I'maBa 1. BBeagenue B aHaius

§1.1. PyHKNUU, OCHOBHbBIE TTOHATHS, CBOCTBA

n MeToAbl nccJjieJO0BaHMSI

Haunem ocBoenne kypca mMaTeMaTHIeCKOTO aHAJJIN3a C IIOBTOPEHUS IIO-
HaTud Gyuxiuu. CHavaia TOBTOPUM OIIPEJIeJIeHUsT OCHOBHBIX CBS3aHHBIX C
PYHKIUAMEA TEPMUHOB.

1.1. Ilonarme dbynkimu. Cmocodbl obpa3oBaHUsS HOBBIX (PYHK-
84707%

TEOPUA

B Maremaruke 3HAUIUTEIBHYIO POJIb UI'PAIOT 3aBUCHMOCTH MEXKIy BeJIH-
YUHaMU NJIN O6'beKTaMI/I, OTpazKarmue 3aBUCUMOCTHA ME2XKAY ABJCHUAMU WJIN
O0bEKTAaMU OKPYKAIOIIEr0 HAC MUPa. 3aBUCUMOCTH, PACCMATPUBAEMbIE B Ma-
TeMaTHuKe, MOI'YyT ObITH OIMCAHBI PA3HBIMU CIIocobaMu, DoJiee TOro, OJIHA U Ta
K€ 3aBHUCUMOCTDb MO2KET 6bITb OIlrCaHa Pa3HBIMH CPpEICTBaMU. BeJII/I‘H/IHbI, Ha-
XOoOdImuecd BO B3anMO3aBUCUMOCTH, MOT'YT BBICTYIIaTh KaK PaBHOIIPpaBHBIE, a
MOYKET OBITh M TaK, 9TO OJ/IHA W3 BEJIMINH CIUTAECTCST BHIOMPAEMOl TPOU3BOJIh-
HO, a JIpyras HaXOJIUTCS COTJIACHO OIPEJIESIEHHOMY TPABUIY B 3aBUCUMOCTU
OT BBIOOpA IIEPBOIi.

Cpenu  Bcex 3aBUCUMOCTEHl BBIIEISIOT 3aBUCHUMOCTHU, O0JIaIAI0IINe
CBOMCTBOM OJHO3HAYHOCTH, U JIJIT HUX BBOJAT OTHAEJIbHBI TEPMUH — OTOO-
parkeHue.

ONnPEJAEJNEHUE 1. Ilycts mamsr maOKecTBa X 1 Y (IIpOM3BOJIBHON MpH-
pozbl). Omobpastcenuem, OTIpeIeIeHHbIM (3aJaHHBIM ) Ha MHOXKeCTBe X U JIefi-
CTBYIOIIMM B MHOXKECTBO Y , HA3bIBAIOT IIPABIJIO, COTJIACHO KOTOPOMY KazKI0-
My 9JIEMEHTY T MHOXKecTBa X COIIOCTaBJISETCS KaKO-TO OIMH, BIIOJIHE OIIpe-
JIeJIeHHBIH, 9JIEMEHT Y MHOXKECTBa Y .

TakuM oOpa3oM, TePMHUH «OTOOpaKeHUe» Pe3epPBUPYETCs 3a OJIHO3HAY-
HBIMHU 3aBHCUMOCTAMH. s cuTyanuii, Korma 3To TpeboBaHUE OTCYyTCTBYET,
a 3aBUCUMOCTb MeXJIy © € X m y € Y Bce ¥Ke eCTh, 3ape3ePBUPOBAH JIPYTOit
TEPMHNH, HO TaKHE€ 3aBUCHUMOCTU HaMH PpaCCMaTPHUBATLCA HE 6y2];y’T

Tor daxT, 9To KaxkjomMy x € X COIOCTaBJsIETCS OJUH dJIEMEHT u3 Y,
BOBCE HE 03HAYAET, IYTO BCEM 3jieMeHTaM u3 X COIIOCTABJISIETCs OJUH U TOT K€
9JIEMEHT. DTO O3HAYAET, YTO OJHOMY X HE MOXKET OBITH COIOCTaBJIEHO 0OJIee
OJHOTI'O Y. HpI/I 9TOM Pa3HBIM JJIEMECHTaM MOZKET COIIOCTaBJIATLCA OAUH M TOT
JKe 3JIEMEHT, a MOT'YT U Pa3HbIe.



Ecmu muoxectBa X, Y ducioBbie, T. €. COCTOSAT U3 BEIIECTBEHHBIX YUCET,
TO B TAKOM CJIydae OTOOpaKeHhe MHOXKeCTBa X B MHOXKECTBO Y HAa3bIBAIOT
dyrryuer.

Jamee mMbl OyjeM dare BCero obpalaTbCs UMEHHO K (PYHKIUSIM, T. €.
cantarh X, Y comepxkammumucd B R, mosToMy npu pa3BUTUA TEPMHUHOJIOTHHI
OysieM TOBOPUTH O (PYHKIIUAX, XOTsI TEPMHUHBI, OIPeJIeIeHIsT KOTOPBIX HE MC-
IIOJIB3YIOT OCOOEHHOCTEN YMC/IOBOTO MHOYKECTBa THUNA apUPMETHIECKUX OIle-
panuii, cpaBHeHUsI W T. II., TOJHBI U JJisi oToOpakenuit. Mbl OyjgeM Tak:Ke
Ha3bIBATH (DYHKIUSIMU OTOOpaXKeHUs, JEHCTBIE KOTOPBHIX PACIPOCTPAHSIETCS
HA HECKOJIbKO YHCJIOBBIX BEeJIMYUH (TaK Ha3blBaeMble (DYHKIMH HECKOJIBKHUX

TIEPEMEHHBIX ).
JloroBopumMcst 0 TepMuHax u obozHavdenusx. [Ipasmiio, 3agatoriee QyHK-
o, Jacto obosHaudaroT OykBamu f,qg,h,p,.... Ecmm f — dyskmus, To

MHOKeCTBO X, Ha 3JIeMEeHThI KOTOPOT'O PACIPOCTPAHSIETCs JeHCTBHUe ITPaBuIa
(byukumn) f, HaszbBaOT 0baacmbIo onpedesenus Pyrwkyuu f 1 06O3HAIAIOT
qepe3 D(f). Yucso, nomydaemoe B pesyibrare jeiicTBus GpyHKIun f Ha 3J1e-
MeHT x € X, Ha3bIBAIOT 3HAYEHUEM PYHKUUL [ Ha Iaemenme r 1 0003HAYAIOT
cumBosioM f(x). MuoxkectBo, cocrosiiee u3 Beex uncen f(x), rae x 6epyTcst
u3 obstactu onpejesnenus D(f), HA3BBIBAIOT MHOACECTNEOM 3HA%EHUT GYHKUUL
f u obosnagaror wepes FE(f). Tor cdakrt, uro y — 3uadenne dyHkiun [ Ha
9JIEMEHTE T, BBIPAXKAIOT PABEHCTBOM Y = f(x). DT0 2Ke 00CTOATETHCTBO WHO-
ra yaI00HO 3alMChIBATH C UCIOJIb30BAHHEM CTPEJKH ¢ XBOCTHKOM, & MMEHHO
B Bujie [ : o — f(x), CHMBOJTM3UDYIOIIEM TOT (DAKT, YTO FJIEMEHT & TPABUIIOM
f mepeBomurcs B f(x).

OyHKIMST MOXKET OBITH 3aJaHa OIMUCAHUEM, 3aJAI0NINM ITPABUJIO COIO-
CTaBJIEHUH, JTUOO POPMYJION, JTMOO TIepeunCIeHneM BceX ee 3HadeHuii. MoxKHO
rOBOPUTHh U O T'padUUecKOM 3aJaHUU (PYHKIIMU, €CJIU OHO IT03BOJISIET OIIpe-
JIEJIEHHO YCTAHOBHUTH IIPABUJIO COIOCTABJIEHUS, XapaKTepusyoliee (OyHKITHIO.
Bwmecre ¢ ykazaHmeM IpaBHjIa COIIOCTABJIEHUs »KeJIaTeJIbHO YKA3bIBATH U IBa
IPYTuX aTpuOyTa, COMPOBOXKIaomMe (DYHKIUIO, a8 MMEHHO ee 00JIaCTh OIIpe-
JIeJIeHUsT ¥ MHOKeCTBO 3HadeHuit. Kcianm ob6sacThb ompesesieHnst pu 3aaHuN
GYHKIINN He yKa3aHa, TO CUUTAeTCs, 9TO (DYHKIIMS pPacCMaTpPUBAETCs Ha ee
€CTeCTBEHHOI 00JIaCTU OIpelesieHusI, T. €. Ha MHOXKECTBE BCEX TeX YHCE,
JIJIST KOTOPBIX BBITIOJTHIMBI IIPeyCMOTPEeHHBbIe hopMysioi meiictBusi. MHOXKe-
CTBO 3HAYEHNI OOBITHO HE YKA3BIBAETCSI 110 TOI MPUIUHE, ITO OHO OTHO3HATHO
XapaKTePU3yeTCs 3aJaHneM caMoil (pyHKIMN 1 00JIaCTH ee OIpe e IeHHs.

YKaxKeM cIOCOOBI TIOJTy YeHMsT HOBBIX (DYHKITHI U3 y2Ke UMEIONnXca. JacTb
TaKNX CIIOCOOOB CBS3aHA C apU(PMETHYECKUMU ONEPAIUIMI B MHOYKECTBE Be-
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NIeCTBEHHBIX YHUCEJI.

ONPEAEJEHUE 2. Ilycrs Ha muOXKecTBe X 3amanbl dyakinua f,g. Cym-
MO, npoussederuem, wacmuovim Gyuruut f u g 1 npoussedenuem GYHKUUU
f Ha wucno Ha3BIBAIOT PYHKIINN, 33 IaHHBIE COOTBETCTBEHHO IIPaBUIAMN

(f + 9)(@) — f(2) + gla), (1.1)
(f - 9)(@) = F@)ga) (1.2)
AV G
(g)( )19 g 20, (1.3)
(a- f)(x) =af(x), aeR. (1.4)

O coornomenusx (1.1)—(1.4) roBOpAT, YTO OHU TIOHUMAIOTCS NOMOUEUHO.

KpoMme Toro, pyHKIIMM MOKHO CPaBHUBATD, a UMEHHO JJIs 33, IaHHBLIX Ha,
mHO)kecTBe X byHKIUi f u g cauraror, aro f menvwe wem g, ecmm f(x) <
g(x) mas moboro x € X. AHAJIOIMYHO TOJXOMSAT K TEPMUHAM MEHbULE UAU
pasHa, boavwe, bosvuwe UAU PAGHA.

Eme onun criocod mosrydeHnss HOBBIX (DYHKIMIT OCHOBAH Ha IIOCJIEI0Ba-
TeJIbHOM JIECTBUM HECKOJbKNUX (byHKInit. OmuieMm ero fajst AByX (OYHKINIH,
JIJ1s1 OOJIBIIIEro Ymuc/ia (DYHKIUI MPOoIleypa aHAJOTUIHA.

OnpPEJAENEHUE 3. Ilycts dyukius f omnpenesena na mHOXKecTBe X U
JeficCTByeT B MHOXKeCTBO Y, a (DYHKIWs ¢ OIpeJieieHa Ha MHOXKeCTBe Y Win
Ha KAKOM-TO €r0 MTOJIMHOYKECTBE U JIEHICTBYET B HEKOTOPOE MHOXKeCTBO Z. To-
718, B3sB Takoil ajmement € X, uro f(x) monamaer B 00JaCTh OIPEIETCHIS
dbyuKIIMEI ¢, MOXKHO TIOfelicTBOBaTh Ha f(z) dyukimeit g. [lomydaercss HoBoe
IpaBmwiIo h, neficTByIoIiee Ha Te 3jeMeHTh n3 X, s kKotopeix f(z) € D(g),
CJIEYIOIIUM 00PA30M:

h(z) = g(f(z)). (1.5)

Orobparkenne h Ha3BIBAIOT CA0CHOT PyrKryuet, cocmasaentot ud f u g, nim
Komnosuyuet gynxuud f u g, mama cynepnosuyuet gynxuud f u g. Komro-
suruio GyHKnil f 1 g 0603HAYAIOT TaK: g © f, TeM caMbIM

(g0 f)(x) = g(f(x)).

U3 onpenenenus kommosurmu h dyukimit f u g scuo, uro D(h) = {x €

X2 f(x) € D(g)}-



Haxoner, ormerum erre ogus crrocod obpasoBaHusi HOBbIX (byHKIMi. OH
OCHOBaH HA BOCCTAHOBJIEHUM <«HCTOPHWHU» 3HAYEHUI JMaHHON (DYHKIIUH W OT-
parkaeT OmIpeJieIEHHYI0 PABHOIIPABHOCTDH IepeMeHHbIX. (OHAKO 3TOT CIocod
TpedyeT OT (PYHKIUU JIOTMOJTHUTEIHLHOTO CBOMCTBA, KOTOPOE CeiYac OIUIIEM.

B onpenenernu pyHKIMM 0co00 OBLIO OTOBOPEHO CBOICTBO €€ OJIHO3HAY-
HOCTH, T. €. HEBO3MOXKHOCTHU COIIOCTABJIEHHUS OJTHOMY 3JIEMEHTY Cpa3y JBYX
mwim OoJjiee 37eMeHTOB. Bmecte ¢ TeM pa3HbIM 3jeMeHTaM U3 00JIACTU OIpe-
JnenaeHns (DYHKIIUKA BIIOJIHE MOXKET ObITh COIIOCTABJIEH OAUH U TOT K€ JIEMEHT
MHOYKecTBa ee 3Hadenuit. Hampumep, dynkmus f(xr) = x? mobble 1Ba Ipo-
TUBOIIOJIO’KHBIX 3HAYEHHUsS apryMeHTa IIePEBOJIUT B OJHO 3HAYEHUE, (PYHKITUS
f(x) = sinx GeCKOHEYHO MHOT'O JIEMEHTOB MEPEBOJIUT B OJIUH, U T. JI. JICHO,
9TO €CJIM B TAKOM CJIydae 3aJaThCs IEJIbI0 OIPEIeINTh, N3 KAKOTO 3HAUYEHUST
apryMeHTa OBbLJIO TOJIyYeHO TO WJIM WHOe 3HadeHue (PyHKIUU, TO OTHO3ZHATHO
9TO ¢JieJIaTh HEBO3MOXKHO. [[0CKOJIbKY yKa3aHHOE BOCCTAHOBJIEHUE «UCTOPUM»
3HaUYEHUN (PYHKIINU ObIBAET HEOOXOJIMMO, OOpaTHUMCHA K CBONCTBY (DYHKIIUU,
KOTOPOE 00eCcrevnBaJIo Obl OJJTHO3HAYHOCTH IIPU TaKOM BOCCTAHOBJICHUU.

ONPEAEJEHUE 4. @ywkmuio v = f(u) HA3BIBAIOT 00pamMuMOl WIIHA
83aUMHO 00HO3HAWHOU Ha mHootcecmee X C D(f), eciu mjist JIOOBIX U, Ug €
X Takux, 9ro Uy # ug, Oymer f(u1) # f(uz), nHAYTE TOBOPSI, €CJIn JJIst JTFOOBIX
JIBYX Pa3JUYIHBIX 3JEMEHTOB MHOXKeCTBa X COOTBETCTBYIOIIME MM 3HATCHUSI
PYHKIIMU pa3/IMIHbI.

Tem cambiM Kazkt0e 3HaveHune v = f(u) obparumoit byHKImu f moryda-
eTcs B TOYHOCTU U3 OJHOTO 3HadeHus 4 € X M MOXKHO BECTH pedb 00 OIHO-
3HAYHOM BOCCTAHOBJIEHUU <«UCTOpUU» 3HadeHusi v = f(u), T. e. 00 3jeMeHTe
u € X, U3 KOTOpOro 3Ha4YeHne v IOJIyIeHO.

OnPEJAENEHUE 5. Ilycre v = f(u) — obparumas Ha MHOXKEcTBE X
dbyskus, u mycrb Y — MHOXKeCTBO Bcex vnemeHToB v = f(u), tme u € X.
Kaxmomy sementy v € Y comocraBum sjeMeHT v € X Takoit, uro v = f(u).
VYKazaHHOEe OJHOZHAYHOE IIPABUIIO OIIpee/isieT PYHKIMIO, KOTOPYIO HA3BIBAIOT
byrxyueti, obpammnoti x Gynxyun f, 1 0603HATAIOT CIMBOJIOM f 1.

3aMeTuM, 9TO ecjIu Ha dJieMeHT v € X cHadaJja MMoJaeicTBOBaTh (OyHKITU-
eit f, a 3aTeM Ha ajeMeHT v = f(u) momeiicTBoBaTh dbyHKIHEH 1, TO MBI
ITOJIyIMM UCXOJHBIN 3JIEMEHT U, WHa4Ye TOBOPH,

Y f(u)) =u ans moboro u € X. (1.6)
Anajlorn4noe paBeHCTBO MOXKHO 3allUCATh U JIJIsI 3JIEMEHTOB v € Y

f(f_l(v)) — v g aoboro v € Y. (1.7)
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U3 onpenenenns GpyHKImME, 0OpaTHON K JAHHON, MOXKHO YCMOTPETh, 9TO
paBeHcTBO v = f () paBHOCHIBHO TOMY, 9TO u = f 1(v), TeM CaMBIM MOXK-
HO N'OBOPHUTH HE TOJBKO O (DYHKIIMH, 0OpaTHO# K JIAHHOI, & O Tape B3aUMHO
0bpaTHBIX JApyT Apyry dyukmmit f u f~1. Bamucn v = f(u) u u = f~1(v)
O3HAYAIOT, 110 CYIIECTBY, OJHO U TO K€, & UMEHHO 9TO 9JIEMEHTBI U U U HAXO-
JISITCSL B ONPEJIEJIEHHOl 3aBUCUMOCTU, KOTOPasi B PA3HBIX KOHTEKCTAX MOYKET
IPUHUMAThL pasHble obosHadenns: v = f(u) mwm u = f~1(v), cMOTpst 11O TO-
My, KaKyl0 U3 IePeMEeHHBIX U U U CUATAIOT aprymMenToMm dpyHKmum. Kcrarm,
paserctBa (1.6), (1.7) B moHOI Mepe XapaKTepu3yoT oOpaTHbe JAPYT JAPYTY

byuknuu f u 1.

TEXHOJIOI NN

Obpa3zoBaHue HOBBIX (DYHKIIHI: KOMIIO3HUIIHsI, oOpaTHasi ¢pyHKIHsI. Kom-
o3uIus JIByX (pyHKIU OpMUPYETCsT COTJIACHO omnpejiesiennio. 1lycTs manb
dbyukmun f(z) n g(z) (ogHa m Ta Ke OYKBa T UCIOJIB30BAHA JIJIsI YKA3AHUS
aprymenTa obeux (OYHKIHI CIeIUaJIbHO, & HMEHHO JIJIsT TOTO, YTOOBI IO TIePK-
HYTh CYIIIECTBEHHOCTDb HE OYKBBI, a IIOJIOXKEHNs, KOTOpoe OHa 3aHuMaet). st
HAXOXKJIeHNs 3HadeHns Kommosunun h(x) = ¢g(f(x)) namo ma MecTo aprymen-
Ta (DYHKIMU ¢ MO/CTABUTH 3HadeHue f(x) dyHkuu f u pesyabrarom Oymer
3HAYEHUsT KOMITO3UIUU. AHAJOIMIHOE MOXKHO CKa3aTh 0 Kommosuruu f(g(x)).

IIpumep 1. Cocrasum komnozunuu dyukimii f(x) = sinx u g(r) = /x
1 HaiieM X 00JIACTH OIpese/IeHnsT 1 MHOYKECTBa, 3HATEHUIA.

st naxoxk nenns kommosunuu ¢( f (x)) HaIo Ha MecTo apryMenTa B OyHK-
U0 /X TOACTaBUTH Bbipakenue sinz, T. e. ¢(f(x)) = vsinz. Obaactsb
OTIpeJIeICHUsT ITOW KOMITO3UIINN XapaKTepu3yeTcsi HepaBeHCTBOM sinx > 0,
BBIDAXKAIONIM TpeOOBaHMe TPUHA/JIEKHOCTU 3HAYEHUN sSin & 00JacTu orpe-
nenenns GyHKIuE t — /t. MHOKECTBO pellleHnii 9TOr0 HEPABEHCTBA €CTb
oObeIMHeHNe BCeX MPOMEXKYTKOB Buia |27k, + 27k|, tne k € Z. Muoxe-
CTBOM 3HAYEHWIl CJIy?KUT IpoMexkyTok [0, 1].

st npyroit kommosuriuu umeeM f(g(x)) = siny/x. ee obmacTb ompe/ie-
JIEHUsI COBIIAJIAET C 00JIACTHIO OIpeesIeHNsT KOPHs KBaIPATHOTO U 3aII0JTHSAET
IpoMexRKyTOK [0, +00), & MHOYKECTBOM 3HAYEHUIl siBJIsteTcst MHOXKeCTBO [—1, 1]
SHAYCHUN CUHYCA.

st BeIsicHeHUst obparuMoctn dhyHKInu z = f(r) HATO OTBETUTH HA BO-
IPOC: TIPU KAKUX Z ypaBHeHue z = f () OTHOCUTEJIbHO T MMeeT eIMHCTBEHHOE
pemenne? OTBET MOXKHO TMOJIYYUThb, HAIIPUMED, HEITOCPEICTBEHHO BbIpaXKast
X depe3 Y, eCJIU TaKas BO3MOXKHOCTH MMeeTcs. Fciim ee HeT, TO HaJI0 UCIIOJhb-
30BaTh CBOMCTBA, rapaHTUPYIONHE 0OPATUMOCTD, HAIPUMED, MOHOTOHHOCTD.
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[Toka orpanmdummcs IIpuMepaMu, B KOTOPHIX MOHOTOHHOCTH MOXKHO HE€ ITPHU-
BJICKATh.

1

IIpumep 2. Uccitenyem oOpaTuMOCTh PYHKIIUH 2 = T -+ — Ha MHOXKECTBE
x

x > 0 u HaiigeM K Heit oOparHyio. Eciu dyHKImMil He oOpaTuMa, BISICHUM, Ha
KaKUX JacTsaX 00JIaCTU ONpeJiesieHns OHa oOpaTuMa U HaiiJleM COOTBETCTBYIO-
e oOpaTHbIe (PYHKITAN.

Bynem BbIpakaTh T 4Uepe3 z M OTBeYaThb Ha BOIPOC: €JIWHCTBEHHO JIU
TaKOe BBbIPAKEHUE U €CJIM HeT, TO HAa KaKUX MHOXKECTBaX IEPEMEHHO# T eCTh
eJIMHCTBEHHOCTL ! IMeeMm

1 9 2\2 22
2=+ — <=z —z:z:+1—0<:>(a:——> —— +1=0
T 2 4

( z>2 22— 4
s (2 =
2 4

1 $ICHO, YTO BO3MOXKHOCTb BBIPDA3UTh T Yepe3 z €CTb IpU z > 2, IIPU ITOM
MOYKHO TOKa3aTh, uro s & € (0, 1| Beiparkenue OyaeT TakuM:

z—Vz2—4
T = :
2
a st x € [1,+00) — Takum:
2+ V22 -4
T = :

2

[Mostyumin, aro obparumoctu Ha BeeM (0, +00) HeT, HO Ha mpoMexkyTKax (0, 1]
u [1,+00) ecThb, U COOTBETCTBYIOIINE OOPATHBIE, OIIPE/IEIEHHBIE HA MHOYKECTBE
z € ]2, +00) UMEIOT yKa3aHHBIN BBIIIE BU/I.

Haxozkienne obJiacTtu ompezesieHnsI u MHOKecTBa 3HadeHuii. (0JiacTh
omnpeae/ieHus, BUJINMO, II€PBOE, YTO HAJ0 M3YyYUTH IPH OOINMEHUU C JTAHHOI
dyukmueit. /g dyHkmm, 3agaHHON rpadUUecKn, T. €. MPEeIbABICHUEM €€
rpaduka, MeTOJI HaXOXKIeHUsI 00JIACTU OIpeIe/IeHUs] COCTOUT B CJIETYIOIIEM.
Bcranem B TOUKy o ocu abCIucc W IIPOBEIEM depe3 Hee BePTUKAJIbHYIO IIpsi-
myto. Ecin ona mepeceder rpaduk (KCTaTw, B € IMHCTBEHHOI TOYKE), TO TAKOE
X BXOIUT B 00JIaCTb ompejesieHns: GyHKIMU f, ecau He IepecedeT — He BXO-
JuT. /IBUrasich mo ocu abCIuce cjieBa HAITPABO U IPU KaKJIOM & TPOJIE/IbIBast
YKa3aHHYIO IIPOTIEIYPY, Mbl MOYKEM YBHJIETH, KAKyI0 9aCTh OCU aOCITUCC 3aHU-
MaeT obsracTh onpesesenus (puc. 1.1(a)).
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't (a) 't o)

D(f N/

\\/ T N T

Puc. 1.1.

AHaJIOTUYIHO BBISABIISIETCS MHOYKECTBO 3HAYEHUN, HO JJIsT 9TOTO MBI JTOJI7K-
HBI B35Th TOYKY Y OCH ODJIMHAT U IMPOBECTH Yepe3 Hee TOPU30HTAIBHYIO TIPsi-
myto. Eciu ona mepeceder rpaduk GyHKImu (BO3MOXKHO, B HECKOJIBKUX TOU-
KaX), TO TAKOE Yy BXOJIUT B MHOXKECTBO 3HAUEHUII, €CJIM HE IEpecedeT — He
BXOUT. JIBUTasich Mo OCH OpPAMHAT CHHU3Y BBEPX U IPU KAXKJIOM Y IIPOJIEIIBI-
Basi YKa3aHHYIO MIPOIEyPY, Mbl MOYXKEM YBUJIETh, KAKYIO YACTh OCH OPJMHAT
3aHMMAaeT MHOXKeCTBO 3HadeHnit (puc. 1.1(b)).

Hanomumm obs1acTu onpejieieHusT 1 MHOXKECTBA 3HAYEHUIT OCHOBHBIX dJIe-
MEHTapPHBIX (DYHKIINI, IPU 9TOM apryMeHT U 3HadYeHusi Oy/ieM 0003HaYaATh HE
TPaAIUIMOHHO HUCIIOJIB3YEMBIMHE JIJISI HUX OYKBaMU T, Y, 8 KAKIMUA-TO JIPYTUMH,
Hampumep t, z. IDTO CHEJAHO JJjIsl TOro, YTOObI B TPEOOBaHMUSI, IIPEIbsIBJIsie-
MbIe K 00JIACTU OIIpeIe/IeHUs] I MHOYKECTBY 3HaUEHUI TO# Wi MHOI (DYHKITIH,
MO>KHO OBLJIO Ha MECTO apryMeHTa W/ 3HAUEHUsI IT0/ICTABJISTH KAKUE-TO 3aBU-
csITe OT JAPYTOil IepeMeHHON BhIPaXKEHUsI U TOJIyJaTh COOTHOIEHMSI, XapaK-
Tepusyiolme 00J1acTh OIIPeIeIeHNs 1 MHOXKECTBO 3HAUeHN JaHHON DyHKINN.
Bcest nuadopmarius npeacrapiieHa B BUIE TaOJIUIIbI.

HaunnaTh HaxoxKJIeHMe 00JIACTH OIpejieieHusT (PYHKIIUU JIydIle BCETO C
BOITPOCA «KaK YyCTpOoeHa (PYHKIH?> DTO MOXKET OBITH CyMMa, UJIA ITPOU3BE]Ie-
HIle KOHEYHOI0 Habopa PYHKINM, UK YaCTHOE ABYX (DYHKINNA, NI KOMIIO3HU-
st (cimoxkHast ynknusi). [Tocste oTBera Ha 3TOT BOIIPOC MOXKHO MPHUCTYIIATD
K HaXOXKJIEHUIO 00JIACTU OIPEIeIEHNSI, TTOIb3YsSICh CIAEIYIONUMI (PaKTaMU.

1. CymMma mim IIpousBejieHre KOHEIHOro Habopa (DYHKIU onpeae/eHbl
Ha MHOXKECTBE TeX YHhceJI, JIjIsi KOTOPBIX OIIpejieieHbl BCE CJaraeMble UJIH CO-
MHOXKUTEJIN, T. €. 00JIaCTh OIpeJesIeHnus CyMMBbl WJIN ITPOU3BEIEHNsI pPaBHA
IepeceveHnio 00acTeil onpee/IeHusT CJIaraeMbIX I COMHOXKUTEIEH.

Ecnn dyHKIMIO yMHOXKHATH HA KaKOE-TO YUCJIO, TO ee 00JIaCTh Olpeielie-
HUSI He U3MEHUTCS.

2. YacTtHOe ABYX (QPYHKIIHUI OIPEIEICHO JIJIsi Te€X YHUCeJ, JJIsT KOTOPBIX
OolpeJieJIeHbl YUCJAUTEAb U 3HAMeHAaTe/Ib U IPU 9TOM 3HAYCHUS 3HAMEHATeJIsd
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Tabsmma obJiacTeil onpeaesieHUsI 1 MHO>KECTB 3HAYEHU N

z = f(t) orucanne D(f) orucanne E(f)
z=1t" neN teR z>0
z =t neN, teR z€R
2= R/t t>0 z2>0
2=/t t>0 z>=0
z:% t#0 z#0
z = at teR z2>0
z =log,t t>0,a>0,a#1 z€eR
z = sint teR -1<2<1
z = cost teR —-1<2<1
z=tgt t#mw/2+mn,neZ zeR
z = ctgt t#m,ne’ zeR
2z = arcsin t -1<t<1 —7m/2< 2 < 7/2
z = arccost —-1<t<1 0<z<m
z = arctgt teR —m/2 < z < m/2
z = arcctgt teR O<z<m

OTJIMYHBI OT HYJIA.

3. Kommosurus g(f(z)) dyuknuit f (BuyTpenuss dyukius) u g (BHer-
Hsist (DYHKIMsI) ONpeiesieHa Ha MHOYKEeCTBE TAKUX 3HAYEHWN apryMeHTa T, JIJIst
KOTOPBIX, BO-IIEPBLIX, OlIpee/IeHa BHYTpeHHsIs PYHKIUS [, a BO-BTOPBIX, 3Ha-
yerns f(x) mpuHAIEKAT 00/IaCTU OnpeeeHus BHemHeil dyuknun g. [Ipu
HAXOXKJIEHUU 00JIACTH OIPEIeIEHIsT KOMITO3UIIUU JOCTATOYHO 3aIllUCaTh B BUJIE
COOTHOIIEHN! TpeboBaHUe MPUHAICKHOCTH 3HadeHuit ¢ = f(x) BHyTpeHHE
dbyskuu obsiactu onpesesieHus BHenHell GyHKIuu ¢(t) u nepeiTu K pere-
HUIO 3aIIUCAHHBIX COOTHOIEHU (06JIACTh OTpeie/ieH s BHY TPEHHEH OyHKIUN
ydTeTCsl B XOJIe UX PEIIeHNsI).

[Tpu onpenenernu Busa (ycrpoiicrea) OYHKIME HAJO BBIIEIUTH TOCIIE]I-
Hee JIeficTBUE, KOTOpOe MTPOM3BOINTCA MPU HAXOXKIEHWN ee 3HadeHU. Fcanm
Takoe JefCTBUE eCTh CJIOYKEeHUE, YMHOXKEeHNE UJIU JIeJIEHUe, TO 3TO CyMMa, IIPO-
U3BEJIEHUE WJIN YacTHOE JIBYX (DYHKIIUIT; €CJIA YKe 9TO HAXOXKJIEHUE 3HAYUECHUS
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KaKOH-TO M3 OCHOBHBIX 3JIEMEHTAPHBIX (DYHKITUA, TO 3TO KOMIIO3UIIUs, B KO-
TOPOil TocjieaHelt neiicTByeT Ta (PyHKIMs, 3HAYEHUsST KOTOPOM HAXOJIATCA Ha
nocyaeaueM mmare. llocse onpenenenus: Buma (pyHKIMN HAJIO0 BOCIOIb30BATHCS
yKa3aHHBIMU BBIIIE (haKTaMU U MepeifiTh K U3ydeHuIo o0JIacTell Onpee/IeHust
PYHKIMI, 13 KOTOPBIX COCTaBJICHA JJaHHAasT (DYHKITHSI.

I[TocmoTpuM Ha mpuMepax, Kak pabOoTaioT OIUCAHHBIE COOOPaXKEHNUS.

IIpumep 3. Haiigem obsiacth onpejesieHust OyHKITAN

fl@)=vVa2 —4+ /9 — 22,

Hamra dyukims mpejicraBisger coboit cymMmmy IByX (OYHKIU, TaK UTO JJIst
HaXOXK/JICHUSI ee ODJIACTH ONpEJIe/IeHNsT HAJJIeXKUT HAWTU OOJIACTU OIIpe/ie ie-
HUS KasKJO0TO U3 CJIaraeMbIX U B3ATh UX Il€pecedeHue.

Oyukius f1(x) = Va2 — 4 ycTrpoeHa Tak, 9TO MOCTEIHENH TPU HAXOZXK 16~
HUW ee 3HAYEHUN SBJISETCS Ollepallusi B3sITUsl KOPHSA, T. €. Mbl UMEeM KOM-
MTO3UIINIO, B KOTOPOI TOCJe/IHell JeficTByeT (DYHKIUS «KOPEHb KBAJIPATHBINY.
Ee obsacTp onpemeneHus mnopoxkiuaer tpebosanme z2 — 4 > 0. Amnajormd-
HO 0bJ1acTh onpefesenust GyHrmmun fo(xr) = /9 — 2?2 mobasisier TpeboBaHUe
9—2x2>0.

Herpyaso HaiiTu MHOXKECTBa peIlleHuil 3TuxX HepaBeHCTB: (—oo, —2| U
2, +00), [—3, 3], u B3sTh UX nepecevenue: |—3,—2| U [2,3], B pesyabraTe no-
JydaeM obJIacTh onpejiesienust pyHKImu f.

IIpumep 4. Haiigem obsiacth onpejesieHust OyHKITAN

V12 4z — 2?2
- x2 -9 '

f(z)

QyHKIMS TPEJICTaBJIsAET CODOI YacTHOe JBYX (DYHKIIHMI, ITO9TOMY OHA,
omnpejesieHa TaM, TJe OIpeJieieHbl 00e 3T (pYHKIUU Tpu JJ0O0ABJIEHUH Tpe-
OoBaHUs OTJIMYUA OT HYJIsI 3HAMEHATess1. ZICHO, 9TO 3HAMeHaTe b OIpe/Ie/IeH
BCIOJTy, a oOpalaeTcs B HyJIb IpU © = 3 win x = —J. Tenepb HaJIEXKUAT
HaUTH 00JIaCTDb ONpeAe/ICHUS YUCIUTE/IsI U U3 Hee yAaJUTh HYJIU 3HAMeHATe s
(ecyin, KOHEUHO, KAKOW-TO WX HUX TYa MOMAJIET).

YHucaureb pejicTaBasieT coO0i KOMITO3UITUIO, B KOTOPOI Mocae IHsIsA (DYHK-
IS — ITO B3dATHE KOPHs KBagpaTHOoro. PYyHKIMS ONpeieieHa TaM, IJIe TOTKO-
pPEHHOE BbIparkKeHre HEOTPUIATEbHO, T. €. 00JIACTb OIPeJIeJICHUsT YUCTUTEIsI
XapaKTepu3yeTcs KaK MHOYKECTBO pellleHuii HepaBeHcTBa 12 + = — z2 > 0.
Jlerko ycTaHoBUTH, 94TO 3TO mpoMexkyTok |—3,4]. s Haxoxkaenust obaactn
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OIIpeIeIeHnsl Beeil IpoOK U3 3TOro MPOMEXKYTKa HAIO0 YAAIUTH YACIa —3 U 3
KaK HyJIM 3HAMeHaTeJis, B UTOre MoJIyduM MHOXKecTBO (—3,3) U (3,4].

IIpumep 5. Haiigem obsiacth onpesesieHust OyHKITAN
f(z) =logs (2z — vz — 1).

QyHKIUS IPEACTaBIsIeT COOOl KOMIIOBUIINIO, B KOTOPOIl BHeIHEei (Ho—
cyetHeit reficTByoIeit) (hyHKIMEH CIIyKUT JIOrapudM, IIO3TOMY 06J1aCTh OIpe-
nenenns GyHKIun f OyAeT HaXOAUTHCS U3 YCJIOBUS IOJIOXKUTETHHOCTHU TIOJI-
JIOTaPpUPMHUIECKOTO BBIPAYKEHMUSI:

20 —VAx — 1> 0, (1)

u Oymer MHOXKeCcTBOM perennii Hepaernctsa (1). Haiimem aro mHOXKECTBO,
T. e. permmM HepaBeHcTBO (1). Mmeem

x>0,
20 —vVidr —1 >0« 2x > Vidr— 1< < 4o —-1 >0,
4% > 4x — 1
1 x>1
T = —, ~ oy
= 4 = h <z e(l/4,1/2) U (1/2,+00).

IIpumep 6. Haiigem obsiacth omnpeesenust OyHKIIAN

r—1
=4/1 :
) = \flom s T

QO yHKIUS ABJISIETCS KOMIIO3UIIEH OyHKIT, TTOCIeTHEH U3 KOTOPBIX JIei-
cTByeT (PYHKIUA M3BJIEYECHUs KBaJIPATHOTO KOPHSI, IIO9TOMY O0JIACTH OIIpe-
JejieHnsi Beeit PpyHKIUN OyAeT HaXOIUThCs U3 TpeOOBaHMUS HEOTPUIATEIbHO-
cTH HO,ILKOIfeHHOI‘O BBIDAYKEHUS, T. €. KaK MHOXKECTBO peIlleHnil HepaBeHCTBa

T —
10g0’3 m 2 0.

Pemum sto mHepaBencTBo. OmHo mpeacraBiseT coboil jgorapudmMudaeckoe

HEepaBeHCTBO, B KOTOPOM JIOTapudM ¢ OCHOBAHKEM, MEHBIIIUM €IMHUIIBI, CPaB-

HUBaeTCs ¢ HysteMm. Vmeem

r—1

>0, x < —9,
1 x—1 T+ 95
0gg 3 2 0 <= <~ x>1, < x>1
"~ xr+ 0 r—1
x+5<1 x> -5
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HaXO}KﬂeHI/Ie MHOXKEeCTBa 3HaUYEeHU beHKHI/II/I CBA3aHO C UCIIOJIB30BaHMEM
ee CBOICTB, IIO9TOMY BOIIPOC O HAXOXK/IEHUHM MHOXKECTBA, 3HAYEHHUI OTIE/IHHO
paccmarpuBarh He OygeM. Owno dopMupyercs Ha OCHOBe OOJIACTH OIIPejie-
JIeHnd W (PYHKIIUKU, U €CJU B TOM IIOSIBUTCS HEOOXOAMMOCTH, OyJIeM HCKATh
MHOXKECTBO 3HAYEHUI MCXO/s U3 00JIaCTU OIIPeJIeIeHUs] U CBOUCTB (DYHKITHUN.

NMPAKTUNKA

1. Jna dbyskmmit f(x) u g(x) cocraBurh kommosunuu f(g(z) u g(f(x))
W HAWTH UX 0OJIACTH OIpeJIe/IeHns] 1 MHOYKEeCTBA 3HAYEHMUIA:

(1) f(z) =1-2% g(z) =Inz, (2) f(z) =Inz, g(z) =

1l—=x
1+ x

Y

(3) f(z) = VI 22 g(x) = 2%, (4) f(z) = ——, glx) — 2.

1—2x’
2. Hzyunth 006paTUMOCTB CJeAyIONUX (PYHKIMNE U HANTH OOpaTHBIE K
HuM. B ciydae orcyTcTBUS 0OpATHMOCTU Ha BCell 00JACTU OMpeJIe/IeHUs BbI-
JIETUTH O0JIaCTH OOPATUMOCTH W HAWTH COOTBETCTBYIONIME OOpaTHbIE (DyHK-

1804058
(1)az+1’ (2) 2% + =, (3)3:—;, (4) poaE

3. Ha kaxkumx npomexxyTkax yHKIHUH Sinx u cosx obparumbi! Haiitu
obpaTHyI0 K PYyHKITIN

x 1 x

(1) si 7w 9w 137 157

in —, — —, — .

Sin % Ha NPOMEXYTKaX | -, | H |~ —

(2) cosx Ha npomexyTkax |47, 57| u |77, 8xl.

4. Haiitu obyiacTh onpeesieHus CJIeIyIONNX (byHKITUIA:
r—1

(1) lg(z —1) —lglz +1), (2)lg_—7, ) VIg(l—2?),

2x

+ a2’

(7) \/(3j o 10g2 3) (10g3 4 - 33), (8) logsinm Cos T,

(9)y/log, (22 =3z +2)—1, (10) \/smx +cosx

1.2. YeTHOCTh U HEUYETHOCTD.

TEOPUA

(4) arcsin N (5) sinarcsinz, (6) arcsinsinz,

sinx — cosz

ONPEAEJEHUE 6. @yuknuioo f Ha3bBaiOT wemuol (Hewemmot), ecin
JJist J1I060r0 v1emenTa x u3 D( f) IpOTUBOIOIOXKHBIN €My 9JIEMEHT — I TaKyKe
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BxomuT B D(f) u umeer mecro pasenctBo f(—x) = f(x) (coorBercTBEHHO
f(—=z) = —f(x)). Kparko 9170 MOXKHO BBIDa3UTh TaK:

(Vx € D(f)) —xz € D(f)Nf(—z) = f(x) (coorBercrBennof(—x) = —f(x)).

OTcyTcTBHE CBOMCTBA Y€eTHOCTU Y (DYHKIUU [ 3AIUIIETCS TaK:

(3z € D(f)) (mbo —x & D(f), mibo f(—x) 7 f(x)).

Tem cambIM JJIsT IPOBEPKU OTCYTCTBHUsI Y€THOCTHU JOCTATOYHO JIMOO YCTAHO-
BUTH HECUMMETPUYIHOCTH OOJIACTU OIpeeseHust f OTHOCUTEILHO HYJISA, JIMOO
nperbsiBuTh Takoe x € D(f), mpu koropom 3navenust f(—z) u f(xr) pasmumd-
HBL.

Tak Ke aHAJIU3UPYETCS OTCYTCTBHE CBOMCTBA HEYETHOCTU (DYHKITUU.

Ecau f we obiazaer H1 CBOWCTBOM YeTHOCTU, HA CBOMCTBOM HEYIETHOCTH,
TO ee Ha3bIBAIOT PyHKyuet obwezo suda.

I'pacbuk veTHOIN PYHKIIUM CUMMETPUYEH OTHOCUTEJHHO OCH OP/JIUHAT, a
rpaduk HedeTHON DYHKIINA CUMMETPUIEH OTHOCUTE/IHFHO HAYAJIa KOOPIMHAT,
T. e. orHocurebHO Touku (0, 0).

Ecnu f, g — Hedernsie (derHble) DyHKIMMA, TO UX CyMMa TaKyKe HEUIeTHA
(COOTBETCTBEHHO UETHA).

TEXHONOI NN

Hanugwme cBOMCTB 9€THOCTH MJIM HEYETHOCTU IIOMOTAET YIIPOCTUTH ITPOTIe-
JIypy TIOCTpoeHus rpaduka PyHKIIUN — JJId YeTHONW WU HEeYeTHOU (DyHKIUN
rpaduK MOXKHO CTPOUTH TOJIBKO JIjIsi HEOTPUIIATETbHBIX 3HAYEHUN apryMeHTa.

Ecmu nman rpadwuk yHKIUE U copammnBaeTcs, OyJeT JIM OHa YeTHOM
(HedeTHOIT), TO CHadYaJia HaJO0 OOPATUTH BHUMAHHE Ha ee 00JIACTb OIpeie-
JIEHUsI, U €CJIM OHA He CHMMETPUYHA OTHOCHUTEJbHO HYJIS Ha OCU abCIIUCC, TO
9TO (DYHKITUs ODOIIEro BHUJIA, €CJIN YK€ CUMMETPUYHA, TO MCCJIEJOBAHIE MOXKHO
IIPOJIOJIZKUTh U TOTJIA CJIeJyeT oOpaTruThbcsd K rpaduky. Ecim o cummer-
pUYEeH OTHOCUTEIBHO OCU OPJIMHAT, TO (PYHKIUs YeTHAs, €CJTU CHUMMETPUICH
OTHOCUTEJILHO HavaJla KOOPJAWHAT, TO HedeTHas. Kcraru, rpaduk HedeTHO
PYHKIIH, ONpeJIeJIEHHON B HYJIE, BCErJia IMIPOXOIUT Yepe3 HavaJI0 KOOP/IMHAT.

Ecmn dynkmusa 3amana Ha TPOMEXKYTKE, PAaCIIOJOXKEHHOM CIIpaBa
(cmeBa) OT HyJss, TO ee MOYXKHO PACIPOCTPAHUTh Ha 00JIACTH, COCTOMAIILYIO U3
JIAHHOT'O TIPOMEKYTKA B O0bEIMHEHUHU C €r0 0Opa30M IIPU CUMMETPUIHOM OT-
pakeHUU OTHOCUTEJILHO HyJsd. Ecaum pedb ujaer o pyHKIMU, 3aJIaHHON Ipa-
dUKOM, TO JJIsd TOJyUeHUsl rpadpuka HeUYeTHON (pYHKIIUU JAaHHBIA Tpaduk
HAJI0 OTPA3UTh CUMMETPUIHO oTHOcUTebHO Touku (0,0), a eciu 4eTHOIl, TO
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CUMMETPUYIHO OTHOCUTEIHLHO OCH opamHaT. Hcim ke yHKIuUs 3a1aHa [Ipa-
BUJIOM f, TO JJIsi PACIPOCTPAHEHUsl HAJI0 MCIOJIb30BATH ONPEICICHNE U JIJIs
r < 0 momarars f(x) = f(—x) mnsa gernoit dbyukmuu u f(r) = —f(—x) st
HEYeTHOM.

YKazaHHbBIE CIIOCOOBI J0OIpPeie/ieHNsT (DYHKIIUH 110 YeTHOCTU WUJIU HedeT-
HOCTH Ha OTPHUIATEIbLHYIO MOJIYOCH JIEFKO MOKA3aTh NeOMETPUIECKH, yYIUThI-
Basl CUMMETPUIO JIMOO OTHOCUTEIHLHO OCU OpAuHAT (JJIst Y4eTHOW (hyHKIUN),
b0 OTHOCHUTENIbHO Hadaja KoopauHat (st mederHoit). [lycrs dyrrmnus f
OIIPEJIeJISIETCS T€M, YTO OHa HedeTHas U JIJIsi HEOTPUIIATETbHBIX 3HAYEHUN ap-
IyMeHTa T U3 ODJIACTH ee OIpeJIesIeHusT COBIaIaeT ¢ (byHKIuil ¢ (3a1aHHOM
10 KpaifHeil Mepe Ha KaKOM-TO MHOXKECTBE HEOTPUIIATEJbHBIX ducesi). Bosb-
MeM OTPHUIATETHHOE YHUCJIO T U IIOCMOTPHUM, IJie OpaTh 3HaYeHUe (PYHKIMU
f B Touke x. EcrecrBenno, cpeayu sHadeHni (pyHKIMA ¢ HA HEOTPHUIATE/Ib-
HBIX YHUC/ax U3 objactu ee omnpejaesiedus. OTpasuM T OTHOCUTEIBHO HYJIS,
T. e. Bo3bMeM umciao —x (puc. 1.2(a)). Owno momoxuTenbHO, U DYHKIUSI
f Tpum TakoM 3HaYEHWM apryMeHTa olpejeeHa, a uMmeHHo f(—z) = g(—z)
(puc. 1.2(b)). Temepn ompenennm 3HadYeHuwe f B TOYKE T Tak, YTOOBI MOJTY-
JeHHasd (DYHKIUA ObLIa HeYeTHOW. JLIst 9TOTro coryiacHO OIpeeIeHUIO HaJl0
nonoxuth f(x) = —f(—x) = —g(—z) (puc. 1.2(c)).




AHAJOTUIHBIMU JEHCTBUAMUA MOXKHO PACIPOCTPAHUTH 3aJaHHYIO Ha Ya-
CTU TIOJIOXKUTEJILHOMN TTOJIyocH (PYHKITUIO JIO Y€THON (PYHKITUH.

Ecnu dbyakmus 3amana dpopMysioit, To Ipu N3yYEeHUN Y€eTHOCTH UJIA HEeYIeT-
HoCcTH (DyHKIMEU f HA MecTo aprymenta x € D(f) mojcraBistor 3HaYeHne —x,
W COBEpINAIOT yIpolrakrue felictBusi. Ecau npu srom noaydaercs f(x), To
dbyukmms gerHasi, eciim — f(x), To — HeueTHas. Kciam xoTs Obl IpU OHOM
x € D(f) nubo —x He BxomuT B 00/1aCTh Omnpejenenns GyHKnuu f, jubo He
BBIOJIHEHO paseHcTBO f(—x) = f(z) (wmm f(—x) = —f(z)), To dbyuknus
CBOMCTBOM YETHOCTHU (COOTBETCTBEHHO HEYETHOCTH) He 00JIa1aeT.

Herpynsao 3ameruts, uro ecan B Kommosuimu h(x) = g(f(x)) BuyTpen-
Had yHKIMA f deTHasi, TO h Toxke yerHas. ¢lcHO TakxKe, 4TO ecyim f U g
HeJYeTHbIe, TO h HedeTHasl.

IIpumep 1. Omnpenesum DYHKINIO SgN, HA3BIBAEMYIO 3HAK YUCAG (dU-
TAETCsI «CUTHYM>» ), [OJIarast

—1, ecom x <0,
sgnx = < 0, ecu x = 0,

1, ecau x > 0.
Herpyaso mnpoBepuThb, 3T0 3Ta MYHKIIAST HeYeTHASI.

IIpumep 2. pasiercss au deTHOW wim HedeTHoi dyHKuus f(x) =
r—1 0
o1
CHauaJia uccjeyeM, BEPHO JIM, YTO € KaXKJIblil 9JIeMEHTOM & U3 00Jia-
CTH OIIPEJIeJICHUs JAHHON (PYHKIINN IIPOTUBOIOIOKHBIA €My 3JIEMEHT — I TaK-
JKe BXOJIUT B 00JIacThb omnpejesenusi. OyHKIws [ olpejesieHa Ha MHOMKECTBE
(—o0,1)U (1, +00), cramo 66ITh, ancao —1 JeKuT B 0OJIACTH €€ OIPE/Ie/ICHNS,
Torja Kak 1 — Her. DyHKIMA OOIIero BUIA.

Bamerum, uro npu x # 1 6yner f(x) = sgn(x — 1).
MPAKTUKA

1. UccnenoBarh, Kakue U3 CAeAYIOMUX PYHKINI 00J1a1al0T CBONCTBAMU
JEeTHOCTH, & KaKue OOIIEero BUIA:

(1) f@) = 1, (@) f@) =l
() f@) =+ @) f@) o
(5) f(z) = sinarccosz, (6) f(x) = arccossinz,
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(1) f(x) =vV1—xz+1+z, (8) f(x) = arcsinx + arccosx,
2 277 1 1
= — ]_ —
e g WO f@) =7+ _—7
2z
(11) f(z) =V1+z+a2*, (12) f(z) = T2
1.3. BospacTtanue u yobiBaHme. DKCTPEMYM.
TEOPUA

ONPEAEJIEHUE 7. @yukmuio f Ha3bIBAOT 6o03pacmarowet (Heybuea-
rowet) na mroocecmee X C D(f), ecnmn gist mobbix r1,r9 € X Takux,
9T0 T9 > x1, UMeeT MecTo HepaBeHCTBO f(z2) > f(x1) (coorBeTcTBEHHO
f(x2) = f(z1)). Kparko 310 BBIpa3uTCs Tak:

(le € XVQ?Q < X) To > T <= f(ﬂ?l) > f(.l?z)
(coorBercTBenno f(71) = f(22)).

Oyuknuio f Ha3BIBAIOT Yovisatowel (Hesoapacmarouieti) Ha MHONHCECMEE
X C D(f), ecnmu post mobbIX T1, Ty € X Takux, 9TO To > Ty, IMEET MECTO
HepaBeHCTBO f(x2) < f(x1) (coorBercTBenno f(x2) < f(z1)). Kparko:

(le € XVQ?Q < X) To > T <= f(ﬂ?l) < f(.l?z)

(coorBercTBenHO f(x1) < f(22)).

Ecnun dyuknus f nmubo BozpacTaroriasi, MO0 yObIBAIOIas Ha MHOYKECTBE
X, To ee Ha3bIBAOT (cmpozo) monomonnot Ha X. TepMuH «MOHOTOHHAs»
UCIIOJIB3YIOT U B T€X CJAydasX, Korja (OyHKINSA HeyObIBAIOIIAs UM HEBO3PAC-
Talomas.

Heckosibko cioB o Tepmunosiornu. Muorna cdopMymupoBaHHBIE 371€ChH
CBOICTBa BO3PaCTaHUs WM yObIBAHUS HA3BIBAIOT CTPOTMM BO3PACTAHUEM WU
yObIBaHUEM, & TEPMUH «BO3pacramoiiasi» («yObBatoIasi» ) MOYHKIMS OTHOCSIT
K TaKUM (DYHKIHSM, KOTOPbIE 3/16Ch HA3BAHBI HEyOBIBAIOIIMME (HEBO3DACTA-
formuvn ). [losTomy ecim B 3ajiate CyIIeCTBEHHO, 3HAK KAKOI'O HEPABEHCTBA,
CTPOrOr0 WJIM HECTPOrOro, UMEETCs B BUJY NpHU CpaBHeHuWn 3HadeHuii f(x)
u f(x2), TO Jiydile yTOYHUTH B TOM WCTOYHWKE, OTKYJa B3ATa 3ajada, ITO
aBTOPBI IIOHUMAIOT IO TON MJIM WHOM Pa3HOBUIHOCTHIO MOHOTOHHOCTH.

[IpuMmepsbl Bo3pacTatoleil, HeyObIBaIOMIeil, YObIBAIOIIEH 1 HEBO3PACTAIO-
meit Gyukimit npuseens Ha puc. 1.3(a)—(d).

Crporast MOHOTOHHOCTDb (DYHKITHH CJTY?KUT JJOCTATOYHBIM YCJIOBUEM €€ 00-
parumocTu. BoJiee Toro, mig oopaTHO MYHKIIMN COXPAHSIETCS BUJ MOHOTOH-
HOCTHU UCXOJHON: ecsin f Bo3pacraromiasi, To f ! Toxke BO3pacTarolasi, a eCn
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T i T

Puc. 1.3.
f ybriBatomas, To f~1 Toxe ybriBatomasa. O6GOCHYeM 3TO yTBEpKICHUE JJIs
caydasi Bo3pacTaronieil (hyHKIMK, /711 YOBIBAIOMIEH pacCy>KIeHNs aHAJIOT Y-
HBI.

[Iycte f BO3pacraer Ha MHOXKecTBe X W IEPEBOJIUT €r0 HA MHOXKECTBO
Y. Ecm x1,x2 € X pazmuunbl, TO 160 T1 < To, JUOO To < X1, U BBHUILY
Bospacranus f mbo f(x1) < f(xs2), mibo f(x2) < f(x1), cTamo 66ITH B JTTOOOM
ciaygae f(x2) # f(x1) u f obparuma na X.

IIycts f Bospactaer Ha X. Ilpemmosnoxknm, uato f~! He aBagercs Bo3pac-
Tatoreil pyHknnreit Ha MHOXKecTBe Y. Torma HaiiyTcsa Takme ABa dJIEMEHTa,
y1,y2 € Y, uro y1 < y2, o [ (y1) = fM(y2). Iycrs f~l(y1) = i,
f~Yy2) = z2. Torma x1 > 9. Ecm 2y = 9, To y1 = f(21) = f(22) = 2
BBUJIy CBOICTBa OJIHO3HAYHOCTU (DYHKIIUU, YTO MPOTHUBOPEUUT ITPEJITOJIONKE-
HUIO Y1 < Y2, & €CJIN X1 > To, TO Y1 = f(x1) > f(x2) = yo BBUIY mpemoia-
raeMoro BO3pacTaHus f, 9TO TakKyKe IPOTHBOPEUNT IPEIIOIOKEHTIO U1 < Uo.
Crasno ObITh, TPeANooXKenne 06 OTCYTCTBUH y f ' CBOMCTBa BO3PACTAHNL
HECOCTOATEJIHLHO.

ONPEAEJEHUE 8. Paccmorpum pyHKIMIO [ Ha HEKOTOPOM MHOXKECTBE
X mn3 obyacTu ee onpejiesieHus. ['0BOpsT, 9TO TOUKA Lo € X ABISIETCS MOYKOU
marcumyma (munumyma) Gyuakmn f, ecin HaligeTcss Takoe ducyio r > 0,
91O JJ1s JIEI06oro sjementa r € X, u3 wHTEpBasNa (Lo — 1, To + T), UMEET
mecto HepaBeHCTBO f(x) < f(xg) (coorBercTBenno f(x) > f(zg)) (puc. 1.4).

e




Ecmu zg nmubo Touka MakcumymMma, JinOO TOYKa MUHUMyMa (DYHKIHHU f, TO
ee Ha3BbIBAIOT MOYKoT aKcmpemyma Gyrruuy f.

3uavenne f(zo) B TOUKe MaKCUMyMa (MIUHUMYMa ) HA3BIBAIOT MAKCUMAAL-
HoLM (MUHUMAALHDLM) 3HATeHHeM (DYHKIUU [ WiIn, KOpode, MAKCUMYMOM
(munumymom) dyuaxnuu f. MakcumabHOE WM MUHAMAJIbHOE 3HAUeHMEe (DYHK-
[N HA3BIBAIOT €€ IKCMPEMYMOM.

Ob6paruMm BHUMaHUE HA TO, YTO CBOHCTBO (DYHKIIMM UMETH SKCTPEMYM B
TOYKE OTParKaeT ee MOBeJIeHrne BOJN3N PacCMaTPUBAEMOil TOUKM, WHAYEe TOBO-
psi, 9TO A0KAABHOE C8OTCMEO U, TOBOPsT 00 IKCTPEMyMaX, B CIydae HEOOXOIH-
MOCTH TIOTIEPKUBAIOT, ITO ITO JIOKAJIbHBIE MAKCUMYMbI MJIH MUHHMYMBI.

TEXHONOI NN

Bospacranue win yOblBaHME — OJHU U3 HambOJIee YaCTO OTMEYAEMbIX
coiicre dyuknuu. Kak npasuiio, cBOHCTBO MOHOTOHHOCTH (DYHKITUH TPOSIB-
JISIETCS Ha KAKUX-TO TIPOMEXKyTKax. DyHKIWs, He sIBIAIONAICT MOHOTOHHOMN
HA BCEM PACCMaTPUBAEMOM MHOYKECTBE, MOKeT 00JIaJIaTh CBONCTBAME MOHO-
TOHHOCTH Ha TPOMEXKYTKAX, COIAEPKAINMXCS B 9TOM MHOXKecTBe. Tak, dyHK-
st Ha puc. 1.5(a) Bo3pacraer Ha KaxKIOM U3 TPOMEXKYTKOB |a, 1| u [x2,b] n
yOBbIBaeT Ha IPOMEXKYTKE |1, 2|, a dyHkus wa puc. 1.5(b) yObiBaeT Ha KayK-
oM u3 mpoMeRyTkoB [—1,0) u (0, 1] (Ho He MOHOTOHHA Ha WX OObETMHEHNN).

Y
Ya (a) (b)
|
[ [ —1
o [ . o~ »
a I 2 b 0 I
[
[

Puc. 1.5.

Eciu nan rpaduk GyHKIUM 1 TOCTaBIEH BOPOC: yKa3aTh (HANTH) mpo-
MEXKYTKH, Ha KOTOPbIX (DYHKIUsI Bo3pacTaer (minm yObIBaer), TO Tpebyercs
yKa3aTb TPOMEKYTKH Ha ocu abcrmcc (a He dparMeHTh rpaduka GyHK-
run!), Ha KOTOPBIX €CTh yKa3aHHOe CBoiicTBO. JIBurasich 1mo ocu abermee cie-
Ba HANPABO (T. €. B MOJIOXKUTEJIbHOM HAITPABJIEHUN OCH), KOHCTATUPYEM, UTO
IIPOUCXOIUT ¢ PYHKIMEH B Iporiecce BO3pacTaHus aprymenTa. Ecau rpaduk
YXOJIUT BBEPX, TO (DYHKIIUS BO3PACTAET, & €CJU BHU3 — YOBIBAET, U TaK JIO
TeX TOp, MOKa He MPEKpPaTUTCA IIPOIlecC Bo3pacTaHus win yObiBaHums. Kak
TOJILKO BO3pacTaHue Wjan yObIBAHUE IMPEKPAIaeTcs, TaK Cpal3y 3aKaHINBa-
eTcs IMPOMEXKYTOK COOTBETCTBYIOIIEH MoHOTOHHOCTU. Harmpumep, na puc. 1.6
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ylk

Puc. 1.6.

IPOMEZXKYTKAMU BO3pacTaHus OyayT |a, x1], [T, x3] u [x4, b], & mpomMekyTKaMu
yObIBaHust — [x1,Z2| U |3, 24].

Habaonenue 1. Ilycre [ mpeacrabisier coboi CI0XKHYIO (DYyHKIIHIO
(KOMITO3HIIHIO), COCTABJICHHYTO U3 (QyHKImI g u h, T. e.

f(x) = h(g(x)).

1. Iycrp ¢pynkmmst h Bospacraer. Torpa f(x) Bospacraer (ybbiBaer) Ha
npomexxyrke I C D(f) B Tom u ToJIbKO B TOM cJIydae, ecau g(x) Bo3pacraer
(ybbIBaer) Ha sTOM HpoMexkyTKe. Todka Ty SIBJISETCS TOYKOI MaKCHMyMa
(MuaEMYMa) pyHKIMU f(X) B TOM H TOJIBKO B TOM CJIydae, €CJIU OHA SIBJISETCS
Toukoii MakcuMyMa (MuHUMYMA) yHKIHI §(T).

2. Ilycrp ¢pymrmus h yosBaer. Torma f(x) Bospacraer (ybGbiBaeT) Ha
npomexxytke I C D(f) B Tom u ToJIbKO B TOM cJydae, ecau g(x) yoObiBaer
(Bospacraer) Ha sTOM 1poMexkyTKe. Todka x( sIBJISIETCSI TOUKOH MaKCHMYMa
(MuaEMYyMa) GyHKIME f () B TOM M TOJIBKO B TOM CJIy9ae, €CJIU OHA SIBJISICTCS
Todkoi MuHUMYMa (MakcuMyMma) pyHKIHA §(x).

WNubivu ciioBaMu, Bo3pacTanue BHemHell hyHkimu h B kommosurwn h(g(x))
COXpaHsieT MOHOTOHHOCTH U BUJI 9KCTpeMyMa BHyTpeHHeil (dbyHkiuu g(x), a ee
yObIBaHWE MEHSIeT TUI MOHOTOHHOCTH W 9KCTPEMyMa BHYTPEHHel (yHKIUN
Ha IPOTUBOIIOJIOXKHBIM.

[TonesnocTs HabJIOIEHNUSA 1 COCTOUT B TOM, YTO IMPU U3yIEHUU MOHOTOH-
HOCTHU U TOYEK IKCTpeMyMa [ MOXKHO ITepefTH K UCCJIEJOBAHUIO MOHOTOHHOCTHU
1 TOYEK dKCTpeMyMa (DYHKIUU ¢ (BHyTpeHHEH (DyHKIMM B KOMIO3UIMN) 6e3
ydaera byHkimn h (BHemHel (GYHKIMH B KOMIIO3UIINN), €CJii h MOHOTOHHA.
Onako HaJIO0 MOHUMATH, YTO TaK Mbl MOXKEM HANTH TOJHKO IIPOMEKYT-
KW MOHOTOHHOCTU M TOYKHW SKCTPEMyMa, CaMU 3HaYeHUs (PYHKIUU f B TOU-
KaX KCTpPeEMyMa HaJO MCKaTh, TOJICTABIAS HallJleHHbIe TOYKN IKCTPEMyMa B
dbyuKIMIO f 1 HAXOs ee 3HAYEHUSI B TAKUX TOUKAX.
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[TockoabKy AjIst 3J€MEHTApPHBIX (QYHKIIUI ITPOMEXKYTKH WX MOHOTOHHO-
CTU XOPOIIO M3BECTHBI, HabJiojieHne 1 oka3bIBaeTcsd BechbMa 3D PEKTUBHBIM,
n00 HepeJKo m3ydaeMas (DYHKIUS YCTPOEHA KaK KOMIIO3UIIASA, B KOTOPOU B
KaveCTBe BHEITHEH yJacTBYeT (PYHKIIUS C U3BECTHBIMU CBOMCTBAMHU MOHOTOH-
HOCTHU.

IIpumep 1. BosbMeMm kKakume-1nOO HECJIOXKHBIE (DYHKITUH, COCTABUM U3
HUX KOMIIO3UIMHA U IIOCMOTPHUM, KaK MOYKHO UCCJIEI0BATH IIPOMEKYTKI MOHO-
TOHHOCTH ¥ TOYKH IKCTPEMYMa KOMIIOZUIIHIA.

Hadgnem ¢ coBceM mpocToil cuTyaluu, HaIIpuMep, pacCMOTPUM (YHKITIIO
g(z) = (x +1)(3 — x). D10 kBagparwuHas GYHKIMs, OHA OTPUIATETIHHA HA
npoMexkyTkax (—oo, —1) u (3, +00), mojaoxureapHa Ha mpoMexkyTke (—1,3),
Ha (—00, 1] ona Bozpacraet, Ha [1, +00) yObIBaeT, y Hee B Touke x = 1 HAOJIIO-
JIaeTCsl MAKCUMYM, KOTOPBIH OyJeT TakyKe ee HauOOJbIIUM 3HAYEHUEM, IIPH
srom f(1) = 4.

Terepb cocTaBUM KOMIIO3UIMIO 9TO# (DYHKIUU ¢ KOPHEM KBaJIPATHBIM,
T. e. obparumcsa K dyuknuu f(x) = h(g(z)), rme h(z) = /z. Toayuaercs
byukmust f(z) = \/(z +1)(3 —z). Owna onpemesnena Tam, rje MOJKODEH-
HOE BBbIpAXKEHHe HEeOTPHUIaTeIbHO, T. €. Ha orpe3ke [—1,3|. Tlockosbky h,
BHENHSAS PYHKINA B KOMIIO3UIMK, BO3PACTACT, KOMIIO3UINA | OKAXKETCS MO-
HOTOHHOIi TaM, TJile MOHOTOHHA BHyTpeHHssi pyukims g(x) = (z + 1)(3 — x),
C COXpaHeHHeM THUIa MOHOTOHHOCTH, T. €. Ha MHOXKecTBe |—1, 1] dyukmus f
Bo3pacraet, a Ha [1,3| yobiBaer. Ilpu x = 1 y Hee makcumyM (Bo3pacraHue
[IpU [Iepexojie Uepe3 3Ty TOUYKY CMEHsIeTCsl yObIBAHUEM ), TIPU STOM 3HAYEHUE
B TOUKe MakcuMyMma Oyzer yxe ne 4, a f(1) = 4 = 2.

IIpumep 2. PaccmoTpum KOMIIO3UNHIO PyHKIMI 13 mpumepa 13, B3ATyI0
B 00paTHOM TIOPsIJIKE, T. €. (DYHKITUIO

p(x) = g(h(z)) = (Vz +1)(3 = V).

Ona ompenenena npu = > 0. BBumy Bo3pacranus BHyTpeHHeN (DYyHKIIUH
h(x) = /r Ha Bceil obsactu onpenesenuss x > 0 cocraBHast (DYHKIUS @
BO3pacTaeT TaM, rie Bo3pacraer GpyHKIMs ¢, T. €. Ha MHOxkecTBe [0, 1], n
yObiBaeT Ha MHOXKecTBe [1, +00). Touka x = 1 siBJIsieTcst TOYKO MaKCUMyMa,
pu 3TOM 3Ha4YeHue f B Heil paBHO 4.

Hamomuaum, ato nocaedosamenvrocmsio Ha3bIBAIOT (DYHKIIWIO, OIIPejie-
JIEHHYTO HA MHOXKECTBe HATypaJbHbIX uuces. [ljst KpaTkocTu 3Hadenue x(n)
dyuKIIMU T Ha HOMEPE N 0003HAYAIOT UEPES Xy, IIPU ITOM €CJIU 1. OepeTcs He
n3 Bcero N, To 706aBJIAIOT YKa3aHue 00JIACTH U3MEHEHUS 71, HAIlpUMEP, TaK:
Tn, n=3,4,....
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Mo2KHO 3aMETHUTh, UTO BO3paCTaHHUE IIOCJIEI0BATEIbLHOCTH PaBHOCUILHO
TOMY, 9TO Tp1 > Tp A y6bIBaHI/Ie — TOMY, 4YTO Tpi+1 < Ty JJId JII0O0T0
HaTypaJIbHOI'O N.

NMPAKTUKA

1. HaiiTt mpoMezKyTKH MOHOTOHHOCTH CJEIYIONINX (DyHKITHIA:

(1) f(x) =22 -4z + 3, (2) f(x) = 2% — 4|z| + 3,

)
() @) =w+3, @) f@) o
6) @) = 50 () f@) = .
(7) flx) =277, (8) f(z) = Vsin’ & —sinz,
(9) f(2) = logy 5(a® + 2 +1),  (10) f(z) = 5 i@'
2. JToKazaTh, 4TO Cieyiomne byHKIHE HeMOHOTOHHL:

(1) f(z) =2* —2?,  (2) f(z) =2’ -z,

(3) f(z) = arcsinsinz, (4) f(z) = sin* z + cos? z.

3. Uccrenosarb Ha MOHOTOHHOCTH IOCJIEIOBATELHOCTH. Kcan oHU He
MOHOTOHHBI, U3Y4YUTh, CYNIECTBYET JIi HOMEP, HAUUHAs ¢ KOTOPOTO OHU MOHO-
TOHHBL:

2n +3 n?+5
1 n — ) 2) T, = )
D) an="—7 @ an=""7
B)vn+2—+vn+1, (4) vVn?2+n—n,

(5) 3" — 27, (6) %

4. Jloka3aTh HEMOHOTOHHOCTH ITOCJIEI0BATETHLHOCTEIL:

(L) 2 = (=1 (2) zn =0t (=17,
(3) x, =sinn, (4) z, = sin T

1.4. IlepuognYHOCTS.
TEOPUA

ONPEAEJTEHUE 9. OyHKIuio f HA3BIBAIOT Nepuoduveckotl, eCiiu CyIie-
crByer Takoe uncyio 1T # 0, Ha3bIBaeMoe ee nepuodom, UTO JJist JIEFOOOTO
ssemenTa T u3 D(f) saementsr x + T, x — T takxke Bxogar B D(f) u umeror
mecto pasernctBa f(z) = f(x +T) = f(z = T).

O6pazHo neproandeckyo MyHKIIUIO MOXKHO IIPEJACTaBUTh KaK (MYHKITUIO,
KazKJ[0€ 3HAYEHNE KOTOPOil TIOBTOPSIETCST Uepe3 BEJNINHY, DABHYIO HEPUOJY.
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Puc. 1.7.

[Tpumepsr rpadukos nepuoandeckux byHKImA nanbl Ha puc. 1.7(a), (b)
(uMmeercst B BULY, 9TO IpadUKH MPOIOJKAIOTCS HEOIPAHMIEHHO BJIEBO U BIIPa-
BO).

Eciu f 3amana Ha KaKOM-TO TPOMEXKYTKE |a, b] 1 rOBOpUTCsI, 9TO OHA pac-
IPOCTPAHAETCS 0 IEePUOAMIHOCTH Ha BCE R, mam 4To 3aaHa MepuoaudecKast
dyHKIMS, Y KOTOpOil n300pakeH rpaduK Ha IMPOMEXKYTKe JJIMHON Mepruoa,
TO mMeeTcss B Buy ciaeayiomee. Crponrcs nepuoandeckass pyHKIUS ¢ C IIe-
puojiom 1" = b — a (nepuoj paBeH JijInHe OTPeE3Ka |a, b]) ciemyromum o6pazom.
Ecmm x € [a,b], To g(x) = f(x). Ecmm xe x & [a,b], To nobasisiem K x
(MM BBIMATAEM U3 &) CTOJILKO IEPHOJIOB, UTOOBI MOJIydaeMasi TOUKa JIeyKa-
na B [a,b], T. e. Haxommm Takoe 1esoe n, uro r + nl € |a,b], u momaraem

g(z) = f(z +nT).
TEXHOJIOT K

[Tpocreiimmue 3a1a9u, CBI3aHHbBIE C UCIIOJIL30BAHUEM ITEPUOTUITHOCTH, OOBIY-
HO peMIaroTcs Ha OCHOBE Olpee/ieHud 0e3 IPUBJICYEHUs JIOTUYECKUX XOJI0B,
U MBI PACCMOTPHUM HECKOJIBKO IPUMEPOB TaKUX 3aJad. 3aTeM 00paTHuMCs K
TPaIUIMOHHO 60JIee CJIOZKHO ITPOBOIUMOMY UCCJIETOBAHUIO ITEPUOTUTHOCTH.

IIpumep 1. Oyukius y = h(z) omnpesesieHa Ha BCell YMCIOBOI MPSMOii
U ABJISETCS YEeTHOM mepuojmydeckoil pyHKIMell ¢ rmepuojioMm, paBHbIM 6. Ha
orpeske [0;3| bynkmua y = h(z) samana pasenctsoMm h(z) = x? — 4z + 1.
Omupenenure KomaecTBo Hysel dyuknun y = h(x) Ha oTrpeske [—3, 5.

Hagnem c¢ Toro, uto pyHKIUA 3ajaHa TOJHKO Ha OTPe3Ke JJIMHOU 3, a
mepuojl ee papexn 6. Eciau He moburhbca 3amanusi (YHKIUMNA Ha OTPE3Ke JJIN-
HOIi 6, TO IO IIEPUOJAMYHOCTU €€ PACIHPOCTPAHUTH Ha BCIO YUCJIOBYIO IPSIMYIO
He ynacTcd. Tak 9To cHadaJia obecrieduM 3ajaHne (pyHKIMU Ha OTPE3Ke JIJTH-
Hoit 6. IlockonbKy h derna u 3ajana Ha [0, 3|, OHA ¢ y9eTOM YeTHOCTH OIpe-
nesieHa 1 Ha oTpeske [—3, 3], a umenno, ecu = € [0, 3], To h(zx) = 22 — 4z + 1,
a ecm x € [—3,0] u Tem cambim —z € [0, 3], TO

h(z) = h(—z) = (—2)® —4(—2) + 1 =22 + 42 + 1.
Nrak, 3amanre yHKIIUA HA TPOMEXKYTKE JIJTUHONU 6 COCTOSIIOCH.
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Mt ymoberBa obozHaunM depes3 f HyHKIIIO, HOJIYyIYeHHYIO U3 ITOCTPOEH-
Hoit Ha [—3, 3| dyHKIMK h yTeMm pacnpocTpanenus Ha R 10 epuogMIHOCTH.
[TeproauIHOCTD, B 9aCTHOCTH, OOECIEYUT IOBTOPSIEMOCTD Ha, BCEX ITPOMEIKYT-
KaX JIMHOI 1iepro/ia Hysel pyHKIun f, BbISBIEHHBIX Ha IpOMexKyTKe [—3, 3.
[TosTomy mjist OTBETa Ha MOCTABJIEHHBIH BOIPOC HAJIO TIATEIHHO TPOAHAJII-
3UPOBATH, CKOJIBKO Hysieil y dyukimu f Ha [—3, 3| 1 KAk OHU Ha 9TOM IIPOMe-
JKYTKE PaCIOJIOKEHBI.

V nepsonauanbhoit dyuxmuu h(r) = x? — 4z + 1 myneit Bcero mBa, a
mMeHHO 2 + /3, U3 KOTOPBIX TOIBKO 2 — /3 MpUHAIIEKHT TPoMesKyTKY [0, 3]
1 TeM CaMbIM OYIEeT yJacTBOBATh B JAJbHEHININX PacCMOTPeHHsAX. HacKoib-
KO TOYHO HAM HAJ0 3HATH PACIIOJIOYKEHIE ITOM TOYKH, MOKAYKET aHAJNA3 TOTO,
YTO HAJIO HafiTu. A HaWTU HAJIO KOJUYIECTBO HyJel pyHKIUN f HA IPOMEXKYT-
ke [—3,5]. C mynamu ma gactu [—3, 3] mpomexyTtka [—3, 5| Bce sgcHo — Tam
X JIBA, OJHH U3 KOTOPBIX 2 — \/3 IIOSIBUJICSI OT MCXOMHON (DYHKIINH, 8 APYTOil
PACIIOJIOKEH CHMMETPUYIHO MY OTHOCUTEIHLHO HYJIsI KOOPAMHATHOM ocu (1 pa-
BEH, ecJI 3To HHTepecHo, —2 + 1/3). Ocraercs MOHATH, €CTh JIM HYJIH Y f Ha
ocrasieiics dactu (3,5]. @yukius f nepuoandHa ¢ MEPUOIOM, PABHBIM 6, a
3HAYUT, ee 3Ha4YeHUs Ha (3, 5| MOBTOPAT 3HAaUYEHMs] HA TpoMexkyTke (—3, —1|
(mosryvyenuoM m3 mpomexkyTka (3, 5] caBurom BieBo Ha 6). Tem cambiM ecsn
Ha (—3, —1] 6611 HYIB DyHKIMEK f, TO HYIL OyIeT u Ha (3, 5]. fcHo, ro uncao
2 — /3, KOTOpOE HOJIOKHUTEJBHO, IPUHIMATH BO BHUMAHIE HEe HAI0. Bopoc
cTas TakuM: Touka —2 + /3 6yner jekaTh B npoMekyTke (—3, —1| min mer,
T. €. BEPHBI JIU HepaBeHCTBa —3 < —2 + V3 < —1?7 Jlesoe HEPaBEHCTBO,
OYEBUIHO, BEPHO. JIjIsi MpOBEPKHU IIPABOTO 3aIIUIIEM IIEII0YKY PABHOCUILHBIX
YTBEPXKIEHU, 1 €CJIU B KOHIIE IIPUIEM K BEPHOMY, TO UCXOIHOE ObLIO BEPHBIM,
€CJIM K HEBEPHOMY, TO — HEBEPHBIM:

—24V3<-1+=V3<1<=3<1,

a0 HeBepHO. TaknM ob6pasoM, Touka —2 + /3 B mpomexyTke (3, 5] He mosTo-
purcsi. B urore uysneit y dbyukiuu f Hva [—3, 5| 1Ba.

Bosee TpyaHbl 3aj1aun, B KOTOPBIX HpejjlaraeTcd JI0Ka3aTh ITePUOJ Y-
HOCTbh, HANTU HAMMEHBINHUI MOJ0XKUTEIbHBIN 1TeproJT NI 0O0CHOBATH HEIIEPU-
OJIMIHOCTD (DYHKINU. [lej10 B TOM, 9TO B OIPEJICJICHUN TEPUOIUITHOCTH 3aJI0-
JKeHa JIOTUYIecKasi CTPYKTYpa, coJlepxKalliasi Ba TpeOOBaHUsI: «CYTIECTBYET»
U «JjIs Joboros. B 3Toil cuTyanuum ecim MpU UCCJIETOBAHUU ITE€PUOIMIHO-
CTH HE YJaeTCd IMPUMEHUTh KaKOe-TO HECJIOXKHOe COOOparKeHne M TPUXOIUTCS
OonupaThCd Ha OIpeneseHne, TO BO3HUKAIOT HEKOTOPbIE TPYIHOCTU.

Kak mpaBuiio, B KOHKPETHBIX CUTYyallUsIX HAJUIUE UJIX OTCYTCTBUE IIe-
PUOJIMIHOCTH TTPOCMATPUBAETCS U3 KAKUX-TO ITPOCTBIX OOIIUX COOOParKEHMUIA.
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Tak, eciu oby1acTh ompeJIesIeHnsT He y0BJIETBOPSAET YCJIOBUAM, ITPEIbIBJIsIC-
MBIM K 00JIACTH OTpeAe/IeHus TEePUOINIECKOl (DYHKINN, HAIIPUMEDP, HET BO3-
MOYKHOCTU TIOBTOPSATBHCS KAKUM-TO dJIEMEHTaM U3 00JIACTU OIPEJIeICHUS WJIU
0o0JIacThb OIIpeJ/IeIeHNsI OTPaHUYeHa XOTs ObI C OJIHOW CTOPOHBI, TO O IEPU-
OJUYIHOCTHU MO2KHO H€ BCIIOMHHATDb. HepI/IOﬂI/I“IHOCTb TPUTOHOMETPUIECKHUX
dYHKIMI U3BeCTHA, W OOBIYHO €CJIM paccMaTpuBaeMas (PYHKIUS CO3IaHa C
WCITOJIb30BAHUEM TPUTOHOMETPUIECKUX (DYHKITUMA, TO O MIEPUOJIMIHOCTU MOZK-
HO II0JI03PEBATh M 3a9YaCTYIO OHA €CTh. Kcim »Ke IMPOCThIX COOOparKeHU st
nccaeaoBanud IIEPUOJUIHOCTH HEJOCTATOYIHO, TO HaJd0 ITPUBJIEKATDL 9TO-TO I0-
MIOJTHUTE/IbHOE, & 9TO MOXKET 0Ka3aThCs HE COBCEM ITPOCTBIM JIEJIOM.

IIpumep 2. JlokazkeM HemepuOANIHOCTb (DYHKINH Sin 2.

[IpocThie cpeacTBa, TPUBOIAIINE K OTCYTCTBUIO ITEPUOJIUIHOCTUA STOM
dyHKIMU, HEe cpabaThbIBAIOT — OIpeJiesieHa OHa Ha MHOXKECTBE BCEX JIEHCTBU-
TeJbHBIX YHCes, B ee (POPMUPOBAHUU YIACTBYET IepUoIuIecKasi (DYHKIAA H,
MaJIO JIW, BJPYT U 9Ta OKaXKeTcsd IepuojndecKoii. PaccMorpuM ee moJI0KM-
TeJbHBIC HYJIU, T. €. HailJeM IOJOXKUTeIbHbIe KOPHH ypaBHeHHd sinx? = 0.
DTo Takme umcaa x, 9To x2 = mn, n € Z, n > 0. Bopaxkasa oTciona x Uepes
n, TMOJIy4aeM TOCJIeI0BATE/IbHOCTh

Tp =1, n€Z n>0,

MJIYIUX TOJIPSL HOJIOXKUTEIbHBIX Hy/Iel dyHKImT sin 2. JIoKkaskeM, 9TO OHa
yobIBatoriasi. /leificTBUTEIbHO, PACCMOTPHUM PA3HOCTD Lk — L)k _1 U IPEICTABUM
ee B BUJE

- (Vrk+ 7k = 1)) (Vk — /7(k — 1))
Vrk —/m(k —1) = VT

Tk — Tp—1 =

Vrk 4+ /r(k—1)

Torma s aro6oro n € N Oyzaer

Ln — Tn—1,

T T D)~ i At A1)

TaK 9TO IOCJI€I0BATEIbHOCTh PACCTOSTHUN MEXKIy COCETHUMU HYJISIMHU (PYHK-
muu sin 22 yObIBaeT, a 3HAYUT, (PyHKIAA HellePUOIIeCcKas.

s obocHOBaHUS MEPUOJMIHOCTH MOTYT OBITH MHOJE3HBIMHU COOOpaXKe-
HUS, O KOTOPBIX COODIAETCST HUXKE.
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[Ipu npoBepKe MePUOAMIHOCTH COTJIACHO OIPEIEJIEHIIO HAJI0 CHAYAJIa, TI0-
HATH, KAKOE YMCJIO MOXKET OBITH IIEPUOJOM, a 3aTeM JI0Ka3aTh, U4TO 3TO eii-
CTBUTEIBLHO Tepuos. st moabopa mpeTeHieHTa Ha TePro] MOYKHO BOCITIOJThb-
30BATbCsI HEOOXOMMMBIMU YCJIOBUSIMU WJIM, MHAYE TOBOPSI, IIEPEXOIOM K CJIE]I-
crBuio. MoxKHO paccykaaTh Tak. Ecim f mepuommuna u T° > 0 — ee mnepuo,
TO JiyIst Jit0b0oro € D(f) MOJIZKHBI BBIOJHSITHCS YKA3aHHBIE B OIPE/ICICHUN
cBoiicTBa, B wactHoctu paBeHcTBO f(x + 1) = f(x). Ecan oHn 10/KHBI BBI-
MOJTHSITHCST JJIsT JTI060T0 & € D(f), TO OHM BBITIOJTHSIOTCS U JIJIsT KAZKJI0TO KOH-
KpeTHoro x. B3ss Kakoe-mbOo 3HaYeHUE X, IPUXOAUM K BBIBOLY, UYTO TOLJIA
m0/KHO ObITE f(zo + 1) = f(x0). Tem caMbiM moTyIaeM ypaBHEHHE OTHOCH-
TeIbHO ', cpe/in KOpHeil KOTOPOro JIOJIKEH HaXOJIUThCS MePUo, (pasyMeeTcs,
ecsii OH ecTh). o maer Takoe paccyxkaeane? OHO MO3BOJISIET OTPAHMIUTHCS
paccMOTpEHUEM, BO3MOXKHO, HEOOJIBITOTO HAOOpA MPETEHIEHTOB Ha 3HAYECHHE
nepuoja. /leiicrBurenpHo, iepedpasupyeM yTBep:KaeHne «ecau 1 — mepuos,
o f(xg+T) = f(x0)», 32aMEHUB €r0 PABHOCUJIBHBIM «ecjii T He yJOBJIETBO-
psier paserctBy f(xo + 1) = f(xg), To 310 He Tepuomay. CremoBaTeBHO,
[epuoJ HaJI0 WCKAThb TOJIBKO cpein KopHeit ypasHenus f(xg + 1) = f(zo),
U ycIex BO MHOIOM 3aBHUCHAT OT TOIO, HACKOJBLKO 3(P@PEKTUBHO MOXKHO 3TO
ypaBHEHUE PEIUTh U HACKOJIbKO HeOOJIBINON HaOOp KOpHEil morydauTces. Ecan
HabOp HEDOJIBINON, TO IIyTEeM IIOCJIeI0BATEILHOTO epedopa JIEMEHTOB ITOTO
Habopa (HadnHAsI C HAUMEHBIIIETO MOJIOXKUTEILHOTO B CTOPOHY BO3PACTAHMS)
€CTh IIAHC HATKHYTbCS Ha [IEPUOJ, €CJIA TaKOBOH CyIIECTBYET.

NMPAKTUKA

1. HccrenoBaTh MEepUOIUIHOCTD CJIEIYIOITUX cbyHKIH/II‘/’I 4 B cjy4dae nepu-
OIMYHOCTU HAUTU HAUMEHBINNN MOJOXKUTEJTbHBIA IIePUOJI;

(1) f(z) = |cos®z|, (2) f(z) =2sinz +cosz, (3) f(x) = /sin3z,
(4) f(x) =xsinz, (5) f(z) = arcsinsinz, (6) f(z) = sin|z|,

(7) f(z) =x +sinz, (8)* f(z)=sinz + sinnz.

1.5. OrpaHM4YeHHOCTh U HEOrPAHUYEHHOCTb.

TEOPUA

ONPEAEJEHUE 10. OyHKIuo f HA3BIBAIOT o2panuderHot ceepry (cHu-
3y) Ha MHOXKecTBe X C D(f), eciin

ACVre X f(z)<C,

COOTBETCTBEHHO

ACVre X f(x)=C.
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Oyuknuio f Ha3BIBAIOT ozparuveriot na muoocecmee X C D(f), ecom
ICVze X |f(zx) <C.

HCHO, q9TO0 d)YHKIII/IH OIr'paHHN4Y€Ha Ha JaHHOM MHOXKECTBE€ TOI'Zla X1 TOJIBKO TO-
I'Ta, KOI'Ja OHa Ha HEM OI'PaHMYCHa CBEPXY W CHM3Y OJHOBPEMEHHO.

ONPEAEJEHUE 11. @yuKiuio f HA3BIBAIOT Heo2panuueHHot ceepxy (cHu-
3y) ma muoorcecmee X C D(f), eciu oHa He 0bsiajiaeT CBOHCTBOM COOTBET-
CTBYIOIIEHl OrPAHUIEHHOCTH, T. €., OOpAIasiCh K OTPUIAHUIO, €CJIN

VC dx € X f(x) > C,

COOTBETCTBEHHO

VO dz e X f(x) < C.

Oyuknuo f Ha3BIBAIOT Heozpanuuerhol na mHoocecmee X C D(f), ecin
VC dz e X |f(x)| > C.

fcHo, uTo PyHKIMS HeOTrpaHUIEHHAs TOT/Ia U TOJILKO TOT/Ia, KOT/Ia OHA, HEOTPa-
HUYEHHas JINOO CBEPXY, JTUOO CHUSY.

ONPEAEJEHUE 12. Paccmorpum dyuknuio f Ha MHOXKecTBe X . 3HaUe-
uue f(xg) dyukmuu f B Touke To € X HA3BIBAIOT HAUOOALUWLUM (HAUMEHD-
wum) snavenuem gynryuy f na mmoocecmee X, ecmu f(x) < f(xg) (coor-
BercrBenno f(x) > f(xg)) A1 Bcex Touek v € X.

TEXHOJIOI NN

Bynem BecTu pedsb 06 OrpaHUYEHHOCTH CBEPXY, JJIsT OTPAHUIEHHOCTH CHU-
3y U ¢ 00enX CTOPOH PACCYKIEHUS aHAJOTUIHBI.

st mokaszaTeabCTBa OrPaHMYEHHOCTH CBepxy dyHKimu f(x) HA MHO-
»)xectBe X Tpebyercst 000CHOBATH CyIecTBOBaHMe Takoro 4dmcia C, 910 s
moboro x € X Bomosreno f(x) < C. Tapanrtuio Hajaw4dusi BepxHEil IpaHu-
IIbI MOYKHO TIOJIyYMTh Ha OCHOBE CBOWCTB MHOXKECTBA 3HAYEHWIT JIEMEHTap-
ubix yukiuii. Hampumep, eciu f(z) = h(g(x)) u h orpanmduena cBepxy,
TO He3aBUCHMO OT byHKIMK g KoMmmo3uims h(g(x)) orpanmdaena csepxy (Ha
COOTBETCTBYIONIEM MHOXKECTBE).

MozxkHO mpubernyTh K TakKoMy paccyzkjaeHuto. I[lompobyeMm orpaHuYuThb
ceepxy dyukimio f(x) Gosee mpocroit dyHKIHEH, 1IsT KOTOPOil Tpedbyemyro
BEPXHIOIO I'PAHUILY MOXKHO ITOJTy IUTh U3 KAKUX-TO coobpazkenuii. Kcim we ya-
eTCsT 9TO CJIeJIATh CPa3y, TO MOXKHO HOBYIO, OIDAHUYIUBAIOIILYIO CBEPXY (PYHK-
IIUI0, B CBOIO OYepeb TaKxKe OTPAHUYHUTH CBEpPXy OoJjiee TMPOCTON (PyHKITH-
eff, JyIsT KOTOpPOil OOJIBbINE TIAHCOB MOJA00OpaTh TPAHUILY, W TaK Jajee JI0 TeX
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IOp, HOKa HE MHOABUTCA peajibHasd BO3MOXKHOCTL YCTAHOBUTH BEPXHIOIO T'pa-
HUILy ovepesiHON dpyHKImu. Kciam Takas BO3MOXKHOCTH HMOSBUJIACH, BEPXHsIs
IpaHUIa MocjaeHell pyHKIMU Oy/IeT BepXHeil IPAaHUIEl HCXOTHOIA.

MozkHo 3anmcarsb Tpebyemoe HepaBeHCcTBO f(z) < C' u, HaMedas J1eficTBO-
BaTb 110 OIPEJIEIEHNIO, 03a00TUTHCS TeM, ecTh i Takue C', Ipu KOTOPHIX 3TO
HEPABEHCTBO BBITIOJTHEHO JJIA BCEX & W3 JAHHOTO MHOXKECTBa, X .

FEctb n apyrue cpejncTtBa m3ydeHns OrpaHUYEHHOCTH, HO OHU CBS3aHBI C
TEXHUKOW, KOTOPYIO HPEICTOUT OCBOUTHL B JaJIbHEHIIIEeM, O3TOMY 3/€Ch Ha
IIPUMEHEHUH TaKOW TEXHUKH OCTAHABJIMBATHCS HE OyIeM.

31ech CUTyallsl COBCEM HMHAsI [0 CPABHEHUIO ¢ OrpaHUYIeHHOCTBIO. Cys
110 TOMY, 9TO IEPBLIM B OIIPEAE/ICHII HEOIPAHNICHHOCTH CTOUT KBAHTOP OOIII-
HOCTH, IPH OOOCHOBAHWY HEOTPDAHUIEHHOCTH (CBEPXY) HAM IIPEJICTOUT, OPUEH-
TUpy<Ch Ha HemsdBecTHoe HaM 4muciao C, mplTaTbes cOPMUPOBATH IIPABUIIO
noucka sjaementa r € X rtakoro, uro f(x) > C. 3mech MoJIe3HO OrpaHUIN-
BaTh f(x) cHU3y 4YeM-TO GoJiee MPOCTBIM, HO BCe elre OOJIBIIUM, T. €. TAKUM
BLIPasKeHHUEM, JJIs KOTOPOI'O eCTh HaJexkJia MoJo0paTh TpedyeMoe 9HC/IO .
Paszymeercs, Ipu 3TOM HaJI0 UCIIOIL30BATh BCIO MMEIOILYIOCad HHMOPMAIIIO O
HEOIPAHUICHHOCTH 3JIeMEHTAPHBLIX (byHKIIHIA.

IIpumep 1. /lokaxkeM OrpaHUYEHHOCTDH CBEpPXY (PyHKITUU

flz) =

x
2 +1

Ha mHOKecTBe R| = {x € R: z > 0}.

Hawnem paccykiarh, Hampumep, Tak. IToObI OrPAHUYIUTE JTPOOL CBEPXY
(THCAUTENb IO YCIOBUIO HEOTPUIATENIEH), MOYKHO OIPDAHUINTH 3HAMEHATEIID
CHU3Y U B3sTh TaKyIO (QYHKIIMIO, TJe YUCIUTETh OCTAETCS MPEXKHUM, & B 3Ha-
MeHaTeJIe CTOUT OlleHKa UCXO/IHOTO 3HaMeHaTe s cHu3y. Zlcho, uro 241 > 1,

IIO3TOMY
x

x? + 1
Mp1 orpaHrYMIn CBEpXy Hally QYHKIIUIO JPYroil (DYHKIIHE, SCHO TPOIIE 3a-
BucsIeil or x. Temeph ObI OrPaHUYUTH TOJYYEHHYIO (DYHKITUIO CBEPXY, HO,
Cy/s O ee BUJYy, HaM 3TO CJeJIaTh He yJacTCd — MbI MOXKeM OpaThb CKOJIb
YIOJIHO OOJIBININE 3HAYEHUS X, TaK YTO I10JI00PATh IOCTOAHHYIO HE YJIACTCS.
MoxkHO Jn c/iesIaTh BBIBOJ, O TOM, UTO U HAIa (PYHKIUS HE OrPpAHUYECHHA !
Her, MoxkHO Jumib ciieiaTh BBIBOJ, O TOM, YUTO TPEJIOYKEHHBIM HAMU IIYTh
He IPUBEJ K yCIexy. BBIXOauT, paccyXieHus ObLINA CJIUITKOM HPOCTBIMU, a
IIpeJIJIOYKEHHAasi OIEHKA CJIMIITKOM I'pyOOii.

<z, x2=0.
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[TocmoTpuM, B KAKOM MeCTe YUHUCJIOBOI MPsIMOl MOTYT BOSHHUKHYTDH ITPO-
OJ1eMbI C OIPAHUIEHHOCTHIO U 10 KaKoi mpuauue? fIcHO, 9TO POOIEMBI MO-
I'yT OBITH B CBA3UW C Bo3pacTanueM uuciauress. OJHAKO W 3HAMEHATE b IPU
9TOM TaKxKe OyJIeT BO3pacTaTh, IMPUYeM 0oJjiee OBICTPBIMU TeMIIaMU. Y 0epem
3 dekT Bo3pacTaHus ducauTeNsA, cautas x > 0 (3TO HE OTpasUTCs Ha JI0-
Ka3aTeJIbCTBE OIPAHMYEHHOCTU CBEpXy — Besb npu & — ( Bcs JpoOb paBHA
Hys10). JlJ1st 3TOTO paszjesimM ducauTeNb U 3HAMEHATENb HA T

x 1
2 +1 zx+1/z

Teneps unciurens orpanmdeH (60see TOro, TaM CTOUT MOCTOsIHHAsT). MOoXK-
HO JII OI'PAaHMYNTH 3HaAMeHaTeJb CHH3Yy U 4deM?! DBocrosap3yeMcss M3BeCTHOIM

OIIEHKOI

1
T+ —-=2
x

aas x > 0. 3aMeHsist 3HaMeHaTe b MEeHbIIeil BeJINIrnHON, MOXKHO yTBEPXKIATH,
9TO

1 1
——— < = gy joboro x > 0,
x+1/z = 2
1 JOKa3aTe/IbCTBO OIPAHMIEHHOCTH 3aKOHYEHO — MbI HAILIN IOCTOSHHYIO,

00€CIIeYNBAIONTYIO OICHKY W3 OIPEJIesICHIs OIPAHNYCHHOCTH CBEPXY JIJIsS JIFO-
ooro x > 0.

MozkHO paccyauTh nHade. 3ameruM, dato ecau € [0, 1], To, mocienoBa-
TE€JbHO OI'paHMYIMBasl YUCJIUTEJIb CBepxy, a SHaMEHaTEJIb CHI/I?)y, nMeemM

r < 1 <
x24+1 " x2+1

Ecnu »xe x > 1, To, orpaHnYmnBast 3HaMEHATEIb CHU3Y, Mbl O'PAHUIUBAEM BCIO
Ipo0b CBepXYy, T. €. yIaJieHue eIUHUIIbI B 3HAMeHaTeJse J1aeT OIeHKY
x T 1
< _

N
x2+1 " x2

9TO He OOJIbINE €JIUHUIILI ITPU PacCMaTPUBAEeMbIX x. Takum obpa3oMm, IIpu

jgrooom > 0 umeem 0 < < 1.

x2+1

IIpumep 2. /lokaxkeM OrpaHUYEHHOCTH (DYHKITAN
2sinx

1+tg?x
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Kak u B mpeapraymemM mpumepe, 37eCh Jpo0b, YUCIUTEH KOTOPOM Ha
9TOT pa3 OTpaHWYEH. 3aMEHUB CTOSAIIYIO B ducauTese (DYHKINO (OTMETHB
MOJIOXKUTEJIbHOCTh 3HAMEHATEIsT) €€ OIEHKON CBEPXY, T. €. UCIOJIb30BaB Hepa-
BEHCTBO |sinz| < 1, MBI BCIO 1pOOb HE YMEHBIINAM:

2sinx 2
< :
1+tg?x 1+tg?x

1 ecjii HaM YIACTCsI II0JI00paTh IIOCTOSHHYIO, OrPAHUYUBAIONIYIO0 (DYHKIIIIO

———5—, TO B3Ta NOCTOAHHag OyJeT OrpaHuYuBaTL U  HCXOJHYIO
1+ tg°x

dyukmuio. g nocteaHeit pyHKIMU 10100paTh TaKylO MOCTOSHHYIO JIETKO,
3aMEHUB 3HAMEHATE/Ib BEJIMINHON, MEHbIIEl ero mpu Beex (JIOMYCTUMBIX) I

2 s
—— <2, x# —=+7n, n€l.
1+tg?x 7 2
[TocTosinnast 2 OyzeT rpaHuleil 1 nepBoOHAYAILHON (DYHKIINM.
2
x*+x+1
IIpumep 3. [okaxkem orpanudeHHocTh GyHKIMH f(T) = 2l
x

Paccymum, nanpumep, tak. Hajo nomodopars Takoe C', uTo

22 +x+1

22+ 1
st sioboro = € R (3amernm, aro (yHKIUsS onpeiesieHa By ). Hadrem BbI-
pazkaThb x depe3 (', T. e. pemaTh HepaBeHCTBO ¢ mapamerpoM C', U aHAJIM3UPO-

BaTh, eCcTh Jin Takue C', P KOTOPHIX MHOXKECTBO PEIIeHN 3TOr0 HepaBeHCTBa,
cosnajgaer ¢ R. Mmeem

2 +x+1
22 +1
J1J1s1 BBITIOJTHEHHUST 9TOI'0 HEPABEHCTBA IpPHU JIOOOM X HAJI0, BO-IIEPBBIX, B3SITh
C > 1, a BO-BTOPBIX, 00ECIIEINTh OTPHUIATEIHLHOCTD JUCKPUMUHAHTA KBaJIpa-
TUYHOH (PYHKIUH B JIeBOH YaCTH HEPaBeHCTBa, T. e. HepasencTso 4(C —1)% >
1, aro umeer mecto Hanpumep npu C' = 2. Takum obOpa3oM, rapaHTHUPYyeTCH,
gro f(x) < 2, TeM caMmbIM (DYHKIUsT Oorpanndera cBepxy. OrpaHUIeHHOCTH

CHU3Y OYeBHHA XOTs Obl moToMy, uTo f(x) > 0 musa Bcex = € R.
ObocHoBaHNE OTPAHUYEHHOCTH (PYHKIMU f MOYKHO CBECTU K OI'DAHUYECH-
HOCTU (PYHKIUU U3 IMpuMepa 1, eciu IpeacTaBUTh (DYHKIIUIO B BUJIE

<C

CCe=?4r2+1<C0@*+1)<= C-1z*—2+C—-1>0.

i
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IIpumep 4. Jlokaxkem orpanmdeHHoctb dyuknun f(r) =z —va? —1
Ha MHOXKecTBe [1, +00).
Bocrmiosibayemcst MeJIKOI XUTPOCTHIO, 8 IMEHHO YMHOYKUM U OJJHOBPEMEH-

HO pa3JeuM BbIpazkenue x — Va2 — 1 1a x + va? — 1:
(x —va?—1)(x+ Va2 —1) 1

r—vVar2—1= =

Tz +vVz2 -1 V2 -1

Y MeHBLIINM 3HAMEHATE b, VIAJNB U3 Hero HeOTPUIATeIbHOe caaraemoe v 2 — 1.
OTUM JeficTBHEM MBI YBEJIUINM JIPOOb, T. €.

1 1
<1

<_\
r+Va2—-1 =

Ha 3aJaHHOM MHOXKecTBe [1,+00). Ocraerca 3amerurs, uto f(x) > 0, Tak
9To f OrpaHUYeHa CHU3Y.

IIpumep 5. Jloxkaxkem orpanmdennocts Gyukmun f(z) = 25107,

Qyukius f mpeacTaBisieT coOO KOMIO3UIIAIO, B KOTOPOW MOCJeHEH
neficrByeT Bo3pacTtatommast byHKiusg h : 2z — 27, crayio ObITh, €CJIN €CTh BePX-
Hsisl M HUXKHsIsT TPAHUIIBI JIJIsT BHYTPeHHEH (DyHKIUU Sin x, TO uX o0pa3bl Ipu
neficrBum h OyayT COOTBETCTBEHHO BepXHeil M HUXKHEl rpanureit pyHknuu f.
Tak kaxk —1 <sinz < 1, mvmeem 271 < 2sinz 2, Tak 9T0 [ OorpaHuveHa.

ITpumep 6. /lokaxkem HeorpanmdeHHOCTh dyHKIuu f(x) = ctgx.

JlokazaTe/IbCTBO yTBEPKIEHU, B KOTOPBIX JIJIS ITPOU3BOJILHON BEJIMINHBI
YTO-TO TPEOYETCS YCTAHOBUTH, JIydIlle HAYUHATD CJIOBAMU «IIYCTh JAaHO (IIpO-
U3BOJIBHOE) ... », [JIe HA MECTO MHOTOTOYHSI CTaBUTCsS ODO3HAYEHHUE 3apaHee
3a/1aBaeMOil TIPOU3BOJILHON BEJIMYUHBI. TaK KaK B OIPEJE/ICHUN HEeOTDaHU-
YEHHOCTHU JIJIsT O0O3HAYEHUS ITPOU3BOJILHO BBIOMPAEMOrO YHCJIA MbI UCIIOJIb-
3oBasin OykBy C', ¢ Hee m HAYHEM ODOCHOBAHME HEOTDAHUYEHHOCTU CBEPXY
dyukmun ctg x. Urtak, nycrs mano npousBosbHoe C'. Tpebyercss BbIpaboTaTh
IIPaBUJIO TIOWCKA 3HAYEHUsI T U3 OOJIACTU OIpeJiesIeHUs] KOTaHIeHCa TaKoro,
gro ctgx > C. ljas aroro OygeM orpaHUYnBaTh HaIly (BYHKIUIO CHu3Y (B
OTJINYNE OT J0KA3aTEIbCTBA OTPAHUIEHHOCTH, T/Ie YMEeCTHee ObLI0 OrpaHUIH-
BATH CBEPXY ) 4€M-TO 60JIee IPOCTHIM, HO OCTABJISIOIIIM HAJIEZK Il HA, BOZMOK-

HOCTD HaXOXKICHHNA Tpe6yeM0r0 x. BOCHOJ’IBBYGMCH olpeaeJIeHueM KOTaHI'CH-
COST

ca: ctgx = , 1 3aMeTHUM, UTO OOJIbIINE MOJOXKUATEIbHbIE 3HAUECHUsT HaI0

SN x
HCKaTb TaM, I'’I€ SHaM€E€HaTEJIb OJIN30K K HYJIIO, a YUCJIUTEJIb OTACJIEH OT HYJId 1N

OHU 00a TOJIOXKUTEJIbHBI. Tak Oyaer, HarrpuMmep, BOJIU3U HYJIs, TJIe YUCIUTEH
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OJIN30K K eAuHUIle, a 3HaMeHaTe b K Hymo. CTpeMsch OrpaHMYUTh KOTAH-
reHC CHU3Y, OUPAHMYMMCH PACCMOTPEHMEM TaKMX 3HAYEHUN X, HA KOTOPBIX,
momyctuM, cosx > 1/2) 1. e. mpomexxytkom (0,7/3|. Ha srom mpomekyT-

ke ctgxr > ———. llpomokuMm oneHuBaThH cHuU3Y. llepemenHass ocraJiach
TOJIBKO B 3HAMOHATEIE, U €CJIH OTPAHUIATD €r0 CBEPXY, TO IIPH HOJOKHTE b
HOM YHCJIUTEJIE JIPOOb OI'PAHUYUTCA CHHU3Y. Bocrosb3yeMcsi U3BECTHBIM JIjIst
MIOJIOXKUTETbHBIX T HEPABEHCTBOM Sin ¥ < T, YIUTHIBas KOTOPOE IOJIyYIaeM

1 1

ctexr > — > —.
& 2sinx 2x

[Tocennee BhIpakeHHUE JJOCTATOYHO IIPOCTOE, YTOOBI, 3AIMUCAB JIJI 3aIAHHOTO

C' HepaBEHCTBO o > (', naiitu xoTst ObI OHO ero pemnreHue. B KadecTse
x

NCKOMOI'O X MOYKHO B34Th JII000€ YHUCJIO, YJIOBJIETBOPSAIOIIEee HEPABEHCTBY T <

1
Yok [IpaBuio BeIOOpa 1o 3amarHoMy C' TpebyemMoro  cchopMUPOBAHO, CTAJIO

OBITH, HEOIPAHNYEHHOCTh CBEPXY KOTAHTEHCA JIOKA3aHA.
Herpynno nokasaTh m ero HeOrpaHUYEHHOCTH CHU3Y.

IIpumep 7. [okaxkem HeorpanmdeHHOCTH (byHKIuu f(x) = x cosx.

Bynem nokasbpiBaTh HEOrPAHMYEHHOCTh CBepXy. HaduHeMm ¢ TpaJIuIimoHHO-
ro «IIyCTh JaHo npousBojibHOe C'». Temephb mocMoTpuM Ha (DYHKITUIO U 331y~
MaeMCcsl, 38 CUeT KaKoro ee pparMeHTa U B KAKOW YacTH 00JIACTU OINpeIe/TIeHIs
ecThb IaHC HaiiTu Tpedyemoe x? ICHO, YTO MHOXKUTEJb COS & OTPAHUYEH, TaK
9TO OT HEro Jiydire Obl 30aBUTHCH, & BOT MHOXKHUTEJIb £ MOXKET JaTh KeJIaeMOe
sHavenne r. OrpaHuYInTh CHU3Y BCE IPOU3BEICHNE 3aTPYAHUTEIFHO — (PYHK-
1A COS X YCTPOEHA TaK, 9TO OHA MEePUOIUYIECKH BO3BpalaeTcs K 3HadeHuo (.
[TosTomy Ha10 OpaTh Takme 3HAYEHUS T, HA KOTOPBIX cosx #~ 0, Jiydiine BCero
TaKue 3HaYeHUsI, HA KOTOPBIX cOSx = 1. DTO umcja Buma xr = 2mn, n € 7.
Ecnau 6paTh TOJIBKO Takue T, TO TOTJIA

f(x) = f(2mn) = 27n,
1 BOIIPOC BCTAJI TaKoii: i npousBoabHoro C' momobparh n € Z Takoe, 9To
2mn > C.

Pemasg sTo HEPABCHCTBO OTHOCHUTEJILHO Tl, HAXOJMUM, 9YTO MOXKHO B34Tb JIr000e
meJioe n, yaOoBJICTBOPAIOIIECEC HEPABECHCTBY

>C
n> —.
27
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Hampumep, moxkHO B3sTh 1 = [C'/(27)|+1, rie KBagpaTHble CKOOKH O3HAYAIOT
MEJIYI0 9acTh (B3ATHE TeJION YacTh JaeT HATYPaIbHOE YUCI0, KOTOPOEe MOYKET
OBITH MEHbIIIEe YeM N, HO HEHaMHOI'0, 1 g00aBJieHne 1 MpuBeaeT yxKe K IeJIOMY
qHCITYy, 00IaaI0IeMy TpebyeMbIM CBOCTBOM ).

[IpaBuio BeiOOpa Tpedyemoro x 1o 3aganHomy C' copMUpPOBAHO, U ITUM
HEOIPAHUYEHHOCTh PYHKIHMU [ T0Ka3aHa.

Mpbr foKa3a/u HEOTPAHUIEHHOCTh (DYHKIIUH X COS ' CBEPXY, sICHO, YTO OHA
OyJleT 1 HeOrPAHUYEHHOU CHU3Y.

IIpumep 8. /lokakem OorpaHUYEHHOCTDH IOCJIEI0BATETBHOCTH
n
1
Ty = P ——
" ,; k(k+1)

3armieM cyMMy HoapoOHO, Oe3 IpUMeHEeH!UsT CUMBOJIa, CyMMUPOBAHUSA:

n

3 LS SIS SIS SRR S
~k(k+1) 1.2 2-3 3-4 n-(n+1)’
1 11

1 0OpaTUM BHUMAaHUE Ha JIETKO TPOBEPsieMOe PABEHCTBO ————— — — — ———.

Kk 1) k ko1
HpI/IMeHI/IM €I'o K KazKJI0My H3 CJlal'a€MbIX B CYMME€:

1 1 1 1
12 23 34 T
:1_1+1_1+1_1+...+l_ 1 =1 —= 1 <1
2 2 3 3 4 n n+1 n-+1

OrpaHnvyeHHOCTh CBepXy JOKa3aHa, OIPAHMYEHHOCTh CHU3Y OYEBHIHA, TaK
KaK BCe 4JIEHbI ITOCJIeJIOBATEIbLHOCTH TOJJOKUATETHHEI.

IIpumep 9. /lokakem orpaHUYEeHHOCTDH TTOCJIEI0BATETHHOCTHI
n
1
=) 2
k=1

ObpaTuM BHUMaHUE HaA TO, ITO

1 1
—- <

T
PR T 3y

31



CTaJIO OBITh,
=1 a 1
— <1+ —
Z k2 Z (k — 1)k’
k=1 k=2
1 OCTAETCsI BOCIIOJIb30BATHCHA PEIYTBTATOM IPEIbIIYIIETO TPUMEPA.

NMPAKTUNKA

1. Jloka3aTh OrpaHMYE€HHOCTD CJIEYIONIX (DYHKITHIL:
x? + sin(z + 1)
1) flz) =z — Va2 -1, (2) f(z) =

| 1+ 22

+

) @ @it

2. BIE)IHCHI/ITI), OFpaHI/IqubI JIN C.He'ZLYIO]_U;I/Ie (bYHKHI/II/I:

(1) f(fl?):x; ve—1, (2) f(z) = \$+1\ |z,

Y

x° —4x + 3 x2 —4x +3
3 — 4 f—
(3) f@) = S @) ) - S
3. JlokazaTh OrpaHUYEHHOCTD IIOCJIEI0BATEILHOCTEM
1—n 5 n+ (=)

W=y W= o
B)x,=vn+1l—vn—-1, 4) z,=Vn3+1—-vn2-1,
(5)

1 — k
xn—zm, (G)xn—zz—k

(7)* zn kjﬁ (8)* xp = <1 + %jn

4. JToka3aThb HEOIPAHUYIEHHOCTHb (PYHKIIUI U MMOC/Ie0BaTEILHOCTEH

(1) f(z) =zsinz, (2) f(z )—1/C083f17,
(3) xn—n;L( )"n, (4) ai:b_n2+1a

(5)* xn:ﬁ? (6)* xn:?7a>1'
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