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Abstract: We study the properties of the mappings inducing bounded change-of-variables operators
in weighted Sobolev spaces on the Carnot group. We obtain an analytical description of these mappings
in terms of integrability of the weighted distortion function. In some cases we prove that the mapping
inducing a bounded operator is piecewise absolutely continuous on almost all horizontal lines.
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Introduction

Under study are the properties of a measurable mapping ¢ : D — D’ inducing the bounded operator
in weighted Sobolev spaces on the Carnot group by change of variables:

9" Ly(D',0)NC5*(D') = Ly(D,w),  ¢*(f) = fop, feLy(D',v)NC5(D").

Depending on the relation between the summability exponents ¢ and p, we manage to obtain either
a complete or a partial solution to the problem. In the case ¢ = p we find necessary conditions for
a mapping to induce a bounded composition operator (Theorem 3). Theorem 4 gives sufficient conditions
for the boundedness of the composition operator in the general situation 1 < g < p < co. When the
summability exponents and the Hausdorff dimension coincide, ¢ = p = v, we solve the problem completely
(Theorem 5).

In the Euclidean case the mappings, inducing a bounded composition operator in weighted Sobolev
spaces, are fully described in [1]. These are the mappings with finite distortion whose weighted distortion
function is summable to some power. A similar description on Carnot groups is obtained in [2] (the
unweighted case) under the condition that ¢ is of class ACL. The weighted case is studied in [3] on
assuming that ¢ is a homeomorphism. In this article we dispense with the a priori regularity properties of
mappings and in some cases deduce the ACL-property from the boundedness of the composition operator.

Most methods we apply were developed in [1,2,4-7], where some equivalent descriptions were ob-
tained of the mappings inducing bounded operators of the Sobolev spaces both on Euclidean spaces and
Carnot groups. In this article we apply a new method to prove the piecewise absolute continuity of the
measurable mappings inducing bounded operators in Sobolev spaces.

For a more detailed discussion of the history of this question and extensive bibliography on the study
of composition operators in Sobolev spaces with the first generalized derivatives, see [1-6,8-10].

The article is organized as follows: In Section 1 we recall the main concepts and justify some auxiliary
statements. In Section 2 we define a bounded composition operator and characterize its norm in terms
of a finitely additive set function. In Section 3 we study the continuity and differentiability properties
of a mapping ¢ inducing a bounded composition operator. In Subsection 3.1 we prove the continuity
on almost all lines and the approximate differentiability of ¢ almost everywhere. In Subsection 3.2 we
introduce the concept of piecewise absolute continuity on almost all lines, proposed by Vodopyanov, which
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is a weakening of the ACL-property which suits our problem. Subsequently this property ensures that the
composition f o ¢ belongs to ACL(D). Section 4 contains the main results of the article, Theorems 3-5.

1. Preliminaries

1.1. Carnot groups.

DEFINITION 1. A Carnot group G is a connected simply-connected nilpotent Lie group whose Lie
algebra ¢ is graded: ¥ = V1 ®--- @V, with dim V] = ny > 2 and [V, Vi] = Viyg for 1 <k <m —1 and
Vi,V =0. Put N =", dimV;.

Identify ¢ € G with € RY by the exponential mapping exp(z xinij) and call the numbers z;;
the coordinates of the first kind of g € G, for 1 <7 <m and 1 < j < n; = dimV;. Therefore, there exists
a global coordinate system on G which enables us to identify the points of G with those in R¥.

In the coordinates of the first kind the mapping

6 - (T1, T2, ..., Tm) — (tT1,t2F0, ..., 1" Zp), t >0,

determines a one-parameter family of dilations. Here Z; € R™:.

For i = 1,...,n; the left-invariant vector fields X; = X, constituting the standard basis of the
subbundle V7, are called horizontal.

Fix the homogeneous norm on G (see [11] for instance):

m O 1/2m!
pla) = (Z xﬁm/l) |
=1

where |Z;| is the Euclidean norm on V;. This homogeneous norm determines the homogeneous quasimetric

plw,y) = pla~ly) for o,y € G.
An absolutely continuous piecewise smooth line v : [a,b] — G whose tangent vector lies in V; is called
a horizontal line.

DEFINITION 2. The Carnot—Carathéodory metric d(x,y) on G is the greatest lower bound of the
length of all horizontal lines connecting x and y.

We can show that d(z,y) and p(z,y) are equivalent (see the arguments in Lemma 1.4 and Proposi-
tion 1.5 of [12]); i.e.,

cp(z,y) < d(z,y) < Cp(z,y).
The Hausdorff dimension of G equals v = ny + 2ng 4+ 3ng + - - - + mn,,, where n; = dim V.

1.2. Weighted Sobolev spaces. Consider an open subset D of a Carnot group G. Fori =1,...,nq,
a locally summable function g; : D — R is called the generalized derivative of a function f along the

vector field X; whenever
[owd=— [ $xapds
D

D

for an arbitrary compactly supported function ¢ € C§°(D). Henceforth we write g; = X; f.
Refer as a weight to a measurable function w : G — R taking positive values almost everywhere.
Given a measurable set A, define the weighted measure

Here dz is the Lebesgue measure on RV normalized so that the measure of radius 1 balls (with respect
to the quasimetric p) equals 1. The weighted space L,(D,w) consists of the functions summable to the
power p € [1,00) with weight w:

1120w = ([ I@Pute) dx)l/p <
D
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The weighted Sobolev space L},(D7 w) consists of the locally summable functions with finite seminorm
£ 1 Lp(D,w)[| = [V f | Lp(D,w)

where Vg f(z) = (X1f(z),...,Xn, f(x)) is the generalized subgradient of f at z € D.

DEFINITION 3. A weight function w is of the Muckenhoupt class A, with p € (1, 00) whenever

(s [o0e) (i [ 02)
sup | — [ wax — | wl-rdx = Cy,p < 00,
BcG \ | B | B o

B B

where we take the least upper bound over all balls B in G.

We may assume that the weight functions u(z) and v(y) belong to appropriate Muckenhoupt classes,
but in the main results we indicate more precise conditions on these functions.
For more details on weighted Sobolev spaces; see [13, 14] for instance.

1.3. The measure of a family of lines. Consider a family I'; of integral lines of a basis horizontal
vector field X; forming a smooth foliation of an open set A C G. Denote the corresponding flow by g;. The
leaves are of the form 7(s) = gs(p), where p lies on a surface S; transversal to X, while the parameter s
runs over an interval I C R. For the foliation determined by X;, we can obtain the measure dvy as the
contraction i(X;) of X; with the bi-invariant volume form dx. Denote by J,, the Jacobian of the flow g.
Then

931(Xj)dr = Jg,i(X;)dz or g5(J,_i(X;)dx) =i(X;)dx.
Since g5 carries every tangent vector to the one-parameter family of lines +; into a tangent vector to the
same family, the form J,__ i(V') dz determines a measure dy on I';. Since X is a left-invariant horizontal

vector field, the flow g, is the right translation on exp sX;: G > p + pexp sX;. Since dz is a bi-invariant
form, we have J,, = 1. Using left-invariance and homogeneity under dilations, we find that

/ dy = c\B(a:,r)\UT_l.

YNB(z,r)#2

Hence, we can deduce Fubini’s theorem to be applied below. For more details; see [11].

1.4. Set functions.

DEFINITION 4. A mapping ® defined on the open subsets of an open set D C G and taking nonneg-
ative values is called a finitely A-quasiadditive set function, with 1 < A < oo, whenever

(1) for every x € D there exists § with 0 < ¢ < dist(xz,0D) such that 0 < ®(B(z,J)) < oo;

(2) Zle ®(U;) < A®(U) for every tuple of disjoint open sets Uy, ..., Uy CU C D fori=1,... k.

In the case A = 1 we use the term a quasiadditive function.

If instead of the second condition in the definition of set function we impose the equality

é@(m) =<I>(£J1Ui)

for every finite tuple of disjoint open sets U; C D then we call this function finitely additive. If this
equality extends to countable collections then the function is called countably additive.
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A quasiadditive function ® is called monotone if ®(U;) < ®(Us) for all open sets Uy C Uy C D.
Define the upper and lower derivatives of a quasiadditive function on a collection of open subsets as

_ . ®(Bs) im int 20
3 (z) =1 d &'(z) = lim inf '
R T AT TR & T

(1)

Here we take the supremum and infimum over all open balls B; of radius § < h containing z. If at some

point x the upper and lower derivatives coincide, 5’(1‘) = ®&'(z), then we call their common value the
derivative ®'(z) of ®.

Proposition 1 [2|. Take a finitely A-quasiadditive set function ® on the open subsets of a domain
D C G. The following hold:
(a) For every open set U C D

/@’(x) dz < AB(U).
U

(b) At almost every point x € D the upper derivative exists, is finite, and
' (z) < 2\ ().

If A =1 then at almost every point x € D the derivative

. ®(Bj)
o’ =1
() = Jins | Bs|

exists and is finite.

Below we need the following theorem by Lebesgue.

Theorem 1 [2, Corollary 9]. Consider a domain D in a Carnot group G and take a function f
in Ly joc(D). Then
1
li — - dy =0
i, e 1) = @)y
Bs

for almost all x € D.

Let us present two more covering lemmas we will use in establishing the main results.

Lemma 1 [2, Lemma 9]. Given an open set U C R with U # RY | there exists a countable family
% = {B,} of Euclidean balls such that
) U;Bj=U;
2) if B = B(zj,r;j) € & then dist(z;,0U) = 12rj;
3) # ={B,} and 2% = {2B,} constitute a point-finite cover of U;
4) if B;(zi, ;) N Bj(xj,r;) = @ then 3r; <r; < Ir;
5) it is possible to split the family {2B;} into finite families depending only on the dimension N so
that the balls in each family are disjoint.

NN SN N

Lemma 2 [2, Lemma 10]. Take a monotone countably additive function ® on the open subsets of
an open set D C RY. Then for every open set U C D with U # RY there exists a sequence of Euclidean
balls { B;} such that

(1) {B,} and {2B,} constitute a point-finite cover of U;

(2) 2252, ®(2B;) < (n®(U), where (y is a constant depending only on the dimension N.

1.5. The volume derivative. Consider a measurable mapping ¢ : D — D’. The Banach indicatrix
N(y,p,A) = #{x € A | p(x) = y} is the number of preimages of y in A. If the number of preimages is
infinite then put N(y, ¢, A) = co. In the case A = D we write N(y, ) instead of N(y, ¢, D).
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The function N(y, ) is measurable (see [15] for instance). Hence, we can express D’ as the disjoint
union of measurable sets:

o
D' = JN"'i, )
=0

Put A; = ¢ Y (N71(i,)). Then D = |2, A;.
Given a bounded set Q C D’, define the family of set functions

U U(U;Q) = [p(U) NN (i,0) N Q)
where ¢ € N, while U C D is an open set. It is obvious that each ¥, is a monotone finitely i-quasiadditive
set function. Consequently, @i(:v) < 0o almost everywhere in D. By Proposition 1, the inequality
— .
Ti(z;Q) < i¥i(z; Q) (2)
holds for almost all z € D. ,
Denote by ¥; o the negligible set on which the derivative ¥;(+; Q) is either undefined or equals oco.
Lemma 3. If E C D\ %, is a negligible set then |p(E) N N~1(i,) N Q| = 0.

PROOF. Put My, = {z € D\ %iq : ¥;(z;Q) < k}. Then D\ ;o = U, Mi. Take a negligible
set B in M. We may assume that Ej is bounded. For every € > 0 there exists an open set U D Ej
such that |U.| < €. The definition of M}, and (1) imply that for each x € Ej there is 7, > 0 such that
B(z,r) C U and |p(B(z,7)) N N71(i,0) N Q| < k|B(z,r)| for every 0 < r < r,. By Vitali’s lemma, we
can refine from the family

B ={B(z,r):x € Ey, B(z,r) CU;, 0 <1 <71y}

of balls covering the set Ej, a disjoint countable family of balls {B;} such that E; C |J ; ¢Bj, where c is
a constant depending only on v. Moreover, cB(z,7) C U, and |p(cB(z,7))NN~"1(i,0)NQ| < k|cB(z,7)|.
Then

o(Ex) NN (i,0) QI <> |o(eB;) NN~ (i,0) NQ| < kY _ |eB;j| < ¢’k|U:| < ke, (3)
j=1 j=1

and so |p(Ex) N N=1(i,0) N Q| = 0 because € > 0 is arbitrary.
For every negligible set E C D\ X; we also have |o(E)NN~1(i,¢)NQ| = 0 since E = J, ENM. O

We can restate the lemma as follows.
Corollary 1. If E C D\ X; g is a negligible set then
inf{¥,(U;Q) : U is open and E C U} = 0.

REMARK 1. Since @ is arbitrary, [p(E)| = 0 for every negligible set E C D\ Up_o Uiz X404k
where @y, is an increasing sequence with |y~ Qr D D'

Verify that ¥; is absolutely continuous.

Proposition 2. Every open set U C D \ ¥; satisfies
[Ewa = vwa. (4)
U

PROOF. Given z € D\ ¥, for every € > 0 there is a number dy(x) such that

\I}Z(B(x7 6)’ Q) T s .
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and
=/ 1 -/ -/
V@< oy [ Q<T@ v )
B(z,0)
for all § < dp(z). The definition of derivative of a set function implies (5), and Lebesgue’s theorem [2,
Corollary 3] yields (6). Furthermore,
Vi(B(e,p)Q) < BT (:Q) +elB.d) £ [ T(:@)ds +2:/B(z.0) ™
B(z,0)
for all z € D\ ¥; and ¢ < do(x).
Consider an open set U C D \ X; of finite measure. Choose a Vitali cover of U by the family
{B(z,6) |z €U\ %;,0< 0 < do(z)}
of balls. We can refine from it a sequence of disjoint balls {B;} such that

\UBi|=0 and UI=|JB)| =Y 1Bl
J J J
By Lemma 3,
wi(U;Q) < wi(|JB; Q) <> wi(B; Q). 8)
J J
Each ball in {B;} satisfies (7). Summing (7) over the balls in {B;} and taking (8) into account, we obtain
U,(U;Q) < 3 WilBj3Q) < / Ti(5Q)dz+22 ) |Bj| = /w Q) dz + 2|U].
’ UB; 7 v
j

Since ¢ is arbitrary,

W(UiQ) < [ V(5@ d © Q)

U
Proposition 2 yields the corollary:

Corollary 2. Every nonnegative measurable function u : A; — R satisfies
— 1
/u(:v)\ll;(a:, Q)dx > = / ( Z u(az)) dy. (10)
i
A; N-1(ip)nQ Tice tW\Zi

ProOOF. Take the indicator function u(z) = xv(x) of some Borel set V' C A;. Then

s et [ (CE

N-1(ip)nQ Zi€P B\ N-1(,p)nQ Ti€VNe 1\
= N6, 0) N p(V\ Z) N Q| < Wi(V;Q) < /w;@;@ iz,
A

Similarly we verify this inequality for step functions and then extend it to measurable functions by the
standard procedure. [

Put Z;g={z € Aine 1(Q): W;(a:, @) = 0}. We can show that |p(Z; g)| = 0 for i < co. Indeed,
|o(ZiQ)l = / dy < / ( > Xzi,Q(w)) dy <i / T (#;Q) dr = 0.

#(ZiQ) N-1(p)nQ €PN\ Ziq
We need one more property, which follows from claim (a) of Proposition 1.

Proposition 3. Every nonnegative measurable function g : D' — R satisfies

/ 9(0(2)T)(2; Q) der < i / o(y) dy. (11)

A, N=1(i,0)NQ
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2. Composition Operators

Given two domains D and D’ in a Carnot group G, say that a measurable mapping ¢ : D — D’
induces a bounded operator
@*: L (D',v) N CG°(D') = Ly(D, )

in the weighted Sobolev spaces as the composition ¢*(f) = f o ¢ whenever fo g € Lé(D, u) and
[e*(f) | Lo(D,w)|| < K| f | Ly(D',0) (12)
for every function f € L;(D’ ,v) N C§°(D'), where the constant K is independent of the choice of f.
Theorem 2 [2, Theorem 1.2]. Suppose that ¢ : D — D' induces the bounded operator
¢ LD, v)NC®(D') = Ly(D,u), 1<q<p<oo, ¢f=foe.
Then

q for p = o0,

P(A') = sup (

* 1 > pq
e
fELL(A w)NCFe(A’)

11 Lp(A vl

is a bounded monotone countably additive function on all bounded open sets A’ C D’.

Theorem 2 in [1] is proved for mappings of domains in R™. A proof for Carnot groups repeats the
Euclidean case verbatim.

3. Properties of ¢

Let us describe the continuity and differentiability properties of a mapping inducing a bounded
composition operator.

3.1. Approximate differentiability of ¢.

Lemma 4. Consider a mapping ¢ : D — D' such that for all n in C§°(D’) the composition 1o ¢ is
of class ACL(D). Then on almost all integral lines of horizontal vector fields the mapping ¢ : | J; T, —» D'
is continuous outside a set of zero Hausdorff-1-measure.

Here {T}} is an increasing sequence of sets comprising the points of positive density, |D \ U, T =0,
and ¢ is continuous on every i

PRrOOF. Fix a horizontal field X;. Assume on the contrary that there is a family I' of integral lines
of X; of positive measure such that on each v € I' there is a set s, C 7 of positive 1-measure on which
e :U; T, — D' is discontinuous.

Verify that S = |J, o sy is measurable. Indeed, S = D\ A, where

A= {xe T; | d(p(z ex tX,), o(x <lf0rt<i,xex tX; € T}
ﬂNmﬂN U\ (plxexptX;), p(x)) < — for [t < —, zexptX, U
is a measurable set since so are all sets in the braces. Fubini’s theorem yields |S| > 0. Similarly we
check that S = J,,cry Sm, where S, = {z € s, | osc; () > L1}, is a measurable set. Here osc; ¢() is
the oscillation of ¢ : yN Y, T; — D' at z. Consequently, we can choose m so that |S,,| > 0. Moreover,
there is j with [Sp, N TJ\ > 0. Take a point zg € Sy, N TJ of density 1. Then every ball B(zg,r) includes
a subset of positive measure in S, N j} Denote this set by P.. Since ¢ is continuous on Tj, we can
choose a ball B(xzg, ) so that o(B(xg,7m) N Spy N Tj) C B(p(wo), 1= )-

Fix n € C§°(D') such that n(y) = 1 for y € B(p(w0), 1) and n(y) = 0 for y & B(p(z0), 5= )-

Basing on the above, on each horizontal line intersecting P, in a set of positive 1-measure we have
oscin o p(z) = 1, where z € P, . By the construction of P, , the collection of these lines is of positive
measure. Therefore, we arrive at a contradiction with the absolute continuity of no ¢ on almost all lines.
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Thus, on almost all horizontal lines the mapping ¢ : U@Tz — D’ is continuous outside a set of
zero 1-measure. [

The next lemma shows that, as we approach discontinuity points, the corresponding images tend to
the boundary of the range or to infinitely distant points.

Lemma 5. For almost all integral lines -y of horizontal vector fields the set 0., C v of discontinuity
points of ¢ is closed, has measure zero, and @ enjoys the property

lim dist(p(z),0D) =0 or lim p(e(x)) =00 (13)
z—a z—a
zey\oy zey\oy

for all a € o,.

Proor. STEP 1. Take an integral line v of a horizontal field, the set o, C 7 of zero 1-measure
on which ¢ is discontinuous, and z¢ € o,. Verify that if for some sequence {z,} C v\ oy the limit
limg, e @(2n) = 2 € D' exists then lim,s ., p(x;,) = 2 for every sequence {z,} C v\ 0.

Take an everywhere dense countable set {z;} of D’. Define the countable family of functions n,
D' — R of class C§°(D') as

r( )_{1 yEB(Zj,T‘),
"0y ¢ Bz, 2r),
where r € Qt ={z € Q| z > 0}.

For almost all integral lines v C D of horizontal vector fields ¢ is continuous on v outside a set o,
of zero 1-measure, while n;j o ¢ is absolutely continuous on « for all j € N and r € Q". Choose a line ~y
with these properties.

Take zo € 0., and assume that lim,, ., ¢(z,) = z € D' for some sequence {z,} C v\ 0. If there is
no suitable sequence then (13) holds.

Take another sequence {z),} C v\ o, with lim,/ ., ©(z;,) = 2’ # 2. The three cases are possible:
ZeD' 7 edD, and 2/ = .

Choose a point z; € {z;} and a radius r; € QT so that d(z,z) < r; and d(2, z;) > 2r;. Then

lim n'op(z,) =1 and lim 77 o p(z;,) =0,
Tn—T0 ! —xo
which contradicts the continuity of 17! o ¢ on 7.

Extend ¢ by continuity as ¢(z9) = z. Hence, we may assume that zo ¢ 0., while all elements of o,
satisfy (13).

STEP 2. Verify that o is closed. Take a converging sequence {x,} C o and show that lim,_,o 2, € 0.
For each m,, there is a sequence {zF} C v\ o, with limj_,o, ¥ = z,,. By the above,

klingo dist(go(xﬁ),@D’) =0 or kli_}n;op(cp(xﬁ)) = 00.
Form a sequence {z%} C 7\ 0., such that

dist (¢ (a:fj) ,0D") <

% or p(go(xfj))>l.

Then lim;_, mfbl = x¢9. Thus, 29 € 04 and so o, is closed. [
The proofs of the next two statements (Lemmas 6 and 7) rest on the arguments of [6] (see Lemmas 19
and 20 of [6]).

Lemma 6. Take v(y) € L1 10c(D’) and uﬁ(x) € Lijoc(D). If f € Lipy,(D') N Ly(D',v) and
|/ | L})(D/,U)H < 1 then there is g; € Lq1oc(D) such that

V2 (fop)l(z) < gi(x) (14)
almost everywhere on A; N ¢~ 1(Q).
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Here Lip,,.(D’) is the space of locally Lipschitz functions.

PRrROOF. STEP 1. Fix yo € D'N¢(A;) and a ball B(yo, 7). Consider the function n(y) = £(6, (yo_ly)),
where £ € C§°(G) satisfies £|p(o,1) = 1 and £\ p(0,2) = 0-
Using Theorem 2, we obtain

(] Weeor@ua) ;

©~Y(B(yo,r))

< &(B(yo, 2r)) > ( / V2 ((F(y) = Fyo))n(w)[Pv(y) dy> ’

B(yo,2r)

g«b(B(yo,zr))i( / \szlp(y)np(y)v(y)dy);

B(y072T)

L(B(yo, 2r>>3«( [ el @i - saorew) dy)

B(yo,2r)
< ®(B(yo, 2r)) = (v(B(yo, 2r))? + (c17 ™ carv(B(yo, 2r))
— CD(B(yo, 2r)) v(B(yo, 2r))7 .

P

D=

)

Furthermore, if p = g then ®(B(yo, 27‘))i = [|¢*|l.
Finally, we arrive at the estimate

’u\-m

V2 (f o @)|*(z)u(z) dz < C1@(B(yo, 2r)) = v(B(yo, 27)) 7.
¢~ (B(yo,r))

(15)

STEP 2. The estimate in (15) implies that |V ¢ (f o ¢)|(z) = 0 for almost all z € Z; . Indeed, since
lo(Z;)| = 0, for arbitrary € > 0 we can choose a cover consisting of countably many balls {B; = B(y;, 1)}
such that the balls of doubled radii constitute a point-finite cover of p(Z;) and > 2, |B(yi,2r;)| < €.

From (15) for ¢ < p we have

/|v$ o )| dm<z / IV o (f 0 0)4(@)u(z) do

Lo-1(By,m))

q
< C1Z‘I> (9, 2r0)) = 0(B(yi, 2r)) »

_cl(iéwwl,zn)))i(Z\B (1,2r) ) < Cyo(D) ke,

=1

If ¢ = p then

/ V2 (f o o) (x)u(z) de < Csl|¢"||%e.
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STEP 3. Using (10) and (15), we obtain

CL8(Byo, 2r)) £V (Blyo, 20))F > / V2 (f 0 9)l*(x)ule) de
@~ 1(B(yo,r))NAiNe~1(Q)

IV (f 0 9)|%2)T(x; Q)ulx)

= — dx

U (x;
»~1(B(yo,r))NA:iNe~ 1 (Q)\Zi,q z( Q)

> 1 / 5 (IVz(fOf)!q(w)U(w)> "
\ZiQ v

Blyo,m)Np(A:\Z:,0)NQ i€P~ (W)

ie.,

Volfo)fau@)
/ Z N ( @;(xa Q) ) y

Blyo,r)Np(4:\Zi,)nQ i€P (Y

< lCl(D(B(yOa QT)) (B(y(), 2T))

'B\-Q
—~
—_
(=)
~—

Divide both sides by |B(yo, 2r)|:

Z/O, ‘ /

Velf ot
@/

zj€p 1 (y)\Z; z(w7Q)
. (®(B(yo,2r))\ * (v(B(yo,2r))\
Slcl( | B(yo, 2r)| ) ( |B(yo, 2r)] )

Differentiating by Lebesgue’s theorem, we infer that

2 ('Vf(fqﬁf o ) < iK® ()50} (1)
zicp~ (y)\Ts i\%s

for almost all y € p(A4; \ Z; ). Hence,
Ve(fop)l(z) <gig(x) foralmost all z € A;, (17)

where

Q=

(2)o7 (p(x)) for p > g,
Ko ViC(T(w; Q) 1u” 1 (z)v7 (p(x)) for p = g.

STEP 4. Verify that g; o(z) is locally integrable. Assume that p > ¢ and take an arbitrary ball
B C D. Applying Holder’s inequality and Proposition 3 twice, we obtain

| KV (p(@)* (T Q) vu
giq(z) =

/ Qo) de = Kyt / P (p()) = (T,

B B
1 1 11
Ayl , B P 1 P
< Kyio 7= (/‘P(y)dy> (/v(y)dy) (/U@)l—q dw) :
Q Q B
where = =1— ; In the case ¢ = p we deduce a similar inequality. All quantities on the right-hand side

are ﬁmte and s0 g; @ € Li1oc(D). O
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Recall that the approzimate derivative along a vector X at x (see [11]) is
ap X () = ap lim 6, ((p(2)) (20 exp X)).

Lemma 7. If ¢ induces the bounded composition operator ¢* : L;,(D’,v) NCge(D') — Lé(D,u) in
Sobolev spaces then ¢ has approximate partial derivatives almost everywhere in D.

PROOF. Since the result is local, we may assume that D has finite measure. Fix k£ € N and a bounded
set Q C G.

Take an everywhere dense countable set of points {z;} in D’. Define the countable family of functions
dl, : D' — R as d. (y) = (r — d;;(y))", where r € Q" = {z € Q | z > 0} and d;;(y) = d(zj,y). For
each of these functions the pointwise equality ¢*dZ, (x) = dz, o ¢(z), with r € QT and j € N, holds for

all points x € T .. In addition, each of these functions satisfies the hypotheses of Lemma 6. Therefore,
[V2(dZ, o )|(z) < Cgiq(x) for almost all z € A;.

Consider the foliation I's of D induced by the horizontal vector field X and a line « in this foliation.
Almost all v in T’y satisfy the following conditions:

(1) ¢ is continuous on +y outside a set o, of zero 1-measure (Lemma 4);

(2) we have the pointwise inequality for measurable functions:

\Vg(go*dgj)\(t) <Kgiglt), r€Q", jeN, ae. in YN HQ),

and g; ¢ is integrable on every compact subset of ;
(3) for almost all zy € « the limit of m f[xo’x] 9i,Q(t) do as  — xo along v exists and is equal to
9i,0(z0) (here [xg,x] C v is a segment of the integral line);

(4) A; N T}, N~ is a set of full (1-dimensional) measure on v N D;

(5) the functions go*df;j are absolutely continuous on «y for all j € N and r € Q*.

Fix a line v € I'; on which all five conditions hold.

Assume that zo € A; N~ H(Q) N T N v is a point of positive density on «, a point of continuity of
the restriction ¢|, and a point at which condition (3) holds. Put z = ¢(z¢). Fix a subsequence {z;}
of {2} converging to z = p(xp) and denote its elements by z;. Since ¢ is continuous on v at xp, we can
choose 8, 7, and L so that d} o ¢(z) # 0 for all [ > L and all points z € A; N~ 1(Q) N B(x0,8) N\ 0y.

Integrating Cg; o(z) (where C is independent of r and z) over the part of v from z¢ to z, where

x € A;NT, N B(xo,0) N\ 0, yields

C / gio(t)dt > / ‘V_g(go*dgl)’(t)dtz‘ / Vo (p*d,)(t)dt

[zo,z]NA; [zo,z]NA; [zo,z]NA;
> |, 0 p(z0) — i, 0 ()| = | — day ((20)) — 1 + oy (9(2)
| = (0(20)) + ey (9(2))] = da((2) = d((z0), 9(x)) a5 L oo, (15)
Hence,
digla0). 9(a)) < C [ gio(t)do (19)
[x0,]
s < dmy | me0de 20)
[x0,2]

for all z € A; N 1(Q) N T} N B(zo,8) Ny \ o~. Passing to the approximate limit in (20), we obtain

. CCONEC)

=09 21
T—T0,TEY d($0,$) =~ ng,Q(LEQ) < 00, ( )
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which means that ¢ is approximately differentiable at xy along Xj.

Since we picked arbitrary indices k and i, a horizontal field X, an integral line v € Iy, a set @), and
a point zg € 7, the mapping ¢ is approximately differentiable almost everywhere along the horizontal
lines. [

REMARK 2. Since ¢ is approximately differentiable almost everywhere along the integral lines of
horizontal vector fields, its complete approximate differentiability follows [11, Theorem 3.3].

Denote by Dy the approximate differential of ¢ and by Dy, its horizontal part. We have J(x,¢) =
det Dp(z).

3.2. Piecewise absolute continuity on lines. Recall that a mapping ¢ : D — D’ is called
absolutely continuous on a line y(t) : [0,1] — D whenever the line ¢(y(t)) : [0,1] — D’ is absolutely
continuous. A mapping ¢ is called absolutely continuous on lines (p € ACL(D)) if for every domain
U € D and every family I'; of integral lines of the basis horizontal vector field X, for j = 1,...,nq,
constituting a smooth foliation of U, the mapping ¢ is absolutely continuous on v N U for almost all
lines v € I';.

DEFINITION 5. A mapping ¢ : D — D' is piecewise absolutely continuous on almost all lines (¢ €
ACLpart (D)) whenever on almost every integral line v of the horizontal field X, for j = 1,...,n, there
exists an open set w, C y of full measure on 7 such that for every segment [, 3] C w, the mapping ¢ is
absolutely continuous on [a, 3] and

lim dist(p(x),0D') =0 or lim  p(p(z)) =0

T—a,TEW T—a, TEW~

for all a € v\ w,.
The appearance of approximate partial derivatives of ¢ enables us to use the change-of-variables
formula:

Proposition 4 [11, Corollary 5.1]. Suppose that ¢ : A — G, where A C G is a measurable set, has
approximate partial derivatives almost everywhere in A. Then there exists a negligible set ¥, C A such
that the change-of-variables formula in the Lebesgue integral takes the form

[t@leeli=[( 3 f@)d (22
A G TP HYyN(A\Z,)
for every nonnegative measurable function f : A — R.
In particular,
| 1eplda = [ Ny (23)
e H(F) F
for every measurable set F' C D’. Since N (y, ¢) is integrable on F', this implies that |J(z, )| is integrable

~1
on o~ (F).
Arguing as in Lemma 6, but using (22) instead of (10), we arrive at the following estimate.

Lemma 8. If f € Lip(D') N Ly (D', v) and || f | LL(D’,v)|| < 1 then

IVe(fop)|(x) <g(x) ae inD, (24)
where A )
o) = { K (@)1 (2, @) T 5 @)t (o) forp >
Kol (2, ) Pu b0 (6(2)) forp=g
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Lemma 8 says nothing about the integrability of g(z). We need local integrability on the preim-
age ¢ 1(B) of an arbitrary ball B C D’. We succeeded in proving that g is locally integrable on ¢~ !(B)
on making the assumptions:

1 .

(1) w(z)T=2 € Ly 10c(D) and v(y)N(y, ¢) € L110c(D’) if ¢ = p;

1 .

(2) u(x)T=7 € Ly j0c(D) and v(y)N(y, @) € L110c(D’), as well as ®'(y)N(y, ¢) € L110c(D’), if ¢ < p.

In the case ¢ = p we justify

Lemma 9. If ¢ induces the bounded composition operator

o Lzl,(D',v) NCE (D) — L;(D,u)

in the weighted Sobolev spaces, N(y,p)v(y) is locally integrable, and u(:v)ﬁ € Lijoc(D), then ¢ €
ACLpar (D).

PROOF. As in Lemma 7, define the countable family of functions d; : D" — RT as dz (y) = (r —
d-;(y))*, where {z;} is an everywhere dense countable set of points in D’ and r € Q* = {z € Q | z > 0}.
For each function of this type the pointwise equality ¢*d’, (z) = d;, o @(x), with r € Q" and j € N, holds
for all points z € T}, (for every k) and the (24) holds almost everywhere in D.

Fix a ball B C D’'. Since N(y, ¢)v(y) is locally integrable, Proposition 4 implies that |J(z, ¢)|v(p(z))
is integrable on ¢~ !(B). Take a compact set K C ¢~ !(B). Holder’s inequality yields

p—1

IZ o, )P oF (ot (o) < I[ o, plo(ee) de ) : ( IZ () i)

The right-hand side here is bounded because u(m)ﬁ € Lj joc(D). Consequently,
1
p

1 1
g9(x) = [J(z, ) [ror (p(z))u 7 (2)

is locally integrable on ¢~!(B).

Consider the foliation I's of D induced by the horizontal vector field X;. The following hold for
almost all lines v in Ty intersecting v N ¢! (B) in a set of positive measure:

(1) ¢ is continuous on vy outside some set o, of zero 1-measure (Lemma 4);

(2) g(z) is integrable on every compact subset of ~;

(3) the pointwise inequality holds for measurable functions:

’vz(@*dgj)ut) < Kg(z), reQ", jeN, ae ony;

(4) T, N is a subset of full (1-dimensional) measure of v N ¢~ (B);

(5) *dZ, are absolutely continuous on v for all j € Nand r € Qt.

Fix a line v € I'y meeting all five conditions. The set v N ¢~!(B) is open on v, and so it is a union
of segments. Choose an arbitrary segment [a, 3] C v N o~ 1(B).

Take a point zg € T N [a, B] of positive density on « at which the restriction ¢|, is continuous.
Put z = ¢(x0). Fix a subsequence {z;,} of {z;} converging to z = ¢(z¢) and denote its elements by z;.
Since ¢ is continuous on y at zp, we can choose §, 7, and L so that d, o p(z) # 0 for all | > L and all
x € B(xg,d) N [a, G].

Integrating K g(x) over the part of v from z to x, where x € Ty N B(xp,0) N [a, F], yields

/ x)dt > / IV (p*dy) ()dtz‘ / Vo (p*d)(t) dt
[zo,z] [zo,z] [zo,2]
> |dz, 0 (o) — dZ, 0 p(a)| = |r = dzy (w(20)) — 1+ dzy (9())]
= | = dz (p(x0)) + dzy (0(2))| = da(p(2)) = d(p(x0), (7)) asl— oo.
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This leads to the estimate

d(p(x0), o)) < K / o(x) dt (25)

[1‘0,1‘]

for z € Tp N B(zp,0) N [a, B]. By the absolute continuity of the integral, we deduce from this that ¢ is
absolutely continuous on [a, 3.

Since we arbitrarily picked a line v, a segment [«, 3], a vector field X, and a ball B, the piecewise
absolute continuity is established: ¢ € ACLpart (D). O

Now the analogous claim for ¢ < p is in order:

Lemma 10. If ¢ induces the bounded composition operator
©* : Ly(D',v) N C§°(D") = Ly(D,u)

in the weighted Sobolev spaces, the functions N (y, ¢)v(y) and ®'(y)N(y, ¢) are locally integrable, while
1
the weight u(x)T=7 belongs to L joc(D), then ¢ € ACLpar (D).

Here we take the function ® of Theorem 2.

4. The Main Theorems

Let us introduce the key definitions and prove the main results of this article.

DEFINITION 6. A mapping ¢ : D — D’ of class ACLpar(D) has finite (u,v)-weighted distortion
whenever Dpp(x)u(z) = 0 almost everywhere on

Z, = {z € D | J(z,p)o(p()) = 0}.

REMARK 3. Itisobvious that Z C Z,, where Z = {z € D | J(z,¢) = 0}. If v > 0 almost everywhere,
and, in particular, if v satisfies Muckenhoupt’s Ap-condition, then |Z, \ Z| = 0. Thus, in Definition 6 we
can replace Z, with Z. Indeed, assume that v(¢(z)) = 0, i.e., z € ¢~ 1(S), where S = {y | v(y) = 0}.
The measure of S is zero since v(z) > 0 almost everywhere. By the change-of-variables formula for the
characteristic function of S,

/ X)) (z, )] da = / x5 ()N (4,0, D) dy.
D G

The integral on the right-hand side vanishes since the integration is taken over a negligible set. Therefore,

|/ (2, 9)| dx = 0,
e=1(S)
which implies that J(z, p)v(¢(x)) vanishes almost everywhere on Z. Finally, |Z, \ Z| = 0.
DEFINITION 7. Define the weighted distortion function for ¢ as

-1 Do|?(z)u(z)\ £
: v X ).
D' 5y HY(y) = w1 (WN(ZoUZ0) (26)

0 ifoi(y)\ (S,UZ) - 2.
A distortion function of this type appeared originally in [16].
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1
Theorem 3. Suppose that N (y, ¢)v(y) belongs to L 1oc(D’), the weight w7 (x) belongs to L joc(D),
and 1 < p < oo. If a measurable mapping ¢ : D — D' induces the bounded composition operator

o Lzl,(D',v) NCE (D) — L}?(D,u)

in the weighted Sobolev spaces then it enjoys the properties:

(1) ¢ is of class ACLpart(D);

(2) ¢ has finite (u,v)-weighted distortion;

(3) the distortion function H,"(-) belongs to Loo(D').

Furthermore, HH;,L’”(-) | LOO(D')H < Clle*.

PrOOF. (1) We proved the containment in ACLpar(D) of Lemma 9.

(2) Let us show that ¢ has finite (u,v)-weighted distortion, i.e., Dp¢ = 0 almost everywhere on Z,.
For every function f € L}(D',v) N C§°(D’) we have

9" F | Lo(D,w)|| < llg™[I - [| £ | Lp(D',w)]- (27)

Choose the cut-off n € C§°(RY) equal to 1 on the Euclidean ball B¥(0,1) and vanishing outside the ball
BF(0,2). Inserting hj(z) = (z — y);n(%Y), where BE(y,2r) C D', into (27) yields

T

/ |Dhgo|pu<x>dw)’l’scuso*||( / v(y')dy')‘l’ (28)

e~ Y(BE(y,r)) BE(y,2r)

(for more detailed arguments, see the proof of Lemma 6).
Verify that

/‘Dhgolq dxr = 0.
Zy

By the change-of-variables formula (Proposition 4),

ez \m) = [ ewas [( X o))y

0(Zv\Zp) G € YIN(Zu\Zy)
= [wlotaniia ol dz =0,
Zy

Consequently, v(p(Z, \ X)) = 0 and |p(Z, \ Xy,)| = 0. Fix € > 0 and an open set U C D’ such that
U D ¢(Z,\ Xy), while v(U) < € and |U| < e. By Lemma 1, choose a point-finite cover { B (y;,7;)} of U
of multiplicity M; this number is independent of U and satisfies |BE(y;,7;)| < Me. Using (28) and
Lemma 2, we obtain

/ Dgl? ()u(z) dx = / Do (a)uz)de < Y / Dgl? (z)u(z) dx
Z, Z\%, I=l o 1(BE (y;,r)))
<Py / o(@) dz < CE|lo* |o(U) < CEllg"le.
I=BE (y; 2r))

Since € > 0 is arbitrary, while the weight function u(z) is positive almost everywhere, it follows that
|Dy| = 0 almost everywhere on Z,. Consequently, ¢ has finite (u,v)-weighted distortion.
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(3) Applying the change-of-variables formula (Proposition 4) and (28), we infer that

[ Dwelu@d= [ Dglute) ds

©~1(B(yo,r)) e~ (B(yo,m)\Zv
DrolP(z)u(z N
- [ (2 By < onpronn) (29)

B(or) € WINZUE,)

From (29) and Theorem 1 we deduce the inequality

(> ) <l

J
sep iz, @)
which enables us to obtain the required estimate |Hy™(-) | L,.(D")|| < C|l¢*|. O

Theorem 4. Assume that 1 < g < p < co. Take ¢ : D — D’ with the properties:
(1) ¢ is of class ACLpar(D);

(2) ¢ has finite (u,v)-weighted distortion;

(3) the distortion function Hy*(-) belongs to L,.(D'), where 1 =
Then ¢ induces the bounded composition operator

¢*: L(D',v) N CG°(D') — Ly(D,u)

1
q

in the weighted Sobolev spaces.
Furthermore, ||¢*|| < ||Hp™ (-) | Li(D")]|.

PROOF. Observe that fop € ACL(D) for all f € LL(D',v)NC§°(D’). Indeed, we have ACLpart(D);
hence, the following holds for every segment («, () of the integral line of a horizontal vector field on
which ¢ is absolutely continuous: the images ¢(«) and ¢(3) of the endpoints leave the support supp f
of f. Thus, f o ¢ is absolutely continuous on the segments of absolute continuity of ¢ and vanishes at
the points where ¢ is not absolutely continuous.

Verify that ||¢*f | Li(D,u)|| < Hpg (D)||f | Ly(D',v)| for every f € Ly(D',v) N C*(D'). We have

lo*f | LD < ( [ (951D Dree )t dx)q

D\ Z,

< <D/,|V$f|q(y)( s Do) dy)(ll

e 1\(ZpUZy)

_ (]!\nglq(y)vi(y) (u‘i(y)mew%wzv) W) dy)é'

By Holder’s inequality for ¢ < p,

l¢"f | Lg(D,u)|

— |[HE () | LoAD)|[|| £ ] LD, 0)]|- 50)

Finally, [l¢"|| < HyZ(D'). O
In the case ¢ = p = v and v o ¢ < u the necessary conditions are sufficient.
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1
Theorem 5. Consider v(y) € Lijoc(D’) and uT(x) € L1 1oc(D) such that v o ¢ < u almost
everywhere on D. A measurable mapping ¢ : D — D' induces the bounded composition operator

©* : LL(D',v) N C§°(D') — LL(D,u)

in the weighted Sobolev spaces if and only if
(1) ¢ is of class ACLpar(D);
(2) ¢ has finite (u,v)-weighted distortion;
(3) the distortion function Hy"'(-) belongs to Loo(D').
Furthermore,
CIHE () | Lo D)]| < 0] < [ () | Lo D)

PROOF. Necessity: The inequalities |J(z, ¢)| < |Dp|”(z) and voy < u combined with (28) guarantee
that |J(x, ¢)|v(p(z)) is integrable on ¢ ~(B(yo, 7)), where B(yo,r) C D’ is an arbitrary ball. Indeed,

[ Veoheeyize [ Deluds < CroBn),
@~ (B(yo,r)) ¢~ (B(yo,r))
which implies that N(y, ¢)v(y) € L1 joc(D’). Then Theorem 3 applies.
Sufficiency follows from Theorem 4. [

If the Banach indicatrix N (y, ¢) is bounded then the necessary conditions coincide with the sufficient
conditions for 1 < ¢ <p < co.

Corollary 3. Take v(y) € Ly 10c(D’) and uﬁ(ac) € Lijoc(D). Assume that N(y,¢) < b < o0
almost everywhere on D’. A measurable mapping ¢ : D — D’ induces the bounded composition operator

¢* : LL(D',v) N C§°(D') — Ly(D, )

in the weighted Sobolev spaces if and only if
(1) ¢ is of class ACLpar(D);
(2) ¢ has finite (u,v)-weighted distortion;
(3) the distortion function Hy"(-) belongs to L, (D’), where 1 =
Furthermore, c||Hy™ () | Ly(D")|| < lle*|l < ||Hp™(-) | Le(D")||-
Observe that if ¢ is a homeomorphism then we obtain as a corollary the statement that essentially
similar to [3, Theorem Al:

1_1
qg p’

Corollary 4. Take v(y) € Ljjoc(D’) and uflq(a:) € Lijoc(D). A homeomorphism ¢ : D — D’
induces the bounded composition operator

©* : Ly(D',v) N C§°(D") = Ly(D,u)
in the weighted Sobolev spaces if and only if ¢ € ACL(D) and the weighted distortion function

1 11
Kp¥(x) = inf{K(z) : |Dhel|(z)us(z) < K(z)|J(z, 0)[PvP (p(z))}
belongs to L,.(D). The norm of the operator |¢*|| is equivalent to ||Kp™"(x) | L..(D)]|.

Let us state one more claim, in which bounded composition operators in Sobolev spaces are associated
to quasiconformal mappings.

Corollary 5. Take two weight functions u and v of the Muckenhoupt class A,. Assume that
¢ : D — D' is a homeomorphism and v o p(z) < wu(z) for almost all x € D. The mapping ¢ is
quasiconformal if and only if the composition operator

" LL(D',v) N (D) — LY(D,u)

is bounded.
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