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URYSOHNiS CONDITION AND CAUCHY SEQUENCES

с.Е' е r е n s апd J.M 1 k ц s i fr s k i
(Katowice)

А Ь s t r а с t. rn Abelian grочрs, endowed with convergen-
C€r three types of Cauchy SеqчепсеS are considered in connection
wlth Urysohnls condition. Ап application to the intrlnsic toPo-
logy in l is shown.

1. Let J Ье а set endowed with а сопчеr9епсе sчсh that
Е'. If xn-} х, then also xpn* х for each increasing pn.
S. If xn=x for п=1 222...1 then xn+ х.
Н. rf xn* х and хп* у, thеп х=у.

Ву thе Urysohn condition we mеап

U. If from each sчЬsеqчепсе yn of xn опе сап select а sub-
Sеquепсе zn+ х, then хп+ х.

Tf f does not satlsfy U, thеп we can соmрlеtе the set of
convergent Sеqчепсеs, Ьу considering as convergent tо х each se-
qчепсе xn whose each sчЬsеqчепсе contains а sчЬsеqчепсе zn+ х. 

_

Тhе set f with so generalized convergence will Ье denotea Ьу f,' .

The spaces.7 and .x* ha,re the same elements, butf'roy hарреп to
have more сопчеrqепt sеqчепсеs.

2. Аssчmе now that,f, is an Abelian 9rочр satisfyingl
L. If xn* х and уп* у, then ,n- yn* х - у.
}le shall consider three types of Cauchy sеqчепсеs хп;
Р. If рп+ , then xPn - хрп+1 * О.

О. If pn+ and qnt , thеп *рr, - xnn + О.

R. If pn * - ёпd qn + о, thеп хрп - xnn + О.
Wе say that ,Т is Р-соmрIеtе, if, each P-Cauchy sеgчепсе con-

veт:ges to sоmе еlеmепt in .f, . Similarly, we deflne Q-complete-
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ness and R-completehess. (In case of поrmеd groups а11 the three
соmрlеtепеs9ёs are bguivalent.)

Ifx iзn_ R-Cauchy, then it ls Q-Cauchy. If х_ is Q-Cauchy,
then it is р-сачсЦ,. Непсе: rf .f, ts Р-соmрlеtе, thеп tt is 0:g$-
Plete. If J i=s a-complete, then rt iS П-Щ

(1) If g'is Q-соmрlеtе, then J is o-.ornpr"t..
Р r о о f. Аssчmе that х,, is Q-Cauchy 1п J . Тhеп it is Q-

Cauchy iп.f*.. Since 3'is "о.рl.a., хп converges tn.f,'to so.e
еlеmепt х. Thls lmрllеs that there exists а subsequence.xqn соп-
verglng tn .Т to х. Now *n - *gr, * О, Ьесачsе хп is Q-Сачсhу in
.f . Consequently, хп* х inf, .

(ii) If f' ý R-соmрlеtе, thеп f ts R-complete.
Proof the same (опе опlу has to replace Q Ьу R).

However, it

'n." U"." "*

(iii) I f .f 
*= f , then each Q-Ca чсhу sеqчепсе is R-Cauchy,

and conversely.
Р r о о f. If рп * - апd qn * -, then from each subseqr.en-

." yn of хрп - хqп we сап select 
"n= 

*рfi - *sfi sчсh that Bi } апа

s;+. Slnce xn is Q-Cauchy, we have zn* О, i.e., *pl - xni + о.
непсе *Pn - *qn *,О, Ьесачsе ,Т'= f . Непсе xn is R-Сачсhу. The

concerse lnclusion is obvious.
(iv) If I*= t , then the propertles Р-соmрlеtепеss, Q-соm-

pleteness and R-completeness are еqчiчаlепt.
Р r о о f. The equivalenqe of Р-соmрlеtепеss and Q-соmрlе-

teness has Ьееп proved in Г2J. The equlvalence of Q-complete-
ness and R-completeness follows from (i11).

3. Let q > 1 and let In Ье the space of all sequences
x=(gt t|2,...l of real пцmЬёrs sчсh that lg,lq*lgrl1:.<-. Ву the
поrm in ln wе mеап as usually l*l =(lEr F*lgzfl*... |1/S. Thls поrm

induces iп In а сопчеr9епсе such that tq is Q-complete (also Р-
complete and R-complete). Besides, we conslder the spase ln
which has the same еlеmепts as ln, but the convergence is defi-
ned intrtnsicly as follows. We say that а sеqчепсе of vectors
х_е i_ сопчеrgеs to х, if li.t converges coordlnatewise to х andпq
is bounded Ьу sоmе vector, from ln.

It iS easy to See that I_ sattsfies FrSrHrL.
does поt satlsfy U. In fagt, the sеqчепсе х=пп

_1

conve rqe to о ьцt from each its subsеqчепсе опе сап select а

чепсе which does.
Iq
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Р r о о f. If ll*п - х || * О, then frоm each subsequence xpn
one can select а subseguenCe Xgn sчсh that П 

*qn - x|l. .n ,

С1 +Е2 +...< - . Тhеп

1-xl+ l*qz-*|+...€ln.
ýе to х, ъrе have xnn* х in 1;.
Ia, because ln is Вапасh. Since
. Together wlth the preceding

|xnn|<|x|+ l*s

Since 1qn converges coordinat*ewl
Hence 1' э 1 . We know that l-=л q ýI лl q.
ig . 1g, it follows that I; с 

'ninclusion this impltes (v).
ivi) lhe spEgq f
Р r о о f. The.space ln ls Q-complete, because each Вапасh

space so 1s. тhчs ii i" Q-сБmрtеtе, Ьу (v). Непсе tn t" Q-соm-
plete, ьу (1).

4. The sрасе tл ."у Ье consldered as а раrtiсчlаr lпtеrрrе-q,
tat'ion of а o-complete vector lattice (see е.9. tl]). Wе wrlte
О-lim xn= х, iff lxr., - xlc wrrr where wr., is а sequence,of positi-
ve vectors tending monotonj.cally to О. We have gепеrаllу

(vil) 1-1im х_ exists, iff о-lim(х_- х_)=о.
п-Ф .-. 

- 

пrп+_ ii Гш

Iп оцr notatlon, }_his theorem сап Ье rеfоrmчlаtеd as
(vli bis) The space,1 ls R-complete.q-
Wе see that очr assertion (vi) is sharper than that dеdчсеd

from the general theory of vector lattices.
The question rеmаiпs ореп, whether iл t" P-complete.q
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