ïîëó÷åíû â [1], [2], ãäå äëÿ ðåøåíèÿ ëèíåé-
íûõ èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà ïåðâîãî ðîäà ïîñòðîåíû ðåãóëÿðèçè-
ðóþùèå îïåðàòîðû ïî Ì.Ì. Ëàâðåíòüåâó. Â [3] èçó÷åíû âîïðîñû ðåãóëÿðèçàöèè
è óñòîé÷èâîñòè ðåøåíèé äëÿ îäíîãî êëàññà ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé
Ôðåäãîëüìà ïåðâîãî ðîäà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè. Â äàííîé ðàáîòå
ìåòîäîì íåîòðèöàòåëüíûõ êâàäðàòè÷íûõ ôîðì äîêàçûâàåòñÿ åäèíñòâåííîñòü ðå-
øåíèé ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé (1) â ïðîñòðàíñòâå L2(G) è ïîñòðîåíû
ðåãóëÿðèçèðóþùèå îïåðàòîðû ïî Ì.Ì. Ëàâðåíòüåâó.
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Áàëàêèíà Å.Þ.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

balakina@math.nsc.ru

Ðàññìîòðèì íåñòàöèîíàðíîå ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå

∂f(t, r, ω,E)

∂t
+ ω · ∇rf(t, r, ω,E) + µ(t, r, E)f(t, r, ω,E) = J(t, r, ω,E).

Ýòî óðàâíåíèå îïèñûâàåò, â ÷àñòíîñòè, ïðîöåññ ïåðåíîñà ÷àñòèö ñêâîçü ñðåäó.
Çäåñü t � âðåìåííàÿ ïåðåìåííàÿ, t ∈ [0, T ]; r � ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ,
r ∈ G ⊂ R3, G � âûïóêëàÿ îãðàíè÷åííàÿ îáëàñòü; ω ∈ Ω = {ω ∈ R3 : |ω| = 1};
E ∈ I = [E1, E2], E1 > 0, E2 < ∞. Ôóíêöèÿ f(t, r, ω,E) èíòåðïðåòèðóåòñÿ êàê
ïëîòíîñòü ïîòîêà ÷àñòèö â ìîìåíò âðåìåíè t â òî÷êå r ñ ýíåðãèåé E, ëåòÿùèõ â
íàïðàâëåíèè ω. Ôóíêöèè µ è J õàðàêòåðèçóþò ñðåäó G.

Ê óðàâíåíèþ äîáàâëÿþòñÿ íà÷àëüíîå óñëîâèå è êðàåâûå: îïðåäåëÿåòñÿ ïëîò-
íîñòü ïàäàþùåãî ïîòîêà h è óñðåäí¼ííàÿ ïëîòíîñòü âûõîäÿùåãî ïîòîêà H � ïðè
ýòîì èçâåñòíîé ñ÷èòàåòñÿ òîëüêî ôóíêöèÿ H.

Ðàññìàòðèâàåòñÿ çàäà÷à î íàõîæäåíèè ïîâåðõíîñòåé ðàçðûâîâ êîýôôèöèåí-
òîâ óðàâíåíèÿ µ è J . Èíûìè ñëîâàìè, ñòàâèòñÿ âîïðîñ îá îïðåäåëåíèè âíóòðåííåé
ñòðóêòóðû ñðåäû G. Òàêàÿ ïîñòàíîâêà ÿâëÿåòñÿ ïðîäîëæåíèåì öèêëà èññëåäîâà-
íèé Ä.Ñ. Àíèêîíîâà [1].

Äëÿ ðåøåíèÿ ïîñòàâëåííîé ïðîáëåìû ñíà÷àëà èññëåäóåòñÿ ïðÿìàÿ çàäà÷à î
íàõîæäåíèè ïëîòíîñòè ïîòîêà f ïðè çàäàííûõ íà÷àëüíîì óñëîâèè è ïëîòíîñòè
ïàäàþùåãî ïîòîêà h (òàêàÿ æå ïîñòàíîâêà, íî â ñëó÷àå íåïðåðûâíûõ êîýôôèöè-
åíòîâ, áûëà ðàññìîòðåíà À.È. Ïðèëåïêî [2]). Çàòåì ðàññìàòðèâàåòñÿ ñïåöèàëü-
íàÿ ôóíêöèÿ

Ind(r) =

∣∣∣∣ ∇
T∫
d

∫
Ω

H(t, r + d(r, ω)ω, ω)dωdt

∣∣∣∣,
çàâèñÿùàÿ îò èçâåñòíûõ äàííûõ, ôóíêöèÿ d(r, ω) � ðàññòîÿíèå îò òî÷êè r äî ãðà-
íèöû ∂G â íàïðàâëåíèè ω, d � äèàìåòð îáëàñòè G. Äîêàçûâàåòñÿ, ÷òî ôóíêöèÿ
Ind ïðèíèìàåò íåîãðàíè÷åííîå çíà÷åíèå òîëüêî íà èñêîìûõ ïîâåðõíîñòÿõ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-31-00112 ìîë_à).
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Ðàññìàòðèâàåòñÿ çàäà÷à îáðàùåíèÿ ëó÷åâîãî ïðåîáðàçîâàíèÿ â n-ìåðíîì ïðî-
ñòðàíñòâå [1], [2]. Ýòîò âàæíûé êëàññ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè èìååò ìíî-
ãî÷èñëåííûå ïðèëîæåíèÿ â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè, àêóñòè÷åñêîé òîìîãðàôèè, âîññòàíîâëåíèè ñèãíàëîâ. Äîêàçàíà
òåîðåìà åäèíñòâåííîñòè ðåøåíèÿ, ïîêàçàíà ñèëüíàÿ íåêîððåêòíîñòü çàäà÷è è
ïîëó÷åíû ëîãàðèôìè÷åñêèå îöåíêè óñòîé÷èâîñòè åå ðåøåíèÿ. Ëèíåéíûå çàäà÷è
èíòåãðàëüíîé ãåîìåòðèè ðàññìàòðèâàëèñü â íàøèõ íåäàâíèõ ðàáîòàõ [3]�[6].
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Â ÒÐ�ÕÌÅÐÍÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ

Áåãìàòîâ Àêá.Õ.1, Áåêòåìèðîâ È.Ò.2

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,

Íîâîñèáèðñê, Ðîññèÿ; 1begmatov@ami.nstu.ru, 2nsk_good@list.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïðåäåëåíèÿ ôóíêöèè â òðåõìåðíîì ïðî-
ñòðàíñòâå ïî åå èíòåãðàëàì ñ çàäàííîé âåñîâîé ôóíêöèåé ïî ïðÿìûì êðóãîâûì
êîíóñàì, îïèðàþùèìñÿ íà ïëîñêîñòü z = 0. Ýòî çàäà÷à èíòåãðàëüíîé ãåîìåòðèè
âîëüòåðîâñêîãî òèïà [1], [2].

Äîêàçàíû òåîðåìû åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ ðåøåíèÿ, ïîëó÷åíî àíà-
ëèòè÷åñêîå ïðåäñòàâëåíèå ðåøåíèÿ â êëàññå ãëàäêèõ ôèíèòíûõ ôóíêöèé. Ïðåä-
ñòàâëåíû îöåíêè ðåøåíèÿ çàäà÷è â ñîáîëåâñêèõ ïðîñòðàíñòâàõ, êîòîðûå ïîêàçû-
âàþò åå ñëàáóþ íåêîððåêòíîñòü, ÷òî ïîçâîëèëî ðàçðàáîòàòü àëãîðèòì óñòîé÷è-
âîãî ðåøåíèÿ çàäà÷è.

ËÈÒÅÐÀÒÓÐÀ

1. Begmatov A.H. Volterra-type integral geometry problems // Integral Methods in Science
and Engineering. Res. Notes Math., V. 418. Boka Raton: Chapman&Hall/CRC, 2000.
P. 46�50.

2. Áåãìàòîâ À.Õ. Î åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è èíòåãðàëüíîé ãåîìåòðèè âîëüòåð-
ðîâñêîãî òèïà íà ïëîñêîñòè // ÄÀÍ. 2009. Ò. 427, � 4. Ñ. 439�441.
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×ÈÑËÅÍÍÎÅ ÂÎÑÑÒÀÍÎÂËÅÍÈÅ ÔÓÍÊÖÈÈ
ÏÎ ÈÍÒÅÃÐÀËÜÍÛÌ ÄÀÍÍÛÌ ÍÀ ÎÒÐÅÇÊÀÕ

Áåãìàòîâ Àêá.Õ.1, Äæàéêîâ Ã.Ì.2

1Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,

Íîâîñèáèðñê, Ðîññèÿ; begmatov@ami.nstu.ru
2Íóêóññêèé ôèëèàë Òàøêåíòñêîãî óíèâåðñèòåòà èíôîðìàöèîííûõ

òåõíîëîãèé, Íóêóñ, Ðåñïóáëèêà Óçáåêèñòàí; gafur_djaykov@mail.ru

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïðåäåëåíèÿ ôóíêöèè âíóòðè
îáëàñòè ïî å¼ èíòåãðàëüíûì äàííûì íà îòðåçêàõ ïðÿìûõ, ïåðåñåêàþùèõ îáëàñòü
èëè åå ÷àñòü. Òàêèå ïîñòàíîâêè îòíîñÿòñÿ ê çàäà÷àì èíòåãðàëüíîé ãåîìåòðèè
âîëüòåððîâñêîãî òèïà [1], [2]. Â ðàáîòå ïîëó÷åíî àíàëèòè÷åñêîå ïðåäñòàâëåíèå
ðåøåíèÿ â êëàññå ãëàäêèõ ôèíèòíûõ ôóíêöèé. Ïðåäñòàâëåíû îöåíêè ðåøåíèÿ
çàäà÷è â ñîáîëåâñêèõ ïðîñòðàíñòâàõ, îòêóäà ñëåäóåò åå ñëàáàÿ íåêîððåêòíîñòü.
Ïîäîáíûå çàäà÷è ðàññìàòðèâàëèñü â íàøèõ íåäàâíèõ ñòàòüÿõ [3], [4].

Íà îñíîâå ôîðìóëû îáðàùåíèÿ ðàçðàáîòàíû àëãîðèòìû îïðåäåëåíèÿ âíóò-
ðåííåé ñòðóêòóðû îáúåêòà ñ ïîìîùüþ èíòåãðàëüíûõ õàðàêòåðèñòèê. Ïðîâåäåíû
âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïî âûÿâëåíèþ âëèÿíèÿ ñëó÷àéíîãî øóìà íà ïî-
ãðåøíîñòü âîññòàíîâëåíèÿ âíóòðåííåé ñòðóêòóðû îáúåêòà. Â ñðåäå C++ ðàçðà-
áîòàíû ïðîãðàììû, â êîòîðûõ ðåàëèçîâàíû óêàçàííûå àëãîðèòìû.

ËÈÒÅÐÀÒÓÐÀ
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ðîâñêîãî òèïà íà ïëîñêîñòè // ÄÀÍ. 2009. Ò. 427, � 4. Ñ. 439�441.
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Áåêòåìåñîâ M.A.

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè,

Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; maktagali.bektemessov@kaznu.kz

Êëàññè÷åñêîå óñëîâèå óñòîé÷èâîñòè ïðîèçâîëüíîé äâóõñëîéíîé ñõåìû â òåð-
ìèíàõ îïåðàòîðà ïåðåõîäà çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

‖Rj‖ ≤ 1 + c0τ, j = 0, . . . , N − 1, (1)

ãäå Rj ∈ L(H) åñòü îïåðàòîð ïåðåõîäà ñ j-ãî íà (j+1)-é ñëîé, ÷èñëî c0 íå çàâèñèò
îò τ . Èçâåñòíî, ÷òî èç óñëîâèÿ (1) âûòåêàåò îöåíêà óñòîé÷èâîñòè ïî ïðàâîé ÷àñòè
è íà÷àëüíûì äàííûì [1]. Â ðàáîòå [2] À.Ë. Áóõãåéì â òåîðåìå 7.1 óòâåðæäàåò,
÷òî ââåäåííîå îïðåäåëåíèå ôèíèòíîé óñòîé÷èâîñòè ÿâëÿåòñÿ ðàñøèðåíèåì êëàñ-
ñè÷åñêîãî îïðåäåëåíèÿ óñòîé÷èâîñòè. È ïîêàçàíî, íàñêîëüêî ïîíÿòèå ôèíèòíîé
óñòîé÷èâîñòè øèðå êëàññè÷åñêîãî îïðåäåëåíèÿ óñòîé÷èâîñòè.

Ïóñòü îïåðàòîð R íå çàâèñèò îò j. Òîãäà óñëîâèå ôèíèòíîé óñòîé÷èâîñòè â
òåðìèíàõ îïåðàòîðà ïåðåõîäà çàïèñûâàåòñÿ â âèäå íåðàâåíñòâà

τ2 ReR ≥
(
ImR

)2
/s0, (2)

ãäå s0 � ïðîèçâîëüíîå ñêîëü óãîäíî áîëüøîå ÷èñëî.
Â ÷àñòíîñòè, ïðè óñëîâèè (2) ïåðåõîäèò â óñëîâèå R ≥ 0. Åñëè

[
ReR, ImR

]
= 0,

ò. å. îïåðàòîð R-íîðìàëåí, òî óñëîâèå (2) îçíà÷àåò, ÷òî ñïåêòð îïåðàòîðà R ëåæèò
â êðóãå |λ| ≤ 1+c0τ , à óñëîâèå (2) äîáàâëÿåò ê ýòîìó ìíîæåñòâó õâîñò â âèäå âíóò-
ðåííîñòè ïàðàáîëû íà êîìïëåêñíîé ïëîñêîñòè [3]. Òàê ñ ïîìîùüþ ñðàâíèòåëüíî
íåñëîæíîé ïðîãðàììû áûëè ïîëó÷åíû öâåòíûå êàðòèíêè îáëàñòè óñòîé÷èâîñòè
ðàçíîñòíîé çàäà÷è Êîøè â òåðìèíàõ îïåðàòîðà ïåðåõîäà â êîìïëåêñíîé ïëîñ-
êîñòè. Ïðè÷åì íàáëþäàåòñÿ äîâîëüíî ñëîæíàÿ äèíàìèêà: íà ãðàíèöå ïðîöåññ
õàîòè÷åí íàñòîëüêî, íàñêîëüêî ýòî âîçìîæíî. Ýòî ïðîèñõîäèò çà ñ÷åò òîãî, ÷òî
â ðàññìàòðèâàåìîå ìíîæåñòâî òî÷åê êîìïëåêñíîé ïëîñêîñòè âõîäÿò õàîòè÷åñêèå
è ïåðèîäè÷åñêèå òî÷êè, ïðè ýòîì õàîòè÷åñêèå ïðèòÿãèâàþòñÿ ê ïåðèîäè÷åñêèì.
Èçó÷åíèå ïîëó÷åííîé êîíôèãóðàöèè ïðèâîäèò ê ïðåäïîëîæåíèþ, ÷òî îíà ÿâëÿ-
åòñÿ ôðàêòàëüþ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ÌÎÍ ÐÊ�1746/ÃÔ4

�Òåîðèÿ è ÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷ åñòåñòâîçíàíèÿ�.
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è íåêîððåêòíûõ çàäà÷�. Ñ. C97�C103.
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Áåëîçóá Â.À., Êîçëîâà Ì. Ã., Ëóêüÿíåíêî Â.À.

Êðûìñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. Â.È. Âåðíàäñêîãî,
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Çàäà÷à âîññòàíîâëåíèÿ õàðàêòåðíûõ òî÷åê èçîáðàæåíèé ïî äàííûì êîñâåí-
íûõ èçìåðåíèé ÿâëÿåòñÿ âîñòðåáîâàííîé â ðàçëè÷íûõ ïðèëîæåíèÿõ. Êàê ïðàâè-
ëî, òàêèå çàäà÷è ìîäåëèðóþòñÿ ëèíåéíûìè è íåëèíåéíûìè îïåðàòîðíûìè óðàâ-
íåíèÿìè ïåðâîãî ðîäà è ÿâëÿþòñÿ íåêîððåêòíî ïîñòàâëåííûìè. Ðàçðàáîòêà óñòîé-
÷èâûõ ðåãóëÿðèçèðóþùèõ àëãîðèòìîâ ñâÿçàíà ñ àäåêâàòíûì èñïîëüçîâàíèåì
àïðèîðíîé è äðóãîé èíôîðìàöèè î ðåøåíèè, ìîäåëè, ñïîñîáàõ ïîëó÷åíèÿ äàí-
íûõ êîñâåííûõ èçìåðåíèé. Â ðàáîòå ðàññìàòðèâàþòñÿ ìîäåëè â âèäå ðàçíîñò-
íûõ àíàëîãîâ íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé òèïà ñâåðòêè ïåðâîãî ðîäà.
Ðàçíîîáðàçèå ðåãóëÿðèçèðóþùèõ àëãîðèòìîâ îïðåäåëÿåòñÿ âûáîðîì ñïîñîáà ïå-
ðåðàáîòêè äîñòóïíîé èíôîðìàöèè (çíàíèé) â ðåøåíèå [1]. Òåì ñàìûì, ôîðìè-
ðóåòñÿ èíòåëëåêòóàëüíàÿ ñèñòåìà, áàçîâûìè ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ óëü-
òðàñèñòåìû (ïî òåðìèíîëîãèè À.Â. ×å÷êèíà) � ïðåîáðàçîâàòåëè ñåìàíòè÷åñêîé
èíôîðìàöèè � óëüòðàîïåðàòîðû. Íà ïåðâîì ýòàïå ðåøàåòñÿ çàäà÷à âîññòàíîâ-
ëåíèÿ ýêñòðåìàëüíûõ òî÷åê ïîâåðõíîñòè (�áëåñòÿùèõ�). Äëÿ ýòîãî èñïîëüçóþòñÿ
àñèìïòîòè÷åñêèå ìîäåëè [2]�[4].

Ñëåäóþùèé øàã ñîñòîèò â ñèíòåçå èíòåëëåêòóàëüíîé ñèñòåìû ïî îáðàáîò-
êå äàííûõ êîñâåííûõ èçìåðåíèé èç ìíîæåñòâà âçàèìîäåéñòâóþùèõ èíòåëëåêòó-
àëüíûõ àãåíòîâ (ÈÀ) è ñîîòâåòñòâóþùåé èíòåëëåêòóàëüíîé ñèñòåìû óïðàâëåíèÿ
(ÈÑÓ). Èíôîðìàöèÿ, ïîëó÷åííàÿ îäíèì ÈÀ, ìîæåò áûòü ïðåöåäåíòíîé, àïðèîð-
íîé äëÿ äðóãîãî ÈÀ. Íàïðèìåð, äâà ÈÀ ðåøàþò çàäà÷ó äèñòàíöèîííîãî çîíäè-
ðîâàíèÿ âûäåëåííîãî ó÷àñòêà ïîâåðõíîñòè (òðàññû). Ðåøåíèå, ïîëó÷åííîå â âèäå
íàáîðà ýêñòðåìàëüíûõ òî÷åê îäíèì ÈÀ, ìîæåò èòåðàöèîííî óòî÷íÿòüñÿ äðóãèì.
ÈÀ ðàçìåùàþòñÿ íà îäíîì óñòðîéñòâå èëè íåñêîëüêèõ. Ñèñòåìû óðàâíåíèé ìî-
äåëèðóþò ïðîöåññ ñêàíèðîâàíèÿ ïîâåðõíîñòè àíòåííûìè óñòðîéñòâàìè, õàðàê-
òåð ñèãíàëà è åãî îòðàæåíèå îò ñêàíèðóåìîé ïîâåðõíîñòè. Òàêèå íåëèíåéíûå
ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé ÿâëÿþòñÿ àíàëîãàìè íåëèíåéíûõ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé òèïà Óðûñîíà 1 ðîäà.
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of the International Conference �Integral Equations�2010�. Lviv, Ukraine: PAIS, 2010.
Ð. 80�84.

297



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È ÒÅÎÐÈÈ ÑËÓ×ÀÉÍÛÕ
ÁËÓÆÄÀÍÈÉ ÍÀ ÐÅØÅÒÊÀÕ

Áîíäàðåíêî À.Í.1, Áóãóåâà Ò.Â.1,2, Ôàäååâ Ñ.À.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

bondarenkoan1953@mail.ru, bugueva@math.nsc.ru, stepan-fadeev@mail.ru

Äèôôóçèîííûå ïîòîêè íà àëãåáðàè÷åñêèõ ñòðóêòóðàõ èçäàâíà ïðèâëåêàëè
âíèìàíèå ìàòåìàòèêîâ [1]�[2]. Ôóíêöèîíàëû îò ðåøåíèé äèôôóçèîííûõ óðàâíå-
íèé äàâàëè íåîöåíèìóþ èíôîðìàöèþ î ñòðîåíèè ñàìîãî ìíîãîîáðàçèÿ.

Âïåðâûå ýòî âûÿñíèëîñü, êîãäà óäàëîñü ïîëó÷èòü êðàòêîå äîêàçàòåëüñòâî òåî-
ðåìû îá èíäåêñå ýëëèïòè÷åñêîãî îïåðàòîðà â ãëàâíîì ðàññëîåíèè ñ ïîìîùüþ òàê
íàçûâàåìîãî ìåòîäà òåïëîâîãî ÿäðà (a method of heat kernel), àâòîðîì êîòîðîãî
ÿâëÿåòñÿ Ì. Êàö [3].

Ñ äðóãîé ñòîðîíû, â ïîñëåäíèå ãîäû, â îñíîâíîì, â òåîðåòè÷åñêîé ôèçèêå âñå
áîëüøåå âíèìàíèå óäåëÿåòñÿ èññëåäîâàíèþ äèñêðåòíûõ âàðèàíòîâ ôèçè÷åñêèõ
ìîäåëåé. Ýòî ñâÿçàíî ñ òåì, ÷òî òàêèå ìîäåëè, êàê ñ÷èòàþò ôèçèêè, íåñóò â ñåáå
îñíîâíûå ìàòåìàòè÷åñêèå òðóäíîñòè, íî ïðè ýòîì íå îòÿãîùåíû ôóíêöèîíàëü-
íûìè êîíñòðóêöèÿìè.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùàÿ îáðàòíàÿ çàäà÷à. Ìû ðàñ-
ñìàòðèâàåì ñëó÷àéíîå áëóæäàíèå íà ðåãóëÿðíîé ðåøåòêå �ñ ïîâðåæäåíèÿìè�.
Ñòàâèòñÿ çàäà÷à: êàêèå �óäîáíûå äëÿ èçìåðåíèÿ� ôóíêöèîíàëû îò ðåøåíèÿ äèñ-
êðåòíîãî àíàëîãà óðàâíåíèÿ òåïëîïðîâîäíîñòè ìîæíî âûáðàòü íàèáîëåå ýôôåê-
òèâíûì îáðàçîì äëÿ îïðåäåëåíèÿ õàðàêòåðèñòèê ïîâðåæäåíèÿ ñðåäû.

Ðàññìîòðåí ðÿä íåêîòîðûõ îáðàòíûõ çàäà÷, äëÿ êîòîðûõ ïîëó÷åíû òî÷íûå
àíàëèòè÷åñêèå ðåøåíèÿ. Â êà÷åñòâå ýôôåêòèâíîãî èíñòðóìåíòà äëÿ ïîñòðîåíèÿ
çàäà÷, èìåþùèõ òî÷íîå àíàëèòè÷åñêîå ðåøåíèå, èñïîëüçîâàëñÿ ïîäõîä, îñíîâàí-
íûé íà äèñêðåòíîì àíàëîãå èíòåãðàëà Âèíåðà.

ËÈÒÅÐÀÒÓÐÀ

1. De La Pena V., Gzyl H., McDonald P. Inverse problems for random walks on trees:
network tomography // Statistics and Probability Letters. 2008. V. 78. P. 3176�3183.

2. Grunbaum F.A. Di�use tomography as a source of challenging nonlinear inverse problems
for a general class of networks // Modern Signal Processing, MSRI Publications. 2003.
V. 46. P. 137�146.

3. Êàö Ì. Âåðîÿòíîñòü è ñìåæíûå âîïðîñû â ôèçèêå. Ì.: Ìèð, 1965.
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×ÈÑËÅÍÍÛÅ ÌÅÒÎÄÛ ÐÅØÅÍÈß ÇÀÄÀ×
ÄËß ÓÐÀÂÍÅÍÈß ØÐÅÄÈÍÃÅÐÀ ÍÀ ÃÐÀÔÀÕ

Áîíäàðåíêî À.Í.1, Äåäîê Â.À.2

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
1bondarenkoan1953@mail.ru, 2dedok@math.nsc.ru

Â ðàáîòå èññëåäóþòñÿ àëãîðèòìû ÷èñëåííîãî ðåøåíèÿ îáðàòíîé çàäà÷è ðàñ-
ñåÿíèÿ íà íåêîìïàêòíûõ êâàíòîâûõ ãðàôàõ (ìåòðè÷åñêîì ãðàôå ñ îïðåäåëåííûì
íà íåì îïåðàòîðîì Øðåäèíãåðà).

Îïåðàòîðîì Øðåäèíãåðà H = L + Q íà ãðàôå G íàçûâàåòñÿ îïåðàòîð, äåé-
ñòâóþùèé íà ñîáîëåâñêîì ïðîñòðàíñòâå W 2

2 (G) ôóíêöèé, îãðàíè÷åíèå êîòîðûõ
íà êàæäîå ðåáðî bj ãðàôà ïðèíàäëåæèò ïðîñòðàíñòâó W

2
2 (bj), ïî ïðàâèëó

H = − d2

dx2
+ q(x).

Íåêîìïàêòíûé ãðàô ñîñòîèò èç êîíå÷íîãî ÷èñëà ðåáåð êîíå÷íîé äëèíû è êîíå÷-
íîãî ÷èñëà ïîëóáåñêîíå÷íûõ ðåáåð, �ïðèêëååííûõ� ê êîìïàêòíîé ÷àñòè.

Â òåîðèè îáðàòíûõ çàäà÷ äëÿ óðàâíåíèÿ Øðåäèíãåðà íà ãðàôàõ ðàññìàò-
ðèâàåòñÿ íåñêîëüêî êëàññîâ ïðîáëåì: çàäà÷è íà âîññòàíîâëåíèå ãåîìåòðè÷åñêîé
ñòðóêòóðû ãðàôà ïî äàííûì ðàññåÿíèÿ, çàäà÷è íà âîññòàíîâëåíèå ðàññåèâàþùåãî
ïîòåíöèàëà íà ãðàôå ñ èçâåñòíîé òîïîëîãèåé è äàííûìè ðàññåÿíèÿ è ò. ä.

Ïîäîáíûå çàäà÷è ÿâëÿþòñÿ òðóäíûìè äëÿ èññëåäîâàíèÿ. Â ðàáîòå [1] îïè-
ñàíû ïðèìåðû íååäèíñòâåííîñòè, ïîêàçàíî, ÷òî äàæå îáëàäàÿ äîñòàòî÷íî áîëü-
øèì íàáîðîì çíàíèé îá èññëåäóåìîì îáúåêòå (äàííûå ðàññåÿíèÿ, òîïîëîãè÷åñêàÿ
ñòðóêòóðà ãðàôà), îäíîçíà÷íî ðåøèòü îáðàòíóþ çàäà÷ó íåâîçìîæíî. Â ðàáîòå [2]
ïðåäúÿâëÿþòñÿ óñëîâèÿ, âûïîëíåíèå êîòîðûõ ïîçâîëÿåò îäíîçíà÷íî ðåøèòü îá-
ðàòíóþ çàäà÷ó ïî âîññòàíîâëåíèþ òîïîëîãè÷åñêîé è ìåòðè÷åñêîé ñòðóêòóðû ãðà-
ôà, îäíàêî îíè ÿâëÿþòñÿ ôèçè÷åñêè òðóäíî ðåàëèçóåìûìè.

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ îáðàòíûå çàäà÷è ïî âîññòàíîâëåíèþ ñòðóê-
òóðû ðàññåèâàþùåãî ñòóïåí÷àòîãî ïîòåíöèàëà íà íåêîòîðûõ ñåìåéñòâàõ ãðàôîâ
èçâåñòíîé òîïîëîãè÷åñêîé ñòðóêòóðû (�êîëüöà�, �öåïî÷êè� è ò. ä.), ïðåäëàãàåòñÿ
÷èñëåííûé àëãîðèòì ðåøåíèÿ. Â îñíîâó ÷èñëåííûõ àëãîðèòìîâ ïîëîæåíû èäåè
òðàíñôîðìàöèè äàííûõ ðàññåÿíèÿ ïðè äåôîðìàöèè ðàññåèâàþùåãî ïîòåíöèàëà,
ðàçðàáîòàííûå â [3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00120).

ËÈÒÅÐÀÒÓÐÀ
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3. Áîíäàðåíêî À.Í., Äåäîê Â.À. Ñïåêòðàëüíûå ïðåîáðàçîâàíèÿ äëÿ îïåðàòîðà Øðå-
äèíãåðà íà ãðàôàõ // Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Äèôôåðåíöèàëüíûå óðàâíå-
íèÿ. Ôóíêöèîíàëüíûå ïðîñòðàíñòâà. Òåîðèÿ ïðèáëèæåíèé�, ïîñâÿùåííàÿ 105-ëåòèþ
ñî äíÿ ðîæäåíèÿ Ñ.Ë. Ñîáîëåâà. Òåç. äîêëàäîâ. Íîâîñèáèðñê, 2013. Ñ. 99.
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ÏÎÊÐÛÒÈßÌÈ

Âàòóëüÿí À.Î.1, Íåñòåðîâ Ñ.À.2

1Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîñòîâ-íà-Äîíó, Ðîññèÿ;

vatulyan@math.rsu.ru
2Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò � ôèëèàë

Âëàäèêàâêàçñêîãî íàó÷íîãî öåíòðà ÐÀÍ, Âëàäèêàâêàç, Ðîññèÿ;

1079@list.ru

Òåëà ñ ïîêðûòèÿìè � øèðîêî ðàñïðîñòðàíåííûé êëàññ ñîâðåìåííûõ ìàòå-
ðèàëîâ. Âñå ÷àùå â êà÷åñòâå ïîêðûòèé äëÿ ðåàëüíûõ ìàòåðèàëîâ ïðèìåíÿþò-
ñÿ ôóíêöèîíàëüíî-ãðàäèåíòíûå ìàòåðèàëû, íåîäíîðîäíûå ïî òîëùèíå. Ïîýòîìó
àêòóàëüíîé çàäà÷åé â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ ïðîáëåìà íàäåæíîé èäåíòèôè-
êàöèè òåðìîìåõàíè÷åñêèõ õàðàêòåðèñòèê íåîäíîðîäíûõ ïîêðûòèé, îñíîâàííàÿ
íà ðåøåíèè êîýôôèöèåíòíîé îáðàòíîé çàäà÷è (ÊÎÇ) òåðìîóïðóãîñòè.

Â ðàáîòå ïîêðûòèå, íàíåñåííîå íà èçäåëèå, ìîäåëèðóåòñÿ â âèäå òåðìîóïðó-
ãîãî ñëîÿ ñ íåîäíîðîäíûìè ïî ãëóáèíå òåðìîìåõàíè÷åñêèìè ñâîéñòâàìè. Ââåäåí-
íûå ôóíêöèè èìåþò òî÷êó ðàçðûâà ïåðâîãî ðîäà (÷òî ìîäåëèðóåò ñòðóêòóðó ñ
ïîêðûòèåì). Îáðàòíàÿ çàäà÷à ñîñòîèò â îïðåäåëåíèè òåðìîìåõàíè÷åñêèõ õàðàê-
òåðèñòèê ïîêðûòèÿ íà îñíîâå àíàëèçà ãðàíè÷íûõ ôèçè÷åñêèõ ïîëåé. Ñõåìà ðåøå-
íèÿ îñíîâàíà íà ïðåäâàðèòåëüíîì ñâåäåíèè ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ôóðüå ê
äâóì áîëåå ïðîñòûì è îäíîìåðíûì íåñâÿçàííûì çàäà÷àì îòíîñèòåëüíî óñðåäíåí-
íûõ õàðàêòåðèñòèê, êàæäàÿ èç êîòîðûõ ñâîäèòñÿ ê èçâåñòíîé ÊÎÇ, ÷òî ïîçâîëÿåò
èñïîëüçîâàòü ðàíåå ïîñòðîåííûå â [1], [2] èòåðàöèîííûå ñõåìû è ðåãóëÿðèçóþùèå
àëãîðèòìû. Îäíàêî â âû÷èñëèòåëüíûõ ýêñïåðèìåíòàõ â ðàáîòàõ [1], [2] ìàòåðè-
àëüíûå õàðàêòåðèñòèêè ìîäåëèðîâàëèñü íåïðåðûâíûìè ôóíêöèÿìè. Íàñòîÿùàÿ
çàäà÷à ðàññìîòðåíà â ïðåäïîëîæåíèè, ÷òî õàðàêòåðèñòèêè èìåþò ðàçðûâû ïåð-
âîãî ðîäà â èçâåñòíîé òî÷êå.

Ïðÿìàÿ çàäà÷à òåðìîóïðóãîñòè äëÿ ñëîÿ ïîñëå ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ
Ëàïëàñà ðåøàåòñÿ íà îñíîâå ìåòîäà ñâåäåíèÿ ê ñèñòåìå èíòåãðàëüíûõ óðàâíå-
íèé Ôðåäãîëüìà âòîðîãî ðîäà è îáðàùåíèÿ ðåøåíèé íà îñíîâå òåîðèè âû÷åòîâ.
Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è ïîñòðîåí èòåðàöèîííûé ïðîöåññ, íà êàæäîì ýòàïå
êîòîðîãî íàõîäÿòñÿ ïîïðàâêè âîññòàíàâëèâàåìûõ õàðàêòåðèñòèê ïóòåì ðåøåíèÿ
èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà.

Â õîäå âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïðîâåäåí àíàëèç âëèÿíèÿ æåñòêîñòè
ïîêðûòèÿ, ìîíîòîííîñòè õàðàêòåðèñòèê â ïðèïîâåðõíîñòíîì ñëîå, îòíîñèòåëüíîé
òîëùèíû ïîêðûòèÿ, ïàðàìåòðà òåðìîìåõàíè÷åñêîé ñâÿçàííîñòè íà ðåçóëüòàòû
ðåêîíñòðóêöèè íåîäíîðîäíûõ òåðìîìåõàíè÷åñêèõ õàðàêòåðèñòèê.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû Ïðåçèäèóìà ÐÀÍ �Ôóíäàìåíòàëüíûå

ïðîáëåìû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ� (� 114072870112).
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ÄÂÅ ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È ÄËß ÓÐÀÂÍÅÍÈß
ÏÅÐÂÎÃÎ ÐÎÄÀ Â ÑÂÅÐÒÊÀÕ ÍÀ ÏÎËÓÏÐßÌÎÉ

Âîðîíèí À.Ô.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

voronin@math.nsc.ru

Â äîêëàäå áóäåò ðàññìîòðåíî íåîäíîðîäíîå èíòåãðàëüíîå óðàâíåíèå ïåðâîãî
ðîäà â ñâåðòêàõ íà ïîëóáåñêîíå÷íîì èíòåðâàëå:

∞∫
0

k(t− s)u(s) ds = f(t), t ∈ (0,∞), (1)

ãäå
k ∈ L1(R), f ∈ L1(0,∞), f ′ ∈ L1((0,∞) \ b). (2)

Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî ÿäðî k èìååò îãðàíè÷åííûé íîñèòåëü íà (0,∞),

k(t) = 0, t ∈ (b,∞), 0 < b, k′ ∈ L1(−∞, b), k(b− 0) = c0 6= 0. (3)

Ðåøàåòñÿ ñëåäóþùàÿ
çàäà÷à (A1)(çàäà÷à ðåêîíñòðóêöèè èñòîðèè): èç óðàâíåíèÿ (1) íàéòè

äâå ôóíêöèè u ∈ L1(0,∞) è f(t), t ∈ (0, b), ïî çàäàííûì çíà÷åíèÿì f(t), t ∈ (b,∞),
ïðè óñëîâèÿõ (2)�(3).
Ñ çàäà÷åé (A1) òåñíî ñâÿçàíà

çàäà÷à (A2)(çàäà÷à îáðàùåíèÿ èíòåãðàëüíîãî îïåðàòîðà): íàéòè ðå-
øåíèå u ∈ L1(0,∞) óðàâíåíèÿ ïåðâîãî ðîäà (1) ïðè óñëîâèÿõ (2)�(3).

Òàêèì îáðàçîì, çàäà÷ó (A1) ìîæíî òðàêòîâàòü êàê çàäà÷ó (A2), â êîòîðîé
èçâåñòíà ëèøü ÷àñòü èíôîðìàöèè î ôóíêöèè f (èçâåñòíà f(t), t ∈ (b,∞)), è
äîïîëíèòåëüíî òðåáóåòñÿ íàéòè f(t), t ∈ (0, b).

Öåëü ðàáîòû � ïîëó÷èòü íåîáõîäèìûå è äîñòàòî÷íûå (ýôôåêòèâíî ïðîâå-
ðÿåìûå) óñëîâèÿ ðàçðåøèìîñòè è åäèíñòâåííîñòè çàäà÷ (A1) è (A2), ïîñòðîèòü
ÿâíûå ôîðìóëû äëÿ èõ ðåøåíèÿ.

Óðàâíåíèå (1) èìååò øèðîêèå ïðèëîæåíèÿ è ÿâëÿåòñÿ îäíèì èç íàèáîëåå âîñ-
òðåáîâàííûõ èíòåãðàëüíûõ óðàâíåíèé. Ðàññìàòðèâàåìûå çàäà÷è (A1) è (A2) èñ-
ñëåäîâàíû íå áûëè. Çàäà÷è (A1) è (A2) èçó÷àëèñü â ðàáîòå àâòîðà [1] â ÷àñòíîì
ñëó÷àå, êîãäà k(t) = 0, t < 0. Â ýòîì ñëó÷àå óðàâíåíèå (1) � óðàâíåíèå Âîëüòåððà
1-ãî ðîäà â ñâåðòêàõ.

ËÈÒÅÐÀÒÓÐÀ

1. Âîðîíèí À.Ô. Âîññòàíîâëåíèå ðåøåíèÿ óðàâíåíèÿ Âîëüòåððà 1-ãî ðîäà â ñâåðòêàõ
íà ïîëóïðÿìîé ïî íåïîëíûì äàííûì // Ñèá. ýëåêòðîí. ìàò. èçâ. 2012. Ò. 9, Ñ. 464�
471.
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ÎÏÐÅÄÅËÅÍÈÅ ÏÀÐÀÌÅÒÐÀ È ÓÏÐÀÂËÅÍÈÅ
Â ÏÐÎÖÅÑÑÀÕ ÒÅÏËÎÏÅÐÅÍÎÑÀ

Ãîí÷àðåíêî Î.Â.

Þãîðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Õàíòû-Ìàíñèéñê, Ðîññèÿ;

ovg@ugrasu.ru

Ïóñòü G � îãðàíè÷åííàÿ îáëàñòü â Rn ñ ãðàíèöåé Γ è Q = (0, T ) ×G. Ìàòå-
ìàòè÷åñêàÿ ìîäåëü çàïèñûâàåòñÿ â âèäå

ut − L0u+ p(t)u = f(x, t), (t, x) ∈ Q, (1)

L0u = A0u+B0u, A0u =

n∑
i,j=1

∂xi(aij(x)uxj ), B0u =

n∑
i=1

ai(x)uxi + a0(x)u.

Óðàâíåíèå (1) äîïîëíÿåòñÿ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

u|t=0 = u0, Bu|S = g(t, x), S = (0, T )×G, (2)

ãäå

Bu = σ

 n∑
i,j=1

aij(x)niuxj + b(x)u

+ (1− σ)u,

ãäå ni � i-ÿ êîîðäèíàòà âíåøíåé åäèíè÷íîé íîðìàëè ê Γ, σ(x) ∈ C(Γ) � íåïðå-
ðûâíàÿ ôóíêöèÿ, ïðèíèìàþùàÿ äâà çíà÷åíèÿ 0, 1. Íåèçâåñòíûìè â (1), (2) ÿâëÿ-
þòñÿ ðåøåíèå u è ôóíêöèè p(t). Óñëîâèÿ ïåðåîïðåäåëåíèÿ çàïèñûâàþòñÿ â âèäå

u(x0, t) = ψ(t), (3)

ãäå ψ(t) � íåêîòîðàÿ äàííàÿ ôóíêöèÿ. Ïîäîáíûå çàäà÷è âîçíèêàþò ïðè èñ-
ñëåäîâàíèè ïðîöåññîâ òåïëîìàññîïåðåíîñà, äèôôóçèè è â ðÿäå äðóãèõ îáëàñòåé
(ñì. [1], [2]). Îñíîâíîé ðåçóëüòàò � òåîðåìà î ðàçðåøèìîñòè â öåëîì ïî âðåìåíè
çàäà÷è (1)�(3). Óñëîâèÿ ðàçðåøèìîñòè ñôîðìóëèðîâàíû â òåðìèíàõ íåêîòîðûõ
íåðàâåíñòâ, è äîêàçàòåëüñòâî îñíîâàíî íà ïðèíöèïå ìàêñèìóìà.

Ðàáîòà ïîääåðæàíà ãðàíòîì Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé è

ïðàâèòåëüñòâà Õàíòû-Ìàíñèéñêîãî àâòîíîìíîãî îêðóãà � Þãðû (ãðàíò � 15-41-00063).

ËÈÒÅÐÀÒÓÐÀ

1. Ozisik M.N., Orlando H.A.B. Inverse heat transfer. New-York: Taylor & Francis, 2000.

2. Dehghan M. Numerical computation of a control function in a partial di�erential
equation // Appl. Math. Comput. 2004. V. 147, No 2. P. 397�408.

302



Ñåêöèÿ 5. Îáðàòíûå è íåêîððåêòíûå çàäà÷è

Î ÊÎÐÐÅÊÒÍÎÑÒÈ ÍÅÊÎÒÎÐÛÕ ÎÁÐÀÒÍÛÕ
ÇÀÄÀ× ÄËß ÓÐÀÂÍÅÍÈß ÑÌÅØÀÍÍÎÃÎ
ÒÈÏÀ ÂÒÎÐÎÃÎ ÐÎÄÀ Â ÏÐÎÑÒÐÀÍÑÒÂÅ

Äæàìàëîâ Ñ. Ç.

Èíñòèòóò ìàòåìàòèêè ïðè Íàöèîíàëüíîì óíèâåðñèòåòå Óçáåêèñòàíà

èì. Ì. Óëóãáåêà, Òàøêåíò, Ðåñïóáëèêà Óçáåêèñòàí; siroj63@mail.ru

Ïóñòü Ω � îãðàíè÷åííàÿ îäíîñâÿçíàÿ îáëàñòü â ïðîñòðàíñòâå Rn ñ ãëàä-
êîé ãðàíèöåé ∂Ω. Îáîçíà÷èì ÷åðåç Q = Ω × (0, T ) × (0, `) = Q1 × (0, `) =
{(x, t, y) : x ∈ Ω, 0 < t < T < +∞, 0 < y < ` < +∞} îáëàñòü ñ êóñî÷íî-ãëàäêîé
ãðàíèöåé ∂Q. Â îáëàñòè Q ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî
ïîðÿäêà:

K(x, t)utt −
n∑

i,j=1

∂

∂xi

(
ai,j(x)uxj

)
− a(x, t)uyy + α(x, t)ut + c(x, t)u = f(x, t, y). (1)

Óðàâíåíèå (1) îòíîñèòñÿ ê óðàâíåíèÿì ñìåøàííîãî òèïà âòîðîãî ðîäà, ò. ê. íà
çíàê ôóíêöèè K(x, t) ïî ïåðåìåííîé t âíóòðè îáëàñòè Q íå íàëàãàåòñÿ íèêàêèõ
îãðàíè÷åíèé, ò. å. K (x, 0) ≤ 0 ≤ K (x, T ).

Ïóñòü âûïîëíåíî îäíî èç óñëîâèé:
(a) ai,j(x)ξiξj ≥ a0|ξ|2; ai,j = aj,i, ãäå a0 − const > 0, ξ ∈ Rn;

(b) ai,j(x)ξiξj ≤ a1|ξ |2; ãäå a1 − const < 0, x ∈ Ω, |ξ|2 =
n∑
i=1

ξ2
i .

Ïóñòü f(x, t, y) = g(x, t, y)+h(x, t)ψ(x, t, y), ãäå g(x, t, y) è ψ(x, t, y) � çàäàííûå
ôóíêöèè.

Çàäà÷à. Íàéòè ôóíêöèè (u(x, t, y), h(x, t)), âõîäÿùèå â óðàâíåíèå (1) â îáëà-
ñòè Q, óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì

u(x, 0, y) = γ u(x, T, y),

u |∂Q = 0,

ãäå γ − const 6= 0, äîïîëíèòåëüíîìó óñëîâèþ

u(x, t, `0) = φ0(x, t), 0 < `0 < ` < +∞,

è ïðèíàäëåæàùèå êëàññó

U =
{

(u, h) : u ∈W 2
2 (Q); h ∈W 2

2 (Q1); D3
y {uxx, utx, utt} , D4

yu ∈ L2(Q)
}
.
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ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È Â ÏÎÂÛØÅÍÈÈ
ÝÔÔÅÊÒÈÂÍÎÑÒÈ ÐÀÇÂÅÄÊÈ È ÐÀÇÐÀÁÎÒÊÈ

ÌÅÑÒÎÐÎÆÄÅÍÈÉ ÓÃËÅÂÎÄÎÐÎÄÎÂ

Eðîõèí Ã.Í.1, Êðåìëåâ À.Í.2, Ñòðîêîâ Â.È.3

ÍÈÈ ïðèêëàäíîé èíôîðìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè

Áàëòèéñêîãî ôåäåðàëüíîãî óíèâåðñèòåòà èì. È. Êàíòà, Êàëèíèíãðàä, Ðîññèÿ;
1GErokhin@Kantiana.ru, 2AKremlev@Kantiana.ru, 3VIStrokov@Kantiana.ru

Â äîêëàäå ðàññìàòðèâàåòñÿ ïðèìåíåíèå ìåòîäîâ àêòèâíîé ñåéñìîðàçâåäêè íà
ðàññåÿííûõ âîëíàõ è ïàññèâíîé 4Ä ìèêðîñåéñìèêè ê ðåøåíèþ çàäà÷ ýôôåêòèâ-
íîé ðàçâåäêè è îïòèìàëüíîé ðàçðàáîòêè ìåñòîðîæäåíèé óãëåâîäîðîäîâ. Îòìå-
÷àåòñÿ, ÷òî ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷, ëåæàùèõ â îñíîâå ýòèõ ìåòîäîâ,
îòíîñèòñÿ ê îáðàòíûì çàäà÷àì ìàòåìàòè÷åñêîé ãåîôèçèêè. Äàåòñÿ îáçîð îáùèõ
ïîäõîäîâ ê èõ ðåøåíèþ, è ïðèâîäÿòñÿ êîíêðåòíûå ïðèìåðû ðåàëèçàöèè àëãîðèò-
ìîâ îáðàòíûõ çàäà÷ íà ìîäåëüíûõ è ðåàëüíûõ äàííûõ. Ïðèâîäÿòñÿ ìíîãî÷èñ-
ëåííûå ïðèìåðû òåñòèðîâàíèÿ ïðåäëàãàåìûõ ìåòîäîâ íà ïðàêòèêå. Ïðåäëàãàåòñÿ
êîìïëåêñíîå ïðèìåíåíèå ðàçðàáîòàííûõ ìåòîäîâ â ðàìêàõ ïðîåêòà �Óìíîå ìåñòî-
ðîæäåíèå�, òåõíîëîãè÷åñêîé îñíîâîé êîòîðîãî ÿâëÿþòñÿ ñîâðåìåííûå òîòàëüíûå
ñèñòåìû ðåãèñòðàöèè ãåîôèçè÷åñêèõ ïîëåé, ñóïåðêîìïüþòåðíûå òåõíîëîãèè è
ìàòåìàòè÷åñêèé àïïàðàò îáðàòíûõ çàäà÷.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-11-10027).
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ÈÍÒÅÃÐÀËÜÍÎÅ ÏÐÅÄÑÒÀÂËÅÍÈÅ ÐÅØÅÍÈß
ÎÄÍÎÃÎ ÂÛÐÎÆÄÀÞÙÅÃÎÑß

Â-ÝËËÈÏÒÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß
Ñ ÏÎËÎÆÈÒÅËÜÍÛÌ ÏÀÐÀÌÅÒÐÎÌ

Èáðàãèìîâà Í.À.

Êàçàíñêèé ãîñóäàðñòâåííûé ýíåðãåòè÷åñêèé óíèâåðñèòåò, Êàçàíü, Ðîññèÿ;

NAI.liya@yandex.ru

Â ðàáîòå ñòðîèòñÿ ôóíäàìåíòàëüíîå ðåøåíèå îäíîãî ìíîãîìåðíîãî âûðîæ-
äàþùåãîñÿ Â-ýëëèïòè÷åñêîãî óðàâíåíèÿ ñ ïîëîæèòåëüíûì ïàðàìåòðîì. Äàåòñÿ
èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ óðàâíåíèÿ è èçó÷àþòñÿ ñâîéñòâà ðåøåíèÿ.

Ïóñòü E++
p � ÷àñòü p-ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà, ãäå xp−1 > 0, xp > 0,

D � êîíå÷íàÿ îáëàñòü â E++
p , îãðàíè÷åííàÿ ïîâåðõíîñòüþ Γ è ÷àñòÿìè Γ0 è

Γ1 ïëîñêîñòåé xp−1 = 0, xp = 0, ñîîòâåòñòâåííî. Îáîçíà÷èì ÷åðåç x = (x′, xp),
x′ = (x′′, xp−1), x′′ = (x1, x2, . . . , xp−2) òî÷êè åâêëèäîâà ïðîñòðàíñòâà, à ÷åðåç
CkBl(D) � ìíîæåñòâî ôóíêöèé k ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ â D è óäî-

âëåòâîðÿþùèõ óñëîâèþ ∂u
∂xl

= o(1) ïðè xl → 0.

Ðàññìîòðèì â E++
p âûðîæäàþùååñÿ B-ýëëèïòè÷åñêîå óðàâíåíèå ñ ïîëîæè-

òåëüíûì ïàðàìåòðîì âèäà

xmp

(
p−2∑
l=1

∂2u

∂x2
l

+Bxp−1u

)
+
∂2u

∂x2
p

+ λ2xmp u = 0, (1)

ãäå Bxp−1 =
∂2

∂x2
p−1

+
k

xp−1

∂

∂xp−1
� îïåðàòîð Áåññåëÿ, m > 0, k > 0, p > 3, λ ∈ R.

Ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèÿ (1) ñ îñîáåííîñòüþ â òî÷êå x0 ÿâëÿ-
åòñÿ ôóíêöèÿ

Ω(x, x0) = αCk

π∫
0

Cγ π∫
0

ρ−νϕ H(1)
ν (λρϕ) sinγ−1 ϕdϕ

 sink−1 ϕdϕ,

ãäå H
(1)
ν (λρϕ) � ôóíêöèÿ Õàíêåëÿ, ρϕ =

(
|x′′ − x′′0 |2 + x2

p−1 + x2
p−10

− 2xp−1×

×xp−10
cosϕ+ 4

(m+2)2

(
xm+2
p + xm+2

p0 − 2x
m+2

2
p x

m+2
2

p0 cosϕ
)) 1

2

, Cγ =
Γ( γ+1

2 )
√
π Γ( γ2 )

,

Ck =
Γ( k+1

2 )
√
π Γ( k2 )

, α = 22−ν+γλν

i (m+2)γΓ( γ+1
2 )Γ( k+1

2 )π
p−4
2

, ν = p+k+γ−2
2 , γ = m

m+2 .

Äëÿ ëþáîãî ðåøåíèÿ u(x) èç êëàññà C2
Bp−1(D)∩C2

Bp(D)∩C1(D) è ëþáîé òî÷êè
x0 ∈ D èìååò ìåñòî ñëåäóþùåå èíòåãðàëüíîå ïðåäñòàâëåíèå

u(x0) =

∫
Γ

[
Ω(ξ, x0)A[u(ξ)]− u(ξ)A[Ω(ξ, x0)]

]
ξkp−1dΓ. (2)

Èç èíòåãðàëüíîãî ïðåäñòàâëåíèÿ (2) âûòåêàåò ñëåäóþùåå ñâîéñòâî ðåøåíèÿ
óðàâíåíèÿ (1):

• ñóùåñòâóåò ðåøåíèå u(x) óðàâíåíèÿ (1) â îáëàñòè De = E++
p \D, óäîâëåòâî-

ðÿþùåå óñëîâèþ

u(x) = O
(
r−

p+k+γ−1
2

)
ïðè r =

√
x2

1 + . . .+ x2
p →∞.
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ÌÅÒÎÄÛ ÐÅÃÓËßÐÈÇÀÖÈÈ ÇÀÄÀ×
ÏÐÎÄÎËÆÅÍÈß Ñ ×ÀÑÒÈ ÃÐÀÍÈÖÛ ÐÅØÅÍÈÉ

ÓÐÀÂÍÅÍÈÉ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ

Êàáàíèõèí Ñ.È.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

kabanikhin@sscc.ru

Ðàññìàòðèâàþòñÿ çàäà÷è ïðîäîëæåíèÿ ðåøåíèé âñåõ òèïîâ óðàâíåíèé ìàòå-
ìàòè÷åñêîé ôèçèêè. Çàäà÷è ïðîäîëæåíèÿ ÿâëÿþòñÿ íåêîððåêòíûìè è ôîðìóëè-
ðóþòñÿ â âèäå îïåðàòîðíîãî óðàâíåíèÿ Aq = f , äëÿ ðåøåíèÿ êîòîðîãî ïðèìå-
íÿåòñÿ ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ ìèíèìèçàöèè öåëåâîãî ôóíêöèîíàëà è
ìåòîä ñèíãóëÿðíîãî ðàçëîæåíèÿ [1], [2].

Â êà÷åñòâå ïðèìåðîâ ðàññìîòðåíû çàäà÷è ïðîäîëæåíèÿ òåïëîâîãî ïîëÿ â
íåäîñòóïíóþ äëÿ íàáëþäåíèé çîíó, ïðîäîëæåíèÿ äàííûõ ãåîðàäàðà, çàäà÷è ïðî-
äîëæåíèÿ òåïëîâûõ ïîëåé.

Íà ñåðèè ÷èñëåííûõ ýêñïåðèìåíòîâ ïîêàçàíî, ÷òî ìåòîä ïîçâîëÿåò âîññòàíî-
âèòü ãðàíè÷íûå óñëîâèÿ íà íåäîñòóïíîé ÷àñòè ãðàíèöû, à òàêæå ïîëó÷èòü èí-
ôîðìàöèþ î íåîäíîðîäíîñòÿõ (êîëè÷åñòâî, ðàñïîëîæåíèå, ïðèìåðíûå îáúåìû),
ðàñïîëîæåííûõ â îáëàñòè íåäîñòóïíîñòè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêòû � 16-01-00755, 16-29-15120 è

17-51-540004)), Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäåðàöèè è Ìåæäóíà-

ðîäíîãî ìàòåìàòè÷åñêîãî öåíòðà Íîâîñèáèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.

ËÈÒÅÐÀÒÓÐÀ

1. Kabanikhin S. I., Nurseitov D.B., Shishlenin M.A., Sholpanbaev B.B. Inverse problems
for the ground penetrating radar // J. Inverse Ill-Posed Probl. 2013. V. 21, No 6. P. 885�
892.

2. Kabanikhin S. I., Gasimov Y. S., Nurseitov D.B., Shishlenin M.A., Sholpanbaev B.B.,

Kasenov S. E. Regularization of the continuation problem for elliptic equations //
J. Inverse Ill-Posed Probl. 2013. V. 21, No 6. P. 871�884.
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ÂÇÀÈÌÎÄÅÉÑÒÂÈß ÊËÅÒÎÊ ÍÎÂÎÎÁÐÀÇÎÂÀÍÈß
È ÈÌÌÓÍÈÒÅÒÀ Â ÓÑËÎÂÈßÕ ÐÀÄÈÎÒÅÐÀÏÈÈ

Êàáàíèõèí Ñ.È.1,2, Êðèâîðîòüêî Î.È.1,2, Êîíäàêîâà Å.À.2

1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

kabanikhin@sscc.ru, olga.krivorotko@sscc.ru, ekondak95@mail.ru

×èñëåííî èññëåäîâàíà çàäà÷à Êîøè äëÿ ñèñòåìû íåëèíåéíûõ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ), êîòîðàÿ õàðàêòåðèçóåò âçàèìîäåéñòâèå
íîâîîáðàçîâàíèé è èììóííûõ êëåòîê â óñëîâèÿõ ðàäèîòåðàïèè [1]. Ïàðàìåòðû
èññëåäóåìîé ìàòåìàòè÷åñêîé ìîäåëè õàðàêòåðèçóþò ñòåïåíü íîâîîáðàçîâàíèÿ, à
òàêæå ñêîðîñòü èììóííîãî îòâåòà.

Â ðàáîòå, îïèðàÿñü íà èññëåäîâàíèÿ ôàçîâûõ ïîðòðåòîâ ñèñòåìû [2], ðàññìàò-
ðèâàþòñÿ âîïðîñû óñòîé÷èâîñòè çàäà÷è Êîøè äëÿ ñèñòåìû íåëèíåéíûõ ÎÄÓ.
Óñòàíîâëåíî âëèÿíèå ÷ëåíà íà óñòîé÷èâîñòü, îòâå÷àþùåãî çà ëå÷åíèå. Öåëü ðà-
áîòû ñîñòîèò â ðàçðàáîòêå è èññëåäîâàíèè ÷èñëåííîãî àëãîðèòìà îïðåäåëåíèÿ
îïòèìàëüíîãî ëå÷åíèÿ äëÿ ìàòåìàòè÷åñêîé ìîäåëè âçàèìîäåéñòâèÿ èììóííûõ
êëåòîê ñ íîâîîáðàçîâàíèÿìè ñ ïåðèîäè÷åñêèì ëå÷åíèåì ðàäèîòåðàïèåé [3]�[4].
Ïðèâåäåíû è ïðîàíàëèçèðîâàíû ÷èñëåííûå ðàñ÷åòû, äåìîíñòðèðóþùèå ïðåèìó-
ùåñòâî îïòèìàëüíîãî ëå÷åíèÿ ïåðåä íåýôôåêòèâíûì ïîëíûì ëå÷åíèåì èëè åãî
îòñóòñòâèåì.

Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè

Ðîññèéñêîé Ôåäåðàöèè (4.1.3 ñîâìåñòíûå ëàáîðàòîðèè ÍÃÓ � ÍÍÖ ÑÎ ÐÀÍ), ãðàíòîì

Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè ÌÊ-1214.2017.1 è ïðîåêòîì ñ Ðåñïóáëèêîé Êàçàõ-

ñòàí � 1746/ÃÔ4 �Òåîðèÿ è ÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷

åñòåñòâîçíàíèÿ�.

ËÈÒÅÐÀÒÓÐÀ
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2. Ãîäóíîâ Ñ.Ê. Ñîâðåìåííûå àñïåêòû ëèíåéíîé àëãåáðû. Íîâîñèáèðñê: Íàó÷íàÿ êíè-
ãà, 1997.

3. Êàáàíèõèí Ñ.È. Îáðàòíûå è íåêîððåêòíûå çàäà÷è. Íîâîñèáèðñê: Ñèáèðñêîå íàó÷-
íîå èçäàòåëüñòâî, 2009.

4. Ledzewicz U., Mosalman M. S. F., Schattler H. Optimal controls for a mathematical
model of tumor-immune interactions under targeted chemotherapy with immune boost //
Discrete Contin. Dyn. Syst., Ser. B. 2013. V. 18, No 4. P. 1031�1051.
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Êàáàíèõèí Ñ.È.1, Øèøëåíèí Ì.À.2, Øîëïàíáàåâ Á.Á.3

1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; ksi52@mail.ru
2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñê, Ðîññèÿ; mshishlenin@ngs.ru
3Êàçàõñêèé íàöèîíàëüíûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èì. Àáàÿ,

Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; Bahtygerey@mail.ru

Ðàññìîòðèì îáðàòíóþ çàäà÷ó â îáëàñòè Ω = ∆(Lx) × (0, Ly), ãäå ∆(Lx) =
{(x, t) : x ∈ (0, Lx), t ∈ (x, 2Lx − x)}:

utt +
σ
√
µ

√
ε
ut = uxx + uyy, (x, t) ∈ ∆(Lx), (1)

ux(0, y, t) = g(y, t), y ∈ (0, Ly), t ∈ (0, 2Lx), (2)

u(x, y, x) = q(x, y), x ∈ (0, Lx), y ∈ (0, Ly), (3)

u(x, 0, t) = u(x, Ly, t) = 0, (x, t) ∈ ∆(Lx). (4)

Â ïðÿìîé çàäà÷å (1)�(4) òðåáóåòñÿ îïðåäåëèòü u(x, y, t) ïî çàäàííûì q(x, y)
è g(y, t).

Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè ôóíêöèè q(x, y) èç ñîîòíîøå-
íèé (1)�(4) ïî äîïîëíèòåëüíîé èíôîðìàöèè:

u(0, y, t) = f(y, t).

Àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è

1. Âûáèðàåì íà÷àëüíîå ïðèáëèæåíèå q0.

2. Ðåøàåì ïðÿìóþ çàäà÷ó (1)�(4) ñ çàäàííûì qn.

3. Âû÷èñëÿåì çíà÷åíèå ôóíêöèîíàëà J(qn) =
Ly∫
0

2Lx∫
0

[u(0, y, t; qn)−f(y, t)]2dydt.

4. Åñëè çíà÷åíèå öåëåâîãî ôóíêöèîíàëà íå äîñòàòî÷íî ìàëî, òîãäà ðåøàåì
ñîïðÿæåííóþ çàäà÷ó.

5. Âû÷èñëÿåì ãðàäèåíò ôóíêöèîíàëà J ′qn = ψt(x, y, x) +
σ
√
µ

√
ε
ψ(x, y, x).

6. Âû÷èñëÿåì ñëåäóþùåå ïðèáëèæåíèå qn+1 = qn−αJ ′qn è ïåðåõîäèì ê ïóíê-
òó 2.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ÌÎÍ ÐÊ

�1746/ÃÔ4 �Òåîðèÿ è ÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷ åñòå-

ñòâîçíàíèÿ�.
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2. Kabanikhin S. I., Nurseitov D.B., Shishlenin M.A., Sholpanbaev B.B. Inverse problems
for the ground penetrating radar // J. Inverse Ill-Posed Probl. 2013. V. 21, No 6. P. 885�
892.
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Â ðàáîòå èçó÷àþòñÿ çàäà÷è î âîññòàíîâëåíèè èñòî÷íèêîâ è íà÷àëüíûõ äàííûõ
ïî èçâåñòíîé ñ îïðåäåëåííîé ïîãðåøíîñòüþ êîíôèãóðàöèè ìàãíèòíîãî ïîëÿ â êî-
íå÷íûé ìîìåíò âðåìåíè äëÿ ñèñòåìû óðàâíåíèé Ìàêñâåëëà â êâàçèñòàöèîíàðíîì
ìàãíèòíîì ïðèáëèæåíèè [1], êîòîðûå ôîðìóëèðóþòñÿ êàê îáðàòíûå çàäà÷è ôè-
íàëüíîãî íàáëþäåíèÿ äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùèõ
íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ.

Ìåòîäû, ðàçâèòûå â ðàáîòàõ [2], [3] äëÿ îãðàíè÷åííûõ ïðîâîäÿùèõ îáëàñòåé,
ðàñïðîñòðàíÿþòñÿ íà çàäà÷è â íåîãðàíè÷åííîé îáëàñòè, ñîäåðæàùåé ïðîâîäÿùèå
è íåïðîâîäÿùèå âêëþ÷åíèÿ. Ñôîðìóëèðîâàííûå ïîñòàíîâêè äëÿ íàïðÿæåííîñòè
ìàãíèòíîãî ïîëÿ ïðèâîäÿò â ýòîì ñëó÷àå ê íà÷àëüíî-êðàåâûì çàäà÷àì äëÿ óðàâ-
íåíèé ýëëèïòèêî-ïàðàáîëè÷åñêîãî òèïà [4].

Äëÿ èññëåäóåìûõ îáðàòíûõ çàäà÷ ïðèìåíÿþòñÿ îïòèìèçàöèîííûå ìåòîäû,
èñïîëüçóþùèå òåîðèþ äâîéñòâåííîñòè. Ñïåöèôèêîé èçó÷àåìûõ çàäà÷ ÿâëÿåòñÿ
òî, ÷òî ôóíêöèîíàëüíûå ïðîñòðàíñòâà, â êîòîðûõ èùåòñÿ ðåøåíèå, çàâèñÿò îò
õàðàêòåðèçóþùèõ ñâîéñòâà ñðåäû ïàðàìåòðîâ, êîòîðûå òàêæå ìîãóò çàäàâàòüñÿ
ñ íåêîòîðîé ïîãðåøíîñòüþ. Â ðàáîòå îáîñíîâûâàåòñÿ âîçìîæíîñòü ïðèìåíåíèÿ
ðàçëè÷íûõ âåðñèé óñòîé÷èâûõ ñåêâåíöèàëüíûõ ïðèíöèïîâ Ëàãðàíæà è òåîðåì
Êóíà � Òàêêåðà [2], [3] äëÿ êîíñòðóèðîâàíèÿ óñòîé÷èâûõ ê îøèáêàì íà÷àëüíûõ
äàííûõ è êîýôôèöèåíòîâ ñèñòåìû àëãîðèòìîâ ðåøåíèÿ ðàññìàòðèâàåìûõ îáðàò-
íûõ çàäà÷.
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Î ÐÅØÅÍÈÈ ÈÍÒÅÃÐÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß
ÂÎËÜÒÅÐÐÀ 1-ÃÎ ÐÎÄÀ ÒÈÏÀ ÑÂ�ÐÒÊÈ

Êàð÷åâñêèé À.Ë.
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karchevs@math.nsc.ru

Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå
∫ t

0
K(t− s)f(s) ds = g(t) (g(0) = 0).

Ïóñòü F β [0, T ] � ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé f(t) íà èíòåðâàëå [0, T ],

ðàçëîæèìûõ â ðÿä Ôóðüå f(t)=b0+
∑∞
k=1

(
ak sin(ωkt)+bk cos(ωkt)

)
, (ωk=2πk/T ),

è |ak| ≤ Ak−β è |bk| ≤ Bk−β (A, B, β � ïîëîæèòåëüíûå ïîñòîÿííûå).
Òåîðåìà 1. Ïóñòü ôóíêöèÿ K(t) ÿâëÿåòñÿ êóñî÷íî-íåïðåðûâíîé ôóíêöèåé

íà èíòåðâàëå [0, T ] è |K(t)| ≤ m0. Äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ f(t) ∈ F 1+α[0, T ]
(α > 0) óêàçàííîãî âûøå èíòåãðàëüíîãî óðàâíåíèÿ íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû ôóíêöèÿ g(t) íà èíòåðâàëå [0, T ] ìîãëà áûòü ïðåäñòàâëåíà â âèäå

g(t) = b0g
′
0(t) +

∑∞
k=1

(
akgk(t) + bkg

′
k(t)

)
, ãäå ôóíêöèè gk(t) (k = 0, 1, 2, ...) åñòü

ðåøåíèÿ çàäà÷ g′′k (t) + ω2
kgk(t) = K(t), gk(0) = 0, g′k(0) = 0; è |ak| ≤ Ak−α,

|bk| ≤ Bk−(1+α), è A > 0, B > 0 è b0 � íåêîòîðûå ïîñòîÿííûå. Ðåøåíèå èíòå-

ãðàëüíîãî óðàâíåíèÿ áóäåò èìåòü âèä f(t) = b0 +
∑∞
k=1

(
ak
ωk

sin(ωkt)+bk cos(ωkt)
)
.

Òåîðåìà 2. Ïóñòü äëÿ ôóíêöèé gi(t) (i = 1, 2) èìåþò ìåñòî ïðåäñòàâëåíèÿ

gi(t) = bi0g0(t) +
∑∞
k=1

(
aikgk(t) + bikg

′
k(t)

)
, ãäå bi0, a

i
k è b

i
k óäîâëåòâîðÿþò óñëîâèÿì

èç Òåîðåìû 1 è K(t) 6≡ 0. Åñëè |b10 − b20| ≤ δ, |a1
k − a2

k| ≤ δk−α, |b1k − b2k| ≤ δk−(1+α)

(k = 1, 2, ...), òîãäà äëÿ ðåøåíèé f i(t) (i = 1, 2) âûøåóêàçàííîãî èíòåãðàëüíîãî
óðàâíåíèÿ âåðíî íåðàâåíñòâî |f1(t)− f2(t)| ≤ Cδ, ãäå ïîñòîÿííàÿ C = C(T, α).

Èç Òåîðåìû 2 ñëåäóåò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü îò âõîäíûõ
äàííûõ ðåøåíèÿ âûøåóêàçàííîãî èíòåãðàëüíîãî óðàâíåíèÿ.

Äîêàçàííûå òåîðåìû äàþò âîçìîæíîñòü ïðåäëîæèòü íîâûé ÷èñëåííûé ìå-
òîä ðåøåíèÿ äàííîãî èíòåãðàëüíîãî óðàâíåíèÿ. Ïóñòü íåîáõîäèìî íàéòè ðåøå-
íèå íà èíòåðâàëå [0, T ] è ïðàâàÿ ÷àñòü óðàâíåíèÿ èçâåñòíà ñ íåêîòîðîé îøèáêîé,
ò. å. gδ(t). Áóäåì èñêàòü ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ êàê ðåøåíèå ñëåäó-

þùåé çàäà÷è ìèíèìèçàöèè J [a1, . . . , aN , b0, b1, . . . , bN ] ≡
∫ T

0
n2(t) dt → min, ãäå

n(t) = b0g0(t) +
∑N
k=1

(
akgk(t) + bkg

′
k(t)

)
− gδ(t).

Ïðåäñòàâëåíû ïðèìåðû ðåàëèçàöèè äàííîãî ÷èñëåííîãî ìåòîäà.
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×ÈÑËÅÍÍÎÅ ÐÅØÅÍÈÅ ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÎÉ
ÇÀÄÀ×È ÄËß ÓÐÀÂÍÅÍÈß ÀÊÓÑÒÈÊÈ

Êàñåíîâ Ñ. Å.1, Íóðñåèòîâ Ä.Á.2, Àëèìîâà À.Í.3

1Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè,

Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; syrym.kassenov@kaznu.kz
2Êàçàõñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé òåõíè÷åñêèé óíèâåðñèòåò

èì. Ê.È. Ñàòïàåâà, Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; ndb80@mail.ru
3Êàçàõñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé òåõíè÷åñêèé óíèâåðñèòåò

èì. Ê.È. Ñàòïàåâà, Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; anic2002@mail.ru

Ðàññìîòðèì îáðàòíóþ çàäà÷ó â îáëàñòè Ω = ∆(Lx) × (0, Ly), ãäå ∆(Lx) =
{(x, t) : x ∈ (0, Lx), t ∈ (x, 2Lx − x)}:

utt = uxx + uyy −
(ρx
ρ
ux +

ρy
ρ
uy

)
, (x, t) ∈ ∆(Lx), (1)

ux(0, y, t) = g(y, t), y ∈ (0, Ly), t ∈ (0, 2Lx), (2)

u(x, y, x) = q(x, y), x ∈ (0, Lx), y ∈ (0, Ly), (3)

u(x, 0, t) = u(x, Ly, t) = 0, (x, t) ∈ ∆(Lx). (4)

Â ïðÿìîé çàäà÷å (1)�(4) òðåáóåòñÿ îïðåäåëèòü u(x, y, t) ïî çàäàííûì q(x, y)
è g(y, t).

Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè ôóíêöèè q(x, y) èç ñîîòíîøå-
íèé (1)�(4) ïî äîïîëíèòåëüíîé èíôîðìàöèè î ðåøåíèè ïðÿìîé çàäà÷è (1)�(4):

u(0, y, t) = f(y, t).

Àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è

1. Âûáèðàåì íà÷àëüíîå ïðèáëèæåíèå q0.

2. Ðåøàåì ïðÿìóþ çàäà÷ó (1)�(4) ñ çàäàííûì qn.

3. Âû÷èñëÿåì çíà÷åíèå ôóíêöèîíàëà J(qn) =
Ly∫
0

2Lx∫
0

[u(0, y, t; qn)−f(y, t)]2dydt.

4. Åñëè çíà÷åíèå öåëåâîãî ôóíêöèîíàëà íå äîñòàòî÷íî ìàëî, òîãäà ðåøàåì
ñîïðÿæåííóþ çàäà÷ó.

5. Âû÷èñëÿåì ãðàäèåíò ôóíêöèîíàëà J ′(qn)2ψt(x, y, x) +
ρx
ρ
ψ(x, y, x).

6. Âû÷èñëÿåì ñëåäóþùåå ïðèáëèæåíèå qn+1 = qn−αJ ′qn è ïåðåõîäèì ê ïóíê-
òó 2.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ÌÎÍ ÐÊ

�1746/ÃÔ4 �Òåîðèÿ è ÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷ åñòå-

ñòâîçíàíèÿ�.

ËÈÒÅÐÀÒÓÐÀ

1. Kabanikhin S. I., Shishlenin M.A., Nurseitov D.B., Nurseitova A.T., Kasenov S. E.

Comparative analysis of methods for regularizing an initial boundary value problem
for the Helmholtz equation // J. Appl. Math. 2014. V. 2014, Article ID 786326.
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ÍÅËÈÍÅÉÍÛÅ ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È ÄËß
ÏÀÐÀÁÎËÈ×ÅÑÊÈÕ È ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ

ÓÐÀÂÍÅÍÈÉ: ÍÎÂÛÅ ÏÎÑÒÀÍÎÂÊÈ,
ÍÎÂÛÅ ÐÅÇÓËÜÒÀÒÛ

Êîæàíîâ À.È.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

kozhanov@math.nsc.ru

Â äîêëàäå èçëàãàþòñÿ ðåçóëüòàòû î ðàçðåøèìîñòè îáðàòíûõ êîýôôèöèåíò-
íûõ çàäà÷ â ñëó÷àÿõ, êîãäà íîâûìè ÿâëÿþòñÿ ëèáî óñëîâèÿ ïåðåîïðåäåëåíèÿ, ëè-
áî êëàññû, êîòîðûì äîëæíû ïðèíàäëåæàòü íåèçâåñòíûå êîýôôèöèåíòû. Â ÷àñò-
íîñòè, áóäóò èçëîæåíû ðåçóëüòàòû î ðàçðåøèìîñòè

à) îáðàòíûõ çàäà÷ íàõîæäåíèÿ êîýôôèöèåíòîâ q(t) èëè p(t) â óðàâíåíèÿõ

ut −∆u+ q(t)u = f(x, t),

p(t)ut −∆u+ c(x, t)u = f(x, t)

ïðè çàäàíèè óñëîâèé ãðàíè÷íî-èíòåãðàëüíîãî ïåðåîïðåäåëåíèÿ;
á) îáðàòíûõ çàäà÷ íàõîæäåíèÿ ïàðàìåòðà a â òåëåãðàôíîì óðàâíåíèè

utt −∆u+ au = f(x, t)

ïðè çàäàíèè ôèíàëüíî-èíòåãðàëüíîãî ïåðåîïðåäåëåíèÿ;
â) îáðàòíûõ çàäà÷ íàõîæäåíèÿ íåèçâåñòíîãî êîýôôèöèåíòà ñîñòàâíîãî âèäà

â ïàðàáîëè÷åñêîì óðàâíåíèè.
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Î ÍÅÊÎÒÎÐÛÕ ÎÁÐÀÒÍÛÕ ÇÀÄÀ×ÀÕ ÄËß
ÏÀÐÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ ÓÐÀÂÍÅÍÈÉ

Ñ ÄÀÍÍÛÌÈ ÏÅÐÅÎÏÐÅÄÅËÅÍÈß
ÝÂÎËÞÖÈÎÍÍÎÃÎ ÒÈÏÀ

Êîðîòêîâà Å.Ì.

Þãîðñêèé íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò èíôîðìàöèîííûõ òåõíîëîãèé,

Õàíòû-Ìàíñèéñê, Ðîññèÿ; korotkovaem@uriit.ru

Ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêàÿ ñèñòåìà óðàâíåíèé:

ut +A(t, x,Dx)u =

r∑
i=1

bi(t, x)qi(t, x
′) + f, (t, x) ∈ Q, x = (x′, x′′), (1)

ãäå G � îãðàíè÷åííàÿ îáëàñòü â Rn ñ ãðàíèöåé Γ êëàññà C2m, Q = (0, T ) × G,
T < ∞, x′ = (x1, x2, . . . , xk), x′′ = (xk+1, xk+2, . . . , xn), bi, i = 1, 2, . . . , r, è f �
çàäàííûå âåêòîð-ôóíêöèè, ïðè÷¼ì êîìïîíåíòû âåêòîðîâ bi, íà÷èíàÿ ñ íîìåðà
r0 + 1 (r0 < h), ðàâíû 0. A � ìàòðè÷íûé ýëëèïòè÷åñêèé îïåðàòîð ïîðÿäêà 2m ñ
ìàòðè÷íûìè êîýôôèöèåíòàìè ðàçìåðíîñòè h× h, ïðåäñòàâèìûé â âèäå

A(t, x,Dx) =

sr0∑
i=r+1

qi(t, x
′)Ai(t, x,Dx) +Asr0+1(t, x,Dx),

Ai =
∑
|α|≤2m

aiα(t, x)Dα
x , i = r + 1, . . . , sr0 + 1, Dx = (∂x1

, ∂x2
, . . . , ∂xn).

Íåèçâåñòíûìè â (1) ÿâëÿþòñÿ ðåøåíèå u è ôóíêöèè qi(t, x
′), i = 1, 2, . . . , sr0,

sr0 ≥ r, âõîäÿùèå êàê â ïðàâóþ ÷àñòü (1), òàê è â îïåðàòîð A êàê êîýôôèöèåíòû.
Óðàâíåíèå (1) äîïîëíÿåòñÿ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

u
∣∣
t=0

= u0, Bju|S =
∑
|β|≤mj

bjβ(t, x)Dβ
xu
∣∣
S

= gj(t, x), (2)

ãäå mj < 2m, j = 1, 2, . . . ,m, è S = (0, T )× Γ.
Îáîçíà÷èì ÷åðåç P0a âåêòîð äëèíû r0 < h, êîîðäèíàòû êîòîðîãî ñîâïàäàþò

ñ ïåðâûìè r0 êîîðäèíàòàìè èñõîäíîãî âåêòîðà a äëèíû h. Óñëîâèÿ ïåðåîïðåäå-
ëåíèÿ äëÿ íàõîæäåíèÿ ôóíêöèé qi èìåþò âèä

P0u
∣∣
Si

= ψi(t, x
′), Si = (0, T )× Γi, i = 1, 2, . . . , s, (3)

ãäå {Γi} � ìíîæåñòâî ãëàäêèõ k-ìåðíûõ ïîâåðõíîñòåé, ëåæàùèõ â G, è ψi, i =
1, 2, . . . , s, � çàäàííûå âåêòîð ôóíêöèè.

Ïðè âûïîëíåíèè óñëîâèÿ ïàðàáîëè÷íîñòè äîêàçàíà ëîêàëüíàÿ ïî âðåìåíè
êîððåêòíîñòü çàäà÷è (1)�(3). Âñå ðàññìîòðåíèÿ ïðîâîäÿòñÿ â ïðîñòðàíñòâàõ Ñî-
áîëåâà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-06582 a).
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Î ÊÎÌÏËÅÊÑÍÎÌ ÑÏÅÊÒÐÅ
ÝËËÈÏÒÈ×ÅÑÊÎÃÎ ÎÏÅÐÀÒÎÐÀ

Êîñòèí À.Á.

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé ÿäåðíûé óíèâåðñèòåò �ÌÈÔÈ�,

Ìîñêâà, Ðîññèÿ; abkostin@yandex.ru

Èññëåäóåòñÿ çàäà÷à î ðàñïîëîæåíèè ñïåêòðà ýëëèïòè÷åñêîãî îïåðàòîðà â
îãðàíè÷åííîé îáëàñòè êàê ñ êëàññè÷åñêèìè, òàê è ñ áîëåå ñïåöèàëüíûìè ãðàíè÷-
íûìè óñëîâèÿìè. Ïîñòðîåíî ìíîæåñòâî íà êîìïëåêñíîé ïëîñêîñòè, â êîòîðîì
íàõîäÿòñÿ âñå ñîáñòâåííûå çíà÷åíèÿ ñîîòâåòñòâóþùåãî îïåðàòîðà.

Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Ω ∈ C2. Ðàññìîòðèì
çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ

Lw + λw = 0, x ∈ Ω; Bw = 0, x ∈ ∂Ω, (1)

ãäå Lw =

n∑
i,j=1

∂

∂xi

(
aij(x)

∂w

∂xj

)
+

n∑
i=1

bi(x)
∂w

∂xi
+ c(x)w

� ðàâíîìåðíî ýëëèïòè÷åñêèé îïåðàòîð ñ âåùåñòâåííûìè êîýôôèöèåíòàìè aij =
aji ∈ C1(Ω); bi, c ∈ L∞(Ω), ν > 0 � êîíñòàíòà ýëëèïòè÷íîñòè. Ñ÷èòàåì, ÷òî

c(x) ≤ −q, q ∈ R, |b(x)|2 ≡ |b1(x)|2 + . . .+ |bn(x)|2 6 b2 â Ω.

Ãðàíè÷íûå óñëîâèÿ èìåþò âèä: Bw ≡ w èëè Bw ≡ ∂w/∂N + σ(x)w íà ∂Ω, ãäå
∂w/∂N � ïðîèçâîäíàÿ ïî âíåøíåé êîíîðìàëè, σ ∈ C1(∂Ω), σ(x) ≥ 0 íà ∂Ω.

Èçâåñòíî, ÷òî ó çàäà÷è (1) ñóùåñòâóåò ñ÷¼òíîå ìíîæåñòâî ñîáñòâåííûõ çíà-
÷åíèé, âîîáùå ãîâîðÿ, êîìïëåêñíûõ, ïðè÷¼ì |λk| → ∞, à ñîîòâåòñòâóþùèå ñîá-
ñòâåííûå ôóíêöèè wk ∈W 2

2 (Ω), Bwk = 0 íà ∂Ω.
Â ðàáîòå äîêàçàíî, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ λ = α + iβ çàäà÷è (1) è

äðóãèõ áîëåå îáùèõ êðàåâûõ çàäà÷ äëÿ ýëëèïòè÷åñêîãî îïåðàòîðà L ëåæàò âî
ìíîæåñòâå D0, êîòîðîå ìîæåò áûòü çàäàíî íåðàâåíñòâàìè

D0 =


α ≥ ν

b2
β2 − |β|+ q, åñëè |β| ≥ b2

2ν
;

α ≥ q − b2

4ν
, åñëè |β| ≤ b2

2ν
.

Ïðèâåäåíû ïðèìåðû, ïîêàçûâàþùèå �àñèìïòîòè÷åñêóþ òî÷íîñòü� íàéäåííîãî
ìíîæåñòâà D0 ⊂ Cλ. Ïîñòðîåí ïðèìåð çàäà÷è Äèðèõëå â êðóãå ñ êîìïëåêñíûìè
ñîáñòâåííûìè çíà÷åíèÿìè è ïðèìåð íååäèíñòâåííîñòè ðåøåíèÿ äëÿ ïàðàáîëè÷å-
ñêîé îáðàòíîé çàäà÷è ñ ôèíàëüíûì íàáëþäåíèåì.

Ðàáîòà ÷àñòè÷íî ïîääåðæàíà ïðîãðàììîé ïîâûøåíèÿ êîíêóðåíòîñïîñîáíîñòè Íàöè-

îíàëüíîãî èññëåäîâàòåëüñêîãî ÿäåðíîãî óíèâåðñèòåòà ÌÈÔÈ, ïðîåêò � 02.a03.21.0005

îò 27.08.2013.

ËÈÒÅÐÀÒÓÐÀ

1. Êîñòèí À.Á. Î êîìïëåêñíûõ ñîáñòâåííûõ çíà÷åíèÿõ ýëëèïòè÷åñêîãî îïåðàòîðà è
ïðèìåðå íååäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà÷è // ÄÀÍ. 2013. Ò. 453, � 2.
Ñ. 138�141.

2. Êîñòèí À.Á. Êîíòðïðèìåðû â îáðàòíûõ çàäà÷àõ äëÿ ïàðàáîëè÷åñêèõ, ýëëèïòè÷å-
ñêèõ è ãèïåðáîëè÷åñêèõ óðàâíåíèé // Æóðí. âû÷èñë. ìàòåìàòèêè è ìàò. ôèçèêè.
2014. Ò. 54, � 5. Ñ. 779�792.
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Ëàòûïîâ È.È., Áèãàåâà Ë.À., Ëàòûïîâà À. Ç.,
Íàáèóëëèí À.Ð., Ëîáîâ Â.Ë.

Áèðñêèé ôèëèàë Áàøêèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà, Áèðñê, Ðîññèÿ;

LatypovII@Rambler.ru, Bigla@Rambler.ru

Ðàññìàòðèâàåòñÿ ìîäåëü, îïèñûâàþùàÿ èåðàðõèþ âëàñòè è/èëè âëàñòíûõ
ïîëíîìî÷èé [1]�[3], â âèäå:

∂p (x, t)

∂t
=

∂

∂x

[
κ (x, t)

∂p (x, t)

∂x

]
+

L∫
0

χ (ξ, t) [p (ξ, t)− p (x, t)] dξ+F (p, p1, p2) , (1)

(x, t) ∈ Ω = {(x, t) : 0 < x < L, t > t0} , p (x, t0) = p0 (x) ≥ 0, 0 < x < L,

κ0 (x, t)
∂p

∂x

∣∣∣
x=0

= εϕ (t) , −κ1 (x, t)
∂p

∂x

∣∣∣
x=L

= 0. (2)

Â ðàìêàõ äàííîé ìîäåëè ñòàâèòñÿ è ðåøàåòñÿ ãðàíè÷íàÿ îáðàòíàÿ çàäà-
÷à [4] ïî îïðåäåëåíèþ âíåøíåãî âëèÿíèÿ â ðàñïðåäåëåíèå âëàñòíûõ ïîëíîìî÷èé â
èåðàðõèè: íàéòè óïðàâëÿþùóþ ôóíêöèþ ϕ (t) ïðè âûïîëíåíèè óñëîâèÿ p (x, t) =
ψ (t), x = d, 0 < d < L. Èñïîëüçóÿ èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ p (x, t)
êðàåâîé çàäà÷è (1)�(2) è ñå÷åíèå äàííîé ôóíêöèè ïðè x = d, äëÿ îïðåäåëåíèÿ
èñêîìîé ôóíêöèè ϕ (t) ïîëó÷èì èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà ïåðâîãî ðî-
äà òèïà ñâåðòêè. Ïîëó÷åííàÿ îáðàòíàÿ çàäà÷à ðåøàåòñÿ ìåòîäîì ðåãóëÿðèçàöèè
Òèõîíîâà [5].
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Â äàííîé ðàáîòå èññëåäîâàíà áàçîâàÿ ìàòåìàòè÷åñêàÿ ìîäåëü èíôåêöèîííîãî
çàáîëåâàíèÿ, ðàçðàáîòàííàÿ ïîä ðóêîâîäñòâîì Ã.È. Ìàð÷óêà [1]. Ìîäåëü ñîñòîèò
èç ÷åòûðåõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ) ñ çàïàçäûâàþ-
ùèì àðãóìåíòîì, êîòîðûå îïèñûâàþò èçìåíåíèå ÷èñëà àíòèãåíîâ, ðîñò ïëàçìà-
òè÷åñêèõ êëåòîê, áàëàíñ ÷èñëà àíòèòåë è õàðàêòåðèñòèêó ïîðàæåííîé ÷àñòè îð-
ãàíà. Ìîäåëü ñîäåðæèò áîëüøîå êîëè÷åñòâî êîýôôèöèåíòîâ, õàðàêòåðèçóþùèõ
èììóííûé ñòàòóñ îðãàíèçìà è ñâîéñòâà àíòèãåíà. Îöåíêà ïàðàìåòðîâ ñèñòåìû
óðàâíåíèé ïî êëèíè÷åñêèì äàííûì (èçìåðåíèÿ õàðàêòåðèñòèê îðãàíèçìà) ïîç-
âîëÿåò ìîäåëèðîâàòü äèíàìèêó çàáîëåâàíèÿ è ñòðîèòü ïðîãíîçû òå÷åíèÿ è èñõîäà
áîëåçíè äëÿ êîíêðåòíîãî ÷åëîâåêà.

Ïîñòðîåí àëãîðèòì ÷èñëåííîãî ðåøåíèÿ çàäà÷è îïðåäåëåíèÿ êîýôôèöèåíòîâ
ñèñòåìû ÎÄÓ ñ çàïàçäûâàíèåì (îáðàòíàÿ çàäà÷à) ïî äîïîëíèòåëüíûì äàííûì î
ðåøåíèè ïðÿìîé çàäà÷è â çàäàííûé ìîìåíò âðåìåíè [2]. Äëÿ ðåøåíèÿ ïðÿìîé çà-
äà÷è èñïîëüçóåòñÿ ìåòîä Ðóíãå � Êóòòû � Ôåëüáåðãà ÷åòâåðòîãî ïîðÿäêà àïïðîê-
ñèìàöèè. Ðåøåíèå îáðàòíîé çàäà÷è ñâîäèòñÿ ê íàõîæäåíèþ ìèíèìóìà öåëåâîãî
ôóíêöèîíàëà â ñìûñëå íàèìåíüøèõ êâàäðàòîâ, êîòîðûé ÷èñëåííî îïðåäåëÿåòñÿ
ãåíåòè÷åñêèì àëãîðèòìîì.

Îïðåäåëåíî îïòèìàëüíîå êîëè÷åñòâî èçìåðåíèé, êîòîðûå íåîáõîäèìî áðàòü ó
ïàöèåíòà â òå÷åíèè áîëåçíè, ÷òîáû äîñòàòî÷íî òî÷íî îïðåäåëèòü õàðàêòåðèñòèêè
çàáîëåâàíèÿ è îðãàíèçìà êîíêðåòíîãî ÷åëîâåêà ñ íàèìåíüøèìè çàòðàòàìè. Äëÿ
ýòîãî ïðîâåäåí àïîñòåðèîðíûé (ïðàêòè÷åñêèé) àíàëèç [3] ìîäåëè íà èäåíòèôè-
öèðóåìîñòü ñ ïîìîùüþ èññëåäîâàíèÿ ÷èñëà îáóñëîâëåííîñòè ìàòðèöû ÷óâñòâè-
òåëüíîñòè.

Â äîêëàäå ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ îïðåäåëåíèÿ ïàðà-
ìåòðîâ è ðåçóëüòàòû ïðàêòè÷åñêîé èäåíòèôèöèðóåìîñòè.

Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè

Ðîññèéñêîé Ôåäåðàöèè è ãðàíòîì Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè �ÌÊ-1214.2017.1.
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1. Ïóñòü Z è U � íîðìèðîâàííûå ïðîñòðàíñòâà ñ ýëåìåíòàìè z è u ñîîò-
âåòñòâåííî. Â ïðîñòðàíñòâå Z çàäàäèì íåêîòîðóþ òîïîëîãèþ ñåêâåíöèàëüíîé
ñõîäèìîñòè τ . Ïóñòü, äàëåå, D 6= ∅ � çàäàííîå �ìíîæåñòâî îãðàíè÷åíèé� â Z,
F : Z → U � íåêîòîðûé îïåðàòîð, âîçìîæíî, íåëèíåéíûé. Ïðåäïîëîæèì, ÷òî
îïåðàòîðíîå óðàâíåíèå F (z) = u èìååò äëÿ äàííîé ïðàâîé ÷àñòè u ∈ U åäèí-
ñòâåííîå ðåøåíèå z̄ ∈ D. Äàëåå, ñ÷èòàåì, ÷òî âìåñòî òî÷íûõ äàííûõ çàäà÷è ìû
çíàåì èõ ïðèáëèæåíèÿ: îïåðàòîð Fh : Z(T ) → U è ýëåìåíò uδ ∈ U . Ïðèáëè-
æåííûå äàííûå (Fh, uδ), àïïðîêñèìèðóþùèå òî÷íûå äàííûå (F, u), óäîâëåòâî-
ðÿþò óñëîâèÿì: ‖Fh(z)− F (z)‖ ≤ Ψ(h,Ω[z]), ‖uδ − u‖ ≤ δ, â êîòîðûõ âåëè÷èíû
η = (h, δ) ÿâëÿþòñÿ èçâåñòíûìè õàðàêòåðèñòèêàìè òî÷íîñòè àïïðîêñèìàöèè, à
Ω[z] ≥ 0 � çàäàííûé ôóíêöèîíàë. Ñâîéñòâà ôóíêöèîíàëà Ω[z] è ìåðû àïïðîêñè-
ìàöèè Ψ(h,Ω[z]) áóäóò óêàçàíû â äîêëàäå. Òðåáóåòñÿ ïî äàííûì (Fh, uδ, h, δ,Ψ)

íàéòè óñòîé÷èâîå ïðèáëèæåíèå zη ∈ D äëÿ z̄: zη
τ→ z̄ ïðè η → 0.

2. Òàêàÿ çàäà÷à â îáùåì ñëó÷àå ÿâëÿåòñÿ íåêîððåêòíî ïîñòàâëåííîé. Äëÿ åå
ðåøåíèÿ ñëåäóåò ïðèìåíÿòü ðåãóëÿðèçóþùèå àëãîðèòìû (ÐÀ). Ïîëó÷àåìûå â ðå-
çóëüòàòå ïðèáëèæåíèÿ ìîãóò çíà÷èòåëüíî îòëè÷àòüñÿ äðóã îò äðóãà äëÿ ðàçíûõ
ÐÀ. Ïðåäñòàâëÿåòñÿ åñòåñòâåííûì ïðèìåíÿòü òå ÐÀ, êîòîðûå äàþò ïðèáëèæåí-
íûå ðåøåíèÿ ñ íåêîòîðûìè äîïîëíèòåëüíûìè îïòèìàëüíûìè ñâîéñòâàìè. Ýòè
ñâîéñòâà ìîæíî îïèñàòü ñ ïîìîùüþ ââîäèìîãî ôóíêöèîíàëà �êà÷åñòâà� Q(z1, z2),
z1, z2 ∈ D: ìåðîé êà÷åñòâà ïðèáëèæåííîãî ðåøåíèÿ zη îòíîñèòåëüíî òî÷íîãî ðå-
øåíèÿ z̄ íàçîâåì âåëè÷èíó Q(zη, z̄). Ïðè íåèçâåñòíîì z̄ êà÷åñòâî Q(zη, z̄) ìîæåò
áûòü òîëüêî îöåíåíî (àïðèîðíî èëè àïîñòåðèîðíî). Íàñ èíòåðåñóþò àïîñòåðèîð-
íûå îöåíêè êà÷åñòâà ïðèáëèæåííûõ ðåøåíèé ðàññìàòðèâàåìîãî ÐÀ (ïî ôóíêöè-
îíàëó êà÷åñòâà Q), ò. å. îöåíêè äëÿ Q(zη, z̄), ïîëó÷àåìûå ïîñëå ðåøåíèÿ îáðàòíîé
çàäà÷è. Îöåíêè ìîãóò áûòü ïîëó÷åíû ïî ñëåäóþùåé ñõåìå. Âû÷èñëèâ zη, íàéäåì
âåëè÷èíû ∆η = C ‖Fh(zη)− uδ‖, Rη = CΩ[zη], ãäå C > 1 � çàäàííàÿ êîíñòàíòà.
Ââåäåì ìíîæåñòâî Zη = {z ∈ D : ‖Fh(z)− uδ‖ ≤ ∆η, Ω[z] ≤ Rη} è ïðåäïîëîæèì,

÷òî z̄ ∈ Zη. Òîãäà Q(zη, z̄) ≤ sup {Q(zη, z) : z ∈ Zη}
∆
= EQ(η).

Îïðåäåëåíèå 1. Íàçîâåì ôóíêöèþ EQ(η) àïîñòåðèîðíîé îöåíêîé êà÷åñòâà
ïðèáëèæåííîãî ðåøåíèÿ zη (ïî ôóíêöèîíàëó Q).

Îïðåäåëåíèå 2. Ðåãóëÿðèçóþùèé àëãîðèòì zη = Pη(Fh, uδ, η) èìååò ýêñòðà-
îïòèìàëüíîå êà÷åñòâî Q, åñëè àïîñòåðèîðíàÿ îöåíêà åãî êà÷åñòâà � ôóíêöèÿ
EQ(η) � ÿâëÿåòñÿ îïòèìàëüíîé ïî ïîðÿäêó íà ðàññìàòðèâàåìîì êëàññå äàííûõ.

3. Â äîêëàäå äàåòñÿ äåòàëüíûé î÷åðê òåîðèè ÐÀ ñ îïòèìàëüíûìè ïî ïîðÿä-
êó è ýêñòðàîïòèìàëüíûìè êà÷åñòâàìè. Ïîêàçûâàåòñÿ, ÷òî ìåòîäû ðåãóëÿðèçàöèè
À.Í. Òèõîíîâà è Ì.Ì. Ëàâðåíòüåâà ñ âûáîðîì ïàðàìåòðà ðåãóëÿðèçàöèè ïî îáîá-
ùåííîìó ïðèíöèïó íåâÿçêè èìåþò ýêñòðàîïòèìàëüíîå êà÷åñòâî äëÿ òèïè÷íûõ
îáðàòíûõ çàäà÷ è ôóíêöèîíàëîâ Q âåñüìà îáùåãî âèäà. Â ÷àñòíîñòè, êà÷åñòâîì
ðåøåíèÿ îáðàòíîé çàäà÷è ìîãóò ñëóæèòü ðàçëè÷íûå ìíîãîìåðíûå âàðèàöèè ðå-
øåíèÿ � ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ � èëè åãî ýíòðîïèÿ. Ïðèâîäÿòñÿ ïðè-
ìåðû ÷èñëåííîãî íàõîæäåíèÿ îöåíêè EQ(η) ýêñòðàîïòèìàëüíîãî êà÷åñòâà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 17-01-00159 à è � 17-51-53002 ÃÔÅÍà).
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Ðàññìàòðèâàþòñÿ íåêîððåêòíûå çàäà÷è ìåõàíèêè äåôîðìèðóåìîãî òâåðäîãî
òåëà äëÿ êóñî÷íî-îäíîðîäíûõ îáëàñòåé ñî çíà÷èòåëüíûì ÷èñëîì óïðàâëÿþùèõ
ïàðàìåòðîâ, êîòîðûå èäåíòèôèöèðóþòñÿ, èñïîëüçóÿ íàòóðíûå äàííûå î ñìåùå-
íèÿõ ãðàíèöû.

Ãðàíè÷íûå çàäà÷è ìåõàíèêè ÿâëÿþòñÿ ìíîãîïàðàìåòðè÷åñêèìè è çàâèñè-
ìîñòü èñêîìûõ ðåøåíèé îò íèõ ìîæåò áûòü ñëîæíîé. Õàðàêòåð çàâèñèìîñòè
ðåøåíèÿ îò ïàðàìåòðîâ ñòàíîâèòñÿ èçâåñòíûì ïîñëå îáðàùåíèÿ ãðàíè÷íîé çà-
äà÷è. Èññëåäîâàíèå ïîâåäåíèÿ ðåøåíèÿ, êàê ïðàâèëî, äîñòèãàåòñÿ ÷èñëåííû-
ìè ìåòîäàìè, ïðè ýòîì âñòà¼ò ðÿä âîïðîñîâ îòíîñèòåëüíî òî÷íîñòè ðåøåíèÿ,
îïèñàíèÿ âëèÿíèÿ ïàðàìåòðîâ íà ðåøåíèå ïðè îäíîâðåìåííîì èõ èçìåíåíèè. Â
íàñòîÿùåå âðåìÿ èçâåñòíû ÷èñëåííûå ðåøåíèÿ ÷àñòíûõ îáðàòíûõ çàäà÷ â çà-
âèñèìîñòè îò èäåíòèôèêàöèè îäíîãî ïàðàìåòðà. Ïðåäëàãàåòñÿ ïðèíöèïèàëüíî
íîâûé ìåòîä ðåøåíèÿ îáðàòíûõ ìíîãîïàðàìåòðè÷åñêèõ çàäà÷, îñíîâàííûé íà
ïîëó÷åííûõ òî÷íûõ óðàâíåíèÿõ, ñâÿçûâàþùèõ ãðàíè÷íûå çíà÷åíèÿ êîìïîíåíò
íàïðÿæåíèé è ñìåùåíèé è èñêëþ÷àþùèõ ðåãóëÿðèçàöèþ. Èñïîëüçîâàíèå ýêñïå-
ðèìåíòàëüíûõ äàííûõ, îïðåäåëåííûõ ñ ïîãðåøíîñòüþ, äèñêðåòèçàöèÿ ñïëîøíîé
ñðåäû ïðè ÷èñëåííîì ñ÷¼òå, àïðèîðíûå ïðåäïîëîæåíèÿ íà õàðàêòåð äåôîðìèðî-
âàíèÿ êîíñòðóêöèè (èäåàëüíîå ïðîñêàëüçûâàíèå, ñêà÷îê ñìåùåíèé, íàðóøåíèå
êîíôîðìíîñòè â êîíå÷íîì ÷èñëå òî÷åê è ò. ï.) âíîñÿò ïîãðåøíîñòü â ãðàíè÷íûå
óñëîâèÿ ïðè ôîðìóëèðîâêå çàäà÷è è ðàñøèðÿþò êëàññ îáðàòíûõ çàäà÷. Ïðåä-
ëîæåíà ñèñòåìà ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé, ïîçâîëÿþùàÿ ïîëó÷èòü
àíàëèòè÷åñêèå ðåøåíèÿ äëÿ ïðîèçâîëüíîé îáëàñòè êîìïîíåíò ñìåùåíèé è íàïðÿ-
æåíèé â êâàäðàòóðàõ, ÷òî äà¼ò âîçìîæíîñòü èñêëþ÷èòü ïðîöåññ ðåãóëÿðèçàöèè
è îïðåäåëèòü íà ñòàäèè ôîðìóëèðîâêè ëþáîé èç çàäà÷: êîððåêòíà, åñëè ñèñòå-
ìà ñâîäèòñÿ ê óðàâíåíèÿì òèïà Ôðåäãîëüìà âòîðîãî ðîäà; íåêîððåêòíà, åñëè �
òèïà Ôðåäãîëüìà ïåðâîãî ðîäà. Äëÿ ïðîâåäåíèÿ íàòóðíûõ èçìåðåíèé ïðîöåññà
äåôîðìèðîâàíèÿ äîñòàòî÷íî çàìåðÿòü ñìåùåíèÿ íà äîñòóïíûõ ó÷àñòêàõ ãðàíèöû
èññëåäóåìîé îáëàñòè, äîïîëíèòåëüíàÿ èíôîðìàöèÿ, íåîáõîäèìàÿ äëÿ îáðàòíûõ
çàäà÷. Àëãîðèòì ðåøåíèÿ ïðåäñòàâëÿåò ñîáîé ïåðåáîðíûé ïðîöåññ, ñ ïîìîùüþ
êîòîðîãî âîññòàíàâëèâàþòñÿ ïàðàìåòðû, íàèëó÷øèì îáðàçîì óäîâëåòâîðÿþùèå
çàäàííûì óñëîâèÿì. Ïðåäëàãàåìûé ìåòîä îñíîâàí íà ðåøåíèè îäíîé îòäåëüíîé
îáðàòíîé çàäà÷è äëÿ êàæäîãî èç âàðüèðóåìûõ ïàðàìåòðîâ. Óñëîâèå ïîëó÷åíèÿ
ðåøåíèÿ ñ äîñòàòî÷íîé òî÷íîñòüþ ïîñëåäîâàòåëüíûìè ïðèáëèæåíèÿìè ïðèâîäèò
ê âûïîëíåíèþ áîëüøîãî îáú¼ìà âû÷èñëåíèé. Ïîêàçàíî, ÷òî íååäèíñòâåííîñòü ðå-
øåíèÿ ìíîãîïàðàìåòðè÷åñêèõ íåêîððåêòíûõ çàäà÷ íà ïåðâûõ øàãàõ ïðèáëèæå-
íèé ìîæåò áûòü ñâÿçàíà ñ ïîñëåäîâàòåëüíîñòüþ âûáðàííîãî ïóòè ïðèáëèæåíèÿ.
Âñÿ ïîñëåäîâàòåëüíîñòü â êîíå÷íîì ñ÷¼òå ñõîäèòñÿ ê åäèíñòâåííîìó ðåøåíèþ,
åñëè íå ñòàâèòü âîïðîñ î êîëè÷åñòâå èòåðàöèé, ò. å. ïðîáëåìà ïåðåõîäèò â ðàç-
ðÿä òðóäíîðåøàåìûõ çàäà÷. Ëþáûì ÷èñëåííûì ìåòîäîì òàêîãî êëàññà çàäà÷è
ðåøèòü íåëüçÿ. Â êà÷åñòâå ïðèìåðà íåêîððåêòíîé ïðîáëåìû ðàññìîòðåí êëàññ
ðåøåíèé òåîðèè óïðóãîñòè, ïðèâîäÿùèé ê áåñêîíå÷íûì íàïðÿæåíèÿì â óãëîâûõ
òî÷êàõ îáëàñòåé è ñâÿçàííûõ ñ îáúÿñíåíèåì ôåíîìåíà ðàçðóøåíèÿ â ìåõàíèêå
÷åðåç êîýôôèöèåíòû èíòåíñèâíîñòè íàïðÿæåíèé.
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Ïóñòü E1, E2 � áàíàõîâû ïðîñòðàíñòâà, u = u(t), f = f(t) � íåèçâåñòíàÿ
è çàäàííàÿ ôóíêöèè àðãóìåíòà t ≥ 0 ñî çíà÷åíèÿìè â E1 è E2 ñîîòâåòñòâåííî.
Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå

Bu(t)−
t∫

0

g(t− s)Au(s)ds = f(t). (1)

ÇäåñüB è A� çàìêíóòûå ëèíåéíûå îïåðàòîðû èç E1 â E2, ïðè÷åìD(B) ⊆ D(A) è
D(B) = D(A) = E1, ÿäðî g = g(t) � ÷èñëîâàÿ ôóíêöèÿ. Ïðåäïîëàãàåòñÿ, ÷òî îïå-
ðàòîð B � ôðåäãîëüìîâ, ò. å. R(B) = R(B) è dimN(B) = dimN(B∗) = n < +∞.
Äàííîå óðàâíåíèå ÿâëÿåòñÿ àáñòðàêòíîé ôîðìîé êðàåâûõ çàäà÷ äëÿ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, îïèñûâàþùèõ âîëíîâûå
ÿâëåíèÿ â ïëàçìå [1]. Â äîêëàäå ïðåäïîëàãàåòñÿ îáñóäèòü ðåçóëüòàòû, ïîëó÷åííûå
àâòîðàìè ïðè èññëåäîâàíèè ïðîáëåìû îäíîçíà÷íîé ðàçðåøèìîñòè óðàâíåíèÿ (1).

Â óñëîâèÿõ ïîëíîòû A-æîðäàíîâà íàáîðà îïåðàòîðà B è äîñòàòî÷íîé ñòåïåíè
ãëàäêîñòè ôóíêöèè g = g(t), àíàëèòè÷åñêîé â òî÷êå t = 0, äîêàçàí êðèòåðèé
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî (ñèëüíî íåïðåðûâíîãî íà ëó÷å
[0,+∞)) ðåøåíèÿ óðàâíåíèÿ (1). Åñëè îí íå âûïîëíÿåòñÿ, ðåøåíèå ïðåäñòàâëÿåò
ñîáîé ñèíãóëÿðíîå ðàñïðåäåëåíèå, ïîðÿäîê ñèíãóëÿðíîñòè êîòîðîãî çàâèñèò îò
êðàòíîñòè íóëÿ ôóíêöèè g = g(t) â òî÷êå t = 0 [2]. Ïîäîáíûå ðåçóëüòàòû â [3]
ïîëó÷åíû â ïðåäïîëîæåíèè ñèëüíîé (B, p)-îãðàíè÷åííîñòè îïåðàòîðà A.

Â ðàáîòå [4] ðàññìîòðåíî ñëàáîñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå (1), à
èìåííî: g(t) = tα−1/Γ(α), ãäå Γ(α) � ãàììà-ôóíêöèÿ Ýéëåðà ôèêñèðîâàííîãî
àðãóìåíòà 0 < α < 1. Îêàçàëîñü, ÷òî äàæå ïðè íàðóøåíèè óñëîâèé êðèòåðèÿ
ðàçðåøèìîñòè, ðåøåíèå óðàâíåíèÿ (1), â îòëè÷èå îò ñëó÷àÿ �õîðîøåãî� ÿäðà, ìî-
æåò áûòü ñîõðàíåíî â êëàññå �îáû÷íûõ� ôóíêöèé, íåïðåðûâíûõ íà èíòåðâàëå
(0,+∞) è èìåþùèõ îñîáåííîñòü â òî÷êå t = 0 òèïà ïîëþñà ïîðÿäêà, êðàòíîãî α.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-31-00291).
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Â ñëó÷àå íåòî÷íîãî çàäàíèÿ ïàðàìåòðîâ ìîäåëè, àëãîðèòìû óñâîåíèÿ äàííûõ
ïîçâîëÿþò âîñïîëíèòü íåäîñòàòîê èíôîðìàöèè çà ñ÷åò ïîñòóïàþùèõ âî âðåìÿ
âûïîëíåíèÿ àëãîðèòìà äàííûõ èçìåðåíèé. Çàäà÷à óñâîåíèÿ äàííûõ õèìèè àò-
ìîñôåðû ñòàâèòñÿ êàê äèíàìè÷åñêàÿ ïîñëåäîâàòåëüíîñòü ñâÿçàííûõ îáðàòíûõ
çàäà÷ ïî ïîèñêó èñòî÷íèêîâ âûáðîñîâ íà îñíîâå ïîñòóïàþùèõ â ïðîöåññå ðàáîòû
àëãîðèòìà èçìåðåíèé çíà÷åíèé êîíöåíòðàöèé äëÿ ìîäåëè àäâåêöèè � äèôôóçèè �
ðåàêöèè [1], [2].

Óñâîåíèå îñóùåñòâëÿåòñÿ âàðèàöèîííûìè àëãîðèòìàìè íà îòäåëüíûõ ñòàäèÿõ
ñõåìû ðàñùåïëåíèÿ. Íà ëèíåéíîé ñòàäèè ïåðåíîñà èñïîëüçóåòñÿ ïðÿìîé (áåçû-
òåðàöèîííûé) àëãîðèòì óñâîåíèÿ. Äëÿ íåëèíåéíîé ñòàäèè òðàíñôîðìàöèè ðàñ-
ñìàòðèâàþòñÿ êàê èòåðàöèîííûå, òàê è ïðÿìûå àëãîðèòìû ðåøåíèÿ îáðàòíûõ
çàäà÷. Ýôôåêòèâíîñòü àëãîðèòìîâ èçó÷àåòñÿ òåîðåòè÷åñêè è ÷èñëåííî êàê íà
èñêóññòâåííûõ, òàê è íà ðåàëüíûõ äàííûõ èçìåðåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 17-01-00137) è ãðàíòà Ïðåçèäåíòà ÐÔ (� ÌÊ-8214.2016.1).
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Èññëåäîâàíà ñâÿçü îáðàòíîé çàäà÷è îá èñòî÷íèêå ñ çàäà÷åé îïòèìàëüíîãî
óïðàâëåíèÿ äëÿ óðàâíåíèÿ ïåðâîãî ïîðÿäêà â áàíàõîâîì ïðîñòðàíñòâå. Ïðè îïðå-
äåë¼ííûõ óñëîâèÿõ óñòàíîâëåíà ýêâèâàëåíòíîñòü è ðàçðåøèìîñòü ýòèõ äâóõ çà-
äà÷.

Ïóñòü äàíû ðåôëåêñèâíûå ñòðîãî âûïóêëûå áàíàõîâû ïðîñòðàíñòâà E, E∗,
÷èñëî T ∈ (0,+∞), îïåðàòîð A, ÿâëÿþùèéñÿ ãåíåðàòîðîì C0 ãðóïïû èëè ïî-
ëóãðóïïû. Ïðè êàæäîì t ∈ (0, T ) çàäàí îïåðàòîð G(t) : E∗ → E∗, ãäå E∗ �
ñîïðÿæ¼ííîå ê E, è ôèêñèðîâàí íåêîòîðûé ýëåìåíò e ∈ E.

Îáðàòíàÿ çàäà÷à. Íàéòè ïàðó e∗ ∈ E∗ è w(t) èç óñëîâèé

ẇ(t) = Aw(t) +G(t)e∗, 0 < t < T, w(0) = 0; (1)

w(T ) = e. (2)

Ïóñòü äîïîëíèòåëüíî ïðè êàæäîì t ∈ (0, T ) çàäàí îïåðàòîð B(t), îòîáðàæà-
þùèé ïðîñòðàíñòâî Lp(0, T ;E) â ñåáÿ (1 < p <∞).

Çàäà÷à óïðàâëåíèÿ. Íàéòè ïàðó: óïðàâëåíèå u(t) ∈ Lp(0, T ;E) è ðåøåíèå
y(t) èç óñëîâèé

ẏ(t) = Ay(t) +B(t)u(t), 0 < t < T, y(0) = 0; (3)

y(T ) = e. (4)

Îïòèìàëüíûì óïðàâëåíèåì áóäåì íàçûâàòü òàêîé ýëåìåíò uopt(t) ïðîñòðàíñòâà
U ≡ Lp(0, T ;E), êîòîðûé èìååò ìèíèìàëüíóþ íîðìó ñðåäè âñåõ óïðàâëåíèé
u(t) ∈ U .

Â îáðàòíîé çàäà÷å (1), (2) ïî çàäàííîìó ýëåìåíòó e ∈ E, íå çàâèñÿùåìó îò
âðåìåíè, òðåáóåòñÿ íàéòè ýëåìåíò e∗ ∈ E∗, òàêæå íå çàâèñÿùèé îò âðåìåíè. Â
çàäà÷å óïðàâëåíèÿ (3), (4) ïî çàäàííîìó ýëåìåíòó e ∈ E, íå çàâèñÿùåìó îò âðå-
ìåíè, òðåáóåòñÿ íàéòè óïðàâëåíèå u(t) ∈ Lp(0, T ;E), ò. å. ôóíêöèþ, çàâèñÿùóþ
îò âðåìåíè è �ïðîñòðàíñòâà�. Ïðè ðÿäå óñëîâèé èññëåäóþòñÿ îáå ýòè çàäà÷è è
äîêàçûâàåòñÿ, ÷òî íàõîæäåíèå îïòèìàëüíîãî óïðàâëåíèÿ u0(t) ýêâèâàëåíòíî ðå-
øåíèþ íåêîòîðîé ñïåöèàëüíîé îáðàòíîé çàäà÷è âèäà (1)�(2), â êîòîðîé îïåðàòîð
G(t) ÿâíî âûïèñûâàåòñÿ ÷åðåç âõîäíûå äàííûå èç (3)�(4).

ËÈÒÅÐÀÒÓÐÀ

1. Prilepko A. I., Orlovsky D.G., Vasin I. A. Methods for solving inverse problems in
mathematical physics. New York: Marcel Dekker, 2000.

2. Ôóðñèêîâ À.Â. Îïòèìàëüíîå óïðàâëåíèå ðàñïðåäåë¼ííûìè ñèñòåìàìè. Òåîðèÿ è
ïðèëîæåíèÿ. Íîâîñèáèðñê: Íàó÷íàÿ êíèãà, 1999.

3. Âàñèëüåâ Ô.Ï., Êóðæàíñêèé Ì.À., Ïîòàïîâ Ì.Ì., Ðàçãóëèí À.Â. Ïðèáëèæ¼ííîå
ðåøåíèå äâîéñòâåííûõ çàäà÷ óïðàâëåíèÿ è íàáëþäåíèÿ. Ì.: ÌÀÊÑ Ïðåññ, 2010.
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Ïóñòü G ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé Γ è
Q = G × (0, T ). Ìû ðàññìàòðèâàåì âîïðîñ îá îïðåäåëåíèè âìåñòå ñ ðåøåíèåì
ïðàâîé ÷àñòè ñïåöèàëüíîãî âèäà (ôóíêöèè èñòî÷íèêà) â ïàðàáîëè÷åñêîé ñèñòåìå

ut − L0u+Q(u) = f(x, t) +

r∑
i=1

qi(t)fi(x, t), (t, x) ∈ Q, (1)

ãäå u � âåêòîð äëèíû h, Q(u) � íåêîòîðàÿ âåêòîð ôóíêöèÿ äëèíû h, íåëèíåéíûì
îáðàçîì çàâèñÿùàÿ îò u,

L0u =

n∑
i,j=1

∂xi(aij(x, t)uxj )−
n∑
i=1

ai(x, t)uxi − a0(x, t)u.

Çäåñü aij , aj , a0 � ìàòðèöû ðàçìåðà h×h. Óðàâíåíèå (1) äîïîëíÿåòñÿ íà÷àëüíûìè
è ãðàíè÷íûìè óñëîâèÿìè

u|t=0 = u0, Bu|S = g(t, x), S = (0, T )× Γ, (2)

ãäå Bu = σ

(
n∑

i,j=1

aij(x)niuxj + b(x)u

)
+ (1 − σ)u, ni � i-àÿ êîîðäèíàòà âíåøíåé

åäèíè÷íîé íîðìàëè ê Γ, σ(x) ∈ C(Γ) � íåïðåðûâíàÿ ôóíêöèÿ, ïðèíèìàþùàÿ äâà
çíà÷åíèÿ 0, 1. Íåèçâåñòíûìè â ñèñòåìå (1), (2) ÿâëÿþòñÿ ðåøåíèå u è ôóíêöèè
qi(t), âõîäÿùèå â ïðàâóþ ÷àñòü ñèñòåìû. Óñëîâèÿ ïåðåîïðåäåëåíèÿ çàïèñûâàþòñÿ
â âèäå

u(xi, t) = ψi(t), i = 1, 2, . . . , s, (3)

ãäå ψi(t) � äàííûå ôóíêöèè.
Ïîäîáíûå çàäà÷è âîçíèêàþò ïðè îïèñàíèè ïðîöåññîâ òåïëîìàññîïåðåíîñà,

äèôôóçèè è ðÿäà äðóãèõ. Â ÷àñòíîñòè, âîïðîñ î ÷èñëåííîì ðåøåíèè çàäà-
÷è (1)�(3) ñ åùå áîëåå ñïåöèàëüíûìè ïðàâûìè ÷àñòÿìè, ÷åì ó íàñ, ðàññìàòðèâà-
åòñÿ â ðàáîòå [1]. Â äàííîé ðàáîòå ðàññìîòðåí âîïðîñ îá óñëîâèÿõ íà íåëèíåéíîå
ñëàãàåìîå, ãàðàíòèðóþùèõ ãëîáàëüíóþ ïî âðåìåíè ðàçðåøèìîñòü çàäà÷è.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé è ïðàâèòåëüñòâà Õàíòû-Ìàíñèéñêîãî àâòîíîìíîãî îêðóãà � Þãðû (ïðîåêò � 15-

41-00063).
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ÏÎ ÌÎÄÓËÞ ÐÀÑÑÅßÍÍÎÃÎ
ÝËÅÊÒÐÎÌÀÃÍÈÒÍÎÃÎ ÏÎËß

Ðîìàíîâ Â. Ã.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
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Ðàññìàòðèâàåòñÿ ñòàöèîíàðíàÿ ñèñòåìà óðàâíåíèé ýëåêòðîäèíàìèêè, êîòîðàÿ
ñîîòâåòñòâóåò íåìàãíèòíîé íåïðîâîäÿùåé ñðåäå. Äëÿ ýòîé ñèñòåìû èçó÷àåòñÿ çà-
äà÷à îá îïðåäåëåíèè êîýôôèöèåíòà äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè ε ïî çàäàí-
íûì âåêòîðàì ýëåêòðè÷åñêîé èëè ìàãíèòíîé íàïðÿæ¼ííîñòè ýëåêòðîìàãíèòíîãî
ïîëÿ. Ïðåäïîëàãàåòñÿ, ÷òî ýòî ïîëå âûçûâàåòñÿ òî÷å÷íûì èìïóëüñíûì äèïîëåì,
ëîêàëèçîâàííûì â íåêîòîðîé òî÷êå y. Ïðåäïîëàãàåòñÿ òàêæå, ÷òî äèýëåêòðè÷å-
ñêàÿ ïðîíèöàåìîñòü îòëè÷íà îò çàäàííîé ïîëîæèòåëüíîé ïîñòîÿííîé ε0 òîëüêî
âíóòðè íåêîòîðîé êîìïàêòíîé îáëàñòè Ω ⊂ R3 ñ ãëàäêîé ãðàíèöåé S. Äëÿ îòûñêà-
íèÿ ε âíóòðè Ω çàäà¼òñÿ èíôîðìàöèÿ î ðåøåíèè ñîîòâåòñòâóþùåé ïðÿìîé çàäà-
÷è äëÿ ñèñòåìû óðàâíåíèé ýëåêòðîäèíàìèêè íà âñåé ãðàíèöå îáëàñòè Ω äëÿ âñåõ
÷àñòîò, íà÷èíàÿ ñ íåêîòîðîé ôèêñèðîâàííîé ÷àñòîòû ω0, è äëÿ âñåõ y ∈ S. Èçó÷à-
åòñÿ àñèìïòîòèêà ðåøåíèÿ ïðÿìîé çàäà÷è ïðè áîëüøèõ ÷àñòîòàõ è ïîêàçûâàåòñÿ,
÷òî çàäàâàåìàÿ èíôîðìàöèÿ ïîçâîëÿåò ñâåñòè èñõîäíóþ çàäà÷ó ê õîðîøî èçâåñò-
íîé îáðàòíîé êèíåìàòè÷åñêîé çàäà÷å îá îïðåäåëåíèè êîýôôèöèåíòà ðåôðàêöèè
âíóòðè Ω ïî âðåìåíàì ïðîáåãà ýëåêòðîìàãíèòíîé âîëíû ìåæäó ïðîèçâîëüíûìè
òî÷êàìè ãðàíèöû îáëàñòè Ω. Ýòî ïðèâîäèò ê òåîðåìå åäèíñòâåííîñòè ðåøåíèÿ
ðàññìàòðèâàåìîé çàäà÷è è îòêðûâàåò ïóòü å¼ êîíñòðóêòèâíîãî ðåøåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00120-a).
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Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî òèïà

Ln,mu = F (x, t), (1)

çäåñü

Ln,mu =

{
tnuxx − ut − b2tnu, t > 0,

(−t)muxx − utt − b2(−t)mu, t < 0,
F (x, t) =

{
f1(x)g1(t), t > 0,

f2(x)g2(t), t < 0,

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, t) : 0 < x < l, −α < t < β}, ãäå n ≥ 0, m ≥ 0,
b ≥ 0, l > 0, α > 0, β > 0 � çàäàííûå äåéñòâèòåëüíûå ÷èñëà, è ñëåäóþùèå
îáðàòíûå çàäà÷è.

Çàäà÷à 1. Íàéòè ôóíêöèè u(x, t) è g1(t), óäîâëåòâîðÿþùèå óñëîâèÿì:

u(x, t) ∈ C(D) ∩ C1
t (D) ∩ C1

x(D) ∩ C2
x(D+) ∩ C2(D−); (2)

g1(t) ∈ C[0, β]; (3)

Ln,mu(x, t) ≡ F (x, t), (x, t) ∈ D+ ∪D−; (4)

u(0, t) = u(l, t) = 0, −α ≤ t ≤ β; u(x,−α) = 0, 0 ≤ x ≤ l; (5)

u(x0, t) = h1(t), 0 < x0 < l, 0 ≤ t ≤ β, (6)

ãäå fi(x), i = 1, 2, g2(t), h1(t) � çàäàííûå ôóíêöèè, x0 � çàäàííàÿ òî÷êà èç
èíòåðâàëà (0, l), D+ = D ∩ {t > 0}, D− = D ∩ {t < 0}.

Çàäà÷à 2. Íàéòè ôóíêöèè u(x, t) è g2(t), óäîâëåòâîðÿþùèå óñëîâèÿì (2), (4),
(5) è

g2(t) ∈ C[−α, 0]; u(x0, t) = h2(t), 0 < x0 < l, −α ≤ t ≤ 0, (7)

ãäå fi(x), i = 1, 2, g1(t), h2(t) � èçâåñòíûå ôóíêöèè.
Çàäà÷à 3. Íàéòè ôóíêöèè u(x, t), g1(t), g2(t), óäîâëåòâîðÿþùèå óñëîâèÿì

(2)�(7), çäåñü fi(x), hi(t), i = 1, 2, � çàäàííûå ôóíêöèè.
Îòìåòèì, ÷òî èññëåäîâàíèå çàäà÷ 1�3 áàçèðóåòñÿ íà ïðÿìîé íà÷àëüíî-ãðàíè÷-

íîé çàäà÷å (2), (4), (5), èçó÷åííîé â ðàáîòå [1]. Ïîñòàâëåííûå çàäà÷è äëÿ óðàâíå-
íèÿ (1) ïðè n = m = 0 èçó÷åíû â [2, ñ. 228�238].

Â äàííîé ðàáîòå äîêàçàíû ñîîòâåòñòâóþùèå òåîðåìû åäèíñòâåííîñòè è ñóùå-
ñòâîâàíèÿ ðåøåíèé çàäà÷ 1�3 äëÿ óðàâíåíèÿ (1) ïðè n = 0, m > 0.

ËÈÒÅÐÀÒÓÐÀ
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2. Ñàáèòîâ Ê.Á. Ïðÿìûå è îáðàòíûå çàäà÷è äëÿ óðàâíåíèé ñìåøàííîãî ïàðàáîëî-
ãèïåðáîëè÷åñêîãî òèïà. Ì.: Íàóêà, 2016.
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Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ðåøåíèÿ îáîá-
ùåííîé ñèñòåìû Êîøè � Ðèìàíà â áåñêîíå÷íîé îáëàñòè òèïà ñëîÿ â ïðîñòðàíñòâå
Rn ïî åå çíà÷åíèÿì íà ÷àñòè ãðàíèöû ýòîé îáëàñòè, ò. å. çàäà÷à Êîøè. Êàê èçâåñò-
íî, âàæíîñòü óðàâíåíèé Êîøè � Ðèìàíà â ôèçè÷åñêèõ ïðèëîæåíèÿõ ïðèâåëà ê
äàëåêî èäóùèì îáîáùåíèÿì [1]�[3]. Ðàññìàòðèâàåìàÿ ñèñòåìà � ýëëèïòè÷åñêàÿ,
çàäà÷à Êîøè äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé íåóñòîé÷èâà îòíîñèòåëüíî ìàëîãî
èçìåíåíèÿ äàííûõ, ò. å. íåêîððåêòíà [4]. Â íåêîððåêòíûõ çàäà÷àõ òåîðåìà ñó-
ùåñòâîâàíèÿ ïðåäïîëàãàåòñÿ çàäàííîé àïðèîðè. Áîëåå òîãî, ïðåäïîëàãàåòñÿ, ÷òî
ðåøåíèå ïðèíàäëåæèò íåêîòîðîìó çàäàííîìó ïîäìíîæåñòâó ôóíêöèîíàëüíîãî
ïðîñòðàíñòâà, îáû÷íî êîìïàêòíîìó ([5], ñ. 4). Åäèíñòâåííîñòü ðåøåíèÿ ñëåäóåò
èç îáùåé òåîðåìû Õîëìãðåíà ([6], ñ. 58).

Ïîñëå óñòàíîâëåíèÿ åäèíñòâåííîñòè â òåîðåòè÷åñêèõ èññëåäîâàíèÿõ íåêîð-
ðåêòíûõ çàäà÷ âîçíèêàþò âàæíûå âîïðîñû ïîëó÷åíèÿ îöåíêè óñëîâíîé óñòîé-
÷èâîñòè è ïîñòðîåíèÿ ðåãóëÿðèçóþùèõ îïåðàòîðîâ. Â 1926 ã. Ò. Êàðëåìàí ([5],
ñ. 41) ïîñòðîèë ôîðìóëó, êîòîðàÿ ñâÿçûâàåò çíà÷åíèÿ àíàëèòè÷åñêîé ôóíêöèè
êîìïëåêñíîãî ïåðåìåííîãî â òî÷êàõ îáëàñòè ñ åå çíà÷åíèÿìè íà êóñêå ãðàíèöû
ýòîé îáëàñòè. Íà îñíîâå ýòîé ôîðìóëû â ([5], ñ. 34) ââåäåíî ïîíÿòèå ôóíêöèè
Êàðëåìàíà çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ëàïëàñà è â íåêîòîðûõ ñëó÷àÿõ óêà-
çàí ñïîñîá åå ïîñòðîåíèÿ. Êîíñòðóêöèÿ ôóíêöèè Êàðëåìàíà äàåò âîçìîæíîñòü â
ýòèõ çàäà÷àõ ïîñòðîèòü ðåãóëÿðèçàöèþ è ïîëó÷èòü îöåíêó óñëîâíîé óñòîé÷èâî-
ñòè. Íà ïðîòÿæåíèè ïîñëåäíèõ äåñÿòèëåòèé íå îñëàáåâàë èíòåðåñ ê êëàññè÷åñêîé
íåêîððåêòíîé çàäà÷å ìàòåìàòè÷åñêîé ôèçèêè. Ýòî íàïðàâëåíèå â èññëåäîâàíèè
ñâîéñòâ ðåøåíèé çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ëàïëàñà íà÷àòî â 50-õ ãîäàõ è
ðàçâèâàëîñü âïîñëåäñòâèè. Èç âûøåñêàçàííîãî íàì óäàëîñü ïîñòðîèòü ìàòðèöó
Êàðëåìàíà â ÿâíîì âèäå è íà å¼ îñíîâå � ðåãóëÿðèçîâàííîå ðåøåíèå çàäà÷è Êî-
øè.
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Â äàííîé ðàáîòå ðàññìîòðåíà çàäà÷à âîëíîâûõ ïðîöåññîâ ñ óêàçàííûìè èñ-
òî÷íèêàìè. Çàäà÷à ïðèâåäåíà ê çàäà÷å ñ äàííûìè õàðàêòåðèñòèêàìè ìåòîäàìè
âûïðÿìëåíèÿ õàðàêòåðèñòèê è âûäåëåíèÿ îñîáåííîñòåé.

Ìíîãèå âîëíîâûå ïðîöåññû ãåîôèçèêè, ýëåêòðîäèíàìèêè, ñåéñìèêè è äðóãèå
õàðàêòåðèçóþòñÿ ïîëÿìè, îïèñûâàåìûìè óðàâíåíèÿìè ìàòåìàòè÷åñêîé ôèçèêè
âòîðîãî ïîðÿäêà:

div
(
σ̄(x, y, z) grad ῡ(x, y, z, t)

)
− ā(x, y, z)ῡ(x, y, z, t)− b̄(x, y, z)∂υ(x, y, z, t)

∂t

−c̄(x, y, z)∂ῡ(x, y, t)

∂t2
= −f̄(x, y, z, t),

ãäå (x, y, z) ∈ R2 × R+, t ∈ R+, ā, b̄, c̄ � ôèçè÷åñêèå ïàðàìåòðû, f̄(x, y, z, t) �
ôóíêöèÿ èíòåíñèâíîñòè èñòî÷íèêîâ ïîëÿ, σ̄(x, y, z) � ôóíêöèÿ, îïèñûâàþùàÿ
ãåîôèçè÷åñêèå ñâîéñòâà ñðåäû, ῡ(x, y, z, t) � ïîòåíöèàë ïîëÿ.
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Äëÿ ëå÷åíèÿ íåêîòîðûõ ôîðì ðàêà, ñâÿçàííûõ ñ äåéñòâèåì ãîðìîíîâ, ïðè-
ìåíÿåòñÿ ãîðìîíàëüíîå ëå÷åíèå. Ïîäàâëÿÿ âûðàáîòêó îðãàíèçìîì ãîðìîíîâ, îíî
ïîçâîëÿåò çàòîðìîçèòü ðàçâèòèå îïóõîëè. Îäíàêî äåéñòâèå ãîðìîíàëüíîãî ëå÷å-
íèÿ íîñèò âðåìåííûé õàðàêòåð ââèäó ïîñòåïåííîãî ïðèâûêàíèÿ êëåòîê ðàêà ê
äåéñòâèþ ãîðìîíîâ, ò. å. ÿâëåíèÿ ãîðìîíîðåçèñòåíòíîñòè. Ýòî îáúÿñíÿåòñÿ òåì,
÷òî îïóõîëü ñîñòîèò èç äâóõ òèïîâ êëåòîê � ÷óâñòâèòåëüíûõ è ðåçèñòåíòíûõ ê
äåéñòâèþ ãîðìîíàëüíûõ ïðåïàðàòîâ. Â óñëîâèÿõ ãîðìîíàëüíîãî ëå÷åíèÿ ïðîèñ-
õîäèò ïîñòåïåííîå çàìåùåíèå ÷óâñòâèòåëüíûõ ðàêîâûõ êëåòîê ðåçèñòåíòíûìè,
÷òî ïðèâîäèò ê äàëüíåéøåìó ðàçâèòèþ îïóõîëè. Ïðåäëàãàåòñÿ ìàòåìàòè÷åñêàÿ
ìîäåëü ïðîöåññà, áàçèðóþùàÿñÿ íà îäíîôàçíîé çàäà÷å Ñòåôàíà.

Ïðè âûâîäå ìîäåëè èñïîëüçóþòñÿ ñëåäóþùèå ïðåäïîëîæåíèÿ. Îïóõîëü îáëà-
äàåò ñôåðè÷åñêîé ñèììåòðèåé è ñîñòîèò èç äâóõ òèïîâ ðàêîâûõ êëåòîê, îäíè èç
êîòîðûõ ÿâëÿþòñÿ ÷óâñòâèòåëüíûìè ê äåéñòâèþ ãîðìîíîâ, à äðóãèå ÿâëÿþòñÿ
ðåçèñòåíòíûìè. Â îòñóòñòâèè ëå÷åíèÿ íàáëþäàåòñÿ ðîñò îïóõîëè â ñîîòâåòñòâèè
ñ ìîäåëüþ Ôåðõþëüñòà. Ðàñïðîñòðàíåíèå ðàêîâûõ êëåòîê âíóòðè îïóõîëè èìååò
äèôôóçèîííóþ ïðèðîäó. Ãîðìîíàëüíîå ëå÷åíèå ïîäàâëÿåò ðîñò ÷óâñòâèòåëüíûõ
ê ãîðìîíàì ðàêîâûõ êëåòîê. Ðàêîâûå êëåòêè ìîãóò ïðèîáðåòàòü è òåðÿòü ãîðìî-
íîðåçèñòåíòíîñòü. Â ðåçóëüòàòå ïîëó÷àåì ñëåäóþùèå óðàâíåíèÿ

∂us
∂t

= Ds
1

ρ2

∂

∂ρ

(
ρ2 ∂us

∂ρ

)
+
[ as

1 + f(t)uθs
−bs(us+ur)

]
us+crsur, ρ0 < ρ < ξ(t), t > 0,

∂ur
∂t

= Dr
1

ρ2

∂

∂ρ

(
ρ2 ∂ur

∂ρ

)
+
[
ar − br(us + ur)

]
ur + csrus, ρ0 < ρ < ξ(t), t > 0,

ñ îïðåäåëåííûìè íà÷àëüíûìè óñëîâèÿìè, óñëîâèåì Íåéìàíà íà ëåâîé ãðàíèöå è
óñëîâèÿìè Ñòåôàíà íà ïðàâîé ãðàíèöå, ãäå us � êîíöåíòðàöèÿ ÷óâñòâèòåëüíûõ
ðàêîâûõ êëåòîê, ur � êîíöåíòðàöèÿ ðåçèñòåíòíûõ ðàêîâûõ êëåòîê, ξ = ξ(t) �
ãðàíèöà îïóõîëè.

Ðàñ÷åòû ïîêàçûâàþò, ÷òî â îòñóòñòâèè ëå÷åíèÿ, ÷òî ñîîòâåòñòâóåò ñëó÷àþ ðà-
âåíñòâà íóëþ êîíöåíòðàöèè f(t) ëåêàðñòâåííûõ ïðåïàðàòîâ, ôóíêöèÿ ξ, õàðàêòå-
ðèçóþùàÿ ðàçìåðû îïóõîëè, ðàñòåò. Ñ íà÷àëîì ëå÷åíèÿ íàáëþäàåòñÿ çíà÷èòåëü-
íîå óìåíüøåíèå êîíöåíòðàöèè us ÷óâñòâèòåëüíûõ êëåòîê, ñóùåñòâåííî ïðåîáëà-
äàþùèõ èçíà÷àëüíî. Âñëåäñòâèå ýòîãî ïðîèñõîäèò ñîêðàùåíèå ðàçìåðîâ îïóõî-
ëè. Îäíàêî ïîñòåïåííî íà÷èíàåòñÿ ðîñò êîíöåíòðàöèè ur ðåçèñòåíòíûõ êëåòîê,
íà êîòîðûå ëå÷åíèå íå îêàçûâàåò âîçäåéñòâèÿ. Òåì ñàìûì ñîêðàùåíèå îïóõîëè
ñìåíÿåòñÿ åå óâåëè÷åíèåì, à ýôôåêòèâíîñòü ëå÷åíèÿ ïîñòåïåííî ñõîäèò íà íåò.

Óòî÷íåíèå ìàòåìàòè÷åñêîé ìîäåëè îñóùåñòâëÿåòñÿ â ïðîöåññå ðåøåíèÿ ñîîò-
âåòñòâóþùèõ îáðàòíûõ çàäà÷, ñâÿçàííûõ ñ âîññòàíîâëåíèåì åå ïàðàìåòðîâ ïî
ðåçóëüòàòàì èçìåðåíèÿ ñîñòîÿíèÿ ñèñòåìû.
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Ðàññìàòðèâàåòñÿ çàäà÷à ñåïàðàöèè (ðàçäåëåíèÿ) ïåðåêðûâàþùèõñÿ ïðîòÿ-
æåííûõ êîìïîíåíò â ðåøåíèè, íàïðèìåð, ïåðåêðûâàþùèõñÿ ëèíèé â íåïðåðûâ-
íîì ñïåêòðå [1].

Ïðÿìàÿ çàäà÷à ôîðìóëèðóåòñÿ â äâà ýòàïà. Ñíà÷àëà ïî n êîìïîíåíòàì ñ ðàñ-
ïðåäåëåíèåì èíòåíñèâíîñòè zi(x), i = 1, n, ïîëó÷àåòñÿ (ìîäåëèðóåòñÿ èëè èçìå-
ðÿåòñÿ) ñóììàðíàÿ èíòåíñèâíîñòü z(x) =

∑n
i=1 zi(x). Çàòåì ïî z(x) ïîëó÷àåòñÿ

èíòåíñèâíîñòü ũ(x) =
∫ b
a
K(x, s) z(s) ds+ δu, çàãëàæåííàÿ àïïàðàòíîé ôóíêöèåé

K(x, s) è çàøóìëåííàÿ øóìîì δu.
Îáðàòíàÿ çàäà÷à ôîðìóëèðóåòñÿ òàêæå â äâà ýòàïà. Ñíà÷àëà ðåøàåòñÿ èí-

òåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà I ðîäà
∫ b
a
K(x, s) z(s) ds = ũ(x), c ≤ x ≤ d,

îòíîñèòåëüíî z(s) = zα(s) ìåòîäîì ðåãóëÿðèçàöèè Òèõîíîâà. Ïðè ýòîì ïàðàìåòð
ðåãóëÿðèçàöèè α âûáèðàåòñÿ ñïîñîáîì ìîäåëüíûõ, èëè îáó÷àþùèõ ïðèìåðîâ [2],
à òàêæå îáîáùåííûì ïðèíöèïîì íåâÿçêè. Çàòåì ðåøàåòñÿ çàäà÷à âîññòàíîâëå-
íèÿ êîìïîíåíòîâ zi(x) ïî íàéäåííîé zα(x). Êîìïîíåíòû ìîäåëèðóþòñÿ ãàóññè-
àíàìè (à òàêæå ëîðåíöèàíàìè), ó êàæäîé � ïî 3 èñêîìûõ ïàðàìåòðà: àìïëè-
òóäà A, êîîðäèíàòà ìàêñèìóìà x0 è ÑÊÎ σ. Ïàðàìåòðû êîìïîíåíò, îáúåäèíåí-
íûå â åäèíûé âåêòîð pj , j = 1, 3n, íàõîäÿòñÿ ïóòåì ìèíèìèçàöèè ôóíêöèîíàëà

F1 =
∑N
i=1(ũi − ui)

2 ñ îãðàíè÷åíèÿìè pmin j ≤ pj ≤ pmax j , j = 1, 3n, ãäå ũ �
èçìåðåííûå çíà÷åíèÿ, à u = u(p) � ðàññ÷èòàííûå çíà÷åíèÿ èíòåíñèâíîñòåé; N �
÷èñëî äèñêðåòíûõ îòñ÷åòîâ ïî x. Ìèíèìèçàöèÿ ôóíêöèîíàëà F1 âûïîëíÿåòñÿ
ñ ïîìîùüþ ìîäèôèêàöèè ìåòîäà êîîðäèíàòíîãî ñïóñêà ñ èñïîëüçîâàíèåì ñïî-
ñîáà ñóæàþùèõñÿ îãðàíè÷åíèé [3]. Â íà÷àëüíîì ïðèáëèæåíèè îãðàíè÷åíèÿ íà
p çàäàþòñÿ øèðîêèå, çàòåì îíè èòåðàòèâíî ñóæàþòñÿ òàê, ÷òîáû ðåøåíèå p íå
âûõîäèëî çà îãðàíè÷åíèÿ. Äëÿ ñðàâíåíèÿ èñïîëüçîâàëñÿ òàêæå ôóíêöèîíàë ñ ðå-
ãóëÿðèçàöèåé: F2 =

∑N
i=1(ũi−ui)2 +α

∑3n
j=1 qj p

2
j , ãäå qj = 1/p2

midj � âåñ�à, ïðè÷åì
pmidj = (pmin j + pmax j)/2.

Äàííàÿ ìåòîäèêà èñïîëüçîâàíà â çàäà÷å î ïåðåêðûâàþùèõñÿ ëèíèÿõ â ñïåêòðå
(ñð. [1], [4]).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 13-08-00442).
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Öåëüþ ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà è èññëåäîâàíèå àëãîðèòìà ÷èñëåííîãî
ðåøåíèÿ êîýôôèöèåíòíûõ îáðàòíûõ ýêñòðåìàëüíûõ çàäà÷ äëÿ ñòàöèîíàðíîãî
íåëèíåéíîãî óðàâíåíèÿ êîíâåêöèè � äèôôóçèè � ðåàêöèè, îïèñûâàþùåãî ïðî-
öåññ ìàññîïåðåíîñà â îãðàíè÷åííîé îáëàñòè Ω â ïðîñòðàíñòâå Rd, d = 1, 2, ñ
ëèïøèöåâîé ãðàíèöåé Γ. Èñõîäíàÿ êðàåâàÿ çàäà÷à çàäàåòñÿ ñîîòíîøåíèÿìè

−λ∆ϕ+ u · ∇ϕ+ k(ϕ)ϕ = f â Ω, ϕ = ψ íà Γ. (1)

Çäåñü ϕ � êîíöåíòðàöèÿ çàãðÿçíÿþùåãî âåùåñòâà (ïðèìåñè), λ = const > 0 �
êîýôôèöèåíò äèôôóçèè, k(ϕ) = ϕ2 � âåëè÷èíà, õàðàêòåðèçóþùàÿ ðàñïàä âå-
ùåñòâà çà ñ÷åò õèìè÷åñêèõ ðåàêöèé, f � ïëîòíîñòü îáúåìíûõ èñòî÷íèêîâ, ψ �
íåêîòîðàÿ ôóíêöèÿ, çàäàííàÿ íà ãðàíèöå Γ.

Èññëåäóåìàÿ â ðàáîòå îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â íàõîæäåíèè íåèçâåñò-
íîãî êîýôôèöèåíòà k(ϕ), êîòîðûé òðåáóåòñÿ îïðåäåëèòü âìåñòå ñ ðåøåíèåì ϕ ïî
äîïîëíèòåëüíîé èíôîðìàöèè î ñîñòîÿíèè ñðåäû â íåêîòîðîé ïîäîáëàñòè Ω0 ⊂ Ω.
Óêàçàííàÿ çàäà÷à ôîðìóëèðóåòñÿ êàê çàäà÷à ìèíèìèçàöèè ôóíêöèîíàëà [1]

J(ϕ,ψ) ≡ (µ0/2)I(ϕ) + (µ1/2)‖ψ‖1/2,Γ → inf

íà ðåøåíèÿõ èñõîäíîé êðàåâîé çàäà÷è (1).
Èññëåäîâàíèå ðàçðåøèìîñòè ïîñòàâëåííîé êîýôôèöèåíòíîé îáðàòíîé çàäà-

÷è, âûâîä ñèñòåìû îïòèìàëüíîñòè, ïîëó÷åíèå îöåíîê óñòîé÷èâîñòè îòíîñèòåëü-
íî ìàëûõ âîçìóùåíèé ôóíêöèîíàëà êà÷åñòâà è ôóíêöèè ψ, çàäàííîé íà ãðàíèöå
óðàâíåíèÿ (1), áûëè ïðîâåäåíû â ðàáîòå [1].

Â äàííîé ðàáîòå ðàçðàáàòûâàåòñÿ è èññëåäóåòñÿ àëãîðèòì ÷èñëåííîãî ðåøå-
íèÿ îáðàòíîé ýêñòðåìàëüíîé çàäà÷è äëÿ ñòàöèîíàðíîãî íåëèíåéíîãî óðàâíåíèÿ
êîíâåêöèè � äèôôóçèè � ðåàêöèè. Â îñíîâó àëãîðèòìà áûëà ïîëîæåíà ñèñòåìà
îïòèìàëüíîñòè, ïîëó÷åííàÿ â [1]. ×èñëåííîå ðåøåíèå ïðÿìûõ è ñîïðÿæåííûõ
çàäà÷ ïðîâîäèòñÿ ñ ïîìîùüþ ìåòîäà ñåòîê. Äëÿ ðåøåíèÿ ïðÿìîé è ñîïðÿæåí-
íîé çàäà÷ è ðåàëèçàöèè àëãîðèòìà ÷èñëåííîãî ðåøåíèÿ ïîñòàâëåííîé îáðàòíîé
ýêñòðåìàëüíîé çàäà÷è ïðèìåíÿåòñÿ ìåòîä Íüþòîíà. Òåñòèðîâàíèå ïðîãðàììíîãî
êîìïëåêñà, ðåàëèçóþùåãî àëãîðèòì ÷èñëåííîãî ðåøåíèÿ îáðàòíîé ýêñòðåìàëü-
íîé çàäà÷è, ïðîâîäèòñÿ â ïðîãðàììå Scilab [2].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00365-a).
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Ðàññìàòðèâàåòñÿ îáðàòíàÿ êîýôôèöèåíòíàÿ çàäà÷à: íàéòè ôóíêöèè u(x, t) è
q(t), ñâÿçàííûå â öèëèíäðå Q = {(x, t) : x ∈ Ω, t ∈ (0, T ), T <∞} óðàâíåíèåì

utt − a∆ut + ∆2u+ q(t)u = f(x, t),

ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) ãðàíè÷íûõ óñëîâèé

u(x, t) = ∆u(x, t) = 0 ïðè (x, t) ∈ S;

íà÷àëüíûõ óñëîâèé

u(x, 0) = u0(x), ut(x, 0) = u1(x) ïðè x ∈ Ω;

è óñëîâèÿ ïåðåîïðåäåëåíèÿ∫
Ω

N(x)u(x, t) dx = µ(t) ïðè t ∈ (0, T ).

Íàðÿäó ñ ïîñòàâëåííîé îáðàòíîé çàäà÷åé òàêæå ðàññìàòðèâàþòñÿ çàäà÷è
îïðåäåëåíèÿ (ïîìèìî ðåøåíèÿ) êîýôôèöèåíòà q(t) â óðàâíåíèÿõ âèäà:

utt − a∆ut + ∆2u+ q(t)ut = f(x, t),

q(t)utt − a∆ut + ∆2u+ u = f(x, t).

Äëÿ âñåõ èçó÷àåìûõ çàäà÷ äîêàçûâàåòñÿ ñóùåñòâîâàíèå ðåãóëÿðíûõ � èìåþùèõ
âñå îáîáùåííûå ïî Ñ.Ë. Ñîáîëåâó ïðîèçâîäíûå, âõîäÿùèå â óðàâíåíèå � ðåøå-
íèé. Ïî ïîñòàíîâêàì çàäà÷ è ïî ìåòîäàì ðåøåíèé, êàê íàèáîëåå áëèçêèå ìîæíî
îòìåòèòü ñòàòüè [1]�[4].
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Â ðàáîòå ðàññìàòðèâàåòñÿ îáðàòíàÿ äèíàìè÷åñêàÿ çàäà÷à àêóñòèêè, âîçíèêà-
þùàÿ â óëüòðàçâóêîâîé ìåäèöèíñêîé òîìîãðàôèè, è èìåþùàÿ âàæíîå ïðàêòè÷å-
ñêîå çíà÷åíèå â äèàãíîñòèêå ðàêà ìîëî÷íîé æåëåçû ó æåíùèí. Ðàííÿÿ äèàãíîñòè-
êà è âûÿâëåíèå ïàòîëîãèé çàòðóäíÿåòñÿ ñòðîåíèåì ìîëî÷íîé æåëåçû. Èíôîðìà-
òèâíîñòü ñòàíäàðòíûõ ìåòîäîâ ñíèæàåòñÿ ïðè ïëîòíîì ôîíå ìîëî÷íîé æåëåçû,
÷òî íå èñêëþ÷àåò ñëó÷àåâ ðåíòãåíîíåãàòèâíîãî ðàêà. Â ñâÿçè ñ äàííûìè òðóä-
íîñòÿìè è íåäîñòàòî÷íîé òî÷íîñòüþ ìàììîãðàôèè èññëåäîâàòåëè èç ðàçëè÷íûõ
îáëàñòåé íàóêè çàíèìàþòñÿ ïîèñêîì è ðàçðàáîòêîé íîâûõ ìåòîäîâ îáíàðóæåíèÿ
îïóõîëåâûõ íîâîîáðàçîâàíèé ìîëî÷íîé æåëåçû. Íàèáîëüøèé èíòåðåñ âûçûâàþò
ìåòîäû óëüòðàçâóêîâîé òîìîãðàôèè, êîòîðûå ðàçðàáàòûâàþòñÿ ìíîãèìè èññëå-
äîâàòåëÿìè [1]�[3]. Â ðàáîòå ÷èñëåííî ðåøàåòñÿ çàäà÷à óëüòðàçâóêîâîé ìåäèöèí-
ñêîé òîìîãðàôèè (ñ äîìèíèðóþùåé ÷àñòîòîé â èñòî÷íèêå 1,3 ÌÃö). Èñïîëüçóåòñÿ
ñëîæíàÿ àêóñòè÷åñêàÿ ìîäåëü, ìîäåëèðóþùàÿ ñå÷åíèå ãðóäè.

Äëÿ ðåøåíèÿ çàäà÷è ïðåäëàãàåòñÿ èñïîëüçîâàòü êîìáèíèðîâàííûé ïîäõîä,
îñíîâàííûé íà ïðåäâàðèòåëüíîé âèçóàëèçàöèè íåîäíîðîäíîñòåé è ïîñëåäóþùåãî
îïðåäåëåíèÿ ñêîðîñòåé â íèõ. Äëÿ âèçóàëèçàöèè ìû èñïîëüçóåì ëèíåàðèçîâàí-
íûé âàðèàíò BC-ìåòîäà (Boundary control method) [4]. Äàëåå îïðåäåëÿåì ñêî-
ðîñòü çâóêà âî âêëþ÷åíèÿõ íà îñíîâå êèíåìàòè÷åñêèõ äàííûõ. Ïðèâîäÿòñÿ ðå-
çóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 16-

11-10027).
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1Èíñòèòóò ãîðíîãî äåëà èì. Í.À. ×èíàêàëà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ýêîíîìèêè è óïðàâëåíèÿ,

Íîâîñèáèðñê, Ðîññèÿ; a.i.chanyshev@gmail.com

Èññëåäóþòñÿ: óðàâíåíèå Ëàïëàñà äëÿ êðóãà è ïîëóïëîñêîñòè, óðàâíåíèå òåï-
ëîïðîâîäíîñòè, îäíîìåðíîå âîëíîâîå óðàâíåíèå, óðàâíåíèÿ òåîðèè óïðóãîñòè äëÿ
ïëîñêîé äåôîðìàöèè, çàäà÷à òåîðèè ïëàñòè÷íîñòè è çàïðåäåëüíûõ äåôîðìàöèé
äëÿ ïëîñêîñòè ñ êðóãîâûì îòâåðñòèåì, äèíàìè÷åñêèå çàäà÷è òåîðèè óïðóãîñòè
äëÿ ïîëóïëîñêîñòè è ïîëóïðîñòðàíñòâà, â êîòîðûõ íà èçâåñòíîé ãðàíèöå çàäà-
þòñÿ îäíîâðåìåííî è ãðàíè÷íîå óñëîâèå Äèðèõëå, è óñëîâèå Íåéìàíà (ïåðå-
îïðåäåëåííàÿ çàäà÷à � çàäà÷à Êîøè). Ñòðîÿòñÿ àíàëèòè÷åñêèå è ÷èñëåííûå ðå-
øåíèÿ, âîññòàíàâëèâàþòñÿ íàïðÿæåííî-äåôîðìèðîâàííûå ñîñòîÿíèÿ, òåïëîâîå è
äð., îïðåäåëÿåòñÿ âíóòðåííÿÿ ñòðóêòóðà òåëà, ñîñðåäîòî÷åííûå èñòî÷íèêè.

Ïðèìåðû àíàëèòè÷åñêèõ ðåøåíèé.

1. Óðàâíåíèå Ëàïëàñà äëÿ ïîëóïëîñêîñòè: ∂
2u
∂x2 + ∂2u

∂y2 = 0.

Ãðàíè÷íûå óñëîâèÿ: u|y=0 = 2g1(x), ∂u∂y

∣∣∣
y=0

= 2g′2(x).

Ðåøåíèå u = f(z)+f(z), ãäå f(z) = g1(z)− ig2(z), z = x+ iy, g1, g2 � çàäàííûå
ãðàíè÷íûå ôóíêöèè.

2. Âîëíîâîå óðàâíåíèå äëÿ ïîëóáåñêîíå÷íîãî ñòåðæíÿ: ∂
2u
∂x2 = 1

a2
∂2u
∂t2 .

Ãðàíè÷íûå óñëîâèÿ u|x=0 = 2β(t), ∂u∂x
∣∣
x=0

= 2γ
′(t)
a .

Ðåøåíèå u = [β(t− x/a) + β(t+ x/a)] + [γ(t+ x/a)− γ(t+ x/a)], ãäå β, γ �
çàäàííûå ãðàíè÷íûå ôóíêöèè.

3. Ïëîñêàÿ çàäà÷à òåîðèè óïðóãîñòè äëÿ ïîëóïëîñêîñòè.
Ãðàíè÷íûå óñëîâèÿ ïðè y = 0 :
σy = f1(x), τxy = f2(x), ux = f3(x), uy = f4(x), ãäå f1, f2, f3, f4 � ïðîèçâîëü-

íûå ôóíêöèè.
Ðåøåíèå äëÿ ïîòåíöèàëîâ Êîëîñîâà � Ìóñõåëèøâèëè:

ϕ(z) =

∫
[f1(z)− if2(z)]dz

1 + ℵ
+

2µ

1 + ℵ
[f3(z) + if4(z)] + C1,

ψ(z) =
ℵ

1 + ℵ

∫
[f1(z) + if2(z)]dz − z

1 + ℵ
[f1(z)− if2(z)]− 2µ

1 + ℵ
[f3(z)− if4(z)

+z(f ′3(z) + if ′4(z))] + C2,

ãäå f1, f2, f3, f4 � çàäàííûå ãðàíè÷íûå ôóíêöèè, ℵ = 3−4ν, C1, C2 � ïîñòîÿííûå.
Àíàëîãè÷íûå ðåøåíèÿ èìåþò äðóãèå ïðåäñòàâëåííûå çàäà÷è.
Ñòðîÿòñÿ êîíå÷íî-ðàçíîñòíûå àëãîðèòìû ÷èñëåííûõ ðåøåíèé çàäà÷ Êîøè.

Ïðîâîäèòñÿ èõ âåðèôèêàöèÿ ñ èñïîëüçîâàíèåì èìåþùèõñÿ àíàëèòè÷åñêèõ ðåøå-
íèé. Ðàññìàòðèâàåòñÿ âîïðîñ î âûäåëåíèè îñîáåííîñòåé â ÷èñëåííûõ ðåøåíèÿõ
ñ ïðèìåíåíèåì ðåøåíèé äëÿ ñîñðåäîòî÷åííûõ èñòî÷íèêîâ â áåçãðàíè÷íîé ñðå-
äå. Ðåøàåòñÿ âîïðîñ î ñãëàæèâàíèè ãðàíè÷íûõ ôóíêöèé (ïîñòðîåííûõ ïî äèñ-
êðåòíûì çíà÷åíèÿì ýòèõ ôóíêöèé íà ãðàíèöå) ñ ïðèìåíåíèåì êîððåëÿöèîííîãî
àíàëèçà ñ öåëüþ ñîáëþäåíèÿ êîððåêòíîñòè ðåøåíèé ïîñòàâëåííûõ çàäà÷ (óñòîé-
÷èâàÿ çàâèñèìîñòü îò âõîäíûõ äàííûõ).
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ÍÅÑÊÎËÜÊÎ ÍÅÊÎÐÐÅÊÒÍÛÕ ÏÎÑÒÀÍÎÂÎÊ
ÊÐÀÅÂÛÕ ÇÀÄÀ× ÄËß ÍÅËÈÍÅÉÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

×óåøåâà Í.À.

Êåìåðîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êåìåðîâî, Ðîññèÿ;

chuesheva@ngs.ru

Â ðàáîòå Â.Ê. Áåëîøàïêà [1] ðàññìàòðèâàåòñÿ íåëèíåéíîå äèôôåðåíöèàëüíîå
óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè òðåòüåãî ïîðÿäêà ïðè u = u(x, t)

Lu ≡ ux ut (uxxt ut − uxtt ux) + uxt

(
(ux)

2
utt − (ut)

2
uxx

)
= 0, (1)

ðåøåíèÿìè êîòîðîãî ÿâëÿþòñÿ ãàðìîíè÷åñêèå ôóíêöèè ðàçëè÷íîé ñëîæíîñòè.
1) Ïóñòü â ïîëîñå Π1 = {(x, t) ∈ R2 : x+ t ∈ (0, y0)} [2] çàäàíî óðàâíåíèå (1).

Íà ãðàíèöå ïîëîñû çàäàäèì íóëåâûå ãðàíè÷íûå óñëîâèÿ

u|x+t=0 = 0, ux|x+t=0 = 0, ut|x+t=0 = 0, u|x+t=y0
= 0. (2)

Òîãäà êðàåâàÿ çàäà÷à (2) äëÿ óðàâíåíèÿ (1) èìååò íåíóëåâîå ðåøåíèå

u(x, t) = e−(x+t) +
√

2 sin ((x+ t)− π/4) .

2) Ïóñòü â ïðÿìîóãîëüíèêå Π2 =
{

(x, t) ∈ R2 : x ∈ (0, π), t ∈ (0, 1)
}
çàäàíî

óðàâíåíèå (1) ñ ãðàíè÷íûìè óñëîâèÿìè u(0, t) = u(π, t) = u(x, 0) = u(x, 1) = 0.
Ðåøåíèåì ýòîé çàäà÷è áóäåò ôóíêöèÿ

u(x, t) = (sinx) t ln t ∈ C
(
R2
)
,

åñëè äîîïðåäåëèòü ôóíêöèþ ïî íåïðåðûâíîñòè u(x, 0) = 0. Ïðîèçâîäíàÿ ðåøåíèÿ
ut = sinx (1 + ln t) íå îãðàíè÷åíà â îáëàñòè Π2, íî ut ∈ L2(Π2). Îäíàêî ðåøåíèå
çàäà÷è u(x, t) íå áóäåò ïðèíàäëåæàòü ïðîñòðàíñòâó Ñ.Ë. Ñîáîëåâà W 2

2 (Π2).
3) Ïóñòü â ïîëóïîëîñå Π3 =

{
(x, t) ∈ R2 : x ∈ (0, π), t ∈ (0,∞)

}
çàäàíî óðàâ-

íåíèå (1) ñ óñëîâèÿìè íà ãðàíèöå

u|x=0 = 0, u|x=π = 0, u|t=0 =
sin(nx)

n5
, ut|t=0 =

sin(nx)

n4
. (3)

Äëÿ íàòóðàëüíîãî ÷èñëà n ≥ 2 ðåøåíèå u(x, t) = (ent sin(nx)) /
(
n5
)
çàäà÷è (1), (3)

áóäåò íåóñòîé÷èâûì.
Ïðèâåäåì íåñêîëüêî ïðèìåðîâ òî÷íûõ ðåøåíèé óðàâíåíèÿ (1).
4) Ðåøåíèåì óðàâíåíèÿ (1) áóäåò àíàëèòè÷åñêàÿ íà êîìïëåêñíîé ïëîñêîñòè

C, áåç òî÷åê zk = (π/2) + πk, k ∈ Z, ôóíêöèÿ

u(z) = tan2 (x+ it) = tan2 (z) .

Òî÷êè zk ÿâëÿþòñÿ ïîëþñàìè âòîðîãî ïîðÿäêà ýòîãî ðåøåíèÿ óðàâíåíèÿ (1).
5) Ðåøåíèÿìè óðàâíåíèÿ (1) áóäóò ôóíêöèè

u(z) = tan2 (x− it) = tan2 (z) , u(z) = sin2 (x− it) = sin2 (z) ,

êîòîðûå íà âñåé êîìïëåêñíîé ïëîñêîñòè C íå ÿâëÿþòñÿ C-äèôôåðåíöèðóåìûìè.
ËÈÒÅÐÀÒÓÐÀ
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Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
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Ðàññìàòðèâàåòñÿ ëó÷åâîå ïðåîáðàçîâàíèå I ñèììåòðè÷íûõ òåíçîðíûõ ïîëåé
íà âûïóêëîé îãðàíè÷åííîé îáëàñòè åâêëèäîâà ïðîñòðàíñòâà. Îñíîâíûì ðåçóëü-
òàòîì ÿâëÿåòñÿ îöåíêà óñòîé÷èâîñòè

‖sf‖L2 ≤ C‖If‖H1/2 ,

ãäå sf � ñîëåíîèäàëüíàÿ ÷àñòü òåíçîðíîãî ïîëÿ f . Äîêàçàòåëüñòâî îñíîâàíî íà
îáîáùåíèè íåðàâåíñòâà Êîðíà íà ñèììåòðè÷íûå òåíçîðíûå ïîëÿ ïðîèçâîëüíîé
âàëåíòíîñòè. Ýòî � ñîâìåñòíàÿ ðàáîòà ñ ßíîì Áîìàíîì (Ñòîêãîëüìñêèé óíèâåð-
ñèòåò).
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Èçëîæåí àëãîðèòì ÷èñëåííîãî ðåøåíèÿ îáðàòíîé çàäà÷è äëÿ ñèñòåì óðàâ-
íåíèé ãèïåðáîëè÷åñêîãî òèïà (óðàâíåíèÿ àêóñòèêè, Ìàêñâåëëà, Ëàìå) â òðåõ-
ìåðíîì ïðîñòðàíñòâå ñ äîïîëíèòåëüíîé èíôîðìàöèåé íà ÷àñòè ïîëóïëîñêîñòè
(ïëîùàäíàÿ ñèñòåìà íàáëþäåíèé).

Îñíîâíàÿ èäåÿ çàêëþ÷àåòñÿ â ïðèìåíåíèè ïðîåêöèîííîãî ìåòîäà ñ ïîñëå-
äóþùèì ñâåäåíèåì îáðàòíîé çàäà÷è ê ìíîãîìåðíûì àíàëîãàì óðàâíåíèé Ãåëü-
ôàíäà � Ëåâèòàíà � Êðåéíà [1], [2], [3].

Ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ è ïðîâåäåí ñðàâíèòåëüíûé
àíàëèç ÷èñëåííûõ àëãîðèòìîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêòû � 15-01-09230, 16-29-15120), Ìè-

íèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäåðàöèè è Ìåæäóíàðîäíîãî ìàòåìàòè-

÷åñêîãî öåíòðà Íîâîñèáèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.
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ON THE UNIQUE SOLVABILITY OF PERIODIC
PROBLEM FOR THE SOBOLEV-TYPE PARTIAL

DIFFERENTIAL EQUATION

Assanova A.T.

Institute of Mathematics and Mathematical Modeling MES RK,

Almaty, Republic of Kazakhstan; anarasanova@list.ru

Consider the periodic problem for the Sobolev-type di�erential equation of the
third order on the domain Ω = [0, T ]× [0, ω]

∂3u

∂x2∂t
= A(t, x)

∂2u

∂x2
+B(t, x)

∂2u

∂x∂t
+ C(t, x)

∂u

∂x
+D(t, x)u+ f(t, x), (1)

∂u(0, x)

∂x
=
∂u(T, x)

∂x
+ ϕ(x), x ∈ [0, ω], (2)

u(t, 0) = ψ1(t), t ∈ [0, T ], (3)

∂u(t, x)

∂x

∣∣∣
x=0

=
∂u(t, x)

∂x

∣∣∣
x=ω

+ψ2(t), t ∈ [0, T ], (4)

where the u(t, x) is unknown function, the functions A(t, x), B(t, x), C(t, x), D(t, x),
and f(t, x) are continuous on Ω, the function ϕ(x) is continuously di�erentiable on
[0, ω], the functions ψ1(t) and ψ2(t) are continuously di�erentiable on [0, T ].

Periodic and nonlocal problems for the Sobolev-type partial di�erential equations
appears in a various physical processes [1].

In present communication, we investigate conditions of an existence and
uniqueness of a classical periodic solution to problem (1)�(4). For this goal we
use the method of introduction of new functions [2]. Problem (1)�(4) is reduced
to equivalent problem consisting to periodic problem for hyperbolic equation with
unknown function and integral relation. Periodic problem for hyperbolic equation is
studied by method of introduction special functional parameters [3]. This problem
reduced to an equivalent problem involving Goursat problem for hyperbolic equation
with parameters and periodic problems for ordinary di�erential equations. Algorithms
for �nding approximate solutions to equivalent problems are constructed and proved
their convergence.

Also we propose the approach for �nding of periodic solution to problem (1)�(4)
based on thus algorithms. Su�cient conditions of existence unique periodic solution
for the Sobolev-type partial di�erential equations (1)�(4) are established in the terms
of coe�cients of equation (1) and numbers T , ω.

The author was supported by the Grant of Ministry of Education and Sciences of the

Republic of Kazakhstan (project no. 0822/ΓΦ4).
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The integral geometry problems are an intensively developing direction of modern
mathematics, which is one of the largest directions in the theory of ill-posed problems
of mathematical physics and analysis. Its tasks are closely related to numerous
applications � the tasks of interpreting data from geophysical studies, electrical
reconnaissance, acoustics and computed tomography.

One of the central problems of integral geometry is the restore of a function if its
integrals over given manifolds are known.

We give the de�nition of the problem of integral geometry [1].
The uniqueness of a wide class of problems of integral geometry in the strip was

established by V.G. Romanov [1]. Problems of a non-Volterra type were studied in
the works of M.M. Lavrent'ev [2].

Weakly ill-posed problems of integral geometry of Volterra type with weight
functions having a singularity were investigated in [3].

The uniqueness of theorems, stability estimates, and inversion formulas for weakly
ill-posed problems of integral geometry with respect to special curves and surfaces
with singularities are obtained in [4].

In this work, we consider the problem of reconstructing a function from a family
of parabolas in the upper half-plane with a weight function having a singularity.

Let a family of curves smoothly �ll R2
+ =

{
(x, y) : x ∈ R1, y ≥ 0 } and be uniquely

parameterized with the help of the coordinates of its vertices (x, y), let P (x, y) be an
arbitrary curve of the family de�ned by the relations:

P (x, y) = {(ξ, η) : (y − η) = (x− ξ)2, 0 ≤ η ≤ y}.

Formulation of the problem: Determine the function u(x, y), (x, y) ∈ R2
+ is

in the band Ω =
{

(x, y) : x ∈ R1, y ∈ (0, l), l <∞
}
, the integrals of the function u(·)

by the curves P (x, y) are known

x+
√
y∫

x−√y

g(x, ξ)u(ξ, y − (x− ξ)2)dξ = f(x, y), (1)

where g(·) = |x− ξ|.
The theorem of uniqueness for the solution of equation (1) is proved and the

inversion formula is derived.
It is shown that the solution of the problem posed is weakly ill-posed, that is,

stability estimates are obtained in spaces of �nite smoothness.
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THE PROBLEM OF INTEGRAL GEOMETRY
WITH A WEIGHT FUNCTION OF A SPECIAL TYPE

Begmatov Akr.Kh.1, Ochilov Z.Kh.2
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1akrambegmatov@mail.ru, 2zarifjonochilov@mail.ru

We study the new problem of reconstruction of a function in a strip from its
given integrals with known weight function along polygonal lines. We obtained two
simply inversion formulas for a solution to the problem. We prove uniqueness and
existence theorems for solutions and obtain stability estimates of the solution to the
problem in Sobolev spaces and thus show its weak ill-posedness. Then we consider
integral geometry problems with perturbation. The uniqueness theorems are proved
and stability estimates of solutions in Sobolev spaces are obtained. The existence
theorem is proved.
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APPLICATION OF THE MINKOWSKI�FUNK
TRANSFORM IN X-RAY TOMOGRAPHY

Kazantsev S.G.
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In this paper, we consider some problems of radiation tomography and obtain the
formulas in which the Minkowski�Funk transform is used. In particular, we obtain a
generalization of the well-known Gangeat's formula [1], which connects the 3D Radon
transform with the X-ray transform. With help of the inversion formula for the Radon
transform, Grangeat's formula leads immediately to an inversion procedure for the
X-ray tomography data.

Let us consider the boundary value problem in the unit ball B3 with boundary S2

and let a function a(x) ∈ L2(B2) :

divx θ u−(x, θ) = a(x), (x, θ) ∈ B3 × S2, (1)

u−(x̂, θ) = g(x̂, θ) = −1

2

∫ −2x̂�θ

0

a(x̂+ tθ)dt, (x̂, θ) ∈ S2 × S2. (2)

Here the boundary function g(x̂, θ) de�nes the X-ray tomography data. We have the
following

Theorem. The solution of the problem (1)�(2) is equal to

u−(x, θ) = v(x, θ)− 1

8π2

∫
S2

d
ds [Ra] (x � ω, ω)dω

θ � ω
, (3)

where

v(x, θ) =
1

4π

∫
S2

d
ds [Fs(ξ � θ)g(ξ, θ)]s=x�ω (ω)dω

θ � ω
,

[Fsf ](η) =
1

2π

∫
S2
δ(s− η � θ)f(θ)dθ

is the Minkowski�Funk transform of a function f on S2 and

[Ra](s, η) =

∫
B3

δ(s− η � x)a(x)dx

is the 3D Radon transform. Moreover, the function v(x, θ) in (3) satis�es the
homogeneous boundary value problem

divxθv(x, θ) = 0, (x, θ) ∈ B3 × S2,

v(x̂, θ) = 0, (x̂, θ) ∈ S2 × S2.

Remark. If we take, like Grangeat, a(x) ∈ C1
0 (B3), then the �rst term in (3)

will be identically equal to zero, v(x, θ) ≡ 0, thus we obtain the well-known formulae
in [2].
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PHASELESS INVERSE SCATTERING AND GLOBAL
CONVERGENCE FOR INVERSE PROBLEMS

Klibanov M.V.

University of North Carolina at Charlotte, Charlotte, USA; mklibanv@uncc.edu

Inverse Scattering Problems without the phase information arise in applications
to imaging of nanostructures. In this case the wavelength of the incident wave is of
the order of one micron size. On this range of wavelengths only the intensity of the
complex valued wave �eld can be measured. The phase cannot be measured. We will
present uniqueness theorems and reconstruction methods (joint with V.G. Romanov)
for these problems. In fact, these results address a well known unsolved problem posed
in 1977 by French mathematicians K. Shadan and P. Sabatier. No other results on
this topic were known prior to our publications in 2015�2016.

The second topic, which is closely connected with the �rst one, is the topic of
globally convergent numerical methods for Coe�cient Inverse Problems with single
measurement data. Global convergence addresses the following crucial question: �How
to obtain at least one point in a su�ciently small neighborhood of the exact coe�cient

without any advanced knowledge of this neighborhood? � In the last several years, the
research group of the Speaker has achieved a signi�cant progress in this topic. These
results will be presented. In particular, we will present results for experimental data.
These data were collected by our group.
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REGULARIZATION OF INVERSE AND ILL-POSED
PROBLEMS IN BIOLOGY
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Mathematical models of biological processes can be described by systems of
nonlinear ordinary di�erential equations (ODE) and characterized by a set of
its coe�cients. These parameters describe features of immunity and disease in
immunology, speci�c of regions and probability of individuals moving between �xed
groups for epidemiology. It is necessary to �nd the set of parameters for constructing
an optimal treatment plan for each patient and preparing an action plan to identify
and treat patients for the prediction of the epidemic spread in a particular region.

An approach of inverse problem theory [1] in which the unknown parameters
of mathematical model for systems of ODE should be determined from the available
experimental data about given concentrations and number of individual at �xed time-
points is used. Practical identi�ability for inverse problems based on analyzing of
sensitivity matrix is investigated. The optimal measurement time-points for additional
data that is necessary for the set of parameter identi�cation is derived. The problem
of specifying the parameters of the mathematical model is reduced to the problem
of minimizing objective functions describing the deviation of the simulation results
from the experimental data with weights. That approach is called GLS method [2]
and allows one to determine the noise level in measurements of inverse problems and
necessary set of parameters. A genetic algorithm and fast annealing method for solving
a least squares minimization problem are implemented and investigated.

The problem of optimal treatment control is solved by minimizing mis�t function
that characterizes combination of viral load and treatment cost. To �nd the optimal
treatment the Pontryagin maximum principle [3] is applied.

In present talk the inverse problems for mathematical models of immunology
(HIV dynamics [4]) and epidemiology (Tuberculosis and HIV co-infections [5]) are
investigated and solved. Numerical results are presented and discussed.

This work is supported by the Ministry of Education and Science of the Russian

Federation (4.1.3 The Joint Laboratories of NSU�NSC SB RAS) and President Grant

no. MK-1214.2017.1.
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SOLVING THE INVERSE PROBLEM
FOR MATHEMATICAL MODEL OF

THE TRANSMISSION TB/HIV CO-INFECTION
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A lot of physical processes can be described by systems of ordinary di�erential
equations (ODE). In this work we consider the mathematical model for spread of
the epidemic of tuberculosis (TB) and human immunode�ciency virus (HIV) co-
infection in the population that is described by the system of nonlinear ODE [1].
The coe�cients of this system characterize the features of population and disease
spread. Consequently, it is necessary to qualitatively evaluate parameters of model
(or their combinations) [2] for speci�cation model for speci�c population.

The purpose of this work is the construction and investigation of the numerical
algorithm for solving inverse problem for mathematical model of TB/HIV co-infection
transmission processes with treatment [1] using additional information about a
given population according to statistical data for the previous few years (namely,
the number of healthy, latently infected and infectious diseases individuals). The
numerical algorithm is based on using very fast annealing method in generalized least
squares (GLS) method [3]. The results of numerical calculations are presented and
discussed.

This work is supported by the Ministry of Education and Science of the Russian
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PREDICTION OF THE COASTAL PROFILE EVOLUTION
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A di�usion-type equation to describe depth pro�le evolution has been derived
in [1], applying mass conservation to the so-called 1-line model of coastal pro�les.
The di�usion coe�cient in the governing equation, having the physical dimension
of a square length divided by time, corresponds to the time scale of the shoreline
change, following a disturbance (a wave action, e.g.). A high amplitude of the along-
shore sand transport rate produces a rapid shoreline response, so that a new state
of equilibrium with the incident waves is attained. Furthermore, a larger �distance
of closure� indicates that a larger part of the beach pro�le participates in the sand
movement, thus leading to a slower shoreline response.

The aforementioned di�usion model, introduced in [1], is based on the following
equation:

∂(δX)

∂t
= D(z)

∂2(δX)

∂z2
+ Ψ

(
t, z, δX,

∂(δX)

∂z

)
. (1)

Here, δX(z, t) represents the change of cross-shore position (namely, the change in
the depth at the distance z from the shoreline) of the coastal pro�le, and D(z) > 0 is
the di�usion coe�cient.

In this paper, we assume Ψ = B(z)δX + f(t) in equation (1).
The model's calibration (choice of the space-dependent coe�cients in the di�usion

type governing equation) is based on the so-called Cost Functional (CF). This
characterizes the mean square di�erence between the measured depth pro�le and the
simulated (computed) one. The latter is obtained as the solution to the considered
di�usion equation with the suggested values of model coe�cients. In this paper, we
investigate di�erent forms of such CF in order to obtain smaller relative errors in the
depth pro�le prediction.

As it was already mentioned in literature, the di�usion type model in equation (1)
seems to be able to describe the long-term coastal pro�le evolution and may even
predict the depth pro�le evolution for several years ahead. This is possible due an
appropriate model set up by calibration, consisting of a suitable choice of two space-
dependent model coe�cients, D(z) and B(z). The �better� coe�cients provide smaller
value to the point-wise and the integrated Relative Error.

Numerical tests show that the quality of prediction of the depth pro�le evolution
is rather poor close to the actual shore line. This could be explained by the fact that
the di�usion model in equation (1) does not take into account the impact of the wave
breaks and, possibly, some other near shore phenomenon. At the same time, in is not
necessary to have the measurements up to the distance of closure, the location where
any signi�cant net sediment transport processes virtually ends.
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A NONCLASSICAL CAUCHY PROBLEM FOR
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An advertising slogan related to the Cauchy problem for elliptic equations is that,
after J. Hadamard, the Cauchy problem for the Laplace equation is ill-posed.

The character of instability, solvability criteria and regularization methods of the
Cauchy problem for elliptic equations are studied in [1]. For the complete bibliography,
we refer the reader to this work. Much of the theory developed in [1] extends
immediately to other ill-posed problems of complex analysis or partial di�erential
equations.

This paper is motivated by a problem posed by M.M. Lavrent'ev in the early
1980s, see for instance [2]. It was found an explicit formula for the temperature inside
a plane domain by using partial lateral and initial data.

The paper [3] gives a necessary and su�cient solvability condition for the Cauchy
problem for the heat equation with partial lateral and initial conditions. To study this
problem, one can apply immediately the constructive techniques elaborated in [1].
Then it remains to apply the inverse Laplace transform. In [4] we consider a Cauchy
problem for the heat equation in cylinder over a domain ∂X in Rn. The Fourier
transform is an important method of studying several problems of mathematical
physics and di�erential equations.

Let X be a bounded domain with smooth boundary in Rn and S be a nonempty
open piece of the boundary surface ∂X . We consider the Cauchy problem for the
generalized Maxwell equations in the cylinder CT = X × (0, T ) with data on the strip
S × (0, T ) of the lateral surface of the cylinder, where T > 0 is a �xed number. More
precisely, given functions g on CT and u0, f0 on S× (0, T ), we �nd a function u in CT
which satis�es

u′t = M(u, f) + g in CT ,
t(u) = u0 at S × (0, T ),
n(f) = f0 at S × (0, T ),

where t(u), n(f) are tangential operators on ∂X and M(u, f) is the Maxwell
operator [5].
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ABOUT MINIMIZATION OF NUMERICAL EFFORTS FOR
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The present research is dedicated to estimates of complexity for severely ill-posed
problems. Note that such problems have been intensively studied under the general
theory of optimal algorithms. Within the framework of this theory, the information
complexity is de�ned as the least amount of discrete information needed to �nd an
approximate solution with given precision; the algorithmic complexity is considered
as the minimal number of arithmetic operations that must be performed to construct
such solution. Now we give the statement of the problem. Consider an operator
equation of the I kind

Ax = f, (1)

where A ∈ L(X,X), X is the Hilbert space. Assume that Range(A) is not closed in
X and f ∈ Range(A). We also assume that instead of the right-hand side of (1) a
perturbation fδ ∈ X : ‖f − fδ‖ ≤ δ, δ > 0 is given. Following [1] as severely ill-
posed problems one can understand the equation (1) with exact solution satisfying a
logarithmic source condition

Mp(A) := {u : u = ln−p(A∗A)−1v, ‖v‖ ≤ ρ}.

Here p, ρ > 0 are some parameters, A∗ is adjoint operator. Note that the exact
information about smoothness of desired solution, namely, the value p is usually not
available by practical experiment. For this reason, the set

M(A) :=
⋃

p∈(0,p1]

Mp(A), (2)

where 0 < p1 < ∞ is an upper bound for possible values p, is considered instead of
Mp(A). The aim of our research is to construct an stable approximation to the exact
solution x† (1) which has the minimal norm in X, and belongs to the set M(A) (2).
Here the parameter p is supposed to be unknown.

For the operator equation (1) two e�cient algorithms are developed. The ordinary
Tikhonov method and a modi�cation of the standard Galerkin scheme are applied as
a regularizer and discretization scheme, correspondingly. To select a regularization
parameter, we employ two di�erent a posteriori rules, namely, discrepancy and
balancing principles. Within the framework of the proposed algorithms estimates of
information and algorithmic complexity are obtained.
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In this talk, we report on applications of methods originally developed for the
inverse scattering problem for the Schr�odinger equation in magnetic �eld to the
acoustic tomography of moving �uid. For more information we refer to [1]�[5] and
references therein.
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Let (M, g) be a smooth compact Riemannian manifold with boundary ∂M and
dg : ∂M × ∂M → R is the boundary distance function. The boundary rigidity
problem is the problem of injectivity of the map g → dg. There are several proven
boundary rigid classes of manifolds: simple manifolds with conformal-euclidian metric
(Mukhometov, Romanov), surface of non-negative curvature (Croke), two-dimensional
simple manifolds (Pestov, Uhlmann), manifolds close to �at ones (Burago, Ivanov),
manifolds with strictly convex function (Stefanov, Uhlmann, Vasy). All of these
manifolds have strictly convex boundary. In this work the result of Pestov and
Uhlmann is generalized up to two-dimensional manifolds without conjugate points
(no boundary convexity assumption). The main result is

Theorem. Let (M, g) be a two-dimensional non-trapping manifold with non-
empty boundary and any geodesic has no conjugate points. Then (M, g) is boundary
rigid.

It means that if (M, g1), (M, g2) are two-dimensional non-trapping manifolds with
the same boundary and (M, g1) has no conjugate points and dg1 = dg2 , than (M, g2)
has no conjugate points too, and there exists an isometry ϕ : (M, g1)→ (M, g2) such
that ϕ|∂M is identical map.

This work was supported by the Russian Science Foundation under grant no. 16-11-10027.
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The classic poroelastic theory of Biot, developed in 1950s, describes the
propagation of elastic waves through a porous media containing a �uid [1], [2].
This theory has been extensively used in various �elds dealing with porous media:
continuum mechanics, oil/gas reservoir characterization, environmental geophysics,
earthquake seismology, etc.

We study the propagation of elastic waves in porous media governed by the Biot
equations in the low and high frequency ranges. In the low frequency case we prove
the existence and uniqueness result both for the direct problem and the inverse one,
which consists in identifying the unknown scalar function f(t) in the body density
force f(t)g(x, t) acting on a poroelastic body when some additional measurement is
available [3].

In the case of the high frequency range (Biot-JKD approach) we prove the
uniqueness and continuous dependence on the data of a weak solution both in
unbounded and bounded time intervals and in all space dimensions [4].

Additionally, we discuss implementation of the matrix method to derive explicit
formulas for the analysis of propagation of elastic waves through a strati�ed 3D porous
media, where the parameters of the media are characterized by piece-wise constant
functions of only one spatial variable, depth [5], [6].

The work has been supported by the UENF/CCT/LENEP/PRH-PB 226 Program,

Petrobras, Brazil.
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Ñåêöèÿ 5. Îáðàòíûå è íåêîððåêòíûå çàäà÷è

NUMERICAL SOLUTION OF TWO-DIMENSIONAL
GELFAND�LEVITAN INTEGRAL EQUATION

Temirbekova L.N.

Abai Kazakh National Pedagogical University, Almaty, Republic of Kazakhstan;

laura-nurlan@mail.ru

We consider numerical method of solving inverse problems for two dimensional
coe�cient hyperbolic equations. The coe�cient inverse problem solved using the
method of the two dimensional Gelfand�Levitan integral equation [1]. To numerically
solve the two dimensional Gelfand�Levitan integral equation, which is the Fredholm
integral equation of the �rst kind, we use e�ective parallel algorithms [2].

Consider the following inverse problem of hyperbolic type [3]

u
(k)
tt = u(k)

xx + u(k)
yy − q(x, y)u(k), x > 0, y ∈ (−π, π), t ∈ R, k ∈ Z,

u(k)|t=0 = 0, u
(k)
t |t=0 = h(y)δ(x),

u(k)|y=π = u(k)|y=−π.

u(k)(0, y, t) = f (k)(y, t), y ∈ (−π, π), t > 0, k ∈ Z,

where δ � Dirac delta function, k � some �xed number and h(y) = eiky; f (k)(y, 0) = 0
� necessary condition.

The above problem is solved by two dimensional Gelfand�Levitan integral equation
of the �rst kind, which has the form [1]�[3]

1

2
[f (k)(y, t+ x) + f (k)(y, t− x)] +

x∫
−x

∞∑
m=1

f (k)
m (t− s)ω̃(m)(x, y, s)ds = 0, x > |t|.

The discrete counterpart to the Gelfand�Levitan equation is

M∑
m=1

N∑
i=−N

f (k)
m (tj − si)ω̃(x, y, si)τ = −

1

2
[f (k)(y, tj + x) + f (k)(y, tj − x)].

The integral equation is numerically solved by direct and iteration parallel
algorithms.

The author was supported by the project �Theory and numerical methods of solving

inverse and ill-posed problems of natural science� of the Ministry of Education and Science

of Kazakhstan (project no. 1746/GF4).
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WITH TREATMENT
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Mathematical models of biological processes can be described by systems of
nonlinear ordinary di�erential equations and characterized by a set of coe�cients.
These parameters describe features of immunity and disease. It is necessary to �nd
the set of parameters for constructing an optimal treatment plan.

In this paper the mathematical model of HIV dynamics [1], [2] is investigated.
This model is characterized by parameters of immunity and disease. A conditional
stability of the direct problem is obtained.

An approach of inverse problem theory [3] in which the unknown parameters of
mathematical model of HIV-dynamics are determined from the available experimental
data about given concentrations is used. The problem of specifying the parameters
of the mathematical model is reduced to the problem of minimizing an objective
function describing the deviation of the simulation results from the experimental data.
Linearized matrix of inverse problem is obtained by using methods of linearization
and discretization. The stability of the inverse problem solution is analyzed using
the singular value decomposition for linearized matrix of discrete inverse problem. A
genetic algorithm for solving a least squares minimization problem was implemented
and investigated. The frequency of measurements of T-lymphocytes, free virus,
and immune e�ectors is analyzed. It has been shown that as the number of
measurements increases, the arithmetic mean relative error decreases. The problem of
optimal treatment control is solved by minimizing mis�t function that characterizes
combination of viral load and treatment costs. To �nd the optimal treatment control,
the Pontryagin maximum principle [4] is applied. Numerical results are presented and
discussed.

This work is supported by the Ministry of Education and Science of the Russian
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No. MK-1214.2017.1.
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Àíòþôååâ Â.Ñ.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; ant@osmf.sscc.ru

Èññëåäóåòñÿ ÷èñëî ν îáóñëîâëåííîñòè ïëîõî îáóñëîâëåííîé ìàòðèöû ñèñòåìû
àëãåáðàè÷åñêèõ óðàâíåíèé Ax = b ñî ñëó÷àéíûìè îøèáêàìè ∆b,∆x (A∆x =
∆b). Âûïîëíÿåòñÿ íåðàâåíñòâî

|∆x|
|x|

≤ ν · |∆b|
|b|

, ãäå ν = max
∆b|

ν(|∆b|) · ||A||2, ν(|∆b|) =
|∆x|
|∆b|

.

Çäåñü L = ν(|∆b|) � ñëó÷àéíàÿ âåëè÷èíà. Ðàññìàòðèâàåòñÿ åå ôóíêöèÿ ðàñïðå-
äåëåíèÿ. Äëÿ íåå äîêàçàíà

Òåîðåìà. Ïóñòü λk → 0; sn = (sn1 , . . . , s
n
n) � ñëó÷àéíàÿ òî÷êà, ðàñïðåäåëåí-

íàÿ ðàâíîìåðíî íà åäèíè÷íîé ñôåðå Sn−1; Fn � ôóíêöèÿ ðàñïðåäåëåíèÿ ñëó÷àé-
íîé âåëè÷èíû L = (λ2

1(sn1 )2 + . . .+ λ2
n(snn)2)1/2. Òîãäà äëÿ âñåõ t ∈ R

lim
n→∞

Fn(t) = χ(t) (χ−ôóíêöèÿ Õåâèñàéäà),

ïðè÷åì ñõîäèìîñòü Fn → χ � ðàâíîìåðíàÿ íà ìíîæåñòâå R \ (0, ε) ïðè ëþáîì
ε > 0.

Ïîêàçàíî, ÷òî óòâåðæäåíèå òåîðåìû ïîçâîëÿåò � ïðè âûïîëíåíèè íåêîòîðûõ
åñòåñòâåííûõ óñëîâèé � çíà÷èòåëüíî óìåíüøèòü âåëè÷èíó ÷èñëà ν â ïðàêòè÷å-
ñêèõ ðàñ÷åòàõ.
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Â íàñòîÿùåå âðåìÿ àêòóàëüíîé çàäà÷åé ÿâëÿåòñÿ âåðîÿòíîñòíîå îáîñíîâàíèå
ìåòîäîâ ìàøèííîãî îáó÷åíèÿ è àíàëèçà äàííûõ. Â êëàñòåðíîì àíàëèçå äàí-
íûõ òðåáóåòñÿ íàéòè ðàçáèåíèå âûáîðêè íà îäíîðîäíûå ïî íåêîòîðîìó êðèòå-
ðèþ ãðóïïû. Äëÿ ðåøåíèÿ ýòîé çàäà÷è øèðîêî èñïîëüçóåòñÿ êîëëåêòèâíûé (àí-
ñàìáëåâûé) ïîäõîä [1], â êîòîðîì èòîãîâîå ðàçáèåíèå ñòðîèòñÿ íà îñíîâå íàáîðà
áàçîâûõ ðàçáèåíèé, ïîëó÷åííûõ àëãîðèòìàìè êëàñòåðèçàöèè ïóòåì ðàíäîìèçè-
ðîâàííîãî âûáîðà èõ ïàðàìåòðîâ (èëè íåêîòîðûõ �óñëîâèé îáó÷åíèÿ�, òàêèõ, êàê
ïîäìíîæåñòâà ïåðåìåííûõ, ñëó÷àéíûå ïîäâûáîðêè, èñõîäíûå èíèöèàëèçàöèè). Â
ðàáîòàõ [2], [3] ïðåäëîæåíû ìîäåëè àíñàìáëåâîé ãðóïïèðîâêè, ðàññìàòðèâàþùèå
çàäà÷ó êëàñòåðèçàöèè êàê çàäà÷ó êëàññèôèêàöèè ñ ëàòåíòíûìè êëàññàìè. Ïðè
ýòîì äëÿ èññëåäîâàíèÿ ñâîéñòâ àíñàìáëÿ àäàïòèðîâàí ïîäõîä, îñíîâàííûé íà íà-
õîæäåíèè õàðàêòåðèñòèê ìàðæèíàëüíîé ôóíêöèè (ôóíêöèè îòñòóïà, margin),
ïðåäëîæåííûé L. Breiman [4] äëÿ ñëó÷àéíîãî ëåñà ðåøåíèé.

Ñ èñïîëüçîâàíèåì óêàçàííûõ ìîäåëåé íàéäåíû çàâèñèìîñòè ìåæäó âåðõíèìè
ãðàíèöàìè âåðîÿòíîñòè îøèáêè ïðè îòíåñåíèè ïðîèçâîëüíîé ïàðû îáúåêòîâ ê
îäíîìó èëè ðàçëè÷íûì êëàñòåðàì è õàðàêòåðèñòèêàìè áàçîâûõ ðåøåíèé. Äîêà-
çàíî, ÷òî ïðè âûïîëíåíèè îïðåäåëåííûõ óñëîâèé âåðîÿòíîñòü îøèáêè ñòðåìèòñÿ
ê íóëþ ïðè óâåëè÷åíèè ÷èñëà ýëåìåíòîâ àíñàìáëÿ. Íàéäåíû îöåíêè ÷èñëà ýëå-
ìåíòîâ, ïîçâîëÿþùèå äîñòè÷ü çàäàííîãî êà÷åñòâà ðàáîòû. Äëÿ ñëó÷àÿ àíñàìáëÿ
àëãîðèòìîâ ñ âåñàìè ïîëó÷åíû âûðàæåíèÿ äëÿ îïòèìàëüíûõ âåñîâ.

Â äîêëàäå ðàññìàòðèâàþòñÿ ðàçëè÷íûå âàðèàíòû êîíôèãóðàöèè àíñàìáëÿ
(îäíîðîäíûé èëè íåîäíîðîäíûé àíñàìáëü), ïðèâîäÿòñÿ ðåçóëüòàòû äëÿ ñëó÷àÿ,
êîãäà ïðè íàõîæäåíèè àíñàìáëåâîãî ðåøåíèÿ äîïîëíèòåëüíî ó÷èòûâàþòñÿ èí-
äåêñû êà÷åñòâà áàçîâûõ ðàçáèåíèé (cluster validity inices).
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Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ìîäåëü íåïàðàìåòðè÷åñêîé ðåãðåññèè:

Xk = η(zk) + ξk, k = 1, . . . , n, (1)

ãäå η(z) � íåèçâåñòíûé ï.í. íåïðåðûâíûé ñëó÷àéíûé ïðîöåññ íà [0, 1], ïëàí ýêñ-
ïåðèìåíòà {zk; k = 1, . . . , n} ñîñòîèò èç íàáëþäàåìûõ ñëó÷àéíûõ âåëè÷èí ñ íåèç-
âåñòíûìè ðàñïðåäåëåíèÿìè íà îòðåçêå [0, 1], íå çàâèñÿùèõ îò η(·); ïðè ýòîì íå
ïðåäïîëàãàåòñÿ, ÷òî {zi} íåçàâèñèìû èëè îäèíàêîâî ðàñïðåäåëåíû. Òàê ÷òî ñëó-
÷àé äåòåðìèíèðîâàííîãî ïëàíà ýêñïåðèìåíòà òàêæå âêëàäûâàåòñÿ â ðàññìàòðè-
âàåìóþ ñõåìó.

Äàëåå, â (1) ïðåäïîëàãàåòñÿ, ÷òî ñëó÷àéíûå îøèáêè {ξk}, êîòîðûå íå îáÿçà-
òåëüíî íåçàâèñèìû èëè îäèíàêîâî ðàñïðåäåëåíû, ñ âåðîÿòíîñòüþ 1 óäîâëåòâîðÿ-
þò ñëåäóþùèì óñëîâèÿì:

Eη,{zi}ξk = 0, sup
k

Eη,{zi}ξ
2
k ≤ σ2, Eη,{zi}ξkξm = 0

äëÿ âñåõ k,m ≤ n, k 6= m, ãäå ñèìâîë Eη,{zi} îáîçíà÷àåò óñëîâíîå ñðåäíåå ïðè
ôèêñèðîâàííîì ïëàíå ýêñïåðèìåíòà {zi; i = 1, . . . , n} è òðàåêòîðèè ñëó÷àéíîãî
ïðîöåññà η(·), à σ2 � íåêîòîðàÿ ïîëîæèòåëüíàÿ íåèçâåñòíàÿ ïîñòîÿííàÿ.

Ðàññìîòðèì âàðèàöèîííûé ðÿä 0 = zn:0 ≤ zn:1 ≤ . . . ≤ zn:n ≤ zn:n+1 = 1,
ïîñòðîåííûé ïî âûáîðêå {zk; k = 1, . . . , n}. Ââåäåì öåíòðàëüíîå óñëîâèå íà ïëàí
ýêñïåðèìåíòà:

lim
n→∞

max
1≤i≤n+1

(zn:i − zn:i−1) = 0 ñ âåðîÿòíîñòüþ 1. (2)

Ïîíÿòíî, ÷òî óñëîâèå (2) âûïîëíåíî äëÿ îáîáùåííîãî ýêâèäèñòàíòíîãî ïëàíà
zi := g(i/n) + o(1/n), ãäå ñèìâîë o(1/n) ðàâíîìåðåí ïî i è ôóíêöèÿ g íåïðåðûâ-
íà. Áîëåå òîãî, åñëè ñëó÷àéíûå âåëè÷èíû {zi} îäèíàêîâî ðàñïðåäåëåíû, ïðè÷åì
íîñèòåëü îáùåãî ðàñïðåäåëåíèÿ ñîâïàäàåò ñ îòðåçêîì [0, 1], òî ïðè âûïîëíåíèè
óñëîâèÿ ñèëüíîãî ïåðåìåøèâàíèÿ {zi} ñâîéñòâî (2) èìååò ìåñòî. Ïðè ýòîì íåòðóä-
íî ïðèâåñòè ïðèìåðû áîëåå æåñòêîé ôîðìû çàâèñèìîñòè ñëó÷àéíûõ âåëè÷èí
{zi}, äëÿ êîòîðûõ óñëîâèå (2) òàêæå áóäåò èìåòü ìåñòî.

Â äîêëàäå îáñóæäàåòñÿ êîíñòðóêöèÿ ÿäåðíîé îöåíêè η∗n(z), ïîñòðîåííîé ïî
âûáîðêå {(Xi, zi); i = 1, . . . , n}, äëÿ êîòîðîé ïðè âûïîëíåíèè (2) ñïðàâåäëèâî
ïðåäåëüíîå ñîîòíîøåíèå

sup
0≤z≤1

|η∗n(z)− η(z)| p→ 0 ïðè n→∞.
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Â êîíòåêñòå çàäà÷ ìîìåíòíîé õàðàêòåðèçàöèè âåðîÿòíîñòíûõ ðàñïðåäåëåíèé
áóäóò ïðåäñòàâëåíû è äîïîëíåíû êîììåíòàðèÿìè:

1) êîëëåêöèÿ èçâåñòíûõ õàðàêòåðèçàöèîííûõ ìîìåíòíûõ òîæäåñòâ äëÿ êëàñ-
ñè÷åñêèõ ðàñïðåäåëåíèé òåîðèè âåðîÿòíîñòåé è ìàòåìàòè÷åñêîé ñòàòèñòèêè;

2) íîâûé óíèâåðñàëüíûé ñïîñîá ïîëó÷åíèÿ õàðàêòåðèçàöèîííûõ ìîìåíòíûõ
òîæäåñòâ (ïåðâîãî ïîðÿäêà) òèïà òîæäåñòâ Ñòåéíà � ×åíà [1];

3) ìîìåíòíûå òîæäåñòâà âûñøèõ ïîðÿäêîâ, íå ÿâëÿþùèåñÿ õàðàêòåðèçàöè-
îííûìè (îáîáùåííûå ìîìåíòíûå òîæäåñòâà), è ñïîñîáû èõ ïðèìåíåíèÿ â çàäà-
÷àõ ëèíåàðèçàöèè ïðîèçâåäåíèé ìíîãî÷ëåíîâ, îðòîãîíàëüíûõ îòíîñèòåëüíî ðÿäà
êëàññè÷åñêèõ ðàñïðåäåëåíèé òåîðèè âåðîÿòíîñòåé [2]�[4], èëè, íàïðèìåð, â ïåðå-
÷èñëèòåëüíûõ çàäà÷àõ êîìáèíàòîðèêè.

Â îñíîâå óïîìÿíóòîãî â ï. 2) ñïîñîáà ëåæèò ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïðàâûé àííóëÿòîð

Wµ(D) = X −
P ′µ(D)

Pµ(D)

ìîìåíòíîãî îïåðàòîðà Eµ ÿâëÿåòñÿ è õàðàêòåðèçàòîðîì ýòîãî îïåðàòîðà.
Ïîä ìîìåíòíûì îïåðàòîðîì Eµ çäåñü ïîäðàçóìåâàåòñÿ ôóíêöèîíàë, îïðå-

äåëåííûé íà ïðîñòðàíñòâå ìíîãî÷ëåíîâ {p(x)} âåùåñòâåííîãî ïåðåìåííîãî ñîîò-
íîøåíèåì Eµ

[
p(x)

]
=
∫
p(x)µ(dx) â ñëó÷àå, êîãäà îïðåäåëåí ïðîèçâîäÿùèé îïå-

ðàòîð Pµ äëÿ ðàñïðåäåëåíèÿ µ, ïîä êîòîðûì, â ñâîþ î÷åðåäü, ïîäðàçóìåâàåòñÿ
çàäàâàåìûé ñîîòíîøåíèåì Pµ

[
f(x)

]
=
∫
f(x+y) dµ(y) (âåðîÿòíîñòíûé) îïåðàòîð

Pµ íà ëèíåéíîì ïðîñòðàíñòâå ôóíêöèé {f(x)}, äëÿ êîòîðûõ îïðåäåëåíî óñðåä-
íåíèå ïî ìåðå µ âñåõ ñäâèãîâ f(x+y) ïðè ëþáîì âåùåñòâåííîì x; X � îïåðàòîð
óìíîæåíèÿ ôóíêöèè íà íåçàâèñèìîå ïåðåìåííîå, D � îïåðàòîð äèôôåðåíöèðî-
âàíèÿ.

Ðàáîòà âûïîëíåíà ïî ïðîãðàììå ÐÀÍ � 0014-2016-0038.
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Àñèìïòîòè÷åñêè îïòèìàëüíûå îöåíêè â çàäà÷àõ íåëèíåéíîé ðåãðåññèè, êàê
ïðàâèëî, çàäàþòñÿ íåÿâíî â âèäå ðåøåíèé òåõ èëè èíûõ óðàâíåíèé. Ïðè ýòîì
ñèòóàöèÿ, êîãäà ó òàêèõ óðàâíåíèé ñóùåñòâóåò íåñêîëüêî êîðíåé, âåñüìà òèïè÷-
íà. Êàê â ýòîì ñëó÷àå âûáðàòü òîò èç êîðíåé, êîòîðûé ïðèáëèæàåò ïàðàìåòð?
Îäèí èç ïîäõîäîâ ïðè ðåøåíèè óêàçàííîé ïðîáëåìû ñîñòîèò â èñïîëüçîâàíèè
òàê íàçûâàåìûõ îäíîøàãîâûõ ïðîöåäóð. Èäåÿ îäíîøàãîâîãî îöåíèâàíèÿ, âîñõî-
äÿùàÿ ê ðàáîòàì Ð. Ôèøåðà, çàêëþ÷àåòñÿ â ñëåäóþùåì: â êà÷åñòâå ñòàðòîâîé
òî÷êè èòåðàöèîííîé ïðîöåäóðû íüþòîíîâñêîãî òèïà èñïîëüçóåòñÿ íå ïðîèçâîëü-
íàÿ òî÷êà, à ïðåäâàðèòåëüíàÿ ñîñòîÿòåëüíàÿ îöåíêà, ñõîäÿùàÿñÿ ê ïàðàìåòðó ñ
íóæíîé ñêîðîñòüþ. Îêàçûâàåòñÿ, â ýòîì ñëó÷àå äîñòàòî÷íî ëèøü îäíîãî øàãà
èòåðàöèîííîé ïðîöåäóðû, ÷òîáû ïîëó÷èòü îöåíêó ñ òàêîé æå àñèìïòîòè÷åñêîé
òî÷íîñòüþ, êàê è èñêîìàÿ ñòàòèñòèêà.

Â äîêëàäå áóäóò ïðèâåäåíû íåêîòîðûå ðåçóëüòàòû, ñâÿçàííûå ñ àñèìïòîòè-
÷åñêèìè ñâîéñòâàìè îäíîøàãîâûõ M -îöåíîê, ïîñòðîåííûõ ïî ðàçíîðàñïðåäåëåí-
íûì âûáîðî÷íûì äàííûì. Îñîáîå âíèìàíèå áóäåò óäåëåíî ïðèåìàì ïîñòðîåíèÿ
ïðåäâàðèòåëüíûõ îöåíîê â çàäà÷àõ íåëèíåéíîé ðåãðåññèè. Ïðåäëàãàåìàÿ â äî-
êëàäå ìåòîäîëîãèÿ áóäåò ïðîèëëþñòðèðîâàíà ðåçóëüòàòàìè êîìïüþòåðíîãî ìî-
äåëèðîâàíèÿ.
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Ïîëó÷åí ïðèíöèï ñâåðõáîëüøèõ óêëîíåíèé äëÿ ïîñëåäîâàòåëüíîñòè ðåøåíèé
ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî, íå ñîäåðæàùèõ ñíîñ.

Ðàññìîòðèì óðàâíåíèå Èòî

ηn(t) = x0 +
1

ϕ(n)

∫ t

0

σ(nηn(s))dw(s), (1)

ãäå n ∈ N, t ∈ [0, 1], w(t) � âèíåðîâñêèé ïðîöåññ, çàäàííûé íà ñòîõàñòè÷åñêîì
áàçèñå (Ω,F,Ft,P), σ(x) � íåñëó÷àéíàÿ àáñîëþòíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ,
êîòîðàÿ óäîâëåòâîðÿåò óñëîâèþ: íàéäåòñÿ λ > 1 òàêîå, ÷òî

1

λ
< |σ(x)| < λ,

ϕ(n) � ïîëîæèòåëüíàÿ ôóíêöèÿ, ñòðåìÿùàÿñÿ ê ∞ ïðè n→∞.
Äëÿ óðàâíåíèé âèäà (1) âîçìîæíû òðè ðåæèìà äëÿ ïðèíöèïà áîëüøèõ óêëî-

íåíèé â çàâèñèìîñòè îò ñêîðîñòè ðîñòà ôóíêöèè ϕ(n): 1) lim
n→∞

ϕ(n)√
n

= 0 � óìå-

ðåííûå óêëîíåíèÿ (ï.ó.á.ó.); 2) lim
n→∞

ϕ(n)√
n

= k > 0 � áîëüøèå óêëîíåíèÿ; 3)

lim
n→∞

ϕ(n)√
n

= ∞ � ñâåðõáîëüøèå óêëîíåíèÿ (ï.ñ.á.ó.), ñì., íàïðèìåð [1]. Îòìå-

òèì, ÷òî â ðàáîòå [2] ïîëó÷åí ï.ó.á.ó. äëÿ ðåøåíèé óðàâíåíèé òèïà (1), ñîäåðæà-
ùèõ ñíîñ. Áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ: (C[0, 1], ρ) � ïðîñòðàíñòâî íåïðåðûâ-
íûõ ôóíêöèé ñ çàäàííîé ðàâíîìåðíîé ìåòðèêîé, ACx0

� ìíîæåñòâî àáñîëþòíî
íåïðåðûâíûõ íà îòðåçêå [0, 1] ôóíêöèé, ñòàðòóþùèõ èç òî÷êè x0, 1(·) � èíäèêà-
òîð.

Òåîðåìà. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ

1) lim
n→∞

ϕ(n)√
n

=∞;

2) lim
T→∞

1
T

∫ T
0

1
σ(x)dx = 1

b1
; lim
T→∞

1
T

∫ 0

−T
1

σ(x)dx = 1
b2
.

Òîãäà ïîñëåäîâàòåëüíîñòü ìåð Pn(A) = P(ηn(·) ∈ A), A ∈ B(C[0, 1], ρ), óäîâëå-
òâîðÿåò ï.ñ.á.ó. â ïðîñòðàíñòâå (C[0, 1], ρ) ñ íîðìèðóþùåé ôóíêöèåé ψ(n) = ϕ2(n)
è ôóíêöèîíàëîì óêëîíåíèé

I(f) :=

 1
2

1∫
0

ḟ2(s)
(

1(f(s)≥0)
b1

+ 1(f(s)<0)
b2

)2

ds, åñëè f ∈ ACx0
,

∞, åñëè f 6∈ ACx0 .
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Èäåÿ ïîñòðîåíèÿ íå÷¼òêèõ âûáîðîê íåôîðìàëüíî ñîñòîèò â ñëåäóþùåì. Êàê
èçâåñòíî, âûáîðêå ìîæíî ñîïîñòàâèòü ýìïèðè÷åñêóþ ôóíêöèþ ðàñïðåäåëåíèÿ,
êîòîðàÿ äèñêðåòíà. Âî ìíîãèõ ñëó÷àÿõ äèñêðåòíûå ôóíêöèè ãîðàçäî áîëåå ñëîæ-
íû è ìåíåå óäîáíû äëÿ ðàáîòû, ÷åì íåïðåðûâíûå. Ïðåäëàãàåòñÿ â ðîëè ýìïèðè-
÷åñêèõ ôóíêöèé ðàñïðåäåëåíèÿ èñïîëüçîâàòü íåïðåðûâíûå ôóíêöèè, êîòîðûå
áóäóò èíòåðïðåòèðîâàòüñÿ êàê ðàñïðåäåëåíèå íå÷¼òêèõ îáúåêòîâ (ïî ñóòè ïîëó-
÷àåì ôóíêöèþ ïðèíàäëåæíîñòè). Òàêàÿ êîíñòðóêöèÿ áóäåò íàçûâàòüñÿ íå÷¼òêîé
âûáîðêîé. Ïðè ýòîì ìû íå âûäåëÿåì èíäèâèäóàëüíûå îáúåêòû, à îïðåäåëÿåì
äëÿ âñåé âûáîðêè îáùóþ ôóíêöèþ ïðèíàäëåæíîñòè, â ñèëó ÷åãî âñÿ âûáîðêà
ÿâëÿåòñÿ îäíèì íå÷¼òêèì îáúåêòîì. Ïîñëåäíåå ÿâëÿåòñÿ ïðèíöèïèàëüíûì îò-
ëè÷èåì ïîäõîäà îò èçâåñòíûõ ðàáîò, ãäå â êà÷åñòâå âûáîðêè ðàññìàòðèâàþòñÿ
ñîâîêóïíîñòè îòäåëüíûõ íå÷¼òêèõ îáúåêòîâ.

Îñíîâíàÿ ñëîæíîñòü ïðè èñïîëüçîâàíèè íå÷¼òêèõ âûáîðîê çàêëþ÷àåòñÿ â
òîì, ÷òî äëÿ íèõ îòñóòñòâóåò åñòåñòâåííàÿ êîíñòðóêöèÿ âåðîÿòíîñòíîãî ïðî-
ñòðàíñòâà, êàê äëÿ îáû÷íûõ âûáîðîê. Â ðàáîòå áóäóò ðàññìîòðåíû âåðîÿòíîñò-
íûå êîíñòðóêöèè äëÿ íå÷¼òêèõ âûáîðîê, ïîçâîëÿþùèå, â ÷àñòíîñòè, îöåíèâàòü
ðàñïðåäåëåíèÿ çàäàííûõ ñòàòèñòèê.

Ââåäåíèå ïîíÿòèÿ íå÷¼òêîé âûáîðêè ïîçâîëÿåò ðàçäåëèòü �ôîðìó� âûáîðêè
(êîíôèãóðàöèþ òî÷åê) è å¼ îáú¼ì. Ýòî ìîæåò áûòü î÷åíü óäîáíûì ïðè èññëåäî-
âàíèè ýôôåêòèâíîñòè ìåòîäà êëàññèôèêàöèè ïðè ðàçëè÷íûõ îáú¼ìàõ âûáîðêè.
Òàêæå ñòàíîâèòñÿ âîçìîæíûì áîëåå òî÷íî çàäàâàòü òðåáóåìûå êîíôèãóðàöèè.
Íàïðèìåð, ïîíÿòèå ðàâíîìåðíîé ðàññòàíîâêè ïÿòè òî÷åê â åäèíè÷íîì êâàäðàòå
íåîäíîçíà÷íî, â îòëè÷èå îò ðàâíîìåðíîãî ðàñïðåäåëåíèÿ. Êðîìå òîãî, èññëåäî-
âàíèå ìåòîäà íà íîâîì êëàññå ñóùíîñòåé ïîòåíöèàëüíî ñïîñîáíî âûÿâèòü íîâûå
åãî ñâîéñòâà [1].

Ïîíÿòèå íå÷¼òêîé âûáîðêè â ëèòåðàòóðå äîñòàòî÷íî øèðîêî èñïîëüçóåòñÿ [2],
íî èñïîëüçóåòñÿ äëÿ ïðåäñòàâëåíèÿ íåòî÷íûõ äàííûõ, à íå äëÿ àíàëèçà ìåòîäîâ
ïîñòðîåíèÿ ðåøàþùèõ ôóíêöèé (êàê ýòî ïðåäëàãàåòñÿ çäåñü). Ïðîñòåéøèé âà-
ðèàíò íå÷¼òêîé âûáîðêè áûë èñïîëüçîâàí â ðàáîòå [3], ãäå ïîçâîëèë óïðîñòèòü
âûâîä íåêîòîðûõ ñâîéñòâ áóñòèíãà [4].
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Ïóñòü (Ω,B, µ;T ) � èçìåðèìàÿ äèíàìè÷åñêàÿ ñèñòåìà, ò. å. (Ω,B, µ) � âåðîÿò-
íîñòíîå ïðîñòðàíñòâî, à T : Ω→ Ω � ñîõðàíÿþùåå ìåðó µ îòîáðàæåíèå. Îäíîé
èç çàäà÷ ñòàòèñòè÷åñêîé òåîðèè äèíàìè÷åñêèõ ñèñòåì (ñì., íàïðèìåð, [1]) ÿâëÿ-
åòñÿ íàõîæäåíèå ôóíêöèé f ∈ L2(Ω, µ), ãåíåðèðóþùèõ ñòàöèîíàðíóþ ïîñëåäîâà-
òåëüíîñòü Xn = f ◦ Tn, n ∈ N, äëÿ êîòîðîé âûïîëíÿåòñÿ öåíòðàëüíàÿ ïðåäåëüíàÿ
òåîðåìà.

Â äîêëàäå â êà÷åñòâå ïðèìåðà ðàññìàòðèâàåòñÿ äèôôåîìîðôèçì Àíîñîâà T ,
äåéñòâóþùèé íà C∞-ãëàäêîì êîìïàêòíîì ìíîãîîáðàçèè ñ SRB-ìåðîé µ. Â ýòîì
ñëó÷àå õîðîøî èçâåñòíî, ÷òî êëàññ ôóíêöèé, äëÿ êîòîðûõ ñïðàâåäëèâà ÖÏÒ, äî-
ñòàòî÷íî îáøèðåí è ñîäåðæèò âñå ã¼ëüäåðîâñêèå è äàæå êóñî÷íî-ã¼ëüäåðîâñêèå
ôóíêöèè (ñì., íàïðèìåð, [2]). Â äîêëàäå îáñóæäàåòñÿ ïîäõîä Ñòåíëóíäà [3], ïîç-
âîëÿþùèé âûâîäèòü ÖÏÒ äëÿ ôóíêöèé èç íåêîòîðîãî êëàññà ÷åðåç áûñòðîå óáû-
âàíèå ïàðíûõ êîððåëÿöèé äëÿ âñåõ ôóíêöèé èç ýòîãî æå êëàññà. Íà îñíîâå ýòîãî
ïîäõîäà ïîêàçûâàåòñÿ ñïðàâåäëèâîñòü ÖÏÒ äëÿ âñåõ õàðàêòåðèñòè÷åñêèõ ôóíê-
öèé χB , B ∈ B, ñ óñëîâèåì, ÷òî µ-ìåðà δ-îêðåñòíîñòè ãðàíèöû ∂B ðàñòåò êàê
O(δl) äëÿ íåêîòîðîãî l > 0.
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Ïðåäïîëîæèì, ÷òî íàáëþäàþòñÿ ñëó÷àéíûå âåëè÷èíû {Yi}, ïðåäñòàâèìûå â
âèäå

Yi =
√

1 + αxi + εi, i = 1, 2, . . . ,

ãäå {εi} � íåíàáëþäàåìûå íåçàâèñèìûå îäèíàêîâî ðàñïðåäåë¼ííûå ïîãðåøíîñòè
òàêèå, ÷òî Eε1 = 0, Dε1 = σ2, à {xi > 0} � íåêîòîðàÿ èçâåñòíàÿ ÷èñëîâàÿ ïîñëå-
äîâàòåëüíîñòü. Íàì òðåáóåòñÿ îöåíèòü íåèçâåñòíûé ïîëîæèòåëüíûé ïàðàìåòð α.

Â ðàáîòå [1] áûëà ïîëó÷åíà îöåíêà ïåðâîãî øàãà α∗n. Òåïåðü â êà÷åñòâå îöåíêè
âòîðîãî øàãà ïðåäëàãàåòñÿ áðàòü ñëåäóþùóþ îöåíêó:

α∗∗n = α∗n −
∑
i≤n

(
xi −

Yixi√
1 + α∗nxi

)/(
3

4

∑
i≤n

x2
i

1 + α∗nxi
− 1

4

∑
i≤n

x2
iYi

(1 + α∗nxi)
3/2

)
.

Òåîðåìà. Ïóñòü ïðè An :=
∑
i≤n

x2
i

1+αxi
âûïîëíåíû óñëîâèÿ

max
i≤n

x2
i

1 + αxi

/
An → 0 è |α∗n − α|6An

p−→ 0.

Òîãäà ñòàòèñòèêà α∗∗n ÿâëÿåòñÿ àñèìïòîòè÷åñêè íîðìàëüíîé îöåíêîé ïàðàìåòðà
α, ò. å. èìååò ìåñòî ñõîäèìîñòü

√
An(α∗∗n − α)

2σ
⇒ ζ, ãäå ζ ∼ N (0, 1).

Ïîêàçàíî òàêæå, ÷òî ÿâíàÿ îöåíêà α∗∗n èìååò òó æå òî÷íîñòü, ÷òî è îöåí-
êà, ïîëó÷åííàÿ ïî ìåòîäó íàèìåíüøèõ êâàäðàòîâ, íàõîæäåíèå êîòîðîé â äàííîé
çàäà÷å ïðåäñòàâëÿåò çíà÷èòåëüíóþ òåõíè÷åñêóþ òðóäíîñòü.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-07460).
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Ðàññìàòðèâàåòñÿ óïðàâëÿåìûé íåïàðàìåòðè÷åñêèé ñòàòèñòè÷åñêèé êðèòåðèé
(òåñò) äëÿ ïðîâåðêè ãèïîòåçû îá îäíîðîäíîñòè äâóõ âûáîðîê, ÷àñòíûé ñëó÷àé
êîòîðîãî ýêâèâàëåíòåí êðèòåðèþ Âèëêîêñîíà.

Ïóñòü X1, . . . , Xm è Y1, . . . , Y2n � íåçàâèñèìûå ñëó÷àéíûå âûáîðêè èç ïðîèç-
âîëüíûõ íåïðåðûâíûõ ðàñïðåäåëåíèé FX è FY ñîîòâåòñòâåííî. Òðåáóåòñÿ ïðîâå-
ðèòü ñòàòèñòè÷åñêóþ ãèïîòåçó H1, ñîñòîÿùóþ â òîì, ÷òî âñå Xi è Yj ðàñïðåäåëå-
íû îäèíàêîâî, ïðîòèâ àëüòåðíàòèâíîé ãèïîòåçû H2, ñîãëàñíî êîòîðîé Xi èìåþò
òåíäåíöèþ áûòü ñòîõàñòè÷åñêè áîëüøå, ÷åì Yj .

Øèðîêî ïðèìåíÿåìûé êðèòåðèé Âèëêîêñîíà (Wilcoxon F., 1945) ýêâèâàëåíòåí
êðèòåðèþ Ìàííà è Óèòíè (Mann H.B. and Whitney D., 1947), êîòîðûé îñíîâàí
íà ñ÷èòàþùåé ñòàòèñòèêå U è èìååò âèä

U =

m∑
i=1

2n∑
j=1

I{Xi > Yj} > C.

Ââåäåì ñòàòèñòèêè S0 = mn− S+ − S−,

S+ =

m∑
i=1

n∑
j=1

I{Xi > max(Yj , Yj+n)}, S− =

m∑
i=1

n∑
j=1

I{Xi < min(Yj , Yj+n)},

Ëåììà. Êðèòåðèé Âèëêîêñîíà � Ìàííà � Óèòíè (WMW-êðèòåðèé) ýêâèâà-
ëåíòåí êðèòåðèÿì

S+ > (C − S0
E)/2 è S+ − S− > C −mn.

Äîêàçàòåëüñòâî ñëåäóåò èç ðàâåíñòâ (ýêâèâàëåíòíîñòè) ñîáûòèé

{S+ > (C − S0)/2} = {2S+ + S0 > C} = {U > C}.

Îòñþäà ïðåäñòàâëÿåòñÿ åñòåñòâåííûì ïåðåéòè ê áîëåå îáùåìó (óïðàâëÿåìî-
ìó) êðèòåðèþ âèäà

S+ > h(S0) èëè S+ − S− > 2h(S0) + S0 −mn

è ïûòàòüñÿ îòûñêàòü òàêóþ ôóíêöèþ h, ÷òîáû âåðîÿòíîñòü ïðèíÿòü ãèïîòåçó
H2, êîãäà îíà âåðíà, áûëà áîëüøå, ÷åì â ñëó÷àå ïðèìåíåíèÿ WMW-êðèòåðèÿ,
èñïîëüçóÿ ïîäõîä, îñíîâàííûé, íàïðèìåð, íà êîíöåïöèè �áëèçêèõ� ãèïîòåç [1].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-07-00066) è Ïðîãðàììû I.33Ï Ïðåçèäèóìà ÐÀÍ (ïðîåêò � 0315-2015-

0012).
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Îáîçíà÷èì ÷åðåç P t ãðóïïó óíèòàðíûõ îïåðàòîðîâ P t = e
it
2 D, ãäå D � îïå-

ðàòîð, äåéñòâóþùèé â ïðîñòðàíñòâå L2(R) íà îáëàñòè îïðåäåëåíèÿ W 2
2 (R) ïî

ïðàâèëó Du(x) = u′′(x). Ãðóïïà P t ïåðåâîäèò íà÷àëüíóþ ôóíêöèþ ϕ â ðåøåíèå

u(t, ·) óðàâíåíèÿ Øð¼äèíãåðà −i ∂u∂t = 1
2
∂2u
∂x2 (ñì. [1]).

Ïóñòü {ξj}∞j=1 � ïîñëåäîâàòåëüíîñòü í.î.ð. íåîòðèöàòåëüíûõ ñëó÷àéíûõ âå-
ëè÷èí. Ìû ïðåäïîëîæèì, ÷òî ñëó÷àéíàÿ âåëè÷èíà ξ1 èìååò êîíå÷íûé ÷åòâåðòûé
ìîìåíò è Eξ2

1 = 1.
Äàëåå, ïóñòü η(t), t > 0 � ñòàíäàðòíûé (Eη(t) = t) ïóàññîíîâñêèé ïðîöåññ, íå

çàâèñÿùèé îò ïîñëåäîâàòåëüíîñòè {ξj}. Îáîçíà÷èì m1 = Eξ1 > 0, m3 = Eξ3
1 > 0.

Äëÿ êàæäîãî íàòóðàëüíîãî n îïðåäåëèì ïðîöåññ ζn(t), t ∈ [0, T ], ïîëàãàÿ

ζn(t) =
1√
n

η(nt)∑
j=1

(ξj −m1).

Îïðåäåëèì ïîëóãðóïïó îïåðàòîðîâ P tn, ïîëàãàÿ äëÿ ϕ ∈ L2(R)

P tnϕ(x) = E

(
(ϕ+ ∗Rtn)

(
x+ e

iπ
4 ζn(t)

)
+ (ϕ− ∗Rtn)

(
x− e iπ4 ζn(t)

))
,

ãäå ôóíêöèÿ Rtn çàäàåòñÿ ñâîèì ïðåîáðàçîâàíèåì Ôóðüå, èìåííî

R̂tn(p) = exp

(
− i3σ3t|p|3

6
√
n

)
,

à ôóíêöèè ϕ+, ϕ− îïðåäåëÿþòñÿ êàê

ϕ+(x) =
1

2π

0∫
−∞

e−ipxϕ̂(p)dp, ϕ−(x) =
1

2π

∞∫
0

e−ipxϕ̂(p)dp.

Ôóíêöèÿ ϕ+ àíàëèòè÷åñêè ïðîäîëæàåòñÿ â âåðõíþþ ïîëóïëîñêîñòü, à ϕ−,
ñîîòâåòñòâåííî, â íèæíþþ.

Òåîðåìà. Ñóùåñòâóåò C > 0 òàêîå, ÷òî äëÿ ëþáîé ôóíêöèè ϕ ∈ W 4
2 (R) è

âñåõ t > 0 ñïðàâåäëèâî

‖P tnϕ− P tϕ‖L2 6
C t

n
‖ϕ‖W 4

2
.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 17-11-

01136).
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Ïóñòü Zi(t) =
(
Zi1(t), Zi2(t), · · ·, Zin(t)

)
, t ≥ 0, � ìíîãîìåðíûé íåðàçëîæèìûé

íåïåðèîäè÷åñêèé êðèòè÷åñêèé ïðîöåññ Áåëëìàíà � Õàððèñà, íà÷èíàþùèéñÿ ñ
îäíîé ÷àñòèöû òèïà i ∈ {1, 2, · · · , n}. Êîìïîíåíòû âåêòîðà ñ íîìåðîì j èíòåð-
ïðåòèðóþòñÿ êàê ÷èñëåííîñòü ÷àñòèö òèïà j â ìîìåíò âðåìåíè t. ×àñòèöà i-ãî
òèïà æèâåò ñëó÷àéíîå âðåìÿ τi > 0 ñ ôóíêöèåé ðàñïðåäåëåíèÿ Gi(t) =: 1− qi(t)
è â ìîìåíò ãèáåëè ïðîèçâîäèò ñëó÷àéíûå êîëè÷åñòâà ïîòîìêîâ ðàçíûõ òèïîâ,
îïèñûâàåìûå âåêòîðîì (ξi1, ξi2, . . . , ξin), ãäå íîìåð êîìïîíåíòû ñîîòâåòñòâóåò êî-
ëè÷åñòâó ïîòîìêîâ ýòîãî òèïà. Ïóñòü Eξijξis < ∞ ïðè âñåõ i, j, s. Âñå ÷àñòèöû
ýâîëþöèîíèðóþò íåçàâèñèìî äðóã îò äðóãà, à ñòîõàñòè÷åñêèå õàðàêòåðèñòèêè
äëÿ ÷àñòèö îäíîãî òèïà ñîâïàäàþò, íî ìîãóò ðàçëè÷àòüñÿ äëÿ ÷àñòèö ðàçíûõ
òèïîâ.

Îáîçíà÷èì µj := Eτj ≤ ∞, µj(t) =
∫ t

0
qj(u)du è ïîëîæèì, ÷òî ñóùåñòâóåò

0 ≤ n0 < n òàêîå, ÷òî

• åñëè j ≥ n0 + 1, òî âûïîëíåíû óñëîâèÿ: µj =∞, áîëåå òîãî, äëÿ íåêîòîðûõ
ìåäëåííî ìåíÿþùèõñÿ íà áåñêîíå÷íîñòè ôóíêöèé `j(t) è ïîñòîÿííûõ βj ∈
(0, 1] âåðíî ïðåäñòàâëåíèå qj(t) = 1−Gj(t) = t−βj `j(t) è qj(t) = O(qn(t));

• åñëè j ≤ n0, òî µj <∞ è â ñëó÷àå βn = 1 âåðíà îöåíêà qj(t) = o
(
qn(t)

)
.

Íàñ èíòåðåñóåò àñèìïòîòè÷åñêîå ïîâåäåíèå P{Zij(t) > 0} � âåðîÿòíîñòåé íà-
ëè÷èÿ ÷àñòèö j-ãî òèïà â ìîìåíò âðåìåíè t. Âåðîÿòíîñòè íåâûðîæäåíèÿ ïðîöåññà
â ìîìåíò âðåìåíè t � P{Zi(t) > 0} è P{Zij(t) > 0} äëÿ j òàêèõ, ÷òî â äîïîëíåíèå
ê ïðåäøåñòâóþùèì óñëîâèÿì qn(t) = O(qj(t)), îïèñàíû â [1], è, ñ òî÷íîñòüþ äî

çàäàâàåìûõ ÿâíî ïîñòîÿííûõ, ýòè âåðîÿòíîñòè ýêâèâàëåíòíû
√
qn(t). Åñëè æå

qj(t) = o(qn(t)), òî P{Zij(t) > 0} = o(
√

qn(t)). ßâíûé âèä P{Zij(t) > 0} àñèìï-
òîòèêè qj(t) = o(qn(t)) ðàíåå áûë ïîëó÷åí â [2] òîëüêî ïðè n = 2, n0 = 1 è
βn = β2 ∈ (0, 0.5] (ò. å. ïðè j = 1). Â ÷àñòíîñòè, ïðè

∫∞
0
µ−2

2 (t)dt < ∞ âåðîÿòíî-

ñòè P{Zi1(t) > 0} àñèìïòîòè÷åñêè ïðîïîðöèîíàëüíû µ−1
2 (t).

Ïîñëåäíèå ðåçóëüòàòû óäàëîñü îáîáùèòü íà ìíîãîìåðíûé ñëó÷àé. Â ÷àñòíî-
ñòè, ïðè

∫∞
0
µ2
j (t)µ

−2
n (t)dt < ∞ âåðîÿòíîñòè P{Zij(t) > 0} àñèìïòîòè÷åñêè ïðî-

ïîðöèîíàëüíû µj(t)µ
−1
n (t).

Ðàáîòà âûïîëíåíà ïî ïðîãðàììå I.1.3. ôóíäàìåíòàëüíûõ èññëåäîâàíèé ÑÎ ÐÀÍ

(ïðîåêò �Ðàçâèòèå ñòîõàñòè÷åñêèõ, àíàëèòè÷åñêèõ è ÷èñëåííûõ ìåòîäîâ èññëåäîâàíèÿ

ìàòåìàòè÷åñêèõ ìîäåëåé äèíàìèêè ïîïóëÿöèé, áèîìåäèöèíñêèõ ïðîöåññîâ è ìåõàíèêè

âÿçêèõ æèäêîñòåé�).
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LARGE-SCALE JOIN � IDLE � QUEUE SYSTEM
WITH GENERAL SERVICE TIMES

Foss S.G.1, Stolyar A. L.2
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Sobolev Institute of Mathematics SB RAS, Novosibirsk, Russia;

s.foss@hw.ac.uk
2University of Illinois, Urbana-Champaign, USA;
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A parallel server system with n identical servers is considered. The arrival process is
assumed to be renewal. The service time distribution has a �nite mean b, but otherwise
is arbitrary. Arriving customers are routed to one of the servers immediately upon
arrival. Join � Idle � Queue routing algorithm is studied, under which an arriving
customer is sent to an idle server, if such is available, and to a randomly uniformly
chosen server, otherwise.

We consider the asymptotic regime, where n → ∞ and the customer input �ow
rate is λn. Under the condition λb < 1/2, we prove that, as n→∞, the sequence of
(appropriately scaled) stationary distributions concentrates at the natural equilibrium
point, with the fraction of occupied servers being constant equal λb. In particular, this
implies that the steady-state probability of an arriving customer waiting for service
vanishes.

The case of exponential service times was considered earlier in [1].
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OPTIMAL MEAN-VARIANCE INVESTMENT AND
REINSURANCE PROBLEM WITH STOCHASTIC

VOLATILITY: A BSDE APPROACH

Guo J.

School of Mathematical Sciences, Nankai University,

Tianjin, People's Republic of China; jyguo@nankai.edu.cn

In this paper, we apply the backward stochastic di�erential equation (BSDE)
approach to investigate an optimal investment and reinsurance problem of an insurer
under the mean-variance criterion. A di�usion approximation to a risk process is
considered and the stochastic volatility of the stock is described by a Cox � Ingersoll �
Ross (CIR) process. We �rst consider a backward stochastic di�erential equation, then
associate the closed-form expressions of the e�cient frontiers and e�cient strategies
with the solution of the BSDE. Finally, economic behavior of the e�cient frontiers is
analyzed numerically.
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LIMIT THEOREM FOR BACKWARD
STOCHASTIC EQUATIONS

Kachanova I.A.

Kuban State University, Krasnodar, Russia; egishora.22.81@mail.ru

Consider a weak convergence in Meyer�Zheng topology of solutions of backward
stochastic equations in form

Y ε(t) = E

[
gε
(
Xε(T )

)
+

T∫
t

fε
(
s,Xε(s), Y ε(s)

)
ds

∣∣∣∣FXεt

]

as ε → 0 for the random processes Xε(t) which are the weak solutions of one-
dimensional stochastic equations with local time, namely

Xε(t) = x+ βε L
Xε(t, 0) +

t∫
0

(bε1(Xε(s)) + bε2(Xε(s))) ds +

t∫
0

σε(Xε
s ) dw(s) ,

where |βε| < 1, w(s) is a Wiener process. Note that the coe�cients of processes Xε(t)
can have an irregular dependence on the parameter ε.

The equations for limit process are obtained under certain assumptions on the
coe�cients of processes Y ε(t) and Xε(t).
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INEQUALITIES FOR RUIN PROBABILITY

Lotov V. I.1, Lvov A.P.2
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Let X1, X2, . . . be i.i.d. random variables, and Sn = X1 + · · ·+Xn. Given arbitrary
a > 0 and b > 0, we introduce the random variable

N = Na,b = inf{n ≥ 1 : Sn /∈ (−a, b)},

equal to the �rst exit time from the interval (−a, b) for the random walk, and let
β(a, b) = P (SN ≥ b). This quantity is usually called the ruin probability due to
the known application. The study of β(a, b) and EN is also very important for many
problems of sequential analysis.

The exact calculation of β(a, b) is available only in some particular situations.
This is why the accent in the study shifted to �nding approximating formulas and, in
particular, to the study of the asymptotics of the ruin probability in the cases when
asymptotic analysis is possible (e.g., in a triangular array scheme with reducing jumps
of a walk or if a+b→∞). Obtaining estimates in the form of inequalities is a natural
complement to asymptotic studies of the ruin probability.

The aim of the talk is to present some upper and lower bounds for β(a, b) under
various conditions on the distribution of X1.

The authors were supported by the Russian Foundation for Basic Research (project

no. 16-01-00049).
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INTEGRO-LOCAL LIMIT THEOREMS
FOR MULTIDIMENSIONAL COMPOUND

RENEWAL PROCESSES

Mogulskii A.A.1, Prokopenko E. I.2
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Let (τ, ζ), (τ1, ζ1), (τ2, ζ2), · · · be a sequence of i.i.d. random vectors in R × Rd,
τ > 0,

T0 := 0, Tn :=

n∑
j=1

τj , Z0 := 0, Zn :=

n∑
j=1

ζj ;

η(t) := max{k ≥ 0 : Tk < t}, ν(t) := min{k ≥ 0 : Tk ≥ t}.

The compound renewal processes Z(t), Y(t) for the sequence (τj , ζj), j ≥ 1, are
de�ned as

Z(t) := Zη(t), Y(t) := Zν(t), t ≥ 0.

Let the Cram�er moment condition for (τ, ζ) hold. For a vector x = (x(1), · · · , x(d)) ∈ Rd
put

∆[x) := [x(1), x(1) + ∆)× [x(2), x(2) + ∆)× · · · × [x(d), x(d) + ∆), ∆ > 0.

We establish the exact asymptotics for the probabilities

P(Z(t) ∈ ∆[x)), P(Y(t) ∈ ∆[x)), as t→∞

in the range of normal and large deviations.
The second author was supported by the Russian Foundation for Basic Research (project

no. 17-11-01173).
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INTEGRO-LOCAL ESTIMATES
FOR THE TIME OF ATTAINING THE MAXIMUM
BY THE POISSON PROCESS WITH LINEAR DRIFT

Mosyagin V. E.1, Shvemler N.A.2

Tyumen State University, Tyumen, Russia;
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Let ν−(t), ν+(t) be independent standard Poisson processes for t > 0 and extended
by zero for t < 0.

De�ne stochastic process:

Y (t) = at− ν+(pt) + ν−(−qt), t ∈ (−∞,∞), (1)

where the �xed parameters p > a > q > 0 provide for the process (1) negative middle
drift and the existence of the random variable t∗ = t∗(p, a, q) = argmax Y (t), which
distribution function was found in [1].

Denote the positive function Λ(z) = z − 1− ln z, z > 0.
Theorem. If 0 6 δ 6 1/a, then for all x ∈ (−∞,∞)

P (x 6 t∗ 6 x+ δ) 6 δ · d · exp {−c|x|} ,

where c = a·min {Λ(p/a),Λ(q/a)}, and the constant d = d(p, a, q) > 0 doesn't depend
on x.

The authors were supported by the Russian Foundation for Basic Research (project

no. 15-01-07460A).
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THE BERRY � ESSEEN BOUND
FOR GENERAL MARKOV CHAINS

Nagaev S.V.
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The subject of this communication is the proximity of the normal approximation
for the distribution of sums of random variables de�ned on the Markov chain. More
exactly, our aim is to extend the Berry � Esseen bound to non-uniformly ergodic
Markov chains. As for uniformly ergodic Markov chains, in this case the Berry �
Esseen type bound was obtained in our paper [1]. Bolthausen [2] obtained the bound

O
(

1√
n

)
in CLT for countable Markov chains. In the sequel he extended this bound to

the chains with the general state space [3] by using Nummelin's [4] splitting technique.
Strictly speaking, it is not the Berry � Esseen bound in full measure since it does not
depend explicitly on ergodic properties of the Markov chain and does not contain an
absolute constant. In brief Bolthausen's bound takes into account only the dependence
of n. By contrast, our bound includes some parameters related to ergodic properties of
the Markov chain, along with an absolute constant. We assume that the Markov chain
under consideration satis�es the conditions that are used in [5] (these conditions in
slightly di�erent form were �rst introduced in [6]). Remark that our bound acts for any
initial distribution, whereas Bolthausen con�nes himself to the case of a stationary
Markov chain. It should be noted that we do not use the splitting technique. Our
approach is quite a di�erent.
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In the present work tail probabilities for the binomial distribution are studied. In
1963 W. Hoe�ding [1] obtained the inequality for the tail probabilities in the general
case of sums of bounded independent random variables from which the inequality for
the binomial case follows. M. Talagrand [2] sharpened the Hoe�ding inequality, �nding
a bound of the so-called missing factor. However, his bound contains some inde�nite
constant. In our previous paper submitted to �Journal of Mathematical Sciences� we
got a bound for this factor with explicit values for constants, considering the problem
in the case of Bernoulli trials, when the Gaussian approximation holds.

In this work we obtain a bound of the missing factor in the case of the Poisson
approximation for the binomial distribution. Note that in both cases Cramer's
approach [3] is used, based on the application of Esscher's transformation. As a
consequence of this bound we get a result close to that found by V.A. Statulyavichus
and A.K. Aleshkyavechene in more general case in [4]. The consideration of the special
case have allowed us to obtain estimates in explicit form and, therefore, more accurate.

Note that in 2004 V. Bentkus [5] showed that tail probabilities for the binomial
distribution, up to a constant factor, majorize tail probabilities in the general case.
Thus, his result allows to reduce the general case to the particular one which we
consider in this work.
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ON FIRST-PASSAGE TIMES FOR MARTINGALES

Sakhanenko A. I.

Novosibirsk State University, Sobolev Institute of Mathematics SB RAS,

Novosibirsk, Russia; aisakh@mail.ru

We consider martingales in the domain of attraction of the Brownian motion.
Under appropriate additional assumptions we investigate the asymptotic behaviour of
the distributions of �rst-passage times over moving boundaries. Using a new approach,
we �nd exact asymptotics and show that they are di�erent from the corresponding
asymptotics for the Brownian motion even in the case of a constant boundary.

Remark. This is a joint work with D. Denisov and V. Wachtel. The partial case
of independent increments was considered earlier in [1].

The author was supported by the Russian Science Foundation (project no. 17-11-01173).

REFERENCES

1. Denisov D., Sakhanenko A., Wachtel V., �First-passage times for random walks with
non-identically distributed increments,� arxiv.org/abs/1611.00493.

373



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

ON JOINT DISTRIBUTION OF GRUBBS' STATISTICS
IN CASE OF NORMAL SAMPLE WITH OUTLIER

Shiryaeva L.K.

Samara State University of Economics, Samara, Russia; Shiryeva_LK@mail.ru

Let X1, X2, . . . , Xn be a random sample of n observations; X(1) ≤ X(2) ≤
. . . ≤ X(n−1) ≤ X(n) be a series of ordered observations constructed by the sample.
We consider the case, when certain (n − 1) of n observations have the identical
normal distribution N(a, σ2), and one of them (its number is unknown) has the
normal distribution N(a+ασ, νσ2). Therefore, an outlier Xout di�ers from the other
observations by parameters α and ν > 0, the number of outlier in the sample is
unknown.

We consider one-sided Grubbs' statistics

Tn,(1) = (X −X(1))/S, T (1)
n = (X(n) −X)/S,

where X = 1
n

∑n
i=1Xi è S

2 = 1
n−1

∑n
i=1(Xi −X)2.

We denote Gn,(1)(t;α, ν) = P (Tn,(1) < t), G
(1)
n (t;α, ν) = P (T

(1)
n < t),

Υn(t1, t2;α, ν) = P (Tn,(1) < t1, T
(1)
n < t2).

If the sample is homogeneous, then α = 0 and ν = 1. In this case the following equality

is trueG
(1)
n (t; 0, 1) = Gn,(1)(t; 0, 1). In paper [1] the recursive formulas for the marginal

distribution function G
(1)
n (t; 0, 1) were obtained. In paper [2] the recursive formulas for

the joint distribution function Υn(t1, t2; 0, 1) were obtained. In paper [3] the following
theorems were proved.

Theorem 1. For n > 2 ∀α ∈ R and ν > 0 equalities are true

Gn,(1)(t;α, ν) = G(1)
n (t;−α, ν) ∀t ∈ R,

G(1)
n (t;α, ν) =


0 (t ≤ 1/

√
n) ; 1 (t ≥ (n− 1)/

√
n) ;

t∫
−n−1√

n

G
(1)
n−1 (ρn(t, x); 0, 1) fT̃n(x;α, ν)dx (1/

√
n < t < (n− 1)/

√
n) ,

where ρn(t, z) =
√

(n− 2)/(n− 1) ((n− 1)t+ z)
/√

(n− 1)2 − nz2, |z| < (n−1)/
√
n;

fT̃n(t;α, ν) is the density of random variable T̃n = (Xout−X)/S, which were found
in [4].

Theorem 2. For n > 2 ∀α ∈ R and ν > 0 equality is true

Υn(t1, t2;α, ν)=


G

(1)
n (t2;α, ν), t1 ≥ (n− 1)/

√
n; Gn,(1)(t1;α, ν), t2 ≥ (n− 1)/

√
n;∫ t2

−t1 Υn−1 (ρn(t1,−x), ρn(t2, x); 0, 1) fT̃n(x;α, ν)dx, (t1, t2) ∈ ∆n;

0, t1 < 1/
√
n or t2 < 1/

√
n,

where ∆n = [1/
√
n ≤ t1 ≤ (n− 1)/

√
n; 1/

√
n ≤ t2 ≤ (n− 1)/

√
n].
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ON THE ASYMPTOTICS OF THE MOMENTS
OF SOJOURN TIME OF A RANDOM WALK

ON A SEMI-AXIS

Tarasenko A. S.

Sobolev Institute of Mathematics SB RAS, Novosibirsk, Russia; dkanus@gmail.com

Let ξ1, ξ2, . . . be a sequence of independent and identically distributed random
variables and let Sn = ξ1 + . . .+ ξn, then

Tn(b) =

n∑
i=1

I{Si>b}

is a sojourn time of random walk {Sn}∞n=1 above boundary b. We study the moments
of Tn(b) and present a set of results concerning their asymptotic behaviour.

The author was supported by the Russian Foundation for Basic Research (project no. 16-

01-00049).
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×ÈÑËÅÍÍÎÅ ÐÅØÅÍÈÅ ÑÒÎÕÀÑÒÈ×ÅÑÊÈÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ:

ÀËÃÎÐÈÒÌÛ È ÏÐÈËÎÆÅÍÈß

Àâåðèíà Ò.À.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

Íîâîñèáèðñê, Ðîññèÿ; ata@osmf.sscc.ru

Áóäóò ðàññìîòðåíû ÷èñëåííûå ìåòîäû ðåøåíèÿ ñòîõàñòè÷åñêèõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé (ÑÄÓ) ñ ïóàññîíîâñêîé ñîñòàâëÿþùåé è èõ ïðèìåíåíèå äëÿ
ðåøåíèÿ äâóõ òèïîâ çàäà÷: 1) ìîäåëèðîâàíèå è èññëåäîâàíèå ïðîöåññà íóêëåà-
öèè ñ ó÷åòîì çàðÿäà êàïëè è 2) ïðîãíîçèðîâàíèå äëÿ íåëèíåéíûõ ñòîõàñòè÷åñêèõ
ñèñòåì ñ ïóàññîíîâñêîé ñîñòàâëÿþùåé.

Ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå óðàâíåíèÿ ÿâëÿþòñÿ î÷åíü óäîáíûì àï-
ïàðàòîì äëÿ èññëåäîâàíèÿ ôèçè÷åñêèõ è èíæåíåðíûõ çàäà÷. Ïåðâàÿ çàäà÷à.

Íà÷àëüíàÿ ôëóêòóàöèîííàÿ ñòàäèÿ ôàçîâîãî ïåðåõîäà ïåðâîãî ðîäà ïðåäñòàâ-
ëåíà ìîäåëüþ ïðîöåññà êîíäåíñàöèè, îïèñàííîé ÑÄÓ ñ âèíåðîâñêîé è ïóàññî-
íîâñêîé ñîñòàâëÿþùèìè. Êëàñòåðèçàöèÿ çàðîäûøåé æèäêîé ôàçû â ôîðìå êà-
ïåëü ïðîèñõîäèò ñ ó÷åòîì ðåëååâñêîé íåóñòîé÷èâîñòè çàðÿæåííûõ êàïåëü [1].
Âòîðàÿ çàäà÷à. Ìîäåëü äèíàìè÷åñêîé ñèñòåìû îïèñûâàåòñÿ ñòîõàñòè÷åñêèì
äèôôåðåíöèàëüíûì óðàâíåíèåì â ñìûñëå Èòî, ñîäåðæàùåì îáùèé ïóàññîíîâ-
ñêèé ïðîöåññ [2]. Äëÿ ýòîé äèíàìè÷åñêîé ñèñòåìû ñòàâèòñÿ çàäà÷à ïðîãíîçèðî-
âàíèÿ, ñîñòîÿùàÿ â îöåíèâàíèè âåêòîðà ñîñòîÿíèÿ ïî ðåçóëüòàòàì èçìåðåíèé. Â
îñíîâå ñòàòèñòè÷åñêîãî àëãîðèòìà ëåæèò ìîäåëèðîâàíèå òðàåêòîðèé âñïîìîãà-
òåëüíîãî ïðîöåññà ñ îáðûâàìè è âåòâëåíèÿìè ñ ïîñëåäóþùèì óñðåäíåíèåì äëÿ
ïîëó÷åíèÿ îïòèìàëüíîé îöåíêè ïî êðèòåðèþ ìèíèìóìà ñðåäíåêâàäðàòè÷åñêî-
ãî îòêëîíåíèÿ îøèáêè îöåíèâàíèÿ. Óñòîé÷èâûå àëãîðèòìû ðåøåíèÿ ÑÄÓ äëÿ
íåïðåðûâíîé êîìïîíåíòû ïðîöåññà [3] äîïîëíåíû àëãîðèòìàìè ìîäåëèðîâàíèÿ
íåîäíîðîäíîé ïóàññîíîâñêîé ìåðû [4]�[5].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-05052).
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Êîíñòðóèðîâàíèå ïåðâîé ñòåíêè è äèâåðòîðíûõ ïëàñòèí ÿâëÿåòñÿ îäíîé èç
ïðîáëåì â ìåæäóíàðîäíîì ïðîåêòå ÈÒÝÐ (International Thermonuclear Experi-
mental Reactor). Èñïîëüçóþùèåñÿ ìàòåðèàëû äîëæíû õîðîøî îòâîäèòü òåïëî,
ìàëî ðàñïûëÿòüñÿ ÷àñòèöàìè èç ïëàçìû, ìàëî íàêàïëèâàòü âîäîðîä, íå ðàç-
ðóøàòüñÿ ìåõàíè÷åñêè, íå ïëàâèòüñÿ è íå ðàçáðûçãèâàòüñÿ ïðè îæèäàåìûõ â
òîêàìàêå èìïóëüñíûõ âîçäåéñòâèÿõ ìîùíûõ ïîòîêîâ ÷àñòèö è ýíåðãèè. Òàêàÿ
ñòîéêîñòü ìàòåðèàëîâ ê âîçäåéñòâèþ ìîùíûõ ïëàçìåííûõ ïîòîêîâ íåîáõîäèìà
è äëÿ òåðìîÿäåðíûõ ðåàêòîðîâ íà îñíîâå äðóãîé ãåîìåòðèè ìàãíèòíîãî ïîëÿ.
Â ÈßÔ ÑÎ ÐÀÍ ïðîâîäèòñÿ ýêñïåðèìåíòàëüíîå è òåîðåòè÷åñêîå ìîäåëèðîâà-
íèå óñëîâèé, âûçûâàþùèõ èíòåíñèâíóþ ýðîçèþ âîëüôðàìà. Ïðè ïîìîùè ìîù-
íîãî ýëåêòðîííîãî ïó÷êà ìîäåëèðóåòñÿ ñîîòâåòñòâóþùàÿ èìïóëüñíàÿ òåïëîâàÿ
íàãðóçêà â ðåæèìàõ ñ ìåõàíè÷åñêèì ðàçðóøåíèåì, ïëàâëåíèåì è ðàçáðûçãèâàíè-
åì ìàòåðèàëà. Ëàáîðàòîðíûå ýêñïåðèìåíòû ñîïðîâîæäàþòñÿ âû÷èñëèòåëüíûìè.
Âû÷èñëèòåëüíûé ýêñïåðèìåíò ïîçâîëÿåò îáúÿñíèòü ìåõàíèçì ñîâïàäåíèÿ îáëà-
ñòåé ïåðåãðåâà ñ ñåòüþ òðåùèí íà ïîâåðõíîñòè, õàðàêòåðíûé ðàçìåð êîòîðûõ
ìíîãî ìåíüøå ðàçìåðà îáëàñòè îáëó÷åíèÿ. Ïåðåãðåâ âáëèçè òðåùèí áûë îáíàðó-
æåí ýêñïåðèìåíòàëüíî. Çàðåãèñòðèðîâàíî âðàùåíèå ðàñïëàâëåííîãî ñëîÿ âîëü-
ôðàìà íà ïîâåðõíîñòè ìèøåíè. Íàïðàâëåíèå âðàùåíèÿ ñîâïàäàåò ñ íàïðàâëåíè-
åì ñèëû JxB. Àíàëèç ýêñïåðèìåíòàëüíûõ äàííûõ ïðèâåë ê íåîáõîäèìîñòè ó÷åòà
ïðîöåññîâ ïëàâëåíèÿ. Íà ïîâåðõíîñòè ðàñïëàâà áûëè îáíàðóæåíû ìåëêîñòðóê-
òóðíûå âîçìóùåíèÿ ñâåòèìîñòè. Åñòü íåñêîëüêî ãèïîòåç îáðàçîâàíèÿ òàêèõ êî-
ðîòêîâîëíîâûõ âîçìóùåíèé íà ïîâåðõíîñòè ðàñïëàâà, äëÿ ïðîâåðêè êîòîðûõ â
ìàòåìàòè÷åñêóþ ìîäåëü ââåäåí ó÷åò ïëàâëåíèÿ è äâèæåíèÿ ðàñïëàâà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ïðîãðàììû ÐÀÍ � 10.
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ÎÁ ÎÖÅÍÊÀÕ ÏÐÎÈÇÂÎÄÍÛÕ ÔÓÍÊÖÈÈ
Â ÑËÓ×ÀÅ ÈÍÒÅÐÏÎËßÖÈÈ ÍÀ ÑÈÌÏËÅÊÑÀÕ

Áàéäàêîâà Í.Â.

Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè èì. Í.Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ,

Åêàòåðèíáóðã, Ðîññèÿ; baidakova@imm.uran.ru

Ïóñòü Ω ⊂ R3 � íåêîòîðûé ìíîãîãðàííèê â R3 ñ çàäàííîé òðèàíãóëÿöèåé;
Wn+1M � ìíîæåñòâî ôóíêöèé, íåïðåðûâíûõ íà Ω âìåñòå ñî âñåìè ñâîèìè ÷àñò-
íûìè ïðîèçâîäíûìè äî ïîðÿäêà n+1 âêëþ÷èòåëüíî, ó êîòîðûõ âñå ïðîèçâîäíûå
ïîðÿäêà n+ 1 îãðàíè÷åíû ïî ìîäóëþ êîíñòàíòîé M.

Ïóñòü ∆ � íåâûðîæäåííûé òåòðàýäð ñ âåðøèíàìè a1, a2, a3, a4 èç òðèàíãóëÿ-
öèè ìíîæåñòâà Ω ∈ R3; f ∈Wn+1M ; Pn � ìíîãî÷ëåí ñòåïåíè n ïî ñîâîêóïíîñòè
ïåðåìåííûõ, èíòåðïîëèðóþùèé çíà÷åíèÿ ôóíêöèè f â ðàâíîìåðíûõ óçëàõ òåò-
ðàýäðà ∆. Îáîçíà÷åíèÿ: Ti � ãðàíè ∆ íàïðîòèâ âåðøèí ai; τij � åäèíè÷íûå
âåêòîðû, íàïðàâëåííûå îò ai ê aj ; H � äèàìåòð òåòðàýäðà. Ïóñòü ϑij � óãîë
ìåæäó τij è Ti; ϑi è ϑ � òàêèå óãëû, ÷òî

sinϑi = max
1≤j≤4
j 6=i

sinϑij ,

sinϑ = min
1≤i≤4

sinϑi .

Òåîðåìà. Äëÿ ëþáîãî s = 0, . . . , n è ëþáûõ åäèíè÷íûõ âåêòîðîâ ξ1, . . . , ξs
èìååò ìåñòî îöåíêà ∥∥∥∥∂s (f − Pn)

∂ξ1 . . . ∂ξs

∥∥∥∥
C(∆)

≤ K(n)M
Hn+1−s

(sinϑ)s
,

ãäå K(n) � íåêîòîðàÿ ïîëîæèòåëüíàÿ âåëè÷èíà, çàâèñÿùàÿ òîëüêî îò n.
Àíàëîãè÷íàÿ òåîðåìà ñïðàâåäëèâà äëÿ íåâûðîæäåííîãî ñèìïëåêñà â R4.
Ïîëó÷åííûå îöåíêè ñðàâíèâàþòñÿ ñ îöåíêàìè èç [1].
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 14-11-00702Ï).
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ÍÅÍÀÑÛÙÀÅÌÛÅ ÊÂÀÄÐÀÒÓÐÍÛÅ ÔÎÐÌÓËÛ
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Áåëûõ Â.Í.
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Â 1975 ãîäó â Äîêëàäàõ ÀÍ ÑÑÑÐ (Ò. 221, � 1) ïîÿâèëîñü ñîîáùåíèå Ê.È. Áà-
áåíêî îá îòêðûòèè ïðèíöèïèàëüíî íîâûõ � íåíàñûùàåìûõ � ÷èñëåííûõ ìåòî-
äîâ (è àëãîðèòìîâ). Èíòåðåñíûé ôàêò: Ë. Ôåéåð [1] â ñâî¼ âðåìÿ óñòðàíèë ñóì-
ìû Ôóðüå èç ñïîñîáà ïðèáëèæåíèÿ ïåðèîäè÷åñêèõ ôóíêöèé ñ öåëüþ ðàñøèðåíèÿ
âîçìîæíîñòåé íà ëþáóþ íåïðåðûâíóþ ôóíêöèþ, ñäåëàâ ïîíÿòèå íàñûùåíèå, êàê
åìó êàçàëîñü, áîëåå ïðèåìëåìûì äëÿ ïðàêòèêè; Ê.È. Áàáåíêî [2] óñòðàíÿåò ýòî
ïîíÿòèå èç âû÷èñëèòåëüíîé ïðàêòèêè, ïðåñëåäóÿ òó æå öåëü, íî àáñîëþòíî ïðî-
òèâîïîëîæíûì ñïîñîáîì.

Íà îñíîâå ôóíäàìåíòàëüíûõ èäåé Ê.È. Áàáåíêî ïîñòðîåíû ïðèíöèïèàëüíî
íîâûå � íåíàñûùàåìûå � êâàäðàòóðíûå ôîðìóëû äëÿ ïðèáëèæ¼ííîãî âû÷èñëå-
íèÿ èíòåãðàëîâ ïî êîíå÷íîìó îòðåçêó [3], [4]. Îòëè÷èòåëüíàÿ ÷åðòà ïîñëåäíèõ �
îòñóòñòâèå ãëàâíîãî ÷ëåíà ïîãðåøíîñòè, è êàê ðåçóëüòàò � ñïîñîáíîñòü àâòîìà-
òè÷åñêè ïîäñòðàèâàòüñÿ ê ëþáûì ýêñòðàîðäèíàðíûì çàïàñàì ãëàäêîñòè ïîäûí-
òåãðàëüíûõ ôóíêöèé. Êîíñòðóêöèÿ êâàäðàòóð, âîïðåêè ñëîæèâøèìñÿ â âû÷èñ-
ëèòåëüíîé ïðàêòèêå òðàäèöèÿì, èçíà÷àëüíî òàêîâà, ÷òî ñïîñîáíà âìåñòèòü, îá-
ðàçíî ãîâîðÿ, áåñêîíå÷íîå ìíîæåñòâî êâàäðàòóðíûõ ìåòîäîâ, ñîñðåäîòî÷åííûõ,
òàê ñêàçàòü, â íåé îäíîé. Â ÷àñòíîñòè, â ñëó÷àå C∞-ãëàäêèõ ôóíêöèé ôîð-
ìóëû ðåàëèçóþò àáñîëþòíî íåóëó÷øàåìóþ ýêñïîíåíöèàëüíóþ îöåíêó ïîãðåø-
íîñòè. Íåóëó÷øàåìîñòü îöåíêè îáóñëîâëåíà àñèìïòîòèêîé àëåêñàíäðîâñêîãî n-
ïîïåðå÷íèêà êîìïàêòà C∞-ãëàäêèõ ôóíêöèé. Îíà òàêæå èìååò âèä (ñ ðîñòîì
÷èñëà óçëîâ n) óáûâàþùåé ê íóëþ ýêñïîíåíòû.

ËÈÒÅÐÀÒÓÐÀ

1. Fejer L. Untersuchungen�uber Fourersche Reihen // Math. Ann. 1904. V. 58. P. 51�69.

2. Áàáåíêî Ê.È. Îñíîâû ÷èñëåííîãî àíàëèçà. Ì.: Íàóêà, 1986.

3. Áåëûõ Â.Í. Íåíàñûùàåìûå êâàäðàòóðíûå ôîðìóëû íà îòðåçêå (ê ïðîáëåìå
Ê.È. Áàáåíêî) // ÄÀÍ. 2016. Ò. 467, � 5. Ñ. 509�513.

4. Áåëûõ Â.Í. Ê ïðîáëåìå êîíñòðóèðîâàíèÿ íåíàñûùàåìûõ êâàäðàòóðíûõ ôîðìóë íà
êîíå÷íîì îòðåçêå // Ìàò. ñá. 2017 (â ïå÷àòè).
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Áèáåðäîðô Ý.À.1,2, Áëèíîâà Ì.À.1, Ïîïîâà Í.È.3

1Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

blin_mary@mail.ru
2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

biberdorf@ngs.ru
3Èíñòèòóò ÿäåðíîé ôèçèêè èì. Ã.È. Áóäêåðà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

N.I.Popova@inp.nsk.su

Òðàäèöèîííî ïðè ÷èñëåííîì èññëåäîâàíèè óñòîé÷èâîñòè ñíà÷àëà ïðîâîäèòñÿ
äèñêðåòèçàöèÿ ñîîòâåòñòâóþùåãî äèôôåðåíöèàëüíîãî îïåðàòîðà, çàòåì âîçíè-
êàþùàÿ àëãåáðàè÷åñêàÿ çàäà÷à ðåøàåòñÿ îäíèì èç ñòàíäàðòíûõ ìåòîäîâ ëèíåé-
íîé àëãåáðû ñ ðàññìîòðåíèåì ïîëíîé ñïåêòðàëüíîé çàäà÷è. Òàê êàê ïðè ýòîì
ïðèõîäèòñÿ èññëåäîâàòü ñïåêòð áîëüøèõ íåñèììåòðè÷íûõ ìàòðèö, òî îøèáêè
îêðóãëåíèÿ ìîãóò ìåíÿòü ðåçóëüòàò äî íåóçíàâàåìîñòè. Ïîýòîìó ëó÷øå èìåòü
äåëî ñ êðèòåðèÿìè, êîòîðûå îòâå÷àþò çà îòñóòñòâèå òî÷åê â îïðåäåëåííûõ ÷à-
ñòÿõ ïëîñêîñòè. Ìåòîä äèõîòîìèè ìàòðè÷íîãî ñïåêòðà ÿâëÿåòñÿ ïåðñïåêòèâíîé
àëüòåðíàòèâîé òðàäèöèîííûì ïîäõîäàì è ïîçâîëÿåò ýôôåêòèâíî ðåøàòü çàäà÷ó
î ðàñïîëîæåíèè ñïåêòðà íåñèììåòðè÷íîé ìàòðèöû îòíîñèòåëüíî òàêèõ êðèâûõ
êàê îêðóæíîñòü, ýëëèïñ, ïðÿìàÿ (ñì., íàïðèìåð, [1]).

Ñëåäóåò îòìåòèòü, ÷òî ìàòðèöû, ïîëó÷àþùèåñÿ ïðè äèñêðåòèçàöèè äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ, îáëàäàþò ðÿäîì ñïåöèôè÷åñêèõ îñîáåííîñòåé, íàïðè-
ìåð, áîëüøîé ðàçìåð, áîëüøàÿ íîðìà è ò.ä. Êðîìå òîãî, äèñêðåòèçàöèÿ ñïåê-
òðàëüíîé çàäà÷è äëÿ òàêèõ òå÷åíèé êàê ïîãðàíè÷íûé ñëîé Áëàçèóñà [2] ïðèâîäèò
ê íåëèíåéíîé çàâèñèìîñòè èòîãîâîé ìàòðèöû îò ñîáñòâåííûõ çíà÷åíèé èñõîä-
íîãî äèôôåðåíöèàëüíîãî îïåðàòîðà. Ìîäèôèêàöèè ñóùåñòâóþùèõ àëãîðèòìîâ
è ðàçðàáîòêà ìåòîäîâ äèõîòîìèè îòíîñèòåëüíî ïàðàáîë è ãèïåðáîë ïîçâîëÿþò
ïðåîäîëåòü ýòè ïðîáëåìû.

Âî-ïåðâûõ, â àëãîðèòì äèõîòîìèè ìíèìîé îñüþ âíåñåíà ïîïðàâêà, ïîçâîëÿþ-
ùàÿ ïðèìåíÿòü åãî ê ìàòðèöàì ñ áîëüøîé íîðìîé. Âî-âòîðûõ, ïðåäëîæåí ìåòîä,
ïîçâîëÿþùèé ñâåñòè çàäà÷ó î äèõîòîìèè ãèïåðáîëîé ê äèõîòîìèè ìíèìîé îñüþ.

Ýòè ïîäõîäû äåìîíñòðèðóþòñÿ íà ïðèìåðàõ ïëîñêîïàðàëëåëüíîãî òå÷åíèÿ
Ïóàçåéëÿ è ïîãðàíè÷íîãî ñëîÿ Áëàçèóñà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-

íûõ èññëåäîâàíèé (ïðîåêò � 17-01-00791_à).
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ãà, 1997.

2. Áîéêî À.Â., Ãðåê Ã. Ð., Äîâãàëü À.Â., Êîçëîâ Â.Â. Ôèçè÷åñêèå ìåõàíèçìû ïåðå-
õîäà ê òóðáóëåíòíîñòè â îòêðûòûõ òå÷åíèÿõ. Ìîñêâà-Èæåâñê: ÍÈÖ �Ðåãóëÿðíàÿ è
õàîòè÷åñêàÿ äèíàìèêà�, 2006.
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ÀÏÏÐÎÊÑÈÌÀÖÈÈ ÑÏËÀÉÍÀÌÈ

ÏÅÐÅÌÅÍÍÎÉ ÑÒÅÏÅÍÈ

Áîãäàíîâ Â.Â.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà CO PAH, Íîâîñèáèðñê, Ðîññèÿ;

bogdanov@math.nsc.ru

Êëàññè÷åñêèå êóáè÷åñêèå èíòåðïîëÿöèîííûå ñïëàéíû äîïóñêàþò îáîáùåíèÿ,
êîòîðûå äåëàþò èõ áîëåå ãèáêèìè ñ òî÷êè çðåíèÿ íàñëåäîâàíèÿ çíàêîâûõ ñõåì
äàííûõ. Ñðåäè èçâåñòíûõ òàêèõ îáîáùåíèé îñîáîå ìåñòî çàíèìàþò ñïëàéíû ïå-
ðåìåííîé ñòåïåíè, êîòîðûå íà îòðåçêå [a, b] ìîãóò áûòü îïðåäåëåíû ñëåäóþùèì
îáðàçîì. Íà êàæäîì èíòåðâàëå [xi, xi+1] ïðîèçâîëüíîé ñåòêè

a = x0 < x1 < . . . < xn = b

ñ çàäàííûìè íà íåé çíà÷åíèÿìè fi = f(xi), i = 0, 1, . . . n, èíòåðïîëèðóåìîé
ôóíêöèè f(x) îáîáù¼ííûé ñïëàéí èìååò âèä:

S(x) = fi(1− t) + fi+1t+ φ(qi, 1− t)h2
iMi + φ(pi+1, t)h

2
iMi+1,

ãäå Mi = S′′(xi) � ïàðàìåòðû ñïëàéíà, t = (x− xi)/(xi+1 − xi), à ôóíêöèÿ

φ(p, t) =
t3+p − t

p2 + 5p+ 6

ÿâëÿåòñÿ ïîëèíîìîì ñòåïåíè 3 + p. Âñå âîçìîæíûå pi, qi èãðàþò ðîëü ñâîáîäíûõ
ïàðàìåòðîâ äëÿ óïðàâëåíèÿ ïîâåäåíèåì ñïëàéíà è â ñëó÷àå, êîãäà âñå pi, qi ðàâíû
íóëþ, ðåàëèçóåòñÿ ñòðóêòóðà êëàññè÷åñêîãî êóáè÷åñêîãî ñïëàéíà êëàññà C2.

Íàðÿäó ñ òåì, ÷òî ýòà êîíñòðóêöèÿ ñîõðàíÿåò êóñî÷íî ïîëèíîìèàëüíûé âèä
ñ ÷èñëîì ÷ëåíîâ â êàæäîì ïîëèíîìèàëüíîì êóñêå íå áîëåå ÷åòûð¼õ, ñèñòåìà,
îïðåäåëÿþùàÿ ïàðàìåòðû ñïëàéíà, óäîâëåòâîðÿåò óñëîâèÿì, ïîçâîëÿþùèì ïðè-
ìåíÿòü ê íåé òåõíèêó ïðèâåäåíèÿ å¼ ìàòðèöû, êàê è äëÿ å¼ êëàññè÷åñêîãî ïðîòî-
òèïà � êóáè÷åñêîãî ñïëàéíà êëàññà C2 [1] � ê ìàòðèöå ìîíîòîííîãî âèäà. Óïðàâ-
ëÿþùèå ïàðàìåòðû, ðîëü êîòîðûõ èãðàþò öåëî÷èñëåííûå ïîêàçàòåëè ñòåïåíè â
íåëèíåéíîé ÷àñòè êóñî÷íûõ ïîëèíîìîâ, ìîãóò áûòü âûáðàíû â ñîîòâåòñòâèè ñ àë-
ãîðèòìîì, àíàëîãè÷íûì îïèñàííîìó â ðàáîòå [2] è ãàðàíòèðóþùèì âûïîëíåíèå
óñëîâèé íàñëåäîâàíèÿ ïðîèçâîäíûìè ñïëàéíà ïåðåìåííîé ñòåïåíè çíàêîâ ñîîò-
âåòñòâóþùèõ ðàçäåë¼ííûõ ðàçíîñòåé. Òàêèì îáðàçîì, ñóùåñòâåííî óëó÷øàþòñÿ
ãåîìåòðè÷åñêèå ñâîéñòâà èíòåðïîëÿöèè, êîòîðàÿ âî âñåé îáëàñòè îáåñïå÷èâàåò
íàñëåäîâàíèå ãðàôèêîì ñïëàéíà êóñî÷íîé ìîíîòîííîñòè èëè êóñî÷íîé âûïóêëî-
ñòè äàííûõ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-07-07530).
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ïðè âûïóêëîé èíòåðïîëÿöèè // Ñèá. æóðí. âû÷èñë. ìàòåìàòèêè. 2006. Ò. 9, � 1.
Ñ. 5�22.
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Â äîêëàäå ðàññìîòðåíà ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé

A(t)x(t) +

t∫
0

K(t, s)x(s) ds = f(t), 0 ≤ s ≤ t ≤ 1, (1)

ãäå A(t) è K(t, s) � n × n ìàòðèöû, f(t) è x(t) � n-ìåðíûå èçâåñòíàÿ è èñêî-
ìàÿ âåêòîð-ôóíêöèè. Ïðåäïîëàãàåòñÿ, ÷òî ýëåìåíòû A(t), K(t, s), f(t) îáëàäàþò
íåîáõîäèìîé ñòåïåíüþ ãëàäêîñòè. Ïîä ðåøåíèåì èñõîäíîé çàäà÷è (1) ïîíèìàåì
ëþáóþ íåïðåðûâíóþ âåêòîð-ôóíêöèþ x(t), îáðàùàþùóþ (1) â òîæäåñòâî.

Ïðåäïîëàãàåòñÿ, ÷òî
detA(t) ≡ 0. (2)

Çàäà÷è (1) ñ óñëîâèåì (2) ïðèíÿòî íàçûâàòü èíòåãðî-àëãåáðàè÷åñêèìè óðàâ-
íåíèÿìè.

Â ïåðâîé ñòàòüå [1], ïîñâÿùåííîé ÈÀÓ, áûëè ñôîðìóëèðîâàíû äîñòàòî÷íûå
óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî íåïðåðûâíîãî ðåøåíèÿ ðàññìàòðèâàåìîãî
êëàññà çàäà÷.

Â äîêëàäå ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ èíòåãðî-àëãåáðàè÷åñêèõ
óðàâíåíèé èíòåðïîëÿöèîííûìè áëî÷íûìè ìåòîäàìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 16-51-540002-Âüåò-à, � 15-01-03228-à, � 16-31-00219-ìîë-à.)
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Â äîêëàäå ðàññìàòðèâàþòñÿ ñèñòåìû âçàèìîñâÿçàííûõ èíòåãðàëüíûõ óðàâíå-
íèé Âîëüòåððà I è II ðîäà ñ òîæäåñòâåííî âûðîæäåííîé ìàòðèöåé ïåðåä ãëàâíîé
÷àñòüþ:

A(t)x(t) +

t∫
0

K(t, s)x(s)ds = f(t), 0 ≤ s ≤ t ≤ 1,

detA(t) ≡ 0,

ãäå A(t) è K(t, s) � çàäàííûå ìàòðèöû ðàçìåðíîñòè n×n, f(t) è x(t) � n−ìåðíûå
èçâåñòíàÿ è èñêîìàÿ âåêòîð-ôóíêöèè.

Òàêèå çàäà÷è ïðèíÿòî íàçûâàòü èíòåãðî-àëãåáðàè÷åñêèìè óðàâíåíèÿìè. Â
ïåðâîé ðàáîòå ïî ýòîé òåìàòèêå [1] ïðèâåäåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâà-
íèÿ åäèíñòâåííîãî íåïðåðûâíîãî ðåøåíèÿ, à òàêæå ïðåäëîæåí ÷èñëåííûé ìåòîä
ðåøåíèÿ.

Äëÿ ÷èñëåííîãî ðåøåíèÿ âûäåëåííîãî êëàññà óðàâíåíèé ïðåäëàãàåòñÿ ñòðî-
èòü íåÿâíûå k-øàãîâûå s-ñòàäèéíûå ìåòîäû:

Ai+1xi+1 + h
i+s∑
l=0

a1
lKi+s,lxl = fi+1,

Ai+2xi+2 + h
i+s∑
l=0

a2
lKi+s,lxl = fi+2,

...,

Ai+sxi+s + h
i+s∑
l=0

aslKi+s,lxl = fi+s.

Ïîäðîáíî ðàññìîòðåí ñëó÷àé ïîñòðîåíèÿ îäíî- è äâóõñòàäèéíûõ ìåòîäîâ,
ïðèâåäåíû óñëîâèÿ íà âåñîâûå êîýôôèöèåíòû, ïðè êîòîðûõ ïðåäëàãàåìûå ìå-
òîäû óñòîé÷èâû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 16-51-540002-Âüåò-à, � 15-01-03228-à, � 16-31-00219-ìîë-à).

ËÈÒÅÐÀÒÓÐÀ

1. ×èñòÿêîâ Â.Ô. Î ñèíãóëÿðíûõ ñèñòåìàõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé è èõ èíòåãðàëüíûõ àíàëîãàõ // Ôóíêöèè Ëÿïóíîâà è èõ ïðèìåíåíèÿ. Íîâî-
ñèáèðñê: Íàóêà, 1987. Ñ. 231�239.
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Î ÁËÎ×ÍÛÕ ÐÀÇÍÎÑÒÍÛÕ ÑÕÅÌÀÕ
ÄËß ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎ-

ÀËÃÅÁÐÀÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

Áóëàòîâ Ì.Â.1, Ñîëîâàðîâà Ë.Ñ.2

Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ ÑÎ ÐÀÍ,

Èðêóòñê, Ðîññèÿ; 1mvbul@icc.ru, 2soleilu@mail.ru

Â äîêëàäå ðàññìîòðåíà çàäà÷à

A(t)x′(t) +B(t)x(t) = f(t), x(0) = x0, t ∈ [0, 1],

ãäå A(t), B(t) � (n × n)-ìàòðèöû, f(t) è x(t) � çàäàííàÿ è èñêîìàÿ n-ìåðíûå
âåêòîð-ôóíêöèè.

Åñëè detA ≡ 0, òî ðàññìàòðèâàåìûå çàäà÷è ïðèíÿòî íàçûâàòü äèôôåðåíöè-
àëüíî-àëãåáðàè÷åñêèìè óðàâíåíèÿìè (ÄÀÓ). Õàðàêòåðèñòèêîé ñëîæíîñòè äàí-
íûõ óðàâíåíèé ÿâëÿåòñÿ ïîíÿòèå èíäåêñà � ìèíèìàëüíîãî ÷èñëà äèôôåðåíöè-
ðîâàíèé è êîíå÷íûõ ïðåîáðàçîâàíèé, íåîáõîäèìûõ äëÿ òîãî, ÷òîáû èñõîäíîå ÄÀÓ
ìîæíî ðåäóöèðîâàòü ê îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ, ðàçðå-
øåííîìó îòíîñèòåëüíî ïðîèçâîäíîé [1].

Äëÿ èñõîäíîé ñèñòåìû, çàïèñàííîé â âèäå

(A(t)x(t))′ + C(t)x(t) = f(t), t ∈ [0, 1],

ãäå C(t) = B(t)−A′(t), ïðåäëàãàþòñÿ áëî÷íûå ðàçíîñòíûå ñõåìû:

∑k+s−1
j=0 ρsjAi+s−jxi+s−j + hCi+sxi+s = hfi+s,

...∑k+s−1
j=0 ρ2

jAi+s−jxi+s−j + hCi+2xi+2 = hfi+2,∑k+s−1
j=0 ρ1

jAi+s−jxi+s−j + hCi+1xi+1 = hfi+1.

Ïðåäïîëàãàåòñÿ, ÷òî ñòàðòîâûå çíà÷åíèÿ xj ≈ x(tj), tj = jh, j = 0, 1, . . . , k−1,
çàðàíåå çàäàíû èëè âû÷èñëåíû.

Ïðèâåäåíû ÷àñòíûå ñëó÷àè ïðåäëàãàåìûõ ìåòîäîâ è ðåçóëüòàòû ÷èñëåííûõ
ðàñ÷åòîâ èçâåñòíûõ ìîäåëüíûõ ïðèìåðîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 16-31-00219-ìîë-à, � 15-01-03228-à, � 16-51-540002-Âüåò-à).

ËÈÒÅÐÀÒÓÐÀ

1. Õàéðåð Ý., Âàííåð Ã. Ðåøåíèå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Æåñò-
êèå è äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèå çàäà÷è. Ì.: Ìèð, 1999.
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ÍÅÊÎÒÎÐÛÅ ÏÐÎÁËÅÌÛ ÎÁÙÅÉ
ÒÅÎÐÈÈ ÊÓÁÀÒÓÐÍÛÕ ÔÎÐÌÓË

Âàñêåâè÷ Â.Ë.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

vask@math.nsc.ru

Â îáùåé òåîðèè äåéñòâèå è ñâîéñòâà îäíîé è òîé æå êóáàòóðíîé ôîðìó-
ëû èçó÷àþòñÿ íå íà îäíîì êàêîì-òî ôèêñèðîâàííîì ôóíêöèîíàëüíîì êëàññå
ñî ñâîéñòâîì âëîæåíèÿ â ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé, à íà áåñêîíå÷-
íîé ñåðèè òàêîãî ðîäà ïðîñòðàíñòâ. Ýëåìåíòû ýòîé áåñêîíå÷íîé ñåðèè ôóíê-
öèîíàëüíûõ êëàññîâ îáû÷íî óïîðÿäî÷åíû ïî âîçðàñòàíèþ ñîîòâåòñòâóþùåé èì
ãëàäêîñòè. Ïðè òàêîì ïîäõîäå êóáàòóðíóþ ôîðìóëó åñòåñòâåííî ðàññìàòðèâàòü
êàê íåêîòîðûé ñòàíäàðò ïðèáëèæåíèÿ îáîáùåííîé ôóíêöèè, äåéñòâèå êîòîðîé
íà íåïðåðûâíóþ ôóíêöèþ îçíà÷àåò âçÿòèå ñðåäíåãî çíà÷åíèÿ ïî îãðàíè÷åííîé
îáëàñòè èíòåãðèðîâàíèÿ. Â êà÷åñòâå òèïè÷íûõ ñðåäñòâ äëÿ òàêîãî ñòàíäàðòíî-
ãî ïðèáëèæåíèÿ èñïîëüçóþòñÿ ëèíåéíûå êîìáèíàöèè ñäâèãîâ õîðîøî èçâåñòíîé
äåëüòà-ôóíêöèÿ Äèðàêà δ(x), ò. å. êóáàòóðíûå ñóììû. Â ýòîé ñâÿçè îñíîâíîé
òåîðåòè÷åñêîé õàðàêòåðèñòèêîé çàäàííîé êóáàòóðíîé ôîðìóëû ñëóæèò åå ôóíê-
öèîíàë ïîãðåøíîñòè. Ýòîò ôóíêöèîíàë ëèíååí è ïðåäñòàâëÿåò ñîáîé ôèíèòíóþ
îáîáùåííóþ ôóíêöèþ.

Â ðàìêàõ òåîðèè êóáàòóðíûõ ôîðìóë òðàäèöèîííî ðàññìàòðèâàåòñÿ ñëåäó-
þùèé íàáîð çàäà÷: çàäàâøèñü áàíàõîâûì ïðîñòðàíñòâîì X, íàéòè àñèìïòîòè-
÷åñêè òî÷íîå ðàçëîæåíèå íîðìû ôóíêöèîíàëà ïîãðåøíîñòè â ñîïðÿæåííîì ïðî-
ñòðàíñòâå X∗ ïî ÷èñëó óçëîâ N ñîîòâåòñòâóþùåé êóáàòóðíîé ôîðìóëû. Âûâåñòè
ýôôåêòèâíûå îöåíêè äëÿ óïîìÿíóòîé íîðìû êàê ñâåðõó, òàê è ñíèçó â âèäå ÿâ-
íûõ ôóíêöèé îò N . Èññëåäîâàòü ïîñëåäîâàòåëüíîñòü íîðì íà ñõîäèìîñòü ê íóëþ
ïðè íåîãðàíè÷åííîì óâåëè÷åíèè ÷èñëà óçëîâ.

Ðåøåíèå ïðîáëåìû îá àñèìïòîòè÷åñêèõ ðàçëîæåíèÿõ íîðìû ‖lN | X∗‖ ïî ïà-
ðàìåòðó N òåñíî ñâÿçàíî ñ ïîëó÷åíèåì äëÿ ýòîé íîðìû óäîáíûõ àíàëèòè÷åñêèõ
ïðåäñòàâëåíèé (íàïðèìåð, â âèäå êâàäðàòè÷íûõ ôîðì îò âåêòîðà âåñîâ ôîðìó-
ëû). Îòûñêàòü òàêîãî òèïà ïðåäñòàâëåíèÿ óäàåòñÿ ñ ïîìîùüþ ðåøåíèÿ êðàåâûõ
çàäà÷ äëÿ àññîöèèðîâàííîãî ñ ïðîñòðàíñòâîì X äèôôåðåíöèàëüíîãî (ïñåâäî-
äèôôåðåíöèàëüíîãî) óðàâíåíèÿ, ïðàâàÿ ÷àñòü êîòîðîãî � îáîáùåííàÿ ôóíêöèÿ,
ñîâïàäàþùàÿ ñ èññëåäóåìûì ôóíêöèîíàëîì ïîãðåøíîñòè. Êàê ïðàâèëî, àññîöè-
èðîâàííîå óðàâíåíèå èìååò ýëëèïòè÷åñêèé òèï. Â âûáîðå ïðîáíûõ áàíàõîâûõ
ïðîñòðàíñòâ X èìååòñÿ î÷åíü áîëüøàÿ ñâîáîäà, ÷òî ÿâíî ñâèäåòåëüñòâóåò î íåîá-
õîäèìîñòè äîêàçàòåëüñòâà äëÿ êóáàòóðíûõ ôîðìóë óòâåðæäåíèé îáùåãî õàðàê-
òåðà (òåîðåì î ñõîäèìîñòè, îá îïòèìàëüíûõ ôîðìóëàõ, îá àñèìïòîòè÷åñêè îï-
òèìàëüíûõ ôîðìóëàõ è ò. ï.), âåðíûõ îäíîâðåìåííî äëÿ âñåõ ðàññìàòðèâàåìûõ
êëàññîâ, ëèáî ïî êðàéíåé ìåðå äëÿ áîëüøèíñòâà èç íèõ.

Ðàññìîòðåíèå òåîðèè êóáàòóðíûõ ôîðìóë â êà÷åñòâå íåîòúåìëåìîé ÷àñòè îá-
ùåé òåîðèè îáîáùåííûõ ôóíêöèé ñ íåîáõîäèìîñòüþ ïðèâîäèò ê äî ñèõ ïîð íåðå-
øåííîé ïðîáëåìå ðàñïðîñòðàíåíèÿ êëàññè÷åñêèõ ðåçóëüòàòîâ ìåòîäà êóáàòóðíûõ
ôîðìóë íà ñëó÷àé àïïðîêñèìàöèè ïðîèçâîëüíîé ôèíèòíîé îáîáùåííîé ôóíêöèè
êîíå÷íûìè ëèíåéíûìè êîìáèíàöèÿìè ñäâèãîâ äåëüòà-ôóíêöèè Äèðàêà. Ïðèåì-
ëåìîå ðåøåíèå ýòîé ïðîáëåìû áóäåò îçíà÷àòü ïî ñóùåñòâó ïðåâðàùåíèå ôèíèò-
íîé îáîáùåííîé ôóíêöèè â ñòàíäàðòíûé îáúåêò âû÷èñëèòåëüíîé ìàòåìàòèêè.
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ÂÛ×ÈÑËÈÌÛÅ ÌÎÄÅËÈÐÓÅÌÛÅ
ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÄÅÊÀÐÒÎÂÛÕ

ÊÎÎÐÄÈÍÀÒ ÄËß ÑËÓ×ÀÉÍÛÕ ÂÅÊÒÎÐÎÂ

Âîéòèøåê À.Â.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; vav@osmf.sscc.ru

Â äàííîé ðàáîòå ââåäåíî ïîíÿòèå âû÷èñëèìîãî ìîäåëèðóåìîãî ïðåîáðàçîâàíèÿ
äåêàðòîâûõ êîîðäèíàò äëÿ ñëó÷àéíîãî âåêòîðà. Òàêèå ïðåîáðàçîâàíèÿ ðàñøèðÿ-
þò âîçìîæíîñòè ïîñòðîåíèÿ ýôôåêòèâíûõ (ýêîíîìè÷íûõ) àëãîðèòìîâ ÷èñëåííî-
ãî ìîäåëèðîâàíèÿ ìíîãîìåðíûõ ñëó÷àéíûõ âåëè÷èí (ñì., íàïðèìåð, [1]).

Ñôîðìóëèðîâàíà ïðîáëåìà ïîèñêà êîíñòðóêòèâíûõ, ïîëåçíûõ äëÿ ïðàêòè÷å-
ñêèõ ïðèìåíåíèé âû÷èñëèìûõ ìîäåëèðóåìûõ ïðåîáðàçîâàíèé äåêàðòîâûõ êîîð-
äèíàò.

Â êà÷åñòâå ñîäåðæàòåëüíûõ ïðèìåðîâ òàêèõ ïðåîáðàçîâàíèé ðàññìîòðåíû ïå-
ðåõîäû ê ïîëÿðíûì è ñôåðè÷åñêèì êîîðäèíàòàì (ïðè ìîäåëèðîâàíèè ñëó÷àéíûõ
òî÷åê, ðàâíîìåðíî ðàñïðåäåëåííûõ â êðóãå è øàðå ñîîòâåòñòâåííî; ñì., íàïðè-
ìåð, [1]), ê öèëèíäðè÷åñêèì êîîðäèíàòàì (ïðè ìîäåëèðîâàíèè ñëó÷àéíûõ òî÷åê,
ðàâíîìåðíî ðàñïðåäåëåííûõ â ïðÿìîì êðóãîâîì öèëèíäðå), ê ïàðàáîëè÷åñêèì
êîîðäèíàòàì (ïðè ìîäåëèðîâàíèè ñëó÷àéíûõ òî÷åê, ðàñïðåäåëåííûõ â äâóìåð-
íûõ îáëàñòÿõ ñ �ïàðàáîëè÷åñêèìè� ãðàíèöàìè).

ËÈÒÅÐÀÒÓÐÀ

1. Ìèõàéëîâ Ã.À., Âîéòèøåê À.Â. ×èñëåííîå ñòàòèñòè÷åñêîå ìîäåëèðîâàíèå. Ìåòîäû
Ìîíòå-Êàðëî. Ì.: Èçä. öåíòð �Àêàäåìèÿ�, 2006.
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ÈÍÒÅÐÏÎËßÖÈß
ÏÎËÈÍÎÌÈÀËÜÍÛÌÈ ÑÏËÀÉÍÀÌÈ

Âîëêîâ Þ.Ñ.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

volkov@math.nsc.ru

Ñïëàéíû â íàñòîÿùåå âðåìÿ ÿâëÿþòñÿ îñíîâíûì èíñòðóìåíòîì âû÷èñëèòåëü-
íîé ìàòåìàòèêè è ïðèëîæåíèé â çàäà÷àõ, ñâÿçàííûõ ñ àïïðîêñèìàöèåé ôóíêöèé.
Íåñìîòðÿ íà òî, ÷òî ñïëàéíû ïîÿâèëèñü â 1946 ãîäó â ðàáîòå Ø¼íáåðãà, èíòåðåñ ê
èõ èçó÷åíèþ è ïðàêòè÷åñêîìó èñïîëüçîâàíèþ íà÷àëñÿ ëèøü â íà÷àëå 1960-õ ãîäîâ
ïîñëå îòêðûòèÿ Õîëëèäååì ñâîéñòâà ìèíèìóìà êðèâèçíû êóáè÷åñêèõ ñïëàéíîâ
â çàäà÷å èíòåðïîëÿöèè. Äàííîå îáñòîÿòåëüñòâî ïîñëóæèëî ïðåäïîñûëêîé âîç-
ìîæíîãî ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ ñïëàéíîâ äëÿ ìàòåìàòè÷åñêîãî îïèñàíèÿ
êðèâûõ è ïîâåðõíîñòåé.

Ïðèìåðíî â ýòî æå âðåìÿ íà÷àëà ïîÿâëÿòüñÿ âû÷èñëèòåëüíàÿ òåõíèêà è îáî-
ðóäîâàíèå ñ ïðîãðàììíûì óïðàâëåíèåì. Âîçíèêëà íåîáõîäèìîñòü èñïîëüçîâàíèÿ
èõ â ïðîìûøëåííîñòè è àâòîìàòèçàöèè ïðîèçâîäñòâà.

Ïåðâûå èññëåäîâàíèÿ ïî ñïëàéíàì â Ñîâåòñêîì Ñîþçå íà÷àëèñü â íàøåì Èí-
ñòèòóòå â ñâÿçè ñ çàäà÷åé àâòîìàòèçàöèè àâèàöèîííîãî ïðîèçâîäñòâà è ïðîåêòè-
ðîâàíèÿ íà çàâîäå èì. Â.Ï. ×êàëîâà áëàãîäàðÿ Þ.Ñ. Çàâüÿëîâó, êîòîðûé ïðà-
âèëüíî îöåíèë èõ âîçìîæíîñòè.

Â ïåðâóþ î÷åðåäü â ñîîòâåòñòâèè ñ ïðàêòè÷åñêèìè íóæäàìè íà÷àëîñü èññëå-
äîâàíèå àïïðîêñèìàòèâíûõ ñâîéñòâ ñïëàéíîâ. Èìåííî â ýòî âðåìÿ è ïî òåì æå
ïðè÷èíàì èçó÷åíèå ñïëàéíîâ è èõ àïïðîêñèìàòèâíûõ ñâîéñòâ íà÷àëîñü âî âñ¼ì
ìèðå. Â 1963 ãîäó íà êîíôåðåíöèè â Îáåðâîëüôàõå îñíîâàòåëåì ñïëàéíîâ Ø¼í-
áåðãîì áûë ïîñòàâëåí âîïðîñ èññëåäîâàíèÿ ñõîäèìîñòè ïðîöåññà èíòåðïîëÿöèè.

Óæå â îäíîé èç ñâîèõ ïåðâûõ ðàáîò ïî ñïëàéíàì Þ.Ñ. Çàâüÿëîâ [1] ïîëó÷èë
ðåçóëüòàòû î ñõîäèìîñòè ïðîöåññîâ èíòåðïîëÿöèè êóáè÷åñêèõ ñïëàéíîâ, êîòîðûå
íà Çàïàäå áûëè ïîâòîðåíû ÷åðåç 3 ãîäà.

Â äîêëàäå ðàññìàòðèâàåòñÿ âêëàä êîëëåêòèâà Èíñòèòóòà â èçó÷åíèå èíòåðïî-
ëÿöèîííûõ ñïëàéíîâ. Âíèìàíèå áóäåò óäåëåíî òàêèì àñïåêòàì: ñõîäèìîñòü ïðî-
öåññà èíòåðïîëÿöèè êàê äëÿ ñàìèõ ñïëàéíîâ, òàê è äëÿ ïðîèçâîäíûõ; òî÷íîñòü
ïðèáëèæåíèÿ; àëãîðèòìû ïîñòðîåíèÿ è èçîãåîìåòðè÷åñêèå ñâîéñòâà.

×àñòü ðåçóëüòàòîâ â ýòîì íàïðàâëåíèè ñèñòåìàòèçèðîâàíà â ìîíîãðàôèè [2],
êîòîðàÿ è ñåãîäíÿ ÿâëÿåòñÿ îäíîé èç íàèáîëåå öèòèðóåìûõ ìîíîãðàôèèé ïî
ñïëàéíàì â íàøåé ñòðàíå. Îáçîð ðåçóëüòàòîâ ïî ñõîäèìîñòè èíòåðïîëÿöèè ïðè-
âåä¼í â [3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-07-07530).

ËÈÒÅÐÀÒÓÐÀ
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ïîëÿöèè // Òð. Èí-òà ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ. 2014. Ò. 20, � 1. Ñ. 52�67.
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ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ ÃÈÄÐÎÒÓÐÁÈÍÛ

Âîëêîâ Þ.Ñ.1, Ìèðîøíè÷åíêî Â.Ë.1, Ðîæåíêî À.È.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

volkov@math.nsc.ru, miroshn@math.nsc.ru
2Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; rozhenko@oapmg.sscc.ru

Ðàññìàòðèâàåòñÿ çàäà÷à ïîñòðîåíèÿ óíèâåðñàëüíîé õàðàêòåðèñòèêè íàòóðíîé
ãèäðîòóðáèíû ïî ðåçóëüòàòàì ýíåðãåòè÷åñêèõ èñïûòàíèé ìîäåëüíîé ãèäðîòóðáè-
íû. Óíèâåðñàëüíàÿ õàðàêòåðèñòèêà ÿâëÿåòñÿ îñíîâíûì äîêóìåíòîì äëÿ âûáîðà
ïàðàìåòðîâ íàòóðíîé ãèäðîòóðáèíû, îáåñïå÷èâàþùèõ åå íàèáîëåå ýôôåêòèâíóþ
ðàáîòó âî âñåõ ðåæèìàõ ýêñïëóàòàöèè è åå ðàñ÷åò íà îñíîâå ðåçóëüòàòîâ ìîäåëè-
ðîâàíèÿ èìååò âàæíîå ïðàêòè÷åñêîå çíà÷åíèå.

Ðåçóëüòàòû èñïûòàíèé ìîäåëüíîé ãèäðîòóðáèíû ïðåäñòàâëåíû íàáîðîì çíà-
÷åíèé íà ñåìåéñòâå ìíîãîìåðíûõ íåðåãóëÿðíûõ ñåòîê, ïîëó÷åííûìè ïðè ðàç-
íûõ çíà÷åíèÿõ âõîäíûõ ïàðàìåòðîâ. Îñîáåííîñòü òàêèõ èñïûòàíèé � ñèëüíàÿ
íåðåãóëÿðíîñòü ñåòîê, ñåòêè äëÿ ðàçíûõ çíà÷åíèé îñíîâíîãî ìîäåëèðóþùåãî ïà-
ðàìåòðà ñèëüíî ðàçëè÷àþòñÿ ïî ïîëîæåíèþ â ïðîñòðàíñòâå îñòàëüíûõ âõîäíûõ
ïàðàìåòðîâ (ñèëüíî �ïëûâóò�), ðåçóëüòàòû èñïûòàíèé ìîãóò ñîäåðæàòü îøèáêè.
Íàèáîëüøèé èíòåðåñ ïðè ïîñòðîåíèè óíèâåðñàëüíîé õàðàêòåðèñòèêè ïðåäñòàâ-
ëÿþò îáëàñòè ñ åå âûñîêèì çíà÷åíèåì (áëèçêèì ê 100%), â êîòîðûõ òðåáóåòñÿ
ïîëó÷èòü áîëåå òî÷íîå ïðèáëèæåíèå, ÷åì â îáëàñòÿõ ñ ìåíüøèì çíà÷åíèåì.

Â ðàáîòå ïðèìåíÿþòñÿ àëãîðèòìû àïïðîêñèìàöèè ôóíêöèé ìíîãèõ ïåðåìåí-
íûõ ñ ïîìîùüþ ÐÁÔ-ñïëàéíîâ (ñïëàéíîâ ñ áàçèñîì èç ñïåöèàëüíûõ ðàäèàëüíûõ
ôóíêöèé). Äëÿ ïîñòðîåíèÿ òðåáóåìîé óíèâåðñàëüíîé õàðàêòåðèñòèêè èñïîëüçó-
þòñÿ ìåòîäû âåñîâîãî ñãëàæèâàíèÿ ñ àâòîìàòè÷åñêèì âûáîðîì òî÷íîñòè àïïðîê-
ñèìàöèè, ìåòîäû ñïëàéí-ðåãðåññèè ñ âûáîðîì ïîäñåòêè óçëîâ ïðèâÿçêè ñïëàéíà,
ïîèñê è îòáðàêîâêà óçëîâ ñ âûáðîñàìè â äàííûõ íà îñíîâå ñòàòèñòè÷åñêèõ êðè-
òåðèåâ, ýêñïåðèìåíòû ñ âûáîðîì ðàçëè÷íûõ ðàäèàëüíûõ áàçèñîâ, ñ âûáîðîì îï-
òèìàëüíîãî ìàñøòàáèðîâàíèÿ ñåòêè ïî ðàçíûì ïåðåìåííûì, ñ âíåñåíèåì â òðåíä
ñïëàéíà äîïîëíèòåëüíûõ ôóíêöèé âíåøíåãî äðåéôà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-07-07530).
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ÐÀÇÐÀÁÎÒÊÀ ÎÏÒÈÌÀËÜÍÛÕ ÑÒÐÀÒÅÃÈÉ
ËÅ×ÅÍÈß ÂÈ×-ÈÍÔÅÊÖÈÈ Ñ ÏÎÌÎÙÜÞ

ÌÀÒÅÌÀÒÈ×ÅÑÊÈÕ ÌÅÒÎÄÎÂ

Ãàéíîâà È.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

gajnova@math.nsc.ru

Ñî âðåìåíè ïîÿâëåíèÿ â 1996�1997 ãã. äëÿ ëå÷åíèÿ ÂÈ×-èíôåêöèè âûñîêî-
àêòèâíîé àíòèðåòðîâèðóñíîé òåðàïèè (ÂÀÀÐÒ) � ó÷åíûìè, âðà÷àìè-èññëåäî-
âàòåëÿìè è ïðàêòèêóþùèìè âðà÷àìè âñåãî ìèðà èçó÷àþòñÿ âîïðîñû î âðåìåíè
íà÷àëà ëå÷åíèÿ, âûáîðà îïòèìàëüíîé ñòðàòåãèè ëå÷åíèÿ, ïðèìåíåíèÿ ðàçëè÷íûõ
êîìáèíàöèé àíòèðåòðîâèðóñíûõ ïðåïàðàòîâ è ëå÷åáíûõ âàêöèí, èññëåäóåòñÿ âëè-
ÿíèå ÂÀÀÐÒ íà ñíèæåíèå âèðóñíîé íàãðóçêè íà îðãàíèçì. Äëÿ ìàòåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ ÂÈ×-èíôåêöèè ïðèìåíÿþòñÿ ðàçëè÷íûå ìåòîäû [1]. Íåëèíåéíûå
äèíàìè÷åñêèå ìîäåëè èñïîëüçóþòñÿ äëÿ ìîäåëèðîâàíèÿ êèíåòèêè âèðóñà è äè-
íàìèêè èììóííîãî îòâåòà ïðè ðàçâèòèè è òåðàïèè ÂÈ×-èíôåêöèè, äëÿ ïðîãíîçà
âëèÿíèÿ ëåêàðñòâåííûõ ïðåïàðàòîâ íà òå÷åíèå èíôåêöèîííîãî ïðîöåññà è åãî ïå-
ðåõîäà â ñòàäèþ ÑÏÈÄà (ñèíäðîì ïðèîáðåòåííîãî èììóíîäåôèöèòà). Ñòîõàñòè-
÷åñêèå è äåòåðìèíèðîâàííûå ìîäåëè ïðèìåíÿþòñÿ äëÿ îöåíêè ñòîèìîñòè ëå÷åíèÿ
â ðàçâèòûõ ñòðàíàõ è ñòðàíàõ ñ îãðàíè÷åííûìè ðåñóðñàìè è äëÿ âûðàáîòêè ðå-
êîìåíäàöèé îòíîñèòåëüíî ïîëèòèêè ïðåäîòâðàùåíèÿ ïàíäåìèè ÂÈ×-èíôåêöèè,
ïðîâîäèìîé ïðàâèòåëüñòâàìè ýòèõ ñòðàí. Äëÿ ðåøåíèÿ óêàçàííûõ ïðîáëåì èñ-
ïîëüçóþòñÿ ìåòîäû Ìîíòå-Êàðëî, ìåòîäû ìàòåìàòè÷åñêîé ñòàòèñòèêè è òåîðèè
âåðîÿòíîñòè. Ïðè ðàçðàáîòêå îïòèìàëüíûõ ñòðàòåãèé ÂÀÀÐÒ ïîêàçàëè ñâîþ ýô-
ôåêòèâíîñòü ìåòîäû òåîðèè óïðàâëåíèÿ, ìåòîäû îïòèìèçàöèè ìíîãîìåðíûõ çà-
äà÷ è ìåòîäû ïîèñêà ãëîáàëüíîãî ìèíèìóìà, à òàêæå ìåòîäû òåîðèè îáðàòíûõ
çàäà÷.
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1. ×åðåøíåâ Â.À., Áî÷àðîâ Ã.À., Êèì À.Â., Áàæàí Ñ.È., Ãàéíîâà È.À., Êðàñîâ-
ñêèé À.Í., Øìàãåëü Í. Ã., Èâàíîâ À.Â., Ñàôðîíîâ Ì.À., Òðåòüÿêîâà Ð.Ì. Ââåäåíèå
â çàäà÷è ìîäåëèðîâàíèÿ è óïðàâëåíèÿ äèíàìèêîé ÂÈ× èíôåêöèè. Ìîñêâà-Èæåâñê:
Èíñòèòóò êîìïüþòåðíûõ èññëåäîâàíèé, 2016.

392



Ñåêöèÿ 7. Âû÷èñëèòåëüíàÿ ìàòåìàòèêà

×ÈÑËÅÍÍÛÅ ÂÀÐÈÀÍÒÛ
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Ãëàñêî Þ.Â.

Íàó÷íî-èññëåäîâàòåëüñêèé âû÷èñëèòåëüíûé öåíòð

Ìîñêîâñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì. Ì.Â. Ëîìîíîñîâà,
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Ïðåäëîæåííûé À. Ïóàíêàðå balayage-ìåòîä [1] èìååò öåëüþ ïîèñê ïîòåíöèàëà
ãðàâèòàöèîííîãî ïîëÿ, óäîâëåòâîðÿþùåãî çàäà÷å Äèðèõëå. Âìåñòî ãðàâèòàöèîí-
íîãî ïîëÿ ìîæíî ðàññìîòðåòü ýëåêòðè÷åñêîå èëè ìàãíèòíîå.

Ñàì ìåòîä îòíîñèòåëüíî ïîòåíöèàëà èñïîëüçóåò ñèñòåìó øàðîâ, çàïîëíÿþùèõ
èññëåäóåìóþ îáëàñòü, è èòåðàöèîííûé öèêë ïîñòðîåíèÿ ñèñòåì ýêâèâàëåíòíûõ
ïî âíåøíåìó ïîòåíöèàëó ðàñïðåäåëåíèé ïëîòíîñòåé ìàññ. Èòåðàöèîííûé öèêë
çàêàí÷èâàåòñÿ, êîãäà ñîçäàåòñÿ ïðîñòîé ñëîé, ðàñïîëîæåííûé íà ãðàíèöå îõâàòû-
âàþùåé âñþ óêàçàííóþ îáëàñòü ñ òåì æå ïîòåíöèàëîì, ÷òî è âíåøíèé ïîòåíöèàë
íà êàæäîé èòåðàöèè ïðîöåññà (â òîì ÷èñëå íà ïåðâîé). Ìåòîä Ïóàíêàðå äîêàçà-
òåëüíî ïðåäïîëàãàåò â êà÷åñòâå ãðàíèöû ïîâåðõíîñòè Ëÿïóíîâà.

Òàêèì îáðàçîì, ðàññìàòðèâàåòñÿ ñïåöèôè÷åñêèé ÷èñëåííûé ìåòîä [2] ðåøå-
íèÿ çàäà÷è Äèðèõëå, êîòîðûé íà ñåòêå, çàäàþùåé èçó÷àåìóþ îáëàñòü, ìîæåò
áûòü ðåàëèçîâàí èòåðàöèîííûì öèêëîì îòíîñèòåëüíî ñèñòåìû 7 òî÷å÷íûõ ñõåì
òèïà �êðåñò� (ñåòî÷íûõ àíàëîãîâ óêàçàííûõ øàðîâ). Â öåíòðå êàæäîãî �êðåñòà�
ðàñïîëîæåíà âûìåòàåìàÿ ìàññà. Â ñëó÷àå åñëè ôîðìà èñêîìîãî îáúåêòà ÿâëÿ-
åòñÿ ãðàíèöåé äëÿ ïðîñòîãî ñëîÿ, òî êàæäàÿ èç óêàçàííûõ ìàññ äåëèòñÿ íà 6
è ïåðåíîñèòñÿ â âåðøèíû ñîîòâåòñòâóþùåãî �êðåñòà�, à ìàññà â öåíòðå êëàäåò-
ñÿ ðàâíîé íóëþ. Ïðîöåññ ñ îäèíàêîâûì íà êàæäîé èòåðàöèè ñîîòâåòñòâóþùèì
âíåøíèì ïîòåíöèàëîì çàêàí÷èâàåòñÿ íà ñîîòâåòñòâóþùåì ñåòî÷íîì àíàëîãå ãðà-
íèöû äëÿ ïðîñòîãî ñëîÿ ñ çàäàííûì ïîòåíöèàëîì (ñîâïàäàþùèì ñ ñîîòâåòñòâó-
þùèìè âíåøíèìè íà ïðåäûäóùèõ èòåðàöèÿõ). Åñëè èùåòñÿ îáúåêò, èìåþùèé
íåïðåðûâíóþ çàäàííóþ ïëîòíîñòü íå òîëüêî íà ñëîå, òî ìû îñòàâëÿåì åå â öåí-
òðå �êðåñòà�, à â 6 òî÷åê ïåðåíîñèì 1/6 îñòàâøåéñÿ ìàññû. Â îñòàëüíîì èòåðàöèè
àíàëîãè÷íû.

Ìîäåëü âûìåòàíèÿ ìîæåò áûòü ïðåäñòàâëåíà íà îñíîâå ïàðàáîëè÷åñêîãî óðàâ-
íåíèÿ îòíîñèòåëüíî ïîòåíöèàëà ñ ïîäâèæíîé ãðàíèöåé è çàäàíèåì óñëîâèÿ ðàçäå-
ëåíèÿ âíåøíèõ è âíóòðåííèõ ïîòåíöèàëîâ ïî Í.Ì. Ãþíòåðó. Âîçìîæíû àíàëî-
ãè÷íûå ìîäåëè îòíîñèòåëüíî ïëîòíîñòè [3].

Âî âñåõ ïåðå÷èñëåííûõ ñëó÷àÿõ âûìåòàíèå îñóùåñòâëÿåòñÿ îïèñàííûì âûøå
÷èñëåííûì ìåòîäîì.

Ðàáîòà âûïîëíåíà â ðàìêàõ ÍÈÐ �Ñîçäàíèå è ðàçâèòèå èíôîðìàöèîííûõ ñèñòåì

ÌÃÓ� (äîãîâîð � 14).
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ÏÎËÓËÀÃÐÀÍÆÅÂÛÉ ÌÅÒÎÄ ÐÅØÅÍÈß
ÓÐÀÂÍÅÍÈÉ ÍÀÂÜÅ � ÑÒÎÊÑÀ ÄËß ÂßÇÊÎÉ

ÍÅÑÆÈÌÀÅÌÎÉ ÆÈÄÊÎÑÒÈ

Äåìåíòüåâà Å.Â.1, Êàðåïîâà Å.Ä.2, Øàéäóðîâ Â.Â.3

Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ, Êðàñíîÿðñê, Ðîññèÿ;
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Â ðàáîòå îáñóæäàåòñÿ ÷èñëåííîå ìîäåëèðîâàíèå äâóìåðíîãî òå÷åíèÿ âÿçêîé
íåñæèìàåìîé æèäêîñòè â êàíàëå ñ æåñòêèìè ñòåíêàìè íà îñíîâå íà÷àëüíî-êðà-
åâîé çàäà÷è äëÿ óðàâíåíèé Íàâüå � Ñòîêñà ñ ãðàíè÷íûì óñëîâèåì òèïà �do
nothing� íà ãðàíèöå âûòåêàíèÿ.

Äëÿ ïîñòðîåíèÿ äèñêðåòíîãî àíàëîãà èñïîëüçóåòñÿ ìåòîä êîíå÷íûõ ýëåìåíòîâ
ñîâìåñòíî ñ ïîëóëàãðàíæåâîé àïïðîêñèìàöèåé òðàíñïîðòíûõ ïðîèçâîäíûõ. Äëÿ
äèñêðåòèçàöèè îïåðàòîðà Ñòîêñà èñïîëüçóþòñÿ êîíå÷íûå ýëåìåíòû Òåéëîðà �
Õóäà, óäîâëåòâîðÿþùèå óñëîâèþ Ëàäûæåíñêîé � Áàáóøêè � Áðåööè, ãàðàíòèðó-
þùåìó óñòîé÷èâîñòü ïî äàâëåíèþ.

Äëÿ äèñêðåòèçàöèè íåëèíåéíîãî îïåðàòîðà òðàíñïîðòíûõ ïðîèçâîäíûõ èñ-
ïîëüçóåòñÿ ïîëóëàãðàíæåâà àïïðîêñèìàöèÿ âäîëü òðàåêòîðèè íàçàä ïî âðåìåíè.
Â ýòîì ñëó÷àå íåëèíåéíîñòü ïðèñóòñòâóåò òîëüêî â äèàãîíàëüíûõ ÷ëåíàõ, ÷òî
ñóùåñòâåííî óìåíüøàåò êîëè÷åñòâî èòåðàöèé ïî íåëèíåéíîñòè è ïîçâîëÿåò îáîé-
òèñü áåç ñïåöèàëüíûõ ïðèåìîâ ëèíåàðèçàöèè.

Äëÿ îáåñïå÷åíèÿ çàêîíîâ ñîõðàíåíèÿ ïðåäëàãàåòñÿ èñïîëüçîâàòü êîíñåðâàòèâ-
íóþ âåðñèþ ïîëóëàãðàíæåâîé àïïðîêñèìàöèè, îñíîâàííîé íà ëîêàëüíûõ áàëàí-
ñîâûõ ñîîòíîøåíèÿõ ìåæäó ñîñåäíèìè ñëîÿìè ïî âðåìåíè. Ïðåäëàãàåìûé ïîäõîä
îáåñïå÷èâàåò ñõîäèìîñòü ÷èñëåííîãî ðåøåíèÿ â ñðåäíåêâàäðàòè÷íîé íîðìå.

ÑËÀÓ äèñêðåòíîé çàäà÷è îòíîñèòñÿ ê çàäà÷àì ñ ñåäëîâîé òî÷êîé ñ ñèììåò-
ðè÷íîé ïëîõî îáóñëîâëåííîé ìàòðèöåé. Äëÿ åå ðåøåíèÿ ðàçðàáîòàíà âû÷èñëè-
òåëüíàÿ òåõíîëîãèÿ, êîòîðàÿ: 1) íå òðåáóåò ñáîðêè è õðàíåíèÿ áëîêîâ ãëîáàëü-
íîé ìàòðèöû ñèñòåìû (áîëüøîãî îáúåìà äàííûõ), ñáîðêà íåâÿçêè è ïðîèçâåäåíèÿ
ìàòðèöû íà âåêòîð ïðîâîäèòñÿ ïîýëåìåíòíî ñ èñïîëüçîâàíèåì òîëüêî ëîêàëüíûõ
ìàòðèö æåñòêîñòè; 2) íå òðåáóåò ïðÿìîãî îáðàùåíèÿ ãëîáàëüíîé ìàòðèöû æåñò-
êîñòè è èñïîëüçóåò òîëüêî èòåðàöèîííûå ìåòîäû; 3) ýôôåêòèâíî ðåøàåò ñåäëî-
âóþ çàäà÷ó, â ÷àñòíîñòè, èñïîëüçóåò ìåòîä Óçàâû � ñîïðÿæåííûõ ãðàäèåíòîâ
äëÿ âû÷èñëåíèÿ îïåðàòîðà Øóðà è åãî îáðàçà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00270-à).
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ÄËß ÓÐÀÂÍÅÍÈÉ ÄÈÔÔÓÇÈÎÍÍÎÃÎ ÒÈÏÀ
ÍÀ ÍÅÑÒÐÓÊÒÓÐÈÐÎÂÀÍÍÛÕ ÑÅÒÊÀÕ

Æàëíèí Ð.Â.1, Ìàñÿãèí Â.Ô.2

Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í.Ï. Îãàð¼âà, Ñàðàíñê, Ðîññèÿ;
1zhrv@mrsu.ru, 2vmasyagin@gmail.com

Â ðàáîòå èññëåäóåòñÿ ïðåäëîæåííàÿ àâòîðàìè íîâàÿ ïðîåêöèîííàÿ ñåòî÷íàÿ
ñõåìà [1] íà îñíîâå ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè [2], [3],
â êîòîðîì àïïðîêñèìàöèÿ ðåøåíèÿ â ïðåäåëàõ ÿ÷åéêè ñåòêè íàõîäèòñÿ â âèäå
ïîëèíîìîâ ñ çàâèñÿùèìè îò âðåìåíè êîýôôèöèåíòàìè (LDG) íà íåñòðóêòóðèðî-
âàííûõ ðàçíåñåííûõ ñåòêàõ. Ñóòü ñõåìû çàêëþ÷àåòñÿ â òîì, ÷òî èñêîìàÿ ôóíê-
öèÿ àïïðîêñèìèðóåòñÿ íà îñíîâíîé (òðåóãîëüíîé èëè òåòðàýäðàëüíîé) ñåòêå, à
àïïðîêñèìàöèÿ ïîòîêîâîé ïåðåìåííîé îñóùåñòâëÿåòñÿ íà äâîéñòâåííîé ñåòêå,
ñîñòîÿùåé èç ÿ÷ååê, ñîñòàâëåííûõ èç êîíòðîëüíûõ îáúåìîâ îêîëî âåðøèí ÿ÷å-
åê îñíîâíîé ñåòêè. Äëÿ íàõîæäåíèÿ ïîòîêîâ ÷åðåç ãðàíè ÿ÷ååê èñïîëüçóþòñÿ
ñòàáèëèçèðóþùèå äîáàâêè [4]. Èññëåäîâàíèþ ìåòîäà LDG ïîñâÿùåíî ìíîæåñòâî
ðàáîò [4]�[8].

Â äàííîé ðàáîòå ïîëó÷åíû àïðèîðíûå îöåíêè îøèáîê ìåòîäà LDG äëÿ óðàâ-
íåíèé äèôôóçèîííîãî òèïà íà ðàçíåñåííûõ íåñòðóêòóðèðîâàííûõ ñåòêàõ. Ìåòî-
äèêà ïîëó÷åíèÿ àïðèîðíûõ îöåíîê àíàëîãè÷íà âûøåíàçâàííûì ðàáîòàì.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè, áàçîâàÿ ÷àñòü

ãîñçàäàíèÿ 1.6958.2017/Á×.
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Çàäîðèí À.È.
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Èññëåäóåòñÿ âîïðîñ ïîñòðîåíèÿ êâàäðàòóðíûõ ôîðìóë äëÿ ôóíêöèé ñ áîëü-
øèìè ãðàäèåíòàìè. Ïðîáëåìà â òîì, ÷òî åñëè èíòåãðèðóåìàÿ ôóíêöèÿ ñîäåðæèò
ïîãðàíñëîéíóþ ñîñòàâëÿþùóþ ñ áîëüøèìè ãðàäèåíòàìè, òî ïîãðåøíîñòü ñîñòàâ-
íûõ ôîðìóë Íüþòîíà � Êîòåñà ìîæåò áûòü ïîðÿäêà O(h) íåçàâèñèìî îò ÷èñëà
óçëîâ ôîðìóëû, h � øàã ñåòêè. Ñòàâèòñÿ çàäà÷à ïîñòðîåíèÿ êâàäðàòóðíûõ ôîð-
ìóë, ïîãðåøíîñòü êîòîðûõ íå çàâèñèò îò ãðàäèåíòîâ ôóíêöèè â ïîãðàíè÷íîì
ñëîå. Ðàññìàòðèâàåòñÿ äâà íîâûõ ïîäõîäà ê ïîñòðîåíèþ êâàäðàòóðíûõ ôîðìóë:
ïîñòðîåíèå êâàäðàòóðíîé ôîðìóëû, òî÷íîé íà ïîãðàíñëîéíîé ñîñòàâëÿþùåé èí-
òåãðèðóåìîé ôóíêöèè è ïðèìåíåíèå êëàññè÷åñêèõ ôîðìóë íà ñåòêå Øèøêèíà,
ñãóùàþùåéñÿ â ïîãðàíè÷íîì ñëîå.

Ïðè ïåðâîì ïîäõîäå ïðåäïîëàãàåòñÿ, ÷òî èíòåãðèðóåìàÿ ôóíêöèÿ ïðåäñòàâè-
ìà â âèäå u(x) = p(x) + γΦ(x), ãäå ðåãóëÿðíàÿ ñîñòàâëÿþùàÿ p(x) èìååò îãðàíè-
÷åííûå ïðîèçâîäíûå äî íåêîòîðîãî ïîðÿäêà, ïîãðàíñëîéíàÿ ñîñòàâëÿþùàÿ Φ(x)
èçâåñòíà è èìååò áîëüøèå ãðàäèåíòû, ïîñòîÿííàÿ γ íå çàäàíà. Èçâåñòíî, ÷òî
òàêîå ïðåäñòàâëåíèå èìååò ðåøåíèå ñèíãóëÿðíî âîçìóùåííîé êðàåâîé çàäà÷è.
Ïîñòðîåí àíàëîã ôîðìóë Íüþòîíà � Êîòåñà ñ n óçëàìè íà îñíîâå òîãî, ÷òîáû
ôîðìóëû ñòàëè òî÷íûìè íà ñîñòàâëÿþùåé Φ(x). Äîêàçàíî, ÷òî åñëè ïðîèçâîäíàÿ
Φ(n−1)(x) íå îáðàùàåòñÿ â íóëü, òî ïîñòðîåííàÿ ñîñòàâíàÿ êâàäðàòóðíàÿ ôîðìóëà
èìååò ïîãðåøíîñòü ïîðÿäêà O(hn−1) ðàâíîìåðíî ïî Φ(x) è åå ïðîèçâîäíûì.

Ïðè âòîðîì ïîäõîäå ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ u(x) ïðåäñòàâèìà â âè-
äå: u(x) = p(x) + Φ(x), ãäå îáå ñîñòàâëÿþùèå íå çàäàíû, íî p(x) èìååò ðàâ-
íîìåðíî îãðàíè÷åííûå ïðîèçâîäíûå, äëÿ Φ(x) èçâåñòíû îöåíêè ïðîèçâîäíûõ,
ñîîòâåòñòâóþùèå ýêñïîíåíöèàëüíîìó ïîãðàíè÷íîìó ñëîþ. Èññëåäîâàíî ïðèìå-
íåíèå êâàäðàòóðíûõ ôîðìóë íà ñåòêå Øèøêèíà. Äîêàçàíî, ÷òî ñîñòàâíûå êâàä-
ðàòóðíûå ôîðìóëû Íüþòîíà � Êîòåñà ñ n óçëàìè èìåþò ïîãðåøíîñòü ïîðÿä-
êà O((ln(N)/N)n) ðàâíîìåðíî ïî ìàëîìó ïàðàìåòðó ε. Íà êóñî÷íî-ðàâíîìåðíûõ
ñåòêàõ îáîñíîâàíû êâàäðàòóðíûå ôîðìóëû Ýéëåðà è Ãàóññà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 15-01-06584, � 16-01-00727).
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ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

Íîâîñèáèðñê, Ðîññèÿ; ilin@sscc.ru

Ðàññìàòðèâàþòñÿ ñîâðåìåííûå èòåðàöèîííûå ìåòîäû â ïîäïðîñòðàíñòâàõ
Êðûëîâà äëÿ ðåøåíèÿ ñâåðõáîëüøèõ (ñ ïîðÿäêàìè äî äåñÿòêîâ ìèëëèàðäîâ) ñè-
ñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ) ñ ðàçðåæåííûìè ìàòðèöàìè,
âîçíèêàþùèìè ïðè ñåòî÷íûõ àïïðîêñèìàöèÿõ ìíîãîìåðíûõ êðàåâûõ çàäà÷ íà
íåñòðóêòóðèðîâàííûõ ñåòêàõ, âêëþ÷àÿ âåùåñòâåííûå è êîìïëåêñíûå, ýðìèòîâûå
è íåýðìèòîâûå, ñèììåòðè÷íûå è íåñèììåòðè÷íûå, ïîëîæèòåëüíî îïðåäåëåííûå
è çíàêîíåîïðåäåëåííûå. Àëãîðèòìû îñíîâûâàþòñÿ íà áëî÷íûõ ìåòîäàõ ßêîáè �
Øâàðöà, àääèòèâíîé äåêîìïîçèöèè îáëàñòåé ñ ïàðàìåòðèçîâàííûìè ïåðåñå÷åíè-
ÿìè ïîäîáëàñòåé è ðàçíûìè èíòåðôåéñíûìè óñëîâèÿìè íà âíóòðåííèõ ãðàíèöàõ.
Óñêîðåíèå èòåðàöèé áàçèðóåòñÿ íà ïîäõîäàõ ñ ãðóáîñåòî÷íîé êîððåêöèåé, ìàëî-
ðàíãîâîé àïïðîêñèìàöèåé èñõîäíîé ìàòðèöû, à òàêæå íà àääèòèâíûõ ìåòîäàõ ïå-
ðåìåííûõ íàïðàâëåíèé è íåÿâíûõ àëãîðèòìàõ íàèìåíüøèõ êâàäðàòîâ â ïîäïðî-
ñòðàíñòâàõ Êðûëîâà. Îñîáîå âíèìàíèå óäåëÿåòñÿ ìàñøòàáèðóåìîìó ðàñïàðàëëå-
ëèâàíèþ íà ìíîãîïðîöåññîðíûõ âû÷èñëèòåëüíûõ ñèñòåìàõ ñ ðàñïðåäåëåííîé è
èåðàðõè÷åñêîé îáùåé ïàìÿòüþ. Ýôôåêòèâíîñòü àëãîðèòìîâ äåìîíñòðèðóåòñÿ íà
ïðåäñòàâèòåëüíîé ñåðèè ìåòîäè÷åñêèõ ÑËÀÓ.
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ÊÐÀÅÂÀß ÇÀÄÀ×À ÄËß ÎÄÍÎÉ
ÏÅÐÅÎÏÐÅÄÅË�ÍÍÎÉ ÑÒÀÖÈÎÍÀÐÍÎÉ ÑÈÑÒÅÌÛ,
ÂÎÇÍÈÊÀÞÙÅÉ Â ÄÂÓÕÆÈÄÊÎÑÒÍÎÉ ÑÐÅÄÅ

Ñ ÐÀÂÍÎÂÅÑÈÅÌ ÔÀÇ ÏÎ ÄÀÂËÅÍÈÞ

Èìîìíàçàðîâ Õ.Õ.1, Óðåâ Ì.Â.1,2

1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; imom@omzg.sscc.ru
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

mih.urev2010@yandex.ru

Ðàññìàòðèâàåòñÿ ñòàöèîíàðíàÿ ñèñòåìà äâóõñêîðîñòíîé ãèäðîäèíàìèêè ñ îä-
íèì äàâëåíèåì è íåîäíîðîäíûìè äèâåðãåíòíûìè è êðàåâûìè óñëîâèÿìè äëÿ äâóõ
ñêîðîñòåé. Ðàññìàòðèâàåìàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ ïå-
ðåîïðåäåëåííîé. Â äîêëàäå ïîêàçàíî, ÷òî ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé ñâîäèòñÿ ê ïîñëåäîâàòåëüíîìó ðåøåíèþ äâóõ êðàåâûõ çàäà÷: çàäà÷è
Ñòîêñà äëÿ îäíîé ñêîðîñòè è äàâëåíèÿ è ïåðåîïðåäåëåííîé ñèñòåìû äëÿ äðó-
ãîé ñêîðîñòè. Ïðèâåäåíû îáîáùåííûå ïîñòàíîâêè ýòèõ çàäà÷ è èõ äèñêðåòíûå
àïïðîêñèìàöèè ïî ìåòîäó êîíå÷íûõ ýëåìåíòîâ. Äëÿ ðåøåíèÿ ïåðåîïðåäåë¼ííîé
çàäà÷è ïðèìåíÿåòñÿ âàðèàíò ìåòîäà ðåãóëÿðèçàöèè.
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ÏÐÈÌÅÍÅÍÈÅ ÀËÃÎÐÈÒÌÎÂ ÐÀÑÙÅÏËÅÍÈß Â
ÌÅÒÎÄÅ ÊÎÍÅ×ÍÛÕ ÎÁÚ�ÌÎÂ ÄËß ×ÈÑËÅÍÍÎÃÎ

ÐÅØÅÍÈß ÓÐÀÂÍÅÍÈÉ ÍÀÂÜÅ � ÑÒÎÊÑÀ

Êîâåíÿ Â.Ì.

Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

kovenya@ict.nsc.ru

Äëÿ ÷èñëåííîãî ðåøåíèÿ óðàâíåíèé Íàâüå � Ñòîêñà ñæèìàåìîãî ãàçà, çàïè-
ñàííûõ â èíòåãðàëüíîé ôîðìå, ïðåäëîæåí êëàññ êîíå÷íî-îáúåìíûõ ñõåì òèïà
ïðåäèêòîð-êîððåêòîð. Ââåäåíèå ðàçëè÷íûõ ôîðì ðàñùåïëåíèÿ íà ýòàïå ïðåäèê-
òîðà ïîçâîëÿåò: ïîëó÷èòü ðàçíûå êëàññû ñõåì, ðåàëèçàöèÿ êîòîðûõ ñâîäèòñÿ ê
ðåøåíèþ îòäåëüíûõ óðàâíåíèé; îáåñïå÷èòü çàïàñ óñòîé÷èâîñòè àëãîðèòìà â öå-
ëîì; àïïðîêñèìèðîâàòü èñõîäíûå óðàâíåíèÿ â êîíñåðâàòèâíîé ôîðìå. Ñðåäè ðàñ-
ñìîòðåííûõ ôîðì ðàñùåïëåíèÿ ïî àíàëîãèè ñ êîíå÷íî-ðàçíîñòíûìè ñõåìàìè [1]
âûáðàíû òå èç íèõ, êîòîðûå îáåñïå÷èâàþò ìàêñèìàëüíóþ óñòîé÷èâîñòü ñõåì ïðè
ìèíèìàëüíîì âëèÿíèè ðàñùåïëåíèÿ íà åå ñâîéñòâà. Ýòîò ïîäõîä ïîçâîëÿåò ïî-
ñòðîèòü ýêîíîìè÷íûå àëãîðèòìû, ðåàëèçóåìûå çà ìèíèìàëüíîå ÷èñëî îïåðàöèé
íà îòäåëüíóþ ÿ÷åéêó, ñâåäÿ èõ ðåàëèçàöèþ ê ñêàëÿðíûì ïðîãîíêàì èëè ñõåìàì
áåãóùåãî ñ÷åòà. Ïîëó÷àåìûå ñõåìû êîíñåðâàòèâíû, ÷òî ïîçâîëÿåò èñïîëüçîâàòü
èõ ïðè ðåøåíèè ñòàöèîíàðíûõ è íåñòàöèîíàðíûõ çàäà÷, îáëàäàþò âòîðûì (èëè
áîëåå âûñîêèì) ïîðÿäêîì àïïðîêñèìàöèè. Äëÿ óñòðàíåíèÿ íåìîíîòîííîñòè ðåøå-
íèé, ïðèñóùèõ ñõåìàì âòîðîãî ïîðÿäêà àïïðîêñèìàöèè, ââîäèòñÿ ñãëàæèâàþùèé
îïåðàòîð. Â öåëÿõ ïîâûøåíèÿ óñòîé÷èâîñòè ïîðÿäîê àïïðîêñèìàöèè àëãîðèòìîâ
íà ýòàïå ïðåäèêòîðà è êîððåêòîðà ìîæåò áûòü ðàçëè÷íûì. Ïðèâåäåíû ïðèìåðû
ðàñ÷åòîâ ðàçëè÷íûõ çàäà÷: çàäà÷è î ðàñïàäå ïðîèçâîëüíîãî ðàçðûâà, ðåãóëÿðíîì
è íåðåãóëÿðíîì îòðàæåíèè ñêà÷êîâ â ðàìêàõ óðàâíåíèé Ýéëåðà è ïðîñòðàíñòâåí-
íîì îáòåêàíèè çàòóïëåííîãî êîíóñà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00064 à).

ËÈÒÅÐÀÒÓÐÀ

1. Êîâåíÿ Â.Ì. Àëãîðèòìû ðàñùåïëåíèÿ ïðè ðåøåíèè ìíîãîìåðíûõ çàäà÷ àýðîãàçî-
äèíàìèêè. Íîâîñèáèðñê: Èçä-âî ÑÎ ÐÀÍ, 2014.
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ÌÎÍÎÒÎÍÍÀß ÐÀÇÍÎÑÒÍÀß ÑÕÅÌÀ ÑÊÂÎÇÍÎÃÎ
Ñ×ÅÒÀ, ÑÎÕÐÀÍßÞÙÀß ÏÎÂÛØÅÍÍÓÞ

ÒÎ×ÍÎÑÒÜ Â ÎÁËÀÑÒßÕ ÂËÈßÍÈß
ÍÅÑÒÀÖÈÎÍÀÐÍÛÕ ÓÄÀÐÍÛÕ ÂÎËÍ

Êîâûðêèíà Î.À.1, Îñòàïåíêî Â.Â.1,2

1Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñê, Ðîññèÿ; olyana@ngs.ru
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

Ostapenko_VV@ngs.ru

Â íàñòîÿùåå âðåìÿ íå ñóùåñòâóåò ðàçíîñòíûõ ñõåì ñêâîçíîãî ñ÷åòà, êîòîðûå
ñ ïîâûøåííîé òî÷íîñòüþ (áåç çàìåòíûõ ñõåìíûõ îñöèëëÿöèé) ëîêàëèçóþò ôðîí-
òû óäàðíûõ âîëí è îäíîâðåìåííî ñîõðàíÿþò ïîâûøåííûé ïîðÿäîê ñõîäèìîñòè
â îáëàñòÿõ èõ âëèÿíèÿ [1], [2]. Â äàííîé ðàáîòå èçëàãàåòñÿ ìåòîäèêà ïîñòðîåíèÿ
ïðèíöèïèàëüíî íîâîãî êëàññà ðàçíîñòíûõ ñõåì ñêâîçíîãî ñ÷åòà � êîìáèíèðîâàí-
íûõ ðàçíîñòíûõ ñõåì, êîòîðûå îäíîâðåìåííî îáëàäàþò îáîèìè ýòèìè ñâîéñòâà-
ìè. Ïðè ïîñòðîåíèè ýòèõ ñõåì èñïîëüçóåòñÿ áàçèñíàÿ ñõåìà ïîâûøåííîãî ïîðÿäêà
èíòåãðàëüíîé ñõîäèìîñòè â îáëàñòÿõ, ñîäåðæàùèõ óäàðíûå âîëíû, ÷òî ïîçâîëÿåò
ñ ïîâûøåííîé òî÷íîñòüþ ïåðåäàâàòü óñëîâèÿ Ãþãîíèî ÷åðåç ðàçìàçàííûå ôðîí-
òû ýòèõ âîëí, à òàêæå âíóòðåííÿÿ ìîíîòîííàÿ ñõåìà â íåêîòîðîé îêðåñòíîñòè
ñèëüíûõ ðàçðûâîâ. Â êà÷åñòâå áàçèñíîé ñõåìû âûáðàíà êîìïàêòíàÿ ðàçíîñòíàÿ
ñõåìà ïîâûøåííîãî ïîðÿäêà ñëàáîé àïïðîêñèìàöèè [3], à â êà÷åñòâå âíóòðåííåé
ñõåìû � ìîíîòîííàÿ ìîäèôèêàöèÿ ñõåìû ÊÀÁÀÐÅ [4], ãðàíè÷íûå óñëîâèÿ äëÿ
êîòîðîé â îêðåñòíîñòè ôðîíòà óäàðíîé âîëíû ôîðìèðóþòñÿ ðàçíîñòíûì ðåøå-
íèåì, ïîëó÷åííûì ïî êîìïàêòíîé ñõåìå. Òåñòîâûå ðàñ÷åòû ïîêàçàëè, ÷òî íîâàÿ
êîìáèíèðîâàííàÿ ñõåìà, â îòëè÷èå îò ñõåì òèïà TVD, íå òîëüêî îáåñïå÷èâàåò
ìîíîòîííîñòü ïðîôèëÿ ëîêàëèçîâàííîé óäàðíîé âîëíû, íî òàêæå ñîõðàíÿåò ïî-
âûøåííóþ òî÷íîñòü â îáëàñòè åå âëèÿíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 16-11-

10033).

ËÈÒÅÐÀÒÓÐÀ

1. Êîâûðêèíà Î.À., Îñòàïåíêî Â.Â. Î ñõîäèìîñòè ðàçíîñòíûõ ñõåì ñêâîçíîãî ñ÷¼òà //
ÄÀÍ. 2010. Ò. 433, � 5. Ñ. 599�603.
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3. Îñòàïåíêî Â.Â. Î ïîñòðîåíèè ðàçíîñòíûõ ñõåì ïîâûøåííîé òî÷íîñòè äëÿ ñêâîç-
íîãî ðàñ÷åòà íåñòàöèîíàðíûõ óäàðíûõ âîëí // Æóðí. âû÷èñë. ìàòåìàòèêè è ìàò.
ôèçèêè. 2000. Ò. 40, � 12. Ñ. 1857�1874.

4. Ãîëîâèçíèí Â.Ì., Çàéöåâ Ì.À., Êàðàáàñîâ Ñ.À., Êîðîòêèí È.À. Íîâûå àëãîðèòìû
âû÷èñëèòåëüíîé ãèäðîäèíàìèêè äëÿ ìíîãîïðîöåññîðíûõ âû÷èñëèòåëüíûõ êîìïëåê-
ñîâ. Ì.: Èçä-âî ÌÃÓ, 2013.
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ÎÏÒÈÌÀËÜÍÛÅ ßÂÍÎ ÐÀÇÐÅØÈÌÛÅ
ÄÈÑÊÐÅÒÍÛÅ ÌÎÄÅËÈ ÄËß ÇÀÄÀ×

ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ

Êîíîâàëîâ À.Í.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; kan@sscc.ru

Äëÿ äèíàìè÷åñêèõ çàäà÷ ëèíåéíîé òåîðèè óïðóãîñòè è òåìïåðàòóðîïðîâîä-
íîñòè ïîñòðîåíû è îáîñíîâàíû îïòèìàëüíûå ÿâíî ðàçðåøèìûå äèñêðåòíûå (ñå-
òî÷íûå) ìîäåëè ñ êîíòðîëèðóåìûì äèñáàëàíñîì ïîëíîé ýíåðãèè è ìàêñèìàëüíî
âîçìîæíîé ñòåïåíüþ ïàðàëëåëèçìà.
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Â äîêëàäå îïèñàí ñïîñîá ïîëó÷åíèÿ è ïðîèëëþñòðèðîâàíà ðàáîòîñïîñîáíîñòü
îäíîé ýêîíîìè÷íîé ñõåìû äëÿ âû÷èñëåíèÿ ïîòîêà ïðè ïðèìåíåíèè ñìåøàííîãî
ìåòîäà êîíå÷íûõ ýëåìåíòîâ ê 3D çàäà÷àì íåñòàöèîíàðíîé äèôôóçèè, ïðåäñòàâ-
ëåííûõ â âèäå ñèñòåìû óðàâíåíèé ïåðâîãî ïîðÿäêà. Îñíîâíîé èäååé ýòîãî ïîä-
õîäà ÿâëÿåòñÿ âîññòàíîâëåíèå ñõåìû äëÿ âåêòîðíîãî ïîòîêà ïî çàäàííîé ýêîíî-
ìè÷íîé ñõåìå (ñõåìå-ïðîîáðàçó) äëÿ ñåòî÷íîé äèâåðãåíöèè ïîòîêà. Ñâÿçü ìåæäó
ñõåìàìè äëÿ ïîòîêà è ñõåìàìè äëÿ äèâåðãåíöèè ïîòîêà ìîæíî èñïîëüçîâàòü äëÿ
ïîëó÷åíèÿ àïðèîðíûõ îöåíîê óñòîé÷èâîñòè ïîòîêîâûõ ñõåì. Ýòè îöåíêè èìåþò
ìåñòî ïðè íåêîòîðûõ îãðàíè÷åíèÿõ íà íà÷àëüíûå äàííûå äëÿ ñåòî÷íîãî ïîòî-
êà, è â ýòîì ñìûñëå ÿâëÿþòñÿ îöåíêàìè óñòîé÷èâîñòè ïî íà÷àëüíûì äàííûì â
ïîäïðîñòðàíñòâå. Áûë îáíàðóæåí ðÿä òåñòîâûõ ïðèìåðîâ, äëÿ êîòîðûõ ïðåäëî-
æåííûå ðàíåå ïîòîêîâûå ñõåìû äåìîíñòðèðîâàëè òîëüêî óñëîâíóþ ñõîäèìîñòü.
Êàê îêàçàëîñü, îòñóòñòâèå áåçóñëîâíîé ñõîäèìîñòè ñâÿçàíî ñ íàëè÷èåì íåíóëå-
âîé êîìïîíåíòû â ÿäðå îïåðàòîðà ñåòî÷íîé äèâåðãåíöèè ïîãðåøíîñòè íà÷àëüíîãî
ïîòîêà è íîñèò îáùèé õàðàêòåð, â òîì ÷èñëå è äëÿ çàäà÷ ñ ãëàäêèìè ðåøåíèÿìè.
Â êà÷åñòâå âîçìîæíîãî ðåøåíèÿ ïðîáëåìû áûëî ïðåäëîæåíî ïåðåéòè ê èñïîëü-
çîâàíèþ ïîòîêîâûõ ñõåì ñî ñõåìàìè-ïðîîáðàçàìè òèïà ïðåäèêòîð-êîððåêòîð, â
êîòîðûõ êîððåêòîð ñëóæèò äëÿ ëèêâèäàöèè êîìïîíåíòû ïîãðåøíîñòè íà÷àëüíî-
ãî ïîòîêà â ÿäðå ñåòî÷íîé äèâåðãåíöèè. Äëÿ 2D ñëó÷àÿ ñîîòâåòñòâóþùèå ñõåìû
áûëè ïðåäëîæåíû â ðàáîòàõ [1], [2].

Â äàííîì äîêëàäå ïðåäëàãàåòñÿ ñõåìà, îñíîâàííàÿ íà ñõåìå-ïðîîáðàçå òèïà
ïðåäèêòîð-êîððåêòîð äëÿ 3D ñëó÷àÿ. Óêàçàí ñïîñîá å¼ ïîëó÷åíèÿ è ïðèâåäå-
íû ðåçóëüòàòû ðàñ÷åòîâ äëÿ òðåõ òåñòîâûõ ïðèìåðîâ ñ ðåøåíèÿìè ðàçëè÷íîé
ãëàäêîñòè. Ïîêàçàí âòîðîé ïîðÿäîê ñõîäèìîñòè äëÿ âñåõ ïðèìåðîâ â îòëè÷èå îò
ïîòîêîâîé ñõåìû, îñíîâàííîé íà ñõåìå-ïðîîáðàçå Äóãëàñà � Ãàííà [3], è êîòîðàÿ
íà íåãëàäêèõ ðåøåíèÿõ, âîîáùå, íå ñõîäèòñÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò

� 15-11-10024).

ËÈÒÅÐÀÒÓÐÀ

1. Arbogast T., Huang C. -S., Yang S. -M. Improved accuracy for alternating-direction
methods for parabolic equations based on regular and mixed �nite elements // Math.
Models Methods Appl. Sci. 2007. V. 17, No 8. P. 1279�1305.

2. Voronin K.V., Laevsky Yu.M. On splitting schemes of predictor-corrector type in mixed
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ÐÅØÅÍÈß ÎÁÐÀÒÍÎÉ ÇÀÄÀ×È ÂÎÑÑÒÀÍÎÂËÅÍÈß

ÑÏÅÊÒÐÀ ÀÝÐÎÇÎËÜÍÛÕ ×ÀÑÒÈÖ

Ëåâûêèí À.È.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; lai@osmf.sscc.ru

Âî ìíîãèõ çàäà÷àõ ôèçèêè àýðîçîëåé íåîáõîäèìî âîññòàíàâëèâàòü ñïåêòð ðàç-
ìåðîâ íàíî è ñóá-ìèêðîííûõ ÷àñòèö. Íàèáîëåå èñïîëüçóåìûì èíñòðóìåíòîì äëÿ
äèàïàçîíà ðàçìåðîâ 0.001 − 1µm ÿâëÿåòñÿ äèôôóçèîííàÿ áàòàðåÿ [1]�[3]. Ìàòå-
ìàòè÷åñêè çàäà÷ó âîññòàíîâëåíèÿ ôóíêöèè ðàñïðåäåëåíèÿ ðàçìåðîâ f(x) ìîæíî
çàïèñàòü êàê ïîèñê ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ

gi =

b∫
a

ki(x)f(x) dx+ εi, i = 1, 2, . . . , N,

ãäå gi � äàííûå èçìåðåíèé, ÿäðî ki(x) � ïðèáîðíàÿ ôóíêöèÿ, εi � îøèáêè èç-
ìåðåíèé [2]�[3].

Â ðàáîòå ïðåäñòàâëåí ìåòîä íåëèíåéíîé îïòèìèçàöèè ðåøåíèÿ äàííîé íåêîð-
ðåêòíîé è ïëîõî îáóñëîâëåííîé çàäà÷è, îñíîâàííûé íà ñïåöèàëüíîì âûáîðå ðå-
ãóëÿðèçóþùåãî ïðîñòðàíñòâà ôóíêöèé ðåøåíèÿ. Ïðèâåäåíû äàííûå ðàñ÷åòîâ è
èõ ñðàâíåíèå ñ ýêñïåðèìåíòàëüíûìè ðåçóëüòàòàìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-00977).

ËÈÒÅÐÀÒÓÐÀ
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atmospheric aerosol size disribution functions from screen di�usion battery data:
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2. Cheng Y. S., Yen H.C. Theory of a screen-type di�usion battery // J. Aerosol Sci. 1980.
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Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ

èì. Â.Ì. Ìàòðîñîâà ÑÎ ÐÀÍ, Èðêóòñê, Ðîññèÿ;
1lempert@icc.ru, 2kazakov@icc.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ äâå âçàèìîñâÿçàííûå çàäà÷è âû÷èñëèòåëüíîé ãåî-
ìåòðèè: îá îòûñêàíèè íàáîðà íåïåðåñåêàþùèõñÿ ðàâíûõ êðóãîâ ìàêñèìàëüíî
âîçìîæíîãî ðàäèóñà â êîìïàêòíîì ìíîæåñòâå M è î ïîñòðîåíèè íàáîðà ðàâíûõ
êðóãîâ ìèíèìàëüíîãî ðàäèóñà òàêèõ, ÷òî M ïðèíàäëåæèò èõ îáúåäèíåíèþ.

Â ñëó÷àå, êîãäà ïðîñòðàíñòâî ÿâëÿåòñÿ åâêëèäîâûì, ýòè çàäà÷è äîñòàòî÷íî
õîðîøî èçó÷åíû [1], [2], îäíàêî ñóùåñòâóåò ðÿä ïîñòàíîâîê, êîòîðûå òðåáóþò ââå-
äåíèÿ ñïåöèàëüíûõ ìåòðèê, íàïðèìåð, ïðè ðàçìåùåíèè óçëîâ ñâÿçè íåîáõîäèìî
ó÷èòûâàòü îñîáåííîñòè ðàñïðîñòðàíåíèÿ èçëó÷åíèÿ â ðàçëè÷íûõ ñëîÿõ àòìîñôå-
ðû.

Îïðåäåëèì ðàññòîÿíèå ìåæäó òî÷êàìè ìíîæåñòâà M ñëåäóþùèì îáðàçîì:

ρ(a, b) = min
G∈G(a,b)

∫
G

dG

v(x, y)
.

Çäåñü 0 < α ≤ v(x, y) ≤ β � íåïðåðûâíàÿ ôóíêöèÿ, çàäàþùàÿ ñêîðîñòü äâèæå-
íèÿ â êàæäîé òî÷êå ìíîæåñòâà M , G(a, b) � ìíîæåñòâî íåïðåðûâíûõ êðèâûõ,
ëåæàùèõ â M è ñîåäèíÿþùèõ a è b. Òàêèì îáðàçîì, êðàò÷àéøèì ïóòåì ìåæäó
òî÷êàìè áóäåò êðèâàÿ, íà ïðåîäîëåíèå êîòîðîé çàòðà÷èâàåòñÿ íàèìåíüøåå âðåìÿ.

Åñëè â êà÷åñòâå èñòî÷íèêîâ âîçìóùåíèé âûáðàòü öåíòðû óïàêîâûâàåìûõ èëè
ïîêðûâàþùèõ êðóãîâ, òî èõ ôîðìó â ìîìåíò âðåìåíè t ìîæíî îïðåäåëèòü èç
óðàâíåíèÿ f(x, y) = t, ãäå f(x, y) � ðåøåíèå äâóìåðíîãî óðàâíåíèÿ ýéêîíàëà

f2
x + f2

y =
1

v2(x, y)
. (1)

Òî÷íûå ðåøåíèÿ óðàâíåíèÿ (1) èçâåñòíû òîëüêî äëÿ ôóíêöèé v îïðåäåëåííûõ
òèïîâ (êîíñòàíòû, ëèíåéíîé, ñòåïåííîé è ò. ï.) [3], íàõîæäåíèå ôðîíòà â îáùåì
ñëó÷àå, êàê ïðàâèëî, îñóùåñòâëÿåòñÿ ÷èñëåííûìè ìåòîäàìè.

Äëÿ ïîñòàâëåííûõ çàäà÷ àâòîðàìè ïðåäëîæåíû âû÷èñëèòåëüíûå àëãîðèòìû,
îñíîâàííûå íà îïòèêî-ãåîìåòðè÷åñêîì ïîäõîäå [4] ê îòûñêàíèþ ðåøåíèÿ óðàâíå-
íèÿ ýéêîíàëà è ïîñòðîåíèè îáîáùåííûõ äèàãðàìì Âîðîíîãî, ïðåäñòàâëåíû ðå-
çóëüòàòû ÷èñëåííîãî ýêñïåðèìåíòà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-31-00356).
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Â äîêëàäå ðàññìàòðèâàþòñÿ ïðîáëåìû ñîçäàíèÿ òåõíîëîãèé è ãëîáàëüíûõ
êîìïüþòåðíûõ ïðîãðàìì ïîñòðîåíèÿ êà÷åñòâåííûõ àäàïòèâíûõ ðàçíîñòíûõ ñå-
òîê äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ ïðèêëàäíûõ çàäà÷ íà òàêèõ ñåòêàõ. Äëÿ ïî-
ñòðîåíèÿ àäàïòèâíûõ ñåòîê ïðåäëàãàþòñÿ ïåðåäîâûå ìåòîäû, áàçèðóþùèåñÿ íà
÷èñëåííîì ðåøåíèè ñèñòåì îáðàùåííûõ óðàâíåíèé Áåëüòðàìè è äèôôóçèè îò-
íîñèòåëüíî óïðàâëÿþùåé ìåòðèêè, à òàêæå àëãåáðàè÷åñêèå ìåòîäû ñ óïðàâëÿþ-
ùèìè ôóíêöèÿìè âèäà ïîãðàíñëîéíûõ è ñëîéíûõ, ïðèñïîñîáëåííûìè äëÿ àäàï-
òàöèè ñåòîê [1].

Ïðèâîäÿòñÿ àëãîðèòìû ïîñòðîåíèÿ àäàïòèâíûõ ñåòîê êàê â ÿâíîì âèäå, òàê
è ñ ïîìîùüþ èòåðàöèé äëÿ ðåøåíèÿ ñèíãóëÿðíî-âîçìóùåííûõ çàäà÷ ñ ðàçíîîá-
ðàçíûìè ýêñïîíåíöèàëüíûìè, ñòåïåííûìè, ëîãàðèôìè÷åñêèìè è êîìáèíèðîâàí-
íûìè ñëîÿìè [2].

Ïðåäñòàâëåíû èëëþñòðàöèè àäàïòèâíûõ ñåòîê äëÿ òðåõìåðíûõ îáëàñòåé ñî
ñëîæíîé ãðàíèöåé è ÷èñëåííûå ðàñ÷åòû ñèíãóëÿðíî-âîçìóù¼ííûõ è ïðèêëàäíûõ
çàäà÷.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00455).
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Ðàáîòà ïîñâÿùåíà êîíå÷íî-ðàçíîñòíûì ñõåìàì, èñïîëüçóþùèì ðàçëè÷íûå
ïðîñòðàíñòâåííûå ñåòêè íà ðàçíûõ âðåìåíí�ûõ ñëîÿõ. Òàêèå ñõåìû åñòåñòâåííî
íàçûâàòü ñõåìàìè íà êîñûõ øàáëîíàõ èëè ïðîñòî êîñûìè ñõåìàìè. Î÷åâèäíî, êî-
ñûå ñõåìû ÿâëÿþòñÿ íåïîñðåäñòâåííûì îáîáùåíèåì êëàññè÷åñêèõ ñõåì íà ñëó÷àé
èçìåíÿþùèõñÿ âî âðåìåíè ñåòîê, ïîýòîìó èññëåäîâàíèå èõ ñâîéñòâ è ñðàâíåíèå
ñî ñâîéñòâàìè òðàäèöèîííûõ ñõåì ïðåäñòàâëÿåò îïðåäåëåííûé èíòåðåñ. Â ïðàê-
òèêå âû÷èñëåíèé êîñûå ñõåìû ìîãóò áûòü âîñòðåáîâàíû ïðè ðåøåíèè êðàåâûõ
çàäà÷ ñ ïîäâèæíûìè ãðàíèöàìè, ïðè ðåàëèçàöèè àäàïòèâíûõ ìåòîäîâ (ñ öåëüþ
èñêëþ÷åíèÿ èç öåïî÷êè âû÷èñëåíèé èíòåðïîëÿöèè ðåøåíèÿ ñ ñåòêè íà ñåòêó), à
òàêæå ïðè èñïîëüçîâàíèè ðåãóëÿðíûõ ñåòîê ðàçëè÷íîé ñòðóêòóðû, â ÷àñòíîñòè,
ñîòîâûõ èëè òðåóãîëüíûõ, â òîì ÷èñëå è ðàâíîìåðíûõ.

Â ðàáîòå èññëåäîâàíû óñëîâèÿ óñòîé÷èâîñòè è äðóãèå ñâîéñòâà êîñûõ ñõåì
ðàçëè÷íûõ ïîðÿäêîâ àïïðîêñèìàöèè è ðàçëè÷íûõ êîíôèãóðàöèé äëÿ ãèïåðáîëè-
÷åñêèõ óðàâíåíèé, à òàêæå ïðîâåäåíû ïàðàëëåëè ñ èçâåñòíûìè êëàññè÷åñêèìè
ñõåìàìè, îáîáùåíèÿìè êîòîðûõ íà ñëó÷àé ïîäâèæíîé ñåòêè îíè ÿâëÿþòñÿ. Â
÷àñòíîñòè, äëÿ óðàâíåíèÿ ïåðåíîñà ðàññìîòðåíû ÿâíûå è íåÿâíûå ñõåìû íà øàá-
ëîíàõ �êîñîé óãîëîê�, êîñûå àíàëîãè ñõåìû Ëàêñà � Âåíäðîôôà, áåãóùåãî ñ÷åòà,
ñõåìû ïðåäèêòîð-êîððåêòîð, à òàêæå ñõåìû ïîâûøåííîãî ïîðÿäêà òî÷íîñòè. Äëÿ
ðÿäà ñõåì íà êîñûõ øàáëîíàõ ïðèâåäåíû òàêæå èõ îáîáùåíèÿ íà ñëó÷àé êâàçè-
ëèíåéíûõ óðàâíåíèé è èññëåäîâàíû èõ àïïðîêñèìàöèîííûå ñâîéñòâà.

Â êà÷åñòâå àïïàðàòà èññëåäîâàíèÿ èñïîëüçóåòñÿ äèñïåðñèîííûé àíàëèç, àíà-
ëèç ïåðâîãî äèôôåðåíöèàëüíîãî ïðèáëèæåíèÿ ñõåì, à òàêæå àíàëèç çíàêîâ êî-
ýôôèöèåíòîâ è ïðèíöèï ìàêñèìóìà. Ïîêàçàíî, ÷òî óñëîâèÿ óñòîé÷èâîñòè, ìîíî-
òîííîñòè, ïàðàáîëè÷íîñòè ïåðâîãî äèôôåðåíöèàëüíîãî ïðèáëèæåíèÿ è äðóãèå
ñâîéñòâà ñõåì íà êîñûõ øàáëîíàõ ïëàâíî ïåðåõîäÿò â ñîîòâåòñòâóþùèå ñâîéñòâà
èçâåñòíûõ èõ àíàëîãîâ íà ïðÿìûõ øàáëîíàõ ïðè ñáëèæåíèè ñåòîê âåðõíåãî è
íèæíåãî âðåìåíí�oãî ñëîÿ â íå çàâèñÿùóþ îò âðåìåíè ñåòêó. Â ÷àñòíîñòè, ãåî-
ìåòðè÷åñêàÿ èíòåðïðåòàöèÿ êîððåêòíîñòè ñõåì, ñâÿçàííàÿ ñ ðàñïîëîæåíèåì õà-
ðàêòåðèñòèê äèôôåðåíöèàëüíîãî óðàâíåíèÿ, íà òðàäèöèîííûõ ïðÿìîóãîëüíûõ
ñåòêàõ è íà êîñûõ øàáëîíàõ îêàçàëàñü ñîâåðøåííî àíàëîãè÷íîé.

Äëÿ äâóõñëîéíûõ àïïðîêñèìàöèé óðàâíåíèÿ ïåðåíîñà ñ ïðîèçâîëüíûì ÷èñ-
ëîì óçëîâ íà âåðõíåì è íà íèæíåì ñëîå ïîêàçàíî, ÷òî ìàêñèìàëüíî âîçìîæíûé
ïîðÿäîê òî÷íîñòè íà äâå åäèíèöû ìåíüøå, ÷åì ñóììàðíîå ÷èñëî óçëîâ, è íå çàâè-
ñèò îò òîãî, ÿâëÿåòñÿ øàáëîí ïðÿìûì èëè êîñûì, ðàâíîìåðíà èëè íå ðàâíîìåðíà
ñåòêà. Èññëåäîâàëèñü òàêæå àïïðîêñèìàöèîííûå ñâîéñòâà êîñûõ ñõåì äëÿ óðàâ-
íåíèÿ êîëåáàíèé. Ïðîâåäåíî ñðàâíåíèå ñ êëàññè÷åñêèìè àíàëîãàìè íà ïðÿìûõ
øàáëîíàõ ðàçëè÷íûõ êîíôèãóðàöèé ïî ïîðÿäêàì àïïðîêñèìàöèè, ìàêñèìàëüíî
äîñòèæèìûì ïðè çàäàííîì ÷èñëå óçëîâ. Ïîêàçàíî, ÷òî, â îòëè÷èå îò óðàâíåíèÿ
ïåðåíîñà, â ñëó÷àå ñõåì äëÿ óðàâíåíèÿ êîëåáàíèé ïåðåêîñ øàáëîíà ïîíèæàåò
ïîðÿäîê àïïðîêñèìàöèè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 14-21-

00110).
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ÊÎÍÖÅÏÖÈß ÑÎÏÐßÆÅÍÍÛÕ ÈÍÒÅÃÐÈÐÓÞÙÈÕ
ÌÍÎÆÈÒÅËÅÉ Â ÂÀÐÈÀÖÈÎÍÍÛÕ ÌÅÒÎÄÀÕ

×ÈÑËÅÍÍÎÃÎ ÀÍÀËÈÇÀ

Ïåíåíêî Â.Â.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; penenko@sscc.ru

Îáñóæäàþòñÿ ïðèìåíåíèÿ âàðèàöèîííûõ ïðèíöèïîâ ÷èñëåííîãî àíàëèçà äëÿ
èññëåäîâàíèÿ ïðîöåññîâ, ýâîëþöèÿ êîòîðûõ îòîáðàæàåòñÿ äàííûìè íàáëþäåíèé
è îïèñàíà ìàòåìàòè÷åñêèìè ìîäåëÿìè. Âàðèàöèîííûå ïðèíöèïû � óíèâåðñàëü-
íûé èíñòðóìåíò äëÿ îáúåäèíåíèÿ öåëåâûõ ôóíêöèîíàëîâ, ìîäåëåé ïðîöåññîâ,
äàííûõ èçìåðåíèé è äðóãèõ îáúåêòîâ â åäèíóþ ñèñòåìó. Íà èõ îñíîâå ñòðîÿòñÿ
ñîãëàñîâàííûå ÷èñëåííûå ñõåìû è àëãîðèòìû ðåøåíèÿ ïðÿìûõ, ñîïðÿæåííûõ è
îáðàòíûõ çàäà÷; îöåíîê íåîïðåäåëåííîñòåé â ìîäåëÿõ è ðàñ÷åòà ôóíêöèé ÷óâ-
ñòâèòåëüíîñòè öåëåâûõ ôóíêöèîíàëîâ ê âàðèàöèÿì âõîäíûõ äàííûõ.

Ïðåäñòàâëåíà âàðèàöèîííàÿ ìåòîäèêà ïîñòðîåíèÿ äèñêðåòíî-àíàëèòè÷åñêèõ
÷èñëåííûõ ñõåì äëÿ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, èñïîëüçóþùàÿ ôóíäàìåí-
òàëüíóþ êîíöåïöèþ ñîïðÿæåííûõ èíòåãðèðóþùèõ ìíîæèòåëåé. Ýòè àïïðîêñè-
ìàöèè òî÷íû â êëàññå çàäà÷ ñ ðàçðûâíûìè êóñî÷íî-ïîñòîÿííûìè êîýôôèöèåí-
òàìè. Îñíîâíûå ýòàïû èõ ïîñòðîåíèÿ ïðîäåìîíñòðèðîâàíû íà ïðèìåðå ñòàöè-
îíàðíûõ è íåñòàöèîíàðíûõ çàäà÷ êîíâåêöèè-äèôôóçèè-ðåàêöèè. Èñïîëüçóåòñÿ
àïïàðàò ñîïðÿæåííûõ çàäà÷, ïîñòðîåííûõ â ðàìêàõ ìåòîäîâ äåêîìïîçèöèè è
ðàñùåïëåíèÿ ðàñøèðåííîãî ôóíêöèîíàëà âàðèàöèîííîãî ïðèíöèïà äëÿ èñõîä-
íîé çàäà÷è íà ñîâîêóïíîñòü ëîêàëüíî-îäíîìåðíûõ çàäà÷. Ïîëó÷åííûå äèñêðåòíî-
àíàëèòè÷åñêèå ñõåìû îáëàäàþò ñâîéñòâàìè ìîíîòîííîñòè, òðàíñïîðòèâíîñòè è
óñòîé÷èâîñòè. Ê ïðåèìóùåñòâàì ýòèõ ñõåì îòíîñèòñÿ òî÷íûé ó÷åò êðàåâûõ óñëî-
âèé ïåðâîãî, âòîðîãî è òðåòüåãî ðîäà, à òàêæå óñëîâèé ïåðèîäè÷íîñòè. Êðîìå
ñàìîãî ðåøåíèÿ, àëãîðèòì îáåñïå÷èâàåò òî÷íîå âû÷èñëåíèå åãî ïðîèçâîäíûõ íà
ãðàíèöàõ èíòåðâàëîâ äåêîìïîçèðîâàííîé îáëàñòè. Äèñêðåòíî-àíàëèòè÷åñêèå ìî-
íîòîííûå è óñòîé÷èâûå ÷èñëåííûå ñõåìû áåãóùåãî ñ÷åòà ïîñòðîåíû è äëÿ çàäà÷
êîíâåêöèè â îòñóòñòâèè äèôôóçèè.

Äëÿ ïðàêòè÷åñêèõ ïðèìåíåíèé êîíöåïöèÿ èíòåãðèðóþùèõ ìíîæèòåëåé îáú-
åäèíÿåòñÿ ñ òåõíèêîé êîíå÷íûõ ýëåìåíòîâ/îáúåìîâ. Ïðè ýòîì, â îòëè÷èå îò òðà-
äèöèîííûõ âàðèàöèîííûõ è ïðîåêöèîííî-ñåòî÷íûõ ìåòîäîâ, íàøè ìåòîäû íå òðå-
áóþò ïîñòðîåíèÿ áàçèñíûõ ïîäïðîñòðàíñòâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00137) è Ïðîãðàìì ôóíäàìåíòàëüíûõ èññëåäîâàíèé Ïðåçèäèóìà

ÐÀÍ I.33Ï è II.2Ï.

ËÈÒÅÐÀÒÓÐÀ

1. Penenko V., Tsvetova E. Discrete-analytical methods for the implementation of
variational principles in environmental applications // J. Comput. Appl. Math. 2009.
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2. Penenko V.V., Tsvetova E.A., Penenko A.V. Variational approach and Euler's
integrating factors for environmental studies // Comput. Math. Appl. 2014. V. 67, No 12.
P. 2240�2256.
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ÊÓÁÀÒÓÐÍÛÅ ÔÎÐÌÓËÛ ÄËß ÑÔÅÐÛ,
ÈÍÂÀÐÈÀÍÒÍÛÅ ÎÒÍÎÑÈÒÅËÜÍÎ ÃÐÓÏÏÛ
ÂÐÀÙÅÍÈÉ ÈÊÎÑÀÝÄÐÀ Ñ ÈÍÂÅÐÑÈÅÉ

Ïîïîâ À.Ñ.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; popov@labchem.sscc.ru

Ñ ìîìåíòà ñîçäàíèÿ Ñ.Ë. Ñîáîëåâûì îáùåé òåîðèè êóáàòóðíûõ ôîðìóë íà
ñôåðå, èíâàðèàíòíûõ îòíîñèòåëüíî ïðåîáðàçîâàíèé êîíå÷íûõ ãðóïï âðàùåíèé,
ïðîøëî óæå áîëåå ïîëóâåêà (ñì. [1]). Çà ýòî âðåìÿ íàèáîëüøåå ðàñïðîñòðàíåíèå
ïîëó÷èëè êóáàòóðíûå ôîðìóëû, èíâàðèàíòíûå îòíîñèòåëüíî ãðóïï ñèììåòðèè
ïðàâèëüíûõ ìíîãîãðàííèêîâ (ñì. [2] è èìåþùóþñÿ òàì ëèòåðàòóðó). Ñðåäè ýòèõ
êóáàòóðíûõ ôîðìóë îñîáûé èíòåðåñ ïðåäñòàâëÿþò êóáàòóðû, èìåþùèå ïîëîæè-
òåëüíûå âåñà è ñîäåðæàùèå ïðè ýòîì ìèíèìàëüíîå ÷èñëî óçëîâ (êóáàòóðû ãàóñ-
ñîâà òèïà). Â ñëó÷àå íàëè÷èÿ äëÿ äàííîãî ïîðÿäêà òî÷íîñòè íåñêîëüêèõ êóáàòóð
ñ ïîëîæèòåëüíûìè âåñàìè è îäèíàêîâûì ÷èñëîì óçëîâ â [3] áûë ïðåäëîæåí íî-
âûé êðèòåðèé îïòèìàëüíîñòè, ñîãëàñíî êîòîðîìó íàèëó÷øåé ñðåäè ýòèõ êóáàòóð
ñ÷èòàåòñÿ òà, êîòîðàÿ èìååò íàèìåíüøèé ãëàâíûé ÷ëåí ïîãðåøíîñòè. Â äàëüíåé-
øåì ýòîò êðèòåðèé áûë èñïîëüçîâàí äëÿ ïîèñêà íàèëó÷øèõ êóáàòóð äëÿ ãðóïïû
âðàùåíèé òåòðàýäðà, ãðóïïû âðàùåíèé òåòðàýäðà ñ èíâåðñèåé, ãðóïïû âðàùåíèé
îêòàýäðà, ãðóïïû âðàùåíèé îêòàýäðà ñ èíâåðñèåé è ãðóïïû âðàùåíèé èêîñàýäðà.

Â äàííîé ðàáîòå áóäåò ïðåäëîæåí àëãîðèòì ïîèñêà íàèëó÷øèõ êóáàòóð, èíâà-
ðèàíòíûõ îòíîñèòåëüíî âûñøåé ãðóïïû ïðîñòðàíñòâåííîé ñèììåòðèè � ãðóïïû
âðàùåíèé èêîñàýäðà ñ èíâåðñèåé. Áóäóò ïðîâåäåíû ðàñ÷¼òû ïî ýòîìó àëãîðèòìó
ñ öåëüþ îïðåäåëèòü ïàðàìåòðû âñåõ íàèëó÷øèõ êóáàòóð äàííîé ãðóïïû ñèììåò-
ðèè äî 79-ãî ïîðÿäêà òî÷íîñòè.

ËÈÒÅÐÀÒÓÐÀ
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ìàò. æóðí. 1962. Ò. 3, � 5. C. 769�796.

2. Ìûñîâñêèõ È.Ï. Èíòåðïîëÿöèîííûå êóáàòóðíûå ôîðìóëû. Ì.: Íàóêà, 1981.
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ÐÅØÅÒ×ÀÒÎÉ ÊÓÁÀÒÓÐÍÎÉ ÔÎÐÌÓËÛ

Ðàìàçàíîâ Ì.Ä.

Èíñòèòóò ìàòåìàòèêè ñ âû÷èñëèòåëüíûì öåíòðîì ÓÍÖ ÐÀÍ,

Óôà, Ðîññèÿ; RamazanovMD@yandex.ru

Ïîñòàíîâêà ïðîáëåìû âîñõîäèò ê èññëåäîâàíèÿì Ñ.Ë. Ñîáîëåâà [1], [2], â êî-
òîðûõ îí ïðåäëîæèë äëÿ ïðèáëèæåííûõ âû÷èñëåíèé èíòåãðàëîâ ïî îãðàíè÷åí-
íûì n-ìåðíûì îáëàñòÿì,

∫
Ω
f(x)dx, ïðèìåíÿòü ðåøåò÷àòûå êóáàòóðíûå ôîðìó-

ëû KNf ≡ |detHN |
∑
k∈Zn ckf(HNk) � ñ êîýôôèöèåíòàìè {ck} è ðåøåòêàìè

óçëîâ {HNk | k ∈ Zn, HN � n × n ìàòðèöà ñ N = Ω/|detHN |}, ñãóùàþùèåñÿ
ïðè N → ∞, ‖HN‖ → 0. Êà÷åñòâî àïïðîêñèìàöèè èçìåðÿåòñÿ ñêîðîñòüþ ñòðåì-
ëåíèÿ ê íóëþ íîðìû ôóíêöèîíàëà ïîãðåøíîñòè lΩN : f →

∫
Ω
f(x)dx − KNf â

ïðîñòðàíñòâå, ñîïðÿæåííîì ê çàäàííîìó ïðîñòðàíñòâó èíòåãðàíòîâ, {f} ≡ B,
‖lΩN | B∗‖ → 0 ïðè N →∞.

Ñëåäóÿ èäåÿì Ê.È. Áàáåíêî [3], èç ìíîæåñòâà âû÷èñëèòåëüíûõ àëãîðèòìîâ
âûäåëÿþòñÿ íåíàñûùàåìûå � àëãîðèòìû, íå çàâèñÿùèå îò ïîðÿäêîâ ãëàäêîñòè
ôóíêöèé ê êîòîðûì ïðèìåíÿþòñÿ.

Ìû îãðàíè÷èâàåìñÿ êóáè÷åñêîé ðåøåòêîé óçëîâ, HN = h · I, h = N−1/n → 0,
îãðàíè÷åííûìè îáëàñòÿìè ñ áåñêîíå÷íî äèôôåðåíöèðóåìûìè ãðàíèöàìè, Ω ≡
{x | Φ(x) > 0, Φ ∈ C∞, |Φ(x)| + |DΦ(x)| 6= 0}, è èçîòðîïíûìè ïðîñòðàíñòâàìè
Ñîáîëåâà � Ñëîáîäåöêîãî Wm

2 (Rn) èëè Wm
2 (Ω).

Çàäàäèì ÷èñëà α è β ñ îãðàíè÷åíèåì 0 < α < 1/2 < β < 1 è îïðåäåëèì
ôóíêöèþ êîýôôèöèåíòîâ C(x, h) óñëîâèåì ck(h) ≡ C(hk, h).

Òåîðåìà. Êîýôôèöèåíòû èñêîìîé íåíàñûùàåìîé àñèìïòîòè÷åñêè îïòèìàëü-

íîé ðåøåò÷àòîé êóáàòóðíîé ôîðìóëû {cask (h)} ìîãóò áûòü çàäàíû òàê:

cask (h) ≡ Cas(hk, h),

Cas(x, h) =


0,
1, ∫
|ξ|≤hβ−1

dξ χ̃Ω(ξ) exp(2πixξ),

åñëè dist(x,Ω) ≥ hα,
åñëè dist(x,R\Ω) ≥ hα,
åñëè dist(x, ∂Ω) ≤ hα,

ãäå χ̃Ω åñòü ïðåîáðàçîâàíèå Ôóðüå õàðàêòåðèñòè÷åñêîé ôóíêöèè χΩ îáëàñòè Ω.
Ðåçóëüòàò ðàñïðîñòðàíÿåòñÿ íà îãðàíè÷åííûå îáëàñòè, íå îáëàäàþùèå áåñêî-

íå÷íî äèôôåðåíöèðóåìûìè ãðàíèöàìè. Ê ñîæàëåíèþ, ïðè n > 2 ñòðîãîå îïðå-
äåëåíèå îáëàñòåé ñ êóñî÷íî-ãëàäêèìè ãðàíèöàìè íåèçâåñòíî. Ïîýòîìó ìû ïðåä-
ëàãàåì ñâî¼ îïðåäåëåíèå òàêèõ îáëàñòåé (äëÿ êîòîðûõ ïîëó÷åíû íåíàñûùàåìûå
àñèìïòîòè÷åñêè îïòèìàëüíûå àëãîðèòìû ðåøåò÷àòûõ êóáàòóðíûõ ôîðìóë).

Ðàáîòà ïîääåðæàíà ÐÔÔÈ (ãðàíò � 14-01-00307-a).
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ñêàÿ äèíàìèêà, 2002.
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ÒÐÅÕÌÅÐÍÛÕ ÊÐÀÅÂÛÕ ÇÀÄÀ×

Ñàâ÷åíêî À.Î.1, Ñâåøíèêîâ Â.Ì.2

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
1savch@ommfao1.sscc.ru, 2victor@lapasrv.sscc.ru

Ïðåäëàãàåòñÿ è èññëåäóåòñÿ íîâûé ïîäõîä ê ðåøåíèþ âíåøíèõ òðåõìåðíûõ
êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Ëàïëàñà, îñíîâàííûé íà ìåòîäå äåêîìïîçèöèè ðàñ-
÷åòíîé îáëàñòè íà ïîäîáëàñòè, ñîïðÿãàåìûå áåç íàëîæåíèÿ. Ïðè ýòîì âíåøíÿÿ
ðàñ÷åòíàÿ îáëàñòü ðàçäåëÿåòñÿ ñôåðîé íà äâå ïîäîáëàñòè, à èñõîäíàÿ âíåøíÿÿ
çàäà÷à ñâîäèòñÿ ê ðåøåíèþ äâóõ ïîäçàäà÷: âíóòðåííåé, îãðàíè÷åííîé ñôåðîé, è
âíåøíåé íà ñôåðå. Ñøèâêà ðåøåíèé â ïîäîáëàñòÿõ îñóùåñòâëÿåòñÿ ïóòåì ïðÿ-
ìîé êîíå÷íî-ðàçíîñòíîé àïïðîêñèìàöèè îïåðàòîðíîãî óðàâíåíèÿ íà èíòåðôåéñå,
ñîäåðæàùåãî îáðàòíûå îïåðàòîðû Ïóàíêàðå � Ñòåêëîâà. Èññëåäîâàíû ñâîéñòâà
êîíå÷íî-ðàçíîñòíîãî îïåðàòîðà. Äîêàçàíà ñõîäèìîñòü ïðèáëèæåííîãî ðåøåíèÿ
ê òî÷íîìó, è óñòàíîâëåí ïîðÿäîê ñõîäèìîñòè. Ðåøåíèå ñèñòåìû ñåòî÷íûõ óðàâ-
íåíèé íà èíòåðôåéñå ïðîâîäèòñÿ èòåðàöèîííûìè ìåòîäàìè â ïîäïðîñòðàíñòâàõ
Êðûëîâà, êîòîðûå â íàøåì ñëó÷àå äîïóñêàþò ýêîíîìè÷íóþ ðåàëèçàöèþ. Èññëå-
äîâàíû ñâîéñòâà ñèñòåìû ñåòî÷íûõ óðàâíåíèé è äîêàçàíû óòâåðæäåíèÿ î ñóùå-
ñòâîâàíèè è åäèíñòâåííîñòè èõ ðåøåíèÿ. Òåîðåòè÷åñêèå ïîëîæåíèÿ ïîäòâåðæäà-
þòñÿ ðåøåíèåì ìîäåëüíîé çàäà÷è.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00168).
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ÓÐÀÂÍÅÍÈß ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ ÌÅÒÎÄÎÌ

ÌÎÍÒÅ-ÊÀÐËÎ ÍÀ ÑÓÏÅÐÊÎÌÏÜÞÒÅÐÅ

Ñìèðíîâ Ä.Ä.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; smirnovdd@mail.ru

Â äàííîé ðàáîòå ïðîâîäèòñÿ ÷èñëåííûé àíàëèç ñòîõàñòè÷åñêîãî óðàâíåíèÿ
òåïëîïðîâîäíîñòè [1] ìåòîäîì Ìîíòå-Êàðëî íà ñóïåðêîìïüþòåðå. Äèíàìè÷åñêàÿ
ñèñòåìà, çàäàííàÿ óðàâíåíèåì òåïëîïðîâîäíîñòè, íàõîäèòñÿ ïîä âîçäåéñòâèåì
ñëó÷àéíûõ øóìîâ, êîòîðûå ìîãóò áûòü, êàê âíåøíèå (àääèòèâíûå), òàê è âíóò-
ðåííèå (ìóëüòèïëèêàòèâíûå) øóìû, ê òîìó æå ñëó÷àéíûìè ìîãóò áûòü êîýôôè-
öèåíò òåìïåðàòóðîïðîâîäíîñòè, íà÷àëüíûå äàííûå è ãðàíè÷íûå óñëîâèÿ. Òàêèå
äèíàìè÷åñêèå ñèñòåìû îïèñûâàþòñÿ ñèñòåìàìè ñòîõàñòè÷åñêèõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé (ÑÄÓ). Òàêîé ïîäõîä îòðàæàåò îñîáåííîñòü ñîâðåìåííîé íàó÷íîé
ïàðàäèãìû, ïðåäïîëàãàþùåé ñòàòèñòè÷åñêîå îïèñàíèå ñâîéñòâ ðåàëüíîãî ìèðà.
Ñ ïîìîùüþ òàêîãî ïîäõîäà, ìîäåëèðóÿ íåçàâèñèìûå ìåæäó ñîáîé òðàåêòîðèè
ñëó÷àéíîãî ïðîöåññà, ÿâëÿþùåãîñÿ ðåøåíèåì ñèñòåìû ÑÄÓ, ìîæíî îïèñûâàòü
ðàçëè÷íûå ìîäåëè, çàäàâàåìûå ñèñòåìàìè ÑÄÓ, íàõîäèòü âåðîÿòíîñòíûå è ñòàòè-
ñòè÷åñêèå õàðàêòåðèñòèêè îò ÷èñëåííîãî ðåøåíèÿ ýòèõ ñèñòåì ÑÄÓ: îöåíêó ìà-
òåìàòè÷åñêîãî îæèäàíèÿ, îöåíêó äèñïåðñèè, ïëîòíîñòü ðàñïðåäåëåíèÿ âûäåëåí-
íîé êîìïîíåíòû ðåøåíèÿ äëÿ çàäàííîãî óçëà ñåòêè, ÷àñòîòíûé ôàçîâûé ïîðòðåò
(×ÔÏ), ÷àñòîòíóþ èíòåãðàëüíóþ êðèâóþ (×ÈÊ) è ÷àñòîòíîå âðåìåííîå ñå÷åíèå
(×ÂÑ) [2]. Ðàññ÷èòûâàåìûå õàðàêòåðèñòèêè äëÿ ðåøåíèÿ ñèñòåìû ÑÄÓ ïîêàçû-
âàþò ðåàêöèþ äèíàìè÷åñêîé ñèñòåìû íà ñëó÷àéíûå âîçìóùåíèÿ, îáùèå çàêîíî-
ìåðíîñòè â ïîâåäåíèè ÷èñëåííîãî ðåøåíèÿ è ìàêñèìàëüíî âîçìîæíûå óêëîíåíèÿ
ìîäåëèðóåìûõ òðàåêòîðèé ðåøåíèÿ ñèñòåìû ÑÄÓ, ÷òî ïîçâîëÿåò ïðåäñêàçûâàòü
âàæíûå ðåæèìû äèíàìèêè ýòèõ ñèñòåì. Íîâûå ñòàòèñòè÷åñêèå õàðàêòåðèñòèêè
ÿâëÿþòñÿ íàèáîëåå èíôîðìàòèâíûìè äëÿ îïèñàíèÿ äèíàìèêè ñèñòåì, òàê êàê â
íèõ ñîáèðàåòñÿ âñÿ ñòàòèñòèêà ïî âñåìó àíñàìáëþ ìîäåëèðóåìûõ òðàåêòîðèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00698 À).
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ÌÃÓ, 1999.
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ÄËß ÑÈÍÃÓËßÐÍÎ ÂÎÇÌÓÙÅÍÍÎÉ
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Òèõîâñêàÿ Ñ.Â.

Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Îìñê, Ðîññèÿ; s.tihovskaya@yandex.ru

Èññëåäóåòñÿ ìíîãîñåòî÷íûé ìåòîä êàñêàäíîãî òèïà äëÿ ýëëèïòè÷åñêîãî óðàâ-
íåíèÿ ñ ïîãðàíè÷íûìè ñëîÿìè. Èçâåñòíî, ÷òî ïðèìåíåíèå êëàññè÷åñêèõ ðàçíîñò-
íûõ ñõåì äëÿ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ ïðèâîäèò ê áîëüøèì îøèáêàì.
Îáåñïå÷èòü ðàâíîìåðíóþ ñõîäèìîñòü ðàçíîñòíîé ñõåìû äëÿ òàêèõ çàäà÷ ìîæíî
ëèáî èñïîëüçóÿ ñõåìó, òî÷íóþ íà ïîãðàíñëîéíûõ ñîñòàâëÿþùèõ [1], ëèáî èñïîëü-
çîâàòü ñåòêó, ñãóùàþùóþñÿ â îáëàñòÿõ ïîãðàíè÷íîãî ñëîÿ [2], [3]. Ðàññìàòðèâà-
åòñÿ ðàçíîñòíàÿ ñõåìà íà ñåòêå Øèøêèíà, îáëàäàþùàÿ ñâîéñòâîì ðàâíîìåðíîé
ñõîäèìîñòè ïî ìàëîìó ïàðàìåòðó ε. Äëÿ ïîâûøåíèÿ ε-ðàâíîìåðíîé òî÷íîñòè ðàç-
íîñòíîé ñõåìû â ìíîãîñåòî÷íîì ìåòîäå ìîæåò áûòü ïðèìåíåíà ýêñòðàïîëÿöèÿ
Ðè÷àðäñîíà [4] ñ èñïîëüçîâàíèåì ÷èñëåííûõ ðåøåíèé íà âñïîìîãàòåëüíûõ ñåò-
êàõ [5]. Äëÿ óëó÷øåíèÿ íà÷àëüíîãî ïðèáëèæåíèÿ èññëåäóåòñÿ èäåÿ ýêñòðàïîëÿ-
öèè ÷èñëåííûõ ðåøåíèé, ïîëó÷åííûõ íà âñïîìîãàòåëüíûõ ñåòêàõ [6]. Ïðîâåäåíî
ñðàâíåíèå ðàçëè÷íûõ èòåðàöèîííûõ ìåòîäîâ. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ
ýêñïåðèìåíòîâ.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêòû � 15-01-06584, � 16-01-00727).
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Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Èíñòèòóò âû÷èñëèòåëüíîé

ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
1tnv@osmf.sscc.ru, 2sau@osmf.sscc.ru

Â äàííîé ðàáîòå ïðåäñòàâëåí îðèãèíàëüíûé ïîäõîä ê ïîñòðîåíèþ îöåíîê ìå-
òîäà Ìîíòå-Êàðëî â ïðèëîæåíèè ê çàäà÷àì àòìîñôåðíîé îïòèêè. Îöåíêè ìåòîäà
Ìîíòå-Êàðëî ñòðîÿòñÿ íà îñíîâå äâóìåðíîãî ïðîåêöèîííîãî ðàçëîæåíèÿ èñêî-
ìîãî ðàñïðåäåëåíèÿ ïî îðòîíîðìèðîâàííûì ñ íåêîòîðûì âåñîì áàçèñíûì ôóíê-
öèÿì, ÷òî ÿâëÿåòñÿ îáîáùåíèåì èäåè ðàçëîæåíèÿ, ïðåäñòàâëåííîé â ðàáîòå [1].
Êîýôôèöèåíòû äàííîãî ðàçëîæåíèÿ � ñóòü ìàòåìàòè÷åñêèå îæèäàíèÿ ñëó÷àé-
íûõ âåëè÷èí ñ çàäàííûì ðàñïðåäåëåíèåì è ìîãóò áûòü îöåíåíû ñ ïîìîùüþ ìå-
òîäà Ìîíòå-Êàðëî. Ïîñòðîåííûé ìåòîä ïðèìåíÿåòñÿ äëÿ ÷èñëåííîãî èçó÷åíèÿ
äâóìåðíûõ óãëîâûõ õàðàêòåðèñòèê ïîëÿðèçîâàííîãî èçëó÷åíèÿ, ïðîõîäÿùåãî è
îòðàæåííîãî îïòè÷åñêè òîëñòûì ñëîåì ðàññåèâàþùåãî è ïîãëîùàþùåãî âåùå-
ñòâà, è ïîçâîëÿåò ðàññ÷èòûâàòü âåêòîð Ñòîêñà, êîìïîíåíòû êîòîðîãî îïèñûâàþò
â ñîâîêóïíîñòè âñå õàðàêòåðèñòèêè ïîëÿðèçîâàííîé âîëíû, à òåì ñàìûì èññëå-
äîâàòü äâóìåðíûå óãëîâûå ðàñïðåäåëåíèÿ èíòåíñèâíîñòè è ñòåïåíè ïîëÿðèçàöèè
èçëó÷åíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 15-01-00894 a, � 16-31-00123 ìîë_à, � 17-01-00823 a) è Ïðåçèäèóìà

ÐÀÍ (ïðîãðàììà I.33Ï).
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Îáìåííûå ïðîöåññû â îðãàíèçìå ñîñòîÿò â ïîñòîÿííîì ïåðåðàñïðåäåëåíèè âå-
ùåñòâ ìåæäó êðîâåíîñíûì êàïèëëÿðîì, îêðóæàþùåé òêàíüþ è ëèìôàòè÷åñêè-
ìè êàïèëëÿðàìè. Äëÿ àäåêâàòíîãî èõ îïèñàíèÿ àêòóàëüíî ñòðîèòü êîìïëåêñíûå
ìîäåëè, ó÷èòûâàþùèå âçàèìîñâÿçü ïðîöåññîâ, ïðîèñõîäÿùèõ âî âñåõ ÷àñòÿõ ìèê-
ðîöèðêóëÿòîðíîãî ðóñëà. Â ðàáîòå ïðåäñòàâëåíà ìàòåìàòè÷åñêàÿ ìîäåëü îáìåí-
íûõ ïðîöåññîâ, ïðîèñõîäÿùèõ íà ìèêðîöèðêóëÿöèîííîì óðîâíå è âêëþ÷àþùèõ â
ñåáÿ ñëåäóþùèå âçàèìîñâÿçàííûå ïðîöåññû: òå÷åíèå êðîâè â êàïèëëÿðàõ, òðàí-
ñêàïèëëÿðíûé îáìåí, äâèæåíèå æèäêîñòè â èíòåðñòèöèè, îáìåí âåùåñòâ ìåæäó
èíòåðñòèöèàëüíîé æèäêîñòüþ è êëåòêàìè òêàíè, äðåíàæ â ëèìôàòè÷åñêèå êà-
ïèëëÿðû.

Ðàññìàòðèâàåòñÿ òå÷åíèå íåíüþòîíîâñêîé æèäêîñòè ïî êðîâåíîñíîìó êàïèë-
ëÿðó è ïðîöåññû, ïðîèñõîäÿùèå â îêðóæàþùåé êàïèëëÿð òêàíè, êîòîðàÿ ìîäå-
ëèðóåòñÿ êàê ïîðîóïðóãàÿ ñðåäà. Ýòè äâå çàäà÷è ñâÿçàíû ñ ïîìîùüþ ãðàíè÷íûõ
óñëîâèé, îñíîâàííûõ íà ãèïîòåçå òðàíñâàñêóëÿðíîãî îáìåíà Ñòàðëèíãà.

Â ìîäåëÿõ ìèêðîöèðêóëÿöèè îáû÷íî ïðåäïîëàãàåòñÿ, ÷òî âñå êàïèëëÿðû â
îðãàíå îäèíàêîâû ïî ðàçìåðó, õàðàêòåðèñòèêàì òå÷åíèÿ æèäêîñòè è ò. ä. Ïîýòî-
ìó ìîæíî ðàññìàòðèâàòü îäèí ïðåäñòàâèòåëüíûé êàïèëëÿð [1]. Â ðàáîòå [2] ïðè
ìîäåëèðîâàíèè ôèëüòðàöèè è ðåàáñîðáöèè æèäêîñòè ÷åðåç ñòåíêó êðîâåíîñíî-
ãî êàïèëëÿðà íå ó÷èòûâàåòñÿ èçìåíåíèå êîíöåíòðàöèè âåùåñòâ, ñîäåðæàùèõñÿ
â ðàçëè÷íûõ ÷àñòÿõ ñèñòåìû, ò. å. îíêîòè÷åñêîå äàâëåíèå â êàïèëëÿðå è òêà-
íè ñ÷èòàåòñÿ ïîñòîÿííûì. Òàêîå ïðåäïîëîæåíèå ÿâëÿåòñÿ äîñòàòî÷íî ñèëüíûì
óïðîùåíèåì ðåàëüíî ïðîèñõîäÿùèõ ïðîöåññîâ, ïîñêîëüêó äèôôóçèÿ èãðàåò çíà-
÷èòåëüíóþ ðîëü ïðè îáìåíå âåùåñòâ. Ó÷åò äèôôóçèîííûõ ïðîöåññîâ, ðàññìîò-
ðåííûõ â äàííîé ðàáîòå, çíà÷èòåëüíî óñëîæíÿåò ìîäåëü è ïðåäñòàâëÿåò áîëüøîé
ïðàêòè÷åñêèé èíòåðåñ.

Ó÷åò ëèìôàòè÷åñêîãî äðåíàæà â äàííîé ðàáîòå îñíîâûâàåòñÿ íà ìîðôîëîãè-
÷åñêèõ è ýêñïåðèìåíòàëüíûõ äàííûõ, îïèñàííûõ â [3]. Äàííûé ìåòîä ñîñòîèò â
íåïîñðåäñòâåííîì çàäàíèè ëèìôàòè÷åñêîãî äðåíàæà è îáúåìíîãî ïîòîêà æèä-
êîñòè, ïîñòóïàþùåãî â ëèìôàòè÷åñêóþ ñèñòåìó, â âèäå ôóíêöèè îò êîîðäèíàò
è âðåìåíè. Òåì ñàìûì ó÷èòûâàåòñÿ ðåàëüíîå ðàñïîëîæåíèå ëèìôàòè÷åñêèõ êà-
ïèëëÿðîâ â ìèêðîöèðêóëÿòîðíîì ðóñëå (îêîëî àðòåðèîëû, ò. å. âáëèçè àðòåðè-
àëüíîãî êîíöà êðîâåíîñíîãî êàïèëëÿðà). Ïðè ýòîì âàæíî, ÷òî îáúåìíûé ïîòîê
ëèìôû â íà÷àëüíîì ëèìôàòè÷åñêîì ðóñëå ýêñïåðèìåíòàëüíî îïðåäåëèòü ïðîùå,
÷åì äàâëåíèå â ëèìôàòè÷åñêîì êàïèëëÿðå.
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Ñåòî÷íûå ìåòîäû ðåøåíèÿ ðåãóëÿðíîé çàäà÷è Êîøè äëÿ ñèñòåì îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ðàçðàáàòûâàëèñü â ðàáîòàõ Ã.È. Ìàð÷óêà,
À.À. Ñàìàðñêîãî, Í.Í. Êàëèòêèíà. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à
Êîøè äëÿ ñèñòåìû äâóõ ñèíãóëÿðíî âîçìóùåííûõ óðàâíåíèé ñ âîçìóùàþùèì
ïàðàìåòðîì ε ïðè ïðîèçâîäíûõ; ïàðàìåòð ε ïðèíèìàåò ïðîèçâîëüíûå çíà÷åíèÿ
èç ïîëóèíòåðâàëà (0, 1]:

Lu(x) = f(x), x ∈ D, u(x) = ϕ, x ∈ Γ. (1)

Çäåñü u(x) = {u1(x), u2(x)}T , Lu(x) = {L1 u(x), L2 u(x)}T ,

L1 u(x) ≡ ε a1(x) d/dxu1(x) + b1(x)u1(x) + c1(x)u2(x),

L2 u(x) ≡ ε a2(x) d/dxu2(x) + b2(x)u2(x) + c2(x)u1(x).

Âûðîæäåííàÿ çàäà÷à � çàäà÷à (1) ïðè ε = 0, âîîáùå ãîâîðÿ, íå ÿâëÿåòñÿ
ðàçðåøèìîé. Ðåøåíèå òàêîé çàäà÷è ñóùåñòâóåò è åäèíñòâåííî ëèøü ïðè íåóëó÷-
øàåìîì óñëîâèè (óñëîâèè ðàçðåøèìîñòè)

µ ≤ m, m < 1, (2)

ãäå µ = µ(2) = maxD{|c1(x)| b−1
1 (x)} maxD{|c2(x)| b−1

2 (x)}; ïðè µ(2) → 1 ðåøåíèå
çàäà÷è Êîøè, âîîáùå ãîâîðÿ, íåîãðàíè÷åííî ðàñòåò.

Çàäà÷ó Êîøè (1), äëÿ êîòîðîé âûïîëíÿåòñÿ óñëîâèå ðàçðåøèìîñòè (2), íàçî-
âåì ñîãëàñîâàííîé çàäà÷åé Êîøè äëÿ ñèñòåìû; îáîçíà÷èì åå {(1); (2)}.

Äëÿ çàäà÷è Êîøè {(1); (2)} ñòðîèòñÿ �ñòàíäàðòíàÿ� ðàçíîñòíàÿ ñõåìà íà ðàâ-
íîìåðíîé ñåòêå. Ïðè N → ∞ òàêàÿ ñõåìà ñõîäèòñÿ â ðàâíîìåðíîé íîðìå ïðè
íåóëó÷øàåìîì óñëîâèè N � ε−1, ãäå N + 1 � ÷èñëî ñåòî÷íûõ óçëîâ.

Íà êóñî÷íî-ðàâíîìåðíîé ñåòêå, èçâåñòíîé êàê ñåòêà Øèøêèíà [1] â ñëó÷àå
ñèíãóëÿðíî âîçìóùåííûõ ýëëèïòè÷åñêèõ è ïàðàáîëè÷åñêèõ óðàâíåíèé (ñì.,
íàïðèìåð, [2], [3]), ðàçíîñòíàÿ ñõåìà ñõîäèòñÿ ε-ðàâíîìåðíî ñî ñêîðîñòüþ
O(N−1 lnN).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00727).
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Äëÿ øèðîêèõ êëàññîâ ñèíãóëÿðíî âîçìóùåííûõ êðàåâûõ çàäà÷ äëÿ ýëëèï-
òè÷åñêèõ è îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, à òàêæå íà÷àëüíî-
êðàåâûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé ðàçðàáîòàíû ñïåöèàëüíûå ÷èñ-
ëåííûå ìåòîäû íà îñíîâå ñòàíäàðòíûõ ðàçíîñòíûõ ñõåì íà ñåòêàõ, ñãóùàþùèõñÿ
â ïîãðàíè÷íûõ ñëîÿõ, ðåøåíèÿ êîòîðûõ ñõîäÿòñÿ ε-ðàâíîìåðíî (ε � âîçìóùàþ-
ùèé ïàðàìåòð, ε ∈ (0, 1]) â ðàâíîìåðíîé íîðìå (ñì., íàïðèìåð, [1], [2] è áèáëèî-
ãðàôèþ òàì æå). Â ýòèõ ñïåöèàëüíûõ ÷èñëåííûõ ìåòîäàõ ñåòî÷íûå óðàâíåíèÿ
ðåøàþòñÿ íà ïðîñòåéøèõ êóñî÷íî-ðàâíîìåðíûõ ñåòêàõ, èçâåñòíûõ â ëèòåðàòóðå
ïî ÷èñëåííûì ìåòîäàì äëÿ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ êàê ñåòêè Øèøêèíà
(ñì., íàïðèìåð, [3]), øàã êîòîðûõ âûáèðàåòñÿ ìàëûì â îêðåñòíîñòè ïîãðàíè÷íîãî
ñëîÿ.

Â íåäàâíèõ èññëåäîâàíèÿõ Ã.È. Øèøêèí òåîðåòè÷åñêè ïîêàçàë âîçìîæíîñòü
èñïîëüçîâàíèÿ êóñî÷íî-ðàâíîìåðíûõ ñåòîê Øèøêèíà äëÿ ðåøåíèÿ çàäà÷ íîâîãî
êëàññà, à èìåííî, ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ Êîøè. Â íàñòîÿùåì äîêëàäå
ïðèâîäÿòñÿ è îáñóæäàþòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ äëÿ ìîäåëü-
íûõ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ Êîøè. Ïîêàçàíî, ÷òî äëÿ ìîäåëüíîé çàäà÷è
Êîøè äëÿ ñèíãóëÿðíî âîçìóùåííîãî îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ ðåøåíèå ñòàíäàðòíîé ðàçíîñòíîé ñõåìû íà ðàâíîìåðíîé ñåòêå íå ñõîäèòñÿ
ε-ðàâíîìåðíî â ðàâíîìåðíîé íîðìå â òî âðåìÿ êàê ðåøåíèå ñïåöèàëüíîé ðàç-
íîñòíîé ñõåìû íà êóñî÷íî-ðàâíîìåðíîé ñåòêå Øèøêèíà ñõîäèòñÿ ε-ðàâíîìåðíî
â ðàâíîìåðíîé íîðìå ñî ñêîðîñòüþ O(N−1 lnN) ïðè N → ∞, ãäå N � ÷èñëî
ñåòî÷íûõ èíòåðâàëîâ ïî x. Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ñîãëàñóþòñÿ ñ
òåîðåòè÷åñêèìè ðåçóëüòàòàìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00727).
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Îòìåòèì, ÷òî îáçîð íàèáîëåå âàæíûõ ðåçóëüòàòîâ, ïîëó÷åííûõ ïî ýêñòðå-
ìàëüíûì çàäà÷àì îòûñêàíèÿ îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìóë äî êîíöà âîñü-
ìèäåñÿòûõ ãîäîâ ïðîøëîãî âåêà, ïðèâåäåí Í.Ï. Êîðíåé÷óêîì â äîïîëíåíèè ê ìî-
íîãðàôèè Ñ.Ì. Íèêîëüñêîãî [1]. Â ïðåäñòàâëåííîé ðàáîòå óòî÷íÿåòñÿ ðåçóëüòàò
ðàáîòû [2] è èññëåäóåòñÿ âåñîâàÿ êâàäðàòóðíàÿ ôîðìóëà òðàïåöèé ñ àñèìïòîòè-
÷åñêè îïòèìàëüíûì ðàñïðåäåëåíèåì óçëîâ â ïðîñòðàíñòâå Ñîáîëåâà.

Ïðèâîäèòñÿ àëãîðèòì ïîñòðîåíèÿ íàèëó÷øèõ âåñîâûõ êâàäðàòóðíûõ è êóáà-
òóðíûõ ôîðìóë äëÿ èíòåãðàëîâ ñ ôèêñèðîâàííûìè îñîáåííîñòÿìè íà îòðåçêå
èíòåãðèðîâàíèÿ äëÿ íåêîòîðûõ ãëàäêèõ è íåãëàäêèõ âåñîâûõ ôóíêöèé. Ïîñëåä-
íèå çàäà÷è åñòåñòâåííûì îáðàçîì âîçíèêàþò ïðè îïòèìèçàöèè ïðèáëèæåííîãî
èíòåãðèðîâàíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ è ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíå-
íèé. Ïðèâîäÿòñÿ ïðèìåðû. Òàê, äëÿ ñåðèè èíòåãðàëîâ

1∫
0

exp

(
− (x− a)2

b

)
f(x)dx,

ãäå a ∈ R, b > 0 � ïàðàìåòðû ñåðèè, àñèìïòîòè÷åñêè îïòèìàëüíîå ðàñïîëîæåíèå
óçëîâ áóäåò èìåòü âèä

xγ = a+
√

3b erf−1

(
erf

(
1− a√

3b

)
γ

N
+
( γ
N
− 1
)

erf

(
a√
3b

))
, γ = 0, N.
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NOTE ON THE KACZMARZ ALGORITHM
AS A SADDLE POINT PROBLEM

Ivanov A.A.1, Zhdanov A. I.2

Samara State Technical University, Samara, Russia;
1ssauivanov@gmail.com, 2zhdanovaleksan@yandex.ru

Let us consider a consistent system of linear algebraic equations Au = f , where
A ∈ Rm×n, u ∈ Rn, f ∈ Rm, m ≥ n. Let S be a positive-de�nite matrix, whose
Cholesky decomposition S = LLT , where S ∈ Rn×n, L ∈ Rn×n. Using L as a right
preconditioner, we can write Au = f as ALL−1u = f . For ũ = L−1u, ũ ∈ Rn we
consider the following iteration procedure:(

In LTATj(k)

Aj(k)L
(
1− α−1

k

)
Aj(k)SA

T
j(k)

)(
ũk+1

yk+1

)
=

(
ũk
fj(k)

)
, (1)

where A =

 A1

...
Ap

 , f =

 f1

...
fp

 , Ai =

 aT(i−1)·l+1

...
aT(i−1)·l+l

 , fi =

 f(i−1)·l+1

...
f(i−1)·l+l

 ,

and Ai ∈ Rl×n, fi ∈ Rl, p is the number of blocks, l is the number of rows in the
block Ai, j (k) : N0 → {1, 2, . . . p} is surjection, m = l · p, i = 1, 2, . . . , p.

Theorem. The iterations (1) are equivalent to iterations of block Kaczmarz

algorithm with a relaxation parameter αk and can be written as:

l < n : ũk+1 = ũk − αkL+
j(k)

(
Lj(k)ũ

k − fj(k)

)
,

l ≥ n : uk+1 = uk − αkA+
j(k)

(
Aj(k)u

k − fj(k)

)
,

where Lj(k) = Aj(k)L and αk ∈ (0, 2), the [·]+ denotes the Moore�Penrose pseudo-

inverse, and k = 0, 1, . . . ,∞.

Proof. Consider the two block equations from (1)

ũk+1 + LTj(k)yk+1 = ũk, (2)

Lj(k)ũk+1 +
(
1− α−1

k

)
Lj(k)L

T
j(k)yk+1 = fj(k). (3)

Substituting ũk+1 from (2) into (3) and multiplying the result by L+
j(k), we obtain

−α−1
k L+

j(k)Lj(k)L
T
j(k)yk+1 = L+

j(k)

(
fj(k) − Lj(k)ũk

)
. (4)

It is evident from the Moore�Penrose conditions that LTj(k) = L+
j(k)Lj(k)L

T
j(k).

Thus, we can simplify (4) to LTj(k)yk+1 = αkL
+
j(k)

(
Lj(k)ũk − fj(k)

)
and then substitute

it into (2). The �nal step is to notice that for l ≥ n [1]

LL+
j(k) = L

(
Aj(k)L

)+
= LL+

(
Aj(k)LL

+
)+

= A+
j(k)

such that uk+1 = uk−αkLL+
j(k)

(
Aj(k)u

k − fj(k)

)
= uk−αkA+

j(k)

(
Aj(k)u

k − fj(k)

)
.�

It is worth noting that the proposed matrix equation (1) has some interesting
properties and can be solved using the well-known algorithms [2], some of which can
be e�ective enough.
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GRID FREE STOCHASTIC SIMULATION
METHODS FOR SOLVING TRANSIENT
DRIFT-DIFFUSION-RECOMBINATION
PROBLEMS IN SEMICONDUCTORS

Sabelfeld K.K.

Institute of Computational Mathematics and Mathematical Geophysics SB RAS,

Novosibirsk, Russia, karl@osmf.sscc.ru

In this talk we present a new grid free random walk based method for simulation
of transient drift-di�usion-recombination processes governed by linear and non-linear
drift-di�usion-reaction boundary value problems with general boundary �ux condi-
tions. Application of the developed methods for solving transport problems for ex-
citons and recombination of electrons and holes in semiconductors are presented in
details. One of the main di�culties is a broad spectrum of scales involved, e.g., from
1 nm (the radius of a dislocation) to thousands of nanometers where the drift �eld is
changed.

The basic idea of the method is a probabilistic description of the motion of particles
in vicinity of drift, di�usion and recombination on boundaries. We reformulate the
original PDE in an integral form and prove a spherical integral relation of the solution.
All processes are simulated in continuous phase space, both in time and space. Instead
of �nding the whole solution �eld, the method is able to calculate directly the desired
functionals like a �ux of particles to speci�c parts of the boundary. For example, we
present a method for calculation of the intensity of cathodoluminescence (CL) and the
electron beam induced current (EBIC) in imaging the dislocations in semiconductors.
More details can be found in our recent studies [1]�[4].

Remarkably, the developed method can be applied to problems where a quadratic
nonlinearity is present in the drift-di�usion equation. As an example, we apply it
to solve the problem of electron hole recombination in semiconductors in vicinity
of bimolecular interactions and tunneling. The same approach can be used to solve
di�usion convection problems with high P�eclet numbers. Finally we note some features
of the method: it is automatically adapted to the geometry of the boundary and
the gradients of the drift velocity, the algorithm is scaled and easily parallelized by
tracking many independent trajectories.

Support of the Russian Science Foundation under Grant no. 14-11-00083 is kindly

acknowledged.
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METHOD FOR SEARCHING DUALITY GAP IN
OPTIMIZATION PROBLEMS USING THE ORDER

OF SMALLNESS OF THE OPTIMAL VALUE
FUNCTION OF PERTURBED PROBLEM

Tro�mov S. P., Ivanov A.V., Fettser Yu.V.

Ural Federal University, Ekaterinburg, Russia; tsp61@mail.ru

We consider the problem of �nding a set of vectors DG = {c ∈ Rn} for which the
duality gap exists in the problem of convex optimization:

P : v = inf {(c, x) : g(x) 6 0}.
A theoretical approach to problem solving was presented in the previous work [1].

In this approach, a convex set is constructed for an arbitrary point x from the feasible
set of problem P

T1(x) = lim
n→∞

∂1(n · g(x)).

Then
DG = {c : γ(c| − T1(x))− γ(c| − clT1(x)) > 0},

where γ(c|T ) = inf{µ > 0 | µ−1 · c ∈ T} is caliber of set T .
Applying the described approach in practice is di�cult because the procedure for

�nding the set T1 is nontrivial.
In this work, we propose a new method for �nding setDG, based on an in�nitesimal

analysis of the optimal value function of ε-perturbed problem

Pε : v(ε) = inf {(c, x) : g(x) 6 ε} .

The method presupposes �nding the order of smallness of an in�nitely small quantity
(ISQ)

ψ(ε) = |v(ε)− v| .
The main ISQ characteristics are the order of smallness and the proportionality

coe�cient. Numerical estimation of these characteristics is an important computation
problem. We present an algorithm for computing the above ISQ characteristics. The
algorithm is based on the procedure of identifying the asymptote coe�cients of the ISQ
logarithmic characteristic. The algorithm uses processing of points of the logarithmic
characteristic with a sliding window and subsequent clustering.

It is shown that the di�erence of the order of smallness of ψ(ε) for di�erent target
vectors c is directly related to the duality gap and the quality of the compact feasible
set. Thus, analysis of the duality gap extends from the case of an unbounded feasible
set to the case of a bounded feasible set.

Numerical results are presented for the problem

v = inf {(c, x) : g(x1, x2) = −x1 +
√
x2

1 + x2
2 6 0, x1 6 5, x2 6 5}.

REFERENCES

1. Tro�mov S. P., �On an explicit representation of optimal values of pairs of dual problems
of convex programming� [in Russian], in: Metody Vypukl. Programmirovanija i Nekotor.
Pril.: Sb. Nauch. Tr., UrO AN SSSR, Sverdlovsk, 1992, pp. 96�103.

2. Tro�mov S. P., Ivanov A.V., �The duality discontinuity in semi-in�nite linear
programming and quality analysis of the limitations of geometric objects� [in Russian],
Vestnik Tomskogo Gosudarstvennogo Universiteta: Upravlenie, Vychislitel'naja Tehnika,
Informatika, No. 38, 37�46 (2017).

420



Ñåêöèÿ 7. Âû÷èñëèòåëüíàÿ ìàòåìàòèêà

DEVELOPMENT OF A RELIABLE NUMERICAL
METHOD FOR A SINGULARLY PERTURBED
ELLIPTIC REACTION-DIFFUSION PROBLEM

IN A BICONNECTED DOMAIN

Tselishcheva I.V.1, Shishkin G. I.2

Krasovskii Institute of Mathematics and Mechanics UB RAS, Ekaterinburg, Russia;
1tsi@imm.uran.ru, 2shishkin@imm.uran.ru

In a biconnected domain D consisting of a rectangle D1 with a removed circle D2,
we consider Dirichlet's problem for a singularly perturbed elliptic reaction-di�usion
equation. The highest order derivatives in the equation are multiplied by a small
(perturbation) parameter ε2, ε ∈ (0, 1]. As ε → 0, boundary layers of di�erent types
appear in neighborhoods of smooth parts of the boundary. In a neighborhood of the
outer boundary Γ1, i.e., the boundary of the rectangle, but outside regions near its
corner points, the boundary layer is regular; in a neighborhood of the corner points,
the layer is angular. In a neighborhood of the inner boundary Γ2 (the boundary of
the circle), there appears a circular boundary layer that is regular. The boundary
layer decreases exponentially with distance from the outer and inner boundaries,
which makes it di�cult to construct special �connected� meshes condensing along the
normal to the boundary.

For the boundary value problem under consideration, the techniques from [1]�[3]
are employed to construct an iterative Schwarz method on overlapping subdomains
that contain either the boundary of the rectangle or the boundary of the circle. It is
shown theoretically that this method converges ε-uniformly in the maximum norm as
the number of iterations (and the number of mesh points in the case of a di�erence
scheme) grows. We use the Shishkin meshes condensing in the boundary layers that are
piecewise uniform with respect to the normal to the smooth parts of the boundaries of
the subdomains. When we construct the meshes in the neighborhood of the boundary
Γ1, it is reasonable to use the Cartesian coordinate system, while a polar coordinate
system is naturally applied in a biconnected annular region near the inner boundary
Γ2, which motivates the necessity of using special composite grids consistent with these
boundaries and the application of the domain decomposition method for interfacing
between the grid subdomains.

The authors were supported by the Russian Foundation for Basic Research (project

no. 16-01-00727).

REFERENCES

1. Shishkin G. I., Grid Approximations of Singularly Perturbed Elliptic and Parabolic
Equations [in Russian], RIO UrO RAN, Ekaterinburg (1992).

2. Shishkin G. I., Shishkina L. P., Di�erence Methods for Singular Perturbation Problems,
CRC, Boca Raton (2009).

3. Shishkin G. I., Tselishcheva I. V., �Parallel methods for solving singularly perturbed
boundary value problems for elliptic equations,� Mat. Model., 8, No. 3, 111�127 (1996).

421





ÑÅÊÖÈß 8

Äèñêðåòíàÿ ìàòåìàòèêà,

èíôîðìàòèêà

è ìàòåìàòè÷åñêàÿ êèáåðíåòèêà

Òåçèñû äîêëàäîâ

SECTION 8

Discrete Mathematics,

Informatics,

and Mathematical Cybernetics

Abstracts
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ÖÈÊËÛ ÔÓÍÊÖÈÎÍÈÐÎÂÀÍÈß ÄÈÑÊÐÅÒÍÛÕ
ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ ÖÈÐÊÓËßÍÒÍÎÃÎ ÒÈÏÀ

Áàòóåâà Ö.×.-Ä.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
batueva@math.nsc.ru

Äèñêðåòíàÿ äèíàìè÷åñêàÿ ñèñòåìà çàäàåòñÿ îòîáðàæåíèåì A : Znq → Znq . Ñî-
ñòîÿíèå ñèñòåìû � ýòî öèêëè÷åñêîå ñëîâî èç Znq . Ñèñòåìà, íà÷èíàÿ ðàáîòó ñ
íåêîòîðîãî ñîñòîÿíèÿ, íà êàæäîì øàãå âû÷èñëÿåò íîâîå ñîñòîÿíèå ïî îòîáðàæå-
íèþ A. Ôóíêöèîíàëüíûì ãðàôîì íàçûâàåòñÿ îðèåíòèðîâàííûé ãðàô G = 〈V,D〉,
ãäå V � ìíîæåñòâî ñîñòîÿíèé è èç ñîñòîÿíèÿ u èäåò äóãà â ñîñòîÿíèå v, åñëè
A(u) = v. Òàê êàê ìíîæåñòâî ñîñòîÿíèé êîíå÷íî, òî ñèñòåìà, íà÷èíàÿ ðàáîòó ñ
ëþáîãî ñîñòîÿíèÿ, ïîïàäàåò â íåêîòîðûé êîíòóð. Ñëåäîâàòåëüíî, êàæäàÿ êîìïî-
íåíòà ñâÿçíîñòè ôóíêöèîíàëüíîãî ãðàôà ñîñòîèò èç îðèåíòèðîâàííûõ ê êîðíþ
äåðåâüåâ, à èõ êîðíè çàìûêàþòñÿ â åäèíñòâåííûé êîíòóð [1]. Áóäåì íàçûâàòü
öèêëîì ôóíêöèîíèðîâàíèÿ ñèñòåìû êîíòóð â åå ôóíêöèîíàëüíîì ãðàôå.

Íàìè ðàññìàòðèâàåòñÿ ñëó÷àé ñèñòåìû, êîãäà êàæäàÿ ïåðåìåííàÿ îäèíàêî-
âî çàâèñèò îò ñâîèõ ïðåäûäóùèõ ïåðåìåííûõ, òî åñòü ñîñòîÿíèå u0 . . . un−1 =
A(v0 . . . vn−1), åñëè

ui = f(vi−1, . . . , vi−k),

ãäå ôóíêöèÿ f : Zkq → Zq îäèíàêîâà äëÿ âñåõ i ∈ {0, . . . , n − 1}. Îáîçíà÷èì
îòîáðàæåíèå òàêîé ñèñòåìû Af .

Ââåäåì îïåðàöèþ öèêëè÷åñêîãî ñäâèãà ñîñòîÿíèÿ u íà s ïîçèöèé âïðàâî

δs(u0 . . . un−1) = un−s . . . un−1u0 . . . un−s−1

è îáîçíà÷åíèå ñîñòîÿíèÿ 1r0z = 1r10z11r20z2 . . . 1rm0zm , ãäå r = r1r2 . . . rm è
z = z1z2 . . . zm.

Â ðàáîòå [2] áûë ïðåäëîæåí ñïîñîá íàõîæäåíèÿ âñåõ íåïîäâèæíûõ òî÷åê îòîá-
ðàæåíèÿ Af . Â ðàáîòå [3] äëÿ ëþáîé ôóíêöèè f îïèñàíû öèêëû ôóíêöèîíèðî-
âàíèÿ, îáðàçîâàííûå òîëüêî öèêëè÷åñêèì ñäâèãîì. Íàøåé öåëüþ áûëî îïèñàòü
ñâîéñòâà ôóíêöèè f äëÿ êîòîðîé îòîáðàæåíèå Af èìååò öèêëû ôóíêöèîíèðîâà-
íèÿ âèäà: ëþáîå ñîñòîÿíèå u èç öèêëà çà äâà òàêòà ðàáîòû ñèñòåìû ïåðåõîäèò â
ñâîé öèêëè÷åñêèé ñäâèã. Íàì óäàëîñü îïèñàòü ñâîéñòâà íåêîòîðûõ áóëåâûõ ôóíê-
öèé f äëÿ êîòîðûõ îòîáðàæåíèå Af èìååò òàêèå öèêëû ôóíêöèîíèðîâàíèÿ.

Òåîðåìà. Îïèñàíû ñâîéñòâà ôóíêöèè f : Zk2 → Z2 ïðè êîòîðûõ îòîáðàæåíèå

Af èìååò öèêëû ôóíêöèîíèðîâàíèÿ âèäà: ëþáîå ñîñòîÿíèå u = δs(1
r0z) èç öèêëà

ïåðåõîäèò â ñîñòîÿíèå A(u) = δs+d(0
r−t1z−t) äëÿ íåêîòîðîãî íàòóðàëüíîãî d.
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ÊÎÍÑÒÐÓÊÖÈÈ ÐÀÂÍÎÌÅÐÍÛÕ ÊÎÄÎÂ ÃÐÅß

Áûêîâ È.Ñ.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
patrick.no10@gmail.com

Êîä Ãðåÿ ðàçìåðíîñòè n � ýòî öèêëè÷åñêàÿ ïîñëåäîâàòåëüíîñòü âñåõ 2n áè-
íàðíûõ ñëîâ äëèíû n òàêàÿ, ÷òî äâà ñîñåäíèõ ñëîâà (âêëþ÷àÿ ïåðâîå è ïîñëåä-
íåå) îòëè÷àþòñÿ ðîâíî â îäíîì ñèìâîëå. Ëþáîìó êîäó Ãðåÿ ìîæíî ñîïîñòàâèòü
åãî ïåðåõîäíóþ ïîñëåäîâàòåëüíîñòü � ñëîâî T = (τ1, τ2, . . . , τm) íàä àëôàâèòîì
{1, 2, . . . , n} òàêîå, ÷òî τi � íîìåð ïîçèöèè, â êîòîðîé îòëè÷àþòñÿ i-å è (i + 1)-å
ñëîâî â êîäå Ãðåÿ.

Èíòåðåñíîé çàäà÷åé ïðåäñòàâëÿåòñÿ èçó÷åíèå ñâîéñòâ êîäîâ Ãðåÿ, îáëàäàþ-
ùèõ çàäàííûìè ñâîéñòâàìè. Îäíèì èç òàêèõ ñâîéñòâ ÿâëÿåòñÿ ðàâíîìåðíîñòü
ïåðåõîäíîé ïîñëåäîâàòåëüíîñòè.

Ðàññìàòðèâàåòñÿ äâà âèäà ðàâíîìåðíîñòè:

• ïóñòü l1(C) � òàêîå ìàêñèìàëüíîå ÷èñëî, ÷òî â êàæäîì ïîäñëîâå äëèíû
l1(C) ïåðåõîäíîé ïîñëåäîâàòåëüíîñòè êîäà C âñå áóêâû ðàçëè÷íû. Íàè-
áîëüøåå çíà÷åíèå, êîòîðîå ïàðàìåòð l1(C) ïðèíèìàåò íà ìíîæåñòâå âñåõ
n-ìåðíûõ êîäîâ Ãðåÿ, îáîçíà÷èì ÷åðåç l1(n). Ñïðàâåäëèâà ñëåäóþùàÿ íèæ-
íÿÿ îöåíêà [1]:

n− d2.001 log ne ≤ l1(n);

• ïóñòü l2(C) � òàêîå ìèíèìàëüíîå ÷èñëî, ÷òî â êàæäîì ïîäñëîâå äëèíû l2(C)
ïåðåõîäíîé ïîñëåäîâàòåëüíîñòè êîäà C âñòðå÷àþòñÿ âñå áóêâû èç àëôàâèòà
{1, 2, . . . , n}. Íàèìåíüøåå çíà÷åíèå, êîòîðîå ïàðàìåòð l2(C) ïðèíèìàåò íà
ìíîæåñòâå âñåõ n-ìåðíûõ êîäîâ Ãðåÿ, îáîçíà÷èì ÷åðåç l2(n). Ñïðàâåäëèâà
ñëåäóþùàÿ âåðõíÿÿ îöåíêà [2]:

l2(n) ≤ n+ 3blog nc.

Ëó÷øèå èçâåñòíûå íà äàííûé ìîìåíò âåðõíÿÿ îöåíêà äëÿ l1(n) è íèæíÿÿ äëÿ
l2(n) òðèâèàëüíû:

l1(n) ≤ n− 1,

n+ 1 ≤ l2(n).

Â ñâÿçè ñ ýòèì âîçíèêàåò êîíñòðóêòèâíàÿ çàäà÷à ïîñòðîåíèÿ öèêëîâ íàèáîëüøåé
äëèíû, äîñòèãàþùèõ íàèëó÷øèõ ïàðàìåòðîâ ðàâíîìåðíîñòè. Òàê, â [3] ïîêàçàíî,
÷òî

c1(n) ≥ (n− 1)2b
n+1

2 c,
ãäå c1(n) � ìàêñèìàëüíàÿ äëèíà öèêëà ñî ñâîéñòâîì l1(C) = n− 1.

Â ðàáîòå ðàññìàòðèâàåòñÿ àíàëîãè÷íàÿ çàäà÷à äëÿ âåëè÷èíû c2(n), ìàêñè-
ìàëüíîé äëèíû öèêëà ñî ñâîéñòâîì l2(C) = n+ 1.

Òåîðåìà. c2(n) ≥ (n+ 1)2b
n−1

2 c.
ËÈÒÅÐÀÒÓÐÀ

1. Goddyn L., Gvozdjak P. Binary Gray codes with long bit runs // Electron. J. Comb.
2003. V. 10. P. 27.

2. Áûêîâ È.Ñ. Î ëîêàëüíî ðàâíîìåðíûõ êîäàõ Ãðåÿ // Äèñêðåòí. àíàëèç è èññëåä.
îïåð. 2016. T. 23, � 1. Ñ. 51�64.

3. Ïåðåæîãèí À.Ë. Î öèêëè÷åñêèõ 〈m,n〉-íóìåðàöèÿõ // Äèñêðåòí. àíàëèç è èññëåä.
îïåð., ñåð. 1. 1998. T. 5, � 4. Ñ. 61�70.
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Âàëååâà À.Ô.1, Ãîí÷àðîâà Þ.À.2, Âàëååâ Ð.Ñ.3

Óôèìñêèé ãîñóäàðñòâåííûé àâèàöèîííûé òåõíè÷åñêèé óíèâåðñèòåò,
Óôà, Ðîññèÿ;

1aida_val2004@mail.ru, 2yuliagonch@mail.ru, 3ruslan__valeev@inbox.ru

Ðàññìàòðèâàåòñÿ çàäà÷à äîñòàâêè îäíîðîäíîãî ïðîäóêòà â ðàçëè÷íûå ðåãèîíû
Ðîññèè àâòîìîáèëüíûìè òðàíñïîðòíûìè ñðåäñòâàìè ðàçëè÷íîé ãðóçîïîäúåìíî-
ñòè (Problem homogeneous product delivery with Extended vehicle routing problem,
PHPD-EVRP), çàïàñû êîòîðîãî õðàíÿòñÿ íà ñêëàäå. Ïðè ýòîì ïðîäóêò äîñòàâ-
ëÿåòñÿ â îïðåäåëåííûé âðåìåííîé ïåðèîä â òå÷åíèå íåñêîëüêèõ äíåé, ïî ïóòè
äîñòàâêè ïðîäóêòà òðàíñïîðòíîìó ñðåäñòâó ðàçðåøàåòñÿ îñòàíîâêà â íåêîòî-
ðûå èíòåðâàëû âðåìåíè. Êðîìå òîãî, êàæäûé êëèåíò ìîæåò áûòü ïîñåùåí áîëåå
÷åì îäíèì òðàíñïîðòíûì ñðåäñòâîì è èìåòü ñïðîñ, áîëüøèé ãðóçîïîäúåìíîñòè
òðàíñïîðòíîãî ñðåäñòâà, òî åñòü áûòü âêëþ÷åííûì â íåñêîëüêî ìàðøðóòîâ. Òðå-
áóåòñÿ îïðåäåëèòü ýôôåêòèâíóþ ñòðàòåãèþ óïðàâëåíèÿ çàïàñàìè, ïîçâîëÿþùóþ
ìèíèìèçèðîâàòü çàòðàòû íà ñîäåðæàíèå, âûïîëíåíèå çàêàçà íà ïðîäóêò, ó÷è-
òûâàþùóþ èçäåðæêè, ñâÿçàííûå ñ îòëîæåííûìè ïîñòàâêàìè (çàäà÷à óïðàâëå-
íèÿ çàïàñàìè); ðàöèîíàëüíûå ìàðøðóòû äîñòàâêè îäíîðîäíîãî ïðîäóêòà àâòî-
ìîáèëüíûìè òðàíñïîðòíûìè ñðåäñòâàìè ðàçëè÷íûì êëèåíòàì ñ âîçìîæíîñòüþ
âûäà÷è êàðòû íàèëó÷øåãî ðàçìåùåíèÿ çàêàçà â íèõ.

Ïðèâåäåííàÿ çàäà÷à ðåøàåòñÿ â äâà ýòàïà: íà ïåðâîì ýòàïå íàõîäèòñÿ ýô-
ôåêòèâíàÿ ñòðàòåãèÿ óïðàâëåíèÿ çàïàñàìè, íà âòîðîì ýòàïå ðåøàåòñÿ çàäà÷à
ïîèñêà ðàöèîíàëüíûõ ìàðøðóòîâ [1], [2]. Äëÿ ïîèñêà ýôôåêòèâíîé ñòðàòåãèè
óïðàâëåíèÿ çàïàñàìè â çàâèñèìîñòè îò ñïðîñà íà ïðîäóêò ïðèìåíÿþòñÿ äåòåðìè-
íèðîâàííûå, âåðîÿòíîñòíûå è èìèòàöèîííûå ìîäåëè. Äëÿ ïîèñêà ðàöèîíàëüíûõ
ìàðøðóòîâ ðàçðàáîòàí àëãîðèòì ìóðàâüèíîé êîëîíèè, îñíîâàííûé íà ïîïóëÿöèè
(P-ACO-EVRP).

ËÈÒÅÐÀÒÓÐÀ

1. Langevin A., Riopel D. Logistics systems: design and optimization. New York: Springer,
2005.

2. Âàëååâà À.Ô., Ãîí÷àðîâà Þ.À., Âàëååâ Ð.Ñ. Îá îäíîì ïîäõîäå ê ðåøåíèþ çàäà÷
îïåðàöèîííîãî ïëàíèðîâàíèÿ ïî äîñòàâêå îäíîðîäíîé ïðîäóêöèè ðàçëè÷íûì êëèåí-
òàì. ×àñòü 1 // Èíôîðìàöèîííûå òåõíîëîãèè. 2016. Ò. 22, � 10. Ñ. 741�746.
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Ãèìàäè Ý.Õ.1, Ãëåáîâ À.Í.2

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

1gimadi@math.nsc.ru, 2anglemob1973@mail.ru

Çà ïîñëåäíèå 15�20 ëåò â ðàáîòàõ ðàçëè÷íûõ àâòîðîâ, âêëþ÷àÿ ãðóïïó èñ-
ñëåäîâàòåëåé èç Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, ñòàëà àê-
òèâíî èçó÷àòüñÿ çàäà÷à îá m êîììèâîÿæåðàõ (m-Peripatetic Salesman Problem
èëè m-PSP), êîòîðàÿ ÿâëÿåòñÿ åñòåñòâåííûì îáîáùåíèåì êëàññè÷åñêîé çàäà÷è
êîììèâîÿæåðà. Â çàäà÷å m-PSP òðåáóåòñÿ íàéòè m ðåáåðíî íåïåðåñåêàþùèõñÿ
ãàìèëüòîíîâûõ öèêëîâ ìèíèìàëüíîãî èëè ìàêñèìàëüíîãî ñóììàðíîãî âåñà â ïîë-
íîì âçâåøåííîì ãðàôå. Çàäà÷à èññëåäóåòñÿ â ñèììåòðè÷íîì è íåñèììåòðè÷íîì
ñëó÷àÿõ, äëÿ îäíîé è íåñêîëüêèõ âåñîâûõ ôóíêöèé, êîòîðûå ìîãóò áûòü ïðîèç-
âîëüíûìè, ìåòðè÷åñêèìè èëè ïðèíèìàòü çíà÷åíèÿ èç çàäàííîãî ìíîæåñòâà.

Äå Êîðò (1992) äîêàçàë, ÷òî çàäà÷à î ñóùåñòâîâàíèè äâóõ ðåáåðíî íåïåðåñå-
êàþùèõñÿ ãàìèëüòîíîâûõ öèêëîâ â ãðàôå NP-ïîëíà. Ñ ó÷åòîì ýòîãî, îäíèì èç
îñíîâíûõ íàïðàâëåíèé èññëåäîâàíèÿ ÿâëÿåòñÿ ðàçðàáîòêà ïîëèíîìèàëüíûõ ïðè-
áëèæåííûõ àëãîðèòìîâ ñ ãàðàíòèðîâàííûìè îöåíêàìè òî÷íîñòè äëÿ ðàçëè÷íûõ
âåðñèé çàäà÷è m-PSP. Öåëûé ðÿä òàêèõ àëãîðèòìîâ áûë ïðåäëîæåí À.À. Àãåå-
âûì, À.Å. Áàáóðèíûì, Ý.Õ. Ãèìàäè, À.Í. Ãëåáîâûì, À.Â. Ãîðäååâîé, Ä.Æ. Çàì-
áàëàåâîé, Í.Ì. Êîðêèøêî, À.Â. Ïÿòêèíûì, Î.Þ. Öèäóëêî è äð.

Õàðàêòåðíûì ïîäõîäîì ïðè ðàçðàáîòêå ïîäîáíûõ àëãîðèòìîâ, ÿâëÿåòñÿ ïî-
ñòðîåíèå ãàìèëüòîíîâûõ öèêëîâ èç ÷àñòè÷íûõ òóðîâ (íàáîðîâ âåðøèííî íåïå-
ðåñåêàþùèõñÿ öåïåé, ïîêðûâàþùèõ âñå âåðøèíû ãðàôà). Äëÿ íàõîæäåíèÿ ÷à-
ñòè÷íûõ òóðîâ â ïîëíîì ãðàôå îòûñêèâàþòñÿ îäèí èëè íåñêîëüêî ýôôåêòèâíî
âû÷èñëèìûõ ïîäãðàôîâ, ðåáåðíûé âåñ êîòîðûõ èçâåñòíûì îáðàçîì îöåíèâàåòñÿ
÷åðåç âåñ îïòèìàëüíîãî ðåøåíèÿ. Çàòåì âíóòðè ïîñòðîåííûõ âñïîìîãàòåëüíûõ
ïîäãðàôîâ íàõîäÿòñÿ ÷àñòè÷íûå òóðû è äîïîëíÿþòñÿ äî ðåáåðíî íåïåðåñåêàþ-
ùèõñÿ ãàìèëüòîíîâûõ öèêëîâ. Íàèáîëåå ÷àñòî â êà÷åñòâå âñïîìîãàòåëüíûõ ïîä-
ãðàôîâ âûñòóïàþò ïàðîñî÷åòàíèÿ, öèêëîâûå ïîêðûòèÿ, ðåãóëÿðíûå ïîäãðàôû è
äåðåâüÿ.

Ñëåäóåò îòìåòèòü, ÷òî â áîëüøèíñòâå àëãîðèòìîâ óêàçàííîãî òèïà ðåàëèçó-
þòñÿ ñõîäíûå ïðîöåäóðû è ðåøàþòñÿ ðîäñòâåííûå çàäà÷è, õàðàêòåðíûå äëÿ ÷è-
ñòîé òåîðèè ãðàôîâ, à íå äëÿ äèñêðåòíîé îïòèìèçàöèè. Ê ÷èñëó òàêèõ çàäà÷ îò-
íîñÿòñÿ ðàçáèåíèå ðåáåð äàííîãî (ðåãóëÿðíîãî) ïîäãðàôà íà íàèìåíüøåå ÷èñëî
÷àñòè÷íûõ òóðîâ, äîïîëíåíèå äàííîãî íàáîðà ÷àñòè÷íûõ òóðîâ äî ðåáåðíî íåïå-
ðåñåêàþùèåñÿ ãàìèëüòîíîâûõ öèêëîâ à òàêæå ïîêðûòèå ðåáåð äàííîãî ïîäãðàôà
íàèìåíüøèì ÷èñëîì ðåáåðíî íåïåðåñåêàþùèõñÿ ãàìèëüòîíîâûõ öèêëîâ.

Íàñòîÿùàÿ ðàáîòà èìååò ñâîåé öåëüþ ïðîàíàëèçèðîâàòü ðàíåå ïîëó÷åííûå ðå-
çóëüòàòû, îáîçíà÷èòü íîâûå àêòóàëüíûå íàïðàâëåíèÿ èññëåäîâàíèé è ïðèâåñòè
ðàçâåðíóòûå ôîðìóëèðîâêè òåõ âîïðîñîâ òåîðèè ãðàôîâ, îò ðåøåíèÿ êîòîðûõ çà-
âèñèò äàëüíåéøèé ïðîãðåññ â ïîñòðîåíèè ïðèáëèæåííûõ àëãîðèòìîâ äëÿ çàäà÷è
m-PSP è äðóãèõ ðîäñòâåííûõ çàäà÷ ìàðøðóòèçàöèè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 15-01-00976 è � 15-01-05867).
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Â çàäà÷å î ñâÿçíîì k-ôàêòîðå äàíû íåîðèåíòèðîâàííûé n-âåðøèííûé ïîëíûé
ãðàô G = (V,E), âåñîâàÿ ôóíêöèÿ ðåáåð w : E → R+, íàòóðàëüíîå ÷èñëî k ≥ 2,
è òðåáóåòñÿ íàéòè ñâÿçíûé îñòîâíûé k-ðåãóëÿðíûé ïîäãðàô (èíà÷å ãîâîðÿ, ñâÿç-
íûé k-ôàêòîð) â G ìèíèìàëüíîãî èëè ìàêñèìàëüíîãî îáùåãî âåñà. Ýòà çàäà÷à
òåñíî ñâÿçàíà ñ ïðîåêòèðîâàíèåì ñåòåé, ãäå åñòåñòâåííû òðåáîâàíèÿ ñâÿçíîñòè
è k-ðåãóëÿðíîñòè ñåòè. Èçâåñòíî, ÷òî çàäà÷à î k-ôàêòîðå ïîëèíîìèàëüíî ðàçðå-
øèìà, åñëè íå òðåáóåòñÿ, ÷òîáû èñêîìûé ïîäãðàô áûë ñâÿçíûì [1], è NP-òðóäíà
â ïðîòèâíîì ñëó÷àå. Îòìåòèì, ÷òî çàäà÷à î ñâÿçíîì 2-ôàêòîðå ÿâëÿåòñÿ êëàñ-
ñè÷åñêîé çàäà÷åé êîììèâîÿæåðà, è â öåëîì, çàäà÷ó î ñâÿçíîì k-ôàêòîðå ìîæíî
ðàññìàòðèâàòü êàê îáîáùåíèå çàäà÷è êîììèâîÿæåðà.

Äëÿ ìåòðè÷åñêîé çàäà÷è î ñâÿçíîì k-ôàêòîðå íà ìèíèìóì èçâåñòåí ïîëèíî-
ìèàëüíûé ρ-ïðèáëèæåííûé àëãîðèòì, ãäå ρ � êîíñòàíòà [2].

Äëÿ îáùåé çàäà÷è î ñâÿçíîì k-ôàêòîðå íà ìàêñèìóì â [3] ïîñòðîåí ïðèáëè-
æåííûé àëãîðèòì ñ îòíîñèòåëüíîé ïîãðåøíîñòüþ ε = O

(
1/k2

)
è âðåìåíåì ðà-

áîòû O(kn3). Ïðè áîëåå àêêóðàòíûõ âû÷èñëåíèÿõ îòíîñèòåëüíàÿ ïîãðåøíîñòü
ìîæåò áûòü óëó÷øåíà äî ε = O

(
1/k3

)
. Î÷åâèäíî, ÷òî äëÿ áîëüøèõ çíà÷åíèé k,

ñòðåìÿùèõñÿ ê áåñêîíå÷íîñòè ñ ðîñòîì n, òàêîé àëãîðèòì àñèìïòîòè÷åñêè òî÷åí.
Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à íà ìàêñèìóì â åâêëèäîâîì ïðî-

ñòðàíñòâå, ãäå âåñ ðåáðà ðàâåí åâêëèäîâó ðàññòîÿíèþ ìåæäó åãî êîíöåâûìè âåð-
øèíàìè. Çäåñü äëÿ ìàëûõ (âîçìîæíî, ïîñòîÿííûõ) çíà÷åíèé k = o(n) ïðåäëàãà-
åòñÿ ïðèáëèæåííûé àñèìïòîòè÷åñêè òî÷íûé àëãîðèòì ñ âðåìåíåì ðàáîòû O(n3).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 16-31-00389 è � 15-01-00976).
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Ðàáîòà ïîñâÿùåíà èçó÷åíèþ ñâîéñòâ àññîöèèðîâàííûõ áóëåâûõ ôóíêöèé êâàä-
ðàòè÷íûõ ïî÷òè ñîâåðøåííî íåëèíåéíûõ ôóíêöèé.

Â [1] äëÿ âåêòîðíîé áóëåâîé ôóíêöèè F : Fn2 → Fn2 îïðåäåëåíà àññîöèèðî-
âàííàÿ áóëåâà ôóíêöèÿ γF îò 2n ïåðåìåííûõ ïî ïðàâèëó: γF (a, b) = 1, åñëè
a 6= 0 è óðàâíåíèå F (x ⊕ a) ⊕ F (x) = b èìååò ðåøåíèå, ãäå a, b ∈ Fn2 . Äàííàÿ
ôóíêöèÿ ââåäåíà â ñâÿçè ñ èññëåäîâàíèåì ïî÷òè ñîâåðøåííî íåëèíåéíûõ (APN)
ôóíêöèé � âåêòîðíûõ áóëåâûõ ôóíêöèé, äëÿ êîòîðûõ ìàêñèìàëüíîå ÷èñëî ðå-
øåíèé óðàâíåíèÿ âûøå ïî âñåì âîçìîæíûì âåêòîðàì a, b, ãäå a 6= 0, ìèíèìàëü-
íî è ðàâíî 2. Ëåãêî âèäåòü, ÷òî F � APN-ôóíêöèÿ òîãäà è òîëüêî òîãäà, êîãäà
wt(γF ) = 22n−1−2n−1, ãäå wt � âåñ Õýììèíãà áóëåâîé ôóíêöèè. Ñòåïåíüþ deg(F )
âåêòîðíîé áóëåâîé ôóíêöèè íàçûâàåòñÿ ñòåïåíü åå ïîëèíîìà Æåãàëêèíà.

Äëÿ ïðîèçâîëüíîé êâàäðàòè÷íîé (ò. å. ñòåïåíè 2) APN-ôóíêöèè F îò n ïå-
ðåìåííûõ ìíîæåñòâî Ba(F ) = {F (x ⊕ a) ⊕ F (x) | x ∈ Fn2} ÿâëÿåòñÿ àôôèí-
íûì ïîäïðîñòðàíñòâîì ðàçìåðíîñòè n − 1 äëÿ ëþáîãî a 6= 0. Ìíîæåñòâà Ba(F )
ìîæíî ïðåäñòàâèòü ñ ïîìîùüþ ôóíêöèé ΦF : Fn2 → Fn2 , ϕF : Fn2 → F2 â âèäå
Ba(F ) = {y ∈ Fn2 | 〈ΦF (a), y〉 = ϕF (a)}, ãäå ΦF (0) = 0, ϕF (0) = 1 è 〈x, y〉 =
x1y1 ⊕ . . .⊕ xnyn äëÿ ïðîèçâîëüíûõ x, y ∈ Fn2 . Â îáîçíà÷åíèÿõ âûøå ôóíêöèÿ γF
èìååò âèä: γF (a, b) = 〈ΦF (a), b〉 ⊕ ϕF (a)⊕ 1.

Ñ êâàäðàòè÷íûìè APN-ôóíêöèÿìè ñâÿçàí ëþáîïûòíûé îòêðûòûé âîïðîñ:
âåðíî ëè, ÷òî âñå ôóíêöèè, ìíîæåñòâà Ba(F ) êîòîðûõ ÿâëÿþòñÿ àôôèííûìè ïîä-
ïðîñòðàíñòâàìè ðàçìåðíîñòè n−1 äëÿ ëþáîãî a 6= 0, êâàäðàòè÷íû? Òàêèå ôóíê-
öèè âïåðâûå ðàññìàòðèâàëèñü â ðàáîòå [1] è íàçâàíû ñêðþ÷åííûìè. Ïðåäñòàâëÿ-
åòñÿ èíòåðåñíûì èññëåäîâàòü ñâîéñòâà àññîöèèðîâàííîé áóëåâîé ôóíêöèè êâàä-
ðàòè÷íîé APN-ôóíêöèè. Èçâåñòíî, ÷òî ïðè íå÷åòíîì ÷èñëå ïåðåìåííûõ n äëÿ
êâàäðàòè÷íîé APN-ôóíêöèè F ôóíêöèÿ ΦF âçàèìíî îäíîçíà÷íà (1-â-1 ôóíêöèÿ)
[2], à ïðè ÷åòíîì � 3-â-1 ôóíêöèÿ [3]. Ïîëó÷åíà âåðõíÿÿ îöåíêà ñòåïåíè ΦF .

Óòâåðæäåíèå 1. Ïóñòü F � êâàäðàòè÷íàÿ APN-ôóíêöèÿ îò n ïåðåìåííûõ.

Òîãäà deg(ΦF ) 6 n− 2.
Óòâåðæäåíèå 2. Äëÿ âñåõ èçâåñòíûõ êâàäðàòè÷íûõ APN-ôóíêöèé F îò n

ïåðåìåííûõ, n = 3, . . . , 8, âåðíî, ÷òî deg(〈v,ΦF 〉) = n− 2, ãäå v ∈ Fn2 , v 6= 0.
Óòâåðæäåíèå 3. Äëÿ âñåõ èçâåñòíûõ êâàäðàòè÷íûõ APN-ôóíêöèé F è G

îò n ïåðåìåííûõ, n = 3, . . . , 8, âåðíî, ÷òî, åñëè γF = γG, òî deg(F ⊕G) 6 1.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-41-543364).
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Ñåêöèÿ 8. Äèñêðåòíàÿ ìàòåìàòèêà, èíôîðìàòèêà è ìàòåìàòè÷åñêàÿ êèáåðíåòèêà
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Ìû ïðîäîëæàåì èññëåäîâàíèå èíâàðèàíòíîñòè ñâîéñòâà ïîëíîòû è èçáåãàå-
ìîñòè ìíîæåñòâà ñëîâ-çàïðåòîâ ïðè îïðåäåëåííûõ ïðåîáðàçîâàíèÿõ ìíîæåñòâà:
ðàñøèðåíèè èëè ñóæåíèè ìíîæåñòâà çàïðåòîâ, âîçìîæíûõ �îøèáêàõ� â åãî ýëå-
ìåíòàõ è äð. [1]�[3]. Ìíîæåñòâî S ñëîâ (çàïðåòîâ) â àëôàâèòå A íàçûâàåòñÿ ïîë-
íûì (èëè áëîêèðóþùèì), åñëè ëþáàÿ áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü áóêâ èç A
ñîäåðæèò â êà÷åñòâå ñâîåãî ïîäñëîâà õîòÿ áû îäíî ñëîâî èç S [1], [2]. Ïîäñëîâî �
ýòî îòðåçîê ïîäðÿä ñëåäóþùèõ áóêâ. Ïîëíîå ìíîæåñòâî S íàçûâàåòñÿ íåïðèâî-
äèìûì, åñëè ëþáîå ïîäìíîæåñòâî, îáðàçîâàííîå óäàëåíèåì èç S ëþáîãî ñëîâà,
íåïîëíîå. Ïîëíîå ìíîæåñòâî S íàçîâåì ñèëüíî íåóñòîé÷èâûì, åñëè çàìåíà ëþáîé
áóêâû â ëþáîì åãî ñëîâå ïðèâîäèò ê íåïîëíîìó ìíîæåñòâó. Ïóñòü A = {0, 1}, è
òîãäà çàìåíàìè áóêâ áóäóò 0→ 1 è 1→ 0.

Òåîðåìà 1. Äëÿ ëþáîãî n > 1 ñóùåñòâóåò ïîëíîå íåïðèâîäèìîå ìíîæåñòâî

S ⊆ An, êîòîðîå ÿâëÿåòñÿ ñèëüíî íåóñòîé÷èâûì.
Ñóùåñòâåííîñòü âçàèìîñâÿçåé çàäà÷ î ïîëíîòå ñèñòåì ñëîâ ñ ãåîìåòðèåé êîí-

òóðîâ â ãðàôàõ ïåðåêðûòèÿ ñëîâ èëè ãðàôàõ äå Áðåéíà ïîäðîáíî îïèñàíà â [2].
Ìû äîïîëíÿåì åå ñëåäóþùåé òåîðåìîé.

Òåîðåìà 2. Íàèáîëüøàÿ äëèíà C(n, k) ïðîñòîãî êîíòóðà áåç îðèåíòèðîâàí-
íûõ õîðä äëèíû k â ãðàôå äå Áðåéíà ïîðÿäêà n ðàâíà C(n, k) = |A|n−k.

Èíòåðåñíî çàìåòèòü, ÷òî ïðè k = 1 óñëîâèå îòñóòñòâèÿ k-ïåðåõîäà â êîíòóðå
(êàê îðèåíòèðîâàííîì öèêëå) îçíà÷àåò, ÷òî áåç ó÷åòà îðèåíòàöèè ðåáåð ìû èìååì
öèêë áåç õîðä, ïîñêîëüêó, îðèåíòèðóÿ õîðäó â ëþáîì èç äâóõ íàïðàâëåíèé, ìû
ïîëó÷èì êîíòóð ìåíüøåé äëèíû. Ïîýòîìó âîïðîñ î íàèáîëüøåé äëèíå òàêîãî
êîíòóðà àíàëîãè÷åí èçâåñòíîé çàäà÷å î ìàêñèìàëüíîé äëèíå öèêëà â áóëåâîì n-
ìåðíîì êóáå (ïðîáëåìà �Çìåÿ â ÿùèêå�). Äëÿ ãðàôîâ äå Áðåéíà ìû èìååì òî÷íîå
ðåøåíèå çàäà÷è � òåîðåìà 2.

Â çàêëþ÷åíèå ïðèâîäèì çàäà÷ó èç [2], ïîñòàâëåííóþ àâòîðîì åùå â 1979 ãî-
äó, ðåøåíèå êîòîðîé âàæíî äëÿ èññëåäîâàíèÿ ïîëíîòû. Íàñêîëüêî áûñòðî ìîæåò
ðàñòè îòíîøåíèå f(m,n) = max |S1|/|S2|, íàïðèìåð, êàê ôóíêöèÿ îò n ïðè ôèê-
ñèðîâàííîì m, ãäå m = |A|, à ìàêñèìóì áåðåòñÿ ïî âñåì ïàðàì {S1, S2} ïîëíûõ
íåïðèâîäèìûõ ìíîæåñòâ S1, S2 ⊆ An.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ïðîåêòà ÐÀÍ � 0314-2015-0011.

ËÈÒÅÐÀÒÓÐÀ

1. Åâäîêèìîâ À.À. Àëãîðèòì ðàñïîçíàâàíèÿ ïîëíîòû ìíîæåñòâà ñëîâ è äèíàìèêà çà-
ïðåòîâ // ÏÄÌ. Ïðèëîæåíèå. 2016. � 9. Ñ. 10�12.

2. Åâäîêèìîâ À.À. Èññëåäîâàíèå ïîëíîòû ìíîæåñòâ ñëîâ è ÿçûêîâ ñ çàïðåòàìè //
Âåñòíèê ÒÃÓ. Ïðèëîæåíèå. 2004. � 9. Ñ. 8�12.

3. Evdokimov A.A., Kitaev S.V. Crucial words and the complexity of some extremal
problems for sets of prohibited words // J. Comb. Theory. Ser. A. 2004. V. 105. P. 273�
289.

4. Berstel J., Karhumaki J. Combinatorics on words � a tutorial // Bull. EATCS. 2003.
V. 79. P. 178�229.

431



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

ÏÎÑÒÐÎÅÍÈÅ ÐÀÑÏÈÑÀÍÈß ÁÅÑÊÎÍÔËÈÊÒÍÎÉ
ÀÃÐÅÃÀÖÈÈ ÄÀÍÍÛÕ Â ÊÂÀÄÐÀÒÍÎÉ ÐÅØ�ÒÊÅ

Ñ ÏÐßÌÎÓÃÎËÜÍÛÌÈ ÏÐÅÏßÒÑÒÂÈßÌÈ

Åðçèí À.È.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
adilerzin@math.nsc.ru

Â áåñïðîâîäíûõ ñåòÿõ äàííûå, ñîáðàííûå ýëåìåíòàìè, äîëæíû áûòü ïåðå-
äàíû â öåíòð ïðèíÿòèÿ ðåøåíèé � áàçîâóþ ñòàíöèþ (ÁÑ). Âðåìÿ àãðåãàöèè �
ïåðèîä, â òå÷åíèå êîòîðîãî äàííûå îò âñåõ ýëåìåíòîâ ñåòè ïîñòóïÿò â ÁÑ � ÿâëÿ-
åòñÿ âàæíûì êðèòåðèåì êà÷åñòâà ñåòåé áûñòðîãî ðåàãèðîâàíèÿ. Â çàäà÷å àãðåãà-
öèè äàííûõ êîëè÷åñòâî ïåðåäàâàåìîé èíôîðìàöèè, êàê ïðàâèëî, íå ó÷èòûâàåòñÿ.
Êàæäûé ïàêåò äàííûõ ïåðåäà¼òñÿ ïî ëþáîìó ðåáðó êîììóíèêàöèîííîãî ãðàôà
(ÊÃ) çà îäèí âðåìåííîé ðàóíä.

Â áîëüøèíñòâå áåñïðîâîäíûõ ñåòåé ýëåìåíò (âåðøèíà) íå ìîæåò ïåðåäàâàòü è
ïîëó÷àòü ïàêåòû â îäíî è òî æå âðåìÿ (ïîëóäóïëåêñíûå ñèñòåìû), è âåðøèíà íå
ìîæåò ïîëó÷àòü áîëåå îäíîãî ïàêåòà îäíîâðåìåííî. Áîëåå òîãî, ñ öåëüþ ýêîíîìèè
ýíåðãèè êàæäàÿ âåðøèíà ïåðåäà¼ò ïàêåò îäèí ðàç â òå÷åíèå ñåàíñà àãðåãàöèè. Ýòî
çíà÷èò, ÷òî ïàêåòû ïåðåäàþòñÿ ïî äóãàì èñêîìîãî àãðåãàöèîííîãî äåðåâà (ÀÄ)
ñ êîðíåì â ÁÑ, è âåðøèíà â AT äîëæíà ñíà÷àëà ïîëó÷èòü ïàêåòû îò âñåõ ñâîèõ
ïîòîìêîâ (â äåðåâå) è òîëüêî ïîñëå ýòîãî ìîæåò ïîñëàòü àãðåãèðîâàííûé ïàêåò
âåðøèíå-ðîäèòåëþ.

Â áîëüøèíñòâå áåñïðîâîäíûõ ñåòåé ïåðåäàò÷èêè èñïîëüçóþò îäíó ðàäèî÷à-
ñòîòó. Ñëåäîâàòåëüíî, åñëè â çîíå ïðè¼ìà ïîëó÷àòåëÿ ðàáîòàåò áîëåå îäíîãî ïå-
ðåäàò÷èêà, òî â ñèëó èíòåðôåðåíöèè ðàäèîâîëí ïîëó÷àòåëü íå ìîæåò ïîëó÷èòü
ïðåäíàçíà÷åííûé åìó ïàêåò äàííûõ. Òàêàÿ ñèòóàöèÿ íàçûâàåòñÿ êîíôëèêòîì.

Â çàäà÷å áåñêîíôëèêòíîé àãðåãàöèè äàííûõ íåîáõîäèìî íàéòè ÀÄ è áåñêîí-
ôëèêòíîå ðàñïèñàíèå ìèíèìàëüíîé äëèíû [1]. Â àíãëîÿçû÷íîé ëèòåðàòóðå ýòà
çàäà÷à èçâåñòíà êàê Convergecast Scheduling Problem, è îíà NP-òðóäíà äàæå â
ñëó÷àå çàäàííîãî ÀÄ [2]. Â [3] ðàññìîòðåí ÊÃ â ôîðìå åäèíè÷íîé êâàäðàòíîé
ðåø¼òêè, â êàæäîì óçëå êîòîðîé íàõîäèòñÿ ïåðåäàò÷èê, äàëüíîñòü ïåðåäà÷è êî-
òîðîãî ðàâíà 1. Ïðåäëîæåí ïðîñòîé ïîëèíîìèàëüíûé àëãîðèòì ïîñòðîåíèÿ îï-
òèìàëüíîãî ðåøåíèÿ.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ àíàëîãè÷íûé ÊÃ, íî ñ ïðÿìîóãîëüíûìè ïðå-
ïÿòñòâèÿìè, íåïðîíèöàåìûìè äëÿ ðàäèîâîëí. Ïðåäëàãàåòñÿ ïîëèíîìèàëüíûé àë-
ãîðèòì ïîñòðîåíèÿ áåñêîíôëèêòíîãî ðàñïèñàíèÿ àãðåãàöèè äàííûõ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-07-00552).
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Îìñê, Ðîññèÿ; zaozer@ofim.oscsbras.ru

Äîêëàä ïîñâÿùåí îáçîðó ðåçóëüòàòîâ èññëåäîâàíèÿ â ñðåäíåì ñòðóêòóðû ìíî-
æåñòâ äîïóñòèìûõ ðåøåíèé íåêîòîðûõ çàäà÷ áóëåâà ïðîãðàììèðîâàíèÿ (ÁÏ).
Ðàíåå áûëè èçâåñòíû êëàññû çàäà÷ îá óïàêîâêå ìíîæåñòâà è ìíîãîìåðíîé çàäà-
÷è î ðþêçàêå ñ áóëåâûìè ïåðåìåííûìè, êîòîðûå ïîëèíîìèàëüíî ðàçðåøèìû â
ñðåäíåì àëãîðèòìîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ è èìåþùèå ñðåäíåå ÷èñ-
ëî äîïóñòèìûõ ðåøåíèé O(n). Â [1] íà îñíîâå ìåòîäà ðåãóëÿðíûõ ðàçáèåíèé ïîêà-
çàíî, ÷òî êëàññû çàäà÷ ÁÏ, îáëàäàþùèå ïîëèíîìèàëüíîé äëèíîé L-êîìïëåêñîâ
ðåëàêñàöèîííûõ ìíîãîãðàííèêîâ è ïîëèíîìèàëüíûì ñðåäíèì ÷èñëîì äîïóñòè-
ìûõ ðåøåíèé, òàêæå ïîëèíîìèàëüíî ðàçðåøèìû â ñðåäíåì àëãîðèòìîì âåòâåé
è ãðàíèö òèïà Ëýíä è Äîéã, ïåðâûì àëãîðèòìîì Ãîìîðè, àëãîðèòìîì ïåðåáîðà
L-êëàññîâ.

Ïðè åñòåñòâåííîì ðàñïðåäåëåíèè èñõîäíûõ äàííûõ äëÿ êëàññè÷åñêîé è îáîá-
ùåííîé çàäà÷ îá óïàêîâêå ìíîæåñòâà óñòàíîâëåíî ñâîéñòâî ìîíîòîííîñòè îòíî-
øåíèÿ ìàòåìàòè÷åñêèõ îæèäàíèé ÷èñëà äîïóñòèìûõ ðåøåíèé çàäà÷ íà ñîñåäíèõ
ñëîÿõ áóëåâà êóáà [2], [3]. Ïðè ôèêñèðîâàííûõ öåëîì ïàðàìåòðå k ≥ 1 è âå-
ðîÿòíîñòè p ïîÿâëåíèÿ íåíóëåâûõ ýëåìåíòîâ â ìàòðèöå êîýôôèöèåíòîâ ñèñòåìû
îãðàíè÷åíèé çàäà÷ ýòî ñâîéñòâî ïîçâîëÿåò ñòðîèòü îöåíêè äëÿ ÷èñëà ïåðåìåííûõ
è ÷èñëà îãðàíè÷åíèé, ïðè êîòîðûõ ñðåäíÿÿ ìîùíîñòü ìíîæåñòâà äîïóñòèìûõ ðå-
øåíèé íå ïðåâîñõîäèò O(nk+1). Îòñþäà âûòåêàåò ïîëèíîìèàëüíàÿ ðàçðåøèìîñòü
â ñðåäíåì âûäåëåííûõ êëàññîâ çàäà÷. Èñïîëüçóÿ òîò æå ïîäõîä, âûäåëåíû ïî-
ëèíîìèàëüíî ðàçðåøèìûå â ñðåäíåì êëàññû äëÿ çàäà÷è î ïîêðûòèè ìíîæåñòâà,
à òàêæå äëÿ íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ îáîáùåíèÿ ýòîé çàäà÷è è ìíîãîìåð-
íîé çàäà÷è î ðþêçàêå. Ñëåäóåò îòìåòèòü, ÷òî íàìè ïîñòðîåíû ïðèìåðû çàäà÷ îá
óïàêîâêå ìíîæåñòâà, êîòîðûå ïîêàçûâàþò, ÷òî óñòàíîâëåííîå ñâîéñòâî ìîíîòîí-
íîñòè èìååò ìåñòî òîëüêî äëÿ îòíîøåíèÿ ñðåäíèõ âåëè÷èí.

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò ïðåäëîæèòü íîâóþ ìåòîäèêó ïðîâåäåíèÿ
âû÷èñëèòåëüíîãî ýêñïåðèìåíòà äëÿ ðàññìîòðåííûõ çàäà÷ ÁÏ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00740).
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ÎÁ ÀËÃÎÐÈÒÌÅ ÏÎÑÒÐÎÅÍÈß 2-Â-1 APN-ÔÓÍÊÖÈÉ
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Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
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Ðàáîòà ïîñâÿùåíà ïðîáëåìå ñóùåñòâîâàíèÿ APN-ïåðåñòàíîâîê è èõ ñâÿçè ñ
ìíîæåñòâîì 2-â-1 APN-ôóíêöèé. Îïèñàí àëãîðèòì ïîñòðîåíèÿ 2-â-1 APN-ôóíê-
öèé.

Â ñîâðåìåííûõ áëî÷íûõ øèôðàõ â êà÷åñòâå îñíîâíûõ íåëèíåéíûõ ïðåîáðàçî-
âàíèé èñïîëüçóþòñÿ S-áëîêè. Ìàòåìàòè÷åñêè S-áëîê ìîæíî îïðåäåëèòü êàê âåê-
òîðíóþ áóëåâó ôóíêöèþ, òî åñòü ïðîèçâîëüíîå îòîáðàæåíèå F : Fn2 → Fm2 . Ïîíÿ-
òèå APN-ôóíêöèé, êàê ôóíêöèé, íàèáîëåå ñòîéêèõ ê äèôôåðåíöèàëüíîé àòàêå,
áûëî ïðåäëîæåíî â 1992 Ê. Íüþáåðã [1], îäíàêî èçâåñòíî [2], ÷òî äàííûå ôóíêöèè
èçó÷àëèñü â ÑÑÑÐ Â.À. Áàøåâûì è Á.À. Åãîðîâûì, íà÷èíàÿ ñ 1968 ãîäà. Âåêòîð-
íàÿ ôóíêöèÿ íàçûâàåòñÿ APN-ôóíêöèåé, åñëè óðàâíåíèå F (x⊕a)⊕F (x) = b èìååò
íå áîëåå äâóõ ðåøåíèé äëÿ ëþáûõ a ∈ Fn2 \ {0}, b ∈ Fn2 . Âàæíîå ìåñòî â èññëå-
äîâàíèè êðèïòîãðàôè÷åñêèõ ôóíêöèé çàíèìàåò ïðîáëåìà ñóùåñòâîâàíèÿ APN-
ïåðåñòàíîâîê ïðè ÷åòíûõ n. Â ðàáîòå [3] áûëà íàéäåíà ïåðâàÿ APN-ïåðåñòàíîâêà
ïðè n = 6, îäíàêî, äëÿ áîëüøèõ ðàçìåðíîñòåé âîïðîñ ïî-ïðåæíåìó îòêðûò. Â ðà-
áîòå ðàññìàòðèâàþòñÿ APN-ôóíêöèè ñïåöèàëüíîãî âèäà, êîòîðûå ýêâèâàëåíòíû
ïîäìíîæåñòâó APN-ïåðåñòàíîâîê â ñèëó ñâîåé êîìáèíàòîðíîé ñòðóêòóðû.

Óòâåðæäåíèå. Ïðè n = 3 êàæäàÿ 2-â-1 APN-ôóíêöèÿ àôôèííî ýêâèâàëåíò-
íà íåêîòîðîé APN-ïåðåñòàíîâêå.

Ðàññìàòðèâàåòñÿ âîïðîñ ïîñòðîåíèÿ ìíîæåñòâà 2-â-1 APN-ôóíêöèé äëÿ ïðî-
èçâîëüíîãî n. Îïðåäåëåíèå APN-ôóíêöèè íàêëàäûâàåò îãðàíè÷åíèÿ íà ñòðóê-
òóðó âåêòîðà åå çíà÷åíèé, â ÷àñòíîñòè, äëÿ ëþáîãî íåíóëåâîãî a ∈ Fn2 è ëþáûõ
x1, x2 ∈ Fn2 âåðíî F (x1⊕a)⊕F (x1) 6= F (x2⊕a)⊕F (x2), ãäå x1 6= x2 è x1⊕a 6= x2.
Íà ýòîì îñíîâûâàåòñÿ ïîëó÷åííûé àëãîðèòì ãåíåðàöèè 2-â-1 APN-ôóíêöèé.

Íà ïåðâîì ýòàïå àëãîðèòìà ñòðîÿòñÿ âñåâîçìîæíûå äîïóñòèìûå ñèìâîëüíûå
ïîñëåäîâàòåëüíîñòè, ïðåäñòàâëÿþùèå ñîáîé ñòðóêòóðó âåêòîðà çíà÷åíèé 2-â-1
ôóíêöèè è óäîâëåòâîðÿþùèå îïèñàííûì îãðàíè÷åíèÿì. Íàïðèìåð, äëÿ n = 3
îäíîé èç äîïóñòèìûõ ñèìâîëüíûõ ïîñëåäîâàòåëüíîñòåé ÿâëÿåòñÿ (α β β θ ε θ ε α).
Íà âòîðîì ýòàïå ñèìâîëàì â ïîëó÷åííûõ ïîñëåäîâàòåëüíîñòÿõ íåîáõîäèìî ñîïî-
ñòàâèòü äâîè÷íûå âåêòîðû, òàê ÷òîáû âûáðàííûå çíà÷åíèÿ òàêæå óäîâëåòâîðÿëè
çàäàííûì îãðàíè÷åíèÿì. Â ñëó÷àå n = 3 ñïðàâåäëèâî ñëåäóþùåå:

Ëåììà. Ëþáàÿ ïîëó÷åííàÿ ïðè ïîìîùè àëãîðèòìà äîïóñòèìàÿ ïîñëåäîâà-

òåëüíîñòü ñî çíà÷åíèÿìè c1, c2, c3, c4 èç F3
2 ÿâëÿåòñÿ 2-â-1 APN-ôóíêöèåé òîãäà è

òîëüêî òîãäà, êîãäà äëÿ äàííûõ âåêòîðîâ âûïîëíåíî c1 ⊕ c2 ⊕ c3 ⊕ c4 6= 0.

Îïèñàííûé àëãîðèòì ïîçâîëÿåò ñòðîèòü 2-â-1 APN-ôóíêöèè è ñ èõ ïîìîùüþ
ïðîâåðÿòü âîçìîæíîñòü ñóùåñòâîâàíèÿ ýêâèâàëåíòíûõ APN-ïåðåñòàíîâîê. Íàé-
äåíû 2-â-1 APN-ôóíêöèè, ýêâèâàëåíòíûå APN-ïåðåñòàíîâêàì îò 6 ïåðåìåííûõ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò � 17-41-543364).
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Â çàäà÷àõ êëàñòåðèçàöèè òðåáóåòñÿ ðàçáèòü äàííîå ìíîæåñòâî îáúåêòîâ íà
íåñêîëüêî ïîäìíîæåñòâ (êëàñòåðîâ) òîëüêî íà îñíîâå ñõîäñòâà îáúåêòîâ äðóã ñ
äðóãîì. Ìåðà ñõîäñòâà îöåíèâàåòñÿ ïî-ðàçíîìó â ðàçíûõ çàäà÷àõ.

Îäíîé èç íàèáîëåå íàãëÿäíûõ ôîðìàëèçàöèé çàäà÷ êëàñòåðèçàöèè ÿâëÿåòñÿ
çàäà÷à êëàñòåðèçàöèè ãðàôà. Â ýòîé çàäà÷å îòíîøåíèå ñõîäñòâà îáúåêòîâ çàäàåò-
ñÿ ïîñðåäñòâîì íåîðèåíòèðîâàííîãî ãðàôà, âåðøèíû êîòîðîãî âçàèìíî îäíîçíà÷-
íî ñîîòâåòñòâóþò îáúåêòàì, à ðåáðà ñîåäèíÿþò ïîõîæèå îáúåêòû, îáëàäàþùèå
äîñòàòî÷íûì êîëè÷åñòâîì îäèíàêîâûõ ïðèçíàêîâ. Òðåáóåòñÿ ðàçáèòü ìíîæåñòâî
âåðøèí ãðàôà íà ïîïàðíî íåïåðåñåêàþùèåñÿ êëàñòåðû òàê, ÷òîáû ìèíèìèçèðî-
âàòü ÷èñëî ðåáåð ìåæäó êëàñòåðàìè è ÷èñëî íåäîñòàþùèõ ðåáåð âíóòðè êëàñòå-
ðîâ.

Â ëèòåðàòóðå èçó÷àëèñü âàðèàíòû çàäà÷è êëàñòåðèçàöèè ãðàôîâ, â êîòîðûõ
êîëè÷åñòâî êëàñòåðîâ çàðàíåå íå îïðåäåëåíî, îãðàíè÷åíî ñâåðõó èëè ðàâíî íà-
ïåðåä çàäàííîìó ÷èñëó. Ðàññìàòðèâàëèñü òàêæå ïîñòàíîâêè, â êîòîðûõ çàäàíû
îãðàíè÷åíèÿ íà ðàçìåðû êëàñòåðîâ.

Â òåîðèè ðàñïîçíàâàíèÿ îáðàçîâ è â ìàøèííîì îáó÷åíèè çàäà÷è êëàñòåðè-
çàöèè îòíîñÿò ê ðàçäåëó îáó÷åíèÿ áåç ó÷èòåëÿ. Íàðÿäó ñ ýòèì ðàññìàòðèâàþòñÿ
òàêæå çàäà÷è êëàñòåðèçàöèè ñ ÷àñòè÷íûì îáó÷åíèåì, â êîòîðûõ ÷àñòü îáúåêòîâ
(êàê ïðàâèëî, íåáîëüøàÿ) èçíà÷àëüíî ðàñïðåäåëåíà ïî êëàñòåðàì.

Àâòîðàìè ïðåäëîæåíà íîâàÿ ïîñòàíîâêà çàäà÷è êëàñòåðèçàöèè ãðàôà, êîòî-
ðóþ ìîæíî ðàññìàòðèâàòü êàê îäíó èç ôîðìàëèçàöèé çàäà÷è êëàñòåðèçàöèè ñ
÷àñòè÷íûì îáó÷åíèåì. Â ýòîé çàäà÷å äàíî ìíîæåñòâî, ñîñòîÿùåå èç n îáúåêòîâ,
êîòîðûå íåîáõîäèìî ðàñïðåäåëèòü ïî k êëàñòåðàì, k < n. Ñðåäè çàäàííûõ îáú-
åêòîâ âûäåëåíû k îáúåêòîâ, íèêàêèå äâà èç êîòîðûõ íå äîëæíû ïðèíàäëåæàòü
îäíîìó è òîìó æå êëàñòåðó.

Äîêëàä ñîäåðæèò êðàòêèé îáçîð ðåçóëüòàòîâ ïî çàäà÷àì êëàñòåðèçàöèè ãðà-
ôîâ, ïîëó÷åííûõ àâòîðàìè â ïîñëåäíåå âðåìÿ è íå âîøåäøèõ â ïðåäûäóùèé
îáçîð [1]. Ñðåäè íèõ ðåçóëüòàòû ïî âû÷èñëèòåëüíîé ñëîæíîñòè çàäà÷ ñ îãðàíè-
÷åíèÿìè íà ðàçìåðû êëàñòåðîâ è çàäà÷ ñ ÷àñòè÷íûì îáó÷åíèåì, à òàêæå ãàðàí-
òèðîâàííûå îöåíêè òî÷íîñòè àëãîðèòìîâ ïðèáëèæåííîãî ðåøåíèÿ ýòèõ çàäà÷.

Ðàáîòà ïåðâîãî àâòîðà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðî-

åêò � 15-11-10009).

ËÈÒÅÐÀÒÓÐÀ

1. Il'ev V., Il'eva S., Kononov A. Short survey on graph correlation clustering with
minimization criteria // Proc. 9th Int. Conf. �Discrete Optimization and Operations
Research� (Lecture Notes in Computer Sciences, V. 9869). Heidelberg: Springer, 2016.
P. 25�36.
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ÀÏÏÐÎÊÑÈÌÀÖÈÎÍÍÀß ÑÕÅÌÀ ÄËß ÇÀÄÀ×È
ÂÇÂÅØÅÍÍÎÉ 2-ÊËÀÑÒÅÐÈÇÀÖÈÈ

Êåëüìàíîâ À.Â.1,2, Ìîòêîâà À.Â.1,2, Øåíìàéåð Â.Â.1

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

kelm@math.nsc.ru, anitamo@mail.ru, shenmaier@mail.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùàÿ
Çàäà÷à (Weighted variance-based 2-clustering with given center). Äàíî: ìíîæå-

ñòâî Y = {y1, . . . , yN} òî÷åê èç Rq, íàòóðàëüíîå ÷èñëîM ≤ N è äâà âåùåñòâåííûõ
÷èñëà w1 > 0 è w2 ≥ 0. Íàéòè: ðàçáèåíèå ìíîæåñòâà Y íà äâà íåïóñòûõ êëàñòåðà
C è Y \ C òàêîå, ÷òî

w1

∑
y∈C
‖y − y(C)‖2 + w2

∑
y∈Y\C

‖y‖2 → min,

ãäå y(C) = 1
|C|
∑
y∈C y � öåíòðîèä êëàñòåðà C, ïðè îãðàíè÷åíèè |C| = M.

Ðàíåå â [1]�[3] äëÿ NP-òðóäíûõ â ñèëüíîì ñìûñëå ñëó÷àåâ çàäà÷è: (1) w1 = 1
è w2 = 0, (2) w1 = w2 = 1 è (3) w1 = |C| è w2 = N − |C|, áûëè ïðåäëîæåíû

àïïðîêñèìàöèîííûå ñõåìû ñ òðóäîåìêîñòüþ O
(
qN2

(√
2q
ε + 2

)q)
.

Â íàñòîÿùåé ðàáîòå ïðåäëîæåí óñêîðåííûé àëãîðèòì, êîòîðûé äëÿ çàäàííîé
îòíîñèòåëüíîé ïîãðåøíîñòè ε ïîçâîëÿåò íàõîäèòü (1+ε)−ïðèáëèæåííîå ðåøåíèå
çàäà÷è çà âðåìÿ

O
(√

qN2
(πe

2

)q/2( 1√
ε

+ 2
)q)

.

Â ñëó÷àå, êîãäà ðàçìåðíîñòü q ïðîñòðàíñòâà ôèêñèðîâàíà, àëãîðèòì ðåàëèçóåò
ñõåìó FPTAS. Êîãäà ðàçìåðíîñòü ïðîñòðàíñòâà åñòü âåëè÷èíà O(logN), àëãî-
ðèòì îñòàåòñÿ ïîëèíîìèàëüíûì è ðåàëèçóåò ñõåìó PTAS.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 16-11-

10041).

ËÈÒÅÐÀÒÓÐÀ

1. Kel'manov A.V., Romanchenko S.M. An FPTAS for a vector subset search problem //
J. Appl. Ind. Math. 2014. V. 8, No 3. P. 329�336.

2. Kel'manov A.V., Khandeev V. I. Fully polynomial-time approximation scheme for a
special case of a quadratic Euclidean 2-clustering problem // Comput. Math. Math.
Phys. 2016. V. 56, No 2. P. 334�341.

3. Kel'manov A.V., Motkova A.V. A fully polynomial-time approximation scheme for a
special case of a balanced 2-clustering problem // Lect. Notes Comput. Sci. 2016. V. 9869.
P. 182�192.
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ÐÀÍÄÎÌÈÇÈÐÎÂÀÍÍÛÉ ÀËÃÎÐÈÒÌ
ÄËß ÇÀÄÀ×È ÄÂÓÕÊËÀÑÒÅÐÍÎÃÎ

ÐÀÇÁÈÅÍÈß ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ

Êåëüìàíîâ À.Â.1,2, Õàìèäóëëèí Ñ.À.1, Õàíäååâ Â.È.1,2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

kelm@math.nsc.ru, kham@math.nsc.ru, khandeev@math.nsc.ru

Ðàññìàòðèâàåòñÿ NP-òðóäíàÿ [1] â ñèëüíîì ñìûñëå
Çàäà÷à (Minimum Sum-of-Squares 2-Clustering problem on sequence with given

center of one cluster and cluster cardinalities).
Äàíî: ïîñëåäîâàòåëüíîñòü Y = (y1, . . . , yN ) òî÷åê èç Rq, íàòóðàëüíûå ÷èñëà

Tmin, Tmax è M > 1.
Íàéòè: ïîäìíîæåñòâî M = {n1, . . . , nM} ⊆ N = {1, . . . , N} íîìåðîâ ýëåìåí-

òîâ ïîñëåäîâàòåëüíîñòè Y òàêîå, ÷òî∑
j∈M

‖yj − y(M)‖2 +
∑

i∈N\M

‖yi‖2 → min,

ãäå y(M) = 1
|M|

∑
i∈M yi � öåíòðîèä (ãåîìåòðè÷åñêèé öåíòð) ýëåìåíòîâ ìíîæå-

ñòâà {yj | j ∈M}, ïðè îãðàíè÷åíèÿõ

Tmin ≤ nm − nm−1 ≤ Tmax ≤ N, m = 2, . . . ,M,

íà ýëåìåíòû íàáîðà (n1, . . . , nM ).
Â ðàáîòå ïðåäëîæåí ðàíäîìèçèðîâàííûé àëãîðèòì äëÿ ïðèâåäåííîé çàäà÷è.

Â ñëó÷àå M ≥ βN , ãäå β ∈ (0, 1), äëÿ ïðîèçâîëüíûõ ε > 0 è γ ∈ (0, 1) àëãî-
ðèòì ïîçâîëÿåò íàõîäèòü (1 + ε)-ïðèáëèæåííîå ðåøåíèå çàäà÷è ñ âåðîÿòíîñòüþ
íå ìåíåå 1− γ çà âðåìÿ O(qMN2). Íàéäåíû óñëîâèÿ, ïðè êîòîðûõ àëãîðèòì íà-
õîäèò (1 + εN )-ïðèáëèæåííîå ðåøåíèå çàäà÷è ñ âåðîÿòíîñòüþ íå ìåíåå 1 − γN ,
ãäå εN → 0 è γN → 0 ïðè N →∞, çà âðåìÿ O(qMN3).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 15-01-00462, � 16-31-00186 è � 16-07-00168).

ËÈÒÅÐÀÒÓÐÀ

1. Kel'manov A.V., Pyatkin A.V. On complexity of some problems of cluster analysis of
vector sequences // J. Appl. Ind. Math. 2013. V. 7, No 3. P. 363�369.
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Î ÍÅÌÎÍÎÒÎÍÍÎÉ ÑËÎÆÍÎÑÒÈ
ÁÓËÅÂÛÕ ÔÓÍÊÖÈÉ

Êî÷åðãèí Â.Â.1, Ìèõàéëîâè÷ À.Â.2

1Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà,
Ìîñêâà, Ðîññèÿ; vvkoch@yandex.ru

2Âûñøàÿ øêîëà ýêîíîìèêè, Ìîñêâà, Ðîññèÿ;
anna@mikhaylovich.com

Èññëåäóåòñÿ çàäà÷à î ñëîæíîñòè ðåàëèçàöèè áóëåâûõ ôóíêöèé ñõåìàìè èç
ôóíêöèîíàëüíûõ ýëåìåíòîâ â áàçèñàõ, ñîäåðæàùèõ êàêîå-ëèáî ïîðîæäàþùåå
ìíîæåñòâî êëàññà M ìîíîòîííûõ ôóíêöèé (íàïðèìåð, ñàìî ìíîæåñòâî M), âñå
ïðåäñòàâèòåëè êîòîðîãî èìåþò íóëåâîé âåñ (ñòîèìîñòü èñïîëüçîâàíèÿ), è êîíå÷-
íîå ÷èñëî íåìîíîòîííûõ ôóíêöèé åäèíè÷íîãî âåñà.

Ïóñòü áàçèñ B èìååò âèä B = M ∪ {ω1, . . . , ωp}, ãäå ωi ∈ P2 \M, i = 1, . . . , p.
Îïðåäåëèì íåìîíîòîííóþ ñëîæíîñòü IB(S) ñõåìû S íàä áàçèñîì B êàê ÷èñ-

ëî íåìîíîòîííûõ ýëåìåíòîâ ñõåìû S, ò. å. ýëåìåíòîâ, êîòîðûì ïðèïèñàíû íåìî-
íîòîííûå ôóíêöèè áàçèñà.

Íåìîíîòîííóþ ñëîæíîñòü IB(f) áóëåâîé ôóíêöèè f íàä áàçèñîì B îïðåäå-
ëèì êàê ìèíèìàëüíóþ íåìîíîòîííóþ ñëîæíîñòü ñõåì, âû÷èñëÿþùèõ íàä áàçèñîì
B ôóíêöèþ f .

Äëÿ ïðîèçâîëüíîé áóëåâîé ôóíêöèè f îïðåäåëèì âåëè÷èíó d(f) êàê ìàêñè-
ìàëüíîå (ìàêñèìóì áåðåòñÿ ïî âñåì âîçðàñòàþùèì öåïÿì íàáîðîâ çíà÷åíèé ïå-
ðåìåííûõ) ÷èñëî èçìåíåíèé çíà÷åíèé ôóíêöèè f ñ 1 íà 0.

Äëÿ ñëó÷àÿ, êîãäà åäèíñòâåííûì íåìîíîòîííûì ýëåìåíòîì áàçèñà ÿâëÿåòñÿ
îòðèöàíèå, òî÷íîå çíà÷åíèå íåìîíîòîííîé ñëîæíîñòè (íàçûâàåìîé â ýòîì ñëó-
÷àå èíâåðñèîííîé ñëîæíîñòüþ) ïðîèçâîëüíîé áóëåâîé ôóíêöèè f óñòàíîâëåíî
À.À. Ìàðêîâûì [1]:

IB0(f) = dlog2(d(f) + 1)e,

ãäå B0 = M ∪ {x}.
Â äàííîé ðàáîòå äëÿ çàäà÷è î íåìîíîòîííîé ñëîæíîñòè áóëåâûõ ôóíêöèé

ïîëó÷åí â íåêîòîðîì ñìûñëå îêîí÷àòåëüíûé ðåçóëüòàò � óñòàíîâëåíî òî÷íîå
çíà÷åíèå íåìîíîòîííîé ñëîæíîñòè íàä ïðîèçâîëüíûì áàçèñîì îïèñàííîãî âèäà
äëÿ ëþáîé áóëåâîé ôóíêöèè.

Òåîðåìà. Ïóñòü áàçèñ B èìååò óêàçàííûé âûøå âèä. Òîãäà äëÿ ëþáîé áóëå-

âîé ôóíêöèè f ñïðàâåäëèâî ðàâåíñòâî

IB(f) =

⌈
log2

(
d(f)

D(B)
+ 1

)⌉
,

ãäå D(B) = max{d(ω1), . . . , d(ωp)}.

ËÈÒÅÐÀÒÓÐÀ

1. Ìàðêîâ À.À. Îá èíâåðñèîííîé ñëîæíîñòè ñèñòåì ôóíêöèé // ÄÀÍ ÑÑÑÐ. 1957.
Ò. 116, � 6. Ñ. 917�919.
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ÌÍÎÆÅÑÒÂÀ ÁÅÍÒ-ÔÓÍÊÖÈÉ

Êóöåíêî À.Â.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
alexandrkutsenko@bk.ru

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ íåêîòîðûå èçâåñòíûå îòîáðàæåíèÿ áó-
ëåâûõ ôóíêöèé, ïåðåâîäÿùèå ìíîæåñòâî áåíò-ôóíêöèé â ñåáÿ è ñîõðàíÿþùèå
ðàññòîÿíèå Õýììèíãà: îòîáðàæåíèå, êîòîðîå êàæäîé áåíò-ôóíêöèè ñòàâèò â ñî-
îòâåòñòâèå äóàëüíóþ ê íåé ôóíêöèþ; àôôèííàÿ çàìåíà àðãóìåíòà è ñäâèã íà
àôôèííóþ ôóíêöèþ. Äîêàçàíî, ÷òî íå ñóùåñòâóåò èçîìåòðè÷íîãî îòîáðàæåíèÿ
ìíîæåñòâà âñåõ áóëåâûõ ôóíêöèé â ñåáÿ, êîòîðîå êàæäîé áåíò-ôóíêöèè ñòàâè-
ëî áû â ñîîòâåòñòâèå äóàëüíóþ ê íåé. Äëÿ áåíò-ôóíêöèé îò ìàëîãî ÷èñëà ïå-
ðåìåííûõ ïîëó÷åíî óòâåðæäåíèå, õàðàêòåðèçóþùåå àôôèííóþ ýêâèâàëåíòíîñòü
áåíò-ôóíêöèè è äóàëüíîé ê íåé.

Áóëåâîé ôóíêöèåé îò n ïåðåìåííûõ íàçûâàåòñÿ ïðîèçâîëüíîå îòîáðàæåíèå
âèäà f : Fn2 → F2. Ïðåîáðàçîâàíèå Óîëøà-Àäàìàðà áóëåâîé ôóíêöèè f îò n
ïåðåìåííûõ � ýòî öåëî÷èñëåííàÿ ôóíêöèÿ Wf : Fn2 → Z:

Wf (y) =
∑
x∈Fn

2

(−1)f(x)⊕〈x,y〉, y ∈ Fn2 .

Áóëåâà ôóíêöèÿ f îò 2k ïåðåìåííûõ íàçûâàåòñÿ áåíò-ôóíêöèåé [1], åñëèWf (y) =

(−1)f̃(y)2k äëÿ êàæäîãî y ∈ F2k
2 . Áóëåâà ôóíêöèÿ f̃ íàçûâàåòñÿ äóàëüíîé ê áåíò-

ôóíêöèè f . Äóàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ áåíò-ôóíêöèåé è îïðåäåëÿåòñÿ îäíî-
çíà÷íî.

Îòîáðàæåíèå ϕ ìíîæåñòâà âñåõ áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ â ñåáÿ
íàçûâàåòñÿ èçîìåòðè÷íûì, åñëè îíî ñîõðàíÿåò ðàññòîÿíèå Õýììèíãà ìåæäó áó-
ëåâûìè ôóíêöèÿìè, ò. å. dist(ϕ(f), ϕ(g)) = dist(f, g), ãäå f, g � äâå ïðîèçâîëüíûå
áóëåâû ôóíêöèè îò n ïåðåìåííûõ.

Óòâåðæäåíèå 1. Îòîáðàæåíèå, îïðåäåëåííîå íà ìíîæåñòâå áåíò-ôóíêöèé

îò 2k ïåðåìåííûõ è äåéñòâóþùåå ïî ïðàâèëó f(x) −→ f̃(x), íå ìîæåò áûòü ðàñ-
øèðåíî äî èçîìåòðè÷íîãî îòîáðàæåíèÿ ìíîæåñòâà âñåõ áóëåâûõ ôóíêöèé îò 2k
ïåðåìåííûõ.

Áóëåâû ôóíêöèè íàçûâàþòñÿ àôôèííî ýêâèâàëåíòíûìè, åñëè îíè ðàâíû ñ
òî÷íîñòüþ äî àôôèííîé çàìåíû àðãóìåíòà è ñäâèãà íà àôôèííóþ ôóíêöèþ.

Óòâåðæäåíèå 2. Êàæäàÿ áåíò-ôóíêöèÿ îò 2k ïåðåìåííûõ, ãäå k 6 3, àô-
ôèííî ýêâèâàëåíòíà ñâîåé äóàëüíîé áåíò-ôóíêöèè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-41-543364).

ËÈÒÅÐÀÒÓÐÀ

1. Rothaus O. On bent functions // J. Combin. Theory. Ser. A. 1976. V. 20, No 3. P. 300�
305.
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Ìàëàõ Ñ.À.1, Ñåðâàõ Â.Â.2

1Îðãàíèçàöèÿ äîïîëíèòåëüíîãî îáðàçîâàíèÿ �Ïåðñïåêòèâà�,
Îìñê, Ðîññèÿ; malahsveta@mail.ru

2Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Îìñê, Ðîññèÿ; svv_usa@rambler.ru

Çàäà÷à êàëåíäàðíîãî ïëàíèðîâàíèÿ ïðîåêòîâ çàêëþ÷àåòñÿ â îïðåäåëåíèè ñðî-
êîâ âûïîëíåíèÿ ñîâîêóïíîñòè òåõíîëîãè÷åñêè âçàèìîñâÿçàííûõ ðàáîò ñ ó÷åòîì
îãðàíè÷åíèé íà ðåñóðñû. Êàê ïðàâèëî, òàêèå çàäà÷è ÿâëÿþòñÿ NP-òðóäíûìè â
ñèëüíîì ñìûñëå è èõ âûñîêàÿ âû÷èñëèòåëüíàÿ ñëîæíîñòü, â ïåðâóþ î÷åðåäü,
ñâÿçàíà ñî ñòðóêòóðîé ÷àñòè÷íîãî ïîðÿäêà. Ðåäêèì èñêëþ÷åíèåì ÿâëÿåòñÿ çà-
äà÷à êàëåíäàðíîãî ïëàíèðîâàíèÿ ñ ðåñóðñàìè ñêëàäèðóåìîãî òèïà è êðèòåðèåì
îáùåãî âðåìåíè çàâåðøåíèÿ ðàáîò, êîòîðàÿ ÿâëÿåòñÿ ïîëèíîìèàëüíî ðàçðåøè-
ìîé [1]. Åñëè ðàáîòû ïðîåêòà íåçàâèñèìû, òî ñèëüíàÿ NP-òðóäíîñòü ñîõðàíÿåòñÿ
â ñëó÷àå îãðàíè÷åíèé íà âîçîáíîâèìûå ðåñóðñû. Â äàííîé ðàáîòå èññëåäóåòñÿ âû-
÷èñëèòåëüíàÿ ñëîæíîñòü çàäà÷è ñî ñêëàäèðóåìûìè, â òîì ÷èñëå ôèíàíñîâûìè,
ðåñóðñàìè. Îñíîâíîå âíèìàíèå óäåëÿåòñÿ èíâåñòèöèîííûì ïðîåêòàì ñ êðèòåðèåì
ìàêñèìèçàöèè ÷èñòîé ïðèâåäåííîé ïðèáûëè ïðè íàëè÷èè âîçìîæíîñòè èñïîëüçî-
âàíèÿ êðåäèòîâ è ñ ó÷åòîì ðåèíâåñòèðîâàíèÿ ïîëó÷àåìîãî îò âûïîëíåíèÿ ðàáîò
äîõîäà [2].

Â òåîðèè ñëîæíîñòè îñîáóþ ðîëü èãðàþò òàê íàçûâàåìûå ïîãðàíè÷íûå çà-
äà÷è. Èõ ÷àñòíûå ñëó÷àè ÿâëÿþòñÿ ïîëèíîìèàëüíûìè, à ëþáûå îáîáùåíèÿ �
NP-òðóäíûìè. Â êà÷åñòâå òàêîé ïîãðàíè÷íîé çàäà÷è ðàññìàòðèâàåòñÿ ñëåäóþ-
ùàÿ ïîñòàíîâêà. Èìååòñÿ N òåõíîëîãè÷åñêè íåçàâèñèìûõ ðàáîò åäèíè÷íîé äëè-
òåëüíîñòè, kj � êàïèòàëîâëîæåíèÿ, íåîáõîäèìûå äëÿ âûïîëíåíèÿ ðàáîòû j, ãäå
j = 1, 2, . . . , N . Ïðåäïîëàãàåòñÿ, ÷òî äåíüãè âêëàäûâàþòñÿ òîëüêî â ìîìåíò íà÷à-
ëà âûïîëíåíèÿ ðàáîòû. Ïî åå çàâåðøåíèþ ïîëó÷àåì äîõîä â ðàçìåðå cj . Èíâåñòîð
îáëàäàåò íà÷àëüíûì êàïèòàëîì â ðàçìåðå K0. Ñâîáîäíûå ñðåäñòâà âêëàäûâàåì
ïîä r0 � ñòàâêà àëüòåðíàòèâíîãî áåçðèñêîâîãî ëèêâèäíîãî âëîæåíèÿ. Òðåáóåòñÿ
ñîñòàâèòü ðàñïèñàíèå âûïîëíåíèÿ ðàáîò, ïðè êîòîðîì ÷èñòàÿ ïðèâåäåííàÿ ïðè-
áûëü âñåãî ïðîåêòà áóäåò ìàêñèìàëüíîé.

Óäàëîñü ïîêàçàòü, ÷òî â îïòèìàëüíîì ðåøåíèè êðåäèò íåîáõîäèìî áðàòü òîëü-
êî â íà÷àëüíûé ìîìåíò âðåìåíè, à äàëåå ðàáîòû âûïîëíÿþòñÿ çà ñ÷åò ðåèíâåñòè-
ðîâàíèÿ ïîëó÷àåìîãî äîõîäà. Âàæíîé îñîáåííîñòüþ ÿâëÿåòñÿ èçìåíåíèÿ ïîðÿäêà
âûïîëíåíèÿ ðàáîò â îïòèìàëüíîì ðàñïèñàíèè â çàâèñèìîñòè îò íà÷àëüíîãî è òå-
êóùåãî êàïèòàëà, ÷òî íå ïîçâîëÿåò èñïîëüçîâàòü æàäíûå àëãîðèòìû äëÿ ïîèñêà
åå òî÷íîãî ðåøåíèÿ. Íà îñíîâå ïîëó÷åííûõ ñâîéñòâ ïðåäëîæåí àëãîðèòì ðåøå-
íèÿ çàäà÷è.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-00976).

ËÈÒÅÐÀÒÓÐÀ

1. Ãèìàäè Ý.Õ., Çàëþáîâñêèé Â.Â., Ñåâàñòüÿíîâ Ñ.Â. Ïîëèíîìèàëüíàÿ ðàçðåøèìîñòü
çàäà÷ êàëåíäàðíîãî ïëàíèðîâàíèÿ ñî ñêëàäèðóåìûìè ðåñóðñàìè è äèðåêòèâíûìè
ñðîêàìè // Äèñêðåòí. àíàëèç è èññëåä. îïåð., ñåð. 2. 2000. Ò. 7, � 1. Ñ. 9�34

.

2. Êàçàêîâöåâà Å.À., Ñåðâàõ Â.Â. Ñëîæíîñòü çàäà÷è êàëåíäàðíîãî ïëàíèðîâàíèÿ ñ
êðåäèòàìè // Äèñêðåòí. àíàëèç è èññëåä. îïåð. 2015. Ò. 22, � 4. C. 35�49.

440



Ñåêöèÿ 8. Äèñêðåòíàÿ ìàòåìàòèêà, èíôîðìàòèêà è ìàòåìàòè÷åñêàÿ êèáåðíåòèêà

Î ÍÅÑÈÑÒÅÌÀÒÈ×ÅÑÊÈÕ ÑÎÂÅÐØÅÍÍÛÕ ÊÎÄÀÕ
ÁÅÑÊÎÍÅ×ÍÎÉ ÄËÈÍÛ

Ìàëþãèí Ñ.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
mal@math.nsc.ru

Áåñêîíå÷íîìåðíûé ôèíèòíûé êóá {0, 1}N0 ñîñòîèò èç âñåâîçìîæíûõ ïîñëåäî-
âàòåëüíîñòåé u= (u1, u2, . . . ), ãäå ui∈{0, 1} è âñå ui = 0 êðîìå êîíå÷íîãî ìíî-
æåñòâà èíäåêñîâ i∈N. Îòíîñèòåëüíî ïîáèòîâîé îïåðàöèè ñëîæåíèÿ êóá {0, 1}N0
ÿâëÿåòñÿ áåñêîíå÷íîìåðíûì âåêòîðíûì ïðîñòðàíñòâîì íàä ïîëåì Ãàëóà GF (2).
×èñëî íåíóëåâûõ êîîðäèíàò âåêòîðà u íàçûâàåòñÿ åãî âåñîì.

Ïîäìíîæåñòâî C â {0, 1}N0 íàçûâàåòñÿ ñîâåðøåííûì äâîè÷íûì êîäîì ñ ðàññòî-
ÿíèåì 3, åñëè âñå øàðû åäèíè÷íîãî ðàäèóñà (â ìåòðèêå Õýììèíãà) ñ öåíòðàìè
èç C ïîïàðíî íå ïåðåñåêàþòñÿ è èõ îáúåäèíåíèå ïîêðûâàåò êóá {0, 1}N0 .

Äëÿ êîíå÷íûõ n êîä Õýììèíãà Hn äëèíû n = 2k − 1 (k > 1) îïðåäåëÿåòñÿ
ñòàíäàðòíûì îáðàçîì. Äîáàâëÿÿ ñïðàâà ê âåêòîðàì u∈Hn áåñêîíå÷íîå ÷èñëî
íóëåâûõ êîîðäèíàò, ìîæíî âëîæèòü êîä Hn â êóá {0, 1}N0 . Ýòî âëîæåíèå áó-

äåì îáîçíà÷àòü ñèìâîëîì H̃n. Òîãäà, òàê êàê H̃n⊂ H̃2n+1, òî ìîæíî ïîëîæèòü

H∞=
⋃∞
k=2 H̃

2k−1. Ýòîò êîä ïî òðàäèöèè íàçûâàåì êîäîì Õýììèíãà áåñêîíå÷íîé
äëèíû, ñì. [1].

Ñîâåðøåííûé êîä C ⊂{0, 1}N0 íàçûâàåòñÿ ñèñòåìàòè÷åñêèì, åñëè ìíîæåñòâî
N ìîæíî ðàçáèòü íà äâà ïîäìíîæåñòâà N1 è N2 ñî ñëåäóþùèìè ñâîéñòâàìè. Äëÿ
ëþáîãî âåêòîðà v ∈{0, 1}N1

0 ñóùåñòâóåò åäèíñòâåííûé âåêòîð w∈{0, 1}N2
0 , äëÿ

êîòîðîãî âåêòîð u ñ êîîðäèíàòàìè ui = vi ïðè i∈N1 è ui =wi ïðè i∈N2 ïðèíàä-
ëåæèò êîäó C. Â ïðîòèâíîì ñëó÷àå êîä C íàçûâàåòñÿ íåñèñòåìàòè÷åñêèì.

Â êîäå Õýììèíãà H∞ ðàññìîòðèì ïîäïðîñòðàíñòâî Ri, ïîðîæäåííîå âñåìè
âåêòîðàìè âåñà 3 ñ i-é êîîðäèíàòîé, ðàâíîé åäèíèöå. Âñåâîçìîæíûå ñìåæíûå
êëàññû âèäà Rui =Ri +u (u∈H∞) íàçûâàþòñÿ i-êîìïîíåíòàìè êîäà H∞, i∈N.
Ðàññìîòðèì íåêîòîðîå ñåìåéñòâî B = {Ru1

1 , Ru2
2 , . . . }, ñîñòîÿùåå èç áåñêîíå÷íî-

ãî ÷èñëà íåïåðåñåêàþùèõñÿ i-êîìïîíåíò, ãäå ui ∈H∞, 1≤ i<∞. Îäíà èç îñíîâ-
íûõ êîíñòðóêöèé íåëèíåéíûõ ñîâåðøåííûõ êîäîâ ñîñòîèò â òîì, ÷òî â êîäå H∞

ñäâèãàþòñÿ íà áàçèñíûå âåêòîðû ei âñå êîìïîíåíòû Rui
i èç ñåìåéñòâà B, [2�4].

Ïîëó÷åííûé ýòèì ñïîñîáîì êîä îáîçíà÷àåòñÿ ñèìâîëîì H∞(B).
Ñåìåéñòâî íåïåðåñåêàþùèõñÿ êîìïîíåíò B = {Ru1

1 , Ru2
2 , . . . } íàçûâàåì ðàçðå-

æåííûì, åñëè íà÷èíàÿ ñ íåêîòîðîãî íîìåðà k âûïîëíÿåòñÿ óñëîâèå Rui
i ∩H̃2k−1 =

∅ äëÿ âñåõ i> 2k+1− 1. Ãîâîðèì, ÷òî ñîâåðøåííûé êîä C ⊂{0, 1}N0 èìååò ïîëíóþ
ñèñòåìó òðîåê, åñëè äëÿ ëþáîãî âåêòîðà u∈{0, 1}N0 âåñà 3 ñóùåñòâóþò äâà êî-
äîâûõ âåêòîðà v, w∈C òàêèå, ÷òî u = v + w.

Òåîðåìà. Åñëè ñåìåéñòâî êîìïîíåíò B ÿâëÿåòñÿ ðàçðåæåííûì, òî êîä C =
H∞(B) èìååò ïîëíóþ ñèñòåìó òðîåê è, êàê ñëåäñòâèå, îí íåñèñòåìàòè÷åñêèé.

ËÈÒÅÐÀÒÓÐÀ

1. Ìàëþãèí Ñ.À. Ñîâåðøåííûå äâîè÷íûå êîäû áåñêîíå÷íîé äëèíû // ÏÄÌ. Ïðèëî-
æåíèå. 2015. � 8. Ñ. 117�120.

2. Àâãóñòèíîâè÷ Ñ.Â., Ñîëîâüåâà Ô.È. Î íåñèñòåìàòè÷åñêèõ ñîâåðøåííûõ äâîè÷íûõ
êîäàõ // Ïðîáë. ïåðåäà÷è èíôîðì. 1996. Ò. 32, � 3. Ñ. 47�50.

3. Phelps K.T., LeVan M. J. Kernels of nonlinear Hamming codes // Des. Codes
Cryptography. 1995. V. 6, No 3. P. 247�257.

4. Phelps K.T., LeVan M. J. Nonsystematic perfect codes // SIAM J. Discrete Math. 1999.
V. 12, No 1. P. 27�34.

441



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

ÃÀÌÈËÜÒÎÍÎÂÛ ÖÈÊËÛ Â ÃÐÀÔÀÕ
ÄÂÓÕ ÑÐÅÄÍÈÕ ÑËÎÅÂ ÃÈÏÅÐÊÓÁÀ

ÌÀËÎÉ ÐÀÇÌÅÐÍÎÑÒÈ

Ìåðåêèí Þ.Â.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
merekin@math.nsc.ru

Â 2016 ã. øâåéöàðñêèì ìàòåìàòèêîì T. Mutze [1] áûëî äîêàçàíî ñóùåñòâîâà-
íèå ãàìèëüòîíîâà öèêëà â ãðàôå äâóõ ñðåäíèõ ñëîåâ áóëåâà n-ìåðíîãî ãèïåðêóáà

ïðîèçâîëüíîé íå÷åòíîé ðàçìåðíîñòè è ïðèâåäåíà êîíñòðóêöèÿ, äàþùàÿ 22Ω(n)

ðàçëè÷íûõ ãàìèëüòîíîâûõ öèêëîâ. Òåì ñàìûì áûëà ðåøåíà äàâíÿÿ è ïîïóëÿð-
íàÿ êîìáèíàòîðíàÿ ïðîáëåìà, ñâÿçàííàÿ ñ çàäà÷àìè ïîñòðîåíèÿ êîäîâ òèïà Ãðåÿ
ñ ðàçëè÷íûìè äîïîëíèòåëüíûìè ñâîéñòâàìè, â ÷àñòíîñòè, ãàìèëüòîíîâûõ öèêëîâ
â ïîäãðàôàõ ðåãóëÿðíîé ñòðóêòóðû â ãðàôå n-ìåðíîãî êóáà.

Â çàäà÷àõ ýòîãî òèïà óäîáíî êîäèðîâàòü öèêëû êðóãîâûìè ñëîâàìè â n-
áóêâåííîì àëôàâèòå, çàïèñûâàÿ ïðîõîæäåíèå ðåáåð öèêëà áóêâàìè, ïîñòàâëåí-
íûìè â ñîîòâåòñòâèå n îðòàì ãèïåðêóáà, ñâîäÿ çàäà÷ó ê ñëîâàì ñ çàïðåòàìè [2], [3].
Íàéäåíû äâà ñëîâà äëèíû 70, êîäèðóþùèå ãàìèëüòîíîâû öèêëû â ãðàôå äâóõ
ñðåäíèõ ñëîåâ êóáà ðàçìåðíîñòè 7, êîòîðûå íå ïåðåâîäÿòñÿ äðóã â äðóãà àâòî-
ìîðôèçìàìè ãèïåðêóáà. Äëÿ ìåíüøåé ðàçìåðíîñòè, ò. å. n = 5, íåèçîìîðôíûõ
öèêëîâ íå ñóùåñòâóåò. Ýòî ïîêàçàíî ñ ïîìîùüþ íåñëîæíîãî ïî òðóäîåìêîñòè
àëãîðèòìà òèïà ñòðóêòóðèðîâàííîãî ïåðåáîðà âàðèàíòîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 14-01-00507).

ËÈÒÅÐÀÒÓÐÀ

1. Mutze T. Proof of the middle levels conjecture // Proc. London Math. Soc. 2016. V. 112,
No 4. P. 677�713.

2. Evdokimov A.A., Perezhogin A. L. Minimal enumerations of subsets of a �nite set and
the middle level problem // Discrete Appl. Math. 2001. V. 114, No 1�3. P. 109�114.

3. Åâäîêèìîâ À.À. Êîäèðîâàíèå ñòðóêòóðèðîâàííîé èíôîðìàöèè è âëîæåíèÿ äèñ-
êðåòíûõ ïðîñòðàíñòâ // Äèñêðåòí. àíàëèç è èññëåä. îïåð., ñåð. 1. 2000. Ò. 7, � 4.
Ñ. 48�58.

442



Ñåêöèÿ 8. Äèñêðåòíàÿ ìàòåìàòèêà, èíôîðìàòèêà è ìàòåìàòè÷åñêàÿ êèáåðíåòèêà

Î ÂÇÀÈÌÍÎ ÎÄÍÎÇÍÀ×ÍÛÕ
ÂÅÊÒÎÐÍÛÕ ÁÓËÅÂÛÕ ÔÓÍÊÖÈßÕ

Â ÏÎËÈÍÎÌÈÀËÜÍÎÌ ÏÐÅÄÑÒÀÂËÅÍÈÈ

Ìèëîñåðäîâ À.Â.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
amiloserdov6@gmail.com

Èçâåñòíî, ÷òî ìíîãèå êðèïòîãðàôè÷åñêèå áóëåâû ôóíêöèè íàõîäÿòñÿ ñ ïîìî-
ùüþ àëãåáðàè÷åñêîãî ïðåäñòàâëåíèÿ � â âèäå ïîëèíîìîâ íàä êîíå÷íûìè ïîëÿìè
õàðàêòåðèñòèêè 2. Íàïðèìåð, APN-ôóíêöèè, áåíò-ôóíêöèè è äðóãèå, êîòîðûå
èñïîëüçóþòñÿ â óçëàõ çàìåíû ñîâðåìåííûõ øèôðîâ. Ïðè ýòîì ñâîéñòâà òàêèõ
ôóíêöèé ñóùåñòâåííî çàâèñÿò îò êîíêðåòíîãî ÷èñëà ïåðåìåííûõ n. Â òî æå âðå-
ìÿ äëÿ ðàáîòû ñ êðèïòîãðàôè÷åñêèìè áóëåâûìè ôóíêöèÿìè ÷àñòî òðåáóåòñÿ èõ
êîìáèíàòîðíîå ïðåäñòàâëåíèå � â âèäå àëãåáðàè÷åñêîé íîðìàëüíîé ôîðìû (èëè
ïîëèíîìà Æåãàëêèíà), ïîçâîëÿþùåå íàïðÿìóþ îïåðèðîâàòü ñ òàêèìè õàðàêòå-
ðèñòèêàìè áóëåâîé ôóíêöèè, êàê åå ñòåïåíü, âåñ, çàâèñèìîñòü îò ïåðåìåííûõ.

Â ðàáîòå èññëåäóþòñÿ âçàèìîñâÿçè ìåæäó êîìáèíàòîðíûì è àëãåáðàè÷åñêèì
ïðåäñòàâëåíèÿìè âçàèìíî îäíîçíà÷íûõ âåêòîðíûõ áóëåâûõ ôóíêöèé [1]. Èññëå-
äóþòñÿ âçàèìíî îäíîçíà÷íûå ôóíêöèèf : F2n → F2n âèäà f(x) = αkxi + xj , ãäå
α � ïðèìèòèâíûé ýëåìåíò ïîëÿ, 0 ≤ k ≤ 2n − 1 è 1 6= j < i ≤ 2n − 1, i 6= j [2].
Èññëåäóåòñÿ èõ ñóùåñòâîâàíèå ïðè êîíêðåòíûõ çíà÷åíèÿõ n. Â ðàáîòå íàéäåíû
âñå âçàèìíî îäíîçíà÷íûå ôóíêöèè äàííîãî âèäà äëÿ âñåõ n ≤ 10 è ïðîâåðåíû èõ
íåêîòîðûå êðèïòîãðàôè÷åñêèå ñâîéñòâà.

Òåîðåìà 1. Ïóñòü 1 ≤ j < i ≤ 2n−1, 1 ≤ k ≤ 2n−1, α� ïðèìèòèâíûé ýëåìåíò

ïîëÿ F2n . Åñëè 2n−1 � ïðîñòîå, òî âçàèìíî îäíîçíà÷íûõ ôóíêöèé f : F2n → F2n

âèäà f(x) = αkxi + xj íå ñóùåñòâóåò.
Òåîðåìà 2. Ïóñòü 1 ≤ j < i ≤ 2n − 1, 1 ≤ k ≤ 2n − 1, α � ïðèìèòèâíûé

ýëåìåíò ïîëÿ F2n . Åñëè n � ñîñòàâíîå ÷èñëî, òî ñóùåñòâóåò âçàèìíî îäíîçíà÷íàÿ

ôóíêöèÿ f : F2n → F2n âèäà f(x) = αkxi + xj .
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-41-543364).

ËÈÒÅÐÀÒÓÐÀ

1. Shallue C. J. Permutation polynomials of �nite �elds // Honours project, Monash
University, 2012.

2. Masuda A.M., Zieve M.E. Permutation binomials over �nite �eld // Trans. Am. Math.
Soc. 2009. V. 361, No 8. P. 4169�4180.
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Â ðàáîòå èçó÷àþòñÿ ìåòðè÷åñêè ðåãóëÿðíûå ïîäìíîæåñòâà áóëåâà êóáà.
Îïðåäåëåíèå. Ìåòðè÷åñêèì äîïîëíåíèåì [1] ìíîæåñòâà A íàçûâàåòñÿ ìíî-

æåñòâî âåêòîðîâ áóëåâà êóáà, ìàêñèìàëüíî óäàëåííûõ îò íåãî â ìåòðèêå Õýì-
ìèíãà.

Îïðåäåëåíèå. Ìíîæåñòâî A íàçûâàåòñÿ ìåòðè÷åñêè ðåãóëÿðíûì, åñëè ìåò-
ðè÷åñêîå äîïîëíåíèå åãî ìåòðè÷åñêîãî äîïîëíåíèÿ ñîâïàäàåò ñ ñàìèì A.

Çàäà÷à èññëåäîâàíèÿ ìàêñèìàëüíûõ (ïî ìîùíîñòè) ìåòðè÷åñêè ðåãóëÿðíûõ
ìíîæåñòâ òåñíî ñâÿçàíà ñ èññëåäîâàíèÿìè áåíò-ôóíêöèé, ìíîæåñòâî êîòîðûõ
ÿâëÿåòñÿ ìåòðè÷åñêè ðåãóëÿðíûì [2]. Áåíò-ôóíêöèè ÷àñòî èñïîëüçóþòñÿ â êðèï-
òîãðàôèè, îäíàêî ìíîãèå ñâÿçàííûå ñ íèìè çàäà÷è îñòàþòñÿ îòêðûòûìè. Â ÷àñò-
íîñòè, çàäà÷à î êîëè÷åñòâå áåíò-ôóíêöèé.

Â ðàáîòå çàäà÷à ïîèñêà ìàêñèìàëüíîãî ìåòðè÷åñêè ðåãóëÿðíîãî ìíîæåñòâà
ñâåäåíà ê îäíîé èçâåñòíîé çàäà÷å òåîðèè êîäèðîâàíèÿ è ïîëó÷åíû íèæíèå îöåíêè
íà ìîùíîñòü ìåòðè÷åñêè ðåãóëÿðíûõ ìíîæåñòâ ñ ôèêñèðîâàííûì ðàññòîÿíèåì.

Òåîðåìà. Ïóñòü A,B � ïàðà ìåòðè÷åñêè ðåãóëÿðíûõ ìíîæåñòâ, ÿâëÿþùèõñÿ

ìåòðè÷åñêèìè äîïîëíåíèÿìè äðóã äðóãà. Òîãäà ñóùåñòâóåò ïàðà ìåòðè÷åñêè ðå-

ãóëÿðíûõ ìíîæåñòâ A1, B1 òàêèõ, ÷òî A ñîäåðæèòñÿ â A1, B ñîäåðæèòñÿ â B1, à

A1 è B1 ÿâëÿþòñÿ ìåòðè÷åñêèìè äîïîëíåíèÿìè äðóã äðóãà è ðàññòîÿíèå ìåæäó

íèìè ðàâíî åäèíèöå.

Ñëåäñòâèå.Ìàêñèìàëüíîå ïî ìîùíîñòè íåòðèâèàëüíîå ìåòðè÷åñêè ðåãóëÿð-

íîå ìíîæåñòâî óäàëåíî îò ñâîåãî ìåòðè÷åñêîãî äîïîëíåíèÿ íà ðàññòîÿíèå 1 è ñîâ-

ïàäàåò ñ ìåòðè÷åñêèì äîïîëíåíèåì ìèíèìàëüíîãî ïî ìîùíîñòè ïîêðûâàþùåãî

êîäà ðàäèóñà 1.

Òàêèì îáðàçîì, îáùàÿ çàäà÷à ïîèñêà ìàêñèìàëüíîãî ìåòðè÷åñêè ðåãóëÿðíîãî
ìíîæåñòâà ýêâèâàëåíòíà çàäà÷å ïîèñêà ìèíèìàëüíîãî ïîêðûâàþùåãî êîäà ðàäè-
óñà 1, êîòîðàÿ ÿâëÿåòñÿ èçâåñòíîé îòêðûòîé ïðîáëåìîé. Îäíàêî ïðè ôèêñàöèè
ðàññòîÿíèÿ ìåæäó ìíîæåñòâàìè çàäà÷à ïîèñêà ìàêñèìàëüíûõ è ìèíèìàëüíûõ
ìåòðè÷åñêè ðåãóëÿðíûõ ìíîæåñòâ îñòàåòñÿ íåèññëåäîâàííîé.

Óòâåðæäåíèå. Ïóñòü A,B � ïàðà ìåòðè÷åñêè ðåãóëÿðíûõ ìíîæåñòâ â áó-

ëåâîì êóáå, ÿâëÿþùèõñÿ ìåòðè÷åñêèìè äîïîëíåíèÿìè äðóã äðóãà è îòñòîÿùèõ

äðóã îò äðóãà íà ðàññòîÿíèå d, à M,N � ìîùíîñòè ýòèõ ìíîæåñòâ ñîîòâåòñòâåí-

íî. Òîãäà

M +N >
2n+1(n− 2)

n(n− 1)d−1 + n− 4
,

ãäå n � ðàçìåðíîñòü áóëåâà êóáà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-41-543364).

ËÈÒÅÐÀÒÓÐÀ

1. Îáëàóõîâ À.Ê. Î ìåòðè÷åñêîì äîïîëíåíèè ïîäïðîñòðàíñòâ áóëåâà êóáà // Äèñ-
êðåòí. àíàëèç è èññëåä. îïåð. 2016. Ò. 23, � 3. Ñ. 93�106.

2. Tokareva N. Duality between bent functions and a�ne functions // Discrete Math. 2012.
V. 312, No 3. P. 666�670.
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Îäèíîêèõ Í.Ñ.
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Code Division Multiple Access (CDMA) � ýòî òåõíîëîãèÿ ìîáèëüíîé ñâÿçè, îñ-
íîâàííàÿ íà êîäîâîì ðàçäåëåíèè êàíàëà. Äëÿ îöåíêè êà÷åñòâà ñèãíàëà â CDMA
ââîäèòñÿ ïîíÿòèå êîýôôèöèåíòà îòíîøåíèÿ ïèêîâîé è ñðåäíåé ìîùíîñòåé ñèãíà-
ëà (Peak-to-Average Power Ratio). Ìíîãèå çàäà÷è, ñâÿçàííûå ñ CDMA, íàïðàâëå-
íû íà ñíèæåíèå êîýôôèöèåíòà PAPR, òàê êàê âûñîêèå çíà÷åíèÿ êîýôôèöèåíòà
âåäóò ê íåîáõîäèìîñòè èñïîëüçîâàíèÿ äîðîãèõ óñèëèòåëåé. Âåêòîðàìè, íà êîòî-
ðûõ äîñòèãàåòñÿ ìèíèìàëüíîå çíà÷åíèå PAPR, ÿâëÿþòñÿ âåêòîðà çíà÷åíèé áåíò-
ôóíêöèé. Áåíò-ôóíêöèÿ � ýòî áóëåâà ôóíêöèÿ îò ÷åòíîãî ÷èñëà ïåðåìåííûõ,
íàõîäÿùàÿñÿ íà íàèáîëüøåì ðàññòîÿíèè îò àôôèííûõ ôóíêöèé. Áåíò-ôóíêöèè
èìåþò ìíîæåñòâî ïðèìåíåíèé â êðèïòîãðàôèè. Êîä äëèíû 2n íàçûâàåòñÿ êîäîì
ïîñòîÿííîé àìïëèòóäû, åñëè âñå ýëåìåíòû ýòîãî êîäà ÿâëÿþòñÿ âåêòîðàìè çíà-
÷åíèé áåíò-ôóíêöèé. Ëèíåéíûé êîä äëèíû 2n íàçûâàåòñÿ êîäîì, ñîõðàíÿþùèì
ñâîéñòâî áåíò (SPB-êîäîì) äëÿ ôóíêöèè f , åñëè ñäâèã íà ëþáîå êîäîâîå ñëî-
âî îñòàâëÿåò ôóíêöèþ f â êëàññå áåíò-ôóíêöèé. Ñòîèò îòìåòèòü, ÷òî ëèíåéíûå
êîäû äîâîëüíî ïðîñòû â ðåàëèçàöèè, ÷òî ïîçâîëÿåò áûñòðî ñòðîèòü ðàçëè÷íûå
êîäû ïîñòîÿííîé àìïëèòóäû.

Â ðàáîòå èññëåäóþòñÿ ñâîéñòâà áåíò-ôóíêöèé, ëåæàùèõ â êëàññå Ìýéîðàíà �
ÌàêÔàðëàíäà. Ïðåäëîæåíà êîíñòðóêöèÿ êîäà ïîñòîÿííîé àìïëèòóäû äëÿ áåíò-
ôóíêöèè x1xn+1 ⊕ . . .⊕ xnx2n.

Òåîðåìà. Äëÿ áåíò-ôóíêöèè x1xn+1 ⊕ . . . ⊕ xnx2n ñóùåñòâóåò SPB-êîä ðàç-

ìåðíîñòè 2n+1 − 1. Áîëåå òîãî, ïî ýòîìó êîäó ìîæíî ïîñòðîèòü SPB-êîä òàêîé

æå ðàçìåðíîñòè äëÿ ïðîèçâîëüíîé áåíò-ôóíêöèè èç êëàññà Ìýéîðàíà � ÌàêÔàð-

ëàíäà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-41-543364).

ËÈÒÅÐÀÒÓÐÀ
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� 3. Ñ. 95�97.
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Ëèíåéíàÿ äèñêðåòíàÿ äèíàìè÷åñêàÿ ñèñòåìà � ýòî ïàðà (X, f), ãäå X � ýòî
êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä êîíå÷íûì ïîëåì, à f : X → X �
ëèíåéíîå îòîáðàæåíèå. Òàêèå ñèñòåìû ìîæíî óñïåøíî èçó÷àòü ñ ïîìîùüþ èí-
ñòðóìåíòîâ ëèíåéíîé àëãåáðû, îñíîâûâàÿñü íà åñòåñòâåííîì ðàçëîæåíèè ëþáîãî
ëèíåéíîãî îòîáðàæåíèÿ íà íèëüïîòåíòíóþ è áèåêòèâíóþ ñîñòàâëÿþùèå [1], [2].

Ïóñòü Gn = (V,D) � îðèåíòèðîâàííûé ãðàô ñ ìíîæåñòâîì âåðøèí V =
{1, 2, . . . , n}. Ðàññìîòðèì ñëåäóþùóþ ëèíåéíóþ äèñêðåòíóþ äèíàìè÷åñêóþ ñè-
ñòåìó ñ ãðàôîì-íîñèòåëåì Gn. Â êàæäûé ìîìåíò âðåìåíè âåðøèíû ãðàôà Gn
ïîìå÷åíû ýëåìåíòàìè v1, v2, . . . , vn ïîëÿ âû÷åòîâ Z2 ïî ìîäóëþ 2. Êîðòåæ ṽ =
(v1, v2, . . . , vn) ∈ Zn2 íàçûâàåòñÿ ñîñòîÿíèåì ñèñòåìû. Â ñëåäóþùèé ìîìåíò âðå-
ìåíè (òàêò ðàáîòû ñèñòåìû) ñîñòîÿíèå ñèñòåìû ìåíÿåòñÿ, à äèíàìèêà åãî èçìå-
íåíèÿ îïðåäåëÿåòñÿ îòîáðàæåíèåì A : Zn2 → Zn2 , ãäå A � ìàòðèöà ñìåæíîñòè
ãðàôà-íîñèòåëÿ Gn; êàæäàÿ âåðøèíà ïîëó÷àåò íîâóþ ìåòêó, ðàâíóþ ñóììå ñòà-
ðûõ ìåòîê âñåõ âåðøèí, èç êîòîðûõ âûõîäÿò äóãè â ðàññìàòðèâàåìóþ âåðøèíó.

Ôóíêöèîíàëüíûé ãðàô, ñîãëàñíî [3], ðàññìàòðèâàåìîé äèñêðåòíîé äèíàìè÷å-
ñêîé ñèñòåìû ïðåäñòàâëÿåò èç ñåáÿ îðèåíòèðîâàííûé ãðàô HGn

, âåðøèíû êîòî-
ðîãî ÿâëÿþòñÿ ýëåìåíòàìè ìíîæåñòâà Zn2 è äóãà èç âåðøèíû ṽ èäåò â âåðøèíó
w̃ òîãäà è òîëüêî òîãäà, êîãäà Aṽ = w̃.

Îïðåäåëåíèå. Äîìèíèðóþùåé âåðøèíîé â îðèåíòèðîâàííîì ãðàôå Gn =
(V,D) áóäåì íàçûâàòü âåðøèíó v ∈ V òàêóþ, ÷òî (v, x), (x, v) ∈ D äëÿ ëþáîãî
x ∈ V, x 6= v.

Â ðàáîòå îïèñàíî èçìåíåíèå ôóíêöèîíàëüíîãî ãðàôà ëèíåéíîé äèñêðåòíîé
äèíàìè÷åñêîé ñèñòåìû ïðè èçìåíåíèè åå ãðàôà-íîñèòåëÿ Gn, à èìåííî ïðè äî-
áàâëåíèè ê íåìó äâóõ äîìèíèðóþùèõ âåðøèí.

ËÈÒÅÐÀÒÓÐÀ
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Àâòîìîðôèçìîì ïðîñòîãî öèêëà C â ãðàôå G íàçîâåì àâòîìîðôèçì G, îñòàâ-
ëÿþùèé C íà ìåñòå. Òàêèì îáðàçîì, AutC = {ϕ ∈ AutG |ϕ(C) = C}. Ãðóïïû
àâòîìîðôèçìîâ öèêëîâ èñïîëüçóþòñÿ êàê ïðè êëàññèôèêàöèè öèêëîâ [1], òàê è
äëÿ ïîñòðîåíèÿ íîâûõ ñ ôèêñèðîâàííûìè ñâîéñòâàìè [2], [3].

Î÷åâèäíî, ÷òî AutC ÿâëÿåòñÿ ëèáî öèêëè÷åñêîé ãðóïïîé ïîðÿäêà m, ëèáî
ãðóïïîé äèýäðà ïîðÿäêà 2m. Îáîçíà÷èì ÷åðåç Aut+C â ïåðâîì ñëó÷àå ñàìó ãðóï-
ïó AutC, âî âòîðîì öèêëè÷åñêóþ ïîäãðóïïó ïîðÿäêà m.

Ïóñòü ϕ � ïîðîæäàþùèé ýëåìåíò ãðóïïû Aut+C. Âåðøèíû ãðàôà G ïîä äåé-
ñòâèåì ϕ ðàçáèâàþòñÿ íà îðáèòû. Íàçîâåì ãðàôîì îðáèò Oϕ(G) ïîä äåéñòâèåì
ϕ ïðîñòîé ãðàô, ïîëó÷àþùèéñÿ èç G îòîæäåñòâëåíèåì âåðøèí âíóòðè êàæäîé
îðáèòû. ×èñëî âåðøèí â îðáèòå íàçîâåì âåñîì ñîîòâåòñòâóþùåé âåðøèíû ãðàôà
îðáèò.

Ïóñòü ϕ ∈ Aut+C ÿâëÿåòñÿ ïîðîæäàþùèì öèêëè÷åñêîé ãðóïïû ïîðÿäêà k.
Óòâåðæäåíèå 1. Åñëè â G ñóùåñòâóåò òàêîé öèêë C äëèíû t, ÷òî Aut+C =

〈ϕ〉, òî â Oϕ(G) ñóùåñòâóåò öèêë äëèíû t/k ïî âåðøèíàì âåñà k.
Óòâåðæäåíèå 2. Åñëè â Oϕ(G) ñóùåñòâóåò öèêë äëèíû t/k ïî âåðøèíàì

âåñà k, ïîðîæäåííûé öåïüþ v0, v1, . . . , vt/k â èñõîäíîì ãðàôå G, è ñïðàâåäëèâî

ϕ(v0) = vt/k, òî ñóùåñòâóåò öèêë C äëèíû t, äëÿ êîòîðîãî Aut+C = 〈ϕ〉.
Òàêèì îáðàçîì, âîïðîñû ñóùåñòâîâàíèÿ öèêëîâ ñ íåòðèâèàëüíîé ãðóïïîé àâ-

òîìîðôèçìîâ ñâîäÿòñÿ ê çàäà÷å íàõîæäåíèÿ ãàìèëüòîíîâûõ öèêëîâ â ãðàôàõ
îðáèò.

Â äàííîé ðàáîòå äàí îáçîð ðåçóëüòàòîâ àâòîðà ïî ãðóïïàì àâòîìîðôèçìîâ
ïðîñòûõ è ãàìèëüòîíîâûõ öèêëîâ â áóëåâîì n-êóáå [3]�[5] è ïðèâîäÿòñÿ íåêîòî-
ðûå îáîáùåíèÿ ýòèõ ðåçóëüòàòîâ íà ñëó÷àé q-è÷íîãî n-êóáà. Â ÷àñòíîñòè, ïîëó÷å-
íû âåðõíèå îöåíêè íà ïîðÿäîê ãðóïïû àâòîìîðôèçìîâ ãàìèëüòîíîâûõ è ïðîñòûõ
öèêëîâ, ïîñòðîåíû ïðîñòûå öèêëû â êóáàõ ìàëûõ ðàçìåðíîñòåé ñ áîëüøîé ãðóï-
ïîé àâòîìîðôèçìîâ.
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Ðàññìàòðèâàåòñÿ çàäà÷à ïîñòðîåíèÿ ðàñïèñàíèÿ ìèíèìàëüíîé äëèíû áåñêîí-
ôëèêòíîé àãðåãàöèè äàííûõ â áåñïðîâîäíûõ ñåíñîðíûõ ñåòÿõ (ÁÑÑ). Ïðè ýòîì
ñ÷èòàåòñÿ, ÷òî êîëè÷åñòâî êàíàëîâ ïåðåäà÷è äàííûõ äîñòàòî÷íî âåëèêî, è êîí-
ôëèêòû, âîçíèêàþùèå ïðè îäíîâðåìåííîé ïåðåäà÷å ðàçíûì àäðåñàòàì, íå ó÷è-
òûâàþòñÿ. Ñ÷èòàåòñÿ, ÷òî âðåìÿ ðàáîòû ÁÑÑ ìîæåò áûòü ðàçáèòî íà âðåìåííûå
ðàóíäû � èíòåðâàëû îäèíàêîâîé äëèíû, äîñòàòî÷íîé äëÿ ïðèåìà èëè ïåðåäà÷è
îäíîãî ïàêåòà äàííûõ. Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî â ïðîöåññå àãðåãàöèè îáú-
åì äàííûõ íå óâåëè÷èâàåòñÿ (òàêîå âîçìîæíî, íàïðèìåð, ïðè ïîèñêå ìèíèìàëü-
íîãî, ìàêñèìàëüíîãî èëè ñðåäíåãî çíà÷åíèÿ) è êàæäûé ýëåìåíò ñåòè ïåðåäàåò
ðîâíî îäèí ïàêåò.

Ïóñòü ÁÑÑ ïðåäñòàâëåíà â âèäå ñâÿçíîãî íåîðèåíòèðîâàííîãî ãðàôà G =
(V,E), â êîòîðîì êàæäàÿ âåðøèíà i ∈ V ñîîòâåòñòâóåò íåêîòîðîìó ýëåìåíòó
ñåòè, à ðåáðî (i, j) ∈ E îòðàæàåò äîïóñòèìóþ ëèíèþ ñâÿçè. Ïóñòü çàäàíà áàçîâàÿ
ñòàíöèÿ s ∈ V . Òðåáóåòñÿ ïîñòðîèòü àãðåãàöèîííîå äåðåâî T = (s, V,E′), E′ ⊂ E
ñ êîðíåì â s è äëÿ êàæäîé âåðøèíû v ∈ V \ {s} îïðåäåëèòü âðåìåííîé ðàóíä
tv ∈ {1, . . . , |V | − 1} ïåðåäà÷è äàííûõ ðîäèòåëüñêîé âåðøèíå â äåðåâå T òàêèì
îáðàçîì, ÷òî äëèíà ðàñïèñàíèÿ L = max(tv, v ∈ V \{s}) ìèíèìàëüíà è âûïîëíåíû
ñëåäóþùèå óñëîâèÿ:

• âðåìÿ ïåðåäà÷è äàííûõ âåðøèíîé ïðåâîñõîäèò âðåìÿ ïðèåìà äàííûõ îò
ëþáîé èç åå äî÷åðíèõ âåðøèí â äåðåâå T ;

• âåðøèíà íå ìîæåò ïðèíèìàòü äàííûå îò ðàçíûõ âåðøèí âî âðåìÿ îäíîãî
âðåìåííîãî ðàóíäà.

Äàííàÿ çàäà÷à ýêâèâàëåíòíà èçâåñòíîé NP-òðóäíîé çàäà÷å òåëåôîííîãî ðàñ-
ïðîñòðàíåíèÿ äàííûõ (telephone broadcasting [1]). Â äàííîé ðàáîòå ïðåäëàãàåòñÿ
íîâûé ýâðèñòè÷åñêèé àëãîðèòì, îñíîâàííûé íà ìåòîäå ãåíåòè÷åñêîãî ëîêàëüíîãî
ïîèñêà. Ïðîâåäåííûé ÷èñëåííûé ýêñïåðèìåíò ïîêàçàë, ÷òî ïðåäëàãàåìûé àëãî-
ðèòì ïîçâîëÿåò íàéòè áîëåå òî÷íûå ðåøåíèÿ çàäà÷è, ÷åì íàèëó÷øèå èç èçâåñò-
íûõ àëãîðèòìîâ [2], [3] íà ìíîãèõ ðàñïðîñòðàíåííûõ ìîäåëÿõ òîïîëîãèè ñåòè.

Ðàáîòà À.È. Åðçèíà ÷àñòè÷íî ïîääåðæàíà ãðàíòîì ÐÔÔÈ (ïðîåêò � 16-07-00552).

Ðàáîòà Ð.Â. Ïëîòíèêîâà ÷àñòè÷íî ïîääåðæàíà ãðàíòîì ÐÔÔÈ (ïðîåêò � 16-37-60006).
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Â çàäà÷àõ ðàçìåùåíèÿ õàáû îáû÷íî ñëóæàò â êà÷åñòâå ïóíêòîâ, â êîòîðûõ
íàêàïëèâàþòñÿ è ïåðåðàñïðåäåëÿþòñÿ ïîòîêè (íàïðèìåð, ïàññàæèðîâ, ãðóçîâ, ïî-
÷òû, äàííûõ). Ýôôåêò îò ââåäåíèÿ õàáîâ îáóñëîâëåí ñ îäíîé ñòîðîíû ñîêðàùå-
íèåì ñâÿçåé (ñïèö), ïî êîòîðûì ïðîèñõîäèò ïåðåäà÷à ïîòîêà, à ñ äðóãîé ñòîðîíû
îò ýêîíîìèè íà ìàñøòàáàõ [1].

Â ðàáîòå ðàññìàòðèâàåòñÿ íîâàÿ äâóõóðîâíåâàÿ íåëèíåéíàÿ ÷àñòè÷íî�öåëî-
÷èñëåííàÿ ìîäåëü ðàçìåùåíèÿ õàáîâ, ñâÿçàííûõ ñ íèìè ðàäèàëüíûõ ñåòåé è âû-
áîðà öåí çà îáñëóæèâàíèå êëèåíòîâ. Ëèäåð ïåðâûì âûáèðàåò ñâîè õàáû, êîí-
ñòðóèðóåò òîïîëîãèþ ñâîèõ ðàäèàëüíûõ ñåòåé è óñòàíàâëèâàåò öåíû. Çàòåì ñâîé
âûáîð äåëàåò ïîñëåäîâàòåëü. Äëÿ êàæäîé ïàðû (ïóíêò-ãåíåðàöèè, ïóíêò-íàçíà-
÷åíèÿ) è â ñåòè ëèäåðà, è â ñåòè ïîñëåäîâàòåëÿ íàéäåòñÿ ñâîé ìàðøðóò ïåðåäà-
÷è ïîòîêà. Ðàñïðåäåëåíèå ïîòîêîâ ìåæäó ìàðøðóòàìè îïèñûâàåòñÿ ñïåöèàëüíîé
ìîäåëüþ (logit model) [1].

Ðàíåå áûëî ïîêàçàíî [1], ÷òî â äàííîé ìîäåëè ñóùåñòâóåò ðàâíîâåñèå Øòà-
êåëüáåðãà äëÿ ëþáîãî òèïà âçàèìîäåéñòâèÿ èãðîêîâ: êàê êîîïåðàòèâíîãî, òàê è
íåêîîïåðàòèâíîãî. Óñòàíîâëåíî, ÷òî åñëè õàáû è ñåòè èãðîêàìè óæå âûáðàíû è
èãðîêè ó÷àñòâóþò â öåíîâîé âîéíå ïî òèïó èãðû Áåðòðàíà, òî ñóùåñòâóåò åäèí-
ñòâåííîå è êîíå÷íîå ðàâíîâåñèå Íýøà äëÿ ëþáîãî òèïà âçàèìîäåéñòâèÿ èãðîêîâ.

Â äàííîé ðàáîòå ýòè ðåçóëüòàòû àíàëèçèðóþòñÿ â êîíòåêñòå, ñâÿçàííîì ñ äè-
ëåììîé çàêëþ÷åííîãî [2]. Â èññëåäóåìîé ìîäåëè ó ïîñëåäîâàòåëÿ ñóùåñòâóåò ñëå-
äóþùàÿ ñòðàòåãèÿ âûáîðà ðåøåíèÿ. Îí ìîæåò êîïèðîâàòü ñåòü ëèäåðà è âûáðàòü
òàêèå æå öåíû. Ïðè òàêîé ñòðàòåãèè ïîñëåäîâàòåëÿ îáà èãðîêà ïîëó÷àò îäèíà-
êîâûé äîõîä. Åñëè äîïóñòèòü, ÷òî ëèäåð çíàåò îá ýòîé ñòðàòåãèè ïîñëåäîâàòåëÿ,
òî èãðîêè ìîãóò ïîëó÷èòü ïðîèçâîëüíî áîëüøîé äîõîä. Òàêèì îáðàçîì, êàê è â
äèëåììå çàêëþ÷åííîãî, âîçíèêàåò ïàðàäîêñ � íåîïòèìàëüíàÿ ñòðàòåãèÿ îêàçû-
âàåòñÿ áîëåå âûãîäíîé, ÷åì îïòèìàëüíàÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-07-00319).
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Îäíèì èç âàæíûì êðèïòîãðàôè÷åñêèì ñâîéñòâ áóëåâûõ ôóíêöèé ÿâëÿåòñÿ
àëãåáðàè÷åñêàÿ èììóííîñòü, îíà áûëà ââåäåíà â ðàáîòå [1]. Àëãåáðàè÷åñêîé èì-
ìóííîñòüþ AI(f) áóëåâîé ôóíêöèè f : Fn2 → F2 íàçûâàåòñÿ ìèíèìàëüíîå ÷èñëî
d òàêîå, ÷òî ñóùåñòâóåò áóëåâà ôóíêöèÿ g ñòåïåíè d, íå òîæäåñòâåííî ðàâíàÿ
íóëþ, äëÿ êîòîðîé fg = 0 èëè (f ⊕ 1)g = 0.

Äàííîå ïîíÿòèå ðàçëè÷íûìè ñïîñîáàìè áûëî îáîáùåíî íà âåêòîðíûé ñëó÷àé.
Îäíèì èç íàèáîëåå åñòåñòâåííûõ îáîáùåíèé ÿâëÿåòñÿ ïîíÿòèå êîìïîíåíòíîé àë-
ãåáðàè÷åñêîé èììóííîñòè, ââåä¼ííîå â [2]. Êîìïîíåíòíîé àëãåáðàè÷åñêîé èì-
ìóííîñòüþ AIcomp(F ) âåêòîðíîé áóëåâîé ôóíêöèè F : Fn2 → Fm2 íàçûâàåòñÿ ìè-
íèìàëüíàÿ àëãåáðàè÷åñêàÿ èììóííîñòü êîìïîíåíòíûõ ôóíêöèé b · F , ãäå b ∈ Fm2
è b 6= 0, ò. å. AIcomp(F ) = min{AI(b·F ) | b ∈ Fm2 , b 6= 0}, ãäå b·F = b1f1⊕. . .⊕bmfm.

Äëÿ áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ èçâåñòíî [3], ÷òî àëãåáðàè÷åñêàÿ èì-
ìóííîñòü íå ïðåâîñõîäèò dn2 e, áîëåå òîãî ñóùåñòâóþò ôóíêöèè, èìåþùèå AI(f) =
dn2 e. Â ñëó÷àå êîìïîíåíòíîé àëãåáðàè÷åñêîé èììóííîñòè âåêòîðíûõ áóëåâûõ
ôóíêöèé òàêæå áûëî ïîëó÷åíî [2], ÷òî AIcomp(F ) ≤ dn2 e.

Äàííàÿ ðàáîòà ïðîñâåùåíà èçó÷åíèþ óñëîâèé ñóùåñòâîâàíèÿ âåêòîðíûõ áóëå-
âûõ ôóíêöèé ñ ìàêñèìàëüíîé êîìïîíåíòíîé àëãåáðàè÷åñêîé èììóííîñòüþ, ðàâ-
íîé dn2 e. Áûëè äîêàçàíû ñëåäóþùèå íåîáõîäèìûå óñëîâèÿ íà çíà÷åíèÿ n,m.

Òåîðåìà 1. Åñëè âåêòîðíàÿ áóëåâà ôóíêöèÿ F : Fn2 → Fm2 èìååò ìàêñèìàëü-

íóþ êîìïîíåíòíóþ àëãåáðàè÷åñêóþ èììóííîñòü AIcomp(F ) = dn2 e, òî

m ≤ 2d
n+1

2 e − 1.

Òåîðåìà 2. Åñëè âåêòîðíàÿ áóëåâà ôóíêöèÿ F : Fn2 → Fm2 èìååò ìàêñèìàëü-

íóþ êîìïîíåíòíóþ àëãåáðàè÷åñêóþ èììóííîñòü AIcomp(F ) = dn2 e è n íå÷åòíî,

òî m ≤ n.
Ñòîèò îòìåòèòü, ÷òî â ñëó÷àå ÷åòíîãî n, â îòëè÷èå îò íå÷åòíîãî ñëó÷àÿ, îãðà-

íè÷åíèå m ≤ n â îáùåì ñëó÷àå íå ÿâëÿåòñÿ âåðíûì è ñóùåñòâóþò ôóíêöèè ñ
ìàêñèìàëüíîé êîìïîíåíòíîé àëãåáðàè÷åñêîé èììóííîñòüþ, èìåþùèå m > n.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-41-543364).

ËÈÒÅÐÀÒÓÐÀ

1. Meier W., Pasalic E., Carlet C. Algebraic attacks and decomposition of Boolean
functions // Lect. Notes Comput. Sci. 2004. V. 3027. P. 474�491.

2. Carlet C.On the algebraic immunities and higher order nonlinearities of vectorial Boolean
functions // NATO Sci. Peace Secur. Ser. D, Inf. Commun. Secur. 2009. V. 23. P. 104�
116.

3. Courtois N., Meier W Algebraic attacks on stream ciphers with linear feedback // Lect.
Notes Comput. Sci. 2003. V. 2656. P. 345�359.
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ÓÏÐÀÂËßÞÙÈÌÈ ÔÓÍÊÖÈßÌÈ

Ïðûòêîâ Í.Â.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
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Äèñêðåòíûå äèíàìè÷åñêèå ñèñòåìû ÿâëÿþòñÿ ìîùíûì èíñòðóìåíòîì ìîäåëè-
ðîâàíèÿ ðàçëè÷íûõ ñëîæíûõ ñòðóêòóð. Â ÷àñòíîñòè, îíè èãðàþò âàæíóþ ðîëü â
îïèñàíèè ñòðîåíèÿ è ïîâåäåíèÿ ãåííûõ ñåòåé, â òåîðèè óïðàâëÿþùèõ ñèñòåì, â
çàäà÷àõ îáðàáîòêè è àíàëèçà èíôîðìàöèè è âî ìíîãèõ äðóãèõ ñôåðàõ.

Ïîä äèñêðåòíîé äèíàìè÷åñêîé ñèñòåìîé ïîíèìàåòñÿ ñâÿçíûé îðèåíòèðîâàí-
íûé ãðàô Gn(V,D) ñ ìíîæåñòâîì âåðøèí V = {v0, . . . , vn−1}. Êàæäîé âåðøèíå vi
ïðèïèñàíî çíà÷åíèå xi èç Zp, ïàðàìåòð p íàçûâàåòñÿ çíà÷íîñòüþ ñèñòåìû. Íàáîð
çíà÷åíèé âñåõ âåðøèí îïðåäåëÿåò ñîñòîÿíèå s äèíàìè÷åñêîé ñèñòåìû, à çíà÷åíèÿ
êîîðäèíàò íîâîãî ñîñòîÿíèÿ âû÷èñëÿþòñÿ ñëåäóþùèì îáðàçîì:

x′i =


xi − 1, åñëè fi(x) = 0 è xi > 0,

xi + 1, åñëè fi(x) = 1 è xi < p− 1,

xi, èíà÷å,

ãäå fi � óïðàâëÿþùàÿ ôóíêöèÿ äëÿ âåðøèíû vi äèñêðåòíîé äèíàìè÷åñêîé ñèñòå-
ìû. Ãðàôîì ñîñòîÿíèé íàçûâàåòñÿ îðèåíòèðîâàííûé ãðàô, âåðøèíàìè êîòîðîãî
ÿâëÿþòñÿ ñîñòîÿíèÿ ñèñòåìû, à äóãà èç s1 â s2 ñóùåñòâóåò òîãäà è òîëüêî òîãäà,
êîãäà ñèñòåìà èç ñîñòîÿíèÿ s1 ïåðåõîäèò â ñîñòîÿíèå s2.

Ñèñòåìû ñ àääèòèâíûìè è ìóëüòèïëèêàòèâíûìè ôóíêöèÿìè â êà÷åñòâå óïðàâ-
ëÿþùèõ èçó÷àëèñü â ðàáîòàõ [1], [2], â ðàáîòàõ [3], [4] ðàññìàòðèâàëñÿ ñëó÷àé
ïîðîãîâûõ óïðàâëÿþùèõ ôóíêöèé.

Â äàííîé ðàáîòå àíàëèçèðóþòñÿ ñâîéñòâà äèñêðåòíûõ äèíàìè÷åñêèõ ñèñòåì ñ
ïðîèçâîëüíûìè óïðàâëÿþùèìè ôóíêöèÿìè. Â ÷àñòíîñòè, äëÿ ëþáîé ðàçìåðíî-
ñòè è çíà÷íîñòè äîêàçûâàåòñÿ ñóùåñòâîâàíèå ñèñòåìû, ãðàô ñîñòîÿíèé êîòîðîé
èìååò îäíó êîìïîíåíòó ñâÿçíîñòè â âèäå îðèåíòèðîâàííîãî öèêëà, à òàêæå ïðè-
âîäèòñÿ íèæíÿÿ îöåíêà íà êîëè÷åñòâî òàêèõ ñèñòåì.

ËÈÒÅÐÀÒÓÐÀ
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2005. � 14. Ñ. 213�217.

2. Åâäîêèìîâ À.À., Êîìàðîâ À.Â., Ëèõîøâàé Â.À. Î âîññòàíîâèìîñòè äèñêðåòíûõ
ìîäåëåé ãåííûõ ñåòåé // Âåñòí. Òîìñê. ãîñ. óí-òà. 2006. � 18. Ñ. 66�77.

3. Áûêîâ È.Ñ. Ôóíêöèîíèðîâàíèå äèñêðåòíîé äèíàìè÷åñêîé ñèñòåìû öèðêóëÿíòíîãî
òèïà ñ ïîðîãîâûìè ôóíêöèÿìè â âåðøèíàõ // ÏÄÌ. 2014. � 4. Ñ. 84�95.

4. Ïðûòêîâ Í.Â., Ïåðåæîãèí À.Ë. Àëãîðèòìû âîññòàíîâëåíèÿ äèñêðåòíûõ äèíàìè÷å-
ñêèõ ñèñòåì ñ ïîðîãîâûìè ôóíêöèÿìè // Òð. ÑÏÈÈÐÀÍ. 2016. � 49. Ñ. 66�79.
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Ðû÷êîâ Ê.Ë.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
rychkov@math.nsc.ru

Ïðèâåäåíû äîêàçàòåëüñòâà íèæíèõ îöåíîê ñëîæíîñòè ðåàëèçàöèè ëèíåéíîé
áóëåâîé ôóíêöèè x1+. . .+xn = 1 (mod 2) ôîðìóëàìè â áàçèñå {∨,∧,− }. Äîêàçàíî,
÷òî ïðè n = 6 ýòà ñëîæíîñòü íå ìåíüøå 40. Äàíî óïðîùåííîå äîêàçàòåëüñòâî
ïîëó÷åííîãî ðàíåå ðåçóëüòàòà: äëÿ ÷¼òíîãî n 6= 2k âûøåóêàçàííàÿ ñëîæíîñòü íå
ìåíüøå n2 + 2, äëÿ íå÷¼òíîãî n ≥ 5 � íå ìåíüøå n2 + 3.

ËÈÒÅÐÀÒÓÐÀ

1. Ðû÷êîâ Ê.Ë. Î íèæíèõ îöåíêàõ ôîðìóëüíîé ñëîæíîñòè ëèíåéíîé áóëåâîé ôóíê-
öèè // Ñèá. ýëåêòðîí. ìàòåì. èçâ. 2014. Ò. 11. Ñ. 165�184.
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×ÈÑËÎ ÑÓÌÌ È ÐÀÇÍÎÑÒÅÉ
Â ÀÁÅËÅÂÛÕ ÃÐÓÏÏÀÕ

Ñàðãñÿí Â. Ã.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà,
Ìîñêâà, Ðîññèÿ; vahe_sargsyan@ymail.com

Ïîëó÷åíû âåðõíèå è íèæíèå îöåíêè ÷èñëà ïîäìíîæåñòâ, ïðåäñòàâèìûõ â âèäå
ñóììû è ðàçíîñòè ïîäìíîæåñòâ, â àáåëåâûõ ãðóïïàõ.

Ïóñòü G � àáåëåâà ãðóïïà ïîðÿäêà n, à k ≥ 0 è l ≥ 0 � öåëûå ÷èñëà, óäî-
âëåòâîðÿþùèå óñëîâèþ k + l ≥ 2, è A ⊆ G. Îáîçíà÷èì −A = {−x | x ∈ A},
A + A = {x1 + x2 | x1, x2 ∈ A}, A − A = {x1 − x2 | x1, x2 ∈ A}. Ïîäìíîæåñòâî
A ⊆ G íàçûâàåòñÿ (k, l)-ñóììîé, åñëè ñóùåñòâóåò ïîäìíîæåñòâî B ⊆ G òàêîå,
÷òî A = B + . . .+B︸ ︷︷ ︸

k

−B − . . .−B︸ ︷︷ ︸
l

. Â ÷àñòíîñòè, (1, 1)-ñóììà íàçûâàåòñÿ ðàçíî-

ñòüþ, à (2, 0)-ñóììà � ïðîñòî ñóììîé. Ñåìåéñòâî (k, l)-ñóìì â G îáîçíà÷èì ÷åðåç
SSk,l(G), à ÷åðåç Zn � ãðóïïó ïî ìîäóëþ n.

Â 2004 ã. Á. Ãðèíîì (B. Green) è È. Ðóæåé (I. Ruzsa) áûëà äîêàçàíà ñëåäóþùàÿ
Òåîðåìà 1 [1]. Ïóñòü p � ïðîñòîå ÷èñëî. Òîãäà ñïðàâåäëèâû ñîîòíîøåíèÿ

p22p/3 � |SS2,0(Zp)| ≤ 2p/3+κ(p),

ãäå κ(p)/p→ 0 ïðè p→∞, ïðè÷åì κ(p)� p(log log p)
2/3

(log p)
−1/9

.

Â ðàáîòå [2] àâòîðîì áûëà ïîëó÷åíà àñèìïòîòèêà ëîãàðèôìà ÷èñëà ïîäìíî-
æåñòâ A, ïðåäñòàâèìûõ â âèäå A = B −B.

Òåîðåìà 2 [2]. Ïóñòü p � ïðîñòîå ÷èñëî. Òîãäà ñïðàâåäëèâû ñîîòíîøåíèÿ

p22p/3 � |SS1,1(Zp)| ≤ 2p/3+κ(p),

ãäå κ(p)/p→ 0 ïðè p→∞, ïðè÷åì κ(p)� p(log log p)
2/3

(log p)
−1/9

.

ÏóñòüD(G) � ðàçìåð íàèáîëüøåé ñîáñòâåííîé ïîäãðóïïû ãðóïïû G, à ϕ(n) �
ôóíêöèÿ Ýéëåðà. Â ðàáîòå äîêàçûâàåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3. Ïóñòü G � àáåëåâà ãðóïïà ïîðÿäêà n è ýêñïîíåíòû ν, à k, l �
íåîòðèöàòåëüíûå öåëûå ÷èñëà òàêèå, ÷òî k + l = 2. Òîãäà ñïðàâåäëèâû îöåíêè

νϕ(ν)2ν/3 � |SSk,l(G)| ≤ 2n/3+D(G)/3+ō(n),

ïðè n, ν →∞.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò 16-01-00593A).

ËÈÒÅÐÀÒÓÐÀ

1. Green B., Ruzsa I. Counting sumsets and sum-free sets modulo a prime // Stud. Sci.
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Ìû ðàññìàòðèâàåì ñèòóàöèþ, êîãäà öåëüþ �ðåøåíèÿ� îïòèìèçàöèîííîé çà-
äà÷è ÿâëÿåòñÿ âûäà÷à ïîëíîãî ìíîæåñòâà å¼ äîïóñòèìûõ ðåøåíèé, óäîâëåòâî-
ðÿþùèõ êàêèì-òî äîïîëíèòåëüíûì òðåáîâàíèÿì. Íàïðèìåð, òðåáóåòñÿ âûäàòü
íà ïå÷àòü âñå ðåøåíèÿ, îïòèìàëüíûå ïî çàäàííîìó êðèòåðèþ, ëèáî � âñå ðå-
øåíèÿ ñî çíà÷åíèÿìè öåëåâîé ôóíêöèè, íå ïðåâîñõîäÿùèìè çàäàííîé âåëè÷è-
íû, ëèáî � âñå ðåøåíèÿ, îòíîñèòåëüíàÿ ïîãðåøíîñòü êîòîðûõ (äëÿ çàäàííîãî
êðèòåðèÿ) íå ïðåâîñõîäèò çàäàííîé âåëè÷èíû D. Òðåáîâàíèÿ, ïðåäúÿâëÿåìûå ê
ïîñëåäîâàòåëüíîñòè âûâîäèìûõ íà ïå÷àòü ðåøåíèé, òàêîâû:

A. ÏÎËÍÎÒÀ. Äîëæíû áûòü âûäàíû âñå ðåøåíèÿ, óäîâëåòâîðÿþùèå çà-
äàííûì ñâîéñòâàì.

B. ÍÅÏÎÂÒÎÐßÅÌÎÑÒÜ. Íåäîïóñòèì ìíîãîêðàòíûé âûâîä îäíîãî è òî-
ãî æå ðåøåíèÿ.

C. ÏÎËÈÍÎÌÈÀËÜÍÀß ÂÐÅÌÅÍÍÀß ÝÔÔÅÊÒÈÂÍÎÑÒÜ àëãîðèòìà.
Íàëè÷èå ïîëèíîìà P (x), îãðàíè÷èâàþùåãî âðåìÿ îòûñêàíèÿ êàæäîãî âûäàâà-
åìîãî íà ïå÷àòü ðåøåíèÿ. Èíà÷å ãîâîðÿ, äëÿ ëþáîãî çàäàííîãî íà âõîäå ïðèìåðà
I èñõîäíîé çàäà÷è ïðîìåæóòîê âðåìåíè, ïðîõîäÿùèé ìåæäó ìîìåíòàìè (îêîí-
÷àíèÿ) âûäà÷è ëþáûõ äâóõ ïîñëåäîâàòåëüíûõ ðåøåíèé, íå äîëæåí ïðåâîñõîäèòü
P (|I|), ãäå |I| � äëèíà çàïèñè âõîäà I. Ýòîé æå âåëè÷èíîé îãðàíè÷èâàåòñÿ âðåìÿ
ïîèñêà ïåðâîãî ðåøåíèÿ, à òàêæå � âðåìÿ, ïðîõîäÿùåå ïîñëå âûäà÷è ïîñëåä-
íåãî ðåøåíèÿ äî ìîìåíòà îñòàíîâêè ïðîãðàììû. Ñîâîêóïíîñòü ýòèõ òðåáîâàíèé
íàçûâàåòñÿ �ïîëèíîìèàëüíîé çàäåðæêîé� (polynomial delay).

D. ÏÎËÈÍÎÌÈÀËÜÍÎ ÎÃÐÀÍÈ×ÅÍÍÀß ÏÀÌßÒÜ ïðîãðàììû. Íàëè÷èå
òàêîãî ïîëèíîìà Q(x), ÷òî â êàæäûé ìîìåíò ðàáîòû ïðîãðàììû îáú¼ì çàíèìà-
åìîé åþ îïåðàòèâíîé ïàìÿòè êîìïüþòåðà íå ïðåâîñõîäèò Q(|I|). Ñèå òðåáîâàíèå
íàçûâàåòñÿ �ïîëèíîìèàëüíûì ïðîñòðàíñòâîì� (polynomial space). Íàëè÷èå äàí-
íîãî îãðàíè÷åíèÿ îñîáåííî àêòóàëüíî â ñëó÷àå, êîãäà èñêîìîå ìíîæåñòâî ìîæåò
èìåòü ýêñïîíåíöèàëüíóþ ìîùíîñòü.

Äàííûé âèä èññëåäîâàíèé äåìîíñòðèðóåòñÿ íàìè íà ïðèìåðå êëàññè÷åñêîé
çàäà÷è òåîðèè ðàñïèñàíèé � çàäà÷è Äæîíñîíà (ôîðìàëüíî � çàäà÷è �ow shop ñ
äâóìÿ ìàøèíàìè è n ðàáîòàìè íà ìèíèìóì äëèíû ðàñïèñàíèÿ), ãäå â êà÷åñòâå
èñêîìîãî ìíîæåñòâà ðåøåíèé âûñòóïàåò ëèáî ìíîæåñòâî îïòèìàëüíûõ ðàñïèñà-
íèé, ìèíèìèçèðóþùèõ äëèíó èíòåðâàëà âûïîëíåíèÿ âñåõ ðàáîò, ëèáî (â áîëåå
îáùåì ñëó÷àå) � D-îïòèìàëüíûõ ðàñïèñàíèé äëÿ çàäàííîé ïîãðåøíîñòè D.

Êàê èçâåñòíî, èìåííî ñ òåîðåòè÷åñêîãî ðåøåíèÿ äàííîé çàäà÷è, îïóáëèêîâàí-
íîãî Ñýëìîðîì Äæîíñîíîì â 1953 ãîäó â îò÷¼òå êîìïàíèè RAND Corporation,
íà÷àëàñü èñòîðèÿ ïîÿâëåíèÿ íà ñâåò íàóêè, èçâåñòíîé íûíå êàê �Òåîðèÿ ðàñïè-
ñàíèé�. Ïîëó÷åííûé íàìè ðåçóëüòàò îáîáùàåò ðåçóëüòàò Äæîíñîíà, ýôôåêòèâíî
ïåðå÷èñëÿÿ âñå îïòèìàëüíûå ðåøåíèÿ äàííîé çàäà÷è.

Ðàáîòà ïåðâîãî àâòîðà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé (ïðîåêò � 17-07-00513).

454



Ñåêöèÿ 8. Äèñêðåòíàÿ ìàòåìàòèêà, èíôîðìàòèêà è ìàòåìàòè÷åñêàÿ êèáåðíåòèêà

Î ÍÅËÈÍÅÉÍÛÕ ÄÂÎÈ×ÍÛÕ ÊÎÄÀÕ,
ÁËÈÇÊÈÕ ÏÎ ÑÂÎÉÑÒÂÀÌ Ê ËÈÍÅÉÍÛÌ

Ñîëîâüåâà Ô.È.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
sol@math.nasc.ru

Â íàñòîÿùåé ðàáîòå ïðèâîäèòñÿ îáçîð ðåçóëüòàòîâ, ïîñâÿùåííûõ íåëèíåéíûì
äâîè÷íûì êîäàì ñî ñâîéñòâàìè, áëèçêèìè ê ëèíåéíûì. Îñíîâíûå îïðåäåëåíèÿ
ñì. â [1]. Êîä íàçûâàåòñÿ òðàíçèòèâíûì, åñëè åãî ãðóïïà àâòîìîðôèçìîâ ñî-
äåðæèò ïîäãðóïïó, äåéñòâóþùóþ òðàíçèòèâíî íà êîäîâûõ ñëîâàõ. Åñëè, áîëåå
òîãî, ýòà ïîäãðóïïà ÿâëÿåòñÿ ðåãóëÿðíîé (òî åñòü åå ïîðÿäîê ñîâïàäàåò ñ ìîù-
íîñòüþ êîäà), òî êîä íàçûâàåòñÿ ïðîïåëèíåéíûì êîäîì, à ïîäãðóïïà íàçûâàåòñÿ
ïðîïåëèíåéíîé ñòðóêòóðîé êîäà. Íà ïðîïåëèíåéíîì êîäå ìîæåò ñóùåñòâîâàòü
áîëüøîå êîëè÷åñòâî ïðîïåëèíåéíûõ ñòðóêòóð, â òîì ÷èñëå íåèçîìîðôíûõ êàê
ãðóïïû. Âñå ëèíåéíûå êîäû ïðîïåëèíåéíû, ïðè÷åì îäèí è òîò æå ëèíåéíûé êîä
(è íåîáÿçàòåëüíî ëèíåéíûé) ìîæåò äîïóñêàòü íåýêâèâàëåíòíûå ïðîïåëèíåéíûå
ñòðóêòóðû. Î÷åâèäíî, ÷òî âñÿêèé ïðîïåëèíåéíûé êîä òðàíçèòèâåí. Âñå Z2Z4 è
Z4-ëèíåéíûå êîäû ÿâëÿþòñÿ ïðîïåëèíåéíûìè, ñðåäè íèõ îòìåòèì êîäû Ïðåïàðà-
òà, Êåðäîêà, Ãåòàëñà. Íàéäåíî 3057 êëàññîâ ñîïðÿæåííîñòè è íå ìåíåå 2284 êëàñ-
ñîâ èçîìîðôèçìà ïðîïåëèíåéíûõ ñòðóêòóð íà ðàñøèðåííîì ñîâåðøåííîì êîäå
Õýììèíãà H16, ïðîäîëæàþùèõ ïðîïåëèíåéíûå ñòðóêòóðû íà êîäå Íîðäñòðîìà �
Ðîáèíñîíà (Ìîãèëüíûõ È.Þ., 2015).

Äëÿ ïîñòðîåíèÿ øèðîêèõ êëàññîâ òðàíçèòèâíûõ è ïðîïåëèíåéíûõ ñîâåðøåí-
íûõ êîäîâ è èññëåäîâàíèÿ èõ ñâîéñòâ áûëè ïðèìåíåíû êîíñòðóêöèè Âàñèëüåâà,
Ïëîòêèíà, Ìîëëàðà, Ôåëïñà, ñì. [1]. Â 2012 ã. Áîðãåñîì Ê. è äð. èññëåäîâàíû
ñòðóêòóðíûå ñâîéñòâà ïðîïåëèíåéíûõ êîäîâ. Äîêàçàíî, ÷òî òðàíçèòèâíûå ðàñ-
øèðåííûå ñîâåðøåííûå êîäû Ïîòàïîâà, îáíàðóæåííûå èì â 2006 ã., ïðîïåëè-
íåéíû [1], à òàêæå ïðîïåëèíåéíû ñîâåðøåííûå êîäû Âàñèëüåâà, ïîñòðîåííûå ñ
ïîìîùüþ êâàäðàòè÷íûõ ôóíêöèé (Êðîòîâ Ä.Ñ., Ïîòàïîâ Â.Í., 2013 ã.). Ïåð-
âûé êëàññ êîäîâ îêàçàëñÿ ýêñïîíåíöèàëüíûì ïî ìîùíîñòè, âòîðîé � äâàæäû
ýêñïîíåíöèàëüíûì.

Äëÿ êîäîâîãî ñëîâà y ñîâåðøåííîãî êîäà C îïðåäåëèì ñèñòåìó òðîåê Øòåéíå-
ðà Sy ñëåäóþùèì îáðàçîì: {y+u | u ∈ C,w(y+u) = 3}, çäåñü w(y) � âåñ êîäîâîãî
ñëîâà y. Ñîâåðøåííûé êîä C íàçûâàåòñÿ ãîìîãåííûì, åñëè äëÿ ëþáûõ y è z èç C
ñèñòåìû òðîåê Øòåéíåðà Sy è Sz èçîìîðôíû. Â 2010 ã. Îñòåðãàðäîì Ï.Ð.Æ. è
äð. ïåðå÷èñëåíû âñå íåýêâèâàëåíòíûå ãîìîãåííûå è òðàíçèòèâíûå ñîâåðøåííûå
äâîè÷íûå êîäû äëèíû 15. Ãîìîãåííûõ êîäîâ îêàçàëîñü 437, â òî âðåìÿ êàê òðàí-
çèòèâíûõ âñåãî 201. Â 2015 ã. Ìîãèëüíûõ È.Þ. è Ñîëîâüåâà Ô.È. óñòàíîâèëè,
÷òî äëÿ âñÿêîé äëèíû n = 2r− 1, r ≥ 4 ñóùåñòâóþò ãîìîãåííûé íåòðàíçèòèâíûé
è òðàíçèòèâíûé íåïðîïåëèíåéíûé ñîâåðøåííûå êîäû.

Äîêëàä áàçèðóåòñÿ íà ñåðèè ðàáîò ñ ñîàâòîðàìè Áîðãåñîì Ê., Ìîãèëüíûõ È.Þ.
è Ðèôîé Æ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00499).

ËÈÒÅÐÀÒÓÐÀ

1. Ñîëîâüåâà Ô.È. Îáçîð ïî ñîâåðøåííûì êîäàì // Ìàòåìàòè÷åñêèå âîïðîñû êèáåð-
íåòèêè. Âûï. 18: Ñáîðíèê ñòàòåé. Ì.: Ôèçìàòëèò, 2013. Ñ. 5�34.

455



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

Î ÒÐÀÍÑÂÅÐÑÀËßÕ Â ÊËÅÒ×ÀÒÛÕ ËÀÒÈÍÑÊÈÕ
ÊÂÀÄÐÀÒÀÕ È ÃÈÏÅÐÊÓÁÀÕ

Òàðàíåíêî À.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
taattg@mail.ru

d-Ìåðíûé ëàòèíñêèé ãèïåðêóá Q ïîðÿäêà n � ýòî d-ìåðíûé ìàññèâ ïîðÿäêà
n, çàïîëíåííûé n ðàçëè÷íûìè ñèìâîëàìè òàêèì îáðàçîì, ÷òî â ëþáîé ëèíèè
ýòîãî ìàññèâà âñå ýëåìåíòû ðàçëè÷íû. Äâóìåðíûå ëàòèíñêèå ãèïåðêóáû áîëåå
èçâåñòíû êàê ëàòèíñêèå êâàäðàòû [1].

Òðàíñâåðñàëüþ ëàòèíñêîãî ãèïåðêóáà Q íàçûâàåòñÿ òàêîé íàáîð èç n åãî ýëå-
ìåíòîâ, ÷òî â ëþáîé ãèïåðãðàíè ãèïåðêóáà ëåæèò ðîâíî îäèí ýëåìåíò èç ýòîãî
íàáîðà è ÷òî â ýòèõ ýëåìåíòàõ ñîäåðæàòñÿ âñå n ðàçëè÷íûõ ñèìâîëîâ. Ïóñòü T (Q)
åñòü ÷èñëî òðàíñâåðñàëåé â ãèïåðêóáå Q.

d-Ìåðíûé ëàòèíñêèé ãèïåðêóá Q ïîðÿäêà 2n íàçîâåì êëåò÷àòûì, åñëè Q ñî-
ñòîèò èç nd áëîêîâ, ãäå êàæäûé èç áëîêîâ ïðåäñòàâëÿåò ñîáîé d-ìåðíûé ëàòèí-
ñêèé ãèïåðêóá ïîðÿäêà 2.

Òåîðåìà 1. ×èñëî òðàíñâåðñàëåé â d-ìåðíîì êëåò÷àòîì ëàòèíñêîì ãèïåðêóáå

ïîðÿäêà 2n äåëèòñÿ íà 2(d−1)n.

Îáîçíà÷èì ÷åðåç Zdm d-ìåðíûé ëàòèíñêèé ãèïåðêóá ïîðÿäêà 2m, êîòîðûé ÿâ-
ëÿåòñÿ òàáëèöåé Êýëè èòåðèðîâàííîé ãðóïïû Zm2 îò d ïåðåìåííûõ. Íåñëîæíî
âèäåòü, ÷òî ãèïåðêóá Zdm åñòü êëåò÷àòûé ëàòèíñêèé ãèïåðêóá.

Òåîðåìà 2. Äëÿ ëþáîãî d ≥ 2 è m ≥ 1 ñóùåñòâóåò c = c(d) > 0 òàêîå,

÷òî T (Zdm) ≥ cn
(d−1)

4 n ïðè ÷åòíîì d è T (Zdm) ≥ cn
(d−1)

2 n ïðè íå÷åòíîì d, ãäå
n = 2m åñòü ïîðÿäîê ëàòèíñêîãî ãèïåðêóáà Zdm. Â ÷àñòíîñòè, ÷èñëî òðàíñâåðñàëåé

â ëàòèíñêîì êâàäðàòå, êîòîðûé ÿâëÿåòñÿ òàáëèöåé Êýëè ãðóïïû Zm2 , íå ìåíüøå
÷åì cnn/4.

ËÈÒÅÐÀÒÓÐÀ
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Äëÿ ïîìå÷åííûõ n-âåðøèííûõ ãðàôîâ ôèêñèðîâàííîãî äèàìåòðà d ≥ 1 èçó-
÷àþòñÿ âåêòîðû ðàçíîîáðàçèÿ øàðîâ (i-ÿ êîìïîíåíòà âåêòîðà ðàâíà ÷èñëó ðàç-
ëè÷íûõ øàðîâ ðàäèóñà i) â àñèìïòîòèêå. Â ñâÿçè ñ ïðîáëåìîé îïèñàíèÿ òàêèõ
âåêòîðîâ ìû îáðàùàåìñÿ ê èññëåäîâàíèþ àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ÷èñëà n-
âåðøèííûõ ãðàôîâ ñî ñïåöèàëüíûì ðàçíîîáðàçèåì øàðîâ è ê èçó÷åíèþ âåêòî-
ðà ðàçíîîáðàçèÿ øàðîâ òèïè÷íîãî ãðàôà (ñì. [1], ãäå èçëîæåí ïîäõîä ê îïðå-
äåëåíèþ êëàññà òèïè÷íûõ êîìáèíàòîðíûõ îáúåêòîâ è àáñòðàêòíîãî òèïè÷íîãî
êîìáèíàòîðíîãî îáúåêòà äëÿ çàäàííîãî êëàññà îáúåêòîâ, äîïóñêàþùèõ ïîíÿòèå
ðàçìåðíîñòè. Â ðàáîòå ïîä ðàçìåðíîñòüþ ãðàôà ïîíèìàåòñÿ ÷èñëî åãî âåðøèí,
ðàçóìååòñÿ, âîçìîæíû äðóãèå îïðåäåëåíèÿ ðàçìåðíîñòè ãðàôà).

Äëÿ ïðîèçâîëüíûõ d ≥ 1 è n ∈ N ÿâíî îïðåäåëÿåòñÿ íàáîð öåëî÷èñëåííûõ
âåêòîðîâ Λn,d äëèíû d+ 1, ñîñòîÿùèé èç bd−1

2 c ðàçëè÷íûõ âåêòîðîâ ïðè d ≥ 5 è
åäèíñòâåííîãî âåêòîðà ïðè d < 5.

Òåîðåìà. Âåêòîð ðàçíîîáðàçèÿ øàðîâ òèïè÷íîãî n-âåðøèííîãî ãðàôà ôèê-
ñèðîâàííîãî äèàìåòðà d ïðèíàäëåæèò Λn,d.

Ïðè äîêàçàòåëüñòâå òåîðåìû èñïîëüçóåòñÿ êðèòåðèé ñîâïàäåíèÿ øàðîâ [2] è
ðàçâèâàåòñÿ ïîäõîä èç [3] äëÿ ïîëó÷åíèÿ îöåíîê ÷èñëà ãðàôîâ ôèêñèðîâàííîãî
äèàìåòðà ñ òðåáóåìûìè ñâîéñòâàìè. Ïîëó÷åííûé ðåçóëüòàò îçíà÷àåò, ÷òî ïî÷òè
âñå ïîìå÷åííûå n-âåðøèííûå ãðàôû äèàìåòðà d èìåþò âåêòîð ðàçíîîáðàçèÿ øà-
ðîâ èç Λn,d. Áîëåå òîãî, â ðàáîòå óñòàíàâëèâàåòñÿ, ÷òî ïðè óäàëåíèè ëþáîãî
âåêòîðà èç íàáîðà Λn,d ýòî ñâîéñòâî íå âûïîëíÿåòñÿ, è â ýòîì ñìûñëå òåîðåìà íå
óëó÷øàåìà.

Òàêèì îáðàçîì, ïîëó÷åíî ðåøåíèå ïðîáëåìû îïèñàíèÿ âåêòîðîâ ðàçíîîáðàçèÿ
øàðîâ äëÿ ïî÷òè âñåõ ãðàôîâ çàäàííîãî äèàìåòðà. Êðîìå òîãî, ïðè èññëåäîâàíèè
ãðàôîâ ôèêñèðîâàííîãî äèàìåòðà ñ áîëüøèì ÷èñëîì âåðøèí âûÿñíåíî ðàñïîëî-
æåíèå öåíòðîâ âñåõ ðàçëè÷íûõ øàðîâ çàäàííîãî ðàäèóñà â òèïè÷íîì ãðàôå è, â
÷àñòíîñòè, äîêàçàíû ñëåäóþùèå ñâîéñòâà.

Ñëåäñòâèå 1. Òèïè÷íûé ãðàô äèàìåòðà d = 1, 2 îáëàäàåò ïîëíûì ðàçíîîá-

ðàçèåì øàðîâ.

Ñëåäñòâèå 2. Ïóñòü d ≥ 3. Òîãäà òèïè÷íûé ãðàô äèàìåòðà d íå îáëàäàåò

ëîêàëüíûì 2-ðàçíîîáðàçèåì øàðîâ è, â ÷àñòíîñòè, íå ÿâëÿåòñÿ ãðàôîì ïîëíîãî

ðàçíîîáðàçèÿ øàðîâ, ïðè ýòîì îáëàäàåò ëîêàëüíûì 1-ðàçíîîáðàçèåì øàðîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00949).
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Star ãðàôîì Sn, n > 2, íàçûâàåòñÿ ãðàô Êýëè íà ñèììåòðè÷åñêîé ãðóïïå
Symn, ïîðîæäàþùåå ìíîæåñòâî êîòîðîãî ñîñòîèò èç òðàíñïîçèöèé ïåðâîãî è i-
ãî ýëåìåíòîâ, ãäå 2 6 i 6 n. Ïîä ñïåêòðîì ãðàôà ïîíèìàåòñÿ íàáîð ñîáñòâåííûõ
çíà÷åíèé ãðàôà. Îíè æå ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèöû ñìåæíî-
ñòè ãðàôà. Ñïåêòð íàçûâàåòñÿ öåëî÷èñëåííûì, åñëè âñå ñîáñòâåííûå çíà÷åíèÿ
ìàòðèöû ñìåæíîñòè ÿâëÿþòñÿ öåëûìè.

Â 2009 ã. áûëà âûñêàçàíà ãèïîòåçà î òîì, ÷òî Star ãðàô Sn äëÿ ëþáûõ n > 4
èìååò öåëî÷èñëåííûé ñïåêòð. Â 2012 ã. ýòà ãèïîòåçà áûëà äîêàçàíà â ðàáîòå
Á. Ìîõàðà è Ð. Êðàêîâñêè [1]. Èìè òàêæå áûëè ïîëó÷åíû íèæíèå îöåíêè íà
êðàòíîñòè ñîáñòâåííûõ çíà÷åíèé. Îòêðûòûì îñòàâàëñÿ âîïðîñ î âîçìîæíîñòè
âû÷èñëåíèÿ òî÷íûõ çíà÷åíèé êðàòíîñòåé ñîáñòâåííûõ çíà÷åíèé.

Â 2015 ã. áûëè ïîëó÷åíû ïåðâûå òî÷íûå çíà÷åíèÿ êðàòíîñòåé äëÿ ãðàôà Sn
ïðè n 6 10 [2]. Íà îñíîâå êîìáèíàòîðíîãî ïîäõîäà Æ. ×àïîÿ è Â. Ôåððåÿ [3],
èñïîëüçóþùåãî òåîðèþ ïðåäñòàâëåíèé ñèììåòðè÷åñêîé ãðóïïû, áûë ðàçðàáîòàí
ìåòîä âû÷èñëåíèÿ êðàòíîñòåé ñîáñòâåííûõ çíà÷åíèé Star ãðàôà. Â 2016 ã. â [4] ïî-
ëó÷åíû àíàëèòè÷åñêèå ôîðìóëû äëÿ âû÷èñëåíèÿ êðàòíîñòåé áîëüøèõ ñîáñòâåí-
íûõ çíà÷åíèé. Êðîìå òîãî, äëÿ êðàòíîñòåé ñîáñòâåííûõ çíà÷åíèé â îêðåñòíîñòè
íóëÿ áûëà äîêàçàíà íîâàÿ óëó÷øåííàÿ àñèìïòîòè÷åñêàÿ îöåíêà.

Â íàñòîÿùåé ðàáîòå äîêàçàíà òåîðåìà îá îáùåì âèäå àíàëèòè÷åñêîé ôîðìóëû
äëÿ êðàòíîñòè ïðîèçâîëüíîãî ñîáñòâåííîãî çíà÷åíèÿ Star ãðàôà.

Òåîðåìà. Ïóñòü n > 2 è 1 6 t 6 n
2 , òîãäà êðàòíîñòü mul(n− t) ñîáñòâåííîãî

çíà÷åíèÿ (n− t) âûðàæàåòñÿ ôîðìóëîé

mul(n− t) =
n2(t−1)

(t− 1)!
+ P (n),

ãäå P (n) � íåêîòîðûé ïîëèíîì ñòåïåíè, íå ïðåâûøàþùåé 2(t− 1).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 15-01-05867 è � 16-01-00499 à).
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Ñ ÌÀÐØÐÓÒÈÇÀÖÈÅÉ
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Çàäà÷à open shop ñ ìàðøðóòèçàöèåé ìàøèí áûëà âïåðâûå îïèñàíà â 2005 ã. [1].
Â ýòîé çàäà÷å çàäàíî ìíîæåñòâî ìîáèëüíûõ ìàøèí, êàæäàÿ èç êîòîðûõ äîëæíà
âûïîëíèòü ïî îäíîé îïåðàöèè ó êàæäîé èç íåïîäâèæíûõ ðàáîò, ðàñïîëîæåííûõ
â âåðøèíàõ òðàíñïîðòíîé ñåòè. Ðàçëè÷íûå îïåðàöèè ðàáîò íå ìîãóò âûïîëíÿòü-
ñÿ îäíîâðåìåííî. Ìàøèíû èçíà÷àëüíî íàõîäÿòñÿ â âûäåëåííîé âåðøèíå (áàçå)
è äîëæíû äîáðàòüñÿ äî ñîîòâåòñòâóþùåé âåðøèíû äëÿ âûïîëíåíèÿ îïåðàöèè
ðàñïîëîæåííîé â íåé ðàáîòû. Òðåáóåòñÿ ñîñòàâèòü êðàò÷àéøåå äîïóñòèìîå ðàñ-
ïèñàíèå âûïîëíåíèÿ âñåõ îïåðàöèé è âîçâðàùåíèÿ ìàøèí íà áàçó. Ïðåäïîëàãàåò-
ñÿ, ÷òî â êàæäîé âåðøèíå ðàñïîëîæåíà õîòÿ áû îäíà ðàáîòà, ðàññòîÿíèÿ ìåæäó
âåðøèíàìè çàäàíû è óäîâëåòâîðÿþò íåðàâåíñòâó òðåóãîëüíèêà. Çàäà÷à ÿâëÿåòñÿ
îáîáùåíèåì êàê ìåòðè÷åñêîé çàäà÷è êîììèâîÿæåðà, òàê è êëàññè÷åñêîé çàäà÷è
open shop òåîðèè ðàñïèñàíèé.

Çàäà÷à ÿâëÿåòñÿ NP-òðóäíîé óæå â ïðîñòåéøåì íåâûðîæäåííîì ñëó÷àå ñ äâó-
ìÿ ìàøèíàìè íà äâóõâåðøèííîé ñåòè [2]. Äëÿ ýòîãî ñëó÷àÿ â [1] ïîêàçàíî, ÷òî
îïòèìóì îòëè÷àåòñÿ îò ñòàíäàðòíîé íèæíåé îöåíêè íå áîëåå ÷åì â 6

5 ðàçà. Íåäàâ-
íî ýòîò ðåçóëüòàò áûë îáîáùåí íà ñëó÷àé òðåõâåðøèííîé ñåòè [3]. Òî÷íàÿ æå
âåðõíÿÿ îöåíêà îïòèìóìà äëÿ ïðîèçâîëüíîãî äâóõìàøèííîãî ñëó÷àÿ äî ñèõ ïîð
íåèçâåñòíà.

Ïîæàëóé, íàèáîëåå èíòðèãóþùèì îòêðûòûì âîïðîñîì, ñâÿçàííûì ñ ýòîé çà-
äà÷åé, ÿâëÿåòñÿ ñóùåñòâîâàíèå àëãîðèòìà ïðèáëèæåííîãî ðåøåíèÿ ñ êîíñòàíò-
íîé îöåíêîé òî÷íîñòè äëÿ ïðîèçâîëüíîãî ÷èñëà ìàøèí è ïðîèçâîëüíîé òðàíñ-
ïîðòíîé ñåòè. Íàèëó÷øèé èç èçâåñòíûõ òàêèõ àëãîðèòìîâ èìååò îöåíêó òî÷íîñòè
O(logm), ãäå m � ÷èñëî ìàøèí [4]. Íåñìîòðÿ íà òî, ÷òî îáå êëàññè÷åñêèå ïîä-
çàäà÷è ðàññìàòðèâàåìîé ìîäåëè � ìåòðè÷åñêàÿ çàäà÷à êîììèâîÿæåðà è çàäà÷à
open shop � èìåþò àëãîðèòìû ñ êîíñòàíòíîé îöåíêîé òî÷íîñòè, èõ åñòåñòâåííàÿ
êîìáèíàöèÿ ïîêà óñïåøíî ñîïðîòèâëÿåòñÿ ïîñòðîåíèþ òàêîãî àëãîðèòìà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 17-01-00170 è � 17-07-00513).
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APPROXIMATION-PRESERVING REDUCTION
OF k-MEANS CLUSTERING WITH A GIVEN CENTER

TO k-MEANS CLUSTERING

Ageev A.A.

Sobolev Institute of Mathematics SB RAS, Novosibirsk, Russia;
ageev@math.nsc.ru

We consider the following clustering problem introduced by A. Kelmanov and
studied in a series of papers by him and his coauthors (see [1] for the references).

Problem k-Means+Fixed Center.
Instance: A set X consisting of n points Rd and a positive integer k.
Goal : Find a family of mutually disjoint subsets C1, . . . Ck ⊆ X minimizing the

function
k∑
i=1

∑
x∈Ci

‖x− z(Ci)‖2 +
∑

x∈X\(
⋃

i Ci)

‖x‖2

where z(Ci) stands for the centroid of Ci.
Problem k-Means+Fixed Center is a natural modi�cation of the classical

k-Means problem.
Problem k-Means.
Instance: A set X consisting of n points Rd and a positive integer k.
Goal : Find a partition C1, . . . Ck of X minimizing the function

k∑
i=1

∑
x∈Ci

‖x− z(Ci)‖2

where z(Ci) is the centroid of Ci. Our main result is the following
Theorem. Let A be an algorithm solving k-means with approximation ratio 1+δ

and time complexity T (d, n, k, 1/δ). Then problem k-means+fixed center can be

solved with approximation ratio (1 + ε)(1 + δ) in time T (d, n(1 + 1/ε), k + 1, 1/δ).
This theorem allows to carry known algorithmic results from k-Means problem to
k-Means+Fixed Center problem.
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ON A CERTAIN GENERALIZATION
OF THE ASSIGNMENT PROBLEM

Duginov O. I.1, Mankevich M.A.2

Belarusian State University, Minsk, Republic of Belarus;
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Di�erent generalizations of the classical assignment problem are widely-studied
in literature (see, for example, [1], [2]). We consider the following generalization of
the assignment problem proposed in the paper [3]. Given a complete bipartite graph
G = (U ∪W,E) with weighted edges and a partition U = U1∪U2∪ . . .∪Um, theMin-

Max Weighted Matching problem asks for an inclusion-wise maximal matching
of G such that the value max (w1, w2, . . . , wm) is minimum, where wi is the sum of
weights of matching edges incident to vertices of Ui. If m = 1 then this problem is
exactly the assignment problem.

The Min-Max Weighted Matching problem arises while container processing
in railway yards and it is relatively little-studied. Barketau et al. in [3] showed that for
each ε ∈ (0, 1] �nding an approximate solution to Min-Max Weighted Matching

within a factor of (2−ε) is strongly NP-hard and proposed heuristics for this problem.
As theMin-Max Weighted Matching problem is strongly NP-hard, the follow-

ing question arises naturally [3]: Does theMin-Max Weighted Matching problem
remain NP-hard in the strong sense for �xed m ≥ 2? We answer this question.

Theorem 1. For each �xed m ≥ 2,Min-Max Weighted Matching is strongly

NP-hard.
The NP-hardness in the strong sense is proved by a reduction from the Minimum

Maximal Matching problem restricted to cubic graphs, which is known to be
NP-hard [4]. Theorem 1 can be strengthened for the case m ≥ 3 as follows.

Theorem 2. For each �xed m ≥ 3, Min-Max Weighted Matching restricted

to complete bipartite graphs G = (U ∪W,E) such that for each vertex w ∈W weights

of all edges incident to w are equal remains NP-hard in the strong sense.

A proof of this theorem is based on a reduction from the 3-Partition problem,
which is known to be NP-hard in the strong sense [5].

Finally, we present results on the computational complexity of special cases of the
Min-Max Weighted Matching problem. Besides, we give exact algorithms and
heuristics for the considered problem.
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This study is based on the �tness-level model [1] of non-elitist evolutionary algo-
rithms with tournament selection. This algorithm is denoted by EA in what follows.
The model from [1] provides upper and lower bounds for the expected proportion of
the individuals with �tness above given thresholds in the EA population.

On the positive side, we show that the EA with uniform selection and mutation,
which always �ips a single bit, applied to satis�able 2-SAT instances, has the probability
at most 1/2 of not visiting a satisfying assignment during Ω(n2) iterations. We also
obtain an upper bound for the probability of not visiting an optimum in t iterations
of Randomized Local Search, applied to the unimodal Boolean functions. This bound
is exponentially vanishing in t.

On the negative side, we show that even for the simple objective function
OneMax(x) :=

∑n
i=1 xi on the search space {0, 1}n, the EA with tournament of

size 2 and mutation operator, which �ips each bit independently with probability 1/n,
there exists a constant c > 0 such that for all t < en ln(n) − cn − ren, given
any r ∈ [0, ln(n) − c], the expected proportion of optimal individuals in population
number t is upper bounded by 0.74e−r/2 +O(1/n). This result uses a tail-bound for
the (1+1) EA from [2].

A detailed description of the obtained results and their proofs may be found in [3].
The author was supported by the Russian Foundation for Basic Research (project no. 16-

01-00740).

REFERENCES

1. Eremeev A.V., �Modeling and analysis of genetic algorithm with tournament selection,�
in: Proc. of Arti�cial Evolution Conference (AE'99), Springer Berlin Heidelberg, Berlin,
2000, pp. 84�95.

2. Lehre P.K., Witt C., �Concentrated hitting times of randomized search heuristics with
variable drift,� in: Proc. of Algorithms and Computation: 25th International Symposium
(ISAAC 2014), Springer International Publishing, 2014, pp. 686�697.

3. Eremeev A.V., �On proportions of �t individuals in population of mutation-
based evolutionary algorithm with tournament selection,� accepted to Evolutionary
Computation (2017), arXiv:1507.08007 [cs.NE].

462



Ñåêöèÿ 8. Äèñêðåòíàÿ ìàòåìàòèêà, èíôîðìàòèêà è ìàòåìàòè÷åñêàÿ êèáåðíåòèêà
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The Travelling Salesman Problem with Vertex Requisitions (TSPVR)
is formulated as follows. Let G = (X,U) be an arc-weighted digraph, where
X = {x1, . . . , xn} is the set of vertices, U is the set of arcs with non-negative arc
weights ρ(x, y), (x, y) ∈ U . Besides that, a system of vertex subsets (requisitions)
Xi ⊆ X, i = 1, . . . , n, is given, such that 1 ≤ |Xi| ≤ 2 for all i = 1, . . . , n.

Let F denote the set of bijections fromXn := {1, . . . , n} toX, such that f(i) ∈ Xi,
i = 1, . . . , n, for all f ∈ F . The problem consists in �nding such a mapping f∗ ∈ F

that ρ(f∗) = min
f∈F

ρ(f), where ρ(f) =
n−1∑
i=1

ρ(f(i), f(i+1))+ρ(f(n), f(1)) for all f ∈ F .

The TSPVR is strongly NP-hard [1], and this problem does not admit a fully
polynomial time approximation scheme, provided that P6=NP.

A. I. Serdyukov showed that almost all feasible instances of TSPVR have not more
than n feasible solutions and may be solved in quadratic time [1]. He proposed an
exact algorithm based on enumeration of all perfect matchings in bipartite graph
Ḡ = (Xn, X, Ū). Here the two subsets of vertices of bipartition Xn, X have equal
sizes, and the set of edges is Ū = {{i, x} : i ∈ Xn, x ∈ Xi}. Now there is a one-to-one
correspondence between the set of perfect matchings in the graph Ḡ and the set F of
feasible solutions to TSPVR. An edge {i, x} ∈ Ū is called special if {i, x} belongs to
all perfect matchings in the graph Ḡ. For a feasible instance of TSPVR, every perfect
matching in Ḡ is uniquely de�ned by a combination of maximal matchings chosen in
each even cycle of Ḡ and the set of all special edges.

Using the approach from [2], we propose a modi�cation of algorithm [1] for TSPVR
with time complexity O(n) for almost all feasible problem instances. A contact between
cycle j and cycle j′ 6= j (or between cycle j and a special edge) in graph Ḡ is called
a pair of vertices (i, i + 1) in the left-hand part of the graph, such that one of the
vertices belongs to the cycle j and the other one belongs to the cycle j′ (or the special
edge). A contact inside a cyclemeans a pair of vertices in the left-hand part of a cycle,
if their indices di�er exactly by one. Given an instance of TSPVR, our algorithm
carries out some preliminary computations for cycle contacts in Ḡ, and iteratively
evaluates objective function values of the feasible solutions faster than in [1].

The connection with perfect matchings in the bipartite graph Ḡ and the pre-
processing for objective function also allows us to construct a MIP model with O(n)
binary variables and a new e�ciently searchable neighborhood for the considered
problem.

The authors were supported by the Russian Science Foundation Grant (project no. 15-

11-10009).
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Let k ≥ 1 be an integer. A Roman k-dominating function on a graph G with vertex
set V is a function f : V → {0, 1, 2} such that every vertex v ∈ V with f(v) = 0 has
at least k neighbors u1, u2, · · · , uk with f(ui) = 2 for i = 1, 2, · · · , k. The weight of a
Roman k-dominating function is the value f(V ) =

∑
v∈V f(v). The minimum weight

of Roman k-dominating functions on a graph G is called the Roman k-domination
number, denoted by γkR(G). In this note, we present several new bounds on the
Roman k-domination number and by using these bounds we improve some results of
this topic.
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We consider the resource constrained project scheduling problem (RCPSP) with
precedence and resource constraints. The RCPSP can be de�ned as a combinatorial
optimization problem, i.e. in terms of decision variables, constraints and objective
functions, as follows. A set of activities and a set of resources of known characteristics
(activity durations, activity resource demands, resource availabilities, precedence
restrictions) are given. The decision variables are the activity start times de�ned
on integer time periods. The objective function which has to be minimized is the
makespan, i.e. the largest activity completion time, assuming the project starts at time
0. There are two types of constraints. The precedence constraints prevent each activity
from starting before the completion of its predecessors. The resource constraints
ensure that, at each time period and for each resource, the total activity demand does
not exceed the resource availability. Once started, an activity cannot be interrupted.

The RCPSP belongs to the class of NP-hard optimization problems and is actually
one of the most intractable classical problems in practice.

In this paper, for a problem with limited renewable resources, we propose a branch-
and-bound method with a new branching scheme based on the presentation of a
schedule in the form of an activity list. An important role in this method is played by
constructing an e�ective lower and upper bound for non-truncated solutions, and �rst
of all for a lower bound. We will use two variants of constructing such bounds. For the
�rst evaluation, the resource renewability condition is weakened to their storability.
We solve the resulting relaxed problem by means of a polynomial algorithm for �nding
its exact solution [1]. As a second variant we will use the relaxation of the original
problem, in which all activities are replaced by a chain of activities of unit duration
each, and the number of activities in such a chain is equal to the duration of this
activity (all activities have integer duration). Resources remain renewable. To solve
this relaxed problem, we apply the algorithm [2].

The proposed algorithm was tested on examples from the library PCPLIB. In
numerical experiments, both methods of calculating the lower estimate are compared,
and also on a series of examples of J60 with sixty examples, classes of examples are
revealed on which the proposed algorithm shows its strengths.

The authors were supported by the Russian Foundation for Basic Research (project

no. 16-07-00829).
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The word �cryptography� is not so secret as several years before. At least it is
possible to speak about cryptography and to make public several results in this area.
But not always you can put this word into the title of your paper. For example, there
are not too many dissertations defended in Russia containing this word.

Cryptographic research at Sobolev Institute of Mathematics has a several decades
history. Here we speak only about results related to cryptographic Boolean functions.

The monograph [1] of N. Tokareva is devoted to Boolean bent functions. These
functions have the remarkable property: each of them is on the maximal possible
Hamming distance from the class of all a�ne Boolean functions. This extremal
property distinguishes bent functions as the special mysterious class and leads to
numerous applications of bent functions in combinatorics, coding theory and especially
in cryptography. In our institute the automorphism group of bent functions was
obtained (2010), new lower bounds on the number of them were discussed (2011)
together with new generalizations of bent functions (2007). N. Kolomeec in his PhD
(2014) obtained an exact upper bound on the number of bent functions that are at the
minimal possible distance 2k from the given bent function in 2k variables; he continues
the study in terms of graphs (2016). Generalization of these results to the p-ary case
was proposed by V. Potapov (2015). He obtained some values of a spectra of Hamming
distances between bent functions, results on correlation immunity functions (2012).
Algebraic immunity together with nonlinearity of Boolean functions were studied
by S. Filyuzin (2014) and D. Pokrasenko (2016). Constructions, metrical properties,
duality and applications to mobile networks of bent functions were investigated by
A. Frolova and E. Korsakova (2013), A. Oblaukhov (2016), A. Kutsenko (2017),
N. Odinokikh (2017).

Another direction of study in our institute is vectorial Boolean functions with
optimal di�erential characteristics that are called almost perfect nonlinear (APN).
APN functions are of great interest for using in block ciphers as S-boxes but one of
the longstanding problems is the existence of APN permutations in even number of
variables. In [2] T.D. Bending, D. Fon-Der-Flaass introduced the notion of a crooked
function and studied them in connection to distance regular graphs. In particular,
each crooked function is APN. A. Gorodilova's PhD thesis (2016) is devoted to the
study of combinatorial characteristics of APN functions, where the notion of the
di�erential equivalence was introduced and the �rst in�nite family of APN functions
that have non trivial di�erential equivalence classes was presented. But the question
how to describe di�erential equivalence class of a given APN function remains open
and connected with a search of new APN functions. V. Idrisova (2015) considered the
symmetric properties of APN functions as well as the structure and properties of the
range of an arbitrary APN function.

The authors were supported by the RFBR (projects no. 15-07-01328 and 17-41-543364).
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The Star graph Sn = Cay(Symn, t), n > 2, is the Cayley graph on the symmetric
group Symn of permutations π = [π1π2 . . . πn] with the generating set t = {(1 i) ∈
Symn : 2 6 i 6 n} of all transpositions ti = (1 i) swapping the 1st and ith elements
of a permutation π. It is a connected bipartite (n−1)�regular graph of order n!. Since
the graph is bipartite, it does not contain odd cycles but it does contain l�cycles for
all even l, where 6 6 l 6 n! (with the sole exception when l = 4) [1]. The hamiltonicity
of this graph also follows from [2].

There is a connection between hamiltonicity of graphs and combinatorial Gray
codes [3], where combinatorial Gray codes has been introduced as a method of gene-
rating combinatorial objects so that successive objects di�er in some pre�speci�ed
small way. Thus, by setting the Star graph with the vertex set of permutations and
by describing Hamiltonian cycles in this graph we refer to Gray codes implicitly.

In 2013, it was suggested to use greedy sequences to construct greedy Hamiltonian
cycles in the Pancake graphs [4]. In general, a greedy sequence is de�ned as the ordered
set of generating elements of a Cayley graph. The greedy Hamiltonian cycle is a
Hamiltonian cycle formed by consecutive application of the leftmost suitable element
of a greedy sequence. A greedy sequence is called a greedy subsequence if it forms a
non-hamiltonian cycle.

In this work we apply greedy approach to the Star graph.
Theorem. In the Star graph Sn, n > 4, any ordered sequence of mutually di�erent

n− 1 elements from the generating set t is a greedy subsequence which forms a cycle
of length 2 · 3n−2.

The proof of Theorem is constructive. It gives us an algorithm for constructing
Hamiltonian cycles in the Star graphs. This algorithm also uses cycles of small lengths
in the graph [5], [6].

The second author is supported by the Russian Foundation for Basic Research (project
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Bent functions are Boolean functions that have maximal possible nonlinearity, one
of the most important cryptographic properties of Boolean functions. In other words,
bent functions are at the maximal possible Hamming distance from the set of all a�ne
functions. They were proposed by O. Rothaus [1].

In this work bent functions that are constant on several cosets of some linear
subspace are considered. Let us give a representation of a bent function by cosets of
some subspace.

Theorem 1. For any bent function f in 2k variables there exists a t-dimensional
linear subspace L, where 1 ≤ t ≤ k, such that f is constant on each of some 22k−2t

distinct cosets of L and balanced on each other its cosets.

Remark 1. For the given representation of a bent function f it is natural to
consider the maximal possible t.

Remark 2. If t = k, the bent function f is called normal. Hence this repre-
sentation is a generalization of the large class of normal bent functions proposed by
H. Dobbertin [2]. Some properties of bent functions with t = k can be found in [3].

Remark 3. To construct bent functions in this way there are many other restric-
tions on values of f |a⊕L, a ∈ F2k

2 .
Let us describe a secondary construction of bent functions in this representation.

It is similar to constructing bent functions at the minimal distance [3], moreover, if
t = k, it exactly gives a bent function at the minimal possible distance from f .

Theorem 2. Let a bent function f in 2k variables be constant on each of distinct
a1⊕L, . . . , a22k−2t⊕L, where L is a t-dimensional linear subspace and a1, . . . , a22k−2t ∈
F2k

2 . Then f ⊕ χ(a1⊕L)∪...∪(a
22k−2t⊕L) is a bent function too.
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We consider a new version of the colored bin packing problem which is a special
case of the co-printing problem [1]. Each item has not the weight but has some colors.
The bin capacity limits the total number of colors for its items. The goal is to pack all
items into the minimal number of identical bins such that the total number of colors
of items in each bin does not exceed the bin capacity. It is NP-hard problem in the
strong sense and it can be reformulated as a biclique vertex covering problem.

We apply the column generation method for the model with exponential number of
variables. It produces a lower bound. The VNS matheuristic with large neighborhoods
is designed for solving the pricing problem and accelerating the method [2]. The
column generation method provides a core subset of the most promising bin patterns.
This core is used to get upper bounds. We apply three heuristics and exact method to
this core. It is interesting to note that exact method is very e�cient in this case and
dominates the heuristics. We need a lot of running time for column generation method
and a few time for getting upper bound by exact method. In our computational
experiments, we observe that exact method provides good results even for a subcore
when we terminate the column generation at an intermediate step. We illustrate this
useful idea in computational experiments for the large scale instances with number of
items up to 500. We study the e�ciency of our hybrid approach on randomly generated
test instances. For that case, this hybrid method has found optimal solutions.
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We consider the routing open shop problem which is a generalization of the open
shop and the metric travelling salesman problems. The jobs are located at the nodes
of a transportation network G. The machines have to travel between the jobs. Thus
not only the processing times of the operations, but also the travel times between jobs
have to be taken into account. It is assumed that all machines are initially located
at the same node (depot). They have to process the operations of all jobs and return
to the depot after the completion of all jobs. Any number of machines can travel
through the same edge or node simultaneously in any direction. We assume that the
machines use the shortest paths while travelling between the nodes. We suppose that
the speed of the machine is �xed but may di�er from that of other machines. Thus,
the travel time of each machine from one vertex to another is proportional to the
shortest distance between the vertices. The makespan of a feasible schedule is the
interval between the date when the machines start working or moving and the date
at which the last machine returns to the depot after �nishing all its operations. It is
required to minimize the makespan.

The routing open shop problem is introduced by Averbakh et al. in [1], [2].
Examples of applications where machines have to travel between the jobs include
situations where parts are too big or heavy to be moved between machines (e.g., engine
casings of ships), or scheduling of robots that perform daily maintenance operations on
immovable machines located in di�erent places of a workshop [3]. Another interesting
application is related to the routing and scheduling of museum visitors traveling as
homogeneous groups [4]. The model is embedded in a prototype wireless context-aware
museum tour guide system developed for the National Palace Museum of Taiwan; one
of the top �ve museums in the world.

The routing open shop problem is strongly NP-hard even for the single machine
case as it contains the metric TSP as a special case. Moreover, the routing open shop
problem is NP-hard even on a 2-node network with only two machines [2].

In this note we present a new approximation polynomial-time algorithm with
worst-case performance guarantee O(logm), where m is a number of machines. The
algorithm has asymptotically better approximation ratio than all known algorithms.

The author was supported by the Russian Foundation for Basic Research (project no. 17-
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In this talk we have considered VNS-based heuristic for solving the Edge Minimum
Sum-of-Squares Clustering (E-MSSC). For a given graph G E-MSSC consists of
�nding p prototypes by minimizing the sum of their squared distances from a set
of vertices to their nearest prototype, where a prototype can be either a vertex or
an inner point of an edge. We consider three di�erent local search procedures like K-
means [1], J-means [2] and a new I-means heuristic [3]. Experimental results indicate
that the implemented VNS-based heuristic produces the best known results in the
literature.
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In this paper we consider the three-level model of competitive pricing. The model
is formulated as a Stackelberg leader�follower�clients game, where two companies (the
leader and the follower) assign prices in own facilities successively to service the clients.
Each facility produces a homogeneous product. Each client has a budget and a single
demand. He selects the facility with minimal total payment (price and transportation
cost) and purchase the product if his payment does not exceed his budget.

We assume two spatial pricing strategies: uniform pricing and discriminatory
pricing. Under uniform pricing each facility charges identical price. In contrast, under
discriminatory pricing each client may be charged a di�erent price. We present exact
polynomial-time algorithms to solve the problem with the following pricing cases:
1) the leader and the follower use uniform or discriminatory pricing strategy simulta-
neously;
2) the leader applies uniform pricing, in contrast, the follower applies discriminatory
pricing.
In addition, we discuss some open problems.

The author was supported by the Russian Science Foundation (project no. 17-11-01021).
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The paper deals with the perfect 1-error correcting codes over a �nite �eld with
q elements (brie�y q-ary 1-perfect codes). We show that the orthogonal code to the
q-ary non-full-rank 1-perfect code of length n = (qm − 1)/(q − 1) is a q-ary constant-
weight code with Hamming weight equals to qm−1 where m is any natural number
not less than two. We derive necessary and su�cient conditions for q-ary 1-perfect
codes of non-full rank. We suggest a generalization of the concatenation construction
to the q-ary case and construct the ternary 1-perfect codes of length 13 and rank 12.

Let Fnq be a vector space of dimension n over the �nite �eld Fq, where q = pr,
p is a prime number, r is a positive integer. The rank of code C is the maximum
number of linearly independent codewords of C. A code of length n that has rank n
is said to have full rank ; otherwise, the code is non-full rank. We denote by Mq,n the
q-ary trivial MDS code with parameters [n, n − 1, 2]q. Consider a code C of length
n = (qm−1)/(q−1) over the �eld Fq. Let w ∈ C⊥. Without loss of generality assume
that the zero entries ofw are in the �rst n−qm−1 positions. Let a vector (u|v) ∈ C. We
assume that u has length equal to n− qm−1. For each vector v ∈Mq,qm−1 , we de�ne

a q-ary code C ′(v) of length n − qm−1. Let C ′(v) = {u ∈ Fn−qm−1

q | (u|v) ∈ C}.
For each vector u ∈ Fn−qm−1

q , we de�ne a q-ary code C ′′(u) of length qm−1. Let
C ′′(u) = {v ∈Mq,qm−1 | (u|v) ∈ C}. The symbol (·|·) denotes concatenation.

Theorem. For q 6= 2, the code C of length n = (qm − 1)/(q− 1) over the �eld Fq
is a q-ary 1-perfect code of non-full rank if and only if, when the code C ′(v) is a q-ary
1-perfect code of length n−qm−1 for any v ∈Mq,qm−1 and the code C ′′(u) ⊂Mq,qm−1

is a q-ary code with parameters (qm−1, qq
m−1−m, 3)q for any u ∈ Fn−qm−1

q .

From Theorem 2.1 of the paper [1] it follows, in particular, that for any q-ary
1-perfect code C of non-full rank and length n = (qm − 1)/(q − 1) there exists a
monomial transformation ψ of the space Fnq such that

ψ(C) = {(u|v) | u ∈ C ′(v),v ∈Mq,qm−1}, (1)

where C ′(v) is a q-ary 1-perfect code of length n− qm−1. From the theorem it follows
that any vector w ∈ C⊥ forms a representation of the code C in the form (1).

For m = 3 and for q = pr, r > 1, the existence of q-ary 1-perfect codes of length
n = (q3−1)/(q−1) and rank n−3+s, s ∈ {1, 2, 3} is proved in [2]. For m = 3, q ≥ 3,
and for q, which is a prime number, the existence of q-ary 1-perfect codes of length
n = (q3 − 1)/(q− 1) and rank n− s, s ∈ {1, 0} still remains open [2]. Using the q-ary
concatenation construction proposed in this paper, we construct the ternary 1-perfect
codes of length 13 and rank 12, see [3].
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We present ongoing work on the parameterized complexity of the following
NP-hard problem of synthesizing energy-e�cient wireless communication networks.

Problem (Min-Power Symmetric Connectivity (MPSC))
Input: A graph G = (V,E) with n vertices and edge weights w : E → N.
Goal: Compute a connected spanning subgraph T = (V, F ) of G that minimizes∑

v∈V
max
{u,v}∈F

w({u, v}).

Several approximation results and recent heuristics for the problem are known [1], [2].
Assume that we know lower bounds ` : V → N such that, for each vertex v ∈ V ,

one has `(v) ≤ max{v,u}∈F w({v, u}) in any feasible solution T = (V, F ). For example,
a trivial lower bound `(v) is given by the weight of the lightest edge incident to v.
Then, we know a subgraph G` of G that we can assume to be part of any solution:

Definition. The obligatory subgraph G` of G induced by lower bounds ` : V →
N has all vertices of G and all obligatory edges {u, v} such that min{`(u), `(v)} ≥
w({u, v}).

Obviously, better lower bounds ` : V → N potentially give more obligatory edges,
which in turn reduces the number c of connected components of G`. It is easy to show
that MPSC is solvable in O(nc) time, that is, in polynomial time for constant c. We
show polynomial-time solvability even for c ∈ O(log n):

Theorem. MPSC is solvable in O
( (6e)2c

√
2π

c · ln 1/ε · n4
)
time with error probability

at most ε, where 0 < ε ≤ 1 and c is the number of connected components of G`. The
algorithm can be derandomized with running time cO(c log c) · nO(1).

There are applications where c is small, for example, if sensors are arranged into
a small number of grids, possibly each with a distinct structure, sensor density, or
defects due to sensor failures. When monitoring areas, placing sensors in a grid indeed
minimizes the energy wasted for monitoring areas multiple times [3].

The number of connected components induced by a set obligatory edges has
recently also has been discovered to have a major in�uence on the approximation
complexity of routing problems for servicing links in transportation networks [4].
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Ìîäåëè ðàçâèâàþùèõñÿ ñèñòåì, îñíîâàííûå íà èñïîëüçîâàíèè ïðåäëîæåííûõ
Â.Ì. Ãëóøêîâûì ìàêðîýêîíîìè÷åñêèõ ìîäåëåé [1], îïèñûâàþòñÿ ñ ïîìîùüþ èí-
òåãðàëüíûõ óðàâíåíèé âîëüòåððîâñêîãî òèïà ñ ïåðåìåííûìè âåðõíèìè è íèæíè-
ìè ïðåäåëàìè èíòåãðèðîâàíèÿ, ïîçâîëÿþùèìè ìîäåëèðîâàòü òåõíè÷åñêèé ïðî-
ãðåññ ñèñòåìû ñ ó÷åòîì ñòàðåíèÿ åå ïðîèçâîäñòâåííûõ ìîùíîñòåé. Â [2] äëÿ èñ-
ñëåäîâàíèÿ äîëãîñðî÷íûõ ñòðàòåãèé òåõíè÷åñêîãî ïåðåâîîðóæåíèÿ ýëåêòðîýíåð-
ãåòèêè èñïîëüçîâàëàñü èíòåãðàëüíàÿ ìîäåëü íà îñíîâå îäíîñåêòîðíîãî âàðèàíòà
ìîäåëåé ðàçâèâàþùèõñÿ ñèñòåì òèïà Ãëóøêîâà. Â [3] ðàçðàáîòàíà íîâàÿ èíòå-
ãðàëüíàÿ ìîäåëü ðàçâèâàþùåéñÿ ñèñòåìû, â êîòîðîé ñòàíöèè ðàçäåëåíû íà òðè
âîçðàñòíûå ãðóïïû. Êàæäàÿ èç ãðóïï õàðàêòåðèçóåòñÿ íåêîòîðûì êîýôôèöèåí-
òîì ýôôåêòèâíîñòè. Ýòà ìîäåëü îïèñûâàåòñÿ èíòåãðàëüíûì óðàâíåíèåì Âîëü-
òåððà I ðîäà

β1

t∫
t−T1

x(s)ds+ β2

t−T1∫
t−T2

x(s)ds+ β3

t−T2∫
t−T3

x(s)ds = p(t), t ∈ [t0, T ], (1)

ãäå x(t) � èñêîìûé ââîä ýëåêòðè÷åñêèõ ìîùíîñòåé â ìîìåíò t; βi � êîýôôèöè-
åíòû ýôôåêòèâíîñòè ôóíêöèîíèðîâàíèÿ i-îé âîçðàñòíîé ãðóïïû, Ti � âåðõíÿÿ
âîçðàñòíàÿ ãðàíèöà i-îé ãðóïïû, p(t) � çàäàííàÿ äèíàìèêà òðåáóåìîé ðàñïîëà-
ãàåìîé ìîùíîñòè.

Â ðàáîòå ðàññìàòðèâàåòñÿ âåêòîðíàÿ èíòåãðàëüíàÿ ìîäåëü ðàçâèâàþùåéñÿ ñè-
ñòåìû, â êîòîðîé îáîðóäîâàíèå äåëèòñÿ íà òðè òèïà (ÒÝÑ, ÀÝÑ, ÃÝÑ). Ìîäåëü
âêëþ÷àåò áàëàíñîâîå óðàâíåíèå (1), îáåñïå÷èâàþùåå òðåáóåìûé óðîâåíü ýëåêòðî-
ïîòðåáëåíèÿ, à òàêæå ôóíêöèîíàëüíûå óðàâíåíèÿ, êîòîðûå îïèñûâàþò ñòðóêòó-
ðó ïîòðåáëåíèÿ ýëåêòðîýíåðãèè, âûðàáàòûâàåìîé íà ðàçíûõ òèïàõ ýëåêòðîñòàí-
öèé, è çàìûêàþò ñèñòåìó èíòåãðàëüíî-ôóíêöèîíàëüíûõ óðàâíåíèé. Êðîìå òî-
ãî, â ìîäåëü âõîäÿò îãðàíè÷åíèÿ-íåðàâåíñòâà íà åæåãîäíûé ñóììàðíûé ïðèðîñò
óñòàíîâëåííîé ìîùíîñòè.

Íà áàçå ïðåäëîæåííîé ìîäåëè èññëåäîâàíû ñòðàòåãèè ââîäîâ ìîùíîñòåé ýëåê-
òðîýíåðãåòè÷åñêîé ñèñòåìû Ðîññèè, à òàêæå ðàññìîòðåíà çàäà÷à îïòèìèçàöèè ïà-
ðàìåòðîâ, óïðàâëÿþùèõ ìîìåíòàìè âûâîäà îáîðóäîâàíèÿ èç ýêñïëóàòàöèè äëÿ
ÒÝÑ è ÀÝÑ. Ïðèâîäÿòñÿ ðåçóëüòàòû ðàñ÷åòîâ äëÿ ÅÝÑ Ðîññèè äëÿ ðàçëè÷íûõ
âàðèàíòîâ ýêîíîìè÷åñêèõ ïîêàçàòåëåé, âõîäÿùèõ â öåëåâîé ôóíêöèîíàë.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-01425).
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Â ðàáîòå ðàññìàòðèâàåòñÿ ñðàâíåíèå ðåçóëüòàòîâ ÷èñëåííîãî ìîäåëèðîâàíèÿ ñ
òåîðåòè÷åñêèìè îöåíêàìè â ëèíåéíîì ïðèáëèæåíèè äëÿ çàäà÷è ãåíåðàöèè ýëåê-
òðîìàãíèòíîãî èçëó÷åíèÿ ïðè âçàèìîäåéñòâèè ýëåêòðîííîãî ïó÷êà ñ ïëàçìîé.
×èñëåííàÿ ìîäåëü ïîñòðîåíà íà îñíîâå ìåòîäà ÷àñòèö â ÿ÷åéêàõ. Çàäà÷à ðàññìàò-
ðèâàåòñÿ â äâóìåðíîé ïîñòàíîâêå. Â îáëàñòè, èìåþùåé ôîðìó ïðÿìîóãîëüíèêà,
íàõîäèòñÿ ïëàçìà, óäåðæèâàåìàÿ îäíîðîäíûì ïðîäîëüíûì ìàãíèòíûì ïîëåì. Â
ïîïåðå÷íîì íàïðàâëåíèè ïëàçìà îêðóæåíà âàêóóìîì. Ïó÷îê íåïðåðûâíî âõîäèò
â ïëàçìó âäîëü íàïðàâëåíèÿ ìàãíèòíîãî ïîëÿ ÷åðåç ëåâóþ ãðàíèöó îáëàñòè è
çàòåì ïîêèäàåò ðàñ÷¼òíóþ îáëàñòü ÷åðåç ïðàâóþ ãðàíèöó (îáåñïå÷èâàþòñÿ îò-
êðûòûå ãðàíè÷íûå óñëîâèÿ). Â [1] ïðèâåäåíû òåîðåòè÷åñêèå îöåíêè ìîùíîñòè
ãåíåðèðóåìîãî ïðè ýòîì ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ â ñëó÷àå ìîäóëèðîâàííîé
ïî ïëîòíîñòè ïëàçìû. Ïîñêîëüêó ïðèâîäèìûå â [1] îöåíêè ïîëó÷åíû â ëèíåé-
íîé òåîðèè, íåîáõîäèìî íàéòè ãðàíèöû ïðèìåíèìîñòè ýòîãî ïîäõîäà, à òàêæå
óñòàíîâèòü ìàêñèìàëüíî âîçìîæíóþ ìîùíîñòü èçëó÷åíèÿ ïðè ïîëíîì êèíåòè÷å-
ñêîì îïèñàíèè âçàèìîäåéñòâèÿ ïó÷êà ñ ïëàçìîé. Äëÿ ýòîãî ïðîâîäèòñÿ ÷èñëåííîå
ìîäåëèðîâàíèå. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçàëè, ÷òî ïðè áîëüøèõ ìî-
äóëÿöèÿõ ïëîòíîñòè ïëàçìû êëþ÷åâóþ ðîëü èãðàþò íåëèíåéíûå ýôôåêòû, â òî
âðåìÿ êàê ïðè ìàëûõ ìîäóëÿöèÿõ ïëîòíîñòè ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðî-
âàíèÿ ñ âûñîêîé òî÷íîñòüþ ñîâïàäàþò ñ òåîðåòè÷åñêèìè îöåíêàìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäî-

âàíèé (ïðîåêò � 16-31-00304), ÷èñëåííîå ìîäåëèðîâàíèå ïðîâîäèëîñü ïðè ïîääåðæêå

Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 16-11-10028).
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Îñíîâíûì äîêóìåíòîì äëÿ âûáîðà ïàðàìåòðîâ íàòóðíîé ãèäðàâëè÷åñêîé òóð-
áèíû (äèàìåòð ðàáî÷åãî êîëåñà, ÷àñòîòà âðàùåíèÿ è äð.) ÿâëÿåòñÿ óíèâåðñàëüíàÿ
õàðàêòåðèñòèêà (çàâèñèìîñòü ÊÏÄ òóðáèíû îò ïðèâåäåííûõ îáîðîòîâ è ðàñõîäà
âîäû äëÿ ðàäèàëüíî-îñåâîé (ÐÎ) òóðáèíû è äîïîëíèòåëüíî îò òðåòüåé ïåðåìåí-
íîé � óãëà ïîâîðîòà ëîïàñòåé äëÿ ïîâîðîòíî-ëîïàñòíîé (ÏË) òóðáèíû), êîòîðàÿ
ñòðîèòñÿ ïî ðåçóëüòàòàì äîðîãîñòîÿùèõ ýíåðãåòè÷åñêèõ èñïûòàíèé ìîäåëüíîé
ãèäðîòóðáèíû íà ëàáîðàòîðíîì ñòåíäå.

Â ðåçóëüòàòå èñïûòàíèé ìîäåëüíîé ÐÎ-òóðáèíû ôîðìèðóåòñÿ òàáëèöà ÷è-
ñåë, ñîñòîÿùàÿ èç âåëè÷èí îòêðûòèÿ íàïðàâëÿþùåãî àïïàðàòà a0, ïðèâåä¼ííîé
÷àñòîòû âðàùåíèÿ òóðáèíû n′, ïðèâåä¼ííîãî ðàñõîäà âîäû q′ è ÊÏÄ òóðáèíû
η. Êðîìå òîãî, äîïîëíèòåëüíî ìîãóò ñîäåðæàòüñÿ çíà÷åíèÿ êàâèòàöèîííîãî êî-
ýôôèöèåíòà è äðóãèõ ôóíêöèé. Õàðàêòåðíûìè îñîáåííîñòÿìè ýòèõ ýêñïåðèìåí-
òàëüíûõ äàííûõ ÿâëÿþòñÿ ñèëüíàÿ íåðåãóëÿðíîñòü ðàñïîëîæåíèÿ òî÷åê ñ äàí-
íûìè â ïëîñêîñòè ïåðåìåííûõ q′, n′ è çíà÷èòåëüíûå ðàçëè÷èÿ â ïîãðåøíîñòè
èçìåðåíèé äëÿ ðàçíûõ òî÷åê. Çàäà÷à ñîñòîèò â ïîñòðîåíèè ôóíêöèîíàëüíûõ çà-
âèñèìîñòåé η(q′, n′) è a0(q′, n′) ïî èñõîäíûì äèñêðåòíûì õàîòè÷åñêèì äàííûì.
Êðîìå òîãî, íåîáõîäèìî ðàçðàáîòàòü ñðåäñòâà äëÿ ðåøåíèÿ òèïîâûõ çàäà÷, ñâÿ-
çàííûõ ñ èñïîëüçîâàíèåì óíèâåðñàëüíîé õàðàêòåðèñòèêè (ïîñòðîåíèÿ èçîëèíèé
ÊÏÄ è ìîùíîñòè òóðáèíû, ëèíèé îòêðûòèÿ a0 = const, ëèíèè îãðàíè÷åíèÿ ìîù-
íîñòè, íàõîæäåíèÿ òî÷åê ìàêñèìóìà ÊÏÄ è äð.).

Ïîñòðîåíèå óíèâåðñàëüíûõ õàðàêòåðèñòèê äëÿ ÏË-òóðáèí îñëîæíÿåòñÿ, âî-
ïåðâûõ, òðåõìåðíûì õàðàêòåðîì çàâèñèìîñòè η(q′, n′, ϕ), óñèëåíèåì íåðàâíîìåð-
íîñòè ðàñïîëîæåíèÿ òî÷åê ñ èñõîäíûìè äàííûìè è, âî-âòîðûõ, íåîáõîäèìîñòüþ
ïîñòðîåíèÿ êîìáèíàòîðíîé óíèâåðñàëüíîé õàðàêòåðèñòèêè â âèäå îãèáàþùåé ñå-
ìåéñòâà ïîâåðõíîñòåé η(q′, n′, ϕ) ïî ïàðàìåòðó ϕ.

Â äîêëàäå èçëàãàåòñÿ ìàòåìàòè÷åñêèé àïïàðàò, èñïîëüçóåìûé ïðè ìîäåëèðî-
âàíèè óíèâåðñàëüíûõ õàðàêòåðèñòèê ÐÎ [1] è ÏË ãèäðîòóðáèí [2]. Ïðèâîäÿòñÿ
ïðèìåðû ïîñòðîåíèÿ óíèâåðñàëüíûõ õàðàêòåðèñòèê.

Ñîçäàííûå â ÈÌ ÑÎ ÐÀÍ ïðîãðàììíûå êîìïëåêñû YX è YXÏË, ïðåäíàçíà-
÷åííûå äëÿ ìîäåëèðîâàíèÿ óíèâåðñàëüíûõ õàðàêòåðèñòèê ãèäðîòóðáèí, èñïîëü-
çóþòñÿ íà ïðåäïðèÿòèè �Ëåíèíãðàäñêèé ìåòàëëè÷åñêèé çàâîä� (ã. Ñ.-Ïåòåðáóðã).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-07-07530).
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îáó÷åíèå è àíàëèç äàííûõ. 2014. Ò. 1, � 10. Ñ. 1439�1450.
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Â ðàáîòå ðàññìàòðèâàåòñÿ óëüòðàðåëÿòèâèñòñêàÿ äèíàìèêà çàðÿæåííûõ ÷à-
ñòèö â ñàìîñîãëàñîâàííûõ ýëåêòðîìàãíèòíûõ ïîëÿõ. Íà îñíîâå ÷èñëåííîãî ìî-
äåëèðîâàíèÿ èññëåäóåòñÿ âçàèìîäåéñòâèå âñòðå÷íûõ ïó÷êîâ ïðîòèâîïîëîæíûõ
çàðÿäîâ ïðè íåíóëåâîì óãëå âñòðå÷è.

Äëÿ îïèñàíèÿ ðàññìàòðèâàåìûõ ïðîöåññîâ èñïîëüçóþòñÿ êèíåòè÷åñêîå óðàâ-
íåíèå Âëàñîâà, óðàâíåíèÿ Ìàêñâåëëà. Çàäà÷à ðåøàåòñÿ ìåòîäîì ÷àñòèö-â-ÿ÷åéêàõ
ñ èñïîëüçîâàíèåì ñõåìû Ëýíãäîíà � Ëàçèíñêè äëÿ óðàâíåíèé Ìàêñâåëëà. Ïðèìå-
íÿåìûå àëãîðèòìû è ñõåìû ïîçâîëÿþò àâòîìàòè÷åñêè ó÷åñòü óãîë âñòðå÷è. Äëÿ
çàäàíèÿ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèé íà ýëåêòðè÷åñêîå ïîëå ïó÷êîâ ïîòðåáî-
âàëîñü ðåàëèçàöèÿ íîâîãî àëãîðèòìà. Ïî òî÷êå, â êîòîðîé íåîáõîäèìî âû÷èñëèòü
ïîëå, âû÷èñëÿþòñÿ íåîáõîäèìûå äëÿ ñóììèðîâàíèÿ âêëàäîâ â ïîëå óçëû ïëîò-
íîñòè â ïåðïåíäèêóëÿðíîé îñè äâèæåíèÿ ïëîñêîñòè. Òàê êàê ïîëå â ïðîäîëüíîì
íàïðàâëåíèè áûñòðî óáûâàåò çà ñ÷åò âûñîêèõ çíà÷åíèé ðåëÿòèâèñòñêîãî ôàêòîðà
γ, òî òðóäîåìêîñòü ñóììèðîâàíèÿ âêëàäîâ â ïîëå íå î÷åíü ñóùåñòâåííî âîçðàñ-
òàåò ñ âîçðàñòàíèåì óãëà.

Â êà÷åñòâå òåñòà èñïîëüçîâàíî àíàëèòè÷åñêîå ðåøåíèå äëÿ öèëèíäðè÷åñêèõ
ïó÷êîâ ñ ãàóññîâûì ðàñïðåäåëåíèåì ïëîòíîñòè çàðÿäà â ïîïåðå÷íîì íàïðàâëåíèè
è ñ ðàâíîìåðíîé ïëîòíîñòüþ çàðÿäà ïî ïðîäîëüíîé êîîðäèíàòå. Â ýòîì ñëó÷àå
ìîæíî èñïîëüçîâàòü òåîðåìó Ãàóññà è ïîëó÷èòü ïîëå â ïîïåðå÷íîé ïëîñêîñòè
ïó÷êà. Ðàññìîòðåíà äèíàìèêà ñôîêóñèðîâàííûõ ïó÷êîâ è ïîâåäåíèå ñâåòèìîñòè
â çàâèñèìîñòè îò ïàðàìåòðîâ ôîêóñèðîâêè ïó÷êîâ è óãëà âñòðå÷è.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 16-31-00301, � 16-01-00209).
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Intermediate Course on Accelerator Physics. 2006. P. 361�378.

3. Boronina M.A., Vshivkov V.A. Parallel 3-D particle-in-cell modelling of charged
ultrarelativistic beam dynamics // J. Plasma Physics. 2015. V. 81, No 6. Article ID
495810605.
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Âåðíèêîâñêàÿ Í.Â.

Èíñòèòóò êàòàëèçà èì. Ã.Ê. Áîðåñêîâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

vernik@catalysis.ru

Ìàòåìàòè÷åñêèå ìîäåëè ãåòåðîãåííûõ êàòàëèòè÷åñêèõ ðåàêòîðîâ èìåþò
ïðîñòðàíñòâåííî-âðåìåííîå èåðàðõè÷åñêîå ñòðîåíèå. Ïðîñòðàíñòâåííûé ìàñøòàá
òàêèõ ñèñòåì èçìåíÿåòñÿ â èíòåðâàëå îò 10−8 äî 10 ì, ñîïðÿæåííûé ñ íèì âðå-
ìåííîé ìàñøòàá èçìåíÿåòñÿ îò 10−15 äî 108 ñ [1]. Òàêîå ñîîòíîøåíèå ìàñøòàáîâ
ÿâëÿåòñÿ îñíîâíîé ïðîáëåìîé ïðè íåîáõîäèìîñòè ìîäåëèðîâàíèÿ ïðîöåññîâ íà
íåñêîëüêèõ ìàñøòàáíûõ óðîâíÿõ.

Â ðàáîòå îáñóæäàåòñÿ ïîäõîä ê ÷èñëåííîìó ìîäåëèðîâàíèþ ïðîöåññîâ íà äâóõ
ìàñøòàáíûõ óðîâíÿõ, à èìåííî, ïðîöåññîâ òåïëî- è ìàññîïåðåíîñà â ðåàêòîðå
òðóá÷àòîãî òèïà ñ ó÷åòîì ïðîöåññîâ ìàññîïåðåíîñà è êàòàëèòè÷åñêèõ ðåàêöèé â
îòäåëüíûõ ÷àñòèöàõ êàòàëèçàòîðà.

Äëÿ îïèñàíèÿ ñòàöèîíàðíûõ ïðîöåññîâ ìàññîïåðåíîñà â ÷àñòèöå êàòàëèçàòî-
ðà èñïîëüçóåòñÿ ìîäåëü çàïûëåííîãî ãàçà ñ íåêîòîðûìè óïðîùåíèÿìè. Äëÿ ÷èñ-
ëåííîãî ðåøåíèÿ ñèñòåìû íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ (ÄÓ×Ï) èñïîëüçóåòñÿ ìåòîä óñòàíîâëåíèÿ. Äëÿ ïîñòðîåíèÿ äèñ-
êðåòíîãî àíàëîãà èñïîëüçóþòñÿ èíòåãðî-èíòåðïîëÿöèîííûé ìåòîä è ìåòîä ïðÿ-
ìûõ. Äëÿ ðåøåíèÿ ïîëó÷àþùåéñÿ â ðåçóëüòàòå ñèñòåìû îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ) ïî âðåìåíè èñïîëüçóåòñÿ L-óñòîé÷èâûé ìåòîä
òèïà Ðîçåíáðîêà 2-ãî ïîðÿäêà òî÷íîñòè [2]. Â ðåçóëüòàòå ðåøåíèÿ íàõîäèì ñòå-
ïåíü èñïîëüçîâàíèÿ ÷àñòèöû êàòàëèçàòîðà. Óðàâíåíèÿ òåïëî- è ìàññîïåðåíîñà â
ðåàêòîðå ïðåäñòàâëÿþò ñîáîé ñòàöèîíàðíûå äâóìåðíûå ÄÓ×Ï ñ ïåðâîé ïðîèç-
âîäíîé ïî äëèíå ðåàêòîðà, â êîòîðûõ ó÷èòûâàåòñÿ ñòåïåíü èñïîëüçîâàíèÿ ÷àñòè-
öû êàòàëèçàòîðà. Äëÿ ïîñòðîåíèÿ äèñêðåòíîãî àíàëîãà èñïîëüçóþòñÿ èíòåãðî-
èíòåðïîëÿöèîííûé ìåòîä è ìåòîä ïðÿìûõ. Äëÿ ðåøåíèÿ ñèñòåìû ÎÄÓ ïî äëèíå
èñïîëüçóåòñÿ L-óñòîé÷èâûé ìåòîä òèïà Ðîçåíáðîêà 2-ãî ïîðÿäêà òî÷íîñòè [2].

Àëãîðèòì ïðèìåíÿëñÿ ïðè ìîäåëèðîâàíèè ðÿäà êàòàëèòè÷åñêèõ ïðîöåññîâ â
òðóá÷àòûõ ðåàêòîðàõ [3], [4]. Ïîëó÷åíî õîðîøåå ñîâïàäåíèå ìåæäó ðàñ÷åòíûìè
è ýêñïåðèìåíòàëüíûìè äàííûìè.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÔÃÁÓÍ ÈÊ ÑÎ ÐÀÍ (ïðîåêò

� 0303-2016-0002).
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Â ÷èñëåííûõ ìåòîäàõ ÷àñòî ïðèõîäèòñÿ ñòàëêèâàòüñÿ ñ ðåàëèçàöèåé ãðàíè÷-
íûõ óñëîâèé. Äëÿ òîãî ÷òîáû èçáåæàòü áîëüøîãî êîëè÷åñòâà âû÷èñëåíèé, ïðè
ðåøåíèè ÷èñëåííûìè ìåòîäàìè äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèç-
âîäíûõ ÷àñòî ââîäÿò èñêóññòâåííûå ãðàíèöû. Ãðàíè÷íûå óñëîâèÿ äîëæíû áûòü
ïîäîáðàíû òàê, ÷òîáû ïîñòàâëåííàÿ çàäà÷à áûëà êîððåêòíà, à åå ðåøåíèå ìàêñè-
ìàëüíî ïðèáëèæåíî ê ðåøåíèþ èñõîäíîé çàäà÷è. Â ñëó÷àå, êîãäà òî÷íîå ðåøåíèå
íà ãðàíèöå íåèçâåñòíî, òðåáóåòñÿ ÷èñëåííûìè ìåòîäàìè èñêóññòâåííî çàäàâàòü
íà ãðàíèöå ïîãëîùàþùèå (íåîòðàæàþùèå) ãðàíè÷íûå óñëîâèÿ (ÏÃÓ).

Â íàñòîÿùèé ìîìåíò íàìè â ðàìêàõ ðàáîò ïî ãðàíòó ÐÍÔ ðàçðàáàòûâàåòñÿ
ïðîãðàììíûé ïàêåò äëÿ ìîäåëèðîâàíèÿ âçàèìîäåéñòâèÿ ýëåêòðîííîãî ïó÷êà ñ
ïëàçìîé, îñíîâàííûé íà ìåòîäå ÷àñòèö â ÿ÷åéêàõ è îðèåíòèðîâàííûé íà èññëå-
äîâàíèå óñòîé÷èâîñòè è íàãðåâà ïëàçìû ýëåêòðîííûì ïó÷êîì. Â ñâÿçè ñ ýòèì
ñòîèò âîïðîñ âûáîðà ýôôåêòèâíûõ ïîãëîùàþùèõ ãðàíè÷íûõ óñëîâèé äëÿ ñõåìû
FDTD íà ñåòêå Yee [1], [2] ïðè ðåøåíèè ñèñòåìû óðàâíåíèé Ìàêñâåëëà.

Ìåòîäû çàäàíèÿ ÏÃÓ äëÿ ñèñòåìû óðàâíåíèé Ìàêñâåëëà äåëÿò íà äâà òèïà:
1) äèôôåðåíöèàëüíûå èëè àíàëèòè÷åñêèå ÏÃÓ. Ñþäà îòíîñÿòñÿ ñõåìû Ìóðà,

Ëÿî, Òðåôåñåíà � Õàëïåðíà è äð.;
2) ÏÃÓ, îñíîâàííûå íà ñâîéñòâàõ ñðåäû (PML � perfectly matched layer); â

ýòîì ñëó÷àå ñðåäñòâàìè ÷èñëåííîé ñõåìû èñêóññòâåííî çàäàåòñÿ ïðèãðàíè÷íàÿ
îáëàñòü, â êîòîðîé ïðîèñõîäèò ïîñòåïåííîå çàòóõàíèå ïîëåé.

Ðåàëèçîâàíî íåñêîëüêî ðàçíûõ àíàëèòè÷åñêèõ ÏÃÓ [2], [3]. Ïðîâåäåíî èõ òå-
ñòèðîâàíèå è ñðàâíåíèå íà çàäà÷å ðàñïðîñòðàíåíèÿ ìîíîõðîìàòè÷åñêîé âîëíû
è íà çàäà÷å ïðîõîæäåíèÿ ëàçåðíîãî èìïóëüñà. Äëÿ äàëüíåéøåãî èñïîëüçîâàíèÿ
âûáðàí îïòèìàëüíûé ñ âû÷èñëèòåëüíîé òî÷êè çðåíèÿ è ñ òî÷êè çðåíèÿ êà÷åñòâà
ïîëó÷àåìîãî ðåçóëüòàòà àëãîðèòì.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî Íàó÷íîãî Ôîíäà (ïðîåêò � 16-11-

10028).
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Äëÿ èíòåðôåðåíöèîííîãî ðåîìåòðà â ðàìêàõ ìîäåëè Êåëüâèíà � Ôîéõòà ïðåä-
ëîæåí ñïîñîá îïðåäåëåíèÿ òî÷êè ãåëåîáðàçîâàíèÿ, ïðîàíàëèçèðîâàíî âëèÿíèå
íåñèììåòðè÷íîãî ïîëîæåíèÿ çîíäà, ïîêàçàíà âîçìîæíîñòü ïîâûøåíèÿ ÷óâñòâè-
òåëüíîñòè ñ èñïîëüçîâàíèåì àêòèâíûõ ñòåíîê.

Â [1] äëÿ èçìåðåíèÿ õàðàêòåðèñòèê âÿçêîóïðóãîãî ãåëåîáðàçóþùåãî ñîñòàâà
ïðåäëîæåíà ìîäèôèêàöèÿ âèáðàöèîííîãî âèñêîçèìåòðà ïóòåì óìåíüøåíèÿ äëè-
íû âîëíîâîãî õîäà, ÷òîáû âîçíèêàëà èíòåðôåðåíöèÿ îòðàæåííûõ îò ñòåíîê ñîñó-
äà è èçëó÷àåìûõ êîëåáëþùèìñÿ çîíäîì ñäâèãîâûõ âîëí. Ïðè îïðåäåëåííûõ çíà-
÷åíèÿõ ìîäóëÿ óïðóãîñòè äëèíà ñäâèãîâîé ïîëóâîëíû óêëàäûâàåòñÿ öåëîå ÷èñëî
ðàç ìåæäó çîíäîì è ñòåíêîé, òîãäà âîçíèêàåò ðåçîíàíñ. Ïðè ìàëîé âÿçêîñòè
ýòîìó ñîîòâåòñòâóåò ïîÿâëåíèå ëîêàëüíûõ ìàêñèìóìîâ íà çàâèñèìîñòè óäåëüíî-
ãî ìåõàíè÷åñêîãî ñîïðîòèâëåíèÿ äâèæåíèþ çîíäà îò âðåìåíè, òîãäà àìïëèòóäà
çíà÷èòåëüíî óâåëè÷èâàåòñÿ è ìàëûì îòêëîíåíèÿì èçìåðÿåìîé âåëè÷èíû ñîîò-
âåòñòâóåò áîëüøîå îòêëîíåíèå ðåãèñòðèðóåìîãî ñèãíàëà.

Â [2] ïðåäëîæåíî îïðåäåëÿòü òî÷êó íà÷àëà ãåëåîáðàçîâàíèÿ ïî ðàñõîæäåíèþ
îãèáàþùèõ ìåõàíè÷åñêîãî ñîïðîòèâëåíèÿ, ïîëó÷åííûõ â äâóõ ñîñóäàõ ñ ðàçíîé
äëèíîé âîëíîâîãî õîäà. Â îòëè÷èå îò ýòîãî ïîäõîäà, ïðåäëàãàåòñÿ èñïîëüçîâàòü
îäèíàêîâûå ðàçìåðû, íî ðàçíûå ÷àñòîòû, ÷òî ïîçâîëÿåò ïîâûñèòü òî÷íîñòü îïðå-
äåëåíèÿ íà÷àëà ãåëåîáðàçîâàíèÿ.

Ïîêàçàíî, ÷òî ïðè ðàñïîëîæåíèè çîíäà íåñèììåòðè÷íî ñòåíêàì ñîñóäà ðåãè-
ñòðèðóþòñÿ áèåíèÿ ñ àìïëèòóäîé ìàêñèìóìîâ ìåíüøåé, ÷åì ïðè ñèììåòðè÷íîé
êîíôèãóðàöèè. Îäíàêî, åñëè èñïîëüçîâàòü â íåðåçîíàíñíîé îáëàñòè ìåòîä, ïðåä-
ëîæåííûé â [3], òî íà ðåçóëüòàòû ýòî íå âëèÿåò.

Ïðåäëàãàåòñÿ âíóòðè ñîñóäà ñ îáðàçöîì ðàçìåñòèòü ñèììåòðè÷íî è ïàðàëëåëü-
íî çîíäó ïëàñòèíû, âûïîëíÿþùèå ðîëü àêòèâíûõ ñòåíîê. Ïëàñòèíû êîëåáëþòñÿ
â ôàçå èëè â ïðîòèâîôàçå îòíîñèòåëüíî êîëåáàíèé çîíäà ñ àìïëèòóäîé è ÷à-
ñòîòîé, êàê ó çîíäà. Ãåîìåòðè÷åñêèå ðàçìåðû ïëàñòèí äîëæíû áûòü íåñêîëüêî
áîëüøå ðàçìåðîâ çîíäà. Òàê êàê ïðè ýòîì óâåëè÷èâàþòñÿ ìàêñèìàëüíûå çíà÷å-
íèÿ â ðåçîíàíñíîé ÷àñòè óäåëüíîãî ìåõàíè÷åñêîãî ñîïðîòèâëåíèÿ, òî â ðåçóëüòàòå
óâåëè÷èâàåòñÿ è ÷óâñòâèòåëüíîñòü èíòåðôåðåíöèîííîãî ðåîìåòðà.
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Ïðè èññëåäîâàíèè ïðè÷èí çàáîëåâàíèé ñåðäå÷íî-ñîñóäèñòîé ñèñòåìû, ðàçðà-
áîòêå íîâûõ ëåêàðñòâ è ìåòîäîâ äèàãíîñòèêè âñå øèðå ïðèìåíÿåòñÿ ìàòåìàòè-
÷åñêîå ìîäåëèðîâàíèå. Ïðè ýòîì äëÿ ãëîáàëüíîãî ìîäåëèðîâàíèÿ àðòåðèàëüíîé
ñèñòåìû íàèáîëåå ïîïóëÿðíîé ÿâëÿåòñÿ îäíîìåðíàÿ ìîäåëü ãåìîäèíàìèêè, ò. ê.
îíà òðåáóåò çíà÷èòåëüíî ìåíüøå âû÷èñëåíèé ïî ñðàâíåíèþ ñ òðåõìåðíûìè ìî-
äåëÿìè è ïðè ýòîì, êàê áûëî ïîêàçàíî íà áîëüøîì îáúåìå êëèíè÷åñêèõ äàííûõ,
äàåò õîðîøèå ðåçóëüòàòû ïî ïðåäñêàçàíèþ ðÿäà ïàðàìåòðîâ [1].

Îäíîé èç àêòóàëüíûõ çàäà÷ ÿâëÿåòñÿ àäåêâàòíîå ìîäåëèðîâàíèå ïóëüñîâîé
âîëíû. Ôîðìà è ñêîðîñòü ïóëüñîâîé âîëíû ìîãóò èñïîëüçîâàòüñÿ äëÿ äèàãíîñòè-
êè öåëîãî ðÿäà ïðîáëåì ñîñóäîâ ïðè òîì, ÷òî ýòè äàííûå ìîãóò áûòü ïîëó÷åíû
íåèíâàçèâíûì ïóòåì.

Óñîâåðøåíñòâîâàíèå îäíîìåðíîé ìîäåëè ãåìîäèíàìèêè êàñàåòñÿ äâóõ àñïåê-
òîâ. Âî-ïåðâûõ, â äèôôåðåíöèàëüíûõ óðàâíåíèÿõ ìîäåëè ó÷èòûâàåòñÿ ñóæåíèå
ñîñóäîâ. Âî-âòîðûõ, ïåðåñìàòðèâàåòñÿ óðàâíåíèå, ñâÿçûâàþùåå íàïðÿæåíèå â
ñòåíêàõ ñîñóäà è äàâëåíèå âíóòðè íåãî. Îáû÷íî, â êà÷åñòâå òàêîãî ñîîòíîøå-
íèÿ èñïîëüçóþò ñëåäñòâèå çàêîíà Ãóêà [2]. Îäíàêî òàêîé ïîäõîä íå îòðàæàåò
ðåàëüíîé ñòðóêòóðû ñòåíêè ñîñóäà, ñîñòîÿùåé èç âîëîêîí ýëàñòèíà, êîëëàãåíà è
ìûøö. Ýòà ïðîáëåìà ìîæåò áûòü ðåøåíà, åñëè ó÷åñòü, ÷òî äàííûå âîëîêíà èìåþò
ðàçíûå ìîäóëè Þíãà, èëè åñëè èñïîëüçîâàòü ðåçóëüòàòû èçìåðåíèé in vivo [3].

Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ïîäòâåðæäàþò, ÷òî äàííûå ìîäèôèêà-
öèè ïîçâîëÿþò áîëåå àäåêâàòíî ìîäåëèðîâàòü ðàñïðîñòðàíåíèå ïóëüñîâîé âîëíû.
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Àêòóàëüíîé çàäà÷åé â ãåîôèçèêå ÿâëÿåòñÿ îáíàðóæåíèå ñëàáûõ ðàññåèâà-
þùèõ îáúåêòîâ (äèôðàêòîðîâ), ñâÿçàííûõ ñ òðåùèííî-êàâåðíîçíûìè êîëëåê-
òîðàìè óãëåâîäîðîäîâ. Îäíèì èç ýôôåêòèâíûõ ìåòîäîâ ÿâëÿåòñÿ ìåòîä CSP
(Common Scattering Point) [1], êîòîðûé ýôôåêòèâåí â ñðåäàõ ñ ïîëîãèì çàëå-
ãàíèåì îòðàæàþùèõ ãðàíèö. Â ñëó÷àå ñèëüíî-íåîäíîðîäíûõ ñðåä, äàííûé ìåòîä
ìîæíî äîïîëíèòü ïðåäâàðèòåëüíûì ïðîäîëæåíèåì âîëíîâîãî ïîëÿ íà îïðåäåëåí-
íóþ ãëóáèíó. Â ðàáîòå äëÿ ïðîäîëæåíèÿ âîëíîâîãî ïîëÿ èñïîëüçóåòñÿ ïðîöåäóðà
Reverse Time Datuming (RTD) [2], îñíîâàííàÿ íà ðåøåíèè àêóñòè÷åñêîãî óðàâ-
íåíèÿ â îáðàòíîì âðåìåíè. Îñîáåííîñòüþ àëãîðèòìà ÿâëÿåòñÿ òî, ÷òî âìåñòî
óðàâíåíèÿ àêóñòèêè èñïîëüçóåòñÿ ýêâèâàëåíòíàÿ ñèñòåìà ëèíåéíûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà. Òàêæå äàííàÿ ïðîöåäóðà íå çàâèñèò îò
ãåîìåòðèè èñõîäíîé ñèñòåìû íàáëþäåíèÿ. Â ðàáîòå ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñ-
ëåííîãî èññëåäîâàíèÿ ìåòîäà CSP-RTD, ïîñòðîåííîãî íà îñíîâå ìåòîäîâ CSP è
RTD äëÿ ñëîæíûõ àêóñòè÷åñêèõ ìîäåëåé. Ïðèâîäèòñÿ ñðàâíåíèå ðàáîòû ìåòîäà
CSP-RTD è ìèãðàöèîííîãî ìåòîäà RTM.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò

� 16-11-10027).
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Â ïîñëåäíèå ãîäû çíà÷èòåëüíûé èíòåðåñ èññëåäîâàòåëåé âûçûâàþò íîâûå áî-
ëåå ñëîæíûå çàäà÷è òîìîãðàôèè. Àêöåíòû ñìåùàþòñÿ îò êëàññè÷åñêîé ïðîáëåìû
âîññòàíîâëåíèÿ ôóíêöèè ïî åå èçâåñòíîìó ïðåîáðàçîâàíèþ Ðàäîíà ê çàäà÷àì ðå-
ôðàêöèîííîé, âåêòîðíîé è òåíçîðíîé òîìîãðàôèè, ïîñòàâëåííûõ â ñèëüíî íåîä-
íîðîäíûõ àíèçîòðîïíûõ ñðåäàõ, â ÷àñòíîñòè, â ðåôðàãèðóþùèõ ïîãëîùàþùèõ
ñðåäàõ ñ âíóòðåííèìè èñòî÷íèêàìè. Òåðìèí �ðåôðàêöèîííàÿ òîìîãðàôèÿ� îçíà-
÷àåò, ÷òî â ìàòåìàòè÷åñêîé ìîäåëè ó÷èòûâàåòñÿ ýôôåêò èñêðèâëåíèÿ ëó÷à, ìà-
òåìàòè÷åñêè îïèñûâàåìûé èíñòðóìåíòàìè ðèìàíîâîé ãåîìåòðèè. Êîýôôèöèåíò
ïîãëîùåíèÿ îòâåòñòâåíåí çà îñëàáëåíèå èíòåíñèâíîñòè ôèçè÷åñêîãî ïîëÿ ïî ìå-
ðå åãî âçàèìîäåéñòâèÿ ñî ñðåäîé, âíóòðåííèå æå èñòî÷íèêè ìîãóò îïèñûâàòüñÿ
íå òîëüêî ôóíêöèÿìè, íî è òåíçîðíûìè ïîëÿìè. Òàêèì îáðàçîì, ìîæíî ãîâîðèòü
îá èññëåäîâàíèÿõ â ðàìêàõ ïîñòàíîâîê �ðåôðàêöèîííîé òîìîãðàôèè ñ âíóòðåí-
íèìè èñòî÷íèêàìè� (ÐÒÂÈ), îñíîâíàÿ çàäà÷à êîòîðîé ñîñòîèò â âîññòàíîâëåíèè
ñèììåòðè÷íîãî òåíçîðíîãî ïîëÿ w ïî åãî èçâåñòíûì ýêñïîíåíöèàëüíûì ëó÷åâûì
ïðåîáðàçîâàíèÿì: ïðîäîëüíûì, ïîïåðå÷íûì, ñìåøàííûì.

Îäíèì èç øèðîêî èçâåñòíûõ ñïîñîáîâ ðåøåíèÿ òðàäèöèîííîé çàäà÷è òîìîãðà-
ôèè îïðåäåëåíèÿ ôóíêöèè ïî åå ïðåîáðàçîâàíèþ Ðàäîíà ÿâëÿåòñÿ èñïîëüçîâàíèå
ôîðìóë îáðàùåíèÿ, âêëþ÷àþùèõ â ñåáÿ, â ÷àñòíîñòè, îïåðàòîðû îáðàòíîé ïðî-
åêöèè, ïîòåíöèàë Ðèññà, ïðåîáðàçîâàíèÿ Ôóðüå è Ãèëüáåðòà. Â ðàìêàõ ìîäåëè
ðåôðàêöèîííîé òîìîãðàôèè ñ âíóòðåííèìè èñòî÷íèêàìè àíàëîãè÷íûõ ôîðìóë
îáðàùåíèÿ íå ñóùåñòâóåò, äàæå åñëè ñ÷èòàòü èçâåñòíûìè ðèìàíîâó ìåòðèêó è
êîýôôèöèåíò ïîãëîùåíèÿ ñðåäû. Ïîýòîìó èññëåäîâàíèå ïðèìåíÿþùèõñÿ â òîìî-
ãðàôèè ÷èñëåííûõ ìåòîäîâ è àëãîðèòìîâ ñ öåëüþ âîçìîæíîñòè èõ ìîäèôèêàöèè,
ðàçâèòèÿ è îáîáùåíèÿ äëÿ èñïîëüçîâàíèÿ â ñîâðåìåííûõ ìîäåëÿõ òîìîãðàôèè �
âàæíàÿ çàäà÷à. Óíèâåðñàëüíûé ïîäõîä ê èññëåäîâàíèÿì òàêîãî ðîäà ñîñòîèò â
èñïîëüçîâàíèè â êà÷åñòâå îñíîâíîãî èíñòðóìåíòà ìåòîäà âû÷èñëèòåëüíîãî ýêñ-
ïåðèìåíòèðîâàíèÿ. Óêàçàííàÿ ìåòîäèêà, ïîêà îòñóòñòâóþò ïðîäâèæåíèÿ â òåî-
ðåòè÷åñêèõ èññëåäîâàíèÿõ çàäà÷ ÐÒÂÈ, îñòàåòñÿ åäèíñòâåííûì ïåðñïåêòèâíûì
ïîäõîäîì ê ðàçðàáîòêå ÷èñëåííûõ ìåòîäîâ è àëãîðèòìîâ èõ ðåøåíèÿ.

Ïðè èññëåäîâàíèè çàäà÷ ðåôðàêöèîííîé òåíçîðíîé òîìîãðàôèè ìåòîäû âû-
÷èñëèòåëüíîãî ýêñïåðèìåíòà áûëè óñïåøíî ïðèìåíåíû ïðè èññëåäîâàíèè òàêèõ
çàäà÷, êàê îáðàùåíèå îïåðàòîðîâ ëó÷åâûõ ïðåîáðàçîâàíèé [1]; âîññòàíîâëåíèå
ñèíãóëÿðíîãî íîñèòåëÿ òåíçîðíûõ ïîëåé, çàäàííûõ â ðåôðàãèðóþùåé ñðåäå, ïî
òîìîãðàôè÷åñêèì äàííûì [2], [3].
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Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ âû÷èñëèòåëüíîé ìîäåëè äëÿ èññëå-
äîâàíèÿ äèíàìèêè ìíîãîêîìïîíåíòíîãî ðåàãèðóþùåãî ãàçà íà ïðèìåðå ïèðîëèçà
ýòàíà â ïðîòî÷íîì ðåàêòîðå, îïèñàííîì â ðàáîòàõ [1], [2]. Â èññëåäóåìûõ ïðîöåñ-
ñàõ ñêîðîñòü äâèæåíèÿ ñìåñè â ðåàêòîðå ìíîãî ìåíüøå ñêîðîñòè çâóêà â ãàçîâîé
ñìåñè, ÷òî îáóñëàâëèâàåò èñïîëüçîâàíèå ìîäèôèêàöèè óðàâíåíèé Íàâüå � Ñòîêñà
â ïðèáëèæåíèè ìàëûõ ÷èñåë Ìàõà [3], [4]. Èäåÿ ìåòîäà ðåøåíèÿ òàêèõ óðàâíåíèé
çàêëþ÷àåòñÿ â èíòåãðèðîâàíèè çàêîíîâ ñîõðàíåíèÿ ñ èñïîëüçîâàíèåì íà÷àëüíîãî
ïîëÿ äàâëåíèÿ, â ðåçóëüòàòå êîòîðîãî íàõîäÿòñÿ çíà÷åíèÿ êîíöåíòðàöèé, ïëîòíî-
ñòè, òåìïåðàòóðû è ïðåäâàðèòåëüíîå ïîëå ñêîðîñòè. Çàòåì ðàññ÷èòûâàåòñÿ ïîëå
ïîïðàâîê ê äàâëåíèþ èç ðåøåíèÿ óðàâíåíèÿ Ïóàññîíà è êîððåêòèðóþòñÿ ïîëå
äàâëåíèÿ è ïîëå ñêîðîñòè. Àïïðîêñèìàöèÿ êîíâåêòèâíûõ ÷ëåíîâ ñèñòåìû óðàâ-
íåíèé Íàâüå � Ñòîêñà ïðîâîäèòñÿ ñ èñïîëüçîâàíèåì WENO ñõåìû ïîâûøåííîãî
ïîðÿäêà òî÷íîñòè [5]. Èñïîëüçóåòñÿ ïðîöåäóðà ðàñùåïëåíèÿ ïî ôèçè÷åñêèì ïðî-
öåññàì, ò. å. ðàñ÷åò óðàâíåíèé õèìè÷åñêèõ ðåàêöèé âûäåëÿåòñÿ â îòäåëüíûé øàã.
Ïðèâåäåíû ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà ïèðîëèçà ýòàíà â ïðîòî÷-
íîì ðåàêòîðå ñ âíåøíèì îáîãðåâîì ðåàêöèîííîé çîíû.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè, áà-

çîâàÿ ÷àñòü ãîñçàäàíèÿ 1.6958.2017/Á×.
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1Ãîñóäàðñòâåííûé àñòðîíîìè÷åñêèé èíñòèòóò èì. Ï.Ê. Øòåðíáåðãà

ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ;
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Ìîñêâà, Ðîññèÿ; wolftempus@gmail.com
3Observatoire de Paris, SYRTE, Paris, France

Â ðàáîòå èññëåäóåòñÿ ÷àíäëåðîâñêîå äâèæåíèå ïîëþñà (×ÄÏ) Çåìëè. Ïðåä-
ñòàâëåíû òàêèå ìåòîäû åãî âûäåëåíèÿ, êàê ñèíãóëÿðíûé ñïåêòðàëüíûé àíàëèç,
ôèëüòðàöèÿ Ïàíòåëååâà è ñðåäíÿÿ êâàäðàòè÷åñêàÿ êîëëîêàöèÿ. Ìåòîä ñêîëüçÿ-
ùåãî ôèëüòðà íàèìåíüøèõ êâàäðàòîâ [1] ïîêàçàë, ÷òî ×ÄÏ èìååò ñðåäíèé ïå-
ðèîä 433 ñóòîê è ñêà÷îê ôàçû íà π â 1930-å ãîäû. Àìïëèòóäà ×ÄÏ íåïîñòîÿííà
è ñóùåñòâåííî óìåíüøàëàñü â 1930-å è â 2010-å ãã., ìîäåëü îãèáàþùåé ñîäåðæèò
83- è 42-ëåòíþþ êâàçèïåðèîäè÷íîñòè. Íà îñíîâå óðàâíåíèé Ýéëåðà � Ëèóâèë-
ëÿ ðåøåíà îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ âõîäíîãî âîçáóæäåíèÿ äëÿ ×ÄÏ [2].
Âîçáóæäåíèå èìååò 20-ëåòíþþ îãèáàþùóþ.

Àíàëèç ìîäóëèðîâàííîãî ñèãíàëà ñ 433-ñóòî÷íîé íåñóùåé â ñêîëüçÿùåì îêíå
äåìîíñòðèðóåò ñïåöèôè÷åñêèé ýôôåêò, íàçâàííûé íàìè �ýôôåêòîì ýñêàðãî�.
Ñóòü åãî ñîñòîèò â ñëåäóþùåì: ïðè ðàññìîòðåíèè ×ÄÏ íà ïðîìåæóòêå â 150 ëåò
êîëåáàíèå èìååò ÷èñòî ïðÿìîé (prograde) õàðàêòåð, â ñïåêòðå ïðè ýòîì íàáëþ-
äàåòñÿ ðàñùåïëåíèå, â òîì ÷èñëå îòâåòñòâåííîå çà 40-ëåòíþþ ìîäóëÿöèþ. Ïðè
àíàëèçå æå â ñêîëüçÿùåì îêíå íà ìãíîâåííîé ÷àíäëåðîâñêîé ÷àñòîòå ïðîÿâëÿåòñÿ
ðåòðîãðàäíàÿ êâàçè-êîìïîíåíòà ñ 20-ëåòíåé îãèáàþùåé, êîòîðàÿ îòðàæàåò èçìå-
íåíèå ïàðàìåòðîâ ýëëèïòè÷íîñòè. Ïîêàçàíî ñõîäñòâî ïîâåäåíèÿ ÷àíäëåðîâñêîãî
âîçáóæäåíèÿ è ðåòðîãðàäíîé ìãíîâåííîé êâàçè-ñîñòàâëÿþùåé ×ÄÏ, èçâëå÷åí-
íîé ñêîëüçÿùèì îêíîì. Ýòîìó íàéäåíî îáúÿñíåíèå ïðè ðàññìîòðåíèè óðàâíåíèÿ
Ýéëåðà � Ëèóâèëëÿ.

Ìîäåëèðîâàíèå ïîâåäåíèÿ ÷àíäëåðîâñêîãî êîëåáàíèÿ íå òîëüêî âàæíî äëÿ
îáúÿñíåíèÿ ïðè÷èí ýòîãî êîëåáàíèÿ, íî è äëÿ ïðîãíîçèðîâàíèÿ äâèæåíèÿ ïîëþñà
è îòâåòà íà âîïðîñ: èìååòñÿ ëè âçàèìîñâÿçü ìåæäó èçìåíåíèÿìè êëèìàòà íà
ïëàíåòå è ïàðàìåòðàìè åå âðàùåíèÿ [3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ïàðèæñêîé îáñåðâàòîðèè, Ðîññèéñêîãî ôîíäà

ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 16-05-00753), ïðîãðàììû êàäðîâîãî ðåçåðâà

ÍÈÓ ÂØÝ.
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Ðàññìàòðèâàåòñÿ ïðèìåíåíèå ïîãëîùàþùèõ ãðàíè÷íûõ óñëîâèé PML ïðè ìî-
äåëèðîâàíèè ðàñïðîñòðàíåíèÿ âîëí â ëèíåéíî-óïðóãèõ ñðåäàõ FDTD ìåòîäîì.
Íà îñíîâå ñèììåòðè÷íûõ êîíå÷íî-ðàçíîñòíûõ àïïðîêñèìàöèé ïðîèçâîäíûõ áûëà
ðàçðàáîòàíà ïðîãðàììíàÿ ðåàëèçàöèÿ ýòîãî ìåòîäà íà ñäâèíóòîé ñåòêå ñî âòîðûì
ïîðÿäêîì òî÷íîñòè ïî âðåìåíè è äî 8-ãî ïî ïðîñòðàíñòâó.

Ïðèâîäèòñÿ êëàññèôèêàöèÿ ñóùåñòâóþùèõ PML: split [1] è unsplit ôîðìóëè-
ðîâêè. Â ñâîþ î÷åðåäü unsplit ôîðìóëèðîâêà ìîæåò îñíîâûâàòüñÿ íà ñëåäóþùèõ
ïîäõîäàõ: ADE-PML (PML ñ äîïîëíèòåëüíûì äèôôåðåíöèàëüíûì óðàâíåíèåì)
è C-PML (ñâåðòî÷íûé PML) [2], êîòîðûå â ñëó÷àå âòîðîãî ïîðÿäêà ïî âðåìåíè
îòëè÷àþòñÿ ëèøü ñïîñîáîì âûâîäà.

Çàäàíèå PML â öèëèíäðè÷åñêèõ êîîðäèíàòàõ, êîòîðûå âîçíèêàþò åñòåñòâåí-
íûì îáðàçîì â ñëó÷àå îñåâîé ñèììåòðèè, òðåáóåò êîððåêòíîé çàìåíû ðàäèàëüíîé
ñîñòàâëÿþùåé êîîðäèíàòû r. Ñóùåñòâóåò ïîäõîä Q-PML (êâàçè PML) [3], â êî-
òîðîì ýòà ñîñòàâëÿþùàÿ çàìåíÿåòñÿ òîëüêî â ïðîèçâîäíûõ. Ìû èñïîëüçîâàëè
êîððåêòíóþ ôîðìóëèðîâêó, â êîòîðîé ó÷èòûâàþòñÿ âñå îïåðàöèè ñ r.

Îïèñûâàåòñÿ îïåðàòîðíûé ïîäõîä, ïîçâîëÿþùèé óïðîñòèòü ðåàëèçàöèþ ãðà-
íè÷íûõ óñëîâèé â ñëó÷àå îñåâîé ñèììåòðèè ñðåäû. Ïîäõîä çàêëþ÷àåòñÿ â ðàñ-
ñìîòðåíèè îïåðàöèé ñ êîîðäèíàòîé r, êàê ê îïåðàòîðàì, âîçäåéñòâóþùèì íà ïðî-
ìåæóòî÷íûå çíà÷åíèÿ â õîäå ÷èñëåííîãî ðàñ÷åòà è êîððåêòèðóþùèì èõ çíà÷åíèÿ
ñîãëàñíî ñ ïîãëîùàþùèìè ñâîéñòâàìè PML.

Â öèëèíäðè÷åñêèõ êîîðäèíàòàõ âîçíèêàþò îïåðàòîðû ∂/∂r, r è r−1, âîçäåé-
ñòâóþùèå íà íåêîòîðûå çíà÷åíèÿ. Äëÿ êàæäîãî èç íèõ âîçìîæíî íàéòè çàìåíó,
ïîçâîëÿþùóþ çàäàòü ãðàíè÷íûå óñëîâèÿ PML. Â óðàâíåíèè èìåþòñÿ ÷ëåíû, â
êîòîðûõ îäíîâðåìåííî ïðèñóòñòâóþò ñðàçó íåñêîëüêî èç óêàçàííûõ îïåðàòîðîâ.
Òîãäà èñïîëüçóåìûé ïîäõîä ïîçâîëÿåò ïðèìåíÿòü çàìåíû â ïðîãðàììíîé ðåàëè-
çàöèè ïîñëåäîâàòåëüíî íåçàâèñèìî äðóã îò äðóãà.

Â ðåçóëüòàòå ïîëó÷åí ýôôåêòèâíûé ïî ïàìÿòè è ïðîñòîé â ðåàëèçàöèè ñïîñîá
çàäàíèÿ êîððåêòíîãî PML, êîòîðûé ìîæåò ïðèìåíÿòüñÿ ïðè çàïèñè óðàâíåíèé â
öèëèíäðè÷åñêèõ, ñôåðè÷åñêèõ êîîðäèíàòàõ èëè ïðè íàëè÷èè âòîðûõ ïðîèçâîä-
íûõ â ðàññìàòðèâàåìûõ óðàâíåíèÿõ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-07-01931 à).
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Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

Íîâîñèáèðñê, Ðîññèÿ; bkargin@osmf.sscc.ru

Íà îñíîâå ìåòîäà ìàòåìàòè÷åñêèõ îæèäàíèé ðàçðàáîòàíû íîâûå âåñîâûå àë-
ãîðèòìû, ïîçâîëÿþùèå îïòèìèçèðîâàòü ÷èñëåííîå ìîäåëèðîâàíèå ïîëåé îïòè-
÷åñêîãî ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ â ñëó÷àéíî íåîäíîðîäíûõ ñðåäàõ. Â ýòèõ
àëãîðèòìàõ ìîäåëèðîâàíèå òðàåêòîðèé ôîòîíîâ îñóùåñòâëÿåòñÿ äëÿ ïîäõîäÿ-
ùèì îáðàçîì ïîäîáðàííîé äåòåðìèíèðîâàííîé ñðåäû, à ñòîõàñòè÷åñêàÿ ñòðóêòó-
ðà ñðåäû ó÷èòûâàåòñÿ ñ ïîìîùüþ ñïåöèàëüíûõ âåñîâûõ ìíîæèòåëåé. Â áîëüøîì
÷èñëå ïðàêòè÷åñêè âàæíûõ çàäà÷ îïòèêè ñòîõàñòè÷åñêèõ ñðåä äàííûå àëãîðèò-
ìû äîïóñêàþò ïðîñòîå ÷èñëåííîå èíòåãðèðîâàíèå ñîîòâåòñòâóþùèõ ñëó÷àéíûõ
îöåíîê, íåîáõîäèìûõ äëÿ ýôôåêòèâíîãî âû÷èñëåíèÿ ñðåäíèõ õàðàêòåðèñòèê ïî-
ëåé èçëó÷åíèÿ. Äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ òðåõìåðíûõ ñòîõàñòè÷åñêèõ ïî-
ëåé ðàññåèâàþùèõ è ïîãëîùàþùèõ ñðåä èñïîëüçîâàíû àëãîðèòìû, îñíîâàííûå
íà òàê íàçûâàåìûõ ïîòîêîâûõ è ñïåêòðàëüíûõ ìîäåëÿõ ñëó÷àéíûõ ïîëåé, íà-
ñòðàèâàåìûõ ïî ýêñïåðèìåíòàëüíûì äàííûì. Óêàçàííûå âûøå àëãîðèòìû áûëè
àïðîáèðîâàíû è ðåàëèçîâàíû ïðè ðåøåíèè ðÿäà ïðèêëàäíûõ çàäà÷ îïòèêè àòìî-
ñôåðû è îêåàíà. Íà îñíîâå ýòèõ àëãîðèòìîâ áûëè ÷èñëåííî èññëåäîâàíû ïîòîêè
ñîëíå÷íîé ðàäèàöèè â àýðîçîëüíîé îáëà÷íîé è áåçîáëà÷íîé àòìîñôåðàõ Çåìëè.
Âûïîëíåíî ÷èñëåííîå ìîäåëèðîâàíèå ïåðåíîñà ñîëíå÷íîé ðàäèàöèè äëÿ äâóìåð-
íûõ è òðåõìåðíûõ ñòîõàñòè÷åñêèõ ïîëåé ñëîèñòîîáðàçíîé, ñëîèñòî-êó÷åâîé è êó-
÷åâîé ðàçîðâàííîé îáëà÷íîñòè ñ ó÷åòîì ãîðèçîíòàëüíûõ êîððåëÿöèé. Âûïîëíåíà
ñåðèÿ ÷èñëåííûõ ýêñïåðèìåíòîâ, íàïðàâëåííûõ íà èññëåäîâàíèå ýôôåêòèâíîñòè
ïðèìåíåíèÿ ëàçåðíûõ ëîêàòîðîâ íàçåìíîãî, ñàìîëåòíîãî è êîñìè÷åñêîãî áàçèðî-
âàíèÿ äëÿ îïåðàòèâíîé äèàãíîñòèêè àòìîñôåðíûõ àýðîçîëåé è îáëà÷íîñòè. ×èñ-
ëåííî èññëåäîâàí âîïðîñ îá îöåíêå è êîíòðîëå ïîãðåøíîñòåé ðàñ÷åòîâ, ñâÿçàííûé
ñî ñïåöèôè÷åñêèì ïîâåäåíèåì äèñïåðñèé ñëó÷àéíûõ �ëîêàëüíûõ� îöåíîê, ïðèìå-
íÿåìûõ ïðè ðåøåíèè íåñòàöèîíàðíûõ çàäà÷ ëàçåðíîãî çîíäèðîâàíèÿ. Â ïðèáëè-
æåíèè ëó÷åâîé îïòèêè îïèñàíà ñòàòèñòè÷åñêàÿ ìîäåëü ïðîöåññà ïåðåíîñà îïòè-
÷åñêîãî èçëó÷åíèÿ â âèäå èíòåãðàëüíîãî óðàâíåíèÿ äëÿ ïëîòíîñòè ñòîëêíîâåíèé
â ñèñòåìå îêåàí-àòìîñôåðà äëÿ ïîëíîé è óïðîùåííîé �ôàöåòíîé� ìîäåëåé ñëó-
÷àéíîé âçâîëíîâàííîé ïîâåðõíîñòè îêåàíà. Ðàáîòà âûïîëíåíà â ñâÿçè ñ îáîñíîâà-
íèåì àíàëîãîâûõ è âåñîâûõ àëãîðèòìîâ ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ ïðÿìûõ
çàäà÷ ïàññèâíîãî è àêòèâíîãî àýðîêîñìè÷åñêîãî çîíäèðîâàíèÿ îêåàíà. Íàðÿäó ñ
ìåòîäîì Ìîíòå-Êàðëî ðàññìîòðåííûå ìîäåëè ìîãóò áûòü ïîëåçíû äëÿ àíàëèçà
ïîëÿ îïòè÷åñêîãî èçëó÷åíèÿ òàêæå è äðóãèìè ÷èñëåííûìè èëè àíàëèòè÷åñêèìè
ìåòîäàìè, èìåþùèìè äåëî ñ èíòåãðàëüíûì óðàâíåíèåì ïåðåíîñà.

Ðàáîòà âûïîëíÿåòñÿ ïðè ôèíàíñîâîé ïîääåðæêå Ïðîãðàììû ôóíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé Ïðåçèäèóìà ÐÀÍ � 43 è Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-01-00894).
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ÝÌÏÈÐÈ×ÅÑÊÈÉ ÊÐÈÒÅÐÈÉ
ÑÓÙÅÑÒÂÎÂÀÍÈß ÕÀÎÑÀ Â ÓÐÀÂÍÅÍÈßÕ

Ñ ÇÀÏÀÇÄÛÂÀÞÙÈÌ ÀÐÃÓÌÅÍÒÎÌ

Êîãàé Â.Â.1, Ôàäååâ Ñ.È.2, Õëåáîäàðîâà Ò.Ì.3, Ëèõîøâàé Â.À.4

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

kogai@math.nsc.ru
2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

fadeev@math.nsc.ru
3Èíñòèòóò öèòîëîãèè è ãåíåòèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

tamara@bionet.nsc.ru
4Èíñòèòóò öèòîëîãèè è ãåíåòèêè ÑÎ ÐÀÍ,

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

likho@bionet.nsc.ru

Â äîêëàäå ïðåäëîæåí ýìïèðè÷åñêèé êðèòåðèé äîñòàòî÷íîñòè íàëè÷èÿ õàî-
òè÷åñêîãî ïîòåíöèàëà ó óðàâíåíèÿ ñ çàïàçäûâàíèåì îáùåãî âèäà. Êðèòåðèé ÿâ-
ëÿåòñÿ êîíñòðóêòèâíûì â òîì ñìûñëå, ÷òî ïîçâîëÿåò îïðåäåëèòü çíà÷åíèÿ ïà-
ðàìåòðîâ óïðàâëÿþùèõ ôóíêöèé, ïðè êîòîðûõ ãàðàíòèðóåòñÿ íàëè÷èå õàîòè÷å-
ñêîé äèíàìèêè â óðàâíåíèè äëÿ íåêîòîðîãî çíà÷åíèÿ çàïàçäûâàþùåãî àðãóìåí-
òà. Êðèòåðèé îñíîâàí íà óñòàíîâëåíèè õàîòè÷íîñòè îäíîìåðíîãî äèñêðåòíîãî
îòîáðàæåíèÿ, ïîðîæäàåìîãî îòíîøåíèåì óïðàâëÿþùèõ ôóíêöèé èç óêàçàííîãî
óðàâíåíèÿ ñ çàïàçäûâàíèåì.

Èñïîëüçîâàíèå ýòîãî êðèòåðèÿ ïîçâîëèëî íàì ñóùåñòâåííî óìåíüøèòü âðåìÿ
ïîèñêà çíà÷åíèé ïàðàìåòðîâ óïðàâëÿþùèõ ôóíêöèé ìîäåëåé, êîòîðûå áû ãàðàí-
òèðîâàëè íàëè÷èå õàîñà â ñèñòåìå, è äîñòàòî÷íî áûñòðî è ïîäðîáíî èññëåäîâàòü
êëàññ ïðîöåññîâ, îáëàäàþùèõ, êàê îêàçàëîñü, âûñîêèì õàîòè÷åñêèì ïîòåíöèà-
ëîì. Ýòî ñîïðÿæ¼ííûå ïðîöåññû ñèíòåçà è äåãðàäàöèè áåëêîâûõ ïðîäóêòîâ (èëè
ðàçáàâëåíèÿ èõ êîíöåíòðàöèè â ïðîöåññå ðîñòà êëåòêè), êîòîðûå ëåæàò â îñíî-
âå âñåõ ìåòàáîëè÷åñêèõ è ìîëåêóëÿðíî-ãåíåòè÷åñêèõ ïðîöåññîâ è îïèñûâàþòñÿ
óðàâíåíèÿìè ñ çàïàçäûâàþùèìè àðãóìåíòàìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00237à).
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×ÈÑËÅÍÍÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÂÎËÍÎÂÛÕ
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2Èíñòèòóò íåôòåãàçîâîé ãåîëîãèè è ãåîôèçèêè èì. À.À. Òðîôèìóêà
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3Èíñòèòóò íåôòåãàçîâîé ãåîëîãèè è ãåîôèçèêè èì. À.À. Òðîôèìóêà

ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; cheverdava@ipgg.sbras.ru
4Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè

ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; kgv@nmsf.sscc.ru

Â íàñòîÿùåå âðåìÿ ïîäàâëÿþùåå êîëè÷åñòâî êîëëåêòîðîâ óãëåâîäîðîäîâ ïðåä-
ñòàâëåíî êàðáîíàòíûìè îòëîæåíèÿìè, õàðàêòåðèçóþùèìèñÿ ïîâûøåííîé êàâåð-
íîçíîñòüþ è òðåùèíîâàòîñòüþ, êîòîðûå è îïðåäåëÿþò ôèëüòðàöèîííî-åìêîñòíûå
ïàðàìåòðû ïëàñòà. Äëÿ ðàçâèòèÿ ñåéñìè÷åñêèõ ìåòîäîâ, îðèåíòèðîâàííûõ íà âû-
äåëåíèå è êàðòèðîâàíèå ñêîïëåíèé ïîäîáíûõ ìåçîìàñøòàáíûõ íåîäíîðîäíîñòåé,
íåîáõîäèìî ïðîâåäåíèå ÷èñëåííîãî ìîäåëèðîâàíèÿ ïðîöåññîâ ðàñïðîñòðàíåíèÿ
ñåéñìè÷åñêèõ âîëí â òàêèõ ñðåäàõ. Ïðè ýòîì ðàçìåðû ýòèõ îáúåêòîâ ñîñòàâëÿþò
ïîðÿäêà íåñêîëüêèõ ñàíòèìåòðîâ, ÷òî òðåáóåò èñïîëüçîâàíèÿ íåïðèåìëåìî ìåë-
êîãî øàãà ñåòêè äëÿ èõ îïèñàíèÿ òàêîãî, ÷òî ïðîâåäåíèå ðàñ÷åòîâ âî âñåé öåëåâîé
îáëàñòè ñ òàêèì øàãîì ñòàíîâèòñÿ íåâîçìîæíûì. Â äàííîé ðàáîòå ïðåäñòàâëåí
÷èñëåííûé ìåòîä ðàñ÷åòà âîëíîâûõ ïîëåé â ñðåäàõ, ñîäåðæàùèõ ëîêàëüíûå ñêîï-
ëåíèÿ íåîäíîðîäíîñòåé, îñíîâàííûé íà ëîêàëüíîì ïðîñòðàíñòâåííî-âðåìåííîì
èçìåëü÷åíèè øàãà ñåòêè [1].

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêòû � 16-05-00800 è � 15-05-01310).

ËÈÒÅÐÀÒÓÐÀ

1. Kostin V., Lisitsa V., Reshetova G., Tcheverda V. Local time-space mesh re�nement for
simulation of elastic wave propagation in multi-scale media // J. Comput. Phys. 2015.
V. 281. P. 669�689.
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Êîñòèí Â.È.1, Ñîëîâüåâ Ñ.À.2

Èíñòèòóò íåôòåãàçîâîé ãåîëîãèè è ãåîôèçèêè èì. À.À. Òðîôèìóêà ÑÎ ÐÀÍ,

Íîâîñèáèðñê, Ðîññèÿ; 1KostinVI@ipgg.sbras.ru, 2SolovyevSA@ipgg.sbras.ru

Ïðåäëàãàåòñÿ àëãîðèòì ðåøåíèÿ ñèñòåìû ëèíåéíûõ óðàâíåíèé, âîçíèêàþùåé
ïðè ÷èñëåííîì ðåøåíèè êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Ãåëüìãîëüöà. Àëãîðèòì
ðåàëèçóåò ñõåìó ïðÿìîãî ðåøåíèÿ, îñíîâàííîãî íà ðàçëîæåíèè A = L · D · Lt
ìàòðèöû A êîýôôèöèåíòîâ ñèñòåìû óðàâíåíèé â ïðîèçâåäåíèå òðåóãîëüíûõ è
äèàãîíàëüíîé ìàòðèö, è ïðåäíàçíà÷åí äëÿ èñïîëüçîâàíèÿ íà âû÷èñëèòåëüíûõ
ñèñòåìàõ ñ ðàñïðåäåëåííîé ïàìÿòüþ (êëàñòåðàõ).

Íåîáõîäèìîñòü ðåøåíèÿ óðàâíåíèÿ Ãåëüìãîëüöà â òðåõìåðíûõ îáëàñòÿõ äëÿ
íåêîòîðîãî íåáîëüøîãî íàáîðà ÷àñòîò (äî 10 ãåðö) âîçíèêàåò â òàê íàçûâàå-
ìûõ ÷àñòîòíûõ àëãîðèòìàõ ïîëíîãî âîëíîâîãî îáðàùåíèÿ (Frequency Domain Full
Waveform Inversion, ñì. [1]).

Íàø ïîäõîä áëèçîê ê èçâåñòíûì ìóëüòèôðîíòàëüíûì àëãîðèòìàì [2]. Â åãî
ñõåìó âêëþ÷åíà îïåðàöèÿ ñæàòèÿ ïðîìåæóòî÷íûõ äàííûõ, êîòîðàÿ ïîçâîëÿåò
ñíèçèòü îáúåì òðåáóåìîé îïåðàòèâíîé ïàìÿòè, è â òî æå âðåìÿ ñîêðàòèòü ÷èñëî
àðèôìåòè÷åñêèõ îïåðàöèé, íóæíîå äëÿ ïîëó÷åíèÿ ðåøåíèÿ. Ñæàòèå äàííûõ ïðî-
èçâîäèòñÿ íà îñíîâå èñïîëüçîâàíèÿ ìàëîðàíãîâîé àïïðîêñèìàöèè ïîääèàãîíàëü-
íûõ áëîêîâ òðåóãîëüíîé ìàòðèöû L è èåðàðõè÷åñêîãî ïîëóðàçäåëÿåìîãî (HSS)
ôîðìàòà äëÿ äèàãîíàëüíûõ áëîêîâ ìàòðèöû L. Ñæàòèå ïîìîãàåò ñíèçèòü îáú-
åì òðåáóåìîé ïàìÿòè íà ïîðÿäêè. Ñëåäóåò îòìåòèòü, ÷òî èç-çà ñæàòèÿ âìåñòî
�òî÷íîé� A = L · D · Lt â ðåçóëüòàòå áóäåò äîñòèãíóòà ïðèáëèæåííàÿ ôàêòîðè-
çàöèÿ A ' Lε ·Dε · Ltε. Îäíàêî âêëþ÷åíèå â àëãîðèòì èòåðàöèîííîãî óòî÷íåíèÿ
ïîçâîëÿåò ñðàâíèòåëüíî ëåãêî èñïðàâèòü ýòîò äåôåêò.

Íåñìîòðÿ íà ïðåèìóùåñòâà îò èñïîëüçîâàíèÿ ñæàòèÿ ïðîìåæóòî÷íûõ äàí-
íûõ, ÷èñëåííîå ðåøåíèå óðàâíåíèÿ Ãåëüìãîëüöà â òðåõìåðíûõ îáëàñòÿõ ïî ïðåä-
ëàãàåìîìó àëãîðèòìó ïðîäîëæàåò òðåáîâàòü îãðîìíûõ âû÷èñëèòåëüíûõ ðåñóð-
ñîâ, è äëÿ èíòåðåñíûõ äëÿ ïðàêòèêè ãåîôèçè÷åñêèõ ìîäåëåé ìîæåò áûòü ðåàëè-
çîâàíî ëèøü íà êëàñòåðàõ. Çàìåòèì, ÷òî ïðåäëîæåííûé íàìè àëãîðèòì äåìîí-
ñòðèðóåò ìàñøòàáèðóåìîñòü, áëèçêóþ ê èäåàëüíîé, ïðè âû÷èñëåíèÿõ íà êëàñòå-
ðàõ âïëîòü äî 16 óçëîâ (áîëüøèå ðàçìåðû ïðîäîëæàþò îñòàâàòüñÿ ïðîáëåìîé).
Â ðàññìîòðåííûõ íàìè ïðèìåðàõ ðàçìåðû ìàòðèöû äîñòèãàþò ñòà ìèëëèîíîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-05-00800). Ìû áëàãîäàðíû ðóêîâîäñòâó KAUST (King Abdulla Univer-

sity of Sciences and Technology, Ñàóäîâñêàÿ Àðàâèÿ) çà ïðåäñòàâëåííûé äîñòóï ê âûñî-

êîïðîèçâîäèòåëüíîìó êëàñòåðó Shaheen II.

ËÈÒÅÐÀÒÓÐÀ
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2. Du� I. S., Reid J.K. The multifrontal solution of inde�nite sparse symmetric linear
systems // ACM Transactions on Mathematical Software. 1983. V. 9, No 3. P. 302�325.
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1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; alla@climate.sscc.ru
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

antipova_aea@mail.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ÷èñëåííîãî ìîäåëèðîâàíèÿ âîäíîãî ðåæèìà
äåëüòû ðåêè Ëåíà â îäíîìåðíîì ïðèáëèæåíèè íà îñíîâå óðàâíåíèé Ñåí-Âåíàíà,
êîòîðûå ïîçâîëÿþò èññëåäîâàòü îñíîâíûå çàêîíîìåðíîñòè âîäíîãî ñòîêà äëÿ
ìíîãîðóêàâíûõ äåëüò. Äëÿ ýòîãî óñòüåâîé ó÷àñòîê ðåêè ïðåäñòàâëÿåòñÿ â âè-
äå ñèñòåìû, ñîñòîÿùåé èç äâóõ òèïîâ ýëåìåíòîâ (ó÷àñòêîâ îòêðûòûõ ðóñåë è
óçëîâ ðàçâåòâëåíèÿ), êîòîðóþ ìîæíî ïðåäñòàâèòü â âèäå íåêîòîðîãî ïëîñêîãî
ãðàôà. Íà ïîëó÷åííîì ãðàôå ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé Ñåí-Âåíàíà,
â êîòîðîé ðàñõîä âîäû è óðîâåíü ñâîáîäíîé ïîâåðõíîñòè ÿâëÿþòñÿ íåèçâåñòíû-
ìè ôóíêöèÿìè. Â êà÷åñòâå íà÷àëüíûõ óñëîâèé íà êàæäîì îòðåçêå èñïîëüçóåòñÿ
ðåøåíèå ñòàöèîíàðíîé çàäà÷è; â âåðøèíàõ ãðàôà çàäàþòñÿ óñëîâèÿ ñîïðÿæåíèÿ
â âèäå áàëàíñà ðàñõîäîâ è óñëîâèé ñâÿçè ìåæäó óðîâíÿìè. Ãðàíè÷íûå óñëîâèÿ
â íà÷àëüíûõ è êîíöåâûõ ñòâîðàõ ðóñëîâîé ñåòè ðàññìàòðèâàþòñÿ êàê ÷àñòíûé
ñëó÷àé óñëîâèÿ ñîïðÿæåíèÿ.

Â êà÷åñòâå ÷èñëåííîãî ìåòîäà ðåøåíèÿ èñõîäíûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé èñïîëüçóåòñÿ àáñîëþòíî óñòîé÷èâàÿ íåÿâíàÿ ðàçíîñòíàÿ ñõåìà, ïðåäñòàâ-
ëåííàÿ â [1]. Ðåàëèçàöèÿ äàííîãî ìåòîäà çàâèñèò îò òèïà ðàññìàòðèâàåìîãî ðàç-
âåòâëåííîãî ðóñëà. Ïðè ðåøåíèè ïîëó÷èâøåéñÿ çàìêíóòîé ñèñòåìû ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ ðàçâåòâëåíèé ñ �êîëüöàìè� ó÷èòûâàåòñÿ ñòðóêòó-
ðà îäíîìåðíîãî ãðàôà �äåðåâî�, à äëÿ ïðîñòûõ ðàçâåòâëåíèé áåç �êîëåö� èñïîëü-
çóåòñÿ ìåòîä ïàðàìåòðè÷åñêîé ïðîãîíêè.

Äåëüòà ðåêè Ëåíû âêëþ÷àåò ïÿòü îñíîâíûõ ìàãèñòðàëüíûõ ïðîòîê: Áûêîâ-
ñêóþ, Òðîôèìîâñêóþ, Ñàðäàõñêóþ, Òóìàòñêóþ è Îëåí¼êñêóþ.

Öèôðîâàÿ ìîäåëü ðåëüåôà äåëüòû, íåîáõîäèìàÿ äëÿ ó÷åòà â óðàâíåíèÿõ äâè-
æåíèÿ, ïîëó÷åíà íà îñíîâå ãåîãðàôè÷åñêèõ êàðò è ñïóòíèêîâûõ ôîòîãðàôèé çåì-
íîé ïîâåðõíîñòè èç ñèñòåìû �Google Earth�. Äëÿ çàäàíèÿ ãðàíè÷íûõ óñëîâèé íà
ëåâîé ãðàíèöå ðàñ÷åòíîé îáëàñòè èñïîëüçîâàëèñü äàííûå î ðàñõîäå âîäû íà ãèä-
ðîñòâîðå â ñ. Êþñþð çà 2008 ãîä (Ìåæäóíàðîäíûé ãåîôèçè÷åñêèé ãîä). Ìîäå-
ëèðîâàíèå ãèäðàâëè÷åñêîãî ðåæèìà â äåëüòå ðåêè Ëåíà ïðîâîäèëîñü â ïåðèîä
îòêðûòîé âîäû ñ ìàÿ ïî îêòÿáðü.

Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ â äåëüòå ðåêè Ëåíû è èõ ñðàâíåíèå ñ
äàííûìè èçìåðåíèé [2] ïîêàçàëè, ÷òî ìîäåëü óäîâëåòâîðèòåëüíî îïèñûâàåò ðàñ-
ïðåäåëåíèå ðàñõîäîâ âîäû ïî îñíîâíûì ïðîòîêàì äåëüòû.

ËÈÒÅÐÀÒÓÐÀ

1. Âîåâîäèí À.Ô., Íèêèôîðîâñêàÿ Â.Ñ., Îâ÷àðîâà À.Ñ. ×èñëåííûå ìåòîäû ðåøåíèÿ
çàäà÷è î íåóñòàíîâèâøåìñÿ äâèæåíèè âîäû íà óñòüåâûõ ó÷àñòêàõ ðåê // Òðóäû
ÀÀÍÈÈ. Ë.: Ãèäðîìåòåîèçäàò, 1983. Ò. 378. Ñ. 23�34.
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Â äîêëàäå èçëàãàåòñÿ ìåòîä âûñîêîãî ïîðÿäêà òî÷íîñòè íà ãëàäêèõ ðåøåíè-
ÿõ è ñ ìàëîé äèññèïàöèåé ðåøåíèÿ â îáëàñòè ðàçðûâîâ äëÿ ðåøåíèÿ óðàâíåíèé
ðåëÿòèâèñòñêîé ãàçîâîé äèíàìèêè. ×èñëåííûé ìåòîä îñíîâàí íà êîìáèíàöèè ìå-
òîäà Ãîäóíîâà è êóñî÷íî-ïàðàáîëè÷åñêîãî ìåòîäà íà ëîêàëüíîì øàáëîíå [1]. Äëÿ
ïîñòðîåíèÿ ðåøåíèÿ çàäà÷è Ðèìàíà ðåøåíà çàäà÷à î ïîëíîì ñïåêòðàëüíîì ðàç-
ëîæåíèè äëÿ óðàâíåíèé ðåëÿòèâèñòñêîé ãàçîâîé äèíàìèêè [2]. Ïðîöåäóðà âîñ-
ñòàíîâëåíèÿ ïðèìèòèâíûõ ïåðåìåííûõ îñíîâàíà íà ðàáîòå [3]. ×èñëåííûé ìåòîä
ïðîòåñòèðîâàí íà çàäà÷å î ðàñïàäå ðåëÿòèâèñòñêîãî ðàçðûâà, äîïóñêàþùåãî àíà-
ëèòè÷åñêîå ðåøåíèå. Â ðàìêàõ ìîäåëè ðåëÿòèâèñòñêîé ãàçîâîé äèíàìèêè ñìîäå-
ëèðîâàí ïðîöåññ âçðûâà ñâåðõíîâîé òèïà SN 2006gy [4].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäî-

âàíèé (ïðîåêòû � 15-01-00508, � 16-07-00434) è ãðàíòà Ïðåçèäåíòà ÐÔ äëÿ ìîëîäûõ

ó÷åíûõ (MK � 1445.2017.9).

ËÈÒÅÐÀÒÓÐÀ
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Ñîáûòèÿ 2011 ãîäà ó áåðåãîâ ßïîíèè, 2004 ãîäà â Èíäèéñêîì îêåàíå è ðÿä
äðóãèõ ïîêàçûâàþò, ÷òî íåñìîòðÿ íà áîëüøîå êîëè÷åñòâî óñèëèé è ñðåäñòâ, âêëà-
äûâàåìûõ â çàùèòó ïðèáðåæíûõ òåððèòîðèé îò ðàçðóøèòåëüíûõ âîëí öóíàìè,
÷åëîâå÷åñòâî ïî-ïðåæíåìó îñòàåòñÿ áåççàùèòíûì ïåðåä ýòèì ïðèðîäíûì ÿâëåíè-
åì. Ñ íàøåé òî÷êè çðåíèÿ íà òåêóùèé ìîìåíò âðåìåíè íàèáîëåå ðåçóëüòàòèâíûì
ñïîñîáîì çàùèòû ÿâëÿåòñÿ ñâîåâðåìåííàÿ îöåíêà ïàðàìåòðîâ âîëíû è ïðèíÿòèÿ,
â ñëó÷àå íåîáõîäèìîñòè, ìåð ïî ïðåäóïðåæäåíèþ è ýâàêóàöèè íàñåëåíèÿ, à òàêæå
ñîîòâåòñòâóþùàÿ ïîäãîòîâêà îáúåêòîâ èíôðàñòðóêòóðû. Ñêîðîñòü, íàäåæíîñòü
è òî÷íîñòü ÿâëÿþòñÿ êëþ÷åâûìè ïàðàìåòðàìè â ðàáîòå ñèñòåìû ïðåäóïðåæäå-
íèÿ îá îïàñíîñòè öóíàìè.

Ïðåäëàãàåòñÿ ñëåäóþùèé Ñöåíàðèé ðàáîòû ñèñòåìû ïî îöåíêå ïàðàìåòðîâ
âîëíû öóíàìè:

1. Â àâòîìàòè÷åñêîì ðåæèìå ïðîèñõîäèò îòñëåæèâàíèå ñåéñìè÷åñêîé àêòèâ-
íîñòè íàïðèìåð, íà ñàéòå http://earthquake.usgs.gov

2. Â ñëó÷àå îáíàðóæåíèÿ ïîòåíöèàëüíî îïàñíîãî ñîáûòèÿ:

(a) Îöåíêà âðåìåíè ðàñïðîñòðàíåíèÿ âîëíû îò ýïèöåíòðà äî îáúåêòîâ çà-
ùèòû íà áåðåãó è äî áëèæàéøèõ äàò÷èêîâ ðåãèñòðàöèè âîëíû öóíàìè
(DART ñòàíöèé è ïð.);

(b) Ïîñëå ïðîõîæäåíèÿ âîëíû ÷åðåç ðåãèñòðàòîð èçâëåêàþòñÿ äàííûå î
ïðîôèëå âîëíû (ìàðèàãðàììû);

(c) Îñóùåñòâëÿåòñÿ ôèëüòðàöèÿ ïðèëèâíîé êîìïîíåíòû;

(d) Âîññòàíîâëåíèå ïåðâîíà÷àëüíîãî ñìåùåíèÿ âîäíîé ïîâåðõíîñòè â çîíå
èñòî÷íèêà öóíàìè;

(e) Ïðÿìîå ÷èñëåííîå ìîäåëèðîâàíèå ðàñïðîñòðàíåíèÿ âîëíû îò âîññòà-
íîâëåííîãî èñòî÷íèêà äî âñåõ ó÷àñòêîâ çàùèùàåìîãî ïîáåðåæüÿ.

3. Èíôîðìèðîâàíèå ïðàâèòåëüñòâåííûõ è îáùåñòâåííûõ ñëóæá îá îæèäàåìûõ
ïàðàìåòðàõ âîëíû. Ðåêîìåíäàöèè ïî ïðîâåäåíèþ ýâàêóàöèîííûõ è äðóãèõ
ìåðîïðèÿòèé.

Ó àâòîðîâ èìåþòñÿ àëãîðèòìû è èõ ðåàëèçàöèè, ñïîñîáíûå ñóùåñòâåííî ñî-
êðàòèòü âðåìÿ íà âûïîëíåíèå âñåõ ïåðå÷èñëåííûõ ýòàïîâ è, ñëåäîâàòåëüíî, íà
ïðèíÿòèÿ óïðàâëÿþùèõ ðåøåíèé. Òàê, ìîäåëèðîâàíèå ðàñïðîñòðàíåíèÿ âîëíû
áûëî ïåðåíåñåíî äëÿ âû÷èñëåíèÿ íà GPU (Graphics Processing Unit) è FPGA
(Field-Programmable Gate Array), ÷òî ïîçâîëèëî ñîêðàòèòü âðåìÿ ÷èñëåííîãî ìî-
äåëèðîâàíèÿ äî ìèíóò ïî ñðàâíåíèþ ñ ÷àñàìè äëÿ èñõîäíîé âåðñèè ïðîãðàììû
íà CPU. Ôèëüòðàöèÿ ïðèëèâíîé êîìïîíåíòû è âîññòàíîâëåíèå ïåðâîíà÷àëüíîãî
ñìåøåíèÿ ïî ïðåäëîæåííûì àëãîðèòìàì ïðîèñõîäèò çà äîëè ñåêóíäû. Èìåþòñÿ
òàêæå àëãîðèòìû ïî ðàñ÷åòó îïòèìàëüíîãî ðàñïîëîæåíèÿ èçìåðèòåëüíîé àïïà-
ðàòóðû äëÿ ðåãèñòðàöèè âîëíû öóíàìè.

Â äîêëàäå ïðåäñòàâëåíû ïðåäëîæåííûå àâòîðàìè àëãîðèòìû è ðåçóëüòàòû èõ
ïðèìåíåíèÿ ê àíàëèçó ðåàëüíûõ ñîáûòèé.
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Î ÊÎÌÏÜÞÒÅÐÍÎÌ ÌÎÄÅËÈÐÎÂÀÍÈÈ
ÈÅÐÀÐÕÈ×ÅÑÊÈÕ ÁÈÎËÎÃÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ

Ëàøèí Ñ.À.1, Ìàòóøêèí Þ.Ã.2

1Èíñòèòóò öèòîëîãèè è ãåíåòèêè ÑÎ ÐÀÍ,

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

lashin@bionet.nsc.ru
2Èíñòèòóò öèòîëîãèè è ãåíåòèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

mat@bionet.nsc.ru

Áèîëîãè÷åñêèå ñèñòåìû ÿâëÿþòñÿ ñëîæíîîðãàíèçîâàííûìè èåðàðõè÷åñêèìè
ñèñòåìàìè. Èõ ôóíêöèîíèðîâàíèå îïðåäåëÿåòñÿ êîîðäèíèðîâàííîé ðàáîòîé ìíî-
æåñòâà ïîäñèñòåì, îòíîñÿùèõñÿ ê ðàçëè÷íûì óðîâíÿì áèîëîãè÷åñêîé îðãàíè-
çàöèè � ìîëåêóëÿðíî-ãåíåòè÷åñêîìó, êëåòî÷íîìó, òêàíåâîìó, îðãàííîìó, îðãà-
íèçìåííîìó, ïîïóëÿöèîííîìó, ýêîëîãè÷åñêîìó è, íàêîíåö, áèîñôåðíîìó. Ïîýòî-
ìó ïîíèìàíèå ïðèíöèïîâ ôóíêöèîíèðîâàíèÿ è ýâîëþöèè áèîëîãè÷åñêèõ ñèñòåì,
êîòîðîå íåîáõîäèìî äëÿ ïðåäñêàçàíèÿ èõ ñâîéñòâ è, ñîîòâåòñòâåííî, äëÿ óïðàâ-
ëåíèÿ ýòèìè ñâîéñòâàìè (÷òî, â ñâîþ î÷åðåäü, èìååò íå òîëüêî ôóíäàìåíòàëüíîå,
íî è ïðèêëàäíîå çíà÷åíèå), òðåáóåò íå òîëüêî ðàçâèòûõ àíàëèòè÷åñêèõ ìåòîäîâ
(ðåäóêöèîíèñòñêèé ïîäõîä), íî è ñèíòåòè÷åñêèõ, ñèñòåìíûõ ìåòîäîâ, ñïîñîáíûõ
îáúåäèíèòü ïîëó÷åííûå äàííûå. Áîëüøóþ ðîëü â ðàçâèòèè ñèñòåìíîé áèîëî-
ãèè â íàñòîÿùåå âðåìÿ èãðàåò ìàòåìàòè÷åñêîå è êîìïüþòåðíîå ìîäåëèðîâàíèå.
Îòìåòèì, îäíàêî, ÷òî â íàñòîÿùåå âðåìÿ ìîäåëèðîâàíèå áèîëîãè÷åñêèõ ñèñòåì,
îãðàíè÷èâàåòñÿ, êàê ïðàâèëî, äâóìÿ-òðåìÿ ñìåæíûìè óðîâíÿìè [1].

Â äàííîé ðàáîòå ïðåäñòàâëåí ìåòîä êîíñòðóèðîâàíèÿ ñîñòàâíûõ ìîäåëåé áèî-
ëîãè÷åñêèõ ñèñòåì, à òàêæå åãî ðåàëèçàöèè â âèäå ïðîãðàììíûõ êîìïëåêñîâ �Ãàï-
ëîèäíûé ýâîëþöèîííûé êîíñòðóêòîð� (ÃÝÊ) è �Äèïëîèäíûé ýâîëþöèîííûé êîí-
ñòðóêòîð� (ÄÝÊ). ÃÝÊ [2] ïðåäíàçíà÷åí äëÿ ìîäåëèðîâàíèÿ ôóíêöèîíèðîâàíèÿ
è ýâîëþöèè ìèêðîáíûõ ñîîáùåñòâ, à ÄÝÊ [3] � ïîïóëÿöèé ñëîæíîîðãàíèçîâàí-
íûõ îðãàíèçìîâ. Â ìîäåëÿõ ó÷èòûâàþòñÿ òàêèå óðîâíè áèîëîãè÷åñêîé îðãàíèçà-
öèè êàê ìîëåêóëÿðíî-ãåíåòè÷åñêèé, êëåòî÷íûé/îðãàíèçìåííûé (à òàêæå îðãàí-
íûé â ñëó÷àå ÄÝÊ), ïîïóëÿöèîííûé è ýêîëîãè÷åñêèé. Ïðåäñòàâëåíû ðåçóëüòàòû
÷èñëåííîãî ìîäåëèðîâàíèÿ ýâîëþöèè ìèêðîáíîãî ñîîáùåñòâà â ïðîñòðàíñòâåííî
ãåòåðîãåííîé ñðåäå îáèòàíèÿ è â èçìåíÿþùèõñÿ óñëîâèÿõ ñðåäû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 15-07-03879).

ËÈÒÅÐÀÒÓÐÀ

1. Grimm V., Berger U. Structural realism, emergence, and predictions in next-generation
ecological modelling: synthesis from a special issue // Ecological Modelling. 2016. V. 326.
P. 177�187.

2. Lashin S.A., Klimenko A. I., Musta�n Z. S., Kolchanov N.A., Matushkin Yu.G. HEC 2.0:
improved simulation of the evolution of prokaryotic communities // Ìàòåìàòè÷åñêàÿ
áèîëîãèÿ è áèîèíôîðìàòèêà. 2014. Ò. 9. Ñ. 585�596.

3. Lashin S.A., Matushkin Yu.G. Multi-layer computer models of gene network evolution
in diploid populations // FEBS Journal. 2013. V. 280, No 1. P. 563.

497



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

ÂÛ×ÈÑËÅÍÈÅ ÄÈÔÔÓÇÈÎÍÍÛÕ ÕÀÐÀÊÒÅÐÈÑÒÈÊ
Â ÏÐÎÖÅÑÑÅ ÌÎÄÅËÈÐÎÂÀÍÈß ÝËÅÊÒÐÎÍÍÎÉ

ËÀÂÈÍÛ Â ÃÀÇÅ ÌÅÒÎÄÎÌ ÌÎÍÒÅ-ÊÀÐËÎ

Ëîòîâà Ã. Ç.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; lot@osmf.sscc.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ çàäà÷è òåîðèè ïåðåíîñà ýëåêòðîíîâ â ãàçå ïîä äåé-
ñòâèåì ñèëüíîãî âíåøíåãî ýëåêòðè÷åñêîãî ïîëÿ. Ýëåêòðîíû, ñòàðòîâàâøèå ñ êà-
òîäà, äâèãàþòñÿ ñ óñêîðåíèåì â íàïðàâëåíèè àíîäà. Â ñâîåì äâèæåíèè ýëåêòðî-
íû, ñòàëêèâàÿñü ñ ìîëåêóëàìè ãàçà, ïîãëîùàþòñÿ, ðàññåèâàþòñÿ óïðóãî èëè íå
óïðóãî èëè èîíèçèðóþò ãàç, �âûáèâàÿ� âòîðè÷íûå ýëåêòðîíû. Òàêèì îáðàçîì,
÷èñëî çàðÿæåííûõ ÷àñòèö ýêñïîíåíöèàëüíî ðàñòåò, îáðàçóÿ èîíèçèðîâàííûå ÷à-
ñòèöû ãàçà è ýëåêòðîííóþ ëàâèíó (ýëåêòðîííîå îáëàêî). Âàæíûìè òðàíñïîðòíû-
ìè õàðàêòåðèñòèêàìè ëàâèíû ÿâëÿþòñÿ êîýôôèöèåíòû äèôôóçèè (ïðîäîëüíîé
DL è ïîïåðå÷íîé DT ).

Â ðåçóëüòàòå èñïîëüçîâàíèÿ ïðîãðàììû ELSHOW, ñîçäàííîé íà îñíîâå òð¼õ-
ìåðíîãî (ïî ïðîñòðàíñòâó) àëãîðèòìà, ïîëó÷åíû âûáîðêè ñîñòîÿíèé ÷àñòèö â
ýëåêòðîííîé ëàâèíå äëÿ çàäàííîãî ìîìåíòà âðåìåíè. Ñ èõ ïîìîùüþ ðàçðàáîòàíû
àëãîðèòìû âû÷èñëåíèÿ ñîîòâåòñòâóþùèõ �äèôôóçèîííûõ ðàäèóñîâ� è êîýôôè-
öèåíòîâ äèôôóçèè, êîòîðûå òðåáóþò ïîñòðîåíèÿ îöåíîê ïëîòíîñòè ðàñïðåäåëå-
íèÿ ÷àñòèö [1].

Â äàííîé ðàáîòå ïðåäëîæåíû áîëåå òî÷íûå (ïî ñðàâíåíèþ ñ [1]) îöåíêè ðà-
äèóñà äèôôóçèè íà îñíîâå ñãëàæåííûõ îöåíîê ïëîòíîñòè ðàñïðåäåëåíèÿ ÷àñòèö:
ÿäåðíûõ îöåíîê Ïàðçåíà � Ðîçåíáëàòòà [2] ñ èñïîëüçîâàíèåì ãðóïïèðîâàííîé âû-
áîðêè è ðàíäîìèçèðîâàííîãî ïðîåêöèîííîãî ìåòîäà ñ èñïîëüçîâàíèåì ïîëèíîìîâ
Ëàãåððà è Ýðìèòà [3]. Òåñòîâûå ðàñ÷¼òû ïîêàçàëè âûñîêóþ ýôôåêòèâíîñòü ïðî-
åêöèîííûõ îöåíîê äëÿ âû÷èñëåíèÿ äèôôóçèîííûõ õàðàêòåðèñòèê.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 15-01-08988, 15-01-00894, 16-01-00530, 16-01-00145, 17-01-00823) è Ïðî-

ãðàììû ôóíäàìåíòàëüíûõ èññëåäîâàíèé Ïðåçèäèóìà ÐÀÍ (íîìåð ãðàíòà I.33Ï).
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ÒÐÅÕÌÅÐÍÎÃÎ ÂÅÊÒÎÐÍÎÃÎ ÏÎËß

Ìàëüöåâà Ñ.Â.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

maltsevasv@math.nsc.ru

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ïîòåíöèàëà, ïîðîæ-
äàþùåãî ïîòåíöèàëüíóþ ÷àñòü òðåõìåðíîãî âåêòîðíîãî ïîëÿ. Äàííûìè äëÿ çà-
äà÷è ÿâëÿåòñÿ íîðìàëüíîå ïðåîáðàçîâàíèå Ðàäîíà.

Íîðìàëüíîå ïðåîáðàçîâàíèå Ðàäîíà âåêòîðíîãî ïîëÿ v = (vi), i = 1, 2, 3, îïðå-
äåëÿåòñÿ ñëåäóþùèì îáðàçîì:

[Rv](ξ, s) =

∫∫
Pξ,s

viξ
idudv,

ãäå Pξ,s � ïëîñêîñòü, ïåðïåíäèêóëÿðíàÿ íàïðàâëåíèþ ξ è îòñòîÿùàÿ íà ðàññòî-
ÿíèå |s| îò íà÷àëà êîîðäèíàò, u, v � êîîðäèíàòû ëîêàëüíîé ñèñòåìû êîîðäèíàò
ïëîñêîñòè Pξ,s. Â ÿäðå îïåðàòîðà íîðìàëüíîãî ïðåîáðàçîâàíèÿ Ðàäîíà ëåæàò
ñîëåíîèäàëüíûå ïîëÿ, ïîýòîìó ìû ìîæåì âîññòàíîâèòü òîëüêî ïîòåíöèàëüíóþ
÷àñòü ïîëÿ.

Â äàííîé ðàáîòå äëÿ âîññòàíîâëåíèÿ ïîòåíöèàëà, ïîðîæäàþùåãî ïîòåíöèàëü-
íóþ ÷àñòü ïîëÿ, èñïîëüçóåòñÿ ìåòîä ïðèáëèæåííîãî îáðàùåíèÿ, ðàçðàáîòàííûé
À.Ê. Ëóèñîì è åãî ó÷åíèêàìè [1]�[3]. Èäåÿ ìåòîäà ïðèáëèæåííîãî îáðàùåíèÿ ñî-
ñòîèò â ñëåäóþùåì. Ïóñòü òðåáóåòñÿ íàéòè ðåøåíèå (ôóíêöèþ f) îïåðàòîðíîãî
óðàâíåíèÿ Af = g äëÿ ëèíåéíîãî îãðàíè÷åííîãî îïåðàòîðà A : H → K, ãäå H è
K � ãèëüáåðòîâû ïðîñòðàíñòâà. Äëÿ ýòîãî èñïîëüçóþòñÿ óñðåäíÿþùèå ôóíêöèè
eyγ(x), îáëàäàþùèå ñâîéñòâàìè∫

Rn

eyγ(x) dx = 1, lim
γ→0
〈f, eyγ〉H = f(y).

Ïóñòü A∗ � ñîïðÿæåííûé îïåðàòîð äëÿ A è ôóíêöèè eyγ ëåæàò â ïðîñòðàíñòâå
îáðàçîâ A∗, òîãäà ñóùåñòâóþò ôóíêöèè ψyγ òàêèå, ÷òî A

∗ψyγ = eyγ . Èìååì

f(y) ≈ 〈f, eyγ〉H = 〈f,A∗ψyγ〉H = 〈Af, ψyγ〉K = 〈g, ψyγ〉K .

Òàêèì îáðàçîì, ñêàëÿðíîå ïðîèçâåäåíèå èñõîäíûõ äàííûõ g è ôóíêöèé ψyγ äàåò
ïðèáëèæåííîå ðåøåíèå îïåðàòîðíîãî óðàâíåíèÿ Af = g.

Ïîñòðîåííûé àëãîðèòì ïîçâîëÿåò âîññòàíîâèòü ïîòåíöèàë, ïîðîæäàþùèé ïî-
òåíöèàëüíóþ ÷àñòü ïîëÿ. Èñïîëüçóÿ ìåòîäû ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ, èç
ïîëó÷åííîãî ïîòåíöèàëà ñòðîèì ïîòåíöèàëüíóþ ÷àñòü ïîëÿ.
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Â ðàáîòå ïðèâîäÿòñÿ òî÷íûå ðåøåíèÿ äëÿ êèíåìàòèêè âîëíîâûõ ëó÷åé è
ôðîíòîâ öóíàìè ïðè íåêîòîðûõ íåòðèâèàëüíûõ ðàñïðåäåëåíèÿõ ãëóáèíû â îáëà-
ñòè ðàñïðîñòðàíåíèÿ âîëíû. Â ÷àñòíîñòè, òàêèå ðåøåíèÿ íàéäåíû äëÿ ëèíåéíîé
çàâèñèìîñòè ãëóáèíû îò ðàññòîÿíèÿ äî ïðÿìîëèíåéíîé áåðåãîâîé ëèíèè (íàêëîí-
íîå äíî) è äëÿ êâàäðàòè÷íîãî ðîñòà ãëóáèíû ñ óäàëåíèåì îò áåðåãà (ïàðàáîëè÷å-
ñêèé ðåëüåô äíà). Äëÿ íàêëîííîãî äíà òðàåêòîðèÿ âîëíîâîãî ëó÷à áóäåò èìåòü
âèä äóãè öèêëîèäû, à â ñëó÷àå ïàðàáîëè÷åñêîãî äíà âîëíîâûå ëó÷è ïðåäñòàâ-
ëÿþò ñîáîé äóãè îêðóæíîñòåé ñ öåíòðàìè íà ïðÿìîëèíåéíî áåðåãîâîé ëèíèè.
Íàéäåííûå ôîðìóëû ïîçâîëÿþò íàõîäèòü ïîëîæåíèå âîëíîâîãî ôðîíòà â ëþáîé
ìîìåíò âðåìåíè, à ôîðìóëû äëÿ òðàåêòîðèé âîëíîâûõ ëó÷åé äàþò âîçìîæíîñòü
îöåíèòü â ëó÷åâîì ïðèáëèæåíèè âûñîòó âîëíû â ëþáîé òî÷êå îáëàñòè, åñëè èç-
âåñòíà âûñîòà íà÷àëüíîé âîëíû. Ýòè îöåíêè âûñîò öóíàìè áûëè ïîäòâåðæäåíû
÷èñëåííûìè ðàñ÷¼òàìè ïî äèôôåðåíöèàëüíîé ìîäåëè ìåëêîé âîäû. Ïîëó÷åííûå
â ðàáîòå òî÷íûå ðåøåíèÿ ìîãóò áûòü èñïîëüçîâàíû äëÿ òåñòèðîâàíèÿ ÷èñëåííûõ
ìåòîäîâ ðàñ÷¼òà êèíåìàòèêè è äèíàìèêè âîëí öóíàìè.
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Òåîðåòè÷åñêèé àíàëèç áîçå-êîíäåíñàòîâ â íàñòîÿùåå âðåìÿ òðàäèöèîííî îñ-
íîâûâàåòñÿ íà óðàâíåíèè Ãðîññà � Ïèòàåâñêîãî. Ýòî óðàâíåíèå ñòàëî îñîáåííî
èíòåíñèâíî èçó÷àòüñÿ ïîñëå ïåðâûõ ýêñïåðèìåíòàëüíûõ ðàáîò ïî ñîçäàíèþ áîçå-
ýéíøòåéíîâñêèõ êîíäåíñàòîâ (ÁÝÊ) ðàçðåæåííûõ ãàçîâ. Íàñòîÿùåå èññëåäîâà-
íèå áûëî òàêæå èíèöèèðîâàíî ýêñïåðèìåíòàëüíîé ðàáîòîé [1], â êîòîðîé èçó÷àë-
ñÿ ðàçë¼ò áîçå-êîíäåíñàòà àòîìîâ ðóáèäèÿ ïîñëå âûêëþ÷åíèÿ ìàãíèòíîé ëîâóø-
êè, è ðàáîòîé [2], â êîòîðîé ïðîâîäèëîñü ñðàâíåíèå ýêñïåðèìåíòà è ðàñ÷åòîâ ïî
óðàâíåíèþ Ãðîññà � Ïèòàåâñêîãî.

Ñóùåñòâåííîå óïðîùåíèå ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ îáùåé ñëîæíîé çà-
äà÷è îïèñàíèÿ ÁÝÊ ìîæåò áûòü äîñòèãíóòî, åñëè ìîæíî îãðàíè÷èòüñÿ äâóìåð-
íûì (2D) óðàâíåíèåì Ãðîññà � Ïèòàåâñêîãî [3].

Áûëà ðàññìîòðåíà îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ êîýôôèöèåíòîâ äâóìåð-
íîãî óðàâíåíèÿ Ãðîññà � Ïèòàåâñêîãî ñ ãàðìîíè÷åñêèì ïîòåíöèàëîì íà îñíîâå
âàðèàöèîííîãî ìåòîäà. Â ÷àñòíîñòè, ïðîâåäåíî ñðàâíåíèå ðåøåíèé ñòàöèîíàð-
íîé çàäà÷è äëÿ òðåõ ïðîáíûõ ôóíêöèé: Ãàóññà, ñóïåð-Ãàóññà è Òîìàñà � Ôåðìè ñ
ïðÿìûì ÷èñëåííûì ìîäåëèðîâàíèåì äëÿ ðàçëè÷íûõ óðîâíåé íåëèíåéíîñòè ïðè
çàäàííûõ ïàðàìåòðàõ ãàðìîíè÷åñêîãî ïîòåíöèàëà è ïðîäîëüíûõ ðàçìåðîâ êîí-
äåíñàòà. Ïîëó÷åíî âèðèàëüíîå ñîîòíîøåíèå, êîòîðîå âåðíî äëÿ ëþáûõ ïðîáíûõ
ôóíêöèé [4].

Ðàáîòà Þ.Â. Ëèõàíîâîé, Ñ.Á. Ìåäâåäåâà è Ì.Ï. Ôåäîðóêà âûïîëíåíà ïðè ïîä-

äåðæêå ãðàíòîâ âåäóùèõ íàó÷íûõ øêîë ÐÔ (ÍØ-7214.2016.9 è ÍØ-9161.2016.9). Ðàáî-

òà Ï.Ë. ×àïîâñêîãî âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 15-02-05754).

ËÈÒÅÐÀÒÓÐÀ

1. ×àïîâñêèé Ï.Ë. Áîçå � ýéíøòåéíîâñêàÿ êîíäåíñàöèÿ àòîìîâ ðóáèäèÿ // Ïèñüìà â
ÆÝÒÔ. 2012. Ò. 95, � 3. C. 148�152.

2. Ëèõàíîâà Þ.Â., Ìåäâåäåâ Ñ.Á., Ôåäîðóê Ì.Ï., ×àïîâñêèé Ï.Ë. Âçàèìîäåéñòâèå
äâóõ ôðàêöèé â âûðîæäåííîì áîçå-ãàçå ïðè êîíå÷íûõ òåìïåðàòóðàõ // Ïèñüìà â
ÆÝÒÔ. 2016. Ò. 103, � 6. C. 452�457.

3. Ìåäâåäåâ Ñ.Á., Ëèõàíîâà Þ.Â., Ôåäîðóê Ì.Ï., ×àïîâñêèé Ï.Ë. Ýâîëþöèÿ ñòà-
öèîíàðíîãî ñîñòîÿíèÿ â äâóìåðíîì óðàâíåíèè Ãðîññà � Ïèòàåâñêîãî // Ïèñüìà â
ÆÝÒÔ. 2014. Ò. 100, � 12. Ñ. 935�940.

4. Ëèõàíîâà Þ.Â., Ìåäâåäåâ Ñ.Á., Ôåäîðóê Ì.Ï., ×àïîâñêèé Ï.Ë. Àíàëèòè÷åñêèå
ïðîáíûå ôóíêöèè äëÿ ìîäåëèðîâàíèÿ äâóìåðíîãî áîçå-êîíäåíñàòà // Êâàíòîâàÿ
ýëåêòðîíèêà. 2017. Ò. 47. (â ïå÷àòè).

501



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ
ÐÀÑÏÐÎÑÒÐÀÍÅÍÈß ÈÍÔÐÀÇÂÓÊÎÂÛÕ È
ÑÅÉÑÌÈ×ÅÑÊÈÕ ÂÎËÍ Â ÑÎÂÌÅÙ�ÍÍÎÉ

ÌÎÄÅËÈ �ÇÅÌËß � ÀÒÌÎÑÔÅÐÀ�

Ìèõàéëîâ À.À.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; alex_mikh@omzg.sscc.ru

Â äîêëàäå ðàññìàòðèâàþòñÿ àëãîðèòì è ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðî-
âàíèÿ ðàñïðîñòðàíåíèÿ èíôðàçâóêîâûõ è ñåéñìè÷åñêèõ âîëí â ïðîñòðàíñòâåííî-
íåîäíîðîäíîé ìîäåëè �Çåìëÿ � Àòìîñôåðà�. Äàííûå èññëåäîâàíèÿ ÿâëÿþòñÿ ïðî-
äîëæåíèåì èññëåäîâàíèé, ïðèâåä¼ííûõ â ðàáîòàõ [1], [2]. Â ïðåäëàãàåìîé ðàáîòå
ðàññìàòðèâàåòñÿ ðàñïðîñòðàíåíèå âîëí â ñëó÷àå êðèâîëèíåéíîé ãðàíèöû ðàçäå-
ëà àòìîñôåðû è ëèòîñôåðû. Ïîëó÷åííûå ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ
ïîçâîëÿþò èññëåäîâàòü âëèÿíèå ðåëüåôà ìåñòíîñòè íà ðàñïðîñòðàíåíèÿ èíôðà-
çâóêîâûõ âîëí è ýôôåêò âçàèìîäåéñòâèÿ ìåæäó âîëíàìè â ëèòîñôåðå è àòìî-
ñôåðå.

Ðàñïðîñòðàíåíèå èíôðàçâóêîâûõ âîëí â èçîòåðìè÷åñêîé àòìîñôåðå îïèñûâà-
åòñÿ ëèíåàðèçîâàííîé ñèñòåìîé óðàâíåíèé Íàâüå � Ñòîêñà â âèäå ãèïåðáîëè÷å-
ñêîé ñèñòåìû ïåðâîãî ïîðÿäêà äëÿ òð¼õìåðíîé äåêàðòîâîé ñèñòåìû êîîðäèíàò.
Ïðåäïîëàãàåòñÿ, ÷òî ïëîòíîñòü è ñêîðîñòü çâóêà â àòìîñôåðå çàâèñÿò îò âûñîòû.
Ðàñïðîñòðàíåíèå ñåéñìè÷åñêèõ âîëí â ëèòîñôåðå îïèñûâàåòñÿ ãèïåðáîëè÷åñêîé
ñèñòåìîé ïåðâîãî ïîðÿäêà â òåðìèíàõ ñêîðîñòåé âåêòîðà ñìåùåíèÿ è êîìïîíåíò
òåíçîðà íàïðÿæåíèé ñîãëàñíî òåîðèè óïðóãîñòè. Ïîëàãàåòñÿ, ÷òî ãðàíèöà ðàçäå-
ëà ñðåä àòìîñôåðà è óïðóãîå ïîëóïðîñòðàíñòâî ÿâëÿåòñÿ ïðîèçâîëüíî êðèâîëè-
íåéíîé ôóíêöèåé.

Â ðàáîòå îïèñûâàåòñÿ ÷èñëåííûé àëãîðèòì äëÿ ïðîâåäåíèÿ ðàñ÷¼òîâ. Îñî-
áåííîñòüþ ðàññìàòðèâàåìîãî àëãîðèòìà ÿâëÿåòñÿ êîìáèíèðîâàíèå èíòåãðàëüíûõ
ïðåîáðàçîâàíèé ñ êîíå÷íî-ðàçíîñòíûì ìåòîäîì. Ïðåäëàãàåìûé àëãîðèòì ðåøå-
íèÿ îñíîâàí íà ïðèìåíåíèè èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàãåððà ïî âðåìåííîé
êîîðäèíàòå. Äàííûé ìåòîä ðåøåíèÿ äèíàìè÷åñêèõ çàäà÷ òåîðèè óïðóãîñòè áûë
âïåðâûå ðàññìîòðåí â ðàáîòàõ [3], [4].
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Äëÿ ôîðìèðîâàíèÿ ïðîñòðàíñòâåííî-óïîðÿäî÷åííûõ ìàññèâîâ êâàíòîâûõ òî-
÷åê èñïîëüçóåòñÿ ãåòåðîýïèòàêñèÿ íà ïîäëîæêàõ ñ ðèñóíêîì, ïîäãîòîâëåííûì ìå-
òîäîì ëèòîãðàôèè. Çíà÷èòåëüíûé êîíòðîëü çà ðàñïîëîæåíèåì êâàíòîâûõ òî÷åê
äîñòèãàåòñÿ ïðè èñïîëüçîâàíèè èîííîãî îáëó÷åíèÿ ÷åðåç ðåçèñò [1]. Ââîäèìûå
ïðè ýòîì ìåæóçåëüíûå àòîìû ñîçäàþò äîïîëíèòåëüíûå óïðóãèå äåôîðìàöèè â
ïîäëîæêå, êîòîðûå ñóùåñòâåííî âëèÿþò íà çàðîæäåíèå íàíîîñòðîâêîâ ïðè ïî-
ñëåäóþùåé ãåòåðîýïèòàêñèè. Â äàííîé ðàáîòå ðàñïðåäåëåíèå äåôîðìàöèé ðàñ-
ñ÷èòûâàåòñÿ ìåòîäîì ìîëåêóëÿðíîé äèíàìèêè (ÌÄ).

Îïèñàíèå ìîäåëè. Äëÿ âûÿñíåíèÿ ðîëè ìåæóçåëüíûõ àòîìîâ â îáðàçîâà-
íèè óïðóãèõ äåôîðìàöèé ïðîâîäèëîñü ìîäåëèðîâàíèå ìåòîäîì ÌÄ. Ìîäåëèðó-
åìàÿ ñòðóêòóðà âêëþ÷àëà 20 ìîíîàòîìíûõ ñëîåâ ïîäëîæêè Si(100) − 2 × 1 ñ
êàíàâêàìè. Â îáëàñòü ïîä êàíàâêàìè â ìåæóçåëüíûå ïîçèöèè áûëè ââåäåíû àòî-
ìû Ge. Â íà÷àëüíîì ñîñòîÿíèè àòîìû Si è Ge ïîìåùàëèñü â óçëû íåíàïðÿæåííîé
êðèñòàëëè÷åñêîé ðåøåòêè êðåìíèÿ. Ìåæóçåëüíûå àòîìû Ge çàíèìàëè òåòðàýä-
ðè÷åñêèå ìåæóçåëüíûå ïîçèöèè â àëìàçîïîäîáíîé ïîäðåøåòêå, ñäâèíóòîé îòíî-
ñèòåëüíî îñíîâíîé íà 3a/2 âäîëü íàïðàâëåíèÿ (111), ãäå a � ïîñòîÿííàÿ ðåøåòêè
Si. Çàòåì ïðîèçâîäèëàñü ïðîöåäóðà ðåëàêñàöèè, â õîäå êîòîðîé àòîìû ñòðóê-
òóðû ìåíÿëè ñâîå ïîëîæåíèå ïîä äåéñòâèåì ñèë ìåæàòîìíîãî âçàèìîäåéñòâèÿ.
Îòðåëàêñèðîâàííàÿ ñòðóêòóðà áûëà îáúåêòîì äàëüíåéøèõ èññëåäîâàíèé. Ìåæ-
àòîìíîå âçàèìîäåéñòâèå îïèñûâàëîñü ýìïèðè÷åñêèì ïîòåíöèàëîì Òåðñîôôà [2].
Ìîäåëèðóåìàÿ ñòðóêòóðà ñîäåðæàëà ÷èñëî àòîìîâ N ∼ 105.

Ðàñ÷åò ìåòîäîì ÌÄ ïðåäïîëàãàåò âû÷èñëåíèå ñèë íà êàæäûé àòîì ñèñòåìû.
Ýòî â ñâîþ î÷åðåäü òðåáóåò îïðåäåëåíèÿ ñîñåäåé äëÿ êàæäîãî àòîìà. ×èñëî îïå-
ðàöèé, íåîáõîäèìûõ äëÿ âûÿâëåíèÿ ñîñåäåé, ïðîïîðöèîíàëüíî N2 (êîòîðîå ìîæ-
íî ñîêðàòèòü äî N3/2, èñïîëüçóÿ àëãîðèòì Âåðëå). ×òîáû îñóùåñòâëÿòü òàêèå
âû÷èñëåíèÿ çà ðàçóìíûå âðåìåíà, íåîáõîäèìî èñïîëüçîâàíèå ýôôåêòèâíûõ àë-
ãîðèòìîâ. Íàìè áûë ðàçðàáîòàí àëãîðèòì, îáåñïå÷èâàþùèé ïàðàëëåëüíûé îïðîñ
ìàññèâà íà ïðåäìåò áëèçêîãî ðàñïîëîæåíèÿ ê äàííîìó àòîìó íà ìíîãîÿäåðíîì
ïðîöåññîðå. Óñêîðåíèå âû÷èñëåíèé ïî ñðàâíåíèþ ñ ïîñëåäîâàòåëüíûì àëãîðèò-
ìîì ñîñòàâèëî îò 5 äî 10 ðàç, â çàâèñèìîñòè îò îáúåìà ìàññèâà.

ËÈÒÅÐÀÒÓÐÀ
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1Êåìåðîâñêèé òåõíîëîãè÷åñêèé èíñòèòóò ïèùåâîé ïðîìûøëåííîñòè,

Êåìåðîâî, Ðîññèÿ; pavva46@mail.ru
2Èíñòèòóò ôèçèêè ïîëóïðîâîäíèêîâ èì. À.Â. Ðæàíîâà ÑÎ ÐÀÍ,
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Äëÿ îöåíêè ýôôåêòèâíîñòè ôóíêöèîíèðîâàíèÿ âû÷èñëèòåëüíûõ ñèñòåì (ÂÑ)
èñïîëüçóþò ðÿä ïîêàçàòåëåé, ñðåäè êîòîðûõ îòìåòèì ïîêàçàòåëè ïîòåíöèàëüíîé
æèâó÷åñòè [1], â îñíîâå êîòîðûõ ëåæàò âåðîÿòíîñòè è ÷èñëîâûå õàðàêòåðèñòèêè
ñëó÷àéíûõ âåëè÷èí. Ïîêàçàòåëè ïîòåíöèàëüíîé æèâó÷åñòè ÂÑ ó÷èòûâàþò òî îá-
ñòîÿòåëüñòâî, ÷òî ïðè ðåøåíèè çàäà÷ èñïîëüçóþòñÿ âñå èñïðàâíûå ýëåìåíòàðíûå
ìàøèíû (ÝÌ), ÷èñëî êîòîðûõ, âîîáùå ãîâîðÿ, ñëó÷àéíî. Ïàðàëëåëüíûå ïðîãðàì-
ìû ñëîæíûõ çàäà÷, ïðè èõ ðåàëèçàöèè íà æèâó÷èõ ÂÑ, ñïîñîáíû çàäåéñòâîâàòü
ñóììàðíóþ ïðîèçâîäèòåëüíîñòü âñåõ ðàáîòîñïîñîáíûõ ÝÌ ñèñòåìû.

Îïèñàíèå ìîäåëè. Ïðåäëàãàåòñÿ ñòîõàñòè÷åñêàÿ ìîäåëü ôóíêöèîíèðîâà-
íèÿ ðàñïðåäåëåííîé ÂÑ, â êîòîðîé ÝÌ íå àáñîëþòíî íàäåæíûå [1]. Êàæäàÿ èç
íèõ îòêàçûâàåò ñ èíòåíñèâíîñòüþ λ. Ìàøèíà, âûøåäøàÿ èç ñòðîÿ, ïîïàäàåò â
âîññòàíàâëèâàþùåå óñòðîéñòâî è æäåò âîññòàíîâëåíèÿ. Â ñëó÷àéíûå ìîìåíòû
âðåìåíè ñ èíòåíñèâíîñòüþ µ îñóùåñòâëÿåòñÿ âîññòàíîâëåíèå ãðóïïàìè ïî r ÝÌ.
Ðàññìàòðèâàþòñÿ ïðîñòåéøèå ïîòîêè. Ñ÷èòàåì, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè
áûëî n èñïðàâíûõ ìàøèí. Â êà÷åñòâå ïîêàçàòåëåé ýôôåêòèâíîñòè (ïîòåíöèàëü-
íîé æèâó÷åñòè) èñïîëüçóåì: ìàòåìàòè÷åñêîå îæèäàíèå M(t) è äèñïåðñèþ D(t)
÷èñëà èñïðàâíûõ ÝÌ [1]. Â ðàáîòå ïîëó÷åíû ðåøåíèÿ äëÿ ìàòåìàòè÷åñêîãî îæè-
äàíèÿ è äèñïåðñèè ÷èñëà èñïðàâíûõ ìàøèí â ðàñïðåäåëåííûõ ìàñøòàáèðóåìûõ
âû÷èñëèòåëüíûõ ñèñòåìàõ ïðè ãðóïïîâîì âîññòàíîâëåíèè:

M(r) =
rµ

λ
+
(
n− rµ

λ

)
e−λt,

D(t) =

(
n2 − n− rµ

λ

(
2n− rµ

λ
+
r − 1

2

))
e−2λt

+
rµ

λ

(rµ
λ

+ 2
(
n− rµ

λ

)
e−λt

)
+
r(r − 1)µ

2λ
+M(t)−M2(t).

Òî÷íîãî ðåøåíèÿ äëÿ âåðîÿòíîñòåé ñîñòîÿíèÿ ñèñòåìû íàéòè íå óäàåòñÿ, ïî-
ñêîëüêó äàæå â ñòàöèîíàðíîì ðåæèìå âîçíèêàþò öåïíûå äðîáè, ÷òî ïðèâîäèò ê
ïðèáëèæåííîìó ðåøåíèþ. Èñïîëüçóåìûé ìåòîä ìîìåíòîâ [2] äàåò âîçìîæíîñòü
ïîëó÷èòü òî÷íîå ðåøåíèå äëÿ ìîìåíòîâ ëþáûõ ïîðÿäêîâ. Ïîëó÷åíà òàêæå êà÷å-
ñòâåííàÿ îöåíêà � ïðîñòûì íàðàùèâàíèåì âû÷èñëèòåëüíîé ñèñòåìû ýëåìåíòàð-
íûìè ìàøèíàìè, áåç óëó÷øåíèÿ èõ ïàðàìåòðîâ, äîñòèãíóòü ñêîëü óãîäíî íàïåðåä
çàäàííîé ïðîèçâîäèòåëüíîñòè íåâîçìîæíî.

ËÈÒÅÐÀÒÓÐÀ
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Èññëåäóþòñÿ íåëèíåéíûå êîëåáàíèÿ ìàòåðèàëüíîé òî÷êè, îïèñûâàåìûå äèô-
ôåðåíöèàëüíûì óðàâíåíèåì âòîðîãî ïîðÿäêà, ïîä âîçäåéñòâèåì ëèíåéíîé óïðó-
ãîé ñèëû, ñèëû òðåíèÿ è ñèëû ýëåêòðîñòàòè÷åñêîãî ïðèòÿæåíèÿ, ìåíÿþùåéñÿ ñ
çàäàííûì ïåðèîäîì. Ðàññìàòðèâàåìàÿ ïðîáëåìà ïðåäñòàâëÿåò ìàòåìàòè÷åñêóþ
ìîäåëü ìèêðîðåçîíàòîðà, â êîòîðîì íåäåôîðìèðóåìàÿ ïëàòôîðìà ñ çàäàííîé
ìàññîé íà ïðóæèíå èãðàåò ðîëü ìàòåðèàëüíîé òî÷êè. Â ñâÿçè ñ ýòèì ôîðìóëè-
ðóåòñÿ íåëèíåéíàÿ êðàåâàÿ çàäà÷à ñ óñëîâèÿìè ïåðèîäè÷íîñòè, äëÿ èññëåäîâàíèÿ
êîòîðîé ïðèâëåêàåòñÿ ìåòîä ïðîäîëæåíèÿ ðåøåíèÿ ïî ïàðàìåòðó íà îñíîâå äèô-
ôåðåíöèàëüíûõ ïðîãîíîê ìåòîäà ìíîæåñòâåííîé ñòðåëüáû. Â ðåçóëüòàòå óñòàíîâ-
ëåíû îáëàñòè ïàðàìåòðîâ, â êîòîðûõ ñóùåñòâóþò ïåðèîäè÷åñêèå ðåøåíèÿ çàäà÷è
Êîøè äëÿ ðàññìàòðèâàåìîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïåðèîäîì âíåø-
íåãî âîçäåéñòâèÿ, èõ ìíîæåñòâåííîñòü è óñòîé÷èâîñòü. Ïîêàçàíî ñóùåñòâîâàíèå
óñòîé÷èâûõ ïåðèîäè÷åñêèõ ðåøåíèé ñ ïåðèîäîì, êðàòíûì ïåðèîäó âíåøíåãî âîç-
äåéñòâèÿ. Ïðèâåäåíû ïðèìåðû, â êîòîðûõ ïåðèîäè÷åñêèå ðåøåíèÿ ïåðåõîäÿò â
õàîòè÷åñêèå êîëåáàíèÿ ïî ñöåíàðèþ Ôåéãåíáàóìà ÷åðåç óäâîåíèå ïåðèîäà.

Ìàòåìàòè÷åñêèå ìîäåëè ìèêðîðåçîíàòîðîâ ñ ïîäîáíûì ïðèíöèïîì ðàáîòû
ðàíåå áûëè èññëåäîâàíû àâòîðàìè â ðàáîòàõ [1]�[3].
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Àíèçîòðîïèÿ ÿâëÿåòñÿ õàðàêòåðíîé ÷åðòîé â ïðîñòðàíñòâåííûõ çàêîíîìåðíî-
ñòÿõ èçìåíåíèÿ ìíîãèõ ñâîéñòâ ãåîëîãè÷åñêèõ îáúåêòîâ. Â íàñòîÿùåå âðåìÿ äëÿ
åå ó÷åòà ïðè êàðòèðîâàíèè àêòèâíî ðàçâèâàåòñÿ ïîäõîä, â êîòîðîì ðåàëèçóåòñÿ
ìîäåëü äåôîðìàöèîííîãî ïðåîáðàçîâàíèÿ èñõîäíîãî èçîòðîïíîãî ïðîñòðàíñòâà.
Ïðè ýòîì â çíà÷èòåëüíîé ñòåïåíè óïðîùàþòñÿ êàê ñîáñòâåííî ìåòîäû ïîñòðîåíèÿ
êàðò ñ ó÷åòîì àíèçîòðîïèè, òàê è ìåòîäû àíàëèçà àíèçîòðîïèè ïî èìåþùèìñÿ
ôàêòè÷åñêèì äàííûì.

Ïîñòàíîâêà è ðåøåíèå çàäà÷è ó÷åòà àíèçîòðîïèè íà îñíîâå ìîäåëèðîâàíèÿ
ñîîòâåòñòâóþùåãî äåôîðìàöèîííîãî ïðåîáðàçîâàíèÿ îòíîñèòåëüíî ïðîñòî è äî-
ñòàòî÷íî ñòðîãî îñóùåñòâëÿåòñÿ â ðàìêàõ âàðèàöèîííî-ñåòî÷íîãî ìåòîäà ãåîêàð-
òèðîâàíèÿ. Äëÿ ðåøåíèÿ íåîáõîäèìà èíôîðìàöèÿ î ìàòðèöå ßêîáè ïðåîáðàçî-
âàíèÿ, êîòîðàÿ â êàæäîé òî÷êå ìîæåò áûòü îõàðàêòåðèçîâàíà ïðîèçâåäåíèåì
ïðîñòûõ ìàòðèö, ñîîòâåòñòâóþùèõ ïðåîáðàçîâàíèÿì ïîâîðîòà, ñêîñà è ñæàòèÿ.
Âû÷èñëèòåëüíàÿ ñõåìà ìîäåëèðîâàíèÿ äåôîðìàöèè ÿâëÿåòñÿ îáùåé äëÿ çàäà÷ ñ
îäíîðîäíîé è ñ íåîäíîðîäíîé àíèçîòðîïèåé.

Äëÿ àíàëèçà âîçìîæíîñòåé è íàäåæíîñòè ïðåäëàãàåìîãî ìåòîäà ðàññìîòðå-
íû ïðèìåðû ó÷åòà îòäåëüíûõ ïðîñòûõ àôôèííûõ ïðåîáðàçîâàíèé � ïîâîðîòà,
ñæàòèÿ è ñêîñà. Ïðèìåíèìîñòü èñïîëüçîâàíèÿ ýòîãî ïîäõîäà â ñëó÷àå ñ äåôîð-
ìàöèîííûì ïðåîáðàçîâàíèåì ñ íåïîñòîÿííîé ìàòðèöåé ßêîáè ðàññìîòðåíà íà
ïðèìåðå äåôîðìàöèè ñæàòèÿ è èçãèáà. Ïîëó÷åííûå ðåçóëüòàòû ñâèäåòåëüñòâó-
þò î õîðîøåì ñîãëàñîâàíèè ìîäåëüíîãî ïðèáëèæåíèÿ è òî÷íîãî ïðåîáðàçîâàíèÿ
èñõîäíîé êàðòû äëÿ ðàññìîòðåííûõ âàðèàíòîâ äåôîðìàöèè.

Â êà÷åñòâå ïðàêòè÷åñêîãî ïðèëîæåíèÿ ðàññìàòðèâàåìîãî ïîäõîäà ïðåäñòàâëå-
íî ðåøåíèå çàäà÷è êàðòèðîâàíèÿ ìèíåðàëèçàöèè ïîäçåìíûõ âîä ïî ðàçðåçó îòëî-
æåíèé. Íåîáõîäèìîñòü ó÷åòà àíèçîòðîïèè â ýòîé çàäà÷å îáóñëîâëåíà íàëè÷èåì
ñëàáîïðîíèöàåìûõ ôëþèäîóïîðîâ, çàòðóäíÿþùèõ ãèäðîäèíàìè÷åñêîå è ãèäðî-
õèìè÷åñêîå âçàèìîäåéñòâèå ìåæäó ïîäçåìíûìè âîäàìè ðàçíûõ âîäîíîñíûõ ãî-
ðèçîíòîâ.

Ïðèìåðû ìîäåëèðîâàíèÿ äåôîðìàöèîííîãî ïðåîáðàçîâàíèÿ è ó÷åòà íà ýòîé
îñíîâå àíèçîòðîïèè ïðè ãåîêàðòèðîâàíèè âûïîëíåíû â ðàìêàõ ñóùåñòâóþùå-
ãî ïðîãðàììíîãî êîìïëåêñà GST. Â íàñòîÿùåå âðåìÿ ïðîãðàììíûå ñðåäñòâà,
ðåàëèçóþùèå òðåõìåðíûé âàðèàíò ðåøåíèÿ çàäà÷ ãåîêàðòèðîâàíèÿ íà îñíîâå
âàðèàöèîííî-ñåòî÷íîãî ìåòîäà, íàõîäÿòñÿ â ñòàäèè ðàçðàáîòêè. Îäíèì èç ñäåð-
æèâàþùèõ ôàêòîðîâ â èõ ðàçâèòèè (íàðÿäó ñ ðåçêèì óâåëè÷åíèåì òðåáîâàíèé ê
âû÷èñëèòåëüíûì ìîùíîñòÿì êîìïüþòåðíîé òåõíèêè) ÿâëÿåòñÿ òî, ÷òî â îòëè÷èå
îò äâóìåðíûõ çàäà÷ òðåõìåðíûå ïðàêòè÷åñêè âñåãäà õàðàêòåðèçóþòñÿ ðåçêîé è
íåîäíîðîäíîé àíèçîòðîïèåé. Ïðåäëîæåííûé â äàííîé ðàáîòå ïîäõîä ïðåäîñòàâ-
ëÿåò ïðîñòûå è íàäåæíûå ñðåäñòâà ó÷åòà ýòîé íåîäíîðîäíîñòè.
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Ðàññìàòðèâàåòñÿ çàäà÷à äâóìåðíîé òåíçîðíîé òîìîãðàôèè ïðè ïàðàëëåëüíîé
ñõåìå ñáîðà äàííûõ â ñëó÷àå ïðÿìîëèíåéíîãî ðàñïðîñòðàíåíèÿ ëó÷åé. Ïîä çà-
äà÷åé òåíçîðíîé òîìîãðàôèè ïîäðàçóìåâàåòñÿ ñëåäóþùàÿ ïîñòàíîâêà: òðåáóåòñÿ
âîññòàíîâèòü ñèììåòðè÷íîå m-òåíçîðíîå ïîëå, çàäàííîå â åäèíè÷íîì êðóãå, ïî
åãî èçâåñòíûì çíà÷åíèÿì ïðîäîëüíîãî, ñìåøàííîãî èëè ïîïåðå÷íîãî ëó÷åâûõ
ïðåîáðàçîâàíèé.

Äëÿ îáðàùåíèÿ ëèíåéíûõ îïåðàòîðîâ ÷àñòî èñïîëüçóåòñÿ ìåòîä ñèíãóëÿðíîãî
ðàçëîæåíèÿ. Ñóòü ìåòîäà çàêëþ÷àåòñÿ â òîì, ÷òî îáðàç îïåðàòîðà ïðåäñòàâëÿ-
åòñÿ â âèäå ðÿäà ïî áàçèñíûì ýëåìåíòàì ñ ñèíãóëÿðíûìè ÷èñëàìè â êà÷åñòâå
êîýôôèöèåíòîâ. Òîãäà îáðàç îáðàòíîãî îïåðàòîðà áóäåò ïðåäñòàâëÿòü ñîáîé ðÿä
ñî ñõîæåé ñòðóêòóðîé, â êîòîðîì çàäåéñòâîâàíû ïðîîáðàçû ýòèõ áàçèñíûõ ýëå-
ìåíòîâ è òå æå ñèíãóëÿðíûå ÷èñëà.

Ïîëó÷åíî ñèíãóëÿðíîå ðàçëîæåíèå îïåðàòîðîâ ïðîäîëüíîãî, ñìåøàííîãî è ïî-
ïåðå÷íîãî ëó÷åâûõ ïðåîáðàçîâàíèé. Â èñõîäíîì ïðîñòðàíñòâå Sm(L2(B)) èíòå-
ãðèðóåìûõ ñ êâàäðàòîì ñèììåòðè÷íûõ m-òåíçîðíûõ ïîëåé, çàäàííûõ â åäèíè÷-
íîì êðóãå, îðòîíîðìèðîâàííûå áàçèñû ñòðîÿòñÿ ñ ïîìîùüþ ìíîãî÷ëåíîâ ßêîáè
è ãàðìîíè÷åñêèõ ïîëèíîìîâ. Ñ èñïîëüçîâàíèåì ðåçóëüòàòà [1], ðàíåå ïîëó÷åí-
íîãî äëÿ îïåðàòîðà ïðåîáðàçîâàíèÿ Ðàäîíà, ïîêàçàíî, ÷òî â ïðîñòðàíñòâå îáðà-
çîâ ñîîòâåòñòâóþùèå îðòîíîðìèðîâàííûå áàçèñû ñòðîÿòñÿ íà îñíîâå ìíîãî÷ëå-
íîâ Ãåãåíáàóýðà è ãàðìîíè÷åñêèõ ïîëèíîìîâ. Íàéäåíû ñèíãóëÿðíûå ðàçëîæåíèÿ
îïåðàòîðîâ, ïîëó÷åíû ôîðìóëû îáðàùåíèÿ è àïïðîêñèìàöèè äëÿ îáðàòíûõ îïå-
ðàòîðîâ.

ËÈÒÅÐÀÒÓÐÀ
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Èññëåäîâàíû çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìàìè äðîáíîãî ïîðÿä-
êà, äëÿ êîòîðûõ îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ ïîíèìàåòñÿ â ñìûñëå
Êàïóòî, Ðèìàíà � Ëèóâèëëÿ èëè Àäàìàðà. Äëÿ êàæäîãî èç ýòèõ ñëó÷àåâ àíà-
ëèçèðóåòñÿ ïîñòàíîâêà è ðåøåíèÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ. Ïðîâîäèòñÿ
ñðàâíåíèå ñâîéñòâ îïòèìàëüíûõ óïðàâëåíèé è îñîáåííîñòåé äèíàìèêè ñèñòåì,
îáóñëîâëåííûõ âèäîì îïåðàòîðà äðîáíîãî äèôôåðåíöèðîâàíèÿ.

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ ñòàöèîíàðíàÿ ñèñòåìà äðîáíîãî ïîðÿäêà ñëåäóþ-
ùåãî âèäà:

0D
αi
t qi(t) = aijqj(t) + bijuj(t) + fi(t), i, j = 1, . . . , N,

ãäå ôóíêöèè
~q(t) = (q1(t), . . . , qN (t)), ~u(t) = (u1(t), . . . , uN (t)) è ~f(t) = (f1(t), . . . , fN (t))

îïðåäåëÿþò ñîñòîÿíèå, óïðàâëåíèå è âîçìóùåíèå, ñîîòâåòñòâåííî; t ∈ (t0, T ],
T > t0 > 0; aij è bij � êîýôôèöèåíòû; 0D

αi
t � îïåðàòîð äðîáíîãî äèôôåðåí-

öèðîâàíèÿ ïîðÿäêà αi, 0 < αi < 1; ïî ïîâòîðÿþùèìñÿ èíäåêñàì ïîäðàçóìåâàåò-
ñÿ ñóììèðîâàíèå. Îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ ïîíèìàåòñÿ â ñìûñëå
Êàïóòî, Ðèìàíà � Ëèóâèëëÿ èëè Àäàìàðà [1].

Ðàññìàòðèâàþòñÿ óïðàâëåíèÿ ~u(t) ∈ Lp(t0, T ], p > 1. Èññëåäóåòñÿ äâå çàäà-
÷è îïòèìàëüíîãî óïðàâëåíèÿ: çàäà÷à ïîèñêà óïðàâëåíèÿ ñ ìèíèìàëüíîé íîðìîé
ïðè çàäàííîì âðåìåíè óïðàâëåíèÿ è çàäà÷à ïîèñêà óïðàâëåíèÿ, îïòèìàëüíîãî
ïî áûñòðîäåéñòâèþ, ïðè çàäàííîì îãðàíè÷åíèè íà íîðìó óïðàâëåíèÿ. Ïîñòàâ-
ëåííûå çàäà÷è ñâîäÿòñÿ ê l-ïðîáëåìå ìîìåíòîâ, äëÿ êîòîðîé âûâîäÿòñÿ óñëîâèÿ
êîððåêòíîñòè è ðàçðåøèìîñòè [2], [3], îäèíàêîâûå äëÿ âñåõ òð¼õ îïðåäåëåíèé
äðîáíîé ïðîèçâîäíîé.

Ïîëó÷åííàÿ ïðîáëåìà ìîìåíòîâ ðåøåíà àíàëèòè÷åñêè â îáùåì âèäå äëÿ îä-
íîìåðíîé ñèñòåìû è â ÷àñòíûõ ñëó÷àÿõ äëÿ äâóìåðíîé ñèñòåìû. Âû÷èñëåíû
ãðàíèöû îáëàñòè, â êîòîðîé çàêëþ÷åíû äîïóñòèìûå òðàåêòîðèè ñèñòåìû, à òàê-
æå ôàçîâûå òðàåêòîðèè ñèñòåìû â ðåæèìå îïòèìàëüíîãî óïðàâëåíèÿ. Ïðîâåä¼í
ñðàâíèòåëüíûé àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ.
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Ðàññìîòðåíû çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ äâèæåíèåì äëÿ îäíîìåðíîé
è äâóìåðíîé ñèñòåì äðîáíîãî ïîðÿäêà. Ïðè èññëåäîâàíèè ïîñòàâëåííûõ çàäà÷
èñïîëüçîâàëñÿ ìåòîä ìîìåíòîâ, áûëè íàéäåíû àíàëèòè÷åñêèå ðåøåíèÿ è ïðîàíà-
ëèçèðîâàíû èõ ñâîéñòâà â çàâèñèìîñòè îò ïîêàçàòåëÿ äðîáíîãî äèôôåðåíöèðî-
âàíèÿ, âðåìåíè óïðàâëåíèÿ, íà÷àëüíûõ è êîíå÷íûõ óñëîâèé.

Ðàáîòà ïîñâÿùåíà âîïðîñàì îïòèìàëüíîãî óïðàâëåíèÿ äâèæåíèåì ëèíåéíûõ
ñèñòåì äðîáíîãî ïîðÿäêà. Ôèçè÷åñêè ïîäîáíûå çàäà÷è, ïðîâîäÿ àíàëîãèþ ñ ñèñòå-
ìàìè öåëîãî ïîðÿäêà, ñîîòâåòñòâóþò çàäà÷àì îá èçìåíåíèè ïàðàìåòðîâ çàêîíà
äâèæåíèÿ íåêîòîðîãî îáúåêòà èëè èçìåíåíèÿ ñàìîãî çàêîíà äâèæåíèÿ, íàïðè-
ìåð: ïðèâåäåíèå îáúåêòà èëè ñèñòåìû â äâèæåíèå; âûâîä îáúåêòà èëè ñèñòåìû
íà çàäàííóþ òðàåêòîðèþ; ñìåíà òèïà äâèæåíèÿ îáúåêòà èëè ñèñòåìû.

Â êà÷åñòâå îáúåêòà èññëåäîâàíèÿ âûáðàíî äâà òèïà ëèíåéíûõ ñèñòåì äðîáíîãî
ïîðÿäêà: îäíîìåðíàÿ ñèñòåìà îáùåãî âèäà è äâóìåðíàÿ ñèñòåìà ÷àñòíîãî âèäà �
äâîéíîé èíòåãðàòîð. Ïåðâàÿ èç íèõ îïèñûâàåòñÿ óðàâíåíèåì ñëåäóþùåãî âèäà:

t0D
α
t q(t) = aq(t) + bu(t),

ãäå ôóíêöèè q(t) ∈ AC(t0, T ] è u(t) ∈ Lp(t0, T ], p > 1 îïðåäåëÿþò ñîñòîÿíèå
è óïðàâëåíèå ñîîòâåòñòâåííî; t ∈ (t0, T ], T > t0 > 0; a è b � êîýôôèöèåíòû;
t0D

α
t � îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ Êàïóòî [1] ïîðÿäêà α, 0 < α < 1.

Äâîéíîé èíòåãðàòîð îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé:{
t0D

α
t q1(t) = q2(t),

t0D
β
t q2(t) = u(t),

ãäå q1, q2 � ôàçîâûå êîîðäèíàòû, α è β � ïîêàçàòåëè äðîáíîãî äèôôåðåíöèðî-
âàíèÿ.

Íà÷àëüíûå è êîíå÷íûå óñëîâèÿ èìåëè ïàðàìåòðè÷åñêèé âèä, îïðåäåëÿåìûé
çàêîíàìè äâèæåíèÿ ñèñòåìû â íà÷àëüíûé è êîíå÷íûé ìîìåíòû âðåìåíè. Ïðîàíà-
ëèçèðîâàíî íåñêîëüêî ñëó÷àåâ ñìåíû ïàðàìåòðîâ è òèïîâ äâèæåíèÿ. Íàïðèìåð,
ïåðåâîä ñèñòåìû èç ñîñòîÿíèÿ ðàâíîìåðíîãî ïðÿìîëèíåéíîãî äâèæåíèÿ â ðàâ-
íîóñêîðåííîå. Êðèòåðèé îïòèìàëüíîñòè ïðè ïîèñêå óïðàâëåíèÿ çàäàâàëñÿ ëèáî
êàê ìèíèìóì íîðìû óïðàâëåíèÿ ïðè çàäàííîì âðåìåíè óïðàâëåíèÿ, ëèáî êàê
ìèíèìóì âðåìåíè óïðàâëåíèÿ ïðè çàäàííîì îãðàíè÷åíèè íà íîðìó óïðàâëåíèÿ.
Èññëåäîâàíèå ïîñòàâëåííûõ çàäà÷ ïðîâîäèëîñü íà îñíîâå ìåòîäà ìîìåíòîâ.

Ïîëó÷åíû àíàëèòè÷åñêèå ðåøåíèÿ ïîñòàâëåííûõ çàäà÷ îïòèìàëüíîãî óïðàâ-
ëåíèÿ è ïðîàíàëèçèðîâàíî ïîâåäåíèå íîðìû è âðåìåíè îïòèìàëüíîãî óïðàâëåíèÿ
â çàâèñèìîñòè îò ïîêàçàòåëÿ äðîáíîãî äèôôåðåíöèðîâàíèÿ. Ïîêàçàíî, ÷òî â ðÿäå
ñëó÷àåâ ýòè çàâèñèìîñòè èìåþò íåìîíîòîííûé, ýêñòðåìàëüíûé õàðàêòåð.

ËÈÒÅÐÀÒÓÐÀ

1. Kilbas A.A., Srivastava H.M., Trujillo J. J. Theory and applications of fractional
di�erential equations. Amsterdam: Elsevier, 2006.
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ÏÐÈ ÄÈÍÀÌÈ×ÅÑÊÈÕ ÍÀÃÐÓÇÊÀÕ
Ñ ÈÑÏÎËÜÇÎÂÀÍÈÅÌ ÀÂÒÎÐÑÊÎÃÎ
ÏÐÎÃÐÀÌÌÍÎÃÎ ÊÎÌÏËÅÊÑÀ EFES

Ðàä÷åíêî Ï.À., Áàòóåâ Ñ., Ðàä÷åíêî À.Â.

Òîìñêèé ãîñóäàðñòâåííûé àðõèòåêòóðíî-ñòðîèòåëüíûé óíèâåðñèòåò,

Òîìñê, Ðîññèÿ; radchenko@live.ru

Â ðàáîòå èññëåäîâàíèÿ ïðîâîäÿòñÿ ÷èñëåííî ìåòîäîì êîíå÷íûõ ýëåìåíòîâ â
òðåõìåðíîé ïîñòàíîâêå ñ ïîìîùüþ àâòîðñêîãî âûñîêîïðîèçâîäèòåëüíîãî âû÷èñ-
ëèòåëüíîãî êîìïëåêñà EFES. Äàííûé ïðîãðàììíûé êîìïëåêñ îñíîâàí íà òðåõ-
ìåðíîì ïîäõîäå ê îïèñàíèþ ïîâåäåíèÿ ìàòåðèàëîâ è êîíñòðóêöèé. Ïî ñðàâíåíèþ
ñ ANSYS, ABAQUS, LS-DYNA èñïîëüçóåìûé â ðàáîòå àâòîðñêèé êîìïëåêñ EFES
èìååò ðÿä ñóùåñòâåííûõ ïðåèìóùåñòâ:

• â íåì ðåàëèçîâàí îðèãèíàëüíûé ìàêñèìàëüíî îïòèìèçèðîâàííûé àëãîðèòì
ðàñ÷åòà êîíòàêòíûõ ãðàíèö, ÷òî îñîáåííî àêòóàëüíî ïðè àíàëèçå êîíñòðóê-
öèé ñëîæíîé ãåîìåòðèè;

• ðåàëèçîâàí ìåõàíèçì �ýðîçèîííîãî ðàçðóøåíèÿ� êîíòàêòíûõ ýëåìåíòîâ, ÷òî
ïîçâîëÿåò ñîõðàíÿòü ðåãóëÿðíîñòü êîíå÷íî-ýëåìåíòíîé ñåòêè ïðè ïðèåìëå-
ìîì øàãå èíòåãðèðîâàíèÿ;

• íåò îãðàíè÷åíèé íà êîëè÷åñòâî ïðîöåññîðîâ (ÿäåð) è êîëè÷åñòâî êîíå÷íûõ
ýëåìåíòîâ; â äðóãèõ êîìïëåêñàõ, êàê ïðàâèëî, òàêèå îãðàíè÷åíèÿ èìåþòñÿ.

Ìîäåëè, èñïîëüçóåìûå â âû÷èñëèòåëüíîì êîìïëåêñå EFES, ïîçâîëÿþò îïè-
ñûâàòü øèðîêèé ñïåêòð ìàòåðèàëîâ: ìåòàëëû, êîìïîçèòû íà îñíîâå óãëå- è ñòåê-
ëîïëàñòèêîâ, ðàçëè÷íûå òèïû áåòîíîâ ñ ó÷åòîì àíèçîòðîïèè, ïëàñòè÷íîñòè, ðàç-
ðóøåíèÿ, âëèÿíèÿ ñêîðîñòè äåôîðìàöèè íà ïëàñòè÷íûå ñâîéñòâà ìàòåðèàëîâ.
Ïðåäëîæåííûå ìîäåëè è àëãîðèòìû áûëè ïðîòåñòèðîâàíû íà ìíîãèõ ýêñïåðè-
ìåíòàëüíûõ äàííûõ, êîòîðûå ïîäòâåðäèëè èõ àäåêâàòíîñòü.

Ìåòîä êîíå÷íûõ ýëåìåíòîâ (ÌÊÝ) ïîëó÷èë øèðîêîå ïðèìåíåíèå äëÿ ðåøå-
íèÿ êîíòàêòíûõ äèíàìè÷åñêèõ çàäà÷ ìåõàíèêè òâåðäîãî äåôîðìèðóåìîãî òåëà.
ÌÊÝ îñíîâàí íà ëàãðàíæåâîì ïîäõîäå ê îïèñàíèþ äåôîðìèðîâàíèÿ ñïëîøíîé
ñðåäû è ïîçâîëÿåò òî÷íî îïèñûâàòü êîíòàêòíûå ãðàíèöû. Íî â ñëó÷àå áîëüøèõ
äåôîðìàöèé è ðàçðóøåíèÿ íåèçáåæíî ïîÿâëåíèå �íåïðàâèëüíûõ� ýëåìåíòîâ, êî-
òîðûå âåñüìà çàòðóäíÿþò ÷èñëåííûå èññëåäîâàíèÿ.

Â ñóùåñòâóþùèõ ïðîãðàììíûõ ïðîäóêòàõ ðåàëèçîâàí ðÿä àëãîðèòìîâ ðàñ÷å-
òà êîíòàêòíîãî âçàèìîäåéñòâèÿ òåë ïðè ðåøåíèè äèíàìè÷åñêèõ çàäà÷ ìåòîäîì
êîíå÷íûõ ýëåìåíòîâ. Êàæäûé èç íèõ èìååò ñâîè ïðåèìóùåñòâà è íåäîñòàòêè.
Êàê ïðàâèëî, òàêèå ïðîãðàììíûå êîìïëåêñû âêëþ÷àþò ãîòîâûå ñåòî÷íûå ãåíå-
ðàòîðû. Ïðîöåññ ñîçäàíèÿ è îñîáåííî îïòèìèçàöèè ñåòêè ÿâëÿåòñÿ íåòðèâèàëü-
íîé çàäà÷åé. Äëÿ êà÷åñòâåííîãî ðåøåíèÿ çàäà÷è ìåòîäîì êîíå÷íûõ ýëåìåíòîâ
âàæíî, ÷òîáû ìàññà â óçëàõ ñåòêè áûëà ðàñïðåäåëåíà ðàâíîìåðíî, è ÷òîáû ðàç-
ìåðû ðàñ÷åòíûõ ÿ÷ååê áûëè áëèçêè. Â ðàáîòå ïðåäëàãàåòñÿ àëãîðèòì îïèñàíèÿ
ðàçðóøåíèÿ êîíòàêòíûõ ýëåìåíòîâ, îáåñïå÷èâàþùèé âûïîëíåíèå âñåõ çàêîíîâ
ñîõðàíåíèÿ è ïðîâåäåíèÿ ðàñ÷åòîâ äëÿ áîëüøèõ äåôîðìàöèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäî-

âàíèé (ïðîåêò � 16-31-00125 ìîë_à, ïðîåêò � 16-38-00256 ìîë_à), à òàêæå ãðàíòà

Ïðåçèäåíòà ÐÔ ÌÊ-413.2017.1.
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×ÈÑËÅÍÍÀß ÐÅÊÎÍÑÒÐÓÊÖÈß ÏÎËÅÉ
ÐÀÄÈÎÀÊÒÈÂÍÎÃÎ ÇÀÃÐßÇÍÅÍÈß ÒÅÐÐÈÒÎÐÈÉ

Ðàïóòà Â.Ô.1, ßðîñëàâöåâà Ò.Â.2

1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé

ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; raputa@sscc.ru
2Íîâîñèáèðñêèé èíñòèòóò ãèãèåíû Ðîñïîòðåáíàäçîðà,

Íîâîñèáèðñê, Ðîññèÿ; tani-ta@list.ru

Ê íàñòîÿùåìó âðåìåíè â îòêðûòîé ïå÷àòè îïóáëèêîâàí çíà÷èòåëüíûé îáú¼ì
äàííûõ ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé ïî ðàäèîàêòèâíîìó çàãðÿçíåíèþ òåð-
ðèòîðèé â ðåçóëüòàòå ïðîâåä¼ííûõ èñïûòàòåëüíûõ ÿäåðíûõ âçðûâîâ, à òàêæå
êðóïíûõ ðàäèàöèîííûõ àâàðèé íà ïðåäïðèÿòèÿõ ÿäåðíî-ýíåðãåòè÷åñêîãî êîì-
ïëåêñà. ×èñëåííûé àíàëèç ýòîé èíôîðìàöèè íåñîìíåííî ïðåäñòàâëÿåò èíòåðåñ
äëÿ ðåøåíèÿ ìíîãèõ òåîðåòè÷åñêèõ è ïðàêòè÷åñêèõ çàäà÷ [1], [2].

Â äîêëàäå îáñóæäàþòñÿ ìàòåìàòè÷åñêèå ìîäåëè ðåêîíñòðóêöèè ïîëåé âû-
ïàäåíèé ïîëèäèñïåðñíûõ ïðèìåñåé îò ìãíîâåííûõ èñòî÷íèêîâ. Ïðèíöèïû ïî-
ñòðîåíèÿ òàêîãî òèïà ìîäåëåé äîñòàòî÷íî ðàçíîîáðàçíû è íîñÿò êîìïðîìèññíûé
õàðàêòåð ìåæäó ìîäåëüíûìè îïèñàíèÿìè ïðîöåññîâ çàãðÿçíåíèÿ è äàííûìè íà-
áëþäåíèé [3], [4]. Ñ èñïîëüçîâàíèåì ïîëóýìïèðè÷åñêîãî óðàâíåíèÿ òóðáóëåíòíîé
äèôôóçèè àýðîçîëüíûõ ïðèìåñåé â àòìîñôåðå ïîëó÷åíû ñîîòíîøåíèÿ äëÿ îöåíè-
âàíèÿ ïîëåé îñåâûõ êîíöåíòðàöèé. Ïðåäëîæåíû àëãîðèòìû ÷èñëåííîãî ïîñòðî-
åíèÿ ëîêàëüíî îïòèìàëüíûõ ïëàíîâ íàáëþäåíèé.

Íà äàííûõ íàòóðíûõ íàáëþäåíèé ðàäèîàêòèâíîãî çàãðÿçíåíèÿ òåððèòîðèé
ïðîâåäåíà àïðîáàöèÿ ïðåäëîæåííûõ ìîäåëåé îöåíèâàíèÿ ïðèìåíèòåëüíî ê íà-
çåìíîìó ÿäåðíîìó è òåðìîÿäåðíîìó âçðûâàì, ïðîèçâåä¼ííûõ â 1949 è 1953 ãîäàõ
íà Ñåìèïàëàòèíñêîì ïîëèãîíå. Îáñóæäàþòñÿ ðåçóëüòàòû ÷èñëåííîé ðåêîíñòðóê-
öèè ïîëåé àâàðèéíûõ âûïàäåíèé ðàäèîíóêëèäîâ â îêðåñòíîñòÿõ Ñèáèðñêîãî õè-
ìè÷åñêîãî êîìáèíàòà, ÀÝÑ �Ôóêóñèìà-1� [4].
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Â ðàáîòå ïîñòðîåí àëãîðèòì ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ äëÿ ðåøåíèÿ
íåëèíåéíîãî êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà íà îñíîâå ïðîåêöèîííîãî ìå-
òîäà. Â êà÷åñòâå îðòîíîðìèðîâàííîãî áàçèñà èñïîëüçîâàëèñü ïîëèíîìû Ýðìèòà.
Àëãîðèòì âåðèôèöèðîâàí íà ðåøåíèè çàäà÷è îäíîðîäíîé ðåëàêñàöèè ãàçà ñ èç-
âåñòíûì ðåøåíèåì.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû � 15-01-00894 à,

� 15-01-08988 à, � 16-01-00530 à), ïðîãðàììû ôóíäàìåíòàëüíûõ èññëåäîâàíèé Ïðåçè-

äèóìà ÐÀÍ I.33II.
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Ðàññìàòðèâàåòñÿ òåðìîäèíàìè÷åñêè ñîãëàñîâàííàÿ ñèñòåìà óðàâíåíèé ìåõà-
íèêè ñïëîøíîé ñðåäû, ïîçâîëÿþùàÿ ñ èñïîëüçîâàíèåì åäèíîé ñèñòåìû îïðåäåëÿ-
þùèõ äèôôåðåíöèàëüíûõ óðàâíåíèé ìîäåëèðîâàòü øèðîêèé ñïåêòð ïîâåäåíèÿ
ñðåä (óïðóãîå, ïëàñòè÷åñêîå, æèäêîå), ó÷èòûâàÿ ïðîöåññû òåïëîïåðåäà÷è è âçà-
èìîäåéñòâèå ñ ýëåêòðîìàãíèòíûì ïîëåì.

Îïðåäåëÿþùèå óðàâíåíèÿ îáðàçóþò ãèïåðáîëè÷åñêóþ ñèñòåìó è óäîâëåòâî-
ðÿþò çàêîíàì íåðàâíîâåñíîé òåðìîäèíàìèêè. Åäèíîîáðàçíîå îïèñàíèå ïðîöåñ-
ñîâ, ïðîèñõîäÿùèõ â ñðåäå, äîñòèãàåòñÿ ïóòåì èñïîëüçîâàíèÿ ðåëàêñàöèîííîé
ìîäåëè äëÿ ïîëÿ óïðóãîé äèñòîðñèè, ïîòîêà òåïëà è äëÿ ýëåêòðè÷åñêîãî ïîëÿ ñ
èñïîëüçîâàíèåì çàêîíà Îìà. Àñèìïòîòè÷åñêèé àíàëèç ïîêàçûâàåò, ÷òî ïðè ìà-
ëûõ âðåìåíàõ ðåëàêñàöèè ðàññìàòðèâàåìûå óðàâíåíèÿ äàþò ðåøåíèÿ, áëèçêèå
ê ðåøåíèÿì óðàâíåíèé âÿçêîé æèäêîñòè ñ çàêîíîì òåïëîïðîâîäíîñòè Ôóðüå è
� ïðè íàëè÷èè ýëåêòðîìàãíèòíîãî ïîëÿ � óðàâíåíèé ìàãíèòíîé ãèäðîäèíàìèêè
ïðîâîäÿùåé æèäêîñòè.

Ðàññìàòðèâàåòñÿ ñåðèÿ ÷èñëåííûõ ðåçóëüòàòîâ, ïîëó÷åííûõ ñ ïîìîùüþ âûñî-
êîòî÷íûõ ìåòîäîâ ADER�DG è ADER�WENO ìåòîäîâ. Ðàññ÷èòàííûå ïðèìåðû
âêëþ÷àþò â ñåáÿ ñðàâíåíèå ðåøåíèé óðàâíåíèé, ïîëó÷åííûõ ïî ñôîðìóëèðî-
âàííîé ãèïåðáîëè÷åñêîé ìîäåëè, ñ êëàññè÷åñêèìè ðåçóëüòàòàìè, ïîëó÷åííûìè
ðåøåíèÿìè óðàâíåíèé Íàâüå � Ñòîêñà. Äëÿ ïðèìåðîâ ñ íàëè÷èåì ýëåêòðîìàã-
íèòíîãî ïîëÿ ðàññ÷èòàíû ïðèìåðû òå÷åíèé, îïèñûâàåìûõ èäåàëüíîé ìàãíèòíîé
ãèäðîäèíàìèêîé, à òàêæå âÿçêîé è ïðîâîäÿùåé ìàãíèòíîé ãèäðîäèíàìèêîé.

Ðåçóëüòàòû îñíîâàíû íà ïóáëèêàöèÿõ [1]�[3].
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäî-

âàíèé (ïðîåêòû � 16-29-15131, � 16-31-00146, � 15-05-01310), Ïðîãðàììû ïðåçèäèóìà

ÐÀÍ � 15 (ïðîåêò � 121), Ïðîãðàììû ANR-11-IDEX-0002-02 (ãðàíò ANR-11-LABX-

0040-CIMI) è Åâðîïåéñêèõ ïðîãðàìì FP7 (ïðîåêò STiMulUs) è Horizon 2020 (ïðîåêò

ExaHyPE).
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Ìàðêîâñêèìè íàçûâàþòñÿ ñòîõàñòè÷åñêèå ïðîöåññû, â êîòîðûõ ïðè èçâåñòíîì
íàñòîÿùåì ïðîøëîå è áóäóùåå íåçàâèñèìû. Â ôèçèêå òàêèå ïðîöåññû íàçûâàþò-
ñÿ íåèíåðöèîííûìè. Ýòèì ìàðêîâñêèì ñâîéñòâîì îáëàäàþò ìíîãèå åñòåñòâåííûå
è ñîöèàëüíûå ïðîöåññû. Ïîýòîìó ìàðêîâñêèå ìîäåëè øèðîêî è ýôôåêòèâíî ïðè-
ìåíÿþòñÿ.

Â äîêëàäå ðàññìàòðèâàþòñÿ äèñêðåòíûå îäíîðîäíûå ìàðêîâñêèå ìîäåëè ñ
íåáîëüøèì ìíîæåñòâîì ñîñòîÿíèé. Ãðóïïèðîâêà ÷àñòî ïîçâîëÿåò ñâåñòè ê ýòî-
ìó ñëó÷àþ è áîëåå ñëîæíûå ìîäåëè. Îïèñûâàåìàÿ ìàðêîâñêàÿ ìîäåëü îïðåäå-
ëÿåòñÿ ñòðîêîé íà÷àëüíûõ âåðîÿòíîñòåé A è êâàäðàòíîé ìàòðèöåé ïåðåõîäíûõ
âåðîÿòíîñòåé Q. Ðàñïðåäåëåíèå ñîñòîÿíèé â ìîìåíò n îïðåäåëÿåòñÿ ôîðìóëîé
P (n) = AQn. Â ñâÿçè ñ ñèìâîëüíûìè è êîëè÷åñòâåííûìè âû÷èñëåíèÿìè ïðè
èñïîëüçîâàíèè ýòîé ôîðìóëû âîçíèêàåò öåëûé ðÿä ïðîáëåì. Â ÷àñòíîñòè, âû-
ðàæåíèÿ äëÿ êîýôôèöèåíòîâ ðàçëîæåíèé â ñòåïåííûå ðÿäû ðàññìàòðèâàåìûõ
ðàöèîíàëüíûõ ïðîèçâîäÿùèõ ôóíêöèé ñîäåðæàò ìíîãîêðàòíûå ñóììû êîìáèíà-
öèé òàêèõ ðàñïðåäåëåíèé. Ñëîæíûå ôîðìóëû ïîëó÷àþòñÿ äëÿ ðàññìàòðèâàåìûõ
ñîáñòâåííûõ ÷èñåë è êîíå÷íûõ ñóìì ìàòðè÷íûõ ñòåïåííûõ ðÿäîâ.

Â ñîîáùåíèè îïèñûâàþòñÿ ðåçóëüòàòû, ïîëó÷åííûå ïðè ìàðêîâñêîì ìîäåëè-
ðîâàíèè ïðîöåññîâ ñ 2�4 ñîñòîÿíèÿìè. Íàéäåíû òî÷íûå è ïðèáëèæåííûå îáùèå
ôîðìóëû äëÿ èõ ðàñïðåäåëåíèé â êàæäûé äàííûé ìîìåíò, ïðîèçâîäÿùèå ôóíê-
öèè, ñðåäíèå çíà÷åíèÿ è îòêëîíåíèÿ îò íèõ. Äàíû îöåíêè òî÷íîñòè ïðèáëèæåíèé.
Ïðåäñòàâëåíèå î ïîëó÷åííûõ ôîðìóëàõ äà¼ò

Òåîðåìà. Ïðîèçâîäÿùàÿ ôóíêöèÿ F̂ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

F̂ (I −Ku) = L,

ãäå
K =

∑
µ

(Aµµ +Bµµ∆µt
Seµ)sReµ , L =

∑
µ
P (∆µ −Bµ)tSeµsReµ ,

∆µ = I − T (µ)Amµµs
mReµum.

Ïðè |u| < 1/3 ýòî óðàâíåíèå êîððåêòíî è

F̂ = L(I −Ku)−1 = L
∞∑
n=0

Knun, |u| < 1/3.

Ýòè ôîðìóëû óòî÷íÿþò óêàçàííûå â [1]. Ìàòðèöû Q, Aµµ, Bµµ, ∆µ, K ïðåä-
ñòàâëÿþò îãðàíè÷åííûå ëèíåéíûå îïåðàòîðû â ïðîñòðàíñòâå L1 = L1(C) ôóíê-
öèé íà ìíîæåñòâå ñîñòîÿíèé C. Â ÷àñòíûõ ñëó÷àÿõ ïîëó÷àþòñÿ äîñòàòî÷íî ïðî-
ñòûå ôîðìóëû è ïðîãðàììèðóåìûå àëãîðèòìû âû÷èñëåíèé.
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Ïîä òåðìèíîì �çàäà÷à äâóìåðíîé m-òåíçîðíîé òîìîãðàôèè� â äàííîé ðàáîòå
ïîäðàçóìåâàåòñÿ ñëåäóþùàÿ ïîñòàíîâêà. Ïóñòü îãðàíè÷åííàÿ îáëàñòü ïëîñêîñòè
çàïîëíåíà ñðåäîé áåç ðåôðàêöèè. Â ñðåäå ðàñïðåäåëåíî íåêîòîðîå ñèììåòðè÷íîå
m-òåíçîðíîå ïîëå (m > 1). Ïî èçâåñòíûì ëó÷åâûì ïðåîáðàçîâàíèÿì òðåáóåòñÿ
âîññòàíîâèòü ýòî ïîëå.

Â äàííîé ðàáîòå ïðåäëàãàþòñÿ äâà àëãîðèòìà ðåøåíèÿ çàäà÷è òåíçîðíîé òî-
ìîãðàôèè, îñíîâàííûå íà òàê íàçûâàåìîì ìåòîäå ïðèáëèæåííîãî îáðàùåíèÿ,
êîòîðûé ðàçâèâàåòñÿ óæå áîëåå 20-òè ëåò À.Ê. Ëóèñîì è åãî ó÷åíèêàìè [1]�[3].
Èäåÿ ìåòîäà ïðèáëèæåííîãî îáðàùåíèÿ ñîñòîèò â ñëåäóþùåì. Ïóñòü òðåáóåò-
ñÿ íàéòè ðåøåíèå (ôóíêöèþ f) îïåðàòîðíîãî óðàâíåíèÿ Af = g äëÿ ëèíåéíîãî
îãðàíè÷åííîãî îïåðàòîðà A : H → K, ãäå H è K � ãèëüáåðòîâû ïðîñòðàíñòâà.
Äëÿ ýòîãî èñïîëüçóþòñÿ óñðåäíÿþùèå ôóíêöèè eyγ(x), îáëàäàþùèå ñâîéñòâàìè∫

Rn

eyγ(x) dx = 1, lim
γ→0
〈f, eyγ〉H = f(y).

Ïóñòü A∗ � ñîïðÿæåííûé îïåðàòîð äëÿ A è ôóíêöèè eyγ ëåæàò â ïðîñòðàíñòâå
îáðàçîâ A∗, òîãäà ñóùåñòâóþò ôóíêöèè ψyγ òàêèå, ÷òî A

∗ψyγ = eyγ . Èìååì

f(y) ≈ 〈f, eyγ〉H = 〈f,A∗ψyγ〉H = 〈Af, ψyγ〉K = 〈g, ψyγ〉K .

Òàêèì îáðàçîì, ñêàëÿðíîå ïðîèçâåäåíèå èñõîäíûõ äàííûõ g è ôóíêöèé ψyγ äàåò
ïðèáëèæåííîå ðåøåíèå.

Ïåðâûé èç ïðåäëàãàåìûõ àëãîðèòìîâ ïîçâîëÿåò âîññòàíàâëèâàòü êîìïîíåí-
òû ñèììåòðè÷íîãî m-òåíçîðíîãî ïîëÿ. Â òî âðåìÿ êàê ñ èñïîëüçîâàíèåì âòîðîãî
àëãîðèòìà ìîæíî âîññòàíîâèòü ïîòåíöèàëû ïîòåíöèàëüíûõ è ñîëåíîèäàëüíîé
÷àñòåé òåíçîðíîãî ïîëÿ. Àëãîðèòìû ÷èñëåííî ðåàëèçîâàíû, ïðèâîäÿòñÿ ðåçóëü-
òàòû ýêñïåðèìåíòîâ ïî âîññòàíîâëåíèþ âåêòîðíûõ è ñèììåòðè÷íûõ 2-òåíçîðíûõ
ïîëåé.
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Òåîðåòè÷åñêèìè è ýêñïåðèìåíòàëüíûìè ðåçóëüòàòàìè (ñì., íàïðèìåð, [1], [2])
äîêàçàíî ñóùåñòâîâàíèå ÿâëåíèÿ ïðåèìóùåñòâåííî îäíîíàïðàâëåííîãî äâèæåíèÿ
ñæèìàåìûõ âêëþ÷åíèé â êîëåáëþùåéñÿ (âèáðèðóþùåé) æèäêîñòè. Ðàçâèòèå èñ-
ñëåäîâàíèé â äàííîé îáëàñòè íàøëî îòðàæåíèå, â ÷àñòíîñòè, â [3] è â íàñòîÿùåé
ðàáîòå.

Ïîñòàâëåíû è ðåøåíû äâå íîâûå çàäà÷è î ïåðèîäè÷åñêîì ïî âðåìåíè âðàùà-
òåëüíîì äâèæåíèè ãèäðîìåõàíè÷åñêîé ñèñòåìû, ñîñòîÿùåé èç âÿçêîé íåñæèìàå-
ìîé æèäêîñòè è äâóõ òâåðäûõ êîàêñèàëüíûõ öèëèíäðè÷åñêèõ òåë. Æèäêîñòü â
êàæäûé ìîìåíò âðåìåíè çàïîëíÿåò îáëàñòü ìåæäó òåëàìè. Îäíî èç òåë ÿâëÿåòñÿ
ñâîáîäíûì (åãî äâèæåíèå, íàðÿäó ñ äâèæåíèåì æèäêîñòè, ïîäëåæèò îïðåäåëå-
íèþ), äðóãîå òåëî ÿâëÿåòñÿ çàêðåïëåííûì (íåâðàùàþùèìñÿ). Ðàäèóñû òåë ïåðè-
îäè÷åñêè èçìåíÿþòñÿ ñî âðåìåíåì. Ê ñâîáîäíîìó òåëó ïðèëîæåíû âíåøíèå ïåðè-
îäè÷åñêè èçìåíÿþùèåñÿ ñî âðåìåíåì ìîìåíòû ñèë, ñðåäíèå ïî âðåìåíè çíà÷åíèÿ
êîòîðûõ ðàâíû íóëþ. Ïîñòàíîâêà êàæäîé èç çàäà÷ âêëþ÷àåò â ñåáÿ óðàâíåíèå
äâèæåíèÿ ñâîáîäíîãî òåëà, óðàâíåíèÿ Íàâüå � Ñòîêñà è íåðàçðûâíîñòè, à òàêæå
óñëîâèÿ, êîòîðûå äîëæíû âûïîëíÿòüñÿ íà ãðàíèöàõ òåë.

Ðåàëèçîâàíî ïðèáëèæåíèå ìàëûõ èçìåíåíèé ðàäèóñîâ òåë. Èç íàéäåííûõ ðå-
øåíèé, â ÷àñòíîñòè, ñëåäóåò, ÷òî â êàæäîé èç çàäà÷ èìååò ìåñòî ýôôåêò ïðå-
èìóùåñòâåííî îäíîíàïðàâëåííîãî âðàùåíèÿ òâåðäîãî òåëà è âÿçêîé æèäêîñòè,
ñîñòîÿùèé â òîì, ÷òî ãèäðîìåõàíè÷åñêàÿ ñèñòåìà, ïîäâåðãàþùàÿñÿ íåîäíîíà-
ïðàâëåííûì ñèììåòðè÷íûì êîëåáàòåëüíûì âîçäåéñòâèÿì, ïðîèçâîäèò îäíîíà-
ïðàâëåííûå îòêëèêè, îòâåòíûå ðåàêöèè íà âîçäåéñòâèÿ, âûðàæàþùèåñÿ â òîì,
÷òî êàæäàÿ èç ñâîáîäíûõ ÷àñòåé ñèñòåìû (íà ôîíå êîëåáàíèé) ñîâåðøàåò îäíî-
íàïðàâëåííîå ñòàöèîíàðíîå âðàùåíèå.

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò íàéòè ïðèìåíåíèå, â ÷àñòíîñòè, â èññëåäîâà-
íèÿõ íåîáû÷íîãî ïîâåäåíèÿ ãèäðîìåõàíè÷åñêèõ ñèñòåì, à òàêæå èñïîëüçîâàòüñÿ
ïðè ðàçðàáîòêå ãèäðîìåõàíè÷åñêèõ ñèñòåì, óñòðîéñòâ, îáëàäàþùèõ çàäàííûìè
ñâîéñòâàìè.
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Ïðèêë. ìåõàíèêà è òåõí. ôèçèêà. 1988. � 6. Ñ. 107�113.

2. Ñåííèöêèé Â.Ë. Ïðåèìóùåñòâåííî îäíîíàïðàâëåííîå äâèæåíèå ãàçîâîãî ïóçûðÿ â
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Ñêîðîñïåëîâ Â.À., Òóðóê Ï.À.
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Â ýòîì ãîäó èñïîëíÿåòñÿ 45 ëåò ñîòðóäíè÷åñòâà Èíñòèòóòà ìàòåìàòèêè è
ÑÊÁ �Ãèäðîòóðáîìàø� Ëåíèíãðàäñêîãî ìåòàëëè÷åñêîãî çàâîäà (ËÌÇ) ïî ïðî-
áëåìå àâòîìàòèçàöèè ïðîåêòèðîâàíèÿ è ïîäãîòîâêè ïðîèçâîäñòâà ãèäðîòóðáèí.
Íàøà ñîâìåñòíàÿ äåÿòåëüíîñòü íà÷èíàëàñü ïîä ðóêîâîäñòâîì Þ.Ñ. Çàâüÿëîâà ñ
ðàçðàáîòêè ìåòîäîâ ãåîìåòðè÷åñêîãî ìîäåëèðîâàíèÿ ýëåìåíòîâ ïðîòî÷íîãî òðàê-
òà ãèäðîòóðáèí ïî äàííûì êîíñòðóêòîðñêîé äîêóìåíòàöèè è èõ ïðîãðàììíîé
ðåàëèçàöèè. Â êà÷åñòâå ìàòåìàòè÷åñêîãî àïïàðàòà èñïîëüçóþòñÿ êóáè÷åñêèå ïà-
ðàìåòðè÷åñêèå ñïëàéíû.

Â ïðàêòèêå ãèäðîòóðáîñòðîåíèÿ â çàâèñèìîñòè îò íàïîðà èñïîëüçóþòñÿ â îñ-
íîâíîì ãèäðîòóðáèíû äâóõ òèïîâ: ðàäèàëüíî-îñåâûå è ïîâîðîòíî-ëîïàñòíûå. Îñ-
íîâíûå ýëåìåíòû ïðîòî÷íîãî òðàêòà ãèäðîòóðáèíû: ñïèðàëüíàÿ êàìåðà, íàïðàâ-
ëÿþùèé àïïàðàò, ðàáî÷åå êîëåñî, îòñàñûâàþùàÿ òðóáà. Ðàçðàáîòàíû ìåòîäèêà è
ñîîòâåòñòâóþùèå ïðîãðàììíûå ñðåäñòâà èõ ãåîìåòðè÷åñêîãî ìîäåëèðîâàíèÿ.

Ñ ïîÿâëåíèåì âûñîêîïðîèçâîäèòåëüíîé âû÷èñëèòåëüíîé òåõíèêè â ïðàêòèêå
ïðîåêòèðîâàíèÿ ãèäðîòóðáèí ñòàëè àêòèâíî èñïîëüçîâàòüñÿ ìåòîäû, îñíîâàííûå
íà ÷èñëåííîì ìîäåëèðîâàíèè òå÷åíèÿ â ýëåìåíòàõ ïðîòî÷íîãî òðàêòà. Ýòî ïîç-
âîëèëî ñóùåñòâåííî ñîêðàòèòü ñðîêè è çàòðàòû ïðîåêòíûõ ðàáîò çà ñ÷åò ñîêðà-
ùåíèÿ îáúåìà äîðîãîñòîÿùèõ ìîäåëüíûõ èñïûòàíèé. Ñîâìåñòíî ñ Èíñòèòóòîì
âû÷èñëèòåëüíûõ òåõíîëîãèé CO PAH ïîäîáíàÿ ìåòîäèêà âíåäðåíà íà ËÌÇ. Îñ-
íîâíàÿ ðîëü ãåîìåòðè÷åñêîé ïîääåðæêè ïðè ðåàëèçàöèè ýòîé ìåòîäèêè ñîñòîèò
â ãåíåðàöèè êîíå÷íî-ýëåìåíòíûõ ñåòîê âî âñåõ îáëàñòÿõ ïðîòî÷íîãî òðàêòà.

Äàëüíåéøåå ðàçâèòèå ìåòîäîâ ïðîåêòèðîâàíèÿ ãèäðîòóðáèí îñóùåñòâëÿåòñÿ
â íàïðàâëåíèè ïîèñêà îïòèìàëüíûõ ôîðì ýëåìåíòîâ ïðîòî÷íîãî òðàêòà ñ òî÷-
êè çðåíèÿ ïðîèçâîäèòåëüíîñòè ãèäðîàãðåãàòà è åãî ïðî÷íîñòíîé õàðàêòåðèñòèêè.
Îñíîâíàÿ çàäà÷à ãåîìåòðè÷åñêîé ïîääåðæêè â ðåàëèçàöèè äàííîãî ïîäõîäà ñî-
ñòîèò â ãåíåðàöèè ìíîãîïàðàìåòðè÷åñêîãî ìíîæåñòâà âàðèàíòîâ ïðîåêòèðóåìîãî
ýëåìåíòà äëÿ ïîèñêà îïòèìàëüíîãî èç íèõ.

Ðåçóëüòàòû ñîâìåñòíîé äåÿòåëüíîñòè ËÌÇ, Èíñòèòóòà ìàòåìàòèêè è Èíñòè-
òóòà âû÷èñëèòåëüíûõ òåõíîëîãèé âîïëîòèëèñü â íåñêîëüêèõ äåñÿòêàõ ãèäðîàã-
ðåãàòîâ ðàçëè÷íûõ ÃÝÑ â íàøåé ñòðàíå è çà ðóáåæîì.

Îñíîâíûå ðåçóëüòàòû ïî ãåîìåòðè÷åñêîé ïîääåðæêå ïðîåêòèðîâàíèÿ ýëåìåí-
òîâ ïðîòî÷íîãî òðàêòà ãèäðîòóðáèí îïóáëèêîâàíû â [1]�[3].

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóí-

äàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 15-07-07530).
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Ïîñâÿùàåòñÿ 60-ëåòèþ çàïóñêà â ÑÑÑÐ ÏÅÐÂÎÃÎ èñêóññòâåííîãî ñïóòíèêà
ÇÅÌËÈ 4 îêòÿáðÿ 1957 ãîäà [1] è ïàìÿòè Ãëàâíîãî Òåîðåòèêà Êîñìîíàâòèêè [2],
Ïðåçèäåíòà ÀÍ ÑÑÑÐ (19.05.1961�19.05.1975), ìàòåìàòèêà-ëåãåíäû Ìñòèñëàâà
Âñåâîëîäîâè÷à Êåëäûøà (10.02.1911�24.06.1978). Ì.Â. Êåëäûø (åäèíñòâåííûé
èç ìàòåìàòèêîâ òðèæäû Ãåðîé Ñîöèàëèñòè÷åñêîãî Òðóäà â 1956, 1961, 1971 ãã.)
è àêàäåìèê À.Í. Òèõîíîâ (äâàæäû Ãåðîé Ñîöèàëèñòè÷åñêîãî Òðóäà, â 1954 ã.
çà ïåðâóþ �âîäîðîäíóþ� áîìáó), â 1953 ã. îñíîâàëè ÏÅÐÂÛÉ â ìèðå Èíñòè-
òóò ïðèêëàäíîé ìàòåìàòèêè ÀÍ ÑÑÑÐ äëÿ âûïîëíåíèÿ �àòîìíîãî� è �ðàêåòíî-
êîñìè÷åñêîãî� ïðîåêòîâ è ñîçäàíèÿ �ðàêåòíî-ÿäåðíîãî ùèòà� íà îñíîâå äîñòèæå-
íèé ìàòåìàòèêè ñ èñïîëüçîâàíèåì âû÷èñëèòåëüíîé òåõíèêè. Â 1955 ã. àêàäåìèê
À.À. Äîðîäíèöûí îñíîâàë ÂÖ ÀÍ ÑÑÑÐ, à Èíñòèòóò ìàòåìàòèêè ÑÎ ÀÍ ÑÑÑÐ â
1957 ã. ñîçäàåò àêàäåìèê Ñ.Ë. Ñîáîëåâ � åäèíñòâåííûé ìàòåìàòèê, ïîëó÷èâøèé
â 1951 ã. çâàíèå Ãåðîÿ Ñîöèàëèñòè÷åñêîãî òðóäà çà óñïåøíîå èñïûòàíèå ïåðâîé
àòîìíîé áîìáû â 1949 ã. Ìàòåìàòèêè çàíÿëè âåäóùèå ïîçèöèè â íàóêå.

Òàê áûë çàëîæåí ôóíäàìåíò ñîâðåìåííîé �âû÷èñëèòåëüíîé ìàòåìàòèêè� è
�ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ�. Îñíîâîïîëîæíèêàìè ÿâëÿþòñÿ Ñ.Ë. Ñîáîëåâ,
À.Í. Òèõîíîâ, À.À. Ñàìàðñêèé, Å.Ñ. Êóçíåöîâ, Â.Ñ. Âëàäèìèðîâ, Ã.È. Ìàð÷óê.
Äîñòèæåíèÿ ýòèõ âåäóùèõ ó÷àñòíèêîâ �àòîìíîãî� ïðîåêòà è ëåêöèè Á.Ë. Ðîæäå-
ñòâåíñêîãî íà êàôåäðå ìàòåìàòèêè ôèçôàêà ÌÃÓ (ãîòîâèë äîêòîðñêóþ äèññåð-
òàöèþ �Ðàçðûâíûå ðåøåíèÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé ãèïåðáîëè÷åñêî-
ãî òèïà�, çàùèòèë â 1963 ã.), à òàêæå âîçìîæíîñòü ëè÷íîãî îáùåíèÿ (âàæíåéøèé
ôàêòîð) ïîçâîëèëè àâòîðó ñîçäàòü íàó÷íî-ôóíäàìåíòàëüíûå îñíîâû ðåàëèçàöèè
èíôîðìàöèîííî-ìàòåìàòè÷åñêîãî îáåñïå÷åíèÿ äëÿ êîñìè÷åñêèõ ïðîåêòîâ [3]�[5].
Â îñíîâå � îáîáùåííûå ðåøåíèÿ. Îñíîâíîé ìåòîä � ÷èñëåííûé ìåòîä õàðàêòå-
ðèñòèê. Ýòî ñëîæíûé ìàòåìàòè÷åñêèé àïïàðàò è äî íàñòîÿùåãî âðåìåíè ïîëó-
÷åííûå íà åãî îñíîâå ðåçóëüòàòû îñòàþòñÿ íåïðåâçîéäåííûìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 15-01-00783, � 17-01-00220) è Ïðîãðàììû ôóíäàìåíòàëüíûõ íàó÷íûõ

èññëåäîâàíèé ÐÀÍ (ïðîåêò ÎÌÍ-3(3.5)).
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Íåëèíåéíûå âçàèìîäåéñòâèÿ êîìïîíåíòîâ ñèñòåìû â ñî÷åòàíèè ñ ïðîöåññàìè
ïåðåíîñà ïðèâîäÿò ê ñëîæíûì ïðîñòðàíñòâåííî-âðåìåííûì ñòðóêòóðàì. Âîçíèê-
íîâåíèå ñòðóêòóð, òåñíî ñâÿçàííûõ ñ äèññèïàòèâíûìè ïðîöåññàìè, îêàçàëîñü îá-
ùèì ñâîéñòâîì ñàìûõ ðàçíûõ íåëèíåéíûõ ñèñòåì. Ïî ìíîãèì ïàðàìåòðàì ýòî
îòíîñèòñÿ ê áèîëîãè÷åñêèì (ýêîëîãè÷åñêèì) ñèñòåìàì [1].

Ìàòåìàòè÷åñêàÿ ìîäåëü ñâåðòûâàíèÿ ïëàçìû êðîâè áûëà ïîñòðîåíà è èññëå-
äîâàíà â ðàáîòàõ [2], [3] è ïðåäñòàâëÿåò ñîáîé òð¼õêîìïîíåíòíóþ ñèñòåìó ïàðà-
áîëè÷åñêèõ óðàâíåíèé òèïà ðåàêöèÿ-äèôôóçèÿ

ut = d1uxx + k1uv(1− u)
1 + k2u

1 + k3w
− ku, (1)

wt = d2wxx + u− k4w, (2)

vt = d3vxx + k5u
2 − k6v. (3)

Çäåñü u(t, x) � êîíöåíòðàöèÿ àêòèâàòîðà (òðîìáèíà), w(t, x) � êîíöåíòðàöèÿ
óñêîðèòåëÿ ïðîèçâîäñòâà àêòèâàòîðà, v(t, x) � êîíöåíòðàöèÿ èíãèáèòîðà; ki, i =
1, 6; dj , j = 1, 2, 3; k � ïîëîæèòåëüíûå ïîñòîÿííûå.

Â [2], [3] ñèñòåìà óðàâíåíèé (1)�(3) ðàññìîòðåíà â ïðÿìîóãîëüíîé îáëàñòè è
íà áîêîâûõ ãðàíèöàõ çàäàíû óñëîâèÿ îòñóòñòâèÿ ïîòîêîâ êàæäîãî èç âåùåñòâ.
Íà÷àëüíûå óñëîâèÿ çàäàíû â âèäå: u(0, x) = 0, 0 < x ≤ s0; u(0, x) = u0(x), s0 ≤
x ≤ l; w(0, x) = v(0, x) = 0, 0 ≤ x ≤ l.

Ïðåäëàãàåòñÿ ñëåäóþùàÿ çàäà÷à (ìîäåëü) ñî ñâîáîäíîé ãðàíèöåé. Óðàâíå-
íèå (1) ðàññìàòðèâàåòñÿ â îáëàñòè D = {(t, x) : s(t) < x < l, 0 < t ≤ T}, à
óðàâíåíèÿ (2), (3) � â îáëàñòè Q = {(t, x) : 0 < x < l, 0 < t ≤ T}, è äîïîëíè-
òåëüíûå óñëîâèÿ çàäàþòñÿ â âèäå

u(0, x) = 0, 0 ≤ x ≤ s0; u(0, x) = u0(x), s0 ≤ x ≤ l;

v(0, x) = w(0, x) = 0, 0 ≤ x ≤ l;
ux(t, l) = 0, u(t, s(t)) = C, ṡ(t) = −µux(t, s(t)), 0 ≤ t ≤ T ;

wx(t, 0) = wx(t, l) = 0, vx(t, 0) = vx(t, l) = 0, 0 ≤ t ≤ T,
ãäå x = s(t) � ñâîáîäíàÿ (íåèçâåñòíàÿ) ãðàíèöà, êîòîðàÿ ïðåäñòàâëÿåò ôðîíò
ðàñïðîñòðàíåíèÿ òðîìáà è îïðåäåëÿåòñÿ âìåñòå ñ ôóíêöèÿìè u, w, v.

Ñ ïîìîùüþ ìåòîäà, îñíîâàííîãî íà ïîñòðîåíèè àïðèîðíûõ îöåíîê, íàéäåíû
îãðàíè÷åíèÿ íà ïàðàìåòðû çàäà÷è, ïðè êîòîðûõ îíà ãëîáàëüíî ðàçðåøèìà. Èñ-
ñëåäîâàíû êà÷åñòâåííûå ñâîéñòâà ðåøåíèé. Èçó÷åí ýôôåêò ëîêàëèçàöèè � ðàç-
ìåð òâåðäîãî ñãóñòêà èçìåíÿåòñÿ íåçíà÷èòåëüíî, òðîìá íå ïðîíèêàåò çà ãëóáèíó
ëîêàëèçàöèè.
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Â ðàáîòå ïîëó÷åíî óñòîé÷èâîå àíàëèòè÷åñêîå ðåøåíèå äëÿ âîëíîâûõ ïîëåé â
ñëîèñòîì øàðå ïðîèçâîëüíîãî ðàçìåðà. Ðåøåíèå ïîñòðîåíî íà îñíîâå ñâåäåíèÿ
êðàåâîé çàäà÷è ê äâóì çàäà÷àì Êîøè. Âíà÷àëå ïîëó÷åíî ÿâíîå ðåøåíèå ñîîò-
âåòñòâóþùåãî íåëèíåéíîãî óðàâíåíèÿ Ðèêêàòè (ðàíåå òàêîé ðåçóëüòàò áûë íåèç-
âåñòåí). Äàëåå äëÿ ïîñòðîåíèÿ ðåøåíèÿ èñïîëüçóåòñÿ íîâàÿ àñèìïòîòèêà öèëèí-
äðè÷åñêèõ ôóíêöèé, ïîëó÷åííàÿ â [1]. Â èòîãå ýòî äàåò óñòîé÷èâîå àíàëèòè÷åñêîå
ðåøåíèå äëÿ âîëíîâûõ ïîëåé â íåîäíîðîäíîì øàðå ïðîèçâîëüíîãî ðàçìåðà.

Íà îñíîâå ðàçâèòîãî àíàëèòè÷åñêîãî ìåòîäà ñîçäàí ïðîãðàììíûé ìîäóëü è
ïðîâåäåíî ìîäåëèðîâàíèå âîëíîâûõ ïîëåé äëÿ èçâåñòíûõ ìîäåëåé Ëóíû è Çåìëè.
Â ðåçóëüòàòå ìîäåëèðîâàíèÿ îáíàðóæåíî íîâîå ôèçè÷åñêîå ÿâëåíèå. Íèçêîñêî-
ðîñòíîå ÿäðî, ðàñïîëîæåííîå â øàðå, îáëàäàåò ñâîéñòâàìè ñîáèðàþùåé ëèíçû è
ýòî ïðèâîäèò ê ôîðìèðîâàíèþ ìîùíîé âîëíû. Òàêîå ôèçè÷åñêîå ÿâëåíèå ðàíüøå
áûëî íåèçâåñòíî. Îòìåòèì, ÷òî äëÿ âûñîêîñêîðîñòíîãî ÿäðà ïîäîáíûé ýôôåêò
íå íàáëþäàåòñÿ.

Ïî ñîâðåìåííûì äàííûì Çåìëÿ ñîñòîèò èç êîðû, ìàíòèè, âíåøíåãî è âíóò-
ðåííåãî ÿäðà. Íà âîëíîâûõ ïîëÿõ ïåðâûìè äîëæíû ïðèõîäèòü îáúåìíûå âîëíû
PKP (ïðîäîëüíûå âîëíû, ïðîõîäÿùèå ÷åðåç âíóòðåííåå ÿäðî). Íà ðåàëüíûõ æå
äàííûõ âïåðåäè ôðîíòà PKP íàáëþäàþòñÿ ãðóïïû âîëí íåèçâåñòíîé ïðèðîäû
(GH ïî [2], ïðåäâåñòíèêè ïî ñîâðåìåííîé òåðìèíîëîãèè). Ñäåëàíî ìíîãî ïîïû-
òîê îáúÿñíåíèÿ ïðåäâåñòíèêîâ ðàçíûìè ãðóïïàìè èññëåäîâàòåëåé. Òàê, íàïðè-
ìåð, äåëàëîñü ïðåäïîëîæåíèå, ÷òî ýòî ÿâëåíèå âûçâàíî íàëè÷èåì ðàçðûâà âî
âíåøíåì ÿäðå ïðèìåðíî íà ðàññòîÿíèè 500 êì âûøå ãðàíèöû âíåøíåãî è âíóò-
ðåííåãî ÿäðà. Îäíàêî äðóãèå èññëåäîâàòåëè îïðîâåðãëè òàêîå îáúÿñíåíèå [2]. Â
èòîãå ôèçèêó ýòîãî ÿâëåíèÿ òàê è íå óäàëîñü ïîíÿòü. Ñîøëèñü íà òîì, ÷òî ýòî
ÿâëåíèå îáóñëîâëåíî ãîðèçîíòàëüíîé íåîäíîðîäíîñòüþ âáëèçè ãðàíèöû âíåøíåå
ÿäðî � ìàíòèÿ, ò. å. áîëåå ñëîæíîé äâóìåðíîé ñåéñìîëîãè÷åñêîé ìîäåëüþ Çåìëè.
À, ñîîòâåòñòâåííî, ïîÿâëåíèå ïðåäâåñòíèêîâ îáúÿñíèëè ðàññåèâàíèåì íà ãîðè-
çîíòàëüíûõ íåîäíîðîäíîñòÿõ.

Â ðàáîòå ïîëó÷åíî âîëíîâîå ïîëå äëÿ íàèáîëåå øèðîêî èçâåñòíîé â íàñòîÿ-
ùåå âðåìÿ ñåéñìîëîãè÷åñêîé ìîäåëè Çåìëè IASPEI [3]. Îòìåòèì, ÷òî ýòà ìîäåëü
èìååò îäíîìåðíîå ñòðîåíèå. Íà ìîäåëüíîì âîëíîâîì ïîëå äëÿ IASPEI ÷åòêî ïðî-
ÿâëÿåòñÿ ãðóïïà âîëí ïðåäâåñòíèêîâ. Ýòî ïîëíîñòüþ ñîâïàäàåò ñ ýêñïåðèìåí-
òàëüíûìè äàííûìè. Òàêèì îáðàçîì, âîçíèêíîâåíèå âîëí-ïðåäâåñòíèêîâ ïðîèñ-
õîäèò çà ñ÷åò òîãî, ÷òî âíåøíåå ÿäðî îáëàäàåò ñâîéñòâàìè ñîáèðàþùåé ëèíçû
è ïîýòîìó äëÿ îáúÿñíåíèÿ ýòîãî ÿâëåíèÿ íå òðåáóåòñÿ íàëè÷èå ãîðèçîíòàëüíîé
íåîäíîðîäíîñòè âî âíåøíåì ÿäðå èëè åù¼ ãäå-ëèáî.
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Àíàëîãèè ïðîöåññîâ íåôòåãàçîîáðàçîâàíèÿ è íåôòåãàçîíàêîïëåíèÿ ñ ïðîöåñ-
ñàìè ðóäîîáðàçîâàíèÿ, ôîðìèðîâàíèÿ ðóäíûõ ìåñòîðîæäåíèé, ìàãìàòèçìà, â êî-
òîðûõ ÿðêî ïðîÿâëÿåòñÿ èõ ýíäîãåííàÿ ïðèðîäà, ñâèäåòåëüñòâóþò î ñóùåñòâåí-
íîé ðîëè ýíäîãåííûõ ôàêòîðîâ â ïðîöåññàõ ôîðìèðîâàíèÿ íåôòåãàçîâûõ ñêîï-
ëåíèé. Íàçðåëà îñòðàÿ íåîáõîäèìîñòü ðàññìîòðåíèÿ âîïðîñîâ ãåíåðàöèè óãëåâî-
äîðîäîâ íå òîëüêî â ñèñòåìå ñ îðãàíè÷åñêèì âåùåñòâîì, íî è â áîëåå øèðîêèõ
ñèñòåìàõ, îõâàòûâàþùèõ ìåñòîðîæäåíèÿ ãîðþ÷èõ èñêîïàåìûõ è ðóäíûå ìåñòî-
ðîæäåíèÿ.

Ïðîöåññû ðàçðàáîòêè íåôòåãàçîâûõ ìåñòîðîæäåíèé ñâÿçàíû ñ äâèæåíèåì
ìíîãîôàçíûõ ìíîãîêîìïîíåíòíûõ ñðåä, êîòîðûå õàðàêòåðèçóþòñÿ íåðàâíîâåñ-
íûìè è íåëèíåéíûìè ðåîëîãè÷åñêèìè ñâîéñòâàìè. Ðåàëüíîå ïîâåäåíèå ïëàñòî-
âûõ ñèñòåì îïðåäåëÿåòñÿ ñëîæíîñòüþ ðåîëîãèè äâèæóùèõñÿ æèäêîñòåé è ìîðôî-
ëîãè÷åñêîãî ñòðîåíèÿ ïîðèñòîé ñðåäû, à òàêæå ìíîãîîáðàçèåì ïðîöåññîâ âçàèìî-
äåéñòâèÿ ìåæäó æèäêîñòüþ è ïîðèñòîé ñðåäîé. Ïðè ýòîì ïëàñòîâàÿ ñèñòåìà, èç
êîòîðîé íåîáõîäèìî èçâëå÷ü íåôòü, ïðåäñòàâëÿåò ñîáîé ñëîæíóþ äèíàìè÷åñêóþ
èåðàðõè÷åñêóþ ñèñòåìó.

Äëÿ ðåøåíèÿ ïîñòàâëåííûõ çàäà÷ íåîáõîäèìî ñîçäàòü íîâóþ òåîðèþ èíòåð-
ïðåòàöèè âîëíîâûõ ïîëåé â ðàìêàõ óñëîæíåííîé ìîäåëè: ñëîèñòî-áëîêîâîé ñ
âêëþ÷åíèÿìè èåðàðõè÷åñêîãî òèïà. Ðàçðàáîòàí íîâûé ïîäõîä ê èíòåðïðåòàöèè
âîëíîâûõ ïîëåé, äëÿ îïðåäåëåíèÿ êîíòóðîâ èëè ïîâåðõíîñòåé ëîêàëüíî íàïðÿ-
æåííûõ èåðàðõè÷åñêèõ îáúåêòîâ [1]�[3]. Ïðåäëîæåí èòåðàöèîííûé ïðîöåññ ðå-
øåíèÿ òåîðåòè÷åñêîé îáðàòíîé çàäà÷è äëÿ ñëó÷àÿ îïðåäåëåíèÿ êîíôèãóðàöèé
2D èåðàðõè÷åñêèõ âêëþ÷åíèé k-ãî ðàíãà c ðàçëè÷íûìè çíà÷åíèÿìè àíîìàëüíûõ
ôèçè÷åñêèõ ïàðàìåòðîâ äëÿ êàæäîãî ðàíãà. Ïðè èíòåðïðåòàöèè ðåçóëüòàòîâ ìî-
íèòîðèíãà íåîáõîäèìî èñïîëüçîâàòü äàííûå òàêèõ ñèñòåì íàáëþäåíèÿ, êîòîðûå
íàñòðîåíû íà èññëåäîâàíèå èåðàðõè÷åñêîé ñòðóêòóðû ñðåäû.
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Â äîêëàäå ðàññìàòðèâàþòñÿ ìîäåëèðîâàíèå ðàçðåæåííîãî ãàçà ñîãëàñíî óðàâ-
íåíèþ Áîëüöìàíà, óïðàâëÿþùèå óðàâíåíèÿ ìàðêîâñêîé ýâîëþöèè ãàçà è ñîîò-
âåòñòâóþùèå ìåòîäû Ìîíòå-Êàðëî. Âûáîð îïòèìàëüíîãî ÷èñëåííîãî ìåòîäà äëÿ
ìîäåëèðîâàíèÿ ðàçðåæåííîãî ãàçà çàâèñèò îò ïàðàìåòðîâ òå÷åíèÿ. Èìèòàöèîí-
íûå, èëè íåïðåðûâíîãî âðåìåíè, ìåòîäû Ìîíòå-Êàðëî [1]�[3] ÿâëÿþòñÿ àäåêâàò-
íûìè è êîíêóðåíòíî ñïîñîáíûìè äëÿ çàäà÷ ñ ÷èñëîì Êíóäñåíà Kn ∼ 1. Åñëè
æå Kn < 0.1 (ñèñòåìû áîëüøîãî ðàçìåðà), òî íåîáõîäèìîñòü ïðîñìîòðà âñåõ ïàð
÷àñòèö âåäåò ê çíà÷èòåëüíîìó ðîñòó âû÷èñëèòåëüíîé òðóäîåìêîñòè. Â äîêëàäå
àíàëèçèðóþòñÿ ìåòîäû äëÿ ñòàöèîíàðíûõ òå÷åíèé â îáëàñòÿõ äîñòàòî÷íî áîëü-
øèõ ðàçìåðîâ. Õàðàêòåðíîå ñâîéñòâî áîëüøèõ ñèñòåì � ñëàáàÿ çàâèñèìîñòü åå
ïîä÷àñòåé äðóã îò äðóãà íà äîñòàòî÷íî ìàëûõ âðåìåííûõ èíòåðâàëàõ. Ìû ïðèìå-
íÿåì ýòî ñâîéñòâî, ðàññìàòðèâàÿ ïðèáëèæåííûé ìåòîä, îñíîâàííûé íà ðàñùåïëå-
íèè îïåðàòîðà ñèñòåìû óïðàâëÿþùèõ óðàâíåíèé ïðîöåññà �ïî ãðóïïàì ÷àñòèö�,
èëè �ïî ïîäîáëàñòÿì� [2], [3]. Ñóùíîñòü ìåòîäà â òîì, ÷òî ñèñòåìà ÷àñòèö ðàç-
äåëÿåòñÿ íà ïîäñèñòåìû, êîòîðûå ìîäåëèðóþòñÿ �ïî÷òè� íåçàâèñèìî íà ìàëûõ
âðåìåííûõ èíòåðâàëàõ ñîãëàñíî �òî÷íîìó� èìèòàöèîííîìó ìåòîäó. Ââåäåííûé
òèï ðàñùåïëåíèÿ îòëè÷åí îò äðóãîãî, õîðîøî èçâåñòíîãî, òèïà �ïî ñîóäàðåíèÿì
è ñäâèãàì�, ÿâëÿþùåãîñÿ àòðèáóòîì èçâåñòíûõ ìåòîäîâ �Ïðÿìîãî ñòàòèñòè÷åñêî-
ãî ìîäåëèðîâàíèÿ� (ÏÑÌ). Âòîðûì àòðèáóòîì ïîñëåäíèõ ÿâëÿåòñÿ �ñåòêà ÿ÷ååê
âçàèìîäåéñòâèé�, ñîâåðøåííî îòñóòñòâóþùàÿ â èìèòàöèîííûõ ìåòîäàõ; â ïîñëåä-
íèõ âçàèìîäåéñòâèå ïðîèçâîëüíîé ïàðû çàâèñèò îò ðàçíîñòåé êîîðäèíàò ÷àñòèö
ïàðû.

Â äîêëàäå äàþòñÿ àñèìïòîòè÷åñêèå îöåíêè òðóäîåìêîñòåé Èìèòàöèîííîãî è
Èìèòàöèîííîãî ñ ðàñùåïëåíèåì ìåòîäîâ, ïðèâîäÿòñÿ òåõíîëîãèè îðãàíèçàöèè
âû÷èñëåíèé ñ ðàñùåïëåíèåì è ñ ðàñïàðàëëåëèâàíèåì, ïðåäñòàâëÿþòñÿ ðåçóëüòà-
òû âû÷èñëåíèé íåñêîëüêèõ çàäà÷ [3]�[5]. Â çàäà÷å î ïðîäîëüíîì îáòåêàíèè ïëîñ-
êîé ïëàñòèíû ãèïåðçâóêîâûì ïîòîêîì âû÷èñëåíèÿ ïðîâîäèëèñü òàêæå ñ èñïîëü-
çîâàíèåì äðóãèõ íåçàâèñèìûõ ïðîãðàìì, îñíîâàííûõ íà ÏÑÌ.
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Çà ïîñëåäíèå 10 ëåò êîíöåíòðàöèÿ ðàñòâîðåííîãî ìåòàíà â Áàéêàëå óâåëè÷è-
ëàñü â òðè ðàçà, ïðè÷åì ïåðåõîäíûé ïðîöåññ íà÷àëñÿ â 2003 ã. è ñîïðîâîæäàëñÿ
ëèíåéíûì ðîñòîì êîíöåíòðàöèè [1]. Ïîñòóïëåíèå ìåòàíà ìîæåò ïðîèñõîäèòü ñî
äíà îçåðà, ãäå íàõîäÿòñÿ ãðÿçåâûå âóëêàíû è ïîäâîäíûå âûõîäû ãàçà (ÏÂÃ). Èí-
âåíòàðèçàöèÿ ÏÂÃ ïîêàçàëà, ÷òî îíè èìåþòñÿ âî âñåõ òðåõ êîòëîâèíàõ îçåðà [2].
Ãëîáàëüíàÿ ìîòèâàöèÿ íàøèõ èññëåäîâàíèé ñâÿçàíà ñ èçó÷åíèåì âëèÿíèÿ ìåòàíà
íà ñîñòîÿíèå âîäíûõ ýêîñèñòåì è îêðóæàþùåé ñðåäû îçåðà.

Â íàñòîÿùåì äîêëàäå ðàññìàòðèâàåòñÿ ÷àñòü ýòèõ èññëåäîâàíèé, îòíîñÿùàÿ-
ñÿ ê ìîäåëèðîâàíèþ ôóíêöèîíèðîâàíèÿ ãàçî-æèäêîñòíîé ñìåñè âîäà-ìåòàí [3].
Ïîñëåäíèé ïðèñóòñòâóåò â ìîäåëè â ðàñòâîðåííîì âèäå è â âèäå ãàçà.

Äëÿ ìîäåëèðîâàíèÿ ãèäðîòåðìîäèíàìèêè âîäû â îçåðå, êàê íåñóùåé ñðåäû,
èñïîëüçóåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü â íåãèäðîñòàòè÷åñêîì ïðèáëèæåíèè. Îíà
ïðåäñòàâëåíà ñèñòåìîé óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ äëÿ òðåõ êîìïîíåíòîâ
âåêòîðà ñêîðîñòè, óðàâíåíèÿ äëÿ òåìïåðàòóðû, óðàâíåíèÿ ñîñòîÿíèÿ è óðàâíå-
íèÿ íåðàçðûâíîñòè. Ïîâåäåíèå ôàç ìåòàíà îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé òè-
ïà êîíâåêöèè-äèôôóçèè-ðåàêöèè. Ïðåäïîëàãàåòñÿ, ÷òî ðàñòâîðåííûé ìåòàí äâè-
æåòñÿ ñî ñêîðîñòüþ íåñóùåé ñðåäû, à ãàçîâàÿ ôàçà ïîëó÷àåò äîïîëíèòåëüíûå
ñêîðîñòè ïîäúåìà çà ñ÷åò ñèë ïëàâó÷åñòè. Ïåðåõîä ãàçà â ðàñòâîð ðåãóëèðóåòñÿ
óñëîâèÿìè çàêîíà Ãåíðè � Äàëüòîíà.

Ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ïî ìîäåëèðîâàíèþ ãèä-
ðîòåðìîäèíàìèêè è ïðîöåññîâ ïåðåíîñà è òðàíñôîðìàöèè ãàçà, âûõîäÿùåãî èç
èñòî÷íèêîâ íà äíå îçåðà. Ðàññìîòðåíà çàäà÷à î êðóïíîìàñøòàáíîé êîíâåêöèè,
êîòîðàÿ âîçíèêàåò çà ñ÷åò âûòàëêèâàþùåé ñèëû ïóçûðüêîâ, ïîñòóïàþùèõ èç
ãëóáîêèõ è ìåëêèõ èñòî÷íèêîâ â ñòðàòèôèöèðîâàííóþ âîäíóþ ñðåäó îçåðà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00137).
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Íåîáõîäèìîñòü îáåñïå÷åíèÿ èíôîðìàöèîííî ñèñòåìíîé áåçîïàñíîñòè öåëå-
íàïðàâëåííîé ñèñòåìû òðåáóåò åå èíòåëëåêòóàëèçàöèè íà îñíîâå èçáûòî÷íîãî

ìîäåëèðîâàíèÿ òåàòðà äåéñòâèé òàêîé ñèñòåìû â ôîðìå ñðåäû ðàäèêàëîâ. Íîâûé
òèï èçáûòî÷íîãî ìîäåëèðîâàíèÿ ñèñòåìû, íàçâàííûé ðàäèêàëüíûì ìîäåëèðîâà-

íèåì, ó÷èòûâàåò øèðîêóþ ïðîáëåìíóþ îáëàñòü ñèñòåìû. Ðàäèêàëàìè ìîäåëè
íàçâàíû îòäåëüíûå ôóíêöèîíàëüíûå ìîäóëè ìîäåëè, èìåþùèå â îáÿçàòåëüíîì
ïîðÿäêå äâà òèïà ñîñòîÿíèé, ïàññèâíûå è àêòèâíûå. Àêòèâàöèÿ ìîäåëè âûäå-
ëÿåò â íåé ñîãëàñíî öåëè òó èëè èíóþ ðàáî÷óþ ñåòü ðàäèêàëîâ, íàçâàííóþ ñè-

ñòåìîêâàíòîì. Â çàâèñèìîñòè îò öåëè ñèñòåìîêâàíò îáåñïå÷èâàåò óïðàâëåíèå
ïîâåäåíèåì ñèñòåìû è åå ðàçâèòèåì. Âñå ðàäèêàëû âíå ñèñòåìîêâàíòà îñòàþòñÿ
ïàññèâíûìè è îïðåäåëÿþò íåâîñòðåáîâàííûé ïîêà ïîòåíöèàë, ðåñóðñ ðàäèêàëü-
íîé ìîäåëè. Ðàäèêàëüíàÿ ìîäåëü ïîëîæåíà â îñíîâó èíòåëëåêòóàëüíîãî óïðàâ-
ëåíèÿ è èíñòðóìåíòàëüíîãî ñðåäñòâà ðàçâèòèÿ ñèñòåìû. Î÷åâèäíî ê ðàçâèòèþ
ñèñòåìû îòíîñèòñÿ ðàçðàáîòêà åå ïðîãðàììíî òåõíè÷åñêèõ ñðåäñòâ. Òåõíîëîãèÿ
ïðîãðàììèðîâàíèÿ, èñïîëüçóþùàÿ ðàäèêàëüíîå ìîäåëèðîâàíèå ñèñòåìû, íàçâà-
íà ðàäèêàëüíûì ïðîãðàììèðîâàíèåì [1]. Ïðè ýòîì ðàäèêàëüíàÿ ìîäåëü ñèñòåìû
îïðåäåëÿåò ñåìàíòèêó ñîçäàâàåìûõ ïðîãðàìì, ò. å. ÿâëÿåòñÿ ëèíãâèñòè÷åñêîé
ñòðóêòóðîé ïðîãðàììèðîâàíèÿ, íà êîòîðîé íàñòàèâàë àêàäåìèê À.Ï. Åðøîâ â
ëåêñèêîíå ïðîãðàììèðîâàíèÿ [2].
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Óðàâíåíèÿ ðåëÿòèâèñòñêîé ãàçîâîé äèíàìèêè èìåþò âèä [1]

(Γρ)t + O · (Γρ~u) = 0,

(Γ2ρw~u)t + O · (Γ2ρw~u× ~u) + Op = 0,

(Γ2ρw − p)t + O · (Γ2ρw~u) = 0.

(1)

Â (1) ~u � ñêîðîñòü ãàçà, Γ = (1 − |~u|2)−1/2 � ôàêòîð Ëîðåíöà, p, ρ, w = 1 +
γ
γ−1p/ρ � äàâëåíèå, ïëîòíîñòü, ýíòàëüïèÿ ãàçà; γ � ïîêàçàòåëü àäèàáàòû. Âû-
áðàíà ñèñòåìà åäèíèö, â êîòîðîé ñêîðîñòü ñâåòà c = 1.

Â ðàáîòå íàéäåíî è èññëåäóåòñÿ òî÷íîå ðåøåíèå óðàâíåíèé (1), ÷àñòè÷íî èíâà-
ðèàíòíîå îòíîñèòåëüíî ãðóïïû âðàùåíèé SO(3) â ïðîñòðàíñòâå R6(~x, ~u) êîîðäè-
íàò-ñêîðîñòåé. Ýòî ðåëÿòèâèñòñêèé àíàëîã âèõðÿ Îâñÿííèêîâà â êëàññè÷åñêîé
ãàçîâîé äèíàìèêå [2], [3].

Äîêàçàíà òåîðåìà î ïðåäñòàâëåíèè ôàêòîðñèñòåìû äëÿ (1) â âèäå îáúåäèíå-
íèÿ íåèíâàðèàíòíîé ïîäñèñòåìû äëÿ ôóíêöèè, îïðåäåëÿþùåé îòêëîíåíèå âåêòî-
ðà ñêîðîñòè îò ìåðèäèàíà, è èíâàðèàíòíîé, îïðåäåëÿþùåé òåðìîäèíàìè÷åñêèå
ïàðàìåòðû, ôàêòîð Ëîðåíöà è ðàäèàëüíóþ êîìïîíåíòó ñêîðîñòè.

Äîêàçàíî, ÷òî èíâàðèàíòíàÿ ïîäñèñòåìà ïîñëå ââåäåíèÿ îáîáùåííîãî ïîòåí-
öèàëà ñâîäèòñÿ ê íåÿâíîìó îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ. Ýòî
óðàâíåíèå îïðåäåëåíî íà íåêîòîðîé àëãåáðàè÷åñêîé ïîâåðõíîñòè â ïðîñòðàíñòâå
1-ñòðóé. Èññëåäîâàíî ìíîãîîáðàçèå âåòâëåíèÿ ðåøåíèé ýòîãî óðàâíåíèÿ, ïîâåäå-
íèå èíòåãðàëüíûõ êðèâûõ â çàâèñèìîñòè îò ïàðàìåòðîâ çàäà÷è (ýíåðãèè è çà-
êðóòêè ïîòîêà). Äàíà ôèçè÷åñêàÿ èíòåðïðåòàöèÿ íàéäåííûõ ðåøåíèé.
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Øòàáåëü Í.Â.
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Â çàäà÷àõ âû÷èñëåíèÿ ýôôåêòèâíûõ êîýôôèöèåíòîâ ñðåäû âîçíèêàåò íåîá-
õîäèìîñòü ìîäåëèðîâàíèÿ íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ â åñòåñòâåííûõ ïåðå-
ìåííûõ. Íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ â òåðìèíàõ äèôôåðåíöèàëüíûõ ôîðì
ïðåäñòàâèìà â âèäå äèôôåðåíöèàëüíîé ôîðìû ïåðâîãî ïîðÿäêà âíåøíåé îðèåí-
òàöèè [1]. Ýòî îçíà÷àåò, ÷òî äèñêðåòíûé àíàëîã ìàãíèòíîãî ïîëÿ ñëåäóåò èñêàòü
íà ðåáðàõ äóàëüíûõ (ïîëèýäðàëüíûõ) ñåòîê.

Â ðàáîòå ïîñòðîåíû ïîëèýäðàëüíûå ñåòêè ñ èñïîëüçîâàíèåì äóàëüíîñòè Ïóàí-
êàðå ÷åðåç áàðèöåíòðû èñõîäíîé ñèìïëèöèàëüíîé ñåòêè [2]. Ïîëèýäðû, âõîäÿùèå
â äóàëüíóþ ñåòêó, áóäóò ðåãóëÿðíûìè, çà èñêëþ÷åíèåì ïðèëåãàþùèõ ê ãðàíèöàì
îáëàñòè, åñëè èñõîäíàÿ òåòðàýäðàëüíàÿ ñåòêà îáëàäàåò ñâîéñòâîì ðåãóëÿðíîñòè.
Â îáùåì ñëó÷àå ïîëèýäðû äóàëüíîé ñåòêè èìåþò ïðîèçâîëüíóþ ôîðìó: ìîãóò
áûòü âûïóêëûìè, íåâûïóêëûìè, ñ ïëîñêèìè ãðàíÿìè èëè ãðàíÿìè, îáðàçîâàí-
íûìè ïîâåðõíîñòüþ, îãðàíè÷åííîé äóàëüíûìè ðåáðàìè.

Äëÿ ìîäåëèðîâàíèÿ íà ïîëèýäðàëüíûõ ñåòêàõ íåîáõîäèìî ïîñòðîèòü ñïåöè-
àëüíûé áàçèñ, îïðåäåëåííûé íà ðåáðàõ è ÿ÷åéêàõ äóàëüíûõ ñåòîê. Â êà÷åñòâå
òàêîãî áàçèñà áûëè âûáðàíû ôóíêöèè ôîðìû, àññîöèèðîâàííûå ñ ðåáðàìè äóàëü-
íîé ñåòêè è îïðåäåëåííûå íà ÿ÷åéêàõ, â êîòîðûå âõîäèò àññîöèèðîâàííîå ðåáðî.
Äëÿ ïîñòðîåíèÿ ôóíêöèé ôîðìû ôîðìóëèðóþòñÿ è ðåøàþòñÿ çàäà÷è âèäà

rot rot ~ϕ = 0,

~ϕ|li = ~ϕg,

~ϕ|lj = 0, j 6= i,

ãäå ~ϕ � èñêîìàÿ ôóíêöèÿ ôîðìû, ~ϕg � çàäàííîå çíà÷åíèå ôóíêöèè ôîðìû íà
ðåáðå, li � ðåáðî, àññîöèèðîâàííîå ñ ~ϕ.

Âû÷èñëèòåëüíàÿ ñõåìà àïðîáèðîâàíà íà ìîäåëüíûõ çàäà÷àõ áåç ëîêàëüíîãî
èñòî÷íèêà, ïðîâåäåíî ñðàâíåíèå ðåçóëüòàòîâ ìîäåëèðîâàíèÿ ñ ìàãíèòíûì ïîëåì,
âû÷èñëåííûì êàê ðîòîð îò ýëåêòðè÷åñêîãî ïîëÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (� 16-29-15094 îôè_ì) è ïðîåêòà Ïðîãðàììû� 43 ôóíäàìåíòàëüíûõ èññëåäîâàíèé

Ïðåçèäèóìà ÐÀÍ.
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Ðàñ÷åò ÷àñòîò âñòðå÷àåìîñòè ðàçëè÷íûõ íåèçîìîðôíûõ ïîäñåòåé èç çàäàííî-
ãî èõ íàáîðà � ñåòåâûõ ìîòèâîâ � ÿâëÿåòñÿ îäíîé èç àêòóàëüíûõ çàäà÷ íàóêè î
ñåòÿõ (Network Science). Èçó÷åíèå ìîòèâîâ ìîæåò îáåñïå÷èòü ïîíèìàíèå ôóíêöè-
îíàëüíûõ âîçìîæíîñòåé ñåòè, à òàêæå âûÿâèòü ïîäñèñòåìû, èç êîòîðûõ ýòà ñåòü
�ñëîæåíà�. Ìíîãèå èññëåäîâàòåëüñêèå ãðóïïû â òå÷åíèå ïîñëåäíåãî äåñÿòèëåòèÿ
ðàçðàáàòûâàþò ýôôåêòèâíûå àëãîðèòìû äëÿ îáíàðóæåíèÿ ìîòèâîâ [1]�[3].

Ðàçðàáîòàííûå àâòîðàìè àëãîðèòìû ïîçâîëèëè çíà÷èòåëüíî óñêîðèòü ðàñ÷åò
÷èñëà ìîòèâîâ â íåíàïðàâëåííûõ è íàïðàâëåííûõ ñåòÿõ. Äëÿ óñêîðåíèÿ ïðîöå-
äóðû ïîäñ÷åòà ÷àñòîò âñòðå÷àåìîñòè ìîòèâîâ ïðåäëàãàåòñÿ èñïîëüçîâàòü ìåòîä
Ìîíòå-Êàðëî � ÷èñëåííûé ìåòîä, îñíîâàííûé íà ïîëó÷åíèè áîëüøîãî ÷èñëà ðå-
àëèçàöèé ñëó÷àéíîãî ïðîöåññà, êîòîðûé ôîðìèðóåòñÿ òàêèì îáðàçîì, ÷òîáû åãî
âåðîÿòíîñòíûå õàðàêòåðèñòèêè ñîâïàäàëè ñ èñêîìûìè âåëè÷èíàìè ðåøàåìîé çà-
äà÷è. Ðàíåå àâòîðàìè áûëè ðàçðàáîòàíû àëãîðèòìû â ñîîòâåòñòâèè ñ ìåòîäîì
Ìîíòå-Êàðëî äëÿ ïîäñ÷åòà ÷àñòîò ìîòèâîâ íà òðåõ è ÷åòûðåõ âåðøèíàõ äëÿ
íåîðèåíòèðîâàííûõ ñåòåé [3]. Ïðè ýòîì ïîëó÷åí ñóùåñòâåííûé âûèãðûø â ñêî-
ðîñòè ïî ñðàâíåíèþ ñî ñêîðîñòüþ âûïîëíåíèÿ àëãîðèòìîâ, ïðåäëîæåííûõ ðÿäîì
çàðóáåæíûõ ó÷åíûõ: MFINDER, FANMODE, KAVOSH, accMotif. Â äîêëàäå ïðåä-
ñòàâëåíû àëãîðèòìû, ðàçðàáîòàííûå äëÿ ñåòåé ñ íàïðàâëåííûìè ñâÿçÿìè. Ýòî
âàæíûé øàã â ðàçâèòèè èñïîëüçóåìîãî àâòîðàìè ïîäõîäà, ïîòîìó ÷òî áîëüøèí-
ñòâî èññëåäóåìûõ ñåòåé (íàïðèìåð, ãåííûå ðåãóëÿòîðíûå ñåòè, ñåòè ññûëîê âåá-
ñòðàíèö, ñåòè ïëàòåæåé) ñîäåðæàò íàïðàâëåííûå ñâÿçè. Êðîìå òîãî, ïîñêîëüêó
èññëåäóåìàÿ çàäà÷à îòíîñèòñÿ ê çàäà÷àì åñòåñòâåííîãî ïàðàëëåëèçìà, òî ïðåä-
ëàãàåìûå àëãîðèòìû ó÷èòûâàþò âîçìîæíîñòè ïàðàëëåëüíîé îáðàáîòêè.

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé â ðàìêàõ íàó÷íîãî ïðîåêòà � 16-31-60023 ìîë_à_äê.
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GROUP FOLIATION OF THE EQUATIONS
OF THE STATIC TRANSVERSELY ISOTROPIC

ELASTIC MODEL WITH GASSMAN CONDITIONS
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2Tyumen State University, Tyumen, Russia; weqsmachine@gmail.com

We found the conditions under which the system of the equations of the three-
dimensional static transversely isotropic elastic model has a gradient of a harmonic
function as a partial solution. In this case, parameters of the elasticity modulus tensor
satisfy to the Gassman conditions. The Gassman conditions are widely used in the
geophysics in the research of the transversely isotropic elastic media. We ful�lled a
group foliation of the system of the equations of the static transversely isotropic elastic
model with the Gassman conditions with respect to the in�nite subgroup generated
by the gradient of a harmonic function and contained in normal subgroup of the main
group of this system. We obtained a general solution of the automorphic system.
This solution is a three-dimensional analogue of the Kolosov�Muskhelishvili formula.
We found the main Lie group of transformations of the resolving system of this
group foliation. With a help of this group foliation we obtained non-degenerate exact
solutions of the equations of the static transversely isotropic elastic model with the
Gassman conditions. For the found exact solutions we have depicted the corresponding
deformations arising in an elastic body for particular values of the elastic moduli.

The authors were supported by the Russian Foundation for Basic Research (project

no. 16-01-00446 a).
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WAVELET-TRANSFORMATION ALGORITHM
FOR CUBIC SPLINES ON NON-UNIFORM GRIDS

Shumilov B.M.

Tomsk State University of Architecture and Building, Tomsk, Russia;
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For spline SL(x) of the third degree

SL(x) =

2L−1∑
i=1

CLi N
L
i (x), a ≤ x ≤ b,

with non-uniform grid of knots ∆L : a = x−1 = x0 < x1 < x2 < . . . < x2L = x2L+1 =
b, basic functionsNL

k (x) = (xk+2−xk−2)ϕ3[x;xk−2, xk−1, xk, xk+1, xk+2], k = 1, 2, . . .
. . . , 2L−1, where ϕ3(x, t) = (max{x− t, 0})3, and homogeneous boundary conditions
SL(a) =

(
SL
)′

(a) = SL(b) =
(
SL
)′

(b) = 0 a wavelet-thinning algorithm on grid
∆L−1, received from ∆L by means of removal of internal odd nodes, is constructed.

Theorem. Let the scaling relations NL−1
i (x) =

∑4
j=0 pi,jN

L
2i−2+j(x), ∀i take

place and spline coe�cients CL−1i on the thinned-out grid ∆L−1, L ≥ 2, are calculated
from the solution of three-diagonal system of the linear equations of the form

NL−1
1 (x2) NL−1

2 (x2) 0 · · · 0 0

NL−1
1 (x4) NL−1

2 (x4) NL−1
3 (x4)

. . .
...

...

0 NL−1
2 (x6) NL−1

3 (x6)
. . . 0 0

0 0 NL−1
3 (x8)

. . . NL−1
2L−1−1(x2L−6) 0

...
...

...
. . . NL−1

2L−1−1(x2L−4) NL−1
2L−1(x2L−4)

0 0 0 · · · NL−1
2L−1−1(x2L−2) NL−1

2L−1(x2L−2)



×


CL−11

CL−12
...

CL−1
2L−1−1

 =


f1
f2
...

f2L−1−1

 , fi = SL(x2i), i = 1, . . . , 2L−1 − 1.

Then the values of wavelet-coe�cients [1] are equal to

DL−1
1 = CL1 − p1,1CL−11 , DL−1

2L−1 = CL2L−1 − p2L−1−1,3C
L−1
2L−1−1,

DL−1
i = CL2i−1 − pi−1,3CL−1i−1 − pi,1C

L−1
i , i = 2, 3, . . . , 2L−1 − 1.

Application to problems of di�erentiation and forecasting is investigated.
The author was supported by the Russian Foundation for Basic Research and the Tomsk

region (project no. 16-41-700400 r_a).
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NON-CONFORMING METHODS FOR 3D PROBLEMS
OF MATHEMATICAL PHYSICS
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The majority of modern engineering problems imply simultaneous modelling of
multiple physical processes and, therefore, require the development of multiphysical
mathematical software that allows electromagnetic, percolation, deformation (or elas-
ticity) and other problems to be solved in combination. When developing such software,
special techniques must be implemented to couple the processes of di�erent physical
nature.

Numerical modeling in three-dimensional media with a complex internal structure
also has its own peculiarities, related to the fact that the triangulation depends on
a wavelength strongly. This imposes serious limitations on the minimum size (i.e.,
number of �nite elements) of mesh partition.

Classic conforming methods-based computational schemes are either ine�ective or
unapplicable to the problems mentioned above. The development of the up-to-date
non-conforming methods based on the �nite element method, such as discontinuous
Galerkin method (DG-FEM), virtual �nite element method (VEM), generalized and
extended FEM (GFEM and XFEM), along with the multiscale and heterogeneous
�nite element methods seems to be one of the most promising tendencies of the
computational mathematics [1]�[4].

The authors were supported by the Russian Foundation for Basic Research (project

no. 16-29-15094) and by the Fundamental Research of the Presidium of Russian Academy

of Sciences program no. 43.
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THE EFFECTIVE COEFFICIENTS
FOR 2D ELASTIC EQUATIONS

WITH ISOTROPIC FRACTAL PARAMETERS
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Propagation of elastic waves in strongly heterogeneous media is studied using
subgrid modeling approach. The local elastic parameters and the mass density have
essentially variations from some interval of scales at each spatial point. To approximate
the medium, we have started from the modi�ed Kolmogorov theory in terms of the
ratios of smoothed �elds. The correlated �elds of the elastic parameters and of the
mass density have been represented mathematically by Kolmogorov's multiplicative
cascades. The wave propagates over a distance that is of the same order as the typical
wavelength of a source. The averaging 2D elastic equations have been obtained if the
wavelength is large as compared with the maximum scale of heterogeneities of the
medium. For a scale-invariant medium, e�ective coe�cients have power dependence
on the scale of smoothing. The exponents of power dependencies have been calculated.
It has been shown that small-scale heterogeneities a�ect the wave propagation. The
numerical testing illustrates the e�ciency of the approach proposed.

The authors were supported by the Russian Foundation for Basic Research (project

no. 15-01-01458).
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Îñíîâíûìè èíñòðóìåíòàìè, êîòîðûìè ãîñóäàðñòâî ðåãóëèðóåò ýêîíîìè÷åñ-
êóþ äèíàìèêó, ÿâëÿþòñÿ ïîäîõîäíûé íàëîã è íàëîãè íà òîâàðû è óñëóãè. Ðàíåå
ðàññìàòðèâàëîñü âëèÿíèå ðàçëè÷íûõ ñõåì íàëîãîîáëîæåíèÿ íà ðàçâèòèå ýêîíî-
ìèêè â äèñêðåòíûõ [1], [2] è íåïðåðûâíûõ [3], [4] ìîäåëÿõ èåðàðõè÷åñêîé ñèñòå-
ìû �ãîñóäàðñòâî � èíâåñòîðû�. Â ýòèõ ðàáîòàõ ïðåäïîëàãàëîñü, ÷òî èíâåñòîðû
(íèæíèé óðîâåíü èåðàðõèè) ìàêñèìèçèðóþò êîëè÷åñòâåííûå ïîêàçàòåëè ñâîåé
äåÿòåëüíîñòè: ïðèáûëü èëè ïîòðåáëåíèå.

Â íàñòîÿùåé ðàáîòå íèæíèé óðîâåíü èåðàðõèè áóäåò ïðåäñòàâëåí äâóìÿ ãðóï-
ïàìè ñóáúåêòîâ: èíâåñòîðàìè, ó êîòîðûõ êðèòåðèè äåÿòåëüíîñòè êîëè÷åñòâåí-
íûå, è èíâåñòîðàìè, ïîëó÷àþùèìè çàäàííóþ ïðèáûëü èëè çàäàííûå äèâèäåíäû
ñ ïîìîùüþ ìèíèìàëüíûõ óñèëèé. Â êà÷åñòâå êðèòåðèÿ ãîñóäàðñòâà ïðåäëàãàåòñÿ
ðàññìàòðèâàòü îáúåì íàëîãîâûõ ñáîðîâ. Îíè íåîáõîäèìû äëÿ ôèíàíñèðîâàíèÿ
îáùåñòâåííûõ áëàã.

Â äîêëàäå áóäåò ïðèâåäåí ñðàâíèòåëüíûé àíàëèç âëèÿíèÿ ðàçíûõ ñõåì âû-
øåóïîìÿíóòûõ íàëîãîâ íà âåëè÷èíó íàëîãîâûõ ñáîðîâ. Îòìåòèì, ÷òî âûâîäû,
ïîëó÷åííûå ñ ïîìîùüþ ïîäîáíîãî àíàëèçà, íå âñåãäà ñîâïàäàþò ñ âûâîäàìè, ïî-
ëó÷åííûìè ïðè èçó÷åíèè ìîäåëåé ñ îäíèì âèäîì èíâåñòîðîâ. Íàïðèìåð, â íîâûõ
ìîäåëÿõ íå îáíàðóæèâàåòñÿ ïðåèìóùåñòâî ïðîãðåññèâíîãî ïîäîõîäíîãî íàëîãà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ãóìàíèòàðíîãî íàó÷íîãî ôîíäà (ïðî-

åêò � 16-06-00049) è Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 16-

06-00046, ïðîåêò � 16-06-00101 è ïðîåêò � 16-01-00108).
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Ïîä ìîäåëüþ ðàìñååâñêîãî òèïà ïîäðàçóìåâàåòñÿ äèíàìè÷åñêàÿ ìîäåëü ôóíê-
öèîíèðîâàíèÿ äâóõóðîâíåâîé èåðàðõè÷åñêîé ñèñòåìû ãîñóäàðñòâî � èíâåñòîð.

Öåëüþ ðàáîòû ÿâëÿåòñÿ èçó÷åíèå âëèÿíèÿ ïëîñêîé øêàëû íàëîãîîáëîæåíèÿ
íà ïîâåäåíèå ñèñòåìû ãîñóäàðñòâî � èíâåñòîðû â ñèòóàöèè, êîãäà èíâåñòîðîâ
�äîñòàòî÷íî ìíîãî�. Íåîáõîäèìî óñòàíîâèòü åäèíûå äëÿ âñåõ èíâåñòîðîâ ïðàâèëà
ñáîðà íàëîãîâ.

Ãîñóäàðñòâî ðåøàåò çàäà÷ó î âûáîðå ñòàâêè íàëîãîîáëîæåíèÿ ρ = const, ìàê-
ñèìèçèðóþùåé íàëîãîâûå ñáîðû íà äîõîä çà ïåðèîä [0, T ]:

M∑
i=1

T∫
0

ρfi(ki(t))e
−δtdt −→ max

ρ
,

ãäå M � ÷èñëî èíâåñòîðîâ, δ > 0 � êîíñòàíòà äèñêîíòèðîâàíèÿ, k � çíà÷å-
íèå ôîíäîâîîðóæåííîñòè, fi(ki(t)) � ïðîèçâîäñòâåííàÿ ôóíêöèÿ i-ãî èíâåñòîðà,
îïðåäåëÿþùàÿñÿ óïðàâëåíèåì si(t), íàéäåííûì â ðåçóëüòàòå ðåøåíèÿ ìîäèôè-
öèðîâàííîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ èç [1].

Â äîêëàäå áóäåò ïðèâåäåíî óðàâíåíèå, ïîçâîëÿþùåå íàéòè îïòèìàëüíîå çíà-
÷åíèå ñòàâêè äëÿ çàäà÷è ñ äîñòàòî÷íî áîëüøèì ÷èñëîì èíâåñòîðîâ. Ïîëó÷åíèå
ýòîãî óðàâíåíèÿ îñíîâûâàåòñÿ íà íàéäåííîé ôîðìóëå îïðåäåëåíèÿ îïòèìàëüíîé
äëÿ ãîñóäàðñòâà ñòàâêè íàëîãîîáëîæåíèÿ â ñèòóàöèè, êîãäà èíâåñòîð îäèí.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-06-00101 è ïðîåêò � 16-01-00108).
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Â íàñòîÿùåå âðåìÿ àêòóàëüíî è øèðîêî ðàñïðîñòðàíåíî èçó÷åíèå ìîäåëè ìî-
íîïîëèñòè÷åñêîé êîíêóðåíöèè [1] (ñì. òàêæå [2]) äëÿ ñèòóàöèé ðûíî÷íîãî ðàâ-
íîâåñèÿ ïðèìåíèòåëüíî ê òîðãîâëå äâóõ ðàçëè÷íûõ ïî íàñåëåíèþ ñòðàí. Èññëå-
äîâàíèå ýòîé ìîäåëè ïîçâîëÿåò íå òîëüêî îáúÿñíèòü ïðîöåññû, ïðîèñõîäÿùèå â
ñîâðåìåííîé ýêîíîìèêå, íî è ñïðîãíîçèðîâàòü åå äàëüíåéøåå ðàçâèòèå. Ïðè ýòîì
íàèáîëåå àêòóàëüíûì ïðåäñòàâëÿåòñÿ ðàññìîòðåíèå íåëèíåéíûõ ôóíêöèé ïðîèç-
âîäñòâåííûõ èçäåðæåê [3], [4] (ñì. òàêæå [5]).

Ðàáîòà ïîñâÿùåíà èçó÷åíèþ ðåàêöèè (�ñðàâíèòåëüíîé ñòàòèêè�) ïîòðåáëåíèÿ,
âûïóñêà ïðîäóêöèè, êîëè÷åñòâà (ìàññû) ôèðì, öåí, ôóíêöèè îáùåñòâåííîãî áëà-
ãîñîñòîÿíèÿ íà èçìåíåíèå òîðãîâûõ (òðàíñïîðòíûõ) èçäåðæåê â ñèòóàöèè ðûíî÷-
íîãî ðàâíîâåñèÿ ñ íåëèíåéíîé ôóíêöèåé ïðîèçâîäñòâåííûõ èçäåðæåê.

Êàê îáû÷íî [6], íàèáîëüøåå âíèìàíèå óäåëåíî èññëåäîâàíèþ äâóõ âàæíûõ
�ïðåäåëüíûõ� ñëó÷àåâ: ñâîáîäû òîðãîâëè (�ïî÷òè� îòñóòñòâèå òîðãîâûõ èçäåð-
æåê) è àâòàðêèè (�ïî÷òè� ïðåêðàùåíèå òîðãîâëè âñëåäñòâèå ñëèøêîì áîëüøèõ
òîðãîâûõ èçäåðæåê).
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Èññëåäóåòñÿ ìîäåëü ìåæäóíàðîäíîé òîðãîâëè ïðè ìîíîïîëèñòè÷åñêîé êîíêó-
ðåíöèè ïðîèçâîäèòåëåé [1] â ñèòóàöèè îáùåñòâåííîé îïòèìàëüíîñòè.

Â îòëè÷èå îò [2] (ñì. òàêæå [3]) ôóíêöèÿ ïîëåçíîñòè êàæäîãî ïîòðåáèòåëÿ
ïðåäïîëàãàåòñÿ àääèòèâíî-ñåïàðàáåëüíîé.

Ôóíêöèÿ ïðîèçâîäñòâåííûõ èçäåðæåê ÿâëÿåòñÿ íåëèíåéíîé [4], [5] (ñì. òàê-
æå [6]).

Ðàññìàòðèâàþòñÿ äâå ñòðàíû: �äîìàøíÿÿ� (H) è �çàðóáåæíàÿ� (F ). Ïðåäïî-
ëàãàåòñÿ, ÷òî íàñåëåíèå ñòðàíû H íå ìåíüøå íàñåëåíèÿ ñòðàíû F .

Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî òîðãîâûå (òðàíñïîðòíûå) èçäåðæêè τ èìåþò
âèä �iceberg type�.

Èçó÷àåòñÿ ñðàâíèòåëüíàÿ ñòàòèêà ïî τ â äâóõ âàæíûõ �ïðåäåëüíûõ� ñëó÷àÿõ:
1) ñâîáîäû òîðãîâëè (τ ≈ 1);
2) àâòàðêèè (�ïî÷òè� ïðåêðàùåíèå òîðãîâëè â ñèëó ñëèøêîì áîëüøîãî τ).

Ïðîâåäåííûå èññëåäîâàíèÿ ïîçâîëÿþò ïîíÿòü, êàê òîðãîâûå èçäåðæêè âëè-
ÿþò íà îáùåñòâåííî îïòèìàëüíûå õàðàêòåðèñòèêè: âûïóñê ïðîäóêöèè (�ðàçìåð
ôèðìû�), ïîòðåáëåíèå, êîëè÷åñòâî (ìàññó) ôèðì, îáùåñòâåííîå áëàãîñîñòîÿíèå.
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Èññëåäóåòñÿ öåíîîáðàçîâàíèå â ñòðóêòóðå �ïðîèçâîäèòåëü � ïîñðåäíèê � ïî-
òðåáèòåëü�. Â [1] ââåäåíî è èçó÷åíî ïîíÿòèå ìîòèâàöèè ðèòåéëåðà (ïîñðåäíèêà).
Óïðàâëåíèåì ïðîèçâîäèòåëÿ ÿâëÿåòñÿ α(t) � òîðãîâûé (ò. å. îïòîâûé) äèñêîíò,
óïðàâëåíèåì ïîñðåäíèêà ÿâëÿåòñÿ β(t) � ÷àñòü òîðãîâîãî äèñêîíòà, èñïîëüçó-
åìîãî ïîñðåäíèêîì äëÿ ñíèæåíèÿ ðîçíè÷íîé öåíû. Èññëåäóåòñÿ çàäà÷à ìàêñè-
ìèçàöèè ïðèáûëåé ïðîèçâîäèòåëÿ è ïîñðåäíèêà. Âîçíèêàþùàÿ äâóõêðèòåðèàëü-
íàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ (äèôôåðåíöèàëüíàÿ èãðà) ÿâëÿåòñÿ íåëè-
íåéíîé ïî óïðàâëåíèþ. Îáùèõ ýôôåêòèâíûõ ìåòîäîâ èññëåäîâàíèÿ òàêèõ çàäà÷
íåèçâåñòíî.

Â [1] èçó÷åíà ñèòóàöèÿ, êîãäà β(t) ÿâëÿåòñÿ ïîñòîÿííîé. Ïîëó÷åíà ñòðóêòóðà
îïòèìàëüíîãî òîðãîâîãî äèñêîíòà. Âûäåëåíû ñëó÷àè �ýôôåêòèâíîãî� è �íåýô-
ôåêòèâíîãî� ïîñðåäíèêà. Ïðè ýòîì â ñëó÷àå �íåýôôåêòèâíîãî� ïîñðåäíèêà
ôèðìà-ïðîèçâîäèòåëü âûíóæäåíà óâåëè÷èâàòü (ïî êðàéíåé ìåðå, íå óìåíüøàòü)
òîðãîâûé äèñêîíò íà âñåì èíòåðâàëå ïðîäàæ; â ñëó÷àå æå �ýôôåêòèâíîãî� ïî-
ñðåäíèêà ïðîèçâîäèòåëü èìååò âîçìîæíîñòü â êîíöå èíòåðâàëà ïðîäàæ íåñêîëüêî
ñíèæàòü òîðãîâûé äèñêîíò (ò. å. óâåëè÷èâàòü ðîçíè÷íóþ öåíó).

Â äàííîé ðàáîòå èçó÷àþòñÿ ñèòóàöèè, êîãäà óïðàâëåíèÿ α(t) è β(t) ÿâëÿ-
þòñÿ êóñî÷íî-ïîñòîÿííûìè ñ ôèêñèðîâàííûìè ìîìåíòàìè ïåðåêëþ÷åíèÿ. (Ïî-
âèäèìîìó, òàêîé ïîäõîä äîñòàòî÷íî àäåêâàòíî îòðàæàåò ðåàëüíûå ðûíî÷íûå
ïðîöåññû.) Òàêèì îáðàçîì, ïðèáûëè ïðîèçâîäèòåëÿ è ïîñðåäíèêà ÿâëÿþòñÿ ôóíê-
öèÿìè îò óðîâíåé α è β íà ïîäûíòåðâàëàõ èíòåðâàëà ïðîäàæ. Ïðè ýòîì îïòîâàÿ
è ðîçíè÷íàÿ öåíû çàâèñÿò êàê îò α, òàê è îò β.

Âûÿâëåíû ñèòóàöèè, ïðè êîòîðûõ ôóíêöèÿ ïðèáûëè ïðîèçâîäèòåëÿ ÿâëÿåòñÿ
âîãíóòîé ïî α(t), à ôóíêöèÿ ïðèáûëè ïîñðåäíèêà ÿâëÿåòñÿ âîãíóòîé ïî β(t).

Äëÿ ðàçëè÷íûõ ñèòóàöèé âçàèìîîòíîøåíèé ïðîèçâîäèòåëÿ è ïîñðåäíèêà íàé-
äåíû ðàâíîâåñèÿ ïî Íýøó è ïî Øòàêåëüáåðãó è óñëîâèÿ èõ ñóùåñòâîâàíèÿ.

Èçó÷åíû ïîñëåäñòâèÿ íàðóøåíèÿ äîñòèãíóòûõ ðàíåå äîãîâîðåííîñòåé ìåæäó
ïðîèçâîäèòåëåì è ïîñðåäíèêîì. Èçó÷åíû ñèòóàöèè, êîãäà âîçìîæåí ïåðåñìîòð
ñîãëàøåíèé.
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Â äîêëàäå èçëàãàþòñÿ óñëîâèÿ ñóùåñòâîâàíèÿ è ýêñòðåìàëüíûå ñâîéñòâà ðàâ-
íîâåñèé äëÿ äîñòàòî÷íî øèðîêîãî êëàññà ìîäåëåé ñìåøàííûõ ýêîíîìè÷åñêèõ ñè-
ñòåì ñ äâóìÿ ðûíêàìè äëÿ êàæäîãî èç ïðîäóêòîâ. Íà ïåðâîì ðûíêå öåíû ôèêñè-
ðîâàíû, è ðàñïðåäåëåíèå áëàã îñóùåñòâëÿåòñÿ ñ ó÷åòîì ñõåì ðàöèîíèðîâàíèÿ è
â ðàìêàõ ãîñóäàðñòâåííîãî çàêàçà, äåéñòâóþùåãî êàê â ïðîèçâîäñòâåííîì, òàê è
â ïîòðåáèòåëüñêîì ñåêòîðå. Íà âòîðîì ðûíêå äåéñòâóþò ãèáêèå öåíû, îïðåäåëÿ-
åìûå êîíêóðåíòíûì ìåõàíèçìîì óðàâíèâàíèÿ ñïðîñà è ïðåäëîæåíèÿ. Ïðåäïîëà-
ãàåòñÿ, ÷òî èçáûòîê ïðîäóêòîâ, ïðèîáðåòåííûõ íà ïåðâîì ðûíêå, ìîæåò ñâîáîäíî
ðåàëèçîâûâàòüñÿ íà âòîðîì ïî òåêóùèì ãèáêèì öåíàì.

Ðàññìàòðèâàåìàÿ ìîäåëü, äåòàëüíîå îïèñàíèå êîòîðîé ïðåäñòàâëåíî â ðàáî-
òå [1], ÿâëÿåòñÿ êîíêðåòèçàöèåé âåñüìà îáùåé ìîäåëè ñìåøàííîé ýêîíîìèêè,
ïðåäëîæåííîé Â.Ë. Ìàêàðîâûì â [2]. Êàê è â ìîäåëÿõ ñìåøàííîé ýêîíîìèêè
áåç ïðîèçâîäñòâåííîãî ñåêòîðà (ñì., íàïðèìåð, [3]), îäíî èç ãëàâíûõ ïðåïÿòñòâèé
äëÿ èñïîëüçîâàíèÿ òðàäèöèîííûõ ìåòîäîâ ðàâíîâåñíîãî àíàëèçà äëÿ ðåøåíèÿ âî-
ïðîñîâ ñóùåñòâîâàíèÿ è êîàëèöèîííîé ñòàáèëüíîñòè ðàâíîâåñíûõ ðàñïðåäåëåíèé
â ðàññìàòðèâàåìîé ìîäåëè òèïà Ýððîó � Äåáðå, ñîñòîèò â íàðóøåíèè òðàäèöèîí-
íîãî çàêîíà Âàëüðàñà, ÿâëÿþùåìñÿ ñëåäñòâèåì âçàèìîäåéñòâèÿ ðûíêîâ ñ ðàçëè÷-
íûìè ìåõàíèçìàìè ðåãóëèðîâàíèÿ. Ýòî ïðåïÿòñòâèå ïðè îòûñêàíèè óñëîâèé ñó-
ùåñòâîâàíèÿ ïðåîäîëåâàåòñÿ íà îñíîâå ãîìîòîïè÷åñêîãî ïîäõîäà ê èññëåäîâàíèþ
íåòàíãåíöèàëüíûõ îòîáðàæåíèé èçáûòî÷íîãî ñïðîñà, ïîçâîëÿþùåãî ðåäóöèðî-
âàòü �ñìåøàííóþ� ïðîáëåìó ñóùåñòâîâàíèÿ ê åå àíàëîãó â äîâîëüíî ñëîæíîé, íî
óæå ïî÷òè ñòàíäàðòíîé ìîäåëè ÷èñòî ðûíî÷íîé ýêîíîìè÷åñêîé ñèñòåìû. Â èòîãå
ïîëó÷àþòñÿ óñëîâèÿ ñóùåñòâîâàíèÿ ðàâíîâåñíûõ öåí äëÿ ðàññìàòðèâàåìîé ìîäå-
ëè, àíàëîãè÷íûå ñòàíäàðòíûì ïðåäïîëîæåíèÿì òåîðåì ñóùåñòâîâàíèÿ äëÿ êëàñ-
ñè÷åñêîé ìîäåëè Ýððîó � Äåáðå. ×òî êàñàåòñÿ ýêñòðåìàëüíîé õàðàêòåðèçàöèè
ðàâíîâåñíûõ ðàñïðåäåëåíèé, òî çäåñü êëþ÷åâûì ìîìåíòîì ÿâëÿåòñÿ ðàçäåëüíîå
ðàññìîòðåíèå îòíîøåíèé íå÷åòêîãî äîìèíèðîâàíèÿ, îòâå÷àþùèõ ðàçëè÷íûì (ïî
îòíîøåíèþ ê ôèêñèðîâàííûì öåíàì) òèïàì ðàâíîâåñèé. Ïîëó÷àþùèåñÿ çäåñü
òåîðåìû î ñîâïàäåíèè íå÷åòêèõ ÿäåð è îòâå÷àþùèõ ñîîòâåòñòâóþùåìó òèïó öåí
ìíîæåñòâ ðàâíîâåñíûõ ðàñïðåäåëåíèé âïîëíå àíàëîãè÷íû ðåçóëüòàòàì äëÿ ñìå-
øàííûõ ìîäåëåé áåç ïðîèçâîäñòâåííîãî ñåêòîðà [3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-06-00101).
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Ðûíêè ïðèðîäíîãî ãàçà, íåôòè è ýëåêòðîýíåðãèè èãðàþò âàæíóþ ðîëü â ýêî-
íîìèêå ìíîãèõ ñòðàí. Êàæäûé òàêîé ðûíîê âêëþ÷àåò ñâîþ ñîáñòâåííóþ ñèñòåìó
ïåðåäà÷è. Ïîòðåáèòåëè è ïðîèçâîäèòåëè ðàñïîëîæåíû â ðàçëè÷íûõ óçëàõ, ñîåäè-
íåííûõ òðàíñïîðòíûìè ëèíèÿìè. Äîëÿ çàòðàò íà ïåðåäà÷ó â îêîí÷àòåëüíîé ñòî-
èìîñòè ðåñóðñà, êàê ïðàâèëî, âåëèêà (äëÿ ýëåêòðîýíåðãèè ïðåâûøàåò 40 %). Ïî-
ýòîìó çàäà÷à îïòèìèçàöèè òðàíñïîðòíîé ñèñòåìû ïðåäñòàâëÿåò áîëüøîé ïðàêòè-
÷åñêèé èíòåðåñ. Â ðàáîòå [1] îïðåäåëÿåòñÿ îïòèìàëüíàÿ ïðîïóñêíàÿ ñïîñîáíîñòü
äëÿ ðûíêà ñ äâóìÿ óçëàìè. Ìû ðàññìàòðèâàåì îáùóþ ïðîáëåìó îïòèìèçàöèè îá-
ùåñòâåííîãî áëàãîñîñòîÿíèÿ ñ ó÷åòîì ïðîèçâîäñòâåííûõ çàòðàò, ïîëåçíîñòè ïî-
òðåáëåíèÿ è çàòðàò íà óâåëè÷åíèå ïðîïóñêíûõ ñïîñîáíîñòåé. Ñëîæíîñòü ïðîáëå-
ìû îïðåäåëÿåòñÿ íàëè÷èåì ñóùåñòâåííûõ ôèêñèðîâàííûõ ðàñõîäîâ, ñâÿçàííûõ
ñ ðàñøèðåíèåì ëèíèé ïåðåäà÷è. Â öåëîì ïðîáëåìà îïòèìèçàöèè òðàíñïîðòíîé
ñèñòåìû � NP -òðóäíàÿ (ñì. [2]). Â ðàáîòå [3] óêàçàíû íåêîòîðûå ñëó÷àè, êîãäà
ôóíêöèÿ áëàãîñîñòîÿíèÿ îáëàäàåò ñâîéñòâàìè ñóáìîäóëÿðíîñòè èëè ñóïåðìîäó-
ëÿðíîñòè íà ìíîæåñòâå ëèíèé. Íàìè îïèñàí íîâûé àëãîðèòì îïòèìèçàöèè òðàíñ-
ïîðòíîé ñèñòåìû â ñëó÷àå ñóïåðìîäóëÿðíîñòè. Ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñ-
ïåðèìåíòîâ ïîêàçûâàþò åãî ýôôåêòèâíîñòü. Ïðåäëàãàåòñÿ îáîáùåíèå óêàçàííûõ
ñâîéñòâ â ôîðìå ïîíÿòèé äîïîëíèòåëüíûõ è êîíêóðåíòíûõ òðàíñïîðòíûõ ëèíèé.
Äëÿ ðûíêîâ ñ äðåâîâèäíîé ñòðóêòóðîé óêàçûâàþòñÿ ëåãêî ïðîâåðÿåìûå íåîáõî-
äèìûå è äîñòàòî÷íûå óñëîâèÿ èíâàðèàíòíîñòè ñòðóêòóðû ïîòîêîâ, ïðè âûïîë-
íåíèè êîòîðûõ ëþáàÿ ïàðà ëèíèé ñ îäèíàêîâîé îðèåíòàöèåé ïîòîêîâ ÿâëÿåòñÿ
äîïîëíèòåëüíîé, à ñ ïðîòèâîïîëîæíîé îðèåíòàöèåé � êîíêóðåíòíîé. Óêàçàííûå
ñâîéñòâà ïîçâîëÿþò ðàçðàáîòàòü ýôôåêòèâíûå àëãîðèòìû êàê äëÿ ðåøåíèÿ äèñ-
êðåòíîé çàäà÷è ïîèñêà îïòèìàëüíîãî ìíîæåñòâà ðàñøèðÿåìûõ ëèíèé, òàê è äëÿ
âñïîìîãàòåëüíîé çàäà÷è îïòèìèçàöèè áëàãîñîñòîÿíèÿ ïðè çàäàííîì ìíîæåñòâå
ðàñøèðÿåìûõ ëèíèé. Ïðè ýòîì ïîñëåäíÿÿ çàäà÷à ðåøàåòñÿ ìåòîäîì ïåðåíîñà
ôóíêöèé ñïðîñà è ïðåäëîæåíèÿ èç âñåõ óçëîâ â êîðíåâîé óçåë äåðåâà.
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Çîðêàëüöåâ Â.È.

Èíñòèòóò ñèñòåì ýíåðãåòèêè èì. Ë.À. Ìåëåíòüåâà ÑÎ ÐÀÍ,
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Â äîêëàäå ïëàíèðóåòñÿ îáñóäèòü çàäà÷è è ïðîáëåìû àãðåãèðîâàíèÿ â ðàìêàõ
ñîâðåìåííîé ýêîíîìè÷åñêîé òåîðèè. Âûäåëåíû òðè ñîñòàâëÿþùèå.

1. Àãðåãèðîâàíèå âî âðåìåíè: ñîîòíîøåíèÿ äàííûõ, îòíîñÿùèõñÿ ê ìîìåí-
òàì è ê ïåðèîäàì (ðàçíîé ïðîäîëæèòåëüíîñòè) âðåìåíè. Ïðèâîäÿòñÿ ïðèìåðû
íåêîòîðûõ âíåøíå ïàðàäîêñàëüíûõ ýôôåêòîâ.

2. Àãðåãèðîâàíèå ýêîíîìè÷åñêèõ ñóáúåêòîâ (ïîòðåáèòåëè, ïîêóïàòåëè, ïðî-
äàâöû, ïðîèçâîäèòåëè). Ïðèâîäèòñÿ òåîðåìà î âîçìîæíîñòè ïîñòðîåíèÿ êîëëåê-
òèâíîé ôóíêöèè ïîëåçíîñòè, ñîãëàñîâàííîé ñ èíäèâèäóàëüíûìè â òîì è òîëüêî
â òîì ñëó÷àå, åñëè âñå ôóíêöèè ïîëåçíîñòè (èíäèâèäóàëüíûå è êîëëåêòèâíàÿ)
êâàçèýêâèâàëåíòíûå è êâàçèîäíîðîäíûå. Ïîä óñëîâèåì ñîãëàñîâàííîñòè èíäèâè-
äóàëüíûõ è êîëëåêòèâíîé ôóíêöèé ïîëåçíîñòè ïîíèìàåòñÿ òðåáîâàíèå ñîâïàäå-
íèÿ ñóììû èíäèâèäóàëüíî âûáðàííûõ íàáîðîâ áëàã ñ íàáîðîì áëàã, âûáðàííûõ
ïî êîëëåêòèâíîé ôóíêöèè ïîëåçíîñòè, êîãäà äåíåæíûå ñðåäñòâà �êîëëåêòèâíîãî
ïîêóïàòåëÿ� ðàâíû ñóììå ñðåäñòâ àãðåãèðóåìûõ èì èñõîäíûõ ïîêóïàòåëåé. Ïðè-
âåäåííàÿ òåîðåìà ÿâëÿåòñÿ ñóùåñòâåííûì óñèëåíèåì àíàëîãè÷íîãî ðåçóëüòàòà ïî
ïðîáëåìå ïîñòðîåíèÿ àãðåãèðîâàííîé ôóíêöèè ïîëåçíîñòè Ãðîìàíà. Ïðèâîäÿò-
ñÿ àíàëîãè÷íûå òåîðåìû î âîçìîæíîñòè ïîñòðîåíèÿ àãðåãèðîâàííûõ ïðîèçâîä-
ñòâåííûõ ôóíêöèé â òîì è òîëüêî â òîì ñëó÷àå, åñëè ýòè ôóíêöèè ïðèìèòèâíû
(êâàçèýêâèâàëåíòíû è êâàçèîäíîðîäíû), ÿâíî íåóäîâëåòâîðèòåëüíû ñ ïîçèöèé
ýêîíîìè÷åñêîé òåîðèè.

3. Îáñóæäàþòñÿ ðåçóëüòàòû àêñèîìàòè÷åñêîãî àíàëèçà ìåòîäîâ ïîñòðîåíèÿ
àãðåãèðîâàííûõ ýêîíîìè÷åñêèõ èíäåêñîâ. Ïðèâîäÿòñÿ òåîðåìû î ïðîòèâîðå÷èâî-
ñòè îáùåïðèçíàííûõ, áåçóñëîâíî, íåîáõîäèìûõ òðåáîâàíèé ê ìåòîäàì èõ ðàñ÷åòà.
Â ýòîé ñâÿçè ðàññìàòðèâàþòñÿ âîçìîæíûå àëüòåðíàòèâû â ïîñòðîåíèè èíäåêñîâ.
Îáñóæäàåòñÿ âîçìîæíîñòü òåîðåòè÷åñêîãî ðàçðåøåíèÿ ïðîáëåìû âûáîðà íåïðî-
òèâîðå÷èâîãî ìåòîäà íà áàçå àíàëèòè÷åñêîé êîíöåïöèè èíäåêñîâ (íàçûâàåìûõ
òàêæå ýêîíîìè÷åñêîé êîíöåïöèåé èëè èíäåêñàìè Êîíþñà). Öåíòðàëüíîé ïðîáëå-
ìîé àíàëèòè÷åñêèõ èíäåêñîâ, ñíèæàþùåé èõ äàæå òåîðåòè÷åñêóþ öåííîñòü, ÿâ-
ëÿåòñÿ èõ íåîäíîçíà÷íîñòü, ïðîèñòåêàþùàÿ îò èõ çàâèñèìîñòè îò âûáîðà òðàåê-
òîðèè ïåðåõîäà èç îäíîãî ñîñòîÿíèÿ â äðóãîå. Ïðèâîäèòñÿ òåîðåìà î íåîáõîäèìûõ
è äîñòàòî÷íûõ óñëîâèÿõ íåçàâèñèìîñòè èíäåêñîâ îò òðàåêòîðèè â íåïðåðûâíîì
âðåìåíè (èíäåêñîâ Äèâèçèà), ñîãëàñîâàííûõ ñ âûáîðîì òîâàðîâ íà áàçå ôóíêöèè
ïîëåçíîñòè (ò.å. â ðàìêàõ àíàëèòè÷åñêîé êîíöåïöèè). Ýòèì óñëîâèåì ÿâëÿåòñÿ
êâàçèîäíîðîäíîñòü ôóíêöèè ïîëåçíîñòè. Òàêàÿ ôóíêöèÿ ïîëåçíîñòè ÿâíî íåóäî-
âëåòâîðèòåëüíà äëÿ ýêîíîìè÷åñêîé òåîðèè.

Ïðèâîäÿòñÿ àíàëîãè÷íûå ðåçóëüòàòû äëÿ àíàëèòè÷åñêèõ èíäåêñîâ, ôîðìèðó-
åìûõ ñ ïîçèöèé ïðîäàâöîâ (íà áàçå îáëàñòåé ïðîèçâîäñòâåííûõ âîçìîæíîñòåé,
ïðîèçâîäñòâåííûõ ôóíêöèé).

Òåîðåìû î íåâîçìîæíîñòè êîððåêòíîãî àãðåãèðîâàíèÿ ýêîíîìè÷åñêèõ ñóáúåê-
òîâ è ýêîíîìè÷åñêèõ ïîêàçàòåëåé â ðàìêàõ ñîâðåìåííîé ýêîíîìè÷åñêîé òåîðèè
âåðîÿòíî ñëåäóåò èíòåðïðåòèðîâàòü êàê íàëè÷èå âíóòðåííèõ ïðîòèâîðå÷èé â ýêî-
íîìè÷åñêîé òåîðèè. Ïîñêîëüêó àãðåãèðîâàíèå ïîêàçàòåëåé è ñóáúåêòîâ ÿâíî èëè
íåÿâíî ïðèñóòñòâóåò ïðè èçëîæåíèè ìíîãèõ ðàçäåëîâ Ìèêðîýêîíîìèêè è ïðè
ïåðåõîäå îò íåå ê Ìàêðîýêîíîìèêå.
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Î ÍÀËÎÃÎÎÁËÎÆÅÍÈÈ ÊÀÏÈÒÀËÀ
Â ÄÈÑÊÐÅÒÍÛÕ ÀÍÀËÎÃÀÕ ÌÎÄÅËÈ

ÐÀÌÑÅß � ÑÎËÎÓ

Èöêîâè÷ Ì.À.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
mariya.itskovich@gmail.com

Â ðàáîòå ðàññìàòðèâàåòñÿ ìîäåëü èåðàðõè÷åñêîé ñèñòåìû, ñîñòîÿùåé èç ãî-
ñóäàðñòâà è íåñêîëüêèõ êîìïàíèé (èíâåñòîðîâ). Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ
ðåøåíèå ïðîáëåìû íàõîæäåíèÿ óñëîâèé ñóùåñòâîâàíèÿ ðàöèîíàëüíûõ ñòðàòåãèé
ïîâåäåíèÿ ãîñóäàðñòâà è èíâåñòîðîâ. Ïðåäïîëàãàåòñÿ, ÷òî ãîñóäàðñòâî çàäàåò íà-
ëîãîâóþ ñõåìó è íàëîãîâóþ ñòàâêó. Èíâåñòîðû, çíàÿ ñòðàòåãèþ ãîñóäàðñòâà è
ïðåäïîëàãàÿ, ÷òî îíà ôèêñèðîâàíà, ìàêñèìèçèðóþò ñâîè ôóíêöèè ïîëåçíîñòè. Â
êà÷åñòâå ôóíêöèè ïîëåçíîñòè èíâåñòîðîâ ðàññìàòðèâàåòñÿ îáùåå ïîòðåáëåíèå ñ
äèñêîíòèðîâàíèåì. Ãîñóäàðñòâî âûáåðåò òó ñòðàòåãèþ, ïðè êîòîðîé îíî ñîáèðàåò
áîëüøåå êîëè÷åñòâî íàëîãîâ â òå÷åíèå ðàññìàòðèâàåìîãî ïåðèîäà [0, T ]. Àíàëèç
îñíîâàí íà ìîäèôèöèðîâàííîé ìîäåëè Ðàìñåÿ. Â êëàññè÷åñêîé ìîäåëè Ðàìñåÿ
äîõîä êîìïàíèè ðàñïðåäåëÿåòñÿ ìåæäó ïîòðåáëåíèåì è èíâåñòèöèÿìè [1]. Îäíà-
êî ýòà ìîäåëü íå ó÷èòûâàåò ñóùåñòâîâàíèå íàëîãîîáëîæåíèÿ è òàêèì îáðàçîì
îïèñûâàåò ôóíêöèîíèðîâàíèå ñèñòåìû �ãîñóäàðñòâî � èíâåñòîðû� íåàäåêâàòíî.

Â íàñòîÿùåé ðàáîòå ñ ïîìîùüþ àïïàðàòîâ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâà-
íèÿ è ìàòåìàòè÷åñêîãî àíàëèçà áûëà èññëåäîâàíà çàäà÷à ðàñïðåäåëåíèÿ äîõîäîâ
îò ïðîèçâîäñòâà ìåæäó ïîòðåáëåíèåì è èíâåñòèöèÿìè ïðè ñóùåñòâîâàíèè íà-
ëîãîâ íà îñíîâíûå ôîíäû. Ïîñòðîåíû äèñêðåòíûå ìîäåëè ôóíêöèîíèðîâàíèÿ
äâóõóðîâíåâîé ñèñòåìû �ãîñóäàðñòâî � èíâåñòîðû� äëÿ äàííîé çàäà÷è. Íàéäåíû
óñëîâèÿ êâàçèâîãíóòîñòè öåëåâûõ ôóíêöèé çàäà÷ íèæíåãî è âåðõíåãî óðîâíåé
ñ ïîñòîÿííîé ïî âðåìåíè äîëåé äîõîäà, èäóùåé íà ïîòðåáëåíèå, è ïëîñêîé øêà-
ëîé íàëîãîîáëîæåíèÿ, äîêàçàíû ñîîòâåòñòâóþùèå òåîðåìû. Ïðåäëîæåíû ýâðè-
ñòè÷åñêèå àëãîðèòìû äëÿ íàõîæäåíèÿ òî÷åê ìàêñèìóìà öåëåâûõ ôóíêöèé çàäà÷
âåðõíåãî è íèæíåãî óðîâíåé, êîãäà íè÷åãî íåëüçÿ ñêàçàòü îá èõ êâàçèâîãíóòîñòè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00108 è ïðîåêò � 16-06-00101).

ËÈÒÅÐÀÒÓÐÀ

1. Àøìàíîâ Ñ.À. Ââåäåíèå â ìàòåìàòè÷åñêóþ ýêîíîìèêó. Ì.: Íàóêà, 1984.

543



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

Î ÂËÈßÍÈÈ ÑÊËÎÍÍÎÑÒÈ ÈÍÂÅÑÒÎÐÎÂ
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Êîòîâà À.À.
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Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ñ äâóìÿ óðîâíÿìè óïðàâëåíèÿ:
ãîñóäàðñòâî è íåñêîëüêî èíâåñòîðîâ, àíàëîãè÷íàÿ ïîèñêó ðàâíîâåñèÿ ïî Øòà-
êåëüáåðãó [1]. Èíñòðóìåíòîì óïðàâëÿþùåãî îðãàíà ÿâëÿåòñÿ íàëîã íà ïîòðåáëå-
íèå èíâåñòîðîâ, êîòîðûé ìîäåëèðóåò íàëîã íà äîõîä ôèçè÷åñêèõ ëèö (ÍÄÔË).

Ãîñóäàðñòâî óñòàíàâëèâàåò âåëè÷èíó íàëîãîâîé ñòàâêè, åäèíóþ äëÿ âñåõ èíâå-
ñòîðîâ. Ãëàâà i-ãî ïðåäïðèÿòèÿ, çíàÿ ñòðàòåãèþ ãîñóäàðñòâà è ñ÷èòàÿ åå ôèêñèðî-
âàííîé, ñòðåìèòñÿ íàéòè ôóíêöèþ si(t) (äîëÿ äîõîäà îò ïðîèçâîäñòâà, èäóùàÿ íà
èíâåñòèöèè), êîòîðàÿ ìàêñèìèçèðóåò ëèíåéíóþ êîìáèíàöèþ óäåëüíîãî ïîòðåá-
ëåíèÿ ðàáîòíèêîâ ïðåäïðèÿòèÿ è äàëüíåéøåãî ðàçâèòèÿ ïðîèçâîäñòâà. Êîýô-
ôèöèåíòû ëèíåéíîé êîìáèíàöèè: αi è (1 − αi) ñîîòâåòñòâåííî. Îãðàíè÷åíèÿìè
ÿâëÿþòñÿ ñêîðîñòü èçìåíåíèÿ ôîíäîâîîðóæåííîñòè è óñëîâèå ýêîíîìè÷åñêîãî
ãîðèçîíòà. Êîýôôèöèåíò αi � ïîêàçàòåëü ñêëîííîñòè i-ãî èíâåñòîðà ê ïîòðåáëå-
íèþ, çíà÷åíèå êîòîðîãî ïðèíàäëåæèò îòðåçêó [0, 1].

Êðèòåðèåì äåÿòåëüíîñòè ãîñóäàðñòâà ÿâëÿåòñÿ óñðåäíåííàÿ ïî âñåì ïðåäïðè-
ÿòèÿì ïðîèçâîäèòåëüíîñòü òðóäà ðàáîòíèêîâ ïðè óñëîâèè, ÷òî èíâåñòîðû äåé-
ñòâóþò ðàöèîíàëüíî. Â ðàáîòå òàêæå ðàññìàòðèâàåòñÿ ñèòóàöèÿ, êîãäà ãîñóäàð-
ñòâî ñòðåìèòñÿ îãðàíè÷èòü íàëîãîâûå ñáîðû äëÿ ïîâûøåíèÿ áëàãîñîñòîÿíèÿ òðó-
äÿùèõñÿ. Äðóãèìè ñëîâàìè, ââåäåíèå íàëîãà íà ïîòðåáëåíèå ìîæåò óìåíüøèòü
ýòîò ïîêàçàòåëü íå áîëåå ÷åì â çàäàííîå ÷èñëî ðàç (β > 1) ïî ñðàâíåíèþ ñ ñèòó-
àöèåé, êîãäà íàëîãè îòñóòñòâóþò.

Â äîêëàäå áóäóò èçëîæåíû ðåçóëüòàòû îïðåäåëåíèÿ îïòèìàëüíûõ ðàçìåðîâ
íàëîãîâûõ ñòàâîê, çàâèñÿùèå îò âåëè÷èíû ñêëîííîñòè èíâåñòîðîâ ê ïîòðåáëå-
íèþ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-06-00101 è ïðîåêò � 16-01-00108).

ËÈÒÅÐÀÒÓÐÀ

1. Ìóëåí Ý. Òåîðèÿ èãð ñ ïðèìåðàìè èç ìàòåìàòè÷åñêîé ýêîíîìèêè. Ì.: Ìèð, 1985.
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Â ìîíîãðàôèè [1] äëÿ ðåøåíèÿ çàäà÷è ïîèñêà îïòèìàëüíîãî óïðàâëåíèÿ s(t)
ïðè ðàñïðåäåëåíèè äîõîäà íà ïîòðåáëåíèå C è èíâåñòèöèè èñïîëüçóåòñÿ ìîäåëü
Ô. Ðàìñåÿ. Â ýòîé ìîäåëè êðèòåðèåì, ïîäëåæàùèì ìàêñèìèçàöèè â ïëàíîâîì
ïåðèîäå [0, T ], ÿâëÿåòñÿ îáùåå óäåëüíîå ïîòðåáëåíèå ñ äèñêîíòèðîâàíèåì:∫ T

0

C(t)

L(t)
e−δt dt,

ãäå L � âåëè÷èíà òðóäîâûõ ðåñóðñîâ, δ � êîíñòàíòà äèñêîíòèðîâàíèÿ.
Â íàñòîÿùåé ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî èíâåñòîð ðóêîâîäñòâóåòñÿ ïðèíöè-

ïîì Ïàðåòî, ñóòü êîòîðîãî â òîì, ÷òî 20 ïðîöåíòîâ óñèëèé äàþò 80 ïðîöåíòîâ
ðåçóëüòàòà. Òàêèì îáðàçîì, ìîæíî ïîíÿòü, ÷òî, âûáðàâ òå îïòèìàëüíûå ðåñóðñû,
êîòîðûå äàþò íàèáîëüøèé ýôôåêò, ìîæíî äîñòè÷ü âûñîêèõ ðåçóëüòàòîâ ìàëûìè
èçäåðæêàìè. Â òî æå âðåìÿ ïîñëåäóþùèå óñèëèÿ áóäóò íåíóæíûìè è íåýôôåê-
òèâíûìè.

Öåëü äàííîé ðàáîòû: íàéòè îïòèìàëüíîå óïðàâëåíèå s(t), ïðè êîòîðîì ïðè
ìèíèìóìå çàòðàò óñèëèé (ïðîèçâîäñòâà) äîñòèãàåò ìàêñèìóìà ïîòðåáëåíèå.

Âîçíèêàåò çàäà÷à: ∫ T
0

(1− s(t))f(k(t)) dt∫ T
0
k(t) dt

−→ max
s
,

ïðè îãðàíè÷åíèÿõ:
k̇(t) = s(t)f(k(t))− µk(t),

0 ≤ s(t) ≤ 1, k(0) = k0, k(T ) ≥ kT ,

ãäå f(k(t)) � ïðîèçâîäñòâåííàÿ ôóíêöèÿ, àðãóìåíòîì êîòîðîé ÿâëÿåòñÿ ôîíäî-
âîîðóæåííîñòü k(t), µ � òåìï àìîðòèçàöèè ôîíäîâ, ïîëîæèòåëüíûå êîíñòàíòû
k0 è kT ñ÷èòàþòñÿ çàäàííûìè.

Â äîêëàäå áóäóò ïðåäëîæåíû àëãîðèòìû ïîèñêà îïòèìàëüíîãî ðåøåíèÿ ýòîé
çàäà÷è ñ ïðèìåíåíèåì ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà è ïðèíöèïà ïîëíîãî ðå-
øåíèÿ Äèíêåëüáàõà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-06-00101 è ïðîåêò � 16-01-00108).

ËÈÒÅÐÀÒÓÐÀ

1. Àøìàíîâ Ñ.À. Ââåäåíèå â ìàòåìàòè÷åñêóþ ýêîíîìèêó. Ì.: Íàóêà, 1984.
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ÃÎÑÓÄÀÐÑÒÂÅÍÍÎ-×ÀÑÒÍÎÅ ÏÀÐÒÍÅÐÑÒÂÎ Â
ÌÈÍÅÐÀËÜÍÎ-ÑÛÐÜÅÂÎÌ ÊÎÌÏËÅÊÑÅ ÐÎÑÑÈÈ:
ÌÅÕÀÍÈÇÌÛ È ÌÎÄÅËÜÍÛÉ ÈÍÑÒÐÓÌÅÍÒÀÐÈÉ

Ëàâëèíñêèé Ñ.Ì.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
lavlin@math.nsc.ru

Äîêëàä ïîñâÿùåí àíàëèçó ñåãîäíÿøíåãî óðîâíÿ ðàçâèòèÿ èíñòèòóòà ãîñóäàð-
ñòâåííî-÷àñòíîãî ïàðòíåðñòâà (Ã×Ï) â ìèíåðàëüíî-ñûðüåâîì êîìïëåêñå Ðîññèè è
îöåíêå ïåðñïåêòèâ èñïîëüçîâàíèÿ ñïåöèàëüíîãî ýêîíîìèêî-ìàòåìàòè÷åñêîãî èí-
ñòðóìåíòàðèÿ äëÿ ïîääåðæêè ïðîöåññà ïðèíÿòèÿ óïðàâëåí÷åñêèõ ðåøåíèé â ýòîé
ñôåðå. Îñíîâíîå âíèìàíèå óäåëåíî ìîäåëè Ã×Ï, ñâÿçàííîé ñ ïðîåêòàìè ñîçäàíèÿ
ïðîèçâîäñòâåííîé èíôðàñòðóêòóðû íà îñíîâå ñðåäñòâ Èíâåñòèöèîííîãî ôîíäà
ÐÔ. Ýòà ñïåöèôè÷åñêàÿ ðîññèéñêàÿ ìîäåëü èñïîëüçîâàíà â Íèæíåì Ïðèàíãàðüå
(ïðîåêò �Êîìïëåêñíîå ðàçâèòèå Íèæíåãî Ïðèàíãàðüÿ�) è Çàáàéêàëüå (ïðîåêò
�Ñîçäàíèå òðàíñïîðòíîé èíôðàñòðóêòóðû äëÿ îñâîåíèÿ ìèíåðàëüíî-ñûðüåâûõ
ðåñóðñîâ þãî-âîñòîêà ×èòèíñêîé îáëàñòè�).

Ìåòîäè÷åñêè èíâåñòèöèîííûå ïðîåêòû ñòàíîâÿòñÿ ïðîåêòàìè Ã×Ï òîëüêî â
òîì ñëó÷àå, êîãäà ÷àñòíàÿ êîìïàíèÿ ôèíàíñèðóåò ñòðîèòåëüñòâî è (èëè) ýêñïëóà-
òàöèþ îáúåêòîâ ãîñóäàðñòâåííîé ñîáñòâåííîñòè. Â âûøåóïîìÿíóòûõ ðîññèéñêèõ
ïðîåêòàõ ïðîèçâîäñòâåííî-èíôðàñòðóêòóðíûé êîìïëåêñ ñòðîèòñÿ ïî ïðèíöèïó �
êàæäûé ñóáúåêò ôèíàíñèðóåò òîëüêî ñâîé îáúåêò. Íà ïðàêòèêå ýòî îçíà÷àåò,
÷òî ãîñóäàðñòâî ôèíàíñèðóåò îáúåêòû ñâîåé ñîáñòâåííîñòè (äîðîãè, ìîñòû, ËÝÏ
è ò. ï.), à áèçíåñ ñòðîèò ñâîè îáúåêòû � çàâîäû, êîìáèíàòû è ïð. Â òàêîé ñèòó-
àöèè îñíîâíàÿ ïðîáëåìà � ðàçäåë çàòðàò íà ðåàëèçàöèþ ïðîåêòà ìåæäó ó÷àñò-
íèêàìè ïàðòíåðñòâà.

Àíàëèç õîäà ðåàëèçàöèè ýòèõ ïðîåêòîâ Ã×Ï ãîâîðèò î òîì, ÷òî ïåðâûé ñî-
âðåìåííûé ðîññèéñêèé îïûò Ã×Ï â ïðîìûøëåííîé è èíôðàñòðóêòóðíîé ñôåðàõ
â ðàìêàõ Èíâåñòèöèîííîãî ôîíäà îêàçàëñÿ íå î÷åíü óñïåøíûì. È çäåñü äåëî íå
òîëüêî â ïåðåõîäíîì õàðàêòåðå ýêîíîìèêè è îòñóòñòâèè íåîáõîäèìûõ ðûíî÷íûõ
èíñòèòóòîâ. Íå ïîñëåäíþþ ðîëü â ýòîì ñûãðàëî îòñóòñòâèå êîìïëåêñíîé îöåíêè
ìåõàíèçìà ðåàëèçàöèè ïðîåêòà Ã×Ï è èñïîëüçóåìîé ñõåìû ïðîåêòíîãî ôèíàíñè-
ðîâàíèÿ â ìîìåíò ïðèíÿòèÿ ðåøåíèÿ.

Äëÿ ðåøåíèÿ êëþ÷åâîé çàäà÷è óïðàâëåíèÿ ðåñóðñíûì ðåãèîíîì � çàäà÷è
ðàçðàáîòêè ïðîãðàììû îñâîåíèÿ ìèíåðàëüíî-ñûðüåâîé áàçû � â ðàáîòå ñòðîèòñÿ
ìîäåëü ôîðìèðîâàíèÿ ýôôåêòèâíîãî ìåõàíèçìà ïàðòíåðñòâà, â ðàìêàõ êîòîðîãî
ãîñóäàðñòâî äàåò íàëîãîâûå ëüãîòû è îêàçûâàåò ïîìîùü èíâåñòîðó â ñîçäàíèè
èíôðàñòðóêòóðû è ðåàëèçàöèè ÷àñòè íåîáõîäèìûõ ïðèðîäîîõðàííûõ ìåðîïðèÿ-
òèé. Äëÿ ýòîãî ôîðìóëèðóåòñÿ ìîäåëü Øòàêåëüáåðãà, à ìåòîäèêà èñïîëüçîâàíèÿ
ñîîòâåòñòâóþùåé äâóõóðîâíåâîé çàäà÷è ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ äå-
ìîíñòðèðóåòñÿ íà ïðèìåðå Çàáàéêàëüÿ. Äëÿ íåãî ñòðîèòñÿ ïðîãðàììà îñâîåíèÿ
ãðóïïû ìåñòîðîæäåíèé ïîëèìåòàëëîâ ñ èñïîëüçîâàíèåì ìåõàíèçìà Ã×Ï, è èñ-
ñëåäóþòñÿ ñâîéñòâà ðàâíîâåñíûõ ðåøåíèé. Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ
ïîäòâåðæäàþò ðàöèîíàëüíîñòü èñïîëüçîâàíèÿ òàêîãî ìåõàíèçìà Ã×Ï. Îíè ïî-
êàçûâàþò, ÷òî âàæåí âûâåðåííûé ïîäõîä ê îïðåäåëåíèþ êîíêðåòíîãî ðàçìåðà
ïîìîùè èíâåñòîðó ñî ñòîðîíû ãîñóäàðñòâà, îáåñïå÷èâàþùèé ýôôåêòèâíîñòü äëÿ
îáîèõ ïàðòíåðîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ãóìàíèòàðíîãî íàó÷íîãî ôîíäà è

Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêòû � 16-02-00049, � 16-06-

00046).
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ÎÁ ÎÏÒÈÌÀËÜÍÎÉ ÏÎËÈÒÈÊÅ ÁÓÊÌÅÊÅÐÀ

Ëåâ Ã.Ø.

Àëòàéñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Áàðíàóë, Ðîññèÿ;
gersh.lev@yandex.ru

Ðàññìàòðèâàåòñÿ äâóìåðíàÿ ñëó÷àéíàÿ âåëè÷èíà, êîìïîíåíòû êîòîðîé íåçà-
âèñèìû è ïðèíèìàþò çíà÷åíèÿ: p1, p2, . . . , pn è q1, q2, . . . , qn. Ïåðâàÿ êîìïîíåíòà
õàðàêòåðèçóåò ðåçóëüòàò èãðû, âòîðàÿ � âûáîð èãðîêà. Èãðîê îñóùåñòâëÿåò åäè-
íè÷íûé âçíîñ è, ïðè ñîâïàäåíèè çíà÷åíèé êîìïîíåíò, îí ïîëó÷àåò âûèãðûø

1

ri
, i = 1, . . . , n

(ñì. [1], [2]).
Èçó÷àåòñÿ âîïðîñ îá îïòèìàëüíîé ñòðàòåãèè áóêìåêåðà ïðè ðàçëè÷íûõ îãðà-

íè÷åíèÿõ íà ðàçìåð ïðåìèè. Â ÷àñòíîñòè, îïòèìàëüíàÿ ñòðàòåãèÿ, êîãäà

n∑
i=1

ri = 1,

çàäàåòñÿ ñîîòíîøåíèÿìè

ri = z
√
piqi, i = 1, . . . , n,

ãäå z ñîîòâåòñòâóåò óñëîâèÿì íîðìèðîâêè.
Îöåíèâàåòñÿ òàêæå êîëè÷åñòâî èãð, ãàðàíòèðóþùåå áóêìåêåðó ïîëîæèòåëü-

íûé ðåçóëüòàò.

ËÈÒÅÐÀÒÓÐÀ
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ÑÎÂÅÐØÅÍÍÀß ÊÎÍÊÓÐÅÍÖÈß
ÁÅÇ ÓÑËÎÂÈß ÑËÅÉÒÅÐÀ: ÝÊÂÈÂÀËÅÍÒÍÎÑÒÜ
ÍÅÑÒÀÍÄÀÐÒÍÎÃÎ È ÄÎÃÎÂÎÐÍÎÃÎ ÏÎÄÕÎÄÀ

Ìàðàêóëèí Â.Ì.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
marakulv@gmail.com

Èññëåäóåòñÿ ñîâåðøåííàÿ êîíêóðåíöèÿ â ìîäåëÿõ ýêîíîìèêè, ãäå óñëîâèå âû-
æèâàåìîñòè ýêîíîìè÷åñêèõ àãåíòîâ (survival assumption, îíî æå óñëîâèå Ñëåéòå-
ðà) íàðóøàåòñÿ, è êëàññè÷åñêîå êîíêóðåíòíîå ðàâíîâåñèå ìîæåò íå ñóùåñòâîâàòü.
Àâòîðîì â 80-õ ãîäàõ 20-ãî âåêà áûëî äîêàçàíî, ÷òî êîððåêòíîé êîíöåïöèåé ðàâ-
íîâåñèÿ çäåñü ÿâëÿåòñÿ ïîíÿòèå ðàâíîâåñèÿ ñ íåñòàíäàðòíûìè öåíàìè è òðàíñ-
ôåðàáåëüíûìè ñòîèìîñòÿìè. Ýòîò ïîäõîä îñíîâàí íà ðåâèçèè ïîíÿòèÿ öåíû,
ãäå âìåñòî îáû÷íûõ �ñòàíäàðòíûõ� öåí èñïîëüçóþòñÿ �íåñòàíäàðòíûå� (â ñìûñëå
íåñòàíäàðòíîãî àíàëèçà). Òàêèì îáðàçîì, öåíû íà ïðîäóêòû çàäàþòñÿ ÷èñëàìè
èç íåñòàíäàðòíîãî ðàñøèðåíèÿ ÷èñëîâîé ïðÿìîé ∗R. Â òî æå âðåìÿ ïîòðåáëå-
íèå èçìåðÿåòñÿ â ñòàíäàðòíûõ âåëè÷èíàõ. Êîíöåïöèÿ íåñòàíäàðòíîãî ðàâíîâåñèÿ
âêëþ÷àåò òàêæå â ñåáÿ òðàíñôåðàáåëüíûå (ïåðåäàâàåìûå) ñòîèìîñòè, ÷òî ïîçâî-
ëÿåò íàñûùåííûì èíäèâèäàì âîçâðàùàòü â ýêîíîìèêó èçáûòî÷íóþ ñòîèìîñòü.
Ðàâíîâåñèÿ ýòîãî âèäà ñóùåñòâóþò â ìîäåëÿõ áåç óñëîâèÿ Ñëåéòåðà è ïðî÷èõ
ñëàáåéøèõ ïðåäïîëîæåíèÿõ.

Â ñîîòâåòñòâèè ñ êëàññè÷åñêèìè ïðåäñòàâëåíèÿìè ñîâåðøåííàÿ êîíêóðåí-
öèÿ � ýòî óñëîâèÿ, â êîòîðûõ ÿäðî ñîâïàäàåò ñ ðàâíîâåñèåì, îäíàêî âîçìîæíî ëè
ýòî îñóùåñòâèòü äëÿ íåñòàíäàðòíûõ ðàâíîâåñèé â ñëó÷àå, êîãäà îíè îòëè÷àþòñÿ
îò îáû÷íûõ (íåò Ñëåéòåðà)? Àíàëèç îñíîâûâàåòñÿ íà äîãîâîðíîì ïîäõîäå, ðàç-
ðàáîòàííîì àâòîðîì â 21 âåêå è ïîêàçàâøåì âûñîêóþ ýôôåêòèâíîñòü â òåîðåòè-
÷åñêîé ýêîíîìèêå. Ïðè äîãîâîðíîì ïîäõîäå êëàññè÷åñêîìó ÿäðó ýêîíîìèêè ñîîò-
âåòñòâóþò ðàñïðåäåëåíèÿ, ñòàáèëüíûå ïðè çàêëþ÷åíèè íîâîãî äîãîâîðà è ïîëíîì
ðàçðûâå èìåþùèõñÿ. Â èññëåäîâàíèè äîêàçàíî, ÷òî êîððåêòíîé ìîäåëüþ ñîâåð-
øåííîé êîíêóðåíöèè ÿâëÿåòñÿ ïîíÿòèå íå÷¼òêî äîãîâîðíîãî ðàñïðåäåëåíèÿ �
ýòî ðàñïðåäåëåíèÿ òàêèå, ÷òî íå ñóùåñòâóåò êîàëèöèè, äëÿ ÷ëåíîâ êîòîðîé ïðè
÷àñòè÷íîì è ïîòåíöèàëüíî àñèììåòðè÷íîì ðàçðûâå äîãîâîðîâ áûëî áû âûãîä-
íî çàêëþ÷èòü íîâûé âçàèìîâûãîäíûé êîíòðàêò. Äîãîâîðíàÿ ìîäåëü ñóùåñòâåííî
ïðîùå äðóãèõ ìîäåëåé ñîâåðøåííîé êîíêóðåíöèè, èçâåñòíûõ â ëèòåðàòóðå.

Ïðè ìèíèìàëüíî ñëàáûõ ïðåäïîëîæåíèÿõ äîêàçàíà òåîðåìà î ñîâïàäåíèè
ìíîæåñòâà âñåõ �íåñòàíäàðòíûõ� ðàâíîâåñèé è íå÷¼òêî äîãîâîðíûõ. Â êà÷åñòâå
ñëåäñòâèÿ ýòîé òåîðåìû óñòàíîâëåí (íîâûé) ôàêò ñóùåñòâîâàíèÿ íå÷¼òêî äî-
ãîâîðíûõ ðàñïðåäåëåíèé � ýòî ïðåäïîëîæåíèÿ, îáåñïå÷èâàþùèå ñóùåñòâîâàíèå
íåñòàíäàðòíûõ ðàâíîâåñèé.

Èññëåäîâàí êëàññè÷åñêèé ìåòîä ìîäåëèðîâàíèÿ ñîâåðøåííîé êîíêóðåíöèè,
îñíîâàííûé íà ïðåäñòàâëåíèè î ðàâíîâåñèÿõ Ýäæóîðòà è ðàçâèâàþùèé ïîäõîä
Äåáðå � Ñêàðôà. Ïîëó÷åíî èõ îïèñàíèå â òåðìèíàõ íåñòàíäàðòíûõ öåí, èç êî-
òîðîãî ñëåäóåò, ÷òî ýòà ìîäåëü ìåíåå êâàëèôèöèðîâàííàÿ, ÷åì äîãîâîðíàÿ. Äî-
ïîëíèòåëüíî ïðåäñòàâëåíû è îáîñíîâàíû óñëîâèÿ (÷àñòè÷íî èçâåñòíûå ðàíåå),
ïðè êîòîðûõ ðàâíîâåñèÿ Ýäæóîðòà ñîâïàäàþò ñ êîíêóðåíòíûìè ðàâíîâåñèÿìè.
Äîêàçàíî, ÷òî ïðè ýòèõ óñëîâèÿõ âñå èçó÷åííûå ïîíÿòèÿ ýêâèâàëåíòíû.
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ÌÎÄÅËÈ ÝÊÑÒÅÐÍÀËÈÉ ÇÍÀÍÈÉ È
ÏÐÎÈÇÂÎÄÑÒÂÀ Â ÑÅÒßÕ: ÈÃÐÎÂÛÅ ÐÀÂÍÎÂÅÑÈß,

ÒÈÏÛ ÂÅÐØÈÍ, ÔÎÐÌÈÐÎÂÀÍÈÅ ÑÅÒÈ

Ìàòâååíêî Â.Ä.1, Êîðîëåâ À.Â.2, Áàõòèí Ì.À.3

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò �Âûñøàÿ øêîëà ýêîíîìèêè�,
Ñàíêò-Ïåòåðáóðã, Ðîññèÿ;

1vmatveenko@hse.ru, 2danitschi@gmail.com, 3max-bahtin@mail.ru

Ìîäåëü [1] îïèñûâàåò ñèòóàöèè, â êîòîðûõ ïîëåçíîñòü êàæäîãî àãåíòà â ñå-
òè (íåîðèåíòèðîâàííîì ãðàôå) çàâèñèò îò ïîòðåáëåíèÿ â äâóõ ïåðèîäàõ âðåìå-
íè. Â ïåðèîä 1 çà ñ÷åò ñîêðàùåíèÿ ïîòðåáëåíèÿ àãåíò ìîæåò èíâåñòèðîâàòü ðå-
ñóðñ, ÷òîáû óâåëè÷èòü ïîòðåáëåíèå ïåðèîäà 2, îïðåäåëÿåìîå ïðîèçâîäñòâåííîé
ôóíêöèåé, çàâèñÿùåé îò ñîáñòâåííûõ èíâåñòèöèé è ñðåäû (âçâåøåííîé ñóììû
ñîáñòâåííûõ èíâåñòèöèé è èíâåñòèöèé ñîñåäåé ïî ñåòè). Ìû èññëåäóåì èãðîâûå
ðàâíîâåñèÿ, ñîîòâåòñòâóþùèå äâóì êîíöåïöèÿì: (1) ðàâíîâåñèå Íýøà è (2) �äæå-
êîáèàíñêîå� ðàâíîâåñèå ñ ýêñòåðíàëèÿìè. Âòîðàÿ êîíöåïöèÿ [2] ïðåäïîëàãàåò, ÷òî
àãåíò â ìîìåíò ïðèíÿòèÿ ðåøåíèÿ ðàññìàòðèâàåò ñðåäó êàê ýêçîãåííî çàäàííóþ.
Äëÿ êàæäîãî èç ýòèõ ñëó÷àåâ ìû äîêàçûâàåì åäèíñòâåííîñòü âíóòðåííåãî ðàâ-
íîâåñèÿ (òàêîãî, ÷òî êàæäûé àãåíò èíâåñòèðóåò ëèøü ÷àñòü ðåñóðñà), íàõîäèì
çàâèñèìîñòü èíâåñòèöèé àãåíòà îò ïîëó÷àåìîé ýêñòåðíàëèè, ïîêàçûâàåì, ÷òî ïî-
ëåçíîñòü àãåíòà ìîíîòîííî çàâèñèò îò åãî ñðåäû. Îêàçûâàåòñÿ, ÷òî â ñëó÷àå âíóò-
ðåííåãî ðàâíîâåñèÿ ïîâåäåíèå àãåíòà îïðåäåëÿåòñÿ åãî àëüôà-öåíòðàëüíîñòüþ â
ñåòè, è ÷òî äâå êîìïîíåíòû àëüôà-öåíòðàëüíîñòè (ïîëîæåíèå àãåíòà è åãî ýê-
çîãåííàÿ �âàæíîñòü�) âñåãäà âëèÿþò íà óðîâåíü èíâåñòèöèé â ïðîòèâîïîëîæ-
íûõ íàïðàâëåíèÿõ. Ìû ââîäèì òåîðåòèêî-ãðàôîâîå ïîíÿòèå �òèï âåðøèíû�, äàåì
êëàññèôèêàöèþ ñåòåé íà îñíîâå ýòîãî ïîíÿòèÿ, îïèñûâàåì àëãîðèòì ðàçáèåíèÿ
ìíîæåñòâà âåðøèí íà òèïû è ïîêàçûâàåì, ÷òî èìåííî ýòà òèïîëîãèÿ âåðøèí
îïðåäåëÿåò àëüôà-öåíòðàëüíîñòè, à çíà÷èò è âíóòðåííèå ðàâíîâåñèÿ. Ìû èçó÷à-
åì ïîñëåäñòâèÿ ïîÿâëåíèÿ íîâûõ ñâÿçåé â ñåòÿõ è ïðèñîåäèíåíèÿ íîâûõ êîìïî-
íåíò, â ÷àñòíîñòè, èäåíòèôèöèðóåì àãåíòîâ, ïîòåíöèàëüíî çàèíòåðåñîâàííûõ â
òîì èëè èíîì ñïîñîáå ôîðìèðîâàíèÿ ñåòè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-06-00618).

ËÈÒÅÐÀÒÓÐÀ

1. Ìàòâååíêî Â.Ä., Êîðîëåâ À.Â. Ðàâíîâåñèå â ñåòåâîé èãðå ñ ïðîèçâîäñòâîì è ýêñòåð-
íàëèÿìè çíàíèé // Ìàòåìàòè÷åñêàÿ òåîðèÿ èãð è åå ïðèëîæåíèÿ. 2016. Ò. 8, � 1.
Ñ. 106�137.

2. Lucas R.E. On the mechanics of economic development // Journal of Monetary
Economics. 1988. V. 22, No 1. P. 3�42.
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ÑËÓ×ÀÉÍÛÌÈ ÁËÓÆÄÀÍÈßÌÈ

Ðàïîïîðò Ý.Î.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

rapoport@math.nsc.ru

Èçó÷àåòñÿ äèíàìè÷åñêàÿ ýêîíîìè÷åñêàÿ ñèñòåìà ñ äèñêðåòíûì âðåìåíåì, ñî-
ñòîÿíèÿ êîòîðîé â êàæäûé ìîìåíò âðåìåíè õàðàêòåðèçóþòñÿ öåëûìè íåîòðèöà-
òåëüíûìè òî÷êàìè äâóìåðíîãî âåêòîðíîãî ïðîñòðàíñòâà. Èìååòñÿ äâà ïðîäóêòà
è äâà ðàçëè÷íûõ ïðîèçâîäñòâà, â êàæäîì èç êîòîðûõ ñîñòîÿíèå ñèñòåìû ìîæåò
èçìåíÿòüñÿ íà íåêîòîðûé ñëó÷àéíûé âåêòîð ñ öåëûìè êîìïîíåíòàìè (ai, bi) ñ
ðàçëè÷íûìè íàáîðàìè âåðîÿòíîñòåé {pi} èëè {qi}.

Ïîä óïðàâëåíèåì ñèñòåìîé áóäåì ïîíèìàòü âûáîð â êàæäûé ìîìåíò âðåìåíè
îäíîé èç äâóõ ñëó÷àéíûõ âåëè÷èí, îïðåäåëÿþùèõ íîâîå ñîñòîÿíèå ñèñòåìû. Öåëü
óïðàâëåíèÿ � ìèíèìèçàöèÿ âåðîÿòíîñòè âûðîæäåíèÿ ñèñòåìû, ò. å. ìèíèìèçàöèÿ
âåðîÿòíîñòè âûõîäà èç ïåðâîãî êâàäðàíòà.

Òåîðåìà 1. Îïòèìàëüíîå óïðàâëåíèå ñóùåñòâóåò.
Ïóñòü g(x, y) � âåðîÿòíîñòü âûðîæäåíèÿ (âûõîäà èç ïåðâîãî êâàäðàíòà) ïðè

îïòèìàëüíîì óïðàâëåíèè.
Äëÿ îöåíêè g(x, y) îñîáóþ ðîëü èãðàåò ââåäåííàÿ â [1] ñèñòåìà óðàâíåíèé (íà-

çâàííàÿ àññîöèèðîâàííîé ñèñòåìîé), ðåøåíèÿìè êîòîðîé (ïðè âûïîëíåíèè íåêî-
òîðûõ åñòåñòâåííûõ óñëîâèé) ÿâëÿþòñÿ òî÷êà (0, 0) è íåêîòîðûå ïîëîæèòåëüíûå
òî÷êè (β∗, α∗). Ñëó÷àé, êîãäà òàêèõ òî÷åê ìíîãî, èññëåäîâàëñÿ â [2]. Â [2], [3] äëÿ
g(x, y) áûëà ïîëó÷åíà îöåíêà ñíèçó.

Òåîðåìà 2. Ñóùåñòâóåò òàêàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ c, ÷òî

g(x, y) ≥ exβ
∗+yα∗ .

Äëÿ òî÷åê, äîñòàòî÷íî óäàëåííûõ îò îñåé ïåðâîãî êâàäðàíòà, óäàëîñü äîêà-
çàòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà 3. Ïðè (x, y)→ (∞,∞) ñïðàâåäëèâî àñèìïòîòè÷åñêîå îòíîøåíèå

g(x, y) = O(e−(α∗x+β∗y)).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00108 è ïðîåêò � 16-06-00101).

ËÈÒÅÐÀÒÓÐÀ

1. Ðàïîïîðò Ý.Î. Îá îäíîé ìîäåëè ðàñïðåäåëåíèÿ íåäåëèìîãî ðåñóðñà // Äèñêðåòíûé
àíàëèç è èññëåäîâàíèå îïåðàöèé. Ñåð. 2. 2005. Ò. 12, � 1. Ñ. 55�73.

2. Ðàïîïîðò Ý.Î. Îá îïòèìàëüíîì óïðàâëåíèè ïðè ðàñïðåäåëåíèè íåäåëèìîãî ðåñóð-
ñà // Äèñêðåòíûé àíàëèç è èññëåäîâàíèå îïåðàöèé. 2009. Ò. 16, � 1. Ñ. 64�79.

3. Ðàïîïîðò Ý.Î. Ðàñïðåäåëåíèå íåäåëèìîãî ðåñóðñà: îïòèìàëüíîå óïðàâëåíèå è öå-
íû // Ñèá. æóðí. èíäóñòð. ìàòåìàòèêè. 2009. Ò. 12, � 3. Ñ. 75�84.
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Î ÌÎÄÅËßÕ ÒÐÀÍÑÏÎÐÒÍÎÃÎ ÏÎÒÎÊÀ Â ÃÎÐÎÄÅ
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Ðîìàíîâñêèé È.Â.

Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
Ñàíêò-Ïåòåðáóðã, Ðîññèÿ; josephromanovsky@gmail.com

60 ëåò íàçàä ÿ çàêàí÷èâàë àñïèðàíòóðó ìàòìåõà Ëåíèíãðàäñêîãî óíèâåðñèòå-
òà è óæå áûë ñîòðóäíèêîì Âû÷èñëèòåëüíîãî öåíòðà. Ìû äðóæèëè ñ ËÎÌÈ è ñ
îáèòàâøèìè òàì áóäóùèìè ñîòðóäíèêàìè Èíñòèòóòà ìàòåìàòèêè ÑÎ ÐÀÍ.

Âîïðîñû èññëåäîâàíèÿ îïåðàöèé áûëè ìíå èíòåðåñíû, è ÿ ñ óäîâîëüñòâèåì ñ
ýòîé ãðóïïîé êîíòàêòèðîâàë. Â òî âðåìÿ ÿ òîëüêî íà÷èíàë çàíèìàòüñÿ òåîðèåé
èãð, äèíàìè÷åñêèì è ëèíåéíûì ïðîãðàììèðîâàíèåì. Â ÂÖ ËÃÓ ó íàñ ñôîðìè-
ðîâàëàñü ñâîÿ ãðóïïà èññëåäîâàíèÿ îïåðàöèé.

Îäíó èç íàøèõ çàäà÷ íóæíî óïîìÿíóòü îñîáî. Ê íàì îáðàòèëèñü ñ ïðîñüáîé
çàïðîãðàììèðîâàòü äîâîëüíî ïðîñòóþ áàëàíñèðîâêó ìàòðèöû, ïîíàäîáèâøóþñÿ
ïðè ðàñ÷åòàõ ïðîãíîçà ðàçâèòèÿ Ëåíèíãðàäà. Ýòîò ìåòîä áûë ïðåäëîæåí àðõè-
òåêòîðîì Ã.Â. Øåëåéõîâñêèì. Äîêàçàòåëüñòâà ñõîäèìîñòè ìåòîäà ó íèõ íå áûëî,
íî íàñ çàâåðÿëè, ÷òî ìåòîä ñõîäèòñÿ î÷åíü áûñòðî. Ëåãêî âûÿñíèëîñü, ÷òî åñëè
ìåòîä ñõîäèòñÿ, òî ðåçóëüòàò áóäåò äîñòàâëÿòü ìàêñèìóì âåëè÷èíå∑

i∈1:m,j∈1:n

x[i, j] ln (x[i, j]/p[i, j]) ,

ãäå p[1 : m, 1 : n] � èñõîäíîå çàïîëíåíèå ìàòðèöû x[1 : m, 1 : n]. Âñêîðå ìîé
àñïèðàíò Ë.Ì. Áðýãìàí [1] äîêàçàë ñõîäèìîñòü ìåòîäà Øåëåéõîâñêîãî, à ïîòîì
ñîçäàë îáîáùåíèå ìåòîäà, ïîçâîëÿþùåå ïðèìåíÿòü åãî äëÿ ðåøåíèÿ áîëåå ñëîæ-
íûõ íåëèíåéíûõ çàäà÷ [2]. Óæå òîãäà âîçíèêëà ìûñëü, ÷òî ýòîò ìåòîä ïðè âñåé
åãî ïðîñòîòå ìîæåò îêàçàòüñÿ î÷åíü èíòåðåñíûì äëÿ äàëüíåéøèõ ïðèëîæåíèé.
Â 1975 ã. ìû ñ Áðýãìàíîì íàïèñàëè ñòàòüþ [3], â êîòîðîé ïîñòàðàëèñü ïîíÿòíî
îáúÿñíèòü âîçíèêàþùèå ïðè åãî îáîáùåíèè ôîðìóëû. Ýòà ðàáîòà áûëà ïðîäîë-
æåíà Í.È. Íàóìîâîé è îïóáëèêîâàíà â íåñêîëüêèõ ñòàòüÿõ, âêëþ÷àÿ [4]. Ìíîãî
èíòåðåñíûõ èññëåäîâàíèé â ýòîì íàïðàâëåíèè, ñ áîëüøèìè ïðèëîæåíèÿìè, áûëî
âûïîëíåíî ïîä ðóêîâîäñòâîì Á. Ã. Ïèòòåëÿ è Â.Ï. Ôåäîðîâà â ÑÏá ÝÌÈ ÐÀÍ.

Ñåé÷àñ ìû ïðîáóåì ïðèìåíèòü ïîòîêè, ïîëó÷àåìûå ïðè òàêîì ðàñ÷åòå, ê ñî-
ñòàâëåíèþ ðàñïèñàíèÿ ðåìîíòîâ óëè÷íîé ñåòè â êðóïíîì ãîðîäå. Ïðè ýòîì â ìî-
äåëè äîïóñêàåòñÿ íåñêîëüêî âèäîâ ÷àñòè÷íîãî îãðàíè÷åíèÿ ïîïóòíûõ è âñòðå÷-
íûõ ïîòîêîâ, è ïðè ïðîâåðêå äîïóñòèìîñòè ïîòîêà äåëàåòñÿ ïåðåñ÷åò ïî ìåòîäó
Áðýãìàíà � Øåëåéõîâñêîãî.

ËÈÒÅÐÀÒÓÐÀ
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3. Áðýãìàí Ë.Ì., Ðîìàíîâñêèé È.Â. Ðàçâåðñòêà è îïòèìèçàöèÿ â çàäà÷àõ ðàñïðåäåëå-
íèÿ // Èññëåäîâàíèå îïåðàöèé è ñòàòèñòè÷åñêîå ìîäåëèðîâàíèå. Âûï. 3. Ëåíèíãðàä:
Èçä-âî ËÃÓ, 1975. C. 137�162.

4. Naumova N. I. Generalized proportional solutions // Advances in Economics and
Optimization: Collected Scienti�c Studies Dedicated to the Memory of L.V. Kantorovich.
New York: Nova Science Publishers, Inc., 2014. P. 123�143.
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Ãëàâíîé ïðåäïîñûëêîé èçó÷åíèÿ öåíîâûõ êîëåáàíèé, ïðîèñõîäÿùèõ íà ôè-
íàíñîâûõ ðûíêàõ, ñ ïîìîùüþ ìåòîäîâ ýêîíîôèçèêè ÿâëÿåòñÿ ñõîæåñòü ôèçè÷å-
ñêèõ è ýêîíîìè÷åñêèõ ïðîöåññîâ. Â êà÷åñòâå ìåòîäà ìîäåëèðîâàíèÿ ôèíàíñîâûõ
ïðîöåññîâ âûáèðàåòñÿ îäèí èç ìåòîäîâ ýêîíîôèçèêè � p-àäè÷åñêèé àíàëèç [1],
êîòîðûé íàèáîëåå äåòàëüíî ðàçðàáîòàí è èçó÷åí Â.Ì. Æàðêîâûì è Í.Í. Ïàâëî-
âîé [2], Â.Ì. Æàðêîâûì [3]. Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ ïðèìåíåíèå ìåòîäèêè
p-àäè÷åñêîãî ìîäåëèðîâàíèÿ è ïðîãíîçèðîâàíèÿ äëÿ êîëåáàíèé öåí íà ôèíàíñî-
âûõ ðûíêàõ, ïðåäìåòîì � äèíàìèêà èíäåêñà ÐÒÑ.

Ïðèâåäåíî ìàòåìàòè÷åñêîå îïèñàíèå p-àäè÷åñêîãî àíàëèçà � îïðåäåëåíèå p-
àäè÷åñêèõ ÷èñåë è èõ ïðåäñòàâëåíèå â ïîëå ÷èñåë Qp. Îíî ÿâëÿåòñÿ ïîëíûì
ìåòðè÷åñêèì (ïîðîæäåííûì p-àäè÷åñêîé íåàðõèìåäîâîé íîðìîé) ïîëåì ÷èñåë,
÷òî ïîçâîëÿåò ïðèìåíÿòü p-àäè÷åñêèå ÷èñëà äëÿ ìîäåëèðîâàíèÿ ñòîõàñòè÷åñêèõ
ÿâëåíèé. Ýëåìåíòàìè ïîëÿ Qp ÿâëÿþòñÿ êëàññû ýêâèâàëåíòíûõ ïîñëåäîâàòåëü-
íîñòåé Êîøè ðàöèîíàëüíûõ ÷èñåë îòíîñèòåëüíî p-àäè÷åñêîé íîðìû [1].

Ïîñòðîåíû ìîäåëè îñíîâíûõ ýëåìåíòàðíûõ ôèãóð äèíàìèêè öåí íà ôèíàí-
ñîâûõ ðûíêàõ, òàêèõ êàê ëèíåéíàÿ ôóíêöèÿ, ñòóïåí÷àòàÿ ôóíêöèÿ è âîëíîâàÿ
ìîäåëü Ð.Í. Ýëëèîòòà. Ñäåëàíà ïîïûòêà ñîçäàíèÿ ìåòîäèêè ïî ïîñòðîåíèþ p-
àäè÷åñêèõ ìîäåëåé è ïðîãíîçîâ, â ñîîòâåòñòâèè ñ êîòîðîé ïðîèçâåäåí àíàëèç
äèíàìèêè èíäåêñà ÐÒÑ [4].

Äëÿ äèíàìèêè èíäåêñà ÐÒÑ ïîñòðîåíû ÷åòûðå ìîäåëè � ïî ìåñÿöàì, íåäå-
ëÿì, äíÿì è ÷àñàì. Îïðåäåëåíû îñíîâíûå òèïû ïðîãíîçîâ, ïîëó÷åííûõ íà îñíîâå
p-àäè÷åñêèõ ìîäåëåé, � îïòèìèñòè÷íûé, ïåññèìèñòè÷íûé, óñðåäíåííûé è ïðî-
ãíîç ïðîäîëæàþùåãîñÿ ðàçâèòèÿ. Ñäåëàíû âûâîäû î òî÷íîñòè êàê p-àäè÷åñêèõ
ìîäåëåé â çàâèñèìîñòè îò òàéìôðåéìîâ, òàê è èõ ïðîãíîçîâ â çàâèñèìîñòè îò
âûÿâëåííûõ òèïîâ [4].

Íàéäåíû ïðåèìóùåñòâà è íåäîñòàòêè p-àäè÷åñêîãî àíàëèçà. Ðåçóëüòàòû èñ-
ñëåäîâàíèé ìîãóò áûòü èñïîëüçîâàíû äëÿ äàëüíåéøåãî èçó÷åíèÿ âîëíîâûõ ïàò-
òåðíîâ p-àäè÷åñêèì îòîáðàæåíèåì, ïðèìåíÿåìûõ íå òîëüêî ê öåíîâûì êîëåáàíè-
ÿì, íî è ê äðóãèì ýêîíîìè÷åñêèì ïðîöåññàì [4]. Êðîìå òîãî, p-àäè÷åñêèå ìîäåëè
ìîãóò âûñòóïàòü â êà÷åñòâå èíñòðóìåíòà òåõíè÷åñêîãî àíàëèçà.
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Â ðàçðàáàòûâàåìóþ â ÈÝÎÏÏ è ÍÃÓ àãåíò-îðèåíòèðîâàííóþ ìåæðåãèîíàëü-
íóþ ìíîãîîòðàñëåâóþ ìîäåëü ðîññèéñêîé ýêîíîìèêè (ÀÎÌÌÌ, [1]) ïëàíèðóåòñÿ
äîáàâèòü èíâåñòèöèîííûé áëîê. Ñóòü àãåíò-îðèåíòèðîâàííîãî ïîäõîäà ñîñòîèò â
èìèòàöèîííîì ìîäåëèðîâàíèè ìíîæåñòâà äåöåíòðàëèçîâàííûõ àãåíòîâ, âçàèìî-
äåéñòâóþùèõ ïî îïðåäåëåííûì ïðàâèëàì (ñì. [2]). Îñîáåííîñòüþ ÀÎÌÌÌ ÿâëÿ-
åòñÿ òî, ÷òî îíà â ÿâíîì âèäå ó÷èòûâàåò ïðîñòðàíñòâî, ðàññìàòðèâàÿ òîðãóþùèõ
äðóã ñ äðóãîì àãåíòîâ, ðàñïîëîæåííûõ íà êàðòå. Àãåíòû (ôèðìû, äîìîõîçÿéñòâà,
òîâàðíûå ðûíêè, ðûíîê òðóäà è âíåøíèå ðûíêè) ïðèíèìàþò ðåøåíèÿ íà îñíîâå
ìèêðîýêîíîìè÷åñêèõ ìîäåëåé ïðè îãðàíè÷åííîé ðàöèîíàëüíîñòè ñ ó÷åòîì òðàíñ-
ïîðòíûõ ðàñõîäîâ.

Ìû ñ÷èòàåì âàæíûì ïðè ìîäåëèðîâàíèè èíâåñòèöèé ó÷åñòü ìåæîòðàñëåâûå
âçàèìîäåéñòâèÿ è ïîñòàâèòü ðåøåíèÿ îá èíâåñòèöèÿõ â çàâèñèìîñòü îò ôèíàí-
ñîâûõ ðåçóëüòàòîâ äåÿòåëüíîñòè ôèðì. Èñïîëüçóåìûå â ñóùåñòâóþùèõ ìîäåëÿõ
Eurace@Unibi è MABM-II ïîäõîäû íå îòâå÷àþò ýòèì òðåáîâàíèÿì.

Èíâåñòèöèîííûé áëîê âêëþ÷àåò íåñêîëüêî ÷àñòåé. Â ìîäåëü ââîäÿòñÿ äâà
âèäà êàïèòàëà, ïðîèçâîäèìûå îòðàñëÿìè �Îáðàáîòêà� è �Ñòðîèòåëüñòâî� ïî èìå-
þùèìñÿ ëåîíòüåâñêèì òåõíîëîãèÿì. Ó ôèðìû åñòü çàïàñû êàïèòàëà Kc êàæäîãî
âèäà c. Îíè çàäàþò îãðàíè÷åíèÿ ñâåðõó íà âûïóñê: y ≤ max{Kc −Kmin

c , 0}/aKc,
ãäå aKc � ôîíäî¼ìêîñòü, Kmin

c � ìèíèìàëüíûé íåîáõîäèìûé çàïàñ êàïèòàëà.
Êàïèòàë âûáûâàåò ñ ïîñòîÿííûì êîýôôèöèåíòîì δc è âîçìåùàåòñÿ çà ñ÷åò èí-
âåñòèöèé. Äèñêðåòíîñòü êàïèòàëà è èíâåñòèöèîííûå ëàãè íå ó÷èòûâàþòñÿ.

Âàæíåéøèé àñïåêò � ïðèíÿòèå ôèðìîé ðåøåíèÿ îá îáúåìå èíâåñòèöèé. Îñ-
íîâíîé âàðèàíò íàøåé ìîäåëè ïîäðàçóìåâàåò ïðèíÿòèå òàêîãî ðåøåíèÿ íà îñ-
íîâå ïðîãíîçèðîâàíèÿ öåí è ñïðîñà íà ïðîäóêöèþ è ðàñ÷åòà äèñêîíòèðîâàííûõ
äåíåæíûõ ïîòîêîâ.

Äîïîëíåíèå ÀÎÌÌÌ èíâåñòèöèîííûì áëîêîì ïîçâîëèò èçó÷àòü ðàçëè÷íûå
äèíàìè÷åñêèå ïðîöåññû. Âàæíûì ÿâëÿåòñÿ òî, ÷òî ìîäåëèðóåìàÿ ýêîíîìèêà ìî-
æåò êàê ðàñòè, òàê è ñîêðàùàòüñÿ â ðåçóëüòàòå íåçàâèñèìûõ èíâåñòèöèîííûõ
ðåøåíèé îòäåëüíûõ ôèðì è äîìîõîçÿéñòâ. Ýòè æå ðåøåíèÿ îáóñëîâëèâàþò è
èçìåíåíèÿ â îòðàñëåâîé è ïðîñòðàíñòâåííîé ñòðóêòóðå ýêîíîìèêè.
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Îñíîâíûì òðåíäîì â ìèðîâîé ýêîíîìèêå, íà÷èíàÿ ñ ïîñëåäíåé ÷åòâåðòè XX
âåêà, áûë ïðîöåññ ãëîáàëèçàöèè, â ðåçóëüòàòå êîòîðîãî íà âíóòðåííèõ ðûíêàõ
ðàçâèâàþùèõñÿ ñòðàí îòå÷åñòâåííûå òîâàðû ñòàëè êîíêóðèðîâàòü ñ èìïîðòíû-
ìè àíàëîãàìè. Â òîæå âðåìÿ ýêîíîìè÷åñêàÿ ñòàòèñòèêà, íàïðèìåð èíäåêñû Ëàñ-
ïåéðåñà, è ìîäåëè, èñïîëüçóåìûå â ïðèêëàäíûõ èññëåäîâàíèÿõ, òàêèå êàê ìî-
äåëè ìåæîòðàñëåâîãî áàëàíñà Â.Â. Ëåîíòüåâà, îñíîâûâàëèñü íà ýìïèðè÷åñêèõ
ãèïîòåçàõ î ïîñòîÿíñòâå ñòðóêòóðû ïîòðåáëåíèÿ êîíå÷íûõ òîâàðîâ è ïðîèçâîä-
ñòâåííûõ ôàêòîðîâ. Â óñëîâèÿõ ãëîáàëèçàöèè ðûíêîâ è ñîïðîâîæäàâøåé å¼ ñòàí-
äàðòèçàöèè òîâàðîâ ñóùåñòâåííî âûðîñëà èõ âçàèìîçàìåíÿåìîñòü, è ãèïîòåçû î
ïîñòîÿíñòâå ñòðóêòóðû ïåðåñòàëè âûïîëíÿòüñÿ. Âñëåäñòâèå ýòîãî ñîáèðàåìàÿ è
îáðàáàòûâàåìàÿ ñòàòèñòèêà ïåðåñòàëà àäåêâàòíî îòðàæàòü ýêîíîìè÷åñêèå ïðî-
öåññû è ïîÿâèëèñü ïðîáëåìû ñ èäåíòèôèêàöèåé îáùåïðèíÿòûõ ìîäåëåé. Â äî-
êëàäå ðàññìàòðèâàåòñÿ ïðîáëåìà ìîäåëèðîâàíèÿ çàìåùåíèÿ òîâàðîâ è îáðàáîòêè
ýêîíîìè÷åñêîé ñòàòèñòèêè, à òàêæå ñâÿçàííûå ñ íåé îáðàòíûå çàäà÷è.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî Íàó÷íîãî Ôîíäà (ïðîåêò � 16-11-

10246).
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ïðîãðàììíûõ ìîäåëÿõ îïòèìèçàöèè ðàçìåùåíèÿ ñåëüñêîõîçÿéñòâåííîãî ïðîèç-
âîäñòâà, ïî ñâîåìó ýêîíîìè÷åñêîìó ñìûñëó èìåþò ðåíòíûé õàðàêòåð. Àíàëèç
òàêèõ îöåíîê â ìíîãîïðîäóêòîâûõ ìîäåëÿõ ðàñïðåäåëèòåëüíîãî òèïà, ãäå ïðèñóò-
ñòâóåò òîëüêî îäèí îãðàíè÷åííûé ðåñóðñ � çåìëÿ, ïðèâ¼ë ê íîâûì êà÷åñòâåííûì
âûâîäàì, â òîì ÷èñëå îòíîñèòåëüíî âçàèìîñâÿçè çåìåëüíîé ðåíòû è öåí íà ïðî-
äóêöèþ. Òåîðåòè÷åñêèå âûâîäû, ïîëó÷åííûå èç àíàëèçà ëèíåéíî-ïðîãðàììíûõ
çàäà÷, èñïîëüçîâàíû ïðè ðàçðàáîòêå áàëàíñîâûõ ìîäåëåé äëÿ èñ÷èñëåíèÿ îöå-
íîê ïðîäóêöèè, çåìåëüíûõ è äðóãèõ ðåñóðñîâ. Â íèõ ðåàëèçîâàíà èäåÿ ïîñòðî-
åíèÿ àíàëîãà äâîéñòâåííîé çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ äëÿ íåêîòîðîé
ôèêñèðîâàííîé ïðîèçâîäñòâåííîé ïðîãðàììû. Â ÷àñòíîñòè, ýòî ìîæåò áûòü ðå-
àëüíî ñëîæèâøååñÿ ðàçìåùåíèå ñåëüñêîõîçÿéñòâåííîãî ïðîèçâîäñòâà, åñëè îíî
ðàöèîíàëüíî â îáùèõ ÷åðòàõ. Ýòè ìîäåëè îòðàæàþò îñíîâíûå ñâÿçè ìåæäó íà-
òóðàëüíûìè è ñòîèìîñòíûìè ýêîíîìè÷åñêèìè ïîêàçàòåëÿìè. Îíè ïîçâîëÿþò îä-
íîâðåìåííî è âçàèìîñâÿçàííî íàõîäèòü ðåíòíûå îöåíêè çåìëè è öåíû íà ïðîäóê-
öèþ, à òàêæå îáùèé óðîâåíü öåí, äîñòàòî÷íûé äëÿ áåçäîòàöèîííûõ ôèíàíñîâûõ
îòíîøåíèé â íåêîòîðîé ýêîíîìè÷åñêîé ñèñòåìå, ñîñòîÿùåé èç òåððèòîðèàëüíûõ
îáúåêòîâ. Áàëàíñîâûå ìîäåëè ñîõðàíÿþò îñíîâíûå ñâîéñòâà îïòèìèçàöèîííûõ.
Åäèíñòâî ôîðìóëû öåíû íà ïðîäóêöèþ, âêëþ÷àþùåé çàòðàòû çåìåëüíûõ ðå-
ñóðñîâ íà å¼ ïðîèçâîäñòâî ïî ðåíòíîé îöåíêå, äåìîíñòðèðóåò ïðååìñòâåííîñòü
ìîäåëåé [1].

Áàëàíñîâûå ìîäåëè ìîãóò ñëóæèòü óäîáíûì àíàëèòè÷åñêèì èíñòðóìåíòîì
äëÿ òåîðåòè÷åñêîãî àíàëèçà ïðîáëåì çåìåëüíîé ðåíòû, à òàêæå èñïîëüçîâàòü-
ñÿ äëÿ ðàñ÷¼òà ýêîíîìè÷åñêèõ íîðìàòèâîâ, íåîáõîäèìûõ äëÿ ãîñóäàðñòâåííîãî
ðåãóëèðîâàíèÿ öåí è äîõîäîâ â ñåëüñêîì õîçÿéñòâå.
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Ðàññìàòðèâàåòñÿ êëàññ çàäà÷ î íåïîäâèæíîé òî÷êå, âîçíèêøèõ ïðè èññëåäîâà-
íèè ïðîáëåìû ðàâíîâåñèÿ â ëèíåéíûõ ìîäåëÿõ îáìåíà � çàäà÷è ïîëèýäðàëüíîé
êîìïëåìåíòàðíîñòè. Ýòî åñòåñòâåííîå îáîáùåíèåì çàäà÷ ëèíåéíîé êîìïëåìåí-
òàðíîñòè. Çàäà÷à çàäàåòñÿ ïàðîé äâîéñòâåííûõ äðóã äðóãó ïîëèýäðàëüíûõ êîì-
ïëåêñîâ ω è ξ è íåêîòîðûì ñîîòâåòñòâèåì ìåæäó èõ êëåòêàìè: R = {(Ωi,Ξi)}ri=1,
ãäå Ωi ∈ ω, Ξi ∈ ξ. Çàäà÷à ñîñòîèò â îòûñêàíèè òî÷êè, ïðèíàäëåæàùåé ïåðåñå÷å-
íèþ êëåòîê íåêîòîðîé ïàðû (Ωi,Ξi).

Ïðè ðàññìîòðåíèè ìîäåëåé îáìåíà ðå÷ü èäåò î ïîëèýäðàëüíîé êîìïëåìåíòàð-
íîñòè íà ñèìïëåêñå öåí σ. Ïðè ýòîì âîçíèêàþùèå òî÷å÷íî-ìíîæåñòâåííûå îòîá-
ðàæåíèÿ ÿâëÿþòñÿ â îïðåäåëåííîì ñìûñëå ìîíîòîííî óáûâàþùèìè. Áîëåå òîãî,
çàäà÷àì ñ ôèêñèðîâàííûìè áþäæåòàìè îòâå÷àþò ïîòåíöèàëüíûå è ëîãàðèôìè-
÷åñêè ìîíîòîííûå óáûâàþùèå îòîáðàæåíèÿ. Òàêèå îòîáðàæåíèÿ G õàðàêòåðèçó-
þòñÿ íåðàâåíñòâîì:

(p2 − p1, ln q2 − ln q1) ≤ 0, ∀p1, p2 ∈ σ, ∀q1 ∈ G(p1), q2 ∈ G(p2).

Ïîòåíöèàëüíîñòü ïîçâîëÿåò ñâåñòè ïðîáëåìó ê çàäà÷å îïòèìèçàöèè íà ñèìïëåêñå
öåí.

Òåîðåìà. Ðàâíîâåñíûå öåíû ìîäåëè çàäàþòñÿ òî÷êîé ìèíèìóìà íà σ âûïóê-
ëîé ôóíêöèè ϕ(p) = (p, ln p) − f(p), ãäå f � ïîòåíöèàëüíàÿ ôóíêöèÿ âîçíèêàþ-
ùåãî îòîáðàæåíèÿ.

Ðàññìàòðèâàåìûé ïîäõîä ïîçâîëèë ïðåäëîæèòü êîíå÷íûå àëãîðèòìû äëÿ øè-
ðîêîãî êëàññà ìîäåëåé [1]. Ïîëó÷àåìûå íà ýòîì ïóòè ïðîöåäóðû èñïîëüçóþò
ëèøü õîðîøî èçâåñòíûå ýëåìåíòû àëãîðèòìîâ äëÿ òðàíñïîðòíûõ çàäà÷. Íà èõ
îñíîâå ìîæíî ïîëó÷èòü è èòåðàòèâíûå ìåòîäû äëÿ áîëåå ñëîæíûõ ìîäåëåé, â
÷àñòíîñòè äëÿ ìîäåëè ñ ñåïàðàáåëüíûìè êóñî÷íî-ëèíåéíûìè ôóíêöèÿìè ïðåä-
ïî÷òåíèé ó÷àñòíèêîâ [2].

Â ìîäåëÿõ ñ ïåðåìåííûìè áþäæåòàìè ïîòåíöèàëüíîñòü óòðà÷èâàåòñÿ, è äëÿ
íèõ ðàçðàáîòàí áîëåå îáùèé ïîäõîä � ìåòîä âñòðå÷íûõ òðàåêòîðèé [3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00108).
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There are several types of consumers that have di�erent load management capa-
bilities Θ � a set of n types of consumers, each will be denoted by θ ∈ Θ. There are
K consumers in the model. The k -th consumer (k = 1,K) is de�ned by the demand
function determined through the utility function uk

(
qθtk
)
and load at time t - qθtk,

as well as by a certain consumer type θ. The total utility is calculated as a sum of
utilities over all time periods t = 1, T :

∑T
t=1 uk

(
qθkt
)
. Each consumer has costs related

to the payment for received power Rθ. The problem solved by each k-th consumer
is maximization of a payo� from power purchase. A share of each type γθ can be
determined as a ratio of the power consumed by load of type θ to all the power sold
by the power supply company. The company does not have full information about the
type of consumer but has an idea on the share of the consumer types.

The company establishes tari� Rθ for the θ-th consumer type according to the

total load
∑mθ

k=1 q
θ
kt and function of costs C

(∑mθ

k=1 q
θ
kt

)
, that are calculated for each

time period t. In the case studies considered below, Rθ is a value of tari� for consumer
type θ. The main objective of the company is to maximize pro�t.

We would like to address the problem in the situation of potential selection by
each consumer of their tari� from a set of tari�s o�ered by the power supply company.
There are the reasons why the �adverse selection� can occur. In this case this will
happen when consumers of di�erent types will choose the same tari� schemes, but
without their load curve optimization. The formulated statement below pursues the
aim to develop a tari� scheme where each consumer type selects �their� tari� optimally
and manages their load.

π =
∑
θ∈Θ γ

θ
(
Rθ −

∑T
t=1 C

(∑mθ

k=1 q
θ
kt

))
→ max

Rθ qθkt

;∑T
t=1 uk

(
qθkt
)
−Rθ ≥ Ūk, k ∈ [1,mθ], θ ∈ Θ;∑T

t=1 uk
(
qθkt
)
−Rθ ≥

∑T
t=1 u

θ
k (qokt)−Ro, k, j ∈ [1,K], ∀θ, o ∈ Θ;∑

θ∈Θ γ
θ = 1; qθkt ≥ 0, qokt ≥ 0; Rθ ≥ 0, Ro ≥ 0, γθ > 0.

The research proposes a methodology for the formation of tari�s in the retail electricity
market. The methodology takes into account several factors that a�ect the demand-
side management, namely: the presence of various types of consumers; the possibility
of selecting a tari� type from several tari�s proposed by power supply company;
the need to stimulate consumers to optimize their load during a day, in particular, to
smooth peak load by shifting it to o�-peak time; and the elimination of shortage risks.
In our statement, the shortage is considered as a deviation of the actual consumption
from the planned load, and, hence the emergence of the need to purchase the de�cient
electricity at higher prices.
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We suggest an approach to solve special classes of multi-extremal problems �
optimization the monotone combination (e.g., sum, product) of several functions,
under which there are known the e�ective algorithms to optimize each of this item
(e.g., each of these functions has some properties of generalized convexity).

The algorithm proposed is iterative. It realizes the idea of the branch-and-bound
method, consists in successive correcting the bounds of optimal value of objective
functions. Moreover, we use the methodology of multi-objective optimization, studying
the image of Pareto boundary in the image space.

In each iteration, the total area of the region, guaranteed to contain the image
optimal point, decreases at least twice. This allows us to discuss the e�ectiveness of
the proposed approach.

We discuss the applicability to marketing models: optimization of communication
expenditure [1] and the e�ectiveness of advertising [2], pricing [3]; to monopolistic
competition models: retailing [4], investments in R&D [5], market distortion [6], and
international trade [7].
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The paper considers the model of strategic interaction of �rms at a quantity
oligopoly market. There are several price-makers maximizing pro�ts using Cournot
strategy, and also several price-takers obtaining outputs from the equivalence of price
and marginal costs. The second strategy can be used due to some rational reasons, for
example, unavailability of demand function, and competitors' cost functions essential
for best response curves construction, or due to misunderstanding of its own market
power and in�uence on the equilibrium parameters. Myopic behavior decreases pro�ts
comparing to Cournot �rms if occurs unilaterally. But the competitors will adapt, and
it can unexpectedly make the second strategy e�ective.

Let's assume that n oligopolists with quadratic cost functions TC (q) = dq2+cq+f
interact at the homogeneous product market with inverse demand p = a − bQ. Let
k �rms use Cournot strategy and m other �rms be price-takers. Several propositions
were proved in the paper.

Theorem 1. The optimum price-taker output always exceeds the optimum price-
maker output. The ratio is �xed, doesn't depend on the number of �rms, and is de�ned
only by parameters of demand and cost functions b and d.

Theorem 2. If the total number of �rms is �xed, and some price-makers become
price takers, the outputs of all other competitors decrease, the total output increases,
and the prices get lower.

Theorem 3. The only price-taker output is always greater than the Stackelberg
leader one. The pro�t can be greater or lower than the original price-makers pro�ts.
In the last case, it's unpro�table to become price-taker.

Theorem 4. Coe�cients a, c, f don't impact the pro�tability of �rms transition
from price-makers to price-takers. The ratio between coe�cients b and d, number of
�rms n, and number of price-takers m impact.

Theorem 5. For any �xed number of price-takersm there is a certain total number
of �rms n0, such that for n ≥ n0 there exists the interval α ∈ [αmin, αmax], where for
b = 2αd it's better to be price-taker than price-maker. The interval is asymmetrically
(more strongly to the right) extended under n increasing.

It means from the economic point of view that the probability for price-taker to
be e�cient is not big, but increases in n and b, and decreases in m and d. So, it's
better to be price-taker at a large market with inelastic demand and many �rms with
slowly increasing marginal costs. It's better for price-taker to be the only one �rm
with such a strategy.

The author was supported by the Russian Foundation for Basic Research (project no. 16-
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The paper considers market power at industrial markets. Using theoretical models
and empirical data we will answer the following three questions: is there excessive or
insu�cient number of �rms at a market in equilibrium, should we use regulation and
what are the possible risks?

Most industries nowadays are high-concentrated markets where every producer
maximizes pro�t taking into account a wide spectrum of the competitors' behavior
strategies from price wars to collusion. A lot of books and papers are devoted to the
di�erent aspects of such oligopoly markets. The main feature of oligopoly is a small
number of strategic �rms interacted at a market. But there is a signi�cant di�erence
between duopoly and oligopoly with, for example, ten �rms. So, the best strate-
gies, equilibrium price and quantity, social welfare, and deadweight loss are strongly
dependent on market concentration, and entry barriers created by the incumbent
�rms on the base of absolute cost advantages, increased returns to scale, access to
resources and technologies limitation and government through the system of licenses
and permissions for doing business.

There is a common opinion that entry barriers are always bad for society, because
they decrease the number of �rms, weaken competition, raise prices and decrease
quantities. However we should understand that a lot of �rms also mean duplicated
�xed costs. Thus, free entry can lead to both situations: excessive and insu�cient
number of �rms in equilibrium. The correct conclusion depends on the market struc-
ture, demand and cost functions, and features of strategic interaction between com-
panies at a market.

The �rst result proposed in the paper is that socially e�ective number of �rms is
smaller than the equilibrium one for the wide spectrum of demand and cost functions,
and also for di�erent strategies of companies' behavior. This proposition is satis�ed
for the markets where output of each company decreases when the number of �rms
increases, and the competition gets stronger. Thus, the entry barriers, constructed by
incumbent companies, do not always decrease social welfare. In some cases, it's even
good for government not to stimulate excessive competition but on the contrary to
restrict the entry of new companies to the market.

At the same time, there is a considerable danger of the increasing probability of
collusion in a situation of number of �rms limitation. So, we compared the losses
caused by duplicated �xed costs, and by possible collusion, and showed that collusion
is the lesser of two evils if the gap between �choke price� and marginal costs is smaller
than a certain critical value connected with the share of �xed costs. The empirical
research is also carried out on the base of the �nancial statistics of the biggest world
corporations of di�erent industries.

The research is supported by the RFBR grant no. 16-06-00071 and the European Union's

Seventh Framework Program FP7/07-13/ under REA grant agreement number 609642.
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The paper presents a tool for modeling monopolistic competition markets, based
on Dixit � Stiglitz ideology but taking into account heterogeneity at labor market. We
analyze several modi�cations of a two-sector general equilibrium model. Agriculture
sector produces homogeneous good with constant returns to scale, and manufacture
sector � continuum of horizontally di�erentiated varieties.

In the basic model with two levels of workers quali�cation their shares are deter-
mined endogenously on the base of comparison between higher wage of the skilled
workers and heterogeneous education costs, also taking into account the labor mobility
between manufacture and agriculture sector. The impact of the model parameters
(ratio of �xed and variable costs, market size, heterogeneity in productivity, elasticity
of substitution, etc.) on the obtained equilibrium prices, quantities, wages, number
and size of �rms, social welfare is investigated.

We also analyze some institutional restrictions on labor market. Particularly the
model with �xed wages has been worked out and explored. The restrictions can be
caused, for example, by government policy (uniform scale of wages, etc.) or asymmetric
information when transactions between principals (�rms) and agents (workers) take
place. The mechanisms of e�ective workers stimulation, included �rm pro�t real-
location, were investigated. The obtained equilibrium was compared with equilibrium
in the basic model. The basic model was generalized for the case of continuous
distribution of labor quali�cation.

The presented tool due to its simplicity and possibility to obtain non-trivial
analytical results can be used for solution di�erent problems and giving policy advices
for both �rms and market regulator. It's also possible to use it for empirical analysis
of the data described monopolistic competition markets of di�erent goods in di�erent
regions and countries, making forecasts of such markets dynamics, comparing di�erent
mechanisms of regulation, and investigation of international or interregional trade.
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The report is devoted to the problem of failures of the neoclassical Economics
in its fundamental parts � the Demand Theory (DT) and the Equilibrium Theory
(ET), and also to a way of the failures elimination. The contemporary DT is the
axiomatic theory of rational and independent individuals. It doesn't correspond to
reality and it is unsuitable means for creation of the theory of market (aggregate)
demand (MD), which is of practical interest. The main direction of ET created by
Leon Walras was developed on reductive (individualistic) basis and investigated by
K. Arrow and G. Debreu in 1954. They proved existence of equilibrium prices, but
in 1970th it was proved by H. Sonnenschein and others that almost any set of prices
can be equilibrium set at natural, as then it seemed, assumptions about individual
preferences!

Another, holistic (systemic) approach to the problem of MD was created by Gustav
Cassel in 1918 [1]. He has rejected the individualistic DT of Walras, and described the
MD explicitly as initial object. Cassel hasn't elaborated any theory of market demand
and equilibrium. It was done by Abraham Wald in 1930th [2]. Wald has introduced an
assumption on MD that provided the existence and uniqueness of equilibrium in the
improved equilibrium model of Walras � Cassel. This assumption was rediscovered in
1938 by P. Samuelson as a principle of rationality and it was called the Weak Axiom
(of revealed preference). However, in Economics this principle is being applied only for
individual demand, and it isn't ful�lled for a sum of such demands except of unrealistic
case when all individual preferences are similar and homothetic. Correspondingly,
Wald's result for Walras � Cassel model was disquali�ed.

In our works [3]�[5] the holistic theory of MD has elaborated. Here the initial
object is the �statistical ensemble of consumers� of a studied market. Rationality of
this ensemble is a hypothesis being veri�ed on the trade statistics. The model of MD
generally is the choice rule corresponding to a preference vector-�eld at the expense
constraint. In case of potentiality of the �eld its potential is a utility function, and the
model is the customary utility maximization. The theory of MD provides validation
of the Wald's condition for a MD and of the holistic equilibrium models of Cassel
type. It will be demonstrated for our modi�cation of the Walras � Cassel � Leontief
equilibrium model suggested by M. Morishima [6].

The author was supported by the Russian Foundation for Basic Research (project no. 14-
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E�ective production funds (EPFs) of a region, country, and sectors of economy are
a part of balance (inventory) funds participating in creation of goods and services.
In production functions (PFs) representing complex production objects, the e�ective
funds, but not balance ones, have to be used. A method for the construction of
standard PFs, which have a value of EPFs as one of factors, was suggested in [1], for
the case when production statistics contains production investment data instead of or
together with balance funds ones. The estimation of PF's parameters uses the EPF
dynamic equation de�ned by investments as well as a depreciation rate and a lag of
investment capitalization. The latter values and the initial value of EPFs should be
estimated simultaneously with a PF's parameters.

The problem of simultaneous estimation of the PF's and the dynamics parameters
is an ill-conditioned one. It should be regularized with appropriate usage of additional
expert information and non-trivial optimization technique. In [1] the calculation prob-
lems were overcome by the subsequent complication of classes of the PFs under
estimation starting from the simplest Cobb and Douglass one. Also in the paper
a special variant of the continuation method [2, sec. 7.5] was suggested which can
overcome complexity of nonlinear minimization.

The work [3] develops the approach of [1] in the next respects. A coe�cient of the
realizability of investments is introduced in the dynamics equation. This coe�cient
represents a ratio of really used capital investments which is less of one because of
corruption. As an additional means for overcoming of computational complexities, the
transform to the index form of PFs was used. The latters are the production functions
of the same speci�cation which variables are the ratios of the current values of the
original variables with respect to their initial values.

In this paper, a new regularization condition on the initial and �nal values of
the EPFs is being introduced. It will be presented the results of realization of the
proposed estimation model and techniques to real data for the gross regional product
(GRP) and production factors which are labor and/or energy, with given values of
production investments, for Volga and Ural Federal Regions.

The authors were supported by the Russian Foundation for Basic Research (project

no. 16-06-00372).

REFERENCES

1. Gorbunov V.K., Lvov A.G., �The construction of production functions using investment
data� [in Russian], Ekonomika i Matematicheskie Metody, 48, No. 2, 95�107 (2012).

2. Ortega J.M., Rheinboldt W.C., Iterative Solution of Nonlinear Equations in Several
Variables, Academic Press, New York, London (1970).

3. Gorbunov V.K., Krylov V.P., �Region e�ective production assets and their assessment
by the production function method� [in Russian], Ekonomika Regiona, No. 3, 334�347
(2015).

563



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�

IMPACT OF RETIREMENT ON HEALTH IN RUSSIA

Kapelyuk S.D.

Siberian University of Consumer's Cooperation, Novosibirsk, Russia;
skapelyuk@bk.ru

In recent years, many countries placed an increase in retirement age at the center of
the discussion hoping to bene�t the social security budgets. However, the prolongation
of working lives could worsen the health. In such case, there would be the decline in
the quality of life of the elderly and the increase of the health care expenditures that
in turn could adverse the gains for social security budgets. Thus, an evaluation of the
impact of retirement on health is relevant for public policy. Using Russia Longitudinal
Monitoring Survey (RLMS-HSE) data from 1994 to 2013, this study investigates the
impact of retirement on health in Russia. The Russian case is remarkable due to
relatively low life expectancy and low retirement age. Assessing the e�ect of retirement
on health is challenging because causality also runs in the opposite direction as poor
health could lead to earlier retirement. The baseline identi�cation strategy is based on
the instrumental variables method that helps to overcome the endogeneity problem.
To instrument retirement, I use the eligible retirement age that varies for di�erent
categories of employees. I also apply data on retirement expectations from previous
waves of the panel and spouse's labor market participation as additional instrumental
variables. The results show signi�cant health-reducing e�ects of retirement. This e�ect
is observed only for full retirees and does not exist for those who move into part-time
retirement. The result is robust to applying di�erent health measures and adjusting
for attrition bias. The e�ect of retirement on health is most signi�cant for males,
highly educated, married individuals, those living in urban area, and individuals with
low initial health level. To explain the evidence of the negative impact I investigate
the channels of retirement impact on health. In contrast to the results obtained in
previous studies of retirement impact in Western countries [1]�[3], I �nd that the
retirement does not lead to the signi�cant changes in the lifestyle. However, I discover
the channels that are not described in previous literature. Speci�cally, I �nd that
following the retirement the tobacco consumption shifts towards cheaper products
that could be more harmful to health.
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Control object is represented by a system of ordinary di�erential or di�erence
equations with a partially unknown description, e.g. [1], [2]:

ẋ(t) = f(x;u), Ψ(x(t)) = 0,

J =

m∑
i=1

∞∫
0

((Ψi(x(t))2 + ω2(Ψ̇i(x(t)))2)dt→ min . (1)

The vectors x, f ∈ Rn, u ∈ Rm, m ≤ n, from (1) are the vectors of state and of
control, respectively; some components of the vector f ∈ Rn contain uncertainty as
an unknown bounded function of time; Ψ(x) is target macro variable; J is criterion
of quality control.

It is assumed that the following conditions are right: 1) there is a global stability of
the target system for the initial model; 2) target manifold can be de�ned analytically
with implicit description; 3) all solutions of the initial system are bounded.

Basic provisions of the algorithm for constructing control of an object

with incomplete description

1) Control structure in accordance with the classical method of analytical con-
structing of aggregated regulators is formed.

2) The replacement of the unknown description with the upper bounds of the state
in the regulator is carried out.

3) Problem of achieving the target manifold is posed and an algorithm based on
the non-linear adaptation method is used, which guarantees the output of the control
object to a neighborhood of the given manifold.

Solved application problems

1) Nonlinear control object modeling the process of competition between two �rms
(private and state enterprises) that produces homogeneous products is considered.

2) Nonlinear control object modeling the activity of a �rm, represented by the
equations of change of three variables: X1 is employee costs, X2 is capital, X3 is costs
for new technologies, is considered.

Control systems for the above mentioned objects are designed and the results of
numerical simulation are presented.
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Mathematical Economics is not applied to the real economy and in this sense
it is an art but not a science. More precisely this is some kind of drawing art for
multidimensional spaces. We get the simplest way to demonstrate this thesis with
theorems about number of equilibria for regular economies [1].

Pure exchange economy with l goods and m agents can be de�ned by the set of
utility functions u = {ui}mi=1, on Rl+ and initial endowment vector w = {wi}mi=1.
Consumption bundle for i−agent is a vector xi ∈ Rl+ for every i ∈ M = {1, . . . ,m}
and distribution of goods is an element of

X(w) =
{

x = (x1, . . . , xm) ∈ (Rl+)m|
m∑
i=1

xi =

m∑
i=1

wi

}
.

The price vector is any vector p from Sl−1 = {p ∈ Rl|‖p‖ = 1}. The equilibrium
for the market (u,w) is a pare (p̄, x̄) ∈ Sl−1 ×X(w), such that:

ui(x̄i) = max{ui(xi)|xi ∈ Rl+, p̄ · xi ≤ p̄ · wi}; p̄ · x̄i = p̄·

for every i ∈M , were ui on Rl+ is de�ned as

ui(xi) = min
j∈Ji

vij(xi), xi ∈ Rl+,

where vij for all j ∈ Ji twice continuously di�erentiable at Rl+. Di�erentiability of a
function on the boundary of the Rl+ we understand as functions vij de�ned in some
neighborhood of Rl+ and two functions coincides on Rl+, are not distinguished. If
the pare (v,w), were v = {vi}mi=1 and vi = {vij}j∈Ji , are identi�ed with the pure
exchange model that are generated by this pare then we can understand this model as
a map vi from Rl+ to RJi with coordinates functions vij , j ∈ Ji, and the pare (v,w)
is a point in the space

E =

m∏
i=1

C2
s (Rl+,RJi)× int(Rl+)m.

Theorem. There exists an open everywhere dense subset Et of E such that for
any market (u,w) from Et the set of equilibria is �nite.

Remark.No problem with equilibrium on the border and with using min operation
in the de�nition of utility functions. It is easy to demonstrate these in Edgeworth
box by simple drawing. But in multidimensional space we have to use parametric
transversality theorems [2] and Whitney topology [3].
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In many oil and gas bearing provinces in Russia with the depletion of highly
productive hydrocarbon deposits the main prospects for the growth of oil and gas
resources are attributed to hard-to-recover reserves [1], [2]. With a high level of
development costs these reserves are unpro�table, high-risk �nancing items. In the
current situation, the development of a methodology for assessing the pro�tability
of the �eld, based on an analysis of a set of signi�cant parameters, with which
the greatest uncertainty and risks are associated [3], acquires particular urgency.
The paper considers a method for �nding threshold values for the function of net
discounted income [4], [5].

In the framework of this work, the main problems and prospects for the develop-
ment of the Russian oil and gas sector are identi�ed. The main methods for assessing
the pro�tability of hydrocarbon facilities are considered [6]. The example of the
Kuonamsky suite (Eastern Siberia) shows the application of the cost method for
estimating the value of technologies for developing hard-to-recover shale oil reserves.
The advantages and disadvantages of this approach are revealed. An alternative
method for assessing the pro�tability of oil and gas projects is proposed. A computa-
tional algorithm for solving the problem is presented.
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The o�ered research is directed to use of the device of network models for an
assessment of alternative scenarios of implementation of the investment program of
the megaproject. The network model is represented as an oriented graph G = (V,U),
where V = {Vj , j = 1, . . . , n} is the set of graph vertices corresponding to works j ∈ J ,
U is the set of arcs. It is required to �nd the optimal schedule of work taking into
account restrictions on the warehouse resources k ∈ K (K is types of resources: raw
materials, materials with a long shelf life, investments, etc.) and a discount for the
use of raw materials (characterizes the pro�tability of this project for the investor),
at which the minimum value of objective function is achieved.

The considered problem can be written formally as follows:

Cmax = max
j

(sj + pj)→ min,

where Cmax is the project completion time, sj is the start time of the j-th work, pj
is the duration of the j-th works;

1. si + pi ≤ si for i ≤ j � the precedence constraints;

2.
t∑

τ=1

∑
j∈J(τ)

rjk ≤
t∑

τ=1

qkτ for ∀t ∈ [1, Cmax] � the warehouse resources constraints,

where rjk is the consumption intensity of the k-th resource by work j, k ∈ K,
qkt is the resource availability k at time t, si + pi ≤ T , T is a later schedule [1],
J(t) = {j | sj < t ≤ sj + pj} is the set of works performed at time t;

3.
∑
k∈K

Cmax∑
τ=1

∑
j∈J(τ)

rjk · ckτ · ατ−1 ≤ S0 � constraint on the discount fee for the use

of raw materials, where ckτ is the payment for the use of the k-th resource at
time t, α is the discount coe�cient, 0 < α ≤ 1, α = 1

1+β , β is the bank interest;

4. sj ∈ Z+, j ∈ J , � non negativity constraints.

The following statement was formulated and proven: the discount for the use of
resources reaches its minimum with the T -late schedule, si + pi ≤ T, ∀ i ∈ J , which
allows us to search for the optimal schedule among the late allowable schedules by the
dichotomy method. The algorithm is implemented for a discrete case of two resources.
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We consider one of standard problems of Computational Social Choice (CSC).
Let A be a �nite set (of alternatives) of cardinality m ≥ 3, and let N = {1, . . . , n} be
a non-empty �nite set (of voters). The set of all choice functions de�ned on the set [B]2

of all two-element subsets of a set B is denoted by C2(B). Any function c ∈ C2(A)
represents preferences of a voter. A function c ∈ C2(A) is rational if c({a, b}) =
max≺(a, b) for some linear order ≺. The set of all rational preferences is denoted by
R(A). A social welfare function (SWF) is a function w : (C2(A))n → C2(A). A SWF w
satis�es the Arrow's conditions if there is a conservative function f : An → A such
that w(c1, . . . , cn)(p) = f(c1(p), . . . , cn(p)) for all p ∈ [A]2.

The Arrow's impossibility theorem states that any function that satis�es the
Arrow's conditions and preserves the set R(A) is a dictatorship (a projection). We
describe another natural class of SWF preserving R(A).

A reordering function F is a function de�ned on the set of all couples (d, a) (where
B ⊂ A, d ∈ C2(B) and a ∈ A \B) such that F (d, a) ∈ C2(B ∪{a}) and the restriction
of F (d, a) to [B]2 coincides with d. A reordering function F is rational if F (d, a)
is rational for any rational d ∈ C2(B). Flexible preferences is a couple (c, F ) where
c ∈ C2(A) and F is a rational reordering function.

Let f be a conservative n-ary function on A and let a = (a1, . . . , am) be a
numeration of A. An iterative averaging procedure (IAP) Pfa is de�ned by recursion
as follow. For any n-tuple Π = ((c1, F1), . . . , (cn, Fn)) of �exible preferences

(i) Pfa (Π, 1)({a1, a2}) = f(c1({a1, a2}), . . . , cn({a1, a2}));
(ii) Pfa (Π, k + 1)(p) = f(F1(d, ak+2)(p), . . . , Fn(d, ak+2)(p)), where d = Pf

a(Π, k),
p ∈ [{a1, . . . , ak+2}]2.
An IAP models a multi-round social decision making in which before each round
voters reorder alternatives in accordance to an intermediate outcome.

Now we can de�ne a large class of SWF. Let θ be a function on C2(A) that for each
preferences c returns a rational reordering function Fc. A function θ represents a �xed
behavior of a voter in the situation of forced reordering of prior preferences. We de�ne
a SWF wf by wf (c1, . . . , cn) = Pfa ((c1, Fc1), . . . , (cn, Fcn)),m− 1). The SWF wf has
two implicit parameters θ and a, of which a is regarded as random (it plays the part
of a sortition). The main property of SWF wf does not depend on these parameters.

Theorem. A SWF wf preserves rational preferences if and only if f belongs to
the clone on A generated by all majority �nction.

We can obtain the SWF wf with su�ciently good properties by choosing a parame-
ter θ. In some ways, this result opposite to the Arrow's impossibility theorem and even
to the Condorcet's paradox.

The main result was obtained using the clone method in CSC proposed by S. Shelah
[1] and developed by the author (see, for example, [2]).
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The paper studies the detailed comparison of the Social welfare, measured as
indirect utility, under two types of imperfect competition in a general equilibrium
model. The key feature of this model is that the �rms' pro�t is uniformly distributed
across consumers, thus the strategic choice of �rms a�ects also on consumers' income,
and consequently, on demand. The standard Bertrand competition assumes the myopic
income-taking behavior of �rms, another type of behavior (so called, Ford e�ect, see
[1]) implies that �rms allow for dependence of pro�ts on their strategic choice. The
�rst result we present is that considering the Ford e�ect provides to �rms more market
power, which is agreed with the folk wisdom �Knowledge is power.� As a measure of
market power we use a Lerner index, which is, by de�nition, the relative excess of
equilibrium prices over marginal cost. Another folk wisdom implies that an increasing
of the �rms' market power leads to the the diminishing of consumers' well-being (in
terms of indirect utility.) We show that this is not true in general. This is accomplished
in a simple general equilibrium model where consumers are endowed with separable
preferences. This model was introduced in paper [2], where the Ford e�ect was ignored
and �rms were treated as income-takers. We �nd the su�cient condition in terms
of the representative consumer preference providing the �intuitive� behavior of the
indirect utility and show that this condition satis�es the classes of utility functions,
which are commonly used as examples (e.g., CES, CARA and HARA). Moreover, we
provide su�cient condition and series of examples, for the �counter-intuitive� behavior
of indirect utility, when the Bertrand equilibrium under Ford e�ect provides the higher
amount of the consumer's welfare than under the standard Bertrand competition. Here
superscript F stands for Ford e�ect.

Proposition 1. Let number of consumers L be su�ciently large, then the equilib-
rium prices, outputs, and numbers of �rms are ordered as follows p̄F (L) > p̄(L),
q̄F (L) < q̄(L), n̄F (L) > n̄(L).

To determine an impact of Ford e�ect on welfare (indirect utility) V̄ , let's consider
the following characteristics of elementary utility function u(x):

ρu ≡ − lim
x→0

xu′′(x)

u′(x)
, δu ≡ lim

x→0

1− xu′(x)
u(x) + xu′′(x)

u′(x)

x
.

Proposition 2. Let δu < ρu, then inequality V̄ > V̄ F holds. Let δu >
ρu

1−ρu , then

an inequality V̄ F > V̄ holds.
The authors were supported by the Russian Foundation for Basic Research (project

no. 15-06-05666).
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We consider the no-arbitrage condition in the �nancial market with transaction
cost by applying geometric arbitrage theorem (GAT). When the investors buy or sell
the asset, they have to pay some extra money. GAT rephrases classical stochastic
�nance in stochastic di�erential geometric terms in order to characterize arbitrage.
In this paper, we also model the market as principal �bre bundles and then construct
the appropriate connection. So, we could characterize arbitrage by curvature in the
�nancial market with transaction cost by using the idea of the GAT approach. At
last, we consider an asset model whose dynamics is given by a multidimensional Ito-
process to extend the Black�Scholes PDE to the market with transaction cost allowing
arbitrage.
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Â ñâÿçè ñ ãèäðîìàãíèòíûìè ýôôåêòàìè, íàáëþäàåìûìè â àòìîñôåðå Çåìëè
(j = 0, ∇×H 6= 0, Ez 6= 0), ñòàíäàðòíûìè óðàâíåíèÿìè Ìàêñâåëëà ïîëüçîâàòü-
ñÿ óæå íåëüçÿ.

Â ñâÿçè ñ ìàëûìè êðèòåðèÿìè ïîäîáèÿ íà Çåìëå (ìàãíèòíûå ÷èñëà Ðåéíîëüä-
ñà Rem ≈ 103 ÷ 105) ïîëíîìàñøòàáíîé òåîðèåé ãèäðîìàãíèòíîé ýëåêòðîäèíàìè-
êè � åù¼ íåëüçÿ. Íî ãèäðîìàãíèòíûå ýôôåêòû íà Çåìëå íàáëþäàþòñÿ.

Ïîýòîìó ðåøåíà ïðîáëåìà îïðåäåëåíèÿ òîðîèäàëüíûõ íåñèëîâûõ è ïîëîè-
äàëüíûõ ñèëîâûõ ìàãíèòíûõ è ýëåêòðè÷åñêèõ ïîëåé. Çàòåì íàéäåíû èñòî÷íèêè
ýòèõ ïîëåé íà Çåìëå.

Êðîìå òîãî, óäàëîñü:
� Äîêàçàòü àíàëîã òåîðåìû Ãåëüìãîëüöà äëÿ âîññòàíîâëåíèÿ òîðîèäàëüíîãî è

ïîëîèäàëüíîãî ãèäðîìàãíèòíûõ ïîëåé ïî íîðìàëüíîé êîìïîíåíòå ïîëîèäàëüíîãî
ïîëÿ íà ïîâåðõíîñòè øàðà.

� Äîêàçàòü òåîðåìó î ïîëíîì ðàçäåëåíèè ýëåêòðîìàãíèòíûõ ïîëåé ïî äàííûì
íàáëþäåíèé íà øàðå (òåîðåìà Ãàóññà � Øìèäòà).

� Ðàçðàáîòàòü àëãîðèòìû èíòåðïðåòàöèè äàííûõ ÌÃÃ è âñåìèðíîé ìàãíèòíîé
ñú¼ìêè.

� Ðåøèòü îáðàòíûå çàäà÷è âîññòàíîâëåíèÿ èñòî÷íèêîâ ÝÌÏ íà Çåìëå ïóò¼ì
ïîäàâëåíèÿ ìàòåìàòè÷åñêîé íåêîððåêòíîñòè ñ ïîìîùüþ ââåäåíèÿ äîïîëíèòåëü-
íîé ôèçè÷åñêîé èíôîðìàöèè.

� Ñêîððåêòèðîâàòü óðàâíåíèÿ Ìàêñâåëëà � Ïàðêåðà � Ìîôôàòà äî èõ ïðè-
ãîäíîñòè â ïðèêëàäíîì ãåîìàãíåòèçìå.
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Ìíîãîå ãîâîðèò î òîì, ÷òî ë¼ãêèå ñêàëÿðíûå a0(980) è f0(980) ìåçîíû ÿâëÿ-
þòñÿ êîìïàêòíûìè ÷åòûð¼õêâàðêîâûìè ñîñòîÿíèÿìè. Íàèâíàÿ äâóõêâàðêîâàÿ
ìîäåëü ñòàëêèâàåòñÿ ñ òàêèìè òðóäíîñòÿìè, ÷òî ýêçîòè÷åñêàÿ ïðèðîäà ýòèõ ÷à-
ñòèö ïðàêòè÷åñêè íå îñïàðèâàåòñÿ. Â ÷èñëå ïðî÷èõ, áûëè ïîïûòêè îáúÿñíèòü
ñâîéñòâà a0(980) è f0(980) â ðàìêàõ ìîäåëè KK̄ ìîëåêóëû, â êîòîðûõ ë¼ãêèå
ñêàëÿðû ÿâëÿþòñÿ ñâÿçàííûìè ñîñòîÿíèÿìè ïàðû êàîíîâ.

Â êîíöå 1990-õ ãîäîâ ýêñïåðèìåíòàëüíî áûëè îáíàðóæåíû ðàñïàäû φ(1020)→
a0(980)γ è φ(1020) → f0(980)γ, èõ èíòåíñèâíîñòü îêàçàëàñü îòíîñèòåëüíî âûñî-
êîé, ÷òî ïîäòâåðæäàëî ÷åòûð¼õêâàðêîâóþ ïðèðîäó a0(980) è f0(980) è ïðîòèâî-
ðå÷èëî ãèïîòåçå êàîííîé ìîëåêóëû.

Â ðàáîòàõ [1], [2] óòâåðæäàåòñÿ, ÷òî íàáëþäàåìûå â ýêñïåðèìåíòå îòíîñèòåëü-
íî âûñîêèå èíòåíñèâíîñòè ðàñïàäîâ φ(1020) → a0(980)γ è φ(1020) → f0(980)γ
ìîãóò áûòü îáúÿñíåíû â ðàìêàõ ãèïîòåçû êàîííîé ìîëåêóëû. Â äîêëàäå, îñíî-
âàííîì íà ðàáîòàõ [3], [4], ïîêàçàíî, ÷òî ýòî óòâåðæäåíèå íåâåðíî è îñíîâàíî íà
íåêîððåêòíîì ïðèìåíåíèè èíòåãðèðîâàíèÿ ïî ÷àñòÿì. Äåëî â òîì, ÷òî èñõîäíûé
èíòåãðàë, äàþùèé âêëàä â àìïëèòóäû ïðîöåññîâ, íàáèðàåòñÿ â îñíîâíîì â ðå-
ëÿòèâèñòñêîé îáëàñòè, ÷òî îçíà÷àåò íåïðèìåíèìîñòü íåðåëÿòèâèñòñêîãî ïîäõîäà
êàîííîé ìîëåêóëû è íåêîððåêòíîñòü èíòåãðèðîâàíèÿ ïî îòíîñèòåëüíîìó èìïóëü-
ñó äî áåñêîíå÷íîñòè. Îäíàêî ïîñëå èíòåãðèðîâàíèÿ äî áåñêîíå÷íîñòè ïî ÷àñòÿì
íîâûé èíòåãðàë áûñòðî ñõîäèòñÿ, è àâòîðàì ïîêàçàëîñü, ÷òî ýòî ïîäòâåðæäàåò
ïðèìåíèìîñòü ïîäõîäà. Î÷åâèäíî, ÷òî ýòî íå òàê: ñõîäÿùèéñÿ èíòåãðàë ìîæåò
áûòü ïðåîáðàçîâàí â ðàâíûé áûñòðî ñõîäÿùèéñÿ, íî ïîäûíòåãðàëüíîå âûðàæåíèå
óæå íå áóäåò ðàñïðåäåëåíèåì ïî èìïóëüñó.

Ìîæíî îòìåòèòü, ÷òî â íàñòîÿùåå âðåìÿ ìîäåëü êàîííîé ìîëåêóëû ïðîòè-
âîðå÷èò óæå òîìó, ÷òî a0(980) è f0(980) èíòåíñèâíî ðîæäàþòñÿ â ðåàêöèÿõ ñ
áîëüøîé ïåðåäà÷åé èìïóëüñà, ÷òî íåâîçìîæíî â ñëó÷àå �ðûõëîé� ìîëåêóëû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ïðåçèäåíòñêîãî ãðàíòà � ÍØ-5362.2006.2 äëÿ

âåäóùèõ íàó÷íûõ øêîë è Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò

� 07-02-00093). À.Â.Ê. áëàãîäàðèò çà ïîääåðæêó ôîíä �Äèíàñòèÿ� è ÌÖÔÔÌ.
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Îáñóæäàåòñÿ íàðóøåíèå èçîòîïè÷åñêîé ñèììåòðèè êàê èíñòðóìåíò èçó÷åíèÿ
ìåõàíèçìîâ ðîæäåíèÿ è ïðèðîäû ë¼ãêèõ ñêàëÿðíûõ ìåçîíîâ [1]. Ðå÷ü èä¼ò îá ýô-
ôåêòàõ íàðóøåíèÿ èçîñïèíà, àìïëèòóäà êîòîðûõ ∼

√
md −mu (à íå êàê îáû÷-

íî ∼ (md − mu), ãäå mu è md � ìàññû u- è d-êâàðêîâ) è îáëàäàåò õàðàêòåð-
íîé ðåçîíàíñíîé çàâèñèìîñòüþ îò ýíåðãèè â îáëàñòè KK̄-ïîðîãîâ [1]�[5]. Â äî-
êëàäå ðàññìîòðåíû ðàçíîîáðàçíûå ðåàêöèè, â êîòîðûõ ìîæåò áûòü îáíàðóæå-
íî, è â êîòîðûõ óæå áûëî îáíàðóæåíî íà îïûòå, ïîðîãîâîå ÿâëåíèå, èçâåñòíîå
êàê ñìåøèâàíèå a00(980)- è f0(980)-ðåçîíàíñîâ [2], íàðóøàþùåå èçîñïèí çà ñ÷¼ò
ðàçíèöû ìàññ K+- è K0-ìåçîíîâ. Ïîäðîáíî îáñóæäàåòñÿ âîçìîæíîñòü òåîðåòè-
÷åñêîãî îáúÿñíåíèÿ áîëüøîãî íàðóøåíèÿ èçîòîïè÷åñêîé ñèììåòðèè â ðàñïàäå
η(1405)→ f0(980)π0→π+π−π0 çà ñ÷¼ò ìåõàíèçìà, ñîäåðæàùåãî àíîìàëüíûå ïî-
ðîãè Ëàíäàó (ëîãàðèôìè÷åñêèå òðåóãîëüíûå ñèíãóëÿðíîñòè), ò. å. çà ñ÷¼ò ïåðå-
õîäà η(1405)→ (K∗K̄ + K̄∗K)→ (K+K− +K0K̄0)π0 → f0(980)π0 → π+π−π0 [4].
Ïðè ýòîì ïðèíöèïèàëüíî âàæíûì îêàçûâàåòñÿ ó÷¼ò êîíå÷íîé øèðèíû K∗-ìå-
çîíà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-02-00065) è Ïðåçèäèóìà Ðîññèéñêîé àêàäåìèè íàóê (ïðîåêò � 0314-

2015-0011).
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Â [1] ïðåäëîæåíà ìîäåëü êâàðê-ãëþîííîé ñðåäû, îñíîâàííàÿ íà öåïî÷êå âëî-
æåíèé ãðóïï: U(2) â U(3), U(2) â U(4), è ò. ä. Ýòè ãðóïïû íàçâàíû óðîâíÿìè

(ìàòåðèè): U(2) � íóëåâîé (ò. å. íàø îáû÷íûé), U(3) � ïåðâûé, è ò. ä. Óðîâíè
ñîîòâåòñòâóþò ïîêîëåíèÿì (êâàðêîâ), à àðîìàò è öâåò òàêæå ââåäåíû ñòðî-
ãî ìàòåìàòè÷åñêè. Â [1] ïðåäñêàçàíî íàëè÷èå òð¼õ (íîâûõ) êâàðêîâ ÷åòâ¼ðòîãî
ïîêîëåíèÿ. Ïðåäñòàâëÿåòñÿ ïåðñïåêòèâíûì äàëüíåéøåå îñìûñëåíèå (è ðàçâèòèå
âïëîòü äî âû÷èñëèòåëüíûõ ôîðìóë) ìîäåëè íà îñíîâå òåîðèè èíäóöèðîâàííûõ
ïðåäñòàâëåíèé ãðóïï (ñì. [2]). Ôóíäàìåíòàëüíóþ ðîëü â ñîîòâåòñòâóþùåé òåîðèè
èãðàþò ïåðåïëåòåíèÿ ïðåäñòàâëåíèé. Íà÷àòî èõ ïîñòðîåíèå: ââåäåíû (íàè-
áîëåå åñòåñòâåííûå) ñîîòâåòñòâèÿ W ìåæäó íîñèòåëÿìè òåõ âîëíîâûõ ôóíêöèé,
êîòîðûå íåîáõîäèìî áóäåò ðàññìàòðèâàòü. Äëÿ íóëåâîãî è ïåðâîãî óðîâíåé íàé-
äåíû òàêèå îòîáðàæåíèÿW , êîòîðûå ñîõðàíÿþò ïðè÷èííóþ ñòðóêòóðó íîñèòåëåé
(ò. å. ÿâëÿþòñÿ êîíôîðìíûìè îòîáðàæåíèÿìè). Íóëåâîé óðîâåíü îõàðàêòåðèçî-
âàí (â òåðìèíàõ îðíàìåíòà) îòäåëüíî (ñì. òåçèñû àâòîðà â ñåêöèè ãåîìåòðèè è
òîïîëîãèè). Äëÿ ïåðâîãî óðîâíÿ îðíàìåíò îêàçûâàåòñÿ (â èòîãå) ñîñòîÿùèì èç
áèíàðíûõ ìàòðèö W1, W2, W3, W4 ðàçìåðà 6 íà 6. Íîñèòåëè D12, D13 è D23 áû-
ëè ââåäåíû â [1]; îáîçíà÷åíèÿ ñîîòâåòñòâóþò ãëàâíûì ìèíîðàì ìàòðèö â U(3).
Êàæäûé èç ýòèõ òð¼õ íîñèòåëåé ÿâëÿåòñÿ ò. í. èäåàëüíîé æèäêîñòüþ (à òàêæå
êîìïàêòíûì êîñìîñîì Ñèãàëà, ñì. [3]). Âëîæåííûìè (ïëîòíî) â íèõ ÿâëÿþòñÿ
íîñèòåëè F12, F13 è F23 (ñì. [4]). Êàæäîå èç ýòèõ ïðîñòðàíñòâ-âðåì¼í ÿâëÿåòñÿ
ò. í. òàõèîííîé æèäêîñòüþ (ñì. [5]). Îáîçíà÷åíèÿ Z = Wm(X) ñòàíóò ïîíÿòíû
íèæå; çäåñü X èç F , Z èç D, à äâîéíûå èíäåêñû îïóùåíû.

Òåîðåìà. Êàæäàÿ Wm èç îðíàìåíòà çàäà¼ò êîíôîðìíóþ áèåêöèþ (êàæäîãî)
Fsr íà åãî îáðàç Em(s, r, p, q) â ñîîòâåòñòâóþùåì Dpq = Dpq(m, s, r). Ýòîò îáðàç
ïîëó÷åí èç Dpq óäàëåíèåì äâóìåðíîãî òîðà. Â íåêîòîðûõ ñëó÷àÿõ èñõîäíàÿ áè-
åêöèÿ ìîæåò áûòü ïðîäîëæåíà äî èçîìåòðèè ìåæäó Dsr è Dpq. Âûïîëíÿþòñÿ
ñîîòíîøåíèÿ (W1)2 = (W3)2 = 1, W2W4 = W4W2 = 1. Äëÿ ëþáîãî X èç Fsr,
W3(X) = (W1(X))−1, W4(X) = (W2(X))−1. Ìàòðèöû îðíàìåíòà ïîðîæäàþò ïîä-
ãðóïïó S3 (ò. å. 6-ýëåìåíòíóþ) â S6. Ïîñëåäíèé ýëåìåíò W5 ýòîé S3 ðàâåí W1W2,
ïðè÷¼ì (W5)2 = 1. Ýòà W5 èçîìåòðè÷íî îòîáðàæàåò D13 íà ñåáÿ è çàäà¼ò èçîìåò-
ðèþ ìåæäó D12 è D23.
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Íàáëþäåíèÿ ïîêàçûâàþò, ÷òî îáû÷íîå âåùåñòâî, áàðèîíû, âëèÿþò íà ñòðóê-
òóðíûå ñâîéñòâà òåìíîé ìàòåðèè íà ãàëàêòè÷åñêèõ ìàñøòàáàõ. Îäíèì èç òàêèõ
ïðîÿâëåíèé ÿâëÿåòñÿ ñîîòíîøåíèå äëÿ ðàäèàëüíîãî óñêîðåíèÿ, êîòîðîå ïðåä-
ñòàâëÿåò ñîáîé êîððåëÿöèþ ìåæäó èçìåðåííûì ãðàâèòàöèîííûì óñêîðåíèåì è
îæèäàåìûì óñêîðåíèåì òîëüêî îò áàðèîíîâ. Â ÷àñòíîñòè, íåäàâíåå âñåñòîðîííåå
èññëåäîâàíèå îêîëî 153 ðàçëè÷íûõ òèïîâ ãàëàêòèê ïîêàçûâàåò, ÷òî óïîìÿíóòîå
ñîîòíîøåíèå äëÿ ðàäèàëüíîãî óñêîðåíèÿ èìååò âèä g = gB

1−e−
√

gB/a0
, ãäå g � óñêî-

ðåíèå ïðîáíîé ìàññû â ãàëàêòèêå, gB � íàïðÿæåííîñòü ãðàâèòàöèîííîãî ïîëÿ
â òîì æå ñàìîì ìåñòå, ñîçäàâàåìàÿ òîëüêî áàðèîííûì âåùåñòâîì ãàëàêòèêè, è
a0 = (1.20± 0.02± 0.24) · 10−1 ìñ−2 ÿâëÿåòñÿ ýìïèðè÷åñêîé êîíñòàíòîé.

Ïåðâîíà÷àëüíî òàêîå ñîîòíîøåíèå äëÿ óñêîðåíèÿ áûëî ïðåäñêàçàíî ìîäèôè-
öèðîâàííîé Íüþòîíîâñêîé äèíàìèêîé (MOND), êîòîðàÿ èçíà÷àëüíî ìûñëèëàñü
êàê àëüòåðíàòèâà òåìíîé ìàòåðèè. Òåîðèè òåìíîé ìàòåðèè äîëæíû âîñïðîèçâå-
ñòè ýòî è äðóãèå ãàëàêòè÷åñêèå ýìïèðè÷åñêèå ñîîòíîøåíèÿ (â ïðåäåëàõ íåîïðå-
äåëåííîñòåé èçìåðåíèé), åñëè îíè ïðåòåíäóþò îïèñûâàòü ïðèðîäó.

Îäíàêî íàáëþäàåìûå êîððåëÿöèè ôîðì êðèâûõ âðàùåíèÿ ãàëàêòèê ñ ñîäåð-
æàíèåì áàðèîíîâ â ãàëàêòèêàõ, íà êîòîðûõ óêàçûâàþò ñîîòíîøåíèÿ äëÿ ðàäè-
àëüíîãî óñêîðåíèÿ, ïðåäñòàâëÿþò ñîáîé ñåðüåçíûé âûçîâ äëÿ òåîðèé òåìíîé ìà-
òåðèè. Â ÷àñòíîñòè, êîððåëÿöèè íàáëþäàþòñÿ è â áîãàòûõ ãàçîì êàðëèêîâûõ
íåðåãóëÿðíûõ ãàëàêòèêàõ, â êîòîðûõ òåìíàÿ ìàòåðèÿ äîìèíèðóåò íà âñåõ ìàñ-
øòàáàõ. Òðóäíî ïðåäñòàâèòü ñåáå, êàê ãðàâèòàöèîííî íåçíà÷èòåëüíîå êîëè÷åñòâî
áàðèîíîâ ìîãëî áû ñòîëü ñèëüíî âëèÿòü íà ñòðóêòóðíûå ñâîéñòâà òåìíîé ìàòå-
ðèè, åñëè ãðàâèòàöèÿ ÿâëÿåòñÿ åäèíñòâåííûì âçàèìîäåéñòâèåì ìåæäó òåìíîé è
îáû÷íîé ìàòåðèÿìè.

Äèññèïàòèâíàÿ òåìíàÿ ìàòåðèÿ � ýòî îñîáûé âèä òåìíîé ìàòåðèè, êîòîðûé
íà ñàìîì äåëå íóæäàåòñÿ â íåòðèâèàëüíûõ âçàèìîäåéñòâèÿõ ñ áàðèîíàìè äëÿ
ñîãëàñîâàííîé êàðòèíû òåìíîé ìàòåðèè â âðàùàòåëüíî ïîääåðæèâàåìûõ ãàëàê-
òèêàõ. Òåîðåòè÷åñêè õîðîøî îáîñíîâàííûé ñëó÷àé äèññèïàòèâíîé òåìíîé ìàòå-
ðèè � ýòî çåðêàëüíàÿ òåìíàÿ ìàòåðèÿ ñ äóáëèðîâàííûì íàáîðîì ÷àñòèö è ñèë ñ
òî÷íî òàêèìè æå ôóíäàìåíòàëüíûìè ïàðàìåòðàìè (ìàññû ÷àñòèö è êîíñòàíòû
ñâÿçè), ÷òî è ñòàíäàðòíûå ÷àñòèöû è ñèëû.

Â äàííîé ðàáîòå ìû ïîêàçûâàåì, ÷òî ïðîôèëü ïëîòíîñòè òåìíîé ìàòåðèè,
êîòîðûé áûë ìîòèâèðîâàí äèññèïàòèâíûìè ìîäåëÿìè òåìíîé ìàòåðèè, âêëþ÷àÿ
çåðêàëüíóþ òåìíóþ ìàòåðèþ, ìîæåò âîñïðîèçâåñòè ýìïèðè÷åñêîå ñîîòíîøåíèå
äëÿ ðàäèàëüíîãî óñêîðåíèÿ. Ðàáîòà îïóáëèêîâàíà â [1].
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ONCE MORE ABOUT PHYSICS OF THE
CHARMONIUM-LIKE STATE X(3872)

Achasov N.N.
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TheX(3872) resonance generated a stream of interpretations and ushered in a new
exotic XY Z spectroscopy. Meanwhile many (if not all) characteristics of X(3872) are
rather ambiguous.

Almost generally it is accepted that theX(3872) resonance is the looseD∗0D̄0+c.c.
molecule. We draw attention to the fact that the resonance X(3872) is produced at
short distances and cannot be the loose molecule. In addition, we show that the mixing
of the loose molecule with the compact charmonium is negligibly small and cannot
explain the production of the X(3872) resonance at short distance.

Then we discuss the scenario where the X(3872) resonance is the cc̄ = χc1(2P )
charmonium which �sits on� the D∗0D̄0 threshold.

We explain the shift of the mass of the X(3872) resonance with respect to the
prediction of a potential model for the mass of the χc1(2P ) charmonium by the
contribution of the virtual D∗D̄ + c.c. intermediate states into the self energy of the
X(3872) resonance. This allows us to estimate the coupling constant of the X(7872)
resonance with theD∗0D̄0 channel, the branching ratio of theX(3872)→ D∗0D̄0+c.c.
decay, and the branching ratio of the X(3872) decay into all non-D∗0D̄0 + c.c. states.

We predict a signi�cant number of unknown decays of X(3872) via two gluon:
X(3872)→ gluon gluon→ hadrons. In addition, we predict the decay of the χb1(2P )

bottomonium: χb1(2P ) → ρΥ(1S).
We suggest a physically clear program of experimental researches for veri�cation

of our assumption.
This work was supported in part by the Russian Foundation for Basic Research (project

no. 16-02-00065), and by Presidium of the Russian Academy of Sciences (project no. 0314-

2015-0011).
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PROBLEMS WITH VARIABLE HILBERT SPACE
IN QUANTUM MECHANICS.
QUESTIONS FOR COSMOLOGY
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Assume that we start with an in�nite potential well between points 0 and b. Then
the width of this well changes b → bα in �nite time T . The standard methods for
describing transition between the initial and �nal states of the well are inapplicable
since these states belong to di�erent Hilbert spaces. We discuss two problems:
1. How to calculate probabilities of the above-mentioned transitions.
2. What new phenomena appear at the variation of the Hilbert space.

For the case when the �nal well covers only some part of the initial well (and
possibly some outer part of con�guration space), total probability of transitions from
each stationary state of the initial well into all possible states of the �nal well is less
than 1. In the terminology of regularization by a well with �nite height V it can be
treated as non-zero probability of transitions into the continuous spectrum despite
the fact that this spectrum disappears at V →∞ (�transition to nowhere�).

Besides, we discuss brie�y possible value of similar phenomena for the Electroweak
phase transition in the earlier Universe.
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We derived results for the nonlinear Compton scattering in the two-mode strong
plane wave laser �eld A = Aω+A2ω. We consider the case when both modes propagate
in the same direction and when a frequency of the second mode is twice as the one of
the �rst mode. Besides, both laser �elds are circularly polarized. Such con�guration of
the laser �eld could be realized using well developed since 1961 experimental technique
of the Second-Harmonic-Generation [1].

It is well known [2] that with the growth of the laser �eld intensity, an electron
starts to interact coherently with more than one laser photons. Our two-mode laser
�eld con�gurations allows interference of the Compton amplitudes corresponding to
the di�erent numbers of photons absorbed from di�erent modes but having the same
total photon momentum. The pattern of such interference is especially interesting
when we consider the processes with the absorption of one quanta from the mode A2ω

and two quanta from the mode Aω. We found that nonlinearity in such case induces
strong azimuthal angle dependence for the �nal state Compton photon distributions.
In particular, at some relation between the intensities of modes Aω and A2ω we
obtained large enhancement of the output for the second Compton harmonic at some
azimuthal angle, whereas at the opposite azimuthal angle direction the destructive
interference leads to almost full cancellation of the second Compton harmonic output
with the exception of a narrow region near the second harmonic threshold, where
such cancellation is forbidden by the angular momentum conservation law. As the
result, we obtained at this azimuthal direction the spectrum of the Compton photons
being highly peaked near the threshold of the second harmonic. Therefore, we hope
that such two-mode Compton scattering opens an interesting possibility to obtain a
quasi-monochromatic source of the high energy photons.

The author was supported by the Russian Foundation for Basic Research (project no. 15-
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Problem of neutrino oscillations is in the center of attention last decades, both
from experimental and theoretical points of view. This phenomenon is generated by
mixing in system of neutrinos, when mass states di�er from �avor ones. In studying
of mixing and oscillation phenomena in quantum �eld theory, the matrix propagator
(n mixing fermion �elds) plays the central role.

We develop the spectral representation of dressed propagator for n mixing fermion
�elds in case of P-parity violation. Solving of the eigenvalue problem (both left and
right) for inverse matrix propagator S allows to build the system of orthogonal
projectors ΠiΠk = δikΠk and to represent the matrix propagator G as a sum of
poles with positive and negative energy

S(p) =

2n∑
i=1

λiΠi, ⇒ G(p) = S−1 =

2n∑
i=1

1

λi
Πi.

Here S and Π have two sets of indices: Dirac γ-matrix indices and generation ones.
For eigenvalues λ there appears an algebraic equation of the order 2n. In case of

CP -conservation in order to build the eigenprojectors Πi for given i we need vector
Ψi(W ) � a solution of homogeneous matrix (dimension n) equation.

The procedure of multiplicative renormalization is investigated, the renormaliza-
tion matrices are obtained in a closed form without using of perturbation theory.
Renormalization condition are easily formulated in terms of the vectors Ψi.

We found that the completeness condition for projectors Πi, necessary to build the
spectral representation of matrix propagator, requires the accounting of spin degrees
of freedom. In theory with γ5 the usual spin projectors do not commute with dressed
propagator and should be modi�ed. The generalized o�-shell spin projectors for single
fermion or for system of fermions look as

Σ(s) = In
1

2

(
I4 + γ5ŝn̂

)
.

Here I4, In are the unit matrices of indicated dimension, nµ = pµ/W , W =
√
p2, sµ

is a polarization vector: s2 = −1, (sp) = 0.
The constructed spectral representation gives a convenient algebraic approach to

study mixing and oscillation phenomena in system of neutrinos or quarks.
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The mass spectra of the φφ and J/ψφ states in the decay B0
s → J/ψφφ recently

observed by LHCb [1] are calculated in the model which takes into account the
JP = 0+, 0−, 2+ intermediate resonances R1, R2 in the φφ channel and the JP = 1+

ones, X1, X2, in the J/ψφ channel. When obtaining the expressions for the e�ective
amplitudes and mass spectra, the approximate threshold kinematics of the decay
is used essentially. The R1 − R2 and X1 − X2 mixings arising due to the common
decay modes φφ and J/ψφ, respectively, are also taken into account. The obtained
expressions for the mass spectra are applied for extracting the information about
masses and coupling constants of the resonances in the φφ and J/ψφ �nal states.
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