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YCUJIEHUE OJTHON TEOPEMBEI
B. HEIMAHA

B. I'. JTypnes, A. H. Bemxuna

B cratne mokazamo, 9To Jsrobast caernas rpymnma G MOKeET OBITH BIOXKEHA
B CYETHYIO MPOCTYIO rpynny (7, B KOTOPO#l pa3pelnmMo KaxKJI0e ypaBHEeHHe

BUIA

w(zy,...,xn) = g,
riae w(zxy, ..., T,) — HEMYCTOe HECOKPATUMOE IPYIIIIOBOE CJIOBO OT HEU3BECT-
HBIX T1, ..., Tp, & § — MTPON3BOIBHBIN 3/1eMeHT TpyTIbl G.

Kmouesvie caosa u @pasvi: ypaBHeHNe B IPYIINE, MPOCTAsT TPYIITA.

BBenenue

[IpuBegem HeKOTOphIe HEOOXOANMbBIE /I JIAJILHEHTIIEro Ope/Iie/IeHus U CBe-
JTeHUSI.

Ecaun g — snement rpynmet (G, n — HaTypajbHOE YHCJIO, a h — 3JIeMeHT
rpynmst (G, yIOBIETBOPSIIONINIT PaBEHCTBY h" = ¢, T. €. SIBJISIIOIIUIICS PeneHn-
eM ypaBHeHUd x" = g, TO h HA3bIBACTCHA KOPHEM N-0T CMENEHU U3 IAEMEHMA
g. 'pynma G, B KOTOpOil M3 KaxKJIOr0 dIeMeHTa ¢ U3BJIEKACTCI KOPEHb JTI0-
Ooif cTemenu n, T. €. Pa3peNIUMO ypaBHEHUE 1" = ¢, HA3BIBACTCA NOAHOU WIH
denumotl.

B. Heiiman B [4] mokazan:

KaxkoBbl 661 HE ObLTH Tpymma G, 31eMeHT g € G U 9UCJIO N, CYNIECTBYET C
TOYHOCTBIO 70 n3oMopdusma oana rpymnma G, 11 KOTOpOoit

(i) G* comepxkur G u nopoXKIAeTcs dmeMeHTaMu (G U JOMOJHUTETHHBIM
9JEMEHTOM T TaKWM, 4TO " = g.

(ii) Besikas rpymima, obiagaiomnias ¢cBoicTBoOM (i), ABageTcs (haKTOPrpy o
rpynmnbr G*.

Orcroa cieayer, 9To BCIKast TPYTIa BJIOKUMA B AEJTUMYIO TPYIIITY.

B monorpadun [3| Ha crp. 414 ormeqaercsi, uro B. Heiimanom B pabore [4]
opr1a octanaera “‘Obmmast mpob/iemMa TPUCoenHeHNsT’, KOTOPash MOYKET OBITh
chopmynupoBaHa B TepMHHAX PA3PEITUMOCTH KOHEYHBIX CHCTEM YpaBHEHU
HAJI TPYIITAMU.

Ob6oznaunMm depe3 F' cBOOOIHYIO IDYNITYy CYETHOTO PAHTA CO CBOOOTHBIMU
00pa3yIOMUMH X1, L3, .... LI TPON3BOIBHOMN Tpynnbl G PACCMOTPUM CHCTEMY

Hcenemosanme BBITOMHEHO 3a CUeT rpanTa Poccuiickoro naydnoro $houga (mpoexT
19-52-26006).

© B.T. Hypues, A. 1. 3erkuna; 2023
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ypaBHEHUI C HEU3BECTHBIMU L1, ..., T, U C KOIpdunuentramu gy, ..., gy U3 ITOM
TPYIITTBI

m

i&lwi(%,---7£17n7917---,9k):17 (1)
riae wi(T1, ... Tn, g1, -5 gk) (1 =1,...,m) — 3JeMeHTBI CBOOOIHOTO TTPON3BE-

nmenns G x I, we npunagiexammue rpynmne G. Cyuwecmseyem Au makoe pacuii-
penue H > G, 6 xomopom cucmema (1) umeem pewerue? D10 paBHOCUIHHO
BOIIPOCY, ABAAEMCA AU BAOHCEHUEM eCmecmeertoe omobpastcenue 2pynnovt G 6
daxmopepynny G* epynnov. G F, noayuennyro dobasiehuem K onpedessousum
coommnowenuam 2pynno, G x F' coommowenui

wi(x1, o Ty Gry s gr) =1, 0 =1,...,m.

B ciydae mosioxKUTEIHBHONO OTBETA TOBOPAT, UTO cucmema (1) paspewuma nad
epynnoti G. Jlerko moHSATH, KaK MPUBEIEHHBIE OMPEIETCHUST MEPEHOCSITCS Ha
caydait GeCKOHEUHBIX CHCTEM yYpPaBHEHMIA.

B monorpacdun [3| ma ctp. 414 ormeuaercs, uro “laxke st caydast Oji-
HOT'O YpaBHEHUS C OJIHUM HEHM3BECTHBIM MpOOJIeMa BCe ele JajeKa OT CBOEro
MOJTHOTO perienus.”

B u3Becrnoii moworpadun P. Tuumona n I1. [Ilynna [2| ra crp. 259 moka-
3aHa TeopeMa 3.4, yemnuBaomag pe3yapTaT b. Heiimana o BmoxKeHUN mpoms3-
BOJIbHOI rpymmsl B Aemumyto rpynmy “Jliodas cuetnas rpynma C' MOXKeT OBITH
BJIOZKEHA B CUETHYIO JEJUMYIO MpocTyio rpynny G.”

§1. YpaBHeHUs CIenuaJjJIibHOTO BU/Ia B TPYIIIAX

Ecau cnioso W (z1,...,%,, g) COMEPKUT JIUIIH OHO BXOXKIEHUE €IHHCTBEH-
HOTO 3JieMeHTa ¢ rpymnsl (G, HO MPOM3BOJBHOE YUCIO HEM3BECTHBIX (TaKue
VDaBHEHUsI HA3BIBAIOTCS 00HOK0IPPHUYUEHMHBLMU), TO YPABHEHUE

W(zy,...,2,,9) = 1 Jerko 3aMeHUTh PABHOCHUJIBHBIM €My YDaBHEHHWEM BHIA
w(zy,...,T,) = h, Tae w(wy,...,T,) — HECOKPATHMOE TPYIIOBOE CIOBO OT
HEU3BECTHBIX T, ...., . LaKue ypaBHEHH IIOJIYYWIH HA3BAHUE yYpacHeHull,

PAZPEULEHHBLT, OMHOCUMEADHO HEU3GECTNHBLL I 0eCKoIPPUUUEHMHBLY YPas-
HeHud.

Crexayromiast Teopema ycunnpaer pesyiabrarbl B. Heiimana [4] u reopemy 3.4
u3 MoHorpadun [2|.

Teopema 1. Jlobast caerHas rpynna G BI0KHAMAa B TAKYIO TIPOCTYIO CUET-
ayto rpynmy (G, B KOTOPOI pa3penrnMo KaKJoe ypaBHeHHe BHIA

w(ry, ..., o) =9, (2)

e w(wy, . . ., Tp) — HEIMYCTOEe HECOKPATHMOE TPYIIIOBOE CJIOBO OT HEH3BECTHBIX
X1, ewery Ty, & § — MPOH3BOJIBHBIH d7eMeHT rpymibl (.
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[IpeaBapuTe/IbHO JTOKayKeM JBe JIeMMHbI.

Jlemma 1. Jliobast cuernast rpynma (G MOKeT OBITH BJIOYKEHA B TaKyIO
cuernyro rpymmy G*, B KOTOpOI Aj1sT JTIOOBIX JBYX HEEJHHHIHBIX 3JI€EMEHTOB
g u h w3 rpynner G cymecTByIOT Takwe 3JE€MEHTHI U, U H W, JJIS KOTOPBIX
BEHITTOTHAETCS paBeHcTBo ¢ = whu~! - vhv™! - whw™1 .

Jlokasamenvecmeo. B jnokazarenbeTse TeopeMbl 8.2 u3 MoHorpaduu [2]
(crp.308) ycranoBieH ciegyronmii hakT:

ecim G — MPOW3BOJIbHASI TPyMNA, & h u g — JIOOBIe JIBA ee HeeTMHUTHBIX
3JIeMeHTa, TO cyujecmseyem makoe pacuupenue H(g, h) epynno. G, 6 komopom
018 NOOTOOAWNUT IACMEHMOE T, Y U 2 6ONOAHACMCA paserncmeo ¢ = vhx™!-
yhy - zhz1.

JItst 3aMKHYTOCTH W3JI0YKEHUsI TPUBEJEM 3TO JIOKA3ATEJIHCTBO 10 MOHOTPA-
dun P. Jlungona w I1. Ilynna [2]. Ono 6asupyercs wa H N N-pacrmmpernn
rpymis: B ¢cBobogHoM npousseaennn G ((u )) rpynnbl G n 6eCKOHETHO TIHK-
JIMYeCKOil TpymIel ({ U )) JT€MeHTHI

guh™ 'yt 1 huhu™!
UMer0T OeCKOHeTIHBIH TopsaoK. [Toaromy rpymma
H(g,h) = ((G*{(u)), t| guh™'u™" = t-huhu™" -t7"))

spastercst H NN pacmmpennem rpymist G* ((u)), a snaunt rpynmna H (g, h) —
pacmmpenne rpynnsl G. B rpynme H(g, h) BeImOTHSIETCS TpEOyeMoe paBEeHCTBO

g = (tht™') - ((tu)h(tw) ™) - (uhu™t).

JI7ist 3aBepIieHnst JI0Ka3aTelbCTBa JIEMMBl | PACCMOTPHM  MHOYKECTBO
{(gn, hn)ln = 1,2,...} Bcex yHOpSIIOUEHHBIX MAD HECIWMHUIHBIX JTEMEHTOB
rpymnsl G ¥ MOCTPOUM TOCTE0BATETLHOCTD TPYIIIT

Go=G<G <G <...<G,...,
rae upu n > 1 G, = G,,_1(gn, h,) 1 moTaraeM
+oo
G"= U G,.
n=0
]

Jlemma 2. Jlwobast caernast rpymnma G BJIOXKHMAa B TaAKYIO CIETHYIO TDYIIILY
G, B KOTOpOJi pa3pelmnMo KaKaoe ypaBHeHHEe BHIA

w(xla--'7$n) =9,

e w(wy, . . ., Tp) — HEIMYCTOE HECOKPATHMOE TPYIIIOBOE CJIOBO OT HEH3BECTHBIX
X1, «ory T, & § — IPOH3BOJIBHBIH d7eMEHT Tpymibl (.
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Zloxazameavcmeo. Jlokazkem, 9TO JIjIsT TPOU3BOJIHLHOIO HEITYCTOTO HECOKPa-
THMOTO TPYIIIOBOTO CJIOBA W(Z1, . .., Ty) OT HEU3BECTHBIX T1, ...., Ty W JEOOOTO
smemenTa g rpymnmnsl G cymectByer pacmmpenne G(w, g) rpynmst G, B KOTOPOM
PA3pEIINMO ypaBHEHHE

w(zy,...,o,) = g. (3)
PaccMoTpum Ba BO3MOXKHBIX CJIYUAs.
1) g — a7meMeHT GECKOHETHOTO MOpsIKa Tpynibl G.

B stom ciyuae w(zy, ..., &,) U g — 7T€MEHTH GECKOHETHOTO MOPSIKa IPYTI-
bl G ((z1,...,x,)). [Tosromy rpynmna G sBasiercst moarpymmnoii HNN-paciu-
penus

(G * ({zy,...,2.)) L tw(zy, ..., o)t = g)),

B KOTOPOM BBINOJTHIETCI PABEHCTBO w(txlt_l, . ,txnt_l) = g. [loaTomy ypas-
Herue (3) paspenmmMo B 3TOM PACITHDEHUH.
2) g — 3JIeMeHT KOHEYHOTO MOpsifika m rpynnsl G.

B cBoboauoil rpymme ({21, ..., T,)) saeMeHT w(T1, .. ., T,) DABEH IEeMeHTY
suga uf (21, ..., 2,), T7e k — HaTypasbHOe UnCao, a u(Ty, . .., T,) He ABISeTCS
cOOCTBEHHOIT cTenenbo B 91oit rpymme. Torna u(xy, .. ., z,) — JTEMEHT MOpsIKa

km [2| B rpymme
(a1, .. on | uF™ (2, ... 2,) = 1)),
[ostomy u*(x1,...,2,) B g — 37MeMEHTH TOPSAIKA M B TPYIIIe
G * (o1, xp U™ (21, ... 2,) = 1)),
Buaunt rpynna G sSBASETCs TOATPYINOil TPy
(G * (g, x, | u"™(@y, . xn) = 1)), t|tu"(ay, ... z)t™ = g),

B KOTOPOU BBIIIOJTHACTCA PABEHCTBO w(txltfl, . ,txntfl) = g. [loaTomy ypaB-
Herue (3) paspenmMo B 3TOH TpyTIIe.

Jlng 3aBepireHus JI0Ka3aTebCTBAa JIEMMBI 2 PACCMOTPUM MHOMKECTBO
{(Wn, gn)|n = 1,2,...} Bcex ynopsiIoueHHBIX T1ap, TJIe W, — HEIyCTOe HECOKPa-
THUMOE TPYTITOBOE CJIOBO OT HEM3BECTHBIX, & §,, — IMPOW3BOJIHHBIN Hee TMHUIHBI i
seMeHT Ipynnbl G U IOCTPOUM IOCIEeI0BATEILHOCT TPYIIIL

Go=G <G <Gy<...<Gh...,

rie npu n > 1 Gn = Gn—l(wnagn)-
,H.Hﬂ 3aBeplneHnd JOKa3aTeIbCTBa JOCTATOYHO IIOJTOXKUTDH

+
G =UG,.
n=0
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Jloxazamensvemeo meopemst. PaceMOTpuM TI0CI€/10BATEILHOCTD TPYIIIT
Go=G <G <Gy < ... <Gopg1 S Gopya <0

_ _ _
rae Gopy1 = G5, Gonyo = Gg, g ipun = 0,1, . ..
[Tonaraem

. 400
G= U G,
n=0

Torma aas MOGBIX JBYX HEeJIMHHYHLIX 3JeMeHTOB ¢ U h rpymmsl G B STOi
IPYIIIe CYyIIECTBYIOT TAKHE 3JEeMEHTHI U, U | W, I KOTOPBIX BBIIOTHICTCS
pasencTBo ¢ = whu~'-vhv™ - whw™"'. Tlosromy rpymna G sBisieTcst npocmot.
Tloist 06010 3jeMenTa g TpyHnbl G 1 J060r0 HEIYCTOTO HECOKPATHMOTO CJI0-
Ba w(zy,...,7,) B rpynme G paspemmmo ypasrenne w(wry, ..., T,) = g. 10
3aBepIIAeT JTOKA3ATETLCTBO TEOPEMEL. O

13 moka3aHHOIl B CTaThe TEOPEeMBI CIeLyeT, 9TO JJIs MPOU3BOILHOTO 3J1e-
MeHTa, ¢ J000it rpynmnbl G CymecTByeT pacHimpenue 3TOMl TPYINIbl, B KOTO-
pOM paspentumo ypasuenue [r,y] = g, rae [z,y] = v 'y lry — xommyTarop
9JIEMEHTOB T W ¥, T. €. JII0OOH 37eMeHT J000H IPYINL B HEKOTOPOM €€ pac-
IIUPEHUN ABISETCS KOMMYTaTopoM. Kpome Toro mobas rpynma G BIoKHMA,
B Takyio rpynny G, B KOTOPOil KayK/blii JIEMEHT SIBJISIETCS KOMMYTATOPOM.
Bwaunt kommyTant [G,G] rpymmer G coBmazaer co Beei Ipymnoil W mMeer
mupuny 1.

KoMMyTaHT Ipynnel gBILeTCA, B 9YACTHOCTH, ee 6ep0aavhoti nodzpynnof.
[TpuBesem onpenenenue 6epbanvHoti nodzpynnov, U €e wWupuHs, IO MOHOIPA-
dun [1] (ctp. 138). list mpon3BOJLHOTO MHOXKeCTBa V' HECOKPATHMBIX CJIOB
B andasure {r1, 2, ", 1o, 1,7, ...} u rpymmer G wepes V(G) obosmadaercsa ee
MOArPYIINA, TMOPOKICHHAA MHOKECTBOM 3JIEMEHTOB

{v(g1, - gnw) V(@1 o) €V, G150, Gnw) € G .

[Moarpynma V (G) wasbiBaetcs gepbaavroti nodzpynnotd rpynnsl G OTHOCUTE -
HO MHOXKecTBa coB V. Eciu cymecTByeT Takoe HaTypaabHOE YUCTIO 1M, UTO
JE060# dsemenT BepbasbHoOil oarpynmbl V(G) npencraBuM B BHje MPOU3Be-
Jenust He Oojiee €M 1M JIEMEHTOB BUIA V(J1,. .., 0nw)) (V(T1,...,Znw)) €
V. 91, Gn(w) € G) 1 UM OGPATHBIX, TO TOBOPAT, YTO BepOAIBLHAS HOAIPYIITIA,
V(G) umeer koneuwnyo wupuny ommocumesbHo MHOACECMEA cA08 V 1 Haul-
MEHBIIIee TaKOe UHCIO 1M HA3BIBACTCS wupunol sepbarvhas nodepynna V(G)
OMHOCUMEALHO MHONCECNEA CA08 V.

13 moka3aHHOIi BBITITE TEOPEMBI CPa3y CJIELYeT, UTO JI0bast CaeTHas IPYIINa,
(G BJIOXKHMMA B TaKyi0 CITHYIO Ipymny G, KazKuas HeeJIMHHYHAS BepOaJbHAL
MOJArPYTIia KOTOPOU COBMAAET CO BCell TpYNIoil n mMeeT MUpUHY 1.
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Bripazkaem 1i1ry00KyIo 0/1aroapHOCTh PEIEeH3eHTY, 3aMeYaHus KOTOPOTO O
MePBOHAYAJIHHOMY BapUAHTY CTAThU CIIOCOOCTBOBAJIM, HA HATI B3IJISJ, CYIIe-
CTBEHHOMY VJIVUIIEHUIO CTHIS M3T0KEHUS.
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