Sobolev Institute of Mathematics Preprint ü45, December 1997

A LINEARIZED INVERSE PROBLEM OF ISOTROPIC ELASTICITY IN A SPHERE^∗

T. V. Bugueva

Abstract. The problem of unique determination of the density function ρ(r, θ, φ) depending on three variables of the spherical coordinate system is considered in the linear approximation with known velocities c(r, θ, φ) = (λ + 2μ)/ρ and a(r, θ, φ) = μ/ρ of longitudinal and transverse waves, which can be determined as solutions of respective inverse kinematic seismic problems. The conditional stability estimate is obtained.

Key words: isotropic elasticity, direct and inverse problems, existence, uniqueness, conditional stability.

AMS 1991 Subject Classification: Primary: 35R30. Secondary: 73D50, 35L55, 34L20, 73C15.

1. Introduction

German geophysicists G. Herglotz [1], E. Weichert and K. Zoeppritz [2] have studied the ˛rst inverse kinematic seismic problem for the spherically symmetric Earth model in 1905{1907 under the assumption that the wave velocity function depends on the distance to the Earth center only. A. S. Alekseev for the ˛rst time have studied the dynamic formulation of one-dimensional inverse problems for systems of di¸erential equations [3, 4]. In 1962 he set up the inverse dynamic seismic problem for the plane model of the Earth under the assumption that the density and elastic Lam«e parameters depend on the depth only. Various formulations of one-dimensional and multi-dimensional problems for the plane model of the Earth were studied later on by A. S. Blagoveshchenskii [5], V. G. Romanov [6{8], E. A. Volkova [9], V. G. Yakhno [10, 11]. To solve the dynamic inverse problems for hyperbolic equations the method of linearization is widely employed. Beginning with the paper by M. M. Lavrent’ev and V. G. Romanov [12, 13] the method of linearization was actively used in the problem of determination of hyperbolic equation coe‹cients by V. G. Yakhno [14], G. Jobert [15], T. V. Bugueva [16] and by other authors. Linearized multi-dimensional inverse problems for isotropic elasticity system and for elastic anisotropic media were described by V. G. Romanov and E.A. Volkova [17,

� The work was supported by the Russian Foundation for Fundamental Research under grant No. 96– 01–01887.

18]. Other methods for solving inverse dynamic problems for elastic media were suggested by W. Symes [19, 20], M. Grasselli, S.I. Kabanikhin, A. Lorenzi [21, 22] and others.

In the works [14, Chapter 3, pp. 85{111; 23{25] together with V. G. Yakhno we considered the inverse problem for the system of di¸erential equations of isotropic elasticity in the sphere˙ ȷ @^2~u @t^2

= —´~u + (– + —)∇div~u + ∇–div~u + ∇— · (∇~u + ~u ∇): (1:1)

We supposed that the Lam«e parameters —, – and the density function ȷ depend only on the radial variable r. A theorem on unique solvability for the one-dimensional inverse dynamic problem for the system of di¸erential equations in a sphere was proved \in small". A conditional stability estimate was obtained for the problem of determination of the Lam«e parameters and density function.

Let r_0 be a given positive number; 0 ≤ ’ < 2ı, 0 ≤ „ ≤ ı and let

S^2 = { („; ’) | | | = (sin „ cos ’; sin „ sin ’; cos „) }

be the unit sphere in R^3. Then ˙ = [0; r_0] × S^2 is a sphere of radius r_0.

P = P (x; y; z) ∈ @˙;

x = r_0 sin „ cos ’;

y = r_0 sin „ sin ’;

z = r_0 cos „:

Figure 1

The operators entering (1.1) are presented in the monography by A. Ben-Menahem and S. J. Singh [26]

´~u = e_r ( ´u_r − 2 r^2 u_r − 2 r^2

@u_θ @„ − 2ctg„ r^2 u_θ − 2 r^2 sin „ u_φ @’ ) +

+e_θ ( ´u_θ + 2 r^2

@u_r @„ − 1 r^2 sin^2 „ u_θ −

2 cos „ r^2 sin^2 „

@u_φ @’ ) + +e_φ ( ´u_φ + 2 r^2 sin „

@u_r @’ − 1 r^2 sin^2 „ u_φ +

2 cos „ r^2 sin^2 „

@u_θ @’ ) ; div~u =

@u_r @r + 2 r u_r + 1 r @u_θ @„ + ctg„ r u_θ + 1 r sin „

@u_φ @’ ; ∇ = e_r @ @r + e_θ 1 r @ @„ + e_φ 1 r sin „ @ @’ ;

(∇~u + ~u ∇) =

"_{rr} "_{rθ} "_{rφ} "_{θr} "_{θθ} "_{θφ} "_{φr} "_{φθ} "_{φφ} ;

where

"_{rr} = 2

@u_r @r ; "_{θθ} = 2 r ( @u_θ @r + u_r ) ; "_{φφ} = 2 r ( 1 sin „

@u_φ @’ + u_r + u_θctg„ ) ;

"_{rθ} = "_{θr} = 1 r @u_r @„ + @u^θ @r − u^θ r ; "_{rφ} = "_{φr} = 1 r sin „

@u_r @’ + @u^φ @r − u^φ r ; "_{θφ} = "_{φθ} = 1 r ( 1 sin „

@u_θ @’ + @u_φ @„ − u_φctg„ ) : Here u_r, u_θ, u_φ are the coe‹cients of expansion of the vector ~u in terms of the spherical basis (e_r; e_θ; e_φ), which is de˛ned by the formulas

e_r = e_1 sin „ cos ’ + e_2 sin „ sin ’ + e_3 cos „;

e_θ = e_1 cos „ cos ’ + e_2 cos „ sin ’ − e_3 sin „;

e_φ = −e_1 sin ’ + e_2 cos ’

where e_1, e_2, e_3 is a basis in R^3.

Let us consider the initial data for the system of di¸erential equations (1.1)

~u|_{t<0} = 0 (1.2)

and the boundary condition

ff_r|_{r=r0} = ~f(t; „; ’); (1.3)

here ff_r is the stress vector acting on the area element whose normal vector is parallel to the axis e_r

ff_r = –e_rdiv~u + —e_r · (∇~u + ~u∇); (1.4) where the vector e_r · (∇~u + ~u∇) is determined by the formula

e_r · (∇~u + ~u∇) = 2@~u @r + e_r × rot~u;

~f(t; „; ’) is a source function, t ∈ [0; T ], („; ’) ∈ S2.

Let us consider the orthonormalized spherical harmonics system (see [26]) R_{lm}(„; ’), S_{lm}(„; ’), T_{lm}(„; ’), l = 0; 1; . . . , −l ≤ m ≤ l,

R_{lm}(„; ’) = Y_{lm}(„; ’)e_r;

S_{lm}(„; ’) = 1 √ l(l + 1) ( e_θ @ @„ + e_φ 1 sin „ @ @’ ) Y_{lm};

T_{lm}(„; ’) = 1 √ l(l + 1) ( e_θ 1 sin „ @ @’ − e_φ @ @„ ) Y_{lm}; (1.5)

here S_{00} = T_{00} ≡ 0; Y_{lm}(„; ’) are the spherical functions of the order l , (see [27]) l = 0; 1; 2; . . . , −l ≤ m ≤ l. These functions satisfy the equality ´_{θφ}Y_{lm} = −l(l + 1)Y_{lm}: (1:6)

Remark 1.1. Spherical harmonics satisfy the following orthogonality relations [26] ∫_{2π} 0 ∫_π 0 R_{lm} · R_l′_m′ sin „ d„ d’ = ‹_{ll}′ ‹_{mm}′ ; ∫_{2π} 0 ∫_π 0 S_{lm} · S_l′_m′ sin „ d„ d’ = ‹_{ll}′ ‹_{mm}′ ; ∫_{2π} 0 ∫_π 0 T_{lm} · T_l′_m′ sin „ d„ d’ = ‹_{ll}′ ‹_{mm}′ ;

here ‹_{ij} is the Kronecker symbol.

The spherical harmonics system R_{lm}(„; ’), S_{lm}(„; ’), T_{lm}(„; ’), l = 0; 1; 2; . . . , −l ≤ m ≤ l, is full, so any vector-function ~f(„; ’) = (f_1(„; ’); f_2(„; ’); f_3(„; ’)) with components from L_2(S^2) can be represented in the form of a series convergent in L_2(S^2),

~f(„; ’) = U_{00}R_{00} +^∞ ∑ l=1 l∑ m=−l [ U_{lm}R_{lm} + V_{lm}S_{lm} + W_{lm}T_{lm} ]

where U_{lm} = < ~f; R_{lm} >_{L2(S}2_); V_{lm} = < ~f; S_{lm} >_{L2(S}2_); W_{lm} = < ~f; T_{lm} >_{L2(S}2_); here <·; ·>_{L2(S}2_) is the scalar product in the space L_2(S^2).

Let us represent the solution of the system of di¸erential equations (1.1) as the Fourier series expansion in terms of the spherical harmonics system R_{lm}(„; ’), S_{lm}(„; ’), T_{lm}(„; ’), l = 0; 1; . . . , −l ≤ m ≤ l,

~u(t; r; „; ’) = U_{00}(r)R_{00} + ∞∑ l=1 l∑ m=−l [ U_{lm}(r; t)R_{lm}(„; ’) + V_{lm}(r; t)S_{lm}(„; ’) +

+ W_{lm}(r; t)T_{lm}(„; ’) ] : (1.7)

Let us also represent the solution of system (1.1) in the form of expansion in terms of the spherical basis (e_r; e_θ; e_φ)

~u(t; r; „; ’) = u_r(r; „; ’)e_r + u_θ(t; r; „; ’)e_θ + u_φ(t; r; „; ’)e_φ: (1:8)

From (1.5), (1.8) we obtain

~u(t; r; „; ’) = e_rU_{00}(r; t)Y_{00} + + ∞∑ l=1 l∑ m=−l [ e_rU_{lm}(r; t)Y_{lm}(„; ’) +

+ e_θ ( V_{lm}(r; t) @ @„ + W_{lm}(r; t) 1 sin „ @ @’ ) Y_{lm}(„; ’) +

+ e_φ ( V_{lm}(r; t) 1 sin „ @ @’ − W_{lm}(r; t) @ @„ ) Y_{lm}(„; ’) ] : (1.9)

Basing on equations (1.8) and (1.9), we can write

u_r(r; t) = ∞∑ l=0 l∑ m=−l U_{lm}(r; t)Y_{lm}(„; ’);

u_θ (r; t) = ∞∑ l=1 l∑ m=−l ( V_{lm}(r; t) @ @„ + W_{lm}(r; t) 1 sin „ @ @’ ) Y_{lm}(„; ’);

u_φ(r; t) = ∞∑ l=1 l∑ m=−l ( V_{lm}(r; t) 1

sin „ @ @’ − W_{lm}(r; t) @ @„ ) Y_{lm}(„; ’): (1.10)

Using the representations of the operators ´~u, ∇div~u, div~u, (∇~u + ~u ∇) in the spherical coordinates and equations (1.10), we obtain the expansions of these vectors in terms of the spherical harmonics system {R_{lm}; S_{lm}; T_{lm} | l = 0; 1; . . . ; −l ≤ m ≤ l}

´~u = ( @^2U_{00} @r^2 + 2 r @U_{00} @r − 2 r^2

U^0_{00} ) R_{00} +

+ ∞∑ l=0 l∑ m=−l [ R_{lm} ( @^2U_{lm} @r^2 + 2 r @U_{lm} @r − 2 + l(l + 1) r^2

U_{lm} + 2 √ l(l + 1) r^2 V_{lm} ) +

+ S_{lm} ( @^2V_{lm} @r^2 − l(l + 1) r^2

V_{lm} + 2 r @ @r V_{lm} + 2 √ l(l + 1) r^2 U_{lm} ) +

+ T_{lm} ( @^2W_{lm} @r^2 + 2 r @W_{lm} @r − l(l + 1) r^2 W_{lm} )] ; (1.11)

∇div~u = ( @^2U_{00} @r^2 + 2 r @U_{00} @r − 2 r^2

U_{00} ) R_{00} +

+ ∞∑ l=1 l∑ m=−l [ R_{lm} ( @^2U_{lm} @r^2 + 2 r @U_{lm} @r − 2 r^2 U_{lm} − √ l(l + 1) r @V_{lm} @r + √ l(l + 1) r^2 V_{lm} ) +

+ √ l(l + 1)S_{lm} ( 1 r @U_{lm} @r + 2 r^2 U_{lm} − √ l(l + 1) r^2 V_{lm} )] ; (1.12)

div~u = ( @ @r U_{00} + 2 r U_{00} ) Y_{00} + ∞∑ l=1 l∑ m=−l ( @U_{lm} @r + 2 r U_{lm} − √ l(l + 1) r V_{lm} ) Y_{lm}; (1:13)

e_r · (∇~u + ~u ∇) = 2 @ @r U_{00}R_{00} + + ∞∑ l=1 l∑ m=−l [ 2 @U_{lm} @r R_{lm} + S_{lm} ( @V_{lm} @r − V_{lm} r + √ l(l + 1) r U_{lm} ) +

+ T_{lm} ( @W_{lm} @r − W_{lm} r )] ; (1.14)

e_θ · (∇~u + ~u ∇) = e_r ∞∑ l=1 l∑ m=−l [ 1 √ l(l + 1) ( √ l(l + 1)U_{lm} − V_{lm} r + @V^{lm} @r ) @Y_{lm} @„ +

+ 1 √ l(l + 1) ( @W_{lm} @r − W^{lm} r ) 1 sin „ @Y_{lm} @’ ] +

+e_θ 2 r { U_{00}Y_{00} +

+ ∞∑ l=1 l∑ m=−l [ U_{lm}Y_{lm} + 1 √ l(l + 1) ( V_{lm} @^2 @„^2 +

+ 1 sin „ W_{lm} ( @ @„ − ctg„ ) @ @’ ) Y_{lm} ]} +

+e_φ 1 r ∞∑ l=1 l∑ m=−l [ 2 √ l(l + 1) V_{lm} ( @ @„ − ctg„ ) 1 sin „ @ @’ −

− 1 √ l(l + 1) W_{lm} ( 2 @^2 @„^2

+ l(l + 1) ) Y_{lm} ] ; (1.15) e_φ · (∇~u + ~u ∇) = e_r ∞∑ l=1 l∑ m=−l [ 1 √ l(l + 1) ( √ l(l + 1)U_{lm} − V_{lm} r + @V_{lm} @r ) 1 sin „ @Y_{lm} @’ −

− 1 √ l(l + 1) ( @W_{lm} @r − W_{lm} r ) @Y_{lm} @„ ] +

+e_θ 1 r ∞∑ l=1 l∑ m=−l [ 2Y_{lm} √ l(l + 1) ( @ @„ − ctg„ ) 1 sin „ @Y_{lm} @’ −

− 1 √ l(l + 1) W_{lm} ( 2 @^2 @„^2

+ l(l + 1) ) Y_{lm} ] +

+e_φ 2 r { U_{00}Y_{00} +

+ ∞∑ l=1 l∑ m=−l [ U_{lm}Y_{lm} − 1√

l(l + 1) V_{lm} ( @^2 @„^2

+ l(l + 1) ) Y_{lm} −

− 1 √ l(l + 1) W_{lm} ( @ @„ − ctg„ ) 1 sin „ @ @’ Y_{lm} ]} : (1.16)

2. The inverse problem statement

In this paper it is supposed that the Lam«e parameters —, – and the density function ȷ depend on the spherical coordinates r, „, ’. Let us rewrite system (1.1) for an isotropic medium in the form @^2~u @t^2 = — ȷ ´~u +

– + — ȷ ∇div~u + ∇– ȷ div~u + ∇— ȷ · (∇~u + ~u∇): (2.1)

We will consider this system with the initial data

~u|_{t<0} = 0 (2.2)

and the boundary condition

ff_r|_{r=r0} = 1 √ 4ı ~l ‹(t): (2.3)

Here the stress vector ff_r acting on the area element whose normal vector is parallel to the axis e_r is determined by equation (1.4); the vector ~l has the coordinates (1; 0; 0) in the spherical basis e_r, e_θ, e_φ; 1= √ 4ı is the normalization constant.

Let ~h(t; „; ’) be a known function. As an additional information to solve the inverse problem we consider ~u | | |_{r=r0} = ~h(t; „; ’); t ∈ [0; T ]; („; ’) ∈ S^2: (2:4)

Consider the functions

a^2 = — ȷ ; c^2 =

– + 2— ȷ ; p = ln ȷ: (2.5)

From equations (2.5) we have –=ȷ = c^2 − 2a^2, – = (c^2 − 2a^2)ȷ, — = a^2ȷ, ∇– ȷ = ∇– – – ȷ = ∇(c^2 − 2a^2) + (c^2 − 2a^2)∇p; ∇— ȷ = ∇— — — ȷ = ∇a^2 + a^2∇p: (2:6)

Let us rewrite equation (2.1) in terms of the functions a, c and p using equalities (2.5), (2.6)

@^2~u @t^2

= a^2´~u + (c^2 − a^2)∇div~u + [ ∇(c^2 − 2a^2) + (c^2 − 2a^2)∇p ] div~u + + ( ∇a^2 + a^2∇p ) · (∇~u + ~u∇): (2.7)

The function ff can be rewritten in terms of the functions a^2 and c^2 as

ff_r = (c^2 − 2a^2)ȷe_rdiv~u + a^2ȷe_r · (∇~u + ~u∇): (2.8)

Let us suppose that the functions c^2(r; „; ’), a^2(r; „; ’), p(r; „; ’) are represented in the form

a^2(r; „; ’) = a^2_0 +a_1(r; „; ’); c^2(r; „; ’) = c^2_0 +c_1(r; „; ’); p(r; „; ’) = p_0 +p_1(r; „; ’) (2:9)

where a^2_0, c^2_0, p_0 are some positive constants and a_1, c_1, p_1 are some functions small as compared with the constants a^2_0, á^2_0, p_0 respectively.

Let us consider the problem (2.1){(2.3) in the linear approximation. Then we have

ȷ(r; „; ’) = ȷ_0 + ȷ_1(r; „; ’) (2:10)

where ȷ_0 = e^{p0} ; ȷ_1(r; „; ’) = ȷ_0p_1(r; „; ’): (2:11) Let us represent the solution ~u(t; r; „; ’) of the direct problem (2.1){(2.3) in the form

~u(t; r; „; ’) = ~u^0(t; r) + ~u^1(t; r; „; ’); (2.12)

here the function ~u^0(t; r) is the solution of the problem

@^2~u^0 @t^2

= a^2_0´~u^0 + (c^2_0 − a^2_0)∇div~u^0; (2:13)

~u^0 | |_{t<0} = 0; (2.14)

ff^0_r | | |_{r=r0} = 1 √ 4ı ~l ‹(t) (2.15)

where

ff^0_r = (c^2_0 − 2a^2_0)ȷ_0e_rdiv~u^0 + a^2_0ȷ_0e_r · (∇~u^0 + ~u^0∇): (2.16)

The function ~u^1(t; r; „; ’) is the solution of the problem

@^2~u^1 @t^2

= a^2_0´~u^1 + (c^2_0 − a^2_0)∇div~u^1 + a_1´~u^0 + (c_1 − a_1)∇div~u^0 + + [ ∇(c_1 − 2a_1) + (c^2_0 − 2a^2_0)∇p_1 ] div~u^0 + [ ∇a_1 + a^2_0∇p_1 ] · (∇~u^0 + ~u^0∇); (2.17)

~u^1 | |_{t<0} = 0; (2.18)

ff^1_r | |_{r=r0} = 0: (2.19)

Here

ff^1_r = (c^2_0 − 2a^2_0)ȷ_0e_rdiv~u^1 + a^2_0ȷ_0e_r · (∇~u^1 + ~u^1∇) +

+ȷ_0 [ (c_1 − 2a_1) + (c^2_0 − 2a^2_0)p_1 ] e_rdiv~u^0 + ȷ_0 ( a_1 + a^2_0p_1 ) e_r · (∇~u^0 + ~u^0∇):(2.20)

The additional information about the solution of the direct problem (2.1){(2.3) is represented in the form ~h(t; „; ’) = ~h_0(t) + ~h_1(t; „; ’) (2:21)

where ~h_0(t) is the trace of the function ~u^0(t; r) when r = r_0 and the function ~h_1(t; „; ’) is de˛ned as ~u^1 | |_{r=r0} = ~h_1(t; „; ’): (2:22)

Inverse Problem 2.1. Let T , r_0, c_0, a_0, p_0 be given positive constants; 0 < T < 2r_0=c_0. Determine the function p_1(r; „; ’) in equations (2.17), (2.19), given the additional information (2.22) about the solution ~u^1(t; r; „; ’) to the problem (2.17){(2.19), where ~h_1(t; „; ’) is a given function for t ∈ [0; T ], („; ’) ∈ S2; the functions a_1(r; „; ’) and c_1(r; „; ’) are known; ~u^0(t; r) is a known function as the solution of the direct problem (2.13){(2.15).

3. Fourier series representation for the system of Lamé equations. A system of differential relations for the Fourier series coefficients

Since the function ~u^0(t; r) does not depend on the variables „ and ’, therefore, expanding it into the series in terms of the spherical harmonics R_{00}, R_{lm}(„; ’), S_{lm}(„; ’), T_{lm}(„; ’), l = 1; 2; . . . , −l ≤ m ≤ l, we have only one term

~u^0(t; r) = U^0_{00}(t; r)R_{00} = 1 √ 4ı U^0_{00}(t; r)e_r: (3:1)

Let us represent the functions a_1(r; „; ’), c_1(r; „; ’), p_1(r; „; ’) as formal series (see [27]) in terms of the normalized spherical functions Y_{lm}(„; ’) of order l (l = 0; 1; 2; . . . ; −l ≤ m ≤ l)

a_1(r; „; ’) = ∞∑ l=0 l∑ m=−l a_{1lm}(r)Y_{lm}(„; ’);

c_1(r; „; ’) = ∞∑ l=0 l∑ m=−l c_{1lm}(r)Y_{lm}(„; ’);

p_1(r; „; ’) = ∞∑ l=0 l∑ m=−l p_{1lm}(r)Y_{lm}(„; ’) (3.2)

where

a_{1lm}(r) = <a_1; Y_{lm} >_{L2(S}2_); c_{1lm}(r) = <c_1; Y_{lm} >_{L2(S}2_); p_{1lm}(r) = <p_1; Y_{lm} >_{L2(S}2_) : (3:3)

From (1.7), (1.11){(1.16), (2.17), (2.20) we obtain the following relations

a_1´~u^0 = 1 √ 4ı ( @^2U^0_{00}

@r^2 + 2 r @U^0_{00} @r − 2 r^2

U^0_{00} )_∞∑ l=0 l∑ m=−l a_{1lm}R_{lm};

(c_1 − a_1)∇div~u^0 = 1 √ 4ı ( @^2U^0_{00}

@r^2 + 2 r @U^0_{00} @r − 2 r^2

U^0_{00} )_∞∑ l=0 l∑ m=−l (c_{1lm} − a_{1lm})R_{lm};

∇(c_1 − 2a_1)div~u^0 = 1 √ 4ı ( @U^0_{00} @r + 2 r U^0_{00} )_∞∑ l=0 l∑ m=−l (c^′_{1lm} − 2a^′_{1lm})R_{lm} +

+ 1 √ 4ı 1 r ( @U^0_{00} @r + 2 r U^0_{00} )_∞∑ l=0 l∑ m=−l (c_{1lm} − a_{1lm}) √ l(l + 1)S_{lm};

(c^2_0 − 2a^2_0)∇p_1div~u^0 = 1 √ 4ı (c^2_0 − 2a^2_0) ( U^0_{00} @r + 2 r U^0_{00} )_∞∑ l=0 l∑ m=−l p^′_{1lm}R_{lm} +

+ 1 √ 4ı (c^2_0 − 2a^2_0) 1 r ( U^0_{00} @r + 2 r U^0_{00} )_∞∑ l=0 l∑ m=−l p_{1lm} √ l(l + 1)S_{lm};

∇a_1 · (∇~u^0 + ~u^0∇) = 1 √ 4ı 2 @U^0_{00} @r ∞∑ l=0 l∑ m=−l a^′_{1lm}R_{lm} +

+ 1 √ 4ı 2 r^2

U^0_{00} ∞∑ l=0 l∑ m=−l a_{1lm} √ l(l + 1)S_{lm};

a^2_0∇p_1 · (∇~u^0 + ~u^0∇) = 1√ 4ı a^2_02@U^{000} @r ∞∑ l=0 l∑ m=−l p^′_{1lm}R_{lm} +

+ 1 √ 4ı a^2_0 2 r^2

U^0_{00} ∞∑ l=0 l∑ m=−l p_{1lm} √ l(l + 1)S_{lm};

(c_1 − 2a_1)ȷ_0e_rdiv~u^0 = 1 √ 4ı ȷ_0 ( @U^0_{00} @r + 2 r U^0_{00} )_∞∑ l=0 l∑ m=−l (c_{1lm} − 2a_{1lm})R_{lm};

(c^2_0 − 2a^2_0)ȷ_0p_1e_rdiv~u^0 = 1 √ 4ı ȷ_0(c^2_0 − 2a^2_0) ( @U^0_{00} @r + 2 r U^0_{00} )_∞∑ l=0 l∑ m=−l p_{1lm}R_{lm};

ȷ_0a_1e_r · (∇~u^0 + ~u^0∇) = 1 √ 4ı ȷ_02

@U^0_{00} @r ∞∑ l=0 l∑ m=−l a_{1lm}R_{lm};

a^2_0ȷ_0p_1e_r · (∇~u^0 + ~u^0∇) = 1√ 4ı ȷ_0a^2_02@U^{000} @r ∞∑ l=0 l∑ m=−l p_{1lm}R_{lm}; (3.4)

here c_{1lm}(r); a_{1lm}(r); p_{1lm}(r) are the Fourier coe‹cients for the functions c_1(r; „; ’), a_1(r; „; ’), p_1(r; „; ’) in the spherical functions system Y_{lm}(„; ’).

Let us rewrite equations (2.13){(2.15) and (2.17){(2.19) in terms of the harmonics U^0_{00}(t; r), U^1_{lm}(t; r), V^1_{lm}(t; r), W^1_{lm}(t; r), using equalities (1.11){(1.16) and (3.1){(3.4),

@^2 @t^2

U^0_{00} = c^2_0 @^2

@r^2

U^0_{00} − ^k_1(r) @ @r U^0_{00} + ^k_0(r)U^0_{00}; (3:5)

U^0_{00} | t<0 = 0; (3:6) [ @ @r U^0_{00} + ^h_0U^0_{00} ]| | |_{r=r0} = ^g^0‹(t); (3:7)

@^2 @t^2

U^1_{lm} = c^2_0

@^2 @r^2

U^1_{lm} − ^k_1(r) @ @r U^1_{lm} + ^k_{2l}(r)U^1_{lm} + ^d_{1l}(r) @ @r V^1_{lm} +

+ ^d_{2l}(r)V^1_{lm} + ^k_{6l}(r)

@^2 @r^2

U^0_{00} + ^y_{1lm}(r) @ @r U^0_{00} + ^y_{2lm}(r)U^0_{00}; (3.8)

U^1_{lm} | |_{t<0} = 0; (3:9) [ @U^1_{lm} @r + ^h_0U^1_{lm} + ^d_{3l}(r_0)V^1_{lm} + ^y_{3lm}(r_0)@U^{000} @r + ^y_{4lm}(r_0)U^0_{00} ]| | |_{r=r0} = 0; (3:10)

@^2 @t^2

V^1_{lm} = a^2_0

@^2 @r^2

V^1_{lm} − ^d_4(r) @ @r V^1_{lm} + ^d_{5l}(r)V^1_{lm} + ^k_{3l}(r) @ @r U^1_{lm} +

+ ^k_{4l}(r)U^1_{lm} + ^y_{5lm} @ @r U^0_{00} + ^y_{6lm}U^0_{00}; (3.11)

V^1_{lm} | |_{t<0} = 0; (3:12)

[ @ @r V^1_{lm} + ^d_6(r_0)V^1_{lm} + ^k_{5l}(r_0)U^1_{lm} ]| | |_{r=r0} = 0: (3:13)

The relations for determination of the coe‹cients of equations (3.5){(3.13) are written out below.

Equations (2.17){(2.19) for the harmonics W^1_{lm}(t; r) are written as

@^2 @t^2

W^1_{lm} = a^2_0

@^2 @r^2

W^1_{lm} +

2a^2_0 r @ @r W^1_{lm} − l(l + 1) a^2_0 r^2

W^1_{lm}; (3:14)

W^1_{lm} | |_{t<0} = 0; (3:15) [ @ @r W^1_{lm} − W^1_{lm} ]| | |_{r=r0} = 0: (3:16)

Introduce the following functions for the given vector-function ~h_1(t; „; ’)

F_{1lm}(t) = ∫_{2π} 0 ∫_π 0 ~h_1(t; „; ’) · R_{lm}(„; ’) sin „ d„ d’; (3.17)

G_{1lm}(t) = ∫_{2π} 0 ∫_π 0 ~h_1(t; „; ’) · S_{lm}(„; ’) sin „ d„ d’; (3.18)

H_{1lm}(t) = ∫_{2π} 0 ∫_π 0 ~h_1(t; „; ’) · T_{lm}(„; ’) sin „ d„ d’; (3.19)

here l = 0; 1; 2; . . . , −l ≤ m ≤ l.

So the vector-function ~h_1(t; „; ’) is represented in the form of a formal series on spherical harmonics

~h_1(t; „; ’) =^∞ ∑ l=0 l∑ m=−l [ F_{1lm}(t)R_{lm}(„; ’) + G_{1lm}(t)S_{lm}(„; ’) + H_{1lm}(t)T_{lm}(„; ’) ] : (3:20)

Here we supposed that S_{00}(„; ’) = T_{00}(„; ’) ≡ 0.

Remark 3.1. It is obvious from (3.14){(3.16) that for any l; m, l = 0; 1; 2; . . . , −l ≤ m ≤ l, the solution W^1_{lm}(t; r) ≡ 0. From here and from (3.19) we have H_{1lm}(t) ≡ 0.

So for the vector-function ~h_1(t; „; ’) the following representation is true

~h_1(t; „; ’) =^∞ ∑ l=0 l∑ m=−l [ F_{1lm}(t)R_{lm}(„; ’) + G_{1lm}(t)S_{lm}(„; ’) ] : (3:21)

Remark 3.2. It is easily seen from (2.22), (3.21) that the additional information for solution of Inverse Problem 2.1 in terms of the Fourier harmonics takes the form

U^1_{lm} | | |_{r=r0} = F1lm(t); V^1_{lm} | | |_{r=r0} = G1lm(t) (3:22)

for l = 0; 1; 2; . . . , −l ≤ m ≤ l.

The coe‹cients of equations (3.5){(3.13) are determined by the equalities

^h_0 = 2c^{20} − 2a^{20} c^2_0r_0 ; ^g_0 = 1 c^2_0ȷ_0 ; ^k_0(r) = −2c^{20}

r^2 ; ^k_1(r) = −2c^{20} r ; ^k_{2l}(r) = −2c^{20}

r^2

− l(l + 1)a 2 0 r^2 ; ^k_{3l}(r) = √ l(l + 1) c^{20} − a^{20} r ; ^k_{4l}(r) = √ l(l + 1) 2c^{20}

r^2 ; ^k_{5l}(r_0) = √ l(l + 1) r_0 ; ^k_{6lm}(r_0) = 1√ 4ı c_{1lm}(r);

^d_{1l}(r) = − √ l(l + 1) r (c^2_0 − a^2_0);

^d_{2l}(r) = √ l(l + 1) c^{20} + a^{20} r^2 ; ^d_{3l}(r_0) = − √ l(l + 1) r_0 c^2_0 − 2a^2_0 c^2_0 ; ^d_4(r) = −2 r a^2_0;

^d_{5l}(r) = −l(l + 1)c^{20} r^2 ; ^d_6(r_0) = − 1

r_0 ; ^y_{1lm}(r) = 1 √ 4ı [ 2c_{1lm}(r) r + c^′_{1lm}(r) + c^2_0p^′_{1lm}(r) ] ;

^y_{2lm}(r) = 1 √ 4ı [ − 2c_{1lm}(r)

r^2 + 2 r c^′_{1lm}(r) − 4 r a^′_{1lm}(r) +

2(c^2_0 − 2a^2_0) r p^′_{1lm}(r) ] ;

^y_{3lm}(r_0) = 1 √ 4ı [ c_{1lm}(r_0) c^2_0

+ p_{1lm}(r_0) ] ; ^y_{4lm}(r_0) = 1 √ 4ı 2 r_0 [ c_{1lm}(r_0) − 2a_{1lm}(r_0) ȷ_0c^2_0 + ȷ_0(c^2_0 − 2a^2_0)

c^2_0 p_{1lm}(r_0) ] ; ^y_{5lm}(r) = 1 √ 4ı √ l(l + 1) r [ (c_{1lm}(r) − 2a_{1lm}(r)) + (c^2_0 − 2a^2_0)p_{1lm}(x) ] ; ^y_{6lm}(r) = 1 √ 4ı 2 √ l(l + 1) r^2 [ (c_{1lm}(r) − a_{1lm}(r)) + (c^2_0 − a^2_0)p_{1lm}(r) ] : (3.23)

Make in equations (3.5){(3.13) the change of variables

x = x(r) = r0∫ r d c_0 = r_0 − r

c_0

; r = r(x) = r_0 − x∫ 0 c_0 d = r_0 − c_0x: (3:24)

Since c_0 is a known constant, therefore, x(r) and r(x) are known functions.

De˛ne the functions

U^0_0(x; t) = U^0_{00}(r(x); t); U^1_{lm}(t; x) = U^1_{lm}(t; r(x)); V^1_{lm}(t; x) = V^1_{lm}(t; r(x)) (3:25) and ^p_{1lm}(x) = p_{1lm}(r(x)); ^c_{1lm}(x) = c_{1lm}(r(x)); ^a_{1lm}(x) = a_{1lm}(r(x)): (3:26)

Equations (3.5){(3.13) in terms of the variable x are written in the form

@^2 @t^2

U^0_0 = @^2

@x^2

U^0_0 − k_1(x) @ @x U^0_0 + k_0(x)U^0_0; (3:27)

U^0_0 | | |_{t<0} = 0; (3:28) [ @ @x U^0_0 + h_0U^0_0 ]| | |_{x=0} = g^0‹(t); (3:29)

@^2 @t^2

U^1_{lm} =

@^2 @x^2

U^1_{lm} − k_1(x) @ @x U^1_{lm} + k_{2l}(x)U^1_{lm} + d_{1l}(x) @ @x V^1_{lm} + d_{2l}(x)V^1_{lm} +

+ k_{6lm}(x)

@^2 @x^2

U^0_0 + y_{1lm}(x) @ @x U^0_0 + y_{2lm}(x)U^0_0; (3.30)

U^1_{lm} | | |_{t<0} = 0; (3:31) [ @U^1_{lm} @x + h_0U^1_{lm} + d_{3l}(0)V^1_{lm} + y_{3lm}(0)

@U^0_0 @x + y_{4lm}(0)U^0_0 ]| | | |_{x=0} = 0; (3:32)

U^1_{lm} | | |_{x=0} = F1lm(t); (3:33)

@^2 @t^2

V^1_{lm} = a^2_0 c^2_0

@^2 @x^2

V^1_{lm} − d_4(x) @ @x V^1_{lm} + d_{5l}(x)V^1_{lm} + k_{3l}(x) @ @x U^1_{lm} +

+ k_{4l}(x)U^1_{lm} + y_{5lm}(x) @ @x U^0_0 + y_{6lm}U^0_0; (3.34)

V^1_{lm} | | |_{t<0} = 0; (3:35) [ @ @x V^1_{lm} + d_6(0)V^1_{lm} + k_{5l}(0)U^1_{lm} ]| | |_{x=0} = 0; (3:36)

V^1_{lm} | | |_{x=0}= G1lm(t): (3:37)

Here

h_0 = −c_0^h_0 = −

2(c^2_0 − 2a^2_0)

c_0r_0 ; g_0 = −c_0^g_0 = − 1 c_0ȷ_0 ; k_0(x) = ^k_0(r(x)) = −2 c^{20} r^2(x) ; k_1(x) =

^k_1(r(x)) c_0

= −2 c^0

r(x) ; k_{2l}(x) = ^k_{2l}(r(x)) = −2 c^2_0 r^2(x)

− l(l + 1) a^2_0 r^2(x) ; k_{3l}(x) = −

^k_{3l}(r(x)) c_0 = − √ l(l + 1) c^2_0 − a^2_0 c_0r(x) ; k_{4l}(x) = ^k_{4l}(r(x)) = √ l(l + 1)

2c^2_0 r^2(x) ; k_{5l}(0) = −c_0^k_{5l}(r_0) = − √ l(l + 1) c^0 r_0 ; k_{6lm}(x) =

^k_{6lm}(r(x)) c^2_0 = 1 √ 4ı ^c_{1lm}(x) c^2_0 ; d_{1l}(x) = −

^d_{1l}(r(x)) c_0 = √ l(l + 1) r(x)c_0

(c^2_0 − a^2_0);

d_{2l}(x) = ^d_{2l}(r(x)) = √ l(l + 1) c^2_0 + a^2_0 r^2(x) ; d_{3l}(0) = −c_0 ^d_{3l}(r_0) = √ l(l + 1) c^2_0 − 2a^2_0 c_0r_0 ;

d_4(x) = −

^d_4(r(x))

c_0 = 2a^2_0 c_0r(x) ; d_{5l}(x) = ^d_{5l}(r(x)) = −l(l + 1) c^2_0 r^2(x) ; d_6(0) = −c_0 ^d_6(r_0) = c_0 r_0 ; y_{1lm}(x) = − ^y^{1lm}(r(x)) c_0 = − 1 √ 4ı 1 c_0 [ 2^c_{1lm}(x)

r(x) − ^c^′_{1lm}(x) c_0

− c_0 ^p^′_{1lm}(x) ] ;

y_{2lm}(x) = ^y_{2lm}(r(x)) = 1 √ 4ı [ − 2^c_{1lm}(x) r^2(x) − 2^c^′_{1lm}(x) c_0r(x) + 4^a^′_{1lm}(x) c_0r(x) − 2(c^2_0 − 2a^2_0) c_0r(x)

^p_{1lm}(x) ] ; y_{3lm}(0) = ^y_{3lm}(r_0) = 1 √ 4ı [ ^c_{1lm}(0) c^2_0

+ ^p_{1lm}(0) ] ; y_{4lm}(0) = −c_0^y_{4lm}(r_0) = − 1 √ 4ı 2c_0 r_0 [ ^c_{1lm}(0) − 2^a_{1lm}(0)

ȷ_0c^2_0 + ȷ_0(c^2_0 − 2a^2_0) c^2_0

^p_{1lm}(0) ] ; y_{5lm}(r) = −

^y_{5lm}(r(x)) c_0 = − 1 √ 4ı √ l(l + 1) c_0r(x) [ ^c_{1lm}(x) − 2^a_{1lm}(x) + (c^2_0 − 2a^2_0)^p_{1lm}(x) ] ; y_{6lm}(x) = ^y_{6lm}(r(x)) = 1 √ 4ı 2 √ l(l + 1) r^2(x) [ ^c_{1lm}(x) − ^a_{1lm} + (c^2_0 − a^2_0)^p_{1lm}(x) ] : (3.38)

Introduce new functions u^0_0(x; t), u^1_{lm}(x; t), v^1_{lm}(x; t)

u^0_0(x; t) =

U^0_0(x; t) S(x)

; u^1_{lm}(x; t) =

U^1_{lm}(x; t)

S(x)

; v^1_{lm}(x; t) =

V^1_{lm}(x; t) S_1(x)

(3:39)

where the functions S(x), S_1(x) are determined from the relations 2 S^′(x) S(x)

= k_1(x); 2

S^′_1(x) S_1(x) = c^2_0 a^2_0 d_4(x); S(0) = S_1(0) = 1 (3:40)

which yields

S(x) = exp ( 1 2 ∫_x 0 k_1() d ) ; S_1(x) = exp ( c^2_0 2a^2_0 ∫_x 0 d_4() d ) : (3:41)

Equalities (3.27){(3.37) in terms of the functions u^0_0(x; t), u^1_{lm}(x; t), v^1_{lm}(x; t) are

@^2 @t^2 u^0_0 =

@^2 @x^2 u^0_0 + q_0(x)u^0_0; (3:42)

u^0_0 | | t<0 = 0; (3:43) [ @u^0_0 @x + h_1u^0_0 ]| | |_{x=0} = g^0‹(t); (3:44)

@^2u^1_{lm} @t^2 = @^2u^1_{lm} @x^2

+ q_{1l}(x)u^1_{lm} + D_{1l}(x)

@v^1_{lm} @x + D_{2l}(x)v^1_{lm} +

+ K_{6lm}(x)

@^2u^0_0 @x^2

+ z_{1lm}(x)

@u^0_0 @x + z_{2lm}(x)u^0_0; (3.45)

u^1_{lm} | | t<0 = 0; (3:46) [ @u^1_{lm} @x + h_1u^1_{lm} + D_3(0)v^1_{lm} + z_3(0)@u^{00} @x + z_4(0)u^0_0 ]| | |_{x=0} = 0; (3:47)

u^1_{lm} | |_{x=0}= F1lm(t); (3:48)

@^2v^1_{lm} @t^2 = a^2_0 c^2_0

@^2v^1_{lm} @x^2

+q_{2l}(x)v^1_{lm}+K_{3l}(x)

@u^1_{lm} @x +K_{4l}(x)u^1_{lm}+z_{5lm}(x)

@u^0_0 @x +z_{6lm}(x)u^0_0; (3:49)

v^1_{lm} | | |_{t<0}= 0; (3:50) [ @v^1_{lm} @x + h_2v^1_{lm} + K_5(0)u^1_{lm} ]| | |_{x=0} = 0; (3:51)

v^1_{lm} | | |_{x=0}= G1lm(t): (3:52)

Here

q_0(x) = k^′_1(x) 2 − k^2_1 (x) 4 + k_0(x);

q_{1l}(x) = k^{′1}(x) 2 − k 2 1 (x) 4 + k_{2l}(x);

q_{2l}(x) = d^{′4}(x) 2 − c 2 0 a^2_0 d^2_4(x) 4 + d_{5l}(x);

g_0 = − 1 c_0ȷ_0 ; h_0 = −

2(c^2_0 − 2a^2_0) c_0r_0 ; h_1 = k_1(0) 2 + h_0;

h_2 = c^2_0 a^2_0 d_4(0) 2 + d_6(0);

D_{1l}(x) = d_{1l}(x)

S_1(x) S(x) ; D_{2l}(x) = [ d_{1l}(x)d_4(x) c^{20} 2a^2_0

+ d_{2l}(x) ] S_1(x) S(x) ;

D_{3l}(0) = d_{3l}(0);

K_{3l}(x) = k_{3l}(x)

S(x) S_1(x) ; K_{4l}(x) = [ k_1(x)k_{3l}(x) 2 + k_{4l}(x) ] S(x) S_1(x) ; K_{5l}(0) = k_{5l}(0);

K_{6lm}(x) = k_{5lm}(x) = 1 √ 4ı ^c_{1lm}(x) c^2_0 ; z_{1lm}(x) = k_{6lm}(x)k_1(x) + y_{1lm}(x) =

= k_{6lm}(x)k_1(x) − 1 √ 4ı ( 2^c_{1lm}(x) r(x)c_0 − ^c^′_{1lm}(x) c^2_0 ) + 1 √ 4ı ^p^′_{1lm}(x);

z_{2lm}(x) = k_{6lm}(x) ( k^′_1(x) 2 + k^2_1 (x) 4 ) + y_{1lm}(x) k_{1lm}(x) 2 + y_{2lm}(x) =

= k_{6lm}(x) ( k^′_1(x) 2 + k^2_1 (x) 4 ) − 1 √ 4ı k_1(x) 2c_0 ( 2^c_{1lm}(x) r(x) − ^c^′_{1lm}(x)

c_0 ) + + 1 √ 4ı ( − 2^c_{1lm}(x) r^2(x) − 2^c^′_{1lm}(x) r(x)c_0 + 4^a^′_{1lm}(x) c_0r(x) ) + + 1 √ 4ı k_1(x) 2 ^p^′_{1lm}(x) − 1 √ 4ı 2(c^2_0 − 2a^2_0)

c_0r(x)

^p_{1lm}(x);

z_{3lm}(0) = y_{3lm}(0) = 1√ 4ı ( ^c_{1lm}(0) c^2_0

+ ^p_{1lm}(0) ) ; (3.53)

z_{4lm}(0) = y_{3lm}(0) k_1(0) 2 + y_{4lm}(0) = 1 √ 4ı ( k_1(0) 2 ^c_{1lm}(0) c^2_0 − 2c_0 r_0

^c_{1lm}(0) − 2^a_{1lm}(0) ȷ_0c^2_0 ) + + 1 √ 4ı ( k_1(0) 2 − 2ȷ_0(c^2_0 − 2a^2_0)

r_0c_0 ) ^p_{1lm}(0); (3.54)

z_{5lm}(x) = y_{5lm}(x)

S(x) S_1(x) = − S(x) S_1(x) 1 √ 4ı √ l(l + 1) c_0r(x) ( ^c_{1lm}(x) − 2^a_{1lm}(x) ) −

− S(x) S_1(x) 1 √ 4ı √ l(l + 1) c_0r(x)

(c^2_0 − 2a^2_0)^p_{1lm}(x);

z_{6lm}(x) = [ y_{5lm}(x) k_1(x) 2 + y_{6lm}(x) ] S(x) S_1(x) =

= − S (x) S_1(x) √ l(l + 1) 4ı k_1(x) 2c_0r(x) ( ^c_{1lm}(x) − 2^a_{1lm}(x) ) +

+ S (x) S_1(x) √ l(l + 1) 4ı 2 r^2(x) ( ^c_{1lm}(x) − ^a_{1lm}(x) ) +

+ S(x) S_1(x) √ l(l + 1) 4ı [ 2 r^2(x)

(c^2_0 − a^2_0) − k_1(x) 2c_0r(x)

(c^2_0 − 2a^2_0) ] ^p_{1lm}(x):

De˛ne new known functions and constants

n_{1lm}(x) = k_{6lm}(x)k_1(x) − 1√ 4ı ( 2^c_{1lm}(x) r(x)c_0 − ^c^′_{1lm}(x) c^2_0 ) ; n_2 = 1 √ 4ı ; n_{3lm}(x) = k_{6lm}(x) ( k^′_1(x) 2 + k^2_1 (x) 4 ) − 1 √ 4ı k_1(x) 2c_0 ( 2^c_{1lm}(x) r(x) − ^c^′_{1lm}(x) c_0 ) + + 1 √ 4ı ( − 2^c_{1lm}(x) r^2(x) + 2^c^′_{1lm}(x) r(x)c_0 − 4^a^′_{1lm}(x) c_0r(x) ) ; n_4(x) = − 1√ 4ı 2(c^2_0 − 2a^2_0) c_0r(x) ; n_5(x) = 1 √ 4ı k_1(x) 2 ; n_{6lm}(0) = 1 √ 4ı ^c_{1lm}(0)

c^2_0 ; n_{7lm}(0) = 1 √ 4ı ( k_1(0) 2 ^c_{1lm}(0)

c^2_0 − 2c_0 r_0

^c_{1lm}(0) − 2^a_{1lm}(0) ȷ_0c^2_0 ) ; n_8(0) = 1 √ 4ı ( k_1(0) 2 − 2ȷ_0(c^2_0 − 2a^2_0) r_0c_0 ) ; n_{9lm}(x) = − 1 √ 4ı S(x) S_1(x) √ l(l + 1) c_0r(x) ( ^c_{1lm}(x) − 2^a_{1lm}(x) ) ; n_{10l}(x) = − 1√ 4ı S(x) S_1(x) √ l(l + 1) c_0r(x)

(c^2_0 − 2a^2_0);

n_{11lm}(x) = √ l(l + 1) √ 4ı S(x) S_1(x) [ 2 r^2(x) ( ^c_{1lm}(x) − ^a_{1lm}(x) ) − k_1(x) 2c_0r(x) ( ^c_{1lm}(x) − 2^a_{1lm}(x) )] ;

n_{12l}(x) = √ l(l + 1) √ 4ı S(x) S_1(x) [ 2 r^2(x)

(c^2_0 − a^2_0) − k_1(x) 2c_0r(x)

(c^2_0 − 2a^2_0) ] ; (3.55)

then unknown functions and constants z_{1lm}(x), z_{2lm}(x), z_{3lm}(0), z_{4lm}(0), z_{5lm}(x), z_{6lm}(x) can be written as

z_{1lm}(x) = n_{1lm}(x) + n_2 ^p^′_{1lm}(x); z_{2lm}(x) = n_{3lm}(x) + n_4(x)^p_{1lm}(x) + n_5(x)^p^′_{1lm}(x); z_{3lm}(0) = n_{6lm}(0) + n_2 ^p_{1lm}(0); z_{4lm}(0) = n_{7lm}(0) + n_8(0)^p_{1lm}(0); z_{5lm}(x) = n_{9lm}(x) + n_{10l}(x)^p_{1lm}(x); z_{6lm}(x) = n_{11lm}(x) + n_{12l}(x)^p_{1lm}(x): (3:56) Using representations (3.56) one can write equations (3.42){(3.52) as

@^2 @t^2 u^0_0 =

@^2 @x^2 u^0_0 + q_0(x)u^0_0; (3:57)

u^0_0 | | |_{t<0}= 0; (3:58) [ @u^0_0 @x + h_1u^0_0 ]| | |_{x=0} = g^0‹(t); (3:59)

@^2u^1_{lm} @t^2

= @^2u^{1lm}

@x^2

+ q_{1l}(x)u^1_{lm} + D_{1l}(x)@v^{1lm} @x + D_{2l}(x)v^1_{lm} +

+K_{6lm}(x)@^2u^{00}

@x^2 + ( n_{1lm}(x) + n_2 ^p^′_{1lm}(x)

)@u0_0 @x + + ( n_{3lm}(x) + n_4(x)^p_{1lm}(x) + n_5(x)^p^′_{1lm}(x) ) u^0_0; (3.60)

u^1_{lm} | |_{t<0}= 0; (3:61) [ @u^1_{lm} @x + h_1u^1_{lm} + D_{3l}(0)v^1_{lm} + ( n_{6lm}(0) + n_2 ^p_{1lm}(0)

)@u0_0 @x + + ( n_{7lm}(0) + n_8(0)^p_{1lm}(0) ) u^0_0 ]| |_{x=0} = 0; (3.62)

u^1_{lm} | | |_{x=0}= F1lm(t); (3:63)

@^2v^1_{lm} @t^2

= a^{20} c^2_0

@^2v^1_{lm} @x^2

+ q_{2l}(x)v^1_{lm} + K_{3l}(x)@u^{1lm} @x + K_{4l}(x)u^1_{lm} + + ( n_{9lm}(x) + n_{10l}(x)^p_{1lm}(x)

)@u0_0 @x + ( n_{11lm}(x) + n_{12l}(x)^p_{1lm}(x) ) u^0_0;

(3.64)

v^1_{lm} | | |_{t<0}= 0; (3:65) [ @v^1_{lm} @x + h_2v^1_{lm} + K_{5l}(0)u^1_{lm} ]| | |_{x=0} = 0; (3:66) v^1_{lm} | |_{x=0}= G1lm(t): (3:67)

Inverse Problem 3.1. Let T , r_0, c_0, a_0, p_0 be given positive constants; 0 < T < 2r_0=c_0. Find the function ^p_{1lm}(x) ∈ C^1[0; a_0T=(2c_0)] in equations (3.60), (3.62), (3.64), given the additional information (3.63), (3.67) about the solution (u^1_{lm}(x; t); v^1_{lm}(x; t)) to the direct problem (3.60){(3.62), (3.64){(3.66) where F_{1lm}(t), G_{1lm}(t) are given functions for t ∈ [0; T ]; the functions ^a_{1lm}(x), ^c_{1lm}(x) are known. The function u^0_0(x; t) is known as the solution of the direct problem (3.57){(3.59).

4. Solving the direct problem (3.57)–(3.59) in the domain D^0_T = {(x; t) | 0 < x < t < T − x} by the characteristic method

Remark 4.1. Let r_0, c_0, p_0, T , 0 < T < 2r_0=c_0, be given positive numbers, then q_0(x) ∈ C^∞[0; T=2] is a known function. It follows from (3.57){(3.59) that the structure of the solution in the domain D^0_T is

u^0_0(x; t) = ¸_0(x)„_0(t − x) + ¸_1(x)„_1(t − x) + ¸_2(x)„_2(t − x) + . . . (4:1)

where the coe‹cients ¸_j (x) are smooth functions on the interval [0; r_0=c_0].

-

6^fi 2r0 c0

0 � � � � � � � �

fi =

@@ @@ @@ @@ @@ @@ @@

T @@ @@ @@ @@ @@ @@ fi = T −

D^0_T

@@ @@ @ fi + = t + x � � fi − = t − x

t − x

(x; t)

x+t 2 T 2 r0 c0 Figure 2

Let T be a given positive number, 0 < T < 2r_0=c_0. It follows from Remark 4.1 that the solution of the direct problem (3.57){(3.59) is continuous in the domain D^0 and has a discontinuity at the characteristic t − x = 0.

We can determine the coe‹cients ¸_j (x) for j = 0; 1; 2; . . . substituting (4.1) into (3.57){(3.59) and equating the coe‹cients at the same singularities,

− 2¸^′_0(x) = 0; −¸_0(0) = g_0; (4:2)

− 2¸^′_1(x) + ¸^{′′}_0(x) + q_0(x)¸_0(x) = 0; −¸_1(0) + ¸^′_0(0) + h_1¸_0(0) = 0; (4:3)

− 2¸^′_2(x) + ¸^{′′}_1(x) + q_0(x)¸_1(x) = 0; −¸_2(0) + ¸^′_1(0) + h_1¸_1(0) = 0: (4:4)

Solving the corresponding Cauchy problems we obtain

¸_0(x) = −g_0; (4.5)

¸_1(x) = −g_0h_1 − g^0 2 ∫_x 0 q_0() d; (4.6)

¸_2(x) = − g_0 2 q_0(0) − g_0h^2_1 − g_0 4 q_0(x) + 1 2 ∫_x 0 ¸_1()q_0() d: (4.7)

Introduce a new function ^u^0_0(x; t) =

@u^0_0 @t : (4:8)

Now representation (4.1) for the function ^u^0_0(x; t) can be written as

^u^0_0(x; t) = ¸_0(x)‹(t − x) + ¸_1(x)„_0(t − x) + ¸_2(x)„_1(t − x) + . . . (4:9)

We can rewrite this representation in the form

^u^0_0(x; t) = ¸_0(x)‹(t − x) + u^0_0(x; t)„_0(t − x) (4:10)

where u^0_0(x; t) is a regular function and, by virtue of (4.9), (4.10), the following equalities are true @u^0_0 @t (x; x + 0) = ¸_2(x);

@u^0_0 @x (x; x + 0) = ¸^′_1(x) − ¸_2(x): (4:11)

From (4.10) it is seen that

^u^0_0(x; t) = u^0_0(x; t) for t > x > 0: (4:12)

Rewrite the direct problem (3.57){(3.59) in the domain D^0_T in terms of the function u^0_0

@^2 @t^2 u^0_0 = @^2 @x^2 u^0_0 + q_0(x)u^0_0; t > x; (4:13)

u^0_0 | | t=x = ¸_1(x); x ≥ 0; (4:14) [ @u^0_0 @x + h_1u^0_0 ]| | |_{x=0} = 0; t > 0: (4:15)

Lemma 4.1. Let r_0, c_0, p_0, T be given positive numbers; T < 2r_0=c_0. Then the solution u^0_0(x; t) of the direct problem (4.13)–(4.15) exists and is unique in the functional class C^∞(D^0_T ).

Proof. Rewrite equations (4.13){(4.15) in the following form ( @ @t − @ @x ) ( @ @t + @ @x ) u^0_0(x; t) = q_0(x)u^0_0(x; t); t > x; (4:16)

u^0_0 | | |_{t=x}= ¸1(x); x ≥ 0; (4:17)

@u^0_0 @x | | x=0 = −h_1u^0_0(0; t); t > 0: (4:18)

Let us integrate both parts of equation (4.16) along the characteristic of the di¸erential operator @=@t − @=@x. From (4.11) we can write ( @ @t + @ @x ) u^0_0(x; t) = (x+t)/2 ∫ x q_0()u^0_0(; − + t + x) d + ¸^′_1

(x + t 2 ) ; t ≥ x: (4:19)

Substituting equality (4.18) into (4.19) we obtain ( @ @t u^0_0 − h_1u^0_0 )| | x=0 = t/2∫ 0 q_0()u^0_0(; − + t) d + ¸^′_1(t=2) (4:20) which implies

u^0_0(0; t) = ¸_1(0)e^{h1t} + t∫ 0 e^{h1(t−τ )} τ /2∫

0 q_0()u^0_0(; − + fi) d + ¸^′_1(fi=2) dfi ≡

≡ f(t): (4.21)

Integrate equality (4.19) along the characteristic of the di¸erential operator @=@t + @=@x,

u^0_0(x; t) = f(t − x) + t∫ t−x

(2τ +x−t)/2 ∫ τ +x−t q_0()u^0_0(; − + 2fi + x − t) d dfi =

= t−x∫ 0 e^{h1(t−τ −x)} τ /2∫

0 q_0()u^0_0(; − + fi) d dfi +

+ t∫ t−x

(2τ +x−t)/2 ∫ τ +x−t q_0()u^0_0(; − + 2fi + x − t) d dfi + J(x; t);

(4.22)

the known function J(x; t) will be de˛ned below. Making in the integrals entering (4.22) the changes of variables 1 −→ ; −_1 + fi_1 −→ fi and 1 −→ ; −_1 + 2fi_1 + x − t −→ fi;

respectively, and writing them as double integrals we obtain

u^0_0(x; t) = ∫ ∫ Ω1(x,t) e^{h1(t−τ −ξ−x)}q_0()u^0_0(; fi) d dfi + 1 2 ∫ ∫ Ω2(x,t) q_0()u^0_0(; fi) d dfi + J(x; t):

(4:23)

-

6^fi @@ @@ @@ @@ @@ @@ @@

T

0 � � � � � � � �fi =

(x; t) � � � � t − x @@ @@ @ @@ @@ @ t−x 2 x+t 2 T 2

˙_1

˙^1_2

˙^2

˙^3_2

Figure 3

The domains ˙_1(x; t) and ˙^1_2(x; t), ˙^2(x; t), ˙^3_2(x; t) are de˛ned below.

˙_1(x; t) = { (; fi) | | | 0 < fi < t − x; 0 < < t − x 2 − | | | | t − x 2 − fi | | | | } ; ˙_2(x; t) = ˙^1_2(x; t) ∪ ˙^2(x; t) ∪ ˙^3_2(x; t);

˙^1_2(x; t) = { (; fi) | | t − x 2 < fi < t − x; t − x − fi < < fi } ;

˙^2(x; t) = { (; fi) | | t − x < fi < t + x 2 ; fi + x − t < < fi } ; (4.24)

˙^3_2(x; t) = { (; fi) | | t + x 2 < fi < t; fi + x − t < < −fi + x + t } : The known function J(x; t) is de˛ned as

J(x; t) = ¸_1(0)e^{h1(t−x)} + t−x∫ 0 e^{h1(t−τ −x)}¸^′_1(fi=2) dfi + ¸_1

(x + t 2 ) − ¸_1 (t − x 2 ) :

Since q_0(x) ∈ C^∞[0; T=2] and J(x; t) ∈ C^∞(D^0_T ), therefore, the unique solution u^0_0(x; t) of the Volterra equation (4.23) of the second kind exists in the function class C^∞(D^0_T ).

Remark 4.2. From (4.8) and (4.10) we can conclude that in the domain D^0_T the solution u^0_0(x; t) of the direct problem (3.57){(3.59) is in the function class C^∞(D^0_T ) and has the form u^0_0(x; t) = ¸_0(x)„_0(t − x) + ~u^0_0(x; t) (4:25) where the function ~u^0_0(x; t) is de˛ned as

~u^0_0(x; t) = ∫_t 0 u^0_0(x; fi)„_0(fi − x) dfi = „_0(t − x) ∫_t x u^0_0(x; fi) dfi:

5. Investigation of the direct problem (3.60)–(3.62), (3.64)–(3.66) solution structure in the domain D^0_T

Let D^0_{∗T} = D^0_{1T} ∪ D^0_{2T} where

D^0_{1T} = { (x; t) | 0 < c_0 a_0 x < t < T − x } ; D^0_{2T} = { (x; t) | 0 < a_0 c_0 t < x < t < T − x } : From here it follows that

D^0_T = D^0_{∗T} ∪ { (x; t) | 0 < x < a_0T a_0 + c_0

; t = c_0x a_0 } :

-

6^fi T

0 � � � � � � � � fi =

� � � � � � � � � � � �_{fi = c0} a0 @@ @@ @@ @@ @@ @@ @@

fi = T −

D^0_{1T}

D^0_{2T}

a0T a0+c0 T

Figure 4

It is obvious from Figure 4 that in investigating the inverse problem (3.60){(3.62), (3.64){(3.66) solution structure in the domain D^0_T it is necessary to take into account the discontinuities of the solution and its derivatives on the characterictics t−x = 0 and t−c_0x=a_0 = 0.

Lemma 5.1. Let r_0, a_0, c_0, p_0 be given positive numbers. Suppose that all coefficients for the functions u^0_0(x; t), u^1_{lm}(x; t), v^1_{lm}(x; t) entering equations (3.60)–(3.62), (3.64)–(3.66) are known and sufficiently smooth. Then the structure of the solution (u^1_{lm}(x; t); v^1_{lm}(x; t)) of the direct problem (3.60)–(3.62), (3.64)–(3.66) in the domain D^0 is as follows:

u^1_{lm}(t; x) = ˛_{−1lm}(x)‹(t − x) + ˛_{0lm}(x)„_0(t − x) + ˛_{1lm}(x)„_1(t − x) + . . . +

+‚_{2lm}(x)„_2 ( t − c_0 a_0 x ) + . . . ; (5.1)

v^1_{lm}(t; x) = ”_{1lm}(x)„_1 ( t − c^0 a_0 x ) + ”_{2lm}(x)„_2 ( t − c^0 a_0 x ) + . . . +

+ȷ_{0lm}(x)„_0(t − x) + ȷ_{1lm}(x)„_1(t − x) + . . . (5.2)

where „_0 is the Heaviside function, „_k(t) = „_0(t)t^k=k!; the coefficients ˛_{jlm}(x), ‚_{jlm}(x), ”_{jlm}(x), ȷ_{jlm}(x) are smooth functions on the interval [0; r_0=c_0].

Proof. Equalities (3.60){(3.62), (3.64){(3.66), (4.1) imply that the structure of the solution of the direct problem (3.60){(3.62), (3.64){(3.66) in the domain D^0 can be written as u^1_{lm}(t; x) = ˛_{−1lm}(x)‹(t − x) + ˛_{0lm}(x)„_0(t − x) + ˛_{1lm}(x)„_1(t − x) + . . . +

+‚_{1lm}(x)„_1 ( t − c_0 a_0 x ) + . . . ; (5.3)

v^1_{lm}(t; x) = ”_{0lm}(x)„_0 ( t − c^0

a_0 x ) + ”_{1lm}(x)„_1 ( t − c^0

a_0 x ) + . . . +

+ȷ_{0lm}(x)„_0(t − x) + ȷ_{1lm}(x)„_1(t − x) + . . . (5.4)

Substituting the representations (4.1), (5.3){(5.4) into equalities (3.60){(3.62), (3.64){ (3.66) and equating the coe‹cients at the same singularities we can write the equalities for ˛nding the function ˛_{jlm}(x) for j = −1; 0; 1:

2˛^′_{−1lm}(x) = K_{6lm}(x)¸_0(x); (5.5)

0 = −˛_{−1lm}(0); (5.6)

2˛^′_{0lm}(x) = ˛^{′′}_{−1lm}(x) + q_{1l}(x)˛_{−1lm}(x) − D_{1l}(x)ȷ_{0lm}(x) +

+K_{6lm}(x) ( ¸_1(x) − 2¸^′_0(x) ) − ( n_{1lm}(x) + n_2(x)^p^′_{1lm}(x) ) ¸_0(x); (5.7)

0 = − ( ˛_{0lm}(0) − ˛^′_{−1lm}(0) ) + h_1˛_{−1lm}(0) − ¸_0(0)(n_{6lm}(0) + n_2 ^p_{1lm}(0)); (5.8)

2˛^′_{1lm}(x) = ˛^{′′}_{0lm}(x) + q_{1l}(x)˛_{0lm}(x) − D_{1l}(x) ( ȷ_{1lm}(x) − ȷ^′_{0lm}(x) ) + +D_{2l}(x)ȷ_{0lm}(x) + K_{6lm}(x) ( ¸_2(x) − 2¸^′_1(x) + ¸^{′′}_0(x) ) − − ( n_{1lm}(x) + n_2 ^p^′_{1lm}(x) )( ¸_1(x) − ¸^′_0(x) ) + + ( n_{3lm}(x) + n_4(x)^p_{1lm}(x) + n_5(x)^p^′_{1lm}(x) ) ¸_0(x); (5.9)

0 = − ( ˛_{1lm}(0) − ˛^′_{0lm}(0) ) − c_0 a_0

‚_{1lm}(0) + h_1˛_{0lm}(0) +

+D_{3l}(0) ( ”_{0lm}(0) + ȷ_{0lm}(0) ) − (n_{6lm}(0) + n_2 ^p_{1lm}(0)) × × ( ¸_1(0) − ¸^′_0(0) ) + (n_{7lm}(0) + n_{8lm}(0)^p_{1lm}(0))¸_0(0): (5.10)

The function ‚_{1lm}(x) can be determined from the equality

‚_{1lm}(x) = c^2_0 a^2_0

‚_{1lm}(x) − c_0 a_0

D_{1lm}(x)”_{0lm}(x): (5:11)

One can ˛nd the functions ”_{jlm}(x), j = 0; 1, from the equalities

2c_0 a_0

”^′_{0lm}(x) = 0; (5.12)

0 = − c_0 a_0

”_{0lm}(0) − ȷ_{0lm}(0) + K_{5lm}˛_{−1lm}(0); (5.13) 2 c_0 a_0

”^′_{1lm}(x) = ”^{′′}_{0lm}(x) + q_2(x)”_{0lm}(x) − c_0 a_0

K_{3l}(x)‚_{1lm}(x); (5.14)

0 = − ( c_0 a_0

”_{1lm}(0) − ”^′_{0lm}(0) ) − ( ȷ_{1lm}(0) − ȷ^′_{0lm}(0) ) + +h_2 ( ”_{0lm}(0) + ȷ_{0lm}(0) ) + K_{5l}(0)˛_{0lm}(0): (5.15)

To ˛nd the functions ȷ_{jlm}(x), j = 0; 1, we can use the following equalities

ȷ_{0lm}(x) = a^2_0 c^2_0 ȷ_{0lm}(x) − K_{3l}(x)˛_{−1}(x); (5.16)

ȷ_{1lm}(x) = a^2_0 c^2_0 ( ȷ_{1lm}(x) − 2ȷ^′_{0lm}(x) ) − K_{3l}(x) ( ˛_{0lm}(x) − ˛^′_{−1lm}(x) )

+K_{4l}(x)˛_{−1lm}(x) − ¸_0(x) ( n_{9l}(x) + n_{10l}(x)^p_{1lm}(x) ) : (5.17)

Equalities (4.5) and (5.5), (5.6), (5.16) imply that ˛_{−1lm}(x) and ȷ_{0lm}(x) are known functions, moreover,

ȷ_{0lm}(x) = c^{20} a^2_0 − c^2_0

K_{3l}(x)˛_{−1lm}(x): (5:18)

From (5.18) we have ȷ_{0lm}(0) = 0: (5:19) From equalities (5.12), (5.13), (5.19) we conclude that

”_{0lm}(x) ≡ 0: (5:20)

From (5.11) and (5.20) we obtain ‚_{1lm}(x) ≡ 0: (5:21) From (5.18) we can write

ȷ^′_{0lm}(x) = c^2_0 a^2_0 − c^2_0 [ K^′_{3l}(x)˛_{−1lm}(x) + K_{3l}(x)˛^′_{−1lm}(x) ] : (5:22)

From (5.22) and (5.5) we derive

ȷ^′_{0lm}(0) = g^0c^{20} c^2_0 − a^2_0

K_{3l}(0)K_{6lm}(0): (5:23)

From (5.17) and the above equalities we conclude that

ȷ_{1lm}(0) = c^{20} c^2_0 − a^2_0 [ 2a^2_0g_0 a^2_0 − c^2_0

K_{3l}(0)K_{6lm}(0) −

− K_{3l}(0)

(g_0 2 K_{6lm}(0) + g_0 ( n_{6lm}(0) + n_2 ^p_{1lm}(0) )) −

− g^0 2 K_{3l}(0)K_{6lm}(0) + g_0 ( n_{9lm}(0) + n_{10l}(0)^p_{1lm}(0) ) ] (5.24) is a known constant. From here and from (5.14), (5.15), (5.19){(5.21) we conclude that

”_{1lm}(x) ≡ ”_{1lm}(0) = ȷ^′_{0lm}(0) − ȷ_{1lm}(0) (5.25)

is a known constant.

Let u^1_{lm x}, u^1_{lm t}, v^1_{lm x}, v^1_{lm t} denote the partial derivatives of the functions u^1_{lm}(x; t), v^1_{lm}(x; t) with respect to x and t. The representations (5.3), (5.4) and equalities (5.20), (5.21), (5.25) imply

u^1_{lm} | | |_{t=x+0} = ˛0lm(x); (5.26)

u^1_{lm t} | | |_{t=x+0} = ˛1lm(x); (5.27)

u^1_{lm x} | | t=x+0 = ˛^′_{0lm}(x) − ˛_{1lm}(x); (5.28) [ u^1_{lm} ] t=c0x/a0 ≡ 0; (5.29) [ u^1_{lm x} ] t=c0x/a0 = − c^0

a_0

‚_{1lm}(x) ≡ 0; (5.30) [ u^1_{lm t} ] t=c0x/a0 = ‚_{1lm}(x) ≡ 0; (5.31)

v^1_{lm} | | |_{t=x+0} = ȷ0lm(x); (5.32)

v^1_{lm t} | | |_{t=x+0} = ȷ1lm(x); (5.33)

v^1_{lm x} | | |_{t=x+0} = ȷ^′_{0lm}(x) − ȷ1lm(x); (5.34) [ v^1_{lm} ] t=c0x/a0 = ”_{0lm}(x) ≡ 0; (5.35) [ v^1_{lm x} ] t=c0x/a0 = − c_0 a_0

”_{1lm}(0); (5.36) [ v^1_{lm t} ] t=c0x/a0 = ”_{1lm}(0): (5.37)

So, the lemma is proved.

Remark 5.1. From (5.29){(5.31), (5.35){(5.37) it follows that the functions u^1_{lm}, u^1_{lm x}, u^1_{lm t}, v are continuous on the characteristic t − c_0x=a_0 = 0, while the functions v^1_{lm x}, v^1_{lm t} have jumps on this characteristic, moreover, the magnitudes of these jumps are known constants independent of the point (x; t).

6. Solving the direct problem (3.60)–(3.62), (3.64)–(3.66) in the domain D^0_T

Lemma 6.1. Let r_0, a_0, c_0, p_0, T be given positive numbers; T < 2r_0=c_0. Let ^p_{1lm}(x) ∈ C^1[0; T=2], and all the coefficients entering equalities (3.60)–(3.62), (3.64)– (3.66) be known sufficiently smooth functions. Then the direct problem (3.60)–(3.62), (3.64)–(3.66) has a unique generalized solution (u^1_{lm}(x; t); v^1_{lm}(x; t)) in the function class C^2(D^0_{∗T} ) ∩ C(D^0_T ).

For simplicity, here and in the next section we introduce the notations

u^1(x; t) = u^1_{lm}(x; t); v^1(x; t) = v^1_{lm}(x; t); u^0(x; t) = u^0_0(x; t); (6.1)

˘_{1lm}(x; t) = ( n_{3lm}(x) + n_4(x)^p_{1lm}(x) + n_5(x)^p^′_{1lm}(x) ) u^0 + + ( n_{1lm}(x) + n_2 ^p^′_{1lm}(x) ) u^0_x + K_{6lm}(x)u^0_{xx};

˘_{2lm}(x; t) = ( n_{9lm}(x) + n_{10l}(x)^p_{1lm}(x) ) u^0_x + ( n_{11lm}(x) + n_{12l}(x)^p_{1lm}(x) ) u^0;

˘_{3lm}(t) = ( n_{6lm}(0) + n_2 ^p_{1lm}(0) ) u^0_x + ( n_{7lm}(0) + n_8 ^p_{1lm}(0) ) u^0;

P_{1lm}(x; t) = q_{1l}(x)u^1 + D_{1l}(x)v^1_x + D_{2l}(x)v^1 + ˘_{1lm}(x; t);

P_{2lm}(x; t) = q_{2l}(x)v^1 + K_{3l}(x)u^1_x + K_{4l}(x)u^1 + ˘_{2lm}(x; t): (6.2)

Then equation (3.60) can be written as ( @ @t − @ @x ) ( @ @t + @ @x ) u^1(x; t) = P_{1lm}(x; t); t > x: (6.3)

Using the structure (5.1) and equalities (5.26){(5.31) we can write

u^1_x | | |_{t=x+0}= ˛^′_{0lm}(x) − ˛1lm(x); u^1_t | | |_{t=x+0}= ˛1lm(x); [ u^1 ] t=c0x/a0 ≡ 0; [ u^1_x ] t=c0x/a0 ≡ 0; [ u^1_t ] t=c0x/a0 ≡ 0:

(6:4)

Equation (3.62) can be written in the form ( u^1_x + h_1u^1 ) | |_{x=0}= − ( D_{3l}(0)v^1(0; t) + ˘_{3lm}(t) ) ; t > 0: (6:5)

Equation (3.64) can be written in the form ( @ @t − a^0 c_0 @ @x ) ( @ @t + a^0 c_0 @ @x ) v^1(x; t) = P_{2lm}(x; t); t > x: (6.6)

Using the representation (5.2) and equalities (5.32){(5.37) we can write

v^1 | | |_{t=x+0}= ȷ0lm(x); v^1_x | | |_{t=x+0}= ȷ^′_{0lm}(x) − ȷ1lm(x); v^1_t | | |_{t=x+0}= ȷ1lm(x); [ v^1_x ] t=c0x/a0 = − c_0 a_0

”_{1lm}(0); [ v^1_t ] t=c0x/a0 = ”_{1lm}(0):

(6:7)

Then equation (3.66) assumes the form ( v^1_x + h_2v^1 ) | |_{x=0}= −K5l(0)u^1(0; t): (6:8)

We will solve the direct problem (6.3){(6.5), (6.6){(6.8) in the domain D^0_T by the characteristics method. We will derive a system of integral equations to solve this problem. The analytic writing in each of the domains D^0_{1T} and D^0_{2T} is di¸erent.

-

6^fi T

0 � � � � � � � �fi =

� � � � � � � � � � � �_{fi = c0} a0 @@ @@ @@ @@ @@ @@ @@

fi = T −

D^0_{1T}

� � � � fi −^{c0}_{a0} = t −^{c0}_{a0} x t −^{c0}_{a0} x AA AA AA AA A^{fi + c0a}0^{= t + c0a}0^x � � fi − = t − x

t − x @@ @@ @@ @ fi + = t + x

(x; t)

c0x+a0t 2c0 a0(x+t) a0+c0 a0t+c0x a0+c0 x+t 2 T 2 Figure 5 -

6^fi T

0 � � � � � � � �fi =

� � � � � � � � � � � �_{fi = c0} a0 @@ @@ @@ @@ @@ @@ @@

fi = T −

D^0_{2T}

� � � �AA A � � � � �

t − x

@@^{(x; t)}

a0(x−t) a0−c0 c0x−a0t c0−a0 a0(x+t) a0+c0 x+t 2 T 2 Figure 6 Remark 6.1. Note that in the result of integration along the characteristics of the differential operators @=@t − @=@x and @=@t + @=@x the solution u^1(x; t) of the problem (6.3){(6.5) for (x; t) ∈ D^0_{1T} and (x; t) ∈ D^0_{2T} will be given by the same formulas since in the process of integrating along the characteristics the jumps of the function v^1_x, entering the function P_{1lm}(x; t), do not in‚uence the form of the resulting solution.

Let (x; t) be an arbitrary point in the domain D^0_T . Integrate both parts of equalities (6.3) along the characteristic of the di¸erential operator @=@t − @=@x using (6.4). We have the equality ( @ @t + @ @x ) u^1(x; t) = ˛^′_{0lm}

(x + t 2 ) + (x+t)/2 ∫ x P_{1lm}(; −+t+x) d ≡ f_1(x; t); (x; t) ∈ D^0_T :

(6:9)

From (6.5) we can write

u^1_x(0; t) = −h_1u^1(0; t) − ( D_{3l}(0)v^1(0; t) + ˘_{3lm}(t) ) : (6:10)

Substituting (6.10) into equality (6.9) we get

u^1_t (0; t) − h_1u^1(0; t) = ( D_{3l}(0)v^1(0; t) + ˘_{3lm}(t) ) + ˛^′_{0lm}(t=2) + + ∫_{t/2} 0 P_{1lm}(; − + t) d; t > 0: (6.11)

From here we have

u^1(0; t) = ˛_{0lm}(0)e^{h1t} + t∫ 0 e^{h1(t−τ )} [ D_{3l}(0)v^1(0; fi) + ˘_{3lm}(fi) + ˛^′_{0lm}(fi=2) −

− τ /2∫

0 P_{1lm}(; − + fi) d ] dfi; (x; t) ∈ D^0_T :(6.12)

Integrate equality (6.9) along the characteristic of the di¸erential operator @=@t + @=@x

u^1(x; t) = u^1(0; t − x) + t∫ t−x f_1(fi + x − t; fi) dfi; (x; t) ∈ D^0_T : (6:13)

By (6.9), (6.12) and (6.2), equation (6.13) can be written in the form

u^1(x; t) = t−x∫ 0 exp { h_1(t − x − fi) } D_{3l}(0)v^1(0; fi) dfi +

+ t−x∫ 0 exp { h_1(t − x − fi) }^{τ /2}∫ 0 ( q_{1l}u^1 + D_{1l}v^1_ξ + D_{2l}v^1 ) (; − + fi) d dfi +

+ t∫ 0

2τ+x−t 2∫ τ +x−t [ q_{1l}u^1 + D_{1l}v^1_ξ + D_{2l}v^1 ] (; − + 2fi + x − t) d dfi +

+~u^1(x; t); (x; t) ∈ D^0_T ; (6.14)

where ~u^1(x; t) is a known function determined by the formula

~u^1(x; t) = t−x∫ 0 exp { h_1(t − x − fi) } ×

× ˘_{3lm}(fi) + ˛^′_{0lm}(fi=2) + τ /2∫

0 ˘_{1lm}(; − + fi) d dfi +

+ t∫ t−x

2τ+x−t 2∫ τ +x−t ˘_{1lm}(; − + 2fi + x − t) d + ˛^′_{0lm}

(2fi + x − t 2 ) dfi +

+˛_{0lm}(0)e^{h1(t−x)}; (x; t) ∈ D^0_T : (6.15)

Consider the second and third integrals in equality (6.14). Make in them the following changes of variables

1 −→ ; −_1 + fi_1 −→ fi and _1 −→ ; −_1 + 2fi_1 + x − t −→ fi;

respectively, and write them as double integrals t−x∫ 0 exp { h_1(t − x − fi_1) }^{τ1/2}∫ 0 ( q_{1l}u^1 + D_{1l}v^1_ξ + D_{2l}v^1 ) (; − + fi_1) d dfi_1 =

= ∫ ∫ Ω1(x,t) exp { h_1(t − fi − x − ) }( q_{1l}u^1 + D_{1l}v^1_ξ + D_{2l}v^1 ) (; fi) d dfi;

t∫ 0

2τ1+x−t 2∫ τ1+x−t [ q_{1l}u^1 + D_{1l}v^1_ξ + D_{2l}v^1 ] (; − + 2fi_1 + x − t) d dfi_1 =

= 1 2 ∫ ∫ Ω2(x,t) [ q_{1l}u^1 + D_{1l}v^1_ξ + D_{2l}v^1 ] (; fi) d dfi: (6.16)

The domains ˙_1(x; t) and ˙_2(x; t) are de˛ned by equalities (4.24).

So, (6.15), (6.16) allow us to write equation (6.14) in the form

u^1(x; t) = t−x∫ 0 exp { h_1(t − x − fi) } D_{3l}(0)v^1(0; fi) dfi +

+ ∫ ∫ Ω1(x,t) exp { h_1(t − fi − x − ) }( q_{1l}u^1 + D_{1l}v^1_ξ + D_{2l}v^1 ) (; fi) d dfi +

+ 1 2 ∫ ∫ Ω2(x,t) [ q_{1l}u^1 + D_{1l}v^1_ξ + D_{2l}v^1 ] (; fi) d dfi + ~u^1(x; t); (x; t) ∈ D^0_T :

(6.17)

Now consider the system of equalities (6.6){(6.8). Let (x; t) ∈ D^0_{1T} (see Figure 5). Integrate both parts of equality (6.6) along the characteristic of the di¸erential operator

@=@t − (a_0=c_0)@=@x. From (6.7) we can write ( @ @t + a^0 c_0 @ @x ) v^1(x; t) = c^0 a_0 c0x+a0t c0+a0∫

x P_{2lm} ( ; t + c^0 a_0

(x − ) ) d +

+ȷ^′_{0lm}

(a_0t + c_0x a_0 + c_0 ) + c_0 − a_0

c_0 ȷ_{1lm} (a_0t + c_0x a_0 + c_0 ) ≡ ≡ g_1(x; t); (x; t) ∈ D^0_{1T} : (6.18)

Using (6.8) we arrive at the equality

v^1_x(0; t) = −h_2v^1(0; t) − K_{5l}(0)u^1(0; t): (6:19)

Substituting (6.19) into (6.18) we get

v^1_t (0; t) − a_0 c_0 h_2v^1(0; t) = a_0 c_0

K_{5l}(0)u^1(0; t) + c_0 a_0 a0t c0+a0∫

x P_{2lm} ( ; t − c_0 a_0 ) d +

+ȷ^′_{0lm}

( a_0t a_0 + c_0 ) + c_0 − a_0 c_0 ȷ_{1lm} ( a_0t a_0 + c_0 ) ; t > 0:

(6.20)

From here we obtain

v^1(0; t) = t∫ 0 exp { a_0h_2 c_0

(t − fi) } [ a_0 c_0

K_{5l}(0)u^1(0; fi) +

+ ȷ^′_{0lm}

( a_0fi a_0 + c_0 ) + c_0 − a_0 c_0 ȷ_{1lm} ( a_0fi a_0 + c_0 ) ] dfi +

+ c_0 a_0 t∫ 0 exp { a_0h_2 c_0

(t − fi)

}^{a0τc}0^{+a}0∫ 0 P_{2lm} ( ; fi − c_0 a_0 ) d dfi;

(x; t) ∈ D^0_{1T} : (6.21)

Now integrate equation (6.18) along the characteristic of the di¸erential operator @=@t + (a_0=c_0)@=@x.

v^1(x; t) = v^1 ( 0; t − c_0 a_0 x ) + t∫ t− c0a 0 x g_1 ( x − a_0 c_0

(t − fi); fi ) dfi; (x; t) ∈ D^0_{1T} : (6:22)

In view of (6.2) and (6.21), the equation (6.22) can be written in the form

v^1(x; t) = a_0 c_0

K_5(0) t− c0a 0 x ∫ 0 exp { a_0h_2 c_0 ( t − fi − c_0 a_0 x )} u^1(0; fi) dfi +

+ c_0 a_0 t− c0a 0 x ∫ 0 exp { a_0h_2 c_0 ( t − fi − c_0 a_0 x )} ×

× a0τ c0+a0∫

0 [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 ]( ; fi − c_0 a_0 ) d dfi +

+ c_0 a_0 t∫ t− c0a 0 x c0x+a0(2τ−t) c0+a0∫

x+ a0c 0 (τ −t) [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 ]( ; 2fi − t + c_0 a_0

(x − ) ) d dfi +

+~v^1(x; t); (x; t) ∈ D^0_{1T} : (6.23)

The known function ~v^1(x; t) is

~v^1(x; t) = c^0 a_0 t− c0 a0 x∫

0 exp { a_0h_2 c_0 ( t − fi − c^0 a_0 x )}^{a0τc}0^{+a}0∫ 0 ˘_{2lm} ( ; fi − c^0 a_0 ) d dfi +

+ c^0 a_0 t∫ t− c0a 0 x c0x+a0(2τ−t) c0+a0∫

x+ a0c 0 (τ −t) ˘_{2lm} ( ; 2fi − t + c^0

a_0

(x − ) ) d dfi +

+ t− c0a 0 x ∫ 0 exp { a_0h_2 c_0 ( t − fi − c_0 a_0 x )} ×

× [ ȷ^′_{0lm} ( a_0fi a_0 + c_0 ) + c_0 − a_0 c_0 ȷ_{1lm} ( a_0fi a_0 + c_0 ) ] dfi +

+ t∫ t− c0x a0

[ ȷ^′_{0lm} (c_0x + a_0(2fi − t)

a_0 + c_0 ) + c_0 − a_0 c_0 ȷ_{1lm} (c_0x + a_0(2fi − t)

a_0 + c_0 ) ] dfi;

(x; t) ∈ D^0_{1T} : (6.24)

Consider the second and third integrals in equality (6.23), make in them the changes of variables

1 −→ ; fi_1 − c_0 a_0

1 −→ fi and _1 −→ ; 2fi_1 − t + c_0 a_0

(x − _1) −→ fi;

respectively, and rewrite them as double integrals

c_0 a_0 t− c0a 0 x ∫ 0 exp { a_0h_2 c_0 ( t − fi − c_0 a_0 x )}^{a0τc}0^{+a}0∫ 0 [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 ]( ; fi − c_0 a_0 ) d dfi =

= c^0 a_0 ∫ ∫ Ω3(x,t) exp { a_0h_2 c_0 ( t − fi − c^0 a_0

(x + ) )} [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 ] (; fi) d dfi;

c_0 a_0 t∫ t− c0a 0 x c0x+a0(2τ−t) c0+a0∫

x+ a0c 0 (τ −t) [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 ]( ; 2fi − t + c_0 a_0

(x − ) ) d dfi =

= c_0 2a_0 ∫ ∫ Ω4(x,t) [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 ] (; fi) d dfi: (6.25)

-

6fi @@ @@ @@ @@ @@ @@ @@

T

0 � � � � � � � �fi =

(x; t) � � � � � � t −^{c0x}_{a0}

AA AA AA AA A AA AA A � � � � � � � � � � � � � �_{fi = c0} a0

a0t−c0x a0+c0 a0t+c0x a0+c0 T 2 ˙^1_3

˙^2_3

˙^1_4

˙^2_4

˙^3_4

Figure 7

Domains ˙_3(x; t) and ˙_4(x; t) are de˛ned below.

˙_3(x; t) = ˙^1_3(x; t) ∪ ˙^2_3(x; t); ˙_4(x; t) = ˙^1_4(x; t) ∪ ˙^2_4(x; t) ∪ ˙^3_4(x; t) where (see Figure 7)

˙^1_3(x; t) = { (; fi) | | | 0 < fi < a_0t − c_0x a_0 + c_0

; 0 < < fi } ; ˙^2_3(x; t) = { (; fi) | | a_0t − c_0x a_0 + c_0

< fi < t − c_0x a_0

; 0 < < a_0 c_0

(t − fi) − x } ; ˙^1_4(x; t) = { (; fi) | | a0t − c0x a_0 + c_0

< fi < t − c_0 a_0 x; a_0 c_0

(t − fi) − x < < fi } ; ˙^2_4(x; t) = { (; fi) | | | t − c_0 a_0 x < fi < a_0t + c_0x a_0 + c_0

; x − a_0 c_0

(t − fi) < < fi } ; ˙^3_4(x; t) = { (; fi) | | | a_0t + c_0x a_0 + c_0

< fi < t; x − a^0 c_0

(t − fi) < < x + a^0 c_0

(t − fi) } :(6.26)

So in the domain D^0_{1T} the function v^1(x; t) satis˛es the following equation

v^1(x; t) = a^0 c_0

K_{5l}(0) t− c0a 0 x ∫ 0 exp { a_0h_2 c_0 ( t − fi − c^0 a_0 x )} u^1(0; fi) dfi +

+ c_0 a_0 ∫ ∫ Ω3(x,t) exp { a_0h_2 c_0 ( t − fi − c_0 a_0

(x + ) )} ×

× [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 ] (; fi) d dfi +

+ c^0 2a_0 ∫ ∫ Ω4(x,t) [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 ] (; fi) d dfi + ~v^1(x; t); (x; t) ∈ D^0_{1T} :(6.27)

Consider the case when (x; t) ∈ D^0_{2T} (see Figure 6) and integrate equation (6.18) along the characteristic of the di¸erential operator @=@t − (a_0=c_0)@=@x in the domain D^0_{2T} using equality (6.7) ( @ @t + a^0 c_0 @ @t ) v^1(x; t) = a^0 c_0 ȷ^′_{0lm} (a_0t + c_0x a_0 + c_0 ) + c^0

− a_0 c_0 ȷ_{1lm} (a_0t + c_0x a_0 + c_0 ) +

+ c_0 a_0 a0t+c0x a0+c0∫

x P_{2lm} ( ; t + c_0 a_0

(x − ) ) d ≡ g^1_2 (x; t): (6.28)

Integrate equation (6.28) along the characteristic of the di¸erential operator @ @t + a_0 c_0) @ @x in the domain D^0_{2T} using equality (6.7)

v^1(x; t) = c^0 a_0 t∫ c0x−a0t c0−a0 c0x+a0(2τ−t) c0+a0∫

x+ a0c 0 (τ −t) [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 ]( ; 2fi − t + c^0 a_0

(x − ) ) d dfi +

+~v^1_2(x; t); (x; t) ∈ D^0_{2T} ; (6.29)

where ~v^1_2(x; t) is a known function,

~v^1_2(x; t) = ȷ_{0lm}

(c_0x − a_0t

c_0 − a_0 ) + t∫ c0x−a0t c0−a0

[ a_0 c_0 ȷ^′_{0lm} + c_0 − a_0

c_0 ȷ_{1lm} ] (c_0x + a_0(2fi − t)

a_0 + c_0 ) dfi +

+ c_0 a_0 t∫ c0x−a0t c0−a0 c0x+a0(2τ−t) c0+a0∫

x+ a0c 0 (τ −t) ˘_{2lm} ( ; 2fi − t + c_0 a_0

(x − ) ) d dfi; (x; t) ∈ D^0_{2T} :

Consider the integral in equality (6.29), make in it the change of variables

1 −→ ; 2fi_1 − t + c_0 a_0

(x − _1) −→ fi

and write it as a double integral

c_0 a_0 t∫ c0x−a0t c0−a0 c0x+a0(2τ−t) c0+a0∫

x+ a0c 0 (τ −t) [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 ] ( ; 2fi − t + c_0 a_0

(x − ) ) d dfi =

= c_0 2a_0 ∫ ∫ Ω5(x,t) [ q_2v^1 + K_{3l}u^1_ξ + K_{4l}u^1 ] (; fi) d dfi

(6.30)

-

6^fi @@ @@ @@ @@ @@ @@ @@

T

0 � � � � � � � �fi =

� � � � � � � � � � � �_{fi = c0} a0

(x; t) AA AA � � � � � � c0x−a0t c0−a0 a0t+c0x a0+c0 T 2

˙^1_5

˙^2_5

Figure 8 where ˙_5(x; t) = ˙^1_5(x; t)∪˙^2_5(x; t). Domains ˙^1_5(x; t), ˙^2_5(x; t) is de˛ned below.

˙^1_5(x; t) = { (; fi) | | | c_0x − a_0t c_0 − a_0

< fi < a^0t + c^0x a_0 + c_0

; x − a^0

c_0

(t − fi) < < fi } ; ˙^2_5(x; t) = { (; fi) | | | c_0x + a_0t c_0 + a_0

< fi < t; x − a_0 c_0

(t − fi) < < x + a_0 c_0

(t − fi) } : So, by (6.30), in the domain D^0_{2T} the function v^1(x; t) satis˛es the equality

v^1(x; t) = c_0 2a_0 ∫ ∫ Ω5(x,t) [ q_{2l}v^1 +K_{3l}u^1_ξ +K_{4l}u^1 ] (; fi) d dfi + ~v^1_2 (x; t); (x; t) ∈ D^0_{2T} : (6:31)

Remark 6.2. Note that integrating equalities (6.17), (6.27), (6.31) by parts we get rid of the partial derivatives u^1_x, v^1_x entering the right-hand parts of these equalities and we arrive at the integral relations for determination of the functions u^1(x; t) and v^1(x; t) in the domain D^0_T .

Consider the vector-functions ~w(x; t), ~w_0(x; t) de˛nded as

~w(x; t) = ( u^1(x; t); v^1(x; t) ) ; ~w_0(x; t) = ( ~u^1(x; t); ~v^1(x; t) ) (6:32)

where ~v^1(x; t) = ~v^1(x; t) for (x; t) ∈ D^0_{1T} and ~v^1(x; t) = ~v^1_2(x; t) for (x; t) ∈ D^0_{2T} .

Consider the operator equation

~w(x; t) = A~w(x; t) + ~w_0(x; t) (6:33)

where the operator A is a Volterra operator of the second kind de˛ned by equalities (6.17), (6.27), (6.31) and Remark 6.2.

This equation de˛nes a unique solution in D^0_T . Di¸erentiating equality (6.33) with respect to x and t we conclude that the partial derivatives ~w_x, ~w_t, ~w_{xx}, ~w_{xt}, ~w_{tt} are continuous everywhere except the points of the set t = c_0x=a_0.

7. Derivation of integral relations for Inverse Problem 3.1

Theorem 7.1. Let r_0, a_0, c_0, p_0, T be given positive numbers; 0 < T < 2r_0=c_0. Then for uniqueness of the solution “in small” of Inverse Problem 3.1 in the function class ^p(x) ∈ C^1[0; T a_0=(2c_0)] it is sufficient that the functions F_{1lm}(t), G_{1lm}(t) satisfy the conditions F_{1lm}(t) ≡ 0; G_{1lm}(t) ≡ 0 for t < 0;

F_{1lm}(t) ∈ C^1[0; T ]; G_{1lm}(t) ∈ C^1[0; T ]; G_{1lm}(+0) = 0:

Proof. Consider the domain D^1_T ,

D^1_T = { (x; t) | | | 0 < x < T a0=(2c0); x < t < T − c0x=a0 }

and represent it as the sum D^1_T = D^1_T ∪ D^1_{2T} ∪ {t = c_0x=a_0} where

D^1_T = { (x; t) | | | 0 < x < T a0=(2c0); c0x=a0 < t < T − c0x=a0 } ; D^1_{2T} = { (x; t) | | | 0 < x < T a0=(2c0); x < t < c0x=a0 } :

-

6^fi 2r0 c0

0 � � � � � � � � fi =

� � � � � � � � � � � � fi =^{c0}_{a0}

AA AA AA AA AA AA AA

fi =^{2r0}_{c0} −^{c0}_{a0}

D^1

D^1_2

r0a0 c20 Figure 9

Solving the problem (3.60){(3.63), (3.64){(3.67) by virtue of representations (5.1), (5.2) we should consider each of the domains D^1 and D^1_2 to take into account discontinuities and jumps of the solution on the characteristics t − x = 0 and t − c_0x=a_0 = 0.

Using the de˛nition (6.2) we rewrite equation (3.60) in the form ( @ @x + @ @t ) ( @ @x − @ @t ) u^1(x; t) = −P_{1lm}(x; t); t > x: (7:1)

Write the boundary condition (3.62) as

u^1_x | | |_{x=0}= ~1lm(t); t > 0; (7:2)

where the function ~_{1lm}(t) is de˛ned by the formula

~_{1lm}(t) = −h_1u^1(0; t) − D_{3l}(0)v^1(0; t) − ˘_{3lm}(t):

The additional information (3.63) can be written as

u^1 | | |_{x=0}= F1lm(t); t > 0: (7:3)

Analogously, we rewrite equation (3.64) as ( @ @x + c_0 a_0 @ @t ) ( @ @x − c_0 a_0 @ @t ) v^1(x; t) = − c^2_0 a^2_0

P_{2lm}(x; t); t > x: (7:4)

The boundary condition (3.66) can be written in the form

v^1_x | | |_{x=0}= ~2lm(t); t > 0; (7:5)

where the function ~_{2lm}(t) is de˛ned as

~_{2lm}(t) = −h_2v^1(0; t) − K_{5l}(0)u^1(0; t):

The additional information (3.67) can be written in the form

v^1 | | |_{x=0}= G1lm(t); t > 0: (7:6)

Using the information (7.3), (7.6) we can write the functions ~_{1lm}(t), ~_{2lm}(t) in the following form

~_{1lm}(t) = −h_1F_{1lm}(t) − D_{3l}(0)G_{1lm}(t) − ˘_{3lm}(t);

~_{2lm}(t) = −h_2G_{1lm}(t) − K_{5l}(0)F_{1lm}(t): (7.7)

Remark 7.1. Relation (7.24) follows from the structure (5.1) and equalities (4.5), (5.8). So, from (6.2), (7.7) we can determine the function ~_{1lm}(t) ∈ C^1[0; T ].

-

6^fi_T

D^1_T

0 � � � � � � � �_{fi =}

� � � � � � � � � � � �_{fi = c0a0}

AA AA AA AA AA AA AA AA

fi = T −^{c0}_{a0} AA AA AA AA A

t +^{c0}_{a0} x

fi +^{c0}_{a0} = t +^{c0}_{a0} x

� � � � �

t −^{c0}_{a0} x fi −^{c0}_{a0} = t −^{c0}_{a0} x � � � t − x fi − = t − x

@@ @@ @ t + x

fi + = t + x

(x; t)

T a0 2c0 Figure 10 -

6^fi_T

0 � � � � � � � �_{fi =}

� � � � � � � � � � � �_{fi = c0a0}

AA AA AA AA AA AA AA AA

fi = T −^{c0}_{a0} AA AA AA AA AA AA AA

t +^{c0}_{a0} x

� � � � � � �

t − x

@@ @@ @@ @

t + x

(x; t)

D^1_{2T}

T a0 2c0 a0t−c0x a0−c0 c0(x−t) c0−a0 a0t+c0x 2a0 c0(x+t) c0+a0

Figure 11

Note that in the result of integrating along the characteristics of the di¸erential operators @=@t−@=@x and @=@t+@=@x in the domains D^1_T and D^1_{2T} the integral equations for the solution of the problem (7.1){(7.3) have the same form since in the process of integrating along the characteristics the jumps of the function v^1_x, entering the function P_{1lm}(x; t), do not in‚uence the form of the resulting solution. Therefore solving the problem (7.1){ (7.3) by the characteristics method we will consider an arbitrary point (x; t) ∈ D^1_T .

Let (x; t) be an arbitrary point in the domain D^1_T . Then the solution of the inverse problem (7.1){(7.3) is given by the d’Alembert formula

u^1(x; t) = 1 2 [ F_{1lm}(t − x) + F_{1lm}(t + x) ] + 1 2 t+x∫ t−x ~_{1lm}() d −

− 1 2 x∫ 0 t+(x−ξ) ∫ t−(x−ξ) P_{1lm}(; fi) dfi d; (x; t) ∈ D^1_T : (7.8)

Introducing the notation

U^1(x; t) = 1 2 [ F_{1lm}(t − x) + F_{1lm}(t + x) ] + 1 2 t+x∫ t−x ~_{1lm}() d −

− 1 2 x∫ 0 t+(x−ξ) ∫ t−(x−ξ) [ K_{6lm}u^0_{ξξ} + n_{1lm}u^0_ξ + n_{3lm}u^0 ] (; fi) dfi d; (x; t) ∈ D^1_T (7.9)

this is a known function.

We conclude that in the domain D^1_T the function u^1(x; t) satis˛es the equation

u^1(x; t) = − 1 2 x∫ 0 t+(x−ξ) ∫ t−(x−ξ) [ q_{1l}u^1 + D_{1l}v^1 + D_{2l}v^1_ξ + ^p^′_{1lm}(n_5u^0 + n_2u^0_ξ) +

+ n_4 ^p_{1lm}u^0 ] (; fi) dfi d +

+U^1(x; t); (x; t) ∈ D^1_T : (7.10)

In the domain D^1_T (see Figure 10) the solution v^1(x; t) is constructed by the d’Alembert formula

v^1(x; t) = 1 2 [ G_{1lm} ( t − c^0

a_0 x ) +G_{1lm} ( t + c^0 a_0 x )] + 1 2 a_0 c_0 t+ c0 a0 x∫

t− c0 a0 x ~_{2lm}() d −

− c^0 2a_0 x∫ 0 t+ c0a 0 (x−ξ) ∫ t− c0a 0 (x−ξ) P_{2lm}(; fi) dfi d; (x; t) ∈ D^1_T : (7.11)

Now let (x; t) ∈ D^1_{2T} (see Figure 11). Integrating both parts of equality (6.6) along the characteristic of the di¸erential operator @=@x + (c_0=a_0)@=@t we obtain ( @ @x − c_0 a_0 @ @t ) v^1(x; t) = − c_0 a_0 t∫ a0t−c0x a0−c0 P_{2lm} ( x − a_0 c_0

(t − fi); fi ) dfi; (x; t) ∈ D^1_{2T} : (7:12)

Integrating equation (7.12) along the characteristic of the di¸erential operator @=@x − (c_0=a_0)@=@t we get

v^1(x; t) = G_{1lm}

(a_0t + c_0x

a_0 ) − c^0 2a_0 a0t−c0x a0−c0∫

0 t+ c0 a0 (x−ξ) ∫ ξ P_{2lm}(; fi) dfi d −

− c^0 2a_0 x∫ a0t−c0x a0−c0 t+ a0 c0 (x−ξ) ∫ t− a0c 0 (x−ξ) P_{2lm}(; fi) dfi d; (x; t) ∈ D^1_{2T} :

(7.13)

Consider the known functions

V^1_1 (x; t) = 1 2 [ G_{1lm} ( t − c_0 a_0 x ) + G_{1lm} ( t + c_0 a_0 x )] + 1 2 a_0 c_0 t+ c0a 0 x ∫ t− c0 a0 x ~_{2lm}() d −

− c^0

2a_0 x∫ 0 t+ c0 a0 (x−ξ) ∫ t− c0a 0 (x−ξ) [ n_{9lm}u^0_ξ + n_{11lm}u^0 ] (; fi) dfi d; (x; t) ∈ D^1_T ;

V^1_2 (x; t) = G_{1lm}

(a_0t + c_0x

a_0 ) −

− c_0 2a_0 a0t−c0x a0−c0∫

0 t+ c0a 0 (x−ξ) ∫ ξ [ n_{9lm}u^0_ξ + n_{11lm}u^0 ] (; fi) dfi d −

− c_0 2a_0 x∫ a0t−c0x a0−c0 t+ a0c 0 (x−ξ) ∫ t− a0c 0 (x−ξ) [ n_{9lm}u^0_ξ + n_{11lm}u^0 ] (; fi) dfi d; (x; t) ∈ D^1_{2T} :

(7.14)

Now using (6.2), (7.14) we can rewrite equations (7.11), (7.13) as

v^1(x; t) = − c_0 2a_0 x∫ 0 t+ c0a 0 (x−ξ) ∫ t− c0a 0 (x−ξ) [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 + ^p_{1lm}(n_{10l}u^0_ξ + n_{12l}u^0) ] (; fi) dfi d +

+V^1_1 (x; t); (x; t) ∈ D^1_T ;

v^1(x; t) = − c_0 2a_0 a0t−c0x a0−c0∫

0 t+ c0a 0 (x−ξ) ∫ ξ [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 +

+ ^p_{1lm}(n_{10l}u^0_ξ + n_{12l}u^0) ] (; fi) dfi d −

− c_0 2a_0 x∫ a0t−c0x a0−c0 t+ c0a 0 (x−ξ) ∫ t− c0a 0 (x−ξ) [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 +

+ ^p_{1lm}(n_{10l}u^0_ξ + n_{12l}u^0) ] (; fi) dfi d +

+V^1_2 (x; t); (x; t) ∈ D^1_{2T} : (7.15)

We should determine u^1_x and v^1_x in order to close the system of equalities (7.10), (7.15). Let (x; t) ∈ D^1_T , then we can write

u^1_x(x; t) = − 1 2 x∫ 0 [ q_{1l}u^1 + D_{1l}v^1 + D_{2l}v^1_ξ + ^p^′_{1lm}(n_5u^0 + n_2u^0_ξ) +

+ n_4 ^p_{1lm}u^0 ] (; t + x − ) d −

− 1 2 x∫ 0 [ q_{1l}u^1 + D_{1l}v^1 + D_{2l}v^1_ξ + ^p^′_{1lm}(n_5u^0 + n_2u^0_ξ) +

+ n_4 ^p_{1lm}u^0 ] (; t − x + ) d +

+U^1_x (x; t); (x; t) ∈ D^1_T : (7.16)

Now determine v^1_x(x; t). Let (x; t) ∈ D^1_T , then

v^1_x(x; t) = − c^2_0 2a^2_0 x∫ 0 [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 +

+ ^p_{1lm}(n_{10l}u^0_ξ + n_{12l}u^0) ]( ; t + c^0

a_0

(x − ) ) d −

− c^2_0 2a^2_0 x∫ 0 [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 +

^p_{1lm}(n_{10l}u^0_ξ + n_{12l}u^0) ]( ; t − c_0 a_0

(x − ) ) d +

+ @ @x V^1_1 (x; t); (x; t) ∈ D^1_T : (7.17)

For (x; t) ∈ D^1_{2T} we have

v^1_x(x; t) = − c^2_0 2a^2_0 x∫ 0 [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 + ^p_{1lm}(n_{10l}u^0_ξ + n_{12l}u^0) ]( ; t + c_0 a_0

(x − ) ) d −

− c^2_0 2a^2_0 x∫ a0t−c0x a0−c0 [ q_{2l}v^1 + K_{3l}u^1_ξ + K_{4l}u^1 +

+ ^p_{1lm}(n_{10l}u^0_ξ + n_{12l}u^0) ]( ; t − c^0 a_0

(x − ) ) d +

+ @ @x V^1_2 (x; t); (x; t) ∈ D^1_{2T} : (7.18)

From (5.7) we obtain the relation to determine the function ^p^′_{1lm}(x)

^p^′_{1lm}(x) = 1 n_2 [ 1 g_0 ( 2˛^′_{0lm}(x) − ˛^{′′}_{−1lm}(x) − q_1(x)˛_{−1lm}(x) + D_1(x)ȷ_{0lm}(x) −

− K_{6lm}(x)¸_{1lm}(x) ) − n_{1lm}(x) ] : (7.19)

On the other hand, from (3.24) we can write equation (7.19) in the form

^p^′_{1lm}(x) = 2 n_2g_0

@u^1(x; x + 0) @x + ^P_{1lm}(x) (7:20) where ^P_{1lm}(x) is a known function,

^P_{1lm}(x) = 1 n_2 [ 1 g_0 ( −˛^{′′}_{−1lm}(x) − q_{1l}(x)˛_{−1lm}(x) + D_{1l}(x)ȷ_{0lm}(x)−

−K_{6lm}(x)¸_{1lm}(x) ) − n_{1lm}(x) ] : (7.21)

Set t = x + 0 in equation (7.10) and ˛nd the partial derivative

@u^1(x; x + 0) @x @u^1(x; x + 0) @x = − 1 2 2x∫ x [ q_{1l}u^1 + D_{1l}v^1 + D_{2l}v^1_ξ + ^p^′_{1lm}(n_5u^0 + n_2u^0_ξ) + n_4 ^p_{1lm}u^0 ] (; fi) dfi −

− x∫ 0 [ q_{1l}u^1 + D_{1l}v^1 + D_{2l}v^1_ξ + ^p^′_{1lm}(n_5u^0 + n_2u^0_ξ ) + n_4 ^p_{1lm}u^0 ] (; 2x) d +

+ @U^1(x; x + 0) @x : (7.22)

Now we need only one more equation to close the system of equations (7.10), (7.16), (7.22); (7.15), (7.17), (7.18); (7.20)

^p_{1lm}(x) = ^p_{1lm}(0) + x∫ 0 ^p^′_{1lm}() d (7:23)

where the constant ^p_{1lm}(0) is determined from equalities (4.5), (5.8) which yield the formula ^p_{1lm}(0) = 1 n_2 [ 1 g_0

F_{1lm}(+0) + 1 2 K_{6lm}(0) − n_{6lm}(0) ] : (7:24)

Consider the vector-functions

~P (x) = ( ^p_{1lm}(x); ^p^′_{1lm}(x) ) ; ~U(x; t) = ( u(x; t); u^1_x(x; t); (u^1(x; x + 0))_x ) ; ~V (x; t) = ( v^1(x; t); v^1_x(x; t) ) ; ~U_0(x; t) = ( U^1(x; t); U^1_x (x; t); U^1_x (x; x + 0) ) ; ~V_0(x; t) = ( V^1(x; t); V^1_2 (x; t); V^1_{1x}(x; t); V^1_{2x}(x; t) ) ; ~P_0 = ( ^p_{1lm}(0); ^P_{1lm}(x) ) : (7.25) Let ~W (x; t) = ( ~P ; ~U^1; ~V^1 ) (x; t); ~W_0(x; t) = ( ~P_0; ~U^1_0 ; ~V^1_0 ) (x; t): (7:26)

Consider the operator equation

~W(x; t) = A ~W (x; t) + ~W_0(x; t) (7.27)

where the integral operator A is a Volterra type operator of the second order acting with respect to x; the vector-function ~W_0(x; t) is known. Since F_{1lm}(t), G_{1lm}(t) ∈ C^1[0; T ], therefore, for a su‹ciently small T there exists a unique solution ~W (x; t) of the second order Volterra equation (7.27).

So, for a su‹ciently small T there exist functions ^p_{1lm}(x) ∈ C^1[0; a_0T=(2c_0)], (u^1(x; t), v^1(x; t)) ∈ C^1(D^1_{∗T} )∩C(D^1_T ) which are solutions of the system of integral equations de˛ned by equalities (7.10), (7.16), (7.22); (7.15), (7.17), (7.18); (7.20), (7.23). This implies that for a su‹ciently small T the solution of Inverse Problem 3.1 is unique.

8. Stability of the solution of Inverse Problem 3.1

Lemma 8.1. Let r_0, c_0, T , p_0 be given positive numbers, 0 < T < 2r_0=c_0; q_0(x) ∈ C^∞[0; T=2] be a given function; g_0, h_1 be known constants. Then for the solution of the direct problem (3.57)–(3.59) the following estimate is true ‖ ‖u^0_0 ‖ ‖_{C2(D0T )} ≤ B_1(T + 1) (8:1)

where B_1 is a positive constant depending on g_0, h_1, ‖q_0‖_{C[0,T /2]}.

Proof. Di¸erentiate equality (4.23) with respect to x and t, pass to absolute values, apply the Gronwall inequality to the inequalities obtained, and, ˛nally, use equalities (4.8), (4.12) and Remark 4.2 to derive the required estimate.

Let r_0, a_0, c_0, L_∗, T be given positive numbers, 0 < T < 2r_0=c_0; l = 0; 1; 2; . . . , −l ≤ m ≤ l. De˛ne the function class

Q^′_∗ = { ^p(x; „; ’); @ @x ^p(x; „; ’); ´_{θφ} ^p(x; „; ’) ∈ C ( [0; a_0T=(2c_0)]; L_2(S^2) )| | | ‖´_{θφ} ^p‖_{C([0,a0T /(2c0)];L2(S}2_{))} ≤ L_∗ } : Remark 8.1. By virtue of the representation (3.3), equality (1.6) and the de˛nition of the class Q^′_∗, we can write for l = 1; 2; . . . , −l ≤ m ≤ l

^p_{1lm}(x) = 2π∫ 0 π∫ 0 ^p_1(x; „; ’)Y_{lm}(„; ’) sin „ d„ d’ =

= − 1 l(l + 1) 2π∫ 0 π∫ 0 ´_{θφ} ^p_1(x; „; ’)Y_{lm}(„; ’) sin „ d„ d’:

Square both parts of this equality and apply the Cauchy{Bunyakovskii inequality to the right-hand side of the resulting equality. We obtain

|^p_{1lm}(x)|^2 ≤

L^2_∗ l^2(l + 1)^2

; l = 1; 2; . . . ; −l ≤ m ≤ l: (8:2)

If l = m = 0, then the following estimate for the function ^p_{100}(x) is true

|^p_{100}(x)| ≤ L_∗: (8:3)

The following lemma is true.

Lemma 8.2. Let r_0, a_0, c_0, p_0, T be given positive numbers, 0 < T < 2r_0=c_0; and let ^p_1(x; „; ’), ^a_1(x; „; ’), ^c_1(x; „; ’) ∈ Q^′_∗ be given functions. Then the solution (u^1_{lm}(x; t), v^1_{lm}(x; t)) of the direct problem (3.60)–(3.62), (3.64)–(3.66) for l = 0; 1; 2; . . . , −l ≤ m ≤ l satisfies the following estimates ‖ ‖u^1_{lm} ‖ ‖_{C1(D0T )} ≤ B_2(l + 1) exp (B_3lT ); (8.4) ‖ ‖v^1_{lm} ‖ ‖_{C1(D0∗T )} ≤ B_2(l + 1) exp (B_3lT ) (8.5)

where ‖·‖_C1_{(D}0_{∗T )} = max{‖·‖_C1_{(D}0_{1T )} ; ‖·‖_C1_{(D}0_{2T )}}; B_2 is positive constants depending on r_0, a_0, c_0, T , p_0, L_∗, B_3 is positive constants depending on r_0, a_0, c_0, p_0, L_∗. Proof. By virtue of (3.38), (3.53){(3.55) the coe‹cients entering equations (6.17), (6.27), (6.31), depend on the index l as follows:

q_{1l}(x); q_{2l}(x) ∼ l(l + 1);

D_{1l}(x); D_{2l}(x); D_{3l}(x) ∼ √ l(l + 1); K_{3l}(x); K_{4l}(x); K_{5l}(0) ∼ √ l(l + 1):

The functions K_{6lm}(x), n_{1lm}(x), n_{3lm}(x), n_{6lm}(0), n_{7lm}(0), n_{9lm}(x), n_{10lm}(x), n_{11lm}(x), n_{12lm}(x), ˘_{1lm}(x), ˘_{3lm}(x), ˛_{0lm}(x), ȷ_{0lm}(x) are expressed in terms of the functions ^a_{1lm}(x), ^c_{1lm}(x), ^p_{1lm}(x). Representations of the functions ˘_{2lm}(x), ȷ_{1lm}(x) contain the terms ^a_{1lm}(x) √ l(l + 1); ^c_{1lm}(x) √ l(l + 1); ^p_{1lm}(x) √ l(l + 1):

Di¸erentiate equations (6.17), (6.27), (6.31) with respect to x and t. Pass to absolute values in the resulting equalities and then apply the Gronwall lemma to the inequalities obtained. Taking into account the type of dependence of the known coe‹cients on the functions ^a_{1lm}(x), ^c_{1lm}(x), ^p_{1lm}(x) and recalling the de˛nition of the class Q^′_∗ we prove the lemma. Let ^p_1(x; „; ’) = ∞∑ l=0 l∑ m=−l ^p_{1lm}(x)Y_{lm}(„; ’); ^p_{∗1}(x; „; ’) = ∞∑ l=0 l∑ m=−l ^p_{∗1lm}(x)Y_{lm}(„; ’):

Let ^p(x; „; ’), ^p_∗(x; „; ’) ∈ Q^′_∗ be the solutions of Inverse Problem 2.1 corresponding to informations ~h_1(t; „; ’), ~h_{∗1}(t; „; ’), respectively, for t ∈ [0; T ], („; ’) ∈ S^2.

Theorem 8.1. Let r_0, a_0, c_0, p_0, T be given positive numbers, 0 < T < 2r_0=c_0; the functions ^p_{1lm}(x), ^p_{∗1lm}(x) be the solutions of Inverse Problem 3.1 corresponding to informations F_{1lm}(t), G_{1lm}(t) and F_{∗1lm}(t), G_{∗1lm}(t), respectively. Then for l = 0; 1; 2; . . . the following estimates are true

‖^p_{1lm} − ^p_{∗1lm}‖_{C1[0,} T a_{02c0 ]} ≤ B_4(l + 1) exp (B_5l) × × ( ‖F_{1lm} − F_{∗1lm}‖_C1_{[0,T ]} + ‖G_{1lm} − G_{∗1lm}‖_C1_{[0,T ]} ) ; ‖ ‖u^1_{lm} − u^1_{∗lm} ‖ ‖_{C1(D1∗T )} ≤ B_4(l + 1) exp (B_5l) × × ( ‖F_{1lm} − F_{∗1lm}‖_C1_{[0,T ]} + ‖G_{1lm} − G_{∗1lm}‖_C1_{[0,T ]} ) ; ‖ ‖v^1_{lm} − v^1_{∗lm} ‖ ‖_{C1(D1∗T )} ≤ B_4(l + 1) exp (B_5l) × × ( ‖F_{1lm} − F_{∗1lm}‖_C1_{[0,T ]} + ‖G_{1lm} − G_{∗1lm}‖_C1_{[0,T ]} ) ; (8.6)

where ‖·‖_C1_{(D}1_{∗T )} = max{‖·‖_C1_{(D}1_{T )} ; ‖·‖_C1_{(D}1_{2T )}}, B_4, B_5 depend only on L_∗, r_0, a_0, c_0, p_0, T .

Proof. To prove the estimate (8.6) we pass in the operator equation (7.27) to the di¸erences ~W − ~W_∗, ~W_0 − ~W_{0∗} which are determined in terms of the functions ^p_{1lm}, ^p^′_{1lm}, u^1_{lm}, u^1_{lm x}, v^1_{lm}, v^1_{lm x} and ^p_{∗1lm}, ^p^′_{∗1lm}, u^1_{∗lm}, u^1_{∗lm x}, v^1_{∗lm}, v^1_{∗lm x} by equations (7.25), (7.26). Going over in equations (7.8), (7.15){(7.18), (7.21){(7.23) to the di¸erences u^1_{lm} − u^1_{∗lm}, u^1_{lm x} − u^1_{∗lm x}, v^1_{lm} − v^1_{∗lm}, v^1_{lm x} − v^1_{∗lm x}, ^p_{1lm} − ^p_{∗1lm}, ^p^′_{1lm} − ^p^′_{∗1lm} and using the Gronwall lemma and Lemmas 8.1, 8.2 we derive the estimates (8.6).

Let !^2 = ‖~h_1 − ~h_{1∗}‖^2_C1_{([0,T ],L2(S}2_{))}.

Theorem 8.2. Let T , r_0, a_0, c_0, p_0, L_∗ be given positive numbers, 0 < T < 2r_0=c_0; and let ! ≤ exp(−1=2). Let ^p_1(x; „; ’), ^p_{∗1}(x; „; ’) ∈ Q^′_∗ be two solutions to Inverse Problem 2.1 corresponding to informations ~h_1(t; „; ’), ~h_{∗1}(t; „; ’), respectively, for t ∈ [0; T ], („; ’) ∈ S^2. Then the following estimate is true

‖^p_1 − ^p_{∗1}‖^2_{C([0,a0T /(2c0)];L2(S}2_{))} ≤ B_6 [ ln !^{−1} ]_{−4} where B_6 is some positive value depending on L_∗, T , r_0, a_0, c_0, p_0. Proof. By virtue of (3.2) we can write

(^p − ^p_∗)(x; „; ’) = ∞∑ l=0 l∑ m=−l (^p_{1lm} − ^p_{∗1lm})(x)Y_{lm}(„; ’) =

= ∑ l≤N l∑ m=−l (^p_{1lm} − ^p_{∗1lm})(x)Y_{lm}(„; ’) +

+ ∑ l>N l∑ m=−l (^p_{1lm} − ^p_{∗1lm})(x)Y_{lm}(„; ’):

By the completeness and orthogonality of the functions Y_{lm}(„; ’); l = 0; 1; 2; . . ., −l ≤ m ≤ l, the Parseval equality takes place

‖^p − ^p_∗‖^2_{L2(S}2_)(x) = ∑ l≤N l∑ m=−l (^p_{1lm} − ^p_{∗1lm})^2(x) + ∑ l>N l∑ m=−l (^p_{1lm} − ^p_{∗1lm})^2(x): (8:7)

By (8.6), the ˛rst term in equation (8.7) can be estimated as ∑ l≤N l∑ m=−l ‖^p_{1lm} − ^p_{∗1lm}‖^2_{C[0,a0T /(2c0)]} ≤

≤ B_7 ∑ l≤N l∑ m=−l (l^2 + 1) exp (2B_5l) ( ‖F_{1lm} − F_{∗1lm}‖_C1_{[0,T ]} + ‖G_{1lm} − G_{∗1lm}‖_C1_{[0,T ]}

)_2

where B_7 is some positive value.

By the de˛nition of !^2 we can write ∑ l≤N l∑ m=−l ‖^p_{1lm} − ^p_{∗1lm}‖^2_{C[0,a0T /(2c0)]} ≤ 2B_7 ∑ l≤N l∑ m=−l (l^2 + 1) exp (2B_5l)!^2 ≤

≤ B_9N^4 exp (B_8N)!^2 (8.8)

where B_8, B_9 are some positive values.

By (8.2), the second term in equality (8.7) can be estimated as ∑ l>N l∑ m=−l ‖^p_{1lm} − ^p_{∗1lm}‖^2_{C[0,a0T /(2c0)]} ≤ B_{10} N^4

(8.9)

where B_{10} is some value depending on L_∗.

Now we return to equality (8.7). By inequalities (8.8) and (8.9), we can write

‖^p_1 − ^p_{∗1}‖^2_{C([0,a0T /(2c0)];L2(S}2_{))} ≤ B_{11} ( !^2N^4 exp {B_8N} + 1 N^4 ) (8.10)

where B_{11} = max{B_9; B_{10}}.

Let us show that there exists a number N depending on !, N(!) −→ ∞ as ! −→ 0, for which the right-hand side of inequality (8.10) tends to zero. To do this we assume that both terms on the right-hand side of (8.10) are approximately equal, then they should \behave" identically

!^2N^4(!) exp {B_8N(!)} ≈ 1 N^4(!)

or ln ( !^2N^8(!) ) + B_8N(!) ≈ 0:

Let us consider the iteration process and assume on its ˛rst step that

ln !^2 + B_8N_1(!) = 0:

From this equation we can determine the value N_1(!)

N_1(!) = 1

B_8 ln !^{−2}; N_1(!) −→_{ω→0} ∞:

On the second step of the iteration process we consider the relation ln ( !^2N^8_1 (!) ) + B_8N_2(!) = 0

which yields

N_2(!) = 1 B_8 ln ( !^{−2} ( 1 B_8 ln !^{−2} )_{−8}) ; N_2(!) −→_{ω→0} ∞:

Letting N = N_2(!) in (8.10) and simplifying the resulting expression we can write

!^2N^4 exp {B_8N} + 1 N^4 = [ 1 B_8 ln ( !^{−2} ( 1 B_8 ln !^{−2} )_{−8})]−4 ×

× 1 + 8 ln B_8 1 ln !^{−2} + ln ( (ln !^{−2})^{−8} ) ln !^{−2} 8 + 1 : (8.11)

By the choice of ! we have 1 ln !^{−2}

< 1;

ln(ln !^{−2})^{−8}

ln !^{−2}

< 1: (8.12)

By (8.12), the ˛rst factor in (8.11) can be written as [ 1 B_8 ln ( !^{−2} ( 1 B_8 ln !^{−2} )_{−8})]−4 = [ 1 B_8 ( ln !^{−2} + ln B^8 + ln(ln !^{−2})^{−8} )]−4 ≤

≤ B_{12} ( ln !^{−1} )_{−4}

where B_{12} is some constant. Let B_{13} = B_{11} [ (2 + 8 ln B_8)^8 + 1 ] , then we can rewrite (8.10) as

‖^p_1 − ^p_{∗1}‖^2_{C([0,a0T /(2c0)];L2(S}2_{))} ≤ B_6 [ ln !^{−1} ]_{−4} where B_6 = B_{12}B_{13}.

Thus, Theorem 8.2 is proved.

Acknowledgement The author is very grateful to Professor V.G. Romanov for all-round assistance in this work.

References

1. Herglotz G. Über die Elastizitat der Erde bei Boruckshtigung unter Variablen Dichte == Zeitshcr. für Math. und Phüs. 1905. 52. N 3. P. 275–299.

2. Weichert E., Zoeppritz K. Über Erdbebenwellen == Nachr. Konigl. Geselshaft Wiss.

Gettingen. 1977. N 4. P. 415–549.

3. Alekseev A.S. Some converse problems in wave propagation theory. I. A spatial problem for waves of SH type. [Preliminary results] == (Izv.) Akad. Sci. USSR. Geophyz. Ser. 1962. P. 944–948.

4. Alekseev A.S. Some converse problems in wave propagation theory. II. A spatial problem for waves of SH type. [A converse problem in an overdetermined formulation] == (Izv.) Akad. Sci. USSR. Geophyz. Ser. 1962. P. 949–954.

5. Blagove–s–censki–i A.S. A one-dimensional inverse boundary value problem for a second order hyperbolic equation == Zap. Nauc̆n. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI). 1969. 15. P. 85–90. (In Russian).

6. Romanov V.G. Inverse problems for differential equations == Novosibirsk. NSU. 1973.

(In Russian).

7. Romanov V.G. Inverse problems of mathematical physics == VNU Science Press. Utrecht.

1987.

8. Romanov V.G. Some inverse problems for equation of hyperbolic type == Novosibirsk.

Nauka. Sibirsk. Otdel. 1972. (In Russian).

9. Volkova E.A. On some one-dimensional inverse problem for system of equations of elasticity for anisotropic medium == Preprint. Akad. Nauk SSSR. Sibirsk. Otdel. Vychisl. Tsentr. Novosibirsk. 1981. N 330. (In Russian).

10. Yakhno V.G. Necessary and sufficient conditions for unique solvability of one-dimensional the Lamb inverse problem == Methods of Solving Inverse problems. Akad. Nauk SSSR. Sibirsk. Otdel. Vychisl. Tsentr. Novosibirsk. 1983. P. 131–148. (In Russian).

11. Yakhno V.G. Stability estimate for solution of the Lamb inverse problem == Inverse Problems of Mathematical Physics. Akad. Nauk SSSR. Sibirsk. Otdel. Vychisl. Tsentr. Novosibirsk. 1985. P. 150–164. (In Russian).

12. Lavrent’ev M.M. Some ill-posed problems of mathematical physics == Izdat: Sibirsk: Otdel. Akad. Nauk SSSR. Novosibirsk. 1962. (In Russian).

13. Lavrent’ev M.M. and Romanov V.G. Three linearized inverse problems for hyperbolic equations. Dokl. Akad. Nauk SSSR. 1966. 171. N 6. P. 1279-1281. (In Russian).

14. Yakhno V.G. Inverse problems for differential equations of elasticity. Novosibirsk. Nauka.

Sibirsk. Otdel. 1990. (In Russian).

15. Jobert G. Le problème inverse linéaire pour l’amplitude des ondes seismiques == Inverse Problems: (Montpellier. 1981). Montpellier. 1982. P. 133-138.

16. Bugueva T.V. Many-dimensional inverse problem for acoustic equation in sphere == Proceedings of international seminar ”Inverse Problems of Geophysics”. Russian Akad. Nauk. Sibirsk. Otdel. Vychisl. Tsentr. Novosibirsk. 1996. P. 48–51. (In Russian).

17. Romanov V.G. The Lamb inverse problem in linear approximation == Numerical Methods in Seismic Investigations. Akad. Nauk SSSR. Sibirsk. Otdel. Vychisl. Tsentr. Novosibirsk. 1983. P. 170-192. (In Russian).

18. Romanov V.G. and Volkova E.A. Inverse dynamic problems for an anisotropic elastic medium == Dokl. Akad. Nauk SSSR. 1982. N 4. P. 780–783. (In Russian).

19. Symes W.W. Stable solution of the inverse reflection problem for a smoothly stratified elastic medium == SIAM J. of Math. Anal. 1981. 21. N 3. P. 421–453.

20. Symes W.W. Layered velocity inversion: a model problem from reflection seismology == SIAM J. Math. Anal. 1991. 22. N 3. P. 680–716.

21. Grasselli M., Kabanikhin S.I. and Lorenzi A. An inverse problem for an integro-differen-tial equation == Sibirsk. Mat. Zh. 1992. N 33. P. 58–68. (In Russian).

22. Grasselli M., Kabanikhin S.I. and Lorenzi A. An inverse hyperbolic integro-differential problem arising in geophysics, II == Nonlinear Anal. Theory Methods Appl. 1990. 15. N 3. P. 283–298.

23. Mel’nikova T.V. and Yakhno V.G. Radial one-dimensional inverse dynamic problem of isotropic elasticity for spherically symmetric model of the Earth == Methods of Investigation for Nonclassical Problems of Mathematical Physics. Akad. Nauk SSSR. Sibirsk. Otdel. Vychisl. Tsentr. Novosibirsk. 1985. P. 80-89. (In Russian).

24. Yakhno V.G. and Melnikova T.V. One-dimensional inverse dynamic problem of isotropic elasticity for spherically symmetric model of the Earth == Preprint. Akad. Nauk SSSR. Sibirsk. Otdel. Vychisl. Tsentr. Novosibirsk. N 661. 1985. (In Russian).

25. Bugueva T.V. and Yakhno V.G. One-dimensional inverse problem of isotropic elasticity for sphere == Abstracts. (INPRIM-96). Novosibirsk. NSU. 1996. P. 306.

26. Ben-Menahem A., Singh S.J. Seismic Waves and Sources. New-York–Heidelberg–Berlin.

Springer–Verlag. 1981.

27. Nikiforov A.F. and Uvarov V.B. Special functions of mathematical physics. Nauka.

Moscow. 1978.