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HEKOTOPBLIE OBOBLLIEHIA
KNACCA k-BbINYKIIbIX TEJ

B. II. T'onybsitTuukos, B. FO. PoBenckuii

AnHoTanus. V3ydaroTcsi B3anMOCBSI3M HEKOTOPBIX KJIACCOB TE€JI B €BKJIMJIOBBIX IIPO-
cTpaHCTBax. BBOIATCA M M3y9arOTCs NOHATHS KPYTOBBIX HPOEKIMHA B HOPMHDOBAH-
HBIX JIMHEIHBIX [IPOCTPAHCTBAX U KJIACCHI TEJI, CBS3aHHBIX C CEMeHCTBaMHM TAKUX I[1PO-
eknumit. V3yduenue Takux Tes u3 6ojiee IMUPOKUX KJIACCOB, €M KJIACCHI K-BBIMYKJIBIX W
k-0BO3PUMBIX TeJI, TO3BOJISIET OOOOIUTE HEKOTOPBIE KJIACCUIECKHE PE3yJIbTaThl [eOMEeT-
pudeckoil Tomorpadur U HANTU UX HOBBIE NIPHJIOYKEHHUS.

KurodeBbie cioBa: k-BBIIyKJIOe TeIO, k-0603pHMOE TEJIO, ONOPHBIA Iap, Kpyrosast
[POEKIHs, BUUMasl 0BOJI0YKa, reoMeTpudeckas ToMmorpadus.

IOpmwro I'puropbeButy Perrerasiky k 80-jieTuro

Bsegenue

Kak 06BIIHO, 8uNYKAbM MeAOM B €BKIUIOBOM (BEIIECTBEHHOM, KOMIIJIEKCHOM
WM B KBATEPHUOHHOM) mpocTpaHcTe E™ Gy/ieM Ha3bIBATH KOMIAKTHOE BBINYKJIOE
MHOXKecTBO K ¢ HemycToil BHyTpeHHOCTBIO int( K ), 3aMBIKAHME KOTOPOTO COBNIAIAET
¢ camnM tesoM — cl(int(K)) = K. Kmaccudaeckne mpobieMbl FeOMeTPHIECKOI TOMO-
rpacdun cBsi3anbl ¢ pekoHCcTpyKImeir Tesi K C E" 1m0 IpOeKIMOHHBIM TAHHBIM, T. €.
no nHbopManuu 06 UX OPTOrOHAJIBHBIX NMPOEKIUAX Ha (n — k)-MepHbIe MIIOCKOCTH
13 HEKOTOPOTO CeMeicTBa &), TAKUX IJIOCKOCTEN.

Broimykiibie Tesra XapakTepu3yrOTCH TeM, UTO WX MOXKHO IPEJCTABJSTH B BUIE
mepecevennsi CeMeHCTB MOIYIPOCTPAHCTB. AKCHOMATHYIECKUIN MOJIXOM K M3y IEHUIO
MOHSITUSI BBIITYKJIOCTU COCTOUT OOBIMHO B TOM, YUTO B IIPOCTPAHCTBE X BBHIOMPAETCSI Ce-
MeHCTBO TOAIIPOCTPAHCTB B, HA3BIBAEMBIX 00301 uinyksocmu. MuoxkectBo A C X
HA3BIBAETCS FB-BbNYKABLM, €CJTU OHO MPEJICTABUMO B BHUJIE TIEPECEUEHUs HEKOTOPOTO
Habopa MHOXKECTB 13 .

C nenbro n3ydenus nosejeHus reojesndecknx jauauit F0. I Pemernsk [1] pac-
CMAaTPUBAJI KJIACC 00BEKTOB, 60JIee MUPOKUil, 9eM KJIACC BBIITYKJIBIX IIOBEPXHOCTEIH, —
O-TIPUKACAEMbIE TIOBEPXHOCTH.

B paGore [2] BBeIEHO LOHATHE MHONCECNE C NOAOAHCUMEALHOT JOCTNUNCUMO-
€MP10, KOTOPOE UCIIOIB30BAJIOCH TPU U3y Y€HUHU TVIATKOCTH (DYHKIIAN, OIMUCHIBAIOIIIAX
MHOKECTBA, 6yim3Kue K debbimeBckuM. [1opobHbIil 0630p 9TOr0 HaNpaB/IeHUS, CBSI-
3aHHOTO TaKKe C MHTErPAJIbHON reoMmerpueil, ¢ hopMynamMu 06beMOB TPYyOOK U T. II.,
nupuBesieH B [3].

Pabora BeimosHena npu dunancosoit nojuep:kke Cosera 1o rpantaMm npesujgeta PO u ro-
CyIapCTBEHHOH MOJJIEPKKE BeILyIUX HAyIHBIX mKOoJI (Kox nmpoekta HITT-8526.2006.1), mporpaMmel
PocobpaszoBannst «Pa3BuTie HaydHOro MOTEHIMAJIA BBICHIEH IIKOJIBI» (KoJ mpoekTa 2.1.1/3707) u

crunesann Mapun Ckiaznoscekoii-Kiopu (rpant FP7-PEOPLE-2007-2-1-1EF, N 219696).

(© 2009 Tony6saruukos B. II., Posenckuii B. IO.
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Crieyst TeM Ke ujiesaM, Mbl BBEJIU TOHSITUE E-BBIIYKJIBIX TeJI, 0600Iaioree mo-
HATHUE BBITYKJIOTO TEIa, W PACCMOTPENN Psf, 3aJa9 BOCCTAHOBJIECHUS E-BITYKJIBIX
TeJ 10 IIPOEKIMOHHBIM JAHHBIM CIeluaabHoro Bujga (M. [4]). Bwmecro omopmbix
[IOJIYIIPOCTPAHCTB MBI UCIIOIb30BAJIN JIONOJHEHN K IIapaM U K IUJINHIPAM U BBEJIN
[OHATHE KPYTOBOH IPOEKINN Ha, TUIEPILIOCKOCTH ¢ BBIKOJOTON TOYKOIA.

HekoTopble pe3ysibTaThl, OTHOCAIINECS K KJIACCY BBIIYKJIBIX TEJ, MOI'YT OBIThH
HepeHeceHbl Ha 60Jiee IMMPOKNe KIIACCHI k-BBITYKIIbIX U k-0603puMbIx Teut (eM. [5]),
a TakyKe Ha BHUMBIC Teja, H3ydeHHe KOTOPBIX Hadaro B [6] (M. takke [7]). Ompe-
Jlesienue k-BBIILyKJIOrO oaMHOroobpasus B R™ Beeneno B [8]. g mokaszaresncrsa
YCTOMYMBOCTHY PENIEHUS 34149 FeOMETPUIECKOH TOMOTrpadun OJHAM U3 aBTOPOB ObI-
JIO BBEJIEHO TIOHSITHE (-TOMOPHOTO Tesa K, Jijist KOTOporo KaxKjasi Touka ¥ & K
COJIEPXKUTCS B HEKOTOPOM JIByTpaHHOM yrity Beawaunbl o € (0, 7], He mepecekaro-
mumest ¢ K (em. [9]). IIpm o = 7 9TOT KJlace COBIAIAET € KIIACCOM BBIMYKJIBIX
TeJI.

B macrosimeit pabore MbI pacimupsieM KJ1acchl k-BBITYKIIBIX U k-0003DUMBIX TET B
E™ n m3ygaem 33,1891 BOCCTAHOBJIEHAS TEJT U3 STHX HOBBIX KJIACCOB IO MX IMTPOEKITUSM
Ha (n — k)-MepHbIE IJIOCKOCTH.

OCHOBHBIMHU TTPOEKIIMOHHBIMA JTAHHBIMH, KOTOPBIE MBI 3JIECh PACCMATPHUBAEM,
SIBJISIFOTCST ceMeficTBa Py, KPYTOBBIX IPOeKIuii Ha (n — k)-MepHBIE TUIOCKOCTH C BbI-
KOJIOTBIMIA ToYKamu. C IeJIbI0 paciiupeHnust ¢pepbl MPUMEHEHUs HAIIMX TPEIbIILY-
mux pe3ysibraros [4,5,10,11], caenysa obumM KOHCTPYKIUSIM MEOMETPUIECKUX Ka-
Teropuii, onucaHHbIX B [12], MBI H3y4aeM KJIACChl 6 -BbILyKJIbIX 375 , Ji/ik’s u 6-
0003PUMBIX TeJ 7/9?, V/ik’e (i =1,2, € > 0), Gosiee MUPOKHE, UeM BBEJIEHHBIE HAMU
B [4] K/1acChl e-BBILYKIBIX WK £-0003PUMBIX TeJl.

B omnpenenenusx 3TUX KJIACCOB TeJ IPHU ¢ — 1 pacCMATPUBAIOTCS I'PAHUIHBIE
TOYKH T€JI U IPK ¢ — 2 — TOYKH, HE JIEJKAIIME B ITUX TeJaxX.

B pabore yCcTaHOBJIEHBI CTPOTHE BKJIIOYEHUS MEXKIy TUMHU Kjaccamu. OTme-
THM, UTO Kmacchl o', ,@g, %k,s 3aMKHYTBI OTHOCUTEJIBHO TEPECETeHU TeJT,
HEKOTODBIE Pe3YJIbTATHI JJisl BTOPOTo Kiacca Tel (i = 2) MoryT GBITh pacmpocrpa-
HEHBI Ha 0oJiee MUPOKUH TIePBBIN KJIace.

Bruio 661 unaTEpecHo HaliTu Takue yciaoBust C, uro «ecau U,V C E™ yrosie-
TBOpsIOT ycaoBusM C u HX KPYTOBBIE MPOEKIUA U3 3aJJAHHOTO ceMercTBa PPy COB-
masgaror, To U = V». Hamuoro cnoxuee 6osee oOmmmit

Bonpoc. Kakum yciaoBusm CT goskabr ynosaersopsite Teja U,V C E" u
KaKHMU JIOJKHBI ObITh Kjacchl mpeobpasopanuiit PT, ST u cemeiicrBa npoekiuit &,
JIJIST TOrO, 9TOOBI HMEJIO MecTO yTBepzkaenue: «ecau U,V yIoBIeTBOPSIOT yCJIOBHSIM
CT, a ux kpyrossle npoekmun u3 cemeiicrea &y, PT-skupasentuor, To U u V
ST-skrBUBaJIEHTHBI B 0O'bEMJIFOIIEM [IPOCTPAHCTBE> !

st ciydast opTOrOHAJNBHBIX MTPOEKITUH HEKOTOPBIE OTBETHI HA TAKOH BOIIPOC
nosydensl Hamu B [5,10]. M3yduenue KpyroBbIX HpOeKIMil U 0003PUMBIX TEJ HO3-
BOJIFET PACIIAPUTH HEKOTOPBIE KJIACCUYIECKNE PEe3YIbTAThI TEOPUH BBIMTYKJIBIX TeJI,
olcanHble, Hanpumep, B [5, 13|, u HafiTy uxX HOBBIE IIPUMEHEHMs] B T€OMETPUYECKO
ToMorpadun.

1. k-BreImyKJible Tejia M BUAMMBIE ODOJIOYKH TeJI

Haumnas ¢ sToro pasjena B KadecTBe OOBEMIIIONINX IIPOCTPAHCTB OyneM pac-
CMATPHUBATH B OCHOBHOM BEIIECTBEHHBIC eBK/IMIOBEI mpocrpancTsa ™. Ilycrs PF C
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E"™ — k-mepHas mockocTb. O003HAUNM depe3
B(P*,r) = {x € E" : dist(z, P*) < r} (1)

3aII0JIHeHHbI IIIMHAD paayca > 0 ¢ ocbio PF| 1. e. npamoe npousseenue EF u
mrapa B"~*(0,r) C E"~*. Ilpu k = 0 ycaosme (1) zamaer map B"(C, 7).

OnpPEAENEHUE 1. Ilycte L C E™ — reso man k-mepHast IOCKOCTh. Bymem
TOBOPUTD, 4T L siByisiercst onopnum K Testy K, eciiu LNOK # @ u L He niepecekaeTcst
cint K. B KagyecTBe OIIOPHBIX TeJI MBI PACCMATPUBAEM OOBITHO IIAPHI WU IHJIMHJIPHI.

IIpecTaBuM 3aMKHYTYIO TIOJTYILIIOCKOCTD P§+1 B Bujie 00'beTMHEHMS Pf+1 U Pk
OTKPBITOM MOJTYIIJIOCKOCTHU U TPAHIIHOM k-MepHOU mtockocTu. [losymiockocTs P§ 1
Gyzer HasbBaThCs onoprol K Tery K, ecmu PP N OK + @ u PP 0 B(PF,r) me
nepecekaercs ¢ int K npu Hexkoropom r > 0, 3aBucsameM Toabko or K. B stom
cJIydae, OUeBH/HO, IIIOCKOCTh P¥ sBisiercst omoproit Kk K.

B nanpueiineM 1T TPOCTOTHI OYIEM TIOJIATATD 7' = OQ.

ONPEAENEHUE 2. Teno K C E™ (n > 2) GyzieM Ha3bIBATH k-8uINYKAbIM KAGCCA
HE, ecm

(#7F) mobas Touka x € K mexxut ma rpanmie nosymiockocta PX T onoproii
K K;

(A#F) mobas Touka x ¢ K npumajgesxut rpamuie mnosymiockoctn PR ne
repecekarorneiics ¢ K.

Teno K C E™ 6ymer masbiarbes k-o603pumvim xaacca V¥, ecrm

(7F) mobas omopmag k K mrockoets QF~™ meskuT ma Tpammie omnopHoit K K
IIOJIYTIJIOCKOCTH P§+1;

(74F) mobas mnockocts QF ™, He mepecexatomasics ¢ K, MpUHA/IEXKNT IPAHIIE
TIOJTY TIJIOCKOCTH Pgﬂ, He Tepecekaroreiics ¢ K.

Bnech 0 < m < k < n u 0-MepHas IJIOCKOCTh — 9TO TOYKA.

Casi3Has KOMIIOHEHTa IPaHUNBI k-Bbirykioro (mwiu k-o6o3pumoro) rena K Ha-
3pIBaeTCs k-6oinykaol (miu k-0603pumoll) 2unepnoseprHocmv0 COOTBETCTBYIOIIETO
KJIACCA U3 BBIMIENEPEIUCTECHHOTO CIUCKA. AHAJIOTUYHO Oy/eM HA3BIBATH U KOMITO-
HEHTBI T'PAHUIL TEJI, IPUHAJJIEXKAIINX JPYTUM PACCMaTPUBAEMBIM HAME KJIACCAM.

BAMEYAHUE 1. (a) II-o6pasnoe nesbinyKioe Tesio B E? npunae:kur Kiaccy
A
"
(b) Casizroe Teso Kmacca #;" ™! BbITyKIO.

YrBepxkaenue 1. YcioBus Jifik (i = 1,2) oszHauaror, 9TO

(i = 1) gms moboit Toukn x € 0K, K € J#*, cymecrsyer rakas mmockocts
P~k wgro f(x) asmrserca epmmmoii omoproro k f(K) mywa. 3xecs f : E" —
P~k — oprorona/bHast IIPOEKITHSL.

(i = 2) ast moboit Toukn v ¢ K, K € X, cymecrsyer Takas miockocts P ¥,
4TO OPTOrOHAJIbHAS HPOEKIHs f () HA Ty IJIOCKOCTH SIBJISIETCSI BEPUINHOMN JIyda, HE
nepecekaromerocs ¢ f(K).

Venosus V¥ (i = 1,2) ozmagator, aro

(i = 1) gz moboit omoproit k K mmockoctn Q™ K € ¥F, cymecrByer taxas
miaockocrs PPF aro Q™ c (P"*)' u oproronambnas npoexnus f(QF ™) na
P"=F (310 Touka) sBasIeTCs BepmmHOIL sy 4a, oropHoro K f(K).

(i = 2) st 0G0l He mepecekarorneiicst ¢ K mmockoctn QF ™, K € v, cyme-
cTByeT Takas mrockocts PPk aro QF—™ C (P"k)L m oproromamnmas mpoexims
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f(Qk’m) Ha PnFk (9TO TOUKA) SIBJISIETCS] BEPINHHOM JIya, HE MEPECEKAOIErocs C
fK).
JIOKABATEJIBCTBA HEOCPEJICTBEHHO CJACIYIOT U3 OMPEJICICHUN.

3AMEYAHUE 2. Kiacchl k-BBIIYKJIBIX U k-0D03PUMBIX T€JI MOXKHO OIIPEIE/IUTh
U Jyist JTI060r0 HEIyCTOro ceMeficTBa OPTOrOHAJBHBIX IpoeKiuii Ha (n — k)-MepHBIe
IIJIOCKOCTH.

Kiace 74 samkmyT oTHOCHTENbHO Tiepecedenus et B E™ mpu k = 1 (em. [5]).
IIpu k > 1 310 mesepro. Herpymuo nposeputs, urto #;1 = ;! (i = 1,2). Ormernm,
qro yrBepxKaenue 1 (i = 1) He BBIIOJHACTCS, €CJIU 3AMEHUTH ONPEJICJICHUE KIIACCOB
ik, VF Gonee crabuivm:

(AF ) mobas Touka x € K NpEHAIIEIKAT ONOpHOiT K Tery K k-MepHOif mioc-
koctu PF.

(7)) mobas omopmas x K mmockocts QFT™ comepxkuTes B mitockoctn PP
KOTOpas TaK>Ke SBJISIeTCs OMOPHOA K K .

AHaJIOTIIHBIM 06pPa30M MOYKHO OTIPEICTHTD W KIACCH g | Yo .

Hexkoropbie pe3y1bTaThl JAHHOTO pa3esia MOTYT ObITh YCTAHOBJIEHBI U /1T 9TUX
KJIACCOB T€JI, COOTBETCTBYIONUX ¢ = 1—, ¢ = 2—.

ITPuMEP 1. (a) OObeauHeHNE YEPHBIX KJIETOK Ha IMIAXMATHOI JOCKE U €ro n-
MepHBIE aHAJIOTH [TPEJICTABJISIIOT HerOMeOMOPQHBIE APy IPUMEPHI TeJl JJIs KJIaCCOB
HTIN\ A w oy ¥ Coorsercrsyioniie puMepsl, roMeoMopdHbIe Tia-
paM, OyIyT OINCaHBI HUKE.

(b) PacemoTpum romeomopdnoe mapy Teno K B E? | sakmouennoe Mesk Ty 1BYy-
Mg resiukougiamu My u My, rime My, : [ucosv,usinv,v+hlu0 <v <270 <wu<1.
Ipoekmus Teqa K Ha IJIOCKOCTh Ty — eaummmunbii muck. Cpoiictso (F) mma
k = 1 BwImoJHSIETCSI, HO IMPOEKIIUsI OCU z, KOTOpas sIBJSeTCS OIOPHOI K Tery K,
Ha [IJIOCKOCTH 2y SIBJISIETCs] BHYTPEHHEH TOYKOI TOro IUcKa (ero meHTPOM), TI09TOMY
K ¢ xF.

Cuesyroriee yTBepzKIeHue T10JIydeHo B [5] mis Gosiee y3KOro Kjacca Tejt ”1/2k

Jlemma 1. (a) Cpazmoe teno K € ¥"~! 5 E" omyxiro.

(b) Ipoexmus rena K € #F B E" ma mo6yro rumepriocKocTsh TpHHAIEKHT
KJaaccy ‘Vlk_l. CootBercrByoras 0603pHMOCTD OyeT U y €ro NpPOeKIHil Ha ILIOC-
KOCTH MEHBIIIHX Da3MepHoOCTeli, B JacTHocTH, npoeknus teqa K € ¥ ? p E" na
JI06YI0 TPEXMEPHYIO IIOCKOCTD HPHHAIEsKUT Kiaaccy Yot

JIOKABATEJIBCTBO. II. (a) semmbl ciemyer u3 Toro dhaxra, 9TO TAKOE TEJO
JIe2KUT 110 OHY CTOPOHY OTHOCHUTEJIBHO KazKJIOH CBOEH OIOPHOU I'MITePIJIOCKOCTH.

(b) Hycrs K (w) — npoexnust Tea K Ha rumnepiuiockoets P*~ 1 (w), neprien;m-
KYJISIPHYIO eIMHIIHOMY BeKTOpy w € E™ u y € 0K (w). Bce npoobpassl 910i TOUKN
IIPM TAaKOM IIPOCKTUPOBAHUM JiexkaT Ha rpanune tena K. Ilycts z € 0K — ojgun
u3 npoobpazos Touku y. [Ipsmas [(yz)||w asaserca onopuoit k K u mo oupesele-
o Kacca #}F mesxur wa rpammnne (k -+ 1)-meproit momymaockoetn H* 1 omopmoit
k K. Ipoexums H*'1 ma P"~1(w) 6Gymer k-MepHOii OIYILIOCKOCTBIO, OIMOPHOM K
K(w). O

Teopema 1. Uwmeror mecto Bmouenns Ay C ok, vk c vF u vk c xF
(i=1,2).

JIOKABATEIBCTBO. Jlokaskewm, uro o8 C K. Tlyere K € #F u x, € OK.

PaceMOTpuM CXOJAIILYIOCST K Ty TIOCIIEI0BATEIBHOCTD TOUEK x; ¢ K. Jljst KaxK10ro
1 HalimeTcst Takas k-MepHAas IIOCKOCTh Pik, YTO OHa BKJIIOYAaeT X; U OI'PAHUYUBAET
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Puc. 1. Teso K xmacca .)fflk \ %’“, k =1, ero «pasBepTKa» U MOJEJb U3 13 KyOUKOB.

HEKOTOPOE TOJIyITPOCTPAHCTBO Pftl, He nepecekaroreecst ¢ K. Ilycts p; — enm-

[
TEeJIbHOCTH HOMEPOB i, MO2KHO CHUTaTb, 9YTO hrn Pi — DPx A HaﬁILGTCH TaKad I1JIOC-
1—00

HUYHAas BHYTPEHHSAS HOPMAaJib K Pk s Pftl B TO4YKe x;. BnIiOpaB mojmocieaoBa-

2 *

kocth PF = lim PF, comepsxamas .. Torma PF orpanmamsaer moJympocTpancTBo
11— 00

Pﬁﬁl W eJMHIYHAs HOpMash P, | PF manpasiena BHyTph Pl;;l. 910 mpeneIbHOE
MOJIYIPOCTPAHCTBO sIBJIsieTCs onopHbIM K K. JleficrBuTenibHO, ecyin Pﬁﬁl COJIEPIKUT
BHYTPEHHIOIO TOUKY i € int K, TO HAMIeTCs MOCIeI0BATEIBHOCTh TOUEK Z; ¢ K,
CXOZIAMIASACS K Yo, ITO U JIOKA3bIBAET TPeOyeMoe BKIIIOUEHNUE.

OcTraJjbHblE BKJIFOUEHUs! JIOKA3BIBAIOTCS aHAJIOTUIHBIM o6pasom. Hx crporocThb
cJlejlyeT U3 MPUBEJCHHBIX HUXKE puMepoB. [

[TpuMEP 2. (a) Ioctpoum K € #F \ #F npn k = 1,n = 3. Paccmorpum
roMeoMOPMhHYIO KpyTy Durypy D, COCTOSANIYIO U3 YeThIpeX KBAJIPATOB C JBYMsI pa3-
pesamu BJI0JIb OTPe3KOB p u ¢ (puc. 1). Mzoruem upoumssenenue D X [—c¢,c| (upu
MAJIOM €) Ha yroJi, 9yTh MenbIuuit 90°, BroJb orpeska r u Ha yro 90° B1oJb JuHui
p,q. Tlomygaem teno K C E3, koropoe OKpy»KaeT ¢ 4eThIpex HallpaBjeHmil eiu-
amanbil ky6. Owenmno, K € ¢!, HO cBOICTBO 5! He BBITIOJHSIETCS JJIs TOUKH
C(0,—1/4,1/4) ¢ K, 6amskoii K mepenseil TpaHu, cojiep:kaieil OTpe3oK 7.

Humaaap K’ = K x [—a,a] C E* npeacrasager npmvep tema K/ € 7\ 7
mpu k = 2,n = 4.

(b) Hpumep tea K € J#F\ ¥ npu k — 2,n — 4 (1. e. 2-BBIIYKJIOro Teja B
[E?, koTopoe He sBjIsteTcst 2-0603pUMbIM) TIpUBE/IEH B [5].

Cuieiyrommuit HeCJIOXKHBI Pe3y/IbTaT MOJYUEH HAMU HA HAYAJIBHON CTAIUH U3Y-
geHnsi ¢(hOPMYIMPOBAHHOTO BO BBEJICHUN BOIPOCA.

Jlemma 2 [5]. Iycrs Vi,V € #of — xomnaxrubie Tena B R, n > 2, n—k > 1
(BerecTBEHHOM, KOMILIEKCHOM HJIH KBATEPHHOHHOM), U rpyima G cocrout jmbo u3
BCEX MapaJlieIbHbIX MEPEHOCOB, JIHOO U3 BCeX I'OMOTETHI HJIH TpUBHAJbHA. FEcau
npoeknuu tea Vi, Vo Ha Jobyro (n — k)-mephyto miockocrs P coBmerrjaiorcs mpe-
obpazopanusimu rpymibsl G, To Tesa Vi, Vo Takzke coBMenaroTcss mpeobpa3oBaHusIMU
3TOH T'PYIIIBI.

DTO yTBepKJeHNe HeBepHO mpu N — k = 1 m HerpuBmasibHOI rpymnme G, mo-
CKOJIbKY PAa3JIMIHbIE TeJIa OJNHAKOBON MOCTOSHHON MUPUHBI UMEIOT N30METPUIHBIE
[IPOEKIMK Ha JIFOOYIO MPSIMYTO.

BAMEYAHUE 3. Ilycrs y Tema K € %, k > n/2, 8 E® rpammma M = 0K
apiisgeTcss C2-peryIspHOil I'UIePHOBEPXHOCTHIO C eIMHIYHON BHYTPEHHel HOPMAJIbIO
£. Tlo ycyioButo jrobast Touka & € 0K JIEXKUT B ILJIOCKOCTH Pf, KOTOpas He Iepe-
cekaercs ¢ int K. 3naunt, P C TM,, n Bropas dynnamentaibaas Gpopma rumep-

nosepxnoctn M meoTpuaTenbaa Ha PF| mosTomy 1o kpaitmeit Mepe k coGCTBEHHBIX
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YHCeJI CUMMETPUYHOro omeparopa Beituraprena A¢ (T. e. IyaBHBble KDHBU3HLI I'H-
nepuosepxuoct 0K ) HeOoTpHUIIATeIbHBL. B 9TOM Ciiydae jisl IeJ0UUCIeHHBIX IPYIIIL
TOMOJIOTHUIT 9TOM IIOBEPXHOCTH BBIIOJIHAIOTC cooTHOImeHus Hy, 11 s(0K) = 0 upu
0<s<2k—n—1 (cm. [14, memma 16; 11, nemma 6(b)]).

ONPEAEJEHUE 3. OmnpezessieMas HEIIyCTBIM CEMENCTBOM &P}, OPTOTOHAIBHDIX
npoekiuii Ha (n— k)-MepHbIe IockocTn guduman oborouka P (W) muoxkecrsa W B
E"™ — 310 Haubosbimee MaOKeCTBO V, st Koroporo f (V) C f(W) upu Beex f € Py
Tesio K C E™ HaspiBaercst 6uduMvLmM OTHOCHTENBHO Py, ecin P (K ) = K [6].

IIycre f — oproronajbHasi npoeknusi Ha moanpocrpanctso P C E™. Bynem
o6o3nauarh yepe3 Z(f) ee obpas P. Byznem raxkke 0603na4uaTh Yyepe3 Py, ceMeiicTBO
OPTOrOHAJIbHBIX IIPOEKIMIi HA BCEBO3MOXKHBIE (n — k)-MepHble mwiockocTu B E™.

YrBepxkaenue 2 [6]. P (K) = K torga u TOJIbKO TOLJa, KOLLa JJIsd KaXKI0H
rouxn x ¢ K cymecrsyer takoe f € Py, uro x + X (f)* He nepecexaercs ¢ K.

Busmmbie 060109y Tes1 B B3 11711 KOHEUHBIX CeMefcTB H2), M3y4aroTCA B BBIUHC-
JINTEJIbHOIM TeOMETPUN U B MAIIMHHOM (KOMIIBIOTEpHOM) 3penun (eM. [7,15] u T. 1.)
[PU BOCCTAHOBJIEHUH TPEXMEPHBIX 00bEKTOB 110 UX JBYMepPHBIM oOpasam (doTorpa-
busimM, pEHTTEHOBCKUM CHUMKAM U JIP. ).

Vreepxaenue 3. K € % rorma n tonsko toraa korma P, p(K) = K.

JTOKABATEJIBLCTBO. 1. Ilpemmonoxum, uro x € 2, (K)\ K. Tlo omnpeme-
JIEHIIO KJacca Ho" "epes TOuKy & TPOXOIHuT k-MepHas miockocTs PP e mepecexa-
fomasicst ¢ K, 3HaunT, npoeknus tena K Ha (n — k)-MepHYO IUIOCKOCTB (Pk)J‘ He
COJIEPIKUT TIPOEKINH TOUKH T, mostomy x ¢ P, 1 (K).

2. JToka3aTebCTBO OOPATHOTO YTBEPKIEHNsI CTOJb YK€ HECJIOXKHO (CM. JIOKa3a-
TeIbCTBO yTBepKaeHus 4). [

2. Kpyrosbie IpoeKIiun U BBIILyKJIOCTb

Pacmmpum kmaccesr k-Boimykibix Ten B E”, ucnosb3ys BMeCTO k-MEPHBIX IIJIOC-
Kocreit k-mephble cdepbl paguyca 1/e npu HekoTopoM dukrcupoBanaoMm £ > 0 u
KPYT'OBBbIE IIPOEKIIUU BMECTO OOBIYHBIX OPTOTOHAJIBHBIX ITPOEKITUIA.

2.1. Kpyrossie npoekuuu. (n — k)-Mepras mockocrs P(C), comepxa-
mag Touky C' € E", Gyser HasbisaThes (n — k)-meproti naockocmsio ¢ 6vkoaomot
mouxoti. O6oznaunm vepes PL(C) k-MepHYIO TIIOCKOCTB ¢ BBIKOJIOTOf Toukoit C,
oproronabuyio Kk P(C). Ilycts S*1(C,r) — chepa pamuyca r > 0 ¢ nentpom B C
u S"EL(P(0),r) = S"7Y(C,r) N P(C) — cdepa Toro ke pajmyca ¢ TeM 7Ke TeH-
tpoM. Takme chepsl GyaeM HasbBaTh Goavwumy. s xKaxmoit Toukn x ¢ P(C)
o6ozmaummM wepes S+ (P(C),z) mpoxoaamniyro yepes & Gombimyto k-MepHyio cdepy B
ccepe S"1(C, |Cx|), oproronamsuyto K 6ombmioit cepe SF1(P(C), |Cx|).

ONPEAENEHME 4. Ilycrs P(C) — (n—k)-MepHasi IUIOCKOCTD ¢ BBIKOJOTOH TOY-
Koit. Omnpesesnm xpyzosyto npoeryuto fpcy : E"\P+(C) — P(C)\C creayromuy
obpasom: 1151 Kazk ol Toukn & ¢ P(C) nyers fp(cy(z) — Gimkaiimas K @ Touka
ccepur STFL(P(C),|Cx|) € P(O).

KpyroByio IpoeKIio MOYKHO OIIHCATH SIBHO ¢ oMoIbio dopmyisl. Ilyers C =
O, w=prpicy(@)/[[ prprc)(@)|| mx & P+(0). Torma

froy(@) = [z = (W, z)w]. (2)
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Kpyrosast mpoeknust mapa MOXKeT OKa3aThCsl HEBBILyKIbIM TesoM (cM. [4]).

Kpyrosas mpoekiyst Ha TPSMYIO ¢ BBIKOJIOTON TOYKON UMeeT «boJjiee MPOCTYIO
MPUPOJY», YeM ee MHOIMOMEPHBIE AHAJIOTH, TOCKOJbKY KPYTOBBIE MMPOEKIINN Ha pas-
HbIE TIPsIMbIe, cojiepzkaliue ToYKy C', B IOHSITHOM CMBICJIE TIOJO0HBI. B cBsi3u ¢ 3TUM
MOKHO TaKzKe OIIPeJIe/IUTh TOJIOKHTE/IbHYI0 KPYroByIo mpoekuuio |fo| : E™ — RY
nonaras | fo|(z) := |Cx|.

B BemecTBeHHOM eBKIMIOBOM TIpocTpancTse E" Toukn fpc)(z) w x mexar
B OJIHOM TOJTyIPOCTPAHCTBE OTHOCHTETbHO rumepiiockoctn P (C). B kommiekc-
HOM WJIM B KBATE€PHHOHHOM €BKJIMJOBOM mpocrpancrse E" uepecedenue P*(C) N
Sen=1(C,|Cx]) (a =2,4) — (a — 1)-mepnas chepa u fpc)(x) — 910 Gruzaiimas K
2 TOYKa 3TOoi cdephl.

3AMEYAHUE 4. C 11e1610 HEKOTOPOTO 000DIIEHNS IOHATHS KPYTOBO TPOEKIINN
paccMoTpuM paccioenne o ¢ E™ \ (0 x E¥) — E"~%\ {0}, B koropom ciion So(x) =
71 (x) aBngaioTcs k-MepHBIME MOBEPXHOCTSAMH, B IACTHOM CJIyHdae TaKoe PacC/I0eHue
UMEET 3JIIUIICOUIAIBHBIE CJION.

IMycrs g : [—a,b] — R, 0 < a,b < 00, — miagKas BblllyKJaas (DYHKIUS Ta-
kas, uro ¢g(0) = 1,¢’(0) = 0, y xoropoii KpuBu3HA yI0BIETBOPLAET yciaoBuio k < 1.
O6osHaunM vepes yr Kpusyio & = Rg(y/R), Koropast aubo COIEPXKUTCA BO BHYT-
PEHHOCTH BellecTBeHHoil mostymockocrn E2 | 6o TpaHCBepCaIbHO HEpeceKaeTcst ¢
€ro Kpaem.

IIycTh mpu HEKOTOPOM k MMeeT MecTo Takoe pazioxenne E" — E"~F x EF wro
Ei OPTOrOHATBHO 060MM MHOMKATEIAM (HampuMep, och & aexkuT B E" % a och y —
B EF). T'pymma SO(n) comepxxur noarpymmy G, mzomopduyio SO(n—k)xSO(k),
n geficrByer Ha E™ 6nounbim obpasom: Gp = SO(n—k) u Gy = SO(k). Dro
neticrBue mopoxkaaer (G-MHBAPUAHTHYIO THIIEPIIOBEPXHOCTD Mg}il = G(yg) C E®
(o6osHataenyio I KpaTkoctn uepes Mp '), Gyjiem Has3BIBATL ee 2unepnocep-
nocmwio epawenus ¢ obpasyioweti yg. Kaxaas Takas nosepxmocts Myl te-
pecexaerca ¢ E"7% x {0} mo cdepe Gi(vr(0)) = S"*1(R) pamuyca R, T. e.
no Gp-opbure touku Yr(0). HeficrBue moarpymusl G OnpeesserT PacCJOeHue
7o : E™\ (0xEF) — E"~%\ {0}, B KOTOPOM CJI0SIMI SIBISATOTCS k-MePHBIE TIOBEPXHOCTH
So = Ga(yr), M}%*l [IPEICTABUMO B BUe 00bEeIMHEHNS] TAKUX IIOBEPXHOCTEH.

Hanpuwmep, eciu g(y) = /1 — y2, T0 Y ABIAETCS OJYOKPYKHOCTHIO, & M}%_l —
cdepoit paguyca R. Gi1(yr) aBiserca Goublioii k-mepHoii cdepoii, opToroHaJib-
noit ¥ (n — k)-mepHoit cdepe Mlg*l N E" .  Amamormansiv o6pazoM byHKIHS

9(y) = A\/1 — (y/B)? HopoXKIaeT JIUICORIBL.

ONPEAENEHME 5. ns (n — k)-mepHroit wiockoctun P(C) ¢ BBIKOJOTOH TOUKOM
PACCMOTPIM H30MeTpHYecKoe mpeobpaszosanme T : E?\ PH(C) — E™ \ E*. Ilycrs
dbyukuuga g : [—a,b] — Ry ymoBierBopsier NpPUBEIEHHBIM BBIIIE YCAOBUAM, TOLJIA
e =T tomoT : E"\PL(C) — P(C)\ C aBasercs paccioenueM Ha k-MepHbIe
nosepxHoct. O6ozHaumm depes M k(P(C),ac) CJIOH, TTPOXOMIANINIM depe3 KaKyro-
6o Touky x ¢ PL(C).

Jna mobGott Takoit Toukm oboszHAIMM depes fp(c) () GmmKaiiyo K & TOUKy

cdepsr S(P(C),g,z) := S(C,R(x)) N P(C). 3neco Mg*Rl(x) — I'UIEPIOBEPXHOCTD,

coflepyKaIast T i IOCTPOeHHASA TaK e, Kak n MJ 1 mpn R = R(z) = |Cx|. Hazosem
frcy : EM\PH(C) — P(O)\C g-neaunetinoti npoexyueti ma nnockocrs P(C) n
oboznasmM gepes S+ (P(C), x) Tpoxoagammit 4epes TOUKY & k-MEePHbIH «MepUIHAH>

B MS,_le (HepneHILHKyJTHPHBIP"I K S (P (C),g ,x)).
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PesynbraThl u onpe/ienennst 3TOro pasjeiia (HaduHas ¢ OlpejeaeHus 4) MOryT
OBITH ODOOIEHBI U HA CIyJail g-HEJTMHENHBIX TPOEKITHIA.

2.2. F-BbInyKJIble TeJIa U UX aHajgoru. J[jis Hagaja pacuiupuM onpeesie-
Hudg 1 u 3.

ONPEAENEHUE 6. [Ilap B¥"!(z,7) C E" c rpanumeit S*(x,r) 6yner nazusaTh-
cs1 onoproim K Tety K C E", ecrm S*(z,7) NOK # @ u B*¥'1(z,r) ne nepecexaercs
cint K.

ONPEAENEHUE 7. Ilycts &, — Hemycroe ceMeificTBO KPYTOBBIX TPOEKIHI HA
(n — k)-MepHBIE IUIOCKOCTH C BBIKOJOTBIME TouKamu B E". Byaem HaswbiBaTh 10JI-

P
muoxkecTBa A, B B E" P1,-€ -oxsusarernmuvimu I 0603HaUATEL 3T0 depes A ~F B,
ecin f(A) = f(B) upu Beex f € Py. Hua kaxaoro nogmuoxkectsa A B E” ompe-
JeuM Py, (A) Kak o0beIMHEeHre BCeX OAMHOXKECTB B, yI0BIETBOPSIIONINX YCIOBUIO
2 A

Oupenennm &€ -sudumyro oborowky € P (W) muoxecrsa W B E™ kak HanGosb-
mee MHO)KecTtBo V' O W, myst koroporo f(V) = f(W) upm Beex f € . Teino
K C E" 6ynem HasbBaTh -6 -6udumovim, ecin € P (K) = K.

YrBepxkaenue 4. € P (K) = K Torga u ToJIbKO TOIJA, KOLJA JJis JIHOOOH
roukn ¥ ¢ K mHaiirerca Takas Kpyrobas npoeknus fpc)€ Py, 9ro S L(P(C),x) me
nepecekaercsi ¢ K.

JIOKABATEJ/IBCTBO IOYTH IIOJIHOCTBIO IIOBTOPSIET JIOKA3aTeIbCTBO yTBEPIKIe-
HUS 3.

1. ycrs & € € P (K) \ K. D10 o3Ha4uaer, 9T0 Jjisd BCeX KPYTOBBIX IPOEKIUii
fp(c)€EPy ipoexTua 9T0M TOUKH fp(cy(x) nexuT B fp(c)(K), HO TOTIA COOTBET-
crytomue okpyxuoctn S+(P(C),r) 6yayT mepecekatbea ¢ K.

2. Ilycrp mus soboit Touku x ¢ K wmaidijierca Takas Kpyrosas OPOEKIHs
fpc)EPk, uto S+(P(C), x) ne nepecexaercss ¢ K. 1o 03HaUaeT, 4TO frc)EPr,
U TeM caMbIM HUKaKasl TOuka BHe K He MOKeT cojiep:karbes B 6 P (K). O

Jlis masbHeiinero usydenus: ¢hOpMyIMPOBAHHOTO BO BBEJICHUM BOIIPOCA PAC-
HMIUPUM OIIpeJIe/IeHue 2.

ONPEAENEHUE 8. Teso K C E™ nazbiBaeTca % -6binykabim Kaacca Jifik’a (st
HeKoTOphIX € > 0, 0 < k < n — 1), ecsin

(%ks) A ioboit Toukn € OK mafijierca Takasg Kpyrosast IPOeKnus fp(c) €
Pk K., aro x € P(C), |Cx|=1/e u fpc)(x) € I(fpc)(K)),

(%) pas moboit Touxn z ¢ K, dist(x, K) < 1/e, maiinercs Takas frc) €
Py ke, 910 x € P(C), |Cx|=1/e m fpc)(x) ne nexut B fpcy(K).

Teno K C E™ nazoseM % -0603pumbim Kiracca V/ik’g, ecjmn

() s mo6oro onoproro x K mapa B¥~m11(C, 1/¢) naiinercs Takas frc)
€ Py K, IT0 dBLS(P(C),1/¢) n fpre) (B) SBIsLETCS OOPHBIM K fp(c)(K) Temom,

(¥;5) s moBoit ne mepecekaromeiicst ¢ K cdepoi Sk=m(C,1/e), dist(C, K) <
1/e, maitnercs taxas fp(c)€ Py K e, 9TO S1S(P(C),1/¢) u fp(c)(g) TaKXKe He IIe-
pecexaetcs ¢ fp(c)(K).

3nech, kak u BoIme, 0 < m < k < n.

ITomo6HBIM 2Ke 00pa30M MOYKHO OLPEAEINTh KIAcChl & ) ; € -BBIIYKIbIX 1
% -0603puMbIX Test B E™ oTHOCHTENBHO J060r0 cemelicTBa &P (B uacTHOCTH, Pk U
Pk, M, CM. HUZKE) KPYTOBBIX IIPOEKIuii Ha (1 — k)-MepHBIE INIOCKOCTU € BBIKOJIOTHIME
TOYKAMU.
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k,e
MoO2KHO IPOBEPUTD, UTO IHIEPECEUEHUE CBA3HBIX TeJI KJjlacca %, —~ OyJeT Takike
IIPUHAIJIC2KATDh 93TOMY KJIacCCy. Ta,KOG nepecedeHne MOKeT OKa3aTbCdAd HECBA3HBIM.
Paccmorpum Teriepb HECKOJIBKO TOJIE3HBIX CeMEHCTB Hy.

ITpuMEP 3. Ins moboro muokectsa M C E™ oboznaumM uepes &y ceMeli-
CTBO KPYTOBBIX IPOEKIWit Ha Takue (n — k)-mepusle maockoctun P(C) B E™ ¢ BbIKO-
Jgorbivu Toukamu, uro C' € M. Haupumep, eciu teso K nexur B mape B(z,r),
MOYKHO B34Th B KadecTe M cdepy S 1(x,r).

B nanbuetinem 0yeM paccMaTPUBATD CJIEIYIONTNAE CITYIaH.

1. Hns rena K C E" obosnaunm depes Py k. CEMEHCTBO BCeX KPYTOBBIX
poekIwit Ha Takne (n—k)-mepasble maockoctu P(C) B E™ ¢ BBIKOJOTHIME TOUYKAMH,
aro PLH(C)NK = @ u dist(C, K) < 1/¢.

Ecmu 31ech B3t M = {C € E" : dist(C, K) < 1/e}, T0 nosty4darcst KJaaccsl U3
orrpejieieHus 8.

2. Jlns k-mepuoit mrockoctu L¥ C E™ obosmaunm uepes A2« ceMeiicTBO Kpy-
roBBIX TpoekImit Ha Takue (n — k)-mepHele mwiockoctu P(C) B E™ ¢ BBIKOIOTHIME
touxamu, aro C € LF u P(C) L L*.

s Py, = P r B OLpejiesieHnn 8 TIOJLy UM YeThIpe KJIACCa TeJl, KOTOpble Oyiem
o6osHauaTe yepes A Py i (LF) u ¥ Py i(LF), i = 1,2.

YrBepxkaenue 5. YcioBus jijk’e (1 = 1,2) 9KBUBAJIEHTHDI CJIELYIOIIHM:

(i — 1) J"°: kamnas rouxa x € OK nexur B mape B¥11(C,1/¢), omoprom
K K,

(1 =2) %k’s: Kaxgas Touka © ¢ K gexur B cepe, orpaHUIHBAIONICH HIAD
BF1(C,1/¢), ne mepecexatommiicst ¢ K.

ke (-

YenoBust ¥ (i = 1,2) 9KBHBAJEHTHDI CJIEJYIOUIHM:

(i — 1) ¥ moboit onopmsii k K map BF¥~"™11(C,1/¢) nexur B mape
BF1(C,1/¢), koropslii Taxxe spisercs onopHbM K K,

(i =2) 4//2]“8: Jsobast He mepecekaromasicst ¢ K cpepa S¥~™(C, 1/¢), s koro-
poit dist(C, K) < 1/e, nexxnt B cpepe, orpammauparomeit map B¥1(C,1/¢), xoro-
PpbIit Takke ¢ K He mepecekaeTcs.

Jloka3aTeTbCTBO HECTIOKHBIM 00PA30M CJIEYET U3 ONPeIETeHN.

3AMEYAHUE 5. HamomuunM, uro mbl BBesn B [4] «(n — 1)-MepHyto Bepcuio»
% -BBIYKJIBIX 00LEKTOB.

Testo K Ha3BIBAETCH £-8LINYKAbIM KAGCCA J;° , €CTIH

(7)) mobag Touka © € 0K npunajgexur onoprHomy K K mapy paauyca 1/¢;

(AF) mobas Touka x ¢ K jexkut B TakoM mmape B pajgmyca 1/e, aro int KNB =
.

-1
Biech TosIbKO Kitace J£5° conasaet ¢ £, °. TIpocTble TpuMepbl IOKa3bIBAIOT,
£ n—1,e
YTO KJIACCHl Ky U Hy Pa3IMIHEL

Teopema 2. /ListBcexe > 0, k < n, i = 1,2 UMerOT MECTO CTPOrHe BKIOUYECHHUST
%k,s C %k,s’ ,1/2]6,6 C 7/1]6,6 n /Vik,s C rjg/ik,s'

JOKABATEJILCTBO. %k’a C Jiflk’a. Ilycrs 2. € 0K, K € ,%/Qk’a. Paccmor-
PHUM CXOJSINIYIOCS K I, TIOCJIEI0BATEIBHOCTh TOUEK ; ¢ K. JIjsi KaXKJI0ro i Hail-
nercst ccepa SF(Cy,1/¢), dist(C;, K) < 1/, comepxamas x; I He TepeceKarontasi-
¢t ¢ K. Orpannuennas nocienosareibuocts {C;} umeer upemgenbuyo touky Cl,
upu sroM dist(Cy, K) < 1/e u 1/e > lim p(z;,C;) = p(a, Cy). CuemoBaresnsHo,

11— 00
r, € S¥(C4,1/¢), m 31a cepa S¥(C,, 1/¢) me nepecexaercs ¢ BHyTpeHHOCTbIO K 1
3a718€T TPeOyeMyI0 KPYTOBYIO ITPOEKIINIO U3 KJIacca Ji/lk’e.
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Puc. 2. Teso K knacca %k’g \ %k’g (k=1).

OcranbHbIE yTBEPKICHUS TEOPEMBI JOKA3BIBAIOTCS AHAJOTUIHBIM 0Opa3oM. [

I[IPUMEP 4. MOKHO HOCTPOHUTHL IpUMeEpPBI Teax K € Ji/lk’s \ Ji/Qk’E, MIPUMEHSIST
Magstbre jiecbopmanun pumepos K € #F \ J#F (puc. 2), rime kpyrosas obiactb
BOIM3K HavaIa KOOPMHAT 3aMeHeHa chepUIecKol TIOBEPXHOCTBIO patuyca 1/e (eM.
puc. 2).

Criesytoliiee yTBepXKI€HNE YCTAHOBIEHO B [4] mist cayaas k = n — 1.

k
Vreepxaenue 6. Ecim y ceasnoro tena K € ¢ nmamerp menbme 1/¢e, To
rpaauna OK 3T0ro reja Takyke CBA3HA.

HOKABATEJIBLCTBO. IIpemanosoxkum, aro Te0 K CBA3HO, & €ro FPAHNIIA HECBA3-
Ha, TOJ/Ia OJIHA U3 KOMIIOHEHT TpaHulibl, mycTb 01 K, oraenser K oT «6eCKOHETHO-
CTH» W SIBJIIETCsI TIPW 3TOM TI'paHmiieil Hekoroporo tejia L, diam L = diam 0K =
diam K. Ilycte 0o K # 01K — npyras KoMmioHeHTa rpanuisl K u 1 € 0o K.
ITockombky K € Ji/lk’s, TO T1 JeXuT U B L, u B HEKOTOpOM omnopHoM K K 1rape
BF(C,1/¢), dist(C, K) < 1/e. 3maunt, B¥T1(C,1/e) C L, u diam L > 1/¢, uro
MPOTUBOPEYUT yCaoBusiM. [

PaCCI\lOTpI/IIVI CHeL[I/IaﬂbeIﬁ cnyqal‘/’l orpeaeJIeHuA 7.

ONPEAENEHUE 9. ByjeMm HasbBaTh e-6udumol 060104x00 € Py, (V) MHOKE-
cTBa V' B ompe/ieiseMoil ceMecTBOM Hy, v, KPYTOBBIX IPOEKINiT TaKOe HANOOJIbIIIee
muoxkectBo K D V', uro f(K) = f(V) upu Beex f € Py y,. Teno K C E™ 6yner
HA3BIBATBCA €-6UIUMBIM (OTHOCUTEIBHO Py, k), eciin € Py (K) = K.

Vreepxkaenue 7. Ecom diam K < 1/e, ro K € Jigk’g TOrjIa U TOJILKO TOIJIa,
Kora € Py (K) = K.

HOKABATEJILCTBO. U3 omnperenenus: Kiaacca %k’s CJIeyeT, 9TO JJisd JIF00O0i
Toukn x ¢ K cymiecTByeT Takas Kpyropas npoekius fpcy € Py ke, uro [Cx|=1/e
u fpc)(z) e nepecekaercs ¢ fp(c)(K). 3maumt, mobas Touka sHe K He MOXKeT
COJIEPKATBLCA B €ro &-6udumoti oborouxe. [

3AMEYAHUE 6. dns «Goabmmux tess (diam K > 1/¢) 9r0 npe/ioxenne HeBep-
HO.

ITycrs K = B(0;3/e)\B(0;2/¢). Hns moboit rouku C € B(0;2/¢) u 1yast iioboit
mwrockoctu P(C') moboit pasmeprOCTH opToronambHoe gonosmerne P (C) mepecexa-
ercst ¢ oM TestoM K, KOTOpOe, OYeBH/HO, IPHHAIEKAT KIaccy A4 npu moGom
k,1 <k <n (mas «MaJbIX TeJ» 3TO HE TAK). SHAYMT, JIJIs OIPEJICICHUs £-BUINMOIL

obonouru € Py, «(K) ciaemyer Bbibupars 1eHTpsl mapos C' BHE «BGOJBIIOrO» mapa
B(0;3/¢), 7. e. 3meck MbI nmeem € Py . (K) = B(0;3/¢).
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2.3. PeKOHCprKI_(I/ISI %-BbIHyKJ'[I)IX TeJl II0 UX KPYIroBbIM IIPDOEKIUAM.

Teopema 3. Eciu kpyrossie npoekimn e Vi, Vo € 3"~ Ha mobyio nps-
myto P(C) ¢ BbIkoTOTOI TOUKOI coBnagaror u diam Vi, diam Vo < 1/(2¢), To Vi =
Va. Bnecs C' — nenrp Jroboro onoproro k Vi man Vi mapa paguyca 1/e.

JIOKABATEJIBCTBO. 1. U3 ycyouii ciemyer, uro ecau map B(C, 1/¢) asasierca
OTOPHBIM K V1, TO OH OyJeT OMOPHBIM U K Vo, W HA0O0POT. AHAJOTHYHO MOXKHO
IIPOBEPUTD, UTO JIJIs PaccTossHAA Mexkay Vi, Vo B MeTpuke Xaycaopda BBITOJIHSIETCS
coornomtenne d(Vy, V) < 1/(2¢).

2. Orcioga caexyer, aro conv(Vy) = conv(Va). OB6o3HAYUM 3Ty BBIIYKJIYIO
ob6ostouky 4epe3 K, ee muamerp Takxke MenbIie 1/(2¢€), HUKAKOI EHTD OIOPHOIO K
V1, Vo mapa paguyca 1/ He Moxer copepKaTbest B K.

3. Tlpemnosoxkum, 910 cymecTByer Takoe Yo € Vo C K, 9o y2 ¢ Vi; MoxHO
cauTaTh, 9T0 Yo € int Va, ya € B(C(y2),1/e) = Bs. 3mech C(y2) — ueHTp KPyroBoii
TPOEKIINHN, KOTOpasi ONMUCHLIBAETCA B ONPEEIeHn 8 Kiacca 1/2”71’5. U3 sToro xe
OTIPEJIETIEHNST CJIEYeT, uTO Mmap By He MOXKET OBITH OMOPHBIM K V] — B MIPOTHBHOM
cJIydae OH JIOJI?KeH ObI OBITh ONOPHBIM 1 K Vo, Taxkum obpasom, By He mepecekaeTcst
C V1 .

4. Tlycrs E(y2) — 9KkBaTOpUAasbHAs TUIEPIVIOCKOCTD Iapa Ba, OPTOroHaIbHAS
orpesky [C(y2), yo]. [Hockoubky Tesa Vi, Vo uMeoT «MaJibley AUaMeTphbl, 9Ta TUIep-
IJIOCKOCTD JIGJIAT TIpocTpaHcTBO K" Ha mosympocTpaHCTBO &, comepxkamiee V) u
V4, 1 Ha MOJIyIIPOCTPAHCTBO &, KOTOPOE ¢ HUMH HE IT€PECEKACTCH.

_

5. Bynem capurars map Bs B Hanpapiaenun o, C'(ys) or tena K, obo3Hadast

b b

Pe3yIbTAThI TOTO TepeHoca uepe3 Ba(t). Bo BpeMst 9TOro nepemerneHus: mapbi
Bs(t) 6yayT comepxkaThest B 00beauaernn By UE™ u Hukorja He nepecekyrest ¢ V).
B HekoTophIit MOMeHT t; map Ba(t1) okaxkercst OMOPHBIM K Va, HO 1ipu 3ToM Tesna Vi
OH KOCHYTBCS HE CMOXKeT. VICTOTHUK TPOTUBOPETHSI COCTOST B JOMYIIEHAN U3 1. 3.
CnemosBarennno, V3 = Vo, 0O

3AMEYAHUE 7. Hus «Gosbimux» ten Vi, Vo, diamVy,diamVz > 1/e, n s
HOJIO?KUTEILHON KPYTOBOii IPOeKIINN JOKa3aHHas TeopeMa, HeBepHa.

Iycts Vi € R? — xonbro 1+ 2/e < |z| < 3+ 2/e u Vo = V4 U B(0,1), e
B(0,1) — exuHWYHBI map ¢ NEHTPOM B HadaJe KoopauHat. Bee mapst B(Z,1/¢) ¢
nenrpamu Z, | Z| = 1+ 1/e apastores onopabivu u jiist Vy, u st Va (u g B(0,1)).
OueBnno, 9T0 U1 Beex Z BhinomHsteTcst Toxkaectso |fz|(Vi) = |fz|(Va).

J7a TeopeMa TakKe HeBepHA Jls Gojee MHUPOKOro Kiacca Terx ;" ¢, uro
MMOKA3BIBAIOT AHAJIOTMIHBIE TPAUMEPHI.

Yreepxkaenue 8. Ecin Vi C E" \ L* npunamrexxur xnaccy H Py o(LF),
1 <k <n—1, uVs noayqaeno uz Vi HekoTopbiMm BpaiiieaneMm E™ BokpyT Lk (T. €. HEeKO-
TopbiM npeobpaszosarmem u3 SO(n—k)), To g mo6oro C € L¥ kpyrossre npoexrmm
fp(c) Ter Vi u V na mrockocrn P"~*(C') KOHrpySHTHBI OTHOCHTE/TEHO HEKOTOPOTO
Bparerust 31oit miockocru (win, nabiME caoBayu, SO(n — k)-5KBUBAJIEHTHBI).

JTOKABATE/NBLCTBO HEMEJIEHHO CIeIyeT u3 Toro, uro mpu mmobom C € LF
cchepa S"1(C,r) n pasnoxenne npoctpancrsa E® = LF @ P"~*(C) unsapuantHb
OTHOCUTEIBHO Bpamenuii u3 rpynnst SO(n — k).

Byzem rosopurs, uto Teqo K C E™ oxpysicaem mmockocTs P™ 2, ecom mrobas
noJryiockocTb H™ ™1 ¢ rpanuteit P"~2 nepecexaercs ¢ K.

[IpuBemem npumep oTBeTa Ha CHOPMYIUPOBAHHBIN BO BBEJIEHUU BOIIPOC.



1048 B. II. I'onybsitaukos, B. FO. Posenckuit

Teopema 4. Ecou Vi, Vs CE™\ L"2 npunanexar kinaccy H P, _o2(L"2)
1 He OKPY>KaloT IJI0CKOCTh L2 a mx Kpyrossie npoexti Ha Bee mrockocta P2(C),
C € L"2, P3(C) L L" 2, SO(2)-skBuBasentunl orHocutenpHo nenrpa C, To Vi
MOZKET GBITH ITOTYIeHO U3 Vo HEKOTODHIM BpaleHHeM BOKpyTr L™~ 2.

JOKABATEJILCTBO. Jljisi HATISAHOCTH U3JI0KEHUS Pa300beM [T0KA3aTEIbCTBO
Ha JIBa dTala — TPEXMEPHbIA 1 MHOTOMEPHBIN.

Cayyani n —2 = 1.

1. @uxcupyem Cy € L' u nosepuem Tesio Vi Bokpyr ocu L' tax, 4robsl mo-
nyuernoe Teio Vi u Tesno Vo mMesn coBmasaiomue Kpyrobbie mpoexmun na P2(Cp),
T. e. fo,(V]) = fe,(V2). Dru mpoeknnn copepxkarcs B HekoropoM yriay AgCoBy B
wiockoctu P(Cp) m Kacarorest ctopor sroro yrua. Cremosaresnbro, Teaa Vi u Vs
conepKaTcss B aByrpanHoM yriay AgCoBg ¢ pebpom L' u xacarorcs rpameit 3Toro
yria.

2. Ecom npu mexoropom C; € L' kpyroswie npoexiuu fo, (V) u fo,(Va) me
COBIIQIATOT U 9KBUBAJIEHTHBI OTHOCUTEJIbHO BpalieHus B miockoctu P(CY) Ha HEKo-
topoii yroa ¢(C1), 0 < ¢(Cy) < 2w, 1o fo,(V]) comepKurcst B HEKOTOPOM ILJIOCKOM
yray A;C1 By u Kacaercs ero CTopoH, a Kpyrosas npoekius fo, (Va) comepxkurcs B
HekoTopoM pasHoM emy yrury A} C1 B) u xkacaerca ero cropon. CiiemoBaTeibHO, TejIa
Vi n Va4 conmepxkatrcs B apyrpannbix yriaax A;Cp By, A}C1B] cooTBeTcTBeHHO. JTH
yIJIbI mMetoT obiee pebpo L' u ux rpanm xacatorcst Ten Vi u Va; mporusopeune c
cymecTBoBaHueM jByrpanHoro yria AgCoBg, IOCTPOEHHOTO paHee.

Caydyan n — 2 > 1.

3. Kax u Boimre, duxcupyem Cy € L™ 2 u nosepuem Testo Vi Bokpyr L™ 2 Taxk,
9T06BI TIOJTyueHHOe Tesio VY 1 Teno Vo nMesn COBIaJAoIe KPYTroBble MPOEKIN
feo (Vi) = fey (Vo) B P2(Co).

4. Ecrm nipu mekoropom Cy € L"~2 xpyrossie poekimu fo, (V{) u fo,(Vz) e
COBIIQ IAIOT, HO SKBUBAJIEHTHBI OTHOCUTEJILHO HeKoToporo nosopota ¢(Ch) € SO(2)
mockoetn P?(Ch), To, mockombKy Tema Vi, Va He OKpy#KaioT mIockocTh L™ 2 mx
kpyrosbie mpoektmu VY (P?(C1) u Va(P?(C1), Kak u B TpPeXMEpHOM CJTydae, cojiep-
JKaTCsd B HEKOTODPBIX PaBHBIX Iiockux yriax A;ChBy u A} C1B) coorBercrBeHHO U
KacaroTcs ux cropoH. Kak u Bbie, Teaa VY, Va comepKarcsi B AByTpaHHBIX yIiIax
A1C1By u A{C1 B} ¢ obmum (n — 2)-mepabiM «pebpom» L™ 2 u Kacaiorcst ux rpa-
Heil. DT yIJIbl KOHTPYSHTHBI OTHOCUTEJIBHO BpamieHust Ha yrod ¢(C1) B IIOCKOCTH
P?(C4). C apyroit cTOpoOHBI, TIepecedenns 3TUX rpamei ¢ miockoctavu P?(Cyp) mo-
POXKJIAIOT B 3TOW IJIOCKOCTH yTJIBI ¢ obmmM neHTpom Cy. DTHU JBYTPAHHBIE YTJIbI
comepxkat Kpyrosbie npoekiun fo,(VY) = fo,(V2) 1 KOHIPYSHTHBI OTHOCHUTEIHHO
TOrO Ke caMoro mosopota Ha yrod ¢(C1), UTO MPOTUBOPEUNT MPEIIOTIOKEHAIO 1
HETPUBUAJIBHOCTH STOrO yriaa. [

SAMEYAHME 8. (a) B ommune or pacemorpennoro B [5] ciayuas SO(2)-5k-
BHUBAJIEHTHBIX OPTOTOHAJIBHBIX IIPOEKINH HA BCEBO3MOXKHBIE JIBYMEDHBIE ILIIOCKOCTH,
IJie IpU JONOJHATEIBHOM OTPAHHYEHHH Ha OTCYTCTBHE y 3Tux mpoekimit SO(2)-
CUMMeTpHIl J0Ka3bIBAIOCH, 9TO Teqa Vi, Vo 9KBUBAJIEHTHBI PYT JIPYTY JHOO OTHO-
CUTEJIBHO MAPAJUIEIBHOTO IIEPEHOCA, JIMOO OTHOCUTEIBHO IEHTPAIBHON CHMMETpPHN,
B YCJIOBUM TeOpeMbl 4 TakO# acHMMETPHH He IPEJIIOoJaraeTcs, HO IIPU ITOM pac-
CMATPHUBAIOTCSL KPYTOBBIE HPOEKIMH TOJIBKO HA JIByMEDPHbIE ILJIOCKOCTH, HEPIeHI-
KyJasiprble L™ 72, U HeHTPbl BCeX BpaIeHuii IPe/noaraloTes JeXKaluMy Ha 3TOl
wrockoctn L2,
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(b) AranormusbiM 06pa30oM 3Ta TeopeMa MOXKeT ObITh ChOPMYJIUPOBAHA s

CJIyJaeB KOMIUIEKCHBIX M KBATE€PHHOHHBIX €BKJIMJIOBBIX IIPOCTPAHCTB U JIsS IPeod-
pazosanuit u3 rpynu U(n — k), SU(n — k) u Sp(n — k); B [10] coorBercTByIOmme
PE3YJIbTATHI MOJIyUeHBl JJIsl CJydasi OPTOTOHAJBHBIX MpOoeKIuil Ha (n — k)-MepHbIe

IJIOCKOCTH KOMILJIEKCHOTO €BKJIUJIOBA IIPOCTPAHCTBA MPU IPOU3BOJBLHLIX k W IPU
JIOTIOJIHATELHOM YCJIOBUM OTCYTCTBUsl y 9TUX npoekuuii U(n — k)- nim SU(n — k)-
CUMMETPUIA.

ABTOpBI BBIpazkaoT UCKpeHHow Omarogapaocts B. B. TlukaioBy 3a moJie3nbie

00OCy2KJIeHNST TPUMEHEHNH B (PU3UIECKON M KOMIILIOTEPHOM TOMOTpadun KPYTrOBBIX

HpOGKL[I/IfI 1 ApyTrux reoMeTpuvIeCKux CXeM CKaHHUPOBaHUsA, a TaKzKe aHOHUMHOMY

PEIEH3EHTY 3a COBETHI U KPUTHUYICCKUE 3aMeYaHUA.
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