§1.2. IlocTrpoeHnue rpad>mkKoB HA OCHOBE

WCCJIEJOBAHUS ITPOCTEUNINX CBONCTB (PYyHKIINU

2.1. KoopamnaTHasti miockocTth. I'padwuk dpyHKIUM.
TEOPUA

Muorue cBoiicTBa PYHKIINIA Jlerde BOCIPUHUMATDH, 0OpaIiasich K X I'pa-
dbukam. Ilpexkae yem omnpenennTh HOHATHE rpaduKa, IIOrOBOpuUM 00 oOcTa-
HOBKE, B KOTOPOIT 9TO ITPOUCXOJINT.

OnpeAEJTEHUE 1. Ilycrs X,Y — kakme-To MHO>KecTBa. DByzem roso-
pHUTh, 9TO 3jeMeHThl © € X, y € Y obpasyrom ynopadowennyro napy (r,y),
ecJI JIEMEHT T CUYMTAETCA TEpPBBbIM, a Yy — BTOpBIM. Jlaslee BMecTO €JIOB
«YTIOPSIIOUEHHAs mapay OyJeM HEPeIKO MUCATH MPOCTO «Iapay, eCJIU 9TO He
[IPUBEJIET K HEI0PA3yMEHHIO.

Jlist mapsl (x, y) BaykeH HE TOJBKO COCTAB €€ JIEMEHTOB, HO U TIOPSIIOK MX
PACIIOIOKEHNsT, TaK 9TO mapbl (,y) U (Y, T) IpU HEPABHBIX X, i PA3JIMIHBIL.
Kpowme Toro, mapst (z,y) u (u,v) paBHBI B TOM U TOJBKO B TOM CJIydae, €CJIn
r=u,y="v.

JL1st MHOYXKeCTBa yIOPSITIOYEHHBIX TIap BEIECTBEHHBIX YHCes, 0003HaYae-
MOTro cuMBOJIOM R?, OOBIYHO UCHOIBL3YIOT CJEIYIONIYI0 MeOMeTPHYecKyIo HH-
Teprperanyio. Ha mIockocTn m306parkaroT JIBe B3aUMHO MEPIEH UKy PHbIE
YHUCJIOBBIE MPSIMbIE (YUCTIOBBIE OCH) TaK, YTO TOYKA WX IIEPECEUEHUs] COOTBET-
CTBYeT YHCJIy HyJIb Ha KaxKJI0i u3 npsaMbix. OJHY U3 9TUX MPSIMbIX HA3bIBa-
0T 0Cb10 abCUYUCE, a IPYTYI0 — 0Cb10 0pOUHAIM, €CJIA BBITIOJTHEHBI CJIE Ty OIIIe
YCJIOBHST: PE3YJIbTAT MOBOPOTA IMOJIOKUTENBHON YacTu OCH abCIUCC BOKPYT
TOYKU [IePeCeveHNsl PsIMbIX Ha yTOJI T /2 MPOTUB YaCOBOI CTPEJIKH COBIIAJIET
C TOJIOXKUTEIHHOM YacThIo ocu opAuHaT (puc. 2.1).
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Kazx 1oii nape (&, y) BEIIECTBEHHBIX YUCEN X, Y IIOCTABUM B COOTBETCTBUE
TOYKY KOOPJIMHATHOM IIJIOCKOCTH II0 CJeAyromeMy mpasuiry. OTMeTuM Ha OCH
abciyee TouKy M, COOTBETCTBYIOIIYIO YUCIY T, HA OCH OPAUHAT — TOYKY
My, cooTBercrBytomyIo unciy y. depes Touky M, mposejeM IpaAMyIO, Iep-
MEeHIUKYJISIPHYI0 OCH abCIee (TeM CaMbIM IapaJjilejibHYI0 OCH ODJWHAT), a
gepe3 ToUKy M, — HIpsAMYIO, IEPIEHIUKYIAPHYIO OCH OpAMHAT (T. €. HapaJ-
neapHyI0 ocu abcmuce). Ilape (z,y) comocrasisiercss Touka M mepecevdeHwmst
TUX MPAMBIX (puc. 2.2).

B nocrpoennoii koncrpykiyun Touku M, M, nam cooTBeTCTBYIOIINAE 1M
qHUCyIa X,y HA3BIBAIOT nepeoti u 6mopoti koopduramamu, mowku M 1 0ObIYHO
st Toukn M ucnosib3yior obo3Hadenue (x,y), OTBEIEHHOE paHee Il yIIO-
psiIOUeHHOI Tapbl. Tak»Ke TOBOPST, 9TO T — 39TO abcyucca Touku M (wmm
Touku (z,y)), a y — ee opdunama. CaMy IJIOCKOCTh C BBIJIEJIEHHBIMU B3aMM-
HO MEPIEHIUKYJISIPHBIMU MTPSIMBIMU HA3BIBAIOT NPAMOY20AbH0U (WK dexapmo-
601) cucmemoti Koopouram, a TOUKY IepecedeHust oceil abCIuce U OpJMHAT —
HAYAAOM KOOPOUHAM.

VMest B BUIy yKa3aHHYIO T'€OMETPHYECKYIO MOJEIb MHOMKECTBA YIIODS-
JIOYEHHBIX I1ap BEIIECTBEHHDBIX YHUCeJI, Oy/l1eM BOCIPUHUMATH YIOPSI0UYEHHbIE
Hapbl KAK TOYKNA KOOPAUHATHOM IIJIOCKOCTH, T. €. OTOXKIECTBJISATDH IIaphl YUCeI
U TOYKHU KOOPJIMHATHON ILJI0CKOCTH. Takoe OTOXKIAECTBIICHNE, KAK IIPABIJIO, He
IPUBOIUT K HEIOPA3yMEHUIO.

ONPEAEJEHUE 2. ['pagurom dpynxuyuu f HA3BIBAIOT MHOXKECTBO TOYEK
(x,y) KOOpAMHATHOI IIOCKOCTH TakuX, 9to x € D(f), ay = f(z).

Nuade MOXKHO cKa3aTh, 9TO rpadpuk GyHKIUNA f — 9TO MHOMKECTBO YIIO-
psiZlovYeHHbIX ap uncen (z, f(x)), toe x € D(f).

Mt n3obparkenusi rpaduka GyHKINE f HOCTYIAIOT CIEAYIOMNM o0pa-
30M. M306pazkaroT IpsIMOYTOJBHYIO CHCTEMY KOOPJMHAT U OKOJIO CTPEJIKH,
IOKA3BIBAOIIEH TOJIOZKUTETLHOE HAIIPABJIEHIE OCH a0CIUCC (OPIUHAT) CTaBSIT
OyKBY, KOTOpOii 0603HAYAETCS apryMEeHT (COOTBETCTBEHHO 3HAYEHUs) (DyHK-
i (Ha puc. 2.3 310 OYKBBI & U ¥). 3aTeM, CJeaysl Olpee/eHuio rpaduka,
OTMEYAIOT Ha IIJIOCKOCTH MHOYKECTBO TOUYeK (x,y) Takux, uto x € D(f), a
y = f(x), 1. e. MHOXKecTBO TOUeK BUna (z, f(z)), tae © € D(f) (cm. puc. 2.3).
Hano umers B Buy, 9T0, HAIIPUMED, ABe OYKBBI X, CTOSIINME Ha PUC. 2.3 UyTh
HUKe OCh abCINCC, HECYT PA3HYI0 CMBICJIOBYIO HAIPY3KYy (T. €. WX CJIeyer
BOCIPUHUMATH KaK Pa3Hble OObEKTHI): 0HA (OKOJIO CTPEJIKN) YKA3bIBAeT 0060-
3HAYEHNE OCH, TJIe OTMEYAIOTCs 3HAYEHUsI apryMeHTa (PYHKIUU, a JAPyras —
CUMBOJI COOCTBEHHO apryMeEHTA.
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Puc. 2.3. Puc. 2.4.

Ob6mactp onpenenenus D(f) pacmosaraercs Ha (TOPU30HTAIBHO) OCH
abcruee, MHOXKecTBO 3Hadenuit F(f) — ma (BepTuKasbHON) OCH OpIMHAT

(puc. 2.4).
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Puc. 2.5.

BMmecre ¢ rpaduxkoM ObIBalOT TMOJE3HBI nodepagur U Hadzpaduk
dbysrmu f, a UMEHHO MHOXKeCTBa TOYeK (T, y) KOOPAMHATHON IJIOCKOCTHU Ta-
kux, aro r € D(f), a y < f(x) u coorBercreenno y > f(x). Ioarpaduk,
rpaduk n Haarpaduk GyHKIUA f MOXKHO IPeJacTaBuTh cedbe tak. Dukcupy-
eM z € D(f) u npu 3T0M X JBUTAEMCsl 110 TPSIMON CHU3Y BBEPX, U3MEHSIS Y.
CHavajia y pacroJioyKeH HACTOJbKO HU3KO, 9T0 Yy < f(x), M MBI HAXOIUMCS B
noarpaduke (puc. 2.5(a)). Iogaumasicb BBepX, MBI IPHUJIEM B TaKyl TOYKY
(z,y), roe 6ymer y = f(x), n okaxemcst B Touke rpaduka (puc. 2.5(b)). Toa-
HUMAasICh Jlajiee BBEPX, Mbl OKa3bIBaEMCsI B TAKUX TOYKax (x,y), tae y > f(x),
T. e. B Hajarpaduke byukmun f (puc. 2.5(c)). IlpomenwiBast 3Ty mporery-
py IIpU BcexX T u3 objacTu onpeneneHus f, mojaydaeM moarpaduk, rpaduk u
Hagarpacduk oysknun f.

[Tonie3no 3HATH, KAK CBA3aHbI MEXKJIy CO00# rpaduKu JTaHHOW (PYHKITUN
u obpaTHOI K Heil (ecym, pa3ymeercsi, TaKOBas €CTh). Kak OTMEUYEHO BBIIIIE,
ncxoaHasl (PYHKIUS W eif oOpaTHasdg — 3TO JBa Pa3HbIX CIIOCODa 3aIUCH OJI-
HOU M TOI Ke 3aBUCUMOCTU MEK/Iy MepEMEHHBIMU U W U, IOITOMY B paMKax
MHOXKECTBa YIOPSJIOYEHHBIX MMap IpsiMas U odpaTHas (PYHKIMU OTIUIAIOTCS
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TOJILKO Te€M, KakKasl M3 IepEeMEHHBbIX CTOUT Ha IIEePBOM MecTe, a KakKas — Ha
BropoM. Tem cambiMm mapa (v,u) JiexKutr Ha rpaduke oOpaTHON (YHKIMHA B
TOM W TOJIBKO B TOM CJiydae, ecju mapa (u,v) HAXOJAUTCs Ha rpaduKe HC-
xoqHOi pyHKIUU. MBbI J1oroBopmnch n300pakarhb TOPU3OHTAIHLHO MIPAMYIO,
OTBEJIEHHYIO JJIsI TIEPBOIl KOOP/IMHATHI, I BEPTUKAJIBHO — JIJIsi BTOPOIi, CTaJIO
OBbITB, JJIsi TOJy4YeHusi TOYKK (v, u) rpaduka o6paTHOil QyHKIUN HAM HAIO0
B3STb TOYKY (U, V) rpadUKa UCXOTHOW U OTPA3UTH €€ CUMMETPUIHO OTHOCH-
TeJIbHO OMCCEKTPUCHI IIEPBOTO U TPEThEro KOOPAWHATHBIX YIJIOB, T. €. OTHO-
CUTEJIbHO MHOXKeCTBa ToueK Buja (u,u), u € R (puc. 2.6(a)). Ilockosbky
TaK I0JIydaeTcd Jiro0asi Touka rpaduka oopaTHoit (pyHKIUN, BeCh rpaduk 00-
paTHO#N DYHKIIUN HOJIyYIaeTCs OTpasKeHneM Ipadpuka UCXOIHON OTHOCUTETHHO
OMCCEKTPUCHI IEPBOTO U TPEThEro KOOPANHATHBIX yIJIOB. IIpuMep mosydeHust
rpaduka odpaTHO (PYHKIUN U3 TpaduKa HUCXOHON (DYHKIIUU MOKA3aH Ha

puc. 2.6(a), (b).
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Puc. 2.6.

Kcraru, oneparuio oTrpakeHusi OTHOCUTEJIbHO OMCCEKTPHUCHI TEPBOrO U
TPETHET0 KOOPANHATHBIX YTIJIOB MOXKHO IPUMEHUTH K rpaduky 000 PpyHK-
1 (JaXKe K JIFOOOMY MHOXKECTBY Ha, ILJIOCKOCTH), OJHAKO €CJU WMCXOJHAS
dyHKIUS He ObLIa 00PATHMOI, TO TOJYIUTCsT HEKOE MHOYXKECTBO TOYEK ILIOC-
KOCTH, KOTOPO€e He OKaxKeTcs rpaduKoM Kakoif-imbo dyrknun (Oyaer oTcyT-
CTBOBATH OJHO3HAYHOCTH). [Ipumep Takoii curyanuu jgan Ha puc. 2.7(a), (b).
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Bosee Toro, MmoxkHO n300pazKaTh U «rpaduK» KaKoi-Inbdo, HeoOI3aTe Th-
HO OJIHO3HAYHOM 3aBUCUMOCTHU MEXKJIy T W 1/, CIUTasl T HE3aBUCUMON BEJIMYU-
HOIf, HO K 9TOMY CPEJICTBY OOpAaIafoTCs IIPU N300parKeHNU MHOXKECTB Ha, KO-
OPANHATHO IJIOCKOCTH, 3JIEMEHTBI KOTOPBIX 00JIaIal0T OIpEIeIeHHBIM CBOM-
CTBOM.

Hanomumm rpadukn sj1eMeHTapHbIX (DYHKITHIL:

JIMHEHASA ®YHKIUA (Buga y = ax + b mpu pa3HbIX BapuaHTaxX a U b):

yﬂ yﬂ yﬂ yﬂ
_ b=1y(0
e b b = y(0) y(0)
[
[
i "z G / b x b\ T
a>0, b=0 a=0, b>0 §>0, b>0 a<0, b>0

OBPATHAS I[MTPOIIOPIIMOHAJIBHOCTb:

ynL Jny
"

KBAJIPATUYHAST OYHKIUSA:

y y y 74
1 4 (b) 4 (c) (d)
. O > 0 >
@) @) xT x x
y:x2 y:(x_xv)Z’ y:2(x_xv)27 y:2($—$v)2+ym
T >0 T >0 Ty >0, Yy >0



CTEIIEHHAS OYHKINA TP HEKOTOPBIX ITOKASATEJIAX CTEIIEHUN:
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ITOKABATEJIbHAS ®YHKIINS:
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TEXHOJIOI NN

IIpeobpazoBanms rpadukon. IlocTpoenne rpacukoB HaUYHEM C U3Y-
YeHHs TOro, Kak Ipeobpasyercs rpaduk, ecjau n3 JaHHON (DYHKIIUU CO3/a-
ercd apyras (PYHKIHUS IIyTeM B3STHUsl KOMIO3UIIUKM C JIMHEHHOW (PYHKIIUU B
KadecTBe BHYTPeHHeH (PYHKIINM U B KadecTBe BHelHell dyakimu. MHade ro-
BODsI, YBUINM, Kak u3 rpaduka dyukimn f(z) noaydaercs rpaduk QyHKImMn
h(z) = af(kx + 1)+ b.

1. Ilycte nana dyukmus f(t) u msobpaxken ee rpaduk. [Ipemsmonoxum,
g0 yHKIWsA h(x) onpeessiercs KaK KOMIO3UIMsI, B KOTOPOiil f — BHEIHsIst
dbyHKIMS, & B KauecTBe BHyTPEHHel B3sT CABUT () = x + m, T. €. MyCTh

hz) = fle(x) = f@ +m). (2.1)
Oyukmust h onpejesiena ijist Takux 3Hadenuii x, aro x+m € D(f). Cornacuo
dopmyne (1) 3navenuns: byuknun h B Touke x u GyHKIUU f B TOUKE T + m
coBmaaor. Tem caMmbIiM Jj1st mosrydenust To4Uku (z, h(x)) rpaduka GyHKIUNI
h Hanme:kuT mepelTHM MO ocu abCIHCC M3 TOYKH T B TOUKY & + M, B3AThb

taM 3Havenue f(x + m) GyHKIUU f ¥ MepeHecTr ero B TOUYKY ¢ abCIUCCOil &
(puc. 2.8).

h(z) = f(z +m)
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Puc. 2.8.

Ecaz m > 0, To Touka x + m HaxoauTcsl mpaBee TOYKH x Ha ocu O,
3HAYUT, BO3BpAIleHne co 3HadeHneM f(x-+m) o6paTHO B TOUKY ¢ abCIUCCOil T
OyIeT mepeMereHneM mapaJiaebHO ocu abCIuce BaIeBO, ecan xKe m < 0, To —
BIpaBo. Beixoaut, uTo rpaduk pyHKIMHN h IMTOJIydaeTcss KaK Pe3yIbTaT CJABUTA
rpaduka dyukmun f Baeso npu m > 0 wiau Bupaso upu m < 0. Ha puc. 2.9
OTMCaHHas MPOIlE/Iypa MOKa3aHa Ha IpUMeEpe Iepexoa oT rpaduka pyHKIIII
f(z) = V4 — 22 x rpaduxy byuknuu h(z) = f(z —5) = \/4— (x —5)2 =
V=2 + 10z — 21.

2. Ilycts dyukmus h noxydaercs u3 GyHkiun f pacTsKeHneM (C:KaTh-
eM) apryMeHTa, T. €. IyCTh

h(z) = f(kx), rtnek > 0. (2.2)
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Oyukiust h onpenenena st © Takux, aro kx € D(f). Cornacuo dopmyiie (2)
nist oty denusi Touku (x, h(x)) rpaduka dyHKImE h MbI TOJIZKHBL TPOJIEIATH
cJIeAyIONIe MAHUIIYJIAINN: MeperT W3 TOYKU T B TOUKY kX ocu aOCIIHCC,
HalTH B 9TOW TOuKe 3Hadenune dyukiuu f, 1. e. f(kx), 3aTrem cMecTUTh 3TO
3HaYEHNE, IIOCTABUB €r0 Ha BEPTUKAJIBHOI MpsMOil ¢ abcruccoit x (puc. 2.10).
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hz) = f(z/2) f(x/2)

Puc. 2.10.

Ecmu x > 0, a k > 1, To Touka kx Oyaer mpaBee TOYKU T, IIOITOMY IIPU
BO3BpaTe B TOYKY T HAJJIEXKUT CMECTUTHCA BJIEBO, ecim xKe x < 0, a k > 1,
To kx jeBee, ueM x, U JaJbHeiilIee cMelenne moiiaer Bupaso. MHade roBops,
rpaduk yHKImu h OyaeT noaydarbed u3 rpaduka GyHKIUU f coKaTueM OT-
HOCHATEJIbHO OCH OPAMHAT: YacTu rpaduka GYHKIUN f, HAXOISIIIECs CIIPaBa,
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1 CJiIeBa OT OCH OpJAHNHAT, 6y,ZLeT InepeMeniaTbCda COOTBETCTBEHHO BJIEBO U BIIPpa-

BO, CKUMAsICh 110 OCH abCIHCC B z (puc. 2.10(a)). IlomoGHBIM 0O6pA30M MOYKHO

OHsATH, uTo Tipu 0 < k < 1 mpowusoiizier pactsizkeHue rpaduka QyHKImn f
OTHOCHUTEJbHO ocu opauHaT (puc. 2.10(b)).

A A
oS & (a) (b)

cos 2z

™ > ] s
2 2

A
cos /2 (c)
T >
Puc. 2.11.

Ha puc. 2.11 onucanublii mporece mokasan Ha npuMepe GyHKui h(z) =
cos2x u h(z) = cos(x/2) ¢ ucxomuoit dyuknueit f(xr) = cosx, paccMOTpeH-
HOIl Ha npomexkyTke [0, 7], mpu 3TOoM rpaduk cos2x MoJIyduyics Ha OTPE3Ke
[0,7/2], a cosx/2 — na [0, 27].

I'pacdbuk bysKIIT

hz) = f(—=) (2.3)

nosydaercst u3 rpaduka f CHMMETPUYIHBIM OTPAYKEHHEM OTHOCUTEIHHO OCH
OpAMHAT, T. €. IS IOCTpoeHusl TOUKU (x,h(r)) HAIO W3 TOUKM T HA OCH
abcrce TOMTH B TOYKY —Z Ha 9TOH Ke och, HaiiTm 3Hadenue f(—x) u 910
3HAYEHNE MOCTABUTH Ha BEPTUKAJIBHOW MpsiMoii ¢ abcmmccoit x (puc. 2.12).
Acuo, aro h onpenenena jys Takux x, aro —x € D(f).

I'pacdbuk bysKIIT
h(z) = f(—=kz), tmek >0, (2.4)

IIOJTyYaeTCs B pe3y/IbTaTe OTpazKeHus rpaduka f CMMMETPUYIHO OTHOCUTEIHHO
OCHl OPJIMHAT ¥ ITOCJIEIYIOIIEro PaCTszKeHnsI WK cxkatust B 1/k pa3 coryiacHO
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Puc. 2.12.

BesimunHe k. TeM caMbIM MOSIBUJIACh BO3MOXKHOCTD MOJIy4YaTh IpaduK PpyHK-
muu Buga f(kx) Ha ocHoBe rpaduka f mpu k gro6oro 3HaKA.

3. Ecimm pyskusa h cospgana ciieyonmM 00pa3oM:
h(z) = f(k(z +m)), (2.5)

TO JIJIsSI TIOCTPOEHUSsI ee rpaduka Ha OcHOBe I'paduka [ HaI0, BO-IIEPBHIX, IIPO-
W3BECTH IPeo0pa30BaHUe, COOTBETCTBYIOIee KodddurmeHTy k, T. e. pacTs-
xkenne (cxkatue) B 1/k pas npu k > 0 nam npeBapuTeIbHOE OTPAYKEHUE OT-
HOCHUTEIHHO OCH OPJIMHAT C HMOCJIEAYIONNM pacTskenueM (cxarmem) B —1/k
pa3 nipu k < 0, a 3aTeM TOJIyYEHHBIN rpaduK CIBUHYTH Ha BEJIUYUHY 1M, KaK
1 BBIIIIEe, COIJIACHO 3HAKY M.

W3 npenpiaymux peKOMEHIAInil JIETKO COCTaBUThL IIPOIEIYpPy IOy de-
Husa rpaduka c dyskiueit Buga kr + [, k # 0, B KadecTBe BHyTpPEHHEI
PYHKIIMU B CYNEPIIO3UIUU, T. €. TPOIEYyPy MOCTpOeHus rpadukra pyHKIITI
h(x) = f(kx + 1) na ocroBe rpaduka dyukiuu f(x). s aToro mpomenaem
HeOOoJIbITIOE Tpeodpa30BaHTe:

flkx +1) = f(k(z+1/k)), (2.6)

1 33/1a4a CBEJACh K WCIIOJTHEHUIO MPEIbLIYIINX IIaroB ¢ COOTBETCTBYIONUMU
KOHCTaHTaMM. A HMEHHO, cHadaJja HaJIo OoTpadboTaTh Ipeodpa3oBaHMUe, OTBE-
Jarolee yMHOKEHUIO B apryMenTe Ha k, a 3aTeM CIBUHYTH Ha [/k.

4. Temepp paccMOTpPUM CHUTYyaIUU, KOTJIa IIPeOOPA30BAHUSA KACAIOTCS
3HadeHuit (pyHknuu, a He ee aprymenta. llyctb mana dbyuknus f u u3-
BecTeH ee rpaduk. Haydummcsa cTpouTh Ha 3TOI OcHOBe rpaduk (QYyHKIUN
g(z) = af(z) +b.

Haunewm ¢ toro, aro rpacduk dyaknun ¢(x) = af(x) npu a > 0 moxyua-
eTcd u3 rpaduka QyHKIUA [ MyTeM PacTsKeHusl Ipu a > 1 U CKATHUS IIPU
0 < a <1 mo ocu opauHAT. DTO ZHAUAT, UTO JJIsT HOIYUeHUs TOUKHA (T, p(x))
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4 f(x) c
W o el P

p(z)=2f(z) .

| [T\

 p(z)=—f(x) o(r) = f(z) —1/2

Puc. 2.13.

rpaduKa ¢ HAJJIEXKUT B3sTh TOUKy (x, f(x)) rpaduka f m cooTBETCTBEHHO
YBEJIMYUTH UJIH YMEHBIIUTD ee opuHaTy B a pa3 (puc. 2.13(a)).

Ecmu ¢(x) = —f(x), To rpacduk ¢ mogydaercs oTparxKeHnem rpaduka
dbyukmun f orHOCHTETHHO OcH abcnmce (puc. 2.13(b)).

I'paduk byukmun p(r) = —af(z) nupu a > 0 mosydaercs oTparkKeHueM
rpaduka f OTHOCHTEJILHO OCH abCIIMCC W IIOCJIEAYIONINM PACTSI?KEHUEM WJIN
CxKaTUeM TIOJIyYEeHHON JIMHUU BIOJIb OCH OPIUHAT COIJIACHO BEJIUYUHE d.

5. I'pacduk dyuxnun p(x) = f(z)+b nomydaercs u3 rpacduka f ciBurom
BJIOJIb OCH OpAMHAT BBEpPX Ha BeaumduHy b npu b > 0 WiM BHU3 HA BEJIUYUHY
—b mpu b < 0 (puc. 2.13(c)).

Hakowner, mist mocrpoenust rpacduka byukmun g(z) = af(x) + b Hamgo
CHavYaJja COBEPIIUTDL IIpeodpa3oBaHue, OTBEYAIONIEe YMHOKEHUIO Ha YUCIIO d,
" 3aTeM — IIpeobpa3oBaHue, COOTBETCTBYIOIIEE J00aBIeHUIO b.

6. YTo06BI TOCTPOUTH TpaduK PYyHKITIN
g(x) =af(kx+1)+0b, (2.7)

HAJI0 CHAaYaJja oTpaboTaTh Ipeodpa30BaHusl, BbI3BAHHBIE BJIUTHUEM BHYTPEH-
et pyukmuu kr + [, a 3aTeM K pe3yJbTaTy IPUMEHHUTH IIPpeoOpa30BaHUs,
oTBeuaronue BHemHel Gyuknun y(t) = at + b.

7. Iomesno ymers crponts rpadurn dyukmmit f(|x|) u |f(z)| Ha ocno-
Be rpadura byukmun f. Oyaxnus f(|x|) gerHa, nostomy ee rpaduk f(|x|)
IoJIydaeTcss Tak: Oepercs Ta JacTh rpaduka GyHKIun f, KOTOpas COOTBET-
CTBYET HEOTPUIATEIHHBIM 3HAYCHUSIM apryMEHTa 13 OOJACTH OIPEe/ICHUS
dbyukIu f, M OTparXkaercs CHMMETPUIHO OTHOCHTEIBHO OCH ODJWHAT, IIPH
9TOM PACIOJIOKEHHAsT TpaBee OCH OPJMHAT YaCTh, Pa3yMeeTCs, COXPAHseT-
cs1, a dacTh rpacduka f(x), pacnosokeHHasl JieBee OCH OPJWHAT, B Tpaduke
dbyukmun f(|x|) He yaactsyer (puc. 2.14(a), (b)). HazoBem stu geiicrBust npo-
uedypoti 83amus MOOYAA OM apeymeHma.
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[TockombKy
[ f(z), ecmm f(x) >0,
F@)l = { —f(x), ecmm f(x) <0

rpaduk |f(x)| crpourcst Tak: Ta yacTh rpaduka GyHKIMU f, KOTOpas pacio-
JIOZKEHA BBINIE OCH abCIIMCC, OCTAeTCs Ha MeCTe, a Ta 9aCTh, KOTOpas PacIo-
JIOZKEHA HUYKe OCH abCITNCC, OTPaKAeTCsi CHMMETPUIHO OTHOCUTEIBHO OCH abC-
IICC U JOOABIISIETCS K OCTABJICHHOMN Ha MecTe dacTu rpaduka [ (puc. 2.14(a), (¢))).
OTHU AefiCTBUsI HA30BEM Npouedypoti 83amusi Mooy om GYHKUUU.

9

v
~
~
~
~
~
N
v

Puc. 2.14.

IIpumep 1. ITocmoTpuM, Kak IpeoOpa30BaHus BIUSIOT Ha BUT PYHKITUN
u ee rpacduka. Bosbmem Kakywo-mubo dyHknuo, Hanpumep f(x) = arcsinz,
rpaduK KOTOpOii mpejcraBiieH Ha puc. 2.15(a), Gymem ee mpeoOpPa3OBBIBATH
U CMOTPETh, YTO ITPOUCXOJUT C ee IpadUKOM. 3aTeM MHoiiMeM, KaK MOYKHO
cO3JIaTh IEIOYKY MpeoOpa30BaHUil, €cJIu JaH KOHEYHBINH BU I (DYHKITUNA U Ha/I-
JIEXKUT TOHSITH, U3 KaKOoi (DYHKIIUU W B pe3yJbTaTe KaKuX IIPeoOpa3oBaHUil
OHA& TOJIYYUJIACh.

IV
IV
/N
$)
N—
(N
—
SN
N—r

Puc. 2.15.

Ha nepsowm trare dyukmumio f(z) npeodbpasyem B dyukmmo f1(x) = f(|z]) =
arcsin |z|. C rpadukoM mpon3oiiieT ciIeayiomee: Ta ero IacTb, KOTOpas Ha-
XOJTUTCSI JIeBee OCH ODJMHAT, OECCIIEHO MCIE3HET, a PACIIOJIOKEHHAs IpaBee
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9TOI OCU OTPA3UTCS CHMMETPUYHO OTHOCHUTEJBHO OCH OpJWHAT. Pesyibrar
npeJicTaBiieH Ha puc. 2.15(b).

Ternepb yMHOXKUM apryMeHT Ha KaKylo-JIuO0 KOHCTAHTY, HAIpUMEp Ha
1/2, 7. e. mepeiinem ot dbyuknun fi(x) K GyHKINN

f2(z) = fr (’g‘) =i <%\ﬂ3|> — arcsin <%|ﬂf\> :

I'pacduk dysrnun fo npeacrasien wa puc. 2.15(c).
JlobaBuM K apryMeHTy KakKylo-JIM0O KOHCTAHTY, HAIIpUMep —2, U Hepeii-
JIeM K (pYHKITUH

f3(x) = fa(z — 2) = arcsin G\az —~ 2\) .

I'pacduk f3 mosmydaercst u3 rpaduka fo casurom Ha 2 Bupaso (puc. 2.15(d)).
[Topaboraem co 3HaYeHUAMH (DYHKIUH. YMHOXKUM 3HAUEHUS (DYHKITUN
Ha KaKyo-Iu00 KOHCTaHTY, HAIIpUMEDP Ha 2, T. €. mepeiiameM K (OyHKIUN

fa(z) = 2f3(x) = 2arcsin <%|:{: — 2|> :

I'paduk f;4 monyuurcsa us rpaduka f3 pacTazKeHHEM II0 OCA OPJAUHAT B JIBA
pasza (puc. 2.16(a)).

B

(a)

(b)
3 (¢)
4
2 4 2 4

Puc. 2.16.

Termrepns creraeM cABAT 3HAUYEHWN (DPYHKIUN Ha HEKOTOPYIO KOHCTAHTY,
HAIIpUMED Ha 7 /2, BHU3, T. €. HepeiigeM K yHKIUI

fs(x) = fa(z) — g — 2 arcsin (%k{: — 2|> — g

Ee rpaduk man Ha puc. 2.16(b).

15



Haxoner, HaBecuM MO/1y/Ib Ha 3HAYEHUS IMOJIYIEHHONW (DYHKIIAU, T. €. IIe-
pelijieM K (DyHKITUN

v

) 1
fe(x) = |f5(z)| = |2 arcsin <§|x — 2‘) -3

C rpadukom mpousoiiyier ciemyoliee. Ta ero 4actb, KOTOpasi PacIOJJIOKeHa
BBIIIIE OCU a0CITUCC, OCTAHETCS HA MECTe, a PACIOJIOYKEHHAsT HIXKe OCU abCIICC
OTPa3UTCsl CUMMETPHIHO OTHOCUTEJBHO ocu abcruce (puc. 2.16(c)).

[Ipumenus kK mgannoit dyHKIMKU BCe pa3oOpaHHBIE BBIIIE BUJIBI IIPEoOpa-
30BaHMUil, Mbl B uTOre npuiiim K Gyukiwn fg(x) u ee rpaduky.

SaiimeMcst 0OpaTHO# 3a/1a4eil: MycTh JaHa (PyHKIUs, TpeOyeTcsd UCCIIeI0-
BaThb, PE3YJIBTATOM KaKOW IOCJIE0BATEIHHOCTH TPeoOpa30BaHUil, TpUMEHEH-
HBIX K HEKOTOPOW MCXOJIHOM (DYHKIMU, OHA dABJsIETCA. B pe3yabrare Takoro
WCCJIEJIOBAHUS Y HAC TOSIBUTCS BO3MOXKHOCTH ITPOTIUCATH MIPOIELYPY HU3MEHe-
HUA rpaduKa UcxojiHoi GyHKImnu. Bech mpoliecc mpoaHaJM3upyeM Ha IIPU-
Mepe KOHKPETHOM TI0CJIeJ0BATE/IbHOCTH TTpeodbpa3oBaHmii, OHAKO OyJIeT siCHO,
KaK IIPOJIe/IaTh COOTBETCTBYIOIILYIO TIPOTIEAYPY IPH JPYTOil MOCIeI0BaTETbHO-
CTHU IIPeodbpPa30BaHMIA.

[Tycrs u3Becren rpaduk dyuknun ¢(z). Paccemorpum dyukiuio f(x) =
12¢0(|22 —1]) — 1| (m1s m3006parkeHUst MPOBOAMMBIX IIPEOOPA3OBAHUI T TATETH
MOYKET IOJICTABUTH Ha MecTO (x) obyio YyHKIHN, TpaduK KOTOPOi eMmy
m3Becten). Pyuknus f nomyvaercs n3 dynkmun fi(z) = 2p(|]2x — 1)) — 1 B
pe3yabTaTe ONepaIuy B3ATUS MOJYJIA OT 3HAYEHUN (DYHKIUHA, TaK YUTO I'Pa-
duk [ momyuurcsa u3 rpacduka fi B pe3ysbTrare COOTBETCTBYIOIIEH olepa-
. Dynknus f1(x) moayuaercs u3 bynkmmm fao(x) = 2¢(|22 — 1]) myrem
BbIUUTaHUsST U3 fo(T) enuHWIbI, 3HAYNUT, rpaduk fi moaydaercs u3 rpadu-
Ka fo caBurom BHU3 Ha emqunuIly. DPyHKIWA fo(x) momydaercs w3 QyHKIMNA
f3(x) = ¢(|2x — 1|) ymHO)KeHMEM 3HAUEHUI Ha 2, CTAJIO OBITH, TpaduK fo MmO-
Jiygaercs u3 rpaduka f3 pacTszKeHueM 110 BepTUKaJId B J1Ba pas3a. PyHKIUs
faw) = @(|22 — 1)) = @] — 1/2]) noxysaercs ws dymemr f4(z) — o(2]a])
B pe3y/IbTaTe BBIUMTAHUS U3 apryMeHTa ducia 1/2, cramo ObiTh, rpaduk f3
oty gaercs u3 rpacduka fq casurom Ha 1/2 mo ocu abenmee BupaBo. OyHKIHs
fa mostygaercst u3 dyukmyn f5(x) = ¢(|z|) yMHOXKEHHEM apryMeHTa Ha JiBa,
TeM caMbIM rpaduk f; noaydaercs u3 rpaduka fs5 (TOPU30HTAIBHBIM) CXKa-
THeM 10 ocu abcruce B jiBa pasa. Hakoner, dyukmus f5(z) momydaercs us
dbyurmn fg(z) = p(x) myTeMm B3siTHsT MOJLYJIsT OT apTyMEHTa, TaK 9TO Ipaduk
f5 mony4aercs u3 rpaduka fg B pe3yibTare IPUMEHEHUsI COOTBETCTBYIOIIEH
OTIepaITHH.
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TakuM 00pa3oM, MbI TTOJTYYIUJIN ITPOIIEIYPY IMOCTPOEHUH T'padUKa NCXOJI-
HOIl (pyHKIMU [ Ha OCHOBE U3BECTHOTO rpaduka PyHKIUU Q.

Tenepb, Korja yCTAHOBJIEHA IIOCJIE/IOBATEIHLHOCTD JEUCTBUIl, B PE3YJIib-
TaTe KOTOPBIX U3 (DYHKIWHU  ToaydaeTcs (GYyHKIUS f, MOXKHO, Iepexojs B
obpaTHOM TOpsijike OoT DyHKIMH ¢ = fg K DyHKIun f, yKasaTh MOCJIEI0BA-
TeJbHOCTh NIpeo0pa30BaHuil, B pe3y/bTaTe KOTOPBIX U3 rpaduka QyHKIIUA
MOJTy YU TCs TpaduK PpyHKIMU f, & UMEHHO:

1) npumenuTh K Tpaduky (DYHKIMA ¢ TPOIEIYyPY B3SATHI MO/ OT
apryMeHTa,

2) cxkaTh rpaduK Mo ocHu abCIUCC B 2 pasa,

3) caBunHyTH rpacduK BIpaBo Ha 1/2,

4) pacTsSHYTb TI0 BEPTUKAJIN B 2 pasa,

5) caBuHyTH BHU3 Ha 1,

6) IPUMEHUTH TIPOTIEYPY B3ATHsI MOMIYJIsI OT (DYHKITHH.

IIpocreiiniiee uccienoBanve (PyHKNOIUU U IMOCTPoeHUe TpaduKa.
JL71st opeiesIEeHHOCTH U e IMHOO0pa3us OyaeM ITPOBOJIUTD UCCJIeIOBAHNE (DYHK-
MM U TIOCJIEIYIOIee TOCTPOeHNe rpaduKa IyTeM BBIITOJHEHUS ITOYKEJTaHUi
IIYHKTOB CJICAYIOMICT'O HUZKE IIEPEIHA, XOTA B KaKUX-TO CUTYyaIIUAX, BO3MOXK-
HO, OT 3TOTO IepedHsi OyAeM OTKJIOHATHCSI.

Ilepeyennb neilicTBuii AJig uccjedoBaHUsA (PYHKIIUU B IEeJIAX IIO-
cTpoeHusa ee rpadpmka.
1. Haiitu obstacTh onpesesieHus.

2. UccnemoBaTh ocobeHHOCTU (DYHKIMU, YIIPOIIAIONINAE ITOCTPOEHUE T'pa-
duKa, a UMEHHO YCTAaHOBHUTH, OyJIeT JIM OHA YUEeTHON, HEeUEeTHOU, IepPUOIrie-
CKOMA.

3. Haittu mysmm yHKIIUM WA YCTAHOBUTH UX OTCYTCTBHUE, YKA3aTh IPO-
MEXKYTKU ee 3HAKOIIOCTOSTHCTBA.

4. N3yunThb noBejieane (pyHKIMN HA KOHIAX 0OJIACTU OTPEJIeIeHNT U Xar-
pakTep ee oOpaIleHus B HYJIb.

5. UccnemoBaTh MOHOTOHHOCTH M 9KCTPEMYMBI.
[Tokaxkem, Kak paboTaeT Ipe/JI0KEHHBIN TepeveHb Ha TPUMepax HeCT0XK-
HO 3aj1aBaeMbIX GyHKIMi. OKa3bIBAETCHA, 9TO U B IPOCTHIX CUTYAIIAAX MOTYT

OBITH HeoxKUIaHHOCTHU. IlocTapaemMcsi OrpaHUIMBATHCS dJIEMEHTAPHBIMU CPE/I-
CcTBaMU, He IIPEJIOIAarafoIINMI KCII0Ib30BaHNIe IIPOU3BOIHOI, HO U IIpeHeOpe-
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raTh COBCEM STUM TEXHHUYIECKUM CPEJICTBOM He Oy/JeM, TaK YUTO IPU OCTPOM
HEOOXOIMMOCTHU IIPUBJIEYEM U TTPOU3BOIHYIO.

1

——-
xc +1
DyHKIMS ompejiesieHa IIpu BeexX JeiicTBuTenbHbiXx ©. OHa Hemepuoamde-

IIpumep 1. [Hocrpoum rpaduk byukmmn f(r) =

cKasi, HaITpUMep IMOTOMY, UTO 3HadYeHre 1 OHa IIPUHUMAET €IMHCTBEHHBIN pa3,
npu x = 0. OyHKIINA YeTHA:

1 1
(—z)2+1 22+1

f(—x) = f(x) mns moboro x € R.
BBuny wernocTu pasnbHeitee n3yvenne npoiiaer mrd x > 0.

Ha muozkectse [0, +00) dynxmus 2 + 1, crodmas B 3HaMeHaTese, IpH
YBEJIMUYEHNN T HEOIPAHUYIEHHO BO3PACTAET, CJIeI0BAaTEeIbHO, Hallma (hyHKIUs
yObIBaeT U HEOT'PAHMYEHHO IIPUOJIMKAeTCsI K HyJa0. 'TeM caMbIM Ha IIpa-
BOM KOHIIe 00JIaCTU OIpeeseHNUsI, IPU TaJIeKUX IOJOXKUTEJbHBIX X ee I'pa-
duK OyIeT MPUKUMAThCA K OCU abCIIICC U BBITJISAIETh TaK, KaK ITOKa3aHO Ha

puc. 2.17(a).
T (a) I (b) (c)
S N

Puc. 2.18.

Ha apyrom konIile paccMarpuBaeMOro MHOXKeCTBa, T. €. npu r = 0, oHa
paBHa 1. OaHako MpuOJM3UTHCS K IUHUIIE OHA MOLJIa PA3HBIMHU CIIOCOOAMHI —
C TOPU3OHTAJILHON, HAKJIOHHON MJIM BEPTUKAJBHON KacaTeJIbHOI, T. €. OJHUM
13 yKa3aHHbIX Ha puc. 2.18 crmocoboB. OOBIYHO TaKOe UCC/IEIOBAHUE ITPOBO-
JIUTCS C TIOMOIIBIO IIPOU3BOIHON, OHAKO B HAIlEM CJIydae MOXKHO ODOMTHCH

1

xz—H,ILHH |CE" <1

n 6e3 Hee. OOparuM BHUMaHWE HA TO, 9TO BbIParKeHUE
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PaBHO CyMMe GECKOHEUHO yOBIBAIOIIElH TeOMeTPIYECKOil IPOrPECCHH C IEPBBIM
wieHoMm 1 1 3HaMeHaTeeM —I2:

1

m_1—$2+$4—$6+....

ITockonbKy Hac MHTEpecyeT, KaK OyJeT BBIIVISIETh I'papuK OKOJIO HYJsS OCU
abCIMCC, eCTeCTBEHHO CYUTATh & MaJjbIMu, Oaus3kuMmu K 0. A Torna 3HadeHust

z*, 2% u . 1. cymecTBeHHO MeHbIIe, YeM T2, 3HAYUT, €CJIN <IIOKEPTBOBATDH>

STUME MAJIBIME [0 CPABHEHHIO C T2 CJIAraeMBIMH, TO MOYKHO CIHTATDL, YTO Ha-
ma GyHKIHIA 6m3Ka K GyHKIIT 1 — 22, BII KOTOPOI OKOJIO HYJIS H3BECTEH.
Bumecre ¢ TeM HETPYHO TOHATE, uTo f(x) > 1 — 2% u f(x) < 1. Tem caMbim
rpaduk Hameii GyHKIUH OygeT Mexay rpaduxamm QyHKImE y — 1 — 22
u y = 1 u Buj ero mokasan Ha puc. 2.17(b). Wszobpaxkas puc. 2.17(a),(b)
Ha, OJHOIl KOOPJIMHATHOW IJIOCKOCTH, IOJIY9UM 3SCKH3 rpaduka GyHKnm f
JUIST TIOJTOYKUTEIBbHBIX = (puc. 2.17(¢)) a pacopocTpaHUB KAPTUHKY 0 YETHO-
CTH Ha BCIO YUCJIOBYIO MPSAMYIO, TIPUIEM K CKU3y Bcero rpaduka (QyHKIUNT
(puc. 2.17(d)).

[To-Bumumomy, y Hee OyIeT MEHATHCS HAIPABJIEHUE BBIMTYKJIOCTH, HO 3TO
MOXKHO WCCJIE/IOBATH, MPUBJIEKAsT BTOPYIO TPOU3BOIHYIO, UTO B HAIN TLJIAHBI

IIOKa HE€ BXOIMT.

IIpumep 2. Iloctpoum rpacduk pyHKIITT

Ornuaue PYHKIMU 3TOrO MpuUMepa OT (PYHKIUU TPEIbIIYINEro JIUIb B
TOM, YTO 3/IeCh B 3HaMeHaTeJieé CTOUT 3HAaK MHUHYC, TOT/a KaK TaM — ILIIOC.
Onako paziuyns B cBOficTBaxX (PYHKIHUI U X rpaprKkax CylnieCTBEHHBI.

QyHKIMs onpeeeHa Ha BceM MHOXxKecTBe R, kpome Touek —1 n 1. Ona
JeTHasl U HeIepHoAndecKasi, TaK UYTO N3ydaTh €€ MOYKHO JIUIIh HA MHOXKECTBE
HEOTPUIATEHHBIX JIEHCTBUTEIbHBIX YHUCE.

Oyukius He obpamaercs B Hy/lb, 1 HEPABEHCTBO ——— > () BbIIO/IHE-
e —1
HO Ha MHOXKecTBe |z| > 1, 7. e. ma (—00,—1) U (1,+00). Ha ocraBmemcs
mHOXKecTBe (—1,1) oHa oTpumaTeNbHA.
Nzyunm mnoBegeHne (pyHKIUKM Ha KOHIAX OoOJlacThu ompejesieHud. llpwm
yBEJIMYEHNN & 3HAMeHATeJ b BO3PacTaeT W HEOTPAHWYEHHO yBEJININBAETCH,

TaK 9TO QPYHKIUs, yObIBasI, IPUOJINKAETCS K HYJIFO. DTO OTpazKeHo Ha puc. 2.19(a).
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Ecnu aprymenTt npubimKkaercs K 3HAUEHUIO 1, 0OCTaBasiCh CIIPaBa OT ITOM TOY-
KW, TO 3HAMEHATeJIb MPUOINKAETCd K HYJII0, a Ipaduk (QYyHKIINNA, TOJIOXKU-
TEJIbHOI cIpaBa OT 1, HEOrpAaHUYEHHO NPHUOJIMKAETCS K BEPTUKAJIBLHOMN Ipsi-
moit ¢ = 1 cupasa (puc. 2.19(b)). Ecnu nonxonuts K 1 ciieBa, To IpubImKenne
3HaAMeHaTessd K HYJII0 OCTAHETCs, & 3HaK U3MEHHUTCs, CTaJIO ObITh, 3HAYEHUs
dyukun okoso 1 ciaeBa OyayT OOJIBITUMU IO aOCOTIOTHON BEJIMYUHE, HO OT-

PHUIIATEILHBIMHI, & ee IpaduK <«IpUIbHET» K BEPTUKAJIHHON mpsmoit © = 1
cJieBa, Kak mmokazano Ha puc. 2.19(c).
I
| |
| | (@)

| |
T (a) | |
| |
| —, [ [
| |
| |
| |
r (o) | |

& b>——>
| T [ [
- | A
! | | |
: (b) | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
i ! | |

Puc. 2.19.

OcraJjioch, IO CYIIECTBY, MOHSITH, KAK BBINIAAAT (DYHKIUST OKOJIO TOYKH
x = 0. AHaJIOrMYIHO TpeaBIAYIEMY MOYKHO CKA3aTh, UTO

1
2—:—1—332—334—...,
e —1
u, HpeHe6peFa5{ CpaBHUTEJILHO MaJIbIMU BEJIMIMHAMU CE’4, ..., MO2KHO HaIlICaTb
1

IPUOJIMKEHHOE PABEHCTBO ~ —z?—1, a Bu 9TOH (DYHKIINH OKOJIO HYJIS

2
¢ —1
m3Bected. Ocrajock, coenuuns uHdopmarmio puc. 2.19(a)—(c) u npunsas Bo

BHUMAaHIE YEeTHOCTH (DYHKIINHU, M300pasuTh rpaduk camoir yHKIuu (puc.

2.19(d)).
ITpumep 3. Ilocrpoum rpaduk dyukimu f(z) = vz? — 1.

Hannast pyHKIMs OlIpeiesieHa Ha MHOYXKeCTBe |x| > 1, T. e. Ha MHOXKeCTBe
(—o0, —1]U[1, +00). OyHKIHNS YeTHASI, TAK YTO IPU €€ UCCIETOBAHINI MOXKHO
OrPAHUYUTHCST MHOXKECTBOM |1, +00). PyHKIMst 06paIaercsi B HyJlb B TOYKaX
+1 u Bo3pacraer Ha mpoMmexkyTKe [1,+00).
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Ecnmn x HeorpanuveHHO BO3pacTaeT, TO NP OOJIBIINX 3HAYCHUSX T BbI-
YATAHUE €IUHUIbI TPAKTUIECKN HE3aMETHO, TaK UTO NMPU TAKUX T (PYHKITUS
6yzer 6um3ka K GyHKIUH ¥ = V22 = 2, 0CTaBasich MeHbIIe (DYHKIUH § — .
9T0 HaOJII0IeHIEe TOBOPHUT O TOM, UTO IIPH JaJeKuX & rpaduk Haimei pyHKIINHT
OyIIeT «IPHKUMATHCsI» K rpaduKy QYyHKIIUNA {§ = T CHU3Y TakK, KaK MOKa3aHO
Ha puc. 2.20(a).

v

Puc. 2.20.

Bymem Teneps mpubsmkarhesi K Touke 1 (ecrecrBenHo, crpasa). Kak
y3HATh XapakTep Bxoja B Hy/ab GyHKImu f(z)? MoxHo HaiiTu ee mpomns-
BOJTHYIO, & MOYKHO ITOKa 00ONTHUCH U ITPOCThIMU HaOJoieHussMu. [IpencraBum
byuknmio B Buge f(x) = \/(x + 1)(z — 1) u 3ameTuM, 4TO U3 JABYX COMHO-
JKUTeJsell 110/ KOPHEM OJIMH OOpallaeTcs B HYJIb, a JPYTOil HET, TTOITOMY Xa-
pakTep oOpalleHust PYHKIIUU B HYJIb OYJIET ONpPEae/IAThCA TOJIbKO OJTHUM U3

9TUX COMHOXKHTEJEH, a UMEHHO & — 1, BTOPOit MHOKHUTEBb (10T KOpHEM) Oy-
ner npuMepHO paseH 2. IlosTomy okos10 TOUKEM T = 1 MOXKHO HAIIUCATDH, 9TO
f(x) =~ \/2(x — 1), a Bug 91011 DYHKIIUU TOHATEH — 9TO CABUHYTHI 1 HEMHO-
ro pacTsHy Tl o ocu Oy KopeHb KBajparubiit (puc. 2.20(b)). Hama dyHk-
st Oyger HemMHoro 6osibine dyurmun /2(x — 1). Bemomuus, aro dyHKIms
BO3pacTaeT Ha |1, +00), u coequaUB hparMenTs rpaduka, n306paskeHHbIE Ha,
puc. 2.20(a),(b), momyunm 3cku3 rpacdukra OYHKIUA IPU TOJIOKUTETHHBIX T
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(puc. 2.20(c)). I'paduk Beeit DyHKIUE MOy IUTCST U3 TIOCTPOEHHON YACTH PAC-
IIPOCTPAHEHUEM I10 YeTHOCTH, T. €. CUMMEeTPHEl OTHOCUTEJHLHO OCH OPJIMHAT

(puc. 2.20(d)).

KcraTn, MoKHO 3aMeTUTh, YTO 3TO YaCTU TUIIEPOOJIBI, HO HE TOIf, KOTO-
PYIO MBI IIPUBBLIKJIM BUJIETh KaK I'paduK PYHKIUU Yy — —, a HOBEPHYTOH II0
x

JacoBoit cTpesike Ha yrou w/4 (puc. 2.20(e)).

1

IIpumep 4. ITocrpoum rpaduk dbyukuu f(z) = x + -

Dyuknust onpejiesiena Ha MHOXKecTBe {x € R :  # 0}. Ona neuerHas
KaK CyMMa JBYX HEUYETHBIX PYHKIMH. PyHKIHMS HEIepuoandecKas XOTd Obl
IIOTOMY, 9TO B OOJIACTH €€ OIpEIEJCHNs] HET BCEro OJHOIO YUCJA, & MMEHHO
HYJISL.

Puc. 2.21.

Bynem uccnenosars dynknmio Ha mHoxkectBe RT = {x € R : z > 0}.
Ona moJIOKHUTEILHA BO BCEX TOYKAX 3TOTO MHOXKECTBA. KCJIM T CTAaHOBUTCS
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6oJibIuM, TO cjaraemoe 1/x B onpejensonieil (pyHKIUO GopMyJie CTAaHOBUT-
Csl MAJIBIM M TE€M CAMBbIM Ha BeJIMYNHY 3HadeHus f(x) OKaykeT Majioe BJIW-
sane. Uuade roBopsi, mpu Oosbmux r nMeeM f(r) ~ x u f(x) > z. Dro
HaOJII0/IEHNE HA PUCYHKE BLIMVIAIUT KaK <«Ipuiaunanue» rpaduka Gy f
cBepxy K rpaduky QyHKIUA §y = T TPHU JAJEKUX TOJOKUTETbHBIX 3HAYEHUSIX
x (puc. 2.21(a)). Ilyctb Tenepb x mpubimkaeTcs K Hy/r0. Torma u3 aByx
cylaraeMbIX & ¥ 1/x OCHOBHOI BKJIaJ| B BEJUYMHY 3HAYEHUs] (DYHKIIUU BHECET
1/x, Tak 9TO PU MAJIBIX TOJOKUTETbHBIX T uMeeM f(x) &~ 1/x u npu sToM
f(x) > 1/x. Do BBINISIAUT TaK, KaK n306pazkeHo Ha puc. 2.21(b).

U3 puc. 2.21(a), (b) sicHo, urto rme-To ipu & > 0 Oymer MuUHUMYM DYHK-
. Ero jerko HaifiTu ¢ mOMOIIBIO MIPOU3BOAHOM, HO MBI Ay TOTO, YTOOLI
BOCITIOJIB30BATHCS HEKOTOPBIM IIPOCTHIM ITOJIE3HBIM TEXHUYECKUM CPEICTBOM,
creaeM 1o mHade. Ilpemcrabisis ciaaraemble ¢ U 1/x Kak KBaJIpaThl KAKUX-
TO BEJIUYUH, BBIJIEIUM B (DYHKIMN TOJHBI KBaJpaT U ONEHUM €€ CHU3Y:

1 1 1\’
f(:z:)—:l:+x—x 2+x+2_<\f \/5> +2>2.
[TockosbKy mipu 3ToM f(1) = 2, CTAaHOBUTCSI TIOHSITHO, YTO 2 — HAWMEHBIIIEE
sHadeHne (HyHKImY, gocturaemoe npu x = 1. Ha mpomexytke (0, 1] dyHk-
st yobiBaeT, Ha [1, +00) — Bo3pacraer (4TO MOXKHO OOOCHOBATH C ITOMOIIBIO
npou3BoiHOI). ['paduk DYHKINN HA TOJOKUTETBLHON MOyOCH M300pakeH
ma puc. 2.21(c), a Becb rpaduxk — nHa puc. 2.21(d).

NMPAKTUKA
1. IIpumensis mpeobOpa3oBaHus TpaUKOB, IMOCTPOUTH Ipaduku pyHK-
1T

1) y =sin2z, (2)y=2sinz, (3)y—sin(2x+z>,

1)y : T
(4)y—2sinx+1,(5)y—2sin(x—z>—2,(6)y_g;2+2x+2,
(My=222+4x+5, @B)y=|22+2z-2|, (9)y=2z>+2[z|-2,

z—1 z—1
10) y = |2 + 22| — 2|, (11) y = ——, (12) y =
(10) y = [ + 2fal — 2], (11) y = T3, (12) y = |25

1

(13)y—arctg(x—%>+g,(14)y—‘§arccos(2x—1)—%.

2. IIpoBecTtu mpocreiimuii aHa n3 QYHKIUH U U300pa3UTh ICKU3bI UX
rpaduKoB:
1

(Dy=va2+1l, (2y=vV1-2? @By=2-——,

T
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1 2x 1 1

4)y = x2+= 5) = 6)y = Ty =
(4)y 2+, (5)y 2 (6) y x2_4x+23, (7 y -
1 r—1
8) y=sin—, (9)y=uxsi 10) y —
®y—sinl, O)y-ssnz, (0)y-(257),
xr—1

(11) y = arctg 1 (12) y = 2=, (13) y = sin(arcsin z),
T

(14) y = arcsin(sinz), (15) y = sin(arccosx), (16) y = arctg(tgx).
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