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c AonoJrHnTE[bHHt[t y3JlAtr]t

B.M.lllyulaoa

l,lHrepnoaRrprfi ([rrrrsrn fBrf,eTca o.q,Hofi r,t3 ocHoBHLrx npo6aex teo-
ptrn cn afiHoa. B [I] 6u.nn noayreHu JIoraJIbHLte (pprynt peueHxr oron
Ba,.qar{x Ha ruracce ry6nuecrnx crurahHoa nJlqAxocrx czr-meoupre rou-
Hoerb o(nt), rAe H - xakcxuarbHoe paccrof,Hxe rerAy roqtatn rH-
repnoanrlttr. llme rrox&3aHo, rrro BEeAeHrle AonorruttetbHl8 ]l3JtoD
c&,retrKr{ cnnafiHa nosBoJrfler yK&3arb cxerH nor€JrbHof, xHtepnorfrIsl]l
qerBeproFo (HansrcEero &ra xy6rqecE[x crrrafiHoa) nopaAna ror&toctx
no E.

$ I. baon pacqerxrfi @ptlya

llycrr aaggru BospacraDqar nocJleAoBareJtbHoc?b ro{€E xr <t2 <
( ... (ro BeqecrBeHHofi oct+-tt sHaqeHra Herotopon oyHKt+lx t. =

= f(r1 ), 1 = Ir2r..., ai a 2 II.
Bne4en AonoJII{xreJIbHEe )BJItt r-e ( r-r < ro < r.i rt+t/z =

= (xr + xr*)/2, 1 = 516r...; D-5; xo< ...( r.*, tt cBfier c no-
ayueiHof, c6rxon Mnof,ecroo xy6nuecrnx B-cmafiHos B.( x ), j. 01Ie...
...,5,II/2,..., n-4, D-3,...1. n+I t2]. fun m6of, frynrlgr f(r) an-
npokcxilaqxoHHufi xlr6ruecrnfi crulanH S(r) Ae(Frta I luet 6srr
nFeAcraBneH B Br.qe JotHefiHoF xom6nnat4rn Lcnaafinoa

s(r) = ,!."rlt, Br(x! ( I)

nge cr(f) - HeroropHe SyHrt+{oHaru.
onpegearn AJrs I(arAoR npynnbr t{3 qerbPex roqeK xr-t,..., trr+2

nHTepnonfr+roHHHft MHoroqJIeH TpeTbeF cTeneHr P.(r), a AJIf, nf,Tn TO-
9€K r1-2r...trr+z - BHTepnonf,q{oHHHfi cnJraAH lpe?bef creneH}r qr(x)
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c e.q[HcTBeHHbrM ySnOM CtUlefiKn B Tot{fte

na IY [2]. BneAeu 6prxrgotram [3]:
xi n KpaeBHnH ycnoBllflMx Tl'l-

r,r(r) =+ *i" 
(-1)" ,{r-") 1rr.) r(") {"r.) .

3geco 4,r(x) = (r-r.,)(x-rr.)(r - "rr),8 
TJtl tla, tJ, - BH)mpeH-

nre ysai Lcnaarna- rr(r). B coota6tcranr 6 [e'5], n6aorna a (I)

\*.r1 ,(f) =L,*r7.(P.)' i= 6,7""'n-6i

ar(t) =
rr(or), J = 01,...,5r!l/2,
rr(q-.) , i = a-{2, D4, n-3 ,...,D+1 i

c..(f ) = lf r - d,.-r/ ,(t)z r-r1 ,(xr) - ur*,r1 ,(f) x

, B.*r,/.(*r) ]/4.(x.) , i = 6,?,..., D-5,

nonJ {xM nol(aJrbHyn annporcxxar[{D, BHrrt{cJtaer}m no gHatrerutf,n f . n

ToqH),D Ars nn6[x uHonourenoB rpertefi crenenrrnp{r{eu cnrafiH s(x)
lHTepnon[pyef QyHt(4{D f(x) a Toqxa)( xrIar...1!(o x He ntreeT pa3-
puBoB Tperbef, nporrsBo.qHofi B JEJI&( x2 14 Ia-r, xa-.. B cauou geae,
npoBepHu ycJtoBre roqHoeTn Ha uHoroqjleHo( Tperbefi cTeneHn. llBr ra-
BecrHo [3], A,la erono neo6xo.uflMo n Aocrarolrro BHnonHeHrfi paBeHcrB

cr(xr) =Lr(xr), 1 = oJ23i i =0,...,n+1, (2)

rAe Xr(x) = xr . fiyera j = ?r8,..., n-,6. Ilocroarry AJIf, 6fln41s
f(x) = xr rMeer nr-r(x) = pr(r) = xl, ro

crr(xr) = [=tJ - Lj_r1 ,(xr)ar-.r7.(xr) -
- Lr.r/.(x, )ar*r7.(xr) Var(xr) .

l{o6aaxu }r Burmeu B KBaAparHbD( cxo6rax BbrpareHxe r,J(xr) ar(x).Yrm-

rHBaf,, qro 
F L.(x,.)n.(xr) = =l , npuo.E{u x rpe6yeuoxy paBencrBy

(2). .0,nn ocrdruxroc sHaqennfi J aunoaneue (2) oqearAno. Aoxarer
Tenepb cBoEcrBo t{HTepnonsqlB nor]rueHHoft cxerH B t(pafiHrx roqft&(
rr Ia,... r(5 r xo-" Jn-3 I o.. *o ..[,etretnnteabHorl(ogQ(r${entu ar(f),
i = 0,I,...,5rII/2, crpoarcf no cxeye! Tor&rofi,q,Jrf, o.uHoro n roro
xe cnaafixa q.(x) [+], a sHarstrr cruanH s(x) coanq.qAer c Hln Ha

orpe3Ke [xr, xrJ, T.e. rHTepnoJrxpyer 3HaqeHrs f(r.), ... ,f(ru ).
0tcn.qa TaKre BbmeKaer oTc]mcTBne pasPHBoB rperbefl rlpolsBo.qlof, B

roqKax xz Ic . (AtalorntfiIo l{ Ha flpaBor r(oHqe. ) ltntepnoanryn Bo

BHlrrpeHHxx roqKax xr o6ecneurBaetca no nocrpoeHrn [S].
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l,le npoaegenmoc paccyf,.q,eHxr BHTeKaer, qTo BupareHxr AJrf, Hpafi-
Hlrx ftoaQ{nq}renroa c,(f) coBnaIADT c BHpareHrfixr, nprBeAeHHHMn B

[6]: 
!

a.(f) = f +--g- rut -1f,|:!- - nt 
ft*' - fi 

) -J' r 3(h.-r+or) , h.,-, J-l h,

hJ = *r*, - *,, I = 2 14, nr3, n-1 I

crr(r) = [tr-or-r(r)nr_r(*r) - o *r(f)ar*r(*r)]/nr(rr),
J = 3, D_2i

crr-r(t) = [f ,-o,(f )Br(xr) - crr*r(f )Br*r("r) 1/4.,-r(xr) ,

i=2r1,n€i
or*r(f) = [rr-ar(f)4.(*i) - a -.,(r)ar-r(*r)1/4.,.r(xr),

J = 4, n-1, n:

n.,.,1 

"(f) 
= [tr-crr(f)nu(rr) - cr.(r)r.(.x r))/s r11 "(*) 

i
eo -r7.( f)=[fr,-.-c.-.( f)Bo-.(xo-.) -c.o -r( f)B^-r( to -* ) )/lo-r1 

"(ro-).

.&ra neqe.mx sHeqemrn xHAeftca J Bo BHJnpeffux Jrana:( HenocpeAcrBeH-
HHlr BuqrcneHr{err noJr;nraeu (cu. [3])

hh2
u*ryr(t) = f r .;a t, ,r*. -t'f ._, ,. rrrr -

=i&.2h

6
h I

6

(zu +hl-1- t-l r.. . ,l+2fI 2

[ 2h.*r+h.-2h.-. - 2h.-r.h.-2hr., .
tI[*fhJE..' -r ' (t;FJhr*1 r+r

- , 
o. 

1 
2h.*,*hr.t,-r, * 2h.-rth..f ... ;f

b,-r* hr* h.*, h.-r.ha h,-r. h.*r.h. h.*, J

3geca aaegero o6osnaqenre frlooolJ AJIa parlAeJlenHofi pa,3Hoctx no

TOqKAM x. r... ,nr . [IOAyrenHUe Bb[Ile COOTHOIUeHTfl nOJItlOCtbD OnpeAe-

Jrf,Dr sHaqeHrf, rooQ(pr4{eHroB B {opnyae (I).
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$ 2. 0qenra norpetrHocrtt noxarbnof, trHTepflonf,q,u{

0npa}tlrra,rucn t{s]rqeHneM nonpeoHocTx noraJlbHofi l{HTepnonf,Ls{H Ha

BHlmpeHHlrx }tHtepBaJra)( B cn] {ae paBHoMepHo pacnpeAeJIeHHE( c uaroM
h Toqer r.. Tor.Ea

ar(f ) = !* {tr-.-4,-r+s&.-€f,..r*f .r. ) ,

er*r1 ,(?) = !1-f .-r*t..t.*r-f .*.) ,

s1 = J-(r.-a*r-r * &.., - fr*.),

al =#(-f.-. * &,-, - 1of. + Gr*, - f.*.),

s'r*r/, = ano(tr-. tt.-, - 81f..+ # r*, fr.*, * fr*r)

fua 6ynrrgru r e r| r ncnoJrbsyf, rppryay Tennopa, orcoAa Haxo4t{li

lrl-sl, =iEo,F''il -, lrl-s: t s#'tE'olt-,

lr,r*r/, - s,rrr/rt =#" utlEtoll-,

-"=g.1@ov1?id$!-L,74.
Tenepr AJrf, BBeAeHHon naparerp[3a4{n cflnarHa s(x) na BHytpeilflx
xHlepB&,rar( [*.rr.*17.1 [reex

s(r)=r. .trl . tn(3-t2) +fi s!trlr(g-2r) +-Ls,.*17.tru,

g = 2(r-r.)/h.
flocae npnreHeHr{s @p.y.mt Tefiaopa norlnra€r

lr(x ) -s( x), 
= =t*{, lt.2-rr(3-t 

2 )+t 2(s-2r) 
I c rY(r. +r{2 ) at +

:
* t'Jir-.)2rrv(r.+d,/2)atl + !tza.ast - (38+)t,lf t"U. 
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s 
57fu- 

u*t t % + 18ot-(140-4c )tz-err, I llr'' l;s # . # llr'' ll.,
qro noqrr4 B Tpn pasa 60auue oI{eHK}l norpeflHocrl,t o6Hr+rofi HeJroKaJrb-
Hof ,rHTepnoanryu [2]. I,ls coo6pa[eH]M cnMMerp[l,t nonyqeHHar oqeHxa
cnpaBegJr[Ba il Ha no.qHHTepBaJIaJ( lxr-t/2, x, J, a snarfiT, l{ Ha }rHrep-
nare [xr., x.-e ]. Otuerlru, uto, r(ax nor&BblBaer nplMep {.yaxrrrr
f(x) = x*, ory oqeHry MorHo WeHb[rHTb aclMnrotnqecxn no h npnMep-
HO B ABA pa3a.

$ 3. Jlora.nexne (]HAareHrarbHue cnrafHu

3auennn HHAeKc cyuuxpoBaflnn J e ( I) na Hoxep roqxu i, &na
BHJrrpeHHlrx npoMer(JmroB [r", x**r] +opuyay rorarbHoii [Hrepnonrr+{r4
MOilHo nepenlcaTb B cneAlmqeM Er{Ae:

s(x) = ,:l-.t. o,(x) , (3)

rAe .q,rrf, cnJrqar paeHoMepHoft cetxu o.(x) =ft[r.-.{*) -4ar-r1 ,G) -
- 6B.-.,(x) +?f.ar-r1"(x) + 5&,(x) * 2@r*r1r(*){4,.r(x)-&r*1"(r)*
+ Br*.(x)] . Aprr4.u o.(x) npeAcraBnf,ra rs ce6R +lnrAaileHrarbHHe
cruIafiHH BBeAeHHono npoqecca JIokaJIbHofi r{HTepnonflt$,rx &[s cn)rr{an 6ec-
KoHeqHo npoAonreHHofi B o6e cropoHlr cerru (ar6o B nep[o.q{qecxcu
cayrae). Hocrreaeu AAHHoro JIoKaJrbHoro 0)rH.qar.eHTarbHono cnnarHa
cJIFt{T orpesor [rr-r, r..r] , roropufi trxpe HocHTeJIf, B-cnaaFxa
Br(r) ' xrpaDqero aHaJrorlqHyo proao a sn,\n(€ npocreFueP rtoxarbHoI
annporcnlraqxn ry6nuecrol,rr cnranHaun 6es gonoannrerrbHux ysroe L2l,
otpesra [xr-., =.*r]. Axaaonn,+ro [?] MorHo cAeJtarb HoclreJtb

QyH,qAr.eHTarbHono crrJranHa JroxarbHof xHrepnonf,ql,lt{ noqrr paBnBi Ho-
cfiTem c?ex.qgprnono B-cnlrafina, BBo.qfl BMecro o.ufloro no tlerupe

Aono&{rrerbHux Jlsna Ha Kaf,.q,olr ]rHTepBane [r" J"*rl.
06osxaqrx *r!./s =rrt nyh, a= I,2, O < yct/A.Aepersya

nax a $ I, a cayrae paBHorepHo pacnpeAeJleHntD( Tor{€K xr Ha.t(o,s,tu

or*r15(f) = f. * y[Mr,,*r - (a-2v).{f.-r,,,,*,, -

- htf .-1 ,... ,.*.1 = t.-t(li' t,-.,* f t,.- f t.*, * f t,*.) i

ortrlr(f) = f, * (r*v)$f,,.*r - (1-2v+ av2)Lfr-r,.,r+1 -
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- (1+r6t'+12t') * f ,-,,...,r+2 =! (-z*?v - 18y' + L}l)tr-r+

*{ ts-zv + u{azt)t. + I (2+5r1of+12t')t.*, -

-fu,a.v-6f+12y')rr+2.
fupaxenna Nf, nr*r/r(f.) , errrlr(f) BurJlfi,qfr crm{erprqHo nonJrqen-

HEm BHEei A

e.(f) = f. + JL[t^-e + 4(1+v)(f.-r*f..r) + 2(3+4v)f* + f...1.

Orcopg, ot6pacuaaa BeJlrrtt{Hbr BTopono lt tpetbeno nopf.qfioB

,ocTrno YrnoJlwaeM
M8-

olY(x) - (1 + I)n.(x) + (1 -flrr-.,tr(x) + Br*r1r(x)l +

.. -', [ar-.7r(r) + Br*.7r(r)1 * 2:5r 
1a rt/5(x) + a.*r7r(x)1+

* ytB.-nlr(r) * Br*n/r(=)l - { ta.-rtr) + B.*.,(r) + B.-r7r(x) +

* B,*r7u (r) I - {ta.-.ro(t)*B.*./rG) l-8... [a.-r7u(r)+B.,2/5(x) 1-

-Htr.-./r(r) + B.*67r(r)l -fita.-.t*) + B.*.(x)1,

nplqer HocrreJrb Qfrn+rr Q[(x) cocpe.qoaoqeH Ha HHrepBaJre [r.-.-2yh,
r, *.+2Yh] '

a

lr

dos

-0 oS

-t-3 -2
x ,ut

2

a
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lpa4nrr or(x) il ol(r) Arf, y = 0.I nso6parexu Ha prcyHxe.
(B oray cruuerpnt,t npeAcraBneHo Jnulb no noJroBHHe Kil,qofi qynxrptr.)

B aaxmoqexne npxBeAeu pesynbrarH q[cJreHHux oKcnepHMeHToB no
noxarbHofi t{HTepnoJlfirfll{ qerhrpex QyHnS{n f .(x)=ex, f.(r) = e-1ox,

fr(r)=sia(nr), fn(x) = L/ll + 1oo(r+,5)2] Ha orpeske [O,I]. B

ra6a.I [pt{BeAeHr'r aHaqeH}rf, ta-lf(x)-s(x) | ,rge x nptlna,q,Jrerrr paB-
HoMepHofi cerre Ha [0rI] c rnaron h/Lo , Mf, OopMyJD,l (3), a B

ra6a.2 - arn cayuan of(r) npx y = 0,0I.

Tr6an aI Ta6anqa 2

Oyrxrgn
h

0rI 0,05

f ,(r)
f.(x)
fr(r)
f.(r)

6,3.10-6

0,0I5

2,2'ra
0'@

'/,5.I0-?
0,0012

I.4.I0 -

0,0I

Cpaanenre g?rfi pesynbraroB c ,qPflHHrrr nplrBe.qBlotuar B [2t
c.252 ], roBopr{r o 6Jmsoc?t{ norper[Hoctlt BBeAeHHHx cxex noxqtbHof,
xHTepnoJlsi${r t{ o6brqHofi rorarbHof, annpoxc[rar[rn ry6nuecruux cn afi-
HA!T.
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