JINCKPETHBIN AHAJIN3 U NCCJIEJOBAHUNE OIIEPAIINI
Maii—wutonnb 2010. Tom 17, Ne 3. C. 32-45

VIIK 519.8

O KBA3NYCTONYNBOCTU JIEKCUKOT'PAOUYECKON
MUHUMAKCHOII KOMBUHATOPHON 3AJIAUI
C PACIHAJTAIOIIUMUCS ITEPEMEHHBIMI

B. A. Emesmmaen, A. B. Kapnyk, K. I'. Ky3pmua

Awnnoranus. PaccmarpuBaercss MHOTOKpUTEpHUA/IbHAS KOMOMHATOPHAST
3ajla4a M0C/Ie0BaTeIbHON ONTUMU3AINN ¢ MUHUMAKCHBIMU KPUTEPUSI-
wmu. [osmyaena dopmya npeieIbHOrO yPOBHS BO3MYIIEHUI TapaMETPOB
BEKTOPHOI'O KPUTEPUs, IIPU KOTOPLIX I'apaHTUPYETCdA COXpaHeHHe BCeX
JIEKCUKOTPADUIECKUX ONTUMYMOB MCXOJIHON 3a/1atH.

KuroueBble ciioBa: MuHMMakcHas 3a/ada, 3a/@ada Ha y3KHe MeCTa,
MHOT'OKPUTEPUAJILHOCTD, II0CJIe/I0BaTe/IbHasd ONITUMU3AINA, JEKCUKOI'Da-
duvyecKkoe MHOXKECTBO, JIEKCUKOTIpa(UIeCKUil ONTUMYM, KBa3HyCTONIH-
BOCTb, PaJINyC KBa3MyCTONYNBOCTH.

Bseaeune

B Teopun onTHMU3AIMU BHJHOE MECTO 3aHUMAIOT TAK HA3BIBAEMBIE MU-
HUMAaKCHbIe (MM MaKCHMUHHBIE) 3aja4du (cM., Hanpumep, [7,18,21]). K nuwm
OTHOCHUTCH U 3a1a49a, rmoctasjennas 1. JI. HeObIméBbiM, 0 HAMTY IIIIEM PABHO-
MEPHOM HPUO/INKEHNH (DYHKINE MHOTOWIEHAMH. Pa3jimdaioT jBa Buja 3a-
naqa ¢ kpurepusimu MINMAX:

max F'(x,y) — min,
yEB(x) ( y) zeX

F in.
i (o) — iy

Corstacuo [18] mepsble HA3BIBAIOTCS 3a0a4AMU CO CEA3AHHBLMU NEPEMEHHbI-
MU, & BTOPBIE — € PacnadaioujuMucsa nepemeroLmL.

[TosryueHnIo KOJMYeCTBEHHBIX M KAYECTBEHHBLIX XapaKTePUCTUK Pas/Iid-
HBIX THIIOB YCTOHYMBOCTH KaK CKAJSIPHBIX, TAK U BEKTOPHBIX (MHOTOKDH-
TepUAJIbHBIX) MUHUMAKCHBIX (HA y3KHE MeCcTa) KOMOMHATOPHBIX 3aJ1a9 CO
CBsI3aHHBIMU [IePEMEHHBIMU [OCBSIIIEH syl yGsukanuii (em. [1-5,9, 13, 14]).
B 3HaunTeIbHO MEHBIIIEH CTEIeHN UCCIe0BAHA YCTONINBOCTE MUHUMAKCHDIX
JINCKPETHBIX 33/1a9 BTOPOI'O BUJIA.
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B sT0it cTarbe mosiydeHa KOIUIeCTBEHHAs OIIEHKA OJTHOT'O U3 TUITOB YCTOM-
YUBOCTHU JICKCUKOIPA(PUIECKOr0 BapuaHTa KOMOMHATOPHON 3aa91 Ha Y3KHE
MeCTa C PaCIa IAIONUMUCH TePEMEHHBIMU.

Jlekcukorpaduieckuii moaxo K PEIeHnio MHOTOKPUTEPUAJILHBIX 3a,1aM,
COCTOSTINIA B CTPOIOM PAHXKUPOBAHUN KPUTEPUEB 110 OTHOCUTETHHOM BayKHO-
CTU, TIO3BOJISIET JIOOUBATHCS ONTUMEI3AINN 00JIee BayKHOTO KPUTEPUS 38 CIET
JIIOOBIX TTOTEPh IO BCEM OCTAJbLHBIM MeHee BayKHBIM KpUTepHusiM. Jarre Bce-
o TaKie MHOTOKPUTEPHAJIbHBIE 3aa9l BOSHUKAIOT IIPU IOCIEIOBATEIHLHOM
BBEJICHUN JTOIMOJIHUTE/IBHBIX KPUTEPHUEB B O6bI“IHbI€ CKaJIAPHBIE 3a/1a91 OIITH-
MM3aIIiN, KOTOPble MOI'YyT MMETh He €IMHCTBEHHOE perrenue. Jlekcukorpadu-
YeCcKHUit IIOJIXO/I IPUMEHUM TaK2>Ke K 3a/iadaM OIITUMU3allui, KOTOPbIE BO3HU-
KaloT B CTOXaCTUIECKOM MPOIrPAMMUPOBAHUN, TIPU MOJIETUPOBAHUY UEPAPXU-
YEeCKUX CTPYKTYP, IIPU PelIeHnN HEKOTOPLIX 3a/1a4 IUNHAMUYCCKOI'O XapaKTe-
pau T.1. [17,18].

Dra paboTa MPOI0/KAET UCCIEIOBAHUST PA3TUIHBIX TUIIOB YCTONIUBOCTH
JiekcuKorpadIecKux JIMCKpeTHbIX 3a1a4 [6, 8,10, 11, 15, 16]. 3xecs pacemar-
pUBaeTCs JIEKCUKOTpaduaeckas 3aja4a, B KOTOPOH ONTUMU3AIUsT JITHEITHBIX
dopm (MINMAX) Benérest 10 1ByM MHOXKECTBAM PA3JINIHON IPUPOILI — TI0
COBOKYITHOCTHU ITOJICTAHOBOK U MHOXKECTBY BEPIINH €IUHUIHOIO KyOa. BriBe-
JeHa (popMysia paanyca KBa3nyCTONYIUBOCTH, T. €. MIPEJICILHOIO YPOBHS BO3-
MYIIEeHHH KO3 MUIIEHTOB JIMHEHHBIX (OPM B IIPOCTPAHCTBE € Y€OBIIIEBCKOIA
METPUKO#, COXPAHAIONINX JIEKCUKOIPapUIecKoe MHOYKECTBO UCXOIHON 3a/1a-
qn. B KagecTBe CJIeACTBUN yKa3aHbl CPABHUTEIBHO TPOCTHIE BEPXHSAA U HUYK-
Helsl JIOCTUZKUMBbIE OIEHKH 9TOT'0 PAJIIYCa, & TAKYXKE HEOOXOIUMbBIE U JIOCTATOY-
HbIE YCJIOBUs KBa3WyCTOWIUBOCTH PACCMATPUBAEMON JIEKCHKOTPaUIeCKO
MUHMMAKCHOM 3aja4du. Pe3yibrarsl craThi aHOHCHPOBaHbL B [12].

1. OcHOoBHBIE orpeaeJeHud mn 0003HaAYEeHUSI

[ycts C' = [¢;;] € R, n,m € N, m > 2, C; = (¢i1,¢2, -+, Cim) —
i-s1 crpoka marpunsl C, E™ = {0,1}" — MHOXKeCTBO BEpIIUH €IMHUIHO-
ro m-MepHOro Kyba, P — HeIycToe MOAMHOYKECTBO CUMMETPUIECKONH TPYII-
bl TOJICTAHOBOK Sy, JeficTByfommx Ha MHOXKecTBe Ny, = {1,2,...,m}.
[Tycrs wa muoxkecrBe X C E™, |X| > 1, Gy/jeBbIX HEHYJIEBbIX BEKTOPOB
= (21,72,...,2m)" 3a7aHa BeKTOP-PYHKIHS

f(.f, C) = (f1($, Cl)’ fQ(x> C?)’ ceey fn(xv Cn))7
KOMIIOHEHTAMM KOTOpOﬁ ABJIAIOTCA MUHNMaAKCHBIE KpI/ITepI/II/I BHUIa

fi(z,C;) = I;leagCi[p]x — gél;{l i € Ny,



34 B. A. Emennues, A. B. Kapnyk, K. I. Kyspymua

1 2 ... m
rue Cl[p] = (Cip(l)a Cip(2)s - -+ 7Cip(m))7 p= <p(1) p(2) o p(m)> .

Jlexcurozpaduneckoe mMroscecmeo (MHoHCECMBO AEKCUKOZPAPUIECKUT ON-
MUMYMOEG) OIIPEICITUM CJICYIONTIM 0OPa30M:

L'"C)={zeX |V eX (x g 2},

rjie - — oTpuriaHue OMHAPHOI'O OTHOIIEHUS -, 33/[aBaeMOr0 Ha MHOXKecTBe X
C C
dopmytoit

T >C- 7' < 3k € Ny(gr(x,2',Cr) > 0&k = min{i € N, | gi(z,2',C;) # 0}),

riie gi(z, 2, Cr) = fir(x, Cr) — fr(@, Cy).

fAcno, aro muokecTBO L™ (C') SIBIISIETCSI HEIYCTBIM IIOMHOXKECTBOM MHO-
sxecrBa [lapero npu soboit matpune C' € R™*™. 3amady moucka JEKCHKO-
rpadugeckoro muoxkecrsa L™ (C') bynem obosnadars gepes Z"(C). U3BectHO
(cm., mampumep, [17,19]), uro muO)kecTtBO L™(C) MOMXKET OBITH OILPEIETIEHO
KaK Pe3yJIbTAT PEIIeHUs ITOCIE[0BATEILHOCTI N CKAIAPHBIX 3314

L} (C) = Argmin { f;(z,C;) | w € L} 1(C)}, i€ Ny,

rie Ly(C) = X, Argmin{-} — MHOKECTBO BCEX ONTHMAJBHBLIX DEIICHMU
COOTBETCTBYIOIIEH 3a1a4n MuHUMu3anuu. Takum o6pasoM, UMeeM I10CIe 10
BATEJHHOCTD MHOYKECTB

X D LMC) D LHC) D ... D LMC) = L™(C).

Tem cambim 3aaay Z™(C) MOXKHO paccMaTpUBaTh Kak 3aJady M0CJIe/[0Ba~
TEJLHOM ONTUMU3AIINN.

Ananornano [8,16] paduycom xsasuycmotivusocmu 3amaaun Z"(C) Ha-
30BEM BEJIUIUHY

Q) = SUpZ=, ecian = # O,
p 10 B IIPOTUBHOM CJIyuae,

rae
E={e>0]|VC' €Qe) L"(C)C L' (C+C},

Qe) ={C" e R™™ [ ||C]| < ¢},
IC]| = max{ci;| | (4,5) € No x N}, C" = [c].

Takum o6pasom, paauyc KBasuycroitansoctu 3amaau 2" (C') 3amaér npe-
JieJl He3aBUCHMBIX BO3MYIIEHWIT 3JIeMeHTOB MaTpuilbl C', IPU KOTOPBIX XOTsI
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U BO3MOXKHO TIOSIBJIEHUE HOBBIX JICKCUKOTPAMPUIECKUX OMTUMYMOB, OJTHAKO
JIEKCUKOTI'pabUIeCKoe MHOYKECTBO HCXOJIHOM 3a/a9i JTOJIKHO COXPAHSITHCH.
Ormernm, uro panee B [20] momydena dopmysna pajmyca yCTOHIUBOCTH A~
PETOBCKOI'O ONTUMYyMa HAIllell 3aJladd U TeM caMbIM — (OpMyJia pajnyca
KBa3MyCTONIMBOCTI BEKTOPHOMN 3aa41, COCTOSAIIEN B IIONCKe MHOXKecTBa, [ 1a-
pero. EcrecrBeHHo cunrarh, 94To pajuyc KBasuycroiiunsoctu 3anaun 2" (C')
Geckoneuen, ecam L™(C) C L™(C' 4 C") upu moboit marpune C’ € R"*™. 3a-
naay Z"(C'+C"), nonyuenmyio uz ucxoauoit sagaau Z"(C') myTéMm CloKeHust
marpur, C' u C' € Q(g), Gynem Ha3bIBATDL 603MywEntot, a marpury C' —
603MYWaI0ULET.

Bagauy Z"(C) Haz0BEM K6a3uYcMOtMUB0L, €CIM MHOKECTBO = HEILyCTO,
T.e. ecaim p"(C) > 0. OgeBuHO, YTO CBOHCTBO KBA3MYCTONIMBOCTU 3a/1a1H
ABJIFAETCA JUCKPETHBIM aHaJIOT'OM CBOIICTBa TOJIYHEIIPEPBIBHOCTU CHUI3Y 110
Xaycmopdy B Touke C' € R™™ ontumanbHoro orodbpaxkenust L™ : R™*™ —
2X | 1. e. TOUEUHO-MHOKECTBEHHOIO OTOGPAYKEHN, KOTOPOE KazKI0My HabOPY
apaMeTPOB 3391 U3 METPHYCCKOro IpocTpancTBa R ™ cTaBUT B COOT-
BeTcTBHE JIeKcuKorpaduueckoe muoxkecrso L™ (C').

BoiBomy dopmysbl paauyca kBasmycroitanBoctu 3agadu Z"(C') mpemio-
MJIEM HEKOTOPbIE 0003HAYECHUSI.

Jl1st IBYX pas/IMYHBIX BEKTOPOB T U o' BBEJIEM MHOYKECTBO HMOJCTAHOBOK

P(z,2') ={pe P|VYp' € P (N(z,p)# N(z',p'))},
P(x,2") = P\ P(x,2),

rae N(z,p) = {p(j) € N | j € N(z)}, N(z) ={j € N | z; = 1}.
B sTux oboznauenusx mis mo6oit marpuner C' € R™*™ ouepuana MMILIH-
KaIust
N(z,p) = N(z',p') = VYie N, (Cilplz = Cip'la"). (1)

Jlexcukorpaduueckuii onrumym z € L™(C') HA30BEM MPUSUAALHBIM, €C-
mt P(z,2') = @ npn mobom Bektope ' € X \ {z}, n nempusuasvroim,
ecsim cymecryer takoii Bekrop &' € X \ {z}, uro P(z,2’) # &. OueBnuno,
qro upu |P| = 1 m060oii gekcukorpadudecKuii OnTUMyM sIBJISIETCS] HETPUBHU-
aTbHBIM. MHOKECTBO BCEX HETPHBHAILHBIX JIEKCHKOIDA(HYECKHX ONTHMY-
moB 3a1aun Z"™(C') 6yaem obosnadars depes L"(C). Bagauy Z"(C) Hazosém
MPUGUAALHOT, ECTTH BCe ef JIeKCHKOTPAhIIeCKHe ONTHMYMBI TPHBHATLHBI
(L"(C) = @), u nempusuasvrot, eciu L"(C) # &.

2. Teopembl 0 paguyce KBa3smyCTOMYMBOCTU

Teopema 1. Pajuyc kpazuycroitunpoctu p"(C) TpuBmajibHO 3a1a4n
Z™(C), n > 1, paBeH 6eCKOHETHOCTH.
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JIOKABATEJIbCTBO. IlycTh 2 — TpUBHAILHbII JIeKCHKOrpacuIecKuii or-
rumyM 3agadn Z"(C). Torpa npn kaxaom sekrope ' € X \ {z} cupasex-
muBo paserctso P(z,z') = &. Tlosromy jis Besikoii mojcraHoBku p € P
cymecTByer Takag nojcranoska p’ € P, uro N(z,p) = N(2/,p'). Orciona
cormacuo (1) mrs mobeix @' € X \ {z}, p € P u ¢/ € R™™ nonyuaem
HEPABEHCTBA

r.e. gi(x,2',C+C") < 0,i € N,. Tem campim z € L"(C + C"). Nubl-
mu caosamu, L™(C) C L™"(C + C') upu moboit BO3MymAOmeH MaTpuie
C" € R, Cuenosaresbho, p"(C) = oo. Teopema 1 sokazana.

PacemoTpiy caryuait, kora sagada Z"(C) nerpusmamsna (L™(C) # @).
s Besikoro BekTopa © € X HOJI0KIM

X(z)={2" € X\ {z} | P(z,2) # o}.

Acuo, uro X (z) # & upu x € L"(C).

Jlemma 1. Ilycre x € E”(C’), p > 0, a jyisa KaxkJ[0i Bo3MYyIIaoIeH
marpunpt C' € Q(p) u moboro Bexropa ' € X (x) Bbimonnsiercss xorsi Gbl
OJIHO U3 YCJIOBHI:

(i) gi(x, o', C; + C!) < 0 st Besikoro nnaexca i € Ny,

(i) z <

c+C

Torna x € L™(C + C") upu Jroboii marpune C' € Q(p).

JIOKABATENBLCTBO. Ilyers € L™(C). Ilpesae BCEro OTMETHM, 9TO
kazkjioe u3 ycsosuit (i) u (ii) Breuér dopmysty

VO € Q(p) Vo' € X(x) (xcfc/a:’). (2)

[ycrs teneps 2’ € X(z), p° = argmax{(C; + C!)[p]z | p € P}. Torga
muo)kectBo P(x,z’) mycro. [Tosromy cymecrByer nojgcranoska p* € P ra-
kas, aro N(x,p’) = N(a/,p*). Cpasnusas s1o c (1), mis mobeix i € Ny,
u C" € Q(p) BoIBOIUM

gi(:L‘,l’/, Ci+ Cz/) = fl(xv Ci+ Cz/) - fi('rlv Ci+ Cz/) = Hleag,((cl + C{)[p]l’
p

—max(C; + C)[p]z' = (C; + CY) [po]x —max(C; + C))[p']a’
p'eP p'eP

< (Ci+ ")z — (Ci + C)p'la" = 0.
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Teneps uveem VC' € Q(¢) Vo' € X\ X () (x(};(} 2'). Orcrona 6naronaps (2)
+ ’

3aKJII0YaeM, UTO T — JIEKCUKOIpaUIecKuil onTuMyM Jiio60ii BO3MYIEHHOI
samaun Z"(C 4+ C'), C" € Q(p). Jlemma 1 noxazana.

Tt merpusuanbuoii sagadau Z"(C) (L(C) # &) nomoxu

"(C)= min min min max{o;(x, "), B;(z,2')}, 3
#1{C) zeLn(C) ¢’ €X (x) i€N Lo ): Bi( )} (3)

rIe

/ : / /
(T, r ) = maxminmaxw;i(xr,p,xr ,p
( ) ) jENipEPp’EP ]( [ ] ) )a

/ . / /
i\r, T )= min maxy; (T x
iz, x') pep(x’x,)p,epw( DT, P),

i / AN Vi('rvp?x,ap/) HpH U(‘T7p7x/7p,) > 07

Wil P @) = { 0 npu o(z,p,a’,p') =0,

Cilp'la’ — Cilplx
o(z,p, 2, p')

’}/’i(xvpaxlap,) =

U(l‘,p,:ﬂl,p,) = ‘(N(x,p) U N(x’,p')) \ (N(z,p) N N(xlvp/))‘ .

B srux obo3nagenunax OY€eBU/IHBI CJICAYIOIME COOTHOIIIECHMA:

Cilplz — Cilp']a" <||Cillo(x,p,a",p)), i€ Ny, (5)

o(z,p,2’,p') =0 « N(z,p) = N(@,p), (6)

p€P(x,2) = 3 €P (o(x,p,2',p)=0). (7)

Baeck u masee mog Hopmoit ctpoku C; = (¢i1, Cio, - .« ., Cipn) OyIEM TOHUMATH

webprmésckyio nopmy |G|l = max{|ci;| | j € Ny}

Bauy nerpusnaibrocti sagadu 2" (C) aus mo6oro pemenns 2 € L™(C)
muO)kecTBo X (2) memycro, nosromy P(x,z') # @ upu 2/ € X(z). Takxe
ouesnyno, aro o(x,p,x’,p') > 0 upu p € P u p' € P(x,2’). Beé a0 cBu-
JleTesIbeTBYeT 0 ToM, uro Besmaunbl " (C), a;(x, ") u B;(x, 2") onpenenenst
KoppekTHO. KpoMe Toro, Herpy o Buers, aro a;(z, ') = 0 upu z € L"(C),
2’ € X(z), nosromy ¢"(C) > 0.

Teopema 2. Pasjuyc kpasuycroituusocru p'(C') HeTpuBHAJIBHOI 331490
Z™(C), n > 1, Beipakaercst (popMyIIoit

p"(C) = "(C).
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JIOKA3ATEJILCTBO. CHavasa jjokazkem HepasencTso p" (C) = ¢ := ¢"(C).
DT0 HepaBeHCTBO o4deBHIHO, eciiu ¢ = 0. Ilycrs ¢ > 0. CornacHo ompeje-
nemmo wmena ¢ (em. (3)) s mobbix Bexropos # € L™(C), 2’ € X(z) u
unzekca ¢ € N, BepHbI HEPABECHCTBA

max {a;(z,2'), Bi(z,2")} = ¢ > 0. (8)

Kpowme Toro, yuurbisas (5), HETPYIHO YOEIUTHCsI, YTO Jisi JIEOOOH BO3MY-
watonieit marpunpst C’ € Q(p) co crpokamu Cl, i € N, u jro60ro uHIeKCA
1 € N,, cllpaBeJ/IMBBLI COOTHOIICHUST

gi(z,2', C; + C}) = max(C; + C})[p]x — max(C; + C})[p]’
peP p'EP
= max min (C;[p]z — Ci[p']z’ + Cl[p|x — Ci[p']2")
pEP p'eP

< r;ga}gcp{pei% hi(z,p, l’,,P/)a 9)

rae hi(z,p, 2, p') = Cilplz — Ci[p']a’ + ||Cilo(z, p, 2", p').

Hasee nokazkem, 4ro jyuist mo0bix BekropoB z € L"(C), 2/ € X(x) n
marpuisl C € () BbimosHsiercs opHo u3 ycaosuit (1) wm (i) gemmbr 1.

PaccMOTpUM J1Ba BOBMOXKHBIX CJTydast.

Cavuan 1. o;(z,2") < Bi(z,2'), i € N,. Cornacuo (8) mis KaxkKIoro
nHjeKca ¢ € Ny ToyJaeM

/B’Z(x7$l) - min maXVi(J;?p) xlap/) > 2 > O?
peP(z,x’) p'€P

T.e. s soboit nomcranosku p € P(xz,2') cymecrsyer mnomcraHoBka
p* € P ¢ ycnosuem 7;(z,p,2',p*) = ¢, i € N,,. Cienosaresnbto, seuy (4)
u HepaseHcts ||Cl| < ¢ u o(x,p,2’,p*) > 0 aus moboro unjekca i € Ny,
nMeeM

Cilp*]’ — Cilple = y(x,p,2’,p*)o(x,p, 2, p*) = po(z,p,2’,p%)
> ||Cillo (@, p, 2", p"),
nosromy h;(x,p,a’,p*) < 0. ro oznauaer, 4o

max min h;(z,p,2’,p) <O0. 10
pEP(z,2) p'el i@p @, p) (10)

Kpowme Toro, B cuty (9) mosyaaem
gi(z,2',C; + C}) < maxmin h;(z, p,z’,p’)
peEP p'eP

=max{ max minh;(z,p,2’,p’), max minh;(z,p 2’ p)}. (11)
pEP(z,2') p'eP peP(x,ax')P'EP
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Corytacuo (1), (6) u (7) mis moboit noacranosku p € P(x, x') cymecrsyer
Takas nojcranoska p* € P, aro hi(x,p,x’,p*) = 0 upu i € N,,. Ilosromy
CIIPABEJITINBBI COOTHOIICHHSE

max min h;(z,p, 2, p") <0, i € Ny,
peP(z,x')P'EP

koropsle BMecte ¢ (10) u (11) nator HepaBeHCTBA
gi(w,2’,C; + Cj) <0, i€ Ny,

CrenoBarenbHO, B ciydae 1 BbIoOsHsIeTCst yejaoBue (1) jeMmbl 1.

Civuant 2. U = {i € N, | a;j(z,2") = Bi(z,2")} # @. Iyers | —
HaMMeHbIii nHeke Muoxkectsa U. Torma BBuy (8) Haiijgérest Takoii nHeKce
k € Nj, 910 cupaBeIInBbl COOTHOIIEHUS

N o
o, 2) = minmax (z,p, ', p') > -
Orky/a ciejyer, 4To Jyist 060l MoJCcTaHOBKH p € P cylecTByer Takas
nojcranoBka p* € P, uro v (z,p,a’,p*) > ¢. lloaromy B cuily HepaBeHCTB
ICLll < ¢ uo(x,p,a’,p*) >0 nmeem

Crlp)a’ = Crlplr = po(z,p,2/,p") > ||Cllo(z,p, ', p"),
a moromy (BBuay (9)) Haxommm

gr(z, 2, Cx + C}.) < max min hy(z, p,2’,p) < 0. (12)
pEP p'eP
Eciu k = 1, To Beinosasiercst ycaosue (ii) jgemmer 1.
Ecmu k& > 1, 1o a4(x,2') < Bi(x,2), i € Ni_1. Iosromy, mosropsis
BBIKJIQJIKY CJIydast 1, TIoJIydaeM HepaBeHCTBa

gi(z,2',C; + CI) <0, i€ Np_;.

Orciona u u3 (12) crexyer, uro @ < 2, T.e. Bbuonnsiercs yciaosue (ii)
c+c

JeMMBI 1.

Pesromupyst 06a ciry4as n HCIOIB3ys JIEMMy 1, 3aK/II0MaeM, 9To Jijis Bes-
koro Bekropa x € L™(C') cupasegnueo Bkimouenne r € L"(C + C') upnm
so6oit Bosmymatomieit marpune C' € Q(p). N

Eciu Bekrop = tpumanbhbiii, T.e. x € L™(C) \ L"(C), To o coriacHo
TeopeMe 1 0cTaéTcst JIEKCUKOTPaUIeCKIM OIITUMYMOM JII000M BO3MYIIIEHHOIM
samaun Z"(C 4+ C'), C" € R"*™,
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U3 npoBeIEHHBIX PACCYKICHUN 3aKJIIOUAeM, YTO Jisl BCSIKON MaTpUILbI
C" € Q(p) cupasenymso sriatouenune L"(C) C L™ (C 4 C"). CrenosarenbHo,
p"(C) = .

Hoxkaxkem HepasercTBo p"(C') < . CoryiacHO ONpEIeIeHUIO YUCIa ¢ Hali-
nyTes Takue sexropsl @ € L™(C), 2’ € X (z) n ungexc k € N, uto

> ay(r,2') = max min max w;(z, p, x’, p’
(p/ ( 9 ) ’iGNkPEPp’EP ’L( ) 17y 9 )7

Y= ﬁk(ﬂl’,l’,) = min maxyk(x,p,x',p').
pEP(z,x’) p'eP

CHG,ZLOBaTeJIbHO, BBITIOJIHAIOTCA HEPpaBEHCTBa

0 > ai(z,2') > minmaxw;(z,p,2',p)), i€ Ny. (13)
peEP p'eP

[Mokazkem, d9TO cymecTByeT Bo3MmyImaomas marpurna C* Takas, 9TO

x = .

C+C*
s unyexca k seibepem nogcranosky p = p(k) € P(x,2’) mo upasumiy

. / / / /
min maxy,(z,p, = max v (z, p(k), 2", p").
pep(x’x,)p/epw( 0, @', p) p,epw( (k) 2, p)

st Besikoro nnjiekca @ € Ni_1 (npu k > 1) 3adbukcupyem mojcTaHoBKy
p = p(i) € P corsacHo paBeHCTBY

: AN
min maxw;(z,p, z", p
pEP p'eP (@.p, 2, p)

’)/i(xap(i)axlup/) 1Ipn U(x,p(i),x’,p’) > 07 (14)
0 upn o(z, p(i), ', p’) = 0.

[Tycts < § < € u BosMymalomas Marpura C* = [c;‘j] € R™™ rakas,
970 Kazkaad i-g crpoka C, i € Nj, COCTONT U3 3JICMEHTOB

. { o mpu j € N(z,p(i)),
g —0  mpm j & N(z,p(i)),

a ocraspuble crpoku CF, 1 € {k+ 1,k +2,...,n}, (ecsn oHn cyrecTByIor)
cocrosar u3z myseit. Torma C* € Q(e), ||C*|| = ||Cf|| =0 > o upu i € Ni u
oueBuIHA (POPMYIIA

Vie NyVp' e P (Cfp']a’ — Cf[p(i)]z + do(x, p(i), 2, p') = 0).  (15)

st mokazaresibcTBa OTHOIIEHUS & > 2 TOKa¥KeM, 9TO UMEIOT MECTO
C+C*
HEPaBEHCTBA

gz(x,x',CZ—i—CZ*) 207 iEN/ﬁ (16)
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MIPUIEM
gr(z,2',C + C}) > 0. (17)

Vunresas (15), 11 kaxmaoro i € Ny, maxommm
%@MLH{WZ?MQ+QMM—%§Q+@MM’
= (Ci+C7)p(i)]z— IpnaX(C i+ Cp']e" = (Ci+C)p(i)]z— (Ci+C7) ' (9)]2
= Cilp(i)]z — Cilp'(9)]2" + do(z, p(i), 2’ p'(7)).  (18)
Ecmn o(z, p(i), 2/, p'(i)) = 0, To cornacto (1) i (6) BepHO paBencTso
Cilp'(i)]a" = Cilp(i)],

a noromy B cuy (18) umeem g;(z,2’,C; + CF) > 0.
Ecmm o(x, p(i), 2, p'(i)) > 0, To, nocnegoarensuo ucnosbsys (13) u (14),
nostydaeM ¢ > maxyep Yi(z,p(i), 2',p’). Orciona ma ocuosanuu (18) BeiBO-

M
gi(z, 2, C‘+C-*) Cilp(i)lx — Cilp'(i)]2" + do (, p(i), 2", p' (7))
Cilp(i)]x — Cilp'(i)]" + o (x, p(i), 2, p'(i))
> Cilp(i )] Cilp'()]2" + o (x,p(i), 2',p (Z))glgg%(w,p(i),x’,p’)

> Cilp(i)]x — Cilp'()]2" + o (x,p(i), ', p' (0))vi(, p(i), 2, p'(i)) = 0.

Urak, nokazanbl HepaseHcTBa (16).

[Tockosbky p(k) € P(x,2'), 1o o(x,p(k),2’,p') > 0 npu moboii mogcTa-
noeke p' € P u, B wacrnocru, upu p’ = p' (k). Tlosromy umeer MecTo cTporoe
Hepasencrso (17).

HO,[LBO,ZLH nToru, sakJaio4daeM, 4To BEpHO 6I/IHapHOQ OTHOIICHUE T - .’E/.

C+C*
CitejioBaTesIbHO, JIist JII0DOT0 HHUC/Ia € > ¢ CYHIECTBYET TaKast BO3MYIIAIoIast

marpuna C* € Q(e), aro Bekrop x € L"(C') He siBisiercsi jieKcuKorpadude-
CKUM OITHMYMOM BO3MyIEHHO# 3a1aun Z"(C + C*), 1.e. p"(C) < ¢. Teo-
pema 2 Joka3aHa.

3. CaencrBust

OTMeTrM HECKOJBKO TACTHBIX CIYIaeB TEOPEMBI 2.
[TockoIbKY I BCAKOro uHiekca i € N, u Jo0bx BeKTopos o, 1’ € X
cripasemBo HepaBeHCTBO a1 (x,x') < a;(x, 2'), To

ai(z,2") < max{a;(z,2), Bi(x, 2")}.
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Kpowme roro, ouenno uepaserctso aq(z,z’) < fi(z,2’). Tlosromy us reo-
peMBI 2 BbITEKAET

Caencrsue 1. /lis payuyca kBasuycroitansocru p"(C') HerpuBHaIbHOM
sagaun Z"(C), n > 1, BepHbI cieyroniue OleHKH:
min  min o(z,2’) < p"(C) < min  min B (x,2’).
zeLn(C) 7' e€X () zeLn(C) v €X(2)
Ecm P = {p*}, ro L"(C) = L"(C), X(z) = X \ {} u, kponme Toro,
npu = # 2’ nmeem aq(x,2’) = Bi(z,2') n o(z,p*,2’,p*) > 0. IosTomy u3
caencrsust 1 nosrydaem

Canencrsue 2. Ecim MHOXKecTBO P cocronT U3 OJHOH MOACTAHOBKH P,

To C k /
G R

p"(C)= min  min ,

zeL™(C) v’eX\{z} o(x,p*,2’,p%)

CaencrBue 3. Herpusnanbnas 3agada Z"(C), n > 1, kpasuycroiianBa
TOIZA I TOJBKO TOIa, Korga s moobix sexropos x € L(C), 2’ € X () u
nnypexca i € Ny, BBIIIOJIHAETCS XOTs ObI OJIHO U3 yCJIOBHIL:

(j)IkeN; VpeP Fp'eP (Cilp")a’ > Cilplz),

(i) Vp € P(z,2") Ip* e P (Ci[p']a’ > Cilplx).

JIOKABATEJILCTBO. HEOBXOANMOCTB. Ilycrs 3amaua Z"(C) xpasu-
ycroitanBa. Toryma B cuity Teopembl 2 cupaseiinBo HepasercTso ¢ (C') > 0.
IosTomy st mo6ex Bekropos z € L'(C), o/ € X(z) u ungexca i € N,
HMeeT MEeCTO XOTsI ObI OJIHO U3 HEPABEHCTB

ai(z,2)) >0  wm  Bi(x,2") >0,

KOTODBIE B CUJLY onpejiesienus seunaunn o;(x, z') u f;(x, ') npusogar K ycio-
BusM (j) # (jj) COOTBETCTBEHHO.

JIOCTATOUHOCTD. Ilyers x € L™(C), 2’ € X(z) u i € N,. Ilockombky
npu BuIoIHeHNn yeaosus (j) Bemmunna o(x, p, 2, p°) nonoxurensna (BBu-
1y (5)), To mis ungekca k € N;, yKa3aHHOTO yCIOBHEM (j), HAXOIIM

wi(z,p, 2, p°) = (2, p, 7', p°) = Ck[p°]2" — Cy[p]z > 0.

Canenosarensho, o;(x,z") > 0.

Tak kak y(z, p,z’, p*) > 0 upn yciosuu (jj), To B;(x,x’) > 0.

Taxum obpasom, max{a;(z,2’), Bi(z,2')} > 0 upu mobex = € L*(C),
¥ € X(x) mi € Ny. D10 osnauaer, uro ¢"(C) > 0, T.e. B cuiy Teope-
MBI 2 crpaseymBo HepasencTso p'(C) > 0. Cnemosarensho, 3amada Z™(C')
kBasuycroituusa. Crencreue 3 J10Ka3aHO.

Ha ocnoBanum ciaeacTBuit 2 u 3 JIETKO MOXKET OBITH JOKA3aHO
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Caencrue 4. /L1 Toro arobsl Herpusnasibhas 3agada Z"(C), n > 1,
6bli1a KBa3WyCTOHIHBA, JJOCTATOYHO, & B CIy4ae, Korja |P| = 1, u Heobxoan-
Mo, 9TOOBI BbIIOIHAINCH paBenctsa |L"(C)| = }L’f(C’)‘ =1

Baecy L} (C) — mmoxecTBo Arg min, oupesesnénnoe B pasf. 1.

[TockoIbKY NpH JIIOOBIX BEKTOpax & # ' BBLINOJHSETCA HEPaBEHCTBO
ap(z,2") < pi(z, ), mcnonp3ys TeopeMy 2, IPUXOANM K CJIELYIOIMIEMY YTBED-
JKJICHUIO.

Cnenctsue 5. Pammyc kpasmycroitansoctn p'(C) merpusnaibmoii cka-
asproit sagaan Z1(C), C = (c1,¢2,...,¢m) € R™, onpenensercs popaymoit

L . . Clp'la’ — Clplx
p(C)= min  min  min max —————
zeLl(C) v'€X(z) pEP(z,2") p'EP U(m,p,x , D )

B wacTaOM cjrydae, Korja MHOzKECTBO P cocrour aumb n3 TOXKIECTBCH-

HOﬁ HO,ZLCT&HOBKI/I
_ 1 2 ... m
P=\1 9 ... m )

[OJIydaeM JIeKCUKOrpabuIecKyro JIMHEHHYIO 3a/1a4y OyJsieBa IporpaMMUupOBa-
HUS:

lex min(Cyz, Coz, ..., Chx), X CE™
zeX

IlosToMmy m3 TeopeMbl 2 BHIBOAUTCS CJAEAYIONINN U3BECTHLIN PE3YIILTAT.

CaencrBue 6 |8|. Paanyc kBasuycroityupocru p™(C), n > 1, jiekcuko-
) )
rpachuiaeckoii tuHeHOH 3a1a49u 6yaeBa IIPOrpaMMUIPOBAHUS PABCH TUCJIY

. ) Ci(z' — x)
in min e
e n
> |z —
j=1
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