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T0I{H}1, ltPltBrJE tl otslACIH HA U0BEPXII0CTU

B.A.Cropocneaoa

B naCtOaqe? c'Iatbe peqb HAeT o CneLEaJIbHHx rIOHfiTl,lE(: 'Ioqlta
Ha rp{Bofin, t?orrra Ha noBepxHocrtt", ttrl,ttiltf Ha noBepxHocrl,tt, io5-
Jractb Ha noBep)$ocrn", Koropue BBeAeHU B aBToMar[gupoBaHHof ctlc-
teue Feoue.rplqecr[x pacqeroB ACTPA [I ] g4n o6oanau€Hl{f, coorB€rcr-
Byrcqr{x IloI0,HofecTB MHoteqrBa roqeft KprBofi l{Jtrr noBepx}roctr. c no-
uoqbD 9tt{x noHs3t{fi ycraHaBJrrBagrcfl oTHo[eHr,te npxHqfl,refHocrn uerA)r
odtertann ttna nTotrxat, txpllBafi", 'noBelxHocrb', rrro .qaer Bogxor-
Hoctb npn BHnoJIHeH[[ pacqetroB B parra:( crcreru ACIPA ecrectBeHHUU

o6panou qApecoBarbcf, K orAenbHHn oJreHeHTaM yr€saHHux o6termoa.0qe-
BltAt{or qto noHflre "Tortrca Ha noBepxHoctHr, Harrpttuep, 6oaee nHrFp-
ra?HBHorqeu noHfitre 'Tot[rat, nocrorbr(y nepBoe He roJlbxo onpeAeJrfi-

et cary rorlKyr Ho r{ coo'rHocrr c HeF cBoficlrBa noBepxHocrt{ B 9Tofi
Toqr(e. llme paccralprBaDrcf, r(oHKperHr{e cnoco6u peaJrxsalpu f(a3an-
tm( noHf,"ttft B crctexe ACTPA.

$I. Toqta x KpxBaf, Ha fioBeptttocrx

Ilycto A - Toqra B TpoorepHou cBK,n{AoBou npocrpaHcrBe I{ ee

MecronoJroreHne o[peAeJreHo pa.q{yc-Bertopor ro = (ro,1re,zs} orHoc[-
TeJrbHo HeftoTopor AekaproBofi cxcrell[r KoopArHaT. Ee npeAcras.reHre B

rarou BH.qe cootBe.DcrByetr rrrry "roura". fipegnoaomu renepbrrlro roq-
ra A npnHa,[,JrerxrT rpraofi G, se,qftttHofi B Tofi f,e cr,rcreye KoopArHar
Berrop-g/nrrpefi ? = il(t) = r(t)E. + y(t)8.+ zft)Ar, te[o,I], nle
31, €zrd, - ogtn r(oop&rHatHu( ocefi. 0tor (Fr<r ooHaqaer, qTo r,:r.f,,

Hexoropono to lr.eer Mecro paaenerBo il(to) = ilo rr cJr€AoBar€Jrb -
Ho, ToqKe A MorHo noeraBnrb B cootBercTBle ccHJII(y Ha Kpr{B]m G 14

sHaqeHue naparrerpa to. Ey41nm npeAcraMeHHofi TaKxMx .qAHlIttMI/trTor{-
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fta Jnfre orHocr4Tcfi R Tl,rny t'Toqfta Ha ffpraofit'. Taruu o6pasoM, o Na,x( -
IIFIM THnoM cBssHEaercfi KoHKperHHtr{ BxA nperqcraBJleHrfi o6texra.

ilosqHru Ha npocroM nplluepe paaHlrty B r,renoJrbsoBaHlllt o6tertoa
Ttana rrToqnat' t.t "Toqfta Ha Kp]rBofirt. Bo axo.qnou ngure ACTPA ]IMeorcn
ABa oneparopa, onpeAeJrmuux Tot{Ky Kaft nepeceqeHxe Kpxtsoft G n nao-
cr(ocrl{ pf,. 3aflxileu }rx B BrAe: A = TOt{ (e,rn);B = T09K(c,1tr). 0r,a
onepaTopa oIlI/tchrBaDT o[rry H Ty [e Toqr(y B npocTpaHcrBe, Ho B flep -
BoM cnJ {ae oHa orHocrrcff r( Tllny "Toqfta" il npe.qcraBJlrercr{ pa.U4yc-
Bel(topoM to , Bo BTopoM - K THny "Tordfta Ha rpraaofti u c Hefi cBfl-
suBanrcfi ccbrJrra Ha KpllB]e c ]r napaMerp to: {(G), to} . 06panxu-
cfl Tenepb i( onepaTopy, KoropHf.! onpe.q,enfier BefiTop KaK KacarenbHbltr
Berrop KprBofi G B Toqre B:v= IlEt$ (o , a ) . Hecuorpn Ha ro, qro
TOqKr A l,t B B r,eoMeTplqecnoM cMblene TotrAecTBeHHbIr r,lcnoJlbsoBaHIe
rorfiof A B groM oneparope HeAo[ycrr,rMo. IlpnraaHa r(poerefl B Hepaspe -
rrrltMocrr.r carroF oa.qeqx. .[,efi.ctenreJrbHo, AJIfl B Befttop v eJvrHcrBeHHbrF

r,r onpeAeJrflerefl coorHorreHneM f,= f,(to)/lilt(to) l. Iaa ror{ftlr A ra-
I(oft BeKTop He cJnqecTByeT B crdJry Toro, qTo Ber(TopHoe ypaBHeHue

il(to)=fo orHoct{rerbHo napaMerpa to, aoo6ule roBopf, He rrMeer pe-

ureHuF r4a-sa norpetrHocu,r B onpeAeneHr4r,r il..
F,cril rcr{ra A llpHHa,&,rer(rr [oBepxHocrH P, sAJ\aHHofi napaMerp[-

aar$efi i = i(u,T), u,v € o: [os u<U, osvsv], ro oHa Mo?fier 6u,i,t
onpeAeneHa RaK "Tot{Ka Ha noBepxHocrntt t4 torga 6yget npe.q,craBneHa

LaHHIilMH {(P), uor vo}.
O.ruerflla, qTo BogMoKHht cnellJnotrye onepaql,ln npeo6pesoualufi Trii-

ttoB: "ToqKa Ha KprBol'i" * ttTor,ll<a", rt{oqKa na nceepxHocr}tt' - ttoq-
xa". 06parHue npeo6pasoBaHfir He onpeAexeHu.

itpunan G, orHecexHan K THny "Kpt,tBafit', F ct{creue ACTPA orrce-
AenfleTcfl KaK MHoxecTBo Toqeft npocTpaHeTBa, yAoBJleTBopflolqhx ypaB -
Henup ? = i(t), t e [o,B]. Ec.rru r(e oHa Jrerorr Ha noBepxuocrfi p, ro
s o6racrfi napauerpoB o efi coorBercrByer JrH]rHr 6r npeAcraB[Mar
ypaBHeHxeM il = fr(t) = u(t)do+ v(t)dr.B o1op crJrrrae G MolrHo onpe-
.qenfirb JpaBHeHr{eM i = i(u(t), v(t)), t e [o,E], xax rHoaecr.Bo !o-
qek noBepxHocTt{ P, oTBeqasqee JorHttr,! gr 9To coorBercrByer rr{ny
"rl.rHrrf Ha noBepxHoetn". ilpoqeg5pa pacqere ee roqex cocrouT B no -
cJleAoBaTeJIbHOM Bbrqr,tcJleHxr .qJlf, S4AaHHOPO napAMerpA tr CHaqaJia 3H8-
qegrrfi. u' = u(t.), v. = v(t.), a BareM - parr{Hyc-BerTopa f.= i(u.,
''r" ) .,

i'aceuorpnu HerotopHe Bonpochr qltcneHHoro Mo,qenttpoBaHLIfl "rilHHH
Ha iroBelxHoctlrtt. 06xtno ona sa.q,aercfl kaK ntHxfl G nepeeeqeHnr AByx
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noBepxHocrer................. B [3] xaaoxen aJrropxru qlcneHHoro pareHnf grofi sa.qa-
qx B cnyqae, KopAa pegynbrar ornocnrcf, K Trtry "Np]tBafi".B ero oc-
HoBe nerl,lT cnnafiH-r{HTepnoJlst-p{fl c aa.qArfiofi ToqHocrbD }lcKouofi rpu-
aoi. OcHosnaf, t{Aef, aJlnoplrua cocrotlT B ToMr qro paccrr{THBaercr
TOJIbKO KOHeqHOe qI{CnO TOtteK Jlt,lH]il,i Gr a SATeU n]meM UHtepIIOnnqHH

BoccraHaBJrrBaercff Bcfl KplBar. Koatrt{eetao tover (ysaoB l,rHTepnonn -
t-ptn), a Tarfi€ uran Melst m[ul,t aBToMaTrqecKx Bbl6npaDTcfi TaKuMu,rtTo-
6u o6ecnernBruracb gaIAHHas TorlHocrb BoccraHoBJleHla E.3auetuuruto
paceqlrraHHag taxr{u cnoco6ou KpHBaR, noo6qe poBopf,, He Jlex}rr Ha

noBepxHocrm(, Ho pacnoJloreHa B l,lx E-oKpecrHoctnn. .qfln lororuto6u:
nepeceqeHle noBepxHocTefi npeAcTa8nrb B B}IAe 'Jll,tttr{l,l Ha [oBep(Ho-
cTl,r" gTor aJlnopr,rTM cneAyer npxMeH}tTb Tenepb He r carrofi ttcKoMoi-4

KpxBofi Gr a ft ee npoo6pasy gr Hallplruepr B o6nacrlr napaMerpo8 o
o.utrofi lrs noBepxHoctefi P. nplr erot aJlnopnru MoAlt(prrflpyercs cne.IlJto-
qau o6pasou.

I. Heo6xo.qnMafi rorrHocrr e npn6arxeHxf, KplrBofi 6 au6upaereR e

3aB[Cl{MOCTr,t OT AOnyCTl,lUOn nOrpeEHOCTn E pAcqeta JIXHXH flepeceqe -
nna. C groF qenbp Boenonbgyercn npeAcraBJreHreM aextop-$ymrqnn ? =

= il(u,v) - napaMerpnsar+{[ noBepxHocr[ P - B BxAe prAB TefiJlopa E

or(pecTHocrl,r nponsBoJrbHofi Tordlu R = (u,v) e q: ?(u + au, v 1 [v) =

= i(u,v)+i"au1il"av + ... . Orpannruncr nepBHxlr rpeus tueHaun pf-
AA n paccMorprim xanpaa,nerule il, nopra.lrunoe K rpHBoF g. Ecan npra-
H.firb,r{To fl = f,(e), ae [ors] - ecrecrBeHHafi napaMErpt{saryfi g,ron-
ga ilr1e)=1u,(a) rv.(s)) - opr KacareJrbHoro BeK.ropa u il = '{v.(a),
-ut(s)) . Beanwrn. flr(e) Haxo.qIrcf, nlmeM pasnof,eHrirfl KaearerlbHono

Betropa? x rpraor e no Berropau penepa (fo,ty): frt= o(iur+frv'),
nAe 6 = conat . [logclauaa d B pasnof,eHxe, nor] Ir{ri coorHoueHre

latl = elt"' - irrut I ' rAe 4p = t(u+err, v-6ur) - i(u,v). 0tcnga

creAyer! qro e s n/;? v, - Sro' l. .!aa nnag;ux noBep)$oc.ren sHa-
MeHareJrb BbrpareH[f,, crof,qero cnpaBa, ne o6paqgelcn B Hynb.

2. Caegya nepBoHaqaJlbHory aJrroplruy, AJrs npn6amerr,ra KprBofi

I BocnoJrbsyeucs gpur{ToBofi nHrepnonf,r+{en r36nuefiuu flaparerpxqe -
crHM cnnafiHon (T-cmafinon) [ I] , npep,noaanaf, np]r ororr, rrTo 6 rr],teer

rycoutro-gu@peHr+{pyeu}ro rpttBnsHy k(a). Ton.qa, Ha ocHoBaHrn Hs-
BecTHofi oqeHfi}{ norpeuHocrr crrJranH-r{HTepnorf,ql{x BeKTop-QyHKrlxfi [I],
Als ooecneqenrn tpe6yenofi ToqHocru npn6armetora e llar Aa no na-
pauerpy I r(plrBofi g .qoJ[eH yAoB,reTBoparb cootHoEeHln
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AE S4 /lltllta,e+aol,

rAe llk ll1e,e+asl = 
".1"ffia", 

lr(e) l. 9to6u nparrrtrecrl{ Bocrorlbso-

BATbCf, OTt{r{ COOTHOIIeHI{eMr .UJMHy AJmil s 3ar.eH}lll CyMUapHOr AIHHOF

xopA, BeJrxrrftry llkll[s ,a+as ] - r(oHeuno-pa.:HocrHott annpoKcrMa4{efi

r(s) no sHeqeH[fir, f,r(") r ilr(a+De ), rAe D6 - npo6m,rfi uan rg

rourr ir(a) I rorrKy i.r(e+Oa) KpxBofi G, a B KaqecrBe 6 npfiHx-
raeM nra{e(e) ,e(a+ae) }.

Tarru o6pa.eou, noBepxHocrb P rt gpMxToB v-cnraFHr npu6anran-

ryrtr KprtB],D I c ror{Hocrbp er o[Il'lcHBanr Hcl(on}m Kpr,lBJm G c tort -
HocrbD E, KaK trt{Huo Ha noBepxHocr[n.

$2. 06aacru Ha noBepxHocrlt

B crcreue ACTPA onpegeneuu ABa ttrna o6ractefi Ha noBepxHoer[.
K nepeony orHeceHu o6aacrn, orpaHnqeHHbre ftoop.ul{HarHmrr JI}tHttaMr{ no-
BepxHocrr. Onn npegclaumrcr cebrrftofi Ha noBegxHocrb t{ npe.qeJlar[
taoMeHeHrf napa]rerpoB: t( P),uH,yH, u*r vK]. Ko BTopouy rffny orHe-
ceHu gaxKHJmHe oAnocBf,3nue o6lacrn, onpaHl,tqenubre cJlofxulln, aoo6qe
noBopf,, Kycor{Ho-rna?q,lsiMu KpHBEun. 0 arx r flofiAeT .qpIee Peqb.

Ilycru e - Kp{aafi, onpaHfiqxB{rcqga o6nacrb w Ha noBepxHocr[ P.
B o6aacm Q napailerpon (u,v) noBepxnocrt{ P trr,t cbotaercrB],nr 06-
nacrb, u rrnfirif, B - npaHxqa oron o6nacru. llycm il = fl(t, a) =

= u(t,a)?. + v(trs)Av, t,B € r,r: [o s t s'l!, os sss], - Hexoropaf,
napar.erpn3arflf, w . Tongg o6aacrb r npeAcraurf,ercr rar "o6aacro na
noBepxHocrr,r" ccHrKoF Ha noBepxHocrb P r{ ccburKofi Ha ruocr}m o6aacru
s:{(P), (r) }. Taroau o6pasou, BHAeJreHre o6aacrn Ha noBepxnocr[
P cocrot{T B onpeAeneHxx orpaHHrrlBaDqeil nnHxl,t B B{Ae 'JtrlHntt Ha rlo-
aelxnoctr", a sareu B noerpoeHnn oto6parennf, npf,MoyroJlbt{I{Ka o B

rurocftocnr napauerpon (tre) na o6aactr r . Ileprae la.qaqa Jnle pac-
cMorpeHa n $I. Ilocrpoenne oro6paranqefi (ryHftr[rx R = R(t,6) s o6 -
rqeM cnJrqae npeAcraufiercr AoBoJIbHo cJIof,Hofi 3q,l8r{€fi. 0gnano Mf,
oHaqrrorbHoro qrcJra o6aacrefi, BcrpeqaDu$xcf, B }trfieHepHhrx pacqerax,
Molr(Ho yfta:)arb pfiA npocrbrx npleuoB noJIWeHxf, taxrx oto6pafieHlr.3a-
gaua o6,renuaercf, TeM, qTo Ha oro6paxanugno QyHnqtro, r(an npaBlJlo,
HaKJlaIHBaercR e.E{HcrtseHHoe ycJloBr,re - BgarMHafl oAl{osHaErocru oro6-
pareH!{f. B nexoroptx cn}nraf,x rxarlHalrp}tM€p, npt,t pacqete rpaeKTopxr{
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l,rHcTpyueHTa Arf o6pa6oTftr cnoriHHx o6racTefi, eTo Tpe6oBar{re pac -
npocrpaHf,ercfi ToJrbr(o Ha Hexoroplm oftpecrHocrb rpaHrtpt o6aacru.Pac-
crorprM HecKoJrbro rrpr,ruepoBr ror.qg oro6paramqan Synrr+rn il(t, e)
ttonet 6utr noryqeHa cpaBHlreJrbHo rerro.

I. 06:racrl r npe.qpraBnf,er co6or ftpr{BoJn{HerHbtfi qerupexynonb -
Hl{l(! ABe npoTr{Bonefa4{e cTopoHH KoTopono - oTpesro{ npfuhrx, napar-
JIe'rbHLrx oAHofi l{3 RoopnllHarHDD( ocefir ABe Apyr[e - B1r 62 - oTpes-
ror.()n, o.qHosHaqHo npoeqlpyeMHe Ha ocb u (pnc.I).flocaeAnne npe.q,-

craBJIf,Tcfi 6yHm+{oHar bHHMl,t aaBrcrMocrnMr :

6ri y = v.(u)i B.i y = v.(u)i u e [ux rur] .

Torgg oro6paxanu$/D rpyr{Kr+.tn f,(t,e) = (u(tre), v(t,e[ Moro{o B!}f,rb
B BxAe u(t.s) = uJl-t) + rert, v(t,a) = vr(t)(l-e) + v.(t)e,
o st,s s1. Ecar v.(t)-vr(t) y' o AJtf, Bcex t e [o l], ro nro6raH,
coo[BercrB]mqnr grr{M BHpatreHt,lf,M,

f

a(u,v)
a(t,B)

Uf -lk1 O

vl(t)(1-e)+v!(t)s, v.(t)-vr(t)

orJrrqeH or Hynr r, cJreAoBareJrbHo, t(t,e) onpeAenf,er nser{r.Ho-oA-
HosHaqHoe H HerrpepHBHoe coorBercrBt{e MerAy Toqxarr o6aacrn ? }r

erB{HltrHoro npfiMoyronbHxra o . 0luelrv, qro paccuorpemfifi npne[
pacnpocrpaHf,ercf, Ha o6aacru, y KoropEx oAHa npf,xonxHetrHaf, rpaHxqa
rnr o6e crrnnBaDtcr B Toqr(y (prc.Zr3).

2. flycru r - o6aacts,gBes.qHaa orxocrreJlbHo rotlttn Ro, r S -
ee npaHnqa (pne.4), r.e. clEecrByer taras BHJapeHHf,f, ttoqta ilo =

= {uo ,vo } € r, qro m6ofi xcxo.q,fqxn rc Hee JtW nepeceraer npaHn(y t
ToJIbr(o oJlflH pas. 0lo6parerue npauoyrorbHxxa Ha raxJ,D o6nacrb Mor-
Ho onpeAenrrb B BnAe: il = ilr(")(r-t) + ilot, oSt,a slrrAe ilr{r) =

= (ur(a), vr(s)) - napauetpuearprn annfir g. fro6narr, coorBercrByD-
qHfi sToMy oTo6parem{D,

a(u,v) - I "o - u.(a), u;(e)l
Gl'- - 

| "o - vr(e), v;(e) |

orJlt{qeH or HyJrf,. [Ioncr roqru io nan6oaee rpyA]rufi MoMeHT nocrpoe-
ara oto6paregnR o6aacreft taxoro trna. l,lnon.qg rar(ofi ToqI(oF MofeT
crlml{Tb "qearp rf,recrr' KplrBof, 6:
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il. 1

L
il,{") 1il;{") 1ar,

nAe L - AJil{Ha ftpr,rBofi 6.
3. Iiyerr o6aaelr r npeAcrauser co6oir fipltBonnHefiHblfi qelblpex-

yroJlbnxK, orpanrqeHnbrF nnaAftHMx AJrraMx 61 rB2rB116" (pnc.5).Coor-
BetrcTBl,le TOqefi 9TOF O6AaCTU X npf,MOJmOnbHXKa u, MOTHO saAg,Tb Br[-

PareHlreM, xoTopoe B MaTpnqHoi? ([opMe xueer BxA:

ilr{t) f,.{t)
(e) il, , ilr"
(e) f,... f,..

f,(t,e) = -[-1 ,(1-t) ,t]

r..qe il.r(t),f,.{t),ilr{") ril.{r), o st, a s 1, - raparrerpraar+{r Fpa-
Hrqrrblx AVr tr, 621 83, 6.. Bonpoc o BaarlMHofi o.qHosHatfiocrrt gTono

oro6paxennR palaercf, B Kaf,Aor KoHr(p€nHoM cnyrrae nJmeM t.tccneAoBe -
tttla aro6nana.

llnongg cnorH),D o6aactt yAAeTcf, pat6rtu na nogo6aaetnl K I(8r-
AoF ns roropbrx Mof,Ho npl{MeHl{rb paccMorpeHHHe nplleMH. .qJIs nexoto -
pDDr npaxTHtrecKrix galaq 0Toro obrBaeT AocraToqHo.

B sar.mqeHxe otuertlu, rmo BBe.q,eHre paccuorpegHErx aAecb noHfi-
tri o6ecneurBaer uarexarfiqecr1m crponocrb B nocnaHoBr(e I peueHxtr

reouerp[qecftr'tx 3a,,qBq, o,qHaKo 3a gto nprxo,qrrcf, pacnraqlBaTbca

AonoJlnxrenbHuur{ Buqlc[rreJrbnbrur aarparaMr. llanpuuep, pacqer [or{-
lor, nplHa,q,Jreraqefi 'o6aactt Ha noBelDffioctu", npt6.nrgrreJlbHo B.q,Boe

6oaee rpy4oeuor, qetr BurtrlcJleHne roql(n Ha noBepqocar.
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