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Awnnoranusi. IlosyueHbl aCHMITOTUIECKH TOYHBIE OIEHKH CJIOKHOCTU
BBIUHUCJIEHUST KIAccoB (M, n)-MaTpury ¢ KosdbQUIneHTaMn 13 MHOYKECTBA
{0,1,...,9 — 1} BEHTUIBHBIMU CXeMaMW OTPAHUYEHHOM TIyOUHBI d IpH
HEKOTOPBIX COOTHOIIEHHUAX MEXKY M, n U ¢. B Hanbosee BaKHOM Ciiydae
¢ = 2 IOKa3aHO, YTO aACHMIITOTHKA CJIO?KHOCTH KJjacca OyseBbIx (m,n)-
Mmarpur logn = o(m), logm = o(n), mocTuraercst Ha cxeMax TIyOHHBI 3.
Wn. 1, 6ubamorp. 11.

KiroueBnle ciioBa: BeHTHIbHBIE CX€eMbl, CJIO?KHOCTD, I".J'Iy6I/IHa.

1. BBegenune

Bernmuavras crema — 3T0 OpUEHTHPOBAHHBIN allMKJIMIECKUI Irpad, HEKO-
TOpbIE BEPIIUHBI KOTOPOI'O OTMEeYEHbI KaK BXO/Ibl, & HEKOTOPbIE BEPIIUHBI —
KaK BBIXO/IBI, C YCJIOBUEM: BEPIIHHBI-BXOIbI HE NMEIOT BXOAAIINX PEGEp, a Bep-
IMTTHBI-BBIXOIBI HE NMEIOT UCXOIAINX pédep. PéOpa rpada Takke HA3BIBAIOT-
¢ senmuaAamy. BEeHTHIbHAS cxXeMa ¢ 7 BXOJAaMU U M BBIXOJIAMU PEAJIN3yeT
[eJIOUUCIEHHYI0 MaTPUILy pa3Mepa m X n (T. e. U3 m CTPOK U N CTOJIOIOB),
KOTOPAsl OIPeIeIsSIeTCs TaK: Ha IepecedeHr  i-ii CTPOKU U j-T'O CTOJIOIA CTOUT
YHUCJI0 OPUEHTUPOBAHHBIX ITyTEN, COEIMHSIONINX j-I BXOJI U 4~ BBIXOJ, CXEMBI.

BeHTuibHYIO €cX€MY JOIYCTUMO TaKKe WHTEPIIPETHPOBATH KaK CXeMYy W3
GYHKITMOHAJIBHBIX 9JIEMEHTOB CjIokeHus. llpumnuimeMm BXomaM BEHTHUJILHOMN
CXeMbl CUMBOJIBI IIEPEMEHHBIX I1,...,Ty. OYHKINOHUPOBAHUE CXEMBbI OIIpe-
JIeJIMM MHJLYKTUBHO 10 npasusiaM: (1) pebpo cxembl pacipocrpassier hyHK-
MO0, IPUIUCAHHYIO BEPIIMHE, U3 KOTOPOil OHO ucxoaut; (2) BeprinHe cxe-
MBI IIPUIMCHLIBAETCSI CyMMa, (pYHKIMI 110 BCeM BXOISIIUM B Heé pébpam. To-
I8 Ha BBIXO/AX CXEMbI PeaIn3yeTcs JUHEHHOe Tpeodpa30BaAHIe II€PEMEHHBIX
Z1y...,Zp. MOXKHO NPOBEPUTH, YTO MaTpPUIa ITOrO HpeobpaszoBanust (Ipu
COOTBETCTBUY HyMepallii BBIXOJOB) COBIAAET ¢ MaTPUIEil U3 OlLpeIesIeHust

*)MceneoBanue BLIIOMHEHO TpH (bUHAHCOBOI HoaepxKKe Poccmiickoro doma
dynnamenTanbubix uccenoBanuit (mpoekr 17-01-00485a).
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BEHTHUJIbHOM cxeMbl. lajiee nHora OymeMm obpamarThcsi K YKa3aHHON MHTEp-
[IPETAIMYA BEHTUJIBHOMN CXEMBI.

CaootcHocms BEHTHJIBHONM CXeMBI paBHA UMCIY BEHTUIEH B Hell, 24you-
HG — YUCTy pEObep B JJIMHHEHIIIEM OPUEHTHPOBAHHOM ITyTH MEXK/Iy BXOIAMU
U BBIXOJIAMU CXEMBbI.

BenTunbHast cxema — OJiHa U3 NPOCTEHINNUX BBIYUCIUTETHLHBIX MOJIEIEH.
Borpocsl ontumalibHOrO CHHTE3a BEHTUIILHBIX cxeM udydatorcs ¢ 1950-x rr.,
Haunnas ¢ paborer O. B. Jlynanosa [5]. OcHOBHOI BOIPOC aCUMIITOTHYECKOI
TEOPUM — CJIOKHOCTH peaJlM3aliii MaTPHI[ U3 3aJIaHHOIO KJacca (MHOXKe-
crBa). HamoMHuM, 9TO CJIOXKHOCTH MATPUIIBI ONPEIEIAETCS KAK MUHIMAJb-
Hasl CJIOXKHOCTb CXEMBI, peaju3yIomnieil e, a CJI0KHOCTh KJIacca — KaK MaK-
cUMaJibHasl CJIOXKHOCTH MaTpuilbl u3 kiaacca (dyukius [Ilennona). lomos-
HUTEJIbHO CTABUTCS BOIPOC O CJIOYKHOCTH KJIACCa MATPUI] IIPU peaIrn3aliun
CXeMaMH¥ C 33JI[aHHBIM OTpaHUYEHHEM Ha, IJyOuHy.

O6osnasmm Ey = {0, 1, ..., ¢ — 1}. Ilycre Ly(A) o3HAYaeT CI0KHOCTD
peasimzaiy MaTpuiibl A BEHTHIbHBIMEU cxeMamu riyounset d, a Lg(q, m,n) —
dyukiuio [lennona cjI0KHOCTH peam3aliuy Kjacca MaTPHI] pa3Mepa m X n
¢ snementamu u3 E, ¢ riaybunoit d; L(g, m,n) — obosuadenne st HyHKIUHA
[Tennona 6e3 orpanuveHust Ha riyoumy.

B cuny cummverpun Lg(q, m,n) = Lg(q,n,m) (cxema Jyisi IpOU3BOJILHOM
MaTpHIBI A IIpeBpaIaeTcsa B CXeMy sl TPAHCIOHUPOBAHHONH MaTpuipl AT
u3MeHeHneM opueHTanuu peédep). [loaToMy pu U3JI02KEHUN CIIe/YIONHUX U3~
BECTHBIX PE3yJIbTaTOB HoJiaraeM m < n. Jjis KOMITakKTHOCTH (DOPMYIUPOBOK
onpegerum log x = max{log, z, 1}.

B [5] O. B. Jlynasos mosy4u nepBble pe3ysbTaThl O CJOKHOCTH KJIACca
6ynesbix marpui. On jgokazas, aro upu m = w(log n)l) MMEeEeT MECTO COOT-

HOIIIEeHUEe
mn

L2(2’ m, TL) ~ logn’

a IpH JOIOJHUTEIbHOM orpanndennn logm = o(logn) —
L(2,m,n) ~ Ly(2,m,n).

B citygae MaTpull moJIMHOMUAIBHO SKBUBAJIEHTHBIX PA3MEPOB, T. €. eCJII
logm =< logn, acumuroruku L(2,m,n) u La(2,m,n) pacxoggarcs.. MormHocT-
HOe paccyKjieHne (cM., Harnpumep, |7]) moKas3bIBaeT, YTo Ipu m = Q( log? n)

D Ing cpaBHeHHS HOPSAAKOB POCTa HMCHOIb3yeM CJeAYIOMIe 0OO3HAMeHHsd: f =
w(g) pasrocusbrO g = o(f), f = Q(g) pasrocusnbro g = O(f), f =< g o3HauaeT
f = O(g). Obosnauenune f ~ g UCIOAB3YETCS JJIsl ACUMITOTHIECKOTO PABEH-
CTBA.
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CIIpaBe/IJINBa HU?KHAA OIlEHKa

mn loglogn
>— (1+0—=="1)).
L(2,m,n) > log(mn) (1 ®< logn >> (1)

9. U. Heuunopyk [6, 7| ycranoBus, 910 B psijfie CJIydaeB aCUMIITOTUKA 0O
cTuraeTcd Ha cxeMax Iyomnel 3. A mmvenno, ecau logm ~ ¢, logn, rae

_ p
Cpr = prmyE DT € N, To

mn

L(2,m,n) ~ L3(2,m,n) ~ (2)

log(mn)

[Munmenxep [10] mpoBésn goKa3aTELCTBO B OOIIEM CJIydae, MOJIY YUB DK
H = mnlog q — 0o yHUBEPCAJIIBHYIO BEPXHIOIO OIEHKY

Lig.m,n) < 3mlogy(q — )+ (1 + () oo + On), (3

rae 7(H) =</ IOFO E’%H , ACHMIITOTHYECKHI TOYHYIO B citydae log n = o(mlog q),
KaK IOKasbIBaeT obobmraromas (1) HIZKHsAS OleHKa, npuBeAcHHas B [10]:

log log H H (@)
log H log H

Lig.m.n) > 3mlogg(a ~ 1)+ (1- 0

B uacrnocru, sTor pesyiabrar Ilunnenzkepa 3aKpblBaeT BOIPOC 00 aCHMII-
TOTHKe CJIOZKHOCTH KJjacca OyseBblx Marpull pasmepa m X n, m = w(logn).
Opanaxo dhopmaabHo cxeMbl IInnmenjzkepa UMEOT PacTyLLyIO [VIyOUHY, I10-
5TOMY B psizie pabor (Hanpumep, [4,9]) mocraBieH BOIPOC O JOCTUKUMOCTH
ACUMIITOTUKHN CJIO?KHOCTH KJIacca OyJIeBbIX MATPHIL CXeMaMH OrPaHUIeHHOI
[JTyOUHBI.

B macrostmeit pabore mosydeH yTBEpIUTENbHbI OTBET HA 3TOT BOIPOC.
Iokazano, aro npu m = Q(log®? n) onenka

mn

La(g,m,n) < (1+7(n)) ()

log,, (mn)

B ciiyaae ¢ = n° pomosmsercs npu yeaoun 7(n) = o(1) n d = 3, B ciyae

g =1log®M n — upn T(n) < 1/101%)1%” ud=3,as ciyuae ¢ = o(n/log’n) —

HpHT(n)X,/lolgol%Hdzll.

BoJiee TOro, Ipy HAJTHYHE IONOIHATETBHLIX orpanmdaennii m = Q(log? n)
um € nt logio(l)
BAETCsl C OCTATOYHBIM YJIEHOM <IIPABUIBHOIO» TOpsijiKa T(n) <

N JUI HEKOTOPO# mocTosiuHoil 11 € Q onenka (5) J0Ka3bl-

loglogn
logn npn

q=1og°WDn ud=3, araxxe npu ¢ = o(n/log*n) u d=4.
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B zakirouenne IpUBOAUM YHUBEPCAJIbHYIO OII€EHKY B BHUJE

L(g,m,n) < 3mlogs(qg—1)+ (1 +7(H))

log H n

npu H = mnlogqg — oo u 7(H) =< 1/%. Sra onenka npu ¢ = nfW

Jocruraercst Ha cxemax riyounst O(1), a npu n = logo(l)
B Heil MOXKHO yTOYHUTH 10 T(H) < bﬁ){%glf

HpI/IHHI/IHI/IaHbHaH BO3MO2KHOCTDL IIOJIYyYE€HNA HNEPEINCJIEHHBIX PE3yJIbTa-

¢ OCTATOYHBIN YJICH

TOB 3aJsi0KeHa B KoHCTpyKimu [Tunmenpkepa [10], u Tpebyercst urib B3rJisi-
HYTb Ha HeE I0JI HYy>KHBIM yIJIoM 3peHusi. [lo cyiecTBy onTumaibHasi cxema
ry6uHbl 3 Hostydaercs u3 cxembl B [10], ecin, ocTaBUB HETPOHY THIM Cpe/IHUI
CJIOl, HA KOTOPOM COCPEIOTOYEHA OCHOBHAS CJIOKHOCTH CXEMbI, OCTaJIbHbBIE
CJIOM BBIIIE U COOTBETCTBEHHO HUXKE HErO <«CKJIEUTb». [Ipmém ckKjemBaHust
cs10éB Takke npuMmensit . V. Heunnopyk npu BeiBojie orienku (2).

OTMeTnM, 9T0 3a/a9e O CJIOKHOCTH PEAJTU3AINHA MATPHUIBI BEHTHIEHBIMUI
cxeMaMM TOJI00HA 3aa4a O CJOXKHOCTH PEATU3AIMA MATPUILl (BEKTOPHbBI-
MH) aJUIUTUBHBIMU [IENOYKaMU. B 9acTHOCTH, METOJbI ONTHUMAILHOIO CHH-
Te3a BEHTWIBHBIX CXeM, KaK IIPABUJIO, MOI'YT OBITH IIEPECTPOEHBI B METO/IbI
OITUMAJILHOTO CHHTE3a a IUTUBHBIX IEII0YeK, 1 Ha00opoT. Tak, olenKu, ana-
goruunble (3) u (4), Wi aJUTUBHBIX IENOYeK J0Ka3aHbl [IuiieHKkepoM
B [11], a yrounenue Bepxueii onenku nosyuero C. B. lamkosbim u B. B. Ko-
gyeprusbiM B [1]. Brocsiegcrsuu B. B. Koueprun B cepuu paboT 1mosrydui psij
000011eHnl, B 9aCTHOCTH, JJIs KJIACCA MATPUIL C WH/IMBUYATbHBIMU OTDAHM-
YeHHsIMU Ha pa3Mep Kaxkioro koadduruenrta (cMm., Haupumep, [3]).

[Tonsttust TyiyOMHBI JIjIsi BEHTH/IBHBIX CXEM W AJJINTUBHBIX IIEIIOYEK HE
BIIOJIHE AHAJIOMMYHBI (TVIyOrHA aJIITUBHOMN IEIIOUYKH COOTBETCTBYET IilyOunHe
BEHTHUJILHOM CXEMBI C OTPAaHUYEHUEM 2 HA YUCJIO BXOJANIUX B KAXKIYIO BEPIIU-
Hy PéGep), II09TOMY IPSIMOii IEPEHOCUMOCTU Pe3YJIbTATOB, CBA3AHHBIX C TUIy-
OWHOI, W3 OJHON MOJEeJM B JPYI'yio, Kak MpaBuiio, Her. Perrenue 3aja4un
O/ITHOBPEMEHHON MUHUMHU3AINKA TJIyOWMHBI M CJIO2KHOCTH B ACHMIITOTUIECKOM
CMBICJIe JIjIsi OOBIYHOMN aJIIUTUBHON HENOYKU IPUBEJIEHO B [2].

BoJtee opobHoe ocrerieHrne pa3sHOOOPa3HbIX ACIIEKTOB TEOPUU BEHTUJIb-
HBIX CXEM, B TOM dYwHCJje 0oJiee MOJTHBIA IepPeYeHb Pe3y/IbTATOB IPUBOISITCI
B COBPEMEHHBIX 0630pax [4,9].

Nznoxkenune nmocrpoeno cieayomum odpa3oM. B pasm. 2 npuBogum BCmo-
MOTATEJIbHBI PE3YyJbTAT O CBOWCTBAX NPUOIMKEHUN CHEIUAJbHOIO BHJIA,
BOBHUKAIOIIUX B KOHCTPYKIUSAX CXeM, HOJOOHBIX cxemaM u3 paborsr [10].
B pazza. 3 jmokasbiBaeTcsi OCHOBHOI Pe3ysibTaT O CHHTE3€ CXeM IVIyOWHBI 3,
a B paza. 4 — pacmmpenune i rayounasl 4. B paza. b ycranaBimBaioTCs
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OIIEHKU JIJIsi KJIACCA MATPUIL C OTPAHUYEHUEM ODIIEro BHjia Ha pasMep Kodd-
durmeHToB.

2. Ilpubau>keHue

B komcrpykimu u3 [10] ucnosbsyiorcst npubIMKeHnus JefCTBATEIBHBIX
quces u3 orpeska [1/2, 1] npobsmu Bua

7“1---7“k—7“2--'7“k+"'+(—1)k717“k+(—1)k
7"1.../’”‘k

A A ) )

rae r; € N. INomoxum dopmasnsio P() = 1.

Jlemma 1. Ilycrs v € [1/2, 1].
(i) IIpu smobom 6 € (0, 1/2] cymecrBytor uérnoe qmcao k > 0 u Haty-
paJibHble 9UCIA T1,. .., T TaKHe, 9T0

P(Tl,...,f‘k):

2
0<e=P(ry,...,1x) —a <0, R:rl---rkgg, k < logy(2/9).

(ii) Ecom o = o, bie u,v € N, To npu Hekotopom 46THOM k HMeeT MecTo

npeacraB/JIeHHue

a=P(ry,...,rx), R=ry -1 <"

JIOKA3BATENBCTBO. Byiem crpouts npubsmzkenne (6) jist 9ucia « rpa-
JUEHTHBIM aJITOPUTMOM, KaK OIMCAHO HUKE.

BeeniéM BeriomoraresbHble BeslnduHbl h;, csizanuble ¢ (6) u oupejesisie-
MbI€ U3 COOTHOIIEHU

hy=a, h;i_1=1-— ihi, 1> 0. (7)
T
['pajiueHTHBIN METOJI 3aKJIIOYAETCA B TOM, UTO Ha KAXKJIOM IIare BbIOW-
paercst MakcumaJsibHOe 1; Takoe, uro h; € [0, 1]. Ecim h; = 1, To nporecc
3aKAHUYUBAETCS B CUJLY TOTO, 9T0 v = P(ry,...,7;).
HecitoxkHO 11poBepuTh, 9TO BRIOOP Beeryia Bo3MozkeH. CripaBeiiinBbl (hbop-
MYJIBI

1
Ty = {TMJ , hi = Tz‘(l - hifl), (8)
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U3 KOTOPBIX cJiefiyeT, uro h; umeet Buj |x | /x npu x > 1, nosromy h; € [0, 1].
Kpowme Toro, nocsienosaresbHocTb {h;} Bo3pacTaomast, IOCKOIbKY

1
1—hi:1—m<—:1—hi,1.
T x

Kak ciencrsue, ecu hg > 1/2, 1o h; > 1/2 w r; > 2 upu Beex i > 0.
[Monoxkum Ry = 1 u obosnaunm R; = ry---r;. B cuny (7) u (8)

1 —h; hit1
P(ri,...,m) —a=(-1)" Lo (—1)P 9
(1o)== (<1 = = (1) )
Ecmu 1 — a < 9§, To ycnoBus jemmbl BuimosHensl mpu k = 0. Mnadge
oupejieum t u3 yejaosuit Ry < 1/0 u ymbo 1/§ < Ryyq, mbo hy = 1. Teneps
nepasenctso 0 < (—1)Y(P(ry,...,r) — ) < § creayer u3z (9).

Ecnu t uérno, nonoxkum k = t. B ciayuae neuérnoro ¢ monoxum k =t + 1
ury = [1/(0R;)]. Ipm srom 1/6 < Ry, = Ryryq <2/6 mry; > 2. Ecm
he # 1, 1o ri, 1 < 7441, & TOYHOCTH IPUO/IIZKEHIS TAPAHTHPYETCs OIEHKOM

!
_ T4

t+1 1
Pl i) —a = —22 = e o, | < o.),
t+1 t+1
Ecim hy =1, T0
1
P(ri,...,re,7q0) —a=P(ri,...,re,riq) — P(ry,...,1¢) = —— <.
t+1

Hepasencrso k < logy(2/0) TpuBnanbHo B cuity r; > 2 Jjist BCEX . Y TBEp-
KJenue (1) J10Ka3aHo.

Ecnu @ — panmonasbHoe 9MCI0 €O 3HAMEHATEEM JIPOOH ¥, TO HMOCJIEI0-
BaTeJIbHOCTD {h;} COCTOUT U3 PAIMOHAJLHBIX YHUCET CO 3HAMEHATEJISIME JIPO-
6eit v. deiicrBurenbo, obo3Hadast h; = u;/v, ¢ y4éToM Toro, 4ro ug = u € N,
o dopmyie (8) nmomyuaem u; = 7;(v — u;—1) € N upu Bcex i. Kpome roro,
U3 u; < U caenyer r; <.

[Tockosibky h; > h;_1, Bce u; PA3JIUIHBI, TIOITOMY IIOCJIEIOBATEIHLHOCTD
{hi} conepxur e Gonee v — 1 wieHoB.

Bwmecro npezcrasienust o = P(ry, ..., ) ¢ HEI6THBIM k MOXKHO BBIODATDH
upezcrasienue o = P(ry,...,r,_1,7x — 1, 7). PaBercrBo cupaseymso B cu-

JIy TOXKIECTBA
1 1 < 1 >
- = 1——].
T r—1 r

Ouenka na R B (ii) caenyer uz k < v — 1 u r; < v. Jlemma 1 nokazana.

Bosee noapobuo csoiicrsa npubimzkenust (6) ucciaeytores B [10].
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3. Cxembl 1i1yOuHBI 3

Kaxk mpaBuio, cxeMbl, pacCMaTpUBaeMble jlajiee, IMEIOT CJIOUCTYIO CTPYK-
TYPy. DTO O3HATAET, YTO JJINHA BCEX IIyTeil B CXeMe OJMHAKOBA, & MHOYKECTBO
péGep ecTecTBEeHHBIM 00pPa30M PACIAIAETCS Ha CJIOU: CJIOH 00pasyoT pédpa,
PaCIIOIOKEHHbIE HA OJMHAKOBOM DPACCTOSTHUU OT BXOJIOB (UJIM BBIXOJIOB).

B cremyromux mByx JieMMaxX OIUCHLIBAIOTCA IPOCTHIE MPUEMBI CHHTE3a,
cxeM, KOMOMHAIUsl KOTOPBIX MPUBOJUT K OCHOBHOMY pe3yJibTrary. llepBbrii
IpuéM U3BECTEH KaK MeToJ pa3pe3aHusi Ha nosocel Jlymanosa [5]. Bropoii
sIBJIsIeTCst YacTbio MeTosa Heunnopyka |7] cunresa cxem riyOounb! 3.

Jlemma 2. Ilycrs s € N. IIponsposbaast (m, Tl)—ManI/IHa2) HaJ By moxker

ObITh pean30BaHa BEHTHJIBHOH cXeMoil IiyOuHbl 2 ¢ ¢°n/s BHYyTDEHHHMH

pepmaamm, ¢°+1
BTOPOM CJ10€>).

N BEHTHJISIMH Ha 1epBoM cjoe u m(n/s+ 1) Benruisivu Ha

JIOKABATE/IBCTBO. Pa3obbéM MaTpuily Ha BEpTUKAJILHDBIE ITOJIOCHI IITH-
punbl s. Ha mepBoMm ypoBHe peasim3yeM BCEBO3MOXKHLIE CYMMBI B IIOJIOCAX
(HAIOMHIM, YTO BEHTHJIBHYIO CXEMY MOXKHO HHTEPIIPETHPOBATD KaK CXEMY
U3 JIEMEHTOB CJIOXKEHHsI): BCEro JIUIsl KayKJOi MOJI0Chl ¢ CyMM, JIJIsl HEIoJI-
HOI mostochl mupunbl 8 < s ux menee (s'/s)q®. s peanusanuu ojgHOl
cyMMBbI TpeOyercsa He Gosiee sq BenTuieil. Ha Bropom cjioe cyMMbl B CTpOKax
CKJIAJILIBAIOTCS U3 CYMM B Iojiocax. Jlemma 2 nokazana.

Jajee, KaK OOBIYHO, IIOJ, 6ecoM OyIeBOl MaTpPHUILI IOHUMAETCS YHUCTIO
€JINHUIL B HEA.

Jlemma 3. Ilycre p,r € N. IIpousBosibHasi 6yieBa (m,n)-Marpuna Be-

ca V Moxer GbITH peamsoBaHa cxeMoil rimy6uHpr 2 ¢ np’ ' BHyTpemmmmn
pepimmamm, rnp’ ! BenTmasamu na nepsom cioe u V/r +m(n/p+ 1) Benrn-

JISIMA Ha BTOPOM CJIOe.

JIOKABATE/IBCTBO. Pa3obbéM MaTpuily Ha BEepTUKAJILHDBIE ITOJIOCHI IITH-
punbl p. Ha iepBom ypoBHE peajin3yeM BCEBO3MOXKHbBIE CyMMBI He 60Jjiee ueM 7
[IEPEMEHHBIX U3 KaXKJ0W moJiockl. Jljis omHoil 1mojiockl Takmx cymMm He 00-
Jiee p”, JJIsl HENOJIHOH 1os1ockl mupuHbl P < p ux menee (p'/p)p’.

Kaxxmyro cTpoKy MaTpuilbl BHyTPH KaKJI0# MOJIOCHI TIPEJICTABUM B BHUJIE
CyMMBI TIOJICTPOK BECa I U, IPU HEOOXOINMOCTH, OJIHON ITOJACTPOKU MEHBIIIETO
Beca. Ha BTOpOM cjloe cxeMbl BBIIIOJIHSIETCS CJIOXKEHUE MOACTPoK. Jlemma 3
JIOKa3aHa.

2)Marpuia pa3Mepa m X n.
$)3nech 1 Jasiee B BEPXHUX OIEHKAX OIYCKAEM OKPYTJICHHUS.
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[Tomumo cxeMm U3 ABYX YKA3aHHBIX JIEMM, OyJIeM [PUMEHSITH JBOHCTBEH-
HbIE K HUIM CXE€MbI. DTO 3HAUHUT, ITO CXeMa JJIsi MATPHUILI A [TOJIydeHa U3 cxe-
MBI, ITOCTPOEHHOI OJHUM U3 CIOCOOOB U3 JieMM 2 U 3, IJjis TPAHCIIOHUPO-
BanHO# MaTpuipl AL ¢ HOCIeLYIOMIM OOpAIeHIeM OPUEHTAINE BEHTHIIE.
Yrobbl chopMyaupoBaTh JBONCTBEHHOE YTBEDXKIECHUE, HY?KHO B HMCXOIHOI
bOpPMYyJIMPOBKE KaXKJI0N U3 JIEMM [TOMEHSATH POJISMU 1M U N.

N3 jtemMbl 2 BBITEKAET PEIIEHIE aCUMIITOTUIECKON ITPOOJIEMBI ITPU MAJIBIX
3HAYEHUSAX M U q.

Canencrsue 1. Ilycts gm = ne. Torna

mn log(gmlogn)

+n, 7(¢g,m,n)=x ——"—"2-2.

Lay(g,m,n) < (1 +7(g,m,n)) logn

log, (mn)

JOKA3ATEJILCTBO. OreHKa JOCTUTIAETCs Ha CXEME U3 JIEMMbBI 2 (Tpch—
NOHMPOBaHHast Bepcus) ¢ mapamerpom s = |log, n — 2log,logn — 1|. Cnen-
cTBre 1 10Ka3aHo.

B nokazaresbeTBe cieyionieil TeopeMbl (DaKTHIECKH CTPOUTCS Y IIPOIIEH-
Has cxema [Tunmenmkepa [10].

Teopema 1. (i) ITycrs m < n, m = Q(log*?n) u ¢ = n°V. Torza

mn log(glogn)
L <(1 n))—m n) = 2808
sla,mn) < (1+7(g n))logq(mn) 7(¢:n) logn
(ii) Ilycrp J0OMOJHHTEIHHO BBIIOJHEHO ( = log®Dn, m = Q(log?n)
um € nt logio(l) n JIst Hekoropoii nocrostaaoi pu € Q. Torga
mn loglogn
L < (1 —_—, = =2
3(q’m?n) ( +T(n))logq(mn) T(’I’L) IOng

OKABATEJIbCTBO. (1) IIyctb m = n®. Ecan
y

(3/2)loglogn — O(1) <
logn

TO HYKHYIO OIIEHKY 00€CIIeUUBAIOT cxXeMbl IiyOuHbl 2 u3 ciencrBust 1. Ilo-

/1 1
9TOMY JaJiee 11oJjiaracM, 9To & 2 %.

_ 1 [log(qlogn)
HOHO)KI/IM (S =3 7logn 1 1Ipyu IIOMOIIU JIEMMbI 1 IIOCTPOUM HpI/I6JII/I—
KeHue

1
1+«
rie t = 2k. IlapameTpsbl 7; yMBIIILJIEHHO IIPOHYMEPOBAHBI B 00paTHOM IIOPSIKE

:P(Tt’---,rl)_ea 0<e<y, R:T1"'T’t<2/6,

110 oTHOIIeHHIO K (6).
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MoxkHo cuntarb, aTo k > 0, IOCKOJIBKY B CcUjIy BbIOOpa § ciaydaii k = 0

. o < 1 /log(glogn)
COOTBGTCTByeT MaJIbIM 3HaYC€HHLAM IIapaMeTpa @ ~ 9 W.

Jlajiee omminieM HTEPANMOHHYIO IPOIEIYPY MOCTPOEHUS MHOTOCJIOWHOM
CXeMBbI, BBIYUCIAIONIEH Tpou3BosbHyto (m, n)-marpuity A. [Ipeasapuresbo
maauM HedpopMasbHOe obIee ommcanue 3Toi mponeaypbl. Ha mepBom 1ma-
re METOIOM M3 JIEMMbI 2 JJjisi MaTPHIbI CTPOUTCA cxeMma Iaybunbr 2. Ilpwm
9TOM OJIMH CJIOH CXEeMbl, YCJIOBHO TOBOPsi, IPOCTOl (C OTHOCHTEILHO HEDOJIb-
UM 9ucJIoM pébep), a Bropoit — ciaoxubiil. [lycrs Ag — GyseBa mMarpuia,
BBIYHUC/IIEMAsT CJIOKHBIM cjioeM. Ha cieyromnem mare mporeaypol CIoii, pe-
aymsyomuit Marpuity Ag, 3aMeHsieTcsT JBYXCIONHON cXeMOl, TOCTPOeHHOM
METOJIOM U3 JieMMBbI 3. B 3T0l cxeme Tak»Ke OIUH U3 CJIOEB MPOCTOI, a Apy-
roit — cJI0XKHBIA. ByjieBa MaTpuia, peajmsyeMast CJIOXKHBIM CJIOeM, 0003HaYa-
ercs yepe3 Aq. Ha ouepensoM mmare BMECTO 3TOrO CJIOS IIOACTABJISIETCH IBYX-
CJIOIfHAsT cXeMa, ITOCTPOEHHAsT METOIOM M3 JIEeMMBbI 3, 1 T. A. [Ipu peanmusarmm
MaTpull A; UCIOIbL3YIOTCS OOYEPENHO IPIMas U IBORCTBEHHAS BEPCU CXEM
siemMbl 3. B urore nostyanm cxemy u3 2k 4+ 1 cjI0€B, cpei KOTOPBIX TOJIBKO
OJINH BHYTPEHHUIA CJIOH CJIOXKHBI — OH OyIeT OlpeaesiTh CJIOKHOCTH BCei
CXEMBI.

[Tepeitném kK popMaTLHOMY OIMUCAHUIO IIPOIEIYPDI, XapaKTePU3yOMIencs
napamerpamu 3, aq, . . . , o, 3HAYEHIA KOTOPBIX OyIyT OIIpeIe/IeHbl TI03/IHEe.

1) Ilycrs 8 — HekoTOPBI apaMeTp, Ipu KOTOpoM (3 log, n — nesoe unc-
J10. s peanuzanuy MaTpuilbl A IPUMEHUM TPAHCIIOHUPOBAHHOE IIpeobpa-
30BaHUE U3 JIEMMBI 2 C pa3pe3aHheM Ha TNOPU30HTAJIBHBIE IIOJIOCHI BBICOTHI
s = [Blog,n. Bropoii cjioii cxeMpl 3ano/HsgeTcs MyuKaMu U3 He Gosiee yeMm
qs pébep, a Ha IEPBOM CJIOE PeaJIn3yeTcs HeKoTopas Oysesa marpuna Ag us
mo < mn” /(B log, n) cTpok, ng = n cTonbios, Beca vy < n(m/(Blog, n)+1).

Pasmepnr Bo3HUKaOMKX Jlajiee B MpoIecce TpanchOopMaImi CxeMbl OyJie-
BbIX MaTpull, A; 0bo3HAUMM Yepe3 m; X 1;, a BeC — 4Yepes vj;.

2) Heuérnasi ureparusi. Pazbusaem marpuily Ag; Ha BepTHKAJbHbIE 110
Jiocel mupuHbl N2+l [Ipu momonu JjieMMbl 3 € HApaMETPOM T = 7941
peanu3yeM MaTPHILy U3 KaKJoi moJiochl. [lepBhIil cioif cxeMbl cocTaBJis-
0T IyYKH u3 He Oosiee 4eM 719,41 BenTuieil. Ha Bropom ciioe peanusyer-
cs1 HEKoTOpasi MaTpulia Ag;11 C pa3MEpPHBIME MapaMeTpaMu Mo;11 = Ma;,
noir1 < ngn2i+1(r2i+1=1) 4 gecom Voir1 < U2;/Toir1 + Mai(ngn 9%+ + 1).
ITopcraBuM 3Ty ABYXCJIOHHYIO peaJM3aliio B CXeMYy JJIs MATPHUILL A.

3) Yérnasi urepaius. Paszbusaem marpuily Ag; 1 Ha TOPU3OHTAJIbHbIE
ITOJTOCHI BBICOTHI N2, [lpm momoIu jJeMMbl 3 ¢ MapaMeTpoM I° = T'y; pe-
aJu3yeM TPAHCIIOHMPOBAHHYIO MATPHUILY U3 KaXKJoil roJiockl. Bropoit cioit
CXEMBI COCTaBJILAIOT IIyYKU U3 He Oosiee deM 19; BeHTmiel. Ha nepBom ciioe
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peajinsyeTcst HeKOTopasi MaTpuiia Ag; ¢ pa3sMEPHBIMU MapaMeTpaMu Mo; <
Mai—1n2 27 nos = ng; 1 1 Becom vg; < Vi1 /Toi+n2i—1(Mai—1n % +1).
HO,HCT&BI/IM OIIMCaHHYIO KOHCTPYKIUIO B CXEMY JIJId MaTPHUIbI A

OKOHYATELHO TIOJIyIaeM CXEeMY, COCTOAILYIO u3 2k + 2 ¢JI0EB, B KOTOPOii
BHYTpPeHHU ¢J10ii (¢ HoMepoM k + 1, caurasi OT BXOJOB) BBIUUCIISET MaTPU-
iy Asg, pasMepbl U BeC KOTOPOH YIOBJIETBOPSIIOT OIEHKAM:

m, - pfte2(ra—1)+aa(ra—1)++age(rax—1)

Mof < , 10
2k Blog,n (10)
ok < nl-l-al(?"l—1)4-(13(7’3—1)-i-~~~-|-azk—1(7’216—1—1)7 (11)
< mn
Vo K —————
kSR Blog, n
m - pltBtai(ri—1+az(ra—1)++azk—1(rzx—1—-1)—az
Blog,n
m - pltBtai(ri—L+az(ra—1)++agk—2(rex—2—1)—azk—1
ok - Blog, n
m - pltB—a
4ot
T2 Ty - Bloggn
Mo _ m n
gy e 0 . (12)
T2k ro Tk 1Tk

[osnoxkum § = (1+a)/R—"9, a1 = [+ 1P HEKOTOPBIX MOJIOKUTEIHHBIX
napamerpax 7o,y € o(d) ¢ ycaoBuem, uyro n® — nesoe unciao. [lycrs gamee
a; = a;_1T;—1 O BCex 1 > 1.

[Tpu Takom BBIOOPE Jj1st JTE060TO @ < 2k — 1 mMmeem

B+ai(ri—1)+az(re — 1)+ +a;(r; — 1)
:B+(a2_a1)+(a3_a2)+”'+(ai+1_ai):ai+1—’y,

TEM CaMbIM YHUCAUTEJM B CPEJHEN Ipyliie cjaraeMbiX omeHku (12) paBHb
mn'~7, n CYMMa 3THUX YJIEHOB B TAKOM CJIy4dae He IIPEBOCXOIUT

tmni=

Flog ' (13)

Cymmy 4iieHOB B nocsieiHeii crpoke (12) rpy6o oleHuM CBepxy udepes

t(an + mgk). (14)
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B pesynbraTe monydyaeMm OIEHKY

mn n tmnt—Y
l+a—R)log,n Blog,n

< + t(nay + moay). (15)

CxeMma rrybuubl 3 s MCXOAHON MaTpuibl A IMoJIydaeTcs CJIeLyIOIM
obpaszom. Ha cpemnem citoe peanusyercst marpuna Asp. OcrajbHbBIE CJIOU II0-
CTPOEHHOI CXeMbI BOKPYI' CJIOsl, PEAJIM3YIOIIEro MaTpuily Aoy, CKICHBAIOT-
ca. IlepBoIil c/10il OJIy9IeHHONW TAKUM ODPA30M CXEMbI COCTABJIAIOT Moj IIyU-
KOB u3 He 6ojiee 4eM 7173 - - - I'op_1 BEHTHUJIEH, & TPeTHil CI0il — M) IIyIKOB
u3 He Gosiee ueM rory - - - rog g3 log, n Benruseit. Cymmapnoe 4nciio BenTuIeit
B 9THUX JBYX CJIOSIX MOYKHO OIEHHUTDL depe3

RqBlog,n - (nay + may). (16)

Ucronb3yst popMyJibl a; = 11 -+ -T1a1 ¥ 5 = a1 —"y, HOKa3aTeb CTEIIEHN
y n B (10) nepermmem Tax:

B+az(ro—1)+asg(ra — 1) + -+ ag(ror — 1)

1
:alR-P(r%,...,n)—’y:(1+oa—(’yo—fy)R)<1+—a+a> -

:1+6(1+a)—(70—7)R<1+%+6> - 1.

Awnasiornuno cymma B nokaszaresie crerneru B (11) mpeobpasyercst ciieyomnmm
obpaszoM:

al(n — 1) + a3(7“3 — 1) + -4 a2k71(7“2k71 — 1)

:alR(l_P(TZk""a’rl)):(1+a_(’y0_7)R)<1—(|)—éOé _6>

:a—a(l—i-a)—('yo—’y)R(lia—8).

Teneps nepaserncrsa (10) u (11) MOXKHO HepenucaTsb Tax:

nl+€(1+0{)*('¥0*"/)R(ﬁ+€) —y

m
mog < 17
2k X ,8 logq n ) ( )
Hop, < e+ —(o—NR( 125 —¢) (18)
Ocrajioch yKasaTh HOJXOsIue napaMeTpbl. Boibepem v =< % %

U Y ~ 27 Tak, 4TO HOKasaTead creneHeil y n B onenkax (13), (17), (18)
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He mpeBocxoasaT 1 — log (q log® n)/log n, npu stoM Slog,n u n* — nemvie
anciia. (Biarogaps BbIGOpY MHOXKHTENS 1 B olpejiesiennn BeJIHIubL § pas-
HOCTb 1> — € B IOKasaTese crenenu B (18) Heorpurare/bia 1 10 HOPIKY
pasHa a.) Tpebosanue Blog,n € Z BpmommmMo, IocKOMbKY 7 log, n = Q(1).

Torpma Brias ciaaraembrx (13), (14) u (16) B OIEHKY CJIOKHOCTH SIBJISI-
ercst Bemmammoit O(mn/ log? n). Termepnb CI02KHOCTD CXEMBI OINEHHBACTCH KAK

cymma (15) u (16):

mn Lof _mn
(1+a—"R)log,n log®n
log(qlogn)

w0 )

Hokazkem (ii). Ecm g = 0, TO 10CTATOMHO BOCHOJIB30BATHCS CJIEICTBH-
em 1. Unave nycrs m = n®. Kax cuemyer u3 1. (ii) semmbl 1, cymecryer
IpUOJIMKEHUE

1
1+«

loglogn

=P(ri,...,rx) — ¢, \8!:O< >, reeere = O(1).

logn

Eciu € > 0, To npocto mpuMeHsieM KOHCTPYKIUIO U3 JI0KA3aTe/bCTBA
loglogn

logn -
Cnyuait € < 0 comuTes K caydato € > 0. st aToro matpuia pazbubaer-
—log"c —, TJle KOHCTaHTa ¢ BhIOUpaeT-
¢ u3 yesosug m > nt. IomMaTpunpl B MOJI0CAX PEATU3YIOTCA HE3ABUCHMO.

3arem cxeMbl JJId IIO/IMATPUIL O6’])€,ILI/IHHIOTCH HyTéM OTOZKACCTBJICHUA BBIXO-

1. (i). IIpu 9TOM MOXKHO HOJIOKUTH 0,7y <

Csl Ha BEpTUKaJIbHBIE II0JIOCHI HTUPUHDbI n=

nos. Teopema 1 moxkaszaHa.

4. Cxembl ri1younns: 4

[enoit pocra riyOUHBI MOXKHO OCJIA0UTDH 3aBUCUMOCTD CJIOKHOCTH CXEMBbI
B TeopeMe 1 or ¢. B 3T0i1 cxeme yBeJIMYEHUIO ¢ HMPENSTCTBYIOT JiBa 0OCTOSsI-
TEeJILCTBA: MHOXKUTEJb ¢ B oeHKe (16) CJI0KHOCTH IMPAHMYHOIO CJIOSI U TPe-
OoBaHUe I1IEJIOYMCICHHOCTH MapaMeTpa IMMpuHbl 1nosiocel s = Blog, n. Oba
MPEISITCTBUSI 00YCJIOBJIEHBI KOHCTPYKIEH U3 JIEeMMBI 2.

[TepBoe npensitcrBue (JIMITHUA MHOKUTEb) MOXKHO YCTPAHUTD, JOOABHUB
B CXeMy eIlé OJ[uH ¢JIoi. Bropoe npensitcrBue yerpaHsieTcs, ecjid pa3pernThb
pasbueHre Ha OJIOCHI JPOoOHOH mupuHbl. Oba IpUéMa COBMEIEHBI B CJIEIY-
Io1Ieli JleMMe, ujiest KOTopoil nmpocMarpusaercs B Metojie u3 [10], u koropyto
MOXKHO WCIIOJIb30BaTh B KA4eCTBE aJIbTEPHATUBBI JIEMME 2.
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JIemma 4. Ilycrs o > 0. IIpoussosbnas (m,n)-marpuna Hasg E, moxer
OBITH peaJn30BaHa BEHTHJILHOH cxeMoil riybunbl 3 ¢ 2nq/logq BeHTmiisimm
Ha nepBom cioe, n(logq + 1) Bepmmbamu Ha riybune 1, 12¢° (n/o + 1) x
(0 + 3)log ¢ BenTHIIIME Ha cpejHeM cioe, 4q° (n/o + 1) Bepimuaamu Ha riIy-
6une 2 mw m(n/o + 1) BeHTHISIMH Ha TPETbeM CJIoe.

JIOKABATEJIBLCTBO. Ilosmoxkum émxocmo gdeiiku maTpunbl najy F, —
UCJI0 BO3MOXKHBIX 3HAYEHUN, KOTOPBIE OHA MOXKET 3aK/II09aTh, — PABHOI (.
HomyctnM BO3MOKHOCTD pa30MeHnsi HEKOTOPHIX S9€eK Ha TaCTH, KOTOPHIe
OyeM Ha3bIBATH HENOAHLIMU Avelkamu. HemosHas sdeiika MOXKET 3aKJIIO-
garh uncia us aFy = {0,a,2a,...,(b— 1)a} u umeer no onpejieneHno M-
kocTh b. dueiika mist ancen u3 aEy (B ciydae a = 1 u b = ¢ 910 1enas
siuefika, nHavYe — HEIlOJIHAsl) MOXKeT ObITh pa3buTa Ha JIBe YacTH 110 CJIe/Ly0-
memy npasuiy. [lycts biby > b u by, be < b. Pazperum ojiHO# 9acTu saeitku
3aK/II0YaTh Yncia U3 MHOXKecTBa aly, , a apyroit — uncia u3 aby By, Mox-
HO IIPeJICTABUTH IIPOU3BOJIbHOE 4HCI0 U3 k), cymmoil aByx umcen us ally,
u aby Ep, n pazmecTuTsb ciraraeMble B HOJAXOMISAIINX YACTAX SUEHKU.

EMKOCTBh MHOKECTBa d4eeK, BKJII0Jas, BO3MOXKHO, HEIIOJIHble, €CTEeCTBEH-
HO OIIPEJIEINTH KaK IIPOU3BEICHIe EMKOCTEll COCTABIAIONNX (EMKOCTD TIEI0i
sT9efiKM MOYKeT ObITH MEHbIIIe EMKOCTH MHOYKECTBA €€ Jacreil).

Pa306béM MHO2KECTBO sideeK CTPOKHU MATPHUIIBI HA TTOIMHOXKECTBA C EMKO-
CTBIO KayKJIOrO ITIOJMHOXKeCTBa B mHTepBasie [2¢7, 4¢%| (BKJOUasi, BO3MOXK-
HO, OJIHO IIOJIMHOXKECTBO MeHbIeil émMkocTH). Jljist 9Toro cosepriaem Hpoxol
BJIOJIb CTPOKH, JT00ABJISS B TEKyIee MOAMHOXKeCTBO éMKocTu C' 0d4epeIHy o
staeitky émroctu b, eciu Cb < 2¢%, mHaUe — 9acTb 9TOH sTIEHKU ¢ EMKOCTHIO
by = [2¢?/C']. Bropast yacte sideiiku npuobperaer émMkocThb [b/by| u crano-
BUTCA OYePEHON Il CJIELYIONIEro IIOAMHOXKECTBA.

VYkazanHoe pasbueHue JeJIUT MaTpHIly Ha BepTHKajabHble 1mojockl. CTpo-
Ka B II0OJIOCE MOXKET COJep:KaTh He Gojee o + 1 HesbIX sdeek u He Ooee
JIByX HEIOJIHBIX. UMCJIO ITOJIOC MOYKHO OIICHUTH, UCXOJS M3 TOrO, YTO BbI-
JIeJIEHNe OJJHOTO MOJMHOXKECTBA éMKOCTH He MeHee 2¢° yMeHbIIaeT éMKOCTb
OCTaBHIEHCS 9acTH MHOKeCTBa, MUHUMYM B ¢° pa3. OTTalkupasch OT 6MKO-
CTH UCXOJHOIO MHOXKECTBa ¢", MOJIydaeM, 9TO MaTPUIla COAEPKHUT He boee
n/o + 1 nosoc.

Teneps onumrem cxemy. Ha miepBom cjioe cxembl 11t KazKI0r0 BXOJIa X BbI-
aucistercst BekTop KparHocreit: (1,2,4, ..., 2U08(@/ 10890y O un rakoit Bek-
TOp peasm3yercst npu nomoinu ne 6osee uem 2q/ log ¢ Benruseit. Ha sropom
CJI0€ BBLIMHCISAIOTCS BCEBO3ZMOXKHBIE CYMMBI B IOJIOCAX: YUCJI0 CYMM B OJIHOI
1oJI0Ce He MPEBOCXOAUT 4¢° 10 MOCTPOEHMIO, JJIsl BLIYUCICHUS OIHOM CyMMBI
UCIIOIb3yeTCsT He DoJsiee 0 + 3 d9eeK, Jjisd BLIUUCIECHUs] 3HAUEHUS B dUeiKe
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U3 KpaTHOCTeH, BRIYUCJIEHHBIX Ha, [IEPBOM YPOBHE CXEMbI, J0CTATOYHO 3 log ¢
BeHTHJIel. [lociieHsIsI OleHKa OIMPAETCsT HA BO3MOYKHOCTh PA3JIOXKEHUSI [IPO-
U3BOJILHOTO 4HcIa a € Iy B cymmy a = ail + ag, | = 2llog(a/log )] 1y s10M
a1 < 2logq, as < l. Ha zakmiounTelbHOM CJI0€, KAK U B JIeMMe 2, CyMMbI
B CTPOKaX CKJIJIBIBAIOTCS U3 CyMM B mosiocax. Jlemma 4 jokazaHa.

JlokazaHnHasi jJeMMa, IMO3BOJISIET PACIIUPUTHL PE3YALTAT CJAeJACTBUS 1 U J10-
[IOJIHUTH PE3YAbTAT TeOpeMbI 1 0 BO3BMOXKHOCTSAX aCUMITOTUYECKH ONTUMAJIb-
HOT'O CHHTe3a B riiybOune 3.

Caencrsue 2. Ilycrs ¢ = o(n/log?n), m = n°Y). Torza

mn _ log(mlogn)

L3(g,m,n) < (14 7(m,n)) +n, 7T(m,n)=

log, (mn) logn

JOKA3ATEJILCTBO. OreHKa JOCTUraeTCs Ha CXEeMe U3 JIEMMbI 4 (Tpch—
NOHMPOBaHHAsT BEPCUsA) ¢ mapameTpom o = log,(n/ log? n). Crencreue 2 go-
Ka3aHo.

Teopema 2. (i) ITycrs m < n, m = Q(log®? n) u g = o(n/log? n). Torxa

mn loglogn
Ly(g,m,n) < (1 +T(”))W, T(n) = Tlogn
q
+0(1)

(i) ITycre gomomunreasao m = 2 (log2 n) um € n*log
ropoii mocrostHAOH 1 € Q. Torza

n aJisd HeKO-

mn _ loglogn

T(n) <

Ly(g,m,n) < (1+ T(n))m,

logn

JTOKABATENBCTBO. (i) [omokum § = %\ / blgolTOi". Bemwumner o, €, k,t, R
olIpeJIe/INM Kak B Teopeme 1.

ITpu v < 26 cxembl IyOUHBI 3 U3 CJIEACTBHA 2 00ECIEeUNBAIOT HYKHBII
pesynabrar. [Ipu 66IBIINX (¢ HOBTOPSIEM MOCTPOEHNE TEOPEMBI 1, TOJIBKO MC-
HOJIb3yeM B Ka4eCTBe OTIPABHON TOYKM CXeMy U3 JIeMMbI 4 BMECTO CXeMbl
u3 jaeMmbl 2 (T. e. Mogudunupyercs mar 1. 1 B JI0Ka3aTeIbCTBe TeopeMbl 1).

1) Iycrs 8 — Hekoropsiit napamerp. st peasmsanuu (m, n)-marpuib A
IPUMEHMM TPAHCIIOHHPOBAHHOE Ipeobpa3oBaHue U3 JeMMbl 4 ¢ mapamer-
pom o0 = flog,n. B nomyuennoii cxeme Tperwmii cjoit comep:ut ne Gosee
geM 2mq BeHTWIe. BTopoiil cjioit cxembl 00pa3yoT MMydknu u3 He 6ojiee uem
(Blog,n + 3)(logq + 1) pébep, a Ha mepBoM cjloe peaansyercs HeKOTopast
6ysnesa marpuia Ag uz mo < 4nf(m + Blog,n)/(Blog,n) crpok, ng = n
cTosbroB, Beca vy < n(m/(Blog,n) +1).
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Hagee peficrByeM Tak, Kak OINKUCAHO B IMMI. 2 U 3 JIOKa3aTEbCTBA TEope-
MBI 1. B urore mpuxonnm k cxeme n3 2k + 3 ¢0€B, B KOTOPOIT cpemHuit coit
(c Homepom k + 1) Bbraucssier marpuity Aoy, JJist pa3MepoB U Beca KOTOPOit
CIIPABE/JINBLI CJIEYIONE ONCHKN:

4(m +8 1qu n)nﬁ"'a? (ro—1)+aa(ra—1)+-+agg(rog—1)

< ; 19
oy o (19)
Ngp < n1+a1(T’l71)4’@3(T3*1)+"'+0«2k71(7"21@71*1), (20)
mn
Vor X
* SR Blog,n
4(m + 510gq n)nl‘i’ﬁ‘i’al(7’1*1)+a2(7’271)+"'+a2k—1(r2k—171)7a2k
Blog,n
4(m + logq n)n1+6+a1(r1—1)+a2(r2—1)+---+a2k_2(rzk_z—l)—azk—l
ok - Blog, n
+ - 4(m + Blog, n)n!th~m
Ty Tok - Blog,n
g T Mo
T2k Tg--:T2  T1o-- T2k

[Momoxkum = (1 4+ «)/R — 7y, a1 = B+ 4 a;j = aj—17—1 I BCex
i > 1. B pesysbrare (CM. J10Ka3aTeIbCTBO TEOPEMbI 1) Il BeCa MaTPHIIbI
Agj BBIBOJIUTCST OIEHKA

mn N 4t(m+ B logq n)nl_V
1+a—2R)log,n Blog,n

v < ( + t(nok +mag). (21)

CxeMma rryOuubl 4 1jis MCXOAHON MaTpuinbl A I[MoJIydaeTcs CJeLyIOIM
obpazom. OcrapjisieM HETPOHYTHIMU BHENIHUI CJIOM 13 pEdep, coequHEHHBIX
C BBIXOJIaMM, IIOCTPOEHHLI Ha IIEpBOM Iare, a TakrKe CPeIHUiA CJIoii, Tje
peasmzyercst marpuiia Agg. Ciion B KayKI0#f U3 OCTABIIUXCS JIBYX CBSI3HBIX
JacTeil CxeMbl COBMeIaioTcd. Ha mepBoM cjoe IOJIydeHHOH Takum obOpa-
30M CXEMbI PaCIOJIOKEHBI Moy IIYUYKOB U3 He 0oJiee YeM 7173 - - - Top_1 BEH-
THJIEH, a Ha TPETbEM CJI0e — Mgk IIYIKOB U3 He 0oJjiee 4eM ToTy - - - Top X
3(Blog,n + 3)log q Benruyeit. Torga cymmapnoe WHCIO BEHTHJICH Ha mep-
BOM, TPETHEM U YETBEPTOM CJIOAX OIEHUBAECTCS BEJIMUIUMHOMN

3R(Blog,n + 3)logq - (nar + may) + 2mgq/ log q. (22)
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Touno rak ke, kak B Teopeme 1, ornenkn (19), (20) nepemnmcsiBaroTCs
B Buje

4(m + Blog, n)n1+€(1+a)*(70*"/)R(ﬁJre)f’y

mog < ) (23)

Blog,n

gy, < mn!t ST o=NR(TEZ—e) (24)

Bribepem v ~ 54/ 101golean " 7y ~ 27y Tak, 9TO MOKa3aTeJIu CTerneHeil y n
B cpeateM craraeMoM onenkn (13) u onenkax (23), (24) He mpeBOCXOIAAT
1 —3loglogn/logn u npu 5ToM BbINONHSIETCsT yCaoBHE Nt € 7.

Ternepsb CJI0XKHOCTH CXEMbI OllEHUBAETCsl Kak cyMma (21) u (22):

mmn N O( mmn )
(14+a—R)log,n log®n

mn loglog n
L (1 of flestosnY)
(1+a)log,n logn
Hokazarenbcrso 1. (ii) He ommvaercss or JokaszareiabcTBa II. (i) Teope-
Mmbl 1. Teopema 2 mokazamna.

5. Beruuciaenue MaTpuil ¢ ObICTPO pacTymuMu KoddduiimeHTaMmu

B stom pa3smese paccmaTpuBaeTcs: KJIacC MaTPHI] C TPOU3BOJIBHBIM OI'Da-
HUUYeHHEM ¢ Ha pasmep kodddurmentor. Cremyroias JieMMa OIUCHIBAET
CTPOUTEJIbHBIN OJIOK I/ ONITUMAJIBHBIX CXEM.

JIemma 5. IIycre v = (3¥1,...,3%), u; € NU{0}, u = max {u;}. Torzna
i=1,...,s

npu Jiobom d, 1 < d < u, CripaBeInBo
Lq(v) < min{u, 2d — 1} - 3%/ 4 (s — 1)3L=1)/d],

JOKA3ATEJIBCTBO. Yao0Hee pPacCMOTPETH PEaIM3aIMi0 TPAHCIIOHIPO-
BanHOro BekTopa v! . Ha puc. 1 u3obparkena 6a30Bas cxeMa, BBIUHC/ISIONA
sexrop w = (1,3,...,3")T. Ona umeer cioxuocts 4u u ry6umny u. Hysknas
cxema it v1 B caydae d = u HOTyUMTCH, €C/AM U3 BUCSYHX PEGEpP OCTABHUTD
TOJIKO Te, KOTOPBIE BEeJIyT K BBIXOHAM KpaTHocTH 3%i.

[Ipu npoussosibHOM d 3anuinem v = pd + r, 0 < r < d. O6001a351 CXEMY
Ha puc. 1, MAKCHUMAJILHYIO KPATHOCTD 3% BBIUUC/IUM B IEMOYKE U3 d CJIOEB:
U3 HUX T CJIOEB cojepskar rpynmnsl u3 3P mapasiensno coeuHEHHBIX BeH-

THJIeN, ocTajibHble d — r CcJI0€B — rpyunbl u3 3P mryk. s Beraucienuns
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x/\/\ g

1-x 3.z 3u—l. g

Puc. 1. Cxema st BeKTOpa w

KasKJI0TO U3 HEJIOCTAIONIUX BBIXOIOB JIOCTATOTHO JH0OABUTH IPYIIy U3 He 60-
nee ueM 3P BenTmiIelt, a ecom r = 0, To jaxe He Gostee ueM u3 3P~ Benrmeil.

O6osnaunm x = r/d. Yucno BeHTHIIEH B IielOovKe, BbUUC/IsAONEl 3%,
OIEHUBAETCS TaK:

(d—7)3° + 3Pt = (d + 2r)3P
= d(1 4 22)37 < d(1 + 2)3PT® = d(1 + z)3%/,

nockoibKy 1+ 22 < (14+2)(1+In3-z) < (14 2)3* gua > 0. Ocranocs
3aMeTuThb, uTo r < min{u — d, d — 1}. Jlemma 5 jnokazana.

Sameuanue. Eciu K BbIXOy CXeMBbI BEJIET €IMHCTBEHHOE PEOPO U OH CO-
€JINHSETCS C BXOJIOM JIPYTO#l CXeMBbI, TO PeOPO MOXKHO YIAJIUTH, OTOXKIECTBUB
€ro KOHIIbI U IIPU 3TOM He Hapylasi (DyHKIIMOHUPOBAHUsT 00 INHEHHON CXe-
Mbl. Bucgame pébpa, BemayInue K BBIXOIaM, KaK B CXeMe Ha puc. 1, Hy>KHBI
TOJIBKO 3aTeM, ITOOBI YJIOBJIETBOPUTH TPEOOBAHUIO OIPEIETICHUS CXEMbI, 3a-
MPEIAoIeil MyTH MeXKIy BXoiaMu Ujau BbixogaMmu. COOTBETCTBEHHO KOIJA
BBIXOJ[bI CTAHOBSATCSI BHYTPEHHUMH BEepPIIMHAME, HEOOXOIUMOCTb B 3TUX PED-
pax ormazaet. 11o mocTpoeHuio B cxeMe u3 J0KA3aTE/HCTBA JIEMMBI 110 MEHbD-
et Mmepe s — 1 — (u — d) BBIXOJIOB SIBJISIFOTCSI KOHIIAMU BHCSIUX PEGEp.

Teopema 3. Ilycrs m < n, H=mnlogq — oc.
(i) ITyers 1 < d < |logg(q — 1)]. Onpenennm sq = |logs(q — 1)| — d opu
d >logs(q—1)/2 n sq = d — 1 B nporuBaoMm ciy4ae. Torya

Lo, m.n) < (L 7(H)) oy ot mg' /(o (g = 1)) +50), - (25)

log
log log H
e 7(H) < /2 %
(ii) ITycrp JOMOJHUTEILHO BBIIOJIHEHO YCIOBHE T = 10g°M ¢. Torna

H

Lg(g,m,n) < 3mlogs(qg—1)+ (1+ T(H))log—H’

(26)

rge d = |logsz ¢+ \/logs q| +3 u 7(H) < lofgolgo%{H‘
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JTOKABATE/ILCTBO. Cryuait ¢ < n/log3n oxsarsBaior crencrsue 2,
TeopeMbl 1 u 2 (mociegHee ciaaraeMoe B OlleHKe (25) B 9TOM cilydyae Hecyle-
crBenno). PaceMorpunM ocHOBHOI ciryuait ¢ > n/log? n.

BA30BBII METO. ITycrs 3¢~ < ¢ —1 < 3 upu nexoropsix k,t € N.
Ucriob3yst 3ammch B TPOMYHON CHUCTEMe CUYHUC/IEHUs, KaXKJIblil W3 3JIeMeH-
TOB @; ; MATPUIILI A IIPEJICTABUM B BHJE

ai; =bD; b, b= (1,3% 3% .. 3Dk c—(1,3 32 ... 3k,

riae D; ; — marpuna pasmepa t X k nan E3. Torma

b 0 ... 0
0 b ... 0
A= (ai,j) = BDC, B = . . . . )
00 ... b
o
Dy, Dy 0o T 0
D= .. , C= .
Dm,l Dm,n 0 0 CT

CxeMy mJ1st MATPHUIBI A MOXKHO TIOCTPOHUTD, COEIUHSISI [TOC/IeIOBATEIEHO CXe-
™Mbl g Marpuil C, D, B.

Eciu BekTophI-mtoaMaTpuiibl MaTpuil 3, C' peam3yoTcst cCXeMaMy U3 JIEM-
MBI D, TO BHCsiUMe peéObpa oOpallleHbl BHYTPb CXEMbI, U UX MOXKHO VIAJUTD
COIJIACHO 3aMEYaHUIO K JIEMMeE .

Hust nokazaresnbersa 1. (1) Beibepem k = 1. Torma

Lass(A) < Ly(B) + Ls(D) < mL,y(b) + Ls(3, mt, n),

rre pyHKITHOHAT Lél oTaumvaercd oT Ly oTcyTcTBHEM yU€Ta BUCAIHX PEOEp,
BEYIIUX K BBIXOIAM.
CorytacHo JileMMe 5 B CHJIy 3aMedaHus K Hell mMeeM

Ly(b) < (min{t — 1,2d — 1} 4+t — 1 — d)3¢=1/9 < (|logs(q — 1)) + sq)q*/?.

Besmuuny L3 (3, mt, n) oneHuM npu HOMOIIH CIeCTBUsE 1 wiu TeopeMbl 1
B 3aBHCHMOCTH OT COOTHOIIEHHS MEXKJy Mt U 1 CJIEAYIOIMIIM 00pasoM:

L3(3,mt,n) < (1+ T(H))logH + n.
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Bxech cymmecrsenHo, uro t = [logs q] = (1+0O(1/log H))logs ¢ B cuity orpa-
HUYEHUS CHU3Y Ha (.

s nmokazarensersa 1. (i) gocraTrodno BbOparh k < ¢ Tak, 9TO BBIIOJ-
ustercst yeosue mit € (nk)" logtOM (nk) nis nexoropoii nocrosmuoii 1 € Q.

Ciydait m = n = 1 tpusuanen. Ilycte n > 2, m = n® u logs ¢ = n?. Buibe-
. pAtB)—a logs q
pem p € [o, min{l, o + 3/2}] N Q u nosoxum k = Ln Ttp J, t= [731

Peamuzyem marpunpl B u C' cxemamu 13 jieMMbl 5 (MAaKCUMAaJIbHOI) cymMMmap-
Holt rybuns! kt —1 < logs ¢+ k—1, a marpuny D peanusyeM cxeMoi IIyOn-
bt 3, kak B 1. (i). ITo mocTpoermo kt < logs g+ k = (14 O(1/v/H))logs q.
Teopema 3 moxazaHa.

B wacraom ciaydae d = |logs(¢ — 1)] omenka 1. (i) Teopems! siBisiercst
HE3HAYUTEIbHBIM yTOYHEHHEM OLEHKH (3).

CaenctBue 3. Ilpu yciosusix m < n, H = mnlogq — oo cupaseimbo
COOTHOIIIEHNE

L(g,m,n) < 3mlogs(q — 1)+ (1 + 7(H)) +n, (27)

log H

- loglog H _ ,001
mreT(H) < 4/ %, a npu gomonaureasaoM orpanndennn ¢ = n°Y onen-
Ka (27) gocruraercs na cxemax rayouasr O(1).

JIOKABATEJ/IbCTBO. Bropas 9acTh yTBEPKIAEHUSI [TOJIYYAETCSA IIPU HaJI-
nexkamieM Boibope d > log, n + 1. Criencrsue 3 jokazamo.

B 1. (ii) MBI OrpaHHIH/IACH YKA3AHUEM TOJILKO JOCTATOYHO OOIIEro Ciry-
vas (o4eHb GOJIBIIOE ¢), KOrjia OreHKa (26) MoxKer ObITH JI0Ka3aHa C YIIyd-
[MEHHBIM OCTATOYHBIM wieHOM. CIocob H0Ka3aTe/IbCTBa U PE3YJIbTAT Teope-
MBI | [O3BOJIAIOT HOJIYYUTh «IIPABIJIBHBLI» TOPAI0K BeJnIuHbl 7(H ) B HEKO-
TOPBIX JAPYIUX CUTYAIUSIX.

B nesom onenka 1. (ii) ciyzkur 06OOIIEHHEM CBOErO YaCTHOIO CJIydast
m = n = 1, Ajs KOTOPOro Pe3yJIbTaT MOXKET OBITH IOJIYIEeH aJarrraiueit
KJIACCHYeCKoro Meroza Bpayspa [8] mocrpoenust ajiuTuBHBIX [IEII0YEK K MO~
JleJI BeHTUJIbHBIX cxeM. Ilo cymiecTBy, npuMeHsieMast B I0Ka3aTeIbCTBE TEO-
pemsbl 3 iekomnosunust A = BDC' sgBisieTcst eHTPaJIbHBIM MECTOM B METOJIe
Bpayapa.

ApTop OJiarofapeH pereH3eHTy 3a BHUMATE/IbHOE N3yJYeHHe CTAThU U I10-
JIE3HbIE 3aMeYaHUsl.
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RECTIFIER CIRCUITS OF BOUNDED DEPTH
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Abstract. Asymptotically tight bounds are obtained for the complexity
of computation of the classes of (m,n)-matrices with entries from the
set {0,1,...,q— 1} by rectifier circuits of bounded depth d, under some
relations between m, n, and ¢. In the most important case of ¢ = 2,
it is shown that the asymptotics of the complexity of Boolean (m,n)-
matrices, logn = o(m), logm = o(n), is achieved for the circuits of
depth 3. Nlustr. 1, bibliogr. 11.

Keywords: rectifier circuit, complexity, depth.
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