§ 7. IlepBooOpa3Has U HeoIlIpeAeJI€eHHbIN MHTErpaJl

7.1. Ilycte Ha npomexkyTke I C R 3amana dyuknus f(x). OyHKImO
F(x) mazpBator nepsoobpasnoti ynryuu f(x) na npomestcymre I, ecin
F'(z) = f(x) nna moboro x € I, u nepeoobpastoti 6 0606UWEHHOM CMBICAE
dynxyuy f(x) na npomesrcymee I, ecniu F' venpepbiBHa Ha [ U cy1iecTByer
Takoe KOHedYHOe HojMHOKecTBo E C I, uro F'(x) = f(x) ans mroboro
rel\E.

PazHoCTh JIIOOBIX JBYX MEPBOOOPA3HBIX JAaHHON (DYHKIIMU ITOCTOSH-
Ha. COBOKYIIHOCTH BCEX I€PBOOOPA3HBIX (PYHKIMU f HA3BIBAIOT HEONpe-

desernvim urnmezpasom Gynrkyuy f n obosnadaror cumpojioMm [ f(x)dx

(bparmenT dr B 3TOM 0003HAYEHUN KaK ITPABIIIO YKA3BIBAET HA TEPEMEH-
Hyt0 uHTerpupoBanusi). Eciau f umeer nepBoobpasHyio Ha I, TO TOBOPSIT,
aro f unmezpupyema na I.

Ecmu F(z) — nepBoobpasuas dbyukimn f(z), TO UCIOJB3YIOT 000-
3HAYCHUE

/f@Mx—mecx

rie C' — npousBoJibHas MocTossHHast. /lomyckast BOJIbHOCTH B 0003HAYUEHU-
dIX, yKa3aHNe TOCTOSHHON OIIyCKAIOT, M MBI OOBITHO OyJ/IeM TaK MOCTYNaTh
MIPU 3aIUCH Pe3yJIbTaTa HAXO0XKJIEHUS HEOIIPEJIeJIEHHOIO MHTErPaJIa.

Yarre Bcero Mbl 6y1eM pernaTh 3aa9y HaXOXKJIeHUs (TOYHOI) TepBo-
0oOpa3Hoii, HO B TeX CUTYyallUsiX, KOrJla TOYHOI ITIepBOOOpPA3HOl HeT, Oy 1eM
N3y4vaTh BOIIPOC HAJMYUSA U HAXOXKJIEHUsI TIE€PBOOOPA3HOI B 0OOOIIIEHHOM
cMbIcie. Bce puBoO/IMMbIe HUYKE YTBEPXKJIECHUSA C BO3MOYKHBIMHU OYE€BU/I-
HBIMIA YTOYHEHUSIMHU B (POPMYTIUPOBKAX CIPaBEIUBBI U JIjId TIEPBOOOpa3-
HBIX B O0O0OIIIEHHOM CMBICJIE.

7.2. Teopema (sunHeitnocTh unrerpana). Ecau ¢yakmnuu f,g uare-
rpupyembl Ha I, To st I00bIX v, 5 € R smHerinas kombunanus o f (x) +
Bg(x) marerpupyema Ha I u

@@ By de—a [ f@yde 5 [gwrdn @

7.3. Teopema (unaTerpupoBanue o dactsam). Ecan f, g qugppepen-
nupyemsl Ha I w npoussenenne g(x)f'(x) marerpupyemo wa I, TO 1pO-
usBesenue f(x)g' (x) rakxke uarerpupyemo va I u mmeer mecto @opmyaa
UHME2PUPOSAHUA NO YACTNAM

/ﬂmy@Mx—ﬂ@mw—/mwmem (7.2)
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Hcronbyst cuvBosmmaeckyto zammch df (x) = f'(x)dx, popmyty uarerpu-
POBaHHS IO YaCTSIM MOXKHO 3aIlHCATH B OAHOM U3 BHJOB

/f@Mﬂ@—f@M@%i/M@#@) (7.3a)
/fuwm@:me@wi/a@fuww (7.3b)

NurerpupoBanue 1Mo 4acTsiM MPUMEHSIETCS B CJIEIYIONIEel CUTyaIlnu.
Eciu nmogbraTerpasibias (byHKIWs MpejacTaBuMa (UM IIpeJicTaBIeHa) B
BUJIE TIPOU3BEICHUS JIBYX UMD EPEHITUPYEMbIX (PYHKITUN U MbI HAXOTNM,
JTO AU depeHmpoBaHue OTHOI N3 HUX IPUBOJIUT K O0JIee TPOCTON PyHK-
MU, TO MOXKHO TIOIIPOOOBATH BOCIIOJIHL30BATHCS MHTEI'PUPOBAHUEM II0 Ya-
ctaM. B Takom cirydae BTOPOU COMHOXKHTEIb HAJIO ITPEJICTABUTH B BUJIE
MIPOU3BOJIHOM OT COOTBETCTBYIOIIEH (hyHKImu (T. €. HailTu mepBoodpa3-
HYO0 BTOPOTO COMHOXKUTEJIsI) U IIPUMEHUTH (POPMYJLy MHTEIPUPOBAHUS TIO
yacTsaM. B pesysbrare 1ociie quddepeHnnpoBaHus epBoil pyHKITUT MO-
JKeT TOJIYIUThCA TOAbIHTErpaJIbHast (PpYHKIMS Oojee mpocToro Buia. [Ipu
9TOM dallle BCEro yao0HO MOIh30BaThest hopmynoit Buma (7.3b).

7.4. Teopema (o 3amene nepemennoit). Ilycrs f(u) — pyHKIHS,
umerorasi Ha npomexkyrtke I meppoobpasuyro F(u), m mycrs ¢ — gug-
¢eperrmpyemast Ha npomexxyTke A C R ¢yHKIM, oTOOpaskaroIiast 9T0T
npomexxyTok Ha npomexxyrok I. Torma ¢yuxnus F(p(x)) 6yxer mep-
BoobpasHnoii ¢pyakmun f(p(x))¢'(x) Ha npomexxyrke A. Huade ropopsi,

ecsn
/f(u)du:F(u), u€l,

/f(so(x))so’(x) dz = F(p(z)), z € A.

3aMeHOil mepeMeHHbIX MOYKHO BOCIOJIb30BATHCS B CJIEIYIONIEH CUTY-

TO

amuu. JlomycTuM, 9TO MCXOAHBIN MHTErpaJl / g(z) dx ynamocw npejcra-

BUTH B BUJIEC

[o@rde = [ set dx_/f @, (14

u ecyim 1niepBoobpasnasi F'(u) dyukiun f(u) M3BeCTHA WM MOXKET OBbIThH

HaiieHa, T. e. ecqim | f(u)du = F(u), TO MOXKHO HAWTH U TIEPBOOOPAHY O

byukmym g(x):

/ﬁ@Mx—/f@@ﬂd@Mw—Fwﬁﬂ
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JpyrumMu cjioBaMu, eCJId UCXOHAasl MOJIbIHTerpaabHas (PYyHKINs YCTPOeHa,
TakKiuM O0Opa3oM, YTO OHA, IO CYIIECTBY, (PpOPMUPYETCS C UCIOJTH30BAHU-
€M HEKOTOPOI'O €JIMHOIO BBIParKEHUsI, 3aBUCHIIETO OT T, TO, B3IB BCE ITO
BbIpasKeHNe B KAUeCTBe HOBOII IEPEMEHHOIT (3aMEHUB 9TO BbIPAXKEHUE €11
HBIM CHUMBOJIOM, HOBOI TIEPEMEHHOM ), MbI CBOJUM HaXOXKJEHHE TIepBO00-
pa3HOM MCXOMHOW (PYHKIMU K HAXOXKJIEHHUIO IIePBOOOPA3HON JIPYyroii, Kak
IpaBUJIO OOJIee IMTPOCTON PYHKITAMN.

7.5. Teopema (o nogcranoske). Ilycrs f(x) — pyHKIHS, 3a1aHHAS
Ha npomexxytke I, m myctb p(t) — 3amamnass Ha npomexxytke A C R
CTPOro MOHOTOHHas guchbchepeHmpyemast (pyHKIHA, oTobpazKarommast A
Ha I u nmerorasi auchgepeHIupyeMyro obparHyto. Torga ecu (OyHKITHS
flp(t))¢' (t) mmeer mepoobpaszuyro ®(t) mHa npomexxyrke A, to f umeer
nepoobpasHyio Ha I, pasuyio (¢~ 1(x)). Uuave rosops, ecin

/ﬂwmwwﬁ—¢w,tem

/f(:c) dr = ®(p~1(x)), zel.

Meto 1IOICTAHOBKH JJI HAXOXKACHUS MHTETPAJIa, / f(x) dz npume-

HAIOT OOBIYHO TakK. I3 KakKuxX-TO cooOparkeHuii OepyT YIOBJIETBOPSIIO-
Y0 YCJOBUSIM TEOPEMBI O TOACTAHOBKe (DYHKIWMIO ¢(t) u Ha MECTO X
B UCXOJIHOM MHTEerpaJje MOJCTaBISIOT & = (t), IpU 3TOM PaACIUCHIBAs
dr = dp(t) = ¢'(t)dt. B pesynbrare mepexoisdar K HAXOXKJIECHHUIO TEPBO-
obpasmuoit HoBoit dyukiuu f(p(t))yp’'(t), T. e. K HAXOXKIECHUIO WHTErpaJa

/ fp(®)¢'(t) dt. Ecmm ero ymaerca HaliTH U Ipu 3TOM

[ e @at— o),

TO MHTErpas OT f () mosydaroT moJCTaHOBKON B ¢ Ha MeCTO ¢ BBIParKeHMs
~1
e (x), T e.

/f@Mx—M¢*®»

7.6. Tabauria mpocTenInmmx HeoIlpeAeJIEeHHbIX MHTErpaJioB.

xa+1
/:1: d:z::a+1, a#—1, z>0; (7.5)
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dx

— =In|z|, x#0; (7.6)
/a“cdac—la , a>0,a#1l, reR; /e“‘"dm—e”‘", reR; (7.7)
na
/sinxd:v = —cos <z, /Cosxda:sinx, x € R; (7.8)
dx
/ —— — —ctgzr, z € (kr, (k+1)7), k€Z;
sin® x
g (7.9)
/cost =tgr, x€(—n/2+km,7/2+kn), ke Z;
d arctg x,
/ 5'32_{ & z €R; (7.10)
1+ — arcctg x,
dx arcsin x,
- c[-1,1]; 7.11
/\/1—x2 {—arccosx, vel ] ( )
dx 1 1+
= -1 1; 12
/1—:1:2 T kI (7.12)

dx dx \/
——— = In(z+v 22 + 1), /——lnx+ 72— 1), [2[ > 15
| o b e ™ h

(7.13)

/shxd:z;—chx, /chxd:ﬂ—shx; (7.14)
dx dx

= —cthz, = tha. 7.15

/shzx /ch2x (7-15)

7.7. IIpumepsnl. Haiigem ykazaHHbIe HUXKE UHTETI'PAJIBI.
1. B npocreiimux caydasx MOXKHO, BOCIIOJIb30BABIINCH HECIOXKHBIMUI
1IpeodpPa30BaHUSIMU, IPUBECTU UHTEIPaJl K TaOJIUIHBIM:

r+1 /( 1)
dr — Vr+ — | dx
VT VT
2
/\/_dx+ \/— /:111/2dx+/x_1/2d:1:—§x3/2+2x1/2.

2. Ilpu uHTErpUpPOBAHNY BBIPAsKEHUN, CBSI3aHHBIX ¢ TPUTOHOMETPHYIE-
CKUMU (DYHKITUSAMU, IIPEXK /e BCEro HAJJI0 MOIPOOOBATH IIPOBECTHU IIPOCTEMH-
e 1peodpa3oBaHusl, UCIOJIL3Ysd POPMYJIbI, C Te€M, YTOOBI, BO3MOXKHO,
[IPUNTH K TAOJUIHBIM HHTEI'DaJIaM:

.92 2
S 1 — cos d

/tg2:1:dx—/ mxdm—/#dx—/ v —/dx—tgm—:z:.
cos? x cos? x cos? x




3. Eciin nckoMbIil mHTErpasl OTINYaeTcs OT TaOJIUIHOTO TOJIBKO II0-
CTOAHHBIMUA MHOXKUTEJISIMUA B KAKUX-TO YaCTAX IIOABbIHTEIPAJILHOIO BhIpa-
JKeHU, TO MOXKHO BOCIIOJIb30BATHCS IIPOCTOM 3aMEHO:

/ dz _i/ dz _i/ d(Lx) 1amtbx
a? + b2x2 a2 1+(§x)2 ~ab 1+(§x)2 ab &

4. Nnorna JUid TOMCKa 3aMEHBbI TMPUXOJUTCS ITPUMEHATh XUTPOCTH.
Haiiiem ipu z > 0 mHTErpast

(zamena u = 1/x)

du 1+ V1 + a2
—/———ln(u+ w? 1) = —In -
V1+u? T
5. IlpumensieMble JijIsi TOMCKA 3aMEHBI XUTPOCTH MOIYT OKA3aThCs
OYEBH/THBIMU:

dx sin z dx dcoszx
sin 1 —cos?zx 1 —cos?zx
(3aMeHa u = COS )

B / du 711 1—u
a 1—u2 2 |1+uw

6. IIpu wHTerpmpoBaHUM JIPOOHO-PAITMOHAIBLHON (DYHKIIMU OOBITHO
PACKJIIBIBAIOT €€ B CyMMY IPOCTEHINNUX ApoOeil, 1 MHOTIa 3TO JIETKO CJIe-
JIaTh Oe3 oOpallleHnus K CHeIaJIbHBIM METOIaM:

/ dr / 1 1 d arct ! arct v
— _ — ar ——ar e
(@2 + 1)(22 + 2) 2211 2212) " SR MR

7. Bu monbraTerpaTbHON (PYHKITMT MOYKET TO/ICKA3aTh YAATHYIO IO/
CTAaHOBKY. Tak, HalpuMmep, B WHTErpaJie

/\/a2+3:2dx, a >0,

1 1 —cosx
= —Iln—m.
2 1+ cosx

YIATBIBasT (POPMYJIBI

ch?t —sh?t =1, ch®t+sh®*t—=ch2t, sh2t—=2shtcht
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JIJIsI TUIIepOOIndecKux (DYHKITU, MOXKHO CJIeJIaTh IIOJICTAHOBKY & = asht,
pasymMmeeTcd, IIOJArOTOBUB €e, T. €. BbIpa3uB ¢ 4epe3 I, U IIPOaHAJIM3UPO-
BaB, HA KAKNX IPOMEXKYTKAX U3MEHEHUH IEPEMEHHBIX { U Z 3TO BO3MOXKHO.
IIpu Hameil mojCcTaHOBKE, YUUTHIBas CBOMCTBA, CHUHYCa IHIIEPOOJIMIECKO-
ro, obe mepeMeHHbIe MOXKHO pacCMaTpPHUBATh Ha BCEHl YUMCJIOBO# IIPAMOIL.
Nrak, mocsie MoICTAHOBKH IIOJTYYUM TaKOW MHTErpaJl:

/\/a2+a28h2t-a-0htdt—a2/\/1+sh2tchtdt
2 2

2
—a2/0h2tdt— %/(1+ch2t)dt— %t+%sh2t.

YunreiBast, aro arsh z = In(z + V22 4+ 1) u Tem cambIm

az) 1 T+ V24 a?
— — In ,
a

a

t — arsh (

BEpHEMCH K IIEPEMEHHON X:

2 2
/ Va2 + z2dx = e arsh z + a ch (arsh f) sh <arsh E)
2 a a a

2
a? | x + V2 + a? Jrx\/x2+a2
= —|Iln
2 a a?

8. Haitnem naTerpaJ / xe ¥ dr. 3amMeruM, 9TO IO HHTErPAJIOM CTO-

UT Tpou3BeJieHre ABYyX (DYHKIUN, O/lHa UX KOTOPBIX, a nuMeHHo f(x) = x,
rocsie gudHepeHupoBaHs CTAHOBUTCSI IIPOIIE. DTO IIOACKA3bIBAET HAM,
ITO CJIEIyeT MOIPOOOBATEH BOCIIOIB30BATHCA NHTETPUPOBAHUEM II0 TaCTAM.
[IpescraBuM BTOPOI COMHOXKUTENH KaK IMPOU3BOIHYIO COOTBETCTBYIOIIEH
dbyuknun: e~* = (—e~ %), IIpoBejemM npeaBapuTEIbHYIO OATOTOBKY JIJIsi
UCIIOJIb30BaHust OHOl n3 dopmyrn (7.2), (7.3), T. e. 3amuIeM WHTErpaJI

Tak:
/xe_wdx = —/:I:de_x.

Terepsb 3aBepIUM HAXOXKJIEHHE IIyTeM npuMeHeHus Ghopmyasl (7.3b):

/a}e_”” dr = — /xde_“’ = —gze T+ /6_3’ dx

=—ze ¥ —e ¥ =—e "1+ x).
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9. B stom IIpuMepe COBMECTHUM HCIIOJIb30BaHHUE 3aMC€HbI M 3aTEM HWH-

TEerpupoBaHusd Mo JactaM. Haiimem mHaTerpas / eV® dz. [Tockombky ¢

byuxumeii Buga ef obpamarsest mpoie, deM ¢ GyHKImeil Buga eV, MoxK-
HO BeCh KOpPeHb B IOKa3aTejle CTeNeHN B3ITh B KadeCcTBe HOBOI MepeMeH-
HOI, 6J1ar0 CBOICTBO CTPOrOro BO3pacTaHUsl KOPHS ITO3BOJISIET BHIPA3UThH
x gepes t. Urak, ciesiaeM 3aMeHy /& = t U OJATOTOBUM [IE€PEXOJ] K HOBOM
nepeMeHHOi: = = t?, dx = 2tdt, t > 0. IIpuMeHSs MHTErpUPOBAHUE IIO
JacTIM, UMeeM

/eﬁda:—2/tetdt—2/tdet
=2 (tet — /et dt) — 2t (t—1) = 2V (z —1).
7.8. 3amaun. Haiitu naTerpasib

(1 )/x dw, (2)/md:p, (3)/th2xdx,

@ [egein. ©) [755 © [H=
O [ Fom ® [T o [
(13) /\/%, (14) /:c@d:c, (15) /tgazd:z;,

(16)/ctga:d:1:, (17) /cosx’ (18) /th
(19)/ sinx cos dz.

sin® z + cost x

xdr dx
(22)/ r+2)(x+3) (23)/(x+a)2(x+b)2’ at b
dx 2 2 : 2
(24) / CETIEEL a” # b*, (25) /sm xdx,

(26) /coszxdq:, (27) /sin3:r:d:c, (28) /COSS.QZd.CL',
(29) /COS4$dLIZ, (30)/ — do : (31) /\/sinxcos5:cdx,
sin

T cos? x
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(32)/ S (33)/ v dr (34)/@@,

(35)/\/ﬁd:€’ (36)/\/(33 —Cig;(b—@’
(37) / \/%dm, (38) / \/E dz,

(39)/”%‘3(%6), (40)/\/(x+a)(x+b)d:c,
(41) /:cze_zx dz, (42) /xcos:z:dx, (43) /xshq:dx,

i 1
(44) /arcsina:d:z:, (45) /@daz, (46) /:I:ln +xalx,
x 11—z
x? dx
47 — 48 — 49 2V a2 2
@) [ e 68 [ o) [RVe s
(50) /sinlnxdw, (51) /e‘“" cos bz dz, (52) /e‘” sin bx dz.

7.9. NHTerpupoBaHune paluoHaJIbHBIX (DYHKIIHI, T. €. (pYHKIUN BUIa

R(z) = ggxi

CTaBJIEHUS PAIMOHAJIBLHON (DYHKIINN B BUE CYMMBbI TAKUX PAIlMOHAJIbHBIX
dyHKINI, THTErPUPOBAHIE KOTOPBIX IIPOBECTH CPABHUTEIBHO IIPOCTO.

151 KpaTKOCTU U MPOCTOTHI OIPAHUYUMCS PACCMOTPEHUEM (PYHKITIN
BUJIA

rae P, () — moJImHOMBI, OCHOBAQHO Ha BO3MOXKHOCTH IIPE]I-

P(x)
Y
(z — a)™(2? + px + q)*
rjae IIOJIMHOM z? + pPT + ¢ HE UMeeT BEIICCTBEHHBIX KOPHEU U CTEIleHb
P(z) menbie, uem crenenb m + 2k 3HaMeHaTeNs1. Y TBEPKIAETCSI, ITO

R(x) =

CYIIECTBYIOT YUCTA G, ... ,0m, D1,...,bk, C1,...,Ck, TP KOTOPHIX BEPHO
PaBEHCTBO
Pz a a a
g ) - = 1 + 2 5+ _m
(x —a)™(2? + px + q) r—a (r—a) (x —a)™
biz +c; box + o brx + ci

(7.16)

bt .
2?2 +pr+q (22 +pxr+q)? (22 + px + q)*

Paccmarpusaa uncia a;, bj, ¢; Kaxk HeolpezeseHHbIe KO3 UINEHTHI,
npuBeJieM K 00IeMy 3HAMEHATEI0 CyMMy Jipobeii B mpasoii vactu (7.16),
B pe3yJbTaTe B UNCJIUTENe MOJYIATCsT HEKOTOPBIA IMOJMHOM CTEIeHU He
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Boilie 4eM m + 2k — 1. IlpupaBuuBass Ko3dpPUIUeHTh! P OANHAKOBBIX
CTEIeHsIX y IMOJIyYeHHOrO TOJMHOMA U y mojmHoMa P(x), nmpuaem K cu-
cTeMe ypaBHEHUI, pelrasg KOTOPYIOo, HailjieM TpedyeMble KO3(MDOUITUEHTHI.

Ob6patuM BHUMaHHE HA TO, YTO KaXKJIbIII MHOYXKHUTE/Ib B 3HAMEHATE e
MCXOJTHOTO JIPOOHOT'O BBIPAYKEHUS MOPOXKIAET CBOIO TPYIITY CJIAraeMbIX.

Ha mpakTnke mHOr/Ia BMECTO IIPUPABHUBAHUA KOIMMOUITMEHTOB ITPU
OJIMHAKOBBIX CTEIEHsIX ITePEMEHHOI ObIBAET IPOIIE MOJICTABUTHL HA MECTO
X KaKWe-TO KOHKPEeTHbIe 3HAUEHUsl ITePEMEHHON U TMOJIYYUTh TPedyeMyIo
cucremy ypaBHeHuit. OOBIYHO IOJCTABJISIOT TaKue 3HAYEHUS, KOTOPbHIE
obpaIaioT B HyJIb KaK MOXKHO OOJIbIIIe COMHOXKUTEJICH B YUCJIUTEIE TIOCTIE
IIpUBEJICHNUST K OOIIeMY 3HaMeHATEJIO.

7.10. IIpumepsnl.

x? +1
(x+1)%2(x—1)
HHUE TOJBIHTErPAJIbHON (DPYHKIIMU B BHJE CYMMbI IIPOCTEHINNX podeii c
HeoIpe/Ie/IeHHBIMU KOIPPUITNEHTAMMU:

dx. 3amnuiieMm IpeicTaBie-

1. Haiinem muTerpas /

2+ 1 a b &
(x +1)%(z — 1) 7m+1+(x+1)2+a:—1
alz+ 1) (z—1)+blx—1)+c(z+1)?
(x 4+ 1)%(x—1) ’

OTKYy/la, IIPUPABHUBAS YUCJIUTEHN, ITOJIy9aeM PaBEHCTBO

v+ 1=a(x+1)(z—1)+b(x—1)+c(x+ 1) (7.17)

Ha OCHOBE KOTOPOTO MBI W COCTABHUM CHUCTEMY JJId HAXOXKJIEHUs a, b, c.
MozkHO 661710 ObI PACKPBITH CKOOKHU B mpaBoit wactu (7.17) u 3areM mpu-
pPaBHATH KO(DDUIUEHTHI TPU OJNHAKOBBIX cTereHsaX. (OIHAKO B HAIIEM
cJydae Mpolle MOCTYIHUTh cjeayonmm obpasom. [logcrasum B (7.17) Ha
MeCTO ¥ 3HadeHusa r — 1, * = —1, Ipu KOTOPBIX OOpAIAIoTCs B HYJIb
BhIpazKeHus x — 1 u x + 1, a Tak»ke Kakoe-jnmOO 3HAYEeHHUE, IIPU KOTOPOM
MIPaByIO YacThb HETPYAHO BbIYUCINTH, HanpuMmep x = 0. Torma momydamnm
COOTBETCTBEHHO PaBEHCTBA

2=4¢c, 2=-2b, 1=—-a—-0b+c,

orkyna a = 1/2, b = —1, ¢ = 1/2. Takum obpazom,

/ x2+1 d:c—l/ dx _/ dx Jrl/ dx
(x+1)2(x—-1) " 2J) z+1 (x+1)2 2) z2-1
1

1
~ Clnle?— 1] —
e |+x+1

95



dx
(x 4+ 1)(x2 +1)
ITOJIBIHTErPAJIBHYIO (PYHKITUIO B BHUJIE
1 _a +bl‘+0_a(ﬂl'2+1>—|—(b$—|—c)($+1)
(x+1)(x2+1) =z+1 22+1 (x+1)(z2 +1) ’

. Hna sroro mpeacraBum

2. Haiinem wmuTErpaJ /

orkyma 1 = a(z? + 1) + (bx + ¢)(x + 1). Ilonaras 3gecy © = —1, cpasy
HaiieMm, aro 1 = 2a, 1. e. a = 1/2. PackpoeMm Tenepb CKOOKHU U MTPUBEIEM
IOJI00HBIE YJIEHBI:

l=az® +a+bx® text+brtc=(atba?+(b+c)etatec,

OTKY/Ia
a+b=0, b+c=0, a+c=1,

U yYIUTBIBast, 9T0 a = 1/2, nomydaem b = —1/2, ¢ = 1/2. Urax,

/kx+6ﬁ”%0_%(/xﬁ&+/?g:iw)

1 / dx +/ dx 1/ dx?
2 x+1 2+1 2) 2241
1 1 1 1?2 1
=3 <1n|:1:+1| — 5111(:1;2 +1) +arctga;> = Zln% + iarctgx.

7.11. 3amaun. Haiitu unTErpasb

(1)/ z+1) ;ixz)(x+3)’ (2)/:63—%;;16%@’
(3)/ - +1 >y dz, (4)/ zji 2 +2)’
(5)/.@3“ ()/wdx ‘7)/ O

(9)/ a:+3) (O)/ $+1(x+2) (z+3)3’
(z* +1)dx
W [ @ ey

7.12. B Tex ciryvasix, KOrJa B 3HaAMeHaTeJ e PAIlMOHAJILHON PYHKITIT
CTOUT MHOTOYJIEH, Pa3jaraeMblil Ha MHOYKHUTEIU CO CTEIIEHIMU, OSGTHITIMU
JeM IIepBasi, MOXKeT OKa3aThcst 3dekTnBHEee mpuMenenne metoga OcTpo-
I'PaJICKOTO BBIJICJICHUs pallMoOHAJbHOM JacTu. lIycTh Ji1st mpocToThI pac-

P
(z) dx, voe k >
(z +a)k(2? + px + q)"

CMaTPUBAETCA WHTETrPaJl OT Jpodu /
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2, n > 2 W CTeleHb YUCIUTENsI MEHbIIEe CTEeleHN 3HaMeHaress. lorma
CyIecTBYIOT ToJuHOMBI Py (x), Py(x) creneHeii cCOOTBETCTBEHHO HE BBIIIIE
k +2n — 4 n 2 Takue, 9YTO UMeeT MECTO PABEHCTBO

/ P(x) s
(z + a)k(2? + px + q)"

_ Py (x) Py () N
(vt a)k (22 4 px+q)n ! Jr/ (x +a)(x? + px + q) de. (7.18)

CioBaMu MOXKHO CKa3aTh, 9TO €CJIU B 3HAMEHATEJIe CTOAT KAKUe-TO MHO-
JKUTEJIN, CTEIIEHN KOTOPBIX OOJIbIIE IIEPBOi, TO BBIIEISIOT PAIMOHATBHYIO
JacTb, B KOTOPOI B 3HAMEHATEJb ITOMEIIAIOT Te K€ MHOXKUTEJH, YTO U B
MCXOJTHO TpobM, HO € TIOKA3ATEJISIMU, Ha €IUHUILY MEHBIITUMHA UMEBIITUXCS,
a B YUCJIUTEJIE CTABAT IOJIMHOM C HEOIPeeJeHHBIMU KO pUIimenTamu,
CTeleHb KOTOPOTO Ha €JMHUITy MeHbIlle cTeneHn 3HameHaTesns. [logx wH-
TerpajioM OCTABJIAIOT JPOOb, B 3HAMEHATeJ e KOTOPOU CTOSIT MHOXKUTEJIH
13 3HAMEHATe sl MCXOJIHOW Japobu B IEepBOil CTeleHu, a B YUCIUTEEC —
MIOJIMHOM C HEONpPeJIeJIEHHBIMI KO3 PUIIMEHTAMU, CTEleHb KOTOPOro Ha
eJIMHUILY MEHbIIe CTelleHN 3HaMeHaTes sd. TakuM obpaszoMm (HopMUpyercs
pasercrso Tuna (7.18), rne P(x), Py(x) — mosmuOMBI OepyT ¢ Heompe-
JIeJIEHHBIMEU KO MUIMEHTaMI. 3aTeM 3TO PABEHCTBO JuddEpeHITupyIoT,
B pe3yJbTaTe IOJIyYal0T PABEHCTBO PAIllMOHAJIBHBIX (DYHKIHI C 0OIUM
3HaMeHAaTeIeM, 3aIUCHIBAIOT PABEHCTBO MEXKJLYy WX UHCJIUTEIIMUA U, IIPU-
paBHUBasA KOI(PPUITMEHTHI TPU OTMHAKOBBIX CTENEHAX, MOJTYIal0OT CUCTE-
My ypaBHEHWUIi, 13 KOTOPOii HAXOAT KoM DUIneHTbl MHOTOWIeHOB P (1),
P5(x). B 3aBepiiienne BBIYUC/ISIIOT HMHTEMPAJIBI OT TPOCTEAITUX JTPODEii.

7.13. 3amaum. Haiitu mnTerpaib

xdx dx
(1)/(x—1)2(a:+1)3’ (2) /m’

z? dx dx
(3)/(x2+2x+2)2’ (4)/(@«3“)2'

7.14. Ilpu uaTerpupoBanum (GYHKININ, COMEPIKAIIUX UPPAITMOHATb-
HbIe BBIPasKEHMUsI, CTAPAIOTCS CIeJIaTh ITOJICTAHOBKY WJIM 3aMeHy IIepeMeH-
HOU Tak, YTOObI B Pe3yJbTaTe NPUUTH K WHTErpaly OT PaliOHAJbHOMI
dyukmun. OTMETHM HECKOJIBKO HAOJIIOIEHNUI 110 TIOUCKY TaKUX 3aMEH.

1. Ecou noapiaTerpabas (QYHKIIAS PAIMOHAJILHO 3aBUCHT OT X U
ax + b ar +0b
cx +d’ cx +d
HEYHO, eCJIN KOIPPUITUEHTHI @, b, ¢, d TAKOBBI, YTO & OJIHO3HAYHO BbIparka-
eTcsi 9epe3 t ¢ BBIMIOJIHEHUEM YCJOBHIl TeopeMbl 7.5), T. €. TOJCTaHOBKY

n

OT BbIpaXKeHU TO MOKHO CJeJIaTh 3aMeHy ¢ — (KO-
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dat™ — b

xr = pa—— B pesysibrare moJiygaem mHTErpaJsi OT PAIMOHAJIbHON (PyHK-
a—c

MU, TTOCJIe HaXO0XK IeHsI KOTOPOT'O BO3BPAIIaeMCsi K CTapoil IepeMeHHOI T .
2. IIpu unTerpupoBanun (pyHKIHU, pAIMOHAILHO 3aBUCIIINAX OT T U

OT BBIpazKeHud v ax? + bx + ¢, MOTyT OBITH ITOJIE3HBI N0JCMano6ky Jine-
pa:

Var? + bz +c=+ar +t, ecma >0, (7.19)
Var? + bz +c=at+/e, ecmmc >0, (7.20)
Va(z —xy)(x — z3) = t(x — x1), (7.21)

IIPUBOSAIINE K MHTEIPUPOBAHUIO PAITMOHAJIBHON (DYHKIINHU OT t.

3. Ilpu unrerpuposanun GbyHKIUN BuIA
P(x)
Q(z)Vax? +bxr + ¢’

P(x)
Q(x)

rie P, () — momHOMBI, ObIBAET IOJIE3HO PA3JIOXKUTh JIPOOh B CyMMY

IIPOCTENINHUX JTPOOEI.

4. Ilpu unrerpupoBannu Gyuruuu suga ' (a + bx™)P, rae m,n,p
PaAIMOHAILHBI, CJIEAYET CAEIATH TAKHe MOJICTAHOBKH:

1) ecsim p 1e10€, TO MOJIATAIOT T = tN , rie N — obmuit 3HaMeHaTe b
apobeit m,n;

m+1
2) ecom 1es1oe, To nosaraioT a + bz = t~, rne N — 3naMena-
TeJib JIpodHu p;
m + 1 _ N
3) ecam + p meJsioe, TOo moJaralT axr- " +b =t rme N —

3HaMeHaTe/ b JTpodu p.
B apyrux ciaydasx maTerpas ot dyukimu ' (a + bx™)P B astemen-
TapHBLIX (DYHKIUSAX HE BHIPAZKACTCHL.

7.15. IIpumepsnl.
1. Haitnem maTErpasa

I_/ V(w—a)ﬁ(w—b)"‘l/(a:a)@dxb)q/%’

paccMaTpuBasi JIJIsk HPOCTOTHI cirydail a < b u x > b (ocTasbHbIE TOTyYa-
I0TCs aHAJIOrUYHO). [lomoxkum

n n—1
Jxr—a a— bt (@ —b)nt

T AL dt
oo O70 T T s Ty @

—
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Torma

I—/ (a—bnt"tdt n /@_ n  n ,Jjxr—>b
N (1_tn)2wa—btia—b 2 (b—a)t b—aVzx—a

1—tn 1-—-t»

2. CeemeMm ciemyromuii MHTErpaj K HHTErpajly OT PallMOHAJJIBHOMN
dyHKIUH:

x— V2 +3x+2
= dx
x4+ Va2 + 3z 4 2

Bocrmosb3yeMcst oAcTaHOBKOM Ditsiepa vVa2 + 3z + 2 = x +t. Torma z2 +
3x +2 =22+ 2tz + 13, wm

t2 -2 t2 + 3t —2
o)y =122, z— de — —2° " 2.
(3= 20) A T VAR (3 2t)2

[ToncTaBuB, Moy InM

B t(t? + 3t — 2)
= 2/ (3t —4)(3 — 2t) dt.

7.16. 3amaun. Haiitu naTErpab
vVr+1l—+vz—1
(2)
\/x +1++x -1

Z,

O [ G
® |

rdr dx
(6)/(932—1)\/9;2—3;—1’ (7)/1+\/1—2x—:c2’

L (4)/ (5)/ i
fL’, 9 9
1 x+1 az?’ v+ Ve a1

® e O/
) [« 1)/ ”"” (12)/%.

7.17. Unrerpansr Buga /R(sinx,cos x)dzx, tme R(u,v) — pamumo-

HaJIbHAsT (DYHKINS TEPEMEHHBIX U, ¥, IPUBOIATCH K HHTETPHPOBAHUIO Pa-
UOHAJbHONW GyHKIMKA 3aMeHOil tg(z/2) = ¢, T. e. TOJCTAHOBKON T =
2arctgt. Ilpu sToM mose3no moMHUTEH (hopMyJsl (7.25) (cM. HUKE).
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Ecmm dynknusa R obaagaer JOMOJHUTEIHHO HEKOTOPHIMHU CBOICTBA~
MU, TO MOYKHO IIPUMEHUTDH JIPYTHUE MOJICTAHOBKH, KOTOPbIE, KaK IIPaBUJIO,
[IPUBOJIAT K YMEHBIIEHNIO 00 beMa BBIYUC/ICHU. A UMEHHO, ecyIn

R(—sinz,cosx) = —R(sinz, cos x), (7.22)
TO MOXKHO HOJIOXKUTb COS T — t, a eCJiu
R(sinz, —cosx) = —R(sinz, cos x), (7.23)

TO MOKHO B34Th sinx = t. B ciy4ae, ecom

R(—sinx, —cosx) = R(sinz,cosx), (7.24)
roJiararor tgx — t.
. dx
7.18. IIpumep. Haiinem muterpan I = ——. Ilomo-
(2 + cosx)sinx
dt
KM cosx = t, Torga x = arccost, dr = ik Nmeem

dt
I_/(2+t)\/1—t2\/1—t2

- dt - dt
__/(2+t)(1—t2) _/(2+t)(t—1)(t+1)
1 dt 1 dt 1 a 1. (1 — cosx)(2 + cosx)?

5)i12 6)i-1 2/ir1 6" (1 + cosx)3

7.19. 3amaun.

1. Haittu maTErpasn

d
(1)/% HpI/IO<€<1I/IHpI/I€>1,

sin“ x Sin x cos x dx
2 dz, 3 , dz, 4
( )/1+sm T ( )/smaercosa: ( )/sin4x+cos4x

(5) /smxcos:z:alx7 (6)/ sin x dx

1+sin*x sin® z + cos3 x

dx sin 2z dx
SIn- x + cos® x SIn- x + cos*x

2. BoiBecTn (hopMysIbI MOHMKEHUS JIJIsT MHTETPAJIOB

(a) In—/sin"a:dx; (6) Kn/cos rdr (n>2)
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U C UX IIOMOIIbIO BBIYUCIUTH / sin® z dz u / cos® z dx.

3. BeiBecTn popMyJIbI TOHUKEHUS JIJIsi WHTEI'PAJIOB

@ L[ © K- [ S w2

sin - x cos" x
dx dx
N C UX IIOMONIbIO BBIYUCJIATH —— U z
sin® x cos' x

7.20. Bamaun. Haiitu naTErpab

(1)/x2eﬁdx, (2)/xexsinxd:c, (3)/ Ezﬂd@“
(4) /1n2(:23+ 1+ 22) dz, ()/ e* dx ()/ ze® dx

1+ e®’ 1+ e®)?’

tg 2
(7) /:Barctg(x+1)dx, (8) /arcx#dx’ (9) /shaxsinba:dx,
(10) /Sh3x0h4xd:1:, (11) /cos5a:d33, (12) /cosgxsin5xdac,

(13) /ctg6xda;, (14) /tg5xdx, (15) /cosxcos?xcos?)xdx,

dx

16 cos? ax cos® bz dx, 17/ ,
( )/ (17) (1—2)V3+ 2z — 22

(18)/ V4 — 22 da, (19)/ 2 dz (20 )/Hm

V1-— 22

7

<2”/ m (22) nxfﬁix (23)/ 7] d,

(24)/%@, (25) /(x+\x\)2d;z;, (26)/6"”"(13:,

(27) /max(l, z?) dz.

7.21. IlpuBemeM HeOOJIBINON CIUCOK (POPMYJI, KOTOPbIE MOTYT ITPHU-
TOANUTHCS IIPU HAXOXKIEHUHN IIePBOOOPA3HBIX:

2tg £ 1—tg?2 2tg Z
sinx:%, Cosx:—gﬁ, tgac:%, (7.25)
tg? 1
sin? x = g—:z;, cos’x = ———— (7.26)

1+tg“x 1+tg?a’
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sin(x + y) = sinx cosy + cos x siny,

. . (7.27)
cos(z £ y) = cosx cosy F sin z sin y,
sinx+siny2sinx;ycosx;y,
(7.28)
: : rT+yY . T—Y
sinz — siny = 2 cos sin )
2 2
costrcosy—ZCosm;rycosm;y,
(7.29)
LTty Ty
cosx — cosy = —2sin sin :
2 2
: : 1
sinxsiny = §(cos(:1: —y) — cos(x + ¥)),
(7.30)
1
COS X COSY = §(COS<CE —y) + cos(z + ¥)),
: L, . :
sinz cosy = §(sm(:c —y) -+ sin(x + y)),
(7.31)
: L, . :
cosxsiny = 5(8111(:17 +y) —sin(z — y)),
e’ —e " e’ +e " shz
hey = ——— hr= ———_ thx = 7.32
shx 5 chz 5 T= g (7.32)
ch?’z —sh®*z =1, ch2z =ch?’z+sh®*z, sh2z—=2shxchz, (7.33)
y=arshe =Iln(z ++Va?2+1), ze€R, yeR, (7.34)
y=archx =In(x — V22 —-1), z>1, —co<y<0, (7.35)
y=archz =In(z+ V22 -1), z>1, 0<y < +o0. (7.36)

7.22. OrBernl. K 1. 7.8.

(1) x — arctgz; (2) (cosx + sinx) - sgn(cosx — sinx); (3) z — tha;
(4) —x—ctgx; (5) 2\1/_ ln‘?““? : (6 )Lln]x\/_+\/3:c2 —2|/2; (7) tg 5;
(8) —ctg 5; (9) —vV1—22% (10) 2arctg\/_ (11) — arcsin %, 12) 2sgnz-

(
In(v/|z] + /|1 +2|); (13) 2arcsin/z; ( %m_ém’
)

(15) —In|cosz|; (16) In|sinz|; (17) ln‘tg(% —) (18) 3In|th%

(19) %arctg(tg z); (20) 1(1 )2 +In |1+ x5 (21) grriseys (22) In 'ﬁg')%
(23) — 2:C(Ii;r)b(x+b) + (a b 1n| Lie ], (24) =t (1 arctg b= garctg ¢);
(25 ) z —sta: (26) Zstx (27) —cosx + 3 cos® x; (28) sinx —
5 sin® x; (29) Sz + §sin 2x+ 35 sindx; (30) tgx — ctgm (31) 2(& sin® 2z —
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2

Zsin® z+ 2)Vsin® z; (32) z—In(1+e%); (33) £va2 —2+In|z+ Va2 —2|;
(34) £v/1 — 22+ 1 arcsinz; (35) —va? — z2+aarcsin £; (36) 2 arcsin , / £=2;
(87) §va? +2% — G In(x + Va1 2%); (38) Va® —a® — 2aln(vVr —a +

v +a), ecm x > a; —Va?—a? + 2aln(/—x +a + /-2 —a), ecan
r < —a; (39) 2In(v/x+a +Vx+b), ectu x +a > 0umwxz+b > 0

—2In(v/—z — a+vV—x —b), ecim x+a < 0m z+b < 0; (40) 2“““’\/ (x4 a)(z+b)—
(b=a)” a) In(vz+a+vVr+b),ecmmata>0ma+b>0;(41) —— (2?2 +

x + 5); (42) zsinz + cosz; (43) wchz — sha; (44) warcsinz + \/1 — z?;
(45> _arciina:_ln‘ 1+\/$1—:c2 ” (46) 1= :1: In 1+:13 (47)

2(1+ 2>+ arctg x;

(48) m + % arctg £ (a # 0); ( 9) w\/cﬁ + 2 — %ln(a: +
va? +2%);  (50) Z(sin(lnz) — cos(Inz)); (51) acosggig;in bz paz.

(52) asini)ﬁ;ll)ﬂcosbxeax.

Kn.7.11. (1) 1 1n ’%‘ (2) z+ g Injz|-3 In|z—2|+Z In|z—
3; (3) 13 ln%, (4) — 5(90 5+ = ln% — 2 arctg(z + 1);
(5) 11n :£2x+;)+1 + \}garctg \/_, (6) gln m(f;;)ﬂ + %arctg 2:f/+_1
(7) +ln|z=| - —arctgx (8) 4\1/§1n|§zfi\\gi| + 2\1/—arctg1‘€2,
(9) 25106(90212:6@%3) - 625 In|£=3]; (10) 4%92:2?((];3136;2 + lln’(xtalc)lg)ﬁg)m ’
(11) 1 In Z ;ﬁ’?l — Q(x—i—l)’ (12) 2 In|z* — 1|+ 1 arctgx — Q(xl—l)'

o+ x z(3x°+5
K o 7.13. ( ) —m + 16 ln’ +1 2) 8E 2+_;)2) -+ §arctg;p.
z+1)?

K . 7.16. (1) qrime — mgm (@ g—m%lnlxﬂ/ﬁi—\,

X + nir—+vox rie z — :

(3) Az —2)VaZ 1+ Lo +vaZ —1; (4) 3245 - 39/5 w—gij—l
(5) 3y + 3 |2z+1|3’ rae z =z +Va? + 1z +1; (6) 3 arcsin r 1|f

b SR, (1) In|)| — Daretg, me 5 - LB

x z z z 3 $3

<8> In 1— $+2\Z:12+:c+1’ <9> s (z+ 13L21 B %arCtg 2\/_t1’ rae z — 1; )

(10) + ln‘z+1 — §arctgz, riae z — \/H—x ; (11) 7(1 1 2/3)T/2 %(1 +

xl/3)5/2 1 621/3(1 + 21/3)V/2; (12) 22 —22 + 3z, tme z = V1 + Va2
K m 7.19. 1. (1) —2= arctg( 1+€tg2) ecim 0 < € < 1;

="
\/E;—ll 6+Cosfiscizsmlsmm’ ecim € > 1 (2) T — %amtg(\/ﬁtgm);
(3) 3 (sinz—cosx)— 2\/5 Injtg(2+%)|; (4) \}5 arctg(t%/%x), (5) £ arctg(sin® z);

103



(6) —%IDM — Larctg(Zexr=sinz). (7) arctg(3 tg2z);

1—sinx cos x NE] V3sinz
(8) arctgtg2 T. 2.( )I _ cos:vsiéln_la:Jrn—lIn 5 (6) K, = s1nmc<;ls" Ly
+ ”T_lk:n_z; Iy = —%cosxsm5x — %cosxsm?’x — %cosxsmx + 15
Kg — %Sinxcos7x+ sin  cos® ZEerSlIl.’ECOS x+§881nxcosx+ﬁ8x
3. (a) In = _(n—lgc;?r?:"—lx + Z—%In_ 2 (6> (n—l)sgloz"—lm + Z—%Kn_
Is = _4(;?1S1$x o 83$C1?1S23;UU + %ln‘tg %" o 6ilonsgx + 2_EZLCSOI;’14$$ + %CSOISLQSE:B +
ZIntg(2 + %)

K n. 7.20. (1) 2et(t> — 5t + 20t3 — 602 + 120t —120), e t =
V75 (2) & (z(sinz — cosx) + cosx); (3) In(e® + V€2 — 1) + arcsin(e™?);
(4) 1n? (:U+\/1+:132) —2\/1+x21n(x+\/1+x2) +2x; (5) e —In(1 +

e*); (6) £ —In(1 + ¢€*); (7) =% + 3In(z® + 2z 4 2) + —Qarctg(:zz—&—

2 arc T a ch ax sin bx sh ax cos Ox , C xr C 5:11
1); (8) In 5z — “822: (9) ¥ by—bshazcosbz, (10) <hlz _ h5 :
(11) sinz — 2sin® z + £ sin® 2; (12) 2sin®z — Lsin®z; (1 )—x—Ctg =z +

ctgga: ctg z; (14) tg? x—tg2x—h’l|COS£C| (15> 4+s1n2w+51n4x+51121£$’
(1

1n2 1n2b st(a b)x sin 2(a+b)x | 2+\/3+272

( (‘%5———:1;)\/ — 22 +4arcsin (£); (19) (8 — 4x2+3x W1+ 22,
(20 2*;”2 \/1 —x?—2arcsinz (x| < 1); (2 ) 3(2Cf:1flm)+3\/— arctg %L\/;H;
(22) e — s In Y2V e (93) 2l (24) T 22 arctg o —In(a+
V1t 2?);

(25) %(w + |x|); (26) e* — 1, ecom z < 0, 1 — e *, eciim ¢ > 0; (27) x

ecmn |x| < 1, % + 2 sgnx, ecom |z| > 1.

6)
18)
) —
)

§ 8. OmpenesieHHbII WHTErpaJl

8.1. IIycrs f — orpannuennast GpyHKINs, 3a/IJaHHAsT HA OTpe3Ke [a, b] C
R. Pasbuenuem orpeska |a,b| Ha3bBaOT TaKOIt HAOOP TOYEK T = {X¢, T1,

Ty 1,%p} € |a,b], uro @ = xg < 21 < -+ < Tp_1 < Tp, = b. Hue-
J0 |7] = max (xr; — x;_1) HaA3BIBAIOT MOJyseMm padbuenus T. B kaxk-
JTIOM U3 TPOMEXKYTKOB [X;_1,%;], ¢ = 1,2, ..., n, pa3dbueHus T BO3bMEM I10

n

Touke & € [r;_1,x;|. Cymmy E f(&)(x; — x;_1) HA3BIBAIOT UHME2PAND-
i=1

noti cymmoti (Pumana), coomsememeyroweti pasbueHuto T npoMEHCYmMKa

la,b]. Yucno I takoe, uro jys Jjoboro € > 0 Haiijgerca 6 > 0 Takoe,
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9TO JIJIs1 JIIOOOTO pasbueHus 7, y KOTOPOro |7| < d, u jiyist ar060ro BeIOOpa
Touek &; € |x;_1, ;| BBIIOIHSIETCST HEPABEHCTBO

Zf &)z — xi1)| <, (8.1)

Ha3bIBAIOT onpedeﬂennbm unmezpasom om pynkuuy f no npomescym-
b

xky |a,b] n obosnauaror cumBosiom I = / f(x)dz. JleBwrit KOHer a TPO-
a

MEKYTKa MHTEIPUPOBAHUS HA3ZBIBAIOT HUNCHUM NPEIENOM UHMELPUPOBA-
HUA, TPABBIA KOHEIT b IIPOMEXKYTKa NHTEIPUPOBAHUS HA3BIBAIOT 8EPIHUM
NPedesom UHMEZPUPOSAHUSA U TOBOPAT, ITO bEPEMCsA (PACCMAmpusaemcs)
urmezpan om pynuxyuy f 6 npedesax om a do b. PyHKINIO, y KOTOPOIl Cy-
IECTBYET WHTETrPaJI, HA3BIBAIOT uHmezpupyemot na |a,b]. Ormernm, aTo
HelpepbIBHbIE (PYHKIIMU U MOHOTOHHBIE (DYHKIMK Ha |a, b| uHTErpupyembl
Ha 3TOM IIPOMEXKYTKE.

Jlomyckast HEGOIBITYIO BOJIBHOCTH PEYM, MOXKHO CKa3aTh, UTO OIpe-
JIeJIeHHBII nHTerpas or GyHKIun f 1Mo MPpOMeXyTKY |a,b] — aT0 mpese,
K KOTOPOMY CTPEMSATCSI MHTErpaJibHbIe CyMMbI IIPU CTPEMJIEHUN K HYJIIO
MOJLyJIs Pa30ueHUs.

OrnpeiesieHre MHTErpaJja paclpoCTPAHSIIOT Ha TOT CJIydail, Koraa a >

b, mros1arasi
b a
/f(:z:) dr = —/f(:c) dz, b<a. (8.2)
a b

8.2. Teopema (nuHeitHOCTb MHTErpasia). Eciau f,g mHTErpUpyeMbl
or a J0 b, To jy1s1 JTIO0BIX v, B € R smHeiinass kombunarust of (x) + Bg(x)
uHTErpupyeMa oT a J10 b n

b

[(as(@) + 59t x—a/f derﬁ/

a

8.3. Teopema (dbopmyna mHTerpmpoBanusi 1o 4dactsim). Ilycrh
¢yukmnun f, g auceperiupyembl Ha oTpe3ke ¢ KoHraMmu a,b. Torma econ
Gyukmust f'(x)g(r) maTerpupyema or a jo b, T0 3THM CBOHCTBOM 00,14
gaer u ¢y f(x)g' () m umeer MecTo Gopmyaa UHMEZPUPOBAHUA 1O
YACMAM

/f(w)g'(w) dx = f(b)g(b) — f(a)g(a) — /f’(w)g(w) dz, (8.3)



HJIH, B HHOIH (pOpMe 3allUCH,

b

/ F(@)dg(z) = FB)g(b) — Fla)ga) - / g(z)df(z).  (8.4)

a

8.4. Teopema (0 mojcraHoBKe u 3amMeHe nepemenHoit). Ilycrs f —
uHTerpupyemast ot a jJo b yukmus u p — gugpepennupyemast pyHK-
usi, OTOOpAarKaroIast OTPE30K C KOHITAMH (v, 3 Ha OTPE30K C KOHI[aMH a, b,

npudeMm a = p(a), b = ¢(B). Torma Gyarmus f(p(t))y’(t) narerpupyema
ora o b u

b B
[ f@rds = [ few)e @) ae (8.5)

Eciin ipu sToMm ¢ nmeer aucpgepeHiiupyeMyo obpaTHyo, TO H3 HHTEIPHU-
pyemoctu f(p(t))¢'(t) or a go [ crexytor marerpupyemocts f(x) or a
70 b. u cupaBemgmBocts (5.3).

3ameuanue. norga, moybp3ysach MOACTAHOBKOM MM 3aMEHOM Iiepe-
MEHHOI ITpU HaXOXKJIEHUW WHTEerpaJia oT a 10 b, Mbl OyJIeM UCIIOJIb30BATh
takne GyHKIIH @(t), KOTOpble 0TOOPaKAIT OECKOHETHBIN TPOMEKYTOK,
HAIpUMep [, +00), HA 3aIaHHBI OrPAHUYEHHbIH, HO He 3aMKHYTHI TIPO-
MEXKYTOK [a,b). B Takom ciydae mosararor

y

b
/f(x) dr = lim [ f(z)dx
y—b

a

U IIPU 3aMeHe CJIeJlyeT BOCIIOJIB30BAThCSA (DOPMYJION

B—+oo

b B
/ f(z)dz — lim / Flo(0) (£) dt. (8.50)

Bosee moapoObHO ¢ mHTErpajaMu 1Mo IpoOMEKYyTKaM, Y KOTOPBIX MO Kpaii-
Hell Mepe OJIMH M3 KOHIIOB HE BXOJUT B IPOMEXKYTOK (B YACTHOCTHU, IO
HEOTPAHUYIEHHBIM IIPOMEZKYTKAM ), Mbl TIO3HAKOMUMCST TIO37KE.

8.5. Teopema (ammuTuBHOCTH MHTErpasa). IlycTs TOYKa ¢ JeXKHT
mezxkay Toukamu a u b. Torga f waTerpupyema ot a jjo b B TOM U TOJIBKO
B TOM CJIydae, eCJIu OHa WHTErpHpyeMa OT a JIO0 ¢ H OT ¢ Ji0 b, mpu 3TOM

/bf(a:) d:v/cf(a:) d:v+/bf(:1:) dx. (8.6)
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[TpuamMast BO BHUMaHUEe PaBEHCTBO (8.2), pacupocTpaHsolee ompe-
JleJIeHne Ha cIyvail, Koraa HUKHIA [IpeesT HHTerPpUpPOBaHmst O0JIbITe BepX-
HEro, MOXKHO 3aMETHUTh, UTO PABEHCTBO (8.6) BEpHO /1151 JIIOOBIX TPEX TOYEK
a,b,c.

8.6. Teopema (dopmyna Hetorona — Jleitbuuna). Ilycrs yrKIms
f HerpepbiBHA Ha OTpe3Ke ¢ KOHI[aMH a, b, u mycts ' — ee nepBoobpa3Hast
H& 9TOM MPOMEKYTKe (KOTOpasi 3aBEJJOMO CYII[eCTBYET JjIsl HEIIPEePhIBHO
¢yukmun). Torma umeer mecro gopmyaa Horomona — Jletibnuya

/ f(@)dz — F(b) — Fla), (8.7)

KOTOpasi ¢ ucrnosab3oBauneM juist npupamenus F(b) — F(a) oboznadenust

F(b) — F(a) = F(x) ‘Z MOZKeT ObITH 3allCaHa B BHJIE

b

b
/f(x) dr = F(m)!a (8.8)

8.7. 3amaun. Ilpu HaxOXKIEHUHU OIIPEIEeJEHHOIO0 MHTerpaJa, Kak
[IPaBUJIO, UCIOIb3yeTcss popmyna Herorona — Jleitoauma. OmHAKO IS
JIVUIIEro MOHUMAaHUSI CTPYKTYPhl MHTErPAJbHBIX CYMM CHadYaJja PeIruM
HECKOJIBKO IIPUMEPOB, B KOTOPBIX YYaCTBYIOT MHTErPAJILHBIE CYMMHBL.

Buibupasi mogxoadaiiuM o0pa3oM pa3OUeHusI U UCIOJIb3Ysl OIIpeIesie-
HHUE WHTerpaJia, HaliTu mIpeJiebl

12 1
(1) lim (—+ﬁ+---+”2 )

n— 400 n2 n
n n n
2) 1l
()TH1151<>°(7%2+12+n2+22+ +n?+n2)’
1 2 _1

(3)  lim —<Sinz+sin—ﬂ+---+sin—<n )W),

n—4+oo N n n n

) 1P 2P ... - nP
(4) nllgloo s’ ., p>0.
27

8.8. IIpumep. B unrerpase / f(x)cosxdx BBIOTHUM 3aMeHy

. 0
sinx — t.
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IIpy BBIIOJIHEHNN YKA3aHHONR 3aMEHBI MbI JIOJIZKHBI COBEPIIUTH TAKHE
JeficTBUsI, 9TOOBI COXPAHMIOCh PABEHCTBO Sinz = ¢ Ha orpeske |0, 27| u3-
MEHEHHs IIepeMeHHON x. BuIpasuTh ogHO3Ha4YHO T Yepe3 ¢, KOorma & €
[0, 27|, HeBO3MOXKHO, TTOSTOMY pa3obbeM orpe3ok |0, 27| Ha Takue dacTw,
rjie cuHyc Oyjier oOpaTUMbIM (CTPOrO MOHOTOHHBIM ), BOCIIOJIB3YEMCsI aJl-
AUTUBHOCTBIO HHTET'PaJia U BBIIIOJIHUM BaMeHy B HHTETr'PaJlax I10 Ka,}KﬂOMy
U3 yYaCTKOB MOHOTOHHOCTH cUHYyca. ZICHO, 9TO B Ka4ecTBE TOYCK, Pa3Ou-

Batorux [0, 27| HA y9YacTKHM MOHOTOHHOCTH CHHYCa, MOXKHO BBIOpATH 7 /2
u 37 /2. Torma

27 7T/2 371'/2 2
/f(a:) cos:z:dx—/f(x) cos T dx+ / f(x) cosx dx+ / f(z)cosx dx.
0 0 /2 37/2

Pacemorpum Kaxkpiii maTerpas mo oraesabHoctu. Ha [0, 7/2] pa-
BEHCTBO Sin & = t paBHOCUIBHO TakoMy: x = arcsint, 0 < ¢t < 1. Ecau x
MeHsieTcs1 OT 7 /2 10 37 /2, TO paBeHCTBO sin & = ¢ PABHOCUJIBHO PABEHCTBY
xr = m—arcsint, rae t mensiercs ot 1 no —1. Hakoner, eciin « € [37/2, 27],
TO PABEHCTBO SIN T = t paBHOCWJIBHO TaKOMY: T = 27 + arcsint, rje t Me-
Hgercd or —1 g0 0. YuuTbiBasi, 9T0 cosx dr = d sin x, IMOJyInM

27

1
/f(ili) Cos:z:da:—/f(arcsint) dt
0

0
—1 0

+ /f(w — arcsint) dt + /f(27r + arcsin t) dt.
1

—1

8.9. 3amaumn.
1. Haittu maTerpasn
T 1/2 27
dx dx
1 inxdz, 2 _, 3 — 0<e <1,
()/smxm (2) ./ V1—a2 ()/1+8cosx =€
0 —1/2 0
1 d T
x :
(4)/x2—2xcosa+1’0<a<7r’ (5) /xsmxda:,
-1 0

/2
dx

21
6 , ab #£ 0, 7 22 cos x dz,
(6) /a281n2x+b2c0823: 7 ( )/
0 0
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1 a
(8) /arccos:z:d:l:, (9)/ vdv (10) /x2\/a2—:1:2 dz,
0
3/4

(11)/ G D) x2+1 (1 )/arcsmf dx (13)/;621?311

dx
(14)/ \/7 (15)0/(2+Cosx)<3+cosx),

27 U
d
(16) /(:L’sinx)2alx7 (17)/ — v : (18)/e$cos2zlzd:15.
sin® x + cos? x
0 0 0

1
1+ 22
2. Buraucymith uHTErpan [ ——
1+ x4

dx, mosarasg x — 1/x = t.
~1
3. Beruncanrb mHTErpa

2
1
/ (1 4o — _) €x+1/x dil?,
i

1/2
BBEJIsl HOBYIO IepeMeHHyo t = x + 1/x.

4. JToxazarh, aro ecau dyuknus f naTerpupyema ot 0 10 1, To

/2 /2
/f(sinx) dr = /f(cosx) dx,
0 0
/l’f(SiHCI?) dr = g/f(sinx) dzx.
0 0

5. Jlokazarb, 9To a1t uaTErpupyemoit Ha |—[, l| dyuknun f(z) nmeer

MECTO PaBEHCTBO
l

/f(a:) de/lf(:z:) do

ecnu f 4deTHas, U



ecnu f HeYeTHA.

6. /TokazaThb, 4T0 ecjin f — HelpepbIBHas epuoaudeckas Ha R pyHK-
s ¢ mepuojiom 1, To

a+T

/f(a:)dx/Tf(:c)dx

a

pu JiroboMm a € R.

7. C oMOIIbIO0 PEKYPPEHTHBIX (POPMYJI BBIYUCIUTD HHTEI'PAJIbI

w/2 /2 /4
1) 1, = / sin" xdz, (2)J,= / cos"zdx, (3) K, = / tg?"  da.
0 0 0

8.10. Ilycrs dyukuust f menpepwiBHa Ha [a,b] C R, u mycrs (),

Y(x) — muddepennupyembie dbyuknun takue, aro o(x),(z) € |a,b).
Torma cornacuo ¢popmyne Hoiorona — Jleitbaura

P(z)
f)dt = F((x)) — Flp(x)), (8.9)

e(z)

e F' — mepBoobpasnas dyuknuu f Ha |a,b]. Huddepenmupys (8.9)
110 X, MOJIYIUM PopMyAy Juddeperuuposarus onpedeseHHo20 UHmMe2pand
Kakx GYHKUUL om npedesos urmez2puposaHUs:

Y(x)
d
S e ] = feew@ - feee, 610
o(x)
d
rJie CUMBOJI T yKa3bIBaeT Ha omnepanuio anddepeHInpoBaHus 10 Iepe-
X

MEHHOMN Z.
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8.11. amaumn.

1. Haiitu
d / d / d /
(1) a/sinx2 dz, (2) %/sinav2 dr, (3) %/sina:2 dzx.
2. Hatitn
d d Cos ™ ,
(1) . V14 t2dt, (2) . cos(mt”) dt.
3. Haittn
f cost? dt I arctgt)?
(1) lim &———, (2) lim 2

z—0 €T — 00 /2 +1 ’

- 2
( 1l et dt>
0 .

| e2t? dt
0

(3) lim

x—+00

x
1,2

2 €
4. JlokazaTb, YTO /et dt ~ e pu r — +00.
x
0

5. Ilycts f(x) — HenmpepbiBHas moJioykuTesbHast dyHkims. Jloka-
3aTh, 9YTO (PYHKITUS

BOo3pacTaet 1pu x > 0.

8.12. Teopema (MoHOTOHHOCTH MHTerpasia). FEcam a < bwu f,g —
uHTerpupyemble Ha |a,b| ¢pyakmun takue, aro f(x) < g(x), x € |a,b|, To

b b

/f(x)dxﬁ/g(a:)dx. (8.11)

a a

8.13. Teopema (1-s Teopema o cpennem). Ilycrs f — HenpepbiBHASI,
a g — uHTerpupyemas Ha |a,b| pyHKIUH, IpHYeM g 3HAKOIIOCTOSIHHASI HA
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la,b]. Torma maiinercss rakast Touka & € |a, b|, aro

b

b
/ F(@)g(x) dz = F(€) / g(x) d. (8.12)

a

Teopema (2-s1 Teopema o cpeanem). Ilycrs f — MOHOTOHHASI, & § —
uHTerpupyemasi Ha |a,b| ¢pyuknun. Torma cymecrByer takasi Todka £ €
la, ], aro

3 b

/bf(x)g(w) dr = f(a)/ )dx + f(b /g : (8.13)

a 3
Ecin, kpome Toro, f ybbiBaeT u HeoTpHIlaTe/IbHA, TO

£

b
/ F(@)g(z) dz = f(a) / o(z) d, (8.14)

a

a ecsii f Bo3pacTaeT W HEIIOJIOXKHUTEIbHA, TO

b b
/ F(@)g(x) dz = f(b) / 9(x) dz (8.15)
a ¢

Jist Hekoroporo & € |a, b).

8.14. 3amaumn.

1. OnpenesnTh 3HAKN CJIEIYIONINX UHTErPAJIOB:

27 27
(1) /xsinxdx, (2) /Smxdaj
x
0 0

2. Kaxkoit u3 naTerpaJjon 0OJIbIIIe:
1

1
(1) /e_x dr nn /6_5"'2 dx?
0

0

27

s
2 2
(2) /e_w cos? x dx min /e_x cos? x dx?
0 ™

3. [lonb3ysichk 1IepBOil TEOPEMOit O CpeTHEM, OIEHUTH WHTETPAJIbI
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27 1

1
dx z? n
1 2 —d 3 rd
()/1+0.5cosx’ ()/\/1+x “ ()/e T n >
0

0 0
1.
4. Jloka3aTb paBEeHCTBA
1 /2
'x’I’L

(1) lim dx =0, (2) lim / sin” z dx = 0.

n— 400 +x n—-+o0o

0 0

5. Haiitu mpenesbr
/ d
x
1) lim | ————
0
rie a > 0, b > 0 u f wenpepbisHa Ha [0, 1].

be
d
@ tin [ @)%,

6. ITosb3ysich BTOPOIT TeopeMoil O cpeHeM, OIEHUTh WHTErPaJIbl

i

b
(1)/6 sinzdr, «a>0,0<a<b,

b
(2) /sinx2dac, 0<a<b.

8.15. OcraHoBUMCsI Ha JABYX T€OMETPUYECKUX MTPUJIOKEHUSIX OIIPeIe-
JIEHHOT'O MHTErpaJjia — HaXOXKJIEHUU TLIOMAJIell IockuxX (bUryp u JijInH
IJIOCKUX WJIA TIPOCTPAHCTBEHHBIX KPUBBIX.

[Mycrs f(z), g(x) — naBe dyurumu, onpejaenennse Ha [a,b|, Takue,
aro f(x) < g(z), z € [a,b]. Torga mwiomans S KpuBOIMHEHOI Tpanenun,
OrPaHUYIEHHON CJIEBA U CIIPABA IPSIMBIMA & = @, & = b, & CHU3Y U CBEPXY —
rpacdukamu dyuknuii f(x), g(x) coorBercrBenno, paBHa

5 - / (9(2) - f(2)) da. (8.16)

Pacemorpum gBe dyukimm x = ¢(t), y = (), 3aJannble Ha MIpO-
MexyTke [a, 5] C R u Takue, 910 B KaxKJIOil TOYKE TOrO MPOMEXKYTKA
UX IMPOM3BOJIHbIE He OOpAIAITCA B HYJIb OfHOBpeMeHHO. Ompejelse-
Moe stumu pyHKnusimu orobpaxkenne P(t) = (p(t),9(t)) orpeska |a, []
B ILUIOCKOCTb R? HazbIBaIOT 24a0kum (NapamempusosanmvLm) nymem Ha
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naockocmu R2. Eciu orobpaxkenne (1) B3aUMHO OJHO3HAYHO Ha HHTED-
BaJie («, ), OyJeM TOBOPUTH O HEM KaK O (npocmotl napamempu3osanmo)
enadkotll kpusot ua mirockoctu. O6pas I' = {(p(t),¥(t)) : t € |a, B]} o1-
pe3ka |«, §] mpu orobpazkennn ¢ HazbIBAIOT HOCuMesem TTyTH (KPUBOIL).

Jmna [ ompenenseMoro (yHKIAAMEA , 1) TJIAJKOTO MYTU MOXKET
OBITHL HafiJleHa TT0 POPMYJIe

B
|- / JEOP T WO dt. (8.17)

Ecmu nobaButh K AByM (QYHKIHUAM @, 1) €Ie OJHy, T. €. PacCMOT-
pers dyukimu r = ¢(t), y = ¥(t), z = n(t) c coxpaHeHreM HaJIAraeMbIX
ycsoBuii, To mosryaenHoe orobpazkenue O (t) = (o(t), ¥ (t),n(t)) HazpiBatoT
myreM (KpuBOii) 6 npocmparcmee R3, nymHa B 3TOM cIydae HAXOIUTCH
1o popmyJie

8
l—/\/(ﬂfi’(t))2 +(y'(1)% + (2(¢))* dt. (8.18)

Ecnn xpuBast Ha IJIOCKOCTH 3a7aeTcsd Kak IrpaduK ABHO 3aJaHHON (DyHK-
i y = f(x), © € [a, b, To ee puHA MOXKeT OBITH HaiijieHa 10 (popMyJIe

- / VT (@) da. (8.19)

8.16. 3amaum.

1. Haiitu momaau uryp, orpaHnYeHHbIX KPUBBIMHE, 33 JAHHBIMUA B
JEeKapTOBBIX KOOPJAWHATAX:

(1) az = 42, ay = 22, a > 0, (2) y =sin’z, y = rsinz, 0 <z < 7,
(3) y = arctg/z, y + 22 =0, x = 1,
(4) y = arcsinz, y = arccosz, y = 0.

2. HaiiTn JiMHbI KPUBBIX:

(1) = = 8at3, y = 3a(2t* — ), y > 0,

(2) x =sin*t, y = cos?t, 0 <t < 7/2,

(83) x = acost, y = asint, z = bt, 0 < t < ¢,

(4) z —et,y —e7t, 2 =2t 0<t <t.

8.17. Ilosoxkenne Toukm (x,y) HA KOOPJAMHATHON IJIOCKOCTH MOXKET
OBITH [IOJIHOCTHIO OIPEJIETIEHO HE TOJIBKO €€ JEKAPTOBBIMU KOO IMHATAMHU,
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T. €. 3HAYEHUSIMHU X U Y, HO U APYTUMU YUCJIOBBIMU XapaKTePUCTUKAMU.
B kadecTBe TaKnX XapaKTEPUCTUK MOXKHO B3Tbhb, HAIIPUMEP, YTOJ ©, HA
KOTOPBINA HA/I0 CMECTUTHCA OTHOCUTEIHHO MOJIOKUTETHHOT'O HallpaBJIeHUs
ocu abcIuce, 9To0bI IIONMACTh B JIAHHYIO TOYKY, U PACCTOSHUE T OT HadajIa
KOOP/IMHAT JIO JTAHHOU TOYKMW. B TakoM ciydae JeKapTOBBLI KOOPIMHATHI
MOYKHO BBIPA3UTh YEPES T, ¥ TaK:

T =TCcosy, Y =rsinp.

Benuaunb 7, 0 B yKa3aHHOM KOHTEKCTE HA3BIBAIOT NOAAPHBMU KOOPOUH-
mamu ToIKu (X, ).

Ecnn 3agana 3aBucumocts 7 = (), tae 7(p) — muddepernupyemast
dyHKIUsS apryMeHTa ©, TO 3TUM 3aJaeTCsi HEKOTOpas KPUBasi B IMOJIAP-
HBIX KOODJIMHATAX Ha JIEKAPTOBON IIJIOCKOCTH, M MOXKHO JIMOO HAXOIUTh
wiomaau Guryp, B GopMUpPOBaHUM KOTOPBIX YIaCTBYET JIaHHAS KPUBas,
JIMOO WCKATh ee JINHY. Y KaxKeM (GOpPMYJbl It 000MX yKa3aHHBIX BO3-
moxkuaOcTeit. [lmomans S durypsl, orpanudernoit Kpusoit r = r(p) u
JIBYMSI JIydaMu @ = a, ¢ = 3, a < 3, HaxoauTcs 1o popmysie

B

S = %/72((,0) dop, (8.20)

(e

a mmHa | mytu r = 1(p), a < ¢ < [, — mo dopmyite

l—/\/r2 ()% de. (8.21)

8.18. 3amaumn.

1. Haittu maomaam puryp, orpaHUYeHHBIX KPUBBIMU, 33 ITaHHBIMH B
HOJIAPHBIX KOOPpAUHATAX:

(1) 72 = a® cos 2¢, (2) 7 = a(1l + cos p), (3) 7 = asin 3.

2. HaiiTu JiMHBI KPUBBIX, 3a/IaHHBIX B TIOJISIPHBIX KOOD/INHATAX:

(1) » = asingp, (2) 7 =a(l —cosy),

(8) r=a(l—siny), —71/2 < p < —7/6, (4) r = ap?, 0 < p < 4.

8.19. Oreernl. K m. 8.7. (1) 3; (2) Z; (3) 2; (4) ﬁ;

Km 89. 1. (1) 2 (2) §5 3) 72 (4) Qsﬁla; (5) 5 (6) o
(7) 4m; (8) 1; (9) %5 (10) 164 (11) %m‘g V2. (12) =2 (13) JIn3 - VL
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(14) =F; (15) 27 (J5 — 535): (16) & — 55 (17) 27v/2; (18) 2(e™ - 1).

2. Z.38. 352 7. (1) I, = % 5, ecm n = 2k; I, %, ecyn

n=2k+1; (2) Jo = In, om. (1); (3) ()" (5 — (14 + 2 -+ G,

K m 8.11. 1. (1) 0; (2) —sina?; (3) sinb?. 2. (1) 2zv1 + 2%,
(2) (sinxz — cosx) - cos(msin? ). 3. (1) 1; (2) 1—2; (3) 0.

K m. 8.14. 1. (1) —; (2) +. 2. (1) Bropoit; (2) nepssriit. 3. (1) &F +
A6 (0< 6 <1);(2) Memayﬁﬂl—lo; (3) Mexxay 1 — =5 u 1. 5. (1) 1;
(2) £(0)In 2. 6. (1) 26 (16] < 1); (2) & (1] <1).

K m 816. 1. (1) 25 (2) Z; (3) T — 2; (4) V2 — 1. 2. (1) 48q;
(2) 2(2v5 +1n(2 + V5)); (3) Va2 + b2to; (4) 2shty.

K m. 8.18. 1. (1) a% (2) 322 (3) T2, 2. (1) ma; (2) 8a; (3) 2a;

(4) Sa(5v/5 - 1) 2

§9. HecobcTBeHHBIT MHTErpaJl

9.1. I'oBopst B mpeabLayIeM naparpade 0d orpeieJieHHOM HHTerpaJie,
MBI pacCMaTpPHUBaJIM OrpaHUYeHHbIe (PYHKIINN, 33aHHbIEe Ha OTPaHIMICH-
HBIX 3aMKHYTBIX TPOMEXKYTKAX YHCJIOBOIN MPsIMOii (ec/iu XOTsi Obl OJIHO U3
9TUX YCJIOBUII HE BBIMOJHEHO, TO HHTEIPAJbHBIE CyMMbI HE MOTYT UMETh
npejiesia B yKa3zaHHOM B Hadaje §8 cmbicie). OHAKO MPU BBITOJTHEHUN
3aMEeHbI IIEPEMEHHON HaM JIOBOJUIOCH CTAJKUBATHCS C HEOOXOIMMOCTBIO
NHTEIPUPOBATH B CUTYAIIUSX, BBIXOIAIINX 38 PAMKHU yKa3aHHBIX OI'DaHU-
yeHuit (cM. 00 9TOM 3amedanue B 1. 8.4). 371eCh Mbl PACCMOTPUM TIOXO/T
K MHTEIPUPOBAHUIO B CJIydae, KOTIa 9TH OrPAHUYEHHUs] OTCYTCTBYIOT.

Paccmorpum dyukmuio f, 3amannyio Ha MHOKecTBe X C R, 1 mycTh
w — MpeesbHas TOYKa MHOXKeCTBa X. DByaeM roBopuTbh, UTO W SIBJIS-
eTcd 0coboti moukoli dia dynwrkuyuu f, eciim udbO w OGeckoHedHa, JIMOO f
HeorpaHUYeHHA B JIIOOOIT OKPECTHOCTU 9TON TOYKM.

[Iyctb X — 3T0 IpOMEKyTOK TaKO#, y KOTOPOTI'O IIPABBI KOHEIT CJTY-
KUT 0c0oboit Toukoit dyuknuu f, 1. e. X = [a,w), a € R. Ipeamonoxum,
1o st Jroboro b € (a,w) dyHKusa f uHTErpUpyeMa Ha IIPOMEKYTKe
la,b]. B s1oit curyarum 6yeM roBOPUTH, UTO PACCMATPUBAETCS HeCOO-

w

CMBEHHBIT UHMELPAN / f(x) dx or dysrnun f. Eciu cymecrByer KoHeu-

a
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b

HBIIA mpegen lim / f(x) dx, TO0 TOBOPAT, UTO HeCcOOCMBEHHBIT UHMELPAN
b—w

a
w

/ f(x)dx crodumcs, m mpu STOM MOJIATAIOT

a

w b

/f(x) dx = bh_r)r:}/f(:z:) dx. (9.1)
a a

Ecnu, B wactHocTu, f nmeer mepBoobpasnyio F', To paBencTBo (9.1) MOxK-

HO 3alliCaTh TaK:

w
/ f(@)dz — lim F(b) — F(a) 9.2)
b—w

a
Ecnn HecobcTBeHHBIN MHTErpaJj HE CXOIUTCsI, TO TOBOPST, YTO OH PacTo-
dumcas.

AHaJIOrMYHO MOXKHO OIIPEIEINTh CXOANMOCTH MHTErPaJja IO IIPOMe-
KYTKY (w,b|, B KOTOpOM 0CO0Oi1 TOUKOII SIBJISIETCS JIEBBIN KOHEII.

Ecimm dyHKIUST nMeeT HECKOJIBKO OCOOBIX TOYEK, TO HaJI0 BCIO 00-
JIACTh MHTEIPUPOBAHUs Pa30UTh HA MPOMEXKYTKHU TaK, YTOOBI Ha KaXKJIOM
U3 HUX JaHHad PYHKIHS UMeJIa OJIHYy 0co0yIo ToukKy. VHTerpaJ mo Bcemy
MHOXKECTBY B TaKOM CJIydae IIOHHMAaeTCd KaK CyMMa HHTErPaJjoB IO OT-
JeJIbHBIM IPOMEKYyTKaM. MBI B JajibHERIIeM Bce TeOPpEeTHUIEeCKIEe BOIIPOCHI
OyJieM OTHOCUTDH K CUTYaIIUH OHOU 0COOOI TOYKM, OOBITHO B ITPABOM KOH-
IIe TPOMEKYTKA.

OcHoBHOIT 3ajaveil Tpu U3yUYeHUH HECOOCTBEHHBIX HHTErpaJjioB Oy-
JIeT YCTAaHOBJIEHUE UX CXOJUMOCTH WA pacxomuMocTu. [lockosbKy cxomu-
MOCTb HECOOCTBEHHOI'O MHTErpaJjia — 3TO CyIeCTBOBAHNE KOHETHOTO IIpe-
Jiesia,

b

dbyukmm F(b) = / f(z)dx npu b — w, ISt BBIACHEHUST CXOAMMOCTH
a
MOKHO WCIIOJIb30BATh DPE3YJILTATHI, OTHOCAINNECS K TIPeeay (OyHKINN.
Onpako HepesaKo TPY/IHO, a WHOIJIA B KJIACCE SJIEMEHTAPHBIX (yHKINIi
HeBO3MOXKHO HaiiTu dyukimio F'(b). [oaromy 3amady nccaemoBanmst cxo-
JIIMOCTH HECOOCTBEHHOT'O MHTErpaJia MOYKHO cHOPMYIHNPOBATH TakK: Kak,
HCIIOJIb3YsT CBOHCTBA IIOJIBIHTEr PATHHON (DYHKIHH, YCTAHOBUTH, Oy1eT TaH-
HBIIT HeCOOCTBEHHBIH HHTerpaJs cxoauTbest nian Her! [lockoipKy Ham Ha-
710 OyzeT JejiaTh 3aKJII0UEHHsT O CXOJAUMOCTH HECOOCTBEHHOI'O MHTETrPAJIA,

117



T. €. II0 CYIIeCTBY O HAJUYUU IIPeJiesia epBoOOPa3HOii, OCHOBLIBAsICh Ha
CBOICTBaX COBCEM JIPYTOro OObEKTa — MOJBIHTEIrPAJIbHON (DYHKITUN, MBI
chopmyaupyeM U Oy/IeM UCIOJIb30BATh YTBEPKIEHUsI, Ha3bIBaeMble TPH-
3HAKaAMU CXOJUMOCTHU U HOCAIIHUE JOCTATOYHBIN XapaKTep — IPOBEPUB BbI-
MMOJIHEHWE UX YCJIOBUIT, MbI IOJIydaeM CXOJMMOCTb UJIN PACXOAUMOCTD JIaH-
HOI'O WHTerpaJjia (HO BMECTe ¢ TeM CXOJUMOCTDb He OyIeT rapaHTUPOBATH
BBITIOJTHEHUE YCJIOBUIT TOTO WJIM WHOTO MPU3HAKA).

9.2. ChHavajia copMyJIIpyeM OTHOCsIIeecs K OO0Ieil Teopuu Impe-
J1eja HeoOXOIMMOe M JOCTATOTIHOE YCJIOBHE CXOINMOCTH HEeCOOCTBEHHOIO
MHTEerpaJja, IpaBla, MUCIOJb3YyIollee He MOABIHTErpaJbHYI0 (DYHKIHIO, a
MHTErpaJ OT Hee.

Kpurepmnit Ko cxommmocTu HeCOOCTBEHHOro WHTErpaJa.
w

JI1st cxoauMocTH HeCOOCTBEHHOI'O HHTEIPAJIA, / f(x) dz HeobxOomIMO T JTO-

a
CTATOYHO, UTOOBI

b2
(Ve > 0)(3b € (a,w))(¥by € [b,w))(¥bs € [b,w)) / F(z)ds| <= (9.3)
b1

OTmMmeTuM, 9TO UCHOJb30BaHUe KpuTepus Komm 18 yCTaHOBJICHUs
CXOJIMMOCTH 3aTPYIHATEILHO U KaK IIPABUJIO He IpUMeHsieTcs. Bmecre ¢
TEeM €ro HepeIKO UCIOIL3YIOT s JOKA3ATE/ILCTBA PACXOIUMOCTH IIyTeM
IPOBEPKU OTpUIIaHUsS COOTHOIIeHus (9.3).

9.3. IlepBas rpymma Mpu3HaKOB OyJIeT OTHOCUTBHCS K TOMY CJIyYalo,
Korga pyHKIMs [ coxpaHsieT 3HAK B HEKOTOPOl OKPECTHOCTU TOYKH W.
Htst ompesieiennoctu Oyaem canrarh, aro f(x) > 0 gy x, 6JIU3KUX K W.

IIpusnak cpaBuenus. Ilycts ¢yukimun f,h TakoBbr, aro 0 <

h(z) < f(x) mrst © U3 HEKOTOpOIT OKpecTHOCTH TOYKH w. Torma eciu
w w

HHTErpaJi / f(x) dx cxomures, To maTErpas / h(x) dx raxxke cxomurces,

a a
w

w
a ecJ HHTerpaJl / h(x)dx pacxommurcs, TO HHTErpaJ / f(x)dx Toxe

a a
PaCXOIUATCS.

B ciyuae, eciin CymecTBYIOT TaKie HEHYJIEBBIE TTOJOXKUTEJIbHBIE 0
crostaabie C1, Co, uro Cf(x) < h(x) < Cyf(x) st x, 6au3knx K W,
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w

w
CXOTUMOCTH HHTETPAJIOB / f(x)dx u / h(x) dx ogHOBpeMeHHa, T. e. CXo-

a a
AUMOCTDb O/IHOI'O U3 HHUX PaBHOCHJ/IbHa CXOAHUMOCTHU IPYTOIro.

Sl
B gactaOCTH, ecotu cymiecTByeT HEHYI€BOH KOHEIHBIEH 1TpeaesT lim h—:v)’
r—w

TO U B 9TOM CJIydae CXOJUMOCTHb PacCMaTPUBAEMbIX HHTEI'PAJIOB OJHOBDE-
MEHHa.

Ucnomb30Banme Mpu3HAKOB cpaBHEHUsT 3(PPEKTUBHO, €C/IU UMeeTCs
HaboOp PYHKIHU, 1T KOTOPBIX U3BECTHA CXOJMMOCTDH UJIA PACXOTUMOCTD
HecOOCTBEHHBIX MHTErPaJjiOB OT HUX B JIAHHOI ocoboit Touke. Hawmboiree
IITIPOKO MCIIOJIb3YEMbIM IIPU CPABHEHHUU SIBJIsIETCs HA0OP (pYHKININ BUIA
%, ecom w = +oo, u GyHKImii Buga (w — x)%, ecom w € R. A umenHo,

—+o00

MHTETPAJT / x%dx, rne a > 0, cxomurcsa upu o < —1 ¥ pacxXoauTcs Ipu

a
a > —1. JIna konedHnoit ocoboit TOUYKN yTBEPXKJIEHNE TAKOBO: WHTETPaJI
w

/(w —x)%dr, a < w < 400, cxogUTCd TPU @ > —1 W PaCcXOAUTCs MpU

a
a < —1. Te xxe paKThl HEMHOI'O B JIPyroii (bopMe MOXKHO BBIPA3UTh TaK:
+o00

dx
AHTErpaJl / — 0 < a < +oo, cxonured nipu p > 1 1 pacxoauTcs IIpH
T

a
w

/ dx
p < 1, a mHTErpaJI

, 0 < w < +o0o, cxonuted ipu p < 1 u

(W — )P
a

pacxomuTcd mpu p > 1.

9.4. Ilpumepsl.
“+o0o

arctg x
1. Uccnemyem cxoImMOCTb UHTETPAJIa — dx. 3mech JiBe 0Co-
x

0
oble Toukn: 0 u +o00. M3yduMm cXoIuMOCTb HHTErpaJja OTAeJIbHO B KaXK IO

+oo a
arctg x arctg x
U3 HUX, T. €. CXOJIMMOCTb WHTErPAJIOB ———dru | ———dz, rze
x x
a 0

@ — HEKOTOPOE CTPOTO IOJIOKUTEIbHOE JUCJI0. [10CKOIBbKY
lim arctgz = 7/2,
T—-+00

nMeeM
arctgx w 1



—+o00
arctg x
pu T — +00 U CXOJMMOCTh Ha OECKOHEYHOCTU WHTErPAaJIa, / — dx
T
a
+oo
dx

PaABHOCUJIbHA CXOJIMMOCTHA WHTETPAJIA, —, KOTOpasl UMeeT MeCTO IIpu
T

a
a > 1. Hanee, arctgx ~ x ipu  — 0, mosToMy

arctg x 1

xro xa—l
a
arctg x
npu r — 0, 1 CXOAUMOCTH B HYyJIe UHTerpaJia — dx paBHOCHUIbHA
T

0
a

dx

——, a mocyenHuii cxogures mpu o — 1 < 1,
o

CXOOMMOCTH HHTEeIrpaJia /

0
T. e. mpu @ < 2. WTak, NCXOmHbIN nHTerpaa cxoaured npu 1 < a < 2.

—+o00
dx

———. 3Jech Takxe JiBe
P In? x

2. N3yunm cXoamMoCTh WHTerpaJia /

1
ocobble Toukm: 1 m +o0o. Pukcupyem mpousBoibHO a > 1. CHagaja
a

dx :
paccmorpum maTErpan | ————. llockonpky lim 2? =1, alnzx ~x —1
xPIn x z—1
1
nupu r — 1, To
1 1

itz (x —1)4

a

dx

pl—q PaBHOCHJIbHaA CXO-
ryFm°x

mpu x — 1, 3HAYUT, CXOJUMOCTH UHTeTrpaJja /

1
a

JAAMOCTHU UHTerpaJa / , & OH cxonuTesd pu g < 1.

(z — 1)

—+ 00

1

dx

o CoobpazkeHnsi IIpU UCCJIEI0-
xPIn?x

ObpartuMcst K UHTErpaJLy /

a
BaHUU €0 CXOAUMOCTHU TaKOBbI. I10CKOJIbKY Ha OECKOHEYHOCTH JIOTapudM
pacTeT MeJijIeHHee CTeeHHO#N (DYHKIUN, TO OCHOBHYIO POJIb B CXOJUMOCTHU

Oyer urparh noBejenne pyHkun 1/xP, Tak 94T0 0XKMITACTCS CXOIUMOCTH

120



upu p > 1 HezaBucumo oT ¢. Ecan xke p = 1, TO cXOAUMOCTb OyIeT olpe-
JIeJIAThCsS 3HaUYeHneM ¢, a nmpu p < 1 cKopee Bcero OyJeT pPacxoMMOCTh
CHOBa TIpH JIIOOOM q.

[IpoBenem moapobHoe obocHoBanme. Ilycts p > 1. BosbMmeMm kakoe-
6o « € (1,p) u moKazKeM, YTO MPU JOCTATOYHO JAJEKUX T BBIIOJTHEHO

HEPaBEHCTBO
1 1

— < )
xPIn?x  xo
JlelicTBUTEILHO, TIOCTIEIHEEe HEPABEHCTBO PABHOCUILHO TAKOMY:

In 9%

o b

B KoTOpoM p — o > (. Ho, KaK mu3BecTHO,

In?
lim —— =0 (9.4)

r—-+oo Y

pu Jrobom [ u jobom v > 0. B gactHOCTH,

In 7z
lim — =0,
r—+oo P&

o3TOMY Haiijercs Takoe A > 0, 4o

TP«
st Beex x> A. Hrak, Mbl HOJIYYWINA IPU JAJIEKUX X OLEHKY
1 < 1
PIn?x o
+o00
dx

¢ HeKOTOpPbIM o > 1. IlockoabKy mHTErpas / — CXOJIUTCsA, TO U WHTe-
x

a
+00

dx
rpaJ ———— cxonuTes (mpu JIIoboM q).
2P In? x

a
IIycts p = 1. Torma

+o00 +o00 +o00

/ de / dlnx / dy
rln?z In?2x ya’

a a Ina
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—+o00
dx

rzln?x

TakK 4TO MHTErpaJl / cxoJuTesd npu q¢ > 1 u pacxogured upu q < 1.

a
[Tycte Temepp p < 1. Bosbmem kakoe-ymmbo 5 € (p,1) u jgokazkem,
YTO TIPU JAJIEKUX T OYyJIeT BBITIOJTHEHO HEPABEHCTBO

1 < 1
x? " xPlnlx

In"7x ]
:(;,8 p <4
KOTOPOE BBIMTOJIHSAETCS It fajekux x upu 5 —p > 0, wm S > p (cm.

(9.4)). Cnenosaresibro, eciim p < 1, 10, B3sB [ Tak, at0 p < [ < 1, MOXK-
1

HeficTBUTEIHEHO, TIOC/IE/THEE HEPABEHCTBO PABHOCUIIHHO TAKOMY:

HO OIPAHUYUTH CHU3Y IIOJABIHTEIDAJIBHYIO (DYHKIIUIO TSR dyHKIIHIEH
P In" x

1

—5» MHTErpaj ot KOTOPOil HA OECKOHEYHOCTU PACXOIUTCS, TE€M CAMBIM U

T

MHTErpaJl OT UCXOJIHON (DYHKIIMU TAK>KE PACXOJIUTCS.

CobepeM BoeIMHO TIOJTyYeHHBIE pe3y/IbTaThl. VcciemyeMblit mHTEerpaut
CXOIUTCA B ocoboit Touke 1 npu ¢ < 1 u jr000M p, a Ha OECKOHEIHOCTU
cXoauTcd 1pu p > 1 u yrroboM ¢, a Takxke pu p = 1 u ¢ > 1, u pacxoaurcst
npu p < 1 u gobom q. OKOHUATETHHO, BECh MHTErPAJI CXOIUTCH, €CJIH
p > 1, u pacxonurcs, ecan p < 1.

9.5. 3amaumn. I/ICCJIG,HOBaTb CXO,ILI/IMOCTB MHTErPaJIOB:

Y Y Y e
(5) 703:?16%:1;, (6) / P In —d:z: (7) / gz, n >0,
oo /2

(8) /ln(i’—+x)dx’ (9)/81npjiosqx (10)/\/%’

0 0
o 1
Xz nr
(1) /gcp+ . <z>/
+o00

2 Inz dx
13 (e /7" —e "4z, (14 /—
( )/ i a9 [ 5
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9.6. Tenepb cHUMEM TIPEIIIOTIOKEHNIE O TOM, YTO IMOJIBIHTErPAJIbHAS
dyukmus f coxpaHgeT 3HAK BOIM3W 0CO0Oil TOUYKH w. B aTOM cirydae
JUIsT M3y YEHUsI CXOJUMOCTU HECOOCTBEHHOIO MHTErpasia UCIOIb3YIOT (J10-
cratounblie) npusnaku Abesst u Jlupuxie, KOTOpbIE MO3BOJISIOT CYIUThH O
CXOJMMOCTH B 0COOOIT TOUKe MHTErpaJia OT MPOU3BEICHUs ABYX (DYHKITUIA.

Teopema (npusuak Hupuxise). Ilycrs ¢ynkius @(r) MOHOTOHHA

BO3n Todkd w u lim p(x) = 0, a ¢pyakmusa g(x) nMeer orpaHHIEHHYTO
r—w
b

mepBoobpa3HyIo Ha |a,w), T. €. HHTErpaJb / g(x) dr orpammueHbl npu

a
w

b € |a,w). Toryma uarerpas /go(x)g(x) dx cxomurest (B TOUKe w).

a

Teopema (mpusnak AGess). Ilycrs ¢yarmnus ¢(r) MOHOTOHHA W
w

orpaHHYeHa Ha |a,w), a HHTerpaJ / g(z) dx cxomurest. Torma mHTErpaJs

a
w

/(p(:{;)g(:ﬁ) dx cxomurest (B ToUKe w).

a

[Tpumenenune oHOTO U3 CPOPMYIUPOBAHHBIX TPU3HAKOB HAUNHAETCSI
C TIpEJICTaBJIEHUS TIOIbIHTErPAJILHON (DYHKIINHU B BUJIE TIPOU3BEICHUS JBYX
dbysrnumit, npuyem TaKoro, 4To OnHA U3 (QPYHKINN MOHOTOHHA (BOIM3U
0CO0OI TOYKM), TIOCIE Yero 0 MOHOTOHHOM YacTH HAJI0 YCTAHOBUTDH JIMOO
CXOAMMOCTD €€ K HYJIIO U IIOMTU Ha JAJIbHEHUIIYIO IIPOBEPKY YCJIOBUMN IIPU-
3naka /lupuxje, mub0 OrpaHUYEHHOCTh W TOIJIA HAIEJUTHCS Ha IMPU3HAK
Abes.

Baxxro yumThiBaTh, uro npm3Haku Jupuxiae m Abess, XoTb u He
IIpeIyCMaTPUBAIOT OTPAHUYCHUN Ha 3HAK (DYHKIIMHU BOJIM3U 0COOO0IT TOUKH,
OOBIYHO HEJIOCTATOYHO d(HMOEKTUBHBI IIPU UCCJIE0BAHUN UHTEIPAJIOB OT
MTOJIOXKUTEJILHBIX PYHKIMA. JIs1 3HaKoIepeMeHHbIX (QYyHKIHI HanboJiee
3 OEKTUBHO TTPUMEHEHNEe TPU3HAKOB K TaKUM TpoussejeHusM o(x)g(x)
(Ha mpomexkyTKe [a, +00)), rje MYHKIWS § UMEET <OILyTHMbIE» MTPOMe-
JKYTKH COXpaHeHUsl 3HaKa. KC/m Ke JIIUHBI TAKUX ITPOMEYXKYTKOB CTpe-
MATCA K HYJIIO, II0JIE3HO 3aMEHOU IIepeMEeHHON NHTErPUPOBAHUS IIPUNATHA K
YKa3aHHOU CUTYalN.

Haxomnerr, obparum BHUMaHUe Ha TO, UTO pu3sHaku Jupuxie u Ades
JTAIOT TOJIBKO JIOCTATOYHBIE YCJIOBHUS CXOJMMOCTH (B TO BpeMsI KAK HEKOTO-
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pbleé BAPUAHTHI MPU3HAKA CDABHEHUS FapAHTUPYIOT PABHOCHJIBHOCTH CXO-
JIMMOCTH WHTEI'PAJIOB ).

9.7. T'oBopsT, 9TO HECOOCTBEHHBIN MHTErPAJI OT (PYHKIINHU [ CXOIUTCS

B 0CO0OIT TOUKE W abCOAOMHO, €CIIN CXOIUTCS MHTEerpal OT ee MOJILYJIs,
w

T. €. UHTerpas / |f(x)|dx. Econ unrerpasn cxoaurcs abCOMIOTHO, TO OH
a

U [IPOCTO CXOAUTCs, 0OpaTHOEe HeBepHO. Kcym mHTEerpas cXomuTes, HO He

abCOJTIOTHO, TO TOBOPAT, UTO OH CLOOUMCA YCAOSHO.

9.8. lIpumep. Hccaemyem abCOMIOTHYIO M YCJAOBHYIO CXOIUMOCTU
“+o00

MHTEerpaJa / 2P sin x? dx, paccmarpuBast p € R, ¢ > 0. VabiMu ciioBaMu,
1

OTBETUM Ha BOIIPOC: IPU KAKUX 3HAYEHUSX P, OH CXOIUTCS abDCOJIIOTHO,

a P KAKUX YCJOBHO.

HauaneMm co cxommMocTn camMoro nHTerpaJa, abCoIOTHYIO CXOAUMOCTh
n3yduM no3xke. [[ocKobKy HeT 3HAKOOIIPe e IEHHOCTH MTOABIHTEr PATHHOM
dyHKIIMHI, OyIeM OpueHTUpOBaThCs Ha npusHaku Abens u dupuxite. Mo-
HOTOHHAsI COCTABJISIONIAS B MOJILIHTEIPAJIBHON (PYHKITUN OYEBHUIHA — ITO
dyukmus zP. [IpucmorpeBIInch K MHOXKUTEITIO Sin x4, MOXKeM 3aMeTUTD,
9TO B cjIydYae ¢ # 1 JJWHBI yIACTKOB 3HAKOIIOCTOSIHCTBA dTOHN (DYHKIINH
IIPU yIAJEHUN & U3MEHAIOTCS, U YTOObI UCKJIIOUYNTH HETaTUBHOE BJIMSTHHE
sroro 3 dekra, caenaeMm 3ameHy x¢ = y, T. €. COBEPIINM IIOJCTAHOBKY
x = y'/4. Torna cXOAMMOCTH MCXOIHOTO MHTErPAJIa PABHOCH/IBHA CXOJIH-

—+00
MOCTH MHTerpaJia / y PO/t gin gy dy. OGosmaunm (p +1)/¢— 1 = «

1
—+o00

U U3y4YUM HHTErpaJl / y*sinydy. Pyaknmsa y“ MOHOTOHHA, a Siny

1
nMeeT OrPaHUYEHHYIO IIepBOOOPA3HYI0 — COSY, TaK UTO IIOCJIeIHUil WH-

TerpaJjl CXOJUTCS, €CJIn liIJqu y* = 0, uaro 6yner npu o < 0. Wrak, npu
y—+00
p+l
q

—1<0, 1 e opup—+ 1< q, uHTErpaJ CXOTUTCS.

[TockonbKy TpuMeHeHHBI 37ech Mpu3Hak Jlupuxiie He rapaHTupy-
eT pacxXoIUMOCTh Hpu 3HadeHusx « > (0, TpedyeTcss OTJIe/IbHO OKA3aTh,
9TO IPHU TAKUX (v MHTerpaJs pacxoaurcs. [[ys 3Toro Bocmoab3yemces: Kpu-
TepueM Kormu, corjiacHO KOTOPOMY Pacxo/IMMOCTh HAIIEro WHTerpaJia Ha
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0ECKOHEYHOCTU PAaBHOCHUJIbHA TOMY, UTO

(Je > 0)(Vb € |1, +00))(Fby € |b, +00))(Tbs € |b, +00)) /ya siny dy| > e.
b1

3HaYUT, HAJIO0 CyMeThb IPHU JIFOOOHW YyIaJeHHOCTH HAXOJIUTh TaKhe IIPOMe-
KyTKHE [by, bo|, MHTErpas Ha KOTOPBIX OILyTUMO OOJIbIION. IcHO, UTO Ta~
KAMHU yIaCTKAMU MOTYT OKa3aThCsl IPOMEXKYTKH, HA KOTOPBIX CUHYC TI0JIO-
JKUTEJIEH, T. €. B KadecTsBe by, by OGymeM 6parh Touku Buja 2nm, (2n + 1)7.
Torma BBUILY IOJIOKUTEIBHOCTHA (v TIOJIYINM

2n+1)7w 2n+1)7w
/ y*siny dy > / siny dy = 2,
2nm 2nm

1 B KadecTBe Tpedyemoro € > () MOXKHO B3STh JIFOOOE MEHbIIEe JIBYX UHC-
Jio, HanpuMmep, € = 1. Takum obpaszom, B3gB Jjoboe b > 1, mombepeMm n
Tak, 9To0bl 2nT > b, U, B3sgB by = 2nm, by = (2n + 1)m, mosyduum, 91O
bo +o00
/ y“sinydy > 1, ciaemoBaTesbHO, HHTEIPAJI / y*sinydy npu a > 0
by 1
pacxoauTcs. MTak, MCXOMHBIN MHTErpaJ CXOAUTca upu p + 1 < ¢, upwn
OCTAJIbHBIX 3HAYEHUSIX P, ( OH PACXOIUTCS.

Wccaepyem abCOIIOTHYIO CXOAUMOCTD, T. €. U3YYUM CXOJIMMOCTH HH-

“+o0

TerpaJa / y“|siny|dy. ockombky y¢ > y®|siny|, HaI uHTErpaJ COM-

1
Jercd nmpu « < —1, T. €. UCXOJHBIN MHTErpaJ CoieTcs abCOJIIOTHO IIPU

1 1
]i—l<—1,mmp+

q
KaK YCTAHOBJIEHO BBIIE€, MHTErPAJI PACXOIUTCs, TeM 0oJiee OH abCOJIIOT-

HO pacxogurcst). OpueHTHPYsiCh Ha TPUMEHEHWe MPU3HAKA CPABHEHWS,
JKeJIATEJIbHO ObLIO ObI OrpaHWYInTh CHU3Y DYHKIHWIO y<|siny| dyHkimei
Buja y*. OJHAKO 9TOTO CIIEJIATh HE YAACTCs (HyJIHM CHHYCa MEITaioT), 3Ha-
YUT, TPUIETCS JIJIS JOKA3aTEIbCTBA PACXOIUMOCTHU MPUYMbBIBATH YTO-TO
OTJIMYHOE OT HENOCPEJICTBEHHOI'O WCIIOJIb30BaHUS ITPU3HAKA CPABHEHUS.
3aMeTHM, UTO UMEeT MECTO OYeBHUIHOe HEPABEHCTBO | siny| > sin? y. Boc-
MIOJIL30BABIIUCH UM, TIOJIYYUM OIEHKY CHU3Y:

< 0. Iycrs Tenepp —1 < o < 0 (pu @ > 0,

ol —cos2y

« : [0 1 [0 (07
y*|siny| > y*sin®y =y 5 5" —yTeos2y),  (9.6)
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1 3afiMeMCd U3ydeHrueM CXOAUMOCTH MHTEIPAJIOB OT KaxKI0# n3 (pyHKIun
B mpaBoit yactu (9.6). Ilpu paccmarpuBaembix a € [—1,0) unTErpas

—+00

/yo‘ dy

1

PacxXoauTCd, a MHTEeIr'paJi
+o00

/ Yy~ cos 2y dy
1

CXOJINTCA coryiacHO pu3HakKy /lupuxiie. B urore maTerpast
+o00

/ (y* — y® cos 2y) dy

1

PacxXoguTCAd KaK PaSHOCTL PaCXOJAIIerocCd M CXOJAIIErocd HHTETr'pPpaJioB.
—+00

Tem caMbIM PaCcXOaUTCsT U WHTErpaJ / y“|siny| dy BBUmy omenku (9.6)

1
U IIPpU3HAKA CPABHEHUS.

oo
IToaBeemM UTOr BCceM HaIllIM UCCJIEJOBAHUSIM: UHTErPaJI / 2P sin x? dx
1

1 1
il < 0, ycaosuo npu 0 < pr- < 1 u pac-
q

CXOJIUTCS abCOJIIOTHO TP

+1

XOJIUTCS PN > 1.

9.9. B rtex ciayuasx, KOrja HEIOCTATOYHO SICHO, KAK IIPEJ/ICTABUTD
HOJBIHTETPAIHHYIO (DYHKIINIO B BUJIE TPOU3BEICHUS JIBYX (DYHKIWMA, U3
KOTOPBIX OJ[Ha, MOHOTOHHA, MOXKHO IOITPOOOBATH IPOBECTH HUCCJIEI0BA-
HUE CXOJMMOCTH Ha OCHOBE BBIJEJCHUsI TJIABHON YACTH TOBIHTErDAJIb-
Hoit pyukmuu. Ilpm 3TOM MOXKHO BOCIIOJIB30BATBHCS CJIEIYIONUM YTBEP-
xkiaeanem. Ecim nogpiaTerpaabHast GyHkus f(x) npeicraBuMa B BHIE
f(x) = g(x) + R(x), rae uarerpasa or R(x) abcoIIOTHO CXOAUTCS, TO HHTE-
rpaJbl oT pyuknuii f(x) u g(x) oqHOBpEeMeHHO JHO0 A6COTIOTHO CXOISTCA,
JIHOO YCJIOBHO CXOJSITCS, JTHOO PACXOJSITCSI.

9.10. IIpumep. Hccieayem abCOMIOTHYIO U YCJIOBHYIO CXOIUMOCTU

nHTEerpaJia
+00
S1n x

—— X dx.
VI — sinx
1
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[Ipeobpasyem mogbIHTErPAIbHYIO (DYHKIINIO, BOCIIOIF30BABIINCH Pa3-

JIozKeHueM 110 popmysae Teitmopa pyHKIIN II0 CTEIIeHsIM t JI0 TAKOTO

1—1t
IOPAIKA, IYTOOBI MOJYYUTh JOCTATOYHO OBICTPO CXOJSIIYIOCSI K HYJIIO CO-
sin &

NG

CTaBJISIIONLY O (371eCh B KadecTBe ¢ Oy/eT BbICTYIATb BeJIUIMHA npu

r — +00):

sin sin x 1

Ve —sinx  /x 1 — =0
sin & 1+sinac+sin2x+ 1 sinx+sin2x+0 1
VT VT x x NGT x x3/2

. 1
3a cdeTr J0CTaTOIHO OBICTPON CXOAMMOCTH K HyI0 dyHKIma O —yr)
x

abCOTIOTHO WHTErpupyeMa Ha OECKOHETHOCTH (110 MPU3HAKY CPABHEHNS ),
TaK 4TO CXOAMMOCTDH MCXOJHOI'O MHTErpaJia PAaBHOCHJIbBHA CXOIMMOCTH HH-
TerpaJa

+00 5
/ sinx L sin“ x p
x.
N x
1

DTOT UHTErPaJI PACXOIUTCs, IIOCKOJIBKY MHTEIPAJI

+o00
S1in x

d
N
1

CXOJIUTCA O Mpu3HaKy Jlupuxie, a mHTErpaJ

—+o00

sin® x
—dx
T

1

pacxogurcst (cm. mpumep 9.8). B wmrore MbI HOIYYMIN PACXOIUMOCTH
HUCXOJIHOT'O MHTErpaJia.

9.11. 3agayu. VccienoBaTh aOCOTIOTHYIO U YCIOBHYIO CXOIUMOCTH
CJIETYIONNX MHTErPaJIoB:

+oo +0o0 +o0
(1) / i dr, (2) / Y eoss dr, (3) / sin z? du,
0 0 0

T x + 10
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400 “+o00 “+o00

(4) / veosatdr,  (5) / 22 cos(e®) dz,  (6) / sin(22 + 2) da,

0 0 0
+o0o Do oo \/—
T Ssma COS+/T
7 —d > 8 d
M [ =0 ®) [,

2
. d +m
Slnx) L sinz)/x
xr xXr

.
(9) / sin<

+o0o +o0
o2
(11) /arctg%dm, (12) /\/Eln (1_im_x1> dzx.
1 2

9.12. OtrBernl. K 1. 9.5. (1) Cxomurcst; (2) pacxomurest; (3) cxo-
murest; (4) pacxomurest; (5) cxomurest pu p > 0; (6) cxomures, ecom
p>—1ugq>—1; (7) cxomurest, ecou m > —1, n—m > 1; (8) cxo-
qurest ipu 1 < n < 2; (9) exonurest, ecu p < 1, ¢ < 1; (10) cxopurest pu
n > —1; (11) cxomures, ecnm min(p, ¢) < 1, max(p, q) > 1; (12) cxomures;
(13) cxomurest; (14) cxomurest.

K 1. 9.11. (1) Cxomurcst ycstoBHO; (2) CXOAUTCST YCIOBHO; (3) CXOTUT-
cst ycaioBHO; (4) cxopurest yeaoBHo; (5) cxomurest yeyoBHO; (6) cxoaurcst
ycaoBHO; (7) cxomuTcest abCOIIOTHO, ecau p > —2, ¢ > p + 1; cxomurcst
YCIOBHO, ecmu p > —2, p < q¢ < p -+ 1; (8) cxomurcsi abCOIOTHO TIpU

1

a > 1; yenosno npu 5 < a < 1; (9) cxomurca ycnosno; (10) cxomurcs

ycioBHO; (11) cxomures yenoBrO; (12) cxoauTest yCIOBHO.

§10. YucisoBbie psaabl

10.1. IlycTp mama duciaoBas MOCJIEI0BATEILHOCTD Xy,. KCaW 3Ty T0-
CJIETOBATETLHOCTh PACCMATPUBAIOT C TOYKU 3PEHUs] HAXOXKJIECHUS «CyM-

MBI» BCEX €€ YJEHOB, TO TOBOPST, UTO PACCMATPUBAIOT “UCA0B0U PAJ
(oo

E ZTp, & YWIEHBI IIOCJIEI0BATEJIbLHOCTH X, HA3BIBAIOT IIPU ITOM 00ULUM
n=1

YNEHOM JAHHOI'O PAda.
n oo

Cymmebr S,, = E X} HA3BIBAIOT YACMUYHOMU CYMMAMU PAOG E Tn-
k=1 n=1
Ecnu cymecTtByer KoHedHbI mpenea lim S, mociemsoBaTebHOCTA dYa-

n—oo
CTUYHBIX CYMM, €I0 Ha3bIBAIOT CYMMOU daHH020 pada m 0003HATAIOT, KAK
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(o]

U psJl, CAMBOJIOM E . O caMOM psijie TOBOPAT IIPU 9TOM, ITO OH CXO-

n=1
dumca. Ecam p4a HE CXOOUTCA, TO €0 Ha3bIBAIOT pacxodﬁw,umc,ﬂ.

,ZLHH AO0Ka3aTeJIbCTBa PAaCXOJMMOCTH PAJa MOXKET OKa3aTbCA II0JIE3-
HbIM HGO6XO,ILI/IMI)II71 IIpU3HaK CXOIUMOCTU

YrBepxkaeHue 1 (HeoOXOIUMbIH TPU3HAK CXOMMOCTH psijia). Ecau
PSLT CXOIUTCS, TO IpeJesI ero oOIero 4ieHa paBeH HyJIIo.

BazxHo nmoMHUTB, 9TO 0OpaTHOE HEBEPHO.
YrBepxkaenue 2 (kpurepuii Kormm cxomumoctn psina). Jlis cxomu-
o0

MOCTH P14 g X, HEOOXOIUMO H JOCTATOYIHO CJIEIYIOIIEE CBOHCTBO:

n=1
n-+p

(Ve > 0) (3ng) (Yn > ngVp > 0) Z x| < €. (10.1)
k=n

10.2. Oo6parmasich K 9UCJIOBOMY PsiIy, OOBITHO CTABSIT BOIIPOC O €T0
CXOIMMOCTH. 3JIeCh aHAJIOTMYHO HECOOCTBEHHOMY HHTErPAJIy BO3HUKAET
cUTyalldsi, B KOTOPOU KeJlaTeJIbHO CJeJIaTh 3aKJIUYeHUe O CXOIUMOCTU
KaKOI-TO MTOCJIEIOBATEIBHOCTH (YACTHIHBIX CYMM) Ha OCHOBe MH(DOPMAa-
UK O JIPYTOii mocieioBare/ibHocTr (001ero wiena). Ilosromy st uccie-
JIOBAHUSI CXOAUMOCTHU PsIIOB (DOPMYIUPYIOT CIleuaIibHbIE YTBEPKIEHNUSI,
Ha3bIBaeMble IIPU3HAKAMU CXOJIUMOCTH.

CuadgaJjia KOPOTKO OITHINIEM IIepevueHb BOIIPOCOB, COIPOBOXKIAIONINX
M3yYeHNe CXOANUMOCTHU Psijia, a II0OTOM COOOIIUM COJepPrKaHNIe COOTBETCTBY-
IOIUX ITPU3HAKOB.

B nepByio ouepesib CMOTPUM, CXOAUTCs JIM K HYJIIO OOIUI UJIeH JTaH-
HOT'O Psijia, U €CJIU HET, TO PsiJi PACXOAUTCs, €CJU JIa, TO MbI IIPOJIOIKAEM
HCCJIeJIOBAHUE Psijia.

3aTeM KOHCTaTHUPYyeM, 3HAKOIIOCTOSTHEH JI OOl UJIeH PAa, U €CJIN
na, To obpalraeMcd K IIPU3HAKaAM CPaBHEHHsI MJIM OCHOBAHHBIM Ha, HIX
npu3nakam Jlamambepa, Ko, Paabe, ['aycca nian nzyyaem acuMOTOTUKY
o0IIlero 4jeHa psjia ¢ IeJIbI0 BO3MOXKHOTO CPAaBHEHUsI C OOIIUM YJIEHOM
cxodiierocs psjaa. Ecym oOmuit 4iieH psjga MeHgeT 3HaK, TO CMOTPUM Ha
BO3MOXKHOCTH IIpUMeHeHnsI K HeMy npusHakoB wpuxise u AbGesns. s
JIOKa3aTeIbCTBA, PACXOAMMOCTA MOYXKHO HMCIIOJIB30BaTh Kpurepuit Korrmn.

10.3. Hanmomuaum (popMyJIHMPOBKU ITPU3HAKOB CXOJIMMOCTH 3HAKOTIO-
CTOSIHHBIX PsIIO0B.
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YrBepxkaenue 1 (npusHak cpaBHenusi). Paccmorpum gBa psina

oo oo
Y xpH Y Yp € DOJOKHUTETbHBIM daieHaMu. IIpenmonoxkum, 910 T, < Yy,
n=1 n=1
oo
110 KpaliHeil Mepe JJIsI BceX JajleKux HoMepoB n. Torna ecjm psig Z Un
~ o~ n=1
CXOIUTCSI, TO U PSIJT Y, Ty, TAKXKE CXOIHUTCS, & €CJIH PSLT Y | Ty PACXOIUT-
n=1 n=1
o0
Cst, TO M DSIT Y Yy, PACXOJUTCSL.
n=1

.
Ecan cymectsyer npeaen lim = = K w0 < K < 00, To cxoqu-

n—oo yn
oo oo
MOCTB DsIIa Y, &y, PABHOCHJIbHA CXOAUMOCTH Dsijfia » . Yn. Tak Oyzaer, B

YACTHOCTH, €CJIH Ty ~ Yp, T. €. €CJIH Ty = Ypn + 0(Yy) IpH N — 0.

Ha cpaBHeHuu ¢ reoMeTpuveckoil mporpeccueil (ObICTPO CXOSIIIUMCS
psioM) ocHoBaHbI npusHaku Jamambepa u Korm.

YrBepxkaenue 2 (npusnax Jasambepa). Ilpeamonoxum, aro x, > 0,
Tn+1

n € N, u cymecrByer lim

n—oo Iy
cxonurcs, ecan d > 1, To pacxoaurcsi, ecou ke d = 1, To npu3HaK He JaeT
HHpOPMAITHH O CXOJUMOCTH DSIIA.

O
= d. Torpma eciu d < 1, 10 psiyt > Ty
n—=1

YrBepxkaenue 3 (npusuak Komm). Ilpemmnonoxnm, aro x,, > 0,

o0
n € N, u cymecrByer lim {/z, = c. Torma ecam ¢ < 1, 1o psig > xy,
n—0o0 n=1

CXOJTATCSI, €CJIU ¢ > 1, TO pacxoanuTcs, ecJim ke ¢ = 1, To npu3HaK He JlaeT
HHGOPMAITIH O CXOAUMOCTH DsIIA.

Bosee ToHKMMU ABISIOTCA TpU3HAKH, OCHOBAHHBIE HA CPABHEHUU C
pAIamMu

i nia (10.2)
n—=1

Hamomuanm, aro psix (10.2) cxomurest mpu v > 1 u pacxogurest mpu v < 1.

o0
1 1
Tem caMbIM ecom 11 psaja, E Xy, MBI HAILIA, 9TO T, = — + 0| — |,
n« n«
n=1
TO TIpU « > 1 HaAII psj coijieTcs, a npu o < 1 pazoiijgeTrcs.

YrBepxkaenue 4 (npusaak Paabe). I[Ipemgmooxkum, 9T0 s psija
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[e.e)
Z Tn, Tn, > 0, cymecTByeT npemueit

n=1

Torna ecom p > 1, TO HCXOMHBII PsTT CXOIUTCS, ecau p < 1, To pacxoaurcs,
ecsin XKe p = 1, To npusHaK He JaeT HHPOPMAIHU O CXOJHUMOCTH DsJIa.

YrBepxkaenue 5 (npusnak laycca). Ecom x, >0, n € N,

Ty B M
—-a-+-;:+-n;+7,

Ln+1

rae |vn| < ¢, v >0, To

o0
(a) mpu o > 1 psin Z Ty CXOIUTCS, IPU ¢« < 1 pacxomurcs;
n=1
(b) mpu « = 1 maHHBIH psisp cxoquTest B ciaydae, ecan 3 > 1, u pacxo-
JIATCsT B ciaydae, ecan [ < 1.

10.4. IIpumep 1. Uccremyem cXOIMMOCTH Psijia

= nle”

> e (10.3)
n=1

BOCIIOJIb30BABIINCH PA3HBIMU IIPU3HAKAMU U IIPOCJIEIUB, KaK 3T IIPU3HA-

KI IPUMEHSIFOTCS U CPabaThIBAIOT.

Hauarem ¢ mHeobxommmoro npusHaka. IlockoabKy 31ech HEOUEBUIHO,
CXOIAUTCS JIN K HYJIFO OOIIUil “JIeH Psijia, MOXKHO OTKA3aThCs OT IIPUMEHe-
HHsI HeOOXOIUMOTO IPU3HAKA U IIePeiiTH K IIPUMEHEHUIO APYTUX IIPU3HaA-
KOB.

Ob6parumca k npusHaky Jlamambepa. st 9TOr0 cocraBuM OTHOIIIE-
HHe

Tpi1  (n+1D)lenTinnte en™ P e n \" .
n—oo

T,  (n+1)ntlieplen  (n 4+ 1)ntp a (I1+1/n)» \n+1

Tak 4To nmpusHak Jlamambepa nHGOPMAIUA O CXOIUMOCTH HE JIAET.
[Tpubernem k npusnaky [aycca. CocraBum

n Lynte
pn—n<x _1>—n<%—1>
Tnt1 en"™rp
1 1\" 1\?

—nle 1+ — 1+ — —1
n n
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nosjaraeM r = 1/n

1 1 n(l+t+x
— etV )P —1) = —(e LT L a)P — 1)
x x
1 ac—acz 2 oac2
= —(6_16%(1 + pz + o(z)) — 1)
x
1 o
= 5(6_5“’(‘%)(1 +pz +o(z)) — 1)
1 x
= ((1 ~3 +0(:c)) (1+px+o(x)) — 1)
1 1 1
~—~ (1 _ = 1) =p-Z 101
:1;( +(p 2)x+0(aj) ) p 2+0( )
OTKY/Ia
li L
im p, =p— =,
n_)()op p 9

3
TaK YTO UCXOJAHBIN PsIJl CXOIUTCS IIPU P — 5 > 1, 1. e. mpu p > > U pac-

xojuTes pu p < —. g 3Hadenus p = — npusHak Paabe madopmaim
O CXOJMMOCTHU HE Jaer. 2

Uccnemyem Tenepb CXOIUMOCTD 3TOT'O PsiJia, UCIIOJIB3Ys aCUMIITOTUKY
ero obmero 4jena. [ljst aToro Bocrnosibayemcs (popmystoit Ctupsunra,

n! = 27Tn<ﬁ> e%, 0<6<1.

e
Nnmeem
0
nle™ (27r)1/2n1/2n”e” e e 12n V2
— e 12n — \/27‘(‘ ~Y ,
nntp ennntp np—1/2 np—1/2
1

TaK YTO MCXOJHBIA PA, KaK U Psij ¢ OOIMUM YJIEHOM

3
npu p > 3 U PaCXOaUTCd 1Ipu p < 3

MpbI MoJIyYm/in MCcYepIbIBAIONIYI0 WHPOPMAIIUIO O TeX P, MPU KOTO-
PBIX PAA CXOAUTCH, IpaBa, IIPU 3TOM HaM IIPUIIJIOCH BOCIIOJIbH30BATHCA
ACUMIITOTHIECKON popMyJIoit s n!.

p—1/2 , CXOJIUTCA
np—

[TonpobOyeMm mprMeHUTH K MCCJIEIOBAHUIO CXOJIMMOCTH Mpu3Hak [ayc-

ca. ,HJIH 9TOI'0O COCTaBHUM OTHOIIICHIE u I1p1 aHaJinu3€e €ro aCuMIITOTH-

Ln+1
KM BOCITOJIb3YeMCsl TPOMEXKYTOYHBIMU BBIKJIAJIKAMHU, TPOJIETaHHBIMH ITPU
1
HCIIOJIb30BaHUM Ipu3Haka Paabe. [lenasi, kak u BbIllle, 3aMeHy * = —,
n
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IIpoBE€JEM BBIYMUCJICHMA:

Ty, (n+ 1)
Tpi1 — enntP
_ e—lex—x2/2+w3/3+o(:ﬁ3) (1 +opx p(p; 1)332 —|—0(£C2)
2 2 -1
= <1—g+% +% +0(m2)> <1+px+p<pT)x2+o(:c2))
INT v,
—1 _ )z
i ( 2) nn2
riae B KO3(@UITUEHT 7, BOILIO BCE, YTO cOOPAJIOCH IIPU JPOOU — B IIPO-

2
n
recce mpuBegeHuss MOAO00OHBIX 4ieHOB. Ilo mpusnaky [aycca psa Oymer

CXOJINTHCH, €CJaU P — 3 > 1, u pacxouThCs, €CJIN P — D) <1.

IIpumep 2. Vccrienyem cxomuMOCTh pdaa
o a n3
Z (cos —> :
n=1 n

fcHo, 9TO TMpeaesT ero o0Iero YjeHa paBeH HYJII0, TaAK YTO HAYHEM ITpUMe-
HeHIe KaKoro-jIn0o IIpu3Haka. BejmdnHa moka3aTe sl CTEeIeHN I0ICKa3bI-
BaET, UTO JIJIsl HadaJia CTOUT oOpaTUThes K npusHaky Komm. PaccmMorpum

2
.o a\"’ . a\"
lim CcoS — — lim (cos —
n—oo n n— o0 n

2 _a? 1 . 2 a2 L _a”
— lim en In(1 22 +o( 3 ) — lim en 22 +o( ) ) —e 2 <1
n— 00 n— 00

pu JII000M a # 0, TaK YTO PsiJi CXOAUTCs TpH Jirobom a # 0.

IIpumep 3. Hccnemyem cxoamMoCTh psijia

0. @]

1
D

n—2

fAcHo, uTO TIpesiesr oOIEro WjaeHa 3TOro psija paBeH HyJo. lcciemyem
ACUMIITOTUKY OOIIETO YjIeHa:

1+k/Inn
L (1 (b E )l ik ok
mltk/Inn — \ o =€ — € —€
ni+ n

U PsIJT PACXOIUTCs, KAKOBO ObI HU OBLIO k
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10.5. Bagaum. lcciemoBaTh CXOMUMOCTD CJIEAYIOMINX PsIIOB:
o0 o0
1 n!
1 —, 2 —,
O 2 @ 2w
o0 n+1/n

n = 1
(3) Zm7 (4) Z(L/l_’

n=1 n

(5) Z(\/m DA 1 (6) Z—sm—
0 ST (1)),
inze_*/ﬁ, (10) ie_%,

;‘ (12) Zeifﬁﬁis,

sml)’

> Inn
nmw n
_ 14 E -
( 4n—2 Sm2n—|—1>7 (14) (Inn)n’

bl/n + Cl/n
Y 7b7 > 07 16 Y
o (OIEE DIV

> (s <smn%))’ o 2n(5E)

n!n—P
qlg+1)...(qg+n)

(20) Z a—(blnnJrcan n), a> 0.

n=1

(9)

(11)

(13)

(15)

(17)

(19)

, q >0,

8iM8M8M8|M8M8i

10.6. PaccmoTpuM Terepb psabl, Y KOTOPBIX OOIMUIT YJIEeH MOXKET
OBITH 3HAKOIEPEMEHHBIM. /JIJI1s1 mccieIoBaHus CXOAUMOCTHA TAaKUX PsiJIOB
IpUMeHAIOT hopMyTupyembie HuKe nipusHaku Jupuxie, Abesist nin qact-
HBII ciryuait pusHaka JInpuxiae — npusnak Jleitonuma. Kpome mnccieno-
BaHUs MPOCTOI CXOAMMOCTHU, 3HAKOIIEDEMEHHbBIE PSIJIbl UCCJIEIYIOT TaKKe

o

Ha abCOJTIOTHYIO CXOJIMMOCTh. Pt g T, HA3BIBAIOT AOCOANMHO CLOOA-

n—1
o0
WUMCA, €CJIN CXOAUTCA DAL E |£En| Eciu PAL a6COJIIOTHO CXOOUTCA, TO
n—=1

OH cxojiuTcd. B ToM ciydae, KOrjia psiji CXOAUTCs, HO He aOCOJIFOTHO, €T0
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Ha3bIBAIOT YCA0B8HO crodawumca. as nccaemoBanmst abDCOTIOTHON CXO/THU-
MOCTH IIPUMEHSIOT, Pa3yMeeTCsl, TPU3HAKU, ITPUCTIOCOOIEHHBIE JIJIsT U3y e~
HUSI CXOJIMMOCTH 3HAKOIIOCTOAHHBIX PsJIOB. PacXoamMocTh psijia WHOTIA
MOKHO YCTAHOBUTH C TTOMOIIbIO KpuTepus Kormm.

YrBepxkaenue 1 (nmpusnaku Abens u Jupuxie). Paccmorpum dmc-
JIOBBI€ IIOCJI€I0BATECILHOCTH Uy, by, U IPEIIIOJIOKHAM, 9TO IHOCIEL0BATEIb-
HOCTbH Q,, MOHOTOHHA.

JomycTuM, 9TO BBIIOJIHEHBI YCJIOBHS KAKOIO-JIHUOO HU3 CJICHYIOIIAX
ITyHKTOB:

() mmeer mMecTo cxoqUMOCTH G, — 0 mpH N — 00, a YaCTHIHBIE
o

cyMmMmbl Y . b, psina, cocraB/ieHHOro u3 b,, OrpaHUYEHbI, T. €. CYIECTBYET
n=1
rnocrostuHast C' > 0 Takasi, 9TO

k=1

1pu Bcex n € N;
() mocsenoBaTesbHOCTD G, OrpaHHYEHA, T. €. CYIIECTBYET TaKasl

(0.@)
mocrosiarast K > 0, uro |a,| < K npu Bcexn € N, a pstgr > b, cxoqurcsi.
n=1

Torma psig

o0
E an by
n=1

CXOJTUTCSI.
[Tpu BbITIOTHEHNN YCI0BUS () TOBOPST O npushake Jupux.ae, a yciao-
Bust (8) — o npusnake Abens.

YrBepxkaenue 2 (npusnak Jleitbuuna). Ecuam x, — MOHOTOHHAS
CXOJIAIASICS K HYJTIO MOCIE[OBATEIBHOCTD, TO 3HAKOUEPEIYIOUUTCA PAD

oo
> (="
n=1
CXOIUTCH.
sin nx
10.7. IIpumep 1. Hccrnemyem cxoamMoCTh psjia Z —
n

n=1
SameTum, 9T0 ecan r = km, To sinx = (0, 1 HalI psij HYJIEBOI, Tak

ITO CXOIUTCH, Jlaxke abCOIOTHO. BymeMm paccMarpuBaTh Temepb & 7 k.
Ecim 6b1 oOmuii 4jieH psijia CXOJUJICA K HYJIO JOCTaATOYHO OBICTPO,
MO>KHO OBLIO OBbI, BOCIIOJIb30BaBIIKUCH IIPU3HAKOM CpPaBHEHUS, JTOKa3aTh
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abCOTIOTHYIO CXOJIMMOCTBH W TE€M CaAMBbIM CXOJIMMOCTBH JIaHHOTO psiga. -
HaKO 3/1eCh OO “WJIeH PsAga CXOJUTCS K HYIIO JIOBOJBHO MeJIEHHO, TaK
YTO IpU3HaK cpaBHEHUS He cpadoTaeT. [loaTomy obpaTnMcs K mpu3HaKaM,
HIPUCIIOCOOJIEHHBIM JIJIsl KCCJIEJIOBAHUS CXOIUMOCTHU 3HAKOIIEPEMEHHBIX Psi-
JIOB.

CuavaJjia BBIJIEJIMM MOHOTOHHYIO COCTABJIAIONIYIO. JTO, KOHEYHO, T10-

CJIEIOBATEILHOCTh —. 'Telepb OTMETHM, YTO OHA CXOJIUTCH K HYJIIO, TeM
n

caMbIM MbI OpUEHTUPYEMCs Ha IpuMeHeHue npusnaka Jupuxie. Corsac-
HO 9TOMY IIPA3HAKY OCTA€TCH JI0KA3aTh O'PAHUYEHHOCTh YaCTUYHbBIX CYMM
n

Sn = g sin kz. Haiinem cymmy S,,. YMHOXKUB paBEeHCTBO
k=1

S, —sinz +sin2x + --- + sinnx

. X
Ha 2 sin 5 U BOCITOJIb30BaBIINCH (7.30) 771t MpOU3BeJIeHUsT CHHYCOB, OJTY-
IUM

QSnsinf—2(sinx-sin§+sin2m-sin£+---+sinnx-sin§)
2 2 2 2
B x 3x+ 3x 5:1:+
= COoS 5 cos 5 cosS 5 coS 5
+ ! + !
.-+ 4+ Cos — = — cos —
n 5 T n 5 x

x +1 o sin 1T (n+ 1z
=cos—= —cos|n+ = |x=2sn—sin———
2 2 2 2 ’

OTKYIa
nT o (n+1)x

_SlIl 9 Sl B}

‘T
st

Buaqwr, |S,| < . Urax, cymMMBbI S,, OTpaHUYeHbI, & CJIeJ0BATEILHO,

sinxz/2

oo .
sin nx
o npusHaky Jlupuxsie psn g ——— CXOJIUTCS TIPU JIFOOOM .
n

n=1
ObpaTuMcsa K U3y IeHUI0 a0COJIOTHON CXOIUMOCTH, T. €. PACCMOTPUM

CXOJIUMOCTD PSIJIa
oo .
Z | sin nx|
—
n=1

BBuy MeyIeHHOM CXOJMMOCTH K HYJIFO OOIIEro 4jIeHa 3TOr0 psija OTPaHU-
YUTH €TI0 CBEPXY OOIIUM UJIEHOM CXOJIAIErocs psijia He yraactes. [losromy
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rorpooyeM 00OCHOBATDH TUIIOTEIY O €r0 PACXOIUMOCTH. 371€Ch MOXKHO BOC-
0J1b30BaThCs KpurepueM Korrmu. OiHaKO IpoIie TpUMEHNTh UCKYCCTBEH-

b1t IpueM. Scuo, uTo | sinnz| > sin® nr = 5(1 — COS 2n.x), MOITOMY

| sin nz| 1 1 cos2nzx
— > —(1l —cos2nzr) = — — ———.
n - Qn( ) 2n 2n
cos 2nx
Pan g — pacxo;:LI/ITCH a pan g ——— cxoaures (o npusHaky Jlu-
n=1 2n
cos 2nx

puxjie). Tem cambiM psijt E — — pacxoJuTcs KaK Pa3HOCThb

2n
n=1
PACXOISIIIErocss U CXOIAIerocss psigoB. OOIMuil wieH HCcC/IeayeMoro psi-
Jda OKa3aJICd OI'PaHMYCHHBIM CHU3Y O6HII/IM JJICHOM PaCXOIAIIECIOCdA psAiaa,

| sin nz|
SHAYUT, Pl E ———— PaCXOJIUTCs.
n

n—=1

o0
™
IIpumep 2. Mccaemyem cXOOUMOCTD Psia g (=)™ (1 — cos T)
n
n=1
Kak u npu usy4yenun cxoauMOCTH HECOOCTBEHHBIX MHTErPAJIOB, 00Opa-

TUMCsI K ACUMIITOTHKE O0IIero wieHa psiaa. Vmeem

1
cosz =1— §x2 + o(z?).

2
s s
Torma 1 —cos — = — + (—) OTKY/Ia

Vi Vi

o) g o)

Pan
0 2
n T
> (=1,
n—=1

CXO/IUTCs 1o Tpu3Haky Jlupuxie, a psn

O
1
E (0] \/—_3
n=1 n

cxXoaurcd a6COJIIOTHO II0 ITIPU3HaKy CpaBHCHUA, SHAYIHUT, HCXO,ZLHbIﬁ pAd CXOo-

JNTCS.
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10.8. 3amaum. 1. NcciemoBaTh CXOAUMOCTD U aDCOJIFOTHYIO CXO-

JAMOCTD CJICAYIOIMNX PAJIOB:

(1) Z sin(2n + 3) (2) Z n®sinn - e V",
n=1

nn—+2

n=1

® Y

no:ol Il6 ™ N > COS4n
6) Yt ©) X
o—01 iy n*l
) 27§a+1>/n’ (8) Z 2n+ )

2. UccienoBaTh CXOIMMOCTD CJIEAYIOIINX PSJIOB:
o

(1) icos(%Jﬂrn)sin%, (2) Z n+1%2;7+1,
® S0 @ Z ot
© A © 2%(82}”)7
(7) ;smﬂ 211),  (8) ZS”””

NI3

Inln n+1

OtBerbr K . 10.8. 1. (1) Cxomurcs abcomoTHO, (2) cxommres
abcourtoTro, (3) cxomures ycioBHO, (4) cxomuTcst yeJoBHO, (5) cXoauTcst
ycioBHO, (6) pacxomurcest, (7) cxoamTest aDCOTIOTHO TpH v > 1, yCJIOBHO
npu 0 < a < 1, (8) cxomurcst abcostorao pu « > 1, ycjoBao npu 0 <

a<1.

2. (1) cxomurest, (2) pacxomurest, (3) cxomurest, (4) cxomurest, (5) pac-

xoaurcest, (6) exomurest, (7) cxomures, (8) cxomuTcst.
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