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Ì. À. Ñêâîðöîâà

�àññìàòðèâàåòñÿ ìîäåëü ïðîòèâîâèðóñíîãî èììóííîãî îòâåòà, ïðåäëî-

æåííàÿ â ðàáîòàõ �.È. Ìàð÷óêà. Ìîäåëü îïèñûâàåòñÿ ñèñòåìîé äè�-

�åðåíöèàëüíûõ óðàâíåíèé ñ íåñêîëüêèìè çàïàçäûâàíèÿìè. Èçó÷àåòñÿ

àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ñòàöèîíàðíîãî ðåøåíèÿ ñèñòåìû, ñîîò-

âåòñòâóþùåãî ïîëíîñòüþ çäîðîâîìó îðãàíèçìó. Ïîëó÷åíû îöåíêè ìíî-

æåñòâà ïðèòÿæåíèÿ äàííîãî ñòàöèîíàðíîãî ðåøåíèÿ è óñòàíîâëåíû

îöåíêè ðåøåíèé, õàðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè íà áåñêîíå÷-

íîñòè. �åçóëüòàòû ïîëó÷åíû ñ èñïîëüçîâàíèåì �óíêöèîíàëà Ëÿïóíî-

âà � Êðàñîâñêîãî.

Êëþ÷åâûå ñëîâà è �ðàçû: ìîäåëü ïðîòèâîâèðóñíîãî èììóííîãî îòâå-

òà, óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì, àñèìïòîòè÷åñêàÿ óñòîé-

÷èâîñòü, îöåíêè ðåøåíèé, ìíîæåñòâî ïðèòÿæåíèÿ, �óíêöèîíàë Ëÿïó-

íîâà � Êðàñîâñêîãî

�1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ îäíîé èç ìîäåëåé èììóíî-

ëîãèè, ïðåäëîæåííîé â ðàáîòàõ �.È. Ìàð÷óêà [10℄. Â ìîíîãðà�èè [10℄ îïè-

ñàí ðÿä ìàòåìàòè÷åñêèõ ìîäåëåé, àêòèâíûå èññëåäîâàíèÿ êîòîðûõ ïðîâî-

äèëèñü �.È. Ìàð÷óêîì è åãî ó÷åíèêàìè, à òàêæå äðóãèìè îòå÷åñòâåííûìè

è çàðóáåæíûìè àâòîðàìè. Ïðîñòåéøàÿ ìîäåëü çàáîëåâàíèÿ, ïðåäëîæåí-

íàÿ �.È. Ìàð÷óêîì â [9℄, à òàêæå íåêîòîðûå åå ìîäè�èêàöèè, èçó÷àëèñü â

ðàáîòàõ [1, 2, 10, 22, 24, 27, 28, 31, 32, 35, 36℄. Ìîäåëè ïðîòèâîáàêòåðèàëü-

íîãî èììóííîãî îòâåòà, îñíîâàííûå íà ìîäåëÿõ �.È. Ìàð÷óêà, ðàññìàò-

ðèâàëèñü â ðàáîòàõ [2, 10, 14, 15℄. Ìîäåëè ïðîòèâîâèðóñíîãî èììóííîãî

îòâåòà, ïðåäëîæåííûå â ðàáîòàõ �.È. Ìàð÷óêà, à òàêæå íåêîòîðûå îáîá-

ùåíèÿ ýòèõ ìîäåëåé, èçó÷àëèñü â ðàáîòàõ [2, 8, 10, 13, 23, 28℄.

Â íàñòîÿùåé ðàáîòå ìû ðàññìîòðèì ìîäåëü ïðîòèâîâèðóñíîãî èììóí-

íîãî îòâåòà (ñì. [10℄, � 3.2, ñ. 115�126), êîòîðàÿ îïèñûâàåòñÿ ñèñòåìîé äè�-

�åðåíöèàëüíûõ óðàâíåíèé ñ íåñêîëüêèìè çàïàçäûâàíèÿìè:

d

dt
x1(t) = νx9(t) + nb95x5(t)x9(t)− γ18x1(t)x8(t)

�àáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Èíñòèòóòà ìàòåìàòèêè èì.
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−γ12Mx1(t)− γ19C
∗(1− x9(t)− x10(t))x1(t),

d

dt
x2(t) = γ21Mx1(t)− α2x2(t),

d

dt
x3(t) = b32 [ρ32ξ(x10(t))x2(t− τ3)x3(t− τ3)− x2(t)x3(t)]

−b3x2(t)x3(t)x5(t) + α3(X
∗

3 − x3(t)),

d

dt
x4(t) = b42 [ρ42ξ(x10(t))x2(t− τ4)x4(t− τ4)− x2(t)x4(t)]

−b4x2(t)x4(t)x6(t) + α4(X
∗

4 − x4(t)),

d

dt
x5(t) = b5

[

ρ5ξ(x10(t))x2(t− τ5)x3(t− τ5)x5(t− τ5)− x2(t)x3(t)x5(t)
]

−b59x5(t)x9(t) + α5(X
∗

5 − x5(t)),

d

dt
x6(t) = b6

[

ρ6ξ(x10(t))x2(t− τ6)x4(t− τ6)x6(t− τ6)− x2(t)x4(t)x6(t)
]

+α6(X
∗

6 − x6(t)),

d

dt
x7(t) = b7ρ7ξ(x10(t))x2(t− τ7)x4(t− τ7)x6(t− τ7) + α7(X

∗

7 − x7(t)),

d

dt
x8(t) = ρ8x7(t)− γ81x1(t)x8(t)− α8x8(t),

d

dt
x9(t) = σC∗x1(t)(1− x9(t)− x10(t))− b95x5(t)x9(t)− b10x9(t),

d

dt
x10(t) = b95x5(t)x9(t) + b10x9(t)− α10x10(t). (1.1)

Çäåñü x1(t) � êîëè÷åñòâî ñâîáîäíî öèðêóëèðóþùèõ â îðãàíèçìå âèðóñîâ,

x2(t) � êîëè÷åñòâî ñòèìóëèðîâàííûõ ìàêðî�àãîâ, x3(t) � êîëè÷åñòâî T -

ëèì�îöèòîâ-ïîìîùíèêîâ êëåòî÷íîãî èììóíèòåòà, x4(t) � êîëè÷åñòâî T -

ëèì�îöèòîâ-ïîìîùíèêîâ ãóìîðàëüíîãî èììóíèòåòà, x5(t) � êîëè÷åñòâî

T -êëåòîê-ý��åêòîðîâ, x6(t) � êîëè÷åñòâî B-ëèì�îöèòîâ, x7(t) � êîëè÷å-

ñòâî ïëàçìàòè÷åñêèõ êëåòîê, x8(t) � êîëè÷åñòâî àíòèòåë, x9(t) � êîëè-

÷åñòâî çàðàæåííûõ âèðóñàìè êëåòîê îðãàíà-ìèøåíè, x10(t) � íå�óíêöèî-

íèðóþùàÿ ÷àñòü ïîðàæåííîãî âèðóñàìè îðãàíà-ìèøåíè (äëÿ íåïîðàæåí-

íîãî îðãàíà x10 = 0, äëÿ ïîëíîñòüþ ïîðàæåííîãî x10 = 1). Ïðåäïîëàãàåò-
ñÿ, ÷òî ξ(x10) � íåâîçðàñòàþùàÿ íåîòðèöàòåëüíàÿ �óíêöèÿ, îïðåäåëåííàÿ

íà [0, 1] è óäîâëåòâîðÿþùàÿ óñëîâèþ Ëèïøèöà íà ýòîì îòðåçêå, êîòîðàÿ

ó÷èòûâàåò íàðóøåíèå íîðìàëüíîé ðàáîòû èììóííîé ñèñòåìû âñëåäñòâèå

çíà÷èòåëüíîãî ïîðàæåíèÿ îðãàíà; 0 ≤ ξ(x10) ≤ 1, ξ(0) = 1, ξ(1) = 0.
Ïàðàìåòðû çàïàçäûâàíèÿ τk > 0, k = 3, . . . , 7, ó÷èòûâàþò âðåìÿ, íåîáõî-

äèìîå äëÿ îáðàçîâàíèÿ íîâûõ êëåòîê èììóííîé ñèñòåìû. ×åðåç X∗

k > 0,
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k = 3, . . . , 7, îáîçíà÷åíû ïîñòîÿííûå óðîâíè ñîîòâåòñòâóþùèõ êëåòîê â

ïîëíîñòüþ çäîðîâîì îðãàíèçìå. Âñå êîý��èöèåíòû ñèñòåìû ïðåäïîëàãà-

þòñÿ ïîñòîÿííûìè è ïîëîæèòåëüíûìè. Áîëåå ïîäðîáíîå îïèñàíèå ìîäåëè

ñîäåðæèòñÿ â [10℄.

Äëÿ ñèñòåìû (1.1) çàäàäèì íà÷àëüíûå óñëîâèÿ:

xj(t) = ϕj(t), t ∈ [−τ, 0], τ = max
k=3,...,7

τk, j = 1, . . . , 10, (1.2)

ãäå ϕj(t), j = 1, . . . , 10, � çàäàííûå íåïðåðûâíûå �óíêöèè, ïðè ýòîì

ϕj(t) ≥ 0, t ∈ [−τ, 0], j = 1, . . . , 10, max
t∈[−τ,0]

ϕ10(t) < 1. (1.3)

Õîðîøî èçâåñòíî (ñì., íàïðèìåð, [10℄, ñ. 124), ÷òî ðåøåíèå íà÷àëüíîé çàäà-

÷è (1.1)�(1.3) ñóùåñòâóåò, åäèíñòâåííî, èìååò íåîòðèöàòåëüíûå êîìïîíåí-

òû, ïðè ýòîì ñóùåñòâóåò òî÷êà t′ > 0 òàêàÿ, ÷òî x10(t) < 1 ïðè t ∈ (0, t′).
Îïðåäåëèì òî÷êó t′ ñëåäóþùèì îáðàçîì. Ïîëîæèì t′ = ∞, åñëè x10(t) < 1
ïðè t > 0, è t′ < ∞, åñëè x10(t) < 1 ïðè t ∈ (0, t′), à x10(t

′) = 1. Â ïî-

ñëåäíåì ñëó÷àå áóäåì ñ÷èòàòü, ÷òî ðåøåíèå çàäà÷è (1.1)�(1.3) îïðåäåëåíî

òîëüêî ïðè t ∈ (0, t′). Ñ áèîëîãè÷åñêîé òî÷êè çðåíèÿ ýòî îçíà÷àåò, ÷òî çà

ïðîìåæóòîê âðåìåíè t ∈ (0, t′) âèðóñû ïîëíîñòüþ ïîðàçèëè îðãàí. Íèæå

áóäóò ïðèâåäåíû óñëîâèÿ íà ïàðàìåòðû ñèñòåìû è íà íà÷àëüíûå äàííûå,

ïðè êîòîðûõ áóäåò âûïîëíåíî x10(t) < 1 ïðè âñåõ t > 0.
Êàê îòìå÷åíî â [10℄, ñèñòåìà (1.1) îáëàäàåò ñòàöèîíàðíûì ðåøåíèåì,

êîòîðîå ñîîòâåòñòâóåò ïîëíîñòüþ çäîðîâîìó îðãàíèçìó:

X∗ = (X∗

1 , . . . , X
∗

10)
T =

(

0, 0, X∗

3 , X
∗

4 , X
∗

5 , X
∗

6 , X
∗

7 ,
ρ8

α8

X∗

7 , 0, 0

)T

. (1.4)

Äîñòàòî÷íûì óñëîâèåì àñèìïòîòè÷åñêîé óñòîé÷èâîñòè äàííîãî ñòàöèî-

íàðíîãî ðåøåíèÿ ÿâëÿåòñÿ âûïîëíåíèå íåðàâåíñòâà (ñì. [10℄, ñ. 124)

(

γ12M + γ18
ρ8

α8
X∗

7 + γ19C
∗

)

(b95X
∗

5 + b10) > σC∗(ν + nb95X
∗

5 ). (1.5)

Öåëü íàñòîÿùåé ðàáîòû � ïðè âûïîëíåíèè óñëîâèÿ (1.5) óêàçàòü îöåí-

êè ìíîæåñòâà ïðèòÿæåíèÿ ñòàöèîíàðíîãî ðåøåíèÿ (1.4) è ïîëó÷èòü îöåí-

êè, õàðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé íà áåñêîíå÷íîñòè ê

äàííîìó ñòàöèîíàðíîìó ðåøåíèþ.

Îòìåòèì, ÷òî àêòèâíûå èññëåäîâàíèÿ â ýòîì íàïðàâëåíèè ïðîâîäÿòñÿ

ñ èñïîëüçîâàíèåì �óíêöèîíàëîâ òèïà Ëÿïóíîâà � Êðàñîâñêîãî (ñì., íà-

ïðèìåð, [3, 4, 5, 6, 7, 11, 12, 21, 25, 26, 29, 30, 33, 37℄ äëÿ îáùèõ êëàññîâ

óðàâíåíèé ñ çàïàçäûâàíèåì è [15, 16, 17, 18, 19, 34, 35℄ äëÿ êîíêðåòíûõ

áèîëîãè÷åñêèõ ìîäåëåé). Â íàñòîÿùåé ðàáîòå ïðè èçó÷åíèè ñèñòåìû (1.1)

ìû òàêæå áóäåì èñïîëüçîâàòü ýòîò ïîäõîä.
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�2. Îñíîâíîé ðåçóëüòàò

Âíà÷àëå ñâåäåì çàäà÷ó îá óñòîé÷èâîñòè ñòàöèîíàðíîãî ðåøåíèÿ (1.4) ê

èññëåäîâàíèþ óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ. Ñäåëàåì çàìåíó ïåðåìåí-

íûõ

x(t) = X∗ + y(t),

ãäå x(t) = (x1(t), . . . , x10(t))
T
, y(t) = (y1(t), . . . , y10(t))

T
. Òîãäà ñèñòåìà (1.1)

ïðåîáðàçóåòñÿ ê âèäó

d

dt
y1(t) = νy9(t) + nb95

(

X∗

5 + y5(t)
)

y9(t)− γ18y1(t)
( ρ8

α8
X∗

7 + y8(t)
)

−γ12My1(t)− γ19C
∗(1− y9(t)− y10(t))y1(t),

d

dt
y2(t) = γ21My1(t)− α2y2(t),

d

dt
y3(t) = b32

[

ρ32ξ(y10(t))y2(t− τ3)
(

X∗

3 + y3(t− τ3)
)

− y2(t)
(

X∗

3 + y3(t)
)]

−b3y2(t)
(

X∗

3 + y3(t)
)(

X∗

5 + y5(t)
)

− α3y3(t),

d

dt
y4(t) = b42

[

ρ42ξ(y10(t))y2(t− τ4)
(

X∗

4 + y4(t− τ4)
)

− y2(t)
(

X∗

4 + y4(t)
)]

−b4y2(t)
(

X∗

4 + y4(t)
)(

X∗

6 + y6(t)
)

− α4y4(t),

d

dt
y5(t) = b5

[

ρ5ξ(y10(t))y2(t− τ5)
(

X∗

3 + y3(t− τ5)
)(

X∗

5 + y5(t− τ5)
)

−y2(t)
(

X∗

3 + y3(t)
)(

X∗

5 + y5(t)
)]

− b59

(

X∗

5 + y5(t)
)

y9(t)− α5y5(t),

d

dt
y6(t) = b6

[

ρ6ξ(y10(t))y2(t− τ6)
(

X∗

4 + y4(t− τ6)
)(

X∗

6 + y6(t− τ6)
)

−y2(t)
(

X∗

4 + y4(t)
)(

X∗

6 + y6(t)
)]

− α6y6(t),

d

dt
y7(t) = b7ρ7ξ(y10(t))y2(t− τ7)

(

X∗

4 + y4(t− τ7)
)(

X∗

6 + y6(t− τ7)
)

−α7y7(t),

d

dt
y8(t) = ρ8y7(t)− γ81y1(t)

( ρ8

α8

X∗

7 + y8(t)
)

− α8y8(t),

d

dt
y9(t) = σC∗y1(t)(1− y9(t)− y10(t))− b95

(

X∗

5 + y5(t)
)

y9(t)− b10y9(t),

d

dt
y10(t) = b95

(

X∗

5 + y5(t)
)

y9(t) + b10y9(t)− α10y10(t). (2.1)
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Íà÷àëüíûå óñëîâèÿ áóäóò èìåòü âèä

yj(t) = ψj(t), t ∈ [−τ, 0], j = 1, . . . , 10, (2.2)

ãäå ψj(t), j = 1, . . . , 10, � çàäàííûå íåïðåðûâíûå �óíêöèè, ïðè ýòîì

ψj(t) ≥ −X∗

j , t ∈ [−τ, 0], j = 1, . . . , 10, max
t∈[−τ,0]

ψ10(t) < 1. (2.3)

Çàìå÷àíèå 1. Âåêòîð-�óíêöèè ϕ(t) = (ϕ1(t), . . . , ϕ10(t))
T
è ψ(t) =

(ψ1(t), . . . , ψ10(t))
T
ñâÿçàíû ñîîòíîøåíèåì ψ(t) = ϕ(t)−X∗

.

Òåïåðü ïåðåéäåì ê ïîñòðîåíèþ �óíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî.

Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (2.1)�(2.3), îïðåäåëåííîå ïðè t ∈
(0, t′). �àññìîòðèì �óíêöèîíàë

V (t, y) =
10
∑

j=1

hjy
2
j (t) +

7
∑

k=3

t
∫

t−τk

hkβke
−æk(t−s)y22(s)ds. (2.4)

Âåëè÷èíû hj > 0, j = 1, . . . , 10, βk > 0, æk > 0, k = 3, 4, 5, 6, 7, îïðåäåëèì
ïî ñëåäóþùåìó ïðàâèëó. Ïóñòü æk > 0, k = 3, 4, 5, 6, 7, � ïðîèçâîëüíûå.

Îïðåäåëèì âåëè÷èíû ε è δ:

ε =
1

2

(

a11 + a99 −
√

(a11 − a99)2 + 4a19a91

)

> 0, (2.5)

0 < δ < min {ε, α2, α3, α4, α5, α6, α7, α8, α10} , (2.6)

ãäå

a11 =
(

γ12M + γ18
ρ8

α8
X∗

7 + γ19C
∗

)

, a99 = (b95X
∗

5 + b10), (2.7)

a19 = (ν + nb95X
∗

5 ), a91 = σC∗. (2.8)

Çàìå÷àíèå 2. Íåðàâåíñòâî ε > 0 âûòåêàåò èç óñëîâèÿ (1.5) àñèìïòîòè-
÷åñêîé óñòîé÷èâîñòè ñòàöèîíàðíîãî ðåøåíèÿ (1.4), êîòîðîå ýêâèâàëåíòíî

íåðàâåíñòâó a11a99 > a19a91.

Çàäàäèì âåëè÷èíû βk > 0, k = 3, 4, 5, 6, 7:

β3 =
2

ε3
b32ρ32X

∗

3e
æ3τ3/2, (2.9)

β4 =
2

ε4
b42ρ42X

∗

4e
æ4τ4/2, (2.10)

β5 =
4

ε5
b5ρ5X

∗

3X
∗

5e
æ5τ5/2, (2.11)
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β6 =
4

ε6
b6ρ6X

∗

4X
∗

6e
æ6τ6/2, (2.12)

β7 =
4

ε7
b7ρ7X

∗

4X
∗

6e
æ7τ7/2, (2.13)

ãäå

ε3 =
2(α3 − δ)

(2b32ρ32eæ3τ3/2 + (b32 + b3X
∗

5 ))X
∗

3

, (2.14)

ε4 =
2(α4 − δ)

(2b42ρ42eæ4τ4/2 + (b42 + b4X
∗

6 ))X
∗

4

, (2.15)

ε5 =
(α5 − δ)

(4b5ρ5eæ5τ5/2 + b5)X∗

3X
∗

5

, (2.16)

ε6 =
2(α6 − δ)

(4b6ρ6eæ6τ6/2 + b6)X∗

4X
∗

6

, (2.17)

ε7 =
(α7 − δ)

4b7ρ7eæ7τ7/2X∗

4X
∗

6

. (2.18)

Îïðåäåëèì âåëè÷èíû hj > 0, j = 1, . . . , 10:

h1 =
1

2(ε− δ)
max

{

a91

a19

[

b259

(4b5ρ5eæ5τ5/2 + b5)
2
(X∗

3 )
2
+ 1

]

,

[

5(γ21M)2

(α2 − δ)2
+

(

γ81
ρ8

α8
X∗

7

)2
(α7 − δ)2

(4b7ρ7ρ8X∗

4X
∗

6 )
2eæ7τ7

]}

, (2.19)

h2 =
5

(α2 − δ)
, (2.20)

h3 =
2(α3 − δ)

(

2b32ρ32eæ3τ3/2 + (b32 + b3X
∗

5 )
)2

(X∗

3 )
2

, (2.21)

h4 =
2(α4 − δ)

(

2b42ρ42eæ4τ4/2 + (b42 + b4X
∗

6 )
)2

(X∗

4 )
2

, (2.22)

h5 =
(α5 − δ)

(

4b5ρ5eæ5τ5/2 + b5

)2

(X∗

3X
∗

5 )
2

, (2.23)

h6 =
2(α6 − δ)

(

4b6ρ6eæ6τ6/2 + b6

)2

(X∗

4X
∗

6 )
2

, (2.24)
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h7 =
(α7 − δ)

(4b7ρ7X
∗

4X
∗

6 )
2eæ7τ7

, (2.25)

h8 =
(α7 − δ)2(α8 − δ)

(4b7ρ7ρ8X∗

4X
∗

6 )
2eæ7τ7

, (2.26)

h9 = h1
a19

a91
, (2.27)

h10 =
2(α10 − δ)

(b95X∗

5 + b10)2
. (2.28)

Ôóíêöèîíàë V (t, y) ïîëíîñòüþ îïðåäåëåí. Òàêæå ââåäåì îáîçíà÷åíèÿ:

ω =
1

2
min {2δ,æ3,æ4,æ5,æ6,æ7} , (2.29)

q = 2

(

nb95
√
h1√

h5h9
+

γ18√
h8

+
γ19C

∗

√
h9

+
γ19C

∗

√
h10

+
b3X

∗

3

√
h3√

h2h5

+
b4X

∗

4

√
h4√

h2h6
+
b5X

∗

5

√
h5√

h2h3
+
b6X

∗

6

√
h6√

h2h4
+

b95√
h5

+
b95

√
h10√

h5h9

)

. (2.30)

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ïóñòü âûïîëíåíî óñëîâèå (1.5). Òîãäà äëÿ êîìïîíåíò ðåøå-
íèÿ íà÷àëüíîé çàäà÷è (2.1)�(2.3) ñ íà÷àëüíûìè äàííûìè, óäîâëåòâîðÿþ-

ùèìè óñëîâèÿì

ψj(t) ≥ −X∗

j , t ∈ [−τ, 0], j = 1, . . . , 10,
√

V (0, ψ) <
2ω

q
, (2.31)

max
t∈[−τ,0]

ψk(t) ≤ X∗

k ,
1√
hk

√

V (0, ψ)
(

1− q

2ω

√

V (0, ψ)
) ≤ X∗

k , k = 3, 4, 5, 6, (2.32)

max
t∈[−τ,0]

ψ10(t) < 1,
1√
h10

√

V (0, ψ)
(

1− q

2ω

√

V (0, ψ)
) < 1, (2.33)

èìåþò ìåñòî îöåíêè:

yj(t) ≥ −X∗

j , j = 1, . . . , 10, y10(t) < 1, t > 0, (2.34)

|yj(t)| ≤
1
√

hj

√

V (0, ψ)
(

1− q

2ω

√

V (0, ψ)
) e−ωt, j = 1, . . . , 10, t > 0. (2.35)
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Çàìå÷àíèå 3. Íåðàâåíñòâà (2.31)�(2.33) ïîêàçûâàþò, ïðè êàêîì íà-

÷àëüíîì êîëè÷åñòâå âèðóñîâ, íà÷àëüíîì êîëè÷åñòâå êëåòîê èììóííîé ñè-

ñòåìû, à òàêæå íà÷àëüíîì êîëè÷åñòâå çàðàæåííûõ êëåòîê îðãàíà-ìèøåíè,

ïðîèñõîäèò ïîëíîå âûçäîðîâëåíèå îðãàíèçìà. Îöåíêè (2.35) õàðàêòåðèçó-

þò ñêîðîñòü âûçäîðîâëåíèÿ îðãàíèçìà, ïðè ýòîì âåëè÷èíà e−ωt
îòâå÷àåò

çà ñêîðîñòü âûçäîðîâëåíèÿ. Íåðàâåíñòâî y10(t) < 1 óêàçûâàåò íà òî, ÷òî

íè â êàêîé ìîìåíò âðåìåíè íå ïðîèñõîäèò ïîëíîãî ïîðàæåíèÿ îðãàíà.

Çàìå÷àíèå 4. Áëèçêèå âîïðîñû, êàñàþùèåñÿ ïîëó÷åíèÿ îöåíîê ìíî-

æåñòâ ïðèòÿæåíèÿ ñòàöèîíàðíûõ ðåøåíèé è îöåíîê ðåøåíèé, õàðàêòåðè-

çóþùèõ ñêîðîñòü ñòàáèëèçàöèè íà áåñêîíå÷íîñòè, äëÿ íåêîòîðûõ äðóãèõ

ìîäåëåé èììóíîëîãèè ðàññìàòðèâàëèñü â [15℄, [35℄.

�3. Äîêàçàòåëüñòâî òåîðåìû

3.1. Âû÷èñëåíèå ïðîèçâîäíîé îò �óíêöèîíàëà Ëÿïóíîâà �

Êðàñîâñêîãî. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (2.1)�(2.3), îïðå-

äåëåííîå ïðè t ∈ (0, t′). �àññìîòðèì �óíêöèîíàë Ëÿïóíîâà � Êðàñîâñêî-

ãî (2.4):

V (t, y) =

10
∑

j=1

hjy
2
j (t) +

7
∑

k=3

t
∫

t−τk

hkβke
−æk(t−s)y22(s)ds.

Ïðîäè��åðåíöèðóåì åãî âäîëü ðåøåíèé ñèñòåìû (2.1):

d

dt
V (t, y) =

10
∑

j=1

2hjyj(t)
d

dt
yj(t) +

7
∑

k=3

hkβky
2
2(t)−

7
∑

k=3

hkβke
−ækτky22(t− τk)

−
7
∑

k=3

æk

t
∫

t−τk

hkβke
−æk(t−s)y22(s)ds.

Ó÷òåì òîò �àêò, ÷òî ñïðàâåäëèâû íåðàâåíñòâà

yj(t) ≥ 0, j = 1, 2, 9, 10, y10(t) < 1, ξ(y10(t)) ≤ 1, t ∈ (0, t′).

Òîãäà èç ñèñòåìû (2.1) ïîëó÷èì ñëåäóþùèå òîæäåñòâà è îöåíêè. Òîæäå-

ñòâî äëÿ ïåðâîãî ñëàãàåìîãî:

2h1y1(t)
d

dt
y1(t) = −2h1

(

γ12M + γ18
ρ8

α8

X∗

7 + γ19C
∗

)

y21(t)
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+2h1(ν + nb95X
∗

5 )y1(t)y9(t) + 2h1nb95y1(t)y5(t)y9(t)

+2h1

(

− γ18y8(t) + γ19C
∗y9(t) + γ19C

∗y10(t)
)

y21(t).

Òîæäåñòâî äëÿ âòîðîãî ñëàãàåìîãî:

2h2y2(t)
d

dt
y2(t) = −2h2α2y

2
2(t) + 2h2γ21My1(t)y2(t).

Îöåíêà äëÿ òðåòüåãî ñëàãàåìîãî:

2h3y3(t)
d

dt
y3(t) ≤ 2h3b32ρ32y2(t− τ3)

(

X∗

3 + y3(t− τ3)
)

y3(t)− 2h3α3y
2
3(t)

−2h3 (b32 + b3X
∗

5 )X
∗

3y2(t)y3(t)− 2h3b3X
∗

3y2(t)y3(t)y5(t).

Îöåíêà äëÿ ÷åòâåðòîãî ñëàãàåìîãî:

2h4y4(t)
d

dt
y4(t) ≤ 2h4b42ρ42y2(t− τ4)

(

X∗

4 + y4(t− τ4)
)

y4(t)− 2h4α4y
2
4(t)

−2h4 (b42 + b4X
∗

6 )X
∗

4y2(t)y4(t)− 2h4b4X
∗

4y2(t)y4(t)y6(t).

Îöåíêà äëÿ ïÿòîãî ñëàãàåìîãî:

2h5y5(t)
d

dt
y5(t) ≤ 2h5b5ρ5y2(t− τ5)

(

X∗

3 + y3(t− τ5)
)(

X∗

5 + y5(t− τ5)
)

y5(t)

−2h5α5y
2
5(t)−2h5b5X

∗

3X
∗

5y2(t)y5(t)−2h5b59X
∗

5y5(t)y9(t)−2h5b5X
∗

5y2(t)y3(t)y5(t).

Îöåíêà äëÿ øåñòîãî ñëàãàåìîãî:

2h6y6(t)
d

dt
y6(t) ≤ 2h6b6ρ6y2(t− τ6)

(

X∗

4 + y4(t− τ6)
)(

X∗

6 + y6(t− τ6)
)

y6(t)

−2h6α6y
2
6(t)− 2h6b6X

∗

4X
∗

6y2(t)y6(t)− 2h6b6X
∗

6y2(t)y4(t)y6(t).

Îöåíêà äëÿ ñåäüìîãî ñëàãàåìîãî:

2h7y7(t)
d

dt
y7(t) ≤ 2h7b7ρ7y2(t− τ7)

(

X∗

4 + y4(t− τ7)
)(

X∗

6 + y6(t− τ7)
)

y7(t)

−2h7α7y
2
7(t).

Îöåíêà äëÿ âîñüìîãî ñëàãàåìîãî:

2h8y8(t)
d

dt
y8(t) ≤ 2h8ρ8y7(t)y8(t)− 2h8γ81

ρ8

α8

X∗

7y1(t)y8(t)− 2h8α8y
2
8(t).
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Îöåíêà äëÿ äåâÿòîãî ñëàãàåìîãî:

2h9y9(t)
d

dt
y9(t) ≤ 2h9σC

∗y1(t)y9(t)−2h9 (b95X
∗

5 + b10) y
2
9(t)−2h9b95y5(t)y

2
9(t).

Òîæäåñòâî äëÿ äåñÿòîãî ñëàãàåìîãî:

2h10y10(t)
d

dt
y10(t) = 2h10(b95X

∗

5 + b10)y9(t)y10(t) + 2h10b95y5(t)y9(t)y10(t)

−2h10α10y
2
10(t).

Ñëåäîâàòåëüíî, èìååò ìåñòî íåðàâåíñòâî

d

dt
V (t, y) ≤ U01 + U02 + U03 + Uτ −

7
∑

k=3

æk

t
∫

t−τk

hkβke
−æk(t−s)y22(s)ds, (3.1)

ãäå

U01 = −2h1

(

γ12M + γ18
ρ8

α8
X∗

7 + γ19C
∗

)

y21(t)−
(

2h2α2 −
7
∑

k=3

hkβk

)

y22(t)

−2h3α3y
2
3(t)− 2h4α4y

2
4(t)− 2h5α5y

2
5(t)− 2h6α6y

2
6(t)− 2h7α7y

2
7(t)

−2h8α8y
2
8(t)− 2h9 (b95X

∗

5 + b10) y
2
9(t)− 2h10α10y

2
10(t), (3.2)

U02 = 2h1(ν + nb95X
∗

5 )y1(t)y9(t) + 2h2γ21My1(t)y2(t)

−2h3 (b32 + b3X
∗

5 )X
∗

3y2(t)y3(t)− 2h4 (b42 + b4X
∗

6 )X
∗

4y2(t)y4(t)

−2h5b5X
∗

3X
∗

5y2(t)y5(t)− 2h5b59X
∗

5y5(t)y9(t)− 2h6b6X
∗

4X
∗

6y2(t)y6(t)

+2h8ρ8y7(t)y8(t)− 2h8γ81
ρ8

α8
X∗

7y1(t)y8(t) + 2h9σC
∗y1(t)y9(t)

+2h10(b95X
∗

5 + b10)y9(t)y10(t), (3.3)

U03 = 2h1nb95y1(t)y5(t)y9(t)+2h1

(

−γ18y8(t)+γ19C∗y9(t)+γ19C
∗y10(t)

)

y21(t)

−2h3b3X
∗

3y2(t)y3(t)y5(t)− 2h4b4X
∗

4y2(t)y4(t)y6(t)− 2h5b5X
∗

5y2(t)y3(t)y5(t)

−2h6b6X
∗

6y2(t)y4(t)y6(t)− 2h9b95y5(t)y
2
9(t) + 2h10b95y5(t)y9(t)y10(t), (3.4)

Uτ = 2h3b32ρ32y2(t− τ3)
(

X∗

3 + y3(t− τ3)
)

y3(t)
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+2h4b42ρ42y2(t− τ4)
(

X∗

4 + y4(t− τ4)
)

y4(t)

+2h5b5ρ5y2(t− τ5)
(

X∗

3 + y3(t− τ5)
)(

X∗

5 + y5(t− τ5)
)

y5(t)

+2h6b6ρ6y2(t− τ6)
(

X∗

4 + y4(t− τ6)
)(

X∗

6 + y6(t− τ6)
)

y6(t)

+2h7b7ρ7y2(t− τ7)
(

X∗

4 + y4(t− τ7)
)(

X∗

6 + y6(t− τ7)
)

y7(t)

−
7
∑

k=3

hkβke
−ækτky22(t− τk). (3.5)

3.2. Îöåíêà äëÿ U03. �àññìîòðèì �óíêöèþ U03, îïðåäåëåííóþ â (3.4).

Èìååì

U03 ≤ 2h1nb95
V 3/2(t, y)√
h1h5h9

+

+2

(

γ18
V 1/2(t, y)√

h8
+ γ19C

∗
V 1/2(t, y)√

h9
+ γ19C

∗
V 1/2(t, y)√

h10

)

V (t, y)

+2h3b3X
∗

3

V 3/2(t, y)√
h2h3h5

+ 2h4b4X
∗

4

V 3/2(t, y)√
h2h4h6

+ 2h5b5X
∗

5

V 3/2(t, y)√
h2h3h5

+2h6b6X
∗

6

V 3/2(t, y)√
h2h4h6

+ 2b95
V 3/2(t, y)√

h5
+ 2h10b95

V 3/2(t, y)√
h5h9h10

.

Ñëåäîâàòåëüíî,

U03 ≤ qV 3/2(t, y), (3.6)

ãäå q îïðåäåëåíî â (2.30).

3.3. Îöåíêà äëÿ Uτ . �àññìîòðèì �óíêöèþ Uτ , îïðåäåëåííóþ â (3.5).

Èìååì

Uτ = 2h3b32ρ32y2(t− τ3)
(

X∗

3 + y3(t− τ3)
)

y3(t)− h3β3e
−æ3τ3y22(t− τ3)

+2h4b42ρ42y2(t− τ4)
(

X∗

4 + y4(t− τ4)
)

y4(t)− h4β4e
−æ4τ4y22(t− τ4)

+2h5b5ρ5y2(t−τ5)
(

X∗

3+y3(t−τ5)
)(

X∗

5+y5(t−τ5)
)

y5(t)−h5β5e−æ5τ5y22(t−τ5)

+2h6b6ρ6y2(t−τ6)
(

X∗

4+y4(t−τ6)
)(

X∗

6+y6(t−τ6)
)

y6(t)−h6β6e−æ6τ6y22(t−τ6)

+2h7b7ρ7y2(t−τ7)
(

X∗

4+y4(t−τ7)
)(

X∗

6+y6(t−τ7)
)

y7(t)−h7β7e−æ7τ7y22(t−τ7).
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Ñëåäîâàòåëüíî,

Uτ ≤Wτ ,

ãäå

Wτ = h3
eæ3τ3

β3
(b32ρ32)

2
(

X∗

3 + y3(t− τ3)
)2

y23(t)

+h4
eæ4τ4

β4
(b42ρ42)

2
(

X∗

4 + y4(t− τ4)
)2

y24(t)

+h5
eæ5τ5

β5
(b5ρ5)

2
(

X∗

3 + y3(t− τ5)
)2(

X∗

5 + y5(t− τ5)
)2

y25(t)

+h6
eæ6τ6

β6
(b6ρ6)

2
(

X∗

4 + y4(t− τ6)
)2(

X∗

6 + y6(t− τ6)
)2

y26(t)

+h7
eæ7τ7

β7
(b7ρ7)

2
(

X∗

4 + y4(t− τ7)
)2(

X∗

6 + y6(t− τ7)
)2

y27(t).

Ïðåäñòàâèì Wτ â âèäå

Wτ = W01 +Rτ ,

ãäå

W01 = h3
eæ3τ3

β3
(2b32ρ32X

∗

3 )
2y23(t) + h4

eæ4τ4

β4
(2b42ρ42X

∗

4 )
2y24(t)

+h5
eæ5τ5

β5
(4b5ρ5X

∗

3X
∗

5 )
2y25(t) + h6

eæ6τ6

β6
(4b6ρ6X

∗

4X
∗

6 )
2y26(t)

+h7
eæ7τ7

β7
(4b7ρ7X

∗

4X
∗

6 )
2y27(t), (3.7)

Rτ = h3
eæ3τ3

β3
(b32ρ32)

2
[(

X∗

3 + y3(t− τ3)
)2

−
(

2X∗

3

)2]

y23(t)

+h4
eæ4τ4

β4
(b42ρ42)

2
[(

X∗

4 + y4(t− τ4)
)2

−
(

2X∗

4

)2]

y24(t)

+h5
eæ5τ5

β5
(b5ρ5)

2
[(

X∗

3 +y3(t− τ5)
)2(

X∗

5 +y5(t− τ5)
)2

−
(

2X∗

3

)2(

2X∗

5

)2]

y25(t)

+h6
eæ6τ6

β6
(b6ρ6)

2
[(

X∗

4 +y4(t− τ6)
)2(

X∗

6 +y6(t− τ6)
)2

−
(

2X∗

4

)2(

2X∗

6

)2]

y26(t)

+h7
eæ7τ7

β7
(b7ρ7)

2
[(

X∗

4 +y4(t−τ7)
)2(

X∗

6 +y6(t−τ7)
)2

−
(

2X∗

4

)2(

2X∗

6

)2]

y27(t).

(3.8)
Èòàê,

Uτ ≤W01 +Rτ . (3.9)
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3.4. Îöåíêà äëÿ U02. �àññìîòðèì �óíêöèþ U02, îïðåäåëåííóþ â (3.3).

Èìååì

U02 = 2h1(ν + nb95X
∗

5 )y1(t)y9(t) + 2h2γ21My1(t)y2(t)

−2h3 (b32 + b3X
∗

5 )X
∗

3y2(t)y3(t)− 2h4 (b42 + b4X
∗

6 )X
∗

4y2(t)y4(t)

−2h5b5X
∗

3X
∗

5y2(t)y5(t)− 2h5b59X
∗

5y5(t)y9(t)− 2h6b6X
∗

4X
∗

6y2(t)y6(t)

+2h8ρ8y7(t)y8(t)− 2h8γ81
ρ8

α8
X∗

7y1(t)y8(t) + 2h9σC
∗y1(t)y9(t)

+2h10(b95X
∗

5 + b10)y9(t)y10(t).

Îòñþäà ñëåäóåò íåðàâåíñòâî

U02 ≤W02, (3.10)

ãäå

W02 = h1(ν + nb95X
∗

5 )

(

ε1y
2
1(t) +

y29(t)

ε1

)

+ h2γ21M

(

ε2y
2
2(t) +

y21(t)

ε2

)

+h3 (b32 + b3X
∗

5 )X
∗

3

(

ε3y
2
3(t) +

y22(t)

ε3

)

+h4 (b42 + b4X
∗

6 )X
∗

4

(

ε4y
2
4(t) +

y22(t)

ε4

)

+h5b5X
∗

3X
∗

5

(

ε5y
2
5(t) +

y22(t)

ε5

)

+ h5b59X
∗

5

(

ε59y
2
5(t) +

y29(t)

ε59

)

+h6b6X
∗

4X
∗

6

(

ε6y
2
6(t) +

y22(t)

ε6

)

+ h8ρ8

(

ε87y
2
8(t) +

y27(t)

ε87

)

+h8γ81
ρ8

α8
X∗

7

(

ε81y
2
8(t) +

y21(t)

ε81

)

+ h9σC
∗

(

ε9y
2
9(t) +

y21(t)

ε9

)

+h10(b95X
∗

5 + b10)

(

ε10y
2
10(t) +

y29(t)

ε10

)

, (3.11)

ãäå ε3, ε4, ε5, ε6 > 0 îïðåäåëåíû â (2.14)�(2.17), ε1, ε2, ε59, ε87, ε81, ε9, ε10 > 0
áóäóò îïðåäåëåíû íèæå.

3.5. Îöåíêà äëÿ U01+U02+Uτ . Îöåíèì U01+U02+Uτ . Èç íåðàâåíñòâ (3.9)

è (3.10) ñëåäóåò îöåíêà

U01 + U02 + Uτ ≤ U01 +W01 +W02 +Rτ , (3.12)

ãäå U01 îïðåäåëåíî â (3.2),W01 îïðåäåëåíî â (3.7),W02 îïðåäåëåíî â (3.11),

Rτ îïðåäåëåíî â (3.8). Èìååì

U01 +W01 +W02 = −
10
∑

j=1

hjpjy
2
j (t), (3.13)
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ãäå

p1 = 2
(

γ12M + γ18
ρ8

α8
X∗

7 + γ19C
∗

)

− ε1(ν + nb95X
∗

5 )

− 1

ε9
σC∗

(

h9

h1

)

− 1

ε2
γ21M

(

h2

h1

)

− 1

ε81
γ81

ρ8

α8
X∗

7

(

h8

h1

)

,

p2 = 2α2 − ε2γ21M −
7
∑

k=3

βk

(

hk

h2

)

− 1

ε3
(b32 + b3X

∗

5 )X
∗

3

(

h3

h2

)

− 1

ε4
(b42 + b4X

∗

6 )X
∗

4

(

h4

h2

)

− 1

ε5
b5X

∗

3X
∗

5

(

h5

h2

)

− 1

ε6
b6X

∗

4X
∗

6

(

h6

h2

)

,

p3 = 2α3 −
eæ3τ3

β3
(2b32ρ32X

∗

3 )
2 − ε3 (b32 + b3X

∗

5 )X
∗

3 ,

p4 = 2α4 −
eæ4τ4

β4
(2b42ρ42X

∗

4 )
2 − ε4 (b42 + b4X

∗

6 )X
∗

4 ,

p5 = 2α5 −
eæ5τ5

β5
(4b5ρ5X

∗

3X
∗

5 )
2 − ε5b5X

∗

3X
∗

5 − ε59b59X
∗

5 ,

p6 = 2α6 −
eæ6τ6

β6
(4b6ρ6X

∗

4X
∗

6 )
2 − ε6b6X

∗

4X
∗

6 ,

p7 = 2α7 −
eæ7τ7

β7
(4b7ρ7X

∗

4X
∗

6 )
2 − 1

ε87
ρ8

(

h8

h7

)

,

p8 = 2α8 − ε87ρ8 − ε81γ81
ρ8

α8

X∗

7 ,

p9 = 2 (b95X
∗

5 + b10)− ε9σC
∗ − 1

ε1
(ν + nb95X

∗

5 )

(

h1

h9

)

− 1

ε59
b59X

∗

5

(

h5

h9

)

− 1

ε10
(b95X

∗

5 + b10)

(

h10

h9

)

,

p10 = 2α10 − ε10(b95X
∗

5 + b10).

Ó÷èòûâàÿ îáîçíà÷åíèÿ (2.7), (2.8) è îïðåäåëåíèå (2.27), áóäåì èìåòü

p1 = 2a11 − a19

(

ε1 +
1

ε9

)

− 1

ε2
γ21M

(

h2

h1

)

− 1

ε81
γ81

ρ8

α8
X∗

7

(

h8

h1

)

,

p9 = 2a99 − a91

(

ε9 +
1

ε1

)

− 1

ε59
b59X

∗

5

(

h5

h9

)

− 1

ε10
(b95X

∗

5 + b10)

(

h10

h9

)

.

Ïîëàãàÿ

ε9 =
1

ε1
,
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ïîäáåðåì âåëè÷èíó ε1 òàê, ÷òîáû áûëî âûïîëíåíî ðàâåíñòâî

2a11 − a19

(

ε1 +
1

ε9

)

= 2a99 − a91

(

ε9 +
1

ε1

)

.

Òîãäà

ε1 =
(a11 − a99) +

√

(a11 − a99)2 + 4a19a91
2a19

,

à ñëåäîâàòåëüíî,

p1 = 2ε− 1

ε2
γ21M

(

h2

h1

)

− 1

ε81
γ81

ρ8

α8

X∗

7

(

h8

h1

)

,

p9 = 2ε− 1

ε59
b59X

∗

5

(

h5

h9

)

− 1

ε10
(b95X

∗

5 + b10)

(

h10

h9

)

,

ãäå ε îïðåäåëåíî â (2.5). Òåì ñàìûì, �îðìóëó (3.13) ìîæíî ïåðåïèñàòü â

âèäå

U01 +W01 +W02 = −2δ
10
∑

j=1

hjy
2
j (t)−

10
∑

j=1

hj(pj − 2δ)y2j (t)

= −2δ

10
∑

j=1

hjy
2
j (t)−

10
∑

j=1

hjrjy
2
j (t), (3.14)

ãäå δ îïðåäåëåíî â (2.6),

r1 = 2(ε− δ)− 1

ε2
γ21M

(

h2

h1

)

− 1

ε81
γ81

ρ8

α8

X∗

7

(

h8

h1

)

,

r2 = 2(α2 − δ)− ε2γ21M −
7
∑

k=3

βk

(

hk

h2

)

− 1

ε3
(b32 + b3X

∗

5 )X
∗

3

(

h3

h2

)

− 1

ε4
(b42 + b4X

∗

6 )X
∗

4

(

h4

h2

)

− 1

ε5
b5X

∗

3X
∗

5

(

h5

h2

)

− 1

ε6
b6X

∗

4X
∗

6

(

h6

h2

)

,

r3 = 2(α3 − δ)− eæ3τ3

β3
(2b32ρ32X

∗

3 )
2 − ε3 (b32 + b3X

∗

5 )X
∗

3 ,

r4 = 2(α4 − δ)− eæ4τ4

β4
(2b42ρ42X

∗

4 )
2 − ε4 (b42 + b4X

∗

6 )X
∗

4 ,

r5 = 2(α5 − δ)− eæ5τ5

β5
(4b5ρ5X

∗

3X
∗

5 )
2 − ε5b5X

∗

3X
∗

5 − ε59b59X
∗

5 ,

r6 = 2(α6 − δ)− eæ6τ6

β6
(4b6ρ6X

∗

4X
∗

6 )
2 − ε6b6X

∗

4X
∗

6 ,
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r7 = 2(α7 − δ)− eæ7τ7

β7
(4b7ρ7X

∗

4X
∗

6 )
2 − 1

ε87
ρ8

(

h8

h7

)

,

r8 = 2(α8 − δ)− ε87ρ8 − ε81γ81
ρ8

α8
X∗

7 ,

r9 = 2(ε− δ)− 1

ε59
b59X

∗

5

(

h5

h9

)

− 1

ε10
(b95X

∗

5 + b10)

(

h10

h9

)

,

r10 = 2(α10 − δ)− ε10(b95X
∗

5 + b10).

Ïîêàæåì, ÷òî

rj ≥ 0, j = 1, . . . , 10.

Â ñèëó îïðåäåëåíèé (2.9)�(2.13) âåëè÷èí βk, k = 3, 4, 5, 6, 7, áóäåì èìåòü

r1 = 2(ε− δ)− 1

ε2
γ21M

(

h2

h1

)

− 1

ε81
γ81

ρ8

α8
X∗

7

(

h8

h1

)

,

r2 = 2(α2 − δ)− ε2γ21M − 1

ε3

(

2b32ρ32e
æ3τ3/2 + (b32 + b3X

∗

5 )
)

X∗

3

(

h3

h2

)

− 1

ε4

(

2b42ρ42e
æ4τ4/2 + (b42 + b4X

∗

6 )
)

X∗

4

(

h4

h2

)

− 1

ε5

(

4b5ρ5e
æ5τ5/2 + b5

)

X∗

3X
∗

5

(

h5

h2

)

− 1

ε6

(

4b6ρ6e
æ6τ6/2 + b6

)

X∗

4X
∗

6

(

h6

h2

)

− 1

ε7
4b7ρ7X

∗

4X
∗

6e
æ7τ7/2

(

h7

h2

)

,

r3 = 2(α3 − δ)− ε3
(

2b32ρ32e
æ3τ3/2 + (b32 + b3X

∗

5 )
)

X∗

3 ,

r4 = 2(α4 − δ)− ε4
(

2b42ρ42e
æ4τ4/2 + (b42 + b4X

∗

6 )
)

X∗

4 ,

r5 = 2(α5 − δ)− ε5
(

4b5ρ5e
æ5τ5/2 + b5

)

X∗

3X
∗

5 − ε59b59X
∗

5 ,

r6 = 2(α6 − δ)− ε6
(

4b6ρ6e
æ6τ6/2 + b6

)

X∗

4X
∗

6 ,

r7 = 2(α7 − δ)− 4ε7b7ρ7X
∗

4X
∗

6e
æ7τ7/2 − 1

ε87
ρ8

(

h8

h7

)

,

r8 = 2(α8 − δ)− ε87ρ8 − ε81γ81
ρ8

α8
X∗

7 ,

r9 = 2(ε− δ)− 1

ε59
b59X

∗

5

(

h5

h9

)

− 1

ε10
(b95X

∗

5 + b10)

(

h10

h9

)

,
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r10 = 2(α10 − δ)− ε10(b95X
∗

5 + b10).

Ó÷èòûâàÿ îïðåäåëåíèÿ (2.14)�(2.18) âåëè÷èí εk, k = 3, 4, 5, 6, 7, è ïîëàãàÿ

ε2 =
(α2 − δ)

γ21M
,

ε59 =
(α5 − δ)

b59X
∗

5

,

ε87 =
(α8 − δ)

ρ8
,

ε81 =
(α8 − δ)

γ81
ρ8
α8
X∗

7

,

ε10 =
2(α10 − δ)

(b95X∗

5 + b10)
,

ïîëó÷èì

r3 = 0, r4 = 0, r5 = 0, r6 = 0, r8 = 0, r10 = 0,

r1 = 2(ε− δ)− 1

(α2 − δ)
(γ21M)2

(

h2

h1

)

− 1

(α8 − δ)

(

γ81
ρ8

α8

X∗

7

)2(
h8

h1

)

,

r2 = (α2 − δ)− 1

2(α3 − δ)

(

2b32ρ32e
æ3τ3/2 + (b32 + b3X

∗

5 )
)2

(X∗

3 )
2

(

h3

h2

)

− 1

2(α4 − δ)

(

2b42ρ42e
æ4τ4/2 + (b42 + b4X

∗

6 )
)2

(X∗

4 )
2

(

h4

h2

)

− 1

(α5 − δ)

(

4b5ρ5e
æ5τ5/2 + b5

)2

(X∗

3X
∗

5 )
2

(

h5

h2

)

− 1

2(α6 − δ)

(

4b6ρ6e
æ6τ6/2 + b6

)2

(X∗

4X
∗

6 )
2

(

h6

h2

)

− 1

(α7 − δ)
(4b7ρ7X

∗

4X
∗

6 )
2eæ7τ7

(

h7

h2

)

,

r7 = (α7 − δ)− 1

(α8 − δ)
ρ28

(

h8

h7

)

,

r9 = 2(ε− δ)− 1

(α5 − δ)
(b59X

∗

5 )
2

(

h5

h9

)

− 1

2(α10 − δ)
(b95X

∗

5 + b10)
2

(

h10

h9

)

.
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Ïîëüçóÿñü îïðåäåëåíèÿìè (2.20)�(2.28) âåëè÷èí hj , j = 2, . . . , 10, îòñþäà
ñëåäóåò, ÷òî

r2 = 0, r7 = 0,

r1 = 2(ε− δ)− 1

h1

[

5(γ21M)2

(α2 − δ)2
+

(

γ81
ρ8

α8

X∗

7

)2
(α7 − δ)2

(4b7ρ7ρ8X
∗

4X
∗

6 )
2eæ7τ7

]

,

r9 = 2(ε− δ)− 1

h1

a91

a19







b259
(

4b5ρ5eæ5τ5/2 + b5

)2

(X∗

3 )
2

+ 1






.

Íàêîíåö, ó÷èòûâàÿ îïðåäåëåíèå (2.19) âåëè÷èíû h1, ïîëó÷èì, ÷òî

r1 ≥ 0, r9 ≥ 0.

Èòàê, èç (3.12) è (3.14) ñëåäóåò îöåíêà

U01 + U02 + Uτ ≤ U01 +W01 +W02 +Rτ

= −2δ

10
∑

j=1

hjy
2
j (t)−

10
∑

j=1

hjrjy
2
j (t) +Rτ ≤ −2δ

10
∑

j=1

hjy
2
j (t) +Rτ , (3.15)

ãäå Rτ îïðåäåëåíî â (3.8).

3.6. Îêîí÷àòåëüíàÿ îöåíêà. Â ñèëó îöåíîê (3.6) è (3.15) èç íåðàâåí-

ñòâà (3.1) ïîëó÷èì

d

dt
V (t, y) ≤ U01 + U02 + U03 + Uτ −

7
∑

k=3

æk

t
∫

t−τk

hkβke
−æk(t−s)y22(s)ds

≤ −2δ
10
∑

j=1

hjy
2
j (t) + qV 3/2(t, y) +Rτ −

7
∑

k=3

æk

t
∫

t−τk

hkβke
−æk(t−s)y22(s)ds,

ãäå Rτ îïðåäåëåíî â (3.8):

Rτ = h3
eæ3τ3

β3
(b32ρ32)

2
[(

X∗

3 + y3(t− τ3)
)2

−
(

2X∗

3

)2]

y23(t)

+h4
eæ4τ4

β4
(b42ρ42)

2
[(

X∗

4 + y4(t− τ4)
)2

−
(

2X∗

4

)2]

y24(t)

+h5
eæ5τ5

β5
(b5ρ5)

2
[(

X∗

3 +y3(t− τ5)
)2(

X∗

5 +y5(t− τ5)
)2

−
(

2X∗

3

)2(

2X∗

5

)2]

y25(t)
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+h6
eæ6τ6

β6
(b6ρ6)

2
[(

X∗

4 +y4(t− τ6)
)2(

X∗

6 +y6(t− τ6)
)2

−
(

2X∗

4

)2(

2X∗

6

)2]

y26(t)

+h7
eæ7τ7

β7
(b7ρ7)

2
[(

X∗

4 +y4(t−τ7)
)2(

X∗

6 +y6(t−τ7)
)2

−
(

2X∗

4

)2(

2X∗

6

)2]

y27(t).

Â ñèëó îáîçíà÷åíèÿ (2.29) âåëè÷èíû ω è îïðåäåëåíèÿ (2.4) �óíêöèîíàëà

V (t, y) îòñþäà âûòåêàåò îöåíêà

d

dt
V (t, y) ≤ −2ωV (t, y) + qV 3/2(t, y) +Rτ . (3.16)

Ââåäåì îáîçíà÷åíèå

τmin = min{τ3, τ4, τ5, τ6, τ7} > 0.

Âíà÷àëå ïðåäïîëîæèì, ÷òî

t ∈ (0, t′) ∩ (0, τmin].

Òîãäà t− τk ≤ 0, k = 3, 4, 5, 6, 7, à çíà÷èò,

yj(t− τk) = ψj(t− τk), j = 3, 4, 5, 6, k = 3, 4, 5, 6, 7.

Â ñèëó óñëîâèé (2.31) è (2.32)

−X∗

j ≤ ψj(t− τk) ≤ X∗

j , j = 3, 4, 5, 6, k = 3, 4, 5, 6, 7,

îòêóäà

Rτ ≤ 0.

Ñëåäîâàòåëüíî, èç íåðàâåíñòâà (3.16) èìååì îöåíêó

d

dt
V (t, y) ≤ −2ωV (t, y) + qV 3/2(t, y). (3.17)

Ïîñêîëüêó â ñèëó óñëîâèÿ (2.31)

√

V (0, ψ) <
2ω

q
, òî, èñïîëüçóÿ íåðàâåí-

ñòâî �ðîíóîëëà (ñì., íàïðèìåð, [20℄), ïðè t ∈ (0, t′) ∩ (0, τmin] ïîëó÷èì
îöåíêó

V (t, y) ≤ V (0, ψ)
(

1− q

2ω

√

V (0, ψ)
)2 e

−2ωt.

Îòñþäà ñëåäóþò íåðàâåíñòâà (2.35):

|yj(t)| ≤
1
√

hj

√

V (0, ψ)
(

1− q

2ω

√

V (0, ψ)
) e−ωt, j = 1, . . . , 10.
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Â ÷àñòíîñòè, ïðè j = 10 èç óñëîâèÿ (2.33) âûòåêàåò îöåíêà

|y10(t)| ≤
1√
h10

√

V (0, ψ)
(

1− q

2ω

√

V (0, ψ)
) e−ωt < e−ωt < 1, t ∈ (0, t′) ∩ (0, τmin].

Â ñèëó îïðåäåëåíèÿ ÷èñëà t′, åñëè t′ < ∞, òî y10(t) < 1 ïðè t ∈ (0, t′) è
y10(t

′) = 1. Òåì ñàìûì, t′ > τmin, è ïðè t ∈ (0, τmin] íåðàâåíñòâà (2.34)�(2.35)
äîêàçàíû.

Ïóñòü òåïåðü

t ∈ (0, t′) ∩ (τmin, 2τmin].

Òîãäà t− τk ≤ τmin, k = 3, 4, 5, 6, 7. Åñëè t− τk ≤ 0, òî

yj(t− τk) = ψj(t− τk), j = 3, 4, 5, 6.

Åñëè æå t − τk ∈ (0, τmin], òî äëÿ �óíêöèé yj(t − τk) ñïðàâåäëèâû îöåíêè

âèäà (2.35):

|yj(t− τk)| ≤
1
√

hj

√

V (0, ψ)
(

1− q

2ω

√

V (0, ψ)
) e−ω(t−τk)

≤ 1
√

hj

√

V (0, ψ)
(

1− q

2ω

√

V (0, ψ)
) , j = 3, 4, 5, 6.

Â ëþáîì ñëó÷àå, â ñèëó óñëîâèé (2.31)�(2.32) áóäåì èìåòü

−X∗

j ≤ yj(t− τk) ≤ X∗

j , j = 3, 4, 5, 6, k = 3, 4, 5, 6, 7,

îòêóäà ñëåäóåò íåðàâåíñòâî

Rτ ≤ 0.

Òîãäà èç íåðàâåíñòâà (3.16) èìååì îöåíêó (3.17). Ïðîâîäÿ òå æå ðàññóæ-

äåíèÿ, ÷òî è â ïðåäûäóùåì ñëó÷àå, óñòàíîâèì ñïðàâåäëèâîñòü íåðàâåíñòâ

(2.34)�(2.35) ïðè t ∈ (τmin, 2τmin].
Èñïîëüçóÿ ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè, ïî àíàëîãè÷íîé ñõåìå äî-

êàçûâàåòñÿ ñïðàâåäëèâîñòü íåðàâåíñòâ (2.34)�(2.35) ïðè t ∈ (mτmin, (m +
1)τmin], m ∈ N.

Èòàê, íåðàâåíñòâà (2.34)�(2.35) äîêàçàíû ïðè âñåõ t > 0.
Òåîðåìà ïîëíîñòüþ äîêàçàíà.

Àâòîð âûðàæàåò áëàãîäàðíîñòü ïðî�åññîðó �.Â. Äåìèäåíêî çà âíèìà-

íèå ê ðàáîòå.
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