ŘŐŚŚĹĽŚŁĂ§ ĂŁĂĎĚŇĹ§ ŊĂŞŁ ŚĹĄĹŘŚŁŐĚ ŐŠĎĚŃĚŊĹĚ ĹŊŚŠĹŠŞŠ ŇĂŠĚŇĂŠĹŁĹ ĺň. Ś.Ń.ŚŐĄŐŃĚĆĂ

Ŕàěŕàĺŋâ N 46 ŤĚĆŘĂŃĲ 1998

S. N. GLAZATOV

NONLOCAL BOUNDARY VALUE PROBLEMS FOR LINEAR AND NONLINEAR EQUATIONS OF VARIABLE TYPE

ŊŐĆŐŚĹĄĹŘŚŁ 1998

ŞĎŁ 517.95

Ďăâă ŕőáâãŕńěŋĺï 3 äěćàăńï 1998 č.

Čńăğăâőć Ś. Ŋ.

Ŋěńőłăńìŋëě łàăěćëě ğăďăçĺ ďńï ńĺŋěľŋëå ĺ ŋěńĺŋěľŋëå ãàăćŋěŋĺľ ŕěàěňěŋŋőčő âĺŕă.| Ŋőćőáĺąĺàáł, 1998. | 26 á. | (Ŕàěŕàĺŋâ/ ŘĂŊ. Śĺą. őâď-ŋĺě. Ĺŋ-â ňăâěňăâĺłĺ; N 46).

Ć àăąőâě àăááňăâàĺćăîâáï ŋěłőâőàëě ŋěłńăááĺçěáłĺě łàăěćëě ğăďăçĺ ďńï ńĺŋěľŋëå ĺ ŋěńĺŋěľŋëå ãàăćŋěŋĺľ ŕěàěňěŋŋőčő âĺŕă. Ś íâőľ âőçłĺ ğàěŋĺï ĺğãçăîâáï ŋěńĺŋěľŋëě ãàăćŋěŋĺï âàăŋáğćãłőćőľ čăğőćőľ ďĺŋăňĺłĺ ĺ ŋěńĺŋěľŋëě ŕăàăąőńĺçěáłĺě ãàăćŋěŋĺï á ňěŋïîéĺňáï ŋăŕàăćńěŋĺěň ćàěňěŋĺ. Šăłęě àăááňăâàĺćăěâáï ŋěłőâőàëľ łńăáá ćăàĺăæĺőŋŋëå ŋěàăćěŋáâć, áćïğăŋŋëå á ãŕőňïŋãâëňĺ ãàăćŋěŋĺïňĺ. Ąĺąńĺőčà. 45.

Ăďàěá: Ĺŋáâĺâãâ ňăâěňăâĺłĺ ĺň. Ś. Ń. Śőąőńěćă ŚŐ ŘĂŊ, ŕà. Ăłăďěňĺłă Łőŕâîčă, 4. 630090 Ŋőćőáĺąĺàáł, Řőááĺï.

© Čńăğăâőć Ś. Ŋ., 1998 © Ĺŋáâĺâãâ ňăâěňăâĺłĺ ĺň. Ś. Ń. Śőąőńěćă ŚŐ ŘĂŊ, 1998

Sobolev Institute of Mathematics SB RAS Preprint N 46, February 1998

NONLOCAL BOUNDARY VALUE PROBLEMS FOR LINEAR AND NONLINEAR EQUATIONS OF VARIABLE TYPE Sergey N. Glazatov

Prospekt Akademika Koptyuga 4, Sobolev Institute of Mathematics of SB RAS, 630090, Novosibirsk - 90, Russia; e - mail: glaz@math.nsc.ru

Abstract. In the article we consider a class of nonclassical boundary value problems for linear and nonlinear equations of variable type. From this viewpoint we treat nonlinear equations of transonic gas dynamics and nonlinear forward - backward parabolic equations. We also deal with a class of variational inequalities relative to the above equations. Bibl. 45.

Key words: linear equation of variable type; nonlocal boundary value problem; transonic gas dynamics; the von Kàrmàn equation; nonlinear forward - backward parabolic equation; variational inequality; local existence theorem.

AMS Subject classification: 35M10, 76H05, 35K60, 35K85, 35L85.

The present article contains a review of results obtained in the theory of nonlocal boundary value problems (BVPs) for linear and nonlinear partial di¸erential equations of variable type. Along with this, here, a number of new theorems concerning this topic is proven. Here BVPS are called nonlocal if one sets certain relations between traces of a solution and of its derivatives at di¸erent portions of the boundary of a domain (for instance, a periodicity condition) instead of posing the traces themselves.

We are going to discuss how to pose a correct BVP for an equation of variable type which is nonlinear in the principle part (such as the von K„arm„an - Fal’kovich equation arising in transonic gas dynamics). It is a nonlocal BVP that occurs to be well - posed in the case when correctness of classical BVPs such as the Cauchy problem or the Dirichlet problem seems to be rather doubtful.

In certain cases nonlocal BVPs select the very solutions of quasilinear equations of variable type at which the equations actually change their type.

The last section of the article contains a small introduction to the theory of variational inequalities for nonlinear operators of variable type. It is shown how one can arrive at a local existence theorem for a solution of an IBVP on the basis of solvability for an appropriate variational inequality.

1. NONLOCAL BOUNDARY - VALUE PROBLEMS FOR LINEAR EQUATIONS OF VARIABLE TYPE

In Dezin’s [1, 2] nonlocal boundary conditions were introduced in order to construct solvable expansions for a kind of nonclassical operators such as u_t − u_{xy}, u_{xt} − u_{yz}. Obviously, the "A" Petrovski»i condition which guarantees correctness of the Cauchy problem in classes of functions of ˛nite smoothness fails to hold here (see [3, Theorems 4.6 and 5.2]). Further this approach was developed in [4 - 10].

Probably, Frankl’s problem for the Chaplygin equation is the ˛rst known nonlocal BVP for an equation of variable type. At the present time this problem is completely studied (see [11, Ch.4, sec.2, item 5]). In [12, 13] the Tricomi and the Lavrent’ev - Bitsadze equations were considered in the characteristical domain. At the "elliptic" portion of the boundary the Dirichlet condition was posed, and a nonlocal boundary condition was posed at the "hyperbolic" one.

In [14], the author established incorrectness (in general) of the Dirichlet problem for a variable type equation of the ˛rst kind (a Tricomi type equation) in a cylindrical domain in R^{n+1}, (see, also, [15] concerning the Dirichlet problem for the Tricomi equation in the characteristical domain). It was the reason to seek for others, (in particular, nonlocal) BVPs with boundary data posed at entire boundary for equations of variable type.

Well - posed nonlocal BVPs for a wide class of multidimensional linear equations of variable type were proposed in [16 - 23]. Equations were considered in a cylindrical domain in R^{n+1} or in the layer ˝ = R^n × (0, T ), 0 < T < +∞.

Present here an example (see [16]). Consider the variable type equation L_1u ≡ k(t)u_{tt} − ´_xu + a(x, t)u_t + c(x, t)u = f(x, t) (1.1) in the cylinder Q_T = D × (0, T ), D ⊂ R^n is a bounded domain with smooth boundary γ, S = γ × (0, T ). Here and further in Section 1 we assume su‹cient smoothness of the coe‹cients of (1.1) and of all other equations treated.

The function k(t) may change its sign on [0, T ]. Let k(T ) > 0 > k(0). In this case the following BVP can be posed: ˛nd in Q_T a solution of (1.1) satisfying the boundary conditions u|_{t=0} = γu|_{t=T} , 0 < |γ| < 1, γ ∈ R (1.2) u|_S = 0 (1.3)

Introduce the function space H(Q_T ) with the norm ||u||_{H(QT )} = ( T∫ 0 ∫ D ([(ku_t)_t]^2 +^∑_{|α|=2} |D^α_x u|^2 +^{n∑}_{i=1} u^2_{xit})dxdt)^{12} + ||u||_W 1_{2 (QT )}.

THEOREM 1.1.[16]Assume that in QT the following conditions hold: 2a − kt ≥

δ > 0, c ≥ 0, c_t ≤ 0. Assume, also, that there exists a constant λ such that 0 > λ > max{^{2 ln |γ|}_T , −^δ_{2 max |k|} } and such that for every x ∈ D the inequality exp(λT )c(x, T ) − γ^2c(x, 0) ≥ 0 is valid.

Then, for every function f(x, t) ∈ L^2(Q_T ) such that ∇_xf ∈ L^2(Q_T ), f|_S = 0 there exists a unique solution of problem (1.1) - (1.3) in the space H(Q_T ).

If, in addition to the above conditions, in Q_T the inequality 2a − |k_t| ≥ δ > 0 holds, and f_t ∈ L^2(Q_T ), then, the solution obtained belongs to W^2_2 (Q_T ).

In [16], nonlocal BVPs for (1.1) were proposed in cases of various behaviour of k(t) at the points t = 0 and t = T. Under the conditions analogous to those of Theorem 1.1 correctness of the above problems was established in the spaces H(Q_T ) and W^2_2 (Q_T ). It was found out that posing of nonlocal BVPs (i. e. a number and a kind of boundary conditions posed) essentially depends on the sign of k(t) at the points t = 0 and t = T. However, the similar phenomenon takes place in the case of local (pointwise) BVPs for (1.1) in Q_T .

In [17], a nonlocal BVP for (1.1) was posed in the domain ˙_T = (0, 2π)^n × (0, T ), provided that k(T ) > 0 > k(0). Together with (1.2) periodicity of the solution and of all its normal derivatives with respect to all variables x_i(i = 1 . . . n) was required. Coe‹cients of (1.1) could depend on t only. Correctness of the above problem in H(Q_T ) was proven under conditions close to those of Theorem 1.1 (periodicity of the function f(x, t) with respect to all x_i, i = 1 . . . n was required instead of the condition f|_S = 0).

The articles [18, 19] dealt with the equation of general form L_2u ≡ k(x, t)u_{tt} − n∑ i,j=1 a_{ij}(x, t)u_{xixj} + n∑ i=1 b_i(x, t)u_{xi} + b(x, t)u_t + c(x, t)u = f(x, t) (1.4) in the domain Q_T . The form a_{ij}ξ_iξ_j was assumed to be positive, and the function k(x, t) could change its sign in Q_T . In [18], the case k(x, 0) = k(x, T ) ≡ 0 was treated, and the same boundary conditions (1.2), (1.3) were posed with the same restriction on the parameter γ. In [19], equation (1.4) had hyperbolic - parabolic type and, in addition, k(x, T ) = k(x, 0) > 0 for all x ∈ D. The boundary conditions (1.2) and (1.3) were supplemented by u_t|_{t=0} = γu_t|_{t=T} . In the above articles for every function f(x, t) ∈ L^2(Q_T ) the author proved existence and uniqueness of generalized solutions in W^1_2 (Q_T ) of the problems posed. Coe‹cients of (1.4) were assumed to satisfy some natural conditions, in particular, the inequality 2a − k_t ≥ δ > 0 was to hold in Q_T . In [20], the author studied smoothness of a solution of the BVP, treated in [18].

In [21, 22], nonlocal BVPs for (1.4) were studied in the layer ˝ = R^n × (0, T ) with the principle part of the equation independent of the variables x. The form a_{ij}ξ_iξ_j was assumed to be positive, and the inde˛nite function k(t) could behave variously at t = 0 and t = T, and b_i ≡ 0, i = 1 . . . n. In the articles existence and uniqueness theorems for smooth solutions in W^2_2 (˝) of the BVPs posed were proven.

Now, state a new result concerning solvability of a t− periodic BVP for the equation L_3u ≡ k(x, t)u_{tt} − ´_xu + a(x, t)u_t + b(x)u = f(x, t), (1.5) which is considered in the above speci˛ed cylinder Q_T ⊂ R^{n+1}.

Assume, that k(x, T ) = k(x, 0) for all x ∈ D. Denote ` = {x ∈ D : k(x, T ) = k(x, 0) = 0}. Given the boundary conditions

u|_{t=0} = u|_{t=T} (1.6) u_t|_{{t=0}\Γ} = u_t|_{{t=T }\Γ} (1.7) u|_S = 0 (1.8) or ∂u ∂n |_S = 0. (1.8^′)

THEOREM 1.2. Let the inequality 2a − kt ≥ δ > 0 hold in QT , assume, that

b(x) ≥ 0 (in the case of the condition (1.8)) or b(x) ≥ δ > 0 (in the case of the condition (1.8’)) for all x ∈ D. Then, a solution of BVP (1.5) - (1.8) ((1.5) - (1.8’)) is unique in the space H(Q_T )) or in the space W^2_2 (Q_T ).

Proof. Integration by parts in the equality (L3u, ut)0 = 0 yields the conclusion of the theorem.

THEOREM 1.3. Let f and ft ∈ L^2(QT ), and f|t=0 = f|t=T . Let k^j_t (x, T ) =

k^j_t (x, 0), a^j_t (x, T ) = a^j_t (x, 0)(j = 0, 1) for all x ∈ D. Assume also that in Q_T the inequality 2a − |k_t| ≥ δ > 0 holds, and for all x ∈ D the inequalities b(x) ≥ 0 (in the case of (1.8)) or b(x) ≥ δ > 0 (in the case of (1.8’)) are valid. Then, there exists a solution u(x, t) in the space W^2_2 (Q_T ) of BVP (1.5 - 1.8) ((1.5 - 1.8’)),and, moreover, u_t|_{t=0} = u_t|_{t=T} for all x ∈ D. We shall not prove the theorem here, because the proof is based on just the same arguments as those we are going to use to prove the main Theorem 2.1 in Section 2. One is able to reconstruct details easily.

We should also mention the article [24] in connection with the already discussed example of incorrectness of the Dirichlet problem for a variable type equation of the ˛rst kind. The author dealt with a semiperiodic BVP for the equation L_4u ≡ u_{tt} + k(x, t)u_{x0x0} + n∑ i=1 u_{xixi} + a(x, t)u_{x0} + c(x, t)u = f(x, t) (1.9) in the parallelepiped Q_T = (0, 2π)^{n+1} × (0, T ), with x_0 a distinguished spacial variable. Therein, the independent of x_0 function k(x, t) might change its sign in a prescribed way. Correctness of the above nonlocal BVP for (1.9) was established in a Sobolev space.

2. A PERIODIC BOUNDARY VALUE PROBLEM FOR AN EQUATION OF TRANSONIC GAS DYNAMICS

The equation A_1u ≡ u_xu_{xx} − u_{yy} = f(x, y) (2.1) was proposed to describe small perturbations in a transonic gas ‚ow in the presence of exterior mass forces. Equation (2.1) is usually called the von K„arm„an - Fal’kovich equation. It is derived from the system of equations of gas dynamics, for instance, in the monograph [25]. The function u(x, y) has a physical meaning of a velocity potential of a gas ‚ow.

In [26], the equation A_2u ≡ u_xu_{xx} − u_{yy} + au_x = f(x, y), (2.2) with a a positive constant, was derived. Equation (2.2) di¸ers from (2.1) by the presence of a dissipative term.

The case of three spacial variables was studied in the monograph [27], where the author considered the equations A_3u ≡ u_xu_{xx} − ´_yu = f(x, y) (2.3) and A_4u ≡ u_xu_{xx} − ´_yu + au_x = f(x, y), (2.4) where a also is a positive constant, and ´_yu = u_{y1y1} + u_{y2y2} .

In the present time the question of posing BVPs for (2.1) - (2.4) is, in actuality, open, though, there exist a number of interesting results in this direction.

At ˛rst, pay attention to equations (2.1) and (2.3) without dissipation. As it was noticed in [25], these equations become quasilinear hyperbolic when overcoming the sonic velocity, and their solutions can possess weak discontinuities. Therefore, here, one will scarcely succeed to pose a correct BVP with the aim to obtain a proper transonic regime (at least, in a class of smooth functions). The situation can not be improved even if "smallness " of boundary data and of the right - hand side is required. In particular, it is con˛rmed by a well - known example in [28] (an equation considered therein contained some other nonlinearity, but, obviously, it does not matter).

In [29], a Neumann problem was suggested for (2.3) in a cylindrical domain, and the author obtained quite a nice its solution such that u_x ≤ 0 in the domain considered.

In [30 - 32], a problem of ˛nding a solution of a hyperbolic variational inequality for (2.1) was posed and solved in a rectangle on the plane (x, y). Constraints had the form u_x ≥ 0, |u_{xy}| ≤ 1 a. e. in the rectangle. In [33], an analogous result was obtained for (2.3).

In the monograph [27, P.18-20], the author proposed a BVP with nonhomogeneous boundary conditions for (2.4) with f ≡ 0 in the domain Q = D × (0, L), where D ⊂ R^2_y is a bounded domain with a smooth boundary. Therein, a priori a smooth solution ˘(x, y) of (2.4) such that ˘_x|_{x=0} < 0, ˘_x|_{x=L} > 0 was assumed to exist. Existence of such a solution was justi˛ed by certain physical arguments. A solution of the BVP posed was sought in the form u = ˘ + z, where z(x, y) is a quantity with a small norm in some function space.

We should also mention [34], wherein the author dealt with a transonic model rather close to those we are discussing here.

It seems reasonable to suggest such a BVP for (2.4), which would be most "indi¸erent" to the type of the equation.

In the present article, we suggest an x− periodic BVP for equation (2.4) in Q = D ×(0, L), where D ⊂ R^2_y is a bounded domain with smooth boundary γ. Its solvability is proven in a class of smooth functions, and, in contrast to [27], we do not assume a priori existence of any solutions of (2.4). The solution obtained realizes a proper transonic regime (i. e. equation (2.4) actually changes its type at the solution).

Pose a problem: ˛nd a solution of equation (2.4) in Q satisfying the boundary conditions u|_{x=0} = u|_{x=L} (2.5)

u_x|_{x=0} = u_x|_{x=L} (2.6)

∂u ∂n |_{γ×(0,L)} = 0, (2.7) where ⃗n is the normal to γ.

Introduce necessary notations: (., .)_0 is the inner product in L^2(Q); || · ||_s is the norm in the Sobolev space W^s_2 (Q). Denote |||f|||^2 =^{3∑}_{j=0} ||D^j_xf||^2_0 + ||∇_yf_x||^2_0. De˛ne the space

H(Q) to be the closure with respect to the norm ||u||^2_{H(Q)} =^2 ∑ j=0 ||D^j_xu||^2 + ||∇_yu_x||^2 of in˛nitely di¸erentiable in —Q functions satisfying (2.7) and such that D^j_xu|_{x=0} = D^j_xu|_{x=L} for all j ≥ 0. Also denote ~B_ρ = {z ∈ H(Q) : ||z||_{H(Q)} ≤ ρ,^{∫ ∫}_Q zdydx = 0}. Now state the main result of the article THEOREM 2.1. Let D^j_xf ∈ L^2(Q)(j = 0, 1, 2, 3), ∇yfx ∈ L^2(Q), D^j_xf|x=0 =

D^j_xf|_{x=L}(j = 0, 1, 2) and ∫ ∫ Q fdydx = 0. Then, if |||f||| < α, (with α a positive number depending on a and Q), there exists a solution u(x, y) ∈ H(Q) of BVP (2.4) - (2.7) such that ∫ ∫ Q udydx = 0. The solution of (2.4) - (2.7) is unique in the class ~B_{ρ0} , with ρ_0 > 0 a su‹ciently small number also depending on a and Q.

Proof. At the ˛rst step we are going to prove solvability in H(Q) of a linearized problem L_vu ≡ v_xu_{xx} − ´_yu + au_x = f(x, y), (2.8) where v ∈ ~B_{ρ0} is an arbitrary function, and ρ_0 > 0 will be speci˛ed further.

We are going to look for a solution u_v(x, y) of the problem as a limit in H(Q) of the function sequence u_N (x, y) =^{N∑}_{k=1}^{N∑}_{s=0} u_{ks} sin^{2πkx}_L ω_s(y) +

+^{N∑}_{k=0}^{N∑}_{s=0} ~u_{ks} cos^{2πkx}_L ω_s(y), where ω_s(y) are orthonormal in L^2(D) eigenfunctions of the Neumann problem −´_yω_s = λ^2_sω_s,^{∂ωs}_{∂n} |_γ = 0, s = 0, 1 . . . , and u_{ks} and ~u_{ks} are constants which should be determined from a certain algebraic system. We approximate the right - hand side f(x, y) by the functions f_N (x, y) =^{N∑}_{k=1}^{N∑}_{s=0} f_{ks} sin^{2πkx}_L ω_s(y) +^{N∑}_{k=0}^{N∑}_{s=0} ~f_{ks} cos^{2πkx}_L × ω_s(y), in the norm ||| · |||. Denote by E_N the ˛nite dimensional linear span of the functions {sin^{2πlx}_L ω_s(y), cos^{2πkx}_L ω_s(y)}_{l=1...N,s=0...N,k=0...N} , denote, also, by P_N : L^2(Q) → E_N the orthoprojector in L^2(Q) onto E_N .

It is clear, that f_N = P_N f. One also can easily verify that if φ ∈ E_N , then φ_x ∈ E_N and ´_yφ ∈ E_N , and P_N commutates with the operators D_x and ´_y. Moreover, it is obvious that for every z ∈ L^2(Q) and for every φ ∈ E_N^{∫ ∫}_Q zφdydx =^{∫ ∫}_Q (P_N z+(z−P_N z))φdydx = ∫ ∫ Q P_N zφdydx because z − P_N z ∈ E^⊥_N . Constants u_{ks} and ~u_{ks} can be determined from the system of linear algebraic equations L_1u_N ≡ P_N (v_xu_{Nxx}) − ´_yu_N + au_{Nx} = f_N (x, y) (2.9) The necessary condition for solvability of (2.9) is ~f_{00} = 0, but it is guaranteed by the conditions of the theorem. Here, we have an arbitrariness when determining ~u_{00}, and we put ~u_{00} = 0. Solvability of a system for determination of the rest unknowns is a consequence of uniqueness of its solution, and the uniqueness, in turn, is implied by a priori estimates we are ready to obtain.

Suppose, a solution of system (2.9) exists (here, necessarily^{∫ ∫}_Q u_N dydx = 0 for all N

). Let us prove its uniqueness and obtain a priori estimates required.

Consider the equality (L_1u_N , u_{Nx})_0 = (f_N , u_{Nx}).

Integrating, wherever necessary, by parts, making use of the above properties of the system of basic functions chosen, and applying the embedding W^2_2 (Q) → C( —Q) and Young’s "ε inequality with ε =^a_2 , we obtain ( a 2 − ρ_0C_1 2 ) ∫ ∫ Q u^2_{Nx}dydx ≤ C_2(a) ∫ ∫ Q f^2_N dydx, (2.10) where C_1(Q) is a constant in the inequality ||z||_{C(}¯_{Q)} ≤ C_1(Q)||z||_W 2_{2 (Q)}.

Next, look at the equality

((L_1u_N )_x, u_{Nxx})_0 = (f_{Nx}, u_{Nxx})_0,

taking into account commutation of the operators D_x ĺ P_N . Making use of just the same arguments as those applied to obtain (2.10), we derive ( a 2 − ρ_0C_1 2 ) ∫ ∫ Q u^2_{Nxx}dydx ≤ C_2(a) ∫ ∫ Q f^2_{Nx}dydx (2.11) Now, consider the equality

((L_1u_N )_{xx}, u_{Nxxx})_0 = (f_{Nxx}, u_{Nxxx})_0.

Arguments, similar to those above, imply ( a 2 − 3 2 ρ_0C_1) ∫ ∫ Q u^2_{Nxxx}dydx ≤ C_2(a) ∫ ∫ Q f^2_{Nxx}dydx+

+ ∫ ∫ Q |v_{xxx}u_{Nxx}u_{Nxxx}|dydx Estimate the last integral in the right - hand side, making use of Young’s inequality and of the embedding theorem ∫ ∫ Q |v_{xxx}u_{Nxx}u_{Nxxx}|dydx ≤ a 4 ∫ ∫ Q u^2_{Nxxx}dydx+

+C_3(a) ∫ ∫ Q v^2_{xxx}u^2_{Nxx}dydx ≤

≤ a 4 ∫ ∫ Q u^2_{Nxxx}dydx + C_3(a) max_{Q̄} |u_{Nxx}|^2ρ^2_0 ≤

≤ a 4 ∫ ∫ Q u^2_{Nxxx}dydx + C_4(a, Q)ρ^2_0||u_{Nxx}||^2 Finally, we arrive at ( a 4 − 3 2 ρ_0C_1) ∫ ∫ Q u^2_{Nxxx}dydx ≤ C_2(a) ∫ ∫ Q f^2_{Nxx}dydx+ +C_4(a, Q)ρ^2_0||u_N ||^2_{H(Q)} (2.12) Consider the next equality ((L_1u_N )_{xxx}, u_{Nxxxx})_0 = (f_{Nxxx}, u_{Nxxxx})_0. Transforming it in the way analogous to the above one, we derive ( a 2 − 5 2 ρ_0C_1) ∫ ∫ Q u^2_{Nxxxx}dydx ≤ C_2(a) ∫ ∫ Q f^2_{Nxxx}dydx+

+3 ∫ ∫ Q |v_{xxx}u_{Nxxx}u_{Nxxxx}|dydx + ∫ ∫ Q |v_{xxxx}u_{Nxx}× ×u_{Nxxxx}|dydx. Estimate the last two integrals in the right - hand side, applying the embedding W^1_2 (Q) → L^4(Q) I_1 = 3 ∫ ∫ Q |v_{xxx}u_{Nxxx}u_{Nxxxx}|dydx ≤ a 8 ∫ ∫ Q u^2_{Nxxxx}dydx +C_5(a) ∫ ∫ Q |v^2_{xxx}u^2_{Nxxx}|dydx ≤ a 8 ∫ ∫ Q u^2_{Nxxxx}dydx +C_5(a)( ∫ ∫ Q v^4_{xxx}dydx)^{1/2}( ∫ ∫ Q u^4_{Nxxx}dydx)^{1/2} ≤ a 8 ∫ ∫ Q u^2_{Nxxxx}dydx + C_6(a, Q)||v_{xxx}||^2_1||u_{Nxxx}||^2_1 ≤ a 8 ∫ ∫ Q u^2_{Nxxxx}dydx + C_6(a, Q)ρ^2_0||u_N ||^2_{H(Q)},

I_2 = ∫ ∫ Q |v_{xxxx}u_{Nxx}u_{Nxxxx}|dydx ≤ a 8 ∫ ∫ Q u^2_{Nxxxx}dydx +C_7(a) ∫ ∫ Q v^2_{xxxx}u^2_{Nxx}dydx ≤ a 8 ∫ ∫ Q u^2_{Nxxxx}dydx+

+C_7(a) max_{Q̄} |u_{Nxx}|^2 ∫ ∫ Q v^2_{xxxx}dydx ≤ a 8 ×

× ∫ ∫ Q u^2_{Nxxxx}dydx + C_8(a, Q)ρ^2_0||u_N ||^2_{H(Q)} Finally, we have ( a 4 − 5 2 ρ_0C_1) ∫ ∫ Q u^2_{Nxxxx}dydx ≤ C_2(a) ∫ ∫ Q f^2_{Nxxx}dydx+ +C_9(a, Q)ρ^2_0||u_N ||^2_{H(Q)}. (2.13) Next, consider the equality −(L_1u_N , ´_yu_N + ´_yu_x)_0 = −(f_N , ´_yu_N + ´_yu_{Nx})_0.

Making use, wherever necessary, of Cauchy’s and Young’s inequalities, we arrive at 1 4 ∫ ∫ Q |´_yu_N |^2dydx + a ∫ ∫ Q |∇_yu_{Nx}|^2dydx ≤ C_{10}(ε)×

× ∫ ∫ Q f^2_N dydx + C_{11}(ε) ∫ ∫ Q v^2_xu^2_{Nxx}dydx + ε ∫ ∫ Q |´_yu_{Nx}|^2dydx. Estimating the second integral in the right - hand side of the last inequality with the help of the embedding theorems, we, ˛nally, obtain 1 4 ∫ ∫ Q |´_yu_N |^2dydx + a ∫ ∫ Q |∇_yu_{Nx}|^2dydx ≤ C_{10}(ε)×

× ∫ ∫ Q f^2_N dydx + C_{12}(ε, Q)ρ^2_0||u_N ||^2_{H(Q)} + ε ∫ ∫ Q |´_yu_{Nx}|^2dydx (2.14) Now, consider the equality

−((L_1u_N )_x, ´_yu_{Nx} + ´_yu_{Nxx})_0 = −(f_{Nx}, ´_yu_{Nx} + ´_yu_{Nxx})_0. Applying Cauchy’s and Young’s inequalities, we derive 1 4 ∫ ∫ Q |´_yu_{Nx}|^2dydx + a ∫ ∫ Q |∇_yu_{Nxx}|^2dydx ≤ C_{13}(ε) ∫ ∫ Q f^2_{Nx}dydx

+C_{14}(ε) ∫ ∫ Q ((v_xu_{Nxx})_x)^2dydx + ε ∫ ∫ Q |´_yu_{Nxx}|^2dydx. Repeating arguments, already employed before, we arrive at the next estimate 1 4 ∫ ∫ Q |´_yu_{Nx}|^2dydx + a ∫ ∫ Q |∇_yu_{Nxx}|^2dydx ≤ C_{13}(ε) ∫ ∫ Q f^2_{Nx}dydx

+C_{15}(ε, Q)ρ^2_0||u_N ||^2_{H(Q)} + ε ∫ ∫ Q |´_yu_{Nxx}|^2dydx. (2.15) Consider the equality −((L_1u_N )_{xx}, ´_yu_{Nxx})_0 = −(f_{Nxx}, ´_yu_{Nxx})_0.

Carrying out simple transformations and applying Young’s inequality, we have 1 4 ∫ ∫ Q |´_yu_{Nxx}|^2dydx ≤ C_{16} ∫ ∫ Q f^2_{Nxx}dydx + C_{17} ∫ ∫ Q ((v_xu_{Nxx})_{xx})^2dydx Estimate the last integral with the help of the embedding theorems just as we had done it earlier I_3 = ∫ ∫ Q ((v_xu_{Nxx})_{xx})^2dydx ≤ 4( ∫ ∫ Q v^2_xu^2_{Nxxxx}dydx+

+2 ∫ ∫ Q v^2_{xx}u^2_{Nxxx}dydx + ∫ ∫ Q v^2_{xxx}u^2_{Nxx}dydx) ≤

≤ 4(max_{Q̄} |v_x|^2 ∫ ∫ Q u^2_{Nxxxx}dydx+ 2 max_{Q̄} |v_{xx}|^2 ∫ ∫ Q u^2_{Nxxx}dydx+ +( ∫ ∫ Q v^4_{xxx}dydx)^{1/2}( ∫ ∫ Q u^4_{Nxx}dydx)^{1/2}) ≤ ≤ C_{18}(Q)ρ^2_0||u_N ||^2_{H(Q)} Finally, we derive 1 4 ∫ ∫ Q |´_yu_{Nxx}|^2dydx ≤ C_{16} ∫ ∫ Q f^2_{Nxx}dydx+ +C_{18}(Q)ρ^2_0||u_N ||^2_{H(Q)} (2.16) To obtain the next estimate, look at the equality −((L_1u_N )_{xx}, ´_yu_{Nxxx})_0 = −(f_{Nxx}, ´_yu_{Nxxx})_0 Integration by parts yields a ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx ≤ |(f_{Nxxx}, ´_yu_{Nxx})_0|+ ∫ ∫ Q (v_xu_{Nxx})_{xx}´_yu_{Nxxx}dydx ≤ C_{19}(ε) ∫ ∫ Q f^2_{Nxxx}dydx+ ε ∫ ∫ Q |´_yu_{Nxx}|^2dydx + ∫ ∫ Q v_{xxx}u_{Nxx}´_yu_{Nxxx}dydx+ 2 ∫ ∫ Q v_{xx}u_{Nxxx}´_yu_{Nxxx}dydx + ∫ ∫ Q v_xu_{Nxxxx}´_yu_{Nxxx}dydx Estimate each of the last three integrals separately on the basis of the technique already employed earlier

I_4 = ∫ ∫ Q v_{xxx}u_{Nxx}´_yu_{Nxxx}dydx = − ∫ ∫ Q ∇_yv_{xxx}u_{Nxx}∇_yu_{Nxxx}dydx−

− ∫ ∫ Q v_{xxx}∇_yu_{Nxx}∇_yu_{Nxxx}dydx ≤

C_{20}(a) max_{Q̄} |u_{Nxx}|^2ρ^2_0 + a 8 ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx+ +C_{21}(a)( ∫ ∫ Q |∇_yu_{Nxx}|^4dydx)^{1/2}ρ^2_0 + a 8 ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx ≤

≤ C_{22}(a, Q)ρ^2_0||u_N ||^2_{H(Q)} + a 4 ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx,

I_5 = 2 ∫ ∫ Q v_{xx}u_{Nxxx}´_yu_{Nxxx}dydx = −2( ∫ ∫ Q ∇_yv_{xx}u_{Nxxx}

∇_yu_{Nxxx}dydx + ∫ ∫ Q v_{xx}|∇_yu_{Nxxx}|^2dydx) ≤

≤ C_{23}(a)( ∫ ∫ Q |u_{Nxxx}|^4dydx)^{1/2}ρ^2_0 + a 4 ×

× ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx + 2 max_{Q̄} |v_{xx}| ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx ≤ C_{24}(a, Q)ρ^2_0||u_N ||^2_{H(Q)}+ + a 4 ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx + 2ρ_0C_1(Q) ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx,

I_6 = ∫ ∫ Q v_xu_{Nxxxx}´_yu_{Nxxx}dydx = 1 2 ∫ ∫ Q v_{xx}|∇_yu_{Nxxx}|^2dydx− ∫ ∫ Q ∇_yv_xu_{Nxxxx}∇_yu_{Nxxx}dydx ≤ ρ_0C_1 2 ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx+ +C_{25}(a) max_{Q̄} |∇_yv_x|^2 ∫ ∫ Q u^2_{Nxxxx}dydx+

+ a 4 ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx ≤ ρ_0C_1 2 ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx+

C_{26}(a, Q)ρ^2_0||u_N ||^2_{H((Q)} + a 4 ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx. Summing up all the inequalities obtained for I_4, I_5, and I_6 and recalling the input inequality, we, ˛nally, have ( a 4 − 5ρ_0C_1 2 ) ∫ ∫ Q |∇_yu_{Nxxx}|^2dydx ≤ C_{19}(ε) ∫ ∫ Q f^2_{Nxxx}dydx+

+ε ∫ ∫ Q |´_yu_{Nxx}|^2dydx + C_{27}(a, Q)ρ^2_0||u_N ||^2_{H(Q)}. (2.17)

Now, notice, that if the boundary γ is su‹ciently smooth, we have ω_s ∈ W^4_2 (D) for all s = 0, 1 . . . , and^{∂(Δyωs)}_{∂n} |_γ = 0. Taking this circumstance into account, consider the equality ((L_1u_N )_x, ´^2_yu_{Nx})_0 = (f_{Nx}, ´^2_yu_{Nx})_0 Integrating by parts, we obtain ∫ ∫ Q |∇_y´_yu_{Nx}|^2dydx = − ∫ ∫ Q ∇_yf_{Nx}∇_y´_yu_{Nx}dydx+ ∫ ∫ Q ∇_y(v_{xx}u_{Nxx})∇_y´_yu_{Nx}dydx + ∫ ∫ Q ∇_y(v_xu_{Nxxx})∇_y´_yu_{Nx}dydx Applying Young’s inequality to each of the terms in the right - hand side and making use of the embedding theorems and of H-older’s inequality when estimating appropriate integrals, we, ˛nally, arrive at 1 2 ∫ ∫ Q |∇_y´_yu_{Nx}|^2dydx ≤ C_{28} ∫ ∫ Q |∇_yf_{Nx}|^2dydx+

C_{29}(Q)ρ^2_0||u_N ||^2_{H(Q)} (2.18) In order to estimate the third derivatives of u_{Nx} with respect to variables y we, afterwards, shall use the inequality for elliptic operators (see [35, Ch.2, sec.5, item 5.1, Theorem 5.1]) ||u_{Nx}||^2_W 3_{2,y(Q)} ≤ ~C(||´_yu_{Nx}||^2_W 1_{2,y(Q)} + ||u_{Nx}||^2_W 2_{2,y (Q)}). (∗)

The right - hand side of the inequality (*) is estimated by virtue of (2.10), (2.14), (2.15) and (2.18).

Now, recall the inequality ||z||^2_0 ≤ C(Q)||∇_{x,y}z||^2_0, (∗∗) which is valid for every z ∈ W^1_2 (Q) such that^{∫ ∫}_Q zdydx = 0 (see [27, P. 9]).

Derive the last estimate, applying (**). Consider the equality

(L_1u_N , u_N )_0 = (f_N , u_N )_0.

It easily yields (Young’s "ε - inequality taken into account) ∫ ∫ Q |∇_yu_N |^2dydx ≤ C_{30}(ε_1) ∫ ∫ Q f^2_N dydx + C_{31}(ε_1, Q)×

×ρ^2_0||u_N ||^2_{H(Q)} + ε_1C(Q)( ∫ ∫ Q |∇_yu_N |^2dydx + ∫ ∫ Q u^2_{Nx}dydx), (2.19) with ε_1 = min(^C�^1_2 ,^C�^{1a}_4 ).

Choose in (2.14), (2.15) and (2.17) ε <^1_8 , sum up inequalities (2.10) - (2.19) and choose ρ_0 > 0 su‹ciently small. Making use of the second basic inequality for elliptic operators (see [36, Ch.2, sec.6]) and of the inequalities (*) and (**), we, ˛nally, obtain ||u_N ||_{H(Q)} ≤ μ(a, Q)|||f_N |||, (2.20) with μ independent of N.

Due to the equivalence of the norms in ˛nite - dimensional spaces, the above estimate guarantees uniqueness of a solution of the system of equations (2.9), and, consequently, its solvability. Moreover, a passage to the limit as N → ∞ in (2.9) is possible now. Indeed, since f_N →_{N →∞} f in the norm ||| · |||, it follows that the sequence {u_N }_{N =1,2...} is bounded in H(Q) by virtue of (2.20). It means that there exist a function u_v(x, y) ∈ H(Q) and a subsequence {N_k}_{k∈N} such that u_{Nk} →_{k→∞} u_v weakly in H(Q) and strongly in W^1_2 (Q) due to the compactness theorems.

Consider the equality (L_1u_{Nk} , φ_s)_0 = (f_{Nk} , φ_s)_0, (2.21)

with φ_s a basic function, and N_k > s. Since, as we have already seen, (P_{Nk} (v_xu_{Nkxx}), φ_s)_0 = (v_xu_{Nkxx}, φ_s)_0, it follows that our conclusions make possible the passage to the limit in (2.21) as k → ∞. Due to arbitrariness of s, we, ˛nally, conclude that the function u_v ∈ H(Q) such that ∫ ∫ Q u_vdydx = 0 is a solution of equation (2.8).

Also, we have the obvious inequalities ||u_v||_{H(Q)} ≤ lim_{k→∞} ||u_{Nk} ||_{H(Q)} ≤ μ(a, Q)|||f|||, and, therefore, there exists α(a, Q) > 0 such that if |||f||| < α, then we have ||u_v||_{H(Q)} ≤ ρ_0, (2.22) and the estimate does not depend on the initially chosen function v ∈ ~B_{ρ0} .

Uniqueness of a solution u_v ∈ H(Q) such that^{∫ ∫}_Q udydx = 0 of BVP (2.8), (2.5) -

(2.7) as ρ_0 is su‹ciently small can be easily derived from the equality (L_vz, z_x)_0 = 0, wherein z is a di¸erence of two such solutions.

Next, we consider the iterative process

L(u^{n+1}, u^n) ≡ u^n_xu^{n+1}_{xx} − ´_yu^{n+1} + au^{n+1}_x = f(x, y), (2.23)

u^{n+1} satis˛es boundary conditions (2.5) - (2.7), and u^0 ≡ 0.

We have already proven that for each n = 0, 1 . . . BVP (2.23), (2.5) - (2.7) is uniquely solvable in the function class ~B_{ρ0} , and the uniform in n estimate ||u^n||_{H(Q)} ≤ ρ_0 takes place. It means that there exist a function u(x, y) ∈ H(Q) and a subsequence {u^{nk} }_{k∈N} such that u^{nk} →_{k→∞} u weakly in H(Q) and strongly in W^1_2 (Q). Now, in order to pass to the limit in (2.23), we are going to prove that the entire consequence {u^n}_{n∈N} converges to the function u(x, y) though, may be, in a weaker topology. It will imply that actually u^n →_{n→∞} u weakly in H(Q) and strongly in W^1_2 (Q).

For this goal we consider the Banach space H_1(Q) consisting of functions with the ˛nite norm ||u||^2_{H1(Q)} = ||u_x||^2_0 + ||∇_yu||^2_0 and with^{∫ ∫}_Q udydx = 0 and the mapping S :

H_1(Q) → H_1(Q) which is de˛ned over ~B_{ρ0} and takes an arbitrary function v ∈ ~B_{ρ0} into a unique solution u_v ∈ ~B_{ρ0} of equation (2.8). Inequality (2.22) implies that the mapping S takes ~B_{ρ0} into itself.

Consider the di¸erence

L_{v1} u_1 − L_{v2} u_2 = v_{1x}u_{1xx} − v_{2x}u_{2xx} − ´_yu + au_x = 0,

with u_i = Sv_i(i = 1, 2), and u = u_1 − u_2. Denote v = v_1 − v_2. Add and subtract here the quantity v_{1x}u_{2xx}. Obtain, L_{v1} u_1 − L_{v2} u_2 = v_{1x}u_{xx} + v_xu_{2xx} − ´_yu + au_x = 0.

Now, look at the equality

(L_{v1} u_1 − L_{v2} u_2, u_x)_0 = 0.

Integration by parts and the embedding theorems yield (a − ρ_0C_1 2 ) ∫ ∫ Q u^2_xdydx ≤ ∫ ∫ Q |v_xu_{2xx}u_x|dydx ≤

≤ a 2 ∫ ∫ Q u^2_xdydx + C_{32}(a) ∫ ∫ Q v^2_xu^2_{xx}dydx ≤ ≤ a 2 ∫ ∫ Q u^2_xdydx + C_{32}(a) max_{Q̄} |u_{2xx}|^2 ∫ ∫ Q v^2_xdydx ≤ ≤ a 2 ∫ ∫ Q u^2_xdydx + C_{33}(a, Q)ρ^2_0||v||^2_{H1(Q)} Finally, we have the estimate ( a 2 − ρ_0C_1 2 ) ∫ ∫ Q u^2_xdydx ≤ C_{33}(a, Q)ρ^2_0||v||^2_{H1(Q)} (2.24)

Next, consider the equality (L_{v1} u_1 − L_{v2} u_2, u)_0 = 0 Applying Young’s "ε - inequality" and integrating by parts, wherever necessary, we derive ∫ ∫ Q |∇_yu|^2dydx ≤ ε ∫ ∫ Q u^2dydx+

C_{34}(ε) ∫ ∫ Q v^2_xu^2_{xx}dydx + ∫ ∫ Q |v_{1xx}u_xu|dydx+ ∫ ∫ Q |v_{1x}u^2_x|dydx Estimate the last three integrals involving the already employed technique I_7 = C_{34}(ε) ∫ ∫ Q v^2_xu^2_{xx}dydx

≤ C_{34}(ε) max_{Q̄} |u^2_{xx}| ∫ ∫ Q v^2_xdydx ≤ C_{35}(ε, Q)ρ^2_0||v||^2_{H1(Q)},

I_8 = ∫ ∫ Q |v_{1xx}u_xu|dydx ≤ ε ∫ ∫ Q u^2dydx + C_{36}(ε) ∫ ∫ Q v^2_{1xx}u^2_xdydx ≤

ε ∫ ∫ Q u^2dydx + C_{37}(ε, Q)ρ^2_0||u||^2_{H1(Q)},

I_9 = ∫ ∫ Q |v_{1x}u^2_x|dydx ≤ C_1ρ_0||u||^2_{H1(Q)} Taking into account (**), we, ˛nally, obtain ∫ ∫ Q |∇_yu|^2dydx ≤ 2εC(Q) ∫ ∫ Q |∇_{y,x}u|^2dydx+ +C_{38}(ε, Q)ρ^2_0||v||^2_{H1(Q)} + C_{39}(ε, Q)(ρ^2_0 + ρ_0)||u||^2_{H1(Q)}. (2.25) Sum up inequalities (2.24) and (2.25). First, choose su‹ciently small ε > 0, and then diminish, if necessary, ρ_0 with ε ˛xed, Thus, ˛nally, we obtain ||u||_{H1(Q)} ≤ q||v||_{H1(Q)}, with 0 < q < 1. Hence, we have proven that the mapping S is a contraction , and, consequently u^n →_{n→∞} u strongly in H_1(Q). As we have already mentioned, it implies that u^n →_{n→∞} u weakly in H(Q) and strongly in W^1_2 (Q). On the basis of the conclusions obtained we are able to pass to the limit as n → ∞ in (2.23) by a standard procedure. Obviously, the function obtained is a solution of equation (2.4) in ~B_{ρ0} (boundary conditions (2.5) - (2.7) are satis˛ed by virtue of a priori estimates and trace theorems).

Uniqueness for a solution of BVP (2.4), (2.5) - (2.7) in ~B_{ρ0} can be proven in exactly the same way as contractivity.

Theorem 2.1 is completely proven.

3. ON SOLVABILITY OF BVPS FOR A NONLINEAR FORWARD - BACKWARD PARABOLIC EQUATION

In this section we shall deal with the equation Bu ≡ uu_t − u_{xx} = f(x, t), (3.1) which is considered in the domain Q_T = (0, l) × (0, T ).

Equation (3.1) is a model nonlinear forward - backward parabolic equation, and, from the other hand, it arises in applications (for instance, in the theory of boundary layer). In [37], the ˛rst IBVP was studied in Q_T for a more general equation a(u)u_t − u_{xx} = f(x, t) with a(s) > 0 for s > 0, and a(0) = 0. Existence of a unique generalized solution u(x, t) such that u ∈ C( —Q_T ), u_x ∈ L^∞(Q_T ) of the problem posed was proven under the condition f(x, t) ≥ 0 and provided that the initial and the boundary data (nonhomogeneous in general) were nonnegative. The article cited also contained an example of a blow - up for a classical solution of the ˛rst IBVP for an equation like (3.1) with arbitrary smooth initial - boundary data and zero right - hand side.

In [38], the following BVP was proposed with f ≡ 0: ˛nd in Q_T a solution of (3.1) satisfying the boundary conditions

u|_{t=0} = u_0(x) ≥ 0 (3.2)

u|_{t=T} = u_1(x) ≤ 0 (3.3)

u|_{x=0} = 0, u|_{x=l} = h(t) (3.4)

Treating the problem, the author proved existence of a generalized solution u ∈ L^∞(0, T ; L^2), u_x ∈ L^2(Q_T ) meeting the boundary conditions, and a uniqueness theorem was proven provided some extra regularity of a solution.

Also notice, that equation (3.1) along with more general "doubly nonlinear " equations was treated in [33, 39] from the viewpoint of variational inequalities for parabolic operators.

In [40], we established existence and uniqueness in Q_T of smooth global positive solutions of the ˛rst and of the second IBVPs for equation (3.1) in the class V (Q_T ) = {v ∈ L^2(0, T ; W^2_2 ) ⋂ L^∞(0, T ; W^1_2 ), v_t ∈ L^2(Q_T )} under conditions of smallness of the parameter l or of smallness of the L^2 - norm of the right - hand side f(x, t) and of the initial - boundary data.

Let us state here a theorem proven in [40]. Given the initial - boundary data

u|_{t=0} = u_0(x) (3.5)

u|_{x=0} = φ_1(t), u|_{x=l} = φ_2(t) (3.6)

The following theorem is valid.

THEOREM 3.1.[40]Let f(x, t) ∈ L^2(QT ), u0(x) ∈ H^{4+α}[0, l], φi ∈ H^{2+ α}2 [0, T ](i = 1, 2) with 0 < α < 1. Let the second order concordance conditions of the initial data and of the boundary conditions hold. Let u_0(x) ≥ δ > 0 on [0, l], and φ_i(t) ≥ δ > 0 on [0, T ](i = 1, 2).

Then, if ||f||_L2_{(QT )} < μ_0, max(max_{[0,l]} |u_{0xx}|, max_{[0,T ]} |φ_{1t}|, max_{[0,T ]} |φ_{2t}|) < β_0 (positive parame-

ters μ_0 and β_0 depend on δ, l, T ), there exists a unique positive solution of IBVP (3.1), (3.5), (3.6) in the space V (Q_T ).

The results contained in [40], from our viewpoint, are quite interesting, but a number of questions remained open. Namely, what can one say about solvability (or a blow - up) of INVP (3.1), (3.5), (3.6) in the case when u_0 or φ_i are nonnegative only and may be zero? Together with this, the solutions obtained are positive, and, consequently, (3.1) is strictly parabolic at these solutions and does not actually change a time direction.

We have a rather di¸erent situation when considering in Q_T a t− periodic BVP for a regularized equation ~Bu ≡ uu_t − u_{xx} + au = f(x, t), (3.7) where a is a positive constant.

Given the boundary conditions

u|_{t=0} = u|_{t=T} (3.8)

u|_{x=0} = u|_{x=l} = 0 (3.9) or u_x|_{x=0} = u_x|_{x=l} = 0 (3.9^′)

De˛ne the space W (Q_T ) to be a closer in the norm ||u||^2_{W (QT )} = ||u||^2_W 2_{2 (QT )}+||u_t||^2_W 2_{2 (QT )} of in˛nitely di¸erentiable in —Q_T functions, satisfying (3.9) (or (3.9’)) such that D^j_t u|_{t=0} =

D^j_t u|_{t=T} for all j ≥ 0. Denote |||f||| =^3 ∑ j=0 ||D^j_t f||_L2_{(QT )}. The following theorem takes place.

THEOREM 3.2. Let D^j_t ∈ L^2(QT ), j = 0, 1, 2, 3, D^j_t f|t=0 = D^j_t f|t=T , j = 0, 1, 2.

Then, if |||f||| < α, (with α > 0 depending on l, T, a), there exists a solution of BVP (3.7) - (3.9) (or of BVP (3.7) - (3.9’)) in the space W (Q_T ).

In the set of functions such that ||u||_{W (QT )} < ρ_0, with ρ_o(l, T, a) a su‹ciently small number, a solution of (3.7) - (3.9) (or of (3.7) - (3.9’)) is unique.

Proof of the theorem repeats mutatis mutandis that of Theorem 2.1 because the structure of (3.7) is rather close to that of equation (2.4). One can obtain all a priori estimates required considering the following equalities

(D^j_t ( ~P_N (vu_{Nt}) − u_{Nxx} + au_N ), D^j_t u)_0 = (D^j_t ~P_N f, D^j_t u)_0, j = 0, 1, 2, 3 and −(D^k_t ( ~P_N (vu_{Nt}) − u_{Nxx} + au_N ), D^k_t u_{Nxx})_0 = −(D^k_t ~P_N f, D^k_t u_{Nxx})_0, k = 0, 1, with v(x, t) ∈ W (Q_T ) an arbitrary given function with a su‹ciently small norm, ~P_N an appropriate orthoprojector in L^2(Q_T ), and u_N an appropriate Gal-erkin approximation.

We arrive at interesting conclusions by means of the following obvious assertion. THEOREM 3.3. If^{∫ ∫}_{QT} fdxdt = 0, and if there exists a smooth nontrivial solution

of BVP (3.7) - (3.9’), then the solution necessarily changes its sign in Q_T .

Proof. Consideration of the equality^{∫ ∫}_{QT} ~Budxdt =^{∫ ∫}_{QT} fdxdt = 0 validates the theorem.

Hence, Theorems 3.2 and 3.3 imply that a periodic BVP selects the very solution of (3.7) at which the equation actually changes its type and is a properly forward - backward parabolic equation.

4. NOTES ON VARIATIONAL INEQUALITIES

Monographs [41 - 43] and the bibliography therein contain main results obtained in the theory and in numerous applications of variational inequalities. There also exist a number of articles devoted to variational inequalities for quasilinear hyperbolic operators (see the bibliography in [32, 33]).

At the same time, the theory of variational inequalities can serve as a tool to study nonlinear equations of variable type, in particular, equations arising in hydrodynamics and in gas dynamics. Thus, for instance, in [32, 33, 44, 45] the technique of variational inequalities was applied in order to deal with certain models of transonic gas dynamics bringing us to nonlinear equations of variable type. In Section 2 we have already mentioned a result obtained when studying the von K„arm„an - Fal’kovich equation (2.3). Here let us state the theorem.

Consider (2.3) in the same domain Q as in the Section 2. Given the "initial - boundary " conditions u|_{x=0} = u_0(y) (4.1)

u_x|_{x=0} = u_1(y) (4.2)

u|_{γ×(0,L)} = 0 (4.3)

Introduce two convex sets of constraints M_1 = {z ∈^∘W^1_4(D) : z ≥ 0 in D} and M_2 = {z ∈^∘W^1_4(D) : |∇_yz| ≤ 1 a. e. in D}. Denote M = M_1 ⋂ M_2.

THEOREM 4.1.[33]For every functions u0 ∈^∘W^1_4(D) and u1 ∈ M and for ev-

ery function f(x, y) such that f and f_x ∈ L^{3/2}(Q) there exists a function u(x, y) ∈ L^∞(0, L;^∘W^1_4) such that u_x ∈ L^∞(0, L;^∘W^1_4), (u^{3/2}_x )_x ∈ L^2(Q) possessing the following properties

ă) u(x, y) satis˛es "initial - boundary conditions" (4.1) - (4.3), b) u_x(x, ·) ∈ M a. e. on [0, L], á) for every function v ∈ L^∞(0, L;^∘W^1_4) such that v(x, ·) ∈ m a. e. on [0, L] the inequality_x ∫ 0 < A_3u − f, v − u_ξ > dξ ≥ 0 holds for all x ∈ [0, L].

Here we denote by < ·, · > a duality in appropriate function spaces. In the next example we deal with a more general equation than one treated in Section 3, namely, with B_1u ≡ u^αu_t − u_{xx} = f(x, t), (4.4) where α ≥ 1. We consider equation (4.4) in the same domain Q_T as in Section 3. Given the initial - boundary conditions u|_{t=0} = u_0(x) (4.5)

u_x|_{x=0} = u_x|_{x=l} = 0 (4.6)

Introduce the convex set of constraints K = {z ∈ W^1_2 (0, l) : z ≥ 0 on [0, l]}. THEOREM 4.2. Let f and ft ∈ L^2(QT ), and u0 ∈ K. Then, there exists a function

u(x, t) ∈ L^2(0, T ; W^2_2 ) ⋂ L^∞(0, T ; W^1_2 ) such that (u^α2^{+1})_t ∈ L^2(Q_T ); u(x, t) satis˛es the initial - boundary conditions (4.5), (4.6), the inclusion u(·, t) ∈ K holds a. e. on [0, T ],

and for every function v(x, t) ∈ L^∞(0, T ; K) the inequality^t ∫ 0 (B_1u − f, v − u)_0dτ ≥ 0 is

ful˛lled for all t ∈ [0, T ].

One can arrive at the proof of the theorem by a simple modi˛cation of the proof of Theorem 1 in [39] or of Theorem 2.2 in [33].

COROLLARY 4.1. Assume all conditions of Theorem 4.2 hold. Let α > 2, and for

all x ∈ [0, l] the inequality u_0(x) ≥ δ > 0 is valid. Let u(x, t) be a solution of the variational inequality, possessing all properties indicated in Theorem 4.2. Then there exists t^∗ ∈ (0, T ] such that the equation B_1u = f holds a. e. in the rectangle Q_t� = (0, l) × (0, t^∗).

Proof. Consider the function v(x, t) = u^α2^{+1}(x, t). Then, vt ∈ L^2(QT ), and one can easily derive from the embedding theorems that v ∈ L^2(0, T ; W^2_2 ), when α > 2. Next, the interpolational theorem (see [35, Ch.1, sec.3, item 3.1, Theorem 3.1]) yield that v ∈ C(0, T ; W^1_2 ), and, due to the embedding theorem, we have v ∈ C( —Q_T ), and, consequently, u ∈ C( —Q_T ), too. Due to the conditions on the initial function, u(x, t) remains strictly positive in a rectangle Q_t�, and, thereby, obviously, equation (4.4) holds a. e. in Q_t�.

Similar results can be obtained if to pose the Dirichlet conditions instead of (4.6). And now the last remark.

In the class of nonnegative functions equation (4.4) with α > 0 is equivalent to the di¸usion equation v_t − (v^{11+α} )_{xx} = f. Thus, one can come to rather interesting conclusions concerning local solvability of IBVPs for the equation which nowadays is an object of numerous publications.

REFERENCES

1. Dezin A. A. The simplest solvable expansions for an ultrahyperbolic and a pseudoparabolic operator//Dokl. AN SSSR. - 1963. - V. 148, N 5. - P. 1013 - 1016 (in Russian; English translation in Sov. Math. Dokl.).

2. Dezin A. A. General questions of the theory of boundary value problems. - Moscow: Nauka, 1980 (in Russian).

3. Mizohata S. The theory of partial di¸erential equations. - Moscow: Mir 1977 (Russian translation).

4. Romanko V. K. Boundary value problems for some operator - di¸erential equations //Dokl. AN SSSR. - 1976. - V. 227, N 4. - P. 812 - 815 (in Russian; English translation in Sov. Math. Dokl.).

5. Romanko V. K. On boundary value problems for di¸erential - operator equations that are unsolved with respect to the senior derivative//Dokl. AN SSSR. - 1977. - V. 235, N5. - P. 1030 - 1033 (in Russian; English translation in Sov. Math. Dokl.).

6. Dubinski»i Yu. A. On di¸erential - operator equations of an arbitrary order//Mat. Sbornik. - 1973. - V. 90(132), N 1. - P. 3 - 22 (in Russian; English translation in USSR Mat. Sb.).

7. Tersenov S. A. On the ˛rst boundary value problem for an equation of nonclassical type//Dokl. AN SSSR. - 1980. - V. 250, N 5. - P. 1070 - 1073 (in Russian; English translation in Sov. Math. Dokl.).

8. Otelbaev M., Kokebaev B. N., and Shynybekov A. N. On correct contractions of certain di¸erential operators//Application of methods of functional analysis to nonclassical equations of mathematical physics. - Novosibirsk: Inst. of Math. SB Acad. of Sci. USSR, 1983. - P. 68 - 83 (in Russian).

9. Egorov I. E. Solvability of a nonlocal boundary value problem for an operator di¸erential equation of mixed type//Mat. zametki YAGU. - 1995. - V.2, N2. - P. 61 - 72.

10. Egorov I. E. Boundary value problems for a di¸erential - operator equation of a high order//Mat. zametki YAGU. - 1997. - V.4, N1. - P. 21 - 25 (in Russian).

11. Bitsadze A. V. Certain classes of partial di¸erential equations. - Moscow: Nauka, 1981 (in Russian).

12. Zhegalov V. I. A boundary value problem for a mixed type equation with boundary conditions at both characteristics and with discontinuities at the transient line//Sci. notes of Kazan’ University - 1962. - V. 122, N 3. - P. 3 - 16 (in Russian).

13. Nakhushev A. M. On certain boundary value problems for hyperbolic equations and equations of mixed type//Di¸erentsial’nye uravneniya. - 1969. - V. 5, N 1. - P. 44 - 59 (in Russian; English translation in Di¸erential Equations).

14. Nakhushev A. M. A uniqueness criterion for the Dirichlet problem for equation of mixed type in a cylindrical domain//Di¸erentsial’nye uravneniya. - 1970. - V. 6, N 1. - P. 190 - 191 (in Russian; English translation in Di¸erential Equations).

15. Morawetz C. S. The Dirichlet problem for the Tricomi equation// Comm. Pure. Appl. Math. - 1970. - V. 23, N 4. - P. 567 - 601.

16. Terekhov A. N. Nonlocal boundary value problems for equations of variable type//Nonclassical equations of mathematical physics. - Novosibirsk: Inst. of Math. SB Acad. of Sci. USSR, 1985. - P. 148 - 158 (in Russian).

17. Glazatov S. N. Nonlocal boundary value problems for equations of mixed type in a rectangle//Sib. Mat. Zhurnal. - 1985. - V. 26, N 6. - Ś. 162 - 164 (in Russian).

18. Karatoprakliev G. D. Nonlocal boundary value problems for mixed type equations //Di¸erentsial’nye uravneniya. - 1987. - V.23, N1. - P. 78 - 84 (in Russian; English translation in Di¸erential Equations).

19. Karatoprakliev G. D. On a nonlocal boundary value problem for hyperbolic - parabolic equations//Di¸erentsial’nye uravneniya. - 1989. - V.25, N8. - P. 1355 - 1359

(in Russian; English translation in Di¸erential Equations).

20. Karatopraklieva M. G. On a nonlocal boundary value problem for an equation of mixed type//Di¸erentsial’nye uravneniya. - 1991. - V.27, N1. - P. 68 - 79 (in Russian; English translation in Di¸erential Equations).

21. Glazatov S. N. Nonlocal boundary value problems in a strip for certain classes of nonclassical type equations//Dynamics of continuous media. - Novosibirsk: Inst. of Hydrodynamics SB Acad. of Sci. USSR. - 1985. - V. 72. - P. 25 - 31 (in Russian).

22. Glazatov S. N. Smooth solutions of nonlocal boundary value problems for mixed type equations I//Current problems of modern mathematics. - V. 3. - Novosibirsk: Novosibirsk University, 1997. - P. 46 - 52 (in Russian).

23. Karatoprakliev G. D. On a nonlocal boundary value problem for elliptic - parabolic equations//Di¸erentsial’nye uravneniya. - 1993. - V. 29, N5. - P. 902 - 904 (in Russian; English translation in Di¸erential Equations).

24. Kal’menov T. Sh. On a semiperiodic Dirichlet problem for a class of mixed type equations//Di¸erentsial’nye uravneniya. - 1978. - V. 14, N3. - P. 546 - 547 (in Russian; English translation in Di¸erential Equations).

25. Bers L. Mathematical aspects of subsonic and transonic gas dynamics. - New York: John Wiley and Sons, Inc., 1958.

26. Ryzhov O. S. Asymptotic view of streamlining solids of revolution by transonic ‚ow of a viscous and heat conducting gas//Prikl. Mat. Mekh. - 1965. - V.29, N6. - P. 1004 - 1014 (in Russian; English translation in Appl. Math. and Mechanics).

27. Lar’kin N. A. Smooth solutions of equations of transonic gas dynamics. - Novosibirsk: Nauka, 1991 (in Russian).

28. Klainerman S., and Majda A. Formation of singularities for wave equations //Comm. Pure Appl. Math. - 1980. - V. 33, N3. - P. 241 - 263.

29. Pyatkov S. G. Solvability of boundary value problems for a nonlinear degenerate elliptic equation//Applications of methods of functional analysis to nonclassical equations of mathematical physics. - Novosibirsk: Inst. of Math. SB Acad. of Sci. USSR, 1988. - P. 102 - 117 (in Russian).

30. Glazatov S. N. A variational inequality connected with a nonlinear equation of variable type I//Dynamics of continuous media. - Novosibirsk: Inst. of Hydrodynamics SB Acad. of Sci. USSR. - 1990. - V. 99. - P. 18 - 33 (in Russian).

31. Glazatov S. N. A variational inequality connected with a nonlinear equation of variable type II//Dynamics of continuous media. - Novosibirsk: Inst. of Hydrodynamics SB Acad. of Sci. USSR. - 1991. - V. 102. - P. 56 - 65 (in Russian).

32. Glazatov S.N. On some variational inequalities for nonclassical type operators //Banach Center Publications. - 1992. - V. 27. - P. 169 - 174.

33. Glazatov S.N. Variational inequalities for nonlinear variable type operators//Differential Equation Theory. - New York: Nova Science Publ., Inc., 1996. - P. 41 - 61.

34. Morawetz C. S. On a weak solution for a transonic ‚ow problem//Comm. Pure Appl. Math. - 1985. - V. 38, N6. - P. 797 - 817.

35. Lions J. - L. et Magenes E. Probl„emes aux limites non homog„enes et applications V. 1. - Paris: Dunod, 1968.

36. Ladyzhenskaya O. A. Boundary value problems of mathematical physics. - Moscow: Nauka, 1973 (in Russian).

37. Sabinina E. S. On a class of nonlinear degenerate parabolic equations. //Dokl. AN SSSR. - 1962. - V. 143, N4. - P. 794 - 797 (in Russian; English translation in Sov. Math. Dokl.).

38. Bocharov O. B. On the ˛rst boundary value problem for a heat equation with a changing coe‹cient//Dynamics of continuous media. - Novosibirsk: Inst. of Hydrodynamics SB Acad. of Sci. USSR. - 1978. - V. 37. - P. 27 - 39 (in Russian).

39. Glazatov S. N. A one - sided problem for an equation of the theory of boundary layer//Nonclassical partial di¸erential equations. - Novosibirsk: Inst. of Math. SB Acad. of Sci. USSR, 1988. - P. 48 - 56 (in Russian).

40. Glazatov S. N. On solvability of initial - boundary value problems for a nonlinear equation of variable type//Sib. Math. Journ. (to appear).

41. Lions J. - L. Quelques m«ethods de r«esolution des probl„emes aux limites non lin«eaires. - Paris: Dunod, 1969.

42. Duvaut G. et Lions J. - L. Les in«equations en m«ecanique et en physique. - Paris: Dunod, 1972.

43. Kinderlehrer D., and Stampacchia G. An introduction to variational inequalities and their applications. - Academic Press, 1980.

44. Feistauer M., and Ne»cas J. On the solvability of transonic potential ‚ow problem//Z. Anal. und Anwend. - 1985. - V. 4, N4. - P. 305 - 329.

45. Gittel H. Studies on transonic ‚ow problems by nonlinear variational inequalities//Z. Anal. und Anwend. - 1987. - V. 6, N5. - P. 449 - 458.

Čńăğăâőć Śěàčěľ Ŋĺłőńăěćĺç Ŋěńőłăńìŋëě łàăěćëě ğăďăçĺ ďńï ńĺŋěľŋëå ĺ ŋěńĺŋěľŋëå ãàăćŋěŋĺľ ŕěàěňěŋŋőčő âĺŕă Ŕàěŕàĺŋâ N 46

Ŕőďŕĺáăŋő ć ŕěçăâì 03.02.98. Ťőàňăâ 60×84 1/8. Ŕěçăâì őäáěâŋăï. Şáń. ŕěç. ń. 3.6. Şç.-ĺğď. ń. 2.1. Šĺàăę 115 íłğ. Ğăłăğ N 7.

Ńĺæěŋğĺï ŃŘ N 020633 őâ 18 áěŋâïąàï 1992 č.

Ĺğďăâěńìáâćő ĹŇ ŚŐ ŘĂŊ.

630090, Ŋőćőáĺąĺàáł, ŕàőáŕěłâ Ăłăďěňĺłă Łőŕâîčă, 4.

Őâŕěçăâăŋő ŋă ŕőńĺčàăäĺçěáłőň ãçăáâłě ĹŇ ŚŐ ŘĂŊ. 630090, Ŋőćőáĺąĺàáł, ŕàőáŕěłâ Ăłăďěňĺłă Łőŕâîčă, 4.