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PERIODIC SOLUTIONS OF A WEAKLY NONLINEAR
AUTONOMS WAVE EQUATION

O.Vejvoda,x.gtédri(Praha)

1. Introduction and notation. Let °% and /3 be positive numbers
fixed throughout the paper. Let V be a small positive number.
Under the assumption that the parameters € and d assume
certain values close to 0 we will investigate the existence of

a function u satisfying
3

(1) u (8,0) = u(t,3) = € {(& -7 [u2(t, £a fult,x) +
0
+ dP()(t,x)}, (t,x) € (~=,+o00) X (0,%),
(1.2)  u($,0) = u(t,¥) =0, t € (~w,+™),
(1.3)  u(t+2(X - €V),x) = u(t,x), (¢,x) € (~w,+w) x (0,%T) .
Here the operstor P is given by
(1.4) PQ)(t,x) = £(x,u(t,x)), (t,x)€ (~w,+®) x (0,%),

and the function £ € 03 ([D,T] X R) is supposed to satisfy

f(x,-u) = - £(x,u), (x,u) € 0,7] xR .

In Section 2, by virtue of a special form of the nonlinearity
in (1.1) for & = 0, the equations (1.1) - (1.3) are split into
a sequence of equations which we will call the system of associated
equations. Generally, the system of associated equetions is formed

by an infinite system of nonlinear equations which are obtained
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by integiating au infinite syste:r of ordinary differential equations
of second order with the periodicity conditions. It is shown that
every solution of the associated system yields a solution of (1.1) =
(1.3).

In Section 3 the parameter d is assumed to range in a small
neighbourhood of O in contrast to Section 4 where 4 is taken

to be identically O . There is found a function u®

, generated
by a finite number of harmonics, to which the solutions of (1.1) -
(1.3) are supposed to converge as £ > 0 end d -0 . In this
case the system of associated equations is a genuine infinite dimen-
sional system which, in a convenient space of sequences of functions,
we will solve by applying the implicit function theorem (Lemma 5.2)
in a form suitable to the problem in question. The paraieter &
is hypothesized to run through a discrete subset of R , which has
0 as a poin%t of accumulation, since for these values of £ we
are able to prove that the inverse operator to the Frechet deriva-
tive of the associated system exists, is continuous and its nomm
is bounded independently of £ . The result (Theorem 3.1) can be
roughly described as follows:

Let V = T /s, s sufficiently large integer. Then for
every £ = 1/q , q integer, |[q[ sufficiently large and every

§ close to 0 there exists a solution to (1.1) - (1.3).

In Section 4, the equations (1.1) - (1.3) are investigated
for § = 0 . In this case the system of associated equations is
actually a finite dimensional one providing the solutions are ge-
nerated by the same finite system of functions, depending on x ,
as the limit function u® . It turns out that we need not restrict

to a discrete subset of a neighbourhood of 0 any more and roughly
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speeking we willi prove:
Let VY be any sufficiently small positive number and § = 0.

Then for every & close to O thexre is a solution te (1.1) - (1.3).

In Section 5, for the reader’'s convenicuc- we give a lemmsa
which, applied to the system of associate equations, gives a solut-

tion to the treated problen.

The investigated problem has many points in common with that
solved in [2] , where R.B. Melrose and li. Pemberton have proved
the existence ¢f « solution to

U = Uy + Eu s §£(u), (t,x) € (=w,+0) X (0,7),

u(t,0) = u(t,7) =0, t € (=00,+),
which is t-pcriodic wath period 2%/ (k2+ (,)1/ 2 provided that k
is a positive integer, € runs through a set, depending on k ,
which hzs 0 as a point of eccwaulation and d is in a neigh-
bourhood of O .

The existence of t-periodic solutions to wave equations
hes been investigated by P. Rabinowitz in a series of papers. In
the last one, ~3] , for any rational number A and any smooth
function f = f£(x,u) which is monotone in u, f£(x,0) = 0 and
satisfies certain growth condition at u=0 and u = :oo y it

has been proved that there is a classicel nontrivial solution to
utt - ux:, = £f{x,u), (t,x) € (-®,+m®) x (O,T),
u(t,0) =u(t,T) =0, t € (~x,+ ),
u(t,x) = u(t+27 3 ,x), (t,x) € (~o0,+™) x (0,T).

Notation. We denote by R and N the sets of real numbers
and positive integers respectively. Hk(O,'JT) denotes

the Sobolev space of all functions on (0,7 ) whose generalized
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derivativea up to order k are square integrable. Givem k € N ,
we denote by Hg(o,ﬂl‘) the subspace of Hk(O,'!T) of all functions
vanishing at 0 and @ . Further, we set
2 . oi
Uoo = N CJ(R; HO J(O’(JT)) ’
3=0
2 2ej —
U={u; ue€ nOCJ( 2T ,27] 3 HSTI(0, 1)), u(t) =
J-
= - u(-t) for [t £ 2T},
To simplify the formulation of the results we denote Uw the
space of all functions from U., which are <’ -periodic in ¢t .

If we put

Iu (sup(Z iduil,. it £ w2n'?,

3(0 JL)
then the space U, equipped with the norm [l-ll_, is a Banach
space as well as U is a Banach space if endowed by II-IlU = “'“27? .
By X, we denote the space of all sequences U = {uk}k €y
. € 02([-2’31' 277), w(t) = - u(~t) for [t| £ 27, such that
t = 2 (k uk(t) + kzuk(t) + uk(t)) is a finite and continuous
ke XN

function on [-27 ,27] . x1 is a Banach space if endowed with

the nom

l ﬁ":q

It is well-known that the mapping ¥ : 1,—> U given by the for-

E LI HORELHORE -COMEE 2 N2,

mula

(Kﬁ)(t,x} @ z Uy (t) »on kx
i GT'

is an isometric isomo:y isu Tetween the spaces 3:1 and U end
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therefore the elements u € I, emd u=gfu €U will be identi-
fied without any particular reference.

We conclude this section by introducing two spaces of sequen-

ces of real numbers. We denote by xa the space of all sequences
as= {“k}ken » 8y € R satisfying llallg2 = k%ﬂk%la‘ <+ 0, Given
€ #0, we set

(1.5) o5 = max(1, klsin k€I /|g)

and we define the space ‘ys to be the set of all sequences a =

’{Ek}kél!’ 8, € R such that

(1.6) ||a"§£ = kZé_Nk"r(aci)'zalz‘ <+900,

Both the spaces :t72 , ’l/é are Banach spaces, xz C yé and

(1.7) [la[["le s Ilaﬁxz .

Por brevity in the forthcoming sections we denote

Te L, X%, ana ¥& « @, x4’
Eventually, being I, and 12 two Banach spaces, we denote by
L(I,,xz) the space of all linear bounded mappings of X, into
X, equipped with the norm "“‘L(x,,xz) = aup(llellxz; llxux1 £ 1),

A€ I.(I1,12) and by B(x,, f ,x,) the open ball in X1 with the
centre x, and the radius e.

2. System of associated equations. In this section we present
a system of equations whose solution yields immediately a solution
to (1.1) - (1.3). We denote, u € CC1 ,
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a

(2.1 T) = [ud(t, f)af = 5 Zuﬁ(t) ,
0 KeN

and
e

(2.2) Fk(u)(t) = E_?- _{F(u)(t,x) sin kx dx .
0

Let 0< (€]l £1 and 0 <V <T be fixed. Let J € R . Por
u€x1, aex2 we put, kK € N

(2.3) 561’.k(u,a, 6)(t) = - u(t) + o sin kt +
g ¥
+E oj(.c -AT)(T)u(T) sin k(t-T)AT +
s [ . o
* T_O[Fk(u)(?:) sin k(t-T)aT , t € (27,277 ,
€ k sin k €Y
(2.4) Gz’k(u,a, d) = ——6_— 8 +
T-€v

+ [ (L-aT@(TNU(T) sin KT + £V)AT +

0

T 9

+ 6  B(T) sin KT+eV)aT .
0

Next, denoting
(2.5) €G1(uo3' d) = {531’1‘(“:3: J)jken ’

(2.6) 662(\1939 8) = {,er’k(uoat J)}ken
and
@7 fotua, §) = (Yo (ue, d), Foy(u.e, E0)

we verify easily thet £G maps X X R into Y£ .
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Now let us suppose we have (f{,'&) € x, X Zz = X such that
€6(3,a, &) = 0 . Show that this W gives a solution to (1.1) -
(1.3). Using (2.4) in (2.3), we have

(2.8) (¥ -£V) =0 forall k€N .

For |t| < 2% the functions W _, k € N satisfy
Ty () + K2 U (8) = £(w = 2P (£)I, () + € & B (W) ()
which multiplied by sin kx and summed up for k € N give

(2.9) Ty, - Uy = £( = RP@I(E)IA(L) +e6P()) for [t] <27 .

The function U , being an element of $1 » is odd and therefore
W (T-eV) =X (-T +£V) .

By (2.8),
WE - V) = 0 =U-T +£V)

and (2.9) gives
WHT-¢V) = WN-T +€9) .

Hence, there is a function u € U, , 2(% - €V)-periodic in t ,
which is equal to A for |t § W-EY and which satisfies (1.1)
by virtue of (2.9). Since u € U, , (1.2) is obviously satisfied.
Thus we have shown that the problem (1.1) - (1.3) will be solved
&8 soon as we have found (u,a) € x1 X 12 satisfying

2.10) fc,a, ) =0,

which is actually a system of equations called the system of
associated equations. We now state some fundamental properties

of the mapping £G . We have already claimed that £G maps X X R
into Ye . It is easy to prove even more:

£

(2.11) G, is e continuous mapping of X X R into 361 ;
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(2.12) Por every £ # 0, ¢

€

62 is a continuous mepping of X X R

into Y

These two assertions cen be verified by applying the method we will

demonstrate in proving
) = T z)at) ' 1
(2.13)  G() ={frk(u)( ) sin k(t-T)dTf, .y ie & continuous
0

mapping of X, into X, .
Really,
2 (1.1 .2y 2
2 g -G
= g’y (u )lm' =

4 2 - ~ 2
m 521. %{k (of(l’k(u )(T) = P (u®)(T)) sin k(t-T)aT)

+ k”'(f (P (u)(T) - B (u®)(T)) cos k(t-2)aT)? +
0

%
+ (-sz(pk(u‘)('z‘:) - rk(ua)('a')) sin k(t-T)AT +

+ k@ ) (t) - Bu?)($))2} £
1]

<4 (S K p (uh)(7) - p (u2)(T) 2T +
Tl som %Jlku LA

2eup (S B[Py (8) - PP (1)P) £
127 Sy

$ (16T + 4/7)IFQY) - p(uz)u; .

A8 F : x1—)x1 is continuous by the imposed assumptions, (2.13)

is proved and it is eesy, though rather involved, to verify (2.11).
A

(2.12) can be proved similarly since the operator LG given by
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k sin kéy }
{ ey

€ keN

is an element of L( 12, 115) .

Remark 2.1. We note that just to ensure 5'(‘; € L( xz, ?15) has

been the reason for defining the norm in 1{" by (1.6) since the
operator £G2 - 53 is easily verified to be a continuous mapping
of X XR even into 12 and thus, by (1.7), into ’lla . .

iet £#0 and 4 € R . Then there exists the Frechet derivative ]
¢6' (u,a,d) € L(X,Y£ ) of the mapping ¢G with respect to (u,a)
and satisfies the following two conditions which can be verified

by applying of the procedure shown in proving (2.13).

(2.14) Given £# 0 and (u,a) € X, then 4 — ¢e¢'(u,a,d)
is a continuous mapping of R into I.(X,Y6 ) .

(2.15) Given % > 0 and (u°,a®) € X, then there exist
€,>0, d,>0 and r > 0 such that

sup{_lleG'(u.a.J') - ¢ (u°.a°.¢f)[lL(x’Ys)5 0<|El £€,,

151 &4, [i(u,a) - w,a)||_& 7} & % .

We conclude this section by writing explicitly the expressions
for the Prechet derivative CG' (u,a, § ) which we will make full

use of in the next section. By (2.5) - (2.7) we can write
' ' !
£G (uoav J) = ( £G1(u939 J)’ 662(\1:3, J))
where the single components of ¢ G:'.L are given by, k €N

( £G;(u,a, J)(v,c))k(t) = - vk(t) + ¢, sin kt +

+ -i— (<-BTNT)IV(T) sin k(t-T)AT +

ORd’
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t o0
+ 0 ZEE (0T u (TIv (THu(T) sin k(t-7)aT +
0 1=1

t
+ -‘é.- f(F'(u)v)k('c') sin k(t-T)dT , t € [-2% ,2%] ,
0

k 8in k &V
€

( £(;'2(11,3., J')(v,c))k = oy +

Ty
¢ [ (4-R2NTNVT) sin k(T+ V)T +
0

T-ev
+ 0T [0S w (T (TN (T) sin K(T+EV)AT +
0 1=1
T- €Y
+ 4 (F' V), (T) sin k(T+ €V)AT
0
where T is given by (2.1), PF‘(u) is the Prechet derivative
of P and (cf. (2.2))

T
(F' @v) (1) = £ J (' (Wv)(t,x) sin kx dx .

Remark 2.2. In (2.15) the difference of the derivatives can be
A

investigated even in the norm of L(X,X) since the term € G

which is a linear operator occurs in both the derivatives and

therefore disappears in their difference.

3. Existence of periodic solutions in the case d # 0 . In this
section we will prove the theorem which is the main result of
the paper.

Theorem 3.1. Let o« > 0 and B3>0 . Let n € N . Then there
26



exists s € N, q €N, f°>0 and a function u° € U,z of

the form
n n
u®(t,x) = Zag sin kt sin kx , TTai #£0
k=1 k=1

such that for every £, [61=1/a, q24q,, q€ N and every

§, 181 £ §, there is a function u = §ub € Uo(r - &v)

V = T /s satisfying (1.1) - (1.3) and Lin Oll°u€ - Clloer - vy =
é

= 0 . Moreover, for fixed &£, d —9Ju" is a continuous mepping

of [- Jo’ Jo] into U2('JT- ev) °

Proof. We begin by investigating the existence of u° € 11 end
a® ¢ 1:2 which satisfy

3.1 um fe@,e%0) , =0.
£ =0 Y

Provided that ul‘: =0, e.: =0 for k> n, this is equivalent
to solving the system, k = 1,2,...,n

(3.2) -w(t) +a sinkt=0, t€ [-2T,27],

T n
(3.3) K*Va, + ﬁ{u- e ;uf(f))uk('t’) #in kTdT =0 .

n
Supposing Eak # 0 and using (3.2) in (3.3), we obtain

n
2
(304) (2 +Jl)32 = ‘a'i' + 16k v y k= 1,2 ceesyll o
1; e 7w '

For V = 0 this system has the solution
27



for n—>® , indicates the difficulties comnected with this gene-

ral case.

4. Existence of periodic solutions in the case § = 0. In this

case we shall ootain a result which is much more satisfactory than that
given by Theorem 3.1 since we need not restrict ourselves to a
discrete set of values of & . The reasom is that the form of the
associated equations for § =0 allows to reduce the problem to

& finjte dimensional one. Let XL ={u € X ;u =0 for k>n}
and let xg and 11‘:’1 be defined by (3.13) and (3.14). The opera-

tor 56(.,.,0) can be considered as a mapping of x‘; X Ig into
T x 11511 and thus a solution (u,8) € L5 x L) to (2.10) with

d = 0 will be obtained by applying the implicit function theorem.
As in the preceding section we can verify that all the assumptions
of this theorem are satisfied. In particular, it follows from (3.15)
that the inverge operator to gG'(uo,ao,O), the Prechet derivative
of the operator £ G(u,a,0) with respect to (u,a) , exists for
all € ¢ 0 which are sufficiently close to O . We sum up this

outlined result in a theoren.

Theorem 4.1. Let o« > 0 and A >0 . Let n€ N and let
¥> 0 be sufficiently small. Then there exist 80 >0 and a

function u®€ 02,”. of the form
n

n
w(t,x) = ) el sinkt sinkx, Tlel#0,
& k=1
such that for every £, 0 < |E| & €, there is a function u =
= ub€ Uyq_ gy setistying (1.1) - (1.3) with J = 0 and such

that
28



(3.5) a=el=...=082=8c¢/Tp (20+41) > 0

which satisfies

n
(3.6) %r_ (« -1 % Za%) = T« /2(20+1) .
1=1

Since det [|2+ ¢ iﬂg,laﬂ = 2n+1, we can choose 8 € N such that for
(3.7) V= T/s

(this special form of Y is used in proving (3.16)) there exist

a?, ag, ceey 8° satisfying (3.4) and in virtue of (3.5), (3.6)

n

satisfying also

n
TTel #0
1e12

and

—~ n
(3.8)  Wu/a(2as1) £ 5 (4= » (D)D) £ Tu/(2ne1) .
1=1

Setting
up(t) = ap sin kt ,

and u§=0, a§=o for k >n , we have (u®,a°) € X, xX
for which (3.1) holds.

2

The form of CG implies that given 2 > 0 , there exist
€,>0 and 4, >0 such that

(3.9) aup{”éc(uo,ao, J)"Ye ;0 <lElse, |44 6‘1} <n .

Hence by (2.11), (2.12), (2.14), (2.15), (3.1) and (3.9) the theorem
will be proved by applying Lemma 5.2 as soon as we have verified
the following two assertions:

29



(3.10)  There is e family of operators ‘K € L(X,Y® ) such that
given ® > 0, there are ¢, > 0 and f2 > 0 for which

sup{q.f&'(;’(uO,a% J)"‘K:l L(x YE); 0 < [€El gée,

1 £ £
{3.:1) Ine:c axre m >0 and q, > 0 such 4hat for every & ,
lel =1/a, a24q,, q&€N we have

1CsO™)

& .
1x,yéy - "

We define the operaivr X € L( I1 X -’Lz, 1'11 X ’yg) by setting
'k = (', “k?)
whers FK'E 1L( Xy X Xy 1«1) and (k%€ L( 11 X X, T) have

the components
K;(v,c)(t) = - vk(t) +c, sin ki, ¢t € [—2T,Z7T] ,

A
"Kﬁ(v,c) = ﬁﬁ%ﬁe—v ) + Z]fv + Zé v

with
T

n
£ ve (-T2 WUTNA(T) sin k(T4 V1T ,
0 1=1

S
28 v = 0Tp [ (D WS (TINS(T) ein k(T+ EV)aT .
0 1=1

The assertion (3.10) can now be verified easily using the standard
technique applied in proving (2.13). To prove (3.11) let us intro-
duce an operator L% € L( 'X,z, 115) by setting its k-th component

Ex,(e) = “KB({c) sin 2t} ey s o) =
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n
-k ain6k€7 . %_ («- 22 > (8324 41)) cos kEV)ey -

1e=1
2 n
- "'8’" o cos k&) » al(2+dd)e; -

l=1

A
As the norm “'“L(x ) of the mappings 2 ana 2% can
1

be estimated by a constant independent of £ , it follows that
(3.11) is an immediate consequence of the following assertion:

(3.12) There are my; > 0 and q,> O such that for every €,
(€] = 1/q , 9249, » 9€ N we have

IcExH=My

<
m1 .

yt, L) ©
Let finite dimensional subspaces of x2 and "1;’ be defined by
(3.13) -’Lg ={ce€ L5 =0 for k>n},
G.14)  Yo={aeytia =0 for x>n}.

Then 12 = xg @(xg)“‘ , ’If- 1!‘;10 (11%)‘[' and the spaces

X3 end 'l(g are both isomorphic with R . As

~2 n
L J 1
Jéigo X, (e) = - -—8& a.g ;ag’_(a Jk)cl

uniformly for 1€k €n, k€N, det 2+ Jiug’l_, = 2n+1 and

n

o
|!°k # 0 we can find £3> 0 and m27 0 such that for every
d € ’%f there is ¢ € ocg satisfying “'%(c) =d and

(3.15)  fiell o, & my, lid|l .
%) Y
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Por X >n, we have

4 v
%, () = ( l‘-&’&k—‘- + 6, cos keVe, ,

n
where 6, 7 (o - %Q Z (ag)z) . Thus by (3.8) 60 satisfies
1=1
Tt /4(20+1) & G £ T /(20+1) .

Denoting 9 (£ ,k) = k—-’-ji‘e-k—cl + G, cos k€Y, we will prove

that there are m;> 0 and q,> 0 such that
(3.16) [p(E,X) = my for (€l = /9 , 92qq;, Q€N and k€ N .
As Y is given by (3.7) we put q, = (5T« /2(20+1)] + 1 and
we will distinguish three cases.
(1) Let sink€V = 0. Then [P(E,K) = 6
(i1) Let sin k&Y 0 and (kEV| &7 /4 . Then

k sin k&Y pra
Ay (€,K)| --L:———-o- G, cos k £V 360 cos W /4 .

(411) et sin kEY # 0 and |kEV( > T /4 . Since k€Y =

Q.8
_-kg;-,'ehave k>3f-3+ and therefore

lsl
z2%-6, 2 .5-- 6, & T« /4(2m¢1) >0,

[#(.0) & L [sinxevi- 6, 2 m -6, 2

which proves (3.16). The esti@tes (3.16) and (3.15) imply (3.12).
This completes the proof.

Remark 3.1. We are not able deal with the existence of periodic
solutions bifurcating from a point uw® for which the set
{k €¥; up # 0} 1is infinite. The relation (3.5), being limited
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£ 0
lim [u® - u¥ - =0 .
£>0 2(Tr -¢v)
Remerk 4.1. Por n =1 and for any value of & and Y we are
able to give periodic solutions explicitely by means of elliptic

functions.

5. Auxiliary assertions. This sectiion contains two euxiliary
assertions. The second one is the implicit function theorem grven
in a form which is very suitable for proving theorems on the exis~-
tence of periodic solutions to partial differential equations. This
fact has been shown by J.P. Pink and W.S. Hall in [1] .

The first assertion is used in the proof of the second end

can be verified immediately.

Lemma 5.1. Let X and Y be Banach spaces. Let T € L(X,Y)
with 177€ L(L,Y) . Let & € LX,Y), Al ¢z vy &

£ 2t gy 5))7" - Then

(1) (+ 4)7V€ L(L,x) ,

1) e A Moy gy S 207 My ey gy

a11) (12 A7 - T My gy S 2T E )ALy -

Lemma 5.2. Let r°>-'z‘~ , [o end m be positive numbers. Let X

be a Banach space, x°€ X . Let E C R be such that 0 is an
3

accumulation point of E, . For every £ € E, , let Y be a

Banach space. Let £G : B(x°,r°,x) b [—[o, J'OJ-)I£ and ‘xe
€ L(X,Y 8‘) be mappings satisfying:

(1) _For every € €E_, €6 : B&x%r,,X) ¥ [~ 4, £ ]+ ¢®

is continuous.
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(ii) Por every £ € E, and de [- &o J'oj , there exists
6, : Ba%r %) x [ d,, £, +L(xX,¥¢ ) and for
every € € E_ , the mapping J'—>£G;(x°, ) is

continuous.

; E€E de

(x,x¢)y’
€ [0 6,70 IxxNg < 7} < 1/4m .

(11i) sup{II‘G;(x, - ‘G;(x°,f)u o0 0

(iv) sup U[ec;(xc’, - CK"L(I,Ye );
€ -4, f,1}<vam.
(v) sup {[[£G(x°, {)llye , £E€B,, de[-4, J'oj}g Yam .

E€E,, de

(vi) fex0) ;>0 as £-0, EEE .
Y

(vii) Por every € € E, there is (eK)"1 € L(Yf’ ,X) such
that (((€K)™Y < m.
thet | L(x ¢ ,X)

Then for every £ & E  and de [- Jo’ d,] there exists

a unique ‘{xce B(x°,r°,x) satisfying 6(%( Ix" yd) = 0 . More-
over, °xe—;x° e £ >0, £ € E, and for every £ € E,

the function ur—.)‘r x€ is continuous.

Proof. The parameters € and d are elements of E, and
= d,» §,] xespectively. By (iv), (vii) and Lemma 5.1 we have

£/, 0 -1
o1 G , £ om.
(5.1 |I( (X )) "1.(!5 X

We put ‘xg = x° and fx:” = ‘rxﬁ - ( "'G;(xo, J))'1 £(;(“rxr% ’ f)
it Ixfe€Bx%r,,X) for k= 1,2,...,n . By (5.1) we have,
k= 1,2,...,:1 ’ .
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(5.2) 19,

- iy £ mifec Izl L D, -
The relation

o fxf 1, 8) + CG;(x°.f)([xf‘ -Jx;_,) =0,
the estimate (8.6.2) of [4) and (iii) yield
5.3) lfe( It , J)"Y8 -

= “eG( Jxli ’ J) - 6G( fx£_19 ‘r) - EG;(XOQ J)( [xl% -

-t £ 16, (x,d) - &6 (x°, & ;
ze Ml e sup { 16, (x, 0" - Ca (=, Mg g€y

E€E, de - o f°] . B(x°,ro.I)_}."fxl£( -

dxb s 09af - Axfg s

Combining (5.2) and (5.3) we have

s.4)  [9=f,, - fxiux < 9= - fx,f_,ux
for k = 1,2,ooo,n . By (504) and (502) we obtain
lJ

') 1.1 3
5.5)  (°xf,, -x°”x£ (14 g+ 7+ o0 ) s -x°[|x$

$ 4n 1% (x°, S -

By (v) this gives Ilfx1f+1 - x(’llx £7 . Thus Jxﬁ € B(xo,ro,x)

for all n€ N . By (5.4) we can put iz . lim ‘xfl . Then
n +

€g(6xf, 8) = 0 is & comsequence of (5.3) end (i). Simce <,

is continuous in 4 for fixed £ € E, , by (1) end (ii), the
continuity of ‘xe follows from (5.4) which ensures unifon
convergence of ‘xjf on [- d’o, Jo:[. By (5.5) and (vi) we have
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c’x6 — x° as €90, €€ Eo . Uniqueness of dx€  can ve
proved easily. This completes the proof.

References

(1] J.P. Pink, W.S. Hall: Entrainment of frequency in evolution
equations, J. Differential Equations, 14(1973), 9-41.

[:2] R.B. Melrose, . Pemberton: Periodic solutions of certain
nonlinear autonomous wave equations, Math. Proc. Camb.
Philo Soc. (1975), 78, 137"1430

[3} P. Rabinowitz: PFree vibrations for a semilinear wave equation,
preprint.

L-4J J. Dieudonné: Foundations of Modern Analysis, Academic Press.



