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KPUTEPUN TPAHUYHOCTU U ET'O IIPUMEHEHU S

B. E. Astekcees, /. C. MaJibliieB

Amnnoranumsi. JTaércest HOBoe omnpejiesieHre TPAHUIHOTO Kjacca rpadoB
U JIOKa3bIBACTCS KpUTEpUil rpaHnvdHocT. B KadecTBe mpuMepa ero mpu-
MEHEHUsI PAaCCMaTPUBAETCS KJIACC, COCTOSINNIA U3 IpadOB, ¥ KOTOPHIX
KazK/1ast KOMIIOHEHTa CBSI3HOCTH sIBJISETCs JIEPEBOM C He OoJjiee 4em Tpe-
M JUCThAME. VI3BecTeH psijl 3a7ad, /i KOTOPBIX 9TOT KJIACC SABJISAETCS
rpaangabiM. [losryueHsl qocTaTounble YCI0BUSA €10 IPAHNYHOCTH U JT0Ka-
3aHO, UTO OH SABJISIETCS TPAHUIHDBIM JIJI 33789 O HAUOOJIBIIEM JIBYI0/b-
HOM nojrpade u HauboJIbIeM ILIAHAPHOM Iojrpade.

KimroueBbie ciioBa: BBIUNCUTENbHAS CJIOKHOCTH, TPAHUIHBIN KJIACC,
3ajada 0 HanboJIbIeM mmojarpade.

BBenenue

M3BecTHBI MHOTOYHCEHHBIE CIyYan, Koraa Ta win uHass NP-rpyHast 3a-
mada Ha rpadax CTAHOBUTCS MOJHHOMHUAIBLHO PA3PENINMON MM OCTACTCS
TPYJAHON TPU BBEIEHUM JOMOJHUTEIbHBIX OI'PAHUYCHUN HA BXOH, T. €. IpU
cykeHnn kjacca rpacdos. Hampumep, 3ajada 0 HE3aBUCHMOM MHOXKECTBE
NP-nosiaa s Kjaacca IIaHApHBIX IpadOB U pa3perimMa 3a MOJIUHOMHIA/Ib-
HOe BpeMsI I JBY/I0/IbHBIX TpadoB. PaccmarpuBas kakoe-ymb0 mpeicTaBu-
TeJIbHOE CEeMEHCTBO KJIacCOB IpapoB, MOXKHO IOINBITATHCS HAILYIATH JTUHUTO
pasjesia MeXKIy <«IIPOCTBIMU» U «CJOKHBIMU» KJIACCAMU JIJIsl TOW WJIH WHOM
sasaan. Takas monbiTka Gbuta npeanpuHsaTa B [1] mis 3agaun o HesaBucu-
MoM MHOXKecTBe. HameueHHbIN B Hell 101x0/] 6bl1 passur B [2,4-6]. B arux
paboTax paccMaTpUBAIOTCS HACIEACTBEHHBIE KJIACChl rpadoB, T. €. KJIACCHI,
3aMKHYTBbIC OTHOCUTEIbHO n3oMopdusMa u yraajienus Bepiiun. Takoit kiacce
OIIPEIEIISIETCST MHOYKECTBOM 3AIPEIIEHHBIX (MMOPOXKIEHHBIX) morpados. Ec-
JII 9TO MHOYKECTBO KOHEUHO, KJIACC HA3BIBAETCSH KOHEWHO ONPEICAEHHBIM.

B [4] BBeeHO MOHSITHE rPaHUYHOIO Kiacca. HacsieacTBeHHbI Kiace Ha-
spiBaeTcst HM-caoocnvim, eciin 3agada o HezaBUCUMOM MHOKecTBe NP-110/1Ha
st rpacdoB u3 3Toro Kiaacca, u HM-npocmoim, eciim oHa penraeTcst 3a MOJIH-
noMuajabHoe BpeMsa. Kiacc HaspiBaerca HM-npedeavtvim, ecam oH gBIIseT-
cd epecedeHneM yobIBarorieil mociaenoBareabaoctTu HM-C/to2KHBIX KJ1acCOB.
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Munnmanbabiii 1o BritodeHuto HM-nipenenbHbBI  KJIacC Ha3bIBACTCS
HM-eparuunvim. 3Havenrne OHSATHST TPAHUTHOIO KJIACCa PACKPBIBAET

Teopema 1 [4]. Koneuno onpegenéunbiii kiaacc sipisiercss HM-coroxkabiM
TOIJIa M TOJIBKO TOIJIA, KOIyla B HEM cojepzkurces HM-rpanndublii Kiacc.

B |4] rakxke mokazano, uro kiaace T, cocrosimuii u3 jecoB, y KOTOPBIX CTe-
[IEHU BEPIIUH HE IIPEBOCXOIAT 3, a B KAXKJI0 KOMIIOHEHTE CBSI3HOCTU UMEETCs
He 0OoJiee OJTHON BEPIIMHBI CTEHEHU 3, SIBJIAETCS TPAHUYIHBIM. DTO YTBEPKIe-
Hue BepHO 1ipu ycjioBuu, 9To P # NP. Hekoropsie pesybraThl 310 cTaThu
U IUTUPYyEMble HUXKE PEe3YJIbTAThI JAPYTUX PaboOT TakyKe CIPABEIUBBI [IPU
YCJIOBUU CIIPABEIIUBOCTH 3TOH runore3nl. Mbl He Oy/ieM BKIIOYATH 9TO yCJIO-
BHE ABHO B (DOPMYJIMPOBKH COOTBETCTBYIONIUX TEOPEM, IIPEJIIOATast, YTO OHO
BBITIOJTHEHO.

B [5] moHsitne rpaHHYHOIO Kjacca MPUMEHEHO K 3ajade O JIOMHUHUPYIO-
II[eM MHOXKECTBE U JIOKa3aHa TPAHUIHOCTH TPEX KJIACCOB, OJHUM U3 KOTOPBIX
aBjsieTcs kjaacc T.

B [6] monsitue rpanmdHOrO KJacca pacmpocrpassiercss Ha Jjiobyio NP-
tpyanyio 3amady 1l na rpadax. Teopema 1 octaérea crpaBeyinBoil B obiemM
ciydae. B [6] mokaseiBaercs, uro kinace T gBisiercss TpaHUYHBIM JIJTs1 331849 O
HE3aBUCUMOM JIOMUHUPYIOIIEM MHOYXKECTBE, O IIOPOXKAEHHOM [TapOCOUeTaHUN,
0 MaKCHMAaJbHOM IHUKJIE, O MAKCUMAJLHOM IIyTH, O PEOEPHOM JOMUHUPYIO-
[eM MHOXKECTBe, O Pa300IIEHHOM MHOXKeCTBe, 0 Ps-dakrope. Ob6mumit mian
9TUX JIOKA3ATEIbCTB BKJIIOYAET IIPE/IBAPUTEIHHOE YCTAHOBJIEHNE TOTO (DAKTa,
YTO Ta WM UHAS 3a/lada [MOJUHOMUAJIBHO pas3peniuMa Jijisi JTI000T0 CUJIBHO
HACJIE/ICTBEHHOIO KJjacca (HACJECTBEHHOIO KJacca, 3aMKHYTOrO €Ilé U OT-
HOCUTEJIBHO yiaJienust pébep), He BKJoUatoriero kiacc T.

Hemocrarkom npuBeIEHHBIX BBIIIE OIPEJIeJIEHNI SIBJISIETCSI TO, IYTO UTHO-
pUpYyeTCs BO3MOXKHOCTH CYIIECTBOBAHUS KJIACCOB MPOMEXKYTOIHON CJI0YKHO-
CTH, JUIT KOTOPBIX 3ajada 11 He aBistercst Hu NP-TI0/THOM, HI TOJTUHOMHAATb-
HO paspentnmoii [3|. Eciim Hac maTepecyer rpaHuiia MeKIy KIACCAMHE, JJIst
KOTOPBIX 3a/1aua permaercs 3bdEeKTUBHO (38 MOJTMHOMUAIBHOE BPEMsl ), U Te-
MU, JIJIsT KOTOPBIX TAKOTO PENIeHus He CYIIEeCTBYET, TO IpaBujbiee ObLIO Obl
onpeZesuThb [1-cJI0KHBIN KJ1acC KaK HAC/IEACTBEHHBIN KJIACC, He dBJISIONII-
cs Il-npocteim. VMenno Takoil o3unumu Mbl IPUJIEPKUBAEMC B HACTOSAIIEN
craTbe. COOTBETCTBEHHO HOBOE COJIEPXKAHUE TPUOOPETAIOT TOHATHUS IIPEJIE/Ib-
HOT'O W T'PAHUYIHOTO KJIACCOB, XOTS WX OIPEICJICHUsT OCTAIOTCS TPEXKHUMUI.
Teopema 1 cupaBesjuBa 1IpU HOBOM OIPEJIEIEHUN TPAKTUICCKH C TEM Ke
JIOKA3aTeJILCTBOM.

Eciin mHekoTopslit Ki1ace siisiercst [I-1ipeiesIbHBIM TIPU CTAPOM OIpeiesie-
uun Il-cioxnoro knacca, To ou ll-ipenenbubiii u npu HoBoMm. g rpanmd-
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HBIX KJIACCOB 3TO, BOOOIE ToBopsi, He Tak. OJHAKO I'PAaHUYHOCTH B HOBOM
cmbicste kiacca T st Beex cirydaeB u3 [6] coxpansiercst. 9To JIErKo HOKa-
3aTh, TPAKTUIECKH TOJTHOCTHIO MTIOBTOPsIsT COOTBETCTBYIOIIHE JIOKA3ATETHCTBA
u3 [6].

Tor ¢dakT, 9ro ycraHoB/IeHa I'PaHUYHOCTH UMEHHO Kjacca T Jurs meso-
ro psijia 3ajad, OTparkaeT, Mo-BUIUMOMY, OJHOOOpasrne MPUMEHSIBIIIEroCsl 0
CHX TIOp IOJXO0JIa K MCCJIEIOBAHUIO IPAHUYHOCTH. BMecTe ¢ TeM HHTEpPecHO
OBLTO OBI BBIABUTH OOINE TIePThI 3a/1at, JJsT KOTOPBIX 3TOT KJIACC SBJISIETCST
rpaHuvHbIM. VIMeHHO 5T0 O6bLIO epBOHAYAILHON ME/IBI0 HACTOMAIIEH CTaThHU,
OJTHAKO Telepb Mbl CUUTAEM IJIABHBIM €€ pPe3yJbTaTOM KPUTEPHUil I'DaHUY-
Hoctu (Teopema 2). OcrasbHast 9acThb pabOTHI JIEMOHCTPUPYET IPUMEHEHUE
9TOr0 HOBOTO MHCTPYMEHTa K WCCJIEJIOBAHUIO I'DAHUYHOCTH Kjiacca T jyrst
pPa3InYIHBIX 3a7a4. [1oydeHbl 10CTaTOIHbIE YCIOBUS €r0 TPAHUTHOCTU JIJIs
obreit 3ama49n 0 HaubOJIbIIEeM HoArpade, JoKa3aHa MPAHUIHOCTD JIJIsI 3a1a4
0 HAMOOJIBIIIEM JIBY/IOJILHOM 1 HanOOJIbIIEeM ITaHapHoM rmoarpade. Mot nae-
€MCsl, YTO KPUTEPUil OKayKeTCs MOJIE3HbIM I UCCJIEIOBAHMS APYTUX 3a1a9
n ApyTux rpaHUIHbIX KJIaCCOB.

[Tox, ktaccom rpadoB MOHUMAaeM MHOXKECTBO TpadOB, 3aMKHYTOE OTHO-
curenbio m3omopdusma. Hepes Free(X) obosmauaercs: kimacc rpados, He
UMEIOIIUX MOPOXKIEHHBIX OArpadoB, n3oMopdHBIX rpadaM U3 MHOXKECTBA
X, a ugepe3 Forb(X) — rakoe muHMMaiabHOE MHOX)eCTBO rpados Y, [uro
X = Free(Y).

Hastee kG oboznavaer rpad, KaxKjgas u3 k KOMIIOHEHT CBA3HOCTU KOTO-
poro uzomopdua rpady G; S(p) — 1epeBo ¢ Tpems JMCThIMU, KayKIblil u3
KOTOPBIX HAXOUTCS HA PACCTOSHUN P OT BEPIINHBI CTEIIeHW 3; MOCT B —
JIEPEBO C YETBIPbMSI JIUCThIMUA U JIBYMs BEPIIHHAMU CTEIIEHH 3, PACCTOSHIE
MEXKIYy KOTOPBIMU PABHO k, TPUIEM KaXKIbIH JINCT CMEXKEH ¢ BEPIINHON CcTe-
renu 3.

1. Kpurepuii rpaHUIHOCTHU

ITycrs 1I — kakas-mu60 NP-rpynnasa zamgada una rpadax. Hacniemcrsen-
HBII Kjacc rpadoB X Haz30BEM II-npocmuvim, eciin cyIecTByeT aaropuTM, pe-
maroruit 3agaqay 11 s rpados u3 X 3a moJIMHOMHIAIBLHOE BPEMSI, B IIPOTUB-
HOM cJiydae Kjace X HazoBéM lI-caooichoim. Hacmemcrsennnrit Kiace X Ha-
30BEM II-npedeavrivim, ecin cyimecTByeT mocae0BaTeIbHOCTD X1 2 Xo D ...

(o]
IT-cioxkubIx Kaacco Takasd, 9to (| X; = X. MuHUMAJIbHBII 110 BKIIOUEHUTO

=1
H—HpeﬂeﬂbeIfI KJIaCC Ha3bIBaeM H—ZPG,HU’LL’H,T)LM KAACCOM.

Teopema 2. Il-upenenbmbiii Kiaacc A spisiercs 1l-rpanmdnbiv Torza u
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TOJIBKO TOrJa, Korja Jutst Kaxkgoro G € A cylnecTByeT Takoe KOHETHOe MHO-
sxecrBo rpagos X C Forb(A), uro kiracc Free(X U {G}) sBisiercs: II-poc-
THIM.

JIOKABATE/ILCTBO. Ilpeamnomo:kumM IpoTUBHOE, T. €. IMyCTh CYIIECTBYET
takoii rpad G € A, uro jyist 060ro Koneunoro muoxkecrsa X C Forb(A)
kiace Free(XU{G}) sisasiercs II-coxkubiv. 3anymepyem rpadut u3 Forb(A)
HaTypasbHbiMu duciamu: Forb(A) = {Hj, Ho,...}. Kaxkuplii u3 kiaccos
Y, = Free({H1, Ho, ..., H,,G}) sBasercs [I-caoxubiv. Ho Torja kiace

Y = () Y:=AnTFree({G}) C A
=1

spistercs [-nipegenpabiv. CremoBarenbho, kiaace A e Il-rpammanbrit.
[Ipemonoykum Terepb, YTO YCJIOBUE BBINOJIHAETCS 1 B — Hac/ecTBeH-
HBII KJIACC, SIBJISIONIUICS COOCTBEHHBIM IOAMHOXKecTBeM Kiacca A. Tloka-
2KeM, 9To Torja Kiacc B He sBisercs Il-ipejesibHbIM.
[Iycrs G € A\ B, X — KoHeuHOe MOJMHO)KeCTBO MHOX)KecTBa Forb(A),
1151 Koroporo kiacce Free(X U {G}) asnserca Il-nmpocteim. domycrum, wro
[ee]
Y: DYy D...— mobast Takast 110cse10BaTeIbHOCTE, uTo (| Y; = B. B aroii

=1
[IOCJIE/IOBATEILHOCTH HAlIETCst Kiace Y, He cojepxKarmuii rpacda G u Bcex

rpadoB u3 X. Tak kax Y, sBaslercs moamHOX)KecTBOoM Il-mmpocToro kiacca
Free(XU{G}), To ou cam II-ipocroii. CiretoBaresibHO, B J1I000ii yObIBatoIei
MOCTIEIOBATETFHOCTH, cxofsmmeticss kK B, nmeercs 1I-mpocTroit Kiace, mosToMmy
B ne Il-npenenpusrit. Teopema 2 mokazana.

2. Kimaacc T

Jlerko Bugerh, uro MuOXKecTBO Forb(T) cocromT m3 BCex IUKIIOB, BCEX
mocToB n rpacda Ki 4. Jna k> 1, p >0, b > 0 oboznaamm

Uk, p,b) = Free({B; | 1 <@ < b} U{Ci [ 3 <i <b}U{K14,kSp}).

Ormernm, aro U(k,p,b) = Free(XU{G}), rne X C Forb(T), G = kS, € T.

IIpumenurenpuo K kKiaccy T Teopema 2 HaéT C/IeAyIONUN KPUTEPHI.

Teopema 3. Kiracc T spisiercss ll-rpannanpiv Torga u TOJIBKO TOIJIA,
roryta o ll-ipesenbrbrii u Jijist J10ObIX k U p cyiecTByeT Takoe b, 4To Kjacc
U(k,p,b) II-upocroii.

JOKABATENBCTBO. lonyctum, T asiserca [I-rpamnuanniv. [To Teope-
Me 2 JiIst JIIOOBIX k W p CYIIEeCTBYeT Takoe KOHEYHOe MHOXKECTBO I'padoB
X C Forb(T), uro kmnacc Free(X U {kS,}) ssasercs II-upocrsim. Ilycrs b —
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MaKCUMYM JIJIMH [IUKJIOB 1 MOCTOB, cojiepzkanuxcs B X (eciu X He COIEePIKUT
IIIKJIOB 1 MOCTOB, TO nojaraem b = 0). Torma U(k,p,b) C Free(X U {kSy}),
crefoBarenbho, kiaace U(k, p,b) Il-mpocroi.

Jist tokazaTeibeTBa 00PATHOIO Y TBEPKIEHUST JJOCTATOYHO 3aMETUTh, YTO
moboit rpacd G € T asnsgerca noarpadom rpada kS, npn Kaknx-nndyab k n
p u npu 31oM Free(X U {G}) C Free(X U {kS)}) mast moboro muOKecTBa X.
Teopema 3 mokazaHa.

[Monyaum emé ojiHO JlocTaTovdHOEe yeaoBue rpanndHoctu Kiacca T. O6o-
suaunMm depe3 U(k) kiacc Bcex rpadoB, y KOTOPBIX CTEIIEHN He HPEBOCXO-
AT 3, a PACCTOSHUS MEXKJy BEpITUHAME CTEIEHU 3 U JIJINHBI [IUKJIOB HE
MenbIre k.

Bepiiuny crenienn 3 Ha30BEM eHympenned, ecau He CYIIeCTBYeT IIyTH,
COEJIMHSIIONIETO €€ ¢ BEPIINHON cTermeHn 1, B KOTOPOM BCe MPOMEXKYTOTHBIE
BepIMHBL UMeroT crenedb 2. Oboznadnm 1depes V (k) MHOXKECTBO Beex Ipa-
OB, y KOTOPBLIX CTEIEHU BEPIIUH HE IIPEBOCXONAT 3 U mMeeTcs He bosiee k
BHYTDEHHUX BEPIINH.

JIlemma 1. Ecom jyist soboro k wiaace U(k) sisiercs: 1-cioxkubiv, a
kaacc Vi Il-npocteiv, To kaacc T Il-rpapnarbIii.

o0

JOKABATENLCTBO. Tak xax U(1) D U(2) D ... u [ U(i) = T, To
i=1

T — Il-upenenvusiit. [Iycts £ > 1, p > 0. Ilosoxkum b = 2p + 4 u noka-

xeM, aro U(k,p,b) C V(k —1). Ilycts G € U(k,p,b). fcno, uro crenenn
BepiiuH rpada G He npepocxoisaT 3. PaccrosiHume MexKjTy BepIIHHAME CTe-
meHn 3 B 5TOM Tpade He MOKET OLITH MEHBIe 2p + 2, nHate o0pa30BasICs
OBl MOPOXKJIEHHBII MOCT JIUHBI He OoJiee 2p + 1 wim MUK JIUHBI He OoJiee
2p+4. Honycrum, aro B G ectb k BHyTpeHHEUX BepiinH. KaxKiast 3 HUX [pHU-
HaJJICXKUT TOPOKAEHHOMY noarpady Sy, IpuaéM 3T Hoarpadsl He IMEIOT
OOIX BEPIINH W HET pEOEp, COEIUHSIIONINX BEPIIUHBI OJJHOIO TAKOTO IOJI-
rpada ¢ Bepmunamu Japyroro. Ho torma st k moarpados BMecTe 06pa3yior
nopok AeuHbIil noarpad kS,. Sunaunt, G € V(k —1). Jlemma 1 nokasana.

3. 3amaua o HauboJbIilleM moarpade

[Iycre X — xnacc rpados. [loarpad mexoroporo rpada, mpuHaiekKa-
it X, Oyzem HazbeiBaTh X-nodepagom, a X-moarpad ¢ HanbOIbITUM TUCTIOM
pébep — nauborvwum X-nodepagpom. Ob6o3HAIUM THCIO pEOEp B HAUDOJIb-
mem X-nogrpade rpada G uepes mx (G). Hdanee npeamonaraem, aro X co-
JIEPZKUT OJTHOBEPIIMHHBI rpad, Torga mx (G) onpejieneHo st Jroboro rpa-
da G. llpeanonaraercst Tak:Ke, 9TO CYIECTBYET AJTOPUTM, PACITO3HAIONINIT
[IPUHAJJIEXKHOCTD Tpada Kiaaccy X. 3ajada o HanboJibiieM X-roArpade, Ha-
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seiBaeMast gastee 3ajadeit SUBGRAPH|X], cocrout B TOM, 9T00OBI 110 IAHHBIM
rpady G u unciy k onpenenuts, BepHo Ju, uro mx (G) = k.

Hamomunm, gTo pebpo rpada Ha3bIBaeTCst nepeuetixkom, eCan MPH ero
VIAAJEHUH yBEJIMIUBACTCS YHCIO0 KOMIIOHEHT cBsasHocTu. Omepaims mobas-
JIGHHUSI TIepereiika cocTouT B jobaBjenun K rpady pedpa, COeTuHSIONero
BEPIIUHBI U3 PA3HbIX KOMIIOHEHT CBsizHOCTH. Omepaliysi S-KpaTHOrO II0Ipa3-
OueHnst pebpa COCTOUT B 3aMeHe 3TOro pebpa myTéM bl s + 1. O6paTHast
omepaIyst S-CJAUAHUSI COCTOUT B 3aMeHe IIyTU JJIUHBI § + 1, B KOTOPOM BCe
BHYTPEHHIE BEPIIUHbI UMEIOT CTEIIEeHD 2, OJHUM PeOpOM.

Jlemma 2. IIyctb X — Kjtacc rpacoB, 3aMKHYThIEE OTHOCHTE/IHLHO J100aB-
JIEHHST U YJIAJICHHs] H30JIMPOBAHHBIX BEPIIHH, J00aBJICHUS] U VJIAJCHUsI 1Iepe-
efiKoB, s-noapasonenns u s-causuusa. Ecim rpagp G’ noayyen us rpacga G
s-nosipazbuennem Hekotoporo pebpa, ro mx(G') = mx(G) + s.

JTOKABATEJILCTBO. Homycrum, G’ nonyden ns G 3ameHoil pebpa e my-
rém P jymmaet s+ 1. [lycrs H — naubosbinuit X-oarpad rpada G. Pacemor-
puM B rpade G’ noarpad H', nonydarompuiicsa us H cieayronmm o0pasoM.
Ecnu pebpo e npunamexxur H, To Bkmodaem B H' Bech nyTh P, B IpOTHB-
HOM cJiyvae BKodaeM B H' Bech 3TOT IyTh, KpoMe OJHOTO (Jr060ro) pedpa.
I'pacd H' nmonyuaercsa ns rpacda H s-nmonpasbuennem pebpa niam 100aBICHHA-
eM M30JIMPOBAHHBIX BEPINUH U IEPEIIeKOB, CJIeI0BATEIbHO, TPUHAIEYKUT
kiaccy X. Iosromy mx(G') = mx(G) + s.

O6parno, nycts H' — nan6onbmmuiit X-noarpad rpada G'. Iockoabky
X 3aMKHYT OTHOCHTEJIbHO JTOOABJIEHUSI M30JIMPOBAHHBIX BEPIIUH, TO MOYKHO
cuntarh, uro H' conep:xut Bee Bepmunnl nyTn P. Tak kak X 3aMKHYT OTHO-
CHATEJIFHO JI00aBJIEHUsT TIEPEITEeHKOB, TO OH COMAEPKUT JUOO0 BCce peOpa 3TOro
myTu, Jubo Bce, KpoMe OJHOro. B mepBoM cilydae 3aMEHUM STOT IyTh OJI-
HUM peGpoM, BO BTOpoM yiajum u3 H' Bce pébpa sroro myTu (Bce OHUM —
nepereiiku B H') u Bce ero Bepiunbl, Kpome Kounesbix. [oayaum rpad H,
siBJIstroTImiicst mojrpadom rpacda G u npunaexkamuii Kiaaccy X. Crenoba-
tesbro, mx (G) = mx(G') — s. Jlemma 2 nokaszana.

Yepes D(3) oboznaunm Kiaace Beex rpadoB, y KOTOPBIX CTEIIEHH BEPIIUH
He IIPEBOCXOIAT 3.

Teopema 4. Ilyctp X — Kjacc rpagoB, 3aMKHYTBIH OTHOCHTEJIBHO JI0-
OaBJICHHST U yJIaJIeHUsT H30/ITHPOBAHHBIX BEPIITHH, JJ00aB/JICHUS] U yIaJCHUs e~
DEIIeKOB, S-0/pa30HeHnst U S-CIusIHUsI IpH HeKoTopoM s. Ecn kmace D(3)
SUBGRAPH|X]-caoxknsrii, To xinacc T sapiasercs SUBGRAPH|X]-rpanmd-

HBIM.

JOKABATENBCTBO. 3adukcupyem ¢t > 1. [Tycrs G € D(3). Boimonaus
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st-noppaszbuenne Kaxoro pebpa rpada G, noayunm rpad G € U(st + 1).
ITo nemme 2 mx (G') = mx(G) + stm, tae m — uucio pédep B rpade G, mo-
sromy 3agada SUBGRAPH|X| ais rpados us kimacca D(3) mosmmnomuaabno
cBozuTCsl K TOit 2ke 3asa4e st rpados u3 U(st + 1). CreoBaresibHo, Kiiace
U(k) sBasercs SUBGRAPH|X]-coioxxubiM nipu smo6oMm k.

[Tokazkem, uro kiacc V (k) upu mobom k siisiercss SUBGRAPH|[X]-po-
crom. Ilyers G € V(k). Eciin B G ectpb Bepiimua cTenenn 1, To HHIIEHTHOE
eii pebpo npuHaIeKUT J0b6oMy Haubosbiemy X-mnoarpady rpada G (BBu-
JIy 3aMKHYTOCTH X OTHOCHTEIBLHO JTOOABIEHUsT M30JMPOBAHHBIX BEPITHH 1
nepemnieiikos). [loaroMy MOKHO cunTaTh, 9To B (G KaxKJasi BepIINHA MMEET
crerenb 2 mim 3. Bee Beprunbl crerienn 3 B 9ToM rpade BHyTpEeHHHUE, [T0ITO-
My B HEM nmeeTcs He Gosee k Takux Bepmmi. Eciu G — rpad, nomyuaembrii
u3 rpada G OJHOKPATHBIM IIPUMEHEHNEM OIEPAIN S-CJAUSIHUSI, TO IO JIEM-
me 2 mx(G) = mx(G') + s. Takum obpaszom, 3amasa SUBGRAPH[X]| s
rpacdoB u3 V (k) moamHOMHAIBHO CBOAMTCS K TOM Ke 3ajade st rpados
3 muHOkectBa Y C V(k), cocrosiero n3 rpadoB, B KOTOPBIX HET BEPIIUH
crereru 1, uMmeercs He OoJjiee k BEPIIUH CTENEHU 3 UM K KOTOPLIM HEIPUME-
HUMa OIlepalns s-Causians. B rakoMm rpade amna Jirod0ro myT, B KOTOPOM
BCE TIPOMEXKYTOUHBIE BEPIIMHBI UMEIOT CTEIeHb 2, He MpeBocxoauT s. VHade
roBOPs, 9TO TPadbl, KOTOPbIE MOYKHO IOJIYIUTb U3 KyOudaecKux rpadoB ¢ He
6ostee ueM k BepimHaMM 3aMEHON Kayk0ro pebpa myTéM JTHHB He Gojree s.
YHucjo Bepinn B TaKOM rpade He ITPEBOCXOIAT @ CirieioBaTesibHO, TIPU
PUKCUPOBAHHBIX k U § MHOXKECTBO Y KoHedHO. Teopema 4 jokazana.

[Tycts P — kjace Beex mianapubix rpacdos, a B — kiacc Bcex By-
nosbHBIX Tpados. UzsectHo [3], uro kinace D(3) ssisiercs SUBGRAPH|P|-
cioxkubM 7] 1 SUBGRAPH|B|-ciioxkupiv [3]. OcrasbHble ycioBust Teope-
MbI 4 TakKKe BBIIOJIHSIIOTCS, €CJU TMOJIOKUTL s = 1 jia kinacca P u s = 2
st Kiaacca B. CrieloBarebHo, crpasejimBa

Teopema 5. Kiacc T susiercss SUBGRAPH|P|-rpanmaabiv 1 SUB-
GRAPH|B|-rpanmanbim.

4. 3akJo4YnTeJbHbIe 3aMedYaHus]

1. Herpymuo npusectu npumep OECKOHEIHOTO MHOXKECTBA, 3aJad, JJIsd
kKoTOpbIX Kiacc T spisercss rpanndabiM. [lycrs B(d) — MHOXKecTBO Beex
JIBYIOJIBHBIX IpadoB, Y KOTOPBIX CTEIeHU BEPIIUH He npeBocxoqadat d. Ilpwu
d > 3 zajaaa SUBGRAPH|B(d)| asist rpados u3 D(3) cosnazgaer ¢ 3a1aqei
SUBGRAPH|B]. ITostomy kiacc D(3) sasasiercs SUBGRAPH|B(d)|-ciox-
ubiM, a kinacc T — SUBGRAPH|B(d)|-rpamnaasiv st siioboro d > 3.

2. Hekoropble u3 NpuBEIEHHBIX PE3YJILTATOB M 382491 O HAUOOJIbIIIEM
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nojirpade MOXKHO PACIPOCTPAHUTE Ha 33/a9y O HANOOJIBIIIEM TOPOXKIEHHOM
noarpade. B meit Tpebyercsa naiitu nopoxkaéHubIH X-110arpad JAHHOTO rpa-
da ¢ nanbosibiumM ducjaoM Bepiind. Jljis 9roro ciydas crupaBejinBo yTBep-
JKJIeHne, aHAJIOIMYHOe TeopeMe 4, Hy?KHO TOJIbKO YCJIOBUSI 3aMKHY TOCTH KJIac-
ca X OTHOCUTEIHHO Y/IAJIEHUsI N30 IMPOBAHHBIX BEPIITUH U [EPEIIEHKOB 3aMe-
HUTD YCJIOBHEM 3aMKHYTOCTH OTHOCHUTEILHO yJIaJIeHust JIIOObIX BeprmH. OT1-
ciofia caeyeT, uTo Kiaace T apirsercd rpaHuydHbIM JJIs 33,1491 0 HanbOJIbIeM
HOPOXKGHHOM TIAHAPHOM Tojrpade, Tak Kak B [8] JoKazaHo, 9To jijist Ipa-
dbos u3 D(3) sra 3amaua NP-nosna.
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