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K XPOHOMETPUYECKOM TEOPUI
CUTAJIA

B. H. Bepecrosckuii

W3znararorcs min 0Ka3bIBAIOTCA HEKOTOPbBIE PE3Y/IBTAThI, CBI3aHHBIE C XPO-
HOMeTpuYecKoit Teopueit Curasa. B ToM unc/ie gaHbl KOPOTKHE JI0KA3ATE b=
CTBa PE3yJ/braTroB O JIMHEHHOM IIPEJCTaB/AeHUU I'PYIIbl HEBbIPOXKIEHHbIX
KOMILJTEKCHBIX (2 X 2)-mMarpul; Ha npocTpaHcrBe-spemMenu MUHKOBCKOrO u
Ha YHUBEpPCAJIbHON HAKpPbIBAOIIEH rpysl JIu yauTapueix (2 X 2)-mMarpuir,
1. e. Beeytennoit Diinmreiina, npeobpazosanuu Ksau anrebp Jlu rpynn Jlu
VHATAPHBIX MATPUI] B 3TN FPYIILL. YCTAHOBJIEHO CTPOEHNE MHOXKECTBA YHU-
TapHbIX (2 X 2)-MaTpuly, He JomycKaromux npeobpazosanus Kau, B cpaBhe-
HAW CO CTPYKTYPOI IIPOEKTUBHON KOH(MOPMHOI OECKOHEIHOCTH IIPOCTPAH-
crBa Munkosckoro. Ilocrapiiensl 3aa4m.

Karwuesvie caosa u Ppasoi: KouHdOpMHAST OECKOHEIHOCTH, KOH(OPMHASI
rpynmna, marpuiibl [laymm, Hewmck/roduTeibHasg MATPHUIA, Ipeodpa3oBaHue
K»sjiu, pacmupennas nogobusmu rpymnmna Ilyankape

BBenenue

Upsuar 93pa Curan (1918-1998) Gosbinyio 9acTb CBOEil KU3HU ITOCBATILI
AKCIOMATHYeCKOl TeOPUU MPOCTPAHCTBA-BPEMeHH, HA3bIBAEMOU TPOHOMEMPU-
weckotll Kocmonozued. Akcuombl — cBoiicTBa NpocTpaHcTBa-spemenu Munkos-
ckoro My, ero komnakrudukanuu M u ynuBepcajbHOro nakpbitus M upo-
crpancrtBa M, a TakzKe IPyNI NPUYUHHBIX NPeOOPA30BAaHMil STUX TPEX MpPO-
crpancrB. Ha ocnose M, xoropoe Curaji Ha3bIBaI AALMEPHAMUBHBIM KOC-
MOCOM (ITPOCTPAHCTBOM-BPEMEHEM ), OH H €r0 [OCJIeJI0BATE/IH CHCTEMATHICCKH
Pa3BUBAJIM TEOPHUIO FIEMEHTAPHBIX YACTHIL.

Tpyapt Curasa u ero coaBropoB BKJIIOYAOT ero Monorpaduio 1976 roga
0 MaTeMaTHIeCKOil KOCMOJOTHH U IKCTpAraJakTHIecKoii acrponomun [14] u
CepUI0 W3 YeThIpeX OOJBIIUX CTareil, OTKpbiBaeMyt paboroii [13|, koropoit
KAaCaeTcs CTaThd.

U3yuaembre B [13] busudaeckue mosist mpeactaBiasiorcst B hopMe cedenuii pac-
caoenuit na upocrpancrsom M, pasaensionmm ¢ My 10X0zKu1e CBOACTBA HPH-
YUHHOCTU U CUMMETPUHU. STI/I paccjioeHud MHAYyHUPOBaHbI IIpeACTaB/JICHUAMUA
P, pacmupennoit nmogodusimu rpyiibl [Iyankape, aeastowetica noanot epyn-
1ot COTPAHAIOULUT OPUEHMAUUI NPUSUHHBLT NPEodpa30sarull npocmpaHcmed
My. OcHOBHOE BHUMAaHHE COCPEIOTOYEHO Ha BPEeMEHHOIl SBOJIONUH, OCOOEHHO
cTabUIbHOCTH (BKJIIOYAONIEH MOJIOKUTETBbHOCTh SHEPIUH), BOJHOBBIX ypPaB-
HeHUsX (CJIeJCTBUSX KOHEYHOH CKOPOCTH PACIPOCTPAHEHHs) W YHUTAPHOCTH.
PaccMaTpuBalOTCs 0OLLMe CIHHOPHDBIE PACC/I0enust Ha M, napasiie/ n30BaHHbIe

Pabora Boinosinena B pamkax rocyiaapcersennoro 3aganus UM CO PAH, npoekr
FWNF-2022-0006.
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U coryiacoBanuble ¢ pacciaoenusmu uHa My, B ciayuae ckagsipubix paccioenuit
JIETAJIbHO M3YYaloTCd aCCONMMPOBAHHBIE KOBAPUAHTHBLIE BOJHOBBIE YPABHEHUSI
U CIHEKTpaJIbHOe paspelieHne (pyHIaMeHTAIbHBIX KBAHTOBBIX YHCE.

Ho MeHst HHTepecyIoT 3/1ech MaTeMaTuIecKue acekTel paboTsl [13], umenuo,
CBSI3aHHBIE C Heil reoMeTpust, mpeobpaszoBanust Kau, rpymimst Jlu u ux agarebpbt
JIm.

[IpocrpancrBo-Bpems MunkoBckoro My peasnusyercs B [13] B Buje BekTop-
HOI'O 1POCTPAHCTBA H 9pMUTOBBIX (2 X 2)-MaTpull, BEHECTBEHHbIM 0a31COM
KOTOPOI'O SIBJIAIOTCA TPU MaTpulpl [layau o1, 02, 03 1 eJIMHUYHASA MATPULA O,
“opT Bpemenno6it ocu”. Ilpu pacnucbiBanum 110 yromy dasucy, det h, h € H, ecrb
JIOPEHIIEBA KBaJ(paTuyHast (popma curHarypbl (4, —, —, —) € OPTOrOHAJIbLHBIM
6azmcom.

[Ipocrpancrso iH — anrebpa Jlu rpynnst JIu U(2) Becex yauTapHbix (2 X 2)-
marpuil. [Ipeobpazosanne Kanu quddeomopduo orodpazkaer iH Ha OTKPBITOE
u Beoy 1wiotHoe B U(2) mogMHOXKecTBO N BCeX HEHCKTIOYHTETbHBIX MATPHIL
u3 U(2), r.e. Mmarpuli, Jjisi KOTOPBIX OLPejeeHo (00paTHOe) npeobpasoBaHme
Ksnu. Ecim va sror pa3 monumars npoctpanctso My kak iH ¢ JjiopeHieBoit
kBajparudHoii dopmoii det u U(2) cHabaurh COOTBETCTBYIOUIEH JIEBOMHBA-
PUAHTHOI JIOpeHieBoit MeTpukoii (-, -), To nepsoe upeobpaszosanue Kojn —
upuuunuoe npeobpasoanue u M = U(2) — npuvunnas Komnaxmu@durayus
upocrpancTsa M.

Ha camom fgene (-, -) — GunnBapuanTHas Jopennesa Merpuka na M = U(2)
0 yHueepcasonutl Kocmoc, yaaBepcaabaoe sakpsitae M = U(2), msomopduoe
rpyuie Jlu Rx SU(2), cnabxkaercst GuMHBAPUAHTHOI, JIOKAJIbHO U30METPUYHOMN
Merpuke (-,-), JOpeHieBoil MerpuKoi, ornocurebHo KoTopoit M — Beesen-
Hag Ditnmrreitna ¢ "npocrpancrsom" SU(2), anddeomopdubiv S3, Ha KoTOpOM
JIOPEHIIEBA, METPUKA, HHIYIUPYET PUMAHOBY METPHKY IOCTOSAHHON CEKIMOHHOI
KpuBH3HbL (1 pajgmyca) 1.

[pynna Jlu G = SU(2,2) aeiicTByeT NpuIuHHO U TpaH3uTHBHO HA M " 1poGHO-
JIMHEHHBIMA [IPeoOpa30BaHUAMU' M ABJISeTCS KOMIOHEHTOH €JIMHUIBI IPYIIIbI
BCEX IPUYUHHBIX Hpeobpa3oBanuii npocrpanctsa M |15]; KOMIOHEHTOl CBsI3-
HOCTH €JMHUIBI U IIOAPYHION MHIEKCA JBa I'PYIIIbl M30TPOIMU ITOrO JIeii-
CTBHZ HABJIACTCA HEKOMIAKTHAs IOArpYIia, uzoMopduas P. I'pymma G =
SU(2,2) peficrsyer upuuuHHO M Tpau3uTHBHO Ha M ¢ rpynnoii msorponun,
msomopduoii P, u ectnb KOMIIOHeHTa, eJIMHUIIBI IPYIIbl BCX NPUIUHHBIX IIpe-
obpasosauuii npocrpancrsa M. Bejeacrsue BblIeJIGHHOTO KyPCUBOM CBOMCTBA
rpynnsl P, Bce IpuYnHHBIE IIpeoOpa3oBanus npoctpancts M u M gaBisgiorcs
KOH(OPMHBIME TIPEOOPA3OBAHUAMEI STHX MPOCTPAHCTB OTHOCHTEIBHO HX JIO-
penteBoit Merpuku; rpyiibl G, G HA3BIBAIOTCS KOHPOPMHOIMU.

[TpakTuueckn Bce chOPMYJINPOBAHHDIE BBIIIE Y TBEPKICHUS U3BECTHBI, HO UX
JIOKA3aTe/IbCTBA I014aC TPY/HO Hajitu B smreparype. [loaTomy MHOr1MEe U3 HUX,
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UCKJIIOYasl YTBEPZK/ICHUsI, CBSI3aHHbIE C IPUIUHHOCTHIO, KOPOTKO JOKA3aHbI B
9TOU crarbe.

YcraHoBseHa Tomosorndeckas u auddepeHnuaIbHasg CTPYKTypa MHOXKe-
crBa uckmodnTenpubix Marpur U(2) \ N B U(2) u ero npoobpa3oB npu Ha-
KpbIBaOIIUX smumopdusmax Ha rpymmny U(2); aHamorn 31oro MHOXKecTBa (-
3UKHU HA3BIBAIOT KoH@opmHol beckornewrnocmoro npocmparcmea Murnkosckozo.
Tor ke pe3y/ibTaT MOJIy4YeH paHee IPYTHMH MeTojgaMu B cTarbax A.fgumka
[9] u |10]. Just apyroit, xopomo u3BecTHOil (hU3MKaM HPOCKTUBHONW KOMITAK-
rudbukanun npocrpancrsa My |5], kondopmHast GeCKOHEUHOCTh UMEeT Ty XKe
JuddepeHaibHy 0 CIPYKTYPY, 4T0 U 1poodbpa3 muoxectsa U(2)\ N orHocu-
TeJILHO JIBYIMCTHOrO 3uuMopdusma Ha rpyy U(2) [11]. Hanbueitmue gerain
IpUBe/IeHbl B 3aK/IIOUeHUH K JAHHOI CTaTbe.

Bripaxkato 0s1arogapaocts A.B.JleBudueBy 3a mpusiedeHne MOEro BHUIMAHM
K BeCbMa HeTPUBHAIbLHON XpoHOMeTpuieckoit Teopun Curasa. Biraromapio Ap-
KaJuyca fl1anKa 3a AUCKYCCHH, ero cTaThbl O KOH(MOPMHOU OECKOHEYHOCTH U
kuury [12].

§1. JIuneitnoe npeacrasiienne rpynmnbl GL(2, C) Ha
nmpocTpaHcTBe—BpeMeHn MMWHKOBCKOTO
Hanomuum, 410 (MHBOJMIOTUBHAs) Olepanus * IPUMEHHMA KO BCEM KOM-
IJIEKCHBIM MATPHIAM U €CTh KOMIIO3UIUS TPAHCIOHUPOBAHUS U KOMILIEKCHOTO
conpsizkenus: Marpui. Kommiekcnas (n X n)-marpuna A Ha3bIBAETCS 9PMUMO-
601 (COOTBETCTB., Kocoapmumoesot), ecin A* = A (A* = —A).
XOpOH_[O HU3BECTHbI CJICAYIOHIUE SPMUTOBbI MaTPUILbL:

(1)

(10 (01 (0 i (1 0
Op :— 1 1= 0 1 ,01 ‘= 1 0 ,09 1= i 0 ,03 (= 0 —1 .

[Ipu 9TOM HOCTEAHEE TPH U3 HUX HA3BIBAIOTCI Mampuuamu [laysu.

DT YeThIpe MATPHUIBI COCTABJAIOT BEIIECTBEHHBINH 0A3WMC JTHHEHHOrO IIpo-
crpancTBa H BCeX PMUTOBBIX KOMILIEKCHBIX (2 X 2)-MATPHI[ U OJHOBPEMEH-
HO KOMILIEKCHBIH Oa3uc acconuarusuoil aire6pb L(2, C) Bcex KOMILIEKCHBIX
(2 X 2)-mMaTpull, a TAKXKe CTAHJAPTHO el COnocTaB/IaeMoii ajredpbt Jlu, siBisio-
miedicst asrebpoit Jlu (gl(2,C), [+, -]) cBsA3HOI KOMILIEKCHOT MATPHYHON IPYIIIIbI
GL(2,C) Bcex HEBBIDOKJICHHHBIX KOMILIEKCHBIX (2 X 2)-marpun,. [Ipu srom
marpuipl [layaun cocraBistior KoMIutekcHblii 6asuc aiare6pst Jlu (s((2, C), [+, +])
omuocBasnoil rpymmsl JIn SL(2, C) KOMILUTEKCHBIX (2 X 2)-MaTpHIL ¢ OIpPeIesIi-
TesieM 1.

Marpuamnas skcnonenTa Kazaoro snementa u3 gl(2, C) (coors., s((2, C)) se-
xkut B rpymme Jlu GL(2, C) (coors., SL(2, C)). Ho o6paTHOe HEBEpHO: MATPUITHI
B € SL(2,C) ¢ tr B = —2 u 06ouMu COOCTBEHHbIMU 3HAYEHUSIMU, DABHBIMU
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—1, He ABJSAIOTCA SKCIOHEHTAMU OECCJICJOBBIX MATPHUIL, CTPOKH HEePe pas3ie-
jaom 2.7.9 B [12].

Belnmiiem HeHy/eBbie CKOOKH [+, -] (T.e. pakTHIecKH CTPYKTYPHbIE KOHCTAH-
to1) anrebpsl JIu gl(2, C) B BemmectBennom 6asuce {og, 01, 02, 03,100, 107, 109, i03 }.

(2) [iO’l,iO'Q] = —[0'1,0'2] = i[iO’l,O'g] = i[O’l,iO'Q] = 2i0’3;
(3) [iO’g,iO’g] = —[0'2,0'3] = i[iO’Q,O’g] = i[O’Q,iO’g] = 2i0’1;
(4) [iO'g,iO'l] = —[0'3,0'1] = i[iO’g,O'l] = i[0'3, iO'l] = 2i0'2.8

Bcee marpunpr iog, io1, i0g, i03 KOcoIpMUTOBBI. MaTpudHbIe SKCIOHEHTHI UX
BEIECTBEHHBIX JIMHEHHbIX KOMOMHAIMIT COCTABISIOT CBA3HYIO MaKCUMAJIbHYIO
koMuakTayto noarpyuiy Jlu U(2) C GL(2, C) yuurapubix (2 X 2)-marpun,. Ha-
IIOMHKM, 9TO KOMILIEKCHas (n X n)-mMarpuna B Ha3blBaeTCS yHUmMaphot, ecin
B* = B~!'. Marpuunble 5KCIOHEHTHI BeIeCTBEHHLIX JHHEHHBIX KOMOMHAIHIL
IOCJIEJIHAX TPeX MATPHIL COCTABIAIOT OJHOCBs3HYIO moarpymmy Jlu SU(2) C
U(2) u 0MHOBPEMEHHO MAaKCUMAJbHYIO KOMIAKTHYIO moarpyuny SU(2) C
SL(2,C) cuenuainbubix yHuTapHbiX (2 X 2)-marpuin,. [losromy Bce ykasaHHbIE
KOCOIDMUTOBBI MATPHIBI (COOTB., IOCJIEJHUE TPH M3 HUX) 00pa3yioT Belie-
crBennblit 6azuc anre6ps Jlu u(2) rpyunst Jlu U(2) (coors., SU(2)). Marpuipl
suga 2, rie z € C, |z| =1, a I — egunuunas (2 X 2)-marpui@a, COCTABIAIOT
nenrpasibuyo noarpyuiny CU(2) C U(2). Ilpu srom

U(2)/CU2) = SU2)/{I,—1} = SO(3).
113 coornomenuii (2), (3), (4) BoITekaer, 4To

(5)  gl(2,C) = H@iH, [gl(2,C),ql(2,C)] =sl(2,C) = su(2) @ isu(2),

(6) [iH,iH] = [H, H] = su(2) C w(2) = iH, [su(2),isu(2)] = isu(2).

Teopema 1. Marpumer Buga toy + xioy + yioy + zios, rae t,x,y,2 €
R, 06pa3yror JByMEepHYIO KOMILTIEKCHYIO ACCOIHATHBHYIO MATPHYIHYTO ajareopy
‘H ¢ aBymepHOIl BerecTBeHHOH 1ojaredpoii MaTpuil toy + yios. JluHneiinoe
oTobparkeHue

(7) [(tog + wioy + yiog + zioz) =t + i+ yj + 2k

ectb n3oMopusm ajreopel H Ha ajreopy kparepauonos H.
Myubruminkarusaast rpynna (H \ {0}, ) #HeryseBbix KBaT€pHHOHOB H30-
mopHa
1) AByMepHOI MyJIbTHILTHKATHBHOH KOMILTEKCHOH Marpuanoii rpymme H \ {0};
2) yuuBepcabaoii maxpsipaomeii U(2) rpymmsr Jln U(2);
3) rpymme JIn (R, +) x SU(2).
IIpu srom SU(2) uzomopgpua rpynue (H!, ) equnudnbix KBaTepHHOHOB.
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Jlokazamesvcmeo. [lepBoe yTBepKjieHIe IPOBEPSETC HEIIOCPEICTBEHHO.

Bropoe yrBepzkenue 1mojydaercs Ipu yCTaHOBIeHHU cooTHomeHuit (2), (3)
u (4).

13 BTOporo yTBepzK/IeHus CIeyeT MYyHKT 1) TPeThero yTBep:KIeHus U H30-
MOPGHOCTD ajredp JIu, COOTBETCTBYIOMKUX YKA3aHHBIM aCCOMUATHBHBIM aJIre0-
pam.

Beneacrsue coornomenuit (2), (3), (4), aarebpa Jlu rpymmsr JIu H \ {0
usomopdua anredbpe Jlu (iH, [-,-]), r.e. anredbpe Jlu u(2) rpyuns Jlu U(2)
onHospemenno anrebpe Jlu rpynust Jlu (R, +) x SU(2). 3 sroro, n. 1)
oauocsgznocru rpyunst H \ {0} (quddeomopduoit R x S?) u rpynu U(2)
(R, +) x SU(2) cmemyer, 9T0 BCe OHE B3aUMHO H30MODP(MHEL.

}
n
n
n

[lociennee yTBepzienue BhiTeKaeT u3 Toro, uro SU(2) m H' — maxcu-
MaJIbHble KOMIAKTHBIEe TOArpymmbl u3oMopdubix rpynm Jlu (R, +) x SU(2)
u H\ {0}. U

Caencrsue 1. I'pymma Jln U(2) (coors., SU(2)) anddeoropdua R x S
(5°).

IMpumep 1. /g uzomopdusma [~! : H' — SU(2) u3 reopemsr 1,

7! (exp(gj)) = 1 (cos p + sin pj) = exp(ypioy) = cos poy + sin pio, =

[ cosp —sing
~ \sinp cosp /)

YIOMAHYTOE HIPOCTPAHCTBO H SPMUTOBBIX MATPHIL

t+z x4yl

(8) t00+$01+ya2+203:(:p_yi t— 2 )7 tax>y>Z€R

eCTeCTBEHHO MHTEPIPETUPYeTCcs KaK mpocTrpaHcTBO-Bpemsi Munkosckoro My ¢
JIOPEHIEBOI KBaJIpaTu4HON (hopMOit
9) (h,h) = deth =t* — 2° —y* — 2°.

CooTBeTcTBYyIOIIEE TICEBIOCKAAsIpHOe mpousBeaenue Ha My = H paBHO
1
(10) <h1, hg) — 5((]11 + hg, hl + h2> - <h1, h1> - <h2, hg))

Teopema 2. IIpasuiio
(11) l:9€SL(2,C)—1(g):he H— ghg”

3amaer Jepoe jeiicreue rpymmsl JIn SL(2,C) ma H u aBymmcrHOe yHHBED-
canproe Hakpbirae-smavmopgusm | SL(2,C) — SOy(1,3) ¢ aapom {I,—1}
HA CNeyuarbhyio opmoxrponnyio epynny Jlopenya, T.e. CBA3HYIO KOMIIOHEHTY
eUHUIIBI MOJTHOH IpyIIbl peobpaszoBanuii JIopeHifa (IIpocTpaHCTBA-BPEMEHH
MuHKOBCKOI0).
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Jlokazamesvemeo. Cravadia l(g1g2)(h) = 1(g1)(1(g2)(h)), Tak kak (g1g2)* =
gag7; o roit ke upuuanne [(g)(H) C H: (ghg*)* = gh*g* = ghg*. Tak kax
detg = detg* = 1 maga Becex g € SL(2,C), to det(ghg*) = detg - deth -
det g* = det h u Bce I(g), g € SL(2,C), coxpaHsIIOT JIOPEHIEBY KBaJPATHIHYO
dbopmy (h, h) = det h. CrenoBaresbro, | 3amaer romomopdusm rpymm Jlu [ :
SL(2,C) — SOq(1, 3).

Kpowme Toro, gl g* = goog* = gg*I nng seex g € SL(2,C) u cienoBareabHo
l(g)(I) = I rorga u Tosbko Torma, Korga gg* = I, re. g € U(2) NSL(2,C) =
SU(2).

Ouesuyno, noarpyuna {I,—I} C kerl. Ha camom sene, kerl = {I,—1}.
HeiicrBurenbho, mycrs g € ker (. Torua [(g)(I) = I u BeiaeacrBue cKa3aHHOIO,
g € SU(2). Eme nonzuo 6bITh gopg* = o) = g9~ ‘o = gg*oy, k = 1,2, 3; Te.
g* KommyTupyeT co Bcemu Marpunamvu llaymn. Jlerko Bumno, 9To TOorma gt —
CKaJIgpHAs MaTPHIA

cl € SU(2), det(cl)=c*=1, c==+1, ¢g-=g'te{l,—-I}, ge{l,—I}.

Takum obpasom, [ : SL(2,C) — SOq(1,3) — mokaabHblii MOHOMOPGhU3M
rpynn JIu, u m03ToMy HMX JIOKaJIbHBIH n30MOpdu3M, Tak Kak 00e rpynmbl JIun
umeror pazmepaoctsb 6. Torga [(SL(2, C)) — orkpbitas, a cjiegoBaTe/bHO, 1 3a-
MKHYTasi HeTpUBHaJibHas HOArpyIna ¢Bsi3Hoil rpymubt JIu SOy (1, 3). TTosromy

| — suumopdusm u jBysucraoe Hakpbitre rpyiibt Jlu SOg(1, 3) ogHOoCBsI3HOM
rpyumnoit JIn SL(2, C). O

CaencrBue 2. Qynpavenrtaipras rpynna m1(S0g(1,3)) umeer nopsigok
2.

CaencrBue 3. Aurebpnl JIn s((2,C) u so(1,3) nzomopubr.

[To amajoruy ¢ yHUBEPCAJbLHLIME JIBYJIUCTHBIMA HAKPBITUSIME-SIAMOPQU3-
mamu [, : Spin(n) — SO(n), n > 3, pacCMOTpeHHOe JBYJIUCTHOE YHUBEPCAb-
HOE HaKpbITHEe-3MUMOP(MU3M | YMECTHO HA3BaTh CRUHOPHbILM.

Teopema 2 nokazana B [4], HO ¢ MHOrUMY JIMITHUMU BbIYUCJICHUSMH.

[Hosyupsimoe 1pousBejienue

SO0(1,3) A (H,+) = SL(2,C)/{I, ~I} A (H,+)
u3BecTHO Kax 2pynna ITyankape. JIjas Bropoit mHTEpHIpeTANH,
(91, 1) (92, h2) = (9192, g1hagi + ha),
sl(2,C) K H = {(A,B)}, (A1, h), (As, ha)] = ([A1, As], Avhy + by A7),

Sameganne 1. Hakpbitue | unpynupyer (yHUBEPCAIbHOE) CIIMHOPHOE Ha-
kpbitue [ : Spin(3) = SU(2) — SO(3) C SOy(1,3) nourpyumnoii Jiu SU(2) C
SL(2,C).

[Ipasusio (11) npumenumo u K JjeBomy jeiicrsuto [ Beeit rpymst GL(2, C).
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3aMeTuM HpezK/ie BCero, 4To aHaJOrMuHO J0KA3ATEe/bCTBY TEOPEeMbl 2, CTa-
oumszaropom Marpuibl [ = 0y (Kak u Bcex To4Yek BpeMeHHOH ocu tl, t € R)
JIst 3TOrO JeficTBug gBagerca yaurapuag noarpynma U(2) C GL(2,C).

[Tockosbky aeiictsue [ uydeno nig noarpynust SL(2,C) € GL(2,C), ocra-
ercs BBISCHUTD, Kak jeiictyer na H nentp C' = C(GL(2, C)) rpynnsr GL(2, C).
dcuo, uro ou pasen {z[,z € C\0}, r.e. rpymiie HeHyIeBBIX CKATAPHBIX (2 X 2)-
MATPUIL ¢ KOMILIEKCHBIME YUCIAME HA, JUATOHAJIH.

Bameuanue 2. I'pymna Jlu GL(2, C) He siBisieTcst IpsIMbIM MPOU3BEIEHHEM

noarpynn C' u SL(2,C), tak xkak C NSL(2,C) = {I, —I}.
JIerko JOKa3bIBACTCs CJICYIONIee MPE/TOKEHHE.

IIpennoxxenune 1. Sipo kerl jiesoro geiicrsus | st rpymist GL(2, C)
Ha npocrpancrse-ppemenn Munkosckoro (H, (-,-)) — rpymma U(1)1,

(12)  C/UMI = (Ry, ) = (R,+), U(BI)(h)=p%h, BER., he
3ameuanue 3.
GL(2,C)/U(1)I =2 GL*(2,C)/{I, I},
GL*(2,C) ={B € GL(2,C) : det B € R, }.

I'pymna JIu P := (GL(2,C)/U(1)]) A (H,+) Ha3bBaeTCa pacuiupenmot no-
dobuamu epynnot Hyanwkape [13]. Anredbpa JIu rpynmner Jlu GL(2,C)/U(1)1
umzomopdua sl(2, C) @ RI. Ilostomy anrebpa Jlu pacmupentoii rpymmst [Iyan-
Kape ecTb

(5[(2, C)@R[)KH, [(Al, 7”1[, hl), (AQ, 7’2[, h2)] = ([Al, AQ], O, A1h2+h2A>{+27’1h2).

MozKHO MHAYe peaam30BaThb HPOCTPAHCTBO-BpeMs MHHKOBCKOrO, MMEHHO,
Kak anrebpy Jlu iH yuurapuoit rpymmst Jlu U(2) co ckobkamu Jlu (2), (3),
(4), ¢ nopennesoit kBajparuanoit dopmoii (f, f) = det f masa f € iH u coor-
BETCTBYIOIMM OMJTMHEHHBIM JIOPEHIEBBIM ITICEBIOCKAISPHBIM [POU3BEIEHUEM
(-, -), onpe/iesieHHbIM aHatoruaHo GopmyJe (10).

Teopema 3. Ilcesiockassipuoe npousseigenue (-, -) pacupOCTPAHSIETCS
J10 OHHHBApUAHTHOH JiopeHneBoii merpuku Ha rpyie Jlu U(2). Ilpu srom Ha
ommocssznoii rpymme Jln U(2) = (R, 4) x SU(2) cymecrsyer exuncrsenmast
OMMHBAPUAHTHAS JIOPEHI[EBA METPHKA (-, +) TAKasl, YTO HAKPbIBAIOIIHIT SIIHMOD-
dmm o : (R, +) x SU(2) — U(2), oupenenennstii popmyroii

(13) ot, W)=¢€"'W, teR, W ecSU(2),

coxpamser Jiopernesy MeTpuxy. Towumee, s KazKI0ro sneMenta g € U(2),
guddepennmar dog @ (T,U(2), (-, ) = (Tog)U(2),(:,-)) — n3omerpus kaca-
TeJIbHBIX IIPOCTPAHCTB.



K zporomempuueckoti meopuu Cuzana 10

Jlokazamesvecmeo. s nupousBosbhbix sjementos g € U(2) C GL(2,C),
h € H, no oupeaesenuio [(g)(h) = ghg* = ghg™t. Caenosareibho,

det(l(g)(h)) = det(ghg™") = det g - deth - det g~" = det h,

re. [(g) coxpausier jiopenueBy kpajparuunyio dopmy (h,h) = det h u coor-
BETCTBYIONLYIO JIOpeHIEBY Oununeiinyio ¢popmy (-, -) Ha IPOCTPAHCTBE-BPEMEHN
Munkosckoro (H, (-, -)). Torga u3 onpejenenus Jopeuiesoii Merpuku (-, -) Ha
i = T;U(2) cnexyer, 4ro HpHCOeIHHEHHOe JuHeiiHOe mpencTasienne Ady o)
rpynst Jlu U(2) wa iH coxpansier JiopeHneBy Merpuky (-, -). [losromy pac-
IPOCTPAHEHHe METPUKH (-, -) /0 JIEBOMHBAPUAHTHON JIOPEHIIEBOH METPHKH HA
U(2) Gyaer GuuHBAPHAHTHBIM.

Tenepb HETPYAHO JOKA3aTh OCTABIINECS YTBEPXKICHUS TEOPEMBI. O

Teopema 4. Jlopennesa merpuka (-,-) ma U(2) = (R,+) x SU(2) u3
reopembl 3 gaer Beesennyio (IpocrpaHcTBO-BpeMsi) DifHIITEHHA TaKyIO, 4TO
(-,-) mmaymupyer na cpepe S* = SU(2) 6uunBapuaHTHYI0 pHMAHOBY METPHKY
HOCTOSTHHOF ceKrmonuoi kpupu3ubl 1. /pyruvmu caoBavu, (SU(2), (-, -)) u3o-
MeTpHYHO TpexMepHoli cgepe pamiyca R = 1 B eBKJIHI0BOM IPOCTPAHCTBE
R4,

Joxazamenvcmeo. V13 cka3aHHOI'O paHee BbITEKAET, YTO U3BECTHAS MATPU-
ua I'pama (Gramy;) = ((ioy, i0;)), 4,k =0, 1,2, 3, qiuaronajabua u

1 = —Gramgy = Gramy; = Gramsy = Gramss.

[TosTOMY J0CTATOYHO JOKA3aTh HOC/IEIHEE YTBEPZK/IEHIe TeOPEMbI. A OHO eCTh
CJEJICTBHE YKA3aHHOIO BuAa Marpunsl ['pama, coornomenuii (2), (3), (4) u
M3BECTHOIO B PUMAHOBOII PeOMETpHH yTBEp:KaeHus [8], 4ro 1 AByX B3aNMHO
OPTOrOHAJBHBLIX €IMHUYHBIX JIEBOMHBAPHAHTHBIX BEKTODHBIX mojeid X,Y Ha
1pou3Bo,/IbHOI rpyuie JIu G ¢ GuMHBAPUAHTHON PUMAHOBONW METPUKOi (-, -),
CeKIMOHHAY KPUBU3HA B HalpasjeHuu 2-mjiockocru ¢ basucom {X, Y} pasBua

1
K(X,Y) =1 (X, Y], [X,Y]).
U
§2. J-yHurTapHbie rpyIirbl u rmpeodbpaszoBanus Kaim mx

aareodp JIn

BerecrBenHast Wi KOMILTIEKCHAsE (nXn)-Marpuia A, rae n > 2, Ha3plBaeTCs

neuckarovumenvrot, ecnu det(I + A) # 0. st Takoii MaTpuIpl OIpe/eIeHo
npeobpasosanue Koau A* = (I — A)(I + A)~! [6].

Jlemma 1. Ecim marpuna A HeuckmountesnbHas, To u Marpuna B = A¥
nenckmountenptas. Ipu srom (AF)# = A,
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Joxazameavcmeo. JleiicTBUTE/ILHO,
E+B=E+(E-A)(E+A) ' '=(E+A+E-A)(E+A) ' =2E+ A"

— HEUCKJIIouMTe/IbHas Marpuna. /lasee

B* — (E—B)(E+B)"' = %(E—(I—A)(I+A)‘1)(I+A) _ %(I+A—I+A) _A

O

Kowmiuiekcuast (n X n)-marpuna A Ha3bIBAETCsl SPMUTOBON HJIM CUMMETDH-

9ecKoii (COOTBETCTBEHHO, KOCOIPMHUTOBOIT), ecin A* = A (COOTBETCTBEHHO
A = —A).

Teopema 5. Bce marpuiibl n3 MHOXKECTBA A BCex KOCOIDMHUTOBBIX (1 X n)-
MATPHI[ HeHCKIOYHTebHBI. MpoxecrBo N HEHCKJIIOYHTE/IbHBIX MATDHI, H3
U(n) orkpbiro u serogy wiorao B U(n). IpeobpaszoBanust Ko na A u N —
B3auMHO obparubie jugppeomoppuzmbr A u N.

Joxazamenvcmeo. VI3BecTHO, 9TO JIJIs KayK/IOH CUMMETPUYECKON MaTPUILbI
A (cOOTBETCTBEHHO, KayKJIOH YHUTAPHON MATpHUILl B) CylecTByeT yHUTapHAST
marpuna D takasg, uro DAD™! (DBD™') —nuaronanbuas marpuna [3]. [Ipu
stom DAD™! — BemecTBeHHas MaTpHIA.

Benencrsue ckazanHOro,

(14) (DBD Y =DB*D™' = (DBD)"'=DB'D™ .

OueBuiHO, KazK/1ash KOCOIPMUTOBA MATPHUIA IIPeJICTaB/IsieTcsd B Buje 1A, rie
A — spuurosa Marpuna. Ciegosarensno, DiAD ™! — quaronanbnas maTpuna
C 9YUCTO MHUMBIMU WJIM HYJIEBBIMH 3/IEMEHTaMu Ha, jguaronaju. [losromy

det(I +iA) = det(D(I +iA)D™") = det(I +iDAD™) # 0.
OueBuuo, muoxecrBo N orkpbito B U(n). [lycrs B — uckiodnTesbHast
yuutapuag Marpuna, T.e. det(! + B) = 0. Torna Berencrsue (14),
0 = det(I + B) = det(D(I + B)D™') = det(I + DBD™"),

T.e. HEKOTOPbIC 9JIeMEHThI IHarOHaJILHON yHUTapHOU Marpunsl DBD ™! pasubt
—1. JduaronajibHasi MaTpHila YHUTAPHA TOLJA U TOJBKO TOLJA, KOIJA KarK-
Jiblil ee jinaronaJibhbiil sj1ement 2z € U(1). Ckosib yrogHo MaJjioif 3aMeHoii Beex
smeMenToB Buga —1 B DBD™! ma kommiexkcnoe uncao A # —1 uz U(1), nouy-
9UM YHHTAPHYIO JUaroHaJbHyio Mmarpuiy B’ takyiwo, uro det(l + B') # 0 u
yauTapayio Marpuiny D~!B’D, ckoab yroano 6ausKyo K B, Takyio, 9To
det(I + D™'B'D) = det(D~'(I + B')D) = det(I + B') # 0.
BeneacrBue jieMMbl 1, 0CTaI0Ch YCTAHOBUTH, 9TO

(A* cUm) u N*c A

Boutee ob1ue yrBepkieHust JOKa3aHbl B JJeMMaXx 3 U 4 HUZXKE. 0
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CaencrBue 4. Ilpeobpaszopanune Ko puggeomoppuo orobpazkaer A =
iH na orkpeiroe u Bciogy maornoe B U(2) muoxkecrBo N Bcex HEHCKIIIOYH-
respHbIx MaTpui u3 U(2).

Onpenenenne 1. 6| Bemecrsennas (coors., komiuiekchast) (n x n)-
marpuna B HazbiBaercs J-opmozonasvnot (J-ynumaprot) 1jisi HEBbIPOK JIEH-
Hoit (n x n)-marpuust J, eciu BYJB = J (B*JB = J), re. B~ = J7'BTJ
(B~ = J71B*)).

fcuo, uro J-yHurapHas MaTpulia siB/siercsd J-OpTOroHaJIbHOM, eC/in MaTpu-
upt A, J BemecTBeHHbI. J-0pTOroHa/bHbIe (J-yHUTADHBIE) MATPUILBI COCTABIISI-
for rpymmy. Eean J? = I, ro J~! = J. Ecom J = I, To J-oproronaibHas
(J-yHuTapHas) MaTpUna OpTOroHaabHa (YHHTADHA).

Jlemma 2. Eciim A — Heuck/rognreibHAs KOMILIEKCHAs (KBaJpaTHAS)
marpuia, 1o A* — neucksounrenpuas marpuna u (I + A)~1)* = (I + A*)~L.

Joxasameavcmeo. Tlo onpenenennto, (I + A)(I + A)~! = I. Torna
[=I=([T+A)")I+4), (I+A )y =UT+A4)"N
U

Jlemma 3. Ilycrp A — HemckjrounTebHAS KOMIJIEKCHAsI (KBaJPATHASL)
marpuna u J 'A*J = —A. Torna B = A* — J-yaurapuas marpuia.

Joxasamenvcmeo. llycrs B = (I — A)(I + A)~'. Torma mo iemme 2,
J'B* ] =J NI+ AN - A% =
(J NI+ AT DJI I - ANT)= (I - A1+ A)=B""
U

JlemMma 4. Ilycre B — neuckjiodnreibuasi J-yaurapuasi Mmarpumna 1 A =

B#. Torna J 'A*J = —A.
Joxasameavemeo. Iycrs A = (I — B)(I + B)~!. Torua no semme 2,
JTA T =J' I+ B (I - BY)J =
J'I+BHY NI I -B)))=I+B ) (I-B")=
(I+B ) 'I+B'-2B"Y=1-2(I+B ") 'B'=I-2(BI+B ") =
I-2l+B)'={I+B-2)(I+B)'=(B-1)(I+B)'=-A
O

Teopema 6. R-mumeiinas o6orouka A Beex (n X n)-marpury A: J 1A*J =
—A ¢ marpmaHOii CKOOKOH — asrebpa Jlm coorBercrByforneii J-yHHTaPHOMH
rpymsr G.
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Joxazameavcmeo. Ilyctb N — MHOXKECTBO BCEX HEUCKJ/IIOYUTE/IHLHBIX MaT-
purt u3 G. Torma N — orkpeitoe nojmuoxkectso u3 G, I € N, [ =0 € A
— HeHCK/TIOUATe bHad MaTpuna B A u BeaeacTsue temM 1, 3 u 4, # — unBo-
groTuBHBL auddeomopdusm N Ha OTKPBITOE IOJIMHOXKECTBO BCEX HEHCKJIFO-
qurenbHbix Marpur B A. CienoBarensio A u N uMeOT OJHY pa3MepHOCTb.

Ilycts B = 4 — marpuunaa skcronenta ot tA. Torma

JIB T = J N T =T e T =g e ) = BT
O

HeoproronanbapiMu J-OpTOroHAJIBHBIME IPYIIIAMU SBJISIOTCS IOJTHAS IPYII-
ua Jlopenna O(1,3) pasmepuocru 6 u seuwecmeernans NMUHETHAA CUMNACKMU-
weckas epynna Sp(n; R) pasmepuocru n(2n+1) [6], cocrosimas u3 coorsercrsy-
fouux (2n X 2n)-marpuil. B nepBoM 1 BTopoMm Cjiydasix Ha/0 B3dTh MaTPUILbI

~1 0 0 -1
(o 1) (0

B mepBoM caygae 0 310 (1 x 3)-marpuna, I ects (3 X 3)-marpura. Bo Bropom
caydae sjaeMenTamu (2 X 2)-marpuipl J ABAAIOTCS (1 X N)-MaTDPUILBL.

B nepsom ciydae marpuna J MHBOJIOTUBHA; BO BTOPOM CJIy4ae UMeEET I110-
paJI0K 4.

[pyuna U(n) ecrecrBeHHo uzoMopdHa 0pmo2onaibHol CuUMNAEKMUYECKOT
epynne Sp(n;R) N O(2n) [6]. O6parubiii n130MOPMU3M OCYIIECTBAIETCH COOT-

BeTCTBHUEM A
B .
( c D ) — A+1iB.

[Tepeceuenue Sp(n; C) N U(2n) nassbiBaercst YyHUMapHol CuUMNAEKMUYECKOT
epynnoti (W mpocTo cumnaekmuyueckot 2pynnot) 1 0GO03HAYAETCH CUMBOJIOM
Sp(n). Dro rpynna Jlu pazmepuoctu n(2n + 1) [6]. B wactrocru, Sp(1) uzo-
mopdua SU(2) umu mynpruniukarushoit rpynme (HY -) equnudnbx ksarep-
HHUOHOB.

J-yuuraphasg rpynmna U(2,2) — rpynna KOMIUIEKCHBIX (4 X 4)-MaTpui ¢

I 0
(o )

sjeMenTamu u3 J gaBiastorcs (2 X 2)-marpunpst. Marpuna J uasosorusaa. [Toj-
rpymma SU(2,2) C U(2,2) — noarpymmna MaTpury ¢ onpeaeanTeseM 1.
Aurebpa JIu so(1,3) rpynmst Jlu SOq(1,3) cocTonut u3 Beex MaTpHI| BUia

0 A
w A= (g 4 ) Ao
Aure6pa JIu su(2,2) rpynmet Jlu SU(2,2) cocrouT u3 BceX MATPHIL BUIA

Ay A « *
(16) A= ( %; A;i ) 5 All = _A11> A22 = —AQQ, tr A =0.
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I3 (16) sterko BujaHoO, yro dim(su(2,2)) = dim(SU(2,2)) = 15.
§3. MHO>KeCTBO MCKJIIOUYUTEJILHBIX MaTpuit u3 U(2)

EcrecrBenno xesanune 3HaTh 0 pacnosnoxennn Muoxkectsa N B U(2) 6016
IIe TOro, O 4eM CKa3aHO B TeopeMe 5. DTO paBHOCHILHO PEIIeHUIO BOIIPOCa O
crpoennu MuOKectBa U(2) \ N. Creayronmii moaxo 1aer 4acTUIHBIA OTBET
Ha 3TOT BOIIPOC.

IMpumep 2. /g kax0it HenyeBoit marpunpsl A € iH, naiitn
lim (I —tA)(I +tA)~".

t——+o00
Pacemorpum U(2), HeHYJIEBYIO MATPHILY

Aeu(2), (tA* = —tA)(I+tA)", t>0, lim (tA)*

li
t—+o0
BbI‘{2I/IC,HeHI/IE{ nator det(I +tA) = 1+t(a1; +ag)+t2 det(A), det(A) = ayag +
|a12],

(I —tA)(I +tdet(A)A™Y) T —tA+tdet(A)A™" —t*det(A)]
1+ t(aj; + a) +t2det A - 1+ t(ay + ag) +t2det A ’
ecu det A # 0, unaue naj0 3amenuth det(A)A~! TpancnonupoBanuemM MaTpu-

1161, LHOJLy4aeMoil 13 A 3aMeHOM KazK/[0I0 ee 3JeMeHTa Ha ero ajarebpanieckoe
nonosnenue B A. Ecin det(A) # 0, to lim;, o (tA)* = -1 € U(2) \ N.

Ecau det A = O, ajp = )\1i, a9y = )\2i’ a1y = a + bi, 4y = —a + bi’ o
aj + az # 0,
1 — _
B:= lim (tA)¥ = ——— a2 — a1y 2a12 _

)\1 + )\2 —2(b + CLI) )\1 — )\2
Torna serko mposepsgercs, 4to B* = B, B? =1,

(I+B)— 1 < 2\, —2(b—ai)>’

1 ( )\2 — )\1 —2(b — Cli) ) )\1)\2 _ 0,2 + b2.

)\1 + )\2 —2(b + ai) 2)\1
A(MAs — (a? + 02
det(1 + B) = 1&1 fi; ) _o, Beu@\N.

Eciu det A = 0, To marpuna B He MEHSIeTCs, €CJIM BCe BELECTBEHHDIE 11a-
paMerpbl A1, Ao, @, b yMHOXKAIOTCS HA OJHO U TO K€ HEHYJIEBOE BEMIECTBEHHOE
aucsio. Torga, Tak Kak max{|A|, |A2|} > 0, MoxkHO cunrarh, 4TO

max{A;, Ao} = 1, min{A;, \o} > 0, min{\;, Ay} = a® + %,
b= 4+/min{\;, Ay} — a2

Citei0BaTeIbHO, MHOZKECTBO BCeX MaTpHI| Buja limy o (tA)7, rae A € u(2)\
{0}, aBymepno, B 10 BpeMmsi kak Mbl yBujuM, uro U(2) \ N TpexmepHo.
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Teopema 7. Muoxecrso U(2)\ N Bcex nckirounrenpabix marpui u3 U(2)
romeomopguo TpexmepHoii cpepe S co ckieenHbIMH B OHY TOYKY —1 JIBYMS
"momocamu"cheppr. Muoxecrso (U(2)\ N)\{—1} auppeomopmuo (0, 1) x S2.
Mmuozxkecrso U(2) \ N umeer KOHHIeCKyi0 0COOEHHOCTH B TOUKe —I .

Jlokazamesvcmeo. Marpuna B € U(2) uck/rounre/ibHa, ecjiu

0=det(I + B) =1+ tr B+ det B,

(17) b11 + b22 = ( =-1- 2,k = bnbgg — b12b21 c U(l),

(18) b11| = [b22],  [ba1| = |b12| = /1 — [bus]?
OTH yCI0BUA BJAEKYT APyTHEe YCJOBHA YHHTAPHOCTH MATPHUIE B3:
(19) biibia + barboy = 0, by1boy + biabag = 0.

HeiicrBuresnbro, u3 (18) caemyer (19), ecin by = 0. Ecomm byg # 0, ymMHOKEM
nepsoe ypasuenue B (19) na byo. Iosmyunm

b12bi1bia + b1aba1bay = bribiabs + bag(briboy — 2) = biy — byz =
bi1 + baa(1 + by + bag) = biy (L4 bag) + 1+ bay — biobiz =

(14 011) (1 + bya) — biobia = 0; (14 b13)(1 4 baz) — brabiz = 0.

CyMMa ABYX IIOCJIEJHUX PABEHCTB Jla€T
2+ b1y + bi1 4 bag + bag + b11bas + bribay — 2b13b1; = 0,
Re(byy + bag + bi1bag) + byrbyy = 0.
Jlenas 3ameny byy = ¢ — by, mOJIy4aeM BCJIEJICTBHE PABHOIPABHOCTH by U boo
Re(byy 4 by +b1:() =0,  Re(bi1 + bag + ba2() = 0.

CyMmMma 9TUX PABEHCTB JIaeT
(20) Re(2¢+¢() =0, mm 2Re(¢)+(¢C=0.

PacecmoTrpum paBHOOEIpEHHBIN TPEYTOTBHUK C BEPIINHON —1, & TaKyKe BepIIi-
Hamu O 1 ( HA eIUHUIHON OKPYZKHOCTH ¢ 1eHTpoM —1. IlycTh ¢ — yron B aToMm
TpeyroJbHuKe npu Bepmuae —1. Torma

2Re(¢) = 2(cosp — 1) = —4sin*(p/2), (( = (2sin(p/2))* = 4sin’*(p/2),
1 BTOpoe paseHcTso B (20) BbIIOJHEHO BMecTe ¢ nepBbiM B (19).
Bropoe pasenctso B (19) mosrydaercst ©3 mepBoro TpaHCIOHAPOBAHHEM MaT-
puipl B, Tak Kak npu TpaHcmonupoanuu tr B u det B He MeHSOTCH.
Yenosug (17) u (18) MOKHO 3anucarh HHAYE B CICAYIONEM BHIE

(21) bll :—(t+(1—t)2), OStS 1, ZEU(l), b22:—(1+2+b11>,

(22) blg = b21 = 0, ecJjim |b11| = 1,
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(23)
bio = /1 — |bul26, €€ U(L), ba = (bibyy — 2)/bia, ecmm |by| < 1.

].) Econ z = 1, TO bll = b22 = —1, b12 = b21 = 0, B=-1I.

2) Ecan z = —1, 0 bogy = _blla —b%l — bioby = —1,u blla by € R, E = bys.

[Tpu t € (0,1) nosyuaem muoxectso, auddeomopduoe (0,1) x U(1), Bbi-
poxkalomieecst B joeroune npu t = 0,1. B nejiom 310 muoxkectBo juddeo-
Mopduo S2.

3) Ilycts z € U(1) \ {1,—1}. llpu t = 0,1; bjy = byy = 0, T.e. momydaem
JIBOETOYHE.

Ilpu t € (0,1) u Im(z) > 0 wmm I'm(z) < 0 mosydaem JgBa MHOMKECTBA
mMarTpuil, Kazx,1oe u3 Koropbix juddeomopduo (0,1) x (0,1) x U(1) u BbipoxK-
paercs upu t = 0,1 B MmHO)KecTBO, Juddeomopduoe (0,1). B nenom kaxjoe
u3 nux juddeomopduo (0,1) x S? a MHOKECTBO BCex MaTpull B cilydae 3) —
nx JU3bIOHKTHOE O6'be,ZLI/IHeHI/Ie.

13 cka3aHHOIO BbITEKAET HEPBOE YTBEPKIEHUE TEOPEMBI.

Bropoe yrBepxkenne Oyaer ciaepcrsuem peryispaoctu U(2) \ N upu z =
—1.

[IpuBesnem nerasu nosegenns muoxkectsa U(2) \ N BOimusu z = —1u z = 1.

I[Ipu duxcuposannom t € [0,1] u 2z # 1, momus o (21), (22) u (23), moxyaaem

by |? = (t+ (1= )2)(t + (1 — 1)Z) = 1+ 2t(1 — t)(cos o — 1),

bz = /21(1 = 1)(1 — cos )& = 2/1(1 — ) sin(p/2)¢, &€ U(1),

biibp—z = (1—-t)t(z—1)%, by = (1—1)t)/2E(z—1)(—sin(¢/2)+cos(¢/2)i).

31eChb MbI UCHOJIB30BAMN paBeHCTBO 2—1 = 2s8in(p/2)(—sin(y/2)+icos(p/2)).
CHOBa MCHOJIBb3Ysl ITO PABEHCTBO, HaxoauM 1npu Beex z € U(1)

(ba1)g, = ((1=t)t)2€(— sin(p/2)+cos(p/2)i) (2),—sin(p/2) (cos(y/2)+sin(p/2)1)),

(bll):p = (t - 1)2:0, (bgg)zp = —tZ:O, (b12):0 =1/ t(l - t) COS(QO/Q)f

Wciioib3yst paBeHCTBO z’ = —sin ¢ + cos ¢i, nosiydaem npu 2 = —1 u z = 1:
(b)), = 2i/t(1 = 1) /&, (b)), = (1 =1)i, (b)), =ti, (b12), =0
(b21), = =Vt(1 = 1t)-€,  (bn), = (t=1)i, (b)), = —t, (b12),, = V(1 —t)E.

[Tpoussojubie 1pu z = —1 nokaszwiBator, uro U(2) \ N peryssipuo B z = —1.
Beaeacrsue 1) Boiime, byy = bygy = —1 — MuHHMaJIbHOE 3HAYEHHE HPU 2z = 1

1 (b11);, = (b)), = 0, ecrm 661 B —I muOkectso U(2) \ N mpu I'm(z) > 0 unn

Im(z) < 0 6bLIO peryJsspHO. DTO MPOTHBOPEYUT BBHIYUCIEHUAM mpu z = 1.
V13 HuX Ke cjeayeT CIpaBeIMBOCTH IOCIEIHETO YTBEPXKIEHHS TEOPEMBI.

O
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Teopema 8. IIpoobpas o~ (U(2) \ N) orHocurTe/ibHO HAKPHIBAIOIIETO J11H-
mopuzma rpymu JIn o : R x SU(2) — U(2) — obbeannenne ciBUroB Ha 2m,
m € Z, no ocu R muoxkecrsa S C [0,27] x SU(2), romeomopcpuoro S®. Ilpu
3TOM

(24) SN{0,2r} x SU(2) = {(0,—-1),(2m,—1)};

S 6e3 srux Touek g peomoppuo (0, 27) x S2. Jlobast 3-chepa s o~ (U(2)\N)
1epeceKkaeTcsi POBHO C JIByMsI TaKHMH ke cpepaMu 10 HX 00Ieli KOHHIeCKOI
rouxe. IIpoobpasz o~ (N) orkpsir u Beropy mioren B R x SU(2).

Jlokasamenvecmeo. duumopdusm o umeer B (13) u nepuojudeH ¢ mnepu-
omom 27 mo R. IlepBbie Tpu yTBep:KJ/ieHHS BBITEKAIOT U3 3TOIO U TEOPEMBI 7.
[Tocneanee yTBep:KieHHE ClIe/lyeT U3 BTOPOrO YTBEPKJIeHUs TeopeMbl 5. [

Teopema 9. /Li1s KaxK10r0 HATYpAJIbHOTO 9ucaa k > 2 cyniecTByeT HEKOTO-
ptii k-maerapiii maxkpeisaomuii smmvopdusm oy, Ug(2) — U(2); o, '(U(2) \
N) = Sk ectb obbeunenune k 3-cpep, Kazkjiast u3 KOTOPhIX HEPECEKALTCSI POB-
HO C JBYMSI JIDyI'HMH TaKuMu 3-cpepamu 10 o0ieii KOHu4ecKoil TouKe.

Jloxazamenvcmeo. Onpenemam Uy (2) := U(2)/({2rkm}, +), m € Z. Scwo,
aro cymectByior smuvopdusMer Yy U(2) — Up(2) u oy @ Up(2) :— U(2)
Takue, 4ro oy o y; = 0. Jlajiee paccyK/eHue Kak B J0OKa3aTeJIbCTBE TEOPEMbI

8. U
Cuaeayromiasi Teopema jaer reomerpudeckoe onucanue Maozxecrsa U(2) \ N.

Teopema 10. U(2) \ N — obbeunenne Bcex (3aMKHYTHIX, gugdeomopd-
HBIX OKPY2KHOCTSIM) H30Tponabix reojgesmdecknx B (U(2), (-, -)) ¢ magamom —1.

Joxazamenvcmeo. Beaencrsue Teopemsl 3, (-, -) — OHHHBAPHAHTHAS JIO-
perresa Merpuka Ha U(2). Crenosaresbro, Kazxaas reoaesudeckas B (U(2), (-, -))
¢ madanoM | — l-mapamerpudeckas MOArpymma, u obparno. Bocmonb3yemcs
HPUMEPOM 1 M BBIYMCJIMM CJIE/YIONLYI0 H30TPOIHYIO I€0IE3UIeCKYI0 C IIePUO-
JIOM 27 1 HadaJoMm [:

cosp —sing )

. . _ i : — i
2(6) = expliilon + ) = e explpion) = e a ¥ T

[Toxyunm 3aMKHYTYIO H30TPOIHYIO I'eOe3ndecKyio ¢ HadajaoM —I[ W ompefe-

JINTEJTb: ) )
—eflcosp  efsingp
B(SO) = _V(QD)I = < _ecpi sin © _egpi Cos ) )

det(I 4+ B(p)) =1 —2cos p(cos p +isinp) + (cos2¢ + isin2¢) = 0.

[oarpynna SU(2) C U(2) mpocras u npucoequuennas rpymma Ad(SU(2))
neiictByer TpamsuruBHO Ha MuHOXKecrBe {v € T1SU(2) : (v,v) = 1}. Crenosa-
TeJIbHO, JieficTBue rpyiibl SU(2) conpsizKeHusiMu TPAH3UTUBHO HA MHOXKECTBE
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U30TPOIHBIX I'€0JIE3MIeCKUX ¢ HadaaoM [ u ¢ HadajioM —I, OYEeBHU/HO COXPa-
Hsisl IIPU 9TOM ompesesiuresin Marputl Buga [ + B, B € U(2). Buauut, Kax 1y
U30TPOITHYIO T€0Ie3MIECKYI0 ¢ Ha9a/ oM —/ MOXKHO IIPE/ICTABUTH B BHU/JIE

DB(p)D™', o eR, DeSU(_2).
N3 coobpazkenuit pasmepHOCTH U TeopeMbl 7 ciiejpyer Teopema, 10. 0

3ameuanue 4. Terepb yrBepK/jieHre TeOpeMbl 7 0 KOHUYHOCTH MHOZKECTBA
U(2)\ N B —I oueBujHO.

Caemyrornas TeopeMa — HEIOCPeJACTBeHHOe ciieacTBue Teopembl 10.

Teopema 11. /Lisi Kaxk/joro HaKpbIBAIOIEI'0 JIOKAJIbHO H30METPHYHOI'O
suumopguzma rpymu Ju p : G — (U(2), (-, -)), upoodpaz p~(U(2) \ N) ecrn
00 beMHEeHne BCeX H30TPOIHBIX T'EOJE3MIeCKHX C HAYaJOM B IPOU3BOJIBHOL
rouxe uz p~{—TI}.

§4. Baoxenue rpymmst P B SU(2,2)

B [13] rpymnma U(2) peaiusoBana Kak ojHoposHoe npocrpanctso SU(2,2)/F,
e KOMIIOHEHTA CBS3HOCTH enuHuipl noarpyunst F C SU(2,2) (ungekca 2
B F') uzomopdHa nexomnarmmol, yHUBEPCAJILHON JBYJIHCTHON HAKPBIBAIOIEHT
pacmmpennoii rpymmnst [Tyankape. [losromy ymecTHO cKa3aTh cHadasa 06 Of-
HOPOJIHBIX IPOCTPAHCTBAX HEKOTOPHIX PACCMOTPEHHBIX 37€Ch IPyI JIu mo ux
KOMITAKTHBIM [O/TPYIIIIAM.

EcTh pEMAHOBBI CHMMETPHIECKHE [IPOCTPAHCTBA

GL(2,C)/U(2) = GL*(2,C)/SU(2), SL(2,C)/SU(2).

I[lepBoe u3 nux, kak u SU(2,2)/S(U(2) x U(2)) u u3omMopdHOe eMy npocTpaH-
ctBo SO0y(4,2)/S0(4) x SO(2) — HEKOMIIAKTHBIE SPMUTOBLI CHMMETPHICCKHE
npocrpancTsa, cM. map. 4 Linaser IX u tabaumny 11 B kuaure [7].

Cpyunua JIu SOy(4,2) J-oproronajibia u anajorudna rpyiie Jlopenua.

Aure6pa JTu (g, [+, -]) xaxoit us rpynn JIn G: GL* (2, C), SL(2,C), SU(2,2),
SOp(4,2) nonyckaer pasjioxkenue B UpsMyio cymmy g = p @ €, e € — nopaui-
reopa JIu komnakraoit mogarpynnst K C G, U MHBOJIOTUBHBIA aBTOMOPMU3M
f Takwme, uro p u € — MHBApUAHTHbIE OTHOCUTEJILHO [ IOJNPOCTPAHCTBA C
coOCTBeHHBIMHE 3HadeHHsIMI —1 u 1 cooTBercTBeHHO. Kpome Toro,

[&E] Ct, [Eap] Cp, [pap] =t

Jaa anre6p Jlu gl™(2,C) u sl(2,C), f = —*, ¢ = su(2), p = H B nepsom
caydae u p = isu(2) Bo Bropom ciaydae, cM. (5), (6).

Beerjia npu ykasaHHBIX yCI0BUSX Kaxkioe AdK-nHBapHAHTHOE CKaJSPHOE
npoussejieHue (-, ) Ha P OIpe/IessieT UHBADUAHTHYIO DUMAHOBY METDHKY Ha
G/ K, 910 JaeT pUMaHOBO CHMMETPHYECKOE MPOCTPAHCTBO. Ho 910 Ke cKassap-
HOE [IPOU3BEJIEHUE ONPEJIEIISIeT U JIEBOMHBAPUAHTHYIO CyOPUMAHOBY METPUKY d
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Ha rpymie Jlu G, u ectb cr1ocod BeIYHC/I€HUST KPUBU3H CyOPUMAHOBON METPUKI
d 110 KpUBU3HAM YKAa3aHHOIO CHMMETPHYECKOIO PUMAHOBA IPOCTpaHCTBa [1].

Bameuanue 5. [lceBmockansgproe mpousseenue (-, ) Ha H u3 dbopmyn
(9) u (10) s3amaer meounBapuanTHyio cybiopennesy merpuky Ha GLT (2, C).

Jlasiee npuBejieHbl HEKOTOPbBIE pe3ysbrarsl u3 [13| ¢ HebGoJIbIIUMU HOSICHEH K-
M.
ABTOpBI 3TOl CTATHY HCIIOJIBL3YIOT CIeAyIoue 0003HAYCHUS:

U:=U(2), G=2SU(2,2), P=(GL2,C)/UMI)A(H,+)-
pacmupenHasd mogobusamu rpyima [lyankape,
(25) c(ih) = (I +ih/2)(I —ih/2)"' h € H.

Ha ocnosanum Teopembl 2, yHusepcaJ/ibHOe HaKkpbiTue P — P JBYJIMCTHO.
B [13]| nokassiBaercs ciaeayiomas Jlemma 2.1.3 B pe/ioJ102Kenuu, 91o

(26) 9Z =(AZ+B)(CZ+ D)™, ZeU, g:(é g)eG.

Jlemma 5. CymecrByer equHCTBeHHBIH H3oMopgusm [ @ P — G rtakoii,
910

(27) B(g)c(ih) = c(igh), g€ P, he H.

Tak kak c(iH) — oTKpbITOE BCIOLY IJIOTHOE MOJAMHOXKecTBO B U 10 Teope-
Me 5, TO JBa TAaKHX H30MOp(dH3MA MOIYT OTJIHYATHCH TOJIBKO HA TOMOMOD-
¢dusm rpyiiibt Ps siipo geiictBust G Ha U. D10 s1ipo — AUCKpeTHasl IPYIIIA.
[Tosromy He cylecTByeT Takoro HeTPUBUAJILHOI'O roMomMopdusmMa, 4To Jlaer
€IMHCTBEHHOCTD.

Jlist 1oKa3aTebCTBa CYIECTBOBAHHS ABTOPLI OEPYT IPOM3BOJILHBIL e~
vent T u3 P. Bereacrsue teopeMbl 2 MOXKHO HPEIIOIATAT, TTO

T=(tLF), e teR, LeSL2C), FeH,

cumTast, 4To yucay t orsedaer nogaobue ¢ kodbdunuentom e na H. B [13]
1HOJIATAI0T

(28)

t/2 ; —t/2 *\—1
5(T):Q<€OL (Z/i)i/z(;gﬂ) )Q—l, re 9:2‘1/2(_[[ ﬁ)

OueBuno, § B3amMHO onHO3Ha4YHO. CHadasa mpoBepsercd, 9To [3 — TrOMO-
mopdusm B rpymnmny GL(4,C). lag sroro mpoiie, He yauTbiBas ), MOKa3aTh,
9YTO MPOM3BEJEHHE JBYX MATPHI[ TOIO K& BHJA, YTO U CPEJIHSIS MaTPUIA B
(28), MOKHO IPeOGPA30BATh B MATPHUILY TOTO Ke BHJA. [Ipu 3TOM BBISICHAETCH,
uro SL(2,C) peiicrByer na H rtak xke, kak B Teopeme 2. [Tocie 910ro HyzHO
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nokasarb, 4ro Beerga (1) € G. Iocae roro, Kak J0Ka3aHo, 410 3 — roMo-
mopduszm B GL(4,C), nocrarouno uposepurs Brjtouenue [(1) € G st Tpex
BIIOB MaTpuIlbl T, Kak 5T0 c¢aenano B [13]:

cosh(t/2)I  —sinh(t/2)I

BELO)={ “gnn(t/2)1  cosh(t/2)l ) €
[+iF/4 iF/4
B0 1, F) = —iF/z/l I+i/F/4 €G.
(29) 5(07 L, O) — ((L*)_l + L)/2 ((L*)_l - L)/2 € G,

(L)~ =L)/2 (L)' +1)/2
[Iposepka (27) B 13| 10BOIBHO TeXHUYHA U OCTABUM ee 6e3 KOMMEHTAPHEB.
§5. IlpuumHHas CTPyKTypa

[ToBropum gacth Tekcta [13], cTp. 81 u majee, rjie aBTOPHI OOBICHAIOT UX
TEPMHUHOJIOTHIO, B KOTOPOIl HEKOTOPBIE 00IIIe TePMIHBI HCIIOIL3YIOTCA B DOJIee
CIIEIUAJIBHOM CMBbIC/IE.

"Muoroobpasue' 03HadaeT BemEeCTBEHHO-AaHAJINTHIECKOe MHOTOO0Opa3ue.
"ITpuannnoe maoroodbpazue' 3HaIUT MHOTOOOpa3Ue, CHADZKEHHOE 33/ [aHHBIM T10/I-
XOJSAIIUM AHAJIUTHIECKUAM 110JIEM 3aMKHY ThIX BbIIIYKJIbIX KOHYCOB (B Kacareib-
HBIX [IPOCTPAHCTBAX); Konyc C), B TAHHOI TOUKe P HA3bIBACTCS "KOHYCOM OY/Iy-
mero". IIpuwunnoe (COOTBETCTBEHHO, GHMUNPUYUHHOE) TPeODPA30BAHIE OTHO-
r0 IPUIMHHOTO MHOI00OPA3Hs Ha APYroe eCTh 00OPATHMOe AHATUTHICCKOE IIpe-
obpa3oBanue, KOTOpoe coxpaHser moJe Kouycos (mepesogut C, B —C), ecian
p nepexojur B p'). ObparumMoe aHAJINTHYECCKOE PEOOPA30BAHIE HA3BIBACTCS
AOKAAOHO NPUBUHHBLM, €CJIM er0 Cy’KEHHE Ha JIOCTATOYHO MaJible OTKPbIThIE
MHOKeCTBa HPUIMHHO. MHOXKECTBO BCEX NPUYUHHBIX [PE0OPa30BaHUi [IPU-
YUHHOIO MHOI000pasust M Ha3bIBAeTCHA €ro npuuunHot 2pynnot u 0003HaIaeT-
cst G(M); yHuBepcaibHOE HAKPbITHE ITOI IPYIIIbI HA3BIBACTCH CYULLCTNEEHHOT
npuvunnotl 2pynnot; obosmadenme G(M).

(H,{-,)) — npuanaHOE MHOrOOGpa3ue, B KOTOPOM KOHYC OY/yINero B KazK-
JI0i1 TOYKe OIpeIeasieTcsa KaK MHOYKECTBO IIOJOKHUTEJIHHO ITOJIYOIIPEe 1€ TeHHBIX
OTHOCUTEJIBHO (-, ) Marpuil h ¢ jonojHure/bHbiM ycjioBueMm (h,oq) > 0 u ¢
OOBIYHBIM OTOXKJIECTBJIEHUEM MHOIOOOpa3usi ¢ KacaTeJbHbIMEU HPOCTPAHCTBA-
MU B JIMHEHHOM CJry4ae.

Bamerum, 4TO NpUYMHHAS I'Pylia JIu ¢ JIeBOMHBAPUAHTHBIM 110JIEM KOHY-
COB OYJIyIIEro JIOKAJIbHO MPUIMHHA B TOM CMBIC/IE, 9TO Ha JTOCTATOYHO MAJIBIX
OTKPBITBIX ITOIMHOXKECTBAX I'PYIIILI ABTOMATHIECKH 3a/1aH HPUINHHBIA TOpsI-
JIOK.

[TosicauM, 9To (r106aMBHBI) npuwuHHbl Nopadok Ha XaycaopdoBOM TOMO-
JIOTHYECKOM IpocTpaHcTBe M 3a1aercs YaCTHIHBIM TPAH3UTHBHBIM, pediiek-
CUBHBIM U aHTHCUMMETPUYHBIM HOPsijiKoM <; KoHyc Oyjaymero C, = {y €
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M :x <y} nas x € M, konyc uponuioro C; = {z € M : z < x}. O6blu-
HO tpesnoaraercs, 9ro C, 3aMKHYTbI, 8 BHYTPEHHOCTH KOHYCOB Oy/IyIIIero u
IpouLIoro obpasyror npeadasy ronoaorun A.Jl. Anekcanaposa, coBOagaloOmei
¢ TomoJjiorueii mpocrpancrsa M. B crarbe [2] u3yuarorcs MerpusoBaHHbBIE Jie-
BOMHBAPHAHTHBIC MOPSIKH Ha JIOKAJIHHO KOMIIAKTHBIX TOIIOJOTHYCCKUX IPYII-
max — JaJeKoe 0600meHIe JJeBONHBAPHAHTHLIX JIOPEHIEBLIX U Cy0I0PEHIICBBIX
MeTpPHK Ha rpymmax Jlu.
B [13| ucnosb3yiorest caepyomue 0603HaY€HHsT IPYIIIT

My:=H, M:=U M:=U=RxSU(?2),

KOrJga OHHN paCCManI/IBaIOTCH TOJIBKO KaK HpI/I‘{I/IHHbIe MHOFOO6pa3I/IH C HpI/I—
YUHHBIMHU CTPYKTYPaMU, OLPE/IE/ISeMbIMU yKA3AHHbIMU Bbillle OMUHBAPUAHT-
HBIMU JIOPEHIEBbIMKM METPUKAMU Ha dTuX rpynuax Jlu; M — npudnHHas KOM-
nakTuUKaIs IPOCTPAHCTBa-BpeMeHn MuHKOBCKOro My, M — Bcenennas
OiHIITeHA.

Teopema 12. [14] IIpeobpasopanme Ko ¢ : iH — U(2), onpeueientoe
dopmyiioii (25), ecrb npuaHHHOE 0TOOPAYKEHHE.

B [13] yrBepkaenne 310ii T€OpeMbl KPATKO YIIOMSIHYTO B jiemme 2.1.2.

Teopema 13. [14] [eiicrue (26) rpynmner G Ha M OpuadHHO H TpaH3H-
THBHO.

Hoka3zaunbl jiemmbr 2.1.5, 2.1.6:

Jlemma 6. S(P) — xomnonenma edunuun cmabuauzamopa G_; mowku
-1 €U(2).

Jlemma 7. Ilycrs Z— mentp B G. Torma G_; = 3(P)Z.
CaencrBue 5. (5 (P) — noarpyuua uajgexca 2 B G_j.

Joxasamenvcmeso. 1leHTp Z coCTOUT U3 CKATSPHBIX (4 X 4)-MaTPHIL C OTHIM
u3 gucess +1,+i Ha guaronasu. CiieicTBUe BBITEKAET U3 TOrO, YTO MaTPUIA
Buga (29) npu L = —1 — ckanspuag (4 X 4)-marpuna u3 G(P) ¢ quciom —1
Ha JNATrOHAJII. ]

CaexncrBue 6. ['pynna U(2) ecrb ogaoposguoe upocrpancrso SU(2,2) /Gy,
e rpyuna G_j uzomopgua rpymie P x ({1, —1},-).

[TosTomy amasormduo Teopeme 9 mosydaem Ha ocHoBamuu [11] u Teopemsr
11

CaencrBue 7. Ounopoanoe nupocrpancrso SU(2,2) /5 (ﬁ) JIBYJIHCTHO Ha-
kpereaer U(2) m ectp Uy(2). IIpoobpas muoxecrsa U(2) \ N orHocuresbHo
3TOr0 HaKpbeITHs Jrghgeomopden Koagdopmuoii beckoredrnoct B [11].

Bameuanne 6. ['pyuna Jlu Us(2) auddeomopdua rpyume Ju U(2).
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IIpennoxenue 2. IIpocrpancrso SU(2,2)/3(P) usomopduo oxHopoto-
my upocrpanctsy rpyiubt Jliu SOg(4,2) no ee noarpyiiie, u3oMoppHOii rpyiiie
Jlm P.

Jlokasamenvcmeo. Ilycts Cy == Z N B(P) = B({I,—I}). Torxa
SU(2,2)/B(P) = (SU(2,2)/C2)/(B(P)/C2),  SU(2,2)/C, = SO(4,2).
Teneps o Teopeme 2, SOy(1,3) = SL(2,C)/{I,—1I}, crenoBareabuo

B(P)/BUI,~I}) = P/{I,~I} = P.
O

Teopema 14. (13|, ¢. 83. I'pynna G JeHCTByeT IPAYAHHO U TPAH3UTHBHO
"a M ¢ rpynnoit uzorponuu, uzomopguoi P.

eiicTBHE §Z 371eMeHTa § € G ma siaemenre Z € U ompee/sercs KaHOHHIe-
CKUMH MOJHATHAMEA. KaHOHImYecKne HaKpbITHg-dmuMopdu3Mbl rpymr U u G
rpyunamu U u G o6o3uauaiorcs o u 7. [pu npeacrasiennn M kak R x SU(2),
nostyqaem o(t, W) = e'W, t € R, W € SU(2). YnomsanyTbie oTobpazkeHus
cBs13ambl yeaosueM o(GZ) = v(§)o(Z) ansa mobeix § € G u Z € U 1o onpee-
JEHUIO IMOJTHATHIA.

ABTOpBI (GOPMYIUPYIOT YTOUHEHHE TeopeMbl 14 cieayomuM 00pasoM.

[Moarpymma uzorponuu rpynmsl SU(2,2), B KOHCTEKTe ee JeficTBUS HA M ,
u3oMopdHa pacmupennoil nogobuamu rpynne [lyankape. Cama rpynna
SU(2,2) uzomopdHa CBA3HON KOMIOHEHTE eIMHUIIbI TPYIIIbI BCEX MPHINHHBIX
npeoGpaszosanuit na M. Ormerum dpazy B [13], c. 83: Hnumepecro, wmo epyn-

na u3omponuy delicmeus Ha mHo200bpasuy, M e20 npuuunnol 2pynno. ecmo
npuvurnas epynna wa M.

3ameuanue 7. [loxoxe, uTo 3Ta mocaeausds dppas3a Moapa3syMeBaeT BarK-
HBIil pe3ysbTar: rpymna P ecTb KOMIIOHEHTa CBSI3HOCTH TPYIIBI BCEX IIPH-
YUHHBIX MPeoOpa30BaHMil MPOCTPAHCTBA-BpeMeHn MHUHKOBCKOro. Pasimanbre
ero 00OOIIeHNS Oy UMM YUEHUKH XPOHOI€OMETPUYECKOH 1IKOJIbI aKa/IeMUKa,
A JI.AtekcanipoBa.

B BaxknoM Jiist npusiozKenuit pasede 2.3 " JIuckperubie HpuIuHHbIE CUMMET-
pun'"u3 [13] paccmarpuBaroTesi HeCBsI3HBIE TPYIIIBI, BKIOYAMOIINE BCe IPUINH-
Hble 1 AHTHIPUYMHHBIE IPEOOpA30BaHUs IPUIMHHBIX MHOrooOpasuit My, M u
M. Haupumep, B ciyuae My 1o noyupsimoe npousseaenue O(1,3) £ (H, +),
OPOZK/IaeMO€e CBSI3HOM TpyIIoil P U JUCKPETHO# YeThIpexd/J1eMeHTHOH IMojI-
rpymmoit B O(1,3), mopozkgaemoii 1ByMsi HHBOJIOTUBHBIME HHBEPCUSIMUI "Bpe-
menn'"u "mpocrpancrsa'.

Cremyromniue riaBbl crarbu [13] coep:kaT MHOrOYHCIEHHBIE BHITUCICHUS; UX
pe3yabTaThl mpeacTaBiaeHsl B 10 6oapmux Tadbmumax. OrpaHnaIuMCcs Iepedic-
JICHUEM.



23 B. H. Bepecmoscruti

B rrase II1 "Anasurunueckast reomerpusi" u3ydarorcs B OCHOBHOM aJiredpbl
JIn paccmarpuBasimxcst rpyiit JIu, ux remeparopbl u ux ckoOku Jlu, a Takzke
OTHOIIIeHU )i uX obeproiBatonux aaredp. ['tasel IV u V HaspiBaoTcs coot-
BercrBerHo "llapannerusanus wHIynupoBaHHBIX paccaoennitn "CkassapHbe
paccioenns'. B HUX pedb HIET O COOTBETCTBYIONUX PACCTOEHUSX HAJ[ TeMH
ke rpynnamu Jlu.

§6. 3akJjr0ueHue

DTOT pasjien BKIOYaeT HEKOTOPBbIe OTIeIbHBbIE 3aMedaHusl O TeMe JTOi
CTATBH.

[Cpyuua U(2) ue siBjisiercs upsiMbiM iipoussegenuem noarpyun SU(2) u U(1
tak kak SU(2)NU(1)I = {I,—I}. Ho U(2) nuddbeomopdna SU(2) x U(1
u S? x S, rax kak u3 (13) caenyer, uro o(t,g) = o(t + 2, g), xors o(m, )
—1 € SU(2).

Yike mocjie 3aBepiieHusi OCHOBHOrO Tekcra crarbu, A.B.JleBuues ckazas
MHe, 9TO aHAJIOT MHOdCeCmBea uckaowumenvior mampuy U(2)\N dbusuku Ha-
3BIBAIOT KOHPOPMHOT beckonewnocmbio npocmpancmea Munkosckozo 1 yKasa
Ha uHTepecHyIo crarhio A.fmuuka [11|. B Heil 06cykmaoTces pasHooOpasHbIe
HETPUBUAJIbHBIE CBA3H C MATEMATHIECKUMH U (DU3HIECKUME UCCIIeT0OBAHIAMI
1 AKTYaIbHOCTH Y (DPU3MKOB 3TO T€MbI, BbI3bIBAIOIIEH PA3HOIIACHS MEXK /Ly HU-
mu. [ToMMMO MHOIMX JPYIHX, TaM €CTh CChLIKA Ha IIMPOKO M3BECTHYIO KHUIY
P.Ilenpoysa u B.Punjepa [5].

He norpyzxkasich B Jiuckyccuu (pU3MKOB U MHOT'ME UHTepIpeTalnun KOHpopM-
HOIl GECKOHEYHOCTH MPOCTPAHCTBA MHHKOBCKOTO, OIPAHUIYCH yTBEPIKIEHUSI-
MH O ee TOIOJIOTHYeCKOl cTpyKType u3 [11] u KparkuM cpaBHEHHEM WX C Teo-
peMoii 7.

B crarve |11], M = U(2), Me = 5% x S': M€ 3anaercs ypasuennsmu B RE:

(30)  @PHEPHEP =1 @O =1

VrBepxaaercs, 9To npu 2° = 2% mosyanm ypaseans KondopMHOil GecKoned-

HOCTH:

)[7
)

(31) (2 + (22 + ()2 + (%) =1, (") + (2°)* =1.
flcHO, 9TO 9TH ypaBHEHUs 3aJal0T JBe 3-chepbl, Y KOTOPHIX "CeBepHBbIH 110-
gioc"upu x° = 1 (coorsercrento, "toxkubiii nojoc" npu r’ = —1) onoii

cepbl 0OTOKIECTBIISAETCS € CEBEPHBIM (COOTBETCTBEHHO, ¢ FO2KHBIM) IIOJIOCOM
apyroit cdepsr [11].
A st Teopembr 7 Hazio yoparh Bropoe ypaBHenue B (31) U OTOXKIECTBUTH
TOYKH OIpe/e saeMoil mepBbiM ypasaenueM B (31) 3-cdepor ¢ 2° = 1u 2 = —1.
Haspanue "Koudopmuas 6eckonednocts " Hocut 6obiras riaasa 9 B [5]. IIpo-
crpamcrBo M€, obosnadaemoe B [5| kak M#, 3a1aeTca B BEIECTBEHHOM IIPO-
eKTUBHOM IlipocTpaHcTBe P° Kak mpocrpancTBo obpasyiomux komnyca (9.2.5),
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npocrpancrso Muukosckoro M — ypasuennsimu (9.2.5) u (9.2.6), a ero kon-
dbopmuas beckoneunocrb — ypasuenusimu (9.2.5) u V = W, re.

(32) T°+V?P-W?-X?*-Y?-2>=0, V-W=0.

Ha camom jeste HMEHHO ¢ 3TOro, B APYIHX 0003HAUEHUSIX, HATMHAETCH OIIH-
cane M€ u ero kondopmuoii Geckoneunocrn B crarbe |[11]. Boibop momoxu-
TeJILHOrO KoddduIienta MacirabupoBanusg OIpuBOAUT K ypaBHerusM (30) u
(31).

@akTuyecku B [5| geranbHo JaHO omucaHue KOH(MOPMHON GECKOHETHOCTH
npocrpancTsa Munkosckoro e B P°, a npu ero komnaxtudukanuu B U(2).

Bamaua 1. dsisterca jin muoxkecrso 0 (N) cBazubim?
Bamaua 2. fpserca mu [(P) nopmanbuoil moxrpymmoi rpymsr SU(2,2)?

Bamaga 3. Bepno jm, uro Kaxias Marpuia u3z aaredpst JIn (A, [ -])
BCAKOI1 J-yHuTapHOii rpynnsl G HeMCKIIOYATeIbHA

Bagaua 4. Kakosa crpykrypa muozkecrsa U(n)\ N Bcex HCKIIOYUTE/IbHBIX
marpui, U(n) upu n > 3, B yacrHoctu upu n = 37
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