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TOTALLY BALANCED AND EXPONENTIALLY
BALANCED GRAY CODES

A.J.van Zanten, I. N. Suparta®

The method of Robinson and Cohn to construct balanced and totally
balanced Gray codes is discussed, as well as the extended version of this
method by Bhat and Savage. We introduce a slight generalization of
their construction which enables us to prove a long standing conjecture
of Wagner and West about the existence of Gray codes having a specific
spectrum of transition counts, i.e., all transition counts are powers of 2
and the exponents of these powers differ at most 1. Such a Gray code
can be considered as generalization of a totally balanced Gray code when
the length of the codewords is not a 2-power.

1. Introduction

A Gray code of length n is an ordered list of 2" n-bit strings (codewords)
such that successive codewords differ in exactly one bit position. In this
paper, G(n) stands for a binary Gray code of length n. A comprehensive
review of Gray codes can be found in [7]. The best known example of a Gray
code is the binary reflected Gray code which is defined recursively as

G(1) =0,1; G(n) := 0G(n —1),1G®(n — 1), (1)

where iG(n — 1) is the list G(n — 1) such that each codeword is preceded by
the integer i € {0,1} and Gf(n — 1) stands for the list G(n — 1) in reversed
order. This code is sometimes referred to as the standard Gray code; in this
paper we shall denote it by G (n). Thus, the standard Gray code G (2) of
length 2 is equal to the list 00, 01, 11, 10, and the one of length 3 is the list
000, 001, 011, 010, 110, 111, 101, 100.

If the last codeword of a Gray code also differs in only one bit position
from the first codeword, we call the Gray code cyclic, and otherwise non-
cyclic. So, the standard Gray code is a cyclic code.

We shall index the codewords in the list of a Gray code of length n from
0 until 2" — 1 and denote the ith codeword by g;. If G(n) is a cyclic code,
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we shall identify gor and gg. The bit positions will be labeled from right
to left by 1,2,...,n. The integer s; € [n] := {1,2,...,n}, indicating which
bit position changes when going from the codeword g; 1 to g;, is called
the transition number of the codeword g; 1. The ordered sequence of all
transition numbers of a Gray code is called the transition sequence of the
code and denoted by S,. Thus, the transition sequence S,, of a Gray code
of length n is equal to the sequence si,s2,...,89n_1,Son if G(n) is a cyclic
code, and it is equal to s1,s9,...,s9n_1 if G(n) is a non-cyclic code. Here
son 18 the transition number of the last codeword when going to the first
codeword of G(n). Thus, the transition sequence of the standard Gray code
of length 3 is S3 = 1,2,1,3,1,2,1,3. In general, the transition sequence .S,
of the standard Gray code G (n) can be defined recursively by

Si=1, S, =8 _,,n8S 1, Sp=S5,n, (2)
where S, stands for the transition sequence of the non-cyclic standard Gray
code. The sequences S;, and S,, are sometimes referred to as the incomplete
and the complete transition sequence of Gy (n). The number of times the
integer ¢ occurs in the transition sequence of an n-bit Gray code is called
the transition count of the integer ¢ and will be denoted by T'C,,(i). With
respect to the list of codewords, T'Cy,(7) refers to the number of times that
bit 7 changes, from 0 to 1 or from 1 to 0, in the column i. If G(n) is a cyclic
code, then it will be clear that T'C), (i) is even for every ¢ € [n], and moreover

n

that > T'C, (i) = 2". The standard Gray code Gg(n) of length n has the
follovxlfinlg transition counts

TCu(i) =

2 if1<i<n—1,
{ ()

2,  ifi=n.

The list of transition counts (7'C,, (1), TCy(2),...,TCy(n)) corresponding
to some Gray code G(n) will be called its transition count spectrum. In some
applications (cf. [3-6], [9]), it appears that the more uniform the distribution
of the transition counts over the integers in the set [n], i.e., the smaller the
differences between the various numbers 7'C,(i),1 < i < n, the better the
code will be. An n-bit Gray code with transition counts satisfying |T°C,, (i) —
TCph(j)] < 2 for every @ > 1 and j < n is called balanced, and it is called

n
totally balanced if TC,, (i) = TCy(j) for all ¢ and j. Since > TC, (i) = 2",
a necessary condition for a Gray code to be totally balaricéd is that n is
equal to a power of 2. So, the standard Gray codes of length 1, 2, and 3 are
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balanced codes and, moreover, those of length 1 and 2 are totally balanced
codes. However for n > 4 the standard Gray code G4 (n) is not balanced.

In [6] Robinson and Cohn introduced an interesting method for the
construction of balanced Gray codes of length n based on a known (n —2)-bit
balanced Gray code. Robinson and Cohn claimed, without giving a complete
proof, that by applying their technique balanced Gray codes can be produced
for any n > 1. Their approach requires a special subsequence of the transition
sequence of the (n — 2)-bit Gray code. In [1] Bhat and Savage present a
method to construct such a subsequence, thus completing the proof for the
existence and the construction of balanced Gray codes for all values of n > 1.
In Section 3 we introduce a different and slightly more general method for
the construction of subsequences as mentioned above. This method appears
to be simpler than the one in [1]. At the end of Section 3 we prove that if
n is a 2-power, a balanced Gray code is always totally balanced. In Section
4 we apply our method to the construction of Gray codes with a special
transition count spectrum, the existence of which was conjectured by Wagner
and West in [10]. Gray codes having such a transition count spectrum can
be considered as generalizations of totally balanced Gray codes in the sense
that all transition count numbers are 2-powers with exponents as close as
possible. More precisely, these exponents are either equal or differ from each
other by 1. For this reason one could call such a Gray code an exponentially
balanced Gray code.

2. The Robinson-Cohn construction

The construction of Robinson and Cohn [6] for obtaining cyclic Gray
codes is an extension of the ultra-composite method introduced by Gilbert
in [2]. Their approach is based on the well-known fact that a Gray code of
length n corresponds to a Hamiltonian cycle in an n-cube. To obtain such
a cycle, they combine Hamiltonian cycles in four copies of the (n — 2)-cube.
The four subcubes are labeled by 00, 01, 11 and 10 (cf. Fig.1) which refer
to the two leftmost bits in the codewords of length n. The outlines of the
construction are as follows (cf. also [1, Section 2|).

Construction A
1. Let
Sn_g = 851,8525...,S9n-2 (4)

be the transition sequence of some Gray code of length n — 2. Select a
subsequence

T :=t1,to,...,t_1,1 (5)
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of S,_o with [ even such that ¢; and t¢5, as well as t;_; and t; are
consecutive in S, _o.

2. After having inserted four copies of the transition sequence S,,_o in the
n-cube, one proceeds by deleting a number of ¢;-numbers according to
the rules:

from the subcube 00, all odd-indexed elements t1,t3,...,¢;,_1 of T
are deleted;

e from the subcube 01 the elements to,t3, ..., are deleted;

e from the subcube 11, all even-indexed elements to,t4,...,t are
deleted;

e from the subcube 10, only #; is deleted.

3. The four subcubes are connected as is illustrated in Fig.1.

We remark here that Fig. 1 is a slightly altered version of Fig. 7 in [6].

The dots in this figure are vertices in the n-cube, and hence they represent
codewords of length n, and the elements ¢, label those edges of the cube which
correspond to a transition from one codeword to the next codeword in the
relevant subcube. From this picture it will be evident that the resulting path
is a Hamiltonian cycle, since it is closed and all vertices of the n-cube are
incident with this path precisely once. The resulting transition sequence .S,
of the Gray code is obtained by following the path. This sequence .S, can, in
a schematic way, be written as

S, =T1"% 1" (6)

where 7" and T” are modified sequences T'. The modifications consist of
inserting a certain subsequence if there is a "gap"in T, i.e., if t; = 5;,t;41 =
sj+k with 2 <7 < 1—2,k > 2, where s; and s, are elements of the sequence
Sp—2 in (4). The treatment of such a gap is handled as sketched in Fig. 2.
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Fig. 1. Gray code construction

Example 1. We take the transition sequence of the standard Gray code
G4 (3) of length 3: S3=1,2,1,3,1,2,1,3.

Furthermore, we take [ = 6 and define a subsequence 1" consisting of the
underlined elements of S3. As one can see the elements t3,t4 and t4,t5 are
not consecutive in S3. Following the path sketched in Fig. 1 and in Fig. 2,
we obtain the following transition sequence of a 5-bit Gray code:

37 47 57 l? 27 57 27 47 27 l? 37 47 37 57 37 l? 57 47 27 47 l? 57 l? 47 27 l? 37 l? 27 l? §7 5‘

This code is a balanced Gray code, since its transition counts are
TCs5(1) = 8 and TC5(2) = TC5(3) = TC5(4) = TC5(5) = 6. Of course,
when starting from some transition sequence S, _o, the resulting Gray code
will depend on the selected subsequence T' = t1,to, ..., t;. Let T'C), (i) denote
the transition count of position ¢ in the constructed Gray code of length n,
and let T'C),_2(i) be its counterpart in the original Gray code of length n — 2
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for 1 < i < n—2. From the construction rules and from the picture in Fig. 1, it
follows that if a position i occurs b(i) times in 7', there are 2b(7) transitions for
that particular position which will be deleted when constructing .S,,. Hence,
the number of times that ¢ occurs in .S, is equal to

TCy (i) = AT Cp—2(i) — 2b(i) (7)

for 1 < i < n—2. Furthermore, it will be obvious, again from the construction
rules and from Fig. 1, that

TCo(n —1) = TCp(n) = L. 8)
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Fig. 2. Gap in detail

Robinson and Cohn in [6] claimed without proof, that 7' can always be
chosen such that if the original Gray code of length n — 2 is balanced, the
produced Gray code of length n is balanced too. Bhat and Savage in [1] proved
the existence of such a subsequence T for all n > 3. Actually, they showed
in an inductive way that if S, _o is balanced, it always has a subsequence T’



Totally balanced and exponentially balanced Gray codes 87

with occurrence numbers b(i), 1 < i < n — 2, such that the right hand sides
of equations (7) and (8) are equal to a, or to a, + 2, where a,, is defined as
the unique even integer satisfying

n

2
tn < = < ap +2. 9)

The following theorem holds.

Theorem 1 [Robinson, Cohn, Bhat, Savage|. For all n > 1, there exists
an n-bit balanced Gray code, and if n is a power of 2, there exists an n-bit
totally balanced Gray code.

In [8], along similar lines, a more straightforward proof is given for the
existence of a subsequence T with appropriate numbers b(3).

We remark that a totally balanced Gray code of length n = 2V has
transition count spectrum (2"7Y,...,2"7Y).

In the next section we shall present a completely different proof of a
slightly more general theorem. It appears to be possible to weaken the required
conditions for the Robinson—Cohn construction, i.e., one can drop the condition
that the last two transition numbers ¢;_1 and ¢; of T should be consecutive.

3. An extended Robinson-Cohn construction

We consider the transition sequence S,_2 of some Gray code G(n — 2).
If w and v are subsequences of S),_s, the concatenation of u and v will be
denoted by uwv. For every subsequence u of S,,_s we define

u(n —1,n) =u,n —1,u?,n,u (10)
and
u(n,n —1) = u,n,ul,n—1,u, (11)

where u stands for the reversed sequence of u. We emphasize that « may be
the empty sequence. Next, we present the construction of a Gray code G(n)
based on the transition sequence of a Gray code G(n — 2).

Construction B

1. Let [ be an even positive integer. Partition S, _o as
Sn—2 = Siy, U0, Sig, UL, Sig, U2,y - - -5 S5y, UI—2, S5, U,

where i1 = 1,4y = 2, ug = & (the empty sequence) and uy, uy . .., u;_o,v
are proper subsequences of S, _o which may be empty.
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2. Replace ug,u1,ug,...,uj—o by n — Liui(n — 1,n),us(n,n — 1),...,
uj—o(n,n — 1) respectively yielding the sequence U.

3. Let V=ovfnvand W=n-1,8,_o,n.
4. Interchange n — 1 and s; in W, giving the sequence W”.
5. Define S, := U, V,W".

For the sake of convenience we shall write S instead of S,, in the next.

Theorem 2. The sequence S := U%, V, W' is the transition sequence of
a Gray code G(n).

Proof.We remark that the occurrences of the integers n and n — 1 in the
sequence S alternate according to the following pattern

n—1lnnn—1n—1nn,....n—1I,n—1,nnn—1n—1nn—1n.

It is obvious that all integers in S occur an even number of times. Below
we shall show that any proper subsequence X of S contains at least one
integer which occurs an odd number of times. For the sake of convenience
we say that X satisfies property P. According to a well-known criterion, the
sequence S is the complete transition sequence of a Gray code if and only if
property P holds for any proper subsequence of S which consists of a number
(> 0) of consecutive elements. A proper subsequence X of S has length less
than the length of S, and all its consecutive elements are also consecutive in S.
More in particular, if Z := {i € [n]|i occurs an odd number of times in X},
then we shall say that X satisfies P(Z). The proof of Theorem will be
accomplished by considering a number of distinct cases.

Case 1. X CUR. If X = U, then X satisfies P({n — 1}). This property
is the implication of [ being an even integer. Whenever X # U’ and the
integers n — 1 and n occur an even number of times in X', then, with respect
to the occurrence of integers an odd number of times, X is equivalent with
a proper subsequence of S;,_5. Thus, X satisfies P.

Case 2. X C V. Here it is obvious that X satisfies property P, since if X
does not satisfy P({n}), then X is a proper subsequence of S,,_s.

Case 3. X C W'. Because of rule 4 and the properties of S, _s, it is clear
that X satisfies P.

Case 4. X = X1, X9, X3 with X7 = XﬂUR, Xo=XNV, X3 = XﬂW/,
and X; # @ or X3 # @. We consider three subcases.

o Let X3 =@, and hence X = X, Xy. If UR C X or V C X', then X
satisfies at least P({n}) or P({n—1}). Assume that U and V are not
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subsequences of X’. If X does not contain any of the integers n and
n — 1 an odd number of times, then the sequence X', with respect to
the occurrence of integers an odd number of times, is equivalent to a
proper subsequence of S, 5. So, X satisfies P.

o Let X = @. If X does not satisfy both P({n}) and P({n — 1}), then
X must be some proper subsequence vs; of S,_o. Here we use the
assumption that S, _s is the transition sequence of a cyclic Gray code.
So, again X satisfies P.

o Let X| # @ and X3 # @. It means that Xo =V = vf n,v. If X3 = 51,
it will be clear that X satisfies P({n}) or P({n — 1}) or contains a
subsequence which is — with respect to the occurrence of integers an
odd number of times — equivalent to a proper subsequence of S, _o.
Thus X satisfies property P. If X3 contains the integer n — 1 but does
not contain n, the pattern of the occurrence of the integers n—1 and n,
as remarked at the beginning of this proof, will imply that X at least
satisfies P({n}) or P({n —1}). If X3 contains n, or equivalently X3 =
W', then since X1 # U’ (remember that X is a proper subsequence of
S), X will satisfy P({n}) or P({n—1}) or contain a subsequence which
is, with respect to the occurrence of integers an odd number of times,
equivalent to a proper subsequence of S, _o. Thus X satisfies property
P. Theorem 3 is proved.

Remark that the subsequence s;,, 8;,, Si,, - - - , 55, in Construction B is here
considered to be a subsequence of S;,_5 although not every pair of elements
57, sj+1 need to be consecutive in S,,_s. If the subsequence u;_s of S;,_2 in
rule 1 is empty, we have a subsequence T as mentioned in Construction
A and our construction is equivalent to Construction A (the Robinson-
Cohn construction) with ¢; = Sijs 1 < 7 < [. In this sense our construction
is a generalization of the Robinson—Cohn construction. From now on, the
subsequence s;,, iy, Sis, - - -, Si;, is also referred to as subsequence 7.

Since the resulting sequence S, is a complete transition sequence, all
transition counts are even positive integers, and at least two transition counts
are equal to [, i.e., TC, (n—1) and T'C,,(n). Of course, the subsequence T' can
be produced if and only if 0 < b(i) < T'C,,—2(i) or, applying (7), whenever
2TCp—o(i) < TC,(i) < ATCp—o(i) for all i,1 <i<n—2.

Example 2. If we start with a 3-bit Gray code with transition counts (2,
2, 4) and with transition sequence S35 = 3,2,3,1,3,2,3,1, then our method
can not be used to construct a 5-bit Gray code with transition counts (2,
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2, 2, 10, 16), since 10 > 4.2. Neither can we construct a Gray code with
transition counts (2, 4, 6, 8, 12), since all these values are different. However,
we can construct a 5-bit Gray code with transition counts (4, 4, 8, 8, 8) by
taking the subsequence T equal to Sj itself. The resulting 5-bit Gray code
has transition sequence
Ss=1,4,5,3,5,4,2,4,5,3,5,4,1,4,5,3,5,4,2,4,3,5,3,4,2,3,1,3, 2,3,1,5.

In order to formulate our next theorem, we shall denote the partition of
a positive integer N into n positive even integers in non-decreasing order by
En(N) = (p1,p2, -, Pn), 16, pi < pip1,1 <i<n—1.

Theorem 3. Let G(n — 2) be an (n — 2)-bit Gray code with transition
counts TC,—2(i), 1 < i < n — 2, which are ordered in non-decreasing order,
and let E,(2") = (p1,p2,-..,Pn) be a partition of 2" into n positive integers.
Then the extended Robinson-Cohn construction yields an n-bit Gray code
with transition count spectrum (p1,pa,...,pn) if and only if

(i) px = pr+q for some k, 1 <k <n—1;

(i) 2TCh—2(i) < p; < ATCy—2(1) for every i, 1 < i < k;
2TC—2(1) < pivo < ATC,_9(1) for every i, k < i <n — 2;

(ili) there exist at least two bit positions, j,j" € [n]\{k,k + 1}, such that
pj < A4TCy—2(i) and pj; < 4TCy,—o(i'), for some i and 7', 1 < i,i" < n—2, and
such that i and i’ are consecutive integers in the transition sequence S, _s of
G(n —2).

Proof. Let G(n) be the n-bit Gray code constructed by the extended
Robinson-Cohn construction with transition counts p;, 1 < j < n. According
to the construction rules, it is obvious that G(n) has at least two transition
counts which are equal to [, the length of sequence T'. More precisely, TC,,(n—
1) and T'C,(n) are indeed equal to [, and so condition (i) holds for k = n —1.
Condition (ii) is obvious because of (7). Since s1,s2 in the subsequence T
are consecutive, by setting i = s1 and i’ = s9, we must have at least two bit
positions, say j and j' with j, j" € [n]\{k, k + 1}, satisfying p; < 4TC),—(3)
and pj < 4TC,,_»(¢"), and hence condition (iii) holds. So, the only-if-part of
Theorem is true. To prove the if-part, we define

4T0n—22(z) pz’ 1<i< k‘,
b(i) = (12)
4TCn—2(21) —Pz+27 k<i<n_o.

where the numbers p; are the integers from a given partition £, (2"). We have

n—2
that px := > b(i) > 1, since there exist at least two bit positions, j and j’
=1
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with 7,75 € [n]\{k, k + 1}, such that p; < 4TC,,_5(7) and pj < 4TCy_o(7")
for some 7 and i/, 1 < 7,7’ < n — 2. Moreover, since 7 and ¢’ are consecutive,
the subsequence T of length p, can be chosen such that s; =i and sy = ¢’
are consecutive. Following our construction, the resulting Gray code G(n)
will have transition counts p;,1 < j < n. Theorem 3 is proved.

Example 3. Starting with the standard Gray code G4 (3) with transition
sequence 1, 2, 1, 3, 1, 2, 1, 3 and transition count spectrum (2, 2, 4), we are
able to produce a 5-bit Gray code with transition count spectrum (4, 4, 8, 8,
8). As subsequence T we choose the complete transition sequence of G (3).
The resulting Gray code has transition sequence

3,4,5,1,5,4,2,4,5,1,5,4,3,4,5,1,5,4,2,4,1,5,1,4,2,1,3,1,2, 1,3, 5.

We remark that, starting from G4 (3), we can construct Gray codes with
the following transition count spectra:

(2,2, 6,8, 14), (4, 4, 6, 6, 12), (4, 4, 8, 8, 8),
(4, 4, 4, 6, 14), (4, 4, 6, 8, 10), (4, 6, 6, 8, 8),
(4,4, 4, 8,12), (4, 6, 6, 6, 10), (6, 6, 6, 6, 8).

Notice that for instance a Gray code with transition count spectrum (2, 2,
8, 8, 12) cannot be produced by Construction B because requirement (iii) of
Theorem 3 cannot be satisfied. We remark that the requirement that s; and
s9 must be consecutive elements in S, _9 (cf. rule 1 Construction B) cannot
be dropped, as the following example shall illustrate.

Example 4. We start with G4 (3) which has transition sequence
S3=1,2,1,3,1,2,1,3. Take the subsequence T" of Construction B consisting
of the integers which are underlined. Notice that there are no consecutive
integers in 1" which are consecutive in S3. Here uy = 2, and hence if we
replace ug by up(4) = 2,4,2, and apply Construction B, we find that Ss is
equal to the sequence

37 17 27 47 27 57 27 17 37 57 37 47 37 17 27 47 27 1737 57 37 17 47 27 17 37 17 27 17 37 57

which is not a transition sequence of a Gray code of length 5 because the
proper subsequence 3, 4, 3, 1, 2, 4, 2, 1 (= s11,512,...,518) contains no
integer occurring an odd number of times.

At the end of this section we also prove the following result.
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Theorem 4. Let G(n) be a balanced Gray code. Then G(n) is totally
balanced if and only if n is a power of 2.

Proof. If G(n) is a totally balanced Gray code, then for every bit position
i,1 < i < n, TCy(i) = 2"/n. Because T'C,(i) is an integer for every 4,
the number n must be a power of 2. Conversely, let (p1,p2,...,pn) be the
transition count spectrum of G(n). Remark that p; is even for all 4,1 < i < n,
and moreover that |p; —p;| < 2,1 < 4,7 < n. Let i be some fixed index value.
Suppose that there are [ transition counts p; such that p; — p; = 2 with
1 <1 < n = 2F By summation over all j-values, 1 < j < n, we obtain

np;+ 21 = 2", and hence [ = 2" — gpi =onl okl — 2k_1(2"_k —Di).

Since 1 <1 < 2%, we obtain 1 < 2871277 —p;) < 2% or

SE=T S 2"k —p; <

2. The number 2" % — p;, must be an integer, and hence 2" % — p; = 1. It
implies that p; = 2"~F — 1 is an odd integer. This violates the fact that p; is
even. Hence, we may conclude that p; = p; for all < and j. So, G(n) is totally
balanced. Theorem 4 is proved.

4. Gray codes with a special transition count spectrum

Let n = 2" + u,0 < u < 2Y. The existence of Gray codes with transition
counts

2n—v=lif 1 < i < 2u

TC, (i) = L SIS

n(7) { 2n—v, if 2u <i<n

was conjectured in [10]. Let @ be a subset of [n] with cardinality 2u. Then
condition (13) is equivalent with

L [onetllif e Q,
TCnli) —{ v if i e [n)\@.

A Gray code satisfying (14) will be called an exponentially balanced Gray
code. By applying the extended Robinson—Cohn construction, we can show
that for every n > 1, a Gray code with transition counts as defined in (14)
exists.

(13)

(14)

Example 5. The standard Gray codes of length 1, 2, 3 have transition
count spectra satisfying (14). A totally balanced Gray code of length 4 has
also a transition count spectrum satisfying (14). Gray codes G(5) and G(7)
having the following transition sequences S5 and S7 correspond to Gray codes
with transition count spectra satisfying (14):

Ss:=3,4,5,1,5,4,2,4,5,1,5,4,3,4,5,1,5,4,2,4,1,5,1,4,2,1,3, 1,
2,1,3,5,
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Sr:= 3,5,3,1,2,1,3,1,2,6,2,1,3,1,2,1,3,7,3,1,2,1,3,1,2,4,1,7,
1,6,1,5,1,6,1,7,1,4,2,7,2,6,2,4,6,7,5,1,7,1,6,1,5,6,7, 4,
3,7,3,6,3,4,6,7,5,1,7,1,6,1,5,6,7,4,2,7,2,6,2,4,6,7,5,1,
7,1,6,1,5,6,4,3,7,3,4,6,5,1,5,4,2,4,5,1,5,4,3,4,5,1, 5,4,
2,4,1,5,1,4,2,1,3,1,2,1,3,5,3,7.

As one can verify, TC5 = (23,22,22,23,23) and TC; = (2°,2%,24,24,24
24.2%). So, these Gray codes all are examples of exponentially balanced Gray
codes.

Theorem 5. For every n > 1, there exists an exponentially balanced
Gray code of length n.

Proof. We shall distinguish between the cases n is even and n is odd.
Case I when n is even. We already proved this theorem for the case when n is
a 2-power, as can be seen immediately by comparing (14) with the transition
count spectrum of a totally balanced Gray code (cf. Theorem 1). The proof
for all other cases will be accomplished by (incomplete) induction from one
2-power to the next one. More precisely, starting from a totally balanced
Gray code of length 2Y, we shall construct, by applying Construction B, a
series of 2°~! Gray codes all of which have a transition count spectrum of
type (14).

Let v>1.If n =2+ wu,u < 2", is even, then u is even, and we can write
n =ng+ 2m — 2 with ng = 2° and 1 < m < 2°~!. We proceed by induction
to m from m = 1 until m = 2¥~!. From Theorem 1, we know that there
exists a totally balanced Gray code G(ng) with transition count spectrum

TChy = (27077, 27070 gm0V, (15)

Hence, Theorem is true for m = 1. Assume that there exists a Gray code
G (n) for n = ng+2m—2, where m is some fixed value with 1 < m < 2= —1,
and with transition count spectrum

TC, — (2n0+2m—2—v—1 2n0+2m—2—v—1
n — PR

9

4(m—1)
2n0+2m—2—v 2no+2m—2—v)' (16)

no—2m-+2

We shall assume that this code G(n) with transition sequence S,, has
been produced by applying Construction B m — 1 times starting from G(nyg).
We shall prove now that we can construct, starting from G(n), a Gray code
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G(n + 2) with transition count spectrum

En42(2"%%) = (p1, ..., Pams Pamt1, - - - » Pnt2)
(27104-2777,—1)—17 . 2710-1-2771—1)—17 2n0+2m—v’ e 2no+2m—v). (17)

4m no—22m

In order to satisfy condition (i) of Theorem 3 we take k = n + 1, implying
Pr = Pry1 = 20127V One can easily verify that for all i € [n + 2]\{k, k +
1} condition (ii) holds as well. From the above choice for k + 1 it follows
that the length of the subsequence T of S, must be equal to 270+2m—v —
4.2no+2m=2=v — ATC, (i),i > 4(m — 1). So, if T contains precisely four
different integers i1, i2,13,14 € {4m—3,4m—2,...,n}, and if all these integers
occur in T as often as they do in Sy, i.e., TC,(i;) = 2"0T2M=27Y times, the
required length of 7" is obtained. The only thing we have to prove yet is that
condition (iii) of Theorem 3 can be satisfied. To be able to do this, we first
show that the number of consecutive pairs {ng + 2m — 3,n9 + 2m — 2} in
Snotram—2(= Sp) is at least 271 — 1 — (m — 1) = 2v~1 — m. One can see
this as follows. For m = 1, we consider consecutive pairs {l,n} in S, for
n = ng. Since each | < n occurs 2"7" times, we have that there is certainly
some [ < n such that there are at least % occurrences of consecutive pairs
{l,n}. Without loss of generality we may take [ = n — 1, since the transition
count spectrum of G(ng) is invariant for bit permutations. Since

on—v on—v 22” —v
= >
n—1 20 —1 20

=22 > vl foru>1, (18)

the inequality holds for m = 1. In order to proceed for m > 1, we notice that,
due to rule 2 of Construction B, any consecutive pair {N —1, N} in Sy gives
rise to a consecutive pair {N 4+ 1, N +2} in Sy, apart from the consecutive
pair {s1,s2}. Since we applied Construction B m — 1 times to obtain (16), it
follows that there are at least 2°~! —m > 0 pairs {ng+2m—3,ng+2m—2} in
Sno+2m—2- So, we can take a pair {4, } = {no+2m—3,no+2m—2}, providing
us with p; < 4TC,(i) and p;; < 4TC,(¢'), for any pair of indices j and j’
taken from [4m]. Since the standard Gray code of length 2 has transition
count spectrum satisfying (14), we may conclude now that Theorem is proved
for the case n is even.

Case 11 when n is odd. In this case, we shall start with a Gray code of
length 2V +2Y — 1 for some v > 1 having transition count spectrum (14). The
Gray codes G4(3) and G(7) in Example 5 are of this type. Starting from a
Gray code of length ng = 2Y + 2% — 1, v > 1, we now construct a series of 2¥
Gray codes of length ng + 2m,1 < m < 2¥ with transition count spectrum
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(14). Suppose that a Gray code of length ng = 2 4+ 2V — 1 with transition
count spectrum satisfying (14) exits for some fixed v > 1. The transition
count spectrum of this Gray code is

(2ro—vTh, L 2me vt gne), (19)

no—1

The standard Gray code Gy (3) has this type of spectrum with v = 1.
Based on this Gray code G(ny), using Construction B, we shall construct a
series of 2V Gray codes of length ng 4+ 2m,1 < m < 2Y, all of which have
a transition count spectrum of type (14). In order to do this, we first shall
construct a Gray code with code length n; = ng + 2 = 2**! + 1 having a
transition count spectrum

(2710—1)’ 2no—v’ 2n0—v—1’ o 2no—v—1)’ (20)

no

which clearly is of type (14). From the assumed spectrum of G(ng) in (19)
we know that T'Cy,(ng) = 2"°7". Since every | < ng has transition count
2no—v=1 it follows, just like in Case I, that there exists an | < ng such that

the number of occurrences of the consecutive pair {l,no} in S, is at least
ono—v

T Again we may take without loss of generality | = ng — 1. Now we
nog —
have that the number of consecutive pairs {ng — 1,ng} is equal to

Qno—v 22’”+1—1—v 22’”+1—v

_ _ o2Vt _9y—2
n0_1_2v+1_2> 9072 =2 v > 2Y v = 2. (21)

Consider

Fpng12(2%2) = (py,...,py) = (2mo7v,2m0—v gno—vil ~ ‘gno—vily —(99)

no

Take & = n; — 1 = ng + 1. Hence, we have p, = pppg = 2m0— v+l
which satisfies condition (i) of Theorem 3. Condition (ii) of that theorem
can again be verified easily. For establishing condition (iii) of Theorem 3, we
take {j,7'} = {1,2}. Since v > 2, it is clear that {j,j'} C [no]\{k,k + 1}. It
follows that for every i € [no] we have p; = pj = 2"07Y < 4T'C,, (). Since
all three conditions of Theorem 3 are satisfied, the existence of a Gray code
of length ny = ng + 2 with transition count spectrum (22) is guaranteed.
We remark here that the number of occurrences of consecutive pairs of the
integers n; — 1 and n; is at least 2¥ — 1, due to rule 2 of Construction B.
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Based on this last Gray code, we shall derive a series of 2V Gray codes all
of which have a transition count spectrum of type (14). To this end, we
shall apply again (incomplete) induction to m, 1 < m < 2¥,v > 2, starting
from a Gray code of length ny = ng + 2 = 2" 4+ 1 until a code of length
no + 2Vt = 201 L 291 _ 1. Since we constructed a Gray code of length n;
having transition count spectrum (14), the theorem is true for m = 1. We
discuss two subcases: 1 <m < 2Y —1 and m = 2".

Subcase 1l.a. 1 < m < 2Y — 1,v > 2. Assume that Gray codes G(n) of
length n =ny +2m — 2,1 < m < 2Y — 2, with transition count spectrum

TCn _ (2n1+2m—v—47 e 2n1+2m—v—47 2n1+2m—v—37 . 2n1+2m—v—3 (23)

2(2m—1) ni—2m

have been constructed by applying Construction B m —1 times, starting from
G(n1). We shall show now that we can construct, starting from G(n), a Gray
code G(n + 2) with transition count spectrum

n+2y\ __
Eny2(2"7%) = (P15 - - -, Pam+2, Pam+3; - - - s Pnt2)
_ ni+2m—v—2 ni+2m—v—2 oni+2m—v—1 ni+2m—v—1
= (2m .. om ,om ..., om ). (24)
2(2m+1) ni—2m—2

To satisfy condition (i) of Theorem 3, we take k = n + 1, implying py =
pry1 = 2" FT2m=v=1 One can easily verify that condition (ii) holds for every
i € [n+ 2)\{k,k + 1}. To prove condition (iii) of Theorem 3, we first show
that the number of consecutive pairs {n — 1,n} in S, is at least 2V —m. We
can prove this in the same way as we did for a similar statement in case I.
Thus, we can take a pair {i,7'} = {n —1,n} providing us with p; < 4TC,,(7)
and pj < 4TC, (') for any pair of indices j and j' taken from [4m + 2].
Notice that for m = 2¥ — 1 consecutive pairs {n; + 2m — 1,n1 + 2m} in
Spytom occur at least 2V — 1 — (2 — 1 — 1) = 1 time. Let us define for
m=2"—1,ny =n; +2m —2 = 2Tt + 2v+1 _ 3 Then we have that the
resulting Gray code has a transition count spectrum

(2n1+2m—v—2’ o 2n1+2m—v—2, 2n1+2m—v—1, e 2n1+2m—v—1) _
2(2m+1) n1—2m—2
—v—2 —v—2 —v—1 —v—1
(2r2=v=2  gna—v=2 gma—v=l . gma=v=ly (95)
no—3 3

Subcase 11.b. m = 2. We know that in the transition sequence S,, of
the code with transition count spectrum (25) there occurs at least one pair
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of consecutive integers {no — 1,n2}. Assume that we want to construct a
Gray code of length ng +2 = 2vF 4291 1 with transition count spectrum
prescribed by

En2+2(2n2+2) = (pl, - ,pn2+2) = (2"2_1)7 . ’2712—1)7 2n2—v+1).

no+1

Again we want to establish conditions (i), (ii), and (iii) of Theorem 3. To
satisfy condition (i) we take k = ny which gives px = prr1 = pny+1 = 2277,
For these values of k£ and k + 1, condition (ii) holds, as can be verified easily.
For validating condition (iii), take {j,7'} C [n2 + 1]\{k,k + 1}. By taking
{i,i'} = {na — 1,n2}, we can see that p; = p;y = 2™27Y < 4.2m7v"1 =
4T Ch, (i) = ATC),,(i"). Since we know that the integers ny — 1 and ng are
consecutive in Sy, , we conclude that the three conditions of Theorem 3 are
satisfied.

Until here, we showed that a series of 2¥ — 1 Gray codes exists with
transition count spectra satisfying (14), starting from a similar type of Gray
code of length n; = ng+2 = 271 4-1. Remark that the last Gray code derived
in this case (Subcase IL.b) has length ng 42 = 2v+1 421 —1 and, therefore,
it is of the same type as the Gray code of length ng we started with in Case II.
So, we proved the Theorem for the odd length case for n > 2¥ 4 2¥ — 1, with
v = 2. Since Gg(1),Gs(3) and G(5) (cf. Example 5) all have a transition
count spectrum of type (14), the Theorem has been proved now for all odd
values of n. Theorem 5 is proved.

Remark. It came to our attention (private communication of Prof.
A. A. Evdokimov, Novosibirsk State University) that some of the results in
this paper and in [1, 6, 10| were already found by Bakos (achieved about
1955), and published, in quite a different context, in A. Adam, "Truth Function
and the Problem of their Realization by Two-Terminal Graphs Akadémiai
Kiado, Budapest (1968).
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