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B.JI. lkpoorrtexro

Baegprre

lfuaccrcecrn arrnaparor npr6rnerue 0J[fi40 rBtacxlcf, rut?epno-
rflft rnorotuenarr Jhrpaxra..llo pastu trprlrHar na npamrre o6m-
Ho oppaxrraBaglca rHonoqlenerr HeBucotrrx cte[eHefi. B.qprnon pa6o-

"e 
H8il.q/OE ?or0ue tro nopsAry I RoHc?elllar ogeHEr npr6.ruerun r[/||r-

rgx r ee trpof,tBo.qfi[ rnonoqrenart Jlanpanra rpetref, cteneru. Olen-
rr noryqenr npr rxHfiammrr rpe6oaarra K Frql,Boctr rn?epnorrpJre-
rofi ftpr4rr, o6ecnoulaDry raftcmetrbHo Bosrorue nopi,qm rpr6rt-
ldct. l[pore lonortroragauo, q?o ronctantt{ B alrtr oqerucr Ho ronllt
6mr yrenraenr r npr m6rr 6oeee Encoffix rpe6oaanxfi r ntqAf,ocll
ntcpnorxgferofi (yarryt.

lh nparcrre rrpf, rnrepno.[rxflr QyHBtS{fi qec?o f,cnorbs1,atcfi iy-
6rq€cne cruafiru rtaeca c2 c rar Hasbnaerun rpanrtuun yctolrr-
rl ?rne Iy [3] | rolopue ne rpe6yrr sqlpHxs .qonornr?erbnon m{op-
reg Ha f,oxqar rtporelJltra nmepnorf,r$x. llonpernocru rpr6rnexra
.qla slono cr]rcefi no.qpo6qo rcc{eAoBeHa n [31516]. EcIn qrcro ysJtoB
rf,teprorElix paBHo q€tnperr !!o Cruarhr c npaHxt[ltux ycroBf,f,rr .!r-
m IJ connqgget c rr?epnorf,qtonxu rnoFoqrexor Jlarpaxra 

"perbeic?cne[r. Oto o6croaterbetBo nocrryrrro noao1or t( A€tarbHory rs]qe-
xD oqexof, nonp€urroc"x florruorarn Jlanparrartar reE ngBeefirlre rrac-
cllecmre pooyrbtatc no Henotopir nluqrurarrrotoprc o6ycelFnrca Hr-
rc, o&egelreb HeyAoBtElBopxlpJtbnur. Otrerrr, qto 6orblxHctBo no-
rJ rem D .llrotof, pa6ote oqenor 6es .qora5a?eJrbc?Ea nprBeAeHo B

[5,6].
^llqc1-a 

yerarro ._t! . ra ( rl sqIeHH gHeqerfla f. = f(r.)r
1= 0, I1213y{prngr r(r) . horotuqt Jlanparca rpelref, cretreHr
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t(x) , ygoBrelBop@ril ycroBrfl L(r.) = f ., 1=o 112,3, samcEBa-
ercs I EIAe

L(r) = fo + (x-xo)f[ro,xrJ +(r-ro)(x-rr)r[xo,r1,xr1 +

+ (x-xo)(x-x,)(x-r.)t[x6 ,r1 ,x2 ,rrJ. (1)

3gecr

f[*.,=,*r1 = (fr*r-f.)/o,]. = rr+r-xr, 1=o1Lp;

f [*.,*r*r,x.*.] = (f[rr+r,rr*.J-f[r.,r.*rJ]/(h.+h,.r), i=o,1i

f [ro ,r, ,r2 ,r3J = (f [rr ,rz,rr]-f [r orzlrzz)l/(ho+hr+h.) -

pasAereHHu€ PasHoc"x coo?BetctD€HHo nepBonor E"opono tl ?pe"bePo

nopf,.q,EoB.

06osHarlg,r(x) = (r-ro)(x-r.)(x-r.)(r-xr) .

Ihr o6nuro, nog cE[a,b] normac]lcf, tuacc (:/HtilStfi e(x) c ne-
npep[rBHof, k-fi rrpoxsBo.Ston Ha npor€qnre [a,b] u noprofi

llell61",51 = 
=tilol 

ld=)1.

B [I,c.156] prn f(r) c cs"tro,rr] B ?oqKe re[ro,rr1 BHBe-

AeHO AEiO€ nPeAC"aE €0lrte nonp€lHoc?ll

r(")(r) - r(")1r; =
rl

o (r-Dt(a+e)l
3( "+r)1 6,.,).("-r) {=) , Q)

r = Or112,3,

n[,e E. e [ro, r, ). Otolt
p( ") 1r)-r,( ") (x) llc[ri,r.*, ] S

.,i.ffi1g("..r)[c1*.,*.*,,Jp(.*l)[c1xo,-,J'
1=o1,2 ; r=oJ,2,3.

&norcana ?enepb BerrqxHu llr(") llc[-.rr,11J I onpeAerf,fi rx vaKcn -
MaJrbHHe lHAqeHrfr npx ycJloBxfi h, . H = nax(ho,hr,h2)ra rarte lrp}l-

Hrraf, Bo BHrxeHre coorHo[eHxe 11r(t-l) lb1*rn*.*1J = o( R5 - o ) t

cnpaBe.q,rrxBoe nprl jzl! HetpyAHo noJrJrur?b

!
t

J=

O
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llr(x) - 31r) llc[rr ,-.*, ] s tro 
, rH4llf 

rv 
[c , (3 )

p(")1r;-r(")(r)llc[r.,rr*r] s Kr, rnr-rllt'vllc * o(nt-") , (4)

L=o L2; r=1 ,2,3,
pAa llf 

t'lla = llf 'Yllc[ro , rr]r nocfoarnuc Eo,. ," slBxcrr o,r f ,

Eo ro = ro ra. 3xaucttllt f ! rl , -0 ,L ,2 ,31 1=o 11 , ttpf,laAcHH a ta6-
lxqe.

Ta6arqa Xaparteptan oco6eroroctr oqe-
nor (4) coclont B HarrcDrr txBoc -
toa' nopR1ne o(Et-"). Tarnr o6pa-
SOrrOqeHKX HOCf,t acrrmotrqecfttli
rapar(lep, r noalory norbsoBa?bct
trrn rorHo Oex"rcecm torbBo rrpx

Aoc?atotDro raJrr E, BoFAA ec?b
yDepeHnoc?b, mo trBoctttt le[t no

cpaBHeHxD c ntaDHur rueHarr [o-
np€exoctr. Kpore. toror AoEorbno

r

I

reclro{mr fiBrlr}lcf, rpe6oeaxnn ft rrq,q,ftoctx oyHr(4rx f(r).Hanpmep,
npx norlnreH;r oqeHRil npr6ficerra flepBof, nporsDo.Sron npeloorarae?-
cE, qro r(r) < ct[xo,x, ] . Io, qro a?o tpe6onarue qpesreptorqte-

Aye! rc notJ reHnono a [Irc.Ib8] cooanouenrn

,'(r) - f ,(r) = -$ trv($(r-g.)(r-E.)(r-6,.) ,

rlp t c [ro,rrJ,Ere [r.F.*r] , 1=oJ.,2. Olcrlp H6?g]rpto EnE€ -
c,ll, qlo

lE,(r) - 1'(r)llc[r.,r,.r1 s{fr,rn'[f ''llg,1= o,1 ,2. (5)

B lpnnor cr)ruae cxrrexro tpe6oaarufi r liJlqAroctr f(x) nprreao r
sHaqrrerbxory yBerlqeHrD noc?of,rrcD( a oqexrax. Oto Bepuo x &'Ifi
oqeHoft npr6rnermn B"opofi f, ?pe?ben rtpoxsBo.Bilfi. 0gtaro cnpercA-
,rBoctlt pqnl, otre"ru, tno a (5) B ourqre or (l) otcpctatrot
trBoc?E'.

B qeaor o6omr paccrolperoflr txnar oqeHor cBoic?Berofl onpe -
AeloHHUe He.qpcfa?f,n.

5

1 0 I 2 ,

0
I6

384
I
4

II
I2

3
2

I
9

EA
I

12

R

t 3
4

C



0cnosrde pesyrbrarH

B g,anaofi pa6ore oqenm nonp€&rocu 6y4n noalceHu B flpeAno -
JroreH[]r f(x) c rl["0, r, ), r.e. ft/flE$a f(r) crnraelcn rpm.qE

HenpepHBno An6+epeHrflpyercr n r'v(-) < L.[ro,r, 1, n.qe crrBoror
L-[ro, xrJ o6osnaneH r.[acc Qyxn+rn {x) orpannqeHHrfi B cg{€crB€n-
xor [2], qpr oror

llrll- =*!tio, ;u1 lotr) I .

TEOPEIIA I. E c a r f(x) < wl[xo,r, 1, ! o

'11(")1") - r(')1x)llc1r.,=.*.1 . Kr,.Et-ollf ''ll. ,

1=0,1 ,2; Fo 1,2 ,3, r 6)

rAe Kr.o,Kr.r AeHH E "a6Arqe-r Ko,z=Ko,o.
AoradateaactBo teoperu 6yget nprae,qBHo HEe. Otretnr H€Koto-

pue oco6ermoc?x oqenor (6). Bo-nepau, oHr norJ IerIH npr 6onee

caafrr tpe6oaennc r f(r), Herert oqex[il (3)-(5).Bo-B"oPEroIeH-
xn (6) He coAeFa! "rBoctoB", rapartepnr AJrf, (4)' n B to re Bpe-

rE KoHctaHfir s (6) taue re, RaIr s (3), ( ). B-apeebrrr noc?orll -
*" Ko,, a (6) yrenumfb He,Ibsfr. {to6u y6e$t?bca B o?orr oqeBq-
xor.qociatorfio Jmeoa?b Qynragn f(r) x y3.[H xr tal(xer tno (6) .qg-
er torrnoe sxaqeHtre norpem{oclx (rnr ee 

"orrr},D 
BeprllD npanr).

Bosrrer paBHoxepro c Earox h picflororentrue ysru x. (ho=h., =

= ha=h) H notrorrrr fo(x) = x,\/24 .Tan rar rj"(r) = t r tjt)(") =o
npr k > 4, ro rs (2) noayraer

*(')1x) = s(")1*1 - r[')(r) = - n(")6)/24, F01,2,3. (?)

Hetpygro BrnflcJm?b

llRllsl:(, ,=.I = f6 ilr,l||.1",, ,".1 = lc{=r+il2) l/24 ' thr/384,

llRllslx.,*rl = la{ro +$U l/24 = h4,/16,

llB' ll61ao ,=,. ] | r,r' ( xo ) 1/24 = n'/4 ,

lF'lls1:cr,*.] = [rrr'(xr) l/24 = b,'/L2,

llR"llgl:co,-r] = [(,)"(ro) l/24 = ttnz/tz,
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llR"llc[rr,".] = lw'(-,,+h/2)l/24 = tu2/24 ,

llR- llg1a.,1r1 = lo'(xo) l/2a = 3n/2.

VrrrruaaR, trro 11tfvil-=1, ns (6) nprl =0rI; r =0rlr2r t -0,
r = 3 noryqeer tarne re pegyJlbra?u. Itrfi crJruaf, 1 = I, r = 3 Bogb-
rer xr ?ar, q!o6u BHtromf,Jrlcb yc.lloBllf, ho = &, h. = h, = h, FAe

a > 0-.q,octaTottHo MaJIoe qHclo.Tonga llR"llglxr,*.] = l,rr'n (xr) l/Zl =

= (3-a)Va. ns (6) rueer llB'' llc[xr,*r] = 
3h/4 , q?o f,Brnercfi

tourofi Beprrefi rpenbr nonpeoHoc?r. Tarou o6pasorrace oqelrn (6)
Heyrl uaem. Boeee ?oro, ttx HeJrbsa yJr] 8r?b ,qEIe npn 6oauuefi, uer
B teopere I, naqgxoct[ tyHrr$u f(x), lax RaK Heyr] rlaerocrb no-
kaaafla Ha rrPf,repe (!/}rlqflnr Ko"opaf, f,BJrfietcf, xHoroqrreHol qe?Beptofi

c?eneHr x, c.[eAoBaiclrxo, 6ecroncuro AI@peHqxpyer.8.
Eqr onpanrm?bcfi cJIJFlaoH paBnoreprono pacnotorcnxfi ygJroB

rrr to oqeHm (6) vorro ytlnrnrb ?orbro nprl i = I, r = 3.
TEOPEIA2. IIyetu ysrH x6rr1rr2rx1 o6pasy-

D? paBHorcpHyD cerry c uanor h.
Ecar f(r) errlxo,xr 1, to

llL"' (r) - f'' (x) llc[r.,r.1 sft.nnt ''ll- . (s)

Ecan f(-) ecrlxo,xr 1, ?o
llL'" (x) - f- (x) llc1"r, ".) 

s + ilf ''llq *4.(r 'v) , ( 9)

nAe
r,r(f lv) = nar

trr,rn€tilo.*rl [f rv(1') - f rv(r")1.

haog oqenor (8), (9) 6ynet rprBeAeH nme. flou€x, q?o no-
crorilmre '7/I2 t I/2 e a*s. oqeHr(&r yrexbrx?b HeJrbsf,. Iof,crantcar-
ttor 1trfi Qyarrprr f o(x)=xr/Z4 ns (?) rreer f"(xr)-L"' (xr) = h/2,
!r!o .q,otariHBeer ncy!)^!acroc?b nocroilHon l/2 s (9), ?ar( NeK

llflvla=1 r o(fotv) =o.llolorllu f.,(x) = (x-rr)asign(x-tr)/Zl,
Ocear.q{o f 

'(r) 
e wl[xo,xrl,llf .lv1l. = t, f,i' (x.) = o. y${mrBef,rr$o

r,'\rr)=5fr[x6,x1 ,x2,x3 j , rveeu L"(xr1- fi(x,) = h/L2 . {to r
tpe6oaaaocu norlsarb, 

r

t



0 norpernocrr rrpx6lrilcHxf, monoqreHerx
Jlarpaxra nporgBoJlbnofi ctenenr.t

llycro \(r) - no.[rHor Jlerpalra, rH?epnorrpJ,uqrfi sHaqeHxr
f.=f(x,) {yHrclrr{ f(x), rsaec?,rilte B ycrar cetrx a: ro<xr <...
... <,N . Ecar t(r)-Aoctaiotuo pJrllrafi Qynrqlrn, ro nepno [I,
c. 156] paBeHc?Bo

,(")1r) - d")t*r = ,icrit**;n ,(r*r+r)1r,){-,){=),

rAe Er e [ro,rnJ, q(r) = (r-tr)(r-rr)...(r-r*).
Ilo.[JrqeHHHe B Hac?of,qcil pa6ote pesyJrb?afi{, a ?ane pfA gpyrrr

coo6parenrf; nogBorf,D? Har! Bucftalratb ope.q,notof,eHne, qto npr oqeHre
nonpeslroctr B g?or coo?HolteHrlll rorHo onpaHrqx?bcf, oqeHf,of FraBHo-
ro qreHa.

DflOfE3A. E c a n f(r) e r:+1[ro,\ J, r o

16(')1*) - 4")t'lllc1..,rr*,,r = 
.!Tl sI+r-"F(N+r) 11-,

FO,1 ,... rNi 1=011 ,...,I[-1 ,

nAe * = T (r.*.,-r.),

'!11 =#- ill r.,f;)rc1'.''.*,J'

(a)-rHorcctBo ceror ? I R.f, Xr !l?o

T (-.*r-t.) s r. lloctof,HHBe ;(tr)lrl yreHbll?b
ltclbgf,;

B Alrorof, pa6ole nrno?esa Aorasarre rrpf, lt = 3. Ona BepHr r rpn
n = I (cr. Halrprrcp, [3, c.rt4])r I tatorc' xax coo64rr ru B.[.Kae-
conrrrpn lrl = 2. [Ipr recroarro 6oaee reclrflr tpc6oaurc r f(x)ra
rro{Ho B rpc.qrorororxn t(r) e C*1[-0,\J, yracprgcxre Bcpno ,qls
r = 0 npl .n6or tr. lloromra Aoregalcrbc?Be Frno?egu npn tr]4 c no-
roqbD ?exnxrc. f,cnotrbgoBarotofi B cJrJruae N = 3, Ha?a.[ilBtc?ca Ha

ccpbesxHc terxmccrf,e 
"pyAfocln. 

nmr g,rn pailorGpflen esrm rotno
nqrBfilbcfi Ha ycnox, ectrr EpxrGmtr 3BI [3].

[lorno caroc,iof,lalbroro r[tsFea lpreranarDG?D Frnctoar
B!rHO C lotrm 3peHrfr pacnpoc'tpaflenxf, Ha cmaf,HH Bucotsrr c?cflcncf,
npeHrqH[Ix ycroBrR, eHrtoFitrHr[ np8lflrlHu ycroBf,flr rrtnr Iy ,qrs xy-
6nqecrrr cruelhroa [7].

I



r{s "o*no"-o&ffiti":IT' oqorr. .n,, o"pcaf,a

[t.*r] 6y1er cornqlrb G qcrrol ,uf, [-o,"rl. Iloatory pcri -
rorrro paccf,o"parD crFrr - c [xo ,:rl r r e [r.,r.1.

Ilyclr - e [-., -rJ. hernre norlnu mcrparbroc qpqlc"tD -
ruG Barrr@ B(r) = l(t) - (-). B cooraclc![r c o6q6f, lGrrr -
rol EoryqcHra oqcrof troFPGuosrr [317 lre arono ryDro orrdrr?b
airrloila f. ! r(r) u pasrorGmrru m {ofr.yre Tcuopa [2] c oc-
trtotmr rucor B Etcnpalbror EIIF

fr = f(-) + (r,-r)f ,(-) .1r.--)tf'(r) +

rt

. ! 1r.-r) tr'Ir) . tJ ,r.-")'trv(v)av (1o)

r aa?Gr cngyrirpoaelb crlmmc l nor1 rcrnor Er{pudrrr n(r) r!1tr,
qro6u rtcnpa.ur 6purcl no xGnGpcccmD[Frcfi oipoarrr [ro rrl , [r ,
rrl ,tr., r.J,[:. , r, I . Qgr,ro r paccratprDaoror c.qrqrc oflrGerr-
M cttoco6 tpc6ycl nporo8.qg t[rccrclrtr. lfu eocno,rrsycrcr .qplarrr
6orcc ygp6m c lorrn tpcrcs o6rana rnrrrl1.or. cnocodor.

3rucnerr fo m {omrlc (I0) c r = rt r rrccr

r[rorr.,J - rl ]"uri. toirT -+.j1,," )tr'!v(v)av.

cloraD B nltcrplrc tacy EcpataaEotr y{o = tho, not3nra

r[ro,-.3 - rl ]r.r:.oi.f -9ia,rrY(ro+rto)or . (11)o , '6 t 6 {

terrr rc o6prsor. rcEatbl:tr paarora IIs fo r ti ! ?oq€ ri r

rarollr
f[-o,rrr:.1 = ri/2 +(hr-bo)f?/6 +

9



+
lrbi
6

ra = ha'

,(p.uec,

j,r-.,,rrv(r.+rhrlur . 6a j r'rtv(ro+rio)ar, Q2)

* irrta,r)f 
t,(r.,*dr)a" .]o.(t,t)r tv(x.*rh.)dt,

rAc /(hr-r+h.). Er = 1 - 1..

nAp .l,(t) = h2-hr+3hr(1-t)-trn
llogcteaanr (II)-(I3) a (I

JI]^llcx

r[x.,x',r.,-,t = #. 61;fu [--r":J't 
rr(ro+tho)at 

+

. 
^.o;ftr-r)ttrv(r.+d.)dt 

+ orin trr'v(rr+dl)dr 
)

(13)

,(1-t)'+p.hrtt.
,) r o6osHrqe, (x-ro)/ho = t, no >

rAe Fro+th.riJrcu;tt-zlri . ttnj(s-:t+t2hT - r(x),

er(t,r) = { no'anrt{r-t) [
ho(1-t)
ho+h.+h,

thr
{{r) - rru.(r-r)'],

e.(t,r)=W(1-t)r.
Sarenna B upacHrr A.rt r Bcartumr fo r f(r) rrr ptgroreEsrr
roqrc rt no (op.yrc Tcfiropr, mrolfr

ro -l 
--,

xt
ro-v) tf tv{r)av - f.=*

Jrrt

IO

)'f tv(v)av 
.



" = ${.'. rv(ro+cho)at . i,"-, 
tr tv(ro+rho)ar}

lloenc sercror acpcrurci y-ro = do r rrccr

B rronc

t
R(x) = fda,")ttv(ro+do)ac +

I

It

3gBcr

lla ( I4) EotJ^[cr

In(r) | s lE'Y[-

Oecarpro, e.(t,t) > o. lts ?o[.nc?Dr

oo( t,t)f lY(xo+tho )dt +

l

o

. Jer(t,r)f 
rv(r.,+rhr)ar + e.(t,t)f 'v(x.+rh.)dt. (14)

o

q(t,r) = (t-t)ulr'y'6, eo(t,c) = ul[(t-r)t+(1-t)t'e]/6,

a * 
(l-t)uo+u,
ho+hr+h.

1-tpr

A = 1-tFt

ho(1-t)+h..

ho+h, + h

ti,*.,r) sdt . J,*,.,",

* jtr.t.,.) F+.

+

lat(t,r)
I

. Jtt,
o

(15)

t' = tr( 1 - 
= 

tl" 
= 

)[(r-tlpr+rr]' ho+h.+h.

crclyc" A z orn noorory dt,r) z o.
Ilonalcr, mo eo(t,t) > o 'npx t e [t1]. AeimnrrcabBoloftc-

?pGl.rbmrrtoruem tp5nrm6x n(t) = (t-r)'+(1-t)r3l 6yggn ?txuf,
r, = t/[t*ilG)], I. = t/lL - IGd'1, rs Koroprx r,, st.Jienno
IlpoBGpr?br trto no(ta) S O . iloarcry B ?oqftc rz Lorct 616 loar-

iI

lct



ro rrf,crrlrr {yenp q(t). Ttc o61nror,

..r$t r(t) = rla (ilt) 'il1))'
Trr rar q(t) = (t-t)trr : o r

n(1) = r(14)tr,(' - *;h) . rr+r(r -dH] . o,

ro rr(t) : o npu tc [tg] rrqrqrptmGrbno, ?a(t,r) > o.
Pecerotpu lcncpb Oarp lr(t,t) Ef t a [oll, r c [oll.

Ilpcgp eccno urc?il, rlro

{t) = h.t, + lr(1-c)[3-rr(1-s)a - rr(t + r + ra)] >
> l, (1-r) [3-( 1-t) 2-(1+t+rt 

) ].1r11-t) (1+t-att ) : o ( 1e)

Iloerory

#ttt) - r,t,(l-t)'.ffi- r.1,(1-t)' :
h2

= frt-t6(r-t)-rr(1-t) 
r+t') = Lrtr(1-) t3

= lrhr(1-t) [3{1+rr)(1-t) 8-(1+ t+tr) ]

> trL.(1-t)[3{(1-r)t- (1+t+se)] = 3r}r(1-)t > o .

Clqlpnrcrrorl loFllr. lfr tr(t,t) rm?Grb r raqllrru cro6-
rrr norm ou. B rronc ?n(t,r) t o.

Ten o6poor, a (I5) ! Eopilrcr?uuu rrpacrr r@o orry-
ct!?b sf,tf, rogrrr. Lucrer rrralparl r Eetrrrr tqg,actraErG
upcodpeaorrnr, noqfrr

F(r)l s;fttr-tlho'[bo(1-t) + hnl[Lo(14) + hr+h.l[f t"L-

0rcalprorL.(1-t)+u. s(2-t)l r bo(l-t)+hr&r 3(34) E. !.$

E c rE (to}r}. ). Ilootory p(r)1 r *|t'tL t(1.+)(2-t)(3-t).
lL.r t(1-t)(2-t)(3.+) . u(2<),rlp r ..3t-tz ,nF n r [o3].
Irrcf,r.rDroo lrlrpr. rrlrJt u(2<) IpqlrrrGrcr !F ur!. r t:D-

e

n



Ho I. OrorcrlGtbro LB(r)l s llfrvurr/z4, t ?r clril 
"GoPcn 

I Ip-
f,rgllf q)I 1=Or r=0.

.ft6ppcrrppye (I4) no r r lnutrtrr' qto 9! =t,*. $)=ro(t,t),

ae(t,t) =-L%(lgI, a2r(t,t) 
= 4t!g.c)-

at & &2 ,G.
notJmarr

*(o)(') = ";"[# rr(ro+do)"*i# r'Y(ro*tlo)dt +

. i#t r(rr+th,)." . 
i#t'"(..."u.)d"),

(Lf)

r = 11213.

0teU,r

1n('){=)1 s nlorf,vr.. [l#F,. il]l*. il]F.
.it#t.") (18)

n = 1,23.

Hrfi.qcx oqcrry lrs lBr(-) 1 . K ccerm. fr,Irqr aqr/ai trc
8!r@!ci SrrronoctotlrEl, gto rprrrltlccr tctrullai ua.Ilttqcctoc
Erflcrcrrc rrttcnplloB a (I8). h oqann 1a'(r)l .Apgnu rG!o[or,
rocopL[ rcrrorbnoBrrca a [3] npr rccrqloa.rrr nonp€rioclr np6fr -
rmr qr6ruccm cturlnlrr reecce ct.

06osnru ncpce sr(r) ry6rcccnn clrrto! cnrsrrylprrcrlo:
pmsn ycroarrr sr(rr) = fr, dl(rr) - fl, J = o 13,3

Conrccro [3, c.59rnpr r e [r.,r..rl rcor
sr(r) = (t-t)2(t+2t)t. + t2(3-2t)f... +

T3



+ hrt(1-t)2t1 - nr(t-t)tar1*r, t = (r - rr)/n.. (19)

Oqcar.qxo, rHoroqJrcH Jlerprne L(r) npr^ r e [x.,r.*rJ rorcr 6mr
surrcex B BrAe L(r) = (t-t) 2(t+2t)t.+t213-2tlri* 

rii.ttr-t) 2r,'(r,)-

- u.t2{1-t)Lr(rr+.r ). Caegoartc.r"xo]

lr'(x) - si(r)l = l(1-t)(1€t)[r,r(r.) - rl] -
-t(2-.3t) [L,(r..r)-rl*.' ] I s

s (1-r) ll-stlln.(r.) I + tl2€t11n'(r,rr) 1. (20)
Tar xer

In,(r)ls lL,(x) -si(r)l+ lsl(r) -t'(r)l (21)

r oqcrra ,qan lsi(r)-f '(r) I rsBccrHa [3,c.6?], "o ,qIs rono, tmo6u

oqcrrrb IR,(x) l, Aocra,lorlno xre?b oqeHxt lR'(r.) I n 1nr(r..r) 1

C etofi qenbD xcnorrcyer H€paBeHetBo (I8). Ilpr 1=ao (t=o) Hexo,Err

Inr(ro) I s h;'ltf 'v ll- ,i. l(}.).=olu,, 
(n)

n.qe ot/llr(4rx

(*)"=" +p.(1.ffi",J),

e)"=" = + t## - r.,u'(l-t)']'

/aca \ _ r.to'n!{no+hr)(1-c),
tE_r/"=o_ffi

Heo?pille"erbxH npn r e [0,L] . Oto nosBorf,e? renro Brrrrcrf,?b rH-
terpaxH s (22). B pesyrttate

gn,(ro) I = huo(no+ur)(no+hr+h.)lF'"lL 
sf[rt"lt-. (23)

IIpr r = r, (t=1) ra (I8) norJ rs€tr

- hi 
f.r.-.rp.6t L

T4



lR,(xr)l s h;r[f rvil-

r.qe Qytrra$r{

{fl( * )"=.|u" 
* .!' fl(#.=,.1u"},

(#"=,=-+('-u..-#) '

€a)"=,= #t#-r.(r-')'l
(_'%
\ar

_ - l.ufu,ui(r-t)'
6(ho+hr+h.)) t=l

HENOJIOIT|!E'IbHH

s I uonr{ur*u
npn r e [o,L].Brrc.rrr rH?€nperurxrcer lRr(rr)| s

.)[lf 
toll- r tno flprBo.st? K oqen*e

1n,(rr) 1 s! n'1r'v1.. Q4)

Bosapaqancr renepb r (2I) n l u"nBas (20), (23), (24), a lerce
oqenxx Arr aprxtoBon ttxreprtotn$x [3rc.6?], nor!ruaer:
rlpx r e [ro,ro+ho/31, t e [0.7/51 ,

1n,(r)1=[},.t'*)(1.2t)-$t,t,..)(1.3t)+t(2+tl]ip."11.<

=f,ts*.-s.(1-t) .- ztz(t-t)l lE'v[.. s f [r'"11. , (2s)

npr r € [ro+2ho/3,rr7, t € l2/3 l),

1nr(x) | = [S t(r-t)(2td, ,Itr,r-t)(gt-r) +

+ t(3t-2) lllr'"1. =$t+**+ tz-zt,)llr'"11. 
= frrr''ll- . e6)

.{g.ree, xa (21) !u?crL? HeplBonctao

1n,(r)1 s 11s1(r) - t,(r)l[ + lL'(r) - s;(r)1. (2?)

Tar rar l1s;(r)-t'(r)16 s 6'r'1t'v11r/zs(cr. [3,c.6O]), mr3nu -
trrara (20).-(a3) r (2a)r o?cD.qt qpr r e [ro+ho,/3, ro+2ho,/31, te
e lL/3,2h) rreer

I5



fn,(r) I s E'[r'o;n {€/ne + (€+ut-1e*)/L2l s

s u,11rt"ll.(67ae + B/La*I < Et[r t'lJt. (aB)

06rcporra (25). (26), (28)i npEo.eor n ylBcl[.qcrrrD reopcnr I
.qra 1=o, r-1 .

Tenepr no.qnu oqGnry .qtfr n'(r).'Tar rertrtr n B rpcsrll;qctr
Cll rrer GC llGtbgf, EECCII trylol HenOCPClptrDCmOno IETUCICBIf tol-
tenpGlor s (I8). Cnoee [puG[m ro6lo,qrofir rtrerp. Ilyctr en(r) -
cnmmr ncprof, c'lencxr, rH"cpno{pyDrF[ srtrqoHrfr f!. a yaaer=.:
Br(-) = (l-t)fi . E?.r, r e [r.F..r].

0rcrr.qpo, r,'{r) = 
- (t-t)r,'(r. ) + 

- tr,'{r.*. ), r noarory

[n'(r)l s l8r(r) - f'(r)] + (1-t)ln'(r.)l+

+tlB'(r..r)lr rc[r.,t^..r]. (29

Trr rer

lEr(ri -f'(r)lstt(1-t)h![t't6, r e [r.Fr*i], (3o)

(cr. [3,c.,61), rc.qla noq;lclilt oqorrr ln'(r)l npu r€ [ro, -.1
Ipcm?oturo oqcrr?b In'(-u) | r la'(-r) I .

}ls ( I8) uccr

tn'(ro)t s h;elrlrfi. 
,io i t(*J.=ulu., (s1)

nqc Wfix4rr

(*).=" =* (o. ' r," 
,ho '3' '\o)'

(#).=. =+ t - #+t+ r'h'(l-'s)rl,

(*)
t=o

r.uo'u!tr-r) t(2bo + an)

ho+bn+h.

t c [ol]. t{s (3I) rcnro Eor! lrc
I6

ncnototlrarblu rPl



la'(ro) I s#(3b;+hr2+\hr+2hoh.+hrh.) [f '"[. =#

.furecrra (I8) npr r =r.. raro,rl

In.(r.) r s h;zrf -u{l(#J.=.1u" . .!, flt#J.=,1u.},,*'

/A\ - P.ul(2ur+u.)te
\attl"=.,-@['

(#).=. = + tt#P + r''h'(l-'c)']'

l.ujrltuo-ar)(1-t) I

@'
Iloparr rs 9!rr fr4rnUn rcctg Hcorprrp?crbnr, qcno HG.[boa

cmsrib o grJrl lp]rnu. qgrro trpr ho > br oru rarcc Hcolpxqlrorb-
Htrir B aror orJ n rs (33) mocr ln"(xrt1 s{21tuo - 4.,)(u.. + hr)+
+ hoh. )llf '"ll- = i3t(f-d( do+h.)+dllE''tll. s E(l.*ot) [r'"il-,
D.!p 6=u./uo s 1. Ter tr1tr c - a' sL/4, to

la'(rr) I = L Ealf rv11., ecer ho 2 hr. (34)

Ilpr ho ( h., rs (33) Erxo.lE

In"(rr) r =;;ffif{r rrftznr'r.) + r.u!(nr-ho) +

. orltu.lla. )tr'"tt., (ss)

up y(r) = (uu-lr){t) + h.l.(l-s)t(h.+hr+h.) = 1b'o-hr)[Zhr+h.-

€hrt+p.h.,t']+tru.(21.+hr)(1-tlt. Tar rar v(o)=hopr(2bn+h.) > o r
r(1)=n.t.(ho-L.,) < o, !c yPrxu. v(r)=o rr .t roP.llt C(Lot

[f t?il.. (gz)

nre
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hr,h2) € [0,1 ]. BocnoaasoBMr{cb rcopcron Eo.qna-Oypuc l4]rrenro
rrpoBeprrbr trro Ha otpesre [0,1] otor nopeHb clllHctleH. Ar.recrlng-

"EBefi 
Ot{eBXAHOe COOTI|OTICHXe

rC1

Jtr<"1 ldr = 2J v(r)ar - Jr(r)ar . 111-.s.; v(r.) ,

rg (35) noryqreu

lR"(xr) I = h llr ''ll. {*r. ,o,,h,) -

- 2t.[hr(3€t.+(t.)2) + h.(3-pt.(c)e)t lrtlt-1.' ] ='1 - ho+h.+h, J

s ||f ,vll- (ho ,hl ,h)/Lz,
rAe

o(ho,h.,h.) = 
(n,,-uo)(n'+nt)2 + ui(2u'+ut)

' ho*hr*h.

a2o(ho,hl ,h2)>o npn o<hoshi.
auj

lloatory rarcrtrlJrbHoe sxaqenflc Qfrrafrr o(bo ,hl,h.) goctrnle'rcf, Jrr-
6onprrho=o,an6onP,rho=h..l{reexo(o,h.,h.)=u.(h,+h.)>
> o( hr,hl,ha) = hi . CacAonlla,rbHo, nprr ho (h, cqpaBG.q.rtrtt oqcH-
KI

lR"(x,) I = ,} 
h1(hr+ h2) llf 

rvll. 
= * "t ilr '"11. , (36)

Koropafi, raft nor(esxBrct cpeaHeHne c (34), BepHi lt rrprt hoZ h..
Tencpr, rcnonbsya orlenqr (30), (32) n (36), rs (29) npr r €

€ [ro ,rr ] Hexognr lR"(x) I <ftrt 11t 
t'll-{tl€t - 6t2) s 1[}rt 11r 'v1-.

0tcogp Buicxacr y"BeFtrAcHnc teop6r.r npr i = 0, r = 2.
Cpaaxrrearno HecroreH crwai I = 0, r = 3. AeRc?BxrelbHor

QynnIpcr

Helpygno npoBepxrb, rtro

o'e urhft'1

#= uit r -Sr'-1
I8

aF - tn.n..U'



u'er _ riurC{t)
At' ho+hr+h.

alga 
= ^,hlh:(1-r) 'at' ho+hr+h.

sHaftorroc?ofinnurf, lrs (I8) rmereer l8- (x)[ s ll f tvll- {ho(l-t) +

+ft-r.,rnf(r+t+6t2-4t') - I.hi + 3hrh.+Shl+ulll(uo + h, + h.)) :

Marcnryr npeBofi qectfi Aocrrracrcf, npx t=0. Iloatoxy I R'(x)l s
s llf 'vilJho + (2nr+u.-h)/4) sinllt'"11., trco BreqGr (6) npr I = 0,

ilymu tencpb x € [*. F. 1. Ilpoqecc florJrqcnx.E rxtenpaJrbHolto
irpcAclrBneHxf, Anf, R(r) sAecr BiroJrHe &ruonrqeH paccuorpcHHoxy rr-
EG cr1 nD r e [ro *, ] . Paaarrne coctont Jrmb B rorr qro nocJtc
noAqrerrolrcr (II)-(13) I (I) c.regym rBccrr o6osHaqeHxc (r-x.)/hr=
= t. B roxcrlxor lt,ronc

*(')1r) - ";"[prrv(ro + do)dt . 
i;3rrv(xr 

+ th,)dt +

- i# rrr(r,+d,)d' * i oQ,

at!
3lv(xz + rh.)dt

)
(3 ?)

r = of,2,3,

r.qre

6o(t,r) = -prnfnfr'B(t), tr(t,t) = -l.ulu!(r-r)rc(t),

e(t) = 
t(1-:)[(1-t)h.r+hr] 

c(t) _ t(t-t)[no+thr]
6(ho+hr+h.) 6(ho+hr+h.) '

6r(t,t) = h:(rt(1-t)(r-tp.)/e +

+ B(t) [c..'-lr{l-t)'€t*l-holhi] },
t.(t,t) = hlt(1-r) tt[r-(l-t) xr)/6 +

+ c( t) [-u.r'+r.(t-s) '€(1-t) +1-hr/hi ] ].

Oprngr (o(t,t), tr(t,r) Hcnororx"G.f,bt{r rpn trt e [o,1 ]. Ilore-

I9
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r€tr, rrro A.!fi ra.qono t € [oJ.] Wrnnn tr(t,t) ncnorcr?.rbrt
rp t e [o,t], efi.(t,t) rF tc[t,L] .'lls rcgpcrer

a2i' 
* = oFtt)[1-(1-t)r'1t;r - 2

glrrDqaor, q"o rpr Dcqr r, rrF roiofu air/ur=o, Doe! roc?o

HGplumc"lo a"ir/ur" : o . Iloetory Egrarry ir(t,r) rc roror rpr-
Hrrltlb rlncrrrrb;ono Srrqcrflr t1xr t c(o.t). Qto gocrrrecrca .u-
6o npr r= O, .1160 fiIf, et. l&cor

E.(t,o) = tp(t) (
ho ho

Sor
ho+!. h,

tr(t,t) = t(r-t)ui(ta(t-tpz)+[(1-t)hr+L2]a(ho,h.,ba,t) ]/6,
nq/. c(ho,h, ,tra,t) = ltlp.-trr(l-t) l-gt+l-ho/ur)/(no+h,,+h.). Ter
mr

#o= too*..*u.)-'{-(r-t)a(2+t)- # - r. 1.+ -r' 
} 

. o.

ro duo}ri.,t) s c(o}r}.,t) = (t'F.€tz + tr)/(u, * h.) t
6ir(t,t) s tt(r-thl(1-tp.)(t+tr.-2) s o . Tcr clmu nortrlnorrrro

6r(t,r) s o, r € [o,t]. axuonruro illo.g?cn xcllllmclm t (t,t) s

So, re [ti].
Ilcnoarsyn Bcnorou?Grbrocib {glxEgn

qrcr
i.(t,r) . rs (37) mry-

tR(r)r = nr'"u"[-ita'- Jl,a' - h*- h* ]=
= ll rt,ll. t(1-t)h:(ho+rbr)(h.+(1 -t)t) /24 =

s l6rvno;urt(1-t)t2+t(r-ilt/zt s Fr!. stYsl.

0rerrnr crqlJc! (6) npt t = I, r - 0.
.[,rn rrm.qt oqGnn lEt(x) | eocnorbsltcret rcprtaclrerr (2I)

r (?). Enc.qra lBr(r.)l ycmnoaaGn. oqgrr (24). 0ccupror ot{l
rc cnprlc1flrra Ars 1ei(r.) | . Iloam4r rpr r d [r, rr t h/S l,
t e [oJ./3] uec

N



1nr(rll s trt"6 tttt-t)(1-2rrhl + ut[(1-t)(t€t) +

+ t(2€t) 1YL2 sts{r-e.l [1+t(1-t) ] ll3rY[. s $ F'"11..136)

Toroo rar re rprr r e [rr+2/3h. , r.] norJ rrcr

tn,(r) I =$tz"-rl[1+t(1-t)]F*[. = $ F''[-' (3 s)

Harorcq. npt r e [rr+hr6, tr+2.hr/3 l, rlro.g
-1+6b-6Ga

t2
rro ErGc?c c (38), (39) lrGlc! (6) *n t=r-1 .

OVrnpr

IIcnEt no trcpclotilof, trlr rrf, rcFro llpolGpillbr

ata

Crq;orrlcnxo

I O'

# = -r.r!afth'(t), += - r,t:h:(1=)' c'(t),

# = lf trtrl + B'( t) [ p.t'-r,, (1-t) t€t+r.-lulu, 
J ],

# = ui t(1-r) !rrle+c. ( t ) [ r, (1-r) r-p. tt-2+3 sh a/h ]l

lar(r)l s rtP'"[. & ).gn''"r. ,

a'T.(t/g,r) a'i.(2/3,a,
-r->o, c e [ol], l=of PB,

a2?.(t,t)

'#> Qcerr *=. sfl tctoll, r=o t,2p.
Itr*rlr .il.? 6qrr, rs (3?) 

-rrpr 
r e [rr+h.,/3 , *.r+?lr/3 ] rrccr

f n'(r) lgs pn1.(1+t+sta)nf + [bo+(3t-r)ir]ttz+t)ir+h.l] /tz s
s E'lE"[o E+6t(1-t)]/L2 . Otcl,pt

la'(r)l=*.r'Ftt[-, teU./3,2/3): (40)

Irf,I)o[C tOrO,

2I



1n"(rr+brl3) I = # E'[f t"ll., lR'(rr+2hrl3) 1 s Srtlt t'[.. {et)

Ilyctr S(r)- moroqrcr nopton crcncHr, rnicpnorrplDqtr sHrqc;rt
fX I f'(rr+hn/S): e(r) = f:(1€t)€tr'(r.+hnl3), t e [0, 1/3 ].
Ton.qg

In"(r)l s l8(r)-f'(r)l + l8(r) - r,'(-)1, rc[rr,rr+h/31 ,({2)

Conaecno [3rc.rl4], tlrcor

ls(r)-r'(x) 
' 

=+ (5J"[r'"[. s {1t'"1.. . ((})

.{Arcc, [pxrilrrr ro uilrrxlo (36) r (4I), norllveer

1s(r)-r'(r) I s (1-3t) In"(rl)l€tlR'(rr+hrl3)l s

s nar( lnr(r.) | ,In'(rr+hrl3) l) s * Etlf '"ll-. (4)

Tcncpr rs (€)-(zt4) uclycr la'(r) I =* Et[f t" ll., t el2/3, Ll.
0qerr,qno. mrrfr rc oqour crrprDclrrEr rpr t c l2/3, l].0frcgres
atr pcsyrb?ru c (40), npno.Sr r ylmFJtGnrD 

"aopcn 
I npr I = I,

r=2.
Hmpypro rpoDcprrb, rr?o lcc {uruqr auir/at' srlf,onoc?orx -

rorG rpr t e [of ]. 0qcxlaee rrttcnpurr a (37), nor!rulcr

ln- (r) I s llf *ll- t{.,ho ,h, ,nr)/4 , (45)

n.qc r(t,ho,hr,h.) = [urh;2+r,.1! + p.al(r-ztr) + r,ral[1-2(1-t){] +

+ 2h;(1-6t + 6t2) + 4tboh, + 4(1-t)nru.1/(uo*ur+ n.).

lla coorrmco, $= 24hi[1-Ir(1-t)a - p.t2]/(uo+ur+h.) > o

cJrc.qycr, rr"o {yHKErn v(tr... ) nprnrrec? rlrcrrlrbroc tnrrteiua
ar6o npr t = or an6o npn t=1. flrccr y(o,ho]r,h2) = 2br+h.-ho +

+ 2qtf,/(bo+hr+h.), y(1 ,ho.ur,ha) = y{o, h.,h, uo ). }ts nocac1nc-
no pricrcrrr !f,Axor qlo Aoc?motoro orlcHlrlb y(o,ho, hrrhr). llorr-
la, q?o

y(o ,ho ,h1 J. ) s y(o ,ho ,hl ,E) < y(o ,ho ,H ,E) s

s y(o ,o,E,E) = 38. (46)

u



,l[cilcmrrclrxo, t(o Io F, ,f,) - r(o ,no ,h, ,n.)=(u-u;) [r-2p.uj/(uo +

+. hr+h.)/(ho + h.+E)] >o,rlr rrr 2ho/(ho+hr+ti) < 1. Anr.uonxraro

y(o ,ho ,E,E) - r(o rho ,h, F) =

r,- prhi Ir- o, ]]=o.= 2(E-hr)l 
,o".")(ho+28) [ ho+hr+E lJ

3E - Y(olo,E,E) _ o.{, 
"_fu} 

= 
..

Ttrrr o6prsorn y(trho,hl ,ha) <3E, r rs (45) cae.qycr (6) Mf,
r = 3, I = 2. Tcopcre I Aorrstn noJrnocnbD;

Ha pernoucp,", ::::T:::""i.:.,il'o1 = .',,r,bo,h, ,h,)=?/3,
lr otlcrr. (8) aurcrcrcl ns (46).

Her 6nno oflcqeHo arlac, rfunrrp, 6t?r,/ at' anrxonocroruru.llo-
alory rpr f(r) c ct1-o;.rJ B p.lcHc?Dc (3?) rorno nprr.cHxrb !eo-
pety o cpeAHcr Arr m"cFpalol. }{rccr

n'i (-) = h-'t'1,") j# at + rrY( r,li}! u' +

d.t

= u{.f rv(Eo) + [-1+tr+(1-t)r-12r.]f t?(Er) *

+[1-tr-(1-t)'.re(r-t) t]f 'Y(Er) . f 'v( t)l/24,

rAero s tr srr,rt s Et,Er S-.,=.. E, Sxr.[lyc?b ts1,/2.
llpeo6peaya R" (x) E BxIy

n- (r) =lr(12(1-2t)rtT(Er) * [f 'Y(8.) - r'v(go)] *

+ [1-tr-(1-r)r+12r2][r't{ir) - ttt(t)l)/24

Dr Jnu.!r!la, rmo 1f 'Y( E.)-trv1 $) I s 3df 'Y) , lf ''(ir)-f to( 
Er) I s

. tr"firlf att.

-'dt
at' +f '"t,.rip )

23



s (f rY), , norJ nr
lB" (-) I S (1-2t) flrttlove + [4-tr-(1-t)r+12ra]h.( t1!)/24 =

= 1{r-zt)llf ''[c +tr(ff)7il2 *

+ h[4-tr-(l-t) r-tzt(t-t) 74t't) /zt.
Ter rrr_ {t'v) s eFr"llc r ?c o?c![t 1r' (r) I s I f'rv NNz +
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