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[LJIOIIIAJIb TTIOBEPXHOCTEI HA
CYBJIOPEHIIEBBIX CTPYKTYPAX
TJIYBUHBI JIBA

M. B. Kapmarosa

Jlist KonrakTHBIX 0TOOparkenuit rpyrn Kapuo riybunbl jBa, Ha oOpase KO-
TOPBIX BBEJI€HA CYOJIOPEHIEBA CTPYKTYPa, /I0Ka3aHbl JOKAJIbHbIE CBOWCTBA
[IOBEPXHOCTEN-00PA30B 1 BbIBEJIEH B sIBHOM BHJe CyOJI0peHLeB aHaior ¢pop-
MyJIBI TIOMAN. B 9acTHOCTH, 9TOT pe3yabTaT CIIPaBeIIuB U /T JIUIIIIII-
[IEBBIX B CyOPUMAaHOBOM CMBIC/I€ OTOOPAKEHMIA.

Karouesvie caosa u @pasv: KOHTAKTHOE 0TODparKeHue, rpyira Kapho, cyb-
JIOPEHIIEBA CTPYKTYypPa, Mepa Xaycaopda, dopmyia mI0ma/lu.

BBenenne

Crarbst MOCBSIEHA PEIeHUIO 339l HAXOXK/IEHUsI MEPbI TOBEPXHOCTH,
SIBJISIIONIEICS OJMHOYKECTBOM CYOJIOPEHIEBON CTPYKTYPBI U MapaMeTpH30-
BAHHOII HEKOTOPBIM OTKPBITHIM MHOYKECTBOM JBYXCTYII€HIATOH TpyIibl Kap-
HO C TIOMOIIBIO0 KOHTAKTHOT'O OTOOpazkeHus. Mbl u3ydaeM MOJIETbHbBIN CJIydai,
KorJia ry1yorHa o0pa3a TakzKe papHa jByM. CyO/I0pEHIEBbI CTPYKTYPBI sIBJIsI-
I0TCs HErOJIOHOMHBIM 0000mmenuem reomerpun Munkosckoro (cm. |1 u cun-
COK NUTHPYEMBIX HCTOYHHUKOB; Hanpumep, |2, 3|). VccaenoBanus Kak caMux
CTPYKTYD, TaK M UX NPUIOKEHUl B (DU3UKEe HAYAJIUCH OTHOCUTEIBHO HEAB-
Ho. Crarbs 4] aBagercsa oHON U3 MEePBBIX PABOT, B KOTOPBIX HCC/IE0BATHUC
1o106ubIe crpykTypbl. lasee, B |5, 6, 7, 8, 9, 10| nosyuens! onucanue u CBOii-
CTBa, JOCTUZKUMbBIX MHOYKECTB Ha KJIACCaX CYOJIOPEHIEBBIX CTPYKTYD, TAKKe
HCCJIeIOBaHbl reojie3udeckue 11|, BbiBeeHbI HEKOTOpBIE LIOGATBHbBIE CBOIi-
crBa crpykTyp [12]. Hekoropsie cBoiicTBa cyGIOPEHIEBBIX CTPYKTYD yCTa-
HOBJIeHBI Ha rpynnax H-Tuma, B 9aCTHOCTH, W3yYeHbl I'€0Je3UUeCKUe U HX
CBSI3b C ONUCAHUEM JIBUYKEHUS PEJISITHBUCTCKON IaCTUIBI B OCTOSHHOM PaB-
HOMEPHOM 3jteKrpomaraurHom mode |13, 14|. Tlpumenenne cy6iiopeneBbix

PaGora Boiiosnnena B pamkax rocyuapersennoro 3aganus UM CO PAH (upoekr Ne
FWNF-2022-0006).
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CTPYKTYD K 3a/adaM ¢usuku onucano B |15, 16]. Mbl Gyjem pacemarpusars
U «KJIAaCCHYeCKuity» ciydail ¢ o/iHOi BpeMeHHOH 1epeMeHHON, u oduuit ciy-
Jaii, rj1e TAKUX IePEMEHHBIX HECKOJIBKO (TaKHe CTPYKTYPbI TAKZKe U3y a0 TCsI
C HeJIABHETO BPeMEeHH; CM., Hampumep, [17, 18]).

OTMmeTHnM, 9TO paHee aBTOPOM HCCJIEI0OBAIUCH KJIAaCChl TOBEPXHOCTEH-Ipa-
dbukoB na cybsopennesbix crpykrypax |19, 20|; kpome TOro, BHIBOAMIUCH U
MeTpHdecKue CBojicTBa mnopepxHocreii yposus |21, 22|. B owimuune or pac-
CMOTPEHHbIX 3a/la4, B JIAHHOM MCCJI€/IOBAHUM Mbl U3ydaeMm OOIumii ciydait
(KOHTAKTHBIX) OTOOpazKeHuii, 00pa3 KOTOPBIX JIEZKUT Ha CyOJIOPEHIEBOI CTPYK-
Type; KpoMe TOro, TaK Kak cyOpuMaHoB juddepeHnuan oroopazKenus Mo-
JKeT BBbIPOXK/IATHCH, 3a/lada He MOKeT ObITh CBeJleHA HAIPAMYIO K CJLy4alo
rpacduxoB. ubiMu cjioBaMu, pacCMaTpPUBaEMble HOBEPXHOCTH-00Pa3bl HEe BCe-
IJla MOZKHO IIapaMeTrpu30BarTh 00jiee «IIPOCThIMUY O0beKTaMH 110 aHAJOIUU
¢ noBepxHocTAMU-TpacdukamMu. B Hacrodieil cratbe, B 9aCTHOCTH, BBIBOJIAT-
cd YCJOBHUs, B OKPECTHOCTIX KaKHX TOUYEK II0XOzKas IapaMeTpU3alids BO3-
MOKHA, U JIAeTCA OINHMCAHUE HapaMeTPU3YIONero o0beKTa U COOTBETCTBY-
IOHIEro 0ToOparkeHus; CM. MOJAPOOHOCTU B IIare 2 JIOKa3aTe/bCTBa Teope-
Mbl 9. YcjoBUs 3a/ila4d He MCKJIYaloT U BbIPOZKJIEHHbIE CJIydau, KOTOpbIe
JII OTOOpazKeHui-rpaduKOB B HETOJIOHOMHON I'€OMETPHHU He paccMaTphBa-
JHCH (a B KJIACCHYECKON MOCTAHOBKE HEBO3MOKHBI); CM. KOMMEHTAPHIi mepe;t
dopmyupoBKoit TeopeMbl 15. OCHOBHBIE Pe3YIbTAThI CTATbH — 9TO aHAJIUTH-
YeCKHil BUJI YCJIOBHSI ITPOCTPAHCTBEHHOIIO1001sI TOBEPXHOCTU-00pa3a, ycTa-
HOBJIEHHBII B pasjielie 2, 1 sBHbII BUJ (DOPMYJIbl CYOJIOPEHIIEBOI ILJIONIAJ/IM B
TepMuHax cyOpumaHoBa anaJjora Juddepenialia, BbiBeJIeHHbII B pasjeie 3.
[IpumedaTeTbHBIM SBJISETCS TO, YTO, BO-IIEPBBIX, ONpe/Ie/IeHIe SKOOnaHa HO-
BOI'O THUIIA UCIOJIB3YeT Te yKe UJIeU, 9TO U BBIBO/I BhIpazKeHus Ko dunuenta
KOILJIOIIAJIU JiJIst 0TOOparKeHuii cyOI0peHIeBbIX CTPYKTYD [22], 1, BO-BTODBIX,
pe3yJibTar O IJIONIA/IM TOBEPXHOCTEN ClIPpaBe//IUB U JijIsi OTOOpazKeHuil, B 00-
HIEM CJIy4dae He SBJILomuXcs JuddepeHiupyeMbiMi B KJIACCUYECKOM CMbIC/I€
Ha MHOKECTBE HOJIOKUTENbHOI (BHEIIHeil) Mephl.

Kparkuii BapuanT crarbu omybaukoBad B [23]. ABrop Garogaput <ir.-
kopp. PAH /lyoununa B.H. 3a moste3nbie 3aMedanust M0 U3/I0KEHHIO KJTIOTe-
BbIX HUJIEN CTATbU.

§1. IIpenBapuTesbHbIE CBEIEHUS

Harmomuum HeoOX0/iMble TEPMHUHBI U CBOMCTBA UCCJIELYEMbIX 00bEKTOB.
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Omnpenenenne 1 (|24]). Jdsyzcmynenwamot epynnoti Kapro naspiBaercs
CBsA3HAsl OJHOCBsI3Has crparudunupoBannas rpyumna Jlu G, aaredpa Jlu V
Koropoii mpejacraBuma B Buge V. = Vi @ V,, [V1, V4] = Vi, [V4, Vs] = {0}.
Ecnu 6asucuoe nmose X; npuHaie:kur Vi, To ero cmenens deg X; paBua k,

l=1,...,N, k=1,2,

[Togyepkuem, 4To Ga3ucHble 1OJId Ha rpylne KapHo BLIOMpaOTCS TaKUM
0Opa30M, 4TO KarK/I0€ U3 HUX [PUHA/JIEZKUT TOJbKO OJHOMY U3 MHOXKECTB V)
win V5.

O0603HAIIM TOMOJIOTHIECKY0 pa3MepHOCcThb rpynnbl G cumBosom N. ['pyr-
moBas omneparus omnpejaensercs (gpopmysioit Beitkepa — Kamnbenia — Xay-
ciaopda.

OnwuireM cyOpUMaHOB aHAJIOT PACCTOAHUA MEXKy TOUYKAMHU.

N
Omnpenenenne 2. [Tycrs w = exp(z wiXi> (v), v,w € G. Tosokum
i=1

dg(v,w):max{< Z w§>%,< Z wf)%}.

jideg X;=1 j:deg X;j=2

Muoxkecrso {w € G : dy(v,w) < r} HA3BIBACTCS WAPOM OMHOCUMENDHO do
)
paduyca r > 0 ¢ yewmpom 6 mowke v u 0O6O3HAYALTC CUMBOJIOM Boxs (v, 7).

C nomortpio GopMyJ1 TPYIIIOBOI OlepaIui HETPYIHO HOKA3aTh, 9TO da
sIBJISIETCsl KBA3MMETPUKOI: OHa paBHA HYJIIO TOIJA U TOJIbKO TOIJA, KOIJA
TOYKH COBIAJIAIOT, 00JIaaeT CBOUCTBOM CHMMETPUYHOCTH, U JIOKATBHO JIJIs

Hee BLIIIOJIHAeTCA O606]J.[€HHO€ HEPpaBEHCTBO TPEYIrOJIbHUKA.
2

Xaycaopdosa pasmepuocts G orHocuTebHo do paBha Y . k dim Vj, u 060-
k=1
3HAMACTCA CUMBOJIOM V.

Omnpepenenne 3. 3nadenne cybpumanosot mepo, 1ig A C G paBro

HY(A) = wy - (lsi_r}%inf{% ry L%Boxz(:vi,n) DA ;€A 1 < 5},
1€ 1€

rje To4Had HUZKHAA I'PAaHb 6epeTC${ 110 BCEM HOKPbITUAM MHOZKECTBa A.

PaccmorpuM Tenephb ele ojiHy JByxcrynendaryio rpyuiy Kapnho G ¢
asrebpoit JIu V. = Vi @ V, u Gasucubivu noindamu Xy, ..., Xy Takylo, 410
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d~1m171 > dim V) n ding > dim V3. Torja n Tonojioruyeckas pasmMepHocThb
N rpymunt G crporo Gosbmie, yem N. Kpasumerpuky, nocrpoennyio na G
TaK K€, KaK OIIMCAaHO B OLpeJe/eHun 2, 0003HaIuM CUMBOJIOM dy.

Bagamum cybiopennesy crpykrypy Ha G. Ilosoxum aa ucciesyemoro
moziesbHoro caydad dim V" = dim Vy, — dim Vi, k = 1,2.

N ~
Omnpenenenne 4. [lycrs w = exp(Z wiXi> (v), v,w € G. Iosoxum
i=1
BesTauHy 0% (v, w) paBHOIL

dim V4 dim \717 dim V; dim \717
max g w? — g w?| sgn g w? — g w?
J |58 J i)
j=dim V" +1 g=1 j=dim V" +1 j=1
N dim Vi +dim \727 1
2 2|2
D DR S DR
j=dim Vi +-dim V, +1 j=dim Vi+1
N dim V1 4+dim \727
2 2
sgn( g w; g w j> }
j=dim Vi +dim V; +1 j=dim V;+1

MuozxectBo {w € G : 03(v,w) < r?} HA3LIBACTCS WaAPOM OTMHOCUMEN-
no 03 paduyca v > 0 ¢ yewmpom 6 mowke v U 0GO3HAYAETCA CUMBOJIOM
Box, (v, 7).

Jlas wccsieioBainsg MeTpuIecKux cBoiicTB Jiexkamux B G moBepxHocTeit
JOCTATOYHO PACCMATPUBATH IIPUBEIEHHBII BbIIIE aHAJIOT KBaJpaTa PacCcTod-
Hug 03, Ge3 mepexofa K KOPHAM U3 yYACTBYIONIUX B ONpe/e/eHuH BeJ MK,
Onwuirem Mepy Ha oOpase, MOCTPOEHHYIO C IMOMOIIBIO TAKOil CUCTEMBI IIapoB.

Onpepnesienne 5. llycte B C G. Torga ero cybaopenuesa mepa Hy
paBHA

Wy - liminf{er : U(BOXa(fL’i,Ti) i B) DB, r,e€B, rn< 5},

6—0
1eN €N

I/ie TOYHASA HUZKHAA TPAHb OEPeTCS IO BCeM IMOKPBITUIM MHOXKeCTBa B, wy —
3apaHee BbIOpAHHBIII HOPMHPOBOYHLIN KO3 DHUIMEHT, KPpOoMe TOr0, CHMBOJI
Boxy (4, 7;) N** B 03Ha49aeT KOMIOHEHTY CBSI3HOCTH MHOKecTBa Boxy (2, 7;) N
B, conep:kaliyio TOUKy ;.



97 M. Bb. Kapmanosa

Tpebosanue ucto/ibzoBarb Box, (z;, ;) N" B BMecto Boxy(x;, r;) N B cBs-
3aHO €O ClenuUKOi CTPYKTYPbl, & UMEHHO, ¢ HEOIPAHUYEHHOCTHIO IIapOB.
B [25] npuseaen npumvep HEOIPAHIYEHHOTO [epecedeHtsl ¢ HOBEPXHOCTH ¢ Ta-
KM 1mrapoM. Mbl OymeM paccMaTpuBaTh Caydail ff = V U Wy = Wdim v, * Wdim Vs -
A B KadecTtBe B MBI uccieayeM o0pa3bl KJIaCCOB OTOOpazkeHmit ¢ @ ) — @,
e 2 C G — OTKphITOE MHOYKECTBO.

BaMeTuM, 4TO Mepbl, OLUCHIBAEMbIE B OLPEICICHUAX 3 U D, 3aBUCAT OT
HAOOPOB BEKTOPHBIX 110J1ell u3 oupejeienuit 2 u 4 GyHxiuit paccrosguus u
aHAJIOTa KBaJIpaTa PacCTOSHUS.

B cienyromux pasjienax Mbl OIMIIEM YCJIOBHS, IPU KOTOPBIX HEpecevdeHne
obpaza () ¢ mapamu Boxy(x,r), © € ¢(), orpanunueno. Kpome roro,
BbiBeieM (DOPMYJLY ILIOWIAJIM /ISl TAKUX IIOBEPXHOCTEH B SIBHOM BHJIE.

O6o3Hauenue 6. 3jech u jajee CUMBOJI V) 0003HAYAET MHOZKECTBO

span{Xi1¢, ..., Xaimv, ¥}

B kavecTBe mpuiokeHUs pe3yabTaTOB pas3fesna 3 OyaeT mpuseeHa Gop-
MyJia ILTONIAIM JIjId 0Opa30B OTOOPazKeHuii, HelpepblBHO auddepeHnupye-
MbIX juddepeHnupyembix BoJib moJeil u3 Vy (upu 31oM, He 00s3aTe/bHO
b depeHEpyeMbix BJI0JIb OCTAJIBHBIX 110JIei), TakuX, 4To Vi@ C 171

§2. OrpaHMYEeHHOCTD II€EPECEYEHUs C IIaAPaAMU U
MIPOCTPAaHCTBEHHONIO001E

[Ipexie 1em opmyimpoBaTh OCHOBHON pe3ysbral — YCJIOBHE OIDaHU-
YEHHOCTU cojiepzkalieii Touky © € ¢({)) KOMIOHEHTbI CBA3HOCTU lLiepeceve-
uust () N Boxy(z,7) — upuBejeM HEKOTOpBIE CBEIEHUS U3 Teopuu cyo-
puManoBoit quddepentupyemoctu. OupeaeauM anaaor guddepennupyemo-
CTH, KOTOPBIil COIVIACOBAH CO CTPYKTYPOU HoJIeil Ha obpase u mmpoobpase u ¢
COOTBETCTBYIOIIUME KBa3uMeTPUKAMU do 1 ds.

_ Omnpenenenue 7 (]26, 27|). Orobpaxkenue ¢ : U — @, UCG,tne Gu

G — rpyunst Kapno, he-dugddepenyupyemo B touke x € U, eciin cymecrsyer
ropusonTa/bubiit romomopduszm L, : G — G rakoit, aro

do(p(w), Lo(w)) = o(da(z, w)), U3 w — z.

Jlng paabHeRImuX paccyKIeHuil HaM IoTpebyeTcs cjejyioniee CBOMCTBO
KJIaccoB orobpaxkenuii rpyun Kapho, onuceiBatotiee ux juddeperinaibHbie
¢ cyOpUMaHOBOIl TOUYKHU 3peHusl CBOMCTBA.
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Teopema 8 ([27]). Ecin ¢ : Q@ — G, e Q € G — orkpeiroe muo-
skecTBo, npunajiexut kiaccy Ciy, TO ecrTb, OHO HeupepblBHO g depen-
mupyeMo BAoOAb nogeir Xi, ..., Xamy; # Vip C ‘71, TO OHO HEIPEPBIBHO
he-nugpepermupyevo Bcroay mHa ). Ecam, J0MOJTHHTETHHO, © IPHHATE-
sxur kaaccy C', to marpuna ero he-anggepennnadia (HJIH cybpuMaHOBa
;m(])d)epemmaﬂa) Dcp COCTOUT U3 «JHaroHa/bHbixy (dim V,, x dim Vi )-6J10K0B
MaTpuilpl Kjaccuieckoro gaucgepennunasia D Berogy na (), a ocrajibHbIe dJj1e-
MEHTBI HyJIEBbIe, TOI/[a KaK MaTpHI[a KJIaCCHIECKOro JudgepeHiiuaia uMeer
OJI0YHO-BEPXHETPEYTOJIbHbIH BHJT.

31ech 1 1ajiee MO, «IAArOHAJBHBIMUAY OJIOKAMU IMOHUMAIOTCSA OJIOKH, CO-
CTOAIME U3 IJTEMEHTOB, HOMEP CTPOKH KOTOPBIX COOTBETCTBYET IIOJAM W3
Vi, a Homep cronbna — nonam u3 Vi, k = 1,2. Takum obpasom, pasmep-
Hocrb 3rux OsokoB pasia dim Vi x dim Vj. ObGosznauum «jiuaroHajibHbie»
(dim Vi, x dim V},)-6s10ku Marpuipt Kiaccudeckoro juddepennuana Dy, u3
KOTOPLIX COCTaBJIEHA MaTpPHUIA ﬁ(p, CHMBOJIAME ﬁkw, k=1,2.

PaccmorpuM cnadasa oTobpazkenns Kiacca O, yI0BIeTBOPAIONITE yCaI0-
BHUSAM TeopeMbl 8, he-muddepeniuan KOTopblx HeBbIpokKIeH. VI3 Teopembr 8
CJIeJlyeT, UTO U Kjaccuueckuil anddepennuar TakzKe HeBbIPOZKJIEH.

Dukcupyem k € {1,2}. Obo3naunm 4acthb Dkgp, COCTOANLYIO U3 CTPOK €
Homepamu dim Vk +1,...,dim Vk CUMBOJIOM Dk ¥, & MATPHUILY, COCTOSILYTO
u3 ocraBmmxcs dim Vk_ CTPOK — CHMBOJIOM Dk ©.

OcHOBHOI pesysbTar pasjesa — CJepayIomas

Teopema 9. Ilycte © = ¢(y), rae y € {2 — HeKOTOpasi PHKCHPOBAH-
Hast rouka, u hc-jpugpgepennnan Dp(y) HeBbipoxken. Torna HeOOXOAHMBIM
yeaosuem nepecedennsi Muozkecrsa Im Do(y) (muoxkecrsa Im Dp(y)) un

{w eG: MB(zr,w) < O} (1)

B €UHCTBEHHOM TOUKe SBJIACTC HeBHIPOAICHHOCTD 0benx Marpui D L e(y),
k=12 o

1 Kpowme Toro, ecin amnant croronos D, o(y) (D p(y)) ™ me npepocxonar
Tmyr — C Beroy Ha (, Ijie ¢ — HeKOTOpOe 3aBHCSIIee TOBKO OT PACCMATDH-
BaeMOii OKPECTHOCTH 110JI0KHTeIbHOe Ynci0, k = 1,2, T0 BepHbI caeyroniue
VTBEPAKICHHUS.

1. Iepeceuenne muoxkecrsa (1) ¢ Im Dp(y) n Im De(y) cocront us equn-
CTBEHHOH TOYKH I.
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2. Iepeceuenns: mapa Boxy(x,7) ¢ muoxecrsavu Im D(y) 1 Im Dy (y)
OIPDAHHYEHBbI.

3. Komnownenra cBsiznocru MuoxkectBa Boxy(x,r) N (), cosepxkamas
TOYKY X, OrpAHHIEHA.

Jlokasamenvemeo. Onnaa u3 ujeil 10Ka3aTeIbCTBA JAHHOTO PE3YIbTaTa —
CBeJIEHHE PACCMATPHBAEMOrO CIydas K U3BECTHOMY CJIyYard OTOOpPAKeHUsI-
rpacduka; cm. [20] u [21, 22]. D10 HO3BOAUT ANANTHPOBATH MOJAXO/BI JTAHHBIX
crareil K penraeMoil 3ajiaqe.

Ha mepBom mmare oka3aTebcTBa YCTAHOBHM, ITO HEOOXOIMMBIM yCIOBH-
em nepecedennst Im Do(y) (n Im Dp(y)) n (1) B eanncrsennoii Touke ssiisi-
eTCsl HeBBIPOXKJIEHHOCTh 00EUX MaTPHIL Dk ©(y), k = 1,2. Ha Bropowm mare
MBI BBIBEJIEM CBOMCTBO JIOKAJIbHON OM/IMIIINIEBO SKBHBAICHTHOCTH 3HAYe-
nuit (d)? u 0% 1y HEeKOTOPBIX KJIACCOB TOYEK, OTKYJa OYAyT CJe0oBaThb
yTBepKIeHns . 1 o mepecedennu ¢ (1) B eJUHCTBEHHON TOUYKe u M. 2 00
OI'DAHUYEHHOCTHU HepecevyeHuil. A Ha TPeTheM Ilare Mbl YCTAHOBUM CBOHCTBA
paccMaTpUBaeMoil KOMIOHEHTbI CBA3HOCTH U3 1. 3.

HIAr 1. Iyers k& = 1. IIpexae Bcero, 3amernm, uro ecau jaia k = 1
BCE 3JIEMEHTHI D1 ©(y) paBHBI Hy/I0, TO pa3MepHocTb Iepecedenns (1) ¢
Im De(y) u Im Dy(y) Gyaer ne mence epuuuipl. 110910My XOTs Obl 0uH
JIEMEHT D1 ©(y) JoJ1KeH ObITh HEHYJICBBIM.

YCTaHOBUM HEBBIPOZKIEHHOCTD D1 ©(y). Ilpeanonokum nporuBHoe, 4TO
MaTpHIA D1 o(y) Boipozk tena. CliegoBaTebo, cro61bl D1 ¢(y) MOKHO 1e-
MEHTapHO IPeodpa30BaTh TaK, 4TO JAEMEHThl ¢ HOMepamu dim 171_ + 1,

,dim‘71 10 KpaifHeil Mepe OQHOrO u3 HPeodPa30BAHHBIX CTOJOLOB Oy1yT
HYJIeBBIMH. 3HAYHT, pa3MepHocTh nepecederns Im Do(y) (u Im Dp(y)) u (1)
CTPOro OOJIbIIIE HYJIS.

Ilycre renepp k = 2. Tak kak just K = 1 yxe J0Ka3aHo, 4TO MaTpu-
na D ¢(y) HeBbIpoKieHa, TO, OTHEMAdA OT CTOJAOIOB ¢ HoMepamu dim V) +
1,..., N kombunamuu cTonbnos ¢ Homepamu 1, ..., dim Vi, Mbr mostyunm Ga-
suc muoxkecrsa Im Dip(y) N Va(z), rae K Kaxaomy GasucHOMY BEKTOPY J10-
GasiieHa HeKOTOpasl (BO3MOKHO, HyJlesas) KOMOMHALMs BEKTOPOB X, (),

,Xdi]m Vf(x) (1 6azuc mHOKecTBa Im Dgp( )N VQ( )). Torma, anasoruano

ciaydato k = 1 BBIBOAHMM, 9TO XOTs ObI OJHH 3I€MeHT D; ©(y) nomken GbITH
HenyJieBoii. /laJibHeiinine paccyzK/eHus TaKzKe OBTOPHAIOT apryMeHTbI, [IPH-
MEeHEeHHbIe Jijis ciydas k = 1.
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Takum 00pa30M, MaTPHUILbL Dk ©(y) mesbipoxenbl, k = 1,2. TTosromy
Telepb Mbl MOYKEM CBECTH PACCMOTDPEHHE JIAHHOW 3a/1a9d K PACCMOTPEHUIO
oToOpazKeHui-rpaduKoOB, I1e KOOPAUHATHL C HOMepaMu

1,....dimV;,dimV; +1,...,dim Vi + dim V"~

3aBUCAT OT BCEX OCTAJIbHBIX. R N

[IAT 2. [TocTpoum HoBOe oTobpazkenue Do (y) : G — G Taxum obpaszoM,
4TO IPH [epexo/ie B HOpMaJbHble KOODIMHATBI OHO JIMHEIHO, ero MarpuIia
umeeT pasmeproctb N x N, u B 6asucax {X;}¥, u {X }iL, cocrour 3 ma-

IOHAJIBHBIX OJIOKOB D1 o(y) u D2 ©(y), ¢ OCTAIBHBIMHA SJIEMEHTAMHU, DABHBIMHE
HYJTIO:

-1 6 DO o w wr)) = ﬁfr80(2/) 0 (w wn)T
(0,7 0 D %(y) 0 b,){(wr,..., wx)) 0 Diey) (wy, ..., wy)".

B cuny mesbipoxaennocrn marpunst 6, o D%(y) o 6, MBI MOZKeM JOKATb-
HO mapaMerpu3oBarh MHOKecTBa ¢(€2) u Im Dp(y) smeMenTaMu MHOZKeCTBA
Im D%p(y) ¢ nomomipio oToOpazkeHus 1, olpeJle;IeHHOro C/Iey oM 00pa-
30M:

Dp(y)(w) = p(w),

u ero muddepeniuaa.
Torna nuddepentuas 1) B TOYKe & B HOpMaJIbHBIX KOOPAUHATAX OTHOCHU-
TEJIbHO 9TOW 2Ke TOYKHU Oy/JIeT UMEeTh BU/L

Dro(y)(Dfp(y)™! *
Bamv , )
0 Dy (y)(D5e(y)) ™
0 Edimv,

riae B — equnndnas MaTpuia pasMepHoOCTH .
[IpoBepum CBOICTBO JTOKAJILHON OUIHIIINIIEBO SKBUBAJIEHTHOCTH HA
Im Do(y) 86ausu Touxu x sesuann (dy)?(x, ) u 03(z, ) HellOCPe ICTBEHHbIMI
+

BBIYUCJICHUSIMA Hpnlnpe;;HOJIomeHHH, YTO JINHBI CTOJIOIOB Dk o(y )(Dk o(y))~
He HPEBOCXOJAT Fo- — C, TJe ¢ > 0, u k = 1,2. Tak kak HEpPaABEHCTBO

2 < (dy)? oueBujHO, TO OCTAETCH NPOBEPUTH OOpaTHOE K Hemy 03 > K(dy)?
Jytsi HekoToporo K > 0 1 KJIacCoB pacCMarpUBAEMBIX TOYEK.

1
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s ynobersa nepeiijieM B HOpMaJibHble KOOPUHATbI 5; L ornocurensno

H PACCMOTPHM TOUKY S = (s1,...,55). llycts ona sexur B Im D(6; 0 0)(y).

Ilo pesympraTy mepBoro mara, KOOPIMHATBL C HOMEDAME dimV; +1,...,

dimV; +dimV, u ¢ momepavu dim V; +dim V,” 4+ 1,..., N cBA3aHbBI COOT-
HOIIIEHUEM

(Saim T4417 -+ > Sdin T -+dim \7;)T

= Dy o) (D3(y) ™"+ (Stimtiraimvy 410+ SF) -

+ _ _ _ _
Torna, nomaras s3 = (S, 4dim Vit S57), BBIBOJIHM
N dim V; +dim \727
2 2
PR D DI
j=dim Vi+dim V, +1 j=dim V3 +1

= (s3.53) — (s, (D3 p(y)(D5 p(y)™")" D2 w(y) (D3 (y)'s3)
= (53, (Baimv, — (D3 0(y)(D5 o(y))~ ) > o(y)(Dyp(y)™)s)
= {(Bamv, — (D3 0(y)(D3¢()™") D3 o(y) (D30 (y)) )53, 53 ).

B cuny npeamnosiokenus Ha cToJONBI, KBaJipaTudHasa ¢popMma, olpe/iessgeMas
OIIEPATOPOM

Eaimv, — (D3 ¢(y)(D3¢(y) ™) Dy (y)(Dy ¢ (y) ™",

OJIOZKUTEJILHO OIpejiesieHa (CM., HapuMep, apryMeHTsl 21| u ceblikn), 1mo-
9TOMY MMeeM

N dim V3 +dim \727 N
2 2 7o 2
> 55 Y. 52k > S
j=dim Vi +dim V, +1 j=dim Vi +1 j=dim Vi +-dim V,; +1

e 0 < Ky < 1. ITocaeanee HepaBeHCTBO BjeYeT COOTHOIIECHUE

N dim V4 +dim \727 N
2 2 2
DO D DR = CRD DR
j=dim Vi+dim V,; +1 j=dim Vi +1 j=dim V4 +1

Jutst Hekoroporo 0 < Ko < 1.
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Paccmorpum teneps KoopamHarhl ¢ HOMepamu oT 1 g0 dim ‘71 3 Bu-
Ja Marpuibl (2) BBITEKAET, 4TO KOOPJIMHATHI 00pa3a ONpPEe/IseMOro 3Toi
MaTpuieir 0ToopakeHust ¢ HoMepaMiu 1, . . ., dim ‘71_ u ¢ HoMepamu dim ‘71_ +
1,...,dim ‘71 CBSI3aHBI COOTHOIIIEHIEM

(S1,- ., SdimV;)T

= Dl_gp(y)(Df_go(y>)_l ! (Sdimvli-kp DR Sdimf/l)T + D12(y)(8;)7

Ijie KOMIOHEHTbI JIMHeHHOro oneparopa Dis(y) orpaHudeHbl, U 3aBHCIAT OT
koMmoueHT Do(y).

+ ~ ~
[Tonaras s{” = (sdimeH, o5 Sdim 7y )y BBIBOIAM
dim ‘71 dim ‘717
2 2
> 52
j=dim V;” +1 j=1

~

> ((Paimv — (Dre@)(DF o) ™) Drew)(Dfe(y) ™) st s1)

— L) Isiskl = Lo Y |spsl,
L,k p,q

ryie sHadennd 0 < Ly, Ly < oo OLIPELEJIAIOTCS SHAMCHUSAMI KOMIOHEHT Dgp( ),
CJIE/IOBATE/IbHO, OHM OIDAHUYEHbI, & dlmV1 +1 << d1mV1 u d1mV1 +
dlmV2 —|—1<kp,q<N

+

Kax u B pacCMOTpPeHHOM cJiIy4ae JJIs S, , KBaJparuinasd (popma, ounpeie-

JsgeMas i S; OepaTopoM

~ ~

Egimvi — (DT o(y)(Di¢(y)) ™) DT o(y)(Dfe(y) ™",

1IOJIOZKHUTEJIbHO OlIpeJe/ieHa, 1I109TOMY

((Eamv, = (Dre)(Dfe(y) ™)

e 0 < IAQ < 1. Tak xKaxk

lsise] = [ (s1/5) - (59)] < 1/2(s1/5)* + 1/2(s1,9)
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Juist Bestkoro 0 < S < 00, # aHAJOIUYHOE YTBEPIKJICHHE BEPHO W JUIS |S,S,),
10 (3) MOKHO HpHU HOAXO/dIIEM BbiGOpe S (BeaumunHa S TaKzKe 3aBUCAT OT
3HaveHUil KOMIOHeHT D) MpeCcTaBUTh B BH/E

dim T dim V- dim Vi N
2 2 S I 2 2
g s E s; > K,y E s;— Lo g s, (4)
j=dim V" +1 j=1 j=dim V;” +1 p=dim Vi +dim V, +1

e 0 < K1 < 1,0 < Ly < oco. Tak kak Ly oupejeisiercss 3Ha4YeHUSIMU
komroueHT Dp(y), u, KpoMe TOro, 5Ta BeJHINHA PABHOMEPHO OTDAHUYEHA B
HEKOTOPOil OKPECTHOCTH, TO JIaJIee JTOCTATOYHO IIPUMEHATEL CTaHIapTHBIE ap-

N 1/4

I'YMEHTBL: €C/u 3HadeHue dy JJOCTHIaeTCs HA > sf) , TO BCE JIOKa-
j=dim Vi +1

3aHO €Ile Ha dTalle pacCMOTpeHus KoopamHar ¢ Homepamu dim Vi +1,..., N;

ecJM Ke HeT, TO OyJeM IpeJIo/jaraTb IPpOTUBHOE, YTO Jjisd BeIkKoro € > 0
CYIIEeCTBYeT TOUYKa S TaKas, 9TO

02(0,5) < £(da(0,5))*, (5)

IIPU ITOM,

dim \71

<Z 8?>1/2 N ( i 5?)1/4'

Jj=1 j=dim V1 +1

CretoBaresibHo, ¢ yaeroM (4) BBIBOAUM

dim V3 dim V;~ dim V4 dim V3 5
2 2 < T 2 2
E 55 55 > Ky E S5 L0< E sj) . (6)
j=dimV; +1 Jj=1 j=dimV;"+1 J=1

/lanee, mpaByO 9acTb MOZKHO OIEHUTH CHU3Y UYepe3

dim V4 dimv'f 5
I 2 T 2
Koo > 8- Y ). (7)
j=dim V;"+1 Jj=1

npuieM, koncrantbl 0 < Ky < 1 u 0 < Ly < oo He 3aBucdar or s u € > 0, a
3aBUCAT TOJIBKO OT paccMaTpuBaeMoil BeIOpanHoOi okpectnoctu. [1o mpesmmo-
noxkennio (em. (6), (7) u (5)),

dim ‘71 dim ‘717 9 dim \71

kl Z S?-Z()(Z 83) <8ZS?,

j=dimV; +1 j=1 j=1
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Wi,
dim \71 dim \717 dim \717
(Ki—e¢) Z s?<L0( Z s§+6> Z s7. (8)
j=dim V" +1 J=1 J=1
C apyroii ctopousl, u3 (6) u (7) BbITeKaeT ONEHKA
_ dim ‘71 ~dim ‘717

IS SIS T ) o

j=dim V;"+1 J=1

e L > 0 ve 3aBucur or s u € > 0, a 3aBUCUT TOJILKO OT paccMaTpUBAEMO
BbIOpaHHOIT OKpecTHOCTU. Tak Kak

to u3 (8) u (9) cuemyer, 4To (B HIPOTUBHOM CJIydae yTBEPKJEHUE YZKe JIOKa-
3aHO)
dim V;~
Z()(Z s§+e)—Z>0, (10)
j=1

rie L > 0 He 3aBHCHT OT § U € > (), a 3aBHCHT TOJBKO OT pacCMaTpH-
BaeMOi BLIOPAHHON OKPECTHOCTH. B Cmjly HE3aBUCMMOCTH KOHCTAHT U IPO-
H3BOJILHOIO BbIOOPa € > 0, coornomrenue (10) He MOker ObITH BEPHBIM JIJIst
Beex (81, .., Sqi, ‘717), 11osTomy ornetka (8) nporuopeunt onenke (9) mo npu-
quHe HeBepHOro npesnoaokenus (5). Takum obpasom, ¢ yaerom omnenku (9)
BBIBOJIUM, 9TO €CJIA

d1mV1
s 0, (Z % ) ,
TO -
dim V4 dim V,~ dim V;
2 2 2
Yo S ) sizKi)y s
j=dim V" +1 j=1 j=1

1t Hekoroporo Ky > (0, 3aBHCAIIErO TOJBKO OT PACCMATPHBAEMOi (10CTa-
TOYHO MAJIOi) OKPECTHOCTH, TAK KAK CY?KEHHeM OKPECTHOCTH MOZKHO JOOUTH-
cst roro, 4o Beanunna (1 — K1) /L Gyier cTporo MeHblIe euHUIb L5l BCeX
PaCCMATPUBAEMbBIX TOYEK.
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CileoBaTeIbHO, CYIECTBYeT JI0CTATOYHO MaJjias OKPECTHOCTh TOUKH T Ta-
KasL, 1To ecau ee Touka s € Im D(0; o) (y), To Bepro (ds(0, s))2 < K03(0, 5)
aist K> 0, 3aBUCAEr0 TOTBKO OT PACCMATPUBAEMOl OKPECTHOCTH.

Bamernm, uro eciu BMecto orobpaxkenns D°p(y)(w) — ¢(w) pacemar-
puBarTh 0TOOpaKEHUE

Do (y)(w) — De(y)(w),

1o ero jiuddepennualr Oy leT UMeTh BUL

DT p(y)(Df e(y)) ™ 0
Edimvy R 9
0 Dy o(y)(Dye(y)) ]’
0 Egimv,

1 1109TOMY Ha ero obpase TakKe eCrb JIOKa/IbHAs OUJIMIIINIEBA SKBUBAJIET-
HOCTD BeJTHYIHH (d2)2 U 02, MOCYUTAHHBIX OT TOUKH = = ¢(y).

I3 ycTaHOBJIEHHBIX COOTHOIICHHII BHITEKAET OrPAHMIEHHOCTDH Iepecede-
Huii mapa Box,(z,7) ¢ muO)kectBamu Im Dp(y) u Im Dp(y): mocrarodso
IIPUMEHUTDL HEPpaBEeHCTBa BHU/1a

(e, ) > o (d) ). (11)

JleiictBurennho, eciu i Touku y Bepuo (dz)*(x,y) > Kr?, o u 03(x,y) >
72, clleJloBaTeNIbHO, Y JIeXKHT BHe mapa Box,(x,r). [1. 2 nokaszan.

Kpowme Toro, uz (11) ciepyer, uTo 3HaueHue 03, HOCYUTAHHOE OT Y JIs
Jr060ro HenyseBoro saementa Im Do(y) u Im ﬁ(p(y), CTPOrO HOJIOKHUTE/Ib-
noe. [Tocseuee o3nadaer, 4To nepecedenne rux MHOXKecTB ¢ (1) cocront u3
eﬂI/IHCTBeHHOﬁ TOYKH T, YTO JOKa3bIBaeT II. 1.

[IIAT 3. Paccmorpum rerepb w € Im(@;l o gp) U [OKazKeM, 9YTO BEPHO

2
(d2(0,w))” < Q03(0,w) a1s1 0 < Q < 0O, 3ABUCSIIEIO TOIBKO OT PACCMATPH-
BaeMoii okpectHocTH. [lo yciaoBuio cydpumanoBoii jguddepeHnupyemMocTa ¢
uMeem

dy(p(w), Dip(y)(w)) = o(da(y, w)),
a TaK KaK MbI [PEJIoJaraemM, 4ro ﬁgp(y) HEBBIPOZK JIEH, TO

~ ~

da(p(w), Dp(y)(w)) = o(da(ip(y), Dp(y)(w))) = o(da(ip(y), (w))).
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TaK KaK Mbl paCCMaTpUuBa€M KOMIIAQKTHYIO OKPECTHOCTb TOYKHU ¥, TO BEJIMIU-
Ha o(1) u3 oupejenenust cyopumanoBoii auddepenupyemocru Ha Heil pas-
HomepHa [27]. TlosTomy 6Ge3 orpanudeHusi OGIIHOCTH MOYKHO HPEJIOJIararh,
9TO OKPECTHOCTH TAKOBA, YTO KAK TOJBKO do-PACCTOSHHE MEXKIAY Y U W He
IIPEBOCXOJIUT HEKOTOPYIO BEJHUYUHY pp, TO |0(1)| HE mpeBOCXOIUT HEKOTOPO-
ro 3apanee 3ajiannoro € > 0. Torma, npumensiss 06001IEHHOE HEPABEHCTBO
TpeyroJibHUKa BUJIA

da(u,v) < da(u, q) + cda(q,v), (12)

BbIBO/IUM

(1 — Ce)da(p(y), De(y)(w))) < da(ip(y), p(w))
< (14 Ce)dalply), Dy(y)(w))),

riae C' 3aBUCHT TOJIBKO OT KOHCTAHTHI JIMIIIUIa 0To0pazkeHus ¢ M KOHCTAH-
Tol ¢ B (12). Kpome Toro, u3 HEMOCPeICTBEHHBIX BBIYHCICHHI (CM. OMUCAHEe
IPYIIIOBO#i onieparuu, Haupumep, B [20]), aHAJIOrMYHBIX IPUMEHEHHBIM B Bbl-
Bozie (12), mosydaem, 4T0 KOOPAUHATHI (W) OTHOCHTEIBHO (YY) OTINIAIOTCSE
or KoopauHar Do(y)(w) orHOCHTENbHO Y(Y) HA BEJMYUHBI, HE IPEBOCXO/IsI-
e

5 =~ /D = 1/2

2dy(o(y), De(y)(w)) < K2(03(0(y), Dgly)(w))) "2,
ec/Ii pedb MJIET O KOOPJMHATAX HPH TOPU30HTAIbHBIX HosgX. CriegoBare/ib-
HO, KBaJIPaThl TUX BEJUIHH OTJIUYAIOTCA He DOJjiee, 1eM Ha

2ds(p(y), Dp(y)(w))? < K2202(¢(y), Dp(y) (w)) (13)

(6e3 orpanuveHHsI OONIHOCTH MOYKEM CYUTATh £ OJHUM U TeM Ke B 000UX
HepaBeHCTBaX). EC.HI/I 7K€ pedb naerT 0 KOOpAUuHaTaxX IIPpU 1OJIAX CTEelIeHU JBa,
TO KOOpAUMHATBI OTJINYAIOTCA Ha

2(do(o(y), Dep(y) (w)))* < K203(p(y), Dply) (w)). (14)

3/1ech BeJIMYMHA £ 3aBUCHT OT PACCMATPUBAEMON OKPECTHOCTH, OT 33/ IaHHOIO
e > 0, u oT oTOOpazKeHus, U He 3aBUCUT OT TOYEK.
3 31ux cBOWCTB MbI BHIBOJUM OIEHKH

02(p(y), p(w)) < (da(p(y), p(w)))* < (1 + C2)?(da((y), Dep(y) (w)))
< K(1+ Ce)*3(¢(y), Dy(y)(w)). (15)

2
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[Ipumenum reteps (13) u (14) s onenku cuusy sejuunnbl 05(¢(y), (w))

5 repyunax 93(p(y), D (y)(w)).
O6o3HaYUM

~ ~ o~

(a1, a5) = 05 (p(w)) 1 (pr, ..., p5) = 0. (De(y)(w)).

[IycTn
dim\71 dim‘,;li
B(e(w). Dp(y)(w)) = > pi= > Pl
j=dim V" 41 j=1
Torna
dim V4 dimv'f
2 2
> G-
j=dim V" +1 j=1
dim ‘71 dim ‘717 " dim \71 dim ‘717
> Y e Y gz Y #- Y #)
j=dim V" +1 j=1 j=dim V" +1 J=1
dim‘71 dim‘f}f
2 2
j=dim V;” +1 j=1

e 0 < 0 < 1, a BeIM4uHA € 3aBUCUT OT PACCMATPUBAEMOil OKPECTHOCTH, OT
3aJlaHHOrO € > 0, M OT 0TOOparKeHusd, U He 3aBHCHT OT TOYEK.
Curyugaii, Korja

N dim \71 +dim \727
N 2
(032 (y), Doly)(w)))” = > - >,
j=dim Vi+dim V, +1 j=dim Vi+1

paccmarpuBaercs aHagoruduo. OTCio/1a BEITEKAET, 9TO Jjis HEKOTOpOro 0 <
P < 0o BepHO

03 (p(y), p(w)) > P3(¢(y), Do(y)(w)).

13 moc/jieIHuX OICHOK BLITEKAET JIOKAIbHAS OWIMIIIAIEBA SKBUBAJICHT-
HOCTb (d2)2 u 03 Ha MHOxKecTBax yposHs; cM. (15). Kpome Toro, orciona
K€ BBITEKAET, YTO KOMIOHEeHTa CBs3HocTu ¢(§2), couepKaiias TOUKy T, le-
pecekaer rpanully mapa BoXp, Kak B HOPMaJIbHbIX KOOPJAMHATAX, TaK U Ha
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CcaMoii rpyuie G (M. aHAJIOrMYHBIE PACCYKIeHus BToporo mara). [Tosromy
9Ta KOMIIOHEHTa CBA3HOCTHU ABJIAETCHA OFpaHH‘{eHHOﬁ, KaK U yTBEpPzK/aeTCd B
m. 3.

Teopema mokazana. ]

Boeinecem otraenbHO (GOPMYIUPOBKY BazKHOI'O MPOMEXKYTOUYHOI'O PEe3Y/ib-
TaTa, IIPeJICTABJISONIEr0 He3aBUCUMbII HHTEpeC.

Teopema 10. [IycTp BBIITOJIHEHBI YCJIOBHS TEOPEMBI 9 Ha HEBBIPOZK/TEH-
nocrb obeux marpur; Do u na pymnbt croaéuos Dy o(Dfp)™ k= 1,2,
Torga na ¢(§)) snavenust 03 u (dy)* JI0KaIbHO SKBUBAJICHTHBI.

Cdopmymupyem ere 0JIHO CBOMCTBO, KOTOpPOE CJIE/IyeT U3 TeopeMbl 9.

CsoiictBo 11. Bee kacaresbible BeKTOPBI K ¢()) HUMEIOT MOJIOKUTE b
HYIO 03-IIMHY, TO €CTb, OHH IPOCTpaHCTBeHHononoonb. ClenoBaTebto, u
caMa 1moBepxHocTb ¢(€)) npocrpancrsennononobua (cp. [1]).

Takum oOpa3oM, 1epBbiil OCHOBHON pe3y/ibTaT CTaTbU 1OJIYYeH.
§3. ILomaap moBepXHOCTU-00pa3a

Tak Kak 0JlMH U3 00beKTOB HccIeoBanus — oTobpakenus Kiacca C, To
eCTeCTBEHHAs UJIesT MOJIYIEHUsI BTOPOI'O OCHOBHOI'O pe3yJibraTa, CyO/I0peHIe-
Ba, aHaJIOra (DOPMYJIbL ILJIOIIA/U, STO BBIBOJ, €r0 U3 KJIACCUICCKOIO, PUMAHO-
Ba, Buja. O4YeBUIHO, YTO OCHOBHAS CJIOKHOCTH COCTOUT B BBIYHCJIEHHUU CO-
OTHOIIEHUsT Mepbl HY 1 MOCTpoeHHoil o puManoBoii Merpuke Mepsl HY na
obpase. B wacTHOCTH, 1718 HOHHMaHHA OCOOEHHOCTEIl moBeleHHdA Mephl Hy
Ha II0BEPXHOCTH-00pas3e HeoOX0MMMO TOYHO oneHuTh HV-Mepy mepeceuenus
obpaza u cy0/iopeHiieBa mapa.

[TokazkeM, 49TO pe3y/bTaTbl U MeTOJIbl JloKa3arebcrBa TeopeMm 9 u 10
MO3BOJILIOT JTUHEAPU30BaTh Ty 33aJa9y: a HMEeHHO, [TepeifiTh OT U3ydeHus Ie-
pecedeHnil mapa U MOBEPXHOCTH-00pa3a K UCCIeTOBAHNIO epeceveHnil mapa
U KacareJbHOHN LJIOCKOCTH.

Jlemma 12. Ilycre € > 0, u BblojsiHeHbl ycjioBusi Teopembl 9. Tora
CyImecTByeT OKPEeCTHOCTb TOYKH Yy € §) Takasi, 9T0 eCJH W — JEeMEHT ITOI
OKPECTHOCTH, TO BEPHBI CJEYIONIHE OIeHKH:

mase{[93(r. () — O}z, Deply) ()|
[03(x, Do) (w)) — 23(, Dip(y) (w))]}
< ed3(x, Doy)w)). (17)
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oxazameavcmeo. U3 BujioB MmaTpuil KJ1acCUYeCKOIo U cyopumanoBa Jud-
dbepennmaion (M. onucanne B TeopeMe 8) BbITEKAELT, YTO Jist BCAKOro € > 0
CYMECTBYeT TaKasg OKPECTHOCTH TOUKH Y, ITO KBAaJPAThl TOPH30HTATBHHBIX
koopauuat s1emeHToB Dp(y){w) u Dp(y){w) OTHOCUTENBHO T OTIHIAIOTCSI
Ha BEJIMYMHY, HE IPEBOCXOJISIILYIO é\(dg(y,w))2, eCJTM W HMPHUHAIEKUT ITON
OKPECTHOCTHU, & KOOP/IMHATHI IIPU 10JIX CTEleHu JBa Oy/yT coBlaiaTh. To-
raa u

[03(z, Dp(y) (w)) — 03(x, D (y) (w))|

ouenusaerca uepes T' g(dg(y, w))2 1t HekoToporo 0 < T' < 00, 3aBUCSILETrO
TOJIBKO OT OKPECTHOCTH. Jlajiee ocTaaoch IPUMEHUTh CBOMCTBO HEBBIPOK IEH-
HOCTH ﬁap(y) U JIOKAJIbHOIH OMJIMIIIKIEBOI SKBUBAJEHTHOCTH BeJIMINH (d2)2
n D%, IIOCYUTAHHBIX OTHOCUTEJIbHO TOYKHU T.

Tax Kax paccMarpubaeMoe oToOpazkeHme IpuHajiekuT Kiaccam Cl u
C4, To g moboit Touku y € ) 1 BeAKOro 3apaHee 3ajJaHHoro & > 0 cyie-
CTBYET OKDECTHOCTH ITOi TOUKH TaKas, 9T0 Besnautbl [0(1)| u3 onpepenenuit
KaK KJIACCHYECKOl, TaK u cyOpuMaHOBOil quddepeHnupyeMocTu, He IpeBoc-
xoudar €. [Tosromy onenka jijis

93 (@, p(w)) — 05(x, Deply) (w))]

sorrekaer u3 (13) u (14), a Takrke, U3 yCTAHOBJIEHHOI'O COOTHOIICHHSE

103(, Dep(y) (w)) — 03(x, Dip(y)(w))| < €03 (x, Dp(y) {(w)).
JlemMa JloKa3aHa. O

U3 310it JIeMMbl, B 4aCTHOCTH, CJIEJIYET, YTO €CJIM Mbl PACCMOTPUM IPO-
eKIuu

m1 : Dp(y)(w) = Dp(y) (w) (18)

™+ Dp(y){w) = p(w), (19)

TO JIId HUX OyJLyT ClPpaBe/JINBbl COOTHOIIEHU S
Box, (z,7(1—¢))NIm Dp(y) C w1 (Boxy(z, 1)) C Boxy(z, r(1+¢))NIm Dep(y)
n

Boxy (2, 7(1 — £)) N () C m(Boxy(z,7)) C Boxo(z, (14 €)) N ()
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COOTBETCTBEHHO, 1jie € > ( Oyger 3aBUCETH TOJLKO OT PACCMATPUBAEMON
OKPECTHOCTH, a lepecederust Boxy u ¢(£2) OyyT orpaHuYeHHBIMEI. DTO BEPHO
B CHJTy TOTO, 4TO IPABYIO 9acTh B (17) MOKHO 3aMeHuTh 1 Ha £03(2, Do (y)(w)),
u Ha £05(x, p(w)):

max { [05(z, p(w)) — Dg(f, Do(y){w))l,
03 (2, Dp(y)(w)) — 3(x, Dp(y)(w))|}
<e- mln{D z, Dp(y)(w)), 03(z, (w))}

Jlastee Mpl omuimeM, Kak IMOAXOAbI pabor (28] m [21| mpumensiorcs s
BBIBO/IA CyOJI0penIieBoil hbopMyJIbl IIIOMAAU U3 KIaccuieckoil. VHpivu cio-
BaMM, Mbl [IOJIyYUM CJIEJIYIONIUN Pe3yJIbTaT.

Teopema 13. Ilycte G n G — JABYXCTYIEHIaThle Ipynibl Kapro, n
Q C G — orkperroe muoxkecrBo. Ilycre eme ¢ : ) — G — HempepbIBHO
g epenmapyemoe otobpazkenne kiacca Chy, he-miadgepenmuanr KoToporo
HeBbIpozkieH. Torna cupasemmBa opMmysia MmIomam

/H\/det(ﬁz—:SO(y)*f);w(y) D o(y)* Dy o(y)) dH (y)

_ / N (x) dHE(x), (20)

e N(x) = > 1 — cumratomas yHKIHS.
y:y€p~ ()

Tak Kak ujes J0KA3aTeJbCTBA UCHOJIb3YeT MOJXOAbl U pe3yabrarsl [21]
(e, B cBOIO Oouepesb, HpUMeHeHbI 110X0/Abl |20] u Gosiee paHHUX CraTei,
Hanpumep, [19]), To npuBeem TOIBKO cxemy, BO n3beKaHue TUPAZKHUPOBAHMS
TEKCTOB.

Cxema dokazamenvcmea meopemo, 13. 1lpexe Bcero, obsactb ompee-
JIeHUsI pa30MBaeTCs HA IMOIMHOYKECTBA, IJIe (© ABJIsSeTCsd OMEeKTUBHBIM Ha CBOIt
obpa3. be3 orpanuuenusi OOIIHOCTU B JAJILHEHIIUX PACCYXKIEHUAX 00O3HA-
YUM OJIHO U3 TAKUX MOJIMHOYXKECTB TaKyKe CUMBOJIOM ).
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Tax Kak orobpazkenue npunaiexur kiaaccy C1, To BeiBegeM cyb/iopen-

1eB BapuaHT (popMyJibl ILIOMIA/A YePe3 KJIACCUIeCKMil:

:/ T (p,s) - \/det g(s)

(%)

rje s oboznadaer Touky ¢ 1(x), J(p,s) — kiaaccuueckuii axobuan orodbpa-

JKeHHd (p, 8 ¢ — puMaHOB TeH3op Ha G.
[loguaTerpanbHOe BBIpazKeHNe B MPaBOil YaCTU MepemuchbiBaeTCd, KaK

T /det(BE (o) Dfo(s) ~ Dyols) Dyol)

\/det(Dgo(s)*Dap(s))~ det g(2)

rje ¢ — pumaHos rensop Ha G.
Hamra paibneiimas 3aaua — coornectn mepbl HY n HY na nosepxuocTu-

obpaze. [Ljist 3T0r0 HEOOXOAUMO BBIYUCIUTH
HY (Boxa(:c, )N go(Q)),

a 3aTeM yCTaHOBUTH CYIIECTBOBAHUE M BbIBECTH 11pou3Bojnyio HY mo HY. Oc-
HOBHBIM HHCTPYMEHTOM 3/1eCh SIBJISIETCsI MCIIOJIb30Banue oTobpazkenuii (18)
u (19). B cuiy cBOIiCTB, yCTAHOBJICHHBIX B KAueCcTBe CJICICTBUIL JeMMbI 12,

BMECTO HCXOJHDbIX HepeCGLIGHI/IfI

Boxy(z,7) N Im Dp(y)

Boxy(z,7) N ()
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MOKHO paccMaTpuBaTh 00pa3bl ITUX JIMHEHHbIX oToOpazkenuii. V13 pesysibra-
T0B |28 cieayer, 4T0O SKOOMAH T B TOYKE y PABEH

KpOMe TOro, SKOOMaH Ty paBeH eawHuIE. TakuM oOpa3oM, JOCTATOYHO pac-
CMaTPUBATh CYIEPHO3UIUIO Ty O T MPUMEHUTETbHO K MHOXKECTBY

Im lA)go(y) N Boxy(x, 7).

Yrobbt Berancauts HY -mepy Im Do(y) NBox, (2, 1), nepeitaem mis ynobersa
B HOPMaJIbHbIE KOOPAMHATHI OTHOCHTEJIBHO Z. VICHO/Ib3ys B 9TUX KOOPAMHA-
tax npejcrasierne Im Do(y), kak obpasa orobpazkeHus-rpaduka

~ o~

(0, 0 D°p(y)) (w) + (6, o Dy(y)) (w),

no/ydaeM, uto Koddgdunnent uckazkenus HY-Mepnbl 1pu Takoi napamerpu-
3allid PaBeH KBaIPATHOMY KODHIO U3 OIpe/e/UTe s MPOU3BeTeHnd

Dy o(y)(Dfp(y)) ! 0 )
Edim i . 9 %
0 Dy o(y)(D3 e(y)) ™
0 Edim 1%
Dy o(y) (DY o(y)) ™ 0
» Edimv, 0
0 Dy o(y)(Dye(y)) ]’
0 Edim v,

TO €CTb, S3HAYEHHUIO

[T det(Eaimv, + (Dr o) (D)) (Do) (D oly) ™))"
k=1

ﬂaﬂee oCTaeTCd 1o4YTHu JOCJIOBHO C OYE€BUAHBIMHA M3MEHEHUAMU HPUMECHUTDH
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aprymentsl |21, TokazareabcrBo Teopembl 3.2, [ar 3|. 113 vux ciepyer, 410

HY (Im D(6;" 0 ¢)(y) N Boxy (0, 7)) = Wdim V3 Wim v, * 77 X

,f[ det(Eamy, + (D ()(Di 0w) ™) (Di o) (D () ™)) 2
> ;1 — — — —~ . (22)
[T det(Eainv, — (D, o) (Difo(y)1)" (D ¢(w)(Df o(y)) 1))

k=1
ajee, umeem

~det (D ()" Dife(y) + (Do) (D e(w)))
k =1,2. Anajioruanbie pacCyKJAeHHs CIPABEJIMBbI U JIIsl 3HAMEHATEJIs IPa-
Boit wactu (22). Torma

HY (Im D(0;" 0 9)(y) N Boxy (0, 7)) = Wdim v, Wdim v, * 77X

~ ~ *

[T det (D} o(1)* Dt ¢(y) + (Do) (D ¢(w))

X k? )
kl;ll det (D (1)) Dy ¢(y) — (D))" (Die(y))) "
Kpowme Toro,
[T det((Df ()" Dif () + (D o))" (Diy 0(w)))* = det(Dp(y)* Do (y) )

k=1
CM. HOJPOOHBIE APTYMeHThI, Hampumep, B [21, JlokasareabcTBo JeMMbl 2.12].
Takum obpaszom,

HY (Boxa(x, r)N go(Q))
\/det (Do (y) Dp(y)) /det 3]

= X

krill det (D () Dy e(y) — (Do) (Dyely)))

X Weim v Waim v, - 77+ (1 4+ 0(1)),
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rje Besimauna o(1) — 0 upu r — 0 paBHOMEPHO Ha HEKOTOPOil KOMIIAKT-
HO#t oKpecrHOCTH. [lasiee ocranoch npumenntsb cxemy 28| u aprymentsi |21,
JokazareabcrBo Teopembl 3.2, [lar 1], urober mokas3ars, 4ro

H (Boxo(z, 1) N @(Q)) = WaimviWaimv, - 77+ (14 0(1)),

rie Beaudnaa o(1) — 0 mpu r — 0 paBHOMEPHO Ha HEKOTODOIl KOMIIAKT-
HOil OKPEeCTHOCTH, U YCTAHOBHTDH JU(DepeHnupyeMOCTb STUX Mep OJHOil 1o
npyroit. CienosaresbHo, mpaBas 9acTh (21) coBmagaer ¢

/DHN’Hg(:B)d’HN(x): / dHy (x).
e(2) e(©)

Taxkum o6pazom, popmyrta (20) ycraHoBIeHa, U TeOpeMa JOKa3aHA. O

[Ipeanosiozkum Temnepb, 9TO0 MHOXKECTBO (g, HA KOTOPOM PAHI MaTPUILBI
cybpumanoBa juddepennuaia He ABIgeTCs MAKCUMabHBIM, Henycro. Tora
u panr marpuil Dip u DY@ B TOYKAX 9T0I0 MHOKECTBA He GY/1eT MaKCHMalb-
upiM. CrieoBaTesIbHO, 3HAUYEHHE [OIMHTErPAJILHOI0 BhIpaXKeHHs B JIeBOil 1a-
cru (20) Gymer HyaeBbiM. PaccMoTpum cyOpUMAaHOBY Mepy, MOCTPOCHHYIO MO
KBa3UMeTPHUKe cAl; Ha obpase. Ee 3Hauenne st MHOXKecTBa ©(£)y) paBHO Hy-
o B cuity pesyasraros [29]. Tak kak 02 < (da)?, 10 n HY (¢(Q0)) = 0. Ta-
KM 00pa30M, MHOXKECTBO BBIPOKJICHU He MOBJIHAET Ha 00e 9acTu (pOPMYJIbI
ILTONIA/IA, U OTPAHUYEHHE Ha PAaHT MATPHUILI cyOpuMaHoBa juddepenuaia
MOZKHO CHSTb.

B kauecrse npujiozkenus soisejem dbopmyy miomau s C'h-orobpa-
JKeHuit, KOTopble, B 00ImeM ciydae, He npunaiexar kiaaccy C u gazxe Mo-
ryT He ObITh JiupdepeHupyeMbIMU B KJIACCUUYECKOM CMbIC/IE HA MHOYXKECTBE
MMOJIOZKUTEJILHOI BHEITHEH MepHhI.

CdopmymupyeM 1 JIoKazKeM OCHOBHOE BCIIOMOIaTe/IbHOE YTBEPK/ICHUE.

Jlemma 14. Ilycmo G u G — deyxcmynenuamuole epynno. Kapno, (2 C
G — ommpvimoe mmoscecmso, a @ : Q — G — omobpasicenue waacca Cl.
ITycmov ewe x = p(y), 2de y € Q — Hekomopas PuUKCUPOSAHHAA MOUKA, U
dAunvL cMoaby086 ﬁ,;go(y)(f?:go(y))_l He NpesocTo0Am 7~ —C 6 HeKomopot

oKkpecmmnocmu y, 2de ¢ — HEKOMOpoe nosodcumenvroe wucao, k = 1,2. Ilono-

orcum w 28 Do(y){w). Tozda das xomnonernmo céaznocmu Boxy(z, 7)Mo (Q)
6epHo

@/)y_l(BoxD(:B, r—er)) C o HBoxy(x, 1) N p(Q)) C wy_l(Boxa(x, r+4er)),
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ede r < 1o, G 3Hauenus eeaunun ro > 0 u e > 0 3asucam moavko om
PaAcCMampusaemoti 0KPecmHOCmMU.

Joxasameavemeo. Tlycrs w € o1 (Boxy(z,7) N* p(Q)). Toraa

~

do(p(w), by (w)) < Eda(y, w) < Keds(z, p(w)) < KE(03(x, p(w)))"* < Ker,

e BesimanHa € > () 3aBUCAT TOJIHKO OT OKpecTHOCTH. [laee ocraercst mpume-
HUTH PACCYZK/ICHHsI, AaHAJIOTHYHbIE BBIKJIIKaM (16), HCII0JIb30BAHHBIM B J10-
Ka3aTesIbCTBe TeopeMbl 9, ¢ TOil pasHuIIeil, YTO Mbl I0JIyYaeM OIEHKY CBEpXY,
a He cHu3y, 3HaueHns 03(x, v, (w)).

[Tycrs reneps w € Y(Boxy(z,r — er)). Torya paccyzjienusM, aHajo-
I'MYHBIMU IPUMEHEHHBIM BbILIE, BBIBOJUM, 4T0 3Hauenue 03(x, o(w)) ue mo-
KeT ObITh GOJIbIIe, YeM 72, IpH J0cTaTouHo Maabix 7 > 0 (cp. [29]). Jlemma
JTOKa3aHa. ]

aJiee ocraercst ucyepiiarh 00JIaCTh OLPEJIe/IeHUs IIapaMu, a OTKPbITOe
MHOKECTBO, Ha, KOTOPOM PaHI' MaTpuIlbl cyOpumanoBa juddepeninaia Mak-
cUMaJieH, U KOTOpOoe JIE2KUT B KazKJIOM U3 IapoB, — KOMIIAKTHO BJIOYKCHHBI-
MH OTKPBITBIMH MHOYXKECTBaMHU, IIPUMEHHUTDb K KazKJIOMY U3 HUX Pe3y/JIbTaTbl

TeopeMbl 13 /I aHaIo0ra KacaTeJbHOTO OTODDAyKeHUsS W 2y Do(y)(w) u
JeMMbl 14, U J1ajee CJae0BaTh cXeMe JIOKA3aTelbCTBa, U3I0KeHHOH B [29).
3aMeTHM, 9TO 00pa3 MHOZKECTBa Hy/IeBOil H”-Mepbl, OCTaBIIerocd I0C/Ie HC-
uepuanus, Oy/leT TakKe UMerb Hyjesylo Hy-mepy, Tak kak 03 < (dq)?.

OKoOHYATETbHO, C YIeTOM pPe3y/IbTaTa O MHOYKECTBE BBIPOXK/ICHUSA CyOpPH-
MaHOBa Jiuddepenialia, BbIBOJIUM Pe3YJIbTaT.

Teopema 15. IIycrs G u G— asyxcrynendarsie rpymnst Kapro, Q C G —
orKpbITOe MHOXKeCTBO. Ilycrh eme ¢ : Q0 — G — orobpazkenue kjacca Chy,
TaKoe, 4T0 B TOUKAX, Lyie panr cyOpumanosa augdepennnaa MakCuMaJieH,
st crosionos Dy ¢ (y)(Dyf¢(y)) ™" He npesocxonar gig- — ¢, arst mexoro-
poro nostoxkuTeabHOro dncia ¢, k = 1,2. Torga cupasesimba ¢opmyia (20).

Paccmorpum tenepb HOBBIH ciydaii, korjga dim V™ = dim V; — dim V7,
a dimV, = 0, upuuem, dim Vo = dim V5 win dim V, < dim V,. Torya ana-
JIOTHYHBIME PACCY2KJACHUSME HOJIydaeM, 9T0 (hOpMyJIa MIOIMA/ U HIPUHAMAET
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BHU]T

/ \aet((Di¢) Dl ¢ — (Dr ) Diw)y/det((Dag) Do) dH”
Q
— / N (z) dHZ(z)
G

rie N(z) = Y. 1 — cunraomas dbynkius.
yycp~t(@) _
Ecin xxe G =R, dimV;” =1, adimV, = 0, o Bepuo

[V n o omm): onr - oam) = A 0) = [ N @) arty (o)

G

B ciyuae, korjia ¢ — HenpepbiBHO JuddepeniiupyeMoe oTodpakeHue oT-
KPBITOTO ITOJIMHOKECTBA €BKJIMI0BA, [IPOCTPAHCTBA B CTPYKTYPY I'€OMETpPUN
MUHKOBCKOIO, IOJIYI€HHBI HAMH pe3ysIbTar 0000IaeT KIaCCHIeCKmil

[ it (D oy D¥et) = Dolu) Do) Hy /N ) s (o

Q

cM. Ttakxke [l], e 3TOT pe3yJabTar BbIBEJIEH B TEPMHHAX CKAJSIPHBIX MPO-
u3BeJIeHNI KacaTe/IbHBIX BEKTOPOB. B 9acTHOM ciiydae, KOrja ¢ Olnpe/Ie/ieHo
Ha OTPE3Ke BeIIeCTBeHHOil npsaMoii, 06pa3oM OyjieT KpuBas, a IO HHTerPa/Ib-
HOE BbIPAKEHUE COBIIAJIET C JIJINHOM €€ KaCaTeJIbHOIO BEKTOPA, II0CYUTAHHOIT
OTHOCUTEIHHO MeTpuKr MUHKOBCKOrO (JopeHIeBoii merpuku); cm. |1].
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