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MAIEMAfiII{ECKA'{ MOIEJIb PEJI,NOAI{M{ 3APflAA B AJIETCTPEf,N(

0.ll.ttysrmrr, B.H.Tar,rpon

B nocaegnee Epeus sHeqxreJrbHoe BHruaHHe ygenfierca ngJrueHm

npoqeccoBr cBaSaHHbD( c nHreEqxen HepaBHoBecHoFo sapgAa B BrEoEo-
orYrHbe r{arepraflH. }lggecreH pf,q pa6ot [I-I2], a rctopuc pe.[arca+{f,
3apflAa eJreKaperoB paccf,aTpnBa€rca Ha 6ase npegcrsBrreErn o6 ruuer-
qnorurof, nplpoAe gJleripelHorto e@xsa. B caagr c pacEl{pD${xcf, lrpr{-
[eHeHHeM [i3-I8] gJlexrperoB B KaqectBe aRrrnBHE[ o.[eMeHToB pagrxq-
Hbtr areKtrpor.ExaHHqecKnc npeo6pasoaarenenr Eospacrag! nHIep€c n sr-
slrKe aB,r6Hxn, rq)oxcioAqroc flpx pasp8[,Ke oneftqperoB.

B pa6ota,r, nocBqeHHu Hg)tqenrtn npoqeccoB nepeHoca B Eucoro-
oirH[rx B€qecraa:c, 6urr pacc!{orpeHu qacrnqHafi xIrHoBeHHaE xtilerqt{s
[3]; railerqrfi, saBt{cqaf, ot Bpeuexr [6]l pasr]rqHHe Bapraxxu eaBr-
cl{rrocrrt gpel@aofi [oABnrHocn{ or Hanpnf,eHnoctr oxerrprqecroro no-
an [5,6] x or rurornocrn eap44a [5].

Ilpn xccaegoBaHfilt trpoqeccoB penaxcaqrx HepaBxorecHono sap{Aa
B TEepAOM ?ene BOslrI{KAeT SaAAqa, CBASaHHaf, C HeO,6XOAXiOCTbD JrqeTA
BJIr{ffH[fi JIOBy[eK pASJII,tqHbD( TI|IIOB Ha HeC.[aqrOHaPHbt troto{roFpaflflqeH-
HHe npocrpaHcrBeHHuu sap4gon.l,IcnonbsJpxbe rrpn orox xennnefixre cn-
eleM[r JpaBHe]rr[ He rreor o6qrx MeroAoB peuenxf,l l]accuorpeHxe Bos-
MoiHbIx asanuogef,ctBflfi Hocrrrenefl sapqga c JroBJ,[traxt{ fipx pegJl[trnrrx
r?aHr,rqnbD( tl HatraJrbHbo( ycJroBrral( npegcfaurfler co6ofi HeSaBxcnMJtn 3a-
Aacy.

B nacrorqeil pa6ore c{oparyanpoaana tr anaJrrrtarrecrtr peuexa ua-
Teuarlrqecref, Mo1enb o6ter.tr{ofi perarcars{l{ gapEAa oJrerrpera c oAHo -
Bper€HHblM WeroM 6ucrpono nepegaxBara HocttrereR MeJtrcrrro[ noB1mfta-
Mr, paBHouepHo pacnpeneneHHHxx no ?ornglxe o6pasqa, r ocao6orgeruR
HccHTeJreR c raldoux noByEeK g&rBara, cocpeAoroqeHHm( B o6Jlacltr
naqa,nruof, JroraJt[sar.Err,r lrrcerTnpoB{urHono sapqAa. Iloc.uegnee oco6eH -
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ro B8Ho, lar rai rxsHlto crot rrDoqocc onp6Aarflc! BporoHH)'D cTa-
6rmtoct r noaqpr(HocrtDno Eorenr$ara atotr?po?oa.

I. Cayrran crynerqarono HaqetErlono pecnpoAeronxa
raP8n8

Paccrarpraaercs Iraocronapalremnul o6pasoq rorsnon L c ro -
HonorrpHol aJrerTponpoBoAHoc?brr. B Hacamrutr ror€H? qpereHx [=o B

p€synbraTe rrilerqrx cos[aarcr Hepau{oBacHoe pactrpoqercEf,e 3ap8Aa.
B croe ronqxHon H HaxoAmcn roctr?em sap{Ae, traclb roloptD( sarBa-
qeHa Ha naldoue JroB3mtrr. C npournolfiHotr croporH o6ptsqarB rrJro-
cEocTl{ x=L r pscnotror€H HenoABrf,Hbrfi Eofioncrplqtt sqtqg o6par -
Hono sHana, 6aarogapa Klropony gJreft?px(acu)6 notre BHe odpasqa or-
c)r'rcr Byer. KomleHrpalprf, H€paBHo B6cHrr( HoctlleJre il sap4ta tHarorrerb-
HO npeBocxolr{r paEroEecrJp roHqempa4m, rcropol, cleloDlrerbHo,
norno npene6peur. Ilpoqecc EepeHoca B xsorolxrrrcro( ycroBrfi om{-
cHBaercf, ueglmqeil cncfenon ]peEHettrrn:

Jc(xi T) = pP(x,f )E(x,[),

J(8) = Jc(r,T) * 
"eo 

IE(x,[),

eeo a E(x,t) = p(x,[) + Pt(x,E) ,-il

-Ls"(x,r) + +(p(rp) + P.(x,t)) = o,dr - dr

{ r.(x,E) = -NP.(x,[), (5)
AT

nge (I) n (2) - BryareHxfi.q,Jra morHocref, 
"ora 

npomAnnomrt r noJr-
Hono rora coo?BercrBeroro; (3) - ypaBHeHxfi llyaccoHai (4) - ypa*re-
Hre HerrpepHBHocfl,ri (5) ouncbrBe€r ocao6orgeHre Hoclr!€Jren sapf,Ee c
nnydoroo< noBy[er sqBare; p - gisemrrBnas Apef,(pBaf, noABltrHoctbrc
rohopn Koropon ocyqecrBJreH yrer 6ucrporo nepesaxBara [I9] i eo -
or€mp[trecraf floctofHHaf,; a - AxgnerTpxqecrea [portriqae[ocrt; P n

P. - odsemrxe rurorr(oc?r sap4[,oB coorB€lerBenHo raagrcBo6oqHoro n
gaxBatreHnono na naldorre noB),Erxi N - tractorHrn Qarrop naldornc
JroByf,eE.

Haqamxue ycJroBxs:

P(X,O) = { 
eeeoe rpn re(o,n) ,

x<(E,L) ,

a

(1)

Q)

(3)

(4)

'0nPx



Pt (X,O) =

[(q+1 )Ar nPr x€(o;E),
E(x'o) = f o*1)m npr xe(Hi!),

nI,€ A,o = const. Ilapauerp c', xapaftrepxoyst coorHmeHxe M€Gny ruroT-
Hocrmot raasrcao6ogHoFo n oaJ(BaqeHHoFo sapflAoB.

Iparutrrrc )reJloBt{s: J.(OiT)=OJ.(A+O,f ) = O, E(O,t) = O.
BaoAmca cJreAymFe 6eapasnepnm nepeueHHre :

rgL- 1 ; h=flL- 1 i e=E( AII( o+1 ) )- I i t{I rdH( c+1 )r,- I ; v+r,( uAII( a+1 ) )- 1 
;

J"= J"r,(peeo)-1(m(o+1))-2; 3 = JL(peeo)-r(rn(o+1))-2;

p = It(eeoAH(m1))-ri p. = P"L(eeo.AII(c+1))-1 .

B 6espasuepHur rrepereHHrfi sareqa npr{uer BnA:

J"(x;t) = p(x,t)e(r,t) I

J(t) = J"(x,t) aa e(x,t) ,

1,"(*,t) = dx,t) + p"(r,t),
ac

9l^(r,t) +a(dx,t) + p.(r,t)) =0,a. - at '!
g 

P.(x,t) = -vp.(x,t) Iat

o(x,o) = {
dh(o+1))-' rrp*

o npx

(tr(c+1) )-' npr

(6)

(?)
o npn

eeoA 4Plt x<(o;,H) ,

, o npr xe(r;l),

,ox,,t

' np,
rpr

js(1+0it) = ol

8T

xe(o,h) ,

x<(h,1.);

xe(o I) ,

xe(h.11i

re(o.h) ,

:<<(h "1 7 :,

t+he(x.o, = <rl
(s) '

(

^io.t) = o: e(o.c) = o. (9)

i



0lcpga Moino fion1rqxrb cJreAJ@ee KBasrur[Hef,Hoe )rpaBHem{e:

.3-e(x,t) + e-1(x,t) 0 e(r,t) = c(r)erp(-vt) (10)
A( at

c HaqarbHuu (8) r,r rpannqHrm{ ycroBnmm (9), nprqeM

(x) = i(h(o+1))-' 
nPx xe(o'h) 

'
L o npe{ xe(tr,1 ) .

Eespasuepnafi HarlpmeHxocrb arererprqecnono norfi e(x,t) fiBJrrETcE
He[pepBBHoR fiprngefi, xo 614,er nuerr crra6ue paspHBH, cBfisauHue c
paspbrBHuMx Haq&,rbHboo{ yc,roBr{flu}r (6) rt (?).

Peueane .qrf, o6nscrx x e (o,tr) i,o)i4o HarlTr,r nJrneu p$AeneH[fi
nepeMeHHDrx:

e(x r) = x(na(t))-1, (11)

nge z( t ) =xp(-2D erp( -E) sn(t&. ) ) {r-o{ o*1 ) u(l ;1 ;D) )+D( crl ) u (1 ;1 ;

D exp(-vt) ) ; D = (irv(o+L) )-1;'u(r;1 ;r) - Bbpsrtq,erHas rrncprcoucr-
ptaqccrafi @yrrqra BropoFo poAa.

tls (II1 cneAyer rpanuqHoe ycroBre A.lla o6racrn xe(h,1):

e(rr ,t) = z'1(t). (12)

B orof, o6aacgr xapartepr,rcr[Kr,r ]OaBHetMa (I01 onrtcuBatrcf, cJIeAJm -
qeft cttcreMoil o6urxosemru< gn@penr.UaJlbHm( ypaanemtf, :

dr = edt
de = O,

nepBhlc nHTerpaJlbl Kotopoil nMenT Br,trq:

e = C.i x-et=C.. (13)

hnterprpyn no xapartepr{crnra}r, nor1rqaeu peoeHle e o6aactn xe(hl)
B BHAe cneArn'qeft *":[:.TtT11ir, 

= ., (14)

rAe r = q(x,t) = t - (x-h)e-1(x,t). 3to peuerue cnpaBe.q,JlnBo JIl,urIb

Aln o6racrn, a rotopofi HaxoAHTcfi ABlm)qxfies narer Hocl{Torefi gaps-

4a. !{e (I3; uorHo Haflrl,t JpaBHeHue AnE xaparaeplcrr,rrr{r no Koropofi
pacrpocrpaHaercR cra6uft paepua: x, = x.(t) = t+hr rAe xl - Koop-

,qrHaTa cra6oro paspHBa, r.e. KoopAnHara n[Ar{p}mqeno (ft>oHra AB}firy-
qr,rxcfl HocttreJrefi. 

e,
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Tarnx o6pasor, qpr x e (o rh] peuenne or{peAenf,ercfl BryareHtaeit
(II); npn x e[t, r,'J - a4arenreu (I4;, a trptr x e[x,,1) - paaetr-
craox e=1. Oqeangno, ecnn rl npeBuct{[ et]rHrqy, fo o6racrbrB Ko-
ropofl e=1, 6yner orlcyrcrEoBarr. Bper'rn fiporera Jrr{,q,[pyDqeFo <poHTa
Hocr{lrenen MOIHO noJl]rqIrb, npltpaBHfiB xl €Ar{rilqe t.| = 1-h.

Ilparrruecruf, [Hrepec qpeAcraBJrf,er BpeM€HHaf, BaBrlctrriocrb no-
BCITXHOCTHOTIO[O"enS{aJIA: 

L
u( r) J

E(x,T)dx.
0

Bespasuepnuf, norepxHocrHbrn noseHr+{ar u(t) = U(t)U-1(O) MorHo no-
JrJrqrTb c lrouoqbD BEpafeHltE: 

1

u(t) = ( 1 - 4)-'fe(=,t)dr.2Jo
Ilocae rmer?rpoBarnfi noryqux:

t € (0.1-hl: u(t) = (1+f't(1-n*1( A2 2 z(t)

t
- t*l

o

z- 2
n) dn) (1s)

t e [l-h;+o): u(t) = (2-n)-1( +(1-h)e(1;t)+ z-2( ddd, (16)hm
t

a

,I

(.

rA€ t. = t-(1-h)e-r(1,t)x e(1rt) orlpegerfiercf, rs JpaBHeHxs:

e(l,t)-z-r(r.)=o. (t?)

2. Cryuafi o-o6pasrcro HerraJrbHorro pacnpe1e.[enxfi
sap8la

llpr nauaraaox cocpogoroqGnx[ nrilerllrpoBaHHoro sapl1a s 6ee-
roxct{Ho aonror qoo ypaaxorue (I0) trprmer Bqq,:

Ic(r;t) + e-r(r;t)ae(r,t) . o.&&
Haqa.nrmp n r?anfi'tHbre yeroBxr Haltqex rs (6)-(9), (I2)
upenc.lbHollo nopcxoAa h rO:

dr;oa) = dcol)-ro(r),
pr(r,o{) = (o+1)-r6(x),

a

(18)

c [oxoqDD

(1s)

(zo)



e(x,o-O)=1, r<(Ol),
J"(O-O,t) = 6; j"(1+O;t) = O; e(O-Ort) = O ,

e(o+o.t) = uu e(hrt) - (cr1)-1 erp(-vt)i t €(or+o). Qa)
htrO

B (I9), (20) 6(r) - gaerra{ynqxr Jlxpare. Cregrer ort€fnrb,tlro
[pt{ tIp€.U,enbHox nepexoAo E+01 A o o , Ho lH = const . Hcnsr.oHnlDf,

octanrcf, ttoBepruoc"Hr€ moraoctr{ EBag}rcm6oAHolro rt Eaxaatrerctono
Sepf,AoB: 

L

o=
o
J rtx,o<)dr = 45601s,

ot

Ipauuroe ycJroBxc (2I1 6s*o"rf,er e Jnie nocJre ?oro, Ber KBasrcBo-
6ogntr Hocr,lcJnt norrryrn [rocroerb r=0. Ao srono uoltettra 6 on-
peAensercfi r raa,Ercm6oAHtr, n aaxBeqeHtGo{ sapflLarx:

e(o+o,o+) = 1. Q2)

PaspusHoe rpexxtrroG ycroile (2I)-(22) rrpoAcrailr c noxoqbo e.q,xHrtr-

Hon crJmeHqa?ol fiyrqlm: e(o+o,t) = (or1)-rerp(-vt)x(t) + x(-t),
FAE o rpn 6 6(.<, o),

1 npr t (0, +.).r(t) =-

llmerpnpyn Eo xaparnep{crrrar JpaErenne (I8), no.ryrraer cJroAyDqee

p€rleHne B HeEBHorrr Bi[,e3

e(x,t)=(c+J.)-rexp(-r0r(0+x(-g), (ZS)

6=l(r,t)=t-xe-l(r,t). (24)

Paccuo,tprx 
"px 

crrJ ran: E > 0, E{,8 < O, roaoprc coorBetgr -
B]'D,! Cren,yrFx o6ractor (rrt)-npocrpaHc?Be:

- o6lactn, €pes rotopyD yrc trp@rn Hocn?crn tap[Ea, rBaan -
cr6ogxn B HaqarbHuf, tot€m Epcxorot (sgecr HaxoAftcs flocr?cfir,
qlaE[EG rnasnceo6ogHu nocrc ocBo6ol[crtrtf, c FrJdoRmr ,oBF6t) i

;"
J n.{r,o-o)dx = eeoAE.

o-O

t

a

,



- o6racmr, B Eoropon HaroArtcf, naEer Hocrtcref,r tsBaSncm6oA-
Hb[ B HaqaJrbHHn UOrCH'l BpelreH]ri

- o6Jrecrl{, Ao roeopof, €qg Hc AmeJr naEer HspaBl€EecHH( Hocl,r-

tcref,, rB{raf,cBo6oAHr[ B HatrarbHuf, uoreH'! BpeleHx.
lls (231 , (247 noJrJrqxx:

E > o; x e (0,r.]: e(x,t) = (o+1)-re-p(-v(t-xe-l(x,t))); (25)

E = o; r e [r.rxr]: e(xrt) = xt-l; (36)

E < o; x e [rrl): e(r't) = 1. Q?)

Jpa*rerora .qrr repameprgrf,K, tro f,oropnr pacnpoc"perJDfci eJaF
6rr paspuau, f,rcDt qA:

xr = ti ra = t(o+1)-1, (28)

nAo xl - roopArHaia .lnArplmpno fi)olrra ABrGyq{xcs Hocnreral; ta -
f,oqpnxrala finnta, sanffisDqeno nattot nepaoHaqa.[bxo raasncao6ogrnr
Hocmerel.

ltg (25)-(28) noaynrr Bporeffi],D saBrclnocrb 6espasxapxono no-
BCITTHOCIHOrO noreH$,raJra :

t €(oll: u(t) = 1 *a (-"-t-*t +l*t - "), (2e)'2 \ v(c+1)z -,/'

t e [1,c+1]: u(t) =a (:!#HP * .-') , (30)

te [c+1,o): ,,(r) =+ (f,,"',t,r) -tHP) + e(1,t)I(31)

B (3I) Ecrtrqrna e(lrt) orpeAersalca BEpareHxer (51.
Ecrrn xocrtenr sapEAoB ne ocao6orgorca c r.r;dom JIoByuoK

(v = o), Toroclqcc?Bf,B npegerbHHfi nepgroA, xH rroJrlrunu AJrfi grono
tEc?HoFo crymr crcpJrlltp{e }paBHsrllifi:

t e (o3l: u(t) =, -#i* ,

f

te[1 ,c.11: u(t)=a( t=
2' (o+L)2

t e [e+1; +-): u(t) = (a+1)-l

* t-r),

€6



1

3

-h= 
1.

........0,= OF
0

3. Pesyeuatu pacrproB

Ha ptc. Ir2 npeg-
ctalldGr PoSJrIEratH
pacqotoB Ha aBI EC-I033
Eo Qqp{frarr (I5)-(I7),
(25), (29)-(3I),gcron-
cr?rgywo xEpemcpHE
oc66emrocrn Epercmrof,
saolcrmcrE 6eapasrep-
rlono noBglxHoctllono tro-
rcmpaaa. IIE paolmt
ypaaHcffiR (I7) t{ (25)

6rr ncnorrgoBan rrcpaF
SrottrHl rre"ol lbarcpa
(6reengr c o6patnofi
napa6ornnecnofi rumop-
noamflef,), Elrelpt{po-
Baxris B (I51 r(161 ssy-
qeerBtfitrocb no lrPeBnry
tpanerpril c erc[panorfi-
rpref, no Pordepry.

B raqecrp rrpne-
pa ar6pex crynlailrrorAa
RomrfiTpalflr rBaSrcBo-
6oAttu r oqBattsrrlHx
Hocnteren B HaqarbHEf,

x()laeHr EpereHx PaBHH
( dl) . Ha prc.I xpn-
Bas I cootaae[Byaf
HyroDr.y qac?ofirotry

Qamopy; ipnB{rfr 2 -
y = 0105; rpf,Bar 3 -
v = 0,5. IIpx h.5 0r0I
rpxare u=u(t) pl.a
ql]melrqatoro I 6 LO6-
paEnono HAqaIEHU pec-
upcgereml upaf,lxqecm
@EIqEeD!. Ha pnc. 2
noralaHH saBtctlIoc?n

or6

o

o,2

o,

l0

Prc. I

I t

o

ot2

o

h=O

I 7

1

2

3

4

Prc. 2
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u = u(t) Ar, 5-o6pasHorb pecnpcAcrcrtr{f, rrpr creAJDqo( gHarr€-

Hrfi qacforH[o(OaftroPoB: I -v=0i 2-v=0r0li 3-v =0102;
4 - y=0105; 5 - y =0rI; 6- y=0r2; ? -, =0r5; g- y+o.
Ilpr 6ecroncuror qacro,lHou Qamopc naper.e{p e H€ af,tsf,s! Ha xoA
renBof, u = u(t) , raft xatr Hocrrenr sap4a xFHoBeHHo (rcBo6orAarr-
ca c nJl]dorror roBJmeKS 3ro [AeH?[qt{o erc]r[crBxD gexBeq€HHorc 9a-
p8n,e (c - o). 9acIrtrrfi cayuafi HyneBoFo qacTo8troFo rprropa: v = 0,
KOrAa Her ocBo6ffAeHfif, c my6orrr roByuteE, noApo6Ho npoaHsJrxox -
poBan Harx a pe6orax II0,II].

BueoAu
floalnremrne pogyrbraru nooBoJro[ npoanaJrrarpoBatb BJrt.tfirr€ ps-

Aa napaxctpoB palarcaqroHHoro npoqecca Ha BpoxoHnHe SaBnclrxocrn
troEslrxHocrHono ooloHrEa.[a. 0ro .q8m BoSuqHoc[b, c oAHoR cTopoHH,
oqcHIBatE cladlrDHoc?E g.[cmpcroB, a e Ap]rron - otrpeAatmb lro 9EC-
trq)rnn?arbnil Aarcrur BcrrqrHtl eQ@mnanofi Apen@Bon noABnloc"r
F , tracrotHor.o oeEaopa tr f, EapareTlla s.

t.
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