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URYSOHN'S CONDITION AND CAUCHY SEQUENCES

C.Ferensand J.Mikusihfhsk] i
(Katowice)

Abstract, In Abelian groups, endowed with convergen-

ce, three types of Cauchy sequences are considered in connection
with Urysohn's condition. An application to the intrinsic topo-

logy in
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s.
H.
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u.

1 is shown.
q

Let ¥ be a set endowed with a convergence such that

If xn+ x, then also Xp, > X for each increasing Pph.

If X, =X for n=1,2,..., then X, > X.

Tf X > X and X > Y, then x=y.

the Urysohn condition we mean

If from each subsequence v_ of X, one can select a sub-

n
sequence z -+ X, then Xo> X

If § does not satisfy U, then we can complete the set of

convergent sequences, by considering as convergent to x each se-

quence X whose each subsequence contains a subsequence z > X.

The set I with so generalized convergence will be denoted by.?*.

* %
The spaces ¥ and X have the same elements, but.JJ may happen to

have more convergent sequences.

2.
L.
We
P.
Q.
R.
We

Assume now that £ is an Abelian group satisfying:
If X > X and Yn* Yo then X~ Yp* X - Y.
shall consider three types of Cauchy sequences X3

xPn+1 > O.
If Put and a,t then Xpn = Xqp * o.

If pn¢ , then Xpn ~

If p, ~ « "and q, > © . then xp - Xqy > O-

say that £ is P-complete, if,each P-Cauchy sequence con-

verges to some element in .k . Similarly, we define Q-complete~
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ness and R-completehess. (In case of normed groups'all‘the threé
completenessés are equivalent.)

£§~xn is R-Cauohy, then it is Q-Cauchy. If X, is Q-Cauchy,
then it is P-Cauchy. Hence: If is P-complete, then it is Q-com-
plete. If £ is Q-complete, then it is R-complete.

(1) If.f'is Q-complete, then & is Q-complete.
Pr oo f. Assume that X, is Q-Cauchy in & . Then it is Q-
Cauchy in 1'. since T' is complete, X, converges in £ to some

element x. This implies that there exists a subsequence x con-

qdn
verging in £ to x. Now X, = Xqn * 0, because X, is Q-Cauchy in
X . Consequently, x - x ind .

(ii) If F* is R-complete, then ¥ is R-complete.

Proof the same (one only has to replace Q by R).
*
(iii) I1f X'=Z% , then each Q-Cauchy sequence is R-Cauchy,

and conversely.

Proof. If | and 9, > = then from each subsequen-
- = - 14
ce vy, of Xpn Xq, We can select z,= Xph Xgh such that Pn 4+ and

qé 4+ . Since X, is Q-Cauchy, we have z, + 0, i.e., x. ! - an + 0.

Pn

Hence x + 0, because $ I. Hence X, is R=-Cauchy. The

- X
Pn dn
concerse inclusion is obvious.

(iv) If 2= ¥ , then the properties P-completeness, Q-com-

pleteness and R-completeness are equivalent.

P r oo f. The egquivalence of P-completeness and Q-comple-
teness has been proved in [2]. The equivalence of Q-complete-
ness and R-completeness follows from (iii).

3. Let gq>1 and let 1_ be the space of all sequences
X=(g,s£5s+++) Of real numbers such that |51|q+|52|%~-<w. By the
norm in lq we mean as usually [x| =(|£1 ﬁ+|€2F+...) 9. This norm
induces in 1_ a convergence such that lq is Q=-complete (a}so P-
complete and R-complete). Besides, we consider the spase lq
which has the same elements as lq; but the convergence is defi-
ned intrinsicly as follows. We say that a sequence of vectors
xné i converges to x, if it converges coordinatewise to x and
is bounded by some vector, ffom 1

It is easy to see that lq satisfies F,S,H,E;/However, it
does not satisfy U. In fact, the sequence Xx,=n qen does not
converge to O, but from each its subsequence one can select a

subsequence which does
1°=1_.
(v) T g
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Proof. If |x - x[[+»0, then from each subsequence xp,
one can select a subsequence Xgp such that “an - x"e-en ’
€1 +€2 +,,.< = , Then

|%Xqp | < x| + |xq1- X |+ |xq2- X| +... €1q.

~

.Since ﬁqn converges coordinatfwise to x, we have an+ X in l;.
qence 1* 2 1., We know thf} l =1, because 1q is Banach. Since
lq c lq’ it follows that Iq c l;. Together with the preceding
inclusion this implies (v),

(vi) The spase fq is Q-complete.

Pr oo f. The space 1_ is Q-complete, because -each Banach
space so is, Thus i; is Q-complete, by (v). Hence iq is Q-com-
plete, by (i).

4., The space iq may be considered as a particular interpre-
tation of a &=-complete vector lattice (see e.g.[1]). We write
O-1lim X = X, iff Ixn - Xle Wor where W is a sequence.of positi-
ve vectors tending monotonically to O. We have generally

(vii) O-lim x_ exists, iff O-lim(x_- x_)=0,
n-o N e—— N, M n m

In our notation, this theorem can be reformulated as

(vii bis) The sEace<iq is R-complete.

We see that our assertion (vi) is sharper than that deduced
from the general theory of vector lattices.

The guestion remains open, whether iq is P-complete,
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