Ĺŋáâĺâãâ ňăâěňăâĺłĺ ĺň. Ś. Ń. Śőąőńěćă ŚŐ ŘĂŊ Ŕàěŕàĺŋâ ò 72, ňăľ 2000

Řăğńőęěŋĺï äãŋďăňěŋâăńìŋëå čàãŕŕ ğăňłŋãâëå ŕőćěàåŋőáâěľ ć áćőąőďŋëě łőŋáâàãłæĺĺ

Ő. Ć. Ąőčőŕőńìáłĺľ

Ććěďěŋĺě

Ŕãáâì ˚ { áćïğŋăï ŕőćěàåŋőáâì á ąăğĺáŋőľ âőçłőľ x. Łőňŕăłâŋăï ŕőďŕőćěàåŋőáâì S ŕőćěàåŋőáâĺ ˚ ŋăğëćăěâáï ŋěáęĺňăěňőľ, ěáńĺ ŋĺ őďŋă łőňŕőŋěŋâă ğăňëłăŋĺï ˚ − S ŋě ïćńïěâáï 2-ďĺáłőň á čàăŋĺæěľ, áőďěàęăéěľáï ć ∂S. Ěáńĺ S ŋěáęĺňăěňă ĺ x ∈ S, âő ěáâěáâćěŋŋëľ čőňőňőàäĺğň π_1(S, x) → π_1(˚, x) ĺŋêěłâĺćěŋ. Ŕőíâőňã ňë őâőęďěáâćńïěň čàãŕŕã π_1(S, x) á ěě őąàăğőň ć π_1(˚, x). Ŕãáâì H { ŕőďčàãŕŕă čàãŕŕë π_1(˚, x). Ňë čőćőàĺň, çâő H àěăńĺğãěâáï ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî S ć ˚, ěáńĺ x ∈ int(S) ĺ H = π_1(S, x).

Őŕàěďěńěŋĺě 0.1. Ŕãáâì ˚ { ŕőćěàåŋőáâì á ąăğĺáŋőľ âőçłőľ x ĺ ŕãáâì

π_1(˚, x) = G_1 ∗_{G3} G_2 { àăğńőęěŋĺě ěě äãŋďăňěŋâăńìŋőľ čàãŕŕë ć áćőąőďŋőě ŕàőĺğćěďŋĺě á őąêěďĺŋěŋĺěň. Ňë čőćőàĺň, çâő íâő àăğńőęěŋĺě čěőňěâàĺçŋő, ěáńĺ ć ˚ áãéěáâćãîâ ŋěáęĺňăěňëě ŕőďŕőćěàåŋőáâĺ S_1, S_2, S_3 âăłĺě, çâő ˚ = S_1 ∪ S_2, S_1 ∩ S_2 = S_3, x ∈ int(S_3) ĺ G_i = π_1(S_i, x), i = 1, 2, 3.

Ć [2] Ţ. Űĺèăŋč áäőàňãńĺàőćăń áńěďãîéãî ŕàőąńěňã.

Ŕàőąńěňă 10.69. Ŕãáâì Tg { ğăňłŋãâăï őàĺěŋâĺàãěňăï ŕőćěàåŋőáâì àőďă g ¿ 2 á ąăğĺáŋőľ âőçłőľ x. Ćěàŋő ńĺ, çâő ńîąőě àăğńőęěŋĺě π_1(T_g, x) = G_1 ∗_{G3} G_2 čěőňěâàĺçŋő ŕàĺ ãáńőćĺĺ, çâő G_1 ≠ G_3 ≠ G_2 ĺ ŕőďčàãŕŕă G_3 łőŋěçŋő ŕőàőęďěŋă?

Ĺğćěáâŋő, çâő ńîąőě âăłőě àăğńőęěŋĺě čěőňěâàĺçŋő, ěáńĺ G_3 { æĺłńĺçěáłăï čàãŕŕă (áň. [11] ĺ [5]). Ć íâőň áńãçăě àăğńőęěŋĺě őŕàěďěńïěâáï ŕàőáâőľ ğăňłŋãâőľ łàĺćőľ ć T_g, àăğďěńïîéěľ T_g. Ś âőçŋőáâìî ďő čőňěőňőàäĺğňőć ć T_g ĺňěěâáï âőńìłő łőŋěçŋőě çĺáńő âăłĺå łàĺćëå. Ŕőíâőňã ĺňěěâáï âőńìłő łőŋěçŋőě çĺáńő àăğńőęěŋĺľ čàãŕŕë π_1(T_g, x) ć áćőąőďŋőě ŕàőĺğćěďěŋĺě á őąêěďĺŋěŋĺěň ŕő ąěáłőŋěçŋőľ æĺłńĺçěáłőľ čàãŕŕě Z á âőçŋőáâìî ďő ăćâőňőàäĺğňőć čàãŕŕë π_1(T_g, x).

Ć őąéěň áńãçăě őâćěâ ŋă íâőâ ćőŕàőá őâàĺæăâěńěŋ. Ć § 1 ŕàĺćőďĺâáï ŋěłőâőàëľ ňěâőď ŕőáâàőěŋĺï ŋěčěőňěâàĺçěáłĺå àăğńőęěŋĺľ ĺ ďőłăğëćăěâáï, çâő ďńï łăęďőčő

g ¿ 2 áãéěáâćãěâ ąěáłőŋěçŋő ňŋőčő ŋěčěőňěâàĺçěáłĺå ĺ ŋě ăćâőňőàäŋő íłćĺćăńěŋâ-

ŋëå àăğńőęěŋĺľ ćĺďă π_1(T_g, x) = F_2 ∗_{F2} F_{2g−1}. Ğďěáì ĺ ďăńěě F_n őąőğŋăçăěâ áćőąőďŋãî čàãŕŕã àăŋčă n. Ć § 2 ĺ 3 ďőłăğëćăîâáï áńěďãîéĺě âěőàěňë.

Šěőàěňă 2.6. Ŕãáâì T { ğăňłŋãâăï ŕőćěàåŋőáâì ĺ π1(T, x) = G1 ∗_{G3} G2. Ěáńĺ G3

àěăńĺğãěâáï ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî ć T , âő íâő àăğńőęěŋĺě čěőňěâàĺçŋő.

Šěőàěňă 3.1. Ŕãáâì T { ğăňłŋãâăï ŕőćěàåŋőáâì ĺ π1(T, x) = G ∗_{H1=t�1H2t}. Ěáńĺ

H_1 àěăńĺğãěâáï ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî ć T , âő G âőęě àěăńĺğãěâáï ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî ć ŕőďåőďïéěň ďćãńĺáâŋőň ŋăłàëâĺĺ ŕőćěàåŋőáâĺ T . Ąőńěě âőčő, G ïćńïěâáï äãŋďăňěŋâăńìŋőľ čàãŕŕőľ čàăäă čàãŕŕ c æĺłńĺçěáłĺňĺ àěąěàŋëňĺ čàãŕŕăňĺ ĺ ďćãňï ćëďěńěŋŋëňĺ ćěàèĺŋŋëňĺ čàãŕŕăňĺ H_1 ĺ H_2.

Ďńï ńîąőčő čàăäă X ĺ àěąàă e ∈ X^1 ŋăçăńő e őąőğŋăçĺň çěàěğ α(e), łőŋěæ { çěàěğ ω(e). Őąőąéĺň őŕàěďěńěŋĺě 0.1 ŋă áńãçăľ àăğńőęěŋĺï čàãŕŕë π_1(T, x) ć äãŋďăňěŋâăńìŋãî čàãŕŕã ŕàőĺğćőńìŋőčő łőŋěçŋőčő čàăäă čàãŕŕ.

Őŕàěďěńěŋĺě 0.2. Ŕãáâì T { łőňŕăłâŋăï ŕőćěàåŋőáâì á ćëďěńěŋŋőľ âőçłőľ x. Ŕãáâì (G , X) { łőŋěçŋëľ čàăä čàãŕŕ á ćěàèĺŋŋëňĺ čàãŕŕăňĺ G_v (v ∈ X^0), àěąěàŋëňĺ čàãŕŕăňĺ G_e (e ∈ X^1) ĺ ćńőęěŋĺïňĺ α_e : G_e → G_{α(e)}. Śłăęěň, çâő (G , X) čěőňěâàĺçěáłĺ àěăńĺğőćăŋ ć T , ěáńĺ ćëŕőńŋěŋë áńěďãîéĺě ãáńőćĺï.

(1) Łăęďőľ ćěàèĺŋě u ∈ X^0 áőŕőáâăćńěŋă ŋěáęĺňăěňăï ŕőďŕőćěàåŋőáâì S_u á ćëďěńěŋŋőľ âőçłőľ u_∗ ĺ ěě äãŋďăňěŋâăńìŋăï čàãŕŕă π_1(S_u, u_∗) őâőęďěáâćńěŋă á čàãŕŕőľ G_u.

(2) Łăęďőňã àěąàã e ∈ X^1 á ŋăçăńőň u cőŕőáâăćńěŋă ŋěáęĺňăěňăï ŕőďŕőćěàåŋőáâì S_e ć S_u, áőďěàęăéăï u_∗. Ŕàĺ íâőň čàãŕŕă π_1(S_e, u_∗) őâőęďěáâćńěŋă á čàãŕŕőľ G_e âăł, çâő łăŋőŋĺçěáłőě ćńőęěŋĺě π_1(S_e, u_∗) → π_1(S_u, u_∗) áőćŕăďăěâ á ćńőęěŋĺěň α_e : G_e → G_u.

(3) Ďńï łăęďőčő e ∈ X^1 á ŋăçăńőň u ĺ łőŋæőň w ğăäĺłáĺàőćăŋ ŕãâì e_∗ ĺğ u_∗ ć w_∗ âăłőľ, çâő π_1(S_e, u_∗) = {[e_∗le^{−1}_∗ ] | [l] ∈ π_1(S_ē, w_∗)}. Ŕàĺ íâőň (—e)_∗ = (e_∗)^{−1}.

Ďńï ŕàőĺğćőńìŋőľ ćěàèĺŋë u ∈ X^0 ĺ íńěňěŋâă g ∈ G_u őąőğŋăçĺň çěàěğ ~g ŋěłőâőàãî ŕěâńî ć S_u á ŋăçăńőň ć u_∗, čőňőâőŕĺçěáłĺľ łńăáá łőâőàőľ őâőęďěáâćńěŋ á g. Ğăäĺłáĺàãěň ŋěłőâőàãî ćěàèĺŋã v ∈ X^0. Šőčďă ňőęŋő ğăďăâì čőňőňőàäĺğň θ : π_1(G , X, v) → π_1(T, v_∗) áńěďãîéĺň ŕàăćĺńőň: íńěňěŋâã g_0e_1g_1 . . . e_ng_n čàãŕŕë π_1(G , X, v) áőŕőáâăćĺň čőňőâőŕĺçěáłĺľ łńăáá ŕěâńĺ ~g_0(e_1)_∗~g_1 . . . (e_n)_∗~g_n.

Ŕãáâì (G , X) { čàăä čàãŕŕ, v ∈ X^0 ĺ φ : π_1(G , X, v) → π_1(T, x) { čőňőňőàäĺğň. Ňë áłăęěň, çâő φ čěőňěâàĺçěŋ, ěáńĺ áãéěáâćãěâ âăłăï čěőňěâàĺçěáłăï àěăńĺğăæĺï čàăäă čàãŕŕ (G , X), ďńï łőâőàőľ x = v_∗ ĺ ŕőáâàőěŋŋëľ ćëèě čőňőňőàäĺğň θ áőćŕăďăěâ á φ. Ňë čőćőàĺň âăłęě, çâő àăğńőęěŋĺě π_1(G , X, v) čěőňěâàĺçěáłĺ àěăńĺğãěâáï ć T (őâŋőáĺâěńìŋő φ).

Ğăňěçăŋĺě 0.3. Ŕãáâì T { ğăňłŋãâăï ŕőćěàåŋőáâì á ąăğĺáŋőľ âőçłőľ x ĺ φ :

G_1 ∗_{G3} G_2 → π_1(T, x) { čěőňěâàĺçěáłĺľ ĺğőňőàäĺğň. Šőčďă àăğńőęěŋĺě π_1(T, x) =

φ(G_1) ∗_{φ(G3)} φ(G_2) čěőňěâàĺçŋő ć áňëáńě őŕàěďěńěŋĺï 0.1. İâő áńěďãěâ ĺğ âěőàěňë 2.6

ććĺďã âőčő, çâő φ(G_3) àěăńĺğãěâáï ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî ć T .

Ğăňěçăŋĺě 0.4. Ŕãáâì H 6 π1(G , X, v). Ŕő âěőàĺĺ Ąăááă { Śěààă áãéěáâćãěâ ĺŋďãæĺàőćăŋŋőě ŕàěďáâăćńěŋĺě H ć ćĺďě H = π_1(H , Y, w). Ěáńĺ ĺğőňőàäĺğň φ : π_1(G , X, v) → π_1(T, x) čěőňěâàĺçěŋ ĺ p : ( ~T , ~x) → (T, x) { ŋăłàëâĺě, áőőâćěâáâćãîéěě ŕőďčàãŕŕě φ(H), âő ĺğőňőàäĺğň p^{−1}_∗ ∘φ|_H : π_1(H , Y, w) → π_1( ~T , ~x) âőęě čěőňěâàĺçěŋ. Ěáńĺ {S_u}, {S_e} ĺ {e_∗}{ ŋăąőà ŕőďŕőćěàåŋőáâěľ ĺ ŕãâěľ ć T , áőőâćěâáâćãîéĺľ àěăńĺğăæĺĺ čàăäă čàãŕŕ (G , X), âő łőňŕőŋěŋâë ŕàőőąàăğőć p^{−1}(S_u), p^{−1}(S_e) ĺ p^{−1}(e_∗) áőáâăćńïîâ ŋăąőà ŕőďŕőćěàåŋőáâěľ ĺ ŕãâěľ ć ~T , áőőâćěâáâćãîéĺå àěăńĺğăæĺĺ čàăäă čàãŕŕ (H , Y ).

Ŋěőąåőďĺňő ãâőçŋĺâì, çâő ŕőŋĺňăěâáï ŕőď ćěàèĺŋŋëňĺ ĺ àěąěàŋëňĺ ŕőďčàãŕŕăňĺ äãŋďăňěŋâăńìŋőľ čàãŕŕë čàăäă čàãŕŕ. Ŕãáâì (G , X, v) { čàăä čàãŕŕ á ćëďěńěŋŋőľ ćěàèĺŋőľ v, ` { ňăłáĺňăńìŋőě ŕőďďěàěćő ć X. Ďńï ŕàőĺğćőńìŋőľ ćěàèĺŋë u ∈ X^0 őąőğŋăçĺň çěàěğ p_u ŕãâì ąěğ ćőğćàăéěŋĺľ ć ` ĺğ v ć u. Ŕőďčàãŕŕë p_uG_up^{−1}_u ŋăğőćěň ćěàèĺŋŋëňĺ ŕőďčàãŕŕăňĺ, ŕőďčàãŕŕë p_{α(e)}α_e(G_e)p^{−1}_{α(e)}, čďě e ∈ X^1 { àěąěàŋëňĺ ŕőďčàãŕŕăňĺ čàãŕŕë π_1(G , X, v) őâŋőáĺâěńìŋő ňăłáĺňăńìŋőčő ŕőďďěàěćă `. Łńăááë áőŕàïęěŋŋőáâĺ ćěàèĺŋŋëå ĺ àěąěàŋëå ŕőďčàãŕŕ ŋě ğăćĺáïâ őâ ćëąőàă `. Ğăňěâĺň, çâő ěáńĺ ŋěłőâőàăï ŕőďčàãŕŕă H 6 π_1(T, x) àěăńĺğãěâáï ć T , âő ĺ ńîąăï áőŕàïęěŋŋăï á ŋěľ ŕőďčàãŕŕă àěăńĺğãěâáï ć T . Ŕőíâőňã ňőęŋő čőćőàĺâì ő àěăńĺğãěňőáâĺ ćěàèĺŋŋëå ĺ àěąěàŋëå ŕőďčàãŕŕ, ŋě ãâőçŋïï, őâŋőáĺâěńìŋő łăłőčő ňăłáĺňăńìŋőčő ďěàěćă őŕàěďěńïîâáï íâĺ ŕőďčàãŕŕë.

Ďńï ŕàőĺğćőńìŋőčő áćïğŋőčő čàăäă X őąőğŋăçĺň çěàěğ rk(X) àăŋč ěčő äãŋďăňěŋâăńìŋőľ čàãŕŕë.

Šěőàěňă 4.7. Ŕãáâì T { ğăňłŋãâăï ŕőćěàåŋőáâì, (G , X) { łőŋěçŋëľ čàăä

čàãŕŕ, φ : π_1(G , X, v) → π_1(T, x) { ĺğőňőàäĺğň ĺ őąàăğë àěąěàŋëå ŕőďčàãŕŕ àěăńĺğãîâáï ć T . Šőčďă áãéěáâćãěâ ŕőďčàãŕŕă H ĺŋďěłáă 2^{rk(X)} ć π_1(G , X, v) âăłăï, çâő ďńï ěě ĺŋďãæĺàőćăŋŋőčő àăğńőęěŋĺï π_1(H , Y, w) ĺ áőőâćěâáâćãîéěčő ěľ ŋăłàëâĺï p : (T , x) → (T, x) ĺğőňőàäĺğň p^{−1}_∗ ∘ φ|_H : π_1(H , Y, w) → π_1(T , x) čěőňěâàĺçěŋ.

Ŕãáâì φ : π_1(G , X, v) → π_1(T, x) { ĺğőňőàäĺğň. Ćëąěàěň ć X ŋěłőâőàőě ňăłáĺňăńìŋőě ŕőďďěàěćő ĺ őŕàěďěńĺň őâŋőáĺâěńìŋő ŋěčő àěąěàŋëě ŕőďčàãŕŕë G_e čàãŕŕë π_1(G , X, v). Őąőğŋăçĺň çěàěğ s_e áãňňã ďńĺŋ íńěňěŋâőć ŋěłőâőàőčő ňŋőęěáâćă, ŕőàőęďăîéěčő ŕőďčàãŕŕã φ(G_e), őâŋőáĺâěńìŋő äĺłáĺàőćăŋŋőľ áĺáâěňë ŕőàőęďăîéĺå čàãŕŕë π_1(T, x).

Śńěďãîéăï âěőàěňă ãâćěàęďăěâ, çâő ćáïłőě ŕàěďáâăćńěŋĺě čàãŕŕë π_1(T, x) ć ćĺďě äãŋďăňěŋâăńìŋőľ čàãŕŕë łőŋěçŋőčő čàăäă čàãŕŕ á łőŋěçŋő ŕőàőęďěŋŋëňĺ àěąěàŋëňĺ čàãŕŕăňĺ ïćńïěâáï ŕőçâĺ čěőňěâàĺçŋëň.

Šěőàěňă 4.8. Ŕãáâì T { ğăňłŋãâăï ŕőćěàåŋőáâì, (G , X) { łőŋěçŋëľ čàăä čàãŕŕ

á łőŋěçŋő ŕőàőęďěŋŋëňĺ àěąěàŋëňĺ čàãŕŕăňĺ, φ : π_1(G , X, v) → π_1(T, x) { ĺğőňőàäĺğň. Šőčďă áãéěáâćãěâ ŕőďčàãŕŕă H łőŋěçŋőčő ĺŋďěłáă n ć π_1(G , X, v) âăłăï, çâő ďńï ěě ĺŋďãæĺàőćăŋŋőčő àăğńőęěŋĺï π_1(H , Y, w) ĺ áőőâćěâáâćãîéěčő ěľ ŋăłàëâĺï p : ( ~T , ~x) → (T, x) ĺğőňőàäĺğň p^{−1}_∗ ∘ φ|_H : π_1(H , Y, w) → π_1( ~T , ~x) čěőňěâàĺçěŋ.

Ůĺáńő n őæěŋĺćăěâáï áćěàåã àěłãàáĺćŋőľ äãŋłæĺěľ őâ s = ∑ e∈X^1 se. Ć § 5 ććőďĺâáï ŋőćőě ŕőŋïâĺě { àěąěàŋăï ęěáâłőáâì. Ŋěäőàňăńìŋő čőćőàï, čàãŕŕă G őąńăďăěâ àěąěàŋőľ ęěáâłőáâìî, ěáńĺ ďńï ńîąőčő łőŋěçŋőčő ŋăąőàă ěě łőŋěçŋő ŕőàőęďěŋŋëå ŕőďčàãŕŕ G_1, . . . , G_n áãéěáâćãěâ âőńìłő łőŋěçŋőě çĺáńő áŕőáőąőć ŕàěďáâăćńěŋĺï G ć ćĺďě äãŋďăňěŋâăńìŋőľ čàãŕŕë čàăäă čàãŕŕ á àěąěàŋëňĺ ŕőďčàãŕŕăňĺ G_1, . . . , G_n ąěğ ãçěâă ğŋăçěŋĺľ ŕàőåőďŋëå ąãłć.

Šěőàěňă 5.1. Ťãŋďăňěŋâăńìŋăï čàãŕŕă ğăňłŋãâőľ ŕőćěàåŋőáâĺ, őâńĺçŋőľ őâ

ąãâëńłĺ Łńěľŋă, őąńăďăěâ àěąěàŋőľ ęěáâłőáâìî.

§ 1. Ŕőáâàőěŋĺě ŋěčěőňěâàĺçěáłĺå àăğńőęěŋĺľ π1(Tg, x)

Ŕàĺ ŕőáâàőěŋĺĺ ŋěčěőňěâàĺçěáłĺå àăğńőęěŋĺľ ĺáŕőńìğãěâáï áńěďãîéĺľ ŕàĺěň: ěáńĺ ĺňěěâáï àăğńőęěŋĺě G = G_1 ∗_{G3} G_2 ĺ áãéěáâćãěâ íńěňěŋâ u ∈ G_1 âăłőľ, çâő ⟨G_3, u⟩ = G_3 ∗ ⟨u⟩, âő áãéěáâćãěâ àăğńőęěŋĺě G = G_1 ∗_{(G3∗⟨u⟩)} (G_2 ∗ ⟨u⟩).

Ńěňňă 1.1. Ŕãáâì Fn { áćőąőďŋăï čàãŕŕă łőŋěçŋőčő àăŋčă n ĺ ŕãáâì H ≠ 1 {

ěě łőŋěçŋő ŕőàőęďěŋŋăï ŕőďčàãŕŕă ąěáłőŋěçŋőčő ĺŋďěłáă. Šőčďă ć F_n áãéěáâćãěâ ŕőďčàãŕŕă L ąěáłőŋěçŋőčő àăŋčă âăłăï, çâő ⟨H, L⟩ = H ∗ L.

Ďőłăğăâěńìáâćő. Ŕő áćőľáâćã Ň. Ţőńńă [10] ć F_n áãéěáâćãěâ ŕőďčàãŕŕă H_1 łőŋěçŋőčő ĺŋďěłáă ĺ ŕőďčàãŕŕă M 6 H_1 âăłăï, çâő H_1 = H ∗ M. Šăł łăł H ĺňěěâ ąěáłőŋěçŋëľ ĺŋďěłá ć F_n, âő M ≠ 1. Ćőğìňěň x ∈ H − {1} ĺ y ∈ M − {1}. Šőčďă ňőęŋő ŕőńőęĺâì L = ⟨y^{−i}xy^i | i ¿ 1⟩.

Ŕãáâì T_g { ğăňłŋãâăï őàĺěŋâĺàãěňăï ŕőćěàåŋőáâì àőďă g ¿ 2 á ąăğĺáŋőľ âőçłőľ x. Ś ŕőňőéìî őŕĺáăŋŋőčő ŕàĺěňă ĺ ńěňňë 1.1 ňőęŋő ŕőáâàőĺâì ŋěâàĺćĺăńìŋőě àăğńőęěŋĺě π_1(T_g, x) = G_1 ∗_{G3} G_2 á ŕàőĺğćőńìŋő ąőńìèĺň rk(G_2). Ŋő ěáńĺ S { áőąáâćěŋŋăï ŋěáęĺňăěňăï ŕőďŕőćěàåŋőáâì ć T_g, âő π_1(S, x) { áćőąőďŋăï čàãŕŕă àăŋčă ŋě ąőńěě 2g − 1. Ŕőíâőňã íâő àăğńőęěŋĺě ąãďěâ ŋěčěőňěâàĺçěáłĺň ŕàĺ rk(G_2) > 2g − 1.

Őáőąëľ ĺŋâěàěá ŕàěďáâăćńïîâ àăğńőęěŋĺï π_1(T_g, x) = G_1 ∗_{G3} G_2 á rk(G_i) 6 2g− 1, i = 1, 2, 3. Ňë ďőłăęěň, çâő ĺ áàěďĺ âăłĺå àăğńőęěŋĺľ ěáâì ŋěčěőňěâàĺçěáłĺě.

Ďăńěě F (X) őąőğŋăçăěâ áćőąőďŋãî čàãŕŕã á ąăğĺáőň X, ||u|| őąőğŋăçăěâ ďńĺŋã ŕàĺćěďěŋŋőčő áńőćă u ∈ F (X) őâŋőáĺâěńìŋő X, ĺ [x, y] őąőğŋăçăěâ x^{−1}y^{−1}xy. Ďńï ŕàőĺğćőńìŋőľ čàãŕŕë G ĺ íńěňěŋâă g ∈ G őąőğŋăçĺň çěàěğ ^g áőŕàïęěŋĺě íńěňěŋâőň g: ^g = g^{−1}xg, x ∈ G. Šěőàěňă 1.2. Ŕãáâì Tg { ğăňłŋãâăï őàĺěŋâàãěňăï ŕőćěàåŋőáâì àőďă g ¿ 2 á

ąăğĺáŋőľ âőçłőľ x. Řăááňőâàĺň áńěďãîéěě ŕàěďáâăćńěŋĺě äãŋďăňěŋâăńìŋőľ čàãŕŕë π_1(T_g, x): ⟨a_1, b_1, . . . , a_g, b_g| g∏ i=1 [a_i, b_i]⟩. Ŕãáâì u { íńěňěŋâ áćőąőďŋőľ čàãŕŕë F (a_1, b_1), ŋě ïćńïîéĺľáï áâěŕěŋìî [a_1, b_1]. Šőčďă àăğńőęěŋĺě

π_1(T_g, x) = ⟨a_1, b_1⟩ ∗ ⟨[b_1,a_1],u⟩=⟨Q^g_{i=2}[a_i,b_i],u⟩ ⟨a_2, b_2, . . . , a_g, b_g, u⟩ (1)

čěőňěâàĺçŋő ć âőň ĺ âőńìłő âőň áńãçăě, łőčďă u = α(a_1)[a_1, b_1]^k, čďě α { ăćâőňőàäĺğň čàãŕŕë F (a_1, b_1), äĺłáĺàãîéĺľ ĺńĺ őąàăéăîéĺľ [a_1, b_1], k ∈ Z.

Ŕãáâì G { čàãŕŕă. Ňë áłăęěň, çâő àăğńőęěŋĺï G = A_1 ∗_{A3} A_2 ĺ G = B_1 ∗_{B3} B_2 íłćĺćăńěŋâŋë, ěáńĺ áãéěáâćãěâ ăćâőňőàäĺğň φ čàãŕŕë G âăłőľ, çâő φ(A_i) = B_i, i = 1, 2, 3. Śńěďáâćĺě 1.3. 1) Śãéěáâćãěâ ăńčőàĺâň, łőâőàëľ ŕő íńěňěŋâã u ĺğ F (a1, b1)

őŕàěďěńïěâ, ïćńïěâáï ńĺ àăğńőęěŋĺě (1) čěőňěâàĺçěáłĺň.

2) Ďńï łăęďőčő g ¿ 2 áãéěáâćãěâ ąěáłőŋěçŋő ňŋőčő ŋěíłćĺćăńěŋâŋëå ŋěčěőňěâàĺçěáłĺå àăğńőęěŋĺľ čàãŕŕë π_1(T_g, x) ćĺďă F_2 ∗_{F2} F_{2g−1}.

Ňë ĺáŕőńìğãěň áńěďãîéĺě ďćě ńěňňë.

Ńěňňă 1.4 [8]. Ŕãáâì a^{k1} b^{l1} . . . a^{ks} b^{ls} { ŕàĺňĺâĺćŋëľ íńěňěŋâ čàãŕŕë F (a, b),

čďě s ¿ 1 ĺ ćáě ŕőłăğăâěńĺ ŋěŋãńěćëě. Šőčďă ŕő ňőďãńî âàĺćĺăńìŋëå ĺğňěŋěŋĺľ őąőğŋăçěŋĺľ (ćőğňőęŋë ğăňěŋë a ŋă a^{−1}, b ŋă b^{−1}, a ŋă b ĺ b ŋă a ŕőćáîďã), áãéěáâćãěâ æěńőě n > 0 âăłőě, çâő k_1 = · · · = k_s = 1 ĺ {l_1, l_2, . . . , l_s} = {n, n + 1}.

Ńěňňă 1.5. Ŕãáâì H { łőŋěçŋő ŕőàőęďěŋŋăï ŕőďčàãŕŕă ć π1(Tg, x), g ¿ 2,

ĺ ŕãáâì S_1, S_2 { ďćě ŋěáęĺňăěňëě ŕőďŕőćěàåŋőáâĺ ć T_g, àěăńĺğãîéĺě H. Šőčďă áãéěáâćãěâ ĺğőâőŕĺï T_g, łőâőàăï őâőąàăęăěâ (S_1, x) ć (S_2, x) ĺ ĺŋďãæĺàãěâ âőęďěáâćő ŋă π_1(T_g, x).

Ďőłăğăâěńìáâćő. Ć [1, ńěňňă 2.4] ąëńő ďőłăğăŋő áãéěáâćőćăŋĺě ĺğőâőŕĺĺ i, őâőąàăęăîéěľ S_1 ć S_2. Šăł łăł x ∈ int(S_k), k = 1, 2, âő ňőęŋő áçĺâăâì, çâő i(x) = x. Šőčďă i_∗ ïćńïěâáï áőŕàïęěŋĺěň čàãŕŕë π_1(T_g, x) âăłĺň, çâő i_∗(H) = H. Řăğąĺěŋĺě ŕőćěàåŋőáâĺ T_g ŋă łőňŕőŋěŋâë, ĺŋďãæĺàőćăŋŋőě àăğàěğăňĺ ćďőńì ∂S_1, ďăěâ ŕàěďáâăćńěŋĺě čàãŕŕë π_1(T_g, x) ć ćĺďě äãŋďăňěŋâăńìŋőľ čàãŕŕë čàăäă čàãŕŕ, őďŋă ĺğ ćěàèĺŋŋëå čàãŕŕ łőâőàőčő áőćŕăďăěâ á H. Ăŋăńĺğ íâőčő čàăäă čàãŕŕ ŕőłăğëćăěâ, çâő ŋőàňăńĺğăâőà H áőćŕăďăěâ á H. Ŕőíâőňã áãéěáâćãěâ h ∈ H âăłőľ, çâő i_∗ = ^h. Šăł łăł h ∈ H, âő áãéěáâćãěâ ĺğőâőŕĺï j^′ ŕőćěàåŋőáâĺ S_1 âăłăï, çâő j^′(x) = x ĺ j^′_∗ = ^h|_H. Řăáèĺàĺň j^′ ďő ĺğőâőŕĺĺ j ŕőćěàåŋőáâĺ T_g. Šőčďă j^{−1}i { ĺáłőňăï ĺğőâőŕĺï.

Ďőłăğăâěńìáâćő âěőàěňë. Ŕàěďŕőńőęĺň, çâő àăğńőęěŋĺě (1) čěőňěâàĺçŋő. Ŕãáâì S_1, S_2 ĺ S_3 { ŋěáęĺňăěňëě ŕőďŕőćěàåŋőáâĺ, áőőâćěâáâćãîéĺě íâőňã àăğńőęěŋĺî. Ğďěáì S_1 àěăńĺğãěâ G_1 = ⟨a_1, b_1⟩, S_2 àěăńĺğãěâ ćâőàőľ ňŋőęĺâěńì, S_3 àěăńĺğãěâ G_3 = ⟨[a_1, b_1], u⟩. Ććĺďã ńěňňë 1.5 ňőęŋő áçĺâăâì, çâő S_1 áőćŕăďăěâ á ńîąőľ ğăàăŋěě ćëąàăŋŋőľ ŕőďŕőćěàåŋőáâìî, àěăńĺğãîéěľ G_1. Ĺğ àĺá. 1 ćĺďŋő, çâő ć S_1 áãéěáâćãěâ ŋěáęĺňăěňăï ŕőďŕőćěàåŋőáâì S, àěăńĺğãîéăï G = ⟨[a_1, b_1], a_1⟩, áő áćőľáâćőň ∂S_1 ⊂ S. Ğăňěâĺň, çâő, á âőçŋőáâìî ďő čőňěőňőàäĺğňă, äĺłáĺàãîéěčő ∂S_1, áãéěáâćãěâ âőńìłő őďŋă ŋěáęĺňăěňăï ŕőďŕőćěàåŋőáâì ´ ć S_1 áő áńěďãîéĺňĺ áćőľáâćăňĺ: 1) x ∈ int(´), 2) ∂S_1 ⊂ ´, 3) π_1(´, x) ïćńïěâáï áćőąőďŋőľ čàãŕŕőľ àăŋčă 2, 4) π_1(´, x) { áőąáâćěŋŋăï ŕőďčàãŕŕă G_1. ’ & $ % s_{6?a1}^b1_x^S

S_1

Řĺá. 1

Ŕőíâőňã áãéěáâćãěâ čőňěőňőàäĺğň h ŕőďŕőćěàåŋőáâĺ S_1 âăłőľ, çâő h(S_3) = S. Šăł łăł x ∈ int(S) ĺ x ∈ int(S_3), âő ňë ňőęěň áçĺâăâì, çâő h äĺłáĺàãěâ x. Őąőğŋăçĺň çěàěğ h_∗ ăćâőňőàäĺğň čàãŕŕë π_1(S_1, x) = F (a_1, b_1), ĺŋďãæĺàőćăŋŋëľ h. Šőčďă h_∗(G_3) = G. Ĺğćěáâŋő, çâő ćáïłĺľ ăćâőňőàäĺğň čàãŕŕë F (a_1, b_1) áâăąĺńĺğĺàãěâ ĺńĺ őąàăéăěâ íńěňěŋâ [a_1, b_1] á âőçŋőáâìî ďő áőŕàïęěŋŋőáâĺ. Ŕőíâőňã áãéěáâćãîâ v ∈ F (a_1, b_1) ĺ φ ∈ Aut(F (a_1, b_1)) âăłĺě, çâő h_∗ = ^v ∘ φ ĺ φ áâăąĺńĺğĺàãěâ ĺńĺ őąàăéăěâ íńěňěŋâ [a_1, b_1]. Šőčďă v^{−1}[a_1, b_1]v ∈ G = ⟨a_1, b^{−1}_1 a_1b_1⟩. Ğăŕĺèěň v^{−1}[a_1, b_1]v ć ćĺďě g^{−1}wg, čďě g ∈ G, w = a^{ϵ1}_1 . . . b^{−1}_1 a^{ϵ2}_1 b_1 { àěďãæĺàőćăŋŋőě áńőćő őâ a_1, b^{−1}_1 a_1b_1. Šőčďă w = [a_1, b_1], vg^{−1} { áâěŕěŋì [a_1, b_1], ĺ ğŋăçĺâ v ∈ G.

Őâáîďă áńěďãěâ, çâő φ(G_3) = G, âő ěáâì ⟨[a_1, b_1], a_1⟩ = ⟨[a_1, b_1], φ(u)⟩. Ŕőíâőňã φ(u) = [a_1, b_1]^pa^ε_1[a_1, b_1]^q ďńï ŋěłőâőàëå p, q ∈ Z, ε ∈ {−1, 1}.

Ŕãáâì ψ { ăćâőňőàäĺğň čàãŕŕë F (a_1, b_1) âăłőľ, çâő ψ(a_1) = a^{−1}_1 , ψ(b_1) = b_1a_1. Ŕőńőęĺň φ_1 = φ^{−1}, ěáńĺ ε = 1 ĺ φ_1 = φ^{−1} ∘ ψ, ěáńĺ ε = −1. Šőčďă u = [a_1, b_1]^{p1} φ_1(a_1)[a_1, b_1]^{q1} , čďě p_1 = p, q_1 = q, ěáńĺ φ áâăąĺńĺğĺàãěâ [a_1, b_1] ĺ p_1 = −p, q_1 = −q, ěáńĺ φ őąàăéăěâ [a_1, b_1]. Őáâăńőáì ŕőńőęĺâì α = “[a_1, b_1]^{−p1} ∘ φ_1, k = p_1 + q_1.

Őąàăâŋő, ěáńĺ u ĺňěěâ ãłăğăŋŋëľ ć âěőàěňě ćĺď, âő àăğńőęěŋĺě (1) ăćâőňőàäŋő íłćĺćăńěŋâŋő àăğńőęěŋĺî á u = a_1 ĺ ŕőíâőňã čěőňěâàĺçŋő.

Ďőłăğăâěńìáâćő áńěďáâćĺï. 1) §áŋő, çâő ěáńĺ u { áâěŕěŋì [a_1, b_1], âő àăğńőęěŋĺě (1) čěőňěâàĺçŋő. Ŕőíâőňã ŕàěďŕőńőęĺň, çâő u ŋě ïćńïěâáï áâěŕěŋìî [a_1, b_1]. Ŕàěďŕőńőęĺň, çâő u = α(a_1)[a_1, b_1]^k, čďě α { ăćâőňőàäĺğň čàãŕŕë F (a_1, b_1), äĺłáĺàãîéĺľ ĺńĺ őąàăéăîéĺľ [a_1, b_1]. Šőčďă |k| 6 ||u||/4 + 1, ć ŕàőâĺćŋőň áńãçăě áńőćő u[a_1, b_1]^{−k} ŕőáńě æĺłńĺçěáłőčő ŕàĺćěďěŋĺï áőďěàęĺâ ąãłćã z ∈ {a_1, b_1} ćňěáâě á ąãłćőľ z^{−1}, çâő ŕàőâĺćőàěçĺâ ńěňňě 1.4. Ŕőíâőňã ďőáâăâőçŋő ãňěâì őâćěçăâì ŋă áńěďãîéĺľ ćőŕàőá:

Ďńï ďăŋŋőčő w ∈ F (a_1, b_1) áãéěáâćãěâ ńĺ ăćâőňőàäĺğň α čàãŕŕë F (a_1, b_1) âăłőľ, çâő α(a_1) = w ĺ α äĺłáĺàãěâ ĺńĺ őąàăéăěâ [a_1, b_1] ?

İâő ňőęŋő áďěńăâì á ŕőňőéìî ăńčőàĺâňă Şăľâåěďă (áň. [3]). 2) Ŕő âěőàěňě 1.2 ĺ ńěňňě 1.4 àăğńőęěŋĺě (1) ŋěčěőňěâàĺçŋő ďńï ńîąőčő u = a^i, i = 2, 3 . . . . Ś ŕőňőéìî ăąěńĺğăæĺĺ čàãŕŕë F (a_1, b_1) ňőęŋő ćëćěáâĺ, çâő íâĺ àăğńőęěŋĺï ŕőŕăàŋő ŋěíłćĺćăńěŋâŋë.

Čĺŕőâěğă. Ńîąőě ŋěâàĺćĺăńìŋőě àăğńőęěŋĺě π1(Tg, x) = G1 ∗_{G3} G2, čďě G3 {

łőŋěçŋő ŕőàőęďěŋă, ňőęěâ ąëâì ŕőńãçěŋő ĺğ àăğńőęěŋĺï ŋăď Z ňěâőďőň, őŕĺáăŋŋëň ć ŋăçăńě íâőčő ŕăàăčàăäă.

§ 2. Łàĺâěàĺľ čěőňěâàĺçŋőáâĺ áćőąőďŋőčő ŕàőĺğćěďěŋĺï á őąêěďĺŋěŋĺěň

Ŋăŕőňŋĺň ŋěłőâőàëě őŕàěďěńěŋĺï ĺğ [4]. Ďĺăčàăňňőľ ŋă ŕőćěàåŋőáâĺ S ŋăď ăńäăćĺâőň U ŋăğëćăěâáï ŕàőĺğćőńìŋőě łńěâőçŋőě àăğąĺěŋĺě ŕőćěàåŋőáâĺ S, łăęďőňã àěąàã e łőâőàőčő áőŕőáâăćńěŋă ŋěłőâőàăï ąãłćă φ(e) ∈ U ∪ U^{−1} ∪ {1} âăł, çâő φ(e^{−1}) = (φ(e))^{−1}. Ňěâłőľ ŕãâĺ p = e_1 . . . e_n ć ďĺăčàăňňě ´ ŋăď U ŋăğëćăěâáï áńőćő φ(p) = φ(e_1) . . . φ(e_n). Ŕãáâì G { čàãŕŕă ĺ ⟨U | R⟩ { ŋěłőâőàőě ěě ŕàěďáâăćńěŋĺě. Łńěâłă ďĺăčàăňňë ´ ŋăğëćăěâáï R-łńěâłőľ, ěáńĺ ňěâłă ěě łőŋâãàă čàăäĺçěáłĺ àăćŋă (á âőçŋőáâìî ďő æĺłńĺçěáłőčő áďćĺčă) ŋěłőâőàőňã áńőćã R ∈ R ĺńĺ R^{−1}, čďě

R ∈ R. Łńěâłă ŋăğëćăěâáï 0-łńěâłőľ, ěáńĺ ňěâłă ěě łőŋâãàă e_1 . . . e_n čàăäĺçěáłĺ àăćŋă φ(e_1) . . . φ(e_n), čďě ćáě φ(e_i) ≡ 1, ńĺąő ďńï ŋěłőâőàëå i ≠ j ĺňěěň φ(e_i) ≡ a ∈ U, φ(e_j) ≡ a^{−1} ĺ φ(e_k) ≡ 1 ŕàĺ k ≠ i, j. Ďĺăčàăňňőľ ŋă ŕőćěàåŋőáâĺ S ŋăď ŕàěďáâăćńěŋĺěň ⟨ U | R⟩ ŋăğëćăěâáï ćáïłăï ďĺăčàăňňă ´ ŋăď ăńäăćĺâőň U, łăęďăï łńěâłă łőâőàőľ ïćńïěâáï R-łńěâłőľ ĺńĺ 0-łńěâłőľ. Śńěďãîéăï ńěňňă ŋăğëćăěâáï ńěňňőľ ćăŋ Łăňŕěŋă.

Ńěňňă 2.1. Ŕãáâì W { ŕàőĺğćőńìŋőě ŋěŕãáâőě áńőćő ć ăńäăćĺâě U ∪U^{−1}. Šőčďă

W = 1 ć čàãŕŕě G, ğăďăŋŋőľ ŕàěďáâăćńěŋĺěň ⟨U | R⟩, ć âőň ĺ âőńìłő âőň áńãçăě, łőčďă áãéěáâćãěâ ďĺáłőćăï ďĺăčàăňňă ŋăď íâĺň ŕàěďáâăćńěŋĺěň, ňěâłă łőŋâãàă łőâőàőľ čàăäĺçěáłĺ àăćŋă W .

Ńěňňă 2.2. Ŕãáâì G { äãŋďăňěŋâăńìŋăï čàãŕŕă łőŋěçŋőčő čàăäă čàãŕŕ. Ěáńĺ

G ĺ ćáě àěąěàŋëě čàãŕŕë łőŋěçŋő ŕőàőęďěŋë, âő ĺ ćáě ćěàèĺŋŋëě čàãŕŕë âőęě łőŋěçŋő ŕőàőęďěŋë.

Ďőłăğăâěńìáâćő ŕàőćőďĺâáï ĺŋďãłæĺěľ ŕő çĺáńã àěąěà čàăäă. Ŕőíâőňã ďőáâăâőçŋő àăğőąàăâì áńãçăĺ áćőąőďŋőčő ŕàőĺğćěďěŋĺï á őąêěďĺŋěŋĺěň ĺ HNNàăáèĺàěŋĺï. Ŕãáâì G = G_1 ∗_{G3} G_2, G = ⟨g_1, . . . , g_n⟩, G_3 = ⟨c_1, . . . , c_k⟩. Ğăŕĺèěň łăęďëľ g_i ć ćĺďě g_i = a_{i1}b_{i1} . . . a_{i,si} b_{i,si} , čďě a_{ij} ∈ G_1, b_{ij} ∈ G_2. Šőčďă G_1 ŕőàőęďăěâáï ňŋőęěáâćőň, áőáâőïéĺň ĺğ ćáěå c_i ĺ a_{ij}, ă G_2 ŕőàőęďăěâáï ňŋőęěáâćőň, áőáâőïéĺň ĺğ ćáěå c_i ĺ b_{ij}. Śńãçăľ HNN-àăáèĺàěŋĺï àăááňăâàĺćăěâáï ăŋăńőčĺçŋő.

Śńěďãîéăï ńěňňă ďőłăğëćăěâáï áâăŋďăàâŋëň őąàăğőň á ŕőňőéìî ŋőàňăńìŋëå äőàň. Ğďěáì ω_e = α_ē.

Ńěňňă 2.3. Ŕãáâì (G , X) { čàăä čàãŕŕ, Gv ĺ Gu { ďćě ěčő ćěàèĺŋŋëě čàãŕŕë, ´ { ňăłáĺňăńìŋőě ŕőďďěàěćő ć X. Ŕàěďŕőńőęĺň, çâő G^g_v 6 G_u ć čàãŕŕě π_1(G , X, ´). Šőčďă g = g_1e_1 . . . g_ne_ng_{n+1}, čďě e_1 . . . e_n { ŕãâì ć X ĺğ v ć u, g_j ∈ G_{α(ej)} ŕàĺ 1 6 j 6 n, g_{n+1} ∈ G_u, G^{g1e1...giei} v 6 ωe_i (Ge_i ), G^{g1e1...eigi+1}v 6 αe_{i+1} (Ge_{i+1} ) ďńï ćáěå ćőğňőęŋëå i.

Ńěňňă 2.4. Ŕãáâì Su ĺ Sv { ďćě ŋěŕěàěáěłăîéĺěáï ŋěáęĺňăěňëě ŕőďŕőćěàå-

ŋőáâĺ ć ğăňłŋãâőľ ŕőćěàåŋőáâĺ T . Ěáńĺ čàãŕŕă π_1(S_v) áőŕàïęěŋă á ŕőďčàãŕŕőľ čàãŕŕë π_1(S_u), âő S_v ïćńïěâáï łőńìæőň ĺ ć T − (S_u ∪ S_v) ĺňěěâáï łőňŕőŋěŋâă, ïćńïîéăïáï łőńìæőň, őďŋă ĺğ čàăŋĺçŋëå łőňŕőŋěŋâ łőâőàőčő ńěęĺâ ć S_u, ďàãčăï { ć S_v.

Ďőłăğăâěńìáâćő. Řăğąĺěŋĺě T ŕőďŕőćěàåŋőáâïňĺ S_u ĺ S_v ĺŋďãæĺàãěâ ŕàěďáâăćńěŋĺě čàãŕŕë π_1(T, x) ć ćĺďě äãŋďăňěŋâăńìŋőľ čàãŕŕë čàăäă čàãŕŕ (G , X). Ňŋőęěáâćő X^0 áőáâőĺâ ĺğ ŕőďŕőćěàåŋőáâěľ S_u, S_v ĺ łőňŕőŋěŋâ áćïğŋőáâĺ T − (S_u ∪ S_v), ňŋőęěáâćő X^1 áőáâőĺâ ĺğ łőňŕőŋěŋâ čàăŋĺæ ŕőďŕőćěàåŋőáâěľ ĺğ X^0. Ĺğ ńěňňë 2.3 áńěďãěâ, çâő áãéěáâćãîâ ŕőďŕőćěàåŋőáâĺ S_v = C_1, . . . , C_{n+1} = S_u ĺğ X^0 ĺ őłàãęŋőáâĺ Z_1, . . . , Z_n ĺğ X^1 âăłĺě, çâő Z_i ïćńïěâáï őďŋőľ ĺğ őąéĺå łőňŕőŋěŋâ čàăŋĺæ C_i ĺ C_{i+1}, ŕàĺçěň ćńőęěŋĺě Z_1 ć C_1 ĺŋďãæĺàãěâ ĺğőňőàäĺğň äãŋďăňěŋâăńìŋëå čàãŕŕ ĺ Z_i áćőąőďŋő čőňőâőŕŋő Z_{i+1} ć C_{i+1}. Ŕěàćőě őğŋăçăěâ, çâő C_1 { łőńìæő, ćâőàőě { çâő Z_i = Z_{i+1} ĺńĺ C_{i+1} { łőńìæő. Ěáńĺ n ňĺŋĺňăńìŋő, âő Z_i ≠ Z_{i+1} ĺ, ğŋăçĺâ, C_2, . . . , C_n { łőńìæă.

Śńěďãîéăï ńěňňă ďőłăğëćăěâáï ăŋăńőčĺçŋő.

Ńěňňă 2.5. Ŕãáâì T { łőňŕăłâŋăï ŕőćěàåŋőáâì, S { ŋěáęĺňăěňăï ŕőďŕőćěàå-

ŋőáâì ć T , x ∈ S. Ŕãáâì 1 ≠ a ∈ π_1(S, x), g ∈ π_1(T, x) − π_1(S, x) ĺ a^g ∈ π_1(S, x). Šőčďă ćëŕőńŋïěâáï őďŋő ĺğ ďćãå:

1) a ĺ a^g ïćńïîâáï áâěŕěŋïňĺ łńăááőć ŕěâěńì, áćőąőďŋő čőňőâőŕŋëå ć S ďćãň àăğńĺçŋëň łőňŕőŋěŋâăň čàăŋĺæë S. İâĺ łőňŕőŋěŋâë àăğąĺćăîâ T ŋă ďćě çăáâĺ { çăáâì, čďě ńěęĺâ S, ĺ łőńìæő.

2) a ĺ a^g ïćńïîâáï áâěŕěŋïňĺ łńăááőć ŕěâěńì, áćőąőďŋő čőňőâőŕŋëå ć S őďŋőľ łőňŕőŋěŋâě čàăŋĺæë S. İâă łőňŕőŋěŋâă àăğąĺćăěâ T ŋă ďćě çăáâĺ { çăáâì, čďě ńěęĺâ S, ĺ ńĺáâ Ňěąĺãáă.

Šěőàěňă 2.6. Ŕãáâì T { ğăňłŋãâăï ŕőćěàåŋőáâì ĺ π1(T, x) = G1 ∗_{G3} G2. Ěáńĺ G3

àěăńĺğãěâáï ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî ć T , âő íâő àăğńőęěŋĺě čěőňěâàĺçŋő.

Ďőłăğăâěńìáâćő. Ňőęŋő áçĺâăâì, çâő àăğńőęěŋĺě π_1(T, x) = G_1 ∗_{G3} G_2 ŋěâàĺćĺăńìŋő, âő ěáâì G_3 ≠ G_1 ĺ G_3 ≠ G_2. Šőčďă T ŋě ïćńïěâáï âőàőň. Řăğąěàěň áŋăçăńă áńãçăľ, łőčďă T { ąãâëńłă Łńěľŋă. Šőčďă π_1(T, x) ĺňěěâ ŕàěďáâăćńěŋĺě ⟨a, b | b^{−1}ab = a^{−1}⟩. Řăğńőęěŋĺě ĺğ ńěňňë 2.7 čěőňěâàĺçŋő (áň. àĺá. 2). Ćáě ďàãčĺě àăğńőęěŋĺï áőŕàïęěŋë á ŋĺň ĺ, ğŋăçĺâ, âőęě čěőňěâàĺçŋë (áőŕàïęěŋĺě ŕő âěőàěňě Ąíàă (áň. [6]) ĺŋďãæĺàãěâáï ĺğőâőŕĺěľ).

- - ? 6 hhhhhhh

hhhhhhh^{a a} b

b Řĺá. 2

Ńěňňă 2.7. Čàãŕŕă G = ⟨a, b | b^{−1}ab = a^{−1}⟩ ĺňěěâ ěďĺŋáâćěŋŋőě (á âőçŋőáâìî

ďő áőŕàïęěŋŋőáâĺ ĺ ŕěàěáâăŋőćłĺ ňŋőęĺâěńěľ) àăğńőęěŋĺě ć ŋěâàĺćĺăńìŋőě áćőąőďŋőě ŕàőĺğćěďěŋĺě á őąêěďĺŋěŋĺěň: G = ⟨b⟩ ∗_{⟨b2⟩} ⟨ba⟩.

Ďőłăğăâěńìáâćő. Ŕãáâì G = G_1 ∗_{G3} G_2 { àăğńőęěŋĺě G ć ŋěâàĺćĺăńìŋőě áćőąőďŋőě ŕàőĺğćěďěŋĺě á őąêěďĺŋěŋĺěň. Šăł łăł ⟨b^2⟩ { æěŋâà G, âő ⟨b^2⟩ 6 G_3. Ŕőńőęĺň G^′ = G/⟨b^2⟩, G^′_i = G_i/⟨b^2⟩, i = 1, 2, 3. Šőčďă Z_2 ∗ Z_2 ∼= G^′ = G^′_1 ∗_G0_3 G^′_2. Šăł łăł

Z_2 ∗ Z_2 ŋě áőďěàęĺâ áćőąőďŋőľ čàãŕŕë àăŋčă 2, âő |G^′_1 : G^′_3| = |G^′_2 : G^′_3| = 2. Šőčďă G^′/G^′_3 ∼= Z_2 ∗ Z_2. Ĺğ åőŕäőćőáâĺ čàãŕŕë Z_2 ∗ Z_2 áńěďãěâ, çâő G^′_3 = 1, ĺ, ğŋăçĺâ, G_3 = ⟨b^2⟩. Šăł łăł |G_1 : G_3| = |G_2 : G_3| = 2 ĺ ć G őâáãâáâćãěâ łàãçěŋĺě, âő G_1 ĺ G_2 { ąěáłőŋěçŋëě æĺłńĺçěáłĺě čàãŕŕë. Ŕàőáâëě ćëçĺáńěŋĺï ŕőłăğëćăîâ, çâő (á âőçŋőáâìî ďő ŕěàěáâăŋőćłĺ) G_1 ŕőàőęďăěâáï íńěňěŋâőň ba^k, G_2 ŕőàőęďăěâáï íńěňěŋâőň ba^{k+1} ďńï ŋěłőâőàőčő k. Śőŕàïčăï íńěňěŋâőň a^{−k/2} ŕàĺ k çěâŋőň ĺ íńěňěŋâőň ba^{(k+1)/2} ŕàĺ k ŋěçěâŋőň, ŕőńãçăěň àăğńőęěŋĺě ĺğ äőàňãńĺàőćłĺ ńěňňë.

Řăááňőâàĺň âěŕěàì áńãçăľ, łőčďă ŕőćěàåŋőáâì T ŋě čőňěőňőàäŋă ąãâëńłě Łńěľŋă. Ŕãáâì T { ğăňłŋãâăï ŕőćěàåŋőáâì àőďă g. Šőčďă π_1(T, x) ĺňěěâ ŕàěďáâăćńěŋĺě ⟨t_1, u_1, . . . , t_g, u_g| g∏ i=1 [t_i, u_i]⟩, ěáńĺ T őàĺěŋâĺàãěňă, ĺ ŕàěďáâăćńěŋĺě ⟨v_1, . . . , v_g| v^2_1 · · · v^2_g⟩, ěáńĺ T ŋěőàĺěŋâĺàãěňă. Ďńï ěďĺŋőőąàăğŋőčő àăááňőâàěŋĺï íâĺå áńãçăěć ňë ğăŕĺáëćăěň íâĺ ŕàěďáâăćńěŋĺï ć ćĺďě ⟨a_1, . . . , a_k| ∏ ∗⟩. Ŕãáâì D { ďĺáł, čàăŋĺæă łőâőàőčő àăğďěńěŋă ŋă őàĺěŋâĺàőćăŋŋëě őâàěğłĺ, ŕőňěçěŋŋëě íńěňěŋâăňĺ ĺğ ňŋőęěáâćă {a_1, a^{−1}_1 , . . . , a_k, a^{−1}_k } âăł, çâő ćďőńì ŋěě çĺâăěâáï áńőćő ∏ ∗. Ŕőćěàåŋőáâì T ŕőńãçăěâáï ĺğ D őâőęďěáâćńěŋĺěň ŕăà őďĺŋăłőćő ŕőňěçěŋŋëå àěąěà. Ŕãáâì p : D → T { áőőâćěâáâćãîéĺľ ňőàäĺğň łőňŕńěłáőć.

Šěŕěàì ňë ŕőáâàőĺň łőňŕńěłá K ŕő ŕàěďáâăćńěŋĺî čàãŕŕë π_1(T, x) ć ćĺďě G_1 ∗_{G3} G_2. Šăł łăł ĺŋďěłá ŕőďčàãŕŕë G_i ć čàãŕŕě π_1(T, x) ąěáłőŋěçěŋ, âő G_i { áćő-

ąőďŋăï čàãŕŕă (i = 1, 2, 3). Ŕőáłőńìłã G_3 àěăńĺğãěâáï ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî ć T , âő G_3 łőŋěçŋő ŕőàőęďěŋă. Ŕő ńěňňě 2.2 łăęďăï ĺğ čàãŕŕ G_i łőŋěçŋő ŕőàőęďěŋă. Ŕãáâì S_i { ŋěłőâőàëľ ąăğĺá G_i. Łăęďëľ íńěňěŋâ s ∈ S_3 ćëàăğĺň ć ćĺďě ŋěłőâőàőčő áńőćă U_{i,s} őâ íńěňěŋâőć ĺğ S_i (i = 1, 2). Őçěćĺďŋő, π_1(T, x) ňőęŋő ğăďăâì ňŋőęěáâćőň ŕőàőęďăîéĺå S = S_1 ∪ S_2 ∪ S_3 ĺ ňŋőęěáâćőň áőőâŋőèěŋĺľ R = {s^{−1}U_{i,s} | s ∈ S_3, i = 1, 2}. Ŕãáâì (R_i, x_i) { àőğă á ěďĺŋáâćěŋŋőľ ćěàèĺŋőľ x_i ĺ ňŋőęěáâćőň ŕőńőęĺâěńìŋő őàĺěŋâĺàőćăŋëå àěąěà {~s | s ∈ S_i}. Őąàăğãěň čàăä `, ć łőâőàëľ ćåőďïâ R_1, R_2, R_3, áőěďĺŋïï ćěàèĺŋë x_3 ĺ x_i őàĺěŋâĺàőćăŋŋëň àěąàőň e_i (i = 1, 2). Ďńï łăęďőčő s ∈ S_3 ŕàĺłńěĺň ł ` ďćě łńěâłĺ D_{1,s} ĺ D_{2,s} ć áőőâćěâáâćĺĺ á áőőâŋőèěŋĺïňĺ s^{−1}U_{i,s}. Ěáńĺ U_{i,s} = u_1 . . . u_r, čďě ćáě u_j ∈ S_i ∪ S^{−1}_i , âő ŕőńőęĺň ∂(D_{i,s}) = (~s)^{−1}e_i~u_1e^{−1}_i . . . e_i~u_re^{−1}_i . Ňë ŋăğőćěň íâĺ łńěâłĺ R-łńěâłăňĺ. Şďőąŋő âăłęě ććěáâĺ 0-łńěâłĺ á čàăŋĺæăňĺ e_i~se^{−1}_i e_i~s^{−1}e^{−1}_i (s ∈ S_i, i = 1, 2). Ŕőńãçěŋŋëľ łőňŕńěłá őąőğŋăçĺň çěàěğ K (àĺá. 3). Őçěćĺďŋő, çâő π_1(T, x) ∼= π_1(K, x_3). s s s -

œ_{e1 e2}

R_1 R_3 R_2

Řĺá. 3

Ďăńěě ňë ŕőáâàőĺň ŕőďàăğąĺěŋĺě T ĺ ŋěŕàěàëćŋőě őâőąàăęěŋĺě f : (T, x) → (K, x_3), ĺŋďãæĺàãîéěě ĺğőňőàäĺğň äãŋďăňěŋâăńìŋëå čàãŕŕ. Ŕàěďáâăćĺň łăęďëľ a_i ć ćĺďě áńőćă w_i(g_1, . . . , g_n), čďě ćáě g_j ∈ S_1 ∪ S_2. Ěáńĺ àěąàő ĺğ čàăŋĺæë ďĺáłă D ĺňěěâ ňěâłã a^{±1}_i , âő ňë àăğąĺćăěň ěčő ŋă ňěńłĺě àěąàă á ňěâłăňĺ ĺğ ňŋőęěáâćă {g_1, g^{−1}_1 , . . . , g_n, g^{−1}_n }, âăł, çâőąë ćďőńì íâőčő àěąàă çĺâăńőáì áńőćő w^{±1}_i (g_1, . . . , g_n). Ć àěğãńìâăâě ŕőńãçĺâáï ďĺáł D_1, ňěâłă čàăŋĺæë łőâőàőčő W (g_1, . . . , g_n) àăćŋă 1 ć čàãŕŕě π_1(T, x). Ŕő ńěňňě ćăŋ Łăňŕěŋă ňőęŋő áçĺâăâì, çâő D_1 { ďĺáłőćăï ďĺăčàăňňă ŋăď ŕàěďáâăćńěŋĺěň ⟨S | R⟩. Őâőęďěáâćńïï á ŕőňőéìî p cőőâćěâáâćãîéĺě ŕőďŕãâĺ čàăŋĺæë D_1, ŕőńãçăěň ďĺăčàăňňã ´ ŋă T ŋăď ŕàěďáâăćńěŋĺěň ⟨S | R⟩. Řăğďěńĺň łăęďőě àěąàő á ňěâłőľ s ∈ S_i (i = 1, 2) ŋă âàĺ àěąàă á ňěâłăňĺ e_i, ~s, e^{−1}_i . Łăęďőě àěąàő á ňěâłőľ s ∈ S_3 őáâăćĺň, ŋő ěčő ňěâłã ĺğňěŋĺň ŋă ~s. Ŋőćãî ďĺăčàăňňã ŋăď ăńäăćĺâőň {~s | s ∈ S} ∪ {e_1, e_2} őąőğŋăçĺň âőęě çěàěğ T . Šěŕěàì ňőęŋő őŕàěďěńĺâì ŋěŕàěàëćŋőě őâőąàăęěŋĺě f : T → K, őâŕàăćńïï àěąàă á ňěâłăňĺ e_i, ~s, e^{−1}_i ć àěąàă e_i, ~s, e^{−1}_i , àěąàă á ňěâłőľ 1 ć ćěàèĺŋã x_3 ĺ àăáŕàőáâàăŋïï íâő őâőąàăęěŋĺě ŋă łńěâłĺ. Ŋăçăńìŋãî ćěàèĺŋã ĺáåőďŋőčő àěąàă á ňěâłőľ a_1 őąőğŋăçĺň çěàěğ x. Šőčďă őâőąàăęěŋĺě f ĺŋďãæĺàãěâ íŕĺňőàäĺğň f_∗ : π_1(T, x) → π_1(K, x_3). İâőâ íŕĺňőàäĺğň ïćńïěâáï ĺğőňőàäĺğňőň ć áĺńã åőŕäőćőáâĺ čàãŕŕë π_1(T, x).

Ĺğńőęĺň łàăâłő ŕńăŋ ďăńìŋěľèěčő ďőłăğăâěńìáâćă âěőàěňë. Ŕàőőąàăğ f^{−1}(R_3) áőáâőĺâ ĺğ łőŋěçŋőčő çĺáńă ŕőďłőňŕńěłáőć, ćńőęěŋŋëå ć T . Ĺğňěńìçăï łőňŕńěłáë T ĺ K ĺ ŕěàěőŕàěďěńïï őâőąàăęěŋĺě f ć őłàěáâŋőáâĺ f^{−1}(R_3), ňőęŋő áçĺâăâì, çâő łăęďăï łőňŕőŋěŋâă C ŕàőőąàăğă f^{−1}(R_3) ïćńïěâáï ŕőďŕőćěàåŋőáâìî ć T . Ąőńěě âőčő, ňőęŋő áçĺâăâì, çâő C ïćńïěâáï ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî: ěáńĺ ŋěłőâőàăï łőňŕőŋěŋâă ďőŕőńŋěŋĺï ł C ïćńïěâáï ďĺáłőň, âő ňőęŋő ŕěàěőŕàěďěńĺâì f ŋă íâőň ďĺáłě âăł, çâőąë ŋě âőńìłő ěčő čàăŋĺæă, ŋő ĺ ćěáì íâőâ ďĺáł őâőąàăęăńĺáì ć R_3. Ňőęŋő ďőąĺâìáï âăłęě, çâőąë ńîąăï łőňŕőŋěŋâă ŕàőőąàăğă f^{−1}(R_3) ŋě ïćńïńăáì ďĺáłőň. Ŕãáâì S_3 { ŋěłőâőàăï ŋěáęĺňăěňăï ŕőďŕőćěàåŋőáâì ć T , àěăńĺğãîéăï ŕőďčàãŕŕã G_3. Ŕàĺ őçěćĺďŋëå őâőęďěáâćńěŋĺïå ĺňěěň f_∗(π_1(S_3, x)) = G_3 = π_1(R_3, x_3). Šàãďŋőáâì ğăłńîçăěâáï ć âőň, çâő ĺğŋăçăńìŋő f(S_3) ňőęěâ ŋě ńěęăâì ć R_3. Ś ŕőňőéìî ãâćěàęďěŋĺï 1 ňőęŋő áçĺâăâì, çâő őďŋă ĺğ łőňŕőŋěŋâ ŕàőőąàăğă f^{−1}(R_3) àěăńĺğãěâ G_3. Őąőğŋăçĺň íâã łőňŕőŋěŋâã çěàěğ S. Ŕő ãâćěàęďěŋĺî 2 őáâăńìŋëě łőňŕőŋěŋâë ŕàőőąàăğă ïćńïîâáï łőńìæăňĺ, ŕăàăńńěńìŋëňĺ čàăŋĺçŋëň łőňŕőŋěŋâăň S. Ěáńĺ T őàĺěŋâĺàãěňă, âő ěéě àăğ ŕěàěőŕàěďěńïï f, ňőęŋő \ŕàĺáőěďĺŋĺâì" íâĺ łőńìæă ł S ĺ ďőąĺâìáï, çâőąë f^{−1}(R_3) áőćŕăńő á S. Ěáńĺ T ŋěőàĺěŋâĺàãěňă, âő ňë ŕàĺáőěďĺŋïěň ł S ćáě łőńìæă, ğă ĺáłńîçěŋĺěň ŋěłőâőàëå, ńěęăéĺå ć łőňŕőŋěŋâăå ďőŕőńŋěŋĺï T − S, čőňěőňőàäŋëå ńĺáâã Ňěąĺãáă. Ďăńěě ďőłăğëćăěâáï, çâő G_1 ïćńïěâáï äãŋďăňěŋâăńìŋőľ čàãŕŕőľ őąêěďĺŋěŋĺï S ĺ ŋěłőâőàëå łőňŕőŋěŋâ ďőŕőńŋěŋĺï ł S, G_2 ïćńïěâáï äãŋďăňěŋâăńìŋőľ čàãŕŕőľ őąêěďĺŋěŋĺï S ĺ őáâăńìŋëå łőňŕőŋěŋâ ďőŕőńŋěŋĺï ł S.

Ňë ąãďěň ĺáŕőńìğőćăâì áńěďãîéĺě ŕàěőąàăğőćăŋĺï ŕőćěàåŋőáâĺ T ĺ őâőąàăęěŋĺï f.

Ŕàěőąàăğőćăŋĺě D(l). Ŕãáâì l { ŕàőáâőľ (ćőğňőęŋő ğăňłŋãâëľ) ŕãâì ć T , y ĺ z { ěčő ŋăçăńìŋăï ĺ łőŋěçŋăï âőçłĺ. Ŕàěďŕőńőęĺň, çâő f(y) = f(z) = x_3 ĺ ŕěâńï f(l) čőňőâőŕŋă ŕěâńě, ŕàőåőďïéěľ ć R_3. Řăğàěęěň T ćďőńì int(l) ĺ ćáâăćĺň ć íâőâ àăğàěğ ďĺáł D. Ćëąěàěň ć D ŕàőáâőľ ŕãâì l^′, áőěďĺŋïîéĺľ y ĺ z ĺ ďěńïéĺľ D ŋă ďćě ďĺáłă, łăęďëľ ĺğ łőâőàëå áőďěàęĺâ àőćŋő őďĺŋ ĺğ łàăěć àăğàěğă. Őçěćĺďŋő, ňőęŋő àăğąĺâì D ŋă łńěâłĺ ĺ ďőőŕàěďěńĺâì f ŋă D âăł, çâőąë ŕěâńï f(l^′) ńěęăńă ć R_3.

Şâćěàęďěŋĺě 1. Ś ŕőňőéìî łőŋěçŋőčő çĺáńă ŕàěőąàăğőćăŋĺľ ćĺďă D(l) ňőę-

ŋő ďőąĺâìáï, çâőąë őďŋă ĺğ łőňŕőŋěŋâ ŕàőőąàăğă f^{−1}(R_3) ïćńïńăáì ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî, àěăńĺğãîéěľ G_3.

Ďőłăğăâěńìáâćő. Ŕãáâì ŕőďŕőćěàåŋőáâì S_3, àěăńĺğãîéăï G_3, ĺňěěâ r łőňŕőŋěŋâ łàăï. Ŕãáâì γ_1, . . . , γ_{r+t} { áĺáâěňă ŕàőáâëå ŕěâěńì ć S_3 á ŋăçăńőň ć x âăłĺå, çâő γ_i ∩ γ_j = {x} ŕàĺ i ≠ j, γ_i áćőąőďŋő čőňőâőŕŋă ć S_3 łőňŕőŋěŋâě łàăï á ŋőňěàőň i ŕàĺ

1 6 i 6 r, ĺ ŕőáńě àăğàěğăŋĺï S3 ćďőńì γ1, . . . , γr+t ŕőćěàåŋőáâì S3 àăáŕăďăěâáï ŋă

r łőńěæ ĺ ďĺáł P . Ś ŕőňőéìî ŕàěőąàăğőćăŋĺľ D(γ_i) ŕőńãçăěň, çâő ćáě ŕěâńĺ f(γ^′_i) ńěęăâ ć R_3. Ŕőíâőňã ňőęŋő áçĺâăâì á áăňőčő ŋăçăńă, çâő ćáě ŕěâńĺ f(γ_i) ńěęăâ ć R_3. Šăł łăł čàăŋĺæă ďĺáłă P őâőąàăęăěâáï ć R_3, âő ňőęŋő ğăďăâì ěčő ŋőćőě àăğąĺěŋĺě ŋă łńěâłĺ ĺ ŕěàěőŕàěďěńĺâì f âăł, çâőąë f|∂P őáâăńőáì ŕàěęŋĺň ĺ f(P ) ⊂ R_3. Ăŋăńőčĺçŋő ňőęŋő ŕěàěőŕàěďěńĺâì f ć àěčãńïàŋőľ őłàěáâŋőáâĺ ãŕőňïŋãâëå łőńěæ ĺ ďőąĺâìáï, çâőąë f(S_3) ńěęăńő ć R_3.

Őąőğŋăçĺň łőňŕőŋěŋâã ĺğ ãâćěàęďěŋĺï 1 çěàěğ S.

Şâćěàęďěŋĺě 2. Ěáńĺ S1 { łőňŕőŋěŋâă ŕàőőąàăğă f^{−1}(R3), őâńĺçŋăï őâ S,

âő S_1 ïćńïěâáï łőńìæőň. Ąőńěě âőčő, łőńìæő S_1 ŕăàăńńěńìŋő őďŋőľ ĺğ čàăŋĺçŋëå łőňŕőŋěŋâ S.

Ďőłăğăâěńìáâćő. Ŕěàěőŕàěďěńïï f ć őłàěáâŋőáâĺ S_1, ňőęŋő áçĺâăâì, çâő ć S_1 ěáâì âőçłă y ∈ f^{−1}(x_3). Ŕãáâì l { ŕàőáâőľ ŕãâì ć T ĺğ x ć y. Őąőğŋăçĺň çěàěğ H ŕőďčàãŕŕã, áőáâőïéãî ĺğ čőňőâőŕĺçěáłĺå łńăááőć ŕěâěńì lsl^{−1}, čďě s { ŕěâńï ć S_1 á ŋăçăńőň ć y.

Ğăňěâĺň, çâő f(l) { ŕěâńï ć K á ŋăçăńőň ć x_3, ă f(s) { ŕěâńï ć R_3 á ŋăçăńőň ć x_3. Ŕőíâőňã f_∗(H) áőŕàïęěŋă íńěňěŋâőň [f(l)] á ŕőďčàãŕŕőľ čàãŕŕë π_1(R_3, x_3) = f_∗(π_1(S, x)). Šăł łăł f_∗ { ĺğőňőàäĺğň, âő H áőŕàïęěŋă á ŕőďčàãŕŕőľ čàãŕŕë π_1(S, x) ć čàãŕŕě π_1(T, x). Ŕőíâőňã ãâćěàęďěŋĺě ćëâěłăěâ ĺğ ńěňňë 2.4.

Śěľçăá ňë ŕőłăęěň, łăł ňőęŋő ŕěàěőŕàěďěńĺâì f, çâőąë ãňěŋìèĺâì çĺáńő łőňŕőŋěŋâ áćïğŋőáâĺ f^{−1}(R_3). Ŕãáâì S_1 { őďŋă ĺğ łőňŕőŋěŋâ áćïğŋőáâĺ f^{−1}(R_3), őâńĺçŋăï őâ S. Ŕěàěőŕàěďěńïï f, ňőęŋő áçĺâăâì, çâő ć S_1 áãéěáâćãěâ âőçłă y ∈ f^{−1}(x_3). Ŕãáâì s { ŕàőĺğćőńìŋăï ŕěâńï ć S_1 á ŋăçăńőň ć y, ŕőàőęďăîéăï π_1(S_1, y). Řăááňőâàĺň âàĺ áńãçăï.

Śńãçăľ 1. Łőňŕőŋěŋâă T − S, ć łőâőàőľ ńěęĺâ S_1, ŋě ïćńïěâáï łőńìæőň ĺ ńĺáâőň Ňěąĺãáă.

Ŕő ãâćěàęďěŋĺî 2 ć ďőŕőńŋěŋĺĺ T − (S ∪ S_1) áãéěáâćãěâ ěďĺŋáâćěŋŋăï łőňŕőŋěŋâă C, ïćńïîéăïáï łőńìæőň, őďŋă ĺğ čàăŋĺçŋëå łőňŕőŋěŋâ łőâőàőčő ńěęĺâ ć S, ďàãčăï { ć S_1. Ŕãáâì l { ŕàőáâăï łàĺćăï ć S ∪ C ∪ S_1, áőěďĺŋïîéăï x ĺ y.

Şâćěàęďěŋĺě 3. Ŕěâńï f(l) čőňőâőŕŋă ŕěâńě ĺğ R3.

Ďőłăğăâěńìáâćő. Őąőğŋăçĺň z = [f(l)]. Šăł łăł S ïćńïěâáï àěâàăłâőň S ∪C ∪S_1, âő [lsl^{−1}] ∈ G_3. İńěňěŋâ [f(lsl^{−1})] ∈ π_1(R_3, x_3) áőŕàïęěŋ íńěňěŋâőň z c íńěňěŋâőň [f(s)] ∈ π_1(R_3, x_3). Šőčďă íńěňěŋâ [lsl^{−1}] ∈ π_1(S, x) áőŕàïęěŋ íńěňěŋâőň f^{−1}_∗ (z) c íńěňěŋâőň f^{−1}_∗ ([f(s)]) ∈ π_1(S, x). Ĺğ ńěňňë 2.5 áńěďãěâ, çâő f^{−1}_∗ (z) ∈ π_1(S, x) ĺ, ğŋăçĺâ, z ∈ π_1(R_3, x_3).

Śďěńăć ŕàěőąàăğőćăŋĺě D(l), ňőęŋő áçĺâăâì, çâő f(l) ⊂ R_3. Ěáńĺ àăğàěğăâì łőńìæő C ŕő l, âő ŕőńãçĺâáï ďĺáł á čàăŋĺæěľ, őâőąàăęăîéěľáï ŕőď ďěľáâćĺěň f ć R_3. Ŕőíâőňã ňőęŋő ŕěàěőŕàěďěńĺâì f ŋă C âăł, çâőąë C őâőąàăęăńőáì ć R_3. Ŕőáńě íâőčő çĺáńő łőňŕőŋěŋâ áćïğŋőáâĺ f^{−1}(R_3) ãňěŋìèĺâáï ŋă őďŋã.

Śńãçăľ 2. Łőňŕőŋěŋâă T − S, ć łőâőàőľ ńěęĺâ S_1, ïćńïěâáï łőńìæőň.

Ŕãáâì C { íâő łőńìæő, C_1, C_2 { łőňŕőŋěŋâë ďőŕőńŋěŋĺï ł S_1 ć C, l_i { ŕàőáâëě łàĺćëě ĺğ x ć y ć S ∪ C_i ∪ S_1. Őąőğŋăçĺň t = [l_1l^{−1}_2 ], z_i = [f(l_i)], t_i = f^{−1}_∗ (z_i). Šőčďă t = t_1t^{−1}_2 . Ŕőńőęĺň A_i = ⟨[l_isl^{−1}_i ]⟩.

Čàãŕŕă π_1(S∪C, x) ïćńïěâáï HNN-àăáèĺàěŋĺěň á ąăğőľ π_1(S, x), ăááőæĺĺàãěňëňĺ ŕőďčàãŕŕăňĺ A_1, A_2 ĺ ŕàőåőďŋőľ ąãłćőľ t.

Řăááãęďăï łăł ć áńãçăě 1, ĺňěěň A^{t1}_1 6 π_1(S, x). Šăł łăł T ŋě ïćńïěâáï âőàőň, âő őâáîďă áńěďãěâ, çâő t_1 ∈ π_1(S, x) ĺńĺ t_1 ∈ tπ_1(S, x). Ćő ćâőàőň áńãçăě ĺňěěň t_2 = t^{−1}t_1 ∈ π_1(S, x). Ğŋăçĺâ, z_1 ĺńĺ z_2 ŕàĺŋăďńěęĺâ π_1(R_3, x_3). İâő ŕőğćőńïěâ ŕěàěőŕàěďěńĺâì f ŋă C_1 ĺńĺ ŋă C_2 ĺ ãňěŋìèĺâì çĺáńő łőňŕőŋěŋâ áćïğŋőáâĺ f^{−1}(R_3).

Śńãçăľ 3. Łőňŕőŋěŋâă T − S, ć łőâőàőľ ńěęĺâ S_1, ïćńïěâáï ńĺáâőň Ňěąĺãáă. Ŕãáâì M { íâőâ ńĺáâ Ňěąĺãáă. Šőčďă ć ďőŕőńŋěŋĺĺ T − (S ∪ S_1) áãéěáâćãěâ ěďĺŋáâćěŋŋăï łőňŕőŋěŋâă C, ïćńïîéăïáï łőńìæőň, őďŋă ĺğ čàăŋĺçŋëå łőňŕőŋěŋâ łőâőàőčő ńěęĺâ ć S, ďàãčăï { ć S_1. Śçĺâăěň, çâő S_1 { ąńĺęăľèăï ł S łőňŕőŋěŋâă ĺğ f^{−1}(R_3), àăáŕőńőęěŋŋăï ć M, âő ěáâì int(C) ∩ f^{−1}(R_3) = ∅. Ŕãáâì l { ŕàőáâăï łàĺćăï ć S ∪ C ∪ S_1, áőěďĺŋïîéăï x ĺ y, z = [f(l)]. Ĺňěěň π_1(S ∪ M, x) = π_1(S, x) ∗_{⟨a2⟩} ⟨a⟩, čďě a áőőâćěâáâćãěâ âăłőňã ŕőàőęďăîéěňã čàãŕŕë π_1(M), çâő a^2 = [lsl^{−1}]. Řăááãęďăï łăł ć ďőłăğăâěńìáâćě ãâćěàęďěŋĺï 3 ĺ ŕàĺŋĺňăï ćő ćŋĺňăŋĺě, çâő T { ŋě ąãâëńłă Łńěľŋă, ŕőńãçăěň f^{−1}_∗ (z) ∈ π_1(S, x) ∪ aπ_1(S, x). Ěáńĺ f^{−1}_∗ (z) ∈ π_1(S, x), âő ãâćěàęďěŋĺě 3 áŕàăćěďńĺćő, ňë ňőęěň ŕěàěőŕàěďěńĺâì f ĺ ŕàĺáőěďĺŋĺâì S_1 ł S, łăł ć áńãçăě 1.

Ŕãáâì f^{−1}_∗ (z) ∈ aπ_1(S, x). Šăł łăł l ŕěàěáěłăěâ âőńìłő őďŋã łőňŕőŋěŋâã ďőŕőńŋěŋĺï T − (S ∪ S_1), âő z ∈ G_1 ĺńĺ z ∈ G_2. Ŕőíâőňã f_∗(a) ∈ G_1 ĺńĺ f_∗(a) ∈ G_2. Śőőâćěâáâćěŋŋő ŋăğőćěň M ńĺáâőň Ňěąĺãáă ćĺďă 1 ĺńĺ 2. Ć íâőň ŕőďáńãçăě ňë ŋě ŕàĺáőěďĺŋïěň S_1 ł S.

Ŕàőďěńëćăï łőŋěçŋőě çĺáńő âăłĺå ŕěàěőŕàěďěńěŋĺľ, ňë ďőąìěňáï, çâő f^{−1}(R_3) ąãďěâ ĺňěâì ěďĺŋáâćěŋŋãî łőňŕőŋěŋâã ćŋě őąêěďĺŋěŋĺï ńĺáâőć Ňěąĺãáă ćĺďă 1 ĺ 2. İâă łőňŕőŋěŋâă àěăńĺğãěâ G_3. Őąőğŋăçĺň ěě çěàěğ S_3, ă őąêěďĺŋěŋĺě ńĺáâőć Ňěąĺãáă ćĺďă i { çěàěğ M_i. Ŕőďłőňŕńěłá K_3 àăğąĺćăěâ łőňŕńěłá K ŋă ďćě łőňŕőŋěŋâë áćïğŋőáâĺ. Łőňŕőŋěŋâã, áőďěàęăéãî R_i, őąőğŋăçĺň çěàěğ R^′_i (i = 1, 2). Šőčďă çăáâì łőňŕőŋěŋâ áćïğŋőáâĺ ďőŕőńŋěŋĺï T − (S_3 ∪ M_1 ∪ M_2) ńěęĺâ ć ŕàőőąàăğě R^′_1, ďàãčăï çăáâì { ć ŕàőőąàăğě R^′_2. Őąőğŋăçĺň çěàěğ S_i őąêěďĺŋěŋĺě S_3, M_i ĺ âěå łőňŕőŋěŋâ áćïğŋőáâĺ ďőŕőńŋěŋĺï T − (S_3 ∪ M_1 ∪ M_2), łőâőàëě ńěęăâ ć ŕàőőąàăğě R^′_i (i = 1, 2). Ŕőńőęĺň G^′_i = π_1(S_i, x).

Šőčďă ćáě S_i { ŋěáęĺňăěňëě ŕőďŕőćěàåŋőáâĺ, T = S_1 ∪ S_2, S_1 ∩ S_2 = S_3 ĺ, ğŋăçĺâ, π_1(T, x) = G^′_1 ∗_{G3} G^′_2. Šăł łăł π_1(T, x) = G_1 ∗_{G3} G_2, G^′_1 6 G_1, G^′_2 6 G_2, âő ĺğ ŋőàňăńìŋőľ äőàňë íńěňěŋâă ć áćőąőďŋőň ŕàőĺğćěďěŋĺĺ á őąêěďĺŋěŋĺěň áńěďãěâ, çâő G_1 = G^′_1, G_2 = G^′_2. Šěőàěňă ďőłăğăŋă.

§ 3. Łàĺâěàĺľ čěőňěâàĺçŋőáâĺ HNN-àăáèĺàěŋĺï

Śńěďãîéĺľ ŕàĺňěà ŕőłăğëćăěâ, łăł ňőęŋő áâàőĺâì ŋěâàĺćĺăńìŋëě HNNàăáèĺàěŋĺï, ĺğőňőàäŋëě čàãŕŕě π_1(T_g, x).

Ŕàĺňěà. Ŕãáâì N { ŕőďŕőćěàåŋőáâì ć Tg âăłăï, çâő Tg − N { æĺńĺŋďà, x ∈ N. Šőčďă π_1(T_g, x) = ⟨H, t | Z_1 = t^{−1}Z_2t⟩, čďě H = π_1(N, x), Z_1 ĺ Z_2 { ŕőďčàãŕŕë H, áőőâćěâáâćãîéĺě łőňŕőŋěŋâăň čàăŋĺæë N, t { ŕàőåőďŋăï ąãłćă, áőőâćěâáâćãîéăï àãçłě T_g −N. Ććěďěň ŋőćëě ŕőàőęďăîéĺě h ĺ ŋőćëě áőőâŋőèěŋĺï h = t^{−1}ht (h ∈ H). Ďńï ńîąőľ ŕőďčàãŕŕë K 6 H őąőğŋăçĺň çěàěğ K čàãŕŕã {k | k ∈ K}. Šőčďă ňë ňőęěň ŕěàěŕĺáăâì ŕàěďáâăćńěŋĺě ć ćĺďě ⟨H, H, t | Z_1 = Z_2, H = t^{−1}Ht⟩ = ⟨H ∗_{Z1=Z2} H, t | H = t^{−1}Ht⟩. Ąăğă H ∗_{Z1=Z2} H íâőčő HNN-àăáèĺàěŋĺï ŋě àěăńĺğãěâáï ć T_g, őďŋăłő, àěăńĺğãěâáï

ć ŕőďåőďïéěň ďćãńĺáâŋőň ŋăłàëâĺĺ ~T_g (àĺá. 4).

fflffi fifl ’ & $ % U + − + − fflffi fifl^+_− ’ & $ % o - ~T_g T_g r r Řĺá. 4

Šěőàěňă 3.1. Ŕãáâì T { ğăňłŋãâăï ŕőćěàåŋőáâì ĺ π1(T, x) = G ∗_{H1=t�1H2t}. Ěáńĺ

H_1 àěăńĺğãěâáï ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî ć T , âő G âőęě àěăńĺğãěâáï ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî ć ŕőďåőďïéěň ďćãńĺáâŋőň ŋăłàëâĺĺ ŕőćěàåŋőáâĺ T . Ąőńěě âőčő, G ïćńïěâáï äãŋďăňěŋâăńìŋőľ čàãŕŕőľ čàăäă čàãŕŕ c æĺłńĺçěáłĺňĺ àěąěàŋëňĺ čàãŕŕăňĺ ĺ ďćãňï ćëďěńěŋŋëňĺ ćěàèĺŋŋëňĺ čàãŕŕăňĺ H_1 ĺ H_2.

Ďőłăğăâěńìáâćő. Şâćěàęďěŋĺě őçěćĺďŋő ć áńãçăě, łőčďă T { âőà. Ěáńĺ T { ąãâëńłă Łńěľŋă, âő ãâćěàęďěŋĺě áńěďãěâ ĺğ ńěňňë 3.2 ĺ âěőàěňë Ŋĺńìáěŋă őą ĺŋďãæĺàãěňőáâĺ ăćâőňőàäĺğňőć äãŋďăňěŋâăńìŋőľ čàãŕŕë ğăňłŋãâőľ ŕőćěàåŋőáâĺ čőňěőňőàäĺğňăňĺ íâőľ ŕőćěàåŋőáâĺ (áň. [6]).

Ńěňňă 3.2. Čàãŕŕă A = ⟨a, b | b^{−1}ab = a^{−1}⟩ ĺňěěâ ěďĺŋáâćěŋŋőě (á âőçŋőáâìî

ďő ăćâőňőàäĺğňőć) ŕàěďáâăćńěŋĺě ć ćĺďě HNN-àăáèĺàěŋĺï.

Ďőłăğăâěńìáâćő. Ŕãáâì A = ⟨G, t | H_1 = t^{−1}H_2t⟩. Šăł łăł ćáïłăï ŋěěďĺŋĺçŋăï ŕőďčàãŕŕă ąěáłőŋěçŋőčő ĺŋďěłáă ć A ĺğőňőàäŋă Z, âő G ∼= Z. Ŋěáńőęŋëě ćëłńăďłĺ ŕőłăğëćăîâ, çâő G = H_1 ĺ t őąàăéăěâ ŕőàőęďăîéĺľ čàãŕŕë G.

Ŕàěďŕőńőęĺň âěŕěàì, çâő T ŋě ïćńïěâáï âőàőň ĺ ąãâëńłőľ Łńěľŋă. Ŕãáâì (R_0, v_0) ĺ (R_1, v_1) { àőğë, äãŋďăňěŋâăńìŋëě čàãŕŕë łőâőàëå őâőęďěáâćńěŋë á G ĺ H_1. Śőěďĺŋĺň ćěàèĺŋë v_1 ĺ v_0 àěąàăňĺ e_1 ĺ e_2 ĺ ł ŕőńãçěŋŋőňã čàăäã` ŕàĺłńěĺň łńěâłĺ âăł, çâőąë äãŋďăňěŋâăńìŋăï čàãŕŕă ŕőáâàőěŋŋőčő łőňŕńěłáă K őâŋőáĺâěńìŋő ćěàèĺŋë v_1 ěáâěáâćěŋŋő őâőęďěáâćĺńăáì á čàãŕŕőľ G ∗_{H1=t}�_{1H2t} (àĺá. 5).

s s_{66 e1e2 v0}

v_1

R_0

R_1 + −

Řĺá. 5

Ŕàĺ íâőň íńěňěŋâë čàãŕŕë G ĺğőąàăęăîâáï ŕěâńïňĺ ć {v_1}∪{e_1, —e_1}∪R_0 á ŋăçăńăňĺ ć v_1, ŕàőåőďŋăï ąãłćă t ĺğőąàăęăěâáï ŕěâńěľ e_1e^{−1}_2 .

Ąőńěě âőçŋő, ŕãáâì φ : H_1 → H_2 { ĺğőňőàäĺğň âăłőľ, çâő φ(h) = tht^{−1} ďńï h ∈ H_1. Ŕãáâì {h_1, . . . , h_n} { ąăğĺá H_1, {g_1, . . . , g_m} { ąăğĺá G ĺ h_i = u_i(g_1, . . . , g_m), φ(h_i) = w_i(g_1, . . . , g_m). Šőčďă ł čàăäã ` ŕàĺłńěĺň łńěâłĺ á čàăŋĺæăňĺ ~h_ie_1~u^{−1}_i e^{−1}_1 ĺ ~h_ie_2 ~w^{−1}_i e^{−1}_2 , čďě ~h_i { ŕěâńï ć R_1, áőőâćěâáâćãîéăï íńěňěŋâã h_i; ~u_i ĺ ~w_i { ŕěâńĺ ć R_0, áőőâćěâáâćãîéĺě áńőćăň u_i ĺ w_i. Ŕőńãçěŋŋëľ łőňŕńěłá őąőğŋăçĺň çěàěğ K.

Łăł ĺ ć ďőłăğăâěńìáâćě âěőàěňë 2.6 ňőęŋő ŕőáâàőĺâì ŋěŕàěàëćŋőě őâőąàăęěŋĺě f : (T, x) → (K, v_1), ĺŋďãæĺàãîéěě ĺğőňőàäĺğň äãŋďăňěŋâăńìŋëå čàãŕŕ. Ďăńěě ňë őâőęďěáâćńïěň π_1(T, x) ĺ π_1(K, v_1) á ŕőňőéìî f_∗.

Ŕàěďŕőńőęĺň áŋăçăńă, çâő ŕőćěàåŋőáâì T őàĺěŋâĺàãěňă. Ć íâőň áńãçăě ňőęŋő ďőąĺâìáï, çâőąë ŕàőőąàăğ f^{−1}(R_1) áőáâőïń âőńìłő ĺğ őďŋőľ łőňŕőŋěŋâë áćïğŋőáâĺ ĺ áőćŕăďăń á ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî S ć T , àěăńĺğãîéěľ ŕőďčàãŕŕã H_1. Łőňŕőŋěŋâã čàăŋĺæë S ŋăğőćěň ŕőńőęĺâěńìŋőľ (őâàĺæăâěńìŋőľ), ěáńĺ áãéěáâćãěâ ěě őłàěáâŋőáâì, őâőąàăęăîéăïáï ć e_1 (ć e_2).

Ŕãáâì M_1, . . . , M_r { łőňŕőŋěŋâë áćïğŋőáâĺ T − int(S), ãŕőàïďőçěŋŋëě âăł, çâő ďńï ŋěłőâőàőčő p 6 r łăęďăï ĺğ łőňŕőŋěŋâ M_1, . . . , M_p ĺňěěâ ŕő łàăľŋěľ ňěàě őďŋã ŕőńőęĺâěńìŋãî łőňŕőŋěŋâã čàăŋĺæë, łăęďăï ĺğ łőňŕőŋěŋâ M_{p+1}, . . . , M_r ĺňěěâ âőńìłő őâàĺæăâěńìŋëě łőňŕőŋěŋâë čàăŋĺæë. Ğăňěâĺň, çâő áãéěáâćãěâ M_i, ã łőâőàőľ ĺňěîâáï łăł ŕőńőęĺâěńìŋëě, âăł ĺ őâàĺæăâěńìŋëě łőňŕőŋěŋâë čàăŋĺæë. Ć ŕàőâĺćŋőň áńãçăě ĺğ àăááňőâàěŋĺï őâőąàăęěŋĺï f : T → K áńěďőćăńő ąë, çâő čàãŕŕă π_1(T, x) ŕőàőęďăěâáï G ĺ t^{−1}Gt, çâő ŋěćőğňőęŋő. Ŕőíâőňã áçĺâăěň, çâő M_1 { őďŋă ĺğ âăłĺå łőňŕőŋěŋâ.

Ćëŕĺèěň ŕàěďáâăćńěŋĺě čàãŕŕë π_1(T, x) őâŋőáĺâěńìŋő àăğąĺěŋĺï T ŋă S ĺ M_1, . . . , M_r. Ŕőńőęĺâěńìŋëě łőňŕőŋěŋâë čàăŋĺæë S, ńěęăéĺě ć M_i, őąőğŋăçĺň çěàěğ a_{i1}, . . . , a_{ini} , őâàĺæăâěńìŋëě { çěàěğ b_{i1}, . . . , b_{imi} . Ć łăęďőľ âăłőľ łőňŕőŋěŋâě a_{ij}, b_{ij} ćëąěàěň ŕő âőçłě, ćëąěàěň őàĺěŋâăæĺî ĺ ąãďěň àăááňăâàĺćăâì a_{ij} ĺ b_{ij} łăł ŕěâńĺ.

Ć S ćëąěàěň ąăğĺáŋãî âőçłã x ĺ ŕàőáâëě ŕãâĺ P_{ij} ĺ Q_{ij}, ćěďãéĺě ĺğ x ć ŋăçăńă a_{ij} ĺ b_{ij} áőőâćěâáâćěŋŋő. Ć łăęďőľ M_i ćëąěàěň ąăğĺáŋãî âőçłã x_i ĺ ŕàőáâëě ŕãâĺ p_{ij} ĺ q_{ij}, ćěďãéĺě ĺğ x_i ć ŋăçăńă a_{ij} ĺ b_{ij} áőőâćěâáâćěŋŋő. Śçĺâăěň, çâő íâĺ ŕãâĺ ŕőŕăàŋő ŋě ŕěàěáěłăîâáï ŕő ćŋãâàěŋŋĺň âőçłăň (àĺá. 6).

ff � � � Y ff � � � Y ff � � � s s * * a_{i1} a_{i2} b_{i2} b_{i1} P_{i1}

p_{i1} p_{i2}

P_{i2} Qi2

q_{i2} q_{i1}

Q_{i1} & % q q q q_{˘ ¿K}^{ffl UW} x_i x ... S

M_i

ff ˝

Řĺá. 6

Ďńï i 6 p őąőğŋăçĺň x_{ij} = P_{ij}a_{ij}P^{−1}_{ij} , y_{ij} = Q_{ij}b_{ij}Q^{−1}_{ij} , x^′_{ij} = P_{i1}p^{−1}_{i1} p_{ij} a_{ij}p^{−1}_{ij} p_{i1}P^{−1}_{i1} , y^′_{ij} = P_{i1}p^{−1}_{i1} q_{ij}b_{ij}q^{−1}_{ij} p_{i1}P^{−1}_{i1} , t_{ij} = P_{i1}p^{−1}_{i1} p_{ij}P^{−1}_{ij} , l_{ij} = P_{i1}p^{−1}_{i1} q_{ij}Q^{−1}_{ij} .

Ďńï i > p őąőğŋăçĺň

u_{ij} = Q_{ij}b_{ij}Q^{−1}_{ij} , v_{ij} = Q_{i1}q^{−1}_{i1} q_{ij}b_{ij}q^{−1}_{ij} q_{i1}Q^{−1}_{i1} , d_{ij} = Q_{i1}q^{−1}_{i1} q_{ij}Q^{−1}_{ij} .

Ŕàĺ i 6 p ćńőęĺň čàãŕŕã π_1(M_i, x_i) ć čàãŕŕã π_1(T, x) ŕőáàěďáâćőň őâőąàăęěŋĺï [l] → [P_{i1}p^{−1}_{i1} lp_{i1}P^{−1}_{i1} ], ă ŕàĺ i > p ŕőáàěďáâćőň őâőąàăęěŋĺï [l] → [Q_{i1}q^{−1}_{i1} lq_{i1}Q^{−1}_{i1} ]. Őąàăğ íâőčő ćńőęěŋĺï őąőğŋăçĺň çěàěğ π_1(M_i). Ďăńěě, çâőąë ŋě ğăčàőňőęďăâì őąőğŋăçěŋĺľ, ňë ąãďěň őąőğŋăçăâì ŕěâńĺ ĺ ĺå čőňőâőŕĺçěáłĺě łńăááë őďŋőľ ĺ âőľ ęě ąãłćőľ. Şáńőćĺňáï, çâő ŕăàë ĺŋďěłáőć i, k ĺ i, j ĺ ŕăàă ĺŋďěłáőć k, j ŕàőąěčăîâ ňŋőęěáâćă ⋃ 16s6p ({s} × {1, . . . , n_s}), ⋃ 16s6p ({s} × {1, . . . , m_s}) ĺ ⋃ p+16s6r ({s} × {1, . . . , m_s}). Ŕãáâì F { áćőąőďŋăï čàãŕŕă á ąăğĺáőň {t_{ik}, l_{ij}, d_{kj} }. Šőčďă čàãŕŕă π_1(T, x) ĺňěěâ ŕàěďáâăćńěŋĺě ⟨π_1(S, x) ∗ π_1(M_1) ∗ · · · ∗ π_1(M_r) ∗ F | t_{i1} = 1, t_{ik}x_{ik}t^{−1}_{ik} = x^′_{ik}, l_{ij}y_{ij}l^{−1}_{ij} = y^′_{ij}, d_{k1} = 1, d_{kj} u_{kj}d^{−1}_{kj} = v_{kj}⟩. (2) Ććěďěň ŋőćëě ŕőàőęďăîéĺě L_{ij} , y^{′′} (y ∈ π_1(S, x)), D_{kj} , v^{′′} (v ∈ ∪^r_{s=p+1}π_1(M_s)) ĺ áőőâŋőèěŋĺï L_{ij} = l_{ij}l^{−1}_{11} , y^{′′} = l_{11}yl^{−1}_{11} , D_{kj} = l_{11}d_{kj} l^{−1}_{11} , v^{′′} = l_{11}vl^{−1}_{11} . Ůěàěğ π_1(S^{′′}) őąőğŋăçĺň ĺğőňőàäŋãî łőŕĺî čàãŕŕë π_1(S, x), áőáâőïéãî ĺğ íńěňěŋâőć y^{′′}, čďě y ŕàőąěčăěâ π_1(S, x). Ůěàěğ π_1(M^{′′}_i ) őąőğŋăçĺň ĺğőňőàäŋãî łőŕĺî čàãŕŕë π_1(M_i), áőáâőïéãî ĺğ íńěňěŋâőć v^{′′}, čďě v ŕàőąěčăěâ π_1(M_i). Ć ďăńìŋěľèěň íâĺ čàãŕŕë ąãďãâ áőőâćěâáâćőćăâì ŕőďŕőćěàåŋőáâïň S^{′′} ĺ M^{′′}_i ć ďćãńĺáâŋőň ŋăłàëâĺĺ ~T . Ůěàěğ F őąőğŋăçĺň áćőąőďŋãî čàãŕŕã á ąăğĺáőň {t_{ik}, L_{ij}, D_{kj} }. Šőčďă á ŕőňőéìî ŕàěőąàăğőćăŋĺľ Šĺæě ňőęŋő ŕěàěŕĺáăâì ŕàěďáâăćńěŋĺě (2) ć ćĺďě

⟨π_1(S, x) ∗ π_1(M_1) ∗ · · · ∗ π_1(M_p) ∗ π_1(M^{′′}_{p+1}) ∗ · · · ∗ π_1(M^{′′}_r ) ∗ π_1(S^{′′}) ∗ F, l_{11} | t_{i1} = 1, t_{ik}x_{ik}t^{−1}_{ik} = x^′_{ik}, L_{11} = 1, L_{ij} y^{′′}_{ij}L^{−1}_{ij} = y^′_{ij}, D_{k1} = 1, D_{kj} u^{′′}_{kj}D^{−1}_{kj} = v^{′′}_{kj}, l_{11}yl^{−1}_{11} = y^{′′} (y ∈ π_1(S, x))⟩. (3)

Šěŕěàì ćĺďŋő, çâő π_1(T, x) ïćńïěâáï HNN-àăáèĺàěŋĺěň á ąăğőľ G^′ = ⟨π_1(S, x), π_1(M_1), . . . , π_1(M_p), π_1(M^{′′}_{p+1}), . . . , π_1(M^{′′}_r ), π_1(S^{′′}), F⟩, ŕàőåőďŋőľ ąãłćőľ l_{11} ĺ ăááőæĺĺàőćăŋŋëňĺ ŕőďčàãŕŕăňĺ π_1(S, x) ĺ π_1(S^{′′}):

π_1(T, x) = ⟨G^′, l_{11} | π_1(S^{′′}) = l_{11}π_1(S, x)l^{−1}_{11} ⟩. (4)

Ńěňňă 3.3. Ŕãáâì l { ŕěâńï ć T á ŋăçăńőň ć x.

1) Ěáńĺ l ŕěàěáěłăěâ âőńìłő ŕőńőęĺâěńìŋëě łőňŕőŋěŋâë čàăŋĺæë S, âő [l] ∈ G. 2) Ěáńĺ l ŕěàěáěłăěâ âőńìłő őâàĺæăâěńìŋëě łőňŕőŋěŋâë čàăŋĺæë S, âő [l] ∈ t^{−1}Gt. 3) Ěáńĺ l ŕěàěáěłăěâ âàăŋáćěàáăńìŋő âőńìłő ďćě łőňŕőŋěŋâë čàăŋĺæë S, áŋăçăńă ŕőńőęĺâěńìŋãî, ğăâěň őâàĺæăâěńìŋãî, âő [l] = gt ďńï ŋěłőâőàőčő g ∈ G.

Ďőłăğăâěńìáâćő. Řăááňőâàĺň ŕěâńî f(l) ć K. Ć ŕěàćőň áńãçăě f(l) čőňőâőŕŋă ŕěâńě ĺğ ŕőďłőňŕńěłáă {v_1} ∪ {e_1, —e_1} ∪ R_0, äãŋďăňěŋâăńìŋăï čàãŕŕă łőâőàőčő őâőęďěáâćńěŋă á G. Ćő ćâőàőň áńãçăě f(l) čőňőâőŕŋă ŕěâńě ĺğ ŕőďłőňŕńěłáă {v_1} ∪ {e_2, —e_2} ∪ R_0, äãŋďăňěŋâăńìŋăï čàãŕŕă łőâőàőčő őâőęďěáâćńïěâáï á t^{−1}Gt.

Ć âàěâìěň áńãçăě f(l) čőňőâőŕŋă ŕěâńě ćĺďă h_1e_1ue^{−1}_2 h_2, čďě h_1, h_2 { ŕěâńĺ ć R_1, u { ŕěâńï ć R_0, ĺ ğŋăçĺâ, čőňőâőŕŋă ŕěâńě h_1e_1ue^{−1}_1 · e_1e^{−1}_2 h_2e_2e^{−1}_1 · e_1e^{−1}_2 . Šăł łăł [h_1e_1ue^{−1}_1 ] ∈ G, [e_1e^{−1}_2 ] = t ĺ tH_1t^{−1} = H_2 6 G, âő [l] = gt, čďě g ∈ G.

Ńěňňă 3.4. G^′ = G.

Ďőłăğăâěńìáâćő. Ĺğ ńěňňë 3.3 áńěďãěâ, çâő π_1(M_i) 6 G ŕàĺ i = 1, . . . , p, π_1(M_i) 6 t^{−1}Gt ŕàĺ i = p + 1, . . . , r, t_{ik} ∈ G, l_{ij} = g_{ij}t, čďě g_{ij} ∈ G, ĺ d_{kj} = t^{−1}f_{kj} t, čďě f_{kj} ∈ G. Šăłęě π_1(S^{′′}) = l_{11}π_1(S, x)l^{−1}_{11} = g_{11}tH_1t^{−1}g^{−1}_{11} = g_{11}H_2g^{−1}_{11} 6 G. Ŕőíâőňã G^′ 6 G. Ğăňěŋĺň ć ĺáåőďŋőň ŕàěďáâăćńěŋĺĺ ⟨G, t | H_2 = tH_1t^{−1}⟩ ŕàőåőďŋãî ąãłćã t ŋă ŕàőåőďŋãî ąãłćã l_{11}. Ŕőńãçĺň ŋőćőě ŕàěďáâăćńěŋĺě ⟨G, l_{11} | g_{11}H_2g^{−1}_{11} = l_{11}H_1l^{−1}_{11} ⟩ = ⟨G, l_{11} | π_1(S^{′′}) = l_{11}π_1(S, x)l^{−1}_{11} ⟩. Ĺğ ŋőàňăńìŋőľ äőàňë HNN-àăáèĺàěŋĺï ĺ (4) áńěďãěâ, çâő G = G^′.

Ďőłăęěň, çâő G àěăńĺğãěâáï ć ďćãńĺáâŋőň ŋăłàëâĺĺ ~T ŕőćěàåŋőáâĺ T , ŕőńãçăîéěňáï ĺğ ďćãå łőŕĺľ ŕőćěàåŋőáâĺ T àăğàěğăŋĺěň ĺå ŕő łàĺćëň b_{sj} , čďě s ∈ {i, k}, ĺ ŕěàěłńěĺćăŋĺěň àãçěł ŋăłàěáâ. Ąőńěě âőçŋő, àăğàěęěň ŕőćěàåŋőáâì T ŕő ćáěň łàĺćëň b_{sj}. Ŕőńãçĺâáï ŕőćěàåŋőáâì (ćőğňőęŋő ŋěáćïğŋăï) á łàăïňĺ _b_{sj} ĺ -b_{sj}. Ćőğìňěň ďćě łőŕĺĺ T^′ ĺ T^{′′} íâőľ ŕőćěàåŋőáâĺ ĺ ŕàĺłńěĺň łàăï _b_{sj} ĺ -b_{sj} őďŋőľ łőŕĺĺ ł łàăïň -b_{sj} ĺ _b_{sj} ďàãčőľ łőŕĺĺ. Ŕőńãçěŋŋãî ŕőćěàåŋőáâì őąőğŋăçĺň çěàěğ ~T (àĺá. 7). Ŕãáâì ρ : ~T → T { ŋăłàëćăîéěě őâőąàăęěŋĺě. Śçĺâăěň, çâő ŕőćěàåŋőáâĺ T^′ ĺ T^{′′} ěáâěáâćěŋŋő ćńőęěŋë ć ~T ĺ őąőğŋăçĺň çěàěğ S^′ ĺ S^{′′} łőňŕőŋěŋâë ρ^{−1}(S), ńěęăéĺě ć T^′ ĺ T^{′′}. Łőňŕőŋěŋâë čàăŋĺæ ŕőćěàåŋőáâěľ S^′ ĺ S^{′′}, őâőąàăęăîéĺěáï ŕőáàěďáâćőň ρ ć ŕőńőęĺâěńìŋëě (őâàĺæăâěńìŋëě) łőňŕőŋěŋâë čàăŋĺæë S, ŋăğőćěň ŕőńőęĺâěńìŋëňĺ (őâàĺæăâěńìŋëňĺ).

Őąőğŋăçĺň çěàěğ M^′ ŕőďŕőćěàåŋőáâì T^′ ∪S^{′′} ć ~T , çěàěğ M^{′′} ŕőďŕőćěàåŋőáâì T^{′′} ∪S^′. Őçěćĺďŋő, M^′ ïćńïěâáï őďŋőľ ĺğ łőňŕőŋěŋâ áćïğŋőáâĺ, ŕőńãçăîéĺåáï ŕãâěň àăğàěğăŋĺï ~T ćďőńì őâàĺæăâěńìŋëå łőňŕőŋěŋâ čàăŋĺæë S^′ ĺ ćďőńì ŕőńőęĺâěńìŋëå łőňŕőŋěŋâ čàăŋĺæë S^{′′}. Ŕőďŕőćěàåŋőáâì M^′ ğăłàăèěŋă ŋă àĺá. 7. Ůěàěğ x^′ ĺ x^{′′} őąőğŋăçĺň ŕőďŋïâĺï âőçłĺ x, ńěęăéĺě ć ŕőďŕőćěàåŋőáâïå S^′ ĺ S^{′′}. Ć łăçěáâćě ąăğĺáŋőľ âőçłĺ ŕőćěàåŋőáâĺ ~T ćőğìňěň âőçłã x^′. Šěŕěàì ïáŋő, çâő π_1(M^′, x^′) = G^′ = G. Ŕőáńěďŋěě ãâćěàęďěŋĺě âěőàěňë ćëâěłăěâ ĺğ àăááňőâàěŋĺï ŕőćěàåŋőáâĺ M^′ ĺńĺ ĺğ ŕàěďáâăćńěŋĺï (3) á ãçěâőň âőčő, çâő π_1(S, x) = H_1, π_1(S^{′′}) = g_{11}H_2g^{−1}_{11} . s_x^{− +}_{+ −−−} s_{x′} s_{x′′} œ T ~T S S^′ S^{′′}

Řĺá. 7

Ŕàěďŕőńőęĺň âěŕěàì, çâő ŕőćěàåŋőáâì T ŋěőàĺěŋâĺàãěňă. Ć íâőň áńãçăě ŋě ćáěčďă ňőęŋő ďőąĺâìáï, çâőąë ŕàőőąàăğ f^{−1}(R_1) áőáâőïń âőńìłő ĺğ őďŋőľ łőňŕőŋěŋâë áćïğŋőáâĺ ĺ áőćŕăďăń á ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî S ć T , àěăńĺğãîéěľ ŕőďčàãŕŕã H_1. Ŕàěŕïâáâćĺěň ïćńïěâáï áńãçăľ 3 ĺğ § 2, âőçŋěě, ěčő ŕőďáńãçăľ, łőčďă f^{−1}_∗ (z) ∈ aπ_1(S, x) (ğďěáì ĺ ďăńěě ňë ĺáŕőńìğãěň őąőğŋăçěŋĺï ĺğ ăŋăńĺğă íâőčő áńãçăï). Šőčďă f_∗(a) = zh ďńï ŋěłőâőàőčő h ∈ H_1. Łàőňě âőčő, ć íâőň áńãçăě ćëŕőńŋïěâáï a^2 ∈ π_1(S, x) ĺ, ğŋăçĺâ, f_∗(a^2) ∈ H_1. Ůâőąë âőçŋěě ãáâăŋőćĺâì ćĺď íńěňěŋâă f_∗(a), àăááňőâàĺň 4 ćăàĺăŋâă.

1) Łàăï S ∩ C ĺ C ∩ S_1 ŕőńőęĺâěńìŋë. Šőčďă z ∈ G ĺ, ğŋăçĺâ, f_∗(a) ∈ G. 2) Łàăï S ∩ C ĺ C ∩ S_1 őâàĺæăâěńìŋë. Šőčďă z ∈ t^{−1}Gt ĺ, ğŋăçĺâ, f_∗(a) ∈ t^{−1}Gt. 3) Łàăľ S ∩ C ŕőńőęĺâěńěŋ, ă łàăľ C ∩ S_1 őâàĺæăâěńěŋ. Šőčďă z = gt ďńï ŋěłőâőàőčő g ∈ G, çâő ŕàőâĺćőàěçĺâ ćłńîçěŋĺî (zh)^2 ∈ H_1.

4) Łàăľ S ∩ C őâàĺæăâěńěŋ, ă łàăľ C ∩ S_1 ŕőńőęĺâěńěŋ. Šőčďă z = t^{−1}g ďńï ŋěłőâőàőčő g ∈ G ĺ íâőâ ćăàĺăŋâ âőęě ŋěćőğňőęěŋ.

Ěáńĺ ćëŕőńŋïěâáï ŕěàćëľ (ćâőàőľ) ćăàĺăŋâ, âő áłăęěň, çâő ńĺáâ Ňěąĺãáă M, àăááňăâàĺćăěňëľ ć áńãçăě 3 ĺğ § 2, ĺňěěâ ćĺď 1 (ćĺď 2). Ďěľáâćãï, łăł ć § 2, ňőęŋő ďőąĺâìáï, çâő f^{−1}(R_1) ąãďěâ ĺňěâì ěďĺŋáâćěŋŋãî łőňŕőŋěŋâã ćŋě őąêěďĺŋěŋĺï ńĺáâőć Ňěąĺãáă ćĺďă 1 ĺ 2. Őąőğŋăçĺň íâã łőňŕőŋěŋâã çěàěğ S. Ďăńěě ďőłăğăâěńìáâćő ŕàőćőďĺâáï, łăł ć őàĺěŋâĺàãěňőň áńãçăě.

§ 4. Ŕőçâĺ čěőňěâàĺçŋőáâì ŕàěďáâăćńěŋĺľ čàãŕŕë π1(T, x) ć ćĺďě äãŋďăňěŋâăńìŋőľ čàãŕŕë łőŋěçŋőčő čàăäă čàãŕŕ

Ŕàěęďě çěň ďőłăğëćăâì âěőàěňë 4.7 ĺ 4.8, ŕàĺćěďěň ŋěáłőńìłő âěåŋĺçěáłĺå ńěňň ć ŕàěďŕőńőęěŋĺĺ, çâő T { ğăňłŋãâăï ŕőćěàåŋőáâì á ąăğĺáŋőľ âőçłőľ x.

Ńěňňă 4.1. Ŕãáâì A1 6 A2 6 π1(T, x). Ěáńĺ S1 ĺ S2 { ŋěáęĺňăěňëě ŕőď-

ŕőćěàåŋőáâĺ ć T , àěăńĺğãîéĺě A_1 ĺ A_2, âő áãéěáâćãěâ ĺğőâőŕĺï i âăłăï, çâő ŕőďŕőćěàåŋőáâì i(S_1) ńěęĺâ ć S_2 ĺ àěăńĺğãěâ A_1.

Ďőłăğăâěńìáâćő ăŋăńőčĺçŋő ďőłăğăâěńìáâćã ńěňňë 2.4 ĺğ [1].

Ńěňňă 4.2. Ŕãáâì A1 6 A2 6 π1(T, x). Ěáńĺ A1 àěăńĺğãěâáï ć T , âő A1

àěăńĺğãěâáï ĺ ć ŋăłàëâĺĺ, áőőâćěâáâćãîéěň A_2.

Śŕàăćěďńĺćă ąőńěě őąéăï ńěňňă 4.3.

Ńěňňă 4.3. Ŕãáâì A1, A2 6 π1(T, x). Ěáńĺ A1 àěăńĺğãěâáï ć T , âő A1 ∩ A2

àěăńĺğãěâáï ć ŋăłàëâĺĺ, áőőâćěâáâćãîéěň A_2.

Ďőłăğăâěńìáâćő. Ŕãáâì S { ŋěáęĺňăěňăï ŕőďŕőćěàåŋőáâì ć T , x ∈ S ĺ π_1(S, x) = A_1. Ŕãáâì p : ( ~T , ~x) → (T, x) { ŋăłàëâĺě, áőőâćěâáâćãîéěě A_2. Šőčďă łőňŕőŋěŋâă ŕàőőąàăğă p^{−1}(S), áőďěàęăéăï ~x, àěăńĺğãěâ A_1 ∩ A_2 ć ~T .

Ŕãáâì S { ŋěáęĺňăěňăï ŕőďŕőćěàåŋőáâì ć T , q { ŕãâì ĺğ x ć ŋěłőâőàãî âőçłã u ∈ S. Śłăęěň, çâő ŕőďčàãŕŕă H 6 π_1(T, x) àěăńĺğãěâáï ŕăàőľ (q, S), ěáńĺ H = {[qlq^{−1}] | [l] ∈ π_1(S, u)}. Ńěňňă 4.4. Ŕãáâì A1 6 A2 6 π1(T, x). Ěáńĺ A1 ĺ A2 àěăńĺğãîâáï ŕăàăňĺ (q_1, S_1) ĺ (q_2, S_2), âő A_1 àěăńĺğãěâáï âăłęě ŕăàőľ (q_2, S^′_2), čďě S^′_2 ⊂ S_2.

Ďőłăğăâěńìáâćő. Ğăňěŋïï ąăğĺáŋãî âőçłã, ňőęŋő áçĺâăâì, çâő q_2 { âőęďěáâćěŋŋëľ ć âőçłě x ŕãâì. Ŕãáâì q^′_1 { ŋěłőâőàëľ ŕàőáâőľ ŕãâì ĺğ x ć łőŋěæ ŕãâĺ q_1, ŕàĺçěň q^′_1 ĺ ∂S_1 ĺňěîâ ŋě ąőńěě őďŋőľ őąéěľ âőçłĺ. Ŕãáâì S^′_1 { őąêěďĺŋěŋĺě S_1 ĺ ňăńőľ àěčãńïàŋőľ őłàěáâŋőáâĺ łàĺćőľ q^′_1. Šőčďă π_1(S^′_1, x) áőŕàïęěŋő á A_1 íńěňěŋâőň [q^′_1q^{−1}_1 ]. Ŕãáâì i { ĺğőâőŕĺï, ĺŋďãæĺàãîéăï áőŕàïęěŋĺě íâĺň íńěňěŋâőň. Šőčďă i(S^′_1) { ŕőďŕőćěàåŋőáâì, àěăńĺğãîéăï A_1. Ŕő ńěňňě 4.1 ŕőďčàãŕŕă A_1 àěăńĺğãěâáï âăłęě ŋěłőâőàőľ ŕőďŕőćěàåŋőáâìî S^′_2 ć S_2.

Śńěďáâćĺě 4.5. Ěáńĺ ŕőďčàãŕŕă A 6 π1(T, x) àěăńĺğãěâáï ŕăàőľ (q, S), âő őŋă

àěăńĺğãěâáï ĺ ŋěłőâőàőľ ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî ć T .

Őąőğŋăçĺň íâã ŕőďŕőćěàåŋőáâì çěàěğ {q, S}.

Ńěňňă 4.6. Ŕãáâì π1(G , X, v) = π1(T, x) ĺ àěąěàŋëě ŕőďčàãŕŕë àěăńĺğãîâáï ć

T . Ŕãáâì H { âăłăï ŕőďčàãŕŕă łőŋěçŋőčő ĺŋďěłáă ć π_1(G , X, v), çâő ďńï áőőâćěâáâćãîéěčő ěľ ŋăłàëâĺï p : ( ~T , ~x) → (T, x) ćěàèĺŋŋëě ŕőďčàãŕŕë ěě ĺŋďãæĺàőćăŋŋőčő àăğńőęěŋĺï π_1(H , Y, w) àěăńĺğãîâáï ć ~T . Šőčďă ěáâěáâćěŋŋőě őâőęďěáâćńěŋĺě π_1(H , Y, w) á π_1( ~T , ~x) čěőňěâàĺçŋő.

Ďőłăğăâěńìáâćő. Čàăä (Y, w) ïćńïěâáï n-ńĺáâŋëň ŋăłàëâĺěň čàăäă (X, v), čďě n = |G : H|. Ŕãáâì ` { ŋěłőâőàőě ňăłáĺňăńìŋőě ŕőďďěàěćő ć X. Ňăłáĺňăńìŋőě ŕőďďěàěćő ´ ć Y ňőęŋő ćëąàăâì âăł, çâőąë őŋő áőďěàęăńő ćáě n ŕőďŋïâĺľ ďěàěćă `. Ąãďěň áçĺâăâì, çâő ćěàèĺŋŋëě ĺ àěąěàŋëě ŕőďčàãŕŕë čàãŕŕë G = π_1(G , X, v) (čàãŕŕë H) őŕàěďěńěŋë őâŋőáĺâěńìŋő ` (őâŋőáĺâěńìŋő ´). Ďńï łăęďőľ ćěàèĺŋë u ∈ X^0 őąőğŋăçĺň çěàěğ u_1, . . . , u_n ćáě ěě ŕőďŋïâĺï ć Y . Őąőğŋăçĺň çěàěğ l_i ŕãâì ąěğ ćőğćàăéěŋĺľ ć ´ ĺğ w ć w_i, ă çěàěğ g_i { íńěňěŋâ G, őŕàěďěńïěňëľ ŕàőěłæĺěľ ŕãâĺ l_i ć X. Őçěćĺďŋő, L = {g_1, . . . , g_n} { áĺáâěňă ŕàěďáâăćĺâěńěľ ŕàăćëå áňěęŋëå łńăááőć G ŕő H.

Łăęďăï ćěàèĺŋŋăï ŕőďčàãŕŕă H ĺňěěâ ćĺď gV g^{−1} ∩ H, čďě g ∈ L, V { ŋěłőâőàăï ćěàèĺŋŋăï ŕőďčàãŕŕă G. Ěáńĺ E { àěąěàŋăï ŕőďčàãŕŕă ć V , âő gEg^{−1} ∩ H { àěąěàŋăï ŕőďčàãŕŕă ć gV g^{−1} ∩H. Ŕő ãáńőćĺî ŕőďčàãŕŕă gV g^{−1} ∩H àěăńĺğãěâáï ŕőďŕőćěàåŋőáâìî S_{g,V} ć ( ~T , ~x). Ŕãáâì l { ŋěłőâőàăï ŕěâńï ć T , čőňőâőŕĺçěáłĺľ łńăáá łőâőàőľ àăćěŋ g, ~l { ěě ŕőďŋïâĺě ć ~T á ŋăçăńőň ~x. Ŕãáâì S_E { ŕőďŕőćěàåŋőáâì ć T , àěăńĺğãîéăï E, ĺ S_{g,E} { ěě ŕőďŋïâĺě ć ~T , áőďěàęăéěě łőŋěæ ~l. Šőčďă ŕőďčàãŕŕă gEg^{−1} ∩ H àěăńĺğãěâáï ć ~T ŕăàőľ (~l, S_{g,E}). Ŕő áńěďáâćĺî 4.5 ĺ ńěňňě 4.1 őŋă àěăńĺğãěâáï ŕőďŕőćěàåŋőáâìî ć S_{g,V} .

Ďńï ńîąőľ ćěàèĺŋë u ∈ Y^0 ŕőńőęĺň u_∗ = ~x. Ŕãáâì e { àěąàő ć Y á ŋăçăńőň u_1 ĺ łőŋæőň u_2, E_1 ĺ E_2 { áőőâćěâáâćãîéĺě e ĺ —e àěąěàŋëě ŕőďčàãŕŕë H. Ŕãáâì p_i { ŕãâì ć ďěàěćě ´ ĺğ w ć u_i. Šőčďă E_1 ĺ E_2 áőŕàïęěŋë íńěňěŋâőň t = p_1ep^{−1}_2 . Ŕãáâì e_∗ { ŋěłőâőàăï ŕěâńï ć ( ~T , ~x), čőňőâőŕĺçěáłĺľ łńăáá łőâőàőľ àăćěŋ t. İâő ğăďăěâ àěăńĺğăæĺî čàăäă čàãŕŕ (H , Y ) ć ~T , őâŋőáĺâěńìŋő łőâőàőľ ěáâěáâćěŋŋőě őâőęďěáâćńěŋĺě π_1(H , Y, w) á π_1( ~T , ~x) čěőňěâàĺçŋő.

Šěőàěňă 4.7. Ŕãáâì T { ğăňłŋãâăï ŕőćěàåŋőáâì, (G , X) { łőŋěçŋëľ čàăä

čàãŕŕ, φ : π_1(G , X, v) → π_1(T, x) { ĺğőňőàäĺğň ĺ őąàăğë àěąěàŋëå ŕőďčàãŕŕ àěăńĺğãîâáï ć T . Šőčďă áãéěáâćãěâ ŕőďčàãŕŕă H ĺŋďěłáă 2^{rk(X)} ć π_1(G , X, v) âăłăï, çâő ďńï ěě ĺŋďãæĺàőćăŋŋőčő àăğńőęěŋĺï π_1(H , Y, w) ĺ áőőâćěâáâćãîéěčő ěľ ŋăłàëâĺï p : (T , x) → (T, x) ĺğőňőàäĺğň p^{−1}_∗ ∘ φ|_H : π_1(H , Y, w) → π_1(T , x) čěőňěâàĺçěŋ.

Ďőłăğăâěńìáâćő. Ňë ąãďěň őâőęďěáâćńïâì čàãŕŕë π_1(G , X, v) ĺ π_1(T, x) ŕőáàěďáâćőň φ ĺ čàãŕŕë π_1(H , Y, w) ĺ π_1(T , x) ŕőáàěďáâćőň p^{−1}_∗ ∘ φ|_H . Ěáńĺ T âőà ĺńĺ ąãâëńłă Łńěľŋă, âő ďőłăğăâěńìáâćő ŕàőćőďĺâáï ŋěŕőáàěďáâćěŋŋő (ć áńãçăě HNNàăáèĺàěŋĺï ŕőďčàãŕŕă H őŕàěďěńěŋă ŋĺęě). Ŕőíâőňã ŕàěďŕőńőęĺň, çâő T ŋě ïćńïěâáï âőàőň ĺńĺ ąãâëńłőľ Łńěľŋă.

Ćëąěàěň ć X ňăłáĺňăńìŋőě ŕőďďěàěćő ` ĺ őàĺěŋâăæĺî X^1_+. Ďńï u ∈ X^0 őąőğŋăçĺň çěàěğ p_u ŕãâì ąěğ ćőğćàăéěŋĺľ ć ` ĺğ v ć u. Ŕãáâì X^1_+ −` = {e_1, . . . , e_k}. Ůěàěğ t_i őąőğŋăçĺň íńěňěŋâ čàãŕŕë π_1(G , X, v), àăćŋëľ p_{α(ei)}e_ip^{−1}_{ω(ei)}. Ďőłăęěň ĺŋďãłæĺěľ ŕő k, çâő ć łăçěáâćě H ňőęŋő ćğïâì ïďàő íŕĺňőàäĺğňă π_1(G , X, v) → ∏_k i=1⟨t_i | t^2_i = 1⟩, ŕěàěćőďïéěčő ćěàèĺŋŋëě čàãŕŕë ć 1 ĺ t_i ć t_i. Ŕãáâì ďăńěě H őąőğŋăçăěâ íâő ïďàő.

Ŕàěďŕőńőęĺň, çâő k = 0, âő ěáâì X { ďěàěćő. Ŕő ńěňňě 4.6 ďőáâăâőçŋő ďőłăğăâì, çâő łăęďăï ćěàèĺŋŋăï čàãŕŕă G_v àěăńĺğãěâáï ć T . Ŕãáâì E = {e_1, . . . , e_m} { ňŋőęěáâćő ćáěå àěąěà ć X á ŋăçăńőň ć v. Ďńï e ∈ E čàăä X − {e, —e} áőáâőĺâ ĺğ ďćãå łőňŕőŋěŋâ áćïğŋőáâĺ. Łőňŕőŋěŋâã, áőďěàęăéãî v, őąőğŋăçĺň çěàěğ X_{1,e}, ďàãčãî { çěàěğ X_{2,e} Ć áőőâćěâáâćĺĺ á íâĺň àăğąĺěŋĺěň ĺňěěň àăğńőęěŋĺě π_1(G , X, v) = G_{1,e} ∗_{Ge} G_{2,e}. Ŕő âěőàěňě 2.6 íâő àăğńőęěŋĺě čěőňěâàĺçŋő, âő ěáâì áãéěáâćãîâ ŋěáęĺňăěňëě ŕőďŕőćěàåŋőáâĺ S_{1,e}, S_{2,e} ĺ S_e, àěăńĺğãîéĺě G_{1,e}, G_{2,e} ĺ G_e, ŕàĺçěň T = S_{1,e} ∪ S_{2,e} ĺ S_e = S_{1,e} ∩ S_{2,e}. Ŕőáâàőĺň æěŕőçłã ŋěáęĺňăěňëå ŕőďŕőćěàåŋőáâěľ S_{1,v} ⊇ S_{2,v} ⊇ · · · ⊇ S_{m,v} âăłĺå, çâő π_1(S_{i,v}, x) = G_{1,e1} ∩ · · · ∩ G_{1,ei} , i = 1, . . . , m. Šőčďă S_{m,v} àěăńĺğãěâ G_v. Ŕőńőęĺň S_{1,v} = S_{1,e}. Ŕàěďŕőńőęĺň, çâő ŕőďŕőćěàåŋőáâì S_{i,v} ãęě őŕàěďěńěŋă. Šăł łăł G_{ei+1} 6 G_{1,e1} ∩· · ·∩G_{1,ei} , âő ŕő ńěňňě 4.1 ňőęŋő áçĺâăâì, çâő S_{ei+1} ⊆ S_{i,v}. Ŕőńőęĺň S_{i+1,v} = S_{i,v} ∩ S_{1,ei+1} .

Ĺâăł, ŕàĺ k = 0 âěőàěňă ďőłăğăŋă. Ŕãáâì k = n ¿ 1 ĺ âěőàěňă ďőłăğăŋă ďńï k = n − 1. Ĺňěěň π_1(G , X, v) = ⟨G, t | H_1 = t^{−1}H_2t⟩, čďě G { äãŋďăňěŋâăńìŋăï čàãŕŕă čàăäă čàãŕŕ (G_1 , X_1), ŕőńãçăîéěčőáï ĺğ (G , X) ãďăńěŋĺěň àěąěà e_n, —e_n ĺ čàãŕŕ G_{en} , G_{ēn} ; t = t_n, H_1 ĺ H_2 { ăááőæĺĺàãěňëě ŕőďčàãŕŕë, áőőâćěâáâćãîéĺě ćńőęěŋĺïň α_{en} ĺ α_{ēn} ć ćěàèĺŋŋëě čàãŕŕë V_1 ĺ V_2.

Ŕãáâì K { ïďàő čőňőňőàäĺğňă ⟨G, t | H_1 = t^{−1}H_2t⟩ → ⟨t | t^2 = 1⟩, ŕěàěćőďïéěčő G ć 1 ĺ t ć t. Ĺŋďãæĺàőćăŋŋőě àăğńőęěŋĺě K ïćńïěâáï äãŋďăňěŋâăńìŋőľ čàãŕŕőľ čàăäă čàãŕŕ K, ĺğőąàăęěŋŋőčő ŋă àĺá. 8 áńěćă. Ŕàĺ íâőň čàãŕŕë H_1 ĺ H_2 ćłńăďëćăěâáï ć ćěàåŋîî ćěàèĺŋŋãî čàãŕŕã G âőęďěáâćěŋŋő, ă ć ŋĺęŋîî ŕőáàěďáâćőň őâőąàăęěŋĺľ h_1 → th_1t^{−1} (h_1 ∈ H_1) ĺ h_2 → t^{−1}h_2t (h_2 ∈ H_2). s s G

G H_2

H_1´ ` ı ȷ ´ ` ı ȷ^N

H_1 H_2 N ... ...

Řĺá. 8

Őąőğŋăçĺň çěàěğ N ïďàő íŕĺňőàäĺğňă G = π_1(G_1 , X_1, v) → ∏_{n−1} i=1 ⟨t_i | t^2_i = 1⟩, ŕěàěćőďïéěčő ćěàèĺŋŋëě čàãŕŕë ć 1 ĺ t_i ć t_i. Ć čàăäě čàãŕŕ N , áőőâćěâáâćãîéěň àăğńőęěŋĺî N őâŋőáĺâěńìŋő π_1(G_1 , X_1, v), ĺňěîâáï 2^{n−1} ćěàèĺŋ á ćěàèĺŋŋëňĺ čàãŕŕăňĺ V_1 ĺ 2^{n−1} ćěàèĺŋ á ćěàèĺŋŋëňĺ čàãŕŕăňĺ V_2.

Čàăä čàãŕŕ, áőőâćěâáâćãîéĺľ àăğńőęěŋĺî H őâŋőáĺâěńìŋő π_1(G , X, v), ĺğőąàăęěŋ ŋă àĺá. 8 áŕàăćă. Őŋ ŕőńãçăěâáï ĺğ ďćãå łőŕĺľ N (ćěàåŋěľ ĺ ŋĺęŋěľ) áőěďĺŋěŋĺěň ĺå 2^{n−1} àěąàăňĺ á àěąěàŋëňĺ čàãŕŕăňĺ H_1 ĺ 2^{n−1} àěąàăňĺ á àěąěàŋëňĺ čàãŕŕăňĺ H_2. Łăęďőě H_1-àěąàő áőěďĺŋïěâ V_1-ćěàèĺŋã ćěàåŋěľ łőŕĺĺ á áőőâćěâáâćãîéěľ ěľ V_2-ćěàèĺŋőľ ŋĺęŋěľ łőŕĺĺ. Łăęďőě H_2-àěąàő áőěďĺŋïěâ V_2-ćěàèĺŋã ćěàåŋěľ łőŕĺĺ á áőőâćěâáâćãîéěľ ěľ V_1-ćěàèĺŋőľ ŋĺęŋěľ łőŕĺĺ.

Čàãŕŕě K áőőâćěâáâćãěâ ŋăłàëâĺě ~T ĺğ ďőłăğăâěńìáâćă âěőàěňë 3.1. Ŋěäőàňăńìŋő čőćőàï, ćěàèĺŋŋëň čàãŕŕăň G, G ĺ àěąěàŋëň čàãŕŕăň H_1, H_2 čàăäă čàãŕŕ K áőőâćěâáâćãîâ ŕőďŕőćěàåŋőáâĺ M^′, M^{′′} ĺ S^′, S^{′′} ć ~T . Ğăňěâĺň, çâő ~T = M^′ ∪ M^{′′}, M^′ ∩ M^{′′} = S^′ ∪ S^{′′} ĺ S^′ ∩ S^{′′} = ∅ (áň. àĺá. 7).

Şłăęěň âěŕěàì äőàňăńìŋő àěăńĺğăæĺî čàăäă čàãŕŕ K ć ~T . Ŕãáâì l { ŋěłőâőàăï ŕěâńï ć T , čőňőâőŕĺçěáłĺľ łńăáá łőâőàőľ àăćěŋ t. Őąőğŋăçĺň çěàěğ l^′ ŕőďŋïâĺě íâőľ ŕěâńĺ ć M^′ á ŋăçăńőň x^′ ĺ łőŋæőň x^{′′}. Őąőğŋăçĺň çěàěğ l^{′′} ŕőďŋïâĺě íâőľ ŕěâńĺ ć M^{′′} á ŋăçăńőň x^{′′} ĺ łőŋæőň x^′. Ćěàèĺŋăň čàăäă ĺğ K áőőâćěâáâćãîâ âőçłĺ x^′ ĺ x^{′′}, àěąàăň { ŕãâĺ l^′, l^{′′} ĺ őąàăâŋëě ł ŋĺň. Ćěàèĺŋŋëň čàãŕŕăň áőőâćěâáâćãîâ ŕőďŕőćěàåŋőáâĺ á ąăğĺáŋëňĺ âőçłăňĺ (M^′, x^′) ĺ (M^{′′}, x^{′′}), àěąěàŋëň čàãŕŕăň { ŕőďŕőćěàåŋőáâĺ S^′ ĺ {l^′, S^{′′}} ć M^′ ĺ ŕőďŕőćěàåŋőáâĺ {l^{′′}, S^′} ĺ S^{′′} ć M^{′′}.

Ŕő ńěňňăň 4.1 ĺ 4.2 àěąěàŋëě ŕőďčàãŕŕë čàãŕŕë G, áőőâćěâáâćãîéĺě àěąàăň e_1, . . . , e_{n−1}, àěăńĺğãîâáï ć M^′. Ŕő ĺŋďãłæĺĺ čàăä čàãŕŕ N čěőňěâàĺçěáłĺ àěăńĺğãěâáï ć 2^{n−1}-ńĺáâŋőň ŋăłàëâĺĺ M^′ ŕőćěàåŋőáâĺ M^′, áőőâćěâáâćãîéěň ŕőďčàãŕŕě N čàãŕŕë G. Šăł łăł íâő ŋăłàëâĺě àěčãńïàŋő, H_1 6 N ĺ H_1 àěăńĺğãěâáï ć M^′ ŕőďŕőćěàåŋőáâìî S^′, âő ć M^′ ĺňěěâáï 2^{n−1} àăğńĺçŋëå ŕőďŋïâĺľ ŕőďŕőćěàåŋőáâĺ S^′. Ăŋăńőčĺçŋő ć M^′ ĺňěěâáï 2^{n−1} àăğńĺçŋëå ŕőďŋïâĺľ ŕőďŕőćěàåŋőáâĺ S^{′′}. Śĺňňěâàĺçŋő áâàőĺâáï 2^{n−1}-ńĺáâŋőě ŋăłàëâĺě M^{′′} ŕőćěàåŋőáâĺ M^{′′}.

Cłńěĺň M^′ ĺ M^{′′} ŕő áőőâćěâáâćãîéĺň ďàãč ďàãčã ŕőďŋïâĺïň ŕőďŕőćěàåŋőáâěľ S^′, S^{′′}. Ć àěğãńìâăâě ŕőńãçĺâáï 2^n-ńĺáâŋőě ŋăłàëâĺě T , áőőâćěâáâćãîéěě ŕőďčàãŕŕě H. Ć T àěăńĺğãîâáï ćáě ćěàèĺŋŋëě ŕőďčàãŕŕë čàãŕŕë H. Ŕő ńěňňě 4.6 ěáâěáâćěŋŋőě őâőęďěáâćńěŋĺě π_1(H , Y, w) á π_1(T , x) čěőňěâàĺçŋő.

Ć ďőłăğăâěńìáâćě âěőàěňë 4.8 ňë ąãďěň ĺáŕőńìğőćăâì áńěďãîéãî âěőàěňã Śłőâ- âă. Šěőàěňă [13]. Ŕãáâì ˚ { łőňŕăłâŋăï ŕőćěàåŋőáâì á ćëďěńěŋŋőľ âőçłőľ x. Ďńï

łăęďőľ łőŋěçŋő ŕőàőęďěŋŋőľ ŕőďčàãŕŕë H čàãŕŕë π_1(˚, x) áãéěáâćãěâ łőŋěçŋőńĺáâŋőě ŋăłàëâĺě p : (˚_1, x_1) → (˚, x) ĺ ŋěáęĺňăěňăï ŕőďŕőćěàåŋőáâì S ⊆ ˚_1 âăłăï, çâő x_1 ∈ int(S) ĺ p_∗(π_1(S, x_1)) = H.

Ć äőàňãńĺàőćłě áńěďãîéěľ âěőàěňë ĺáŕőńìğãîâáï çĺáńă s_e. Ŋăŕőňŋĺň ĺå őŕàěďěńěŋĺě. Ŕãáâì A { äĺłáĺàőćăŋŋăï áĺáâěňă ŕőàőęďăîéĺå čàãŕŕë π_1(T, x), φ : π_1(G , X, v) → π_1(T, x) { ĺğőňőàäĺğň. Ćëąěàěň ć X ŋěłőâőàőě ňăłáĺňăńìŋőě ŕőďďěàěćő ĺ őŕàěďěńĺň őâŋőáĺâěńìŋő ŋěčő àěąěàŋëě ŕőďčàãŕŕë G_e čàãŕŕë π_1(G , X, v). Ŕàěďŕőńőęĺň, çâő ćáě čàãŕŕë G_e łőŋěçŋő ŕőàőęďěŋë. Ćëąěàěň ć φ(G_e) ŋěłőâőàőě łőŋěçŋőě ňŋőęěáâćő ŕőàőęďăîéĺå ĺ őąőğŋăçĺň çěàěğ s_e áãňňã ďńĺŋ ěčő íńěňěŋâőć őâŋőáĺâěńìŋő ňŋőęěáâćă A.

Šěőàěňă 4.8. Ŕãáâì T { ğăňłŋãâăï ŕőćěàåŋőáâì, (G , X) { łőŋěçŋëľ čàăä čàãŕŕ

á łőŋěçŋő ŕőàőęďěŋŋëňĺ àěąěàŋëňĺ čàãŕŕăňĺ, φ : π_1(G , X, v) → π_1(T, x) { ĺğőňőàäĺğň. Šőčďă áãéěáâćãěâ ŕőďčàãŕŕă H łőŋěçŋőčő ĺŋďěłáă n ć π_1(G , X, v) âăłăï, çâő ďńï ěě ĺŋďãæĺàőćăŋŋőčő àăğńőęěŋĺï π_1(H , Y, w) ĺ áőőâćěâáâćãîéěčő ěľ ŋăłàëâĺï p : ( ~T , ~x) → (T, x) ĺğőňőàäĺğň p^{−1}_∗ ∘ φ|_H : π_1(H , Y, w) → π_1( ~T , ~x) čěőňěâàĺçěŋ.

Ůĺáńő n őæěŋĺćăěâáï áćěàåã àěłãàáĺćŋőľ äãŋłæĺěľ őâ s = ∑ e∈X^1 se. Ďőłăğăâěńìáâćő. Őâőęďěáâćĺň čàãŕŕë π_1(G , X, v) ĺ π_1(T, x) á ŕőňőéìî ĺğőňőàäĺğňă φ. Ŕő âěőàěňě Śłőââă ďńï łăęďőľ àěąěàŋőľ ŕőďčàãŕŕë G_e áãéěáâćãěâ ŕőďčàãŕŕă łőŋěçŋőčő ĺŋďěłáă G^′_e 6 π_1(T, x) âăłăï, çâő G_e àěăńĺğãěâáï ć łőŋěçŋőńĺáâŋőň ŋăłàëâĺĺ, áőőâćěâáâćãîéěň G^′_e. Ďńï ćáïłőčő g ∈ π_1(T, x) ŕőďčàãŕŕă G^g_e àěăńĺğãěâáï ć łőŋěçŋőńĺáâŋőň ŋăłàëâĺĺ, áőőâćěâáâćãîéěň (G^′_e)^g. Ŕőńőęĺň N = ⋂ e∈X^1 ( ⋂ g∈π_1(T,x)(G ′ e)^g). Őçěćĺďŋő, N { ŕőďčàãŕŕă łőŋěçŋőčő ĺŋďěłáă ć π_1(T, x).

Őąőğŋăçĺň çěàěğ T ŋăłàëâĺě, áőőâćěâáâćãîéěě N. Řěąěàŋëě čàãŕŕë, ãçăáâćãîéĺě ć ĺŋďãæĺàőćăŋŋőň àăğńőęěŋĺĺ N = π_1(N, Z, u), ĺňěîâ ćĺď G^g_e ∩ N ĺ ŕő ńěňňě 4.3 àěăńĺğãîâáï ŋěáęĺňăěňëňĺ ŕőďŕőćěàåŋőáâïňĺ ć T . Ŕő âěőàěňě 4.7 ć N áãéěáâćãěâ ŕőďčàãŕŕă H ĺŋďěłáă 2^{rk(Z)}, çìě ĺŋďãæĺàőćăŋŋőě àăğńőęěŋĺě π_1(H , Y, w) àěăńĺğãěâáï ć áőőâćěâáâćãîéěň 2^{rk(Z)}-ńĺáâŋőň ŋăłàëâĺĺ ~T ŕőćěàåŋőáâĺ T .

Ğăľňěňáï őæěŋłőľ çĺáńă n. Šăł łăł čàãŕŕă π_1(T, x) ŋě ŕàěďáâăćńïěâáï ć ćĺďě ŋěâàĺćĺăńìŋőčő áćőąőďŋőčő ŕàőĺğćěďěŋĺï, âő ňőęŋő áçĺâăâì, çâő ćáě čàãŕŕë G_e ŋěěďĺŋĺçŋë ĺ, ğŋăçĺâ, |X^1| 6 s. Ć [13] ŕàěďńőęěŋă ŕàőæěďãàă ŕőáâàőěŋĺĺ ŋăłàëâĺï, őâćěçăîéěčő G^′_e, ć łőâőàőľ ĺáŕőńìğãěâáï ïďàő ŋăłàëâĺï, őâćěçăîéěčő G_e. İâă ŕàőæěďãàă íääěłâĺćŋă ććĺďã íääěłâĺćŋőáâĺ ŕőáâàőěŋĺï íâőčő ïďàă

(áň. âěőàěňã 2.3 ć [1]). Ĺğ ăŋăńĺğă ďőłăğăâěńìáâć ć [13] ĺ [1] áńěďãěâ áãéěáâćőćăŋĺě ŋěãąëćăîéěľ àěłãàáĺćŋőľ äãŋłæĺĺ f âăłőľ, çâő |π_1(T, x) : G^′_e| 6 f(s_e). Šőčďă m = |π_1(T, x) : N| 6 ∏ e∈X^1 (f(se))! 6 ((f(s))!)

s. Ŕő ňěâőďã Řăľďěňăľáâěàă { Ÿàăľěàă N ŕőàőęďăěâáï ŋě ąőńěě çěň (k − 1)m + 1 íńěňěŋâăňĺ, čďě k { çĺáńő íńěňěŋâőć ňŋőęěáâćă, ŕőàőęďăîéěčő čàãŕŕã π_1(T, x). Šăł łăł π_1(Z, u) ïćńïěâáï äăłâőàčàãŕŕőľ čàãŕŕë N, âő rk(Z) 6 (k − 1)m + 1. Őâáîďă ćëćőďĺâáï ęěńăěňăï őæěŋłă çĺáńă n.

§ 5. Řěąěàŋăï ęěáâłőáâì

Ć íâőň ŕăàăčàăäě ňë ĺááńěďãěň àăğńőęěŋĺï čàãŕŕ ć äãŋďăňěŋâăńìŋëě čàãŕŕë čàăäőć čàãŕŕ, łőŋæěŋâàĺàãïáì ŋă áńěďãîéěň ćőŕàőáě: ŋăáłőńìłő àěąěàŋëě ŕőďčàãŕŕë őŕàěďěńïîâ ćěàèĺŋŋëě? Şâőçŋĺň ŋěłőâőàëě ŕőŋïâĺï ĺ ććěďěň ŋőćëě.

Řăáèĺàěŋŋëň čàăäőň čàãŕŕ ŋăğőćěň çěâćěàłã (G , X, x, `), čďě (G , X) { čàăä čàãŕŕ, x ∈ X^0, ` { ňăłáĺňăńìŋőě ŕőďďěàěćő ć X. Ŕőńőęĺň π_1(G , X, x, `) = π_1(G , X, x). Ďńï ŕàőĺğćőńìŋőľ ćěàèĺŋë v ∈ X^0 őąőğŋăçĺň çěàěğ p_v ŕãâì ąěğ ćőğćàăéěŋĺľ ć ` ĺğ x ć v. Ŕőďčàãŕŕë p_vG_vp^{−1}_v ŋăğőćěň ćěàèĺŋŋëňĺ ŕőďčàãŕŕăňĺ, ŕőďčàãŕŕë p_{α(e)}α_e(G_e)p^{−1}_{α(e)}, čďě e ∈ X^1 { àěąěàŋëňĺ ŕőďčàãŕŕăňĺ čàãŕŕë π_1(G , X, x, `).

Śłăęěň, çâő G őąńăďăěâ àěąěàŋőľ ęěáâłőáâìî őâŋőáĺâěńìŋő łőŋěçŋőčő ŋăąőàă ěě ŕőďčàãŕŕ G_1, . . . , G_n, ěáńĺ áãéěáâćãěâ âőńìłő łőŋěçŋőě çĺáńő ćăàĺăŋâőć ďńï ŋăąőàőć ćěàèĺŋŋëå ŕőďčàãŕŕ ŕàĺ őâőęďěáâćńěŋĺĺ G á äãŋďăňěŋâăńìŋőľ čàãŕŕőľ àăáèĺàěŋŋőčő čàăäă čàãŕŕ á àěąěàŋëňĺ ŕőďčàãŕŕăňĺ G_1, . . . , G_n.

Śłăęěň, çâő čàãŕŕă G őąńăďăěâ àěąěàŋőľ ęěáâłőáâìî, ěáńĺ G őąńăďăěâ àěąěàŋőľ ęěáâłőáâìî őâŋőáĺâěńìŋő ńîąőčő łőŋěçŋőčő ŋăąőàă ěě łőŋěçŋő ŕőàőęďěŋŋëå ŕőďčàãŕŕ.

Šěőàěňă 5.1. Ťãŋďăňěŋâăńìŋăï čàãŕŕă ğăňłŋãâőľ ŕőćěàåŋőáâĺ, őâńĺçŋőľ őâ

ąãâëńłĺ Łńěľŋă, őąńăďăěâ àěąěàŋőľ ęěáâłőáâìî.

Ďőłăğăâěńìáâćő. Ňë ąãďěň ĺáŕőńìğőćăâì âěàňĺŋőńőčĺî ĺ őąőğŋăçěŋĺï ĺğ ďőłăğăâěńìáâć âěőàěň 2.6 ĺ 3.1. Ŕãáâì T { ğăňłŋãâăï ŕőćěàåŋőáâì, őâńĺçŋăï őâ ąãâëńłĺ Łńěľŋă ĺ âőàă (ďńï łőâőàőčő âěőàěňă őçěćĺďŋă). Ěě äãŋďăňěŋâăńìŋăï čàãŕŕă àăğńăčăěâáï ć áćőąőďŋőě ŕàőĺğćěďěŋĺě âőńìłő âàĺćĺăńìŋëň őąàăğőň. Ŕőíâőňã ďőáâăâőçŋő ďőłăğăâì àěąěàŋãî ęěáâłőáâì π_1(T, x) őâŋőáĺâěńìŋő ńîąőčő łőŋěçŋőčő ŋăąőàă ŋěěďĺŋĺçŋëå łőŋěçŋő ŕőàőęďěŋŋëå ŕőďčàãŕŕ.

Ŕàěďŕőńőęĺň, çâő π_1(T, x) = G_1 ∗_{G3} G_2 ĺ G_3 àěăńĺğãěâáï ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî S ć T . Ĺğ ďőłăğăâěńìáâćă âěőàěňë 2.6 áńěďãěâ, çâő G_1 àăćŋő äãŋďăňěŋâăńìŋőľ čàãŕŕě őąêěďĺŋěŋĺï S ĺ ŋěłőâőàëå łőňŕőŋěŋâ ďőŕőńŋěŋĺï ł S ć T , ă G_2 àăćŋő äãŋďăňěŋâăńìŋőľ čàãŕŕě őąêěďĺŋěŋĺï S ĺ őáâăńìŋëå łőňŕőŋěŋâ ďőŕőńŋěŋĺï. Ŕőíâőňã ěáńĺ G_3 äĺłáĺàőćăŋő, âő ďńï G_1 ĺ G_2 ĺňěěâáï âőńìłő łőŋěçŋőě çĺáńő ćőğňőęŋőáâěľ.

Ŕàěďŕőńőęĺň, çâő čàãŕŕă π_1(T, x) őâőęďěáâćńěŋă á HNN-àăáèĺàěŋĺěň ⟨G, t | H_1 = t^{−1}H_2t⟩ ĺ H_1 àěăńĺğãěâáï ŋěáęĺňăěňőľ ŕőďŕőćěàåŋőáâìî S ć T . Ĺğ ďőłăğăâěńìáâćă âěőàěňë 3.1 áńěďãěâ, çâő G = π_1(M^′, x^′), čďě M^′ { ŕőďŕőćěàåŋőáâì ć ďćãńĺáâŋőň ŋăłàëâĺĺ ~T ŕőćěàåŋőáâĺ T . Ŕàĺ íâőň M^′ áőďěàęĺâ S^′ ĺ S^{′′} ĺ őčàăŋĺçěŋă őâàĺæăâěńìŋëňĺ łőňŕőŋěŋâăňĺ čàăŋĺæë S^′ ĺ ŕőńőęĺâěńìŋëňĺ łőňŕőŋěŋâăňĺ čàăŋĺæë S^{′′}. Ěáńĺ čàãŕŕă H_1 äĺłáĺàőćăŋă, âő ĺňěěâáï âőńìłő łőŋěçŋőě çĺáńő ćăàĺăŋâőć ďńï ćëąőàă őâàĺæăâěńìŋëå ĺ ŕőńőęĺâěńìŋëå łőňŕőŋěŋâ čàăŋĺæë S, ă ğŋăçĺâ S^′ ĺ S^{′′}. Ŕőíâőňã ĺňěěâáï âőńìłő łőŋěçŋőě çĺáńő ćăàĺăŋâőć ďńï G.

Ŕàěďŕőńőęĺň, çâő čàãŕŕă π_1(T, x) őâőęďěáâćńěŋă á äãŋďăňěŋâăńìŋőľ čàãŕŕőľ π_1(G , X, v, `), àěąěàŋëě ŕőďčàãŕŕë łőâőàőľ àěăńĺğãîâáï ŋěáęĺňăěňëňĺ ŕőďŕőćěàåŋőáâïňĺ ć T . Ŕãáâì u { ŕàőĺğćőńìŋăï ćěàèĺŋă X. Ůěàěğ E(u) őąőğŋăçĺň ňŋőęěáâćő ćáěå àěąěà X á ŋăçăńőň ć u. Ďńï e ∈ E őąőğŋăçĺň çěàěğ X_{e,u} âã łőňŕőŋěŋâã čàăäă X − {e, —e}, ć łőâőàőľ ńěęĺâ u. Ěáńĺ łőňŕőŋěŋâă őďŋă, âő ćőğŋĺłăěâ HNNàăáèĺàěŋĺě, ěáńĺ ďćě, âő áćőąőďŋőě ŕàőĺğćěďěŋĺě á őąêěďĺŋěŋĺěň. Ŕő ďőłăğăŋŋőňã ćëèě ŕőďčàãŕŕă G_{e,u}, áőőâćěâáâćãîéăï łőňŕőŋěŋâě X_{e,u}, őŕàěďěńïěâáï á âőçŋőáâìî ďő łőŋěçŋőčő çĺáńă ćăàĺăŋâőć. Šőčďă ĺ ćěàèĺŋŋăï ŕőďčàãŕŕă p_uG_up^{−1}_u = ⋂ e∈E(u) Ge,u őŕàěďěńïěâáï á âőçŋőáâìî ďő łőŋěçŋőčő çĺáńă ćăàĺăŋâőć.

Řăááňőâàĺň âěŕěàì őąéĺľ áńãçăľ, ŕàěďŕőńăčăï ńĺèì, çâő àěąěàŋëě ŕőďčàãŕŕë čàãŕŕë π_1(G , X, v, `) łőŋěçŋő ŕőàőęďěŋë. Ŕő âěőàěňě 4.8 áãéěáâćãěâ ŕőďčàãŕŕă H łőŋěçŋőčő ĺŋďěłáă n ć π_1(G , X, v), ĺŋďãæĺàőćăŋŋőě àăğńőęěŋĺě π_1(H , Y, w) łőâőàőľ čěőňěâàĺçěáłĺ àěăńĺğãěâáï ć ŋăłàëâĺĺ ( ~T , ~x), áőőâćěâáâćãîéěň H. Ŕàĺ íâőň çĺáńő n ğăćĺáĺâ âőńìłő őâ àěąěàŋëå ŕőďčàãŕŕ G_e (e ∈ X^1). Ŕő ďőłăğăŋŋőňã, ŕàĺ äĺłáĺàőćăŋŋëå ŕőďčàãŕŕăå G_e áãéěáâćãěâ âőńìłő łőŋěçŋőě çĺáńő ćăàĺăŋâőć ďńï ćěàèĺŋŋëå ŕőďčàãŕŕ čàãŕŕë π_1(H , Y, w). Śàěďĺ íâĺå ćěàèĺŋŋëå ŕőďčàãŕŕ ĺňěîâáï čàãŕŕë G_u ∩ H, čďě G_u ŕàőąěčăěâ ćěàèĺŋŋëě ŕőďčàãŕŕë čàãŕŕë π_1(G , X, v, `). Ŕő ńěňňě 5.2 ďńï čàãŕŕ G_u âőęě ĺňěěâáï âőńìłő łőŋěçŋőě çĺáńő ćăàĺăŋâőć.

Śńěďãîéăï ńěňňă ćëâěłăěâ ĺğ âěőàěňë 6 ć [9].

Ńěňňă 5.2. Ŕãáâì T { łőňŕăłâŋăï ŕőćěàåŋőáâì, őâńĺçŋăï őâ ąãâëńłĺ Łńěľ-

ŋă, á ąăğĺáŋőľ âőçłőľ x. Ďńï ńîąőľ ŋěěďĺŋĺçŋőľ łőŋěçŋő ŕőàőęďěŋŋőľ ŕőďčàãŕŕë

H 6 π1(T, x) áãéěáâćãěâ ŋăĺąőńìèăï ŕőďčàãŕŕă G áő áćőľáâćőň |G : H| < ∞.

Őçěćĺďŋő, áćőąőďŋăï čàãŕŕă àăŋčă n ¿ 2 ŋě őąńăďăěâ áćőľáâćőň àěąěàŋőľ ęěáâłőáâĺ őâŋőáĺâěńìŋő ěďĺŋĺçŋőľ ŕőďčàãŕŕë.

Ťãŋďăňěŋâăńìŋăï čàãŕŕă ąãâëńłĺ Łńěľŋă G = ⟨a, b | b^{−1}ab = a^{−1}⟩ ŋě őąńăďăěâ àěąěàŋőľ ęěáâłőáâìî őâŋőáĺâěńìŋő ŕőďčàãŕŕë ⟨b^2⟩, âăł łăł ďńï ńîąőčő æěńőčő k ĺňěěâáï àăğńőęěŋĺě G = ⟨ba^{2k}⟩ ∗_{⟨b2⟩} ⟨ba^{2k+1}⟩.

Ŕàĺćěďěň ąőńěě íłğőâĺçŋëě ŕàĺňěàë čàãŕŕ G ąěğ àěąěàŋőľ ęěáâłőáâĺ (áň. [7]). Ć íâĺå ŕàĺňěàăå G = A ∗_C B_i, čďě ŕőďčàãŕŕë A ĺ C äĺłáĺàőćăŋŋë, B_i Æ B_j ŕàĺ i ≠ j. Ć ŕěàćőň ŕàĺňěàě łăęďăï ĺğ čàãŕŕ B_i ŕàěďáâăćńïěâáï ć ćĺďě áćőąőďŋőčő ŕàőĺğćěďěŋĺï á őąêěďĺŋěŋĺěň, ćő ćâőàőň { ć ćĺďě HNN-àăáèĺàěŋĺï.

1. Ŕãáâì C < A, {Ci}i¿1 { áőąáâćěŋŋëě ŕőďčàãŕŕë čàãŕŕë C, τi : C1 → Ci { ĺğőňőàäĺğňë ĺ {a_i}_i¿_1 { íńěňěŋâë ĺğ A âăłĺě, çâő a_1 = 1 ĺ τ_i(c_1) = a_ic_1a^{−1}_i ďńï ćáěå c_1 ∈ C_1, i ¿ 1. Ŕãáâì D_1 < D, φ : C_1 → D_1 { ĺğőňőàäĺğň. Ŕőńőęĺň φ_i = φ ∘ τ^{−1}_i , B_i = C∗_{Ci}φ_{i= D1} D ĺ G_i = A∗_C B_i. Őçěćĺďŋő, ďńï łăęďőčő i ¿ 1 áãéěáâćãěâ ĺğőňőàäĺğň ψ_i : G_1 → G_i âăłőľ, çâő ψ_i(a) = a ďńï a ∈ A ĺ ψ_i(d) = a^{−1}_i da_i ďńï d ∈ D. Ŕőłăęěň, çâő íâĺň áŕőáőąőň ňőęŋő ŕőáâàőĺâì łőŋěçŋő ŕàěďáâăćńěŋŋëě čàãŕŕë A, B_i ĺ C âăł, çâő B_i Æ B_j ŕàĺ i ≠ j.

Ŕőńőęĺň C = ⟨x | −⟩, C_i = ⟨x^{2i} ⟩, A = ⟨C, t | txt^{−1} = x^2⟩, a_i = t^{i−1}, D = ⟨y⟩, D_1 = ⟨y^2⟩, φ(x^2) = y^2. Šőčďă B_i = ⟨x, y | x^{2i} = y^2⟩.

2. Ŕãáâì čàãŕŕë A, C, Ci ĺ íńěňěŋâë ai ćëąàăŋë, łăł ć ŕěàćőň ŕàĺňěàě, Bi =

⟨C, ~t_i | ~t_ic_1~t^{−1}_i = τ_i(c_1) (c_1 ∈ C_1)⟩, G_i = A ∗_C B_i. Šőčďă ďńï łăęďőčő i ¿ 1 áãéěáâćãěâ ĺğőňőàäĺğň ψ_i : G_1 → G_i âăłőľ, çâő ψ_i(a) = a ďńï a ∈ A ĺ ψ_i(~t_1) = a^{−1}_i ~t_i.

Ăćâőà ćëàăęăěâ čńãąőłãî ąńăčőďăàŋőáâì Ć.Ă. Ůãàłĺŋã ğă ŕőńěğŋëě őąáãęďěŋĺï ďăŋŋőľ àăąőâë.

Ńĺâěàăâãàă

1. Ąőčőŕőńìáłĺľ Ő. Ŕàőąńěňă ăćâőňőàäŋőľ áőŕàïęěŋŋőáâĺ ŕőďčàãŕŕ äãŋďăňěŋâăńìŋëå čàãŕŕ łőňŕăłâŋëå ŕőćěàåŋőáâěľ. Ŋőćőáĺąĺàáł, 1999. 24 á. (Ŕàěŕàĺŋâ / ŘĂŊ. Śĺą. őâď-ŋĺě. Ĺŋáâĺâãâ ňăâěňăâĺłĺ; ò58).

2. Łőãàőćáłăï âěâàăďì. Ŋěàěèěŋŋëě ŕàőąńěňë ć âěőàĺĺ čàãŕŕ. 14-ě ĺğď. Ŋőćőáĺąĺàáł, 1999.

3. Ńĺŋďőŋ Ř., Ÿãŕŕ Ŕ. Łőňąĺŋăâőàŋăï âěőàĺï čàãŕŕ. Ň.: Ňĺà, 1980. 4. Őńìèăŋáłĺľ Ă. đ. Čěőňěâàĺï őŕàěďěńïîéĺå áőőâŋőèěŋĺľ ć čàãŕŕăå. Ň.:

Ŋăãłă, 1989.

5. Űĺèăŋč Ţ. Ő àăğńőęěŋĺïå ďĺáłàěâŋëå čàãŕŕ ĺğőňěâàĺľ ŕàőáłőáâĺ // Şáŕěåĺ ňăâ. ŋăãł. 1981. Š. 36. Ś. 173{192.

6. Űĺèăŋč Ţ, Ťőčâ Ě, Łőńďěćăľ Ţ.-Ď. Ŕőćěàåŋőáâĺ ĺ àăğàëćŋëě čàãŕŕë. Ň.: Ŋăãłă, 1988.

7. Bogopolski O., Weidmann R. On the uniqueness of factors of amalgamated products. Preprint. 2000.

8. Cohen M., Metzler W., Zimmermann A. What does a basis of F (a, b) look like? // Math. Ann. 1981. V. 257, N 4. P. 435{445.

9. Greenberg L. Discrete groups of motions // Canad. J. of Math. 1960. V. 12, N 3. P. 415 { 425.

10. Hall M. Coset representations in free groups // TAMS. 1949. V. 67. P. 421{432. 11. Hendriks H., Shastri A. A splitting theorem for surfaces, amalgamation // Math. Centre Tracts Amsterdam. 1979. V. 115. P. 117{121.

12. Lyndon R. C. Quadratic equations in free products with amalgamation // Houston J. Math. 1978. V. 4. P. 91{103.

13. Scott P. Subgroups of surface groups are almost geometric // J. London Math. Soc. 1978. V. 17, N 3. P. 555{565.

14. Serre J.-P. Trees. Berlin; Heidelberg; New York: Springer, 1980.