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ÓÑÒÎÉ×ÈÂÎÑÒÜ �ÅØÅÍÈÉ

ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÕ Ó�ÀÂÍÅÍÈÉ

Ñ ÇÀÏÀÇÄÛÂÀÍÈÅÌ

Ò. Ûñêàê

�àññìàòðèâàåòñÿ êëàññ ñèñòåì ëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíå-

íèé ñ áåñêîíå÷íûì ðàñïðåäåëåííûì çàïàçäûâàíèåì è ïåðèîäè÷åñêèìè

êîý��èöèåíòàìè. Èñïîëüçóÿ �óíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî, ïî-

ëó÷åíû äîñòàòî÷íûå óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî

ðåøåíèÿ äëÿ ðàññìàòðèâàåìîé ñèñòåìû, óêàçàíû óñëîâèÿ íà âîçìóùå-

íèÿ êîý��èöèåíòîâ ñèñòåìû, ïðè êîòîðûõ ñîõðàíÿåòñÿ ýêñïîíåíöèàëü-

íàÿ óñòîé÷èâîñòü, óñòàíîâëåíû îöåíêè íà íîðìû ðåøåíèé èñõîäíîé è

âîçìóùåííîé ñèñòåìû, õàðàêòåðèçóþùèå ýêñïîíåíöèàëüíîå óáûâàíèå

íà áåñêîíå÷íîñòè.

Êëþ÷åâûå ñëîâà è �ðàçû: ëèíåéíûå óðàâíåíèÿ ñ ðàñïðåäåëåííûì çà-

ïàçäûâàíèåì, ïåðèîäè÷åñêèå êîý��èöèåíòû, óñòîé÷èâîñòü, �óíêöèî-

íàë Ëÿïóíîâà � Êðàñîâñêîãî

Ââåäåíèå

Â ðàáîòå ðàññìàòðèâàåòñÿ ñèñòåìà âèäà

d

dt
y(t) = A(t)y(t) +

∫ t

−∞

B(t, t− s)y(s) ds, t > 0, (1)

ãäå A(t) � ìàòðèöà ðàçìåðà n × n ñ íåïðåðûâíûìè T -ïåðèîäè÷åñêèìè
êîý��èöèåíòàìè, B(t, s) � ìàòðèöà ðàçìåðà n × n ñ T -ïåðèîäè÷åñêèìè
ïî ïåðâîé ïåðåìåííîé, íåïðåðûâíûìè ïî ïåðâîé ïåðåìåííîé è êóñî÷íî-

íåïðåðûâíûìè ïî âòîðîé ïåðåìåííîé êîý��èöèåíòàìè, ò.å.

A(t) ≡ A(t+ T ), B(t, s) = B(t + T, s),

ïðè ýòîì ∫
∞

0

‖B(t, s)‖ ds < ∞, t > 0.

Çäåñü è äàëåå ïîä íîðìîé ìàòðèöû ïîíèìàåòñÿ å¼ ñïåêòðàëüíàÿ íîðìà.

Öåëü ðàáîòû çàêëþ÷àåòñÿ â èññëåäîâàíèè ýêñïîíåíöèàëüíîé è ðîáàñò-

íîé óñòîé÷èâîñòåé íóëåâîãî ðåøåíèÿ ñèñòåìû (1), íåïðåðûâíîé çàâèñèìî-

ñòè ðåøåíèÿ ñèñòåìû (1) îò êîý��èöèåíòîâ ñèñòåìû.

�àáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Èíñòèòóòà ìàòåìàòèêè èì.

Ñ.Ë. Ñîáîëåâà ÑÎ �ÀÍ (ïðîåêò � FWNF-2022-0008).
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Èññëåäîâàíèþ óñòîé÷èâîñòè ðåøåíèé óðàâíåíèé ñ çàïàçäûâàþùèì àð-

ãóìåíòîì ïîñâÿùåíî ìíîãî ðàáîò (ñì., íàïðèìåð, [1-15℄). Îäíèì èç íàè-

áîëåå ðàñïðîñòðàíåííûõ ìåòîäîâ èññëåäîâàíèÿ ÿâëÿåòñÿ ìåòîä �óíêöèî-

íàëîâ Ëÿïóíîâà � Êðàñîâñêîãî. Äàííûé ìåòîä íå òðåáóåò íàëè÷èÿ ñïåê-

òðàëüíîé èí�îðìàöèè, áîëåå òîãî, îí ïîçâîëÿåò ïðè ïðàâèëüíî ïîäîáðàí-

íîì �óíêöèîíàëå ïîëó÷àòü íå òîëüêî óñëîâèÿ óñòîé÷èâîñòè, íî è îöåíêè

íà ðåøåíèÿ, à â íåëèíåéíîì ñëó÷àå � îöåíêè íà ìíîæåñòâî ïðèòÿæåíèÿ.

Îòìåòèì, ÷òî ñ ïîìîùüþ òàêèõ �óíêöèîíàëîâ áûëè èññëåäîâàíû óðàâ-

íåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì â ðàáîòàõ [16-19℄. Â ðàáîòàõ [16-18℄

ðàññìàòðèâàëèñü óðàâíåíèÿ 
 ñîñðåäîòî÷åííûì çàïàçäûâàíèåì, â [19℄ � ñ

ðàñïðåäåëåííûì çàïàçäûâàíèåì.

Èññëåäîâàíèÿ â äàííîé ðàáîòå áóäóò ïðîâîäèòüñÿ ñ èñïîëüçîâàíèåì

�óíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî ñëåäóþùåãî âèäà:

v(t, y) = 〈H(t)y(t), y(t)〉+

∫
∞

0

∫ t

t−η

〈K(t− s, η)y(s), y(s)〉 dsdη. (2)

Ïðåäïîëàãàåòñÿ, ÷òî ìàòðèöû H(t) è K(t, η) ÿâëÿþòñÿ ýðìèòîâûìè è ïî-

ëîæèòåëüíî îïðåäåëåííûìè.

Îñíîâíûå ðåçóëüòàòû

�àññìîòðèì íà÷àëüíûå äàííûå äëÿ ñèñòåìû (1):

{
y(s) = ϕ(s), s ∈ (−∞, 0],

y(+0) = ϕ(0),
(3)

ãäå ϕ ∈ C(−∞, 0] � îãðàíè÷åííàÿ çàäàííàÿ �óíêöèÿ.

Ââåäåì îáîçíà÷åíèÿ:

P (t) = −
d

dt
H(t)−H(t)A(t)−A∗(t)H(t)−

∫
∞

0

K(0, s) ds

−

∫
∞

0

H(t)B(t, s)K−1(s, s)B∗(t, s)H(t) ds, (4)

γ(t) = min{pH(t), k}, (5)

ãäå pH(t)�ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû PH(t) = H−
1

2 (t)P (t)

H−
1

2 (t), k � ïîëîæèòåëüíîå ÷èñëî, è

v(0, ϕ) = 〈H(0)ϕ(0), ϕ(0)〉+

∫
∞

0

∫ 0

−η

〈K(−s, η)ϕ(s), ϕ(s)〉 dsdη. (6)
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Ñ�îðìóëèðóåì òåîðåìó îá îöåíêàõ ðåøåíèÿ íà÷àëüíîé çàäà÷è (1), (3):

Òåîðåìà 1. Ïóñòü

1) ñóùåñòâóþò ãëàäêàÿ T -ïåðèîäè÷åñêàÿ ìàòðèöà H(t) = H∗(t), è äè�-

�åðåíöèðóåìàÿ ïî ïåðâîé ïåðåìåííîé ìàòðèöà K(t, η) = K∗(t, η), òàêèå,
÷òî

H(t) > 0, K(t, η) > 0,
∂

∂t
K(t, η) < 0, t > 0, η > 0,

∫
∞

0

∫ t

t−η

‖
∂

∂t
K(t− s, η)‖ dsdη < ∞, t > 0;

2) ñóùåñòâóåò òàêîå ÷èñëî k > 0, ÷òî

∂

∂t
K(t, η) + kK(t, η) ≤ 0, t > 0, η > 0; (7)

3) îïðåäåëåíà ìàòðèöà P (t) èç (4), ïðè ýòîì

∫ T

0

γ(s) ds > 0, (8)

ãäå γ(t) îïðåäåëåíà â (5).
Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (1), (3) ñïðàâåäëèâà îöåíêà

‖y(t)‖2 ≤ ‖H−1(t)‖ exp

(
−

∫ t

0

γ(s) ds

)
v(0, ϕ), (9)

ãäå v(0, ϕ) îïðåäåëåí â (6).

Äîêàçàòåëüñòâî. �àññìîòðèì �óíêöèîíàë Ëÿïóíîâà � Êðàñîâñêî-

ãî (2) âäîëü ðåøåíèÿ íà÷àëüíîé çàäà÷è (1), (3). Ïðîèçâîäíàÿ äàííîãî

�óíêöèîíàëà áóäåò èìåòü âèä

d

dt
v(t, y) =

〈(
d

dt
H(t) +H(t)A(t) + A∗(t)H(t) +

∫
∞

0

K(0, s) ds

)
y(t), y(t)

〉

+

∫ t

−∞

〈H(t)B(t, t− s)y(s), y(t)〉 ds+

∫ t

−∞

〈H(t)y(t), B(t, t− s)y(s)〉 ds

−

∫ t

−∞

〈K(t− s, t− s)y(s), y(s)〉 ds+

∫
∞

0

∫ t

t−η

〈
∂

∂t
K(t− s, η)y(s), y(s)〉 dsdη.

Èñïîëüçóÿ îïðåäåëåíèå ìàòðèöû P (t) èç (4), èìååì

d

dt
v(t, y) = −〈P (t)y(t), y(t)〉−

∫ t

−∞

〈K−1(t−s, t−s)z(t−s, t, s), z(t−s, t, s)〉 ds
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+

∫
∞

0

∫ t

t−η

〈
∂

∂t
K(t− s, η)y(s), y(s)〉 dsdη, (10)

ãäå

z(t− s, t, s) = K(t− s, t− s)y(s)−B∗(t, t− s)H(t)y(t).

Â ñèëó îïðåäåëåíèÿ pH(t), ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöûK(t, s)
è (7) ïîëó÷èì

d

dt
v(t, y) ≤ −pH(t)〈H(t)y(t), y(t)〉 − k

∫
∞

0

∫ t

t−η

〈K(t− s, η)y(s), y(s)〉 dsdη.

Âîñïîëüçóåìñÿ îïðåäåëåíèåì γ(t) èç (5) è �óíêöèîíàëà (2):

d

dt
v(t, y) ≤ −γ(t)v(t, y).

Èç äàííîãî íåðàâåíñòâà íåñëîæíî óâèäåòü ñïðàâåäëèâîñòü îöåíêè (9).

Òåîðåìà äîêàçàíà.

Çàìå÷àíèå 1. Ñòîèò îòìåòèòü, ÷òî óñëîâèå (8) â äîêàçàòåëüñòâå

òåîðåìû íå èñïîëüçîâàëîñü. Äàííîå óñëîâèå îáåñïå÷èâàåò ýêñïîíåíöèàëü-

íîå óáûâàíèå ðåøåíèÿ íà÷àëüíîé çàäà÷è â îöåíêå (9), ïîñêîëüêó �óíêöèÿ

γ(t) â ïîêàçàòåëå ýêñïîíåíòû T -ïåðèîäè÷íà. Òåì ñàìûì óñëîâèå (8) â òåî-

ðåìå 1 ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè

íóëåâîãî ðåøåíèÿ ñèñòåìû (1).

Íàðÿäó ñ ñèñòåìîé (1) ðàññìîòðèì âîçìóùåííóþ ñèñòåìó:

d

dt
y(t) = (A(t) + A1(t)) y(t) +

∫ t

−∞

(B(t, t− s) +B1(t, t− s)) y(s) ds, (11)

ãäå A1(t) � ìàòðèöà ñ íåïðåðûâíûìè êîý��èöèåíòàìè, óäîâëåòâîðÿþùàÿ

îöåíêå

‖A1(t)‖ ≤ g, t > 0, (12)

B1(t, s) � ìàòðèöà ñ êîý��èöèåíòàìè, íåïðåðûâíûìè ïî ïåðâîé ïåðåìåí-

íîé è êóñî÷íî-íåïðåðûâíûìè ïî âòîðîé ïåðåìåííîé, ïðè ýòîì ñïðàâåäëèâà

îöåíêà

‖B1(t, s)‖ ≤ de−δs, t > 0, s > 0. (13)

Îòìåòèì, ÷òî âîçìóùåíèÿ, âîîáùå ãîâîðÿ, ìîãóò áûòü íåïåðèîäè÷åñêèìè.

Ââåäåì îáîçíà÷åíèå:

r(t) = 2gν(H(t))

+2‖H(t)‖

∫
∞

0

‖K−1(s, s)‖
(
2d‖B(t, s)‖e−δs + d2e−2δs

)
ds, (14)
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ãäå ν(H(t)) = ‖H(t)‖‖H−1(t)‖ � ÷èñëî îáóñëîâëåííîñòè ìàòðèöû H(t).
Òåîðåìà 2. Ïóñòü äëÿ ñèñòåìû (1) âûïîëíåíû óñëîâèÿ òåîðåìû 1,

ìàòðèöû âîçìóùåíèé ñèñòåìû (11) òàêèå, ÷òî èíòåãðàë â (14) ñõîäèòñÿ, è

ñóùåñòâóþò òàêèå ÷èñëà α > 0, c, ÷òî âûïîëíåíî íåðàâåíñòâî

∫ t

0

r(s) ds+ αt− c ≤

∫ t

0

γ(s) ds, t > 0. (15)

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (11), (3) ñïðàâåäëèâà îöåíêà

‖y(t)‖2 ≤ ‖H−1(t)‖ exp (−αt + c) v(0, ϕ), (16)

ãäå v(0, ϕ) îïðåäåëåí â (6).

Äîêàçàòåëüñòâî. Êàê â òåîðåìå 1, ðàññìîòðèì �óíêöèîíàë Ëÿïóíî-

âà � Êðàñîâñêîãî (2) âäîëü ðåøåíèÿ íà÷àëüíîé çàäà÷è (11), (3). �àññìàò-

ðèâàÿ ïðîèçâîäíóþ �óíêöèîíàëà, ïîëó÷èì àíàëîã (10):

d

dt
v(t, y) = −〈P̂ (t)y(t), y(t)〉−

∫ t

−∞

〈K−1(t−s, t−s)ẑ(t−s, t, s), ẑ(t−s, t, s)〉 ds

+

∫
∞

0

∫ t

t−η

〈
∂

∂t
K(t− s, η)y(s), y(s)〉 dsdη,

ãäå

P̂ (t) = −
d

dt
H(t)−H(t)(A(t) +A1(t))− (A∗(t) +A∗

1(t))H(t)−

∫
∞

0

K(0, s) ds

−

∫
∞

0

H(t)(B(t, s) +B1(t, s))K
−1(s, s)(B∗(t, s) +B∗

1(t, s))H(t) ds,

ẑ(t− s, t, s) = K(t− s, t− s)y(s)− (B∗(t, t− s) +B∗

1(t, t− s))H(t)y(t).

Íåñëîæíî çàìåòèòü, ÷òî â ñèëó (4), (12), (13) è (14) èìååò ìåñòî íåðàâåí-

ñòâî

P̂H(t) ≥ PH(t)− r(t)I,

ãäå P̂H(t) = H−
1

2 (t)P̂ (t)H−
1

2 (t), I � åäèíè÷íàÿ ìàòðèöà. Â ñèëó îïðåäåëå-

íèÿ pH(t), ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû K(t, s) è (7) ïîëó÷èì

d

dt
v(t, y) ≤ −(γ(t)− r(t))v(t, y).

Ñëåäîâàòåëüíî,

v(t, y) ≤ exp

(
−

∫ t

0

γ(s) ds+

∫ t

0

r(s) ds

)
v(0, ϕ).
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Èç íåðàâåíñòâà (15) è âèäà �óíêöèîíàëà (2) âûòåêàåò îöåíêà (16).

Òåîðåìà äîêàçàíà.

Çàìå÷àíèå 2. Åñëè ó ñèñòåìû (11) íóëåâûå âîçìóùåíèÿ, òî â ñèëó T -
ïåðèîäè÷íîñòè �óíêöèè γ(t) ïàðàìåòðû â íåðàâåíñòâå (15) ìîæíî âûáðàòü

ñëåäóþùèé îáðàçîì:

α =
1

T

∫ T

0

γ(s) ds,

c = max
ξ∈[0,T ]

(
ξ

T

∫ T

0

γ(s) ds−

∫ ξ

0

γ(s) ds

)
.

Ââåäåì îáîçíà÷åíèÿ:

M = max
ξ∈[0,T ]

exp

(∫ ξ

0

γ(s)

2
ds− ξ

∫ T

0

γ(s)

2T
ds

)
, (17)

ãäå γ(t) îïðåäåëåíà â (5),

m = min
ξ∈[0,T ]

exp

(∫ ξ

0

γ(s)

2
ds− ξ

∫ T

0

γ(s)

2T
ds

)
, (18)

ε =
1

2T

∫ T

0

γ(s) ds, (19)

νmax(H) = max
s∈[0,T ]

‖H(s)‖ max
s∈[0,T ]

‖H−1(s)‖, (20)

L1 =
M

m

√
νmax(H)ec/2

(
ε−

α

2

)
−1 [

g + d(δ − α/2)−1
]
, (21)

L2 =
M

m
d max

s∈[0,T ]
‖H(s)‖1/2δ−1 (ε− δ)−1 , (22)

L3 = d
√
νmax(H)e

c

2 (δ − α/2)−1 (ε− δ)−1 . (23)

ãäå g îïðåäåëåí â (12), α è c â (15), d è δ â (13).
Òåîðåìà 3. Ïóñòü

1) äëÿ ñèñòåìû (1) âûïîëíåíû óñëîâèÿ òåîðåìû 1;

2) äëÿ âîçìóùåííîé ñèñòåìû (11) âûïîëíåíû óñëîâèÿ òåîðåìû 2,

3)

1
T

∫ T

0
γ(s) ds 6= α, 1

T

∫ T

0
γ(s) ds 6= 2δ, α 6= 2δ,

òîãäà ñïðàâåäëèâà îöåíêà

‖y(t)− ŷ(t)‖ ≤ ‖H−1(t)‖1/2

×

∣∣∣∣L1

(
e−αt/2 − e−εt

)
v

1

2 (0, ϕ) + (L2 sup
s∈(−∞,0]

‖ϕ(s)‖ −L3v
1

2 (0, ϕ))
(
e−δt − e−εt

)∣∣∣∣,
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ãäå y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (1), (3), ŷ(t) � ðåøåíèå íà÷àëüíîé

çàäà÷è (11), (3), L1, L2, L3 îïðåäåëåíû â (21)-(23) ñîîòâåòñòâåííî, v(0, ϕ)
îïðåäåëåí â (6).

Äîêàçàòåëüñòâî. �àññìîòðèì �óíêöèîíàë Ëÿïóíîâà � Êðàñîâñêî-

ãî (2) âäîëü ðàçíîñòè ðåøåíèé y(t) è ŷ(t):

v(t, y − ŷ) = 〈H(t)(y(t)− ŷ(t)), y(t)− ŷ(t)〉

+

∫
∞

0

∫ t

t−η

〈K(t− s, η)(y(s)− ŷ(s)), y(s)− ŷ(s)〉 dsdη.

Íàéäåì ïðîèçâîäíóþ äàííîãî �óíêöèîíàëà:

d

dt
v(t, y − ŷ)

=

〈(
H ′(t) +H(t)A(t) + A∗(t)H(t) +

∫
∞

0

K(0, s) ds

)
(y(t)− ŷ(t)), y(t)− ŷ(t)

〉

+

∫ t

−∞

〈H(t)B(t, t− s)(y(s)− ŷ(s)), y(t)− ŷ(t)〉 ds

+

∫ t

−∞

〈H(t)(y(t)− ŷ(t)), B(t, t− s)(y(s)− ŷ(s))〉 ds

−

∫ t

−∞

〈K(t− s, t− s)(y(s)− ŷ(s)), y(s)− ŷ(s)〉 ds

+

∫
∞

0

∫ t

t−η

〈
∂

∂t
K(t− s, η)(y(s)− ŷ(s)), y(s)− ŷ(s)〉 dsdη

−〈H(t)A1(t)ŷ(t), y(t)− ŷ(t)〉 − 〈H(t)(y(t)− ŷ(t)), A1(t)ŷ(t)〉

−

∫ t

−∞

〈H(t)B1(t, t− s)ŷ(s), y(t)− ŷ(t)〉 ds

−

∫ t

−∞

〈H(t)(y(t)− ŷ(t)), B1(t, t− s)ŷ(s)〉 ds.

Îöåíèâàÿ ïðîèçâîäíóþ �óíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî, êàê â òåî-

ðåìå 1, ïîëó÷èì

d

dt
v(t, y − ŷ) ≤ −γ(t)v(t, y − ŷ)

−〈H(t)A1(t)ŷ(t), y(t)− ŷ(t)〉 − 〈H(t)(y(t)− ŷ(t)), A1(t)ŷ(t)〉

−

∫ t

−∞

〈H(t)B1(t, t− s)ŷ(s), y(t)− ŷ(t)〉 ds
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−

∫ t

−∞

〈H(t)(y(t)− ŷ(t)), B1(t, t− s)ŷ(s)〉 ds.

Â ñèëó (2) èìååì

d

dt
v(t, y − ŷ) ≤ −γ(t)v(t, y − ŷ) + 2‖H(t)‖1/2‖A1(t)‖‖ŷ(t)‖v

1/2(t, y − ŷ)

+2‖H(t)‖1/2v1/2(t, y − ŷ)

∫ t

−∞

‖B1(t, t− s)‖‖ŷ(s)‖ ds.

Èñïîëüçóÿ (12), (13), (16) è (20), ïîëó÷èì

d

dt
v(t, y − ŷ) ≤ −γ(t)v(t, y − ŷ)

+2g
√
νmax(H)e−αt/2+c/2v

1

2 (0, ϕ)v1/2(t, y − ŷ)

+2d max
s∈[0,T ]

‖H(s)‖1/2v1/2(t, y − ŷ)

×

(
e

c

2 max
s∈[0,T ]

‖H−1(s)‖1/2v
1

2 (0, ϕ)
2e−αt/2 − 2e−δt

2δ − α
+

e−δt

δ
sup

s∈(−∞,0]

‖ϕ(s)‖

)
.

Ñëåäîâàòåëüíî,

d

dt

(
v1/2(t, y − ŷ) exp

(∫ t

0

γ(s)

2
ds

))

≤ g
√
νmax(H) exp

(∫ t

0

γ(s)

2
ds−

α

2
t+

c

2

)
v

1

2 (0, ϕ)

+d max
s∈[0,T ]

‖H(s)‖1/2 exp

(∫ t

0

γ(s)

2
ds

)

×

(
e

c

2 max
s∈[0,T ]

‖H−1(s)‖1/2v
1

2 (0, ϕ)
2e−αt/2 − 2e−δt

2δ − α
+

e−δt

δ
sup

s∈(−∞,0]

‖ϕ(s)‖

)
.

Ïðîèíòåãðèðîâàâ îò 0 äî t è èñïîëüçóÿ ñëåäóþùåå íåðàâåíñòâî

m (ε− δ)−1 (e(ε−δ)t − 1
)
≤

∫ t

0

exp

(∫ ξ

0

γ(s)

2
ds− δξ

)
dξ ≤

max
ξ∈[0,T ]

exp

(∫ ξ

0

γ(s)

2
ds− ξ

∫ T

0

γ(s)

2T
ds

)∫ t

0

exp

(
ξ

T

∫ T

0

γ(s)

2
ds− δξ

)
dξ

= M (ε− δ)−1 (e(ε−δ)t − 1
)
,
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ãäå M è ε îïðåäåëåíû â (17) è (19) ñîîòâåòñòâåííî, ïîëó÷èì

v1/2(t, y − ŷ) exp

(∫ t

0

γ(s)

2
ds

)
≤

M

[
g
√
νmax(H)ec/2

(
ε−

α

2

)
−1 (

e(ε−α/2)t − 1
)
v

1

2 (0, ϕ)

+d
√
νmax(H)e

c

2 v
1

2 (0, ϕ)(δ − α/2)−1

×

((
ε−

α

2

)
−1 (

e(ε−α/2)t − 1
)
−

m

M
(ε− δ)−1 (e(ε−δ)t − 1

))

+d max
s∈[0,T ]

‖H(s)‖1/2 sup
s∈(−∞,0]

‖ϕ(s)‖δ−1 (ε− δ)−1 (e(ε−δ)t − 1
)]
.

Ó÷èòûâàÿ îáîçíà÷åíèÿ (21)-(23), èìååì

v1/2(t, y − ŷ) exp

(∫ t

0

γ(s)

2
ds

)
≤ mL1v

1

2 (0, ϕ)
(
e(ε−α/2)t − 1

)

+m(L2 sup
s∈(−∞,0]

‖ϕ(s)‖ − L3v
1

2 (0, ϕ))
(
e(ε−δ)t − 1

)
.

Èç äàííîãî íåðàâåíñòâà ñ ó÷åòîì (2) è (18) âûòåêàåò íóæíàÿ îöåíêà.
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