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ITOSUTUBHBIE CBOINMMOCTMN,
QKCTPEMAJIbBHBIE HYMEPAILINN
N I1IOJIHOTA

M. X. QaiizpaxmaHoB

B crarbe ncciemyrorcs Hymepanuu CeMeicTB apudMETHIeCKnX MHOKECTB
7 CBO¥CTBA WX YHUBEPCAIBLHOCTH, MUHUMAJIBLHOCTH W TOJHOTHI. Jlokazamo,
9TO JJIsT TPOM3BOILHOTO M € N KaxKa0e HeTpUBUaIbHOE E?n 42-BBIYUCINMOE
cemeiicTBo S obmamaer E%L 1 9~BBIYUCIUMON HEYHUBEPCAJBHOW OTHOCUTE Tb-
HO MO3UTUBHBIX CBOAWMOCTENH HyMepalueil, mMoTHOW OTHOCUTEIBHO JII000r0
HaTmepe 33JJaHHOTO 3jeMenTa B € §. [lyisT KOHEUHBIX CeMelCTB B.I. MHO-
7KeCTB TTOJIy4€eH KpI/ITepI/Iﬁ CyIeCTBOBaHUA UX TTOJTHBIX BBIYUC/IUMbBIX HEYHU-
BepPCATLHBIX OTHOCUTETLHO MO3UTUBHBLIX CBOAMMOCTeH myMeparmit. g ro-
60ro HECKOHETHOro E?n 4 3~BBIYACIAMOTO cemeiicTBa S m J1iob0ro 3/1eMenTa
B € S nocrpoena ero E?n | 3-BBIYHMC/IMMAs MOJIHAs OTHOCUTEIBHO B HyMme-
parus, MAHAMAJIbHAs OTHOCHUTEJBHO KJIACCUIECKONH M MO3UTUBHBIX CBOIU-
MOCTEIA.

Katouesvie ca06a U $pasvi: HyMepanust, Y0 -BEIaucIIMAast HyMepalus, CBO-
IUMOCTH HyMepaIliil, e-CBOIUMOCTh, P-CBOAUMOCTD, YHUBEpPCAILHAS HyMe-
paris, MUHIMAJIbHAS HyMEPAIs, TOJTHAS HyMepallus.

BBenenue

Hauunast co Bropoit mosiouabl 90-X roI0B MPOTILIOTO CTOJIETHS TTOCIe my0-
mukannu crarbn C.C. Tonuaposa u A. Copbu [6], nzmaratormeii o61y0 KOH-
MENMUI0 BEIYUCTIMBIX CEMeHCTB KOHCTPYKTUBHBIX 00'bEKTOB, HAPSTY C BHITHC-
JTUMBIMHI HYMEPAIUSIME CeMeHCTB BEIYUCTUMO TIePETUCTUMBIX (B.I1.) MHOYKECTB
CTAJIM UCCJIEIOBATHCSA U ODOOIIEHHO BHIYUC/IUMbIE HyMepaluu cemeiicTs apud-
MeTHYecKux MHOXKecTB |2, 13,14, 18|. B nacrosiieil crarbe paccMaTpHBatOTCsT
HEKOTOPbhI€ BOIIPOCHI, KaCalolmuecsa 3KCTPpEMaJIbHBIX (YHHBepcaﬂbeIX 1 MUHU-
MAaJIbHBIX) OTHOCHTETBHO KJIACCHYIECKOH W MO3UTHBHON CBOIUMOCTER [7] Hy-
Meparuii cemeiicTB apudMeTnIecKuX MHOXKeCTB. VIHTepec K U3yUeHUI0 TaKuX
HYMepalluii CBI3aH C TeM, UTO YHUBEPCAJIbHBIE HYMEpAIUH COJepKaT B Ce-
6e nHbOpMaIo 060 Beex (0000IEHHO) BHIYUCINMbBIX HYMePAIusIX 3aJ1aHHOTO
cemMeiicTBa, a MUHUMAJIbHbIE HyMepallii eCTeCTBEHHBIM 00pa30M 00001IaioT Mo-
HATHS OJHO3HAYHBIX U MO3UTUBHLIX HyMeparmii [1,10]. B craThe sxcTpemMaib-
Hble HyMepaIlui PACCMATPUBAIOTCS BMECTe CO CBOWCTBOM WX TOMHOTH [11,18],
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MPEJICTABISIONNM 0000IIeHe TeIe/IeBCKUX HyMepalnuii W 3a4acTyio n3ydae-
MBIM B KOHTEKCTe YHHBEPCAJIbHBIX HyMepanuii (cM., Hanpumep, [3,4,18]).

Uccnenyemble B HACTOAMIEH CTATHE MO3UTHBHBIE €- U P-CBOIUMOCTH HYMe-
panuii 6bi1u BBeIeHB U BrepBbie n3yuensl A.H. JlerreBbiM B ero patore [7].
B Heii moMuMO mpouero GBIIO YCTAHOBIEHO, YTO MOJYPEIIETKH KIACCOB e- 1
P-9KBUBAJIEHTHBIX BBIYHCIUMBIX HYMepPAIfii ceMeilcTBa, COCTOSIIErO U3 JIBYX
Pa3IMIHBIX CPABHUMBIX MO BKJIIOYEHHIO B.I. MHOKECTB, N30MOPMHbBI BEPXHUM
MOJTypereTkaM B.II. T- U p-CTeleHeii COOTBETCTBEHHO, B TO BPeMs KAK 3aMe-
HUB €- U P-CBOJAMNMOCTH HA K/JIACCHYECKYIO, MPHUIEM K TOJypeleTKe B.I. 1M~
cremeneii [10]. CoracHO KIACCHYECKOMY De3y/IbTATy TEOPHU HYMeparmuii Jio-
6oe KOHETHOEe CeMefiCTBO B.N. MHOYKECTB 00JIaJ[aeT YHHBEPCATHHONW BHIUHC/IH-
moit mymeparmeit [10]. B [17] 6b10 ycraHOBIEHO, 9TO €-CBOANMOCTH HyMepa-
nuii, B OTIMYIAE OT KIaCCHIecKoit [5| u p-cBomumocteit [16], coxpansier cyre-
CTBOBaHME YHHBEPCAJLHBIX HYMeparuii IIpu mepexoe 0T KOHEUHBIX CeMeHCTB
B.II. MHOXKECTB K KOHEUYHBIM CeMelicTBaM apudMeTndeckux MHOKecTB. K Ha-
CTOSIIIIEMY BpeMeHHU OIyOIMKOBAaH s/ paboT, TMOCBSIMIEHHBIX TTO3UTHBHBIM CBO-
JUMOCTSIM HyMeparuii, B KOTOPbIX TaK WJIH HHAYe 3aTPArHBAJINCh BOIMPOCHI,
CBsI3aHHBIE C HKCTPEMATHHBIMU SJIEMEHTAMHU TTOJIYPENIeTOK KJIACCOB e~ U P-3K-
BUBAJIEHTHBIX HyMmepanuii [7-9,12, 20].

HeobxouMble CBeIEHUS TI0 TEOPUH HYMepaluii MOKHO HANTH B MOHOIDA-
dbun 1O.J1. Epmiosa [10] u B ero crarse [21]. Hamommum mekoropsie u3 ux. Lo-
BOPHM, 4TO HyMepaIusi « ceodumcs K Hymeparun [ (o6o3navdaem Kak « < f3),
ecim « = [ o f pist HekoTopoit Beraucaumoit pyuknun f. Hymepanust p mpo-
M3BOJIBHOTO MHOYKECTBA S HA3BIBAETCS MUHUMAALHOT, €CITH TS TIO00H Hy-
Meparun o MHOKecTBa S 3 « < o cyenyer p < . g Hymepamuii o, g
OIPEJIESTUM UX NPAMYN CYMMY Qo D a1, TOTO0KUB (o D o) (2x + 1) = ay(x),
i=0,1.

[TpuBeaém Termepb HEOOXOAMMBIE CBEJIEHNUS, CBSI3AHHBIE C BBIYHCINMOCTHIO
mymeparmii. [Iycts n > 1 — mpom3BOIbHOE HATYPAJBHOE YHCIO, a S — ce-
meiicTBo Y0-muoxkecTB. Crenys [6], Hazoém Hymepammio o cemeiicTBa S 30 -
BULHUCAUMOT, €CTTH MHOZKECTBO

Go={(r,y) 1y € a(r)}

npuHaIexKuT yposHio X0 apudmerudeckoii nepapxun. Cemeiictso S HazbiBa-
ercsa Y0 -6uuUcAUMbLM, €CTH OHO HMeeT YL0-BBIYHCINMYI0 HyMepanuio. Ecim B
OPEJIBIIYIITUX ONpeaeTeHuIX MOJOKUTh 1 = 1, TO TPUXOIUM K KJIACCHIECKUM
OTIPEJIETICHUSM 6bi%UCAUMBLT HyMepanuii u cemeiicTs. g moboro m € N cka-
KeM, 9TO YU | |-BBIUACANMAsT HyMeDPAIust v ceMeicTBa S YHUBEPCaIvHa, ecn
a < v s moboit X0 -BBRIUMCAEMOi Hymepanuu o cemeiictsa S. [Tockombky
n3 o < V CleyeT, 9To o P v < v, TO YHUBEPCATBHOCTH V BJIedeT CBOJIUMOCTD
a < v g 1o00it Z?n 1"BBIYHCIUMON HYMepaIuu (v MOJICeMencTBa S
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B crarpe mcnosb3yorcs craHgapTHBIE 0003HAYEHUS U3 TEOPUH BBIUUC/IH-
Moctu. Yepes ¢, u W, obo3HavaeM COOTBETCTBEHHO YACTHYHO BBIYUCIUMYIO
GYHKIMIO U B.II. MHOXKECTBO C TefeeBCKUM HoMepoM e. O0IacTh ompemese-
HUS IPOU3BOIbHON YaCTHUIHOM DYHKINHT 1) Oyaem obo3HauaTh Kak dom 1), a ee
obacTh 3HaveHuit — kak rng . [umewm ¢ (x) |, ecmun x € dom ¢, u ¥(x) T —
B MPOTUBHOM cjydae. Uepe3 D, OyaeM 0003HAYaTh KOHEYHOE MHOYKECTBO C
KaHOHWYEeCKIM WHIEKCOM u. Berancanmyto dbyrkumio (x,y) — 272y + 1) — 1,
B3aWMHO OJHO3HAYHO HYMEPYIOINIYI0 Mapbl HATYPATbHBIX YHCEN, 0003HATAEM
qepes ¢(x, y), a mpoeKIun ee 00pa3a Ha MEPBBI U BTOPOil apryMeHThl — 4depes [
u 7 coorBercTBenHo: (c(z,y)) = v u r(c(x,y)) = y. OcTanbuse 0603HATCHIT
moxkHO Haiiti B Monorpaduu P.J. Coapa [22|. CumBosioMm «=» 3amMeHsieTcst
CJIOBO «PaBHOEY.

§1. Ilo3uTHBHBIE CBOAMMOCTH HYMeEpPaInii

[TpuBeem HEOOXOIMMBIE CBEIEHHS O CBOIUMOCTSX HYMEpPAIHii, UCCIeIye-
MBIX B HacTosIeit pabore. st jmodoro B.1m. muoxkectsa W, orobpakenne

P, : 2N — N,
3aJJAHHOE 110 PABUILY
¢, (B) ={z: Julc(z,u) e W, & D, C BJ},

Ha3bIBACTCS e-onepamopom. st MaOKecTB A 1 B roBopum, uto A e-c600umo
K B [15,19] (o60o3nataem kak A <. B), ecmu A = ®,(B) 1j1st HEKOTOPOTO N.

CkazkeM, 4To e-oreparop @ sIBJASETCST M-0Nepamopom, ecii CyIecTByer
BBIYHCIUMAsT (DYHKIUS ¢, TaKas 9TO

®(B) = {x: g(z) € B}

st Beex B C N. Kak 66110 ormeueno A H. Jlerressim [7], mist 00bIX JABYX
HyMepaIluit o u [ Ipou3BOIBHOIO ceMeiicTBa S UMeeT MecTo « < (3, eciu U
TOJIBKO eCJTH CYIIecTByeT m-omeparop P, Takoit uTo

mist Bcex X € S. B Toit ke pabore Oblia onpenesieHa u e-c800umMocms Hy-
Mepanuii: Hymepamust « cemeiictBa S e-ceodumcs K Hymepamuu [ TOTO Ke
cemeiictBa (0603HAUAEM KaK v <. 3), €C/IU CYIIECTBYET TAKOE 1, YTO
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mist Beex X € S. Haszosem e-omeparop @ p-onepamopom, ecianm cymiecTByeT
BhIaucINMast PYHKIUSA [, JJIsT KOTOPOit MMeeT MecTo

O(B) = {o: Iy € Dy [D, € B}

st Bcex B C N. Ecim o <. f mocpeacTBoM p-omeparopa, TO TOBOPHM, 9TO (v
p-céoduma x [ [7] n mumem o <, f. Herpynuo Buaers, 1o

a<f=a<,B=a<. B

Jlnga moboro m € N ckaxem, uro L0 4 1-BBIUUC/IHMAs HyMepalus U CeMeii-
ctBa S e-ynusepcanvna (p-yrusepcasvna) [8,9,20], ecmn a <, v (a <, v) 14
JII000 29% | 1~BBITHCIUMOI HyMepaInuu ¢ ceMeiicTBa S. Hywmepanug p mpous-
BOJIBHOTO CeMeHcTBa S HA3BIBACTCS e-MUHUMAALHOT (p-munumanvrol) (16,
17|, ecom st ro6oit mymeparmn o cemeiicrBa S n3 o <, p (o <, p) cremyer
f<ea (1<) a).

§2. IlostHOTA M e-yHMBEpPCAJIbHBIE HyMepalluu

Hanomuuwm Beesennoe A1, ManbiesbiM [11| nousiTue moiHoi HyMeparun.
Hywmepamnms o MHOKecTBA S HA3BIBAETCS NOAHOU OTHOCUTEILHO dIeMeHTa b €
S, ecau I KayK0# YACTUIHO BBITHCIUMON (DYHKIUHU 1) CYIIECTBYET TaKast
BhIaucANMast PYHKIUS f, 9TO JJIT BCEX T BBITIOTHSIETCS

iy [ @), e wla) 1
(@) b, ecm Y(x) 1. (1)

Cornacuo [18], st moGoro m > 0 ectm XY, | -BBIIHCIEMOE CeMefiCTBO CoLep-
JKUT HAMMeHbIIIee 10 BKJIIOYEHHI0 MHOXKECTBO B, TO BCsiKasi yHUBepCaJbHAsI
HyMepallysi U 9TOr0 CeMeHcTBa sIBJISIeTCsl MOJIHON oTHOcHTeabHO B. B cBOMO
ouepenp B [4] aast moGoro m > 0 GbLIO MOCTPOEHO XY | |-BBIMACANMOE CeMeii-
CTBO C HAMMEHBIIINM 110 BKJIIOUCHHIO MHOKECTBOM B 1 ero XY | -BbIYHC/IIMAs
HyMepaIisi, OJTHas OTHOCUTEIBHO B, HO He yHEBepCATbHAS. DTH Pe3YIbTATHI
IIPUBOJSAT K BOIPOCY O CYNIECTBOBAHWUM TIOJIHOM OTHOCHTEIBLHO JIOGOrO Hare-
peJl 3aJaHHOrO 3jieMeHTa B € S HeyHHBepCAJbHOM, a TakKe He e- U He p-
YHHBEPCATBHON XY | ,-BBIMHCANMOIl HyMEePAlui IPOU3BOJIBHOTO HETPHBAAIb-
HOTO (HEOZHOIIEMEHTHOro) X0 ,-BBIaucauMoro ceMeiicrsa S. Ilomoxurens-
HBI{l OTBET Ha 9TOT BOIPOC COMEPKUTCS B CIICIYIONIEil TeopeMe.

Teopema 1. ITycts S — HerpusmnajbHoe Y20, o-BbIUHCIHMOE cemeficTio. To-
ria s moboro MHO:KecTBa B € S cemeiicto S ob.1azaer Y220, o-BBITHCTAMOI
TTOJTHOI OTHOCHTE/TRHO B He e-yHUBepcaabHOI HYMepaIaeri.
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Hokazamenvemeo. Ilycts v — 30 o -BHMACANMAsT HyMepanus cemeicTsa
S, ISt KOTOPOit

v(0) # v(1).

Ucnonb3ys Teopemy pekypcun, 3adpukcupyeM OECKOHEYHOE BBIYUCIUMOE MHO-
JKECTBO

{m0<m1 < Mo < }
TaKoe, 4To
em, (0) = c(m;, 0)

IJId BCEX 1. HyCTb FE — nmo3uTuBHOE OTHOIIIEHUE 9KBHUBAJIEHTHOCTH, IIOPOZKIECH-
HOE 6I/IHaprIM OTHOIIIEHHuEeM

{{cle; 7), pe(@)) s ;2 €N, o) 1.

Ormernm, ato —(c(m;, 0) E ¢(m;,0)) mast T00bIX PA3INIHbBIX 4, j. DTO CAemyer
M3 TOTO, YTO JIsl BCEX €, X, 1 TOTJA U TOJBKO TOTJA BHIMOJIHIETCS

(c(e,x) E c(m;,0)),
KOI/la HalieTcs KOHedHas IIOCTIeI0BATeIbHOCTD
cle,x) = c(ep, xg),cler, 1), ..., clex, xx) = c(m;, 0),

JJIst KOTOpO#
Pe; (z;) = clejr1, Tj41)

nig Beex j < k. Beibepem mpomsBosibHOe B € S u ompeaeuM Mo UHIYKITAN
»0 4 o-BBIYUCIMMYIO HMOJIHYIO OTHOCHTeIbHO B Hymepamuio « u, 4TOObI < He
ObL1a e-yHMBEPCANBHOI, 10 . ,-BBIMHCINMYI0 HyMepannio [ €. & HEKOTOPOro
mojcemeiicTBa cemeiictBa S. UToOBI 00ecednTh MOJHOTY (v OTHOCUTETHHO B,
MBI BBITIOJTHEM CJIeIVIOIee yCJIOBHE

alcle,x)) = a(pe(z)), ecm ge(z) |,
(e = {1 cem o) o)

JLTSL BCEX €, .
[Iycth cmepBa cemeiictBo S 6eckoneuno. OmupeaennM dacTUIHBIE 0TOOpa-
xeuus ag : N — S u [y : N — S, monoxus

B, ecim Vi—(x E ¢(m;,0)),

He OTpeJieJIeHO, B IMMPOTUBHOM CJIydae,

ap(z) =
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u Bo(x) He onpeseseHHBIM J1JTsT BeexX x. [IpemooKnm o HHIYKIUH, 9TO Olpe-
JTeJIeHBbl 9acTuIHbie oTobpaxkenns o, : N — S, 8, : N — S u cymecrByior 4, y
TaKue, 4To

Vi > ive (2 Ec(my,0) = ay(z) 1. (3)
Vo > y (3, () 1] (4)

[Ipu onpenenennn gy u [Bg11, HE OTOBAPUBas CIENUATHLHO, OyIeM CUAUTATH,
qT0 17151 Beex x € dom ag m Beex y € dom [ 3Havennst gy 1(x) u fs11(y) onpe-
JeqeHbl U paBHBI i (x) U [s(y) coorBeTcTBeHHO. 3abUKCHPYeM HANMEHbIIIHE i
u y, yaosiersopsiomue (3) u (4) coorBercrBenno. Vcmoab3yst opakysn &', mpo-
BepUM cymiecTBoBanne uncaa n = c(z,u) € Wy, yI0BIeTBOPSIONIErO YCIOBUIO

y<z&D,#2&Vze€ D,3j > i[(z Ec(m;,0))]. (5)
Ecam takoro n € W He cymecTByer, TO moJaraem
asr1(a) = v(s) (6)

s Beex a € [¢(m;,0)]p u

Bsr1(y) = v(s). (7)
B nmporuBHOM ciiydae, BeiOepem Hammenbiee n = c(z,u) € Wy, yaoBieTBopsi-
omiee (5), n 3adbUKCUPYeM KOHETHYIO MOCIEI0BATEIHBHOCTD

Jo <J1 <+ <Ju
TaKYI0, 9TO
{[zlg : 2 € Du} = {[c(mjo, 0)], - -, [c(m;,, )]}
Bamernm, 9T0 00s13aTENIBHO 1 < Jjo. Onpeaeanm
asq1(a) = v(1) (8)

JJId BCEX a, YAOBJIETBOPAOIINX YCJIOBHUIO

ki <k <jpy&(aEc(my,0))], 9)
i
Bs+1(b) = v(0) (10)
JISI BCeX TakuxX b, 4To
y<b< . (11)

[Tonoxxkum
asia(a) = v(s) (12)
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115t Beex a € [¢(mj,41,0)]p 1
Bsrr(z +1) = v(s). (13)

HerpyaHo BUIETH, 9TO I gy 1 U Sei1 COXPAHAIOTCA MHIYKIMOHHBIE TPEIIO-
nokeHud. B Konne nocrpoenns moaraem o = | J, a5 u B = J, fs.

B cuy BHIIOJIHEHHS HA KazKIOM MHAYKIMOHHOM mmIare s + 1 qubo ycmo-
Buii (6), (7), mbo (12), (13), umeem a(N) = B(N) =S, a B cuity BBIIOTHEHHsT
60 (6), (7), 6o (8)—(11), mmeem dom o = dom 5 = N.

HernocpeacrBenHo u3 onpe/iesienns: « BhITeKaeT, 910 o) = a(y) mas Beex
Takux z,y, 1ro (v Ey). CiaegoBarensno, omosnsiercss ycaosue (2). Craso
OBITH, (v OJTHA OTHOCHTEIBHO B.

Badukcupyem mpou3BOJBHO § U TOKaxkeM, 910 [ L. « TOCPEICTBOM e-
oneparopa ®,. Ecmu we cymecrtsyer n = c(x,u) € Wy, yIoBIeTBOPSIONEro
yeaosuio (5), 10 f L. « nocpeacrBoM ®g B cuy GECKOHEUHOCTH ceMelicTBa S.
B nporusHOM ciaydae, B cuity (8)—(11) cymecrByer z, 1t KOTOPOTO

€ ®,(aH(v(1)))
u f(x) = v(0). [Mockombky v(0) # v(1), BeIONHAETCS

BT V(1) # Py (v(1))).

CureroBaTesibHO ¢ O TIOCPEICTBOM e-omepaTtopa P;.
Y
[Tycts Teneps S koneuno. He orpannanBast o01HOCTH, OYIM CIUTATH, YTO
JIJISE HEKOTOPOTO K BBITIOJIHAIOTCS YCJIOBUS

S ={v(0),v(1),...,v(k)},

v(i) # v(j) mpm i < j <k,
v(k) = B.

Omnpenenrnm Z?n 4 o-BBIYUCIUMYIO HyMepanuio o cemeiicTsa S, HOJOXKUB JIId
BCEX Y

aly) = {y(i), ecm © < k& (y E¢(my,0)),

- |B , B IMIPOTUBHOM CJIyUae.
Takzke ompegennM X9, ,-BBUUCIHMYI0 HyMepaIuio 3, TOM0KUB [/t BCEX S
B, ecm Ji < kJu D, # & c(s,u) € Wi &
B(s) = &Vz e D, [(z Ec(m;,0))]],

v(0), B OIPOTHBHOM CIIydae.
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HenocpeacTBeHHO U3 ONpeae/IeHust (v BBITEKAET, 9TO OHA yJIOBICTBOPSIET YCJI0-
suo (2). CremoBarennro, « moana. [Tokaxem, ato [ £, «. [Ipeamoaoxmm,
HapoTHB, [ <,  MOCPEICTBOM HEKOTOpOro e-omeparopa ®,. Eciam maiigercs
i < k, nng koroporo s € @ (a(v(i)), To

B(s) = B =v(k) # v(i).

Cnenosarensno, s ¢ S~ (v(i)). Ecmu e ang moGoro ¢ < k BBINOTHIETCH
s &€ D(at(v(i))), T0 s € Py(a™H(B)) u MOCKOMBKY

B(s) = v(0) # B

nveeM s € S71(B). Takum 06pa3oM, B KazKI0M U3 CIy4aeB MOJTydaeM TPOTHBO-
pedne co cBOAMMOCThIO [ <, o mocpeacTBom Py Orcrona u B CHIy MPONU3BOJIb-
HOCTH BBIOOpPA S BHITIONHSETCT [ L, . DTUM 3aBepIIAETCsS JOKA3ATETHCTBO
TEOPEMHEI. [

JI/1sT KOHEYHBIX CeMefCTB B.II. MHOYKECTB ¢ HAUMEHBINMHE O BKIIOUYEHUIO 316~
MEHTaMH TIPUBEIEM KPUTEPHil CYIEeCTBOBAHUS HX BLIYUCTUMBIX HEYHUBEPCATh-
HBIX, & TaKyKe He e- U P-YHUBEPCAJbHBIX HyMepallyii, MOJHBIX OTHOCUTEIHHO
HAWMeHBIHX d1eMeHToB. Hamomuawmwm, ato smement A cemeiictBa S Ha3bIBaeTCS
cywecmsennvm [10], ecnu cymecrsyer snement C' € S, musa koroporo A C C.

Teopema 2. ITycth & — KOHEYHOE CEMECTBO B.II. MHOYKECTB, 00,1340~
mee HAHMEHBIIHM 110 BKJIIOYEHHIO d7geMeHToM B € S. Chexytorimne yCaIoBHs
PABHOCH/TBHBI:

1. § obramaer moHOH OTHOCHTETLHO B BBIYHCIAMOIL He e-YHHBEPCATbHOL
HyMepaIiae;

2. § obiaamaer moHOI OTHOCHTETbHO B BhIUHCIIMOI He p-yHHBEPCATIHHOT
HyMepaIneii;

3. S obsragaer moTHOM OTHOCHTETFHO B BRIYHCIHMOIT HEYHHBEPCATBHOH HY-
Mepallaei;

4. S comep>kuT CymieCTBeHHBII OTIWIHBIH OT B 3/1emenT.

Zoxasameavcmeo. Tlycts Ry, ... [R; — KoHe4dHBIT HAOOP B.IT. MHOYKECTB,
JITST KOTOPOTO

S:{RO,...,Rk}.

He orpammumBas obmuocTH Oymem cumtarh, uto Ry = B. Crneaysa mokasa-
TenbeTBy npemnoxkenus 4 [10, T §2|, BeiGepem HAOOP KOHEUHBIX MHOYKECTB
Eo, ..., Fy, YIOBIETBOPSIONIAX YCIOBUIM:
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1. F; C R;, 1 < k;
2. FCRj= R, C Rj, 1,5 <k

Nmvmmukannu (1=-2) u (2=-3) 04eBHIHBI. YCTAHOBUM CIIPABEINBOCTDH MMILIH-
kaiuu (3=4). Ilycth S He COMEPIKUT CYNMECTBEHHBIX OTJIMYHBIX OT B 3/1eMeH-
TOB. BpiOepem mpon3BoIbHYIO MOJHYIO OTHOCUTEIHLHO B BHIYUC/IUMYIO HyMepa-
IO v cemeiicTBa S 1 MOKayKeM, 9TO OHA YHUBEPcaIbHa. JaduKCHpyeM HOMeEpPa
Y0, - - - » Yk, JJIT KOTOPHIX

aly;) = Ri,i < k.

Jlnst kaka0it BRIMUCIUMOl Hymeparuu [ ceMeiicTBa S ONpEeIeTuM 9acTUIHO
BBIYUCTUMYIO (DYHKITUIO 1, JIJIST BCEX X MOJIOKUB

() Vi, ecim 1 > 0& F; C f(x),
xT) =
HEe ONpeJe/IeHO, B IMPOTHBHOM CIIyYae.
[TockotbKy Kaskablit w3 3;1eMeHTOB [R1, ..., Ry cemeiictBa S He SIBJISIETCS Cy-

IIECTBEHHBIM, YacTUUIHAs DYHKIUS 1) onmpeaeneHa KoppekTHo. [lycts f — BbI-
qucanmas GYHKIUs, yaoBIeTBOpsitomas yeaosuto (1). s Kaxgaoro x ecin

B(x)=R;ui>0,10 ¢Y(x) ] u

Blx) = alyi) = a(@(z)) = a(f(z)).

Ecmm f(z) = Ry = B, 1o ¢(x) T m

a(f(r)) = B = B(x).

Takum obpasom, [ < « mocpeacrBoMm yHKIUU f. B cuny mpousBoabHOCTH
BBIOOpA (3, HyMepalus: ( yHUBePCaIbHa.

JokazkeM crpasenBocTh nvimkanun (4=-1). [Iycts S comepxut otina-
bl oT B = Ry cymecrBeHHbIit jiemenT. He orpanuynBast oOIIHOCTH Oyaem
CYNTATH, UYTO

Ro C Ry C Ro.

Ucnonb3ys Teopemy pekypcun, 3adpukcupyeM OECKOHEYHOE BBIYUCIUMOE MHO-
JKECTBO
{m0<m1 <My < }

TaKoe, ITO

Pm; (0) = c(m;, 0)
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JJId BCeX 1. HyCTb E — nosutuBHOE OTHOIIICHIE 9KBHUBAJIEHTHOCTHU, MOPOXKIECH-
HOE 6I/IHaprIM OTHOIIIEHUEM

{{cle; 2), pe(@)) s 2,0 €N, o) L.

Ormpeie M BBIYUCIUMYIO HYMepaIuio a cemeiicTBa S, MOT0KUB JIJIsT BCEX ¥

R;, ecin 0 <i < k& (y Ec(m;,0)),

aly) =
B, B IpoTHBHOM CJIydae.

B cuny Toro uro B — HaMMEHBIINI 0 BKIIOYEHHIO 31eMeHT S, HyMepamus «
BeIUHCIUMA. [TOCKOIBKY (v YJIOBJIETBOPSET YCJIOBUIO (2), OHA MOJHA OTHOCH-
tenrbHO B. [lokakeM, 9TO v He e-yHHBepcaJbHa. /[ 3TOTO OmpeeiuM BhI-
qucanMYyto Hymepanuio [ cemeiicrBa { Ry, Ry}, TOJOKAB 11 BCeX N

Ry, ecmw Ju[D, # @& c(n,u) € W, &Vz € D, [(z E ¢(my,0))]],

Ry, B mporuBHOM ciy4ae.

pn) =

[Tockosbky Ry C Rs, aymeparust [ BeaucinMa. BeibepeMm MpOW3BOJIBHOE 7
U TOKazkeM, 410 3 L. a mocpeacrBom e-omneparopa ®,. Ecou f(n) = Ry, 1o
BBITTOTHSETCS

Ju[D, # @& c(n,u) € W, &Vz € D, [(z E c¢(my,0))]]. (14)

Takum obpazom, n € (7Y (Ry) (cnemosaremsmo, n ¢ B H(Ry)) m
n € ®,(a*(Ry)). Ecm B(n) = Ry, to (14) me momomusercs. Orciona,
n ¢ ®,(a ' (Ry)). B mobom ciryuae uveem

BHRy) # Pula™ (Ry)).

Crajo O6bITH . (v TocpeacTBoM e-omneparopa P,,. B cuiny mpomssoabHOCTH
Y
BBIOOpA N mosy4daem [ L. Q. O

§3. IlotHag e-MMHUMAJBbHASA HyMepaus

[To knaccugeckomy pesyabrary A.V. Masnbuesa [11] ecoim mymepannst o
MHOYKecTBa, S 110/THA OTHOCHTEILHO 3/1eMenTa b € S, To MHokecTBO L (D) mpo-
aykrusHo. OTCI0/a cileayer, uTo ecim o~ !(a) B.I1. j/1g Beex a € S, B 4aCTHOCTH,
eca ( TIO3UTHBHA, TO OHA He MOXKET OBITH MOJTHONW OTHOCHTETHHO JI0O0r0 U3
snemenToB S. XOTd KazKJasd MO3UTUBHASA HyMepalus MAHHMAIbHA, 00paTHOe
HeBepHo. TakuMm 06pa3oM, BO3HUKAET BOIPOC O CYIMIECTBOBAHUH MOJTHONW OTHO-
CUTEIHHO HEKOTOPOTO dJeMeHTa MUHUMAaJIbLHON HyMepalnu, paHee copMyJin-
posannbiii C.A. Bamaesbim, C.C. Tonuapossim u A. Cop6u [18|. Crenyromast
TEOpeMa MOKA3BIBAET, UTO TMOTHAS 2\, , o~ BBITACINMAS HyMEPAIHsT MOZKET ObITh
BLIOpaHa Kak MHHUMAJILHON, TAK U e- U p-MUHAMATBHOM.
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Teopema 3. ITycts S — 6eckoneunoe Y0 3-BBIYHCIHMOE CeMeliCTBO 1
B € S. Torna S obnanaer 30 4 3=BBIYHCIMMOI 110JIHOI oTHOCHTE/IbHO B Hy-
Meparmert [, Takoi, 4To JIs J000i ero Hymepanuu 3 u3 [ <. p caexyer
p< B

Jokazameavcmeo. Tlycth o — HekoTopas Y0 4 3-BBIUACIMMAs HyMepalus
cemeiictBa S. OnpeaenM HCKOMYIO HYMepaIuio (4 0 WHAYKIuA. ITodb obec-
MEeYUTh TOJTHOTY [ OTHOCHTETHHO I3, BBITOJHUM CJIIYIOINIEe YCIOBHE

p(we(r)), ecmm p.(x) |,

(1)
B, ecan . (2) 1,

plcle, x)) =

JJId BCeX e, . HYCTB EO — HOSUTHUBHOE OTHOIMEHHNE SKBHUBAJIEHTHOCTH, ITOPOXK-
JECHHOE 6I/IHaprIM OTHOIIIEHUuEM

{{c(e,2), pe(2)) : 6,2 €N, () L}.
I[To Teopeme PeKypCHH MOXKEM BLIOPATH GECKOHEUHOEe BBIYHCIIMOE MHOZKECTBO
{TLQ<TLl < No <}

| Vi [, (0) = c(ns, 0)]. (16)

) = c¢(n;,0) gna Beex i@ € N m po(r) = B ana Beex
z € N\ U, [22]5,. Ormernm, uro B cuty (16) u onpenenennst Ey nist mo6bx
PA3JIMYHBIX ¢ U ] UMeeT MecTO —|(ZZQ Ey z;-)).

[Tonoxum 2z

[Ipearmo10KuM 1o MHAYKIUKE, 9TO yKe OMPeIeIeHbl YaCTUIHOEe 0TOOparKe-
uue g : N — S, MO3UTUBHOE OTHOTIEHNE SKBUBATECHTHOCTH Fg M BHIYUCTHMAST
MOCJIEOBATETBHOCTD

{75 < z] <z3<...},

V/IOBJIETBOPSIIONTHE YCIOBHIM
1. dompu; € dom s uw By C Eg nida Beex t < s,
2. ps(x) = ps(z) must Beex x € dom s w 2z € [x]p,,
3. =(2] Es 2j) nist MoGBIX Pa3IHIHbIX i H
4. dom pue = N\ (U;[27],),

5. INg [ts KOHETHO.
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[To ompejie/ieHIIO YaCTUYHOTO OTOOPAXKEHUS [ig, IKBUBAJIEHTHOCTH Fy U mocie-
nosaresibiocth {20 }ien ipu s = 0 yeaosus 1-5 cupaseuset. [lycts i — Hau-
MeHbIINi 31eMenT MuOKecTBa | J; [27] g, . Boibepem uncito k Takoe, uaro (y E ;).
Ucnonp3ys opakyn &, mpoBepuM CIpaBeIHBOCTD YCIOBUS

Vide(z,u) € W, [D, # @& Vz € D, 35 >i[(z B 2;)]]. (17)
Ec/in OHO He BBITIOJIHAETCS, TO ONMPEIETNM

ws(x), ectn x € dom s,
ps+1(z) = < als), ecm 3i < k[(z Es 27)],

HE OIPEIEJICHO, B OCTAJbHBIX CIy4YadX,

I BCeX I, zf“ = 2j 4 Ang Beex @ m Eg = E,. Herpyamo suners,

YTO B 9TOM CJy4Yae HMHIAYKIHUOHHOE IIPEIITOJIOZKEHNEe 1 COXpaHAEeTCH. HYCTB
x € dom g4 m 2 € [2]p,,, = [2]p,. Ecim & € dom pu,, TO paBencTBO

Hs+1 (SL’) = Hs41 (Z)

BBITEKAET M3 CIIPABEJINBOCTH WHIYKIMOHHOTO TIPEIIONOKeHust 2 st s. Ecim
(x Eg z7) nas wekoroporo ¢ < k, To Takzke mMeeT MecTo (2 Ey z7). Takum obpa-
30M, PABEHCTBO fis11(T) = fis+1(2) CHOBA BBITEKAET U3 CIIPABEINBOCTH HHIYK-
IIHOHHOTO TIpenookenus 2. CoxpaHeHne MpeanoIoKennit 3 u 4 09eBUIHO, &
MPEJIOIOKEHNe 5 COXPAHSIeTCs B CUJIy PaBEHCTBA INg sy = {a(s)} U rng .

Ecru ke (17) BBIIONHSAETCS, TO BHIOEPEM CTPOTO BO3PACTAOILY IO BHIUUC/TH-
MY10 (DYHKIUIO h U BBRIYUCIUMYIO (DYHKIHIO ¢ TaKue, 9TO I BCeX j HMeeT
MECTO

h(j) > k, g(j) € Wi, (18)

X; = {[7]g, 17 € Dr(g(j))} = {[Zi(j)]Esa [Zi(j)Jrro]Es’ ces [Zfsz(j)Jrrn]Es}’ (19)
h(j +1) > h(j) +rm (20)

st Hekotopbix 0 < rg < --- < ry,. [lo Teopeme pexkypcuu MozKeM BBIOpPAThH

0ECKOHEUYHOE BBLIUUCJIUMOE MHOXKECTBO
{m0<m1 <m2<}

TaKoe, UTO @, (0) = Zh(e(my,0)) 1A BCEX L. OrmernM, 9TO JJIT KaXKIOTO 1
CIIPaBEeITBO
(c(mi, 0) Eo m, (0) = zfz(c(mi,O)))' (21)
s+1

— S y
[Monpowxkum 2] = Zh(e(ma,0)) 1A BCEX 1, FE, 1 paBHBIM TO3UTUBHOMY OTHOTIEHHUIO
9KBUBAJTEHTHOCTH, TOPOK/IEHHOMY OMHAPHBIM OTHOIIEHUEM

Es U{(i,z54)) 11 € NFU{(2,250)) : 2 € Dr(eiy), @ € N},
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1s(y), ecin y € dom jus & (y By 2),
a(s), ecn 3i < k[(z B, 23)),
ne onpeneneno, ecan 3 [(z Egq 23],

i

fs+1(x) =
B, B OCTAJIBHBLIX CJIy4YadX.

JIS BCeX . 3aMeTuM, 9To ecain y, z € dom ps u (v Es 1y Fsyq 2), TO cOrmacHo
onpesenennto g, Beimoaasercs (y Fy z). VI3 HHAYKIHOHHOTO TPemoI0yKe-
HUA 2 AJId S BBITEKAET, 9TO

MS-H(x) = MS(y) = MS(Z)'

Taxum obpazom, onpejeieHne 0OTOOPAKEHUS [g11 KOPPEKTHO.
Hemnocpeacreenno u3 omnpejesiennii 3KkBuBajienTHOCTH Fgy 1 1 oTOOpake-
HUS [l51] BBITEKAET, UTO

Ey C Eopr 1 ploy1(y) = ps(y)

st Beex y € dom pg. Orcroga cieyer, 9T0 MHILYKIMOHHOE TIPEINoIoKenne 1
COXPAHSETCS.

Ecmn 2 € domypsiy u 2 € [x]p,,,, TO B KaxKIOM U3 HeTbIpeX YCIOBHIi
ONpesIeNIeHnst [is11 () moaydaem, 9to fsy1(x) = psi1(2). Orcroma ciaeayer, 9To
WHIYKIIMOHHOE TPEJIINOIOKEHNEe 2 TaKyKe COXPAHSIeTC.

Yro06bl J0KA3ATH COXPAHEHNE WHIYKIMOHHOTO MPEMOIOKEHHUS 3, MPEeJIo-
JIOKUM, HAIPOTHB, CYMECTBYIOT PA3IUIHBIE ¢ U j, JJIsl KOTOPHIX BBITIOTHSIETCSI

(277! Egpq 2511, st Kaz10r0 € ompeemig

v =Jx:

Cornacuo ompeenenuio Fg,q CymEecTBYIOT pa3nudubie uncia [,n € {i,j} u
KOHEYHAsl TOCJIe/IOBATEILHOCTD ko, . . ., Ky, JIJIST KOTOPBIX UMEET MEeCTO

ko = c(my,0), kn, = c(my,0), Ve <m ke € Yy ]
C apyroit cTOpOHBI, cOrMacHo (21) BBIMOTHSIETCSI
Ve < m (ke # c(my, 0)].

Takum o6pa3zoM, IPUXOAUM K MPOTHBOPEUHIO.
Wupykiponnoe mpejno/iozxKenne 4 cCOXpaHsieTcss B CUJIY TPETHEro yCJIOBHS
B OTIpEJIETIEHNN [ls11, & TTPEINOJOKEHNe D — B CHJIYy PaBEHCTBA

g fis1 = {a(s)} Urng ps.
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[TockombKy fis+1(y) = a(s) st Bcex s, The y — HAMMEHBIMHI JIeMEHT
muokectBa N\ dom ps, nmeem

dompu =N, rngu=38.

HemnocpecTBeHHO U3 TOCTPOEHHsI BHITEKAET ClpaBeauBocTh (15). CiemnoBa-
TeJTBHO, (i TIOJTHA.

[Tycts mymepanust § cemeiicTBa S e-CBOAMMA, K [ TIOCPEJICTBOM e-OMepa-
topa P4. [TockobKy S GECKOHETHO, & INE [ KOHETHO, BHITIOJIHSIETCS YCJI0-
sue (17). CnegoBaTe/bHO, CYIIECTBYIOT BHIYUCANMbIE (DYHKIUE A U g, YIOBIIe-
TBOpstone yeaousam (18)—(20). Ilo ompemesieHno SKBUBATEHTHOCTH Fgi 1 U
HYMEDAIUA (i TMeeM

VjVa,b € Dy [1(a) = p(b)],

Vi [p(i) = pu(2h)]-
Crasio 6ith, (1(1) = 8(1(g(7))) mas Beex i. Orciona, u < . O
Caencreue. [Iycte S — Geckoneanoe X0, . s-BBITHCIAMOE CeMEHCTBO
n B € S. Torga S obnagaer Y, 5-BBIYHCTHMOI MOTHOH OTHOCHTETBHO B

HyMepamueid [, MUHIMAJbHOH OTHOCHTE/TbHO KaXkKJ0H U3 CBOAUMOCTeH <, <,
T <,.

ABTOp MpU3HATEIEH PEIEH3EHTY 3a IeHHbIe PEKOMEH AN U TIyOOKHe 3a-
MedaHusd, TO3BOMUBIINAE 3HAYUTETBHO YIYUIIATh TEKCT CTAThH.
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