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On these talks, we �rst present the concepts of a Voronoi diagram and of a De-
launay triangulation. These two geometrical structures are important tools in many
areas like Astronomy, Physics, Chemistry, Biology, Ecology, Economics, Mathematics
and Computer Science. Here, we present a set of results showing some of the ad-
vantages of their optimality criteria in computing integral approximations, which are
based upon a geometric point of view exploiting Delaunay triangulations and Voronoi
tessellations.

We begin by introducing a new class of cubature formulas for numerical integra-
tion (or multidimensional quadrature), that approximate from above (or respectively
from below) the exact value of the integrals of every function having a certain type
of convexity. Under suitable regularity assumptions, we show that all these integral
approximations enjoy certain desirable properties. In particular, they can be totally
characterized in terms of the approximation error generated by a multidimensional
quadratic function. We show that the Delaunay triangulation, the Voronoi tessella-
tion and their generalizations give access to e�cient algorithms for computing these
cubature formulas.

We will combine theoretical results from polytope domain meshing, these (ex-
tended) new multidimensional integration formulas, generalized barycentric coordi-
nates, and �nite element exterior calculus to construct scalar- and vector-valued
basis functions for conforming and nonconforming polytope �nite element methods
on generic convex polytope meshes in any dimension. Finally, our last objective is
to check the e�ectiveness of our approach to construct new enriched nonconforming
polytope �nite elements, and to show, for a speci�c problem, how the enlargement of
the range of choice of the enrichment functions can help to improve some convergence
properties, even if we choose to enrich with non-polynomials functions.

We also brie�y discuss some ongoing related research, and summarizes the major
parts of my current research related to this topic.

These talks are based on the papers [1�5].
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Â ëåêöèÿõ áóäåò èçëîæåíà ðàáîòà Ñåðãåÿ Ëüâîâè÷à Ñîáîëåâà �Âîëíîâîå óðàâ-
íåíèå äëÿ íåîäíîðîäíîé ñðåäû� [1], îïóáëèêîâàííàÿ â Òðóäàõ Ñåéñìîëîãè÷åñêîãî
èíñòèòóòà. Â íåé ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ ñ ïå-
ðåìåííûì êîýôôèöèåíòîì

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
=

1

c2(x, y, z)

∂2u

∂t2
(1)

è íà÷àëüíûìè óñëîâèÿìè ïðè t = 0.
Â ðàáîòå [1] ïðåäëàãàåòñÿ ìåòîä ðåøåíèÿ ýòîé çàäà÷è, îñíîâàííûé íà ñâåäåíèè

åå ê èíòåãðàëüíîìó óðàâíåíèþ ñëåäóþùåãî âèäà

u(M0, t) =
1

4π

∫∫∫
Pt

u(M, t− τ(M ;M0))△σ(M ;M0) dv + F (M0, t), (2)

ãäå M = (x, y, z); F (M0, t) � èíòåãðàë ïî êâàçèñôåðå St = {τ(M ;M0) = t} ñ öåí-
òðîì M0 = (x0, y0, z0) è ðàäèóñîì t, à ïîäûíòåãðàëüíûå ôóíêöèè îïðåäåëÿþòñÿ
íà÷àëüíûìè äàííûìè çàäà÷è Êîøè; τ(M ;M0) � ðåøåíèå óðàâíåíèÿ ýéêîíàëà

τ2x + τ2y + τ2z =
1

c2(x, y, z)
;

Pt � îáëàñòü òðåõìåðíîãî ïðîñòðàíñòâà, îãðàíè÷åííàÿ ïîâåðõíîñòüþ St;
σ(M ;M0) � ñïåöèàëüíî ïîñòðîåííàÿ ãëàäêàÿ ôóíêöèÿ.

Ðàçðåøèìîñòü óðàâíåíèÿ (2) óñòàíàâëèâàåòñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðè-
áëèæåíèé. Îòñþäà ïîëó÷àåòñÿ ôîðìóëà ðåøåíèÿ çàäà÷è Êîøè äëÿ âîëíîâîãî
óðàâíåíèÿ (1), êîòîðàÿ â ëèòåðàòóðå íàçûâàåòñÿ ôîðìóëîé Êèðõãîôà � Ñîáîëå-
âà.

Â ÷àñòíîì ñëó÷àå c(x, y, z) ≡ c0 èìååì

τ(M ;M0) =
|M −M0|

c0
, σ(M ;M0) =

1

|M −M0|
.

Òîãäà △σ(M ;M0) = 0 ïðè M ̸=M0, è (2) ïðåîáðàçóåòñÿ â ôîðìóëó Êèðõãîôà

u(M0, t) = F (M0, t).

Çàìå÷àíèå. Â ðàáîòå [2] ïðåäëîæåííûé ïîäõîä Ñ.Ë. Ñîáîëåâ ïðèìåíèë ê
ïîñòðîåíèþ ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ (1) ñ íà÷àëüíûìè óñëîâèÿìè,
çàäàííûìè íà ïðîñòðàíñòâåííî îðèåíòèðîâàííîé ïîâåðõíîñòè t = T (M).

Ðàáîòû [1, 2] ñì. òàêæå â êíèãå [3].
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Ñäåëàíî îáîáùåíèå (âàðèàíò) êëàññè÷åñêîé ñõåìû Ãîäóíîâà [1], êîòîðàÿ ñî-
ñòîÿëà èç îïèñàíèÿ âçàèìîäåéñòâèÿ ñîñåäíèõ ñåòî÷íûõ ÿ÷ååê ïðè ïîìîùè íåëè-
íåéíûõ èòåðàöèîííûõ ïðîöåäóð, ïðåäëîæåííûõ Êî÷èíûì â 1926 ãîäó è îïèñàí-
íûõ â ðàáîòå [2]. Ýòà ñõåìà è å¼ îáîáùåíèå ïîëó÷èëè øèðîêîå ðàñïðîñòðàíåíèå
è âèäîèçìåíåíèå.

Íîâàÿ ñõåìà íå èñïîëüçóåò íåëèíåéíûõ ðàñïàäîâ. Ïðåäëîæåííûé âàðèàíò ñî-
ñòîèò èç óïðîùåííîãî àëãîðèòìà. Îí ñîáëþäàåò íåëèíåéíûå çàêîíû ñîõðàíå-
íèÿ, îäíàêî îñíîâàí íà ëèíåéíîé èíòåðïîëÿöèè îïðåäåëÿþùèõ ïàðàìåòðîâ èç
ñîñåäíèõ ÿ÷ååê ðàçíîñòíîé ñåòêè íà ãðàíèöó, ðàçäåëÿþùóþ ýòè ÿ÷åéêè. Ñòîèò
îòìåòèòü, ÷òî òåêóùàÿ ëèíåàðèçàöèÿ îòëè÷àåòñÿ îò ðàíåå ïðåäëîæåííûõ ëèíåà-
ðèçàöèé ñõåìû Ãîäóíîâà.

Ïðåäëîæåííàÿ êîíñòðóêöèÿ îáåñïå÷èâàåò íåòðèâèàëüíîå ïîâåäåíèå ýíòðîïèè
â âèäå åå íåóáûâàíèÿ â ÿ÷åéêàõ ñåòêè, ìîäåëèðóþùèõ óäàðíûå âîëíû. Ìîæíî
ñ÷èòàòü, ÷òî ïîëó÷àåìûå ïî äàííîìó âàðèàíòó ñõåìû ÷èñëåííûå ðåøåíèÿ óðàâ-
íåíèé ãàçîâîé äèíàìèêè ÿâëÿþòñÿ ñåòî÷íîé àïïðîêñèìàöèåé �îáîáùåííûõ� ðå-
øåíèé ñîîòâåòñòâóþùèõ óðàâíåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÍÔ (ñîãëàøåíèå � 17-11-01293) è ÐÔÔÈ (ïðîåêò

� 17-01-00812).
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Äîêëàä ïîñâÿùåí îáçîðó ðåçóëüòàòîâ ïî òîïîëîãè÷åñêîé êëàññèôèêàöèè
ñòðóêòóðíî óñòîé÷èâûõ äèñêðåòíûõ äèíàìè÷åñêèõ ñèñòåì (êàñêàäîâ) íà ìíîãî-
îáðàçèÿõ. Ïåðâûé êëàññèôèêàöèîííûé ðåçóëüòàò òàêîãî ðîäà ïðèíàäëåæèò íè-
æåãîðîäñêîìó ìàòåìàòèêó À. Ã. Ìàéåðó, ïîëó÷èâøåìó â 1939 ãîäó òîïîëîãè÷å-
ñêóþ êëàññèôèêàöèè ãðóáûõ äèôôåîìîðôèçìîâ îêðóæíîñòè. Áëàãîäàðÿ êëàññè-
÷åñêèì ðàáîòàì Ä.Â. Àíîñîâà è Ñ. Ñìåéëà íà÷àëà 60-õ ãîäîâ ïðîøëîãî âåêà ñòà-
ëî ïîíÿòíûì, ÷òî ñòðóêòóðíî óñòîé÷èâûå êàñêàäû, çàäàííûå íà ìíîãîîáðàçèÿõ
ðàçìåðíîñòè áîëüøåé åäèíèöû, ìîãóò îáëàäàòü ñ÷åòíûì ìíîæåñòâîì ñåäëîâûõ
ïåðèîäè÷åñêèõ îðáèò. Îäíîâðåìåííî Ñ. Ñìåéëîì áûë ââåäåí êëàññ ñòðóêòóðíî
óñòîé÷èâûõ êàñêàäîâ íà ìíîãîîáðàçèÿõ, íåáëóæäàþùåå ìíîæåñòâî êîòîðûõ ÿâ-
ëÿåòñÿ êîíå÷íûì. Òàêèå êàñêàäû ïîëó÷èëè íàçâàíèå êàñêàäîâ Ìîðñà � Ñìåéëà.
Îíè îáëàäàþò ðåãóëÿðíîé äèíàìèêîé â ïðîòèâîâåñ êàñêàäàì ñî ñ÷åòíûì ìíîæå-
ñòâîì ïåðèîäè÷åñêèõ îðáèò, îáëàäàþùèõ õàîòè÷åñêîé äèíàìèêîé. Â äàëüíåéøåì
êëàññèôèêàöèÿ êàñêàäîâ ñ êîíå÷íûì è ñ÷åòíûì ìíîæåñòâîì ïåðèîäè÷åñêèõ îð-
áèò ïðîèñõîäèò ïàðàëëåëüíî, ñáëèæàÿñü, êîãäà óäàåòñÿ êëàññèôèöèðîâàòü ñîäåð-
æàòåëüíûå êëàññû ñòðóêòóðíî óñòîé÷èâûõ êàñêàäîâ, îáëàäàþùèõ õàîòè÷åñêîé
äèíàìèêîé íà áàçèñíûõ ìíîæåñòâàõ è îáëàäàþùèõ ðåãóëÿðíîé äèíàìèêîé âíå
èõ îáúåäèíåíèÿ. Íàèáîëåå çàêîí÷åííûå ðåçóëüòàòû áûëè ïîëó÷åíû ïî êëàññè-
ôèêàöèè êàñêàäîâ Àíîñîâà â ïðåäïîëîæåíèè, ÷òî ðàçìåðíîñòü ñæèìàþùåãîñÿ
èëè ðàñøèðÿþùåãîñÿ ïîäðàññëîåíèÿ êàñàòåëüíîãî ïðîñòðàíñòâà ðàâíà 1. Òàê â
ðàáîòàõ êîíöà 60-õ è íà÷àëà 70-õ ãîäîâ ïðîøëîãî âåêà ß. Ã. Ñèíàÿ, Äæ. Ôðåíêñà,
Ø. Íüþõàóñà è Ý. Ìýíèíãà óñòàíîâëåíî, ÷òî â ýòîì ñëó÷àå íåñóùåå ìíîãîîáðàçèå
ãîìåîìîðôíî òîðó, à ëþáîé äèôôåîìîðôèçì Àíîñîâà òîïîëîãè÷åñêè ñîïðÿæåí ñ
ñîîòâåòñòâóþùèì ãèïåðáîëè÷åñêèì àâòîìîðôèçìîì òîðà. Ïîçäíåå àíàëîãè÷íûé
ðåçóëüòàò ïîëó÷åí Â. Ç. Ãðèíåñîì è Å.Â. Æóæîìîé â ñëó÷àå, êîãäà íåáëóæäàþ-
ùåå ìíîæåñòâî ñòðóêòóðíî óñòîé÷èâîãî äèôôåîìîðôèçìà ñîäåðæèò îðèåíòèðó-
åìûé àòòðàêòîð èëè ðåïåëëåð êîðàçìåðíîñòè îäèí. Ïðè ýòîì â êà÷åñòâå ìîäåëü-
íîãî äèôôåîìîðôèçìà âûñòóïàåò äèôôåîìîðôèçì òîðà, ïîëó÷åííûé èç àëãåá-
ðàè÷åñêîãî àâòîìîðôèçìà òîðà ïîñðåäñòâîì õèðóðãè÷åñêîé îïåðàöèè Ñ. Ñìåéëà.

Â ðàáîòàõ Â. Ç. Ãðèíåñà, Þ.À. Ëåâ÷åíêî, Â.Ñ. Ìåäâåäåâà è Î.Â. Ïî÷èí-
êè (2012�2015) ïîëó÷åíà òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ñòðóêòóðíî óñòîé÷èâûõ
êàñêàäîâ òðåõìåðíûõ ìíîãîîáðàçèé, íåáëóæäàþùåå ìíîæåñòâî êîòîðûõ ñîñòîèò
èç äâóìåðíûõ áàçèñíûõ ìíîæåñòâ.

Â ðàáîòàõ Õ. Áîíàòòè è Í. Ãåëüìàí (2010) ïðèâåäåíû ïðèìåðû òðåõìåð-
íûõ ìíîãîîáðàçèé, äîïóñêàþùèõ ñòðóêòóðíî óñòîé÷èâûå êàñêàäû, íåáëóæäàþ-
ùåå ìíîæåñòâî êîòîðûõ ñîñòîèò â òî÷íîñòè èç îäíîãî îäíîìåðíîãî àòòðàêòîðà
è â òî÷íîñòè îäíîãî îäíîìåðíîãî ðåïåëëåðà. Îäíàêî âîïðîñ î êëàññèôèêàöèè
òàêèõ êàñêàäîâ îñòàåòñÿ îòêðûòûì.

Â äîêëàäå áóäåò òàêæå îòðàæåí çíà÷èòåëüíûé ïðîãðåññ, äîñòèãíóòûé ê íà-
ñòîÿùåìó âðåìåíè â òîïîëîãè÷åñêîé êëàññèôèêàöèè êàñêàäîâ Ìîðñà � Ñìåéëà
íà ìíîãîîáðàçèÿõ ðàçìåðíîñòè áîëüøåé åäèíèöå.

Äîêëàä ïîäãîòîâëåí ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 17-11-

01041).
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Èçó÷åíèå êîððåêòíûõ êðàåâûõ çàäà÷ è èõ ñïåêòðàëüíûõ âîïðîñîâ äëÿ êëàñ-
ñè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðåäñòàâëÿåò áîëüøîé òåîðåòè÷åñêèé è
ïðèêëàäíîé èíòåðåñ. Îñîáåííî òàêîå íàïðàâëåíèå äîñòàòî÷íî õîðîøî ðàçâèòî
äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé, êîòîðûå ÿâëÿþòñÿ íåïîñðåäñòâåííûì àíàëîãîì
óðàâíåíèÿ Øòóðìà � Ëèóâèëëÿ, äëÿ êîòîðîãî ðàçâèòû ìíîãî÷èñëåííûå ìåòîäû
èññëåäîâàíèé. Â òî æå âðåìÿ, ýôôåêòèâíîå îïèñàíèå îáùèõ ðåãóëÿðíûõ êðàåâûõ
çàäà÷ è ïîëíîòà êîðíåâûõ âåêòîðîâ ýòèõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé
îñòàþòñÿ ìàëîèññëåäîâàííûìè.

Îïèñàíèþ ðåãóëÿðíûõ êðàåâûõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé ïîñâÿ-
ùåíû îñíîâîïîëàãàþùèå ðàáîòû Ì.È. Âèøèêà [1] è Ì. Îòåëáàåâà [2]. Â ðàáî-
òå Ì.È. Âèøèêà äëÿ îáùèõ ýëëèïòè÷åñêèõ óðàâíåíèé ïîñòðîåíî îïèñàíèå âñåõ
êîððåêòíûõ êðàåâûõ çàäà÷ ìåòîäîì êîððåêòíûõ ðàñøèðåíèé ìèíèìàëüíûõ ýë-
ëèïòè÷åñêèõ îïåðàòîðîâ, à â ðàáîòå Ì. Îòåëáàåâà äàíî îïèñàíèå âñåõ êîððåêò-
íûõ ðàñøèðåíèé è ñóæåíèé ëèíåéíûõ îïåðàòîðîâ. Âàæíûé êëàññ êîððåêòíûõ,
íî íå êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà âïåðâûå íà÷àëè èçó-
÷àòü À.Â. Áèöàäçå è À.À. Ñàìàðñêèé [3], çàäà÷è òàêîãî òèïà â íàñòîÿùåå âðåìÿ
íàçûâàþò çàäà÷àìè òèïà Áèöàäçå � Ñàìàðñêîãî.

Íàèáîëåå îáùèé ïîäõîä äëÿ èçó÷åíèÿ ïîëíîòû êîðíåâûõ âåêòîðîâ îáùèõ ëè-
íåéíûõ îïåðàòîðîâ ðàçðàáîòàí Ì.Â. Êåëäûøåì [4], êîòîðûé íîñèò íàçâàíèå ìå-
òîä îöåíêè ðåçîëüâåíòû ëèíåéíûõ îïåðàòîðîâ.

Â íàñòîÿùåé ðàáîòå, ïîëüçóÿñü ãðàíè÷íûìè óñëîâèÿìè Íüþòîíîâà ïîòåíöè-
àëà èç ðàáîòû Ò.Ø. Êàëüìåíîâà è Ä. Ñóðàãàíà [5] è ìåòîäîì ðåãóëÿðíûõ ðàñ-
øèðåíèé ëèíåéíûõ îïåðàòîðîâ, ïîëó÷åíî ïðåäñòàâëåíèå ðåøåíèÿ êîýðöèòèâíûõ
ðåãóëÿðíûõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Ëàïëàñà â âèäå îáîáùåííîé ñâåðòêè.
Äàëåå, èñïîëüçóÿ ñîáñòâåííûå âåêòîðà Íüþòîíîâà ïîòåíöèàëà, ìåòîäîì îöåíêè
ðåçîëüâåíòû äîêàçàíà ïîëíîòà êîðíåâûõ âåêòîðîâ ðàññìàòðèâàåìûõ çàäà÷.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîåêòîâ (AP05133239, AP05134615, BR05236656)

Êîìèòåòà Íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí.
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Ðàññìîòðèì ñëåäóþùèé êëàññ óðàâíåíèé

ẋ(t) = a0x(t)−
n∑

k=1

akx(t− rk(t)), t > 0, (1)

ãäå a0 ∈ R, ak ≥ 0, k = 1, . . . , n.
Ñåìåéñòâîì (1) áóäåì íàçûâàòü ìíîæåñòâî âñåõ óðàâíåíèé âèäà (1) ñ ôèê-

ñèðîâàííûì íàáîðîì ïàðàìåòðîâ a0, a1, . . . , an, ω1, ω2, . . . , ωn è âñåâîçìîæíûìè
èçìåðèìûìè ôóíêöèÿìè rk, óäîâëåòâîðÿþùèìè óñëîâèÿì 0 ≤ rk(t) ≤ ωk. Ñåìåé-
ñòâî íàçûâàåòñÿ óñòîé÷èâûì (ñîîòâåòñòâåííî, àñèìïòîòè÷åñêè óñòîé÷èâûì),
åñëè óñòîé÷èâû (àñèìïòîòè÷åñêè óñòîé÷èâû) âñå âõîäÿùèå â íåãî óðàâíåíèÿ.

Ïóñòü â óðàâíåíèè (1) ôèêñèðîâàí íàáîð êîýôôèöèåíòîâ a0, a1, . . . , an è ãðà-
íèö çàïàçäûâàíèé ω1, ω2, . . . , ωn. Ïîñòàâèì â ñîîòâåòñòâèå óðàâíåíèþ (1) ñëåäó-
þùåå óðàâíåíèå (test-óðàâíåíèå)

ẏ(t) = a0y(t)−
n∑

k=1

aky(t− ωk), t > 0, (2)

äîîïðåäåëåííîå íà÷àëüíûìè óñëîâèÿìè y(ξ) = 1 ïðè ξ ≤ 0.
Îáîçíà÷èì l = inf{t ≥ 0 : ẏ > 0}�ïåðâóþ òî÷êó ìèíèìóìà ðåøåíèÿ óðàâ-

íåíèÿ (2). Ñëó÷àé l = ∞ íå èñêëþ÷àåòñÿ: îí ñîîòâåòñòâóåò ñèòóàöèè, êîãäà y
ìîíîòîííî óáûâàåò íà [0,∞).

Â ðàáîòå [1] ïîëó÷åíû ýôôåêòèâíûå óñëîâèÿ, ïîçâîëÿþùèå ðàçäåëèòü ñëó÷àè
l = ∞ è l < ∞. Îòìåòèì, ÷òî ñèòóàöèÿ l = ∞ ãàðàíòèðóåò íå ïðîñòî óñòîé÷è-
âîñòü, íî ïîëîæèòåëüíîñòü è ìîíîòîííîñòü ôóíäàìåíòàëüíîãî ðåøåíèÿ ëþáîãî
óðàâíåíèÿ ñåìåéñòâà (2). Äëÿ ñèòóàöèè l < ∞ çàäà÷à óñòîé÷èâîñòè ñâîäèòñÿ
ê ïîñòðîåíèþ ðåøåíèÿ test-óðàâíåíèÿ íà êîíå÷íîì îòðåçêå è ñðàâíåíèþ ÷èñëà
y(l) ñ (−1). Ýòà çàäà÷à ëåãêî ðåøàåòñÿ ÷èñëåííûìè ìåòîäàìè, à äëÿ ïðîñòûõ
êëàññîâ test-óðàâíåíèé óäàåòñÿ äàòü åå àíàëèòè÷åñêîå ðåøåíèå: â ðàáîòå [2] ýòî
ñäåëàíî äëÿ óðàâíåíèÿ ẏ(t) = a0y(t) − a1y(t − ω1), â ðàáîòå [3] � äëÿ óðàâíåíèÿ
ẏ(t) = −a1y(t− ω1)− a2y(t− ω2).
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HIERARCHY OF COMPLEX MODEL OPERATORS �
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PARTIAL DIFFERENTIAL EQUATIONS
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The basic complex PDE is the Cauchy�Riemann equation ∂zw = f, which for
the homogeneous case characterizes the analytic functions. The Bitsadze equation
∂2zw = f is related to bianalytic, as ∂nz w = f is to polyanalytic functions. One reason
for the importance of complex analysis is the factorization of the Laplace operator
4∂z∂z = ∂2x + ∂2y . As the Poisson equation ∂z∂zw = f is related to the harmonic
functions, the n-Poisson equation (∂z∂z)

nw = f is to polyharmonic functions.
The general model equation ∂mz ∂

n
z w = f [10] can be decomposed into the system

∂n−m
z w = ω, (∂z∂z)

mω = f (m < n). Potential to a model operator serves to
transform general PDEs with the model operator as leading term into a singular
integral equation. This then can be treated via the Fredholm alternative [3].

Certain potentials adjusted to particular boundary conditions are essential for
solving boundary value problems. For the polyanalytic operator ∂nz a well-posed
boundary condition is the Schwarz condition. The polyanalytic Schwarz kernel is ex-
plicitly known for the unit disc [11] and for any plane domain with a harmonic Green
function [2]. For the n-Laplacian (∂z∂z)

n a variety of proper boundary conditions and
related kernels exist. Besides the well-known Dirichlet, Neumann, Riquier (Navier),
Robin boundary conditions with the related polyharmonic Green, Neumann, Green�
Almansi, Robin kernel functions [1, 14] there are hybrid polyharmonic Green function
[9, 13] corresponding to related boundary conditions, which arise as certain convo-
lutions of lower order polyharmonic kernels of the listed types. Hence, the variety
of such polyharmonic kernels is large, the bigger the degree of polyharmonicity the
larger is this variety.

The existence of Green functions is assured for quite general domains [4, 8]. They
are in principal known by their conformal invariance. For practical problems other
methods are required. For certain domains the boundaries of which are composed
from parts of circles and lines the parqueting-re�ection principle [12] is available.

Polyharmonic Green functions are also appropriate for orthogonal decompositions
of Sobolev spaces [5�7].
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The integral representation of functions and embedding theorems for generalized
homogeneous spaces (see [1]) are generalized in the paper for multi-homogeneous
spaces (see [2�3]).

For any parameter ν > 0 and a natural number k denote

P (ν, ξ) =
(
νξα

1
)2k

+ · · ·+
(
νξα

n
)2k

+
(
νξα

n+1
)2k

, G0(ν, ξ) = e−P (ν,ξ),

G1,j(ν, ξ) = 2k
(
νξα

j
)2k−1

e−P (ν,ξ), j = 1, . . . , n+ 1.

For any function f consider the regularization with the kernel Ĝ0(t, ν):

fν(x) =
1

(2π)
n/2

∫
Rn

f(t)Ĝ0(t− x, ν)dt.

The following integral representation holds.
Theorem 1. Let the function f have the Sobolev weak derivatives Dαi

f , i =
1, . . . , n + 1, where αi are the vertices of the completely regular polyhedron N and

Dαi

f ∈ Lp(Rn), 1 ≤ p < ∞, i = 1, . . . , n + 1. Then for almost all x ∈ Rn it has the

representation

f(x) = fh(x) + lim
ε→0

n+1∑
i=1

1

(2π)
n/2

∫ h

ε

dν

∫
Rn

Dαi

f(t)Ĝ1,i(t− x, ν)dt.

Let N be a completely regular polyhedron, then WN
p (Rn) = {f : f ∈ Lp (Rn) ,

Dαi

f ∈ Lp (Rn) , i = 1, . . . ,M}. The main result of this paper is the following
boundary embedding theorem for functions from a multianisotropic space WN

p (Rn),
p > 1.

Theorem 2. Let the numbers p and q satisfy the relations 1 < p ≤ q <∞ and a

multi-index β = (β1, . . . , βn) is such that

χ = max
i=1,...,In−1

((
β, µi

)
+
∣∣µi
∣∣ (1

p
− 1

q

))
≤ 1.

Then DβWN
p (Rn) ↪→ Lq(Rn), i.e., any function f ∈ WN

p (Rn) has weak derivatives

Dβf , belonging to the class Lq(Rn), and for some constants C1, C2 > 0 inequality

holds ∥∥Dβf
∥∥
Lq(Rn)

≤ C1

M∑
i=1

∥∥∥Dαi

f
∥∥∥
Lp(Rn)

+ C2∥f∥Lp(Rn).
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The talk is concerned with an identi�cation of a rigidity parameter for thin
inclusions located inside elastic bodies. It is assumed that inclusions cross an external
boundary of the elastic body. In addition to this, a delamination of the inclusions is
assumed thus providing a crack between inclusions and the elastic body. To exclude
a mutual penetration between crack faces, inequality type boundary conditions are
imposed. We consider elastic inclusions as well as rigid and rigid-elastic inclusions.
To �nd a solution of the problem formulated, we solve an optimal control problem. A
cost functional characterizes a displacement of the external part of the inclusion, and
a rigidity parameter serves as a control function. We prove a solution existence of the
problems formulated [1].
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University of Szeged, Szeged, Hungary; krisztin@math.u-szeged.hu

We study the classical Mackey�Glass delay di�erential equation

x′(t) = −ax(t) + bfn(x(t− 1)),

where a, b, n are positive reals, and fn(u) =
u

1+un for u > 0. As a limiting (n→∞)
case we also consider the discontinuous equation

x′(t) = −ax(t) + bf(x(t− 1)),

where f(u) = u for u ∈ (0, 1), f(1) = 1/2, and f(u) = 0 for u > 1. First, for certain
parameter values a, b an orbitally asymptotically stable periodic orbit is constructed
for the discontinuous equation. Then it is shown that for large values of n and with the
same parameters a, b the Mackey�Glass equation also has an orbitally asymptotically
stable periodic orbit near the periodic orbit of the discontinuous equation.

It is usual to project a given solution x of the Mackey�Glass equation by t 7→
(x(t), (x(t− 1))) into the plane. The complex structure of the obtained plane curves
are used to conclude complicated (chaotic) dynamics.

The structure of the obtained stable periodic solutions and their projections into
the plane can also be complex. However, as these periodic solutions are orbitally
asymptotically stable, the dynamics can be simple.

This is the joint work with G. Kiss and A. Vigh (Szeged).
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WEYL TYPE ASYMPTOTICS AND BOUNDS FOR
THE EIGENVALUES OF FUNCTIONAL-DIFFERENCE

OPERATORS FOR MIRROR CURVES

Laptev A.

Imperial College London, London, United Kingdom; a.laptev@imperial.ac.uk

We investigate Weyl type asymptotics of functional-di�erence operators associated
to mirror curves of special del Pezzo Calabi�Yau threefolds. These operators are
H(ζ) = U + U−1 + V + ζV −1 and Hm,n = U + V + q−mnU−mV −n, where U and

V are self-adjoint Weyl operators satisfying UV = q2V U with q = eiπb
2

, b > 0 and
ζ > 0, m,n ∈ N. We prove that H(ζ) and Hm,n are self-adjoint operators with
purely discrete spectrum on L2(R). Using the coherent state transform we �nd the
asymptotical behaviour for the Riesz mean

∑
j≥1(λ− λj)+ as λ→∞ and prove the

Weyl law for the eigenvalue counting function N(λ) for these operators, which imply
that their inverses are of trace class.

We also show some other spectral inequalities related to such operators.
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MATHEMATICAL MODELS FOR NUTRIENT
TRANSPORT AND BIOLOGICAL TISSUE GROWTH

Meirmanov A.M.1, Galtsev O.V.2

Belgorod National Research University, Belgorod, Russia;
1anvarbek@list.ru, 2oleg_galtsev@mail.ru

Free boundary problems (problems with unknown boundaries) for di�erential
equations are some of the hardest problems in the theory of partial di�erential equa-
tions. In these problems, along with the solution of di�erential equations, it is neces-
sary to determine the domain, where the solution is looked for. As a rule, this
domain (boundary) is determined from the additional boundary condition on the free
boundary. There are well known free boundary problems like the Stefan problem and
the Hele�Show problem [1], [2], respectively, for the heat equation and the Laplace
equation. These problems are simply formulated, but so far the existence of a classical
solution has been proved only locally in time (except for some simple cases). As for
systems of di�erential equations we must mention results of V.A. Solonnikov and his
colleagues on the free boundaries problems for the Navier�Stokes equations [3] and
A. Friedman [4]. But, as in the case of scalar equations, one can prove here only the
existence of a classical solution locally in time. The problem in consideration simulates
the growth of biological tissue in a nutrient medium and describes a porous structure,
in which a solid skeleton interacts with a �uid in the pores [5]. The corresponding
mathematical model at the microscopic level is strongly nonlinear and its correctness,
if it will be proved, should be only locally in time. But if we are dealing with practical
applications in biology, then local results on time have no signi�cance. Moreover,
mathematical models describing these processes at the microscopic level (tens of
microns) have no practical value either if the areas in consideration are some meters.
So, we must �nd some approximations which allow us to pass from microstructure
to macrostructure. But the usual homogenization methods work only for the periodic
structure, which is impossible for our model because the concentration of the nutrient
is not periodic. Anyway, the formal homogenization is possible and we can derive the
macroscopic (homogenized) model. We suggest the procedure, that allows to construct

approximate solutions depending on the small parameter ε =
l

L
, where l is the average

size of the particles and L is the size of the domain in consideration. We prove that
the limiting procedure as ε → 0 results the same limit (macroscopic models) as for
the formal homogenization.

This research is partially supported by RFBR (project no. 18-31-00042).

REFERENCES

1. Meirmanov A.M., The Stefan Problem, De Gruyter, Berlin (1992).

2. Meirmanov A.M., Galtsev O.V., Zimin R.N., Free Boundaries in Rock Mechanics,
De Gruyter, Berlin (2017).

3. Solonnikov V.A., �Lectures on evolution free boundary problems: classical solutions,� in:
Mathematical Aspects of Evolving Interfaces, Springer, Berlin, 2003, pp. 123�175 (Lect.
Notes Math., vol. 1812).

4. Friedman A., �A free boundary problem for coupled system of elliptic, hyperbolic and
Stokes equations modeling tumor growth,� Interfaces Free Bound., 8, 247�261 (2006).

5. O'Dea R.D., Nelson M.R., El Haj A. J., Waters S. L., Byrne H.M., �A multiscale analysis
of nutrient transport and biological tissue growth in vitro,� Math. Med. Biol., 32, No. 3,
345�366 (2015).

41



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

SOME INEQUALITIES FOR FRACTIONAL LAPLACIANS

Nazarov A. I.

St. Petersburg Department of Steklov Mathematical Institute RAS,

St. Petersburg University, St. Petersburg, Russia; al.il.nazarov@gmail.com

Let Ω be a bounded domain with smooth boundary. We compare two natural
types of fractional Laplacians (−∆)s, namely, the �Navier� and the �Dirichlet� ones.
We denote their quadratic forms by QN

s,Ω and QD
s,Ω, respectively.

Theorem 1. Let s > −1, s /∈ N0. Then for u ∈ Dom(QD
s,Ω), u ̸≡ 0, the following

relations hold:

QN
s,Ω[u] > QD

s,Ω[u], if 2k < s < 2k + 1, k ∈ N0;

QN
s,Ω[u] < QD

s,Ω[u], if 2k − 1 < s < 2k, k ∈ N0.

Theorem 2. Let 0 < |s| < 1, and let u ∈ Dom(QD
s,Ω), u ≥ 0, u ̸≡ 0. Then the

following relations hold (all inequalities are understood in the sense of distributions):

(−∆Ω)
s
Nu > (−∆Ω)

s
Du, if 0 < s < 1;

(−∆Ω)
s
Nu < (−∆Ω)

s
Du, if −1 < s < 0.

Theorem 3. For sign-changing u ∈ Dom(QD
s,Ω), the following relations hold:

QN
s,Ω[u] > QN

s,Ω[|u|]; QD
s,Ω[u] > QD

s,Ω[|u|], if 0 < s < 1;

QD
s,Ω[u] < QD

s,Ω[|u|], if 1 < s < 3/2.

This talk is based on joint papers with Roberta Musina, see [1�3].
The author was supported by the Russian Foundation for Basic Research (project no. 17-

01-00678).
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THE KATO SQUARE ROOT CONJECTURE FOR
ELLIPTIC FUNCTIONAL-DIFFERENTIAL OPERATORS

Skubachevskii A. L.

RUDN University, Moscow, Russia; skub@lector.ru

In 1961, T.Kato has formulated the following problem: �Is it true that the domain
of square root from regular accretive operator is equal to the domain of square root
from adjoint operator?� Su�cient conditions for ful�lment of the Kato conjecture
were studied by T.Kato, J. Lions and others. J. Lions has proved that strongly elliptic
di�erential operators of 2m order with smooth coe�cients and homogeneous Dirichlet
conditions on a smooth boundary satisfy the Kato conjecture. For strongly elliptic
di�erential operators of 2m order with measurable bounded coe�cients corresponding
result was obtained by P.Auscher, S.Hofman, A.McIntosh, and P.Tchamitchian. The
Kato conjecture for strongly elliptic functional-di�erential equations was proved in [1].
In this lecture we consider elliptic di�erential-di�erence equations with degeneration.
We shall prove that these operators satisfy the Kato conjecture [2].

The publication has been prepared with the support of the �RUDN University Program
5-100� and the Russian Foundation for Basic Research (project no. 17-01-00401).

The author was supported by the Russian Foundation for Basic Research (project no. 16-

01-00450).
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CHARACTERIZATION OF ASSOCIATE
FUNCTION SPACES

Stepanov V.D.

Steklov Mathematical Institute RAS, Moscow, Russia; stepanov@mi.ras.ru

We analyse the problem of characterization of function spaces associated to a given
function spaces or cones. The situation is rather di�erent for an ideal, that is with
lattice property, and non-ideal function spaces. Namely, the notion of associate norm
bifurcates for a non-ideal space. We provide several examples of such a characterization
including the weighted Sobolev space of the �rst order on the real line. The talk is
based on the publications [1�5].

The author was supported by the Russian Scienti�c Fund (projects no. 14-01-00443 and

no. 16-01-02004).
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ÇÀÄÀ×À ÒÈÏÀ ÊÎØÈ ÄËß
ÂÛÐÎÆÄÅÍÍÎÃÎ ÝÂÎËÞÖÈÎÍÍÎÃÎ ÓÐÀÂÍÅÍÈß

Ñ ÏÐÎÈÇÂÎÄÍÎÉ ÐÈÌÀÍÀ � ËÈÓÂÈËËß

Àâèëîâè÷ À.Ñ.1, Ôåäîðîâ Â. Å.2

×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê, Ðîññèÿ;
1avilovich_aas@bk.ru, 2kar@csu.ru

Ïóñòü X, Y � áàíàõîâû ïðîñòðàíñòâà, ëèíåéíûå çàìêíóòûå îïåðàòîðû
L : DL → Y, M : DM → Y ïëîòíî îïðåäåëåíû â X, kerL ̸= {0}. Îáîçíà÷èì ÷åðåç
ρL(M) ìíîæåñòâî òàêèõ µ ∈ C, ÷òî îïåðàòîð µL −M : DL ∩DM → Y îáðàòèì,
îïåðàòîð RL

µ (M) := (µL−M)−1L íåïðåðûâåí íà X, à LL
µ(M) := L(µL−M)−1 �

íà Y. Îáîçíà÷èì ÷åðåç L1 (M1) ñóæåíèå îïåðàòîðà L (M) íà çàìûêàíèå îáðàçà
im(µL−M)−1L ïðè µ ∈ ρL(M).

Ðàññìîòðèì óðàâíåíèå

Dα
t Lx(t) =Mx(t), t ≥ 0. (1)

Ôóíêöèÿ x : R+ → DM ∩DL, äëÿ êîòîðîé gm−α ∗ x ∈ Cm−1(R+;X), gm−α ∗ Lx ∈
Cm(R+;Y), Mx ∈ C(R+;Y), íàçûâàåòñÿ ðåøåíèåì çàäà÷è òèïà Êîøè

Dα−m+k
t x(0) = xk, k = 0, 1, . . . ,m− 1, (2)

äëÿ óðàâíåíèÿ (2), åñëè äëÿ íåå âûïîëíÿþòñÿ ðàâåíñòâà (1), (2).
Ïî îïðåäåëåíèþ (L,M) ∈ Hα(a0, θ0) [1], åñëè
(i) ñóùåñòâóþò a0 ≥ 0 è θ0 ∈ (π/2, π), òàêèå, ÷òî äëÿ âñåõ λ ∈ Sa0,θ0 := {µ ∈

C : | arg(µ− a0)| < θ0, µ ̸= a0} âûïîëíÿåòñÿ âêëþ÷åíèå λα ∈ ρL(M);
(ii) ïðè ëþáûõ a > a0, θ ∈ (π/2, θ0) ñóùåñòâóåò òàêîå K = K(a, θ) > 0, ÷òî

äëÿ âñåõ µ ∈ Sa,θ

max{∥RL
µα(M)∥L(X), ∥LL

µα(M)∥L(Y)} ≤
K(a, θ)

|µα−1(µ− a)|
.

Òåîðåìà 1. Ïóñòü X, Y � ðåôëåêñèâíûå áàíàõîâû ïðîñòðàíñòâà, α ∈ (0, 2),
(L,M) ∈ Hα(a0, θ0), L1 ∈ L(X1;Y1) èëè M1 ∈ L(X1;Y1), xk ∈ DL−1

1 M1
, k =

0, . . . ,m − 1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1), (2), ïðè ýòîì
îíî èìååò âèä

x(t) =
m−1∑
k=0

1

2πi

∫
Γ

µm−k−1RL
µα(M)eµtdµxk. (3)

Òåîðåìà 2. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X è Y ðåôëåêñèâíû, α ∈ (0, 2),
(L,M) ∈ Hα(a0, θ0), L

−1
1 ∈ L(Y1;X1) èëè M−1

1 ∈ L(Y1;X1), xk ∈ DL1 ∩ DM1 ,
k = 0, . . . ,m − 1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1), (2), ïðè
ýòîì îíî èìååò âèä (3).

ËÈÒÅÐÀÒÓÐÀ
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Î ÅÑÒÅÑÒÂÅÍÍÛÕ ÑÂÎÉÑÒÂÀÕ
ÓÐÀÂÍÅÍÈÉ ÍÀÂÜÅ � ÑÒÎÊÑÀ

Àêûø (Àêèøåâ) À.Ø.

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè,
Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; akysh41@mail.ru

Íåðåøåííûå ïðîáëåìû òåîðèè óðàâíåíèé Íàâüå � Ñòîêñà îäíîðîäíîé æèäêî-
ñòè ïðèâåäåíû â [1, 2] è äð.

Íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèé Íàâüå � Ñòîêñà [1] îòíîñèòåëüíî âåê-
òîðà ñêîðîñòè U = (U1, U2, U3) è äàâëåíèÿ P â îáëàñòè Q = (0, T ]×Ω èìååò âèä:

∂U

∂t
− µ∆U+ (U,∇)U+∇P = f(t,x), divU = 0, (1a)

U(0,x) = Φ(x), U(t,x)
∣∣
x∈∂Ω

= 0, (1b)

ãäå x ∈ Ω ⊂ R3; ∂Ω � ãðàíèöà îáëàñòè; t ∈ [0, T ], T <∞;

i) f ∈ L∞(0, T ;Lp(Ω)) ∩�J(Q); ii)Φ ∈ Lp(Ω) ∩W1
2,0(Ω) ∩�J(Ω), ∀p = 2m.

Èç ñâîéñòâ ðåøåíèé çàäà÷è (1) óñòàíîâëåíî ñîîòíîøåíèå ìåæäó äàâëåíèåì è

êâàäðàòîì ìîäóëÿ âåêòîðà ñêîðîñòè, ò. å. P = −
∣∣U∣∣2, íà îñíîâå êîòîðîãî äîêàçàíà

òåîðåìà.
Òåîðåìà. Åñëè âõîäíûå äàííûå çàäà÷è (1) óäîâëåòâîðÿþò òðåáîâàíèÿì i),

ii), òî äëÿ ðåøåíèé çàäà÷è (1) ñïðàâåäëèâà îöåíêà:

∥U∥L∞(Q) ≤ ∥Φ∥L∞(Ω) + T∥f∥L∞(Q), ∀T <∞. (2)

Îöåíêà (2) ïîçâîëÿåò íàéòè îòâåòû íà ìíîãèå ïðîáëåìíûå âîïðîñû, ñâÿçàí-
íûå ñ ðàçðåøèìîñòüþ çàäà÷è (1). Â âûáðàííûõ ïðîñòðàíñòâàõ äîêàçàíû åäèí-
ñòâåííîñòü ñëàáûõ è ñóùåñòâîâàíèå ñèëüíûõ ðåøåíèé çàäà÷è (1) â öåëîì ïî âðå-
ìåíè t ∈ [0, T ], ∀T <∞.

Êðîìå òîãî, îöåíêà (2) ïîäòâåðæäàåò ñïðàâåäëèâîñòü ïðèíöèïà ìàêñèìóìà
äëÿ (1a) è ïîëó÷åííûõ íà åãî îñíîâå ðåçóëüòàòîâ [3�6].
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ÂÛ×ÈÑËÅÍÈÅ ÎÏÒÈÌÀËÜÍÎÃÎ ÏÎ ÐÀÑÕÎÄÓ
ÐÅÑÓÐÑÀ ÓÏÐÀÂËÅÍÈß Â ÐÅÀËÜÍÎÌ ÂÐÅÌÅÍÈ

Àëåêñàíäðîâ Â.Ì.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; vladalex@math.nsc.ru

Ïóñòü óïðàâëÿåìûé îáúåêò îïèñûâàåòñÿ ëèíåéíûì äèôôåðåíöèàëüíûì óðàâ-
íåíèåì ẋ = A(t)x+B(t)u, x(t0) = x0, x0 ∈ D, ãäå u � m-ìåðíûé âåêòîð óïðàâëå-
íèÿ, êîìïîíåíòû êîòîðîãî ïîä÷èíåíû îãðàíè÷åíèÿì |uj | 6 Mj , j = 1,m. Ïðåä-
ïîëàãàåòñÿ, ÷òî ñèñòåìà ïîêîìïîíåíòíî ïîëíîñòüþ óïðàâëÿåìà è ïåðåâîäèìà â
çàäàííîå êîíå÷íîå ñîñòîÿíèå èç îãðàíè÷åííîé îáëàñòè íà÷àëüíûõ óñëîâèé D.

Çàäà÷à. Íàéòè â ðåàëüíîì âðåìåíè äîïóñòèìîå óïðàâëåíèå u0(t), ïåðåâî-
äÿùåå çà ôèêñèðîâàííîå âðåìÿ T = tk − t0 (ãäå T > T0) ñèñòåìó èç íà÷àëüíîãî
ñîñòîÿíèÿ x(t0) = x0 â êîíå÷íîå ñîñòîÿíèå x(tk) = xk è ìèíèìèçèðóþùåå ôóíêöè-

îíàë J(u) =
tk∫
t0

m∑
j=1

|uj(τ)|dτ . Çäåñü T0 � âðåìÿ îïòèìàëüíîãî ïî áûñòðîäåéñòâèþ

ïåðåâîäà ñèñòåìû.
Äëÿ ëèíåéíûõ ñèñòåì ñ îãðàíè÷åííûì óïðàâëåíèåì ïðåäëîæåí íîâûé ïîäõîä

ê ðåàëèçàöèè îïòèìàëüíîãî ïî ðàñõîäó ðåñóðñà óïðàâëåíèÿ â ðåàëüíîì âðåìå-
íè [1]. Îí îñíîâàí íà ðàçäåëåíèè âû÷èñëèòåëüíûõ çàòðàò íà ïðåäâàðèòåëüíûå
âû÷èñëåíèÿ è âû÷èñëåíèÿ â ïðîöåññå óïðàâëåíèÿ. Ïðåäâàðèòåëüíûå âû÷èñëå-
íèÿ íå çàâèñÿò îò êîíêðåòíîãî íà÷àëüíîãî óñëîâèÿ è îñíîâàíû íà àïïðîêñèìà-
öèè îáëàñòåé äîñòèæèìîñòè çà ðàçëè÷íûå âðåìåíà ñåìåéñòâîì ãèïåðïëîñêîñòåé.
Äàí ìåòîä ïîñòðîåíèÿ àïïðîêñèìèðóþùåé êîíñòðóêöèè è âûäåëåíèÿ îïîðíîé ãè-
ïåðïëîñêîñòè. Ïðåäëîæåí ìåòîä íàõîæäåíèÿ ïðèáëèæåííîãî çíà÷åíèÿ âðåìåíè
îïòèìàëüíîãî áûñòðîäåéñòâèÿ è êîððåêòíîãî çàäàíèÿ âðåìåíè ïåðåâîäà ñèñòå-
ìû â çàäà÷å ìèíèìèçàöèè ðàñõîäà ðåñóðñà. Ðàçðàáîòàí ñïîñîá çàäàíèÿ íà÷àëü-
íîãî ïðèáëèæåíèÿ äëÿ èòåðàöèîííîé ïðîöåäóðû âû÷èñëåíèÿ îïòèìàëüíîãî ïî
ðàñõîäó ðåñóðñà óïðàâëåíèÿ, îáëàäàþùåé ìàëûìè âû÷èñëèòåëüíûìè çàòðàòàìè.
Ïðèâåäåíû âû÷èñëèòåëüíûé àëãîðèòì, ðåçóëüòàòû ìîäåëèðîâàíèÿ è ÷èñëåííûõ
ðàñ÷åòîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00592).

ËÈÒÅÐÀÒÓÐÀ
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Â îãðàíè÷åííîé îáëàñòè Ω ⊂ R3 ñ ãðàíèöåé Σ, ñîñòîÿùåé èç äâóõ ÷àñòåé Στ

è Σν , ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ ñòàöèîíàðíûõ óðàâíåíèé ìàãíèòíîé
ãèäðîäèíàìèêè âÿçêîé íåñæèìàåìîé æèäêîñòè

ν∆u+ (u · ∇)u+∇p− ærotH×H = f , divu = 0 â Ω, (1)

ν1rotH−E+æH× u = ν1j, divH = 0, rotE = 0 â Ω, (2)

u|Στ = g, H · n|Στ = q, H× n|Σν = q, E× n|Στ = k. (3)

Çäåñü u � âåêòîð ñêîðîñòè, H � âåêòîð ìàãíèòíîãî ïîëÿ, E = E′/ρ0, p = P/ρ0,
ãäå E′ � ýëåêòðè÷åñêîå ïîëå, P � äàâëåíèå, ρ0 = const � ïëîòíîñòü æèäêîñòè,
æ = µ/ρ0, ν1 = 1/ρ0σ = æνm, ν è νm � ïîñòîÿííûå êîýôôèöèåíòû êèíåìàòè÷å-
ñêîé è ìàãíèòíîé âÿçêîñòè, σ � ïîñòîÿííàÿ ýëåêòðîïðîâîäíîñòü, µ � ïîñòîÿí-
íàÿ ìàãíèòíàÿ ïðîíèöàåìîñòü, n � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê Σ, j �
ïëîòíîñòü ñòîðîííèõ òîêîâ, f � îáúåìíàÿ ïëîòíîñòü âíåøíèõ ñèë, g,q, q è k �
ôóíêöèè, çàäàííûå íà ãðàíèöå Σ ëèáî íà ðàçíûõ ÷àñòÿõ Στ è Σν ãðàíèöû Σ.

Â ÷àñòíîì ñëó÷àå, êîãäà q = 0, q = 0 è k = 0, ãðàíè÷íûå óñëîâèÿ äëÿ ìàãíèò-
íîãî ïîëÿ â (3) îòâå÷àþò ñèòóàöèè, êîãäà ÷àñòü Στ ãðàíèöû Σ ÿâëÿåòñÿ èäåàëü-
íûì ïðîâîäíèêîì, òîãäà êàê äðóãàÿ ÷àñòü Σν ⊂ Σ ÿâëÿåòñÿ èäåàëüíûì äèýëåê-
òðèêîì. Ðàçðåøèìîñòü ñîîòâåòñòâóþùåé îäíîðîäíîé êðàåâîé çàäà÷è äîêàçàíà
â [1]. Ïîä÷åðêíåì, ÷òî îñíîâíàÿ òðóäíîñòü èññëåäîâàíèÿ çàäà÷è (1)�(3) ñâÿçàíà
ñ íåîäíîðîäíîñòüþ êðàåâûõ óñëîâèé äëÿ u,H è E â (3). Âñëåäñòâèå óêàçàííîé
íåîäíîðîäíîñòè èññëåäîâàíèþ åå ðàçðåøèìîñòè áóäåò ïðåäøåñòâîâàòü ïîñòðîå-
íèå ëèôòèíãîâ u0,H0 è E0 èç îïðåäåëåííûõ ôóíêöèîíàëüíûõ êëàññîâ, óäîâëå-
òâîðÿþùèõ ñîîòâåòñòâóþùèì ãðàíè÷íûì óñëîâèÿì â (3).

Êëþ÷åâàÿ èäåÿ ñîñòîèò â òîì, ÷òîáû ëèôòèíãH0 âûáèðàòü â ïîäïðîñòðàíñòâå
ïðîñòðàíñòâà H1/2(Ω)3, ñîñòîÿùåì èç ãàðìîíè÷åñêèõ âåêòîðíûõ ïîëåé. Îñíîâû-
âàÿñü íà óêàçàííîì âûáîðå ìàãíèòíîãî ëèôòèíãà H0, â ðàáîòå äîêàçûâàåòñÿ ãëî-
áàëüíàÿ ðàçðåøèìîñòü çàäà÷è (1)�(3), ëîêàëüíàÿ åäèíñòâåííîñòü åå ðåøåíèÿ è
èññëåäóþòñÿ äîïîëíèòåëüíûå ñâîéñòâà ðåøåíèÿ. Íåêîòîðûå äåòàëè äîêàçàòåëü-
ñòâà ìîæíî íàéòè â [2].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00365-a).

ËÈÒÅÐÀÒÓÐÀ
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2. Àëåêñååâ Ã.Â. Ñìåøàííûå êðàåâûå çàäà÷è äëÿ ñòàöèîíàðíûõ óðàâíåíèé ìàãíèòíîé
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Àëèìæàíîâ Å.Ñ.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ,
Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; aermek81@gmail.com

Ïóñòü Ω1 = (0, γ0), Ω2 = (γ0, b), 0 < γ0 < b, b > 0, ΩjT = Ωj × (0, T ), j =
1, 2, σT = (0, T ), χ(λ) � ãëàäêàÿ ñðåçàþùàÿ ôóíêöèÿ, ðàâíàÿ åäèíèöå, êîãäà

|λ| ≤ δ0, è íóëþ ïðè |λ| ≥ 2δ0, è èìåþùàÿ îöåíêó |d
mχ

dxm | ≤ Cmδ
−m
0 , δ0 = const > 0.

Ðàññìîòðèì ëèíåéíóþ çàäà÷ó ñ íåèçâåñòíûìè ôóíêöèÿìè vj(x, t), j = 1, 2, è
ρ(t), óäîâëåòâîðÿþùèìè ïàðàáîëè÷åñêèì óðàâíåíèÿì

Lj(∂t, ∂x, x, t)(vj , ρ) := ∂tvj − aj(x, t)∂2xvj − bj(x, t)∂xvj − cj(x, t)vj

−qj(x, t)χ(x− γ0)ρ′ = fj(x, t), (x, t) ∈ ΩjT , j = 1, 2, (1)

ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

vj(x, t)
∣∣
t=0

= 0, x ∈ Ωj , ρ(0) = 0, (2)

v1(x, t)
∣∣
x=0

= ψ1(t), v2(x, t)
∣∣
x=b

= ψ2(t), t ∈ σT , (3)

è óñëîâèÿìè ñîïðÿæåíèÿ ïðè x = γ0, t ∈ σT :

v1(x, t)− v2(x, t) = φ1(t), (4)

λ1(t)∂xv1(x, t)− λ2(t)∂xv2(x, t) = φ2(t), (5)

λ1(t)∂xv1(x, t) + ερ′(t) = φ3(t). (6)

Äàííàÿ çàäà÷à ÿâëÿåòñÿ ëèíåàðèçîâàííîé îäíîìåðíîé çàäà÷åé Âåðèãèíà, êîòî-
ðàÿ, â ÷àñòíîñòè, îïèñûâàåò ôèçè÷åñêèé ïðîöåññ íàãíåòàíèÿ æèäêîñòè â ïîðè-
ñòóþ ñðåäó, ïðè êîòîðîì ïðîèñõîäèò âûòåñíåíèå îäíîé æèäêîñòè èç ïîðèñòîé
ñðåäû äðóãîé áîëåå âÿçêîé æèäêîñòüþ. Ôóíêöèè vj(x, t), j = 1, 2, ìîãóò îïè-
ñûâàòü äàâëåíèå íàãíåòàåìîé è âûòåñíÿåìîé æèäêîñòåé, à ρ(t) � ãðàíèöó èõ
ðàçäåëà.

Â ðàáîòå äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1)�(6)

{v1(x, t), v2(x, t), ρ(t)} â ïðîñòðàíñòâàõ Ã¼ëüäåðà
◦
C

2+l,1+l/2
x t (Ω̄jT ),

◦
C1+l/2(σ̄T ), l �

íåöåëîå ïîëîæèòåëüíîå ÷èñëî, j = 1, 2, à òàêæå ïîëó÷åíû êîýðöèòèâíûå îöåíêè
ðåøåíèé ñ ïîñòîÿííûìè, íå çàâèñÿùèìè îò ìàëîãî ïàðàìåòðà ε.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ôîíäà íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè

Ðåñïóáëèêè Êàçàõñòàí (ïðîåêò ÀÐ05133898).
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ÀíàøêèíÎ.Â.

Êðûìñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. Â.È. Âåðíàäñêîãî,
Ñèìôåðîïîëü, Ðîññèÿ; oanashkin@yandex.ru

Â äîêëàäå èçó÷àþòñÿ áèôóðêàöèè ðåøåíèé ïåðèîäè÷åñêîé ñèñòåìû äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì âòîðîãî ïîðÿäêà.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ èìïóëüñíûì âîçäåéñòâèåì îïèñûâàþò ïðî-
öåññû, ïîäâåðãàþùèåñÿ ðåçêèì êðàòêîâðåìåííûì âîçìóùåíèÿì. Òîãäà ìîæíî
äîïóñòèòü, ÷òî ôàçîâûå ïåðåìåííûå ìãíîâåííî ìåíÿþò ñâîè çíà÷åíèÿ. Ïóñòü ìî-
ìåíòû èìïóëüñíîãî âîçäåéñòâèÿ τk çàôèêñèðîâàíû, òîãäà èìïóëüñíóþ ñèñòåìó
ìîæíî ïðåäñòàâèòü â âèäå [1]

dx

dt
= Ax+R(x), t ̸= τk, x(t+ 0) = Bx(t) +G(x(t)), t = τk, (1)

çäåñü x(t + 0) = lims→t+0 x(s) � ïðàâîå ïðåäåëüíîå çíà÷åíèå, A,B ∈ R2×2,
detB ̸= 0, τk+1 = τk + θk, R(x) =

∑
|m|≥2Rmx

m, m = (m1,m2) � ìóëüòèèí-

äåêñ, |m| = m1 +m2, x
m = xm1

1 xm2
2 , G(x) � âåêòîð-ôóíêöèÿ òîãî æå òèïà, ÷òî

è R(x). Ïðåäïîëîæèì äëÿ ïðîñòîòû èçëîæåíèÿ, ÷òî ïîñëåäîâàòåëüíîñòü {θk} �
ñòàöèîíàðíàÿ, θk = θ > 0.

Áèôóðêàöèè ïðîèñõîäÿò â îêðåñòíîñòè òî÷åê ïîêîÿ äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ. Íàøà ñèñòåìà (1) èìååò íóëåâîå ðåøåíèå. Â ñèëó ïåðèîäè÷íîñòè õàðàêòåð
ïîâåäåíèÿ ðåøåíèé ëèíåéíîãî ïðèáëèæåíèÿ â íóëå îïðåäåëÿåò ìàòðèöà ìîíî-
äðîìèè M = eAθB. Áèôóðêàöèè â îêðåñòíîñòè íóëÿ íàáëþäàþòñÿ, êîãäà ñîá-
ñòâåííûå çíà÷åíèÿ ìàòðèöû ìîíîäðîìèè ïîïàäàþò íà åäèíè÷íóþ îêðóæíîñòü
êîìïëåêñíîé ïëîñêîñòè.

Â äîêëàäå èññëåäóþòñÿ óñëîâèÿ ðîæäåíèÿ â ñèñòåìå (1) ïåðèîäè÷åñêèõ ðåøå-
íèé èëè ïðåäåëüíûõ ìíîæåñòâ áîëåå ñëîæíîé ïðèðîäû ïðè ïðîõîæäåíèè áèôóð-
êàöèîííîãî ïàðàìåòðà ÷åðåç êðèòè÷åñêîå çíà÷åíèå.

Îñîáåííî èíòåðåñíûì ÿâëÿåòñÿ ñëó÷àé, êîãäà â ìîìåíò áèôóðêàöèè ó ìàòðè-
öû ìîíîäðîìèè ïîÿâëÿþòñÿ äâà êîìïëåêñíî ñîïðÿæåííûõ ñîáñòâåííûõ çíà÷åíèÿ
íà åäèíè÷íîé îêðóæíîñòè. Â ýòîì ñëó÷àå â îêðåñòíîñòè íóëÿ íàáëþäàåòñÿ õàðàê-
òåðíàÿ áèôóðêàöèÿ òèïà áèôóðêàöèè Àíäðîíîâà � Õîïôà, êîãäà ïðè îïðåäåëåí-
íûõ óñëîâèÿõ â îêðåñòíîñòè íóëÿ ôàçîâîé ïëîñêîñòè ó ñèñòåìû (1) îáðàçóåòñÿ
êîëüöåâîå ïðåäåëüíîå ìíîæåñòâî, îêðóæàþùåå íà÷àëî êîîðäèíàò.

ËÈÒÅÐÀÒÓÐÀ
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ÈÄÅÀËÜÍÎÉ ÆÈÄÊÎÑÒÈ

Àíäðååâ Â.Ê.

Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ,
Êðàñíîÿðñê, Ðîññèÿ; andr@icm.krasn.ru

Ïðè îáðàçîâàíèè ñòðóé âàæíûì ýëåìåíòîì ÿâëÿåòñÿ ðàñòÿæåíèå è çàêðó÷èâà-
íèå ñëîåâ æèäêîñòè. Â ýòîì ñëó÷àå âîçíèêàþò íåñòàöèîíàðíûå ñëîèñòûå äâèæå-
íèÿ ñ öèëèíäðè÷åñêèìè ïîâåðõíîñòÿìè ðàçäåëà, êîòîðûå ìîãóò áûòü íåóñòîé÷è-
âûìè. Â äîêëàäå ðàññìàòðèâàåòñÿ çàäà÷à î ïîâåäåíèè ìàëûõ âîçìóùåíèé íåñòà-
öèîíàðíîé êðóãëîé ñòðóè èäåàëüíîé æèäêîñòè, â êîòîðîé ñêîðîñòü è äàâëåíèå
îïèñûâàþòñÿ ôîðìóëàìè â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò:

u =

(
− k

2τ
r, ω0τr,

k

τ
z

)
, p =

(
− 3k2

4τ2
− ω2

0τ
2

)
[R2(t)− r2] + σ

R(t)
, (1)

ãäå k, ω � ïîñòîÿííûå, σ � êîýôôèöèåíò ïîâåðõíîñòíîãî íàòÿæåíèÿ, R(t) �
ðàäèóñ ñòðóè, R(t) = r0/

√
τ = r0/

√
1 + kt. Â íà÷àëüíûé ìîìåíò âðåìåíè ñòðóÿ

èìååò äëèíó h0, ðàäèóñ r0 è âðàùàåòñÿ ñ óãëîâîé ñêîðîñòüþ ω0.
Äëÿ èññëåäîâàíèÿ óðàâíåíèé ìàëûõ âîçìóùåíèé äâèæåíèÿ (1) èñïîëüçóåò-

ñÿ ìåòîä ëàãðàíæåâûõ êîîðäèíàò. Âîçíèêàþùàÿ çäåñü íà÷àëüíî-êðàåâàÿ çàäà÷à
ñîäåðæèò âòîðûå ïðîèçâîäíûå ïî âðåìåíè êàê â îñíîâíîì óðàâíåíèè, òàê è â
ãðàíè÷íîì óñëîâèè. Îñíîâíîå óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì òèïà Ïóàíêàðå �
Ñîáîëåâà, îäíàêî ýëëèïòè÷åñêèé îïåðàòîð ñóùåñòâåííî çàâèñèò îò âðåìåíè. Íàé-
äåíû àñèìïòîòèêè âîçìóùåíèé ñâîáîäíîé ãðàíèöû, ïîëÿ ñêîðîñòåé è äàâëåíèé
â çàâèñèìîñòè îò ÷èñëà Âåáåðà è çàâèõðåííîñòè. Óñòàíîâëåíî, ÷òî íà÷àëüíàÿ çà-
âèõðåííîñòü îñëàáëÿåò íåóñòîé÷èâîñòü êàïèëëÿðíîé ñòðóè, íå óñòðàíÿÿ åå ïîë-
íîñòüþ.
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß
Ñ ÐÀÇÐÛÂÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

ÏÐÈ ÑÒÀÐØÈÕ ÏÐÎÈÇÂÎÄÍÛÕ

Àíèêîíîâ Ä.Ñ.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; anik@math.nsc.ru

Â òåîðèè çîíäèðîâàíèÿ íåîäíîðîäíûõ ñðåä â êà÷åñòâå ìàòåìàòè÷åñêèõ ìîäå-
ëåé ÷àñòî èñïîëüçóþòñÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíû-
ìè. Ïðè ýòîì åñòåñòâåííî ñ÷èòàòü, ÷òî êîýôôèöèåíòû óðàâíåíèé ïðè ñòàðøèõ
ïðîèçâîäíûõ ÿâëÿþòñÿ ðàçðûâíûìè ôóíêöèÿìè. Òàêèì îáðàçîì âîçíèêàåò ïðî-
áëåìà èçó÷åíèÿ ñîîòâåòñòâóþùèõ çàäà÷, òåîðèÿ êîòîðûõ íàõîäèòñÿ ïîêà â ñòàäèè
ñòàíîâëåíèÿ. Èìåþùèåñÿ ðàáîòû ïî ýòîé òåìàòèêå íîñÿò ðàçðîçíåííûé õàðàêòåð
è èñïîëüçóþò ðàçëè÷íûå ïîäõîäû è îãðàíè÷åíèÿ. ×àùå âñåãî ïîäáèðàþòñÿ óñëî-
âèÿ, ñáëèæàþùèå ðàññìàòðèâàåìûå ïðîáëåìû ñ êëàññè÷åñêèìè ïîñòàíîâêàìè.
Òàêæå ïîëó÷èë ðàñïðîñòðàíåíèå ìåòîä, èñïîëüçóþùèé ìíîãîçíà÷íûå ôóíêöèè.
Îäíàêî â òåîðèè çîíäèðîâàíèÿ îãðàíè÷åíèÿ íå ìîãóò ñîîòâåòñòâîâàòü òîëüêî
óäîáñòâó èññëåäîâàíèÿ, òàê êàê îíè äèêòóþòñÿ ôèçè÷åñêèìè óñëîâèÿìè. Ïîýòî-
ìó, íàõîäÿñü â ðàìêàõ ýòîé òåîðèè, ïðåäëàãàåìûå íèæå ðåçóëüòàòû èìåþò ëèøü
íåçíà÷èòåëüíîå ïåðåñå÷åíèå ñ âûâîäàìè äðóãèõ àâòîðîâ.

Â êà÷åñòâå íà÷àëüíîãî ýòàïà èññëåäîâàíèÿ ðàññìàòðèâàëàñü çàäà÷à Êîøè äëÿ
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåí-
íûìè. Êîýôôèöèåíòû óðàâíåíèÿ ñ÷èòàëèñü êóñî÷íî ïîñòîÿííûìè ôóíêöèÿìè.
Ïîëó÷åííûå âûâîäû îêàçàëèñü äîâîëüíî ñïåöèôè÷íû. Â ÷àñòíîñòè, îáëàñòü èç-
ìåíåíèÿ ïåðåìåííûõ ñîäåðæàëà çîíû íåîïðåäåëåííîñòè, ò. å. ïîäìíîæåñòâà, ãäå
ðåøåíèå îïðåäåëÿåòñÿ íå åäèíñòâåííûì îáðàçîì.

Àíàëîãè÷íàÿ çàäà÷à äëÿ òðåõ íåçàâèñèìûõ ïåðåìåííûõ îêàçûâàåòñÿ âî ìíî-
ãîì ïîäîáíà ðàññìîòðåííîìó äâóìåðíîìó ñëó÷àþ.

Êðîìå òîãî, áûëà èññëåäîâàíà çàäà÷à Êîøè äëÿ óðàâíåíèÿ êîëåáàíèé íåîäíî-
ðîäíîé íåîãðàíè÷åííîé ñòðóíû. Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííî-
ñòè îáîáùåííîãî ðåøåíèÿ è ïðîâåäåíî åãî êà÷åñòâåííîå èññëåäîâàíèå. Ïîëó÷åí-
íûå ðåçóëüòàòû ïîçâîëèëè ïîñòàâèòü è ðåøèòü îáðàòíóþ çàäà÷ó îá îïðåäåëåíèè
òî÷êè ñòðóíû, ÿâëÿþùåéñÿ êîíòàêòíîé äëÿ ðàçëè÷íûõ åå ó÷àñòêîâ. Äîïîëíè-
òåëüíî îïðåäåëÿþòñÿ ñêîðîñòè ðàñïðîñòðàíåíèÿ âîëíû â äâóõ ðàçëè÷íûõ çîíàõ.

Íà÷àòî è ïðîäîëæàåòñÿ èññëåäîâàíèå ïîäîáíîé ïðîáëåìû äëÿ ïîëóîãðàíè÷åí-
íîé íåîäíîðîäíîé ñòðóíû. Ïî ýòîìó íàïðàâëåíèþ ïîêà ïîëó÷åíû ôîðìóëû äëÿ
ðåøåíèÿ çàäà÷è ïðè îòñóòñòâèè ïîñòîÿííî äåéñòâóþùåãî èñòî÷íèêà êîëåáàíèé.
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ÐÅÃÓËßÐÍÛÅ ÐÅØÅÍÈß ÎÄÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×È
ÄËß ÓÐÀÂÍÅÍÈß ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ

Â ÖÈËÈÍÄÐÈ×ÅÑÊÎÉ ÎÁËÀÑÒÈ

Àðòþøèí À.Í.

ÎÎÎ �Äàòà Èñò�, Íîâîñèáèðñê, Ðîññèÿ; alexsp3@yandex.ru

Ïóñòü T > 0, Ω ⊂ Rm � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé, Q =
Ω× (0, T ), S = ∂Ω× (0, T ). Â öèëèíäðå Q ðàññìàòðèâàåì çàäà÷ó (L)

k(x, t)utt + α(x, t)ut −∆u = f(x, t),

u(x, t)
∣∣
S
= 0,

u(x, 0) = 0,

ut(x, 0)
∣∣
Ω+

0
= 0,

ut(x, T )
∣∣
Ω−

T

= 0,

ãäå ìíîæåñòâà Ω±
0 , Ω

±
T îïðåäåëÿþòñÿ ñòàíäàðòíûì îáðàçîì, â çàâèñèìîñòè îò

çíàêà k(x, 0), k(x, T ). Íà çíàê ôóíêöèè k(x, t) íå íàêëàäûâàåòñÿ íèêàêèõ îãðà-
íè÷åíèé.

Â òàêîì âèäå çàäà÷à âïåðâûå áûëà ðàññìîòðåíà â ðàáîòàõ Ã.Ä. Êàðàòîïðàê-
ëèåâà è Â.Í. Âðàãîâà. Îñíîâíîå óñëîâèå, ïðè êîòîðîì áûëî óñòàíîâëåíî ñóùå-
ñòâîâàíèå îáîáùåííîãî ðåøåíèÿ

2α(x, t)− kt(x, t) > δ > 0.

Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ è çíàêîîïðåäåëåííîñòè ôóíê-
öèé k(x, 0), k(x, T ) áûëî äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåãóëÿðíîãî
ðåøåíèÿ u(x, t) ∈ W 2

2 (Q). Â äàëüíåéøåì ýòè ðåçóëüòàòû ðÿäîì àâòîðîâ îáîá-
ùàëèñü íà ñëó÷àé èíûõ êðàåâûõ óñëîâèé, îïåðàòîðíûå óðàâíåíèÿ è óðàâíåíèÿ
âûñîêîãî ïîðÿäêà. Íî ñóùåñòâîâàíèå ðåãóëÿðíûõ ðåøåíèé âñåãäà äîêàçûâàëîñü
â ïðåäïîëîæåíèè çíàêîîïðåäåëåííîñòè ôóíêöèé k(x, 0), k(x, T ).

Â äàííîé ðàáîòå ïðè óñëîâèÿõ

(∇k(x, 0))2 6 C|k(x, 0)|, (∇k(x, T ))2 6 C|k(x, T )|

óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå ðåãóëÿðíûõ ðåøåíèé çàäà÷è (L), äëÿ êîòîðûõ
èìååò ìåñòî îöåíêà∫

Q

(
(|k|+ t(T − t))u2tt + |∇ut|2 + (∆u)2

)
dQ 6 C

∫
Q

(f2 + f2t ) dQ.

Ïðè ýòèõ æå óñëîâèÿõ îáîáùåííîå ðåøåíèå çàäà÷è (L) åäèíñòâåííî. Òàêèì îá-
ðàçîì, ôóíêöèè k(x, 0), k(x, T ) ìîãóò ìåíÿòü çíàê, õîòÿ è íå ïðîèçâîëüíûì îáðà-
çîì. Äëÿ äîêàçàòåëüñòâà òåîðåì ðàçðåøèìîñòè ìû ïðèìåíÿåì ïðîñòîé, íî âåñüìà
ýôôåêòèâíûé ìåòîä ðåãóëÿðèçàöèè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-51-41009).
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ÄËß ÍÀÃÐÓÆÅÍÍÎÃÎ ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ

ÓÐÀÂÍÅÍÈß

Àòòàåâ À.Õ.

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ,
Íàëü÷èê, Ðîññèÿ; attaev.anatoly@yandex.ru

Â íàñòîÿùåì äîêëàäå ðå÷ü áóäåò èäòè î ãðàíè÷íîì óïðàâëåíèè íà îäíîì
êîíöå x = 0 ïðè çàêðåïëåííîì âòîðîì êîíöå x = l ïðîöåññîì, ïðîòåêàþùèì
çà ïðîìåæóòîê âðåìåíè T è îïèñûâàåìûì ðåãóëÿðíûì ðåøåíèåì ñóùåñòâåííî
íàãðóæåííîãî òåëåãðàôíîãî óðàâíåíèÿ

uxx − utt + cu = λutt(x0, t),

ãäå c è λ � çàäàííûå êîíñòàíòû.
Ïóñòü ñîñòîÿíèå èçó÷àåìîãî ïðîöåññà â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 èìå-

åò âèä {u(x, 0) = φ(x), ut(x, 0) = ψ(x)}, à â ôèíàëüíûé ìîìåíò âðåìåíè t = T �
âèä {u(x, T ) = φ1(x), ut(x, T ) = ψ1(x)}. Â äîêëàäå áóäóò óñòàíîâëåíû íåîáõî-
äèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ òàêîãî ìèíèìàëüíîãî ïðîìåæóòêà
âðåìåíè, äëÿ êîòîðîãî ïðè ñîâåðøåííî ïðîèçâîëüíûõ ÷åòûðåõ ôóíêöèÿõ φ(x),
ψ(x), φ1(x), ψ1(x) ñóùåñòâóåò ãðàíè÷íîå óïðàâëåíèå u(0, t) = µ(t), ïåðåâîäÿùåå
ïðîöåññ èç íà÷àëüíîãî ñîñòîÿíèÿ â ôèíàëüíîå, è äëÿ ýòîãî ãðàíè÷íîãî óïðàâëå-
íèÿ ïðåäúÿâëåíî åãî ÿâíîå àíàëèòè÷åñêîå âûðàæåíèå ÷åðåç ôóíêöèè φ(x), ψ(x),
φ1(x), ψ1(x).

Â ñëó÷àå λ = 0 â òåðìèíàõ îáîáùåííîãî ðåøåíèÿ ýòà çàäà÷à áûëà ðåøåíà â
ðàáîòå [1].

ËÈÒÅÐÀÒÓÐÀ

1. Èëüèí Â.À., Ìîèñååâ Å.È. Î ãðàíè÷íîì óïðàâëåíèè íà îäíîì êîíöå ïðîöåññîì,
îïèñûâàåìûì òåëåãðàôíûì óðàâíåíèåì // Äîêë. ÀÍ. 2002. Ò. 387, � 5. Ñ. 600�603.
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1×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê, Ðîññèÿ;
2Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê, Ðîññèÿ;

baybulatova_g_d@gmail.com, mariner79@mail.ru, kar@csu.ru

Èññëåäóåòñÿ ðàçðåøèìîñòü óðàâíåíèÿ

Dα
t Ax(t) +

n∑
k=1

Dαk
t Bkx(t) +Bx(t) = 0, t ∈ [0, T ], (1)

â áàíàõîâûõ ïðîñòðàíñòâàõ X , Y ñ îïåðàòîðàìè A,B1, . . . , Bn, B ∈ L(X ;Y). Çäåñü
0 < αn < αn−1 < . . . < α1 < α < 1, Dβ

t � ïðîèçâîäíàÿ Êàïóòî ïîðÿäêà β > 0 [1].
Ðåøåíèåì óðàâíåíèÿ (1) áóäåì íàçûâàòü ôóíêöèþ x ∈ C([0, T ];X ) òàêóþ, ÷òî

ñóùåñòâóþò ïðîèçâîäíûå Dα
t Ax, D

α1
t B1x, . . . , D

αn
t Bnx ∈ C([0, T ];X ) è âûïîëíÿ-

åòñÿ ðàâåíñòâî (1).
Ââåäåì îáîçíà÷åíèÿ Or := {µ ∈ C : |µ| < r}, S(µ) = µαA + µα1B1 + . . . +

µαnBn +B, S1(µ) = µα−1A+ µα1−1B1 + . . .+ µαn−1Bn,

γ =

3∪
k=1

γk, γ1 = {µ ∈ C : |µ| = a−1/α + 1, argµ ∈ (−π, π)},

γ2 = {µ ∈ C : arg µ = π, µ ∈ (−a−1/α − 1,−∞)},

γ3 = {µ ∈ C : argµ = −π, µ ∈ (−∞,−a−1/α − 1)}.

Òåîðåìà. Ïóñòü x0 ∈ X è âûïîëíÿþòñÿ óñëîâèÿ

(I) ∃a > 0 ∀µ ∈ Oa ∃S(µ)−1 ∈ L(Y;X );

(II) ∃K > 0 ∀µ ∈ Oa

∥∥S(µ)−1
∥∥
L(Y;X )

≤ K

|µ|α
.

Òîãäà ôóíêöèÿ x(t) = 1
2πi

∫
γ

S(µ)−1S1(µ)eµtx0dµ ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

x(0) = x0 äëÿ óðàâíåíèÿ (1).
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Ðàññìîòðèì íåñòàöèîíàðíîå ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå

∂f(t, r, ω,E)

∂t
+ ω · ∇rf(t, r, ω,E) + µ(t, r, E)f(t, r, ω,E) = J(t, r, ω,E).

Ýòî óðàâíåíèå îïèñûâàåò, â ÷àñòíîñòè, ïðîöåññ ïåðåíîñà ÷àñòèö ñêâîçü ñðåäó.
Çäåñü t � âðåìåííàÿ ïåðåìåííàÿ, t ∈ [0, T ]; r � ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ,
r ∈ G ⊂ R3, G � âûïóêëàÿ îãðàíè÷åííàÿ îáëàñòü; ω ∈ Ω = {ω ∈ R3 : |ω| = 1};
E ∈ I = [E1, E2], E1 > 0, E2 < ∞. Ôóíêöèÿ f(t, r, ω,E) èíòåðïðåòèðóåòñÿ êàê
ïëîòíîñòü ïîòîêà ÷àñòèö â ìîìåíò âðåìåíè t â òî÷êå r ñ ýíåðãèåé E, ëåòÿùèõ â
íàïðàâëåíèè ω. Ôóíêöèè µ è J õàðàêòåðèçóþò ñðåäó G.

Ê óðàâíåíèþ äîáàâëÿþòñÿ íà÷àëüíîå óñëîâèå è êðàåâûå: îïðåäåëÿåòñÿ ïëîò-
íîñòü ïàäàþùåãî ïîòîêà h è óñðåäí¼ííàÿ ïëîòíîñòü âûõîäÿùåãî ïîòîêà H � ïðè
ýòîì èçâåñòíîé ñ÷èòàåòñÿ òîëüêî ôóíêöèÿ H.

Ðàññìàòðèâàåòñÿ çàäà÷à î íàõîæäåíèè ïîâåðõíîñòåé ðàçðûâîâ êîýôôèöèåí-
òîâ óðàâíåíèÿ µ è J . Èíûìè ñëîâàìè, ñòàâèòñÿ âîïðîñ îá îïðåäåëåíèè âíóòðåííåé
ñòðóêòóðû ñðåäû G. Òàêàÿ ïîñòàíîâêà ÿâëÿåòñÿ ïðîäîëæåíèåì öèêëà èññëåäîâà-
íèé Ä.Ñ. Àíèêîíîâà [1].

Äëÿ ðåøåíèÿ ïîñòàâëåííîé ïðîáëåìû ñíà÷àëà èññëåäóåòñÿ ïðÿìàÿ çàäà÷à î
íàõîæäåíèè ïëîòíîñòè ïîòîêà f ïðè çàäàííûõ íà÷àëüíîì óñëîâèè è ïëîòíîñòè
ïàäàþùåãî ïîòîêà h (òàêàÿ æå ïîñòàíîâêà, íî â ñëó÷àå íåïðåðûâíûõ êîýôôèöè-
åíòîâ, áûëà ðàññìîòðåíà À.È. Ïðèëåïêî [2]). Çàòåì ðàññìàòðèâàåòñÿ ñïåöèàëü-
íàÿ ôóíêöèÿ

Ind(r) =

∣∣∣∣ ∇
T∫

d

∫
Ω

H(t, r + d(r, ω)ω, ω)dωdt

∣∣∣∣,
çàâèñÿùàÿ îò èçâåñòíûõ äàííûõ, ôóíêöèÿ d(r, ω) � ðàññòîÿíèå îò òî÷êè r äî ãðà-
íèöû ∂G â íàïðàâëåíèè ω, d � äèàìåòð îáëàñòè G. Äîêàçûâàåòñÿ, ÷òî ôóíêöèÿ
Ind ïðèíèìàåò íåîãðàíè÷åííîå çíà÷åíèå òîëüêî íà èñêîìûõ ïîâåðõíîñòÿõ.
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Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

ẋ(t)−
∑J

j=1
aj ẋ (t− hj) =

∫ ω

0

x(t− s) dr(s) + f(t), t ∈ R+, (1)

ãäå J ∈ N, aj ∈ C, hj , ω ∈ R+, ôóíêöèÿ r : [0, ω] → C èìååò îãðàíè÷åííóþ âàðè-
àöèþ, r(0) = 0, ôóíêöèÿ f : R+ → C ñóììèðóåìà íà êàæäîì êîíå÷íîì îòðåçêå.
Èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Ðèìàíà � Ñòèëòüåñà. Â äàííûõ ïðåäïîëîæåíèÿõ
(ñì. [1], ñ. 84, òåîðåìà 1.1) óðàâíåíèå (1) ñ çàäàííûìè íà÷àëüíûìè óñëîâèÿìè
îäíîçíà÷íî ðàçðåøèìî â êëàññå ëîêàëüíî àáñîëþòíî íåïðåðûâíûõ ôóíêöèé.

Ïóñòü (E−S)y(t) = y(t)−
∑J

j=1 ajy (t− hj)χ(t−hj), χ(t)� õàðàêòåðèñòè÷åñêàÿ
ôóíêöèÿ ìíîæåñòâà R+.

Äëÿ óðàâíåíèÿ âèäà (1) èññëåäîâàíèå óñòîé÷èâîñòè ñóùåñòâåííî óñëîæíÿåòñÿ
íàëè÷èåì çàïàçäûâàíèÿ ïðè ïðîèçâîäíîé. Â ðàáîòå [2] ïîêàçàíî, ÷òî íåîáõîäè-
ìûì óñëîâèåì ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ÿâëÿåòñÿ ðàçðåøèìîñòü óðàâíå-
íèÿ (1) îòíîñèòåëüíî ïðîèçâîäíîé, êîòîðàÿ, â ñâîþ î÷åðåäü, ýêâèâàëåíòíà îãðà-
íè÷åííîé îáðàòèìîñòè îïåðàòîðà E − S â ïðîñòðàíñòâå L1.

Ââåä¼ì ga(p) =
∑J

j=1 aje
−phj . Îáðàòèìîñòü îïåðàòîðà E−S ðàâíîñèëüíà ðàñ-

ïîëîæåíèþ íóëåé 1− ga(p) îòíîñèòåëüíî ìíèìîé îñè.
Òåîðåìà. Ïóñòü hj � ëèíåéíî-íåçàâèñèìûå ÷èñëà íàä ïîëåì Z (ñì. [3, c. 44]).

Òîãäà äëÿ îãðàíè÷åííîé îáðàòèìîñòè îïåðàòîðà E − S íåîáõîäèìî è äîñòàòî÷íî
âûïîëíåíèÿ íåðàâåíñòâà

∑J
j=1 |aj | < 1.

Äëÿ J = 2 äàííûé ðåçóëüòàò óñòàíîâëåí â [4].
Ñëåäñòâèå 1 [5]. Ïóñòü hj = jh, h ∈ R+. Òîãäà äëÿ îãðàíè÷åííîé îáðàòè-

ìîñòè îïåðàòîðà E − S íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âñå êîðíè ìíîãî÷ëåíà∑J
j=1 ajz

j áûëè ðàñïîëîæåíû âíå åäèíè÷íîãî êðóãà |z| 6 1.

Ñëåäñòâèå 2.Ïóñòü 1−ga(p) =
∏I

i=1

(
1−

∑Ki

k=1 aike
−phik

)
, ïðè ëþáîì i = 1, I

íàáîð ÷èñåë {hik}k=1,Ki
ÿâëÿåòñÿ ëèíåéíî-íåçàâèñèìûì íàä ïîëåì Z. Òîãäà äëÿ

îãðàíè÷åííîé îáðàòèìîñòè îïåðàòîðà E−S íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ
íåðàâåíñòâ

∑Ki

k=1 |aik| < 1 ïðè êàæäîì i = 1, I.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-01-00928).
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Äàâíî èçâåñòíî [1], ÷òî êàæäîìó êëàññó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé, ýêâèâàëåíòíûõ ñ òî÷íîñòüþ äî òî÷åíîé àíàëèòè÷åñêîé çàìåíû êîîð-
äèíàò, ñîîòâåòñòâóåò âïîëíå îïðåäåëåííîå ðàññëîåííîå ïðîñòðàíñòâî ñî ñâÿçíî-
ñòüþ.

Òåîðåìà. Îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå ïÿòîãî ïîðÿäêà

y(5) =

(
5 y(3)

y′′ + E
+ D

)
y(4) +B,

ãäå B = B
(
x, y, y′, y′′, y(3)

)
; D = D (x, y, y′, y′′); E = E (x, y, y′), äîïóñêàåò

èíâàðèàíòíîå ïðèñîåäèíåíèå ê ñåáå ïðîñòðàíñòâà ïðîåêòèâíîé ñâÿçíîñòè, èìåþ-
ùåãî ëèíèè âòîðîãî ïîðÿäêà â êà÷åñòâå îáðàçóþùèõ ýëåìåíòîâ.

Âûäåëÿþòñÿ íåñêîëüêî ñïåöèàëüíûõ ïîäêëàññîâ ÎÄÓ ïÿòîãî ïîðÿäêà, äîïóñ-
êàþùèõ èíâàðèàíòíîå ïðèñîåäèíåíèå ê ñåáå ïðîñòðàíñòâà ïðîåêòèâíîé ñâÿçíî-
ñòè, â òîì ÷èñëå ïîäêëàññ, ñîäåðæàùèé êëàññè÷åñêèé ïðèìåð [2] äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ

y(5) =
5 y(3) y(4)

y′′
− 40 (y(3))

3

9 (y′′)
2 ,

èíòåãðàëüíûìè êðèâûìè êîòîðîãî ÿâëÿþòñÿ ëèíèè âòîðîãî ïîðÿäêà îáùåãî âèäà.
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Íà îòðåçêå I ≡ [−1, 1] ïîñòðîåíû íåíàñûùàåìûå õîðîøî îáóñëîâëåííûå ñ âå-
ñîâîé ôóíêöèåé èç L p [I] (1 < p < ∞) êâàäðàòóðíûå ôîðìóëû. Ñïåöèôè÷åñêàÿ
îñîáåííîñòü ýòèõ ôîðìóë � îòñóòñòâèå ãëàâíîãî ÷ëåíà ïîãðåøíîñòè, è êàê ðå-
çóëüòàò � ñïîñîáíîñòü àâòîìàòè÷åñêè ñ ðîñòîì ÷èñëà óçëîâ n ïîäñòðàèâàòüñÿ
ê ëþáûì èçáûòî÷íûì (ýêñòðàîðäèíàðíûì) çàïàñàì ãëàäêîñòè ïîäûíòåãðàëüíûõ
ôóíêöèé. Âû÷èñëåíèå âñåõ îïðåäåëÿþùèõ ïàðàìåòðîâ êâàäðàòóð � óçëîâ, êîýô-
ôèöèåíòîâ è ÷èñëà îáóñëîâëåííîñòè � îñóùåñòâëåíî ïðè ýòîì â ðàìêàõ åäèíîãî
ïîäõîäà, îñíîâàííîãî íà ðåøåíèè ðÿäà ñïåöèàëüíûõ êðàåâûõ çàäà÷ òåîðèè ìåðî-
ìîðôíûõ ôóíêöèé â åäèíè÷íîì êðóãå. Äëÿ ÷àñòíûõ âèäîâ âåñîâûõ ôóíêöèé 1 è
− ln |x|, èìåþùèõ âàæíûå ïðèëîæåíèÿ â ãèäðîäèíàìèêå, óêàçàíû ýôôåêòèâíûå
÷èñëåííûå àëãîðèòìû îòûñêàíèÿ ýòèõ ïàðàìåòðîâ.

×èñëîâîé îòâåò äëÿ C∞-ãëàäêèõ ïîäûíòåãðàëüíûõ ôóíêöèé êîíñòðóèðóåò-
ñÿ íåíàñûùàåìûìè êâàäðàòóðàìè c àáñîëþòíî íåóëó÷øàåìîé ýêñïîíåíöèàëüíîé
îöåíêîé ïîãðåøíîñòè. Íåóëó÷øàåìîñòü îöåíêè îáóñëîâëåíà àñèìïòîòèêîé àëåê-
ñàíäðîâñêîãî n-ïîïåðå÷íèêà êîìïàêòà C∞-ãëàäêèõ ôóíêöèé. Ýòà àñèìïòîòèêà
òàêæå èìååò âèä óáûâàþùåé ê íóëþ (ñ ðîñòîì ÷èñëà óçëîâ n) ýêñïîíåíòû.

Ïîëó÷åííûå ðåçóëüòàòû èçëîæåíû â ðàáîòàõ àâòîðà [1�3].
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3. Áåëûõ Â.Í. Ê ïðîáëåìå êîíñòðóèðîâàíèÿ íåíàñûùàåìûõ êâàäðàòóðíûõ ôîðìóë íà
îòðåçêå // Ìàò. ñá. 2018 (â ïå÷àòè).
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Î ÊËÀÑÑÈ×ÅÑÊÈÕ ÐÅØÅÍÈßÕ ÑÈÑÒÅÌÛ
ÓÐÀÂÍÅÍÈÉ ÂËÀÑÎÂÀ � ÏÓÀÑÑÎÍÀ

Â ÁÅÑÊÎÍÅ×ÍÎÌ ÖÈËÈÍÄÐÅ

Áåëÿåâà Þ.O.

Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ, Ìîñêâà, Ðîññèÿ; yilia-b@yandex.ru

Ðàññìàòðèâàåòñÿ ïåðâàÿ ñìåøàííàÿ çàäà÷à äëÿ ñèñòåìû óðàâíåíèé Âëàñî-
âà � Ïóàññîíà â áåñêîíå÷íîì öèëèíäðå. Ýòà çàäà÷à îïèñûâàåò ýâîëþöèþ ïëîòíî-
ñòåé ðàñïðåäåëåíèÿ èîíîâ è ýëåêòðîíîâ â âûñîêîòåìïåðàòóðíîé ïëàçìå. Ðàçðå-
øèìîñòü ñìåøàííûõ çàäà÷ äëÿ ñèñòåìû óðàâíåíèé Âëàñîâà � Ïóàññîíà èçó÷àëàñü
â ðàáîòàõ À.Ë. Ñêóáà÷åâñêîãî [1�3], ãäå âïåðâûå ó÷èòûâàëîñü âëèÿíèå âíåøíåãî
ìàãíèòíîãî ïîëÿ íà òðàåêòîðèþ çàðÿæåííûõ ÷àñòèö.

Áóäåì ðàññìàòðèâàòü ñèñòåìó óðàâíåíèé Âëàñîâà � Ïóàññîíà â áåñêîíå÷íîì
öèëèíäðå

−∆φ(x, t) = 4πe

∫
R3

∑
β

βfβ(x, v, t) dv,

∂fβ

∂t
+ (v,∇xf

β) +
βe

mβ

(
−∇xφ+

1

c
[v,B],∇vf

β

)
= 0

(x ∈ Q, v ∈ R3, 0 < t < T, β = ±1)

ñ íà÷àëüíûìè óñëîâèÿìè

fβ(x, v, t)
∣∣
t=0

= fβ0 (x, v) (x ∈ Q̄, v ∈ R3, β = ±1)

è êðàåâûì óñëîâèåì Äèðèõëå

φ(x, t) = 0 (x ∈ ∂Q, 0 ≤ t < T ).

Çäåñü Q = G×R, G ⊂ R2 � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂G ∈ C∞, ∂Q =
∂G×R, fβ = fβ(x, v, t)�ôóíêöèÿ ïëîòíîñòè ðàñïðåäåëåíèÿ ïîëîæèòåëüíî çàðÿ-
æåííûõ èîíîâ, åñëè β = +1, è ýëåêòðîíîâ, åñëè β = −1, â òî÷êå x ñî ñêîðîñòüþ v
â ìîìåíò âðåìåíè t; φ = φ(x, t)�ïîòåíöèàë ñàìîñîãëàñîâàííîãî ýëåêòðè÷åñêîãî
ïîëÿ; ∇x è ∇v � ãðàäèåíòû ïî x è v, ñîîòâåòñòâåííî; m+1 è m−1 �ìàññû èîíà è
ýëåêòðîíà; e� çàðÿä ýëåêòðîíà; c� ñêîðîñòü ñâåòà; B �èíäóêöèÿ âíåøíåãî ìàã-
íèòíîãî ïîëÿ; ( ·, · )� ñêàëÿðíîå ïðîèçâåäåíèå â R3; [ ·, · ]� âåêòîðíîå ïðîèçâåäå-
íèå â R3.

Ïîêàçàíî, ÷òî äëÿ ïðîèçâîëüíîãî ïîòåíöèàëà ýëåêòðè÷åñêîãî ïîëÿ è äîñòà-
òî÷íî áîëüøîé èíäóêöèè âíåøíåãî ìàãíèòíîãî ïîëÿ õàðàêòåðèñòèêè óðàâíåíèé
Âëàñîâà íå äîñòèãàþò ãðàíèöû öèëèíäðà. Äëÿ äîñòàòî÷íî ìàëûõ íà÷àëüíûõ
ïëîòíîñòåé ðàñïðåäåëåíèÿ çàðÿæåííûõ ÷àñòèö äîêàçàíî ñóùåñòâîâàíèå è åäèí-
ñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ ñ íîñèòåëÿìè ïëîòíîñòåé ðàñïðåäåëåíèÿ çà-
ðÿæåííûõ ÷àñòèö, ëåæàùèìè íà íåêîòîðîì ðàññòîÿíèè îò ãðàíèöû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-
íèé (ïðîåêò � 17-01-00401à).
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Î ÔÐÅÄÃÎËÜÌÎÂÛÕ ÊÐÀÅÂÛÕ ÇÀÄÀ×ÀÕ
ÄËß ÂÎËÍÎÂÎÃÎ ÓÐÀÂÍÅÍÈß
Ñ ÄÀÍÍÛÌÈ ÍÀ ÂÑÅÉ ÃÐÀÍÈÖÅ

Áîëòà÷åâ À.Â.

Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ, Ìîñêâà, Ðîññèÿ;
boltachevandrew@gmail.com

Èññëåäóþòñÿ êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ êîëåáàíèé

∂2u

∂t2
=
∂2u

∂x2
+
∂2u

∂y2
(1)

ñ óñëîâèåì ïåðèîäè÷íîñòè ïî x è y

u(x, y, t) = u(x+ 1, y, t) = u(x, y + 1, t) (2)

è óñëîâèÿìè
u|t=0 = g1(x, y), (3)(

Au+B
∂u

∂t

)∣∣∣∣
t=τ

= g2(x, y), (4)

ãäå g1, g2 � çàäàííûå ïåðèîäè÷åñêèå ôóíêöèè ñ ïåðèîäîì 1 ïî x, y,
A,B � ÏÄÎ ïåðâîãî è íóëåâîãî ïîðÿäêà ñîîòâåòñòâåííî, τ � çàäàííîå ÷èñëî,
g1 ∈ Hs+1(T2), g2 ∈ Hs(T2),
u ∈ C0([0, τ ],Hs+1(T2)) ∩ C1([0, τ ],Hs(T2)) ∩ C2([0, τ ],Hs−1(T2)) (ñð. [1] è [2]).
Â ðàáîòå èññëåäóþòñÿ ôðåäãîëüìîâà è îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è (1)�(4).

Èñõîäíàÿ çàäà÷à ñâîäèòñÿ ê óðàâíåíèþ íà ãðàíèöå îáëàñòè. Îêàçàëîñü, ÷òî
ïîëó÷åííîå óðàâíåíèå àññîöèèðîâàíî ñ êâàíòîâàííûìè êàíîíè÷åñêèìè ïðåîáðà-
çîâàíèÿìè (ñì. [3] è [4]). Ïðèìåíèâ ðåçóëüòàòû öèòèðîâàííûõ ðàáîò, ìû äàåì
óñëîâèÿ ðàçðåøèìîñòè óðàâíåíèÿ íà ãðàíèöå è, ñëåäîâàòåëüíî, óñëîâèÿ ðàçðå-
øèìîñòè çàäà÷è (1)�(4).

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå G-RISC è DAAD (ïðîåêò �M-2017b-1),

à òàêæå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 16-01-00373).
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ÎÁ ÝÊÑÏÎÍÅÍÖÈÀËÜÍÎÉ ÄÈÕÎÒÎÌÈÈ
ÐÀÇÍÎÑÒÍÛÕ ÓÐÀÂÍÅÍÈÉ

Ñ ÏÅÐÈÎÄÈ×ÅÑÊÈÌÈ ÂÎÇÌÓÙÅÍÈßÌÈ

Áîíäàðü À.À.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
anna.alex.bondar@gmail.com

Ðàññìàòðèâàåòñÿ ñèñòåìà ëèíåéíûõ ðàçíîñòíûõ óðàâíåíèé ñ ïåðèîäè÷åñêèìè
êîýôôèöèåíòàìè ñëåäóþùåãî âèäà

xn+1 = Axn, n ∈ Z, (1)

ãäå A � íåâûðîæäåííàÿ ìàòðèöà ðàçìåðà m × m. Ïðåäïîëàãàåòñÿ, ÷òî ñèñòå-
ìà (1) ýêñïîíåíöèàëüíî äèõîòîìè÷íà (ñì., íàïðèìåð, [1]). Â ðàáîòå èññëåäîâàíà
ýêñïîíåíöèàëüíàÿ äèõîòîìèÿ äëÿ âîçìóùåííîé ñèñòåìû

yn+1 = (A+B(n))yn, n ∈ Z,

ãäå ìàòðè÷íàÿ ïîñëåäîâàòåëüíîñòü âîçìóùåíèé {B(n)} ÿâëÿåòñÿ N -ïåðèîäè÷åñ-
êîé, ò. å. B(n+N) = B(n), n ∈ Z. Èñïîëüçóÿ òîò ôàêò, ÷òî ðåøåíèå ìàòðè÷íîãî
óðàâíåíèÿ Ëÿïóíîâà

H −A∗HA = P ∗P − (I − P )∗(I − P ),
ãäå P = P 2, AP = PA, H = P ∗HP + (I − P )∗H(I − P ), ïðåäñòàâèìî â âèäå

H =
∞∑
k=0

(A∗)kP ∗PAk +
∞∑
k=1

(A∗)−k(I − P )∗(I − P )A−k = H− +H+, (2)

íåòðóäíî ïîëó÷èòü óñëîâèÿ íà âîçìóùåíèÿ{B(n)}, ïðè êîòîðûõ ñîõðàíÿåòñÿ ýêñ-
ïîíåíöèàëüíàÿ äèõîòîìèÿ.

Òåîðåìà. Ïóñòü det(A) ̸= 0 è ìàòðèöû H, H− è H+ èç ôîðìóëû (2). Ïðåä-
ïîëîæèì, ÷òî ìàòðè÷íàÿ ïîñëåäîâàòåëüíîñòü âîçìóùåíèé {B(n)} óäîâëåòâîðÿåò
óñëîâèþ

∥B(n)∥ <
((
∥H−∥ − 1

∥H−∥
+
∥H+∥+ 1

∥H+∥

)√
∥H∥∥H−1∥

)−1

,

òîãäà äëÿ âîçìóùåííîé ñèñòåìû èìååò ìåñòî ýêñïîíåíöèàëüíàÿ äèõîòîìèÿ.
Äàííûå èññëåäîâàíèÿ ÿâëÿþòñÿ ïðîäîëæåíèåì [2�5].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-

íûõ èññëåäîâàíèé è Ïðàâèòåëüñòâà Íîâîñèáèðñêîé îáëàñòè â ðàìêàõ íàó÷íîãî ïðîåêòà

� 17-41-543365.
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ÌÅÒÎÄ ÐÀÑÏÐÎÑÒÐÀÍßÞÙÈÕÑß ÂÎËÍ
ÄËß ÍÅÎÄÍÎÐÎÄÍÎÉ ÑÐÅÄÛ Ñ ÏÀÌßÒÜÞ

Áîðîâñêèõ À.Â.1, Öàðèöàíñêèé À.Í.2

1Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà,
Ìîñêâà, Ðîññèÿ; bor.bor@mail.ru

2ÎÀÎ �Ãàçïðîì�, Ñàíêò-Ïåòåðáóðã, Ðîññèÿ; tsaritsanskiian@gmail.com

Èç òð¼õ õîðîøî èçâåñòíûõ ñïîñîáîâ ïðåäñòàâëåíèÿ ðåøåíèÿ óðàâíåíèÿ

utt = uxx (1)

� â âèäå ôîðìóëû ðàñïðîñòðàíÿþùèõñÿ âîëí

u = f(x− t) + g(x+ t), (2)

ïî ôîðìóëå Ä'Àëàìáåðà è â âèäå ðÿäà Ôóðüå � ïîñëåäíèå äâà èìåþò øèðî÷àé-
øèå îáîáùåíèÿ. Âòîðîé � â âèäå òåîðèè êîñèíóñíûõ ïîëóãðóïï, à òðåòèé � â
âèäå îáùåé ñïåêòðàëüíîé òåîðèè.

×òî æå êàñàåòñÿ ïåðâîãî, òî îí ïî÷åìó-òî îêàçàëñÿ ãîðàçäî ìåíåå ïîääàþùèì-
ñÿ îáîáùåíèþ. Õîòÿ ñôåðà äåéñòâèÿ âòîðîãî è òðåòüåãî ñïîñîáà âåñüìà îãðàíè÷å-
íà: îíè ïðèãîäíû òîëüêî äëÿ îáëàñòåé �öèëèíäðè÷åñêîé� ôîðìû. Äëÿ çàäà÷ æå,
íàïðèìåð, ñî ñâîáîäíîé ãðàíèöåé, ìû äàæå äëÿ óðàâíåíèÿ (1) íåìåäëåííî âû-
íóæäåíû çàáûòü î âñåõ ýòèõ çàìå÷àòåëüíûõ òåîðèÿõ, è îáðàòèòüñÿ ê çíàêîìîé
ôîðìóëå (2).

Âîçìîæíî ëè ïîñòðîèòü àíàëîã ôîðìóëû ðàñïðîñòðàíÿþùèõñÿ âîëí íå òîëü-
êî äëÿ óðàâíåíèÿ (1), íî è äëÿ êàêèõ-òî áîëåå øèðîêèõ êëàññîâ óðàâíåíèé?
Äëÿ ìíîãîìåðíûõ óðàâíåíèé ýòîò âîïðîñ ïî-ïðåæíåìó ÿâëÿåòñÿ îòêðûòûì (õî-
òÿ ïîïûòêè íàéòè ðåøåíèÿ â âèäå âîëíû áûëè, îíè âîñõîäÿò ê îäíîé èç ðà-
áîò Ñ.Ë. Ñîáîëåâà è â ñîâðåìåííîì èñïîëíåíèè èçâåñòíû êàê �ôóíêöèîíàëüíî-
èíâàðèàíòíûå� èëè �îòíîñèòåëüíî íåèñêàæàþùèåñÿ� ðåøåíèÿ).

×òî æå êàñàåòñÿ îäíîìåðíîãî ñëó÷àÿ, òî îêàçàëîñü, ÷òî äëÿ óðàâíåíèÿ k(s)utt
= (k(s)us)s, îïèñûâàþùåãî íåîäíîðîäíóþ ñðåäó, òî÷íûé àíàëîã ôîðìóëû (1)
ñóùåñòâóåò: √

k(s)u(t, s) = f(t, s) + g(t, s),

òîëüêî ñëàãàåìûå f è g â í¼ì � ðåøåíèÿ íå èñõîäíîãî óðàâíåíèÿ, à ñïåöèàëüíîé
ñèñòåìû ïåðåíîñà âîëí:

ft + fs = ϕ(s)g, gt − gs = −ϕ(s)f,

ãäå ϕ(s) = k′/(2k). Äëÿ îäíîðîäíîé ñðåäû, êîãäà k = const, îíè, î÷åâèäíî, äà-
þò (2).

Îòêàç îò åñòåñòâåííîãî âðîäå áû ïðåäïîëîæåíèÿ, ÷òî âîëíû ÿâëÿþòñÿ ðåøå-
íèåì òîãî æå óðàâíåíèÿ, îêàçàëñÿ î÷åíü ïðîäóêòèâíûì, è ïîçâîëèë àíàëîãè÷íûì
îáðàçîì ïðåäñòàâèòü è ðåøåíèÿ îäíîìåðíîãî âîëíîâîãî óðàâíåíèÿ äëÿ ñðåäû
ñ ïàìÿòüþ. Ïðè÷¼ì ðàçëè÷íûå âåðñèè òàêîãî òèïà óðàâíåíèé äàëè äîñòàòî÷íî
áîãàòóþ ôåíîìåíîëîãèþ, ïðåäñòàâëÿþùóþ âîçìîæíîñòè ìåòîäà ðàñïðîñòðàíÿþ-
ùèõñÿ âîëí, êîòîðàÿ ïîçâîëÿåò ðàññ÷èòûâàòü íà ïîëó÷åíèå óæå îáùèõ ðåçóëüòà-
òîâ, ïî êðàéíåé ìåðå äëÿ óðàâíåíèé ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè.

Â äîêëàäå áóäóò ïðåäñòàâëåíû ðåçóëüòàòû, ïîëó÷åííûå â ýòîì íàïðàâëåíèè,
è îñíîâíûå âîïðîñû, êîòîðûå ñåé÷àñ îñòàëèñü ïîêà íåðåøåííûìè.
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ÎÖÅÍÊÈ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÐÅØÅÍÈÉ
ÇÀÄÀ× ÃÐÀÍÈ×ÍÎÃÎ ÓÏÐÀÂËÅÍÈß

ÄËß ÑÒÀÖÈÎÍÀÐÍÛÕ ÓÐÀÂÍÅÍÈÉ ÌÃÄ

Áðèçèöêèé Ð.Â.

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè ÄÂÎ ÐÀÍ, Âëàäèâîñòîê, Ðîññèÿ;
mlnwizard@mail.ru

Â îãðàíè÷åííîé îáëàñòè Ω ⊂ R3 ñ ãðàíèöåé Σ ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à
äëÿ ñòàöèîíàðíûõ óðàâíåíèé ÌÃÄ âÿçêîé íåñæèìàåìîé æèäêîñòè

ν∆u+ (u · ∇)u+∇p− ærotH×H = f , divu = 0 â Ω, (1)

ν1rotH−E+æH× u = ν1j, divH = 0, rotE = 0 â Ω, (2)

u = 0, H× n = q íà Σ. (3)

Çäåñü u è H � âåêòîðû ñêîðîñòè è ìàãíèòíîãî ïîëÿ, E = E′/ρ0, p = p′/ρ0,
ãäå E′ � ýëåêòðè÷åñêîå ïîëå, p′ � äàâëåíèå, ρ0 = const � ïëîòíîñòü æèäêîñòè,
æ = µ/ρ0, ν1 = 1/ρ0σ = æνm, ν è νm � ïîñòîÿííûå êîýôôèöèåíòû êèíåìàòè÷å-
ñêîé è ìàãíèòíîé âÿçêîñòè, σ � ïîñòîÿííàÿ ýëåêòðîïðîâîäíîñòü, µ � ïîñòîÿí-
íàÿ ìàãíèòíàÿ ïðîíèöàåìîñòü, n � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê Σ, j �
ïëîòíîñòü ñòîðîííèõ òîêîâ, f � îáúåìíàÿ ïëîòíîñòü âíåøíèõ ñèë. Íèæå íà çàäà-
÷ó (1)�(3) ïðè çàäàííûõ ôóíêöèÿõ f , j è q áóäåì ññûëàòüñÿ êàê íà çàäà÷ó 1. Âñå
âåëè÷èíû â (1)�(3) ÿâëÿþòñÿ ðàçìåðíûìè è çàïèñàíû â ñèñòåìå ÑÈ. Ïðè q = 0
ãðàíè÷íîå óñëîâèå äëÿ ìàãíèòíîãî ïîëÿ H îòâå÷àåò ñèòóàöèè, êîãäà ãðàíèöà Σ
ÿâëÿåòñÿ èäåàëüíûì äèýëåêòðèêîì.

Ðàçðåøèìîñòü çàäà÷è 1 ïðè q ∈ Hs(Σ)3, ãäå s ∈ [0, 1/2], èññëåäîâàíà â [1]. Â
íàñòîÿùåé ðàáîòå äëÿ ìîäåëè (1)�(3) äîêàçàíà ðàçðåøèìîñòü çàäà÷è ãðàíè÷íîãî
óïðàâëåíèÿ â ñëó÷àå, êîãäà q ∈ Hs(Σ)3 ïðè s ≥ 0. (Î ðàçðåøèìîñòè áëèçêèõ
çàäà÷ ãðàíè÷íîãî óïðàâëåíèÿ ñì. [2, 3]). Äàëåå ïðè s > 0 äëÿ çàäà÷è óïðàâëåíèÿ
ïîñòðîåíà ñèñòåìà îïòèìàëüíîñòè è íà îñíîâå åå àíàëèçà âûâåäåíû îöåíêè ëî-
êàëüíîé óñòîé÷èâîñòè ðåøåíèé ýêñòðåìàëüíîé çàäà÷è îòíîñèòåëüíî ìàëûõ âîç-
ìóùåíèé êîíêðåòíûõ ôóíêöèîíàëîâ êà÷åñòâà è çàäàííûõ ôóíêöèé f , j çàäà÷è 1.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00365-a).
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ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ È ÍÀÁËÞÄÀÒÅËÅÌ

Áóðàê À.Ä.1, Êîçëîâ À.À.2

Ïîëîöêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîïîëîöê, Ðåñïóáëèêà Áåëàðóñü;
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Ðàññìîòðèì ëèíåéíóþ ðàâíîìåðíî âïîëíå óïðàâëÿåìóþ [1] ñèñòåìó

ẋ = A(t)x+B(t)u, x ∈ R3, u ∈ Rm, m ∈ {1, 2, 3}, t > 0, (1)

ñ íàáëþäàòåëåì y = CT (t)x, y ∈ Rk, k ∈ {1, 2, 3}.
Íàðÿäó ñ ñèñòåìîé (1) ðàññìîòðèì ñèñòåìó ñ íóëåâûì óïðàâëåíèåì

ẋ = A(t)x, x ∈ R3, (2)

îáëàäàþùóþ ñâîéñòâîì ðàâíîìåðíîé ïîëíîé íàáëþäàåìîñòè [2, ñ. 304].
Áóäåì ïîëàãàòü, ÷òî ìàòðèöû-ôóíêöèè A(·), B(·) è C(·) ïðèíàäëåæàò êëàññó

ëîêàëüíî èíòåãðèðóåìûõ è èíòåãðàëüíî îãðàíè÷åííûõ ìàòðè÷íûõ ôóíêöèé.
Ïîñòðîèì ïî (1) è ïî âûõîäó y ñèñòåìó àñèìïòîòè÷åñêîé îöåíêè ñîñòîÿíèÿ

˙̂x = A(t)x̂+ V (t)(y(t)− CT (t)x̂) +B(t)u, x̂ ∈ R3, (3)

ãäå x̂ � îöåíêà ñîñòîÿíèÿ ñèñòåìû (1). Âûáåðåì âåêòîðíîå óïðàâëåíèå u â ñèñòå-
ìå (3) â âèäå ëèíåéíîé îáðàòíîé ñâÿçè u = U(t)x̂, U(·) � èçìåðèìîå è îãðàíè-
÷åííîå óïðàâëåíèå. Ïîäñòàâèâ âûáðàííîå óïðàâëåíèå â ñèñòåìó (1), (3), ïîëîæèâ

x̃ := x− x̂ è
(
x
x̃

)
=

(
E 0
E −E

)(
x
x̂

)
, ïåðåéäåì ê ñèñòåìå(

ẋ
˙̃x

)
=

(
A(t) +B(t)U(t) −B(t)U(t)

0 A(t)− V (t)CT (t)

)(
x
x̃

)
, (4)

îáëàäàþùåé êîíå÷íûì íàáîðîì (ñïåêòðîì) õàðàêòåðèñòè÷åñêèõ ïîêàçàòåëåé
Ëÿïóíîâà λ1(A0) ≤ . . . ≤ λn(A0), ãäå A0 � ìàòðèöà êîýôôèöèåíòîâ ñèñòåìû (4).

Îïðåäåëåíèå [1]. Çàäà÷à î ïîñòðîåíèè äëÿ ñèñòåìû (4) îáðàòíîé ñâÿçè u =
U(t)x, âëåêóùåé âûïîëíåíèå ðàâåíñòâ λi(A0) = µi, i = 1, n, äëÿ ëþáûõ íàïåðåä
çàäàííûõ âåùåñòâåííûõ ÷èñåë µ1 ≤ . . . ≤ µn, íàçûâàåòñÿ çàäà÷åé ãëîáàëüíîãî
óïðàâëåíèÿ õàðàêòåðèñòè÷åñêèìè ïîêàçàòåëÿìè Ëÿïóíîâà ëèíåéíîé ñèñòåìû (4).

Íà îñíîâàíèè ìåòîäà, ïðåäëîæåííîãî â [3], íàìè áûëà äîêàçàíà òåîðåìà.
Òåîðåìà. Åñëè ñèñòåìà (1) ñ ëîêàëüíî èíòåãðèðóåìûìè è èíòåãðàëüíî îãðà-

íè÷åííûìè êîýôôèöèåíòàìè ðàâíîìåðíî âïîëíå óïðàâëÿåìà, ñèñòåìà (2) ñ íà-
áëþäàòåëåì è òàêèìè æå, êàê ó ñèñòåìû (1), êîýôôèöèåíòàìè ðàâíîìåðíî âïîëíå
íàáëþäàåìà, òî ïîêàçàòåëè Ëÿïóíîâà ñèñòåìû (4) ãëîáàëüíî óïðàâëÿåìû.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Áåëîðóññêîãî ðåñïóáëèêàíñêîãî ôîí-

äà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � Ô16Ì-006).
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ÏÎÏÅÐÅ×ÍÈÊÈ ÂÅÑÎÂÛÕ ÊËÀÑÑÎÂ ÑÎÁÎËÅÂÀ:
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Ïóñòü 1 < p ≤ q < ∞, p′ = p
p−1 . Îáîçíà÷èì ϑl(M, X) = dl(M, X) è q̂ = q

ïðè îöåíêå êîëìîãîðîâñêèõ ïîïåðå÷íèêîâ, ϑl(M, X) = λl(M, X) è q̂ = min{q, p′}
ïðè îöåíêå ëèíåéíûõ ïîïåðå÷íèêîâ, ϑl(M, X) = dl(M, X) è q̂ = p′ ïðè îöåíêå
ãåëüôàíäîâñêèõ ïîïåðå÷íèêîâ.

Ïîëîæèì λpq = 0, åñëè p = q èëè q̂ ≤ 2, è λpq = min
{ 1

p−
1
q

1
2−

1
q̂

, 1
}
, åñëè p < q è

q̂ > 2.
Ïóñòü îáëàñòü Ω ⊂ Rd óäîâëåòâîðÿåò óñëîâèþ Äæîíà, Γ ⊂ ∂Ω � h-ìíîæåñò-

âî [1]. Ðàññìàòðèâàåòñÿ çàäà÷à îá îöåíêå ïîïåðå÷íèêîâ âåñîâîãî êëàññà Ñîáîëåâà
W r

p,g(Ω) â ïðîñòðàíñòâå Lq,v(Ω). Ïðåäïîëàãàåì, ÷òî ôóíêöèÿ h â îêðåñòíîñòè
íóëÿ èìååò âèä h(t) = | log t|−γ | log | log t||−κ, ãäå γ > 0, κ ∈ R. Ïóñòü g(x) =
φg(dist (x, Γ)), v(x) = φv(dist (x, Γ)), ôóíêöèè φg è φv â îêðåñòíîñòè íóëÿ èìåþò
âèä

φg(t) = t−βg | log t|−αg | log | log t||−σg , φv(t) = t−βv | log t|−αv | log | log t||−σv .

Ïîëîæèì α = αg + αv.
Òåîðåìà. Ïóñòü 1 < p ≤ q < ∞, δ := r + d

q −
d
p > 0, βv = d

q , βg = r − d
p ,

α > 1
p′ +

1
q .

1. Ïóñòü p = q èëè q̂ ≤ 2. Ïîëîæèì θ1 = δ
d , θ2 = α

γ+1 , θ3 =
α− 1

p′ −
1
q

γ , φ1(t) ≡ 1,

φ2(t) = | log t|−
κα
γ+1−σ, φ3(t) = | log t|

−κ
γ

(
α− 1

q−
1
p′

)
−σ

. Ïóñòü ñóùåñòâóåò òàêîå j∗ ∈
{1, 2, 3}, ÷òî θj∗ < minj ̸=j∗ θj . Òîãäà

ϑn(W
r
p,g(Ω), Lq,v(Ω)) ≍ n−θj∗φj∗(n).

2. Ïóñòü p < q, q̂ > 2. Ïîëîæèì θ1 = δ
d + λpq

(
1
2 −

1
q̂

)
, θ2 = α

γ+1 + λpq

(
1
2 −

1
q̂

)
,

θ3 =
α− 1

p′ −
1
q

γ + λpq

(
1
2 −

1
q̂

)
, θ4 = q̂δ

2d , θ5 =
q̂
(
α− 1

p′ −
1
q

)
2γ , φ1(t) = φ4(t) ≡ 1, φ2(t) =

| log t|−
κα
γ+1−σ, φ3(t) = | log t|−

κ
γ

(
α− 1

q−
1
p′

)
−σ

, φ5(t) = φ3(t
q̂/2). Ïóñòü ñóùåñòâóåò

òàêîå j∗ ∈ {1, 2, 3, 4, 5}, ÷òî θj∗ < minj ̸=j∗ θj . Òîãäà

ϑn(W
r
p,g(Ω), Lq,v(Ω)) ≍ n−θj∗φj∗(n).
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Äëÿ óëó÷øåíèÿ ñïîñîáíîñòè ðàçëè÷íûõ òåõíè÷åñêèõ óñòðîéñòâ ôóíêöèîíè-
ðîâàòü â øèðîêîì äèàïàçîíå òåìïåðàòóð ÷àñòî èñïîëüçóþòñÿ òåðìîçàùèòíûå
ôóíêöèîíàëüíî-ãðàäèåíòíûå ïîêðûòèÿ � êîìïîçèòû ñ ïåðåìåííûìè ïî ãëóáèíå
òåðìîìåõàíè÷åñêèìè õàðàêòåðèñòèêàìè. Â ïðîöåññå ýêñïëóàòàöèè ïîä âîçäåé-
ñòâèåì ðàçëè÷íûõ ôàêòîðîâ â òàêèõ ïîêðûòèÿõ ìîãóò âîçíèêàòü ïðåäâàðèòåëü-
íûå íàïðÿæåíèÿ è ïðåäíàãðåâ, êîòîðûå ìîãóò äîñòèãàòü áîëüøèõ çíà÷åíèé è ïðè-
âåñòè ê ðàññëîåíèþ ïîêðûòèé. Ïîýòîìó çàäà÷à ìîäåëèðîâàíèÿ è èäåíòèôèêàöèè
õàðàêòåðèñòèê ïîêðûòèé ÿâëÿþòñÿ âàæíåéøèìè çàäà÷àìè ìàòåìàòè÷åñêîé ôè-
çèêè. Èññëåäîâàíèå çàäà÷è òåðìîóïðóãîñòè äëÿ òåë ñ íåîäíîðîäíûìè ïîêðûòèÿ-
ìè ïðèâîäèò ê èññëåäîâàíèþ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ
ñ ïåðåìåííûìè êîýôôèöèåíòàìè, à çàäà÷à îïðåäåëåíèÿ ïðåäíàïðÿæåíèé è ïðåä-
íàãðåâà â ñèñòåìå ïîêðûòèå-ïîäëîæêà îòíîñèòñÿ ê êîýôôèöèåíòíûì îáðàòíûì
çàäà÷àì òåðìîóïðóãîñòè.

Â ðàáîòå ðàññìîòðåíà çàäà÷à òåðìîóïðóãîñòè äëÿ ïîëîãî öèëèíäðà ñ ãðà-
äèåíòíûì ïîêðûòèåì, íàõîäÿùåìñÿ â óñëîâèÿõ ïëîñêîé äåôîðìàöèè ïðè íàëè-
÷èè íåîäíîðîäíîãî ïîëÿ ïðåäâàðèòåëüíûõ íàïðÿæåíèé è ïðåäíàãðåâà. Âíóòðåí-
íÿÿ öèëèíäðè÷åñêàÿ ïîâåðõíîñòü òåïëîèçîëèðîâàíà è ñâîáîäíà îò íàïðÿæåíèé,
à íà âíåøíåé ïîâåðõíîñòè äåéñòâóåò êîìáèíèðîâàííàÿ òåïëîâàÿ è ìåõàíè÷å-
ñêàÿ íàãðóçêà. Íà îñíîâå ïîäõîäà, ïðåäëîæåííîãî À.Í. Ãóçåì äëÿ óïðóãèõ òåë,
áûëè ïîëó÷åíû óðàâíåíèÿ òåðìîóïðóãîñòè äëÿ ïðåäâàðèòåëüíî-íàïðÿæåííîãî
öèëèíäðà. Òåðìîìåõàíè÷åñêèå ôóíêöèè, õàðàêòåðèçóþùèå ñèñòåìó ïîêðûòèå-
ïîäëîæêà, îïèñûâàþòñÿ êóñî÷íî-íåïðåðûâíûìè ôóíêöèÿìè. Ïðÿìàÿ çàäà÷à òåð-
ìîóïðóãîñòè ïîñëå ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøàåòñÿ íà îñíîâå ìå-
òîäà ïðèñòðåëêè è îáðàùåíèÿ òðàíñôîðìàíò íà îñíîâå ìåòîäà Äóðáèíà. Ïðîâå-
äåíî èññëåäîâàíèå âëèÿíèÿ òåðìîìåõàíè÷åñêèõ õàðàêòåðèñòèê è ïðåäíàïðÿæåí-
íîãî ñîñòîÿíèÿ íà ãðàíè÷íûå ôèçè÷åñêèå ïîëÿ.

Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è ïîëó÷åíà ñëàáàÿ ïîñòàíîâêà ïðÿìîé çàäà÷è
äëÿ ïðåäíàïðÿæåííîãî òåðìîóïðóãîãî öèëèíäðà â òðàíñôîðìàíòàõ Ëàïëàñà. Íà
îñíîâå ñëàáîé ïîñòàíîâêè è ìåòîäà ëèíåàðèçàöèè ïîëó÷åíû îïåðàòîðíûå óðàâíå-
íèÿ äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è è ðåàëèçàöèè èòåðàöèîííîãî ïðîöåññà. Â õîäå
ðåàëèçàöèè èòåðàöèîííîãî ïðîöåññà ïîïðàâêè ê âîññòàíàâëèâàåìûì õàðàêòåðè-
ñòèêàì îïðåäåëÿëèñü èç ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà 1-ãî ðîäà
ñ ãëàäêèìè ÿäðàìè.

Â âû÷èñëèòåëüíûõ ýêñïåðèìåíòàõ âîññòàíàâëèâàëàñü îäíà èç õàðàêòåðèñòèê
ïîêðûòèÿ òåðìîóïðóãîãî öèëèíäðà ïðè èçâåñòíûõ îñòàëüíûõ. Ñäåëàí àíàëèç
âëèÿíèÿ ìîíîòîííîñòè õàðàêòåðèñòèê â ïîêðûòèè, îòíîñèòåëüíîé òîëùèíû ïî-
êðûòèÿ, óðîâíÿ ïðåäíàïðÿæåíèé íà ðåçóëüòàòû ðåêîíñòðóêöèè íåîäíîðîäíûõ
òåðìîìåõàíè÷åñêèõ õàðàêòåðèñòèê.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÍÔ (ïðîåêò � 18-11-00069).
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Âèðö Ð.À.1, Ïàïèí À.À.2

Àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Áàðíàóë, Ðîññèÿ;
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Â ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ôèëüòðàöèè æèäêîñòè â
ïîðîóïðóãîé ñðåäå. Ïðåäïîëàãàåòñÿ, ÷òî ïîðîóïðóãàÿ ñðåäà îáëàäàåò ïðåèìóùå-
ñòâåííî âÿçêèìè ñâîéñòâàìè è ïëîòíîñòè ôàç ÿâëÿþòñÿ ïîñòîÿííûìè. Äàííûé
ïðîöåññ ìîæåò áûòü îïèñàí ñëåäóþùåé ñèñòåìîé óðàâíåíèé

∂ϕρf
∂t

+∇ · (ϕv⃗fρf ) = 0,
∂ρs(1− ϕ)

∂t
+∇ · ((1− ϕ)v⃗sρs) = 0, (1)

ϕ(v⃗f − v⃗s) = −k(ϕ)(∇pf + ρf g⃗), ∇ · vs = −a1(ϕ)pe, (2)

ρtotg⃗ + div

(
(1− ϕ)η

(
∂v⃗s
∂x⃗

+

(
∂v⃗s
∂x⃗

)∗))
−∇ptot = 0, (3)

ðåøàåìîé â îáëàñòè (x⃗, t) ∈ QT = Ω × (0, T ), Ω ∈ Rn, ïðè êðàåâûõ è íà÷àëüíûõ
óñëîâèÿõ

v⃗s |∂QT
= v⃗f |∂QT

= 0, ϕ |t=0= ϕ0(x).

Çäåñü ρf , ρs, v⃗f , v⃗s � ñîîòâåòñòâåííî èñòèííûå ïëîòíîñòè è ñêîðîñòè æèäêîé è
òâåðäîé ôàç, ϕ � ïîðèñòîñòü, pf , ps � ñîîòâåòñòâåííî äàâëåíèÿ æèäêîé è òâåðäîé
ôàç, pe = ptot − pf � ýôôåêòèâíîå äàâëåíèå, ptot = ϕpf + (1 − ϕ)ps � îáùåå
äàâëåíèå, ρtot = ϕρf + (1 − ϕ)ρs � ïëîòíîñòü äâóõôàçíîé ñðåäû, g⃗ � âåêòîð
ñèëû òÿæåñòè, k(ϕ) � êîýôôèöèåíò ôèëüòðàöèè, a1(ϕ) � êîýôôèöèåíò îáúåìíîé
âÿçêîñòè, η � âÿçêîñòü òâåðäîé ñðåäû.

Â îäíîìåðíîì âèäå â ìàññîâûõ ïåðåìåííûõ Ëàãðàíæà ñèñòåìà (1)�(3) ñâîäèò-
ñÿ ê óðàâíåíèþ äëÿ ïîðèñòîñòè [1]

∂

∂t

(
ϕ

1− ϕ

)
=

∂

∂x

(
k(ϕ)(1− ϕ)∂

2G(ϕ)

∂x∂t
− k(ϕ)g(ρtot + ρf )

)
,

ãäå ôóíêöèÿ G(ϕ) îïðåäåëÿåòñÿ ðàâåíñòâîì

dG(ϕ)

dϕ
= (1 + 2η(1− ϕ)a1(ϕ))(a1(ϕ)(1− ϕ))−1.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-08-00291).
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Êëàññè÷åñêèé ðåçóëüòàò Êàðàòåîäîðè 1913 ãîäà î ãðàíè÷íîì ñîîòâåòñòâèè
äëÿ êîíôîðìíûõ îòîáðàæåíèé øèðîêî èçâåñòåí êàê òåîðèÿ ïðîñòûõ êîíöîâ Êà-
ðàòåîäîðè. Ñ òåõ ïîð âîïðîñ î òîì, ïðè êàêèõ óñëîâèÿõ îòîáðàæåíèå íåïðåðûâ-
íî (ãîìåîìîðôíî) ïðîäîëæàåòñÿ íà çàìûêàíèå îáëàñòè îïðåäåëåíèÿ (çíà÷åíèé),
àêòèâíî èçó÷àåòñÿ â ðàìêàõ êëàññè÷åñêîé òåîðèè ôóíêöèé è êâàçèêîíôîðìíîãî
àíàëèçà (ñì. ðàáîòû Ã.Ä. Ñóâîðîâà, Â.À. Çîðè÷à, Ð. Íÿêêè, Þ. Âÿéñÿëÿ è äð.).

Àíàëîãè÷íî ðàáîòå [1] ðàññìîòðèì â îáëàñòè Ω ⊂ Rn ¼ìêîñòíóþ ìåòðèêó
dθq(x, y), îïðåäåëÿåìóþ ïî âåñîâîìó ïðîñòðàíñòâó Ñîáîëåâà L1

q(Ω; θ), q ∈ (n−1, n],
äëÿ òî÷åê x, y ∈ Ω, äîñòàòî÷íî áëèçêèõ ê ãðàíèöå ∂Ω (çäåñü θ : Ω → (0,∞) �
íåïðåðûâíàÿ âåñîâàÿ ôóíêöèÿ). Âåñîâàÿ ôóíêöèÿ èñêàæàåò åâêëèäîâó ãåîìåò-
ðèþ îáëàñòè Ω ñ ó÷åòîì âûðîæäåíèÿ âáëèçè ãðàíèöû. Ïðèñîåäèíåííûå ïðè ïî-
ïîëíåíèè ìåòðè÷åñêîãî ïðîñòðàíñòâà (Ω, dθq(x, y)) ê îáëàñòè Ω ýëåìåíòû íàçî-
â¼ì L1

q(Ω; θ)-¼ìêîñòíîé ãðàíèöåé. Èçâåñòíî, ÷òî íà ïëîñêîñòè (n = 2) L1
2(Ω)-

¼ìêîñòíàÿ ãðàíèöà ãîìåîìîðôíà ãðàíèöå ïî Êàðàòåîäîðè.
Ìû èññëåäóåì ãðàíè÷íîå ïîâåäåíèå ãîìåîìîðôèçìîâ êëàññà OD(Ω; q, p; θ, 1),

n−1< q ≤ p ≤ n, ââåäåííûõ â ðàáîòå [2], ò. å. ãîìåîìîðôèçìîâ φ∈W 1
n−1,loc(Ω,Rn),

óäîâëåòâîðÿþùèõ ïîòî÷å÷íîìó óñëîâèþ θ
p
q (x)|Df(x)|p ≤

(
K(x)

)p
J(x, f) ï. âñ.

äëÿ íåêîòîðîé ôóíêèè K(x); íàèìåíüøàÿ èç òàêèõ ôóíêöèé Kθ,1
q (·, f) ∈ Lκ(Ω),

ãäå 1
κ = 1

q −
1
p (κ = ∞, åñëè q = p). Ïðè q = p = n, θ ≡ 1 ýòè ãîìåîìîðôèçìû

êâàçèêîíôîðìíû è íàñëåäóþò èõ ìíîãèå ãåîìåòðè÷åñêèå ñâîéñòâà.
Ìû äîêàçûâàåì, ÷òî ãîìåîìîðôèçì ψ : Ω′ → Ω, îáðàòíûé ê ãîìåîìîðôèçìó

φ ∈ OD(Ω; q, p; θ, 1), åñòåñòâåííî ïðîäîëæàåòñÿ äî íåïðåðûâíîãî îòîáðàæåíèÿ
L1
p(Ω

′)-¼ìêîñòíîé ãðàíèöû â L1
q(Ω; θ)-¼ìêîñòíóþ ãðàíèöó.

Ìû ïðèâîäèì ïðèìåð îáëàñòè â R2, L1
q(Ω; θ)-¼ìêîñòíàÿ ãðàíèöà êîòîðîé íå

ñîâïàäàåò ñ åâêëèäîâîé, è ãîìåîìîðôèçìà φ : Ω → Ω′, íåïðåðûâíîãî âïëîòü äî
ãðàíèöû Ω, îòîáðàæàþùåãî îòðåçîê íà ãðàíèöå ∂Ω â òî÷êó ãðàíèöû ∂Ω′, è òà-
êîãî, ÷òî ïðîäîëæåíèå îáðàòíîãî íà L1

p(Ω
′; θ)-¼ìêîñòíóþ ãðàíèöó ãàðàíòèðóåòñÿ

ñâîéñòâàìè âåñîâîé ôóíêöèè. Îòìåòèì, ÷òî ðåçóëüòàòû äðóãèõ àâòîðîâ â àíà-
ëîãè÷íîé ñèòóàöèè íåëüçÿ íàçâàòü ïîëíûìè, ïîñêîëüêó îíè ïîëó÷åíû áåç ó÷¼òà
ïîâåäåíèÿ âåñîâîé ôóíêöèè âáëèçè ãðàíèöû (ñì., íàïðèìåð, [3]).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00801a).
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Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Èíñòèòóò âû÷èñëèòåëüíîé
ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

vav@osmf.sscc.ru

Â äàííîì äîêëàäå ðàçâèâàåòñÿ èäåîëîãèÿ êíèãè [1], êàñàþùàÿñÿ öåëåñîîáðàç-
íîñòè èñïîëüçîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â êà÷åñòâå ìàòåìàòè÷åñêèõ
ìîäåëåé, îïèñûâàþùèõ ïðàêòè÷åñêè çíà÷èìûå ðàíäîìèçèðîâàííûå (ìàðêîâñêèå)
èòåðàöèîííûå ïðîöåññû. Îñîáîå âíèìàíèå â äîêëàäå áóäåò óäåëåíî ÷èñëåííûì
(ðåàëèçóåìûì íà êîìïüþòåðå) ðàíäîìèçèðîâàííûì ìàòåìàòè÷åñêèì ìîäåëÿì.

Òåîðåòè÷åñêèå è ïðàêòè÷åñêèå àñïåêòû èññëåäîâàíèÿ òîé èëè èíîé ÷èñëåííîé
ìàòåìàòè÷åñêîé ìîäåëè ÷àñòî íàõîäÿòñÿ â îïðåäåëåííîì ïðîòèâîðå÷èè ïî ñëåäó-
þùèì ïðè÷èíàì. Ïîëó÷èòü õîðîøèå ìàòåìàòè÷åñêèå ðåçóëüòàòû (òåîðåìû, ôîð-
ìóëû è ò. ï.) óäàåòñÿ, êàê ïðàâèëî, òîëüêî äëÿ ïðîñòåéøèõ (óïðîùåííûõ) âàðèàí-
òîâ ìîäåëè, íå ñîîòâåòñòâóþùèõ ñîäåðæàòåëüíûì ïðàêòè÷åñêèì ïðèëîæåíèÿì.
Â ñâîþ î÷åðåäü, àäåêâàòíûå ïðèêëàäíûå ìîäåëè ïî ïðè÷èíå ñâîåé ñëîæíîñòè
äîïóñêàþò òîëüêî ÷èñëåííûå èññëåäîâàíèÿ.

Áåçóñëîâíî, ïåðåõîä îò èòåðàöèîííîãî îïèñàíèÿ ïðîöåññà ê äèôôåðåíöèàëü-
íîìó óðàâíåíèþ (èëè ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé) ïîçâîëÿåò ïîëó-
÷èòü âåñüìà ïîëåçíóþ èíôîðìàöèþ î ðåøåíèè (âïëîòü äî àíàëèòè÷åñêîãî ïðåä-
ñòàâëåíèÿ). Îäíàêî òàêîé ïåðåõîä óæåñòî÷àåò òðåáîâàíèÿ ê ñâîéñòâàì ðåøåíèÿ
(â ÷àñòíîñòè, ê ãëàäêîñòè ýòîãî ðåøåíèÿ), îãðàíè÷èâàåò âîçìîæíîñòè ó÷åòà ïðàê-
òè÷åñêè âàæíûõ íåëèíåéíûõ ýôôåêòîâ íà øàãàõ èññëåäóåìîãî èòåðàöèîííîãî
(â ÷àñòíîñòè, ìàðêîâñêîãî) ïðîöåññà è, êðîìå òîãî, íå âñåãäà âîçìîæåí. Â ÷à-
ñòî ñëó÷àþùèõñÿ ñèòóàöèÿõ, êîãäà ó ïîëó÷àåìîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ íåò àíàëèòè÷åñêîãî ðåøåíèÿ è òðåáóåòñÿ ÷èñëåííîå ïðèáëèæåíèå ðåøåíèÿ,
èñõîäíûé èòåðàöèîííûé ïðîöåññ ÿâëÿåòñÿ îñíîâîé ïîñòðîåíèÿ îïòèìàëüíîãî ïî
òðóäîåìêîñòè âû÷èñëèòåëüíîãî àëãîðèòìà ïðÿìîãî ìîäåëèðîâàíèÿ.

Îïèñàííûå îãðàíè÷åíèÿ ïî èñïîëüçîâàíèþ àíàëèòè÷åñêèõ ïîäõîäîâ îñîáåííî
ÿðêî ïðîÿâëÿþòñÿ ïðè èçó÷åíèè âåðîÿòíîñòíûõ èòåðàöèîííûõ ïðîöåññîâ. Ôîð-
ìàëüíî äëÿ ïðèêëàäíûõ ìàðêîâñêèõ ïðîöåññîâ ìîæíî çàïèñàòü àíàëèòè÷åñêèå
ñîîòíîøåíèÿ òèïà óðàâíåíèÿ Êîëìîãîðîâà, îäíàêî àíàëèòè÷åñêîå ðåøåíèå èëè
ïîñòðîåíèå ÷èñëåííûõ ñõåì ïðèáëèæåíèÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ, ñóùåñòâåí-
íî îòëè÷íûõ îò ïðÿìîãî ìîäåëèðîâàíèÿ, êðàéíå çàòðóäíåíû. Êðîìå òîãî, ìîæíî
çàìåòèòü, ÷òî íà ïðàêòèêå òðåáóåòñÿ ïðèáëèæàòü íå ñàìî ðåøåíèå óðàâíåíèÿ
Êîëìîãîðîâà, à ôóíêöèîíàëû îò ýòîãî ðåøåíèÿ, è çäåñü òðåáóþòñÿ ñïåöèàëüíûå
àíàëèòè÷åñêèå è ÷èñëåííûå ïîäõîäû.

Â êà÷åñòâå ïðèìåðîâ îïèñàííûõ çäåñü ñèòóàöèé ðàññìàòðèâàþòñÿ ïðèêëàä-
íûå èòåðàöèîííûå ñõåìû, ñâÿçàííûå ñ ïåðåíîñîì ÷àñòèö ðàçëè÷íîé ïðèðîäû,
ïðîöåññû ñàìîîðãàíèçàöèè, ðàíäîìèçèðîâàííûå ðåñóðñíûå ìîäåëè è äð. Îñîáî
îòìåòèì, ÷òî â äàííîì äîêëàäå ñïèñîê ýòèõ ïðèìåðîâ ñóùåñòâåííî ðàñøèðåí ïî
ñðàâíåíèþ ñ êíèãîé [1].
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Ñèñòåìîé òèïà Äàðáó ìû íàçûâàåì ñèñòåìó ÎÄÓ âèäà

ẋ = x+ Pn(x, y), ẏ = y +Qn(x, y), (1)

ãäå Pn(x, y), Qn(x, y) � îäíîðîäíûå ìíîãî÷ëåíû ñòåïåíè n ≥ 2.
Ãëîáàëüíûé ôàçîâûé ïîðòðåò ïëîñêîé ñèñòåìû ÎÄÓ ñ òî÷íîñòüþ äî òîïîëî-

ãè÷åñêîé ýêâèâàëåíòíîñòè îïðåäåëÿåòñÿ çàäàíèåì åãî îñîáûõ ýëåìåíòîâ: òî÷åê
ïîêîÿ, ïðåäåëüíûõ öèêëîâ è ñåïàðàòðèñ ñåäëîâûõ ñåêòîðîâ. Â ñëó÷àå ñèñòåìû (1)
îñíîâíîé èíòåðåñ ïðåäñòàâëÿåò èññëåäîâàíèå òî÷åê ïîêîÿ.

Ìû ïîêàçàëè, ÷òî òî÷êè ïîêîÿ ñèñòåìû (1), ëåæàùèå â êîíå÷íîé ÷àñòè ôàçî-
âîé ïëîñêîñòè, ÿâëÿþòñÿ ãèïåðáîëè÷åñêèìè èëè ïîëóãèïåðáîëè÷åñêèìè óçëàìè,
ñ¼äëàìè è ñåäëî-óçëàìè.

Äëÿ èññëåäîâàíèÿ áåñêîíå÷íî óäàë¼ííûõ îñîáûõ òî÷åê ìû ïðèìåíèëè êîì-
ïàêòèôèêàöèþ Ïóàíêàðå, ïðè êîòîðîé áåñêîíå÷íî óäàë¼ííûå òî÷êè ñòàíîâÿò-
ñÿ òî÷êàìè ýêâàòîðà ñôåðû Ïóàíêàðå. Ñðåäè áåñêîíå÷íî óäàë¼ííûõ îñîáûõ òî-
÷åê ìîãóò ïîÿâèòüñÿ òî÷êè òèïà ëèíåéíûé íóëü (ìàòðèöà ëèíåéíîãî ïðèáëèæå-
íèÿ ðàâíà íóëþ). Èçó÷åíèå òàêèõ îñîáûõ òî÷åê ìû ïðîâîäèëè, ïðèìåíÿÿ àïïà-
ðàò ðàçðåøåíèÿ îñîáåííîñòåé (desingularization, blow-up). Â íåêîòîðûõ ñëó÷àÿõ
îêðåñòíîñòü ðàññìàòðèâàåìûõ îñîáûõ òî÷åê óñòðîåíà áîëåå ñëîæíûì îáðàçîì,
÷åì îêðåñòíîñòü êîíå÷íûõ îñîáûõ òî÷åê.

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò ñòðîèòü ãëîáàëüíûå ôàçîâûå ïîðòðåòû
ñèñòåìû (1). Â êà÷åñòâå ïðèìåðà ìû ïðåäúÿâëÿåì âñå âîçìîæíûå òîïîëîãè÷åñêè
ðàçëè÷íûå ôàçîâûå ïîðòðåòû êâàäðàòè÷íûõ è êóáè÷åñêèõ ñèñòåì òèïà Äàðáó.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû ôóíäàìåíòàëüíûõ íàó÷íûõ èññëåäî-

âàíèé ÑÎ ÐÀÍ �I.1.2 (ïðîåêò �0314-2016-0007), à òàêæå ïðè ïîääåðæêå Ðîññèéñêîãî

ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò �18-01-00057).
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Ïðåæäå ÷åì ïåðåéòè íåïîñðåäñòâåííî ê ôîðìóëèðîâêàì èçó÷àåìûõ çàäà÷è è
óðàâíåíèé â ñâåðòêàõ ïåðâîãî è âòîðîãî ðîäà, ââåäåì íåîáõîäèìûå îáîçíà÷åíèÿ.
Ïîëîæèì Ff � îáðàç Ôóðüå ôóíêöèè f ∈ L1(R):

Ff(x) =
∞∫

−∞

f(t)eixt dt, x ∈ R,

ãäå R � ðàñøèðåííàÿ âåùåñòâåííàÿ ïðÿìàÿ; W0 � àëãåáðà Âèíåðà íåïðåðûâíûõ
ôóíêöèé âèäà Ff ; W0+ (W0−) � ïîäàëãåáðà â W0, ñîñòîÿùàÿ èç ôóíêöèé âèäà
Ff òàêèõ, ÷òî f(t) = 0 ïðè t < 0 (ïðè t > 0); W := {C + Ff : C = const}.

Ðàññìîòðèì çàäà÷ó Ìàðêóøåâè÷à (èçâåñòíóþ òàêæå ïîä íàçâàíèåì îáîáùåí-
íîé êðàåâîé çàäà÷è Ðèìàíà èëè çàäà÷è R-ëèíåéíîãî ñîïðÿæåíèÿ) î íàõîæäåíèè
ôóíêöèé φ± ∈W0± ïî êðàåâîìó óñëîâèþ íà R:

φ+(x) = a(x)φ−(x) + b(x)φ−(x) + c(x), x ∈ R, (1)

ãäå
a, b ∈W, a(x) ̸= 0, x ∈ R, c ∈W0. (2)

Ðàññìîòðèì òàêæå óðàâíåíèÿ â ñâåðòêàõ ïåðâîãî è âòîðîãî ðîäà íà êîíå÷íîì
èíòåðâàëå (0, τ):

λu(t)−
τ∫

0

k(t− s)u(s) ds = f(t), t ∈ (0, τ), (3)

ãäå
k ∈ L1(−τ, τ), f ∈ L1(0, τ), τ > 0, λ = 0, 1. (4)

Ñ÷èòàåì, ÷òî ÿäðî k îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

k(t) = k+(t) + k+(−t), t ∈ (−τ, τ), (5)

ãäå k+(t) = θ(t) k(t), θ � ôóíêöèÿ Õåâèñàéäà.
Ðåøåíèå u(t) óðàâíåíèé (3) ïðè óñëîâèÿõ (4)�(5) áóäåì èñêàòü â L1(0, τ).
Â äîêëàäå áóäóò íàéäåíû óñëîâèÿ ýêâèâàëåíòíîé ðàçðåøèìîñòè çàäà÷è Ìàð-

êóøåâè÷à (1) è óðàâíåíèé â ñâåðòêàõ (3).
Îòìåòèì, ÷òî ñâÿçü ìåæäó çàäà÷åé Ìàðêóøåâè÷à (1)�(2) è óðàâíåíèåì â

ñâåðòêàõ âòîðîãî ðîäà (3) (ïðè λ = 1) âïåðâûå áûëà ïîëó÷åíà â ðàáîòå àâòî-
ðà [1].
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Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü â n-ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå Rn ñ
ãëàäêîé ãðàíèöåé ∂Ω.

Ðàññìîòðèì äèôôåðåíöèàëüíûé îïåðàòîð

P0[u] =
∑

|α|=|β|=r

Dα
x

(
ρ2τr (x)aα, β(x)D

β
xu
)
+ a00(x)ρ

2τ0(x)u(x). (1)

Â ðàáîòå íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà êîýôôèöèåíòû îïåðà-
òîðà (1), îáåñïå÷èâàþùèå ñóùåñòâîâàíèå îïåðàòîðà P = P ∗ > 0 � çàìûêàíèÿ
èñõîäíîãî îïåðàòîðà P0.

Â äîêëàäå ðå÷ü èäåò òàêæå îá óñëîâèÿõ íà ïàðàìåòðû âûðîæäåíèÿ îïåðàòîðà
P , ïðè âûïîëíåíèè êîòîðûõ ñïåêòð èññëåäóåìîãî îïåðàòîðà äèñêðåòåí.

Ïðèìåíåíèåì òàóáåðîâà ìåòîäà, ðàçðàáîòàííîãî â ðàáîòàõ [1�3], ïîëó÷åíû
àñèìïòîòè÷åñêèå ôîðìóëû äëÿ N(P, λ) � ôóíêöèè ðàñïðåäåëåíèÿ ñîáñòâåííûõ
çíà÷åíèé îïåðàòîðà P .

Ïîëó÷åííûå ðåçóëüòàòû î äèñêðåòíîñòè ñïåêòðà è àñèìïòîòèêå ôóíêöèè
N(P, λ) îáîáùàþò ñîîòâåòñòâóþùèå ðåçóëüòàòû ðàáîò [1�3].
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Àðòåðèîâåíîçíàÿ ìàëüôîðìàöèÿ (ÀÂÌ) ÿâëÿåòñÿ ñëîæíûì è îïàñíûì ïîðî-
êîì ðàçâèòèÿ ñîñóäîâ ãîëîâíîãî ìîçãà. Ýòî îïàñíîå çàáîëåâàíèå, âëèÿþùåå íà
ôóíêöèîíèðîâàíèå ãîëîâíîãî ìîçãà, ïðè êîòîðîì âåëèê ðèñê âíóòðèìîçãîâîãî
êðîâîèçëèÿíèÿ. Îäíèì èç ìåòîäîâ ëå÷åíèÿ àðòåðèîâåíîçíîé ìàëüôîðìàöèè ÿâ-
ëÿåòñÿ ýìáîëèçàöèÿ � âíóòðèñîñóäèñòîå çàïîëíåíèå êëóáêà ñîñóäîâ ÀÂÌ ñïåöè-
àëüíîé ýìáîëèçèðóþùåé êîìïîçèöèåé. Äàííûé ìåòîä øèðîêî ïðèìåíÿåòñÿ, íî
äî ñèõ ïîð â íåêîòîðûõ ñëó÷àÿõ ñîïðîâîæäàåòñÿ èíòðàîïåðàöèîííûì ðàçðûâîì
ñîñóäîâ. Öåëü äàííîé ðàáîòû ñîñòîèò â òîì, ÷òîáû ïîñòðîèòü îïòèìèçàöèîííûé
àëãîðèòì ýìáîëèçàöèè ÀÂÌ.

ÀÂÌ àäåêâàòíî ìîäåëèðóåòñÿ ïîðèñòîé ñðåäîé â ñèëó íåóïîðÿäî÷åííîãî ðàñ-
ïîëîæåíèÿ âûðîæäåííûõ ñîñóäîâ ìàëûõ äèàìåòðîâ, îñóùåñòâëÿþùèõ ñáðîñ êðî-
âè èç àðòåðèè â âåíó. Ïðîöåññ ýìáîëèçàöèè â îäíîìåðíîì ïðèáëèæåíèè îïèñû-
âàåòñÿ óðàâíåíèåì Áàêëåÿ � Ëåâåðåòòà, êîòîðîå ðåøàåòñÿ ÷èñëåííî ñ ïîìîùüþ
íîâîé ìîäèôèêàöèè ñõåìû Êàáàðå.

Â äàííîé ðàáîòå èçó÷àåòñÿ îïòèìàëüíûé ñöåíàðèé ýìáîëèçàöèè ñ òî÷êè çðå-
íèÿ áåçîïàñíîñòè è ýôôåêòèâíîñòè. Íà ïðîöåññ ýìáîëèçàöèè íàêëàäûâàåòñÿ
íåñêîëüêî òðåáîâàíèé: îá îãðàíè÷åíèè óäåëüíîé íàãðóçêè íà óçåë ÀÂÌ ïðè ýì-
áîëèçàöèè, îá îòñóòñòâèè ýìáîëèçèðóþùåé êîìïîçèöèè â âåíå âî âðåìÿ è ïîñëå
îïåðàöèè, à òàêæå î íåîáõîäèìîñòè ìàêñèìàëüíîãî ïåðåêðûòèÿ ñå÷åíèÿ ÀÂÌ ñ
ïîìîùüþ ýìáîëèçèðóþùåé êîìïîçèöèè. Òðåáîâàíèå îãðàíè÷åíèÿ óäåëüíîé íà-
ãðóçêè ñëåäóåò èç íåéðîõèðóðãè÷åñêîé ïðàêòèêè. Îíî ôîðìóëèðóåòñÿ â âèäå:

∆E/V ≤Wmax,

ãäå ∆E � ýíåðãèÿ, ðàññåèâàþùàÿñÿ â ÀÂÌ çà åäèíèöó âðåìåíè, V � îáú¼ì ÀÂÌ,
Wmax � ïðåäåëüíîå äîïóñòèìîå çíà÷åíèå óäåëüíîé íàãðóçêè. Ïðîöåññ ýìáîëèçà-
öèè îïèñûâàåòñÿ êàê ïðîöåññ îïòèìàëüíîãî óïðàâëåíèÿ, ãäå, óïðàâëÿÿ êîíöåí-
òðàöèåé ýìáîëèçàòà, íóæíî äîáèòüñÿ ìàêñèìàëüíîé ýìáîëèçàöèè çà êîíå÷íîå
âðåìÿ ïðè âûïîëíåíèè óêàçàííûõ îãðàíè÷åíèé.

Íà îñíîâå êëèíè÷åñêèõ äàííûõ ïîñòðîåíû ìîäåëè äëÿ íåñêîëüêèõ ðåàëüíûõ
ïàöèåíòîâ. Äëÿ ñïåöèàëüíîãî çàêîíà ïîäà÷è ýìáîëèçàòà ðàññ÷èòàíû äîïóñòèìûå
è îïòèìàëüíûå ñöåíàðèè ýìáîëèçàöèè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû � 16-01-00333 è

� 17-08-01736) è Ïðàâèòåëüñòâà ÐÔ (ïðîåêò � 14.W03.31.0002).
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ÐÀÂÍÎÌÅÐÍÛÅ ÎÁËÀÑÒÈ È cc-ØÀÐÛ
ÄËß ÍÅÊÎÒÎÐÛÕ ÃÐÓÏÏ ÊÀÐÍÎ

Ãðåøíîâ À.Â.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
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Ïóñòü (X, d) � ìåòðè÷åñêîå ïðîñòðàíñòâî ñ âíóòðåííåé ìåòðèêîé d. Îáëàñòü
D ⊂ X íàçûâàåòñÿ ðàâíîìåðíîé, åñëè ñóùåñòâóþò ïîëîæèòåëüíûå êîíñòàíòû a, b
òàêèå, ÷òî âñÿêàÿ ïàðà òî÷åê u, v ∈ D ìîæåò áûòü ñîåäèíåíà êðèâîé γ ⊂ D
êîíå÷íîé äëèíû l(γ), äëÿ êîòîðîé âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:{

l(γ) ≤ ad(u, v),
min
i=1,2
{l(γ(u, x)), l(γ(v, x))} ≤ bd(x, ∂D),

ãäå l(γ(v, x)) � äëèíà ÷àñòè êðèâîé γ îò òî÷êè v äî òî÷êè x, l(γ(u, x)) � äëèíà
÷àñòè êðèâîé γ îò òî÷êè u äî òî÷êè x, ïðè÷åì êîíñòàíòû a, b íå çàâèñÿò îò âûáîðà
òî÷åê x ∈ γ, u, v ∈ D.

Àêòóàëüíûì ïðèìåðîì ìåòðè÷åñêèõ ïðîñòðàíñòâ (X, d) ÿâëÿþòñÿ ãðóïïû
Êàðíî G ñ ìåòðèêîé Êàðíî � Êàðàòåîäîðè dG [1]. Çàäà÷à î ñóùåñòâîâàíèè îãðàíè-
÷åííûõ ðàâíîìåðíûõ îáëàñòåé â íàñòîÿùåå âðåìÿ ðåøåíà òîëüêî äëÿ 2-ñòóïåí÷à-
òûõ ãðóïï Êàðíî [2], äëÿ îáùèõ ãðóïï Êàðíî ýòà ïðîáëåìà îòêðûòà. Åñòåñòâåí-
íûé �êàíäèäàò� íà ðîëü îãðàíè÷åííîé ðàâíîìåðíîé îáëàñòè äëÿ ïðîèçâîëüíîé
ãðóïïû Êàðíî ÿâëÿåòñÿ øàð â ìåòðèêå Êàðíî � Êàðàòåîäîðè (cc-øàð) ýòîé ãðóï-
ïû. Îäíàêî äàæå äëÿ 2-ñòóïåí÷àòûõ ãðóïï Êàðíî â îáùåì ñëó÷àå íåèçâåñòíî �
ÿâëÿþòñÿ ëè èõ cc-øàðû ðàâíîìåðíûìè îáëàñòÿìè èëè íåò. Â ðàáîòå [3] (ñì. òàê-
æå [4]) áûëî äîêàçàíî, ÷òî cc-øàðû ãðóïï Ãåéçåíáåðãà Hn ÿâëÿþòñÿ ðàâíîìåð-
íûìè îáëàñòÿìè.

Ðàññìîòðèì êàíîíè÷åñêèå 2-ñòóïåí÷àòûå ãðóïïû Êàðíî Hα1,...,αn , êîòîðûå
îïðåäåëÿþòñÿ, ñì. [5, 6], â ñòàíäàðòíîì ïðîñòðàíñòâå R2n+1 ïðè ïîìîùè òàáëèöû
êîììóòàòîðîâ [ei, en+i] = αie2n+1, αi > 0, i = 1, . . . , n. Åñëè αi = α äëÿ âñåõ i, òî
ìû ïîëó÷àåì êàíîíè÷åñêóþ ãðóïïó Ãåéçåíáåðãà. Íàìè óñòàíîâëåíà ñëåäóþùàÿ
òåîðåìà.

Òåîðåìà. cc-øàðû 2-ñòóïåí÷àòûõ ãðóïï Êàðíî Hα1,...,αn ÿâëÿþòñÿ ðàâíîìåð-
íûìè îáëàñòÿìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00801).
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Â äîêëàäå ðàññìàòðèâàåòñÿ óñòîé÷èâîñòü ñâåðõçâóêîâîãî ïîãðàíè÷íîãî ñëîÿ
(ÏÑ) ðåëàêñèðóþùåãî ãàçà íà ïëîñêîé ïëàñòèíå. Òå÷åíèå îïèñûâàåòñÿ ñèñòåìîé
óðàâíåíèé äâóõòåìïåðàòóðíîé àýðîäèíàìèêè êîëåáàòåëüíî-âîçáóæäåííîãî ãàçà
ñ ó÷åòîì çàâèñèìîñòè êîýôôèöèåíòîâ ïåðåíîñà îò ñòàòè÷åñêîé (ïîñòóïàòåëüíîé)
òåìïåðàòóðû. Óðàâíåíèÿ çàäà÷è ëèíåéíîé óñòîé÷èâîñòè âûâîäèëèñü èç ñèñòåìû
óðàâíåíèé äâóõòåìïåðàòóðíîé àýðîäèíàìèêè ëèíåàðèçàöèåé îòíîñèòåëüíî àâòî-
ìîäåëüíîãî ðåøåíèÿ ÏÑ ñîâåðøåííîãî ãàçà. Ó÷èòûâàëèñü òåìïåðàòóðíûå âîçìó-
ùåíèÿ êîýôôèöèåíòîâ ïåðåíîñà. Ðàññìàòðèâàëîñü ðàçâèòèå äâóìåðíûõ äîçâóêî-
âûõ âîçìóùåíèé â âèäå ïëîñêèõ âîëí. Ïðè ýòîì ïðèíèìàëîñü, ÷òî ñïåêòðàëüíûì
ïàðàìåòðîì ñëóæèò êîìïëåêñíàÿ ôàçîâàÿ ñêîðîñòü âîçìóùåíèÿ.

Àñèìïòîòè÷åñêîå ðàçëîæåíèå ëèíåàðèçîâàííîé ñèñòåìû ïî ìàëîìó ïàðàìåò-
ðó 1/Reδ âûäåëÿåò �íåâÿçêèå� è �âÿçêèå� ëèíåéíî íåçàâèñèìûå ðåøåíèÿ. Â íó-
ëåâîì ïðèáëèæåíèè ñèñòåìà óðàâíåíèé äëÿ íåâÿçêèõ âîçìóùåíèé ñâîäèòñÿ ê
ëèíåéíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà äëÿ âîçìóùåíèÿ äàâëåíèÿ. Èç íåãî íàõî-
äÿòñÿ äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ, îñòàëüíûå øåñòü ðåøåíèé íàõîäÿòñÿ èç
ïîëíîé ñèñòåìû óðàâíåíèé. Äâà ëèíåéíî íåçàâèñèìûõ �íåâÿçêèõ� ðåøåíèÿ ñòðîè-
ëèñü ìåòîäîì Ôðîáåíèóñà íà îñíîâå àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ â îêðåñòíîñòè
êðèòè÷åñêîãî ñëîÿ. Äëÿ �âÿçêèõ� ðåøåíèé ñèñòåìà ïîñëå ðÿäà óïðîùåíèé áûëà
ïðèâåäåíà ê ñèñòåìå øåñòîãî ïîðÿäêà, àíàëîãè÷íîé ñèñòåìå Äàíà � Ëèíÿ. Âõîäÿ-
ùèå â íåå óðàâíåíèÿ èìïóëüñîâ è òåìïåðàòóð ñâîäèëèñü ê óðàâíåíèÿì Ýéðè. Â ðå-
çóëüòàòå �âÿçêèå� ðåøåíèÿ áûëè ïðåäñòàâëåíû ÷åðåç îáîáùåííûå ôóíêöèè Ýéðè
íóëåâîãî, ïåðâîãî è âòîðîãî ïîðÿäêîâ. Õàðàêòåðèñòè÷åñêîå (ñåêóëÿðíîå) óðàâíå-
íèå áûëî ïîëó÷åíî èç àëãåáðàè÷åñêîé ñèñòåìû øåñòîãî ïîðÿäêà, óïðîùåííîé íà
îñíîâå àñèìïòîòèê ôóíêöèé Ýéðè. Èñïîëüçîâàíèå ôóíêöèé Ýéðè ïîçâîëèëî âû-
ðàçèòü �âÿçêóþ� ÷àñòü ñåêóëÿðíîãî óðàâíåíèÿ ÷åðåç òàáóëèðîâàííûå ôóíêöèþ
Òèòüåíñà è åå ïðîèçâîäíóþ, êîòîðûå îáû÷íî èñïîëüçóþòñÿ â àñèìïòîòè÷åñêèõ
òåîðèÿõ óñòîé÷èâîñòè.

Äëÿ êîíå÷íûõ ÷èñåë Ðåéíîëüäñà ñïåêòðàëüíàÿ çàäà÷à ðåøàëàñü ÷èñëåííî ñ
èñïîëüçîâàíèåì QZ-àëãîðèòìà. Íà îñíîâå àñèìïòîòè÷åñêîãî è ïðÿìîãî ÷èñëåí-
íîãî ðåøåíèÿ â ïëîñêîñòè ïåðåìåííûõ (Reδ, α) ñòðîèëèñü êðèâûå íåéòðàëüíîé
óñòîé÷èâîñòè äëÿ ïåðâîé è âòîðîé ìîä âîçìóùåíèÿ. Ïîêàçàíî, ÷òî ïðè ìàêñè-
ìàëüíîì óðîâíå âîçáóæäåíèÿ êðèòè÷åñêîå ÷èñëî Ðåéíîëüäñà ïðåâûøàåò ñîîò-
âåòñòâóþùåå çíà÷åíèå äëÿ ñîâåðøåííîãî ãàçà ïðèìåðíî íà 12 %. Ðàññ÷èòàííûå
íà îñíîâå àñèìïòîòè÷åñêîãî ïîäõîäà êðèâûå íåéòðàëüíîé óñòîé÷èâîñòè õîðîøî
ñîãëàñóþòñÿ ñ ðåçóëüòàòàìè ïðÿìîãî ÷èñëåííîãî ðåøåíèÿ èñõîäíîé ñïåêòðàëüíîé
çàäà÷è, à ïîëó÷åííûå èç àñèìïòîòè÷åñêîé òåîðèè êðèòè÷åñêèå ÷èñëà Ðåéíîëüäñà
ïðåâûøàþò ñîîòâåòñòâóþùèå çíà÷åíèÿ ÷èñëåííûõ ðàñ÷åòîâ ïðèìåðíî íà 15 %.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00209).
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ÈÍÂÀÐÈÀÍÒÍÛÅ ÐÅØÅÍÈß ÊÈÍÅÒÈ×ÅÑÊÎÃÎ
ÓÐÀÂÍÅÍÈß ÁÎËÜÖÌÀÍÀ Ñ ÈÑÒÎ×ÍÈÊÎÌ

Ãðèãîðüåâ Þ.Í.1, Ìåëåøêî Ñ.Â.2, Ñóðèÿâè÷èòñåðàíèè À.2

1Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; ict@ict.nsc.ru

2Òåõíè÷åñêèé óíèâåðñèòåò Ñóðàíàðèè, Íàêõîí Ðàò÷àñèìà, Òàèëàíä

Êëàññè÷åñêîå óðàâíåíèå Áîëüöìàíà ÿâëÿåòñÿ îñíîâîé ìàòåìàòè÷åñêîãî àïïà-
ðàòà êèíåòè÷åñêîé òåîðèè ãàçîâ. Âìåñòå ñ òåì èìååòñÿ ðÿä êèíåòè÷åñêèõ çàäà÷, â
êîòîðûõ íåîáõîäèìî äîïîëíèòü óðàâíåíèå Áîëüöìàíà ôóíêöèåé èñòî÷íèêà (ñòî-
êà), çàâèñÿùåé â îáùåì ñëó÷àå îò åãî ðåøåíèÿ (ôóíêöèè ðàñïðåäåëåíèÿ), à òàêæå
íåêîòîðûõ ôóíêöèîíàëîâ îò íåãî.

Â äîêëàäå ðàññìàòðèâàåòñÿ ïðîñòðàíñòâåííî îäíîðîäíîå óðàâíåíèå Áîëüöìà-
íà ñ èñòî÷íèêîì äëÿ èçîòðîïíîé â ñêîðîñòíîì ïðîñòðàíñòâå ôóíêöèè ðàñïðå-
äåëåíèÿ è èçîòðîïíîé ìàêñâåëëîâñêîé ìîäåëè ðàññåÿíèÿ â ôîðìå åãî Ôóðüå-
ïðåîáðàçîâàíèÿ ïî ñêîðîñòíîìó ïðîñòðàíñòâó:

∂φ(x, t)

∂t
+ φ(x, t)φ(0, t) =

1∫
0

φ(xs, t)φ(x(1− s), t)ds+G(φ(x, t), φ(0, t), t, x). (1)

Â äàííîì ñëó÷àå ôóíêöèÿ èñòî÷íèêà G çàâèñèò, â ÷àñòíîñòè, îò ôóíêöèîíàëà
ïëîòíîñòè

n(t) = φ(0, t).

Äëÿ ïîñòðîåíèÿ èíâàðèàíòíûõ ðåøåíèé (1) íàéäåíà ãðóïïà Ëè ïðåîáðàçîâàíèé
ýêâèâàëåíòíîñòè, îäíî èç êîòîðûõ åäèíñòâåííûì îáðàçîì âûäåëÿåò êëàññ ôóíê-
öèé èñòî÷íèêà, ëèíåéíûõ ïî ÔÐ, ïðè÷åì ïðåîáðàçîâàííîå óðàâíåíèå èìååò íó-
ëåâóþ ïðàâóþ ÷àñòü. Ýòî ïîçâîëÿåò èñïîëüçîâàòü èçâåñòíîå ðåøåíèå Áîáûëåâà �
Êðóêà � Âó (ÁÊÂ) äëÿ îäíîðîäíîãî óðàâíåíèÿ â ïðåîáðàçîâàííûõ ïåðåìåííûõ
äëÿ íàõîæäåíèÿ èíâàðèàíòíûõ ðåøåíèé èñõîäíîãî óðàâíåíèÿ (1).

Îáîáùåííûå ÁÊÂ-ðåøåíèÿ, äîïóñêàþùèå ôèçè÷åñêóþ èíòåðïðåòàöèþ, íàé-
äåíû äëÿ ñëåäóþùèõ ôóíêöèé èñòî÷íèêà.

1. Èñòî÷íèê â ôîðìå

G1(x, t) = −Crn
2(t)φ(x, t),

ìîäåëèðóþùèé ïðîöåññ ðåêîìáèíàöèè ñ ó÷àñòèåì òðåòüåãî òåëà èëè õèìè÷åñêóþ
ðåàêöèþ òðåòüåãî ïîðÿäêà ñ âûáûâàíèåì ÷àñòèö.

2. Èñòî÷íèê â ôîðìå
G2(x, t) = −Ceφ(x, t),

ìîäåëèðóþùèé ïðîöåññ �óáåãàíèÿ� ÷àñòèö âûñîêîé ýíåðãèè èç óäåðæèâàþùåãî
ñèëîâîãî ïîëÿ, íàïðèìåð, èç âåðõíåé àòìîñôåðû Çåìëè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00209).
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Ñ ÐÀÇÐÛÂÍÛÌ ÊÎÝÔÔÈÖÈÅÍÒÎÌ

Ãðèãîðüåâà À.È.

Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èì. Ì.Ê. Àììîñîâà,
ßêóòñê, Ðîññèÿ; shadrina_ai@mail.ru

Â ðàáîòå èçó÷àåòñÿ óðàâíåíèå âèäà

utt − α(x)uxx − uxxtt + c(x, t)u = f(x, t) (1)

â ñëó÷àå, êîãäà êîýôôèöèåíò α(x) ìîæåò èìåòü ðàçðûâ ïåðâîãî ðîäà â íåêîòîðîé
âíóòðåííåé òî÷êå ñâîåé îáëàñòè îïðåäåëåíèÿ.

Ïîëîæèì x ∈ [−1, 1], t ∈ [0, T ], 0 < T <∞, Q1, Q2 è Q åñòü öèëèíäðû (−1, 0)×
(0, T ), (0, 1) × (0, T ) è (−1, 1) × (0, T ), c(x, t) è f(x, t) � ôóíêöèè, îïðåäåëåííûå
ïðè (x, t) ∈ Q, a è b � çàäàííûå äåéñòâèòåëüíûå ÷èñëà.

Çàäà÷à ñîïðÿæåíèÿ: íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â öèëèíäðàõ Q1

è Q2 ðåøåíèåì óðàâíåíèÿ (1) è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ

u(−1, t) = u(1, t) = 0, t ∈ (0, T ),

u(x, 0) = u(x, T ) = 0, x ∈ (−1, 0) ∪ (0, 1),

u(−0, t) = au(+0, t), t ∈ (0, T ),

ux(+0, t) = bux(−0, t), t ∈ (0, T ).

Ìåòîäîì ïðîäîëæåíèÿ ïî ïàðàìåòðó äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ
è åäèíñòâåííîñòè ðåãóëÿðíûõ ðåøåíèé. Òàêæå ïðèâîäÿòñÿ ðàçëè÷íûå ïðèìåðû
íååäèíñòâåííîñòè ñóùåñòâîâàíèÿ ðåøåíèé, çàâèñÿùèå îò òîãî, êàê ñåáÿ âåäåò
ðàçðûâíàÿ ôóíêöèÿ â çàäàííîé îáëàñòè.
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ÁÈÍÀÐÍÛÅ ÑÎÎÒÂÅÒÑÒÂÈß
È ÎÁÐÀÒÍÀß ÇÀÄÀ×À ÕÈÌÈ×ÅÑÊÎÉ ÊÈÍÅÒÈÊÈ

Ãóòìàí À.Å.1, Êîíîíåíêî Ë.È.2

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

1gutman@math.nsc.ru, 2larak@math.nsc.ru

Ñ ôîðìàëüíîé òî÷êè çðåíèÿ çàäà÷à � ýòî áèíàðíîå ñîîòâåòñòâèå P =(A,B,C),
ãäå C ⊆ A × B. Ìíîæåñòâà A, B è C òðàêòóþòñÿ êàê îáëàñòü äàííûõ, îáëàñòü
èñêîìûõ è óñëîâèå çàäà÷è P . Âêëþ÷åíèå (a, b) ∈ C çàïèñûâàåòñÿ â âèäå P (a, b)
è îçíà÷àåò, ÷òî èñêîìîå b ∈ B ÿâëÿåòñÿ ðåøåíèåì çàäà÷è P äëÿ äàííîãî a ∈
A. Òàêîé ïîäõîä îáåñïå÷èâàåò ïðîñòóþ è àäåêâàòíóþ ôîðìàëèçàöèþ îñíîâíûõ
êîìïîíåíòîâ çàäà÷, èõ ñâîéñòâ è êîíñòðóêöèé (ñì. [1, 2]). Â ÷àñòíîñòè, âîçíèêàþò
åñòåñòâåííûå ïîíÿòèÿ îáðàòíîé çàäà÷è (A,B,C)−1 = (B,A,C−1) è êîìïîçèöèè
çàäà÷ (A′, B′, C ′) ◦ (A,B,C) = (A,B′, C ′ ◦ C), ãäå

C−1 =
{
(y, x) : (x, y) ∈ C

}
, C ′ ◦ C =

{
(x, z) : (∃ y)

(
(x, y) ∈ C, (y, z) ∈ C ′)}.

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì îáðàòíóþ çàäà÷ó ê ñèíãóëÿðíî âîçìóùåííîé
ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ìîäåëèðóþùèõ ïðîöåññ
õèìè÷åñêîé êèíåòèêè è ãîðåíèÿ (ñì. [3, 4]). Ïóñòü P � çàäà÷à ñ îáëàñòüþ äàííûõ
C(R4)× C(R4)× R, îáëàñòüþ èñêîìûõ C1(R)× C1(R) è óñëîâèåì

P
(
(f, g, ε), (x, y)

)
⇔

{
ẋ(t) = f

(
x(t), y(t), t, ε

)
, t ∈ R,

ε ẏ(t) = g
(
x(t), y(t), t, ε

)
, t ∈ R,

ãäå f, g ∈ C(R4), ε ∈ R, x, y ∈ C1(R). Îáðàòíàÿ çàäà÷à P−1, èìåþùàÿ ïàðû ôóíê-
öèé (x, y) ∈ C1(R)2 â êà÷åñòâå äàííûõ, î÷åíü ïðîñòà è íå ñîîòâåòñòâóåò ïðàêòèêå.
Â ðîëè äàííûõ áîëåå àäåêâàòíû íå ñàìè ôóíêöèè, à êîíå÷íûå íàáîðû èõ çíà÷å-
íèé èëè çíà÷åíèé èõ ïðîèçâîäíûõ. Ñîîòâåòñòâóþùàÿ êîððåêòèðîâêà ðåàëèçóåòñÿ
êîìïîçèöèåé P−1◦Q çàäà÷è P−1 è âñïîìîãàòåëüíîé çàäà÷è Q ñ îáëàñòüþ äàííûõ
Rk × Rk × Rk, îáëàñòüþ èñêîìûõ C1(R)× C1(R) è óñëîâèåì

Q
(
(τ, α, β), (x, y)

)
⇔

{
x(τ1) = α1, x(τ2) = α2, . . . , x(τk) = αk,

ẋ(τ1) = β1, ẋ(τ2) = β2, . . . , ẋ(τk) = βk,

ãäå τ, α, β ∈ Rk, x, y ∈ C1(R). Ìû ïðèâîäèì ôîðìóëû ðåøåíèÿ ñêîððåêòèðîâàí-
íîé îáðàòíîé çàäà÷è P−1 ◦Q è óêàçûâàåì óñëîâèÿ åå îäíîçíà÷íîé ðàçðåøèìîñòè
äëÿ ñëó÷àÿ, êîãäà ε = 0, à ôóíêöèÿ f(x, y, t, ε) ÿâëÿåòñÿ ìíîãî÷ëåíîì îò x è y.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû ôóíäàìåíòàëüíûõ íàó÷íûõ èññëå-

äîâàíèé ÑÎ ÐÀÍ �I.1.2 (ïðîåêòû �0314-2016-0005 è �0314-2016-0007), à òàêæå ïðè

ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò �18-01-00057).
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Èññëåäîâàíèå ïîãðàíè÷íîãî ñëîÿ íàä ïîäàòëèâûìè ïîêðûòèÿìè èíòåíñèâíî
ðàçâèâàåòñÿ â ïîñëåäíåå âðåìÿ. Ýòî ñâÿçàíî êàê ñ ïîñòðîåíèåì àäåêâàòíûõ ìà-
òåìàòè÷åñêèõ ìîäåëåé, òàê è ñ òàêèìè ïðàêòè÷åñêèìè ïðèëîæåíèÿìè, êàê ñíè-
æåíèå ñîïðîòèâëåíèÿ òðåíèÿ â àâèàöèè è ñóäîñòðîåíèè. Ê íàñòîÿùåìó âðåìåíè
ñóùåñòâóåò ìíîãî ðàáîò, â êîòîðûõ ðàññìàòðèâàþòñÿ èäåàëèçèðîâàííûå ìîäåëè
âÿçêîóïðóãèõ ïîêðûòèé. Â äàííîé ðàáîòå àíàëèçèðóåòñÿ óñòîé÷èâîñòü ïîãðàíè÷-
íîãî ñëîÿ îêîëî ïëîñêîé ïëàñòèíû íàä äâóõñëîéíûì ïîäàòëèâûì ïîêðûòèåì.
Ïîêðûòèå îáëàäàåò êîíå÷íîé òîëùèíîé, ÷òî ïîçâîëÿåò ðàññìàòðèâàòü äèíàìèêó
âîçìóùåíèé è âíóòðè ïîêðûòèÿ. Ïðåäïîëàãàåòñÿ, ÷òî âÿçêîóïðóãèå ñâîéñòâà ìà-
òåðèàëà îïèñûâàþòñÿ ìîäåëüþ Êåëüâèíà � Ôîéãòà. Â ýòîé ìîäåëè äîëæíû áûòü
çàäàíû ýìïèðè÷åñêèå çàâèñèìîñòè ìîäóëÿ óïðóãîñòè è êîýôôèöèåíòà ïîòåðü îò
÷àñòîòû âîçìóùåíèé. Òàêèå äàííûå áûëè ïîëó÷åíû ëèøü â ïîñëåäíèå ãîäû äëÿ
íåêîòîðûõ òèïîâ ðåçèí. Ðàñ÷åò äëÿ îäíîñëîéíîãî ïîêðûòèÿ áûë ïîëó÷åí â ðàáî-
òå [1].

Òå÷åíèå æèäêîñòè è äèíàìèêà âîçìóùåíèé âíóòðè ïîêðûòèÿ îïèñûâàþòñÿ
óðàâíåíèÿìè Íàâüå � Ñòîêñà è óðàâíåíèÿìè Íàâüå, ñîîòâåòñòâåííî. Â êà÷åñòâå
îñíîâíîãî ïîòîêà èñïîëüçóåòñÿ ïîãðàíè÷íûé ñëîé Áëàçèóñà, à â êà÷åñòâå âîçìó-
ùåíèé ðàññìàòðèâàþòñÿ áåãóùèå âîëíû ñ ôèêñèðîâàííûì âîëíîâûì ÷èñëîì è
÷àñòîòîé. Ïðè ðàñ÷åòå óñòîé÷èâîñòè èñïîëüçóåòñÿ ìåòîä êîëëîêàöèé, â êîòîðîì
â êà÷åñòâå óçëîâ èíòåðïîëÿöèè âûáðàíû êîðíè ïîëèíîìîâ ×åáûøåâà âòîðîãî
ðîäà, êîòîðûå ñ ïîìîùüþ ñïåöèàëüíîãî ïðåîáðàçîâàíèÿ îòîáðàæàþòñÿ íà ôè-
çè÷åñêóþ îáëàñòü, çàíÿòóþ ïîòîêîì è ïîêðûòèåì. Ýìïèðè÷åñêèå çàâèñèìîñòè
áûëè âçÿòû äëÿ ðåàëüíûõ ïîêðûòèé.

Â ðåçóëüòàòå ïîëó÷åíû ñîáñòâåííûå çíà÷åíèÿ äëÿ âîëíîâîãî ÷èñëà, ðàñïðå-
äåëåíèÿ àìïëèòóäû è ôàçû äëÿ âåäóùåé ìîäû, ñîîòâåòñòâóþùåé íåóñòîé÷èâîìó
òå÷åíèþ, à òàêæå êðèâûå íåéòðàëüíîé óñòîé÷èâîñòè â ïëîñêîñòè ÷àñòîòà � ÷èñ-
ëî Ðåéíîëüäñà äëÿ ðàçëè÷íûõ ïàðàìåòðîâ ïîêðûòèÿ. Ïðîâåäåíî ñðàâíåíèå ðå-
çóëüòàòîâ ñî ñëó÷àåì æåñòêîãî ïîêðûòèÿ. Â áîëüøèíñòâå ñëó÷àåâ ïîäàòëèâîñòü
ïîêðûòèÿ ñóùåñòâåííî âëèÿåò íà óñòîé÷èâîñòü ïîãðàíè÷íîãî ñëîÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÍÔ (ïðîåêò � 17-11-01156).

ËÈÒÅÐÀÒÓÐÀ
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ïëàñòèíû íàä ïîäàòëèâûìè ïîêðûòèÿìè ïîâûøåííîé ïðî÷íîñòè // Âåñòí. ÍÃÓ.
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ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÄÂÈÆÅÍÈß ÏÅÐÅÂÅÐÍÓÒÎÃÎ
ÌÀßÒÍÈÊÀ Ñ ÂÈÁÐÈÐÓÞÙÅÉ ÒÎ×ÊÎÉ ÏÎÄÂÅÑÀ

Äåìèäåíêî Ã.Â.1,2, Äóëåïîâà À.Â.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

demidenk@math.nsc.ru, a.dulepova@g.nsu.ru

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ óñòîé÷èâîñòè äâèæåíèÿ ïåðåâåðíóòîãî ìà-
ÿòíèêà, òî÷êà ïîäâåñà êîòîðîãî êîëåáëåòñÿ ïî ñèíóñîèäàëüíîìó çàêîíó âäîëü
ïðÿìîé, ñîñòàâëÿþùåé ìàëûé óãîë α ñ âåðòèêàëüþ. Óðàâíåíèå äâèæåíèÿ ìàÿò-
íèêà â ýòîì ñëó÷àå èìååò âèä

φ′′ + εφ′ +
g − aω2 sin(ωt) cosα

l
sinφ− aω2 sin(ωt) sinα

l
cosφ = 0,

ãäå φ = φ(t) � óãîë îòêëîíåíèÿ ìàÿòíèêà îò íèæíåãî âåðòèêàëüíîãî ïîëîæåíèÿ
ðàâíîâåñèÿ, ε � êîýôôèöèåíò òðåíèÿ, l � äëèíà ìàÿòíèêà, g � óñêîðåíèå ñâîáîä-
íîãî ïàäåíèÿ, ω � ÷àñòîòà êîëåáàíèé òî÷êè ïîäâåñà, a � àìïëèòóäà êîëåáàíèé
òî÷êè ïîäâåñà.

Õîðîøî èçâåñòíî, ÷òî ïðè íóëåâîì óãëå α = 0 ïðè äîñòàòî÷íî áîëüøîé ÷àñòî-
òå ω ≫ 1 è äîñòàòî÷íî ìàëîé àìïëèòóäå êîëåáàíèé òî÷êè ïîäâåñà a

l ≪ 1 âåðõíåå
ïîëîæåíèå ðàâíîâåñèÿ ìàÿòíèêà ñòàíîâèòñÿ óñòîé÷èâûì. Ýòîò ôàêò áûë âïåðâûå
ñòðîãî äîêàçàí Í.Í. Áîãîëþáîâûì â 1942 ã. (ñì. [1]).

Ñ èñïîëüçîâàíèåì ïðèíöèïà ñæèìàþùèõ îòîáðàæåíèé è êðèòåðèÿ àñèìïòî-
òè÷åñêîé óñòîé÷èâîñòè, ñôîðìóëèðîâàííîãî â òåðìèíàõ ðàçðåøèìîñòè ñïåöèàëü-
íîé êðàåâîé çàäà÷è äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ëÿïóíîâà (ñì. [2, 3]), äî-
êàçàíî, ÷òî ïðè äîñòàòî÷íî ìàëîé àìïëèòóäå êîëåáàíèé è äîñòàòî÷íî áîëüøîé
÷àñòîòå êîëåáàíèé òî÷êè ïîäâåñà ìàÿòíèê ñîâåðøàåò óñòîé÷èâûå ïåðèîäè÷åñêèå
äâèæåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-31-00408).
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äè÷åñêèõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé // Ñèá. ìàò. æóðí. 2004. Ò. 45, � 6.
Ñ. 1271�1284.

3. Äåìèäåíêî Ã.Â., Äóëèíà Ê.Ì., Ìàòâååâà È.È. Àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ðå-
øåíèé îäíîãî êëàññà íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà
ñ ïàðàìåòðàìè // Âåñòí. ÞÓðÃÓ. Ñåð. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàì-
ìèðîâàíèå. 2012. � 40 (299), âûï. 14. C. 39�52.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÅ ÏÎÂÅÄÅÍÈÅ ÐÅØÅÍÈÉ
ÎÄÍÎÉ ÑÈÑÒÅÌÛ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ
ÓÐÀÂÍÅÍÈÉ ÂÛÑÎÊÎÉ ÐÀÇÌÅÐÍÎÑÒÈ

Äåìèäåíêî Ã.Â.1,2, Óâàðîâà È.À.1

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

demidenk@math.nsc.ru, sibirochka@ngs.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé âûñîêîé ðàçìåðíîñòè

dx

dt
= Anx+ F (t, x), (1)

ãäå

An =



−α(n, τ) 0 · · · · · · 0

α(n, τ) −α(n, τ)
. . .

. . .
...

0
. . .

. . .
. . .

...
...

. . .
. . . −α(n, τ) 0

0 · · · · · · α(n, τ) −θ


, θ > 0,

x(t) = (x1(t), x2(t), . . . , xn(t))
T, F (t, x) = (g(t, xn), 0, . . . , 0)

T, α(n, τ) =
n− 1

τ
.

Ýòà ñèñòåìà âîçíèêàåò ïðè ìîäåëèðîâàíèè ìíîãîñòàäèéíîãî ñèíòåçà âåùåñòâà áåç
ó÷åòà îáðàòèìîñòè ïðîöåññà [1]. ×èñëî ñòàäèé ðàâíî ÷èñëó óðàâíåíèé â ñèñòåìå
è ìîæåò áûòü ïðîèçâîëüíî áîëüøèì.

Íàøà öåëü � ïîëó÷åíèå îöåíîê ðåøåíèé ñèñòåìû (1), õàðàêòåðèçóþùèõ
àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé ïðè t → ∞ äëÿ ëþáîé ðàçìåðíîñòè n ≫ 1.
Íàëè÷èå òàêèõ îöåíîê ñ ó÷åòîì ðåçóëüòàòîâ èç ðàáîò [2, 3] ïîçâîëÿåò îöåíèâàòü
ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì

dy(t)

dt
= −θy(t) + g(t− τ, y(t− τ)), t > τ.

Òåîðåìà. Ïóñòü g ∈ C(R2
+), g(t, 0) ≡ 0, |g(t, z1) − g(t, z2)| ≤ L|z1 − z2|. Òîãäà

ïðè L < θ íóëåâîå ðåøåíèå ñèñòåìû (1) àñèìïòîòè÷åñêè óñòîé÷èâî è èìåþò ìåñòî
ñëåäóþùèå îöåíêè:

|xj(t)| ≤ c
n∑

k=1

|xk(0)|e−δt, t > 0, j = 1, . . . , n, δ = min

{
θ − L
2

,
1

τ
ln
θ + L

2L

}
.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 17-41-543365 è � 18-29-10086).
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æóðí. 2010. Ò. 51, � 3. Ñ. 528�546.
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ÐÀÇÐÅØÈÌÎÑÒÜ ÊÐÀÅÂÎÉ ÇÀÄÀ×È Î
ÑÂÅÐÕÊÐÈÒÈ×ÅÑÊÎÌ ÎÁÒÅÊÀÍÈÈ ÏÐÅÏßÒÑÒÂÈß

ÑÒÐÀÒÈÔÈÖÈÐÎÂÀÍÍÎÉ ÆÈÄÊÎÑÒÜÞ

Äåíèñåíêî Ä.Ñ.1, Ìàêàðåíêî Í.È.2

Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

1d.denisenko@g.nsu.ru, 2makarenko@hydro.nsc.ru

Èññëåäóåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ äâóìåðíûõ ñòàöèîíàðíûõ óðàâíåíèé Ýé-
ëåðà äëÿ íåîäíîðîäíîé íåñæèìàåìîé æèäêîñòè ñ ãðàíè÷íûìè óñëîâèÿìè íåïðî-
òåêàíèÿ íà íåðîâíîì äíå è ïëîñêîé êðûøêå è óñëîâèåì îòñóòñòâèÿ âîçìóùåíèé
ââåðõ ïî ïîòîêó. Â òåðìèíàõ ôóíêöèè òîêà èñõîäíàÿ ñèñòåìà ýêâèâàëåíòíà êâà-
çèëèíåéíîìó ýëëèïòè÷åñêîìó óðàâíåíèþ Äþáðåé-Æàêîòåí � Ëîíãà [1] ñ êðàåâû-
ìè óñëîâèÿìè ïåðâîãî ðîäà íà ãðàíèöàõ êðèâîëèíåéíîé ïîëîñû. Ðàçðåøèìîñòü
äàííîé çàäà÷è ðàíåå áûëà óñòàíîâëåíà [2, 3] äëÿ äîñòàòî÷íî áîëüøèõ ÷èñåë Ôðó-
äà (ò. å. ñ áîëüøèì çàïàñîì ñâåðõêðèòè÷íîñòè). Â íàñòîÿùåé ðàáîòå äîêàçàíà [4]
òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèé âî âñåì äèàïàçîíå ñâåðõêðèòè÷åñêèõ ÷èñåë Ôðó-
äà. Ñ ýòîé öåëüþ èñõîäíàÿ íåëèíåéíàÿ êðàåâàÿ çàäà÷à ñâåäåíà ê ýêâèâàëåíòíîé
îïåðàòîðíîé ôîðìóëèðîâêå â ñïåöèàëüíûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ òèïà
êëàññîâ Õàðäè. Ñ ïîìîùüþ òåõíèêè ïðåîáðàçîâàíèÿ Ôóðüå äëÿ îïåðàòîðà Ãðèíà
ëèíåàðèçîâàííîé çàäà÷è ïîëó÷åíû îöåíêè, íà îñíîâàíèè êîòîðûõ ïîèñê ðåøåíèÿ
íåëèíåéíîé çàäà÷è ñâîäèòñÿ ê ïðèìåíåíèþ ïðèíöèïà ñæèìàþùèõ îòîáðàæåíèé.
Ïðè ýòîì ñóùåñòâåííî èñïîëüçóåòñÿ ìàëîñòü áåçðàçìåðíîãî ïàðàìåòðà, õàðàê-
òåðèçóþùåãî âûñîòó äîííîãî ïðåïÿòñòâèÿ ïî îòíîøåíèþ ê ïîëíîé ãëóáèíå ñëîÿ
æèäêîñòè. Îòäåëüíî ìåòîäîì ìàæîðàíò óñòàíîâëåíà àíàëèòè÷íîñòü èñêîìîãî ðå-
øåíèÿ ïî óêàçàííîìó ïàðàìåòðó.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-01-00648).
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ÓÐÀÂÍÅÍÈß ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ
Ñ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ, ÏÅÐÅÌÅÍÍÛÌÈ
ÏÎ ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÛÌ ÀÐÃÓÌÅÍÒÀÌ:

ÍÅÊÎÒÎÐÛÅ ÑÂÎÉÑÒÂÀ ÐÅØÅÍÈÉ

Äåíèñîâà Ò. Å.

Ìîñêîâñêèé ãîðîäñêîé ïñèõîëîãî-ïåäàãîãè÷åñêèé óíèâåðñèòåò, Ìîñêâà, Ðîññèÿ;
tdenissova@mail.ru, DenisovaTE@mgppu.ru

Â äîêëàäå ðàññìàòðèâàåòñÿ ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ îäíîðîäíîãî
óðàâíåíèÿ ñîáîëåâñêîãî òèïà

D2
t∇(A(x)∇u) +∇(B(x)∇u) = 0,

ãäåA(x) èB(x) ∈Mn(C
∞(g)), à g � ïðîñòðàíñòâåííàÿ îáëàñòü äîñòàòî÷íî îáùåãî

âèäà (îïðåäåëÿåìàÿ òðåáîâàíèÿìè ñîîòâåòñòâóþùèõ òåîðåì âëîæåíèÿ ïðîñòðàí-
ñòâà Ñîáîëåâà â ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé). Òàêèå óðàâíåíèÿ âîçíèêà-
þò ïðè èçó÷åíèè íåêîòîðûõ çàäà÷ àñòðîôèçèêè, ãåîôèçè÷åñêîé ãèäðîäèíàìèêè
è ôèçèêè âûñîêèõ ýíåðãèé.

Èññëåäóþòñÿ íåêîòîðûå îñîáåííîñòè ïîâåäåíèÿ ðåøåíèé òàêèõ óðàâíåíèé.
Áîëåå òî÷íî, îáñóæäàåòñÿ âîïðîñ íåâîçìîæíîñòè ìîíîòîííîãî ðîñòà èëè ìåäëåí-
íîé ìîíîòîííîé ñòàáèëèçàöèè ê íóëþ ñîîòâåòñòâóþùèõ ïðîèçâîäíûõ ïî âðåìåíè
ðåøåíèÿ.

Ïðè äîêàçàòåëüñòâå ïîëó÷åííûõ ðåçóëüòàòîâ ïðèìåíÿþòñÿ ìåòîäû îïåðàöè-
îííîãî èñ÷èñëåíèÿ ñ èñïîëüçîâàíèåì àíàëîãà ýíåðãåòè÷åñêîé îöåíêè, ïîëó÷åííîé
Ñ.Â. Óñïåíñêèì è Ã.Â. Äåìèäåíêî [1], è å¼ îáîáùåíèé [2].
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Äæåíàëèåâ Ì.Ò.1, Ðàìàçàíîâ Ì.È.2, Èñêàêîâ Ñ.À.2

1Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ,
Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; muvasharkhan@gmail.com

2Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Å.À. Áóêåòîâà,
Êàðàãàíäà, Ðåñïóáëèêà Êàçàõñòàí; ramamur@mail.ru

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ãðàíè÷íàÿ çàäà÷à

∂u(x, t)

∂t
− a2 ∂

2u(x, t)

∂x2
= g(x, t), {x, t} ∈ G = {x, t : −t < x < t, t > 0}, (1)

−∂u(x, t)
∂x

∣∣∣
x=−t

+
dũ1(t)

dt
= h1(t),

∂u(x, t)

∂x

∣∣∣
x=t

+
dũ2(t)

dt
= h2(t), (2)

ãäå ũ1(t) = u(−t, t), ũ2(t) = u(t, t).
Â ðàáîòå [1] áûëà óñòàíîâëåíà òåîðåìà îá îäíîçíà÷íîé ðàçðåøèìîñòè ðàñ-

ñìàòðèâàåìîé çàäà÷è â âåñîâûõ ã¼ëüäåðîâñêèõ ïðîñòðàíñòâàõ.
Ñ ïîìîùüþ òåïëîâûõ ïîòåíöèàëîâ çàäà÷à (1)�(2) ñâîäèòñÿ ê ðåøåíèþ äâóõ

íåçàâèñèìûõ îñîáûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà:

θ±(t)−
t∫

0

K±(t, τ)θ±(τ)dτ = f±(t), t > 0, (3)

ÿäðà êîòîðûõ îáëàäàþò ñëåäóþùèì ñâîéñòâîì:∣∣∣∣∣∣ limt→0+

t∫
0

K±(t, τ)dτ

∣∣∣∣∣∣ = 1.

Ëåììà. Äëÿ ëþáîé ïðàâîé ÷àñòè f±(t) ∈ L∞
(
R+;
√
t exp

{
t/(4a2)

})
èíòå-

ãðàëüíîå óðàâíåíèå (3) èìååò îáùåå ðåøåíèå θ±(t) ∈ L∞
(
R+;
√
t exp

{
t/(4a2)

})
:

θ±(t) = f±(t) +

t∫
0

R±(t, τ) exp
{
−(t− τ)/(4a2)

}
f±(τ)dτ +C · θhom±(t), C = const,

ãäå θhom±(t) îïðåäåëÿþòñÿ â ÿâíîì âèäå, è ñïðàâåäëèâà îöåíêà

|R±(t, τ)| ≤ C
τ

(t− τ)3/2
exp

{
− tτ

a2(t− τ)

}
, 0 < τ < t < +∞.

Òåîðåìà. Äëÿ ëþáîé ïðàâîé ÷àñòè f(t) ∈ L∞
(
R+;
√
t exp

{
t/(4a2)

})
è äëÿ

äàííûõ ôóíêöèé g(x, t) ∈W 1,0
∞ (G;

√
t exp

{
t/(4a2)

}
), h0(t) ∈ L∞(R+;

√
t), h1(t) ∈

L∞(R+;
√
t) ãðàíè÷íàÿ çàäà÷à (1)�(2) èìååò îáùåå ðåøåíèå u(x, t) ∈ L∞(G; (x+

t1/2)−1).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÌÎÍ ÐÊ (ïðîåêò � AP05132262).
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ÄËß ÑÈÑÒÅÌÛ ÏÀÐÀÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

Â ÏÐÎÑÒÐÀÍÑÒÂÅ Ã�ËÜÄÅÐÀ

Äæîáóëàåâà Æ.Ê.

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè,
Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ,

Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí; zhanat-78@mail.ru

Â ðàáîòå èçó÷àåòñÿ çàäà÷à ñîïðÿæåíèÿ äëÿ ñèñòåìû ïàðàáîëè÷åñêèõ óðàâíå-
íèé â ïðîñòðàíñòâàõ Ã¼ëüäåðà.

Ëèíåéíûå çàäà÷è ñî ñâîáîäíîé ãðàíèöåé ñ ìàëûìè ïàðàìåòðàìè ïðè ïðîèç-
âîäíûõ ïî âðåìåíè áûëè èçó÷åíû â ðàáîòàõ [1�7]. Â íàñòîÿùåé ñòàòüå èçó÷àåòñÿ
çàäà÷à ñî ñâîáîäíîé ãðàíèöåé áåç ïðîèçâîäíûõ ïî âðåìåíè.

Èñõîäíàÿ íåëèíåéíàÿ çàäà÷à ñî ñâîáîäíîé ãðàíèöåé òèïà Ôëîðèíà îïèñûâàåò
ïðîöåññ ôèëüòðàöèè æèäêîñòåé è ãàçîâ â ïîðèñòîé ñðåäå, ýòîé çàäà÷å ñîîòâåò-
ñòâóåò ðàññìàòðèâàåìàÿ çàäà÷à, êîòîðàÿ ÿâëÿåòñÿ åå ëèíåàðèçàöèåé.

Â ïðîñòðàíñòâå Ã¼ëüäåðà äîêàçàíû ñóùåñòâîâàíèå, åäèíñòâåííîñòü è êîýðöè-
òèâíûå îöåíêè ðåøåíèÿ.

Ðàáîòà âûïîëíåíà ïî ãðàíòó � AP05133898 Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçî-

âàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí.
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7. Äæîáóëàåâà Æ.Ê. Îöåíêè ðåøåíèÿ äâóõôàçíîé çàäà÷è ñ äâóìÿ ìàëûìè ïàðàìåò-
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ÑÒÐÎßÙÈÕÑß ÏÐÈ ÏÎÌÎÙÈ ÊÂÀÇÈÂÛÏÓÊËÛÕ
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Åãîðîâ À.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

yegorov@math.nsc.ru, a.egorov@g.nsu.ru

Óñòàíîâëåí ðÿä ñâîéñòâ äëÿ êëàññîâ îòîáðàæåíèé v : V → Rm, V � îá-
ëàñòü Rn, ïðèíàäëåæàùèõ ïðîñòðàíñòâàì Ñîáîëåâà W l,k

loc (V,Rm), l ≥ 1, è óäî-
âëåòâîðÿþùèõ äèôôåðåíöèàëüíûì ñîîòíîøåíèÿì

F (v(l)(x)) ≤ K(x)G(v(l)(x)) +H(x), (1)

ñòðîÿùèìñÿ ïðè ïîìîùè ïîëîæèòåëüíî k-îäíîðîäíûõ êâàçèâûïóêëûõ ôóíêöèé

F : Rmnl

s → R è íóëü-ëàãðàíæèàíîâ G : Rmnl

s → R, ãäå K : V → R è H : V → R �
íåêîòîðûå èçìåðèìûå ôóíêöèè, à íåðàâåíñòâî (1) âûïîëíÿåòñÿ äëÿ ï. â. x ∈ V .
Çäåñü k,m, n ∈ N, 2 ≤ k ≤ min{m,n}; v(l)(x) îáîçíà÷àåò äèôôåðåíöèàë ïîðÿäêà

l îòîáðàæåíèÿ v : V → Rm â òî÷êå x ∈ V ; Rmnl

s � ïðîñòðàíñòâî ñèììåòðè÷íûõ l-

ëèíåéíûõ îòîáðàæåíèé èç Rn â Rm. Íåïðåðûâíàÿ ôóíêöèÿ F : Rmnl

s → R ÿâëÿåò-
ñÿ êâàçèâûïóêëîé, åñëè

∫
(0;1)n

F (ζ+φ(l)(x)) dx ≥ F (ζ) äëÿ âñåõ φ ∈ C∞
0 ((0; 1)n;Rm),

ζ ∈ Rmnl

s . Ôóíêöèÿ G : Rmnl

s → R � íóëü-ëàãðàíæèàí, åñëè ôóíêöèè G è −G
êâàçèâûïóêëû.

Îäíèì èç óñòàíîâëåííûõ ñâîéñòâ ÿâëÿåòñÿ çàìêíóòîñòü ðàññìàòðèâàåìûõ
êëàññîâ îòíîñèòåëüíî ñëàáîé ñõîäèìîñòè â ïðîñòðàíñòâàõ Ñîáîëåâà W l,k

loc (V,Rm).
Ðàçíûì àñïåêòàì ýòîãî ñâîéñòâà è âûòåêàþùèì èç åãî ïðèìåíåíèÿ óòâåðæäåíè-
ÿì áóäåò óäåëåíî îñíîâíîå âíèìàíèå.

Ïîëó÷åííûå ðåçóëüòàòû ÿâëÿþòñÿ ðàñïðîñòðàíåíèåì ðÿäà ñîîòâåòñòâóþùèõ
òåîðåì ðàáîò [1�4], â êîòîðûõ ðàññìîòðåí ñëó÷àé l = 1.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00875).
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Ñ ÌÅÍßÞÙÈÌÑß ÍÀÏÐÀÂËÅÍÈÅÌ ÂÐÅÌÅÍÈ

Åãîðîâ È.Å.1, Åôèìîâà Å.Ñ.2

Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èì. Ì.Ê. Àììîñîâà,
ßêóòñê, Ðîññèÿ; 1ivanegorov51@mail.ru, 2oslame@mail.ru

Èññëåäîâàíèþ íåêëàññè÷åñêèõ óðàâíåíèé ñ ìåíÿþùèìñÿ íàïðàâëåíèåì âðå-
ìåíè ïîñâÿùåíû ìíîãèå ðàáîòû, â òîì ÷èñëå [1, 2]. Â äàííîé ðàáîòå èçó÷àåòñÿ
ðàçðåøèìîñòü êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ

2s+1∑
i=1

ki(x, t)D
i
tu−∆u+ c(x)u = f(x, t)

(∆ � îïåðàòîð Ëàïëàñà, s ≥ 1 � öåëîå) ñ èíòåãðàëüíûì ãðàíè÷íûì óñëîâèåì
ïî âðåìåíè ïðè (−1)sk2s+1(x, 0) > 0, (−1)sk2s+1(x, T ) > 0. Äîêàçûâàåòñÿ òåî-
ðåìà åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ ðåãóëÿðíîãî ðåøåíèÿ. Ïîëó÷åíà îöåíêà
ñêîðîñòè ñõîäèìîñòè ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.

Ðåçóëüòàòû áûëè ïîëó÷åíû â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíîáð-

íàóêè Ðîññèè (ïðîåêò � 1.6069.2017/8.9).
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Ðàññìàòðèâàþòñÿ çàäà÷è èäåíòèôèêàöèè îáûêíîâåííûõ ëèíåéíûõ äèôôå-
ðåíöèàëüíûõ è ðàçíîñòíûõ óðàâíåíèé (ÄÓ è ÐÓ). Òàê íàçûâàþòñÿ çàäà÷è îöåíè-
âàíèÿ èõ êîýôôèöèåíòîâ íà îñíîâå èíôîðìàöèè (íåðåäêî íåïîëíîé, èñêàæåííîé)
î ðåøåíèÿõ ýòèõ óðàâíåíèé. Ïðè èäåíòèôèêàöèè ïî êîíå÷íûì ñåòî÷íûì äàííûì
(îòñ÷åòàì ðåøåíèé óðàâíåíèé íà ðàâíîìåðíîé ðåøåòêå â êîíå÷íîì èíòåðâàëå)
âîçíèêàþò çàäà÷è ïðåîáðàçîâàíèé ÄÓ è ÐÓ ýòîãî êëàññà äðóã â äðóãà.

Âî-ïåðâûõ, ýòî çàäà÷è äèñêðåòèçàöèè � çàäà÷è âû÷èñëåíèÿ êîýôôèöèåíòîâ
ÐÓ, îïèñûâàþùèõ îòñ÷åòû ðåøåíèé ÄÓ íà çàäàííîé ñåòêå. Âòîðîé òèï ïðåîá-
ðàçîâàíèé � çàäà÷è âû÷èñëåíèÿ êîýôôèöèåíòîâ ÄÓ, îòñ÷åòû ðåøåíèé êîòîðûõ
ñîâïàäàþò ñ ðåøåíèÿìè çàäàííîãî ÐÓ íà îïðåäåëåííîé ñåòêå. Ñ ïîìîùüþ òåî-
ðåìû Ãàìèëüòîíà � Êýëè (ÒÃÊ) ïîêàçàíî, ÷òî â àâòîíîìíîì êëàññå ëèíåéíûõ
îáûêíîâåííûõ óðàâíåíèé (ÄÓ è ÐÓ) òî÷íîå ðåøåíèå ýòèõ çàäà÷ ñóùåñòâóåò.

Ðàññìîòðåíû òðè òèïà çàäà÷ ïðåîáðàçîâàíèé: àíàëèòè÷åñêèå íà îñíîâå ÒÃÊ,
àïïðîêñèìàöèîííûå, îñíîâàííûå íà ïðèáëèæåíèÿõ ðåøåíèé ìíîãî÷ëåíàìè Òåé-
ëîðà (ëîêàëüíûå ðàçíîñòíûå è èõ ðàâíîìåðíûå îáîáùåíèÿ) è âàðèàöèîííûå. Ïî-
ñëåäíèå íå òðåáóþò äëÿ äèñêðåòèçàöèè çíàíèÿ êîýôôèöèåíòîâ ÄÓ. Êîýôôèöè-
åíòû ÐÓ âû÷èñëÿþòñÿ ñ ïîìîùüþ èäåíòèôèêàöèè ÄÓ ïî ñåòî÷íûì äàííûì.

Ïîñòàíîâêè ýòèõ çàäà÷, âûáîð êëàññà óðàâíåíèé ñâÿçàíû ñ êîíñòðóêòèâíûìè
ïîñòàíîâêàìè è ðåøåíèÿìè çàäà÷ èäåíòèôèêàöèè â ñèñòåìàõ àâòîìàòè÷åñêîãî
óïðàâëåíèÿ (ÑÀÓ) [1]. Èìåííî äëÿ ýòîãî êëàññà óðàâíåíèé ðàçðàáîòàíà íàèáî-
ëåå ïëîäîòâîðíàÿ òåîðèÿ ÑÀÓ. Ñîçäàí áîëüøîé àðñåíàë ñðåäñòâ, ìåòîäîâ è àë-
ãîðèòìîâ ïðàêòè÷åñêîé ðåàëèçàöèè ðàçëè÷íûõ åå ðàçäåëîâ. Ïðèìåðàìè ìîãóò
ñëóæèòü ìàòåìàòè÷åñêèå òåîðèè îïòèìàëüíîãî è àäàïòèâíîãî óïðàâëåíèÿ. Ìà-
òåìàòè÷åñêîé òåîðèè èäåíòèôèêàöèè äàæå äëÿ ðàññìàòðèâàåìîãî ïðîñòîãî êëàñ-
ñà àâòîíîìíûõ ëèíåéíûõ ìîäåëåé íå ñóùåñòâóåò. Åñòü ìíîãî÷èñëåííûå ÷àñòíûå
ïîñòàíîâêè è ìåòîäû ðåøåíèÿ êîíêðåòíûõ çàäà÷.

Ìíîãèå ñîâðåìåííûå ìåòîäû àâòîìàòè÷åñêîãî óïðàâëåíèÿ òðåáóþò ðåøåíèÿ
çàäà÷ èäåíòèôèêàöèè â ïðîöåññå óïðàâëåíèÿ. Â ÷àñòíîñòè, ýòî ñèñòåìû àäàïòèâ-
íîãî îïòèìàëüíîãî è ñàìîíàñòðàèâàþùåãîñÿ óïðàâëåíèÿ. Àêòóàëüíû ýòè ïðîáëå-
ìû, íàïðèìåð, â ñèñòåìàõ óïðàâëåíèÿ äâèæóùèìèñÿ îáúåêòàìè â íåñòàöèîíàð-
íûõ ñðåäàõ. Íå âñå ìåòîäû èäåíòèôèêàöèè ðàáîòîñïîñîáíû â òàêèõ ñèñòåìàõ.

Âàðèàöèîííûå ìåòîäû èäåíòèôèêàöèè íàèáîëåå àäåêâàòíû ìíîãèì âîçíèêà-
þùèì â òàêèõ ñèñòåìàõ ïîñòàíîâêàì ïðàêòè÷åñêèõ è òåîðåòè÷åñêèõ çàäà÷. Ðàñ-
ñìîòðåííûå â äîêëàäå ìåòîäû è ñïîñîáû ïðåîáðàçîâàíèÿ óðàâíåíèé èçáðàííîãî
êëàññà íàïðàâëåíû íà ðåøåíèå íåêîòîðûõ èç ýòèõ çàäà÷. Ïîêàçàíî, ÷òî âàðèà-
öèîííàÿ èäåíòèôèêàöèÿ ÿâëÿåòñÿ îäíèì èç òàêèõ ïðåîáðàçîâàíèé.

Íîâûå ïîñòàíîâêè çàäà÷ è ðåçóëüòàòû ïîëó÷åíû áëàãîäàðÿ èñïîëüçîâàíèþ
îïèñàíèÿ äèíàìè÷åñêèõ ñèñòåì íå â ïðîñòðàíñòâàõ ñîñòîÿíèé, à â óíèòàðíûõ
ïðîñòðàíñòâàõ ðåàëèçàöèé îáîáùåííûõ îòñ÷åòîâ â êîíå÷íûõ èíòåðâàëàõ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00592).
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Ðàññìîòðèì ìîäåëü Àíäåðñîíà äèíàìèêè äâóõôàçíîé ñðåäû â òðåõìåðíîì
ñëó÷àå [1, 2] 

∂ρ1

∂t + ∂(ρ1u1)
∂x = 0,

∂(ρ1u1)
∂t +

∂(ρ1u
2
1)

∂x +m1
∂P1

∂x = −ρ2(u1−u2)
τ ,

∂ρ2

∂t + ∂(ρ2u2)
∂x = 0,

∂(ρ2u2)
∂t +

∂(ρ2u
2
2)

∂x +m2
∂P1

∂x + ∂P2

∂x = ρ2(u1−u2)
τ .

Çäåñü u1 = (u1, v1, w1) � âåêòîð ñêîðîñòè ãàçà, u2 = (u2, v2, w2) � âåêòîð ñêîðîñòè
÷àñòèö, ρ1 � ïëîòíîñòü ãàçà, ρ2 � ïëîòíîñòü ÷àñòèö, m1 = 1 −m2 � îáúåìíàÿ
êîíöåíòðàöèÿ ãàçà, m2 = ρ2

r � îáúåìíàÿ êîíöåíòðàöèÿ ÷àñòèö, r � àáñîëþòíàÿ

ïëîòíîñòü ÷àñòèö, τ � ïàðàìåòð âÿçêîñòè, P1 =
a2
1ρ1

1− ρ2
r

, P2 = a22ρ2 � äàâëåíèå

ãàçà è äàâëåíèå ÷àñòèö, ñîîòâåòñòâåííî. Â îòëè÷èå îò ìîäåëè Õ.À. Ðàõìàòóëèíà
äèíàìèêè äâóõôàçíîé ñðåäû [3], ìîäåëü Àíäåðñîíà ó÷èòûâàåò âçàèìîäåéñòâèå
÷àñòèö âòîðîé ôàçû. Ãðóïïîâûå ñâîéñòâà óðàâíåíèÿ Ðàõìàòóëèíà áûëè ðàíåå
èññëåäîâàíû â ðàáîòàõ [4, 5].

Â äàííîé ðàáîòå èññëåäóþòñÿ ñâîéñòâà ñèììåòðèè [6] ïðåäñòàâëåííîé ìîäåëè
Àíäåðñîíà. Îäíèì èç ðåçóëüòàòîâ ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Áàçèñ àëãåáðû Ëè ïðåîáðàçîâàíèé, äîïóñêàåìûõ ñèñòåìîé ïðè ëþ-
áûõ çíà÷åíèÿõ äàâëåíèé P1, P2, ñîñòîèò èç îïåðàòîðîâ X1 = ∂

∂x , X2 = ∂
∂y ,

X3 = ∂
∂z , X4 = t ∂

∂x + ∂
∂u1

+ ∂
∂u2

, X5 = t ∂
∂y + ∂

∂v1
+ ∂

∂v2
, X6 = t ∂

∂z + ∂
∂w1

+ ∂
∂w2

,

X7 = −z ∂
∂y + y ∂

∂z − w1
∂

∂v1
+ v1

∂
∂w1
− w2

∂
∂v2

+ v2
∂

∂w2
, X8 = −z ∂

∂x + x ∂
∂z − w1

∂
∂u1

+

u1
∂

∂w1
−w2

∂
∂u2

+u2
∂

∂w2
, X9 = y ∂

∂x −x
∂
∂y +v1

∂
∂u1
−u1 ∂

∂v1
+v2

∂
∂u2
−u2 ∂

∂v2
, X10 = ∂

∂t .

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-
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Â äîêëàäå ïðèâîäÿòñÿ ðåçóëüòàòû î ðàçðåøèìîñòè íåêëàññè÷åñêèõ çàäà÷ äëÿ
óðàâíåíèÿ òðåòüåãî ïîðÿäêà ñ îïåðàòîðîì òåïëîïðîâîäíîñòè â ãëàâíîé ÷àñòè

L1u ≡
∂

∂x

(
∂u

∂t
− ∂2u

∂x2

)
+ c(x, t)u = f(x, t), (1)

L2u ≡
∂

∂t

(
∂u

∂t
− ∂2u

∂x2

)
+ c(x, t)u = f(x, t), (2)

ãäå c(x, t), f(x, t) � çàäàííûå ôóíêöèè â îáëàñòè.
Óðàâíåíèÿ (1) è (2) îòíîñÿòñÿ ñîîòâåòñòâåííî ê ïåðâîìó è âòîðîìó êàíîíè-

÷åñêîìó âèäó îòíîñèòåëüíî ñòàðøèõ ïðîèçâîäíûõ, óêàçàííûõ â ðàáîòå [1].
Â ðàáîòå äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷å-

ñêèõ ðåøåíèé ñìåøàííûõ çàäà÷ ñ èíòåãðàëüíûìè óñëîâèÿìè.
Çàìåòèì, ÷òî ñìåøàííûå çàäà÷è ñ èíòåãðàëüíûìè óñëîâèÿìè äëÿ ëèíåéíûõ

ãèïåðáîëè÷åñêèõ óðàâíåíèé áûëè èññëåäîâàíû ìíîãèìè àâòîðàìè (ñì., íàïðè-
ìåð, [2]).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìåæäóíàðîäíîãî Ðîññèéñêî-Óçáåêñêîãî ïðîåêòà

MRU�OT�1/2017.
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Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à [1]{
−∆u = f â Ω,
∂u
∂n ≥ 0, u− ψ ≥ 0, ∂u

∂n (u− ψ) = 0 íà Γ,
(1)

ãäå Ω ∈ R3 � îãðàíè÷åííàÿ îáëàñòü ñ äîñòàòî÷íî ðåãóëÿðíîé ãðàíèöåé Γ, n �
åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê Γ, f ∈ L2(Ω), ψ ∈ L2(Γ) � çàäàííûå
ôóíêöèè.

Âàðèàöèîííàÿ ïîñòàíîâêà çàäà÷è (1) èìååò âèä [1]{
J(u) = 1

2

∫
Ω

|∇u|2dΩ−
∫
Ω

fu dΩ→ min,

u ∈ G.
(2)

Çäåñü G = {u ∈ W 1
2 (Ω) : γu ≥ ψ ï.â. íà Γ}, γu ∈ W

1/2
2 (Γ) � ñëåä ôóíêöèè

u ∈ W 1
2 (Ω). ßäðî áèëèíåéíîé ôîðìû a(u, v) =

∫
Ω

(∇u∇v)dΩ ñîñòîèò èç ôóíêöèé

u = const è ÿâëÿåòñÿ îäíîìåðíûì ìíîæåñòâîì. Â [1] óñòàíîâëåíî, ÷òî ïðè óñëîâèè∫
Ω

fdΩ < 0 çàäà÷à (2) èìååò åäèíñòâåííîå ðåøåíèå.

×èñëåííîå ðåøåíèå çàäà÷è (2) ïðîâîäèëîñü äëÿ îáëàñòè Ω, èìåþùåé ôîð-
ìó ïðÿìîóãîëüíîãî ïàðàëëåëåïèïåäà ñ ðåáðàìè, ïàðàëëåëüíûìè îñÿì êîîðäè-
íàò, ìåòîäîì èòåðàòèâíîé ïðîêñèìàëüíîé ðåãóëÿðèçàöèè â ñî÷åòàíèè ñ ìåòîäîì
êîíå÷íûõ ýëåìåíòîâ. Ïðèâåä¼ì àëãîðèòì ýòîãî ìåòîäà.

1) Çàäàäèì ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë εk òàêóþ, ÷òî
∑∞

k=1 εk
<∞ è z0 ∈ G.

2) Ñ÷èòàÿ zk èçâåñòíûì, íàõîäèì zk+1 èç óñëîâèé

J(uk+1) + α∥zk −Quk+1∥2L2(Ω) = inf
v∈G

(J(v) + α∥zk −Qv∥2L2(Ω)),

∥zk+1 − uk+1∥W 1
2 (Ω) < εk+1, ãäå α > 0 � ïàðàìåòð, Q � îïåðàòîð îðòîãîíàëüíîãî

ïðîåêòèðîâàíèÿ W 1
2 (Ω) íà ÿäðî R.

Â [2] óñòàíîâëåíà ñõîäèìîñòü àëãîðèòìà, êîãäà ïóíêò 2) èìååò âèä

J(uk+1) + α∥zk − uk+1∥2L2(Ω) = inf
v∈G

(J(v) + α∥zk − v∥2L2(Ω)),

∥zk+1 − uk+1∥W 1
2 (Ω) < εk+1.

Îáîñíîâàíèå ìåòîäà ðåøåíèÿ çàäà÷è Ñèíüîðèíè áåç ðåãóëÿðèçàöèè ïðèâåäåíî
â [3].
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Â ðàáîòå ðàññìàòðèâàåòñÿ ñïåêòðàëüíûé ìåòîä äëÿ ðåøåíèÿ êðàåâûõ çàäà÷
ñ îñîáåííîñòÿìè â âèäå áîëüøèõ ãðàäèåíòîâ. Ñïåêòðàëüíûå ìåòîäû � ýòî âûñî-
êîòî÷íûå ÷èñëåííûå ìåòîäû ðåøåíèÿ äèôôåðåíöèàëüíûõ è èíòåãðîäèôôåðåí-
öèàëüíûõ óðàâíåíèé, êîòîðûå íàøëè ñâîå ïðèìåíåíèå â ðàçëè÷íûõ îáëàñòÿõ íà-
óêè [1]. Â îòëè÷èå îò øèðîêî èçâåñòíûõ ÷èñëåííûõ ìåòîäîâ òàêèõ êàê êîíå÷íûå
ðàçíîñòè, êîíå÷íûå ýëåìåíòû, êîíå÷íûå îáúåìû, â êîòîðûõ èñïîëüçóåòñÿ êóñî÷-
íîå (ôèíèòíîå) ïðåäñòàâëåíèå ðåøåíèÿ, â ñïåêòðàëüíîì ìåòîäå ðåøåíèå çàäà÷è
àïïðîêñèìèðóåòñÿ îäíîé ãëîáàëüíîé ôóíêöèåé, îïðåäåëåííîé íà âñåé ðàñ÷åòíîé
îáëàñòè.

Öåëüþ ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå è ðàçðàáîòêà áûñòðîãî è óñòîé÷èâîãî
÷èñëåííîãî àëãîðèòìà ðåàëèçàöèè äðîáíî-ðàöèîíàëüíîé àïïðîêñèìàöèè â ñïåê-
òðàëüíîì ìåòîäå äëÿ çàäà÷ ñ îñîáåííîñòÿìè. Ïî ñðàâíåíèþ ñ òðàäèöèîííîé ïîëè-
íîìèàëüíîé àïïðîêñèìàöèåé äðîáíî-ðàöèîíàëüíàÿ (îòíîøåíèå äâóõ ïîëèíîìîâ)
èìååò ïðèíöèïèàëüíî ëó÷øèå ñâîéñòâà ïðè ïðèáëèæåíèè ôóíêöèé ñ îñîáåííî-
ñòÿìè â âèäå áîëüøèõ ãðàäèåíòîâ è îãðàíè÷åííîé ãëàäêîñòè [2]. Íî ïðèìåíåíèå
äðîáíî-ðàöèîíàëüíûõ ôóíêöèé çàòðóäíåíî â ñâÿçè ñ íåëèíåéíîñòüþ îòíîñèòåëü-
íî êîýôôèöèåíòîâ è âîçìîæíîé ñèíãóëÿðíîñòüþ èç-çà íóëåé ïîëèíîìà â çíà-
ìåíàòåëå. Â ðàáîòå ïðåäëàãàåòñÿ èñïîëüçîâàòü áàðèöåíòðè÷åñêóþ ôîðìó çàïèñè
äðîáíî-ðàöèîíàëüíûõ ôóíêöèé, êîòîðàÿ ñ îäíîé ñòîðîíû ëèíåàðèçóåò ôîðìó
çàïèñè, ñ äðóãîé ñòîðîíû ãàðàíòèðóåò îòñóòñòâèå íóëåé â çíàìåíàòåëå [3]. Ïðè
ýòîì äëÿ ôóíêöèé ñ îñîáåííîñòÿìè ïðåäëàãàåòñÿ èñïîëüçîâàòü ðàçëè÷íûå ìåòî-
äû àäàïòèâíîãî ðàñïðåäåëåíèÿ òî÷åê â îêðåñòíîñòè îñîáåííîñòè. Â ðàáîòå ïðåä-
ëîæåí àëãîðèòì àäàïòèâíîãî ðàñïðåäåëåíèÿ òî÷åê êîëëîêàöèè, èñïîëüçóþùèé
èíôîðìàöèþ îá îñîáåííîñòè ôóíêöèè â êîìïëåêñíîé ïëîñêîñòè. Ïðåäëîæåí ñïî-
ñîá îäíîâðåìåííîãî ó÷åòà íåñêîëüêèõ îñîáåííîñòåé (ó÷åò íåñêîëüêèõ ôðîíòîâ).
Âåðèôèêàöèÿ ìåòîäà ïðîâåäåíà íà ïðèìåðå óðàâíåíèÿ Áþðãåðñà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-31-00202 ìîë_à).
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Ðàññìàòðèâàþòñÿ ïðîáëåìû è êîíöåïöèÿ îáåñïå÷åíèÿ âûñîêîïðîèçâîäèòåëü-
íîãî âû÷èñëèòåëüíîãî ýêñïåðèìåíòà êàê èíñòðóìåíòà èññëåäîâàíèÿ ðåøåíèé øè-
ðîêîãî êëàññà óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè, âêëþ÷àÿ ïðÿìûå è îáðàòíûå
ìåæäèñöèïëèíàðíûå çàäà÷è ñî ñëîæíûìè ðåàëüíûìè êîíôèãóðàöèÿìè êóñî÷íî-
ãëàäêèõ ìíîãîñâÿçíûõ ãðàíèö è êîíòðàñòíûìè ñâîéñòâàìè ìàòåðèàëüíûõ ñðåä.
Ñîâðåìåííûå âû÷èñëèòåëüíûå ìåòîäû ðàçëè÷íûõ ïîðÿäêîâ òî÷íîñòè è èíôîð-
ìàöèîííûå ñóïåðêîìïüþòåðíûå òåõíîëîãèè ïîçâîëÿþò äîñòè÷ü ýôôåêòèâíîãî
êà÷åñòâåííîãî àíàëèçà ñîáîëåâñêèõ ïðîñòðàíñòâ ðåøåíèé íà÷àëüíî-êðàåâûõ çà-
äà÷ äëÿ ñèñòåì äèôôåðåíöèàëüíûõ è/èëè èíòåãðàëüíûõ óðàâíåíèé ñ íàãëÿäíûì
ïðåäñòàâëåíèåì èõ àñèìïòîòè÷åñêèõ, äèíàìè÷åñêèõ è äðóãèõ ôóíêöèîíàëüíûõ
õàðàêòåðèñòèê. Âûñîêîå ðàçðåøåíèå ðåçóëüòàòîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâà-
íèÿ ïðîöåññîâ è ÿâëåíèé, à òàêæå îïåðàòèâíîå èññëåäîâàíèå èõ ñâîéñòâ è áûñò-
ðîäåéñòâèå ðàñ÷åòîâ ïîääåðæèâàþòñÿ ñóùåñòâóþùèìè ñðåäñòâàìè ìàñøòàáèðó-
åìîãî ðàñïàðàëëåëèâàíèÿ, îïòèìèçàöèè èñïîëíÿåìîãî êîäà è îòîáðàæåíèÿ àë-
ãîðèòìîâ íà àðõèòåêòóðó ñóïåðÝÂÌ. Êîìïëåêñíîå ðåøåíèå äàííûõ ïðîáëåì äî-
ñòèãàåòñÿ ïóòåì ñîçäàíèÿ èíòåãðèðîâàííîãî âû÷èñëèòåëüíîãî îêðóæåíèÿ (ÈÂÎ),
ïðåäñòàâëÿþùåãî ñîáîé ïðîãðàììíîå îáåñïå÷åíèå íîâîãî ïîêîëåíèÿ äëÿ ïîñòïå-
òàôëîïñíûõ êîìïüþòåðîâ. Íàñóùíîé ïðîáëåìîé â äàííîì ñëó÷àå ÿâëÿåòñÿ êàð-
äèíàëüíîå ïîâûøåíèå óðîâíÿ èñêóññòâåííîãî èíòåëëåêòà ÈÂÎ ñ èñïîëüçîâàíèåì
ñîâðåìåííûõ êîãíèòèâíûõ è îíòîëîãè÷åñêèõ ïîäõîäîâ ñ öåëüþ ñîçäàíèÿ èíñòðó-
ìåíòàëüíîé ñðåäû äëÿ àâòîìàòèçàöèè ïîñòðîåíèÿ è àíàëèçà ìàòåìàòè÷åñêèõ ìî-
äåëåé è àëãîðèòìîâ. Â ðàáîòå èññëåäóþòñÿ âîïðîñû ôîðìèðîâàíèÿ ðàñøèðÿåìîé
áàçû çíàíèé, âêëþ÷àþùåé îïèñàíèå èçó÷àåìûõ îáúåêòîâ è îïåðàöèé, â òîì ÷èñ-
ëå òåîðåòèêî-ìíîæåñòâåííûå è àíàëèòè÷åñêèå ïðåîáðàçîâàíèÿ, ãåîìåòðè÷åñêèå,
äèôôåðåíöèàëüíûå è äèñêðåòíûå ôîðìû è ò. ä. Äàííûå èíòåëëåêòóàëüíûå ñðåä-
ñòâà îðèåíòèðîâàíû íà èíòåãðàöèþ ñ âû÷èñëèòåëüíî-èíôîðìàöèîííûìè ìåòî-
äàìè è òåõíîëîãèÿìè â ñîñòàâå ÈÂÎ è íà ãåíåðàöèþ ôóíäàìåíòàëüíûõ çíàíèé
(deep learning) ñ ïîìîùüþ ïðèíöèïîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ.
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Ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêîå óðàâíåíèå âòîðîãî ïîðÿäêà

Tt = div(k(T )∇xT ), k(T ) = αTσ, α > 0, σ > 0, (1)

êîòîðîå â îòå÷åñòâåííîé ëèòåðàòóðå èìåíóåòñÿ �íåëèíåéíûì óðàâíåíèåì òåïëî-
ïðîâîäíîñòè ñî ñòåïåííîé íåëèíåéíîñòüþ� [1], �óðàâíåíèåì íåëèíåéíîé ôèëüòðà-
öèè� [2], à â çàðóáåæíîé � �The Porous Medium Equation� [3].

Äëÿ óðàâíåíèÿ (1) ðàññìàòðèâàþòñÿ ðåøåíèÿ ñïåöèàëüíîãî âèäà, èìåþùèå
òèï òåïëîâîé âîëíû, êîòîðûå ïðåäñòàâëÿþò ñîáîé ñîâîêóïíîñòü äâóõ ðåøåíèé
óðàâíåíèÿ (1), îäíî èç êîòîðûõ ÿâëÿåòñÿ íåîòðèöàòåëüíûì, âòîðîå � òðèâèàëü-
íûì (íóëåâûì). Ðåøåíèÿ íåïðåðûâíî ñîñòûêîâàíû âäîëü äîñòàòî÷íî ãëàäêîé
ãèïåðïîâåðõíîñòè, èìåíóåìîé ôðîíòîì òåïëîâîé âîëíû. Âïåðâûå ïîäîáíûå êîí-
ñòðóêöèè äëÿ (1) áûëè ïðåäëîæåíû ß.Á. Çåëüäîâè÷åì è À.Ñ. Êîìïàíåéöåì [4].

Â äîêëàäå ïðîäîëæåíû âûïîëíåííûå ðàíåå èññëåäîâàíèÿ àâòîðîâ [5, 6] ïî
ïîñòðîåíèþ òåïëîâûõ âîëí äëÿ óðàâíåíèÿ (1).

Âî-ïåðâûõ, ñëåäóÿ [5], ìû äîêàçûâàåì òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííî-
ñòè êóñî÷íî-àíàëèòè÷åñêèõ ðåøåíèé çàäà÷è îá èíèöèèðîâàíèè òåïëîâîé âîëíû
êðàåâûìè ðåæèìàìè ðàçëè÷íîãî âèäà, ÿâëÿþùèåñÿ àíàëîãàìè òåîðåìû Êîøè �
Êîâàëåâñêîé (ëîêàëüíàÿ ðàçðåøèìîñòü).

Âî-âòîðûõ, ñëåäóÿ [6], ìû ðàññìàòðèâàåì ñïåöèàëüíûå òî÷íûå ðåøåíèÿ çàäà-
÷è î äâèæåíèè òåïëîâîé âîëíû ñ çàäàííûì ôðîíòîì, ÿâëÿþùåéñÿ ðàçíîâèäíî-
ñòüþ çàäà÷ ñî ñâîáîäíîé ãðàíèöåé. Ïîñòðîåíèå óêàçàííûõ ðåøåíèé ñâîäèòñÿ ê
èíòåãðèðîâàíèþ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà
ñ îñîáåííîñòüþ ïåðåä ñòàðøåé ïðîèçâîäíîé. Ïðîâîäÿòñÿ êà÷åñòâåííîå èññëåäîâà-
íèå ðåøåíèé è èíòåðïðåòàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ ñ òî÷êè çðåíèÿ ñâîéñòâ ñî-
îòâåòñòâóþùèõ òåïëîâûõ âîëí â çàäàííîé îáëàñòè (íåëîêàëüíàÿ ðàçðåøèìîñòü).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00608).
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ÂËÈßÍÈÅ ÃÐÀÍÈ×ÍÎÃÎ ÂÎÇÌÓÙÅÍÈß
ÍÀ ÑÒÐÓÊÒÓÐÓ ÆÎÐÄÀÍÎÂÛÕ ÊËÅÒÎÊ
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Êàíãóæèí Á.Å.

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè,
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Ïóñòü n = 2µ è íà îòðåçêå [0, 1] çàäàíî ñàìîñîïðÿæåííîå äèôôåðåíöèàëüíîå
âûðàæåíèå ñ âåùåñòâåííûìè êîýôôèöèåíòàìè

l(y) ≡
(
p0y

(µ)
)(µ)

+
(
p1y

(µ−1)
)(µ−1)

+ · · ·+
(
pµ−1y

(1)
)(1)

+ pµy,

ãäå p0, . . . , pµ � äîñòàòî÷íî ãëàäêèå âåùåñòâåííûå ôóíêöèè.
Ïóñòü òàêæå çàäàíà ñèñòåìà ëèíåéíî íåçàâèñèìûõ ôóíêöèé{φ1(x), . . . , φn(x)}

èç ker l. Èçâåñòíî, ÷òî íàéäåòñÿ áèîðòîãîíàëüíàÿ ê ñèñòåìå {φ1(x), . . . , φn(x)} ñè-
ñòåìà ëèíåéíûõ ôóíêöèîíàëîâ {U1, . . . , Un}, ò. å. Uk(φj) = δkj . Îáîçíà÷èì ÷åðåç
B0 îïåðàòîð, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæåíèåì l(·) è ãðàíè÷íûìè
óñëîâèÿìè

Uj(y) = 0, j = 1, . . . , n.

Íåòðóäíî ïîíÿòü, ÷òî îïåðàòîð B0 îáðàòèì â ôóíêöèîíàëüíîì ïðîñòðàíñòâå
L2(0, 1). Íåïîñðåäñòâåííî óáåæäàåìñÿ â òîì, ÷òî

B−1
0 f(x) = B−1

00 f(x)−
n∑

j=1

φj(x)Uj(B
−1
00 f),

ãäå B−1
00 f(x) =

x∫
0

g(x, t)f(t)dt. Çäåñü ôóíêöèÿ g(x, t) îïðåäåëÿåòñÿ ïî ôîðìóëå

g(x, t) =
Q(x, t)

W (t)
, ãäå W (t) � âðîíñêèàí ñèñòåìû {φ1(x), . . . , φn(x)}. Îïðåäåëè-

òåëü Q(x, t) ïîëó÷àåòñÿ èç îïðåäåëèòåëÿ W (t) çàìåíîé åå ïîñëåäíåé ñòðîêè íà
ñëåäóþùóþ ñòðîêó: ∥φ1(x), . . . , φn(x)∥.

Â äàëüíåéøåì ïðåäïîëàãàåì, ÷òî B0 � ñàìîñîïðÿæåííûé îïåðàòîð â L2(0, 1).
Ïóñòü λs � ñîáñòâåííîå çíà÷åíèå îïåðàòîðà B0 êðàòíîñòèms. Æîðäàíîâà êëåòêà
Js, ñîîòâåòñòâóþùàÿ λs, èìååò âèä Js = diag {λs . . . λs} � ìàòðèöà ðàçìåðíîñòè
ms.

Â äàííîé ðàáîòå èññëåäóåòñÿ âîïðîñ: êàê âëèÿþò âîçìóùåíèÿ îïåðàòîðà B0

íà ñòðóêòóðó æîðäàíîâûõ êëåòîê?
Âîçìóùåíèÿ ïåðâîãî ðîäà ìîãóò èçìåíÿòü òîëüêî äèôôåðåíöèàëüíîå âûðà-

æåíèå l(·), îñòàâëÿÿ íåèçìåííûìè ãðàíè÷íûå ôîðìû {U1, . . . , Un}. Ïîäîáíîãî
ðîäà âîçìóùåíèÿ â ñëó÷àå ïåðèîäè÷åñêîé çàäà÷è äëÿ äèôôåðåíöèàëüíîãî âû-
ðàæåíèÿ âòîðîãî ïîðÿäêà èçó÷èëè Î.À. Âåëèåâ è À.À. Øêàëèêîâ. Âîçìóùåíèÿ
âòîðîãî ðîäà ìîãóò ìåíÿòü îáëàñòü îïðåäåëåíèÿ îïåðàòîðà B0, ñîõðàíÿÿ äèôôå-
ðåíöèàëüíîå âûðàæåíèå l(·). Òàêèå âîçìóùåíèÿ ñèñòåìàòè÷åñêè èññëåäîâàëèñü
À.Ñ. Ìàêèíûì. Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ âëèÿíèå âîçìóùåíèé âòîðîãî ðî-
äà íà ñòðóêòóðó æîðäàíîâûõ êëåòîê. Çàòåì, êàê ñëåäñòâèå, âûòåêàþò ðåçóëü-
òàòû î áàçèñíîñòè ñèñòåìû êîðíåâûõ ôóíêöèé âîçìóùåííîãî îïåðàòîðà. Òàêæå
îáðàùàåì âíèìàíèå íà òî, ÷òî çäåñü èññëåäóþòñÿ äèôôåðåíöèàëüíûå îïåðàòî-
ðû âûñøèõ ïîðÿäêîâ. Äî ýòîãî áîëüøèíñòâî èññëåäîâàíèé êàñàëîñü îïåðàòîðîâ
âòîðîãî ïîðÿäêà.
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Êàíäàêîâ À.À., ×óäèíîâ Ê.Ì.

Ïåðìñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò,
Ïåðìü, Ðîññèÿ; cyril@list.ru

Äîêëàä ïîñâÿùåí ïîëó÷åíèþ óñëîâèé óñòîé÷èâîñòè ñêàëÿðíîãî óðàâíåíèÿ

k∑
j=0

ajx(n− j) = 0, (1)

ãäå aj ∈ C, j = 0, k, a0, ak ̸= 0. Ïðåäëîæåííûé â íåäàâíåé ñòàòüå [1] ïîäõîä ñîñòî-
èò â ñîïîñòàâëåíèè ìåòîäà D-ðàçáèåíèÿ ñ êëàññè÷åñêèìè ðåçóëüòàòàìè È.Øóðà
è À.Êîíà î ðàñïîëîæåíèè êîðíåé ìíîãî÷ëåíà îòíîñèòåëüíî çàäàííîãî êðóãà íà
êîìïëåêñíîé ïëîñêîñòè.

Òåîðåìà 1. Óðàâíåíèå (1) ýêñïîíåíöèàëüíî óñòîé÷èâî, åñëè è òîëüêî åñëè
|ak/a0| < 1 è ýêñïîíåíöèàëüíî óñòîé÷èâî ðåäóöèðîâàííîå óðàâíåíèå

k−1∑
j=0

bjx(n− j) = 0, (2)

ãäå b0 ̸= 0, à îñòàëüíûå êîýôôèöèåíòû îïðåäåëÿþòñÿ ðàâåíñòâàìè

bj = b0
a0aj − akak−j

a20 − a2k
, j = 1, k − 1.

Îïðåäåëåíèå. Íàçîâåì óïîðÿäî÷åííóþ ïàðó êîýôôèöèåíòîâ (aj , ak−j) óðàâ-
íåíèÿ (1) áàëàíñíîé, åñëè a0aj = akak−j .

Áàëàíñíàÿ ïàðà (aj , ak−j) êîýôôèöèåíòîâ óðàâíåíèÿ (1) îïðåäåëÿåò êîýôôè-
öèåíò bj = 0 ðåäóöèðîâàííîãî óðàâíåíèÿ (2); ïàðà, íå ÿâëÿþùàÿñÿ áàëàíñíîé, �
êîýôôèöèåíò bj ̸= 0. Òàêèì îáðàçîì, êîëè÷åñòâî íåíóëåâûõ ñëàãàåìûõ â óðàâ-
íåíèè (2) íà îäèí áîëüøå êîëè÷åñòâà íå ÿâëÿþùèõñÿ áàëàíñíûìè ïàð (aj , ak−j),
j = 1, k − 1, êîýôôèöèåíòîâ óðàâíåíèÿ (1). Èñïîëüçóÿ ýòîò ôàêò è òåîðåìó 1,
ìîæíî ñóùåñòâåííî ðàñøèðèòü îáëàñòü ïðèìåíåíèÿ èçâåñòíûõ êðèòåðèåâ (ñì.,
íàïðèìåð, [2, 3]) óñòîé÷èâîñòè óðàâíåíèÿ (1).

Â ÷àñòíîñòè, ïðèìåíÿÿ ïðîñòåéøèé êðèòåðèé óñòîé÷èâîñòè äâó÷ëåííîãî óðàâ-
íåíèÿ, ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 2. Ïóñòü èç ïàð êîýôôèöèåíòîâ (aj , ak−j), j = 1, k − 1, óðàâíå-
íèÿ (1) íå ÿâëÿåòñÿ áàëàíñíîé ðîâíî îäíà ïàðà (ap, ak−p). Óðàâíåíèå (1) ýêñïî-

íåíöèàëüíî óñòîé÷èâî, åñëè è òîëüêî åñëè |a0| > |ak| è
∣∣∣∣a0ap − akak−p

a20 − a2k

∣∣∣∣ < 1.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-01-00928).
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Îñíîâíîé ðåçóëüòàò ðàáîòû � ðàçëîæåíèå â ðÿä ïî áèãàðìîíè÷åñêèì ïîëèíî-
ìàì ôóíêöèè Ãðèíà G4(x, ξ) çàäà÷è Äèðèõëå äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ
â åäèíè÷íîì øàðå. Ðàíåå, â ðàáîòå [1] áûëà ïîñòðîåíà ôóíêöèÿ Ãðèíà çàäà÷è
Äèðèõëå äëÿ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ â åäèíè÷íîì øàðå, â ðàáîòàõ [2, 3]
íàéäåí îïåðàòîð Ãðèíà çàäà÷è Äèðèõëå äëÿ áèãàðìîíè÷åñêîãî è ïîëèãàðìîíè÷å-
ñêîãî óðàâíåíèÿ â åäèíè÷íîì øàðå ïðè ïîëèíîìèàëüíûõ äàííûõ, â [4] íàéäåíî
ïðåäñòàâëåíèå ôóíêöèè Ãðèíà òðåòüåé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ïóàññîíà
â åäèíè÷íîì øàðå.

Ïóñòü S = {x ∈ Rn : |x| < 1} � åäèíè÷íûé øàð â Rn (n > 4), f ∈ C1(S̄).
Ðàññìîòðèì â S îäíîðîäíóþ çàäà÷ó Äèðèõëå äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ

∆2u(x) = f(x), x ∈ S, (1)

u|∂S = 0,
∂u

∂ν

∣∣∣
∂S

= 0, (2)

ãäå ν � åäèíè÷íàÿ âíåøíÿÿ íîðìàëü ê ñôåðå ∂S.

Ïóñòü {H(i)
k (x) : i = 1, . . . , hk, k ∈ N0} � ïîëíàÿ ñèñòåìà îäíîðîäíûõ ñòåïå-

íè k îðòîãîíàëüíûõ ñôåðè÷åñêèõ ãàðìîíèê (ñì., íàïðèìåð, [5]), íîðìèðîâàííûõ

òàê, ÷òî
∫
∂S

(H
(i)
k (ξ))2 dsξ = ωn, ãäå hk � ðàçìåðíîñòü áàçèñà îäíîðîäíûõ ãàðìî-

íè÷åñêèõ ìíîãî÷ëåíîâ ñòåïåíè k, à ωn � ïëîùàäü åäèíè÷íîé ñôåðû ∂S.
Òåîðåìà. Ôóíêöèÿ Ãðèíà G4(x, ξ) çàäà÷è Äèðèõëå (1), (2) ïðè |ξ| < |x| ìîæåò

áûòü çàïèñàíà â âèäå

G4(x, ξ) =
1

2

∞∑
k=0

(
|x|−(2k+n−2)

2k + n− 2

(
|x|2

2k + n− 4
− |ξ|2

2k + n

)
− 1

2k + n− 2

×
(

1

2k + n− 4
− |x|

2|ξ|2

2k + n
+
|x|2 − 1

2

(
|ξ|2 − 1

))) hk∑
i=1

H
(i)
k (x)H

(i)
k (ξ).

Ïðè |x| < |ξ| â ôîðìóëå âûøå ïåðåìåííûå ξ è x ñëåäóåò ïîìåíÿòü ìåñòàìè.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ïðàâèòåëüñòâà ÐÔ (Ïîñòàíîâëåíèå � 211 îò

16.03.2013 ã.), ñîãëàøåíèå � 02.A03.21.0011.
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Ñóììû Ôåéåðà ïåðèîäè÷åñêèõ ìåð è íîðìû îòêëîíåíèé îò ïðåäåëà â ýðãîäè-
÷åñêîé òåîðåìå ôîí Íåéìàíà âû÷èñëÿþòñÿ ôàêòè÷åñêè ïî îäíèì è òåì æå ôîð-
ìóëàì (èíòåãðèðîâàíèåì ÿäåð Ôåéåðà) � òàê ÷òî ñàìà ýòà ýðãîäè÷åñêàÿ òåîðåìà
ôàêòè÷åñêè ÿâëÿåòñÿ óòâåðæäåíèåì îá àñèìïòîòèêå ðîñòà ñóìì Ôåéåðà â òî÷êå 0
ñïåêòðàëüíîé ìåðû ñîîòâåòñòâóþùåé äèíàìè÷åñêîé ñèñòåìû. Ýòî äàåò âîçìîæ-
íîñòü ïåðåðàáàòûâàòü èçâåñòíûå îöåíêè ñêîðîñòåé ñõîäèìîñòè â ýðãîäè÷åñêîé
òåîðåìå ôîí Íåéìàíà â îöåíêè ñóìì Ôåéåðà â òî÷êå äëÿ ïåðèîäè÷åñêèõ ìåð �
íàïðèìåð, òàê óäàåòñÿ ïîëó÷èòü åñòåñòâåííûå äîñòàòî÷íûå ïðèçíàêè ñòåïåííîãî
ðîñòà è ñòåïåííîãî óáûâàíèÿ ýòèõ ñóìì â òåðìèíàõ êîýôôèöèåíòîâ Ôóðüå.
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Î ÑÓÙÅÑÒÂÎÂÀÍÈÈ ÖÈÊËÎÂ ÍÅËÈÍÅÉÍÛÕ
ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ ÑÏÅÖÈÀËÜÍÎÃÎ ÂÈÄÀ

Êèðèëëîâà Í.Å.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; n.kirillova@g.nsu.ru

Ðàññìîòðèì ñëåäóþùóþ íåëèíåéíóþ äèíàìè÷åñêóþ ñèñòåìó:

dx1
dt

= −k1x1 + f1(x9);
dx2
dt

= µ2x1 − k2x2;
dx3
dt

= µ3x2 − k3x3;

dx4
dt

= µ4x3 − k4x4;
dx5
dt

= −k5x5 + f5(x4);
dx6
dt

= µ6x5 − k6x6; (1)

dx7
dt

= µ7x6 − k7x7;
dx8
dt

= −k8x8 + f8(x7);
dx9
dt

= µ9x8 − k9x9.

Çäåñü f1, f5, f8 � ãëàäêèå ïîëîæèòåëüíûå ìîíîòîííî óáûâàþùèå ôóíêöèè, êîòî-
ðûå îïèñûâàþò îòðèöàòåëüíûå îáðàòíûå ñâÿçè; óðàâíåíèÿ, íå ñîäåðæàùèå ôóíê-
öèé f1, f2, f3, ñîîòâåòñòâóþò ïîëîæèòåëüíûì îáðàòíûì ñâÿçÿì â ãåííîé ñåòè,
ñì. [1]; µj , kj � ïîëîæèòåëüíûå êîýôôèöèåíòû, j = 1, . . . , 9.

Ïóñòü Aj :=
fj(0)
kj

, åñëè j = 1, 5, 8; Aj :=
µj

kj
Aj−1, åñëè j ̸= 1, 5, 8; è Q9 :=∏j=9

j=1[0, Aj ] ⊂ R9
+.

Ëåììà. 1) Q9 � èíâàðèàíòíàÿ îáëàñòü ñèñòåìû (1). 2) Ñèñòåìà (1) èìååò
åäèíñòâåííóþ ñòàöèîíàðíóþ òî÷êó S0 ∈ Q9.

Ïðîâåä¼ì ÷åðåç S0 ãèïåðïëîñêîñòè, ïàðàëëåëüíûå êîîðäèíàòíûì; îíè ðàçî-
áüþò îáëàñòü Q9 íà 29 áëîêîâ, êîòîðûå íóìåðóþòñÿ áèíàðíûìè èíäåêñàìè.

Îïðåäåëåíèå. Òî÷êà S0 íàçûâàåòñÿ ãèïåðáîëè÷åñêîé, åñëè ìàòðèöà ëèíåà-
ðèçàöèè ñèñòåìû (1) â ýòîé òî÷êå èìååò ñîáñòâåííûå ÷èñëà ñ ïîëîæèòåëüíûìè è
îòðèöàòåëüíûìè âåùåñòâåííûìè ÷àñòÿìè è íå èìååò ìíèìûõ ñîáñòâåííûõ ÷èñåë.

Òåîðåìà. Åñëè S0 � ãèïåðáîëè÷åñêàÿ òî÷êà ñèñòåìû (1), òî â îáëàñòè Q9

ñóùåñòâóåò öèêë, êîòîðûé ïåðåõîäèò èç áëîêà â áëîê ñîãëàñíî äèàãðàììå
{000011101} → {000011100} → {100011100} → {110011100} → {111011100} →
{111111100} → {111101100} → {111100100} → {111100000} → {111100010} →
{111100011} → {011100011} → {001100011} → {000100011} → {000000011} →
{000010011} → {000011011} → {000011111} → {000011101} → . . .

Äèàãðàììà âûäåëÿåò âîñåìíàäöàòü áëîêîâ èç âñåõ ñóùåñòâóþùèõ è ïîçâîëÿåò
ëîêàëèçîâàòü ïîëîæåíèå öèêëà â îáëàñòè Q9.

Àâòîð âûðàæàåò èñêðåííþþ áëàãîäàðíîñòü Â.Ï. Ãîëóáÿòíèêîâó çà ïîñòàíîâ-
êó èíòåðåñíîé çàäà÷è, à òàêæå Ñ.È. Ôàäååâó çà ïîëåçíûå ñîâåòû è îáñóæäåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-01-00057).

ËÈÒÅÐÀÒÓÐÀ

1. Ãîëóáÿòíèêîâ Â.Ï., Êèðèëëîâà Í.Å. Î öèêëàõ â ìîäåëÿõ ôóíêöèîíèðîâàíèÿ êîëü-
öåâûõ ãåííûõ ñåòåé // Ñèá. æóðí. ÷èñò. è ïðèêë. ìàòåì. 2018. Ò. 18, � 1. Ñ. 54�63.
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ÒÎ×ÍÎÅ ÐÅØÅÍÈÅ
ÄËß ÎÁÎÁÙÅÍÍÎÃÎ ÒÅ×ÅÍÈß ÏÓÀÇÅÉËß
ÂÅÐÒÈÊÀËÜÍÎ ÇÀÂÈÕÐÅÍÍÎÉ ÆÈÄÊÎÑÒÈ

Êèðüÿíîâà À.Ñ.1, Ïðîñâèðÿêîâ Å.Þ.2

1Èíñòèòóò ìàøèíîâåäåíèÿ ÓðÎ ÐÀÍ,
Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ïóòåé ñîîáùåíèÿ,

Åêàòåðèíáóðã, Ðîññèÿ; askiryanova@usurt.ru
2Èíñòèòóò ìàøèíîâåäåíèÿ ÓðÎ ÐÀÍ, Óðàëüñêèé ôåäåðàëüíûé óíèâåðñèòåò
èìåíè ïåðâîãî Ïðåçèäåíòà Ðîññèè Á.Í. Åëüöèíà, Åêàòåðèíáóðã, Ðîññèÿ;

evgen_pros@mail.ru

Ðàññìàòðèâàåòñÿ òå÷åíèå âÿçêîé íåñæèìàåìîé æèäêîñòè, îïèñûâàåìîå ñèñòå-
ìîé óðàâíåíèé Íàâüå � Ñòîêñà è óðàâíåíèåì íåñæèìàåìîñòè. Â ïðÿìîóãîëüíîé
äåêàðòîâîé ñèñòåìå êîîðäèíàò òå÷åíèå áóäåì ìîäåëèðîâàòü ìåæäó äâóìÿ ïëîñ-
êîñòÿìè, ïàðàëëåëüíûìè ïëîñêîñòè Oxy, ñ òîëùèíîé ñëîÿ æèäêîñòè h. Âåðòè-
êàëüíàÿ ñêîðîñòü Vz = 0 [1�3].

Â ýòîì ñëó÷àå èçó÷àåòñÿ îáîáùåíèå êëàññè÷åñêîãî òå÷åíèÿ Ïóàçåéëÿ äëÿ
ñäâèãîâûõ ïîòîêîâ âÿçêîé íåñæèìàåìîé æèäêîñòè. Ñèñòåìà óðàâíåíèé Íàâüå �
Ñòîêñà, äîïîëíåííàÿ óðàâíåíèåì íåñæèìàåìîñòè, ÿâëÿåòñÿ ïåðåîïðåäåëåííîé.
Îáñóæäàþòñÿ óñëîâèÿ ðàçðåøèìîñòè è ñòðîÿòñÿ êëàññû òî÷íûõ ðåøåíèé óðàâ-
íåíèé Íàâüå � Ñòîêñà. Íàéäåííûå êëàññû òî÷íûõ ðåøåíèé îïèñûâàþò òå÷åíèÿ
æèäêîñòè ñ âåðòèêàëüíîé çàêðóòêîé, êîòîðàÿ ôîðìèðóåòñÿ èç-çà íåîäíîðîäíîñòè
ïîëÿ ñêîðîñòåé è äàâëåíèÿ, êîòîðûå íå ñâÿçàíû ñ âðàùåíèåì æèäêîñòè. Òàêèì
îáðàçîì, ïðèâåäåííûå â äîêëàäå òî÷íûå ðåøåíèÿ ïîçâîëÿþò îïèñûâàòü íîâûé
ñïîñîá ïåðåíîñà èìïóëüñà â íåñæèìàåìîé äèññèïàòèâíîé ñðåäå, ñîïðîâîæäàþ-
ùèéñÿ óâåëè÷åíèåì ñêîðîñòåé è íàëè÷èåì çàñòîéíûõ çîí â ïîòîêå.

ËÈÒÅÐÀÒÓÐÀ

1. Àðèñòîâ Ñ.Í., Ïðîñâèðÿêîâ Å.Þ. Íîâûé êëàññ òî÷íûõ ðåøåíèé òðåõìåðíûõ óðàâ-
íåíèé òåðìîäèôôóçèè // Òåîðåòè÷åñêèå îñíîâû õèìè÷åñêîé òåõíîëîãèè. 2016. Ò. 50,
� 3. Ñ. 294�301.

2. Àðèñòîâ Ñ.Í., Ïðîñâèðÿêîâ Å.Þ. Íåîäíîðîäíûå òå÷åíèÿ Êóýòòà // Íåëèíåéíàÿ
äèíàìèêà. 2014. Ò. 10, � 2. Ñ. 177�182.

3. Àðèñòîâ Ñ.Í., Ïðîñâèðÿêîâ Å.Þ. Êðóïíîìàñøòàáíûå òå÷åíèÿ çàâèõðåííîé âÿçêîé
íåñæèìàåìîé æèäêîñòè // Èçâ. âóçîâ. Àâèàöèîííàÿ òåõíèêà. 2015. � 4. Ñ. 50�54.
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Î ÍÅÊÎÒÎÐÛÕ ÑÂÎÉÑÒÂÀÕ ÐÅØÅÍÈÉ
ÇÀÄÀ×È ÄÀÐÁÓ ÄËß ÓÐÀÂÍÅÍÈß ÒÐÈÊÎÌÈ

Êîâðèæêèí Â.Â.

Îìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ô.Ì. Äîñòîåâñêîãî,
Îìñê, Ðîññèÿ; rudin09@rambler.ru

Ïóñòü Tu ≡ yuxx+uyy �ôîðìàëüíûé äèôôåðåíöèàëüíûé îïåðàòîð,D � êðè-
âîëèíåéíûé òðåóãîëüíèê â íèæíåé ïîëóïëîñêîñòè y < 0 ñ âåðøèíàìè â òî÷êàõ

A(0, 0), B(l, 0), C, à BC � äóãà õàðàêòåðèñòèêè îïåðàòîðà T
(
x+(2/3)|y|3/2 = l

)
.

Óãîë A òàêîâ, ÷òî òðåóãîëüíèê D ÿâëÿåòñÿ âûïóêëûì îòíîñèòåëüíî õàðàêòå-
ðèñòèê T .

Ïîä çàäà÷åé Äàðáó áóäåì ïîíèìàòü çàäà÷ó îá îòûñêàíèè ðåøåíèÿ u ∈W 1
2 (D)

óðàâíåíèÿ
Tu+ aux + buy + cu = f, f ∈ L2(D) (1)

òàêîãî, ÷òî u|AB∪AC = 0.
Ðàññìîòðèì õàðàêòåðíûé ïàðàìåòð

d(l) = sup

{
∥uy(x, 0)∥0
∥Tu∥0

∣∣∣ u ∈ C2(D), u|AB∪AC = 0

}
,

ãäå ∥ ∥0 � íîðìà â L2 íàä ñîîòâåòñòâóþùèì ìíîæåñòâîì.
Êîððåêòíîñòü çàäà÷è Äàðáó çàâèñèò îò a(0, 0) (êîýôôèöèåíò â (1)). Ñîîòâåò-

ñòâóþùèå îãðàíè÷åíèÿ íà a(0, 0) îïðåäåëÿþòñÿ lim
l→+0

d(l).

Åñòü ïðåäïîëîæåíèå, ÷òî lim
l→+0

d(l) = 0.

Â [1] àíîíñèðîâàíî ìîíîòîííîå óáûâàíèå ïàðàìåòðà d(l) ïðè l→ +0.
Ñïðàâåäëèâ áîëåå îáùèé ðåçóëüòàò.
Òåîðåìà. Ïàðàìåòð d(l) ìîíîòîííî óáûâàåò è íåïðåðûâåí ñëåâà.

ËÈÒÅÐÀÒÓÐÀ

1. Êîâðèæêèí Â.Â. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Òðèêîìè // Ìåæäóíàðîäíàÿ êîí-
ôåðåíöèÿ �Îáðàòíûå è íåêîððåêòíûå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè�: òåçèñû äîê-
ëàäîâ. Íîâîñèáèðñê: Ñèáèðñêîå íàó÷íîå èçäàòåëüñòâî, 2012. Ñ. 384.
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ÓÐÀÂÍÅÍÈß ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ
Ñ ÌÅÍßÞÙÈÌÑß ÍÀÏÐÀÂËÅÍÈÅÌ ÝÂÎËÞÖÈÈ

Êîæàíîâ À.È.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; kozhanov@math.nsc.ru

Â äîêëàäå èçëàãàþòñÿ ðåçóëüòàòû î ðàçðåøèìîñòè â êëàññàõ ðåãóëÿðíûõ ðå-
øåíèé êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé:

(1) Lαut + Lβua −Mu = f(x, t, a)
(0 < t < T < +∞, 0 < a < A < +∞, x ∈ Ω ⊂ Rn),

Lα è Lβ � äèôôåðåíöèàëüíûå îïåðàòîðû:

Lα = α0(t, a) + α1(t, a)∆, Lβ = β0(t, a) + β1(t, a)∆,

∆ � îïåðàòîð Ëàïëàñà ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, M � äèôôåðåíöè-
àëüíûé îïåðàòîð, òàêæå äåéñòâóþùèé ïî ïðîñòðàíñòâåííûì ïåðåìåííûì;

(2) Autt −But − Cu = f(x, t)
(0 < t < T < +∞, x ∈ Ω ⊂ Rn)

ñ îïåðàòîðîì A âèäà
A = a0(t) + a1(t)∆

è ñ ýëëèïòè÷åñêèìè îïåðàòîðàìè B è C, äåéñòâóþùèìè ïî ïðîñòðàíñòâåííûì
ïåðåìåííûì;

(3) Autt +But + h(x, t)Cu = f(x, y, t)
(0 < t < T < +∞, x ∈ Ω ⊂ Rn

x , y ∈ G ⊂ Rm
y ),

A è B � ýëëèïòè÷åñêèå îïåðàòîðû, äåéñòâóþùèå ïî ïåðåìåííûì x1, . . . , xn, C �
ýëëèïòè÷åñêèé îïåðàòîð, äåéñòâóþùèé ïî ïåðåìåííûì y1, . . . , ym.

Îñîáåííîñòüþ èçó÷àåìûõ óðàâíåíèé ÿâëÿåòñÿ òî, ÷òî îíè èìåþò ìåíÿþùå-
åñÿ ïðîèçâîëüíûì îáðàçîì íàïðàâëåíèå ýâîëþöèè � ôóíêöèè α0(t, a), α1(t, a),
β0(t, a) è β1(t, a) äëÿ óðàâíåíèé (1), a0(t) è a1(t) äëÿ óðàâíåíèé (2), h(x, t) äëÿ
óðàâíåíèé (3) íå èìåþò çàðàíåå ôèêñèðîâàííûå çíàêè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-51-41009).
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ÊÐÀÅÂÛÅ ÇÀÄÀ×È ÄËß ÎÄÍÎÃÎ ÊËÀÑÑÀ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ
Ñ ÊÐÀÒÍÛÌÈ ÕÀÐÀÊÒÅÐÈÑÒÈÊÀÌÈ

Êîæàíîâ À.È.1, Êîäçîêîâ À.Õ.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; kozhanov@math.nsc.ru

2Êàáàðäèíî-Áàëêàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Õ.Ì. Áåðáåêîâà,
Íàëü÷èê, Ðîññèÿ; kodzoko@mail.ru

Ïóñòü Ω åñòü îãðàíè÷åííàÿ îáëàñòü èç ïðîñòðàíñòâà Rm ïåðåìåííûõ y1, . . . ,
ym ñ ãëàäêîé (äëÿ ïðîñòîòû � áåñêîíå÷íî äèôôåðåíöèðóåìîé) ãðàíèöåé Γ, Q
åñòü îáëàñòü èç ïðîñòðàíñòâà Rm+2 ïåðåìåííûõ (x, y, t) òàêèõ, ÷òî x ∈ (0, 1),
y = (y1, . . . , ym) ∈ Ω, t ∈ (0, T ), 0 < T < +∞. Äàëåå, ïóñòü f(x, y, t) åñòü çàäàííàÿ
ôóíêöèÿ, îïðåäåëÿåìàÿ ïðè (x, y, t) ∈ Q̄, α, β è γ åñòü çàäàííûå äåéñòâèòåëü-
íûå ÷èñëà, ∆y åñòü îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì y1, . . . , ym, k åñòü öåëîå
íåîòðèöàòåëüíîå ÷èñëî.

Â îáëàñòè Q ðàññìîòðèì óðàâíåíèå

∂2k+1

∂x2k+1
(ut − αux) + β∆yu+ γu = f(x, y, t). (∗)

Ýòî óðàâíåíèå ïðè k = 0, α ̸= 0 ïðåäñòàâëÿåò ñîáîé ìîäåëü ëèíåàðèçîâàííîãî
óðàâíåíèÿ Ëèíÿ � Ðåéñíåðà � Öçÿíÿ [1�3]. Çàäà÷à Êîøè è íà÷àëüíî-êðàåâûå
çàäà÷è äëÿ ïîäîáíûõ óðàâíåíèé èçó÷àëèñü â ðàáîòàõ [4, 5]. Â ñëó÷àå k = 0,
α = 0, m = 1 óðàâíåíèå (∗) èçó÷àëîñü â ðàáîòå [6].

Â äàííîé ðàáîòå áóäóò èçó÷àòüñÿ óðàâíåíèÿ (∗) â ñëó÷àÿõ à) k = 1, α > 0;
á) k = 1, α = 0. Äëÿ óðàâíåíèé (∗) ïðåäëàãàþòñÿ ïîñòàíîâêè êðàåâûõ çàäà÷,
äëÿ êîòîðûõ äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé ñ
ïîìîùüþ ìåòîäà ðåãóëÿðèçàöèè, ìåòîäà ïðîäîëæåíèÿ ïî ïàðàìåòðó è àïðèîðíûõ
îöåíîê.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-51-41009).
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Ðàññìîòðèì ëèíåéíóþ íåñòàöèîíàðíóþ óïðàâëÿåìóþ ñèñòåìó

ẋ = A(t)x+B(t)u, x ∈ Rn, u ∈ Rm, t > 0, (1)

ñ ëîêàëüíî èíòåãðèðóåìûìè ïî Ëåáåãó è èíòåãðàëüíî îãðàíè÷åííûìè ìàòðèöàìè
A è B. Âûáðàâ óïðàâëåíèå u â âèäå ëèíåéíîé îáðàòíîé ñâÿçè u = U(t)x, ãäå U �
íåêîòîðàÿ èçìåðèìàÿ è îãðàíè÷åííàÿ (m× n)-ìàòðèöà, ïîëó÷èì ñèñòåìó

ẋ = (A(t) +B(t)U(t))x, x ∈ Rn, t > 0, (2)

ñ ëîêàëüíî èíòåãðèðóåìûìè è èíòåãðàëüíî îãðàíè÷åííûìè êîýôôèöèåíòàìè.
Îïðåäåëåíèå 1 [1]. Ñèñòåìà (1) îáëàäàåò ñâîéñòâîì ðàâíîìåðíîé ãëîáàëü-

íîé êâàçèäîñòèæèìîñòè, åñëè íàéäåòñÿ òàêîå ÷èñëî T > 0, ïðè êîòîðîì äëÿ
ëþáûõ r > 1 è 0 < ρ 6 1 ñóùåñòâóåò òàêàÿ âåëè÷èíà θ = θ(r, ρ) > 0, ÷òî äëÿ
âñÿêîãî t0 > 0 íàéäåòñÿ îðòîãîíàëüíàÿ (n × n)-ìàòðèöà F = F (t0, r, ρ), ïðè êî-
òîðîé äëÿ ïðîèçâîëüíîé âåðõíåòðåóãîëüíîé (n × n)-ìàòðèöû H, óäîâëåòâîðÿþ-
ùåé íåðàâåíñòâàì ∥H − E∥ 6 r è detH > ρ, íà îòðåçêå [t0, t0 + T ] íàéäåòñÿ
èçìåðèìîå è îãðàíè÷åííîå (m × n)-óïðàâëåíèå U , óäîâëåòâîðÿþùåå ïðè âñåõ
t ∈ [t0, t0 + T ] îöåíêå ∥U(t)∥ 6 θ(r, ρ) è ãàðàíòèðóþùåå äëÿ ìàòðèöû Êîøè
XU (t, s) ñèñòåìû (2) âûïîëíåíèå ðàâåíñòâà XU (t0 + T, t0) = X(t0+T, t0)FHF

−1.
Ñâîéñòâî ðàâíîìåðíîé ãëîáàëüíîé êâàçèäîñòèæèìîñòè ÿâëÿåòñÿ [1] äåéñòâåí-

íûì èíñòðóìåíòîì ïðè ðåøåíèè çàäà÷ ãëîáàëüíîãî óïðàâëåíèÿ àñèìïòîòè÷åñêè-
ìè èíâàðèàíòàìè [2] ëèíåéíîé ñèñòåìû (2). Â ðàáîòå [1] áûëî óñòàíîâëåíî, ÷òî â
ñëó÷àå n = 2 äîñòàòî÷íûì óñëîâèåì ãëîáàëüíîé êâàçèäîñòèæèìîñòè ñèñòåìû (2)
ÿâëÿåòñÿ ðàâíîìåðíàÿ ïîëíàÿ óïðàâëÿåìîñòü ñîîòâåòñòâóþùåé ñèñòåìû (1).

Îïðåäåëåíèå 2 [3, 4]. Ñèñòåìà (1) íàçûâàåòñÿ ðàâíîìåðíî âïîëíå óïðàâëÿå-
ìîé, åñëè ñóùåñòâóþò òàêèå ÷èñëà σ > 0 è γ > 0, ÷òî ïðè ëþáûõ t0 > 0 è x0 ∈ Rn

íàéäåòñÿ èçìåðèìîå è îãðàíè÷åííîå óïðàâëåíèå u : [t0, t0 + σ] → Rm, ïðè âñåõ
t ∈ [t0, t0+σ] óäîâëåòâîðÿþùåå íåðàâåíñòâó ∥u(t)∥ 6 γ∥x0∥ è ïåðåâîäÿùåå âåêòîð
íà÷àëüíîãî ñîñòîÿíèÿ x(t0) = x0 ñèñòåìû (1) â íîëü íà ýòîì îòðåçêå.

Â íàñòîÿùåé ðàáîòå äàíî îáîáùåíèå âûøåóêàçàííîãî óòâåðæäåíèÿ ðàáîòû [1].
Òåîðåìà. Åñëè ëèíåéíàÿ íåñòàöèîíàðíàÿ óïðàâëÿåìàÿ ñèñòåìà (1) ðàâíîìåð-

íî âïîëíå óïðàâëÿåìà, òî ñîîòâåòñòâóþùàÿ åé çàìêíóòàÿ ñèñòåìà (2) îáëàäàåò
ñâîéñòâîì ðàâíîìåðíîé ãëîáàëüíîé êâàçèäîñòèæèìîñòè.

Ðàáîòà âûïîëíåíà â ðàìêàõ Ãîñóäàðñòâåííîé ïðîãðàììû íàó÷íûõ èññëåäîâàíèé Ðåñ-

ïóáëèêè Áåëàðóñü �Êîíâåðãåíöèÿ�2020� (ïîäïðîãðàììà 1, çàäàíèå 1.2.01).
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ÏóñòüM � íåêîìïàêòíîå ðèìàíîâî ìíîãîîáðàçèå, dimM = N ; X ⊂M � åãî
êîíåö, ïðè÷åì ìåòðèêà íà X èìååò âèä

dl2 = h2(r)dr2 + q2(r)dθ2. (∗)

Çäåñü r ∈ [r0,+∞), à θ ∈ S, ãäå S � êîìïàêòíîå ðèìàíîâî ìíîãîîáðàçèå ñ ìåò-
ðèêîé dθ2. Ðàññìîòðèì ëèíåéíîå ýëëèïòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå

∆u+ c(x)u = 0, (∗∗)

ãäå c(x) èìååò âèä c(x) = c(r) íà êîíöå X . Ïîëîæèì K =
∫ +∞
r0

h(s)
qN−1(s)

ds.

Òåîðåìà 1. Ïóñòü çàäàí êîíåö X ⊂ M, íà êîòîðîì ìåòðèêà èìååò âèä (∗).
Ïðåäïîëîæèì, ÷òî K = +∞ è äëÿ íåêîòîðîãî k > 0 âûïîëíåíî

sup
r∈[r0,+∞)

(
q2(N−2)(r) + |c(r)|q2(N−1)(r)

)(∫ r

r0

h(s)

qN−1(s)
ds
)k+2

< +∞.

Åñëè äëÿ íåêîòîðûõ ðåøåíèé f1(x) è f2(x) óðàâíåíèÿ (∗∗) íà êîíöå X âûïîëíåíî
lim

r→+∞

∫
S
|f2(r, θ)− f1(r, θ)|dσ = 0, òî f1(x) ≡ f2(x) íàM.

Òåîðåìà 2. Ïóñòü çàäàí êîíåö X ⊂ M, íà êîòîðîì ìåòðèêà èìååò âèä (∗).
Ïðåäïîëîæèì, ÷òî K <∞ è äëÿ íåêîòîðîãî α < 2 âûïîëíåíî

sup
r∈[r0,+∞)

(
q2(N−2)(r) + |c(r)|q2(N−1)(r)

)(∫ +∞

r

h(s)

qN−1(s)
ds
)α

< +∞.

Åñëè äëÿ íåêîòîðûõ ðåøåíèé f1(x), f2(x) óðàâíåíèÿ (∗∗), çàäàííûõ íà M, íà

êîíöå X èìååò ìåñòî àñèìïòîòèêà
∫
S
|f2(r, θ) − f1(r, θ)|dσ = o

(∫ +∞

r

h(s)

qN−1(s)
ds
)

ïðè r → +∞, òî f1(x) ≡ f2(x) íàM.
Ïåðâàÿ òåîðåìà ãîâîðèò î òîì, ÷òî ñóùåñòâóþò ìíîãîîáðàçèÿ ñ êîíöàìè ïà-

ðàáîëè÷åñêîãî òèïà, íà êîòîðûõ àñèìïòîòè÷åñêîå ïîâåäåíèå âñåõ ðåøåíèé (∗∗)
ñòðîãî ðàçëè÷íî. Âòîðàÿ ÿâëÿåòñÿ âåðñèåé òåîðåìû î äîïóñòèìîé ñêîðîñòè ñòðåì-
ëåíèÿ ê íóëþ ðàçíîñòè ðåøåíèé (∗∗) íà íåêîòîðûõ êîíöàõ ãèïåðáîëè÷åñêîãî òè-
ïà. Ïîäðîáíåå ïîçíàêîìèòüñÿ ñ èìåþùèìèñÿ çàäà÷àìè è ñîñòîÿíèåì ðàçâèòèÿ
òåîðèè ýëëèïòè÷åñêèõ óðàâíåíèé íà íåêîìïàêòíûõ ðèìàíîâûõ ìíîãîîáðàçèÿõ
ìîæíî ïî ìîíîãðàôèÿì [1, 2] è îáçîðó [3].
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Ðàññìàòðèâàåòñÿ ïðîöåññ ïîïåðå÷íûõ êîëåáàíèé ïîëóîãðàíè÷åííîé ñòðóíû. Â
êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè áåðåòñÿ ñëåäóþùåå ãèïåðáîëè÷åñêîå óðàâíåíèå:

α(x)
∂2u(x, t)

∂t2
− β(x)∂2u(x, t)

∂x2
= f(x, t), 0 < x <∞, t > 0, α(x), β(x) > 0, (1)

è äîïîëíèòåëüíûå óñëîâèÿ

u(0, t) = µ(t), u(x, 0) = φ(x), ut(x, 0) = ψ(x). (2)

Òàêæå ïðåäïîëàãàþòñÿ âûïîëíåííûìè óñëîâèÿ ñîãëàñîâàíèÿ:

µ(0) = φ(0), µ′(0) = ψ(0), µ′′(0) =
β(x)

α(x)
φ′′(0).

Êîýôôèöèåíòû α(x), β(x) ñ÷èòàþòñÿ êóñî÷íî-ïîñòîÿííûìè, ò. å. α(x) = α1,
0 ≤ x ≤ x0, α(x) = α2, x0 < x <∞; β(x) = β1, 0 ≤ x ≤ x0, β(x) = β2, x0 < x <∞,
ãäå α1, α2, β1, β2, x0 � ïîëîæèòåëüíûå ÷èñëà. Ðåøåíèå çàäà÷è (1), (2) èùåòñÿ â
êëàññå ôóíêöèé u(x, t), íåïðåðûâíûõ ïðè x ≥ 0, t ≥ 0 è èìåþùèõ êóñî÷íî-
ãëàäêèå ïðîèçâîäíûå äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî. Â êà÷åñòâå ïåðâîãî ýòà-
ïà èññëåäîâàíèÿ ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà êîëåáàíèÿ èíèöèèðîâàíû òîëüêî
ãðàíè÷íûì ðåæèìîì, ò. å. φ(x) = ψ(x) = f(x, t) = 0. Äîêàçàíà òåîðåìà ñóùåñòâî-
âàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ, êîòîðîå ïðåäñòàâëÿåòñÿ â âèäå ðÿäà

u(x, t) =
∞∑
k=0

mkµ(tk), (3)

ãäå îòëè÷íû îò íóëÿ òîëüêî êîíå÷íîå ÷èñëî ñëàãàåìûõ. Èç ôîðìóëû (3) ñëåäóåò,
÷òî ïðè α1 = α2, β1 = β2 ôóíêöèÿ u(x, t) ñîâïàäàåò ñ êëàññè÷åñêèì ðåøåíèåì.
Ïðîâåäåí àíàëèç ïîâåäåíèÿ ïðîèçâîäíûõ ôóíêöèè u(x, t) âáëèçè íåêîòîðûõ ëè-
íèé è âûïèñàíû âåëè÷èíû èõ ñêà÷êîâ. Ïëàíèðóåòñÿ èñïîëüçîâàòü ïîëó÷åííûå
ðåçóëüòàòû â òåîðèè çîíäèðîâàíèÿ íåîäíîðîäíûõ ñðåä ôèçè÷åñêèìè ñèãíàëàìè.
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Ðàññìîòðåíà çàäà÷à èäåíòèôèêàöèè ôóíêöèè èñòî÷íèêà â äâóìåðíîé ñèñòåìå
óðàâíåíèé ñîñòàâíîãî òèïà, â êîòîðîé îäíî èç óðàâíåíèé ÿâëÿåòñÿ ïàðàáîëè÷å-
ñêèì, à âòîðîå � ýëëèïòè÷åñêèì. Èñõîäíàÿ çàäà÷à àïïðîêñèìèðóåòñÿ çàäà÷åé, â
êîòîðîé ýëëèïòè÷åñêîå óðàâíåíèå çàìåíÿåòñÿ ïàðàáîëè÷åñêèì, ñîäåðæàùèì ìà-
ëûé ïàðàìåòð ε > 0. Íåèçâåñòíàÿ ôóíêöèÿ èñòî÷íèêà ñòîèò â ïàðàáîëè÷åñêîì
óðàâíåíèè, íå ñîäåðæàùåì ìàëûé ïàðàìåòð ε. Èçó÷åíèþ ïîäîáíîé çàäà÷è â îä-
íîìåðíîì ñëó÷àå ïîñâÿùåíû ðàáîòû [1, 2].

Â ïîëîñå G[0,T ] = {(t, x)| 0 6 t 6 T, x ∈ E2} ðàññìàòðèâàåòñÿ çàäà÷à îïðåäåëå-
íèÿ ôóíêöèé

(ε
u(t, x),

ε
v(t, x),

ε
g(t)

)
, óäîâëåòâîðÿþùèõ ñèñòåìå óðàâíåíèé{

ε
ut + a11(t)

ε
u+ a12(t)

ε
v = µ11

ε
ux1x1 + µ12

ε
ux2x2 +

ε
g(t)f(t, x),

ε
ε
vt + a21(t)

ε
u+ a22(t)

ε
v = µ21

ε
vx1x1 + µ22

ε
vx2x2 + F (t, x),

ε � const, ε ∈ (0, 1], íà÷àëüíûì óñëîâèÿì

ε
u(0, x) = u0(x),

ε
v(0, x) = v0(x),

è óñëîâèÿì ïåðåîïðåäåëåíèÿ

ε
u(t, x0) = φ(t), x0 = (x01, x

0
2), φ ∈ C2[0, T ].

Ïîëó÷åíà îöåíêà ñêîðîñòè ñõîäèìîñòè

|u(t, x)− τ
u(t, x)|+ |v(t, x)− τ

v(t, x)| 6 Cτ,

ãäå (
τ
u,

τ
v) � ðåøåíèå îáðàòíîé çàäà÷è ïðè ïðèìåíåíèè ìåòîäà ñëàáîé àïïðîêñè-

ìàöèè [3].

ËÈÒÅÐÀÒÓÐÀ

1. Áåëîâ Þ.ß. Î çàäà÷å èäåíòèôèêàöèè ôóíêöèè èñòî÷íèêà äëÿ îäíîé ïîëóýâîëþöè-
îííîé ñèñòåìû // Æóðí. ÑÔÓ. Ñåð. Ìàòåìàòèêà è ôèçèêà. 2010. Ò. 3, � 4. Ñ. 487�
499.

2. Belov Yu.Ya., Kopylova V.G. On some identi�cation problem for source function to one
semievolutionary system // J. Inverse Ill-Posed Probl. 2012. V. 20, No. 5�6. P. 723�743.

3. ÁåëîâÞ.ß., Êàíòîð Ñ.À.Ìåòîä ñëàáîé àïïðîêñèìàöèè. Êðàñíîÿðñê: ÊðàñÃÓ, 1999.

110



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

ÏÅÐÂÀß ÊÐÀÅÂÀß ÇÀÄÀ×À
ÄËß ÍÀÃÐÓÆÅÍÍÎÃÎ ÓÐÀÂÍÅÍÈß

ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ ÄÐÎÁÍÎÃÎ ÏÎÐßÄÊÀ

Êîñìàêîâà Ì.Ò., Îðóìáàåâà Í.Ò., Ìåäåóáàåâ Í.Ê.,
Òóëåóòàåâà Æ.Ì.

Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Å.À. Áóêåòîâà,
Êàðàãàíäà, Ðåñïóáëèêà Êàçàõñòàí; Svetik_mir69@mail.ru

Â îáëàñòè Q = {x ∈ R+, t ∈ R+} ðàññìàòðèâàåòñÿ ñëåäóþùàÿ êðàåâàÿ çàäà÷à:

∂u

∂t
− a2 ∂

2u

∂x2
+ λ · 0Dν

t u (x, t)
∣∣∣
x=t

= f (x, t) , (1)

u (x, 0) = 0, u (0, t) = 0, (2)

ãäå

λ ∈ C, 0 ≤ ν < 1, 0D
ν
t u (x, t) =

1

Ã (1− ν)
∂

∂t

t∫
0

1

(t− τ)ν
u (x, τ) dτ

� äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà � Ëèóâèëëÿ ôóíêöèè u(x, t) ïî ïåðåìåííîé t
ïîðÿäêà ν,

0D
ν
t


t∫

0

∞∫
0

G (x, ξ, t− τ) · f (ξ, τ) dξdτ

 ∈M (R+) .

Çäåñü
M (R+) = L∞ (R+) ∩ C (R+) ,

G (x, ξ, t) =
1

2
√
πt

{
exp

(
− (x− ξ)2

4t

)
− exp

(
− (x+ ξ)

2

4t

)}
� ôóíêöèÿ Ãðèíà ïåðâîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè.

Îñîáåííîñòü äàííîé çàäà÷è çàêëþ÷àåòñÿ â òîì, ÷òî íàãðóæåííîå ñëàãàåìîå
ÿâëÿåòñÿ çíà÷åíèåì äðîáíîé ïðîèçâîäíîé íà ëèíèè x = t. Ïîäîáíîãî ðîäà çà-
äà÷è áûëè ðàññìîòðåíû â [1�2]. Â [1] áûëî ïîêàçàíî, ÷òî ïðè ν = 1 íàãðóçêà
ÿâëÿåòñÿ ñèëüíûì âîçìóùåíèåì � ïðè îïðåäåëåííûõ çíà÷åíèÿõ ïàðàìåòðà λ ñî-
îòâåòñòâóþùàÿ îäíîðîäíàÿ çàäà÷à èìååò íåíóëåâûå ðåøåíèÿ, ò. å. íåîäíîðîäíàÿ
çàäà÷à èìååò íååäèíñòâåííîå ðåøåíèå.

Â äàííîé ðàáîòå äîêàçàíî, ÷òî ïðè 0 ≤ ν < 1 äëÿ ëþáîãî λ ∈ C íàãðóæåííîå
ñëàãàåìîå â (1)�(2) ÿâëÿåòñÿ ñëàáûì âîçìóùåíèåì.

Òàêèì îáðàçîì, ñïðàâåäëèâà òåîðåìà.
Òåîðåìà. Êðàåâàÿ çàäà÷à (1)�(2) ïðè 0 ≤ ν < 1, λ ∈ C èìååò åäèíñòâåííîå

ðåøåíèå uλ ∈ U , ãäå

U =

{
u
∣∣∣ (x+

√
t
)−1

· u, ut − uxx ∈M (Q) , [0D
ν
t u (x, t)]

∣∣∣
x=t
∈M (R+)

}
.
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ÎÁ ÎÏÐÅÄÅËÅÍÈÈ ÊÎÝÔÔÈÖÈÅÍÒÎÂ
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Þæíî-Ñàõàëèíñê, Ðîññèÿ; ynuta@mail.ru

Â íàñòîÿùåå âðåìÿ òåîðèÿ íåêëàññè÷åñêèõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ìà-
òåìàòè÷åñêîé ôèçèêè ïðåäñòàâëÿåò ñîáîé áóðíî ðàçâèâàþùóþñÿ îáëàñòü ìàòå-
ìàòèêè, ñîäåðæàùóþ îãðîìíîå ÷èñëî íåðåøåííûõ ïðîáëåì. Àêòóàëüíûì ÿâëÿ-
åòñÿ ïîëó÷åíèå íîâûõ ðåçóëüòàòîâ î ðàçðåøèìîñòè íåëîêàëüíûõ êðàåâûõ çàäà÷,
à òàêæå îáðàòíûõ çàäà÷ îïðåäåëåíèÿ âìåñòå ñ ðåøåíèåì äèôôåðåíöèàëüíîãî
óðàâíåíèÿ òåõ èëè èíûõ êîýôôèöèåíòîâ ñàìîãî óðàâíåíèÿ èëè æå ïðàâîé ÷àñòè.

Îáðàòíûå çàäà÷è, êîòîðûå ïðåäñòàâëåíû â äàííîé ðàáîòå, ñâÿçàíû ñ ìàòå-
ìàòè÷åñêèì ìîäåëèðîâàíèåì äèíàìèêè ïîïóëÿöèé ñ ó÷åòîì àñòðîíîìè÷åñêîãî
âðåìåíè, áèîëîãè÷åñêîãî âðåìåíè è äîïîëíèòåëüíîãî ó÷åòà äèôôóçèè (ïåðåìå-
øèâàíèå â ïðîöåññå âçàèìîäåéñòâèÿ). Òàêèå çàäà÷è çà÷àñòóþ ñâîäÿòñÿ ê èññëå-
äîâàíèþ íåëîêàëüíûõ êðàåâûõ çàäà÷ äëÿ óëüòðàïàðàáîëè÷åñêèõ óðàâíåíèé.

Â ÷àñòíîñòè, ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ðàçðåøèìîñòè ëèíåéíûõ è íå-
ëèíåéíûõ îáðàòíûõ çàäà÷ äëÿ óëüòðàïàðàáîëè÷åñêèõ óðàâíåíèé ñ íåèçâåñòíûìè
êîýôôèöèåíòàìè ïðîñòðàíñòâåííîãî òèïà èëè æå ñ íåèçâåñòíûìè êîýôôèöèåí-
òàìè âðåìåííîãî òèïà (êàê ïðàâèëî, ïðåäïîëàãàåòñÿ, ÷òî íåèçâåñòíûé êîýôôè-
öèåíò èìååò ñïåöèàëüíûé âèä).

Ïîäîáíûå çàäà÷è äîñòàòî÷íî õîðîøî èçó÷åíû äëÿ ïàðàáîëè÷åñêèõ óðàâíå-
íèé [1�7], ÷òî æå êàñàåòñÿ óëüòðàïàðàáîëè÷åñêèõ óðàâíåíèé, òî çäåñü ìîæíî îò-
ìåòèòü ëèøü ðàáîòû [8, 9] àâòîðà.

Äëÿ ðåøåíèÿ îáðàòíûõ çàäà÷ ââîäÿòñÿ âñå íåîáõîäèìûå îáîçíà÷åíèÿ, ïðîâî-
äÿòñÿ íåêîòîðûå ïîñòðîåíèÿ, êàñàþùèåñÿ äàííûõ çàäà÷. Äàëåå îñóùåñòâëÿåòñÿ
ïåðåõîä ê ïðÿìûì êðàåâûì çàäà÷àì. Äëÿ íèõ ôîðìóëèðóþòñÿ è äîêàçûâàþòñÿ
òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåãóëÿðíûõ ðåøåíèé. Ìåòîäû èññëåäî-
âàíèÿ îñíîâûâàþòñÿ íà ñâåäåíèè èñõîäíîé îáðàòíîé çàäà÷è ê ïðÿìîé çàäà÷å äëÿ
�íàãðóæåííîãî� óëüòðàïàðàáîëè÷åñêîãî óðàâíåíèÿ, èñïîëüçîâàíèè ìåòîäà ðåãó-
ëÿðèçàöèè è ìåòîäà àïðèîðíûõ îöåíîê.
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Â ìîíîãðàôèè [1] áûëà ââåäåíà êëàññèôèêàöèÿ ëèíåéíûõ óðàâíåíèé, íå ðàç-
ðåøåííûõ îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé, ñëåäóþùåãî âèäà

L0(Dx)D
l
tw +

l−1∑
k=0

Ll−k(Dx)D
k
t w = F (t, x),

ãäå L0(Dx) � êâàçèýëëèïòè÷åñêèé îïåðàòîð, è ïîñòðîåíà íåêîòîðàÿ òåîðèÿ êðà-
åâûõ çàäà÷ äëÿ òàêèõ óðàâíåíèé. Â ÷àñòíîñòè, áûë ââåä¼í êëàññ ïñåâäîãèïåðáî-
ëè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé è äëÿ íèõ áûëà èçó÷åíà çàäà÷à Êîøè.
Îáîáùåíèå ýòèõ ðåçóëüòàòîâ ñîäåðæèòñÿ â ðàáîòå [2].

Ðàññìàòðèâàþòñÿ êðàåâûå çàäà÷è â ÷åòâåðòè ïëîñêîñòè R+ × R+ = {(t, x)|
t > 0, x > 0} äëÿ ïñåâäîãèïåðáîëè÷åñêîãî óðàâíåíèÿ

(I −D2
x)D

2
t u+D4

xu− a2D2
xu = f(t, x),

b1(Dx)u
∣∣
x=0

= φ1(t),

b2(Dx)u
∣∣
x=0

= φ2(t),

u
∣∣
t=0

= 0,

Dtu
∣∣
t=0

= 0,

(1)

ãäå a = const, ãðàíè÷íûå îïåðàòîðû

bj(Dx) =
3∑

k=0

bjkD
k
x, j = 1, 2,

òàêèå, ÷òî êðàåâàÿ çàäà÷à (1) óäîâëåòâîðÿåò óñëîâèþ Ëîïàòèíñêîãî [1].
Â ðàáîòå ïðèâåäåíû òåîðåìû îá îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (1) â ñîáî-

ëåâñêèõ ïðîñòðàíñòâàõ W 2,4
2,γ

(R+ × R+) è ïîëó÷åíû îöåíêè íîðì ðåøåíèÿ â ýòèõ
ïðîñòðàíñòâàõ.
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Êëàññè÷åñêàÿ ôîðìóëà Áèíå [1] âûðàæàåò çíà÷åíèå ëîãàðèôìè÷åñêîé ïðîèç-
âîäíîé Γ-ôóíêöèè Ýéëåðà Γ (z) (â ñëó÷àå, åñëè âåùåñòâåííàÿ ÷àñòü z ïîëîæè-
òåëüíà) ÷åðåç íåêîòîðûå èíòåãðàëû. À èìåííî,

d

dz
lg Γ (z) = − 1

2z
+ lg z − 2

∞∫
0

t dt

(z2 + t2) (e2πt − 1)
.

Äàííàÿ ôîðìóëà èìååò ñóùåñòâåííîå çíà÷åíèå ïðè íàõîæäåíèè ôóíêöèîíàëü-
íîãî ñîîòíîøåíèÿ [2] äëÿ êëàññè÷åñêîé äçåòà-ôóíêöèè Ðèìàíà.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå àíàëîãà èíòåãðàëüíîãî ïðåäñòàâ-
ëåíèÿ Áèíå. Ïîñòðîåííûé àíàëîã âûðàæàåò çíà÷åíèå ëîãàðèôìè÷åñêîé ïðîèç-
âîäíîé íåêîòîðîé öåëîé ôóíêöèè êîíå÷íîãî ïîðÿäêà ðîñòà ÷åðåç íåêîòîðûå èí-
òåãðàëû.

Â äàëüíåéøåì ñ èñïîëüçîâàíèåì ïîñòðîåííîãî àíàëîãà èíòåãðàëüíîãî ïðåä-
ñòàâëåíèÿ Áèíå áóäåò îñóùåñòâëåí ïåðåõîä ê ïîëó÷åíèþ ôóíêöèîíàëüíîãî ñîîò-
íîøåíèÿ äëÿ äçåòà-ôóíêöèè êîðíåé íåêîòîðîãî êëàññà öåëûõ ôóíêöèé [3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-31-00019).
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Îáîçíà÷èì N0 = {0, 1, 2, . . . }. Ðàññìîòðèì ðàçíîñòíîå óðàâíåíèå

x(n+ 1)− x(n) = −abh(n)x(n− h(n)), n ∈ N0, (1)

ãäå 0 < a 6 2, 0 < b 6 1, h : N0 → N0, x : N0 → R.
Îáîçíà÷èì H = sup

n∈N0

h(n). Î÷åâèäíî, ïðè H = 0 è a 6 2 óðàâíåíèå (1) ðàâíî-

ìåðíî óñòîé÷èâî, à ïðè H = 0 è a < 2 îíî ýêñïîíåíöèàëüíî óñòîé÷èâî.
Ïðîñòîé âèä ó îáëàñòè óñòîé÷èâîñòè ïðè H = 1:

• Ïóñòü a+ ab < 2. Òîãäà (1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

• Ïóñòü a+ ab 6 2. Òîãäà (1) ðàâíîìåðíî óñòîé÷èâî.

• Ïóñòü a+ab > 2. Òîãäà ñðåäè óðàâíåíèé âèäà (1) ñóùåñòâóþò íåóñòîé÷èâûå.

Îïèøåì îáëàñòü �àáñîëþòíîé� (íå çàâèñÿùåé îò âåëè÷èíû H) óñòîé÷èâîñòè:

• Ïóñòü a+ 2b 6 2 è H <∞. Òîãäà (1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

• Ïóñòü a+ 2b 6 2. Òîãäà (1) ðàâíîìåðíî óñòîé÷èâî.

• Ïóñòü a+ 2b > 2. Òîãäà ïðè íåêîòîðîì (äîñòàòî÷íî áîëüøîì) H ∈ N ñðåäè
óðàâíåíèé âèäà (1) ñóùåñòâóþò íåóñòîé÷èâûå.

Äàëåå ïîëàãàåì 2 6 H <∞.
Çàäàäèì çàïàçäûâàíèÿ â óðàâíåíèè (1) ñëåäóþùèì îáðàçîì: h(n) = n ïðè

n 6 H, h(n) = H ïðè n > H. Ïîëîæèì x(0) = 1. Ïîëó÷åííàÿ íà÷àëüíàÿ çàäà÷à
íàçûâàåòñÿ test-çàäà÷åé äëÿ óðàâíåíèÿ (1). Åå ðåøåíèå � ôóíêöèÿ y : N0 → R.

Î÷åâèäíî, âíà÷àëå ðåøåíèå test-çàäà÷è óáûâàåò. Åñëè îíî óáûâàåò íå ñëèø-
êîì áûñòðî, òî íèêàêèå ðåøåíèÿ óðàâíåíèÿ (1) íå îòêëîíÿþòñÿ äàëåêî îò íóëÿ.

Ëåììà. Åñëè y(n) > 0, n ∈ {0, . . . , H +1}, òî (1) ýêñïîíåíöèàëüíî óñòîé÷èâî.
Ðàññìîòðèì ñëó÷àé, êîãäà íàéäåòñÿ n∗ ∈ {1, . . . , H + 1} òàêîå, ÷òî y(n∗) < 0,

à y(n) > 0, n ∈ {0, . . . , n∗ − 1}. Íåòðóäíî ïîêàçàòü, ÷òî â ýòîì ñëó÷àå ôóíêöèÿ y
äîñòèãàåò ñâîåãî ïåðâîãî ìèíèìóìà â òî÷êå l = n∗ +H.

Òåîðåìà.

• Åñëè y(l) > −1, òî (1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

• Åñëè y(l) > −1, òî (1) ðàâíîìåðíî óñòîé÷èâî;

• Åñëè y(l) < −1, òî ñðåäè óðàâíåíèé âèäà (1) ñóùåñòâóþò íåóñòîé÷èâûå.

Îòìåòèì, ÷òî óðàâíåíèå (1) â ñëó÷àå b = 1 èçó÷åíî â ðàáîòå [1]. Â íåé ïîëó-
÷åíû ïðèçíàêè óñòîé÷èâîñòè óðàâíåíèÿ, ÿâíî âûðàæåííûå ÷åðåç ïàðàìåòðû a è
H äëÿ âñåõ H ∈ N0.
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Â ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ äèíàìèêó
ðåàêöèè îêèñëåíèÿ ÑÎ íà ïàëëàäèè â ðåàêòîðå èäåàëüíîãî ñìåøåíèÿ. Ìàòåìàòè-
÷åñêàÿ ìîäåëü ÿâëÿåòñÿ ñèñòåìîé íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé:

ẋ = f(x, P, k, u),

Ṗ = g(x, P, k, u),
(1)

ãäå x ∈ Ω ⊂ R7 � âåêòîð êîíöåíòðàöèé ñîåäèíåíèé íà ïîâåðõíîñòè êàòàëèçàòîðà,
P ∈ R2 � âåêòîð ïàðöèàëüíûõ äàâëåíèé âåùåñòâ â ãàçîâîé ôàçå. Ïàðàìåòðû
ñèñòåìû: k ∈ R11 � âåêòîð êîíñòàíò ñêîðîñòåé îòäåëüíûõ ñòàäèé, çàâèñÿùèõ îò
T -òåìïåðàòóðû êàòàëèçàòîðà ïî çàêîíó Àððåíèóñà, òàê ÷òî k = (k1, . . . , k11), ãäå
ki = k0,i exp(−Ei/(RT )) è E = (E1, . . . , E11) � âåêòîð ýíåðãèé àêòèâàöèè.

Èíòåðåñ ïðåäñòàâëÿþò ñåìåéñòâà ñòàöèîíàðíûõ è ïåðèîäè÷åñêèõ ðåøåíèé,
êîòîðûå êà÷åñòâåííî îïèñûâàþò ýêñïåðèìåíòàëüíûå çàâèñèìîñòè ñòåïåíè ïðå-
âðàùåíèÿ ÑÎ îò òåìïåðàòóðû êàòàëèçàòîðà. Èñïîëüçóþòñÿ ìåòîäû êà÷åñòâåí-
íîé òåîðèè äèíàìè÷åñêèõ ñèñòåì, à òàêæå ìåòîäû ïðîäîëæåíèÿ ñòàöèîíàðíîãî
è ïåðèîäè÷åñêîãî ðåøåíèÿ ïî ïàðàìåòðó.

Â ðåçóëüòàòå ïàðàìåòðè÷åñêîãî àíàëèçà ìîäåëè âûäåëåí èíòåðâàë çíà÷åíèé
îäíîé èç êîìïîíåíò âåêòîðà ýíåðãèé àêòèâàöèè òàêîé, ÷òî ïðè èçìåíåíèè çíà-
÷åíèé âíóòðè ýòîãî èíòåðâàëà ïðîèñõîäèò êà÷åñòâåííîå èçìåíåíèå ñåìåéñòâ ñòà-
öèîíàðíûõ è ïåðèîäè÷åñêèõ ðåøåíèé. Áîëåå òîãî, ñóùåñòâóåò îáúåäèíåíèå äâóõ
ñåìåéñòâ, êîòîðûå êà÷åñòâåííî ïðèáëèæàþò îáðàòíûé ãèñòåðåçèñ.

Ðàçëè÷íûå çíà÷åíèÿ ýíåðãèè àêòèâàöèè ñîîòâåòñòâóþò ðàçëè÷íûì ñòðóêòó-
ðàì îáúåìà ïàëëàäèÿ (îêñèä èëè ìåòàëë), ò. å. ñèñòåìà ñîäåðæèò åùå îäèí ñêà-
ëÿðíûé ïàðàìåòð u, ïðèíèìàþùèé äâà çíà÷åíèÿ: u = umet ñîîòâåòñòâóåò ìåòàë-
ëè÷åñêîé ñòðóêòóðå, à u = uox � îêñèäíîé. Ñîâîêóïíîñòü ñèñòåì (1) ïðè u = uox
è u = umet ïðåäñòàâëÿåò ñîáîé êóñî÷íî-íåïðåðûâíóþ äèíàìè÷åñêóþ ñèñòåìó.
Ïðè óâåëè÷åíèè òåìïåðàòóðû èçîáðàæàþùàÿ òî÷êà â ôàçîâîì ïðîñòðàíñòâå ñè-
ñòåìû ïðîõîäèò â îêðåñòíîñòè âåðõíåé âåòâè îáðàòíîãî ãèñòåðåçèñà, ïðè ýòîì
u = umet. Ïðè íåêîòîðîì çíà÷åíèè òåìïåðàòóðû ïðîèñõîäèò ñêà÷îê íà íèæíþþ
âåòâü, è u = uox. Èìååò ìåñòî ðàçðûâ â çàâèñèìîñòè çíà÷åíèé ïàðàìåòðîâ îò T .
Äàëåå, ïðè óìåíüøåíèè òåìïåðàòóðû èçîáðàæàþùàÿ òî÷êà äâèæåòñÿ â îêðåñò-
íîñòè íèæíåé âåòâè äî òåõ ïîð, ïîêà íå áóäåò äîñòèãíóòî êðèòè÷åñêîå çíà÷åíèå
òåìïåðàòóðû, ïðè êîòîðîì ïðîèñõîäèò ñêà÷îê íà âåðõíþþ âåòâü u = umet è çíà-
÷åíèÿ ïàðàìåòðîâ èçìåíÿþòñÿ ê ïðåæíèì çíà÷åíèÿì.
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Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îá îïòèìàëüíîé óïàêîâêå çàäàííîãî ÷èñëà
øàðîâ ðàâíîãî ðàäèóñà â çàìêíóòîå ìíîæåñòâî â òðåõìåðíîì ìåòðè÷åñêîì ïðî-
ñòðàíñòâå. Äàííàÿ çàäà÷à âîçíèêëà äîñòàòî÷íî äàâíî, è â ñëó÷àå íåîãðàíè÷åííûõ
ìíîæåñòâ óñïåøíî ðåøåíà [1], äëÿ îãðàíè÷åííûõ æå ìíîæåñòâ âîïðîñ îñòàåòñÿ
îòêðûòûì. Îòìåòèì, ÷òî, êàê ïðàâèëî, èçó÷àåòñÿ íàèáîëåå åñòåñòâåííûé ñëó-
÷àé, êîãäà ïðîñòðàíñòâî ÿâëÿåòñÿ åâêëèäîâûì [2], îäíàêî ñóùåñòâóåò ðÿä çàäà÷,
êîòîðûå òðåáóþò ââåäåíèÿ ñïåöèàëüíûõ ìåòðèê [3].

Ïóñòü X � ìåòðè÷åñêîå ïðîñòðàíñòâî ñ ìåòðèêîé ρ, P ⊂ X � çàìêíóòîå
îäíîñâÿçíîå ìíîæåñòâî, si = (xi, yi, zi), i = 1, . . . , n, � êîîðäèíàòû öåíòðîâ
óïàêîâûâàåìûõ øàðîâ. Òðåáóåòñÿ îïðåäåëèòü âåêòîð êîîðäèíàò öåíòðîâ êðóãîâ
s = (s1, . . . , sn) ∈ R3n, ïðè êîòîðûõ çíà÷åíèå ðàäèóñà R áóäåò ìàêñèìàëüíûì.
Òàêèì îáðàçîì, ïîëó÷àåì îïòèìèçàöèîííóþ çàäà÷ó:

R→ max,

ρ(si, sj) ≥ 2R, ∀i = 1, n− 1,∀j = i+ 1, n,

ρ(si, ∂P ) ≥ R, ∀i = 1, n,

si ∈ P, ∀i = 1, n.

Çäåñü ∂P � ãðàíèöà P , ρ(si, ∂P ) � ðàññòîÿíèå îò òî÷êè äî ìíîæåñòâà.
Ââåäåì ñëåäóþùóþ ìåòðèêó:

ρ(a, b) = min
G∈G(a,b)

∫
G

dG

f(x, y, z)
,

ãäå G(a, b) � ìíîæåñòâî íåïðåðûâíûõ êðèâûõ, ñîåäèíÿþùèõ òî÷êè a è b, 0 <
α 6 f(x, y, z) 6 β � íåïðåðûâíàÿ ôóíêöèÿ. Îòìåòèì, ÷òî â ñëó÷àå f(x, y, z) ≡ 1
äàííàÿ ìåòðèêà ÿâëÿåòñÿ åâêëèäîâîé.

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïðåäëîæåí è ïðîãðàììíî ðåàëèçîâàí àë-
ãîðèòì, îñíîâàííûé íà îïòèêî-ãåîìåòðè÷åñêîì ïîäõîäå [4] è ìîäèôèöèðîâàííîì
àëãîðèòìå Ëëîéäà. Ïðîâåäåíî ñðàâíåíèå ñ èçâåñòíûìè ðåçóëüòàòàìè [5], ïîçâî-
ëÿþùåå ñäåëàòü âûâîä î ïðèìåíèìîñòè è ýôôåêòèâíîñòè ïðåäëîæåííîãî àëãî-
ðèòìà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-07-00604).
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Ðàññìàòðèâàåòñÿ çàäà÷à àïïðîêñèìàöèè ñåòî÷íîé ôóíêöèè x ∈ RN ðåøåíèÿ-
ìè z

.
= [z1; . . . ; zN ] ∈ RN îäíîðîäíîãî ðàçíîñòíîãî óðàâíåíèÿ ñ âåùåñòâåííûìè

êîýôôèöèåíòàìè; ïîäáèðàþòñÿ íà÷àëüíûå óñëîâèÿ z1, . . . , zn è êîýôôèöèåíòû
γ0, . . . , γn−1 ñ öåëüþ ìèíèìèçàöèè öåëåâîé ôóíêöèè

J = ∥x− z∥2 = (x− z)⊤ (x− z)→ min

ïðè óñëîâèè γ0zk+γ1zk+1+ . . .+γnzk+n = 0, k ∈ 1, N − n. Ê ýòîé çàäà÷å ñâîäèòñÿ
èçâåñòíûé â ëèòåðàòóðå ìîäèôèöèðîâàííûé ìåòîä Ïðîíè äëÿ âûäåëåíèÿ ýêñ-
ïîíåíò è çàòóõàþùèõ ñèíóñîèä èç íàáëþäåíèé [1�4]. Â äîêëàäå ïîëó÷åíû óñëî-
âèÿ ïîëóëîêàëüíîé ñõîäèìîñòè âû÷èñëèòåëüíûõ àëãîðèòìîâ [1�3] äëÿ ïðèáëè-
æåííîãî è òî÷íîãî íàõîæäåíèÿ òî÷åê ãëîáàëüíîãî ìèíèìóìà öåëåâîé ôóíêöèè
J â ïðåäïîëîæåíèè ìàëîñòè îøèáîê íàáëþäåíèé

√
minJ ≪ ∥x∥. Äëÿ àëãîðèò-

ìîâ [1, 2] ïîëó÷åíî óñëîâèå íà îáëàñòü ãëîáàëüíîé ñõîäèìîñòè â ìàëóþ îêðåñò-
íîñòü ýêñòðåìóìà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00592).
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óíèâåðñèòåòà èì. Ì.Ê. Àììîñîâà, Ìèðíûé, Ðîññèÿ; lukina-g@mail.ru

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ðàçðåøèìîñòè íîâûõ íåëîêàëüíûõ ïî âðå-
ìåííîé ïåðåìåííîé êðàåâûõ çàäà÷ äëÿ ïñåâäîïàðàáîëè÷åñêèõ è ïñåâäîãèïåðáî-
ëè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé.
Îòëè÷èòåëüíîé îñîáåííîñòüþ ýòèõ çàäà÷ ÿâëÿåòñÿ òî, ÷òî èõ ðåøåíèÿ èùóòñÿ â
íåöèëèíäðè÷åñêèõ îáëàñòÿõ ñ êðèâîëèíåéíûì âåðõíèì îñíîâàíèåì (à íå ñ êðè-
âîëèíåéíûìè áîêîâûìè ñòîðîíàìè, êàê â äðóãèõ ðàáîòàõ).

Ïóñòü Ω åñòü èíòåðâàë (0,1) îñè Ox, ψ(x) åñòü îïðåäåëåííàÿ ïðè x ∈ Ω
íåïðåðûâíî-äèôôåðåíöèðóåìàÿ ïîëîæèòåëüíàÿ íà Ω ôóíêöèÿ òàêàÿ, ÷òî

ψ′(x) ̸= 0 ïðè x ∈ Ω.

Äàëåå, ïóñòü Q åñòü ìíîæåñòâî {(x, t) : 0 < x < 1, 0 < t < ψ(x)}, a(x, t), c(x, t),
f(x, t) � çàäàííûå îïðåäåëåííûå ïðè (x, t) ∈ Q ôóíêöèè, γ åñòü çàäàííîå äåé-
ñòâèòåëüíîå ÷èñëî.

Íåëîêàëüíàÿ çàäà÷à I: íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ íà ìíîæå-
ñòâå Q ðåøåíèåì óðàâíåíèÿ

ut − a(x, t)uxx − uxxt + c(x, t)u = f(x, t)

è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ

u(0, t) = 0, 0 < t < ψ(0), (1)

u(1, t) = 0, 0 < t < ψ(1), (2)

u(x, 0) = γu(x, ψ(x)), 0 < x < 1, (3)

ut(x, ψ(x)) = 0, 0 < x < 1. (4)

Íåëîêàëüíàÿ çàäà÷à II: íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ íà ìíîæå-
ñòâå Q ðåøåíèåì óðàâíåíèÿ

utt − a(x, t)uxx − uxxt + c(x, t)u = f(x, t)

è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ (1)�(4), à òàêæå óñëîâèå

ut(x, 0) = 0, 0 < x < 1.

Äëÿ ðàññìàòðèâàåìûõ çàäà÷ äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ðåãóëÿðíûõ ðåøåíèé.
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Äëÿ ëèíåéíîé àâòîíîìíîé ãèïåðáîëè÷åñêîé ñèñòåìû ðàññìîòðèì â ïîëóïîëî-
ñå Π = {(x, t) : 0 < x < 1, t > 0} ñìåøàííóþ çàäà÷ó

d

dt
u(t) = Au(t), u(0) ∈ L2(0, 1) (0 < t <∞), (1)

ãäå u = (u1, . . . , un) � n-ìåðíàÿ âåêòîð-ôóíêöèÿ, n ≥ 2, è

A : L2(0, 1) −→ L2(0, 1) : (Au) (x) = −a(x)ux + b(x)u,

D(A) = {u ∈ L2(0, 1) : ux ∈ L2(0, 1), uin = Puout}.

Çäåñü a, b ∈ C1[0, 1] � äèàãîíàëüíûå ìàòðèöû ðàçìåðíîñòè n×n, ïðè ýòîì ïåðâûå
m ýëåìåíòîâ ìàòðèöû a ïîëîæèòåëüíû, à îñòàëüíûå � îòðèöàòåëüíû, 0 ≤ m ≤ n.
Ïîñòîÿííàÿ ìàòðèöà P çàäàåò äëÿ çàäà÷è (1) ãðàíè÷íûå óñëîâèÿ îòðàæåíèÿ, ãäå
uin = (u1(0), . . . , um(0), um+1(1), . . . , un(1)), uout = (u1(1), . . . , um(1), um+1(0), . . . ,
un(0)).

Èçâåñòíî [1], ÷òî çàäà÷à (1) êîððåêòíà è ïðè íåêîòîðûõ ãðàíè÷íûõ óñëîâèÿõ
ÿâëÿåòñÿ ñâåðõóñòîé÷èâîé, ò. å. âñå ðåøåíèÿ ýòîé çàäà÷è óáûâàþò áûñòðåå ýêñ-
ïîíåíòû â ëþáîé ñòåïåíè [2]. Èññëåäîâàíèå ñïåêòðà è ðåçîëüâåíòû îïåðàòîðà A
ïîçâîëÿåò äîêàçàòü ñëåäóþùèå òåîðåìû.

Òåîðåìà 1. Çàäà÷à (1) ñâåðõóñòîé÷èâà ⇔ êîãäà îíà îáëàäàåò êîíå÷íûì âðå-
ìåíåì ñòàáèëèçàöèè âñåõ ðåøåíèé ê íóëþ (ïðè÷åì ýòî âðåìÿ íå çàâèñèò îò íà-
÷àëüíûõ äàííûõ u(0)).

Òåîðåìà 2. Çàäà÷à (1) ñâåðõóñòîé÷èâà ⇔ êîãäà ñïåêòð îïåðàòîðà A ïóñòîé.
Òåîðåìà 3. Çàäà÷à (1) ñâåðõóñòîé÷èâà äëÿ ëþáûõ ìàòðèö a è b ⇔ êîãäà âñå

ãëàâíûå ìèíîðû ìàòðèöû P íóëåâûå.
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Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé äâèæåíèÿ ñìåñåé âÿçêèõ ñæèìàåìûõ òåï-
ëîïðîâîäíûõ æèäêîñòåé [1�4], ñîñòîÿùàÿ èç äèôôåðåíöèàëüíûõ çàêîíîâ ñîõðà-
íåíèÿ ìàññû, èìïóëüñà è ýíåðãèè êîìïîíåíò. Â ðàìêàõ ìîäåëè ïðåäïîëàãàåòñÿ,
÷òî â êàæäîé òî÷êå ïðîñòðàíñòâà ïðèñóòñòâóþò âñå ñîñòàâëÿþùèå, êîòîðûå èìå-
þò êàæäàÿ ñâîþ ëîêàëüíóþ ñêîðîñòü äâèæåíèÿ, à âçàèìîäåéñòâèå ìåæäó íèìè
îñóùåñòâëÿåòñÿ ÷åðåç îáìåí èìïóëüñîì, âÿçêîå òðåíèå è ïîñðåäñòâîì òåïëîîáìå-
íà. Îñîáåííîñòüþ èññëåäóåìûõ óðàâíåíèé ïîìèìî èõ íåëèíåéíîñòè ÿâëÿåòñÿ íà-
ëè÷èå â çàêîíàõ ñîõðàíåíèÿ èìïóëüñà è ýíåðãèè ñòàðøèõ ïðîèçâîäíûõ îò ïîëåé
ñêîðîñòåé âñåõ êîìïîíåíò â ñèëó ñëîæíîãî âèäà òåíçîðîâ âÿçêèõ íàïðÿæåíèé,
÷òî äåëàåò íåâîçìîæíûì àâòîìàòè÷åñêîå ðàñïðîñòðàíåíèå òåîðèè îäíîêîìïî-
íåíòíûõ âÿçêèõ ñæèìàåìûõ òåïëîïðîâîäíûõ æèäêîñòåé íà ñëó÷àé ñìåñåé.

Â äîêëàäå áóäåò ïðåäñòàâëåíà òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèé íà÷àëüíî-
êðàåâîé çàäà÷è äëÿ óðàâíåíèé äèíàìèêè ñìåñåé âÿçêèõ ñæèìàåìûõ òåïëîïðî-
âîäíûõ æèäêîñòåé â îáùåì ñëó÷àå òðåõ ïðîñòðàíñòâåííûõ ïåðåìåííûõ. Â ñòàöè-
îíàðíîì ñëó÷àå ñóùåñòâîâàíèå ñëàáûõ ðåøåíèé ñîîòâåòñòâóþùèõ êðàåâûõ çàäà÷
äîêàçàíî â ðàáîòàõ [5, 6].

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé â ðàìêàõ íàó÷íîãî ïðîåêòà � 18-31-00034.
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Äëÿ óðàâíåíèÿ

Lu ≡

{
∆u+ a1(x, y)ux + b1(x, y)uy + c1(x, y)u = 0, y > 0,

uxy + a2(x, y)ux + b2(x, y)uy + c2(x, y)u = 0, y < 0,

â îáëàñòè D, îãðàíè÷åííîé â ïîëóïëîñêîñòè y > 0 ïðîñòîé êðèâîé Æîðäàíà Γ
ñ êîíöàìè A(0, 0), B(1, 0) è îòðåçêàìè AC : y = −x, BC : x = 1 ïðè y < 0
ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à.

Çàäà÷à. Íàéòè ôóíêöèþ u(x, y) ñî ñâîéñòâàìè:

u(x, y) ∈ C(D) ∩ C1(D+ ∪AB) ∩ C2(D+), uxy ∈ C(D−);

Lu ≡ 0; (x, y) ∈ D+ ∪D−;

u(x, y)|Γ = φ(x, y), (x, y) ∈ Γ;

u(1, y) = ψ(y), y ∈ [−1, 0]; uy(x,+0) = a(x)v−(x), x ∈ (0, 1),

ãäå
v−(x) = Γ(1− λ)

[
Dλ

Oxu(x, 0) +Dλ−1
Ox u(t,−x)

]
, 0 < λ < 1,

φ(x, y), ψ(y), a(x) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, φ(1, 0) = ψ(0), Dλ
Oxu

è Dλ−1
Ox u � ñîîòâåòñòâåííî ïðîèçâîäíàÿ è èíòåãðàë äðîáíîãî ïîðÿäêà, D± =

D ∩ {y ≷ 0}.
Äîêàçûâàåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è.
Ðàíåå èññëåäîâàëèñü çàäà÷è ñ íåëîêàëüíûì óñëîâèåì ñîïðÿæåíèÿ [1, 2].
Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé àíàëîãîâ çàäà÷è Òðè-

êîìè ñ óñëîâèåì ñîïðÿæåíèÿ íà õàðàêòåðèñòè÷åñêîé ëèíèè [3�5].
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Ðàññìàòðèâàþòñÿ íåêîòîðûå êëàññû óðàâíåíèé ñ çàïàçäûâàíèåì. Ìû óñòà-
íàâëèâàåì óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðåøåíèé è ïîëó÷àåì îöåíêè,
õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ ðåøåíèé íà áåñêîíå÷íîñòè. Ðàáîòà ïðîäîë-
æàåò íàøè èññëåäîâàíèÿ óñòîé÷èâîñòè ðåøåíèé óðàâíåíèé ñ çàïàçäûâàíèåì (ñì.,
íàïðèìåð, [1�7]). Ïðè ïîëó÷åíèè ðåçóëüòàòîâ èñïîëüçóþòñÿ ôóíêöèîíàëû Ëÿïó-
íîâà � Êðàñîâñêîãî ñïåöèàëüíîãî âèäà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-29-10086).
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Äîêëàä ðàçâèâàåò ðåçóëüòàòû ñòàòåé àâòîðà â ÄÀÍ (2009. Ò. 424, � 5; 2010.
Ò. 433, � 3, 4; 2011. Ò. 441, � 3) è â Lobachevskii Journal of Mathematics (2018.
� 1).

Ðàññìàòðèâàåì ñåìåéñòâî {Lτ} êðèâûõ Lτ ñ áàçèñîì Ôðåíå (τ ,ν,β) (τ � åäè-
íè÷íûé âåêòîð êàñàòåëüíîé, ν � ãëàâíîé íîðìàëè, β � áèíîðìàëè), êðèâèçíîé k
è êðó÷åíèåì κ, à òàêæå ñåìåéñòâî {Sτ} ïîâåðõíîñòåé Sτ ñ åäèíè÷íîé íîðìà-
ëüþ τ , ãëàâíûìè íàïðàâëåíèÿìè l1, l2, ãëàâíûìè êðèâèçíàìè k1, k2 è ãàóññîâîé
êðèâèçíîé K (li � åäèíè÷íûé êàñàòåëüíûé âåêòîð ëèíèè êðèâèçíû íà Sτ ).

1. Íàéäåíî, ÷òî â ïëîñêîì ñëó÷àå divS(τ ) = 0 ⇔ divS∗ = 0, S(τ ) = rot τ ×
τ − τ div τ , S(τ ) = S∗, ãäå S∗ = Kτ + Kν = rot τ × τ + rotν × ν � ñóììà
âåêòîðîâ êðèâèçíû ïëîñêèõ êðèâûõ Lτ ñ îðòàìè Ôðåíå τ , ν è îðòîãîíàëüíûõ
ê íèì êðèâûõ Lν , ÷òî îçíà÷àåò çàêîí ñîõðàíåíèÿ äëÿ ñåìåéñòâà ïëîñêèõ êðèâûõ.

Â òðåõìåðíîì ñëó÷àå ïîëó÷åíû åãî àíàëîãè äâóõ âèäîâ:
1) òîæäåñòâà âèäà divS(τ ) = Φ, divS∗ = Ψ, ãäå ïîëÿ Φ ≡ Ψ ≡ 0 â ïëîñêîì

ñëó÷àå (êîãäà κ = 0, β = k), íàïðèìåð, òîæäåñòâà divS(τ )/2 = κ[κ−(τ ·rot τ )]−
(τ · [rotν× rotβ]), divS(τ ) = 2(τ · rotR∗), divS∗ = divS(τ )/2+κ(τ · rot τ )+k(τ ·
rotβ) äëÿ ñåìåéñòâà {Lτ}, ãäå R∗ = κτ + kβ+β div ν −ν divβ, S∗ � ñóììà òðåõ
âåêòîðîâ êðèâèçíû âåêòîðíûõ ëèíèé ïîëåé τ , ν, β; S∗ = S(τ ) + τ ×R∗;

2) çàêîíû ñîõðàíåíèÿ âèäà divF = 0 äëÿ ñåìåéñòâà {Lτ} êðèâûõ è äëÿ ñå-
ìåéñòâà {Sτ} ïîâåðõíîñòåé. Ïîëå F âûðàæàåòñÿ ñîîòâåòñòâåííî ÷åðåç õàðàêòå-
ðèñòèêè êðèâûõ è ïîâåðõíîñòåé (â êîíå÷íîì èòîãå � ÷åðåç ïîëå τ ). ×àñòü èç
íèõ èìååò âèä div {S(τ )−Φ} = 0 èëè div {S∗ −Φ} = 0, ãäå divΦ ≡ 0 â ïëîñêîì
ñëó÷àå. Äðóãèå çàêîíû èìåþò áîëåå âûñîêèé ïîðÿäîê. Íàïðèìåð, div {τ divS∗−
κ rot τ−k rotβ} = 0⇔ div {τ divS(τ )/2−kν(ν ·rotβ)−kβ[(β ·rotβ)+κ]} = 0 äëÿ
{Lτ} è div {−Kτ − k2(l2 · rot τ )l1 + k1(l1 · rot τ )l2} = 0 äëÿ {Sτ}, ãäå âûðàæåíèå
â { } âñþäó ðàâíî rotR∗. Ïîëó÷åíà ôîðìóëà K = (τ · [rotν × rotβ]) − κ2 äëÿ
ãàóññîâîé êðèâèçíû K ïîâåðõíîñòè Sτ ∈ {Sτ}.

2. Ñ ïîìîùüþ ýòèõ îáùèõ ãåîìåòðè÷åñêèõ ôîðìóë ïîëó÷åíû äèôôåðåíöè-
àëüíûå çàêîíû ñîõðàíåíèÿ è äðóãèå ôîðìóëû â ïëîñêîì è â òðåõìåðíîì ñëó÷àÿõ
äëÿ ðåøåíèé ðÿäà êëàññè÷åñêèõ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè. Ïðè ýòîì
ðîëü êðèâûõ Lτ è ïîâåðõíîñòåé Sτ èãðàþò âåêòîðíûå ëèíèè ïîëåé v ðåøåíèé è
îðòîãîíàëüíûå ê íèì ïîâåðõíîñòè. Íàïðèìåð, â ïëîñêîì ñëó÷àå ïîëó÷åíû:

1) äëÿ óðàâíåíèÿ ýéêîíàëà τ2x+τ
2
y = n2(x, y) (çäåñü v = grad τ , τ = grad τ/n) �

çàêîí ñîõðàíåíèÿ divT = 0, ãäå T = grad lnn − ∆τ grad τ/n2 ñ ãåîìåòðè÷åñêèì
ñìûñëîì: ñóììà S∗ âåêòîðîâ êðèâèçíû ëó÷åé è ôðîíòîâ åñòü ñîëåíîèäàëüíîå
ïîëå (divS∗ = 0);

2) äëÿ ãèäðîäèíàìè÷åñêèõ óðàâíåíèé Ýéëåðà (çäåñü v � ñêîðîñòü, τ =
v/|v|) � çàêîí ñîõðàíåíèÿ divG = 0, ãäå G = |v|−2{vt + v div v + grad p/ρ− F },
ρ � ïëîòíîñòü, p � äàâëåíèå, F � ìàññîâàÿ ñèëà, ñ ãåîìåòðè÷åñêèì ñìûñëîì:
ñóììà S∗ âåêòîðîâ êðèâèçíû ëèíèé òîêà è îðòîãîíàëüíûõ ê íèì êðèâûõ åñòü
ñîëåíîèäàëüíîå ïîëå (divS∗ = 0); è äð.
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Ðàññìàòðèâàåòñÿ äâóìåðíàÿ ñòàöèîíàðíàÿ çàäà÷à î òå÷åíèè èäåàëüíîé íåñæè-
ìàåìîé æèäêîñòè, îãðàíè÷åííîé ïëîñêèì ãîðèçîíòàëüíûì äíîì ñíèçó è ñâîáîä-
íîé ïîâåðõíîñòüþ ñâåðõó. Òå÷åíèå âûçâàíî ðàñïîëîæåííûì íà äíå òî÷å÷íûì
ñòîêîì çàäàííîé èíòåíñèâíîñòè. Ïîëå ñêîðîñòè ïðåäïîëàãàåòñÿ ïîòåíöèàëüíûì.
Âåðõíÿÿ ãðàíèöà ÿâëÿåòñÿ íåèçâåñòíîé è äîëæíà áûòü îïðåäåëåíà â ïðîöåññå
ðåøåíèÿ çàäà÷è.

Ñ ïîìîùüþ ìåòîäà Ëåâè-×èâèòà çàäà÷à ïåðåïèñûâàåòñÿ â âèäå îïåðàòîðíîãî
óðàâíåíèÿ â ãèëüáåðòîâîì ïðîñòðàíñòâå L2(0, π/2). Â ðàáîòå [1] äîêàçàíî, ÷òî
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è ïðè óñëîâèè, ÷òî ÷èñëî Ôðóäà áîëüøå
íåêîòîðîãî êîíêðåòíîãî çíà÷åíèÿ.

Äëÿ ïîëó÷åííîãî ðåøåíèÿ èññëåäóåòñÿ ñâîáîäíàÿ ãðàíèöà. Â òî÷êå íàä ñòîêîì
ñâîáîäíàÿ ïîâåðõíîñòü èìååò îñîáåííîñòü òèïà êàñï. Ñâîáîäíàÿ ãðàíèöà ìîíî-
òîííî óáûâàåò ïðè ïåðåõîäå îò áåñêîíå÷íîñòè ê òî÷êå íàä ñòîêîì. Ñâîáîäíàÿ
ãðàíèöà ÿâëÿåòñÿ àíàëèòè÷åñêîé êðèâîé âñþäó êðîìå òî÷êè êàñïà. Óñòàíîâëåíî,
÷òî óãîë íàêëîíà ñâîáîäíîé ïîâåðõíîñòè ìåíüøå, ÷åì π/2, âñþäó êðîìå òî÷êè
êàñïà, ãäå äàííûé óãîë ðàâåí π/2.
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Ïðè ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ øèðîêî ïðèìåíÿþòñÿ êóáè÷åñêèå ñïëàé-
íû êëàññà C2. Óñïåõ ïðèìåíåíèÿ òàêèõ ñïëàéíîâ â íåìàëîé ñòåïåíè çàâèñèò îò
âûáîðà êðàåâûõ óñëîâèé, êîòîðûå, âî-ïåðâûõ, íåîáõîäèìû äëÿ ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ñïëàéíîâ, à âî-âòîðûõ, îò ýòèõ óñëîâèé ñóùåñòâåííî çàâèñèò òî÷-
íîñòü èíòåðïîëÿöèè. Îáû÷íî äëÿ çàäàíèÿ êðàåâûõ óñëîâèé ïðèâëåêàþòñÿ çíà÷å-
íèÿ ïðîèçâîäíûõ èíòåðïîëèðóåìîé ôóíêöèè íà êîíöàõ èíòåðâàëà èíòåðïîëÿöèè.
Îäíàêî â ïðàêòè÷åñêèõ çàäà÷àõ òàêàÿ èíôîðìàöèÿ, êàê ïðàâèëî, îòñóòñòâóåò. È
â òàêîé ñèòóàöèè ÷àñòî èñïîëüçóþò òàê íàçûâàåìûå êðàåâûå óñëîâèÿ not-a-knot
[1], [2] (â [1] îíè íàçûâàþòñÿ óñëîâèÿìè òèïà IV), êîòîðûå íå òðåáóþò çàäàíèÿ
íèêàêîé äîïîëíèòåëüíîé èíôîðìàöèè îá èíòåðïîëèðóåìîé ôóíêöèè, êðîìå åå
óçëîâûõ çíà÷åíèé. Ïðè ýòîì âìåñòî çàäàíèÿ ïðîèçâîäíûõ íà êîíöàõ ïðîìåæóò-
êà èíòåðïîëÿöèè òðåáóþò íåïðåðûâíîñòè òðåòüåé ïðîèçâîäíîé ñïëàéíà â äâóõ
ïðèãðàíè÷íûõ óçëàõ èíòåðïîëÿöèè. Ñóùåñòâåííûì íåäîñòàòêîì òàêèõ êðàåâûõ
óñëîâèé ÿâëÿåòñÿ ðåçêîå ñíèæåíèå òî÷íîñòè èíòåðïîëÿöèè íà êðàéíèõ èíòåðâà-
ëàõ ïî ñðàâíåíèþ ñî ñëó÷àåì, êîãäà â êà÷åñòâå êðàåâûõ óñëîâèé èñïîëüçóþòñÿ
çíà÷åíèÿ ïåðâûõ ïðîèçâîäíûõ èíòåðïîëèðóåìîé ôóíêöèè íà êîíöàõ èíòåðâàëà
èíòåðïîëÿöèè [3], [4].

Ïóñòü íà îòðåçêå [a, b] â óçëàõ ðàâíîìåðíîé ñåòêè ∆ : xi = a+ ih, i = 0, . . . , n,
êóáè÷åñêèé ñïëàéí S(x) ∈ C2 ñ êðàåâûìè óñëîâèÿìè not-a-knot èíòåðïîëèðóåò
çíà÷åíèÿ fi = f(xi), i = 0, . . . , n, ôóíêöèè f(x). Â ýòîì ñëó÷àå óçëàìè ñïëàéíà
S(x) ÿâëÿþòñÿ òî÷êè ìíîæåñòâà ∆ \ {x1, xn−1}.

Â äîêëàäå ïðåäëàãàåòñÿ äîïîëíèòåëüíî ê ñõåìå ðàñïîëîæåíèÿ óçëîâ ñïëàé-
íà, ïðèíÿòîé â êðàåâûõ óñëîâèÿõ not-a-knot, èçìåíèòü (ñäâèíóòü) ðàñïîëîæåíèå
äâóõ óçëîâ ñïëàéíà. À èìåííî, âìåñòî óçëîâ ñïëàéíà x2, xn−2 ïðåäëàãàåòñÿ ðàñ-
ñìàòðèâàòü óçëû x1+ γh, xn−1− γh, γ ∈ (0, 1]. Î÷åâèäíî, çíà÷åíèå γ = 1 ñîîòâåò-
ñòâóåò êðàåâûì óñëîâèÿì not-a-knot.

Äëÿ âñåõ n ≥ 6 íàéäåíî îïòèìàëüíîå ðàñïîëîæåíèå ñäâèíóòûõ óçëîâ ñïëàéíà
(γ = 0.648888 ïðè äîñòàòî÷íî áîëüøèõ n), ÷òî ïîçâîëèëî ïðèìåðíî â 3.5 ðàçà
ïîâûñèòü òî÷íîñòü èíòåðïîëÿöèè äîñòàòî÷íî ãëàäêèõ ôóíêöèé ïî ñðàâíåíèþ ñ
êëàññè÷åñêèìè êðàåâûìè óñëîâèÿìè not-a-knot. Èçëîæåíèå èëëþñòðèðóåòñÿ ÷èñ-
ëåííûìè ïðèìåðàìè.
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Ðàññìîòðèì ëèíåéíûå àâòîíîìíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ çàïàçäûâà-
þùåãî òèïà

ẋ(t) + ax(t) + bx(t− 1) = 0, t > 0, (1)

ẋ(t) + ax(t) + b

∞∫
0

x(t− s)dR(s) = 0, t > 0, (2)

ãäå R�ìîíîòîííî âîçðàñòàþùàÿ íà R+ ôóíêöèÿ òàêàÿ, ÷òî
∞∫
0

sdR(s) = 1. Îáà

óðàâíåíèÿ äîïîëíåíû ñóììèðóåìûìè íà÷àëüíûìè ôóíêöèÿìè ïðè t ∈ [−∞, 0].
Ïîâòîðèâ äîêàçàòåëüñòâî òåîðåìû 3 ðàáîòû [1], íåòðóäíî ïîêàçàòü, ÷òî ïðè

a = 0 èç àñèìïòîòè÷åñêîé óñòîé÷èâîñòè óðàâíåíèÿ (1) âûòåêàåò àñèìïòîòè÷å-
ñêàÿ óñòîé÷èâîñòü óðàâíåíèÿ (2). Âîïðîñ î òîì, ñóùåñòâóåò ëè ïîäîáíàÿ ñâÿçü
ïðèçíàêîâ óñòîé÷èâîñòè äàííûõ óðàâíåíèé ïðè a ̸= 0, â îáùåì ñëó÷àå îòêðûò,
íî ñóùåñòâóþò ðåçóëüòàòû äëÿ ôóíêöèé R çàäàííîãî òèïà [2]. Äàííàÿ ðàáîòà
ïîñâÿùåíà èññëåäîâàíèþ ýòîé çàäà÷è â ñëó÷àå, êîãäà óðàâíåíèå (2) èìååò âèä:

ẋ(t) + ax(t) + b
(
x(t− τ1) + x(t− τ2)

)
/2 = 0, t > 0, (3)

ãäå τ1 + τ2 = 2, τ1, τ2 > 0.
Òåîðåìà 1. Åñëè óðàâíåíèå (1) àñèìïòîòè÷åñêè óñòîé÷èâî, òî óðàâíåíèå (3)

àñèìïòîòè÷åñêè óñòîé÷èâî.
Ä î ê à ç à ò å ë ü ñ ò â î. Õàðàêòåðèñòè÷åñêèå ôóíêöèè óðàâíåíèé (1) è (3)

èìåþò âèä Φ1(z) = z + a + be−z è Φ2(z) = z + a + be−z ch γz ñîîòâåòñòâåííî, ãäå
γ = (τ1 − τ2)/2.

Îáëàñòü óñòîé÷èâîñòè ôóíêöèè Φ1 � áåñêîíå÷íûé óãîë A: a + b > 0, a > −1
è b < ψ/ sinψ, ãäå ψ� åäèíñòâåííûé êîðåíü óðàâíåíèÿ a = −ψ ctgψ.

Êðèâûå D-ðàçáèåíèÿ äëÿ ôóíêöèè Φ2 çàäàþòñÿ ðàâåíñòâàìè: a = −φ ctgφ,
b = φ/(sinφ cos γφ). Íåòðóäíî ïîêàçàòü, ÷òî êàæäàÿ èç ýòèõ êðèâûõ èìååò òî÷êè
âíå A. Ïðåäïîëîæèì, ÷òî íåêîòîðàÿ êðèâàÿ ïåðåñåêàåò ãðàíèöó A, òîãäà ñïðà-
âåäëèâà ñèñòåìà {

φ ctgφ = ψ ctgψ,

φ sinψ = ψ cos γφ sinφ,
(4)

ãäå φ ∈ R. Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (4) âûòåêàåò | cosφ| ≤ | cosψ|, ÷òî
ïðîòèâîðå÷èò âòîðîìó óðàâíåíèþ äàííîé ñèñòåìû.

Ñëåäîâàòåëüíî, A ÿâëÿåòñÿ ïîäìíîæåñòâîì îáëàñòè óñòîé÷èâîñòè Φ2. �
Ðàáîòà âûïîëíåíà â ðàìêàõ áàçîâîé ÷àñòè ãîñçàäàíèÿ Ìèíîáðíàóêè ÐÔ (ïðîåêò

1.5336.2017/8.9) ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 18-01-00928).
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Êîêøåòàóñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ø. Óàëèõàíîâà,
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Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ ïðîöåññîì â íåàäèàáàòè÷åñêîì
òðóá÷àòîì ðåàêòîðå:

∂v1(x, t)

∂t
= a · ∂

2v1(x, t)

∂x2
− ∂v1(x, t)

∂x
− c · v1 · f(v2),

∂v2(x, t)

∂t
= b · ∂

2v2(x, t)

∂x2
− ∂v2(x, t)

∂x
+ k · v1 · f(v2) + g · (v3(t)− v2(x, t)),

dv3(t)

dt
= d ·

 1∫
0

v2(x, t)dx− v3(t)

+ u(t) · (E − v3(t)),

(1)


a · ∂v1(0, t)

∂x
− v1(0, t) = −1,

∂v1(1, t)

∂x
= 0,

b · ∂v2(0, t)
∂x

− v2(0, t) = −1,
∂v2(1, t)

∂x
= 0,

(2)

v1(x, 0) = v10(x), v2(x, 0) = v20(x), v3(0) = v30, (3)

ãäå f(v2) = exp(Γ−Γ/v2(x, t)); a, b, c, Γ, k, g, d, E, v30 � êîíñòàíòû, ïîëîæèòåëü-
íûå ïàðàìåòðû ñèñòåìû; u(t) � óïðàâëÿþùàÿ ôóíêöèÿ (óïðàâëåíèå); v1(x, t),
v2(x, t), v3(t) � ôóíêöèè êîíöåíòðàöèè ðåàãèðóþùåé ñìåñè, òåìïåðàòóðû ðåàê-
òîðà, òåìïåðàòóðû îõëàäèòåëÿ ñîîòâåòñòâåííî, (x, t) ∈ QT , QT = (0, 1)× (0, T ).

Ðàññìàòðèâàåòñÿ çàäà÷à ìèíèìèçàöèè ôóíêöèîíàëà

J(u) =

T∫
0

v1(1, t)dt, (4)

ò. å. ñóììàðíîãî çà âðåìÿ T êîëè÷åñòâà íåïðîðåàãèðîâàâøåãî âåùåñòâà íà âûõîäå
ðåàêòîðà, ïðè óñëîâèÿõ (1)�(3) è ñëåäóþùèõ îãðàíè÷åíèÿõ íà óïðàâëåíèå u(t) è
ôóíêöèþ v2(x, t):

0 ≤ u(t) ≤ u0 = const, (5)

v2(x, t) ≤ v∗2 = const. (6)

Äëÿ êàæäîãî èçìåðèìîãî óïðàâëåíèÿ u(t), óäîâëåòâîðÿþùåãî óñëîâèþ (5),
ñèñòåìà (1)�(3) èìååò [1] åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå. Â äàííîé ðàáîòå
ïðåäëàãàåòñÿ àëãîðèòì ïîèñêà îïòèìàëüíîãî óïðàâëåíèÿ â çàäà÷å (1)�(6) ìåòî-
äîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.
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ngvru@yahoo.com, chumakov@math.nsc.ru

Ðàññìîòðèì ñèñòåìó ÎÄÓ ñ ìàëûì ïàðàìåòðîì µ > 0

ẋ = f(x, y, z), ẏ = g(x, y, z), ż = µh(x, y, z) (1)

â îáëàñòè
G = {(x, y, z) : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, 0 ≤ z ≤ 1}

è ïðåäïîëîæèì, ÷òî h(x, y, z) < 0 âñþäó â G.
Ïðè µ = 0 ïîëíàÿ ñèñòåìà (1) ïåðåõîäèò â îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî

äâóìåðíûõ ïîäñèñòåì
ẋ = f(x, y, z), ẏ = g(x, y, z) (2)

ñ ïàðàìåòðîì z. Ïóñòü ïðè z1 = p è z2 = q, q > p, â ñèñòåìå (2) ïðîèñõîäÿò
áèôóðêàöèè Àíäðîíîâà � Õîïôà:
1) Reλ1,2(z) = 0 â òî÷êàõ p è q;
2) Reλ1,2(z) < 0 ïðè z ∈ (0, p) ∪ (q, 1);
3) Reλ1,2(z) > 0 ïðè z ∈ (p, q);
4) d

dzReλ1,2(z) ̸= 0 â òî÷êàõ p è q.
Ïðåäïîëîæèì, ÷òî êðèâóþ

f(x, y, z) = 0, g(x, y, z) = 0, z ∈ [0, 1],

ñîñòîÿùóþ èç íåïîäâèæíûõ òî÷åê ïîäñèñòåì (2), ìîæíî ïàðàìåòðèçîâàòü ñ ïî-
ìîùüþ ôóíêöèè ρ(z). Òîãäà âåðíà òåîðåìà.

Òåîðåìà. Äëÿ ëþáîãî ε > 0 ñóùåñòâóåò µ0 > 0 òàêîå, ÷òî äëÿ ëþáîãî µ ≤
µ0 ñóùåñòâóþò (x0, y0, z0) ∈ G, ïðè÷¼ì q < z0 ≤ 1, è T = T (µ, x0, y0, z0) > 0,
äëÿ êîòîðûõ ∥r(x0, y0, z0, t) − ρ(z)∥ ≤ ε ïðè 0 ≤ t ≤ T , ãäå r(x0, y0, z0, t) �
ðåøåíèå ïîëíîé ñèñòåìû (1) ñ íà÷àëüíûìè äàííûìè r(x0, y0, z0, 0) = (x0, y0, z0)
è z(x0, y0, z0, T ) = 0.

129



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

ËÓ×ÅÂÎÉ ÌÅÒÎÄ ÄËß ÑÈÑÒÅÌÛ ÌÀÊÑÂÅËËÀ.
ÇÀÂÈÑÈÌÎÑÒÜ ÎÒ ÂÐÅÌÅÍÈ

Íåùàäèì Ì.Â.1, Ñèìîíîâ À.À.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; neshch@math.nsc.ru

2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
Íîâîñèáèðñê, Ðîññèÿ; andrey.simonoff@gmail.com

Â ðàáîòå ñòðîÿòñÿ ðåøåíèÿ ñèñòåìû Ìàêñâåëëà, êîòîðûå ìîæíî ïðåäñòàâèòü
â âèäå êîíå÷íîãî ôóíêöèîíàëüíîãî ðÿäà îò ïðîèçâîäíûõ ïðîèçâîëüíîé ôóíêöèè
ñ ôóíêöèîíàëüíûì àðãóìåíòîì (ôàçîé) è ôóíêöèîíàëüíûìè êîýôôèöèåíòàìè
(àìïëèòóäàìè). Â òàêîì âèäå ðàçâèâàåìûé çäåñü ïîäõîä ìîæíî ðàññìàòðèâàòü
êàê ïîèñê îáîáùåííûõ ôóíêöèîíàëüíî èíâàðèàíòíûõ ðåøåíèé [1] ñèñòåìû Ìàêñ-
âåëëà. Ñ äðóãîé ñòîðîíû, ýòî àíàëîã ëó÷åâîãî ìåòîäà ïðèìåíèòåëüíî ê ñèñòåìå
óðàâíåíèé Ìàêñâåëëà. Êëàññè÷åñêîå ïðèìåíåíèå ëó÷åâîãî ìåòîäà [2] çàêëþ÷àåò-
ñÿ â òîì, ÷òî ëó÷åâîé ðÿä ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû Ìàêñâåëëà àñèìïòîòè÷å-
ñêè. Â íàñòîÿùåé ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî ëó÷åâîé ðÿä êîíå÷íûé è ÿâëÿåòñÿ
òî÷íûì ðåøåíèåì.

Íàèáîëåå ïîëíî îáîáùåííûå ôóíêöèîíàëüíî èíâàðèàíòíûå ðåøåíèÿ (ÎÔÈÐ)
èññëåäîâàíû äëÿ âîëíîâîãî óðàâíåíèÿ (ñì. ëèòåðàòóðó â [3]). (Â ëèòåðàòóðå èñ-
ïîëüçóåòñÿ òàêæå òåðìèí � îòíîñèòåëüíî íåèñêàæàþùèåñÿ âîëíû [4].) Òàê â ðà-
áîòàõ [5�7] áûëè äåòàëüíî èçó÷åíû êîìïëåêñíûå ôóíêöèîíàëüíî èíâàðèàíòíûå
ðåøåíèÿ (ÔÈÐ) è, êàê îêàçàëîñü, ýòè ðåøåíèÿ èìåþò îáøèðíûå ïðèìåíåíèÿ â
çàäà÷àõ ðàñïðîñòðàíåíèÿ êîëåáàíèé (àêóñòè÷åñêèõ, ýëåêòðîìàãíèòíûõ), ñâÿçàí-
íûõ ñ âîëíîâûì óðàâíåíèåì, à òàêæå è â áîëåå ñëîæíûõ çàäà÷àõ ðàñïðîñòðàíåíèÿ
óïðóãèõ êîëåáàíèé.

Äàííàÿ ðàáîòà ÿâëÿåòñÿ íåïîñðåäñòâåííûì ïðîäîëæåíèåì èññëåäîâàíèé ðà-
áîòû [8], â êîòîðîé ðàññìàòðèâàëèñü ðÿäû ñ êîýôôèöèåíòàìè, íå çàâèñÿùèìè
îò âðåìåíè. Çäåñü æå ìû ïðåäïîëàãàåì, ÷òî êîýôôèöèåíòû çàâèñÿò îò âðåìåíè.
Ïîñòðîåííûå ðåøåíèÿ ñèñòåìû Ìàêñâåëëà ñîäåðæàò ôóíêöèîíàëüíûé ïðîèçâîë.
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Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ íåîäíîðîäíîãî óðàâíåíèÿ âíóò-
ðåííèõ âîëí

∆utt +
n−1∑
i=1

uxixi = eiλtf(x), t > 0, x ∈ Rn (n ≥ 3),

u|t=0 = φ1(x),
ut|t=0 = φ2(x),

(1)

ãäå f(x), φ1(x), φ2(x) ∈ S(Rn), λ ≥ 0 � ïàðàìåòð.
Óñòàíîâëåíû àñèìïòîòè÷åñêèå îöåíêè ïðè t→∞ ðåøåíèé u(t, x, λ) â çàâèñè-

ìîñòè îò ïàðàìåòðà λ.
Ðåøåíèå äàííîé çàäà÷è îäíîçíà÷íî îïðåäåëÿåòñÿ â êëàññå ôóíêöèé, óáûâàþ-

ùèõ ïðè |x| → ∞ [1]. Ïðè âûâîäå àñèìïòîòè÷åñêèõ îöåíîê ïðè t → ∞ ðåøåíèé
u(t, x, λ) èñïîëüçóåòñÿ âàðèàíò ìåòîäà ñòàöèîíàðíîé ôàçû, èçëîæåííîãî â [2].

Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò îá àñèìïòîòè÷åñêîì ïîâåäåíèè ðåøåíèÿ
çàäà÷è Êîøè (1).

Òåîðåìà 1. Ïóñòü λ > 1, òîãäà íà ëþáîì êîìïàêòå K ⊂ Rn äëÿ ðåøåíèÿ
çàäà÷è (1) èìååò ìåñòî îöåíêà∣∣∣∣∣∣u(t, x, λ) + eiλt

1

(
√
2π)n

∫
Rn

eixξ
f̂(ξ)

(|ξ′|2 − λ2|ξ|2)
dξ

∣∣∣∣∣∣ ≤ c(K,λ)√
t

, t≫ 1,

ãäå |ξ′|2 =
n−1∑
i=1

ξ2i , c(K,λ) � êîíñòàíòà, çàâèñÿùàÿ îò K è λ.

Òåîðåìà 2. Ïóñòü 0 6 λ 6 1, òîãäà íà ëþáîì êîìïàêòå K ⊂ Rn ñïðàâåäëèâà
àñèìïòîòè÷åñêàÿ îöåíêà∣∣∣∣∣

(
n−1∑
i=1

D2
xi
− λ2∆

)
u(t, x, λ)− eiλtf(x)

∣∣∣∣∣ ≤ c(K,λ)√
t

, t≫ 1.

Äîêàçàòåëüñòâî òåîðåì ïðè n = 3 è φi(x) = 0 ïðîâåäåíî â [3].
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Ïóñòü T � (2, 2)-ôîðìà T =
∑3

m=0 dV2m+1,2(m+1) â C8. Ëåãêî çàìåòèòü, ÷òî

ëîêàëüíàÿ ðàçðåøèìîñòü äëÿ (∂∂u)l ïðè l = 2 íà (6, 2)-ôîðìàõ íå èìååò ìåñòà
ïðè òàêîì âûáîðå T .

Ðàçðåøèìîñòü óðàâíåíèé Ìîíæà � Àìïåðà â ñëó÷àå l = 1 ÿâëÿåòñÿ êëàññè÷å-
ñêîé (ñì. [1�4]).

Âîçüìåì f =
∑

k1<k2

∑3
m=0 fk1k2; ̂2m+1,2(m+1)

dzk1∧dzk2∧d̂z2m+1,2(m+1) òàê, ÷òî

f ∧T =
∑

k1<k2

∑3
m=0 fk1k2; ̂2m+1,2(m+1)

dzk1 ∧dzk2 ∧ d̂z2m+1,2(m+1)∧dV2m+1,2(m+1).

Òîãäà ∂f ∧ T = 0 îçíà÷àåò, ÷òî

(−1)k1+k2+k3

(∂f
k1k2; ̂2m+1,2(m+1)

∂zk3

−
∂f

k1k3; ̂2m+1,2(m+1)

∂zk2

+
∂f

k2k3; ̂2m+1,2(m+1)

∂zk1

)
+(−1)k1+k2+2(m+1)−2

(∂f
k1k2; ̂k32m+1

∂z2(m+1)
−
∂f

k12(m+1); ̂k32m+1

∂zk2

+
∂f

k22(m+1); ̂k32m+1

∂zk1

)
+(−1)k1+2m+1+2(m+1)−4

(
∂f

k12m+1;k̂2k3

∂z2(m+1)
−
∂f

k12(m+1);k̂2k3

∂z2m+1
+
∂f

2m+1,2(m+1);k̂2k3

∂zk1

)
+(−1)k3+2m+1+2(m+1)−6

(
∂f

k32m+1;k̂1k2

∂z2(m+1)
−
∂f

k32(m+1);k̂1k2

∂z2m+1
+
∂f

2m+1,2(m+1);k̂1k2

∂zk3

)
= 0

(1)
äëÿ ëþáîãî k1 < k2 < k3 < 2m+ 1 < 2(m+ 1) ïðè m = 0, . . . , 3.

Åñëè f ∧T = (∂∂u)2∧T , äëÿ (2, 0)-ôîðìû u ìîæíî çàïèñàòü u =
∑

|M ′|=2

uMdzM

è ìîæíî ïîêàçàòü, ÷òî (∂∂u)2∧T =
∑

k1<k2

∑3
m=0 fk1k2; ̂2m+1,2(m+1)

d̂z2m+1,2(m+1)∧
dV2m+1,2(m+1). Ýòî óðàâíåíèå ðàçðåøèìî, òîëüêî åñëè

∂f
k1k2; ̂2m+1,2(m+1)

∂zk3

−
∂f

k1k3; ̂2m+1,2(m+1)

∂zk2

+
∂f

k2k3; ̂2m+1,2(m+1)

∂zk1

= 0

äëÿ k1 < k2 < k3 < 7 ïðè m = 3, è åùå âûïîëíÿþòñÿ øåñòü àíàëîãè÷íûõ ðà-
âåíñòâ, ñîñòîÿùèõ èç îäíîãî èëè äâóõ ñëàãàåìûõ ðàâåíñòâà (1), ÷òî íå ïðåäïîëà-
ãàåòñÿ (1).

Ïóñòü T � (2, 2)-ôîðìà T =
∑

k4<k5
dVk4k5 â C8. Ëåãêî çàìåòèòü, ÷òî ëîêàëü-

íàÿ ðàçðåøèìîñòü äëÿ (∂∂u)2 íà (6, 2)-ôîðìàõ èìååò ìåñòî ïðè òàêîì âûáîðå T .
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Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, íå ðàçðåøåííûå îòíîñèòåëüíî ñòàðøåé
ïðîèçâîäíîé, â íàó÷íîé ëèòåðàòóðå íàçûâàþò óðàâíåíèÿìè ñîáîëåâñêîãî òèïà.
Íàçâàíèå ýòèõ óðàâíåíèé âîñõîäèò ê ïèîíåðñêîé ðàáîòå Ñ.Ë. Ñîáîëåâà [1], ãäå
áûëà ïîñòàâëåíà è èçó÷åíà çàäà÷à î ìàëûõ êîëåáàíèÿõ âðàùàþùåéñÿ æèäêîñòè.
Â íàñëåäñòâåííîé ìåõàíèêå ñïëîøíûõ ñðåä âîçíèêàþò óðàâíåíèÿ ñîáîëåâñêîãî
òèïà, âîçìóùåííûå ñâåðòî÷íûì èíòåãðàëüíûì îïåðàòîðîì Âîëüòåððà. Ïðèìåðû
äîñòàâëÿþò óðàâíåíèÿ ýëåêòðîííûõ (èîííûõ) ìàãíèòîçâóêîâûõ âîëí [2]

(∆− α)φ− k1(t) ∗ φx3x3 = f(t, x), t ≥ 0, x ∈ R3,

òå÷åíèé âÿçêîóïðóãèõ æèäêîñòåé [3]

(ν −∆)vt −∆v − k2(t) ∗∆v = f(t, x), t > 0, x ∈ R2,

âÿçêîóïðóãî-äèíàìè÷åñêîãî ñîñòîÿíèÿ ñðåäû [4]

(a−∆)utt − b∆ut −∆u+ k3(t) ∗∆u = f(t, x), t > 0, x ∈ R3,

è ìíîãèõ äðóãèõ ïðîöåññîâ. Ðàçðåøèìîñòü íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ýòèõ è
äðóãèõ ïîäîáíûõ óðàâíåíèé ìîæíî èçó÷àòü ñ åäèíûõ ïîçèöèé, ðàññìàòðèâàÿ
êëàññû ëèíåéíûõ èíòåãðàëüíûõ

Bu(t)−K(t) ∗ u(t) = f(t)

è èíòåãðîäèôôåðåíöèàëüíûõ

Bu(N)(t)−
N∑
i=1

AN−iu
(N−i)(t)−K(t) ∗ u(t) = f(t), u(i−1)(0) = ui−1, i = 1, . . . , N,

óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ ñ íåîáðàòèìûì îïåðàòîðîì B â ãëàâíîé
÷àñòè. Íåêîòîðûì ðåçóëüòàòàì, ïîëó÷åííûì àâòîðîì â ýòîì íàïðàâëåíèè, áóäåò
ïîñâÿùåí ïðåäïîëàãàåìûé äîêëàä. Èññëåäîâàíèÿ ïðîâîäÿòñÿ íà îñíîâå òåîðèè
îáîáùåííûõ ôóíêöèé (ðàñïðåäåëåíèé) Ñîáîëåâà � Øâàðöà, èìåþùèõ çíà÷åíèÿ â
áàíàõîâîì ïðîñòðàíñòâå, è êîíöåïöèè ôóíäàìåíòàëüíîãî ðåøåíèÿ àáñòðàêòíîãî
ëèíåéíîãî èíòåãðîäèôôåðåíöèàëüíîãî îïåðàòîðà [5].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-
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Ðàññìàòðèâàåòñÿ êâàçèëèíåéíîå ïàðàáîëè÷åñêîå óðàâíåíèå

∂tu = ∇x · [k(u)∇xu], (1)

â êîòîðîì èñêîìàÿ ôóíêöèÿ u = u(t,x) : Ω → [0;+∞), Ω ⊂ [0;+∞) × Rn, n ∈ N;
êîýôôèöèåíò k(u) = k0u

σ, äåéñòâèòåëüíûå ïàðàìåòðû k0, σ > 0. Ýòî óðàâ-
íåíèå èñïîëüçóåòñÿ ïðè îïèñàíèè ìíîãèõ ïðîöåññîâ, âñòðå÷àþùèõñÿ â çàäà÷àõ
òåïëî- è ìàññîïåðåíîñà, òåîðèè ãîðåíèÿ è âçðûâà, ôèëüòðàöèè æèäêîñòè è ãà-
çà, õèìè÷åñêîé êèíåòèêå, áèîëîãèè è äð. Â ëèòåðàòóðå (1) íàèáîëåå ÷àñòî íà-
çûâàþò óðàâíåíèåì íåëèíåéíîé äèôôóçèè, òåïëîïðîâîäíîñòè, íåñòàöèîíàðíîé
ôèëüòðàöèè [1], à òàêæå ïîðèñòîé ñðåäû (the porous medium equation) [2].

Ñõîäèìîñòü èíòåãðàëà
∫ 1

0
k(u)/u du â äàííîì ñëó÷àå ãàðàíòèðóåò êîíå÷íóþ

ñêîðîñòü ðàñïðîñòðàíåíèÿ âîçìóùåíèé â ïðîöåññàõ, îïèñûâàåìûõ èññëåäóåìûì
óðàâíåíèåì [1]. Ðåøåíèÿ óðàâíåíèÿ (1), äåìîíñòðèðóþùèå ýòó îñîáåííîñòü, ñî-
ñòîÿò èç äâóõ ãèïåðïîâåðõíîñòåé: u = φ(t,x) > 0, φ ∈ C1,2

tx (Ω) ∩ C(Ω) (âîçìó-
ùåííîãî ðåøåíèÿ) è u ≡ 0 (íåâîçìóùåííîãî ôîíà), íåïðåðûâíî ñîñòûêîâàííûõ
âäîëü íåêîòîðîé ãèïåðïîâåðõíîñòè s(t,x) = 0 (ñâîáîäíîé ãðàíèöû) â ïðîñòðàí-
ñòâå íåçàâèñèìûõ ïåðåìåííûõ (t,x) ∈ [0; +∞) × Rn. Êëàññè÷åñêèì ïðèìåðîì
ÿâëÿåòñÿ ðåøåíèå Çåëüäîâè÷à � Êîìïàíåéöà � Áàðåíáëàòòà (ZKB solution) [2].

Äîêëàä ïîñâÿùåí âîïðîñàì ïîñòðîåíèÿ íîâûõ êëàññîâ òî÷íûõ ðåøåíèé óðàâ-
íåíèÿ (1), óäîâëåòâîðÿþùèõ óñëîâèþ

u(t,x)|s(t,x)=0 = 0. (2)

Àíàëèòè÷åñêèé âèä è ñâîéñòâà ãèïåðïîâåðõíîñòåé s(t,x) = 0 îïðåäåëÿþòñÿ â
ïðîöåññå íàõîæäåíèÿ ðåøåíèé. Ñàìà ïðîöåäóðà ïîñòðîåíèÿ îñíîâûâàåòñÿ íà òàê
íàçûâàåìîì ïðÿìîì ìåòîäå Êëàðêñîíà � Êðóñêàëà (the Clarkson�Kruskal direct
method) [1]. Ýòîò ïîäõîä ïîçâîëÿåò ðåäóöèðîâàòü êðàåâóþ çàäà÷ó (1), (2) ê íà-
÷àëüíûì çàäà÷àì äëÿ ñåìåéñòâà îáîáùåííûõ óðàâíåíèé Ëüåíàðà [3]. Äàëåå ïðè
ïîìîùè ìåòîäîâ òåîðèè äèíàìè÷åñêèõ ñèñòåì [4] è ñòåïåííîé ãåîìåòðèè [5] ïðî-
âîäèòñÿ êà÷åñòâåííûé àíàëèç íàéäåííûõ ðåøåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-
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Ñëåäñòâèåì äëèííîâîëíîâîãî ïðèáëèæåíèÿ H/L ≪ 1, ãäå H � õàðàêòåðíàÿ
ãëóáèíà ïîòîêà, à L � õàðàêòåðíàÿ äëèíà ïîâåðõíîñòíûõ âîëí [1], ÿâëÿåòñÿ íåðà-
âåíñòâî |hx| ≪ 1, ãäå h(x, t) � ãëóáèíà ïëîñêîïàðàëëåëüíîãî ïîòîêà. Íåñìîòðÿ
íà ýòî, óðàâíåíèÿ òåîðèè ìåëêîé âîäû, ïîëó÷àåìûå íà îñíîâå äëèííîâîëíîâîãî
ïðèáëèæåíèÿ, óñïåøíî ïðèìåíÿþòñÿ äëÿ ìîäåëèðîâàíèÿ áûñòðî ïðîòåêàþùèõ
âîëíîâûõ ïðîöåññîâ, ñâÿçàííûõ ñ ðàñïðîñòðàíåíèåì ãèäðàâëè÷åñêèõ áîðîâ, íà
ôðîíòàõ êîòîðûõ hx ≥ O(1). Â ðàáîòàõ [2, 3] äëÿ îáîñíîâàíèÿ ïðèìåíåíèÿ ïåð-
âîãî ïðèáëèæåíèÿ òåîðèè ìåëêîé âîäû ïðè ìîäåëèðîâàíèè âîëíîâûõ òå÷åíèé ñ
ãèäðàâëè÷åñêèìè áîðàìè áàçèñíûå çàêîíû ñîõðàíåíèÿ ýòîãî ïðèáëèæåíèÿ áû-
ëè ïîëó÷åíû èç äâóìåðíûõ èíòåãðàëüíûõ çàêîíîâ ñîõðàíåíèÿ ìàññû è ïîëíîãî
èìïóëüñà, îïèñûâàþùèõ ïëîñêîïàðàëëåëüíîå òå÷åíèå èäåàëüíîé íåñæèìàåìîé
æèäêîñòè. Ïðè ýòîì â [3] áûëî èñïîëüçîâàíî ïîíÿòèå ëîêàëüíîãî ãèäðîñòàòè÷å-
ñêîãî ïðèáëèæåíèÿ, êîòîðîå îáîáùàåò ïîíÿòèå äëèííîâîëíîâîãî ïðèáëèæåíèÿ.
Â íàñòîÿùåé ðàáîòå ëîêàëüíîå ãèäðîñòàòè÷åñêîå ïðèáëèæåíèå ïðèìåíÿåòñÿ äëÿ
âûâîäà áàçèñíûõ çàêîíîâ ñîõðàíåíèÿ ìîäåëè Ãðèíà � Íàãäè âòîðîãî ïðèáëèæå-
íèÿ òåîðèè ìåëêîé âîäû è àíàëèçà ïðèìåíèìîñòè ýòîé ìîäåëè äëÿ ÷èñëåííîãî
ðàñ÷åòà âîëíîâûõ òå÷åíèé æèäêîñòè ñ îíäóëÿðíûìè áîðàìè.
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Îïðåäåëèì ôóíêöèè

L±S(x)(·)(s) =
∞∫
0

e±sxS(x)dx, s ∈ [0,∞), L− = L,

F±u(x)(·)(s) =
∞∫

−∞

e±ixs u(x)dx, F 0
±u(x)(·)(s) =

∞∫
0

e±ixs u(x)dx, s ∈ (−∞,∞).

Ïîëüçóÿñü ðàâåíñòâîì

LF 0
+u(t)(·)(iy) + L+F

0
−u(t)(·)(iy) = 2πu(y)I(y), y ∈ (−∞,−∞),

ãäå I(y) = 1, y ∈ [0,∞), I(y) = 0, y ∈ (−∞, 0), è ðàâåíñòâîì ReLF+u(t)(·)(iy) =
ReL+F−uev(t)(·)(iy), y ∈ (−∞,+∞), ïðè −uev(−t) = uev(t), u(t) = u(−t), t ∈
[0,+∞), ïîëó÷àåì, ïîâòîðÿÿ ìåòîäû [1], LF 0

+u(t)(·)(iy) = LF+u(t)(·)(iy), y ∈
(−∞,+∞), ÷òî ïîñëå ïðèðàâíèâàíèÿ ìíèìûõ ÷àñòåé ýêâèâàëåíòíî ðàâåíñòâó
−2S0C0u(t)(·)(y) = C0S0u(t)(·)(t)− S0C0u(t)(·)(y), y ∈ [0 +∞).

Óñëîâèå Y1. Ôóíêöèÿ u(x) è åå ïåðâàÿ è âòîðàÿ íåïðåðûâíûå ïðîèçâîäíûå
àáñîëþòíî ñõîäÿòñÿ íà âñåé äåéñòâèòåëüíîé îñè, è u(0) = 0.

Òåîðåìà.Ïðè âûïîëíåíèè óñëîâèÿ Y1 èìååò ìåñòî ðàâåíñòâî−S0C0u(t)(·)(y)
= C0S0u(t)(·)(y), y ∈ [0 +∞).

Ñ òî÷êè çðåíèÿ àíàëèòè÷åñêèõ ïðîäîëæåíèé ìû äîêàçàëè, ÷òî LF 0
+u(t)(·)(p)

àíàëèòè÷åñêè ïðîäîëæàåòñÿ ÷åðåç âñþ ìíèìóþ îñü, ñîâïàäàÿ ñ ðåãóëÿðíîé â îò-
êðûòîé îêðåñòíîñòè ìíèìîé îñè ôóíêöèåé LF+u(t)(·)(p) ïðè âûïîëíåíèè óñëî-
âèÿ Y1 è óñëîâèÿ ðåãóëÿðíîñòè u(p) â îáëàñòè {|Im p| < a}

∩
{|Re p| < a}, a > 0,

õîòÿ äàííàÿ ôóíêöèÿ äîëæíà âåñòè ñåáÿ â îêðåñòíîñòè íóëÿ êàê äâóëèñòíàÿ
ôóíêöèÿ

√
p.

Îòìåòèì, ÷òî ýòî íå ïåðâûé ðåçóëüòàò, â êîòîðîì ðåãóëÿðíîñòü àíàëèòè÷å-
ñêîãî ïðîäîëæåíèÿ òðåáóåò îòäåëüíîãî èññëåäîâàíèÿ ïåðåä ïðèìåíåíèåì: óäè-
âèòåëüíàÿ òåîðåìà î ðåãóëÿðíîñòè ôóíêöèè äâîéíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà
LLu(t)(·)(p) â îòêðûòîé îêðåñòíîñòè íóëÿ ïðè âûïîëíåíèè àíàëîãè÷íûõ óñëîâèé
áûëà äîêàçàíà â ðàáîòàõ [2, 3].
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Êîíêóðåíòîñïîñîáíîñòü ñîâðåìåííûõ áîëüøåìàñøòàáíûõ ðàñïðåäåëåííûõ
âû÷èñëèòåëüíûõ ñèñòåì (ÂÑ), áåçóñëîâíî, îïðåäåëÿåòñÿ ñòîèìîñòüþ, ïðîèçâî-
äèòåëüíîñòüþ, íàäåæíîñòüþ [1, 2]. Òàêèå ÂÑ íå äîëæíû âûõîäèòü èç ñòðîÿ, õîòÿ
ïðîèçâîäèòåëüíîñòü ìîæåò âðåìåííî ïîíèæàòüñÿ. Ïðè àíàëèçå ýôôåêòèâíîñòè
ôóíêöèîíèðîâàíèÿ ÂÑ èñïîëüçóþò ðÿä ïîêàçàòåëåé, ñðåäè êîòîðûõ ïîêàçàòå-
ëè íàäåæíîñòè è ïîòåíöèàëüíîé æèâó÷åñòè [3]. Â ñèëó ñâîåé áîëüøåìàñøòàáíî-
ñòè ðàñïðåäåëåííûå ÂÑ ýôôåêòèâíî èññëåäóþòñÿ ñòîõàñòè÷åñêèìè ìåòîäàìè [4].
Ïðåäñòàâëåííûå â ðàáîòå ðåøåíèÿ îñíîâàíû íà ìåòîäàõ òåîðèè ìàññîâîãî îá-
ñëóæèâàíèÿ. Èñïîëüçîâàíèå ðàçðàáîòàííîãî àâòîðàìè ìåòîäà ðàñ÷åòà ìîìåíòîâ
ñëó÷àéíûõ âåëè÷èí [4] ïîçâîëèëî ïîëó÷èòü àíàëèòè÷åñêèå ðåøåíèÿ äëÿ ðàñ÷åòà
ïîêàçàòåëåé ïîòåíöèàëüíîé æèâó÷åñòè ïðè ãðóïïîâîì âîññòàíîâëåíèè îòêàçàâ-
øèõ ìàøèí. Ìåòîäîì ìîìåíòîâ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, íåèç-
âåñòíûìè ôóíêöèÿìè êîòîðîé ÿâëÿåòñÿ ðàñïðåäåëåíèå âåðîÿòíîñòåé ñîñòîÿíèé
ÂÑ, ñâåäåíà ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé íåïîñðåäñòâåííî äëÿ ìî-
ìåíòîâ ñëó÷àéíûõ âåëè÷èí, áåç íàõîæäåíèÿ ñàìèõ âåðîÿòíîñòåé.

Â ðàáîòå òàêæå ïîëó÷åíà ôóíêöèÿ ðàñïðåäåëåíèÿ âðåìåíè ïðåáûâàíèÿ ÂÑ â
ñîñòîÿíèè íèçêîé ïðîèçâîäèòåëüíîñòè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå: ÐÔÔÈ (ãðàíò 16-07-00712), ïðîãðàììû ôóíäà-

ìåíòàëüíûõ èññëåäîâàíèé ÑÎ ÐÀÍ (ÃÇ 0306-2016-0018).
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Èñêóññòâåííûé èíòåëëåêò, �Íàóêà i îñâiòà� ÄîíÄIØI. 2006. � 4. Ñ. 28�34.
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Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé äâóõôàçíîé ãàçîâîé äèíàìèêè â èçîòåð-
ìè÷åñêîì ñëó÷àå [1]

∂ρ1
∂t

+ u⃗1 · ∇ρ1 + ρ1divu⃗1 = 0,

∂ρ2
∂t

+ u⃗2 · ∇ρ2 + ρ2divu⃗2 = 0,

ρ1

(
∂u⃗1
∂t

+ u⃗1 · ∇⃗u1
)
+m1∇P (ρ1, ρ2) = −

ρ2
τ
(u⃗1 − u⃗2),

ρ2

(
∂u⃗2
∂t

+ u⃗2 · ∇⃗u2
)
+m2∇P (ρ1, ρ2) =

ρ2
τ
(u⃗1 − u⃗2).

Äëÿ äàííîé ñèñòåìû âûïèñàíà èíâàðèàíòíàÿ ïîäìîäåëü îòíîñèòåëüíî ïîäàëãåá-
ðû SO(3) èç äîïóñêàåìîé àëãåáðû Ëè [2, 3]. Äîêëàä ïîñâÿù¼í èññëåäîâàíèþ
ñòàöèîíàðíûõ äâèæåíèé óêàçàííîé èíâàðèàíòíîé ïîäìîäåëè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-31-00226 ìîë_à).
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Ïóñòü A � êâàäðàòíàÿ ìàòðèöà n-ãî ïîðÿäêà è λ1, . . . , λn � ïîëíûé íàáîð åå
ñîáñòâåííûõ çíà÷åíèé. Èç [1] âûòåêàåò ñëåäóþùàÿ îöåíêà

∥etA∥ ≤ etα
n−1∑
j=0

(ρ+ ∥A∥)j

j!
tj , 0 ≤ t <∞, (1)

ãäå α = max{Reλi : 1 ≤ i ≤ n} � ñïåêòðàëüíàÿ àáñöèññà è ρ = max{|λi| : 1 ≤ i ≤
n} � ñïåêòðàëüíûé ðàäèóñ ìàòðèöû A, à ∥A∥ � åå íîðìà. Îòìåòèì, ÷òî âñåãäà
|α| ≤ ρ ≤ ∥A∥. Îöåíêà (1) ñ çàìåíîé ρ íà ∥A∥ âñòðå÷àåòñÿ â [2] è [3]; îöåíêà â
óêàçàííîì âûøå âèäå ïðåäñòàâëÿåòñÿ íîâîé.

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = A(t)x, 0 ≤ t <∞, (2)
ãäå A(t) � èçìåðèìàÿ îãðàíè÷åííàÿ ìàòðè÷íàÿ ôóíêöèÿ, ïðè÷åì, spaA(t) ≤
α < 0, sprA(t) ≤ ρ è ∥A(t)∥ ≤ a ïðè 0 ≤ t < ∞, ãäå α, ρ, a � íåêîòîðûå ïî-
ñòîÿííûå; ÿñíî, ÷òî |α| ≤ ρ ≤ a. Åñëè, êðîìå òîãî, ∥A(t) − A(s)∥ ≤ ω(|t − s|),
òî ñîãëàñíî ìåòîäó çàìîðîæåííûõ êîýôôèöèåíòîâ [4] äîñòàòî÷íîå óñëîâèå ðàâ-
íîìåðíîé ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ñèñòåìû (2) èìååò âèä∫ ∞

0

e−tα
n−1∑
j=0

(ρ+ a)j

j!
tjω(t)dt < 1. (3)

Ïîëîæèì äëÿ ïðîñòîòû ξ = (ρ + a)/|α| (≥ 2). Òîãäà, åñëè ∥A(t) −A(s)∥ ≤ k, òî
ñîãëàñíî (3) íàõîäèì

0 < k < |α| ξ − 1

ξn − 1
. (4)

Åñëè âûïîëíåíî óñëîâèå Ëèïøèöà ∥A(t)−A(s)∥ ≤ l|t− s|, òî ñîãëàñíî (3)

0 < l < |α|2 (ξ − 1)2

nξn+1 − (n+ 1)ξn + 1
. (5)

Áëèçêèå ê (4) è (5) îöåíêè óñòàíîâëåíû â [5]. Åñëè âûïîëíåíî óñëîâèå Ã¼ëüäåðà
∥A(t)−A(s)∥ ≤ h|t− s|σ (0 < σ < 1), òî ñîãëàñíî (3) èìååì

0 < h < |α|1+σ 1
n−1∑
j=0

ξj (j+σ)(j−1+σ)...(σ)
j! Γ(σ)

,

ãäå Γ(σ) åñòü ãàììà-ôóíêöèÿ Ýéëåðà.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00197).
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Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ çàïàçäûâàíèåì èìåþò øèðîêîå ïðèìåíåíèå
ïðè èññëåäîâàíèè ðàçëè÷íûõ ïðîöåññîâ â òåõíèêå, ýêîíîìèêå, áèîëîãèè, èììó-
íîëîãèè, ýïèäåìèîëîãèè è â äðóãèõ îáëàñòÿõ. Îäíèì èç ýòàïîâ èçó÷åíèÿ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ àíàëèç óñòîé÷èâîñòè èõ ïîëîæåíèé ðàâ-
íîâåñèÿ ñ ïîìîùüþ ìåòîäà ëèíåàðèçàöèè. Âàæíûì àñïåêòîì çäåñü ÿâëÿåòñÿ ó÷åò
ñòðóêòóðû ïðàâûõ ÷àñòåé âîçíèêàþùèõ ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ çàïàçäûâàíèåì.

Ïðè ðàçðàáîòêå è èññëåäîâàíèè ìàòåìàòè÷åñêèõ ìîäåëåé æèâûõ ñèñòåì ÷àñòî
âîçíèêàþò ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dx(t)

dt
=

n∑
i=0

Cix(t− ωi) +

0∫
−τ

Cn+1(θ)x(t+ θ)dθ, (1)

ãäå x(t) = (x1(t), . . . , xm(t))T ∈ Rm, Ci � m ×m ìàòðèöû, 0 6 i 6 n; Cn+1(θ) �
m × m ìàòðèöà ñ èíòåãðèðóåìûìè ïî Ðèìàíó ýëåìåíòàìè; êîíñòàíòû ω0 = 0,
0 < ωi < ∞, 1 6 i 6 n, 0 6 τ < ∞. Íåêîòîðûå èç ñèñòåì âèäà (1) ìîãóò áûòü
ïðåäñòàâëåíû â áëî÷íîé ôîðìå

dz(t)

dt
= Qz(t) +

n∑
i=0

Diy(t− ωi) +

0∫
−τ

Dn+1(θ)y(t+ θ)dθ,

dy(t)

dt
=

n∑
i=0

Aiy(t− ωi) +

0∫
−τ

An+1(θ)y(t+ θ)dθ −By(t), (2)

ãäå x(t) = (z1(t), . . . , zℓ(t), y1(t), . . . , yk(t))
T , ℓ + k = m, z(t) = (z1(t), . . . , zℓ(t))

T ,
y(t) = (y1(t), . . . , yk(t))

T , Q � ℓ × ℓ óñòîé÷èâàÿ ìàòðèöà; D0, D1, . . . , Dn � ℓ × k,
A0, A1, . . . , An � k × k ìàòðèöû; Dn+1(θ) � ℓ × k, An+1(θ) � k × k ìàòðèöû,
ñîäåðæàùèå èíòåãðèðóåìûå ïî Ðèìàíó ýëåìåíòû; B = diag(b11, . . . , bkk) � äèà-
ãîíàëüíàÿ ìàòðèöà ñ ïîëîæèòåëüíûìè äèàãîíàëüíûìè ýëåìåíòàìè.

Ïðîáëåìà óñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ ñèñòåìû (1) ñâîäèòñÿ ê èçó÷å-
íèþ óñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ ñèñòåìû (2).

Â äîêëàäå ðàññìîòðåíû äâà ñëó÷àÿ: 1) ìàòðèöû A0, A1, . . . , An, An+1(θ), âõî-
äÿùèå â (2), ÿâëÿþòñÿ íåîòðèöàòåëüíûìè, 2) õîòÿ áû îäíà èç óêàçàííûõ ìàòðèö
íå ÿâëÿåòñÿ íåîòðèöàòåëüíîé. Ïðèâåäåíû óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâî-
ñòè èëè íåóñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ ñèñòåìû (1), âûðàæåííûå â òåð-
ìèíàõ Ì-ìàòðèö.

Ïðåäñòàâëåíû ïðèìåðû èçó÷åíèÿ âûñîêî-ðàçìåðíûõ ìàòåìàòè÷åñêèõ ìîäåëåé
â çàäà÷àõ èììóíîëîãèè è ýïèäåìèîëîãèè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-29-10086 ìê).
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Èññëåäóåòñÿ ðåøåíèå óðàâíåíèÿ

(q′)2 − qq′′ = 1 + q′′′ + δ(q′q′′′ − qq′′′′), q = q(y), y > 0,

ñ ìàëûì ïàðàìåòðîì δ, óäîâëåòâîðÿþùåå ñëåäóþùèì óñëîâèÿì:

q(0) = q′(0) = 0, q′ → 1, y →∞.

Òàêàÿ çàäà÷à âîçíèêàåò ïðè îïèñàíèè ïëîñêîãî ñòàöèîíàðíîãî äâèæåíèÿ ðàñòâî-
ðà ïîëèìåðà âáëèçè êðèòè÷åñêîé òî÷êè. Ïðè δ = 0 èìååì øèðîêî èçâåñòíîå ðåøå-
íèå Õèìåíöà [1], à ïðè δ = 1 ðåøåíèåì ÿâëÿåòñÿ ôóíêöèÿ q(y) = y+exp(−y)− 1.

Àíàëîãè÷íàÿ çàäà÷à äëÿ îñåñèììåòðè÷íîãî òå÷åíèÿ ðàññìîòðåíà â ðàáîòå [2],
ãäå ðåøåíèå ïðåäëàãàåòñÿ èñêàòü â âèäå ôîðìàëüíîãî ðÿäà ïî ñòåïåíÿì δ è ÷èñ-
ëåííî íàõîäÿòñÿ äâà ïåðâûõ ïðèáëèæåíèÿ.

Â íàñòîÿùåé ðàáîòå èññëåäóþòñÿ âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ðåøåíèÿ, åãî êà÷åñòâåííîå ïîâåäåíèå è ïðîáëåìà îáîñíîâàíèÿ àñèìïòîòè÷åñêîãî
ðàçëîæåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00127).
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Ðàññìîòðåíî óðàâíåíèå Àáåëÿ II ðîäà ñïåöèàëüíîãî âèäà

y(x)
dy

dx
+ a(x) y(x) + F (x) = 0, (1)

ãäå ôóíêöèÿ F (x) ïðåäñòàâèìà â ôîðìå F (x) = f0 xφ
(
xσ
)
, f0 > 0, ñ ïîëîæè-

òåëüíîé àíàëèòè÷åñêîé â îêðåñòíîñòè íóëÿ ôóíêöèåé φ(ζ) ïåðåìåííîé ζ = xσ,
σ = const > 0, êîýôôèöèåíò a(x) ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé â îêðåñòíî-
ñòè x = 0, a(0) =: a0 < 0, è ñïðàâåäëèâî íåðàâåíñòâî a20 > 4 f0, îçíà÷àþùåå, ÷òî
óðàâíåíèå (1) èìååò óçëîâóþ îñîáóþ òî÷êó â íà÷àëå êîîðäèíàò.

Ñ ïîìîùüþ íåêîòîðîé ìîäèôèêàöèè òåñòà Ôóêñà �Êîâàëåâñêîé �Ïåíëåâå ïî-
êàçàíî (ñì. [1]), ÷òî ïðè âûïîëíåíèè îïðåäåëåííîãî óñëîâèÿ íà a0, f0, σ, à èìåííî,
óñëîâèÿ âêëþ÷åíèÿ

β2 − β1
σβ1

∈ Q \ N, β1,2 =
−a0 ±

√
a20 − 4 f0
2

, 0 < β1 < β2,

óðàâíåíèå (1) ïðèâîäèìî ê äðóãîìó óðàâíåíèþ òîãî æå êëàññà óðàâíåíèé Àáåëÿ
II ðîäà, âñå ðåøåíèÿ êîòîðîãî ÿâëÿþòñÿ àíàëèòè÷åñêèìè â îêðåñòíîñòè ñîîòâåò-
ñòâóþùåé x = 0, y = 0 îñîáîé òî÷êè, à ðåøåíèÿ óðàâíåíèÿ (1) ïðåäñòàâèìû ñ
ïîìîùüþ ðÿäà ïî äðîáíûì ñòåïåíÿì x â îêðåñòíîñòè íà÷àëà êîîðäèíàò.

Ïîäõîä ê ðåøåíèþ óðàâíåíèÿ (1), ïðåäñòàâëåííûé â äîêëàäå, çàêëþ÷àåòñÿ â
ïðèìåíåíèè ÷èñëåííîãî èíòåãðèðîâàíèÿ ê âñïîìîãàòåëüíîìó óðàâíåíèþ, ðåøå-
íèÿ êîòîðîãî ÿâëÿþòñÿ àíàëèòè÷åñêèìè íà âñåì îòðåçêå èíòåãðèðîâàíèÿ, âêëþ-
÷àÿ êîíöåâûå òî÷êè, âìåñòî èñõîäíîãî óðàâíåíèÿ (1), ðåøåíèÿ êîòîðîãî, âîîáùå
ãîâîðÿ, òåðÿþò àíàëèòè÷íîñòü â íà÷àëå êîîðäèíàò.

Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíåíû ê èçâåñòíîé [2] ìîäåëè Òîìàñà �Ôåðìè
ðàñïðåäåëåíèÿ âíóòðèàòîìíîãî ïîòåíöèàëà â ìíîãîýëåêòðîííîì àòîìå èëè èîíå,
îïèñûâàåìîé óðàâíåíèåì d2Ψ/dr2 − r−1/2 Ψ3/2(r) = 0 îòíîñèòåëüíî ôóíêöèè
ýêðàíèðîâàíèÿΨ(r), ãäå r � ðàññòîÿíèå äî ÿäðà. Íàéäåíî íîâîå ýôôåêòèâíîå ïðè
÷èñëåííîé ðåàëèçàöèè ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå ñîîòâåòñòâóþùåãî èîíó
ðåøåíèÿ ïðè r ∈ [0, R], Ψ(0) = Z > 0, Ψ(R) = 0, â âèäå

r = C1 (1− u)2 S(u), Ψ = C2

(
3u+ 1

)2
S−3(u), u ∈ [−1/3, 1],

ãäå C1, C2 = const > 0, è àíàëèòè÷åñêàÿ íà îòðåçêå u ∈ [−1/3, 1] ôóíêöèÿ S(u)
âûðàæåíà ÷åðåç ðåøåíèå âñïîìîãàòåëüíîãî óðàâíåíèÿ Àáåëÿ II ðîäà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00781).
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Ðàáîòà ïîñâÿùåíà èçó÷åíèþ çàäà÷è Êîøè äëÿ ñèñòåìû óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè ñëåäóþùåãî âèäà (1−D2

x)D
2
t u− δD2

xu+ c2D4
xu+ ε · (D2

t − c2 ·D2
x)D

2
xv = f1(t, x),

(1−D2
x)D

2
t v + c2D4

xv + ε · (D2
t − c2 ·D2

x)D
2
xu = f2(t, x),

(1)

ãäå c ≥ 1, ε ≥ 0.
Ýòà ñèñòåìà óðàâíåíèé âîçíèêàåò ïðè îïèñàíèè ìàëûõ èçãèáíî-êðóòèëüíûõ

êîëåáàíèé ñòåðæíÿ áåç ó÷åòà ãåîìåòðè÷åñêîé íåëèíåéíîñòè [1].
Ñèñòåìà óðàâíåíèé (1) îòíîñèòñÿ ê òèïó ñèñòåì, íå ðàçðåøåííûõ îòíîñèòåëü-

íî ñòàðøåé ïðîèçâîäíîé ïî âðåìåíè. Â ëèòåðàòóðå ñèñòåìû òàêîãî âèäà íàçûâà-
þò ñèñòåìàìè ñîáîëåâñêîãî òèïà, ïîñêîëüêó èìåííî â ðàáîòàõ Ñ.Ë. Ñîáîëåâà [2]
âïåðâûå áûëè ïðîâåäåíû èññëåäîâàíèÿ êðàåâûõ çàäà÷ äëÿ ñèñòåì óðàâíåíèé

A0ut +
∑

Ajuxj +Bu = F (t, x) (2)

ñ âûðîæäåííîé ìàòðèöåé A0.
Â ðàáîòå ðàññìîòðåí âîïðîñ î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ çàäà-

÷è Êîøè äëÿ ñèñòåìû óðàâíåíèé (1), îïèñûâàþùåé ìàëûå èçãèáíî-êðóòèëüíûå
êîëåáàíèÿ ñòåðæíÿ.

Â õîäå ðàáîòû áûëî ïîñòðîåíî â ÿâíîì âèäå ðåøåíèå äàííîé çàäà÷è Êîøè (1),
à òàêæå áûëè ïîëó÷åíû ðàçëè÷íûå îöåíêè ðåøåíèé â íîðìå âåñîâîãî ñîáîëåâ-
ñêîãî ïðîñòðàíñòâà W 2,4

2,γ (R2
+).
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Ðàññìàòðèâàåòñÿ îäíîìåðíîå óðàâíåíèÿ Áîëüöìàíà [1, � 3]

ft + cfx + (F(t, x, c)f)c = 0. (1)

Â ðàáîòå [2] áûëà ïîñòðîåíà ãðóïïîâàÿ êëàññèôèêàöèÿ ñåìåéñòâà óðàâíåíèé (1).
Â íàñòîÿùåé ðàáîòå ìû îñóùåñòâëÿåì ïåðåíîñ íàéäåííûõ ãðóïï ñèììåòðèé íà
ìîìåíòíûå ôóíêöèè è äëÿ ñëó÷àÿ F = 0 íàõîäèì èíâàðèàíòû, ñîãëàñîâàííûå ñ
ãðóïïîé ñèììåòðèé, êîòîðûå áóäóò óðàâíåíèÿìè ñîñòîÿíèÿ äëÿ ìîìåíòíîé ñèñòå-
ìû, ïîëó÷åííîé èç óðàâíåíèÿ Áîëüöìàíà. Ìîìåíòíûå âåëè÷èíû îïðåäåëÿþòñÿ
ñëåäóþùåé ôîðìóëîé:

j(n)(t, x) =

∫ +∞

−∞
f(t, x, c)cn dc, n = 0, 1 . . . .

Äëÿ F = 0 àëãåáðà ñèììåòðèé óðàâíåíèÿ Áîëüöìàíà ÿâëÿåòñÿ âîñüìèìåðíîé.
Èíâàðèàíò ýòîé àëãåáðû ñèììåòðèé, êîòîðûé ìû áóäåì îáîçíà÷àòü ÷åðåç I =
I(t, x, . . . j(n) . . . ), äîëæåí óäîâëåòâîðÿòü óðàâíåíèÿì:

It = 0, Ix = 0, j(n)Ij(n) = 0, nj(n)Ij(n) = 0,

nj(n−1)Ij(n) = 0, (1− n)j(n+1)Ij(n) = 0.
(2)

Òåîðåìà 1. Ðåøåíèå ïåðâûõ ïÿòè óðàâíåíèé ñèñòåìû (2) èìååò âèä:

I = I (a3, . . . an, . . . ) , ãäå an = b
−n

2
2

n−2∑
i=0

(−1)iCi
nbn−i, bi = 1− j(i)(j(0))i−1

(j(1))i
.

Ïîñëåäíåå óðàâíåíèå â (2) â ïåðåìåííûõ an çàïèñûâàåòñÿ êàê
∞∑

n=3

(n
2
ana3 − (n− 1)an+1

)
Ian = 0,

åãî ñèñòåìà õàðàêòåðèñòèê

da3
3
2a

2
3 − 2a4

=
da4

2a4a3 − 3a5
= · · · = dan

n
2 ana3 − (n− 1)an+1

= . . . . (3)

Òåîðåìà 2. Îáùåå ðåøåíèå ñèñòåìû (3) â êëàññå áåñêîíå÷íî äèôôåðåíöèðóå-
ìûõ ôóíêöèé èìååò ñëåäóþùèé âèä: a4 = f(a3), ãäå f � ïðîèçâîëüíàÿ ôóíêöèÿ,
îñòàëüíûå an âûðàæàþòñÿ ÷åðåç a3 ïî ðåêóððåíòíûì ôîðìóëàì:

(n− 2)an =
n− 1

2
an−1a3 −

(
3

2
a23 − 2f(a3)

)
∂an−1

∂a3
.

Ñîáñòâåííî ãîâîðÿ, ñîîòíîøåíèå a4 = f(a3) ìîæåò ðàññìàòðèâàòüñÿ êàê èñ-
êîìîå óðàâíåíèå ñîñòîÿíèÿ.
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Ðàññìîòðèì çàäà÷ó Êîøè

ut = α1(t, x)uxx + α2(t, x)uzz

+α3(t, x)(ux)
2
+ α4(t, x)(uz)

2
+ α5(t, x)u+ a6(t, x)f(t, x, z), (1)

u(0, x, z) = u0(x, z), x ∈ E1, z ∈ E1. (2)

Ôóíêöèè f(t, x, z), u0(x, z) çàäàíû â G[0,T ] = {(t, x, z)| 0 6 t 6 T, x ∈ E1, z ∈ E1}
è E2 ñîîòâåòñòâåííî, êîýôôèöèåíòû αi(t, x), i = 1, 4, � íåïðåðûâíî äèôôåðåí-
öèðóåìûå äåéñòâèòåëüíîçíà÷íûå ôóíêöèè ïåðåìåííûõ t, x, 0 6 t 6 T , T > 0,
T = const, ïðè÷åì α1(t, x) ≥ a1 > 0, α2(t, x) ≥ a2 > 0, a1, a2 � const. En �
n-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî, n ∈ N.

Íåèçâåñòíûìè â çàäà÷å ÿâëÿþòñÿ êîýôôèöèåíòû α5(t, x), α6(t, x) è ðåøåíèå
u(t, x, z) çàäà÷è (1), (2).

Ïðåäïîëàãàåì, ÷òî âûïîëíÿþòñÿ óñëîâèÿ ïåðåîïðåäåëåíèÿ

u(t, x, b1(t)) = φ(t, x), u(t, x, b2(t)) = ψ(t, x), (3)

ãäå (t, x) ∈ Π[0,T ], Π[0,T ] = {(t, x)| 0 6 t 6 T, x ∈ E1}, bj(t), j = 1, 2, � ðàçëè÷íûå
äåéñòâèòåëüíîçíà÷íûå ôóíêöèè ïåðåìåííîé t, ïðè÷åì bj(t) ∈ C1[0, T ], φ(t, x),
ψ(t, x) � çàäàííûå ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì ñîãëàñîâàíèÿ

φ(0, x) = u0(x, b1(0)), ψ(0, x) = u0(x, b2(0)), x ∈ E1.

Â ðàáîòå äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî
ðåøåíèÿ îáðàòíîé çàäà÷è (1)�(3) â êëàññå ãëàäêèõ îãðàíè÷åííûõ ôóíêöèé. Äî-
êàçàòåëüñòâî òåîðåìû áûëî ïðîâåäåíî ñ ïîìîùüþ ïåðåõîäà îò îáðàòíîé çàäà÷è
(1)�(3) ê ïðÿìîé âñïîìîãàòåëüíîé çàäà÷å Êîøè äëÿ íàãðóæåííîãî óðàâíåíèÿ.
Ìåòîäîì ñëàáîé àïïðîêñèìàöèè [1, 2] äîêàçàíà ðàçðåøèìîñòü ïðÿìîé çàäà÷è.
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Îñíîâû òåîðèè êóáàòóðíûõ ôîðìóë íà ñôåðå, èíâàðèàíòíûõ îòíîñèòåëüíî
ïðåîáðàçîâàíèé êîíå÷íûõ ãðóïï âðàùåíèé, áûëè çàëîæåíû Ñ.Ë. Ñîáîëåâûì [1].
Íà ñåãîäíÿøíèé äåíü íàèáîëüøåå ðàñïðîñòðàíåíèå ïîëó÷èëè êóáàòóðíûå ôîðìó-
ëû, èíâàðèàíòíûå îòíîñèòåëüíî ãðóïï ñèììåòðèè ïðàâèëüíûõ ìíîãîãðàííèêîâ
(ñì. [2�3] è èìåþùóþñÿ òàì ëèòåðàòóðó). Ñðåäè ýòèõ êóáàòóðíûõ ôîðìóë îñîáûé
èíòåðåñ ïðåäñòàâëÿþò êóáàòóðû, èíâàðèàíòíûå îòíîñèòåëüíî ãðóïï âðàùåíèé
òåòðàýäðà, îêòàýäðà è èêîñàýäðà ñ èíâåðñèåé. Ýòè ôîðìóëû îáëàäàþò öåíòðàëü-
íîé ñèììåòðèåé è ïîýòîìó àâòîìàòè÷åñêè òî÷íû äëÿ âñåõ íå÷¼òíûõ ôóíêöèé.

Êóáàòóðíûå ôîðìóëû, èíâàðèàíòíûå îòíîñèòåëüíî ðàçëè÷íûõ äèýäðàëüíûõ
ãðóïï ñèììåòðèè, ðàññìàòðèâàëèñü â ðàáîòàõ [4�6]. Â ÷àñòíîñòè, â [4] áûë ïðåä-
ëîæåí àëãîðèòì ïîñòðîåíèÿ íàèëó÷øèõ (â íåêîòîðîì ñìûñëå) êóáàòóð íà ñôåðå,
èíâàðèàíòíûõ îòíîñèòåëüíî ãðóïïû âðàùåíèé äèýäðà ñ èíâåðñèåé D6h, â [5] �
îòíîñèòåëüíî ãðóïïû D4h, à â [6] � îòíîñèòåëüíî ãðóïïû D2h.

Â äàííîé ðàáîòå áóäåò îïèñàí àíàëîãè÷íûé àëãîðèòì ïîñòðîåíèÿ íàèëó÷øèõ
êóáàòóð, èíâàðèàíòíûõ îòíîñèòåëüíî ãðóïïû âðàùåíèé äèýäðà ñ èíâåðñèåé D5d.
Áóäóò ïðîâåäåíû ðàñ÷¼òû ïî ýòîìó àëãîðèòìó ñ öåëüþ îïðåäåëèòü ïàðàìåòðû
âñåõ íàèëó÷øèõ êóáàòóð äàííîé ãðóïïû ñèììåòðèè äî 35-ãî ïîðÿäêà òî÷íîñòè n.
Ïðè ýòîì äëÿ n ≤ 11 áóäóò íàéäåíû òî÷íûå çíà÷åíèÿ ïàðàìåòðîâ ñîîòâåòñòâóþ-
ùèõ êóáàòóð, à äëÿ îñòàëüíûõ n � ïðèáëèæ¼ííûå, ïîëó÷åííûå ïóò¼ì ÷èñëåííîãî
ðåøåíèÿ ñèñòåì íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ìåòîäîì íüþòîíîâñêîãî
òèïà.
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Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn ñ ãëàäêîé ãðàíèöåé Γ,
Q � öèëèíäð Ω × (0, T ), S = Γ × (0, T ) � áîêîâàÿ ãðàíèöà, f(x, t), u0(x), N(t),
K(x, y, t) � çàäàííûå ôóíêöèè â ñîîòâåòñòâóþùèõ ìíîæåñòâàõ.

Â îáëàñòè Q èùåòñÿ ôóíêöèÿ u(x, t), êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

∂

∂t
(Au)−∆u = f(x, t), Au =

t∫
0

N(t− τ)u(x, τ) dτ, (1)

òàêàÿ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ

u(x, 0) = u0(x), u(x, 0) = u1(x), x ∈ Ω, (2)

u(x, t)
∣∣∣
(x,t)∈S

=

∫
Ω

K(x, y, t)u(y, t)dy
∣∣∣
(x,t)∈S

. (3)

Èññëåäîâàíèþ êðàåâûõ çàäà÷ äëÿ èíòåãðîäèôôåðåíöèàëüíûõ óðàâíåíèé ñ
íåëîêàëüíûìè ãðàíè÷íûìè óñëîâèÿìè ïîñâÿùåíà ðàáîòà [1]. Ìåòîäîì Ôóðüå, à
òàêæå ìåòîäàìè, èñïîëüçîâàííûìè â [1, 2], äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ðåãóëÿðíûõ ðåøåíèé ïîñòàâëåííîé êðàåâîé çàäà÷è (1)�(3).
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Ðàçðåøèìîñòü êðàåâûõ çàäà÷ Æåâðå äëÿ óðàâíåíèé òðåòüåãî ïîðÿäêà ñ êðàò-
íûìè õàðàêòåðèñòèêàìè ðàññìàòðèâàëàñü â ðàáîòàõ Ò.Ä. Äæóðàåâà (1979), ãäå
ðàçðåøèìîñòü êðàåâîé çàäà÷è Æåâðå ñâîäèòñÿ ê ñèñòåìå ñèíãóëÿðíûõ èíòå-
ãðàëüíûõ óðàâíåíèé, êîòîðàÿ â êëàññå ðåãóëÿðíûõ ðåøåíèé îäíîçíà÷íî è áåçóñ-
ëîâíî ðàçðåøèìà. Èçâåñòíî, ÷òî â ñëó÷àå êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñ ìå-
íÿþùèìñÿ íàïðàâëåíèåì âðåìåíè, çàäà÷ Æåâðå ãëàäêîñòü íà÷àëüíûõ è ãðà-
íè÷íûõ äàííûõ íå îáåñïå÷èâàåò ïðèíàäëåæíîñòü ðåøåíèÿ ýòèì ïðîñòðàíñòâàì.
Ñ.À. Òåðñåíîâ (1985) â ïðîñòåéøèõ ñëó÷àÿõ ïîëó÷èë íåîáõîäèìûå è äîñòàòî÷-
íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷ Æåâðå äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé âòîðîãî

ïîðÿäêà â ïðîñòðàíñòâàõ H
p,p/2
x t ïðè p > 2. Êðàåâûå çàäà÷è Æåâðå äëÿ òàêèõ

óðàâíåíèé, à òàêæå äëÿ îáùèõ îïåðàòîðíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ðàñ-
ñìàòðèâàëèñü â ðàáîòàõ Ñ. Ã. Ïÿòêîâà, Â.È. Àíòèïèíà (2014�2016).

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû ãëàäêîñòè êðàåâûõ çàäà÷Æåâ-
ðå äëÿ óðàâíåíèé òðåòüåãî ïîðÿäêà ñ îáùèìè óñëîâèÿìè ñêëåèâàíèÿ, íàéäåíû
çàâèñèìîñòè ïîêàçàòåëåé ã¼ëüäåðîâñêèõ ïðîñòðàíñòâ îò âåñîâûõ ôóíêöèé ñêëå-
èâàíèÿ. Ðàññìàòðèâàþòñÿ òàêæå ãëàäêèå ðåøåíèÿ çàäà÷è Æåâðå äëÿ óðàâíåíèÿ
òðåòüåãî ïîðÿäêà ñ îïåðàòîðàìè òåïëîïðîâîäíîñòè â ãëàâíîé ÷àñòè. Ðàçðåøè-
ìîñòü êðàåâûõ çàäà÷ ñîïðÿæåíèÿ äëÿ íåêîòîðûõ óðàâíåíèé òàêîãî âèäà ñ ðàç-
ðûâíûìè êîýôôèöèåíòàìè èçó÷åíà â ðàáîòàõ [1, 2].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ ãîñóäàðñòâåííîãî
çàäàíèÿ ÍÈÐ íà 2017�2019 ãã. (ïðîåêò 1.6069.2017/8.9).
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Ðàññìàòðèâàåòñÿ ñèñòåìà, ñîñòîÿíèå êîòîðîé îïèñûâàåòñÿ óðàâíåíèåì êîëå-
áàíèé íåîäíîðîäíîé ñòðóíû äðîáíîãî ïîðÿäêà:

r(x) C
0 D

α
t Q(x, t) =

∂

∂x

[
w(x)

∂Q(x, t)

∂x

]
− q(x)Q(x, t) + u(x, t),

ãäå Q(x, t) � ñîñòîÿíèå ñèñòåìû, C0 D
α
t � îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ

Êàïóòî ïî âðåìåíè [1], α ∈ (1, 2], (x, t) ∈ Ω = [0, L] × [0,∞), r(x) > 0, w(x) > 0.
Ðàñïðåäåë¼ííîå óïðàâëåíèå u(x, t) ñ÷èòàåòñÿ èëè èíòåãðèðóåìûì ñî ñòåïåíüþ p1
ïî âðåìåíí�îé ïåðåìåííîé è ñî ñòåïåíüþ p2 ïî ïðîñòðàíñòâåííîé, 1 < p1,2 < ∞,
èëè ñóùåñòâåííî îãðàíè÷åííûì ïî îáåèì ïåðåìåííûì.

Íà÷àëüíûå óñëîâèÿ çàäàäèì ñëåäóþùèì îáðàçîì:

∂kQ(x, 0+)

∂xk
= φk(x), x ∈ [0, L], k = 0, 1.

Ãðàíè÷íûå óñëîâèÿ çàäàþòñÿ â âèäå:[
bi
∂Q(x, t)

∂x
+ aiQ(x, t)

]
x=xi

= hi(t) + ui(t), t ≥ 0, i = 1, 2,

ãäå ai è bi � ïîñòîÿííûå êîýôôèöèåíòû, b1 ≤ 0, b2 ≥ 0; hi(t) � íåêîòîðûå
èçâåñòíûå âïîëíå ðåãóëÿðíûå (äèôôåðåíöèðóåìûå) ôóíêöèè, x1 = 0, x2 = L.
Ãðàíè÷íûå óïðàâëåíèÿ u1,2(t) ñ÷èòàþòñÿ ýëåìåíòàìè ëèáî ïðîñòðàíñòâà Lp[0, T ],
1 < p <∞, ëèáî ïðîñòðàíñòâà L∞[0, T ].

Êîíå÷íîå óñëîâèå ñôîðìóëèðóåì òàê, ÷òîáû â íåêîòîðûé ìîìåíò âðåìåíè
T > 0 ñîñòîÿíèå ñèñòåìû ñîâïàäàëî ñ çàäàííûì æåëàåìûì ñîñòîÿíèåì Q∗(x):

Q(x, T ) = Q∗(x), T > 0, x ∈ [0, L].

Ðàññìàòðèâàþòñÿ äâå ðàçíîâèäíîñòè çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ: ïî-
èñê óïðàâëåíèé u(x, t) è U(t) ñ ìèíèìàëüíîé íîðìîé è ïîèñê óïðàâëåíèé u(x, t)
è U(t), ïåðåâîäÿùèõ ñèñòåìó â æåëàåìîå ñîñòîÿíèå çà ìèíèìàëüíîå âðåìÿ ïðè
çàäàííîì îãðàíè÷åíèè íà íîðìó óïðàâëåíèé.

Ðåøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñòðîèòñÿ ñ ïîìîùüþ ìåòîäà ìî-
ìåíòîâ àíàëîãè÷íî ðàññìîòðåííîìó ðàíåå ñëó÷àþ óðàâíåíèÿ äèôôóçèè äðîáíî-
ãî ïîðÿäêà [2, 3]. Èçó÷àþòñÿ çàâèñèìîñòè ñâîéñòâ îïòèìàëüíûõ óïðàâëåíèé îò
ïîêàçàòåëÿ äðîáíîé ïðîèçâîäíîé.
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Ïðèëåïêî À.È.1, Êàìûíèí Â.Ë.2, Êîñòèí À.Á.3

1Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà,
Ìîñêâà, Ðîññèÿ; prilepko.ai@yandex.ru

2Íàöèîíàëüíûé èññëåäîâàòåëüñêèé ÿäåðíûé óíèâåðñèòåò �ÌÈÔÈ�,
Ìîñêâà, Ðîññèÿ; vlkamynin2008@yandex.ru

3Íàöèîíàëüíûé èññëåäîâàòåëüñêèé ÿäåðíûé óíèâåðñèòåò �ÌÈÔÈ�,
Ìîñêâà, Ðîññèÿ; abkostin@yandex.ru

Èññëåäóþòñÿ âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè îáðàòíûõ çàäà÷ íàõîæäå-
íèÿ ïàðû ôóíêöèé u(t, x), p(x), óäîâëåòâîðÿþùèõ óñëîâèÿì

ut−a(t, x)uxx+b(t, x)ux+c(t, x)u=p(x)g(t, x)+r(t, x), (t, x) ∈ Q ≡ [0, T ]×[0, l], (1)

u(0, x) = u0(x), x ∈ [0, l], u(t, 0) = u(t, l) = 0, t ∈ [0, T ], (2)

T∫
0

u(t, x)ω(t) dt = φ(x), x ∈ [0, l]. (3)

Óðàâíåíèå (1) íå ïðåäïîëàãàåòñÿ ðàâíîìåðíî ïàðàáîëè÷åñêèì. Ðàññìàòðèâàþòñÿ
äâà îñíîâíûõ ñëó÷àÿ.

1. Óðàâíåíèå (1) âûðîæäàåòñÿ: 0 6 a(t, x) 6 a1,
1

a
∈ Lq(Q).

2. Êîýôôèöèåíò a(t, x) íåîãðàíè÷åí: 0 < a0 6 a(t, x), a ∈ Lq(Q), q > 1.

Âî âòîðîì ñëó÷àå óðàâíåíèå (1) òàêæå ìîæíî ïåðåïèñàòü êàê âûðîæäàþùååñÿ
óðàâíåíèå â âèäå

ρ(t, x)ut − uxx +
b(t, x)

a(t, x)
ux +

c(t, x)

a(t, x)
u = p(x)

g(t, x)

a(t, x)
+
r(t, x)

a(t, x)
, (4)

ãäå ρ ≡ 1/a(t, x) > 0 è 1/ρ(t, x) ∈ Lq(Q).
Óñòàíîâëåíî íåñêîëüêî âàðèàíòîâ óñëîâèé, ïðè êîòîðûõ ñóùåñòâóþò è åäèí-

ñòâåííû îáîáùåííûå ðåøåíèÿ â êëàññàõ Ñîáîëåâà îáðàòíûõ çàäà÷ (1)�(3) è (4),
(2), (3). Ýòè óñëîâèÿ âûïèñûâàþòñÿ â âèäå ëåãêî ïðîâåðÿåìûõ íåðàâåíñòâ, âñå
÷ëåíû êîòîðûõ ÿâíî âûðàæàþòñÿ ÷åðåç âõîäíûå äàííûå îáðàòíûõ çàäà÷.

Ïîëó÷åíû îöåíêè ðåøåíèé ñ êîíñòàíòàìè, êîòîðûå òàêæå ÿâíî âûïèñûâà-
þòñÿ ÷åðåç âõîäíûå äàííûå, ÷òî âàæíî äëÿ ïðèëîæåíèé. Ïðèâîäÿòñÿ ïðèìåðû
îáðàòíûõ çàäà÷, äëÿ êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ äîêàçàííûõ òåîðåì. ×àñòü
ðåçóëüòàòîâ èññëåäîâàíèé îïóáëèêîâàíà â [1].

Ðàáîòà âòîðîãî è òðåòüåãî àâòîðîâ âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ïðî-

ãðàììû ïîâûøåíèÿ êîíêóðåíòîñïîñîáíîñòè Íàöèîíàëüíîãî èññëåäîâàòåëüñêîãî ÿäåð-

íîãî óíèâåðñèòåòà �ÌÈÔÈ� (Ìîñêîâñêîãî èíæåíåðíî-ôèçè÷åñêîãî èíñòèòóòà), ïðîåêò

� 02.à03.21.0005 îò 27.08.2013.
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Ðàññìîòðèì óðàâíåíèå (
∂

∂x
+ i

∂α

∂yα

)
u(x, y) = 0, (1)

ãäå ∂α

∂yα � äðîáíàÿ ïðîèçâîäíàÿ ïîðÿäêà α ñ íà÷àëîì â òî÷êå y = 0 [1, 2], α ∈ (0, 1),

u(x, y) � èñêîìàÿ êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ. Â ñëó÷àå α = 1 óðàâíåíèå (1)
ïåðåõîäèò â ñèñòåìó Êîøè � Ðèìàíà.

Â ðàáîòå îáñóæäàþòñÿ àíàëîãè ôîðìóë Êîøè è Øâàðöà äëÿ ïîëóïëîñêîñòè,
ñâÿçûâàþùèå çíà÷åíèÿ ðåøåíèÿ óðàâíåíèÿ (1) â âåðõíåé ïîëóïëîñêîñòè ñî çíà-
÷åíèÿìè íà äåéñòâèòåëüíîé îñè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00462).
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Â äàííîé ðàáîòå èññëåäóþòñÿ ìàòåìàòè÷åñêèå ñâîéñòâà ðåøåíèé íàñëåäñòâåí-
íîé ìîäåëè äâèæåíèÿ âîäíûõ ðàñòâîðîâ ïîëèìåðîâ [1], ó÷èòûâàþùåé ðåëàêñà-
öèîííûå ñâîéñòâà ñðåäû. Èñêîìûìè ôóíêöèÿìè â ýòîé ìîäåëè ÿâëÿþòñÿ âåê-
òîð ñêîðîñòè è äàâëåíèå. Ìîäåëü ñîäåðæèò äâà ýìïèðè÷åñêèõ ïàðàìåòðà: âðåìÿ
ðåëàêñàöèè è ðåëàêñàöèîííóþ âÿçêîñòü. Òàêæå ðàññìàòðèâàþòñÿ ìîäèôèêàöèè
ýòîé ìîäåëè â ïðåäåëüíîì ñëó÷àå ìàëûõ âðåìåí ðåëàêñàöèè [2] è áëèçêîé ìîäåëè
æèäêîñòè âòîðîé ñòåïåíè.

Èçó÷åíû ïëîñêèå íåñòàöèîíàðíûå ñëîèñòûå äâèæåíèÿ. Â ïåðâîé ìîäåëè èõ
ñâîéñòâà àíàëîãè÷íû ñâîéñòâàì äâèæåíèÿ îáû÷íîé âÿçêîé æèäêîñòè. Â äðóãèõ
ìîäåëÿõ âîçìîæíî ñóùåñòâîâàíèå ñëàáûõ ðàçðûâîâ, êîòîðûå ñîõðàíÿþòñÿ â ïðî-
öåññå äâèæåíèÿ.

Ðàññìîòðåíà çàäà÷à î ñòàöèîíàðíîì äâèæåíèè ðàçáàâëåííîãî âîäíîãî ðàñ-
òâîðà ïîëèìåðà â öèëèíäðè÷åñêîé òðóáå ïîä äåéñòâèåì ïðîäîëüíîãî ãðàäèåíòà
äàâëåíèÿ. Çäåñü ðåàëèçóåòñÿ òå÷åíèå ñ ïðÿìîëèíåéíûìè òðàåêòîðèÿìè (àíàëîã
òå÷åíèÿ Õàãåíà � Ïóàçåéëÿ). Îäíàêî, â îòëè÷èå îò ïîñëåäíåãî, â ýòîì òå÷åíèè
äàâëåíèå çàâèñèò îò âñåõ òðåõ ïðîñòðàíñòâåííûõ ïåðåìåííûõ.

Íà îñíîâå ãðóïïîâîãî àíàëèçà èçó÷àåìûõ ñèñòåì óðàâíåíèé íàéäåíû èõ òî÷-
íûå ðåøåíèÿ. Îíè îïèñûâàþò äâèæåíèå â çàçîðå ìåæäó ñîîñíûìè âðàùàþùèìè-
ñÿ öèëèíäðàìè, òå÷åíèå âáëèçè êðèòè÷åñêîé òî÷êè, äâèæåíèå â ïîëóïðîñòðàí-
ñòâå, âûçâàííîå âðàùåíèåì ïëîñêîñòè (àíàëîã âèõðÿ Êàðìàíà).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00127).
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Â äîêëàäå èññëåäîâàíû çàäà÷è, â êîòîðûõ èçìåíåíèå âåêòîðà ñîñòîÿíèÿ ñè-
ñòåìû ïðîèñõîäèò â óñëîâèÿõ àïðèîðíîé íåîïðåäåëåííîñòè ëèáî ïîä äåéñòâèåì
âíåøíèõ âîçäåéñòâèé, ëèáî òîãî è äðóãîãî îäíîâðåìåííî. Ïðè ýòîì èçâåñòíû
ëèøü îáùèå õàðàêòåðèñòèêè âîçìóùåíèé è ïîãðåøíîñòåé èçìåðåíèÿ. Ê ïîäîá-
íûì çàäà÷àì îòíîñèòñÿ çàäà÷à Áóëãàêîâà î ìàêñèìàëüíîì îòêëîíåíèè (íàêîï-
ëåíèè âîçìóùåíèé) [1], ïîëó÷èâøàÿ ñâîå äàëüíåéøåå ðàçâèòèå è ïðèëîæåíèÿ â
íàøè äíè. Òàêèå çàäà÷è ïðèõîäèòñÿ, íàïðèìåð, èññëåäîâàòü ïðè ìîäåëèðîâàíèè
òåõíè÷åñêèõ óñòðîéñòâ, äëÿ íàõîæäåíèÿ ìàêñèìàëüíîãî îòêëîíåíèÿ óïðàâëÿå-
ìîé ñèñòåìû îò æåëàåìîãî ñîñòîÿíèÿ, â çàäà÷àõ êîíòðîëÿ çà íàêîïèâøèìèñÿ
áîêîâûìè îòêëîíåíèÿìè äâèæåíèÿ ñàìîëåòà èëè ïîñòðîåíèÿ âêëþ÷åíèÿ îáëàñòè
äîñòèæèìîñòè ïðè äâèæåíèè ñàìîëåòà íà ãîðèçîíòàëüíîé ïëîñêîñòè.

Â äîêëàäå ïðåäñòàâëåíû íîâûå ðåçóëüòàòû ïðèìåíåíèÿ ãàðàíòèðîâàííûõ ìå-
òîäîâ [2�5], îñíîâàííûõ íà ñèìâîëüíîì ïðåäñòàâëåíèè ôîðìóë ðåøåíèé, â òèïè÷-
íûõ çàäà÷àõ íàêîïëåíèÿ âîçìóùåíèé, ïðè ðåøåíèè êîòîðûõ íåîáõîäèìî ó÷èòû-
âàòü âëèÿíèå ìíîãèõ ðåàëüíî ñóùåñòâóþùèõ âîçìóùåíèé íà äâèæåíèå ñèñòåìû.
Ýòî äîñòèãàåòñÿ çà ñ÷åò òîãî, ÷òî âûïèñàíû óñëîâèÿ âûïóêëîñòè è êîìïàêò-
íîñòè ìíîæåñòâ âñåõ ðåøåíèé èñõîäíîé çàäà÷è î ìàêñèìàëüíîì îòêëîíåíèè, è
ïðåäñòàâëåíû ñâîéñòâà ãðàíèö ìíîæåñòâ âñåõ ðåøåíèé. Òåì ñàìûì ïîâûøàåò-
ñÿ òî÷íîñòü ïîñòðîåíèÿ ñèìâîëüíûõ ôîðìóë ïðèáëèæåííûõ ðåøåíèé Sn(Y

0
) ◦

Sn−1(Y
0
) ◦ . . . ◦ S1(Y0

), ãäå âåêòîð Y0 � âåêòîð íà÷àëüíûõ çíà÷åíèé, ðàññìàòðè-
âàåìûõ êàê ñèìâîëüíûå âåëè÷èíû. Áîëåå òî÷íî âû÷èñëÿþòñÿ ãðàíèöû îáëàñòè
çíà÷åíèé Sy ñèìâîëüíûõ ôîðìóë.
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zation Problems and their Applications (OPTA-SCL 2018). Omsk, Russia, July 8�14,
2018. CEUR-WS.org/Vol-2098. P. 323�337.
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ÎÁ ÓÑÒÐÀÍÈÌÛÕ ÌÍÎÆÅÑÒÂÀÕ
ÄËß ÏÐÎÑÒÐÀÍÑÒÂ ÑÎÁÎËÅÂÀ
Ñ ÏÅÐÅÌÅÍÍÛÌ ÏÎÊÀÇÀÒÅËÅÌ

ÑÓÌÌÈÐÓÅÌÎÑÒÈ

Ðîìàíîâ À.Ñ.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; asrom@math.nsc.ru

Ïðè èçó÷åíèè îïåðàòîðîâ êîìïîçèöèè â ïðîñòðàíñòâàõ Ñîáîëåâà âîçíèêà-
åò íåîáõîäèìîñòü òàêîãî èçìåíåíèÿ èñõîäíîé îáëàñòè G, ÷òîáû â íîâîé îáëà-
ñòè G′ ïðîñòðàíñòâî Ñîáîëåâà L1

p(G
′) áûëî èçîìîðôíûì ïðîñòðàíñòâó Ñîáîëåâà

L1
p(G) [1, 2].
Ðàññìîòðèì äâå îáëàñòè G,G1 ⊂ Rn, G1 ⊂ G, è ïðîñòðàíñòâî Ñîáîëåâà

L1
p(·)(G) ñ ïåðåìåííûì ïîêàçàòåëåì p(·) : G → (1,∞) [3]. Ñâîéñòâà òàêèõ ïðî-

ñòðàíñòâ ñóùåñòâåííûì îáðàçîì çàâèñÿò îò ñâîéñòâ ïîêàçàòåëÿ p(x). Ìû ïðåä-
ïîëàãàåì, ÷òî p(x) èìååò ëîãàðèôìè÷åñêèé ìîäóëü íåïðåðûâíîñòè.

ÎáëàñòèG èG1 áóäåì íàçûâàòü L
1
p(·)-ýêâèâàëåíòíûìè, åñëè îïåðàòîð ñóæåíèÿ

θ u = u|G1 ÿâëÿåòñÿ èçîìîðôèçìîì âåêòîðíûõ ïðîñòðàíñòâ L1
p(·)(G) è L

1
p(·)(G1).

Äîêàçûâàåòñÿ, ÷òî ìíîæåñòâî G \ G1 èìååò íóëåâóþ ìåðó Ëåáåãà, à èçîìîð-
ôèçì θ ÿâëÿåòñÿ èçîìåòðèåé.

Çàìêíóòîå îòíîñèòåëüíî îáëàñòè G ìíîæåñòâî E íàçîâåì NCp(·)-ìíîæåñòâîì,
åñëè äëÿ L1

p(·)-åìêîñòè ëþáîé ïàðû íåïåðåñåêàþùèõñÿ êîìïàêòîâ F0, F1 ⊂ G \ E
âûïîëíÿåòñÿ ðàâåíñòâî

caps,p(·)(F0, F1, G) = caps,p(·)(F0, F1, G \ E).

Ïîñêîëüêó ïðè ïåðåìåííîì ïîêàçàòåëå ñóììèðóåìîñòè ó÷àñòâóþùèé â îïðå-
äåëåíèè åìêîñòè ôóíêöèîíàë ρp(·)(∗) íå ÿâëÿåòñÿ îäíîðîäíûì, òî ïðèõîäèòñÿ
ðàññìàòðèâàòü äîïóñòèìûå ôóíêöèè, ðàâíûå íóëþ êâàçèâñþäó íà F0 è ðàâíûå
s êâàçèâñþäó íà F1, s ∈ (0,∞). Ïðè p ≡ const äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ
ïðè s = 1.

Íàø èíòåðåñ êNCp(·)-ìíîæåñòâàì ìîæíî îáúÿñíèòü ñëåäóþùèì ðåçóëüòàòîì:
îáëàñòè G è G1 ÿâëÿþòñÿ L1

p(·)-ýêâèâàëåíòíûìè òîãäà è òîëüêî òîãäà, êîãäà
E = G \G1 ÿâëÿåòñÿ NCp(·)-ìíîæåñòâîì.

Äëÿ NCp(·)-ìíîæåñòâ óäàåòñÿ ïîëó÷èòü ðåçóëüòàòû, âïîëíå àíàëîãè÷íûå ñî-
îòâåòñòâóþùèì ðåçóëüòàòàì äëÿ ñëó÷àÿ ïîñòîÿííîãî ïîêàçàòåëÿ ñóììèðóåìîñòè.

Ðàáîòà ïîääåðæàíà Ðîññèéñêèì íàó÷íûì ôîíäîì (ñîãëàøåíèå � 16-41-02004).
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ÏÐÎÑÒÐÀÍÑÒÂÀ ÑÎÁÎËÅÂÀ È ÍÅÊÎÒÎÐÛÅ
ÀÍÀËÎÃÈ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

Â ÌÅÒÐÈ×ÅÑÊÎÌ ÑËÓ×ÀÅ

Ðîìàíîâñêèé Í.Í.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; nnrom@math.nsc.ru

Ïóñòü îòêðûòîå ìíîæåñòâî V ⊂ X, (X, d, µ) � ìåòðè÷åñêîå ïðîñòðàíñòâî ñ
áîðåëåâñêîé ìåðîé, p ∈ [1,∞), r ∈ (0,∞), äëÿ ïîñëåäîâàòåëüíîñòè ðàçáèåíèé
Ξ = (σ0, σ1, . . . , σj , . . . ), âî-ïåðâûõ, êàæäîå ïîñëåäóþùåå ðàçáèåíèå ÿâëÿåòñÿ èç-

ìåëü÷åíèåì ïðåäûäóùåãî è, âî-âòîðûõ, âûïîëíÿþòñÿ íåðàâåíñòâà diam(Ej
i ) ≤

C110
−j , µ(Ej

i ) ≥ C210
−jd, u ∈ Lp(V ). Îáîçíà÷èì ìíîæåñòâà, èç êîòîðûõ ñîñòî-

èò ðàçáèåíèå σj , ÷åðåç E
j
i , i = 1, . . . ,m(j). Ôèêñèðóåì çàìêíóòîå îòíîñèòåëü-

íî ëèíåéíûõ êîìáèíàöèé ñåìåéñòâî ôóíêöèé A, óäîâëåòâîðÿþùèõ íåðàâåíñòâó
supx∈Ek

i
|A(x)| ≤ C3

µ(Ek
i )

∫
Ek

i
|A(x)| dµ(x). Ïóñòü Aj

i � ôóíêöèÿ èç A, íàèëó÷øèì

îáðàçîì ïðèáëèæàþùàÿ ôóíêöèþ u íà ìíîæåñòâå Ej
i ïî íîðìå ïðîñòðàíñòâà

Lp(V ). Ïðåäïîëîæèì, ÷òî íàéäåòñÿ ôóíêöèÿ hr ∈ Lp(V ) òàêàÿ, ÷òî äëÿ ëþáî-

ãî ìíîæåñòâà Ek
l ∈ σk, Ek

l ⊂ Ej
i , k ≥ j, âûïîëíÿåòñÿ ðàâåíñòâî 10jrp

∫
Ek

l

|u(x) −

Aj
i (x)|p dµ(x) ≤

∫
Ek

l

(hr(x))p dµ(x). Òîãäà áóäåì ïèñàòü, ÷òî u ∈W r,p
Ξ,A,d(V ).

Îáîçíà÷èì ÷åðåç Gσk
ìíîæåñòâî ôóíêöèé, ñîâïàäàþùèõ íà ìíîæåñòâàõ Ek

i ñ
ôóíêöèÿìè èç ñåìåéñòâà A. Òàêóþ ôóíêöèþ gk ìîæíî îòîæäåñòâèòü ñ âåêòîðîì
vk, êîìïîíåíòû êîòîðîãî ñóòü çàäàííûå íà Ek

i ôóíêöèè èç A. Ðàññìîòðèì ëèíåé-
íûé îïåðàòîð Lk, ñîïîñòàâëÿþùèé ôóíêöèè gk ôóíêöèþ Lkgk èç Gσk

, êîòîðîé
ñîîòâåòñòâóåò âåêòîð Akvk, ãäå Ak � ïîñòîÿííàÿ ìàòðèöà. Íåòðóäíî âèäåòü, ÷òî
â åâêëèäîâîì ñëó÷àå ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð Lu ìîæíî àïïðîê-
ñèìèðîâàòü îïåðàòîðàìè Lkgk è ñâåñòè ðåøåíèå êðàåâûõ çàäà÷ äëÿ äèôôåðåí-
öèàëüíûõ óðàâíåíèé ê ðåøåíèþ ïîñëåäîâàòåëüíîñòè ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé è èçó÷åíèþ ñõîäèìîñòè ñîîòâåòñòâóþùèõ ôóíêöèé ïî íîðìå ïîäõîäÿ-
ùåãî ïðîñòðàíñòâà Ñîáîëåâà. Ýòó àïïðîêñèìàöèþ ìîæíî êîìáèíèðîâàòü ñ äðóãè-
ìè, ðàññìàòðèâàÿ äåéñòâèå îïåðàòîðà L íà A èëè ðàññìàòðèâàÿ ñëàáûå ðåøåíèÿ.
Íàøå îïèñàíèå ïðîñòðàíñòâ Ñîáîëåâà îêàçàëîñü óäîáíûì äëÿ äîêàçàòåëüñòâà
ðàçëè÷íûõ òåîðåì âëîæåíèÿ. Íàø ïîäõîä ê ðåøåíèþ êðàåâûõ çàäà÷ äëÿ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé óäîáåí äëÿ èññëåäîâàíèÿ ðåãóëÿðíîñòè ðåøåíèé ëèíåé-
íûõ ýëëèïòè÷åñêèõ è ñóáýëëèïòè÷åñêèõ óðàâíåíèé, âêëþ÷àÿ ñëó÷àé íåãëàäêèõ
êîýôôèöèåíòîâ. Ïîìèìî ýëëèïòè÷åñêèõ óðàâíåíèé è èõ îáîáùåíèé ìû ðàññìàò-
ðèâàåì ïàðàáîëè÷åñêèå óðàâíåíèÿ è èõ îáùåíèÿ. Äëÿ ýòîãî ìû ðàññìàòðèâàåì
âìåñòî ôóíêöèé, çàäàííûõ íà ïðîèçâîëüíîì ìåòðè÷åñêîì ïðîñòðàíñòâå ñ ìå-
ðîé X, ôóíêöèè, çàäàííûå íà ïðîèçâåäåíèè R ×X, è ïðîâîäèì äèñêðåòèçàöèþ
òîëüêî ïî âòîðîé ïåðåìåííîé (ïðèíàäëåæàùåé ìåòðè÷åñêîìó ïðîñòðàíñòâó X).
Â ðåçóëüòàòå ìû ïîëó÷àåì âìåñòî ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
ñèñòåìû îáûêíîâåííûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ðåøàÿ ýòè ñè-
ñòåìû, ó÷èòûâàÿ íà÷àëüíûå óñëîâèÿ è ïåðåõîäÿ ê ïðåäåëó â ïîäõîäÿùåì ïðî-
ñòðàíñòâå Ñîáîëåâà, ìû ïîëó÷àåì ðåøåíèå èññëåäóåìîé çàäà÷è. Òàêèì îáðàçîì
ìîæíî äîñòàòî÷íî ïðîñòî è åäèíîîáðàçíûì ñïîñîáîì èçó÷àòü ñâîéñòâà ðåøåíèé
óëüòðàïàðàáîëè÷åñêèõ óðàâíåíèé, âêëþ÷àÿ óðàâíåíèÿ, îïèñûâàþùèå âàæíûå â
ïðèëîæåíèÿõ ìîäåëè, íàïðèìåð, óðàâíåíèÿ Êîëìîãîðîâà. Èñïîëüçóÿ íåêîòîðûå
äîïîëíèòåëüíûå èäåè, ìû ðàññìàòðèâàåì òàêæå íåëèíåéíûå óðàâíåíèÿ.
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Ñ ÐÀÑÏÐÅÄÅË�ÍÍÛÌ ÇÀÏÀÇÄÛÂÀÍÈÅÌ

Ñàáàòóëèíà Ò.Ë.

Ïåðìñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò,
Ïåðìü, Ðîññèÿ; TSabatulina@gmail.com

Ðàññìîòðèì ñëåäóþùèé êëàññ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ(t) + ax(t) +
k

h

∫ t−τ

t−τ−h

f(x(s)) ds = 0, t ∈ R+, (1)

ãäå a, k ∈ R, τ ∈ R+, h > 0, lim
x→0

f(x)
x = 1, xf(x) > 0 ïðè x ̸= 0. Ïðè îòðèöàòåëüíîì

çíà÷åíèè àðãóìåíòà ðåøåíèå äîîïðåäåëèì íà÷àëüíîé ôóíêöèåé φ.
Çàìåòèì, ÷òî ê èññëåäîâàíèþ óðàâíåíèÿ âèäà (1) ïðèâîäèò, íàïðèìåð, èçó÷å-

íèå óðàâíåíèé Õàò÷èíñîíà, Ëàñîòû � Âàæåâñêè è Íèêîëñîíà ñ ðàñïðåäåë¼ííûì
çàïàçäûâàíèåì.

Â óêàçàííûõ ïðåäïîëîæåíèÿõ ñ ïîìîùüþ [1, òåîðåìà 1.1] çàäà÷à èññëåäîâàíèÿ
îñöèëëÿöèè ðåøåíèé óðàâíåíèÿ (1) ñâîäèòñÿ ê èçó÷åíèþ îñöèëëÿöèè ðåøåíèé
ëèíåéíîãî óðàâíåíèÿ

ẋ(t) + ax(t) +
k

h

∫ t−τ

t−τ−h

x(s) ds = 0, t ∈ R+. (2)

Â ðàáîòå [2] ïîñòðîåíà îáëàñòü îñöèëëÿöèè ðåøåíèé óðàâíåíèÿ (2) â ïðî-
ñòðàíñòâå ïàðàìåòðîâ

{
ah, kh, τh

}
, îáîçíà÷èì ýòó îáëàñòü D1. Êðîìå òîãî, â ýòîé

æå ðàáîòå ïîêàçàíî, ÷òî äîïîëíåíèå ê D1, îáîçíà÷èì åãî D2, ÿâëÿåòñÿ îáëàñòüþ
ïîëîæèòåëüíîñòè ôóíäàìåíòàëüíîãî ðåøåíèÿ óðàâíåíèÿ (2). Èòàê,D1∪D2 = R3.

Â ñëó÷àå ïîëîæèòåëüíîñòè ôóíäàìåíòàëüíîãî ðåøåíèÿ óðàâíåíèÿ (2) ìîæíî
ïîêàçàòü, ÷òî óðàâíåíèå (1) èìååò õîòÿ áû îäíî çíàêîîïðåäåë¼ííîå (ïîëîæèòåëü-
íîå èëè îòðèöàòåëüíîå) ðåøåíèå.

Òàêèì îáðàçîì, èìåþò ìåñòî ñëåäóþùèå ðåçóëüòàòû.
Òåîðåìà 1. Ïóñòü

{
ah, kh, τh

}
∈ D1. Òîãäà âñå ðåøåíèÿ óðàâíåíèÿ (1) îñöèë-

ëèðóþò.
Òåîðåìà 2. Ïóñòü

{
ah, kh, τh

}
∈ D2 è y − f(y) > 0 (6 0) ïðè y > 0 (6 0).

Òîãäà óðàâíåíèå (1) èìååò áåñêîíå÷íîå ìíîæåñòâî çíàêîîïðåäåë¼ííûõ ðåøåíèé.
Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ Ìèíîáðíàóêè ÐÔ (çàäàíèå�1.5336.2017/8.9)

ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðî-

åêò �18-01-00928).

ËÈÒÅÐÀÒÓÐÀ

1. Berezansky L., Braverman E. Linearized oscillation theory for a nonlinear equation with
a distributed delay // Math. Comput. Modelling. 2008. V. 48, No. 1�2. P. 287�304.

2. Sabatulina T. L. Oscillating and sign-de�nite solutions to autonomous functional-dif-
ferential equations // J. Math. Sci., New York. 2018. V. 230, No. 5. P. 766�769.

156



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

ÍÀ×ÀËÜÍÎ-ÃÐÀÍÈ×ÍÀß ÇÀÄÀ×À
ÄËß ÓÐÀÂÍÅÍÈß ÑÌÅØÀÍÍÎÃÎ

ÏÀÐÀÁÎËÎ-ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÒÈÏÀ

Ñàáèòîâ Ê.Á.
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Ïðè èññëåäîâàíèè ïðÿìûõ è îáðàòíûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííîãî òèïà
â ïðÿìîóãîëüíûõ îáëàñòÿõ â ïîñëåäíèå ãîäû íàõîäèò âàæíîå ïðèìåíåíèå ìåòîä
ñïåêòðàëüíîãî àíàëèçà, îñíîâó êîòîðîãî ñîñòàâëÿþò îðòîãîíàëüíûå èëè áèîðòî-
ãîíàëüíûå ðÿäû [1�4].

Äëÿ ïðèìåðà ðàññìîòðèì óðàâíåíèå ñìåøàííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî
òèïà

Lu =
1 + sgn t

2
ut +

1− sgn t

2
utt − uxx − uyy + bu = 0 (1)

â îáëàñòè
Q = {(x, y, t)| 0 < x < p, 0 < y < q, −α < t < β},

ãäå p, q, α è β � çàäàííûå ïîëîæèòåëüíûå ÷èñëà, b� çàäàííîå ëþáîå äåéñòâèòåëü-
íîå ÷èñëî, è ïîñòàâèì ñëåäóþùóþ çàäà÷ó: íàéòè ðåøåíèå u(x, y, t) óðàâíåíèÿ (1)
íà ìíîæåñòâå Q \ {t = 0} èç êëàññà C1(Q) ∩ C2(Q \ {t = 0}), óäîâëåòâîðÿþùåå
óñëîâèÿì

u(0, y, t) = u(p, y, t) = u(x, 0, t) = u(x, q, t) = 0, −α ≤ t ≤ β,

u(x, y,−α) = ψ(x, y), 0 ≤ x ≤ p, 0 ≤ y ≤ q.

Äëÿ ýòîé çàäà÷è óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè, ðåøåíèå ïîñòðîåíî â
âèäå ñóììû äâîéíîãî ðÿäà Ôóðüå. Ïðè îáîñíîâàíèè ñõîäèìîñòè ðÿäà âîçíèêàåò
ïðîáëåìà ìàëûõ çíàìåíàòåëåé. Â ñâÿçè ñ ýòèì óñòàíîâëåíà îöåíêà îá îòäåëåí-
íîñòè îò íóëÿ ìàëûõ çíàìåíàòåëåé, íà îñíîâàíèè êîòîðîé äîêàçàíà ñõîäèìîñòü
ðÿäà â êëàññå ôóíêöèé C2(Q) ïðè íåêîòîðûõ óñëîâèÿõ îòíîñèòåëüíî ôóíêöèè
ψ(x, y), à òàêæå ïîëó÷åíû îöåíêè óñòîé÷èâîñòè ðåøåíèÿ ïî îòíîøåíèþ ê ãðà-
íè÷íîìó óñëîâèþ.
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Ðàññìîòðèì áàçîâóþ ìóëüòèïëèêàòèâíóþ ãðóïïó B = (ϵi) ñ åäèíèöåé ϵ0 = 1,
îáðàçîâàííóþ öåëûìè ñòåïåíÿìè ïîñëåäîâàòåëüíîñòè ϵ = (1/n). Ëîðàíîâñêèå
ïîëèíîìû ñ âåùåñòâåííûìè (êîìïëåêñíûìè) êîýôôèöèåíòàìè è ïåðåìåííîé ϵ
îáðàçóþò êîëüöî Z áåç äåëèòåëåé íóëÿ. Íàçîâåì ñåêâåíöèàëüíûìè ÷èñëàìè (s-
÷èñëàìè) ýëåìåíòû åãî ïîëÿ ÷àñòíûõ S. Ñ êàæäûì s-÷èñëîì åñòåñòâåííî ñâÿçàòü
ðàöèîíàëüíóþ ôóíêöèþ, çàìåíÿÿ ïåðåìåííóþ íà âåùåñòâåííóþ (êîìïëåêñíóþ).
Ñåêâåíöèàëüíûå ÷èñëà äåëÿòñÿ íà ïîñòîÿííûå è ïåðåìåííûå. Ïîñòîÿííûå ÷èñëà
îòîæäåñòâëÿþòñÿ ñî ñâîèìè çíà÷åíèÿìè. Â äîêëàäå � âåùåñòâåííûé ñëó÷àé.

Ïîëå S èçîìîðôíî ïîäïîëþ ïîëÿ ôîðìàëüíûõ ñòåïåííûõ ðÿäîâ. Íàèìåíü-
øèé íîìåð m = ord(x) íåíóëåâîãî êîýôôèöèåíòà s-÷èñëà x =

∑∞
i=m ai ε

i íà-
çûâàåòñÿ ïîðÿäêîì ýòîãî ÷èñëà. Ïîðÿäîê äëÿ ïîëÿ S îïðåäåëÿåòñÿ ñòàíäàðòíî:
x > 0⇔ am > 0 è x > y ⇔ x− y > 0. Îí ñîãëàñîâàí ñ ïîâåäåíèåì â îêðåñòíîñòè
íóëÿ ïðåäñòàâëÿþùèõ s-÷èñëà ðàöèîíàëüíûõ ôóíêöèé. Äëÿ êàæäîãî s-÷èñëà ñó-
ùåñòâóåò ñòðîãî áîëüøåå áàçîâîå s-÷èñëî. Âñå s-÷èñëà äåëÿòñÿ íà áåñêîíå÷íî ìà-
ëûå O (ord (x) > 0 è íîëü), êîíå÷íûå F (ord (x) = 0 è íîëü), áåñêîíå÷íî áîëüøèå
G (ord (x) < 0). Êàæäîå êîíå÷íîå ÷èñëî ðàâíî ñóììå âåùåñòâåííîãî è áåñêîíå÷íî
ìàëîãî. Âñå áåñêîíå÷íî ìàëûå ÷èñëà � ìåæäó ñòðîãî îòðèöàòåëüíûìè è ñòðîãî
ïîëîæèòåëüíûìè âåùåñòâåííûìè. Ó ìíîæåñòâà O íåò òî÷íûõ ãðàíåé.

Ïîðÿäîê îïðåäåëÿåò äëÿ S èíòåðâàëüíóþ òîïîëîãèþ T . Âûäåëÿþò èíòåðâàëû
áåñêîíå÷íî ìàëîé, êîíå÷íîé è áåñêîíå÷íî áîëüøîé äëèíû. Ñ òîïîëîãèåé T ïîëå
S ñòàíîâèòñÿ íå ëîêàëüíî êîìïàêòíûì íåñâÿçíûì òîïîëîãè÷åñêèì ïîëåì. Íà
ñîäåðæàùåìñÿ â S âåùåñòâåííîì ïîëå R èíäóöèðóåòñÿ ñòàíäàðòíàÿ òîïîëîãèÿ.

Ââåäåíèå áåñêîíå÷íî ìàëûõ ÷èñåë ïîçâîëÿåò äàòü ïðîñòûå àëãåáðàè÷åñêèå
îïðåäåëåíèÿ ïðåäåëà è äèôôåðåíöèàëà, ðàññìàòðèâàòü ôóíêöèè ñ áåñêîíå÷íî
ìàëûìè è áîëüøèìè çíà÷åíèÿìè íà áåñêîíå÷íî ìàëûõ è áîëüøèõ èíòåðâàëàõ,
ñãëàæèâàòü ðàçðûâíûå ôóíêöèè è ïðîèçâîäèòü ïîñëåäîâàòåëüíûå âû÷èñëåíèÿ
ïî äîñòàòî÷íî ïðîñòûì àëãîðèòìàì. Ãëàäêèìè s-ôóíêöèÿìè ìîæíî ñãëàæèâàòü
ðàçðûâíûå êîýôôèöèåíòû â äèôôåðåíöèàëüíûõ óðàâíåíèÿõ. Äàþòñÿ ïðèìåðû
ñãëàæèâàíèÿ äåëüòà-ôóíêöèè, ôóíêöèè sign è ñòóïåí÷àòûõ ôóíêöèé ñ ïîìîùüþ
ñåêâåíöèàëüíîé ϵ-øàïî÷êè exp[−x2/(ϵ2 − x2)] íà ñåêâåíöèàëüíîé ϵ-îêðåñòíîñòè
íóëÿ è ðàâíîé íóëþ âíå åå. Ãëàäêàÿ äåëüòà-ôóíêöèÿ óäîâëåòâîðÿåò êëàññè÷åñêî-
ìó îïðåäåëåíèþ: îíà ðàâíà íóëþ íà âñåé âåùåñòâåííîé ïðÿìîé áåç òî÷êè íîëü è åå
èíòåãðàë ðàâåí 1. Ïðîèçâîäíàÿ ñãëàæåííîé ñòóïåíüêè Õåâèñàéäà ðàâíà ãëàäêîé
äåëüòà-ôóíêöèè Äèðàêà. Ïðèìåíåíèå ñãëàæåííîé ôóíêöèè sign ïðåäñòàâëÿåòñÿ
ïîëåçíûì äëÿ ñìåøàííûõ óðàâíåíèé. Ñãëàæåííûå äèñêðåòíûå ðàñïðåäåëåíèÿ,
áåñêîíå÷íî ìàëûå è áåñêîíå÷íî áîëüøèå ïëîòíîñòè ìîãóò îêàçàòüñÿ ïîëåçíûìè
â ñòîõàñòè÷åñêèõ çàäà÷àõ.
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Â îãðàíè÷åííîé îáëàñòè Ω ⊂ R3 ñ ãðàíèöåé Γ, ñîñòîÿùåé èç äâóõ ÷àñòåé ΓD

è ΓN , ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à

−div(λ∇φ) + u · ∇φ+ kφ = f â Ω, (1)

φ = ψ íà ΓD, λ(∂φ/∂n+ αφ) = χ íà ΓN . (2)

Çäåñü φ � êîíöåíòðàöèÿ âåùåñòâà, u � çàäàííûé âåêòîð ñêîðîñòè, f � îáú-
åìíàÿ ïëîòíîñòü âíåøíèõ èñòî÷íèêîâ (çàãðÿçíÿþùåãî) âåùåñòâà, λ = λ(x) �
êîýôôèöèåíò äèôôóçèè, k = k(φ,x) � êîýôôèöèåíò ðåàêöèè, α = α(φ,x) �
êîýôôèöèåíò ìàññîîáìåíà.

Â íàñòîÿùåé ðàáîòå äîêàçûâàåòñÿ ãëîáàëüíàÿ ðàçðåøèìîñòü çàäà÷è (1), (2)
â ñëó÷àå, êîãäà êîýôôèöèåíò ðåàêöèè k è êîýôôèöèåíò ìàññîîáìåíà α äîñòà-
òî÷íî ïðîèçâîëüíî çàâèñÿò êàê îò êîíöåíòðàöèè φ, òàê è îò ïðîñòðàíñòâåííîé
ïåðåìåííîé. Â ñëó÷àå, êîãäà ψ ̸= 0 íà ΓD, íà óêàçàííûå êîýôôèöèåíòû íàêëàäû-
âàåòñÿ óñëîâèå ìîíîòîííîñòè (ñì. [1]), íî â ýòîì ñëó÷àå èìååò ìåñòî íåëîêàëüíàÿ
åäèíñòâåííîñòü ðåøåíèÿ íåëèíåéíîé êðàåâîé çàäà÷è (1), (2).

Ñðåäè ýêñòðåìàëüíûõ çàäà÷ äëÿ ìîäåëè (1), (2) îòäåëüíî îòìåòèì çàäà÷è
ìóëüòèïëèêàòèâíîãî óïðàâëåíèÿ, ðîëü óïðàâëåíèÿ â êîòîðûõ ìîãóò èãðàòü ôóíê-
öèè u(x) è α(x) (ñì. [2]), à òàêæå ôóíêöèÿ β(x) â ñëó÷àå, êîãäà k(φ,x) = β(x)φ2

(ñì. [3]).
Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ óñòîé÷èâîñòü ðåøåíèé çàäà÷ ìóëüòèïëèêà-

òèâíîãî ãðàíè÷íîãî óïðàâëåíèÿ â ñëó÷àå, êîãäà α(φ,x) = a1(x)|φ| è α(φ,x) =
a2(x)φ

2, à ðîëü óïðàâëåíèé èãðàþò ôóíêöèè a1(x) è a2(x).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-01-00365-a).
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Ìíîãèå ïðîöåññû, èçó÷àåìûå ñîâðåìåííûì åñòåñòâîçíàíèåì, ïðèâîäÿò ê íåîá-
õîäèìîñòè èññëåäîâàíèÿ òåõ èëè èíûõ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.

Äàííàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ íåëèíåéíîé îáðàòíîé çàäà÷è ñ íåèç-
âåñòíûì êîýôôèöèåíòîì äëÿ ïñåâäîãèïåðáîëè÷åñêîãî óðàâíåíèÿ ÷åòâåðòîãî ïî-
ðÿäêà. Ñóòü çàäà÷è ñîñòîèò â òîì, ÷òî òðåáóåòñÿ âìåñòå ñ ðåøåíèåì u(x, t) îïðå-
äåëèòü íåèçâåñòíûé êîýôôèöèåíò, ïðåäñòàâëÿþùèé ñîáîé êîíñòàíòó. Â ðàáîòå
äîêàçûâàåòñÿ òåîðåìà ñóùåñòâîâàíèÿ ðåãóëÿðíûõ ðåøåíèé. Ïðè äîêàçàòåëüñòâå
ðàçðåøèìîñòè èñõîäíîé îáðàòíîé çàäà÷è èñïîëüçóåòñÿ ìåòîä, îñíîâàííûé íà ïå-
ðåõîäå îò îáðàòíîé çàäà÷è ê ïðÿìîé çàäà÷å äëÿ íåëèíåéíîãî óðàâíåíèÿ âûñîêîãî
ïîðÿäêà. Äîêàçûâàåòñÿ åå ðàçðåøèìîñòü è ñòðîèòñÿ ðåøåíèå îáðàòíîé çàäà÷è ñ
ïîìîùüþ ðåøåíèÿ âñïîìîãàòåëüíîé çàäà÷è.

Ïóñòü Ω åñòü îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn ñ ãëàäêîé (áåñêîíå÷íî-
äèôôåðåíöèðóåìîé) ãðàíèöåé Γ, Q � öèëèíäð Ω × (0, T ) êîíå÷íîé âûñîòû T ,
S = Γ× (0, T ), f(x, t), u0(x), u1(x) � çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ Ω
è ïðè t ∈ [0, T ], A � çàäàííîå ïîëîæèòåëüíîå ÷èñëî.

Îáðàòíàÿ çàäà÷à: íàéòè ôóíêöèþ u(x, t) è ÷èñëî a òàêèå, ÷òî äëÿ íèõ â
öèëèíäðå Q âûïîëíÿåòñÿ óðàâíåíèå

utt −∆u−∆utt + au = f(x, t),

è ïðè ýòîì äëÿ ôóíêöèè u(x, t) âûïîëíÿþòñÿ óñëîâèÿ

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω, (1)

u(x, t)|S = 0, (2)∫
Ω

u2(x, T )dx = A. (3)

Â äàííîé îáðàòíîé çàäà÷å óñëîâèÿ (1) è (2) åñòü îáû÷íûå óñëîâèÿ ïåðâîé
íà÷àëüíî-êðàåâîé çàäà÷è, óñëîâèå (3) åñòü óñëîâèå ïåðåîïðåäåëåíèÿ. Õîòåëîñü
áû îòìåòèòü, ÷òî ïðåäëîæåííûé íèæå ìåòîä äàåò ëåãêî ïðîâåðÿåìûå â äàííîé
çàäà÷å óñëîâèÿ.

Äîêàçàòåëüñòâî ðàçðåøèìîñòè îáðàòíîé çàäà÷è áóäåò îñíîâàíî íà èññëåäî-
âàíèè ðàçðåøèìîñòè ïåðâîé íà÷àëüíî-êðàåâîé (ïðÿìîé) çàäà÷è äëÿ íåêîòîðî-
ãî âñïîìîãàòåëüíîãî íåëèíåéíîãî èíòåãðîäèôôåðåíöèàëüíîãî (�íàãðóæåííîãî�)
óðàâíåíèÿ. Ïðè äîêàçàòåëüñòâå ðàçðåøèìîñòè çàäà÷è äëÿ �íàãðóæåííîãî� óðàâ-
íåíèÿ èñïîëüçóåòñÿ òåõíèêà, â îñíîâå êîòîðîé ëåæàò ìåòîä ñðåçîê, ìåòîä íåïî-
äâèæíîé òî÷êè.

160



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

×ÈÑËÅÍÍÎ-ÀÍÀËÈÒÈ×ÅÑÊÈÅ ÌÅÒÎÄÛ
ÈÍÒÅÃÐÈÐÎÂÀÍÈß ÓÐÀÂÍÅÍÈÉ

ÄÂÈÆÅÍÈß ÇÀÐßÆÅÍÍÛÕ ×ÀÑÒÈÖ
Â ÝËÅÊÒÐÈ×ÅÑÊÈÕ ÏÎËßÕ

Ñâåøíèêîâ Â.Ì.1, Òðåòüÿêîâ À.Ñ.2

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè
è ìàòåìàòè÷åñêîé ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

1victor@lapasrv.sscc.ru, 2gradinos105@gmail.com

Â äîêëàäå ïðåäëîæåíû è ýêñïåðèìåíòàëüíî èññëåäîâàíû ÷èñëåííî-àíàëèòè-
÷åñêèå ìåòîäû èíòåãðèðîâàíèÿ óðàâíåíèé äâèæåíèÿ çàðÿæåííûõ ÷àñòèö â ýëåê-
òðè÷åñêèõ ïîëÿõ. Íåîáõîäèìîñòü â ðàçðàáîòêå òàêèõ ìåòîäîâ âîçíèêëà ïðè ìî-
äåëèðîâàíèè èíòåíñèâíûõ ïó÷êîâ çàðÿæåííûõ ÷àñòèö â ïðîòÿæåííûõ ñèñòåìàõ.
Õàðàêòåðíîé çàäà÷åé ïðè ýòîì ÿâëÿåòñÿ ïî âîçìîæíîñòè òî÷íîå îïðåäåëåíèå
ðàñøèðåíèÿ ïó÷êà è åãî óãëîâîé ðàñõîäèìîñòè íà çíà÷èòåëüíîì ðàññòîÿíèè îò
ïîâåðõíîñòè ñòàðòà (ýìèòòåðà). Ïðèìåíåíèå êëàññè÷åñêèõ ÷èñëåííûõ àëãîðèò-
ìîâ íå äàâàëî àäåêâàòíûõ ðåçóëüòàòîâ. Ïîýòîìó âîçíèêëî ïðåäëîæåíèå íà êàæ-
äîì øàãå ÷èñëåííîãî èíòåãðèðîâàíèÿ èñïîëüçîâàòü àíàëèòè÷åñêîå ðåøåíèå óðàâ-
íåíèé äâèæåíèÿ, ñäåëàâ óïðîùàþùèå ïðåäïîëîæåíèÿ îá ýëåêòðè÷åñêèõ ïîëÿõ.
Óïðîùàþùèå ïðåäïîëîæåíèÿ â ïðåäåëàõ øàãà ÷èñëåííîãî èíòåãðèðîâàíèÿ, äà-
þùèå äîñòàòî÷íóþ òî÷íîñòü è, â òî æå âðåìÿ, íåñëîæíîå ðåøåíèå, ñîñòîÿëè â
ñëåäóþùåì: â ïðîäîëüíîì íàïðàâëåíèè ïîëå ïðåäïîëàãàåòñÿ ïîñòîÿííûì, à â ïî-
ïåðå÷íîì � ëèíåéíûì ïî êîîðäèíàòå, ÷òî õàðàêòåðíî äëÿ èíòåíñèâíûõ ïó÷êîâ.
Äàíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ, äåìîíñòðèðóþùèå òî÷íîñòü ïðåä-
ëàãàåìîãî ïîäõîäà.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÂÌèÌÃ ÑÎ ÐÀÍ (ïðîåêò

0315-2016-0008) è ïîääåðæàíà ãðàíòîì ÐÍÔ (ïðîåêò 14-11-00485ï) è ãðàíòîì ÐÔÔÈ

(ïðîåêò 16-01-00168).

161



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

ÏÎÑÒÐÎÅÍÈÅ ÐÅØÅÍÈÉ
ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÛÕ ÇÀÄÀ× ÄËß ÑÈÑÒÅÌ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

Ñåìåíêî Å.Â., Ñåìåíêî Ò.È.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
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Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôè-
öèåíòàìè âèäà By = 0, ãäå y(t, x) � èñêîìûé âåêòîð-ñòîëáåö ðàçìåðíîñòè n, x �
ïðîñòðàíñòâåííûå ïåðåìåííûå ðàçìåðíîñòè m = 1, 2 èëè 3,

B =
∂

∂t
E +A0 +A1(∇) +A2(∇), ∇ =

(
∂

∂x1
· · · ∂

∂xm

)T

,

ãäå A0 � ïîñòîÿííàÿ ìàòðèöà, A1 � ëèíåéíàÿ, à A2 � êâàäðàòè÷íàÿ ìàòðè÷íûå
ôîðìû îò âåêòîðà ∇. Òàêîé âèä, â ÷àñòíîñòè, èìåþò ìíîãèå ñèñòåìû óðàâíåíèé
ãèäðîäèíàìèêè, ëèíåàðèçîâàííûå íà ïîñòîÿííîì ðåøåíèè: óðàâíåíèÿ Ýéëåðà,
óðàâíåíèÿ Íàâüå � Ñòîêñà, óðàâíåíèÿ Ñåí-Âåíàíà òåîðèè ìåëêîé âîäû (ñì. [1])
èëè îáîáùåííûå óðàâíåíèÿ Ñåí-Âåíàíà, òàê íàçûâàåìàÿ òåîðèÿ �shear shallow-
water �ows� [2]. Ïîñëå ïðåîáðàçîâàíèÿ Ôóðüå ñèñòåìà ïðèìåò âèä B̂ŷ = Ĥ, ãäå
B̂ = ωE+iA0−A1(ξ)−iA2(ξ), à âåêòîð Ĥ(ξ, ω) îïðåäåëÿåòñÿ ïîñòàíîâêîé çàäà÷è �
íàáîðîì íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèé.

Ïóñòü ìàòðèöà B̂ îáëàäàåò ïîëíûì íàáîðîì ñîáñòâåííûõ ÷èñåë λj(ξ, ω),
j = 1, n. Ñîîòâåòñòâóþùèå íàáîðû ñîáñòâåííûõ âåêòîðîâ: ñòîëáöîâ ej(ξ, ω)

(B̂ej = λjej) è ñòðî÷åê gj(ξ, ω) (gjB̂ = λjgj) îáðàçóþò áèîðòîãîíàëüíóþ ñèñòå-
ìó, à çíà÷èò, ëþáîé âåêòîð ìîæíî ðàçëîæèòü ïî ýòîé ñèñòåìå, ò. å.

∑
ej ⊗ gj =∑

Ωj = E, çäåñü Ωj � ïðîåêòîðû íà ñîîòâåòñòâóþùèå îäíîìåðíûå ñîáñòâåí-
íûå ïîäïðîñòðàíñòâà. Òîãäà ðåøåíèå ñèñòåìû â ïëîñêîñòè Ôóðüå èìååò âèä ŷ =
B̂−1Ĥ =

∑
ΩjĤ/λj(ξ, ω). Íî íàëè÷èå íà÷àëüíûõ/ãðàíè÷íûõ óñëîâèé íàêëàäû-

âàåò îãðàíè÷åíèÿ íà êëàññ èñêîìûõ ôóíêöèé â ïåðåìåííûõ Ôóðüå, òàê, îáû÷íîå
äëÿ íà÷àëüíîé çàäà÷è óñëîâèå t > 0 îçíà÷àåò, ÷òî ôóíêöèè ŷ, Ĥ àíàëèòè÷íû
ïî ω â âåðõíåé ïîëóïëîñêîñòè, óñëîâèå x1 > a1 îçíà÷àåò, ÷òî ôóíêöèÿ ŷeia1ξ1

àíàëèòè÷íà ïî ξ1 â âåðõíåé ïîëóïëîñêîñòè, ïðè x1 < b1 ôóíêöèÿ ŷeib1ξ1 áóäåò
àíàëèòè÷íà ïî ξ1 â íèæíåé ïîëóïëîñêîñòè è ò. ï. Òîãäà ìû ïîëó÷èì óñëîâèÿ ðàç-
ðåøèìîñòè íà ïðàâóþ ÷àñòü ñèñòåìû: ΩjĤ = 0 â òî÷êàõ (ξ, ω), ðàñïîëîæåííûõ
â ñîîòâåòñòâóþùåì ìíîæåñòâå, è â êîòîðûõ λj(ξ, ω) = 0. Ýòè óñëîâèÿ ïîçâî-
ëÿþò âûðàçèòü ÷àñòü ãðàíè÷íûõ çíà÷åíèé (âîçìîæíî, âñå ãðàíè÷íûå çíà÷åíèÿ)
÷åðåç íà÷àëüíûå äàííûå è îñòàâøèåñÿ ãðàíè÷íûå. Ïðè ýòîì ðåøåíèå íà÷àëüíî-
êðàåâîé çàäà÷è ñòðîèòñÿ â âèäå íå ñëèøêîì ñëîæíîé àëãåáðàè÷åñêîé ôîðìóëû,
÷òî ñèëüíî îáëåã÷àåò åãî èññëåäîâàíèå â ñàìûõ ðàçíûõ çàäà÷àõ, â òîì ÷èñëå (è
â îñîáåííîñòè) â çàäà÷àõ ïîèñêà ðàçðûâíûõ ðåøåíèé (çàäà÷è îá óäàðíîé âîëíå),
ñì., íàïðèìåð, [3].
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Ñóùåñòâóþò îïðåäåëåííûå ôîðìû ðàêà, ñâÿçàííûå ñ äåéñòâèåì ãîðìîíîâ.
Òàê, äëÿ ðàêà ïðîñòàòû ðàêîâûå êëåòêè íóæäàþòñÿ â àíäðîãåííîé ñòèìóëÿ-
öèè, ò. å. â ïîäïèòêå ïîëîâûìè ãîðìîíàìè � àíäðîãåíàìè. Â ýòîì ñëó÷àå ÷àñòî
ïðèìåíÿåòñÿ ãîðìîíàëüíîå ëå÷åíèå, ïðåäïîëàãàþùåå èñïîëüçîâàíèå ïðåïàðàòîâ,
ïîäàâëÿþùèõ âûðàáîòêó îðãàíèçìîì ãîðìîíîâ. Ýòî ïîçâîëÿåò çàòîðìîçèòü ðàç-
âèòèå îïóõîëè. Îäíàêî ýôôåêòèâíîñòü ëå÷åíèÿ íîñèò âðåìåííûé õàðàêòåð ââèäó
ïîñòåïåííîãî ïðèâûêàíèÿ êëåòîê ðàêà ê äåéñòâèþ ãîðìîíîâ, ò. å. ÿâëåíèÿ ãîð-
ìîíîðåçèñòåíòíîñòè. Ýòî îáúÿñíÿåòñÿ òåì, ÷òî îïóõîëü ñîñòîèò èç äâóõ òèïîâ
êëåòîê � ÷óâñòâèòåëüíûõ è ðåçèñòåíòíûõ ê äåéñòâèþ ãîðìîíàëüíûõ ïðåïàðà-
òîâ. Â óñëîâèÿõ ãîðìîíàëüíîãî ëå÷åíèÿ ïðîèñõîäèò çàìåùåíèå ÷óâñòâèòåëüíûõ
ðàêîâûõ êëåòîê ðåçèñòåíòíûìè, ÷òî ïðèâîäèò ê äàëüíåéøåìó ðàçâèòèþ îïóõîëè.

Â îñíîâå ïðåäëàãàåìîé ìàòåìàòè÷åñêîé ìîäåëè ðàññìàòðèâàåìîãî ïðîöåññà
ëåæèò ïðåäïîëîæåíèå î íàëè÷èè àíàëîãèè ìåæäó ïðîöåññîì ðàçâèòèÿ îïóõîëè,
ò. å. åå ðîñòîì è óìåíüøåíèåì, è ïðîöåññîì òàÿíèÿ è îáëåäåíåíèÿ. Òàêèì îá-
ðàçîì, ðàññìàòðèâàåìûé ïðîöåññ â îäíîìåðíîì ñëó÷àå (ýòî ïðåäïîëîæåíèå íå
îáÿçàòåëüíî) îïèñûâàåòñÿ îäíîôàçíîé çàäà÷åé Ñòåôàíà äëÿ ñèñòåìû óðàâíåíèé

∂us
∂t

= Ds
∂2us
∂x2

+
[ as
1 + f(t)uθs

− bs(us + ur)
]
us + crsur, 0 < x < ξ(t), t > 0;

∂ur
∂t

= Dr
∂2ur
∂x2

+
[
ar − br(us + ur)

]
ur + csrus, 0 < x < ξ(t), t > 0;

ãäå us è ur � êîíöåíòðàöèè ÷óâñòâèòåëüíûõ è óñòîé÷èâûõ ðàêîâûõ êëåòîê, Ds è
Dr � êîýôôèöèåíòû äèôôóçèè ñîîòâåòñòâóþùèõ êëåòîê, as è ar õàðàêòåðèçó-
þò ïðèðîñòû êëåòîê, bs è br ó÷èòûâàþò îãðàíè÷åííîñòü æèçíåííîãî ïðîñòðàí-
ñòâà, csr è crs ó÷èòûâàþò òðàíñôîðìàöèè ÷óâñòâèòåëüíûõ êëåòîê â óñòîé÷èâûå
è íàîáîðîò, f è θ îïèñûâàþò êîíöåíòðàöèþ ëåêàðñòâåííîãî ïðåïàðàòà è åãî ýô-
ôåêòèâíîñòü, ïåðåìåííàÿ ξ = ξ(t) õàðàêòåðèçóåò ðàçìåð îïóõîëè. Â íà÷àëüíûé
ìîìåíò âðåìåíè çàäàþòñÿ ðàñïðåäåëåíèå êîíöåíòðàöèé îáîèõ òèïîâ ðàêîâûõ êëå-
òîê ñ ñóùåñòâåííûì ïðåîáëàäàíèåì ÷óâñòâèòåëüíûõ êëåòîê, à òàêæå íà÷àëüíûé
ðàçìåð îïóõîëè. Íà ëåâîì êîíöå, ñîîòâåòñòâóþùåì î÷àãó îáðàçîâàíèÿ îïóõîëè,
çàäàåòñÿ óñëîâèå Íåéìàíà. Íà ïðàâîì êîíöå, ñîîòâåòñòâóþùåì ïîäâèæíîé ãðà-
íèöå îïóõîëè, çàäàþòñÿ íóëåâûå çíà÷åíèÿ êîíöåíòðàöèè ðàêîâûõ êëåòîê. Äâè-
æåíèå ïîäâèæíîé ãðàíèöû îïèñûâàåòñÿ óñëîâèåì òèïà Ñòåôàíà.

Ñîãëàñíî ðàñ÷åòàì â îòñóòñòâèè ëå÷åíèÿ îïóõîëü óâåëè÷èâàåòñÿ â ðàçìåðàõ
ãëàâíûì îáðàçîì çà ñ÷åò ðîñòà ïðåîáëàäàþùèõ ÷óâñòâèòåëüíûõ êëåòîê. Ïîñëå
íà÷àëà ëå÷åíèÿ íàáëþäàåòñÿ ñîêðàùåíèå îïóõîëè çà ñ÷åò óìåíüøåíèÿ êîíöåí-
òðàöèè ÷óâñòâèòåëüíûõ êëåòîê. Îäíàêî ñî âðåìåíåì îïóõîëü ñíîâà íà÷èíàåò
ðàñòè èç-çà óâåëè÷åíèÿ êîíöåíòðàöèè ðåçèñòåíòíûõ êëåòîê, óñòîé÷èâûõ ê äåé-
ñòâèþ ëåêàðñòâà, ÷òî ñîîòâåòñòâóåò ÿâëåíèþ ãîðìîíîðåçèñòåíòíîñòè. Â ñëó÷àå
ïðåêðàùåíèÿ ëå÷åíèÿ íàáëþäàåòñÿ ïîñòåïåííîå çàìåùåíèå ðåçèñòåíòíûõ êëåòîê
÷óâñòâèòåëüíûìè, îáëàäàþùèìè áîëüøåé æèçíåñïîñîáíîñòüþ â îòñóòñòâèè ëå-
÷åíèÿ.
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Ïðîöåññ ýðîçèè ïî÷âîãðóíòîâ èìååò áîëüøîå çíà÷åíèå ïðè ðåøåíèè ïðèêëàä-
íûõ çàäà÷ â ñåëüñêîì õîçÿéñòâå: èððèãàöèÿ è äðåíàæ ñåëüñêîõîçÿéñòâåííûõ ïî-
ëåé [1] è ïðîöåññ âíóòðåííåé ýðîçèè, ñîïóòñòâóþùèé êàíàëüíîìó îðîøåíèþ ïî÷-
âîãðóíòîâ [2]. Ïðîöåññ ýðîçèè íåîáõîäèìî ó÷èòûâàòü â èññëåäîâàíèÿõ, ñâÿçàííûõ
ñ ïðîãíîçîì ðàñïðîñòðàíåíèÿ çàãðÿçíåíèé, ôèëüòðàöèåé âáëèçè âîäîõðàíèëèù
è äðóãèõ ãèäðîòåõíè÷åñêèõ ñîîðóæåíèé [3]. Áîëåå òîãî, àíàëîãè÷íûå ïðîáëåìû,
ñâÿçàííûå ñ ïðîöåññîì ýðîçèè ãðóíòà, âîçíèêàþò è â äðóãèõ îáëàñòÿõ, âêëþ÷àÿ
äîáû÷ó íåôòè è ãàçà [4].

Â ðàáîòå ÷èñëåííî èññëåäîâàíà äâóìåðíàÿ çàäà÷à âíóòðåííåé ñóôôîçèè â
ìåæìåðçëîòíîì âîäîíîñíîì ãîðèçîíòå. Ôèëüòðàöèÿ ïîäçåìíûõ âîä ïðîèñõîäèò
â âîäîíîñíîì ãîðèçîíòå, êîòîðûé ñîïðèêàñàåòñÿ ñ ïðîìåðçøèì ïåñ÷àíûì ãðóí-
òîì. Â ïðîöåññå îòòàèâàíèÿ ãðóíòà è ïðè äîñòèæåíèè îïðåäåëåííîé âåëè÷èíû
ñêîðîñòè ôèëüòðàöèè ïðîèñõîäèò âûíîñ ÷àñòèö ãðóíòà èç îáëàñòè òå÷åíèÿ. Â êà-
÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè èñïîëüçîâàíû óðàâíåíèÿ ñîõðàíåíèÿ ìàññû äëÿ
âîäû, ïîäâèæíûõ òâåðäûõ ÷àñòèö è íåïîäâèæíîãî ïîðèñòîãî ñêåëåòà, à òàêæå
çàêîí Äàðñè äëÿ âîäû è ïîäâèæíûõ òâåðäûõ ÷àñòèö è ñîîòíîøåíèå äëÿ èíòåí-
ñèâíîñòè ñóôôîçèîííîãî ïîòîêà. Çàäà÷à ñâåäåíà ê ñèñòåìå èç òðåõ óðàâíåíèé
îòíîñèòåëüíî ïîðèñòîñòè, ïðèâåäåííîãî äàâëåíèÿ è âûðîæäàþùåãîñÿ íà ðåøå-
íèè óðàâíåíèÿ äëÿ âîäîíàñûùåííîñòè [5].

Äëÿ ìîäåëüíîé çàäà÷è ðàññìîòðåíà íà÷àëüíî-êðàåâàÿ çàäà÷à è ïîñòðîåíà
êîíå÷íî-ðàçíîñòíàÿ ñõåìà íà îñíîâå ìåòîäà ïåðåìåííûõ íàïðàâëåíèé. Ïðîâåäåíû
ðàñ÷åòû òåñòîâîé çàäà÷è, îïðåäåëåíû äàâëåíèå âîäû, ïîðèñòîñòü ãðóíòà, âîäîíà-
ñûùåííîñòü, ñêîðîñòè âîäû è ïîäâèæíûõ ÷àñòèö ãðóíòà. Ñðàâíåíèå íàéäåííîé
ñêîðîñòè ñìåñè âîäû è ïîäâèæíûõ ÷àñòèö ãðóíòà ñ êðèòè÷åñêîé ïîçâîëèëî íàé-
òè îáëàñòü, ïîäâåðæåííóþ ñóôôîçèîííîìó âîçäåéñòâèþ. Ïðîâåäåíî ÷èñëåííîå
èññëåäîâàíèå ñîâìåñòíîãî âëèÿíèÿ ïðîöåññîâ ñóôôîçèè è êîëüìàòàöèè. Èññëå-
äîâàíà çàâèñèìîñòü èñêîìûõ ôóíêöèé îò ïàðàìåòðà, õàðàêòåðèçóþùåãî ñóôôî-
çèîííóþ óñòîé÷èâîñòü ãðóíòà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-08-00291).
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Â êîìïëåêñíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H ñî ñêàëÿðíûì ïðîèçâåäåíèåì
(·, ·) ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à Êîøè:

B
du

dt
= iAu+ ε cos(ωt)Pu, u|t=0 = u0. (1)

Çäåñü A � ñàìîñîïðÿæåííûé îïåðàòîð, B � îãðàíè÷åííûé ïîëîæèòåëüíî îïðå-
äåëåííûé îïåðàòîð, ò. å. (Bu, u) ≥ δ(u, u), δ > 0, P � îãðàíè÷åííûé îïåðàòîð.

Ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé, íà÷àòûõ â [1, 2] è ïîñâÿùåí-
íûõ âîïðîñàì î âëèÿíèè íåïðåðûâíîãî ñïåêòðà íà ÿâëåíèå ïàðàìåòðè÷åñêîãî
ðåçîíàíñà â äèôôåðåíöèàëüíûõ óðàâíåíèÿõ.

Ïîä ðåøåíèåì óðàâíåíèÿ (1) ìû áóäåì ïîíèìàòü ðåøåíèå ñëåäóþùåãî èíòå-
ãðàëüíîãî óðàâíåíèÿ:

u(t) = u0 + ε

∫ t

0

eiB
−1A(t−τ)B−1 cos(ωτ)Pu(τ) dτ. (2)

Ââåäåì ñëåäóþùåå áàíàõîâî ïðîñòðàíñòâî àíàëèòè÷åñêèõ â ïðàâîé ïîëóïëîñêî-
ñòè ôóíêöèé GH ñ íîðìîé [[φ]]H = sup

x>0

∫∞
−∞ ∥φ(x+ iy)∥2H dy.

Ïóñòü âûïîëíåíû ñëåäóþùèå ïðåäïîëîæåíèÿ (λ = x+ iy, x > 0):
1. Äëÿ ëþáîé ψ ∈ H ñïðàâåäëèâî

[[
P (λB − iA)−1ψ

]]
H
≤ K ∥ψ∥H .

2. Äëÿ ëþáîé φ ∈ GH ñïðàâåäëèâî∫∞
−∞

∥∥P (λB − iA)−1φ(λ)
∥∥2
H
dy ≤ K

∫∞
−∞ ∥φ(λ)∥

2
H dy.

3. Äëÿ ëþáîé φ ∈ GH ñïðàâåäëèâî∥∥∥∫∞
−∞ eλt(λB − iA)−1φ(λ) dy

∥∥∥2
H
≤ Ke2xt

∫∞
−∞ ∥φ(λ)∥

2
H dy.

Òåîðåìà.Ïðè âûøåïåðå÷èñëåííûõ óñëîâèÿõ ñóùåñòâóþò ε0 > 0, C > 0 òàêèå,
÷òî äëÿ ëþáûõ ε, ω, |ε| ≤ ε0, ω ∈ R, äëÿ ðåøåíèÿ óðàâíåíèÿ (2) ñïðàâåäëèâî
∥u(t)∥H ≤ C ∥u0∥H .

Â êà÷åñòâå ïðèìåðà ìîæíî ðàññìîòðåòü ìîäåëüíîå äëÿ ëèíåéíûõ óðàâíåíèé
àêóñòèêè è òåîðèè óïðóãîñòè óðàâíåíèå â L2(R3)

du(x, t)

dt
= i
√
x21 + x22 + x23 u+ ε cos(ωt)

∫∫∫
R3

K(x, y)u(y, t) dy.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû ôóíäàìåíòàëüíûõ íàó÷íûõ èññëåäî-

âàíèé ÑÎ ÐÀÍ � I.1.5., ïðîåêò � 0314-2016-0012.
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Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äâóìÿ íåîòðèöàòåëüíû-
ìè çàïàçäûâàíèÿìè

d

dt
x(t) = f(u(t− τ1), w(t− τ2))− µx(t),

d

dt
u(t) = α1x(t)− µ1u(t),

d

dt
w(t) = α2x(t)− µ2w(t),

ãäå ôóíêöèÿ f(u,w) íåîòðèöàòåëüíà, íåïðåðûâíà, íå óáûâàåò ïî u è íå âîçðàñòàåò
ïî w, êîýôôèöèåíòû ïðåäïîëàãàþòñÿ ïîëîæèòåëüíûìè. Ñèñòåìà ìîæåò ðàññìàò-
ðèâàòüñÿ êàê ìîäåëü äèíàìèêè íåêîòîðîé êëåòî÷íîé ïîïóëÿöèè, x(t) � ÷èñëåí-
íîñòü ïîïóëÿöèè, u(t) � ñòèìóëÿòîð ðîñòà ïîïóëÿöèè, w(t) � èíãèáèòîð ðîñòà
ïîïóëÿöèè. Ìîäåëü ïðåäëîæåíà Í.Â. Ïåðöåâûì.

Â ðàáîòå èçó÷àåòñÿ óñòîé÷èâîñòü ïîëîæåíèé ðàâíîâåñèÿ äàííîé ñèñòåìû.
Óñòàíîâëåíû îöåíêè ðåøåíèé, õàðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè íà áåñ-
êîíå÷íîñòè, è óêàçàíû îöåíêè íà îáëàñòè ïðèòÿæåíèÿ. Ðåçóëüòàòû ïîëó÷åíû ñ
èñïîëüçîâàíèåì ìîäèôèöèðîâàííûõ ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâñêîãî [1].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-29-10086 ìê).
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Ðàññìàòðèâàåòñÿ ìíîãîìåðíîå èíòåãðàëüíîå ïðåîáðàçîâàíèå:

(Pγ
δ f
)
(x) ≡ 1

Γ(α)

x∫
0

(
x2 − t2

)−γ/2
P γ
δ

(
t

x

)
f(t)dt (x > 0). (1)

Çäåñü x = (x1, . . . , xn) ∈ Rn, t = (t1, . . . , tn) ∈ Rn;
x∫
0

:=
x1∫
0

· · ·
xn∫
0

; x · t =
n∑

k=1

xk tk;

γ = (γ1, . . . , γn), 0 < Re(γj) < 1 (j = 1, n); δ = (δ1, . . . , δn) ∈ Rn; (x)α = xα1
1 · · ·xαn

n ,
α = (α1, . . . , αn) ∈ Rn

+; Γ(α) = Γ(α1) · · ·Γ(αn); dt = dt1 · · · dtn; f(t) = f(t1, . . . , tn);

x ≥ t îçíà÷àåò x1 ≥ t1, . . . , xn ≥ tn; P
γ
δ (x) =

n∏
j=1

P
γj

δj
(xj), ãäå P

γj

δj
(xj) (j = 1, n) �

ôóíêöèè Ëåæàíäðà ïåðâîãî ðîäà [1, 2].
Ñ ïîìîùüþ ôîðìóëû ìíîãîìåðíîãî ïðåîáðàçîâàíèÿ Ìåëëèíà [3, ôîðìóëà

1.4.42] îò Pγ
δ f äîêàçûâàåòñÿ, ÷òî ïðåîáðàçîâàíèå (1) ÿâëÿåòñÿ ìíîãîìåðíûì àíà-

ëîãîì ìîäèôèöèðîâàííîãî H-ïðåîáðàçîâàíèÿ [4, ôîðìóëà 5.1.4]. Íà îñíîâàíèè
ýòîãî â ðàáîòå èññëåäîâàíû ñâîéñòâà ðàññìàòðèâàåìîãî èíòåãðàëüíîãî ïðåîáðàçî-
âàíèÿ â âåñîâûõ ïðîñòðàíñòâàõ Lν, 2 ñóììèðóåìûõ ôóíêöèé f(x)= f(x1, . . . , xn)
íà Rn

+, äëÿ êîòîðûõ:

∥f∥v,2 =

{∫
R1

+

xvn·2−1
n

{
· · ·
{∫

R1
+

xv2·2−1
2

×
[ ∫

R1
+

xv1·2−1
1 |f(x1, . . . , xn)|2dx1

]
dx2

}
· · ·
}
dxn

}1/2

<∞

(2 = (2, . . . , 2), v = (v1, . . . , vn) ∈ Rn, v1 = v2 = . . . = vn).
Äàþòñÿ óñëîâèÿ îãðàíè÷åííîñòè îïåðàòîðà ïðåîáðàçîâàíèÿ (1), îïèñàíèå îá-

ðàçà ýòîãî îïåðàòîðà, à òàêæå óñòàíàâëèâàåòñÿ ôîðìóëà åãî îáðàùåíèÿ. Íàñòî-
ÿùàÿ ðàáîòà îáîáùàåò ðåçóëüòàòû, ïîëó÷åííûå ðàíåå äëÿ ñîîòâåòñòâóþùåãî îä-
íîìåðíîãî ñëó÷àÿ [5, ôîðìóëà 4].
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�rst kind in the kernels on Lν,r-spaces // Integral Transforms Spec. Funct. 2009. V. 20,
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Ðàññìàòðèâàåòñÿ êëàññ ýâîëþöèîííûõ óðàâíåíèé

uat = F ab(t,x,u,∇u)ubxixi
+Ga(t,x,u,∇u). (1)

Çäåñü x = (x1, . . . , xn) è t = x0 � íåçàâèñèìûå ïåðåìåííûå, u = (u1, . . . , um),
i, j = 1, . . . , n, � íåèçâåñòíûå ôóíêöèè, èíäåêñû a, b = 1, . . . ,m. Ìàòðèöà êîýô-
ôèöèåíòîâ F ab è âåêòîð ïðàâûõ ÷àñòåé Ga ñ÷èòàþòñÿ íåèçâåñòíûìè ôóíêöèÿ-
ìè, ïîäëåæàùèìè îïðåäåëåíèþ îäíîâðåìåííî ñ ôóíêöèÿìè u. Â çàâèñèìîñòè îò
ìàòðèöû êîýôôèöèåíòîâ è ïðàâîé ÷àñòè óðàâíåíèÿ (1) îïèñûâàþò ðàçëè÷íûå
äèôôóçèîííûå ïðîöåññû (ðåàêöèÿ-äèôôóçèÿ, êîíâåêöèÿ-äèôôóçèÿ), èõ èññëå-
äîâàíèå âàæíî äëÿ ïðèëîæåíèé.

Â ðàáîòå äîêàçàíû òåîðåìû î âèäå òî÷å÷íûõ ïðåîáðàçîâàíèé, ïåðåâîäÿùèõ
óðàâíåíèÿ (1) â àíàëîãè÷íûå. Äîêàçàòåëüñòâî ýòèõ òåîðåì îñíîâûâàåòñÿ òîëüêî
íà íåâûðîæäåííîñòè ÿêîáèàíà ïåðåõîäà. Îïèñûâàåìûå òî÷å÷íûå ïðåîáðàçîâà-
íèÿ ïîçâîëÿþò óïðîñòèòü íàõîæäåíèå ñèììåòðèé óðàâíåíèé êëàññà (1). Çàäà÷à
ãðóïïîâîé êëàññèôèêàöèè äëÿ óðàâíåíèé (1) ðåøåíà â ñëó÷àå

u1 = T (t, x1, x2, x3), u2 = C(t, x1, x2, x3),

ãäå T è C � ôóíêöèè òåìïåðàòóðû è êîíöåíòðàöèè, ìàòðèöà êîýôôèöèåíòîâ è
âåêòîð ïðàâîé ÷àñòè çàäàþòñÿ ôîðìóëàìè

F =

(
κ DF

Dθ D

)
, G =


∂κ
∂T

3∑
i=1

T 2
xi + ( ∂κ

∂C + ∂DF

∂T )
3∑

i=1

TxiCxi + ∂DF

∂C

3∑
i=1

C2
xi

∂Dθ

∂T

3∑
i=1

T 2
xi + (∂D

θ

∂C + ∂D
∂T )

3∑
i=1

TxiCxi + ∂D
∂C

3∑
i=1

C2
xi

 ,

ãäå κ(T,C), D(T,C), Dθ(T,C) è DF (T,C) � êîýôôèöèåíòû òåïëîïðîâîäíîñòè,
äèôôóçèè, òåðìîäèôôóçèè è äèôôóçèîííîé òåïëîïðîâîäíîñòè ñîîòâåòñòâåííî.
Äëÿ èññëåäîâàíèÿ èñïîëüçóåòñÿ êëàññè÷åñêèé ìåòîä ñèììåòðèé Ëè � Îâñÿííè-
êîâà [1]: íàõîäèòñÿ îñíîâíàÿ àëãåáðà îïåðàòîðîâ ïðåîáðàçîâàíèé, äîïóñêàåìûõ
óðàâíåíèÿìè òåïëîìàññîîáìåíà ïðè ïðîèçâîëüíûõ êîýôôèöèåíòàõ ïåðåíîñà, âû-
÷èñëÿþòñÿ ôîðìû êîýôôèöèåíòîâ, ïðè êîòîðûõ âîçìîæíî ðàñøèðåíèå îñíîâíîé
àëãåáðû. Ñ ïîìîùüþ ïîëó÷åííûõ ãðóïï ïðåîáðàçîâàíèé ïîñòðîåíû íåêîòîðûå
íîâûå òî÷íûå ðåøåíèÿ ñòàöèîíàðíûõ è íåñòàöèîíàðíûõ óðàâíåíèé òåïëîìàññî-
îáìåíà.

ËÈÒÅÐÀÒÓÐÀ

1. Îâñÿííèêîâ Ë.Â. Ãðóïïîâîé àíàëèç äèôôåðåíöèàëüíûõ óðàâíåíèé. Ì.: Íàóêà,
1978.
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Î ÐÅØÅÍÈÈ ÇÀÄÀ×È ÊÎØÈ
ÄËß ÓÐÀÂÍÅÍÈß ÐÀÑÏÐÅÄÅËÅÍÍÎÃÎ ÏÎÐßÄÊÀ

Â ÁÀÍÀÕÎÂÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ

Ñòðåëåöêàÿ Å.M.1, Ôåäîðîâ Â. Å.2

×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê, Ðîññèÿ;
1wwugazi@gmail.com, 2kar@csu.ru

Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî, A ∈ L(X), ò. å. ëèíåéíûé è îãðàíè÷åííûé
îïåðàòîð. Ðàññìîòðèì óðàâíåíèå ðàñïðåäåëåííîãî ïîðÿäêà [1]

b∫
a

ω(α)Dα
t x(t)dα = Ax(t), t ≥ 0, (1)

ãäå Dα
t x(t) � äðîáíàÿ ïðîèçâîäíàÿ Ãåðàñèìîâà � Êàïóòî, ω : (a, b) → R � íåêî-

òîðàÿ ôóíêöèÿ, è çàäà÷ó Êîøè

x(0) = x0 (2)

äëÿ íåãî. Ðåøåíèåì çàäà÷è (1), (2) áóäåì íàçûâàòü òàêóþ ôóíêöèþ x ∈ C(R+;X),

÷òî ñóùåñòâóåò
b∫
a

ω(α)Dα
t x(t)dα ∈ C(R+;X) è âûïîëíÿþòñÿ ðàâåíñòâà (1), (2).

Îáîçíà÷èì ÷åðåç E(K, a0;X) ìíîæåñòâî òàêèõ ôóíêöèé x : R+ → X, ÷òî

∃K > 0 ∃a0 > 0 ∀t ∈ R+ ∥x(t)∥X ≤ Kea0t.

Áóäåì èñïîëüçîâàòü òàêæå îáîçíà÷åíèÿ

E(X) :=
∪
K>0

∪
a0>0

E(K, a0;X), W (λ) :=

b∫
a

ω(α)λαdα,

γ =
3∪

k=1

γk, γ1 = {λ ∈ C : |λ| = r0, arg λ ∈ (−π, π)},

γ2 = {λ ∈ C : arg λ = π, λ ∈ [−r0,−∞)}, γ3 = {λ ∈ C : arg λ = −π, λ ∈ (−∞,−r0]}.
Òåîðåìà [2]. Ïóñòü A ∈ L(X), x0 ∈ X è ôóíêöèÿ ω : (a, b) → R òàêîâà, ÷òî

ïðè íåêîòîðîì β > 0 W (λ) � àíàëèòè÷åñêàÿ ôóíêöèÿ íà ìíîæåñòâå {λ ∈ C :
|λ| ≥ β, arg λ ∈ (−π, π)}, ïðè ýòîì

∃C > 0 ∃δ > 0 ∀λ ∈ C (|λ| ≥ β)⇒ (|W (λ)| ≥ C|λ|δ).
Òîãäà ôóíêöèÿ

x(t) =
1

2πi

∫
γ

W (λ)

λ
(W (λ)I −A)−1eλtx0dλ, r0 = max

{
β,

(
2∥A∥L(X)

C

)1/δ
}
,

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è (1), (2) â ïðîñòðàíñòâå E(X).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, çàäàíèå

� 1.6462.2017/Á×.
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Òàëûøåâ À.À.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
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Ïîä ðàñøèðåíèåì ãðóïïû Ëè, ñîãëàñíî [1, � 17 ï. 6], çäåñü ïîíèìàåòñÿ ðàñ-
øèðåíèå ïðîñòðàíñòâà ïðåäñòàâëåíèÿ ãðóïïû Ëè. Â [1] ïðèâîäÿòñÿ ïðèìåðû ðàñ-
øèðåíèÿ ãðóïï: êðàòíûå ãðóïïû, ïðîäîëæåííûå ãðóïïû íà ïðîñòðàíñòâî ïðîèç-
âîäíûõ çàâèñèìûõ ïåðåìåííûõ ïî íåçàâèñèìûì.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ðàñøèðåíèÿ ïðåäñòàâëåíèÿ ãðóï-
ïû Ïóàíêàðå ñ ïðîñòðàíñòâà íåçàâèñèìûõ ïåðåìåííûõ (t, x, y, z) íà çàâèñèìûå
ïåðåìåííûå (ïîëåâûå ïåðåìåííûå).

Ïîêàçàíî, ÷òî äëÿ íåòðèâèàëüíûõ ðàñøèðåíèé âåêòîðíûõ ïåðåìåííûõ äîëæ-
íî áûòü ÷åòíîå ÷èñëî. Ïðè ýòîì ïðè ïîäõîäÿùåì âûáîðå áàçèñà ïåðåìåííûå
ìîãóò áûòü ðàçáèòû íà íåçàâèñèìûå ïàðû, è êàæäàÿ ïàðà ïðåîáðàçóåòñÿ êàê
ýëåêòðîìàãíèòíîå ïîëå.

ËÈÒÅÐÀÒÓÐÀ
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1978.

170



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

Î ÍÅÏÐÅÐÛÂÍÛÕ ÏÎ ËÈÏØÈÖÓ ÐÅØÅÍÈßÕ
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Íîâîñèáèðñê, Ðîññèÿ; aterseno@math.nsc.ru

Â äîêëàäå áóäåò ðàññìîòðåíà ïåðâàÿ êðàåâàÿ çàäà÷à, à òàêæå çàäà÷à Êîøè
äëÿ àíèçîòðîïíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé âèäà

ut −
n∑

i=1

µi(t)(|uxi |pi(t)−2uxi)xi = f(t, x, u,∇u) â ΩT = Ω× (0, T ), (1)

ãäå Ω � îãðàíè÷åííàÿ îáëàñòü. Óðàâíåíèÿ âèäà (1) ïðèíàäëåæàò ê øèðîêîìó
êëàññó óðàâíåíèé, ÷àñòî íàçûâàåìûõ óðàâíåíèÿìè ñ íåñòàíäàðòíûìè óñëîâèÿ-
ìè ðîñòà [1]. Êàê èçâåñòíî, ïðè èññëåäîâàíèè ýòèõ óðàâíåíèé øèðîêî ïðèìåíÿ-
þòñÿ ìåòîäû âàðèàöèîííîãî èñ÷èñëåíèÿ, êîòîðûå âñòðå÷àþò ñåðüåçíûå òðóäíî-
ñòè â ñëó÷àå, êîãäà ïðàâàÿ ÷àñòü çàâèñèò îò ãðàäèåíòà ðåøåíèÿ. Êëàññè÷åñêèìè
ìåòîäàìè èññëåäîâàíèÿ ÿâëÿþòñÿ ðàçëè÷íûå àïïðîêñèìàöèîííûå ìåòîäû.

Ìû ðàññìàòðèâàåì óðàâíåíèå, â êîòîðîì ïîêàçàòåëè pi(t) > 1 çàâèñÿò îò âðå-
ìåíè. Â ñëó÷àå, êîãäà Ω � âûïóêëàÿ îáëàñòü è ôóíêöèÿ f çàâèñèò ëèíåéíî îò
ãðàäèåíòà, ìû äîêàçàëè ñóùåñòâîâàíèå íåïðåðûâíîãî ïî Ëèïøèöó ïî ïðîñòðàí-
ñòâåííûì ïåðåìåííûì è íåïðåðûâíîãî ïî Ã¼ëüäåðó ïî âðåìåíè ñëàáîãî ðåøå-
íèÿ, óäîâëåòâîðÿþùåãî óðàâíåíèþ (1) â èíòåãðàëüíîì ñìûñëå. Äîêàçàòåëüñòâî
ñóùåñòâîâàíèÿ ðåøåíèÿ óêàçàííîé ãëàäêîñòè ÿâëÿåòñÿ íîâûì ðåçóëüòàòîì äëÿ
óðàâíåíèé âèäà (1). Ñóùåñòâîâàíèå ðåøåíèé äîêàçûâàåòñÿ ïóòåì ðåãóëÿðèçàöèè
èñõîäíîãî óðàâíåíèÿ è ïîñòðîåíèÿ ðåøåíèÿ êàê ïðåäåëà êëàññè÷åñêèõ ðåøåíèé
ðåãóëÿðèçîâàííîé çàäà÷è.

Â ñëó÷àå ñèëüíûõ ãðàäèåíòíûõ íåëèíåéíîñòåé îäíîé èç ïðèíöèïèàëüíûõ
ñëîæíîñòåé ÿâëÿåòñÿ ïåðåõîä ê ïðåäåëó â íåëèíåéíûõ ÷ëåíàõ. Ñ ïîìîùüþ òåî-
ðèè âÿçêèõ ïî Ëèîíñó ðåøåíèé íàì óäàëîñü äîêàçàòü ñóùåñòâîâàíèå ðåøåíèÿ â
âûïóêëûõ îáëàñòÿõ â ñëó÷àå ãðàäèåíòíûõ íåëèíåéíîñòåé, íå óäîâëåòâîðÿþùèõ
óñëîâèþ Áåðíøòåéíà, êîòîðîå ÿâëÿåòñÿ íåïðåðûâíûì ïî Ã¼ëüäåðó ïî t è ëèïøè-
öåâûì ïî ïðîñòðàíñòâåííûì ïåðåìåííûì.

Â ñëó÷àå, êîãäà f íå çàâèñèò îò ãðàäèåíòà è ïîêàçàòåëè pi ÿâëÿþòñÿ ïî-
ñòîÿííûìè, íàì óäàëîñü ïîêàçàòü ëèïøèöåâîñòü ðåøåíèé ïî âñåì ïåðåìåííûì,
âêëþ÷àÿ ïåðåìåííóþ t, â âûïóêëûõ îáëàñòÿõ [2]. Ïðè÷åì ëèïøèöåâîñòü ïî âðå-
ìåíè ìîæíî ïîëó÷èòü â îáëàñòÿõ, óäîâëåòâîðÿþùèõ óñëîâèþ âíåøíåé ñôåðû.
Íàäî îòìåòèòü, ÷òî íåïðåðûâíîñòü ðåøåíèÿ ïî Ëèïøèöó ïî t ïîëó÷åíà â ñëó÷àå
f ∈ L∞(ΩT ), ÷òî ÿâëÿåòñÿ íîâûì ðåçóëüòàòîì â òåîðèè óðàâíåíèé ñ íåñòàíäàðò-
íûìè óñëîâèÿìè ðîñòà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-01-00649).
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à Âðàãîâà äëÿ óðàâíåíèÿ ñìå-
øàííîãî òèïà âûñîêîãî ïîðÿäêà, íå ðàçðåøåííîãî îòíîñèòåëüíî ñòàðøåé ïðîèç-
âîäíîé

Lu ≡
2s∑
i=1

ki(x, t)D
i
tu−△ut + c(x)u = f(x, t), (x, t) ∈ Q.

Ïðè îïðåäåëåííûõ óñëîâèÿõ íà êîýôôèöèåíòû è ïðàâóþ ÷àñòü óðàâíåíèÿ ñ
ïîìîùüþ íåñòàöèîíàðíîãî ìåòîäà Ãàëåðêèíà è ìåòîäà ðåãóëÿðèçàöèè äîêàçû-
âàåòñÿ îäíîçíà÷íàÿ ðåãóëÿðíàÿ ðàçðåøèìîñòü êðàåâîé çàäà÷è. Òàêæå ïîëó÷åíà
îöåíêà ïîãðåøíîñòè ïðèáëèæåííûõ ðåøåíèé, ïîñòðîåííûõ ïî ìåòîäó Ãàëåðêè-
íà, îòíîñèòåëüíî òî÷íîãî ðåøåíèÿ. Îöåíêà âûðàæàåòñÿ ÷åðåç ïàðàìåòð ðåãóëÿ-
ðèçàöèè è ñîáñòâåííûå çíà÷åíèÿ ñïåêòðàëüíîé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà
Ëàïëàñà.

Îòìåòèì, ÷òî äàííàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà òðåòüå-
ãî ïîðÿäêà áûëà ðàññìîòðåíà â [1].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ ãîñóäàðñòâåííîãî

çàäàíèÿ (ïðîåêò � 1.6069.2017/8.9).

ËÈÒÅÐÀÒÓÐÀ
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Èññëåäóåòñÿ äèíàìèêà ïðîöåññà óãëåêèñëîòíîãî ðèôîðìèíãà ìåòàíà â ðåàê-
òîðå ñ áëî÷íûì êàòàëèçàòîðîì â ïðåäïîëîæåíèè îäíîðîäíîãî ðàñïðåäåëåíèÿ ïî-
òîêà, àêòèâíîñòè êàòàëèçàòîðà è ñîñòàâà ðåàêöèîííîé ñìåñè ïî ñå÷åíèþ áëîêà.
Ðàññìàòðèâàåòñÿ èçîòåðìè÷åñêèé ïðîöåññ â îäíîì êàíàëå â ïðåäïîëîæåíèè, ÷òî
õèìè÷åñêèå ïðåâðàùåíèÿ ïðîèñõîäÿò íà âíåøíåé ïîâåðõíîñòè êàòàëèçàòîðà ïðè
âîçìîæíîé äèôôóçèè êèñëîðîäà â îáúåìå êàòàëèçàòîðà. Öåëüþ ðàáîòû ÿâëÿåò-
ñÿ èçó÷åíèå äèíàìèêè ðàñïðåäåëåíèÿ êîíöåíòðàöèé âåùåñòâ â ðåàêòîðå è îáúåìå
êàòàëèçàòîðà ìåòîäàìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ: ïîñòðîåíèå ìàòåìàòè-
÷åñêîé ìîäåëè, ðàçðàáîòêà àëãîðèòìà ÷èñëåííîãî ïîñòðîåíèÿ ðåøåíèÿ, âûïîëíå-
íèå òåñòîâûõ ðàñ÷åòîâ è ïàðàìåòðè÷åñêîãî àíàëèçà. Îòìåòèì, ÷òî êîýôôèöèåíò
äèôôóçèè ÿâëÿåòñÿ ìàëûì ïàðàìåòðîì, âëèÿíèå êîòîðîãî íà äèíàìèêó êàòàëè-
òè÷åñêîé ñèñòåìû ïðåäñòàâëÿåò îïðåäåëåííûé èíòåðåñ.

Ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà ïðåäñòàâëÿåò ñîáîé íà÷àëüíî-êðàåâóþ çàäà-
÷ó äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé: ðàñïðåäåëåíèå êîíöåíòðàöèé âå-
ùåñòâ â ïîòîêå ãàçà âäîëü ðåàêòîðà îïèñûâàåòñÿ ÷åòûðüìÿ óðàâíåíèÿìè ïåðåíîñà
(óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà ïåðâîãî ïîðÿäêà), êîíöåíòðàöèè ïðîìåæóòî÷-
íûõ âåùåñòâ íà ïîâåðõíîñòè êàòàëèçàòîðà â êàæäîé òî÷êå ïî äëèíå óäîâëåòâîðÿ-
þò äâóì îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì ïî âðåìåíè, à ðàñïðåäå-
ëåíèå êîíöåíòðàöèè êèñëîðîäà â îáúåìå êàòàëèçàòîðà îïèñûâàåòñÿ óðàâíåíèåì
ïàðàáîëè÷åñêîãî òèïà âòîðîãî ïîðÿäêà. Òàêèì îáðàçîì, ðàññìàòðèâàåòñÿ ñèñòå-
ìà óðàâíåíèé â îáëàñòè ñ êîîðäèíàòàìè (t, l, h), ãäå t ∈ [0, T ] îáîçíà÷àåò âðåìÿ,
l ∈ [0, L] � ïðîäîëüíàÿ êîîðäèíàòà â ðåàêòîðå, à h ∈ [0,H] � êîîðäèíàòà ïî òîë-
ùèíå ïðèïîâåðõíîñòíîãî ñëîÿ êàòàëèçàòîðà, â êîòîðûé ïðîíèêàåò îêèñëèòåëü.
Íà ãðàíèöå îáëàñòè çàäàþòñÿ íà÷àëüíûå (ïðè t = 0) è êðàåâûå (ïðè l = 0, h = 0
è h = H) óñëîâèÿ. Ðàññìîòðåíû òàêæå ñîîòâåòñòâóþùèå ñòàöèîíàðíûå çàäà÷è.
Äëÿ ÷èñëåííîãî ïîñòðîåíèÿ ðåøåíèÿ ðàçðàáîòàí àëãîðèòì, àïïðîêñèìèðóþùèé
çàäà÷ó ñ ïåðâûìè ïîðÿäêîì òî÷íîñòè ïî âðåìåíè t, äëèíå l è êîîðäèíàòå h.

Ðàññìîòðåíî äâà ñëó÷àÿ: êîãäà ðåàêöèÿ ïðîèñõîäèò òîëüêî íà âíåøíåé ïî-
âåðõíîñòè (êîýôôèöèåíò äèôôóçèè è ñîîòâåòñòâóþùèå êîíñòàíòû ñêîðîñòåé ðå-
àêöèè ðàâíû íóëþ) è êîãäà êîýôôèöèåíò äèôôóçèè îòëè÷åí îò íóëÿ; ïðîâåäåíî
ñðàâíåíèå ñâîéñòâ ðåøåíèÿ â ýòèõ óñëîâèÿõ.

Âûÿâëåíû õàðàêòåðíûå âðåìåíà òðåõ ýòàïîâ ïåðåõîäíîãî ïðîöåññà: âðåìÿ
îïðåäåëÿþùåãî âëèÿíèÿ êîíâåêöèè, âðåìÿ îòíîñèòåëüíî ìåäëåííîãî èçìåíåíèÿ
ðåøåíèé è âðåìÿ ñòàáèëèçàöèè ðåøåíèé. ×èñëåííî ïîêàçàíî, ÷òî ðåøåíèÿ êàæ-
äîé èç ðàññìîòðåííûõ êðàåâûõ çàäà÷ ñòàáèëèçèðóþòñÿ ê ðåøåíèÿì ñîîòâåòñòâó-
þùåé ñòàöèîíàðíîé çàäà÷è (âõîäÿò â èõ ìàëóþ îêðåñòíîñòü). Ïîêàçàíî, ÷òî äèô-
ôóçèÿ êèñëîðîäà â îáúåìå êàòàëèçàòîðà íà äâà ïîðÿäêà óâåëè÷èâàåò âðåìÿ ðå-
ëàêñàöèè.

Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîåêòà ÁÁÔ 0303-2016-0017 Èíñòèòóòà êàòàëèçà

èì. Ã.Ê. Áîðåñêîâà ÑÎ ÐÀÍ.
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Äèíàìèêà ãàçîâçâåñè â èçîòåðìè÷åñêîì ñëó÷àå áåç ó÷åòà âçàèìîäåéñòâèÿ ÷à-
ñòèö îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé [1]

∂ρ1
∂t

+ u⃗1 · ∇ρ1 + ρ1divu⃗1 = 0,

∂ρ2
∂t

+ u⃗2 · ∇ρ2 + ρ2divu⃗2 = 0,

ρ1

(
∂u⃗1
∂t

+ u⃗1 · ∇⃗u1
)
+m1∇P (ρ1, ρ2) = −

ρ2
τ
(u⃗1 − u⃗2),

ρ2

(
∂u⃗2
∂t

+ u⃗2 · ∇⃗u2
)
+m2∇P (ρ1, ρ2) =

ρ2
τ
(u⃗1 − u⃗2).

Çäåñü u⃗1 = (u1, v1, w1), u⃗2 = (u2, v2, w2)� âåêòîðû ñêîðîñòåé ïåðâîé è âòîðîé ôàç,

ρ1, ρ2 � ïàðöèàëüíûå ïëîòíîñòè ôàç, P (ρ1, ρ2) � äàâëåíèå ñìåñè, m2 =
ρ2
ρ22

�

îáú¼ìíàÿ êîíöåíòðàöèÿ âòîðîé ôàçû, ρ22 � àáñîëþòíàÿ ïëîòíîñòü âòîðîé ôàçû
(ïîñòîÿííàÿ âåëè÷èíà), m1 = 1 − m2 � îáú¼ìíàÿ êîíöåíòðàöèÿ ïåðâîé ôàçû,
d

dt1
=

∂

∂t
+ u⃗1 · ∇,

d

dt2
=

∂

∂t
+ u⃗2 · ∇.

Â äîêëàäå ðàññìàòðèâàþòñÿ òî÷íûå óïðîùåíèÿ óêàçàííîé ñèñòåìû óðàâíå-
íèé, âûâåäåííûå îòíîñèòåëüíî òðåõìåðíûõ ïîäàëãåáð àëãåáðû Ëè äîïóñêàåìûõ
ïðåîáðàçîâàíèé [2, 3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-31-00226 ìîë_à).
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Óðàâíåíèå íåëèíåéíîãî îñöèëëÿòîðà óñïåøíî ïðèìåíÿåòñÿ äëÿ îïèñàíèÿ ðå-
ëàêñàöèîííûõ êîëåáàíèé ãåìîäèíàìè÷åñêèõ ïàðàìåòðîâ (äàâëåíèå è ñêîðîñòü)
â ñîñóäàõ ãîëîâíîãî ìîçãà [1]. Ýòî óðàâíåíèå àäåêâàòíî îïèñûâàåò ïóëüñàöèè
ñëîæíîé ñèñòåìû �ïîòîê êðîâè � óïðóãàÿ ñòåíêà ñîñóäà � ãåëåîáðàçíàÿ ñðåäà
ãîëîâíîãî ìîçãà� è ìîäåëèðóåò èçìåíåíèå ïàðàìåòðîâ êàæäîé èç êîìïîíåíò ñè-
ñòåìû (òå÷åíèå êðîâè â àðòåðèÿõ, âåíàõ, ñèíóñàõ). Êîýôôèöèåíòû óðàâíåíèÿ,
îïèñûâàþùèå äåìïôèðóþùèå è óïðóãèå ñâîéñòâà ýòîé ñèñòåìû, îïðåäåëÿþòñÿ
èñõîäÿ èç ýêñïåðèìåíòàëüíûõ (êëèíè÷åñêèõ) äàííûõ.

Â ðàáîòå Êàðòðàéò è Ëèòòëâóäà [2] àíàëèòè÷åñêè èññëåäîâàíî ïîâåäåíèå ðå-
øåíèé y = y(t) ìîäåëüíîãî óðàâíåíèÿ

ÿ − k(1− y2)ẏ + y = bλk cosλt (1)

è îáíàðóæåíî áîëüøîå ìíîãîîáðàçèå ðåøåíèé â çàâèñèìîñòè îò çíà÷åíèé âåùå-
ñòâåííûõ ïàðàìåòðîâ b, k è λ. Óðàâíåíèå (1) ìîæåò èìåòü êàê óñòîé÷èâûå ïåðè-
îäè÷åñêèå ðåøåíèÿ, òàê è ñóáãàðìîíèêè. Ïðè íåêîòîðûõ çíà÷åíèÿõ ïàðàìåòðîâ
ïðîèñõîäèò ðàçðóøåíèå ïåðèîäè÷åñêîãî ðåøåíèÿ.

Â ðàáîòå ïðèâåäåí ÷èñëåííûé àíàëèç ðåøåíèé óðàâíåíèÿ â çàâèñèìîñòè îò
ïàðàìåòðîâ, âõîäÿùèõ â (1). Èññëåäóåòñÿ òàêæå ñëó÷àé íåëèíåéíîé óïðóãîñòè
ñèñòåìû è òðèãîíîìåòðè÷åñêîãî ïîëèíîìà â êà÷åñòâå âûíóæäàþùåé ñèëû. Ýòîò
àíàëèç îïèðàåòñÿ íà ðåçóëüòàòû ðàáîò [2�3] è îáíàðóæèâàåò êàê èíòåðåñíûå ïåðè-
îäè÷åñêèå ðåøåíèÿ, òàê è ðåæèìû èõ ðàçðóøåíèÿ. Ðàññìàòðèâàåòñÿ ñâÿçü óðàâ-
íåíèÿ (1) ñ óðàâíåíèåì íåëèíåéíîãî îñöèëëÿòîðà, îïèñûâàþùèì ãåìîäèíàìèêó
ãîëîâíîãî ìîçãà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 17-11-

01156).

ËÈÒÅÐÀÒÓÐÀ

1. Cherevko A.A., Mikhaylova A.V., Chupakhin A.P., U�mtseva I. V., Krivoshapkin A. L.,
Orlov K.Yu. Relaxation oscillation model of hemodynamic parameters in the cerebral
vessels // Journal of Physics: Conference Series. 2016. V. 722. Article ID 012045, 8 pages.

2. Cartwright M. L., Littlewood J. E. On non-linear di�erential equations of the second
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Â ïîñëåäíèå ãîäû øèðîêîå ðàñïðîñòðàíåíèå ïîëó÷èëè ïðèíöèïèàëüíî íîâûå
ìèêðîýëåêòðîìåõàíè÷åñêèå ãåíåðàòîðû òàêòîâîé ÷àñòîòû (ÌÅÌÑ-ãåíåðàòîðû).
Ñðåäè âîçìîæíûõ ôèçè÷åñêèõ ïðèíöèïîâ èõ ôóíêöèîíèðîâàíèÿ, ýëåêòðîñòàòè-
÷åñêèå ãåíåðàòîðû ÿâëÿþòñÿ íàèáîëåå òåõíîëîãè÷íûìè, îíè äîïóñêàþò øèðîêóþ
âàðèàöèþ èõ ïàðàìåòðîâ [1]. Â ðàññìàòðèâàåìîé ñõåìå ãåíåðàòîðà îñíîâíîé êîì-
ïîíåíòîé ÿâëÿåòñÿ ïîäâèæíûé ýëåêòðîä â âèäå íåäåôîðìèðóåìîé ìèêðîïëàò-
ôîðìû, ïðèêðåïë¼ííîé ê ïðóæèíå, ñîâåðøàþùèé êîëåáàíèÿ â ìåæýëåêòðîäíîì
ìèêðîçàçîðå â ïðèñóòñòâèè ýëåêòðè÷åñêîãî ïîëÿ. Îòëè÷èòåëüíîé îñîáåííîñòüþ
ôóíêöèîíèðîâàíèÿ óêàçàííîé ñòðóêòóðû â ðåæèìå ãåíåðàòîðà ÷àñòîòû ÿâëÿåò-
ñÿ íåîáõîäèìîñòü ïîääåðæàíèÿ íåçàòóõàþùèõ êîëåáàíèé ïîäâèæíîãî ýëåêòðîäà
ñ ïîñòîÿííîé àìïëèòóäîé â ñðåäå ñ ñîïðîòèâëåíèåì. Ïðè ýòîì ïîäêà÷êà ýíåðãèè
ðåàëèçóåòñÿ â âèäå ïîñëåäîâàòåëüíîñòè ïðÿìîóãîëüíûõ ýëåêòðîñòàòè÷åñêèõ èì-
ïóëüñîâ êîíå÷íîé äëèòåëüíîñòè, âîçäåéñòâóþùèõ íà ïîäâèæíûé ýëåêòðîä â ìî-
ìåíò åãî ïåðåõîäà ÷åðåç èñõîäíóþ ïîçèöèþ ñ ïîëîæèòåëüíîé ñêîðîñòüþ.

Ïðèíöèï ðàáîòû ðàññìàòðèâàåìîé ìàòåìàòè÷åñêîé ìîäåëè ìèêðîãåíåðàòîðà
àíàëîãè÷åí òåîðèè ÷àñîâ ñî ñïóñêîâûì óäàðíûì ìåõàíèçìîì, èçëîæåííîé â [2],
îòëè÷àÿñü ôîðìóëèðîâêîé ïðàâîé ÷àñòè â óðàâíåíèè äâèæåíèÿ ó÷¼òîì ýëåêòðî-
ñòàòè÷åñêîé ïðèðîäû èìïóëüñíîãî âîçäåéñòâèÿ. Êàê ïîêàçûâàåò ïðîâåäåííûé
÷èñëåííûé àíàëèç, îãðàíè÷åííûå êîëåáàíèÿ c ðîñòîì âðåìåíè ñòðåìÿòñÿ â ôà-
çîâîé ïëîñêîñòè ê óñòîé÷èâîìó ïðåäåëüíîìó öèêëó. Òåì ñàìûì âûïîëíÿåòñÿ îñ-
íîâíîå ñâîéñòâî àâòîêîëåáàíèé, îïèñûâàåìûõ ìàòåìàòè÷åñêîé ìîäåëüþ. Â ðà-
áîòå ñôîðìóëèðîâàíà êðàåâàÿ çàäà÷à äëÿ îïèñàíèÿ ïåðèîäè÷åñêèõ êîëåáàíèé è
ïåðèîäà. Ýòî ïîçâîëèëî ïðèìåíåíèåì ìåòîäà ïðîäîëæåíèÿ ïî ïàðàìåòðó, èñïîëü-
çóþùåì äèôôåðåíöèàëüíûå ïðîãîíêè ìåòîäà ìíîæåñòâåííîé ñòðåëüáû [3, 4],
îïðåäåëèòü â âèäå äèàãðàìì îñíîâíûå õàðàêòåðèñòèêè íåëèíåéíûõ êîëåáàíèé,
âêëþ÷àÿ ïîñòðîåíèå â ïëîñêîñòè ïàðàìåòðîâ îáëàñòåé ñóùåñòâîâàíèÿ óñòîé÷è-
âûõ ïðåäåëüíûõ öèêëîâ.

Ðàáîòà âûïîëíåíà â ðàìêàõ Ìåæäèñöèïëèíàðíîãî èíòåãðàöèîííîãî ïðîåêòà � 273

�Ðàçðàáîòêà ôèçèêî-òåõíè÷åñêèõ ïðèíöèïîâ ñîçäàíèÿ ãåíåðàòîðà òàêòîâîé ÷àñòîòû,

óñòîé÷èâîãî ê ñâåðõâûñîêèì èíåðöèàëüíûì ïåðåãðóçêàì�.
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Â äîêëàäå ïðåäñòàâëåí îáçîð ðåçóëüòàòîâ î ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ
àáñòðàêòíîãî èíòåãðîäèôôåðåíöèàëüíîãî óðàâíåíèÿ â áàíàõîâûõ ïðîñòðàíñòâàõ
âèäà

Bu(N)(t)−Au(t)−
t∫

0

k(t− s)u(s)ds = f(t),

ãäå B, A, k(t) � çàìêíóòûå ëèíåéíûå îïåðàòîðû èç E1 â E2, çäåñü E1, E2 �
áàíàõîâû ïðîñòðàíñòâà, îïåðàòîð B � ôðåäãîëüìîâ [1], N ≥ 2. Îïåðàòîð B èìååò

ïîëíûé A-æîðäàíîâ íàáîð {φ(j)
i } ∈ E1 [1], â ýòîì ñëó÷àå ñîïðÿæåííûé îïåðàòîð

B∗ èìååò ïîëíûé A∗-æîðäàíîâ íàáîð {ψ(j)
i } ∈ E∗

2 , i = 1, . . . , n, j = 1, . . . , pi.
Äëÿ ðàññìàòðèâàåìîãî óðàâíåíèÿ ðåøåíà ïðîáëåìà îäíîçíà÷íîé ðàçðåøèìî-

ñòè â êëàññå ðàñïðåäåëåíèé ñ îãðàíè÷åííûì ñëåâà íîñèòåëåì. Ïðåäñòàâëåíû ðå-
çóëüòàòû èññëåäîâàíèé äëÿ ñëåäóþùèõ ñëó÷àåâ:

à) ÿäðî èíòåãðàëüíîãî îïåðàòîðà ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé îïåðàòîðîâ
A è B, ò. å. k(t) = α(t)A+ β(t)B, ñì. [2];

á) k(ν)(0) = 0, ν = 0, 1, . . . N(p− 1)− 1, p = max pi > 1, ñì. [3];

â) {φ(j)
i } ∈ ker k(0), ñì. [4];

ã) ⟨k(t)·, ψ(j)
i ⟩ ≡ 0, ñì. [5].

Ïîëó÷åííûå òåîðåìû äîïóñêàþò îáîáùåíèÿ íà äðóãèå ñëó÷àè âûðîæäåíèÿ
îïåðàòîðà B, à èìåííî, í¼òåðîâîñòü [1], ñïåêòðàëüíàÿ, ñåêòîðèàëüíàÿ èëè ðàäè-
àëüíàÿ îãðàíè÷åííîñòü îïåðàòîðíîãî ïó÷êà (B − λA). Àáñòðàêòíûå ðåçóëüòàòû
ïðîèëëþñòðèðîâàíû íà ïðèìåðàõ ðàçëè÷íûõ íà÷àëüíî-êðàåâûõ çàäà÷ èç òåîðèè
ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ êîëåáàòåëüíûõ ïðîöåññîâ â âÿçêîóïðóãèõ ñðå-
äàõ.
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Èçó÷àåòñÿ çàäà÷à, îïèñûâàþùàÿ ðàâíîâåñèå äâóñëîéíîé êîíñòðóêöèè ñ òðå-
ùèíîé. Êîíñòðóêöèÿ ñîñòîèò èç äâóõ óïðóãèõ ïëàñòèí, ïîâåäåíèå êîòîðûõ ìîäå-
ëèðóåòñÿ â ðàìêàõ ïëîñêîé çàäà÷è òåîðèè óïðóãîñòè. Âåðõíÿÿ ïëàñòèíà ïðèêëå-
åíà ê íèæíåé ïî ÷àñòè êðàÿ. Äëÿ íèæíåé ïëàñòèíû ëèíèÿ ñêëåéêè ïðåäñòàâëÿåò
ñîáîé êðèâóþ, âûõîäÿùóþ íà âíåøíþþ ãðàíèöó îáëàñòè, çàíèìàåìîé ïëàñòè-
íîé, ïîä íóëåâûì óãëîì. Ïðåäïîëàãàåòñÿ, ÷òî âíå ëèíèè ñêëåéêè êðàé íèæíåé
ïëàñòèíû çàêðåïëåí, à êðàé âåðõíåé ïëàñòèíû ñâîáîäåí îò ïîâåðõíîñòíûõ ñèë.
Òàêæå ïðåäïîëàãàåòñÿ, ÷òî â íèæíåì ñëîå âäîëü ëèíèè ñêëåéêè ïðèñóòñòâóåò
òðåùèíà. Íà áåðåãàõ òðåùèíû çàäàþòñÿ íåëèíåéíûå êðàåâûå óñëîâèÿ, êîòîðûå
ïðåïÿòñòâóþò èõ âçàèìíîìó ïðîíèêàíèþ.

Ñ ïîìîùüþ ìåòîäà ôèêòèâíûõ îáëàñòåé äîêàçàíà ðàçðåøèìîñòü çàäà÷è ðàâ-
íîâåñèÿ. Ðàññìîòðåíî ñåìåéñòâî àíàëîãè÷íûõ çàäà÷ ðàâíîâåñèÿ, ñíàáæåííûõ ïà-
ðàìåòðîì, îòâå÷àþùèì çà óïðóãîñòü âåðõíåãî ñëîÿ. Óñòàíîâëåíà ñõîäèìîñòü ðå-
øåíèé ñåìåéñòâà çàäà÷ ïðè ñòðåìëåíèè ïàðàìåòðà ê íóëþ è ê áåñêîíå÷íîñòè.
Ïîëó÷åíû ôîðìóëèðîâêè çàäà÷ ðàâíîâåñèÿ â îáîèõ ïðåäåëüíûõ ñëó÷àÿõ.
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Èññëåäóåòñÿ óïðàâëÿåìûé îáúåêò âèäà

ẋ = f(t, x) + u, (1)

ãäå x = (x1, . . . , xn), f(t, x)� èçìåðèìàÿ ôóíêöèÿ, u� óïðàâëÿþùåå âîçäåéñòâèå,
çàäàâàåìîå íåêîòîðûì àáñòðàêòíûì îïåðàòîðîì u ← p(t, x)δt, ñîïîñòàâëÿþùèì
êàæäîìó òåêóùåìó ìîìåíòó âðåìåíè t è ñîñòîÿíèþ îáúåêòà x èìïóëüñ p(t, x)δt,
âåêòîð-ôóíêöèÿ p(t, x) � èíòåíñèâíîñòü èìïóëüñà, δt � äåëüòà-ôóíêöèÿ Äèðàêà,
ñîñðåäîòî÷åííàÿ â ìîìåíò âðåìåíè t. Âûðàæåíèå p(t, x)δt (�áåãóùèé èìïóëüñ�),
êàê îáîáùåííàÿ ôóíêöèÿ, ñìûñëà íå èìååò è îçíà÷àåò ëèøü òîò ôàêò, ÷òî â
ñèñòåìå (1) ôóíêöèîíèðóåò èìïóëüñíîå ïîçèöèîííîå óïðàâëåíèå, ïîäðàçóìåâà-
þùåå äèñêðåòíóþ ðåàëèçàöèþ �áåãóùåãî èìïóëüñà� â âèäå ïîñëåäîâàòåëüíîñòè
êîððåêòèðóþùèõ èìïóëüñîâ, ñîñðåäîòî÷åííûõ â òî÷êàõ h : t0 < t1 < . . . tN = θ
ðàçáèåíèÿ îòðåçêà I. Ðåçóëüòàòîì òàêîé ïîñëåäîâàòåëüíîé êîððåêöèè ÿâëÿåòñÿ
ðàçðûâíàÿ êðèâàÿ xh(·), íàçûâàåìàÿ ëîìàíîé Ýéëåðà, ïî îïðåäåëåíèþ ñîâïàäà-
þùàÿ íà ïðîìåæóòêàõ (tk, tk+1] ñ ðåøåíèåì â ñìûñëå Ôèëèïïîâà çàäà÷è Êîøè

ẋ ∈ f(t, x), x(tk) = xh(tk) + p
(
tk, x

h(tk)
)
.

Â ñëó÷àå, êîãäà â ðåçóëüòàòå äåéñòâèÿ êîððåêòèðóþùåãî èìïóëüñà â ìîìåíò âðå-
ìåíè tk ïðåäåëüíàÿ ñïðàâà òî÷êà (tk, x(tk + 0)) èíòåãðàëüíîé êðèâîé, ñîîòâåò-
ñòâóþùåé ëîìàíîé Ýéëåðà, îêàçûâàåòñÿ íà íåêîòîðîì ìíîãîîáðàçèè S = {(t, x) ∈
Rn+1 : σj(t, x) = 0, j = 1,m}, ìíîæåñòâî ëîìàíûõ Ýéëåðà íàçûâàåòñÿ èìïóëüñíî-
ñêîëüçÿùèì ðåæèìîì, à ïðåäåë ïîñëåäîâàòåëüíîñòè ëîìàíûõ Ýéëåðà � èäåàëü-
íûì èìïóëüñíî-ñêîëüçÿùèì ðåæèìîì. Ìû ðàññìàòðèâàåì âîïðîñ îá óðàâíåíèè
èäåàëüíîãî èìïóëüñíî-ñêîëüçÿùåãî ðåæèìà. Èçó÷àåòñÿ òàêæå ñëó÷àé óðàâíåíèé
ẋ = f(t, xt) ñ êóñî÷íî íåïðåðûâíîé ôóíêöèåé f ïðè íàëè÷èè çàïàçäûâàíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ (ïðîåêò � 16-01-00505).
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ÇÀÄÀ×À Î ÊÎÍÒÀÊÒÅ ÏËÀÑÒÈÍÛ È ÁÀËÊÈ
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Ôóðöåâ À.È.

Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,
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Äîêëàä ïîñâÿùåí çàäà÷å òåîðèè óïðóãîñòè, îïèñûâàþùåé êîíòàêò äâóõ òåë �
ïëàñòèíû è áàëêè. Ðàññìàòðèâàåìàÿ çàäà÷à îáëàäàåò ðÿäîì îòëè÷èòåëüíûõ
ñâîéñòâ, ê ÷èñëó êîòîðûõ îòíîñÿòñÿ ñëåäóþùèå îñîáåííîñòè. Âî-ïåðâûõ, çàäà-
÷à ñòàâèòñÿ â îáëàñòè ñ íåãëàäêîé ãðàíèöåé (à èìåííî, â îáëàñòè, ñîäåðæàùåé
ðàçðåç): ýòà îñîáåííîñòü ñâÿçàíà ñ òåì, ÷òî ïëàñòèíà è áàëêà ÿâëÿþòñÿ òåëàìè
ðàçëè÷íûõ ðàçìåðíîñòåé. Âî-âòîðûõ, íàáîð êðàåâûõ óñëîâèé âêëþ÷àåò â ñåáÿ
óñëîâèÿ âèäà íåðàâåíñòâ: ýòà îñîáåííîñòü çàäà÷è ÿâëÿåòñÿ ñëåäñòâèåì òîãî, ÷òî
èñïîëüçóþòñÿ êîíòàêòíûå óñëîâèÿ òèïà Ñèíüîðèíè, ïðåäîòâðàùàþùèå íåæåëà-
òåëüíûé ýôôåêò âçàèìíîãî ïðîíèêíîâåíèÿ òåë ïðè êîíòàêòå. È, íàêîíåö, â çàäà-
÷å ó÷èòûâàåòñÿ ýôôåêò ñöåïëåíèÿ ìåæäó òåëàìè, à êðàåâûå óñëîâèÿ ñîäåðæàò
÷èñëîâîé ïàðàìåòð, õàðàêòåðèçóþùèé ñèëû ñöåïëåíèÿ.

Äîêëàäûâàåìûå ðåçóëüòàòû îòíîñÿòñÿ ê âîïðîñàì èçó÷åíèÿ ðàçðåøèìîñòè
çàäà÷è è èññëåäîâàíèÿ çàâèñèìîñòè ðåøåíèÿ îò ïàðàìåòðà ñöåïëåíèÿ. Äîêàçà-
íî, ÷òî çàäà÷à èìååò åäèíñòâåííîå âàðèàöèîííîå ðåøåíèå. Óñòàíîâëåíî, ÷òî âà-
ðèàöèîííîå ðåøåíèå íåïðåðûâíî çàâèñèò îò ïàðàìåòðà ñöåïëåíèÿ. Èññëåäîâàí
ïðåäåëüíûé ïåðåõîä ïðè ñòðåìëåíèè ïàðàìåòðà ê áåñêîíå÷íîñòè, â ÷àñòíîñòè,
ïðîàíàëèçèðîâàíà ñîîòâåòñòâóþùàÿ ïðåäåëüíîìó ñëó÷àþ çàäà÷à.
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ÈÍÒÅÃÐÀËÜÍÎÅ ÏÐÅÄÑÒÀÂËÅÍÈÅ ÐÅØÅÍÈß
ÔÓÍÊÖÈÎÍÀËÜÍÎ-ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ

ÓÐÀÂÍÅÍÈß

Õàçîâà Þ.À.

Êðûìñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. Â.È. Âåðíàäñêîãî,
Ñèìôåðîïîëü, Ðîññèÿ; hazova.yuliya@hotmail.com

Íà êðóãå ðàññìàòðèâàåòñÿ ñìåøàííàÿ êðàåâàÿ çàäà÷à äëÿ íåëèíåéíîãî ïàðà-
áîëè÷åñêîãî óðàâíåíèÿ

ut(r, φ, t) + u(r, φ, t) = D△u(r, φ, t) +K(1 + γ cosQu(r, φ, t)),

0 < r < r1, 0 ≤ φ ≤ 2π, t > 0,

ñ ïðåîáðàçîâàíèåì îòðàæåíèÿ ïðîñòðàíñòâåííîé ïåðåìåííîé

Qu(r, φ, t) = u(r, π − φ, t),

óñëîâèåì Íåéìàíà
∂u(r1, φ, t)

∂r
= 0,

óñëîâèåì ïåðèîäè÷íîñòè

u(r, φ+ 2π, t) = u(r, φ, t),

îãðàíè÷åííîñòè ïî r â íóëå

|u(0, φ, t)| ≤ c <∞

è íà÷àëüíûì óñëîâèåì
u(r, φ, 0) = q0(r, φ),

ãäå △u = 1
r

∂
∂r

(
r ∂v∂r

)
+ 1

r2
∂2v
∂φ2 � îïåðàòîð Ëàïëàñà â ïîëÿðíîé ñèñòåìå êîîðäèíàò,

ïàðàìåòð D > 0, K � ïîëîæèòåëüíûé êîýôôèöèåíò, 0 < γ < 1.
Äîêàçûâàåòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ íà÷àëüíî-êðàåâîé çà-

äà÷è ïàðàáîëè÷åñêîãî óðàâíåíèÿ ïî ñëåäóþùåé ñõåìå. Èñõîäíàÿ çàäà÷à çàïèñû-
âàåòñÿ â âèäå çàäà÷è Êîøè äëÿ íåëèíåéíîãî îïåðàòîðíîãî ïàðàáîëè÷åñêîãî óðàâ-
íåíèÿ â ñîîòâåòñòâóþùåì ôóíêöèîíàëüíîì ïðîñòðàíñòâå ñ ó÷åòîì ãðàíè÷íûõ
óñëîâèé. Äàëåå èñïîëüçóþòñÿ ðåçóëüòàòû ïî ðàçðåøèìîñòè îïåðàòîðíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé [1�3]. Ñâîäèì çàäà÷ó ê îïåðàòîðíîìó óðàâíåíèþ, äëÿ êî-
òîðîãî âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû Ëåðý � Øàóäåðà î ðàçðåøèìîñòè íåëèíåé-
íûõ îïåðàòîðíûõ óðàâíåíèé [4]. Ýòè ðåçóëüòàòû ïðè ôèêñèðîâàííûõ ïàðàìåòðàõ
ïîçâîëÿþò óñòàíîâèòü åäèíñòâåííîñòü è íåïðåðûâíóþ çàâèñèìîñòü ðåøåíèÿ îò
íà÷àëüíûõ óñëîâèé.
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Äëÿ ôóíêöèè u(r, α) â êðóãå r < 1 ðàññìîòðåíà êðàåâàÿ çàäà÷à

∆u ≡ r−1(rur)r + r−2uαα = 0, u+Bur +AB(rur)r|r=1−0 = φ(α), (1)

ãäå (r, α) � ïîëÿðíûå êîîðäèíàòû, ïîñòîÿííûå A,B > 0, φ(α) ∈ L[0, 2π). Ãðà-
íè÷íîå óñëîâèå (1) ñîîòâåòñòâóåò óñëîâèþ íà äâóõñëîéíîé ïëåíêå, ñîñòîÿùåé èç
ñèëüíîïðîíèöàåìîé ïðîñëîéêè r = 1−0 ñ ïàðàìåòðîì A è ñëàáîïðîíèöàåìîé ïðî-
ñëîéêè r = 1 + 0 ñ ïàðàìåòðîì B, φ(α) � çíà÷åíèÿ èñêîìîé ôóíêöèè u(1 + 0, α)
íà âíåøíåé ñòîðîíå ïëåíêè [1].

Òåîðåìà. Ðåøåíèå çàäà÷è (1) ñóùåñòâóåò, åäèíñòâåííî è â ñëó÷àÿõ T = B(B−
4A) ̸= 0 è T = 0 ñòðîèòñÿ ñîîòâåòñòâåííî ïî ôîðìóëàì

u(r, α) =
1√
T

∞∫
0

f(re−z, α)
(
e−γ1z − e−γ2z

)
dz, γi =

B + (−1)i
√
T

2AB
, (2)

è

u(r, α) =
1

AB

∞∫
0

f(re−z, α)e−γzz dz, γ =
1

2A
, (3)

ãäå f(r, α) � ðåøåíèå êëàññè÷åñêîé çàäà÷è Äèðèõëå â êðóãå: ∆f = 0, r < 1,
f |r=1 = φ(α), êîòîðîå ñòðîèòñÿ ïî ôîðìóëå Ïóàññîíà.

Âûðàæåíèÿ äëÿ u (2), (3) ÿâëÿþòñÿ îïåðàòîðàìè, äåéñòâóþùèìè íà ôóíêöèþ
f ïî îäíîé ïåðåìåííîé r. Îáðàòíûé îïåðàòîð èìååò âèä f = u+Brur+ABr(rur)r.

Åñëè f(r, α) � ðåøåíèå êðàåâîé çàäà÷è â ñåêòîðå G = (0 < r < 1)×(0 < α < p)
âèäà ∆f = 0, f |r=1 = φ(α), N1f |α=0 = 0, N2f |α=p = 0, òî ôóíêöèè (2), (3) ÿâëÿ-
þòñÿ ðåøåíèÿìè çàäà÷è (1) â ñåêòîðå G ñ àíàëîãè÷íûìè ãðàíè÷íûìè óñëîâèÿìè
N1u|α=0 = 0, N2u|α=p = 0, ãäå Ni � îïåðàòîðû ãðàíè÷íûõ óñëîâèé ïåðâîãî, èëè
âòîðîãî, èëè òðåòüåãî ðîäà ïî ïåðåìåííîé α â ïðîèçâîëüíîì ñî÷åòàíèè.

Ðåøåíèÿ ðàññìîòðåííûõ çàäà÷ ñ óðàâíåíèåì Ïóàññîíà è íåîäíîðîäíûìè ãðà-
íè÷íûìè óñëîâèÿìè íà ∂G èìåþò âèä u = v + w, ãäå v � ðåøåíèå àíàëîãè÷íîé
çàäà÷è áåç ïëåíêè (ïðè A = B = φ = 0), w � ðåøåíèå ðàññìîòðåííîé ñîîòâåòñòâó-
þùåé çàäà÷è ñ ïëåíêîé äëÿ ãðàíè÷íîé ôóíêöèè (1) âèäà φ−Bvr−AB(rvr)r|r=1.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãðàíòà Ñîâåòà ïî ÍèÈÄ Çàáàéêàëüñêîãî ãîñóäàðñòâåí-

íîãî óíèâåðñèòåòà (ïðîåêò � 250-ÃÐ).
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Ðàññìîòðèì óðàâíåíèå{
uxx − uy + λ1u(x1, y) = 0, y > 0,
ux + uy + cu+ λ2u(x2, y) = 0, y < 0,

(1)

â îáëàñòè Ω, îãðàíè÷åííîé îòðåçêàìè AA1, BB1, A1B1 ïðÿìûõ x = 0, x = r,
y = T > 0 ñîîòâåòñòâåííî ïðè y > 0, õàðàêòåðèñòèêàìè AA2 : x − y = 0, BB2 :
x−y = r óðàâíåíèÿ (1) è îòðåçêîì A2B2 ïðÿìîé y = x2−r ïðè y < 0, x1, x2 ∈ [0, r),
λ1, λ2, c = const.

×åðåç Ω1 è Ω2 îáîçíà÷èì ïàðàáîëè÷åñêóþ è ãèïåðáîëè÷åñêóþ ÷àñòè ñìåøàí-
íîé îáëàñòè Ω ñîîòâåòñòâåííî. Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè
Ω íàçîâåì ôóíêöèþ u(x, y) èç êëàññà C(Ω̄) ∩ C1(Ω) ∩ C2

x(Ω1), óäîâëåòâîðÿþùóþ
óðàâíåíèþ (1) â Ω1 ∪ Ω2.

Çàäà÷à. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u(x, y) óðàâíåíèÿ (1) ñ íåïðå-
ðûâíîé âïëîòü äî îòðåçêà BB1 ïðîèçâîäíîé ïåðâîãî ïîðÿäêà ïî ïåðåìåííîé x,
óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì:

u(0, y) = φ0(y), 0 ≤ y ≤ T, (2)

[α0(y)ux + β0(y)u]|x=x0 = [αr(y)ux + βr(y)u]|x=r + φr(y), (3)

ãäå αi(y), βi(y), φi(y) � çàäàííûå íåïðåðûâíûå ôóíêöèè, i = 0, r.
Çàìå÷àíèå. Êîãäà λ2 = 0, ò. å. â ãèïåðáîëè÷åñêîé ÷àñòè îáëàñòè çàäàåòñÿ

íåíàãðóæåííîå óðàâíåíèå, èëè æå íàãðóæåííîå ñëàãàåìîå èìååò âèä λ2u(x, 0),
ðåøåíèå ìîæíî íàéòè â ïîëóïîëîñå, îãðàíè÷åííîé õàðàêòåðèñòèêàìè AA2, BB2

óðàâíåíèÿ (1) è îòðåçêîì ïðÿìîé y = 0. À â ñëó÷àå óðàâíåíèÿ (1) îáëàñòü áóäåò
îãðàíè÷èâàòüñÿ åùå è îòðåçêîì ïðÿìîé y = x2 − r.

Âíóòðåííåêðàåâàÿ çàäà÷à (2)�(3) ÿâëÿåòñÿ àíàëîãîì çàäà÷è Áèöàäçå � Ñàìàð-
ñêîãî äëÿ óðàâíåíèé ñìåøàííîãî ãèïåðáîëî-ïàðàáîëè÷åñêîãî òèïà. Äëÿ ìîäåëü-
íîãî óðàâíåíèÿ ãèïåðáîëî-ïàðàáîëè÷åñêîãî òèïà âòîðîãî ïîðÿäêà çàäà÷à (2)�(3)
áûëà èññëåäîâàíà â ðàáîòå [1], â ðàáîòå [2] ýòè ðåçóëüòàòû áûëè îáîáùåíû äëÿ
íàãðóæåííîãî ãèïåðáîëî-ïàðàáîëè÷åñêîãî óðàâíåíèÿ. Â ðàáîòå [3] áûëà ðàññìîò-
ðåíà çàäà÷à (1)�(3) ïðè α0(y) = αr(y) = β0(y) ≡ 0, βr(y) = −1. Â äàííîé ðàáîòå
ïðè îïðåäåëåííûõ óñëîâèÿõ íà çàäàííûå êîýôôèöèåíòû äîêàçûâàåòñÿ îäíîçíà÷-
íàÿ ðàçðåøèìîñòü çàäà÷è (1)�(3).
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Â îáëàñòè Ω = {(x, y) : −∞ < x <∞, 0 < y < T} ðàññìîòðèì óðàâíåíèå

Bxu(x, y)−Dα
0yu(x, y) = f(x, y), (1)

ãäå Dα
0y � îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ â ñìûñëå Ðèìàíà � Ëèóâèëëÿ

ïîðÿäêà α, îïðåäåëÿåìûé ðàâåíñòâàìè [1, 2]: Dα
0y g(y) = dg/dy, åñëè α = 1 è

Dα
0y g(y) = 1

Γ(1−α)
d
dy

y∫
0

g(t)
(y−t)α dt, åñëè 0 < α < 1; Bx = d2

dx2 + b
x

d
dx � îïåðàòîð

Áåññåëÿ, |b| < 1.
Ïóñòü Ω+ = Ω ∩ {x > 0}, Ω− = Ω ∩ {x < 0}, Ω̄ � çàìûêàíèå îáëàñòè Ω.

Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè Ω áóäåì íàçûâàòü ôóíêöèþ u =
u(x, y), óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â îáëàñòè Ω+∪Ω−, è òàêóþ, ÷òî y 1−αu ∈
C(Ω̄), |x|bux ∈ C(Ω), uxx, D α

0yu ∈ C(Ω+ ∪ Ω−).
Çàäà÷à Êîøè. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå óðàâíåíèÿ (1), óäî-

âëåòâîðÿþùåå óñëîâèþ

lim
y→0

Dα−1
0y u(x, y) = φ(x), −∞ < x <∞, (2)

ãäå φ(x) � çàäàííàÿ ôóíêöèÿ.
Â ðàáîòå [3] äîêàçàíà ñëåäóþùàÿ òåîðåìà åäèíñòâåííîñòè.
Òåîðåìà. Ñóùåñòâóåò íå áîëåå îäíîãî ðåãóëÿðíîãî ðåøåíèÿ çàäà÷è Êîøè

(1)�(2) â êëàññå ôóíêöèé, óäîâëåòâîðÿþùèõ äëÿ íåêîòîðîé ïîëîæèòåëüíîé ïî-
ñòîÿííîé k óñëîâèþ

lim
|x|→∞

y 1−α u(x, y) exp
(
− k |x|

2
2−α
)
= 0. (3)

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî ïîêàçàòåëü 2
2−α â óñëîâèè (3) íåëüçÿ óâåëè-

÷èòü. Ïðèìåðîì ñëóæèò ôóíêöèÿ y µ−1 Tµ

(
x2

4yα ,
1
yρ

)
, ãäå

Tµ(z, ζ) =
∞∑

n=0

z β+n

n! Γ(1 + β + n)
ϕ (−ρ, µ− αβ − αn;−ζ) , α < ρ < 1,

ϕ (−ρ, δ;−ζ) =
∞∑

n=0

(−1)nζn

n! Γ(δ−ρn) � ôóíêöèÿ Ðàéòà [2], [4].
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1Èíñòèòóò ïðîáëåì ïåðåäà÷è èíôîðìàöèè èì. À.À. Õàðêåâè÷à ÐÀÍ,
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Àñèìïòîòè÷åñêèé àíàëèç è ìåòîä óñðåäíåíèÿ ÿâëÿþòñÿ îñíîâíûìè èíñòðó-
ìåíòàìè ïðè èçó÷åíèè ìàòåìàòè÷åñêèõ çàäà÷, ìîäåëèðóþùèõ ñðåäû ñî ñëîæíîé
ìèêðîñòðóêòóðîé (ñì. [1�3]). Àòòðàêòîðû îïèñûâàþò ïðåäåëüíîå ïîâåäåíèå ïî
âðåìåíè ðåøåíèé äèññèïàòèâíûõ íåëèíåéíûõ Óð×Ï (ñì. [4, 5]).

Â íàñòîÿùåì äîêëàäå èçó÷àåòñÿ àñèìïòîòè÷åñêîå ïîâåäåíèå òðàåêòîðíûõ àò-
òðàêòîðîâ íåàâòîíîìíûõ 3D ñèñòåì Íàâüå � Ñòîêñà ñî ñëó÷àéíûìè áûñòðî îñ-
öèëëèðóþùèìè âíåøíèìè ñèëàìè â îãðàíè÷åííîé îáëàñòè D b R3 ñ óñëîâèÿìè
ïðèëèïàíèÿ íà ãðàíèöå ñëåäóþùåãî âèäà:

∂tuε + νLuε +B(uε) = g
(
x, t

ε , ω
)
, divuε = 0, uε|∂D = 0, (1)

ãäå x = (x1, x2, x3) ∈ D, g = (g1, g2, g3), è uε = uε(x, t) = (u1ε, u
2
ε, u

3
ε) � íåèçâåñò-

íîå âåêòîðíîå ïîëå, à ε > 0 � ìàëûé ïàðàìåòð. Â ñèñòåìå (1) L � îïåðàòîð

Ñòîêñà, Lu = −P∆u, è B(u, u) := P (u,∇)u = P
∑3

i=1 ui ∂xiu, P � îðòîïðîåêòîð
Ëåðý.

Ïðåäïîëàãàåòñÿ, ÷òî èçâåñòíàÿ âíåøíÿÿ ñèëà gε = g
(
x, t

ε , ω
)
ÿâëÿåòñÿ ñëó÷àé-

íîé ñòàòèñòè÷åñêè îäíîðîäíîé ïî âðåìåíè ôóíêöèåé, óäîâëåòâîðÿþùåé óñëîâèþ
ýðãîäè÷íîñòè ïî ñëó÷àéíîìó ïàðàìåòðó ω, êîòîðûé ÿâëÿåòñÿ ýëåìåíòîì ñòàí-
äàðòíîãî âåðîÿòíîñòíîãî ïðîñòðàíñòâà (Ω,B, µ).

Íàðÿäó ñ ñèñòåìîé (1) ðàññìàòðèâàåòñÿ ñîîòâåòñòâóþùàÿ óñðåäíåííàÿ àâòî-
íîìíàÿ 3D ñèñòåìà Íàâüå � Ñòîêñà ñ äåòåðìèíèðîâàííîé âíåøíåé ñèëîé ghom(x),
êîòîðàÿ ÿâëÿåòñÿ ìàòåìàòè÷åñêèì îæèäàíèåì ñëó÷àéíîé ôóíêöèè gε(·) ïðè ε→
0+.

Äîêàçàíî, ÷òî òðàåêòîðíûé àòòðàêòîð Aε ñèñòåìû ñî ñëó÷àéíîé áûñòðî îñ-
öèëëèðóþùåé ñèëîé ñõîäèòñÿ ñ âåðîÿòíîñòüþ 1 ïðè ε → 0 ê òðàåêòîðîíîìó àò-
òðàêòîðó A óñðåäíåííîé ñèñòåìû â ñîîòâåòñòâóþùåì ýíåðãåòè÷åñêîì ïðîñòðàí-
ñòâå.

Îòìåòèì, ÷òî äëÿ ðàññìàòðèâàåìûõ 3D ñèñòåì Íàâüå � Ñòîêñà òåîðåìà åäèí-
ñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè íå äîêàçàíà è íå èñïîëüçóåòñÿ, ïîñêîëüêó ïðè
àñèìïòîòè÷åñêîì àíàëèçå ïðèìåíÿåòñÿ ìåòîä òðàåêòîðíûõ àòòðàêòîðîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 17-01-00515 è � 18-01-00046).
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×óäèíîâ Ê.Ì.

Ïåðìñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò,
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Èññëåäóþòñÿ íåóëó÷øàåìûå äîñòàòî÷íûå óñëîâèÿ îñöèëëÿöèè ðåøåíèé äèô-
ôåðåíöèàëüíûõ è ðàçíîñòíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ íåñêîëüêèìè ïåðå-
ìåííûìè çàïàçäûâàíèÿìè, âûðàæåííûå â âèäå ÿâíûõ îöåíîê ïàðàìåòðîâ óðàâíå-
íèÿ. Ðàññìàòðèâàþòñÿ íåñêîëüêî ïîäõîäîâ ê çàäà÷å è ñðàâíèâàþòñÿ äîñòèãàåìûå
ðåçóëüòàòû. Â ÷àñòíîñòè, ïðèâåäåííûå íèæå óñëîâèÿ îñöèëëÿöèè ðåøåíèé ðàç-
íîñòíîãî óðàâíåíèÿ

∆x(n) +
m∑

k=1

pk(n)x(τk(n)) = 0, n = 0, 1, 2, . . . , (1)

ãäå pk(n) ≥ 0, τk(n) ≤ n − 1, τk(n) → ∞ ïðè n → ∞, ñîïîñòàâëÿþòñÿ ñ äðóãèìè
íàèáîëåå ñèëüíûìè èç èçâåñòíûõ óñëîâèé.

Òåîðåìà [1]. Ïîëîæèì Ek(n) = {i ≥ n | τk(i) ≤ n− 1}. Åñëè

lim
n→∞

m∑
k=1

∑
i∈Ek(n)

pk(i) >
1

e
,

òî âñå ðåøåíèÿ óðàâíåíèÿ (1) îñöèëëèðóþò.
Òåîðåìà [2]. Åñëè ôóíêöèè rk(n) = n− τk(n) îãðàíè÷åííû è

lim
n→∞

m∑
k=1

pk(n)rk(n) >
1

e
,

òî âñå ðåøåíèÿ óðàâíåíèÿ (1) îñöèëëèðóþò.
Òåîðåìà [3]. Ïîëîæèì Hk(n) = {i ≥ n | τk(i) ≤ n}. Äëÿ n, k ∈ Z ïîëîæèì

a1(n, k) =
n−1∏
i=k

(
1−

m∑
j=1

pj(i)
)
;

ar+1(n, k) =

n−1∏
i=k

(
1−

m∑
j=1

pj(i)a
−1
r (i, τj(i))

)
, r ∈ N.

Åñëè äëÿ íåêîòîðîãî r ∈ N èìååì limn→∞
∑m

i=1

∑
j∈Hi(n)

pi(j)a
−1
r (n, τi(j)) > 1, òî

âñå ðåøåíèÿ óðàâíåíèÿ (1) îñöèëëèðóþò.
Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ Ìèíîáðíàóêè ÐÔ (ïðîåêò � 1.5336.2017/8.9)

ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 18-01-
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Ïðîáëåìû ñîâðåìåííîé ãàçîäèíàìèêè ñâÿçàíû ñ èññëåäîâàíèåì çàêîíîâ äâè-
æåíèÿ (òå÷åíèé) ãàçà, è íàèáîëåå âàæíûìè ÿâëÿþòñÿ çàäà÷è ñ ïåðåìåííîé îáëà-
ñòüþ òå÷åíèÿ ãàçà, îãðàíè÷åííîé ñâîáîäíîé ãðàíèöåé. Â ðàáîòå èññëåäóåòñÿ ýêâè-
âàëåíòíàÿ ñèñòåìå ãàçîâîé äèíàìèêè ñèñòåìà èíòåãðîäèôôåðåíöèàëüíûõ óðàâ-
íåíèé, ÷òî ïîçâîëÿåò ïðèìåíèòü äëÿ ðåøåíèÿ ñèñòåìû ìåòîä ïîñëåäîâàòåëüíûõ
ïðèáëèæåíèé.

Ïóñòü â ìîìåíò t = 0 â ïðîñòðàíñòâå R3 çàäàíà îáëàñòü Ω0, çàïîëíåííàÿ
èäåàëüíûì ðàçðåæåííûì ïîëèòðîïíûì ãàçîì, ÷àñòèöû êîòîðîãî ïðèòÿãèâàþò-
ñÿ äðóã ê äðóãó ïî çàêîíó Íüþòîíà. Çàìêíóòàÿ ãðàíèöà äàííîé îáëàñòè Γ0

ÿâëÿåòñÿ ôóíêöèåé êëàññà C∞. Â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 â êàæ-
äîé òî÷êå x = {x, y, z} îáëàñòè Ω0 èçâåñòíû ðàñïðåäåëåíèÿ âåêòîðà ñêîðîñòè
u0 = {u0, v0, w0} ÷àñòèö ãàçà, ïëîòíîñòè ρ = ρ0(x), êîòîðûå òàêæå ÿâëÿþò-
ñÿ ôóíêöèÿìè êëàññà C∞. Òå÷åíèÿ ãàçà áóäóò îïðåäåëåíû ðåøåíèåì èíòåãðî-
äèôôåðåíöèàëüíîé ñèñòåìû òðåõìåðíûõ óðàâíåíèé ãàçîâîé äèíàìèêè â ôîðìå
Ë. Ýéëåðà [1]:

ut + (u∇)u = ∇Φ,
ρt + div(ρu) = 0,

(1)

ãäå Φ(x, t) = G
∫∫∫
Ωt

ρ(x′,t)
|x−x′|dx

′ � íüþòîíîâñêèé ïîòåíöèàë, ñîçäàííûé âñåé ìàññîé

ãàçà, G � ãðàâèòàöèîííàÿ ïîñòîÿííàÿ, ∇ � îïåðàòîð ãðàäèåíòà, |x − x′| � ðàñ-
ñòîÿíèå ìåæäó òî÷êàìè ïåðåìåííîé îáëàñòè Ωt. Ñèñòåìó (1) ÷àñòî â ëèòåðàòóðå
íàçûâàþò �ñèñòåìîé ãàçîâîé äèíàìèêè áåç äàâëåíèÿ�. Ãðàâèòàöèîííûé ïîòåíöè-
àë óäîâëåòâîðÿåò óðàâíåíèþ Ïóàññîíà ∆Φ = −4πGρ, ãäå ∆ � îïåðàòîð Ëàïëàñà
ïî x [2].

Ïðèìåíÿÿ ëàãðàíæåâû êîîðäèíàòû ξ = (ξ, η, ζ), ïîëó÷èì ýêâèâàëåíòíîå ñè-
ñòåìå (1) èíòåãðîäèôôåðåíöèàëüíîå óðàâíåíèå òèïà Âîëüòåððà:

x = ξ + tu0(ξ) +G

t∫
0

[
(t− τ)M∗−1∇ξ

∫∫∫
Ω0

ρ0(ξ
′)

|x(ξ, τ)− x(ξ′, τ)|
dξ′

]
dτ, (2)

ãäå u0(ξ) � íà÷àëüíàÿ ñêîðîñòü, ρ0 � íà÷àëüíàÿ ïëîòíîñòü,M =
(

∂x
∂ξ

)
� ìàòðè-

öà ßêîáè, M∗ � òðàíñïîíèðîâàííàÿ ìàòðèöà, ∇ξ � ãðàäèåíò ïî ïåðåìåííûì ξ,
Ω0 � íà÷àëüíàÿ îáëàñòü ãàçà. Ðåøèâ (2), íàéäåì ãàçîäèíàìè÷åñêèå ïàðàìåòðû
êàê ôóíêöèè ïåðåìåííûõ Ëàãðàíæà: u = ∂x

∂t , ρ = ρ0J , ãäå J = detM , à ïåðåìåí-
íóþ îáëàñòü Ωt � êàê îáðàç Ω0 ïðè ïðåîáðàçîâàíèè (2).

Åñëè ïðè t = 0 êîîðäèíàòû ξ çàäàíû íà ãðàíèöå, òî ôîðìóëà (2) ïðè t > 0
îïðåäåëÿåò çàêîí äâèæåíèÿ ñâîáîäíîé ãðàíèöû.

ËÈÒÅÐÀÒÓÐÀ

1. Ñòàíþêîâè÷ Ê.Ï. Íåóñòàíîâèâøèåñÿ äâèæåíèÿ ñïëîøíîé ñðåäû. Ì.: Íàóêà, 1971.

2. Ãþíòåð Í.Ì. Òåîðèÿ ïîòåíöèàëà è å¼ ïðèìåíåíèå ê îñíîâíûì çàäà÷àì ìàòåìàòè÷å-
ñêîé ôèçèêè. Ì.: Ãîñ. èçä-âî òåõí.-òåîðåò. ëèò., 1953.
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ÍÀ ÐÈÌÀÍÎÂÎÉ ÏÎÂÅÐÕÍÎÑÒÈ

×óåøåâ Â.Â.1, ×óåøåâ À.Â.2

Êåìåðîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êåìåðîâî, Ðîññèÿ;
1vvchueshev@ngs.ru, 2chueshev@ngs.ru

Ïóñòü F � êîìïàêòíàÿ ðèìàíîâà ïîâåðõíîñòü ðîäà g ≥ 2. Îáîçíà÷èì ÷åðåç
D îòêðûòûé êðóã íà ïëîñêîñòè C, ÷åðåç Γ � ôóêñîâó ãðóïïó ïåðâîãî ðîäà, F =
D/Γ. Ðàññìîòðèì âîçìóùåííîå óðàâíåíèå íà D/Γ âèäà

u(3)(z) + (Q0(z)− λq(z))u(1)(z) +R0(z)u(z) = 0, (1)

ãäå λ ∈ C, Q0(z) = Q0(Lz)L
′(z)2, R0(z) = R0(Lz)L

′(z)3, q(z) � ãîëîìîðôíûé
äèôôåðåíöèàë íà D/Γ âòîðîãî ïîðÿäêà, L ∈ Γ. Âåêòîð-ðåøåíèå ðàçëîæèì â ðÿä
Òåéëîðà

U(z, λ) = U0(z) + λU1(z) + . . .+ λkUk(z) + . . . , |λ| < ϵ, z ∈ D.

Äëÿ L ∈ Γ, z ∈ D âåðíî ðàâåíñòâî U(Lz) = χ(L)U(z)ξ2L(z), ãäå ξL(z) =
√
L′(z)

[1�2].
Òåîðåìà. Äëÿ óðàâíåíèÿ (1) âåðíû òî÷íûå âàðèàöèîííûå ôîðìóëû äëÿ âåê-

òîð-ðåøåíèÿ:

U(z, λ) = [E + λA0(z) + λ2A1(z) + . . .+ λnAn−1(z) + . . .]U0(z),

ãäå z ∈ D, |λ| < ϵ è

An(z) =

z∫
z0

[
A(x)Dn(x) +A0(x)A(x)D

n−1(x) +A1(x)A(x)D
n−2(x) + . . .

. . .+An−2(x)A(x)D(x) +An−1(x)A(x)
]
dx,

A(x) = q(x)U
(1)
0 (x)V (x), D(x) = q(x)U0(x)V (x), A0(z) =

z∫
z0

A(x)dx,

V (x) � ìàòðè÷íîå ðåøåíèå äâîéñòâåííîãî óðàâíåíèÿ ê óðàâíåíèþ (1) ïðè λ = 0.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-01-00420).

ËÈÒÅÐÀÒÓÐÀ

1. Hejhal D.A. Monodromy groups for higher-order di�erential equations // Bull. Am.
Math. Soc. 1975. V. 81, No. 3. P. 590�592.

2. Hejhal D.A. The variational theory of linearly polymorphic functions // J. Anal. Math.
1976. V. 30. P. 215�264.
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Î ÄÂÓÕ ÍÅËÈÍÅÉÍÛÕ ÓÐÀÂÍÅÍÈßÕ Ñ
×ÀÑÒÍÛÌÈ ÏÐÎÈÇÂÎÄÍÛÌÈ ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

×óåøåâà Í.À.

Êåìåðîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êåìåðîâî, Ðîññèÿ;
chuesheva@ngs.ru

Â ðàáîòå [1] ðàññìàòðèâàåòñÿ íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå òðåòü-
åãî ïîðÿäêà
uxxxu

3
y − 3uxxyu

2
yux + 3uxyyuyu

2
x − uyyyu3x

+3β
√(

u2x + u2y
) (
uxxuxuy + uxy

(
u2y − u2x

)
− uyyuxuy

)
= 0. (1)

Ïðèìåð 1. Ïóñòü äàíà îáëàñòü D =
{
x2 + y2 < c2

}
⊂ R2 ñ ãðàíèöåé Γ. Òî-

ãäà ôóíêöèÿ u =
(
x2 + y2 − c2

)n
, n ≥ 4, ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1) è

óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì íà ãðàíèöå Γ : u|Γ = ux|Γ = uy|Γ = 0,
uxx|Γ = uyy|Γ = uxy|Γ = uxxx|Γ = uyyy|Γ = uxxy|Γ = uxyy|Γ = 0. Ïðè ýòîì åñëè
n � ÷¼òíîå, òî â îáëàñòè D è â îáëàñòè

{
x2 + y2 > c2

}
èìååì u > 0. Åñëè n �

íå÷¼òíîå, òî â îáëàñòè D èìååì u < 0, à â îáëàñòè
{
x2 + y2 > c2

}
� u > 0.

Ïðèìåð 2. Ïóñòü â óðàâíåíèè (1) êîýôôèöèåíò β = 0. Ðàññìîòðèì îáëàñòü
D =

{
(x, y) ∈ R2 : y > 0

}
ñ ãðàíèöåé Γ = {y = 0} . Â ýòîé îáëàñòè ñ êðàåâûìè

óñëîâèÿìè u|y=0 = e−x2

/n5, uy|y=0 = e−x2

/n4, uyy|y=0 = e−x2

/n3 ôóíêöèÿ u =

eny−x2

/n5 áóäåò íåóñòîé÷èâûì ðåøåíèåì óðàâíåíèÿ (1).
Ëåììà. Ïóñòü äàíà îáëàñòü D =

{
0 < x2 + y2 − c2 < 2π/

√
3
}
⊂ R2 ñ ãðàíè-

öåé Γ = Γ1 ∪ Γ2, Γ1 =
{
x2 + y2 − c2 = 0

}
, Γ2 =

{
x2 + y2 − c2 = 2π/

√
3
}
. Ïóñòü

ôóíêöèÿ u
(
x2 + y2 − c2

)
∈ C3

(
D
)
è óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì íà ãðà-

íèöå:
u|Γ1

= ux|Γ = uy|Γ = 0. (2)

Òîãäà òàêàÿ ôóíêöèÿ áóäåò íå åäèíñòâåííûì ðåøåíèåì êðàåâîé çàäà÷è (2) äëÿ
óðàâíåíèÿ (1).

Çàìå÷àíèå. Íàïðèìåð, óñëîâèÿ ëåììû âûïîëíÿþòñÿ äëÿ u
(
x2 + y2 − c2

)
=
√
3 + e(x

2+y2−c2)/2

(
sin

((
x2 + y2 − c2

) √3
2

)
−
√
3 cos

((
x2 + y2 − c2

) √3
2

))
,

êðàåâûõ óñëîâèé (2) è îáëàñòè D ñ ãðàíèöåé Γ.
Â ðàáîòå [2] ïðèâåäåíî òî÷íîå ðåøåíèå äëÿ óðàâíåíèÿ Êîðòåâåãà � äå Ôðèçà

P2u ≡ ut + uxxx + 6u · ux = 0. (3)

Â îáëàñòèD ñ ãðàíèöåé Γ = Γ1

∪
Γ2, Γ1 = {x+8t = 0}, Γ2=

{
x+ 8t = ln

(
2+
√
3
)}
,

ðåøåíèåì óðàâíåíèÿ (3) ÿâëÿåòñÿ ôóíêöèÿ u = −2 tanh2 (x+ 8t) , óäîâëåòâîðÿþ-
ùàÿ êðàåâûì óñëîâèÿì

u|Γ1
= ux|Γ1

= ut|Γ1
= uxxx|Γ1

= uxx|Γ2
= 0.

ËÈÒÅÐÀÒÓÐÀ

1. Bialy M., Mironov A.E. Angular billiard and algebraic Birkho� conjecture // Adv. Math.
2017. V. 313. P. 102�126.

2. ×óåøåâà Í.À. Íåñêîëüêî óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè âûñîêîãî ïîðÿäêà //
Ñèá. æóðí. ÷èñò. è ïðèêë. ìàòåì. 2016. Ò. 16, � 3. Ñ. 103�117.
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×óéêî Ñ.Ì.

Äîíáàññêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò,
Ñëàâÿíñê, Óêðàèíà; chujko-slav@inbox.ru

Èññëåäîâàíà çàäà÷à î ïîñòðîåíèè ðåøåíèé [1]

z(t) ∈ C1
n[a, b] := C1[a, b]⊗ Rn

ëèíåéíîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû [2, 3]

A(t)z′(t) = B(t)z(t) + f(t), f(t) ∈ C[a, b], (1)

çäåñü
A(t), B(t) ∈ Cm×n[a, b] := C[a, b]⊗ Rm×n

� íåïðåðûâíûå ìàòðèöû. Ìàòðèöó A(t) ïðåäïîëàãàåì, âîîáùå ãîâîðÿ, ïðÿìî-
óãîëüíîé: m ̸= n, ëèáî êâàäðàòíîé, íî âûðîæäåííîé.

Íàéäåíû óñëîâèÿ ðàçðåøèìîñòè, à òàêæå êîíñòðóêöèÿ îáîáùåííîãî îïåðàòî-
ðà Ãðèíà çàäà÷è Êîøè äëÿ ëèíåéíîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû.
Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïðèâîäèìîñòè äèôôåðåíöèàëüíî-àëãåáðàè÷åñ-
êîãî óðàâíåíèÿ ê ïîñëåäîâàòåëüíîñòè ñèñòåì, îáúåäèíÿþùèõ îáûêíîâåííûå äèô-
ôåðåíöèàëüíûå è àëãåáðàè÷åñêèå óðàâíåíèÿ áåç èñïîëüçîâàíèÿ öåíòðàëüíîé êà-
íîíè÷åñêîé ôîðìû, ñîâåðøåííûõ ïàð è òðîåê ìàòðèö [3]. Ïðåäëîæåíà êëàññè-
ôèêàöèÿ, à òàêæå åäèíàÿ ñõåìà ïîñòðîåíèÿ ðåøåíèé äèôôåðåíöèàëüíî-àëãåá-
ðàè÷åñêèõ óðàâíåíèé áåç èñïîëüçîâàíèÿ öåíòðàëüíîé êàíîíè÷åñêîé ôîðìû, ñî-
âåðøåííûõ ïàð è òðîåê ìàòðèö [4] äëÿ ëþáûõ íàòóðàëüíûõ m è n. Ïðåäëî-
æåííàÿ â ñòàòüå ñõåìà èññëåäîâàíèÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ ñèñòåì
àíàëîãè÷íî [3, 5�7] ìîæåò áûòü ïåðåíåñåíà íà ìàòðè÷íûå äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêèå êðàåâûå çàäà÷è.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ãîñóäàðñòâåííîãî Ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé Óêðàèíû (íîìåð ãîñóäàðñòâåííîé ðåãèñòðàöèè 0109U000381).
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Øàãàëîâà Ë. Ã.

Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè èì. Í.Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ,
Åêàòåðèíáóðã, Ðîññèÿ; shag@imm.uran.ru

Ðàññìàòðèâàåòñÿ ïîëó÷åííîå â [1] äëÿ ìîäåëè Êðîó � Êèìóðû ìîëåêóëÿð-
íîé ýâîëþöèè íåëèíåéíîå óðàâíåíèå Ãàìèëüòîíà � ßêîáè ñ çàäàííûì íà÷àëüíûì
óñëîâèåì è ôàçîâûìè îãðàíè÷åíèÿìè:

∂u/∂t+H(x, ∂u/∂x) = 0, t ≥ 0, x ∈ [−1; 1], (1)

H(x, p) = −f(x) + 1− 1 + x

2
e2p − 1− x

2
e−2p, (2)

u(0, x) = u0(x), x ∈ [−1; 1]. (3)

Ôóíêöèè f(·) è u0(·) ïðåäïîëàãàþòñÿ íåïðåðûâíî äèôôåðåíöèðóåìûìè.
Â [2] ââåäåíî ïîíÿòèå îáîáùåííîãî ðåøåíèÿ çàäà÷è (1)�(3), äîêàçàíî åãî ñó-

ùåñòâîâàíèå è íååäèíñòâåííîñòü. Â [3] âûäåëåíû äîñòàòî÷íûå óñëîâèÿ ñóùå-
ñòâîâàíèÿ è îáîñíîâàíà êîíñòðóêöèÿ îáîáùåííîãî ðåøåíèÿ çàäàííîé ñòðóêòó-
ðû òàêîãî, ÷òî â îáëàñòè, ãäå îïðåäåëåíû âûïóùåííûå ñ íà÷àëüíîãî ìíîãîîá-
ðàçèÿ êëàññè÷åñêèå õàðàêòåðèñòèêè óðàâíåíèÿ (1), ðåøåíèå ñòðîèòñÿ ñ èõ ïîìî-
ùüþ. Ïðè ýòîì ðåøåíèÿ ðàññìàòðèâàëèñü íà îãðàíè÷åííîì çàìêíóòîì ìíîæåñòâå
ΠT = [0;T ]× [−1; 1], ãäå ìîìåíò T > 0 îïðåäåëÿåòñÿ èç óñëîâèÿ ïðîäîëæèìîñòè
íà îòðåçîê [0, T ] õàðàêòåðèñòèê � ðåøåíèé ñëåäóþùåé ñèñòåìû îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé:

ẋ = Hp(x, p) = −(1 + x)e2p + (1− x)e−2p,

ṗ = −Hx(x, p) = f ′(x) + (e2p − e−2p)/2,

ż = pHp(x, p)−H(x, p).

Çäåñü Hx(x, p) = ∂H(x, p)/∂x, Hp(x, p) = ∂H(x, p)/∂p.
Â äàííîé ðàáîòå âûäåëÿþòñÿ äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ ñóùåñòâó-

åò ãëîáàëüíîå (îïðåäåëåííîå íà ìíîæåñòâå Π∞ = [0;∞) × [−1; 1]) îáîáùåííîå
ðåøåíèå çàäàííîé ñòðóêòóðû çàäà÷è (1)�(3).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00074) è ÓðÎ ÐÀÍ (êîìïëåêñíàÿ ïðîãðàììà � 18-1-1-10).
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Êàê èçâåñòíî, â çàäà÷àõ äèíàìèêè èçó÷àþòñÿ ìåõàíè÷åñêèå ñèñòåìû ñî ìíî-
ãèìè ñòåïåíÿìè ñâîáîäû ñ äèññèïàöèåé (ñ ïðîñòðàíñòâîì ïîëîæåíèé � ìíîãî-
ìåðíûì ìíîãîîáðàçèåì). Èõ ôàçîâûìè ïðîñòðàíñòâàìè ñòàíîâÿòñÿ êàñàòåëüíûå
ðàññëîåíèÿ ê äàííûì ìíîãîîáðàçèÿì. Òàê, íàïðèìåð, èçó÷åíèå n-ìåðíîãî îáîá-
ùåííîãî ñôåðè÷åñêîãî ìàÿòíèêà â íåêîíñåðâàòèâíîì ïîëå ñèë ïðèâîäèò ê äèíà-
ìè÷åñêîé ñèñòåìå íà êàñàòåëüíîì ðàññëîåíèè ê (n − 1)-ìåðíîé ñôåðå, ïðè ýòîì
ìåòðèêà ñïåöèàëüíîãî âèäà íà íåé èíäóöèðîâàíà äîïîëíèòåëüíîé ãðóïïîé ñèì-
ìåòðèé [1, 2]. Â äàííîì ñëó÷àå äèíàìè÷åñêèå ñèñòåìû, îïèñûâàþùèå äâèæåíèå
òàêîãî ìàÿòíèêà, îáëàäàþò çíàêîïåðåìåííîé äèññèïàöèåé, è ïîëíûé ñïèñîê ïåð-
âûõ èíòåãðàëîâ ñîñòîèò èç òðàíñöåíäåíòíûõ (â ñìûñëå êîìïëåêñíîãî àíàëèçà)
ôóíêöèé, âûðàæàþùèõñÿ ÷åðåç êîíå÷íóþ êîìáèíàöèþ ýëåìåíòàðíûõ ôóíêöèé.

Âûäåëèì òàêæå êëàññ çàäà÷ î äâèæåíèè òî÷êè ïî ìíîãîìåðíîé ïîâåðõíîñòè,
ïðè ýòîì ìåòðèêà íà íåé èíäóöèðîâàíà åâêëèäîâîé ìåòðèêîé âñåîáúåìëþùå-
ãî ïðîñòðàíñòâà. Â ðÿäå ñëó÷àåâ â ñèñòåìàõ ñ äèññèïàöèåé òàêæå óäàåòñÿ íàéòè
ïîëíûé ñïèñîê ïåðâûõ èíòåãðàëîâ, ñîñòîÿùèé èç òðàíñöåíäåíòíûõ ôóíêöèé. Ïî-
ëó÷åííûå ðåçóëüòàòû îñîáåííî âàæíû â ñìûñëå ïðèñóòñòâèÿ â ñèñòåìå èìåííî
íåêîíñåðâàòèâíîãî ïîëÿ ñèë.

Â ðàáîòå ïîêàçàíà èíòåãðèðóåìîñòü íåêîòîðûõ êëàññîâ äèíàìè÷åñêèõ ñèñòåì
íà êàñàòåëüíîì ðàññëîåíèè ê ìíîãîìåðíîìó ìíîãîîáðàçèþ (îá àíàëîãè÷íûõ èñ-
ñëåäîâàíèÿõ íà êàñàòåëüíûõ ðàññëîåíèÿõ ê ìíîãîîáðàçèÿì ðàçìåðíîñòåé 2, 3 è
4 ñì. [3�5]). Ïðè ýòîì ñèëîâûå ïîëÿ îáëàäàþò òàê íàçûâàåìîé ïåðåìåííîé äèñ-
ñèïàöèåé è îáîáùàþò ðàíåå ðàññìîòðåííûå.

Â êà÷åñòâå ïðèëîæåíèé èçó÷àþòñÿ äèíàìè÷åñêèå óðàâíåíèÿ äâèæåíèÿ, âîçíè-
êàþùèå â ïëîñêîé è ïðîñòðàíñòâåííîé äèíàìèêå òâ¼ðäîãî òåëà, âçàèìîäåéñòâó-
þùåãî ñî ñðåäîé, à òàêæå âîçìîæíîå îáîáùåíèå ïîëó÷åííûõ ìåòîäîâ èññëåäîâà-
íèÿ íà îáùèå ñèñòåìû, âîçíèêàþùèå êàê â êà÷åñòâåííîé òåîðèè îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé, òåîðèè äèíàìè÷åñêèõ ñèñòåì, òàê è â òåîðèè êî-
ëåáàíèé.
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Ôîðìóëà Ðåøåòíÿêà (èçâåñòíàÿ òàêæå êàê ôîðìóëà Ïëàíøåðåëÿ äëÿ ïðåîáðà-
çîâàíèÿ Ðàäîíà) óòâåðæäàåò, ÷òî ïðåîáðàçîâàíèå Ðàäîíà R ÿâëÿåòñÿ èçîìåòðèåé

ìåæäó L2(Rn) è H
(n−1)/2
(n−1)/2,e(S

n−1 × R), ãäå ïîñëåäíåå åñòü ãèëüáåðòîâî ïðîñòðàí-
ñòâî ÷åòíûõ ôóíêöèé íà Sn−1 × R, ñíàáæåííîå íåêîòîðîé ñïåöèàëüíîé íîðìîé.
Äëÿ ïðîèçâîëüíûõ s ∈ R è t > −n/2 ìû ââîäèì îáîáùåííûå ñîáîëåâñêèå ïðî-
ñòðàíñòâà Hs

t (Rn) è äîêàçûâàåì, ÷òî R ÿâëÿåòñÿ èçîìåòðèåé ìåæäó Hs
t (Rn) è

H
s+(n−1)/2
t+(n−1)/2,e(S

n−1×R). Çàòåì ìû ïîëó÷àåì àíàëîãè÷íûå ðåçóëüòàòû äëÿ ëó÷åâî-

ãî ïðåîáðàçîâàíèÿ ñèììåòðè÷íûõ òåíçîðíûõ ïîëåé.
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Øèøêàíîâà À.À.

Çàïîðîæñêèé íàöèîíàëüíûé òåõíè÷åñêèé óíèâåðñèòåò,
Çàïîðîæüå, Óêðàèíà; shyshkan@gmail.com

Ïðèâåäåíû ðåçóëüòàòû ïðèìåíåíèÿ ìåòîäà ìàëîãî ïàðàìåòðà ê ðåøåíèþ èí-
òåãðàëüíûõ óðàâíåíèé, ÿâëÿþùèõñÿ ìàòåìàòè÷åñêèìè ìîäåëÿìè ïðîñòðàíñòâåí-
íûõ çàäà÷ êîíòàêòíîãî âçàèìîäåéñòâèÿ ïðè âíåöåíòðåííîì íàãðóæåíèè ñ ó÷åòîì
íåëèíåéíîé çàâèñèìîñòè äåôîðìàöèîííûõ ïåðåìåùåíèé øåðîõîâàòîñòè ïîëóïðî-
ñòðàíñòâà îò äàâëåíèÿ.

Ïðåäëàãàåòñÿ äëÿ âû÷èñëåíèÿ äâóìåðíûõ èíòåãðàëîâ ñî ñëàáîé îñîáåííîñòüþ
òèïà ïîòåíöèàëà ïðîñòîãî ñëîÿ, ðàñïðåäåëåííîãî ïî äâóñâÿçíîé îáëàñòè, ðàç-
ëîæåíèå íà âíóòðåííþþ òî÷êó ýòîé îáëàñòè ñ èñïîëüçîâàíèåì ïðåîáðàçîâàíèÿ
ïîëþñà ÿäðà èíòåãðàëüíîãî îïåðàòîðà. Ïðåäëîæåííîå ðàçëîæåíèå îòëè÷àåòñÿ îò
ïîëó÷åííîãî ðàíåå [1]. Â ðàáîòå ïîêàçàíî, ÷òî äâóìåðíîå èíòåãðàëüíîå óðàâíåíèå,
êîòîðîå ÿâëÿåòñÿ îñíîâíûì â ðåøåíèè çàäà÷ î âäàâëèâàíèè øòàìïà â óïðóãîå øå-
ðîõîâàòîå ïîëóïðîñòðàíñòâî, ïîñëå ïðèìåíåíèé ýòèõ ðàçëîæåíèé ïðèâîäèòñÿ ê
îäèíàêîâîé ðåêóððåíòíîé ñèñòåìå äëÿ îáëàñòè â ôîðìå êðóãîâîãî êîëüöà. Ïîëó-
÷åíî ïðåîáðàçîâàíèå äâóìåðíûõ èíòåãðàëüíûõ óðàâíåíèé äëÿ êðóãîâîãî êîëüöà
ê îäíîìåðíûì. Â ñëó÷àå íåëèíåéíîé çàâèñèìîñòè äåôîðìàöèîííûõ ïåðåìåùå-
íèé øåðîõîâàòîñòè îò äàâëåíèÿ âûïîëíåíî ñâåäåíèå îäíîìåðíûõ èíòåãðàëüíûõ
óðàâíåíèé òèïà Óðûñîíà ê ïîñëåäîâàòåëüíîñòè ëèíåéíûõ óðàâíåíèé â ñëó÷àå,
êîãäà ãðàíèöû èíòåãðèðîâàíèÿ çàâèñÿò îò ïàðàìåòðà.

Ðàçðàáîòàí ÷èñëåííî-àíàëèòè÷åñêèé ìåòîä íàõîæäåíèÿ ïðèáëèæåííûõ ðå-
øåíèé, èñïîëüçóþùèé ðåãóëÿðèçàöèþ îñíîâíîãî óðàâíåíèÿ äëÿ çàäà÷ ñ ó÷åòîì
íåëèíåéíîãî çàêîíà äåôîðìèðîâàíèÿ øåðîõîâàòîñòè ïðè íåñèììåòðè÷íîì êîí-
òàêòå. Ïðè ïðèìåíåíèè ìåòîäîâ ïðèáëèæåííîãî ðåøåíèÿ è ìåòîäîâ ðåãóëÿðèçà-
öèè ïîãðåøíîñòü ïðè çàìåíå èíòåãðàëüíîãî îïåðàòîðà íà äèñêðåòíûé âëèÿåò íà
ðåçóëüòàò. Åùå Í.Í. Áîãîëþáîâûì è Í.È. Êðûëîâûì áûë ðàçðàáîòàí ýôôåêòèâ-
íûé ìåòîä çàìåíû èíòåãðàëüíîãî óðàâíåíèÿ ñèñòåìîé àëãåáðàè÷åñêèõ óðàâíåíèé,
èñïîëüçóþùèé ñðåäíèå çíà÷åíèÿ èñêîìîé ôóíêöèè, à òàêæå ìåòîä àíàëèòè÷åñêî-
ãî ïðîäîëæåíèÿ ñ ïîìîùüþ ôóíêöèè äëÿ çàìåíû ïàðàìåòðà, êîòîðàÿ â ïðîñòåé-
øåì ñëó÷àå ÿâëÿåòñÿ ëèíåéíîé. Ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé ïðèâåäåíà ê
àëãåáðàè÷åñêîé ñ ïðèìåíåíèåì êâàäðàòóðíûõ ôîðìóë. Ïîëó÷åííûå â äàííîé ðà-
áîòå ðàçëîæåíèÿ ïîòåíöèàëîâ íà âíóòðåííþþ òî÷êó çíà÷èòåëüíî óïðîùàþò ïðè-
ìåíåíèå ïðèáëèæåííûõ ìåòîäîâ, êðîìå òîãî, ïîçâîëÿþò ïîëó÷àòü àíàëèòè÷åñêèå
ðåøåíèÿ çàäà÷ ñ íåèçâåñòíîé çàðàíåå îáëàñòüþ êîíòàêòà.

Ðåøåíà êîíêðåòíàÿ çàäà÷à î âäàâëèâàíèè âíåöåíòðåííîé ñèëîé êîëüöåâîãî
øòàìïà ïðè íåëèíåéíîì, à èìåííî, ñòåïåííîì çàêîíå äåôîðìèðîâàíèÿ øåðîõî-
âàòîñòè. Ðåøåíèå ïîëó÷åíî ïðåîáðàçîâàíèåì íåëèíåéíîãî èíòåãðàëüíîãî óðàâ-
íåíèÿ ê óðàâíåíèþ Ãàììåðøòåéíà. Ïðè ýòîì íîðìàëüíûå äàâëåíèÿ ïðèíèìàþò
êîíå÷íûå çíà÷åíèÿ ïî âñåé îáëàñòè êîíòàêòà, âêëþ÷àÿ ãðàíèöû. Â êàæäîì ïðè-
áëèæåíèè, êðîìå íóëåâîãî, çàäà÷è ñâåäåíû ê ëèíåéíûì. Êîýôôèöèåíò, õàðàê-
òåðèçóþùèé äåôîðìàöèîííûå ñâîéñòâà øåðîõîâàòîñòè, ìîæåò áûòü èñïîëüçîâàí
êàê ïàðàìåòð ðåãóëÿðèçàöèè.
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íåîáõîäèìî ó÷èòûâàòü îñîáåííîñòè ôóíêöèîíàëüíûõ ïðîñòðàíñòâ, êîòîðûì ïðè-
íàäëåæàò ðåøåíèÿ ðàçëè÷íûõ çàäà÷, è ñîãëàñîâûâàòü âàðèàöèîííûå ôîðìóëè-
ðîâêè äëÿ êàæäîé êîíêðåòíîé çàäà÷è. Ñîâðåìåííûå êîíå÷íîýëåìåíòíûå ìåòîäû
õàðàêòåðèçóþòñÿ âûñîêîé ñòåïåíüþ àäàïòèâíîñòè ïîä êëàññ ïðèêëàäíûõ çàäà÷ è
îäíîâðåìåííî íàëè÷èåì æåñòêèõ òðåáîâàíèé ê ñïåöèàëüíûì ñòàáèëèçèðóþùèì
÷ëåíàì âàðèàöèîííûõ ôîðìóëèðîâîê è âûáîðó áàçèñà. Ýôôåêòèâíîñòü ïðåäëàãà-
åìûõ äèñêðåòíûõ àíàëîãîâ îïðåäåëÿåòñÿ òðåìÿ ôàêòîðàìè: âûáîð âàðèàöèîííîé
ôîðìóëèðîâêè (òèï êîíôîðìíûõ èëè íåêîíôîðìíûõ ÌÊÝ); âûáîð áàçèñà; âû-
áîð è ñâîéñòâà ðåøàòåëÿ [1]. Ïðåäëàãàåìàÿ èäåîëîãèÿ ïîñòðîåíèÿ âàðèàöèîííûõ
ôîðìóëèðîâîê ïðîèëëþñòðèðîâàíà íà ïðèìåðå çàäà÷è ïðîñà÷èâàíèÿ ñ ó÷åòîì
òåïëî è ìàññîïåðåíîñà ôëþèäà è äåôîðìàöèè ãåòåðîãåííîé ïîðèñòîé òðåùèíî-
âàòîé ñðåäû ïðè íàëè÷èè ýëåêòðîìàãíèòíûõ âîçäåéñòâèé, äàííàÿ ïðîáëåìà îá-
ëàäàåò êàê ãåîìåòðè÷åñêîé, òàê è ôóíêöèîíàëüíîé ìíîãîìàñøòàáíîñòüþ. Äëÿ
åå ðåøåíèÿ ðàçðàáîòàíû è ðåàëèçîâàíû âû÷èñëèòåëüíûå ñõåìû íåêîíôîðìíûõ
êîíå÷íîýëåìåíòíûõ ìåòîäîâ, èìåþùèå ñëåäóþùèå ïðåèìóùåñòâà: âîçìîæíîñòü
ïðèìåíåíèÿ íåñîãëàñîâàííûõ êîíå÷íîýëåìåíòíûõ ðàçáèåíèé äëÿ ó÷¼òà ãåîìåòðè-
÷åñêîé ìíîãîìàñøòàáíîñòè è èñïîëüçîâàíèå ôóíêöèé ôîðìû (ïîëèíîìèàëüíûõ
è íåïîëèíîìèàëüíûõ) íà ñèìïëèöèàëüíûõ è ïîëèýäðàëüíûõ íîñèòåëÿõ äëÿ ó÷¼òà
ôóíêöèîíàëüíîé ìíîãîìàñøòàáíîñòè [2]. Ðåàëèçàöèÿ äàííîãî ïîäõîäà ïîòðåáîâà-
ëà ðåøåíèå ïðîáëåìû óíèñîëüâåíòíîñòè â êîíå÷íîìåðíûõ àíàëîãàõ ïðîñòðàíñòâ
Ñîáîëåâà è çàäà÷è ïîñòðîåíèÿ ïðîåêòîðîâ â êîíå÷íîìåðíûõ ïîäïðîñòðàíñòâàõ
Hdiv, Hcurl, Hgrad.
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Ðàññìàòðèâàåìûå â äîêëàäå óðàâíåíèÿ èìåþò âèä, â êîòîðîì ïðîèçâîäíàÿ
ïî âðåìåíè îò íåèçâåñòíîé ôóíêöèè âûðàæåíà äâóêðàòíûì èíòåãðàëîì ïî ïðî-
ñòðàíñòâåííûì ïåðåìåííûì îò âåñîâîãî êâàäðàòè÷íîãî âûðàæåíèÿ îò èñêîìîé
ôóíêöèè:

d

dt
u(t, k) =

∫∫
P (k)

W (k, k1, k2)u(t, k1)
(
u(t, k2)− u(t, k)

)
dk1dk2.

Îáëàñòü èíòåãðèðîâàíèÿ P (k) íå îãðàíè÷åíà, îò âðåìåíè íå çàâèñèò, íî çàâèñèò
îò ïðîñòðàíñòâåííîé ïåðåìåííîé:

P (k) = {(k1, k2) | k2 > k1 − k, k2 < k1 + k, k1 + k2 ≥ k} .

Ñâîéñòâà ìíîæåñòâà ðåøåíèé óðàâíåíèÿ â öåëîì îïðåäåëÿþòñÿ ÿäðîìW(k, k1, k2)
åãî èíòåãðàëüíîãî îïåðàòîðà, à òàêæå óñëîâèÿìè íà ïîâåäåíèå ðåøåíèÿ u(t, k)
ïðè k → +0 è k → +∞.

Ïðåäïîëàãàåòñÿ, ÷òî ÿäðî W (k, k1, k2) èíòåãðàëüíîãî îïåðàòîðà � ýòî íåïðå-
ðûâíàÿ â ïåðâîì îêòàíòå ôóíêöèÿ, äëÿ êîòîðîé âûïîëíÿåòñÿ óñëîâèå

sup
k≥0

∫∫
P (k)

|W (k, k1, k2)| dk1dk2 ≤M < +∞.

Â ñîïóòñòâóþùèõ óðàâíåíèþ ôóíêöèîíàëüíûõ êëàññàõ èññëåäîâàíà çàäà÷à Êî-
øè ñ íà÷àëüíûìè äàííûìè íà ïîëîæèòåëüíîé ïîëóîñè. Â ïðèìåíåíèè ê ýòîé çà-
äà÷å îáîñíîâàíà ñõîäèìîñòü ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Äàíà îöåí-
êà êà÷åñòâà ïðèáëèæåíèÿ â çàâèñèìîñòè îò íîìåðà èòåðèðîâàííîãî ðåøåíèÿ. Äî-
êàçàíî, ÷òî íà ëþáîì êîíå÷íîì âðåìåíí�îì èíòåðâàëå ïîñòàâëåííàÿ çàäà÷à Êî-
øè â ñîïóòñòâóþùåì êëàññå ôóíêöèé èìååò íå áîëåå îäíîãî ðåøåíèÿ. Â ýòîì
æå êëàññå äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ. Âûâåäåíà ñîîòâåòñòâóþùàÿ àïðèîð-
íàÿ îöåíêà. Íàéäåíà äëèíà ãàðàíòèðîâàííîãî îòðåçêà ñóùåñòâîâàíèÿ ðåøåíèÿ
ïî âðåìåíè.
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Îäèí èç íàèáîëåå ðàñïðîñòðàíåííûõ ïîäõîäîâ ïðè ìîäåëèðîâàíèè êâàçèñòà-
òè÷åñêîãî ïðîöåññà ðîñòà òðåùèí â óïðóãèõ òåëàõ çàêëþ÷àåòñÿ â ïðèìåíåíèè
ýíåðãåòè÷åñêîãî êðèòåðèÿ Ãðèôôèòñà. Åñëè òðàåêòîðèÿ òðåùèíû àïðèîðè èç-
âåñòíà, òî ýòîò êðèòåðèé ìîæåò áûòü ñôîðìóëèðîâàí â òåðìèíàõ ñêîðîñòè âû-
ñâîáîæäåíèÿ ýíåðãèè (âçÿòàÿ ñî çíàêîì ìèíóñ ïåðâàÿ ïðîèçâîäíàÿ ôóíêöèîíàëà
ýíåðãèè ïî äëèíå òðåùèíû) è âÿçêîñòè ðàçðóøåíèÿ (ìàòåðèàëüíûé ïàðàìåòð).
Â äîêëàäå îáñóæäàåòñÿ âîïðîñ î íåçàâèñèìîñòè ñêîðîñòè âûñâîáîæäåíèÿ ýíåð-
ãèè â âåðøèíå îäèíî÷íîé ïðÿìîëèíåéíîé òðåùèíû, ðàñïîëîæåííîé â íåîäíî-
ðîäíîì àíèçîòðîïíîì ëèíåéíî-óïðóãîì äâóìåðíîì òåëå, îò âûáîðà òðàåêòîðèè
ðàçâèòèÿ òðåùèíû (ïðè óñëîâèè H3 ðåãóëÿðíîñòè âñåé òðàåêòîðèè â öåëîì).
Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî íà áåðåãàõ òðåùèíû çàäàíû íåëèíåéíûå êðàåâûå
óñëîâèÿ òèïà Ñèíüîðèíè, íå ïîçâîëÿþùèå ïðîòèâîïîëîæíûì áåðåãàì òðåùèíû
ïðîíèêàòü äðóã â äðóãà. Äîêàçàòåëüñòâî îñíîâàíî íà àíàëèçå ÿâíîé ôîðìóëû äëÿ
ñêîðîñòè âûñâîáîæäåíèÿ ýíåðãèè è ïðèìåíåíèè ðåçóëüòàòà î äîïîëíèòåëüíîé ðå-
ãóëÿðíîñòè ïîëÿ ïåðåìåùåíèé â îêðåñòíîñòè âåðøèíû òðåùèíû â ïðîñòðàíñòâàõ
Áåñîâà [1].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò

� 17-71-10171).
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñèñòåìà íåéòðàëüíîãî òèïà ñ
ðàñïðåäåëåííûì çàïàçäûâàíèåì

d

dt

(
y(t) +Dy(t− τ)

)
= A(t)y(t) +

t∫
t−τ

B(t, t− s)y(s)ds, t > 0, (1)

ãäå τ > 0 � çàïàçäûâàíèå, D � êâàäðàòíàÿ ìàòðèöà, A(t) � êâàäðàòíàÿ ìàòðèöà
ñ íåïðåðûâíûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, B(t, ξ) � êâàäðàòíàÿ ìàòðèöà ñ
íåïðåðûâíûìè ýëåìåíòàìè, T -ïåðèîäè÷åñêèìè ïî ïåðâîé ïåðåìåííîé.

Öåëü ðàáîòû çàêëþ÷àåòñÿ â èññëåäîâàíèè àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íó-
ëåâîãî ðåøåíèÿ è ïîëó÷åíèè îöåíêè ðåøåíèé ñèñòåìû (1), êîòîðàÿ õàðàêòåðèçóåò
ñêîðîñòü óáûâàíèÿ ïðè t→∞. Ïðè èññëåäîâàíèè àñèìïòîòè÷åñêîé óñòîé÷èâîñòè
íóëåâîãî ðåøåíèÿ èñïîëüçîâàíà ìîäèôèêàöèÿ ôóíêöèîíàëà Ëÿïóíîâà � Êðàñîâ-
ñêîãî, ââåäåííàÿ â [1, 2]:

V (t, y) = ⟨H(t)
(
y(t) +Dy(t− τ)

)
,
(
y(t) +Dy(t− τ)

)
⟩

+

τ∫
0

t∫
t−η

⟨K(t− s)y(s), y(s)⟩ dsdη +
t∫

t−τ

⟨M(t− s)y(s), y(s)⟩ ds.

Â ðàáîòàõ [1, 2] èññëåäîâàí ñëó÷àé äèôôåðåíöèàëüíûõ óðàâíåíèé íåéòðàëü-
íîãî òèïà ñ ñîñðåäîòî÷åííûì çàïàçäûâàíèåì. Â [3] ðàññìîòðåíà ñèñòåìà (1) â
ñëó÷àå D = 0.

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-

ìåíòàëüíûõ èññëåäîâàíèé è Ïðàâèòåëüñòâà Íîâîñèáèðñêîé îáëàñòè â ðàìêàõ íàó÷íîãî

ïðîåêòà � 17-41-543365.
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Èññëåäóåòñÿ êàòàëèòè÷åñêàÿ ðåàêöèÿ îêèñëåíèÿ ÑÎ íà ïàëëàäèåâîì êàòàëè-
çàòîðå, â êîòîðîé ó÷àñòâóþò âåùåñòâà â ãàçîâîé ôàçå è íà ïîâåðõíîñòè êàòàëè-
çàòîðà. Èññëåäóåìûé ìåõàíèçì ðåàêöèè ñîäåðæèò øåñòü ñòàäèé, ó÷èòûâàþùèõ
èçìåíåíèå ÷èñëà àêòèâíûõ öåíòðîâ îêñèäà ïàëëàäèÿ. Öåëüþ ðàáîòû ÿâëÿåòñÿ
èçó÷åíèå êèíåòè÷åñêîé ìîäåëè, îïèñûâàþùåé äèíàìèêó ñîñòîÿíèÿ ïîâåðõíîñòè
êàòàëèçàòîðà, è ìîäåëè ðåàêöèè â ïðîòî÷íîì ðåàêòîðå èäåàëüíîãî ñìåøåíèÿ,
èññëåäîâàíèå çàâèñèìîñòè ðåøåíèé îò óïðàâëÿþùèõ ïàðàìåòðîâ è âûäåëåíèå
îáëàñòè àâòîêîëåáàíèé.

Êèíåòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ äèíàìèêó êîíöåíòðàöèé íà ïîâåðõíî-
ñòè êàòàëèçàòîðà, ïðåäñòàâëÿåò ñîáîé ñèñòåìó ÷åòûðåõ íåëèíåéíûõ àâòîíîìíûõ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïîêàçàíî, ÷òî çàäà÷à Êîøè ñ íà-
÷àëüíûìè äàííûìè èç îáëàñòè îïðåäåëåíèÿ ðàçðåøèìà â öåëîì ïî âðåìåíè, ïðè-
÷åì ðåøåíèå îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì. Èññëåäóåòñÿ ñòðóêòóðà ôàçî-
âîãî ïðîñòðàíñòâà â çàâèñèìîñòè îò óïðàâëÿþùèõ ïàðàìåòðîâ. Ðåøåíèå ñèñòåìû
ïîëó÷åíî ÷èñëåííî ïðè ïîìîùè âëîæåííûõ ìåòîäîâ Ðóíãå � Êóòòû; âûïîëíåíà
ïðîãðàììíàÿ ðåàëèçàöèÿ ìåòîäà ïðîäîëæåíèÿ ñåìåéñòâà ñòàöèîíàðíûõ òî÷åê ïî
ïàðàìåòðó; îïðåäåëåíû òèïû ïîëó÷åííûõ ñòàöèîíàðíûõ òî÷åê; ïåðèîäè÷åñêèå
ðåøåíèÿ óòî÷íÿþòñÿ ïðè ïîìîùè îäíîãî èç ìåòîäîâ ìíîãîïëîùàäíîé ïðèñòðåë-
êè. Ïî ðåçóëüòàòàì ÷èñëåííûõ ýêñïåðèìåíòîâ âûäåëåíà îáëàñòü ìíîæåñòâåííî-
ñòè ñòàöèîíàðíûõ òî÷åê ñèñòåìû, îáíàðóæåíû òî÷êè áèôóðêàöèé Àíäðîíîâà �
Õîïôà ðîæäåíèÿ óñòîé÷èâûõ öèêëîâ, âûäåëåíû èíòåðâàëû ñóùåñòâîâàíèÿ ïå-
ðèîäè÷åñêèõ ðåøåíèé.

Ñèñòåìà, îïèñûâàþùàÿ äèíàìèêó êîíöåíòðàöèé èíòåðìåäèàòîâ è àêòèâíûõ
öåíòðîâ, äîïîëíÿåòñÿ óðàâíåíèÿìè ìàññîâîãî áàëàíñà äëÿ ãàçîâîé ôàçû. Ïîëó-
÷åííàÿ ñèñòåìà ÿâëÿåòñÿ ìàòåìàòè÷åñêîé ìîäåëüþ ïðîöåññà â ïðîòî÷íîì ðåàê-
òîðå èäåàëüíîãî ñìåøåíèÿ, ýòî ñèñòåìà øåñòè àâòîíîìíûõ îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé. Âûäåëåíà îáëàñòü ñóùåñòâîâàíèÿ àâòîêîëåáàíèé â
çàâèñèìîñòè îò âõîäíûõ ïàðöèàëüíûõ äàâëåíèé è ÷èñëà ðåàêòîðîâ ñìåøåíèÿ â
êàñêàäå. Âûïîëíåíî ñðàâíåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ äëÿ ðàññìàòðèâàåìûõ
ìîäåëåé.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Èíñòèòóòà êàòàëèçà ÑÎ ÐÀÍ

(ïðîåêòû 0303-2016-0003 è 0303-2016-0017).
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Î ÍÀÈËÓ×ØÅÌ
ËÈÍÅÉÍÎÌ ÌÅÒÎÄÅ ÏÐÈÁËÈÆÅÍÈÉ
ÀÍÀËÈÒÈ×ÅÑÊÈÕ Â ÊÐÓÃÅ ÔÓÍÊÖÈÉ

Þñóïîâ Ã.À.

Òàäæèêñêèé íàöèîíàëüíûé óíèâåðñèòåò,
Äóøàíáå, Ðåñïóáëèêà Òàäæèêèñòàí; G_7777@mail.ru

Íàïîìíèì [1, 2], ÷òî ôóíêöèÿ f(z) =
∑∞

k=0 ckz
k, z = ρeit, 0 ≤ ρ < 1, àíàëè-

òè÷åñêàÿ â |z| < 1, ïðèíàäëåæèò áàíàõîâó ïðîñòðàíñòâó Bq,γ , 1 ≤ q ≤ ∞, åñëè
∥f∥Bq,γ =

(
1
2π

∫∫
K1

γ(|z|)|f(z)|qdσ
)1/q

< ∞, ãäå γ(|z|) � íåîòðèöàòåëüíàÿ èçìåðè-

ìàÿ âåñîâàÿ ôóíêöèÿ, dσ � ýëåìåíò ïëîùàäè, è èíòåãðàë ïîíèìàåòñÿ â ñìûñëå
Ëåáåãà.

×åðåç Bq,γ,R, 1 ≤ q ≤ ∞, 0 ≤ R < 1, îáîçíà÷èì ïðîñòðàíñòâî àíàëèòè÷åñêèõ
â êðóãå KR = {z : |z| < R} ôóíêöèé f(z) ∈ Bq,γ , 1 ≤ q ≤ ∞, òàêèõ, äëÿ êîòîðûõ
∥f(z)∥Bq,γ,R

def
= ∥f(Rz)∥Bq,γ

< ∞. Ñîïîñòàâèì ôóíêöèè f(z) ïîñðåäñòâîì ïðîèç-

âîëüíîé ìàòðèöû êîìïëåêñíûõ ÷èñåë Λ = {λk,n} (k = 0, 1, . . . , n; n = 0, 1, 2, . . .)
ïîñëåäîâàòåëüíîñòü àëãåáðàè÷åñêèõ ïîëèíîìîâVΛ,n(f ; z) =

∑n
k=0 λk,nckz

k. Ìíî-
æåñòâî âñåõ òðåóãîëüíûõ ìàòðèö îáîçíà÷èì L = {Λ}. Âåëè÷èíà En(M,Λ)Bq,γ =
sup{∥f(z)−VΛ,n(f, z)∥Bq,γ

: f ∈M} åñòü ñêîðîñòü ïðèáëèæåíèÿ êëàññà M ïîëè-

íîìàìèVΛ,n(f ; z). Íàèëó÷øèì ëèíåéíûì ìåòîäîì ïðèáëèæåíèÿ ôóíêöèè êëàññà
M íàçûâàåòñÿ òàêàÿ òðåóãîëüíàÿ ìàòðèöà {Λ∗} = {λ∗k,n}, äëÿ êîòîðîé

En(M,Λ∗)Bq,γ = inf
{
En(M,Λ)Bq,γ : Λ ⊂ L

}
. (1)

Âåëè÷èíà (1) îïðåäåëÿåò íàèëó÷øåå ëèíåéíîå ïðèáëèæåíèå êëàññà M â ïðî-
ñòðàíñòâå Bq,γ , 1 ≤ q ≤ ∞. Äëÿ ëþáîãî α > 0 ÷åðåç W (α)Bq,γ,R, 1 ≤ q ≤ ∞,
0 ≤ R < 1, îáîçíà÷èì êëàññ ôóíêöèé f(z), àíàëèòè÷åñêèõ â êðóãå KR, èìåþùèõ
äðîáíóþ ïðîèçâîäíóþ ïîðÿäêà α â ñìûñëå Ðèìàíà � Ëèóâèëëÿ, îïðåäåëÿåìóþ
ðàâåíñòâîì

zαf (α)(z) =
∞∑

k=[α]

Γ(k + 1)

Γ(k − α+ 1)
ckz

k,

äëÿ êîòîðûõ
∥∥zαf (α)∥∥

Bq,γ
≤ 1, ãäå Γ(u) � ãàììà-ôóíêöèÿ Ýéëåðà.

Òåîðåìà. Òðåóãîëüíàÿ ìàòðèöà Λ∗ ñ ýëåìåíòàìè

λ∗k,n−1 =

1, k = 0, 1, 2, . . . , [α]− 1,

1− n!

(2n− k − 1)!

Γ(2n− k − α+ 1)

Γ(n− α+ 1)
R2(n−k), k = [α], [α] + 1, . . . , n− 1,

îïðåäåëÿåò íàèëó÷øèé ëèíåéíûé ìåòîä äëÿ ôóíêöèè êëàññàW (α)Bq,γ,R, 1 ≤ q ≤
∞, 0 ≤ R < 1. Ïðè ýòîì äëÿ n ≥ [α]

En−1(W
(α)Bq,γ,R,Λ

∗)Bq,γ = RnΓ(n+ 1− α)
Γ(n+ 1)

.
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ÑÐÅÄÛ ÍÀ ÊÀÒÀËÈÇÀÒÎÐ

ßäðèõèíñêèé Õ.Â.1, ×óìàêîâ Ã.À.1,2

1Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
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Òðåõìåðíàÿ ñèñòåìà áûñòðî-ìåäëåííûõ äâèæåíèé. Èçó÷àåòñÿ äèíàìèêà
òðåõìåðíîé ñèñòåìû íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ ìàëûìè ïàðàìåòðàìè â ïðàâîé ÷àñòè

ẋ = f(x, y), ẏ = g(x, y), ż = εh(x, y, z),

ó êîòîðîé äâóìåðíàÿ ïîäñèñòåìà îòíîñèòåëüíî ïåðåìåííûõ x è y íå çàâèñèò îò z.
Ãëîáàëüíàÿ äèíàìèêà äâóìåðíîé ïîäñèñòåìû áûñòðûõ äâèæåíèé. Ïðåäïîëî-

æèì, ÷òî f(0, 0) = 0 è g(0, 0) = 0, à â îñòàëüíûõ òî÷êàõ f2(x, y) + g2(x, y) ̸= 0.
Ïóñòü âûðîæäåííàÿ ñèñòåìà (ε = 0)

ẋ = f(x, y), ẏ = g(x, y)

èìååò åäèíñòâåííûé óñòîé÷èâûé ïðåäåëüíûé öèêë p(t) = (x(t), y(t)) ñ ïåðèî-
äîì T0, êîòîðûé â R3 ïîðîæäàåò öèëèíäð S ïðè èçìåíåíèè ïàðàìåòðà z èç èí-
òåðâàëà (z1, z2).

Çàäà÷à. Èññëåäîâàòü îñöèëëèðóþùèå ðåøåíèÿ ïîëíîé ñèñòåìû â îêðåñòíî-
ñòè S â R3 ïðè âàðüèðîâàíèè ôóíêöèè h(x, y, z).

Èçó÷àþòñÿ äâà ñëó÷àÿ: (1) àâòîêîëåáàíèÿ ñòàáèëèçèðóþòñÿ ê ïåðèîäè÷åñêî-
ìó ðåøåíèþ òðåõìåðíîé ìîäåëè, êîòîðîå áëèçêî ê ïðåäåëüíîìó öèêëó äâóìåðíîé
ïîäñèñòåìû; (2) àâòîêîëåáàíèÿ ïðîèñõîäÿò ñ óáûâàíèåì z-êîîðäèíàòû èç íåêî-
òîðîãî èíòåðâàëà (z1, z2).

Äëÿ ðåøåíèÿ ýòîé çàäà÷è ñíà÷àëà â îêðåñòíîñòè ïîâåðõíîñòè S ñòðîÿòñÿ äâå
ïîâåðõíîñòè áåç êîíòàêòà: S+ âíóòðè S, ñîñòîÿùàÿ èç òî÷åê ñòðîãîãî âûõîäà, è
S− ñíàðóæè S, ñîñòîÿùàÿ èç òî÷åê ñòðîãîãî âõîäà. Äàëåå ðàññìàòðèâàþòñÿ äâà
ñëó÷àÿ.

Ñëó÷àé 1. Ïóñòü ñóùåñòâóåò òàêîå z0, ïðè êîòîðîì âûïîëíåíû óñëîâèÿ òåîðå-
ìû Ïîíòðÿãèíà � Ðîäûãèíà. Òîãäà

1) ïðè äîñòàòî÷íî ìàëûõ ε â ïîëíîé ñèñòåìå ñóùåñòâóåò ïåðèîäè÷åñêîå ðå-
øåíèå γ(t), òîïîëîãè÷åñêèì ïðåäåëîì êîòîðîãî ïðè ε → 0 ÿâëÿåòñÿ ìíîæåñòâî
{(p(t), z0), t ∈ [0, T0)}, ëåæàùåå íà ïîâåðõíîñòè S;

2) ïðåäåëüíûé öèêë γ(t) èìååò óñòîé÷èâîå èíâàðèàíòíîå ìíîãîîáðàçèå W−,
êîòîðîå ðàçäåëÿåò ðåøåíèÿ òðåõìåðíîé ñèñòåìû â îêðåñòíîñòè S íà òå, êîòîðûå
ñòðåìÿòñÿ ê γ(t) ñâåðõó, è òå, êîòîðûå ñòðåìÿòñÿ ê γ(t) ñíèçó; ïðè ýòîì ðåøåíèÿ
íå ïðîõîäÿò ÷åðåç èíâàðèàíòíîå ìíîæåñòâî W−.

Ñëó÷àé 2. Ïóñòü h(x, y, z) < 0 â îêðåñòíîñòè S. Òîãäà âñå òðàåêòîðèè, áëèçêèå
ê ïîâåðõíîñòè S, îñòàþòñÿ áëèçè S ïðè óáûâàíèè z â èíòåðâàëå (z1, z2).
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Îäíîé èç íàèáîëåå âàæíûõ ñîñòàâëÿþùèõ êðîâåíîñíîé ñèñòåìû ãîëîâíîãî
ìîçãà ÿâëÿåòñÿ Âèëëèçèåâ êðóã, îáåñïå÷èâàþùèé ðàâíîìåðíîå êðîâîñíàáæåíèå.
Â äàííîé ðàáîòå èçó÷àåòñÿ âîïðîñ î íàëè÷èè âëèÿíèÿ ñàõàðíîãî äèàáåòà 1 òèïà
íà Âèëèçèåâ êðóã è ïðèìûêàþùèå ê íåìó ñîííûå è ïîçâîíî÷íûå àðòåðèè. Ýòîò
âîïðîñ ïðåäñòàâëÿåò èíòåðåñ äëÿ áîëåå ãëóáîêîãî è áîëåå òî÷íîãî èññëåäîâàíèÿ
ýòîãî òÿæåëîãî çàáîëåâàíèÿ.

Â äàííîé ðàáîòå èñïîëüçîâàëàñü ãåíåòè÷åñêàÿ ëèíèÿ âûñîêî÷óâñòâèòåëüíûõ
ê äèàáåòó ìûøåé NOD.CB17-Prkdcscid/J. Æèâîòíûå ñîäåðæàëèñü â Öåíòðå ãåíå-
òè÷åñêèõ ðåñóðñîâ ëàáîðàòîðíûõ æèâîòíûõ, ÔÈÖ ÈÖèÃ ÑÎ ÐÀÍ (ïðîåêò Ìèíî-
áðíàóêè Ðîññèè RFMEFI62117X0015). Â ðàáîòå èñïîëüçîâàëèñü ñàìöû è ñàìêè
ñ ñàõàðíûì äèàáåòîì ïðîäîëæèòåëüíîñòüþ 1 ìåñÿö, ñàìöû ñ ïðîäîëæèòåëüíî-
ñòüþ áîëåçíè 2 ìåñÿöà è ñîîòâåòñòâóþùèå èì çäîðîâûå ãðóïïû æèâîòíûõ. Äàí-
íûå äëÿ ïîñòðîåíèÿ ñîñóäèñòûõ ñåòåé ãîëîâíîãî ìîçãà ìûøåé áûëè ïîëó÷åíû
íà ñâåðõâûñîêîïîëüíîì òîìîãðàôå Bruker BioSpec 117/16USR (ÈÖèÃ ÑÎ ÐÀÍ).
Äëÿ âñåõ ãðóïï ìûøåé áûëè ïîñòðîåíû ìîäåëè ñîñóäèñòîãî ðóñëà, ïðîâåäåíû
CFD-ðàñ÷åòû ãåìîäèíàìèêè. Âûïîëíåí ñòàòèñòè÷åñêèé àíàëèç ãåîìåòðè÷åñêèõ
è ãåìîäèíàìè÷åñêèõ õàðàêòåðèñòèê ìîäåëåé ñ ïîìîùüþ t-êðèòåðèÿ Ñòüþäåíòà è
ìåòîäà PLS-DA.

Äëÿ ãðóïïû æèâîòíûõ ñ äèàáåòîì ïðîäîëæèòåëüíîñòüþ 1 ìåñÿö ñ ïîìîùüþ
t-êðèòåðèÿ Ñòüþäåíòà áûëè âûÿâëåíû ðàçëè÷èÿ òîëüêî ó ñàìîê äëÿ çíà÷åíèé
ìàêñèìàëüíîé ñêîðîñòè â ñîííûõ àðòåðèÿõ, à ñàìöû îêàçàëèñü óñòîé÷èâûìè ê
çàáîëåâàíèþ òàêîé ïðîäîëæèòåëüíîñòè. Äëÿ ñàìöîâ èç ãðóïïû ñ ïðîäîëæèòåëü-
íîñòüþ äèàáåòà 2 ìåñÿöà áûëè âûÿâëåíû ñòàòèñòè÷åñêè çíà÷èìûå ðàçëè÷èÿ â
ãåìîäèíàìèêå è ñòðîåíèè Âèëëèçèåâà êðóãà.

Äëÿ îáðàáîòêè äàííûõ ñàìöîâ èç îáåèõ ãðóïï áûë ïðèìåíåí ìåòîä PLS-DA.
Ïîêàçàíî, ÷òî ïî îñè ïåðâîé ãëàâíîé êîìïîíåíòû ñàìöû ðàçäåëèëèñü ñîãëàñ-
íî íàëè÷èþ çàáîëåâàíèÿ. Â ôîðìèðîâàíèå ïåðâîé ãëàâíîé êîìïîíåíòû íàèáîëåå
çíà÷èìûé âêëàä âíåñëè ãèäðîäèíàìè÷åñêèå ïàðàìåòðû ñîñóäèñòûõ ñåòåé èññëå-
äóåìûõ ëàáîðàòîðíûõ æèâîòíûõ. Ïî îñè âòîðîé ãëàâíîé êîìïîíåíòû æèâîòíûå
ðàçäåëèëèñü ñîãëàñíî ïðîäîëæèòåëüíîñòè çàáîëåâàíèÿ. Â ôîðìèðîâàíèå âòîðîé
ãëàâíîé êîìïîíåíòû íàèáîëåå ñóùåñòâåííûé âêëàä âíîñÿò ãåîìåòðè÷åñêèå õà-
ðàêòåðèñòèêè Âèëëèçèåâà êðóãà.

Íà îñíîâå ïðîâåäåííîãî èññëåäîâàíèÿ ìîæíî ñäåëàòü âûâîä, ÷òî ñ óâåëè÷å-
íèåì ïðîäîëæèòåëüíîñòè çàáîëåâàíèÿ ñàõàðíûé äèàáåò 1 òèïà íà÷èíàåò âëèÿòü
íà ãåìîäèíàìèêó è ñòðîåíèå äàæå êðóïíûõ ñîñóäîâ ãîëîâíîãî ìîçãà.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 17-

75-10029 � ìîäåëèðîâàíèå äèàáåòà è ÌÐÒ èññëåäîâàíèÿ; ïðîåêò � 17-11-01156 � ìà-

òåìàòè÷åñêîå ìîäåëèðîâàíèå).
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ON THE NONLOCAL PROBLEM FOR A SYSTEM OF
LOADED SOBOLEV TYPE DIFFERENTIAL EQUATIONS

WITH MULTI-POINT CONDITION

Assanova A.T.1, Imanchiyev A. E.2, Kadirbayeva Zh.M.3

1Institute of Mathematics and Mathematical Modeling, Almaty,
Republic of Kazakhstan; anarasanova@list.ru, assanova@math.kz

2K.Zhubanov Aktobe Regional State University, Aktobe,
Republic of Kazakhstan; imanchiev ae@mail.ru

3Institute of Mathematics and Mathematical Modeling, Almaty,
Republic of Kazakhstan; apelman86pm@mail.ru

Consider the nonlocal problem for a system of loaded Sobolev type di�erential
equations [1]

∂3u

∂x2∂t
= A1(t, x)

∂2u

∂x2
+A2(t, x)

∂2u

∂x∂t
+A3(t, x)

∂u

∂x
+A4(t, x)

∂u

∂t
+A5(t, x)u

+
l∑

i=0

{
Bi(t, x)

∂2u(θi, x)

∂x2
+ Ci(t, x)

∂2u(t, x)

∂x∂t

∣∣∣
t=θi

+Ki(t, x)
∂u(θi, x)

∂x

+Li(t, x)
∂u(t, x)

∂t

∣∣∣
t=θi

+Mi(t, x)u(θi, x)
}
+ f(t, x), (1)

m∑
j=0

{
Dj(x)

∂2u(tj , x)

∂x2
+ Ej(x)

∂2u(t, x)

∂x∂t

∣∣∣
t=tj

+Pj(x)
∂u(tj , x)

∂x

+Qj(x)
∂u(t, x)

∂t

∣∣∣
t=tj

+Sj(x)u(tj , x)

}
= φ(x), x ∈ [0, ω], (2)

u(t, 0) = ψ1(t), t ∈ [0, T ], (3)

∂u(t, x)

∂x

∣∣∣
x=0

= ψ2(t), t ∈ [0, T ], (4)

where u = col(u1, . . . , un), Ω = [0, T ] × [0, ω], (n × n)-matrices As(t, x), s = 1, 5,
Bi(t, x), Ci(t, x), Ki(t, x), Li(t, x), Mi(t, x), i = 0, l, n-vector function f(t, x) are
continuous on Ω, 0 = θ0 < θ1 < θ2 < . . . < θl = T , (n × n)-matrices Dj(x),
Ej(x), Pj(x), Qj(x), Sj(x), j = 0,m, n-vector function φ(x) are continuous on [0, ω],
0 = t0 < t1 < t2 < . . . < tm = T , n-vector functions ψ1(t) and ψ2(t) are continuously
di�erentiable on [0, T ].

In the present communication we investigate questions of the existence and unique-
ness of a classical solution to the nonlocal problem for the system of loaded Sobolev
type di�erential equations of the third order (1)�(4). By the method of introducing
unknown functions [2] the considered problem is reduced to an equivalent problem
consisting of a nonlocal multi-point problem for a system of loaded hyperbolic equa-
tions of the second order with functional parameters and integral relations. Algorithms
for �nding a solution to nonlocal problem (1)�(4) are proposed. Conditions of existence
of unique solution to problem (1)�(4) are established in terms of initial data.
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MULTIPLICITY RESULT FOR A QUASI-LINEAR
EQUATION WITH SINGULAR NONLINEARITY

Bal K., Garain P.
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For an open bounded domain Ω in RN which is strictly convex with C2 boundary,
we show that there exists Λ > 0 such that the quasi-linear singular problem

−∆pu = λu−δ + uq in Ω,

u > 0 in Ω, u = 0 on ∂Ω

admits at least two distinct solutions u and v in W 1,p
loc (Ω)∩L∞(Ω) for any δ ≥ 1 and

λ ∈ (0,Λ) provided 1 < p < N and p− 1 < q < (Np)/(N − p)− 1.
K. Bal was supported by DST-Inspire Faculty Award MA-2013029 and P. Garain was

supported by NBHM Fellowship No: 2/39(2)/2014/NBHM/R&D-II/8020/June 26, 2014.
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ON THE BOUSSINESQ APPROXIMATION
FOR AQUEOUS POLYMER SOLUTIONS WITH

TEMPERATURE-DEPENDENT HEAT CONDUCTIVITY

Baranovskii E. S.1, Artemov M.A.2
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We consider the Boussinesq approximation for non-isothermal steady �ows of low
concentrated aqueous polymer solutions [1] in a bounded domain Ω ⊂ R3 under the
no-slip condition on ∂Ω and mixed boundary conditions for the temperature:

3∑
i=1

vi
∂v

∂xi
− µ∆v − κ

3∑
i=1

vi
∂∆v

∂xi
+∇p = βθg in Ω,

divv = 0 in Ω,
3∑

i=1

vi
∂θ

∂xi
− div {k(θ)∇θ} = ω in Ω,

v = 0 on ∂Ω,

k(θ)
∂θ

∂n
= ψ on S,

θ = 0 on ∂Ω\S,

(A)

where v and p stand for the velocity and the pressure, respectively, θ is the deviation
from the average temperature value, µ > 0 is the viscosity, κ > 0 is the relaxation
viscosity, β > 0 is the temperature expansion coe�cient, ω denotes a heat source, g is
the gravitational acceleration, k(θ) > 0 is the thermal conductivity, S is a �xed part
of ∂Ω, ψ represents the heat �ux in the direction of the unit outward normal n to S.

In system (A), the unknowns are v, θ, and p, while all other quantities are assumed
to be given. We are interested in weak solutions to (A). Introduce the function spaces:

V m(Ω) := {u ∈Hm(Ω) : divu = 0, u|∂Ω = 0}, Y (Ω) := {ξ ∈ H1(Ω) : ξ|∂Ω\S = 0}.

Definition. One says that (v, θ) ∈ V 2(Ω)× Y (Ω) is a weak solution to (A) if

−
3∑

i=1

∫
Ω

viv ·
∂φ

∂xi
dx− µ

∫
Ω

∆v ·φ dx+ κ
3∑

i=1

∫
Ω

vi∆v · ∂φ
∂xi

dx = β

∫
Ω

θg ·φ dx,

3∑
i=1

∫
Ω

vi
∂θ

∂xi
η dx+

∫
Ω

k(θ)∇θ · ∇η dx =

∫
S

ψη dS +

∫
Ω

ωη dx

hold for any φ ∈ V 1(Ω) and η ∈ Y (Ω).

Theorem. Assume that ∂Ω ∈ C2, meas (∂Ω\S) > 0, ω ∈ L2(Ω), ψ ∈ L2(S), the
function k is continuous, and 0 < k0 ≤ k(τ) ≤ k1, for any τ ∈ R. Then problem (A)
has at least one weak solution.

Remark. Our results provide an extension of the works [1, 2], in which the thermal
convection is studied for a simpli�ed version of the model of polymer solutions.
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LOCAL SOLVABILITY OF THE PROBLEM FOR A REAL
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As is well-known [1], on stationary supersonic gas �ow over in�nite plane wedge
(angle σ at the point of the wedge is small enough, σ < σlim) theoretically there
are two possible stationary solutions: one of them corresponds to strong shock wave,
when gas speed beyond the shock is less than the speed of sound, i.e. u20 + v20 < c20
(u0, v0 are components of the speed vector, c0 is the speed of sound), and another
corresponds to the weak shock wave, when, generally speaking, u20 + v20 > c20.

However, in numerous physical and computational experiments if there is no
additional information, for example about the value of the pressure down the �ow,
the case of weak shock wave is realized. As of today there is no strict mathematical
explanation why this is happening. R. Courant and K.O. Friedrichs noticed in their
monograph [1], that there is an opinion that strong shock wave is unstable by Lyapunov,
while weak shock wave is on the contrary stable.

In this work, unlike papers [2�4], in which we studied stability of corresponding
linear problems (with respect to each of two stationary solutions), local well-posedness
in time of the original quasilinear problem has been proven.
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Explicitly constructed �nite time blowup examples [1] of the classically smooth
Stokes and Navier�Stokes �ows with intrinsically in�nite kinetic energy are rooted in
non-hypoelliptic nature of the linear Stokes operator along with its being a principal
part of the nonlinear Navier�Stokes operator, while viscous forces and nonlinearity
stay irrelevant. The present talk explains how examples [1] for the linear Stokes
equations can be converted into examples of solutions being nonsmooth in time despite
their data's being arbitrarily smooth. Of course, such examples necessarily imply non-
uniqueness of the constructed solutions.

For an unbounded domain Ω ⊂ R3 with non-compact boundary ∂Ω ∈ C∞, or for a
cylinder Ω = ω×(0, 1) ⊂ R3 with an unbounded base ω ⊂ R2 possessing non-compact
boundary ∂ω ∈ C∞, consider linear Stokes initial-boundary value problem (IBVP) in
a space-time cylinder QT = Ω× (0, T ) with initial data v0 at its base:

∂tv −∆v +∇ψ = f , divv = 0, v|t=0 = v0, (1)
and with self-adjoint boundary conditions at its lateral side ∂Ω× (0, T ):

v · n = 0, (∇× v)× n = 0. (2)
Denote by J̊∞(Ω) the subspace of all in�nitely di�erentiable and divergence free

in Ω vector �elds v : Ω → R3, and let J̊p(Ω) be the closure in Lp(Ω) of its subspace

J̊∞(Ω). ByGp(Ω) denote a closed subspace of all potential vector �elds in Lp(Ω). The

Lp(Ω)-subspaces J̊p(Ω) andGp′(Ω) with conjugate to each other exponents p ∈ (1,∞)
and p′ = p/(p−1) are known to represent the annihilators of each other, which explains
why ∆v(·, t) ∈ J̊p(Ω) a.e. on (0, T ) for every strong Lp-solution of IBVP (1)�(2).
Hence for IBVP (1)�(2), the question of its unique solvability in the class of strong
Lp-solutions reduces to the question of the Lebesgue space Lp(Ω) decomposition into

a direct sum of its two closed subspaces J̊p(Ω) and Gp(Ω).

For any p > 2, given any v0 ∈ J̊∞(Ω) and f : (0, T ) → J̊∞(Ω), an easy-to-prove
existence of some partial strong Lp-solution reduces IBVP (1)�(2) to its homogeneous
version with zero data. This opens way to employing simple examples [1] of the form
v(x, t) = a(t)∇Φ(x), ψ(x, t) = −a′(t)Φ(x) with solutions Φ to the homogeneous
Neumann BVPs in Ω possessing nontrivial gradients ∇Φ ∈ Lp(Ω), and known to
exist for 3D cones with rounded vertices and 3D wedges with rounded edges. In case
of a 3D cylinder Ω = ω × (0, 1), there is a wide choice [2] of its 2D base ω options to
construct suitable 3D solutions Φ to the homogeneous Neumann BVPs. Hence, given
any a ∈ Lp(0, T ), vector �eld v(x, t) = a(t)∇Φ(x) proves to be a legitimate nontrivial
weak Lp-solution to the IBVP (1)�(2) with zero data, where p > q with certain
suitable q > 2. Meanwhile, the corresponding pressure ψ proves to be a singular
distribution in t whenever a ∈ Lp(0, T ) proves weakly non-di�erentiable.
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The paper is devoted to the �nite-di�erence solution of the dynamical problem of
the theory of elasticity for a half-space, on the boundary of which both the Cauchy
stress vector and the displacement vector [1�6] are given simultaneously as functions
of the surface (plane) and time coordinates. The di�erence from other statements
lies in the fact that the initial conditions are not required here. An algorithm and a
numerical calculation program for this problem are constructed. As a test example, we
consider the problem of the action of a spherical source in an in�nite three-dimensional
medium, in which on a predetermined plane traces from the action of the source in
the form of the Cauchy stress vector in this plane and the displacement vector are
�xed. These data on the plane were used to calculate the environmental media in
space and time. The paper presents the results of numerical calculation, comparison
of the analytical solution with the obtained �nite-di�erence solution. The program
is used to calculate other problems related to the search for defects in the medium,
sources of dynamical events.

The work was carried out within the framework of the FNI project, registration
AAAA-A17-117122090002-5.

REFERENCES

1. Sobolev S. L., Equations of Mathematical Physics [in Russian], Nauka, Moscow (1966).

2. Kabanikhin S. I., Inverse and Ill-Posed Problems [in Russian], Siberian Scienti�c
Publishing House, Novosibirsk (2009).

3. Lavrentiev M.M., Romanov V.G., Shishatsky S. P., Ill-Posed Problems of Mathematical
Physics and Analysis [in Russian], Nauka, Moscow (1980).

4. Tikhonov A.N., Leonov A. S., Yagola A.G., Nonlinear Ill-Posed Problems [in Russian],
Nauka, Moscow (1995).

5. Schwab A.A., �Ill-posed static problems in the theory of elasticity� [in Russian], Izv.
Akad. Nauk SSSR, Mekh. Tverd. Tel., No. 6, 98�106 (1989).

6. Chanyshev A. I., �A method to determine a body's thermal state,� J. Min. Sci., 48, No. 4,
660�668 (2012).

208



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

INVARIANT SUBMODELS OF THE GENERALIZATION
OF LEITH'S MODEL OF THE WAVE TURBULENCE

Chirkunov Yu.A.

Novosibirsk State University of Architecture and Civil Engineering,
Novosibirsk, Russia; chr101@mail.ru

A generalization of the Leith's model of the phenomenological theory of the wave
turbulence is researched. With the methods of group analysis, the basic models
possessing nontrivial symmetries are obtained [1]. For each model, all the invariant
submodels are found. For nonlinear di�erential equations describing these models,
formulas for the production of new solutions containing arbitrary constants are ob-
tained. By virtue of these formulas each researched solution generates a family of the
new solutions. In an explicit form some invariant solutions (not connected by point
transformations) describing invariant submodels are found. The physical meaning of
these solutions is obtained. In particular, with the help of these solutions the turbulent
processes for which there are �destructive waves� both with �xed wave numbers and
with varying wave numbers are described. On the example of an invariant solution of
rank 1 it was shown that the search of the invariant solutions of rank 1 that cannot not
be found explicitly can be reduced to solving the integral equations. For this solution
turbulent processes are researched for which at the initial instant of time and for a
�xed value of the wave number either the turbulence energy and rate of its change
or the turbulence energy and its gradient are given. Under certain conditions, the
existence and uniqueness of the solutions of the boundary value problems describing
these processes are established.

The reported study was partially funded by Novosibirsk State University of Architecture

and Civil Engineering (Sibstrin) and RFBR according to the research project no. 16-01-

00446 a.
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We studied three-dimensional Khokhlov�Zabolotskaya�Kuznetsov (KZK) model of
the nonlinear hydroacoustics with dissipation. This model is described by third order
quasilinear partial di�erential equation of the (KZK). We obtained that the (KZK)
equation admits an in�nite Lie group of the transformations, depending on the three
arbitrary functions. We studied essentially distinct (not linked by means of the point
transformations) invariant submodels, that are described by the invariant solutions of
rank 0, 1, 2 and 3 of the (KZK) equation [1]. The invariant solutions of rank 0 and 1
are found either explicitly, or their search is reduced to the solution of the nonlinear
integro-di�erential equations. For example, we obtained the invariant solutions that
we called by �Ultrasonic knife� and �Ultrasonic destroyer�. The submodel �Ultrasonic
knife� have the following property: at each �xed moment of the time in the �eld
of the existence of the solution near some plane the pressure increases inde�nitely
and becomes in�nite on this plane. The submodel �Ultrasonic destroyer� contains a
countable number of �Ultrasonic knives�. The presence of the arbitrary constants in
the integro-di�erential equations, that determine invariant solutions of rank 1 provides
new opportunities for analytical and numerical study of the boundary value problems
for the received submodels, and, thus, for the original (KZK) model. With the help of
these invariant solutions we researched a propagation of the intensive acoustic waves
(one-dimensional, axisymmetric and planar) for which the acoustic pressure, speed
and acceleration of its change, or the acoustic pressure, speed and acceleration of its
change in the radial direction, or the acoustic pressure, speed and acceleration of its
change in the direction of one of the axes are speci�ed at the initial moment of the
time at a �xed point. With the certain conditions, we established the existence and
the uniqueness of the solutions of boundary value problems, describing these wave
processes.

The reported study was partially funded by Novosibirsk State University of Architecture

and Civil Engineering (Sibstrin) and RFBR according to the research project no. 16-01-

00446 a.
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We study a general three-dimensional nonlinear di�usion model of porous medium
with non-stationary source or absorption. We found nine basic models of the original
model of the porous medium with non-stationary source or absorption, having di�erent
symmetry properties. For the model, admitting the widest group Lie of the transfor-
mations we found all invariant submodels. All essentially distinct invariant solutions of
this model, describing invariant submodels of rank 0 are found explicitly. In particular,
we obtained the solutions, which we called �a layered circular pie�, �a layered spiral
pie�, �a layered plane pie� and �a layered spherical pie�. The solution �a layered circular
pie� describes the motion of the liquid or gas in a porous medium, for which at each
�xed moment of time at all points of each circle from the family of concentric circles
the pressure is the same. The solution �a layered spiral pie� describes the motion of
the liquid or gas in a porous medium, for which at each �xed moment of time at all
points of each logarithmic spiral from the family of logarithmic spirals the pressure is
the same. The solution �a layered spherical pie� describes the motion of the liquid or
gas in a porous medium, for which at each �xed moment of time at all points of each
sphere from the family of concentric spheres the pressure is the same. A set of the
solutions �a layered circular pie�, �a layered spiral pie� and �a layered spherical pie�
contains the solutions describing the distribution of the pressure in a porous medium
after a point blast or a point hydraulic shock. Also, this set contains the solutions
describing the strati�ed with respect to the pressure motion of liquid or gas in a porous
medium with very high pressure at in�nity in the presence of very strong absorption
at a point. The solution �a layered plane pie� describes the motion of the liquid or
gas in a porous medium, for which at each �xed moment of time at all points of each
plane from the family of parallel planes the pressure is the same. A set of the solutions
�a layered plane pie� contains the solutions describing the motion of the liquid or gas
in a porous medium with very high pressure near a �xed plane in the presence of
very strong absorption at in�nity. Also, this set contains the solutions describing the
motion of the liquid or gas in a porous medium with very high pressure at in�nity
in the presence of very strong absorption on a �xed plane. The obtained results can
be used to study the description of the processes associated with underground �uid
or gas �ow, with water �ltration, with the engineering surveys in the construction of
the buildings, and also with shale oil and gas production.

The reported study was partially funded by Novosibirsk State University of Architecture

and Civil Engineering (Sibstrin) and RFBR according to the research project no. 16-01-

00446 a.
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ELLIPTIC PSEUDODIFFERENTIAL BOUNDARY
VALUE PROBLEMS AND THE INVERSE PROBLEM
OF MAGNETO-ELECTROENCEPHALOGRAPHY

Demidov A. S.
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Contrary the already prevailing for several decades opinion about the incorrectness
of the inverse-MEEG problems (see, for example: Sheltraw D., Coutsias E., Journal of
Applied Physics, 94, No. 8, 5307�5315 (2003)), the report will show that this problem
is absolutely correct. Namely: under the condition of reconstruction electromagnetic
�eld according to its measurement in the �nal set of points xk on the head of the
patient the inverse MEEG problem has the unique solution in a special class of
functions (di�erent from those considered by biophysicists). Moreover, the operator
of this problem realizes an isomorphism of the corresponding function spaces. The
solution has the form q = q0 + p0δ

∣∣
∂Y
, where q0 is an ordinary function de�ned in

the domain of the region Y occupied by the brain, and p0δ
∣∣
∂Y

is a δ-function on
the boundary of the domain Y with a certain density p0. The functions p0 and q0

are interrelated and explicitly depend on the reconstructed electromagnetic �eld. Its
reconstruction is reduced to a �nite-dimensional problem of minimizing a quadratic
functional and revealing �essentially� various minimizing elements. The latter question
echoes the analogous problem for the inverse problem of an equilibrium plasma in a
tokamak [1].

This result [2] was obtained due to the fact that: 1) Maxwell's equations are
taken as a basis; 2) a transition was made to the equations for the potentials of
the magnetic and electric �elds; 3) the theory of boundary value problems for elliptic
pseudodi�erential operators with an entire index of factorization is used. This allowed
us to �nd the correct functional class of solutions of the corresponding integral
equation of the �rst kind: the solution has a singular boundary layer in the form
of a delta function (with some density) at the boundary of the domain.

The author was partially supported by the Russian Foundation for Basic Research

(projects no. 16-01-00781, no. 17-01-00809).
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We consider the inhomogeneous Dirichlet boundary value problem for the cubic
nonlinear Schr�odinger equations on the half line Lu = f(x, t), x ∈ R+, t > 0,

u(0, x) = u0(x), x ∈ R+,
u(t, 0) = h(t), t > 0,

where L = i∂t +
1
2∆, ∆ = ∂2x, f(x, t) is the power nonlinearity such that

f(t, x) = λ|u|p−1u, λ ∈ C.

We present su�cient conditions for initial and boundary data which ensure asymp-
totic behavior of small solutions to equations by using the classical energy method
and factorization technique. More precisely, we show that the operator J = x+ it∂x
works well in inhomogeneous cases (it was not shown before). Our results recover
the previous results obtained in [1] and the decay conditions on the boundary data
are improved due to more regularity conditions on the boundary data. We note
that there are also some results in one-dimensional case by using inverse scattering
techniques [2, 3]. Our local result depends on the classical energy method.
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The spherical harmonic is a homogeneous harmonic polynomial on an Euclidean
space as well as its restriction onto the unit sphere in it. The space Hn

m of the real
spherical harmonics of degree n on Rm+1 is the eigenspace of the Laplace�Beltrami
operator on Sm for the eigenvalue λn = n(n+m−1). The set Nu of its zeroes is called
the nodal set, the connected components of Sm \ Nu are nodal domains. There are
many metric quantities related to a spherical harmonic: the Riemannian volume of
Nu, the number of nodal domains and critical points, the inner radius of S

m \Nu, and
others. Many papers are devoted to the estimation of these quantities, computation
of their mean values for random harmonics, and bounds for their �uctuations. Similar
questions may be posed for �nite families of harmonics. The recent survey [1] contains
a description of the current state of this area as well as useful references. The talk will
concern extensions and generalizations of some results of the paper [2]. For example,
it was proved that the volume of Nu for u ∈ Hm

n does not exceed nϖm−1, where

ϖm−1 = 2π
m
2

Γ(m
2 )

is the volume of the unit sphere Sm−1, where m > 1. This bound is

attained if the set Nu is the union of a �nite family of the spheres S
m−1 embedded to

Sm, for instant, if u(x) = Re (x1+ ix2)
n. In the talk, the situation will be described in

more details. Some results of [2] can be extended onto the case of compact symmetric
spaces.
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We consider the initial boundary value problem for nonlinear nonlocal parabolic
equation

ut = ∆u+ a(x, t)ur
∫
Ω

up(y, t) dy − b(x, t)uq, x ∈ Ω, t > 0, (1)

with nonlinear nonlocal boundary condition

u(x, t) =

∫
Ω

k(x, y, t)ul(y, t) dy, x ∈ ∂Ω, t > 0, (2)

and initial datum
u(x, 0) = u0(x), x ∈ Ω, (3)

where r, p, q, l are positive constants, Ω is a bounded domain in Rn (n ≥ 1) with
smooth boundary ∂Ω.

With respect to the data of problem (1)�(3) the following assumptions are made:

a(x, t), b(x, t) ∈ Cα
loc(Ω× [0,+∞)), 0 < α < 1, a(x, t) ≥ 0, b(x, t) ≥ 0;

k(x, y, t) ∈ C(∂Ω× Ω× [0,+∞)), k(x, y, t) ≥ 0;

u0(x) ∈ C(Ω), u0(x) ≥ 0, x ∈ Ω, u0(x) =

∫
Ω

k(x, y, 0)ul0(y) dy, x ∈ ∂Ω.

We prove the following results.
Theorem 1. Let max (r + p, l) ≤ 1, l < (q + 1)/2, r + p < q and

b(x, t) > 0, x ∈ Ω, t ≥ 0.

Then problem (1)�(3) has global solutions for any initial data.
Theorem 2. Let l > max (1, (q + 1)/2) and

k(x, y, t) ≥ k0 > 0, x ∈ ∂Ω, y ∈ Ω, 0 < t < t0,

for some positive constants k0 and t0 or r + p > max(q, 1) and

a(x, t) ≥ a0 > 0, x ∈ Ω, 0 < t < t1,

for some positive constants a0 and t1. Then problem (1)�(3) has blow-up solutions.
The nonexistence of nontrivial solutions for (1)�(3) is analyzed also. The problem

(1)�(3) with a(x, t) ≡ 0 has been considered in [1�2].
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Let fj(w) = Aj > 0 for 0 ≤ w < 1; fj(w) = 0 for 1 ≤ w, j = 1, 2, . . . , 5, and
aj := Aj/kj > 1. We study nonlinear 5-dimensional dynamical systems

dx1
dt

= f1(x5)− k1x1;
dx2
dt

= f2(x1)− k2x2; . . .
dx5
dt

= f5(x4)− k5x5. (1)

All the variables and coe�cients are assumed to be positive.
The systems of the type (1) appear in gene networks modeling, see [1�3]. Let

F0 := {1}× [0, 1]× [1, a3]× [0, 1]× [1, a5], Q := [0, a1]× [0, a2]× [0, a3]× [0, a4]× [0, a5],
and E = (1, 1, 1, 1, 1) ∈ F0.

Lemma 1. Q is an invariant domain of the system (1). Trajectories of the system
(1) are piecewise smooth with the vertices on the planes xj = 1.

These smooth pieces of trajectories are called the steps.
Lemma 2. Trajectories of the points of F0 return to F0 after 10 steps.
Let Φ : F0 → F0 be the corresponding Poincar�e map; J(Φ) be its Jacobian matrix

calculated at the point E; P = (1, x2, x3, x4, x5), P̃ (1, x̃2, x̃3, x̃4, x̃5) be two points

of F0; Φ(P ) := (1, y2, y3, y4, y5), and Φ(P̃ ) := (1, ỹ2, ỹ3, ỹ4, ỹ5). We say that P is less

than P̃ , and write P ≺ P̃ , if

x̃2 ≤ x2, x̃3 ≥ x3, x̃4 ≤ x4, x̃5 ≥ x5. (2)

Lemma 3. The map Φ is monotonic, i.e., if the inequalities (2) are satis�ed then

ỹ2 ≤ y2, ỹ3 ≥ y3, ỹ4 ≤ y4, ỹ5 ≥ y5. (3)

If one of the inequalities (2) is strict then all the inequalities (3) are strict.
For any odd-dimensional dynamical system of the type (1), similar monotonicity

holds as well.
Lemma 4. If the point P is su�ciently close to E then P ≺ Φ(P ).
Theorem. If Aj > kj then the system (1) has at least one cycle which intersects

F0 and is contained in Q.
More simple cases kj = k1, fj = f1 were considered in [1], where two piecewise

linear cycles of the system (1) were discovered. One of them does not intersect F0.
The authors were supported by the Russian Foundation for Basic Research (project

no. 18-01-00057), and by the complex program of SB RAS II.1 (no. 0314-2018-0011).
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The focusing problem for the inviscid Leith model [1] of the spectrum evolution
E(k, t) is considered that leads to a self-similarity of the second kind in general. We
show that the so-called focusing time to the problem is in�nite quantity. Therefore
the corresponding self-similar anzats is broken and we demonstrate that the problem
is reduced to the �rst kind similarity form. The phase-plane analysis is applied for the
dynamical system generated by this type of similarity. Asymptotic behaviors of the
self-similar spectrum are given both for the larger-k wavenumbers and large time t. We
prove that the ��nal-time pro�le� of the spectrum scales as E ∼ k2 (the thermolised
part) for t≫ 1 that coincides with Sa�man's prediction [2].
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We describe the group of conformal mappings on the complexi�ed Heisenberg
group CHn, n > 1, with Carnot�Caratheodory metric. Complexi�ed Heisenberg group
is two-step Carnot group of H-type with the following left-invariant vector �elds:

Xi =
∂

∂xi
+

1

2

(
(J1x)i

∂

∂z1
+ (J2x)i

∂

∂z2

)
, i = 1, . . . , 4n; Z1 =

∂

∂z1
, Z2 =

∂

∂z2
,

where x ∈ R4n, z1, z2 ∈ R, J1 = diag{A, . . . , A}, J2 = diag{B, . . . , B} with

A =


0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0

 , B =


0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0

 .

Vector �elds X1, . . . , X4n form an orthonormal basis of the horizontal subbundle H ⊂
TCHn.

We describe the group of conformal mappings of CHn, n > 1, and its Lie algebra.
The horizontal coordinate functions of the mappings from the Lie algebra are of the
form a + λx + µJx +Kx, where a ∈ R4n, λ, µ ∈ R, K +Kt = 0, K + J1KJ1 = 0,
K + J2KJ2 = 0, J = J1J2.

The group of conformal mappings is generated by the following subgroups:
1) Left translations: a · (x, z);
2) Rotation: (Ax, z), A ∈ SO(4n), A+ J1AJ1 = 0, A+ J2AJ2 = 0;
3) Dilation: (αx, α2z), α ∈ C, z = z1 + iz2.
The author was supported by the Russian Foundation for Basic Research (project no. 17-

01-00801).
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In the domain GT = {(x, t)| 0 < x < t, 0 < t < T}, T < +∞, we consider an
inverse problem of �nding a coe�cient λ(t) and a function u(x, t) for the following
boundary value problem for the heat equation:

ut = uxx − λ(t)u, u|x=0 = 0, u|x=t = 0, (1)

with ∫ t

0

u(x, t)dx = E(t), |E(t)| ≥ δ > 0, 0 < t < T, (2)

where E(t) ∈ L∞(0, T ) is a given function.
The inverse problems of this kind were investigated in the papers [1, 2] (see also

literature from these works). To prove the existence of a non-trivial solution for the
problem (1) we use the methods and results of our earlier work [3].

The main result of the report is the following theorem.
Theorem. The inverse problem (1)�(2) has a solution {u(x, t), λ(t)} if and only

if the following condition is satis�ed

sign{E(t)} = sign{I[φ0(t), t]}, ∀t ∈ (0, T ),

where

I[φ0(t), t] =

t∫
0

[2E(τ, t− τ)− E(t+ τ, t− τ)− E(t− τ, 1)]φ0(τ)dτ, t ∈ (0, T ),

φ0(t) =
1√
t
exp

{
− t
4

}
+

√
π

2

[
1 + erf

(√
t

2

)]
, t ∈ (0, T ), E(θ, µ) = exp

{
−θ2/4µ

}
,

Moreover, the solution {u(x, t), λ(t)} belongs to classes

t1/2u(x, t) ∈ L∞(GT ), tλ(t) ∈ L∞((0, T )).

The authors were supported by the grant projects AP05130928 (2018�2020), AP05132262

(2018�2020) and by the target program BR05236693 (2018�2020) from the Ministry of
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We consider graph mappings φΓ de�ned by mappings φ : G→ G̃ of classes of two-
step Carnot groups. In particular, we discover speci�c properties of this case (e.g.,
necessary condition for correct formulation of the extremal area problem for their
images φΓ(Ω), Ω ⊂ G) and describe some characteristics of extremal surfaces.

The �rst result describes conditions for correct formulation of the problem.
Theorem. For unlimited choice of variation of a mapping (as an argument of

the area functional) it is necessary for commutators of horizontal vector �elds to be
linearly independent with other ones or to be equal to zero. In other words, each
vector �eld of the degree two on G must be represented uniquely via commutators of
horizontal �elds.

The next result describes minimal surfaces equations.
Theorem. For the area functional

S(φ) =
∫
Ω

√
det
(
En + D̂Hφ(x)∗D̂Hφ(x)

)
·
√
1 + ⟨D̂H⊥φ(x), D̂H⊥φ(x)⟩ dHν(x)

describing area of a graph surface φΓ(Ω) de�ned by C2-mapping φ and horizontal

part of its sub-Riemannian di�erential D̂φ to be minimal among mappings de�ned
by some horizontal homomorphisms it is necessary for horizontal mean curvature
HSR(x) = (HSR

1 (x), . . . , HSR
ñ (x)) to be equal zero, where for m = 1, . . . , ñ we have

HSR
m (x) =

n∑
i=1

n∑
j=1

Xi

⟨
Xjφm(x)

(
E + D̂Hφ(x)

∗D̂Hφ(x)
)
ij
F(φ)

⟩
+

n∑
i=1

n∑
j=1

Xi

⟨
Xjφm(x)

(
E + D̂Hφ(x)

∗D̂Hφ(x)
)
ji
F(φ)

⟩
+ 2

N∑
k=n+1

n∑
i,j=1

aki,j
∑

1≤l<m

clmñ+1Xj

⟨
Xiφl(x)(D̂φ(x))ñ+1,kF(φ)−1

⟩

− 2
N∑

k=n+1

n∑
i,j=1

aki,j
∑

1≤l<m

clmñ+1Xi

⟨
Xjφl(x)(D̂φ(x))ñ+1,kF(φ)−1

⟩

+ 2

N∑
k=n+1

n∑
i,j=1

aki,j
∑

m<l≤ñ

cmlñ+1Xi

⟨
Xjφl(x)(D̂φ(x))ñ+1,kF(φ)−1

⟩

− 2
N∑

k=n+1

n∑
i,j=1

aki,j
∑

m<l≤ñ

cmlñ+1Xj

⟨
Xiφl(x)(D̂φ(x))ñ+1,kF(φ)−1

⟩
.

Similar result with obvious changes is true on sub-Lorentzian structures for
maximal surfaces and corresponding area functional [1].
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In this article we consider the following 1d-Dirichlet (clamped) boundary value
problem for 2m-th order di�erential equation, m ≥ 1,{

(−1)mu(2m) = f(x) (−1 < x < 1)
u(j)(±1) = 0 (0 ≤ j ≤ m− 1),

(1)

where u(x) is a function on [−1, 1]. It is known that the solution of this problem is
expressed in terms of the Green's function G2m,

u(x) =

∫ 1

−1

G2m(x, y)f(y) dy .

In our work the Green function for (1) is given explicitly in terms of the polynomials

P
[m]
m+n(x) de�ned by the following relation

P
[m]
m+n(x) =

(x− 1)m

m!
2F1

(
−n, n+ 1

m+ 1

∣∣∣ 1− x
2

)
, x ∈ [−1, 1],

where the 2F1 is the Gauss hypergeometric function, degP
[m]
m+n = m + n, n ≥ 0.

The properties of polynomials P
[m]
m+n are studied and then polynomial bases for the

Sobolev spaces Hm(−1, 1), Hm
0 (−1, 1) are constructed.

Theorem. The Green's function for the Dirichlet problem (1) is expressed by the
formula

G2m(x, y) = K2m(x, y)−
m−1∑
n=0

2n+ 1

2
P

[m]
m+n(x)P

[m]
m+n(y) , (2)

where

Km(x, y) =
|x− y|2m−1

2m(m− 1)!
P

[m]
2m−1

(
2− x− y
|x− y|

)
.

Dirichlet boundary value problem (1) has been considered in many papers and
there are various forms of the Green's function for problem (1). We prove the equi-
valence of Green's functions given in [1]�[5] with our formula (2).

REFERENCES

1. Das K.M., Vatsala A. S., �Green's function for n�n boundary value problem and an
analogue of Hartman's result,� J. Math. Anal. Appl., 51, No. 3, 670�677 (1975).

2. Gustafson G.B., �A Green's function convergence principle, with applications to
computation and norm estimates,� Rocky Mt. J. Math., 6, No. 3, 457�492 (1976).

3. Kong L., Wang J., �The Green's function for (k, n−k) conjugate boundary value problems
and its applications,� J. Math. Anal. Appl., 255, No. 2, 404�422 (2001).

4. B�ottcher A., �The constants in the asymptotic formulas by Rambour and Seghier for
inverses of Toeplitz matrices,� Integral Equations Oper. Theory, 50, No. 1, 43�55 (2004).

5. Watanabe K., Kametaka Y., Yamagishi H., Nagai A., Takemura K., �The best constant
of Sobolev inequality corresponding to clamped boundary value problem,� Bound. Value
Probl., 2011, Article ID 875057, 17 pages (2011).

221



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

THE OPTIMAL CONTROL METHOD
IN SOLVING THE INVERSE PROBLEM

FOR STOCHASTIC DIFFERENTIAL EQUATIONS

Kondakova E.A.1, Krivorotko O. I.2, Kabanikhin S. I.3

Novosibirsk State University, Institute of Computational Mathematics
and Mathematical Geophysics SB RAS, Novosibirsk, Russia;

1ekondak95@mail.ru, 2olga.krivorotko@sscc.ru, 3kabanikhin@sscc.ru

A lot of processes of mathematical physics can be described by stochastic di�eren-
tial equations (SDE). The randomness of the processes occurring is usually modelled
by the Markov or Wiener processes. SDE allow us to describe real processes better
than deterministic systems. The standard form of the SDE is [1]

dX(t) = a(X(t), u(t))dt+ σ(X(t), u(t))dW.

Here X(t) is the stationary process of the Markov structure, u(t) is the control
function, dW is the standard Wiener process. The de�nition of the optimal control
function allows one to monitor various physical processes. To �nd the optimal control
function it is necessary to minimize the cost functional of the form:

J = E

 T∫
t

L(X(s), u(s))ds+G(X(T ))

 .
Here L(X(t), u(t)) is the recurrent costs, G(X(T )) characterizes the �nal cost.

The dynamic programming [2] and solving the Hamilton�Jacobi�Bellman equa-
tion [3] were used as computational methods to �nd the optimal control u(t). An
example of the application of these methods was the Merton problem [4] for �nancial
economics. The results of the numerical calculations are presented and discussed.
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Online social networks such as Twitter and Facebook have gained tremendous
popularity for information exchange. The availability of unprecedented amounts of
digital data has accelerated research on information di�usion in online social networks.
However, the mechanism of information spreading in online social networks remains
elusive due to the complexity of social interactions and rapid change of online social
networks. Based on previous papers [1] the process of information propagation is
described by partial di�erential equations (PDEs) that characterize temporal and
spatial patterns of information di�usion over online social networks:

∂I

∂t
= d

∂2I

∂x2
+ r(t)I

(
1− I

K

)
, t > 1, x ∈ (l, L),

I(x, 1) = q(x), x ∈ (l, L),
∂I

∂x
(l, t) =

∂I

∂x
(L, t) = 0, t > 1.

(1)

Here I(x, t) represents the density of in�uenced users with a distance of x at time t,
q(x) > 0 is the initial density function, which can constructed from history data of
information spreading. Each information has its own unique initial function. Suppose
that we have an additional information in the following form (from the statistical
data):

I(xi, tk) = fik, i = 1, . . . , N, k = 1, . . . ,K. (2)

The inverse problem (1)�(2) consists in determination of initial condition q(x) using
additional data fik (2). Due to inverse problem (1)�(2) is ill-posed [2] the regularization
approaches are used. Inverse problem (1)�(2) is reduced to the variational formulation
problem of minimization of the mis�t function:

J(q) =
N∑
i=1

K∑
k=1

|I(xi, tk; q)− fik|2. (3)

Since the minimization problem (3) is multi-parametric inverse problem the tensor
train global optimization method is applied [3]. The results of numerical calculations
is presented and discussed.
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This paper theoretically investigates the non-equilibrium heat transfer within
living biological tissues during di�erent thermal therapy applications. Numerical solu-
tion of the present problem has been done by Chebyshev wavelet Galerkin method.
The use of Chebyshev wavelet is found to be accurate, simple and fast. Larger
di�erences in the temperature prediction at the treatment position have been observed
using di�erent equilibrium and non-equilibrium based bioheat models. It is observed
that the porosity and the convective heat transfer are the factors that contribute
most to the non-equilibrium heat transfer within living biological tissues. The whole
analysis is presented in dimensionless form.
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In this abstract, we present a particular result, obtained in [1], which is an essential
part of the methodology for developing elimination methods for both algebraic and
some classes of transcendental systems of equations.

For z = (z1, . . . , zn) ∈ Cn and i = 1, . . . , n, consider a system of functions

fi(z) = qi(z) +Qi(z), (1)

where Qi(z) = z1 · . . . · zn
∑

|α|≥0

Ci
αz

α are polynomials and

qi(z1, . . . , zn) = (1− ai1z1)mi1 · . . . · (1− ainzn)min

with mij being positive integers and aij complex numbers, such that aij ̸= akj for
i ̸= k.

For wj = 1
zj
, j = 1, . . . , n, de�ne q̃i = (w1 − ai1)

mi1 · . . . · (wn − ain)
min , and

Q̃i = wmi1
1 · . . . · wmin

n · Qi

(
1

w1
, . . . ,

1

wn

)
. Let ∆̃ = ∆̃(w, t) be the Jacobian of

F̃i = F̃i(w, t) = q̃i(w) + t · Q̃i(w), i = 1, . . . , n, with respect to wj .
Let J = (j1, . . . , jn) be a multi-index, where (j1 . . . jn) is a permutation of (1 . . . n).

Then by aJ we denote the vector (a1j1 , . . . , anjn). Let (−1)s(J) be the sign of the
permutation J , and α = (α1, . . . , αn) be a multi-index of length n. By qα+I(J) we
denote qα1+1

1 [j1] · . . . · qαn+1
n [jn], where qs[js] is a product of all (1 − aj1z1)mj1 · . . . ·

(1 − ajnzn)mjn except (1 − asjszs)msjs . By β(α, J) we denote the vector β(α, J) =(
m1j1(αj1 + 1)− 1, . . . ,mnjn(αjn + 1)− 1

)
, and, correspondingly,

β(α, J)! =
∏

p

(
mpjp(αjp + 1)− 1

)
!.

Finally, aβ+I
J denotes a

m1j1 (αj1+1)
1j1

· . . . · amnjn (αjn+1)
njn

, and

∂∥β(α(J)∥

∂zβ(α,J)
=

∂m1j1 (αj1+1)−1+...+mnjn (αjn+1)−1

∂z
m1j1 (αj1+1)−1
1 . . . ∂z

mnjn (αjn+1)−1
n

.

Theorem (Waring's formulas [1]). For the system fj = 0, j = 1, . . . , n, with
functions fj de�ned by (1), the following formulas are valid:

σγ+I =
∑
K∈ℜ

(−1)∥K∥+n
∑
J

(−1)s(J)

β(K,J)!

× ∂∥β(K,J)∥

∂wβ(K,J)

[
∆̃ · wγ1+1

1 · . . . · wγn+1
n · Q̃K

q̃K+I(J)

]
w=aJ

.
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In this work we study the initial boundary problem for the linear pseudoparabolic
di�usion equation with nonlinear mixed boundary condition. The problem is con-
sidered in the cylinder QT = {(t, x)

∣∣ t ∈ (0, T ), x ∈ Ω}, where Ω ⊂ Rn is a bounded
domain with boundary ∂Ω.

Problem 1. For given functions k(t), f(t, x), u0(x), σ(x), γ(r), β(t, x) and a
constant η �nd the pair of unknown functions {u(t, x), k(t)} satisfying the equation

(u− η div(M(x)∇u) +m(x)u)t − k(t) div(M(x)∇u) +m(x)u = f, (1)

the initial data
u|t=0 = u0(x) (2)

and the boundary condition(
η
∂ut

∂N
+ k(t)

∂u

∂N
+ σ(x)(η(γ(u))t + k(t)γ(u))

)∣∣∣
∂Ω

= β(t, x). (3)

Here M(x) ≡ (mij(x)) is a matrix of functions mij(x), i, j = 1, 2, . . . , n; ∂
∂N

=

(M(x)∇,n), n is the unit vector of the outward normal to the boundary ∂Ω. The
operator M = −div(M(x)∇) +m(x)I is supposed to be elliptic and selfajoint.

The nonlinear mixed boundary conditions arise in the models taking into account
the thermal conductivity of composites with orthogonal reinforcement with solid
�bers, the heat transfer at the sacri�ce of the radiation (of solids, gases), the di�usion
in a melt at crystallization and others. The particular case is the boundary con-
dition (3) with γ(r) = rp (p > 1). When p = 4 this condition is an analog of the
Stephan�Boltzmann law for solids, in the case of the carbonic acid p = 3.5, for the
water vapor p = 3.

Under certain hypotheses on the input data the existence and uniqueness of the
generalized solution to Problem 1 is proven. The regularity properties of the solution
are investigated. The maximum principle for Problem 1 is established.

On the base of the results for Problem 1 the existence and uniqueness of the strong
solution is proven for the inverse problem on recovering an unknown coe�cient k(t)
in equation (1) under the initial data (2), boundary condition(

η
∂ut

∂N
+ k(t)

∂u

∂N
+ σ(x)(ηut + k(t)u)

)∣∣∣
∂Ω

+ k(t)β1(t, x) = β2(t, x)

and the condition of overdetermination∫
∂Ω

{
ηut + k(t)u

}
ω(t, x)ds+ k(t)φ1(t) = φ2(t),

where βi(t, x), φi(t), i = 1, 2, ω(t, x) are given functions. The existence is proven by
reducing the inverse problem to an appropriate operator equation k = Ak for the
unknown coe�cient k. It is shown that the operator of this equation is a contraction
on a set constructed with the use of the maximum principle. The contractibility of
the operator A provides the uniqueness and stability (continuous dependence on the
input data) of the solution.
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In this paper we study the inverse problems of recovering unknown coe�cients in
the lower terms of the di�usion equations. The �rst one is the inverse problem for the
pseudoparabolic equation of �ltration.

Problem 1. For given functions f(t, x), U0(x), β(t, x), ω(t, x), φ(t) and a constant
η �nd the pair of unknown function {u(t, x), k(t)} satisfying the equation

(u− η div(M(x)∇u) +m(x)u)t − div(M(x)∇u) +m(x)u+ k(t)u = f,

the initial data
(u− η div(M(x)∇u) +m(x)u)|t=0 = U0(x),

the boundary condition
u|∂Ω = β(t, x)

and the condition of overdetermination∫
∂Ω

{
η
∂ut

∂N
+
∂u

∂N

}
ω(t, x)ds = φ(t).

Here Ω ⊂ Rn is a bounded domain with a boundary ∂Ω, t ∈ (0, T ),M(x) ≡ (mij(x)) is
a matrix of functionsmij(x), i, j = 1, 2, . . . , n; ∂

∂N
= (M(x)∇,n), n is the unit vector

of the outward normal to the boundary ∂Ω. The operatorM = −div(M(x)∇)+m(x)I
is supposed to be elliptic and selfajoint.

The second inverse problem corresponds to Problem 1 in the case of the steady-
state process.

Problem 2. For given functions f(x), β(x), ω(x) and a constant µ �nd the pair
of function u(t, x) and constant k satisfying the equation

−div(M(x)∇u) +m(x)u+ ku = f,

the boundary condition
u|∂Ω = β(x)

and the condition of overdetermination∫
∂Ω

∂u

∂N
ω(x)ds = µ.

Applications of such problems deal with the recovery of unknown parameters
indicating physical properties of a medium. In particular, the lowest coe�cient k
speci�es, for instance, the catabolism of contaminants due to chemical reactions or
the absorption (also known as potential) in the di�usion and acoustics problems.

The existence of the strong solutions of Problems 1 and 2 is proven by reducing
the inverse problems to an appropriate operator equation k = Ak of the second type
for the unknown coe�cient k. It is shown that the operator of this equation is a
contraction on a set constructed with the use of the comparison theorems for elliptic
and pseudoparabolic equations. The contractibility of the operator A provides the
uniqueness and stability (continuous dependence on the input data) of the solution.
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We consider Galerkin approximations of solutions to the Dirichlet problem

−div
(
|∇u|p(x)−2A(x)∇u

)
= f in Ω, u

∣∣
∂Ω

= 0, (1)

where Ω ⊂ Rd is a bounded Lipschitz domain. Assume that the exponent p(x) is an
L∞(Ω) function satisfying the condition 1 < α 6 p(x) 6 β <∞ a.e. in Ω; A = A(x)
is a symmetric matrix with entries from L∞(Ω) such that νI 6 A 6 ν−1I a.e. in
Ω for some ν > 0, where I is an identity matrix. The right-hand side f is a linear

continuous functional on the Sobolev�Orlicz space H ≡ H1,p(·)
0 (Ω), i.e., f ∈ H ′, where

H is the closure of C∞
0 (Ω) in the Luxembourg norm

∥u∥H = ∥∇u∥p(·) = inf
{
λ > 0, ϱLp(·)(Ω)(λ

−1u) 6 1
}
, ϱLp(·)(Ω)(u) :=

∫
Ω

|u|p dx.

By a solution to the problem (1), we understand a function u ∈ H such that∫
Ω

|∇u|p(x)−2A(x)∇u · ∇φ dx = ⟨f, φ⟩, ∀φ ∈ H.

Let H1 ⊂ H2 ⊂ . . . ⊂ Hn ⊂ . . . be a sequence of expanding �nite-dimensional
subspaces of H such that their union

∪
nHn is dense in H. Galerkin approximations

are de�ned as solutions to following problems

un ∈ Hn,

∫
Ω

|∇un|p(x)−2∇un · ∇φ dx = ⟨f, φ⟩, ∀φ ∈ Hn. (2)

Following [1], the unique solvability of problems (1) and (2) is established if

ess inf {p(x)− |p(x)− 2|µ(A(x))} > 0, where µ(A) = sup|ξ|=1
|Aξ|
Aξ·ξ .

Theorem. Let u, un be solutions to (1) and (2). Then under the above conditions
the estimates hold:

ϱLp(·)(Ω+)(∇u−∇un) 6 C dist(u,Hn), ϱLp(·)(Ω−)(∇u−∇un) 6 C(dist(u,Hn))
α
2 ,

ϱLp′(·)(Ω+)(ξ − ξn) 6 C(dist(u,Hn))
β′
2 , ϱLp′(·)(Ω−)(ξ − ξn) 6 C dist(u,Hn),

where ξ = |∇u|p(·)−2A∇u, ξn = |∇un|p(·)−2A∇un, Ω+ = {x ∈ Ω : p(x) > 2},
Ω− = {x ∈ Ω : 1 < p(x) < 2}, p′(x) = p(x)/(p(x)− 1). The constants C depend only
on p, A and ∥f∥H′ , this dependence can be speci�ed exactly.

This theorem, proved jointly with D.A. Yakubovich in [2], extends results of [3].
The author was supported by the Grant of the Ministry of Education and Science of the
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We consider a system with continuous-discrete time and not resolved with respect
to the derivative of the continuous component of the unknown function

Ax′(t) = Bx(t) + Ckyk + Ukuk(t), t ∈ Tk = [tk, tk+1), k = 0,m, (1)

yk = Dk−1x(tk−1) +
k−1∑
i=0

Gk−1,iyi + Vk−1vk−1, k = 1,m+ 1, (2)

where A,B,Ck, Uk, Dk, Gk,i, Vk are known real matrices of corresponding sizes; x(t) ∈
Rn is a continuous component and yk ∈ Rs is a discrete component of the unknown
state function, uk(t) ∈ Rl and vk ∈ Rλ (k = 0,m) are continuous and discrete control
functions respectively, T = [t0, tm+1). It is assumed that detA = 0. We will call such
system a singular linear hybrid.

Definition. Set of vectors y1, . . . , ym+1 and vector function x(t) ∈ C1(Tk) (k =
0,m) are called solution of (1), (2), if they turn this system identically on T .

De�ne the initial conditions

x(t0) = a0, y0 = b0.

From equations (1), (2) de�ne vectors y1, y2, . . . , ym+1:

yk = Sky0 +

k−1∑
i=0

Pk,ix(ti) +

k−1∑
i=0

Lk,ivi, k = 1,m+ 1, (3)

where coe�cients are determined by means of recurrence relations

S0 = Es, Sk =
k−1∑
j=0

Gk−1,jSj , Pk,k−1 = Dk−1, Lk,k−1 = Vk−1, k = 1,m;

Pk,i =
k−1∑

j=i+1

Gk−1,jPj,i, Lk,i =
k−1∑

j=i+1

Gk−1,jLj,i, k = 2,m, i = 0, k − 1.

Let xk(t) = x(t), t ∈ Tk (k = 0,m). Then, by substituting expressions for yk from (3)
into (1) we obtain the family of di�erential-algebraic equations (DAE) [1]:

Ax′0(t) = Bx0(t) + C0y0 + U0u0(t), t ∈ T0; (4)

Ax′k(t) = Bxk(t) + Ck

(
Sky0 +

k−1∑
i=0

Pk,ixi(ti) +
k−1∑
i=0

Lk,ivi

)
+Ukuk(t), t ∈ Tk, k = 1,m. (5)

Investigation of hybrid system (1), (2) is based on the analysis of DAE systems
(4), (5).

The necessary and su�cient R-controllability conditions for system (1), (2) are
obtained.
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STABLE MANIFOLDS AND APPROXIMATION
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We investigated the numerical analysis of a semilinear fractional problem

Dα
t u(t) = Au(t) + f(u(t)), t ≥ 0, u(0) = u0,

in the Banach space E, where the operator A generates an analytic C0-semigroup,
Dα

t is Caputo fractional derivative, and the function f(·) is su�ciently smooth. In
the case of fractional derivatives, the resolution family of the problem does not
decrease exponentially on any subspaces, which does not allow us to use the traditional
analysis of the behavior of trajectories on manifolds. A general approach to establish
a semidiscretization of stable manifolds is developed. The phase space in the neigh-
borhood of a hyperbolic equilibrium point can be decomposed in such a way that
the initial problem with the initial value reduces to a system of initial problems in
invariant subspaces corresponding to positive and negative real parts of the spectrum.
It is shown that such splitting of equation retains the same structure on the general
approximation scheme. The basic assumption for our results is naturally satis�ed,
for example, for operators with compact resolvents, and can be veri�ed for the �nite
element method, as well as for the method of �nite di�erences.

The research was partially supported by the Russian Foundation for Basic Research

(projects no. 15-01-00026_a, no. 16-01-00039_a, no. 17-51-53008_a).
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Assume that an isotropic non-homogeneous conductive elastic medium is associ-
ated with the domain Ω′ = Ω × R, where Ω ⊂ R2 with the smooth boundary ∂Ω.
We will assume that (in cartesian coordinates (x, y, z)) all physical quantities are
independent of z, and the solid displacement and the magnetic �eld have a special
form, namely, (0, 0, h(x⃗, t)) and (u1(x⃗, t), u2(x⃗, t), 0), x⃗ = (x, y). In this case, we can
formulate the following 2D analogue of problem, studied in [1].

Problem. Determine the state u⃗ : Ω × [0, T ] → R2, h : Ω × [0, T ] → R of the
elastic conductive body Ω satisfying the following equations:

ρu⃗tt = ∇ · τ(u⃗)− µ0h∇h+ f⃗ , (x⃗, t) ∈ Ω× (0, T ),

ht = ∇ · (ν∇h)−∇ · (hu⃗t) + g, (x⃗, t) ∈ Ω× (0, T ),

u⃗(x⃗, 0) = u⃗0(x⃗), u⃗t(x⃗, 0) = u⃗1(x⃗), h(x⃗, 0) = h0(x⃗), x⃗ ∈ Ω,

u⃗ = 0⃗, n⃗ · ∇h = 0, (x⃗, t) ∈ ∂Ω× (0, T ).

(1)

Here u⃗ = (u1, u2),∇ = (∂x, ∂y), τ(u⃗) = λ∇ · u⃗ · I + µ(∇u⃗+∇u⃗∗) is the stress tensor,
T > 0 is some �xed time; I is the 2× 2 identity matrix, and n⃗ = (n1, n2) is the outer
unit normal at x⃗ ∈ ∂Ω.

We shall suppose that µ0 is a known positive constant, ρ, λ, µ, ν : Ω → R+,

f⃗ : Ω × (0, T ) → R2, g : Ω × (0, T ) → R, u⃗0, u⃗1 : Ω → R2, h0 : Ω → R are given and
smooth enough functions and

0 < m0 ≤ ρ(x⃗), λ(x⃗), µ(x⃗), ν(x⃗) ≤ m1 <∞, x⃗ ∈ Ω.

Suppose that

f⃗ ∈ L2
(
0, T ;Hs(Ω)

)
, g ∈ L2

(
0, T ;Hs(Ω)

)
,

u⃗0 ∈ H1+s
0 (Ω), u⃗1 ∈ Hs(Ω), h0 ∈ Hs(Ω), 0 < s < 1/2.

(2)

There is valid the following theorem, see [2] for details.

Theorem. Suppose functions f⃗ , g, u⃗1, u⃗0, h0 satisfy (2). Then there exists a unique
weak solution (u⃗, h) of problem (1) satisfying

u⃗ ∈ L∞(0, T ;H1+s
0 (Ω)

)
, u⃗t ∈ L∞(0, T ;Hs(Ω)

)
,

h ∈ L2
(
0, T ;H1+s(Ω)

)
∩ L∞(0, T ;Hs(Ω)

)
.
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We consider the inverse problem on determining a solution u(t) to the equation

L(t)u = ut −A(t)u−B(t)u = f(t, u, p(t)), (1)

where f(t, u, p(t)) is a nonlinear operator, and a function p(t) ∈ Lq(0, T ;Y0) (Y0 is a
Banach space) satisfying the initial-boundary conditions

Q(t)u(t) = g(t), u(0) = u0 (2)

and the overdetermination condition

Ψ(t)(u(t)) = ψ(t) ∈W 1
q (0, T ;Y0), (3)

where Ψ(t) is some family of operators depending on a parameter t. Here {A(t)}t∈[0,T ]

is a family of closed linear operators in a Banach space X and the family of operators
B(t) : X → X, t ∈ [0, T ], is subordinate in a certain sense to the family A(t). The main
assumptions on the operators A,B are the following conditions: there exist Banach
spaces D ⊂ X and Y such that

(a) A(t) ∈ C([0, T ];L(D,X)), Q(t) ∈ C([0, T ];L(D,Y ));
(b) the operators At = A(t)|kerQ(t) : X → X are the generators of analytic

semigroups for every t ∈ [0, T ];
(c) X is a UMD space and the family τ = {λ(−At + λI)−1 : λ ∈ C+} is R

bounded and R(τ) ≤M , where the constant M is independent of t ∈ [0, T ];
(d) B(t) ∈ L1(0, T ;L(D,X)) and there exists a continuous function β(ξ) : [0,+∞)

→ R such that β(0) = 0 and ∥B(t)u(t)∥Lq(a,b;X) ≤ β(b − a)∥u(t)∥Hq(a,b) for all
u ∈ Hq(a, b) such that u(a) = 0 and 0 ≤ a < b ≤ T , where Hq(a, b) = Lq(a, b;D) ∩
W 1

q (a, b;X).
These conditions are supplemented with the corresponding conditions on the

nonlinear operator f(t, u, p). Consider also the equation

L(t)u = ut −A(t)u−B(t)u = f(t). (4)

First, we consider the direct initial-boundary value problem (4), (2) and under some
additional conditions prove the existence and uniqueness of solutions to this problem
from the classHq(0, T ). In contrast to the previous articles, the results are sharp in the
sense that the conditions on the operators A(t) and the data are minimal possible.
The results obtained are applied to the study of the inverse problem (1)�(3). The
existence and uniqueness theorem local in time for solutions to this inverse problem
is established.

The author was supported by the Russian Foundation for Basic Research (project no. 18-

01-00620).
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OF CONTINUOUS FUNCTIONS BY CESARO MEANS

OF THE SECOND ORDER

Rovenska O.G.

Donbass State Machine-Building Academy, Kramatorsk, Ukraine;
rovenskaya.olga.math@gmail.com

Let C2π be the space of continuous and 2π-periodic functions with norm

∥f∥ = max
x
|f(x)|.

The Cesaro means in the space C2π is de�ned by (see, for example, [1, p. 187])

Fn(f ;x) =
1

2π(n+ 1)

π∫
−π

f(t)

(
sin n+1

2 (t− x)
sin 1

2 (t− x)

)2

dt.

For approximations of functions of the Lipschitz class with index 1 and constant
K > 0 the following estimate of S.N. Bernstein is well-known (see, for example,
[2, p. 205])

∥f − Fn(f)∥ ≤ CK
ln(n+ 1)

n+ 1
,

where C is a positive universal constant.
The smallest value of the constant C > 0 in this inequality is obtained in [3]:

λ := inf C = sup
n=1,2,...

sup
f∈LipK1

(n+ 1)∥f − Fn(f)∥
ln(n+ 1)

=
π2 − 4

π ln 2
.

In the class of functions satisfying Lipschitz condition, we obtain the best constant
for the approximation by Cesaro means of the second order.

Denote λ(2) := sup
n=1,2,...

λ
(2)
n , where

λ(2)n = sup
f∈LipK1

(n+ 1)∥f − F 2
n(f)∥

ln(n+ 1)
.

In this case we obtain

λ(2) = λ
(2)
1 =

3π2 − 8

3π ln 2
.
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The progress in the development of many modern engineering industries, aerospace
engineering, civil engineering, and other specialties is caused by using of composite
materials. This is due to the fact that the composite materials increase the strength
properties and carrying capacities of constructions elements while the weight of pro-
ducts decreases. A composite material is inhomogeneous continuous medium con-
sisting of a few materials and bodies, the properties and behavior of which can
be substantially di�erent from each other. Therefore, adequate mathematical and
numerical modeling of structures made of composite materials is an actual problem.
Such modelling allows to predict the behavior of composite bodies, accurately describe
the characteristics, consider nonlinear e�ects on �bers, formulate criteria of the occur-
rence and propagation of cracks.

We consider a boundary value problem describing an equilibrium of an elastic body
with a thin elastic inclusion (�ber). We use a model of a �ber-reinforced composite
material proposed in [1, 2]. It is supposed that the inclusion is modelled by a Bernoulli�
Euler beam. It is located inside the body. Moreover, there exists a delamination crack
between the inclusion and elastic matrix. The nonpenetration conditions are imposed
on the cracks faces. The equilibrium problem is formulated as a minimization problem
of the energy functional over the set of kinematically admissible displacements.

The main goal of the talk is to construct and test a numerical algorithm for solving
the problem. Since the problem considered in the paper is in fact a problem of coupling
of di�erent models (model of an elastic body and model of the Bernoulli�Euler beam)
and described by some variational inequality, to construct a numerical algorithm
it is naturally to use the domain decomposition method based on Uzawa's method
of solving variational inequalities [3, 4]. At each step of the iterative algorithm two
problems are solved: an equilibrium problem of the elastic body without inclusions and
an equilibrium problem of the Bernoulli�Euler beam. The solutions of such problems
are �connected� with each other by Lagrange multipliers.

The suggested algorithm has advantages such as the simplicity of its realization,
possibility of using non-matching meshes, parallelization of computing processes. Note
that the manufacturing of a composite materials needs many inclusions. Due to the
parallelization the algorithm allows to calculate deformation of each �ber without a
signi�cant increase in computational costs.

Various numerical examples illustrating the feasibility of the algorithm are pre-
sented.
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We examine the control linear system of ordinary di�erential equations

A(t)
d

dt
x(t) +B(t)x(t) + U(t)u(t) = 0, t ∈ I = (−∞,+∞), (1)

where A(t) and B(t) are known (n × n) matrices, x(t) is a desired n-dimensional
vector function, U(t) is a prescribed (n × l) matrix, and u(t) is an l-dimensional
vector function of control. Assume that detA(t) ≡ 0 on I. The systems of this form
are called di�erential-algebraic equations (DAEs). An integer r with 0 ≤ r ≤ n, called
the index, measures the unsolvability of DAEs with respect to the derivative.

This paper establishes the existence of a solution for (1) in the class of Sobolev�
Schwarz distributions. Basing on the existence theorem, we obtain conditions for
controllability with a jump of a regular component and controllability with a singular
component of the solution in the class that we choose the control as a sum of a regular
generalized function and a linear combination of Dirac δ-function and its derivatives.

For stationary DAEs, the concept of impulse controllability was introduced in [1]
as the controllability with a singular part of the solution. Impulse controllability was
studied in [2, 3] with the use the Kronecker�Weierstrass canonical form.

For systems of ordinary di�erential equations solved with respect to the derivative
of the unknown vector function, the problem of controllability in the class of impulse
e�ects was considered, in particular, in the book [4]. Impulse controllability was
understood to be some controllability with a jump of a regular part of the solution
generated by a piecewise function under a suitable choice of control as a linear
combination of δ-function and its derivatives.

In this paper we obtain some constructive conditions for impulse controllability for
DAEs of the form (1) with in�nitely di�erentiable coe�cients. The obtained criteria
are compared with the corresponding criteria from [2�4].
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The H�older spaces are well-known to be an important instrument to study (partial)
di�erential equations and (initial) boundary problems for them. After many years of
successful uses, surprisingly, S. Krantz [1] discovered that there are H�older functions,
which can not be approximated by smooth functions in the H�older topology.

We provide a description of the closure of the set D(Rn) of smooth functions with

compact supports in the H�older space Cs,λ
δ over Rn with n ≥ 1, 0 < λ < 1, s ∈ Z+,

weighted at the in�nity with the weight function wδ where w(x) = (1 + |x|2)1/2.
Let Cs+0,λ+0

δ+0 be the subset of Cs,λ
δ , satisfying the following properties: for any

ε > 0 there is γε > 0 such that∑
|α|≤s

⟨∂αu⟩λ,δ+|α|,Rn < ε whenever
|x− y|
w(x, y)

< γε

with w(x, y) = max{w(x), w(y)}, and, in addition,

lim
R→∞

∥u∥Cs,λ
δ (Rn\BR) = 0,

where

⟨u⟩λ,δ,X = sup
x,y∈X,x̸=y
|x−y|≤|x|/2

wδ+λ+|α|(x, y)
|u(x)− u(y)|
|x− y|λ

,

∥u∥Cs,λ
δ (X) =

∑
|α|≤s

sup
x∈X

|∂αu(x)|wδ+|α|(x) +
∑
|α|≤s

⟨∂αu⟩λ,δ+|α|,X .

Theorem. Let 0 < λ < 1, s, s′ ∈ Z+ and δ′ > δ. If 0 ≤ λ′ ≤ 1, s ≤ s′ and

s + λ < s′ + λ′, then the closures of the spaces Cs′,λ′

δ′ and D(Rn) in the space Cs,λ
δ

coincide with the space Cs+0,λ+0
δ+0 .

As an application we consider the de Rham complex over both the weighted H�older
space and the closure of smooth functions with compact supports in it. Namely,
using the approach of [2], we obtain a solvability criterion for the operator equations
corresponding to the de Rham di�erentials in the H�older spaces and the relevant
subspaces for n ≥ 2.
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We consider the power-law based Micro-Electro-Mechanical System (MEMS)
model for a parallel plate capacitor. The �rst mass-spring model for an electro-
statically actuated device has been introduced by Nathanson et al [1]. The analysis
of pull-in voltage of linear materials for MEMS have been thoroughly discussed
in [2, 3]. An important phenomenon in MEMS is the so-called pull-in instability.
Pull-in bifurcation analysis of a lumped mass model is presented. The analysis is
performed on the resulting nonlinear spring-mass equation with initial conditions.
The presented analysis is supported by the results from [4]. The su�cient conditions
for the existence of periodic solutions of the model equation are proved analytically
and veri�ed numerically by ODE solvers.
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Let Q = (0, 2)× (0, 1). Denote by W 1
p,γ(Q), p ∈ [2,∞), γ = {γ1, γ2}, the subspace

of functions from Sobolev space W 1
p (Q) satisfying the following nonlocal boundary

condition {
u(x1, 0) = u(x1, 1) = 0 (0 ≤ x1 ≤ 2),
u(0, x2) = γ1u(1, x2), u(2, x2) = γ2u(1, x2) (0 ≤ x2 ≤ 1).

We consider the su�cient conditions for solvability in W 1
p,γ(Q) of elliptic quasilinear

equation
Au(x) = f (x ∈ Q),

where f ∈ W−1
q (Q) (1/q + 1/p = 1), Au(x) = −

∑
1≤i≤2

∂iAi(x, u,∇u) + A0(x, u,∇u),

and functional coe�cients Ai satisfy the algebraic criteria of strong ellipticity.
The author was supported by the Russian Foundation for Basic Research (project no. 16-
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First, we isolate condition (M) on integrand which is together with p-quasicon-
vexity is both necessary and su�cient condition for lower semicontinuity of the integral
functional. Then we study relaxation theory under validity of the condition (M). It
turned out that rather general relaxation theorem holds in this case. Then we derive
some applications for the case of strong materials.
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The process of �ltration of a viscous �uid in a deformable porous medium with
predominantly viscous properties is described by a system of equations that includes
the equations of mass conservation for the liquid phase and the poroelastic skeleton,
the law of conservation of momentum in the form of Darcy's law that takes into
account the motion of the solid skeleton, and the equation for e�ective pressure and
porosity in the form of a rheological law of the Maxwell type [1�3].

The local solvability of the initial-boundary value problem in the Holder classes
in the absence of gravity is established in [4]. In the model case, the global solvability
of the initial-boundary value problem in Holder classes is established in [5].

We consider the initial-boundary value problem for a system of equations for
the one-dimensional motion of a viscous �uid in a deformable porous medium in a
gravitational �eld in the case of a complete equation of the balance of the forces of the
system. In the case of �ltration of a compressible �uid, a local existence and uniqueness
theorem for the solution of the problem is proved. In the case that the density of the
liquid and the poroelastic skeleton are taken to be constant, the system is closed and
in the one-dimensional case in Lagrange's variables reduces to one nonlinear equation
for the porosity function. The global in time solvability in the Holder classes is proved.
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BATTLE�LEMARI�E SPLINE WAVELET SYSTEMS
AND ENTROPY NUMBERS OF HARDY INTEGRAL

OPERATOR ON NIKOLSKII�BESOV SPACES

Ushakova E.P.

Computing Center FEB RAS, Khabarovsk, Russia; elenau@inbox.ru

Fix n ∈ N and put B0 = χ[0,1). The n-th order B-spline is de�ned recursively by
Bn(x) := (Bn−1 ∗ B0)(x). It is known that Bn generates spline spaces constituting
multiresolution analysis of L2(R). Wavelet subspaces, related to Bn, are also generated
by some basic functions (wavelets) in the same manner as that the spline spaces are
generated by Bn. Battle�Lemari�e scaling function ϕn and the related wavelet(s) ψn

are polynomial splines obtained by orthogonalization process of the B-splines.
In [1] we give explicit formulae for a class of Battle�Lemari�e scaling functions and

wavelets of all positive integer orders. The class constructed satis�es a �localisation
property�. We establish algorithms resulting compactly supported sums of translations
of Battle�Lemari�e wavelets ψn. Analogous result is given for the scaling function ϕn
and the both are applied to equivalent norm characteristics in Besov type spaces.

Battle�Lemari�e scaling functions and related wavelets play an important role in a
number of �elds. On the strength of the di�erentiation property B′

n(x) = Bn−1(x)−
Bn−1(x−1) this function class has appeared to be an e�ective tool for solving problems
related to integration and di�erentiation operators in function spaces [2].

Let Bs
pq(R, w) be the weighted generalizations of Nikolskii�Besov Bs

pq(R) spaces on
R with parameters 0 < p, q ≤ ∞, −∞ < s < +∞ and an admissible weight function
w. For f ∈ L1

loc(R) we consider the Hardy integral operator

Hf(x) := χ(0,∞)(x)

∫ x

0

f(y) dy

and study behaviour of its entropy numbers ek(H), when the mapping H : Bs1
p1q1(R)

↪→ Bs2
p2q2(R, w

−1
α ) is compact with the polynomial weight wα(x) = (1+|x|2)α/2, α ≥ 0.

For k ∈ N and a continuous operator T between quasi-Banach spaces A1 and A2 the
k-th entropy number ek(T : A1 ↪→ A2) is the in�mum of all numbers ε > 0 s.t. there
exist 2k−1 balls in A2 of radius ε which cover TU1, where U1 is the unit ball in A1.

In [2] we �nd upper estimates on ek(H : Bs1
p1q1(R) ↪→ Bs2

p2q2(R, w
−1
α )) for all k ∈ N.

In particular, if α > 1+1/p2, δ := s1−1/p1−(s2−1−1/p2), 1
2 < p1 <∞, 1 < p2 <∞,

0 < q1, q2 ≤ ∞, 1/p1 < s1 < 1 + min {1, 1/p1} and −1 + 1/p2 < s2 < 1/p2, then

ek(H : Bs1
p1q1(R) ↪→ Bs2

p2q2(R, w
−1
α )) .

{
k−(s1−s2+1), δ + 1 < α,

k−(α−1+1/p1−1/p2), α < δ + 1.

For obtaining our results we follow the well-developed concept of wavelet bases
in Bs

pq(R, w) spaces and reduce the initial problem from the operator H in function
spaces to a transformation in sequence spaces. This reduction is being done with
choosing two particular Battle�Lemari�e spline wavelet systems. At the end we come
to the well-studied problem of estimates for the entropy numbers of embeddings.
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Let S be the sphere of unit radius in Rn, n ≥ 2. The projection of an arbitrary
point x in Rn, x ̸= 0, to S will be denoted by θ; i.e., we assume that θ = x/ρ, where
ρ = |x|. So θ is a point in S. In what follows, the integrals over dθ are surface integrals
over dS. Let us consider the di�erential equation of the form

(−D)mu(θ) = p(θ), (1)

where D is the spherical Laplace operator, or the Laplace�Beltrami operator, m is a
positive integer, and p(θ) is a continuous function on S which obey the condition∫

p(θ) dθ = 0.

The main results of the talk are about the solutions to (1). They are formulated in
the following two theorems [1].

Theorem. Let m be an integer and m > (n−1)/2. Then for every functional l(θ)
in C∗(S) with (l, 1) = 0, the problem

(−D)mu(θ) = l(θ),

∫
u(θ) dθ = 0, (2)

has a unique solution u(θ) in the spherical Sobolev space Hm. For m > n − 1 the
solution to (2) belongs to the space C(2m−2n+2)(S).

Theorem. Let p(θ) be a member of the spherical Sobolev space Hs for some
s > (n − 1)/2 and the equality

∫
p(θ) dθ = 0 holds. Then there is a unique solution

to the spherical polyharmonic equation

(−D)mu(θ) = p(θ)

such that it is orthogonal to the identically-one function and belongs to the space Hq

for q = s+ 2m. The function u(θ) can be written as follows

u(θ) =

∫
G(θ · θ′)p(θ′) dθ′,

where the function G(θ · θ′) is the Green's function of (−D)m.
Spherical polyharmonic equations with generalized functions in the right-hand side

are very important in the theory of spherical cubature formulas [2�3].
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ON NONLINEAR MODEL FOR A PLATE
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We consider a plate of circular shape for deriving the non-linear constitutive stress-
strain equation for the industrial materials using a Ramberg�Osgood equation.

The following Ramberg�Osgood stress-strain relationship

ε(r) = Aσ(r) +B|σ(r)|q−2σ(r) (1)

is accepted as the model for the material's constitutive equation in the stress analysis
for a variety of industrial metals [1�2]. In equation (1), ε (r) and σ (r) represents the
axial strain and axial stress, respectively, 0 < r < R (radius of the circular plate),
q ≥ 2 represents the material hardening index (where q = 2 describes the linear elastic
material), the constants A,B and q are determined from the experimental values for
the parameters E (the Young's modulus), σt, εt (the material's yeild stress and strain),
σu, εu (the ultimate stress and strain) by the formula

A =
1

E
, B = 0.002

(
1

σt

)q−2

, q = 1 +
ln 20

ln
(
σu/σt

) .
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