5. Ilpenen pyHKIum

Omnpeaenenne. Touky p € R Ha3bBaOT npedeavroti mowkot (MIm mou-
Koti ceyuenua) mmosicecmea X C R, nas mo6oro r > 0 cyImecTByeT OTIndHAaA
or p Touka x € X Takas, 910 |z — p| < r. T'oBopaT, 4T0 +00 (COOTBETCTBEHHO
—00) ABJISIETCs TpeIebHOM Toukoi MHOXKecTBa X C R, ecom jyist iro6oro r
Hafinercsa Takoe r € X, 4T0 > r (COOTBETCTBEHHO X < T').

T'oBops o mpesesie HyHKIMN B KOHEYHOM NN OECKOHEYHO# TOYKe, BCEr/Ia,
He OroBapuBas KazKJIbIil pa3, OyaeM IpeJInosararb, 9T0 3Ta TOYKA IIPe/IeTbHas
JIJIsT 00J1acTU OIpejieIeHus (DYHKITUN.

[Iycts nanwr dyukius f u Touka a € R, mpejenbHas TOYKa 00JIACTH ee
ompeJIesIeHUsI.

Omnpenenenune. Yucno | € R wmazpBaor npedesom dpynwxuyuu f(x) 6
mouxe a, ecau i joboro € > 0 Haiimercss Takoe 0 > 0, uTO HjIs JIFOOOTO
x € D(f) rakoro, uro |x—a| < § u x # a, BeInOTHEHO HEpaBeHCTBO | f(2)—1| <
e. Ilpu sTom mcmosp3yior Takne obo3HadeHusA: | = il_r)r}l f(x), f(x) — l, n

TOBOPAT TakKe, 9T0 | ecTb npedea f(x) npu x, cmpemauemca k a, WIA 9TO
f cxodumca x | npu x, cmpemauemes x a.

Wcnonb3yst KBaHTOPBI, cooTHOMeHne | = lim f(x) MOXKHO 3amicaTh Tak:
r—a

(Ve >036 >0Vz, |z —a| <, x #a) |f(x)—1I <e,
nJjnm Tak:
(Ve >036 >0Vr € (a—d,a+0), x #a) |f(x)—I <e.

TosopsrT, uro npexgenom dyurnuu f B Touke a € R sBisiercst +0o (coor-
BETCTBEHHO — 00 ), €CJIH JJIs JTF0OO0T0 € HaitaeTcs takoe d > 0, 9To st 1106010
x € D(f), nnst kKotoporo |r—a| < § u x # a, BBIIOJIHEHO HEpaBeHCTBO f(x) > €
(coorBercTBenHO f(I) < €).

[Tpu sTOM mcHoOB3yOT Takue obozHadenus: +oo = lim f(x), f(z) —
r—a r—a

+00 (coorBercTBeHHO —00 = lim f(x), f(x) — —00).
r—a r—a

Yucyio | € R (cooTBeTCTBEHHO +00, —00) HA3BIBAIOT Npedesom GyHKuuL
f(x) npu z, cmpemawemes x +oo (—o0), ecau mis moboro € > 0 HaligeTcs
Takoe §, 9To Ay jroboro x € D(f) makoro, uro x > & (COOTBETCTBEHHO
x < ), BbIIOJHEHO HepaBeHCTBO |f(x) — | < € (coorBercrBenno f(x) > e,
f(x) < —¢). Ilpm sTOoM HMCHOMB3YIOT OOO3HAYECHUs, AHAJOIMYHbIE ITAHHBIM
BBIIIIE, C OUYEBUIHBIMY U3MEHEHUSIMU, ¥ TOBOPSAT TAKKe, 4T | (COOTBETCTBEHHO



+00, —00) ecTb npedes f(x) npu x, cmpemauemca ¥ +00 (COOTBETCTBEHHO
—00).

Teopema (ompesenenne mpejena (GYHKINNA ¢ UCTOIB30BAHAEM IIPEJIE/Ia
rocjiesIoBaTebHOCTH ). IlycTh ganbr pyHKIUs f 1 TOYKA a, IpeebHasT TOUKa
obstactu ee onpegerenns. Hucio | € R (coorBercTBeHHO +00, —00) SIBJISIET-
cs1 mpenesiom (pyHKOuA f B TOYKe a (HA +00 HJIH —00) B TOM H TOJIBKO B
TOM cJIy9ae, eCJu JIs JIE0OOH MTOC/IeI0BaTeIbHOCTH Ty, u3 D(f) takoii, aro

lim =z, = a (coorBercrBerno lim =z, = +o0) mw x, # a, n € N, umeer
n—-+oo n—-+oo
MECTO PaBEHCTBO
lim f(z,) =1
n—-+oo

(coorBercrBenHo lim  f(z,) = £00).
n—-+00

CdopmyupoBaHHbIil KpUTePUii ObIBAET II0JIE3€H IPU J0KA3aTEeIbCTBE OT-
CYTCTBUS KaKOI0O-Iu00 Tpejiesa y MyHKIUU f B TOYKE @: JTOCTATOYHO HANTHU
JIBE TIOCJIEIOBATELHOCTH X, , T YIOBJIETBOPSIONINE YKA3aHHBIM B TE€OPEME
TpebOOBaHUSIM U TaKue, 9TO limOO fal) # nlim fah.

= =

O/IHOCTOPOHHUE Npejenbl. [osopar, uro | € R ects npedea f(x) npu
x, cmpemawemcs ¥ a € R caesa (cnpasa), ecau jjs joboro € > 0 MOXK-
HO ykazaTb Takoe d > 0, uro jys Bcex x € D(f) makux, dro a — dz < a
(coorBeTcTBEeHHO 0 < T < @ + §) BBIIOJHEHO cooTHomenue |f(x) — I < €

(coorBercTBenno f(x) > ¢, f(x) < —¢). Ilpm aToM ncoaB3yI0T 0OO3HATEHUS
[ = lim f(x),l= lim f(x) coorBercTBenno. O mpeeax cieBa U CripaBa
z—a—0 z—a+0

rOBOPAT KaK 00 00HOCMOPOHHUTL npedenal.
[IpuBenem HOPMYIMPOBKU TEOPEM O IpeesaX, KOTOPbIE OYIyT MCIOIb-
30BaHbI HU2KE IIPHU HAXO2KJACHHNHU IIPEIE/IOB KOHKPETHDBIX (byHKI_U/Iﬁ

Teopema (o cBsi3u mpesena ¢ apudmerndeckuMu oneparusivu). Ilycrb
JaHbl pyHKnuu f, ¢, 3aJaHHble Ha MHOXKeCTBE X, W TOYKA (G, HPEICIbHAS
touka MHOXKecTBa X . IlpeamoioxkmumM, 9To CyIIeCTBYIOT KOHEUHBIE HMPEILCIbI

lim f(z), lim g(x). Torma cymecrByror npeesansr lim (f +¢g)(x), lim (f-g)(x),

a ecsm lim g(x) # 0, o u npeges lim =(x), npu sToM
r—a

m—>ag
lim (f +g)(2) = lim f(z) + lim g(z), lim(f-g)(z) = lim f(z) - lim g(),
L f )
@) = @)

r—a



Teopema (0 1pejesie KOMIO3UIMU, WX O 3aMeHe mepeMenHoit). IIpes-
[TOJIOZKUM, 9TO CyIIecTBYIOT npeaesl lim f(x) = I, lirr% 9(y) = b B pacmupen-
r—a y—

HOI1 YHUCJIOBOH IIPAMOMH R. II PEeIIIOIOZKHUM, 9TO, KPpOME€ TOI'O, BBIIIOJIHACTCS I10
KpaiiHe#d mMepe OJHO U3 YCJIOBUH
(1) m1st © U3 HEKOTOPOH OKPECTHOCTH TOYKH a, T # a, 6ymxer f(x) # 1,
(2) rouka l BxOqUT B 00J1ACTD ONIpejieIeHusT (DYHKIIHN § U ?ljil?z 9(y) = g(0)

(T. €. g HempepbIBHA B TOYKe ).
Torza cymecrByer lim g(f(x)) = b.
r—a

B ciyuae BbIToTHEHNsT YCI0BUsA (2) TEOPEMBI €€ Pe3yIbTAT MOXKHO 3alli-
catb B Buge lim g(f(x)) = g(lim f(z)), 1. e. 3HAK mpejea MOXKHO BHECTH
r—a r—a

BHYTPb (PYHKIIAH §.

[Ipumenenne TeopeMbl O 3aMeHE IMePEeMEHHOII OOBIYHO ITPOUCXOIUT CJIe-
naytormumM obpasom. Jlomycrum, HaM Hago HaiiTu npemaen dyHkuu h(z) npu
xr — a. Homyctum, HaM yIaJioch Tak Ipeodpa3oBaTh JAHHYIO (DYHKIIUIO, ITO
B Heil oKa3aJicsi BBIIEJIEHHBIM KaKOH-TO OJIOK, KOTOPBIA MOIJIX ObI 0DO3HAa-
YUTHh HOBOI OYKBOIi, T. €. HAM yJaeTcsi MpeJCcTaBuTh GyHKIWMIO h(z) B BUe
kommosuru h(z) = g(f(z)). Ecan temepp momoxkum y = f(x) u Haiizewm,
YTO BBINIOJIHEHBI YCJIOBUS TEOPEMBI O MpeJiesie KOMIIO3UIINHU, T. €. CYIIECTBY-

er lim f(z) = [, cymecrByer liml g(y) = b, a Tak¥Ke BBIMIOJHEHBI YCJIOBUSI
T—a y—

myHKTOB (1) min (2) TeopeMbl, TO pe3y/IbTAT €€ TapAHTUPYET CyIIeCTBOBAHIE
npejena lim h(x), paBaoro b. Muade roBOpst, HAXOXKICHNE TIPEJIETIA CIOKHOM
r—a

PYHKIIUU 3Ta TeopeMa IT03BOJIsIET CBOJINTH K HAXOXKJICHUIO ITPEJIEJIOB OoJjiee
MIPOCTHIX (PYHKIIHA, €€ COCTABJISIONINX.

Teopema (o mpenesre monoronHol dyuknun). Ilycrs ¢yakmnus f Bo3-
pacraer Ha mHOXKecTBe (a — 1,a) N D(f) mmm vHa maOXKecTBe (a,a + 1) N D(f)
npu HekoTopoMm 1 > 0. Torga cymiecTByOT cOOTBETCTBEHHO

lim f(z) =sup{f(z):z e D(f), z € (a—ra)},

rx—a—0

mgﬂof(w) = inf{f(x) : x € D(f), = € (a,a +1)}.

AHnaJjiorndHOe yTBEpXKIEHNE MOXKHO C(DOPMYIUPOBATE U JJIsi YOBIBAOIIEi
BOJIN3U TOYKU a (PYHKITUN.



Teopema (o mpejienie mpon3BeieHns GECKOHETHO MAJIOW Ha, OTPAHUYIEH-
uytw). Ilycrs wh_rg f(x) = 0, a pyHKIHST g orpaHmYeHa B HEKOTOPOH OKPECT-

moctu Toukn a. Torma lim f(z)g(x) = 0.

Teopema (kpurepwuit Kormu cyiecrBoBanusi KOHEIHOTO TIpeiesa (hyHK-
uu B Touke) Ilycth gauel pyHKOHES [ 0 TOUKa a, IpegeabHAs TOYKa 00.1a-
ctHu ee ompeseseHus. /st cyrecTBOBaHHSI KOHEYHOIO 1peJesa (hyHKIuu f B
TOYKE a4 HEOOXOJUMO H JOCTATOIHO, ITOOBI /A1 JIE0boro € > (0 MOKHO OBLIO
YKa3aTh TAKylo OKPeCTHOCTH V' TOYKH a, 4To g jobeix x', 1" € V rakux,
aro &' # a, ' # a, BemosHsTock HepasencTso |f(x') — f(x”)| < e.

Texnnka HaxoXKJeHUsI npejesa (PyHKIIUA B TOYKE C WCHOJIb30-
BAaHMEM 3aMedaTeJIbHbIX ITpeaesioB. lIpu HaxoxjieHUU IpeaesioB Oyjiem
HCITOJIb30BATh HEDOJIBINON HAOOp IPEJIeJIOB, HA3bIBAEMBIX OOBIYHO 3aMEYa-
meavHuMU npedesamu. B HeEM coOpaHbI TIpeIesibl, OTParKarolue IpeIeabHbIe
CBO#ICTBA OCHOBHBIX 3JIEMEHTAPHBIX (DYHKITUIA:

lim (14 2)/* = e, (1)
z—0
lim Sin 2 =1
z—0 Zz

: (2)
a® —1

lim —— = Ina, (3)

z—0 z

In(1
i 22 ()
z—0 z
1+2)*—1
lim (L+2) =

z—0 z

- (5)

Kpome BbIIMcaHHBIX Oy/ieM TakKe UCIOJIb30BATh PABEHCTBO, OTPAXKAIO-
IIee CPaBHUTEIBHBIN POCT IMOKA3aTEJIbHON U CTENEHHOW (DYHKITHIA:

z

lim — = 400 g a0bbix @ > 1, a € R. (6)
z—+oo 2%

[Tpu HAXOXKJEHUW [IPEJIEJIOB HAJIO MOJIB30BATHCSI TEOPEMAMU O TIPEJIESIax
CYMMBI, TIPOU3BEJIEHNsI, OTHOIIEHNsI, KOMIIO3UIIUY, €CJIU BBIIOJTHEHBI UX YCJIO-
BUd. O,ILH&KO OIIpEaCJICHHYIO TPYJAHOCTDH BbISBIBAIOT CUTyalllr, KOI'la HE BbI-
IIOJTHEHBI YCJIOBHUS YTBEPXKJIEHUS, KOTOPOE CJIeJOBAJIO ObI MPUMEHUTH. TaK
ObIBaeT, HAIIPUMED, KOTJ[a PACCMATPUBAETCS TIPEJIE] OTHONIEHUSI, HO [IPEIEJIbI
3HAMEHATE I Y YUCJIUTEsl PABHBI HYJIO WIH OECKOHEYHBI. B Takux cirydasx

4



FOBOPST, YTO UMEET MECTO HEONpPeIe/IEHHOCTh COOTBETCTBYIOIIErO BHUJIA, Ha-
0 o©

0" >
HAJI0 «PACKPBITH», T. €. IPOBECTHU TaKHe IIPeoOpPa30BaHmsd, KOTOPhIE €€ UCKJTIO-
ynm 661. KpoMe yKazaHHBIX BCTpedaloTCs TaKzKe HeonpeaeaeHaocTr Bua 00,
0 - 00, 1°° — 5T0 3HAYUT, YTO PACCMATPUBAIOTCS COOTBETCTBEHHO MPEIEIIbI

lim f()") (f() > 0), lm f(z)-h(z), lim 12)"®,

mpuMep, BHUJIA , 1 IPU HaXOXKJIEHUU MpeJiesia TaKyl0 HeollpeaeIeHHOCTD

rIe
lim f(z) =0, lim g(z) =0, lim h(z) = oo, lim l(z) = 1.
z—p z—p T—p

r—7Dp

Z[JIE{ PaCKpPbITHUA IIEPBLIX ABYX IIOJIE3HO MMETH B BU/JY COOTHOIICHUWA

9(r) _ p9(@)In f(x) _ f@)  Wa)
B cnydae HeompepemeHHOCTH BUjga 1°° MOXKHO 0OpPATUTh K 3aMevaTe/IbHOMY
npezeny (1) 6o memonb3oBaTh paBeHcTBO a’ — e,
[Tpu HaXOXK IEHUN IIPEEIOB OY/IEM UCIOJIB30BATH CJIEYIOIIEe JIETKO YCTa-
HABJIMBaeMOE PABEHCTBO:

lim f(2)/®) = lim 9@ /(@) —
r—p T—p

lim g(z)1n f(x)
er—P

Y

ecau TobKo lim g(z)In f(z) cymecrByer (xoTst Ob1 Geckoneunsrii). B wact-
r—7Dp
HOCTH, €CJIM CyIIeCTBYIOT KOHeYHbIe mpeaesbl lim f(x) = a u lim g(x) = b u
r—a r—a

a’ +b* #£0, To
lim f(z)9@) = aP. (7)

r—a

IIpumepnI.

1)2(3 — Tz)?
1. Haittu npemen wll_{lolo (z +(2; (_ 1y z)
00

BaMeTI/IM7 9TO mMeeM HEOIIPEeaeJIEHHOCTb BHJa ——, TaK KaK IIpEedeJI 9HrC-
©.@)

JIMTEJIsT U TIpeJiesl 3HaMeHaTe s paBHbI OeckoHedHOCTH. IIpeobpaszyem 3Ha-
ME€HaTEJIb, BbIJICJINB OTAC/IbHO CTPEMAIIYIOCA K 68CKOH€‘IHOCTI/I IIEPEMEHHYIO!:
(22 —1)* = 24(2 — 1/2)%. Cosepmast anajoruunoe nmpeobpaszoBaHue B THC/IH-
TeJie U TPUMEHsIsT TEOPEMY O IIpeJiesie OTHOIICHUSI, TIOJIYIUM

(x+1)%(3 — 7x)? xt(1+ 1/2)%(3/x — 7)*

li = i
pooo (20 — 1) pmoo (2 1/z)d
~ im (1+1/2)%3/x —17)> 49
Tr— 00 (2 — 1/5[})4 16.



2. Haiitu mpesien lim (Va2 — 1 — /a2 + 1).
r—00

3/1ech UMeeM JIeJI0 C HEeOIPeIeJIEHHOCTBIO BHJIa 00 — 00 (paHee B TEKCTe He
OTMEYEHHOM, MO0 TaKWhe HEeOIPEJIeJIEHHOCTH IPOIIEe PACKPBIBATH C ITOMOIIHIO
Ipeobpa30BaHNl KOHKPETHBIX BBIPAYKEHMIT). Y MHOXKUB U PA3e/IUB HA CyMMY
KOpPHEM, a 3aTeM IIPUMEHUB TeOpeMy O Ipe/ese OTHOIICHUA, Oy YAM

lim (V2?2 —1—+v22+1) = lim 2 0,

oo N S A=

b0 3HAMEHATEJIb CTpEMUTCA K OQ.

Haiinem sToT npenen nHave. BbIHOCS M3-110[, KOPHSA IIEPEMEHHYIO X, II0-
JIy9YUAM

1 1
lim (Va2 —1— Va2 +1) = lim | |z 1—— —[z)y/1+ =
—00 T—00 €T €T
~ lim V1=1/x2 — /1 +1/x? — lim V1—9y2—/1+9y?
200 1/|x| y—0 Yy
Loy AP (- (1))
y—0 Yy
(1)1 1 (L y?)!?
:1 | — * —
Jim vy (—y) + lim, ) y =0,

rjie caenana 3aMena y = 1/|x| u ucmosmp30BaHbl COOTBETCTBYIONINE TEOPEMBI.

. . V/cosdx — v/cos bx
3. Haiitu npesiesr lim :

£—0 1 — cos3x

0
Jlerko 3aME€TUTb, 9TO 3J€Cb HUMEEM J€JI0 C HEOIIPECACJICHHOCTbIO B da — .

0

B uwmcautesne crosaT KyOmdecKue KOpHHU, T. €. CTeleHHble (PYHKIIMU, U HAM
JKeJIaTeJIbHO y3HAaTh, MOXKHO JIM OyJIeT NMPUMEHUTDh 3aMevaTesIbHbIA TIpeJIe,
CBSI3aHHBIN cO cTereHHOU dynkmueir. /lmsa sToro Hasmo, 9TOObI MpeIes I10/I-
KOPEHHOTO BBIpAXKeHUsI ObLT paBeH eauHuIle (ITOCKOJIbKY B COOTBETCTBYIOIIEM
npegesie (3.5) ygacrByer Boipakenue Buga (1 + z)*, rme  — 0). Y Hac Tpe-
OyeMoe CBOMCTBO BBINOJIHAETCH, 100 lim cos4x = 1, lim cosbx = 1. [Is Toro

x—0 x—0

qTO6bI HNCIIOJIb30BAaTh 3aMedaTeJbHbINA 1IpenaeJi, Had0 IIOJKOPEHHOE BbIPpaKEHUE
npecTaBuTh B BUje 1+ ¢, e t — 0. D10 cuesnarh Jierko, NpubaBUB U OTHSIB
oy, KopueM equamity: cosdr = 1+ (cosdx — 1), cosbzr = 1 + (cosbx — 1).
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Tenepb poBeieM HEOOXOIMMBIE TTPEOOPAZOBAHUS:

lim Veosdx — v/cos br - $/1+ (cosdx — 1) — /1 + (cos bz — 1)
1 =\

z—0 1 — cos3x z—0 1 —cos3x
= lim ((1 + (cosda —1))Y/3 —1) — ((1 + (cos 5z — 1))1/3 — 1)
v=0 1 —cos 3z
iy (0 (cosdz — 1)1/3 — 1) — (1 + (cos 5z — 1))/3 — 1)
z—0 2 sin? (32/2)
g (A (cosda — 1)V 1) (L (eosba — 1)V -
z—0 281112(3:[:/2) 2Sin2(3x/2) .

L1151 BO3MOXKHOCTH UCIIOTH30BAHUS 3aMeYaTe/IHHOTO IPeie/ia YMHOXKUM U pa3-
JIEJIM COOTBETCTBYIOIINE IPOOH Ha CTPEMSIINECS K HYJ/II0 BHIPAYKEHUsT COS 41—
1, cosbxr — 1, caenmaeM MOIXOISIIYIO TPYIIUPOBKY U 3aiiMeMCsl BOSHUKIIIMI
JIPOOSIMU:

(1 + (cosdx —1))/3 —1)  cosdx —1

L = lim C—
z—0 cosdr — 1 2sin”(3x/2)
(X + (cosbz — 1)Y3 —1)  cosbxr —1
cosbx — 1 2 sin”(3z/2)

Hcnosb3yst TeopeMy 0 3aMeHe mepeMeHHO u mpeen (3.5), nveem

. ((1 + (cosdx — 1))1/3 — 1) 1
z—0 cosdxr — 1 3’
lim (1 + (cos bz — 1))1/3 —1) 1
z—0 cosbhxr — 1 3
SaiiMmeMcs mpegeaMu
cosdxr — 1 . cosbr — 1

im —— , lim —— :
x—0 2sin“(3x/2)" =—0 2sin*(3z/2)

Mnmeem
cosdx — 1 . —2sin*(42/2)
im — = lim ——
¢—0 2sin“(3x/2) *—0 2sin*(3x/2)
_ lim —sin®(4x/2) (4z/2)®  (3z/2)> 16

=0 (4z/2)2  (3z/2)% sin?(3z/2) 9

7



Anajiormano
coshr — 1 B 25

im —— .
z—0 28in“(3x/2) 9

Cobupast moIyueHHbIE PEe3YIbTAThI, TMEEM

L—l 16 1 25\ 1
3 9 3 9 /) 3

—l/a:2

4. Haiitu mipejien lir% (cosx)
xTr—>

3aMeTuM, UTO B 9TOM IIPUMEPE UMeeM JIeJIO C HEOIPEJIeJIEHHOCTHIO BHUJIA
1°°, koTopas cBsi3ana ¢ npeesoM (3.1). UTobObl BOCTIONB30BATHCS YKA3AHHBIM
IpeaesioM, HaJl0 B OCHOBAHHMHU CTEIIEHH BBIIEJUTH cjaraeMoe Buga 1 + «, rie
a — OeckoHevHO MaJjas. J[JIsg 9Toro B OCHOBaHUU IMPUOABUM U OTHUMEM €1H-
HUILY, & 3aTe€M YMHOXKUM U Pa3Je/JUM 0Ka3aTe b CTEIIeHN Ha MOy YUBIITYIOCS
OECKOHEYHO MAaJIyIO BEJTUUNHY:

1 . coszr—1

lim (cosx)_l/”[”2 = lim (1 + (cosx — 1))cose=1 " a2

x—0 x—0

cosx—1

= lim ((1 + (cosz — 1))005150—1) —aZ

x—0

OpueHTHpPYysICh Ha MCIOIH30BaHUE paBeHCTBa (3.6), 3aiiMeMcsi OTIETHHO TIpe-

—1
nejiom lim %. Nmeem
z—0 —X
. cosz—1 . —2sin’(z/2) . (sin(z/2)\° 1 1
ST T e T ) 2
Cornacuo pasenctsy (3.6) lin%(cos g)L/= = el/2,
Sagaumn.
1. Haiitu npenenbr
. (1 +2)°—(1+52) o oat =3z +2
1) 1 2) 1
()xl—% x? + xd ’ ()ml—>H11:l:5—4:l:+3’
1 " —(1 m m—1
(3) Tim L") 2( )" meN, (4) im =l mneN,
x—0 X z—1 " — 1
x4+ a"—n 2"l —(n+ Dz +n
%/ — 1 v/ — 1
(7) lim Lo +B:z:’ m,n €N, (8) lim L, m,n € N,
z—0 €T rz—1 {L/E —1



W1+ axi/1+ Br—1

(9) i}i}% . , m,n €N,
(10) lim (/@ @) ) - ),

. sinz —sina tgxr —sinx
(11) lim ————,  (12) o}:li%:n—%
(13) ili% sin(a + 2z) — 2;12n(a +x) + sma’
(14) :ll_)o tg(a + ) tg(;— T) — tg? a’

2
z+2\" 21
15) i 16) li in" ——
( )xinolo<2g;—1> + (16) lim sin® 577

(17) lim (”3“‘) . (18) lim (1 + sin )&,

rx—oo \ T — Q r—1

L\ 1/(a—a)
(19) lim (S?m> . (20) lim (sinz)®®,

z—a \ SIN G x—/2
(21) lim = —2  a>0, (22) lim ——%  a>0,
r—a Tr—Qa r—a €r —
T 1/952 T z\ 1/
xe® + 1 a® +b
<23>££%(MT1> ’ (24)912%< 5 ) » @>0,6>0,

1 —
(25) lim zlnz, (26) lim veosz
rz——+0 $—>+033—:Ecosf
3.15. OrBernbr. K 1. 3.8. (1) 10; (2) 1; (3) mn(n m) .
6) n(n+1) (7)) & — 8. (8) 25 (9) & + %3 (10) a+b
13) —81na (14) _Coana
18

(4) ; (5) 2D,
1

1) cosa; (12) %;

(
Csfa # 2k + 1)mw/2, k € Zs (15) 0; (16) 0; (17) e
) e~ (19) et q £ kr, k € Z; (20) 1; (21) a®In 2; (22) a®lnae; (23)
24) \f (25) 0; (26)

Acumnrorudeckue cpaBHeHus. OnuiieM TePMUHOJIOTUIO, CBA3aHHYIO

C aCUMIITOTHYECKUM CpaBHeHHEeM (PYHKIIUI, T. €. CpaBHEHUEM UX B IIpeJIesie

IIPU CTPEMJIEHUN apryMeHTa K Kakoii-Tro Touke. Ham Ha 10 OyeT 1oroBOpuTh-

cd O CpaBHEHUM OJIHOHN (pyHKIUH OTHOCI/I(Te)JIbHO napyroii. [lma sToro ecre-
f(z

g(z)’

OI'OBOPKH, CBA3aHHBIE C BO3SMO2KHOCTBIO 3HaM€HaTeJIA 06pamaTbcs1 B HYJIb.

>I|®

(
(
(
(

CTBEHHO paCCMaTpHuBaTb MX OTHOIICHUE OHaKO IIPpH 9TOM HaJd0 A€JIaTb
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YT1oOBI HE UMETh TAKUX HEYJI0OCTB, MOXKHO JIJII YKA3aHHOI'O BBIIIE OTHOIIIE-
HIsI BBECTU CBOE ODO3HAUYEHHE W T€M CAMbIM PaCcCMATPUBATDH IIPEICTABJICHUE
OJTHOI M3 CpaBHUBAeMbIX (DyHKIwmiA, Hampumep f(x), depe3 Apyryioo B BHUJE
npoussenienns f(x) = g(x)p(x), rae B KadecTBe () MOXKET BBICTYIIATH OT-
Horrenue p(x) = /() B TeX TouKax, rue g(x) # 0.
9(x)

JIBe pYHKIINN acCUMIITOTUYECKH CPABHUBAIOTCS KaK IIPABUJIO B TeX CJIy-

Jasgx, KOTrJa OHH 00e a1b0 OECKOHEYHO MaJble, 100 OECKOHEYHO OOJIbIIHE.

MCHOJH)SYGMI)IG IIpu 2TOM 0003HAICHUI OIMHAKOBbBI B COOTBETCTBYIOIIIUX CH-

TyalludXx, & TEPMHUHOJIOIUA HEMHOI'O OTJIMY9aCTCA.

Nrak, obOpamasicb K cpaBHeHnio (GyHKIu f u ¢, OIpemaosoKuM, ITo f
npescrasiera B Buge f(x) = g(z)e(z). Ilycth a — npesesibHas TOYKA TOrO
MHOXKECTBa, Ha KOTOPOM 3TU (PYHKIIUH paccCMaTpuBaioTcs. Ecym mMeeT mMecTo

paBerncTBo lim ¢(x) = 0, TO TOBOPAT, 9TO f €CTh 0-MaA0E OMHOCUMEALHO
r—a
g TIpU T, CTpeMsIeMcst K a, U UCIOJb3yIT obosnadenue f(z) = o(g(x)).
Ecau npu sTom lim g(x) = 0, To roBopsar, uro f — beckoneuno manras boaee
r—a

8vICOK020 NOPAOKA, YeM ¢, LI ITO NOPAJdoK marocmu Gynruuy f eviwwe, wem

y g, wim 910 f cmpemumea x nyao 6viempee, wem g. Ecaum xke lim g(z) = oo,
r—a

TO TOBOPAT, UTO f pacmem medienHee, wem ¢, WIA ITO g pacmem Ovicmpee,
wem f.

[Ipeanosoxkum Temnepb, 9To B npeactasienun f(x) = g(x)p(x) dyakims
@ 00JIaIaeT CJIEAYIOINMM CBOMCTBOM: CYIIECTBYEeT TaKas OKPECTHOCTH TOYKHI
a, Ha KOTOPO#i ¢ orpaHnydeHa. B 3ToM ciaydae roBopsT, 9To f — O-b6oavwoe no
CPABHENUIO ¢ ¢ TIPU X, CTPEMSIIEMCS K @, U UCIOJIb3YIOT 0bo3Hadenue f(x) =

O(g(x)). Ecam mpu stom lim g(x) = 0, To roBopsar, uro f — beckoHeuHo
r—a
MANASA NOPAJKA He HUNHCE, YeM ¢, WA ITO nopadox manrocmu Gywkuyuu f He
nuotce, wem y g. Ecmm ke lim g(x) = oo, To roBOpsAT, UTO f pacmem he
r—a

bvicmpee, wem g.

Ecmu onropemenno f(x) = O(g(x)) u g(z) = O(f(x)), To roBopsT, 9TO
dynryuu f u g 00no20 nopadka (Marocmu usw POCMA) TIPA T — G, UCIIOJIB3YSI
IIpu 3TOM oOo3HadeHue [ =< g.

Ecmu npu © — a dysknus f(x) npencraBuma B Buge f(z) = g(z) +

o(g(x)), To roBopsT, uTO g(T) — 2sasnan wacms gynryuu f(x). Tlomaras
o(g(z)) = a(z)g(x), rae a(x) — 0 mpu z — a, TOT PaKT, YTO g €CTH TJIABHAS
gacth f, MoxkHO 3amucatb B Buie f(r) = g(z)(1 + a(x)), tme a(zx) — 0

npu r — a. Ecaum mpu 3TOM B HEKOTOPOM OKPECTHOCTU TOYKHU a (PYHKIHS ¢
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f(z)
OTJIM9Ha OT HYJIA, TO IIoCJIEAHEEC COOTHOIIICHME MO2KHO 3alliCaTb B BUIE —

g(z)
. f(z)
1+ a(x), a(zr) - 0, x — a, wm lim ——= = 1. Ecun g(xr) — rnaBuas gactb
z—a g()
f(x) npu x — @, TO rOBOPSIT TaK¥Ke, 4TO GyHKUUY f U g IKEUBANEHMHDL NPU
T — @ 7 UCIoJIb3yIoT obo3nadenue f(x) ~ g(x).

Yare Bcero B kadecTBe OECKOHEYHO MAaJIbIX WU OECKOHEYHO OOJIBINHUX,
C KOTOPBIMU CPABHUBAIOT JaHHBbIe QyHKIUU, 6epyT dbyHKImu Bujga (r — a)?,
a € R. Ecmm f(x) = o(x —a)® nipu ¢ — a u a > 0, To roBopsr, 9r0 f —
BeAUNUNG BOAEE BHLCOK020 NOPAJKaA (Masocmu), wem o, Wi 910 Y f nopadok
manocmu boaee svicokutl, wem «. Ecmm xke f(z) ~ (r —a)® a € R, 10
roBOpST, 4TO f umeem nopadokx « (MaJOCTU WU POCTA, B 3ABUCHMOCTH OT
3HAKa (). AHAJOTUYHYIO TEPMUHOJIOTHIO MOYKHO OIMCATH M B TOM CJIydae,
ec/Ii CPaBHUBAIOT ¢ (DYHKIMEH Bujga T npu & — ~+00.

Baxkno monnmars, uro cumBosamu tuna O(f(x)), o(f(x)), ecin onn me
UCIIOJIB3YIOTCS B KOHKPETHBIX PABEHCTBaX, 0O03HAYAIOT He OJHY (DYHKIHUIO, &
Kjaacc pyHKImii, 06/1aIAI0MNX OTMEYEHHBIM B CUMBOJIE CBOMCTBOM,
TaK 4ITO ecju ToBopsT «Bo3bMeM byuKmoo O(f(x)) wim o f(x)) npu x — a»,
TO UMEIT B BHJY, YTO PacCMaTpPUBaeTCsd HeKoTopasi PyHKIHS, 00J1aato-
mas yKa3aHHBIM CBOWCTBOM, T. €. Hekoropast dyHKiuusi h(x) Takas, 9TO
h(zx) = p(x)f(z), toe ¢(z) orparndena Bom3u a win lim p(x) = 0. B ciemy-
JOIIIX HIZKe TIPUMEpaxX I 33a9aX MO3HAKOMUMCS ¢ HEKOTODBIMHU IIPABIIAMIL
oOpallleHns ¢ AaCUMIITOTUIECKUMHU PABEHCTBAMMU.

IIpumepsl.

1. Hokaszats, aro o(o(f(x))) = o(f(x)) mpu x — a.

Hamnncannoe paBeHCTBO O3HAYaeT, dTO JiroOast PYHKINLA, 00J1aIaoInast
yKa3aHHBIM B JIEBOIl YacCTH PaBEHCTBA CBOHCTBOM, OyaeT GECKOHEYHO MaJIoif
o cpasHennto ¢ f. Ilycrs h(z) — Kakas-mb60 GyHKIWS, 00IaTA0MIAsT TeM
coiictBoM, uTo h(x) = o(o(f(x))), m Hamgo nokazark, uto h(z) = o(f(x)).
CorytacHO yCJIOBUIO CYIIECTBYET TaKasi OECKOHEYHO MaJias MpU & — a4 (PYHK-
st O(z), aro h(z) = 6(x)g(z), toe g(x) = o(f(x)). Ilocnennee o3uadaer, 9To
g(z) = n(z)f(x), rae lim n(z) = 0. Cobupas, noyumm h(z) = b(x)n(z)f(z),
a Tak kKak lim 6(x)n(z) = 0, no ompenenenuto h(x) = o(f(x)). Tpebyemoe
PABEHCTBO YCTAHOBJIEHO.

2. Jlokazarb, uto o(f(z)) + o(f(x)) = o(f(x)) upu = — a.

JleficTBUTEILHO, 9TO COOTHOIIIEHNE O3HATAET, ITO (DYHKITUS, 0018 IAI0TIAs
CBOIICTBOM, yKa3aHHBIM B JIeBOil dacTu, OyaeT 00JaJaTh TaK»Ke CBOMCTBOM,
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yKa3aHHBIM B TIpaBoii. (CBOWCTBO, yKa3aHHOE B JIEBOW YaCTH, O3HAYAET, UTO
paccMmaTpuBaeTcs cymMMa nByxX dyurnuit h(z) + g(x), roe h(z) = ¢(z)f(x),
9(x) = () () n lim () = 0, lim 1p(x) = 0. Torsa h(z) + g(x) — (p(a) +
¥(x)) f(x), a mockomeky lim (p(z) +4(x)) = 0, ro h(z) + g(x) = o(f(z)), aro
1 TPeOOBAJIOCh. o

Sagaun.
1. /loka3aTh COOTHOIIEHUS IIPU T — A

(1) O(o(f(2))) = o(f(x),  (2) O(f(x)) +o(f(x)) = O(f(x)).
2. [Iyctb © — 0 u B > a > 0. Ilokazars, uTO

(1) o(z®) +o(a”) =o(z*),  (2) o(z¥)o(z”) = o(z*"7).
3. llyctb * — 0 u B > a > 0. Ilokazars, uTO

(1) O@™)+0(z") =0@*), (2) O@@)O(z")=O0(=*"7).
4. Ilyctb  — oo u § > a > 0. Ilokazarb, uTO

(1) O@*)+0@=")=0(="), (2) O@@)0@”) = 0(=*"").

Haxoxnenmne npenesioB pyHKNIUM C WCIIOJIb30BAaHUEM aCUMIITO-
TUYECKUX CPABHEHUI. ACHMITOTHYIECKNE PABEHCTBA YI0OHO UCIIOJIH30BAThH
IIPU HAXOXKJIEHUU IIPEJIEJIOB — OHU IO3BOJIAIOT CBECTHU MPOIECC HAXOXKIEHUS
nmpejiesia K IPOCTBIM HPeoOpa30BaHUAM MHOTOYJIEHOB, PACKPBITUIO CKOOOK,
IIPUBEJICHUTO TTOJIOOHBIX YJIEHOB M BBIJEJICHUIO I'JTAaBHOU YacTu. KoHedyHo, s
9TOr0 HaJI0 UMETh HaOOp KOHKPETHBIX ACUMITOTUIECKUX paBeHCTB. [lockoIb-
Ky BCE IIPUMEPHI 110 HAXO0XKICHUTO TIPEJIEJIOB CBI3aHbI C 9JIEMEHTAPHBIMU (PYHK-
IUSIMU, OTPAHUIUMCS T€M, YTO OCHOBHBIE 3aMevaTe/IbHbIE TIPEJIeTbl TIePeIr-
1meM B (popMe aCHMIOTOTHYECKUX PAaBEHCTB, B KOTOPHIX T — (:

sinx =z + o(z), (8)

a® =1+ xlna+ o(x), 9)
In(1+2z) =2+ o(x), (10)
(1 +x)" =1+ pzx+ o(x). (11)

Bo Bcex aTux paBeHCTBaX OECKOHEYHO MaJible 0(T) MOXKHO KOHKPETU3UPOBATH,
T. €. 3alMcaTh 00JIee TOUYHbIE TPUOJIMKEHU (DYHKITNI MHOTOUYJIeHAMU. TaKue
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paBeHCTBa OyIyT 000CHOBAHBI TI032Ke, MBI 2Ke OyIeM ceiffyac uX UCI0JIb30BaATh
IIpY HAXOXKJIEHWU TIPEJIeJIOB B ciydae HeobxoguMocTu. UTak, i JIr060ro
dukcupoBanHoro n € N cupaBe/IJIUBbI paBEeHCTBa, B KOTOPLIX £ — (:

| T e (12
sinr =2 — — +--- —1)"—— +o(x
3! (2n +1)! ’
1’2 n :L,Qn 2n
COS$:1—E+"'+<—1) (2n)2+0(x ) (13)
e :1+x+5+---+m+o(az ), (14)
1’2 n—lxn n
1ﬂ(1+33):33—7+'“+(—1) ;+0(3&’ ) (15)
—1
—1)... — 1

n!

YunTbiBag TEOpEMy O 3aMeHe IePEMEHHOI, MOKHO TapaHTHUPOBATh, UYTO 3TU

pPaBEHCTBA OCTAHYTCs BEPHBLIMHU, €CJIM B HUX Ha MeCTe IepeMeHHOH X Oyuer

CTOSATH Kakasi-inbo GyHKus r = @(t) Takas, aro lim ¢(t) = 0, u wmercs
t—a

Ipejesa COOTBETCTBYIONIETO BhIpaYKEHUs Npu t — a.

IIpumepsl.
. . l4+xcosx—v1+2x
1. Haittu ipegen lim :
2—0 In(l+2z)—=
Bocnonp3osasmuck pasenctBamu (3.12), (3.15), (3.9), umeem

l1+azcose—+1+2x 1+axcosx— (1+2x)/2

In(l+z) —x In(l+z) —x
L+l —22/2+ o(z?)) — 1 — 5(2z) + o(x)
r+o(r)—x

B 1+az—23/2+0(23) —1—x+ ox) B o(x)
o(z) o(z)’

1 HUKAKOI IIOJIb3bI IpoaejiaHHbIE BBIKJIQJIKW HE HECYT, 10O MBI B UTOTE 1Ipu-

IJin K HEOIIPpEeAdCJICHHOCTHU BHIa 6 9TO O3Ha4d9a€T, 9TO HaMH HCIIOJIb30OBaHa
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HEJOCTATOYHO TJIyOOKasi mHpopMalus 00 acCUMITOTUKE HMEIONUXCS (PYyHK-
nuii. IIpocroe HabJOIEHNTIE:

In(l +z)—z=x—2%/2 +o0(z*) —z = —22/2 + o(z?)

IIOKa3bIBa€T, 9Y9TO B 3HaM€HaTe€JI€ — BE€JIMYMHa BTOPOI'O IIOPAAdKa, a TOrJa U B
HUucCJIuTeJI€ Hald0 HCIIOJb30BaTb aCHMIITOTHUYECKHE PaBE€HCTBA, o0ecIIeInBalo-
mure BbIACJICHUE I'VIaBHOT'O YJI€Ha BTOPOI'O IIOPAIKa:

1 +axcosz — (1+2x)1/2
In(l+z)—=
el - % fo(a?) — 1 - L(2z) — LA (992 1 o(a?)
5 —22/2 + o(x?)
_ 1+z— §+0(x3)—1—x+%+0(x2)
—$2/2+O($2)
2?2+ 0(x?) 1/24 o(x?)/x?
- —22/2 +o(22)  —1/2+ o(x?) /22 2—0

—1.

Bnech yareno, uro x°/2 = o(x?) u uaro o(x?) + o(x?) + o(x?) = o(z?).
[Ipu HaxXOXKJIEHUU TIPE/IETIOB ObIBAET YA00HO KOMOMHUPOBATH HMCIIOJIH30-
BaHHE 3aM€YaTEJIbHBIX IIPEAECJI0B U aCUMIITOTHUYICCKUX PaBEHCTB.

] cosz \1/z*
2. Haiitu nipeiesr lim < ) :
r—0 \ COS 2%

Nmeem

(s y ( 1—a?/2 + oa?) ))1”2

cos 2x 1—(2x)%/2 + o(x?

B 1+1—3:2/2+0(332)—1+2a:2—0(a:2) 1/:1:_ 1+%x2+0(x2) L/e
1 — 222 + o(2?) B 1+ o(1)

1+o0(1) %w2+0($2) 1

(1 B ol T T
- 1+0(1) '

Sz +o(z?) 3

ITockoabky lim = —, corytacHo (3.6) nmeeMm
e O o(x?) 2 (36)
1 2
m ( CoS T ) /x Y.y
z—0 \ CoS 2T
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Pemum sToT Ke mpuMep Jpyrum criocoboM. Bocmosib3yeMmcss paBeHCTBOM

a® = ebme g > 0. Torma
. COS T 1/:1;2 . 1 In ceszx
lim = lim e=2 " cos2z
r—0 \ COS 2% x—0

PaCCMOTpI/IM BbIpa2K€HHE B IIOKa3aTeEJIE CTCIICHU:

2 2
sz In(i=EAn0)
x? x?
- In(1—2?/2 + o(z?)) — In(1 — 22% + o(x?))
72
_ —2?/2+23% +o(z?) 3 N o(x?) 3
x? 2 x? 2

Cre10BaTeIbHO, UCKOMBIT Ipeies paseH e/ 2.
Sagaumn.
1. cnonb3yst acCUMIITOTUYECKe PABEHCTBA, HAWTU IPeIeIbl

1 —cosxv/cos2xv/cos 3x et =31+ 22
(1) lim 5 ,  (2) lim :
x—0 T z—0 Incosx

2 3
(3) 1 1+ x2% l/a (4) 1 1 + sin x cos ax ctg”
im im

rz—0 \ 1+ x3% ’ z—0 \ 1 + sinx cos Sx ’

ar _ Bz 21t 1/(1—cosx)
(5) lim ——— % (6) lim <i> ,
z—0 sin ax — sin Bz z—0 \ T +sinx
. V1+axsinz —1 . cos(ze®) — cos(xe™ )
(7) lim ——2———, (8) lim 3 :

(9) lim (V3 == + In(z/2))!/ =" (>=2),

(10) lim z7/4(Vx +1+ Vo —1-2x),

T—+00

(11) lim zy/1+sinz — (1/2) In(1 + 2?) — z
2—0 tgd x

(12) 1 eSn? — /1 + 122 —xcosz
im :

z—0 In*(1 — z)

Y

15



2*. Haiitu npeiesbr

arctg(m + h) — arctgx

s x?
(1) L Lim ; . (2) xklfoow <§ — arcsin o 1),
(3) 111;1;1 sin(mvn?2+1),neN, (4) lirf sin®(mv/n2 +n), n € N.

=, (5) 15 (6) % (7

OrBerbr. 1. (1) 3; ; e ; :
12) % (1) 1+$27 (2) \/i; (3) O;

(2
(8) —2; (9) e~'/4; (10) —%; (11) —1
(4) 1.
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