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It}iTtsIPNIbTIiO( YPABTIEHI4R tsOJIblEPPA

iJ. ri. 'i11ssHqJ'h

lr IIOCIe;tHxe IOA$ :l aeopxll np}toJllEeHxa I ee UtOrOqlcIeHBII]
:,tr,rJi o[eH{!rx nHfeHcuBHo€ pa3Bxrxe tl urpoftoe [Dr{r€HeHxe florytrrulh Me-

ToAu cnrafiH-QyHrsrnr. iTo o66neHf,ercE tel,r qro cruaIHU o6r8q8D1 p6.

Aou rDel{Myqecl8 IIo cpaBHeHtm c Ap]rrxxl4 cnoco6a{x armpoRcxlraqxx n
cpaBHr{eJrbno rerro peaJri{syr}rcf, Ha 3Btra [I-b]. hEcroqas pa6oaa no-
csr qeHa qlcIeHH(FeHaJx"xtrecft of, pealx5arlxti letoAa IIocIeAoBa?eILHrfi
Ilpt{6nrfieHrn peueHra Herrr€lhtt0( xHrer.t)arbHu( )rpaB]€Hxtr c [epeMeH -
HuMx [peAeJraMx c [oxoqDD xHteDnoxtllr{o]I{ux KyotlPcKro( cma,EroB. i
pa6o{e llpr{BoAf,tcs [@tatoEGr ycnoBxar rrogBoJlaqle allpxopHo yra-
sarb rahotr nat cerRr, npfi roropor{ rapaHlrp]E"ci cxqAxr@rD xrepa-
tll.roHHoro fipoqecca 8o Eel peccErpn86eMol o6racu. ifoore rono,yc-
?aHaBJlrBaetcfi anPxoPHa, (lleHr(a noFperH@tx, gaBxc4aa Kar ol qxc-
,a xreparlxl, laft B o? Bg6p8&toFo rrrala cetrx.

I. Paccxoaprr HerrHehroe rHrerpaJlbHoe ypa${exxe Bx,q,a

y(r) = {r) . Jrt',el r(E,y(d)dr , (1)
a

rne {r)e c[a,b], r(r, 0 c c(D), l(r.v) € c(Di), D = {(r,5):
a 3 l3 r s b), Dr = [a,b]t[-u+e,t4o], ]Doi9x o cootE?cteHHo
Ha[[€Hmee tr Hax6onsee sHar€Hne Qyxqrr flr) xa [a , u] .trce ne-
peElrHrp, *oA4re B peccxorpeEre, nPo,qnoJrarslfcr BqecTEHnroo{.

Jinn npr6nuerororo p€[oxxf, ypaBneHfli (I) rcnomgysr aJlrropr![
I

r"*,(r) = i(r) * fr(r,dsG,;{)ag, ro(r) . {r) , (2)
e
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nAe f.(6) = i(1, r.(r), s( fi :) - ry6rrrcrrtr
cruar[r Aertsftra I, rmepnorrpyDqrf, @yxrapm l(r) e Cta ,b'i s ysaax
paBHot{epHon cerrx a: rr=a+Ih , t = O , . . . , N , h = (b-a)/[, N > 2..
lfi s(f ,r) ,crroJlb3yercf, [peActaBreHne €pes Mot€nrH rr i sn(f ;r!)
[3] npr rcpae au JcJroBxE(
ro = h-2 [f(-o )-2f(xr)+f(r. ) ] , \r = l-.[t(t-")-2r(r.rr_.)+r(1)Jl3)

Arnoprrx anga (2) ,ryn Herr{HerHllr r{HreFpaJlBHro( ]/paBHetct[ ,Il{-
na lararepmrethra rccJreAoBarcfi a pa6max [G?J.

B AarbHetrelr 6yAe,r rcnorlsoeaHa creAylqat
JEMMA[8].Eclr f(:r) €c[a,b] r crreIH s(f ;r)

xH"eprroJrypyer {yHrqIn f(r) B ysJrax
paBHoMepxo,q ceTRr A r yAoBneTEopE-
et trpaeE ir )f cJroErex (31,To r/rMeDr lrec-
"o oqeHal{

lr(r) - s(r;r) i s A.{h,r), ls(f ;r) l = llfll r Aoo(h,f), (4)

rAe A=1 +Lo, Ao=)., qr(h,f) -uoAyrb BenpepH-
BHoc?n {yRrqrx f(r)H8 [a,b].

06ocHoBar {e arropxrxa (2) nposeAer npx crcAypqo( AonoxHrc€rb-
ru npeAnoJrof,eH[E( orHocl{reJrbHo sqAaracfi Qyflrqnn. tlypu Qyuqrr
c{x) l r(r,d ynoErerBop&r lrcaoaro Jhrunqa no nepeneroroi xi

i{r"} - {r')l = 
llr'-r, 1, lE(x",0{(xi,E)l =Lo(E)lr"-r, l(5)

npr r.rri€ [a,b], a < !, r< DiD (rr, r" ) , a oynqrr f(r,y) l
fg(r.y) €.c(Dr) ll,loBtet BoprD[ B o6Jract[ D! ycroBE Jhrnl.cla no
o6axr neper3mtEr

ir(r..y.) - r(ri,yr)l s Lrlr" - rrl + L.lv. - Jil, (6)

iri(r",ye)-r,(rr,yr) | s Lrlrn - rrl+ L.lv" - v1l,

rge r,o( E ) - ntnerpnppxar Ba [a,b] {ylrlolBr! r,r ( i=1,2,3'4) -
roHclaHilHr Boo6q9.-to saBxc4re or F , npntEM L, = Earlfi(r, y)I
npx (r,y) e 0,,.

2. Jcraxosxr Aoc?arornro€ yeJroBxe, Irpn Koropo!, lce rn(r)e
c [-p + q, p+o]. Bs6gs o6osratsHrt

:lb
;iril = -'"t. i'1rt',€IdE, F( =, aar - lr(r,y) 1 , i,o= lio{ 4aE, ,z€ta,!Jj, (rry)€Dr' 'I'

t

I
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B( d =r( d+hao(Lr+u,i) , rh=darlr(r,$ !, re[a,u], 9a, r-ns5t,J
r noAqt{Hat u{rF cetau h JrcroBID

hqo.1, % = AoL.(!o+Kh), (8)

orrpeAerlM B raR Haxr€HHrx, norcxlerbrGl, iopeHb, ecJlx faxoBoi cy-
qec.lBy€T, ypaBHeHnf,

llrlls( d = F. (e)
1-h%

Tonga r cuy coo"Hmen{r (4)-(7) rlreeM

r(l,yo) 
= 

m,

o(tr,to) = u{tx 1f(r",y"(r')) - t(rt,yo(rt)) | s- fl;lfti:i (10)

= bJ,r + r,:(h,yo) s h(r,. + u,?i,

lrr(r)-dr) | < lE lllls(ro;r) ll s l[ ll( lfo ll+roo(u,ro ) ) s lF lF<rr.

l.e. y,(r) € [-B+c, t.rrr]. IaJee, rc yrarrs o6qroc${, 6lasx crrr-
. rtab, tao rr<ri. IorAa re (2), yrntuaaa (4)-(8) x (I0), nocre-

troDaterEHo no.rJ rtau 
rr

rr(r')-yn(r,) . dr')-dr, )rIE(r' ,0{(r' ,dls(fo irdq r
a

r'
r I r(r',Os(roi9ar,

J
Il

o(u,y.) : ur + l(ro+\) lls(t".=) ll < hrr,h(Lo{f,h) (F+lodh,ro) ) s

= 
hl +h(!o + Eh)B,

Ao !t(b,f r) s Ao(br,.+1.{h,1. ) ) s hro(r,r+r.!.)+hqoB = B-r+hqoB =

-r[-(lq)'a]
1_hqo

-1.



lfill a[ - (uqo ) 'z]lr.(r)-{x) lslBlllls(f rir) ll<lE lr+aor(b,f)) 
=

to anaJtorrr{H[Dl o6pagou yctaHaBrfi BaeM coof HqlteHfi ,

r.e. yr(x) e [-rr+e. u+o]. Boo6qe, ecnr y,(r)e[-p+9, p+ O] n

dh,v.) <hr * 
h(Lo t Kh)BE-(hqo)"1

l-h% '

1_hqo

l

(B'

(11)

a[1 - (uqo )^+ I ]
*- a(ts,f i < r _ hqo

iyn...:r.-ox ! lEll(F+Ao",(h,fr) ) <

-F, (12)

lE B [1-(h

iamru o6pason, rptr BblroJrHeglx JrtnoBxa (9) ace y"(x) nprxqq-
:rerar oaoesry i-,.*o, ,,+ a] . Orrcrru, tno (9) gar.qoxo Durorrxgerca,
:cJrr nocroErHEe L. ({ F B (6),(?) He saBrcaT o1 p.

j, ilepexola ft rccJre[oaaxrD cxoArxocri{ arropxrma (21 , ergeu
')60gHaqeHra

6. (x) = y^(r)-yo-.ir) ,

s,(r) = fr(x). s.rr) =

<F.
-bo

oo(r) = yo(x), e"(x) = f"(r)-f"-1(x),

.3. lu,(') 1' o" =,-8. 116.ll' a= Eo(h,6r),

e-= i n(u,".. { = erp(L. fr(dad (13)

r rpeAnorfixx I trro Arfi t € [a,b] lr(r,O I < K(i) . Fne E(, - xH-
rerpxpJ€MAr {yrrclxa Ha orpesre [a,u].llorarer, qro nocreAoBareJrb-
xoctr {o- } orpaHx€Ha. l,ls (2) rrcer

o"*,(x) = li,',6).,".,daE,., = 0J,..., (L4)

nAe

e.:t;(x,e.(r))o^(x), e. (x) =(1-r) y"-r(r) r t-r"(r), o < t<1.(15)

ils (14) r (15), xa ocxosarun (4)-(?),(I0),(Il) n (13),noayua

EM
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x
161(\)l s Ir(E)lis(r",s)lidE sBIr(g)aE, (16)

aa
I

f6"+i(x) I = J*{dt", lu"tcl | + ac(h,e^)ldB, n=1,2,..., (L't)
a

c,(r")-e.(r,)=r$(x",o"(r") ) [ 5. (r" ) -0" (r, ) ]+0"(x') [r1.(r' ,e. (r" ) )-

- t!(rr ,e.(rr) ) l,
ror(u, e^ ) < et,r,,r(h,6. )+All 6. il {h!,+La [(1-r) o(h,r.-, ) +ro(h,;'. ) ] ] <

: .r,u,(h,6i) + il,it6^li[r]. r"(, * i}iilll
= tztAqr(h,6")+ hqril6"il l, n=1,2,..., (18)

rAe o6ogHaqeHo

+L ' ' -1i""*\l
1_hqo

Tax rar

a.*'' (r" )-oo. r(r' )=

lob
o(tr,o" ) s lJr,o

rr tt'
J [r('" , r)-x{', , r) 1s( e" i r)a6.f E(x" , q)s( e. i rd€,
a rl

a, = E,'
i,

(! ) (1e)

( E) lls( Er i6) lldE + brolls( e" ;r) ll , o = 1 ,2 , ... ,

crr(yAa B crry (4)-(7) x (15) rl..er

,r(n,0.) 
= 

h(Lo+Ku) lls(ro ir) ll s b8(!o+\) , (20)

o(a,on*,t) < L(r,o+ra)(!r l!6" ll + .Loro(h,e.)), n=L,p,.... (zf )

Ils repaaeacra (16)-(Itt), (r:0) n (2I) c yr€roM o6osHa,{eruif,
(13) caeAJaor cootrroqiex!,rr

Ib
s.+ r(x) <[K(l) [r,zso ( E)+aEo+B]d6, o..r=Jrt e) [r,"s.{ f)+a.r +B]dE, (22)

aa
rE. S 1.(Aor + hqro^), (23)



o"+r s h(Lor.Eh)(L.oo . AoEn a g), n=1 ,2,..., (24)

Ycranoaru renepb oleHxy cBepry AJI8 Bbtpa:ieHls, cror qgpo B

KEaJtparHu( cto6ra:( rtog sHattol.t ,{menpsJla e (221. ltneeu
x

Lrso (r)+eEo+B <. m^+a+r,"J r(g)[L28"( E)+.cxa+B]d6, a{.,2,...,
a

orr(J4a, rq)xrreHe.E teopoi.fy 06 xmenparbflLx HepaaeHcrBo(, H&(oArM

r,"So(r) + ,{ln+B < (.qs.+B) erp(L.JE(ddd, a=L,2,.... (25)
a

Tor4a mopoe rs HepaBexcrB (22) npnro.q,rr K cootxqleHrnr
b

l.o^ s (m"+a) [ern(r"Jr{ elaEl+ ]=tAE" +B) ( <r-1; , (26)

^(L2qn+aE^+B) 
< r+(mn+a) (*r.1), a=1 ,2r...r i27i

ll, cJteaoBaferlbHo,

Aoi s bB(r,o+rh) +b(Lo+Eh) (Arc..l) (AE"+B) , a=1 ,2,.... (28)

Jmroxaa (26) ra hg,l. , a (28) na ,r2 !{ lnD{luBas (23), noly -
qaeM A.Etr+B s B i hBLa (r,o+Kh)+h(rEtr+B) [qr(e-l) + r,"(r,o+ro) (lrl ) ],
orKJ,Aa

Bt1 + bL.(L^+r") laE+Bs - -'o'r, ad,2,..., (29)
" 1-hq

B rEeA[oJroieHnr[, rtTo [lar cerarl h yAoBra"Bolrtc" J,eroBrD

hq<1, q = 9oo+[e.,+L.(Lo+Eu) ](*f) . (30)

Tarru o6pasox, xs (26) r (29) q)ro(oAxx It creAJ,Dqen qlenre:

"tr*y3(to*KhE= q, r=1,2,.... (s1)o" S _ 
1-hq

Caegoaatelrxo, MoHoaoHxo EogpsclsDqaf, nocrenoa8ler6H@tb
o

(q. ) trscrt{,fito( cpm p4ga I 116.ll or?aHr*Ha cEp:cy BerMtliHo,
' l=o

'llOll + q , r.e. eror pEA cxolrltcs. A sto osHaqaer, qro p{A 
.r 

O.(r),

lJrr.r, rt?o oAlro 1r ro re| n@raAoBaremxocru (y"(r)) cxoAmca a6co-

t
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JrnrHo lr paBHoMepHo n Heftoropoft {YrolI{I,r y'(r) eC[a,b] , Koropas,
Kaft H6[pyLHo y6egrrrca rraBrraerc a petreHt,teM JrpaBaeHlfi

y(r) = {r) + Ji(*,d.[r(e,y(E)) ;g]ag.
a

4. YcraHoa[M [efiepb oqeHxy rorperrHocru a.nropnnua (2). Ilycrl
{zo(r) } - nocaegoBare[bnocrb npra&rnrenuft R peureur{ro ypaaHenua (I),
IIocTpoeHHaa rro [,E!o/qy llpoc[ofi l,rrepaqxfl:

T
z,*r(x) = (r) * Jkt",$t(g,zo(E))ar. , zo(x)={x). (sz)

a

Ouea4qxo, irro Bce zn(r)< [-p*p, p+Q ], ec.ru B troAr.[{Heno ycJroB}rn
(9). [s (2) ra (32) r,rueeu

x
r,*r(x)-zo*.(x) = Ji,r,,, [r( t,y"( d ) - f( g,z.( E) ) ]ag +

T
+ Jr(r,e)[s(rn; 0 - r"(0]ag , a = 0J,...,

a

orr1r1a, Ha ocHoBaHru (4, n (6) nocne.q,oBarreJrbHo rIorJrcaeM

lr.(x) - zr(x)l < ao(h,fo) K(ddE,i
a

lr.(r) -2, (x) 1= r. i*t 0 ly, ( g) -z r(6) la 6+nq,(n,r,, li*t daE s

= -;, [*!,r,i,( ilad.*,ro,,,,irr.i-r .r.o 
]

}I, qpIMeHAfi rre|IoA MATeMarrtrecrofi I4HAyKIlr,fl.t, rlpHxoAuM R oleHlce

lr.(x)-2"(rl t s r.l;'.!l#,".p,,ru,r"-., n=1,2,.... (3s)

flpegcrauna HepaBeHcrBo (I2) s srgg

-{,00J(h,r.) = 
ts-:(l-}n.) 

- + (hqo)o*.
1-hqo 1-hqo
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H J &irlrBafi (?) t{ (tj) noJryqaeM

dh;fr) < h[1. -1"(hqo)"], a=1.2,...,
rqe

Bi ( lo.xo)
1-h%

(34)

(3s)

(36)

yi = ye + Lr+ lI""t '(z

Tenepl oqenry (33) uoxxo npe,qcraB[Tb B B{qe

14(x)-2.(r)l s h[ylP"(r) - r,Q"(r)1, n=1 ,2....,
nre

P" (r) = rr,lr t -L tr.'["t EluEl'
" t r=r 11.

n-l (h.l )r 1
{(x) = AI,;1 ,lof:fr(r.lrtrta)"-'

B trore, ng flepeaeaclBa I y(r)-y^(r)l s lr(r) - z"(r) 1 +
+lv"(r) - z.(r) 1 n coorr{orlrGnr{f, (36) nolyrraeu creayrqyr oqeuty no-
rpeurHocrfi arroplrua (z) :

r
lr'(r)-v. (r) I = ""r;t.=.;.r+(lrfr( dat)'+u[r,e.(r)-1,\(r)]'

a = ol,...r (38)

rAe Fo = r€tffillf(x,dr)) l, Po(r)=Qo(r)J, npx,rex \(r).0 npr

a . o paBnor€pao orHoes?etbno r<[a,b ]. I glotr oqex(a nepx)e
craraEiloe xaparleprsyet fiorTeoHocrb o6n('loro r€toAa lrocneAoBatenb-
Hu( [pr6rrf,eHxi, a opoe - nonpeEHefb i o6yctoBrs]o{D cnrafi-an-
flporcl{llaqxefi sa a n"epaqxl.

llsncexHre Bme pesyJrbratu c{op!ryrrplter B lrAe leopexH.
lEOPEllA. E c Jr x 0yH r q x x e(r) €c[a,b], r(x,g)ec(o)

n f(r'y)€c(0,,) yAoBrerEoprDr y:crosrar (5)

r (6) n u r r c e t E n I y .q, o a r e t E o p i e r y c r o-
ann(30;,ro artroprru (2) cxoExrcn a6co-
JrDrHo rt paBHor€plro Ba o.lpegte Ia,b j r

s



Heroropo[ 0yHIrf xn y'(x) € c[a,b] r{ rlIeer
ue c t o orle H r(a Io npe rrr Hoc T !r (38).

5. []praegex fi.[JlDcrprlp],Dq{f, np}r}rep, Ana roroporo yraxeM u&r
certtrr, npn ftoropotr Buronnreacr ycnoBr,re (30), s rarfie olpeAer[r 06-
Jl{tcfb, l{3 ko4opo[ r€ BrxoAf,t Bce nocJIeAoBareJlBHbE npr6ntif,eHrfi ar-
roprtua (2) :

v(r) = t* 9*&rt#r'-14'l'(-*-EP dE. y(r)=(1+x)"/'.(39)-- 3 9 81 2+s{tlv(e)

Butmcrru Heo6xo$rure noxcrarnu npx r€[oJ] : llr = IO'3-t,
K(d = 40.3-5(1 - 0,'r,i= r, = o, e=e(o) = I, o=d1) = bl?.3-t,
r = o'(1) = 232.3-t, E, = 0,5(1-d-1 ", !.= o,?5(1-d-45 r=(1-p)''5r

rn = 40.3-5u! , r,o(, = 40.3-r(1-$2, !o = 40.3-5, eo = tn.3-6"1
x(1-d-.'5(1+h! ), B=(1-F)-o" + 464.3-4'5(1-F)-"5h.

{rqto F , IIpr{ Ro4opoM rce y.(r) < [-r*C, Otp] fipx JD6oir.qonyc-
lr,ruou rlare cerrr (h < 0,5) , onpeAersercn trs JpaBnexfi.a (9):

10[35 L-t) +Zi2rrdl
s51s5{r-P'':-561

peraf, rompoe, noryqser p.s0.I3 r,clcgoaararrxo, tr6 (r) e [0,86;2,3],
rrpr sroM FsI,I, Lr=0,63, Lrs I,I, B=3,2, sbs0,c)89, g/(1-u%)<
S3.3, q.,s29, .= I,0, e<0,83. Tarxll o6pasoMr]rcnosxe (30) Ars
l4laBxeHxf, (39; $norHse..r npx h sI,2, r.e. arnoprrx (2) A:tf, npr-
EAemroFo nprMePa cxoAmcE rrPx Bcex aonycfl.rMbfi SHaqeHnE( uara ceT-
Rt{.

Arnopmn (2) pealtnsoBsH B Br(Be flporpaxrd nra 3till.llonpeuxocrl
BHrflcreHxn npx h = 0,I A.[s q)fiepa (39; s 1pe1be6 nrepsqx[ paB -
Ha: v, E 5,?'10-7, rne v, = ua:llr.) - yr(tr)1.

Jlrreparypa
I. AIEEPI jh.,HUEl]08-4. ,y0Jllll J{x. Teopua cruahroB r ee rpx-

Jr6eH!{f,.- il.:Mri!,I9?2.- 316 ci
2. EIPAUIiEB B.ll..-qyEBqrtlH 0.H. qxcrero1ue !€aer.u npx6nnf,eHnr

oyHrolxn. - uEpAJIoEcr(: OpeA.JpaJ. KH.[sA-Bo,19'79.- rltl c-.
3. SAtsLriJl0B lJ.C." I(BACQ-B. E.i{.,i[]POllf qEHiO B.X. iieroAu

cnrarhr-OyHqxfi.- ll.: Eayra,19&. --352 c,

l9??.1'4{fyK 
f '[' 0lg^6sbr Bblu{c'jxre:rbHon itarerari{t '- d':Hayra'
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5. CIEt{l{4ll C.8.. qyBmfl{H D.H. Cnaafrru B BbrqrcJrr{reJrbHofi Ma-
reMarr{Ee.- M.: Hayrail976. - 248 c.

o. h0IruOB P.8., IIUIEIIAIOB JI.H. 0 cxogruocwr oAHono Meror,a pe-
r[eE[{s HeJrraHehnoc rmer.p&rrbHbDc ]rpaBHem{fi c flolroutrD crt.lrafu4lnEfluE.
- 8.. r!tr. i -Acnlrrrocratccnire rcrogii a neauHeltnofi uexamre. Iin6b, 1974,
c.&4illI.

?. TI4tsOHi{YK B IIIJIETIAI{OB JI.H. 06 u ole-
llH-HI(E

ICH BAIIeCT.
n

EEiEFrt
_ 8. Tl,lB0tlryK B.l,I. Peuerre- rrxHetrHbx rnrer?aJrbHro( y?aE[reHnfi
BortreDpa Me?otrou oeDeltHeHxf, rirnmnrora.rrnu nonpaaor g bbqetaHrr
eo erubilxarirn. - Yrn.ilar.x., 1980, r.32, f,3, c.47Y422.

Ilocrynma B peA.-rrc.q,.orn.
30 uapla I98I pegs
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