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Abstract: We study the properties of the mappings inducing bounded change-of-variables operators
in weighted Sobolev spaces on the Carnot group. We obtain an analytical description of these mappings
in terms of integrability of the weighted distortion function. In some cases we prove that the mapping
inducing a bounded operator is piecewise absolutely continuous on almost all horizontal lines.

DOI: 10.1134/S0037446615060087

Keywords: composition operator, weighted Sobolev space, Carnot group

Introduction

Under study are the properties of a measurable mapping ϕ : D → D′ inducing the bounded operator
in weighted Sobolev spaces on the Carnot group by change of variables:

ϕ∗ : L1p(D
′, v) ∩ C∞0 (D′)→ L1q(D,u), ϕ∗(f) = f ◦ ϕ, f ∈ L1p(D′, v) ∩ C∞0 (D′).

Depending on the relation between the summability exponents q and p, we manage to obtain either
a complete or a partial solution to the problem. In the case q = p we find necessary conditions for
a mapping to induce a bounded composition operator (Theorem 3). Theorem 4 gives sufficient conditions
for the boundedness of the composition operator in the general situation 1 ≤ q ≤ p < ∞. When the
summability exponents and the Hausdorff dimension coincide, q = p = ν, we solve the problem completely
(Theorem 5).
In the Euclidean case the mappings, inducing a bounded composition operator in weighted Sobolev

spaces, are fully described in [1]. These are the mappings with finite distortion whose weighted distortion
function is summable to some power. A similar description on Carnot groups is obtained in [2] (the
unweighted case) under the condition that ϕ is of class ACL. The weighted case is studied in [3] on
assuming that ϕ is a homeomorphism. In this article we dispense with the a priori regularity properties of
mappings and in some cases deduce the ACL-property from the boundedness of the composition operator.
Most methods we apply were developed in [1, 2, 4–7], where some equivalent descriptions were ob-

tained of the mappings inducing bounded operators of the Sobolev spaces both on Euclidean spaces and
Carnot groups. In this article we apply a new method to prove the piecewise absolute continuity of the
measurable mappings inducing bounded operators in Sobolev spaces.
For a more detailed discussion of the history of this question and extensive bibliography on the study

of composition operators in Sobolev spaces with the first generalized derivatives, see [1–6, 8–10].
The article is organized as follows: In Section 1 we recall the main concepts and justify some auxiliary

statements. In Section 2 we define a bounded composition operator and characterize its norm in terms
of a finitely additive set function. In Section 3 we study the continuity and differentiability properties
of a mapping ϕ inducing a bounded composition operator. In Subsection 3.1 we prove the continuity
on almost all lines and the approximate differentiability of ϕ almost everywhere. In Subsection 3.2 we
introduce the concept of piecewise absolute continuity on almost all lines, proposed by Vodopyanov, which
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is a weakening of the ACL-property which suits our problem. Subsequently this property ensures that the
composition f ◦ ϕ belongs to ACL(D). Section 4 contains the main results of the article, Theorems 3–5.

1. Preliminaries

1.1. Carnot groups.

Definition 1. A Carnot group G is a connected simply-connected nilpotent Lie group whose Lie
algebra G is graded: G = V1⊕ · · · ⊕ Vm with dimV1 = n1 ≥ 2 and [V1, Vk] = Vk+1 for 1 ≤ k ≤ m− 1 and
[V1, Vm] = 0. Put N =

∑m
i=1 dimVi.

Identify g ∈ G with x ∈ RN by the exponential mapping exp(∑xijXij
)
and call the numbers xij

the coordinates of the first kind of g ∈ G, for 1 ≤ i ≤ m and 1 ≤ j ≤ ni = dimVi. Therefore, there exists
a global coordinate system on G which enables us to identify the points of G with those in RN .
In the coordinates of the first kind the mapping

δt : (x̄1, x̄2, . . . , x̄m) �→ (tx̄1, t2x̄2, . . . , tmx̄m), t > 0,

determines a one-parameter family of dilations. Here x̄i ∈ Rni .
For i = 1, . . . , n1 the left-invariant vector fields Xi = Xi,1, constituting the standard basis of the

subbundle V1, are called horizontal.
Fix the homogeneous norm on G (see [11] for instance):

ρ(x) =

( m∑

i=1

|x̄i|2m!/i
)1/2m!

,

where |x̄i| is the Euclidean norm on Vi. This homogeneous norm determines the homogeneous quasimetric
ρ(x, y) = ρ(x−1y) for x, y ∈ G.
An absolutely continuous piecewise smooth line γ : [a, b]→ G whose tangent vector lies in V1 is called

a horizontal line.

Definition 2. The Carnot–Carathéodory metric d(x, y) on G is the greatest lower bound of the
length of all horizontal lines connecting x and y.

We can show that d(x, y) and ρ(x, y) are equivalent (see the arguments in Lemma 1.4 and Proposi-
tion 1.5 of [12]); i.e.,

cρ(x, y) ≤ d(x, y) ≤ Cρ(x, y).
The Hausdorff dimension of G equals ν = n1 + 2n2 + 3n3 + · · ·+mnm, where ni = dimVi.
1.2. Weighted Sobolev spaces. Consider an open subsetD of a Carnot groupG. For i = 1, . . . , n1,

a locally summable function gi : D → R is called the generalized derivative of a function f along the
vector field Xi whenever ∫

D

giψ dx = −
∫

D

fXiψ dx

for an arbitrary compactly supported function ψ ∈ C∞0 (D). Henceforth we write gi = Xif .
Refer as a weight to a measurable function w : G → R taking positive values almost everywhere.

Given a measurable set A, define the weighted measure

w(A) =

∫

A

w(x) dx.

Here dx is the Lebesgue measure on RN normalized so that the measure of radius 1 balls (with respect
to the quasimetric ρ) equals 1. The weighted space Lp(D,w) consists of the functions summable to the
power p ∈ [1,∞) with weight w:

‖f | Lp(D,w)‖ =
(∫

D

|f(x)|pw(x) dx
)1/p

<∞.
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The weighted Sobolev space L1p(D,w) consists of the locally summable functions with finite seminorm

∥
∥f | L1p(D,w)

∥
∥ = ‖∇L f | Lp(D,w)‖,

where ∇L f(x) = (X1f(x), . . . , Xn1f(x)) is the generalized subgradient of f at x ∈ D.
Definition 3. A weight function w is of the Muckenhoupt class Ap with p ∈ (1,∞) whenever

sup
B⊂G

(
1

|B|
∫

B

w dx

)(
1

|B|
∫

B

w
1
1−p dx

)p−1
= cw,p <∞,

where we take the least upper bound over all balls B in G.

We may assume that the weight functions u(x) and v(y) belong to appropriate Muckenhoupt classes,
but in the main results we indicate more precise conditions on these functions.

For more details on weighted Sobolev spaces; see [13, 14] for instance.

1.3. The measure of a family of lines. Consider a family Γj of integral lines of a basis horizontal
vector fieldXj forming a smooth foliation of an open set A ⊂ G. Denote the corresponding flow by gs. The
leaves are of the form γ(s) = gs(p), where p lies on a surface Sj transversal to Xj , while the parameter s
runs over an interval I ⊂ R. For the foliation determined by Xj , we can obtain the measure dγ as the
contraction i(Xj) of Xj with the bi-invariant volume form dx. Denote by Jgs the Jacobian of the flow gs.
Then

g∗s i(Xj)dx = Jgsi(Xj) dx or g∗s(Jg−si(Xj)dx) = i(Xj) dx.

Since gs carries every tangent vector to the one-parameter family of lines γt into a tangent vector to the
same family, the form Jg−si(V ) dx determines a measure dγ on Γj . Since Xj is a left-invariant horizontal
vector field, the flow gs is the right translation on exp sXj : G � p �→ p exp sXj . Since dx is a bi-invariant
form, we have Jgs = 1. Using left-invariance and homogeneity under dilations, we find that

∫

γ∩B(x,r) �=∅
dγ = c|B(x, r)| ν−1ν .

Hence, we can deduce Fubini’s theorem to be applied below. For more details; see [11].

1.4. Set functions.

Definition 4. A mapping Φ defined on the open subsets of an open set D ⊂ G and taking nonneg-
ative values is called a finitely λ-quasiadditive set function, with 1 ≤ λ <∞, whenever
(1) for every x ∈ D there exists δ with 0 < δ < dist(x, ∂D) such that 0 ≤ Φ(B(x, δ)) <∞;
(2)

∑k
i=1Φ(Ui) ≤ λΦ(U) for every tuple of disjoint open sets U1, . . . , Uk ⊂ U ⊂ D for i = 1, . . . , k.

In the case λ = 1 we use the term a quasiadditive function.

If instead of the second condition in the definition of set function we impose the equality

k∑

i=1

Φ(Ui) = Φ

( k⋃

i=1

Ui

)

for every finite tuple of disjoint open sets Ui ⊂ D then we call this function finitely additive. If this
equality extends to countable collections then the function is called countably additive.
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A quasiadditive function Φ is called monotone if Φ(U1) ≤ Φ(U2) for all open sets U1 ⊂ U2 ⊂ D.
Define the upper and lower derivatives of a quasiadditive function on a collection of open subsets as

Φ
′
(x) = lim

h→0
sup
δ≤h
Φ(Bδ)

|Bδ| and Φ′(x) = lim
h→0
inf
δ≤h
Φ(Bδ)

|Bδ| . (1)

Here we take the supremum and infimum over all open balls Bδ of radius δ ≤ h containing x. If at some
point x the upper and lower derivatives coincide, Φ

′
(x) = Φ′(x), then we call their common value the

derivative Φ′(x) of Φ.

Proposition 1 [2]. Take a finitely λ-quasiadditive set function Φ on the open subsets of a domain
D ⊂ G. The following hold:
(a) For every open set U ⊂ D ∫

U

Φ
′
(x) dx ≤ λΦ(U).

(b) At almost every point x ∈ D the upper derivative exists, is finite, and
Φ
′
(x) ≤ λΦ′(x).

If λ = 1 then at almost every point x ∈ D the derivative

Φ′(x) = lim
δ→0
Φ(Bδ)

|Bδ|
exists and is finite.

Below we need the following theorem by Lebesgue.

Theorem 1 [2, Corollary 9]. Consider a domain D in a Carnot group G and take a function f
in L1,loc(D). Then

lim
δ→0, x∈Bδ

1

|Bδ|
∫

Bδ

|f(y)− f(x)| dy = 0

for almost all x ∈ D.
Let us present two more covering lemmas we will use in establishing the main results.

Lemma 1 [2, Lemma 9]. Given an open set U ⊂ RN with U �= RN , there exists a countable family
B = {Bj} of Euclidean balls such that
(1)

⋃
j Bj = U ;

(2) if Bj = B(xj , rj) ∈ B then dist(xj , ∂U) = 12rj ;
(3) B = {Bj} and 2B = {2Bj} constitute a point-finite cover of U ;
(4) if Bi(xi, ri) ∩Bj(xj , rj) = ∅ then 57ri ≤ rj ≤ 7

5ri;
(5) it is possible to split the family {2Bj} into finite families depending only on the dimension N so

that the balls in each family are disjoint.

Lemma 2 [2, Lemma 10]. Take a monotone countably additive function Φ on the open subsets of
an open set D ⊂ RN . Then for every open set U ⊂ D with U �= RN there exists a sequence of Euclidean
balls {Bj} such that
(1) {Bj} and {2Bj} constitute a point-finite cover of U ;
(2)

∑∞
j=1Φ(2Bj) ≤ ζNΦ(U), where ζN is a constant depending only on the dimension N .

1.5. The volume derivative. Consider a measurable mapping ϕ : D → D′. The Banach indicatrix
N(y, ϕ,A) = #{x ∈ A | ϕ(x) = y} is the number of preimages of y in A. If the number of preimages is
infinite then put N(y, ϕ,A) =∞. In the case A = D we write N(y, ϕ) instead of N(y, ϕ,D).
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The function N(y, ϕ) is measurable (see [15] for instance). Hence, we can express D′ as the disjoint
union of measurable sets:

D′ =
∞⋃

i=0

N−1(i, ϕ).

Put Ai = ϕ
−1(N−1(i, ϕ)). Then D =

⋃∞
i=0Ai.

Given a bounded set Q ⊂ D′, define the family of set functions
U �→ Ψi(U ;Q) = |ϕ(U) ∩N−1(i, ϕ) ∩Q|,

where i ∈ N, while U ⊂ D is an open set. It is obvious that each Ψi is a monotone finitely i-quasiadditive
set function. Consequently, Ψ

′
i(x) <∞ almost everywhere in D. By Proposition 1, the inequality

Ψ
′
i(x;Q) ≤ iΨ′i(x;Q) (2)

holds for almost all x ∈ D.
Denote by Σi,Q the negligible set on which the derivative Ψ

′
i(·;Q) is either undefined or equals ∞.

Lemma 3. If E ⊂ D \ Σi,Q is a negligible set then |ϕ(E) ∩N−1(i, ϕ) ∩Q| = 0.
Proof. Put Mk = {x ∈ D \ Σi,Q : Ψ′i(x;Q) < k}. Then D \ Σi,Q =

⋃
kMk. Take a negligible

set Ek in Mk. We may assume that Ek is bounded. For every ε > 0 there exists an open set Uε ⊃ Ek
such that |Uε| < ε. The definition of Mk and (1) imply that for each x ∈ Ek there is rx > 0 such that
B(x, r) ⊂ Uε and |ϕ(B(x, r)) ∩N−1(i, ϕ) ∩Q| < k|B(x, r)| for every 0 < r < rx. By Vitali’s lemma, we
can refine from the family

B = {B(x, r) : x ∈ Ek, B(x, r) ⊂ Uε, 0 < r < rx}
of balls covering the set Ek a disjoint countable family of balls {Bj} such that Ek ⊂

⋃
j cBj , where c is

a constant depending only on ν. Moreover, cB(x, r) ⊂ Uε and |ϕ(cB(x, r))∩N−1(i, ϕ)∩Q| < k|cB(x, r)|.
Then

|ϕ(Ek) ∩N−1(i, ϕ) ∩Q| ≤
∞∑

j=1

|ϕ(cBj) ∩N−1(i, ϕ) ∩Q| ≤ k
∞∑

j=1

|cBj | ≤ cνk|Uε| < cνkε, (3)

and so |ϕ(Ek) ∩N−1(i, ϕ) ∩Q| = 0 because ε > 0 is arbitrary.
For every negligible set E ⊂ D\Σi we also have |ϕ(E)∩N−1(i, ϕ)∩Q| = 0 since E =

⋃
k E∩Mk. �

We can restate the lemma as follows.

Corollary 1. If E ⊂ D \ Σi,Q is a negligible set then
inf{Ψi(U ;Q) : U is open and E ⊂ U} = 0.

Remark 1. Since Q is arbitrary, |ϕ(E)| = 0 for every negligible set E ⊂ D \ ⋃∞k=0
⋃∞
i=0Σi,Qk ,

where Qk is an increasing sequence with
⋃∞
k=0Qk ⊃ D′.

Verify that Ψi is absolutely continuous.

Proposition 2. Every open set U ⊂ D \ Σi satisfies
∫

U

Ψ
′
i(x;Q) dx ≥ Ψi(U ;Q). (4)

Proof. Given x ∈ D \ Σi, for every ε > 0 there is a number δ0(x) such that
Ψi(B(x, δ);Q)

|B(x, δ)| ≤ Ψ′i(x;Q) + ε (5)
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and

Ψ
′
i(x;Q)− ε ≤

1

|B(x, δ)|
∫

B(x,δ)

Ψ
′
i(z;Q) dz ≤ Ψ′i(x;Q) + ε (6)

for all δ < δ0(x). The definition of derivative of a set function implies (5), and Lebesgue’s theorem [2,
Corollary 3] yields (6). Furthermore,

Ψi(B(x, ρ);Q) ≤ |B(x, δ)|Ψ′i(x;Q) + ε|B(x, δ)| ≤
∫

B(x,δ)

Ψ
′
i(z;Q) dz + 2ε|B(x, δ)| (7)

for all x ∈ D \ Σi and δ < δ0(x).
Consider an open set U ⊂ D \ Σi of finite measure. Choose a Vitali cover of U by the family

{B(x, δ) | x ∈ U \ Σi, 0 < δ < δ0(x)}
of balls. We can refine from it a sequence of disjoint balls {Bj} such that∣

∣
∣U \

⋃

j

Bj

∣
∣
∣ = 0 and |U | =

∣
∣
∣
⋃

j

Bj

∣
∣
∣ =

∑

j

|Bj |.

By Lemma 3,

Ψi(U ;Q) ≤ Ψi
(⋃

j

Bj ;Q
)
≤
∑

j

Ψi(Bj ;Q). (8)

Each ball in {Bj} satisfies (7). Summing (7) over the balls in {Bj} and taking (8) into account, we obtain
Ψi(U ;Q) ≤

∑

j

Ψi(Bj ;Q) ≤
∫

⋃

j

Bj

Ψ
′
i(z;Q) dz + 2ε

∑

j

|Bj | =
∫

U

Ψ
′
i(z;Q) dz + 2ε|U |.

Since ε is arbitrary,

Ψi(U ;Q) ≤
∫

U

Ψ
′
i(z;Q) dz. � (9)

Proposition 2 yields the corollary:

Corollary 2. Every nonnegative measurable function u : Ai → R satisfies∫

Ai

u(x)Ψ
′
i(x;Q) dx ≥

1

i

∫

N−1(i,ϕ)∩Q

( ∑

xj∈ϕ−1(y)\Σi
u(x)

)
dy. (10)

Proof. Take the indicator function u(x) = χV (x) of some Borel set V ⊂ Ai. Then
1

i

∫

N−1(i,ϕ)∩Q

( ∑

xj∈ϕ−1(y)\Σi
u(x)

)
dy =

1

i

∫

N−1(i,ϕ)∩Q

( ∑

xj∈V ∩ϕ−1(y)\Σi
1
)
dy

= |N−1(i, ϕ) ∩ ϕ(V \ Σi) ∩Q| ≤ Ψi(V ;Q) ≤
∫

Ai

Ψ
′
i(x;Q) dx.

Similarly we verify this inequality for step functions and then extend it to measurable functions by the
standard procedure. �
Put Zi,Q = {x ∈ Ai ∩ ϕ−1(Q) : Ψ′i(x;Q) = 0}. We can show that |ϕ(Zi,Q)| = 0 for i <∞. Indeed,

|ϕ(Zi,Q)| =
∫

ϕ(Zi,Q)

dy ≤
∫

N−1(i,ϕ)∩Q

( ∑

xj∈ϕ−1(y)\Σi
χZi,Q(x)

)
dy ≤ i

∫

Zi,Q

Ψ
′
i(x;Q) dx = 0.

We need one more property, which follows from claim (a) of Proposition 1.

Proposition 3. Every nonnegative measurable function g : D′ → R satisfies∫

Ai

g(ϕ(x))Ψ
′
i(x;Q) dx ≤ i

∫

N−1(i,ϕ)∩Q
g(y) dy. (11)
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2. Composition Operators

Given two domains D and D′ in a Carnot group G, say that a measurable mapping ϕ : D → D′
induces a bounded operator

ϕ∗ : L1p(D
′, v) ∩ C∞0 (D′)→ L1q(D,u)

in the weighted Sobolev spaces as the composition ϕ∗(f) = f ◦ ϕ whenever f ◦ ϕ ∈ L1q(D,u) and
∥
∥ϕ∗(f) | L1q(D,u)

∥
∥ ≤ K∥∥f | L1p(D′, v)

∥
∥ (12)

for every function f ∈ L1p(D′, v) ∩ C∞0 (D′), where the constant K is independent of the choice of f .
Theorem 2 [2, Theorem 1.2]. Suppose that ϕ : D → D′ induces the bounded operator

ϕ∗ : L1p(D
′, v) ∩ C∞(D′)→ L1q(D,u), 1 ≤ q < p ≤ ∞, ϕ∗f = f ◦ ϕ.

Then

Φ(A′) = sup
f∈L1p(A′,v)∩C∞0 (A′)

(
‖ϕ∗f | L1q(D,u)‖
‖f | L1p(A′, v)‖

)κ

, κ =

{ pq
p−q for p <∞,
q for p =∞,

is a bounded monotone countably additive function on all bounded open sets A′ ⊂ D′.
Theorem 2 in [1] is proved for mappings of domains in Rn. A proof for Carnot groups repeats the

Euclidean case verbatim.

3. Properties of ϕ

Let us describe the continuity and differentiability properties of a mapping inducing a bounded
composition operator.

3.1. Approximate differentiability of ϕ.

Lemma 4. Consider a mapping ϕ : D → D′ such that for all η in C∞0 (D′) the composition η ◦ ϕ is
of class ACL(D). Then on almost all integral lines of horizontal vector fields the mapping ϕ :

⋃
i T̃i → D′

is continuous outside a set of zero Hausdorff-1-measure.

Here {T̃i} is an increasing sequence of sets comprising the points of positive density, |D \
⋃
i T̃i| = 0,

and ϕ is continuous on every T̃i.

Proof. Fix a horizontal field Xj . Assume on the contrary that there is a family Γ of integral lines
of Xj of positive measure such that on each γ ∈ Γ there is a set sγ ⊂ γ of positive 1-measure on which

ϕ :
⋃
i T̃i → D′ is discontinuous.
Verify that S =

⋃
γ∈Γ sγ is measurable. Indeed, S = D \A, where

A =
⋂

n∈N

⋂

m∈N

{
x ∈

⋃

i

T̃i | d(ϕ(x exp tXj), ϕ(x)) < 1
n
for |t| < 1

m
, x exp tXj ∈

⋃

i

T̃i

}

is a measurable set since so are all sets in the braces. Fubini’s theorem yields |S| > 0. Similarly we
check that S =

⋃
m∈N Sm, where Sm = {x ∈ sγ | oscl ϕ(x) > 1

m}, is a measurable set. Here oscl ϕ(x) is
the oscillation of ϕ : γ ∩⋃i T̃i → D′ at x. Consequently, we can choose m so that |Sm| > 0. Moreover,
there is j with |Sm ∩ T̃j | > 0. Take a point x0 ∈ Sm ∩ T̃j of density 1. Then every ball B(x0, r) includes
a subset of positive measure in Sm ∩ T̃j . Denote this set by Pr. Since ϕ is continuous on T̃j , we can
choose a ball B(x0, rm) so that ϕ(B(x0, rm) ∩ Sm ∩ T̃j) ⊂ B

(
ϕ(x0),

1
4m

)
.

Fix η ∈ C∞0 (D′) such that η(y) = 1 for y ∈ B
(
ϕ(x0),

1
4m

)
and η(y) = 0 for y �∈ B(ϕ(x0), 12m

)
.

Basing on the above, on each horizontal line intersecting Prm in a set of positive 1-measure we have
oscl η ◦ ϕ(x) = 1, where x ∈ Prm . By the construction of Prm , the collection of these lines is of positive
measure. Therefore, we arrive at a contradiction with the absolute continuity of η ◦ϕ on almost all lines.
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Thus, on almost all horizontal lines the mapping ϕ :
⋃
i T̃i → D′ is continuous outside a set of

zero 1-measure. �
The next lemma shows that, as we approach discontinuity points, the corresponding images tend to

the boundary of the range or to infinitely distant points.

Lemma 5. For almost all integral lines γ of horizontal vector fields the set σγ ⊂ γ of discontinuity
points of ϕ is closed, has measure zero, and ϕ enjoys the property

lim
x→a
x∈γ\σγ

dist(ϕ(x), ∂D′) = 0 or lim
x→a
x∈γ\σγ

ρ(ϕ(x)) =∞ (13)

for all a ∈ σγ .
Proof. Step 1. Take an integral line γ of a horizontal field, the set σγ ⊂ γ of zero 1-measure

on which ϕ is discontinuous, and x0 ∈ σγ . Verify that if for some sequence {xn} ⊂ γ \ σγ the limit
limxn→x0 ϕ(xn) = z ∈ D′ exists then limx′n→x0 ϕ(x′n) = z for every sequence {x′n} ⊂ γ \ σγ .
Take an everywhere dense countable set {zj} of D′. Define the countable family of functions ηrzj :

D′ → R+ of class C∞0 (D′) as
ηrzj (y) =

{
1 y ∈ B(zj , r),
0 y �∈ B(zj , 2r),

where r ∈ Q+ = {x ∈ Q | x > 0}.
For almost all integral lines γ ⊂ D of horizontal vector fields ϕ is continuous on γ outside a set σγ

of zero 1-measure, while ηrzj ◦ ϕ is absolutely continuous on γ for all j ∈ N and r ∈ Q+. Choose a line γ
with these properties.
Take x0 ∈ σγ and assume that limxn→x0 ϕ(xn) = z ∈ D′ for some sequence {xn} ⊂ γ \ σγ . If there is

no suitable sequence then (13) holds.
Take another sequence {x′n} ⊂ γ \ σγ with limx′n→x0 ϕ(x′n) = z′ �= z. The three cases are possible:

z′ ∈ D′, z′ ∈ ∂D′, and z′ =∞.
Choose a point zl ∈ {zj} and a radius rl ∈ Q+ so that d(z, zl) < rl and d(z

′, zl) > 2rl. Then

lim
xn→x0

ηrlzl ◦ ϕ(xn) = 1 and lim
x′n→x0

ηrlzl ◦ ϕ(x′n) = 0,

which contradicts the continuity of ηrlzl ◦ ϕ on γ.
Extend ϕ by continuity as ϕ(x0) = z. Hence, we may assume that x0 �∈ σγ , while all elements of σγ

satisfy (13).
Step 2. Verify that σγ is closed. Take a converging sequence {xn} ⊂ σγ and show that limn→∞ xn∈σγ .

For each xn there is a sequence {xkn} ⊂ γ \ σγ with limk→∞ xkn = xn. By the above,
lim
k→∞

dist
(
ϕ
(
xkn
)
, ∂D′

)
= 0 or lim

k→∞
ρ
(
ϕ
(
xkn
))
=∞.

Form a sequence {xkln } ⊂ γ \ σγ such that

dist
(
ϕ
(
xkln
)
, ∂D′

)
<
1

l
or ρ

(
ϕ
(
xkln
))
> l.

Then liml→∞ xkln = x0. Thus, x0 ∈ σγ and so σγ is closed. �
The proofs of the next two statements (Lemmas 6 and 7) rest on the arguments of [6] (see Lemmas 19

and 20 of [6]).

Lemma 6. Take v(y) ∈ L1,loc(D
′) and u

1
1−p (x) ∈ L1,loc(D). If f ∈ Liploc(D′) ∩ L1p(D′, v) and∥

∥f | L1p(D′, v)
∥
∥ ≤ 1 then there is gi ∈ Lq,loc(D) such that

|∇L (f ◦ ϕ)|(x) ≤ gi(x) (14)

almost everywhere on Ai ∩ ϕ−1(Q).
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Here Liploc(D
′) is the space of locally Lipschitz functions.

Proof. Step 1. Fix y0 ∈ D′∩ϕ(Ai) and a ball B(y0, r). Consider the function η(y) = ξ
(
δr
(
y−10 y

))
,

where ξ ∈ C∞0 (G) satisfies ξ|B(0,1) = 1 and ξ|G\B(0,2) = 0.
Using Theorem 2, we obtain

( ∫

ϕ−1(B(y0,r))

|∇L (f ◦ ϕ)|q(x)u(x) dx
) 1
q

≤ Φ(B(y0, 2r)) 1κ
( ∫

B(y0,2r)

|∇L ((f(y)− f(y0))η(y))|pv(y) dy
) 1
p

≤ Φ(B(y0, 2r)) 1κ
( ∫

B(y0,2r)

|∇L f |p(y)ηp(y)v(y) dy
) 1
p

+Φ(B(y0, 2r))
1
κ

( ∫

B(y0,2r)

|∇L η|p(y)|f(y)− f(y0)|pv(y) dy
) 1
p

≤ Φ(B(y0, 2r)) 1κ (v(B(y0, 2r))
1
p + (c1r

−1c2rv(B(y0, 2r))
1
p ))

= CΦ(B(y0, 2r))
1
κ v(B(y0, 2r))

1
p .

Furthermore, if p = q then Φ(B(y0, 2r))
1
κ = ‖ϕ∗‖.

Finally, we arrive at the estimate

∫

ϕ−1(B(y0,r))

|∇L (f ◦ ϕ)|q(x)u(x) dx ≤ C1Φ(B(y0, 2r))
q
κ v(B(y0, 2r))

q
p . (15)

Step 2. The estimate in (15) implies that |∇L (f ◦ ϕ)|(x) = 0 for almost all x ∈ Zi,Q. Indeed, since
|ϕ(Zi)| = 0, for arbitrary ε > 0 we can choose a cover consisting of countably many balls {Bl = B(yl, rl)}
such that the balls of doubled radii constitute a point-finite cover of ϕ(Zi) and

∑∞
l=1 |B(yl, 2rl)| < ε.

From (15) for q < p we have

∫

Zi

|∇L (f ◦ ϕ)|q(x)u(x) dx ≤
∞∑

l=1

∫

ϕ−1(B(yl,rl))

|∇L (f ◦ ϕ)|q(x)u(x) dx

≤ C1
∞∑

l=1

Φ(B(yl, 2rl))
q
κ v(B(yl, 2rl))

q
p

≤ C1
( ∞∑

l=1

Φ(B(yl, 2rl))

) q
κ

( ∞∑

l=1

|B(yl, 2rl)|
) q
p ≤ C2Φ(D′)

q
κ ε

q
p .

If q = p then
∫

Zi

|∇L (f ◦ ϕ)|q(x)u(x) dx ≤ C3‖ϕ∗‖qε.
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Step 3. Using (10) and (15), we obtain

C1Φ(B(y0, 2r))
q
κ V (B(y0, 2r))

q
p ≥

∫

ϕ−1(B(y0,r))∩Ai∩ϕ−1(Q)
|∇L (f ◦ ϕ)|q(x)u(x) dx

=

∫

ϕ−1(B(y0,r))∩Ai∩ϕ−1(Q)\Zi,Q

|∇L (f ◦ ϕ)|q(x)Ψ′i(x;Q)u(x)
Ψ
′
i(x;Q)

dx

≥ 1
i

∫

B(y0,r)∩ϕ(Ai\Zi,Q)∩Q

∑

xj∈ϕ−1(y)\Σi,Q

(
|∇L (f ◦ ϕ)|q(x)u(x)

Ψ
′
i(x)

)

dy;

i.e.,

∫

B(y0,r)∩ϕ(Ai\Zi,Q)∩Q

∑

xj∈ϕ−1(y)\Σi

(
|∇L (f ◦ ϕ)|q(x)u(x)

Ψ
′
i(x;Q)

)

dy

≤ iC1Φ(B(y0, 2r))
q
κ v(B(y0, 2r))

q
p . (16)

Divide both sides by |B(y0, 2r)|:

1

|B(y0, 2r)|
∫ ∑

xj∈ϕ−1(y)\Σi

(
|∇L (f ◦ ϕ)|q(x)u(x)

Ψ
′
i(x;Q)

)

dy

≤ iC1
(
Φ(B(y0, 2r))

|B(y0, 2r)|
) q
κ

(
v(B(y0, 2r))

|B(y0, 2r)|
) q
p

.

Differentiating by Lebesgue’s theorem, we infer that

∑

xj∈ϕ−1(y)\Σi

(
|∇L (f ◦ ϕ)|q(x)u(x)

Ψ
′
i(x;Q)

)

≤ iKΦ′(y) qκ v qp (y)

for almost all y ∈ ϕ(Ai \ Zi,Q). Hence,
|∇L (f ◦ ϕ)|(x) ≤ gi,Q(x) for almost all x ∈ Ai, (17)

where

gi,Q(x) =

{
K1

q
√
iΦ′(ϕ(x))

1
κ (Ψ

′
i(x;Q))

1
q u
− 1
q (x)v

1
p (ϕ(x)) for p > q,

K2
q
√
iC(Ψ

′
i(x;Q))

1
q u
− 1
q (x)v

1
p (ϕ(x)) for p = q.

Step 4. Verify that gi,Q(x) is locally integrable. Assume that p > q and take an arbitrary ball
B ⊂ D. Applying Hölder’s inequality and Proposition 3 twice, we obtain

∫

B

gi,Q(x) dx = K1i
1
q

∫

B

Φ′(ϕ(x))
1
κ (Ψ

′
i(x;Q))

1
q u
− 1
q (x)v

1
p (ϕ(x)) dx

≤ K1i
1
q
+ 1
κ
+κ

′
p

(∫

Q

Φ′(y) dy
) 1
κ

(∫

Q

v(y) dy

) 1
p
(∫

B

u(x)
1
1−q dx

) 1
κ
′− 1p

,

where 1
κ′ = 1− 1κ . In the case q = p we deduce a similar inequality. All quantities on the right-hand side

are finite, and so gi,Q ∈ L1,loc(D). �
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Recall that the approximate derivative along a vector X at x (see [11]) is

apXϕ(x) = ap lim
t→0 δ

−1
t ((ϕ(x))

−1ϕ(xδt expX)).

Lemma 7. If ϕ induces the bounded composition operator ϕ∗ : L1p(D′, v) ∩ C∞0 (D′)→ L1q(D,u) in
Sobolev spaces then ϕ has approximate partial derivatives almost everywhere in D.

Proof. Since the result is local, we may assume that D has finite measure. Fix k ∈ N and a bounded
set Q ⊂ G.
Take an everywhere dense countable set of points {zj} in D′. Define the countable family of functions

drzj : D
′ → R+ as drzj (y) = (r − dzj (y))+, where r ∈ Q+ = {x ∈ Q | x > 0} and dzj (y) = d(zj , y). For

each of these functions the pointwise equality ϕ∗drzj (x) = drzj ◦ ϕ(x), with r ∈ Q+ and j ∈ N, holds for
all points x ∈ T̃k. In addition, each of these functions satisfies the hypotheses of Lemma 6. Therefore,
|∇L (d

r
zj
◦ ϕ)|(x) ≤ Cgi,Q(x) for almost all x ∈ Ai.

Consider the foliation Γs of D induced by the horizontal vector field Xs and a line γ in this foliation.
Almost all γ in Γs satisfy the following conditions:
(1) ϕ is continuous on γ outside a set σγ of zero 1-measure (Lemma 4);
(2) we have the pointwise inequality for measurable functions:

|∇L

(
ϕ∗drzj

)|(t) ≤ Kgi,Q(t), r ∈ Q+, j ∈ N, a.e. in γ ∩ ϕ−1(Q),
and gi,Q is integrable on every compact subset of γ;

(3) for almost all x0 ∈ γ the limit of 1
d(x0,x)

∫
[x0,x]

gi,Q(t) dσ as x→ x0 along γ exists and is equal to

gi,Q(x0) (here [x0, x] ⊂ γ is a segment of the integral line);
(4) Ai ∩ T̃k ∩ γ is a set of full (1-dimensional) measure on γ ∩D;
(5) the functions ϕ∗drzj are absolutely continuous on γ for all j ∈ N and r ∈ Q+.
Fix a line γ ∈ Γs on which all five conditions hold.
Assume that x0 ∈ Ai ∩ ϕ−1(Q) ∩ T̃k ∩ γ is a point of positive density on γ, a point of continuity of

the restriction ϕ|γ and a point at which condition (3) holds. Put z = ϕ(x0). Fix a subsequence {zjl}
of {zj} converging to z = ϕ(x0) and denote its elements by zl. Since ϕ is continuous on γ at x0, we can
choose δ, r, and L so that drzl ◦ ϕ(x) �= 0 for all l ≥ L and all points x ∈ Ai ∩ ϕ−1(Q) ∩B(x0, δ) ∩ γ \ σγ .
Integrating Cgi,Q(x) (where C is independent of r and z) over the part of γ from x0 to x, where

x ∈ Ai ∩ T̃k ∩B(x0, δ) ∩ γ \ σγ , yields

C

∫

[x0,x]∩Ai

gi,Q(t) dt ≥
∫

[x0,x]∩Ai

∣
∣∇L

(
ϕ∗drzl

)∣
∣(t) dt ≥

∣
∣
∣
∣

∫

[x0,x]∩Ai

∇L

(
ϕ∗drzl

)
(t) dt

∣
∣
∣
∣

≥ ∣∣drzl ◦ ϕ(x0)− drzl ◦ ϕ(x)
∣
∣ = |r − dzl(ϕ(x0))− r + dzl(ϕ(x))|

= | − dzl(ϕ(x0)) + dzl(ϕ(x))| → dz(ϕ(x)) = d(ϕ(x0), ϕ(x)) as l→∞. (18)

Hence,

d(ϕ(x0), ϕ(x)) ≤ C
∫

[x0,x]

gi,Q(t) dσ (19)

or
d(ϕ(x0), ϕ(x))

d(x0, x)
≤ C

d(x0, x)

∫

[x0,x]

gi,Q(t) dσ (20)

for all x ∈ Ai ∩ ϕ−1(Q) ∩ T̃k ∩B(x0, δ) ∩ γ \ σγ . Passing to the approximate limit in (20), we obtain

ap lim
x→x0,x∈γ

d(ϕ(x0), ϕ(x))

d(x0, x)
≤ Cgi,Q(x0) <∞, (21)
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which means that ϕ is approximately differentiable at x0 along Xs.
Since we picked arbitrary indices k and i, a horizontal field Xs, an integral line γ ∈ Γs, a set Q, and

a point z0 ∈ γ, the mapping ϕ is approximately differentiable almost everywhere along the horizontal
lines. �
Remark 2. Since ϕ is approximately differentiable almost everywhere along the integral lines of

horizontal vector fields, its complete approximate differentiability follows [11, Theorem 3.3].

Denote by Dϕ the approximate differential of ϕ and by Dhϕ, its horizontal part. We have J(x, ϕ) =
detDϕ(x).

3.2. Piecewise absolute continuity on lines. Recall that a mapping ϕ : D → D′ is called
absolutely continuous on a line γ(t) : [0, 1] → D whenever the line ϕ(γ(t)) : [0, 1] → D′ is absolutely
continuous. A mapping ϕ is called absolutely continuous on lines (ϕ ∈ ACL(D)) if for every domain
U � D and every family Γj of integral lines of the basis horizontal vector field Xj , for j = 1, . . . , n1,
constituting a smooth foliation of U , the mapping ϕ is absolutely continuous on γ ∩ U for almost all
lines γ ∈ Γj .
Definition 5. A mapping ϕ : D → D′ is piecewise absolutely continuous on almost all lines (ϕ ∈

ACLpart(D)) whenever on almost every integral line γ of the horizontal field Xj , for j = 1, . . . , n, there
exists an open set ωγ ⊂ γ of full measure on γ such that for every segment [α, β] ⊂ ωγ the mapping ϕ is
absolutely continuous on [α, β] and

lim
x→a,x∈ωγ

dist(ϕ(x), ∂D′) = 0 or lim
x→a, x∈ωγ

ρ(ϕ(x)) =∞

for all a ∈ γ \ ωγ .
The appearance of approximate partial derivatives of ϕ enables us to use the change-of-variables

formula:

Proposition 4 [11, Corollary 5.1]. Suppose that ϕ : A→ G, where A ⊂ G is a measurable set, has
approximate partial derivatives almost everywhere in A. Then there exists a negligible set Σϕ ⊂ A such
that the change-of-variables formula in the Lebesgue integral takes the form

∫

A

f(x)|J(x, ϕ)| dx =
∫

G

( ∑

x∈ϕ−1(y)∩(A\Σϕ)
f(x)

)
dy (22)

for every nonnegative measurable function f : A→ R.
In particular, ∫

ϕ−1(F )

|J(x, ϕ)| dx =
∫

F

N(y, ϕ) dy (23)

for every measurable set F ⊂ D′. Since N(y, ϕ) is integrable on F , this implies that |J(x, ϕ)| is integrable
on ϕ−1(F ).
Arguing as in Lemma 6, but using (22) instead of (10), we arrive at the following estimate.

Lemma 8. If f ∈ Lipl(D′) ∩ L1p(D′, v) and
∥
∥f | L1p(D′, v)

∥
∥ ≤ 1 then

|∇L (f ◦ ϕ)|(x) ≤ g(x) a.e. in D, (24)

where

g(x) =

{
K1Φ

′(ϕ(x))
1
κ |J(x, ϕ)| 1q u− 1q (x)v 1p (ϕ(x)) for p > q,

K2|J(x, ϕ)|
1
pu
− 1
p v

1
p (ϕ(x)) for p = q.
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Lemma 8 says nothing about the integrability of g(x). We need local integrability on the preim-
age ϕ−1(B) of an arbitrary ball B ⊂ D′. We succeeded in proving that g is locally integrable on ϕ−1(B)
on making the assumptions:

(1) u(x)
1
1−q ∈ L1,loc(D) and v(y)N(y, ϕ) ∈ L1,loc(D′) if q = p;

(2) u(x)
1
1−q ∈ L1,loc(D) and v(y)N(y, ϕ) ∈ L1,loc(D′), as well as Φ′(y)N(y, ϕ) ∈ L1,loc(D′), if q < p.

In the case q = p we justify

Lemma 9. If ϕ induces the bounded composition operator

ϕ∗ : L1p(D
′, v) ∩ C∞0 (D′)→ L1p(D,u)

in the weighted Sobolev spaces, N(y, ϕ)v(y) is locally integrable, and u(x)
1
1−p ∈ L1,loc(D), then ϕ ∈

ACLpart(D).

Proof. As in Lemma 7, define the countable family of functions drzj : D
′ → R+ as drzj (y) = (r −

dzj (y))
+, where {zj} is an everywhere dense countable set of points in D′ and r ∈ Q+ = {x ∈ Q | x > 0}.

For each function of this type the pointwise equality ϕ∗drzj (x) = d
r
zj
◦ϕ(x), with r ∈ Q+ and j ∈ N, holds

for all points x ∈ T̃k (for every k) and the (24) holds almost everywhere in D.
Fix a ball B ⊂ D′. Since N(y, ϕ)v(y) is locally integrable, Proposition 4 implies that |J(x, ϕ)|v(ϕ(x))

is integrable on ϕ−1(B). Take a compact set K ⊂ ϕ−1(B). Hölder’s inequality yields
∫

K

|J(x, ϕ)| 1p v 1p (ϕ(x))u− 1p (x) dx ≤
(∫

K

|J(x, ϕ)|v(ϕ(x)) dx
) 1
p
(∫

K

(u(x))
1
1−p dx

) p−1
p

.

The right-hand side here is bounded because u(x)
1
1−p ∈ L1,loc(D). Consequently,

g(x) = |J(x, ϕ)| 1p v 1p (ϕ(x))u− 1p (x)
is locally integrable on ϕ−1(B).
Consider the foliation Γs of D induced by the horizontal vector field Xs. The following hold for

almost all lines γ in Γs intersecting γ ∩ ϕ−1(B) in a set of positive measure:
(1) ϕ is continuous on γ outside some set σγ of zero 1-measure (Lemma 4);
(2) g(x) is integrable on every compact subset of γ;
(3) the pointwise inequality holds for measurable functions:

|∇L

(
ϕ∗drzj

)|(t) ≤ Kg(x), r ∈ Q+, j ∈ N, a.e. on γ;
(4) T̃k ∩ γ is a subset of full (1-dimensional) measure of γ ∩ ϕ−1(B);
(5) ϕ∗drzj are absolutely continuous on γ for all j ∈ N and r ∈ Q+.
Fix a line γ ∈ Γs meeting all five conditions. The set γ ∩ ϕ−1(B) is open on γ, and so it is a union

of segments. Choose an arbitrary segment [α, β] ⊂ γ ∩ ϕ−1(B).
Take a point x0 ∈ T̃k ∩ [α, β] of positive density on γ at which the restriction ϕ|γ is continuous.

Put z = ϕ(x0). Fix a subsequence {zjl} of {zj} converging to z = ϕ(x0) and denote its elements by zl.
Since ϕ is continuous on γ at x0, we can choose δ, r, and L so that d

r
zl
◦ ϕ(x) �= 0 for all l ≥ L and all

x ∈ B(x0, δ) ∩ [α, β].
Integrating Kg(x) over the part of γ from x0 to x, where x ∈ T̃k ∩B(x0, δ) ∩ [α, β], yields

K

∫

[x0,x]

g(x) dt ≥
∫

[x0,x]

|∇L

(
ϕ∗drzl

)|(t) dt ≥
∣
∣
∣
∣

∫

[x0,x]

∇L

(
ϕ∗drzl

)
(t) dt

∣
∣
∣
∣

≥ ∣∣drzl ◦ ϕ(x0)− drzl ◦ ϕ(x)
∣
∣ = |r − dzl(ϕ(x0))− r + dzl(ϕ(x))|

= | − dzl(ϕ(x0)) + dzl(ϕ(x))| → dz(ϕ(x)) = d(ϕ(x0), ϕ(x)) as l→∞.

1054



This leads to the estimate

d(ϕ(x0), ϕ(x)) ≤ K
∫

[x0,x]

g(x) dt (25)

for x ∈ T̃k ∩ B(x0, δ) ∩ [α, β]. By the absolute continuity of the integral, we deduce from this that ϕ is
absolutely continuous on [α, β].

Since we arbitrarily picked a line γ, a segment [α, β], a vector field Xs, and a ball B, the piecewise
absolute continuity is established: ϕ ∈ ACLpart(D). �
Now the analogous claim for q < p is in order:

Lemma 10. If ϕ induces the bounded composition operator

ϕ∗ : L1p(D
′, v) ∩ C∞0 (D′)→ L1q(D,u)

in the weighted Sobolev spaces, the functions N(y, ϕ)v(y) and Φ′(y)N(y, ϕ) are locally integrable, while
the weight u(x)

1
1−q belongs to L1,loc(D), then ϕ ∈ ACLpart(D).

Here we take the function Φ of Theorem 2.

4. The Main Theorems

Let us introduce the key definitions and prove the main results of this article.

Definition 6. A mapping ϕ : D → D′ of class ACLpart(D) has finite (u, v)-weighted distortion
whenever Dhϕ(x)u(x) = 0 almost everywhere on

Zv = {x ∈ D | J(x, ϕ)v(ϕ(x)) = 0}.

Remark 3. It is obvious that Z ⊂ Zv, where Z = {x ∈ D | J(x, ϕ) = 0}. If v > 0 almost everywhere,
and, in particular, if v satisfies Muckenhoupt’s Ap-condition, then |Zv \Z| = 0. Thus, in Definition 6 we
can replace Zv with Z. Indeed, assume that v(ϕ(x)) = 0, i.e., x ∈ ϕ−1(S), where S = {y | v(y) = 0}.
The measure of S is zero since v(x) > 0 almost everywhere. By the change-of-variables formula for the
characteristic function of S,

∫

D

χS(ϕ(x))|J(x, ϕ)| dx =
∫

G

χS(y)N(y, ϕ,D) dy.

The integral on the right-hand side vanishes since the integration is taken over a negligible set. Therefore,

∫

ϕ−1(S)

|J(x, ϕ)| dx = 0,

which implies that J(x, ϕ)v(ϕ(x)) vanishes almost everywhere on Z. Finally, |Zv \ Z| = 0.
Definition 7. Define the weighted distortion function for ϕ as

D′ � y �→ Hu,vq (y) =

⎧
⎨

⎩

v
− 1
p (y)

( ∑

x∈ϕ−1(y)\(Σϕ∪Zv)
|Dϕ|q(x)u(x)
|J(x,ϕ)|

) 1
q ,

0 if ϕ−1(y) \ (Σϕ ∪ Zv) = ∅.
(26)

A distortion function of this type appeared originally in [16].
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Theorem 3. Suppose thatN(y, ϕ)v(y) belongs to L1,loc(D
′), the weight u

1
1−p (x) belongs to L1,loc(D),

and 1 ≤ p <∞. If a measurable mapping ϕ : D → D′ induces the bounded composition operator

ϕ∗ : L1p(D
′, v) ∩ C∞0 (D′)→ L1p(D,u)

in the weighted Sobolev spaces then it enjoys the properties:
(1) ϕ is of class ACLpart(D);
(2) ϕ has finite (u, v)-weighted distortion;
(3) the distortion function Hu,vp (·) belongs to L∞(D′).
Furthermore,

∥
∥Hu,vp (·) | L∞(D′)

∥
∥ ≤ C‖ϕ∗‖.

Proof. (1) We proved the containment in ACLpart(D) of Lemma 9.
(2) Let us show that ϕ has finite (u, v)-weighted distortion, i.e., Dhϕ = 0 almost everywhere on Zv.

For every function f ∈ L1p(D′, v) ∩ C∞0 (D′) we have
∥
∥ϕ∗f | L1q(D,u)

∥
∥ ≤ ‖ϕ∗‖ · ∥∥f | L1p(D′, v)

∥
∥. (27)

Choose the cut-off η ∈ C∞0 (RN ) equal to 1 on the Euclidean ball BE(0, 1) and vanishing outside the ball
BE(0, 2). Inserting hj(z) = (z − y)jη

(
z−y
r

)
, where BE(y, 2r) ⊂ D′, into (27) yields

( ∫

ϕ−1(BE(y,r))

|Dhϕ|pu(x) dx
) 1
p ≤ C‖ϕ∗‖

( ∫

BE(y,2r)

v(y′) dy′
) 1
p

(28)

(for more detailed arguments, see the proof of Lemma 6).
Verify that ∫

Zv

|Dhϕ|q dx = 0.

By the change-of-variables formula (Proposition 4),

v(ϕ(Zv \ Σϕ)) =
∫

ϕ(Zv\Σϕ)
v(y) dy ≤

∫

G

( ∑

x∈ϕ−1(y)∩(Zv\Σϕ)
v(ϕ(x))

)
dy

=

∫

Zv

v(ϕ(x))|J(x, ϕ)| dx = 0.

Consequently, v(ϕ(Zv \ Σϕ)) = 0 and |ϕ(Zv \ Σϕ)| = 0. Fix ε > 0 and an open set U ⊂ D′ such that
U ⊃ ϕ(Zv \Σϕ), while v(U) < ε and |U | < ε. By Lemma 1, choose a point-finite cover {BE(yj , rj)} of U
of multiplicity M ; this number is independent of U and satisfies

∑
j |BE(yj , rj)| ≤ Mε. Using (28) and

Lemma 2, we obtain

∫

Zv

|Dϕ|p(x)u(x) dx =
∫

Zv\Σϕ

|Dϕ|p(x)u(x) dx ≤
∞∑

j=1

∫

ϕ−1(BE(yj ,rj))

|Dϕ|p(x)u(x) dx

≤ Cp‖ϕ∗‖
∞∑

j=1

∫

BE(yj ,2rj)

v(x) dx ≤ Cp2‖ϕ∗‖v(U) < C
p
2‖ϕ∗‖ε.

Since ε > 0 is arbitrary, while the weight function u(x) is positive almost everywhere, it follows that
|Dϕ| = 0 almost everywhere on Zv. Consequently, ϕ has finite (u, v)-weighted distortion.
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(3) Applying the change-of-variables formula (Proposition 4) and (28), we infer that
∫

ϕ−1(B(y0,r))

|Dhϕ|pu(x) dx =
∫

ϕ−1(B(y0,r))\Zv

|Dhϕ|pu(x) dx

=

∫

B(y0,r)

( ∑

x∈ϕ−1(y′)\(Zv∪Σϕ)

|Dhϕ|p(x)u(x)
|J(x, ϕ)|

)
dy′ ≤ Cp‖ϕ∗‖v(B(y0, r)). (29)

From (29) and Theorem 1 we deduce the inequality

( ∑

x∈ϕ−1(y)\(Zv∪Σϕ)

|Dhϕ|p(x)u(x)
|J(x, ϕ)|

) 1
p ≤ Cv 1p (y)‖ϕ∗‖,

which enables us to obtain the required estimate
∥
∥Hu,vp (·) | Lκ(D′)

∥
∥ ≤ C‖ϕ∗‖. �

Theorem 4. Assume that 1 ≤ q ≤ p <∞. Take ϕ : D → D′ with the properties:
(1) ϕ is of class ACLpart(D);
(2) ϕ has finite (u, v)-weighted distortion;
(3) the distortion function Hu,vp (·) belongs to Lκ(D′), where 1κ = 1

q − 1p .
Then ϕ induces the bounded composition operator

ϕ∗ : L1p(D
′, v) ∩ C∞0 (D′)→ L1q(D,u)

in the weighted Sobolev spaces.
Furthermore, ‖ϕ∗‖ ≤ ∥∥Hu,vp (·) | Lκ(D′)

∥
∥.

Proof. Observe that f ◦ϕ ∈ ACL(D) for all f ∈ L1p(D′, v)∩C∞0 (D′). Indeed, we have ACLpart(D);
hence, the following holds for every segment (α, β) of the integral line of a horizontal vector field on
which ϕ is absolutely continuous: the images ϕ(α) and ϕ(β) of the endpoints leave the support supp f
of f . Thus, f ◦ ϕ is absolutely continuous on the segments of absolute continuity of ϕ and vanishes at
the points where ϕ is not absolutely continuous.
Verify that

∥
∥ϕ∗f | L1q(D,u)

∥
∥ ≤ Hu,vp,q (D′)

∥
∥f | L1p(D′, v)

∥
∥ for every f ∈ L1p(D′, v) ∩ C1(D′). We have

∥
∥ϕ∗f | L1q(D,u)

∥
∥ ≤

( ∫

D\Zv

(|∇L f |(ϕ(x))|Dhϕ|(x))qu(x) dx
) 1
q

≤
(∫

D′

|∇L f |q(y)
( ∑

x∈ϕ−1\(Σϕ∪Zv)

|Dhϕ|q(x)u(x)
|J(x, ϕ)|

)

dy

) 1
q

=

(∫

D′

|∇L f |q(y)v
q
p (y)

(

v
− q
p (y)

∑

x∈ϕ−1\(Σϕ∪Zv)

|Dhϕ|q(x)u(x)
|J(x, ϕ)|

)

dy

) 1
q

.

By Hölder’s inequality for q < p,
∥
∥ϕ∗f | L1q(D,u)

∥
∥

≤
(∫

D′

|∇L f |p(y)v(y) dy
) 1
p
(∫

D′

(

v
− 1
p (y)

( ∑

x∈ϕ−1\(Σϕ∪Zv)

|Dhϕ|q(x)u(x)
|J(x, ϕ)|

) 1
q
)κ

dy

) 1
κ

=
∥
∥Hu,vq (·) | Lκ(D′)

∥
∥
∥
∥f | L1p(D′, v)

∥
∥. (30)

Finally, ‖ϕ∗‖ ≤ Hu,vp,q (D′). �
In the case q = p = ν and v ◦ ϕ ≤ u the necessary conditions are sufficient.
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Theorem 5. Consider v(y) ∈ L1,loc(D
′) and u

1
1−ν (x) ∈ L1,loc(D) such that v ◦ ϕ ≤ u almost

everywhere on D. A measurable mapping ϕ : D → D′ induces the bounded composition operator

ϕ∗ : L1ν(D
′, v) ∩ C∞0 (D′)→ L1ν(D,u)

in the weighted Sobolev spaces if and only if
(1) ϕ is of class ACLpart(D);
(2) ϕ has finite (u, v)-weighted distortion;
(3) the distortion function Hu,vp (·) belongs to L∞(D′).
Furthermore,

C
∥
∥Hu,vp (·) | L∞(D′)

∥
∥ ≤ ‖ϕ∗‖ ≤ ∥∥Hu,vp (·) | L∞(D′)

∥
∥.

Proof. Necessity: The inequalities |J(x, ϕ)| ≤ |Dϕ|ν(x) and v◦ϕ ≤ u combined with (28) guarantee
that |J(x, ϕ)|v(ϕ(x)) is integrable on ϕ−1(B(y0, r)), where B(y0, r) ⊂ D′ is an arbitrary ball. Indeed,

∫

ϕ−1(B(y0,r))

|J(x, ϕ)|v(ϕ(x)) dx ≤ C
∫

ϕ−1(B(y0,r))

|Dhϕ|νu(x) dx ≤ C1v(B(y0, r)),

which implies that N(y, ϕ)v(y) ∈ L1,loc(D′). Then Theorem 3 applies.
Sufficiency follows from Theorem 4. �
If the Banach indicatrix N(y, ϕ) is bounded then the necessary conditions coincide with the sufficient

conditions for 1 ≤ q ≤ p <∞.
Corollary 3. Take v(y) ∈ L1,loc(D

′) and u
1
1−q (x) ∈ L1,loc(D). Assume that N(y, ϕ) ≤ b < ∞

almost everywhere on D′. A measurable mapping ϕ : D → D′ induces the bounded composition operator

ϕ∗ : L1p(D
′, v) ∩ C∞0 (D′)→ L1q(D,u)

in the weighted Sobolev spaces if and only if
(1) ϕ is of class ACLpart(D);
(2) ϕ has finite (u, v)-weighted distortion;
(3) the distortion function Hu,vp (·) belongs to Lκ(D′), where 1κ = 1

q − 1p .
Furthermore, c

∥
∥Hu,vp (·) | Lκ(D′)

∥
∥ ≤ ‖ϕ∗‖ ≤ ∥∥Hu,vp (·) | Lκ(D′)

∥
∥.

Observe that if ϕ is a homeomorphism then we obtain as a corollary the statement that essentially
similar to [3, Theorem A]:

Corollary 4. Take v(y) ∈ L1,loc(D
′) and u

1
1−q (x) ∈ L1,loc(D). A homeomorphism ϕ : D → D′

induces the bounded composition operator

ϕ∗ : L1p(D
′, v) ∩ C∞0 (D′)→ L1q(D,u)

in the weighted Sobolev spaces if and only if ϕ ∈ ACL(D) and the weighted distortion function
Ku,vp (x) = inf{K(x) : |Dhϕ|(x)u

1
q (x) ≤ K(x)|J(x, ϕ)| 1p v 1p (ϕ(x))}

belongs to Lκ(D). The norm of the operator ‖ϕ∗‖ is equivalent to
∥
∥Ku,vp (x) | Lκ(D)

∥
∥.

Let us state one more claim, in which bounded composition operators in Sobolev spaces are associated
to quasiconformal mappings.

Corollary 5. Take two weight functions u and v of the Muckenhoupt class Aν . Assume that
ϕ : D → D′ is a homeomorphism and v ◦ ϕ(x) ≤ u(x) for almost all x ∈ D. The mapping ϕ is
quasiconformal if and only if the composition operator

ϕ∗ : L1ν(D
′, v) ∩ C∞0 (D′)→ L1ν(D,u)

is bounded.
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